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Abstract

In this paper we examine the stabilization of LTI discrete-time systems with control

input constraints in the form of saturation nonlinearities. This kind of constraint is

usually introduced to simulate the e�ect of actuator limitations.

Since global controllability can not be assumed in the presence of constrained

control, the controllable regions and their characterizations are analyzed �rst. We

present an eÆcient algorithm for �nding controllable regions in terms of their bound-

ary hyperplanes (inequality constraints). A previously open question about the exact

number of irredundant boundary hyperplanes is also resolved here.

The main result of this research is a time-optimal nonlinear controller which sta-

bilizes the system on its controllable region. We give an algorithm for on-line com-

putation of control which is also implementable for high-order systems. Simulation

results show superior response even in the presence of disturbances.
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Chapter 1

Introduction

The study of controlling and stabilizing LTI discrete-time systems with magnitude

constraints on the control inputs has been the subject of research for a long time. Since

the magnitude of all practical control inputs are bounded due to actuator limitations,

research in this area is highly practically motivated. Even for the systems where a

large magnitude of control can be tolerated, achieving given control objectives with

a minimum possible magnitude of control is desirable and can signi�cantly reduce

the cost of the actuator and the overall control system. This class of systems we

are considering is usually modeled by introducing a saturation nonlinearity in the

feedback con�guration which makes the originally linear system a nonlinear one. As

a consequence many results from linear system theory cannot be applied here.

Global controllability can not be assumed in the presence of the constrained con-

trol and the concept of constrained controllability and controllable regions is intro-

duced instead. There has been a lot of e�ort to characterize the null controllable region

C, which is the set of states that can be steered to the origin in a �nite number of

steps using constrained control as well as the k-step controllable region C(K), which is

the set of states that can be steered to the origin in K steps. The problem of �nding

1
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controllable sets C(K) for LTI discrete-time system was �rst formulated by Kalman

[18] in 1957. The very �rst results regarding the problem were given by Desoer and

Wing [6, 7, 8] where the K-step controllable set is described by its vertices. Later in

1970, Lin [22] introduced the so-called facial representation of C(K) which charac-

terizes it in terms of its boundary hyperplanes (faces). From that time on, it became

convenient in related control literature [2, 9, 11, 13, 17, 19, 21, 26, 29, 32, 14, 15] to

describe C(K) by its vertices or by facial representation which is usually computed via

a combination of the Fourier-Moltzkin projection algorithm and linear programming

techniques used for the elimination of inactive inequalities. As K is increasing the

complexity of the controllable set is rapidly increasing. The computation of C(K)

based on the previously described method becomes computationally very intensive

and for high order systems it is practically infeasible. This is mainly the consequence

of successive applying the Fourier-Moltzkin projection algorithm which results in a

great number of inactive (redundant) inequalities what is known in literature as com-

binatorial explosion. An interesting results and simpli�cations for the special case of

second order system are given in [12, 20].

In Chapter 2 we analyze controllable sets in an unusual way by observing its

geometrical properties based on the theory of polytopes [34]. Using the observation

that C(K) is a zonotope (aÆne projection of cube in a hyperdimensional space) a

surprisingly simple new result is presented which enables the direct computation of

a facial representation of C(K) without generating redundant inequalities which is a

signi�cant improvement to existing solutions. We give an algorithm in pseudocode

for the computation of C(K) in the general case which runs in polynomial time, i.e.

O(K(n�1)) where n is the order of system. A previously open question about the



3

exact number of facets in C(K) is also resolved.

Once the controllable sets for a given system are known, the natural next step is to

design a stabilizing controller on a large subset of C (or hopefully on the whole null-

controllable region C). Typically, C is approximated with C(K) with K suÆciently

large. One of the �rst stabilizing controllers on C(K) is proposed by Desoer and

Wing [6, 7, 8]. It is based on switching surfaces which separates positive and negative

control. However, the calculation of switching surfaces is very hard to implement

except for the case of second order system. After that, Cwikel and Gutman in [13]

introduced controllers based on vertex representation of controllable sets and Lin

[22] proposed an alternative approach based on the facial representation of C(K).

Computation in both cases is very diÆcult and the controller is hard to implement

in the real world. From that time there have been a lot of new results and most

of them can be classi�ed as either vertex or facet based control laws. In summary,

several eÆcient solutions have been proposed for semi-stable systems; however, for

anti-stable systems which have poles outside the unit disk, the current results are

very limited and in the general case there is the same computational problem as in

dealing with controllable sets. For the special case of systems with only real poles a

nice result is given in [14, 15].

In Chapter 3 we give a nonlinear state feedback controller for single input anti-

stable systems that drives the state x 2 C(K) to the origin in minimum time subject

to control input constraints. First we characterize all minimum time feedback control

laws and between all those we propose that one which is also optimal with respect

to disturbance rejection and robustness. This idea of minimum time control is not

new and a similar approach can be found in Keerthi and Gilbert [19]. They also
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give a characterization of all minimum time controls, but that characterization is not

further used to choose the control law which is also optimal regarding some other

optimization criterion.

The key di�erence between our approach presented here and existing similar ideas,

e.g. Keerthi and Gilbert, is a new way for the on-line computation of control. Based

on geometrical observations we show that the time-optimal control input can be found

by calculating the intersection of a line with a zonotope. In Chapter 4 we discuss how

this computational problem can be eÆciently solved. We present two solutions: one

which make use of facial representation and another based on linear programming

techniques and the dual simplex method. We show that the �rst approach using new

results developed in Chapter 2 can be eÆciently implemented on low cost computer

architecture even for relatively high-order systems (e.g. the class of systems with 5

unstable poles). In the second approach we show that the computation of optimal

control can be restated as a bounded variable linear program. We have shown that

using the dual-simplex method this solution based on LP is much more eÆcient than

the solution based on facial representation. More precisely, we have shown that any

solution based on the facial representation of a controllable set (and its precompu-

tation) is equivalent to solving a corresponding bounded variable linear program in

the most naive approach by examining all its extreme points. Knowing that many

existing results in the literature are based on a "vertex" or "facial" approach, this is

very surprising result.

The main results of this paper are given in the previously described Chapters 2-4.

In Chapter 5 we describe how ideas developed in Chapter 3 for single input system

can be generalized to multi-input systems and systems with both stable and unstable
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poles. In Chapter 6 we give two examples where we describe design procedure and

give close-loop response. Finally, Chapter 7 summarizes the results of the thesis and

possibilities for future research are presented.



Chapter 2

Characterization of Controllable

Regions

In this chapter we consider controllable sets of linear, discrete-time system when there

is saturation on the control input. After introducing the problem, we design an algo-

rithm which calculates the facial representation of the so-called K-step controllable set

without generating inactive inequalities. The algorithm presented is an improvement

to the existing solutions based on the Fourier-Moltzkin projection algorithm and lin-

ear programming. An open problem about exact number of faces of the controllable

set is also resolved here.

2.1 Mathematical Preliminaries

The discrete-time system we are considering is of the form

x(k + 1) = Ax(k) + Bsat[u(k)] (2.1.1)

where x(k) 2 Rn is the state vector and u(k) 2 Rm is the control input. We also

assume that matrix pair (A;B) is controllable (see C.T. Chen [4]) . The function

sat() models a saturation nonlinearity and is de�ned by

6
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1. For ui 2 R

sat(ui) =

8>><
>>:

ui for ui 2 [�1; 1]

+1 for ui > 1

�1 for ui < �1

2. For u = [u1 : : : um]
T 2 Rm

sat(u) = [sat(u1) : : : sat(um)]
T

From the de�nition of the saturation function it follows that ksat(u(k))k
1

� 1. In

the presence of such a bounded control, global controllability of the state x cannot

be assumed. Thus our �rst concern is to �nd the set of states that can be steered

to the origin using a constrained control u. To that end we introduce the following

de�nitions.

De�nition 2.1. (K-step Controllable State)

A state x0 is said to be controllable at a given step K if there exists a control u such

that the time response x of the system (2.1.1) satis�es x(0) = x0 and x(K) = 0.

De�nition 2.2. (K-step Controllable Region)

The set of all states controllable at step K is called the controllable region at step K

and is denoted by C(K) or CK .

De�nition 2.3. (Controllable Region)

A state x0 is said to be controllable if there exists a control u such that the time

response x of the system (2.1.1) satis�es x(0) = x0 and x(k)! 0 as k !1. The set

of all such states is called the controllable region and is denoted by C.
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From the above de�nitions it is straightforward to prove that the following propo-

sition holds.

Proposition 2.4. The controllable region C is given by

C = [1i=1C(K):

The problem we are solving in this chapter is how to �nd a simple, exact descrip-

tion (characterization) of a K-step controllable region C(K). Later in Chapter 3 and

Chapter 5 we will show that for practical purposes the controllable region C can be

well approximated by C(K) for some suÆciently large K. We start with an algebraic

representation of C(K).

2.2 Algebraic Representation

De�ne the set [�1; 1]m by

[�1; 1]m = fu 2 Rm j ui 2 [�1; 1]; i = 1; : : : ; mg : (2.2.1)

The system (2.1.1) can be written equivalently as

x(k + 1) = Ax(k) +Bu(k); u(k) 2 [�1; 1]m (2.2.2)

In the above system the e�ect of saturation nonlinearity is replaced with the condition

u(k) 2 [�1; 1]m. Applying the equation (2.2.2) recursively it can be easily shown that
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the following equalities hold:

x(1) = Ax(0) +Bu(0)

x(2) = A2x(0) + ABu(0) +Bu(1)

...

x(K) = AKx(0) +

K�1X
i=0

AiBu(K � 1� i):

(2.2.3)

It is quite simple to obtain an algebraic formula for a K-step controllable region C(K)

using equations (2.2.3). Obviously

C(0) = f0g :

Next, suppose that the state x0 2 C(1). By the de�nition of C(1) there exists

u(0) 2 [�1; 1]m such that x(0) = x0 and x(1) = 0. Substituting this into (2.2.3) we

have

x0 = �A�1Bu(0); u(0) 2 [�1; 1]m:

Thus, each point(state) in C(1) has the above form and the whole set C(1) can be

obtained as u(0) ranges over [�1; 1]m. We can write it simply

C(1) =
�
�A�1Bu(0) j u(0) 2 [�1; 1]m

	
:

Similarly, each point x0 2 C(2) can be represented in the form

x0 = �A�2Bu(1)� A�1Bu(0); u(0); u(1) 2 [�1; 1]m

and consequently

C(2) =
�
�A�2Bu(1)� A�1Bu(0) j u(0); u(1) 2 [�1; 1]m

	
:

The algebraic formula for a representation of the K-step controllable region C(K) is

given in the next proposition.
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Proposition 2.5. (Algebraic Representation of C(K))

A K-step controllable region C(K) is given by

C(K) =

(
�

K�1X
i=0

A�(i+1)Bu(i) j u(i) 2 [�1; 1]m; i = 0; : : : ; (K � 1)

)
: (2.2.4)

Proof. The proof follows from a straight-forward application of mathematical induc-

tion.

We use the following notation regarding algebraic representation of C(K). De�ne

the matrix WK by

WK = �[(A�1B) (A�2B) : : : (A�KB)]: (2.2.5)

Throughout this paper we will use the matrix WK very often. Observe from Proposi-

tion 2.5 that if x0 is a point in C(K) then there exists U = [u(0)u(1) : : : u(K�1)]T 2

[�1; 1]mK such that

x0 =WKU:

Henceforth, such a representation of the state x0 in terms of control inputs is labeled

a U-decomposition of x0.

2.3 Geometric Representation

In the previous section we developed in a simple way an algebraic formula for a de-

scription of C(K). However from the (2.2.4) it is very hard to tell anything about the

properties of a controllable region, about its geometrical structure and, for example to

check whether some state x0 is inside C(K). Obviously an alternative representation

of C(K) is desirable.
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In this section we want to examine geometrical properties of K-step controllable

sets. In the general case, C(K) is a subset ofRn and we are dealing here with geometry

in a hyperdimensional space. It is interesting that many results which are true in

2-D and 3-D space cannot be simply generalized to the hyperdimensional space and

sometimes relying only on intuition can lead us to wrong conclusions. For that reason

we will insist on mathematical completeness in the further text. Many ideas and the

new results presented in this paper are based on some geometrical observations. The

reader who wants to learn more about geometry in hyperdimensional space is referred

to [34], [10], [25] and [33].

We start with some terms and notation from combinatorial and algebraic geometry

and convexity theory.

2.3.1 Geometry Preliminaries and Notation

We introduce the following notation. For a �xed non-zero vector u 2 Rn and a scalar

a 2 R; the set H = fx 2 Rn j hx; ui = ag is called a hyperplane. Here hx; ui = uTx

denotes the scalar product of the vectors x and u. The sets

H+ = fx 2 Rn j hx; ui � ag and H� = fx 2 Rn j hx; ui � ag

are called half-spaces and are bounded by H. Observe thatH is an (n�1) dimensional

set and Rn = H+[H�. The vector u from the above de�nition is orthogonal to each

vector laying in the hyperplane H and henceforth we call it the outer normal (inner

normal) of H if u points to H+ (H�):

De�nition 2.6. (Convex Hull)

For any set K � Rn, the smallest convex set containing K is called the convex hull of

K, and denoted by conv(K).
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De�nition 2.7. (V-Polytope)

A V-polytope is a set obtained as the convex hull of �nite set of points in Rn: If d is

the dimension of the smallest subspace containing a V-polytope then we say that V

is a d-dimensional polytope in Rn.

De�nition 2.8. (H-Polytope)

An H-polyhedron is the intersection of a �nite number of half-spaces inRn. A bounded

H-polyhedron is called an H-polytope.

Observe that each H-polytope is an intersection of �nite number of hyperplanes

and can be written in the form

P = fx 2 Rn j hx; u1i � z1; hx; u2i � z2; : : : hx; uki � zkg :

With F = [u1 u2 ::: uk]
T 2 Rk�n and z = [z1::: z2]

T 2 Rk we can write this more

compactly as

P = fx 2 Rn j Fx � zg = P (F; z)

De�nition 2.9. (Polytope)

A set P � Rn is a polytope if P is either a V-polytope or H-polytope.

To illustrate the above de�nitions consider the following examples. A triangle

or any polygon in the plane are two dimensional polytopes in R2. Points are 0-

dimensional polytopes and line segments are 1-dimensional polytopes. We know from

the Euclidean geometry that each polygon P in R2 can be represented by its vertices

or as the intersection of half-planes corresponding to its edges. This means that a

polygon P � R2 is both a V-polytope and an H-polytope. This result can be extended

to the general n-dimensional case, which we state bellow.
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Theorem 2.10. .

A polytope P � Rn
is a V-polytope if and only if it is a H-polytope.

Remark 2.1. While this theorem seems trivial and almost obvious in a two dimen-

sional space, it is not simple to prove in the general case. A complete proof can be

found in [34] and is based on the Fourier-Moltzkin projection algorithm and Farkas

Lemma.

As a consequence of the previous theorem each polytope P can be written as

P = conv(V ) and P = P (F; z).

De�nition 2.11. (Supporting hyperplane)

A hyperplane H is called a supporting hyperplane of a polytope P if H \ P 6= ; and

either P � H� or P � H+: In a geometrical sense this means that the hyperplane H

is tangent to P .

De�nition 2.12. (Faces of Polytope)

If H is a supporting hyperplane of a polytope P then the intersection H \ P is said

to be a face of polytope.

We can classify the faces of a polytope P by their dimesion. Thus if F is a face

of the polytope P and dim(F) = k then F is denoted as a k-face of P . If F is a

k-face of P then F is called a vertex for k = 0, an edge for k = 1 and a facet for

k = dim(P )� 1.

Next, we give some basic properties of polytopes collected in several propositions.

Many of these properties are quite simple to prove, so -the proofs are omitted or given

in short. Detailed proofs can be found in [34, 33, 25]
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Proposition 2.13. Let F be a face of a polytope P � Rn
and let H be a supporting

plane of F with its outer normal u. Then F is the set of all points in P which

maximizes the function hx; ui on the set P .

Proposition 2.14. (Vertex Representation)

Let vert(P ) denote the set of all vertices of a polytope P � Rn
. Then P = conv(vert(P ))

i.e. every polytope is the convex hull of its vertices.

Proposition 2.15. (Facial Representation)

Let P = P (F; z) � Rn
be an n-polytope and suppose that there are no inactive

inequalities in the system Fx � z. Then there is exactly one inequality for each facet

of P .

As a consequence of the last proposition it can be concluded that every polytope

is the intersection of its facet-de�ning halfspaces (inequalities).

De�nition 2.16. (Minkowski Sum)

For the two sets P;Q 2 Rn; the set P + Q = fp+ q j p 2 P; q 2 Qg is called the

Minkowski sum of P and Q.

Proposition 2.17. Let P;Q be polytopes in Rn
and T : Rn ! Rm; S : R2n ! Rn

be

linear operators. Then following holds

1. The Minkowski sum P +Q of two polytopes is a polytope in Rn
.

2. The projection P 0 = TP is a polytope in Rm
.

3. The projection of a direct product of two polytopes is a Minkowski sum of the

projections: S(P � ;n) + S(;n �Q) = S(P �Q).
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2.3.2 Zonotopes

In our further analysis we are particularly interested in a special kind of polytopes, the

so-called zonotopes. As it will be shown, controllable regions C(K) are actually cen-

trally symmetric zonotopes. Henceforth, we call the set [�1; 1]s a hyperdimensional

cube.

De�nition 2.18. (Zonotope)

A zonotope Z 2 Rn is an aÆne projection of the cube [�1; 1]s from the space Rs to

Rn. That is, with W = [w1 : : : ws] 2 Rn�s, z 2 Rn, Z is of the form

Z =W [�1; 1]s + z =

(
x 2 Rs j x = z +

sX
i=1

tiwi; �1 � ti � 1

)
:

Observe that an s-dimensional cube [�1; 1]s can be represented as product of one-

dimensional cubes (line segments) [�1; 1]s = [�1; 1]� : : :� [�1; 1]. SinceW is a linear

operator, using Proposition 2.17 we have that

W [�1; 1]s = W ([�1; 1]� : : :� [�1; 1])

= w1([�1; 1]) + :::+ ws([�1; 1])

= [�w1; w1] + : : :+ [�ws; ws]

where wi is the i � th column of the matrix W . Each [�wi; wi] de�nes line segment

in Rn, thus W [�1; 1]s, and consequently the zonotope Z = W [�1; 1]s + z, can be

represented as a Minkowski sum of line segments in Rn.

2.3.3 Controllable Region is Zonotope

Recall that the controllable region C(K) can be written in the form

C(K) = �(A�1Bu0 + A�2Bu1 + : : :+ A�kBuk�1)
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where each ui = [�1; 1]m. Now de�ne the n�mK matrix W to be

W = �[A�1B A�2B : : : A�KB] = [w0 w1 : : : wmK�1]

where wi is the i�th column of matrixW . With this notation we have three equivalent

expressions for C(K):

C(K) =

(
mK�1X
i=0

wici : ci 2 [�1; 1]

)

C(K) =W [�1; 1]mK

C(K) = [�w0; w0] + : : :+ [�wmK�1; wmK�1]

This means that C(K) can be represented as a set of bounded linear combinations

of vectors wi; a projection of a hyperdimensional cube; and a Minkowski sum of line

segments. Obviously C(K) is a zonotope. In what follows we will show how this fact

together with some geometrical properties of zonotopes can be eÆciently used to �nd

facial representation of controllable region C(K).

2.4 Finding Facial Representation

In this section we describe how to �nd directly a facial representation of the control-

lable region C(K) without generating inactive inequalities. In related control litera-

ture it is usual to use the Fourier-Moltzkin projection algorithm and then to eliminate

inactive inequalities using some linear programming techniques, see [19]. However this

approach is extremely ineÆcient since the elimination of inactive inequalities in this

case is computationally equivalent to solving a great number (usually an exponential

number) of linear programs.



17

Our idea for �nding facial representation presented in the theorem below and

Section 2.4 is much simpler and provides a signi�cant improvement to the previous

approach.

Theorem 2.19. (Main Theorem)

A vector f is an outer normal of a facet F of the controllable region CK if and only

if there exist (n � 1) linearly independent vector-columns wi1; wi2 ; : : : ; wi(n�1) of the

matrix W which are orthogonal to the vector f.

Proof. Let F be a facet and f be a vector which is an outer normal of F . Let us

de�ne the scalar M to be

M = maxff Tx : x 2 CKg:

According to Proposition 2.13 the facet F is given as the set

F = fx 2 CK : f Tx =Mg:

Each point x 2 CK can be written in the form x =
PmK

i=1 ciwi for the appropriate

choice of ci 2 [�1; 1] so consequently

fTx = fT
mKX
i=1

ciwi

=

mKX
i=1

ci(f
Twi):

Suppose we want to maximize this summation. Since each summand in the above

sum is independent of the others we can do that by maximizing each of the summands

separately. Obviously if (fTwi) is positive (negative) it is best to take ci as large
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(small) as possible. Thus we take

ci = �1 if i 2 I� :=
�
i j fTwi < 0

	
ci = +1 if i 2 I+ :=

�
i j fTwi > 0

	
ci 2 [�1; 1] if i 2 I0 :=

�
i j fTwi = 0

	
and it is clear that for such a choice of ci's, (f

Tx) achieves a maximum on the set

CK.

This means that the facet F can be described by

F =

�
�
X
i2I�

wi +
X
i2I+

wi +
X
i2I0

ciwi j ci 2 [�1; 1]; 8i 2 I0
�

=

�
z +

X
i2I0

ciwi j ci 2 [�1; 1]; 8i 2 I0
�
:

By de�nition the facet F is an (n � 1)-dimensional face of a CK and from the last

equality we may conclude that so is the set

Z =

�X
i2I0

ciwi j ci 2 [�1; 1]; 8i 2 I0
�
:

Observe that Z is the set of all bounded linear combinations of the vectors wi and in

order for Z to be an (n � 1) dimensional set there must be exactly (n � 1) linearly

independent vectors in the set fwi : i 2 I0g. But we know from the de�nition of the

set I0 that fTwi = 0; i 2 I0, i.e. each such wi is orthogonal to vector f . By this we

have proved the �rst part of the theorem.

To prove the other way, let's suppose that wi1 ; wi2; :::; wi(n�1) are (n � 1) linearly

independent vector-columns arbitrarily chosen from matrix W . Choose a normalized

vector f orthogonal to vectors wi1 ; wi2; : : : ; wi(n�1). (Observe that there are exactly
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two such f 's of opposite directions). Next, we will prove that f is the outer normal

of some facet in CK.

We can de�ne sets I�; I+; I0 in the same way as it is done in the �rst part of the

proof. Now, de�ne F 0 to be

F 0 =

(
�
X
i2I�

wi +
X
i2I+

wi +
X
i2I0

ciwi j ci 2 [�1; 1]; 8i 2 I0

)

Then following is true about the set F 0

� F 0 � CK since each x 2 F 0 is of the form
PmK

i=1 ciwi with ci 2 [�1; 1].

� F 0 is (n� 1) dimensional, since vectors wi1; wi2 ; : : : wi(n�1) are linearly indepen-

dent

� F 0 is the set of all x 2 CK which maximizes function (fTx) on the set CK (by

construction of sets I�; I+; I0)

Consequently, by Proposition 2.13 F 0 is a facet of the set CK.

Although quite simple in nature, the last theorem give us a powerful method for

the straightforward computation of outer normal vectors of all facets in CK without

generating redundant vectors (inequalities) as is the case with the Fourier-Moltzkin

projection algorithm. Once we have all of the outer normal vectors of CK collected in

the matrix F it is very simple to �nd the right hand side in the system of inequalities

Fx � z de�ning CK and thus obtain complete facial representation of the set CK.

Moreover we can make use of this theorem to �nd the exact number of facets in CK.

If we de�ne M as the set of all n� (n� 1) dimensional minors Mi of the matrix

W such that rank(Mi) = (n � 1) then the last theorem states that for each minor
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Mi 2M there exist two normalized vectors f and �f such that fTMi = [0 : : : 0] and

at the same time f and �f are outer normal vectors to some facets in CK: Further,

since CK is a convex set, for each outer normal vector exactly one facet of CK can be

associated. Hence, for each minor Mi 2 M there are two corresponding facets. We

can summarize this in the following theorem

Theorem 2.20. (Exact Number of Facets in CK)

Let M be the set of all n� (n� 1) dimensional minors of the matrix W such that

� rank(Mi) = n� 1, 8Mi 2M

� rank([M1 M2]) = n; 8M1;M2 2M

Then the number of facets in CK is equal to 2 jM j. (Here jM j denotes the number

of elements in the set M)

Proof. The second condition, rank([M1 M2] ) = n tell us that there is no vector f such

that f T [M1 M2] = [0 0::: 0] or equivalently there is no vector f such that f TM1 = 0

and f TM2 = 0: This further means that there are no two minors from M with the

same normal vector. Now the statement of the theorem is the direct consequence of

the previous theorem.

Since the number of all n� (n�1) dimensional minors of the matrixW is Cn�1
mK =

(mK
n�1) the following theorem holds.

Theorem 2.21. (Upper Bound Theorem)

The number of facets in CK is less than or equal to 2(mK
n�1).

Proof. This theorem follows directly from the Main Theorem.
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Remark 2.2. Although we call this theorem the 'upper bound theorem' it is likely

that for arbitrarily chosen matrices A, B the number of facets of the controllable

region CK will be exactly 2(mK
n�1). Here is why. Loosely speaking we can think in

the following way. Let Wi be the matrix containing the �rst i columns of W . Each

combination of (n� 2) vectors from Wi spans a subspace in which those vectors lies

and the dimension of such a subspace is no greater than (n � 2). We can construct

exactly ( i
n�2) subspaces in such way. Denote the union of all such subspaces as Su:

Next suppose we want to append a new randomly chosen vector w(i+1) to matrix

Wi. What is the chance that vector wi+1 together with some (n� 2) vector-columns

from Wi forms a minor of rank less than (n� 1)? This is equivalent to the question:

what is the probability that wi+1 lies in Su? Observe that Su is the union of a �nite

number of subspaces of dimension less than or equal to (n-2). Consequently, Su is

not even dense in Rn and if wi+1 is randomly chosen then the answer to the previous

question is that the 'probability of such an event is zero'. Of course, in our case the

vector-column wi+1 is not randomly chosen but obtained as a column of the matrix

A�LB for some L. However, the matrix A�L has full rank and maps to all space Rn

and we can expect that this will be also true in our case. Actually, examining several

pairs of matrices A and B from the real world, the author observed that the number

of facets is exactly 2(mK
n�1) as we supposed. Of course we can always construct special

matrices A and B such that strict inequality holds (e.g., let the matrix A represent a

rotation) but in the general case we should expect 2(mK
n�1) to be the number of facets.



22

2.4.1 Algorithm In Pseudocode

Now we provide an algorithm to put CK into the form f x j Fx � zg. It should be

clear from previous discussion how to �nd the matrix F. Each row in matrix F is the

outer normal vector to some facet in the zonotope CK and we described the way to

�nd all of the outer normal vectors from the matrix W . Let's see how to �nd right

hand side in the system of inequalities Fx � z. Consider the inequality fix � zi

corresponding to i � th facet of the zonotope CK. This inequality is satis�ed for all

vectors x 2 CK and the equality holds for all points on the i � th facet. That is, zi

can be obtained as

zi = max ffix j x 2 CKg

It should be noted that we already solved this problem in the proof of the Main

Theorem. A closed-form expression for zi is given by

zi =

mKX
j=1

jfiwjj ;

which is straightforward to compute.

As a part of our algorithm we need also to generate all combinations of (n � 1)

elements of the set f1; 2; : : : ; mKg. It is a simple algorithm and we are not going to

bother with it here. We will use the notation C(mK; (n� 1)) to denote the set of all

such combinations and we assume that C(mK; (n� 1)) is ordered.

Now, let us summarize all previous results in the algorithm given in pseudocode.
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Input: Matrix W

Output: Matrix pair (F,z)

1. Set F = [ ]; z = [ ];

2. For i=1 to mK do

(2.1) Generate the i-th combination fwi1 ; wi2; :::wi(n�1)g

of the set C(mK; (n� 1)).

(2.2) Set Wi = [wi1 wi2 : : : wi(n�1) ].

(2.3) If rank(Wi) = n� 1 then

2.3.1. Find a vector f as a solution of the linear system fTWi = [0 0 : : : 0],

2.3.2. Normalize the vector f .

2.3.3. If f is not already included as a row in the matrix F then

2.3.3.1. Set F =

"
F

fT

#
.

2.3.3.2. Find zi =
PmK

j=1 jfiwjj.

2.3.3.3. Set z =

"
z

zi

#
.

2.3.4. end If

(2.4) end If

3. end For

4. Set F =

"
F

�F

#
; z =

"
z

z

#
.

5. Return (F; z).
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Observe that the running time of the presented algorithm is O(n3(mK
n�1)) and as

per discussion after the 'Upper Bound Theorem' the expected memory requirements

for storing (F; z) are O(n(mK
n�1)).



Chapter 3

Nonlinear State Feedback

Controller

In this chapter we present a time-optimal nonlinear controller based on a characteri-

zation of the controllable regions given in Chapter 2.

3.1 Problem Formulation

Recall from Chapter 2 that the discrete-time model of the plant we are considering

is given by

x(k + 1) = Ax(k) +Bsat[u(k)]; A : Rn ! Rn; B : Rm ! Rn; u(k) 2 Rm

We also de�ned the set C = [1K=1CK as the controllable region of upper system.

Assuming that the state vector x(k) can be measured and the initial state x0 2 C,

our goal is to �nd the state feedback control law which drives x0 to zero in a �nite

number of steps. Of course it is to our advantage that x0 be steered to the origin as

fast as possible. Let us de�ne the so-called minimum time problem.

Minimum-Time Problem. Given the state x0 2 C, de�ne tmin as the minimum possible

time for which state x0 can be driven to zero. According to the de�nitions of the

25
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controllable regions CK, tmin is given by

tmin = min fK j x0 2 CKg :

The minimum time problem can be stated as follows: For some state x0 2 C �nd its

corresponding tmin and the control signal u such that x(0) = x0 and x(t) = 0 for all

t � tmin.

In this chapter we will describe a nonlinear state feedback control law which solves

the problem for each x0 2 CK. Knowing that the set C can be well approximated

by CK for large enough K we can consider that the presented controller is a solution

to the minimum time problem. The idea behind this control low is quite simple and

similar ideas can be found in literature. However, unlike some other solutions which

are computationally very intensive and hard to implement we will show in Chapter

4 that the presented controller can be implemented in the real world even for high

order systems.

For the time being we assume that our model is a single input system (m = 1)

and all eigenvalues of the matrix A are unstable, i.e. all eigenvalues of A lie outside

the unit disk in the complex plane. Later in Chapter 5 we will show how concepts

developed for this special case can be extended to the more general case: multi-input

systems and systems with both stable and unstable eigenvalues.

3.2 Approximation of the Controllable Region C

Since we are assuming that the magnitude of all eigenvalues of A are greater than

one, it follows that all eigenvalues of A�1 are inside the unit disk. Now consider the
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matrix

W = [A�1B : : : A�KB] = [w1 : : : wK]:

Since m = 1 by assumption, each vector wi is given by wi = A�iB and it follows that

kwik1 �
A�i kBk

1
;

here, kA�ik de�nes the corresponding induced norm on the matrix A�i. Since all

eigenvalues of A�1 have a magnitude less than 1, the norm kA�ik exponentially

converges to zero as i ! 1. Observe also that B is a constant vector, so from

the last inequality we can conclude that kwik1 exponentially converges to zero as

i ! 1. What does it mean? We said that controllable region CK is the Minkowski

sum of the line segments CK =
PK

i=1[�wi; wi]. Alternatively, we can write CK as

CK = CK�1 + [�wK; wK]:

If wK is very small, the di�erence between the sets CK and CK�1 is also very small.

Loosely speaking, we can say that CK exponentially converges to C as K !1. To

observe this trend consider the following example.

Example. For K = 10 and matrices

A =

2
664
1:6 0 0

0 �1:5 0

0 0 2

3
775 ; B =

2
664
1

1

1

3
775 ;

the corresponding matrix W is

W10 =

2
664
�0:62 �0:39 �0:24 �0:15 �0:09 �0:06 �0:04 �0:02 �0:01 �0:01

0:67 �0:44 0:29 �0:19 0:13 �0:09 0:06 �0:04 0:03 �0:02

�0:50 �0:25 �0:12 �0:06 �0:03 �0:02 0:01 0:00 0:00 0:00

3
775
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In this case C10 will be a good approximation of the controllable region C.

Thus, for practical purposes it is enough to �nd a minimum time control law for

initial states in CK where K is 'large enough'. In real systems K will usually be

between 10 and 30, assuming that sampling time is well-chosen.

3.3 Characterization of All Minimum Time Con-

trol Laws

Once we have introduced controllable regions it is quite simple to characterize all

minimum time control laws. Assume that the initial state x0 belongs to a controllable

region CK and assume also that K is the minimum time with respect to x0. Applying

the control input u0, after one step the new state vector will be x1. If u0 is an optimal

control input (generated by a minimum time control law) then obviously, starting

from x1 we can reach the zero-state in (K � 1) steps, i.e. x1 2 CK�1. Following this

logic we may conclude that if [u0 u1 : : : uK�1] is a minimum-time control signal then

for i 2 [1; : : : ; K � 1] the control input ui is such that Axi + Bui =: xi+1 2 CK�i�1.

Thus, we can �nd a minimum-time state-feedback control law by solving the following

problem.

Given the sets CK and CK�1, �nd a mapping g : Rn ! [�1; 1] such that

Ax +Bg(x) 2 CK�1; x 2 CK

Next, we want to prove that this problem always has a solution.

Proposition 3.1. For each x 2 CK, there exists a control input u 2 [�1; 1] such that

Ax +Bu 2 CK�1
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Proof. Suppose that x 2 CK. According to the de�nition of the controllable region

CK, there exist ci 2 [�1; 1] such that

x =

KX
i=1

ciwi =

KX
i=1

ciA
�iB; ci 2 [�1; 1]; i 2 [1::K]

It follows that

Ax = A

KX
i=1

ciA
�iB

= c1B + A

KX
i=2

ciA
�iB

= c1B +

K�1X
i=1

ci+1A
�iB

De�ne the control input u to be u = �c1 and the last equation yields

Ax+Bu = Ax� Bv1 =

K�1X
i=1

ci+1A
�iB

, but
PK�1

i=1 ci+1A
�iB is obviously point in CK�1, so

Ax +Bu 2 CK�1

The previous proposition proves the existence of a control input which drives any

state vector x from CK to CK�1, although the proof is non-constructive. Let's see

how we can �nd such a control input. The idea we will present here is based on some

geometrical observations.

3.3.1 Nonlinear Mapping g(x)

Assume that xr 2 CK is the state vector at the step r of discrete time. According

to the previous proposition the set 
(xr) of all optimal control inputs ur at step r is
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Figure 3.1: Intersection of the line L with region C(K � 1).

given by


(xr) = fu 2 [�1; 1] j Axr +Bu 2 CK�1g :

Consider the set

L(xr) = fAxr +Bu j u 2 [�1; 1]g :

Obviously the set L(xr) de�nes a line segment in Rn centered at the point Axr and

parallel to the vector B. Alternatively, the set 
(xr) can be written as


(xr) = fu 2 R j Axr +Bu 2 (L(xr) \ CK�1)g :

This means that optimal control inputs are indirectly determined by an intersection

of the line segment L(xr) with the zonotope CK�1 (Figure 3.1).

From Chapter 2 we know that a zonotope is a convex and bounded set and

geometrically it is clear that the intersection L(xr) \ CK�1 will be a line segment

and consequently all optimal control inputs will be within a segment of the form

[umin; umax] � [�1; 1]. The following proposition gives more details.
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Proposition 3.2. (Optimal Control Inputs)

Given a state vector xr 2 CK, de�ne the scalars �min and �max by

�min = minf� 2 R j Axr +B� 2 CK�1g

�max = max f� 2 R j Axr +B� 2 CK�1g

Then the set 
(xr) = fu 2 [�1; 1] j Axr +Bu 2 CK�1g of all optimal control inputs

is given by


(xr) = [umin; umax] = [maxf�1; �ming; minf1; �maxg]:

Proof. De�ne the straight line

L = f� 2 R : Axr +B�g:

Since the set CK�1 is a convex and bounded set, then the set T = L \ CK is also

convex and bounded. Further it is obvious that T must be a line segment of the form

[xmin; xmax] with boundary points determined by the intersection of the line L with

the boundary of the set CK�1. That is,

xmin = Axr +B�min

xmax = Axr +B�max

This means that T can also be given by

T = fAxr +B� j � 2 [�min; �max]g : (3.3.1)

By the de�nition of 
(xr) we know that the following holds:

fAxr +B� j � 2 
(xr)g � CK�1 and

fAxr +B� j � 2 
(xr)g � L
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and consequently

fAxr +B� j � 2 
(xr)g � T:

The last equation, together with the de�nition of 
(xr) and 3.3.1 gives


(xr) = [maxf�1; �ming; minf1; �maxg]

The last Proposition shows that all optimal control inputs at step r can be char-

acterized by two boundary points �min and �max. It is reasonable to suppose that

it will not be computationally much harder to �nd these then it is to �nd only one

optimal control input ur. If we do so then we have the advantage of being able to

choose that control input, among all minimum time control inputs, which is also op-

timal regarding some other optimizing criterion, e.g. optimal disturbance rejection

or minimum power consumption. Such a control law is presented in the next section.

3.4 Proposed Nonlinear Control

From the previous section it should be clear that minimum-time control is typically

not unique. For each step r and corresponding state vector xr, it is enough to choose

any ur 2 
(xr) to satisfy the minimum time criterion. Between all of those optimal

controls, we are interested in �nding the one which is also optimal in the sense of

robustness and disturbance rejection. The idea behind the control law presented in

this section is quite simple and is motivated from geometrical observations.
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3.4.1 Geometrical Observations

Suppose that the disturbance input w is superimposed on the control input u. The

discrete-time system can now be written as

xk+1 = Axk +Bsat(uk + wk)

The last equation can be split into two parts, one with no noise and another which

captures the e�ect of the noise:

x(k+1)d = Axk +Bsat(uk)

Æxk+1 = Axk +Bsat(uk + wk)�Bsat(uk)

xk+1 = x(k+1)d + Æxk+1:

(3.4.1)

Let's suppose that xk 2 CK and uk 2 
(xk). The optimality criterion guarantees

that x(k+1)d 2 CK�1. However, due to presence of Æxk+1 it is possible that the new

state vector xk+1 may not be inside the controllable region CK�1. Thus, the negative

e�ect of the disturbance can be characterized as a tendency to move the state vector

out of the set CK�1. Of course, to avoid this it is best to choose the control input

such that x(k+1)d is as 'deep' inside the set CK�1 as is possible. Now we'll explain

what 'deep' means.

Observe that as the control input uk�1 ranges over [�min; �max] (see the previous

subsection for the de�nition of �min and �max) the vector x(k+1)d moves along part of

the line segment L(xmin; xmax) which is determined by two boundary points:

xmin = Axk +B�min and xmax = Axk +B�max

The same holds for the disturbance input and the perturbation Æxk can be considered

to be a displacement of the state vector x(k+1)d along line L (Figure 4.2).
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Figure 3.2: Displacement of state vector xk+1 due to perturbation Æxk+1.

Obviously if we want to keep the state vector xk+1 inside the line segment [xmin; xmax]

even after a displacement due to the disturbance, it is best to place x(k+1)d in the

middle of the line segment [xmin; xmax] at the point xM = (xmin+xmax)=2. This state

vector can be obtained after applying the control input uk = (�min + �max)=2. It

should be noticed that due to the constraint on the control input uk 2 [�1; 1] it may

not be possible that the new state vector reaches the point xM . However, in that case

our optimal strategy is to place the new state vector x(k+1)d as close to the point xM

as possible. Obviously the control input uk which achieves this goal is given by

uk =

8>><
>>:

(�min + �max)=2 if (�min + �max)=2 2 [�1; 1]

�1 if (�min + �max)=2 < �1

1 if (�min + �max)=2 > 1

or we can write it simply

uk = sat[(�min + �max)=2]

As we can see, the closed form for our 'double-optimal' control is quite simple and

depends only on �min and �max, which can be determined looking at the intersection

of line and a zonotope. However, observe that if k < n, the zonotope Ck will not
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be n-dimensional and balanced, and the intersection of the line with the zonotope

degenerates into only one point. This further means that if the current state vector

is inside the region Ck; k � n there is only one control input which drives the state

vector to the region Ck�1. In reality with the presence of disturbances and numerical

errors it would be impossible to reach Ck�1 and the control algorithm may loop

in�nitely. Obviously, once when the state vector is inside Cn we need an alternative

strategy to bring it 'close' to the zero-state and we should not follow exactly the path

Cn ! Cn�1 ! : : : C0 = 0. To overcome this problem the following control strategy

can be used.

3.4.2 Control Strategy

Assume that we start from an initial state x0 2 CK; K > n. Our control strategy

consists of two stages.

In the �rst stage our goal is to move state vector x to the controllable region Cn.

To do this we use the 'double-optimal' control described previously. Thus, if xr 2 Ck

is currently the state vector then we use the control input ur = sat[(�min + �max)=2].

Since ur 2 
(xr) satis�es the minimum-time criterion the new state vector xr+1 should

be inside the region Ck�1 (If this is not case, for example due to the disturbance, then

the previous step is repeated until the state vector is inside Ck�1). Repeating this

procedure with the new state vector xr+1 and so on, the controllable region Cn can

be reached in a �nite number of steps.

The second stage of the control law admits a state vector inside the control-

lable region Cn and the goal is to drive it to zero by applying a sequence of n

control inputs. The controllable region Cn corresponds to n � n square matrix
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Wn = �[A�1B A�2 : : : A�nB]. We assumed that matrix pair (A;B) is controllable,

so by de�nition of controllability Wn has full rank. Consequently, for a given state

vector xr 2 Cn there is a unique solution [u1 : : : un]
T of linear system

Wn[u1 : : : un]
T = xr:

This means that xr can be uniquely represented in the form xr =
Pn

i=1 uiwi and all

entries of vector [u1 : : : un]
T satis�es the input constraint ui 2 [�1; 1]; i = 1 : : : n. The

last result implies that the vector [u1 : : : un]
T de�nes a u-decomposition(see section

2.1) of the state vector xr and by applying a sequence of control inputs u1; u2; : : : un

we drive the state vector to zero. The second stage control strategy can be simply

summarized as follows.

Precompute the matrix W�1
n . For a given state xr 2 Cn �nd [u1 : : : un]

T = W�1
n xr

and apply the control inputs u1; u2; : : : un. If the state vector is displaced from the

zero-state due to disturbances, repeat the previous procedure for a new state-vector.

Next we give an algorithm in pseudocode which implements this control strategy.

Input: Measured state xr

Output: Control Signal

1. Find minfk j xr 2 Ckg

2. If k � n then

. 2.1 Set [ur; ur+1; : : : ur+n�1] =W�1
n xr

. 2.2 Return control sequence ur; ur+1; : : : ur+n�1

. Else

. 2.3 Find �min = minf� 2 R j Axr +B� 2 Ck�1g

. 2.4 Find �max = max f� 2 R j Axr +B� 2 Ck�1g
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. 2.5 Return ur = sat[(�min + �max)=2]

EndIf

In order to implement this optimal algorithm in real world we need to solve two

serious computational problems.

� How to �nd the intersection of a line with a zonotope, i.e. �min and �max.

� How to check whether a state vector xr is inside some controllable region Ck.

Since the complexity of controllable regions rapidly increases with increasing K

and the system order n, an eÆcient solution of these computational problems is key

for practical implementation. For that reason we devoted a separate Chapter 4 to

describe in detail two di�erent approaches for solving the aforementioned problems.

3.5 Example of State Trajectory

For better insight into previously described control strategy we give an example of

the state trajectory for a second order system (Figure 3.3).
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Figure 3.3: State trajectory of a second order sytem



Chapter 4

Computational Issues

In this chapter we describe two approaches for practical implementation of the non-

linear controller introduced in the Chapter 3. The �rst approach is based on the

facial representation of the controllable region Ck and the second one is based on

some linear programming techniques and the dual simplex algorithm. We compare

those two approaches and it is shown that the LP solution is superior, especially for

high order systems.

4.1 Computation Using Facial Representation

Here we explain how to �nd optimal control input, i.e �min and �max and minimum

time using advantages of facial representation of the k-step controllable region. We

also discuss computational complexity of the proposed algorithm.

4.1.1 Computation Of Optimal Control Input

Let's suppose that xr 2 Ck and Ck�1 is given by its facial representation Ck�1 =

P (F; z). Consider the set � = f� 2 R j Axr +B� 2 Ck�1g. All elements of � can be

39
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obtained as a solution of system of inequalities

F (Axr +B�) � z , (FB)� � z � FAxr: (4.1.1)

Let zi�fiAxr and fiB denote i-th entries of the vectors z�FAxr and FB respectively.

De�ne the sets

I+ = fi j fiB > 0g

I� = fi j fiB < 0g

(4.1.2)

The system (4.1.1) can be split into two parts:

� � (zi � fiAxr)(fiB)
�1 ; i 2 I+

� � (zi � fiAxr)(fiB)
�1 ; i 2 I�

(4.1.3)

Obviously the solution to the above system of inequalities is given by

� � min
�
(zi � fiAxr)(fiB)

�1 j i 2 I+
	
= �max

� � max
�
(zi � fiAxr)(fiB)

�1 j i 2 I�
	
= �min

(4.1.4)

Let h be the height of the matrix F . Observe the vector [(f1B)
�1 : : : (fhB)

�1]T can

be precomputed. Thus, to �nd �min and �max the only operations required are the

basic arithmetic operations of adding, subtracting and multiplying as well as reading

from memory. The following simple algorithm is suggested for computing �min and

�max.

Precomputed: F; z; S = [(1=f1B) (1=f2B) : : : (1=fhB)]
T

Input: State vector xr

Output: Optimal Control Input ur

1. Set T = z � F (Axr).

2. Set �min = �1; �max = +1:
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3. For i = 1 to (height of S)

. 3.1. If (si > 0) and (tisi < �max) then �max = tisi.

. 3.2. If (si < 0) and (tisi > �min) then �min = tisi.

EndFor

4. Return ur = sat[(�min + �max)=2].

4.1.2 Computation of the Minimum Time

Let us assume that CK is already chosen as a good approximation of the controllable

region C. For a given state vector xr 2 CK we want to compute

tmin(xr) = minfk 2 f1 : : :Kg j xr 2 Ckg :

Let P (Fk; Zk) be the facial representation of the controllable region Ck; k = 1 : : :K.

The computation of tmin using the facial representation is equivalent to �nding the

smallest k such that the system of inequalities Fkxr � Zk is satis�ed. At �rst it seems

that we need to precompute and store all pairs (Fk; Zk); k = 1 : : :K, in order to solve

this problem. However, as it will be shown later, all the matrices Fk are embedded

in the matrix FK and precomputation and storage of FK will be suÆcient. Now we

explain why this is so.

According to Theorem 2.19 (Main Theorem For Zonotopes) each row in the matrix

Fk is obtained as a normalized vector orthogonal to (n � 1) vector-columns of the

matrix Wk = [w1 : : : wk]. Each combination of (n � 1) vector-columns of Wk is also

a combination of vector-columns of the matrix Wk+1 and consequently each row in

Fk is also row in Fk+1. That is, all matrices Fi; i < k, are contained in Fk. In the

algorithm for �nding facial representation (Section 2.4) we de�ned the ordered set
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C(n � 1; k) as the set of all combinations of (n � 1) elements of the set f1; : : : ; kg.

We can assume that C(n� 1; k) is in the 'normal order', e.g.

C(2; 4) = f(1; 2); (1; 3); (2; 3); (1; 4); (2; 4); (3; 4)g :

Observe that with such an ordering of C(n � 1; k), combinations of the elements

in f1; : : : ; (k � 1)g appear �rst and then combinations with element k follow. As a

consequence, the rows of the matrix Fk will be ordered so that those rows which are

also the rows of matrix Fk�1 appear �rst. This means that all F
0

ks have the following

structure:

FK = [F T
(K�1) : : : ]

T ;

F(K�1) = [F T
(K�2) : : : ]

T ;

...

With such a structure we need only to store the matrix FK and keep infor-

mation about where each matrix Fk ends in FK . For that purpose a sequence of

indices LastIndex() is assigned to FK . Here LastIndex(k) is the index of the last

row in the matrix Fk. For example, if equality in upper bound theorem holds then

LastIndex(k)= 2(kn�1). In our further discussion we assume that FK and LastIndex()

are precomputed.

It remains to see how to compute and organize vectors Zk; k = 1 : : :K. Let zki

denote i-th entry of the vector Zk. Each zki can be computed as

zki =

j=kX
j=1

jfiwjj

One approach is to precompute and store all Zk � s but it is too costly in the sense

of memory requirements. Observe that our state vector mainly follows the trajectory
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CK ! CK�1 ! : : : ! Cn with possible variations in path due to disturbances. It

should be noticed also that if Z = Zk is already computed then each entry of Zk�1

can be easily obtained as

z(k�1)i = zki � jfiwkj ; i = 1 : : : LastIndex(k � 1)

or we can show this equation as update of the vector Z

zi := zi � jfiwkj ; i = 1 : : : LastIndex(k � 1)

and now the �rst LastIndex(k-1) entries of vector Z contains Zk�1. Entries of vector

Z from LastIndex(k-1)+1 to LastIndex(k) are not altered by this procedure and

they correspond to Zk. Thus if state vector is pushed back from Ck�1 ! Ck due to

disturbance then Zk can be obtained from Z by reversing previous update of Z. From

the previous discussion it seems most convenient to use a temporary vector (variable)

Z, assign it to ZK initially, and then update Z as the control algorithm develops.
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Next we give an algorithm in pseudo-code for �nding tmin and updating the vector

Z which keeps care of all details and possible variations in state trajectory due to

disturbances. It is designed so that memory requirements and expected running time

are as low as possible. The algorithm is easy to follow and self-explanatory so further

comments are omitted.

Assumption: xr�1 2 Ck

Precomputed: CK = P (F; Z), LastIndex()

Input: Measured state x = xr

Output: tmin(xr), updated vector Z

1. tmin = k � 1

2. For i=1 to LastIndex(k-1) do

. 2.1 �zi = � jfiwkj

. 2.2 If (fix) > (zi +�zi) then

. tmin = k, Last i = i

. Break for-loop

. End If

End For

3. If (tmin = k) then

. 3.1 For i=Last i to LastIndex(k) do

. If (fix > zi) then

. tmin = k + 1; Last i = i

. Break for-loop

. End If

. End For

End If
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4. If (tmin = k + 1) then

. 4.1 i = Last i� 1

. 4.2 Repeat

. 4.2.1 i = i+ 1; l = k; dz = 0

. 4.2.2 While fix > (zi + dz) do

. l = l + 1; dz = dz + jfiwlj

. If (l > K) then break all, state is not controllable

. End While

. 4.2.3 If l > tmin then tmin = l

. Until i = LastIndex(tmin)

. 4.3 For i=1 to LastIndex(tmin) do

. �zi =
Ptmin

l=k+1 jfiwlj

. End For

End If

5. If (tmin 6= k) then

. For i=1 to LastIndex(tmin) do

. zi = zi +�zi

. End For

End If

6. Return(tmin)
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4.1.3 Computational Complexity

In the algorithm for �nding the optimal control input (see Section 4.1.1) memory re-

quirements are determined by the variables(matrices) FK , ZK and S. The dimensions

of those matrices are

n� (Kn�1); 1� (Kn�1); and 1� (Kn�1); (4.1.5)

respectively.

In the computation of minimum time(Section 4.1.2) the main variables are FK ,

ZK, the temporary vector Z and �Z. The dimension of Z and �Z is 1 � (Kn�1). If

we assume that an entry in a matrix requires one computer word then the total size

of the memory required for storing FK, ZK, S, Z and �Z is

(n+ 4)(Kn�1) words.

Next, we want to �nd the expected running time of the presented algorithm. In

�nding the optimal control input, the most computationally intensive part is in step

1 where we compute z � F (Axr). Computation of this step requires

n� 2(Kn�1) multiplications (4.1.6)

The execution time of the for-loop in the step 3 of the same algorithm can be neglected

in comparison to step 1.

In the ideal case of computation of tmin only steps 1 and 2 of the algorithm in

Section 4.1.2 will be executed. However in the presence of disturbances it is possible

that sometimes the state x will be pushed back to its previous region. In that case

step 3 will be executed also. We consider this the worse case scenario and assume

that expected running time in �nding tmin is determined by steps 1,2 and 3 together.
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The computationally most intensive part is computation of fiwk inside the for-loops

in step 2 and step 3. The required number of multiplications for those operations is

2� n� LastIndex(k � 1)

what is less than 4n(Kn�1). Together with (4.1.6) this gives an expected total number

of multiplications to be 6n(Kn�1). We can summarize our previous discussion below:

� Memory requirements : (n+ 4)(Kn�1) words.

� Expected running time : 6n(Kn�1) multiplications.

What do these numbers means for practical implementation? For example, consider

the system where n=3 (a system with three unstable poles) and K=15. The required

memory is of size 1.5kbytes and the required number of multiplication for �nding an

optimal input is 1900. We can realize those requirements on a 5 dollar microcontroller.

However, a great number of systems can still �t into this category of systems with 3

or less unstable poles.

For n=5 and K=20 the size of the required memory is about 100kbytes (very small)

and the number of multiplications is 150000. With an microprocessor @ 66MHz the

required time is t=2.3ms. This is still very fast.

Observe also that each inequality in the facial representation can be checked inde-

pendently. This means that we can access simultaneously rows of the matrix F stored

in the memory. If we organize the required memory, e.g. into ten parallel blocks,

then we can reduce execution time by ten times. In short, the presented algorithm is

also suitable for parallel processing.

We may conclude that the presented controller is easily implementable for many

real world systems.
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4.2 Linear Programming Preliminaries

For consistency of this thesis, some basic terminology and concepts from linear pro-

gramming are introduced in this section so that reader who is not familiar with linear

programming can follow the ideas given in section 4.3. We give de�nitions of primal-

dual LP problems and their relationship, a description of the simplex algorithm and

the dual simplex algorithm for solving bounded variable linear programs, as it is given

in [24]. Our approach here is informal and rather descriptive with proofs and details

omitted. The reader who is looking for more details is referred to [24], an excellent

guide on linear programming.

4.2.1 Basic De�nitions

In linear programming our goal is to optimize a linear objective function z = cx

subject to linear equality and inequality constraints on the input argument x. Since

there are many ways that constraints on x can be de�ned it is convenient to use the

so-called standard description of a linear program (LP).

De�nition 4.1. (LP in standard form)

A linear program given by

Minimize z(x) = cx

Subject to Ax = b; x � 0

is said to be in standard form.

Every LP can be put in standard form by augmenting the argument x. For

example, if there are inequality constraints of the kind

Ax � b; x � 0
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then we can introduce a so-called slack variable

xs = b� Ax

and put inequality constraints into an equivalent form

Ax + xs = b; x � 0; xs � 0:

Similar transformation can be used in other cases. Thus, without loss of generality

we can assume in the further text that the LP being discussed is in standard form.

De�nition 4.2. (Feasible solution)

A vector x that satis�es

Ax = b; x � 0

is called a feasible solution of the LP.

Let's de�ne K to be the set of all feasible solutions. Observe that K is a convex

polyhedron. For any convex set G we can de�ne its extreme points.

De�nition 4.3. (Extreme point)

Let G be a convex set. A point x 2 G is called an extreme or corner point of the set

G if and only if for every x1 2 G; x2 2 G and 0 < � < 1 for which

x = �x1 + (1� �)x2

we have that x = x1 = x2.

For example, all extreme points of a polytope P are its vertices. It can be easily

shown that the minimum (maximum) of a linear function on the convex set G can be

obtained only at an extreme point of G. Thus, to �nd an optimal solution of an LP

it is suÆcient to consider the extreme points of the convex polyhedron K.
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De�nition 4.4. (Basic feasible solution)

A feasible solution x 2 K is called a basic feasible solution (BFS) if it is an extreme

point of K.

All BFSs for an LP given in standard form have simple algebraic characterizations.

The following proposition describes it.

Proposition 4.5. Let x = [x1 : : : xn]
T 2 K be a feasible solution of an LP in standard

form. Let Ai denote the i-th column of the matrix A and de�ne the set of column

vectors C = fAj j xj > 0; j = 1 : : : ng. The feasible solution x is a BFS if and only

if C is a set of linearly independent vectors.

De�nition 4.6. (Degenerate and Nondegenerate BFS)

Let x be a BFS and let C be de�ned as in Proposition 4.5. If there are exactly rank(A)

columns in C then x is called a nondegenerate BFS. Otherwise x is called degenerate

BFS.

We want to further investigate the relationship between the algebraic description

of the LP and extreme points. Suppose that the number of columns in the matrix A is

greater than the number of rows, that is n > m. Any nonsingular square submatrix

of A of size m is called a basis of LP. Suppose that B is such a basis. All those

columns of A which are also columns in the basis B are called basic columns and

all the remaining columns of A are known as nonbasic columns. Rearranging the

columns in A and the entries of x we can write the constraints of our LP in the form

BxB +DxD = b

xB � 0; xD � 0
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Here, the vector xB is known as the basic vector and its entries are called the basic

variables. Similarly xD is the nonbasic vector of nonbasic variables.

Assume that all nonbasic variables are set to zero and xB is determined so that

the equality Ax = b is satis�ed. Since B is nonsingular it yields a solution of

xD = 0; xB = B�1b

It should be noted that a solution obtained in this way is not necessarily a feasible

solution since the nonnegativity constraint xB � 0 may not be satis�ed.

De�nition 4.7. (Basic Solution and Feasible Basis)

Let B be a basis and let xB, xD be the corresponding basic and nonbasic vectors

respectively. The solution xD = 0; xB = B�1b is called a basic solution associated to

the basis B. Furthermore, if the nonnegativity constraint xB � 0 is satis�ed then B

is called a primal feasible basis.

From the above de�nition it should be clear that any basic solution associated

with a primal feasible basis is a BFS of the LP. Similarly if we suppose that x is a

nondegenerate BFS then there are exactly m variables in x which are greater than

zero. We can group these variables into a basic vector xB . Then the basis B asso-

ciated with xB is obviously a primal feasible basis. The result which follows gives a

relationship between the primal feasible bases and BFSs.

Proposition 4.8. For an LP given in standard form the following holds:

1. Every primal feasible basis has only one BFS associated with it.

2. Each nondegenerate BFS has a unique primal feasible basis associated with it.

3. A degenerate BFS may have many primal feasible bases associated with it.
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An obvious implication of the previous proposition is that the total number of

distinct BFSs is less than or equal to total number of distinct bases of A. Knowing

that the number of distinct bases in A in not greater than (nm) means that the total

number of distinct BFSs is �nite and less than or equal to (nm).

4.2.2 Simplex Method

From the previous subsection we can see that using an algebraic characterization of

BFSs, all extreme points of LP can be found by traversing over the set of bases of

the matrix A and checking whether some basis B is primal feasible. Thus, we have a

way to �nd all BFSs of our LP. Now, one naive approach to �nd an optimal solution

of our LP is to compute the value of the objective function for each BFS and then

�nd the minimum among these. Of course, because of the possibility that there may

be a great number of distinct BFSs this approach is computationally ineÆcient. The

simplex method is an eÆcient alternative for �nding the optimal solution of an LP

through an iterative procedure. Instead of looking at all BFSs, the simplex method

starts from one initial BFS and moves iteratively from one BFS to another always in

a way that the objective function z(x) is decreased, and it �nally terminates when

the minimum value is reached. Let's explain how these iterative steps are performed.

First we start with geometrical description.

Suppose that a set of feasible solutions of an LP is a polytope P. All BFSs of

LP are vertices of the polytope P. Henceforth we use the term adjacent vertices

to refer to a pair of vertices which are connected by an edge of P. Let V be the

vertex associated to the current BFS in the simplex procedure. The candidate BFSs

for the next step of the simplex procedure are all those vertices which are adjacent
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to V and in the direction of a decreasing objective function. Let e denote the edge

connecting adjacent vertices V and V1. The unit change of z(x) along the edge e is

the gradient @z=@e. Logically, between all those edges starting from vertex V , the

simplex algorithm chooses that edge with a minimum gradient and moves along it to

the next vertex (BFS). By this strategy we may 'hope' to reach an optimal solution

in the smallest number of iteration steps. As we can see the idea behind the simplex

method is quite simple. Let us see how to translate this approach into the algebraic

domain.

Let x = [xB xD]
T be the current BFS with a corresponding primal feasible basis

B. Without loss of generality we can assume that the matrix A and the entries of

x are rearranged so that the basic and nonbasic vectors are given, respectively, as

xB = [x1 : : : xm] and xD = [xm+1 : : : xn]. Let x̂ be a BFS adjacent to x. Than it can

be easily proven that the basic vector x̂B can be obtained from xB by exchanging

one basic variable from xB, let's say xl; 1 � l � m, for one nonbasic variable

xs; (m+1) � s � n. That is, x̂B is of the form [x1 : : : x(l�1) xs x(l+1) : : : xm]. Thus, the

main step in an iteration of the simplex procedure is to chose which nonbasic variable

xs is the best in the sense of decreasing objective function. Such nonbasic variables

are called entering variables. Let's explain how to �nd the entering variable.

A basis B is a nonsingular matrix and the equality Ax = b can be written as

xB +B�1DxD = B�1b:

We use the notation

B�1D = Â = [ âi;j ]i=1:::m; j=m+1:::n

B�1b = b̂



54

All basic variables can be expressed as a function of nonbasic variables

xi = b̂i � âi;(m+1)xm+1 � : : :� âi;nxn; i = 1 : : :m

Using these equations the basic variables can be eliminated from our LP problem,

and the problem can be expressed purely in terms of the nonbasic variables. For the

objective function z(x) we have

z(x) = cx = cBxB + cDxD = cB b̂ + (cD � cBÂ)xD

In expanded form this leads to

z(x) = z0 + ĉm+1xm+1 + : : :+ ĉnxn

The coeÆcients ĉj are known as relative cost coeÆcients. The previous transforma-

tions changes the LP problem into the following one:

Minimize z0 + ĉm+1xm+1 + : : :+ ĉnxn

Subject to b̂i � âi;(m+1)xm+1 � : : :� âi;nxn � 0; i = 1 : : :m

xj � 0; i = (m+ 1) : : : n

(4.2.1)

In the present BFS x all nonbasic variables xD are zero. Let's suppose that the

variable xj is changed from zero to some value �xj > 0. It can be easily shown that

the corresponding change in the objective function is �z(x) = ĉj�xj. This means

that the relative cost coeÆcient reects a change of objective function per unit change

of associated nonbasic variable. Since our goal is to decrease z(x) it seems best to

choose for the entering variable that xs with relative cost coeÆcient

ĉs = minfĉj j j = m+ 1 : : : ng
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Observe that if all relative cost coeÆcient are positive then there is no way that

objective function can be further decreased and the present BFS is the optimal solu-

tion for which the minimum of the objective function is achieved. The condition that

all relative cost coeÆcients are positive is labeled the primal optimality criterion.

Assume that ĉs < 0. Increasing xs leads to the decreasing of z(x). However, there

is a limitation for xs since all constraints in (4.2.1) must be satis�ed. It is easy to

prove that the maximum value which xs can take is

� = min
n
b̂i=âi;s j i such that âi;s > 0

o

Let i=r be an index which ties for the minimum in the previous equation. When xs

is given the value �, the basic variable xr becomes equal to zero. Now replace the

present basic variable xr by entering the variable xs and the new BFS is obtained.

By this, one iteration of simplex procedure is completed. Repeating the previous

procedure we can reach the optimal solution.

4.2.3 The Dual Simplex Method

Before we proceed with a description of the dual simplex method we need some terms

from duality theory for linear programing.

De�nition 4.9. (Dual LP)

For a LP given in standard form its dual LP is de�ned as

Maximize v(y) = yb

Subject to yA � c ; y unrestricted

(4.2.2)

Observe some facts about primal-dual relationship. There is one dual variable

associated with each equality constraint in the primal problem. There is one dual
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constraint corresponding to each primal variable. If the primal is a minimization

problem, the dual is a maximization problem and vice-versa. In the same way we did

for the primal LP we can de�ne the dual feasible solution as a feasible solution of the

dual problem. Using this analogy we can de�ne other terms like a dual BFS, dual

feasible basis, dual optimality criterion, etc.

Proposition 4.10. In the primal dual pair of LPs the following holds.

1. The primal objective value of any primal feasible solution is an upper bound to

the maximum value of the dual objective in the dual problem.

2. The dual objective value of any dual feasible solution is a lower bound to the

minimum value of the primal objective in the primal problem.

3. If either the primal or the dual problem has an optimal feasible solution, then

the other does also, and the two optimal objective values are equal.

4. For a given basis B the optimality criterion in the primal simplex method is the

dual feasibility criterion for the same basis and vice versa.

5. If a basis B is both a primal and dual feasible basis then B is the basis associated

with the optimal solution.

From the above results we can make some conclusions about the primal simplex

method. The primal simplex method always deals with primal feasible bases and

terminates only when the primal optimality criterion is satis�ed. Thus, all but the

�nal optimal basis used in the simplex algorithm are dual infeasible. That is, the

simplex algorithm starts with a primal feasible but dual infeasible basis and it tries to

attain dual feasibility, keeping primal feasibility throughout the algorithm. However,
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it is possible to develop an algorithm for solving the primal LP that starts with a

dual feasible but primal infeasible basis and tries to attain primal feasibility, keeping

dual feasibility throughout the algorithm. An algorithm of this kind is known as a

dual simplex algorithm. We present it here in short.

When we say bounded-variable linear programs we consider the LP of the following

form:

Minimize z(x) = cx

Subject to Ax = b; 0 � xj � Uj; 8j = 1 : : : n

(4.2.3)

where A is a matrix of dimension m � (n + m) and rank m. For solving such a

bounded variable problem the dual simplex is particularly eÆcient. Here is why.

By introducing slack variables we can transform the upper bound constraints into

equalities and put the bounded variable LP into standard form. However, in that

case there will be n + m equalities which means that if we are going to apply the

primal simplex method we need to deal with bases of order n + m. This can be

very inconvenient if n is much larger than m and that is usually the case in practical

applications. The dual simplex algorithm works directly with bases of order m and

much smaller set of BFSs than the primal simplex method.

Let B be a basis of the matrix A and let xB and xD be the corresponding vectors of

basic and nonbasic variables. Further denote by cB the cost coeÆcients corresponding

to the basic vector xB. For a given basis y = cBB
�1 de�nes the corresponding dual

variables and ĉ = c� yA are updated cost coeÆcients. Let N be the set of subscripts
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of current nonbasic variables. De�ne a solution for Ax = b by

xj = Uj if ĉj < 0

xj = 0 if j 2 N and ĉj � 0

xB = B�1(b�DxD)

(4.2.4)

Observe that by this solution all nonbasic variables are uniquely determined for

a given basis and it is done in such manner that the current solution satis�es the

optimality criterion (dual feasibility criterion). However, it may be possible that

upper or lower bounds for variables in xB may not be satis�ed. That is, the current

solution is not primal feasible. Once primal feasibility is satis�ed that solution is an

optimum feasible solution.

Let's explain in short an iterative procedure of the dual simplex method. In an

iteration step of the dual simplex method, a basic variable xb1 which does not satisfy

the upper or lower bound is the candidate for exchange with some nonbasic variable.

The new entering variable xd1 is chosen such that the following conditions are satis�ed:

1. After entering of xd1 into the vector of basic variables and obtaining the new

solution, both variables xb1 and xd1 satisfy the boundary constraints.

2. The new solution obtained after an iterative step results in the increasing of the

dual objective function.

By this iterative procedure it is guaranteed that the dual simplex algorithm always

terminates and that there is no cycling over the set of solutions (extreme points) given

by (4.2.4).

Remark 4.1. Observe some properties of the dual simplex algorithm. For each basis

B there is unique solution given by (4.2.4). Since the number of di�erent basis is
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not greater than (n+mm ) this means that number of extreme points in the dual simplex

algorithm is not greater than (n+mm ). In a practical application of the dual simplex

algorithm as with the primal simplex method, we can expect that the number of

iterations required to solve a bounded linear program will be signi�cantly smaller

than the total number of extreme points.

4.3 Computation Using Linear Programming

In this section we show how the dual simplex algorithm can be used to �nd �max and

�min. It is also shown that this approach based on linear programming is signi�cantly

faster than any approach based on facial or vertex representation of K-step control-

lable regions. More precisely, we prove that solutions based on facial representations

of some controllable regions is equivalent to solving dual simplex algorithm by looking

at all its extreme points, which is a naive approach.

4.3.1 Computation Of Optimal Control Input

Here, we explain how to �nd

�min = minf� 2 R j Axk +B� 2 CK; xk 2 CK+1g (4.3.1)

using the dual simplex method. The same idea can be applied to �nd �max.

Denote W = �[A�1B A�2B : : : A�KB]. By de�nition of the K-step controllable

region there exists a vector U = [u1 : : : uK]
T such that

Axk +B� =WU; ui 2 [�1; 1]; i = 1; : : : ; K (4.3.2)
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or equivalently

[W �B][U �]T = Axk; ui 2 [�1; 1]; i = 1; : : : ; K (4.3.3)

Our minimization problem given by 4.3.1 can be restated as an LP problem:

Minimize the objective function z(U; �) = � subject to constraints (4.3.3)

and � unconstrained.

Observe that all variables in the given LP problem are bounded except �. Next we

want to express � in term of U and eliminate it from the system (4.3.3) and objective

function z. Of course we can do it since there is no inequality constraints on �.

Denote

W =

2
664
w1

...

wn

3
775 ; A =

2
664
a1
...

an

3
775 ; B =

2
664
b1
...

bn

3
775

Here wi and ai are vector rows and bi is a scalar. Assume that bi 6= 0. From the i-th

equation in the system (4.3.3) it follows

aixk = wiU � bi�

� = (wiU � aixk)=bi

(4.3.4)

Denote by Wi; Ai and Bi the matrices W; A and B without i-th row. Substituting

the last expression for � into (4.3.3) and the objective function z we have

(Wi � Biwi=bi)U = Aixk + (aixk)=bi

z(U; �) = z(U) = (wiU)=bi � (aixk)=bi

(4.3.5)

De�ne T = Wi�Biwi=bi and C = Aixk+(aixk)=bi. Obviously C is a constant vector.

Observe also that the term (aixk)=bi in the objective function is constant and not
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important in �nding the minimum of z(U). Taking the previous results into account

our LP problem can be restated as a bounded variable LP problem:

Minimize the objective function z(U) = (wiU)=bi subject to the con-

straints

TU = C

ui 2 [�1; 1]; i = 1; : : : ; K

(4.3.6)

To solve the above problem we can use the dual simplex method. Once an optimal

value Uo is found �min can be obtained from (4.3.4).

4.3.2 Computational Complexity

Let's explain why the dual simplex approach is faster than the solution based on a

facial representation of controllable region.

From the expression for matrix T we know that T is an (n � 1) � K matrix.

Consequently, the number of possible working bases B in the bounded LP (4.3.6) is

( K
n�1) and by remark 4.1 it is also the total number of extreme points in the dual

simplex method used to solve (4.3.6). Recall from the Main Theorem in Chapter

2 that the expected number of faces required for facial representation of the K-step

controllable region is 2( K
n�1) which is twice the number of extreme points in the

corresponding dual simplex algorithm.

Furthermore, it is easy to check that each solution (extreme point) in our bounded

LP obtained by equation (4.2.4) is an intersection of a line with a facet of the con-

trollable region. When we found �min in Section 4.1.1 using a facial representation

of CK we looked at all possible intersections of the line with the facets of CK what
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is computationally equivalent to �nding the value of the objective function z(U) at

all extreme point in the bounded LP. But when we introduced the simplex method

we said that the most naive approach for solving LP is to look at all extreme points.

Now, it should be clear why the LP approach should be superior in comparison to

facial representation approach, especially for higher order systems.



Chapter 5

Generalization

In this chapter we show how the nonlinear control law given in Chapter 3 can be

generalized to multi-input systems and systems with both stable and unstable poles.

5.1 Multinput Systems

Consider the system with m control inputs. Assume that a state vector xk 2 Ck+1.

Similar to the single input case we want to solve the following problem:

Given the xk 2 CK �nd a control input vector uk = [uk1 : : : ukm]
T ;

uk 2 [�1; 1]m such that xk+1 = Axk +Bsat(uk) 2 CK�1:

By the de�nition of controllable regions (see Chapter 2) we know that this problem

always has a solution. It remains to see how to �nd such control input vector uk. In

the further text we will show that uk can be simply obtained by repeating m times

the previously described procedure for single input systems.
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Denote by bi the i-th column of matrix B. With this notation B = [b1 : : : bm].

De�ne the sets

CK�1;1 = CK�1 + [�b1; b1]

CK�1;2 = CK�1;1 + [�b2; b2]

...

CK�1;m = CK�1;m�1 + [�bm; bm]:

(5.1.1)

Henceforth, we call the sets CK�1;1; : : : CK�1;m connecting regions. Observe that the

connecting regions are zonotopes and all results from Chapter 2 can be applied to

connecting regions as well.

If uk is an optimal control input then the following holds:

Axk = xk+1 � b1uk1 � b2uk2 � : : :� bmukm

xk+1 2 CK�1; uk1; : : : ukm 2 [�1; 1]

(5.1.2)

The last equation gives

Axk 2 CK�1 + [�b1; b1] + : : :+ [�bm; bm]

or equivalently

Axk 2 CK�1;m:

According to the de�nition of connecting regions we also know that if a point(vector)

xk;i 2 CK�1;i then there exists scalar uki 2 [�1; 1] such that xk;i + ukibi = xk;i�1 2

CK�1;i�1. Moreover, we can use the same nonlinear mapping g(x) = sat[(�min +

�max)=2] from Chapter 3 to �nd such scalar uki. Here �min and �max are determined

with respect to the intersection of the set CK�1;i�1 and the line xk;i + �bi; � 2 R.
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Now it should be obvious how we can use those facts to �nd an optimal control for

multi-input systems. The following control strategy is proposed.

We start from the point Axk 2 CK�1;m. Then the m � th entry ukm of the

control input uk is determined using the nonlinear mapping from Chapter 3, such

that Axk � bmukm 2 CK�1;m�1. Denote xk;m�1 = Axk + bmukm. In the next step

we determine uk(m�1) such that xk;m�1 + bm�1uk(m�1) 2 CK�1;m�2. Denote xk;m�2 =

xk;m�1 + bm�1uk(m�1) and repeat the previous procedure to �nd uk(m�2). After m-

steps we end up with the point xk;0 = xk+1 2 CK�1 and obviously the control input

uk = [uk1 : : : ukm]
T obtained by previously described procedure is an optimal control

input.

By this we have shown that our concept developed for a single input system can

be easily extended to multi input case.

5.2 Systems with both Stable and Unstable Poles

Let's see how we can generalize our control law for systems with both stable and

unstable poles. In Chapter 3 we gave a control law which stabilizes all state vectors

inside any controllable region Ck; k 2 Z. We assumed also that the system we are

considering has unstable poles only and we needed that assumption to show that

there exists relatively small k 2 Z such that Ck is a good approximation of the

controllable region C. In the general case for a system with both stable and unstable

poles the same control law can be used to stabilize any state vector inside some k-step

controllable region Ck. The only di�erence is that now we cannot assume that Ck will

be a good approximation of the controllable region C. Yet, for practical applications

the stabilization of all state vectors inside some k-step controllable region Ck is usually
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satisfactory and we need not consider the whole controllable region C. Let's explain

why it is so.

In the general case we can apply a similarity transformation to the system we are

considering and write it into alternative form

"
x1(k + 1)

x2(k + 1)

#
=

"
A1 0

0 A2

#"
x1(k)

x2(k)

#
+

"
B1

B2

#
sat[u(k)] (5.2.1)

with A1 having all unstable eigenvalues and A2 having all stable and marginally stable

eigenvalues. Let n1; n2 be the order of matrices A1 and A2 respectively. De�ne the

sets

Cj(K) =

(
KX
i=1

A�ij Bju(i) j u(i) 2 [�1; 1]m

)
; j = 1; 2

and

Cj = lim
K!1

Cj(K); j = 1; 2

It is straightforward to check that the K-step controllable region CK of the system

(5.2.1) can be written as CK = C1(K)� C2(K) and C = C1 � C2. Furthermore, by

properties of the matrices A1 and A2 it is obvious that C1 is a bounded region and

C1(K) exponentially converges to C1, and at the same time C2 = Rn2 and C2(K) is

exponentially increasing as K !1.

In real-world systems all state variables are usually some physical parameters

like position, velocity etc. and by their physical nature they are bounded. Even

after applying similarity transform it is reasonable to suppose that state vector x2(k)

is always inside some bounded region. Since C2(K) is exponentially increasing as

K ! 1 we can assume that there exists K2 2 Z such that x2(k); k 2 N is always

inside the set C2(K2).
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Let K1 2 Z be such that C1(K1) is a good approximation of C1. Since A1 has

only unstable eigenvalues such K1 always exists. If we de�ne K = max fK1; K2g then

all state vectors of practical importance are inside the K-step controllable region CK.

Although CK can not be considered an approximation of the controllable region C,

for practical purposes it is suÆcient to �nd stabilizing controller for all states inside

CK. To achieve this goal we can use the same time-optimal control law given in

Chapter 3.

The previous strategy is obviously a time-optimal control law for the general case.

However it may be hard to implement it if the order of the system is too high. It is

interesting to see whether we can simplify implementation in the general case. In what

follows we give an alternative approach which is easier for practical implementation

but which is not time-optimal.

Assume that A2 has strictly stable eigenvalues. Let C1(K1) be an approximation

of C1. Consider the subsystem corresponding to the state vector x1(k)

x1(k + 1) = A1x1(k) +B1sat[u(k)] (5.2.2)

Applying the nonlinear state feedback controller from Chapter 3 we can �nd a con-

trol signal u(k) which is a time optimal control signal for the subsystem (5.2.2) on

the controllable region C1(K1). By properties of the time-optimal control we know

that x1(k) and u(k) converges to zero in the �nite number of steps. Since A2 is a

stability matrix, the �nite duration of signals x1(k) and u(k) implies that x2(k) tends

exponentially to zero. That is, the time-optimal control law determined with respect

to the subsystem (5.2.2) is a stabilizing control law for the system (5.2.1).

By this strategy the complexity of our nonlinear controller is determined by the

number of unstable eigenvalues only but it is not a time-optimal control anymore.



Chapter 6

Examples and Simulation Results

6.1 Example 1: The Second Order System

In this section we consider the second order system

x(k + 1) =

"
1:5 0

0 �2

#
x(k) +

"
1

3

#
sat[u(k)]: (6.1.1)

In this case the eigenvalues of the matrix A are outside of the unit disk and the system

is unstable.

The �rst step in the design of nonlinear controller is to �nd such K so that CK

is a good approximation of C. Examining the matrix WK of the system 6.1.1 we see

that 12-th column in the matrix WK is

w12 = [�0:0077 � 0:0007]T ;

what is quite small in comparison to the �rst few columns of WK. This means that

C(12) will be a good approximation of C. Figures 6.1 and 6.2 depict the controllable

regions of our system.
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Figure 6.1: Controllable regions C(2), C(3), C(4) and C(7).
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Figure 6.2: Controllable regions C(7), C(12) and C(20).
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Observe from Figure 6.2 that the distinction between regions C(12) and C(20) is

hardly visible. This con�rms our choice of K = 12.

The next step is to compute the stabilizing nonlinear controller. We use the fa-

cial representation approach in this example. According to the Main Theorem the

expected number of inequalities for the description of C(12) is 24. We used the algo-

rithm described in Section 2.4 to �nd matrices the F and z corresponding to C(12).

With F precomputed, the algorithm given in Section 4.1 is used for computation of

an optimal control input at each step k of time.

Applying our time-optimal control for an initial condition of

x0 =

"
1:9300

�1:0025

#

which is close to a vertex of the region C(10) we expect that the system will be

stabilized in 10 steps. Figures 6.3 and 6.4 show a closed loop response.

According to expectations both states are steered to the zero in only 10 steps of

discrete time. Observe from Figure 6.4 that control signal u is quite smooth and goes

to zero as well. In Figure 6.5 we can see the state trajectory as it develops from a

vertex of C(10) to the origin. It should be noticed that with each new step k, the

state x(k) gets deeper inside its corresponding region and in that way becomes more

resistant to input disturbances.
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Figure 6.3: The regulated state x.
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Figure 6.4: The optimal control signal u.
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Figure 6.5: The state trajectory and controllable regions C(2), C(3), C(4) and C(10).
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6.2 Example 2: The 4-th Order System

Consider the 4-th order system

x(k + 1) =

2
666664

1 0 0 0

0 2 0 0

0 0 �2:5 0

0 0 0 3

3
777775 x(k) +

2
666664

1

�1

1

�1

3
777775 sat[u(k)]: (6.2.1)

with one marginally stable eigenvalue and three unstable eigenvalues. To design a

stabilizing nonlinear controller for this system we use the generalization described in

Section 5.2. The system (6.2.1) can be split into two subsystems: one semi-stable

associated with the state variable x1 and the remaining unstable part associated

with the state variables x2; x3 and x4. If we de�ne C1(K) and C2(K) to be K-step

controllable regions corresponding of those subsystems then

C(K) = C1(K)� C2(K) and C = R� C2:

Theoretically, an initial state vector x(0) can be controllable even if the state variable

x1 is arbitrarily large. In the real world we always have some physical limitations.

Assume that in our case the state variable x1 is limited to the interval [�20; 20]. With

this assumption, the next step in the design procedure is to �nd K so that all states

of interest are inside C(K).

Obviously C1(k) = [�k; k] and consequently

C(k) = [�k; k]� C2(k):

C2(k) corresponds to the unstable subsystem and we can always �nd some K2 so

that C2(K2) is a good approximation of C2. In this case K2 = 8 satis�es. As
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k is increasing over 8, C(k) is extending mainly along the coordinate of the state

variable x1. Consequently we can approximate C(k) by

C(8) +

2
666664

1

0

0

0

3
777775 [�(k � 8); (k � 8)]; k � 8:

Here "+" denotes Minkowski sum. Knowing that [1 0 0 0]T [�8; 8] � C(8) we can see

that if k � 20 then [1 0 0 0]T [�20; 20] � C(k). Thus, we can conclude that all initial

states of interest are inside the controllable region C(20).

Once when we determined K to be 20, the next step is to compute a nonlinear

controller which stabilizes all initial states inside C(20). The order of the system is

4 and K=20 is relatively large. In this case it seems more convenient to use the LP

approach and a dual simplex method for the computation of the nonlinear control.

To examine performance of the optimal controller we consider an initial condition of

x0 =

2
666664

10:0500

�0:9414

�0:2890

�0:4873

3
777775 :

This initial condition is close to the boundary of C(16).

Figure 6.6 and 6.7 depict the closed loop response of the system. All four state

variables are steered to zero in 16 steps of discrete time which con�rms the time-

optimality of the proposed nonlinear controller. On Figure 6.8 we can see activity of

the optimal control signal.

Simulation results for this example are obtained in the real-time with the sample

time of the system, T=20ms. This con�rms that computation based on the LP

approach is quite fast and suitable for practical applications.
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Figure 6.6: The regulated state variable x1.
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Figure 6.7: The regulated state variables x2, x3 and x4.
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Figure 6.8: The optimal control signal u.



Chapter 7

Summary and Conclusions

7.1 Results and Findings

In this thesis, we have considered issues in controlling a linear discrete-time system

when there is saturation on the control input and the state is measurable.

In Chapter 2, representation of controllable sets of this class of systems is examined

�rst. A new result regarding the representation of controllable sets by their faces is

given in the Main theorem. We used that new result to design an algorithm which

calculates the facial representation of a K-step controllable set without generating

inactive inequalities. The algorithm presented is an improvement to existing solutions

based on the Fourier-Moltzkin projection algorithm and linear programming. It was

shown also that the expected number of faces in a K-step controllable set is 2(mK
n�1),

where n is the order of the system and m is the number of control inputs.

In Chapter 3, our attention is turned to the design of a nonlinear state feedback

controller for single-input anti-stable system. The main result in this chapter is a

minimum-time (time-optimal) control law which stabilizes the given system on its
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K-step controllable set. First, it was shown how to characterize all minimum-time

controls using controllable sets and then between all of those optimal controls, we

proposed the one which is also optimal in the sense of robustness and disturbance

rejection. We showed that the implementation of the proposed controller requires

�nding the intersection of a line with the K-step controllable set; this can be compu-

tationally intensive as the complexity of the controllable set increases with the order

of the system.

The aforementioned computational problem is addressed in Chapter 4 where we

presented two di�erent approaches for solving the given problem. In the �rst ap-

proach we used a facial representation of the controllable set to design an eÆcient

algorithm for on-line computation of the optimal control. Complexity analysis of the

algorithm has shown that it can be practically implemented on a low-cost computer

architecture even for the systems with 4-5 unstable poles. In the second approach it is

demonstrated that our computational problem can be restated as a bounded variable

LP problem. Then, it is shown that using the dual simplex method this problem can

be solved much faster in comparison to the �rst approach. A surprising result is that

the solution based on facial representation is computationally equivalent to solving a

corresponding bounded variable LP problem in a naive fashion by looking at all its

extreme points. All results we developed for single input anti-stable systems can be

generalized to multi-input systems and systems with both stable and unstable poles.

Results of simulation and obtained closed-loop response in two examples are given

in Chapter 6, and show superior performance of the presented time-optimal controller.
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7.2 Future Research

Implementation of the proposed time-optimal controller based on the dual simplex

method is very fast and practically implementable even for high order systems, e.g.

for n = 15 the corresponding LP problem is still considered small in LP theory.

According to the author's knowledge the presented solution is currently the fastest

time-optimal control for the problem we considered. However, it seems that there is

still a lot of room for improvements.

The dual simplex method is a general method for solving bounded variable linear

programs. In our case the corresponding bounded variable LP has a special structure,

e.g. columns in the matrix W are exponentially decreasing as well as the cost coeÆ-

cients in the objective function. It may be interesting to see whether we can modify

the dual simplex method to make use of this special structure and reduce the number

of expected iterations. There is also a possibility that an interior-point method for

solving linear programs can be more eÆcient in our case.

Finally the results of closed-loop response presented in Chapter 6 are obtained in

simulation only. Experimental examination and implementation in real-time would

be desirable to con�rm whether this approach is practically feasible.
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