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Abstract

It has been observed by S. Rayan that the complex projective surfaces that potentially
admit non-trivial examples of semistable co-Higgs bundles must be found at the lower end
of the Enriques-Kodaira classification. Motivated by this remark, we study the geometry
of these objects (in the rank 2 case) over Hirzebruch surfaces, giving special emphasis to
P! x P!. Two main topics can be identified throughout the dissertation: non-emptiness of
the moduli spaces of rank 2 semistable co-Higgs bundles over Hirzebruch surfaces, and the
description of these moduli spaces over P! x P

The existence problem consists in determining for which pairs of Chern classes (c1, ¢o)
there exists a non-trivial semistable rank 2 co-Higgs bundle with Chern classes ¢; and
co. We approach this problem from two different perspectives. On one hand, we restrict
ourselves to certain natural choices of ¢; and give necessary and sufficient conditions on ¢y
that guarantee the existence of non-trivial semistable co-Higgs bundles with these Chern
classes; we do this for arbitrary polarizations when ¢, < 2. On the other hand, for arbitrary
c1, we also provide necessary and sufficient conditions on ¢y that ensure the existence of non-
trivial semistable co-Higgs bundles; however, we only do this for the standard polarization.

As for the description of the moduli spaces M (c1, co) of rank 2 semistable co-Higgs
bundles over P! x P!, we restrict ourselves to the standard polarization. We then discuss
how to use the spectral construction and the Hitchin correspondence to understand generic
rank 2 semistable co-Higgs bundles. Furthermore, we give an explicit description of the
moduli spaces when c¢; = 0,1 for certain choices of ¢;. Finally, we explore the first order
deformations of points in the moduli space M (cq, ¢3).
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Chapter 1

Introduction

A Higgs bundle on a complex projective manifold X is a pair (F, ®) consisting of a holo-
morphic vector bundle E over X together with a Higgs field ®: F — E®T" taking values
in the holomorphic cotangent bundle 7V of X such that ® A ® € H*(End E @ A?TV) is
identically zero. Higgs bundles were introduced almost 30 years ago by Hitchin in [19]
and by Simpson in his PhD dissertation [30]. These objects have several interesting ap-
plications to both physics and mathematics, and have been extensively studied by many
other authors, including Bradlow, Garcia-Prada, Gothen, Wentworth; see for instance
[7, 8, 14, 15, 16, 20, 31, 32, 35]. Co-Higgs bundles, on the other hand, are holomorphic
vector bundles F paired with Higgs fields ®: £ — E'® T taking values in the holomorphic
tangent bundle T" of X, instead of its holomorphic cotangent bundle TV, and satisfying the
same integrability condition ® A ® = 0 € H*(End E ® A%T). Their study is fairly recent.
They first appeared in the work of Gualtieri [17], and were further studied by Hitchin in
[22, 23] and Rayan in [27, 28, 29]. As Rayan pertinently points out in his PhD disserta-
tion [27], the study of co-Higgs bundles goes beyond idle curiosity, as these objects appear
naturally in geometry; for example, in generalized complex geometry and in the theory of
twisted quiver bundles.

In the realm of generalized complex geometry, as introduced by Hitchin in [21] and
developed by Gualtieri in [17], co-Higgs bundles emerge as generalized holomorphic vector
bundles over complex manifolds (regarded as generalized complex manifolds). Indeed,
as defined by Gualtieri in [17], a generalized holomorphic bundle on a complex manifold
(regarded as a generalized complex manifold) is a smooth vector bundle E together with
a differential operator D : C® — C®(E ® TV @ T) such that D(fs) = 0fs + fDs for
any smooth function f and smooth section s, and D?> = 0 € C®(End E @ A2 (TV & T)).
A consecuence of the definition is that D can be written as D = 0 + ®, for an operator
0:C®(E) = C*(E®T") and a linear operator ® : C*°(E) — C>®(E ® T) satisfying:

1. 9?=0¢€ C®(End E ® A?T"),
2.00=0€C®°EndE®T®T") and
3. AP =0€ C®(End E @ A’T).

Condition (1) means that F is a holomorphic vector bundle, condition (2) says that @ is a
holomorphic section of End F ® T" and condition (3) implies that ® is integrable. Hence,
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the generalized holomorphic structure of E yields naturally the structure of a co-Higgs

bundle.

Co-Higgs bundles, just as Higgs bundles, also fit in the realm of twisted quiver bundles
as developed by Alvarez-Cénsul and Garcia-Prada in [1]. A quiver @ consists of a set Q) of
vertices v,v’, ... and a set (), of arrows a : v — v connecting the vertices. Given a quiver
and a compact Kahler manifold, a quiver bundle is defined by assigning a holomorphic
vector bundle FE, to a finite number of vertices, and a homomorphism &, : £, — E| to
a finite number of arrows. If a collection of holomorphic vector bundles M, parametrized
by the set of arrows is fixed, and the morphisms ®, are twisted by the corresponding
bundles M,, ®, : £, ® M, — E!, a twisted quiver bundle is obtained. Thus, a co-Higgs
bundle can be thought of as a quiver bundle formed by one vertex and one arrow (with the
homomorphism satisfying the integrability condition) whose head and tail coincide, and
the twisting bundle is the holomorphic cotangent bundle TV.

Co-Higgs bundles come with a natural stability condition, analogous to the one discov-
ered by Hitchin in [19] for Higgs bundles, which allows the study of their moduli spaces.
Rayan has already given a complete characterization of (rank 2) semistable co-Higgs bun-
dles over Riemann surfaces, but very little is known about these objects in higher dimen-
sions. In his PhD dissertation [27] and in [28, 29], Rayan makes a thorough investigation of
semistable rank 2 co-Higgs bundles over the Riemann sphere and constructs some examples
over the projective plane. He also proves a non-existence result for non-trivial (i.e., non-
zero Higgs field) stable co-Higgs bundles over K3 and general type surfaces, suggesting that
some of the interesting examples must be found at the lower end of the Enriques—Kodaira
classification of (compact) complex surfaces. Motivated by this fact, in this dissertation,
we investigate rank 2 semistable co-Higgs bundles over Hirzebruch surfaces.

We organize this thesis as follows. Chapter 2 can be thought of as a foundational
chapter in the sense that we introduce most of the concepts that will play a central role in
the rest of this document. We begin by recalling the notion of slope stability for bundles
(in the sense of Mumford—Takemoto) and review some useful properties of stable bundles.
As this dissertation is concerned with Hirzebruch surfaces, we also introduce them here
and recall some of their properties. We then conclude the chapter with the introduction
of co-Higgs bundles and their appropriate Hitchin-type stability condition. Some basic
properties of co-Higgs bundles, that are immediate generalizations of the analogous results
for stable bundles, are also included. Finally, we offer a brief review of some known facts
of semistable co-Higgs bundles over curves and surfaces.

In Chapter 3, we explore the existence of rank 2 semistable co-Higgs bundles over
Hirzebruch surfaces in two directions. On the one hand, while considering arbitrary po-
larizations, we reduce the first Chern class c¢; of the bundles by tensoring them with an
appropriate line bundle (Lemma 3.1), and give necessary conditions on their second Chern
class ¢y in order to ensure the existence of non-trivial semistable co-Higgs pairs of rank 2
(Theorem 3.3). More precisely, let F,, denote the n-th Hirzebruch surface, and let F' and
Cy denote the two classes of divisors that freely generate Pic(F,,) (here F' denotes a general
fibre of the ruling and Cj the negative section). Any rank 2 vector bundle E over F,, has,
aside from the Chern classes that determine its topological type, two numerical invariants,
dg and rg, which are used to express F as an extension in a canonical way (see Section
2.2.2 for the definition of these invariants). By making use of stability and these numerical
invariants, we prove:



Theorem A. Let H be an ample divisor and let E be a rank 2 vector bundle over F,.
Suppose (E,®) is H-semistable.

1. If e1(E) = 0, then co(E) > 0. Furthermore, when equality holds, E is an extension
of line bundles.

2. If c1(E) = —F, then co(E) > 0. Furthermore, when equality holds, E is an extension
of line bundles.

8. If c/(E) = —Cy, then co(E) > —%. Furthermore, when equality holds, E is an

extension of line bundles, and if dg # 0, then co(E) > 0.

4. If c1(E) = —=Cy — F, then co(E) > —”T_l. Furthermore, when equality holds, E is an
extension of line bundles, and if dg # 0, then cy(E) > 0.

Then, we constructively show that the necessary conditions described above are also
sufficient. While for ¢ < 1 we do so by carefully analyzing the ample cone of F,, (Theorems
3.8 and 3.9), for ¢o > 2 we only work with the standard polarization H = Cy + (n + 1)F
(Theorem 3.13).

On the other hand, by again fixing the standard polarization H (which naturally extends
the notion of degree from P! to Hirzebruch surfaces), we give necessary and sufficient
conditions on the second Chern class of the bundle in order to guarantee the existence
of non-trivial (i.e., non-zero Higgs field) semistable co-Higgs bundles of rank 2 (Theorem
3.15). Indeed, if we let M$P(c1, c2) denote the moduli space of rank 2 H-semistable co-Higgs
bundles over [F,, with fixed Chern classes ¢; and ¢y, we prove:

Theorem B. Let ¢; = aCy + BF and co = . Fiz the standard polarization H = Cy +
(n+ 1)F. Then, the moduli space M$¥(cy,c2) is non-empty (and moreover it contains a
non-trivial co-Higgs pair) if and only if one of the following holds:

1. « and B are both even and 4y > (206 — na);
2. « is even, [ is odd and 4y > «(2f — na);
3. ais odd, B is even and 4y > 2a3 — n(1 + a?);

4. « and B are both odd and 4y > 2(af —2) — n(1 + a?).

In Chapter 4, we specialize to the 0-th Hirzebruch surface, P! x P!, and fix the polar-
ization H = Cy + F'. In this setting, we describe some of the moduli spaces of semistable
rank 2 co-Higgs bundles for fixed values of ¢; and ¢y over it. Two important tools in con-
structing examples of semistable co-Higgs pairs or in understanding their moduli spaces
are spectral covers and deformation theory. In this chapter we cover both. In fact, we
divide the chapter into three main sections.

The first section is devoted to spectral covers and the Hitchin correspondence. Given
a rank 2 co-Higgs bundle over the complex projective manifold X, we can associate to it
a spectral manifold, which is a double cover of X naturally living in the total space of
its tangent bundle. By the work of Hitchin and Simpson, it is well known that, under
certain genericity conditions, one can construct rank 2 stable co-Higgs pairs over X in the
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following fashion: Take any rank 1 torsion-free coherent sheaf F over the spectral cover
of X and push it down to obtain the underlying bundle of the co-Higgs pair, take also
the push down of the multiplication map associated to F to obtain the Higgs field (one
would of course need to check that the integrability condition is satisfied). In the P! x P!
setting, we show that the generic elements in the moduli space are such that the underlying
bundles are not decomposable (Proposition 4.4). Finally, in certain non-generic cases, we
are able to describe the spectral covers as trivial elliptic fibrations over P!'; in these cases,
the fibres of the Hitchin map do contain co-Higgs pairs with decomposable underlying
bundles (Proposition 4.5).

In the second section, we explicitly construct some moduli spaces M (cy,cy). For
co = 0, there are only three possibilities for the reduced first Chern classes: ¢; = 0, —F
and —Cy. For the case where ¢; = —F (or —(CY), we have a complete description of the
moduli space (Theorem 4.8):

Theorem C. The moduli space M(—F,0) of rank 2 stable co-Higgs bundles over P x P!
with first Chern class —F and second Chern class 0 is a 6-dimensional smooth variety
isomorphic to the moduli space MG (—1) of rank 2 stable co-Higgs bundles of degree —1
over P! (the latter is described in [25, Section 7]).

For ¢; = 0, we were not able to give such an explicit description. Nonetheless, we show
that there are only three underlying bundles that admit semistable Higgs fields: O & O,
O(1,0) ® O(—1,0) and O(0,1) & O(0,—1). Also, we fully describe the Higgs fields that
make O @ O strictly semistable, and in Proposition 4.11 we prove that the Higgs fields
of points in M (0,0) with underlying bundle O(1,0) & O(—1,0) (O(0,1) ® O(0, —1)) are
naturally parametrized by H’(O(4,0)) (H°(O(0,4)), respectively).

For ¢, = 1, we consider the case ¢y = —F. We first show that any underlying bundle in
the moduli space MS$P(—F, 1) is an extension of O(—1,1) by O(0, —1) (Proposition 4.15).
Then, for the sake of being explicit, we describe all the Higgs fields that these bundles
admit. Finally, we give an explicit description of the moduli space in Theorem 4.23 (see
also Propositon 4.21):

Theorem D. The moduli space MS$(—F,1) is a 7-dimensional algebraic variety whose
singular locus are the points (E,0) for any non-trivial extension E of O(—1,1) by O(0, —1).

In the third section, we focus on the deformation theory of rank 2 semistable co-Higgs
bundles over P' x P!. After reviewing the general theory, adapted by Rayan from the
existing deformation theory for Higgs bundles, we explore the deformation theory for the
co-Higgs bundles in the moduli spaces analyzed in the second section of this chapter.

In Chapter 5, we briefly outline some of the possible directions in which one can take
this work.

Finally, we include two appendices in which we discuss further some of the underlying
bundles of semistable co-Higgs pairs. In Appendix A, we focus on decomposable bundles.
First, we describe all the decomposable stable underlying bundles (and their Higgs fields)
with ¢; = 0 or —F, and ¢, = 1 over any Hirzebruch surface. Then, we describe all the
decomposable underlying bundles of stable co-Higgs pairs over P! x P! for reduced first
Chern classes and ¢ > 2. In Appendix B, we consider semistable co-Higgs pairs with
c1 =0,—Cy, —Cy — F and ¢y = 1 over P! x PL. Since in Chapter 4, when ¢, = 1, we only
considered ¢; = —F when describing the moduli spaces, here we determine the underlying
bundles for the other cases.



Chapter 2

Stability, Hirzebruch surfaces and
co-Higgs bundles

We begin this chapter by recalling some basic facts about stability of holomorphic vector
bundles over complex projective manifolds. However, we quickly specialize to the case of
rank 2 vector bundles over surfaces, which is what we are interested in for this dissertation.
Then, we briefly introduce Hirzebruch surfaces, and give some important facts about vector
bundles over them. We conclude the chapter with a section on co-Higgs bundles, where we
formally introduce the concept and lay the foundation for the remainder of this thesis.

2.1 The Notion of Stability

Stability of bundles has been an interesting topic of study for many years; one apparent
reason being that, under many circumstances, these objects form sufficiently “nice” moduli
spaces. In this section, we recall the definition of stability in the Mumford—Takemoto sense
(or slope stability), and review, without proofs, some basic properties of stable bundles.
Although a lot can be said about stable bundles and their properties, we try only to
introduce those ideas that later in the chapter will be generalized to co-Higgs bundles or
that will be used in subsequent chapters. Many of these facts and their proofs can be found
in [9, 13, 24], to name a few. We rely heavily on Friedman’s book [13, Chapter 4], and
follow his presentation quite closely.

Throughout this section we let X denote a complex projective manifold of dimension
d. Whenever we say “vector bundle”, we mean holomorphic vector bundle, and we make
no distinction between locally free sheaves and vector bundles.

Let H be an ample divisor on X. Then, for any torsion-free coherent sheaf V' over X,
we define the degree of V' with respect to H as:

degy (V) = ey (V) - HYL

Note that, whereas the Chern classes are topological invariants of the sheaves, the degree
is defined only up to the choice of H.



Definition 2.1. Let V' be a torsion-free coherent sheaf over X. The H-slope of V' is given
by

pa(V) = —dii?‘(/‘)/) .

When H is understood, we omit the subscript, and simply say the slope of V', which we
denote by (V).

The following property, which follows almost immediately from the definition of slope
and the Whitney product formula (see [13, Chapter 4, Lemma 2]), is an important one to
keep in mind.

Lemma 2.2. Suppose that
0—-Vi-V->V,—0

is an exact sequence of monzero torsion-free coherent sheaves on X and H is an ample
divisor on X. Let u = py. Then

min(u(Vh), p(V2)) < u(V) < max(u(Va), u(Vz)),

and equality holds at either end if and only if (V1) = p(Va) = w(V).

As we have mentioned before, in this thesis, we are mainly concerned with rank 2 vector
bundles, so the following lemma is an important one to keep in mind.

Lemma 2.3. Suppose E = Ly ® Ly is a decomposable rank 2 vector bundle over X, and
H is an ample divisor on X. Then

~ pa(La) + pa (L)
pa(E) = 9 :

Proof. We have that

pr(E) = Cl(EQ) H (er(L1) +;1(L2)) H pr(Ln) ;‘,UH(L2>7

and so the slope of E is the average of the slopes of L; and Ls. O

The next lemma relates the slope of a torsion free sheaf with the slopes of its subsheaves.
We will mainly focus on the moreover part of the lemma.

Lemma 2.4. Suppose that W is a subsheaf of the torsion-free coherent sheaf V', with
kW =1k V. Then u(W) < u(V). Moreover, if W and V' are vector bundles, then either
p(W) < u(V) or W =1V.

Recall that by a sub-bundle of a vector bundle V' over X we mean a subsheaf which is

a vector bundle. When V' is of rank 2, the non-zero proper sub-bundles are called sub-line
bundles.

We are now ready to define the notion of stability.



Definition 2.5. Let V' be a torsion-free coherent sheaf over X. We say that V' is H-stable
(respectively, H-semistable) if, for all nonzero proper coherent subsheaves W of V', we have
that

(W) < (V) 2.1
(respectively <). We call V' unstable if it is not semistable, and strictly semistable if it is
semistable but not stable. Finally, a nonzero proper subsheaf W of V' is destabilizing if

pa(W) > uu(V).
Remark 2.6. There are several things to point out. Some of them follow immediately

from the definition, and some are a bit more elaborate (or follow from well known facts
about sheaves). For details see either [13, Chapter 4] or [27, Chapter 1].

1. Line bundles are always stable.

2. Recall that if X is a surface, two divisors D; and Dy are numerically equivalent if
(D1 — Ds) - E = 0 for all divisors E. If H is numerically equivalent to H’, then the
notion of H-stability is equivalent to H’-stability. Indeed, if H and H' are numerically
equivalent, pg (V) = pp (V) for any V. Thus, we consider stability up to a choice of
numerical equivalence class. In addition, a choice of a numerical equivalence class of
an ample divisor H is often referred to as a choice of polarization.

3. When checking inequality (2.1) it is enough to consider subsheaves W such that the
quotient V/W is torsion free.

4. If X is a curve, the slope of V' is independent of the choice of H (as pug (V) = ¢1(V)),
and so stability does not depend on the choice of polarization. Furthermore, there is
no need to check inequality (2.1) for all nonzero proper subsheaves of V; checking it
for proper sub-bundles is enough.

5. If X is a surface and FE is a vector bundle of rank 2, we can simplify the criterion for
the stability of E. Indeed, it is enough to check inequality (2.1) for proper sub-line
bundles of £. The main idea is that, given any proper subsheaf W of F, its double
dual (WVY)Y, which is locally free, only differs from it at finitely many points, and
thus they have the same slope. Thus, for any proper subsheaf of F, it is possible to
construct a sub-line bundle of £ with the same slope.

We have the following useful property.

Lemma 2.7. Let V' be a torsion-free coherent sheaf over X. The following are equivalent:

(1) V is stable (semistable).
(i) There exists a line bundle L such that V ® L is stable (semistable).
(111) For all line bundles L, V ® L is stable (semistable).

Thus, stability of a rank r vector bundle V' does not change when we tensor it by a line
bundle L, but recall that its Chern classes do. In fact, we have that:

k

(VoL =Y (; B D (V) - e (L)F. (2.2)

1=0

See, for example, [21, Section 1.2].



Lemma 2.8. Let
0->Vi—>V->V,—0

be an ezact sequence of torsion-free coherent sheaves, with u(Vy) = (V) = u(Vz). Then
V' is not stable. Moreover, V is semistable if and only if Vi and V5 are semistable. In
particular, if Vi and Vs both have rank 1, then V 1is strictly semistable.

Before we specialize to rank 2 vector bundles, let us give one more interesting fact
about stable torsion-free coherent sheaves; for a proof, see [13, Chapter 4, Propostion 7
and Corollary §].

Proposition 2.9. If V is a stable torsion-free coherent sheaf, then V is simple, i.e., the
only endomorphisms of V' are scalar multiples of the identity:

H(X,EndV) ={\-1dy : A€ C}.

2.1.1 Unstable and strictly semistable rank 2 bundles

We now turn our attention to vector bundles of rank 2. The following two propositions
and their corollaries help us to better understand the structure of unstable and strictly
semistable bundles, and will be used repeatedly in subsequent chapters. Again, the propo-
sitions and their proofs can be found in [13, Chapter 4].

Proposition 2.10. Suppose that E is an unstable rank 2 bundle over X. Then there exists
a unique sub-line bundle G of E with torsion-free quotient such that (1(G) > u(E). Indeed,
if L is a sub-line bundle of E such that u(L) > p(FE), then L is a subsheaf of G and
w(L) < u(G), with equality if and only if L = G.

Corollary 2.11. Let E = L @ Lo be a decomposable unstable rank 2 bundle over X, and
let w = py. Then either p(Ly) > pu(E) or u(Le) > p(E). Hence, it is always one of the
summands of E that makes it into an unstable bundle.

Proof. Since we know that the slope of E is the average of the slopes of Ly and Ly (see
Lemma 2.3), we have that either both L; and L have the same slope as E, or one of them
has slope strictly larger than the slope of £ (and consequently, the other one has slope
strictly smaller than the slope of F). In the latter case, the result is obvious. However, when
w(E) = p(Ly) = p(Le), by Lemma 2.8, it follows that E is semistable, which contradicts
the assumption, and thus it cannot happen. O]

Proposition 2.12. Let E be a strictly semistable rank 2 bundle. Then exactly one of the
following holds:

1. There is a unique sub-line bundle L of E with u(L) = pw(E). The quotient E/L is
necessarily torsion-free, and E is given canonically as an extension

0—-L—-E—L®I;—0,

where Z 1s a codimension 2 locally complete intersection in X or it is empty.



2. There are exactly two distinct sub-line bundles Ly and Ly with u(Ly) = p(La) = u(E).
In this case E = L ® Lo.

3. E = L& L and there are infinitely many sub-line bundles with slope p(E), exactly
corresponding to the choice of a line in H(E @ LV).

More precisely, the following holds: Suppose that E is an arbitrary rank 2 vector bundle
which 1s given as an extension

0—-Li - F—>L,®I1I; —0

with (L) = w(E). Then E is semistable and either Ly is the unique destabilizing sub-line
bundle of E with torsion-free quotient or Z = () and E = L, ® Lo, i.e., the extension splits.

Lemma 2.13. Let F = Ly @& Ly be a decomposable rank 2 bundle over X. Then, E is
strictly semistable if and only if u(E) = pu(Ly). Moreover, if E is strictly semistable, then
for every sub-line bundle G of E such that (G) = u(E), we have that either G = Ly or
G = Ls.

Proof. If E is strictly semistable, Lemma 2.3 clearly implies that u(E) = pu(L1) = u(Ls).
For the converse direction, note that if u(E) = u(Ly), then u(Ly) = u(E) as well. Now,
the strict semistability of E follows by applying the “in particular” clause of Lemma 2.8.

For the “moreover” part of the statement, assume that F is strictly semistable and let
G be a sub-line bundle of E. Then, 0 # H*(GY ® E) = H*(GY ® L;) @ H*(GY ® L,). So
either H(GY ® L) # 0 or H(GY ® Ly) # 0. In the former case, GV ® L; must be equal
to Ox (D) for some effective divisor D, but then 0 = p(L1) — u(G) = u(Ox (D)), and so
D =0, implying G = L;. In the second case, a similar argument shows that G = L.

]

2.1.2 Different Polarizations, Walls and Chambers

The notions of walls and chambers provide the right framework to answer the question:
Given two ample divisors H; and H,, when does there exist a vector bundle which is H;-
stable but is not Ho-stable? Walls and chambers have been studied by Friedmann and Qin,
among others, and [1, 25, 20] together with [13, Chapter 4] are useful references. In [20],
Qin presents the theory for complex projective manifolds of arbitrary dimension; however,
we let X be a complex projective surface. Also, E continues to represent a rank 2 vector
bundle over X.

Let Cx denote the ample cone of X and let ¢; and ¢y be fixed Chern classes. Recall
that Num(X) is the subgroup of divisors of X that are numerically equivalent to zero, and
recall further that Cx is open and convex in Num(X) ® R. An element ¢ € Num(X) ® R
is called a class of type (c1,c) if it is the numerical equivalence class of (2D — ¢;) for some
divisor D, and satisfies the condition —(4cy — ¢?) < ¢? < 0. For such ¢, we define the wall

W¢=Cxn{zeNum(X)®R:z (=0}

Walls W¢ corresponding to classes ¢ of type (c1,c2) are called walls of type (ci,cz). Note
that distinct numerical equivalence classes may yield the same wall.
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Let W(cy,c2) be the union of W¢, where ¢ runs over all classes of type (ci,cp). A
chamber of type (c1,c2) is a connected component of the set Cx\W(cy,c2). Note that
every chamber has an upper and a lower wall. A chamber C is said to be below or above a
wall W¢ if ¢ - H < 0, respectively ¢ - H > 0, for any H € C.

Now that we have introduced the appropriate definitions, we can give the following
two propositions (see [13, Chapter 4]), which are key to answering the question posed
at the beginning of this subsection. Whereas here we simply present the statements for
completeness purposes, we provide further insight on their content when we introduce their
analogous versions for co-Higgs bundles in Section 2.3.

Proposition 2.14. Let H, and Hy be two polarizations. Let E be an Hi-stable rank 2
bundle. Then, E is not Hy-stable if and only if there exists a sub-line bundle Ox (D) of E
such that

Hy- (2D — ¢1(E)) <0< Hy- (2D — ¢1(E))

and
—(4ey(E) — c1(E)*) < (2D — ¢ (E))? < 0.

Moreover, Ox (D) is the unique sub-line bundle of E with torsion free quotient with the
above properties. Finally, E s strictly semistable with respect to an ample divisor which is
a conver combination of Hy and Hs.

Proposition 2.15. Suppose that H, and Hy are two ample divisors, and that W¢ is the
unique wall of type (c1, c2) separating Hy and Hy, and assume further that (-Hy; < 0 < (-Hs.
Suppose that E is such that ¢1(E) = c1, co(E) = ¢, and that it is given by a non-split
exact sequence

0—Ox(D)— FE— Ox(ci—D)®I; =0,

where ( = 2D — ¢1. Then E is Hy-stable and Hy-unstable.

2.2 Hirzebruch Surfaces

As the title of this dissertation suggests and as we mentioned in the introduction, we will
focus our study of co-Higgs bundles on Hirzebruch surfaces. In this section we give a very
short introduction to this type of surfaces and present the properties of its (rank 1 and 2)
vector bundles that will be relevant to our study. Some good references for the subject are
[9, Chapter 5, Section 5], [13, Chapter 5] and [18, Chapter 5, Section 2].

Hirzebruch surfaces are ruled surfaces where the base curve is P!. In particular, Hirze-
bruch surfaces are rational and have Kodaira dimension —co. Even though Hirzebruch
surfaces can be obtained by a sequence of blow-ups and blow-downs from the complex pro-
jective plane, we do not take this approach. Instead, we define them as the projectivization
of a rank 2 vector bundle over P!. More precisely, we define the n-th Hirzebruch surface,
F,, as:

F, = P(Op @ Op1(—n)) = P,

where n > 0.

Recall that, by the Birkhoff-Grothendieck theorem, all vector bundles over P! are
decomposable. Thus, if we choose any rank 2 vector bundle on P!, it will be of the form
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Opi(a) @ Op1(b); nonetheless, the choice of the rank 2 bundle for the definition of F,
is justified by the following proposition. For a proof of this fact, see for example [18,
Chapter 5, Section 2.

Proposition 2.16. If E, and Ey are two vector bundles of rank 2 on P!, then P(FE,) and
P(Ey) are isomorphic as ruled surfaces over P! if and only if there is a line bundle L on
P! such that By = E5 @ L.

We denote by Cj the negative section of 7 : F,, — P!, ie., C2 = —n, and by F' a general
fibre of 7. These two divisors freely generate Pic(F,) (which, in this case, is isomorphic
to Num([F,,)). A divisor aCy + bF on F,, is ample (equivalently, very ample) if and only if
a >0 and b > an (see [18, Chapter 5]).

From now on, we let O(aCy + bF') denote the line bundle over F,, corresponding to
the divisor aCy + bF'. The tangent bundle T of a Hirzebruch surface I, is the rank 2
decomposable bundle

T=02F)® 02C,+nkF).

Lemma 2.17. Let D be a divisor on F,,, and suppose that D - F =m > 0. Then 7.0(D)
is a vector bundle of rank m + 1 on P'. Moreover, 7,0 = Op:.

Lemma 2.18. Let D be a divisor on F,,, and assume that D-F > 0. Then R'm,O(D) =0
for1>0; and for all 7, ‘ ‘
H'(F,; O(D)) = H (P!, 7,O(D)).

2.2.1 Cohomology

In this section, we compute the cohomology of line bundles over [F,,, which will be useful for
our study. We will compute the cohomology by taking the push-forward or higher direct
image (as appropriate) of line bundles on F, to P!, and then using the Leray spectral
sequence. In order to do so, first note that at a point p € P*,

[R'7.(O(aCy))], & H (P, Op1(a)).

Then, it is clear that:

1. m.0(aCy) is a vector bundle of rank a+1 over P! when a > 0, and it is zero otherwise.

2. R'7,(0(aCy)) is a vector bundle or rank —(a + 1) over P! when a < —2, and it is
zero otherwise.

3. Rim.0(aCy) = 0 for all a when i > 2.

Now, when a > 0, in order to see which rank a 4+ 1 bundle we obtain by pushing forward
O(aCy), recall that 7,0 (aCy) = S*(Op1 @ Op1(—n)), where S*(Op1 @ Op1(—n)) is the a-th
symmetric product of the bundle Op1 @ Op1(—n) (see [18, Chapter 3, Section 8]). Then,
since

Sa(Opl D Opl(-ﬂ)) = @?:Oopl(_jn)v

11



we obtain that
®f_gOp1(—jn), ifa >0,
0, otherwise.

W*O(GCO) = {
On the other hand, recall that for a < —2 (see [18, Chapter 3, Section 8|),
RI7,0(aCy) = [1.0(~(a +2)Co)] & Opi (n).

Then, since —(a + 2) > 0, by the previous result, we get that m.O(—(a + 2)Cy) =
&7 Op1 (—jn), and thus

Rlﬂ*(’)(aco) — { @j=g+2)OPl((1 +j)n), if a < -2,

0, otherwise.

Finally, to obtain the cohomology we use the Leray spectral sequence and the projection
formula. Hence,

¢ H'(PY, Op1(b— jn)), ifa>0,
H(F,, O(aCy + bF)) = (2.3)
0, otherwise,

¢ H' (P, Opi(jn—b—2)), ifa>0,
H'(F,,, O(aCy + bF)) = 0, if a =—1, (2.4)

@;:(‘éﬂ) HY(P!, Op1 (b + (1 + j)n), otherwise,
and

@, G H(P, Opi (—(b+ (L +j)n +2)), ifa< -2
H*(F,,, O(aCy + bF)) = (2.5)

0, otherwise.

We will often be interested in knowing when there are no non-zero global sections on a
line bundle O(aCy + bF'). From (2.3), it is obvious that

H(F,, O(aCy + bF)) = 0 if and only if a < 0 or b < 0.

Even though everything described above is obviously valid for the 0-th Hirzebruch
surface, P! x P!, in this case computing the cohomology follows from more standard results
(the Kiinneth formula and Serre duality). For convenience of the reader we do this below.
However, before doing so, let us introduce the standard notation for line bundles over
P! x PL. The line bundle O(aCy + bF') corresponds to

O(b, a) := pri Op1(b) ® pr5 Op: (a),

where pr; denotes the projection from P* x P! onto the i-th copy of P!

12



Remark 2.19. Let O(a,b) (note the change on the roles of @ and b) be a line bundle over
P! x P!, The Kiinneth formula gives us a relation between the cohomology groups of two
topological spaces and their product space. In particular,

H°(P' x P', O(a,b)) = H°(P', O(a)) @ H°(P', O(b)).
It then follows that
H°(P' x P', O(a,b)) = 0 if and only if a < 0 or b < 0.
We also get that
H' (B < P!, O(a, b)) = (H'(P, Op1 (a))H (B, Ops (8)) &(H (P, Ops (8) 2 H' (P, O (a))).

Now, we can see that H'(P' x P!, O(a,b)) vanishes if and only if a < 0 and b < 0, or
a > —1 and b > —1. Finally, we can use Serre duality to obtain

HZ(]PI X Pla O(CL, b)) - [H0<P1 X IF)17 (9(_(0’ + 2)7 _(b+ 2)))]\/7
and so this vanishes if and only if a > —1 or b > —1.

From now on, unless otherwise specified, the notation H*(F), where F is a coherent
torsion-free sheaf over F,,, will stand for H'(F,,; F).

2.2.2 On the existence of stable rank 2 bundles over F,,

In this section we present some of the results that Aprodu, Brinzanescu and Marchitan
conveniently gathered and summarized in [1], but for more details we refer the reader to

[7 ’ ’ ]

A rank 2 bundle F over I, is always an extension of the form
0—)L1—>E—)L2®]Z—>O,
where Z is a finite set of points in F,,. Recall that the Chern classes of F are given by

a(E) = (L) + ei(La),
c2(E) = c1(Ly) - ei(L2) +4(2),

where ((Z) = |Z|. Besides the Chern classes, which determine the topological type of E,
there are two numerical invariants describing it as an extension in a canonical manner. Let
us recall these invariants and some of their properties.

The first invariant dg is defined by the splitting type on the general fibre F": if Ejp =
Opi(d) ® Op1(d’) with d > d', then dg = d. The second invariant rg is obtained from
a push-forward as follows. Note that the bundle m.(E(—dC))) is either of rank one or
two, according to whether d > d' or d = d', respectively. If d > d', we put rgp = r =
deg(m.(E(—dCy))). If d = d', then 7m.(E(—dCp)) = Op1(r) @& Op1(s) with r > s and we put

r'p =T.

Then, a rank 2 vector bundle £ with numerical invariants d and r can be expressed as
an extension
0= O0dCy+1rF)—E—=OdCy+r'F)®1; — 0, (2.6)

where Z is a finite set of points in F,,. This extension is unique if either d > d' or d = d’
and s < r, where s is the extra invariant described above.
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Remark 2.20. Note that the length of Z depends only on the Chern classes c;, ¢, and on
the invariants d and r, hence it could be denoted by ¢(cy,co,d,r). If ¢; = aCy + BF, then

U(c1,ca,d,7) = o + afdn — 1) — Bd + 2dr — d*n.

These numerical invariants help us to better understand rank 2 bundles over Hirzebruch
surfaces. Indeed, let

M(ci,co,d,r) ={F = F, :c;(FE) =c1,c(F) = co,dp =d,rg =1}/ ~,

where ~ denotes the equivalence relation of vector bundle isomorphism, be the set of rank
2 bundles with fixed Chern classes ¢; and ¢, and fixed numerical invariants d and r. The
following theorem tells us when this moduli space is non-empty.

Theorem 2.21. Put ¢; = aCy + BF . The set M(cy,ca,d,r) is non-empty if and only if
C:="{(cy,c9,d,1) >0 and one of the following conditions is satisfied:

1. 2d > «, or

2.2d=a, f—2r < /.

Taking a little detour, but still talking about rank 2 bundles over FF,,, we present the
following lemma which will be useful in subsequent chapters.

Lemma 2.22. Let E be a decomposable rank 2 bundle over F,,. If L is a sub-line bundle
of E = G1® Gy, then
deg(L) < max{deg(G;),deg(G2)}.

Proof. Let H = h1Cy + hoF' be any ample divisor on F,, and, without loss of generality,
assume that degy (G1) < degy(Gs). Now, let G; = O(a1Co+b1 F) and Gy = O(a2Co+bo F).
For L = O(aCy + bF) to be a possible sub-line bundle of F, it must be the case that
H°(Hom(L, E)) # 0. As such, either a < a; and b < by, or a < ag and b < by. Then,

degy (L) = a(hy —nhy) + bhy
S CLQ(hQ — nhl) + b2h1
= degy(Go).
Thus, degy (L) < max{degy(G1),degy(G2)}. O

Now, since in this thesis we are concerned with stability of bundles, given a rank 2
bundle FE, it seems natural to ask when does there exist an ample divisor H on [F,, such
that F is H-stable. The following theorem answers that.

Theorem 2.23. For E € M(cy,ca,d,r), let ¢ = aCy + BF. Then, there exists an ample
divisor H on TF,, such that E is H-stable if and only if 2r < [ and the extension (2.6)
1s non-trivial. In this case, we have that if 2d > «, then E is stable with respect to the

chamber below the wall WS, where ¢ = (2d — a)Cy + (2r — B)F.
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Let us now discuss the existence of stable bundles on [F,, for fixed n > 0. All of these
results appear in [1]. Fix Chern classes ¢; and ¢y with 4co — ¢ > 0. It can be shown
that when equality holds, there is no stable rank 2 bundle over F,; hence we may assume
4cy — 2 > 0. For any chamber C of type (ci, ), let Mc(cy,c2) denote the moduli space
of stable bundles over F,, with respect to a polarization H € C and with Chern classes ¢;
and cy. Note that, by Proposition 2.15, this is well-defined; i.e., it does not depend on the
choice of polarization H € C. The first result is the following:

Proposition 2.24. Assumen # 0. Let C be any chamber of type (1, o) different from Cp,
the chamber containing the class of F' on the boundary. Then, the moduli space Mc(cy,cs)
18 non-empty.

For a polarization H € C, the definition of r and the necessary and sufficient conditions
for the non-emptiness of M (cy, ca,d, ), appearing in Theorem 2.21, yield

Proposition 2.25. The moduli space Mc,.(c1,ce) is non-empty if and only if o is even
and the intersection [3/2 — (co — ¢3/4)/2,3/2) N Z is non-empty, where ¢c; = aCy + BF.

When n = 0, Cy defines the other axis [Cy] of the boundary of the ample cone. Denote
by C¢, the chamber that has the [Cy]-axis on its boundary.

Proposition 2.26. If n =0, then Mc, (c1,c2) is non-empty if and only if 3 is even and
the intersection [a/2 — (co — 2 /4) /2, /2) N Z is non-empty, where ¢; = aCy + BF.

For polarizations H lying on walls, we have

Proposition 2.27. Suppose n # 0. Let H = aCy + bF be an ample divisor lying on
some non-empty wall W of type (c1,ca). Assume that either ( - F > 2 for all numerical
equivalence classes ( which represent the wall W and are such that ¢ - F > 0, or that
4eg — & > 20/a —n. Then Mpy(ci,ca) is non-empty.

2.3 Co-Higgs Bundles

We are now ready to formally introduce co-Higgs bundles. In this section we give the basic
definitions and properties of (semistable) co-Higgs bundles (some of which are analogous to
those presented in the first section of this chapter) over complex projective manifolds. We
then talk about known results about semistable co-Higgs bundles over curves and surfaces.

Let us begin with the definition.
Definition 2.28. If X is a complex projective manifold with tangent bundle T'; then a
co-Higgs bundle or a co-Higgs pair on X is a vector bundle V' — X together with a map

® € H'(X;EndV ®T) for which ® A ® € H(X; End V ® A?T) is identically zero. We refer
to such a ® as a Higgs field of V.

Note that the integrability condition, ® A ® = 0, is trivial when X is a curve. However,
it plays a central role in higher dimensions.
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Remark 2.29. It is worth mentioning how the wedge, — A —, is computed. It acts as the

commutator in elements of End V' and as the usual wedge in elements of 7. For instance,
when X is a surface, and ¥, ® € HO(End V ®T), if we work locally, ¥ = U;0; + W50, and
o = @1(91 -+ @282, so that

VAP = [\Illa ¢2]81 A 82 + [\1127 @1]82 AN 81
= ([Wy, ®o] — [V, P1])O1 A Os.

A morphism of co-Higgs bundles (V, ®) and (V’,®’) is a commutative diagram

1% 1%
l@ @’i
ver— _yier

in which ¢ : V' — V' is a homomorphism of vector bundles. The pairs (V, ®) and (V’/, ')
are said to be isomorphic if ¢ is an isomorphism of vector bundles. In particular, (V, ®)
and (V,®’) are isomorphic if and only if there exists an automorphism ¢ of V' such that
Ppodoypl =@,

Co-Higgs bundles come with a natural stability condition analogous to the one discov-

ered by Hitchin in the setting of Higgs bundles (see [20]), generalizing Mumford-Takemoto
stability for vector bundles.

Definition 2.30. Fix a polarization H € Cx. A co-Higgs bundle (V,®) on a complex
projective manifold X is stable (respectively, semistable) if

pr(W) < pua(V) (2.7)

(respectively, <) for each non-zero proper subsheaf W of V' that is ®-invariant; i.e., (W) C
WeT.

Note that the usual notion of (semi)stability can be recovered by setting & = 0. More
precisely, V' is stable if and only if (V, 0) is a stable co-Higgs pair. By a non-trivial co-Higgs
pair, we mean that ® is non-zero. Also, when V' is fixed, we refer to ® as (semi)stable
whenever the pair (V, @) is (semi)stable.

Given any ® € H°(X,EndV ® T'), the trace-free part of ® is defined as

Tro
G :=d— [ —— ) Id e HY(E T).
0 (rk(V)) dE ( nd0V® )

It is immediate to check that (V,®) is (semi)stable if and only if (V, @) is (semi)stable.
Hence, from now on, whenever we have a co-Higgs pair (V, ®), ® is assumed to be trace-
free. Furthermore, when we say “Higgs field” we really mean “trace-free Higgs field”, but,
for economy, we omit the word ”trace-free”.

As before, we have that tensoring a (semi)stable co-Higgs bundle by a line bundle does
not affect (semi)stability.
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Lemma 2.31. The co-Higgs bundle (V, ®) is (semi)stable if and only if (V @ L, ® ® Idy)
is (semi)stable for any line bundle L over X.

Proof. 1t suffices to show the forward implication. Let (V, ®) be a stable co-Higgs bundle,
and let L be any line bundle over X. The case where (V,®) is strictly semistable can
be done in a similar fashion. Towards a contradiction, assume that there exists W, a ®-
invariant sub-sheaf of V' ® L, such that (W) > u(V ® L). If this is the case, then it is
clear that W @ LY is a ®-invariant subsheaf of V:

(W R LY) = (®@1d,)(W)® LY
CWeL'®T.

Furthermore,

contradicting the stability of (V,®). Hence (V ® L, ®) is a stable co-Higgs bundle. O

We also have the following lemma:

Lemma 2.32. Let W be a sub-bundle of V and
S :={p e ' X;Hom(W,V ®T)) | ¢ = ®|w for some ® € H(X;EndV @ T)}.

Moreover, let ¢ : HY(X; Hom(W, W ®@T)) — H°(X; Hom(W,V ®T)) be the map induced by
the inclusion v : W — V. If S C Im(v), then W is ®-invariant for any ® € H*(X;End V®
T).

Proof. Take ® € H’(X;EndV ® T) and consider ®|y,, which is an element of S. Since
S C Im(e), we must have that ®|y = ¢(z)) for some ¢ € H*(X; Hom(W, W @ T)). Hence
W is ®-invariant. O

For the most part, in what follows, the above lemma will be used in situations where we
actually have that ¢ : H*(X; Hom(W, W®T)) — H*(X; Hom(W, V®T)) is an isomorphism.

We now discuss Proposition 2.14 in the setting of co-Higgs bundles. Even though
Proposition 2.14 is about stable bundles, a very similar result holds for semistable ones.
Here we present both statements, though we only prove the semistable case (as the proofs
are identical), and we say what these statements mean in terms of preserving the notion
of (semi)stability within chambers.
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Proposition 2.33. Let X be a complex projective surface and let E& be a rank 2 bundle
over X. Let Hy and Hsy be two polarizations. Let (E,®) be an Hy-semistable co-Higgs
bundle. Then, (E,®) is not Hy-semistable if and only if there exists a ®-invariant sub-line
bundle Ox (D) of E such that

Hy- (2D — cy(E)) <0 < Hy - (2D — ¢1(E))

and
—(4ey(E) — c1(E)?) < (2D — ¢1(E))? < 0.

Proof. Suppose there exists such a ®-invariant sub-line bundle Ox (D). We have that

i, (Ox (D)) — pm, (E) = 2P 612(E)) =20

Thus (E, ®) is not Hy-semistable.
For the converse, assume that (E,®) is not Hs-semistable. Then, there exists a ®-
invariant sub-line bundle Ox (D) of E such that
H2 : (2D — Cl<E)) > 0.
Since Ox (D) is ®-invariant and (£, @) is Hi-semistable, we have that

We can find a convex combination H := a«H; + (1 — a) Hy such that H - (2D — ¢;(F)) = 0;

i.e., take
(2D - Cl(E>> : H2

(2D — ci(E)) - (Hz — H1)
By the Hodge index theorem (see [13, Chapter 1, Theorem 11]) (2D — ¢;(E))* < 0 with
equality if and only if 2D — ¢;(FE) is numerically equivalent to zero. However,

o =

(2D — ¢1(E)) - Hy > 0,

and thus, (2D — ¢;(E))? < 0.

For the inequality —(4cs(E) — ¢1(F)?) < (2D — ¢1(E))?, note that there is an exact
sequence
0— Ox(D) — F — Ox(cl(E) — D) &® IZ — O,

where 7 is a finite set of points of X. Thus,
c(E)=-D*+ D -¢,(E)+4(Z)>~-D*+ D - c,(E),

and so
(2D — ¢1(E))* =4D? —4D - ¢1(E) + c1(E)? > —(4cy(E) — c1(E)?).
L]
Note that, taking the wall of type (c1,cs), W¢, corresponding to ¢ = 2D — ¢1(E), we

have that ( - H; < 0 and ¢ - Hy > 0, and so either H; lies on the wall or H; and H, are
not in the same chamber. Therefore, we have the following:
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Corollary 2.34. In any chamber of type (c1,c) and its upper wall, CUW™, the notion of
H -semistability for co-Higgs bundles is independent of the choice of polarization H.

One can analogously prove:

Proposition 2.35. Let X be a complex projective surface and let E be a rank 2 bundle
over X. Let Hy and Hy be two polarizations. Let (E,®) be an Hy-stable co-Higgs bundle.
Then, (E, ®) is not Hy-stable if and only if there exists a ®-invariant sub-line bundle O(D)
of E such that

Hy- (2D —¢1(F)) <0< Hy- (2D — ¢1(E))

and
—(4cy(E) — c1(E)?) < (2D — ¢1(E))* < 0.

Again, note that, taking the wall of type (c1, c2), W¢, corresponding to ¢ = 2D — ¢, (FE),
we have that ( - H; < 0 and ¢ - Hy, > 0, and so H; and H, are not in the same chamber.
Therefore, we have the following:

Corollary 2.36. In any chamber of type (c1,cq), C, the notion of H-stability for co-Higgs
bundles is independent of the choice of polarization H.

Since we will be working with moduli spaces of semistable co-Higgs bundles, we need
to determine when two pairs in the moduli space represent the same object. Semistable
co-Higgs pairs, as semistable vector bundles, are subject to S-equivalence. We introduce
this notion next.

If (V, ®) is strictly semistable, we can find a ®-invariant proper sub-bundle U of V' for
which p(U) = uw(V) and p(G) < p(V) for all ®-invariant subsheaves U C G C V. Clearly,
(U, ®) is semistable (by abuse of notation, we use the symbol ® to denote the restriction
of ® to U). Moreover, (V/U, ®) is stable (again, by abuse of notation, we use the symbol
® to denote the quotient Higgs field). Indeed, any proper ®-invariant subsheaf of V/U has
the form G /U for some ®-invariant sheaf U C G C V, and so

degG —degU  p(G)rk(G) — pu(U)rk(U)
tkG —tkU rk G — kU

pG/U) = < pu(U) = u(V/U),
where in the inequality we use pu(G) < p(U). If we let V,,, =V, V,,_; = U and continue
this process, which terminates eventually, we obtain what is known as a Jordan-Holder
filtration of (V, ®):

0O=WcC---CV,=V

for some m. Here (V}, @) is semistable for 1 <i < m—1, (V;/V;_1, @) is stable, and pu(V;) =
p(Vi/Vizy) = p(V) for 1 < j < m. In these pairs, ® always denotes the appropriate
quotient Higgs field. While this filtration is not unique, the isomorphism class of the

following object is:

gr(V.@) = @DV, Vi1, @).

Jj=1

This object is called the associated graded object of (V,®). Then, two semistable pairs
(V,®) and (V’, ®’) are said to be S-equivalent whenever their graded objects are isomorphic
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as co-Higgs bundles, i.e., gr(V,®) = gr(V’', ®'). If a pair is stable, then the underlying
bundle has the trivial Jordan-Hélder filtration consisting of itself and the zero bundle, and
so the isomorphism class of the graded object is nothing more than the isomorphism class
of the original pair.

When working with decomposable rank 2 vector bundles, the following lemma is an
important one to keep in mind.

Lemma 2.37. Let E = G & Gy be a decomposable rank 2 bundle over X, and let (E,®)

é _BA ) € H'(Endg E®T). If Gy is -invariant, then

om-(5(§ )

Proof. Since (E, ®) is strictly semistable and G is ®-invariant, p(G1) = u(E) (see Lemma
2.13). Then, it is clear that a Jordan-Hoélder filtration of E is:

be strictly semistable with ® = (

0cG,CE.

We simply note that, by Lemma 2.4, any ®-invariant G such that G; € G € E must
satisfy u(G) < u(FE). Hence

gr(E, ®) = (G1,®1) ® (Ga, D2),

with &; = A and &, = —A. O

We conclude this section with the following useful lemma.

Lemma 2.38. Let E = G1® Gy be a decomposable rank 2 bundle over X . If u(Gy) > pu(E)
and H(GY ® Go @ T) # 0, then there exists a Higgs field ® such that (E, ®) is semistable.
Moreover, any Higgs field with non-zero (2,1)-entry makes (E, ®) into a semistable pair.

Proof. Note that having u(G1) > p(FE) implies that E is unstable, with G being the unique
sub-line bundle that destabilizes E. Any Higgs field is an element of H’(Endy E®T') which

is integrable. In particular,
o A B
S \C —-A)

with A € HY(T), B € H*(G1®Gy®T) and C' € H*(GY®Go®T). Since H*(GY®@Go®T) # 0,
there exists ® with non-zero C'. In that case, we have that GGy is not ®-invariant, and so
(E, @) is semistable. O

2.3.1 Semistable co-Higgs bundles over curves

Everything presented here is due to Rayan and can be found in [27, 28]. The first thing to
note is that the study of semistable co-Higgs bundles over curves reduces to the study of
semistable co-Higgs bundles on P!. This is since for g = 1, semistable co-Higgs bundles are
simply semistable Higgs bundles; and this have been studied extensively by Franco, Garcia-
Prada and Newstead in |11, 12]. Furthermore, for g > 1, semistable co-Higgs bundles are
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simply semistable bundles (as in this case there are no non-zero Higgs fields). Hence, we
only focus on P!, Since any rank 2 vector bundle over P! can be tensored by an appropriate
line bundle to make it into a bundle of degree either 0 or —1, when studying semistable
co-Higgs bundles, one needs only to consider the even (degree 0) and the odd (degree —1)
cases.

First of all, Rayan proves that in the even case there are only two underlying bundles
that yield semistable co-Higgs pairs: Op: @& Op1 and Opi(1) & Op:(—1); while in the odd
case, there is only one bundle to consider: Op:1 & Op1(—1).

In the odd degree case, where the notion of semistability and stability coincide, Rayan
gives an explicit description of the moduli space as a six-dimensional subvariety of

Tot(Opi(2)) x H(P', O(4)),

which is a universal elliptic curve (see [28, Section 7).

Even though an explicit description is not as obvious in the even degree case, Rayan
still describes the fibres of the Hitchin map (we will define this in Chapter 4). For details
see [28, Section 8§].

2.3.2 Semistable co-Higgs bundles over surfaces

As we mentioned in the introduction, not much is known about semistable co-Higgs bundles
over surfaces. In this subsection, we present a very brief summary of Rayan’s work over
surfaces and, at the end, we also lay the foundation for our subsequent work on Hirzebruch
surfaces. Details about Rayan’s work can be found in [27, 29].

Non-Existence Results

The existence of non-trivial semistable co-Higgs bundles of rank 2 seems to be skewed to
the non-positive end of the Kodaira spectrum, as the following theorem suggests.

Theorem 2.39. [20, Section 4] Let X be a surface of general type or birational to a K3
surface. Then, if (E,®) is a stable, trace-free rank 2 co-Higgs bundle on X with ¢, (E) = 0,
we must have that ® = 0.

A key ingredient in the proof of this theorem is the fact that for X as above, H’(X, S*(T"))
vanishes. Thus, the existence of stable rank 2 co-Higgs bundles is tied to the availability of
holomorphic sections of Sz(T). Both on the projective plane and on Hirzebruch surfaces,
there are plenty.

Co-Higgs bundles over P?

It is well known that P' x P! is a double cover of P2, and so one can construct rank 2
vector bundles over P? by pushing down line bundles over P! x P!. Rank 2 bundles over P?
obtained in this fashion are known as Schwarzenberger bundles. In [29], Rayan investigates
co-Higgs bundles over P2, for which the underlying bundles are Schwarzenberger. Indeed,
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these turn out to naturally be co-Higgs bundles with Higgs fields also descending from the
double cover. The locus of an element p € H°(P?, Op2(2)) defines a non-singular conic as
well as a double cover of P? by P! x P! branched over the conic. If one allows the branched
conic to vary, Rayan shows that the resulting moduli spaces of Schwarzenberger semistable
co-Higgs bundles over P? are 8-dimensional. Then, as an application of the deformation
theory of co-Higgs bundles (which we will discuss in Chapter 4), Rayan also shows that
starting with a non-trivial Schwarzenberger co-Higgs pair, nearby deformations are again
Schwarzenberger. Hence, semistable Schwarzenberger co-Higgs bundles are rigid.

Co-Higgs bundles over Hirzebruch surfaces

From now on, we will be studying semistable (trace-free) rank 2 co-Higgs bundles over
Hirzebruch surfaces and their moduli spaces. In the next chapter, we will talk about the
existence of these objects, but for now let us investigate what the integrability condition
implies in this case.

Let E be a rank 2 bundle over F,,. Since the tangent bundle of F,, is decomposable
(T = OQ2F) ® O(2Cy + nF)), it is clear that any ® € H°(Endg £ ® T) is of the form
® = & + &, with &, € H(Endy E(2F)) and ®, € H(Endy E(2Cy + nF)). Working
locally on an open set, where Endy £ and T" are trivial, we can write

. . Al B1 A2 Bg
Pt = ( o —A )+(Cz A, )
where A;, B;, C; are complex valued functions for ¢ = 1,2. Also, on this open set,
DN D =2[Dy, Dy,
so we can locally write

AP =2 ( 23102 — C1By  2(A1By — B 4y) ) .

(CIAQ — Ang) —(Bng — ClBQ)

Thus, we see that ® is an (integrable) Higgs field if and only if, in each local trivialization,
we have that

Blcg = ClBQ
A1B2 = BlA2
OlAQ = Alcg. (28)

Let us finish this chapter with a remark on what the integrability of ® entails geomet-
rically (in terms of eigenspaces). To do this, we will need the following basic lemma from
linear algebra.

Lemma 2.40. Suppose M is an n X n complexr matriz with distinct eigenvalues. If My
is such that [My, My] = 0, then My and My have the same eigenvectors. Moreover, if My
has distinct eigenvalues, then My and My have the same eigenspaces.
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Proof. Let A\ be an eigenvalue of M; and v # 0 be in the eigenspace corresponding to .
Then, we have that

0=0v
= [Ml, MQ]U
= MlMQ’U — M2M1U
= Ml(MQU) - )\(MQU),
and so M;(Msv) = A(Myv). This implies that Msv is an element of the eigenspace corre-

sponding to A, and so it can be written as a complex multiple of v. Hence Myv = Nv, and
the result follows. []

Remark 2.41. We have seen that the integrability of ® is equivalent to [®1, $5] = 0. Thus,
from the above lemma, for those points of IF,, where ®; and ®, have distinct eigenvalues,
we must have that ®; and ®, share the same eigenspaces.
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Chapter 3

Existence of semistable rank 2
co-Higgs bundles over Hirzebruch
surfaces

This chapter is devoted to the existence of semistable rank 2 co-Higgs bundles over Hirze-
bruch surfaces. Given a Hirzebruch surface, F,, if one fixes the standard polarization
H = Cy+ (n+ 1)F, it is possible to give a complete answer to the question: For which
values of ¢; and ¢y are the moduli spaces of semistable rank 2 co-Higgs bundles over F,,
non-empty? (See Theorem 3.15). On the other hand, if a polarization is not fixed, but we
instead reduce the first Chern class by tensoring by a line bundle, it is also possible to give
necessary and sufficient conditions for the existence of semistable rank 2 co-Higgs bundles
over FF,, for co < 1.

3.1 Normalizing the first Chern class and bounding
the second Chern class

Recall that, by Lemma 2.31, semistability of co-Higgs bundles is preserved after tensoring
by a line bundle. Thus, the following lemma will be useful to, in many circumstances,
simplify our study.

Lemma 3.1. Let E be a rank 2 vector bundle over IF,,. Then there is a line bundle L such
that i (E®@ L) =0 orci(E® L) =—F ory(E® L) =—Cy or ¢;(F) =—-Cy — F.

Proof. Let ¢i(E) = aCy + BF. There are four cases to consider:

(i) If both v and 3 are even, consider the line bundle

o (- (2)r)

so that ¢;(F ® L) = 0 (see equation (2.2)).
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(ii) If o is even and 3 is odd, consider the line bundle

oG- (5)1).
so that ¢;(F® L) = —F.

(iii) If « is odd and f is even, consider the line bundle

o (5)e ().

so that ¢, (F ® L) = —C.

(iv) If both av and /3 are odd, consider the line bundle

-o(-(5)a- (42)7).

so that ¢;(F® L) = —Cy — F.

]

When we work with a rank 2 vector bundle E over F,,, and we tensor it by a line bundle
to obtain one of the first Chern classes 0, —Cy, —F or —Cy — F', which from now on will
be referred to as reduced classes, we also modify its second Chern class. That is,

e2(E® L) = c3(E) + c1(E) - e1(L) + ex(L)?, (3.1)
(see equation (2.2)), and so we have:

Corollary 3.2. Let E be a rank 2 vector bundle over F, with ¢;(E) = aCy + SF and
co(E) = . Then, for any line bundle L such that ¢;(E ® L) is a reduced class, we have

1. Ifi(E®L)=0, then co(FE® L) =~ + M.

2. Ife(E®@ L) = —F, then cy(E ® L) = v + 2e=28),

3. If i (E® L) = —Cy, then cy(E® L) =~ + 2ra28on,

b Ife(E®@ L) =—Co— F, then cy(E @ L) = ~ + o242,

Proof. This follows immediately from a direct computation using Lemma 3.1 and equa-
tion (3.1). O

Let us now work with the reduced classes, and give necessary conditions on ¢; in order to
have a semistable co-Higgs pair. Recall that for any rank 2 vector bundle F, the numerical
invariant dg was introduced in Section 2.2.2.

Theorem 3.3. Let H be an ample divisor and let E be a rank 2 vector bundle over F,,.
Suppose (E,®) is H-semistable.
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1. If c1(E) = 0, then co(E) > 0. Furthermore, when equality holds, E is an extension
of line bundles.

2. If c1(E) = —F, then co(E) > 0. Furthermore, when equality holds, E is an extension
of line bundles.

8. If c/(E) = —Cy, then co(E) > —%. Furthermore, when equality holds, E is an
extension of line bundles, and if dg # 0 , then c3(E) > 0.

4. If ci(E) = —=Cy — F, then co(E) > =251, Furthermore, when equality holds, E is an

extension of line bundles, and if dg # 0, then cy(E) > 0.

Proof. Let ¢1(E) = aCy + SF, where (o, 8) € {(0,0),(—1,0),(0,—1),(—1,—1)}. Hence,
by (2.6), E fits into an exact sequence of the form

0—>0WdCy+rF)—FE—=0(a—d)Co+ (B—7)F)®1; =0, (3.2)

where Z is a finite set of points in [F,,. Then, c2(E) = d(nd + 8 — 2r — na) + ra + ((Z).

Let us now work by cases:
(1) (o,
CQ(

(

2

B) = (0,0): Since Ejp = Opi(d) ® Op1(—d), we have that d > 0. In this case,
E) = d(nd — 2r) + ((Z). Towards a contradiction, assume that co(FE) < 0, or
E) =0 and ¢(Z) > 0. We then have that d > 0 and d(nd — 2r) < 0.

Q

(i) (o, B) = (0,—1): As in case (i), d > 0, but now c»(E) =
Towards a contradiction, assume that c2(E) < 0, or co(E)
then have that d > 0 and d(nd — 1 — 2r) < 0.

dind — 1= 2r) + 0(Z).
=0and ¢(Z) > 0. We

(ili) (o, B) = (—1,0): Since Ejp = Op1(d) ® Op1(—1 — d), we have that d > —1 — d, and
so d > 0. In this case, c2(F) = d(nd +n —2r) —r + ((Z). Towards a contradiction,

assume that either cy(£) < =%, or ¢o(F) = —5 and £(Z) > 0. We then have that:

If d =0, then 2r —n > 0, and if d > 0, then r > 0.

(iv) (o, B) = (—1,—1): Asin case (iii), d > 0, but now c»(E) = d(nd—1—-2r+n)—r+4(Z).

Towards a contradiction, assume that either ¢;(E) < =251, or ¢o(E) = —%5* and

¢(Z) > 0. We then have that: If d = 0, then 2r+1—n > 0, and if d > 0, then r > 0.

Now, since T'= O(2F) & O(2C, + nF'), by plugging in the corresponding values of («a, ),
using (2.3) and the corresponding bounds on d and r described in (i) to (iv) above, one
can easily check that, in all four cases,

H(O((a = 2d)Cy + (B —=2r)F) @ T @ Iz) = H(O((a — 2d)Co + (B — 2r + 2)F) @ 1)
®HY(O((a —2d+2)Co + (B —2r +n)F) ® I)
=0.

By tensoring (3.2) with O(dCy + rF)Y @ T and passing to the long exact sequence in
cohomology, we get

0 — HYT) = H(O(dCy+rF)'@ERT) — H(O((a—2d)Co+(B—2r)F)RTR1z) — ....
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However, since H(O((a — 2d)Cy + (B8 — 2r)F) @ T ® I;) = 0 we get that H(T) =
H(O(dCy + rF) ® E ® T), which, by Lemma 2.32, implies that O(dCy + rF) is ®-
invariant for any ® € H°(Endg F ® T'). Furthermore, let H = hyCy + hoF, and note that
pr(O(dCy 4+ rF)) = hy(r — nd) + had, while

i (E) = hy <5 - O‘”) + Ry (ﬁ) .

2 2

Thus, we have that

pa(O(dCo + 1 F)) = gy (F) = by ( o+ S 5) +ha(d-3)

> hy (T—nd+an2_ﬁ)+(nh1+1) (d_%>

_ (r—§)+<d—%>,

which in all four cases, is a strictly positive number. This contradicts H-semistability of
(E,®), and the result follows. O

3.2 Walls and Chambers for ¢, <1

Given c¢; and ¢, we have seen that the concept of semistability for co-Higgs bundles is
independent of the choice of polarization within chambers and their upper walls of type
(¢1,¢2) (see Proposition 2.33 and Corollary 2.34). Hence, in order to have a more pragmatic
approach to dealing with arbitrary polarizations, it would be useful to better understand
the ample cone Cp,. In this section we do so for the reduced first Chern classes and for
Co S 1.

Keeping the same notation as in subsection 2.1.2, a class ¢ of type (¢, ¢o) is said to be
normalized if (- F > 0. From now on we work with normalized (. Let ¢; = aCy+ SF and
¢y = 7. Moreover, let ¢ = (;Cy + (oF be a normalized class of type (c1,c2). We make the
following remarks:

Remark 3.4.

1. Since ( is normalized, we must have ¢; > 0.

2. Since ¢ has to be in the same numerical equivalence class as 2D — ¢;(E) for some
divisor D = d;Cy + doF', we have, in particular, that

(= @D —a(E)) Co=(C— (2D —a(k))) F=0.

Since
(— (2D —c(E)) = (Gt +a—=2d1)Co + (& + B — 2dy) F),

this implies that ¢, = 2d; — o and (& = n(¢ + o — 2d;) — § + 2d,. Thus, we get the
following table
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C1 G G2

0 even | even
—CY odd | even
—F even | odd

—Cy— F | odd | odd

3. Recall that © = 21Cy + 2o F € Cp,, if and only if x; > 0 and x5 > nx;. Hence, if the
wall
W¢={zecCg, : x-(=0}

is non-empty, we must have (, < 0.
4. Since ( satisfies —(4dcy — ¢2) < (* < 0, we have
—(4y + a®n —2aB) < —Cin+ 206 < 0.

Thus, we obtain the following tables.
For co(E) <0, we get

C1
0 0§—§12n+2C1C2<0
—Co —n < —(4y+n) < —(n+2¢¢ <0
—F 0< —(n+20¢6<0
—CD—F —n+2§—(4fy—|—n—2)§—C12n+2C1C2<O

For co(E) =1, we get

€1
0 —4 < —Cfn + 2C1C2 <0
—Co —4—n < —(n+2G¢ <0
—-F —4 < —(n+20¢ <0
—Cy— F —n—2§—(12n+2C1C2<0

With this is mind, we can now prove the following two propositions.

Proposition 3.5. Let ¢y be one of the reduced classes, and let co < 0. Then the ample cone
Cr, has only one chamber of type (c1,c2). In particular, to study semistability of co-Higgs
bundles in this case, it suffices to consider the standard polarization H = Cy + (n+ 1)F.

Proof. We will prove that, in this case, there are no walls and, by Proposition 2.33 and
its corollary, it will follow that we may consider any polarization. It immediately follows
from Remark 3.4 that there are no values of (i, (s satisfying the conditions, except when

¢ = —Cp. In this case, the only possible values for ¢; and (; are (; = 1 and (, = 0.
However, ¢ = Cj describes the wall W¢ given by the boundary of the ample cone containing
Cy + nF'. Hence, there are no walls and the result follows. O

Proposition 3.6. Let ¢; be one of the reduced classes, and let co = 1. Then, in the cases
where ¢; = 0, or ¢y = —F and n # 0, there is only one chamber of type (c1,1) in Cy,.
Otherwise, there are exactly two chambers of type (c1,1).
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Proof. Again, from Remark 3.4, we see that when ¢; = 0, there is only one solution to the
inequality when n = 1, given by ¢; = 2 and (, = 0, but this solution describes the wall W¢
that is the boundary containing Cy + F'. Hence, there are no walls. When ¢ (F) = —F
and n # 0, we see there are no values of (i, (» that satisfy the conditions, and so there are
again no walls. Now, when ¢; = —F and n =0, (; = 2 and (, = —1 satisfy the conditions,
and so we get the wall

WC = {1'100 + .%'QF S CFn LI = 21’2},

yielding two chambers. When ¢;(E) = —Cy, the only possible values for (3, (; satisfying the
conditions are (; = 1 and (, = 0, —2. However, note that ( = Cy describes the boundary
of the ample cone containing Cy + nF', so we only need to take ( = Cy — 2F into account.
This ¢ describes the wall

VVC = {.217100 4+ 2o F € C]Fn DX = (n + 2)1’1},

and so there are two chambers. Finally, when ¢; = —Cy — F', the only possible values for
(1, (5 satisfying the conditions are (; = 1 and (5, = —1. This ¢ describes the wall

WC = {l’lC(] + LL’QF € C]Fn L X = (Tl + 1)]}1},

and so there are again exactly two chambers. O]

Note that we could continue to play the same game for larger values of cy; however,
even for n = 0 (which is the simplest case to consider), this becomes an arduous task. Fix
n =0 and ¢; = —F for the moment; it is clear that, every time ¢, increases, the number
of walls increases as well (as it will always include the previous ones). Hence, for example,
for co = 3 we obtain three walls of type (—F,3), for co = 4 we obtain four walls of type
(—F,4), for ¢c; = 5 we obtain six walls of type (—F,5), for co = 6, we obtain eight walls of
type (—F,6), and so on. However, there is no obvious pattern to predict how many walls
we will get for an arbitrary value of ¢y, as this depends on the divisibility of the number
4cy. For this reason, this approach does not provide a strategic way of dealing with the
problem. Nonetheless, using the results of Propositions 3.5 and 3.6, as well as Theorem 3.3,
the following section deals with non-emptiness results for the moduli spaces, for arbitrary
polarizations, where ¢y is one of the reduced classes and ¢, < 1. After that, we fix the
standard polarization and work with arbitrary c¢; and cs.

3.3 Non-emptiness of Moduli Spaces

This section is divided into two parts. While in the first one we discuss the existence of
semistable co-Higgs pairs for reduced first Chern classes, in the second one we work with
arbitrary c¢;. For most of part one, we will work with arbitrary polarizations; however,
we fix the standard polarization for the second part. From now on, we will denote the
moduli space of rank 2 H-semistable co-Higgs bundles with fixed Chern classes ¢; and ¢y
by MfP(c1, c2).

For a decomposable bundle F, let us give the general shape of an element in H’(Endy E®
T). We do so in the following remark, so that we can later refer to it.
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Remark 3.7. Let E = O(a;Cy+ b1 F) @ O(a2Cy + b2 F) be a decomposable rank 2 bundle
over IF,,, and recall that T = O(2F) ® O(2C, +nF). Then, any element of H’(Endy £ ®T')
is of the form ® = ®; +®,, with ®; € H(Endy E® O(2F)) and ®, € H’(Endy E® O(2C, +
nF)). More explicitly,

- (A B Ay By
eonn= (g 0 ) (8 ),

with Al € HO(O(QF)), Bl S HO(O((CLl —CLQ)C()+ (2+b1 —bz)F>>, Cl € HO(O((CLQ —a1)00+
(24 by — b1)F)) and Ay € H(O(2Cy +nF)), By € H(O((2+ a1 — as)Co+ (n+ by — by) F)),
Cy € H(O((2 + az — a1)Co + (n + by — by F)).

3.3.1 Non-emptiness for reduced first Chern class
In this section, we work only with reduced first Chern classes. We will show that the

necessary conditions imposed on ¢y to guarantee the existence of semistable co-Higgs pairs
in M (c1, co) presented in Theorem 3.3 are indeed sufficient.

Second Chern class ¢; < 0.

Theorem 3.8. Let H be any polarization. Suppose that ci is a reduced first Chern class
and that co < 0. Then, M¥(c1,c2) is non-empty if and only if co satisfies the following
conditions:

1. ¢co =0 when c¢; =0,—F.

2. =5 < ca <0 when ¢y = —Cy.

3. —(”;1) <y <0 when ey =—-Cy—F.

In fact, M%(c1, co) contains non-trivial stable co-Higgs pairs (with decomposable underlying
bundle) in all three cases.

Proof. The forward direction follows from Theorem 3.3. For the converse, recall that, by
Propostion 3.5, there is only one chamber, and so it suffices to work with the standard
polarization H = Cy + (n+ 1)F . We consider each case separately.

Case 1. (a) Suppose ¢; = 0 and ¢ = 0. Take, for example, £ = O(F) & O(—F) together
with a Higgs field of the form
s (A B
q>q>1<cl _A1>,

with 4, € H*(O(2F)), B, € H°(O(4F)) and non-zero C; € H’(O). The only destabilizing
sub-line bundle of E is O(F) (see Proposition 2.10). It follows that (E,®) is H-stable, as
C1 # 0, and so O(F) is not ®-invariant. Thus, (E,®) € ME(0,0).
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Case 1. (b) Suppose ¢; = —F and ¢; = 0. Take £ = O & O(—F) and a Higgs field of the

form p
- o 1 B
q>_q>1_<01 _A1>,

with A; € H'(O(2F)), B, € H(O(3F)) and non-zero C; € H’(O(F)). The only destabi-
lizing sub-line bundle of E is O (see Proposition 2.10). It follows that (E, ®) is H-stable,
as C1 # 0, and so O is not ®-invariant. Thus, (E,®) € M (—F,0).

Case 2. Suppose ¢; = —Cp and —5 < ¢ < 0. Let v = ¢ and consider £ = O(—F) @
O(—Cy +vF). Following the notation of Remark 3.7, any element of H’(Endy £ ® T') has

the form
_ (A B Ay By
v=mre= (5 ) (6 5

with A; € HY(O(2F)), B, € H*(O(Cy + (2 — 29)F)) and A, € HY(O(2C, + nF)), B, €
H°(O(3Cy + (n—2v)F)) and Cy € H(O(Cy+ (n+27)F)). Any non-zero Cy (which exists
since n + 2y > 0) will not leave O(—~F') ®-invariant (by Proposition 2.10, this is the
only destabilizing sub-line bundle of E). Taking the integrability condition into account,
equations (2.8) imply that A; = By = 0, and so E together with any Higgs field & = &,
with non-zero C yields a stable pair.

Case 3. Suppose ¢ = —Cy — F and —("2;1) < ¢ < 0. Let v = ¢ and consider ' =

O(—yF) @ O(—Cy + (v — 1)F). Again, following the notation of Remark 3.7, any element
of H(Endy E ® T) is of the form

_ (A B Ay By
‘p_q’ﬁq’?_( 0 —A1)+(02 —Ay )
with A; € HY(O(2F)), B, € H*(O(Cy + (3 — 29)F)) and A, € H(O(2C, + nF)), B, €
H°(O(3Cy+ (n+1—27)F)) and Cy € H*(O(Cy+ (n—1+27)F)). Any non-zero Cy (which
exists since 2y +n — 1 > 0) would not leave O(—~F') ®-invariant (by Proposition 2.10,
this is the only destabilizing sub-line bundle of E). Taking the integrability condition into

account, equations (2.8) imply that A; = B; = 0, and so F together with any Higgs field
® = &, with non-zero (5 yields a stable pair.

m
Second Chern class ¢, = 1.
Theorem 3.9. Let H be any polarization. Suppose that ¢y is a reduced first Chern class
and that co = 1. Then, the moduli space MF(c1,1) is non-empty and contains non-trivial
semistable pairs. Moreover, in each of the following cases, there is a non-trivial stable

co-Higgs pair.

1. For c; = 0, whenever n is odd.

2. For ¢y = —F, whenever H does not lie on a wall.
3. For ¢y = —Cy, whenever H does not lie on a wall, orn > 2.
4. For c; = —Cy — F', whenever H does not lie on a wall, orn > 1.
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Proof. By Proposition 3.6, in each case, there are at most two chambers of type (¢, 1) to
consider. Whenever there is a wall, we use the notation C,,C_ to denote the chambers
above and below the wall, respectively. C, corresponds to the chamber Cr containing F' on
the boundary, and C_ corresponds to the chamber containing Cy + nF' on the boundary.
We treat each reduced first Chern class separately.

Case 1. Suppose ¢; = 0. We know, by Proposition 3.6, that we may pick any polarization,
and so we fix H = Cy + (n + 1)F. Consider a bundle £ with numerical invariants d = 0,
r =0 (and with ¢; = 0 and ¢, = 1). Note that such a bundle exists by Theorem 2.21, and
fits into an exact sequence of the form:

0-0—-FE—1,—0, (3.3)

with x a point in F,,. We show that E is semistable and that it admits non-trivial Higgs
fields. The fact that F is semistable follows immediately since any possible sub-line bundle
of E has slope at most 0 (and O is indeed a sub-line bundle of E). To see that any such
E admits non-trivial Higgs fields, we prove that H°(Endy E(2F)) is non-zero. To see this,
note that we can take the dual sequence of (3.3), tensor it by E(2F') and pass to the long
exact sequence in cohomology to get

0 — HYE(@2F)) — HYEndE(2F)) — HYEQF)®I,) —

Hence, it is enough to show that h’(F(2F)) > 4, as then h’(End E(2F)) > 4 as well, and
so h’(Endy E(2F)) = h(End E(2F)) — hO(O( )) > 1. To see that hO(E( F)) > 4, start
by tensoring (3.3) by O(2F) to get

0 — H%O@2F)) — HYEQ@2F)) — H(I,(2F)) — HY(O@2F)) -
One can easily see that h’(O(2F)) = 3, h'(O(2F)) = 0 and that h°(1,(2F)) = 2, and so
h’(E(2F)) = 5.

For the moreover part, assume n is odd and consider the bundle O (C’O + ("T_l) F ) &)
@) ( Co — ( ) F) together with a Higgs field of the form

_ ([ Ay By
q>_q>2_<02 _A2>,

with Ay € HY(O(2C, +nF)), By € H(O(4Cy + (2n — 1)F)) and non-zero Cy € H°(O(Cy +
F)). In Proposition A.1 we show that such a co-Higgs pair is indeed stable.

Case 2. (a) Suppose ¢; = —F and n # 0. We know, by Proposition 3.6, that there is only
one chamber, and so we work with the standard polarization H = Cy+ (n+1)F. Consider
the bundle E' = O(—Cj) & O(Cy — F) together with a Higgs field of the form

A, B
c1>:<1>2:< 02 _22),

with Ay € HY(O(2C))) and non-zero B, € HY(O(F)). It is easy to verify that (E,®) is
H-stable, as O(Cy — F) is not ®-invariant.

Case 2. (b) Suppose ¢; = —F and n = 0. We know, by Proposition 3.6, that there are
exactly two chambers. The bundle £ = O(—Cp) & O(Cy — F) admits Higgs fields &, and
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®_ such that (E,®,) € Mg (—F,1) is stable, and (E,®_) € Mg (—F,1) is also stable.

Indeed, take
(A 0
= ( C —A ) !

with A; € H°(O(2F)) and non-zero C; € H°(O(2C, + 2F)). One can easily check that
(E,®.) is (3Cy + F)-stable, where 3Cy + F' € C,;, as O(—Cy) is not ®,-invariant (by
picking non-zero C). Now, take
_( A2 B
=% %),

with A, € H°(O(2C)) and non-zero B, € H°(O(F)). Again, it is easy to verify that
(E,®_) is (Cy + F)-stable, where Cy + F € C_, as O(Cy — F') is not ¢_-invariant.

Now, if we pick a polarization lying on a wall, 2Cy + F' say, any co-Higgs pair with
underlying bundle E, which is of the form (F,®,) or (E,®_), is strictly (2Cy + F)-

semistable. This follows since both O(—Cjp) and O(Cy — F') have the same (2C, + F')-slope
as F (namely —1), and one of them will necessarily be invariant under the Higgs field.

Case 3. Suppose ¢; = —Cy. We know, by Proposition 3.6, that there are exactly two
chambers. The bundle E = O(—F) & O(—Cy + F) admits Higgs fields ®; and ®_ such
that (E,®,) € Mg (—Co,1) is stable, and (E,®_) € Mg (—Cp, 1) is stable as well.

Indeed, take
[ Ay B
(I)-i- - ( 02 _A2 ) 9

with Ay € H(O(2Cy+nF)), By € H(O(3Cy+(n—2)F)) and non-zero Cy € H°(O(Co+(n+
2)F)). One can easily check that (E, @) is (Cy+(n+3)F')-stable, where Co+(n+3)F € Cy,
as O(—F) is not @ -invariant (by picking non-zero Cy). Now, take

(A B
v = (% )
with 4, € H°(O(2F)) and non-zero B; € H°(O(Cy)). Again, it is easy to verify that

(E,®_) is (Cy + (n + 1)F)-stable, where Cy + (n + 1)F € C_, as O(—Cy + F) is not
®_-invariant.

Now, if we pick a polarization lying on a wall, Cy + (n + 2)F say, any possible co-
Higgs pair with underlying bundle E, which is of the form (F, ®,) or (E,®_), is strictly
(Co+ (n+2)F)-semistable, unless n > 2. As both O(—F') and O(—Cj+ F') have the same
(Co + (n+ 2)F)-slope as E (namely, —1). When n > 2, the pairs (F, ®,) will not leave
these two sub-line bundles invariant, as long as we pick non-zero By and Cj.

Case 4. Suppose ¢; = —Cy — F. We know, by Proposition 3.6, that there are exactly two
chambers. The bundle £ = O(—Cj) & O(—F') admits Higgs fields &, and ®_ such that
(E,®,) € Mg (—Cy — F,1) is stable, and (E,®_) € M (=Cy — F, 1) is stable as well.

Indeed, take
i A2 BQ
(I)-i- - ( 02 _A2 ) )
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with Ay € H°(O(2Cy+nF)), non-zero By € HY(O(Cy+(n+1)F)) and Cy € H*(O(3C,+(n—
1)F)). One can easily check that (E, @, ) is (Cyo+(n+2)F)-stable, where Cy+(n+2)F € C,,
as O(—F) is not ¢, -invariant (by picking non-zero B). Now, take

(A O
v=(a )
with 4; € H°(O(2F)) and non-zero C; € H°(O(Cy + F)). Again, it is easy to verify

that (E,®_) is (2Cy + (2n + 1) F')-stable, where 2Cy + (2n + 1)F € C_, as O(—C)) is not
®_-invariant.

Now, if we pick a polarization lying on a wall, Cy + (n + 1)F say, any possible co-
Higgs pair with underlying bundle E, which is of the form (E,®,) or (£, ®_), is strictly
(Co + (n + 1)F)-semistable, unless n > 1. This is as both O(—Cj) and O(—F') have the
same (Cy + (n + 1)F)-slope as E (namely —1). When n > 1, the pairs (F,®_) will not
leave these two sub-line bundles invariant, as long as we pick non-zero By and Cs. O

Second Chern class ¢y > 2.

As we had mentioned before, as ¢o becomes larger, it becomes increasingly difficult to work
with walls and chambers, and thus we do not attempt to approach this problem in general.
However, we can characterize the non-emptiness of the moduli spaces M (cy, ¢2), when H
is the standard polarization.

We show that whenever the moduli space M${(¢y, ¢2) is non-empty, it actually contains
a stable bundle F, which we can equip with the zero Higgs field in order to yield a stable co-
Higgs pair. However, we want to be able to exhibit non-trivial co-Higgs bundles, showing
that these objects do constitute an enlargement of the class of semistable bundles. Note
that we have already dealt with this issue in the proof of Proposition 3.9, and in that case,
it was fairly straightforward to show that the bundles in question had non-trivial Higgs
fields. In general, if ' is in an exact sequence of the form

0L —F—Ly®I; —0, (3.4)

and we want to prove that it admits non-zero Higgs fields ® € H’(Endy E ® T'), it suffices
to show that H°(Endy E(2F)) # 0 or H(Endy E(2Cy + nF)) # 0 (since T = O(2F) @
O(2Cy + nF)). We prove that H°(Endy E(2F)) # 0. Taking the dual of (3.4), tensoring
it by E(2F) and passing to the long exact sequence in cohomology, it is clear that, if one
can prove that H’(LY ® F(2F)) > 4 as in Proposition 3.9, the result follows. However, in
general, this is too strong of a condition and we can prove that a much simpler condition
suffices to guarantee that H°(Endy E(2F)) # 0. We first recall a basic fact about modules
that will be used in Proposition 3.11.

Lemma 3.10. Let
0AS B &B 5 C

be an exact sequence of R-modules. If A # 0 and p|p, is injective, then By # 0.
Proposition 3.11. Let E be a rank 2 vector bundle overF,, that fits into the exact sequence

0L SEL LI, —0. (3.5)
IfHY(LY ® E(2F)) # 0, then H°(Endy E(2F)) # 0.
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Proof. Start by taking the dual of the exact sequence (3.5), tensor it by E(2F) and pass
to the exact sequence in cohomology to get

0 — H(Ly ® E(2F)) — H°(End E(2F)) — HY(LY @ EQF)®1;) — ...
The map H(End E ® O(2F)) — H(LY ® E ® I; ® O(2F)) is the induced one from
e ®Idoer) : End E® O2F) — (L] @ E® I;) @ O(2F),

where € takes h to ho«. Writing End ' = Endg £ @ O, and noting that Idg generates O
in End E, we get that the map induced by € ® Idogp), restricted to H(O ® O(2F)), is
injective. By Lemma 3.10, H’(Endy E(2F)) # 0, as desired. O

We now prove that the bundles that will serve as examples of underlying bundles for
the non-trivial co-Higgs pairs in Theorem 3.13 are indeed stable.

Lemma 3.12. Let E be such that it either fits into the exact sequence
0= 0O(-F)—>FE—1;—0,
with €(Z) > 1, or
0—-0(-F)—>E—-0-Cy+F)®lI; —0,
with €(Z) > 1. Then E is stable.

Proof. In the first case, we prove that E is stable by showing that, if there is a non-zero
map O(aCy + bF) — E, then

1(O(aCh +bF)) = a+ b < —% — uW(E).
We have
0= O(—aCy — (b+ 1)F) = E(—aCy — bF) — Iy(—aCy — bF) — 0,
and
0— Iz(—aCy—bF) = O(—aCy — bF) — O/I; — 0.

First note that if a > 0 or b > 0, then H*(O(—aCy—(b+1)F)) = 0 and H’(I;(—aCy—bF)) =
0 since H*(O(—aCy — bF)) = 0, in which case H’(E(—aCy — bF)) = 0. We thus assume
a,b < 0. But then

u(O(aCy+bF)) < —1 < u(E),

unless @ = b = 0. Moreover, if a = b = 0, then H*(O(—F)) = H(I;) = 0, so that H*(FE) =
0, implying that there are no non-zero maps @ — E. Consequently, if H*(E(—aCy—bF)) #
0, then p(O(aCy + bF)) < u(E).

Similarly, in the second case, one can show that if u(O(aCy + bF)) = a+ b > 0, then
H°(E(—aCy — bF)) = 0; otherwise we have

#(O(aCy + bF)) < —1 < p(E),

so F is in fact stable. O
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We can now prove:

Theorem 3.13. Let H be the standard polarization. Suppose that ci is a reduced first
Chern class and that co > 2. Then, the moduli space M$(cy,cq) is non-empty and it
contains non-trivial stable co-Higgs pairs.

Proof. To see that M$P(0,¢cy) # (), consider a rank-2 vector bundle E with ¢;(E) = 0,
c2(E) > 2, and numerical invariants d = r = 0 (such a bundle exists by Theorem 2.21).
We can write E as

0=-0—=F—=1I;—0

with £(Z) = ¢y. Since p(F) = p(O) = 0, FE is semistable (see the “more precisely” clause
of Proposition 2.12). Thus, it suffices to show that H’(Endy E(2F)) # 0. This follows from
Proposition 3.11, as HY(E(2F)) # 0.

To see that M (—F,c2) # 0, consider a rank-2 vector bundle E with ¢;(E) = —F,
c2(E) > 2, and numerical invariants d = 0, r = —1 (such a bundle exists by Theorem
2.21). We can write E as

0—-0(-F)—>E—I;—0

with ¢(Z) = ¢y We proved in Lemma 3.12 that such an F is stable. Thus, it suffices to
show that H(Endy E(2F)) # 0. This follows from Proposition 3.11, as H*(E(2F)) # 0.

To see that M (—Co, c2) # (), consider a rank-2 vector bundle E with ¢;(E) = —C,
c2(E) > 2, and numerical invariants d = 0, 7 = —1 (such a bundle exists by Theorem
2.21). We can write E as

0=>0(-F)—>FE—-0(-Cy+F)®I; —0

with ¢(Z) = ¢y — 1. Again, we proved in Lemma 3.12 that such an E is stable. Thus,
it suffices to show that H°(Endy E(2F)) # 0. This follows from Proposition 3.11, as
HY(E(2F)) # 0.

Finally, to see that M{P(—Cy — F,ca) # 0, consider a rank-2 vector bundle E with

c1(E) = —Cy—F, co(E) > 2, and numerical invariants d = 0, 7 = —1 (such a bundle exists
by Theorem 2.21). We can write E as

0—>0(-F)—=E—0(-Cy)®I7;—0

with ((Z) = c3(F) — 1. Since u(E) = p(O(—F)) = —1, F is semistable (see the “more
precisely” clause of Proposition 2.12). Thus, it suffices to show that H°(Endy E(2F)) # 0.
This follows from Proposition 3.11, as H°(E(2F)) # 0. O

3.3.2 Non-emptiness for arbitrary first Chern class

In this section, we work with arbitrary first Chern class ¢;. For the standard polarization,
we give a complete characterization of when M (cy,¢s) is non-empty. Before doing so,
let us fix the second Chern class to be 0. Then, one can say something about the non-
emptiness of the moduli space M (¢q,0) for arbitrary H. The next proposition addresses
this, by giving necessary conditions for the existence of stable co-Higgs bundles.
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Proposition 3.14. Let H be any polarization and co = 0. Then M$(cq1,0) is non-empty
if c1 satisfies one of the following three conditions:

1. ci-H>0,and2F —c; >0 or2Co+nF —c¢; > 0.
2.c1-H<0, and 2F +¢; >0 or 2Cy +nF +¢; > 0.

3. ¢c1-H=0, and =2Cy —nF < c¢; <2Cy+nkF.
Moreover, if any of the above holds, we can, in fact, find a non-trivial stable co-Higgs pair.

Proof. Let ¢; = aCy+BF and consider E = O©0(aCy+BF). Any element of H’(Endy E®

T) is of the form
. . Al B1 A2 BQ
v=ve= (g ) (e )

with 4, € H(O(2F)), B, € H(O(2F — ¢1)), C; € HY(O(2F + ¢;)) and A, € HY(O(2C, +
nF)), By € H(O(2C, + nF — ¢1)), Cy € H*(O(2Cy + nF + ¢1)). In the first case, the
condition ¢; - H > 0 yields that O(aCy + BF) is the destabilizing sub-line bundle of E.
Moreover, since either 2F — ¢; or 2Cy + nF — ¢ is effective, we get that either B; or B,
is non-zero (possibly both), and so it is possible to choose ® such that it is integrable and
O(aCy + BF) is not ®-invariant. Hence, at least one of the pairs (E,®y) or (£, ®q) is
stable.

In the second case, the condition ¢; - H < 0 yields that O is the destabilizing sub-line
bundle of E. This time, since either 2F + ¢; or 2Cy + nF + ¢, is effective, we get that
either C} or Cs is non-zero (possibly both), and so it is possible to choose ® such that it
is integrable and O is not ®-invariant. Hence, at least one of the pairs (E, ®;) or (F, ®,)
is stable.

Finally, in the third case, the condition ¢; - H = 0 tells us that u(F) = pu(0) =
u(O(aCy + BF)) = 0. Consequently, F is semistable by Lemma 2.22. Moreover, O and
O(aCy+ BF) are the only sub-line bundles of E of slope 0 (see Proposition 2.12). We need
a Higgs field ® such that these two are not ®-invariant. The condition —2Cy —nF < ¢; <
2Cy + nF' assures that we can pick ® = ®, such that By and C5 are non-zero, so that O
and O(aCy + BF) are not $-invariant. Hence (E, ®,) is stable. O

We now fix H to be the standard polarization Cy + (n + 1)F, and give necessary and
sufficient conditions on ¢, in order to guarantee that M§P(cy, ¢2) is non-empty.

Theorem 3.15. Let ¢; = aCy + BF and co = . Fiz the standard polarization H =
Co+ (n+1)F. Then, the moduli space MS$3(cy,ca) is non-empty (and moreover it contains
a non-trivial co-Higgs pair) if and only if one of the following holds:

1. « and B are both even and 4y > (206 — na);
2. « is even, ( is odd and 4y > a(2f — na);

3. «is odd, B is even and 4y > 2af8 — n(l + a?);
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4. « and B are both odd and 4y > 2(af —2) — n(1 + a?).

Proof. For the forward direction, take E' € M§P(cq, ¢2) and tensor it by the appropriate line
bundle L, so that its first Chern class is one of the reduced ones (see the proof of Lemma
3.1). Then Corollary 3.2 tells us how the second Chern class changes after tensoring E by
L. We can then apply Theorem 3.3 to obtain the desired result. The converse follows from
the results in this section on the existence of semistable co-Higgs bundles with one of the
reduced classes, see Theorems 3.8, 3.9 and 3.13. O]

We finish the chapter by showing that not every stable bundle E admits a non-zero
Higgs field. We exhibit this phenomenon for vector bundles over P! x P! with first Chern
class —F. We work with the standard polarization H = Cy + F'.

First, note that if d > 0, r < —1 —d, and ¢3 + d(1 + 2r) > 0, then M(—F,co,d,r) # )
by Theorem 2.21. Moreover, by Theorem 2.23, every E € M(—F,cy,d,r) is stable, as
(2dCo+ (2r + 1)F) - (Cy + F') < 0. We now have:

Proposition 3.16. Suppose thatd > 1, r < —1—d and co > 3 —d(1+2r), or thatd =1,
r<—2andcy>—4r—1. If E € M(—F,cy,d,r), then E has no non-trivial Higgs fields.

In order to prove the above proposition, we first show the following technical lemmas.

Lemma 3.17. Let Z be a finite set of points in P x P. Then
HO(1,(2,0)) = H(I(0,2)) = C3~44),
with the convention that C? = 0 whenever ¢ < 0. Also,
H'(15(2,0)) = H'(12(0,2)) = C*#)~3
Proof. Start by tensoring the exact sequence
0=1;—-0—=-0z—0

by O(2,0), and pass to the long exact sequence in cohomology

0 — H%I,(2,0)) — H°(0O(2,0)) — H0Oy)
= H'(Iz(2,0)) — H'(0(2,0) — H(Oy)
— H*(I4(2,0)) — H*0O(2,0)) — H*0Oz) —0.

Now note that Oy is a skyscraper sheaf supported at Z, and so HY(Oy) = (C ) and
H'(O,) = H*(Oz) = 0. Also H°(0(2,0)) = C? and Hl((’)(Q,O)) H?(0(2,0)) = 0, so we
have

0 — H°(I4(2,0)) = C* = C"% — H'(1£(2,0)) — 0.

Since we can interpret elements of H°(Iz(2,0)) as homogeneous polynomials of degree 2
that vanish at £(Z) points, it is clear that H(1(2,0)) = C>%%) and as a consequence of
exactness we get that H'(1;(2,0)) & C*%)-3

The proof that H%(I,(0,2)) = C3“%) and H'(I(0,2)) = C“%)=3 is identical; just
replace O(2,0) by O(0,2) above. O
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Lemma 3.18. Letd > 0, r < —1—d, and cg > 3—d(1+2r). For every E € M(—F, cq,d,r),
we have that H°(Endy £(2,0)) = 0. If furthermore d = 1 and ¢y > —4r — 1, or if d > 1,
then H’(Endy E(0,2)) = 0.

Proof. Recall that E fits into an exact sequence of the form
0—=0(r,d) - E— Iz(—r—1,—-d) — 0, (3.6)

with ((Z) = ¢o + d(1 + 2r) > 3. By taking the dual of (3.6), tensoring it with £(2,0), and
passing to the long exact sequence in cohomology, we get:

0 — H°(BE(r +3,d)) — H(End E(2,0)) —» HY(E(—r +2,-d)® Iz) — ...

Let us show that h°(E(r+3,d)) = 0 and h’(E(—r+2, —d)®I) < 3, as such h’(End E(2,0)) <
3, and so H’(Endy E(2,0)) = 0.

To show that H*(E(r + 3,d)) = 0, tensor (3.6) with O(r + 3,d) to get
0 — H°(O(2r +3,2d)) — HY(E(r + 3,d)) — H°(15(2,0)) — ...

Now, h®(O(2r + 3,2d)) = 0 as 2r + 3 < —1, and H°(O(2,0) ® I;) = 0 by Lemma 3.17.
Hence HY(E(r + 3,d)) = 0.

To see that h®(E(—r + 2, —d) ® I;) < 3, start by tensoring (3.6) by O(—r + 2, —d) to
get:
0 — H°(0(2,0)) = HY(E(—r +2,—d)) — H'(Iz(—2r — 1,-2d)) — ...

Since —2d < 0, we have that h®(I;(—2r — 1,—-2d)) = 0, and so h°(E(—r + 2, —d)) =
h?(O(2,0)) = 3. Now tensor

0—=1;,—-0—=0,;,—0 (3.7)
by E(—r + 2, —d), and pass to the exact sequence in cohomology to get
0— HYE(—r+2,—d)®1Iz) = H(E(—=r +2,—d)) » HY(E(-r+2,—d) ® Oz) — ...

From here it is clear that h®(E(—r + 2, —d) ® I;) < 3, and so H’(End, E(2,0)) = 0.
)

We now show that if d = 1 and ¢y > —4r — 1, or d > 1, then H°(Endy £(0,2)) = 0.
Taking the dual of (3.6), and tensoring it by E(0,2) we get:

0= H(E(r+1,d+2)— H(EndE(0,2)) = H(E(-r,—d+2)®@1;) = ... (3.8

This time h°(E(r+1, d+2)) = 0 and h’(E(—r, —d+2)®1;) < 3, giving us h’(End F(0,2)) <
3 and H(Endy E(0,2)) = 0. Let us prove it.

To show that h®(E(r +1,d + 2)) = 0, tensor (3.6) with O(r 4+ 1,d + 2) to get
0— H(O@2r +1,2d+2)) = H(E(r +1,d +2)) — H°(1£(0,2)) — ...

Now, h’(O(2r +1,2d +2)) = 0 as 2r +1 < —3, and H(I4(0,2)) = 0 by Lemma 3.17.
Hence, h®(E(r +1,d +2)) = 0.
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To see that h®(E(—r, —d + 2) ® I;) < 3, start by tensoring (3.6) with O(—r, —d + 2)
to get:

0 — H°(0(0,2)) = HY(E(—=r,—d+2)) = HY(O(=2r — 1,-2d +2) @ I;) — ...
If d > 1, then —2d 42 < 0 and h°(Iz(—2r — 1, —2d + 2)) = 0. Thus h®(E(—r, —d + 2)) =
h?(0(0,2)) =3. If d =1 and ¢, > —4r — 1, then £(Z) + 2r > 0. Moreover, using a similar
argument to the one of the proof of Lemma 3.17, we have h’(Iz(—2r —1,0)) = —2r —{(2).
Thus
hO(E(—r, —d+2)) = h°(E(—r,1)) = h°(0(0,2))+h°(O(—2r—1,0)®1;) = 3—2r—{(Z) < 3,

since one can show, again using a similar argument to that of Lemma 3.17, that h®(O(—2r—
1,0)® Iz) = —2r — {(Z). Finally, tensor the exact sequence (3.7) by E(—r, —d + 2) to get

0— H(E(~—r,—d+2)®I;) = H(E(~-r,—d+2)) = HY(E(-r,—d +2)®1I;) — ...
From here it is clear that h®(E(—r, —d 4+ 2) ® I;) < 3 in both cases. O

Proposition 3.16 now follows immediately from Lemma 3.18, since

H°(Endy E ® T) = H(End, E(2,0)) @ H°(Endy E(0,2)).
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Chapter 4

Moduli Spaces of rank 2 semistable
co-Higgs bundles over P! x P!

In this chapter, we work only over the 0-th Hirzebruch surface, P* x Pt 2% P! We also
fix the standard polarization H = Cy + F. After giving a brief review of what spectral
curves are and how the Hitchin map is defined for co-Higgs bundles over P!, we discuss
the analogous notions in the P! x P! setting. We then move on to the description of the
moduli spaces of rank 2 semistable co-Higgs bundles for ¢; = 0 (and any of the reduced
classes for ¢1). In the case of co = 1, we also give an example (when ¢; = —F') of how the
moduli space M$P(—F, 1) looks like. In this case, a technical obstacle in giving an explicit
description of the moduli space is obtaining the Higgs fields for non-trivial extensions of a
line bundle by another line bundle (which are not decomposable). Though the idea of how
to achieve this is straightforward, the execution is computationally heavy. We finish the
chapter with a section on deformation theory, where we apply this tool to points in the
moduli spaces described in the present chapter.

4.1 Spectral correspondence and Hitchin map

4.1.1 A brief review of spectral curves over P!

In this section, we briefly recall the notions of spectral curve and the Hitchin correspondence
over P'. We let M$3(2) be the moduli space of rank 2 semistable co-Higgs bundles over
Pl

The Hitchin map is given by

H: M%(2) — H'(P,T?)
(E,®) ~—  char®,

where char @ is the characteristic polynomial of ®. Recall that, in this case, T' = Op:1(2),
and so T? = Op1(4). Since we are assuming that ® is trace-free,

char @ = n?(y) + det @,
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where 7 is the tautological section of the pullback of Opi(2) to its own total space, and
y ranges in Tot(Op1(2)). Thus, we can identify char ® with det ® € H°(P', Op:(4)). This
map is surjective and proper.

Now let p € H°(P', Op1(4)) be a generic section and fix (E, ®) € H'(p). The spectral
curve X, associated to char® = p is a smooth subvariety of Tot(Op:(2)) given by the
equation

n*(y) + det ®(r(y)) = 0.

Since p is irreducible, by genericity, X, is an irreducible curve. Furthermore, it is a double
cover of P'. To see this, first equip X, with the projection

T X, — P!
induced from the projection 7 : Op1(2) — PL. Note that if p € P!, then
71 (p) = {b € Tot(Op:(2)) : char ®(p)(b) = 0},

and so 7! (p) are the eigenvalues of ®(p). Since p was choosen to be generic, this implies
that 7 : X, — P! is indeed a 2-sheeted branched covering. The ramification of the spectral
curve occurs at finitely many points, where ® has repeated eigenvalues. These are precisely
the 4 points in P* where p vanishes. By the Riemann-Hurwitz formula, the genus of X,
is one, hence an elliptic curve. It follows from more general arguments presented in both
[6, 10] that, for generic p € H°(P, Opi(4)), the fibre H~(p) is isomorphic to Pic(X,)
(which is again an elliptic curve). This is the Hitchin correspondence and, more precisely,
it works as follows:

Given any line bundle L — X, the push-forward 7,L yields a rank 2 bundle F over
P!, Moreover, the push-forward of the multiplication map

—®n:L—Len0pm(2)

is a Higgs field for £/ with char ® = p. Because X, is irreducible, this Higgs field leaves
no sub-line bundle of E invariant, and thus (E,®) is trivially stable. In other words,
(B,®) € H'(p).

Conversely, one can associate to any (E,¢) € H *(p) a line bundle over X, as follows:

First consider the pull-back of both 7*F, which is a rank 2 bundle over X,, and 7*® :
7 E — mE ® Op1(2). The eigenline bundle L. is defined as the kernel of the map

¢ —nld: 7"E — 71 (E ® Op1(2))

tensored by R, where R is the ramification divisor of X,. This is the desired element in
Pic(X,) that we wish to push-forward. Indeed, the restriction of 7*® to L. is precisely the
multiplication map, and so applying the above construction to (L., 7*®) yields the pair
(E, ®) we started with.

To conclude this section we review the results of Rayan in [27, 29] that address this
spectral correspondence in the case of rank 2 vector bundles of degree 0 and —1 over P!.

Let p be a generic section of Opi(4) and (E,®) € H '(p). If degFE = —1, as we
mentioned in Section 2.3.1, £ = Op1 @ Op1(—1). By Grothendieck—Riemann—Roch, the
line bundles L over the spectral curve X, that correspond to Op:1 @ Op1(—1) under the
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Hitchin correspondence have degree 1. To determine the corresponding Higgs field, one has
to look at the point p € X, where all the elements of H”(X,, L) vanish (because H(X,, L)
is one-dimensional in this case). If p is a ramification point, the Higgs field can be expressed
as

z 0
where z is a coordinate on P! centered at z := 7(p) and p = —z(a1 + azz + azz? + a423).

If p is unramified, then there are two possibilities, either p = (2o, /ag), in which case ®

has the form
Jao a1+ asz + asz? 4+ a2
z —/ag ’

or p = (20, —/Go), in which case ® has the form

JVao a1+ asz + asz? 4+ ag2?
z —\/ao '

Finally, if E' has degree 0, we have seen in Section 2.3.1 that E is either Op: & Op: or
Op1(1) @ Op1(—1). In this case, pushing down the degree 2 line bundle 7*Op:1(1) over X,
yields Op:1 (1) ® Op1(—1) with Higgs field

(1),

which is stable. Moreover, pushing down any other line bundle of degree 2 on X, yields a
stable co-Higgs pair with underlying bundle Op1 & Op:.

( 0 a1+agz+a3z2+a4z3 )

4.1.2 Spectral surfaces over P! x P!

In this section, we present spectral surfaces over P! x P! and discuss the Hitchin corre-
spondence in this setting.

The Hitchin map H that goes from the moduli space of semistable rank 2 co-Higgs
bundles over P! x P!, M(2), to the global sections of S*(T") = O(4,0) ® O(2,2) © O(0, 4)

is defined as follows:
H: M®(2) — H(S*T))
(E,®) +—  char®.

Here we are again identifying char ® with det ® € H(S*(T")), as char ® = %(y) + det ®
(since @ is trace-free). Recall that n denotes the tautological section of the pullback of T" to
its own total space. Explicitly, the Hitchin map is given as follows: Let (£, ®) € M®(2),
then working on an open set U, we can write

. (A B Ay By
‘I’_‘I’l“l’?‘(cl —A1)+(C2 —Az)’

where Ay, By, C, € H'(U,0(2,0)) and Ay, By, Cy € H(U,0(0,2)). Then
H(E,®) = (det ®;, —2A; Ay — 2B,Cs, det ®5) € H*(O(4,0) @ O(2,2) © 0(0,4)).

We first note that the Hitchin map is not surjective. Indeed, if H(E,®) = (p1, p1.2, p2),
then by the above equation and the integrability of ®, we see that pi2 = 4p1p9, and so H
is clearly not onto.
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Definition 4.1. Let (£, ®) € M(2). The spectral surface S, associated to p = char @,
is given by those points y € Tot(T") such that

char ®(y) = n*(y) + det ®(d(y)) = 0,

where 6 : Tot(T') — P' x P'. We equip S, with the restriction 6|g,.

The equations of S, can be written as follows: if y = (y1,y2) € Tot(T) and p =
(p1, p12, p2), then the spectral surface is given by

m(y)+p1=0
m5(y2) + p2 =0 (4.1)
201 (y1)n2(y2) + p12 = 0,

where 7; and 7, are the tautological sections of the pullback of O(2,0) and O(0, 2), respec-
tively, to their own total spaces.

Note that multiplying the first equation by n3(y»), and using the second equation and
the fact that pi, = 4p1ps, yields

0= (ni(y) + p1)75 (y2)
= 0 (y1)ms (Y2) — prp2
= (m(y)m2(y2) + pr2/2)(m(y1)m2(y2) — p12/2).

Thus the first two equations yield a reducible surface in Tot(T"). Clearly, as the third
equation appears as one of the factors above, it cuts out a 2-dimensional subvariety of this
surface.

Analogous to the case of curves, the elements of S, lying above a point in P! x P! are
pairs where the first entry is an eigenvalue of ®;, and the second entry is an eigenvalue of
®,. Moreover, we claim that for generic p, S, is a double cover of P* x P!. To see this,
let A} and A? be the eigenvalues of ®; at an unramified point p € P! x P!. Recall that,
since ® is integrable, by Remark 2.41, &; and ®, have the same eigenspaces, and so we
assume that the eigenspace of /\{ is equal to the eigenspace of )\% for y = 1,2. We now
check that the third equation of S, is equivalent to (A, \}) € S, if and only if i = j. In
other words, the points of S,, at unramified points of P! x P!, are pairs of eigenvalues of
®, and P, sharing the same eigenspace. First note that since ®; and ®, commute, )\{ and
)\% sharing the same eigenspaces is equivalent to )\{ )\é being an eigenvalue of ®;P,, and so
it must satisfy the characteristic polynomial char ®;®,:

DN (A) — tr(@1D2)m (X])12(A)) + det(P1®2) = 0,
After some algebraic manipulation, the above equation reduces to
2m(A)me(X3) + p12 = 0,
which is precisely saying that (X, \}) satisfies the third equation. We can thus conclude

that the points in S, lying above p € P* x P! are (A}, A\}) and (A, \3), showing that S, is
indeed a double cover of P* x P!
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Remark 4.2. 1. Let p be generic. Unlike the curves case, in order to get a Hitchin
correspondence, one needs to push-forward rank 1 torsion free sheaves over S, instead
of only elements of Pic(S,) (see [33, 31]).

2. All of the above discussion also holds for an arbitrary Hirzebruch surface F,, after
replacing O(2,0) @ O(0,2) by O(2F) ® O(2Cy + nF).

3. One can show that, for generic p, S, consists of two isomorphic copies of P* x P! that
intersect in four points.

Now, we aim to show that, the underlying bundle of the generic elements of M (2)
are indecomposable.

Lemma 4.3. Let E = L1 @ Ly be a decomposable rank 2 vector bundle over P* x P*.

1. Suppse p(L1) > p(Le). If (B, ® = &1+ Dy) is a semistable co-Higgs pair, then &1 =0
or &, = 0.

2. Suppose ju(Ly) = pu(Ly). Then, either det ®; is non-generic in H°(O(4,0)) or det ®,
is non-generic in H*(O(0,4)).

Proof. Let Ly = O(ay,b;) and Ly = O(ag, by). Then, any element of H(Endy E ® T) is of

the form y N
. . 1 By 2 DB
(I)_(IDIJF(I)Q_(CH _A1)+(C2 _AQ),
with A, € H0<O(2,O>>, B; € HO(O(al — a9 + 2, by — bz), C, e HO(O(CLQ —ai + 2,b2 — bl))
and A2 € HO(O((),Q)), B2 € HO((’)(al — a9, bl - bg + 2)), 02 € HO(O(GQ — aq, bg - b1 + 2))

1. Suppose p(L1) > pu(Lg). We have two cases to consider. If a; > ay, then any element
in HY(Endy E ® T) is such that Cy = 0. If we were to have a Higgs field ® for E such that
(E, ®) is semistable, then C} must not be identically zero, for otherwise it would leave L;
invariant, contradicting semistability. The integrability condition, equations (2.8), implies
that Ay = By = 0. Hence, ® = ®; with non-zero C;. Similarly, if b; > by, we get that
& = &, with non-zero (.

2. Suppose p(Ly) = p(Lz). It is enough to consider the following three cases:

(i) If a1 > ag and by > by, then any element in HO(EndOE ® T) is such that B; = 0
and Cy = 0. Then det®; = —A? and det ®, = —A32, so they are non-generic in
H°(O(4,0)) and H(O(0, 4)), respectively.

(ii) If ag > a; and by > by, then any element in H’(Endy F ® T) is such that C; = 0
and By = 0. Then det ®; = —A? and det ®; = —A3, so they are non-generic in
H°(O(4,0)) and H(O(0,4)), respectively.

(iii) If a; = ag and by = by, then any element in H*(Endy E®T) is such that A, By, C; are
elements of H’(O(2,0)) and Ay, By, Cy are elements of H*(O(0,2)). Note that we may
assume that at least one entry in either ®; or ®, is non-zero, for otherwise the result
follows. Without loss of generality let us assume that A, # 0. By the integrability
condition, equations (2.8) imply that if A, # 0, we can pick a point p, € P* | which
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is not a zero of Ay, evaluating both A; By = B1As and C1 Ay = A1Cy on p = (z1, pa),
we get B; = uA; and C; = vA; for u,v € C. Hence, det ®; = —(1 + uv)A?, which is
non-generic in H’(O(4,0)).

]

Proposition 4.4. If p is generic, then H=*(p) does not contain co-Higgs pairs where the
underlying bundle is decomposable. In particular, for (E,®) € M®“(2) generic, E is not
decomposable.

Proof. Let p be generic and assume that H~!(p) contains a pair with decomposable under-
lying bundle. Then, by Lemma 4.3 (1.), either p = (p1,0,0) or p = (0,0, ps), or, by Lemma
4.3 (2.), p = (p1, p12, p2) with either p; or p; non-generic. Hence, p is not generic. O

Let us now discuss spectral surfaces in the case where either ®; or ®, is zero. We will
be interested in the cases when p = (p;,0,0) or (0,0, ps) € HY(S*(T)), where p; and p, are
generic in H°(O(4,0)) and H’(O(0,4)), respectively.

When p = (p1,0,0), and p; is generic, any Higgs field ® of a co-Higgs pair in the fibre
of the Hitchin map above p must have the form & = ®;. To see this, let & be a Higgs
field such that det® = p. Since det &5 = 0, we have that A = 0 is an eigenvalue of ®,
of algebraic multiplicity 2. Also, above all points where det ®; # 0, we have a basis of
eigenvectors for ®;. By the integrability of & and Remark 2.41, this is also a basis of
eigenvectors of ®,. Hence, @, is diagonalizable and thus the zero matrix at all such points.
Hence, &5 = 0. Moreover, in this case, the equations of the spectral surface reduce to

2
ni(y1) + det @y =0
4.2
{ 3 (y2) = 0. 42)
Hence,
S, =X, xP
where X, is the spectral curve associated to p; (we view p; as an element of H’(P, Op1(4))),

which we have seen is an elliptic curve (see Section 4.1.1). Also, the projection 6 : S, —
P! x P! is given by (m, Idp1), where 7 : X, — PL.

Similar observations can be made when p = (0,0, p2) is generic (in particular S, =
P! x X,,). Consequently, in both of these cases, we have a Hitchin correspondence on the
spectral surface coming from the correspondence on the spectral curve. More precisely,

Proposition 4.5. Suppose p = (p1,0,0) € H°(S*(T)) with p; generic. Then, there is a
Hitchin correspondence between the line bundles of S, and the elements (E,®) of M®“(2)
with underlying bundle of the form E = O(a,m) ® O(b,m) and ® = ®&; € H*(Endy F ®
0(2,0)).

Proof. Let M be a line bundle over S,, then M is of the form Prj L ® Prj Op1(m) (see [18,
Chapter 3, Section 12]), where L is a line bundle over X, and m € Z, and Pry, Pr, are the
projections of S, to X, and P!, respectively. From the commutative diagram

7, Id
S, = X, x P T p1 oy pr
lprl pry \L
X, u P!
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we see that (7, Idp1).(Pri(L)) = pri(m(L)) = O(a,0) & O(b,0) for some a,b € Z such that
(L) = Opi(a) @& Op1(b). Similarly, from the commutative diagram

(Wvldpl )

S, = X, x P! P! x P!
\LPQ przl
Pl Idp ]P>1

we see that (7, Idp1 ). (Pr5(Opi(m))) = pri(Idp: x(Opi(m))) = O(0,m). Therefore, 6, M =
O(a,m)@® O(b,m). Moreover, since the multiplication of elements in M by elements in S,
maps to M ® O(2,0), the push-forward of — ® 7 yields a Higgs field ® with & = ®;. The
Higgs field @ is the pullback of the Higgs field obtained by pushing-down the multiplication
map of L.

On the other hand, if we start with something of the form O(a,m) & O(b,m), to find
the corresponding line bundle over S, we first find the line bundle L over X, corresponding
to (Opi(a) @ Op1(b), P1). Then we tensor the pullback of the latter with Pry Opi(m). O

Remark 4.6. A similar result holds when p is of the form (0,0, p3) with py generic.

We will discuss some examples of this nature in the following sections. See Remarks
4.9, 4.13 and 4.24.

4.2 The Moduli Spaces M (cy, ¢)

We fix the standard polarization H = Cjy + F, and let M(cy, co) denote M§(cy,¢2). In
this section, we consider only the reduced first Chern classes.

4.2.1 Second Chern Class ¢, =0

Throughout this subsection, we let E denote a rank 2 vector bundle over P! x P! and
assume c; = 0. By Lemma 3.1, we may assume that ¢; is 0, —F or —C, and throughout
this section we do so. Indeed, we assume that ¢; is either 0 or —F', since the case where
c1 = —Cj is symmetric to the case ¢; = —F', in the sense that one simply interchanges the
roles of the first and second copies of P'. By Proposition 3.5, we know that in this case
there is only one chamber, and so having fixed H = Cjy + F' does not actually impact the
results of this subsection, as any other ample divisor would yield the exact same results.
Recall that, in this case, by Theorem 3.3, any semistable co-Higgs pair (£, ®) is such
that F is an extension of line bundles. Moreover, we can prove that, in this case, E is
decomposable.

First Chern class ¢; = — F
We now analyze further the case c; = —F. Recall that in this case the notions of semista-

bility and stability coincide. We begin by describing the possible co-Higgs pairs appearing
in the moduli space.
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Proposition 4.7. Suppose that c1(E) = —F and c2(E) = 0. If (E, ®) is a stable co-Higgs
pair, then E = O & O(—1,0). Moreover, ® is of the form

. . Al Bl A2 BQ
o=t o= (B B ) (% B,
with A, € H'(O(2,0)), By € H(O(3,0)), C, € H'(O(1,0)) and Ay € H(O(0,2)), By €
H(O(1,2)).

Proof. By Theorem 3.3, E is an extension of line bundles. Let us first show that E is in
fact decomposable. We know that F fits into an exact sequence of the form

0— O(a,b) > E— O(-1—a,-b) — 0,

and 0 = c3(E) = —b(14+2a). Thus b = 0. A non-trivial extension corresponds to an element
of H'(O(2a+1,0)) = H'(P'; Op1(2a+1)), and so it is the pullback to P' x P! of a non-trivial
extension V of Opi(—a — 1) by Opi(a) over P'. Since bundles over P! are decomposable,
V = Opi(c) ® Op (), for some integers ¢ and ¢/, and F = pri V = O(c,0) @ O(c,0).

Then, the underlying bundle of a stable co-Higgs pair (F,®) with ¢;(F) = —F and
c2(E) =0 1is of the form F = O(a,0) & O(—a —1,0). Let us show that a can only take the
values —1 or 0. Any element ® € H’(Endy £ ® T) has the form

. Al Bl A2 Bg
v=(a G+ (e )
where A, € H°(O(2,0)), B, € H(O(2a + 3,0)), C; € H(O(1 — 2a,0)), and A, €
H°(0(0,2)), By € H*(O(2a + 1,2)), Cy € H*(O(—1 — 2a,2)). If a > 1, then C; = Cy = 0,
and O(a,0) is ®-invariant. However, u(O(a,0)) > p(E), which contradicts stability. A

similar argument, but interchanging the roles of the C;’s for the B;’s, and of O(a,0) for
O(—1 —a,0), shows that a > —2. Hence, a = 0, —1 and thus £ = O & O(—1,0).

Let us now determine which ®’s yield stable pairs (£, ®). Any element in H’(Endy E ®

T) is of the form:
. . Al Bl A2 Bg
(I)_(I)1+CI)2—(01 —A1)+( 0 —AQ ’

with A; € H°(0(2,0)), B, € H°(O(3,0)), C; € H°(O(1,0)) and A, € H*(0O(0,2)), B, €
H°(O(1,2)). Note that, if ® were a Higgs field of F, then C; must be non-zero, as oth-
erwise it would leave O invariant, contradicting stability. Also, taking into account the
integrability condition, equations (2.8) imply that Ay = By = 0. Therefore, any possible
Higgs field of E is of the form ® = ®; € H(Endy £ ® O(2,0)), with ®; as above, and
non-zero Cy. Now, the fact that (£, ®) is indeed stable for any of these Higgs fields follows
from Lemma 2.38. O

Given Proposition 4.7, we now discuss the isomorphism classes of pairs (O®O(—1,0), @)
with @ as above. Recall that (E, ®) is isomorphic to (F, ®') when there exists an automor-
phism ¥ of E such that ® = ¥ o ® o U=, Now, an automorphism ¥ of F can be chosen
of the form

U= ( (1) g ) € H(End E),
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where P and @) are global sections of O(1,0) and O, respectively; moreover, () # 0. Hence,

VodoU ! = ( A+ PG, _Q_1(2A1P—B1—C1P) )

QCy —(A1 + PCy)

Since C; € H°(O(1,0)), we can locally write C; = a(z; — p). Then, A; = A;(p) + (21 —
p)[A}(p) + AY(p)(21 — p)]. Tt is not hard to see that, by choosing P = —a~'[A](p) +
Al(p)(z1 — p)] and Q@ = a~!, we have a representative of the conjugacy class of ® of the

form
( :{pz)s —/ﬁi(p) ) ’

It follows from the above discussion that every Higgs field of a stable co-Higgs pair is
the pullback of a Higgs field of the bundle Op1 & Opi(—1) over P!. Furthermore, every
stable co-Higgs pair of degree —1 over P! (see [27]) gives rise, by taking pullbacks, to a
stable co-Higgs pair over P! x P! of this form. Let us state these facts as:

where B} € H°(O(3,0)).

Theorem 4.8. The moduli space M(—F,0) of rank 2 stable co-Higgs bundles over P! x P!
with first Chern class —F and second Chern class 0 is a 6-dimensional smooth variety
isomorphic to the moduli space Mg (—1) of rank 2 stable co-Higgs bundles of degree —1
over P!,

Proof. First recall that in [27], Rayan proved that Mg} (—1) is a 6-dimensional smooth
variety given by

V= {(y,p) € Tot(Op(2)) x H'(P'; Op(4)) : n* = p(7(y))},

where 7 : Tot(Op1(2)) — P! is the natural projection, and 7 is the tautological section of
the pullback of Op:1(2) to its own total space.

Now, consider the map

fioME(-1) = M®(=F0)
(Vi) = ((pry)*V, (pry)*p).

We only check that this map is well-defined; the fact that it is an isomorphism is immediate.
Since the only underlying bundle of a stable co-Higgs pair living in Mg3(—1) is Op1(—1) @
Op1, and since (pry)*(Op1(—1) ® Op1) = O(—1,0) @ O, this map is simply given by f(¢) =
(pry)*(¢). Suppose ¢’ = o potp™t where 1) € Aut(Opi(—1) ® Op). Then

f@) = fopoy™) = (pr) (owoy™) = (pr)*(¢) o (pry) () o (pry)*(¥)) ",

where (pry)*(¢)) € Aut((pry)*(Opi(—1) ® Op1)). Thus f(¢') and f(p) are indeed in the
same conjugacy class. O

Remark 4.9. Note that, in this case, the spectral correspondence is as follows. We have
seen in Section 4.1.2 that for p = (py,0,0) with p; € H°(O(4,0)) generic, the spectral
surface S, is an elliptic fibration X, x P!, with the spectral correspondence coming from
that of the elliptic curve X, . Thus, if M is a line bundle over S, corresponding to
O @ O(-1,0) € H'(p), we must have that M = Prj(L) ® Pry(O(m)), where L is a line
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bundle over X, and O(m) is a line bundle over P'. Moreover, L corresponds to a co-
Higgs bundle (Op: & Op1(—1),¢), and so L has degree 1 (see [28, Section 8]). Note that
m = 0. Therefore, the line bundles over S, that are in correspondence with co-Higgs pairs
(O ® O(-1,0),®) € H'(p) are those of the form Prj(L) with L being a degree 1 line
bundle over X,. The Higgs fields are obtained by pulling-back the Higgs fields obtained
from L in the P! case (just as we discussed in Section 4.1.2).

First Chern class ¢; =0

We now focus on the case ¢; = 0. In this case, we no longer have a single underlying
bundle; nonetheless, there are only three possibilities.

Proposition 4.10. Suppose that ci(E) = 0 and c2(E) = 0. If (E,®) is a semistable
co-Higgs pair, then E =0 & O or O(0,1) & O(0,—1) or O(1,0) & O(—1,0).

Proof. Tt follows from Theorem 3.3 that E is an extension of line bundles. As in the
proof of Propostion 4.7, one can easily check that E is decomposable and of the form
E = 0(a,0) ® O(—a,0) or E = O(0,b) & O(0,—b). Without loss of generality, we now
assume that £ = O(a,0) & O(—a,0), as the other case is analogous. Let us show that a
can only take the values —1, 0 or 1. Any Higgs field ® € H(Endy E ® T') has the form:

_ Al By A2 By
v=(a G)+(e )
where A; € H°(O(2,0)), By € H(O(2a + 2,0)), C; € H*(O(2 — 2a,0)), and Ay, €
HO(O(O,Q)), B2 S H0(0(2a, 2)), Cg S HO(O(—26L, 2)) If a > 2, then Cl = Cg = O,
and so O(a,0) would be ®-invariant. However, u(O(a,0)) > u(E), which contradicts sta-

bility. A similar argument, but interchanging the roles of the C;’s for the B;’s, and of
O(a,0) for O(—a,0), shows that a > —2. The result follows. O

We first consider £ = O® O, which is a strictly semistable bundle. It would be desirable
to describe all the possible Higgs fields that £ admits. However, we do not yet know the
shape of the Higgs fields ® for which (E, ®) is stable; i.e., those ®’s for which no copy of
O inside F is ®-invariant. We do, however, describe those Higgs fields which are strictly
semistable. We remind the reader that, in the moduli spaces M(cy, c2), two objects are
identified if they are S-equivalent (see Section 2.3).

Any element of H’(Endy £ ® T') is of the form

. . Al B,y A2 By
oomen (B B ) (5
with Ay, By, C; € H(O(2,0)) and Ay, By, C, € HY(0(0,2)).

We now need to consider the ®’s as above, which are integrable; i.e., the ®’s that
satisfy equations (2.8). Furthermore, we focus our attention in those Higgs fields which
make (F,®) into a strictly semistable co-Higgs bundle.
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A pair (E, ®) is strictly semistable if and only if there is a ®-invariant copy of O in E.
This is equivalent to the existence of a non-zero v € H(E) such that ®(v) = v@ A\ +v® g,
where A\; € H(O(2,0)) and A\, € H°(0O(0,2)). Writing ® as

b = (MO —+ M121 -+ MQZ%) + (No + N122 + NQZ%),

where the M;’s and the N;’s are 2 x 2 complex valued matrices, we see that ®(v) =
V® A +v® Ag if and only if v is a common eigenvector of the M;’s and N;’s (note that, in
this case, the coefficients of \j, g are the eigenvalues of the M;’s and the N;’s, respectively).
If this is the case, by a change of basis, we may assume that the M;’s and N;’s are upper
triangular. Therefore, (E, ®) is strictly semistable if and only if ® is upper triangular and
its matrix coefficients admit a common eigenvector. In this case, by Lemma 2.37, we have

that y p
- 10 2 0

Note that two graded objects gr(E, ®) and gr(E, ®’) are isomorphic if and only if A;+ Ay =

+(A] + A)). Indeed, two matrices ( 61 _OA ) and < g _OB ) live in the same S-

A 0\ (B 0 »
(o %)=2( %)

if and only if A = £B. Therefore, a set of representatives for the S-equivalence classes of
strictly semistable pairs, with underlying bundle FE, is given by

{(g‘ _OA) :AGHO(T)}/N

where ~ is defined by A ~ B if and only if A = £B.

On the other hand, note that for the bundle £ = O(1,0) & O(—1,0), any element of
H°(Endy E ® T) is of the form

o o Al Bl A2 BQ
®_¢1+¢2_(Cl —A1)+(O _A2)

with A; € H(0(2,0)), B, € H(O(4,0)), C; € H(O) and Ay € H°(0O(0,2)) and B, €
H°(0(2,2)). Note that, if ® were a Higgs field of £, then C} must be non-zero, as otherwise
it would leave O(1,0) invariant, contradicting stability. Also, taking into account the
integrability condition, equations (2.8) imply that Ay = By = 0. Therefore, any possible
Higgs field of E is of the form ® = &, € H(Endy E ® O(2,0)), with ®; as above, and
non-zero C}.

equivalence class, that is

Now, we observe that (E, ®) is in fact co-Higgs stable for any ® as above. Note that
the sub-line bundles of E are of the form O(r,s) with r < 1 and s < 0 or r < —1 and
s < 0. As such, the only sub-line bundles that could potentially contradict stability are O
and O(1,0). However, any degree zero sub-line bundle of F; that is, any copy of O in E,
is contained in O(1,0); and so, since the latter is not ®-invariant, the result follows.
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We now claim that a set of representatives for the isomorphism classes (recall that in
this case S-equivalence reduces to co-Higgs isomorphism) is given by

((13) peweun}

Indeed, given any Higgs field ® as described above, letting

(1 =4
(o)

0 B — A2
10 ‘

we get

YOU— = (

Similarly, for the bundle £ = O(0,1) & O(0,—1), a set of representatives for the

isomorphism class is
0 B 0
1 0 : BeH(0(0,4)) ¢ .

Following the description of [28, Section 8| for the case of curves, we now show that
we can view the set of stable co-Higgs bundles, in M®(0,0), with underlying bundle
O(1,0) ® O(—1,0) or O(0,1) @ O(0, —1) as sections of certain maps, as follows:

Consider the maps

hy : M(0,0) — H°(0O(4,0))
(E, b=, + q)z) — det &,
and
hy : M (0,0) — H°(0(0,4))
(E, o = (I)l + (I)Q) — det q)z.
Define
Q:: H°(0O(4,0) — M<(0,0)
p > (0(1,0) © 0(-1,0),®, = ( (1) _0'0 ))
and
Q. HY(0(0,4)) — Me(0,0)

) — (0(0,1)@0(0,—1%@2:((1) _OP)>'

Clearly, @); is a section of h; for ¢ = 1,2. Moreover, by the above discussion, we have:

Proposition 4.11. The images of the sections Q1, Qs in M(0,0) are precisely the set of
stable co-Higgs bundles with underlying bundle O(1,0) & O(—1,0) and O(0,1) ® O(0, —1),

respectively.

Remark 4.12. Note that every point in M(0,0) with underlying bundle O(1,0) &
O(—1,0) or O(0,1) ® O(0,—1) is the pullback from P! to P! x P! of a stable co-Higgs
pair with underlying bundle Op:(1) @ Op1(—1) with respect to the first or second projec-
tions, respectively. Similarly, any point in M (0,0) with underlying bundle O & O can
be obtained from a stable co-Higgs bundle (Op1 & Op1, ¢) over P! by taking the pullback
of ¢ with respect to the two projections; i.e., (O @ O, pr} ¢ + pri ¢).
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Remark 4.13. Let us now discuss the spectral correspondence. Again, for p = (py,0,0),
where p; € H°(O(4,0)) is generic, we have that S, =X, x P! In this case, pushing-down
the line bundle M = Prj(7*Op: (1)) yields the bundle O(1,0)®O(—1,0). Since the degree 2
bundle 7*Op1 (1) is the unique line bundle over X, which corresponds to Op: (1) & Op1(—1),
the line bundle M is the unique line bundle over S, that corresponds to O(1,0) & O(—1,0)

with Higgs field
_ (0 —m
b=, = ( 10 ) .

This follows again from the discussion in Section 4.1.2. Similar observations can be made
when p = (0,0, p2), where p, € HY(O(0,4)) is generic. Clearly, in this case, the correspon-
dence yields the underlying bundle O(0,1) & O(0, —1) and Higgs fields of the form

0 _
<I>:<I>2:(1 5’2).

Finally, pushing-down any line bundle M over S,, (for i = 1,2) of the form Pr}(L), where
L is any other degree 2 bundle over X, corresponds to a Higgs field of the form & = &,
which makes O & O into a stable pair.

4.2.2 Second Chern Class ¢y =1

We now turn our attention to co-Higgs pairs (E, ®) over P! x P! with ¢; = —F and ¢y = 1.
Once again, recall that, in this case, stability and semistability are identical notions. In
studying the possible underlying bundles for stable co-Higgs pairs (E,®), we will show
that E is an extension of O(—1,1) by O(0, —1).

We begin by proving a technical lemma.
Lemma 4.14. Let x be a point in P x P! and suppose that co(E) = 1. If E fits into the

exact sequence
005 EL0(-1,0091, =0, (4.3)

then O is ®-invariant for any ® € H*(Endg E ® T)).
Proof. First note that since Ext'(O(—1,0) ® I,,0) = H°(0,) = C, up to isomorphism,

there is a unique F that fits into (4.3). Now, tensoring (4.3) with 7" and passing to the
long exact sequence in cohomology, we get

0—HYT) L HY(E®T) L H(O(-1,000,@T) — 0,

where we also denote by ¢ and p the induced map ¢ ® Idy and p ® Idy, respectively. Note
that Im(:) = Ker(p). Moreover, using Grothendieck-Riemann-Roch [18, Appendix A], one
can check that m,(1,) = Opi1(—1). Therefore,

H(O(-1,0)® [, ®T) = H(P'x P';1,(1,0))
HOEP%m(Iw(LO)D
(

UPY; Opi (1) ® 7o (1))
0 ]PI;OHM),

uagan
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so the non-zero elements of H°(O(—1,0) ® I, ® T) are nowhere vanishing.

With this in mind, we now claim that if
S={peHHom(O,ExT)|¢=20,®€H (Endy ExT)},

S C Im(¢), implying that O is ®-invariant for any ® € H°(Endy E ® T), by Lemma, 2.32.
Indeed, let o € S so that ¢ = ® o ¢ for some ® € H’(Endy £ ® T'). Then,

p(p) =podoy,

which vanishes at x since ¢ does (otherwise the quotient £/.(O) would be locally free).
Hence, p(p) = 0 because non-zero elements of H*(O(—1,0))® I, ®T are nowhere vanishing,
proving that ¢ € Ker(p) = Im(¢). O

We are now ready to prove that the only possible underlying bundles for stable co-Higgs
pairs are extensions of O(—1,1) by O(0, —1).

Proposition 4.15. Let (E,®) be a stable co-Higgs pair such that ¢i(F) = —F and c3(F) =
1. Then E is an extension of O(—1,1) by O(0,—1).

Proof. Let E have invariants d and r. Then we know that F fits into an exact sequence of
the form
0—-0(rd - E—-0(-1-—r,—d)®I; =0, (4.4)

with ¢(Z) =14 d(2r 4+ 1) > 0. Now, for such a rank-2 vector bundle to exist, we know by
Theorem 2.21 that one of the following two conditions must be satisfied.

1. d>1,or

2.d=0and r > —1.

In case (1), we consider two subcases:

(i) » > 0. By tensoring (4.4) with O(r,d)" ® T, and passing to the long exact sequence
in cohomology, we get

0— HYT) = H(E(-r,—d)®T) = H(O(-1 - 2r, 2d) @ T ® 1) — 0,

where H(O(—1 — 2r,—2d) ® T ® Iz) = 0, and so, by Lemma 2.32, O(r, d) is ®-invariant
for any ® € H°(Endy £ ® T), and thus destabilizing. This contradicts stability, and thus
this case cannot happen.

(ii)) » < —1. If either r < —1, or d > 1 and r = —1, then ¢(Z) < 0, which is impossible.
Hence d = 1 and r = —1, so that ¢(Z) = 0, and therefore E' is an extension of O(0,—1)
by O(—1,1). However, H'(O(—1,2)) = 0, implying that E = O(—1,1) & O(0, —1).

In case (2) we consider three subcases:
(i) » > 1. By the exact same argument as above, one can check that O(r,d) is -

invariant for any ® € H’(Endy F ® T), and thus destabilizing. Hence this case cannot
happen.

o4



(ii) » = 0. In this case, E fits into an exact sequence of the form
0-0—F—0(-1,001, —0,
and so, by Lemma 4.14, O is ®-invariant for any ® € H’(End E®T), and thus destabilizing.
Again, this case cannot happen.

(iii) » = —1. In this case, E fits into an exact sequence of the form
0—0(-1,0) > E—1,—0.

Now, since Ext'(I,, O(—1,0)) = H°(O,) = C, there is a unique bundle, up to isomorphism,
that fits into this exact sequence. Hence, E is completely determined by the invariants
d =0 and r = —1, up to isomorphism. On the other hand, any non-trivial extension E’ of
O(—1,1) by O(0, —1) has invariants d = 0 and r = —1. Indeed, the restriction of £’ to the
generic fibre is a non-trivial extension of Opi (1) by Opi(—1) over P!, so d = 0. Moreover,
pushing down the extension

0—0(-1,1) = FE - 0(0,-1) =0
to P!, we obtain
(pr1)+(E) = (pr))(O(=1,1)) = Op: (=1) & Op1 (—1).
Thus, r = —1. Hence, E = E’ and FE is a non-trivial extension of O(—1,1) by O(0, —1). O

As before, now that we know the possible underlying bundles for stable co-Higgs pairs,
we can check whether they admit (non-trivial) Higgs fields.

We start by working with the trivial extension £ = O(0,—1) & O(—1,1). In this case,
any element of H’(Endy £ ® T) is of the form

. o A1 0 A2 BQ
emeem=(a S) (v )

with 4; € H(O(2,0)), C; € H°(O(1,2)), and A, € H(O(0,2)), B, € H(O(1,0)). Note
that By cannot be identically zero, for otherwise it would leave O(—1,1) invariant, con-
tradicting stability. Again, taking into account the integrability condition, equations (2.8)
imply that A; = C] = 0. Therefore, any possible Higgs field of F is of the form

® = &y € H(Endy(0,2)),

with @, as above and By not identically zero. The fact that (£, ®) is indeed co-Higgs
stable for these Higgs fields follows from Lemma 2.38.

Now, note that an automorphism ¢ of E = O(0,—1) @ O(—1,1) can be chosen of the
form

_ (10 0
w(o P)GH(EndE),
where P is a non-zero global section of @. We then have that

-1 _ A2 P_lBQ
PYodor _( 0 A, .
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Since B, € H(O(1,0)), we can locally write By = a(z; — p), so by choosing P = a™!, we
have a representative of the conjugacy class of ® of the form

Ay 2 — p
b = . 4.5
We now turn our attention to the non-trivial extensions

0—00,-1) = EF— O(-1,1) = 0. (4.6)

These, as they are stable bundles with respect to the standard polarization, admit the zero
Higgs field. They nonetheless also admit non-zero Higgs fields. To prove this, we do the
following;:

(i) Check that h’(Endy E ® T') # 0.

(ii) Check which elements of H(Endy E ® T') satisfy the integrability condition.

A direct computation gives (i):

Lemma 4.16. If E is a non-trivial extension of O(—1,1) by O(0, —1), then h®(Endy E(2,0)) =
6 and h’(Endy £(0,2)) = 5. In particular,

h’(Endg E® T) = 11.

Proof. The non-trivial extension E is given by a class in H'(O(1, —2)) = H*(P!, Op:1 (1)) @
H' (P!, Op1(—2)), which vanishes at a single point x in the first factor of P! xP'. Therefore,

B . Opl D Opl if 7é Zo
7 Op(=1) @ Om (1) if 2 = 2
where F, = (pr;) " *(z).

Now, in order to compute the dimension of H’(Endy E(2,0)), take the dual sequence
of (4.6), tensor it by £ ® O(2,0), and then push-forward it to the first copy of P!, we are
left with:

0 — (pr,)« End E(2,0) — (pr,).F(2,1) — R*(pr,).E(3, 1) — R'(pr,). End E(2,0) — 0.

Note that both R(pr,).E(3,—1) and R'(pr,). End E(2,0) are skyscraper sheaves sup-
ported at x. Hence, (pr, ), End F(2,0) 2 (pr,).E(2,1), and so we get that H’(End E(2,0)) =
H°(E(2,1)). Now, tensoring (4.6) by O(2,1) and passing to the long exact sequence in co-
homology, we get

0 — H°(O(2,0)) — H(E(2,1)) — H*(O(1,2)) — 0.

Hence, h’(E(2,1)) = h°(0(2,0))+h%(O(1,2)) = 9, and so h’(End £(2,0)) = 9. Finally,
since End £(2,0) = Endy E(2,0) @ O(2,0), we get that h’(Endy F(2,0)) = 6.
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Now, in order to compute the dimension of H’(Endy F(0,2)), take the dual sequence
of (4.6) and tensor it by F(0,2) to get:

0 — H°(E(1,1)) — H°(End £(0,2)) — H°(E(0,3)) — HY(E(1,1)) — - - (4.7)

In order to compute h'(E(1,1)), tensor (4.6) by O(1,1) and pass to the long exact
sequence in cohomology:

0 — H°(O(1,0)) — H°(E(1,1)) — H°(O(0,2)) — 0.

Hence h°(E(1,1)) = h°(O(1,0)) + h°(0(0,2)) = 5 and h'(E(1,1)) = 0.

Now to compute h’(£(0,3)), tensor (4.6) by O(0,3) and pass to the long exact sequence
in cohomology
0 — H°(0(0,2)) — H°(E(0,3)) = 0

Hence h’(E(0,3)) = h°(0(0,2)) = 3. It now follows, from (4.7), that
h’(End £(0,2)) = h°(E(1,1)) + h°(E£(0,3)) = 8.
Finally, we have that h’(Endy £(0,2)) = h®(End F(0,2)) — h%(0(0,2)) = 5. Therefore,
h’(Endy £ ® T) = h®(Endy £(2,0)) + h(Endy(0,2)) = 11

]

Let us now determine which elements of H’(Endy E ® T) satisfy the integrability condi-
tion. We begin by giving a local description of H’(Endy £ ® T'). In order to do so, we will
need to explicitly know the transition functions of Endg £ ® T', and so we will explain how
to obtain the transition functions, g?j”dOE , of Endg E from the transition functions, gg- , of
E. Obtaining the transition functions of Endy £ ® T' from those of Endg E' is immediate.
We fix the standard open cover of P! x P!:

Vi = Ul < U2
Vo = UL x U2
Va=UL x U?
Vi=UL x U2,

where U¢ is the affine open subset of the i-th copy of P! that does not contain the point
at infinity, and U’ is the affine open subset of the i-th copy of P! that does not contain
zero. Let us work on the intersection Vj; := V; N'V;. Given the trivializations ¢;, ¢; of
E, we know we can obtain (local) frames {ej,es},{f1, fo} by pulling back the standard
basis of C? under the maps ¢;, ;, respectively. Furthermore, we may obtain dual frames
{et,e5} and {f], f5} for EY, which also correspond to the pullbacks of the standard basis
of C? under ¢! = (¢; "7 and ©; = (goj_l)T, respectively. It is clear then that both
E={ea1®ej,e1R€5,ea@ef,eaes} and F={fi f, 1@ f5, 2@ ff, fa® f5} are frames
for EndE over V; and Vj}, respectively. Furthermore, End £ = Endy £ @ O. Hence, we may
obtain another frame for EndE over V;, &' = {e1®e] —ea®e5, e1@¢e5, ea®e}, e @€ +ea®es ),
where the first three elements form a frame for EndgE over V;, and the last one forms a
frame for O. Similarly, we get F' = {1 @ f{ — fo® f3, 1@ 5, o ® [, L ® fi + f2® f3},
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where the first three elements form a frame for EndgE over V;, and the last one forms a
frame for O. Hence, g;Ej”dOE will be the restriction to EndgE of the change of basis matrix
from F to £. By linear algebra, we know that

g?jndg E®O — nggnd EP]-‘,
where Pe is the change of basis matrix from £ to £, and Pz is the change of basis matrix

G G
from F’ to F. Hence, if we let g& = i
rom (6] ence, 11 we le gl] (G21 G22

then the transition function of EndE on Vj; is given by

) be the transition function of £ on V;,

GG —GuGa GG —GpGy

EndE _ 1 -GGz GuGun —GiGia  GiaGn
Jis N detgg GG —GoGar GaGay —GoaGor |7

—GnGr2 GG —GGra GGy

and so the transition function for Endy £ on V;; is the matrix

G11Ga + G21G12 —G11Gy G12Ga2
—2G11G12 GG —Gi2Gro
2G21Goy —Go1Go Ga2Gag

Endo B _ 1
K detgg

In particular, if we let (uz; + v)z; ' be the (non-zero) element in H'(O(1,—2)) that de-
termines the (non-trivial) extension E, then we know that in Vis and Vi3 the transition

functions of E are given by
p_ (= (ua+o)
12 = 0 % 5

1 0
95), = ( 0 Zl—l > .
(2,0

Thus, letting g;; ) and gg-]’z) denote the transition functions of Endg £(2,0) and End, £(0, 2),
respectively, we have that

and

1 0  wzi29 + 029
057 = | —2unzt oY) 5P —(um +v)?
0 0 22
z; 0 0
2,0
d20=( 0 2 o
0 0 21
22 0wz zs +v2s
952’2) = | —2uzz +vzm) 1 —(uz +v)222
0 0 zg
1 0 0
0,2
9%3’ "= [0z o0
0 0 z*



Note that the above transition functions are 3 x 3 matrices; thus, for this purpose, we
will treat the trace-free sections ®; and ®5 as 3 x 1 vectors. Let (193'», (j = 1,2) be the
trivialization of ®; on V.

We will work on the open set V4. In order to describe ®! € H°(End, E(2,0)), let

> a%jZiZ%
i.7>0 ,
Pl = > b%jzizé
! i.j>0 ,
> Czljzizé
4,520
Using the fact that &1 = g%o)@:{’, a straightforward computation shows that azlj = ( for

i >2,b; =0 fori>3and ¢; =0 for i > 1. Similarly, using the fact that ®; = 93" 03

we get that aj; = 0 for j > 1, bj; = 0 for j > 0 and ¢j; = 0 for j > 2. Furthermore, we get
that

agy = 30¢h
(g = VCgy
a%o = %Ccln
ah = UC(1)2 + Ucb
a%o = %Ch
a%1 = UC%Z
by = —v*cgo
bio = —(vzci2 + 2uvc§)2)
by = —(u’cgy + 2uveyy)
bili() - —U2C%27
and so
ol — ( A B ) | (45)
1 —Ap
where
A= %vc(ln + vChy2a + %c(lnzl + (uchy + vely) 2122 + %chz% + uciy2i 2,
By = —v?cly — (v2cly + 2uvcly) 2 — (uPcly + 2uvcyy) 2 — u?cly2d, (4.9)

— .l 1 1 .2 1 1 1 2
Cl — COO + 00122 + 60222 + C]_DZl + 0112122 + 0122122.

Remark 4.17. Note that the above equations imply that, in ®;, A; and B; depend on
C:. In particular, if 'y is zero, then Ay = B; =0 and ® = 0.

We will now describe ®} € H’(Endg F(0,2)). As before, let
> afzis

1,j>0

2 i J
(I)% = > bijzlz2

1,j=0

2 i LJ
> Cij?1%2
4,720
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Using the fact that ® = ¢\3? @3, again, a straightforward computation shows that aj; =0

fori > 0,b% = 0fori > 1and ¢} = 0foralli, j. Similarly, using the fact that ®} = g{3” 3,

we get that a?j =0 for 7 > 2 and b?j =0 for 7 > 1. Furthermore, we get that

by = —2vag,
bi) = —2uaf,
and so )
B
1_ 2 2
@2—( 0 —AQ)’ (4.10)
where

_ 42 2 2 2
AQ — aOO + aOle _|_ a/0222,

By = b2y + b2z1 — 2(uzy + v)adyzs. (4.11)

For the following lemma we use the notation described above.

Lemma 4.18. Let ® € H°(Endg E®T) be integrable. If C; = 0, then ® = ®,. Otherwise,
P =P,.

Proof. 1t suffices to prove the lemma on the open set V;. Indeed, in any other standard open
set, the Higgs field is a conjugation (by the transition functions of F) of its trivialization
on V;. Recall that, since ® is integrable, it satisfies equations (2.8). Now, it is clear that if
Cy =0, then A; = By = 0 (this follows simply by the shape of A, By, Cy, see (4.9)), and
so ® = ®y. On the other hand, if C; # 0, then Ay = By = 0 (this follows from equations
(2.8)), and so & = Ps. O

We now aim to give a geometric description of the moduli space M (—F,1) of rank
2 stable co-Higgs bundles with first Chern class —F and second Chern class 1. We have
seen that if (E,®) € M®(—F,1), then E is an extension of O(—1,1) by O(0,—1). Such
extensions are parametrized (up to strong isomorphism) by H'(O(1, —2)) = C?, and have
transition functions on Vi, given by

< g2 uzy +v )
0 912 7

for (u,v) € C%. We will use the convenient notation F = E,, ,,.

Lemma 4.19. Let E and E' be extensions of O(—1,1) by O(0,—1). If E and E' are
isomorphic as vector bundles, then E and E' are weakly isomorphic extensions.

Proof. Let E = E,, and E' = E,s,v. Also, let p = uz;+v and p’ = v’z +v". Now, suppose
a € P! is a zero of p. We have that for each 2z € P!, Eiyxm = E|/{z}><[P’1‘ Since the only
extensions of O(1) by O(—1) over P! are the split one Opi(—1) & Op1(1) and Op1 & Op1,

we have that
. O]P:l ) O]pl if z 7& «
et T Op(=1) @ O (1) if 2z =a.

Since the same can be said of E|’{ ot and p’, we have that p and p’ have exactly the same

zeroes. Hence, F and E’ are weakly isomorphic. O
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Remark 4.20. Recall that, up to weak isomorphism, non-trivial extensions of O(—1,1)
by O(0, —1) are parametrized by P(H'(O(1, —2))) = P'.

Let Xy := {(E,®) € M®(—F,1): E is the trivial extension}. By (4.5), we have that
X, = P! x C3. Now, let us fix a non-trivial extension E,., and let X, , be the set of
elements in M (—F, 1) with underlying bundle £, ,. By (4.8), (4.9), (4.10), (4.11) and
Lemma 4.18, we get that

Xuo ={(7,9) €COx C% wy; =0, 1 <i<6and 1 <j <5}

Since X, , is the union of the two subspaces = 0 and y = 0, dim X,,,, = 6. It follows
that:

Proposition 4.21. The space S = Sy U ST U .Sy, where

), (7,7) EC* xP' x C*x C*x C*: u=v=7=g=0},
7,7)) € C2 x P! x € x C° x € : (u,v) # (0,0),p
7,9)) € CPx P! x C* x CO x C°: (u,v) # (0,0),p =0 =

parametrizes rank 2 stable co-Higgs bundles with first Chern class —F and second Chern
class 1.

Remark 4.22. Note that Sy = X parametrizes the points of the form (O(0,—1) &
O(—1,1),®), S; the points (E,®;) and Sy the points (E,Ps), where E is a non-trivial
extension.

By Lemma 4.19, it is clear that the moduli space M (—F, 1) is the quotient of S by a
C* action of weight 1 on (u,v) € C?. Hence we have

Theorem 4.23. M®“(—F,1) is a 7-dimensional algebraic variety whose singular locus are
the points (E,0) for any non-trivial extension E.

Finally, before moving on to the next section, let us say a word about the spectral
correspondence in this setting.

Remark 4.24. The first thing to note is that, in this case, we will indeed have to push-
forward rank 1 torsion-free sheaves which are not locally free in order to get a correspon-
dence. This follows immediately from Proposition 4.5 and Remark 4.6 by observing that

any possible underlying bundle of a co-Higgs stable pair is an extension of O(—1,1) by
0(0,-1).

For p = (p1,0,0) with p; € H° = (O(4,0)) generic, we have seen that the spectral
surface is of the form S, = X, x P!, and recall that § = (7, Idp:) : S, — P! x P!, where
7 is the 2-sheeted covering map X, — P'. Let £ be a rank 1 torsion-free coherent sheaf
over S, with ¢;(£) = aX,, + P!, where we are abusing notation and identifying X, and

P! with the generators of H*(S,,Z), and ¢; = vX,, x P! (again, by abuse of notation,
X,, x P! is being identified with the generator of H4(Sp, 7)). We let

m=X, X, andn =X, -P.
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We now apply Grothendieck—Riemann—Roch (see [18, Appendix A, Theorem 5.3]) in order
to find the values of o, 5 and 7:

ch(6.(L)) - Td(P' x P') = 6,(ch(L) - Td(X,, x P')), (4.12)

where
ch(6.(£)) = 2—F—-P' xP!
TdP! xPY) = 1+ (Co+ F)+P xP!
ch(£) = 1+ (aX, + P+ (af — )X, x P!
Td(X, xPH) = 1+X,.

Then, the left hand side of 4.12 becomes 2+ 2C, + F', and before pushing-forward the right
hand side becomes 1+ (a+1)X,, + P! + (af + am + fn— v+ B)X,, x P!. Finally, since
X,, is a double cover of P!, pushing-down ch(L) - Td(X,, x P') under 6, we get

p1
2+ (a+ 1)F +2B8C + (af + am + fn — )P x P

Thus, equating both sides, (4.12) yields a = 0,5 = 1 and v = n. Hence, pushing-forward
any rank 1 torsion-free coherent sheaf £ over S, with ¢;(£) = P! and (L) = X, - P*
yields a stable co-Higgs pair with the underlying bundle a non-trivial extension of O(—1,1)
by O(0,—1), and Higgs field of the form ® = &4, as described before.

Similarly, one can show that for p = (0,0, py) with p, € H°(0O(0,4)) generic, pushing-
down a rank 1 torsion-free coherent sheaf £ over S, = P' x X, with ¢;(£) = P! and
co(L) = X, - P! yields a stable co-Higgs pair with underlying a non-trivial extension of
O(—1,1) by O(0,—1) with Higgs field of the form & = ®,, as described before.

4.3 Hypercohomology and Deformation Theory

A useful tool in better understanding the moduli spaces M(cy, ¢2) of co-Higgs semistable
pairs (E,®) on P! x P! is the study of their behaviour under infinitesimal deformations.
The deformation theory of co-Higgs bundles is discussed, by Rayan, for curves and surfaces
in [27, Chapter 2|, and for arbitrary complex projective manifolds in [29]; more details can
be found there. In what follows, we will only outline the methodology and recall some
important facts for the case of surfaces.

The main idea is to obtain the hypercohomology H* for a given semistable pair (E, ®) €
Mc(cy, o), paying special attention to H', as this can be interpreted as the Zariski tangent
space to the local moduli space at (E, ®). In order to obtain the hypercohomology H* for
(E, ®), note that a double complex arises in a natural way (from the fact that ® A & = 0)
by taking as the horizontal map

0= EndgE 2% EndgE © T 2% EndyE @ A2T — 0,

where — A @ acts as the commutator on Endy £ and as the usual wedge on T. We use
this wedge as the horizontal map in the above complex. We take as the vertical map the
Cech coboundary operator §. More precisely, the integrability of ® implies that the wedge
map — A ® is a differential, and so we can define cohomology groups for Endy £ ® AT,
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relative to it. These two define the hypercohomology spaces for (E,®). The operation
— A ® commutes with the Cech coboundary §, making

(C*(Endg EQ A*T); D =6+ (— AN D))

into a first quadrant double complex. A spectral sequence is defined by choosing the 0-th
page to be
(&Y = CYEndg E @ APT);dy = 0).

Note that &' = 0 for p > 2. Then proceed by setting:

(i) &7 = Hj (&°) = HY(Endo E ® APT). Note that, for any surface, £ = 0 for p or
q > 2, and for the cases we are considering here, we actually have V7 = 0 for p > 2
or ¢ > 2. Thus, we make this assumption throughout this section.

(i) dy=—AD:EPT - EV M for 0 < p < 1,0 < ¢ < 1. For the other possible values of
p, dy is clearly the zero map.

(iif) &3¢ =Hy (E77) for 0 <p<2,0<¢ <1,

(iv) dy - Ey' — £3° is given by dy(¥) = 6 A ®, where § € C°(Endy E ® T) is a solution
of the equation W AP — 50 =0 € CY(Endg E @ T).

It is the 2-nd page that encodes the hypercohomology of the double complex. For
instance

HO =~ £)° and H? = &£,

Moreover, provided that H*(Endy E ® A'T)) = 0 for i = 0, 1,2 (which we are assuming),
we have that
0— &0 S H = 01 2 £20 L 12 5 g 0.

Thus, if the dy map is zero, we obtain
H'>&°® & and H* 2 £7° @ &'

Remark 4.25. (See [27, Section 2.2]). It is important to mention that £° parametrizes
the first order deformations of ®, while 53 1 parametrizes the first order deformations of F
compatible with ®. As such, in the case where dy = 0, H' = 521 = 83 1 provides valuable
information regarding the deformations of (£, ®).

Given that all the information we need in order to obtain the hypercohomology H® of
a co-Higgs semistable pair (E,®) can be extracted from the second page of the spectral
sequence, let us explicitly write 57 for p = 0, 1,2, and ¢ = 0, 1, so that in the future we
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can simply use the symbol £ instead of the actual definition.

Y = Ker{d, : H(EndyF) — H*(EndyE ® T)}
gL _ Ker{d1:H°(Endo EQT)—H"(Endg EQA?T)}
2 - Im{dy:H?(Endo E)—H° (Endo EQT)}

52’0 _ HO(Endg EQA?T)
2 - Im{d;:H?(Endo EQT)—H®(Endo EQA2T)}

' = Ker{d, : H'(EndgE) — H'(EndoE @ T)}

51,1 Ker{d;:H' (Endo EQT)—H! (Endg EQA?T)}
2 Im{d;:H' (Endo F)—H! (Endg EQT)}

52,1 o H!(Endo EQA?T)
2 - Im{d;:H! (Endo EQT)—H!(Endo EQA2T)}

In what follows, we consider deformations of semistable co-Higgs bundles in the moduli
spaces M(¢y,¢y) previously discussed in this chapter. Once we have fixed (F,®) €
Me(cq, ¢9), we will proceed as follows:

1. Verify that the condition H*(EndgE ® A'T)) = 0 for i = 0,1, 2 is satisfied.
2. Obtain &Y for p =0,1,2, and ¢ = 0, 1.
3. Verify that the dy map is indeed the zero map.

4. Interpret the results in terms of the deformation theory discussed above.

4.3.1 Deformations of points in M (—F,0)
Proposition 4.26. Let (E,®) € M“(—F,0). Then,

H'=0 H'=C*' H*=C® M =0.
Moreover, H' = £,° @ £)" with £° = C® and £)" = 0.

Interpretation. Since 83’1 = 0, the bundle cannot be deformed. This is expected as
O @® O(—1,0) is the only possible underlying bundle in this moduli space. On the other
hand, since 5% 0 — 6 we see that it is possible to deform the Higgs field into any other
stable Higgs field in the 6-parameter family described in Section 4.2.1.

Proof. Recall that, in this case, the only underlying bundle of co-Higgs pairs in M (—F,0)
is E=0®0O(—1,0), and any Higgs field ¢ yielding a stable pair is of the form

. . A1 Bl
o-o= (2 %),

with 4, € H°(0(2,0)), B; € H°(O(3,0)) and non-zero C; € H’(O(1,0)). Fix a Higgs field
®. Using the facts that
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1. Endy(E) = O ® O(1,0) @ O(-1,0),

2. Endo(E) @ T = 0(2,0) ® O(3,0) ® O(1,0) ® 0(0,2) ® O(1,2) ® O(—-1,2),

3. Endyg(E) @ A°T = 0(2,2) ® 0(3,2) ® O(1, 2),
and Remark 2.19, we get H'(Endg E@A'T) = H*(Endy EQ A'T) = 0 for i = 0,1,2. Hence,
EP =0 for p=0,1,2, and the dy map is zero. Now, for

U= ( ‘6‘ _5& ) € H°(Endy E),

we have

—2aC} —BCh ’

since (' is non-zero, we have that W is in the kernel of d; if and only if ¥ is zero. Thus,

dy (V) = ( BCy  2(aBy — fA) ) .

&" = Ker{d; : H'(Endy E) — H(Endy E® T)} = 0,

and
Im{d; : H*(Endp E) — H°(Endy E® T')} = H°(End, E) = C°.

On the other hand, if
U =0, +0,= ( o f > + ( @ P ) € H'(Endy E® T),
"o o—ag 0 -
then by Remark 2.29

0=t~ (0, T )

Again, since (' is not identically zero, ¥ is in the kernel of the d; map if and only if
oy = B3 = 0 if and only if U5 = 0. Thus

Ker{d; : H*(Endy F ® T') — H°(Endy E ® A*T)} = H°(End, F(2,0)) = C°.
Hence &, = C°. Also,

Im{d; : H*(Endy E ® T)) — H°(Endy E ® A’T)} = H(End, E£(0,2)) = C,
and thus £7° = C!8. Therefore, the hypercohomology is

H'=0 H'=C' H>=C® H =0
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4.3.2 Deformations of points in M*®(0,0)
Proposition 4.27. Let (E,®) € M%(0,0).

1. IfE=0®O0, then &' =0 and H' = &,°.
(a) If & =0, then
HO = C3 H! = C!8 H2 = C27 H3 = 0.
(b) If ® # 0, then
H=C H'=CY H!=C» H=0.
2. If E=0(1,0) ® O(—1,0), then
HO=0 H'=C® H*=C*» H3=0.

Moreover, H' = £,°@&E)" with £,° = C° and £ = H'(End, E) = C. By symmetry,
the same result holds for E = O(0,1) & O(0,—1).

Interpretation. In (1), & = 0 and so, the bundle @ @ O cannot be deformed into
any other bundle living in this moduli space. When & = 0, we obtain that the point
(0@ 0,0) € M(0,0) is a singular point (as the dimension of M(0, 0) is strictly smaller
than the dimension of £°). When ® # 0, we see that a strictly semistable pair (O & O, )
can be deformed into a stable pair (O @ O, ®’). Indeed, in Section 4.2.1, we saw that
the possible Higgs fields ® which make (O @ O, ®) strictly semistable form a 6-parameter
family, and here H' = C'°.

In (2), &' = HY(Endy E) = C and so, we can deform the pair (O(1,0) ® O(—1,0), ®)
into a pair of the form (O @, ®'). On the other hand, since £ = C%, we can deform the
Higgs field of (O(1,0) & O(—1,0),®) into any other stable Higgs field in the 5-parameter
family described in Section 4.2.1.

Proof. As we know from Corollary 4.10, there are three underlying bundles in this moduli
space, namely O & O, O(1,0) ® O(—1,0) and O(0,1) & O(0,—1). Let us now work by
cases.

Case 1. Consider E = O @ O. Since we do not have an explicit description of the stable co-
Higgs bundles of the form (O® O, ®) (see section 4.2.1), we will only consider deformations
of points (O @ O, @) that are strictly semistable. Using the fact that

(i) Endg(E) = 0@ 0@ O,
(i) Endog(E) @ T = 0(2,0) @ 0(2,0) ® O(2,0) ® O(0,2) ® O(0,2) & O(0,2),
(iii) Endg(F) @ A*’T = 0(2,2) ® 0(2,2) ® 0(2,2),
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and Remark 2.19, we get H'(Endg E@A'T) = H*(Endy EQ A'T) = 0 for i = 0,1,2. Hence,
we have that 55’1 =0 for p=10,1,2, and so the dy map is clearly zero.

For & = 0, it is immediate that £ = H(End, E) = C?. Also, &° = H°(Endy E®T) =
C'8, and £ = H*(Endy E ® A2T) = C?7. Hence, in this case, the hypercohomology is

H'=C* H'=C® H=CY H=0.

When ¢ # 0, we have

53’0:{“‘ _Oa>:aeH0((9)}:C

Now, by the rank-nullity Theorem, we have that

Im{d; : H*(Endy E) — H°(Endy E® T)} = C*.

On the other hand, writing

A0 A0
‘I’:‘I’1+‘I’2:( 0 —A1)+( 0 —Az)’

for any
qf:\p1+xp2:<o‘1 b )+(0‘2 b2 )eHO(EndOE®T)
71T T Yo —Q2
we have
0 —201 A2 + 2624,
di(U) = [0, O Uy &y = )
1(9) = [¥, @] + [To, 1] (271142—272141 0

Therefore, W is in the kernel of d; if and only if 73 Ay = 7 A; and B1 Ay = [BA;. Since
Ay and A, are not both zero, Ker{d; : H(Endg E ® T) — H°(Endy F ® AT)} = C*?
and £, = C'. Moreover, Im{d, : H*(Endg F ® T) — H°(Endy E ® A?T)} = CS. Thus,
£2Y = C?' and the hypercohomology is

H'—=C H'=C® mW=C? =0
Case 2. Consider £ = O(1,0) & O(—1,0) with a fixed Higgs field ®. We have that

(i) Endo(E) = 0@ O(2,0) & O(-2,0),
(i) Endo(F) @ T = O(2,0) @ 0(2,2) @ O(-2,2) & 0(0,2) ® O(0,4) & O(0,0),
(iii) Endg(E) @ A*T = 0(2,2) ® 0(4,2) & 0(0, 2).

By Remark 2.19, H*(Endy E ® A"T) = 0 for i = 0,1,2. From Section 4.2.1, we know
we can take a representative Higgs field of the form

0 B
(I):(I)lz(l O),
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where B € H’(O(4,0)). It then follows that, for

U= ( a p ) € H°(Endy E),

0 —

we have

dy (V) = [, ®] = ( ke Qf‘g )

Thus, we see that £° = 0 and Im{d; : H’(Endy E) — H°(Endy E ® T)} = H(End, E) =
C*. For
\I/:\I[1+‘1/2:(a1 Bl )—’—(QZ 52 )EH()(EndOE@T),
Moo 0 -

we have

n(e) = a0 = (0 TP ).

This time, ¥ is in the kernel of d; if and only if ap, = gy = 0 if and only if U5 = 0.
Thus, Ker{d, : H*(Endy £ ® T) — H(Endy E ® A*T)} = H(End, £(2,0)) = C°, and
so £ = C°. We also have that Im{d; : H*(Endy E ® T) — H°(Endy E ® AT} =
H°(Endg E(0,2)) = C°. Since H*(Endy E ® A?T) = C¥", we get £;° = C'.

Now, note that any ¥ € H'(Endy £) has the form

v-(71)

with v € HY(O(-2,0)). Applying the d; map, we get

o =twal=( 77 2 )+ (0 o).

where By € H'(0(2,0)) = 0. The map d; : H'(Endy E) — H'(Endy £ ® T) is thus zero,
implying that €' = H'(Endy F) = C and Im{d, : H'(Endy E) — H'(Endy E ® T')} = 0.
Moreover, since H' (Endg E @ A2T) =0, &' = H{(Endy E® T) = C? and &' = 0.

We now check that the dy map is zero. Let ¥ € &' = H'(EndyE). Since ® =
®, € H(Endy £(2,0)), the image of the map d; : H'(Endg E) — H'(Endy E ® T) lies in
H'(Endy E(2,0)) and can pick § = 0, € C°(Endy E(2,0)) such that WA ® — 60 = 0 €
Cl(Endyg E ® T'). We then see that

do(V)=0AND =0, NP, =0,

as desired. Hence, the hypercohomology is

H'=0 H'=C' H=C' H=0
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4.3.3 Deformations of points in M®(—F, 1)
Proposition 4.28. Let (E,P) € M“(—F,1).

1. If E=0(0,-1)® O(—1,1), then
H'=0 H'=C® H=C¥® m=o0.
Moreover, H' = £,° @ &' with £y° = C* and £5' = C2.

2. If E is a non-trivial extension of O(—1,1) by O(0,—1), then H' = £° & &X' and
EY' = HY(Endy E) = C. Moreover,

(a) if ® =0, then £ = C'" and
H'=0 H'=C? H=C*¥ H=0
(b) if & =y #0, then £° = C° and
H'=0 H'=C* H=C¥® H)=0.
(c) if & =dy #0, then £° = C° and
H'=0 H'=C" H=CY H=0
Interpretation. In (1), &' = H!(End, E) = C? and so, the pair (O(0, -1)®O(-1,1), )
can be deformed into a pair of the form (F, ®) for any non-trivial extension E of O(—1,1)

by ©(0,—1). Since & = C*, then we can deform the Higgs field into any other stable
Higgs field in the 4-parameter family described in Section 4.2.2.

In (2), &' = C and so, we see that it is possible to deform the bundle E into any other
extension of O(—1,1) by O(0,—1) (up to weak isomorphism). When ® = 0, the fact that
821 0 — CM confirms that this points are indeed singular points, as the moduli space has
dimension 7. When & = &5 # 0, 821 ' = C5. Thus, we can deform the Higgs field into any
other stable Higgs field in the 5-parameter family described in Section 4.2.2. Finally, when
b=, £0, 521’0 = CS. Thus, we can deform the Higgs field into any other stable Higgs
field in the 6-parameter family described in Section 4.2.2.

Proof. As we saw in Section 4.2.2, in this case, every underlying bundle is an extension of
O(—1,1) by O(0,—1). We work by cases.

Case 1. Consider the trivial extension, £ = O(0,—1) ® O(—1,1), with a fixed Higgs field
®. We have that

(i) Endy(E) = 0 ® O(1,-2) ® O(—1,2),
(ii) Endo(E) @ T = O(2,0) ® O(3,-2) & O(1,2) ® O(0,2) & O(1,0) & O(—1,4),
(iii) Endo(E) @ A*T = O(2,2) ® O(3,0) ® O(1,4).
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By Remark 2.19, H*(Endg E ® A'T) = 0 for i = 0,1,2. From Section 4.2.2, we know a
Higgs field of E is of the form
. . AQ BQ
q>_q>2_< ! _A2>,

with Ay € H(0(0,2)) and non-zero B, € H°(O(1,0)). It then follows that, for

_(a O 0
\IJ—(O _a)GH(EndOE),

we have

(V) = [0, B] = ( D e ) .

. . 0,0
Since By is non-zero, we see that £~ = 0 and

Im{d, : H(Endy F) — H(Endy E® T)} = C.

\11=\1f1+\1/2=<0‘1 ) >+(O‘2 %
7 o—og 0 —«a

For
) € H(Endg E® T),

2

we have

—v By 204 B

Again, since B is non-zero, VU is in the kernel of d; if and only if ¥; = 0. Thus, Ker{d; :
H°(Endg E ® T) — H°(Endg E ® A*T)} = H(Endy E(0,2)) = C°, and so &,° = C*. We
also have that

Im{d; : H*(Endy £ ® T)) — H°(Endy E ® A*T)} = H’(End, E(0,2)) = C°.

Since H(End E ® A%T) =2 €%, we get that £;° = C™.
Now, note that any ¥ € H'(Endy E) has the form

(0~
v=(03)

with v € H'(O(1,—2)). Applying the d; map, we get

dl(q;):[\y,%]:(g 8)+(8 —2gA2>,

with 24,y € H'(O(1,0)) = 0. The map d, : H'(Endy E) — H'(Endy £ ® T) is thus the
zero map, implying that &' = H'(Endy F) = C? and

Im{d, : H'(Endy E) — H (Endg E® T)} = 0.

Moreover, since H'(Endy E ® A?T) = 0, we get that & = H'(Endy E ® T) = C*, and
XN =0.

We now check that the dy map is zero. Let ¥ € &£ = H'(Endy E). Since & =
®, € H°(Endy £(0,2)), the image of the map d; : H'(Endg E) — H'(Endy £ ® T) lies in
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H'(Endy £(0,2)) and we can pick § = 0, € C°(Endy £(0,2)) such that WA ® — 50 =0 €
Cl(Endg E ® T'). We then see that

dg(@) :QA(I):QQACDQZO,
as desired. Hence, the hypercohomology is

H'=0 H'=C' H2=C® H=0.

Case 2. Consider E to be a non-trivial extension of O(—1,1) by O(0,—1). Using the fact
that E is simple (since it is stable), and calculations similar to those of Lemma 4.16, we
get

h?(Endy E) =0 h'(Endy E) =1 h*(Endy E) = 0
hW(Endg E®T)=11 |h'(EndE®@T)=1 |h*(EndgE®T)=0
h?(Endg E ® A?T) = 23 | h'(Endg E ® A?T) =0 | h*(Endg E @ A2T) = 0

Note that £° = 0 and £° = Ker{d, : H(Endy E ® T) — H°(Endy E ® A?T)} in all
three subcases because h’(Endy E) = 0. Moreover, &' = H'(Endy E) = C again in all
three cases. Indeed, £ = Ker{d; : H'(Endy E) — H'(Endy E ® T)} with h'(Endy E) =
h'(Endy E ® T) = 1. However, £ # 0, since otherwise (F,®) would not admit defor-
mations, contradicting the description of the Higgs fields of the non-trivial extensions of
O(1,-1) by O(0,—1) in Section 4.2.2. Thus,

' =HYEndy E) = C

and d; : H'(Endy E) — H'(Endg E ® T) is the zero map. This implies, in particular, that
the dj is zero as well. To see this, let ¥ € £, = H'(End, ). Since

Im{d; : H (Endy E) — H'(Endg EQ T)} = 0,
UADP=0€eCYEndy E®T), and so we can pick § = 0, implying that

1,0 020 o1l 2,1
To compute &, £, & and £, we look at cases.

First we work with the case ® = 0. It is clear then that the d; map is zero. Therefore,
£ 2 H(Endy E®T) = C" and £° = H(Endy EQA?T) = C*. We also have that £, =
H'(Endg E® T) = C and & = H'(Endy E ® A*T) = 0. Hence, the hypercohomology is

H'=0 H'=C? H=C* H=0.

We now work with the case where ® = ®5 # 0. Referring to Lemma 4.18,
o _ [ A2 B
vmam (B

\If:qz1+\112:(0‘1 b )+(O‘2 & )eHO(EndOE®T),
Mmoo 0 —ay

For
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we have

—v1Bs 2(ay By — 1A
0(8) = [y, 2] = (7 B ) ),

Since ® is non-zero, we have that WU is in the kernel of d; if and only if 7, = 0 if and only
if U1 = 0 by Remark 4.17. Thus,

&, =Ker{d; : H(Endy E ® T) — H°(Endy E ® A’T)} = H(End, £(0,2)) = C°
and
Im{d, : H(Endy E ® T') — H°(Endy E ® A*T)} = H’(End, F(2,0)) = C°.

Hence, since H*(End E @ A2T) = C?, we get £5° = C'. Note that h’(End, E(2,0)) and
h?(Endg E£(0,2)) were computed in Lemma 4.16.

Now, since ® € H°(Endy £(0,2)), for any ¥ € H'(Endy E), we have that d;(¥) €
H'(Endy E£(0,2)) = 0. Thus, &' = H'(Endy E) = C. Furthermore, since H'(Endy E ®
A?T) = 0, we obtain &' = HY(Endy E® T) = C and &' = 0.

Hence, the hypercohomology is

H'=0 H'=C' H2=C® H=0.

Finally, we work with the case where & = ®; # 0. Referring to Lemma 4.18,

. . A1 Bl
(I)_q)l_(C’l _Al)
with C] non-zero.

For

\I/:\Ifl+\1/2:(0é1 ﬁl )_}_(CYQ 52 )GH()(EndOE@T),
Moo 0 —ay

we have

20,0 5201

Since (' is non-zero, we have that W is in the kernel of d; if and only if ap = 85 = 0 if and
only if W5 = 0. Thus,

dy (W) = =Wy, &y] = ( ~RC 2B~ axB) ) .

£" = Ker{d, : H*(Endy E ® T) — H°(Endy E ® A*T)} = H°(End, E(2,0)) = C°
and
Im{d; : H*(Endy £ ® T)) — H°(Endy E ® A*T)} = H’(End, E(0,2)) = C”.
Since H(End E @ A%T) =2 C%, we get £5° =2 C'8. Hence, the hypercohomology is

H'=0 H'=C" H=C® H =0

72



Chapter 5

Outlook

In this brief chapter, we present some possible directions in which the ideas in this thesis
can be taken further.

Even though in this thesis we addressed the existence problem of semistable rank 2
co-Higgs bundles over Hirzebruch surfaces quite thoroughly, we only offered descriptions
of the moduli spaces M (cy, cz) of rank 2 semistable co-Higgs bundles over P! x P!, for
certain values of ¢; and ¢y, and with respect to the standard polarization. The approach
we took was the following: We picked certain choices of ¢; and ¢y for which M®(¢y, o)
was non-empty. Then, in each case, we determined the underlying bundles of semistable
co-Higgs pairs in M(cq, ¢3). Finally, we gave an explicit description of the corresponding
Higgs fields, making sure to properly identify isomorphic co-Higgs pairs in the moduli
space. Given the exhaustive nature of our analysis, we were only able to fully carry it out
for low values of ¢,.

To study the moduli spaces M (cy, ce) for other values of ¢; and ¢, we propose fur-
ther exploiting the spectral correspondence. One can attempt to obtain new examples of
semistable co-Higgs pairs over P! x P! by pushing down rank 1 torsion-free sheaves over the
spectral covers and their associated multiplication maps. One, of course, needs to check if
the resulting Higgs fields satisfy the integrability condition, a non-trivial task. In order to
do this, one needs to understand several features of these spectral surfaces: their tangent
bundle, their Picard group and their intersection pairing, to name a few. A similar ap-
proach can be followed for abitrary Hirzebruch surfaces. In this setting, the first question
to address is what type of surfaces arise as spectral covers. This seems to be a relevant
problem to consider in a future project.

Another natural question to ask is whether some of the techniques we applied to Hirze-
bruch surfaces can be generalized to other types of manifolds. We expect that similar
techniques to the ones presented in Chapters 3 and 4 can be used to study moduli spaces
of semistable co-Higgs bundles over ruled surfaces. Indeed, many of the arguments pre-
sented in this dissertation rely more on the fact that the fibres of the Hirzebruch surfaces
are copies of P! rather than on the fact that the base of the fibration is P!. However, some
technical difficulties may arise for general ruled surfaces. For instance, even though rank
2 vector bundles over a ruled surface can still be expressed canonically in terms of certain
numerical invariants (see [9, Section 5.5]), these are not as easy to work with.

Finally, in this thesis, we only studied co-Higgs bundles of rank 2. The case of co-Higgs

73



bundles of higher rank should be explored. Moreover, it would be interesting to determine
what type of structures moduli spaces of co-Higgs bundles admit. For example, the moduli
spaces we described over P! x P! for ¢, = 0 and 1 are algebraic varieties. Is this always
the case for co-Higgs bundles over an algebraic surface? What other structures does the
moduli spaces inherit from the surface? These are just a few pertinent questions to be
undertaken.
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Appendix A

Semistable decomposable co-Higgs
bundles

A.1 The case of Hirzebruch surfaces

In the following proposition, working with an arbitrary polarization, we describe all the
possible decomposable stable co-Higgs bundles with co = 1, and ¢; =0 or —F'.

Proposition A.1. Let H be an arbitrary polarization, and co = 1.

1. Suppose ¢y = 0. Only when n is odd there are decomposable stable co-Higgs bundles
in M$(0,1). Furthermore, these are ((9 (C’O + (”T_l) F) e 0 (—C’O — (”T_l) F) ,(ID)
with

D=, = A B ) o H°(Endy E(2C, + nF)),
Cy —A,

and non-zero Cl.

2. Suppose ¢y = —F. Only when n is even there are decomposable stable co-Higgs bun-
dles in M (—F,1). Furthermore, these are (O (Co+ (2 —1) F) @ O (—=Co — (2) F) , @)
with

D=, = A B ) o H°(Endy E(2C, + nF)),
Cy —A,

and non-zero Csy.

Proof.
1. Since E is decomposable with ¢; = 0 and ¢ = 1, then £ = O(aCy+bF)®O(—aCy—bF)
and 1 = ¢, = a(an — 2b), so that a = 1 and b = “5* or a = —1 and b = —%*, hence n

has to be odd. As there is only one chamber of type (0, 1), pick the standard polarization
H = Cy+ (n+ 1)F, and note that py(E) = 0, while gy (O (Co+ (252) F)) = 2 > 0.
Hence O (C’O + (”T_l) F ) is the destabilizing sub-line bundle of E. Finally, any element of
H°(Endy F ® T) is of the form

_ (A B Ay By
eoens (8 ) (8 %)
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with A; € HY(O(2F)), B, € H*(O(2C, + (n + 1)F)) and Ay € H(O(2C, + nF)), B, €
H°(O(4Cy+(2n—1)F)), Cy € H*(O(Cy+F)) (see Remark 3.7). Any non-zero Cy would not
leave O (Co + ("T_l) F ) d-invariant, and so taking the integrability condition into account,
equations (2.8) imply that A; = C; = 0, and so the result follows.

2. The case n = 0 was considered in Theorem 3.9, so consider n > 0. Since E is decom-
posable with ¢; = —F and ¢ = 1, then E = O(aCy + bF) & O(—aCy — (b + 1)F) and
l=cy=alan —2b—1),sothat a=1and b= % —1ora= —1and b = —%, hence n has
to be even. As there is only one chamber of type (—F, 1), pick the standard polarization
H = Cy+ (n+1)F, and note that py(E) = —1, while py (O (Co+ (2 —1) F)) =2 > 0.
Hence O (C’O + (% — 1) F ) is the destabilizing sub-line bundle of E. Finally, any element
of HY(Endy E ® T) is of the form

o (A B Ay By
e (8 ) (8 )

with A; € HY(O(2F)), B; € H(O(2C, + (n + 1)F)) and Ay € H(O(2C, + nF)), B, €
H°(O(4Cy + (2n — 1)F)), Cy € H°(O(F)) (see Remark 3.7). Any non-zero C, would
not leave O (C’O + (g — 1) F ) ®-invariant, and so taking the integrability condition into
account, equations (2.8) imply that A; = C; = 0, and so the result follows. n

A.2 The case of P! x P!

We now turn our attention to the 0-th Hirzebruch surface, P! x P!. We fix the standard
polarization H = C + F and only work with the reduced first Chern classes: 0, —F, —Cj
and —Cy — F. Note that, with respect to H, the reduced classes 0 and —Cy — F yield
bundles of even degree, while the reduced classes —F and —Cj yield bundles of odd degree.
Therefore, in the latter case, it is impossible to have strictly semistable bundles, and so
the concepts of stability and semistability coincide.

In Chapter 4, we discussed the moduli spaces M (cq, o) when ¢o = 0,1, so here we
only focus on ¢y > 2.

Proposition A.2. Let ¢, = 0 and co > 2. Let E be a decomposable, rank 2 wvector
bundle over P* x P1. If (E,®) is a semistable co-Higgs bundle, then E is of the form
O(a,—a) ® O(—a,a) fora > 1.

Proof. Let E = O(a,b) ® O(—a,—b), then c3(E) = —2ab > 2. Note that a and b must
have opposite signs and that they both have absolute value strictly positive. Without loss
of generality, assume that a > 0. Any Higgs field ® € H’(Endy £ ® T) has the form:

(A B Ay By
v=(a G+ (e )
where A; € H°(O(2,0)), B, € H(O(2a + 2,2b)), C; € H'(O(2 — 2a,—2b)), and A, €
H°(0(0,2)), By € H*(O(2a,2b 4+ 2)), Cy € H*(O(—2a,2 — 2b)) satisfy equations 2.8.

Note that since we are assuming a > 0, Cy = 0 and, unless a = 1, ', = 0 as well. We
now show that b = —a. Towards a contradiction, assume that b > —a or b < —a. In the
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former case, C7 = 0 since if a = 1, then b > —1, but this is impossible. This leaves O(a, b)
®-invariant, contradicting semistability. In the latter case, By = B, =0, as b < —a < —1,
leaving O(—a, —b) ®-invariant, again contradicting stability. ]

Proposition A.3. Let ¢, = —F or —Cy, and let co > 2. Then, there are no semistable
decomposable rank 2 co-Higgs bundles over P! x P!,

Proof. We will only deal with the case ¢;(E) = —F. The proof for ¢;(F) = —Cj is
analogous. Let E = O(a,b) ® O(—1 — a,—b), then c2(E) = —b(2a + 1) > 2. Any Higgs
field ® € H°(Endy £ ® T) has the form:

(A B Ay By
(D_(O1 —A1)+(O2 Ay )

where 4, € H°(0(2,0)), B, € H'(O(2a + 3,2b)), C, € H(O(1 — 2a,—2b)), and Ay €
H°(0(0,2)), By € H(O(2a + 1,2b + 2)), Cy € H*(O(—1 — 2a,2 — 2b)), satisfy equations
(2.8).

We start by showing that a can only take the values —1 or 0. Indeed, if a > 1, then
Cy = Cy =0, and so O(a,b) would be ®-invariant. By stability, this would yield b < —2.
However, the latter implies that By = By = 0, and so O(a,b) and O(—1 — a,—b) would
both be ®-invariant, contradicting stability (since at least one of the two would have non-

negative slope). A similar argument, but now interchanging the roles of the C;’s for the
B;’s, and of O(a,b) for O(—1 — a, —b), shows that a > —2.

Note that @ = 0 implies that b < —2, and a = —1 implies that b > 2, but this is
impossible. Indeed, for the bundle O(0,b) ® O(—1,—b), if b < —2, then By = By = 0, and
so O(—1, —b) is P-invariant, contradicting stability. Similarly, for the bundle O(—1,b) ®
0(0,b), if b > 2, then Cy; = Cy = 0, and so O(—1,b) is ®-invariant, contradicting stability.
Hence, there are no stable decomposable rank 2 co-Higgs bundles with ¢, > 2. O

Hence, it follows that:

Corollary A.4. Suppose that E is decomposable and (E,®) is a semistable co-Higgs pair.
If c1(E) = —F, then there are only two possibilities for E:

1. 0(0,0) ® O(—1,0) and
2. 0(0,-1)® O(—1,1).
On the other hand, if ¢1(E) = —Cy, then there are also only two possibilities for E:
1. 0(0,0)® O(0,—-1) and
2. O(-1,0) 2 O(1,-1).

Proposition A.5. Let ¢y = —Cy — F and co > 2. Let E be a decomposable rank 2 vector
bundle over P* x P1. If (E,®) is a semistable co-Higgs bundle, then E is of the form
O(a,—a—1)® O(—a—1,a) fora>1.
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Proof. Let E = O(a,b) ® O(—a — 1,—b— 1), then c3(F) = —2ab —a — b > 2. Any Higgs
field ® € H°(Endy £ ® T) has the form:

(A B Ay By
-(e S8 5)
where 4, € HY(0(2,0)), B, € H(O(2a + 3,2b + 1)), C; € H*(O(1 — 2a,—2b — 1)), and

Ay € HY(0(0,2)), By € H2(O(2a—1,2b4+3)), Cy € H°(O(—2a—1,1-2b)), satisfy equations
(2.8).

We now show that b = —a — 1. Towards a contradiction, assume that b > —a — 1 or
b < —a — 1. In the former case, by considering the three possibilities a > 0, a = 0 and
a < 0, one can show that C; = Cy = 0, leaving O(a, b) -invariant, contradicting stability.
In the latter case, again, by considering the three possibilities a > 0, a = 0 and a < 0, one
can show that By = By = 0, leaving O(—a — 1,—b — 1) ®-invariant, again contradicting
stability. O]
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Appendix B

Underlying Bundles of semistable
co-Higgs pairs in the case of ¢co =1

In this appendix, for the fixed standard polarization H = Cy+ F', we give a full description
of the possible underlying bundles of a co-Higgs semistable pair over P! x P! with reduced
first Chern class and second Chern class 1. In Section 4.2.2 we saw that for the case
c1 = —F, any possible underlying bundle of a semistable co-Higgs pair is an extension of
O(—1,1) by O(0,—1). Here, we discuss the cases where ¢; = 0, —Cy and —Cj — F. In the
case of ¢; = 0, we will see that there are no underlying bundles which are extensions of
line bundles, and in fact, up to weak isomorphism, any underlying bundle of a semistable
co-Higgs pair is an extension of the form

0-0—=FE—>1,—0,

where z € P! x P!, In the case of ¢, = —Cp, we will show that any possible underlying
bundle is an extension of O(1,—1) by O(—1,0). Thus, this case is completely analogous
to the case of ¢; = —F'; however, some of the proofs that rely on the use of the numerical
invariants of the bundle (which, in turn, depend on the Chern classes) vary, and so we
present those arguments here. Finally, in the case of ¢; = —Cy — F', we will prove that the
only possible underlying bundle of a semistable co-Higgs pair is O(—1,0) ® O(0,—1). In
what follows, we offer no comment on the description of the Higgs fields in any of these
cases. Nonetheless let us remark that in all these cases there exist non-trivial Higgs fields.
Moreover, the Higgs fields in the case of ¢; = —C} are analogous to those of the case of
¢ = —F (with the roles of the first and second copy of P! interchanged, as usual), the
Higgs fields for the case c; = —Cy — F' are easy to describe, as the underlying bundle is
decomposable, and the Higgs fields for the case ¢; = 0 can be obtained using a similar
technique as the one used for ¢; = —F', but this is tedious and require some work.

B.1 First Chern class ¢; =0

Let us start by showing that in this case there are no extensions of line bundles.

Lemma B.1. Let E be rank 2 bundle over P x P! with ¢;(E) = 0 and co(E) = 1. Then
E is not an extension of line bundles.
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Proof. Towards a contradiction, assume that F is an extension of line bundles; i.e., it fits
into an exact sequence of the form

0— O(a,b) - E — O(—a, —b) — 0,
with 1 = ¢3(E) = —2ab, but this is impossible as both a and b are integers. O

Now that we have seen that there are no possible underlying bundles which are ex-
tensions of line bundles, but we know (see Proposition 3.9) nonetheless that there are
non-trivial semistable co-Higgs pairs with ¢; = 0 and ¢ = 1, we investigate which form
the underlying bundles take.

Proposition B.2. Suppose ¢1(E) =0 and co(E) = 1. If (E,®) is a semistable co-Higgs
pair, then E is an extension of the form

0—-0—FE—1I,—0,

where x € P x P, which is unique up to weak isomorphism.

Proof. Let E have invariants d and r, then we know that E fits into an exact sequence of
the form
0= 0(rd) = E— O(-r,—d)® Iz =0, (B.1)

with ¢(Z) =1+ 2rd > 0 (as we have seen that E cannot be an extension of line bundles).
Now, for such a rank 2 vector bundle to exist, we know by Theorem 2.21 that one of the
following two conditions must be satisfied.

1. d>1,or
2. d=0andr > 0.

In case (1) we consider two subcases:
(i) » > 0. By tensoring (B.1) with O(—r, —d) ® T, and passing to the long exact
sequence in cohomology, we get
0— HYT) = HY(E(—r,—d) @ T) — H*(O(—2r,—2d) @ T ® 1) — 0,

where H’(O(—2r, —2d) ® T ® I;) = 0, and so, by Lemma 2.32, O(r,d) is ®-invariant for
any ® € H°(Endg E ® T'), and thus destabilizing. This contradicts semistability, and so it
cannot happen.

(ii) 7 < —1. This yields ¢(Z) < 0, which is impossible.
In case (2) we again consider two subcases:

(i) » > 1. By the exact same argument as above, one can check that O(r,d) is -
invariant for any ® € H’(Endy F ® T), and thus destabilizing. Hence this case cannot
happen.

(ii) 7 = 0. In this case F fits into an exact sequence of the form
0—-0—FE—1I,—0,

where z € P! x P!. Note that Ext!(I,,0) = C, and so, up to weak isomorphism, there
is a unique bundle that fits into this exact sequence. Finally, note that this is a strictly
semistable bundle (and we have seen in Proposition 3.9 that it admits non-trivial Higgs

fields). O
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B.2 First Chern class ¢y = —Cj

Using an identical argument to that presented in Section 4.2.2, one can prove an analogous
result for Lemma 4.14. For convenience, let us write the statement below:

Lemma B.3. Let x be a point in P* x P! and suppose that co(F) = 1. If E fits into the
exact sequence
0-0—-F—=00,-1)®I, —0,

then O is ®-invariant for any ® € H*(Endg E ® T)).

We can now prove the following proposition:

Proposition B.4. Let (E, ®) be a stable co-Higgs pair such that c1(E) = —Cy and co(E) =
1. Then E is an extension of O(1,—1) by O(—1,0).

Proof. Let E have invariants d and r, then we know that E fits into an exact sequence of
the form

0—=0(r,d - F—O(-r,—1—-d)®I; — 0, (B.2)

with ((Z) = 1+ r(2d+ 1) > 0. Now, for such a rank 2 vector bundle to exist, we know
by Theorem 2.21 that d > 0. If r < =2, or r = —1 and d > 0, then ¢(Z) < 0, which is
impossible, sor > —1. If r > 0, or r = 0 and d > 0, by tensoring (B.2) with O(—r, —d)®T,
and passing to the long exact sequence in cohomology, we get

0— HT) = H(E(-r,—d)®T) = H(O(=2r,-1 -2d) @ T ® I;) — 0,

and moreover H’(O(—2r, -1 — 2d) ® T ® I;) = 0, and so, by Lemma 2.32, O(r,d) is ®-
invariant for any ® € H(Endy £ ® T), and thus destabilizing. Hence, none of these cases
can happen. As such, we have that either (i) r =0 and d =0 or (ii) r = —1 and d = 0. In
(i) we have that, by Lemma B.3, O is ®-invariant for any ® € H°(Endy £ ® T'), and thus
destabilizing. Again, this case cannot happen. Finally, in (ii) we get that ¢(Z) = 0, and
so E is an extension of line bundles.

An analogous argument to that of Proposition 4.15 shows that if E is an extension of
line bundles, then it has to be an extension of O(1, —1) by O(—1,0). This concludes the
proof. O]

B.3 First Chern class ¢y = —Cy — F

In the same spirit as Proposition B.4 we have:
Proposition B.5. Let (E,®) be a semistable co-Higgs pair such that ¢;(E) = —Cy — F
and co(E) =1. Then E = O(—1,0) & O(0, —1).

Proof. Let E have invariants d and r, then we know that E fits into an exact sequence of
the form

0—-0(rd —-E—-0-1-r—-1—-d)®Iz; =0, (B.3)
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with ((Z) =1+ d +r + 2dr > 0. Now, for such a rank 2 vector bundle to exist, we know
by Theorem 2.21 that d > 0. If r < —2, or r = —1 and d > 0, then ¢(Z) < 0, which is
impossible, so r > —1. If r > 0, by tensoring (B.3) with O(—r, —d) ® T, and passing to
the long exact sequence in cohomology, we get

0— HYT) = HY(E(~r,—d) @ T) — HY(O(~1 - 2r,—1 - 2d) @ T @ I ;) — 0,

and moreover H*(O(—1 — 2r,—1 — 2d) ® T ® I;) = 0, and so, by Lemma 2.32, O(r,d)
is ®-invariant for any ® € H(Endyg E ® T), and thus destabilizing. Hence, none of these
cases can happen. As such, we have that r = —1 and d = 0. Then, ¢(Z) = 0, and so E is
an extension of line bundles.

Finally, F fits into an exact sequence of the form
0—0O(a,b) > E— O(-1—a,—1—-5b) =0, (B.4)
where 1 = ¢3(F) = —a — b — 2ab. Consequently, either ¢ = —1 and b = 0 or @ = 0 and

b= —1. In the first case, we have that £ = O(—1,0) @ O(0, —1) as H'(O(~1,1)) = 0. In
the second case, we have that O(0, —1) ® O(—1,0) as H'(O(1, —1)) = 0. O

83



References

1]

L. Alvarez-Cénsul and O. Garcfa-Prada. Hitchin-Kobayashi correspondence, quivers
and vortices. Comm. Math. Phys., 238:1-33, 2003.

M. Aprodu and V. Brinzanescu. Stable rank-2 vector bundles over ruled surfaces. C.
R. Math. Acad. Sci. Paris, 325(3):295-300, 1997.

M. Aprodu and V. Brinzanescu. Moduli spaces of vector bundles over ruled surfaces.
Nagoya Math. J., 154:111-122, 1999.

M. Aprodu, V. Brinzanescu, and M. Marchitan. Rank-two vector bundles on Hirze-
bruch surfaces. Central European Journal of Mathematics, 10(4):1321-1330, 2012.

M. Aprodu and M. Marchitan. A note on vector bundles on Hirzebruch surfaces. C.
R. Math. Acad. Sci. Paris, 349(11-12):687-690, 2011.

A. Beauville, M.S. Narasimhan, and S. Ramanan. Spectral curves and the generalized
theta divisor. J. Reine Angew. Math., 398:169-179, 1989.

S. B. Bradlow, O. Garcia-Prada, and P. B. Gothen. Surface group representations
and U(p, q)-Higgs bundles. J. Differential Geometry, 64:111-170, 2003.

S. B. Bradlow, O. Garcia-Prada, and P. B. Gothen. What is... a Higgs Bundle? Notices
of the AMS, 54(8), 2007.

V. Brinzanescu. Holomorphic Vector Bundles over Compact Complex Surfaces.
Springer, 1996.

R. Donagi and E. Markman. Spectral covers, algebraically completely integrable
Hamiltonian systems, and moduli of bundles. Integrable Systems and Quantum Groups
(Montecatini Terme, 1993), 1620 of Lecture Notes in Math.:1-119, 1996.

E. Franco, O. Garcia-Prada, and P. E. Newstead. Higgs bundles over elliptic curves
for complex reductive groups. Preprint 2013, arXiv:1310.2168.

E. Franco, O. Garcia-Prada, and P. E. Newstead. Higgs bundles over elliptic curves.
Hllinois J. Math., 58(1):43-96, 2014.

R. Friedman. Algebraic Surfaces and Holomorphic Vector Bundles. Springer-Verlag
New York, Inc., 1998.

O. Garcia-Prada. Higgs bundles and surface group representations. Moduli Spaces
and Vector Bundles, LMS Lecture Notes Series, 359:265—-310, 2009.

84



[15]

[16]

[17]
18]
[19]

[20]
[21]
[22]

[23]

[24]

[25]

[26]

[27]
[28]
[29]

[30]

[31]

32]
[33]

[34]

P. B. Gothen. Higgs bundles and the real symplectic group. Proceedings of the XIX
International Fall Workshop on Geometry and Physics, AIP Conf. Proc., 1360:39-50,
2011.

P. B. Gothen. Moduli Spaces: Representations of surface groups and Higgs bundles.
Number 411 in London Mathematical Society Lecture Note Series. Cambridge Uni-
versity Press, 2014.

M. Gualtieri. Generalized complex geometry. Ann. of Math., 174(1):75-123, 2011.
R. Hartshorne. Algebraic Geometry. Springer-Verlag New York, Inc., 1977.

N. Hitchin. The self-duality equations on a Riemann surface. Proc. London Math.
Soc., 55(3):59-126, 1987.

N. Hitchin. Stable bundles and integrable systems. Duke Math J., 54(1):91-114, 1987.
N. Hitchin. Generalized Calabi-Yau Manifolds. Q. J. Math., 54(3):281-308, 2003.

N. Hitchin. Lectures on generalized geometry. arXiv:math/1008.0973v1[math.DG],
2010.

N. Hitchin. Generalized Holomorphic Bundles and the B-field Action. J. Geom. Phys.,
61(1):352-362, 2011.

C. Okonek, M. Schneider, and H. Spindler. Vector Bundles on Complex Projective
Spaces. Birkhauser, 1980.

Z. Qin. Moduli spaces of stable rank-2 bundles on ruled surfaces. Inventiones mathe-
maticae, 110:615-626, 1992.

Z. Qin. Equivalence classes of polarizations and moduli spaces of sheaves. J. Differ-
ential Geometry, 37:397-415, 1993.

S. Rayan. Geometry of co-Higgs bundles. PhD thesis, 2011.
S. Rayan. Co-Higgs bundles on P*. New York J. Math., 19:925-945, 2013.

S. Rayan. Constructing co-Higgs bundles on CP?. Q. J. Math., 65(4):1437-1460,
2014.

C. Simpson. Systems of Hodge bundles and uniformization. PhD thesis, Harvard,
1987.

C. Simpson. Constructing variations of Hodge structure using Yang-Mills theory and
applications to uniformization. J. Amer. Math. Soc., 1(4):867-918, 1988.

C. Simpson. Higgs bundles and local systems. Publ. Math. I. H. E. S., 75:5-95, 1992.

C. Simpson. Moduli of representations of the fundamental group of a smooth projective
variety 1. Publications mathématiques de 'IHES, 79(1):47-129, 1994.

C. Simpson. Moduli of representations of the fundamental group of a smooth projective
variety II. Publications mathématiques de I’'THES, 80(1):5-79, 1994.

85



[35] R. Wentworth. Lecture notes from the Third International School on Geometry and
Physics at the Centre de Recerca Matematica in Barcelona. March 26-30 2012.

86



	Introduction
	Stability, Hirzebruch surfaces and co-Higgs bundles
	The Notion of Stability
	Unstable and strictly semistable rank 2 bundles
	Different Polarizations, Walls and Chambers

	Hirzebruch Surfaces
	Cohomology
	On the existence of stable rank 2 bundles over Fn

	Co-Higgs Bundles
	Semistable co-Higgs bundles over curves
	Semistable co-Higgs bundles over surfaces


	Existence of semistable rank 2 co-Higgs bundles over Hirzebruch surfaces
	Normalizing the first Chern class and bounding the second Chern class
	Walls and Chambers for c2 1
	Non-emptiness of Moduli Spaces
	Non-emptiness for reduced first Chern class
	Non-emptiness for arbitrary first Chern class


	Moduli Spaces of rank 2 semistable co-Higgs bundles over ¶¶
	Spectral correspondence and Hitchin map
	A brief review of spectral curves over ¶
	Spectral surfaces over ¶¶

	The Moduli Spaces Mco(c1,c2)
	Second Chern Class c2=0
	Second Chern Class c2=1

	Hypercohomology and Deformation Theory
	Deformations of points in Mco(-F,0)
	Deformations of points in Mco(0,0)
	Deformations of points in Mco(-F,1)


	Outlook
	APPENDICES
	Semistable decomposable co-Higgs bundles
	The case of Hirzebruch surfaces
	The case of ¶¶

	Underlying Bundles of semistable co-Higgs pairs in the case of c2=1
	First Chern class c1=0
	First Chern class c1=-C0
	First Chern class c1=-C0-F

	References

