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Abstract
The characterization of material fatigue behaviour is crucial in the design of mechanical components.
Magnesium alloys, particularly wrought magnesium alloys, are one of the most interesting materials
for mechanical components due to their superior physical and mechanical properties and have,
therefore, been studied extensively. Primarily, evaluations of the fatigue characteristics of wrought
magnesium alloys have been conducted under cyclic stress- and strain-control conditions. However,
many engineering components are subjected to cyclic bending moments or load-control cyclic
conditions. These conditions can be provided by a rotating bending test (RBT), which is usually
employed to extract stress versus number of cycles until failure of the sample (S-N curve). On the
other hand, the S-N curve is not sufficient to evaluate cyclic deformations of the material, especially
for low-cycle fatigue regimes. To estimate the fatigue behaviour of the material, it is necessary to
obtain stress and strain responses of the material under different range of bending moments in loadcontrol condition. To date, however, the evolution of hysteresis curves during rotating bending
experiments for asymmetric materials such as magnesium alloys has not been reported in the
literature.
In the present study, for the first time, Fiber Bragg Grating (FBG) sensors were employed to measure
the strain on AZ31B extrusion samples during RBT. First, the accuracy of strain measurement by the
FBG sensor in the elastic and plastic regimes was investigated by comparing the FBG measured strain
with that obtained by a standard extensometer during uniaxial pull-push test. Results confirmed that
the FBG sensor was able to measure the strain up to 1.3%, accurately. In the next step, the strains of
the specimens were measured under different bending moments of 2.5, 5, 6.5 Nm, during RBT. Based
on these experiments, the strain amplitude of the samples was decreased with increasing the number
of cycles in plastic regime until the sample was stabilized, however the strain response of the material
under bending moment of 2.5 (in elastic regime) remained constant during the test.
To analyze applied stresses to the sample, particularly in the plastic deformation range, the proposed
Variable Material Property (VMP) method was employed. In this model, the RBT was simulated by a
fixed beam problem that was under alternative loading, and the stress-strain responses of the sample
were predicted. Using this simulation method, the hysteresis loops of two critical top and bottom
elements of the sample cross-section under different bending moments were obtained.
Finally, the strain of the sample during rotating bending, which was measured by the embedded FBG
sensor, was replaced with the strains obtained from the modeling by fitting a mapping function. The
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hysteresis obtained from combination of the modeling results and FBG experiments was relatively
precise. To verify this claim, the stresses of the hysteresis loops were compared with the stresses
obtained from the proposed strain-control pull-push tests in which, the strain on the sample was
adjusted to be equal to the strain measured by the FBG sensor. The results of this test demonstrated
that the stresses of the combined VMP and FBG hysteresis loops have good compatibility with the
stress responses of the experiment. Therefore, the accuracy of the cyclic deformation hysteresis
obtained using modeling and experimental results were confirmed under load-control conditions.
Moreover, the fatigue life of the sample was calculated using the obtained hysteresis curve based on
the energy approach. The predicted fatigue life of the AZ31B extrusion samples was in good
agreement with published experimental data.
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Chapter 1
Introduction
1.1 Motivation
Optimal engineering design, which balances the highest possible efficiency with the fewest negative
impacts, is indispensable for a modern world. Its importance can be highlighted by considering
environmental issues such as air pollution, global warming and restrictions on fossil fuel resources.
One of the most significant aspects of engineering design is the selection of materials to be used to
meet the required mechanical, chemical and physical characteristics. Minimizing the weight of a
mobile structure is a critical consideration in the material selection for fabrication because it can
conserve energy and, as a consequence, reduce the environmental effects [1]. For several years,
aluminum has been considered the best choice for mobile structures when compared to other metals
and alloys, mainly due to its high strength to weight ratio. Therefore, aluminum and its alloys have
been used extensively to modernize different industries, particularly those with mass production, such
as automotive and aerospace [1]. However, increasing demands to address the aforementioned global
environmental problems have motivated scientists to search for new alternatives to current structural
materials. Their research has introduced new competitors to aluminum: magnesium and its alloys.
Magnesium is the lightest commercial metallic element and has the eighth most abundant source on
the earth, low energy consumption during extraction, refining, and forming, and remarkable
properties such as its weight to strength ratio [2, 3]. The stupendous properties of this metal are
enhanced by adding elements such as aluminum and zinc, resulting in new structural alloys referred
to as the AZ group. Since wrought magnesium alloys, such as extrusion and rolled AZ31B, have
superior mechanical properties in comparison to the others, they are preferred for use in load bearing
components, especially in the automotive and aerospace industries [4]. Hence, the use of wrought
magnesium alloys is rapidly increasing. With growing demand for employing these alloys,
investigating how they behave under different scenarios is essential. Since the behaviour of
magnesium and its alloys is not symmetric under tension and compression, more research that
analyzes this complicated behaviour is required to achieve the desired optimum engineering design
[5, 6].
A large number of industrial structures and automotive components are usually subjected to cyclic
bending moments or cyclic loading, and even with low amounts of the applied loading, failure of the
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components can occur after a period of time [7]. This type of failure is referred to as fatigue, one of
the most important types of failure. Therefore, the study of wrought magnesium alloys’ behaviour
under cyclic loading, and the prediction of their fatigue life are areas of substantial research interest
from the point of view of designers and manufacturers. The behaviour of these materials becomes
more critical when they are used in aerospace or automotive industries as the mechanical failure of
any parts is not only able to stop the performance of the machine, but cause unpredictable safety
problems. However, the asymmetric behaviour of wrought magnesium alloys can also influence the
fatigue behaviour of the materials. In real world applications, different modes of loading combined
with their asymmetric behaviour can complicate the material response analysis under different
conditions.
More recently, the fatigue properties and behaviour of wrought magnesium alloys have been
investigated under strain control, stress control and load control conditions [8-16]. This has led to a
significant amount of information about predicting fatigue life and analyzing fatigue behaviour. For
example, strain and stress control fatigue tests have been widely performed for AZ31B extrusion, and
its mechanical properties and fatigue behaviour have been studied in various strain and stress
amplitudes. However, load control fatigue tests, which are conducted through rotating bending tests
(RBT), have been restricted to obtaining stress versus life (S-N) curve in high-cycle regimes [17]. The
RBT applies a stress gradient, rather than a uniform stress, across a cross section of the sample. This
stress gradient begins from a maximum tensile stress on one side of the sample, reaches zero at the
neutral axis, and then continues with compressive stress to a maximum compression at the other side
of the sample. When the applied bending moment is high enough, plastic deformation occurs at the
surface while the core of the sample experiences elastic deformation due to the magnitude of the
applied bending. In the elastic regime, the applied bending moment is translated to normal stress
through the elastic flexural formula and the number of cycles is recorded until failure occurs. The
resultant S-N curve contains important data that can be used for engineering design, although it is not
able to reflect all aspects of the fatigue failure of the material [17, 18]. For many structural parts,
failure safe design criteria are defined by specific amounts of strain on the sample, whereas no strain
measurement normally exists during load control fatigue tests. Therefore, to evaluate strain during
cycles of RBT, it is necessary to employ an appropriate sensor, since the conventional strain gauge or
extensometer cannot be utilized for this observation.
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In this research, a Fiber Bragg Grating (FBG) sensor, a new generation of strain measurement sensor,
is employed for measuring the strain of AZ31B extrusion samples during load-control RBT cycles.
This sensor can provide in-situ strain measurement. The measurement is done locally by mounting the
sensor on the curvature surface of the sample exactly where the maximum strain is induced. An FBG
sensor can measure high strain precisely during the test; hence, it is able to evaluate the strain in both
elastic and plastic regimes. The strain measurement during cyclic loading can provide additional data
to analyze the characteristics of AZ31B extrusion under load-control cyclic tests. In addition to strain
evaluation, it is also necessary to obtain the stress responses of the material in low cycle regimes, to
comprehensively describe the fatigue behaviour of AZ31B.
The asymmetric behaviour of AZ31B extrusion can affect the stress distribution induced by the
constant bending moment in a low cycle fatigue test. When the sample is plastically deformed, the
maximum stresses on the sample’s surface are not identical for the tension and compression parts,
although the applied bending moment is almost constant. This complicated and unpredictable
behaviour of AZ31B extrusion under load-control conditions can be investigated by using elastoplastic analysis. To avoid the complexity of elasto-plastic analytical solutions, a Variable Material
Property (VMP) method is proposed [19]. This method is a numerical simulation approach, which can
be employed to calculate the applied stress when elastic or plastic deformation is observed in the
sample. In this simulation method, the asymmetric and nonlinear behaviour of the material in the
plastic regime is characterized using a simple linear elastic solution. Obtaining the cyclic deformation
hysteresis of AZ31B extrusion is required for estimating the fatigue behaviour of the material under
load control cyclic test conditions. This hysteresis is obtained by incorporating the experimental
strains (FBG strain) and obtained stresses from modeling (VMP stress) under load-control RBT
conditions. The stress-strain hysteresis obtained is employed to predict the fatigue life of AZ31B
extrusion through the elastic and plastic strain energy estimation.

1.2 Thesis Objective
The cyclic behaviour of AZ31B extrusion magnesium alloy under load-control fatigue test conditions
is studied through the incorporation of FBG sensors into the coupon-testing samples. The objectives
of this research are as follows:
Ø Engineer a method to embed FBG sensors on rotating bending samples,
Ø Calibrate the sensor before conducting the test in two ranges (elastic and plastic),
3

Ø Measure the strain during the RBT by FBG to get strain versus time and strain versus angle,
Ø Employ an elastic-plastic solution to obtain cyclic stress-strain characteristics for AZ31B
under RBT,
Ø Obtain hysteresis stress-strain of the material under RBT by a combination of the numerical
method, VMP, and the experimental results (FBG strain), and
Ø Verify the method by comparing the fatigue life estimation and experimental results.

1.3 Thesis Layout
This thesis consists of six chapters. This chapter outlines the motivation of this research and declares
the thesis objectives. The chapter 2 presents background information about magnesium and its alloys
particularly wrought AZ31B magnesium alloys. Following this chapter, the fatigue behaviour of
wrought magnesium alloys is investigated under three cyclic deformation approaches, stress-control,
strain-control and load-control. The fatigue behaviour of the material is reviewed based on the
literature. Then, the FBG sensor is introduced for measuring the strain. Finally the numerical VMP
method is explained for solving the nonlinear plastic and asymmetric problem based on the linear
elastic solution. The experimental procedure and modification the rotating bending machine for
testing are described in chapter 3. After that, the FBG sensor calibration results are presented to
clarify the accuracy of the sensor. The chapter 4 focuses on the procedure of VMP modeling to obtain
the cyclic hysteresis of the AZ31B under load-control bending tests. The experimental and modeling
results are depicted and discussed in chapter 5. Then to uncover the fatigue behaviour of the material,
accurately, the experimental results are incorporated in the obtained modeling. In the last part of
chapter 5, the fatigue life of AZ31B is predicted, using the obtained hysteresis and employing the
energy-life method. Finally, conclusions and recommendation for future work are summarized in
chapter 6.
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Chapter 2
Background and Literature Review

This chapter introduces the mechanical properties of magnesium and its alloys, focusing particularly
on AZ31B extrusion. It also explains and compares the fatigue behaviour of magnesium alloys under
strain-control, stress-control and load-control testing. In addition, the FBG sensor is introduced as a
strain gauge, and the advantages of the sensor are explained. Finally, the numerical VMP method
employed as part of this study is described.

2.1 Magnesium and Its Alloys
Magnesium, one of the world’s lightest known metals, is abundant in seawater and the earth’s crust
and was first extracted and refined by Sir Humphrey Davy in 1808 [20]. About a century later, this
metal was employed in the automotive industry, especially in the manufacture of the Volkswagen
beetle [4]. At that time, magnesium was usually preferred for use as an alloying element in aluminum
alloys, rather than as a structural material. However, some technical problems, and a demand for
higher performance in the automotive industry, led to a decrease in the use of magnesium alloys [21].
Since 1990, the drive to reduce fossil fuel consumption due to its environmental impact has caused
renewed interest in employing magnesium and its alloys in the automobile and aerospace industries
and for other structural applications [2]. Currently, the use of magnesium alloys, particularly wrought
magnesium given its specific characteristics, is expanding rapidly in North America and Europe [6].
The average amount of magnesium and its alloys used per automobile worldwide rose from 3kg in
2005 to 20kg by 2010, and the rising trend is continuing [6].
Magnesium is the lightest commercial metal, with an atomic number of 12, a high strength to weight
ratio of around 115, and a density of 1.738 gr/cm3. Its density is over 75% less than steel, and about
35% lighter than aluminum [3, 5, 21, 22]. Magnesium and its alloys also have good castability,
weldabilty, damping capacity, and electrical and thermal conductivity [3, 5]. These properties have
persuaded manufacturers to use magnesium and its alloys widely in the transportation industry.
However, some of magnesium’s shortcomings such as inadequate strength at high temperatures, poor
cold workability and weak corrosion resistance have restricted its usage for many applications [2, 21,
23-25]. Moreover, its complicated behaviour such as asymmetric mechanical behaviour under tension
5

and compression, and anisotropic properties related to the direction of a structure, can make analyzing
the behaviour of magnesium difficult, especially in wrought magnesium alloys [5, 23, 26]. The
mechanical properties of the extruded magnesium alloy AZ31B were obtained by Albinmousa and are
listed in Table 2-1 [16].
Table 2-1: Mechanical properties of AZ31B [16]

Tension
Compression

Extrusion direction

Yield strength
(MPa)
213

Transverse direction

56

41

Extrusion direction

108

44

Transverse direction

127

46

E (GPa)
44

The crystal structure of magnesium is hexagonal-close-packed (HCP), which leads it to have specific
and complicated mechanical properties. HCP metals have two mechanisms for plastic deformation:
slip system and twinning. The slip system of HCP crystals has four modes: basal <a>, pyramidal <a>,
prismatic <a>, and pyramidal <c+a> [27]. Among them, only dislocation slips in the basal and
pyramidal <c+a> planes can be activated in magnesium alloys [28, 29]. The critical resolve shear
stresses for pyramidal <a>, and prismatic <a> planes of the slip systems are very high for magnesium
alloys. Therefore, the twining mechanism plays a significant role in the deformation of this alloy.
While there are two deformation twining systems, tension and contraction, reported for magnesium
alloys only tension twinning (known as pyramidal twinning) on the (1012) plane can be activated at
room temperatures during loading [30, 31]. The activated tension twining provides strain along the caxis of the HCP crystal structure. In contrast, contraction twining can only be activated in magnesium
when the strain reaches above 8% in uniaxial tests [32]. Figure 2-1 depicts the active slip systems and
twin plane of magnesium.

Figure 2-1: Deformation modes in AZ31 extrusion magnesium alloy: a) Basal slip <a>; b)
Pyramidal slip <c+a>; c) Tensile twin plane.
6

Generally, the magnesium alloys are divided into two main groups, casting and wrought [33]. Some
of the characteristics of magnesium and its alloys, for example high directional anisotropy in the
monotonic tension and compression and strong tension-compression asymmetry behaviour in stressstrain curves, are highlighted in wrought magnesium alloys [34]. They are the result of strong
crystallographic texture and the different deformation modes present in HCP crystal structures.
Wrought magnesium alloys have poor cold formability in comparison with cast alloys; hence, massproduced magnesium parts for mobile structure use are generally made from cast [11, 33]. However,
wrought magnesium alloys have higher tensile yield strength and manifest properties that are
preferable to those of cast ones from a mechanical properties point of view. Wrought magnesium
alloys are manufactured by rolling or extrusion, or by a forging process carried out at a temperature
above 330°C and followed by slow cooling to prevent crack initiation [35].
Adding various elements to magnesium such as aluminum, zinc, manganese, zirconium and rare
earths can improve some of its properties. For example, aluminum is added to magnesium in order to
provide solid solution strengthening and to facilitate age hardening [35]. This combination also
increases tensile strength and hardness. The addition of small amounts of zinc to magnesium elevates
its corrosion resistance [36]. Aluminum and zinc combined with magnesium constitute the AZ group
of alloys, which have greater mechanical strength, castability, workability, formability, weldability,
and corrosion resistance than pure magnesium. When zinc and zirconium are added to magnesium to
produce the ZK group of alloys, the hot workability of magnesium is improved. This enhancement is
important to the manufacture of parts by hot working processes such as hot rolling and forging. In AZ
alloys, manganese is often added, usually less than 1wt%, to refine the grain size of the alloy [37].
This combination results in better ductility and castability, higher strength, and enhanced energy
absorption. A specific weight percentage of aluminum, zinc and manganese, in addition to other
elements, added to magnesium create AZ31B, an alloy with properties superior to those of pure
magnesium. This alloy has been recognized by the American Society of Testing Materials [38]. Based
on the codification, this alloy contains about 3wt% aluminum and 1wt% zinc; the letter B was added
to the AZ31 label as it was the second alloy developed under this qualification. The chemical
composition of AZ31B is listed in Table 2-2.
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Table 2-2: Chemical composition of AZ31B extrusion [35, 36]
Composition	
  

Aluminum	
  
(Al)	
  

Zinc	
  
(Zn)	
  

Manganese	
  
(Mn)	
  

Iron	
  
(Fe)	
  

Nickel	
  
(Ni)	
  

Copper	
   Magnesium	
  
(Cu)	
  
(Mg)	
  

3.1	
  

1.05	
  

0.54	
  

0.0035	
  

0.0007	
  

0.0008	
  

Weight	
  %	
  

Bal.	
  

2.2 Fatigue Properties and Analysis
The most common reason for mechanical failure in structural components is fatigue [7]. Structures in
the automotive and other industries are subjected frequently to oscillating loads resulting in cyclic
stresses. This cyclic stress, over a long period of time, may lead to microscopic physical damage in a
material, although the stress is less than tensile or compression yield stress. With an increased number
of cycles, the microscopic damage can accumulate and develop into a crack. Strong enough applied
stress amplitude in fluctuating loads, and a sufficient number of cycles, can extend the crack and
cause the failure of the material. These are the stages of fatigue failure of a material under cyclic
loading [18]. Therefore, the importance of accurately evaluating materials from a fatigue point of
view and estimating their fatigue lifespan is substantial.
Nowadays, three major approaches are employed to analyze the fatigue behaviour of materials: stressbased, strain-based and fracture mechanics [18]. The latter is not investigated as part of this thesis
research. Many studies have investigated the fatigue behaviour of wrought magnesium alloy AZ31B
under stress and strain control tests. However, many engineering components are also subject to
cyclic bending moments or load-control conditions. Based on the literature, previous load control
experiments have been limited to RBT, which provides an S-N curve for high-cycle fatigue regimes;
however, identification of the cyclic deformation hysteresis is also required to estimate the fatigue
behaviour of materials comprehensively [17, 39-43]. Hence, it is necessary to evaluate the behaviour
of wrought magnesium alloys, especially AZ31B extrusion, under RBT in both elastic and plastic
regimes. In the following section, stress-control, stain-control and load-control cyclic tests will be
discussed briefly.
2.2.1 Stress-Based Fatigue Analysis
Stress-based fatigue analysis was the earliest developed approach to analyzing the fatigue behaviour
of materials. In stress-based analysis, a nominal cyclic stress is applied to the material [17], usually in
the elastic range, until failure occurs, typically after a high number of cycles [18]. The stress
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amplitude is held constant by considering mean stress and stress raising factors. The hysteresis stressstrain curve can be extracted for the various stress amplitudes. In these tests, some plastic deformation
can also be observed due to the cyclic stress amplitude. The hysteresis stress-strain curves obtained
from these tests reveal some of the fatigue properties of the material.
Servo-hydraulic machine is one of the most commonly used to perform stress-control cyclic tests.
This machine applies axial loads, tension and compression alternately to the sample in each cycle to
create cyclic loading. The stress applied is held constant in the cross section of the sample during the
test. To control the applied stress, the load is actually controlled because the cross section is assumed
constant; therefore, there is no practical difference between stress control and load control.
2.2.2 Strain-Based Fatigue Analysis
Another approach to evaluate the fatigue behaviour of a material is strain-based fatigue analysis.
Mechanical parts are usually designed to have enough strength against plastic deformation during
service. However, some inhomogeneity in the fabricated parts comes from welds and notches, and the
stress concentration may induce localized plastic strains [18]. The strain-based fatigue test is a
comprehensive test suitable for mechanical parts and structures that experience plastic deformation
and have a short fatigue life, however, it is also used for high-cycle fatigue regimes where elastic
deformation is dominant. This test is usually performed by servo-hydraulic testing machines that
apply axial strain to a gauge section of the sample. The strain is usually measured by an extensometer,
which is attached to the uniform gauge length of the sample during the fatigue test. The machine
controls the strain amplitude by applying the required stress on the sample. Hence, the magnitude of
the stress changes during the test as the number of cycles increases.
Cyclic loading is responsible for the cyclic hardening or softening behaviour of the material. Lowstrength ductile metals exhibit cyclic hardening, whereas extensively work-hardened metals tend to
experience cyclic softening. These reactions are observed most often at the beginning of loading and
gradually stabilize after 10 to 40% of the total fatigue life [17]. The hysteresis loops, stress-strain
curves and strain versus life (ε-N) curve, are obtained based on the cyclic behaviour. A cyclic stressstrain curve (CSSC) is usually extracted from the stabilized hysteresis cycles for strain control tests
conducted at different strain amplitudes. The curve is plotted from the initial starting point and
connects the tips of the stabilized hysteresis loops for the strain amplitudes applied during testing.
Since the CSSC determines the resistance of a material against cyclic deformation, it is important and
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is reported as a property of material [17].
In the strain control approach, the induced mean stresses can have beneficial or detrimental effects on
a material’s fatigue life due to the compressive and tensile mean stresses, respectively. The
relationship between fatigue life and total strain amplitude (both elastic and plastic strain) is
expressed by Morrow’s equation. Morrow’s model was modified by considering the mean stress for
the elastic part as follows:
𝜀! =

∆𝜀 (𝜎! − 𝜎! )
=
(2𝑁! )! + 𝜀! (2𝑁! )! 	
  
2
𝐸
∆𝜀 ∆𝜀! ∆𝜀!
=
+
	
  
2
2
2

(2-‐1)	
  

(2-‐2)	
  

Various mean stress correction models, such as Smith-Watson-Topper [44], DIT [8], Lorenzo’s [45],
and the Coffin-Manson method, have been introduced subsequent to Morrow’s model in an attempt to
predict fatigue life with more accuracy [18]. Recently, it has been determined that mean stress not
only affects the elastic, but also the plastic, portion of the total strain. A modification to the CoffinManson model reflects this fact and results in more accurate life predictions [8].
2.2.3 Load–Control: Rotating Bending Fatigue Test
Load control conditions are provided through the RBT. In this test, a uniform bending moment is
applied to the sample. Since there is a constant applied load, it is known as a constant load amplitude
test. In this test, when the sample experiences elastic deformation during rotational bending, the
applied bending moment is translated to a normal stress with the elastic flexural formula, 𝜎 = 𝑀𝑦/𝐼
[46]. The applied stress increases from zero at the neutral axis (center of the sample), to the maximum
absolute value at the surface of the sample. Therefore, the maximum tensile and compressive stresses
are located at the bottom and top of the cross section, respectively [17].
RBT is usually employed to find the endurance limits of the material being studied under high-cycle
fatigue [18]. However, at higher applied loads, the induced stresses are not uniform within the cross
section of the sample, and the elastic flexural formula is no longer applicable for the stress
calculation. The fatigue life of materials is usually represented by an S-N curve, noting the number of
cycles to failure and stresses applied. It is influenced by stress level, mean stress, residual stress and
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stress localization, all of which can be affected by holes, fillets, grooves or corrosion. The effect of
mean stresses on fatigue life is significant, and is considered as the second most important parameter
after stress level [18]. In the high-cycle fatigue regime, tensile mean stresses cause micro cracks and
accelerate the rate of crack propagation, while compressive mean stresses retard crack growth. In
contrast, the effect of mean stresses is negligible in the low-cycle fatigue region due to the amount of
plastic deformation. It has been reported that shear mean stresses have no effect on the crack
initiation, although it has some impact on crack propagation [18]. As mentioned in the strain-based
approach, the relation between stress amplitude, mean stress and fatigue life can be expressed by
various methods and modified to have an adequate estimation of the fatigue life of materials.
In RBT, unlike stress-and strain-control observations, stress-strain hysteresis of materials has not
been examined under the load-control test condition. To obtain the hysteresis and predict the fatigue
behaviour, the values of stress and strain in the sample during cyclic loading should be measured.
However, the evolution of the strain in a material with respect to the number of cycles run during
RBT has not been reported yet. This is an aspect of load-control fatigue that warrants further
investigation and forms part of the present research.
2.2.4 Fatigue Properties of Wrought Magnesium Alloys
Since the use of wrought magnesium alloys is so prevalent due to their advantages, these alloys have
been studied in many research projects [34]. The fatigue behaviour of wrought magnesium alloys
under stress-and strain-control conditions has been investigated and fatigue life predicted with a
variety of methods [8, 9, 32, 47-55]. In addition, to determine mechanical properties of this material
such as strength and ductility, monotonic tension and compression tests have been performed. These
tests have been conducted extensively on AZ31B extrusion magnesium alloy [56, 57]. The results
showed strong asymmetric stress-strain behaviour of this material due to its strong texture. It was
reported that the tensile yield stress of AZ31B is around 213 MPa, and its compressive yield stress
ranges between -50 and -108 MPa [16, 56]. When the longitudinal axis of the sample is parallel to the
extrusion direction, as is the case in the extrusion direction (ED) samples, the C-axis of all grains is
aligned perpendicular to the extrusion direction. When a compressive load is applied parallel to the
ED, with the grains in this configuration; the extension twinning system ((1012) -<1011>) of HCP
crystals has the lowest critical resolved shear stress and hence, will be activated easily [14, 58]. In
contrast, when a tensile load is applied to the sample in the same direction, the first deformation
mechanism that will be activated is dislocation slip in the basal and non-basal planes [58]. As a result,
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the C-axis of the grains will become almost perpendicular to the loading direction. Hence, very high
stress is required to reach the yield stress and move the dislocations [59]. This is why the yield stress
of extruded magnesium AZ31B alloy is higher under tensile stress than under compressive stress. The
compressive yield stress of an extruded sample in which the longitudinal axis is perpendicular to the
extrusion direction (transvers direction or TD) should be greater than the tensile yield stress. This
statement was supported by experimental results [16].
Another difference between the behaviour of AZ31B magnesium alloy under tension versus
compression stress is observed in the strain-hardening rate of the material. Under tension stress,
AZ31B shows less work hardening than when under compression stress [16]. This occurs because the
number of basal slip systems in HCP crystals is so small and the dislocation multiplication is
negligible during tension in comparison with FCC and BCC systems [60-62]. During compression,
the deformation mechanisms, twinning and dislocation slipping (basal and non-basal slip), are
activated simultaneously and cause considerable strain hardening [14].
Besides asymmetric behaviour, the anisotropic behaviour (directional dependence) of wrought
AZ31B has also been verified. Albinmousa [16] performed monotonic tension and compression on
samples of AZ31B extrusion in three different orientations: ED, 45°, and TD. He confirmed the
sigmoidal behaviour caused by twining, detwinning and slip deformation mechanisms through
uniaxial tension and compression tests conducted on ED and TD specimens. Unlike in ED specimens,
the tensile yield strength was much lower than the compressive yield for TD specimens. He also
reported a linear hardening behaviour in monotonic torsional loading tests and pseudoelasticity in all
monotonic tests. Lv et al did a similar test for rolled AZ31B. In this research, the tensile and
compressive behaviour of both rolling direction (RD) and transverse to the rolling TD specimens
were investigated [63]. These researchers observed that the strength and elongation of the TD
specimens under tension and compression were higher than in the RD specimens, and that the
compressive yield strength in both directions was much lower than the tensile yield strength due to
easier twining deformation under compression. According to Lv et al., the basal planes inclined more
in RD than TD specimens due to their basal textures. Also, the Schmidt factor for basal <a> within
the grains in TD samples was smaller than in RD samples. In other research, the directional isotropic
behaviour of wrought magnesium alloy AZ31B was studied by RBT [39]. Ishihara et al. used a
rotating bending machine (RBM) to obtain the fatigue life of the rolled and extruded magnesium in
different directions. They found that the fatigue resistance of the extruded samples with ED direction
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was higher than those with TD. Also, for rolled magnesium, the fatigue life and fatigue limits of the
RD specimens were almost the same as those of the TD specimens, although the fatigue properties of
TD samples under high stress amplitudes were more robust than those of the RD specimen. In the SD
specimens (another perpendicular direction), the fatigue life was shorter than either the RD or TD
specimens at high stress amplitudes. In SD samples, the tensile load was applied perpendicular to the
basal plane of the HCP crystal; therefore, the specimens show lower fatigue life in comparison with
the other directions. The twin deformations were responsible for this weakness in the material since
fatigue cracks preferentially nucleated from these twin locations. The researchers also reported that
the fatigue life of extruded magnesium alloy was higher than the rolled alloy because of the higher
yield strength of extruded magnesium alloy. The rod-like structure of the extruded material caused a
reduction in the rate of fatigue crack propagation and increased the fatigue life [39]. Generally, the
microstructure, direction and texture of the sample can change which deformation mechanisms are
activated in the material. These important factors impact on the mechanical properties of wrought
magnesium alloy. The asymmetric stress-strain behaviour in monotonic tests of wrought magnesium
alloys significantly affects their fatigue life and fatigue damage observations.
In the cyclic axial strain-control tests of wrought magnesium alloy, asymmetric cyclic hardening and
sigmoidal behaviour in hysteresis loops are observed due to the asymmetry of the mechanical
properties in tension and compression. The asymmetric behaviour becomes more recognizable under
increasing strain amplitudes, although the asymmetric behaviour reduces as the number of cycles
increases [32, 51, 64]. As was the case for monotonic tensile and compressive tests, different
deformation mechanisms are responsible for the tensile and compressive reversals. Based on the
literature [14, 32, 58, 65, 66], twinning deformation is dominant in compressive reversal, while
detwinning deformation begins in the early stages of tensile reversal. When the load is reversed, most
of the twinning is substituted by detwinning deformation. A small residual twin accumulates slowly
as the number of cycles increases, causing an increase in the critical resolved shear stress. In this case,
the twining deformation mechanism can be activated easily in compressive loading, resulting in the
hardening behaviour under cyclic loading. As the strain amplitude increases, the cyclic hardening in
the compression part becomes more significant than that in the tension part. However, the small grain
size and different basal texture can result in a symmetrical hysteresis stress-strain curve under straincontrol tests [67]. When this occurs, deformation twins cannot be activated easily during
compression, behaviour in contrast to that observed in materials with fibrous texture and large grain
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size that induce the sigmoid hysteresis loop [68]. In addition, anisotropic stress-strain responses and
asymmetric behaviour cause a difference between the magnitudes of the peak and the valley of
stresses and also produce the tensile mean stress during strain control testing. The mean stress
escalates when the strain amplitudes are more than 0.6% [67].
The fatigue properties of wrought magnesium alloy were also investigated by uniaxial stress-control
cyclic tests. Asymmetric hysteresis is observed when the stress amplitude is high enough to induce
plastic deformation in the material. Similarly to the abovementioned cases, the plastic deformation
mechanisms are different in tension and compression reversals. A large plastic strain is created in
compression during the first cycle but is recovered rapidly, and the asymmetric behaviour decreases
quickly within the first three cycles [8]. In this situation, the compressive mean strain increases at the
beginning of the cycles and then becomes constant as the number of cycles increases [8]. Moreover,
the compressive mean strain grows as the stress amplitude increases. Kang et al. studied the uniaxial
ratcheting of AZ31B extrusion under stress-control cyclic tests with different mean stresses [56].
According to their reported results, the ratcheting behaviour occurred and the peaks and valleys of the
strains alternated with respect to the mean stress. In addition, they observed different ratcheting
features when changing the amount of mean stress. Lin et al. reported the same trend for hot-rolled
AZ91 magnesium alloys in stress-control conditions [69]. They concluded that as the stress ratio
increases, or the peak stress decreases, the fatigue life improved due to the changes in total absorbed
strain energy. The plastic strain energy density decreased very quickly during the early cycles based
on the cyclic hardening and then remained constant during the cyclic deformation tests. They found
that the absorbed plastic strain energy increased as the stress ratio decreased and the peak stress rose.
Therefore, high stress ratios and low peak stresses reduce the total strain energy absorbed and can
improve the fatigue life of AZ91 magnesium alloy.
Shiozawa et al. evaluated the fatigue behaviour of three extruded AZ31, AZ61 and AZ80 magnesium
alloys under strain- and stress-control conditions [64]. They observed the tensile mean stress under
strain-control, and compressive mean strain under stress-control, conditions for selected magnesium
alloys. They claimed that the effect of the tensile mean stress was stronger than the effect of the
compressive mean strain on the fatigue resistance, because the induced value of the tensile mean
stress was greater than the compressive mean strain during different conditions. In addition, they
determined the fatigue behaviour in low-cycle regimes for the three extruded magnesium alloys was
material dependent under strain-control tests, however, in stress-control tests, the behaviour was
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material independent and could be estimated with the plastic strain range accurately.
Most research into the fatigue life and fatigue properties of wrought magnesium alloys has studied the
material under strain-and stress-control cyclic tests conducted with a push-pull and RBM. The effects
of texture and microstructure of a material play an important role in improving its mechanical
properties and consequently fatigue life and fatigue properties. Moreover, some factors, which alter
the total absorbed strain energy, can affect the fatigue life of the material. The higher elongation in
strain-control tests and the higher tensile yield strength in stress-control tests are responsible for
increasing the fatigue life. For example, for rolled AZ31, the low-cycle fatigue life of TD samples
was higher than for RD samples in both stress- and strain-control cyclic tests [52, 67].
2.2.5 Comparison between Strain-and Stress-Control
Since the stress and strain responses of asymmetric wrought AZ31B are different under cyclic stressand strain-control, it is clear that the stabilized hysteresis curves should be dissimilar. In strain-control
tests, the stabilized hysteresis curves remain sigmoidal and asymmetric, whereas the stabilized
hysteresis curves become symmetric in stress control tests. One of the significant differences between
stress- and strain-control tests for this alloy is the compressive mean strain and tensile mean stress
induced during each test. The ratcheting behaviour is observed in stress-control tests due to the
compressive mean strain. Comparisons between stress- and strain-control become critical when
obtaining the CSSC of the extruded magnesium alloy is essential. The CSSC can reveal
characteristics of the materials under cyclic loading that are different from the behaviour of the
material under uniaxial loading. To compare the CSSC of the AZ31B extrusion under cyclic stressand strain-control tests, the stabilized hysteresis curves of the CSSC in both conditions, reported by
three independent research publications, were considered.
Hassegawa et al. conducted cyclic tests of extruded magnesium alloy AZ31 for four different strain
amplitudes and five stress amplitudes under strain- and stress-control conditions, respectively [8].
They extracted the plastic strain amplitude and mean strain versus life for the stress- and straincontrol tests separately. On the other hand, Huppmann et al. conducted this series of tests with
counter pressure for conventional AZ31extrusion [32]. They reported the maximum stresses versus
life of the material for different strain amplitudes under strain-control. They also calculated the mean
strains and strain amplitudes versus life, individually, under stress-control conditions. In the current
thesis research, to obtain peak and valley stresses in order to generate the CSSC, simple calculations
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were done.
The data obtained from these calculations and the CSSC from the research done by Albinmousa are
summarized in Figure 2-2 [16]. As mentioned in Section 2.2.4, the hysteresis curves under stresscontrol exhibit ratcheting behaviour due to compressive mean strains. To investigate this further, it
was necessary to eliminate the ratcheting by subtracting compressive mean strains from the hysteresis
obtained under stress-control conditions. Figure 2-2 demonstrates that the CSSC trend under both
conditions is similar, although it is impossible to ignore the considerable deviation that exists between
them.
This comparison was necessary because in the present research, the CSSC of AZ31B extrusion
generated by Albinmousa [16], was employed to model the fatigue behaviour of the material under
load-control bending tests by using the numerical method. It was assumed that the CSSC is a material
characteristic and is independent of the cyclic loading condition (stress-control, strain-control or loadcontrol).

Figure 2-2: Comparison between CSSC in stress- and strain-control tests, adapted from [8, 16,
32]
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2.3 Fiber Bragg Grating Sensors
FBG sensors have been widely used in the telecommunication industry and are also used in optical
multiplexers, demultiplexers, laser stabilization, and notch filters [70, 71]. Their most important
attribute from the point of view of this research is their ability to identify or monitor physical
quantities. The FBG has been employed as a sensor to detect a variety of quantities such as strain,
temperature, pressure, and vibration [72].
2.3.1 History
In 1978, Ken Hill demonstrated that the refraction index changes in germanium doped fibers and
observed photosensitivity in these fibers [73]. When a wave of argon laser light is propagated along
the fiber core, permanent gratings are formed. A narrow wavelength band peak can be reflected based
on this specific grating. In 1989, Gerald Meltz used the interference pattern of ultraviolet light
technique to create the periodical structures inscribed (Bragg grating) in the FBG core [74]. In 1995,
the first commercial FBG sensors became available [75].
2.3.2 Structure and Theory
A fiber optic is usually a hair-thin filament of fused silica (SiO2) and consists of two parts, a core and
cladding. The core is a very small inner part, with a diameter of 4 to 9 µm, and the cladding is an
outer part of 125 µm in diameter. To increase the mechanical stability and to prevent crack growth in
the glass fiber, it is coated with acrylate, polyimide, or organic modulated ceramic [75] . Figure 2-3a
shows the layers of an FBG as a schematic, and Figure 2-3b shows a real FBG sensor.

Figure 2-3: (a) FBG schematic, (b) FBG sensor
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Usually light travels inside the core, because the refractive index of the core is higher than the
cladding. This index difference is normally produced by doping the core with germanium. The
refractive index of the core can then be changed by ultraviolet light because the germanium doping is
photosensitive. A higher level of germanium doping causes a higher refractive index in the core. The
Bragg grating can be written into the germanium doped core by an intense ultraviolet light to create
the FBG. Writing Bragg grating into the fiber core generates a set of high intensity and narrow
wavelength band peaks. The inscribed section is coated with polyimide again after the manufacturer
removes the original coating to write the Bragg grating [71, 72].
The difference between the refractive index of the grating plane and that of the core, can affect the
reflected light, which is propagated along the core of the fiber. The reflection of the light becomes
weaker based on the Fresnel effect [72]. On the other hand, each grating plane can reflect a very small
part of the incoming light depending on the level of germanium doping (and consequently the
refractive index of the core). When the phase shifts of reflected light from each grating plane differ,
destructive interference occurs, although equal phase shifts can accumulate and create a strong
reflection peak. By considering the summation of the reflection from each grating plane, the whole
grating reflection is obtained. According to Bragg’s law, which is the fundamental assumption behind
the FBG sensor’s operation, λB is the reflected wavelength or the Bragg wavelength, which is defined
by Equation (2-3)
λB=2neffΛG	
  

(2-‐3)	
  

Hence, the reflected wavelength is a function of the effective refractive index of the grating in the
core of the FBG (neff), and the periodicity of the grating (ΛG). The wavelength inside the fiber is
shorter than the wavelength in a vacuum, and the effective refractive index is expressed by comparing
the speeds of light traveling inside the fiber and the vacuum. When the wavelength of the incoming
light is precisely the same as the Bragg wavelength (λB), and all of the grating plane reflections are in
phase, the level of energy increases and a sharp peak is created [75].
On the other hand, the grating length and strength can affect the properties of FBG. The bandwidth of
the reflection peak can vary due to the grating length. However, with the strong grating limit used for
special types of FBG, the bandwidth depends only on the grating strength. Moreover, the reflectivity
of the peak depends on both the grating length and strength. In addition, the ultraviolet light dose, the
level of germanium doping, and hydrogenation procedure utilized can also affect the reflectivity.
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Usually, the bandwidth of the reflection peak is defined by Full-Width-Half-Maximum (FWHM),
which is the width of 50% of the main peak. Generally, the FWHM, the Bragg wavelength (λB), and
the reflectivity are used to specify the properties of the FBG being used [72, 76].
2.3.3 Grating Structure
The periodicity of the optical fiber grating and/or the refractive index can affect the structure of the
FBG. Four states of grating period (uniform, chirped, tilted and superstructure), and two
characteristics of the refractive index (profile and offset), can change the structure of the grating [77].
Usually the refractive index profile is uniform or apodized, and the offset is positive or zero. Figure
2-4 shows the different types of common grating structures.
When the FBG sensor has uniform grating, the Bragg reflection main peak is surrounded by a series
of side-lobes, which can make it difficult to identify the main peak. To reduce this problem and
suppress the side-lobes, the apodization technique is employed during the FBG fabrication. The
structure of the grating in this configuration is graded, and the refractive index tends to be zero at the
end of the grating. Therefore, a narrow bandwidth of the FBG reflection main peak is created. To
apodize the FBG, two functions (Gaussian and raised-cosine) are used [76]. For the experiments
conducted as part of this thesis research, the grating structure of the FBG under test was apodized.

Figure 2-4: Schematic diagram of different types of grating: (a) uniform FBG; (b) chirped
FBG; (c) tilted FBG; (d) superstructure FBG, adapted from [78]

2.3.4 Fiber Bragg Grating Sensor
FBG are employed as sensors to measure physical quantities such as strain and temperature due to
their fundamental nature and structure [79]. According to Equation (2-3), the Bragg wavelength (λB)
is a function of the periodicity of grating (Λ), and the effective refractive index (neff). It is clear that
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any external factor that changes one of those parameters can displace the FBG reflection main peak
and consequently the Bragg wavelength (λB). When a lateral force is applied to the FBG, the length of
the grating increases or decreases with respect to the external force as a result the periodicity of the
grating (Λ) changes. Moreover, the effective refractive index may be changed by the photo-elastic
effect. In addition, with a temperature variation, which can cause thermal dilation or contraction, the
length of the grating also changes. This can also impact the effective refractive index through thermooptic effects. Hence, a Bragg wavelength that shifts via the external force and temperature can
identify the mechanical strain and temperature changes of a material sample when the FBG is
attached as a sensor. The relation between the wavelength shifts, strain, and temperature changes is
specified according to the following equations:
∆𝜆
= 𝑘×𝜀 + 𝛼! ×∆𝑇	
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where, Δλ is the wavelength shift, λ0 is the base wavelength at test start, k is the gauge factor, ε is the
total strain caused by force (𝜀! ) and temperature (𝜀! ), 𝛼! is defined by the change of the refractive
index, and ∆𝑇 is the temperature change (K). It is important to mention that the magnitude of the
gauge factor can be varied via the core diameter changes and doping concentrations, although these
variations make only 1.5 % of difference in the photo-elastic coefficient, p, where k is equal to 1-p
[80].
When the FBG sensor is attached to the sample, the strain caused by temperature changes is
calculated by the following equation:
𝜀! = 𝛼!" ×∆𝑇	
  

(2-‐7)	
  

In this equation, 𝛼!" is the expansion coefficient of the sample (1/K). Therefore, the mechanical strain
is obtained by inserting Equations (2-5, 2-6 & 2-7) into Equation (2-4)
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When the temperature is constant during the experimental procedure, the mechanical strain is
calculated simply by the first term of the Equation (2-8). However, if the strain of the sample is zero,
the external force does not exist and so the FBG sensor acts as temperature compensation sensor.
Therefore, the temperature change can be obtained by
∆𝑇 =

1
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On the other hand, when the mechanical strain is zero, and the FBG is not fixed on the sample the
FBG sensor detects the temperature changes according to the following equation:
∆𝑇 =

1
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In this case, 𝛼 is the expansion coefficient of the fiber (SiO2) and not of the sample. The value of
𝛼!"#$$ is almost zero; hence, the most important factor in this situation is related to refractive index
changes (𝛼! ) [75].
Frequently, FBG sensor are not only used as sensors to measure strain and temperature, but also for
measuring many other physical quantities such as pressure, vibration and displacement which cause
disturbances on the grating of the FBG when properly designed [72]. Furthermore, an FBG sensor can
be employed for multiple purposes in wide dynamic and temperature ranges as well as for
strain/deformation and temperature measurement in different applications and situations. Various
mechanical packages have been introduced to provide good conditions for the sensors, which may
have to stay in place for a long time in harsh environments. Montero et al. determined the effects of
humidity and adhesive type on results extracted by FBG sensors [81]. For example, they observed up
to a 65% variation in data results due to a long stay at high humidity. Therefore, the FBG must be
isolated through proper packaging design. The protection used by Montero et al. was M-COAT-B,
with M-COAT-A and PU 140. They also calculated the strain in fatigue testing for aged F114 steel
samples by using infrared thermography techniques. After employing the selected protection package,
the average of error was reduced significantly. Maron and Kersey also designed a package, consisting
of three-purpose function FBG sensors to be used for measuring temperature, pressure and vibration
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in harsh environments [82]. They used a capillary tube made of a material with high strength and
corrosion resistance to isolate the FBG sensors and protect them from humidity and high temperature
[83]. These researchers confirmed the FBG sensors’ capacity to measure the deformation of materials
and temperature changes under challenging conditions.
Other researchers have employed FBG sensors to monitor the fatigue crack growth rate during fatigue
testing. Two FBG sensors were mounted in front of the crack tip and inside the hole of a CT
specimen with a superficial groove and small feed-through hole [84]. In this research, Brotzu et al.
traced the fatigue crack growth on the surface and in the hole of the specimen. They also
demonstrated the capability of the sensor to specify the differences between exterior and interior
strains [84].
In other research, a Flat-Cladding FBG sensor was used to characterize the fatigue behaviour of
AZ31B extrusion magnesium alloy during strain-control cyclic tests [85]. Gu et al. mounted the three
Flat-Cladding FBG sensors and an extensometer on a sample and observed the behaviour of this
material under a variety of strain amplitudes ranging from ± 0.1% to ± 0.6%. They reported that the
asymmetric behaviour of this alloy was enhanced, and that cyclic hardening occurred, with increased
strain amplitude. They claimed that the obtained results were in good agreement with those from the
extensometer. Feng et al. also used a Flat-Cladding FBG sensor and extensometer simultaneously, to
obtain the hysteresis of an aluminum alloy under a large strain amplitude of ± 0.8% cyclic test [86].
They reported that the measured strains were compatible with those obtained from the extensometer
during the strain control cyclic test. These two studies verified the reliability of FBG sensors in lowand high-cycle fatigue testing. Overall, there is evidence that the sensors are effective in many
applications for precisely detecting various physical quantities in different environments, although
factors such as the type of adhesive used and the embedding method employed should be considered,
as for any other sensors, to obtain the best results.
2.3.5 Advantages of Fiber Bragg Grating Sensors
Nowadays, the most prevalent technologies used to measure strain are electrical foil gauge, electrical
vibrating wire, and FBG sensors. However, the FBG sensor provides superior advantages and higher
performance than the other technologies. Because FBG sensors use light instead of electrical
conductors, they are immune to electromagnetic interference and high voltage [72]. An FBG sensor is
electrically passive and nonconductive and therefore can be used under harsh conditions, such as
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lightening and high voltage [71]. It can be exposed to various temperatures, such as in cryogenic
environments, due to its low thermal conductivity and it is possible to change the chemical
composition and create special versions of FBG sensors for use in elevated temperatures of up to
1000°C [83, 87]. These sensors have good metallic corrosion resistance and high long-term durability
[84]. Therefore, they are suitable for use in harsh environments [83]. In addition, measurement of
different physical quantities such as strain, temperature and pressure can be done by connecting
several FBG sensors together in a linear series without adding complexity to the measuring system
[81].
One of the most beneficial features of FBG sensors, which make them ideal for use in this thesis
research, is their ability to measure high strain better than conventional thin film strain gauges.
Moreover, these gauges cannot be used with the hourglass sample RBMs due to the size and shape of
the sample and the operation of the machine. Extensometers, which are able to measure large strain
amplitudes, have similar installation problems. On the other hand, both conventional thin film and
extensometer sensors are capable of measuring the strain for a large area, unlike the FBG sensor,
which measures the strain locally [85]. Therefore, the FBG sensor can be used for welded, dissimilarmaterial and particularly for samples undergoing RBT where the maximum changes of strain occur in
the minimum cross section [88]. FBG sensors can be easily installed on the curvature of the sample
and passed through the bearing housing because of their very small size. As a result, such sensors
have become the new alternative and competitive candidate for measuring material strain during
RBT.
However, FBG sensors have some disadvantages, which need to be taken into consideration for this
thesis research. The FBG sensor is sensitive to temperature changes; for each 1°C increase in
temperature the ratio of the wavelength change compared to the initial wavelength is equivalent to
0.0008% mechanical strain [75]. Moreover, the distance between the sensor and the curvature surface
can cause calibration errors. Hence, it is important to be aware of temperature changes and calibration
error during strain measurement.

2.4 Variable Material Property Method
The VMP method is a numerical method that can be employed for solving nonlinear elastoplastic
problems by using a simple linear elastic approach [19, 89]. In the elastic solution adapted for this
method by this author, stress is a linear function of strain so that Young’s modulus as a field variable
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must be updated during an iterative solution. Young’s modulus is degraded by increasing the number
of iterations until the results converge to the nonlinear elasto-plastic reference property of a material.
Therefore, this method can be proposed for asymmetric and isotropic problems with nonlinear plastic
behaviour, thus avoiding more complicated conventional analytical solutions. This method simulates
the behaviour of the material under uniaxial and cyclic loading, and can also provide the hysteresis
curve of the material obtained under cyclic loading [90].
2.4.1 Loading
The behaviour of materials under applied loading is a function of each material’s unique properties.
After deriving the constitutive equation of the material, the material properties must be specified. The
Young’s modulus (𝐸) is an important property of a material is updated to an effective Young’s
modulus (𝐸!"" )  during the iterations. To implement this approach, the material section under applied
loading should be discretized into finite elements. Then, the elastic solution is applied for each
element individually, based on the actual stress-strain curves of the material. Therefore, the first
iteration for each element will lie on a line with a slope of the obtained 𝐸 from the real stress-strain
curve. To find 𝐸!"" for subsequent iterations, a projection method is employed, as long as the applied
stress is higher than the yield strength. Based on this method, point 𝑎 obtained during the first
iteration has the same strain as point 𝑎 on the actual stress-strain curve (see Figure 2-5). Hence, the
stress value of the point, 𝜎! , can easily be obtained from the real curve.

Figure 2-5: Projection method
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The first updated value of 𝐸!"" is calculated by taking the ratio of the stress and strain at the
corresponding point of the real stress-strain curve by the following equation:
𝐸!"! =

𝜎!
	
  
𝜀!

(2-‐11)	
  

This value is less than that of the 𝐸 of the material and is used to obtain the strain at point 𝑏 using
theory of composite beam, and consequently the equivalent stress at point 𝑏. The goal is to eventually
find the final updated 𝐸!"" , which is always less than that of the previous iteration. This procedure
continues for each element until convergence occurs and point 𝑎 finds the real stress value, and lies
on the actual stress-strain curve. It is clear that the final effective modulus, and consequently the
deformation of each element are different in nonlinear materials.
2.4.2 Unloading
During unloading, materials behave differently, especially when the hardening occurs under plastic
deformation. The unloading behaviour of materials usually depends on the hardening rules such as
kinematic and isotropic; however, not every material responds in the same way to those rules. The
VMP simulation for unloading is similar to the loading model, meaning that the elastic solution is
employed and the projection method is used to find the stress and strain of the material. It is important
to mention that the location of the ending point, which is obtained from the loading curve for each
element, is considered as a starting point for the unloading. Moreover, the negative value of the
loading is applied to the starting point to provide the unloading solution. Unlike during loading, each
element has its own unloading curve, which depend on the hardening rule. However, for materials
with complicated behaviour, the real stress-strain unloading curve is utilized instead of the standard
hardening rule. Hence, the elasto-plastic stress response of the element after loading and unloading
can be calculated by VMP simulation and extended to all elements. The proposed model also is
practicable for reloading and, therefore, can be employed to extract the cyclic hysteresis behaviour of
the material through a consecutive process: loading, unloading, and reloading. Hence, the VMP
approach is a reliable method that can be applied to nonlinear, anisotropic and asymmetric materials,
to find realistic elasto-plastic solutions and stress responses of the materials under loading and
unloading.
Jahed and Dubey established this method and employed it to solve an inelastic problem, involving a
thick-walled cylinder made of Tresca materials that was under internal pressure [19]. They confirmed
25

the ability of the VMP method to analyze nonlinear behaviour by using a simple linear solution, and
verified its compatibility with analytical solutions. This method was also used by Kalatehmollaei et
al. to investigate the behaviour of asymmetric AZ31B extrusion under load-control conditions [90].
They could observe the changes of the neutral axis while the sample experienced plastic deformation
during the RBT. They also reported the calculated residual stresses after unloading by using this
method. In addition, the fatigue life was predicted, based on the energy method, and the results
compared with experimentally collected data. They demonstrated that the model results were in good
agreement with many experimental results.

2.5 Life Prediction Approach
Since fatigue life prediction is essential for engineering design, finding a reliable method is
indispensable. Various approaches have been proposed to predict the fatigue life in low- and highcycle fatigue regimes [8, 48, 91-93]. These methods have been modified with considering mean stress
to achieve more precise prediction. Three fatigue parameters; strain amplitude, stress amplitude and
total strain energy density are considered to predict the fatigue life of a material. However, stress and
strain amplitude parameters cannot be developed for anisotropic and asymmetric materials, such as
AZ31B. In addition, the Coffin-Manson model cannot provide a reasonable life prediction for this
type of material. According to Park et al., the stress and strain parameters of rolled AZ31B were
unstable during the fatigue life, although another fatigue damage parameter (total strain energy
density) was constant up to

!
!!

≈ 0.9 [94] They concluded that the fatigue life prediction of wrought

magnesium alloy would be more reliable based on the total strain energy density. Albinmousa et al.
performed fatigue life prediction for AZ31B extrusion, using a strain- and energy-based model
proposed by Jahed and Varvani [16, 95]. They showed that predictions made with the energy-based
method were more precise than those made with the other method. Based on the Jahed-Varvani model
the total strain energy density is calculated by
∆𝑤! = ∆𝑤! + ∆𝑤! ! 	
  

(2-‐12)	
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where, ∆𝑤! is the plastic strain energy density, which is the energy required for plastic deformation
in a material. This value is calculated by obtaining the area inside the hysteresis stress-strain curve of
each cycle. The second term of Equation (2-12) is introduced as a positive elastic energy density,
which is determined based on the maximum stress. Figure 2-6 shows a schematic hysteresis and
specifies the plastic and elastic strain energy density of a cycle. The total strain energy is associated
with the number of cycles to failure, 𝑁! . Inputting the calculated total strain energy from Equation (212) to Equation (2-15), the fatigue life is accurately estimated by
∆𝑤! =𝑤! (𝑁! )! +𝐸! (𝑁! )! 	
  	
  

(2-‐15)	
  

𝑤!   , 𝐸! , 𝑐,  and b refer to the material characteristics, which are constant coefficients for any given
material [47, 96].

Figure 2-6: Illustration of plastic and elastic energy
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Chapter 3
Experimental Procedure
3.1 Material Characterization
In this study, the material under investigation was wrought magnesium alloy, specifically AZ31B
extrusion. It was extruded in a temperature range between 360°C and 382°C, at an extrusion exit
speed of 50.8 mm/s with an extrusion ratio of 6, and was then air quenched [16].
3.1.1 Sample Preparation and Dimensions
To conduct the fatigue experiments, hourglass samples that conformed to the rotating bending
machine were cut from the extruded section of AZ31B. The thickness of the sample sections was 15
mm. The position of the samples and their longitudinal direction are shown in Figure 3-1. The
specimens were finely polished to minimize surface roughness effects. To relieve the stress from the
as-received AZ31B material, the ASM-recommended stress relief process was carried out on the
specimens [97]. To eliminate the influence of residual stress during RBT, a heat treatment was
applied to evaluate the fatigue strength without any residual stress. The heat treatment process was
conducted at a temperature of under 260°C (500°F) for 15 minutes, followed by air-cooling.

Figure 3-1: a) Extruded sample b) Schematic of the extruded section, geometry and the position
of samples
The shape and dimensions of the specimens used for the RBT are shown in Figure 3-2. The length of
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the specimens was 70 mm and the diameter of their necks was 7 mm. Figure 3-3 depicts the rotating
bending sample.

Figure 3-2: Shape and dimension of the AZ31B extrusion specimens

Figure 3-3: Rotating bending sample

3.2 Experimental Methodology
3.2.1 Rotating Bending Machine (RBM)
RBT is usually employed to help determine the material fatigue life. For this purpose, a straight
shank or tapered-end sample is rotated at an adjustable speed of between 500 to 10,000 RPM by an
RBM (see Figure 3-4). A constant load is applied to the sample during the rotation, and a digital
counter records the number of rotations or cycles. In this machine, the force of the rotation is
generated by an electrical motor and is then transmitted to the sample through two bearing housings.
The straight shank sample is gripped by collets, which are set in the spindle parts of the bearing
housings. A constant load is applied to the end of the bearing housings, creating a constant and
uniform, pure bending moment in the cross section of the sample. This uniform bending moment
provides flexural stresses on both sides of the neutral axis of the sample. Therefore, during each
rotation, the sample experiences maximum compressive stress in the top side of the cross section and
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maximum tensile stress on the bottom side, intermittently. In other words, each hypothetical point of
the sample surface is alternately subjected to loading, unloading, and reloading, in each complete
revolution.

Figure 3-4: R. R. Moore Rotating Bending Machine [98]

To investigate the fatigue behaviour of a material and obtain the S-N curve, different loads are
applied to the samples and the number of cycles recorded until the specimens fail or reach a certain
number of cycles. Using the RBM, the following equation can be employed to calculate the stress
applied to the sample in the elastic region:
𝑆=

16𝑊𝐿
	
  
𝜋𝐷 !

(3-‐1)	
  

where, S is the extreme stress (MPa); W is the total load applied to the specimen (kg); L is the
moment arm (mm), which is the distance from the end support to the load point; and D is the
minimum diameter of the specimen (mm). To save calculation time, a table (Appendix 1) has been
prepared by the manufacturer of the machine (R. R. Moore Company), and lists a loading factor for
each specified minimum diameter of the specimen. The stress is calculated by dividing the total load
into the loading factor of the specimen from the table [98]. However, as previously mentioned, the
stress under load control bending tests in the plastic regime needs a new method of calculation. This
is the subject of this research, which is explained in the next chapter.
This research moves one step beyond the traditional fatigue RBT by adding an FBG sensor to
measure the strain experienced by a sample undergoing the test. The RBM was modified by installing
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a stepper motor in parallel to the main motor to reduce the rotation of the machine (Figure 3-5). A
gear was installed on the main shaft of the RBM’s drive, and the stepper motor was coupled to the
main motor by a plastic belt through this gear. This modification was required as the data logging
system of the FBG sensor (interrogator) is able to record only two data per second (2 Hz), whereas
the minimum speed of the electrical motor is 500 RPM (8 Hz).

Figure 3-5: Modified Rotating Bending Machine.
3.2.2 Fiber Bragg Grating (FBG) Sensor
In this research, Corning SMF-28 optical fiber with an effective length of 5 mm (where the Bragg
grating is written), a diameter of 125 𝜇𝑚 and an initial wavelength of approximately 1550 nm was
used. The Bragg grating had been written on a single mode of the optical fiber and the modulation of
the grating was Gaussian-apodized. A fiber connector FC/APC, which connected the FBG to the
interrogator, was attached to one side of the fiber optic cable. The optical interrogator used was a
Micron Optic sm125-200 with 5 pm resolution. It had an accuracy specification of 10 pm [71, 99].
3.2.3 Sensor Mounting
In this study, two adhesives were utilized to mount the FBG sensor on the sample. In this section,
these adhesives are introduced, and their curing process discussed. Moreover, the calibration of the
sensors is outlined.
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3.2.3.1 Bonding Method and Epoxy Selection
In the traditional strain measuring method, which uses a foil strain gauge technology, the embedding
and gluing procedures, temperature, and humidity can be considered as the main sources of error for
strain measurement [75]. These aspects are also the most important issues for the new generation of
strain acquisition sensors, including the FBG sensor. Therefore, the choice of appropriate adhesive,
bonding method, and approach to protect the sensor from the environment have to be considered
carefully. In order to reduce measurement errors, all of the tests were done in an almost identical
environmental situation, and the mounting and gluing were conducted under a microscope to adjust
the sensor position, prevent slippage of the FBG sensor, and ensure uniformity of the gluing. In this
research, two different types of epoxy were chosen, EPO-TEK 353ND and Norland optical adhesive
61.
3.2.3.2 Thermal Epoxy
The high temperature EPO-TEK 353ND adhesive is composed of a two-component epoxy resin that
cures in three steps. The temperature and duration of these steps were 80°C/30min, followed by
120°C/30min and 150°C/30min, respectively [99]. This procedure results in a stiffer bond between
the glass and metal when compared to the usual recommended curing process, which has one step
curing at 150°C/60min [100]. This epoxy has high viscosity, 3000-5000 cps at 23°C [100]. This
feature leads to reduce liquid epoxy flow, when it is employed on a curvature surface.
To obtain more-accurate results, the polyimide coating of the FBG sensor was removed. The FBG
sensor was placed on a microscope plate and its polyimide coating was scraped off by using a cotton
swab smeared with furniture stripper. When the coating was completely removed, the exposed FBG
sensor and RBT sample were cleaned with isopropanol. Then, the center of the Bragg grating of the
uncoated sensor was placed and fixed on the center of the sample, which had the smallest diameter.
Red and blue markings signified 20 mm distance from the center of the Bragg grating. These marks
made it possible to locate the grating of the sensor, and adjust its position on the sample, as otherwise
the grating part was not visible.
To use the 353ND adhesive, the specified amounts of the thermal epoxy components were mixed, a
small amount of the mixed epoxy was applied to the sample with a needle, and then it was cured by a
heat gun. The curing process creates a non-negligible compressive residual strain on the sample near
the surface. For accurate sensor calibration, the strain on the sample after curing was measured. It was
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found to be -0.16%, and this value was added to the strains obtained by the FBG sensor. This
compressive strain is clearly evident in the compressive stress found on the surface layer of the
sample. This residual stress is generated by the difference between the coefficients of the thermal
expansion of the metal and the cured epoxy.
3.2.3.3 Optical Epoxy
Another type of epoxy used for this project was Norland optical adhesive 61. This epoxy resin cures
when exposed to ultraviolet light. The curing procedure for this epoxy does not require much time
and depends on the thickness of the epoxy layer and the intensity of the ultraviolet light used. This
adhesive makes an excellent bond with metal and optical fiber. For perfect curing, the maximum
absorption of ultraviolet light should be within the range of 320-380 nm with an energy of 3J/sq.cm
[101]. To conduct tests using this epoxy, the adhesion process was done precisely, under a
microscope, to prevent the formation of bubbles between the epoxy and the specimen. After cleaning
the sample with isopropanol and removing the polyimide coating from the FBG sensor as before, the
middle part of the grating fiber optic was accurately mounted on the middle of the specimen. Then a
small amount of the epoxy was put on the FBG sensor with a needle and cured by ultraviolet light.
During the curing process, the temperature of the sample rose due to the application of ultraviolet
light and the exothermic reaction created by the curing of the epoxy. This heat can influence the
structure of the metal; hence, the temperature of the sample was measured during curing. This was
done by a thermocouple connected to the sample in the same way as the FBG had been (Figure 3-6).
Figure 3-7a shows the temperature changes of the sample recorded by the thermocouple. This
experiment revealed that the temperature rose from ambient room temperature to a maximum of 87°C
and reached equilibrium at this temperature.
Moreover, the FBG sensor’s output was recorded during curing to investigate the effect of the curing
process on the sample. This observation demonstrated that curing induced a 0.06% compressive strain
to the sample (Figure 3-7b). The induced compressive strain is translated into 25 MPa residual stress
in the sample. It was clear that the strain resulting from the Norland epoxy was much less than that
induced by the 353ND adhesive.
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Figure 3-6: Thermocouple setup

Figure 3-7: (a) Temperature change observed during curing; (b) Wavelength changes recorded
during the curing process and cool down to primary temperature.
3.2.4 Sensor Calibration
To demonstrate the accuracy of the strain measured by the FBG sensor, a digitally controlled servohydraulic Instron testing machine was employed. In these experiments, an extensometer with a gauge
length of 8 mm and an FBG sensor were simultaneously utilized to record the deformation of the
samples. Figure 3-8a shows the setup of the experiment. A close up image of the sample and sensors
is presented in Figure 3-8b.
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Figure 3-8: Sensor calibration setup (a) the Instron machine and the interrogator, (b) FBG
sensor and extensometer mounted on the sample.
These tests were performed using both adhesives, thermal and optical epoxy, and the results are
presented and compared below.
First, the thermal epoxy was selected and the FBG sensor adhered to the sample as outlined above.
Figure 3-9 shows the results of a test done under stress-controlled cyclic conditions with an absolute
value of stress of 50 MPa. This test was repeated for different loads. Figure 3-10 depicts the
hysteresis loops for the stress controlled cyclic test with the stress amplitude about 110 MPa. This
stress amplitude created a high level of strain in the first stress control cycle test to ascertain the
capacity of the FBG sensor to measure strain in the higher range, and to test the stiffness of the
thermal epoxy to hold the FBG sensor on the specimen. Based on the extracted results, the measured
strains via the FBG sensor were in good agreement with those obtained from the extensometer, except
for the maximum tension, which showed a small deviation (Figure 3-9).
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Figure 3-9: Comparison between strain recorded by extensometer and FBG sensor in stress
control cyclic test, 𝝈𝒂 = ±𝟓𝟎𝑴𝑷𝒂

Figure 3-10: Stress-strain response for a sample of AZ31B extrusion; the strain was measured
by FBG sensor and extensometer at the stress amplitude of ±110 MPa
Second, the optical adhesive was employed to adhere the FBG sensor to the specimen. Figure 3-11
depicts the strains measured by the FBG sensor and extensometer during cyclic loading with stress
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amplitude of ±70 MPa. Additionally, compression testing with a stress of -60 MPa, and tension
testing with a stress of about 52 MPa, were carried out. The strain results from both measurement
devices are compared in Figure 3-12a and b, respectively. The results clarified that the strains
obtained from the FBG sensor are completely compatible with the extensometer results.

Figure 3-11: Stress control cyclic test, 𝝈𝒂 = ±𝟕𝟎𝑴𝑷𝒂

Figure 3-12: (a) Compression test, 𝝈 = −𝟔𝟎𝑴𝑷𝒂, (b) Tension test, 𝝈 = +𝟓𝟐𝑴𝑷𝒂
Based on the results, it is clear that both the thermal and optical adhesives make a stiff bond between
silica glass and AZ31 magnesium alloy. It is important to mention that in spite of thermal epoxy
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creating a stiffer bond (useful for higher strain amplitudes), the optical epoxy was utilized during
RBT due to its curing procedure. As mentioned, thermal epoxy generated a relatively high
compressive residual strain during the curing procedure, which translated into a 69 MPa compressive
residual stress that is critical in RBT, although monotonic and uniaxial cyclic tests are not sensitive to
surface residual stress. In addition, the accuracy of the strains measured by the FBG sensor when
glued with optical epoxy was very good and was considered sufficient for the RBT designed to be
used in this research. Therefore, Norland Optical Adhesive 61 was selected for use in all of the
experiments conducted as part of this research.
3.2.5 Rotating Bending Test
To make an appropriate setup for installing a specimen equipped with the FBG sensor, it was
necessary to design a spool to hold the extra filament of the sensor while the specimen rotated. The
spool rotates with the rotation of the sample and prevents rupture of the sensor. This spool was
designed by 3D-CAD design SOLIDWORKS software and printed by 3D printing (Figure 3-13). It is
worth noting, that this spool reduces the applied moment on the sample by only 0.5%. This small
change can be ignored in the total moment calculation. Another modification of the machine was a 3
mm diameter hole drilled in the middle of a solid drawbar of RBM to pass the FBG sensor. This
drawbar, accompanied by a second bar, was inserted into the spindle of the bearing housings to grip
the specimen by the collets, tightly.

Figure 3-13: 3D printed spool
During installation, an FBG sensor was passed through the embedded hole of the spool, the groove of
the drawbar, and the middle of the collet, in series, while the drawbar and the collet were in the
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bearing housing. Figure 3-14 shows the assembled system before the FBG sensor was fixed on the
specimen.

Figure 3-14: Assembled setup before mounting the FBG sensor on the specimen
Next, the FBG sensor was mounted on the sample with Norland Optical Adhesive 61, following the
gluing procedure mentioned in Section 3.2.3.3. Then, the assembled setup was installed in the RBM.
The FBG sensor was connected to the interrogator while measuring the strain, during which time the
stepper motor adjusted the rotating speed of the machine to the rate of the interrogator (0.001 Hz).
When the FBG sensor was not measuring the strain, it was disconnected from the interrogator and the
main drive of the RBM was employed to rotate the sample at a speed of 20 Hz. The RBT were
performed for several different loads and the strains were collected for different cycles.

3.3 Summary
In this chapter, the shape and dimensions of the RBT samples were specified. In addition, the
geometry and position of the RBT samples in the original AZ31B extrusion section were clarified.
The RBM was introduced, and the modifications made to the machine in order to reduce the speed of
rotation were explained. After that, the specifications and curing procedure of two types of adhesive
used for adhering the FBG sensors were articulated. The accuracy and precision of the sensors’ strain
measurements in both elastic and plastic regimes were illustrated. Temperature changes of the sample
during curing of the optical epoxy were reported, and the induced residual stress in the RBT sample
resulting from the curing process for two types of epoxy was measured and compared. At the end of
this chapter, the installation procedure for the RBT sample equipped with the FBG sensor in the RBM
was explained.
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Chapter 4
Modeling

In high cycle fatigue, the stress on a sample during the RBT can be calculated by the elastic flexural
formula. However, the stress response of the sample, particularly in case of asymmetric materials
such as AZ31B extrusion that experience plastic deformation, cannot be calculated easily. Therefore,
an elastic-plastic simulation method is proposed to find the stress response of the material under RBT,
which is associated with the strain measured by an FBG sensor, to generate cyclic hysteresis in loadcontrol tests. The details of this model are discussed in this chapter.

4.1 Elastic-Plastic Analysis of AZ31B Extrusion
AZ31B extrusion exhibits asymmetry in yield and directional anisotropic behaviour. In the following
analysis, only the asymmetry is considered; the material is assumed to behave isotropically otherwise.
In the pure bending case of RBT, the stress state is one-dimensional. The normal bending stress
alternates between maximum tensile and maximum compressive stress in each cycle. Therefore, the
nature of the dominant stress is associated with the asymmetric properties of AZ31B, and is
accounted for in this analysis.
When a cylindrical AZ31B extrusion sample is subjected to a constant load applied in the form of
four point bending moments (Figure 4-1), the induced stresses due to the applied moment are
distributed throughout the cross section of the sample. During the rotation of the sample, each point
of the surface experiences a different value of stress from the maximum in the lower part (tensile
stress), to the minimum value in the upper part (compressive stress) of the cross section. Figure 4-2a
is a schematic of the stress distribution applied to the sample of AZ31B, which demonstrates that the
applied stress was less than the tensile and compressive yield strength of the sample (in the elastic
regime). This figure depicts how a linear distribution specifies the stress response to the applied
elastic loading. However, when the sample was plastically deformed, the stress distribution was
nonlinear and asymmetric (see Figure 4-2b). The maximum and minimum stress levels, as well as the
amount of plastic deformation in the tension and compression parts, were completely different under
the two scenarios. In addition, the neutral axis was displaced due to the asymmetric behaviour of
AZ31B extrusion.
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Figure 4-1: Loading of the sample in RBT

Figure 4-2: Schematic of the stress distribution in a cross section of AZ31B; a) elastic
deformation; b) elasto-plastic deformation.
To simulate RBT using the proposed elasto-plastic method, it was assumed that fluctuating loading
was being applied to a stationary sample in the form of four point bending moments (referred to as
the alternative approach), as opposed to conventional RBT where the load is kept constant and the
sample is rotating. Hassan et al. compared the conventional RBT with a fixed beam that was under
alternative loading by experiment and finite element simulation [102]. Based on their simulation
results, the stress ranges for both approaches (alternative and conventional), are very close and the
stress distribution (stress gradient) of the cross section in both tests is the same. They also compared
the modeled stress results with experimental results and claimed that they were in good agreement.
However, the strain range in the conventional RBT was higher than that the strain in the alternative
test and the fatigue strength of the conventional approach was lower than that of the alternative test,
especially in the low-cycle regime [103, 104]. This is understandable given the nature of these two
tests. When the sample is fixed, the maximum compressive and tensile stresses are applied to the top
and bottom of the sample, respectively. Therefore, the failure of the sample can occur at either of
these points. In conventional RBT, the sample rotates and every point on the sample’s surface
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experiences the maximum and minimum value of the stress at 270° (maximum tension) and 90°
(maximum compression) in each revolution. In this scenario, a crack can form at the weakest point of
the surface; hence, failure usually occurs after fewer cycles. Therefore, while the alternative test can
be used in the proposed elasto-plastic analysis method to find a reliable stress response for the
sample, the modeled strain response is less accurate and should be substituted by experimental
results.
In this research, the alternative method was used to simulate the RBT, and the elastic-plastic
behaviour of the AZ31B extrusion was analyzed based on the proposed VMP method [90]. For this
purpose, a cross section of the sample was divided into a finite number of elements and the elasticplastic solution was performed for each element separately. Figure 4-3 depicts the discretizing of the
cross sections and identifies the location of the elastic neutral axis.

Figure 4-3: Discretizing the cross section into finite elements
The position of each element, 𝑦! was identified by the location of its center and calculated by the
Equation (4-1) in which, ℎ! is the height of the element and 𝑖 is the element’s number. The width of
the element, 𝑤! , was obtained with respect to the minimum radius of the sample and the position of
the element by Equation (4-2).
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Then, the elastic solution was obtained for all elements by employing the elastic flexural formula to
calculate the stress and strain for the first iteration. In the following equations, 𝜎! is the stress of the
element,  𝑀 refers to the applied moment, and 𝐼 is the moment inertia of the element.
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4.2 Loading
The stress and strain of the elements under different ranges of the applied loading were obtained
based on the CSSC and VMP methods. To perform the VMP, it was necessary to have the material’s
properties in the form of the stress-strain and unloading curves at different plastic strains. The CSSC
was generated from the stabilized hysteresis strain control tests for different strain amplitudes, and the
monotonic tension and compression of the sample material were used as the references curve in this
model. Figure 4-4 illustrates the stabilized hysteresis of the cyclic axial strain control tests for seven
different strain amplitudes. The experimental results were obtained from as-received AZ31B
extrusion tubular samples by Albinmousa [16]. The CSSC and the monotonic tension and
compression of this material are exhibited in Figure 4-5. It is important to note that when obtaining
the stress and strain responses of the first cycle in the RBT, the monotonic tension and compression
were used as a reference curve.

Figure 4-4: Stabilized cyclic hysteresis of AZ31B extrusion (strain-control) [16]
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Figure 4-5: Cyclic stress-strain curve (CSSC) and monotonic tension/compression of AZ31B
extrusion [16]
Utilizing the VMP and projection methods, explained in Section 2.4.1, 𝐸!"" for each element was
updated after conducting the first iteration. Since the values of the effective Young’s modulus for the
elements were different, each element was treated separately by using its material properties. Hence,
the beam was considered to be a composite made of a finite number of materials. Based on the theory
of composite beams, the modification coefficient 𝑛 was defined by the ratio of the effective elastic
modulus of each element to the Young’s modulus of AZ31B.
𝑛=

𝐸!""
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Based on the obtained ratio 𝑛, the width and area of the element were modified to calculate the
position of the neutral axis and second area moment of inertia of the section as follows:
𝑤!"# = 𝑛×𝑤! 	
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Due to the change in the size of the elements, the position of the neutral axis shifted due to the
asymmetric behaviour of AZ31B and was calculated by:
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𝐶=
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where 𝐴!   is the area of the element and 𝐶 is the position of the neutral axis. The elements’ new
moments of inertia were calculated based on the new position of the neutral axis and the modified
width of the elements. The elastic solution was repeated for the second iteration, and according to the
updated 𝐸!"" . Then, the new stresses and strains of each element were calculated by  solving
Equations (4-8) and (4-9).
𝜎!"# =

𝑛𝑀(𝑦! − 𝐶)
	
  
𝐼

(4-‐8)	
  

𝜎!"#
	
  
𝐸!""

(4-‐9)	
  

𝜀!"# =

At the end of the second iteration, the width of the elements returned to their initial values. The new
properties obtained for each element were used for the next iteration and the VMP iterations were
continued until the obtained stress and strain curve matched the reference stress-strain curve. Figure
4-6 shows the results for the bottom element under a bending moment of 10 Nm. After nine iterations
the stress and strain values converged to the CSSC of the material. The convergence criterion for
VMP iterations was the total difference between the elements’ stress for two consecutive iterations.
1
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where 𝑁 is the number of elements and 𝑗 is the iteration’s number. In the loading part of the VMP
model, the monotonic curve was also used for obtaining the first cycle results and the corresponding
curves were utilized for obtaining the remainder of the cycles following the same steps.
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Figure 4-6: Applying projection method for loading: results are shown for the bottom element
with maximum tension, (M=10 Nm)

4.3 Unloading and Reloading
At the end of the loading, each element had an individual stress and strain; therefore, the starting
point for each element for conducting unloading was different and each element had its own
unloading curve. As previously mentioned, the unloading of wrought magnesium alloys cannot be
predicted according to kinematic and isotropic hardening rules. Hence, to analyze the unloading
behaviour in the AZ31B sample, the reference curves were extracted from actual stabilized hysteresis
strain-control tests in the various strain amplitudes. To obtain the reference curves for the elements,
the unloading and reloading reversals of hysteresis were employed, which are schematically
demonstrated in Figure 4-7. The unloading reversal, which is the downward side of the hysteresis
loop, was transferred to build the unloading curve; and the reloading reversal, which is the upward
side of the hysteresis loop, was transferred to build the reloading reference curve.
The measured unloading-reloading curves are shown for a wide range of over-strains in Figure 4-8
[16]. To find the corresponding unloading and reloading curves, the element’s strain value at the end
of loading was selected as a point on the transferred unloading/reloading curve (𝜀! in Figure 4-9) and
the stress of this point, σP, was found from the CSSC. When the strain of the element at the end of
loading was positive, the lower part of Figure 4-8 (unloading parts) was employed, whereas for a
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negative element strain at the end of loading, the upper part (reloading curves) was used as an input
for the simulation.

Figure 4-7: Schematic representation of the unloading and reloading curves obtained from
hysteresis

Figure 4-8: Unloading-reloading reference curves over a wide range of over-strains
If the strain at the end of loading fell in between the two curves of Figure 4-8, the unloading/reloading
curve was calculated by a linear interpolation between the experimental reference curves as shown
schematically in Figure 4-9. Curve A and B are assumed to be the reloading curves obtained
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experimentally. To obtain the reloading curve between curve A and B that passes through the point P,
it was necessary to find the strains of points on the curve based on the specified stresses. The
corresponding strain for any stress, such as 𝜎! , was calculated by interpolation between the curves A
and B by Equation (4-11). The same approach was taken for strains outside of the range shown in
Figure 4-8 using linear extrapolation.
𝜀! = 𝜀! − 𝜀! ×

𝜀! − 𝜀!
+ 𝜀! 	
  
𝜀! − 𝜀!

(4-‐11)	
  

Figure 4-9: Schematic representation of the linear interpolation performed between two
experimental hysteresis curves to find a curve corresponding to the strain in between

4.4 Cyclic Hysteresis
In this simulation, the cyclic hysteresis was obtained for each element of the cross section,
individually. This was done by finding the stress and strain value for each element under the applied
moment, (M), and applying two times the initial bending moment (-2M, minus sign signifies reverse
loading) to the element. Then, the response to stress and resultant strain under unloading and
reloading reversals were calculated by the VMP method following the same procedure as for the
loading; however, in this case each element followed its own unloading/reloading material curve.
This method was repeated to find the stress and strain under unloading and reloading curve by
changing -2M to 2M to obtain a full cyclic hysteresis. The model was run for all elements separately
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to obtain the loading, unloading and reloading reversals. Therefore, by using this method the
hysteresis curves of the elements during a full cycle could be calculated. Since the top and bottom
elements play critical roles in the RBT, the cyclic hysteresis curves of these elements were obtained
in this research.

4.5 Combining Strain Measurements
For the experimental part of this project, the strain on the surface element was measured with an FBG
sensor embedded on the sample during the RBT. To illustrate, the position of the FBG sensor relative
to the RBT sample, the cross section of the sample and the surface element is schematically presented
in Figure 4-10. The surface element’s deformation was precisely measured, and the real trend of the
strain during RBT was captured. As discussed above, the stress-strain hysteresis of all of the elements
could be calculated by the VMP simulation. Therefore, by replacing the measured strain data with the
corresponding strain calculated from the VMP, new hysteresis curves for RBT were obtained.

Figure 4-10: Embedded FBG sensor on the surface element.
To associate the FBG strain with the corresponding stress obtained from the VMP simulation, a
mapping function was required. This function predicted a VMP strain equivalent to the FBG data.
Figure 4-11a illustrates the strain versus angle curve from the FBG measurements and Figure 4-11b
represents a VMP hysteresis curve for one reversal, schematically. The strain of the points A, B, and
C from the FBG stress-angle curve (the maximum, minimum, and zero strains) were given a one-toone correspondence to the strain of the points Aˊ, Bˊ, and Cˊ. Then, the quadratic mapping function
(Equation 4-12) was solved to find the VMP strain corresponding to the FBG strain data, shown
schematically in Figure 4-12.
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𝜀!"# = 𝑎𝜀!!"# + 𝑏	
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In Equation (4-12), 𝑎 and 𝑏 are constant. To find the equivalent stress values of the FBG strain data,
equivalent VMP strains were calculated by using the mapping function and then the corresponding
stresses from the VMP hysteresis curve were extracted by linear interpolation. Finally, the FBG strain
and VMP stress hysteresis curve were obtained by replacing the calculated values. Hereafter, this
hysteresis is called VMP-FBG hysteresis.

Figure 4-11: Finding the transfer function to relate: a) the strain-angle to b) the stress-strain
curves

Figure 4-12: Mapping function that correlates FBG strain to VMP strain
In this research, the VMP-FBG hysteresis loops of the first and stabilized cycles were calculated
using the first and stabilized cycles of the strain-control fatigue tests. However, the strain-control
fatigue hysteresis curves cannot directly be employed for the cycles between these two hysteresis
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curves because the number of cycles required to reach the stabilized hysteresis are not equal in both
uniaxial strain-control and RBM tests. For example, when the bending moment equals 6.5 Nm, the
sample needs to rotate approximately 2000 times in the RBM to become stable, whereas stabilization
occurs after about 100 cycles in most of the strain amplitudes in uniaxial strain-control fatigue tests
[16]. Hence, there cannot be a one-to-one correspondence between RBT cycles and uniaxial fatigue
test cycles. Therefore, to evaluate RBT hysteresis by VMP simulation, equivalent strain-control cyclic
hysteresis should be predicted. Figure 4-13 demonstrates the evolution of the peak and valley stresses
of the hysteresis curves from the first cycle to the stabilized cycle. These curves were generated from
the strain-control uniaxial tests at the strain amplitudes of 0.35% and 0.7% [16]. The selection of
these curves was based on the strain range of the VMP hysteresis curves for a specific bending
moment. To estimate the stress evolution of the VMP hysteresis curves between the first and
stabilized cycles, the number of cycles in the strain-control test was normalized by the following
equation:
𝒄𝒚𝒄𝒍𝒆% = 𝟏 −

𝒔𝒕𝒂𝒃𝒊𝒍𝒊𝒛𝒆𝒅  𝒄𝒚𝒄𝒍𝒊𝒄  𝒏𝒖𝒎𝒃𝒆𝒓 − 𝑪𝒚𝒄𝒍𝒊𝒄  𝒏𝒖𝒎𝒃𝒆𝒓
∗ 𝟏𝟎𝟎	
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The cycle% is a parameter that represents the progress of the sample toward stabilization. Based on
this definition, the stress versus number of cycles for two specified strain amplitudes was modified
(Figure 4-14b and 14c). The stress response of the sample at any other strain between 0.0035 and
0.007 can be found by linear interpolation between these curves. Figure 4-14a depicts the first and
stabilized VMP cycles for a bending moment of 6.5 Nm. The maximum and minimum points of the
first and stabilized VMP curves are identified by A, B, C and D. For each point, a stress evolution
curve for individual strain amplitudes was drawn out by interpolation between the 0.35% and 0.7%
curves. These points, and the corresponding stresses versus cycle% (Aʹ′A, CCʹ′, DDʹ′, Bʹ′B), are shown
in Figure 4-14b and 14c. The evolution of the peak stresses (CA), and the valley stresses (DB), can be
estimated by linear interpolation between the curves Aʹ′A and CCʹ′ in Figure 4-14b, and curves DDʹ′
and Bʹ′B in Figure 4-14b and 14c.
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Figure 4-13: a) Peak stresses from the first cycle to the stabilized cycle of the strain-control
fatigue test (ε=0.35% and ε=0.7%); b) valley stresses from the first cycle to the stabilized cycle
of the strain-control fatigue test (ε=0.35% and ε=0.7%).

Figure 4-14: a) First and stabilized VMP cycle of the RBT; b) peak stresses versus cycle%
(ε=0.35% and ε=0.7%); c) valley stresses versus cycle% (ε=0.35% and ε=0.7%).
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Ultimately, by using curve fitting and the VMP method, the hysteresis curves between the first and
the stabilized cycles were found using the stress value from the CA and DB curves and the strain
found during experiments.

4.6 Summary
In this chapter, the proposed VMP model for simulating the RBT was introduced. The stress
distribution in the cross section when the sample was under a constant bending moment, and the
alternative method, were discussed. The VMP procedure for calculating the stress distribution and the
corresponding strain in the cross section of the sample was explained. To do these calculations, the
CSSC and monotonic curves were employed. To predict the unloading and reloading reversals by
VMP, the reference curves were calculated by interpolation between the strain-control hysteresis
loops of AZ31B extrusion obtained from experimental results. In the last section, the combining
method for calculating the VMP-FBG hysteresis was explained. In addition, it was reported that the
stress evolution between the first and stabilized cycles was calculated by linear interpolation between
the experimental data of strain-control tests.
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Chapter 5
Results and Discussion

In this chapter, the results of the experiments and simulations that were conducted are presented and
discussed. Then, the hysteresis loops of the AZ31B extrusion samples under RBT were calculated
using this experimental data and the VMP simulation results were extracted for different bending
moments. Finally, the fatigue life curves for the AZ31B magnesium sample during load-control RBT,
generated based on the VMP-FBG results and the fatigue life prediction method, were compared with
experimental results to verify the accuracy of the stress-strain calculation proposed in this research.

5.1 Experimental Results
The deformation of the AZ31B extrusion rotating bending samples under different applied loadings
was measured using the FBG sensors. Generally, two configurations exist in a sensor output: power
versus wavelength and wavelength versus time. By stretching the sensor due to a tensile load on the
sample, the wavelength of the sensor increases; in contrast, when a compressive load is applied to the
sample the distance between the Bragg gratings (and consequently the wavelength of the sensor)
decreases. Figure 5-1 shows the output of the FBG sensor at three different positions of the rotating
sample in one reversal: neutral axis, maximum tension, and maximum compression. In this figure, the
inset schematically shows the physical position of the sensor on the sample surface during a
revolution. The output signal at the neutral axis was the same as the output signal of the FBG
recorded before installation on the machine, showing a zero state of stress. Therefore, the location of
the neutral axis in plastic deformation can be easily found by considering the position of the sensor, in
spite of the asymmetric behaviour of the material. On the other hand, when the sample experienced
tensile stress, the sensor output signal as well as the peak with maximum intensity shifted to the right
of the neutral axis (blue signal), and shifted to the left (red signal) of neutral axis when the sample
was under compressive stress. The magnitudes of the shifted signal were not equal for the AZ31B
specimen because of the asymmetric behaviour of this material.
Another output of the sensor is wavelength versus time, which is constructed by tracing the position
of the maximum intensity peak versus time. During rotation, the FBG sensor signal generates a
sinusoidal curve. The peak of this sinusoidal curve represents the maximum wavelength that was
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induced due to the maximum tensile loading. The valley of the sinusoidal curve demonstrates the
minimum wavelength recorded due to the maximum compressive applied loading. In order to more
easily interpret the results, the wavelength changes were converted to mechanical strain using
Equations (2-8) under constant temperature, and the time of the rotation was transformed into the
rotation angle (i.e., the position of the sensor on the sample).

Figure 5-1: FBG sensor power output versus wavelength at three different positions: a) neutral
axis; b) compression; c) tension
Figure 5-2 shows the recorded strain values obtained from an FBG sensor versus the position of the
sensor for four different bending moments: 2.5, 3.5, 4.5 and 5.5 Nm. In one full cycle (two reversals)
of the sample, the FBG readings showed maximum tension (the sensor at the bottom) and maximum
compression (the sensor at the top). Depending on the initial location of the FBG sensor before
starting each test, the FBG could have gone through compression or tension reversals first. In the case
of the 2.5 and 3.5 Nm tests, the FBG sensor was under compression initially. The other two
experiments started with the FBG sensor at the bottom of the sample and so tensile stress was
experienced first.
The 2.5 and 3.5 Nm bending moments corresponded to elastic deformation due to the symmetrical
strain fluctuation. Higher bending moments caused plastic deformation that is depicted by asymmetric
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strain curves. This behaviour was observed because the yield strength of AZ31B under compression
is less than the yield strength under tension.

Figure 5-2: Strain of the as-received sample during the first three cycles of RBT under four
different bending moments: 2.5, 3.5, 4.5 and 5.5 Nm.
To examine the accuracy of the measured results, the strains of the sample under the bending
moments of 2.5 and 3.5 Nm were calculated using the elastic flexural equation and compared with the
strains measured by the FBG sensor. According to the results, which are listed in Table 5-1, the
strains measured by the sensor are close to the elastic flexural calculated strain with only a 1.2%
difference. This error percentage is the same for both the material stress relief and as-received
samples in the elastic region. The low error percentages in the elastic regime, and the agreement of
the FBG results with the extensometer results in both the elastic and plastic regimes (see Section
3.2.4), assure the reliability of the FBG sensor results.
Table 5-1: Comparison between obtained strain from the analytical solution and measured strain by
the FBG sensor
Bending moment (Nm)

Stress (MPa)

Strain (σ/E)(%)

Strain FBG (%)

Error (%)

2.5 (stress relief)

73.4

0.163

0.165

1.2

3.5 (as-received)

102.75

0.228

0.2304

1.2
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In summary, Figure 5-1 and Figure 5-2 reveal that the FBG sensor is able to demonstrate the strain of
the AZ31B in low- and high-cycle fatigue during the RBT. They also confirm the asymmetric
behaviour of the magnesium alloy under plastic deformation. The measured strains of the sample in
the elastic region were matched to the strains calculated with the elastic equation.

5.2 Variable Material Property Modeling Verification
The VMP simulation was set up to run in the MATLAB program. This simulation was verified by
solving an elastic-perfectly plastic problem and comparing the obtained results with those generated
by the analytical solution. In this case study, the VMP program was customized to find the
distribution of the stresses and residual stresses in a member of uniform rectangular cross section 50
by 120 mm, under a bending moment of 36.8 KN.m. The member is made of an elasto-plastic
material with yield strength of 240 MPa and a modulus of elasticity of 200 GPa. The thickness of the
elastic core, the stress distribution in the cross section of the sample and the residual stress
distribution were calculated using established analytical solution [46]. Figure 5-3a illustrates that the
thickness of the elastic part of the cross section was 80 mm which was surrounded by 20 mm plastic
deformation on both sides. The behaviour of the elastoplastic material was expressed with stress
versus strain, obtained by modeling (Figure 5-3b). In addition, the distribution of the residual stresses,
calculated by summing the stresses obtained from loading and unloading of the member, is shown in
Figure 5-3c. These results were in good agreement with the analytical solution; hence, the MATLAB
code was qualified to use for analyzing the elasto-plastic behaviour of AZ31B under different
bending moments.

Figure 5-3: Distribution of a) stresses in loaded member; b) stress-strain loading curve; c)
residual stresses upon removal of load
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After that, the program was developed to obtain the stress and strain responses of the asymmetric
material AZ31B for four different bending moments of 3, 7, 10, and 12 Nm under loading. Figure 5-4
depicts the loading of the elements superimposed on the CSSC of AZ31B extrusion magnesium alloy.
Since the cross section of the sample was divided into 100 elements, the loading curves consisted of
100 data points, and each of them expressed the specific stress and strain of an element. The stress
and strain obtained for these elements overlaid exactly on the experimental CSSC, in both the elastic
and plastic regimes. Therefore, the VMP model is able to predict various deformation conditions,
such as fully elastic, elasto-plastic, and completely plastic deformation. The asymmetric behaviour of
AZ31B under loading was clearly revealed in high-applied bending moments. As in the case with the
anisotropic monotonic behaviour under uniaxial testing, the basal plane texture in extruded
magnesium alloy is responsible for activating the different deformation systems under tension and
compression. These systems can cause the asymmetric behaviour of the material under RBT. The
stress and strain values at maximum compression were completely different than at maximum tension
under a constant load due to anisotropic yield strength in the tension and compression parts of the
plastic regime.

Figure 5-4: VMP loading curves superimposed on the CSSC of AZ31B extrusion for four
different bending moments; a) 3 Nm; b) 7 Nm; c) 10 Nm; d) 12 Nm
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Moreover, the asymmetric behaviour of AZ31B extrusion leads to displacement of the neutral axis
when the sample plastically deformed. The tensile yield strength is more than the compressive; hence,
more plastic deformation is observed in the compression side. Figure 5-5a reveals the displacement of
the neutral axis during loading of a sample under a bending moment of 10 Nm. The inset shows
schematically the location of the neutral axis in the cross section of the sample. Since the upper part
was under compression and the lower part of the sample was under tension, the neutral axis shifted
downward. Hence, more than half of the cross section was under compressive stress. When the
bending moment was increased, the displacement of the neutral axis was increased, and the
compression side of the cross section became larger than the tensile part. Figure 5-5b illustrates the
displacement of the neutral axis position for different bending moments in the range of 5 to 10 Nm,
which confirms this statement.

Figure 5-5: a) Displacement of the neutral axis during VMP iterations, (M=10Nm); b) position
of the neutral axis versus applied bending moments
The response of the stress for all elements under the applied loading in the elastic regime can be
easily obtained based on the flexural equation, however, in low-cycle fatigue, the stress was
determined for each element individually by using the proposed VMP method. Since the top element
was under the maximum compressive loading and the bottom element experienced the maximum
tensile loading, the stress distributions under different applied loads were obtained for these two
critical elements. Figure 5-6 shows the response of the stresses for different ranges of applied
loadings. The plastic deformation was initiated from 80 N, which was equivalent to a bending
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moment of 4 Nm under compressive loading. The slope of the curve in the compression part changed
after 80 N loading. The slope of the tension was constant up to 130 N, and after that the sample was
plastically deformed in tension. The stress values for 80 N and 130 N under compression and tension
represent the compressive and tensile yield strengths, respectively, and confirm anisotropic yield
strength in this material.

Figure 5-6: Stress versus applied load in RBT
The stress distribution inside of the sample from the top element to the bottom element (100 elements
in total) can be calculated versus the position of the elements. When the position of the elements
changed from zero (neutral axis) to the maximum or minimum, the induced stresses in the elements
alternated from zero at the neutral axis to maximum tension or compression. In the proposed VMP
model, the stress was considered to be constant for all material points of an element resulting in equal
stresses at points A and C (see inset in Figure 5-7). However, the stress of each element was different
and changed based on the position of the elements under a constant bending moment. Figure 5-7
shows the stress changes under the bending moment of 8 Nm versus angle. In this case, the neutral
axis was changed from 0° to -7°. The absolute value of the maximum tension stress was higher than
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the maximum compression stress and occurred at -90°. Moreover, all of the elements positioned
between -40° to 5° were deformed elastically, whereas the rest of the cross section experienced plastic
deformation. In this situation, the number of elements that deformed plastically in the compression
part was greater than in the tension part due to anisotropic yield stresses in tension and compression.

Figure 5-7: Stress versus angle (M=8 Nm)
To continue the investigation into the cyclic behaviour of the material under load-control conditions
based on the VMP, it was necessary to obtain the stress and strain responses of each element during
the unloading and reloading reversals. The evaluation of the hysteresis curves for the top and bottom
element are essential to this, since they are under maximum compressive and tensile stresses due to
their maximal distance from the neutral axis. Moreover, in the alternative method, cracks are initiated
and propagated from these elements [102]. Figure 5-8 depicts the hysteresis stress-strain curves for
the bottom element of the samples under different bending moments, which calculated by using
stabilized strain-control curves. Elastic deformation was observed when the samples were under
bending moment equal to 2.5Nm. However, by increasing the bending moments, the material was
deformed plastically and the hysteresis curves became asymmetric.
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In the current study, the predicted hysteresis curves, which calculated using the stabilized straincontrol hysteresis curves, were not closed. However, a stabilized cycle is a hysteresis loop for which
the behaviour of the material remains constant for the rest of subsequent cycles. This apparent
inconsistency may be at least partially explained by the following two conjectures. First, in this
simulation the strain-control cyclic curves were used as reference curves for the VMP simulation in
load-control RBT by assuming that the CSSC represented a material property that was independent of
the condition of loading. This is true for symmetric materials [17]. However, for asymmetric
materials as explained in Section 2.2.5, the stabilized stress and strain control cyclic curves are not
exactly the same based on the comparison between the published data in the literature by different
authors, and it is also expected that for load-control condition would be different. Second reason
could be the prediction method, which was employed to find the reference curve for unloading and
reloading reversals. It was conducted based on the assumption that reversals follow a strain control
hysteresis curve. Therefore, to find the corresponding unloading or reloading curves, the element’s
strain value at the end of loading was selected as a point on the transferred unloading/reloading
curves (𝜀! in Figure 4-9). By this assumption, the reference curve and the CSSC cross each other at
𝜀! ; however, the VMP model predicts a point on the reference curve, which is not on the CSSC due
to the load-control condition and asymmetric behaviour of AZ31B.

Figure 5-8: The hysteresis curves of bottom element as predicted by the VMP simulation for
different bending moments.
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5.3 Combining Experimental Results and Variable Material Property
Obtaining cyclic hysteresis curves is essential to evaluate the fatigue behaviour of the AZ31B
extrusion under load-control condition. The stress responses of the material can be predicted by VMP
simulation based on the alternative method, in which a constant sample is under fluctuating loading.
As mentioned in section 4.1, it was reported that the predicted stress by alternative method is same as
the RBT, while the axial strain range of the alternative method is lower than the RBT (Figure 5-9)
[102]. Therefore, the VMP stress responses based on the alternative method can be employed to build
the hysteresis loops, however the strain response of the VMP should be replaced by more accurate
data. As previously mentioned, the FBG sensor was employed to measure the strain of the sample
during the RBT. Then, the stress-strain responses of the bottom element were obtained by VMP
simulation under load-control rotating bending experiments. Based on the mapping function
explained in Section 4.5, the FBG measured strain data was substituted for the VMP strain to generate
the VMP-FBG hysteresis loops under load-control conditions. It is important to mention that when a
sample rotates downward (tension part) from the neutral axis during the first cycle of the experiment,
the obtained strain values should be replaced with the VMP strain responses of the bottom element. In
contrast, when the sample is rotated upwards (compression part), the VMP hysteresis obtained for the
top element should be employed to obtain the VMP-FBG cyclic curves.

Figure 5-9: (a) Stress and (b) strain responses at point D (67.5°) of the cross section for RBT
and alternative method [102]
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In this section, the VMP-FBG hysteresis curves for three bending moments, 2.5 Nm, 6.5 Nm, and 5
Nm, were generated. In these experiments, all of the samples rotated towards tension parts at the
beginning of the tests, hence, the results obtained from the bottom element were employed to
calculate the VMP-FBG curves. In addition, the accuracy of the VMP-FBG hysteresis curves was
examined by designing a specific strain-control uniaxial test.
The first observations were done at a bending moment equal to 2.5 Nm. The VMP stress and strain
responses of the bottom element for the first and stabilized cycles are demonstrated in Figure 5-10. A
symmetric and linear cyclic deformation was observed due to elastic deformation. Some discrepancy
between the first and stabilized cycles and the non-closing hysteresis loops may have originated from
the experimental references curves and/or the numerical calculation VMP method as mentioned
before.
After combining the VMP stress responses and FBG strain measurements, the VMP-FBG curves
were generated. Figure 5-11 shows the first and stabilized cycles for the elastic range of 2.5 Nm. The
strain of the sample was monitored from the first cycle to the 100,000th cycle. This observation
uncovered that the behaviour of the sample was uniform; the strain amplitude was constant during the
rotation in high-cycle fatigue testing. The stress amplitudes of the first and stabilized cycles were
almost identical and depict the linear behaviour of AZ31B extrusion under the bending moment of 2.5
Nm.

Figure 5-10: VMP hysteresis curve (M=2.5 Nm)
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Figure 5-11: VMP-FBG hysteresis for the first and the stabilized cycles (M=2.5 Nm)
In the second case, a bending moment of 6.5 Nm was applied to the sample. This bending moment
can provide enough stress to deform the sample plastically under tension and compression. Figure
5-12 shows the simulated stress-strain curve of the initial tensile loading using the monotonic curve,
and the unloading and reloading reversals obtained using the first cycles of the strain-control
experiments, and the stabilized cyclic hysteresis curves. The presented loading curve of Figure 5-12
shows that plastic deformation of the sample occurred during loading.

Figure 5-12: Loading reversal, the first cycle, and stabilized cycle hysteresis curve obtained by
VMP (M=6.5 Nm)

65

In the experimental part of this case, the strain responses of an AZ31B extrusion sample were
measured by an FBG sensor under a 6.5 Nm bending moment over 5,000 cycles. Figure 5-13 shows
the strain of the sample approximately follows a sinusoidal curve from the first cycle to the 5,000th
cycle number. However, the strain amplitude was decreased as the number of cycles increased, and
the peak strain values were not equal to the valley strain values. Inequality of the peaks and valleys of
the strain indicate more compressive deformation due to the lower compressive yield strength versus
the tensile strength.

Figure 5-13: Stain of the stress relief sample (M=6.5 Nm)
Figure 5-14 show the changes in strain amplitude and mean strain of the sample under RBT. The
strain amplitude of the sample in the second cycle is a little bit larger than in the first cycle. From the
3rd cycle number to the 2,000th, the strain amplitude as well as the absolute values of the peak and
valley strains was reduced. During the first 10 cycles, the mean strain of the sample was increased
slightly, but remained approximately constant between the 10th and 100th cycles. After that, a negative
mean strain was developed in the sample from cycle number 100 to 2,000. From the 2,000th to the
5,000th cycle, the strain amplitude as well as the mean strain remained almost constant, leading to the
conclusion that the cyclic behaviour of the sample had become stable.
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Albinmousa reported that AZ31B extrusion has a considerable plastic strain recovery [47]. It was also
reported that during a stress-control uniaxial cyclic test of AZ31B magnesium alloy with a mean
stress equal to zero, ratcheting occurred and the peak strain decreased and valley strain increased as
the number of cycles increased [27, 28, 31, 105]. In this regard, the stress-control hysteresis loop
narrows with as the number of cycles increases due to the cyclic hardening behaviour of AZ31B. As
discussed in Chapter 2, different deformation mechanisms can be activated during the cyclic
deformation. A significant amount of strain was observed during the first cycle when the sample was
plastically deformed under a stress-control condition. Twin deformation was responsible for a large
amount of strain in the compressive reversal. In the next (tensile) reversal, most of the twinned grains
were detwinned; however, some residual twins would remain in the material. The residual twins
accumulate during cyclic loading and can increase the critical resolved shear stress of twining in the
next loading reversal. Increasing the critical resolved shear stress makes the material harder, as it
makes the activation of twin deformation more difficult. Therefore, the strain amplitude decreases as
the number of cycles increases [56]. The same trend is observed in the load-control testing condition
(i.e., the amplitude of the strain is decreased during the cyclic loading). Based on the stress-control
results, the hysteresis became symmetric and narrow and the strain amplitude became almost constant
after a few cycles. However, this research depicts that in the load-control rotating bending
experiments, more cycles were required to reach the stable condition [56, 8]. The findings may be
related to the nature of the loading conditions in which both the stress and strain amplitudes were
variable. Moreover, a comparison between the peak and the valley strains confirmed the asymmetric
behaviour of AZ31B under 6.5 Nm, which is compatible with the data presented data in Figure 5-2.
Also, there was a noticeable negative mean normal strain of -0.32% in the stabilized cycles. This is
another indication of AZ31B’s asymmetric behaviour, which is due to the lower yield value in
compression, and hence larger compressive strains compared to tension values.
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Figure 5-14: The peak, valley, and mean strains versus number of cycles (M=6.5 Nm)
The FBG data and VMP simulation results were employed to calculate the VMP-FBG hysteresis
curves for different cycles when the sample was tested under a 6.5 Nm bending moment. Figure 5-15
depicts the load-control cyclic behaviour of AZ31B, which was obtained based on the VMP-FBG
results. This observation demonstrates the inconstancy of the stress amplitudes during the cyclic
loading. The stress values of 48 ± 151 MPa during the first cycle increased to 44 ±172 MPa by the
stabilized cycles. Figure 5-16 shows the trend of the peak and valley stress changes versus the number
of cycles. Based on this graph, the rate of increasing peak stress is around 9% while the shifting rate
of valley stress shows a reduction of 21% from the first to the stabilized cycles. This difference can be
attributed to differences between the CSSC and monotonic tension-compression tests of AZ31B
(Figure 4-5). This difference in compression is higher than the tension. Therefore, during the
stabilizing process in which the behaviour of a sample gradually changes from the monotonic curve in
the first cycle to the CSSC in the stabilized cycle, more change should be observed under
compression. The same increasing trend in stress amplitude was reported for strain-control cyclic
tests. These changes were attributed to the cyclic hardening characteristics of AZ31B [47, 51, 96]. On
the other hand, the strain amplitude was reduced during the cyclic loading and a significant amount of
compressive mean strain remained in the stabilized hysteresis curves. As a consequence, the peak and
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valley stress, and the strain shift, and the hysteresis loops become narrower and narrower as the
number of cycles increases. This is evidence of cyclic hardening in the AZ31B magnesium sample.
Moreover, ratcheting was observed and the peak points of the hysteresis loops shifted in the
compressive direction and the valley points shifted in the direction of tension due to the specifications
of the cyclic hardening.
Load control stress-strain hysteresis curves can be compared with stress- and strain-control fatigue
tests with a stress and strain in the range of the presented results from Figure 5-15. Based on the
literature, the strain- and stress-control cyclic hysteresis loops in this loading condition are
asymmetric, in which the downward halves are convex, and the upward halves are concave with an
inflection point [56]. This trend was also seen in the results obtained in this research (Figure 5-15)
and can be explained by different deformation mechanisms. The twinning deformation mechanism is
activated in the downward side of the hysteresis loop whereas in the upward sides there are two
different deformation mechanisms, detwinning and dislocation slip, which leads to an inflection point
on the upward side of the hysteresis loop.

Figure 5-15: VMP-FBG hysteresis curves for different cycles under (M=6.5 Nm)
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Figure 5-16: Peak and valley stresses versus the number of cycles for RBT with a 6.5 Nm
bending moment.

To verify the VMP-FBG results, an experiment was proposed. The uniaxial push-pull test was
conducted under specified strain-control condition for 9 cycles. In this test, the strains imposed on the
sample were the strains measured by the FBG sensor for the corresponding cycles under the RBT.
Figure 5-17 depicts the first cycle of the experiment that was superimposed on the first cycle of the
VMP-FBG. The peak and valley strains and stresses are close to each other in the experimental results
and VMP-FBG cycles. The hysteresis loops are almost similar. The difference between them may
originate from the simulation algorithm employed to match the FBG and VMP strains; the upward
and downward sides of VMP-FBG curves were calculated by using a quadratic equation which fitted
on the three points. To obtain more precise unloading and reloading curves, more points and/or more
advanced mathematical methods would be required.
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Figure 5-17: The first cycle of the VMP-FBG hysteresis curve and the first cycle of
experimental test.
The experimental results of the nine cycles are shown in Figure 5-18a. For the sake of comparison,
the first 9 cycles of VMP-FBG curves are also presented in Figure 5-18b. It can be observed in Figure
5-17 that the stress level of the uniaxial push-pull experiments and VMP-FBG hysteresis loops are in
the same range at the first cycle. However, the rate of the peak and valley stresses changed during the
9 experiments and the subsequent hysteresis loops are different, especially for the valley stresses. The
inset of Figure 5-18b demonstrates a close-up view of the valley stress of VMP-FBG curves that
confirms the same trend as the push-pull experiments, but at a lower rate. This can be justified by the
comparison between the first cycles of strain-control reference hysteresis loops. Figure 5-19 shows
the 3rd, 6th and 12th cycles, which superimposed on each other for three different strain amplitudes
[16]. Based on the reference curves that were used in the VMP simulation, a high rate stress change
does not exist, particularly in the compression parts, and as a consequence, the VMP-FBG curves are
not able to predict the stress changes of the first 9 cycles of the proposed experiment.
Comparison between the VMP-FBG hysteresis loops and the push-pull experiment with the same
strain range proved that the VMP simulation was able to predict the peak and valley stresses with a
good approximation. In addition, the strains were measured accurately by the embedded FBG sensor
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during RBT. Hence, the VMP-FBG hysteresis loops can predict the behaviour of the AZ31B
magnesium alloy under load-control RBT with a good approximation.

Figure 5-18: a) Proposed strain-control experimental results; b) VMP-FBG response under
(M=6.5 Nm) for the first cycle

Figure 5-19: Comparison of three cycles of the hysteresis curves under three different strain
amplitudes obtained from uniaxial strain-control cyclic tests [16].
Finally, the behaviour of a sample under a bending moment of 5 Nm was investigated. Figure 5-20
shows the VMP simulation results for the first and stabilized cycles, demonstrating that the sample
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was plastically deformed in compression. However, the stress induced in the bottom element of the
sample was lower than the tensile yield stress; hence, elastic deformation was observed under tensile
loading.

Figure 5-20: VMP hysteresis for the first and the stabilized cycles (5 Nm)

Figure 5-21 depicts the peak and valley strains of the sample, measured by the FBG sensor. The peak
strains decreased, and the valley strains increased, as the number of cycles increased. After 500 cycles
the FBG sensor failed, therefore, it is difficult to conclude whether the sample became stable or not.
However, it was assumed that the sample became stable after the 500 cycles and the VMP stabilized
curve was employed to calculate the VMP-FBG hysteresis for this cycle.
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Figure 5-21: Peak and valley strains versus number of cycles (M=5 Nm)
Figure 5-22 illustrates the VMP-FBG hysteresis loops of the sample under the bending moment of 5
Nm. The absolute values of the maximum tensile stress and maximum compressive stress were not
equal for each cycle due to the asymmetric behaviour of AZ31B, which is compatible with the
previous results. The strain amplitudes were gradually decreased as the number of cycles increased
and the stabilized hysteresis curve became narrower and narrower during cyclic loading. Moreover, a
negative mean strain of -0.17% remained in the stabilized cycle which demonstrates the asymmetric
behaviour of AZ31B alloys. This mean strain confirms that more than half of the cross section of the
sample experienced compressive deformation.
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Figure 5-22: VMP-FBG hysteresis curves for different cycles (M=5 Nm)
The fatigue life estimation of the AZ31B sample under three bending moments of 2.5, 5 and 6.5 Nm
were calculated based on the energy method. The stabilized VMP-FBG hysteresis curves for these
moments were employed to make these calculations. The plastic strain energy density was calculated
for each bending moment based on the stabilized hysteresis curve using the Equation (2-13). Then,
the positive elastic strain energy was obtained by Equation (2-14), and the results were added to the
plastic strain energy to generate the total strain energy densities. According to Equation (2-15), and
inserting the energy-based fatigue parameter for AZ31B extrusion (found in material cyclic
characteristics listed in Table 5-1 [47, 96], the fatigue life was estimated for the three identified
bending moments. To verify the accuracy of VMP-FBG responses of the sample under load-control
conditions, the calculated life prediction versus the maximum tensile stresses that the sample
experienced during the bending moment were plotted (Figure 5-23). These results were compared
with the S-N curve obtained from the RBT experiments for stress relief AZ31B extrusion samples
[106]. The comparison results demonstrate that the stabilized VMP-FBG hysteresis using the energybased approach predicted the life with a good approximation. However, more investigation is required
to strengthen the validity of this claim.
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Table 5-1: Energy-based fatigue parameters for AZ31B [47, 96]
Elastic	
  regime	
  
𝐸! 	
  (Fatigue	
  strength	
  coefficient)	
  

5	
  

𝑏	
  (Fatigue	
  strength	
  exponent)	
  

-‐0.278	
  

Plastic	
  regime	
  
𝑊! (Fatigue	
  toughness	
  coefficient)	
  

190	
  

𝑐	
  (Fatigue	
  toughness	
  exponent)	
  

-‐0.848	
  

Figure 5-23: Comparison between prediction of life using VMP-FBG hysteresis, and
experimental results for stress relief samples

76

Chapter 6
Conclusion and Recommendations for Future Work

6.1 Summary and Conclusion
The present research was conducted to investigate the fatigue behaviour of AZ31B extrusion
magnesium alloy under load-control conditions. The load-control condition was approximated
through the RBT performed by an RBM. To obtain the cyclic deformation hysteresis of the AZ31B
sample, it was necessary to measure the strain and stress during rotating under constant bending
moments. An FBG sensor was embedded on the sample to measure the induced strains of the material
during rotating. To adhere the sensor, two types of adhesive were tested and the optical epoxy
(Norland Optical Adhesive 61) was selected for use in all experiments. The RBM machine was
modified for installation of the sample equipped with the FBG sensor. Through this modification, it
was possible to rotate the sample with an appropriate frequency compatible with the interrogator,
which was used for reading the sensor output. The strain of the sample was measured during bending
moments of 2.5, 5, and 6.5 Nm. On the other hand, the cyclic hysteresis loop of the sample under
those bending moments was modeled by VMP simulation to find the stress of the hysteresis loops.
Finally, the stress-strain hysteresis of the sample under the load-control condition was obtained by
combining the strain measured by the FBG sensor and the stress calculated by the VMP simulation.
The following is a summary of the results of this project, which is presented here as conclusion:
1) Two different adhesives, thermal epoxy (EPO-TEK 353ND) and optical epoxy (Norland
Optical Adhesive 61) were tested to adhere FBG sensors to AZ31B extrusion samples. For
each epoxy resin, a curing process was developed to successfully attach the FBG sensors to
the substrate. The accuracy of the strain measurements made by the FBG sensors attached
with each type of adhesive, was examined in comparison to that of measurements made by
standard extensometers. Results confirmed that the FBG sensors precisely measured the
strain.
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2) The temperature of the sample was monitored during curing of the optical adhesive, which
revealed that the sample warmed up to 86°C; however, the temperature and duration of the
curing process for the thermal epoxy was much higher than for the optical epoxy. Therefore,
for material samples that are sensitive to high temperatures the optical adhesive is preferable.
3) The curing process creates a residual compressive stress on the sample because of the
difference between the coefficient of thermal expansion of the sample and the cured adhesive.
Based on this observation, the induced residual stress after curing of the optical epoxy was
much less than the curing of the thermal epoxy. This residual stress and its related strain
should be considered in the further strain measurements.
4) The accuracy of FBG sensor strain measurements was verified through a push-pull test and
the use of a calibrated axial extensometer. The results demonstrated that both of the adhesives
could be used for strain measurement in elastic and plastic regimes, however, the thermal
epoxy generated a stiffer bond and could measure the strain precisely up to 1.3%. In this
study, the optical Norland adhesive was selected due to the lower temperature range of curing
and its simple curing procedure.
5) The change of the peak and valley strains with respect to the cycles of the sample during
rotating bending was obtained. This experiment revealed that under load-control rotating
bending, the strain amplitude of the sample decreased as the number of cycles increased and
became nearly stable after 2000 cycles when a bending moment of 6.5 Nm was applied to the
sample.
6) A large negative mean strain developed in the load-control cyclic tests of magnesium AZ31B.
This can be attributed to the asymmetric behaviour of wrought magnesium alloys and the
anisotropic yield stress in tension and compression. Similar to stress-control test, ratcheting
behaviour was observed during the load-control conditions.
7) The VMP simulation was successfully implemented to calculate the stress-strain hysteresis
loops of the stabilized and first cycles of the RBT.
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8) A comparison between the strains measured by the FBG sensor and the strains calculated by
the VMP simulation, illustrated that the real strains of the sample was larger than the strains
predicted by the VMP model. This can be attributed to the simulation method in which the
RBT was modeled by fixed beam under alternative loading, and/or the assumption that the
CSSC represented the material’s properties.
9) The stress evolution of the sample from the first to the stabilized cycle was predicted by
linear interpolation between the “stress versus cycle number” curves obtained in the straincontrol experiments. The stresses obtained from this approach were used to predict the other
hysteresis between the first and stabilized cycles.
10) The VMP-FBG hysteresis loops of the samples were calculated under bending moments of
2.5, 5, and 6.5 Nm for different cycles. These bending moments presented various
combinations of elastic and plastic deformations. Based on the VMP-FBG hysteresis curves,
when the bending moment is equal to 2.5 Nm, the material is elastically deformed under both
tension and compression. By increasing the bending moment to 5 Nm, the VMP-FBG curve
revealed that plastic deformation occurred in the sample under compression while the sample
was elastically deformed under tension. Finally, by applying a bending moment of 6.5 Nm,
the sample was plastically deformed under both tension and compression.
11) To assess the accuracy of the calculated VMP-FBG hysteresis, a strain-control experiment
was conducted on the AZ31B extrusion sample based on the peak and valley strains
measured by the FBG for the first nine cycles under a bending moment of 6.5 Nm. This
experiment revealed that the stress predicted by the VMP simulation was very close to the
experimental data. Moreover, the shape of the hysteresis loops predicted by the VMP-FBG
model was very similar to the experimental hysteresis curves. This experiment illustrated that
the VMP-FBG model can be employed to predict the behaviour of materials under loadcontrol conditions.
12) The fatigue life of the AZ31B sample for three different bending moments (2.5, 5, and 6.5
Nm) was predicted. The energy-based method was employed to estimate the fatigue life of
the material by using the calculated total strain energy densities for the stabilized hysteresis
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VMP-FBG. These data were compared with the AZ31B experimental S-N curve and showed
very good compatibility between the prediction life method and experimental data.
13) The cyclic hysteresis deformation loops of AZ31B extrusion during rotating bending tests
were obtained in this research. These hysteresis curves represent the fatigue behaviour of the
material under both low- and high-cycle fatigue tests. In load-control condition, the
asymmetric behaviour of AZ31B extrusion was observed same as stress-control and straincontrol experiments.

6.2 Future Work
In this research, a combined numerical-experimental method was successfully developed to
investigate the fatigue behaviour of AZ31B extrusion magnesium alloy under load-control bending
tests. To achieve the most accurate results, a list of recommended future research directions is
provided below:
1) It was demonstrated that the curing process of the adhesive used to attach the FBG sensors in
this research could generate a residual stress in the sample, which may interfere with the
actual behaviour of the material. Investigations into adhesives and/or curing, which do not
impose residual stresses would enable mounted sensors to more accurately and efficiently
measure strains of the sample.

2) In order to obtain more accurate VMP hysteresis loops, more strain-control experiments with
strain amplitudes between 0.4% and 0.7% (the region of transition from elastic to plastic
deformation) need to be conducted.

3) To predict the unloading curve, it was assumed that the material would follow the straincontrol hysteresis curve under load-control conditions. This assumption may not be correct
for asymmetric material, as the strain under tension and compression are not equal. The
accuracy of this assumption should be investigated experimentally.
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4) The accuracy of the VMP-FBG hysteresis loops for the first nine cycles were experimentally
examined. The same experiment should be performed for the stabilized hysteresis curves to
confirm the precision of the results.

5) To measures the strain of the sample by FBG sensor, the experiments were done in such a
way that the sensor experienced tensile stress at the beginning of the first cycle. This test can
be done such that the material first undergoes compression. It would be important to conduct
future research with a compression starting point as more deformation occurs under
compression due to the lower compressive yield stress of AZ31B magnesium alloy and this
could affect the findings of all subsequent cycles.

6) To verify the accuracy of the VMP-FBG method for estimating fatigue life based on the
energy method, it is necessary that future research be done to collect data reflecting VMPFBG hysteresis loops at different bending moments.

7) The quadratic mapping function that was employed for replacement FBG strain with VMP
strain is not adequate for all hysteresis shapes. More accurate mapping function is needed to
construct more realistic hysteresis curves for different bending moments.
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