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Abstract

Ruin theory studies an insurer’s solvency risk, and to quantify such a risk, a stochas-
tic process is used to model the insurer’s surplus process. In fact, research on ruin theory
dates back to the pioneer works of Lundberg (1903) and Cramér (1930), where the classical
compound Poisson risk model (also known as the Cramér-Lundberg model) was first intro-
duced. The research was later extended to the Sparre Andersen risk model, the Markov
arrival risk model, the Lévy insurance risk model, and so on. However, in most analysis
of the risk models, it is assumed that the premium rate per unit time is constant, which
does not always reflect accurately the insurance environment. To better reflect the surplus
cash flows of an insurance portfolio, there have been some studies (such as those related to
dividend strategies and tax models) which allow the premium rate to take different values
over time. Recently, Landriault et al. (2012) proposed the idea of an adaptive premium pol-
icy where the premium rate charged is based on the behaviour of the surplus process itself.
Motivated by their model, the first part of the thesis focuses on risk models including certain
adjustments to the premium rate to reflect the recent claim experience. In Chapter 2, we
generalize the Gerber-Shiu analysis of the adaptive premium policy model of Landriault et
al. (2012). Chapter 3 proposes an experience-based premium policy under the compound
Poisson dynamic, where the premium rate changes are based on the increment between suc-
cessive random review times. In Chapter 4, we examine a drawdown-based regime-switching
Lévy insurance model, where the drawdown process is used to model an insurer’s level of

financial distress over time, and to trigger regime-switching (or premium changes).

Similarly to ruin problems which examine the first passage time of the risk process be-
low a threshold level, drawdown problems relate to the first time that a drop in value from
a historical peak exceeds a certain level (or equivalently the first passage time of the re-
flected process above a certain level). As such, drawdowns are fundamentally relevant from
the viewpoint of risk management as they are known to be useful to detect, measure and

manage extreme risks. They have various applications in many research areas, for instance,
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mathematical finance, applied probability and statistics. Among the common insurance sur-
plus processes in ruin theory, drawdown episodes have been extensively studied in the class
of spectrally negative Lévy processes, or more recently, its Markov additive generalization.
However, far less attention has been paid to the Sparre Andersen risk model, where the claim
arrival process is modelled by a renewal process. The difficulty lies in the fact that such a
process does not possess the strong Markov property. Therefore, in the second part of the
thesis (Chapter 5), we extend the two-sided exit and drawdown analyses to a renewal risk

process.

In conclusion, the general focus of this thesis is to derive and analyze ruin-related and
drawdown-related quantities in insurance risk models with adaptive policies, and assess their
risk management impacts. Chapter 6 ends the thesis by some concluding remarks and

directions for future research.
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Chapter 1

Introduction

Risk theory has been widely applied by decision-makers in the areas of insurance, finance,
and security investment to manage the risk in quantitative analysis and forecasting. Ruin
theory, playing an important role in risk theory, utilizes analytical tools developed in applied
probability to study an insurer’s surplus process. The importance of studying the insurance
surplus processes lies in the fact that it helps to measure and manage an insurer’s solvency
risk. For example, if one insurance portfolio has a ruin probability that is significantly large,
the insurer should take appropriate measures to lower the risk, such as increasing the initial
capital, transferring the risk by reinsurance, or using other risk management arrangements.
It is therefore imperative that models of an increased complexity be analyzed in this context
to better reflect the cash flow dynamics of an insurance portfolio and further incorporates
additional features/recent trends in the insurance industry. Therefore, in this thesis, the

primary goals are:

e Extend the Gerber-Shiu analysis in some existing models;

e Develop practical models with adaptive policies and assess their risk management im-

pacts;

e Analyze two-sided exit problems and drawdown-related quantities in more general



models of interest in insurance.

The rest of this chapter intends to provide a brief literature review, introduce the insurance
risk models of interest and some common ruin-related and drawdown-related quantities, as
well as summarize some of the main mathematical tools in the ensuing ruin and drawdown

analyses. This chapter is concluded by presenting an outline of the thesis.

1.1 Background

1.1.1 Ruin theory

The research on ruin theory dates back to 1903 when Lundberg first introduced the classical
compound Poisson risk model (also known as the Cramér-Lundberg model). For a century,
the research on ruin theory has remained a fascinating subject; see, e.g., Gerber (1979),
Grandell (1991), Rolski et al. (1999) and Asmussen and Albrecher (2010). The central focus
is to investigate quantities related to the time to ruin (which is a particular first passage
time for insurance risk processes), such as the ruin probability, which provide insights into

the insurer’s ability to meet its obligations as well as its vulnerability to solvency.

One typical methodology to analyze these ruin-related quantities is through the Gerber-
Shiu expected discounted penalty function or Gerber-Shiu function in its short form (see
Section 1.3.1 for more details) introduced in Gerber and Shiu (1998). They showed that
the expected discounted penalty function of the surplus prior to ruin and the deficit at ruin
satisfies a defective renewal equation in the classical compound Poisson risk model. To de-
scribe a more general insurance surplus process, the Gerber-Shiu analysis was later extended
to various generalizations of the classical compound Poisson risk model. For instance, an
ordinary Sparre Andersen (renewal) risk model assumes a general renewal process rather
than a Poisson process for the claim arrival process; see, e.g., Dickson and Hipp (2001), Li

and Garrido (2004a), Li and Garrido (2005a). By assuming a dependence structure between
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the interclaim time and its subsequent claim size, the dependent Sparre Andersen risk model
is obtained (see Section 1.2.1 for more references). Furthermore, to relax the independence
assumption of interclaim times, the Markov arrival risk model is proposed; see, e.g., Ahn
and Badescu (2007), Badescu et al. (2005) and Cheung and Landriault (2009). In addition,
a trend of adding a diffusion process to traditional risk models is arising (see, e.g., Dufresne
and Gerber (1991), Tsai and Willmot (2002), and Li and Garrido (2005b)), and more gen-
erally, the Lévy insurance model is considered; see, e.g., Kliippelberg et al. (2004), Garrido
and Morales (2006) and Kyprianou (2013).

In most of the literature mentioned above, the premium rate is assumed to be constant,
which does not always reflect accurately the insurance environment. Thus, to better reflect
the surplus cash flows of an insurance portfolio, there has been some studies in which the
premium rate is allowed to take different values over time. One typical research direction is to
work with risk models with dividend strategies; see Avanzi (2009) for a comprehensive review
on the topic. Three surplus-dependent dividend strategies are of particular interest. The
first one is the horizontal dividend barrier strategy where all original premium income is paid
out as dividend whenever the surplus level reaches a certain level; see for example, Gerber
(1979), Lin et al. (2003) and Li and Garrido (2004b). The second one is the threshold
strategy where dividends are paid at a rate that is less than the premium rate when the
surplus exceeds a constant level (threshold) and no dividends are paid otherwise; see for
example, Albrecher and Hartinger (2007) and Lin and Pavlova (2006). Lin and Sendova
(2008) further considered a multi-threshold strategy in the classical compound Poisson risk
model. The last one is a time-dependent barrier strategy, for which the barrier itself is an
increasing function of time and if the risk process touches the barrier, it stays at the barrier
until the next claim occurs and the additional premium income is paid out as dividends.
See Asmussen and Albrecher (2010) and references therein for more information. Another
research direction for changing premium rates is to involve credibility theory, such as the

Bithlmann (1967) or Biithlmann and Straub (1970) credibility models; see, e.g., Tsai and



N ladder heights

Figure 1.1: The ladder heights of the surplus process U

Parker (2004), Afonso et al. (2010), and Loisel and Trufin (2013). Also, Landriault et al.
(2012) considered a risk model with an adaptive premium policy, where the choice of the

premium rate depends on the time elapsed between successive ladder heights (see Figure

1.1).

Motivated by Landriault et al. (2012), we propose some models with different adaptive
adjustments (to the premium rate) to reflect recent claim experience. In other words, we
assume that the surplus regime (or the premium rate) will no longer be deterministic but
rather responsive to the recent claim experience as is done in practice. For example, if an
insurer incurs many claims in a short period of time or reaches a significant low surplus level,
it may consider to charge a higher premium to prevent ruin from happening (subject to some
competitive constraints). The opposite is also true: if the insurer incurs few claims in a long
period of time or has a high surplus level, it may consider charging a smaller premium to be

more competitive and attract new clients.

1.1.2 Drawdown analysis

The concept of drawdown is being used increasingly in risk analysis, as it provides surplus-
related information similar to ruin-related quantities. Drawdown is a performance risk mea-

sure of the decline in value from a historical peak (see Figure 1.2), which can be the drop of a
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drawdown size |

Figure 1.2: Drawdown size at time t;

stock price, index or value of a portfolio relative to its historical running maximum. As such,
drawdowns can be used to characterize extreme risks from a risk management standpoint.
Mathematically speaking, similarly to the time to ruin (first passage time of the risk process
below level 0), the drawdown time is the first passage time of the reflected process above a
certain level. The research on drawdowns is of both practical and mathematical interest. A

few examples are given next.

In the mutual fund industry, drawdown is frequently quoted by mutual fund managers
and commodity trading advisors through performance ratios, such as the Calmar ratio, Ster-
ling ratio, Burke ratio, Martin ratio and Pain ratio, where drawdown becomes an alternative
measurement for volatility. Volatility measures the uncertainty of both positive and nega-
tive performance of assets returns, while drawdown measures are more desirable when the
downward risks are of primary interest. Schuhmacher and Eling (2011) showed that from
a decision-theoretic perspective, drawdown-based performance measures are as good as the
Sharpe ratio for returns satisfying the location and scale conditions (see Meyer (1987)).
In practice, drawdown-based performance measures are preferred because they are highly

related with fund redemptions.

In an insurance context, drawdown problems have close ties with the constant dividend

barrier strategy in insurance surplus analysis. By reflection, the time to ruin and the deficit



at ruin of a risk process with a constant dividend barrier are distributed as the drawdown
time and the overshoot of drawdown associated with a similar risk process without dividend
barrier. Also, Avram et al. (2007) and Loeffen (2008) showed that the famous De Finetti’s
optimal dividend problem (De Finetti (1957)) can be connected to drawdowns when a divi-
dend barrier strategy is optimal. As for the drawdown insurance design, Carr et al. (2011)
introduced some vanilla digital drawdown insurance contracts and proposed semi-static hedg-
ing strategies using barrier and vanilla options. Zhang et al. (2013) studied the valuation of a
vanilla drawdown insurance, the cancellable drawdown insurance, drawdown insurance with
drawup contingency and drawdown insurance on a defaultable stock under the geometric

Brownian motion dynamics.

In finance, drawdowns are popular in portfolio optimization problems. Grossman and
Zhou (1993) solved a portfolio optimization problem subject to a linear drawdown constraint
in the Black-Scholes framework. Cherny and Obloj (2013) further studied the same problem
under non-linear drawdown constraints in a semimartingale framework. Chekhlov et al.
(2005) proposed the Conditional Drawdown (CDD) risk measures and studied the portfolio
optimization with drawdown measure. Pospisil and Vecer (2010) studied the sensitivities to
the running maximum and the maximum drawdown of an underlying asset. The pricing of
Russian options constitutes another application of drawdowns in mathematical finance; see,

e.g., Shepp and Shiryaev (1993), Asmussen et al. (2004) and Avram et al. (2004).

In applied probability, most of the research has focused on the distributional studies of
the size of the maximum drawdown and other drawdown-related quantities. The reader
is referred to Section 1.3.2 for a detailed literature review of drawdown-related quantities
analyzed in the context of spectrally negative Lévy processes or their Markov additive gen-
eralizations. Aside from the magnitude of drawdown, some attention has been paid to the
duration and frequency of drawdowns. Landriault et al. (2014) examined the Laplace trans-
form of the first time the duration of drawdowns exceeds a pre-specified time threshold in a

spectrally negative Lévy process with positive phase-type jumps. Landriault et al. (2015¢)



studied the frequency rate of drawdowns and drawdown-related quantities at the n-th draw-
down time in the Brownian motion processes, and they proposed some insurance contracts

against the risk of frequent drawdowns.

In addition, drawdowns have many applications in statistics, for instance, drawdown and
its dual drawup are used as stopping rules for the sequential analysis technique CUSUM

(e.g., Khan (2008), Poor and Hadjiliadis (2009) and Zhang et al. (2014)).

1.2 Risk models

1.2.1 Dependent Sparre Andersen risk model

The insurer’s surplus process {Uy;;t > 0} is defined as

N¢

Ut:u+ct—ZY,~,

=1

where u = Uy > 0 is the initial surplus level, ¢ > 0 is the premium rate per unit time,
and {Y;;i > 1} are the claim size random variables. Also, let {N;;¢ > 0} be the number
of claims process defined through the sequence of interclaim times {Vj;i > 1} with V}
being the time of the first claim and V; for the time between the (i — 1)th claim and ith
claim. By specifying the distribution of the interclaim times and/or claim sizes and their
dependencies, various risk models will be obtained. A dependent Sparre Andersen risk model
has the following assumptions: the claim sizes {Y;;7 > 1} are independent and identically
distributed (iid) with probability density function (pdf) p(-), cumulative distribution function
(cdf) P(z) = 1 — P(z) and mean p; the interclaim times {Vj;i > 1} are a sequence of iid
random variables with pdf ky(-), cdf Ky (t) = 1 — Ky(t) and mean 1/); and the pairs
{(V;,Y:);i > 1} are iid with joint density f(t,y), so that V; and Y; may be dependent.
The requirement of a positive security loading is cE[V] > E[Y], where V and Y denote a

representative of {V;;¢ > 1} and {Y;;i > 1}, respectively. See e.g., Albrecher and Boxma
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(2004), Badescu et al. (2009), Boudreault et al. (2006), and Cossette et al. (2008) for more

references.

There are some well-known special cases of the dependent Sparre Andersen risk model.
For instance, if V; and Y; are independent for all i, i.e., f(¢,y) = k(t)p(y), the model becomes
the (ordinary) Sparre Andersen risk model; see, e.g., Andersen (1957), Li and Garrido (2005a)
and Gerber and Shiu (2005). Also, if the interclaim times {V;;i > 1} are further assumed
to be exponentially distributed, i.e., f(t,y) = %e*t/’\p(y), the model reduces to the classical
compound Poisson risk model; see, e.g., Gerber (1979), Grandell (1991) and Rolski et al.
(1999). For an ordinary Sparre Andersen risk model, if we assume that the distribution of
the time of the first claim V] differs from the distribution of the interclaim times {V;;7 > 2},
the model is referred to as the delayed Sparre Andersen risk model; see, e.g., Willmot and Lin
(2001) and Willmot (2004). Moreover, if the distribution of V; is the equilibrium distribution
of {Vi;i > 2}, ie., kyi(t) = kve(t) = Ky(t)/E(V), we refer to this risk model as the
stationary Sparre Andersen risk model; see, e.g., Willmot and Dickson (2003) and Willmot
et al. (2004). In addition, a delayed dependent Sparre Andersen risk model is studied in
Woo (2010).

1.2.2 Spectrally negative Lévy process

Spectrally negative Lévy processes, also known as Lévy insurance risk models, have become
popular in modelling the surplus process of an insurance portfolio, because they allow for a
diffusion component and have only downward jumps, which is consistent with the insurance

practice.

A spectrally negative Lévy process is a special type of Lévy process with only downward
jumps. We shall start from the definition of Lévy process (see, e.g., Bertoin (1996) and
Kyprianou (2006)). A strong Markov process X = {X;;t > 0} with cadlag paths defined

on a filtered probability space (2, F,F,P) is a Lévy process if it has the properties that



P(Xo =0) =1 and for each 0 < s < ¢, the increment X; — X, is independent of F, and has

the same distribution as X;_,.

From their definition, Lévy processes have stationary and independent increments. Using
the characteristic exponent of the infinitely divisible distribution, there exists a function ¥

such that

E(eith) _ e—t\lf(s)

I

for t > 0 and s € R. The general form of WU is given by the Lévy-Khintchine formula (see,

e.g., Kyprianou (2006)). That is, for s € R,

1 .
U(s) = ias + 50232 + /(1 — " +isxlyy<y)1(dx),
R

where a € R, ¢ > 0 and II is a measure concentrated on R\{0} such that [,(2*A1)II(dz) <
oo. In such an expression, the triplet (a, o, II) fully characterizes a Lévy process. Also, from
the Lévy-It6 decomposition (see, e.g., Kyprianou (2006)), the Lévy process X can be viewed
as the independent sum X = X® + X® 4+ X®) where X is a linear Brownian motion
with drift —a and volatility o, X® is a compound Poisson process with Poisson intensity
rate II(R/(—1,1)) and iid jumps distributed as II(dz)/II(R/(—1,1)), and X® determined
by the Lévy measure II is a square integrable martingale with an almost surely countable

number of jumps on each finite time interval which are of magnitude less than 1.

For example, a Poisson process and a compound Poisson process have the characteristic
exponent W(s) = A(1 —e”) and W(s) = A [5(1 — €"*)P(dx), respectively, where X is the

Poisson intensity rate and P is the distribution function for the iid jumps.

If the Lévy measure II is restricted on (—o0,0), i.e., I1(0,00) = 0, such a Lévy process
is called a spectrally negative Lévy process. Since there is no positive jumps, the Laplace
exponent can be used to characterize the spectrally negative Lévy process, which is defined
as

V() = %ng(eW) — _W(—i), (1.1)

9



for A > 0. Given the triplet (a, o, II) where II C (—o0,0), we have

1
Y(A) = —a\+ 502)\2 + /( 0)(6)"3 — 1= Arlgps_ny)(dx).

It is easy to see ¥(A) is infinitely differentiable and strictly convex. Also, limy_,o, ¥(A) = 0.

Further results related to the spectrally negative Lévy process are given in Section 1.4.4.

1.2.3 Spectrally negative Markov additive process

Another risk model of interest is the spectrally negative Markov additive process (MAP),
which is a generalization of the spectrally negative Lévy process. Consider a process X =
{Xi;t > 0} and an irreducible continuous time Markov process J = {.J;;t > 0} with a finite
state space {1,...,n} and infinitesimal generator Q. We say the bivariate process (X, J) is a
MAP if given {J; = i}, the pair (X;;s — Xi, Jiys) is independent of (X, J;) for all 0 < s <t
and has the same law as (X — Xo, J5) given {Jy = i} for all s,¢ > 0 and ¢ € {1,...,n}.
The additive component X evolves as some spectrally negative process X* when .J, = i. The
processes X1, X2 ... X" are assumed to be independent. In addition, a transition of J from
i to j # 1 triggers a downward jump of X whose (absolute) size has the distribution function
P, ;>0 fori,j € S. Such a model is studied in, e.g., Kyprianou and Palmowski (2008) and
Ivanovs and Palmowski (2012). Define the Laplace exponent of X? through E[e*¥{] = e¥:()t,

Define F(9(z) to be the matrix analogue of the Laplace exponent of X, namely

E [e_qt+ZXt; Jy=jlJo = z} = (eF(Q)(z)t>

ij

Thus,

F9(z) = diag{vs(2)}io; + Qo G(2) — ¢, (1.2)

where I is the identity matrix, G(z);; = E[e”*/%] and the notation A o B = (a;;b;;) stands

for the entry-wise matrix product.

10



1.3 Quantities of interest

1.3.1 Ruin-related quantities and Gerber-Shiu functions

In the previous section, various risk models were introduced. Now we are interested in the
issue that at some time point the surplus level of an insurance portfolio will not be sufficient
to cover claim amounts, i.e., the surplus level drops below 0 and triggers the so-called “ruin”

event. Define the time to ruin
T = inf{t > 0|U; < 0},

with T' = oo if the surplus never drops below 0. The (ultimate) ruin probability is defined

as

m(u) =P(T < oo|Uy = u). (1.3)

The quantity m(u) is important for risk management purposes, while other ruin-related
quantities are also of much interest. The most popular quantities to be considered in a
typical ruin analysis are the surplus prior to ruin Up- and the deficit at ruin |Urp|. Then it

is obvious that the claim causing ruin Yy, has the representation Yy, = Upr- + |Ur|.

To analyze these quantities, Gerber and Shiu (1998) introduced a comprehensive analytic
tool known as the Gerber-Shiu expected discounted penalty function, or simply the Gerber-

Shiu function, defined as
ms(u) = E [@_HW(UT*, IUT|>1{T<00}|UO = U] su >0,

where 14 is the indicator function of the event A, and w(z,y) is a function of the surplus
prior to ruin (x) and the deficit at ruin (y). The so-called penalty function w(z,y) is assumed
to satisfy mild integrability conditions. Also, 6 > 0 is a real number, which can be viewed

as a discount factor (i.e., force of interest or spot rate) or a Laplace transform argument.

11



Using a variety of techniques related to Laplace transforms, renewal arguments and integro-
differential equations, Gerber and Shiu (1998) showed that, under the classical compound
Poisson risk model, the Gerber-Shiu function satisfies a defective renewal equation whose

solution can be expressed in terms of a compound geometric tail.

The Gerber-Shiu function allows its user to extract information about certain quantities
related to the time to ruin 7', such as the surplus prior to ruin Up- and the deficit at ruin
|Ur|. For example, if we choose w(x,y) = 1, the Gerber-Shiu function reduces to the Laplace
transform of the time to ruin, and furthermore if we assume 0 = 0, it reduces to the ruin
probability defined in (1.3). The choice of w(z,y) = e %*~*¥ leads to the trivariate Laplace
transform of the triplet (T, Up-,|Ur|). The choice of § = 0 and w(z,y) = Liz<a}l{y<y}

yields the analysis of the joint and marginal defective distribution function of Up- and |Ur|.

Now if we take one step further to invert the Laplace transform of the time to ruin, we
obtain the density of the time to ruin, which will be quite useful to the study of finite time ruin
probability. Landriault et al. (2011b) and Shi and Landriault (2013) study the finite-time
ruin problem by incorporating the number of claims until ruin into the Gerber-Shiu analysis,
and the joint density of the time to ruin and the number of claims until ruin provides further
probabilistic interpretations of the series expansion of the density of the time to ruin. This
can be viewed as one generalization of the Gerber-Shiu function. Other generalizations of the
Gerber-Shiu function studied in the literature on ruin theory are as follows. Cai et al. (2009)
studied the expected present value of the total operating costs up to the time of default.
Also, Cheung et al. (2010) incorporated the surplus level immediately after the second last
claim before ruin and Biffis and Morales (2010) incorporated the minimum surplus level
before ruin into the Gerber-Shiu function. Cheung and Feng (2013) extended the results in
Cai et al. (2009) by examining all the moments of the discounted claim costs until ruin, and
investigated a more general function which allows the cost function to depend on the surplus

level immediately after the second last claim before ruin.
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1.3.2 Drawdown-related quantities

For any insurance model, besides the ruin-related quantities, the drawdown-related quantities
are also of interest, since they will give the insurer timely warnings before a capital shortfall

occurs.

The drawdown process (or reflected process) Y = {Y;;¢t > 0} of a stochastic process X

is defined as

Yy = M, — Xy,

where M; = supy<,<; X, is the running maximum of X at time ¢. For a given a > 0, the

drawdown time 7, is defined as

T, =inf{t >0:Y; > a}.

We also define the running minimum of X at time ¢ as m; = infy<,<; X,;. Path-dependent
properties of the first drawdown episode include the running maximum (minimum) at the
drawdown time M., (m,,), the drawdown size Y, , as well as the last time a running maxi-

mum is reached prior to 7, denoted by G, , where

Gy =sup{0 <s<t:M,=X,}

Note that we follow the convention inf () = co and sup () = 0 throughout the thesis.

In the literature, drawdown-related quantities are usually analyzed in the context of
spectrally negative Lévy processes, or more recently, in their Markov additive generalizations.
For instance, Taylor (1975) first derived the joint Laplace transform of (7,, M, ) for Brownian
motion processes. Later, Lehoczky (1977) generalized Taylor’s work to a time homogeneous
diffusion process. Avram et al. (2004) analyzed the joint Laplace transform of (7,,Y7,) in
the spectrally negative Lévy process. Zhang and Hadjiliadis (2012) studied the joint Laplace

transform of (G,,, M,,, 7, — G.,) for a general time-homogeneous diffusion process. Douady
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et al. (2000) and Magdon-Ismail et al. (2004) derived the density and expectation of the
maximum drawdown before time ¢ defined as M DD; = supy<,<, Ys for a Brownian motion
and a Brownian motion with drift, respectively. For a spectrally negative Lévy process,
Mijatovic and Pistorius (2012) derived the joint Laplace transform of (7,, G, , M, m,,,a —
Y -, Y, —a). Breuer (2012) studied the joint distribution of (7,, M,,,G,) in a Markov-
modulated Brownian motion. Ivanovs and Palmowski (2012) analyzed the joint Laplace

transform of (7,, M,,,Y;, — a) in the framework of MAPs.

1.4 Mathematical preliminaries

In this section, we present some of the mathematical tools and their properties that will be

useful in the following chapters.

1.4.1 Erlangization

The method of Erlangization was first proposed in finance in the exercise of pricing American
options, where the technique is often referred to as randomization (see, e.g., Carr (1998)).
In general, randomization describes a three-step procedure: the first step is to randomize a
parameter by assuming a plausible distribution for it; the second step is to somehow calculate
the expected value of the dependent variable in this random parameter setting; the final step
is to let the variance of the distribution governing the parameter approach zero, holding the
mean of the distribution constant at the fixed parameter value. Erlangization, as a special
case of randomization, uses an Erlang random variable to approximate a fixed parameter

value.

The idea of Erlangization has also been used in ruin theory (Asmussen and Albrecher
(2010), Chapter IX, Section 8 and Asmussen et al. (2002)), where a finite-time ruin problem

of interest was approximated by the corresponding probability of a ruin prior to an Erlang
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distributed horizon. More precisely, if we are interested in the finite-time ruin probability
denoted as ¢(u,t) (which is a function of the initial surplus level u and the finite time t),
the first step is to replace the deterministic time horizon ¢ by a random variable H that has
an Erlang distribution with %k stages and mean ¢ (i.e., with variance ¢?/k). For the second
step, we compute the ruin probability ¢ (u) = E [¢)(u, H)]. Since the variance of the Erlang
distribution goes to 0 as k goes to 0o, we can prove that 1(u) converges to 1(u,t) as k goes

to oo.

In the adaptive premium policy model, Landriault et al. (2012) used Erlangization as an
approximation method that replaces fixed parameter values by Erlang distributed random

variables (see Chapter 2).

1.4.2 Dickson-Hipp operator and Laplace transform

Another analytic tool which has been shown to be relevant in Gerber-Shiu type analysis
is the Dickson-Hipp operator. A special case of the Dickson-Hipp operator is the Laplace
transform, and it turns out that the Laplace transform argument is one of the common

methods employed to derive the defective renewal equation of Gerber-Shiu functions.

Let s and r be any complex number with non-negative real part and f(z) be any inte-

grable real-valued function. Define

and

7s) = / T e (y)dy,

where the former is referred to as the Dickson-Hipp operator (or transform), while the latter
is the Laplace transform (LT) of the function f. Note that the LT is a special case of the

Dickson-Hipp operator, since f(s) = T5f(0).
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It is of interest to present the properties of repeated applications of the Dickson-Hipp

operator. Thus, for any complex numbers ry,79,...,7, and n =1,2,..., define
TTl,TQ ----- Tnf(x) = 7:‘17:’2 cct ﬁnf(x)

For n = 2,

_ ﬁzf(x) B 7:,1f(l‘)

r —re

7:~1,r2f<x> = 7;2,7'1f<x> ) if 1 7£ T, (14)

and

T f(2) = T2 f(x) = / (y — x)e ") f(y)dy, if r = rs.

In particular,

S=r1
A comprehensive list of properties of the Dickson-Hipp operator can be found in e.g., Dickson

and Hipp (2001), Li and Garrido (2004a), and Gerber and Shiu (2005).

1.4.3 Rouche’s theorem

In the Gerber-Shiu analysis, Rouche’s theorem is used to show that there are a certain
number of solutions to Lundberg’s fundamental equation in the classical compound Poisson
risk model and their generalizations when other risk models are considered. These solutions
will help solve the unknown constants in the (matrix form) defective renewal equation and
enable an explicit expression for the Gerber-Shiu function of interest. As such, we present
the statement of Rouche’s theorem in Theorem 1.4.1 (see, e.g., Titchmarsh (1939)) as well

as its generalization for matrices in Theorem 1.4.2 (see, e.g., Dshalalow (1995)).

Theorem 1.4.1. If f(2) and g(2) are analytic inside and on a closed contour D and |g(2)| <

|f(2)| on D, then f(z) and g(z) + f(z) have the same number of zeros inside D.
Theorem 1.4.2. Let A(z) = (a;;(2)) and B(z) = (b;j(2)) be complex n x n matrices, where

B(z) is diagonal. The elements a;j and b;;, 1 <i <n, 1 < j <mn, are meromorphic functions
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i a simply connected region S in which T is the set of all poles of these functions. C' is a
rectifiable closed Jordan curve in S —T. Ng(or Nayg) is the number of zeros inside C of

det B(z) (or det(A(z) + B(z)) and Pp (or Payp) the number of poles inside C. If
|bii(2)| > Z la;;(2)] on C foralli=1,...,n
=1

then on C
det(A(z) + B(2)) # 0, det B(z) # 0,

and

Nuasp —Parp =N — Pp.

1.4.4 Scale functions and exit problems

In this subsection, some well known results for spectrally negative Lévy processes and MAPs

are presented, which will be quite useful in Chapters 4 and 5.

For a spectrally negative Lévy process X, its Laplace exponent is given in (1.1). For
any given ¢ > 0, let ®(q) to be the largest (real) solution to ¥(\) = ¢q. For ¢ > 0, the ¢-
scale function W(@(.) : R + [0, 00) is the unique function supported on [0, c0) with Laplace
transform

/ e WD (z)dz = s> ®(q).
0

1
U(s) —q’
It is known that W@(.) is continuous and increasing on [0,00). The existence of scale
functions is shown in Kuznetsov et al. (2012). In the sequel, we write W (-) for W©(.). The
scale function is closely related to exit problems for spectrally negative Lévy processes. For

x € R, we define the first passage times of X as

T =inf{t >0: X, > (<)} .
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We recall the following well-known fluctuation identities; e.g., Section 8.2 of Kyprianou
(2006), which are fundamental quantities in the study of occupation times, Parisian ruin
problems, some tax models and so on; see, e.g., Landriault et al. (2011a), Czarna and

Palmowski (2011), Albrecher et al. (2008) and Kyprianou and Zhou (2009).

Theorem 1.4.3. For g > 0, the one-sided exit results are
]Eu [e—q O71{T07<oo}:| = Z(q) (’LL) - (I)_W(q) (u)7
for any u > 0, and
—qTF — r—u
E, [e qT; 1{T;<OO}] _ @)
for 0 < u < x. The two-sided exit results are

(@)
—ngjr _ W (U’)
B [ e gy = W@ (z)’

and
W@ (v)
W@ (z)’

E, [e_qTO_l{TO*<Tj}} — Z(Q)(u) _ Z(‘ﬁ(l.)

for 0 < u < x, with the second scale function Z'? defined as Z?(x) = 1 + qfom WD (y)dy,

for x € R.

Note that without confusion, we write E,[-] for the conditional expectation E[-| Xy = u].

For brevity, E[-] = Eq[].

Similarly, for a MAP (U,.J) with Laplace exponent F(@ given in (1.2), the scale func-
tions are generalized to the scale matrices, and the two-sided exit results can be found
in, e.g., Ivanovs and Palmowski (2012, Theorem 1 and Corollary 3). Define Tg +E) =
inf{t >0:U; > (<)z}.
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Theorem 1.4.4. For 0 <z <a,
E {6_@{“1{T0U">T£’+,JTGU,+}‘UU =7z, JO} = W ()W (a) ™,
and
E {eqTéj’e_S|UT(§]’_Il{Tg,_<Tg,+7JTéJ’_}\UO =z, Jol = Z9(s,2) — WO (2)W D (a)"1Z9 (s, a)
where W9 (2) is the q-scale matriz defined through its LT
/000 e W (z)dz = F@(s)71,
and Z'9 (s, ) is the second scale matrix defined as

Z\9(s,z) = e <I —/ esyW(Q)(y)dyF(q)(s)) :
0

More results will be cited regarding the exit and drawdown problems when needed in the

following chapters.

1.5 Outline and contributions of the thesis

In this thesis, my primary contributions can be categorized into one of the four aspects

(which correspond to Chapters 2-5), which will be detailed in the following paragraphs.

e Generalize the results in the adaptive premium policy model by considering the surplus

prior to ruin, deficit at ruin, as well as the total discounted premium paid until ruin;

e Propose an experience-based premium policy model and show its merit from a risk

management viewpoint;
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e Propose a drawdown-based regime-switching Lévy insurance model and connect it to

existing risk models;

e Analyze drawdown-related quantities in the renewal insurance risk process where the

strong Markov property does not hold.

The thesis is organized as follows. In Chapter 2, we generalize the results of Landriault et
al. (2012) to the general Gerber-Shiu analysis in the risk model with an adaptive premium
policy. With the assumption of mixed Erlang distributed claim sizes, the explicit expression
for a more general Gerber-Shiu function than the ruin probability is derived through the
defective renewal equation and an asymptotic formula is obtained. Also, we introduce a cost
function, and get the expression for the total discounted premium paid until ruin. Finally,

a related premium rate changing strategy is briefly presented.

Chapter 3 considers another adaptive premium policy, which is called the experience-
based premium policy. The premium rate changes based on the increments of the surplus
process at the review times. T'wo main directions for generalizing the classical risk model are
considered: premium changes reflect recent claim experience, and a random period between
premium rate reviews. Under the framework of the classical compound Poisson risk model
and with combination of exponentials distributed review times, we examine the distribution
of the increments between successive review times by characterizing their two one-sided
LTs. The matrix-form defective renewal equation of the LT of the time to ruin is derived.
Numerical examples are studied to show the merit of the proposed model. In addition, as
variants of the proposed model, we incorporate a random performance level and a premium

policy review conducted at claim occurrence.

Chapter 4 examines an adaptive policy based on the drawdown size of the insurance
risk process. In this drawdown-based regime-switching Lévy insurance model (DBRS), the
underlying drawdown process is used to model an insurer’s level of financial distress over

time, and to trigger regime-switching transitions. Using analytical arguments, we derive
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explicit formulas for a generalized two-sided exit problem. We specifically state conditions
under which the survival probability is not trivially zero (which corresponds to the positive
security loading conditions of the proposed model). The regime-dependent occupation time
until ruin is later studied. As a special case of the general DBRS model, a regime-switching
premium model is given further consideration. Connections with other existing risk models

are established.

In Chapter 5, we extend the analysis of drawdown-related quantities to the context of
the renewal insurance risk process with general interarrival times and phase-type distributed
jump sizes. We make use of some recent results on the two-sided exit problem of the MAP
and a fluid flow analogy. The two-sided exit quantities are shown to be central to the analysis
of drawdown quantities including the drawdown time, the drawdown size, the running maxi-
mum (minimum) at the drawdown time, the last running maximum time prior to drawdown,
the number of jumps before drawdown and the number of excursions from running maximum
before drawdown. Finally, as another application of the fluid low methodology, the expected
discounted dividend payments until ruin is considered in the presence of a constant dividend

barrier model.

Chapter 6 concludes the thesis and discusses some directions for future research. Note
that the results in Chapters 3 and 4 are published in Insurance: Mathematics and Economics
(see Li et al. (2015) and Landriault et al. (2015a) in the bibliography), and the results
in Chapter 5 have been submitted for publication (see Landriault et al. (2015b) in the

bibliography).
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Chapter 2

Some generalizations to the adaptive

premium policy

2.1 Introduction

In this chapter, we generalize the results of the adaptive premium policy model introduced
in Landriault et al. (2012) in several directions. As such, a more detailed description of such

a risk model is as follows. The surplus process of this risk model is defined as

t N(t)
U(t) = u+/0 c(s)ds — ZY (2.1)

where u, {N(t);t > 0}, {Yi;i > 1} are all defined the same way as in the classical compound
Poisson risk model, and {c(¢);¢ > 0} represents the premium changing process (if it is fixed
to a constant ¢, then the model reduces to the classical compound Poisson risk model).
Actually, Landriault et al. (2012) fix m premium rates ci, ..., ¢y, where ¢; > -+ > ¢, > 0

and m — 1 thresholds xq,...,2,,_1, Where 0 = 2y < 21 < -+ < Tpp_1 < T,,, = 00. Let 7; be
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the time of the ith descending ladder height of the surplus process, i.e.,

7, = inf {U(t) < U(1i-1)},

t>71i1

with 70 = 0. The premium rate is changed only at time 7;, and if T, = 7, — 7,1 € (z,_1, 7],
then the premium rate is fixed to ¢; for 5 = 1,...,m. Hence the 2m — 1 parameters

(€1, Cmy @1, ..., Ty_1) characterize this adaptive premium policy.

The technique of Erlangization is used here to replace the fixed parameter x; by Erlang
distributed random variables. More precisely, the threshold differences g; = z; — ;4
are replaced by independent Erlang random variables G; with shape parameter n; and
rate parameter n;/g;, j = 1,...,m — 1, where n; € N, and then by increasing n;, we
can approximate the constant g; with arbitrary precision, since we have that E(G,) = g;
and Var(G;) = g]z /nj and thus lim,; o Var(G;) = 0. Without loss of generality, we can
choose g; = ;& for some = and n; = y;n so that the scale parameter of G; is 1/v, where
v =n;/g; = n/x. Thus, the threshold z; = (z; —x;_1)+- - -+ (21 — x) can be approximated
by the random variable D; = G; + --- + G; which has Erlang distribution with shape
parameter n; = nl'; and rate parameter v, for j = 1,...,m — 1, where I'; = {6:1 ~; and

define Dy =0, ny=0,1y=0, D,, = o0, n,, =00, and I',,, = oc.

Also, we assume that the claim sizes are iid mixed Erlang random variables with pdf
p(z) = Zleﬁ,k(@, x>0,
k=1
where {q; k > 1} are the mixing weights satisfying >~ gx = 1 and
esn(z) = B e P /(K — 1)),

is the Erlang pdf with shape parameter k and rate parameter § (with corresponding cdf

denoted by Egy(z)). Thus, the cdf and mean are given by P(z) = > 2, ¢xEsr(z) and
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H = Z}iil Qkk/ B .
Also, for later use, we have to introduce k;(t, y), which is the joint defective density of the
time ¢ and size y of the first drop given a premium rate ¢;. Landriault and Willmot (2009)

shows that under the assumption of mixed Erlang claim sizes,

kz(tv y) = ki,l(t7 y) + ki,Q(tv y)7 (22)
where
kin(t,y) = Ae™™ Z gresk(cit +y),
k=1
and

kia(t,y) = Ae ™D n, / Ctzqk eprlet —y) > qrepr(a +y)de
n= 1 r=1

Here {¢;™; k > 1} are the mixing weights associated with the n-fold (n > 1) convolution of

the pdf p(z), i.e., p(z) = > 7=, ¢t™epr(x), which yields for k > n, ¢i* = 25;11 q;‘f("_l)qk_j

(with ¢! = ¢) and for k < n, ¢;" = 0.

2.2 The general Gerber-Shiu function

In Landriault et al. (2012), the goal is to compute the probability of ruin, which is defined
as

Yi(u) = Pr(T < oo|Uy = u, ¢(0) =¢), fori=1,...,m, (2.3)

where T is the time to ruin.

Here we are interested in the Gerber-Shiu function defined as
m57i(u) = E [e_‘STwl (UTf) Wao (|UT|> 1{T<oo}|UO = u, C(O) = CZ‘} s (24)

which allow us to generalize the results in Landriault et al. (2012) to the Gerber-Shiu function
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with the penalty function w(z,y) of the form w;(z)ws(y), since with the choice of § = 0,
wi(z) = 1 and wa(y) = 1, (2.4) reduces to (2.3). Note that even though this type of
Gerber-Shiu function seems not to be the most general one, it contains many of the most
popular forms used in the literature, such as w(z,y) = ™17 and w(z,y) = Lizcz} Ly<y}-
Furthermore, theoretically we can derive the Gerber-Shiu function with any penalty function
w(z,y) by integrating over the joint density of the surplus prior to ruin and the deficit at
ruin which can be obtained by the LT inversion of the Gerber-Shiu function with penalty

function w(x,y) = e=51*752Y,

In the following, our focus is on deriving an explicit expression of mg;(u) in (2.4) and
the main result is shown in Theorem 2.2.1. To achieve this, we first show that {m;;(u); i =
1,...,m} satisfies a matrix-form defective renewal equation. By conditioning on the first

drop in surplus, we have
mei(u) = f: /0“ mej(u — y)hsi;(y)dy + vsi(u), (2.5)
j=1
where vs;(u) is given by the equation (2.33) in Gerber and Shiu (1998),
vsi(u) = CA /u ) /0 " ey ()un(y)pla + y)dydz, u >0, (2.6)
and using the density of k;(¢,y) and the Erlangization technique, we have

hsig(y) = /0 e~ ki(t,y) Pr(Dj1 <t < Dj)dt

T

1 o0
- - / ehi(ty) D ewr(t)dt (2.7)
v Jo k=7ij_1+1
We can rewrite (2.5) in a matrix-form
ma(u) = | Hs(y)ma(u — y)dy + vs(w) 28)
0
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where mgs(u) = (mg1(w), ..., Mam(w)’, vs(u) = (s1(w), ..., vsm(u)" and Hs(u) = (ks ;(u u)i_y.

By taking the LT on both sides of (2.8), we have

iy (2) = Hy(2)fs(2) + V5 (2), (2.9)

or

fis(z) = (T~ ﬁ5(2)>_1 5(2), (2.10)

m

where fts(2) = (g (2). . (=) 95(2) = @2(2). - Brn(2) T Fis(2) = (Rag(2)

and I is the m xm identity matrix. Now we have to identify vs,;(u) and hs; ;(y) and especially

4,j=1

their LTs.

Lemma 2.2.1. The LT of vs;(u) is given by

U} S pl ’UJ s(z)
Usi(% BZ%ZZM : ) s (2.11)

fori=1,... m, where p; is the unique non-negative solution to the Lundberg’s fundamental
equation

d+A—ciz=Ap(2),
Lk = [y w2y)epn—sir(y)dy and wi (r) = wi(z)es o(2).

Proof. By plugging in the mixed Erlang claim size density in (2.6), we have
AT oita
vsi(u) = - e "y (z)wa (y)p(x + y)dydx
i Ju 0
\ 0o 00 ) k
= = / / e (2)wa (D @B | epa(@)esh-oi (v) ydyda
v J0 k=1 s=1

A 0 k 00 o
= o5 Z i Z[/ e Py (x)ep o (x)da] x [/0 wa(y)es k—st+1(y)dy],
V=1 s=1 YU

where we use the fact that egx(z 4+ y) = 87 32F_, esa()esr i1 (y)-
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Therefore,

oo

plr+y) = Z qrep k(T +y) = Z @b’ Z es,s(T)epr—st1(y)-
k=1 k=1

= s=1

Taking the LT on both sides of vs;(u), it follows that

Usi(2) = / e s (u)du
0

%) k
A o o0 P o0
= B E Ik E / eZ“/ e il )wl(x)egys(x)dxdu/ wa(y)es r—st1(y)dy
P k=1 =170 u 0

0 k
)\ o0
= G m) / wa(y)ep i1 (1) dy T Ty, {w1 (0)es o(0)}
v k=1 =10
00 k ~ ~
A wiks(pl)_wfs(z)
= q ls— -
2T

where [, and w (z) are defined as above. The property of the Dickson-Hipp operator in

(1.4) is used from the third line to the forth line. O

Example 2.2.1. If wy(y) =1,

Furthermore, if wi(xz) =1, by (2.11),

oo k ~ ~
T s _ A I €s.5(Pi) — €s.5(2)
6,1(2) — Z gk Z s,k
k=1 =1

i —Pi
B \ 00 k 1 s ﬁ t ﬁ s+1—t
- ety (75) (755)

(oo lNe o lNe o]

CEEERME) ) e

t=1 s=t k=s

which is consistent with the result in Landriault et al. (2012), and from line 1 to line 2 we
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use the fact

€ps(pi) —eps(z
) 29l o a0}
= / / e P¥es s(x + y)dydz

= / / —pzyﬁ Z eﬁt 65 s— t+1 )dydx
1 t ﬁ s+1—t
) (5

Lemma 2.2.2. The LT of hs; j(u) is given by

h5zj ZC&Z]n<6i2> 5 (213>

fori,j=1,...,m, where

= -k — VD54 k+s—1),
N PO MWLANES (M) (s s, 55 s 1)
(2.14)

with qi° = 1g—oy and

) v
.. — '~'7 _F T .
15:,4(5) = Fp <5’”J YN +0+ e +v) B (S’n” A+6+6cz-+v)

Note that the negative binomial (NB) distribution has pf fyp(n;p,0) = ("771)6r(1 — 6)"
and cdf Fyp(s;p,0) =3, [np(nip,0).
Proof. By (2.7) and (2.2), E(s,iy]’(Z) = ’FL(SJ;,]',:[(Z) +,];/57Z‘7j72(2), where
_ (S) 1 ) nj
hé,i,j,r(z) :/ ezy;/ eiétki,r(t:y) Z ev,p(t)dtdya
0 0

p:ﬁj,1+1

forr =1, 2.
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When r =1,

Ty

- 1 00 o0 o0
hsiji(z) = ;/0 e_zy/o e_‘;t)\e_’\thkeg,k(cithy) Z ey p(t)dtdy
k=1

p=nj—1+1
o] k 7i;
A > —Zz o —
= Bu Z Z q’f/ e yeﬂ,kﬂ—l(y)dy/ e Meg (cqt) Z evp(t)dt
k=1 I=1 0 0 =
A 5 B B(Be) v (z rp- 2)
- Bu ;;% <6~|—z) p:;ﬂ (A+6+ B +ov)drt 0 [-1

\ ok g o\ Be, -1

" Nroade st (72)  (sra) mot-o

— A s ! e :

- ;Z%%H—l <—5+Z) (—)\+5+Bci) N5 (0 —1)

= ZC&,i,j,n,l (%) ; (2.15)

l
where Cs;in1 = 2 0y ﬁ%ﬂ—l (,\Jr?—ffgcz) Ms5,i,(l — 1), and

15,5 (S)

A6+ B & A48+ Be) P [s+p—1
SV )

piﬁj » /\—|—5+ﬂ0i+v>s+p S
%p T;—HfNB Pa>\+5+vﬁcl+v>
5 1
%{;ﬂvs(s;p’ >\+6+U6ci+v) - ;fNB(S;p’ A+6+Uﬁci+v)}
Fyp(s; 7,1, A+5+Uﬁci+v) — Fvs (s 1y, )\+(5+Uﬂ0i+v)'

Here for the last line, we used the fact that Fyp(s;n,0) =1 — 12 > pe1 Ina(sip,0).

For r = 2, Landriault et al. (2012) provides the following result,

Z qr / —65 k(CZt — l’)eg T(Q? + y = % Z_: z_: n—+s— 1 eﬁ n(Z/)e,B k+s(clt)
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Hence,

T

~ oo . 1 &9 s
hsije(z) = /0 € yv/o e hig(ty) > evp(t)dtdy

p*ﬁj 1+1
o0

= / —zy/ —6t)\ —Atz )\t mz *m
Tok=1
n;

1 o0 o s
X 5 Z Z Gnts—1 7§6ﬁ,n(g)€67k+5(01t) Z ey p(t)dtdy

s=1n=1 p_ﬁj,1+l

B b © X /8 n )\mﬁkz-ﬁ-schrs m+k+s—1
- mzzzzhk ns= 1k+s<5+z> (A + 6 + Be;)mthts m

Atdtpe < v\ Ardfe T (ks p -2
v i1 A+d+ Bei+v A+d+ Bei+v p—1
B Bcin;;tl;qk q"+5_1k+s<6+z> <A+6>
Ci
(i 5,3 gl ks = 1)
o n
B
= D Gign2 < : (2.16)
— B+z

where

i\ 0o 00 00 A\ m Bci
Cé,i,j,n,Q = % Z ZQk Qn+s— 1]{7 T s ()\ i 5) fNB(m; k+8, m)ﬁ5717](m+k+8—1)

Therefore, by combining (2.15) and (2.16), we have

héz,] ZC&ZJn(ﬁf—Z) ;

where Cs;jn = Csijna + Coijne Is given in (2.14).

Now we have computed ﬁ&m’(Z) using the Erlang approximation, which finishes the sec-
ond step in the Erlangization technique. In what follows, we need to replace the Erlang
distributed thresholds by their real values, which can be achieved by letting the parame-

ters n; go to infinity as mentioned above. From Lemmas 2.2.1 and 2.2.2, we see that n;
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only appears in 7;;5JJ(Z), or more precisely, in the term 75, ;(s). Also, the NB distribution

Fyp(s;n, 1+p) has the probability generating function (pgf) (1 +p(1 —2)) ", so if np = A,

1_ —n
lim (1 + —)\( Z>) = M),

n—00 n

then

which is the pgf of the Poisson distribution with mean A\ denoted as Fp(s;\). Using the
fact that the Poisson distribution can be viewed as a limiting NB distribution, the limit of

1s,,;(5) becomes

v
lim ii(s) = lim F S;m;i_q,
- 1%0775, J(s) o Hm NB( j-1 >\+5+6ci+v)
lim F 7 v
— 11m S;n;
oo VE\TTN L5+ B + o

= Fp(s;hij1) — F(s; ) & M54(8);

i ox AEBe — g\ 4§ 4 Be;)T; with Fp(s;0) = 1 and
Fp(s;00) = 0. O

Now we are ready to provide the main theorem in this chapter.

Theorem 2.2.1. The Gerber-Shiu function defined in (2.4) has the explicit expression
mgi(u) = Z Z K.k, s. / epr(u — )T, {wi(x)es ()} dr,
, 0

wh@r@ﬁ&zksy Zl Ogéz]k’cﬁzT SqTST

Proof. In order to invert (2.10) w.r.t. z, we need to use the identity

(I—H5 ) ZHZ

which holds when the spectral radius of Hy(z) is less than one. In fact, hg;(y) = > iy hei(y)
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has a defective probability generating function (see Willmot and Woo (2012))

l
h(ﬂ an”(ﬂ—i-Z) )

and

> ‘ﬁ&w‘(z)) = hsi(2) < Y Gois < 1,
j=1

=1
so the spectral radius of Hy(z) denoted as r <ﬁ5(2)> < max; )7, ‘%5”(2)} <1

Hence now, (2.10) can be written as

fig() = 3 L (2)%5(2), (2.17)
=0
ie.,

~ o ﬁ g A - . {Drs(pj)_ﬁﬁs(z)
mé,i(z) = C*lz i (— X — qr ls,r 7 :

lz_;;kz_% PR\ B+ 2 Cﬁ; ; zZ=pj

e e )‘ - ﬁ kwiks<10.7) wiks(z>

= <§,li, ik~ o QTlsr ( )
%;;; J ch; + z Z— P

0 —
where Cz;i,j,k = 1{i:j,k’:0}7

A o SIENNC SIS \ m 6@ .
61]k e ZZZ% Qn+s— 1/~c—|—s ()H—é) fvs(m; k+s,m)né,i7j(m+k+s—1)

m=0 k=0 s=

1
and C&zgk Zr 121} 1C§’LTU)C67'Jk v

After taking the LT inversion w.r.t. z, we obtain

madu) = 3303 Gihin qu [ enstu =), (wr@)en.a))
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Example 2.2.2. If wi(z) =1, then by (2.17),

ﬁ s—t 5 t+1
A S () ()
1

00
é,

Mai(z) = D D) G

=0 j=1 k=0

p ”(6
[e%e) B w+1 oo w B s—t
-2 (7)) LT X Sde gt (51)

w=0 J t=0 s=t+1 r=s

t=0 s=t+1 r=s

thus we have

m(M E KRs.i,w€p, w+1

s—t
where K = Zl 0 Z] 1 Zt 0 Zs t+1 Z'r s<5zjw te; 52Q7"l87“ (%) :

Furthermore, if we(y) = 1 and § = 0, the Gerber-Shiu function reduces to the probability

of ruin. We have l, ) = fooo wa(y)epp—st1(y)dy =1, so

mOz E HOzwe,B w+1

s—t
WheTe Koiw = D10 D iy Dot Doactrt Dors G o e 52 qr <ﬁ> . This result is consis-
tent with Theorem 1 in Landriault et al. (2012).
2.3 Discounted total premium paid

In this section, we are interested in the discounted total premium paid until ruin, which is

defined as
T
b5 (1) = E / e (1)t ey [Uo = u, ¢(0) = ],
0

By conditioning on the first drop in surplus, we have

¢57, = / ¢5] h51]< )dy—f—U;’i(U),
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where hs,; ;(y) is as defined in (2.7) and

v;,i(u) = / / 1_ ki (t,y)dtdy
:%U y)dy — / / e 0k (t, y)dtdy

G
= 5 [vo,i,1(u) — vs2(u (2.18)
where vg;1(u) = [ hi(y)dy and vs;o(u) = [° [ e k;(t, y)dtdy.

Actually, vg;1(u) is given in Landriault et al. (2012) (also the same as the inversion of

(2.12) with 6 = 0), which is

© oo oo s+1—t
Vo,i.1(w) 052 ZZqu (5+Po ) egt(u). (2.19)

t=1 s=t k=s

As for vs; 2(u), we first consider the LT of the time to ruin given by
Gsi(u) = E [e” Lipeay|Up = u, ¢(0) =¢;],

which is a special case of the Gerber-Shiu function by letting the penalty function w(z) = 1
and wy(r) = 1. Then by (2.5), we find that Gs;(u) satisfies

Géz Z/ G5J U=y h51j< dy 4 vsi2(u ),

where v5;0(u) = [ [57 e k;(t, y)dtdy is the quantity that we are looking for.

Given by the inversion of (2.12) with ¢ # 0,

c© oo oo s+1—t
vsio(u 052 ZZqu <5+p ) egt(u). (2.20)

t=1 s=t k=s
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Substitution of (2.19) and (2.20) into (2.18) yields

C;

vé,i(u) = g[vo,i,l(u)—va,ia(u)]

s+1—t s+1—t
i) ~im) |
B+ psi B+ po g

Proposition 2.3.1. In the adaptive premium policy model, the discounted total premium

(o olNe o lNe o]

YE Zzzqk

t=1 s=t k=s

paid before ruin is given by

¢51 E :€Bw+1 K&zw?

s—t s—t
* . oo m w B e
mW%w—zmzﬂzmzﬂﬂzwgmmwwwKma)‘4ﬂ@)}'

The proof follows the same procedure as that used in Section 2.2.

2.4 An asymptotic result for the Gerber-Shiu function
Here we are trying to get the defective renewal equation and asymptotic result of the Gerber-
Shiu function ms;(u) defined in (2.4) in a two-premium case.

Proposition 2.4.1. The Gerber-Shiu function ms;(u) for i = 1,2 satisfies the defective

renewal equation

—e /7mzu—)%(ﬂy+mx) (2.21)

where gs(-) and rs;(-) are defined through their LTs
9(2) = hs11(2) + hs22(2) = hara(Dhs2a(2) + hoza(2)hana(2),

P50(2) = (1= ho22(2))051(2) + ho1,2(2)T52(2),

and

Fs2(2) = (1 — hs11(2))052(2) + hosa (2)0s1(2).
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Furthermore, suppose that e®®rs(x) is directly Riemann integrable on (0,00), then the

asymptotic result is as follows

T efurs(y)d
lim eR"mdﬂ.(u) _ f(g)o _ 5,i(y) y,
o Jo~ vefgs(y)dy

(2.22)
where R is the unique positive solution (if it exists) to

/ e gs(x)dr = 1.
0

Proof. Here we just need to prove that equation (2.21) is a defective renewal equation, and

then the asymptotic result (2.22) follows by Theorem 9.1.3 in Willmot and Lin (2001).

By (2.9), the LT of the Gerber-Shiu function is given by
54(2) = s ()51 (2) + b (2D 2(2) + sa(2),

for i = 1,2. The solutions m;;(z) and ms2(2) to the above system of linear equations are

Fsa(2) = _ (1 —A/]'L(;’Q’Q(Z))Tf)f’l(Z) +~h5,1,2(z)vtg£(z) _ _ 17’5,152)  (2.23)
1 —hs11(2) — hso2(2) + hs11(2)hs22(2) — hs12(2)hs21(2) — g5(2)
and
Figa(2) = ————— 0 Mol thasaClonale) ______ Taale) 5y
1= hg1,1(2) = hso2(2) + hsp1(2)hs22(2) — hsra(2)hsaa(z) 1= 95(2)
Thus, we can rewrite (2.23) and (2.24) as
ﬁl(gﬂ;(Z) = 7715’1'(2)55(2) + ?571'(2), (2.25)
ie.,
mei(u) = / mesi(u—y)gs(y)dy + 15 (u). (2.26)
0
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Therefore, now we need to show that gs(-) is a defective density. We point out that

TLM(Z) = Eg’i’l(z) + 557i72(z) < TLM(O) < 1, which implies
1-35(2) = (1=hs11(2) (1=hs22(2)) —hs12(2)hs21(2) > hs12(2)hsa(2)—hs12(2)hs2(2) =0,
and

1= G5(2) = (1= hsp1(2)(1 = ho22(2)) — hs12(2)hsni(2) < 1— hspa(2)hs2a(2) < 1,

i.e., gs(z) € (0,1) for any z, therefore, gs(-) is a defective density. In fact, if we recall the

form of }VL(;,Z'J'(Z) in equation (2.13), we have

g5(z) = %6,1,1(3) + Es,m(z’) — E5,1,1(2)56,2,2(2) + E&,Q 1( h5,1,2 Zgan (5 n z) ;

where gs1 = Cs1.1.1+C2.21 and s = Cs11m+Cs22m— ey Cs1akCs2.2m kD s Cs21xCo12.n k
for n > 2 and can be identified. Therefore, gs(-) has a combination of Erlangs which is non-
arithmetic. Note that if we recall the form of E57¢7j(z) and vs,;(z) in equations (2.13) and

(2.11), we may identify 7,(2). O

2.5 Another variant of the adaptive premium policy

Here we assume that at each review time, the current premium rate can only increase or
decrease to the adjacent levels of the premium rates (with still m levels of the premium
rates). More concretely, suppose that the premium rate at the beginning of a given period is
¢;, if the time between ladder heights T' € (x;, 00|, then the premium rate changes to c;,1, if
T € (0,2;_1], then the premium rate changes to ¢;_1, and if T' € (x;_1, z;], then the premium
rate stays the same ¢;. This variant seems to be more practical, because even if the insurer

experiences a good (or bad) period in which it has a long (or short) time to reach the next
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ladder height, he may not want to change the premium rate to a quite low (or high) level

suddenly.
In this setting, the Gerber-Shiu function satisfies

min(m,i+1)

m6,i(“) = Z ms,; (u — y>h:§,i,j (y)dy + Ua,z‘(“)7

j=max(1,i—1)

for 1 <i < m, where
hg,i,i—l(y) = / e_étki(ta ?J) Pr(t < Di—l)dt7
0

hsii(y) = / 37&/%(15:?/) Pr(D;_y <t < D;)dt,
0

Biiea(y) = / e k(t, ) Pr(t > Dy)dt,
0

and vs;(u) is the same as defined in (2.6). This model can be solved by following the same

procedure as in Section 2.2.
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Chapter 3

Experience-based premium policy

3.1 Introduction

Recall that the classical compound Poisson risk model is defined as
Ut:u+Zt7 t207

where u > 0 is the initial surplus level, ¢ > 0 is the constant premium rate, and Z; = Z; . =
ct — S;. In what follows, the dependence of Z; on ¢ is for the most part silently assumed
(except in e.g., Proposition 3.3.1).The aggregate claim amount process {Sy;t > 0} is defined

as

le'vztl Piv Nt > 07
St -

O, Nt — O,

where {N;; ¢ > 0} is an homogeneous Poisson process with arrival rate A > 0 and the
claim sizes {P;; i > 1} are a sequence of iid random variables with density p and mean 1/p,

independent of {N;; ¢t > 0}.

Following the idea of an adaptive premium policy discussed in Chapter 2, in this chapter,

we propose another strategy where the incoming premium rate is allowed to vary based on
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the recent claim experience of a particular insurance portfolio. We use the name “experience-
based premium policy” for the proposed premium strategy. This can be viewed as a mech-
anism to have a premium setting policy which is somehow responsive to the recent claim
experience, a practice supported by credibility theory in insurance mathematics (see, e.g.,
Klugman et al. (2012)). The premium review policy described in this chapter can also be
regarded as a different allocation of the insurer’s revenues over time, which we will show has
great merit from a risk management standpoint. Indeed, the proposed premium strategy is
expected to provide a better matching of the cash inflows and outflows of an insurer over

time, reducing its solvency risk.

In the same spirit as credibility theory, the main idea of the insurer’s premium policy is to
generate supplementary premium income following a period of bad claim experience, while
reducing the incoming premium rate when a period of good claim experience is observed.
Such a strategy is often consistent with the insurer’s new perception of the risk insured (even
though the risk itself may have remained unchanged). The experience-based premium policy
we intend to examine will operate under the following mechanism. We consider an insurer
with m different premium rate options: {¢;}/%, with ¢; < ¢; for ¢ < j. For instance, these
premium rates can result from the application of a set of security loadings to the underlying
risk. We assume that the insurer has the ability to modify the incoming premium rate at
some review time points based on the increment value of the surplus process since the last
review time. Suppose the premium rate at the beginning of a given period is ¢;. If the
increment of the surplus process until the next review time is negative, then the premium
rate increases tO Cmin(i+1,m)- If the increment of the surplus process until the next review
time is positive, then the premium rate decreases to cmax(i—1,1). Also, as in Albrecher et
al. (2011, 2013), ruin will be monitored at these discrete random review time points only.
There are two main reasons for choosing the discrete random review time. First, in practice,
it is more reasonable to assume that the company checks their surplus level on a periodic

basis instead of continuously. However, the problem with discrete-type risk model is that
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it usually does not lead to explicit solutions and then is difficult to gain structural insight
on the influence of parameters and compare to other strategies. Therefore, in order to get
the explicit analytical results, we choose the random review time structure. To conclude, we
generalize the classical risk model in two main directions: premium changes based on recent

claim experience and a random period between premium rate reviews.

Mathematically, we assume that the risk process can only be reviewed at random times
{Xy;k > 1}, where X} is the k-th review time with Xy = 0 and X; > X ; a.s. Thus,
to analyze the ruin event, it suffices to consider the surplus process at the review times
{Xy; k > 1} only. Let U, be the surplus process value at time Xj,, and define 7, (nx, € {¢;},)
to be the effective premium rate between the successive review times X;_; and X;. We define

U, as
k

U =u+» Y (3.1)

j=1
where Y; = n,T; — (SXj — ij,l) and T; = X; — X;_; is the j-th inter-review time. Condi-
tional on {ng; k > 1}, the inter-review times {T};k > 1} are mutually independent, as well

as independent of the aggregate claim process {S;;t > 0}.

We further assume that when 7, = ¢;:

e the inter-review time T}, is distributed as a rv K; with density k; and mean x;;

e the next effective premium rate 7541 is

Cmin(i4+1,m)» if CiTk - (S’X;c - SX;C, ) < Oa
Mkt = 1 (3.2)

Cmax(i—1,1)» if CiTkz - (SXk - SXk—l) > 0.

Remark 3.1.1. Note that marginally, the premium rate process {ng;k > 1} is a (time

homogeneous) discrete-time Markov chain with transition probability matriz Q = [qm]?:‘j:l
where q; ; = P(n, = cj|n—1 = ¢;). We have that G;min(i+1,1) 0nd Gimax(i—1,1) are the respective

probabilities associated to events on the first and second row of (3.2), while all other transition
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probabilities are 0.

For risk model (3.1), we define the time to ruin 7" as T* = Xy« where k* = inf{k > 1:

U, < 0} (with T* = oo if Uy, > 0 for k =1,2,...). Also, let Up+_1 and |Uy-

be the surplus
prior to ruin and the deficit at ruin, respectively. See Figure 3.1 for a sample path illustration
(and the traditional ruin-related quantities, such as the time to ruin 7', the surplus prior to

ruin Up- and the deficit at ruin |Uy|, are given in grey colour).

U

r

/I/ /I/I/U * 2

Ve
U,

U,

Figure 3.1: A sample path of risk process U

In this chapter, we will focus our attention on the analysis of these ruin-related quantities

through the Gerber-Shiu function. The Gerber-Shiu function of interest in this context is

mijs(u) =E [e_éT*w (Up 1, U

) L =ey Lire <ot U = u,mi = cif (3:3)

fori,j=1,...,m, where § > 0, w(z,y) is a penalty function which satisfies mild integrability

conditions, and 14 is the indicator function of the event A.

To analyze the Gerber-Shiu function (3.3), it will be particularly helpful to examine
the distribution of the increments of the surplus process {U;t > 0} over an exponentially
distributed time horizon (which is studied in the next section), since in our main result in

Section 3.3, we will assume that the inter-review times are distributed as a combination of
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exponentials.

The rest of this chapter is structured as follows. In Section 3.2, we characterize the
two one-sided densities of surplus increments over an exponentially distributed time horizon,
quantities central to the later analysis. In Section 3.3, when review times are distributed
as a combination of exponentials and claim arrivals follow a compound Poisson process, a
matrix-form defective renewal equation for the Gerber-Shiu function is derived. By employ-
ing Rouche’s theorem and the initial value theorem, we derive explicit expressions for the
density of some ruin-related quantities. Section 3.4 illustrates the benefit of the proposed
premium policy from a risk management standpoint via some numerical examples. Section
3.5 generalizes the experience-based premium policy under a random barrier framework and

proposed a similar premium policy conducted at claim occurrence.

Most results in this chapter have already been published in Li, Landriault and Lemieux

(2015), except for Section 3.4.3 and Section 3.5.

3.2 The two one-sided densities of Z,

Let e, be a generic inter-review time, which is assumed to be exponentially distributed
with mean 1/« in this section and will be generalized to the combination of exponentials
in the next section. Also, define Z., to be the increment of the surplus process over this

exponentially distributed time horizon.

The two one-sided densities of Z._, namely g, and g_, defined respectively through their

one-sided LT's as

Ble ez n] = [ ¢ g
0

and

E [ %1z, <] = / e g (x)dz,
0
will be examined.
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Our objective is to identify g, and g_ in the classical risk model with exponential random
review time e,. The main results can be found in Propositions 3.2.1 and 3.2.2. We point out
that Kyprianou (2006, Corollary 8.9) also presents these results in the more general class of
spectrally negative Lévy processes. However, we suggest a simpler proof to this result in the

context of the classical risk model, which relies on LT arguments only.

3.2.1 Density of Ze iz, >0

To examine E [e‘szea liz., >0}}, we first define the first passage time
7, = inf{t > 0|U; < 0},

(with 7,7 = oo if the surplus never drops below 0). Thus by conditioning on whichever of

the review time e, or the first passage time 7, occurs first, we have

E [eisze" 1{Zm>0}] = E [estm 1{Zea>0}1{ea<7'0_}:| +E [e*SZea 1{Zea>0}1{@a27()_}]

— E |:675Z5& 1{ea<7’0_}i| _|_E |:67'SZ604 ]‘{Zea>0}1{e(127—0_}i| . (34)
To obtain an expression for the first term on the right-hand side of (3.4), we define

Yalu) =B [e™Vo Ly, oy|Un=u] .

for which E |e5%¢ 1{ea<70—}] = 14(0). Note that ¥, (u) is the LT of U,, killed if the surplus
process reaches negative values before the generic time e,. The term “killed” is used here

to specify that all sample paths such that e, > 7, are discarded.

Lemma 3.2.1. The LT of U., for all sample paths of {Uy;t > 0} with {e, < 75 } is given

by
1

s+ p

Va(u) = { Vae(u) — /Ou e V(U — x)dx} :
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where v, .(u) is defined on [0, 00) through its LT

o 1
Uael2) = cz—AN1-=p(2)) —a’

(3.5)
and p = pa.c(a) is the unique non-negative solution of Lundberg’s fundamental equation
cz—AN1—-p(z)) —a=0. (3.6)

Proof. By conditioning on the first occurrence between a claim instant and a review time,

we have

u+-ct 0
Ya(u) = / Ae™(rre { / Yol +ct — )p(y)dy} dt + / e~ (Fatemslutet) gy
0 0
)\ > A+a (6] _
= = (o—u) wa r —y)ply)dyde + —— e

c A+ a+cs
A
= ETAMTQ( u) + >\+a+cse (3.7)
where
— [ e~ o)y
0
and T, f(z f e "w=2) f(y)dy is the Dickson-Hipp operator defined in Section 1.4.2. Tak-
ing the LT on both sides of (3.7), one obtains
~ )\Ta( . )—?a(z) « 1
Yal2) = c 7 — Ae +)\+oz+csz+s
— )\'(/Ja()\c ) ()\+04) 2]};(2)5(2) + Q 1 (3 8)
c z — ata A+a+cesz+s '

[

A simple rearrangement of (3.8) yields

(o= MU= -~ @}l = {00 (S22 5 (250 + i - o5 69

c At oa+cs
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The first term on the right-hand side of (3.9) does not depend on z, and by taking z = p,

we can express it as

~ (A4+a\ (At ac «
A = . 1
%‘( c >p< c )+)\+a+cs p+s (3.10)

Substituting (3.10) into (3.9), we get

(5= M1 =) — e} ) =a (1 - ).

p+s_s+z

ie.,

B =a (- ) )

s+p_s+z

Taking the LT inversion wrt z, one obtains

1
S+ p

Ya(u) = @ { Vo e(1) — /Ou e Vg o(u — x)dx} :

O

Note that v, (u) is known as the a-scale function in the literature on Lévy processes

(see, e.g., Kyprianou, 2006). Also, we remark that the inversion of ¢, (u) wrt s yields
E{P(U., € (z,2+dz),eq <75 |Us = u)} = a{e ™ vae(t) — vac(t — 2)l{ysay | da,

which is consistent with Kyprianou (2006, Corollary 8.8).

From Lemma 3.2.1, it is immediate that

E e %1y, ooy = ¥a(0) = a (3.11)

s+p 7 _Es—i—p’
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given that the initial value theorem for the LTs implies that

a,c O - 1 Nac = 1 D -
Vae(0) = lim 2¥ao(2) = lim ==

We now consider the second term on the right-hand side of (3.4).

Lemma 3.2.2. The LT of the one-sided density Z, 1z, ..y together with {e, > 7, } is given

by
—s = A - -s
E [6 Zeo 1{Z5a>0}1{€a27—0_}i| = /0 { ﬁp(y)} e PVE [e Zea 1{Zea>0}i| dy. (3.12)

c
Proof. For 75 < e,, we shall first condition on the distribution of the deficit at ruin |UTO—|
together with the event {75 < e,}, i.e., the distribution of |UTJ 11 (rr<ea}- Lhis corresponds
to the discounted density of the deficit at ruin, which was obtained by Gerber and Shiu

(1998, Equation 3.4) with § = «. For an initial surplus of 0, the discounted density of deficit

at ruin is

- A
E [6 ° 1{|U75|e<y,y+dy>}!Uo = 0] =~ Top(y)dy.

From a deficit of y, the skip-free upward surplus process must then return to level 0
before the exponential time e,, which is of probability e *¥ (see Asmussen and Albrecher
(2010, Chapter V, Lemma 3.1)). The process restarts at this return time to 0 by the strong

Markov property. Thus,

E |:€_SZEQ 1{Z6a>0}1{6a27'0_}i|

N /0 P (U, | € (y,y+dy), ea = 75 |Up = 0) e ™E [ Holyy, )]

- / E [e_aT(;lﬂUro—|€(y,y+dy)}|U0 = O] e "ME [e_szeal{zeaw}}
0

(A
= / {ETpp(y)}e‘”yE le™%a 17, 1] dy.
0

This completes the proof of Lemma 3.2.2. O]
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We now make use of Lemma 3.2.2 together with Equation (3.11) to identify the one-sided

density g. .

Proposition 3.2.1. The defective density of Z.,1(z. oy 15

g+(z) = a®, .77, x>0, (3.13)
where
1
b, =— >0 3.14
T = AT p(0) (3:14)

and T2p(0) = [ ye "p(y)dy.

Proof. Substituting (3.11) and (3.12) into (3.4) yields

s 8} 1 o _ )\ —S
E [e7% Lz 0] = = P {/0 ¢ py;ﬁp(y)dy}E [e7 % 1z, 1] »

which gives

2_1 o 1 1

cstp _— (3.15)

E [eiszeal{Zeoo}] = 3 B - X729 :
1— [Te2Tpy)dy  c1—2T2p(0)s+p

The LT inversion of (3.15) wrt s yields the defective density of Z, 1z, -0y, which is given

by

« 1
r)=——-F———¢=ad,.e " x>0
g+( ) cl— %7;2])(0) s

In the following, we will show that ®, . > 0, a fact that will be used later. If we substitute

/ e Pyply)dy = —e PyP(y)| "+ / (7™ — pye™™) P(y)dy
0 0

= P(p) - /0 oopye"’yp(y)dy

1— 5 o _
= —5('0) - / pye " P(y)dy
0
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back into (3.14), we have

1
(I)a,c - ©
c— X[y e Pyp(y)dy
B 1
c— A%@ + A fooo pye—pyp(y)dy
1

= = — > 0,
&+ )" pyerv P(y)dy

since using the definition of p, it follows

We point out that this result is consistent with Kyprianou (2006, Corollary 8.9).
The following example shows that in some special cases, we can explicitly express the

density g, (z) using Equation (3.13).

Example 3.2.1. We assume that claim sizes are exponentially distributed with mean 1/pu.

Let p > 0 and —R < 0 to be the two solutions of the characteristic equation

A
s+ (p— +&)s—%20.
c
It follows that
o 1
g+(l‘) = - BN e
c1—2772p(0)
_ @ 1 —po
_A_u
cl=3 (u+p)?
_ aptr
cR+p ’

for x >0, since (u+ p)* — 2 = (w+ p)(p+ R). Note that this result is consistent with
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Albrecher et al. (2013, Ezample 4.1).

3.2.2 Density of —Z. 1;7 o

We are now interested in the other one-sided density of Z.,, namely —Z, 1¢z. o). Define
b = inf{t > 0|U, > b},

which is the first passage time of {Uy; t > 0} at level b. Conditioning on the first excursion

below 0 (before e, ), and then on whichever of the review time or the recovery time 7, occurs

first, we have

< (A
E[es(Ze“)l{zea<o}}:/ {Eﬁp(y)}{epyE [Nz )] + Galy) } dy, (3.16)
0

where

Galy) = E [ U1 o |Uo = —y]
An explicit expression for ¢,(y) is given in Lemma 3.2.3.

Lemma 3.2.3. The ruin quantity ¢.(y) can be expressed as

Paly) = a (€7 — ™) o els), (3.17)
where Uy o(S) and p are as defined in (3.5) and (3.6), respectively.

Proof. By reflection, we obtain

¢a(y) =K [6_8R5a1{6a<Tg_}|R0 = y] )

where Ry = u — Z;, t > 0 is the dual risk model, and 77~ = inf{t > 0|R; < 0} is the first

passage time of {R;; ¢ > 0} at level 0. Thus, ¢,(y) is the LT of R, given that the review
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time e, occurs before 7). Intuitively, it is clear that
Paly) = € Py —€) + e_p(y_€)¢a<€)a
for all € € [0,y]. Integrating over € from 0 to y, it follows that

ybaly) = / el — O)de 1 / e P9, (c)de, (3.18)

Taking the LT on both sides of (3.18), we obtain

[ oty = (= + ) o

s+z p+z

Note that

d ~

/0 e Hyoa(y)dy = 5%(2)-

Thus, solving this ordinary differential equation followed by a LT inversion yields

da(y) = C(s) (e’sy — e”’y) , (3.19)

where C(s) is a constant involving s.

To identify C(s), we condition on the time and amount of the first jump, i.e.,

y/c 00 y/c
$aly) = / Ae~ (et {/ Paly — ct + x)p(as)dx} dt + / ave” WFeltemsly=eh) gy
0 0 0

= C(s) {ﬁﬁ(s)(esy — e~ (AFay/ey _ - oi\— Cpﬁ(p)(efpy _ e(A+a)y/C)}
T e

B {C<S) A+ 0)4\— csﬁ(s) * A+ (()j— cs} e = Cls)e
] {C(S) e ORI O H%} e
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Matching the coefficients of e, we get

A ~ o
Cls) <S))\+Oc—csp<8)+)\+a—cs’
or alternatively
C(s) = a = —aT.(5). (3.20)

a+A—cs—Ap(s)

Thus, substituting (3.20) into (3.19) yields

ba(y) = (e‘py — e_sy) Vae(s).
O
We are now in a position to provide a closed form expression for the one-sided density ¢_.
Proposition 3.2.2. The defective density of —Z.,1{z., <oy 1s given by

g— () = a{ Py’ —vac(z)}, x>0, (3.21)

where @, . is as defined in (3.14) and v, .(u) is defined on [0,00) through its LT (3.5).

Proof. Substituting (3.17) back into the second term of (3.16), we get

[T} swar = [T{2T0 Ha e -t
= atu(s) {27900 - SR I

cs—p

where we use the following identity to move from the third to the fourth lines

T(s) = 1 B 1 1 1
T s ML) —a el —p) — AP —P(s) | els—p) 1 APDIE)
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Substituting (3.22) into (3.16) yields

p

_s(— A —s(— U A
B[, ] = ST [, ] +Tels) {200 -1

which implies that

) {%7;2]9(0) -1} +2 L

E [678(7Z504)1{Z8 <0}] et By cs—p
1— 37;210(0)
1

= Qpe— — ~a c\°)-
a®ac— QUVqc(S)
The inversion of (3.23) wrt s yields the density of —Z, 1z, <o,

g—(2) = a{Pq.c” — vac(z)}, >0,

which is consistent with Kyprianou (2006, Corollary 8.9).

1

Y

cs—p

(3.23)

]

The following example shows that in some special cases, we can explicitly express the

density g_(z) using Equation (3.21).

Example 3.2.2. Following the same assumptions as in Example 3.2.1, we have

g-(r) = a{Pace” —vac(T)}
OLFP o OHZ R g aptp

= p
cR+p cp+ R cp—i—Re
- R
S )
cp+R

where we use the inversion of the Uy (s) in

~ o ap+p 1 ap—R 1
AUy o(8) = = — - —

This result is in agreement with Albrecher et al. (2013, Example 4.1).
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Before we move to the next section, we need to examine the two one-sided “discounted”

densities of Z. , namely gi(_), defined respectively through their one-sided LT's as

E[e7e™ e iz, > (0] = / €7 g%y (x)da, for § 2 0. (3:24)
0

It follows that

Q —sZe
ot 5]E [6 a+d 1{Z€a+6>(<)0}] s

(3.25)

E [6_5e“e_szeal{zea>(<)0}} =E [e7*%e 1{Zea>(<)0}1{€§>ea}} -

where e} is an exponential random variable with mean 1/6, independent of e,. The second
equation uses the fact that min(e}, e, ) is distributed as €4, Lierseq} 18 Bernoulli distributed

with mean %5, and min(ej, e,) and 1icrs.,} are independent (see Ross (2010)). Thus,

a
gi(f)(a:) =0 5g+(_)(x), for z > 0,

where g, (x) and ¢g_(x) are given in (3.13) and (3.21) respectively, but with the parameter o

substituted for o+ . Therefore, the two one-sided discounted densities of 7, are given by,
gi(x) = adqq5e ot x>0, (3.26)

g () = a{Dyysc” " —vorse(x)}, > 0. (3.27)

3.3 Defective renewal equation and discounted joint

density

In this section, we assume that the generic inter-review time K; has density

ki(t) =) Gnouge™ ™, £ >0, (3.28)
k=1
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where «;, > 0 for V i, k and Z:Zl &r = 1. Thus, the mean of K is k; = Zzzl gzk%k

Remark 3.3.1. Note that the class (3.28) of combinations of exponentials is dense in the
set of all continuous probability distributions defined on the positive axis (see, e.g., Dufresne
(2007)). Also, one may follow the idea of randomization (or Erlangization) and use combina-
tions of exponentials to approximate the fized time value. Thus, the results in this section can

be used as an approximation for the corresponding results in the discrete-time risk model. In

fact, by letting oy, = n(":il) and &, = H?:L#k %L it is not hard to show that B(K;) = k;

2k o’

and Var(K;) = ;(12(21?) k7 (see Klugman et al. (2012)). Therefore, as n goes to infinity, the

mean of the inter-review time K; stays the same while its variance goes to 0.

Proposition 3.3.1. Let giﬂf) be defined through

E e_éKie_8|ZKf’ci|1{Zz<i,ci>(<)0}] :/ e_sxgiJr(—)(x)dx'
0

For x > 0, we have

gp(2) = Zfikaikq)ike_pikx7 (3.29)
k=1
and
g5 (x) = Z&k%k {@ie”™ — vy, ()}, (3.30)
k=1

where pi = Povip+6,cis Dy, = (paikJF‘S’Ci and Ulk(a:) = Vayp+6,c; ('T)

Proof. By the definition of the LT of g7, along with (3.24) and (3.26), it follows

/ eisxgi+(l’)dl’ —F [eiéKieisZKi’Ci 1{ZKZ~,.:¢ >0}]
0

n

_ . —56(12. —SZea. ,Cy

=D Gl [6 ke o ’1{zwl.,€,ci>0}]
k=1

00 n
—ST —PikT
:/ e E Einin@ipe” P 5 dx.
0 k=1

By the uniqueness of LT, we obtain (3.29). Similar arguments apply to (3.30). O

95



3.3.1 Laplace transform of the Gerber-Shiu function

With the one-sided discounted densities (3.29) and (3.30), we now consider ruin-related

quantities in the risk model (3.1) with the experience-based premium policy.

By conditioning on the surplus increment Y; over the first review period, the Gerber-Shiu

function (3.3) can be expressed as

mw5 / Mmin(i+1,m) 95< y)gf, (y )dy—{—bz] / Mmax(i— 11)J5(u+y)gz +( )dy,
(3.31)

where ¢, and g/ _ are as defined in (3.29) and (3.30) respectively, and
) = { [t = )y b1, (3.32)

Taking the LT on both sides of (3.31), it follows that

mmax(z 1,1),7, 6(p1k> ﬁlmax(i—l,l),j,é(fz>
Z = Pik '

mi,j,é(z) - mmin(ﬂrl,m),jﬁ(z)gg ( +bZ] +Z gzk:aqu)zk
k=1

(3.33)

In matrix form, Equation (3.33) becomes

(I—As(z)) ms(2) = ) + Z Dy (2)Chgs, (3.34)

k=1

where mgs(z) = [Tf\fli’jﬁ(z)]%:l, ]§(z) = diag {,6“(2>}m17

Dy(z) = diag { S22t ™ | Cyy =

Z—Pik
[mmax(i_171)7j75(pik)}mj_l, and I is the identity matrix. Also, the matrix As(z) = [aiyjy(;(z)]?ljzl

has entries a; max(i-1,1),6(2) = D pey 5”;3:’“4;““ and @; min(i+1,m),6(2) = gg_(z), fori=1,...,m,

while all other entries are 0.

Remark 3.3.2. [t is not difficult to check that the transition matriz Q for the discrete-

time Markov chain {n;k > 1} also corresponds to Ay(0). The stationary probabilities
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9= 1[04,...,0,] of this Markov process satisfy

9AL(0) =,

i Ui =1

(3.35)

The semi-Markov process generated from the discrete-time Markov chain {ng; k > 1}, where

a random time with density k; is spent in the state np = c; has stationary probabilities
™ = [m,...,Tm|, where
197;/@‘
T = = (3.36)
DT

fori = 1,...,m (see, e.g., Ross, 1996, Section 8.6.1). One concludes that the positive

security loading condition for model (3.1) is

qu > N, (3.37)
i=1

which can equivalently be represented as Y . | O;E [¢;K; — Sk,] > 0.

Assuming I — Aj(2) is invertible, it follows that

_adi(T- Ag(2)) (B() + S, Di()Cr)
ms(2) = det (I— As(2)) ’ (3:38)

where adj (I — As(z)) is the adjoint matrix of I — A;(2). Note that the matrices {Cpys},_,
in (3.38) contain m x m x n unknown constants, namely m, ;;(p1x) and m(—1)s(pix) for
1=2,....m,j=1,...,mand k = 1,...,n. Thus, our objective is to identify these constants
in order to fully characterize the closed-form expression for ms(z) given in (3.38).

Lemma 3.3.1. For 0 > 0, there are m X n non-negative solutions, namely V1, ..., Ymn, to

det (I — As(2)) =0.

Proof. Define the contour D = lim, o, (D, U Dy), where D, = {z : |z| =, Re(z) > 0} and
Do = {z:|z| <7, Re(z) = 0}. We will show that > 7" [a;;s(2)] < 1 on D.
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Let us now assume that

gzk Qe quk:
Z

~6
i+ (0), 3.39
2 — Pik B g 7+< ) ( )

holds for all z in D, U Dy. It follows that

fzkaqu)zk
Z

+]5_(2)] £ @ .(0) +9._(0) < 1.

Z |aijs(2)] =

To show that (3.39) holds on the contour D, U Dy for r sufficiently large, let us first

consider the imaginary part of the contour. It is clear that for any z such that Re(z) = 0,

Z gzk Oézk:q)zk

- ‘ — gz +
k=1 < Pik
Also, for all z € D, such that r > ry = max; ;, pi, + %, we have
Pik
n n
Z ik i Pik < | v Pir| < SinirPix §5 (0)
z—pin | ol - maxippi T = pa pEe

Therefore, > 7" a;;s(2)| < 1 holds on D, for any 7 > ro and the imaginary axis Do.

Now we can apply the matrix form of Rouche’s theorem (see Theorem 1.4.2). Since
detI = 1 # 0, det (I — As(2)) satisfies Ni_a; — Pr_a; = 0, where Ni_a, and Pr_a, are
the number of zeros and poles inside D of det (I — As(z)), respectively. It is clear from the
definition of As(z) that det (I — As(2)) has m x n poles, namely z = py fori =1,...,m

and k = 1,...,n. Therefore, det (I — As(z)) must have m x n zeros inside D. O

Note that when § = 0, it is easy to see > 7", [a;;0(0)| = 1, therefore the matrix form of
Rouche’s theorem does not work in this case. It has not been proved, but numerically it is
verified that when 0 = 0, if the positive security loading condition (3.37) is satisfied, there

are still m x n non-negative solutions to det (I — Ag(z)) = 0 among which one solution is 0.
Henceforth, we assume that vq, ..., ¥, are distinct. For ¢ = 1,...,mn, let the non-zero
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row vector h; = [h;y,...,h;,] be the left eigenvector of (I — As(v;)) associated with the

y Zm

eigenvalue 0. Now we are ready to provide an explicit expression for {Cys},_;.
Proposition 3.3.2. If the matriz V = [h,Dy.(v;)|[2_, is invertible, we have
Cis h1E<’71)

) : , (3.40)

where © = [0; ;] = -V~
Proof. By definition, for i = 1,... ,mn,

h; (T— A;(v)) =0,
where 0 is a row vector of all Os, which implies

h; (T — As(vi)) ms(v;) = 0mg(;) = 0. (3.41)

Multiplying (3.34) at z = 7; by the left eigenvector h; and using (3.41), one finds

h; (I— As(y:)) ms(y:) = h; (E(%) +) Dk(%')Ck,é) =0,

k=1

which results in the following system of linear equations:

Cis h1]§(71)
AY = —
Cn,d hmnﬁ(’Ymn)
For V an invertible matrix, the result easily follows. O

We point out that the matrix V is a generalized Cauchy matrix (see, e.g., Heinig, 1995)
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of the form

)

ZZTy]' mn
C; — d

1,j=1

where ¢; = v, dj = pst, z] = (h )T

7 7

.Y = &aa e, with ey the canonical vectors, s =
j— L] xm, and t = [L]. Sufficient conditions under which such a matrix is invertible have
been widely analyzed in the literature (see, e.g., Heinig (1995, 1998)). When V is invertible,
an application of Theorem 2.2 in Heinig (1995) leads to an expression for W = —V =1, Let
Z = col(z] )"} and Y = col(y] )7, then

=1

Y

T mn
X; Pj }

di—Cj

W = [w;;]]}L, = [

1,j=1

where X = col(x] )/} and P = col(p] )", are the solutions to VX = Z and PV =Y.

For the choice of parameters considered in the examples of Section 3.4, these conditions

are satisfied and thus V is invertible in those cases.

Therefore, using (3.38) and (3.40), we have an explicit expression for ms(z) whose inver-

sion results in an expression for m;;5(v) in terms of the solutions 71, . .., Ymn.

3.3.2 Matrix-form defective renewal equation and discounted joint

densities

Intuitively, we expect the Gerber-Shiu function to satisfy a matrix-form defective renewal
equation, also known as Markov renewal equation in the ruin theory literature (see, e.g., Che-
ung and Feng (2013)). Interest in such a representation comes from the fact that its solution
is known to possess some particular properties, such as uniqueness. Also, the asymptotics
(or Cramér-Lundberg approximations) and the two-sided bounds of the solution are dis-
cussed in Miyazawa (2002) and Li and Luo (2005), respectively. Especially, by comparing
the matrix-form defective renewal equation with the Gerber-Shiu function derived in last

section, we can obtain the joint density of the surplus prior to ruin and deficit at ruin with
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an initial surplus level at 0.

Let hi%;(ylu) and h3’

5 for

(z,y|u) be the discounted density of the deficit at ruin |Uy-

ruin occurring at time X; and the discounted joint density of (Uy+_1, |Uy+|) for ruin occurring
after X, respectively. The arguments ¢ and j in the above two discounted densities stand
for the event 1y, 3|m = ¢;. By conditioning on the first drop in surplus at a review time,
the Gerber-Shiu function m; ;s(u) can be represented as
. “ *0
mijs(u) = Z/ myjs(u —y)hi (y[0)dy + fij(u), (3.42)
1=1 70

where

i) = %ol + [ G s

and

Jij(w) :/ w(u, )h‘iéz] y|0) dy+/ / w(r + u,y — )h;‘i](x,y]())da:dy.

In a matrix form, we have

mgs(u) = H x mg(u) + F(u), (3.43)

where ms(u) = [m;;s(u)]._;, H(y) = [h*‘s(y|0)}” » F(u) = [fi;(w)];";_; and the convolu-

tion of two matrices is defined as

H * ms(u Z/ 2 (y|0Ymy js(u — y)dy.

Given that >;", [ h3 (y|0)dy = E [e ™7 LirscooyUo = 0,1 = ¢;] <1 when § > 0 (or when

(3.37) is satisfied with 6 = 0), (3.43) is a matrix-form defective renewal equation.

In the following, we complete the characterization of (3.43) by identifying the discounted

*0
densities h]%;
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Proposition 3.3.3. The discounted densities hi’;(y|0) and h3’,

5% (2,9]0) are given by

% (wl0) = g0 _ (1) 1y (3.44)
and
1502, y10) = &kaan®in Y Ompyria hyye gl (y + ). (3.45)
k=1 =1

Proof. Letting u = 0 and w(z,y) = e *1*7%2¥ in (3.42), we have

mi j,s5(0) :/o 752%){6@] y|0) dy+/ / —Hre ”yh;‘ij(ﬂc,y\())dxdy. (3.46)

Alternatively, an application of the initial value theorem (e.g., Spiegel (1965)) to ms(z) in
(3.38) leads to

m;(0) = B(0) + > DyCyg,
k=1

where Dy, = diag {&iraiuPir}i,. Thus, for i, =1,...,m,

m;56(0) = bi;(0) + Z§z‘k%k@z‘kﬁlmax(i—1,1),j,5(pik)- (3.47)
k=1

Now, making use of (3.32) and (3.40), it is immediate that

by (0) = / “wgd ()1 dy, (3.48)

and

mmax(z 1,1),5,0 sz Z Qm(k 1)+, (Z hls )

SD ) SN AR / SR () dydu

=1 s=1

- / / D Oy gt G (o +)yds. (349
0 0
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Substituting (3.48) and (3.49) into (3.47), one obtains

mi ;5(0) :/ e_Sngi_(y)l{i:j}dy
0

+ /o /0 Z ik ik P Z Omir—1)4ig hyje e 120 (y + x)dydr.  (3.50)
k=1 =1

A comparison of (3.46) and (3.50) immediately leads to (3.61) and (3.45). O

3.4 Numerical examples

In this section, we implement the theoretical results of Section 3.3 to show that the risk

model (3.1) mitigates the risk of an insurer’s insolvency.

In the following, we propose to compare ruin quantities in the risk model (3.1) to their
counterparts in a constant premium model with randomized reviews (CPRR model). For our
experience-based premium policy, we remove the dependence on 7; by mixing the ruin quan-

tities over the stationary probabilities 9= [0y, ..., ,,] which satisfy (3.35), i.e., we consider

Mg ,5(u) = Z 0imi s(u), (3.51)

where m; s(u) = >0 m; j5(u). In addition, we assume that the review times’ density does

not depend on the premium rate in effect, i.e., k;(t) = k(t) for i =1,...,m.

On the other hand, the CPRR model used for comparative purposes is a special case of the
model (3.1) where ¢; = ¢ and k;(t) = k(t) for i = 1,...,m. We assume that ¢ = > 7" | m;c;,

where @ = [my,..., T, are the stationary probabilities defined in (3.36). Note that the
CPRR model is similar to the risk model studied in Albrecher et al. (2011, 2013).
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3.4.1 Ruin probability

We begin our analysis with the ruin probability. Let 1y (u) be the stationary ruin probability

resulting from Equation (3.51) with § = 0 and w(z,y) = 1. Also, define 9z(u) to be the ruin

probability of the CPRR model.

Example 3.4.1. We consider an example with two premium rates ¢y = 11 and co = 14.

Claim sizes are assumed to be exponentially distributed with mean 10, while the inter-review

times are also exponentially distributed with mean 1/c. Finally, the claim arrival rate is

A = 1. Results for ¥4 (u) and ¥z(u) are provided in Table 3.1 for different values of u and

Q.

Vst(u)  Ye(u) | Yalu)  de(u) | Pse(u)  a(u) | Ya(u)  vo(u)

« u=0 u=25 u=50 u=100
0.1 ] 0.5410 0.5158 | 0.3418 0.3458 | 0.2143 0.2318 | 0.0831 0.1042
0.5] 0.7104 0.7053 | 0.4583 0.4772 | 0.2946 0.3229 | 0.1213 0.1478
1 ]10.7688 0.7666 | 0.5122 0.5289 | 0.3407 0.3650 | 0.1505 0.1737
10 | 0.8808 0.8807 | 0.6660 0.6700 | 0.5036 0.5098 | 0.2880 0.2950
oo | 0.9091 0.9091 | 0.7243 0.7243 | 0.5770 0.5770 | 0.3663 0.3663

Table 3.1: Ruin probability with different values of u and «

From Table 3.1, we observe that:

1. As expected, the ruin probability is a decreasing function of the initial surplus u.

2. The ruin probability is an increasing function of a.

As the rate « increases, the

frequency of solvency checks increases, making it more likely to identify a ruin event.

Also, given that ¢; and ¢y have positive security loadings, a larger o implies that the

premium review will be conducted more often to reduce the premium rate to ¢;, and

thus making the surplus process riskier.

As expected, when a goes to oo (i.e., a is large enough), all ruin probabilities converge

to the ruin probability in the (continuous time) classical risk model with a constant

premium rate of ¢;.
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3. For relatively large surplus values, the ruin probabilities 14 are smaller than 1z, which
implies that our experience-based premium policy reduces the risk of insolvency in the
long run. However, the opposite conclusion is reached for small initial surplus values,
an observation also made by Tsai and Parker (2004) and Loisel and Trufin (2013) in a

similar context.

In the following example, our goal is to investigate the effect of the distribution of the

inter-review times on the ruin probability.
Example 3.4.2. We reconsider Example 3.4.1 under two alternative distributional assump-
tions:

MI1: k(t) = (are” " +ane2) /2 with (a1, ap) such that the mean is 1/« and the variance
is 1.5/a? > 1/a?.

M2: k(t) = (Bage " — age™?2) /2 with (aq, aq) such that the mean is 1/a and the

variance is 0.5/a* < 1/a?.

wst<u>

Pe(u)

wst (U,)

Ye(u)

wst(u>

Ye(u)

Vgt (u)

Ye(u)

u=0

u=25

u=50

=100

0.5486  0.5198
0.7126 0.7057
0.7696 0.7664
0.8799 0.8798
0.9091 0.9091

0.3444
0.4612
0.5160
0.6668
0.7243

0.3436
0.4768
0.5304
0.6706
0.7243

0.2164
0.2992
0.3465
0.5054
0.5770

0.2285
0.3237
0.3682
0.5112
0.5770

0.0858
0.1261
0.1564
0.2903
0.3663

0.1020
0.1498
0.1778
0.2971
0.3663

Table 3.2: Ruin probability under M1

wst<u> %(U)

wst (U)

Pe(u)

wst(u>

Ye(u)

Vgt (u)

Ye(u)

u=0

u=25

u=50

=100

0.5359 0.5123
0.7086 0.7047
0.7680 0.7665
0.8814 0.8814
0.9091 0.9091

0.3397
0.4570
0.5108
0.6656
0.7243

0.3458
0.4781
0.5291
0.6698
0.7243

0.2130
0.2928
0.3384
0.5026
0.5770

0.2330
0.3236
0.3644
0.5088
0.5770

0.0820
0.1191
0.1479
0.2863
0.3663

0.1055
0.1478
0.1725
0.2936
0.3663

Table 3.3: Ruin probability under M2
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Tables 3.2 and 3.3 contain the values of the resulting ruin probabilities. Similar conclu-
sions as those provided for Example 3.4.1 are also valid here. As far as the distributional
assumptions of inter-review times are concerned, we remark a tendency for the ruin prob-
ability to increase as the variance of the inter-review time distribution increases. However,

this conclusion is not general, as when v = 0 and o = 10, the opposite ordering is observed.

3.4.2 Deficit at ruin

We now shift our attention to the deficit at ruin, more precisely to its tail properties. By

letting 6 = 0 and w(z,y) = e~*¥ in Equation (3.51), one finds that
Z 7“9Z]E [e_s‘uk*‘l{T*<OO}‘u0 =Uu,m = Ci:| = / e P (Lst € dy) )
i=1 0

where Lg corresponds to the deficit at ruin in the stationary risk model (3.1). Clearly, L
is a defective rv and we also consider the proper rv L, = Ly|T* < co. In what follows, we

focus on the Value-at-Risk (VaR) of the mixing deficit at ruin Ly (and L%,), which is defined

as

VaR() = inf {y >0:P (Lgp > y> <1- q} . (3.52)

In the CPRR model, the counterparts to (3.52) are denoted by VaRe, and VaRj , re-
spectively.

Example 3.4.3. We reconsider Example 3.4.2 under assumption M1 with o = 0.5. Tables
3.4 and 3.5 contain the corresponding VaR values of both the defective and proper deficit at

TUIN.

Tables 3.4 and 3.5 lead to similar conclusions as those for the ruin probabilities of Table
3.1, even though the impact is far less noticeable. Indeed, with the exception of small surplus
levels, the values of VaR of the deficit at ruin (both defective and proper) in the proposed

premium policy risk model are smaller than their counterparts in the CPRR model. This is
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VaRs, VaRe, | VaRs, VaR¢, | VaRs, VaR¢, | VaRs, VaRg, | VaRs, VaRg,
q u=0 u=295 u=>50 u=100 u=200
0.95 51.37  50.59 | 43.02  43.71 34.54  36.29 17.70  21.22 0 0
0.98 69.82  68.74 | 61.37  62.00 | 52.75  54.56 | 35.59  39.30 2.15 9.13
0.99 83.99  82.65 75.46 76.00 | 66.73  68.55 | 49.34  53.16 15.41 22.61
0.995 | 98.32  96.70 | 89.70  90.13 | 80.88  82.67 | 63.28  67.17 | 2887  36.28
0.9995 | 146.86 144.14 | 137.89 137.76 | 128.77 130.27 | 110.60 114.50 | 74.92  82.77
Table 3.4: VaR of the defective deficit at ruin
VaRj,, VaRZ, | VaRy, VaRZ | VaR; ~ VaRZ | VaR;, ~ VaRZ | VaRj =~ VaRZ,
q u=0 u=25H u=>50 u=100 u=200
0.95 58.15  H7.46 | 5850 5847 | 5859  5HK.81 58.60 5898 | 58.58  59.00
0.98 76.72  75.72 77.11 76.97 | 77.20 7740 | 7719 0 77.60 | 7717 0 T7.62
0.99 90.97 89.70 | 91.36 91.11 91.44 91.59 | 91.42 91.81 91.39 91.84
0.995 | 105.38 103.82 | 105.76 105.35 | 105.82 105.88 | 105.78 106.12 | 105.74 106.15
0.9995 | 154.09 151.40 | 154.31 153.25 | 154.28 153.86 | 154.17 154.15 | 154.11 154.19

Table 3.5: VaR of the proper deficit at ruin

another numerical evidence of the merit of the experience-based premium policy proposed

in this chapter from a risk management standpoint.

3.4.3 Comparison with discrete time ruin problem

In Subsections 3.4.1 and 3.4.2, some numerical examples are implemented to compare the

experience-based premium model with the constant premium model with the same random

review system. In this section, we want to compare the experience-based premium model

with the discrete time ruin problem.

In the discrete model, we assume that we can only review the surplus process at some

discrete times {727,371, ...}, where T is a fixed constant. We also assume that there

are two premium rates (¢; < ¢z), and the premium rate changes based on the increment of

the surplus process at these discrete time as before. Note that the premium rates in effective

denoted by {n¢;k > 1} also form a discrete time Markov Chain with transition probability

67



matrix Q% = [qZ jL] .- One can calculate numerically through

(:Zidl =P (77d =0 |771€gl—1 = Ci)

T4 — ZPl>0\77kl—cz

( ZT P < cZTd

<

=0 =1

ip (Z P < cde> P(N(T%) = §)

J

Z]p (ipl < cde> M

|
=1 J:

and ¢fy = P (ni = colnfl_, = ;) =1 — ¢4, for i = 1,2. The stationary probabilities 94 =

(94, 94] of this Markov process satisfy

’19de — fﬁd

Z?:l 19? =1

(3.53)

In the discrete time ruin calculation, we still remove the dependence on n¢ by mixing the ruin
quantities over the stationary probabilities 9¢. We are also interested in the counterparts of
such a model in a constant premium model with discrete checks. The ruin probabilities in

the discrete setting are denoted by 1% and tz, where ¢ = Z?:l Ve,

Here is a numerical example from Monte Carlo simulation (using 10000 simulation paths

for each estimate).

Example 3.4.4. We reconsider Example 3.4.1 with T = 1/c.

From Table 3.6, we observe similar results as in Example 3.4.1. Also, by comparing
with Example 3.4.2, we see that the fixed discrete time review model gives the smallest ruin

probability, which reinforces the tendency for the ruin probability to increase as the variance
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@) Va(u) [ YG) Ye(u) [ G (w) Yalu) | P5w) a(u)
T u=0 u=25 u=>50 u=100

10 | 0.5103 0.5028 | 0.3341 0.3562 | 0.2087 0.2474 | 0.0704 0.1114
2 10.6993 0.7015 | 0.4450 0.4736 | 0.2731 0.3134 | 0.1018 0.1373
1 10.7658 0.7679 | 0.4943 0.5196 | 0.3179 0.3499 | 0.1255 0.1538
0.1 | 0.8747 0.8745 | 0.6507 0.6563 | 0.4926 0.4997 | 0.2756 0.2835
0 ]0.9091 0.9091 | 0.7243 0.7243 | 0.5770 0.5770 | 0.3663 0.3663

Table 3.6: Ruin probability with different values of u and T

of the inter-review time distribution increases.

3.5 Other related models

3.5.1 A random performance framework

In this subsection, we generalize the experience-based premium policy considered so far in
this chapter by introducing a random performance level. In previous sections, we compare the
increments between successive review times with a “natural” performance level 0. However,
it is of interest to have a performance level other than 0, which enables the insurer to better
manage the risk. Our first idea was to incorporate a fixed performance level, but as for the
finite-time ruin problem, an incomplete integral does not lead to an explicit expression for
the Gerber-Shiu function. Therefore, based on the idea of randomization, we introduce the

following random performance framework.

We assume that at the exponential review time, if the premium rate in force is ¢;, then
another random variable distributed as L; (assumed to be independent of {Ny; ¢t > 0},
{Y;; @ > 1} and e,) is generated. Assume L; has combination of exponentials density
F(y) = S Cufue v and LT fr,(s) = S0, Cﬂ%. (Note that in this section, we
only consider the m = 2 premium rates case and assume that the inter-review time e,

is exponential.) Suppose the premium rate at the beginning of a given period is ¢; (for

i = 1,2). If the increment of the surplus process until the next review time is negative or
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if the increment of the surplus process is positive but less than L;, then the premium rate
increases to co. If the increment of the surplus process until the next review time is positive
and larger than L;, then the premium rate becomes c;. By conditioning on the increment
of the surplus process between successive review time as well as on the random performance

level L;, we can express the Gerber-Shiu function associated to this model as

m2]5 / m2j6 u— gf,f(y>dy+b1](u) +

| masatut 0P @i+ [ st ) ) )35
0 0

where gg . and gg _ are as defined in (3.26) and (3.27) with ¢ = ¢; respectively. Taking the
LT on both sides of (3.54), one finds

Mije(z) = mays(2)g) (2 )+bw( z)

il — m2] 5(2) + ml,j,&(z) ml,j,&(ﬂi) — ml,j,&(z)
+ad; {;gzl = o ) + — }(3.55)

for i = 1,2, where n; ;; = majs(pi + Bu) — m1js(pi + Bi). We re-express (3.55) as

n*

my(2) = Ag(2)mg(z) + B(z +ZD, )N, + D, 1(2)C, (3.56)

=1

~ ~ 2 ~
where ig(2) = [ 14(2)]7,_,  B(2) = [bixz)] = diag{bu(=) Y2, Di() = diag{ =322

ij=

for [ =1,...,n%, Dm-‘rl(Z) - dlag{;@p }z 1» = [ni,j,l]i]’:p C = [ml,jﬁ(pi)]i]’:l and the

elements for As(z) are

" 1 1

and

— "2 — (pi+ Bu)’
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for i« = 1,2. Note that
Ba
a;15(0) = ad; i—
16( {;Clpz(pz +ﬁzl)

and

a; 0 = ~,?_0 —f-Oé(I)Z i
25(0) = 3_(0) Zcz Py

Z CZl pz + 671)

«
— _ @iF. ) < 1. 3.57
e~ a®iF () (3.57)

Here we see that there are 4n* + 4 unknown constants, namely ms ;s(p;) and n;;; for

i,7=1,2andl=1,...,n
From (3.56), we have
(I—As(z)) ms(2) = +ZDl JN; + Dy (2)C,
I=1

so we now make use of Rouche’s theorem to show that det (I — As(z)) = 0 has 2n* + 2
non-negative solutions. As long as we have the following lemma, similar results to those in

Section 3.3 can easily be obtained.

Lemma 3.5.1. For § > 0, there are 2n* + 2 non-negative solutions to det (I — As(z)) = 0.

Proof. Define D = lim, ,o (D, U Dy), where D, = {z : |z| = r and Re(z) > 0} and

Dy ={z: |z| <r and Re(z) = 0}. It can be shown that |a;15(z)| + |a;2s(2)| <1 on D.

For the time being, let us assume that

*

C Git
Zz_(pz"i_ﬂzl

=1

Z le e (3.58)

=1
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holds for all z in D, U Dy. It follows that

pi + Bil

1
Qi z = 1,— Oé(I) d— 7 5N
|ai25(2)] i ZCIZ_ (o % Ba)
< 3 _(0)+ a9, ZL
7 — z— (pi + Bu)
< G _(0)+a®; Y G = a;2,5(0) < 1, (3.59)
=1

where we use (3.57) to go from the third line to the fourth line.

To show (3.58) holds on the contour D, U Dy for r sufficiently large, let us first consider

the imaginary part of the contour. It is clear that for Re(z) = 0,

n*

Git
Z z—(pi + Ba)

=1

[e'e) n*
/ eV PiY Z Cﬂefﬁizydy
0 =1
00 n* n* 1
< ey Cue My =Y Gy :
/0 ; ; pi + B

Also, for all z € D, such that r > ry = max;;(p; + Bu) + Z?:l ygl!/{Z{;l Cﬂm}, we have

n*

’Cxl
Z ‘Z’ maxs pz+ﬂzl Zglpl_‘_ﬂll

=1

ZZ_(ﬁz“’ﬁzl

=1

On the other hand, we can show that

a
a+90

lai15(2)] < a;15(0) = — a;25(0) (3.60)

holds on the contour D,.U Dy for r sufficiently large. Let us first consider the imaginary part

of the contour. It is clear that for Re(z) = 0,

|ai15(2)| =

eYe PiY(1 — Bii — )
ad,; {/ e’ 1 ZCle y dy} ad) ;C'Llpl<pl n 5@[) @1,1,5(0)7
(3.61)
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) 1/2
for any Re(z) = 0. Also, for all z € D, such that r > ry = max; ;(p;+05i;)+ (%) ’
2o Cilm

we have

n*

Git 1
lai1s(2)] = ad; _
lz:;z_(ﬂi‘i‘ﬁil) Z = pi
S a¢i IQJ‘ Bil -
=1 [|Z| — max;y (pi + le)]
< a®; Z Gl Py

— " pi(pi + Bu)

= a;,,5(0)
Thus, by (3.59) and (3.60), we have

(0%
i i < a;250) + —— —a;25(0) < 1.
|ai1,6(2)] + [ai2s(2)] < ai2s5(0) + ats ai2,5(0)

Now we can apply the matrix form of Rouche’s theorem (see Theorem 1.2). Since det I =
1 #0, det(I — As(2)) satisfies Ni_a; — Pr—a, = 0 inside D. On the other hand, we see that
det(I—As(2)) has 2n*+2 poles, namely, z = p; and z = p;+f; fori =1,2and [ = 1,...,n*,
therefore, det(I — As(z)) has 2n* + 2 zeros, i.e., there are 2n* + 2 non-negative solutions to

det (I — As(2)) = 0, which are distinct from p; and p; + g fori =1,2and [ =1,...,n*. O

A matrix-form defective renewal equation for the Gerber-Shiu function and the discounted
joint densities of the surplus prior to ruin and deficit at ruin can be obtained using the same

procedure as in Section 3.3.

3.5.2 Premium policy review conducted at claim occurrence

In this subsection, we consider a risk model where the premium rates are changed at some
random claim occurrence, whose idea is similar to the random review time premium policy

analyzed in previous sections. Let us consider the case of two premium rates (¢; < cg), where
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the premium rates are changed based on the increment value of the surplus process since
the last review time. If the increment of the surplus process until the next review time is
negative, then the premium rate increases to co. Otherwise, if the increment of the surplus

process until the next review time is positive, then the premium rate decreases to c;.

More specifically, we use a series of geometric rv’s to describe the reviews conducted at
claim occurrence. Let {M;;i > 1} to be a sequence of iid rv’s with the generic geometric rv
M with probability mass function P(M =) = q(1 —q)* ! for i = 1,2, .... Thus, the review

times {Xj; k > 1} are defined as
k
X, =inf{t: Ny=> M},
i=1

i.e., the k-th review occurs at the (3.1, M;)-th claim occurrence. Define Ty to be the

generic inter-review time rv.

We assume that ruin can be detected only at the review times {Xj; k > 1}, i.e., same as
the premium review times. With the newly defined {Xj;k > 1}, we can still use U}, defined

in (3.1) as the new surplus process.

Following similar procedures as to those in Sections 3.2 and 3.3, we first need to examine
the distribution of increments of the surplus process {Uy;t > 0} over a geometric number of

claims.

Define Zy; = ¢TIy — Zf\il P; to be the increment of the surplus process over a geometric
number of claims. The two one-sided discounted densities of Z,;, namely, giM and giM,

defined respectively through their one-sided LTs as

B ] = [
0

and

0o
E [6—5TM—S(_Z]W)1{ZM<O}j| — / e—SzvgéM(x)de‘,
0
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will be examined.

Proposition 3.5.1. The discounted defective density of Zylyz,,>o0y s

¢ (x) = gAB(par)®are 7,

where ®; = WW and pyr s the positive solution to

cz—A(1—=(1-¢q)p(z)) —d=0.

(3.62)

Proof. By conditioning on whichever of the M or NTO— occurs first, we have

E [675TM78ZMl{ZM>O}i| = [6—5TM—SZM 1{ZM>0}1{M<NF}} +E |:675TM*SZM1{ZM>0}1{M>NT7}1|
0 0

= (0) +E [e’m“SZM1{ZM>0}1{M>NTJ}] :

(3.63)

where NTO— is the number of claims until ruin (including the claim causing ruin) and

Vi (w) =Ele ™ U1y 4|Up = ul.
70

Note that the event {M < N -} ={U; >0,...,Uy > 0}.

Also, note that the geometric check is equivalent to having, for each claim occurred, a

probability ¢ to review the surplus process. Thus, by conditioning on the time and amount

of the first claim, one obtains

00 u+-ct
w?w<u> _ / )\67()\+6)t / qefs(quctfm)p(x)dxdt
0 0

00 u-+ct
+/ )\e_(A”)t/ (1 — )5, (u + ct — 2)p(x)dadt
0 0

A [ 4 L—g)A [
_ e—AZ"S(y—u)/ e‘s(y_”’)p(x)dxdy—l—%/ e
0 u

C Ju

5

)
)
Y / V3 (y — z)p(x)dzdy.
0

(3.64)



Taking the LT on both sides of (3.64), we have

oA mel©) ~ 5P) | (1= A IE(OPE) — D (2)P(2)

c z—£ c z—¢& ’

Un(2) =

where £ = (A +6)/c, ie.,

S+ z
(3.65)

(o= ML= (1= ) = 3} () = A {76+ (- DT | - 7).

The first term on the right-hand side of (3.65) does not depend on z, and by taking z = py,,

we can express it as

1
s+ pm

M6+ 1= DTOTO) | = ATl

Let v}, be a function defined through it LT

Therefore, (3.65) can be represented as

o) = o { 5o - i)}

A LT inversion wrt z yields

Q/J}Z(U)qu{sij Ploar)viy (u / Sy/ plu—y — )0,z )dxdy}

and therefore

Fpn)o (0) = L2a) 1

, (3.66)
S+ Py c S+ pum

U (0) =

where v,(0) = 1/c is easily seen from the initial value theorem of the LT.

For the second term on the right-hand side of (3.63), we shall first condition on the
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distribution of the deficit at ruin together with the event {NT(; < M?}. This corresponds to
the discounted density of the deficit at ruin together with the number of claims before ruin,
which is given by

(1—g)A

c

N _ g -
E [<1 —a) 0 e Lo _jeyrany|Uo = 0] = TonD(y)dy. (3.67)

From a deficit of y, the skip-free upward surplus process must then return to level 0 before

the geometric number of claims, which is given in Landriault and Shi (2014, Equation 5),

N
E[(1- )" e 1y lUs = —y] = .

The process restarts at this return time to 0 by the strong Markov property. Thus

E [eiéTMisZM 1{ZM >0} 1{M>N - }]
To

C

(1 —qg)A
= [T EERT pe [) dy (3.68)
0

Substituting (3.66) and (3.68) back into (3.63) yields

st \D 1 C(1T—qg)A _ 5Ty —s
E [e 6T ZMl{ZM>O}:| _ 4 P(CPM) " +/ %ﬁwp(y)e aunm [e 6T ZMl{ZM>0}} 7
0

which implies that

qAﬁ(PM) 1
(0 N2 p(0)s + par (3.69)

PM

E [6_5T1V1_SZIW 1{ZM>O}] =

The LT inversion of (3.69) wrt s yields (3.62). O

Proposition 3.5.2. The discounted defective density of —Zy1yz,,<0y s
g™ (x) = QAP(par)®are?* — g\ / V(= y)p(y)dy. (3.70)
0
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Proof. By conditioning on the first time the surplus process drops below 0 (before M or at

M), and on whichever of M or 7" occurs first, we have

C(1—=gA
E [e_éTM_S(_ZM)l{ZI\,j<O}:| :/ —( q)
0

) Y (3.71)
70

= Tm(y) {emPMVE [e7 0T =21 ) ov] + B3, (y) ) dy

where

Shly) = E[e_(STM_S(_UTM)1{M§NTO+}|U0 = —yl.

To obtain an explicit expression for ¢$,, by reflection, we obtain

i (y) =E [6_5TM_SRTM Lim< NTS—}lRO = y] ;

where Ry is the dual risk model. By conditioning on whether M < N_.- or not, it is easy to

see

Saly) = e Suly = 9 + g8, (o),

for all € € [0, y]. Integrating over € from 0 to y, it follows that

yo%y(y) = / iy — e + / eI (c)de,

whose LT is

d~5

o0 1 1
£ = [ emstatian =

+
s+z pumt=z

)
Thus, solving this ordinary differential equation followed by a LT inversion yields

S (y) = Cu(s)(e™™ — e, (3.72)
where C)/(s) is a constant involving s.
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To identify Cj(s), we condition on the time and amount of the the first jump, i.e.,

y/c o0 y/c S)
() =(1 — g) / Ae-“”)t{ / ¢g4<y_ct+x>p<x>}dt+q / Ao O / =) ) v
0 0 0 0

A A

5 —sy _ ~(MO)yfey _
purr s UG A vy S

~(1- )Cu(s){

M(S) sy (o
* q)\ +6 —cs (c ¢ )
Ap(s)

A
— _ > —sy _ —pmy
—{(1 q>CM(S))\—|—(5—csp(8)+q/\—|—5—cs}e Cu(s)e

ﬁ(ﬂM) (epry _ e*(MJ)y/C) }

— {(1 - q)CM(s)ﬁﬁ(s) —Cy(s) + q%} e~ OFo/e,

Matching the coefficients of e™*, we get

_ gAP(s)
A+0—cs—(1—q)\p(s)

Cu(s) = —q\B(s)03,(s)- (3.73)

Thus, substituting (3.73) back into (3.72) yields

S (y) = aAD(s)03 () (e7MY — 7).

Therefore, one can calculate

| T et was = [T BT ) (e ) e - e dy

c
o~ 1—qg)A _ 1

=g\ 0 d-a) —1 Ap(s) —.

506 () { ST 0) = 1+ )
(3.74)

Also, using (3.67), we have
B [e e Ca0 1y ] =B {(1 g et | AR ZPlos) g oy
i ¢ pu—S
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Finally, substituting (3.74) and (3.75) back into Equation (3.71), it becomes

E [6_6TM_S(_ZM) 1{ZM<0}:|

(1 —q)A Ap(s) — p
:/ —( Cq) 7;Mp(y> {6_PMyE [e—éTM—s(—ZM)l{ZM<O}] + gb?\/[(y)} dy + %p(s) p(pM)
0

Pm — S
(1 =)\ —8Ty—s(—2 ~ N\~ (1—q)A g p(pnr)
_\- T dA E m—s(=Zm)q A 4 A VAt -1 M U Y
—=T,,pOE e (<] + @A) () | =T p(0) = 1 p + S
which implies
AP Pl I
E [e~0Tu—s(-2a0)1, ] = qﬂj—ppgj” — qA(s)T34(s). (3.76)

The inversion of (3.76) wrt s yields the discounted density (3.70).

]

With the discounted defective densities ¢ (x) and ¢ (x) given in (3.62) and (3.70),
we can follow the same procedures in Section 3.3 to derive the matrix-form defective renewal
equation for the Gerber-Shiu function and the discounted joint densities of the surplus prior

to ruin and deficit at ruin.
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Chapter 4

Drawdown-based regime-switching

Lévy insurance model

4.1 Introduction

In this chapter, we propose and analyze a new drawdown-based regime-switching (DBRS)
Lévy insurance model. For completeness, we recall the drawdown-related quantities defined
in Section 1.3.2. For an insurance surplus process X = {X;;t > 0} defined on a filtered
probability space (2, F, F = {F;t > 0}, P) satisfying the usual conditions, its drawdown

process Y = {Y;;t > 0} is defined as
Y;‘/ = Mt - Xt7

where M; = supg<,<; X, is the running maximum of X at time ¢. For a fixed level a, the
drawdown time is

T, =inf{t >0:Y;, >a}.

In this chapter, the level of an insurer’s financial distress is measured by the drawdown size

of the surplus process X. We use an auxiliary stochastic process Q = {Q;t > 0} to describe
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the dynamic of the DBRS model between two regimes: the “non-distressed” regime (Q; = 1)
and the “distressed” regime (Q; = 2). Here, the drawdown size triggering a distressed period
is modeled by a constant a > 0. The end of the distressed period corresponds to the time

the running maximum of X is recovered. Hence, for t > 0, we define

17 if Suplt<5<tY9 <a,
Qr = -
27 if SUPltgsgtYs Z a,
where [; = sup{s <t:Y,; =0} is the last time the process X is at its running maximum

prior to or at time t. Note that () is not a Markov process since its transition rates are

path-dependent.

We consider the DBRS Lévy insurance model with dynamics

dx!, i Q, =1,
dX, = o 1@ (4.1)
dXE? if Qy =2,

and initial surplus Xy = u > 0. Here, X! and X? are two spectrally negative Lévy processes
defined on (Q, F, F,P). We exclude cases where X' or X? have monotone sample paths.

Also, we assume the Lévy measures of X! and X? have no atoms.
b

The dynamic of the proposed DBRS model (4.1) can be interpreted as follows: with
Yy = 0, the process stays in the non-distressed regime (Q; = 1) until the drawdown time
T.. At that moment, the process enters the distressed regime (@Q; = 2) and eventually exits
when the running maximum of X is recovered. Figure 4.1 displays a sample path of X to

illustrate the dynamics of the DBRS risk process.

Here a natural question arises: how does the DBRS risk model help characterize the
real insurance business cycle? We answer this question as follows. A significant drawdown
in insurance surplus can be caused by various exogenous and endogenous risk factors: the

occurrence of a natural catastrophe, a period of high claim frequency, a financial market
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Figure 4.1: A sample path of the DBRS risk process X

crash, or suboptimal investment strategies, among others.

An advantage of using drawdown as a risk indicator is that timely warnings may be
given to the insurer before a capital shortfall occurs. To resolve the financial distress, an
insurer will likely go through a revision of its overall activities including its capital structure,
insurance policies, investment strategies, as well as others. However, such adjustments may
not be optimal in the long run (from a business standpoint) and shall preferably be adjusted
back once the financial distress is resolved. For instance, a disaster will cause a large surplus
drawdown due to the high volume of claims handled by the insurer. The insurer may have
to charge higher premium or undersell financial investment products to honor its financial
obligations. These reactions are usually not optimal in the long run. A higher premium
will motivate policyholders to surrender and a lack of financial investment may result in the
insurer missing the usual stock market rebound after a disaster. Therefore, in the DBRS
model (4.1), we assume that all changes will be reverted back once the previous running

maximum is recovered which can be viewed as the end of a business cycle.

The rest of the chapter is organized as follows. In Section 4.2, we review some preliminary

results for the spectrally negative Lévy process and its drawdown related quantities. In
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Section 4.3, we derive a generalized version of the two-sided exit problem for the DBRS
model (4.1), and utilize this result in Section 4.4 to further examine conditions under which
the survival probability of model (4.1) is not trivially zero. In Section 4.5, we study the
regime-dependent occupation time in the DBRS risk model. In Section 4.6, we investigate
a special jump diffusion model with regime-switching premium and build connections with
other existing risk models in the literature. Most results in this chapter have already been

published in Landriault, Li and Li (2015a).

4.2 Preliminaries

For ease of notation, we will adopt the following conventions throughout the chapter:

1. We use superscript 1 or 2 to distinguish quantities related to X* and X2, respectively.

Also, the superscript will be dropped for quantities related to X.

2. We write fzy -dz for an integral on the open interval z € (z,y) with —co <z < y < oo.

For k = 1,2, the Laplace exponent of X* is given by

1 0
Yr(s) = dps + 50,352 +/ (e =1 — sxlips_1y)i(dx),

where the triple (dg, ok, II;) fully characterizes the spectrally negative Lévy process. In the
following, assuming f(—LO) |z (dz) < oo, we will use ¢, = dj, + f(—l,O) |z|IIx(dx) to denote
the premium rates. For any given ¢ > 0, the scale functions for X* are denoted as W,gq) and
Z,Eq). In the sequel, we write Wy(-) for Wk(o)(-). For x € R, we define the first passage times
of X as

THO =inf{t>0: X, > (<)z}.

The first passage times of X* are similarly defined. For completeness, we recall the following

well-known fluctuation identities given in Theorem 1.4.3.
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Proposition 4.2.1. Fork=1,2,¢>0 and 0 < u < z,

. W(q)(u)
E, e_qTé +1 kot k= | = k , 4.2
T ey = -
and
_ W(Q)(u)
Eufe ™ 1; o win] = 29 (w) — Z\9 ()2~ (4.3)
{ry—<Tt} e k W,gQ)(x)

For drawdown estimates, we also recall Theorem 1 of Mijatovic and Pistorius (2012) and

Theorem 2.1 of Landriault et al. (2014) where the joint law of (7,, M,,, Y, ) is given.

Theorem 4.2.1. For g,x > 0 and y > a,

W(a) (@),

e 0" dzFyY (dy), (4.4)

W (a) -
W (a)

Ele ™ 1y, cdy, M., cdz}] =

where

FY (dy) = E[e™ " 1y, cap)]

- ") gy — w0 = — g

Wi (a)
Wi%(a) o gy Wi @) o
W ()W1><o+>n< dy>+5<wf><a>—mwf><a>>6a<dy>, (4.5)

and 8,(+) is the Dirac delta function with mass point at a.

For ease of notation, we write F(;i)a (y) == Ele™ 1y, s3] and Fy, (-) = F}(,?Z() In
particular, we have
WD ()2
Bl = 29(a) — @ (46
Wi (a)

which can be obtained from Theorem 1 of Avram et al. (2004). By Theorem 4.2.1, it is
easy to conclude that M,, is exponentially distributed with mean Wi (a)/Wj(a). Moreover,

Proposition 2.1 of Landriault et al. (2014) gives the following result.
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Proposition 4.2.2. For q,xz > 0,

(@),
W (@)

Ele ™ 1, o] = ¢ "7 (4.7)

4.3 Generalized two-sided exit problem

In this section, we study a generalization of the two-sided exit problem of Proposition 4.2.1.

More specifically, for s,q > 0 and 0 < u < b, we consider the following quantities:

Efe i Tl ] and By el g,

<Tg}

(-) T . . o : .
where 7;+k =/, 14g,=r}dt is the occupation time in regime & (k = 1,2) until the first

passage time T;(f). Naturally, T;(’) = 7?1(*) + 7:3(*)‘

We define generalizations of the first and second scale functions, namely

W(S) WS) “Va

Wz(zs’q)(x) " ((83)7) 1 (a)efa Csq(x)dz (4.8)

W7 (z V a)

and
(5) Wi () ) () \ [V
Z{9 () = 20 (a) — (2w v ) — 27 (@)l )
W (z V a)
W(S) X zVa xzVa 2)dz
g D, (4.9)
Wl (l’va) a

respectively, for s,q > 0 and = € R, where z V a = max{z,a}. Here, for z > a,

W g WO )
Coal) = g [ W B o g, (410
Wl (CL) la,z) W2 (Z)
and
W (a) (@ @ AW (2= )| o
Dayl) = D [ (70— ) - 20 () 2=V g gy
Wi (a) o) Wy" (2



Note that W9 (-) and Z*9(.) reduce to the classical scale functions Wi?(-) and Z\?(.),
respectively, in certain cases (see Remark 4.3.1 for more details). Briefly, we write qu)( ) =

W(q,q)(.)’ Zf;l)(-) — Zflq’q)(-), Wa() = W(O)(-), Z.() = Z(O)(-), Cy(-) = Cpy(-) and D, () =

a a a

Dq,q(')-

Theorem 4.3.1. For s,q >0 and 0 < u < b,

_sTF _gT

57;1 ‘17;7

Proof. For ease of notation, let g(u) := E,[e 21{ T }] for 0 < u < b. We first

consider the case a < u < b. By the strong Markov property, (4.2), (4.4), and (4.7), we have

—s —sT, T —qT;
9( ) = [ Toh qul{T <T+<TO*}] —|—Eu[e To qn’Ql{T;<m}]
2,4 s
/ / STa1{Ym€dy,Mm6dx}]E$—y[e_qTx Ligzs cqz-ylo(z) + Eule Lty )]
(s)r
W S b (a) (QE u) W(q) o W (a) (b u)
= 1(8—)(61)/ g(a:)e # (dy)da:—l—e W< Y . (4.12)
Wl ((l) U la,z) W2 (I‘)
Differentiating (4.12) wrt u and then utilizing (4.10), we obtain
W (g WOy
g =@ [ WD) g o) = Oyt (113)

W (a) ) WP (u)

The solution to the ordinary differential equation (ODE) (4.13) with boundary condition

limy4p g(u) =1 1is
g(u) =e” L Coal@dz g <y < b, (4.14)

For u < a < b, by the strong Markov property, (4.2) and (4.14), it follows that

(s)
W (u) e f; Cs,q(2)dz

et
g(u) =E,[e fe 1{T57+<T01’*}]9(a> =
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Finally, for u < b < a, by (4.2),

Wi (u).
Wi (b)

—sTh T
g(u) = Eyle™r Lepa ] =

From the definition of W (*?(.) in (4.8), it is straightforward to check that the expressions

of g(u) in the above three cases can be unified to the representation (4.11). O

Now we turn to the problem of exiting from below.

Theorem 4.3.2. For s,q >0 and 0 < u < b,

]Eu[efs%flfq%721{TO,<T;}] = Z9 () — Z(59) (p) -2

a

(4.15)
Proof. This theorem is proved in a similar fashion as Theorem 4.3.1. Let
h(u) := E,[e~*T0a7T02 1{T6<Tb+}]'

We first consider the case a < u < b. By conditioning on the distributional properties of the
first drawdown and on whether the process X recovers (or not) its running maximum before

T, , we have

b
—8Tq —qT7™"
h(u):/ /[ )]Eu[e 1{Yfaedy,MTaedx}]Ezfy[e ar 1{T§’+<T§v*}]h(l’)

b -
+//[ )Eu[6_5%1{Ym6dy,Mmedx}]Er—y[B_q0 Legz- ezl

where Ex_y[e_qTOZ71{T02,7<Tl72,+}] = 1 when y > z. Furthermore, by substituting (4.2)-(4.4)

into the above equation, we have

- Wfs)’(a) Wfs)’(a)

(s) b _ (9) b _

W s (z—u) W. — s = (z—u)

) = e 3 [ w0 e [ BEEE D @ [0 D wjar
Wl (a) u [a,z) qu (.T) ¢ u

(4.16)
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Taking the derivative of (4.16) wrt u yields the ODE
W (u) = Csg(w)h(u) = Dy q(u),

whose solution is
b
h(u) = / e CalDdzp (y)dy, a<u<b, (4.17)
using the boundary condition lim,, h(u) = 0.

For u < a < b, by conditioning on whether 7.F or T, occurs first and using (4.17), we

obtain

h(u) =E, [e—S%T1—Q%T2 1{T0*<Tj}] + Eu[e_s%}—ﬂfﬁ 1{T$<TJ<T,,+}]

Y —s al’+
=E,[e Ty 1{T01"<T;*+}} +E,[e T 1{Tj’+<T01"}]h<a)

5) (s) b
Wl 5 (U) + Wl(s) (U) / e~ Iy CS’Q(Z)dZDs,q(y)dy,
Wi7(a)  Wy7(a) Ja

= 7 (u) — 21 (a)

Finally, for v < b < a, we immediately obtain

Wi ().
W (b)

1,- S S
W) = Eule™ e ] = 207 () = 27 (0)

The expression of h(u) in the above three cases can be unified to the representation (4.15). O

When s = ¢ in (4.11) and (4.15), we obtain the following formulas for the two-sided exit

problem of X, that is

Tt WD (v)
E,[e”" Ligrenyl = W) (4.18)
W (y
—qT; V() — 7@ a
E [6 a 1{T5<T;}] - Zaq (u) Zaq (b) qu)(b)

Corollary 4.3.1. The DBRS model reduces to the spectrally negative Lévy model X' as

a T oo or (dlaglaﬂl) = (d27027H2>-
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Proof. Tt is clear that W@ (2) = W9 (2) and Z9(2) = Z\”(z) when a > z. This is also

true when (dy, 01,11;) = (ds, 02, I15) by making use of the following two identities (4.19) and

(4.20).
For z > a,
(@ (@ @ (@) oy
Wit(z) — Witz — y)FYm (dy) = @) Wit (2), (4.19)
[a,2) Wi (a)
and
W(q)(a) )
Z\ (2 — ) B (dy) = 2 (2) — 2217 (2). (4.20)
/[a,oo) ‘ Wi (a)

We prove identity (4.19) by a Laplace transform argument. For s > 0 and z > a, the

Laplace transform of the left-hand side of (4.19) is

00 o0 1
/ =W ()~ [ WP (z—y) Y (dy))dz = / e W (2)de+————E[e 7],
a [a,z) “ a q_¢1(8)
(4.21)
By Theorem 1 of Avram et al. (2004), we have
(9) a (@) ()2
g W (a) - —as W17 (a)
Ele 9 Y] = (1 — s— 1+ (qg—1i(s / e WD (2)d2) — (g — 1 (s))e* — .
[ J=( 1(q),(a))( (g —11(s)) i 17(2)dz) = (¢ = (s)) W ()
(4.22)

Substituting (4.22) into (4.21), some algebraic simplifications result in

| e - W) R s
(9) ) (@, \2
- Wl (a>/ efszwl(q)(z)dz_efaswl /(CL)

=S
W (a) W (a)

00 (9)
:/ ¢« Wit})}a) Wl(q),(z)dz-
a Wl (a)

By the uniqueness of Laplace transforms, identity (4.19) emerges!

We use a similar argument to show (4.20). For s > 0 and z > a, the Laplace transform
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of the left-hand side of (4.20) is

/ / q) q) (dy)dz+/ e_szfgl(z)dz
a la,z) a

00 1 1
— E[e—qm—st] / e 27 Q)( )dZ + 6 saE[e qm] o _E[e—qm—st ]
0 S

# _qTa_SY‘ra 1 —Ssa —(qTa
ST o e I je Rl

By (4.22) followed by some calculations, one obtains

/ /[ Z9 (2 F(q (dy)dz—i—/ e’szfggl(z)dz

(a) - e 5% > le—sa (9) a
e (a)>/a Wi (2)dz + Te 29 a)

1 o] 00 W((I)
— —e_S“qu)(a) + g/ e_SZWfq)(z)dz - q/ e_sz—%q)/(a) Wl(q)(z)dz
S S a a Wl (CL)

00 W(Q) (a)
= [ e(Z7(2) — a1 = W (2))d=
/a Wi (a)

Inversion of the Laplace transform results in identity (4.20). ]

4.4 Survival probability

The (infinite-time) survival probability can be obtained by letting ¢ = 0 and b 1 oo in (4.18),

that is

P, {Ty = o0} = VVVV;&), u> 0. (4.23)

In the following theorem, we state the positive security loading condition for the DBRS

model (4.1), i.e., conditions under which ruin does not occur almost surely.
Theorem 4.4.1. The following two statements are equivalent:

(i) E[Y,,] < oo and ¥4(0+) > 0.

(it) P, {Ty = o0} >0 for any u > 0.
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Proof. From (4.23), (4.8) and (4.10), it is easy to see that P, {T;" = oo} = 0 if and only if

I, := /Oo(l - M;?J)Fym (dy))dz = oc.

(i)==(ii). Since Wj(-) is an increasing function, we have

1
I, <
Wa(a)

/ " (Walw) - Wl () (4.24)

For s > 0, Fubini’s theorem yields

/ Tt (Wale) — [ Wale — )Py, (dy))da

[a,)

g/ e_S“Wg(:p)dx—/ / e " Wy(x — y)daFy, (dy)
0 [a,00) 'y

_ 1- f[a,oo) eisyFYTa (dy)
- ¥a(s) '

(4.25)

By (4.24), (4.25) and the monotone convergence theorem, it follows that

(S B O e S C ) N )
la < Wa(a) lim Ua(s) = Wala)d

o~

—~
@]
+

~—

Under (i), it is clear that I, < oo which leads to (ii).

(il)==(i). We prove it by the law of contrapositive, i.e. if E[Y;

a

| = 0o or ¥4(0+) < 0,

the survival probability is zero for any v > 0. By Tonelli’s theorem, we rewrite I, as

e e [ W) W)
I, = / (1— Fy (2))de + / e e

_ / Ty ()dr+ /[wod /yoo e v_v%(x —atary, (). (4.:26)

Firstly, if E[Y;,] = oo, from (4.26), I, > [° Fy, (x)dz = oo, which implies P, {T; = oo} =
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Secondly, if 14(0+) < 0, we have ®5(0) > 0. By Exercise 8.5 of Kyprianou (2006),

. Wy(z —y)
1 s J7
vioo Wa(z)

— €_¢2(0)y7
for any fixed y € [0, x). It follows that the integral

dzr = o0

/OO Wy(z) = Wa(z — y)
y W2($)

for any y > a. Therefore, by (4.26), we have I, = oo which yields P, {T; = oo} = 0.

Finally, for the third case 15(04) = 0, we have ®5(0) = 0, Wy(o0) = 0o and Wi(z) > 0

for any z > 0. By Exercise 8.5 of Kyprianou (2006), we have

. Wz —y) . Wiz —y)
lim 22 ~ Yy 2 Yy
rloe Walz) i Wi(2) ’

for any fixed y € [0,z). Then, for y € [0,] and b > a,

Wz —y)

K, = inf{z >b: W)

1
>§f0rallx>z},

(4.27)

exists and is finite. In particular, we have Ky = b. For now we assume the following relation

holds,

max K, < K* < oo.
y€(0,0]

Therefore, for any z > K* and y € [0, b], we have

Wiz —y)/Ws(x) > 1/2.

By the mean value theorem, there exists some 6, € (0,b) such that

Wo(z) — Wa(x — b) = bWy(x — 6,,).
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It follows from (4.29) that, for any b > a, we have

Tr = OQ.

/°°WQ(x)—Wg(x—b)da::/oobWQ’(:c—Qx)d >b OOWQ’(x)d

Wa () Wolz) "7 2 i Wal)

From (4.26), one concludes that I, = oo, which implies that P, {T 0 = oo} =0.

Now, the only thing left is to show (4.28) holds. For convenience, we define

Wi(z —y)

flx,y) = Wi()

,0<y <.

Then we have

1
Ky:inf{z>b:f(m,y)>5foralla:>z}.

We prove (4.28) by contradiction. Suppose (4.28) fails, then there exists a sequence {y, fnen
in [0, b] such that K, — oo. By the Bolzano—Weierstrass theorem, there exists a convergent

subsequence {7, }nen such that g, — yo for some yo € [0,b]. By the definition of K,,, for

Yo>

any fixed xzy > K,,, we have

N —

f(zo,90) >

On the other hand, since K;, — oo, we have

f(zo,9n) < =, for n large enough,

N | —

which contradicts the continuity of f at (xo,v0) as ¢, — yo. Therefore, relation (4.28) holds.

O

Note that the condition E[Y,,] < oo relates to the process X' only, while ¢4(0+) > 0 is

the positive security loading condition of X? (e.g., Exercise 7.3 of Kyprianou (2006)).

The following proposition further establishes a connection between E[Y;, ] and the Lévy

a

measure II;. This result is intuitive as drawdowns of size larger than a occurs from jumps in

X1 governed by the Lévy measure II;.
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Proposition 4.4.1. We have E[Y,,] < oo if and only sz |ly|TT; (dy) <

Proof. We focus on E[Y;, 11y, say13) to determine if E[Y7, ] is finite or not. By (4.5) with

q = 0, and a subsequent change of variable,

E[Y: iy, >a+13]
= D ™ ym-ap) + [ GrADWE) - W)z [ ami( -y

W{((I) Wl/(a’) a+1
- Wi (a)W1(04) —a—1 “ Wila). o e z—a—1 L
- [ i + [ GEwie - mends [ - ym)
(4.30)
Note that
Wl<a) /
W,<a)W 1(2) =Wi(2) 20, 0<z<a, (4.31)

as (% Z; Wi(z) = Wi(2))1{o<z<a}dz + %%(dz) is the density of a potential measure

(see Theorem 1 of Pistorius (2004), or Theorem 8.11 of Kyprianou (2006)).

Further, it is not difficult to see that

[ wim@n < [ g <ot -0+ [ pim). @32)

o0 —00 o0

The substitution of (4.32) into (4.30) yields a two-sided bound for E[Y7, 11y, se41}). Finally,
given that the Lévy measure I1;(-) is finite on any compact subset of (—o0,0), one concludes

that E[Y, 1{v, sat1}] < 00 if and only if f ly|1Ly (dy) < oo. O

In what follows, the survival probability for two special DBRS models is further examined.

Example 4.4.1. (Drifted Brownian motion) We consider the DBRS model where the process

X* (k = 1,2) is a drifted Brownian motion with Laplace exponent ¥y(s) = cxs + s07s>

(s >0), and scale function

1 — efQCkx/cr%

Ck
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By (4.23), the survival probability is then given by

_ ,—2c1 u/02
1 € ! —2c2(uva) /o2 )7"
)

Pu{To-zoo}zl —e

— e 2a (uva)/o? (

2 2c2a/03_1
where r = @22l 277271

2 .
c20? (e?°19/71 _1)

Example 4.4.2. (Compound Poisson risk model with exponential jumps) We consider the
DBRS model where X* (k = 1,2) is a drifted compound Poisson process with exponential
jumps. The Laplace exponent of X* is given by V(s) = cps — Mes/(s + Bi) for s > 0, where

Cry Mk, Br are positive constants. Its scale function is known to be

IR SR
ek — i/ B kB

Wk(iU) _(/Bk_/\k/ck)x)’ x>0,

while the drawdown overshoot Y;, — a is known to be exponentially distributed with mean

1/p1. With some calculations, one finds that

_ B c1fr — )\16—(51—>\1/C1)u A (Br—a/en)(uVa) 2
Pu{Ty =00} = c1/1 — Mem(BimA/en)(uva) (1= e’ )
—p1 (uva) A A L A2 (B dafen)(uva)
X exXp 4 —p1€ Fi(1, , + 1; e } ,
{ P 2F1( Ba — Ao/’ Ba — Aa/co Ye )
where

AM(e1fy — Ap)e~(Br=ha/ea A2 1 )ehra
ey — (& y
P c181(c181 — Me~(Bi=M/e)a) cofa B1 — P2+ A2/ co

P )\1(51 — /\1/61)6_(51—)\1/01)(1 ( o3 e(ﬁzfAQ/cQ)a . 1>7
(B2 — Aa/ca)(c1py — Me=Br=M/er)a) 2 3 — By + Xy /ey

and the Gauss hypergeometric series oFy(a,b,c;2) (e.g., Abramowitz and Stegun, 1965) is

defined as

—F(b)ll:((?_ 3 /O 2711 — )"0 (1 — t2)0dt.

We conduct a numerical study of Example 4.4.2 where a sensitivity analysis of the pa-

2F1(a7 b7 G, Z) =

rameters of the drawdown-based policy is performed. To this end, we assume that the
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drawdown-based policy has no influence on the claim arrival dynamics and thus, A\; = Ag
and 8y = (5. For the numerical analysis, we set Ay = Ay = 0.5 and #; = By = 0.1. The
premium rate ¢; is assumed to be 6 (i.e., the security loading is of a magnitude of 20%). The
endogenous parameters of the DBRS model, namely ¢, and a, will be examined to measure
their impact on the survival probability. For this analysis, we assume that co > ¢; and thus,

a drawdown of size a or larger implies a larger net premium rate thereafter.
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Figure 4.2: Survival Probability of Example 4.4.2

As expected, the survival probability decreases in the threshold size a and increases in the
premium rate cp. In particular, when c; = ¢; or a = 0o, the model reduces to the classical
risk model with (single) premium rate ¢;. As for the sensitivity, we see that as a becomes
larger, the sensitivity of the survival probability wrt cy decreases. More interestingly, for
fixed co, the sensitivity wrt a first increases and then decreases. We point out that there are

multiple combinations of (a,c) which can achieve a given survival probability. For instance,

the combinations of (25,7.08) and (50, 7.38) both lead to a survival probability of 95%.
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4.5 Regime-dependent occupation time

We now examine the (discounted) regime-dependent occupation time until ruin. Due to their

similarity, we only consider the occupation time in the non-distressed regime, that is

To
A = / e_qtl{Qtzl}dt, q>0.
0

In particular, we have Ag = 7, whose Laplace transform can be obtained by letting ¢ = 0
and b T oo in Theorem 4.3.2. Therefore, we only consider the case ¢ > 0 in this section. The
inclusion of the discounted component in A, may seem unnatural at first, but a connection
with the discounted total tax payments of a loss-carry-forward tax model (e.g., Theorem 2
of Albrecher and Hipp (2007) Theorem 3.2 of Albrecher et al. (2008), and Theorem 1.2 of

Kyprianou and Zhou (2009)) will be made in the next section.

In the following theorem, a recursive formula for the moments of A, is derived. The
Laplace transform of A, can be obtained from its moments through the standard infinite

sum representation.

Theorem 4.5.1. For ¢ >0 and k € N, we have

( (ak)
fu e f CQk(Z)dZ(Z/(qk)((a)) mk—l(y) - m;cfl(y))dy7 U 2 a,
(4 =4 2 0X565) 55 W(zq>( SE[(A,)]
= @ ) 0<u<a,
kY (=17 ¢ r(ai) o) N plad) (Wi " (u
where
k-1 k . lq) - wiD'@)
k k— =iyt : 7 (@2)
myg_1(z) = ( ) Z (l ]> (1) o (a) / E.[(4,)]e W(l )(a) dx
TN\ @ IW (e) e
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Proof. Let wy(u) := E,[(A,)"]. For u > a, by conditioning on F,, , we have

Ta TJ
wi(u) = Eu[(/ e~ ?dt +/ e " {g,—13dt)"]
0 Ta
k [k Ta , Ty .
= (e[ emantn [ emgmary| FD @
j=0\J 0 -
Furthermore, for j > 1, by (4.2), one deduces that

Ty 4 .
E[(/T M qgenydty| ] = e 9By Ly, [ 1 Lt cramylwi (M)

WQ(Jq) (MTa - K’a)
Wy (M)

— equTa

wy(M,,). (4.35)

The substitution of (4.35) into (4.34) results in

Ta (J9) . Ta
waw_iﬁxﬁ)mﬂﬂg e dp)t J_mmwzﬁﬁi@@?dwﬂM%”+EKA e dt)H).

By separating the terms j = k and j < k, it follows that

*° k
:/ /[” Eu[e—kqm1{Ymedy,Mmedx}]%wk(@ + myp_1(u), (4.36)
where
) = i( ) / / / e rdt) e JqTal{Y edy, M-, ed }]ww(x)
- o OO

+EKA e~Id)H]. (4.37)

By (4.4) and (4.6), it is straightforward to verify that (4.37) is consistent with (4.33).

Differentiating (4.36) wrt u yields

w,(u) = Chq(u)wy(u) — VVl—mk_l(u) +my_,(u), u>a. (4.38)



The solution to the ODE (4.38) is

; u ) W(kQ)’(a)
wy(u) = ela CkQ(Z)dZ(wk(@ - / el qu(z)dz( : my—1(y) — my_,(y))dy). (4.39)

a W) (a)

(s)r
Furthermore, since Cj,(z) > 31/11(5)((:)) (1—E[e %)) for ¢ > 0 and z > a, we have [ Ciy(2)dz =

00. On the other hand, since wy(-) < qik, we conclude from (4.39) that

Wi (a)

— = - quzdz
wi(a) —/ e Ja Cra(2) ({/V(T)(a)
a 1

me—1(y) — my_,(y))dy.

Substituting the above equation into (4.39) yields the desired result for u > a.
For 0 < u < a, from the strong Markov property of X at 7", one has

T, .
—qt
e’ 1{Qt:1,T;<To—}dt) ]

T
e
Ty
+Ey[( /0 e ") g gy
ko (FY_L —qTi ki —ai TH*
= ijo j FEu[(l —€ )" e 1{Tal’+<T01"}]wj(a>

1 —_gTh
+ q—kEu[(l —e o )kl{TgvaJ’*}]-

We complete the proof by using binomial expansion, (4.2) and (4.3).

]

In particular, when k = 1, we have the following corollary of Theorem 4.5.1, which will

be used explicitly in the next section.

Corollary 4.5.1. For ¢ > 0 and u > a, the first moment of A, is

W((I)’ a 0o ,
qu (CL) 0 u
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4.6 Regime-switching premium model and its relation

with other risk models

In this section, we study a special case of the DBRS (4.1), namely the regime-switching pre-
mium model, and consider its relation with other risk models in the literature. As illustrated
below, when the threshold level a | 0, the regime-switching premium model has interesting
connections to both the loss-carry-forward tax model (e.g., Albrecher et al. (2009), Albrecher

and Hipp (2007), and Li et al. (2013)) and a single premium model.

We assume X' and X? are jump-diffusion processes with d; < ds, 01 = 0 := o and

ITy(+) = [Iy(+) := II(-) with II(—00,0) < co. Equivalently, we can express the process X as

Nt
Xp=utet+oB —» J, t>0, (4.40)

=1

where
c1=dy + f(fl,O) ly|ll(dy), if Q: =1,
Co = dy + f(—LO) ly[Il(dy), if Q¢ = 2.

C; =

Clearly, ¢; is Fi-measurable. As usual, N = {N;;t > 0} is a Poisson process with rate A > 0,
{Ji,i > 1} form an iid sequence of positive random variables with common distribution
function F(-), and B = {B;;t > 0} is a standard Brownian motion. We assume that
N, {J;;i > 1} and B are mutually independent. In this case, we have A = II(—o0,0)
and II(—dy) = AF(dy). This model essentially switches between premium rates ¢; and ¢y
according to the DBRS dynamics. In the later analysis, the following asymptotic behavior

of the scale function at 0+ (e.g., Kuznetsov et al. (2012)) will be called upon.

Proposition 4.6.1. For II;(—00,0) < oo (k= 1,2), we have

0, o> 0, 2/02, o> 0,

W9 0+) = and — W(04) =
1/Ck7 0= 07 (q + A)/(Ck>27 o=0.
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4.6.1 Relation with the loss-carry-forward tax model: ¢ =0

The following proposition indicates that, when ¢ = 0, the regime-switching premium model
(4.40) reduces to the loss-carry-forward tax model (with tax rate v = (¢cy — ¢1)/c2) as a |
0; e.g., Theorem 3.1 of Albrecher et al. (2008), where the result Eu[e_qT;v 1{T%<T0_ﬂ}] =
(Wéq)(u)

Wa_)1/1-9) is given with 7, to be the exit time in the tax model.
ZRI0) by

Proposition 4.6.2. Consider the regime-switching premium model (4.40) with o = 0. For

qg>0and0<u<b,

(a) (@, 2/
lm Eufe ™ 10, 2] = lim e (W) _ (W () . (4.41)
s =l wie) — \wil)

Proof. By letting a | 0 in (4.5) and using Proposition 4.6.1, it is immediate that

A
lim F9 (dy) = —2— F(dy).
im v, (dy) Y (dy)

On the other hand, by letting a | 0 in (4.19) with ¢ = 0, we have

A7 C2 (a)

W@ - I | W —nF (@) = 5w, 2>
It follows that
W@ R A
lim Cy(z) = lim — )(a) (1- wﬁq) (dy))
a{0 al0 qu (a) W2q (2) m
_atr, A / WQ(q)(z—y)F(dy))
c1 a+AJo  W9%z)
_ W) (4.42)
Wy (z)
which easily leads to (4.41) using (4.18) and (4.8). O
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Moreover, from Corollary 4.5.1, Proposition 4.6.1, and (4.42), for ¢ > 0,

o 0o (9) c2/er
1%1(02 —c1)E,[4,] = u/ <W2 (u)) dy,

1 Wi (y)

which implies that (co — ¢1)E,[A,] reduces to the expected discounted tax payment (with
tax rate 7 = (cg — ¢1)/c2) in the loss-carry-forward tax model; see Theorem 3.2 of Albrecher

T 0o (@) (4, _ . . .
et al. (2008), where the result E,[y ;"7 e~dD(t)] = 1% [, (ﬁq—)ii)l/(l Mdy is given with
2 Y

dD(t) == Ld(maxogsgt Xt - X[)) .

1—y

4.6.2 Relation with the single premium model: ¢ > 0

However, when o > 0, the following proposition shows that the regime-switching premium

model (4.40) reduces to the jump diffusion model with single premium rate ¢; as a | 0.

Proposition 4.6.3. Consider the regime-switching premium model (4.40) with o > 0. For

q>0and0<u<b,

(@) (9)
limEu[e_qTﬁ{TJ <y y) = lim W, () W, (0

al0 al0 WD) wi9@m)

a

Proof. By (4.5), (4.31) and Proposition 4.6.1, we have

AW, (a))*
W (a)
L. . . )\(W(Q)(a))2
By Proposition 4.6.1 again, one deduces that lim, o W = 0. Hence,
Y (a) = o(a), (4.43)
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which stands for lim, o Fii)a (a)/a = 0.

By (4.10) and (4.43), it follows that

W@, W (z—a)

Cylz) = Wf@(a)“ 90 F (a) + o(a))
W a),, Wi(2—a)
"W w0

Taking the limit as a | 0, one finds that

(@) (9) @,
i€y (2) = g W@ W) Wz ) ol
a0 0 Wi(a) aWy®(z) @
~ W (z)
O
which completes the proof of Proposition 4.6.3 by (4.18) and (4.8). O

Remark 4.6.1. In relation to the above analysis, we would also like to provide some intuitive
explanations on the limiting cases of the regime-switching premium model (4.40) as a | 0. It
is clear that, when a | 0, the premium rate of model (4.40) is ¢c; when the process is at its
running maximum and cz, otherwise. Therefore, mathematically, model (4.40) reduces to the
loss-carry-forward tax model (e.g., Albrecher and Hipp (2007) and Albrecher et al. (2008))

when o = 0.

However, when o > 0, the occupation time in a finite time period of the process (4.40)
at its running maximum is almost surely zero. Roughly speaking, the drift term of (4.40) is
dominated by the diffusion term in any infinitesimal time period. Therefore, as a | 0, the
change of drift at running mazima has virtually no effect, and thus the model (4.40) reduces

to the jump diffusion process with single premium rate c;.
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Chapter 5

Drawdown risk analysis for the

renewal insurance risk process

5.1 Introduction

In this chapter, we extend the drawdown analysis to the renewal insurance risk process with

a fairly general and common modelling assumption for the claim arrival dynamics.

We first consider the two-sided exit problem of the renewal insurance risk process, a
quantity which will be shown to play an important role in the subsequent study of drawdowns.
Thanks to a fluid flow transformation of a truncated version of the renewal process of interest
and some recent results on exit problems for spectrally negative MAPs by Ivanovs and
Palmowski (2012), expressions for some two-sided exit quantities related to the renewal
insurance risk process and its truncated version are derived. The analogous results for
spectrally negative Lévy processes or MAPs are well known to be closely tied to the analysis
of many other related problems such as those pertaining to occupation times (see, e.g.,
Landriault et al. (2011a), Li and Zhou (2013), and Loeffen et al. (2014)). Second, we consider
the joint law of various drawdown-related quantities which include but are not limited to the

drawdown time, the drawdown size, the running maximum and minimum at the drawdown
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time and the last running maximum time prior to drawdown. Finally, as an application of
the aforementioned drawdown results, we derive the expected discounted dividend payments
until ruin for a constant dividend barrier model under the renewal framework. Here again,
an extensive literature can be found on the analysis of renewal-type risk models under a
constant dividend barrier strategy when interarrival times are of a phase-type form (see,
e.g., Li and Garrido (2004b) and Albrecher et al. (2005)). Note that the constant dividend
barrier strategy is not optimal, i.e., does not maximize the expected dividend payments for
the risk model under the Sparre Andersen framework (see, e.g., Albrecher and Hartinger
(2006)). To the best of our knowledge, results are rather scarce on the renewal insurance
risk process with an arbitrary interarrival distribution. As such, a few contributions and

observations on this subject matter will be made.

The rest of the chapter is organized as follows. In Section 5.2, we formally define the
renewal insurance risk process X, and introduce the two-sided exit and drawdown related
quantities which will be the primary subject matter of Sections 5.3 and 5.4, respectively.
Also, a few observations on the constant dividend barrier model superimposed to the process

X will be made at the end of Section 5.4.

5.2 Problem formulation

Consider the renewal insurance risk process X = {X;;¢t > 0} given by
Xy =u+ct =5, (5.1)
where u € R, ¢ > 0, and {S;;t > 0} is a compound renewal process. That is, S; is defined as

SN P, N, >0,
S, = ! (5.2)

0, Ny =0,
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where {IV;;t > 0} is a renewal process defined through the sequence of independent and
identically distributed (iid) positive interarrival times {T;;¢ € N} with distribution function
(df) K and LT k, and {P;:i € N} is a sequence of iid positive random variables (rv’s) with df
P and LT p, independent of {V;;t > 0}. To obtain explicit formulas in the later analysis, we
assume that {P;;i € N} follow a phase-type distribution PH(3, B) with df P(z) = 1—3eB%e
for x > 0 and LT p(s) = B(sI — B)~'b for s > 0, where the 1 X n row vector 3 contains the
initial probabilities of an associated finite-state continuous-time Markov process, the n x n
matrix B is a non-singular subintensity matrix, b = —Be and e is a column vector of ones.
Note that the class of phase-type distribution is dense in the sense of weak convergence for
all distributions with positive support. The interested readers are referred to Chapter IX of

Asmussen and Albrecher (2010) for more details about phase-type distributions.

For x € R, we define the first passage time of X as
TXHE) —inf {t > 0: X, > (<)z}.

Recall from the drawdown-related quantities introduced in Section 1.3.2 that the drawdown

process Y = {Y;;t > 0} is defined as
}/t = Mt - Xt7

where M; = supg<,<; X is the running maximum of X at time ¢. Note that in queueing
theory, Y is known as the workload of a GI/PH/1 queue. This observation is particularly
relevant in connection with the fluid flow transformation between queues and risk processes

discussed in Section 5.3.

For a fixed level a, the drawdown time is 7, = inf {t > 0:Y; > a}, and G; := sup{0 <
s <t:Y, =0} is the last time the process Y is at level 0 before or at time ¢. Heuristically,
the first drawdown episode [0,7,] can be split into two parts: the rising part in [0, G, ]

and the subsequent crashing part in [G,,,7,]. To study the number of excursions from
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the maximum of X, we further introduce a sequence of stopping times {v,,,;m € {0} UN}
defined recursively as v,,, = inf {t >Upo1:Y; #0,Y, = O} with 1y = 0. We define a process
{N;t >0} as

Ny =sup{m e {0} UN: v, <t},

where N, represents the number of excursions of X from its running maximum until time .

In this chapter, we are mainly interested in the following two types of problems pertaining
to the renewal insurance risk process (5.1). Unless otherwise stated, we assume throughout

that a > 0,0 <7,p<1andd,quv,z>0.

1. Two-sided exit problems: For 0 < u < a,

N x4 =TT —v(HX  —T5H)
E[r e L 1{Tf’+<TDX’_}|XO = ul, (5.3)
and
NTX’_ 75TX’_
]E[?” 0o e 0 1{T0X’_<T§’+7|XTX,7|>Z}’XO:u]’ (5.4)
0

where HX :=inf{s >¢>0: X, > X,} corresponds to the first jump time of X after

time ¢.

2. Drawdown problems: The joint law of (N, , N,,, 7a, G, M,,, Y, — a) and the law

of m,,, where m; = info<,<; X, is the running minimum of X at time ¢, i.e.,

E[TNTG pNTa e_(sTa_qG"'a —U(M-ra _XO) 1{YTa *(1>Z}:| 9 (55)

and, for u > 0,

P(m,, < 0|X, = u). (5.6)

It is easy to see that (5.5) is independent of Xjy. Also, since P(m,, < z|Xo = u) =

P(m,, < 0|Xy=u — ), we consider (5.6) without loss of generality.
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Remark 5.2.1. We find that m., is the most challenging drawdown-related quantity subject
to analyze in this chapter. One can consider m, jointly with the sextuple (N.,, Ny, Ta, G+, M.,
Y, —a), but the analysis will be rather involved. Hence, for ease of presentation and sake of
conciseness and transparency, we choose to study the law of m., separately from the other

drawdown quantities in (5.5).

5.3 Two-sided exit problems

In this section, we study the exit problems (5.3) and (5.4) for the renewal insurance risk
process X by making a connection between risk processes and their corresponding queues
(via their fluid flow analogue process), as well as some recent results on the spectrally negative
MAPs. We recall that such a fluid flow connection between risk processes and queues can
be found in e.g. Asmussen (1995) and has been applied by many authors to study various
Markov-type risk processes (see, e.g., Ahn et al. (2007), Badescu et al. (2007), Ramaswami
(2006) and Frostig et al. (2012)).

As shown later, sample paths of X will be (locally) mapped one-on-one to sample paths

of a stochastic process U = {Uy;t > 0} defined as

Dy
Uy=az+ct—» L. (5.7)

i=1
Here, {D;;t > 0} is a renewal process with iid PH(3, ¢B) interarrival times {¥;;i € N} with
LT E[e=**'] = p(s/c), and the jump sizes {L;;i € N} form a sequence of iid rv’s with LT
Ele=*L1] = k(cs), independent of {Dy;t > 0}. Furthermore, associated with the interarrival
times {¥;;i € N}, there exists an underlying continuous-time Markov process J = {J;;t > 0}
recording the phase of the interarrival time over time with state space {1,...,n} and in-

finitesimal generator ¢ (B + b@3). Thus, the bivariate process (U, J) is a special case of the

spectrally negative MAP. For the MAP (U, J), let F¥(s) be the matrix analogue of the
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Laplace exponent of a Lévy process, namely
E[€_6t+SUt 1{Jt:j}|t]0 _ Z] _ (eF(6>(S)t)ij7
which is well known to be of the form

FO(s) = (cs — 6)L + B + chbBk(cs).

For z € R, let T2 = inf{t > 0 : U; > (<)z} be the first passage time of U. The
two-sided exit problem for a spectrally negative MAP is introduced in Theorem 1.4.4. For

completeness, these results are recalled here. For 0 <z < a,

TV _
Bl Lygprcqpie g U0 = @, Jo] = WO )W (a)™, (5.8)
—8Ty" " =s|Uv,- | (8) (8) () ()17
E[e 0 1{T(§J’7<T(£J’+,JT(§J’_}|UO =7, JO] =7 <57I> -W (.T)W (CL) Z (S,CL),
(5.9)

where W) (z) is the d-scale matrix defined through its LT
/ WO (2)dz = FO(5), (5.10)
0
and Z¥ (s, x) is the second scale matrix defined as

Z0(s,2) = e (1 - /0 "W (y)dyF@(s)) | (5.11)

Kyprianou and Palmowski (2008) showed the existence of the scale matrix W) (), and
Ivanovs and Palmowski (2012) further provided a probabilistic construction of the scale

matrix and identified its transform.
We first generalize the two-sided exit results (5.8) and (5.9) for the MAP process (5.7)

by incorporating the number of jumps prior to the first exit time.
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5.3.1 A generalized result

We consider a generalization of the two-sided exit problem for a subclass of the spectrally
negative MAPs. For completeness, we recall the definition of this process which can be
found in e.g., Ivanovs and Palmowski (2012) and references therein. Define a process U =
{Uy;t > 0} and an irreducible continuous time Markov process J = {J;;t > 0} with finite
state space {1,...,n} and infinitesimal generator D. We say the bivariate process (U, J) is
a MAP if given {J; = i}, the pair (Usrp, — Uy, Jrvn) is independent of {(Us, T5);0 < s < t}
and has the same law as (U, — Uy, Jp) given {Jy =i} for all t,h > 0and i € {1,...,n}.

In what follows, we assume that when {J; = i}, the process U evolves as U’, a compound
Poisson process perturbed by an independent Brownian motion (rather than a spectrally
negative Lévy process as in the general model). More specifically, we define U* = {U};t > 0}
as N

=1
where ¢; > 0, o; > 0, {B};t > 0} is a standard Brownian motion, N* = {N};t > 0} is a
Poisson process with intensity rate A; > 0, and the iid positive jumps {P/; 1 € N} with df Gj;
(where Gy; (0) = 0 without loss of generality). The processes U',U?, ...,U™ are assumed to be
independent. In addition, a transition of J from state i to state j # i triggers a downward
jump of U whose (absolute) size has df G;; (G;; (0) is not necessarily 0). Such a model is

also called the Markov-modulated Poisson process with diffusion.

Remark 5.3.1. In what follows, for simplicity, we only consider the case where o; > 0 for

any i € {1,...,n}. Cases where some or all ;’s are 0 can be obtained similarly.

Let %(r,&) (2) be the generalized Laplace exponent of U’ defined as

E[rNge—ét—i-zug |z/{0 _ 0] _ ewgr,é)(z)t

Y
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where
2

I (2) = iz + % 2= (N +0)+ rAi/ e G (dy) .
0

Also, define F"%(2) to be the U-matrix analogue of the generalized Laplace exponent, that
is

E[rNee 01 o lhy = 0, Ty = i] = (eF 70,

where N, represents the number of positive jumps of U by time t. From e.g., Ivanovs and

Palmowski (2012), it is known that
FO)(2) = diag{y"” (2)}1, + D o H"(2), (5.12)

where H()(2) is the LT of H"(y) = GO (y) =P (y), GO (y) = {G1(y)}7,_, and PO (y) =
diag{Gy7 (v) iy with G} (y) = Gy (0) +r(Giy(y) — Giy(0)). The notation Ao B = (ay;b)
stands for the entry-wise matrix product. Letting C = diag{¢;}7,, X = diag{a—;}?zl and

A = diag{\;}?;, (5.12) can also be rewritten as
FO)(2) = Cz+ 222 — A — 61+ Ao P (2) + Do H(2). (5.13)

Remark 5.3.2. As a special case of the above MAP, the process (5.7) can be recovered by
choosing C = cI, ¥ = 0, A = diag{(cbB);};-,, D = cB+cbg, Gii(y) = K(¥) (y >0), and

Giiy) = 5% + BREK(Y) (y 2 0) for j #i.

In what follows, we show the generalized two-sided exit results for the Markov-modulated

Poisson process with diffusion (U, T).

Lemma 5.3.1. For the Markov-modulated Poisson process with diffusion (U, J),

N —5TH VV r W T —
E[r T o +1{Tg’+<Tg{’_ J, u+}|u0 =u, Jo] = ( 76)(“) ( ’6)(a) 17 (5.14)
) T
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and

N gy —0T8" ™ —slU g |
e e W= 1
= Z"(s,u) = WO ()W) (0) 1200 (5, a), (5.15)

where W) (u) and Z9) (s, u) are the generalizations of (5.10) and (5.11), respectively, with

F©)(2) replaced by a generalization F9(z) defined in (5.13).
Proof. First, we prove (5.14). Let
_ o Npu+  —sTH T _ _
x(u) =E[r 7"e 1{Tg,+<TéJ,7JTg’+:j}|MO =u,Jo=1], 0<u<a.

From the theory on piecewise deterministic Markov process (see, e.g., Davis 1984 and Rolski
et al. 1999) and Equation (5.13), we know that x(u) satisfies the following system of integro-

differential equations:

Cx(u)+2x" (u)— (T + A) x(u)+ /0 U(AoP(” (v)x (u—y)dy+ /[O )(DoH(” (¥)x(u—y)dy =0,
| (5.16)

for 0 < u < a, with boundary conditions x(0) = 0 and x(a) = I by Remark 5.3.1.

We consider a general solution ¢(u) of (5.16) when u > 0 such that {(0) = 0. Taking

LTs on both sides of the resulting equation leads to
(Cz 422 - A+AoPY(z)+ Do ﬁ(T)(z)) C(z) = =¢(0),
for z > 0. It follows from (5.13) that

FU9(2)¢(2) = B¢'(0)
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or alternatively,

¢(z) = F"(2)7'5¢(0).

By a Laplace inversion and from (5.10) for the generalized scale matrix W% we obtain

¢(u) = W) (0)X¢'(0), u > 0.

Finally, by letting ¢'(0) = 7'W 9 (a)~!, one concludes that ¢(u) = W ()W 9 (q)~!
solves the initial value problem (5.16). Hence, we have {(u) = x(u) for 0 < u < a which

ends the proof of (5.14).

Now, we prove (5.15). Let

Ny —6T§ —slU g |
v (u) = ]E[T 0 K 1{T(Z)/{’7<T¢Z{{’+»7Tu,—}|u0 =1, jo], 0<u<a,
0
and
Ny, =0T =g |
m(u) =E[r " e o 1{Tél’7<oo,\7Tu,—}|u0 =u,Jo], u>0.
0

It follows from the skip-free upward property of U, the strong Markov property of (U, T)
and (5.14) that

U (u) = m(u) — x(uv)m (a) = m (u) = W ()W) (q)"'m (a) . (5.17)

From the theory on piecewise deterministic Markov process, the matrix m (u) for u > 0

satisfies

0=Cm'(u) + Xm"(u) — (6I + A)m(u)
+ /OU (Ao PT(y)) m(u — y)dy + /OO A o PO (y)e=sWv)qy

+ /[o,u) (D o H(T)(y)) m(u — y)dy + /:o (D o H(T)(y)) e—s(y—u)dy‘ (5.18)
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Taking the LT with respect to u on both sides of (5.18) leads to

F9(2)(z) — (C + S2)m(0) + ' (0) — Ao T ) =POE) p HOG) ~HO(),

(5.19)

for z > 0, where m(0) = I from Remark 5.3.1. On the other hand, it is not difficult to see

from (5.13) that

P (s) — P H™ (s) — H™ (1,9) () — F(r9)
Ao PO~ PO HO(s) - HO()  F0O(s) - FOO()
zZ—S z— S zZ— S

+C+X(z+45). (5.20)

Thus, substituting (5.20) into (5.19) leads to

F(r,5)<5) o F(r,d)(z)
z—5 '

F"9)(z)m(z) = Zm’(0) — Bs —

It follows that

AT (r,9) 2) — (r,0) s
() = WO (2) <2m’(0)—25+ FOO(z) — FOO( ))

Z — S
I WO ()FCI)(s)

Z—S

=79 (s,2) + W) (2) (Zm'(0) — Ss) . (5.21)

+ W (2)(Sm'(0) — Zs)

A Laplace inversion of (5.21) with respect to z yields
m(u) = Z"(s,u) + W () (Em’(0) — s) , (5.22)

for u > 0. Finally, substituting (5.22) into (5.17) completes the proof of (5.15).

]

Now we turn to a limiting case of (5.14), and the result will be used later. By (5.14), we
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have

a— 00 a—r0o0

: T T — : Nou, —sTH+
lim W) (g — )W (q)~! = lim B[y 7" e=0Te 1{Tg7+<T(z)4,—Jqu+}\Uo =a—1vy,Jo]

N Uu,+ 6TM,+
= lim E[r %" e 1w+ _u- Uy =10
a—00 [ {Ty <T—a 7~7T?th,+}| 0 7%]

N U,+ _6Tl/f,+
=Bl e Lttt coo 7,4,y Mo = 0, ol
Yy

=T (y).

By the strong Markov property of (U, J) and the fact that U is skip-free upward, it is clear

that

Y(x+y) =" (2)Y (y), (5.23)

with Y (0) = I. The solution to (5.23) is well known to be
Y (z) =, 2>0, (5.24)

for some matrix Q. From the theory on piecewise deterministic Markov process, Y (—u) (for

u < 0) satisfies the following system of integro-differential equations:

—CY (—u) + Y (—u) — (51 + A) Y(—u)

+/ MOPM@»T@—UMy+/'(Don@DT@—UMyZO (5.25)
0 [0,00)
Substituting (5.24) into (5.25), it follows that Q must be a solution to

—CQ+XQ*— (T +A) +/°° (Ao P(T)(y)) erdy+/ (Do H(’")(y)) eWdy = 0. (5.26)
0 [0,00)

In particular, when det F"9(p;) = 0 for i = 1, ...,n with p; # p; for i # j, we denote by
0; the right-eigenvector associated to the eigenvalue 0 of F("(p;), i.e. F"9(p;)0; = 0. For
© = (04, ...,0,), it can be shown that Q = —© diag {p;};_, O~
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Remark 5.3.3. For the special MAP discussed in Remark 5.5.2 with r = 1 and 6 = 0,
(5.26) can be simplified to
~Q + B +bpk(—cQ) =0,

which is an important result in connection with the ruin probability (5.406).

5.3.2 Main results

In this subsection, we will make use of the connections between the risk process X and its

fluid flow analogue process to find explicit expressions for the exit problems (5.3) and (5.4).

To state the following result, we define W™ (z) and Z(9(s, x), respectively, in the
same way as in (5.10) and (5.11) with F®(z) replaced by a generalization F"9(z) :=
(cz — &I+ ¢B +rcbBk(cz). When r = 1, we have W9 (.) = WO () and Z19(.) = ZO)(.)
for § > 0. Furthermore, we write W (.) = W(-) and ZO(-) = Z(-).

Lemma 5.3.2. For the MAP process (5.7) and 0 < z < a,
D _ U,+ r r —
Bl n e Lgps g gy U0 = 2 Jo] = WO (@)W (a)

and

B D u.- 75T0U’*75|UTU,—|1 Us = . J _V(r,zS,s)
P T e e, U= ] = VO,
0

where

V(r,5,5)<x7 a) — Z(r,ﬁ)(S’ x) — Wrd) (gc)w(r,&)(a)—lz(r,&)(& a).

Furthermore, we naturally extend the definitions of Z("% (s, ) and V") (x a) to z < 0
by letting
V99 (2 a) = 209 (s, x) = *1. (5.27)

As for the fluid flow connection alluded above, it will be shown that the X-truncated
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process A defined by
At = Xt+T1, t Z O_, (528)

plays a central role in the analysis of the renewal insurance risk process (5.1). We recall that
Py is the size of the first downward jump of X which occurs at time 7. So given T7 = t, we
have Ay = Xy, =x+ctand Ay = X, =x+ct — Py.

The two-sided exit problem of A is solved in the following lemma, where s HE =
inf{t > 0_: A; > (<)z}. Also, we define H* :=inf{s >t >0: A, > A,} to be the time of

the first jump of A occurring after time ¢, and N/ := N, 7, for t > 0_ to be the number of

jumps of A by time ¢ with Ng! =0 and N§' = 1.

Lemma 5.3.3. For 0 < y < a, the process A admits the following representation for its

two-sided exit quantities:

NA —5TL;4’+—’U(HA _T;‘r‘r)

o™ (y) == E[r e m Lipas cqpyl Ao =y
— e Hegv () (4 —y ae, (5.29)
and
NA -
7,0 A,— _spA,
0y (g, 2) =Bl e L gl Ao. = 0]
0
= reVBWT) (g — y) W) (g) 1B, (5.30)

Proof. By the so-called freezing/unfreezing transformation of sample paths (see, e.g., Ahn
et al. (2007)), there exists a one-to-one (local) mapping between the sample paths of A and

U. More specifically, for Ay_ =y and Uy = a — y, it is not difficult to see that

_ _ a — _
(N T e(His = TN < T~ & (Do TV + 2 U T < TV,

(5.31)
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and

(NA T | Apac DTS < T L (Do + 1,70 = 2 oYy — TIH) T+ < T,
0 0 a C a

(5.32)

where HY := inf{s >t > 0: U,_ > U,}. Figure 5.1 illustrates the sample-path mapping

between A and U, where the top and bottom pair of graphs relate to (5.31) and (5.32),

respectively.

Figure 5.1: Sample-path mappings between A and U

It follows from (5.31) and Lemma 5.3.2 that

7,0,V _S(q— D v, _6TU’__%|U |
"™ (y) = e VB e T TR e v [Up = a — g

= ¢tV (a —y, ale,

which proves (5.29). Furthermore, for the MAP process (5.7), given J v.+, it is well known

that the overshoot HY, ., —TY* is phase-type distributed with subintensity matrix ¢B, inde-
T a

pendent of {(Us7 Js) ;s < Tfﬂf} (see, e.g., Chapter IX of Asmussen and Albrecher (2010)).
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Hence, from (5.32) and Lemma 5.3.2, we have

(r,9,) ol Dov+ stV _
ay ' (y,z) = reVE[r Ta e e 1{T‘ZU,+<TOU,—7HUU+_Tg,+>£}‘Uo =a—y]
Ty’ ¢

= re%y,@W(""s)(a — y)W(T’é)(a)_leBze,
which completes the proof of (5.30). O

We are now ready to present results on the two-sided exit problems (5.3) and (5.4) of X.

Theorem 5.3.1. For the renewal insurance risk process X , its two-sided exit quantities (5.5)

and (5.4) can be expressed as, respectively,

Noxp —OTa o Xy  ~T5)

Elr 7a"e Tt 1{T;(’+<TOX’_}‘X0 = u]
Csa—w) [° (r6,2)
=e BV e)(a —u— ct,a)eK(dt), (5.33)
0

and

N_x

]E[r To ’_eféTOX’il X,— X+ ’X :u]
{To ™ <Ta "X x>z} 0
0

= e / } BW ) (g —u — ct) W (q) " LeB?e K (dt). (5.34)
0

Proof. By conditioning on 7} (i.e., the first jump arrival time of X) and then considering

the residual portion of the sample paths of X after T (namely, A), it follows from (5.29),

X,+ X,+
O e s e L Xo =
[rm e ¢ {T§*+<T0Xv*}| 0= ul

a—u

_d(a—wu)

_ / c e_ata:({’,(sﬂ)) (u + Ct) K(dt) —I'_ e a— / efv(tfazu
0 a—u

a—u

_ 6(a—u)

— e‘é(acu)/ © AV (0 —u—ct,a)eK(dt) + e / eel K (dt)
0 a—u

c

= / BV (4 —u — et, a)eK (dt),
0
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v
c

where the last step is due to the extended definition V(. >(m, a) = e<*I for x < 0in (5.27).

Next we consider the exit of X from below. Similarly, by conditioning on 77 and using

(5.30), we obtain

E[r %o I P | Xo = ul
(T <TEH |X x |52} 140
0

a—u

:/ T e ) (et 2) K(dt)
0

a—

Su c
= Tec
0

This completes the proof of Theorem 5.3.1. O]

BW) (g — u — ct)W (a)1eB2e K (dt).

5.4 Drawdown problems

The drawdown problems (5.5) and (5.6) are considered in Sections 5.4.1 and 5.4.2; respec-
tively. As an application of our analysis, the constant dividend barrier problem for the

renewal insurance risk process (5.1) will be investigated in Section 5.4.3.

5.4.1 Sextuple law of (N,,, N, 7, G. M. Y, —a)

Thanks to the results on the two-sided exit problems in Section 5.3 , the joint law of
(N.,, Ns.,Ta, Gryy M, Y, — a) is given in the following theorem. The process A defined
in (5.28) plays a central role in the proof of Theorem 5.4.1. Therefore, analogous to X, we
define the following quantities related to the process A by first recalling that N2 := N, p,
for t > 0_. Moreover, N? = NHTI for t > 0_ represents the number of excursions of A from
its running maximum. We also define 724 := inf {t >0:YA> a} where YA := MA — A,

and M := sup,_.,<, A,, and finally G{* ;= sup{0_ < s < ¢: YV = 0}.
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Theorem 5.4.1. For the renewal insurance risk process (5.1), its sextuple law is given by

/BW(T,(S) <O)W(r,5) (CL>_1€BZG

E N"’a Nq—a —6Ta_qGTa_U(M‘Fa_X0)1 Ca>z — %7{; 6
[rirepiree (Yry—a>z}] = rpee k(6 +q+cv) 1 — pBVESH+a 100 q)e

Proof. By conditioning on 77 and making use of the X-truncated process A, it is clear that
R[N pNra g 07a=0Gra—vMr=Xo) ) = (5 + g + cv) 6(2), (5.35)

where

N4 N4, —6t2—qGA, —v(MA, —Ap_)
é Ta Ta

¢(Z) = E[T Tap Ta 1{YT"}4—a>z}]' (536)

Note that ¢(z) is independent of Ay_. Therefore, without loss of generality, we assume that
Ay_ = a below. By conditioning on whether T;"~ or T+ occurs first and some exit-related

quantities of A, it follows that

N4, N4, —0tA—qGA, —v(M4, —a
N(‘;‘Ae a q 7—6.4 ( 7—(‘;.4 )1

v fa>z,T64’_<TaA’+}]
a

NAA NAA 757’5‘47(]GAA7U(MAA70,)
a @ Ta Ta

+ E[T‘ TapT 1{YT‘24—a>Z,Tf’+<T64’7}]

N4, A
— T~ =0T,
= pE[’F 0o e 1{|ATA7* |>Z,T64’7<T54’+}]

0
NA, . —(6+q)HA, , —co(HA, , —T)
A+ A+ A+ e

+ ,OE[’/‘ Ta’ ' e Ty a 1{T¢1A’+<T64’_}]¢(Z)

7,0 r,04+q,0 cv
= pad™ (a, 2) + pa"P T (4) o(2).

Solving for ¢(z) and then using Lemma 5.3.3, one obtains

pal (a, 2) rpe’s BW T ()W) (q)~1eBze
¢(z) = (r,0+q,0+q-+cv) - (ré+adotar?) : (5.37)
1—poy™™™ (a) 1 — pBVHt2H1)(0, a)e
We complete the proof by substituting (5.37) into (5.35). O

Remark 5.4.1. Theorem 5.4.1 can be generalized by considering the so-called floored running
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mazimum of X defined as

Mt :y\/ sup XS7

0<s<t
where y > Xo is a constant level and yV x = max{y,x}. Without loss of generality, suppose
that Xo = 0, and hence Yo = My — Xo = y. In fact, we only need to consider the nontrivial

case 0 <y < a; otherwise 7, =0 a.s. By (5.33), (5.34) and (5.536), one obtains

EI:TNTapNTa ef(sTa*qGTaiv(MTaixo)1{YTQ—G>Z}‘)/b = y]

— E[TNT‘I qu—(1 6757'(17(1(}'7—(1 —vM-, 1

{Ym—a>z7T;“+<T;S;}]

Nr, N-ra —0Ta—qGry —vM~,
+ E[reptae 1{Ym_a>sz;:<T;c,+}]

—(64q)T;" ’+—(5+q+cv)(H;(X’ LT
Y

v N_x.+
=e WE[r v e 1{T;(’+<T;S;}]¢(Z>

N_x, —
TT

) X, —
—a e_éTyfa 1

+ e VE|

X,— X+
(T T X (52}
y—a

rpeéTaBW(“s)(O)W(’""S)(a)_leBZe
1— pﬁv(r,6+q,6+q+§) (0,a)e

_ oy / BVt (y — ot a)e K (dt)
0

+ Teé(ac—y) —vy /C /6W(T76) (y . Ct)W(T’(S) (a)fleBZeK(dt) (538)
0

By letting 7 = p = 1 in Theorem 5.4.1 and using the fact that Z()(-,0) = I, we immedi-

ately obtain the following corollary.

Corollary 5.4.1. For the renewal insurance risk process (5.1),

~ sa B
Efe 00V —X0)y0a Gy 1 K0+ cv) e BWOO)W O a)TePre
{Yrq—a>z} Bw(q)(o)w(q)(a),lz(q)@ +v,a)e .

From Corollary 5.4.1, one concludes that the pairs (G,,, M,,) and (7, — G,,,Y,,) are
mutually independent. Intuitively, this independence means that the rising and crashing
parts of a drawdown episode are independent in both time and level scales. It is known that
such independence holds for Lévy processes. Not surprisingly, it also holds for the renewal

process X as it renews at jump instants.
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By further letting r = p =1 and § = ¢ = z = 0 in (5.37), it follows that

_ 5W<O)W<a)_1e
I= BWO W@ 120, a)e (5.39)

—U(M:‘A —Ao_)

Ele

a result which will be called upon in Section 5.4.2. Next, we give a simple example of the

result of Theorem 5.4.1.

Example 5.4.1. Suppose that the jump sizes {P;;i € N} are exponentially distributed with
mean 1/pu. By Theorem 5.4.1,

€Tk (64 q + cv) WOHD(q)

E[e—aTa_qG‘f‘a _U(M‘f'a _XO)
WO (a)Z6+0) (22 4 v, a)

e M,

1{YTG —a>z}] =

Furthermore, suppose that the interarrival times {T;;i € N} are also exponentially distributed

with mean 1/X for X > 0. In this case, it is well known that

WO (z) = 12 (ﬂem 4 ﬂﬁw) :
C

Rl_RQ RQ_RI

and

)\+CR1$—R2 Riz )\+CR28—R1 Roz
= e

7(9) —
) = R TR et TR meral

where Ry and Ry are the two solutions to cs — & — c*us/(cs + \) = 0.

5.4.2 Distribution of m,,

To provide a more comprehensive treatment of drawdowns, we now consider the problem
(5.6), that is the law of m,,. A connection with the classical ruin probability for the renewal

insurance risk model (5.1) will be made.

Theorem 5.4.2. For the renewal process (5.1) with diagonalizable subintensity matriz B =
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Q! diag{~;}",Q where the eigenvalues {y;}7_, are distinct, we have
i=1 =1

n

P(m,, <0/Xy=u)=BW(0)W(a) 'Q ' diag {v,/ BV L0 (g — 4y — ct, a)eK(dt)} Qe
0 i=1
(a—u)V0

+ /0 BW (a —u — ct)W(a) 'eK(dt), (5.40)

1
BW ()W (a) 1 Z(—via)e’

where v; ==

Proof. We first consider the case u > a. By conditioning on 77, we have
P(m,, <0|Xo=1u)= / o(u+ ct)K(dt),
0

where

o(z):=P (mﬁ}; <04y = x) , x>0,

with m;* := info_<,<; A,. By conditioning on M, and using (5.30), one obtains

ow)= [ P(ark e ayla = o) P (A <OTE <TH A =)
[af,’,oo) a y—a

_ A _\ BW(0)W(a) 'eBl2e
— /[x,oo) P (MT;; € dylAo_ = :L‘) BW (0)W(a) e

M4, —a
-

_ BW ()W (a)'E[® ™44, = ale
BW(0)W(a)"'e

A
BW (0)W (a) ' eBE-a R[> M=)

- AW OWIa) e . (54
It follows from the diagonalization B = Q' diag{v;}?,Q and Equation (5.39) that
o(z) = BW(0)W(a)1Q ! diag{e®= iy} Qe, (5.42)
where
E[e%(M%‘_AO‘)] 1

V; .

T BW(O)W(a) e  BW(0)W(a) 1 Z(—;, a)e’
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This further implies that
P(m, <0|Xo=u)= / BW (0)W (a)1Q ! diag{e =iy, 1" QeK(dt).  (5.43)
0

Next we consider the case 0 < u < a. By conditioning on whether X crosses level 0 or

level a first (together with properties of this first passage time of X) and using Equation
(5.42) and Theorem 5.3.1, we have

P (m,, <0|Xo=u)

:/ P(e(H X — TX) € da, TS < T | Xy = w)o(a +2) + P <TOX” < TXF|X, = u)
0 a

evi(HX , —Ta0
=BW(O)W ()" diag (L™ L e X0 = u]) L, Qe

a—u
c

<[ AWl —u— ) Wia) e ()

=BW(0)W(a) 127" diag{vi/ BVIO=) (g — 4y — ct, a)eK (dt)}™ Qe
0

+ /0“2“ BW (a —u — ct)W(a) 'eK(dt). (5.44)

A unified representation of the cases u > a and 0 < u < a in (5.43) and (5.44) leads to
(5.40). O

Remark 5.4.2. In Theorem 5.4.2, it is assumed that the subintensity matrix B has distinct
eigenvalues {v;}Y,. If this assumption is not satisfied, i.e. B has eigenvalues with multi-
plicity greater than 1, one can make use of Theorem 8.2.2 in Rolski et al. (1999) to evaluate

A
the matriz exponential function E[eB(MTé“ AO‘)] in (5.41).

The law of m,, is particularly relevant in contexts where ruin and drawdown events are

analyzed concurrently. Indeed, we have

P(m,, <0[Xo=u)=P <T0X’_ < 1l Xo = u) . (5.45)
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This implies that the ruin probability of X can be recovered as a limiting case of (5.45) by

letting a — oo. More specifically,

P (TOX’_ < ool X = u) = lim P(T,5" < TX*|X, = u)
a—r o0

=lim [ BWl(a—u~—ct)W(a) ‘eK(dt).

a— 00 0

It is shown in (5.24) that for any fixed y € (0, a),

lim W(a — )W (a)™ ' = e,

a—r o0

where Q = B+ b and x solves the linear equation & = Bk(—c¢(B+ba)). This immediately

yields the ruin probability
P (TOX’_ < oo|Xp = u) = Bk (—cQ) e%e, (5.46)

a result stated in e.g., Theorem 4.4 of Asmussen and Albrecher (2010).

5.4.3 Constant dividend barrier risk model

Drawdown problems are closely related to the analysis of the so-called constant dividend
barrier model in risk theory (see e.g., Chapter 6 of Kyprianou (2013) and references therein).
For a fixed constant dividend barrier a > 0, we consider the process X* = {X/;¢ > 0} defined

as

dX;, X7 <a,
dX? = (5.47)
—dSt, Xta = a,

with X§ = u € [0,a]. We recall that {S;;¢ > 0} is the compound renewal process defined

in (5.2). In this subsection, we are interested in the expected discounted dividend payments
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until ruin, that is,
X%~

0
V(u) = E[/ ce " xp_aydt| X§ = ul,
0
where 0 > 0 is the discounted rate. A comment on the case 6 = 0 will follow the proof of
Proposition 5.4.1.

Proposition 5.4.1. For the constant dividend barrier model (5.47), the expected discounted

dividend payments until ruin is given by

V(u) = ge_é(ac_u) / BV (g —y — ¢t a)eK (dt)
0
aew) 1 — (1,6,0) 00
_ et BV - (0.a)e / ,3V<1’5’%)(a —u—ct,a)eK(dt).
0 1- Av(28)(0, a)e Jo

where u € [0,a] and 6 > 0.

Proof. It is easy to see that the time to ruin 7 *~ = inf {t > 0: X® < 0} has the same
distribution as the drawdown time 7, (associated to the process X) given that Yy = a — u.

Moreover, since the cumulative dividend at time ¢ is given by My = a 'V supy<,<; X5, we have
V(u) = JE[/ e " dMy| Xo = u, Yy = a — u]. (5.48)
0

To derive V(u), we first consider the A-analogue defined as V4(a) := E| fOT‘;1 e tdMA|Ay. =

a]. By conditioning on (T4, H?A,+) whenever {TA4+ < T;""}, one finds

A A
HA

At Ta _
Vi(a) = E[/T‘“’* € 5t1{Ta""+<Tg‘f}dM{4|A07 = a +E[/HA € 6t1{TaA’+<TOA’7}thA’A07 = a
a TA+

=% (af"*V(a) = al"*(@)) + a{" V(@)1 (a).

Solving for V4(a) and then using Lemma 5.3.3, we have

1,6,0 1,6,6
PA(q) = S (@) —ai*a)

28 (V099(0,0) - V0 D(0,0)) e

¢ (5.49)
01— alM(g) y 1-av9)(0,a)e
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Similarly,

Ta

HX |
V(u) = E[L fa e_étl{Tf’+<TOX’_}th + / e_étl{T§,+<T§,_}th\X0 =u,Yy=a— u]

aX,‘F HXX N
Ty’
c : —6HX —6HX
= IE[S(e";T‘f(+ —e T«f(’+)1{T§,+<T5<,—}]X0 =u] + Ele T5‘+1{T§,+<T5<,—}]XO = u]V4(a).

The expression of V(u) follows immediately by substituting (5.33) and (5.49) into the above

equation. []

Note that from (5.48), the case 6 = 0 is straightforward as V(u) = E[M,,|Xo = u, Yy =

a — u], which can be obtained easily from (5.38) by a standard differentiating argument.
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Chapter 6

Conclusion and Future Research

In this thesis, I have continued ongoing efforts in the broad field of quantitative risk man-
agement to more accurately measure, and better manage risks pertaining to an insurance
portfolio. More precisely, I have developed a better understanding of the insurance risk
process in more practical settings, and have shown that the overall risk is managed more

effectively when some policy adjustments are adopted.

I first consider risk models in which adjustment policies are applied in response to the
recent trend in claim experience. Several adjustment mechanisms have been considered in
Chapters 2, 3 and 4. Chapter 2 considers the compound Poisson risk model with the adaptive
premium policy, where the premium rate will change when there is a new drop in the surplus
level. Chapter 3 involves the review time within the compound Poisson risk model, and
the premium rate will change based on the increments between two successive review times.
Chapter 4 proposes a regime-switching spectrally negative Lévy model, where not only the
premium rate but also the claim arrival dynamic could change between two regimes based
on the drawdown process. As one can see, these three adaptive policies have their own
features to characterize the dynamic of the insurance risk processes, and it is shown that
each policy helps to reduce the overall risk in comparison to a static strategy. The main

approach to analyze the Gerber-Shiu function in the first two models is by conditioning on
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the first drop at a the renewal point to derive the defective renewal or integral equation,
and the main approach to analyze the exit problem (including the ruin probability) for the
third model is to make use of the strong Markov property to derive a differential equation
satisfied by the quantities of interest. In the second part of this thesis (Chapter 5), the
drawdown-related quantities and two-sided exit problems are analyzed in a Sparre Andersen
(renewal) risk model, where the fluid flow technique is used to build connections with some

existing Markov arrival processes.

Based on the research done in this thesis, there are several extensions that I intend to

work on in the future.

The first direction is to study in depth the proposed risk models. For instance, future
research can be done to analyze the LT or density of some occupation times (such as the
total time spent below level 0) or Parisian ruin problem related to the Sparre Andersen risk
model in Chapter 5 using the same fluid flow methodology; see, e.g., Landriault et al. (2011a)
and Loeffen et al. (2013).

The second direction is to generalize some assumptions of the proposed risk models in
Chapters 2, 3 and 4. For instance, in Chapter 4, although the drawdown-based regime-
switching risk model captures some practical features of the changes in the insurance sur-
plus process, there are several limitations of the current model which may inspire future
extensions. First, the drawdown threshold a is constant. According to other related studies
(Kyprianou and Zhou (2009), Li et al. (2013), Zhang (2015)), it appears that this can be
generalized to an increasing function of the running maximum. Second, the level of financial
distress may ideally not only depend on the size of drawdown but also its duration (e.g.,
Landriault et al., (2015¢)). Third, the condition to completely resolve the financial distress
may be too restrictive as a historical running maximum may never be recovered. Therefore,
we may choose another threshold level b(< a), and suppose that the financial distress is

recovered if the drawdown size is no greater than b.
The third direction is to build on these adaptive models to suggest new ones. For instance,
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in Chapter 3, the experience-based premium policy model could be considered in a more
general claim arrival process, such as the Markov-type risk models (see, e.g., Albrecher and
Boxma (2005), Ahn and Badescu (2007), Lu and Tsai (2007), and Asmussen and Albrecher
(2010) for more details). An idea of an insurance risk model of interest is one where there
are two states 6 = 1,2, where # might be an external environment parameter. When the
surplus process is in state ¢, the inter-arrival time is exponentially distributed with mean 1/X;
and the premium rate charged is ¢;. However, given that the parameter # is unknown and
unobservable, one needs to predict the external environment parameter 6 at review times to
determine which premium rate should be effective over the next period. Since the premium
rate can only be changed at random review times, so there may be a time delay to change
the premium rates. Also, it is of interest to consider other variants for changing the premium
rates. For example, a premium policy conducted at claim instants and a dynamic premium
policy involving credibility theory (see, e.g., Tsai and Parker (2004) and Loisel and Trufin

(2013)) is likely to yield analytically tractable results.

The last direction is to consider optimality questions in the context of these risk models.
The models discussed in this thesis are parametric models, and hence it is of interest to
examine how these parameters can be chosen to maximize (or minimize) some objective
functions. In insurance, some common objective functions may be to minimize the ruin
probability or maximize the cumulative discounted dividend before ruin (see, e.g., Browne
(1995) and Hipp and Plum (2003)). In the context of drawdowns, some early warning criteria
can be developed and thus classical optimization problems with exit times could be studied

accordingly.

132



References

1]

2]

8]

[9]

[10]

Abramowitz, M.; Stegun, I. A. Handbook of Mathematical Functions, Dover Publica-
tions, New York, 1965.

Afonso, L. B.; Egidio dos Reis, A. D.; Waters, H. R. Numerical evaluation of continuous
time ruin probabilities for a portfolio with credibility updated premiums. Astin Bull.
40 (2010), no. 1, 399-414.

Ahn, S.; Badescu, A. On the analysis of the Gerber-Shiu discounted penalty function
for risk processes with Markovian arrivals. Insurance Math. Econom. 41 (2007), no. 2,

234-249.

Ahn, S.; Badescu, A.; Ramaswami, V. Time dependent analysis of finite buffer fluid
flows and risk models with a dividend barrier. Queueing Syst. 55 (2007), no. 4, 207-222.

Albrecher, H.; Borst, S.; Boxma, O.; Resing, J. The tax identity in risk theory — a
simple proof and an extension. Insurance Math. Econom. 44 (2009), no. 2, 304-306.

Albrecher, H.; Boxma, O. A ruin model with dependence between claim sizes and claim
intervals. Insurance Math. Econom. 35 (2004), no. 2, 245-254.

Albrecher, H.; Boxma, O. On the discounted penalty function in a Markov-dependent
risk model. Insurance Math. Econom. 37 (2005), no. 3, 650-672.

Albrecher, H.; Cheung, E. C. K.; Thonhauser, S. Randomized observation periods for
the compound Poisson risk model dividends. Astin Bull. 41 (2011), no. 2, 645-672.

Albrecher, H.; Cheung, E. C. K.; Thonhauser, S. Randomized observation periods for
the compound Poisson risk model: the discounted penalty function. Scand. Actuar. J.
(2013), no. 6, 424-452.

Albrecher, H.; Claramunt, M. M.; Marmol, M. On the distribution of dividend payments
in a Sparre Andersen model with generalized Erlang(n) interclaim times. Insurance
Math. Econom. 37 (2005), no. 2, 324-334.

133



[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

23]

Albrecher, H.; Hartinger J. On the non-optimality of horizontal barrier strategies in the
Sparre Andersen model. Hermis J. Comp. Math. Appl. 7 (2006), 109-122.

Albrecher, H.; Hartinger, J. A risk model with multilayer dividend strategy. N. Am.
Actuar. J. 11 (2007), no. 2, 43-64.

Albrecher, H.; Hartinger, J.; Tichy, R. F. On the distribution of dividend payments and
the discounted penalty function in a risk model with linear dividend barrier. Scand.
Actuar. J. (2005), no. 2, 103-126.

Albrecher, H.; Hipp, C. Lundberg’s risk process with tax. Bl. DGVFM 28 (2007), no.
1,13-28.

Albrecher, H.; Renaud, J.-F.; Zhou, X. A Lévy insurance risk process with tax. J. Appl.
Probab. 45 (2008), no. 2, 363-375.

Andersen, E. S. On the collective theory of risk in case of contagion between claims.
Transactions of the XVth International Congress of Actuaries 2 (1957), no. 6, 219-229.

Asmussen, S. Stationary distributions for fluid flow models with or without Brownian
noise. Comm. Statist. Stochastic Models 11 (1995), no. 1, 21-49.

Asmussen, S.; Albrecher, H. Ruin probabilities. Second edition. World Scientific Pub-
lishing Co. Pte. Ltd., Hackensack, 2010.

Asmussen, S.; Avram, F.; Pistorius, M. R. Russian and American put options under
exponential phase-type Lévy models. Stochastic Process. Appl. 109 (2004), no. 1, 79—
111.

Asmussen, S.; Avram, F.; Usabel, M. Erlangian approximations for finite-horizon ruin
probabilities. Astin Bull. 32 (2002), no. 2, 267-281.

Avanzi, B. Strategies for dividend distribution: a review. N. Am. Actuar. J. 13 (2009),
no. 2, 217-251.

Avram, F.; Kyprianou, A. E.; Pistorius, M. R. Exit problems for spectrally negative
Lévy processes and applications to (Canadized) Russian options. Ann. Appl. Probab. 14
(2004), no. 1, 215-238.

Avram, F.; Palmowski, Z.; Pistorius, M. R. On the optimal dividend problem for a
spectrally negative Lévy process. Ann. Appl. Probab. 17 (2007), no. 1, 156-180.

134



[24]

[25]

[32]

[33]

[34]

[35]

[36]

Badescu, A.; Breuer, L.; Da Silva Soares, A.; Latouche, G.; Remiche, M.; Stanford, D.
Risk processes analyzed as fluid queues. Scand. Actuar. J. (2005), no. 2, 127-141.

Badescu A.; Cheung E. C. K., Landriault, D. Dependent risk models with bivariate
phase-type distributions. J. Appl. Probab. 46 (2009), no. 1, 113-131.

Badescu A.; Drekic S.; Landriault D. On the analysis of a multi-threshold Markovian
risk model. Scand. Actuar. J. (2007), no. 4, 248-260.

Bertoin, J. Lévy processes. Cambridge University Press, Cambridge, 1996.

Biffis, E.; Morales, M. On a generalization of the Gerber-Shiu function to path-
dependent penalties. Insurance Math. Econom. 46 (2010), no. 1, 92-97.

Boudreault, M.; Cossette, H.; Landriault, D.; Marceau, E. On a risk model with de-
pendence between interclaim arrivals and claim sizes. Scand. Actuar. J. (2006), no. 5,
265-285.

Breuer, L. Exit problems for reflected Markov-modulated Brownian motion. J. Appl.
Probab. 49 (2012), no. 3, 697-709.

Browne, S. Optimal investment policies for a firm with a random risk process: expo-
nential utility and minimizing the probability of ruin. Math. Oper. Res. 20 (1995), no.
4, 937-958.

Bithlmann, H. Experience rating and credibility. Astin Bull. 4 (1967), no. 3, 199-207.

Bihlmann, H.; Straub, E. Glaubgwiirdigkeit fiir Schadensatze. Bulletin of the Swiss
Association of Actuaries, 70 (1970), 111-133.

Cai, J.; Feng, R.; Willmot, G. E. On the expectation of total discounted operating costs
up to default and its applications. Adv. in Appl. Probab. 41 (2009), no. 2, 495-522.

Carr, P. Randomization and the American put. Review of Financial Studies, 1 (1998),
597-626.

Carr, P.; Zhang, H.; Hadjiliadis, O. Maximum drawdown insurance. Int. J. Theor. Appl.
Finance 14 (2011), no. 8, 1195-1230.

Chekhlov, A.; Uryasev, S.; Zabarankin, M. Drawdown measure in portfolio optimization.
Int. J. Theor. Appl. Finance 8 (2005), no. 1, 13-58.

135



[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

Cherny, V.; Obloj, J. Portfolio optimisation under non-linear drawdown constraints in
a semimartingale financial model. Finance Stoch. 17 (2013), no. 4, 771-800.

Cheung, E. C. K.; Feng, R. A unified analysis of claim costs up to ruin in a Markovian
arrival risk model. Insurance Math. Econom. 53 (2013), no. 1, 98-109.

Cheung, E. C. K.; Landriault, D. Analysis of a generalized penalty function in a semi-
Markovian risk model. N. Am. Actuar. J. 13 (2009), no. 4, 497-513.

Cheung, E. C. K.; Landriault, D.; Willmot, G. E.; Woo, J.-K. Gerber-Shiu analysis
with a generalized penalty function. Scand. Actuar. J. (2010), no. 3, 185-199.

Cossette, H.; Marceau, E.; Marri, F. On the compound Poisson risk model with de-
pendence based on a generalized Farlie-Gumbel-Morgenstern copula. Insurance Math.
Econom. 43 (2008), no. 3, 444-455.

Cramér, H. On the mathematical theory of risk. Skandia Jubilee Volume, Stockholm,
1930.

Czarna, 1.; Palmowski, Z. Ruin probability with Parisian delay for a spectrally negative
Lévy risk process. J. Appl. Probab. 48 (2011), no. 4, 984-1002.

Davis, M. H. A. Piecewise-deterministic Markov processes: a general class of nondiffu-
sion stochastic models. J. Roy. Statist. Soc. Ser. B 46 (1984), no. 3, 353-388.

De Finetti, B. Su un’impostazion alternativa dell teoria collecttiva del rischio. In Trans.
XVth Internat. Congress Actuaries 2 (1957), 433-443.

Dickson, D. C. M.; Hipp, C. On the time to ruin for Erlang(2) risk processes. Insurance
Math. Econom. 29 (2001), no. 3, 333-344.

Douady, R.; Shiryaev, A. N.; Yor, M. On probability characteristics of “downfalls” in a
standard Brownian motion. Theory Probab. Appl. 44 (2000), no. 1, 29-38.

Dshalalow, J. H. Advances in queueing: theory methods and open problems. CRC, Boca
Raton, FL, USA, 1995.

Dufresne, D. Fitting combinations of exponentials to probability distributions. Appl.
Stoch. Models Bus. Ind. 23 (2007), no. 1, 23-48.

Dufresne, F.; Gerber, H. U. Risk theory for the compound Poisson process that is
perturbed by diffusion. Insurance Math. Econom. 10 (1991), no. 1, 51-59.

136



[52]

[53]

[54]

[61]

[62]

[64]

[65]

Frostig, E.; Pitts, S. M.; Politis, K. The time to ruin and the number of claims until
ruin for phase-type claims. Insurance Math. Econom. 51 (2012), no. 1, 19-25.

Garrido, J.; Morales, M. On The Expected Discounted Penalty function for Lévy Risk
Processes. N. Am. Actuar. J. 10 (2006), no. 4, 196-216.

Gerber, H. U. An introduction to mathematical risk theory. S.S. Huebner Foundation

for Insurance Education, Huebner, 1979.

Gerber, H. U.; Shiu, E. S. W. On the time value of ruin. With discussion and a reply
by the authors. N. Am. Actuar. J. 2 (1998), no. 1, 48-78.

Gerber, H. U.; Shiu, E. S. W. The time value of ruin in a Sparre Andersen model. With
discussion and a reply by the authors. N. Am. Actuar. J. 9 (2005), no. 2, 49-84.

Grandell, J. Aspects of risk theory. Springer-Verlag, New York, 1991.

Grossman, S. J.; Zhou, Z. Optimal investment strategies for controlling drawdowns.

Math. Finance 3 (1993), no. 3, 241-276.

Heinig, G. Inversion of generalized Cauchy matrices and other classes of structured
matrices. Linear algebra for signal processing (Minneapolis, MN, 1992), 63-81, IMA
Vol. Math. Appl., 69, Springer, New York, 1995.

Heinig, G. Generalized Cauchy-Vandermonde matrices. Linear Algebra Appl. 270 (1998),
45-77.

Hipp, C.; Plum, M. Optimal investment for investors with state dependent income, and
for insurers. Finance Stoch. 7 (2003), no. 3, 299-321.

Ivanovs, J.; Palmowski, Z. Occupation densities in solving exit problems for Markov
additive processes and their reflections. Stochastic Process. Appl. 122 (2012), no. 9,
3342-3360.

Khan, R. A. Distributional properties of CUSUM stopping times. Sequential Anal. 27
(2008), no. 4, 420-434.

Klugman, S. A.; Panjer, H. H.; Willmot, G. E. Loss models. From data to decisions.
Wiley Series in Probability and Statistics, 4th edition, 2012.

Kliippelberg, C; Kyprianou, A. E.; Maller, R. A. Ruin probabilities and overshoots for
general Lévy insurance risk processes. Ann. Appl. Probab. 14 (2004), no. 4, 1766-1801.

137



[66]

[70]

[71]

[72]

[73]

[77]

(78]

Kuznetsov, A.; Kyprianou, A. E.; Rivero, V. The theory of scale functions for spec-
trally negative Lévy processes. Lévy matters II, 97-186, Lecture Notes in Math., 2061,
Springer, Heidelberg, 2012.

Kyprianou, A. E. Introductory lectures on fluctuations of Lévy processes with applica-

tions. Universitext. Springer-Verlag, Berlin, 2006.
Kyprianou, A. E. Gerber-Shiu risk theory. Springer, Cham, 2013.

Kyprianou, A. E.; Palmowski, Z. Fluctuations of spectrally negative Markov addi-
tive processes. Séminaire de probabilités XLI, 121-135, Lecture Notes in Math., 1934,
Springer, Berlin, 2008.

Kyprianou, A. E.; Zhou, X. General tax structures and the Lévy insurance risk model.
J. Appl. Probab. 46 (2009), no. 4, 1146-1156.

Landriault, D.; Lemieux, C.; Willmot, G. E. An adaptive premium policy with a
Bayesian motivation in the classical risk model. Insurance Math. Econom. 51 (2012),
no. 2, 370-378.

Landriault, D.; Li, B.; Li, S. Analysis of a drawdown-based regime-switching Lévy
insurance model. Insurance Math. Econom. 60 (2015a), 98-107.

Landriault, D.; Li, B.; Li, S. Drawdown risk analysis for the renewal insurance risk
process. Submitted, (2015b).

Landriault, D.; Li, B.; Zhang, H. On Magnitude, Asymptotics and Duration of Draw-
downs for Lévy Models. Submitted, (2014).

Landriault, D.; Li, B.; Zhang, H. On the frequency of drawdowns for Brownian motion
processes. J. Appl. Probab. 52 (2015¢), no. 1, 191-208.

Landriault, D.; Renaud, J.-F.; Zhou, X. Occupation times of spectrally negative Lévy
processes with applications. Stochastic Process. Appl. 121 (2011a), no. 11, 2629-2641.

Landriault, D.; Shi, T. First passage time for compound Poisson processes with diffusion:

ruin theoretical and financial applications. Scand. Actuar. J. (2014), no. 4, 368-382.

Landriault, D.; Shi, T.; Willmot, G. E. Joint densities involving the time to ruin in the

Sparre Andersen risk model under exponential assumptions. Insurance Math. Econom.
49 (2011b), no. 3, 371-379.

138



[79]

[85]

[36]

[87]

[38]

[89]

[90]

[91]

[92]

Landriault, D.; Willmot, G. E. On the joint distributions of the time to ruin, the surplus
prior to ruin, and the deficit at ruin in the classical risk model. N. Am. Actuar. J. 13

(2009), no. 2, 252-279.

Lehoczky, J. P. Formulas for stopped diffusion processes with stopping times based on
the maximum. Ann. Probab. 5 (1977), no. 4, 601-607.

Li, B.; Tang, Q.; Zhou, X. A time-homogeneous diffusion model with tax. J. Appl.
Probab. 50 (2013), no. 1, 195-207.

Li, B.; Zhou, X. The joint Laplace transforms for diffusion occupation times. Adv. in
Appl. Probab. 45 (2013), no. 4, 1049-1067.

Li, G.; Luo, J. Upper and lower bound s for the solutions of Markov renewal equations.
Math. Methods Oper. Res. 62 (2005), no. 2, 243-253.

Li, S.; Garrido, J. On ruin for the Erlang(n) risk process. Insurance Math. Econom. 34
(2004a), no. 3, 391-408.

Li, S.; Garrido, J. On a class of renewal risk models with a constant dividend barrier.
Insurance Math. Econom. 35 (2004b), no. 3, 691-701.

Li, S.; Garrido, J. On a general class of renewal risk process: analysis of the Gerber-Shiu
function. Adv. in Appl. Probab. 37 (2005a), no. 3, 836-856.

Li, S.; Garrido, J. The Gerber-Shiu function in a Sparre Andersen risk process perturbed
by diffusion. Scand. Actuar. J. (2005b), no. 3, 161-186.

Li, S.; Landriault, D.; Lemieux, C. A risk model with varying premiums: its risk

management implications. Insurance Math. Econom. 60 (2015), 38-46.

Lin, X. S.; Pavlova, K. P. The compound Poisson risk model with a threshold dividend
strategy. Insurance Math. Econom. 38 (2006), no. 1, 57-80.

Lin, X. S.; Sendova, K. P. The compound Poisson risk model with multiple thresholds.
Insurance Math. Econom. 42 (2008), no. 2, 617-627.

Lin, X. S.; Willmot, G. E.; Drekic, S. The classical risk model with a constant divi-
dend barrier: analysis of the Gerber-Shiu discounted penalty function. Insurance Math.
Econom. 33 (2003), no. 3, 551-566.

Loeffen, R. L. On optimality of the barrier strategy in de Finetti’s dividend problem for
spectrally negative Lévy processes. Ann. Appl. Probab. 18 (2008), no. 5, 1669-1680.

139



93] Loeffen, R. L.; Czarna, I.; Palmowski, Z. Parisian ruin probability for spectrally negative
Lévy processes. Bernoulli 19 (2013), no. 2, 599-609.

[94] Loeffen, R. L.; Renaud, J.-F.; Zhou, X. Occupation times of intervals until first passage
times for spectrally negative Lévy processes. Stochastic Process. Appl. 124 (2014), no.
3, 1408-1435.

[95] Loisel, S.; Trufin, J. Ultimate ruin probability in discrete time with Bithlmann credibility
premium adjustments. Bulletin Fran¢ais D’actuariat 13 (2013), 73-102.

[96] Lu, Y.; Tsai, C. C. The expected discounted penalty at ruin for a Markov-modulated
risk process perturbed by diffusion. N. Am. Actuar. J. 11 (2007), no. 2, 136-149.

[97] Lundberg, F. Approzimerad Framstdllning av Sannolikehetsfunktionen. Aterforsikering
av Kollektivrisker, Almqvist & Wiksell, Uppsala, 1903.

(98] Magdon-Ismail, M.; Atiya, A. F.; Pratap, A.; Abu-Mostafa, Y. On the maximum draw-
down of a Brownian motion. J. Appl. Probab. 41 (2004), no. 1, 147-161.

[99] Meyer, J. Two-Moment Decision Models and Expected Utility Maximization. The
American Economic Review 77 (1987), no. 3, 421-430.

[100] Mijatovié¢, A.; Pistorius, M. R. On the drawdown of completely asymmetric Lévy
processes. Stochastic Process. Appl. 122 (2012), no. 11, 3812-3836.

[101] Miyazawa, M. A Markov renewal approach to the asymptotic decay of the tail prob-
abilities in risk and queuing processes. Probab. Engrg. Inform. Sci. 16 (2002), no. 2,
139-150.

[102] Pistorius, M. R. On exit and ergodicity of the spectrally one-sided Lévy process re-
flected at its infimum. J. Theoret. Probab. 17 (2004), no. 1, 183-220.

[103] Poor, H. V.; Hadjiliadis, O. Quickest detection. Cambridge University Press, Cam-
bridge, 2009.

[104] Pospisil, L.; Vecer, J. Portfolio sensitivity to changes in the maximum and the maxi-
mum drawdown. Quant. Finance 10 (2010), no. 6, 617-627.

[105] Ramaswami, V. Passage times in fluid models with application to risk processes.
Methodol. Comput. Appl. Probab. 8 (2006), no. 4, 497-515.

[106] Rolski, T.; Schmidli, H.; Schmidt, V.; Teugels, J. Stochastic processes for insurance
and finance. John Wiley & Sons, Ltd., Chichester, 1999.

140



[107] Ross, S. M. Stochastic Processes. John Wiley & Sons, Inc., USA, 2nd edition, 1996.

[108] Ross, S. M. Introduction to Probability Models. Academic Press, Oxford, 10th edition,
2010.

[109] Schuhmacher, F.; Eling, M. Sufficient conditions for expected utility to imply
drawdown-based performance rankings. Journal of Banking & Finance 35 (2011), 2311—
2318.

[110] Shepp, L.; Shiryaev, A. N. The Russian option: reduced regret. Ann. Appl. Probab. 3
(1993), no. 3, 631-640.

[111] Shi, T.; Landriault, D. Distribution of the time to ruin in some Sparre Andersen risk
models. Astin Bull. 43 (2013), no. 1, 39-59.

[112] Spiegel, M. R. Schaum’s Outline of Theory and Problems of Laplace Transforms.
Schaum, New York, 1965.

[113] Taylor, H. M. A stopped Brownian motion formula. Ann. Probab. 3 (1975), 234-246.
[114] Titchmarsh, E. C. Theory of functions. Oxford Univ. Press, London, 2nd, 1939.

[115] Tsai, C.; Parker, G. Ruin probabilities: classical versus credibility. NTU International
Conference on Finance (2004).

[116] Tsai, C. C.; Willmot, G. E. A generalized defective renewal equation for the surplus
process perturbed by diffusion. Insurance Math. Econom. 30 (2002), no. 1, 51-66.

[117] Willmot, G. E. A note on a class of delayed renewal risk processes. Insurance Math.

Econom. 34 (2004), no. 2, 251-257.

[118] Willmot, G. E.; Dickson, D. C. M. The Gerber-Shiu discounted penalty function in
the stationary renewal risk model. Insurance Math. Econom. 32 (2003), no. 3, 403-411.

[119] Willmot, G. E.; Dickson, D. C. M.; Drekic, S.; Stanford, D. A. The deficit at ruin in
the stationary renewal risk model. Scand. Actuar. J. (2004), no. 4, 241-255.

[120] Willmot, G. E.; Lin, X. S. Lundberg approximations for compound distributions with
isurance applications. Lecture Notes in Statistics, 156. Springer-Verlag, New York,
2001.

[121] Willmot, G. E.; Woo, J.-K. On the analysis of a general class of dependent risk pro-
cesses. Insurance Math. Econom. 51 (2012), no. 1, 134-141.

141



[122] Woo, J.-K. Some remarks on delayed renewal risk models. Astin Bull. 40 (2010), no.
1, 199-219.

[123] Zhang, H. Occupation time, drawdowns, and drawups for one-dimensional regular
diffusion. Adv. in Appl. Probab. 47 (2015), no. 1, 210-230.

[124] Zhang, H.; Hadjiliadis, O. Drawdowns and the speed of market crash. Methodol. Com-
put. Appl. Probab. 14 (2012), no. 3, 739-752.

[125] Zhang, H.; Hadjiliadis, O.; Schéfer, T.; Poor, H. V. Quickest detection in coupled
systems. SIAM J. Control Optim. 52 (2014), no. 3, 1567-1596.

[126] Zhang, H.; Leung, T.; Hadjiliadis, O. Stochastic modeling and fair valuation of draw-
down insurance. Insurance Math. Econom. 53 (2013), no. 3, 840-850.

142



	List of Tables
	List of Figures
	Introduction
	Background
	Ruin theory
	Drawdown analysis

	Risk models
	Dependent Sparre Andersen risk model
	Spectrally negative Lévy process
	Spectrally negative Markov additive process

	Quantities of interest
	Ruin-related quantities and Gerber-Shiu functions
	Drawdown-related quantities

	Mathematical preliminaries
	Erlangization
	Dickson-Hipp operator and Laplace transform
	Rouche's theorem
	Scale functions and exit problems

	Outline and contributions of the thesis

	Some generalizations to the adaptive premium policy
	Introduction
	The general Gerber-Shiu function
	Discounted total premium paid 
	An asymptotic result for the Gerber-Shiu function
	Another variant of the adaptive premium policy

	Experience-based premium policy
	Introduction
	The two one-sided densities of Ze
	Density of Ze1{Ze>0}
	Density of -Ze1{Ze<0}

	Defective renewal equation and discounted joint density 
	Laplace transform of the Gerber-Shiu function
	Matrix-form defective renewal equation and discounted joint densities

	Numerical examples
	Ruin probability
	Deficit at ruin
	Comparison with discrete time ruin problem

	Other related models
	A random performance framework
	Premium policy review conducted at claim occurrence


	Drawdown-based regime-switching Lévy insurance model
	Introduction
	Preliminaries
	Generalized two-sided exit problem
	Survival probability
	Regime-dependent occupation time
	Regime-switching premium model and its relation with other risk models
	Relation with the loss-carry-forward tax model: =0
	Relation with the single premium model: >0


	Drawdown risk analysis for the renewal insurance risk process
	Introduction
	Problem formulation
	Two-sided exit problems
	A generalized result
	Main results

	Drawdown problems
	Sextuple law of (Na,Na,a,Ga,Ma,Ya-a)
	Distribution of ma
	Constant dividend barrier risk model


	Conclusion and Future Research
	References

