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Abstract
Order-by-disorder is the phenomenon of the selection of a long-ranged ordered state by
fluctuations in a many-body system. This mechanism, at first sight, seems paradoxical,
since fluctuations (disorder) intuitively tend to suppress the order. However, when ObD
happens, disorder works in favour of a particular ordered phase. Order-by-disorder can
happen where an accidental degeneracy occurs in classical or mean field treatment of a
system. These degeneracies, which are not due to exact symmetries of the system, can
then be lifted by quantum or thermal fluctuations. The ObD phenomenon is ubiquitous
in condensed matter systems with competing or frustrated interactions. Traditionally,
the ObD is studied at T = 0+ where the ground state of the system can be selected by
quantum fluctuations. The study of ObD at temperature regimes near criticality, T . Tc
where transition happens from the paramagnetic phase to an ordered phase, however, have
not received as much attention.
In this thesis, we study the ObD phenomenon in three dimensional frustrated systems close to criticality. We consider 3-component classical Heisenberg spins on pyrochlore
lattice and FCC lattice. In the former, the spins interact via a Hamiltonian that can
include the most general nearest-neighbour symmetry allowed bilinear interactions, longrange magnetostatic dipole-dipole interaction and second and/or third nearest-neighbour
exchange interactions. However, in the latter, the Hamiltonian only consists of long-range
magnetostatic dipole-dipole interactions. These two systems, correspond to insulating rareearth pyrochlore oxides and rare-earth FCC salts. The mean field treatment shows, that
accidental O(4) and U (1) symmetries emerge in two different regions of the parameter
space of the Hamiltonian of pyrochlore system. While in the FCC system, an accidental
O(3) symmetry emerges at the mean field level. We show that fluctuations break these
symmetries by respectively introducing cubic (in 4-vector and 3-vector models) and hexagonal anisotropies to the free-energy of the system. To study these system beyond mean
field approximation, we use Monte Carlo simulations, spin wave theory and we develop
the E-TAP method which is an extended version of the method originally proposed by
Thouless, Anderson and Palmer to study fluctuations in spin glasses.
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Part I
Introductory Matters
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Chapter 1
Introduction
The study of many-body systems is one of the most fascinating areas of physics. It provides
us with a rich and compelling playground to explore collective phenomena that emerge from
the complicated interactions between the microscopic degrees of freedom associated with
the constituents of a system. Although the properties of each building block of a system
may be understood separately, their collective behaviour is distinct from the individuals’.
In consequence, challenging problems are posed which often promise the discovery of exotic
physics accompanied by the development of new problem-solving methods that influences
not only the field of condensed matter but also the whole of physics and science in general.
Despite their complexity, the behaviour of some of many-body systems can be understood
through tractable models that provide milestones towards comprehending more intricate
ones. Insulating magnets are one of these types of many-body systems.
Magnetism was discovered in ancient era. But the breakthroughs in explaining this
phenomenon was only put forward in the beginning of the twentieth century with the development of quantum mechanics and the discovery of the intrinsic angular momentum
(spin) of an electron. The magnetic properties of a solid are directly ascribed to its fundamental building blocks; atoms, molecules or ions where the orbital motion and spin of
electrons can generate the magnetic moment1 . In insulating magnetic crystals, the magnetic constituents are ions that sit on an array of lattice sites and interact with each other
primarily through an exchange mechanism2 .
1

Here we focus on electronic magnetic moments and ignore nuclear magnetic moments which are typically smaller in order of magnitude by electron to nuclear mass ratio [1, 2].
2
A mechanism to lower the energy of the electrons on neighbouring sites generated by Coulomb repulsion
and Pauli’s exclusion principle.

2

In theoretical studies of magnetic materials, a variety of models has been constructed
based on this picture3 , where different lattice geometries, different types of magnetic moments4 and different types of microscopic interactions5 have been considered. Although
these models may seem too simplistic, they have been successful in explaining the corresponding magnetic phenomena and reproducing basic attributes of real physical systems.
In these models, phase transitions are relatively easily studied. The Ising model in two
dimensions, was the first exactly solvable model to exhibit a phase transition [3, 4]. Considering the universal behaviour of many-body systems at criticality, magnetic lattice models
can be employed as an analogue of more complicated nonmagnetic systems. So not only
they are fruitful in the field of magnetism, they can shed light on the broader and more
complicated problems of condensed matter physics.
All the above theoretical endeavours go hand in hand with experiments. A multitude of
experimental techniques are available to probe both bulk properties by measuring for example, specific heat and magnetic susceptibility, and microscopic properties by performing
for instance neutron and X-ray scattering or µSR6 experiments.
Beside the basic science prospects, since insulating magnets fall under the umbrella of
magnetic materials, they are the inseparable ingredients in developing modern technologies
[5, 6, 7, 8, 9]. In consequence, they can strongly influences our day to day life in the future,
which makes the study of their properties worthwhile.
Among insulating magnets, one of the most interesting and abundantly studied cases is
that of frustrated systems. In this class of problems the symbiotic relation between theory
and experiment is very strong such that, in some cases new experimental avenues are
prompted by theoretical proposals. For example the search for materialistic realization of
quantum spin liquid is one the best-known examples [10]. This symbiotic relation provides
a rich platform for academic research which encourages us to focus on these systems in
this thesis.
3

Magnetic moments on lattice sites
e.g. Ising, Potts, XY, Heisenberg
5
e.g. ferromagnetic or antiferromagnetic exchange, magnetostatic dipole-dipole interaction
6
Muon Spin Resonance/Relaxation/Rotation
4

3

1.1

Frustration

Historically7 , the concept of frustration first appeared in a publication on spin glasses by
Toulouse in 1977 [12] and very shortly after by Villain [13]. However, this topic was studied
without being labeled as such, in 1935 by Pauling in calculation of the residual entropy of
water ice [14] and in 1950 by Houtappel [15] and Wannier [16] in the problem of Ising antiferromagnet on the triangular lattice. Frustration is the inability of a system in minimizing
its total classical energy by minimizing all the pairwise interaction energies between each
pair of interacting degrees of freedom at the same time [11]. This phenomenon is ubiquitous in many-body systems and in particular, magnets. Frustration can be characterized
in two major categories, random and geometrical. Random frustration can happen in two
situations; either in a system at thermal equilibrium where there is competition between
interacting degrees of freedom that yields modulated spatial correlations e.g. the case
of stripes in copper-oxide superconductors [17] or in a system with randomly distributed
frozen degrees of freedom, for example the case of magnetic iron atoms in a gold matrix where the interaction between iron ions is mediated by the gold conduction electrons
through RKKY8 interaction. Geometrical frustration happens when the geometry of the
system prevents simultaneous minimization of the energy of all pairwise interactions and
can be realized in a lattice made of plaquettes of spins/magnetic moments with odd number of antiferromagnetic exchange interactions. An example of such systems is Ising spins
interacting antiferromagnetically via exchange interaction on a triangular lattice with the
Hamiltonian:
X
H=J
Si Sj .
(1.1)
hi,ji

Here J > 0 for an antiferromagnetic interaction, Si = ±1 for Ising spins and i and j are the
nearest-neighbour sites on a triangular lattice. The antiferromagnetic interaction energy
between nearest-neighbour spins is minimized when they point in opposite directions. On
a triangular plaquette, the energy of one of the pairs of spins can not be minimized (see
Fig. 1.1). As a result, several configurations can minimize the energy of the plaquette.
Since inter-plaquettes interactions are also antiferromagnetic, the classical ground state
of the system composed of these plaquettes which is the triangular lattice, possesses an
extensive macroscopic degeneracy which grows exponentially with the system size and
results in a residual entropy [18]. These degeneracies are accidental rather than a result
of symmetries of the Hamiltonian. Thus, they are expected to be lifted by fluctuations
7

It is said that the phrase ”frustration” was first informally brought up by P.W. Anderson at a summer
school in Aspen in 1976. [11].
8
Rudermann-Kittel-Kasuya-Yoshida

4

Figure 1.1: Antiferromagnetically coupled spins on a triangle. The red bond is the unsatisfied one.

or perturbative interactions. Antiferromagnetically coupled Heisenberg or Ising spins on
triangular lattice, kagome lattice9 and pyrochlore lattice10 , are among the most-studied
examples of geometrically frustrated systems [18].
In the realm of experiments, a prominent signature of three dimensional frustrated systems is the short-range correlations that manifests themselves by a broad peak of structure
factor at a finite wave vector, measured in magnetic neutron scattering [18]. The geometrically frustrated materials generally exhibit a negative Curie-Weiss temperature (ΘCW )
which is obtained from the magnetic susceptibility, indicating the presence of antiferromagnetic interactions. In such a case, the system stays paramagnetic even at T  ΘCW .
Ordering or spin freezing can happen at a lower temperature (Tc ) and the degree of frustration is usually qualitatively specified by the ratio f ≡ |ΘCW |/Tc . Another experimental sign
of frustration is observation of the residual entropy through specific heat measurements.
Due to the extensive ground state degeneracy, frustrated magnets are expected to
exhibit large spin fluctuations which in turn can lead to the emergence of novel shortrange ordered states such as spin ice, quantum spin liquids or the exotic phenomenon
of order-by-disorder (ObD) in which fluctuations can select a long-range ordered state.
Motivated by recent experimental works on the frustrated pyrochlore oxide Gd2 Ti2 O7 [19]
and studies on ObD effect in Er2 Ti2 O7 [20, 21], in this thesis, we explore the occurrence
of ObD phenomenon.
9
10

A network of corner sharing triangles in 2 dimension
A network of corner sharing tetrahedra
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1.2

Order-by-disorder

Order-by-disorder is the selection of an ordered phase by fluctuations. The concept of orderby-disorder (ObD) was originally proposed by Villain and collaborators as the ordering
mechanism in the problem of the two-dimensional frustrated Ising model on a domino
lattice [22]. ObD11 , at first sight, seems a paradoxical concept since disorder, caused by
fluctuations12 , tends to suppress the order in the system. However, when ObD phenomenon
happens, fluctuations work in favour of a particular long-range ordered state.
Since the extensive classical degeneracy in frustrated magnets is accidental, the spectrum of fluctuations about different degenerate ground states are expected to be different
in some cases. When this happens, the ground states with lowest excitation energy have
the higher number of zero/soft modes13 and as a result higher entropy. Consequently, the
system has the tendency to be in a region of the ground state manifold with the highest
number of soft modes which in turn lifts the extensive degeneracy. Therefore fluctuations
enhance the order in such cases and the ObD phenomenon occurs in the T → 0 regime.
The nature of these fluctuations is thermal at finite but low temperatures (T = 0+ ) and
quantum mechanical at T = 0.
ObD can also occur at finite temperatures, away from the T = 0+ regime. In this
temperature regime, most often the simplest starting point to obtain a qualitative understanding of the essential physics, is the mean field approximation14 . In systems with
competing or frustrated interactions, mean field approximation may yield a number of
states with degenerate minimum free energy below the mean-field critical temperature, TcMF
[24]. These accidental degeneracies, which are not due to exact symmetries of the Hamiltonian describing the interactions, can be lifted by the effects of thermal fluctuations[22]
and the ObD phenomena occurs at T = Tc− .
In the previous investigations of the ObD phenomenon, the primary focus had been
to identify the mechanism of selection of the ground state by taking into account the
harmonic quantum spin fluctuations about a classical long-range ordered states [20, 21,
25, 26, 27, 28, 29, 30, 31]. However, the problem of the selection by ObD mechanism at
temperatures near the critical temperature has not received as much attention. In this
thesis we focus on this temperature regime. Although there has been some numerical
11

ObD phenomenon is also realized in the context of ultra-cold-atom systems where an impurity potential
through Anderson localization mechanism creates disorder which leads to order [23].
12
Ignoring the disorder originating from impurities and crystal defects
13
A certain organized motion of spins which costs zero energy
14
A method that replaces the many-body problem with a simpler problem of a one-body system interacting with an averaged field. The corresponding details are discussed in Chapter 3.
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studies on the ObD at T . Tc [20, 30, 32, 33], an analytical study specifying the role
of the microscopic interactions in the ObD mechanism in this temperature regime has,
to the best of our knowledge, not yet been pursued and is of considerable interest. In
principle, the long-range order selected by ObD can be different for T = 0+ and T . Tc
regimes. This occurs, for example, in the case of Heisenberg spins on the pyrochlore lattice
interacting via nearest-neighbour antiferrmagnetic exchange and indirect DzyaloshinskiiMoriya interaction15 [34]. There are interesting cases in which the ObD mechanism is at
play only in the selection of the long-range ordered state at 0  T . Tc regime [35].
Consequently, from a fundamental viewpoint, it is thus highly desirable to study the role
of fluctuations beyond s-MFT at temperatures close to the critical region (T = Tc− ).

1.3

In this thesis · · ·

In this thesis, we investigate the problem of ObD away from the T = 0+ regime. We
focus on two types of frustrated models: anisotropic Heisenberg spins on a pyrochlore
lattice and dipolar Heisenberg spins on face-centred-cubic (FCC) lattice. These models
are used to study the magnetic rare-earth pyrochlore oxides [11] and the rare-earth FCC
salts [36], respectively. We show that, in these systems, accidental U (1), O(3) and O(4)
symmetries emerge at the level of a mean field approximation. We then study how thermal
fluctuations can break these symmetries in the T . Tc regime by introducing hexagonal
and cubic anisotropy terms in the free-energy of the system.
The rest of the thesis is organized as follows. In Chapter 2, we review the properties of
rare-earth pyrochlore oxides and rare-earth FCC salts as potential platforms for exhibiting
ObD phenomenon. In Chapter 3, we review the methods we used in this thesis to tackle
the problem of ObD in different temperature regimes.
We then continue to present the results of our investigations in Part II of the thesis.
In Chapter 4, we study the emergence of O(4) symmetry in the mean field theory
treatment of the most general bilinear Hamiltonian on the pyrochlore lattice (referred to
as mg-Hamiltonian, for briefness). We show how thermal fluctuations break this accidental
symmetry which occurs in a certain region of the parameter space of the mg-Hamiltonian,
by introducing a cubic anisotropy. The work presented in this chapter is motivated by the
peculiar ordered phase of the rare-earth oxide compound Gd2 Ti2 O7 [19].
15
An antisymmetric, anisotropic exchange interaction between two spins on a lattice bond with no point
of inversion that is induced by spin-orbit coupling.

7

In Chapter 5, we investigate the ObD phenomenon in a different region of the parameter space of mg-Hamiltonian where in the mean field approximation, a U (1) accidental symmetry emerges. We study how thermal fluctuations can break this symmetry
that exists at mean field level, by introducing a hexagonal anisotropy which we explore
at T = Tc− . This study was motivated by recent investigations on the rare-earth oxide
Er2 Ti2 O7 [20, 21, 30, 32, 33]. In Chapter 6, we focus on the mg-Hamiltonian with its
coupling constants tuned to the ones corresponding to Er2 Ti2 O7 amended by long range
dipolar interactions and we explore its critical properties and the ObD selection at T = Tc−
via Monte Carlo simulations.
In Chapter 7, we investigate the emergence of the O(3) symmetry at the level of mean
field approximation in a system of point dipoles on a FCC lattice. We show how thermal
and quantum fluctuations break this symmetry by introducing a cubic anisotropy.
Finally, in Chapter 8, we offer concluding remarks of the thesis.

8

Chapter 2
Material Review
In this chapter we briefly review two groups of magnetically frustrated materials that are
potential platforms for the realization of the ObD phenomenon.

2.1

Rare-earth pyrochlore oxides

Rare-earth pyrochlore oxides are magnetic materials with the chemical formula R23+ M24+ O7 .
R3+ and M 4+ ions form two distinct interpenetrating pyrochlore lattices; a structure of
corner sharing tetrahedra1 (See Fig. 2.2).
R3+ , M 4+ or both can be magnetic in these compounds. To proceed, we consider the
cases where only the R3+ ions are magnetic, for example R can be Gd, Tb, Dy, Ho, Er,
Yb and M 4+ ions are non-magnetic transition metals for instance, M =Ti. Since we are
interested in the magnetic properties of these systems, we focus on the pyrochlore lattice
formed by R3+ ions. If the nearest-neighbour exchange interaction between R3+ ions is
antiferromagnetic, these systems are highly frustrated. We also note that in all these cases,
the compound is insulating.
To continue, we consider the single-ion properties of R3+ . In rare-earth ions, the spinorbit interaction (SOI) is large2 and is given by
HSO = ±ζ(LS)S · L,
1

(2.1)

One can also view the pyrochlore lattice as a non-Bravais lattice that consist of a tetrahedral basis on
the FCC lattice sites.
2
Of the order of several 103 K [37]
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Figure 2.1: The blue and red spheres form two distinct network of corner-sharing tetrahedra
which are interpenetrating.

where + and − respectively corresponds to a less or more than half-filled f -subshells and
ζ is determined by a radial integral corresponding to the 4f subshell3 . As a result, the
total angular momentum J = L + S is the good quantum number. The values of L and
S in Eq. (2.1), the orbital and spin angular momentum of the ion’s lowest-energy state,
respectively, are determined by Hund’s first two rules. The (2L + 1)(2S + 1)-degeneracy of
this lowest-energy state is lifted by SOI and the ground state has total angular momentum
of J = |L − S| or J = L + S for less than or more than half-filled 4f shell, respectively.
The excited states4 are well separated from the ground state [37]. As a result, in the low
energy regime5 , that we are interested, the physical properties of the R3+ ion is determined
by the SOI ground state.
Each R3+ ion in a R2 M2 O7 compound is surrounded by an oxygen cage; a cube that is
distorted along the local [111] directions (see Fig. 2.3). This cage creates a crystal electric
R
2
ζ(LS) = (π/m2 c2 S) rR4f
(r)(dv/dr)dr where c is the speed of light, m is the mass of electron, R
are the radial wavefunctions corresponding to 4f shell and v is the effective potential including Hartree,
exchange-correlation and external potentials [37]
4
with total angular momentum |L − S| < J ≤ L + S or |L − S| ≤ J < L + S depending on the number
of electrons in the 4f shell.
5
corresponding to low temperatures of order of 1 K
3
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Figure 2.2: The orange spheres represent the closest oxygen ions to a rare-earth site (blue
sphere) in R2 M2 O7 compound, which form a cage (a distorted cube) and create the crystal
electric field. Note that the two oxygen ions at the centre of the tetrahedra are closer to
the rare-earth site than the others.

field (CEF) given by
HCEF =
Olm (Ji )

XX
i

Blm Olm (Ji ).

(2.2)

l,m

are Stevens’ operator equivalents which consist of polynomial functions of components of total angular momentum operator, Jiz and Ji± ≡ Jix ± Jiy [38]. Due to the D3d
point symmetry of the pyrochlore lattice, the allowed terms in HCEF are the ones with
l = 2, 4, 6 6 [11]. The CEF lifts the 2J + 1-fold degeneracy of the SOI ground state with
total angular momentum of J. Thus, the low energy properties of R3+ single-ion is dictated
by the CEF energy spectrum.
Equipped with the knowledge of single-ion energy levels, we now review the possible
interactions between the magnetic ions in rare-earth pyrochlore oxides. The inter-ionic
interactions of R3+ ions on the pyrochlore lattice are complicated [39] especially compared
to 3d transition metal ion systems with often a relatively simple spin-only exchange Hamil6

The space group of pyrochlore lattice is F d3̄m.
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tonian of the form JSi · Sj . In R2 M2 O7 compounds, the partially-filled 4f subshells are
strongly shielded by the 5s, 5p and 5d subshells. As a result, the orbital overlap is reduced
and direct exchange or superexchange interactions are not dominant [11]. The ion-ion
interactions then have multiple origins: direct classical electric and magnetic multipole interactions, direct exchange or superexchange electric and magnetic multipole interactions
and lattice-mediated electric multipole interactions [40]. Thus, Ωij , the microscopic couplings between ions at lattice site i and j, is very complicated. In principle, the microscopic
Hamiltonian of a system of 4f ions can be written in terms of the Stevens’ operator equivalents O(Ji ). However, the couplings Ωij are tremendously difficult to determine, both
theoretically and experimentally, due to complex nature of O(Ji ), O(Jj ) and Ωij itself [39].
Depending on whether CEF ground state is isolated, this complicated situation can be
simplified to a great extent which we review in the next two sections.

2.1.1

Isolated CEF ground state

In R2 M2 O7 series the ground state wavefunction is usually doubly degenerate [39]. If the
energy gap between the CEF ground state doublet and the first excited states is significantly
larger than the Ωij 7 , the low energy magnetic properties of the system is only dictated by
the CEF isolated ground state wavefunction and is determined by considering the Zeeman
energy8 . For argument’s sake, we label the ground state doublets as |1i and |2i. The matrix
elements of Ji in this doubly degenerate subspace of CEF wavefunctions determine the low
temperature behaviour of R3+ ion. It can lead to Ising-like behaviour of the magnetic
moments if the only nonzero matrix elements are hj|Jiz |ji with j = 1, 2 which is the case
for Dy3+ in Dy2 Ti2 O7 [11]. On the other hand, if h1|J α |2i =
6 0 with α = x, y, the low
3+
energy behaviour of the R ion is expected to be XY -like such as the behaviour of Er3+
magnetic moments in Er2 Ti2 O7 [11]. The low energy Hamiltonian, Hint , can be obtained
by the use of degenerate perturbation theory and can be simply written as [39]
X
Hint = Hnn ≡
[J Si · Sj + JDM dˆij · (Si × Sj )
hi,ji

(αβ)

+JIsing (Si · ẑi )(Sj · ẑj ) + Jpd Siα Λij Sjβ ],

(2.3)

where Si is the pseudo-spin 1/2 expressed
P in global coordinate system and is representing
the ground state doublet. Siµ ≡ (1/2gJ ) ν g̃iµν σiν where gJ is the Landé factor of the R3+
7

Of the order
of 103 larger [39]
P
−gJ µB Ji · B where gJ is the Landé factor, µB is the Bohr magneton and B is an external magnetic
field.
8
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ion of interest, σi are the Pauli matrices9 and g̃iµν is an element of the g tensor defined
below, in global coordinate system. g tensor captures the anisotropy of the CEF ground
state and is initially defined in local [111] direction on each sublattice of pyrochlore lattice
(see Fig. 2.3 and Appendix A). g tensor is diagonal in these local coordinate systems and
its elements are defined as: g xx = g yy = 2gJ h1|J α |2i with α = x or y and g zz = 2gJ hi|J z |ii
with i = 1 or 2. g̃ can be obtained by rotating g from local coordinates to global coordinates
using the directions defined in Appendix A.
Hnn includes all possible symmetry-allowed nearest-neighbour (n.n.) bilinear interactions on the pyrochlore lattice: isotropic exchange(J ), Dzyaloshinskii-Moriya (DM)
(JDM )10 , Ising (JIsing ) and pseudo-dipolar (Jpd ) [41, 42]. The couplings {J , JDM , JIsing , Jpd }
can be positive or negative in general. Unit vectors dˆij are determined based on the symmetries of the pyrochlore lattice and Moriya’s rules and are chosen such that positive and negative JDM indicate direct and indirect DM interactions, respectively [43] (see Fig. 2.4). ẑi is
(αβ)
5
3
)
− 3rnn;α rnn;β /rnn
the local cubic [111] direction (see Fig. 2.3) at site i and Λij ≡ (δαβ /rnn
where rnn is the nearest-neighbour distance in pyrochlore lattice. The Hamiltonian in Eq.
(2.3) can be written using different conventions [44, 45] one of which we present in Chapters
5, 6. We note that depending on the CEF ground state wavefunctions, some of the above
terms may not be present in the Hamiltonian, for example for Dy3+ in Dy2 Ti2 O7 , the only
nonzero coefficient is JIsing . However, for Er3+ in Er2 Ti2 O7 all the coefficients are present.
Since R3+ ions possess a large magnetic moment and shielded 4f subshells, the magnetostatic dipole-dipole interaction energy scale is comparable to the energy scale of the
interactions in Eq. (2.3) and needs to be considered in Hint . As a result the full effective
low-energy interaction Hamiltonian can be written as:

where
Hdip = Jdip

X
i,j

Hint = Hnn + Hdip ,

(2.4)

3
5
Si · Sj /rij
− 3(Si · rij )(Sj · rij )/rij
.

(2.5)

Here, rij is the position vector connecting sites i and j in the pyrochlore lattice. Jdip =
3
µ0 µ2B /4πrnn
, where rnn is the nearest-neighbour distance in pyrochlore lattice. rij is measured in units of rnn and µB is the Bohr magneton.
9

Which we replace with unit vectors along global three Cartesian directions in the classical limit.
An antisymmetric, anisotropic exchange interaction between two spins on a lattice bond with no point
of inversion that is induced by spin-orbit coupling.
10
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Figure 2.3: [111] cubic direction, the so-called the local [111] direction, (blue arrow) and
the plane perpendicular to it, the so-called local xy plane,(blue plane) are specified for one
of the sites on a tetrahedron. The orange arrows show cubic x, y and z directions.
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Figure 2.4: dˆij vectors (blue arrow) are illustrated for indirect DM interaction on a single
tetrahedron. The orange arrows show cubic x, y and z directions
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2.1.2

Non-isolated CEF ground state

It is also possible that the CEF ground state is not isolated i.e. the energy gap between
excited states and the ground state is not significantly large compared to Ωij [11]. Tb2 Ti2 O7
is an example of such case. The low energy effective Hamiltonian of Tb2 Ti2 O7 is then
influenced by the ground state and the excited states [46]11 . As a result, the situation can
be far more complicated compared to the case of isolated CEF ground state. However,
in order to make progress in such cases, one starts by considering the minimal form of
Hint which includes the isotropic spin-spin exchange interaction and long-range dipolar
interaction. The full Hamiltonian in this case must include CEF and is given by:
H = HCEF + Hint ,
where
Hint = J

X
hi,ji

Ji · Jj + Hdip .

(2.6)
(2.7)

Hdip is the long-range dipolar interaction in Eq. (2.5) in which Si is replaced with Ji .
In the case of Tb2 Ti2 O7 , since Hint is smaller compared to HCEF , Hint was treated as
perturbation in order to investigate the the low temperature properties of this compound
[46].
Another example of non-isolated CEF ground state is Gd3+ ions in Gd2 Ti2 O7 . This is
a special case since the orbital angular momentum of Gd3+ is zero which makes its CEF
energy scale significantly smaller than most of the R2 M2 O7 compounds [48]. Consequently,
as the first approximation, CEF effect in this material can be neglected and one may use
the Eq. (2.3) along with long-range dipolar interaction Hamiltonian as the starting point.
However, the pseudo-spins Si will be replaced by Ji the total angular momentum since
there is no isolated CEF doublet and no perturbation theory is applied as in the case of
isolated CEF. We present such an approach in Chapter 4.
To continue, we review another class of frustrated materials in which ObD mechanism
is at play.

2.2

Rare-earth salts with FCC structure

Rare-earth ions in salts with the chemical formula Cs2 NaR(NO2 )6 [49] and Cs2 NaR(Cl)6
(also known as elpasolite)[50] where R is a rare-earth element of lanthanide series, form a
11

This effect combined with spin-lattice coupling makes Tb2 Ti2 O7 one of the most challenging compounds to study in rare-earth pyrochlore oxides series [47].
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face centred cubic (FCC) lattice12 where R3+ ions in these compounds possess perfect tetrahedral and octahedral symmetries, respectively13 (see Fig. 2.5). The nearest-neighbour
distance between R3+ ions in both groups of compounds, is large14 which makes the exchange interactions between different nearest-neighbour ions so weak that the primary form
of interaction between these ions is the magnetostatic long-range dipole-dipole interaction
and exchange interactions are negligible in comparison [36, 50]. It has been shown experimentally that Cs2 NaR(NO2 )6 with R = Gd, Nd, Dy and Er and Cs2 NaR(Cl)6 with R =
Dy, Er order ferromagnetically at approximately 0.1 K and 0.03 K, respectively [36, 50].
We focus on these compounds.
In order to write a proper Hamiltonian for these compounds, we first recall the hierarchy
of energy scales for rare-earth ions discussed above in Section 2.1. We then consider their
crystal electric field (CEF) which based on the tetrahedral and octahedral symmetry of
the rare-earth sites (see Fig. 2.5), has general form of
FCC−tetra
HCEF
= B40 (O40 + 5O44 ) + B60 (O60 − 21O64 ) + B62 (O62 − O66 ),

(2.8)

FCC−octa
HCEF
= B40 (O40 + 5O44 ) + B60 (O60 − 21O64 ),

(2.9)

and
n
n
respectively. Here, Bm
, m = 4, 6 and n = 0, 2 are constants and Om
are Stevens’ operator
n
equivalents. Bm coefficients can be determined by fitting the susceptibility calculated by
point charge approximation, to the experimental results15 [49, 50].

The magnetic properties of the rare-earth ion depends on the energy spectrum of the
CEF. Based on the point charge calculations and pure symmetry arguments, the g tensor
corresponding to the CEF ground state of the rare-earth ion in each of the salts, can be
determined [49]. Whether the CEF ground state is isolated or not, is then determined
by measuring the DC susceptibility of the desired compound. If the low temperature,
i.e. T ≈ Tc , behaviour of DC susceptibility could be solely explained by the CEF ground
state and the g tensor corresponding to the ground state is isotropic, the R3+ ion can be
represented by isotropic Heisenberg spin.
Among the above salts that undergo ferromagnetic transition, an example with isotropic
isolated CEF ground state is Cs2 NaR(Cl)6 with R =Dy. The DC susceptibility of this ion
12

Elpasolite compounds, when R is a lighter rare-earth element, undergo a crystalline phase transition
below the room temperature. So in this work we focus on the ones that do not experience such a phase
transition.
13
The space group of Cs2 NaR(NO2 )6 and Cs2 NaR(Cl)6 are F m3 and F m3m, respectively.
14
About 7.8 Å [36] which is almost two times larger than the nearest-neighbour distance in R2 M2 O7
compounds.
15
They can also be calculated using Electron Paramagnetic Resonance technique [51, 52].
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presented in Fig. 2.6-top, shows that around the ferromagnetic transition temperature the
isotropic CEF ground state can be considered isolated. Although Ref. [50] classifies the
Cs2 NaR(Cl)6 with R =Er as an isotropic dipolar ferromagnet, Er3+ does not possess an
isotropic g tensor corresponding to its CEF ground state. Perhaps further experiments is
required to clarify the details regarding this compound.
Another example among the ferromagnetic FCC salts that can be represented by Heisenberg spins on FCC lattice is Cs2 NaGd(NO2 )6 which is an exception of the above rule in
terms CEF energy spectrum. The susceptibility of Gd3+ ions in this compound is featureless and approaches the free ion behaviour at low temperatures (see Fig. 2.6-bottom),
which is expected since Gd3+ possesses zero orbital angular momentum and in consequence
weak CEF parameters. So all the above considerations to determine isolated isotropic CEF
ground state does not apply to Gd FCC salt. However, based on the fact that Gd3+ behaves as a free ion, this material is another example of isotropic Heisenberg spins on FCC
lattice [49].
We recall that the primary interaction between R3+ ions in rare-earth FCC salts is the
long range dipolar interaction. In consequence, the Hamiltonian reads
HFCC = Jdip

X Si · Sj
i,j

3
rij

−

3(Si · rij )(Sj · rij )
.
5
rij

(2.10)

Here, rij is the position vector connecting sites i and j in the FCC lattice. Rare-earth
FCC salts are the first realization of a cubic dipolar system that exhibit ferromagnetic
order, confirming the theoretical investigations predicting that purely dipolar interactions
18

(6)

(I', and I', )
a zero-field susceptibility due to interac
"
',
"
l,
").
I',
I',
In
(I',
and
and
three
octaquartets
I).
I
The ground state is expected to be either E, or tween I", and I'„
—0.45, one
' ' hedral coordination with —1.0- x
on the raF anticipates
in an octahedral environment, depending
X(0) = ~B4 &„emu/mole,
a I", ground state with the higher states cuor
F
for
twelvefold
a
tio of 84 to 86, and either E,
"', and I',
where we have used g& =~6, and where &
following the ordering r,"',
Nd elpasolite
chloride units of degrees K. From the data of C
relatedcrystal-field
bic environment.
over-all
For Dy cases, In
the the
splitting
F. In theareT& sym- (see Fig. 8), we obtain X(0) =0.2 emu/mo
is observed
the ground
is ratherstate
and very to
lowbetemperatures
small,
of Cs2NaNd(NO&)6,
E butfromis un- gives 4« = 71 K. The complete temperat
metrynecessary
E, becomes
to verify the ground
state directly
of

(NO2) s

Dy"

into two Kramer's

doublets

Is

"'

0

r„r,

oo

I

1.5

2

2. 5

3.5

vs

T of Cs2NaPr(NO2)6.

1260B6, and

'

in functional measurements.
two quartets
form, while theHowever,
changed
the susceptibility
the both
detailed
least-squares
to the Cs, NaDyC1, data
fitKramers-conjugate
mix into
doublets.
degenerate
pairs of
this ordering.
For lowagreement
with case,
(Fig. 6) istoin the
the limiting
In contrast
elpasolite
the parameters
the figure,
one obtains
given inyields
a g factor
temperature
nearly identisusceptibility
—
I',
I',
over-all
34
of
K
=
a
separation
and
an
split—
in Fig.
5. Uncal to that predicted for E, g '„as shown
ting (1 ~B' l —1,) of 350 K.
der the assumption that the charges on the nearestneighbor oxygen ions are negative, a point-charge calculation also predicts E to be the ground state.

pendence gives the Wand x values indica
the figure, from which one obtains an o
crystal. -field splitting I', —I', of 638 K.

"

T(K)

ptibility
panded.

".

t

The

6=1440&7 B.6The

ters into the triplet energies only;
nchanged from their expressions in
e likely case of b4 negative, with
in be the ground state, as for octaT"' the first excited state, unless
gnitude in which case the two will
charge calculation yields t6=5b4,
of the question, particularly if 86
The exo the octahedral case).
ture g factor, ~g~ =0.405 (effective
se in magnitude to that of the cubic
the range of possible values for a

4 & g & 2).
is a singlet ground state, split by a
m an excited triplet. Because the
between either triplet and both 3
ero, one might suppose that a
ng could account for the observed
rs doubtful; even if the splitting
(less than 100 mK), the calculated
o low-temperature Curie constants,
s larger than observed. We conely ground state is a triplet derived

In common with most gadolinium salts, this material
exhibits a rather featureless susceptibility down to temperatures comparable to the residual magnetic dipole interaction energy, about 0. 1 K (Fig. 6). From the Curie
constant above —10 K we infer a g factor of 1.89, in approximate agreement with the free-ion prediction of 2.00.
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Figure 2.6: Top: Reproduced from Ref. [53]. Calculated (solid line) and measured (dots)
susceptibility of Cs2 NaDy(Cl)6 . Γ6 represents the CEF ground state wavefunction. The
susceptibility at low temperatures is only determined by the CEF ground state. Bottom:
Reproduced from Ref. [49]. DC susceptibility of Cs2 NaGd(NO2 )6 (circles) versus free ion
susceptibility of Gd3+ . At low temperatures they converge.
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on FCC lattices result in a ferromagnetic ground state16 [36]. These systems are the first
examples of non-quantum mechanical/non-exchange ferromagnetism17 .
In this thesis, we study the model of Eq. (2.10). We show that this model at the mean
field level approximation possesses an accidental O(3) symmetry. A particular direction
of magnetization is then selected by an ObD mechanism. The details of our study are
presented in Chapter 7.
In the next chapter, we review the methods we employ in this thesis to detect and
investigate the ObD phenomenon in the frustrated systems which we reviewed in this
chapter.

16

Purely dipolar interaction on BCC lattice also has a ferromagnetic ground state. However, this does
not occur for SC lattice [36]
17
We note that a system of cobalt and nickel nanoparticles about 200-300 Å and 340 Å in size, respectively, arranged in a FCC lattice [54, 55] may also be represented by the Eq. (2.10) as their minimal
Hamiltonian. Each site of this FCC lattice is occupied by a nanoparticle which is ordered ferromagnetically
in its bulk and may minimally be represented by a point dipole. However, it was shown in Ref. [54] that
the surface effects in each nanoparticle introduces an anisotropy field. As a result, a single-site anisotropy
term needs to be included in the Hamiltonian of these systems [54]. The study of Eq. (2.10) may be
viewed as the first step towards considering an anisotropic Hamiltonian for this class of materials.
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Chapter 3
Methods
In this chapter we review the methods we have developed and/or used in this thesis. The
application of each of these methods in specific problem are discussed in Part II of the
thesis.

3.1

Standard mean field theory

The idea of mean field approximation was put forward first by van der Waals in 1873 to
develop a liquid-gas equation of state. Later on, in 1907, Weiss applied the same concept to the problem of ferromagnetism. We refer to this approximation as standard mean
field theory (s-MFT). In its simplest form, s-MFT replaces a many-body problem with a
one-body problem interacting with an averaged field resulting from the interaction with
other particles in the system. In this process the fluctuations about the averaged field
are neglected and, as a result, s-MFT fails to adequately address the critical behaviour of
condensed matter systems close to a phase transition or to predict spin waves at low temperatures. Despite its quantitative drawbacks, in the study of condensed matter systems,
s-MFT is often the staring point to capture the basic physical properties of a system before
applying more intricate methods.
There are several ways of implementing s-MFT in condensed matter problems. In this
thesis we employ two of the simplest forms of the s-MFT in the context of insulating magnetic systems: direct space s-MFT and reciprocal space s-MFT. The former method results
in the configuration of the magnetic moments in the direct space at different temperatures
which in turn leads to a determination of the transition temperature. Direct space s-MFT
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is particularly useful in cases where the system goes through multiple phase transitions at
different temperatures. On the other hand, reciprocal space s-MFT provides a recipe to
directly evaluate the mean field transition temperature from the paramagnetic phase to the
ordered phase, Tc , the normal modes that become soft1 at T = Tc and their propagation
wave vector. However, this method is not suitable to detect multiple phase transitions at
low temperatures because it determines soft modes at Tc [56]. We employ both of these
methods to achieve better initial assessment of the problems we aim to solve. In what
follows we review the details corresponding to these two methods and consider, classical
3-component Heisenberg spins in the systems of interest.

3.1.1

Direct space s-MFT

We proceed to apply the s-MFT approximation to the spin models of interest presented in
Chapter 2, all of which can be written in the following general form:
H=

1 X X µ µν ν
S J S ,
2 i,j µν i ij j

(3.1)

where Greek labels represent Cartesian coordinates. Jijµν is an element of the matrix of
the bilinear spin-spin couplings defined through the Hamiltonians in Chapter 2. The mean
field approximation is defined as [1]:
(Siµ − mµi )(Sjν − mνj ) = 0,

(3.2)

mµi ≡ hSiµ i

(3.3)

where

and h· · · i represents a thermal average. Eq. (3.2) imposes the mean field condition which
is that fluctuations about the average value of Siµ , mµi , are ignored. We substitute Siµ Sjν
from Eq. (3.2) into Eq. (3.1) to obtain our s-MFT Hamiltonian [42]
HMF =
where

X
i,µ

hµi =


1
hµi Siµ − hµi mµi ,
2

X
j,ν

1

Jijµν mνj .

In other words, critical or massless
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(3.4)

(3.5)

HMF represents the Hamiltonian of a one-body system interacting with an average field
hi . We consider Si to be 3-component classical vectors in 3 dimensional space unless
mentioned otherwise. The Helmholtz free energy of this system is given by [57]
FMF = −

4π sinh(β|hi |) 
1 X X µ µν ν 1 X
mi Jij mj −
ln
2 ij µν
β i
β|hi |

(3.6)

where β = 1/kB T , kB is the Boltzmann constant and T is temperature. Upon minimizing
Eq. (3.6) with respect to hi , one obtains the direct space s-MFT self-consistent equation
[57]:
hi h
1 i
mi = −
coth(β|hi |) −
(3.7)
|hi |
β|hi |

The s-MFT extrema free-energy states of the system at temperature T can be found from
the states obtained by solving this equation. The global minimum will then be determined
among the extrema using Eq. (3.6).

3.1.2

Reciprocal space s-MFT

The propagation wave vector of the ordered state at T = Tc− and the s-MFT transition
temperature Tc can be determined by considering the Fourier transform of the s-MFT free
energy up to quadratic order2 . We focus on the pyrochlore lattice3 . The s-MFT free energy
up to quadratic order in {mµi } reads [24]
FMF = −

1 X X µ µν 3
1X
ln(4π) −
m (J + δij δµν )mνj + O(|mi |4 )
β i
2 ij µν i ij
β

(3.8)


where we used ln 4π sinh(β|hi |)/β|hi | ' ln(4π) + (β|hi |)2 /6 + O(|mi |4 ) and (β|hi |)2 '
9|mi |2 which comes from the Taylor expansion of Eq. (3.7) in powers of |hi |. δij and δµν
are Kronecker deltas. We define the following Fourier transforms [56]:
X
mµi =
mµa (q)eiq·ri
(3.9)
q

Because in the T . Tc temperature regime, |mi | and consequently |hi | are small.
In this thesis we focus on the pyrochlore lattice to obtain the Fourier transform of the s-MFT free
energy. The case of the FCC lattice can be easily obtained by following a similar procedure without facing
the complications that arise in the case of a non-Bravais lattice.
2

3
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and
Jijµν =

1 X µν
Jab (q)eiq·(rj −ri ) .
N q

(3.10)

ri ≡ Ri + r a where ri is a pyrochlore lattice position vector, Ri is an FCC lattice position vector and r a is a basis position vector, henceforth referred to as sublattices, with
a = 0, · · · 3. (For more details see Appendix A). N is the number of FCC lattice points.
Consequently, to quadratic order in {mµa }, the s-MFT free energy in reciprocal space reads
[24, 56]
3
1
1 XXX µ
1
FMF = − ln(4π) −
ma (q)(Jabµν (q) + δab δµν )mνb (q) + · · · ,
N
β
2 q ab µν
β

(3.11)

where · · · represents higher order terms in components of ma (q). Jabµν (q) is an element of
the 12 × 12 interaction matrix J (q). Since the pyrochlore lattice is a non-Bravais lattice,
J (q) is not diagonal. In order to find the soft modes as well as the s-MFT transition
temperature, we need to determine the nodes of the coefficient of the quadratic term in
free energy. To do so, we need to diagonalize J (q). The coefficient of the quartic term in
Eqs. (3.8, 3.11) should be assessed in order to determine the nature of the phase transition
i.e. first order transition versus continuous transition and to ensure the stability of the
ordered phase (i.e. having an ordered state with finite energy and finite |mi |). Based
on the symmetries of the pyrochlore lattice, the s-MFT free-energy can have isotropic
and anisotropic quartic terms. If the isotropic quartic term’s coefficient is negative, the
coefficient of the sixth order term and in some cases eighth order terms in free-energy need
to be evaluated to ensure stability of the ordered phase.
The minimum eigenvalue of J (q) over the first Brillouin zone, λmin (q0 ), determines the
normal modes that first become soft as temperature is decreased. The system enters the
ordered phase at Tc = −λmin (q0 )/3 [56] where q0 is the wave vector at which the minimum
eigenvalue of J (q) occurs4 . The eigenvector corresponding to λmin (q0 ) determines the
configuration of the ordered moments on a single tetrahedron which propagates throughout
the lattice with q0 wave vector. This is the final result of the reciprocal space s-MFT that
we are concerned with in this thesis.
4

The minus sign in the equation corresponding to Tc comes from the convention we chose in writing
the Hamiltonian in Eq. (3.1)

24

3.2

Monte Carlo methods

The s-MFT methods presented in Section 3.1 provide an initial semi-quantitative description of the system of interest. In this section we review a numerical method which enables
us to study the physics beyond s-MFT approximation. The Monte Carlo method refers to
a wide category of numerical algorithms that use statistical sampling to tackle problems
that are not exactly solvable. Monte Carlo simulations are applied widely in condensed
matter physics [58].
Among numerous numerical algorithms, in this thesis we employ the Metropolis-Hastings
and the heat bath algorithms to simulate spin systems on a lattice. The Metropolis-Hasting
algorithm provides an efficient method to simulate the system of interest and is applicable to any lattice symmetry [4]. On the other, the heat bath algorithm can provide us
with higher efficiency than metropolis algorithm, but is only applicable to certain lattice
symmetries [4]. We next review both of these methods.

3.2.1

Metropolis algorithm

In 1953, Nicholas Metropolis and collaborators in their paper titled ”Equation of State
Calculations by Fast Computing Machines”, proposed an algorithm known today as the
Metropolis algorithm [59] which was generalized by W. K. Hastings in 1971 [60]. To illustrate the implementation of the Metropolis algorithm, we consider a canonical ensemble
at temperature
. A microstate with energy Ek arises with probability wB ≡ e−Ek /kB T /Z
P T−E
where Z = k e k /kB T is the partition function and kB is the Boltzmann constant. The
goal of the Metropolis algorithm is to generate a Markov chain5 of sample values of a physical observable O with Boltzmann probability distribution as its equilibrium distribution.
The Markov chain is described by a transition matrix P which has to satisfy ergodicity
and detailed balance. Ergodicity ensures that every possible microstate of the system can
be reached by a finite number of elementary random moves from another microstate. The
detailed balance condition is given by
wi Pij = wj Pji

(3.12)

where wi and wj are the equilibrium probabilities of being in states i and j, respectively,
which in our case are the Boltzmann probabilities. Pij is the transition probability from
state i to state j. The process of generating the Markov chain in Metropolis algorithm can
be summarized in following steps
5

A sequence of random variables {Xi } where for a given Xn , Xn−1 and Xn+1 are independent.
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• Start with a random microstate i with energy Ei
• Make a random change in the microstate i to create microstate j with energy Ej
• Accept or reject the previous ”move” with the probability
Paccept = min(1, e−∆E/KB T )

(3.13)

where ∆E ≡ Ej − Ei . and min(a, b) represents the minimum of the set {a, b}.
These three steps are the core of a Monte Carlo simulation. Starting from a random
configuration, the above sequence of steps should be repeated several times in order to reach
an equilibrium distribution. As a result, one needs to run the simulation for sufficient time
before starting to measure physical observables. The sample values of observable O can be
measured when equilibration is reached. The average value of O is the arithmetic average of
sample values. We note that Metropolis algorithm implements importance-sampling in the
third step where random change is weighted and is chosen with Boltzmann probability. The
importance sampling increases the efficiency of the algorithm and promotes statistically
important microstates which might not be reached if random changes are sampled from a
uniform distribution.

3.2.2

Heat bath algorithm

In the Metropolis algorithm a proposed configuration update is accepted with probability
Paccept in Eq. (3.13). In order to increase the acceptance rate of the updates which
in turn increases the efficiency of the simulation and leads to a faster equilibration, the
configuration updates should be chosen in such a way that ∆E = Ej − Ei in Eq. (3.13) is
small. The heat bath method offers a more efficient way of local updates in which the new
configuration energy is exactly distributed according to a Boltzmann weight [4]. In this
case, all the update are accepted. In Chapter 7 of this thesis, we apply this method to the
case of isotropic Heisenberg spins on the FCC lattice interacting via magnetostatic longrange dipole-dipole interaction. The heat bath updates (i.e. the new spin orientations) for
isotropic Heisenberg spins can be calculated analytically. We consider the Hamiltonian of
the system in the following form [4]
H=

1X
hi · Si
2 i
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(3.14)

where hi is the local field with components defined as hµi ≡
the energy of the ith spin reads

P

j6=i,ν

Jijµν Sjν . In consequence,

Ei = hi · Si = hi cos(θi )

(3.15)

where hi is the magnitude of hi and θi is the polar angle between Si and hi . In the
heat bath algorithm, we aim to randomly update Si such that Ei in Eq. (3.15) has a
Boltzmann probability distribution. To do so, we consider Si in a spherical coordinate
system with the polar axis along hi . Ei is independent of the azimuthal angle φi in this
coordinate system. Consequently, we update the φi by randomly choosing an angle in the
interval [0, 2π) from a uniform distribution. The new polar angle θi must be chosen with
the following probability distribution p given by [61]
p(x) = R 1

e−βhi x

−1

e−βhi x dx

=

βhi
e−βhi x
sinh(βhi )

(3.16)

where β = 1/kB T and x = cos(θi ). To propose a random θi with probability distribution
p, one first needs to consider the cumulative distribution F associated with p given by:
Z x
p(x0 )dx0 .
(3.17)
F (x) =
−1

The next step is to obtain x, randomly using the following [61]:
x = F −1 (r) = −1 −

ln[1 − r(1 − exp(−2βhi ))]
βhi

(3.18)

where r ∈ [0, 1] is a random number and F −1 is the inverse of F 6 . As a result, the
x evaluated in Eq. (3.18) has the probability distribution p. The updated spin at site
i, Sinew , can be calculated from updated θi and φi which is expressed in the spherical
coordinate system with polar axis along hi . Since the Sinew , is expressed in the ”local”
coordinate system, in order to implement the new spin orientation in the system i.e. to
calculate hj where j 6= i and carry on the simulation, one needs to express Sinew in the
global coordinate system [4].
We note that if the Hamiltonian includes self-interaction term i.e. Jiiµν 6= 0, F can not be integrated
and inverted analytically. This is the case for long-range dipolar interaction in a system with periodic
boundary condition. However, in systems with cubic symmetries, the self-interaction term only contributes
a constant to the Hamiltonian which is independent of the spin configuration. Consequently, heat bath
method can be applied [4, 62]
6
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3.2.3

Parallel tempering method

The Metropolis and heat bath algorithms provide local updates in a Monte Carlo simulation. However, these updates might not be sufficient to reach equilibration in systems
with large energy barriers between different microstates. Consequently, the system can be
trapped in a local minimum of free-energy. The parallel tempering method, also known as
replica exchange method [63], offers a way to better equilibrate these systems by swapping
the configurations at different temperatures (the so-called thermal replicas). During a simulation, the system explores a larger volume of configuration space at high temperatures
compared to low temperatures. Exchanging the configurations at different temperatures
provides an opportunity for the system to travel between local free-energy minima at low
temperatures, which would be otherwise impossible since the energy barriers between those
local minima could not be overcome by local updates.
The configuration swap in the parallel tempering method should satisfy the detailed
balance condition. To demonstrate this point, we consider a system with N thermal replicas which form an extended ensemble X = {X1 , · · · , XN } at temperatures {T1 , · · · , TN },
respectively. The partition function of this ensemble can be written as
Z=

N
Y

Zn ,

(3.19)

n=1

where Zn is the partition function at T = Tn . The probability of a given configuration X
then reads:
N
Y
W (X) =
w(Xn , Tn )
(3.20)
n=1

where w(Xn , Tn ) = exp(−E(Xn )/kB Tn )/Zn and E(Xn ) is the energy of the replica Xn . A
proposed configuration swap between temperatures Tk and Tl should satisfy the detailed
balance condition given by:
Wkl Pkl→lk = Wlk Plk→kl .
(3.21)
Here, Wkl = W (X = {X1 , · · · , Xk , Xl , · · · , Xn }) and Pkl→lk represents the transition probability between X = {X1 , · · · , Xk , Xl , · · · , Xn } and X 0 = {X1 , · · · , Xl , Xk , · · · , Xn } where
replicas at temperatures Tk and Tl are being swapped. Accordingly, the swap will be
accepted by the following probability
Paccept = min(1, e−∆ )

(3.22)

where ∆ = (E(Xk )−E(Xl ))/kB Tk )+(E(Xl )−E(Xk ))/kB Tl ). For this swap to be accepted,
the configuration at T = Tl should be likely to happen at T = Tk and vice versa. In other
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words, there should be overlap between probability distributions at Tk and Tl . As a result,
for a given temperature range, it is more probable for a proposed swap to be accepted if
the number of thermal replicas are more.

3.3

Extended TAP method (E-TAP)

In Section 3.2, we reviewed a variety of numerical techniques known as the Monte Carlo
methods to capture the physics beyond the s-MFT approximation. In this section we
introduce an analytical method for the same purpose7 , in particular, to explore the physics
beyond the s-MFT at T = Tc− .
In 1977, Thouless, Anderson and Palmer (TAP) [66] proposed a method to study the
role of fluctuations in spin glasses. This method is equivalent to calculating the Onsager
reaction field [67]: a magnetic moment at a particular lattice site experiences a local field
due to its neighbours. At the s-MFT level, the presence of the spin at the site of interest
affects its local field indirectly, which is an artifact of s-MFT. The Onsager reaction field
introduces a term that cancels this unphysical effect [2]. The TAP approach provides a
systematic way to implement the Onsager reaction field correction [67].
In this thesis, we develop an extended version of the TAP method (E-TAP), a high temperature expansion, for Heisenberg-spin systems, first developed by Georges and Yedidia
[68] for Ising spin-glass and includes fluctuation corrections calculated by TAP and those
beyond in powers of β = 1/kB T . In the E-TAP method, nonzero on-site fluctuations i.e.
hSiα Siβ i 6= hSiα ihSiβ i [68], are taken into account via a high-temperature expansion (small
β) of the Gibbs free-energy:
X

1 
λi · (Si − mi ) ] .
(3.23)
G = − ln Tr[exp − βH +
β
i
Here, mi is the average magnetization at site i, mi ≡ hSi i and λi is a Lagrange multiplier which fixes mi to its mean-field value. The high temperature expansion introduces
7

An alternative well-known process totake into account fluctuations about standard mean-field theory
(s-MFT) solutionis Hubbard-Stratonovish transformation (HST) [64, 65] . In the context of magnetic
systems, this process introduces a set of auxiliary variables (molecular fields) to replace spin variables.
Then, fluctuations about the average molecular fields up to quadratic orderare consideredin the long-wave
length limit. These fluctuations introduce various infrared divergent corrections to the theory in d < 4
spatial dimensions [65]. The E-TAP method, on the other hand, takes into accountshort-range fluctuations
with longer range fluctuations taken into account through higher order terms in the β expansion. As a
result, the underlying assumption on the nature of the fluctuations in the HST and E-TAP method are
different.
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fluctuations about the s-MFT solution. Defining βG(β) ≡ G̃(β), the first two terms of the
expansion in powers of β, G̃(0)/β and G̃0 (0), are the entropy and energy at the s-MFT
level, respectively. The prime represents differentiation with respect to β. The higher order
terms in the β expansion of the Gibbs free-energy correspond to fluctuation corrections to
the s-MFT free-energy.
To proceed, we modify E-TAP procedure of Ref.[68] to study the case of 3-component
classical Heisenberg spins with anisotropic exchange interactions. We focus on a temperature regime close to the mean field critical temperature, T . TcMF . We consider the
Hamiltonian in Eq. (3.1). A Taylor series expansion of Eq. (5.9) in powers of β reads:
∂ G̃(β)
1
β
G̃(β) β=0 +
G(β) =
β
∂β β=0

1 ∂ 2 G̃(β)
2
+
β
·
·
·
,
2! ∂β 2 β=0

(3.24)

where G̃(β) = βG(β). We define,
U ≡

1 X µ µν ν
δSi Jij δSj
2 ij

(3.25)

where
δSjν ≡ Sjν − mνj ,

(3.26)

which represents spin fluctuations about the s-MFT solution. As shown in Ref. [68], the
derivatives of G̃(β) with respect to β can be evaluated in terms of expectation value of
powers of U that read:
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∂(βG(β))
∂β
2
∂ (βG(β))
∂β 2
∂ 3 (βG(β))
∂β 3
∂ 4 (βG(β))
∂β 4
∂ 5 (βG(β))
∂β 5
∂ 6 (βG(β))
∂β 6

= hHi,

(3.27a)

= −hU 2 i,

(3.27b)

= hU 3 i,

(3.27c)

= −hU 4 i + 3hU 2 i2 − 3hU 2 T2 i,

(3.27d)

= hU 5 i − 10hU 2 ihU 3 i − 3hU 2 T3 i + 7hU 3 T2 i + 6hU T22 i,

(3.27e)

= −hU 6 i + 15hU 4 ihU 2 i + 10hU 3 i2 − 30hU 2 i3 − 12hU 4 T2 i

(3.27f)

+10hU 3 T3 i − 3hU 2 T4 i − 27hU 2 T22 i + 18hU T2 T3 i
−6hU T3 ihU 2 i + 51hU 2 ihU 2 T2 i + 6hU 2 ihT22 i − 6hT23 i,
where
Tn =

X ∂ n λi
i

∂β n

· δSi .

(3.28)

The terms involving Tn include fluctuations of the local mean field. On the other hand,
the terms that involve U n , take into account the fluctuations of the magnetization mi
itself (see Eqs. (3.25, 3.26))8 . The h· · · i above denotes a thermal average. For a general
observable O, hOi is given by:

P
T r[O exp − βH + i λi · (Si − mi ) ]
 .
P
hOi =
(3.29)
T r[exp − βH + i λi · (Si − mi ) ]

The first two terms in Eq. (3.24) correspond to the s-MFT free-energy while the higher
order terms in β provide the corrections beyond s-MFT. Calculating the expectation value
of powers of U at β = 0, reduces to the evaluation of the mean field averages of the following
form:
hδSiα11 δSiα22 · · · δSiαnn iMF ,
(3.30)
where in represents the site label and αn represents a Cartesian coordinate. n is the number
of δS factors in Eq. (3.30). For simplicity, we henceforth drop the MF subscript in Eq.
8

This method can be generalized to include quantum mechanical effects. To do so, one needs to treat
the δSiµ as operators in deriving Eqs. (3.27).
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(3.30). For n = 1, the expectation value in Eq. (3.30) is zero due to the relation mi = hSi i.
For n ≥ 2, however, Eq. (3.30) is nonzero only if there is no site label which appears only
once. For example, averages of the following form have a nonzero contribution:
hδSiα1 δSiα2 δSjα3 δSjα4 δSjα5 i = hδSiα1 δSiα2 ihδSjα3 δSjα4 δSjα5 i

(3.31)

The expectation values above can be calculated using the self-consistent s-MFT equations for 3-component classical spins which are given by the Langevin function
1 i
λi h
mi = −
coth(|λi |) −
.
(3.32)
|λi |
|λi |
Consequently
hδSiα δSiβ i =

∂mαi
∂λβi

hδSiα δSiβ δSiγ i
and in general

≡ χαβ
i ,

(3.33)

∂χαβ
i
=
,
∂λγi

(3.34)
α

hδSiα1 δSiα2

· · · δSiαn i

∂hδSiα1 δSiα2 · · · δSi n−1 i
=
.
∂λαi n

(3.35)

Since we are interested in a temperature range close to Tc , Eq. (3.32) can be expanded
for small |λi |:
(|λi |)2 2(|λi |)4
λαi
[1 −
+
+ · · · ],
(3.36)
3
15
315
The expansions of Eqs. (3.33,3.34, 3.35) at T . Tc can be calculated by differentiating Eq.
(3.36) with respect to different components of the vector λi .
mαi = −

3.4

Spin wave theory

In this section, we briefly review the well-known spin wave theory which we use to explore
the physics beyond s-MFT at T = 0+ in Chapter 7.
Spin wave theory in its simplest form takes into account the harmonic quantum spin
fluctuations about a classical long-range ordered state. This allows one to explore the lowlying excited states of the system and, consequently, its low-temperature properties. In
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this thesis, we use spin wave theory to study the low-temperature properties of a system of
point dipole on a FCC lattice with ferromagnetic ordering. The case of more complicated
systems e.g. low-lying excitations of an antiferromagnetic ordering on a pyrochlore lattice
can be found in Ref. [69].
A system of point-dipoles on FCC lattice is expected to order ferromagnetically [36].
To calculate the dispersion relation of the low-lying excitation, we consider a classical
approach.
The time evolution of the spins can be written as:
dSi
= S i × Bi
dt
where

Biµ =

X
j,ν

Jijµν

Jijµν Sjν ,

(3.37)
(3.38)

where
is the long range dipolar interaction matrix element defined in Eq. (2.10) and
expressed in global coordinates. To proceed, we consider the polarization direction along
z-axis and we define:
Six = δix ,
Siy = δiy ,
Siz = 1 −


1 x 2
(δi ) + (δiy )2 .
2

(3.39a)
(3.39b)
(3.39c)

µ
˜µν =
δP
i with µ = x, y, characterizes transverse spin fluctuations. We then define Jij
µα αν
α R Jij where


− cos(θ) cos(φ) − cos(θ) sin(φ) sin(θ)
sin(φ)
− cos(φ)
0 .
R≡
(3.40)
sin(θ) cos(φ)
sin(θ) sin(φ) cos(θ)

J˜ijµν is the coupling matrix expressed in the coordinate system with polarization direction
defined by θ and φ, the polar and azimuthal angles of the ferromagnetic order, respectively.
We also define the following Fourier transforms:
1 XX α
δiα (t) = √
δ (k)ei(k·ri −ωt) ,
(3.41a)
N k ω
1 X µν
J˜ijµν =
J (q)eiq·(rj −ri ) ,
(3.41b)
N k
33

Substituting Eqs. (3.39, 3.41) in Eq. (3.37) and after some simple algebraic steps, we
obtain:

 x
  
−iω − SJ xy (k)
−SJ yy (k) + SJ zz (0)
δ (k)
0
=
(3.42)
SJ xx (k) − SJ zz (0)
−iω + SJ xy (k)
δ y (k)
0
where we kept only terms to the lowest order in δ µ (k). To obtain the dispersion relation
of the transverse fluctuation, ω(k), the roots of the determinant of the 2 × 2 matrix in Eq.
(3.42) should be calculated which yields to

2 
2


ω 2 (k)
xy
zz
zz
xx
yy
= − J (k) + J (0) − J (0) J (k) + J (k) + J xx (k)J yy (k). (3.43)
2
S
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Part II
Results
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The following contents of Part II of the thesis is the outcome of works with several
collaborators which follows as:
Chapter 4: The contents of this chapter has been submitted to Physical Review Letters and is available on arXiv:1310.5146 under the title: ”Fluctuation-Driven Selection
at Criticality in a Frustrated Magnetic System: the Case of Multiple-k Partial Order on
the Pyrochlore Lattice”. The coauthors of the paper are Zhihao Hao, Matthew Enjalran and Michel Gingras. The author of this thesis is responsible for the following in this
work: s-MFT calculations, E-TAP calculations, Monte Carlo simulations and part of the
Ginzburg-Landau symmetry analysis as well as the entire first draft of the paper.
Chapter 5: The contents of this chapter will appear in a paper that is in preparation
at the moment. The collaborators of this work are: Alexandre G. R. Day, Zhihao Hao and
Michel Gingras. The author of this thesis is responsible for the Ginzburg-Landau analysis
and the E-TAP calculations. The diagrammatic method was developed by the author of
this thesis. The code for calculating the diagram counts mentioned in Appendix E was
written by Alexandre G. R. Day.
Chapter 6: The contents of this chapter will appear in a paper that is in preparation
at the moment. The collaborators of this work are: Pawel Stasiak and Michel Gingras.The
author of this thesis is responsible for performing the Monte Carlo simulations and data
analysis. Part of the Monte Carlo results in this chapter has also appeared in the following
publication: J. Oitmaa, R. R. P. Singh, B. Javanparast, A. G. R. Day, B. V. Bagheri,
and M. J. P. Gingras. Phase transition and thermal order-by-disorder in the pyrochlore
antiferromagnet Er2 Ti2 O7 : A high-temperature series expansion study. Phys. Rev. B,
88, 220404, 2013.
Chapter 7: The contents of this chapter will appear in a paper that is in preparation
at the moment. The collaborators of this work are: Zhihao Hao, Michel Gingras and
Byron Southern from University of Manitoba. The author of the thesis is responsible for
the following calculations: s-MFT and E-TAP calculations, Monte Carlo simulations and
Ginzburg-Landau analysis.
The Monte Carlo code used in all of the above works, was primarily written by Pawel
Stasiak. The code was then modified and optimized by the author of the thesis to meet
the requirements of each problem.
The author of this thesis also coauthored the following publication: Spin Ice: Magnetic
Excitations without Monopole Signatures Using Muon Spin Rotation, Phys. Rev. Lett.
107, 207207 (2011) where the author contributed in calculating muon’s landing position
in the Dy2 Ti2 O7 spin ice material. The contributions of the author are not presented in
this thesis due their different subject matter from the main theme of this thesis
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Chapter 4
Thermal Selection of Multi-k Partial
Order on Pyrochlore Lattice
In this chapter, we explore the ObD phenomenon at T = Tc− in a 4-vector model with
an emergent O(4) symmetry at the s-MFT level. Study of this model is motivated by the
experimentally reported ordered phase of the rare-earth pyrochlore oxide Gd2 Ti2 O7 at T .
Tc = 1 K, where Tc is the transition temperature from the paramagnetic phase to a partially
ordered state (POS). A POS possesses periodically distributed disordered (paramagnetic)
sites on the pyrochlore lattice. The periodicity of POS phases is characterized by one
or more wave vectors k = { 12 12 21 }. We demonstrate that thermal fluctuations ignored in
s-MFT are responsible for the selection of one particular partially ordered phase, e.g. the
“4-k” phase over the “1-k” phase. We suggest that the transition into the 4-k phase is
continuous with its critical properties controlled by the cubic fixed point of a GinzburgLandau theory with a 4-component vector order-parameter. By combining the E-TAP
method with parallel-tempering Monte-Carlo simulations, we establish the phase diagram
for different types of partially ordered phases. Our results contribute to elucidate the longstanding puzzle concerning the origin of the 4-k partially ordered phase observed in the
Gd2 Ti2 O7 below its paramagnetic phase transition temperature.

4.1

Introduction

For reasons mentioned in Chapter 1, highly frustrated magnetism is one of the paradigms
of modern condensed matter physics [18]. In frustrated magnets, the combination of lattice geometry and competing interactions often leads to degenerate classical states. The
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Figure 4.1: The yellow (arrowless) sites are disordered (paramagnetic). a) a 1-k state
with k along [111]. The spins on the (blue) ordered sites form a 120◦ pattern on a triangle
that does not share a corner with a disordered site. These ordered sites form a kagome
plane (blue-shaded plane) perpendicular to the [111] direction. b) 4-k state arising from
the superposition of four 1-k states.

degeneracies are generally accidental as they are not protected by the symmetries of the
spin Hamiltonian. Yet, the degenerate states may be related by transformations that
form an emergent symmetry group. Near a continuous phase transition, these approximate symmetries provide “organizing principles” in determining the critical properties by
distinguishing relevant perturbations from irrelevant ones. In the most interesting case,
the leading degeneracy-lifting perturbations, which may be relevant or irrelevant in the
renormalization group sense, are thermal or quantum fluctuations – a phenomenon called
order-by-disorder (ObD) [22, 25, 26, 27]. The competition among diverse degeneracy-lifting
effects can result in a modulated long-range ordered state at nonzero wave vector k, which
may or may not be commensurate with the lattice [24, 70, 71, 72, 73, 74, 75]. In some
cases, a number of superposed symmetry-related k modes within the first Brillouin zone
form a so-called multiple-k order [70, 71, 76, 77]. A particular interesting form of such
modulated magnetism is a partially ordered state (POS) with periodically arranged “paramagnetic” sites [78, 79, 80, 81]. These fluctuating magnetic moments decimate a fraction
of the energy-costly frustrated bonds while retaining an extensive entropy, hence lowering
the free-energy.
In this Chapter, we study the convergence of the aforementioned phenomena (emergent
symmetry, multiple-k POS and fluctuation-induced degeneracy-lifting) in an extensively
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1

studied class of frustrated magnetic materials, the insulating R2 M2 O7 pyrochlore oxides
[11]. The competition between four types of nearest-neighbour anisotropic interactions
mentioned in Chapter 2, and the nature of the single-ion magnetic anisotropy are largely
responsible for the wealth of phenomena displayed by the R2 M2 O7 materials [11]. We focus
on a general description for the perplexing yet rich physics of multi-k partial magnetic
ordering in pyrochlore oxides and not on any material-specific issues.
A multi-k POS (see Fig. 4.1b) is believed to exist in Gd2 Ti2 O7 [19] for temperature
0.7 K . T . Tc ∼ 1 K in which the POS is a superposition of spin density waves with
wave vectors k = { 21 12 21 } [19, 57, 82, 83, 84, 85, 86]. While this compound has been the
subject of a number of investigations [19, 83, 84, 87, 88, 89, 90, 91, 92, 93, 94, 95, 96],
mechanism responsible for the selection of 4-k order had not yet been identified before
the work in this thesis. Further, after fifteen years of research on the Tb2 Ti2 O7 spin
liquid candidate [97], evidence has recently begun accumulating that short-range magnetic
correlations develop below T ∼ 0.4 K in the form of broad elastic neutron intensities at
k = { 12 12 21 } [47, 98, 99, 100, 101]. To the best of our knowledge, no theory has yet explained
the origin of these correlations in Tb2 Ti2 O7 . As Gd2 Ti2 O7 and Tb2 Ti2 O7 constitute two
out of the six magnetic R2 Ti2 O7 pyrochlore compounds that exist (R=Gd, Tb, Dy, Ho,
Er and Yb) [11], it may be that k = ( 12 12 12 ) order is not unusual among the plethora of
R2 M2 O7 materials.
The rest of this chapter is organized as follows. In Section 4.2, we introduce the model
Hamiltonian and identify an extensive range of exchange parameters able to support k =
( 12 21 12 ) partial order through a standard mean-field theory (s-MFT) study. The s-MFT freeenergy displays, up to quartic order in the order parameters, an emergent O(4) symmetry.
The transition into the POS is thus described by the Ginzburg-Landau free-energy, FGL ,
of an n-component vector model (n = 4) [64, 102]. The most relevant perturbation is
a “cubic anisotropy” which breaks the O(4) symmetry. We thus identify the physical
origin of this cubic anisotropy as thermal fluctuations beyond s-MFT. The O(4) symmetrybreaking and selection of either 1-k or 4-k order in this model is an example of thermal
ObD. We stress, however, that our problem conceptually departs significantly from the
more common cases of ObD where “small” thermal or quantum fluctuations are typically
considered. This is valid for temperatures much lower than the critical temperature where
the harmonic approximation is often justified. For example, in Gd2 Ti2 O7 , where another
transition occurs at T ∼ 0.7 K < Tc [87, 92, 93, 95, 96] (see Fig. 4.2), the low temperature
(T = 0+ ) fluctuations have no bearing on the state-selection at the critical temperature, Tc ,
to the paramagnetic phase. Consequently, a direct approach to the selection mechanism
at T = Tc− is necessary, which we pursue here.
Given the above considerations on the effect of fluctuations in generating the cubic
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Figure 4.2: Reproduced from Ref. [88]. Specific heat of Gd2 Ti2 O7 divided by temperature
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anisotropy, in Section 4.3, we obtain the phase diagram of 1-k and 4-k orders using ETAP. In Section 4.4, we use Monte Carlo simulations to confirm the E-TAP predictions that
1-k and 4-k POSs are selected in different portions of the phase diagram. As a corollary
of this work, we suggest that the phase transition at Tc ∼ 1 K in Gd2 Ti2 O7 belongs to the
above n = 4 cubic universality class.

4.2

Model and s-MFT treatment

We consider the general Hamiltonian, H = Hnn + Hdip + H2 + H3 , for classical spins, Si ,
on the pyrochlore lattice:
X
Hnn ≡
[J Si · Sj + JDM dˆij · (Si × Sj ) +
hi,ji

(αβ)

JIsing (Si · ẑi )(Sj · ẑj ) + Jpd Siα Λij Sjβ ].
X
(αβ)
Hdip = Jdip
Siα Λij Sjβ .

H2 ≡

X

hhijii

i>j

J2 Si · Sj , H3 ≡

X

hhhijiii

J3 Si · Sj .

(4.1a)
(4.1b)
(4.1c)

The details regarding each of the interactions in Hnn are presented in Chapter 2. Hdip is
the long-range magnetostatic dipole-dipole interaction. H2 and H3 are second and third
n.n. exchange interactions, respectively. We note that spin Si becomes a pseudo-spin
describing the lowest energy doublet of the crystal electric field (CEF) if this interaction
dominates others. In the case of Gd2 Ti2 O7 , the CEF interaction is small (B20 = 75 mK
is the dominant term in Eq. (2.2) of Chapter 2) compared with the phase transition
temperatures (0.7 K and 1K) [48]. We thus ignore CEF terms in Eq. (5.1). A discussion
of the effect of CEF is presented in the Appendix B.3.
We begin by studying Hnn using s-MFT [24, 56, 57]. For a large region of parameter
space, a degenerate line of modes with momenta {hhh} first becomes critical at Tc (see
Fig. 4.3 for an illustration) [57, 82, 83, 85]. s-MFT calculations show that Hdip lifts the
degeneracy by weakly selecting soft modes at the four L ≡ { 12 12 12 } points within the first
Brillouin zone, which we label ka (a = 0, 1, 2, 3) [57, 82]. Other perturbations to Hnn , such
as H2 and H3 , can have similar effects [57, 82, 85, 86]. Here, we focus on Hdip since it
is often of prominence in rare-earth pyrochlore oxides [11]. In particular, we choose, for
concreteness, the Gd2 Ti2 O7 value Jdip /J ∼ 0.18 [83] as an example. For completeness, and
of possible relevance to magnetic pyrochlores with ions having a small magnetic moment,
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symmetry. (see Appendix B.4 for details) However, the O(4) symmetry is spoiled at higher
order in {ψa }, no selection of 1-k (which has only one ψa 6= 0) vs 4-k (which has four ψa
with the same nonzero amplitude) occurs at any order. The proof is presented in Appendix
B.2. The observation of an emergent O(4) symmetry at quartic order in s-MFT helps us to
recognize that an underlying effective “cubic anisotropy” in the {ψa } is the most relevant
symmetry-allowed perturbation. We therefore proceed to write the Ginzburg-Landau freeenergy, FGL ({ψa }), of the system constructed in terms of the four order parameters ψa
(a = 0, 1, 2, 3). Each 1-k order is a spin-density wave and ψa is the amplitude of the wave.
The four order parameters ψa form the components of a four-dimensional vector which
fully describes the long-range order at the four { 21 12 21 } momenta.

To construct the Ginzburg-Landau free-energy, we study how ψa transforms under the
space group symmetry of the pyrochlore lattice. Based on the direct space spin configurations illustrated in Fig. 4.1, we obtain how ψa transforms. Under threefold rotations
about the local [111] direction of, say, the 0th sublattice (see Eq. (A.1)), three of ψa ’s are
permuted: ψ1 → ψ2 , ψ2 → ψ3 and ψ3 → ψ1 . Under a primitive FCC lattice translation,
r → r + x̂/2 + ŷ/2 for example, two ψa ’s, in this case ψ0 and ψ3 , reverse sign. All ψa ’s
reverse sign under time-reversal transformation. Lastly, the point inversion about a site
on the a sublattice flips the sign of ψa while leaving the other three order parameters
intact. Since the symmetry operation is responsible for the elimination of a term of the
form ψ0 ψ1 ψ2 ψ3 in free-energy invoked in Ref.[85], we demonstrate its consequence in detail here. Considering the 1-k structure with momentum k0 , the point inversion about a
site on sublattice 0 exchanges the spin configurations on adjacent kagome layers, which
have opposite directions. As a result, ψ0 → −ψ0 . On the other hand, the point inversion
about a site on any other sublattice than 0 leaves the 1-k structure of k0 intact. In other
words, such a transformation leaves ψ0 unchanged. Similar arguments can be made for ka
with a = 1, 2, 3. Consequently, ψ0 ψ1 ψ2 ψ3 is odd under point inversion symmetry and not
allowed in FGL .
We now construct the Ginzburg-Landau
free-energy to quartic order. At the quadratic
P3
2
order, the only invariant term is a=0 ψa . At quartic order, there are two terms that are

P3
P
2 2
invariant under the above symmetry transformations:
ψ
and 3a=0 ψa4 . We thus
a=0 a
write down the Ginzburg-Landau free-energy:
FGL

3
3
X
1 X 2
ψa2
ψ +u
= r
2 a=0 a
a=0
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!2

+v

3
X
a=0

ψa4 .

(4.3)

In what follows, we make use of the following quantities:
ψ ≡ (ψ0 , ψ1 , ψ2 , ψ3 ),
v
u 3
uX
ψ2,
|ψ| = t
a

(4.4a)
(4.4b)

a=0

ψ̂ ≡

ψ
.
|ψ|

(4.4c)

Here, ψ is the 4-component vector order parameter and |ψ| is its magnitude. ψ̂ is a 4component unit vector parallel to ψ which is convenient to parametrize the behaviour of
the system below the critical temperature, Tc , in the Monte Carlo simulations discussed in
Section 4.4 below.
Eq. (4.3) is the celebrated n-vector model (n = 4) with cubic anisotropy [64] with
r = a0 (T − Tc ) and a0 > 0. This model, a cornerstone of the theory of critical phenomena
[64, 102], has been extensively investigated with numerous methods [103, 104, 105, 106].
In 3D, for n > nc ≈ 2.89 and u > 0 [106], the model undergoes a second-order transition
into a phase where all ψa have the same amplitude if v > 0 [64]. The universality class is
controlled by the cubic fixed point [64] with distinct critical exponents from those of the
isotropic O(n) fixed point [102, 106]. We note that the continuous nature of the phase
transition depends on the condition u > 0 1 [107]. For u > 0, v < 0, the phase transition
is a fluctuation-induced first-order transition to a state with only one nonzero ψa [64].
Therefore, we conclude that for v > 0 the magnetic order is defined by a superposition
of four ka spin states (4-k state) while for v < 0 the order is defined by a single ka
spin structure (1-k state). Both states are POSs since the spins on 1/4 of the sites remain
disordered (see Fig. 4.1). As stated above, s-MFT predicts that 1-k and 4-k have the same
FGL (i.e. v = 0). We thus identify thermal fluctuations as the microscopic mechanism for
generating v 6= 0 which then leads to a selection of 1-k vs 4-k. To expose how fluctuations
may lead at the microscopic level to a selection directly at Tc , we devise and then use an
E-TAP method [68, 66, 108].
1

If u < 0, the transition is first order and terms to sixth order (or higher) should be included in the
Ginzburg-Landau free-energy to ensure stability of the ordered phase i.e. to ensure a minimum free-energy
state with finite |ψ|. [107]
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4.3

Extended TAP method

In this section, we devise the E-TAP method in the form of a series originating from
6 hSiα ihSiβ i [68, 108]. The third term in the
nonzero on-site fluctuations, e.g. hSiα Siβ i =
series, presented in Eq. (3.24), Ω ≡ G̃00 (0)β/2, is the first correction beyond s-MFT,
arising from fluctuations [68] and reads as:
Ω=−

β X X αγ βδ αβ γδ
J J χ χ .
4 i,j αβγδ ij ij i j

(4.5)

β
αβ
α
α β
Here, χαβ
i = hSi Si i − hSi ihSi i is the on-site susceptibility. To calculate χi in Eq. (4.5),
we differentiate Eq. (3.36) with respect to λαi . This gives:

χαβ
= −
i

δαβ
|λi |2
2 λαi λβi
(1 −
)+
+ ··· ,
3
15
25 3

(4.6)

where · · · means higher order terms.

According to the general discussion pertaining to the Ginzburg-Landau theory presented above, we are foremost interested in the quartic terms in |λi | and λαi . As we
explained below, these are the ones that lead to a selection between 1-k and 4-k states on
which we henceforth focus. We substitute Eq. (4.6) for χαβ
and χγδ
i
j in Eq. (4.5). The
following subset of terms are found to be potentially able to differentiate between 1-k and
4-k states at the quartic order:
X γδ
1 X
2
2
|λ
|
|λ
|
(Jij )2 ,
i
j
2
4(45) ij
γδ

Ω1 = −β
Ω2 = −β
Ω3 = −β

1 X X αγ αδ
Jij Jij |λi |2 λγj λδj ,
2
(45) ij αγδ

1 X X αβ γδ α γ β δ
J J λ λ λ λ.
(45)2 ij αβγδ ij ij i i j j

(4.7)
(4.8)
(4.9)

To calculate these terms, we wrote a computer program which directly calculates the
sums by calculating λi for 1-k and 4-k. The Jijµν couplings are explicitly known through
the Hamiltonian of Eq. (4.1) and the Ewald summation method is used to compute the
contribution from the long-range dipolar interaction (Eq. (4.1c)). The reason these terms
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can distinguish between 1-k and 4-k is because they can not be reduced to onsite terms,
an effect that happens with the lower order terms in the expansion with respect to β, i.e.,
the first two terms in Eq. (3.24), which constitute the s-MFT free-energy.
Since χαβ
i is quadratic in {ψa }, Ω in Eq. (4.5) is therefore of quartic order in {ψa }. The
first order E-TAP correction, Ω, can thus, in principle, generate a finite cubic anisotropy
term in F and select 1-k or 4-k depending on the bilinear spin-spin interaction matrix Jijαβ
P
defined through H ≡ (i>j);α,β Jijαβ Siα Sjβ in Eq. (5.1).

We calculate Ω for the region in parameter space with ( 21 21 12 ) ordering (the dark-shaded
1-k/4-k wedge in Fig. 4.4). Specifically, we compute δΩ ≡ Ω1k − Ω4k . δΩ < 0 indicates a
1-k selection and conversely for δΩ > 0, with the Ω contribution splitting the wedge into
1-k and 4-k sectors. In particular, for a dipolar Heisenberg model with JIsing = JDM =
Jpd = 0, relevant to Gd2 Ti2 O7 [83], E-TAP calculations predict a 4-k state selection at Tc ,
as reported in this compound [19].

4.4

Monte Carlo simulations

We performed Monte Carlo simulations of three-component classical spins on the pyrochlore
lattice to check the E-TAP predictions of the 1-k versus 4-k selection mechanism in the
Hamiltonian of Eq. (4.1). We used the parallel tempering[63] method to assist with thermal
equilibration. The simulations were performed for three system sizes L = 4, 6, 8 where the
system is composed of L3 conventional cubic unit cells and each cell contains 16 lattice
sites (pyrochlore structure). Even system sizes L are required for the simulation cell to be
commensurate with ( 21 12 12 ) spin density wave order. To account for the long-range dipolar
interaction, we employed the Ewald summation method [56, 109]. For each temperature
considered, about 108 spin flips per spin were attempted while maintaining an average
acceptance of approximately 50%2 .
We pick, somewhat arbitrarily, two sets of interaction parameters corresponding to
the 1-k and 4-k regions in Fig. 4.4. One set is the simplest model for a spin-only 8 S7/2
(L = 0, S = 7/2, J = L + S) state for Gd3+ in Gd2 Ti2 O7 , with Jdip /J = 0.18 [83],
JIsing = JDM = Jpd = 0. We include, as in a previous Monte Carlo work [85], weak
ferromagnetic second nearest neighbours interaction (e.g. −0.02J . J2 < 0) to stabilize a
temperature range wide enough to numerically resolve ( 21 12 12 ) order (see [85] and Appendix
C). In our simualtions, we measure |ψ|2 defined in Eq. (4.4c).
2

In parallel tempering process, a replica swap attempted after about 103 spin flip attempts per single

spin
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Figure 4.4: Ordering wave vectors at T = Tc obtained from s-MFT with Jdip = 0.18. The
combined area denoted 1-k and 4-k displays ( 21 21 12 ) order but 1-k and 4-k are degenerate
at the s-MFT level. The first order E-TAP correction Eq. (4.5) applied in this regime
selects either 1-k or 4-k. The k = 0 region encompass all states for which all sites are fully
ordered and each primitive 4-site tetrahedron basis has the same local spin order. The
dashed (0.15) and dotted (-0.15) contours mark the boundaries for the corresponding Jpd
values.
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In addition to the magnitude of ψ, we need to identify the orientation of ψ at T <
Tc through two additional order parameters, dik (i = 1, 4) defined below, in order to
distinguish between the 1-k and 4-k states. To do so, we consider the 4-dimensional (4D)
Euclidian space spanned by the four 1-k states. In this 4D space, on the surface of a fourdimensional unit hyper-sphere, there are eight “1-k points” corresponding to 1-k states
(4 of them are defined in Table B.1 and 4 are the time-reversed of those), which can be
represented as:
p̂1k = (±1, 0, 0, 0) , (0, ±1, 0, 0) , (0, 0, ±1, 0) , (0, 0, 0, ±1) .

(4.10)

These points reside on the 4 axes of this 4D space.
Since the 4-k states are linear combinations of the 1-k states with coefficients ψ̂a = ± 21
(see Appendix B.1, Eq.(B.2)), there are sixteen points corresponding to them


1 1 1 1
{p̂4k } = ± , ± , ± , ±
.
(4.11)
2 2 2 2
In the simulation, we measured ψa defined in the Eq. (4.2):
ψa (τ ) =

1 X
Si (τ ) · êka (ri ),
N i

(4.12)

where ψa (τ ) corresponds to the value of ψa at the Monte Carlo step τ and a = 0, · · · , 3.
êka (ri ) is given by Eq. (B.1). Consequently, the order parameter corresponding to { 21 12 12 }
ordering wave vectors, can be represented in the 4D space as:
2

|ψ(τ )| =

3
X

ψa (τ )2 τ .

(4.13)

a=0

where h· · · iτ represents a Monte Carlo average. Since we foremost care about the orientation of this vector in the 4D space which signals whether the 1-k or 4-k state is selected,
once |ψ(τ )| acquires a finite value at T < Tc , we define:
1
ψ̂(τ ) = qP
3

(ψ0 (τ ), ψ1 (τ ), ψ2 (τ ), ψ3 (τ )).

(4.14)

2
a=0 ψa

from which we define:

d˜1k/4k (τ ) ≡ |ψ̂(τ ) − p̂1k/4k |,
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(4.15)

At a particular temperature, at each τ instance, eight and sixteen values are obtained for
d˜1k (τ ) and d˜4k (τ ), respectively. The minimum value among those eight/sixteen determines
min
dmin
1k (τ ) and d4k (τ ). We then define d1k/4k at temperature T as
d1k/4k = dmin
1k/4k (τ ) τ ,

(4.16)

which we refer to as the distance parameter at the temperature considered. The results for
|ψ|2 and d1k/4k are presented in Fig. 4.5. By construct, the thermal average of d1k (d4k ) is
expected to decrease if the system enters a 1-k (4-k) state for T < Tc .
The results for two sets of interaction parameters in the 1-k and 4-k regions of Fig.
4.4 are shown in the left and right columns of Fig. 4.5, respectively. The growth of |ψ|2
at Tc /J ∼ 5.5 and Tc /J ∼ 0.15 shows that the system orders with k = ( 21 21 12 ). In the left
column, the 1-k state is selected at Tc , as indicated by a minimum for d1k and a maximum
for d4k . The system orders in a 4-k state in the right column. The separation of d1k
and d4k for both cases in Fig. 4.5 accentuates as the linear dimension L of the system
increases, indicating that the selection of either 1-k or 4-k survives in the thermodynamics
limit. These results are consistent with the predictions from the E-TAP calculations at Tc .
Unfortunately, the large computational resources required for simulations with long-range
dipolar interactions prevent us from investigating the order of the phase transitions in Fig.
4.5.
The kinks in |ψ|2 and merging of d1k and d4k indicate the system enters into a distinct
phase at T /J . 4 p
and T /J . 0.1 in the left and right columns of Fig. 4.5. Since in a 2-k
√
state d1k ≡ d4k = 2 − 2 ' 0.765, the results for dik suggest that the low-temperature
region may be a 2-k state. To demonstrate this, consider the four-dimensional unit vector
(1)
ψ̂. The 4-k state corresponds to ψ̂ (4) = (1/2, 1/2, 1/2, 1/2) while the 1-k
√ has ψ̂ =
√ state
(1, 0, 0, 0). Itpis straightforward algebra to show the 2-k state, ψ̂ = (1/ 2, 1/ 2, 0, 0) has
√
d1k = d4k = 2 − 2. We also measured d2k in our Monte Carlo simulations for the two
sets of parameters chosen above. The results are shown in Fig. 4.6. Upon lowering the
temperature below 4.0J (0.1J) for the point in 1-k (4-k) region of Fig. 4.4 , d2k decreases.
This effect is enhanced in larger system sizes indicating the lower temperature phase of the
models corresponding to these two sets of parameters is indeed a 2-k state. This result is
not in agreement with the low temperature phase of Gd2 Ti2 O7 reported in Ref. [19] (see
Fig. 4.73 .
We note that the latest single-crystal neutron diffraction results [110] indicate that
the low-temperature state (T < 0.7 K) of Gd2 Ti2 O7 may not be the previously suggested
3

Where a modified version of 4-k state is reported, in which the 1/4 of disordered spins in Fig. 4.1b
start ordering, without fully saturating as the system approaches zero temperature, while the ordered ones
start canting with respect to their initial direction.
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Figure 4.5: Monte Carlo simulations results. Top row: growth of |ψ|2 . Bottom row:
value of dik as a function of T /J. Left column: Jpd = 0, Jdip /J = 0.18, J2 /J = −1,
JIsing /J = 10, JDM /J = 10 (direct DM) and J3 /J = 1 (a point in 1-k region). Right
column: Jpd = JDM = JIsing = 0, Jdip /J = 0.18 and J2 /J = −0.02 (a point in 4-k region).
Note: The dik are nonzero in the paramagnetic phase because their value is equal to the
average distance of a random point on a 4-dimensional hypersphere from the 1-k and 4-k
points. We note that separation of d1k and d4k for both cases accentuates as the linear
dimension L of the system increases, indicating that the selection of either 1-k or 4-k
survives in the thermodynamics limit.
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Figure 4.6: Monte Carlo simulations results. Circles show growth of |ψ|. and crosses
value of d2k as a function of T /J. Left panel: Jpd = 0, Jdip /J = 0.18, J2 /J = −1,
JIsing /J = 10, JDM /J = 10 (direct DM) and J3 /J = 1 (a point in 1-k region). Right
panel: Jpd = JDM = JIsing = 0, Jdip /J = 0.18 and J2 /J = −0.02 (a point in 4-k region).
modified 4-k structure [19]. Whether the 2-k state obtained in our simulation, is the low
temperature phase of Gd2 Ti2 O7 , awaits further experimental efforts and more in-depth
numerical investigations.

4.5

Discussion

Having considered a general symmetry-allowed anisotropic Hamiltonian, we found that
k = ( 21 21 12 ) partial order can occur over a wide range of anisotropic bilinear and long-range
dipolar interactions in pyrochlore magnets. We argued that fluctuations beyond s-MFT are
responsible for the stabilization of a 1-k or 4-k partially ordered structure. This conclusion
is based on results from E-TAP calculations where on-site fluctuations are included. We
used Monte Carlo simulations to illustrate that different values of the magnetic exchange
interactions can, as anticipated on the basis of the E-TAP calculations, lead to either 1-k
or 4-k order.
From our work, we have exposed a likely mechanism for the establishment of 4-k order
in Gd2 Ti2 O7 below its paramagnetic transition [19]. Further quantitative progress on
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ochlores [13] and arises from the dominant near neighbour spin correlation.
ert the peak wavevector Q max with the relation Rnn = 4.5/Q max (from
) where Rnn is the near-neighbour distance of the disordered spins. In
4

this problem will require a better estimate of the couplings of Eq. (4.1) correponding
to the material [21, 41, 44]. From this work we conclude that the transition from the
paramagnetic state to the 4-k phase should be second order and belong to the 3D n = 4
cubic universality class, according to the Ginzburg-Landau analysis presented in Section
4.2 which indicates the 4-k state arises only in the u, v > 0 regime of the 4-vector model.
Experimental evidence [93] suggests that this transition is second order in Gd2 Ti2 O7 [11].
Determining the critical exponents for this system could confirm our prediction but will
be a challenge, given that the exponents for the 3D n = 4 cubic and 3D Ising, XY and
Heisenberg universality classes are proximate to one another [102, 106].
In the next chapter, we discuss the problem of the ObD selection at T = Tc− in another
region of the parameter space of the Hamiltonian of Eq. (4.1) where U (1) symmetry
emerges at the s-MFT level. The U (1) symmetry is broken by a hexagonal anisotropy
introduced in the free-energy via thermal fluctuations that arise beyond s-MFT.
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Chapter 5
Emergent U (1) Symmetry Breaking
by Thermal Fluctuations − a method
exploration
Moving along the path we embarked on in Chapter 4 to explore the ObD phenomenon
at T = Tc− , in this chapter, we investigate this phenomenon in a system of 3D XY spins
on the pyrochlore lattice interacting via a bilinear anisotropic spin Hamiltonian. At the
standard mean field theory (s-MFT) level, in a certain region of the parameter space
of this Hamiltonian that we shall refer to as Γ5 region for shorthand, the ordered state
possesses an accidental U (1) degeneracy. We show that fluctuations beyond s-MFT lift
this degeneracy, exposing a certain form of ObD and selecting either the ψ2 or the ψ3
states from the degenerate manifold (see Fig. 5.1 for definitions of these states). Similar
to our approach in Chapter 4, we analytically explore this selection at the microscopic
level and close to criticality, T = Tc− , by elaborating upon and using the E-TAP method.
We obtain the phase diagram resulting from the ObD selection. Interestingly, the E-TAP
method predicts a weak fluctuation-induced magnetic moment in the z direction of the
local h111i coordinate system when ObD selects the ψ2 state. This induced z moment has
heretofore been missed by previous theoretical studies of XY pyrochlore magnets.

5.1

Introduction

Recently, several studies [20, 21, 30, 31, 32] have put forward compelling arguments for
ObD being responsible for the experimentally observed long-range order in the rare-earth
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pyrochlore oxide Er2 Ti2 O7 . The key observation in those works is that the degenerate
classical ground states are related by operations of an emergent U (1) symmetry [21]. This
set of classically degenerate states form the so-called Γ5 manifold [111]. For a range of interaction parameters of the most general symmetry allowed bilinear spin-spin Hamiltonian
on the pyrochlore lattice (mg-Hamiltonian), the emergent U (1) degeneracy is exact at the
s-MFT level as long as the cubic symmetry of the material remains intact. We henceforth
refer to this region of the parameter space as the Γ5 region. Based on the robustness of the
U (1) symmetry, Ref. [21] argued that essentially only fluctuations can lift the degeneracy
in Er2 Ti2 O7 .1 In this compound, a particular long-range ordered state, the ψ2 state (see
Fig. (5.1)) [111, 112, 113, 114, 115], is selected. In continuation of previous studies and
considering the mg-Hamiltonian, Wong et al. and Yan et al. further studied the effect
of fluctuations and established a general phase diagram for this Hamiltonian at T = 0+
[31, 33]. In this chapter we have a similar goal but for the T . Tc regime.
The investigations reported in Refs. [20, 21, 30, 31] focused on identifying the mechanism of selection of the ground state by taking into account the harmonic quantum spin
fluctuations about a classical long-range ordered state. As pointed out in Chapter 1, apart
from the selection of the ground state by fluctuations, the problem of ObD selection at
T = Tc− stands on its own and, to the best of our knowledge, has not received as much
attention. In the temperature regime near a phase transition, the harmonic approximation
often employed in theoretical discussions of ObD at T = 0+ is not physically justified since
large fluctuations typically accompany the transition [64]. From a fundamental viewpoint,
it is thus highly desirable to study the role of fluctuations beyond s-MFT using a different
method at temperatures close to the critical region. A possible route to tackle this problem is the E-TAP method as it captures corrections to the s-MFT free-energy by including
fluctuations in the form of on-site linear and nonlinear susceptibilities.
In this chapter, we explore the problem of ObD selection near criticality in a model
of XY spins on the pyrochlore lattice using E-TAP, which has been used in Chapter 4 to
investigate the partial multiple-k order in pyrochlore magnets [35]. We concentrate on the
Γ5 manifold for the T . TcMF regime since the manifold is not only an interesting theoretical
playground according to recent investigations of ObD in the T = 0+ regime, [31, 33], it
is also of potential relevance to real materials proposed to display an ObD mechanism
[20, 21, 112]. In addition, the interesting case of distinct ObD selection at T = 0+ and
Tc has been reported in a pyrochlore system with anisotropic spin-spin coupling [34, 116].
This intriguing phenomena further motivates us to investigate a general model of XY spins
1

It has been pointed out by McClarty et al. that ψ2 state can be energetically selected through van
Vleck-like mechanisms [42]. Ref. [21] argues that this mechanism is not strong enough to be at play in
Er2 Ti2 O7 . However, this remains to be explicitly demonstrated both theoretically and experimentally
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on pyrochlore lattice. In what follows, we aim to help shed light on the broad theoretical
problem of ObD selection at T . Tc in a general model pertinent to real pyrochlore
materials [11].
The rest of this chapter is organized as follows. In Section 5.2, we present the mgHamiltonian and discuss its symmetries. Focusing on the Γ5 manifold with its U (1) degeneracy, we present a Ginzburg-Landau (GL) symmetry analysis to specify the general form
of the anisotropic terms allowed in the GL free-energy (FGL ) that can lift the accidental
U (1) degeneracy. We show that the fluctuation correction terms to the standard mean
field theory (s-MFT) free-energy select either the ψ2 or the ψ3 state of the Γ5 manifold (see
Fig. 5.1 and Appendix D for definition) and induce a local mz moment to the ψ2 state.
In Section 5.3, we present the E-TAP method and calculate the phase boundary between
ψ2 and ψ3 states in the space of spin-spin coupling constants. A discussion is presented
in Section 5.4. Related to the topics discussed in this chapter, in Appendix D we present
the spin configurations of ψ2 and ψ3 states and in Appendix E, we provide the details of
diagrammatic approach used for the E-TAP calculations for the present problem.

5.2

Model

We consider the mg-Hamiltonian [44]:
Hnn = H0 + H1
X

H0 =
Jzz Siz Sjz − J± Si+ Sj− + Si− Sj+
hiji

H1 =

X
hiji

J±± Si+ Sj+ γij + Si− Sj− γij∗




+ Jz± {Siz ζij Sj+ + ζij∗ Sj− + i ↔ j}

(5.1a)
(5.1b)

(5.1c)

where Si± ≡ Six ± iSiy and Siµ with µ = z, +, − is defined in the local h111i coordinate
frame [44] attached to each of the four pyrochlore sublattices (see Fig. 5.1). Si can be
treated classically as a 3-component vector or quantum mechanically as an |S| = 1/2
operator. We note that in material-relevant contexts, Si would represent either the total
angular momentum J , or the pseudo-spin depending on the energy spectrum of the crystal
electric field in the specific material of interest [11, 20, 21, 41, 46, 117]. As we are foremost
interested in the selection of ordered phases at 0  T . Tc in this Chapter and thesis, we
shall treat Si generally classically, where |Si | = 1/2 for all i. In Eq. (5.1), Jzz , J± , J±± , Jz±
are the four symmetry-allowed independent exchange parameters, while ζij = −γij∗ are
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a)

b)

Figure 5.1: Spin configurations of the (a) non-coplanar ψ2 state and the (b) coplanar ψ3
state on a single tetrahedron. These states belong to the Γ5 manifold: a set of states with
a k = 0 wave vector and all the magnetic moments in the system lie in the xy plane of
their local [111] coordinate system pointing in the same local direction. The spin (in blue)
at each site points along (a) x axis and (b) y axis of the local [111] reference frame which
is illustrated by blue arrows for one sublattice labelled by the xyz triad. See Appendix D
(University of Waterloo)
ATO
September 5th, 2012
for more details.
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bond dependant phases on a single tetrahedron [21, 118]. We note that the Hamiltonian in
Eq. (5.1) is related to the Hamiltonian of Eq. (4.1) by a linear transformation presented
in Appendix F.
H0 has a U (1) symmetry: it is invariant under a rotation of Si by an arbitrary angle
about the local h111i axes. On the other hand, the H1 term in Eq. (5.1a) reduces this
U (1) symmetry to a Z6 symmetry (C3 [111] × Z2 ). In other words, instead of rotation by an
around the local h111i axes leave H1 invariant.
arbitrary angle, only rotations of Si by 2π
3

In the s-MFT treatment of a system with the Hamiltonian of Eq. (5.1), in a certain
region of the parameter space centered around a dominant J± (Γ5 region), the system orders
in a state with a k = 0 wave vector and all the magnetic moments in the system lie in the
xy plane of their local [111] coordinate system pointing in the same local direction. These
spin configurations are referred to as the Γ5 manifold [111]. As a result, mi ≡ hSi i2 and
φi ≡ tan−1 (myi /mxi ), the azimuthal angle expressed in the local [111] coordinate system,
are independent of i the lattice site index. We henceforth drop the lattice site indices of
φ and m for these spin configurations. In the Γ5 region, the s-MFT free-energy of the
system is independent of φ [21]. Consequently, the U (1) degeneracy remains intact at the
s-MFT level. However, since H has a Z6 symmetry, we expect that in a treatment of the
problem that goes beyond s-MFT, the U (1) symmetry will be reduced to a Z6 symmetry in
the paramagnetic phase which gets spontaneously broken in the ordered phase. Below, we
present a Ginzburg-Landau (GL) symmetry analysis that allows one to predict the form
of the fluctuation corrections to s-MFT that lift this U (1) degeneracy.

5.2.1

Ginzburg-Landau (GL) symmetry analysis

We start by defining the complex variable
q
mxy ≡ m2x + m2y exp(iφ),

(5.2)

which corresponds to the magnitude and direction of the on-site magnetization m in the
local xy plane.
For simplicity, we first consider a strictly local-xy state and assume mz = 0. The
allowed terms in the GL free-energy contain only even powers of mxy due to the time
reversal symmetry (τ ). On the other hand, C3 , the rotation by 2π/3 about the cubic h111i
axes, forbids the existence of terms of the form mnxy + (m∗xy )n unless n is a multiple of
2

h· · · i represent a thermal Boltzmann average
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three. The resulting anisotropy terms in the GL free-energy have the ability to lift the
accidental U (1) degeneracy of the Γ5 manifold since they introduce a dependence of the
GL free-energy on the azimuthal angle φ, the orientation of the on-site magnetization m
in the local xy plane (see Eq. (5.2)). Considering the effect of C3 and τ together, the
lowest-order symmetry-allowed U (1) degeneracy-lifting term must therefore have n = 6.
Consequently, for strictly xy order (mz = 0), the sixth order term in the GL free-energy is
the lowest order term capable of lifting the degeneracy and has the form
m6xy + (m∗xy )6 .

(5.3)

We note that the sixth order term in 3-dimensional XY universality class is dangerously 3
irrelevant which means it does not affect the critical properties of the system.[119] However,
this term plays a crucial role in the selection of a specific long-range ordered state at T . Tc .
If we now include the z component of the order parameter, mz , a U (1)-symmetry
breaking term arises at fourth order in the components of m in the GL free-energy. This
effect has been overlooked in Refs. [20, 21, 30, 31]. Again, based on the combined effect
of the C3 and τ symmetry operations, the degeneracy-lifting fourth order term in the GL
free-energy has the form
mz [m3xy + (m∗xy )3 ].
(5.4)
Eqs. (5.3, 5.4) together, identify the general form of the first two lowest order terms in the
GL free-energy capable of lifting the degeneracy of the Γ5 manifold.
It turns out that the sixth order term (Eq. (5.3)) and the fourth order term (Eq.
(5.4)) have the same net effect in lifting the degeneracy beyond s-MFT as can be shown
by combining them into a single term in the GL free-energy. We demonstrate this by
considering, at the phenomenological level, the quadratic terms in the GL free-energy
a0 (m2x + m2y ) + a1 m2z where a0 , a1 are chosen to be different to incorporate the microscopic
anisotropic exchange in the Hamiltonian of Eq. (5.1) and to emphasize the possibility
of distinct criticality for the xy and z components of the order parameter. Taking into
account the degeneracy-lifting terms of Eqs. (5.3, 5.4), we have:
FGL = a0 (m2x + m2y ) + a1 m2z

+g0 mz (m3xy + (m∗xy )3 ) + g1 (m6xy + (m∗xy )6
(4)

(6)

+FGL (mxy , mz ) + FGL (mxy , mz ) + · · · ,
3

(5.5)

It is dangerously irrelevant since at temperatures T < Tc this becomes relevant above a length scale
λ, which diverges as a power of the correlation length [119].
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which, can be rewritten:
FGL

g0 |mxy |3 cos(3φ) 2
)
=
+
+ a1 (mz +
a1
g 2 |mxy |6
g2
− 0
+ (2g1 − 0 )|mxy |6 cos(6φ)
2a1
2a1
(4)
(6)
+FGL (mxy , mz ) + FGL (mxy , mz ) + · · · .
a0 (m2x

m2y )

(5.6)

p
(4)
(6)
In Eq. (5.6), |mxy | ≡ m2x + m2y . In Eqs. (5.5,5.6), FGL and FGL are fourth and sixth order
isotropic (U (1) invariant) terms that do not lift the U (1) degeneracy and · · · represents
terms that are of higher order in the components of m. We point out that Eq. (5.6) is
valid when a1 > 0 indicating no criticality for the mz component. Upon minimizing Eq.
(5.6) with respect to mz , we obtain
mz = −g0 |mxy |3 cos(3φ)/a1 .

(5.7)

The minimum of FGL is consequently determined by the term (2g1 − g02 /2a1 )|mxy |6 cos(6φ)
with either cos(6φ) = ±1, depending on the sign of f ≡ 2g1 − g02 /2a1 . This happens for
φ = nπ/3 with n = ±1, ±2, ±3 or φ = nπ/6 with n = ±1, ±3, ±5. These two sets of
angles respectively correspond to the ψ2 and the ψ3 states (see Fig. 5.1). So, when f < 0
(f > 0) the minimum free-energy state is ψ2 (ψ3 ). Consequently, after minimizing FGL
with respect to mz ,
δFGL = f |mxy |6 cos(6φ)
(5.8)
is the U (1) degeneracy-lifting term on which we focus. The boundary between ψ2 and ψ3
is thus determined by the real roots of f .
We note that the fluctuation corrections to s-MFT induces a local mz moment in Eq.
(5.7) to the minimum free-energy state which was found to be strictly ordered in the local
xy plane at the s-MFT level. Since this moment is proportional to cos(3φ), only ψ2 state
can have a finite mz . This result is also expected based on the symmetries of the ψ2 and
ψ3 states which we review below.
The symmetries of each ψi state (i = 2, 3) form a group known as the little group. The
generators of the ψ3 little group include the C2 rotation by π about one of the cubic x, y
or z axes (depending on the particular ψ3 state), the improper rotation by π/2 (S4 ) about
the same cubic axis, and two plane reflections, σ1 and σ2 , with respect to planes spanned
by the cubic axis and one of the two tetrahedron bonds perpendicular to the cubic axis.
The generators of the little group of ψ2 states include τ S4 , τ σ1 and τ σ2 where τ is the
time-reversal symmetry operation. Finite onsite mz moments on a tetrahedron are only
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invariant under the symmetry operations of the ψ2 ’s little group. As a result, only the ψ2
state can possess a finite onsite mz moment, based on the above symmetry argument. The
induced moment, however, is weak just below Tc since it is proportional to |mxy |3 .

At the phenomenological GL level, Eq. (5.8) is the final result demonstrating how the
U (1) degeneracy of s-MFT level is broken by introducing fluctuation in the free-energy
of the system. In this work, however, we are rather interested in understanding how the
coefficient of the symmetry-breaking cos(6φ) terms in the free-energy of Eq. (5.6), f , can
be determined at the microscopic level beyond the s-MFT.

5.3

E-TAP method and results

Our goal in Section 5.3 will be to calculate the phase boundary between the ψ2 and the
ψ3 states determined by the function f in Eq. (5.8), close to T . TcMF using the E-TAP
method. In this calculation, for simplicity, we consider Jzz = 0 in Eq. (5.1)4 . Since we
are predominantly interested in the Γ5 region where the dominant interaction is J± in Eq.
(5.1), we express the rest of the couplings in units of J± and we henceforth denote the
scaled interactions with lower case letters, e.g. j±± ≡ J±± /J± .

5.3.1

Method

In 1977, Thouless, Anderson and Palmer (TAP) [120] proposed a method to study the role
of fluctuations in spin glasses. This method is equivalent to calculating the Onsager reaction
field (see Chapter 3, Section 3.3). Here, we present an extended version of the TAP method
(E-TAP) first developed by Georges and Yedidia [68] for Ising spin-glass which includes
fluctuation corrections calculated by TAP and those beyond. To proceed, We must first
modify the E-TAP procedure of Ref. [68] to study the case of 3-component Heisenberg spins
with anisotropic exchange interactions. In the E-TAP method, nonzero on-site fluctuations
i.e. hSiα Siβ i =
6 hSiα ihSiβ i,[68] are taken into account via a high-temperature expansion (small
β) of the Gibbs free-energy:
!
X

1
λi · (Si − mi ) ] .
(5.9)
G = − ln Tr[exp − βH +
β
i
4

Considering Jzz 6= 0 contribution to cos(6φ) coefficient would require calculating higher order terms
in β (seventh and eighth order to include lowest order of Jzz ) in the expansion of Eq. (5.9) where the
number of ”relevant” terms proliferates. This calculation is beyond the scope of the present work.
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Here, mi is the average magnetization at site i, mi ≡ hSi i and λi is a Lagrange multiplier which fixes mi to its mean-field value. The high temperature expansion introduces
fluctuations about the s-MFT solution. Defining βG(β) ≡ G̃(β), the first two terms of the
expansion in powers of β, G̃(0)/β and G̃0 (0), are the entropy and energy at the s-MFT
level, respectively. The prime represents differentiation with respect to β. The higher order
terms in the β expansion of the Gibbs free-energy correspond to fluctuation corrections
to the s-MFT free-energy that generate the terms that lift the U (1) degeneracy. We aim
to calculate the higher order terms (β 2 and beyond) in the β expansion of Eq. (5.9) that
ultimately contribute to the degeneracy lifting term f |mxy |6 cos(6φ) to the lowest order in
the coupling constants j±± and jz± 5 , which is represented by
δG = f (j±± , jz± )|mxy |6 cos(6φ)

(5.10)

Here, f (j±± , jz± ) = 0 determines the phase boundaries between the ψ2 and the ψ3 states
in the space of coupling-constants j±± and jz± . We now proceed to calculate f (j±± , jz± ).
l
k
arise where k and l are
jz±
In the nth order in the β expansion, factors of the form j±±
positive integers and k + l = n. Each power of j±± and jz± contributes factors of e±2iφ
and e±iφ , respectively (see Eq. (5.1c)), to the corresponding term in the β expansion. By
a simple power counting of these factors, one can easily pinpoint the terms that contribute
to cos(6φ) (and cos(3φ) which is necessary to calculate due to its contribution to g0 and
consequently to f as can be seen in Eq. (5.6)) arising at different orders of β in the E-TAP
l
k
generate
jz±
calculation. It is simple arithmetic to find what combinations of k and l in j±±
cos(6φ) and cos(3φ). We then calculate g0 and g1 in Eqs. (5.5, 5.6) in terms of microscopic
couplings j±± and jz± . Using the E-TAP method, we obtain the g0 (j±± , jz± ), g1 (j±± , jz± )
and f (j±± , jz± ) to the lowest order in j±± and jz± which read as6 :
2
3
3
3
g0 (j±± , jz± ) = a0 βj±± jz± + β 2 (a1 j±±
jz± + a2 jz±
) + β 3 (a3 j±±
jz± + a4 j±± jz±
)

(5.11)

and
3
2
2
4
6
+ b2 β 4 j±± jz±
+ b3 β 5 jz±
,
g1 (j±± , jz± ) = b0 β 2 j±±
+ b1 β 3 j±±
jz±

(5.12)

and in consequence,
3
2
2
4
4
2
2
4
6
f (j±± , jz± ) = c0 β 2 j±±
+c1 β 3 j±±
jz±
+c2 β 4 j±± jz±
+β 5 (c3 j±±
jz±
+c4 j±±
jz±
+c5 jz±
). (5.13)
5

We recall that J± is the dominant interaction and j±± and jz± are being treated perturbatively in
Eq. (5.1).
6
We also note that E-TAP corrections of the coefficient a1 does not contribute to f (j±± , jz± ) when f
is calculated to the lowest order of coupling constants j±± and jz± .
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a0
a1
a2
a3
a4
-0.593 -1.13 -0.451 -0.938 7.21
Table 5.1: Values of ai in g0 (j±± , jz± ) multiplied by 102 .
In Eqs. (5.11, 5.12, 5.13), ai , i = 0, · · · , 4, bj , j = 0, · · · , 3 and ck , k = 0, · · · , 5
are numerical coefficients to be determined by the explicit E-TAP calculation described
in Appendix E. Considering the highest power of coupling constants j±± and jz± in Eq.
(5.13), one needs to consider the terms up to β 6 in the high-temperature expansion of G.
We remark that obtaining the ai , bj and ck coefficients in Eq. (5.13) involves tremendous
amount of effort in calculating the desired terms up to β 6 in the expansion of Eq. (5.9).
We presented the necessary tools to perform these calculations in Appendix E.

5.3.2

Results

In oder to obtain the numerical value of the ai , bj and ck coefficients in Eq. (5.13),
we employ a diagrammatic technique to represent the terms in the β expansion, which
constitutes the computational core of the E-TAP method. These diagrams are composed
of vertices and bonds [121]. The vertices correspond to lattice sites covered by the diagram
and a bond represents the interaction between the vertices that it connects. The details
necessary to carry out the calculations using the diagrams are presented in Appendix E.
As mentioned earlier, for simplicity, we only consider the case of jzz = 0 in this work. After
computing the ai , bj and ck coefficients using E-TAP, we find the f (j±± , jz± ) polynomials
to be given by:

2
4
6
3
2
f (j±± , jz± ) = 10−1 × [−0.47β 2 j±±
+ 4.18β 3 j±±
jz±
+ 1.93β 4 j±± jz±
+ 2.03β 5 jz±
3
2
2
4
4
2
],
(5.14)
jz±
− 4.84β 5 j±±
jz±
−0.58β 5 j±±
jz±
+ 0.33β 4 j±±

where we used g0 and g1 in Eqs. (5.11, 5.12), respectively, with the numerical values of
ai and bj coefficients presented in Tables 5.1, 5.2.
Since f (j±± , jz± ) = 0 determines
the boundaries between the ψ2 and the ψ3 states, we need to compute the roots of Eq.
(5.14). We find that Eq. (5.14) has one real root which to the lowest order in the coupling
constants reads:
2
j±± = p0 jz±
+ ···
(5.15)
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b0
b1
b2
b3
-0.322 2.92 1.42 1.42
Table 5.2: Values of bj in g1 (j±± , jz± ) multiplied by 104 .
where the · · · ellipsis represent higher order terms in jz± and p0 = 9.37β which determines
the phase boundary between the ψ2 and the ψ3 states for jzz = 0 and β & βc .
The ψ2 /ψ3 boundary is shown Fig. 5.2-top for β = 0.253 & βcMF = 1/4. The boundaries
of the overall Γ5 region for jzz = 0 is also shown in this figure. In Ref.[31] it is found that at
zero-temperature, quantum fluctuations yield three distinct phase boundaries for jzz = 0
(see Fig. 5.2-Bottom). Combining our results with the ones from Ref. [31], suggests the
possibility of multiple transitions between ψ2 and ψ3 as the temperature is decreased well
below Tc (see Ref. [34] where such a phenomenon is observed). Such a scenario constitutes
an exotic variant of the ObD phenomenon, since fluctuations select distinct long-range
ordered states in different temperatures regimes (T . Tc and T = 0+ ).

5.4

Discussion

In this chapter, we used an extended TAP (E-TAP) method to analytically study the problem of ObD near the critical temperature, in a system of 3D XY spins on the pyrochlore
lattice with the Hamiltonian in Eq. (5.1) considering Jzz = 0. We focused on the Γ5
manifold which is U (1) degenerate at the standard mean field theory (s-MFT) level. The
fluctuations in the free-energy beyond s-MFT were organized in an expansion in powers
of β, to the lowest order in coupling constants J±± , Jz± and magnetization m. These
fluctuations introduce a hexagonal anisotropy to the free energy of the system which select
either the ψ2 or the ψ3 as the only minima of the free-energy of the system in different parts
of the Γ5 region. The phase boundary between ψ2 and ψ3 states can be obtained by finding
the real roots of a cubic equation in terms of J±± /J± and Jz± /J± (see Eq. (??)). We also
note that the fluctuation
induced anisotropy in the free-energy can in general have the
P
form of v(φ) = n>0 fn cos[6(2n + 1)φ] (only odd multiples of six can distinguish between
ψ2 and ψ3 states). The higher order anisotropy term, however, do not lead to qualitative
new behaviour in the phase boundaries between ψ2 and ψ3 [31].
Using E-TAP, we found that for a state strictly ordered in the local xy plane at the
s-MFT level, fluctuations can induce an out-of-xy-plane component to the on-site magnetization. This fluctuation-induced local z component of the magnetization is only compatible
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with the ψ2 state. We expect the size of this moment to be small, since it is proportional
to |mxy |3  1 for T . TcMF .

Considering the phase boundaries between ψ2 and ψ3 states obtained by E-TAP at
T . Tc along with the ones from Ref. [31], where multiple phase boundaries between ψ2
and ψ3 states at T = 0+ are found for Jzz = 0 (see Fig. 5.2-Bottom), we may expect to
find multiple phase transitions between ψ2 and ψ3 states in the Γ5 region upon decreasing
temperature from T . Tc to T ∼ 0+ . This indicates that the free-energy landscape of
the system described by Eq. (5.1), in the Γ5 region, can change with temperature as
a consequence of change of the density of available states around the free-energy local
minima. As a result, the global minima of the free-energy may be different at different
temperatures. Since the E-TAP phase boundary is obtained to the lowest order in j±±
and jz± , it would need to be modified by calculating higher order terms in these couplings,
close to the phase boundaries of the Γ5 region. Consequently, the E-TAP phase boundary
in Eq. (5.15) is valid for small j±± and jz± .
The E-TAP corrections to the s-MFT free-energy could be computed for the Jzz 6= 0
case. This could constitute the topic of a future study.
In the next Chapter, we focus more directly on a material aspect of ObD at T = Tc− .
Recalling the importance of the long range dipolar interaction in rare-earth pyrochlore
oxides from Chapter 2, we investigate the ObD selection at T = Tc− by performing Monte
Carlo simulations using a Hamiltonian that includes Eq. (5.1) with its coupling constants
tuned to those of Er2 Ti2 O7 ’s experimentally obtained in Ref. [21], as well as the long range
dipolar interaction.
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Chapter 6
Thermal ObD in Er2Ti2O7
In Chapter 5, we saw that in a certain region of the parameter space of mg-Hamiltonian,
known as Γ5 region, a U (1) symmetry emerges at s-MFT level in the ordered phase. We
showed that fluctuations beyond s-MFT break this accidental symmetry and reduce it
to a Z6 symmetry. In order to relate our investigations in Chapter 5 to experiments
and in an effort to study the effect of long-range dipolar interaction on ObD selection at
T = Tc− in the Γ5 region, we explore the critical properties of a system represented by a
Hamiltonian including long-range magnetostatic dipole-dipole interactions and Eq. (5.1)
with its coupling constants tuned to those of Er2 Ti2 O7 ’s which are known to be in Γ5
region [20, 21]. We find that the critical behaviour of this model is consistent with 3D XY
universality class. Focusing on the effect of long-range dipolar interaction, we find that the
transition temperature of this model is slightly increased in comparison with that of the
nearest-neighbour model. However the spin configuration of the long-range ordered state
remains the same as the nearest-neighbour model’s, the ψ2 state.

6.1

Introduction

In an attempt to demonstrate a definitive order-by-disorder (ObD) in real materials, which
been has proven to be exceedingly difficult, two different theoretical studies have over the
last year converged more or less simultaneously [20, 21] to argue that a quantum variant of
ObD is at work in Er2 Ti2 O7 . The main interest in these two recent studies stems from the
fact that the proposed quantum ObD (q-ObD) leads to the selection of a unique ground
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transition in the three-dimensional (3D) U (1)/XY universality class in Er2 Ti2 O7 at TC
has been, at last, rationalized. It was then shown by Ref. [32] through a high temperature
expansion method, that in a system with model Hamiltonian of Ref. [21], at T = Tc− ,
an ObD mechanism is at play in the selection of the long-range ordered state which is
demonstrated to be the ψ2 state.
On the other hand, while the work of Ref. [20] does find compelling evidence for such
universality for the strongly anisotropic limit of the toy model they consider, their model
does not incorporate all the symmetry-allowed anisotropic interactions that Ref. [21] considers.
Perhaps the most important missing piece of puzzle in all of the above investigations,
is the significantly strong long-range dipolar interactions present in Er2 Ti2 O7 . The effect
of this strong interaction on the ObD selection at T = Tc− had not been investigated prior
to the work that will be presented in this chapter.
In what follows, to continue our path in investigating the ObD mechanism in the
T = Tc− regime, we establish via Monte Carlo (MC) simulations that a version of Savary et
al.’s model [21], which neglects its quantum aspect at Tc , does indeed display a transition
at TcMC ≈ Tc to the experimentally observed ground state, even when the model is amended
to incorporate the non-negligible long-range dipole-dipole interactions.

6.2

Model and method

In Er2 Ti2 O7 , the magnetic moment of Er3+ ions have total angular momentum of J = 15/2
and Ti4+ ions are nonmagnetic. Each of the Er3+ ions is surrounded by an oxygen-cage
(eight oxygen ions). These oxygen ions create a crystal electric field (CEF) that admixes
the angular momentum eigenstates, |J, mJ i. Since Er3+ ion is a Kramers ion, the CEF
Hamiltonian has a doublet as its ground state that is separated from the excited states
by an energy gap that is three order of magnitude stronger than the energy scale of the
interactions between the Er3+ ions in Er2 Ti2 O7 [11]. As a result, Er3+ ions can be described
by an effective spin-1/2 model and a g tensor, defined in Section 2.1 in Chapter 2, that
takes into account the single ion anisotropy associated with the CEF ground state. The
Hamiltonian for Er2 Ti2 O7 is the same one as in Eq. (5.1). The coupling constants are taken
as the ones obtained in Ref.[21] by fitting the dispersion relation calculated by linear spinwave approximation, to the one measured in neutron scattering experiment in a polarized
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paramagnetic state in a strong magnetic field. The mg-Hamiltonian is given by:
X
Hnn =
{Jzz Siz Sjz − J± (Si+ Sj− + Si− Sj+ )
hi,ji

+J±± (γij Si+ Sj+ + γij∗ Si− Sj− )
+Jz± [Siz (ζij Sj+ + ζij∗ Sj− ) + i ↔ j]}

(6.1)

where Siµ are pseudo-spin-1/2 components in local h111i coordinate system attached to
each basis site in the pyrochlore lattice. ζij and γij are phases that depend on the bonds
in pyrochlore
Based on our discussion in Section 2.1 of Chapter 2, Siµ =
P µνlattice[44].
(1/2gJ ) ν g σiµ where σiµ with µ = +, −, z are the Pauli matrices. Since Siµ are expressed
in local coordinate system in Eq. (6.1), the g tensor is diagonal and Eq. (6.1) can considered
in the following way: redefining Siµ ≡ (1/2gJ )σiµ and the g tensor matrix elements can be
absorbed in the coupling constant as Jijµν → Jijµν g µµ g νν . In the rest of this chapter, we
choose this convention.
The couplings extracted from the experiment in Ref.[21], in units of 10−2 meV, are
J± = 6.5 ± 0.75,
Jzz = −2.5 ± 1.8,

J±± = 4.2 ± 0.5,
Jz± = −0.88 ± 1.5 .

(6.2)

The g tensor for Er2 Ti2 O7 has the form of gxx = gyy = g⊥ and gzz = gk in local h111i
coordinate systems with g⊥ = 5.97 ± 0.08 and gk = 2.45 ± 0.23 which are included in the
values of the couplings in Eq. (6.2) as described in the above convention. The Landé for
Er3+ ions is gJ = 6/5 [32].
Due to the large magnetic moment of Er3+ ions, long-range magnetostatic dipole-dipole
interaction is significant in Er2 Ti2 O7 . The dipolar Hamiltonian for pseudo-spin-1/2 moments in global coordinates reads:
Hdip = D

0
X
giωα Siω gjγβ Sjγ 
i>j

3
rij

δαβ −

α β
3r̂ij
r̂ij



(6.3)

where D = µ0 µ2B /4πa3 = 0.525 × 10−4 meV and a = 10.1Å is the edge of the conventional
cubic unit cell in Er2 Ti2 O7 . rij is expressed in units of a. In Eq. (6.3), for simplicity, Siω
are expressed in the global coordinate system and giωα are the elements of g tensor in global
coordinates.
Here, the summation convention for repeated Greek superscripts is implied.
P0
indicates that we are excluding nearest-neighbour dipole-dipole interaction since the
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nearest-neighbour part of the long range dipolar interaction is already implicitly included
in Eq.(6.2) [21]. So the full Hamiltonian considered in this chapter, is given by :
H = Hnn + Hdip .

(6.4)

At the standard mean field theory (s-MFT) level and as discussed in Chapter 5, the ordered
phase of the model of Eq. (6.1) has the spin configuration that belongs to the so-called Γ5
manifold with k = 0 ordering wave vector. All the spins lie in the xy plane of the local
h111i coordinate systems pointing in the same local direction and the s-MFT free-energy
is independent of the local azimuthal angle [21]. Consequently, at the s-MFT level, the
system possesses an accidental U (1) degeneracy. Beyond s-MFT, thermal [32] and quantum
fluctuations [21, 31] break the continuous U (1) symmetry and reduce it to a discrete Z6
symmetry which in turn breaks in the ordered phase and the ψ2 state as opposed to ψ3
state, is selected [21] (see Fig. 5.1 and Appendix Eq. (D.1) for details regarding ψ2 and ψ3
states). The theoretical results are in agreement with experiments [111, 112, 113, 114, 115].
To confirm the thermal selection of ψ2 and to study the effect of the long-range tail of the
mangetostatic dipole-dipole interaction, we explore the critical behaviour of the system
with the model Hamiltonian of Eq. (6.4) close to this transition and the spin configuration
of its ordered phase, using classical Monte Carlo (MC) simulations. We performed the
MC simulations for classical three-component spins with unit length3 on the pyrochlore
lattice using parallel tempering technique [63] for better equilibration. Simulations were
performed for seven system sizes L = 2, · · · , 8. To account for the long-range dipolar
interaction, we employed the Ewald summation method [56]. For each temperature point,
about 108 spin flips per spin were attempted with an average acceptance of approximately
50%4 . We now proceed to present the results.

6.3

Critical behaviour

The order parameter corresponding to XY -like ordering in the Γ5 manifold is defined as
follows:
v
u 3
uX
p2a
(6.5)
ζ=t
i=1

3

4

Ignoring quantum effects at T = Tc− regime and normalizing the spin length.
In parallel tempering process, a replica swap attempted after about 103 spin flip attempts
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with

N
1 X
Si · êai
pa =
N i=1

(6.6)

where {Si } is the spin configuration obtained in the Monte Carlo simulations and êai
specifies the direction of the spin at site i in one of the three distinct ψ3 states which are
not related by time reversal symmetry (see Appendix D). We note that considering the
other basis state of Γ5 , ψ2 state, instead of ψ3 state in defining the order parameter in
Eq. (6.5), would lead to the same value for ζ, since ζ is invariant under rotations about
local h111i by π/6 which transforms ψ3 to ψ2 . The growth of this order parameter signals
that the system orders in the local xy planes with either a ψ2 or ψ3 ordering pattern
within the Γ5 manifold. To identify the ordering pattern, an order parameter sensitive
to the azimuthal angle in the local xy plane needs to be defined, a matter that we focus
on in Section 6.4. We also measured the order parameter susceptibility (χ) and the order
parameter Binder cumulant (B4 ),which are defined, respectively, as:
χ=

1 2
(hζ i − hζi2 )
T

B4 = 1 −

hζ 4 i
.
3hζ 2 i2

(6.7)
(6.8)

Here h· · · i represents a Monte Carlo average. The results for hζi, χ and B4 are presented
in Fig. 6.2, left column. We observe a clear continuous phase transition from the paramagnetic phase to the ordered phase which manifests itself through a continuous increase
of ζ and a susceptibility whose amplitude at its peak grows with increasing the system
size. The crossings of B4 for different system sizes indicates JT±c ' 2.8. We recall that
our simulations were performed for classical 3-component spins with unit length. In order
to obtain the Tc in units of Kelvin, we use the relation Tc ≈ 2.8S 2 J± = 0.53 K. Here,
S 2 = |S|2 = 1/4 which were factored out during the simulations for simplicity and need
to be considered since the Hamiltonian in Eq. (6.1) describes an effective pseudo-spin-1/2
model. The finite size scaling plots for ζ, χ and B4 are shown in Fig. 6.2, right column.
The order parameter scales according to the following function:
ζ = L−β/ν f (L1/ν (T − Tc )),

(6.9)

and the susceptibility scaling function is:
χ = Lγ/ν g(L1/ν (T − Tc )).
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Figure 6.2: (a) Order Parameter ζ (b)Scaling analysis of order parameter, β = 0.346 and
ν = 0.669 with the scaling function of Eq. (6.9) (c) Susceptibility χ (d) Scaling analysis
of χ with ν = 0.669 and γ = 1.316 (e) Binder cumulant B4 (f ) B4 scaling analysis with
ν = 0.669. The values of critical exponents are imposed; not fitted. The error bars in all
of the above plots are about the same size as the data symbols.
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The values of the critical exponents β = 0.35, ν = 0.67 and γ = 1.32 for 3D XY universality
class [64], were imposed and led to a reasonable collapse at critical region i.e. |T −Tc |/J± ≈
5. These results show that the order parameter ζ possesses the symmetry of 3D XY model
when the long range dipolar interaction is considered, which is not surprising considering
the symmetries of the Hamiltonian in Eq. (6.4). Recalling the Z6 anisotropy present in
Eq. (6.1), we note that this anisotropy is shown to be dangerously irrelevant i.e. it does
not influence the critical behaviour of the system but plays a key role in the selection of a
specific long-range ordered state [119]5 . As a result, the critical properties of ζ falls under
the universality class of 3D XY model.
We also measured the specific heat in our MC simulation. C(T ) is defined as
C(T ) =

1
(hH2 i − hHi2 ).
2
NT

(6.11)

Fig. 6.3-left shows the result of this measurement for different system sizes. Since Cv
has a nonzero regular part, the finite-size scaling of specific heat is somewhat difficult. Fig.
6.3-right shows the C max (T ) as a function of system size that is scaled as Lα/ν with the
scaling form [34] of
C max (T ) = C0 + C1 × Lα/ν .
(6.12)

The imposed value of α is −0.007, the one expected for 3D XY universality class [64]. The
linear fit indicates reasonable agreement between the critical behaviour of the specific heat
of the model for Er2 Ti2 O7 and that of the 3D-XY universality class [64].

Based on the scaling behaviour of the model Hamiltonian of Eq. (6.4) proposed for
Er2 Ti2 O7 in our Monte Carlo studies, we may conclude that this model goes through a
phase transition which can be classified under 3D XY universality class.

6.4

Selection of ψ2 state

In this section, we investigate the type of long-range ordered state selected at T . Tc for
the model Hamiltonian of Eq. (6.4) and compare this result with the result of the selection
for the nearest-neighbour-only model Hamiltonian of Eq. (6.1). Fig. 6.4a shows the result
of measuring hζi in the MC simulation for Hamiltonians in Eq. (6.4) (black) and Eq. (6.1)
(green). The results indicate that the presence of the dipolar interaction increases the
transition temperature by about 3%.
5

It is dangerously irrelevant since at temperatures T < T c this becomes relevant above a length scale
Λ, which diverges as a power of the correlation length [119]
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In order to identify the spin configuration of the ordered state, one needs to distinguish
between ψ2 and ψ3 states. The order parameter ζ is not capable of doing so. In consequence,
we need to define another order parameter sensitive to the local azimuthal angle. The
following order parameter possesses this property and is given by [34]:
ζ6 = ζ cos(6φ).
Here

(6.13)

 √3(p − p ) 
1
2
(6.14)
φ = tan
p1 + p2 − 2p3
is the√local azimuthal angle,
√ while pa with a = 0, 1, 2 are defined in Eq. (6.6), (p1 + p2 −
2p3 )/ 6 and (p1 − p2 )/ 2 are the local x and y components of the ζ order parameter,
respectively. Considering that ψ3 is used in Eqs. (6.5, 6.6) i.e. ζ and ζ6 are defined
with respect to the ψ3 state, having φ = nπ/6 with n = 0, ±2, ±4, 6 corresponds to the ψ3
states while n = ±1, ±3, ±5 correspond to the ψ2 states. Hence, ζ6 < 0 and ζ6 > 0 indicate
that the system orders in a ψ2 or a ψ3 state, respectively. Figs. 6.4b and 6.4c show hζ6 i
result from the MC simulations including and excluding long range dipolar interaction,
respectively. At T < Tc , the system enters a ψ2 state where ζ6 < 0, with the |ζ6 | increasing
as the system size, L, is increased. The results in Fig. 6.4 show that the presence of the
long-range dipolar interaction does not affect the selection, although it changes slightly
(3%) the critical temperature Tc .
−1
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6.5

Conclusion

We investigated the effect of the long-range magnetostatic dipole-dipole interaction on
the critical behaviour and on the classical selection of the long-range ordered state of
a bilinear spin Hamiltian appropriate for the rare-earth pyrochlore oxide Er2 Ti2 O7 . We
considered the Hamiltonian in Eq. (6.4), which includes the mg-Hamiltonian of Eq. (6.1)
as well as the long-range dipolar interaction. We used the coupling constants obtained
from the experiment in Ref. [21]. Our study shows that the critical behaviour of this
model is consistent with that of the 3D XY universality class which is also consistent with
experimental results.
Our simulations shows that the addition of the long-range tail of the dipolar interaction
to the Hamiltonian of the Eq. (6.1) does not change the ObD selection of the long-range
state i.e. the pattern of the ordered state remains ψ2 . The presence of the long-range
dipolar interaction very marginally affect the transition temperature (by about 3% in
comparison with the nearest-neighbour model’s Tc ). This had been implicit in Refs. [20, 21]
but had remained unchecked. It appears that the increase of Tc indicates the suppression
of the fluctuations due to the long-range dipolar interaction. However, the energy change
of the ground state, the ψ2 , due to long range dipolar interaction needs to be assessed,
in order to make a meaningful comment on this matter. In addition, Oitmaa et al. in
Ref. [32] suggested that the thermodynamic properties of a system described by Eq. (6.1)
were indeed not significantly affected at Tc by the dipolar interactions. We also note that
the long range dipolar interaction renormalizes the spin-wave gap, a signature of discrete
symmetry, at T = 0+ . However it does not influence the selection for spin-spin coupling
appropriate for Er2 Ti2 O7 [31].
Although recent investigations [20, 21, 31] support the scenario in which the ObD is
responsible for the selection of the ground state of Er2 Ti2 O7 , it has been pointed out
by McClarty et al. that ψ2 state can be energetically selected through van Vleck-like
mechanisms. They demonstrated that an anisotropy can be generated through perturbative
inclusion of excited doublet in the low energy Hamiltonian, in powers of J/∆ where J is
nearest-neighbour exchange and ∆ is the energy gap between CEF ground doublet and
first excited doublet [42]. Ref. [21] argues that this mechanism is not strong enough to be
at play in Er2 Ti2 O7 . However, this remains to be explicitly determined both theoretically
and experimentally.
In the next Chapter, we change gear from pyrochlore systems and consider a system of
point dipoles on the FCC lattice. We show that, at the s-MFT level, an O(3) symmetry
emerges in this system and thermal and quantum fluctuations at T = 0+ and T = Tc− ,
respectively, select a [111] polarized state by breaking this symmetry.
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Chapter 7
Emergent O(3) symmetry breaking
due to fluctuations in a system of
point dipoles on FCC lattice
In this chapter, we study the order-by-disorder (ObD) phenomenon in a system of classical
3-component Heisenberg spins on the FCC lattice interacting via long-range magnetostatic
dipole-dipole interaction. At the standard mean-field theory level, the system shows an
emergent O(3) symmetry. This symmetry breaks upon considering the fluctuation effects.
It had been suggested via the results of Monte Carlo simulations [123] that the ObD
selected state at T . Tc regime is different from the the ObD selected state at T = 0+ .
We investigate the ObD selection in this model at different temperature regimes using the
E-TAP method, spin-wave theory and Monte Carlo simulations. We find that the ObD
selection is the same in these two temperature regimes, contradicting a previous claim
[123].

7.1

Introduction

In this chapter, we study one of the simplest Hamiltonians that shows the ObD phenomenon: classical Heisenberg spins on the FCC lattice interacting via magnetostatic
long-range dipole-dipole interaction. The possibility of ordering in cubic dipolar systems
has been discussed from variety of viewpoints [124]. It was demonstrated by several groups
[36] that a system of point dipoles on FCC lattice enters a ferromagnetic phase at temperatures comparable to the dipolar energy scale. The candidate materials for these toy
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models, FCC rare-earth salts, are observed to support this prediction. Further theoretical
investigations [123] on FCC dipolar system shows the selection of the long-range ordered
state along [111] cubic direction, is the result of thermally induced anisotropy and furthermore suggest that another transition at low temperature occurs in this system, that
changes the direction of the magnetization from [111] to [100] as the temperature decreases
(see Fig. 7.1). On the other hand, the spin wave theory study by Cohen and Keffler [124]
suggest that the ground state of the system is polarized along the [111] direction.
By employing variety of methods, we reinvestigated the results presented by Ref. [123].
Our studies show that a system of dipolar spins on the FCC lattice enters and remains in
a ferromagnetic state polarized in the [111] direction down to the lowest temperature. In
what follows, in Section 7.2, we first present the result of our s-MFT study indicating the
emergence of O(3) symmetry. In Section 7.3, we show that considering fluctuations beyond
s-MFT treatment selects a ferromagnetic state along [111] at all temperature regimes by
generating a cubic anisotropy in a 3-vector model. In Section 7.3.1, we show that zero
point fluctuations select [111] polarized state out of the O(3)-degenerate manifold of states.
In Section 7.3.2, we investigate the ObD selection at T = Tc− . We show that the cubic
anisotropy generated by fluctuations at this temperature regime also selects [111] polarized
state. To confirm our findings from the spin wave theory at T = 0+ and the E-TAP at
T = Tc− as well as investigating the intermediate temperatures, i.e. 0 < T < Tc , we
performed Monte Carlo simulations. The results are presented in Section 7.3.3 and indicate
that [111] polarized state is selected by ObD mechanism at all temperatures below Tc .

7.2

s-MFT and GL analysis

We considered the following Hamiltonian for dipolar spins on the FCC lattice:
X Si · Sj
3(Si · rij )(Sj · rij )
−
.
HFCC = Jdip
3
5
r
r
ij
ij
i,j

(7.1)

where rij is the position vector connecting sites i and j in the FCC lattice and we consider
Jdip = 1. By employing the Ewald summation technique to account for the long-range
dipolar interaction, we solved the s-MFT self-consistent equation
mi = −
where

hi
1
[coth(β|hi |) −
]
|hi |
β|hi |
hµi =

X
j,ν

Jijµν mνj .
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We found the system orders ferromagnetically at TcMF /Jdip ≈ 5.5 and the free-energy of
the system is independent of the polarization direction. This indicates the emergence of
an O(3) symmetry at the s-MFT level in the ordered phase. Since the Hamiltonian of the
system possesses a cubic symmetry, we expect the O(3) emergent symmetry to be broken
by introducing fluctuations beyond s-MFT in the free-energy of the system. To investigate
the possible outcomes of this symmetry breaking, we consider the Ginzburg-Landau (GL)
free-energy for a system of classical 3-component Heisenberg spins on a lattice with cubic
symmetry (FCC lattice in our case), given by [125] :
FGL = r
where

2
X
a=0

m2a

2
2
X
2
X
2
+u
ma + v
m4a
a=0

N
1 X
hSi · êa i
ma =
N i=1

(7.4)

a=0

(7.5)

and êa a = 0, 1, 2 are three cubic orthogonal Cartesian directions. Eq. (7.4) is the wellknown n-vector model with n = 3 in this case. The details regarding different scenarios
that may occur in different cases corresponding to various signs of u and v, were discussed
in Chapter 4, Section 4.2. Expansion of the s-MFT free-energy (see Eq. (3.6)) up to quartic
order shows that in this problem, the u > 0 and v = 0, at the s-MFT level. Consequently,
we expect that the fluctuations generate cubic anisotropy with a v 6= 0 value that breaks
the emergent O(3) symmetry. If v > 0 in Eq. (7.4), the state polarized in the [111]
direction will be selected by thermal fluctuations at T . Tc . On the other hand, if v < 0,
thermal fluctuations select the [100] polarized state at T = Tc− . Away from criticality i.e.
away from T = Tc− regime, based on the cubic symmetry of the system, we also expect a
cubic anisotropy to lift the accidental O(3) degeneracy.
To expose the effect of thermal and quantum fluctuations in breaking the O(3) symmetry in T = 0+ regime, we use the spin wave theory. We then employ the E-TAP method
and the Monte Carlo simulations to investigate the effect of thermal fluctuations at T = Tc−
and 0+ ≤ T ≤ Tc− , respectively.
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7.3
7.3.1

The effect of fluctuations
Spin wave calculations

We use spin-wave theory to calculate the effect of fluctuations on the selection of the longrange ordered state among the O(3) classically degenerate states at the s-MFT level in the
T = 0+ regime. As stated in Chapter 3, Section 3.4, we consider the polarization direction
to be the z axis. To perform the spin wave calculations, one needs to find the Fourier
transform of the Hamiltonian in Eq. (7.1) in a coordinate system where the z axis is the
polarization direction. To do so, we first use the Ewald summation method in reciprocal
space presented in Ref. [56] to find Jgµν (k), the Fourier transform of Jijµν which is the the
bilinear spin-spin
matrix defined through the Hamiltonian of Eq. (7.1). We next
P coupling
µα αν
µν
find J (k) = α R Jg (k) where


− cos(θ) cos(φ) − cos(θ) sin(φ) sin(θ)
sin(φ)
− cos(φ)
0 .
R≡
(7.6)
sin(θ) cos(φ)
sin(θ) sin(φ) cos(θ)
J µν (k) is Fourier transform of the coupling matrix in the coordinate system with polarization direction defined by θ and φ, the polar and azimuthal angles of the desired polarization
direction, respectively. Considering Eq. (3.42) in Chapter 3, the dispersion relation then
reads

2 
2


ω 2 (k)
xy
zz
zz
xx
yy
=
−
J
(k)
+
J
(0)
−
J
(0)
J
(k)
+
J
(k)
+ J xx (k)J yy (k) (7.7)
S2

The free-energy corrections due to spin-wave theory for a given polarization direction
specified by θ and φ is given by [126]
 ~ω(k) 
X
Fmagnon =
kB T ln[sinh
],
(7.8)
2k
BT
k
P
where the k is performed over the first Brillouin zone. Eq. (7.8) can consider thermal and
quantum fluctuations at T = 0+ and T = 0 respectively. Contour P
plot in Fig. 7.2, shows the
value of Fmagnon in the limit T → 0, the zero point energy E0 = k ~ω(k)/2, for different
polarization direction in terms of polar and azimuthal angles, θ and φ, respectively. The
minimum occurs at the angles corresponding to [111] directions indicating the classical O(3)
degeneracy is lifted as a result and the [111] polarized state is selected at P
T = 0. The result
of the O(3) symmetry breaking is the same at ~ → 0 limit i.e. Fmagnon = k kB T ln(~ω(k))
has its minimum at θ and φ corresponding to [111] directions.
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Figure 7.2: Contour plot of zero point energy, E0 , for different polarization directions.
As it can be seen in the figure, the minima occurs at the angles corresponding to [111]
polarization directions. As a result, spin wave calculations shows that [111] is the state
selected by ObD mechanism at T = 0.
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We note that our spin wave calculation result, i.e. the selection of [111] polarized state
by thermal and quantum fluctuations in T = 0+ regime contradicts the result presented in
Ref. [123] suggesting a [100] polarization direction in T < 3Tc /4 regime (see Fig. 7.1).

7.3.2

E-TAP

To analytically account for the fluctuation corrections to s-MFT free-energy at T . Tc ,
we employ the E-TAP method. Based on our GL theory analysis, we expect the O(3)
symmetry to break by a cubic anisotropy at the quartic order in the GL free-energy at
T = Tc− . According to our E-TAP calculations in Chapter 4, Section 4.3, the lowest order
E-TAP term that generates the quartic order cubic anisotropy is given by
Ω=−

β X X αγ βδ αβ γδ
J J χ χ .
4 i,j αβγδ ij ij i j

(7.9)

= hSiα Siβ i − hSiα ihSiβ i is the on-site susceptibility. We recall that χαβ
can be
Here, χαβ
i
i
µ
µ
−
calculated at T = Tc in terms of mi = hSi i by using Eqs. (3.33, 3.36) from Section 3.3.
Accordingly, we evaluate Ω(θ, φ) for different polarization directions. The O(3) degeneracy
is lifted upon considering the contribution of Ω to s-MFT free-energy. Fig. 7.3 shows the
outcome of calculating Ω for different polarization directions. Considering the minima in
the contour plot of this figure, the states with the lowest free-energy are the ones with
polarization along h111i directions indicating the ObD selection at T . Tc .

7.3.3

Monte Carlo simulations

To complement our results obtained with spin wave theory and the E-TAP method and
to investigate the intermediate temperature regime i.e. 0+ < T < Tc , we performed
Monte Carlo simulations. We used Metropolis and heat bath algorithms in our simulations
along with parallel tempering swaps. We performed our simulations for three system sizes
L = 4, 8, 12 where L is the linear dimension of the system. For each system sizes about 108
spin flips per spin were attempted with an acceptance rate of about 50% for the Metropolis
algorithm. Replica swaps were tried after every 103 spin slip attempts. To account for long
range dipolar interaction, we employed the Ewald summation technique [56].
We aimed to study how fluctuations break the emergent O(3) symmetry in the 3-vector
model. Since the situation in this problem is similar to the one for 4-vector model presented
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Figure 7.3: Contour plot of Ω for different polarization directions. The minima occurs at
θ and φ corresponding to [111] direction’s polar and azimuthal angles. Consequently, the
E-TAP calculations show that [111] is the state selected by ObD mechanism at T . Tc
regime.
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in Chapter 4, we utilized the same concepts in defining the necessary order parameters for
this problem. First, we define M the order parameter that indicates ferromagnetic order:
v
2
E
Du
uX
m2a
(7.10)
M≡ t
a=0

where

N
1 X
ma =
Si · êa .
N i=1

(7.11)

Here, êa with a = 0, 1, 2 are three cubic orthogonal directions and h· · · i represent Monte
Carlo average. As the system enters the ordered phase, the M order parameter grows
indicating the system orders ferromagnetically. However, the polarization of the ordered
phase can not be determined by M . As a result, we need to define the distance parameters
similar to d1k and d4k in Chapter 4 to identify the polarization of the ordered state. Guided
by our spin wave and E-TAP calculations and to resolve the contradiction with the result
of Ref. [123] on the polarization of the ordered phase at T < 0.75Tc , we define the distance
parameters d100 and d111 below. Considering the unit sphere in 3D, there are six ”[100]
points” corresponding to [100] polarization direction including (±1; 0; 0), (0; ±1; 0) and
(0; 0; ±1). Similarly, there are eight ”[111] points” on the 2-sphere. Given a certain spin
configuration obtained in our Monte Carlo simulation, we calculate M̂ ≡ (m0 , m1 , m2 )/M
where M and ma with a = 0, 1, 2 are defined in Eqs. (7.10, 7.11), respectively. The d100
and d111 are then defined as the minimum Euclidean distance between point M̂ and all of
the [100] and [111] points, respectively. The thermal average of d100 (d111 ) is expected to
decrease if the system orders in a state polarized along [100]([111]) direction. The details
regarding calculation of these thermal average are presented in Chapter 4 for d1k and d4k
which is applicable to the case of d100 and d111 .
The results of the simulations using Metropolis algorithm are presented in Fig. 7.4. The
growth of M indicates the system enters a ferromagnetically ordered states. The decrease
of d111 and increase of d100 which are enhanced as the system size increases, indicate the
system polarizes along [111] direction. At low temperatures T /Jdip ≤ 0.1, however, it
seems that the d111 and d100 are about to cross. This effect seems to strengthen as the
system size is increased. To make sure, this effect is not an artifact of non-ergodicity at
low temperatures1 , we repeat the simulations using the heat bath algorithm (see Section
3.2 in Chapter 3). We also utilize the parallel tempering method here where a replica swap
1

At low temperatures single spin update are less likely to be accepted, due to energy barriers between
different microstates of the system. As a result, equilibrium is harder to reach.
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D is the strength of dipolar interaction
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Figure 7.4: Metropolis algorithm results: Here, Jdip is the strength of the dipolar interaction. M , d100 and d111 are shown for L = 4, 8, 12. The paramagnetic value of d100 and
d111 correspond to minimum distance of a random point on 2-sphere from [100] points and
[111] points, respectively.
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0.8

is attempted in every 103 single spin update attempt. The results are shown in Fig. 7.5.
The crossings between d100 and d111 observed in Metropolis simulations, do not appear in
the heat bath ones, indicating previous poor equilibration. In order to make sure that the
system, is not trapped in a local minimum of free-energy, we performed simulations with
different initial conditions2 . However, the outcome did not change. The d100 increased
as d111 decreased, indicating the system orders ferromagnetically and is polarized in [111]
direction. This effect is also enhanced as the system size increased.
Performing both Metropolis and heat bath simulations, we observe no transition to a
state polarized along [100] at T < 0.75Tc as suggested in Ref. [123]. The system enters
and stays in [111] polarized state at all temperature below Tc .

7.4

Conclusion and future Work

In our investigations regarding the problem of ObD selection in the FCC dipolar system,
we find that the O(3) symmetry observed in s-MFT treatment is broken by fluctuations
which select a ferromagnetic state polarized along one of the [111] cubic directions. The
system remains polarized in this direction down to low temperatures. Our current result
is in contradiction with the results of Ref. [123] where they find a second transition to a
ferromagnetic state polarized along [100] direction. Our results are supported by both spin
wave theory, Monte Carlo simulations and E-TAP calculations.
To further investigate the potential pitfalls of this problem and to make sure there is no
intermediate [100] polarized phase, one needs to utilize other types of updates (e.g. cluster
updates). This establishes a plan for future continuation of this problem.

2

Either all replicas were polarized in the same direction or all of them were random
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Figure 7.5: Heat bath algorithm : Jdip is the dipolar interaction strength. M , d100 and
d111 are shown for L = 4, 8, 12. The simulations started from a) random states and b) a
[100] polarized states for all replicas. The paramagnetic value of d100 and d111 correspond
to minimum distance of a random point on 2-sphere from [100] points and [111] points,
respectively.
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Chapter 8
Conclusion
In this thesis, we explored the phenomenon of order-by-disorder (ObD). This phenomenon
had been mostly studied as a selection mechanism of the ground state of a system, out of
a manifold of classically degenerate states. In this thesis, we looked at this phenomenon
from a different perspective. We showed how fluctuations, close to a phase transition,
can determine a long range ordered state. We considered a situation where degenerate soft
modes of a system at criticality are related to each other by operation of an exact accidental
symmetry at the standard mean-field theory (s-MFT) level. In such cases, fluctuations are
capable of breaking this symmetry and can select a particular long-range ordered state.
To study the physics beyond mean field approximation in T = Tc− regime, in this thesis,
we employed Monte Carlo simulations as well as the E-TAP method. The E-TAP is an
extended version of a method originally proposed by Thouless,Anderson and Palmer (TAP)
to study fluctuations in spin glasses. The TAP method was then reformulated by Plefka
and expanded upon by Geroges and Yadidia for Ising model. In this thesis, we derived the
Heisenberg model equivalent of the expansion of Georges and Yadidia. We used E-TAP to
analytically specify the role of fluctuations at temperature regimes close to criticality. This
is a high temperature expansion method that calculates fluctuations about a mean field
theory solution. Beside E-TAP and Monte Carlo simulation, we used spin wave theory to
investigate fluctuation effects at T = 0+ temperatures.
We considered frustrated spins systems on pyrochlore and FCC lattices. In the former
group, the spins interact via a rather complicated Hamiltonian that could include the most
general nearest-neighbour symmetry allowed bilinear interactions (mg-Hamiltonian), longrange magneostatic dipole-dipole interactions and second and/or third nearest-neighbour
exchange interactions. While in the latter group, the Hamiltonian only consists of longrange magnetostatic dipole-dipole interactions. These two model Hamiltonians correspond
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to two classes of magnetic materials, insulating rare-earth pyrochlore oxides and rare-earth
FCC salts, respectively.
Our studies on pyrochlore systems were motivated by the recent experimental and theoretical works on Gd2 Ti2 O7 and Er2 Ti2 O7 . In Chapter 4, we showed that a partially ordered
state (POS) can occur in a pyrochlore system. At the s-MFT level, in a certain region of the
parameter space of the mg-Hamiltonian amended to include long range dipolar interaction
and/or second and/or third nearest-neighbours exchange interactions, an accidental O(4)
symmetry emerged. This symmetry generates a degeneracy between two types of POS, 1-k
and 4-k states. We demonstrated that fluctuations break this symmetry by introducing a
cubic anisotropy in a 4-vector model. Consequently, the degeneracy between POS’s were
lifted and according to microscopic details either 1-k or 4-k states were selected. We used
Monte Carlo simulations and E-TAP method to study fluctuations. Our results address the
long standing problem of the 4-k spin configuration of the intermediate phase of Gd2 Ti2 O7 .
However, the low temperature spin configuration of this compound still remains an enigma.
Our results suggest a 2-k state as a possible candidate for Gd2 Ti2 O7 ’s low temperature
phase which contradicts the existing result. However, further experiments are required to
address this issue. Based on our Ginzburg-Landau analysis, we predicted that the critical
behaviour of Gd2 Ti2 O7 should be classified under the 3D n = 4 cubic universality class.
Performing new experiments and conducting new numerical studies (i.e.Monte Carlo simulations) seem to be a daunting task to confirm this prediction. On the experimental side,
the difficulty occurs since the value of critical exponents of 3D n = 4 cubic universality
class is very close to the ones that belong to other 3D universality classes. An obstacle in
conducting Monte Carlo studies in these systems stems from the presence of the long-range
dipolar interaction which creates limitation for simulating larger system sizes, necessary to
study criticality. We note that in the case of 1-k selection where one expects a fluctuation
induced first order transition from paramagnetic phase to 1-k state, the same problem
exists. However, one can avoid the problem by using second and third nearest-neighbours
interactions instead of long-range dipolar one. This can be the topic for a future research
project.
In Chapter 5, we studied the mg-Hamiltonian in a certain region of its parameter space
known as Γ5 region. At the s-MFT level, U (1) symmetry emerges in this region. For a
specific part of the Γ5 region (where the coupling Jzz = 0), we showed that fluctuations
introduce a hexagonal anisotropy and break the U (1) symmetry, by using E-TAP method
up to order β 6 . We obtained the phase diagram resulting from the ObD selection in this
part of the parameter space. Our study in this chapter was focused on developing the ETAP method to calculate the hexagonal anisotropy by means of a diagrammatic approach.
This project is in its early stage of development in the context of frustrated systems.
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The results obtained in this chapter needs to be benchmarked by performing Monte Carlo
simulations which does not seem too demanding in terms of computational resources.
Since we performed our E-TAP calculations for a Jzz = 0 part of the Γ5 region, a possible
extension of the project could be to obtain the E-TAP corrections for Jzz 6= 0 region.
This is a demanding project in terms of analytical complications involved in calculating
different terms in E-TAP expansion. However, it is not impossible to do and the efforts
puts into this direction can also be steered towards developing a computer program capable
of calculating different terms in E-TAP expansion.
In continuation of our investigation in Chapter 5, on ObD generated hexagonal anisotropy
in lifting the accidental U (1) degeneracy, in Chapter 6, we focused on mg-Hamiltonian with
its parameters tuned to a specific point in the Γ5 region. This model is obtained using experimental data to describe rare-earth pyrochlore oxide Er2 Ti2 O7 . Due to the importance
of long-range dipolar interaction in this group of materials, we studied a model including
this interaction as well as the mg-Hamiltonian corresponding to Er2 Ti2 O7 . Using Monte
Carl simulations, we demonstrated that this model goes through a continuous phase transition from paramagnetic phase to a long-range ordered phase, which can be classified under
3D XY universality class. The ObD mechanism selects the long-range ordered phase, the
so called ψ2 state, which is the same with and without the presence of the long-range
dipolar interaction. However, the transition temperature to ψ2 increases when the longrange dipolar interaction is considered. This remains to be confirmed by studying how the
long-range dipolar interaction affects the energy of the ψ2 state.
In Chapter 7, we changed gear from pyrochlore structure to FCC lattice. We considered a system of point dipoles on FCC lattice sites interacting via the long-range dipolar
interaction. This is one the simplest models that exhibit the ObD phenomenon. The
materials described by this model are the rare-earth FCC salts. These material order ferromagnetically at low temperatures and so does the system of FCC point dipoles on FCC
lattice. At the s-MFT level, an O(3) symmetry emerges. Employing the E-TAP method,
spin wave theory and Monte Carlo simulations, we studied the effect of fluctuations in this
system. We found that fluctuations break the accidental O(3) symmetry by generating a
cubic anisotropy in a 3-vector model and select a state polarized along [111] cubic direction
down to low temperatures. However, the selected direction is a matter of debate at the
moment. Early Monte Carlo studies by Bouchaud and Zérah, suggest that the polarization
direction changes from [111] to [100] at low temperatures. Our results do not support their
conclusion. To further confirm this issue, Monte Carlo simulation with advanced updating
techniques can be helpful. The investigations presented in this chapter may also be considered as the primary step before studying a Hamiltonian including single site anisotropy
which represents a system of nanoparticles on FCC lattice
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At the end, we hope that our investigation on ObD problem at criticality open a new
avenue in the study of the effect of fluctuations in frustrated systems. From a broader
methodological perspective, our E-TAP method for spin models with anisotropic interactions could be applied to other magnetically frustrated systems where the question of
selection of the long-range order at Tc is of interest. This is useful in particular, if the
low-temperature state is separated by a phase transition from the state selected at Tc . In
such a case, an understanding of the ground state at T = 0+ can not be leveraged to explain
the situation at Tc . In addition, the E-TAP analytical description of fluctuations at the
microscopic level may help shed light on the role of individual symmetry-allowed interactions in an ObD selection near critical temperature. As another methodological extension,
the E-TAP method can be modified to include quantum mechanical effects which broadens
the reach of this method in studying phenomena that may occur close to criticality.
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Part III
APPENDICES
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Appendix A
Pyrochlore Lattice
The pyrochlore lattice is a non-Bravais lattice with a tetrahedral basis on the sites of a
FCC lattice. In this thesis we choose the following conventions. Ri ≡ ri − r α are the
FCC lattice position vectors and ri are pyrochlore lattice position vectors. The vector r α
specifies the bases’ positions in the pyrochlore lattice and are given by:
r 0 = (0, 0, 0)
1 1
r 1 = ( √ , √ , 0)
2 2
1
1
r 2 = ( √ , 0, √ )
2
2
1
1
r 3 = (0, √ , √ ).
2 2

(A.1a)
(A.1b)
(A.1c)
(A.1d)

The above coordinates are expressed in units of rnn , the nearest-neighbor distance in pyrochlore structure.
The local coordinate system on each sublattice are defined below:
1
xlocal
= √ (−1, −1, 2)
0
6
1
y0local = √ (1, −1, 0)
2
1
z0local = √ (1, 1, 1)
3
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(A.2a)
(A.2b)
(A.2c)

1
= √ (1, 1, 2)
xlocal
1
6
1
y1local = √ (−1, 1, 0)
2
1
z1local = √ (−1, −1, 1)
3
1
= √ (1, −1, −2)
xlocal
2
6
1
y2local = √ (−1, −1, 0)
2
1
z2local = √ (−1, 1, −1)
3
1
xlocal
= √ (−1, 1, −2)
3
6
1
y3local = √ (1, 1, 0)
2
1
z3local = √ (1, −1, −1)
3
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(A.3a)
(A.3b)
(A.3c)

(A.4a)
(A.4b)
(A.4c)

(A.5a)
(A.5b)
(A.5c)

Appendix B
Partially Ordered State in s-MFT
In this appendix we show that, at the standard mean field theory (s-MFT) level, the 1k and 4-k states, introduced in Chapter 4, have the same free energy with and without
considering the effect of the crystal electric field in the pyrochlore lattice.

B.1

Defining primary tools

We begin by defining the orientation of the moments, êαka , on a typical tetrahedron that
makes up a 1-k state. Here, α = 0, · · · , 3 corresponds to one of the four bases (sublattices)
of the pyrochlore structure (see Eq. (A.1)) and ka refers to ordering wave vector of the
corresponding 1-k state. êαka ’s are given in Table B.1 and are expressed in global Cartesian
coordinates.

ka
k0 = ( 12 , 21 , 12 )
k1 = (− 12 , − 12 , 21 )
k2 = (− 12 , 12 , − 12 )
k3 = ( 12 , − 21 , − 12 )

sublattice 0
ê0k0 = (0, 0, 0)
−1
ê0k1 = ( √12 , √
, 0)
2
−1
0
êk = ( √2 , 0, √12 )
−1
ê0k3 = (0, √12 , √
)
2

sublattice 1
−1 √1
ê1k0 = ( √
, 2 , 0)
2
1
êk1 = (0, 0, 0)
−1 √
ê1k = (0, √
, −12 )
2
ê1k3 = ( √12 , 0, √12 )

sublattice 2
−1
ê2k0 = ( √12 , 0, √
)
2
1 √1
2
√
êk1 = (0, 2 , 2 )
ê2k = (0, 0, 0)
−1 √
ê2k3 = ( √
, −12 , 0)
2

sublattice 3
−1 √1
ê3k0 = (0, √
, 2)
2
−1
−1
3
√
êk1 = ( 2 , 0, √
)
2
1
1
3
êk = ( √2 , √2 , 0)
ê3k3 = (0, 0, 0)

Table B.1: Spin configurations of a single tetrahedron in 1-k states
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The orientation of the rest of the moments in a 1-k state can be obtained from a single
tetrahedron configuration using the following equation:
êka (ri ) = êαka cos(ka · Ri )

(B.1)

where Ri ≡ ri − r α are the FCC lattice position vectors, ri are pyrochlore lattice position
vectors. The vector r α are defined in Appendix A. The spin orientations corresponding to
the 4-k states can be expressed in terms of linear combinations of the four 1-k states:
ê4k (ri ) ≡

3
X

ψ̂a êka (ri ).

(B.2)

a=0

Here ψ̂a = ±1/2 conveniently keeps ê4k (ri ) normalized (except for the sites with zero
moments) and generate all possible 4-k states.

B.2

No crystal electric field

Having defined the 1-k and 4-k states, we now proceed to show that both the 1-k and 4-k
states have the same s-MFT free energy. The general form of the s-MFT free energy for a
classical 3-component spin, Si at site i reads [57]:
F = −

sinh(βhi ) 
1 X µ µν ν 1 X
mi Jij mj −
ln 4π
.
2 i,j
β i
βhi

(B.3)

Jijµν is the bilinear spin-spin exchange coupling matrix defined through the Hamiltonian of
Eq. (4.1) in Chapter 4. The magnetic moment, mi for both 1-k and 4-k states at site ri
is obtained from the s-MFT self-consistent (Langevin function) equation,
mi = −

hi
1
[coth(βhi ) −
]
hi
βhi

where
hi ≡ |hi | = |

X
j,ν

Jij mνj |.

(B.4)

(B.5)

In what follows, we compare the free energy, F , within (s-MFT), of a 1-k state, with
4-component order parameter, ψ = (|ψ|, 0, 0, 0), with the free energy of a 4-k state, with
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4-component order parameter ψ = (|ψ|/2, |ψ|/2, |ψ|/2, |ψ|/2). We thus have |mi | = |ψ|
which is also confirmed numerically by solving Eq. (B.4). We define for a 1-k state:
mi = |ψ|êka (ri ) ≡ mka (ri )

(B.6)

while we have for a 4-k state:
mi = |ψ|ê4k (ri ) =

4
X
a=1

ψ̂a mka (ri ) ≡ m4k (ri ).

(B.7)

In Eq. (B.3), we are employing implicit summation convention for repeated Greek superscripts µ and ν which represent Cartesian coordinates.
We now show that both terms in Eq. (B.3) are the same for 1-k and 4-k states and
thus, at a given temperature, the free-energy of 1-k and 4-k is the same at the s-MFT
level.
P
First Term of Eq. (B.3): The first term, F1 ≡ − 21 i,j mµi Jijµν mνj , reads for a typical
1-k state:
1X µ
(B.8)
F1 (1k) ≡ −
mka (ri )Jijµν mνka (rj )
2 ij
Using Eqs. (B.1, B.6) we have:

F1 (1k) = −

1 X µ α µν
mka (r )Jαβ (ka )mνka (r β )
2 αβ

(B.9)

µν
where α and β are sublattice labels and Jαβ
(ka ) is the Fourier transform of Jijµν . Similarly,
using Eqs. (B.7, B.8), F1 for a 4-k state can be written as:

1 XX
ψ̂a ψ̂b mµka (ri )Jijµν mνkb (rj ).
2 ij ab

(B.10)

1 X
µν
ψ̂a ψ̂b mµka (r α )Jαβ
(ka )mνkb (r β )δab .
2 ab;αβ

(B.11)

1X
µν
(ψ̂a )2 mµka (r α )Jαβ
(ka )mνka (r β )
2 a;αβ

(B.12)

F1 (4k) = −
Using Eq. (B.1) we obtain:
F1 (4k) = −
Consequently,
F1 (4k) = −
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and using Eq. (B.9), we find:
F1 (4k) =

X

(ψ̂a )2 F1 (1k).

(B.13)

a

Considering that for all a, ψ̂a = ± 21 , and all F1 (1k) are the same, we thus have:
F1 (4k) = F1 (1k).

(B.14)

Second Term of Eq. (B.3): In this term, the only variable that depends on different
spin configurations is the magnitude of local field, hi , in Eq. (B.5),which we focus on.
Using Eq. (B.6), the local field, hi , experienced by a moment at site ri in a 1-k state, is
given by:
X µν
hµka (ri ) ≡
Jij mνka (rj ),
(B.15)
jν

while for a 4-k state we have

hµ4k (ri ) ≡

X

Jijµν mν4k (rj ) =

X

ψ̂a hµka (ri ).

(B.16)

a

jν

P
where mν4k (rj ) = a ψ̂a mνka (rj ). Within s-MFT, the local field at each site is antiparallel
to the moment at that site. As a result, hka (ri ) can be written as
hka (ri ) = Cmka (ri ).

(B.17)

Here, C is the same constant for each of the 1-k states with k ≡ ka (a = 0, 1, 2, 3), since
all of 1-k states have the same free energy by definition.
Similarly, for the 4-k state, using Eqs. (B.16, B.17), we find
X
ψˆa mka (ri ) = Cm4k (ri ).
h4k (ri ) = C

(B.18)

a

Since we have |ψ| the same for both 1-k and 4-k states by construct, Eq. (B.18) shows that
the magnitude of the local field is the same for 1-k and 4-k at the lattice sites with nonzero
moments at a given temperature T . We note that, the theory is internally consistent, since
we have taken |ψ| to be the same for both 1-k and 4-k states which is confirmed numerically
as mentioned earlier. As a result, the second term in Eq. (B.3) is the same for 1-k and
4-k.
Based on Eqs. (B.14, B.18) and Eq. (B.3), we therefore find that the s-MFT free
energy is the same for the 1-k and 4-k states.
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B.3

With crystal electric field

The discussion in the previous subsection, as well as in Chapter 4, has assumed for simplicity that the spin degrees of freedom, Si at each site i, is a classical vector of fixed
length. As a result, the s-MFT treatment leads for the self-consistent equation for mi to
the Langevin function in Eq. (B.4). Had we assumed a quantum Si , Eq. (B.4) would be
x
coth( 2S+1
x) − 12 coth( 2S
) is the Brillouin
replaced mi = − hhii BS (hi ), where BS (x) = 2S+1
2S
2S
function. In this case, one can repeat the argument of the Section B.2 and, again, show
that the 1-k and 4-k states are degenerate.
One may then ask whether the single-ion anisotropy, arising from the crystal electrical
field (CEF) effect, may change the conclusion that the 1-k and 4-k states are degenerate.
Again, such a question can be asked for either classical or quantum spins Si . We now proceed to briefly show that introducing a crystal field anisotropy does not lift the degeneracy
between the 1-k and 4-k states.
At the s-MFT level, the Hamiltonian including crystal electric field or single ion anisotropy
(HCEF ) can be written as:
HMF

N h
i
X
1
=
hi · Si + HCEF (Si ) − hi · mi ,
2
i=1

(B.19)

where HCEF can be expressed in terms of Stevens’ operators according to the symmetry of
pyrochlore structure[11]:

HCEF (Si ) =

6
X X

Bnm Onm (Si ).

(B.20)

n=2,4,6 m=0

We consider Si expressed in terms of its components in the local [111] coordinate system.
The s-MFT free energy can be written as
N
1X
F = −
ln(Zi ),
β i=1

where

(B.21)


β
hi · mi ].
(B.22)
2
In what follows, we aim to compare the s-MFT free energy of 1-k and 4-k states using Eq.
(B.21) without explicitly finding its global minimum. In Eq. (B.22), Si can be treated as
Zi = Tr[exp − βhi · Si − βHCEF (Si ) +
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a classical vector or a quantum mechanical operator. However, we show that the outcome
is independent of this choice. The result of performing the Tr in Eq. (B.22) can be written
in general form of
β
(B.23)
exp( hi · mi )G(hxi , hyi , hzi , β).
2
Since we are comparing the free energy of the 1-k and 4-k states, hi and mi are known
for every i. So, we have
βC|ψ|2
β
) ≡ C̃,
(B.24)
exp( hi · mi ) = exp(
2
2
which is the same for both 1-k and 4-k states. Here, C is the same constant in Eqs. (B.17,
B.18). As a result, Eq. (B.23) can be rewritten as
C̃ G̃(hi , θi , φi ),

(B.25)

where θi and φi are the polar and azimuthal angles of hi in the local [111] frame of
coordinates. We dropped β from the argument of G̃ for simplicity. Now we show the G̃ is
the same for both 1-k and 4-k states. According to Eq. (B.18), hi is the same for both
1-k and 4-k states. Considering Table B.1 and Eq. (B.2), ∀i, θi = π/2 for both of these
states. On the other hand, φi can only have the following values: { π2 , 3π
, π , 5π , 7π
, 11π
} for
2 6 6
6
6
both 1-k and 4-k states. Although for 1-k and 4-k states, these angles are distributed
differently over the lattice, all of them are present in a typical 1-k and 4-k states. Since
there is a sum over all lattice sites in Eq. (B.21), the outcome of this equation is the same
for the 1-k and 4-k states. Consequently, including the crystal electric field in the s-MFT
Hamiltonian does not differentiate between 1-k and 4-k states, free-energy-wise.
We numerically confirmed this result by minimizing Eq. (B.21) and solving the resulting
s-MFT self-consistent equation where Si were spin-7/2 quantum mechanical operators and
Bnm coefficients in Eq. (B.20), were chosen in accordance with the experimental values for
Gd2 Ti2 O7 from Ref. [48]. We found that the 1-k and 4-k states have identical paramagnetic
critical transition temperature, Tc , and identical free energy below Tc .

B.4

Emergent O(4) symmetry up to quartic order in
s-MFT

In this section we demonstrate that the free energy within the s-MFT treatment is O(4)
symmetric up to quartic order in the ψa ’s. To do this, we expand the s-MFT free energy,
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Eq. (B.3), in powers of hi :
F =

∞ X
X
1 ∂ nF
n! ∂hni
n=0 i

hi =0

hni

(B.26)

P
where
is defined in Eq. (B.5). Considering the pyrochlore structure, i is equivalent
P3 hi P
to α=0 Ri , where α is the sublattice label and Ri is the FCC lattice position vector.
As a result, hi can be relabelled as hα (Ri ). This notation makes the book-keeping clearer
in what follows. We will focus on the n = 4 term because, based on our Ginzburg-Landau
symmetry analysis in Chapter 4, the quadratic term is O(4) invariant.
For T . Tc and in a region of parameter space with { 21 21 12 } ordering wave vectors,
hα (Ri ) can be written as
X
ψ̂a hka (ri ),
(B.27)
hα (Ri ) =
a

α

where ri = Ri + r . Using Eqs. (B.1, B.6, B.15) we have

hka (ri ) = |hka (ri )|êαka cos(ka · Ri ),

(B.28)

where according to the arguments presented in Section B.2, |hka (ri )| is the same for all
sites with nonzero moments.PSo |h
fourth order term in hi arising in Eq.
Pk3a (ri )| α≡ h. The
4
(B.26), can be written as ∝ Ri α=0 |h (Ri )| . We now proceed to show that this term
is O(4) invariant.
Using Eqs. (B.27, B.28), we have:

3
XX
Ri α=0

|hα (Ri )|4 =

XX
Ri

α

b=0

ψ̂b2 +

X

b1 <b2



2ψ̂b1 ψ̂b2 êαkb · êαkb
1

2



!2

cos(kb1 · Ri ) cos(kb2 · Ri )

3
3
Nh X X 2 2 X 2 2
α
4
[(
ψ̂ ) +
ψ̂b1 ψ̂b2 ],
|h (Ri )| =
4 α=0 b=0 b
α=0
b <b

3
XX
Ri

h4

3
X

(B.29)

4

1

3
XX
Ri α=0

|hα (Ri )|4 =

(B.30)

2

3
4 X

3N h
(
ψ 2 )2 .
4|ψ|4 b=0 b

(B.31)

In Eq. (B.29), we used the relation that êαkb · êαkb = −1/2 for b1 6= b2 6= α (see Table
1
2
B.1). We use momentum conservation going from Eq. (B.29) to Eq. (B.30). In Eq. (B.31),
we used the relation ψb = |ψ|ψ̂b . N is the number of sites.
In consequence, the s-MFT free-energy is O(4) invariant up to quartic order.
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Appendix C
Second nearest-neighbour effect on
the selection of partially ordered
states at TcMF
Because they are often of considerable strength, we focused in the Chapter 4 on the dipoleinduced (hhh) degeneracy-lifting into ( 21 12 12 ). Yet, there are some rare-earth pyrochlore
oxides, such as Yb2 Ti2 O7 and Pr2 (Sn,Zr)2 O7 , where the magnetic moment is sufficiently
small that the dipolar interactions, Hdip , may not be the leading perturbation to Hnn .
Rather, the second nearest-neighbour interactions, H2 might well be. It is therefore of
interest to consider the problem of the pyrochlore lattice with magnetic transition metal
ions where dipolar interactions are definitely negligible compared to superexchange. We
thus consider below the case Jdip = 0, but J2 6= 0. Also, for completeness, we consider a
different, but equivalent, representation of the anisotropic exchange couplings in Hnn [44].
The nearest-neighbour Hamiltonian, Eq. (4.1) in Chapter 4, can be linearly transformed
to Eq. (5.1)(see Appendix F):
X
Hnn =
{Jzz Siz Sjz − J± (Si+ Sj− + Si− Sj+ )
(C.1)
hi,ji

+J±± (γij Si+ Sj+ + γij∗ Si− Sj− )
+Jz± [Siz (ζij Sj+ + ζij∗ Sj− ) + i ↔ j]},
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where the 4 × 4 matrix ζ is given by [44]:

0
−1
eiπ/3 e−iπ/3
 −1
0
e−iπ/3 eiπ/3
ζ=
iπ/3
−iπ/3
 e
e
0
−1
−iπ/3
iπ/3
e
e
−1
0




,


(C.2)

and γ = −ζ ∗ . We note that the sublattice convention for the Hamiltonian of Eq. (C.1) and
the definition of corresponding local coordinates are different from what were presented in
Appendix A. The corresponding details are available in Ref. [44].

This representation has appeared in a number of recent publications on pyrochlore magnets
[21, 44, 127]. In what follows, we first consider only a nearest-neighbour Hamiltonian, Hnn .
We identify the critical modes at Tc [57]. These modes specify the ordering wave vector
that first become soft (critical) as the temperature is decreased. As discussed in the
main body of the paper, we obtain a line-degeneracy with ordering wave vectors {hhh}
with arbitrary h in a certain region of the parameter space coloured dark in Fig. (C.1).
Adding the beyond-nearest-neighbour interactions such as ferromagnetic second- and/or
antiferromagnetic third-nearest-neigbours and/or long-range dipolar interaction, lifts this
degeneracy and favours { 21 12 12 } as ordering wave vectors [57, 82, 85, 86].

As stated above, we considered in the Chapter 4 long-range dipole-dipole interactions
as a source of the selection of a ( 21 12 12 ) ordering wave vector. Here, we instead consider
a ferromagnetic second nearest-neighbour interaction as perturbation. We repeat all calculations leading to the computation of the TAP correction Ω in Eq. (4.5). The results
are illustrated in Fig. C.1. In this case, we observe regions corresponding to k = 0 and
k = ( 21 12 21 ) ordering wave vectors. Using the E-TAP method, we identify subregions corresponding to 1-k and 4-k states in the k = ( 21 12 21 ) region (see Fig. C.1 caption). The
terms obtained in Eqs. (4.7, 4.8, 4.9) can raise/lower the free energy of the 1-k state with
respect to 4-k thus breaking the degeneracy. We also, observe a region in parameter space
in which the ordering wave vector is incommensurate (specified in Fig. C.1). The study of
this region is beyond the scope of the present work.
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k=0



incommensurate region


J±

J±±

1-k

4-k






1-k

4-k












Jz±
J±±
Figure C.1: Ordering wave vectors at T = Tc . The area denoted by 1-k and 4-k has
( 12 21 12 ) ordering wave vector. The first order E-TAP correction (Eq. (4.5)), leads to the
selection of either a 4-k or 1-k state (with corresponding labeled regions in the phase
diagram depending whether the free energy is lower for 4-k or 1-k ordered phase). This
phase
diagram corresponds to H = Hnn + H2 where J2 /J±± = −0.02, Jzz = 0 and H2 =
P
hhi,jii J2 Si · Sj .
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Appendix D
ψ2 and ψ3 states
As stated in Chapters 5, the ψ2 states have spin configurations with k = 0 ordering wave
vector and with the following spin orientations on a tetrahedron expressed in the global
(Cartesian) reference frame
1
ê10 = √ (−1, −1, 2)
6
1
ê11 = √ (1, 1, 2)
6
1
ê12 = √ (1, −1, −2)
6
1
ê13 = √ (−1, 1, −2)
6

(D.1a)
(D.1b)
(D.1c)
(D.1d)

Here the subscripts correspond to sublattice labels in the pyrochlore lattice and the superscripts refer to different symmetry-related ψ2 states. {ê2i } and {ê3i }, i = 0, · · · , 3, can be
obtained from Eq. (D.1) by C3 rotations with respect to the h111i direction. ψ3 states can
be obtained from the ψ2 ones, by a π/6 rotation of each spin about its local [111] axis.
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Appendix E
Diagrammatic Approach in E-TAP
In this appendix, we focus on the problem of the s-MFT U (1) degeneracy of the Γ5 manifold.
Below, we calculate the degeneracy-lifting contributions from hU 2 i and hU 2 T2 i in Eqs.
(3.27b, 3.27d) which correspond to β 2 and β 4 terms in E-TAP expansion, to demonstrate
the general idea of our diagrammatic method mentioned in Chapter 5. Higher order terms
can be calculated using a similar procedure.

E.1

hU 2i calculation

Using Eq. (3.25), we have
hU 2 i =

1 X X α1 β1 α2 β2
Ji1 j1 Ji2 j2 hδSiα11 δSjβ11 δSiα22 δSjβ22 i,
22

(E.1)

hi1 ,j1 i hi2 ,j2 i

where the summations are performed over lattice sites and summation is implied for Greek
superscripts. To proceed, we need to specify all the possible pairings of the factors δSit ,
δSjt , t = 1, 2 in the hδSiα11 δSjβ11 δSiα22 δSjβ22 i. Considering Eq. (3.31), the only nonzero pairings
of site indices in Eq. (E.1) are i1 = i2 , j1 = j2 and i1 = j2 , j1 = i2 , with the constraint
i1 6= j1 and i2 6= j2 imposed by the Hamiltonian; Jiiαβ = 0 for all α and β. This leads to:
1 X α1 β1 α2 β2
Jij Jij hδSiα1 δSiα2 ihδSjβ1 δSjβ2 i.
(E.2)
hU 2 i =
2
hi,ji

We now introduce a diagrammatic method to compute Eq. (E.2). In this equation, for
a given i, j, αt and βt with t = 1, 2, Jijα1 β1 Jijα2 β2 hδSiα1 δSiα2 ihδSjβ1 δSjβ2 i can be represented
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+
+ thiszpoint
+in what−−
z−
−
−
−
z
Jij++ Jijz+WehδS
i δSi ihδSj δSj i + Jij Jij hδSi δSi ihδSj δSj i,

(E.3)

The symmetry analysis revealed that only the terms of the

where the first term generates the e3iφ contribution to cos(3φ) while the second term
generates e−3iφ . All possible ways of generating the factor e3iφ is illustrated in Fig. E.1b,
−3iφ
which is the same as the number of ways
generating
Eq.
(E.2)
canβbe α
� � � eα β .α Ultimately,
1of�
β
α β
α β
β
α
α
4
�U � =

24

i1 j 1 i2 j 2 i 3 j 3 i 4 j 4

Ji11j1 1 Ji22j2 2 Ji33j3 3 Ji44j4 4 �δSi11 δSj11 δSi22 δSj22 δSi33 δSjβ33 δSiα44 δSjβ44 �
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Having in mind the description below Eq. (B8), the average

from all the different ways that one can pair the

in Eq. (B18) yields to 5 different types of terms which come

i1 , j1 , · · · ). These terms can be represented

rewritten as:



X
hU 2 i = 2j±± jz± hδS z δS + ihδS + δS + i
γij ζij + h.c. .

(E.4)

ij

Based on Eqs. (3.33, 3.36) and recalling from Section 5.2 that m and φ do not require
site indices
P in the Γ5 manifold, we dropped the site labels of δS’s in Eq. (E.2). The lattice
sum, hi,ji γij ζij , can be carried out using a computer program for different lattice sizes
with linear dimension L. Up to sixth order in the β expansion, the lattice sums per site
for different terms in Eqs. (3.27) are independent of L for L ≥ 2 . Accordingly, we have
1 X
γij ζij = −6.
(E.5)
N
hi,ji

Using Eqs. (3.33, 3.36 ), the averages in Eq. (E.4) can be written as
18
mz m+ + · · ·
(E.6)
45
18 2
hδS + δS + i =
m + ···
(E.7)
45 +
where to the lowest order of interest in m which in this case is the fourth order according
to GL analysis in Chapter 5, we keet λα ' 3mα and neglect all the higher order terms.
Finally Eq. (E.4) gives
hδS z δS + i =

hU 2 i/N = (−0.96mz m3+ + h.c.)j±± jz±
= −1.92j±± jz± mz |mxy |3 cos(3φ).

(E.8)

We note that Eq. (E.8) contributes to the g0 in Eq. (5.6) which, in turn, is necessary to
calculate f (j±± , jz± ) in Eq. (5.10). All other terms in Eq. (3.27) involving solely powers
of U and no Tn can be calculated in a similar way. The number of diagrams increases as
one considers higher order terms in the β expansion of Eq. (5.9). As a result, finding the
number and type of nonzero average of the form of Eq. (3.30) is most easily done using a
computer program. The details of this type of calculations are presented in Section E.3.
Some of the diagrams that appear at higher order in the β expansion are illustrated in Fig.
E.2.

E.2

hU 2T2i calculation

Due to the presence of Tn , in this case n = 2, this kind of averages need to be carried out
slightly differently in comparison with averages containing only powers of U . The difference
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(2,3,3)
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be labeled res
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Cartesian coo

TABLE I. Blue dots represent a given site and the number of lines coming
Figure E.2: The figure is made by of Alexander G. R. Day. For details, see the text in
Section E.3. We also note that the contribution of disconnected diagrams (e.g. the diagram
out the right
dots are
the number
paired
δS.up
The
is indicated above
at the bottom
corner)
in Eq. of
(3.27)
adds
toconnectivity
zero.
each diagrams and the number of occurrence of each diagrams is indicated
to their right. The diagrams are distinguished by their connectivity and their
111 these diagrams using a modulus apadjacency matrix eigenvalues. We count

proach : we generate all possible diagrams given a certain number of vertices
and a given connectivity. Then we remove all diagrams that do not satisfy the

comes from the presence of the factor ∂ n λi /∂β n in Eq. (3.28). Considering Eq. (3.27a) ,
we obtain the following relation
∂hHi
∂ 2 (βG(β))
∂λα
=
,
=
∂β
∂mα
∂mα ∂β

(E.9)

From Eq. (E.9), one can write
∂ n λα
∂ n+1 (βG(β))
=
.
∂β n
∂mα ∂β n

(E.10)

Using Eq. (3.28), hU 2 T2 i can therefore be written as:
hU 2 T2 i =

1 X X X α1 β1 α2 β2 ∂ 2 λαk 3
hδSiα11 δSjβ11 δSiα22 δSjβ22 δSkα3 i.
J
J
22 i j i j k i1 j1 i2 j2 ∂β 2
1 1

(E.11)

2 2

Using Eq. (E.10), we have
∂ 3 (βG(β))
∂hU 2 i
∂ 2 λαk 3
=
=
−
.
∂β 2
∂mα ∂β 2
∂mα3

(E.12)

The term hδSiα11 δSjβ11 δSiα22 δSjβ22 δSkα3 i in Eq. (E.11) can be dealt with as described previously
in Section 3.3 in Chapter 3. The outcome reads
hδSiα11 δSjβ11 δSiα22 δSjβ22 δSkα3 i = 4hδSiα11 δSiα12 ihδSkα3 δSkβ1 δSkβ2 i,

(E.13)

where the factor of 4 comes from the number of different ways of pairing site indices yielding
non-vanishing results. On the other hand,
hU 2 i =
and, in turn,

α

where

∂λk 3
α
∂mk 3

1 X α1 β1 α2 β2
J
Jij hδSiα1 δSiα2 ihδSjβ1 δSjβ2 i,
2 ij ij

(E.14)

∂hU 2 i
∂λαk 3 X α1 β1 α2 β2 ∂hδSiα1 δSiα2 i
Jij Jij
hδSjβ1 δSjβ2 i,
α3 =
α3
α3
∂mk
∂mk ij
∂λk

(E.15)

' 3. Here, we ignored higher order terms which do not contribute to the
∂hδS

α1

δS

α2

i

i
i
degeneracy lifting terms of fourth or sixth order in components of m. The
α
∂λk 3
expression can be calculated using Eq. (3.34). Substituting Eqs. (E.13, E.15) in Eq.
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(E.11), we obtain the final expression which can be represented by a ”fused” diagram
shown in Fig. E.3. This diagram has a new type of vertex represented with a red square.
This vertex is labeled with only one site index and its mathematical expression is:
hδSkα3 δSkβ1 δSkβ2 ihδSkα3 δSkγ1 δSkγ2 i,

(E.16)

where again there is a sum over repeated Greek superscripts.

(12)
Figure E.3:
The figure is made by of Alexander G. R. Day. Diagram corresponding to hU 2 T2 i. The vertex represented by red square represents the following:
hδSkα3 δSkβ1 δSkβ2 ihδSkα3 δSkγ1 δSkγ2 i.
As a result, the final expression reads:

hU 2 T2 i = −

∂λαk 3 X α1 β1 α2 β2 α3 β3 α4 β4
Jik Jik Jjk Jjk hδSiα1 δSiα2 ihδSkα3 δSkβ1 δSkβ2 ihδSkα3 δSkβ3 δSkβ4 ihδSjα3 δSjα4 i.
α3
∂mk ijk
(E.17)

From this point on, one can follow the procedure presented previously for the hU n i
terms to obtain the final results. All other averages similar to hU 2 T2 i can be calculated
following the above recipe.

E.3

On diagrams

In what follows, we make a few comments about different diagrams that appear in the
E-TAP expansion.
First we focus on diagrams corresponding to hU n i with n = 2, 3, · · · , in Eq. (3.27).
The diagrams for n = 3, 4 are illustrated in Fig. E.2. In this figure, blue circles represent a
given lattice site and the number of lines (bonds) connected to the circles is the number of
paired δS’s at that lattice site. The connectivity indicated above each diagram is written in
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the form of (α1 , · · · , αm ) where m is the number of vertices and αi is the number of bonds
connected to vertex i. The number of times that each diagram appears in the process
of pairing δS’s, referred to as diagram count, is indicated in parentheses to the right of
each diagram in Fig. E.2. The diagrams are distinguished by their connectivity and their
adjacency matrix eigenvalues [121]. The adjacency matrix M is a m × m matrix where m
is the number of vertices appearing in the diagram. Its matrix elements Mij (0 < i, j ≤ m)
corresponds to the number of bonds connecting the i-th vertex to the j-th vertex. We count
these diagrams using a computer program in which we generate all possible diagrams given
a certain number of vertices and a given connectivity. Then, we remove all diagrams that
include any onsite interactions which are forbidden since there is no onsite interaction in
the Hamiltonian of Eq. (5.1). For the remaining diagrams, we build their adjacency matrix
which we then diagonalize. M is a symmetric matrix and thus has a set of real eigenvalues
which defines a graph equivalence class. Graph with the same adjacency matrix eigenvalues
correspond to graphs with the same topology. The number of graph with a given topology
is noted in parentheses to the right of the graph in Fig. E.2.
The fifth and sixth order terms of the E-TAP expansion in β, contain, respectively,
9 and 26 types of connected diagrams. We note that the contribution of disconnected
diagrams in Eq. (3.27) adds up to zero [121].
The so-called fused diagrams appear in terms of the form hU m Tn i and hTn i, where
m, n ≥ 2 and are positive integers. They are constructed by fusing the diagrams similar
to the ones in Fig. E.2 together. An example of such a diagram and the corresponding
details of its definition is given in the caption of Fig E.3.
We also note that some of the diagrams do not cover lattice sites beyond one tetrahedron, for example the triangular diagram and the two site diagram in the top row of Fig.
E.2.
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Appendix F
Transformation Matrix Between
Different Representations of
mg-Hamiltonian
The Hamiltonians presented in Eqs. (4.1, 5.1) can be transformed to each other using the
following linear transformation:






√
1 −10 −2 4 √ 2
4 2
2
0 − 23
3
3√
4 2
8
4
0 √
−
3
3
3
0 4 2 0
−2



 
JIsing
Jzz



  J±   Jiso
=

 J±±   Jpd
JDM
Jz±






(F.1)

where JDM > 0 corresponds to indirect DM interaction. We note that in order to derive
this transformation matrix, one needs to take into account the proper sublattice convention
and local coordinates definition for Eq. (5.1) presented in Ref. [44].
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[75] M. Raichle, M. Reehuis, G. André, L. Capogna, M. Sofin, M. Jansen, and B. Keimer.
Incommensurate spin-density modulation in a copper oxide chain compound with
commensurate charge order. Phys. Rev. Lett., 101:047202, 2008.
[76] E. M. Forgan, E. P. Gibbons, K. A. McEwen, and D. Fort. Observation of a
quadruple-q magnetic structure in neodymium. Phys. Rev. Lett., 62:470, 1989.
[77] T. Okubo, Trung Hai Nguyen, and H. Kawamura. Cubic and noncubic multiple-q
states in the Heisenberg antiferromagnet on the pyrochlore lattice. Phys. Rev. B,
84:144432, 2011.
[78] A. Farkas, B. D. Gaulin, Z. Tun, and B. Briat. Magnetic phase transitions in
CsCoBr3 . Journal of Applied Physics, 69:6167, 1991.
[79] M. Mekata, N. Yaguchi, T. Takagi, T. Sugino, S. Mitsuda, H. Yoshizawa, N. Hosoito,
and T. Shinjo. Successive magnetic ordering in CuFeO2 –a new type of partially
disordered phase in a triangular lattice antiferromagnet. Journal of the Physical
Society of Japan, 62:4474, 1993.
[80] R. Movshovich, M. Jaime, S. Mentink, A. A. Menovsky, and J. A. Mydosh. Second
low-temperature phase transition in frustrated UNi4 b. Phys. Rev. Lett., 83:2065,
1999.
[81] E. Granado, J. W. Lynn, R. F. Jardim, and M. S. Torikachvili. Two-dimensional magnetic correlations and partial long-range order in geometrically frustrated Sr2 YRuO6 .
Phys. Rev. Lett., 110:017202, 2013.
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