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Abstract

This thesis consists of studies in the separate fields of operator algebras and non-associative

algebras.

Two natural operator algebra structures, A ®max B and A ®@min B, exist on the tensor product
of two given unital operator algebras A and B. Because of the different properties enjoyed by
the two tensor products in connection to dilation theory, it is of interest to know when they
coincide (completely isometrically). Motivated by earlier work due to Paulsen and Power, we
provide conditions relating an operator algebra B and another family {C;}; of operator algebras
under which, for any operator algebra A, the equality A ®@max B = A @min B either implies, or
is implied by, the equalities A ®@max C; = A @nin C; for every i. These results can be applied to
the setting of a discrete group G pre-ordered by a subsemigroup G*, where B C C;(G) is the
subalgebra of the reduced group C*-algebra of G generated by G, and C; = A(Q;) are digraph
algebras defined by considering certain pre-ordered subsets Q; of G.

The 16-dimensional algebra A4 of real sedenions is obtained by applying the Cayley-Dickson
doubling process to the real division algebra of octonions. The classification of subalgebras of
A4 up to conjugacy (i.e. by the action of the automorphism group of A4) was completed in a
previous investigation, except for the collection of those subalgebras which are isomorphic to

the quaternions. We present a classification of quaternion subalgebras up to conjugacy.
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Chapter 1

Tensor Products of Digraph Algebras
over Discrete Pre-ordered Groups

1.1 Introduction

In an early investigation of tensor products of non-self-adjoint operator algebras [23], Paulsen
and Power studied the maximal and minimal tensor products and their connection to
joint dilations of completely contractive representations. The tensor product framework
provides an alternative interpretation of Ando’s dilation theorem and the Sz.-Nagy-Foias
commutant lifting theorem. For instance, Ando’s dilation theorem, which says that any two
commuting contractions on a Hilbert space admit joint unitary dilations to a larger Hilbert space,

can be recast as the claim that
A(D) @ max A(D) = A(D) @ min A(D)

completely isometrically, where A(D) is the disk algebra. One of the notable results in that
paper is as follows. For each integer n > 1, let 7 (n) denote the upper triangular subalgebra of

the matrix algebra M,,.



Theorem 1.1.1 (Theorem 3.2, [23]). Let A be a unital operator algebra. The following are equivalent:

(@) A®@max A(D) = A @min A(D) completely isometrically.

(b)) AQmax T (n) = A ®@min T (1) completely isometrically, for all n > 1.

The work that we shall present is motivated by the above result and its proof. The
connection between A(ID) and the sequence 7 (1) becomes clearer if we identify A(D) with
the norm-closure of the unital subalgebra of C(T) = C*(Z) generated by the identity function
z € C(T), and also identify 7 (n) with the digraph algebra A(C,) associated with the linearly
ordered set C, = {1,---,n} C Z. (In combinatorics, A(C,) is also known as the incidence
algebra associated with the partially ordered set C,.) It turns out that the implication (a) = (b)
generalizes quite directly when we have data (G, G), where G is a discrete group and G* is
any unital subsemigroup of G. Then G* induces a pre-ordering < on G, where s < t provided
that ts~! € G*. In this setting, A(D) is replaced by the subalgebra alg(G") of the reduced group
C*-algebra C;(G) generated by the subsemigroup G*, while the algebras 7 (n) are replaced by
finite-dimensional digraph algebras A (P), where P are certain finite “convex” subsets of the and
pre-ordered set G. The implication (b) = (a) seems to generalize partially, at least to the case
where G is amenable.

1.2 Background

In this section, we recall the concepts of operator spaces and completely bounded maps, leading
up to the abstract definition of operator algebras. This standard material can be found in many
textbooks, e.g. [2], [14], [22], [24]. Proofs of the cited facts are omitted.

We assume as known the elementary theory of C*-algebras. In the sequel, we reserve the
symbols # and K for Hilbert spaces. The inner product of h1,h, € H is written as (h1, hy).
The space of bounded linear operators from H to K is denoted by B(H, K). In particular,
B(H) = B(H,H) is a C*-algebra with identity [ = Ij. If H is a subspace of K and T € B(K),
the compression of T to H is the operator Py T|y € B(H), where Py, : K — #H is orthogonal
projection of K to 7. The group of unitary operators on  is denoted by U/ (). The Hilbert

2



space tensor product is simply written as H ® K. As is common, if # € H and k € K, then
h®k € H® K is an elementary tensor, whereas h @ k* € B(K,?H) is the rank-one operator
sending each x € K to (x,k)h € H.If Aisany set, />(A) is the Hilbert space of square-summable
complex-valued functions on A. The standard orthonormal basis for ¢,(A) is {e,},ca, where
ea(a) = land e,(a’) = 0 for all 4’ € A with a’ # a. We shall make use of the standard matrix
units E, y = e, ® (ey)* fora,a’ € A. If A and B are sets, then ¢5(A) ® {5(B) = {5(A x B) via the
canonical unitary isomorphism which sends e, ® ¢, to ¢(, ;). We shall write Uy = 4(N), where N

is the set of non-negative integers.

In what follows, if X is any vector space and m,n > 1 is an integer, we denote the vector
space of m x n matrices with entries in X by

Mun(X) = {[xij] ;) : ¥y € X, ¥1<i<m 1< j<n}.

We write M, (X) := My, (X). If ¢ : X — Y is a linear map between vector spaces X and Y, for
each integer n > 1, we define the induced linear map ¢, : M,(X) — M, (Y) by the formula

X = [Xi,]'] (i,j) € Mn(X) — qb(n)(x) = [d)(xi,]-)](i,j) € Mn<Y)

1.2.1 Definitions of operator spaces and completely bounded maps

Briefly speaking, an operator space is a subspace X of the C*-algebra B(#) for some Hilbert
space H. Note that for each integer n > 1, the x-algebra of n x n operator matrices

M, (B(H)) = B(H")

is canonically identified with the C*-algebra of bounded operators on the Hilbert space
direct sum H" = H @ - - - & H. Consequently, the vector space M, (X) of n x n matrices with
entries from X inherits a norm ||-||, when treated as a subspace of B(#"). Furthermore, if
¢ : X — Y is a linear map between operator spaces X and Y, we consider the induced maps
Py M, (X) — M,(Y) and their norms. It is clear that if ¢ is bounded, then so is each

$(n), and H(,b(n) H < ch(n +1) H for all n. However, there are many examples in which ¢ is either



contractive or isometric, and yet (;b(n) ceases to be contractive or isometric. Alternatively,
another possible kind of defect is when suan(l)(n) | = oo. Arveson’s work on the dilation
theory of representations of non-selfadjoint subalgebras of C*-algebras indicates the importance
of keeping track of the matrix norms {||-||, }»>1 as well as knowing the finiteness of sup,, || ¢ ) |-

This motivates the following definition.

Definition 1.2.1.  (a) By a matrix-normed space, we mean any vector space X together with
a family of norms ||-||, on the matrix space M,(X) for every n > 1, such that for any
mn>1,a€ My, x € My(X)and 3 € My,

el < exll llxll,, 1Bl

(b) By a concrete operator space, we mean a (not necessarily closed) vector subspace
X C B(H) for some Hilbert space H, together with the family of matrix norms ||-||, on
each space M, (X) as a normed subspace of M,(B(H)) = B(H").

Definition 1.2.2. Let X and Y be matrix-normed spaces. If ¢ : X — Y is a linear operator, we

define

bl == sup{|[dw] : n =1}

If |||l 4, < o0, ¢ is said to be completely bounded (c.b.). If ||¢||,, < 1, ¢ is said to be completely
contractive (c.c.). We call ¢ a complete isometry if ¢, is an isometry for every n > 1.
The definition of a matrix-normed space implies that the sequence of embeddings
X = Mi(X) = May(X) = -+ = Mu(X) = My1(X) < ---

where

x € My(X) [g 8] € My 1(X)

are isometric. The following condition is satisfied by any concrete operator space X:



(R) Forany m,n > 1,x € M, (X) and y € M, (X),
x 0
0y

We can now state Ruan’s basic result, which says that conversely, if a matrix-normed space

= max {||x||,,, [lyll,} -

m—+n

X satisfies condition (R), then X is completely isometrically isomorphic to a concrete operator

space. This provides an abstract approach to operator spaces.

Theorem 1.2.1 (Ruan [26]). Let X be a matrix-normed space. The following are equivalent:

(a) The matrix norms of X satisfy condition (R).

(b) There exists a Hilbert space H and a complete isometry i : X — B(H).

By an operator space structure (0.s.s.) on a space X, we shall mean a specific choice of matrix

norms on X which satisfy condition (R).

Example 1.2.1. A basic example is the class of all (unital) C*-algebras. By the Gelfand-Naimark
Theorem, any C*-algebra A admits a faithful (hence isometric) *-representation i : A — B(H)
on a Hilbert space H. We can thus endow .4 with an operator space structure via the embedding
i. Since i, : My(A) — M,(B(H)) is an injective *-homomorphism for each 7, the resulting
norm ||-||, makes M, (.A) into a C*-algebra. Knowing the uniqueness of complete C*-norms, it
follows that the resulting norms do not depend on the specific embedding i. Therefore, we may

speak of the canonical operator space structure on any C*-algebra.

1.2.2 Operator systems

An operator system is a kind of operator space which retains the order structure of a unital
C*-algebra. By a unital subspace of a unital algebra .4, we simply mean any subspace of .4 which

contains the identity of A.



Definition 1.2.3. A (concrete) operator system is a self-adjoint, unital subspace S of a unital
C*-algebra A. The cone of positive elements in S is denoted by S.

Observe that if S is an operator system contained in a unital C*-algebra A, then M,,(S) is an
operator system contained in the C*-algebra M,,(.A) for each positive integer n.

Definition 1.2.4. Let S and T be operator systems. A linear map ¢ : S — T is said to be
positive provided that ¢(S;) C T,. Given a positive integer n, we say that ¢ is n-positive if
Gy © Mu(S) — My(T) is positive. If ¢ is n-positive for every n > 1, we call ¢ completely
positive. If ¢ is invertible and both ¢ and ¢! are completely positive, we say that ¢ is a

complete order isomorphism.

It is a basic fact that any positive linear map ¢ : S — T between operator systems is self-
adjoint, i.e. ¢(x*) = ¢(x)* for all x € S, and that ¢ is bounded, with ||¢|| < 2||¢(1)]]. Also,
from the fact that for any x € S,

1
x| <1 & [ x]zo,
x* 1

it follows that if ¢ is 2-positive, then ||¢|| < ||¢(1)||. Consequently, if ¢ is completely positive,
then ||¢|| 4, = ||®|| = [|¢(1)]]. A similar argument shows that the operator space structure on S
is determined by the cones M,,(S), since forany n > 1, x € M,(S) and r > 0,

r X
I, < e [ ] € Man(S).s.
X T

In particular, a unital, complete order isomorphism ¢ from S into T is a complete isometry. (Just
as operator spaces can be distinguished from matrix-normed spaces by the satisfaction of an
additional axiom, it is shown by Choi and Effros [9] that there is an axiomatic characterization
of operator systems as a special class of matrix-ordered spaces. We shall not pursue this theory
here.)



Proposition 1.2.2 (Arveson [1]). (a) Let ¢ : S — B be a unital, contractive linear map from an
operator system S into a unital C*-algebra B. Then ¢ is positive.

(b) Let X be a unital subspace of a unital C*-algebra A, and let X* = {x* : x € X}. Consider the
operator system X + X* = {x + y* : x,y € X} generated by X. Any unital, contractive (resp.
completely contractive, completely isometric) map ¢ : X — S into an operator system S has a
unique positive (resp. completely positive, completely isometric) extension ¢ : X + X* — S.

As a consequence of Proposition 1.2.2 (a), any unital, contractive homomorphism ¢ : A — B
between C*-algebras A and B is a *-homomorphism, and hence is completely positive as well

as completely contractive.

1.2.3 Fundamental results on completely bounded maps

We record below the basic theorems about completely bounded maps on operator algebras.

Theorem 1.2.3 (Arveson’s extension theorem [1]). Let S be an operator system contained in a unital
C*-algebra A, and let 1 : S — B(H) be a completely positive map. Then there exists a completely
positive map ¢ : A — B(H) such that ¢p|s = 1.

An operator system ] is said to be injective (in the category of operator systems) provided
that, for any pair of operator systems S C S, any completely positive map ¢ : S — ] can be
extended to a completely positive map ¢ : S — ]. Arveson’s extension theorem amounts to
saying that B(7{) is injective.

Definition 1.2.5. Let A be a unital subalgebra of a unital C*-algebra B. A B-dilation of a unital
representation p : A — B(H) is a pair (71, K), where K is a Hilbert space containing # as a

subspace and 71 : B — B(K) is a unital x-representation such that

p(a) = Pym(a)ly (aeA).



Theorem 1.2.4 (Arveson’s dilation theorem [1]). Let A be a unital subalgebra of a C*-algebra B. Then
a contractive representation p : A — B(H) has a B-dilation if and only if p is completely contractive.

Theorem 1.2.5 (Wittstock’s extension theorem [29]). Let X be an operator subspace in a unital
C*-algebra A, and let  : X — B(H) be a completely bounded map. Then there exists a completely
bounded map ¢ : A — B(H) such that ¢|x = P and |||y, = [V p-

Theorem 1.2.6 (Wittstock). Let A be a unital C*-algebra, and let ¢ : A — B(H) be a completely
bounded map. Then there exist a Hilbert space IC, a *-representation m : A — B(K), and bounded
operators V, W : H — K such that

p(a) = Va(a)W (ae A)

and ||¢|| 4, = V|| [|W]|. Moreover, if |||y, = 1, then V and W can be chosen to be isometries.

1.2.4 Minimal tensor products of operator spaces

We now define the minimal tensor product of operator spaces. Recall that if H and K are Hilbert
spaces, then for any S € B(#) and T € B(K), there is a unique bounded operator S ® T on
the Hilbert space tensor product # @ K such that (S® T)(h® k) = Sh® Tk for all h € H and
ke C,and ||S®T| = ||S|| ||T||- This induces an injective *-homomorphism from the algebraic
tensor product B(H) ® B(K) into B(H ® K); we shall identify B(#) ® B(K) as a normed unital
x-subalgebra of B(H ® K).

Let X and Y be operator spaces, and let i : X — B(H) and j : Y — B(K) be
complete isometries. Then the minimal tensor product or spatial tensor product X @min Y is the
operator space structure imposed on the tensor product X ® Y via pullback by the embedding
i®j: XY — B(H)®B(K), thatis, forany n > 1 and x € M, (X ®Y), we define

[l in = [[(F @ )y (2)]]-



It turns out that this o.s.s. does not depend on the choice of i and j. In fact,

¢: X—>B(H)and 0 : Y — B(K') are c.c., }

.= [ 0 n .
1| min sup { I(e Yo (¥) | H', K are arbitrary Hilbert spaces

This can be seen as a consequence of Wittstock’s Theorems 1.2.5 and 1.2.6. From the definition
of the minimal tensor product, we see thatif ¢ : X — X; and 6 : Y — Y; are completely
bounded maps, then the rule x ® y — ¢(x) ® 6(y) determines a completely bounded map
® Omin 0 1 X @min ¥ — X1 Omin Y1, and ||@ @min 0]/, = [|P|ep [10]| - Moreover, the minimal
tensor product is injective, in that if both ¢ and 0 are complete isometries, then so is ¢ @min 6.

If X and Y are operator spaces which are not both C*-algebras, we denote the completion of
X A min Y by X®minY-

If AC B(H)and B C B(K) are C*-algebras, their complete minimal tensor product A&min B
is a C*-algebra. Note that for any n > 1, the canonical *-isomorphism

M, ®Omin B(K) = B(C") @min B(K) = B(C"®K) = B(K") = M,(B(K))
restricts to the *-isomorphism of C*-algebras
Mn ®m1nB = Mn(B).

More generally, if Y is an operator space contained in B(K), we consider M, (Y) as the operator
space by the identification
M, (Y) = M, Qmin Y-

We list some basic properties of the minimal tensor product that will be used in the sequel.
If X, Y and Z are operator spaces and m,n > 1, then there are canonical completely isometric

isomorphisms

(X ®min Y) ®min zZ = X ®min (Y ®min Z)/
X Qmin Y =Y Qmin X/
Mm(X) Qmin MH(Y) = an(X Qmin Y)



Forany m > 1and y € M, (Y) such that ||y||,, = 1, themap i, : X = X ®min M;u(Y) defined by
iy(x) = x®y (x € X)

is a complete isometry.

1.2.5 Definition of operator algebras

For our purposes, all algebras will be assumed to be unital. The treatment of non-unital operator
algebras is fully discussed in [2].

Definition 1.2.6. A concrete operator algebra is a unital subalgebra A of B(#) for some Hilbert
space H, together with the operator space structure of A as a subspace of B(#).

Note that our definition does not assume that A is closed in B(#). Let .A be an operator
algebra acting on a Hilbert space #. Then for any n > 1, M,,(\A) is an operator algebra acting
on H". Since ||-||,, is the operator norm, for any a,b € M, (.A), we must have

labll, < llall, l[oll, -

It turns out that this extra condition determines the class of concrete operator algebras up to

complete isometry, according to the following theorem.

Theorem 1.2.7 (Blecher-Ruan-Sinclair (BRS)). Suppose that A is a unital algebra as well as an operator

space. The following are equivalent:

(a) Foreveryn > 1anda,b € My(A), ||lab||,, < |lal|,, ||b],-

(b) There is a unital, completely isometric homomorphism 7 : A — B(H) for some Hilbert space H.

10



1.2.6 Examples of operator algebras

In this section, we present the main examples of operator algebras which will be referred to
frequently.

Example 1.2.2 (Nest algebras). A nest algebra acting on a Hilbert space H is a subalgebra of B(#)
of the form

T(AN) == Algty = {TeB(H) : TN CN forevery N € ./},

where ./ is a chain of subspaces of H closed under arbitrary intersections, closed spans, and
containing {0} and #. This is a unital operator algebra that is closed in the weak operator
topology. In particular, if H = C" with standard basis ey, ...,e, and .4 consists of the finite
chain span{ey, ..., e} (0 < k < n), the resulting nest algebra is denoted by 7 (n), the algebra of
all upper triangular n x n matrices.

Example 1.2.3 (Group C*-algebras). Let G be a discrete group. For each unitary representation
(7, H) of G on a Hilbert space H, the C*-subalgebra Cj;(G) of B() is defined by

C:(G) := span{n(s) : s € Gl.

Of course, if two unitary representations (711, 1) and (72, H) are unitarily equivalent, in the
sense that there is a unitary operator U : 11 — Hj such that Um(s) = m(s)U for all s € G,
then the assignment T + UTU" is a *-isomorphism from C, (G) onto Cy, (G).

The left reqular representation of G is the unitary representation A of G on ¢»(G) given by left

translation:
)\Sf<t> = f(silt)r

where f € (;(G) and s,t € G. Likewise, the right reqular representation of G is the unitary

representation p of G on ¢, (G) given by right translation:

psf(t) = flts).

11



Thus G acts on the canonical basis via the permutations
Aser = est, Ps€t = €p-1.

Note that the inversion U : £,(G) — £5(G) defined by Uf(t) = f(t!) determines a unitary
equivalence between A and p. The reduced group C*-algebra C; (G) is defined to be the C*-algebra

C:(G) = C}(G) = Ci(G).

The canonical trace on C; (G) is given by
o) = (A@erer)  (xeCHO)).

In fact, the GNS representation for 7 is just the left regular representation on ¢, (G) with cyclic
vector e7.

We now turn to the full group C*-algebra. Let CG denote the group algebra, with
canonical basis {8; : s € G}. The x-algebra structure on CG is determined by 6:6; = &5 and
(6s)* = b,-1. This ensures that every unitary representation (71, ) of G extends by linearity
to a unital *-representation 77 : CG — B(#); conversely, any unital *-representation of CG
on a Hilbert space restricts to a unitary representation of G. Consequently, such a 7r induces a
C*-seminorm ||x|| . := ||7(x)|| on CG, and the completion of CG with respect to this seminorm
is a C*-algebra isomorphic with the concrete algebra C;(G). Since the basis elements &, are
unitary, any C*-seminorm on CG is dominated by the {;-norm ||Ycc %585l = Yseg |¥s]- As
a result, the supremum of an arbitrary family of C*-seminorms on CG remains a well-defined

C*-seminorm. In particular, we obtain the maximal C*-norm
[x][, = sup[|7(x)][,
7T

where the supremum is taken over all C*-seminorms induced by unitary representations 7r.

(Note that ||-||, is a norm, since ||x|[, < |[x||, < ||x||; and |||, is @a norm.) It can be shown that

lxll, = sup || Z(x)],
neG

where G denotes the set of unitary equivalence classes of irreducible unitary representations of

12



G. The completion of CG with respect to the maximal C*-norm is called the full group C*-algebra
and is denoted by C*(G). We denote the canonical image of §; (s € G) in the unitary group
of C*(G) by us, and call u : G — C*(G) the universal representation of G. In general, there is a
canonical surjective *-homomorphism C*(G) — C;(G) sending us to A;. This homomorphism
becomes an isomorphism (i.e. C*(G) = C;(G)) precisely when G is amenable; see Section 1.2.7

for more on amenability.

Example 1.2.4. If G is a discrete abelian group, its dual group G is an abelian, compact
topological group under the topology of pointwise convergence. Also, G is homeomorphic
to the spectrum of the full group C*-algebra C*(G). Hence the Gelfand transform provides a
k-isomorphism C*(G) = C (G). This isomorphism sends each u; € C*(G) (where s € G) to the
character § € C (@) of G, where § (y) = y(s) fory € G. Let i be the normalized Haar measure
on G, and let L2(G) = L2(G, ). It is well-known that {5 : s € G} is an orthonormal basis for

L2(G), and that the Fourier transform

f=Y e = F(f) =Y fls)s
seG seG
extends to a unitary operator .Z : £2(G) — L2(G). Let M : C(G) — B(L2(G)) denote the
multiplication representation, which is an injective *-representation. Since #A;.# ! = Mj for all

~ ~J

s € G, it follows that unitary equivalence by .# induces a *-isomorphism C;(G) = M [C(@)] =

~

C(G). Thus, we have the *-isomorphisms

C*(G) = C(G) = Cr(G).

Example 1.2.5 (Disk and polydisk algebras). Let T = {z € C : |z| = 1} be the torus. It is
well-known that Z = T as topological groups. More generally, the dual group of Z" is Zn = T"
for each n > 1. It follows that C(T") = C*(Z") as C*-algebras.

LetD = {z € C : |z| < 1} be the open unit disk, with closure D, the closed unit disk in
C. For each n > 1, the open n-polydisk is the subset D" of C". The polydisk algebra A(D") is the
algebra of all continuous functions on D" which are analytic on D”. In particular, A(D) is called
the disk algebra. Foreach1 < j <mn,letz; € C (T") denote the j-th coordinate function. For each
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k = (ki,... k,) € Z", let zZ¢ = zlil .7 LetN = {0,1,2,...} denote the set of non-negative
integers. Then the unital subalgebra P(D") = span{z¥ : k € N"} = CJzy,...,z,] is dense in
A(D"); itis completely isometrically isomorphic to the subalgebra alg(N") = span{uy : k € N"}
of C*(Z").

Example 1.2.6. Sz.-Nagy’s dilation theorem states that any contractive operator T on a Hilbert
space ‘H admits a unitary dilation. Specifically, there is an explicit construction of a Hilbert
space K containing H as a subspace as well as a unitary operator U on K such that

" = PHU”]H (i’l € N)

Let pr : P(D) — B(#) be the unital representation of the polynomial algebra P (D) = C[z] on
H such that pr(z) = T, and let 7 : C(T) — B(K) be the unital *-representation of C(T) on K
such that 77(z) = U. Since pr(p) = Pyru(p)|y forall p € P(D), it follows that ||pr|| = 1 and pr
extends to a completely contractive homomorphism on A(DD). Conversely, if p : A(D) — B(H)
is a unital contractive representation, then p = pr, where T = p(z) is a contraction on H. We
conclude that T <+ pr is a bijective correspondence between the contractions on H and the set of
unital, completely contractive representations of A(ID) on H. In particular, all unital contractive

representations of A(ID) are completely contractive.

Using Arveson’s dilation theorem, we see that Sz.-Nagy’s theorem is equivalent to the

assertion that every unital contractive representation of A(D) is completely contractive.

Example 1.2.7. Ando’s theorem states that any pair of commuting contractions T7, T on a Hilbert
space ‘H admit a joint unitary dilation. This means that there exists a Hilbert space K containing
H as a subspace, together with a pair of commuting unitary operators Uj, U, on K such that

TiﬂT;? = PHUTUSH.[ (TYZ,?’l S N)

Let p = pr,1, : P(D?) — B(H) be the unital representation of P(D?) = C[zy,z] such that
p(zj) = T; for j = 1,2. It follows from Ando’s theorem that p admits a dilation to the
«-representation 77 : C(T?) — B(K) such that 77(z;) = Uj for j = 1,2, and therefore ||p||, = 1.
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We conclude that there is a bijective correspondence between commuting pairs of contractions
(T1, T,) on H and unital, completely contractive representations pr, 1, of the bidisk algebra
A(D?) on H. Once again, Arveson’s dilation theorem implies that Ando’s theorem is equivalent

to the assertion that every unital, contractive representation of A(D?) is completely contractive.

1.2.7 Tensor products of operator algebras

The maximal and minimal tensor products of operator algebras are defined is a way that is
analogous with their C*-counterparts. While the minimal tensor product is essentially the
familiar spatial tensor product together with the inherited operator space structure, the
maximal tensor product is related to joint completely contractive representations.

If A and B are unital algebras with respective identities 1 4 and 13, we denote their algebraic
tensor product by A ® B. It is a unital algebra whose multiplication is determined by

(a1 ®@Db1) - (a2 ®@by) = (a1a2 @ b1by)

forall a1,a, € Aand by, by € B. There are canonical injective homomorphisms ¢4 : A =+ A® B
and i : B - A® B, givenby 14(a) = a® 1p and 13(b) = 14 ® b respectively. If p : A — B(H)
and o : B — B(7) are unital representations of A and B on the same Hilbert space H, we say
that p and o have commuting ranges (or simply that p and o commute) whenever

foralla € Aand b € B. In this case, the linear map
poOo : AR B — B(H)

determined by
poOa(axb) = p(a)o(b)

is a unital representation of A ® B. Conversely, any unital representation
m: AR B — B(H)
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is of the form 7 = m4 ® 713 for a unique pair (714, 77g) of commuting representations of A and B
on H; indeed, m4 = mo 14 and 7y = 7 o 13. Thus, there is a bijective correspondence (p, o)
p ©® o between commuting pairs of unital representations of A and B and unital representations
of A® B.

The maximal tensor product A ®@max B of unital operator algebras A and B is the algebra
A ® B endowed with the unique o.s.s. which ensures that the correspondence (p,0) <> p© o
converts pairs of completely contractive representations on A and B to completely contractive
representations of A ®max B. Note that if the representations p and o are contractive, then for
any x = Zé‘zlai@bi cAR®B,

k k
lpoo(x)| < ;IIP(ﬂi)II lo()] < ;II%‘H 16 -

Hence, ||p ® o(x)|| is bounded by ||x|,, the projective tensor norm of x. Now, let #Z = % (A, B)
denote the class of pairs (p,o) of unital, completely contractive (u.c.c.) representations
p: A— B(H)and o : B — B(?) on the same Hilbert space /{ having commuting ranges.
Then for any [x; ;] (i) € M, (A ® B), we have the crude estimate

sup
(po)ez

[P@U(xi,j)](i,j)H < lzj,HxiJHy < ©oo.

Definition 1.2.7. Let A and B be unital operator algebras. The maximal tensor product A @max B

is the algebra A @ B whose operator space structure is defined by the formula

¥l max = sup [[(p©® ) ()]
(po)eZ

forany n > 1 and x € M, (A ® B). We denote the completion of A ®max B by ARmax 5.

One may apply the BRS characterization to confirm that the above defines an operator
algebra. Alternatively, we can realize A ®max B as a concrete operator algebra by considering
the direct sum @, 5)c.» (P © 0) (A ® B), where .7 is a sufficiently large subset of . Note that
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the canonical embeddings t4 : A = A @max B and 15 : B = A @max B are complete isometries.
Forifn > 1and a € M,(A), then

[0 @ ey = sup|[[ela)o1s)] | = sup @] = lall,-
(p,0)eZx (p,o)eZ#
If ; : A; — Bj (j = 1,2) are unital, completely contractive homomorphisms of operator

algebras, then the linear map ¢1 ® P2 : Aj Omax A2 — Bi @max B2 is a completely
contractive homomorphism. Indeed, if n > 1 and x € M,,(A; ® A;), then

H(¢1 ®¢2)(n)(x)‘

= sup ‘ (01 ©02)(myo (1@ fi’z)(n)(x)H

max (0‘1,0‘2)6%(81,82)

— sup ’ ((01oqh)@((fzosz))(n)(x)u

(01,02)€2(B1,52)

< sup ‘(Pl ® p2) () (X) H
(p1,p2) €% (A1,A2)

= [1%llmax -

Finally, note that if A, B and C are unital operator algebras, then there are completely isometric

isomorphisms

(A ®max B) ®I’I’13X C = A ®max (B ®max C)/
A ®max B B ®max A'

1

The minimal tensor product of unital operator algebras A and B is defined as A ®min B,
which we recall is the minimal tensor product of the operator spaces A and B. Since the
0.s.s. on A ®min B depends only on the o.s.s. of A and B up to complete isometry, we choose
unital, completely isometric representations i : A < B(#) and j : B — B(K). Then the map
i®]:AQmin B— B(H ® K) is a unital, completely isometric representation. Thus, A @min B is
naturally an operator algebra. Furthermore, the canonical homomorphisms t4 : A — A @min B
and 13 : B = A ®min B are complete isometries. Since t4 and (3 have commuting ranges, it
follows that the identity map id = 14 © 13 : A ®max B — A @min B is completely contractive.
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The two tensor norms are cross-norms, in the sense that for any m,n > 1,a € M,,(A) and
be M,(B),
2@ bl[max = @bl in = llall,, 0], -

(Here, a®@b € M,;,(A) @ M,(B) is identified with an element of M,,,(,A ® B) by the canonical
algebra isomorphism M, (A) @ M, (B) = Myu(A ® B).) To see this, first note that

18 @b max < 112 ® 1t (8) || max - 1 100(4) @ B[ o

where

08 11,8 gy = suP (@ @1 = sup o (@) = llall,,.

(p,o)eX (p,o)ER

and similarly ||1p, ) ®b|| = ||b]],,- On the other hand, since ||-||,.,;, coincides with the spatial

max min
tensor norm, we obtain

12 @bllmin = [lall, 5]l -

The proof is completed by invoking the fact that ||-|| .. = || |l;nin-

Note that completely contractive representations of C*-algebras are the same as
x-representations. Hence, when both 4 and B are C*-algebras, A®maxB coincides with the
C*-algebraic maximal tensor product of A and B. It is elementary that any C*-seminorm on
Takesaki's

theorem, which states that the minimal tensor norm ||-|| ... is the least C*-norm on A ® B, is much

the algebraic tensor product A ® B is dominated by the maximal tensor norm ||-||,,.-

deeper. Proofs can be found in [5] and [28] .

Example 1.2.8. We shall take for granted the fact that if X and Y are compact Hausdorff spaces,
then
C(X)@minC(Y) = C(X xY),

where an elementary tensor f ® g is identified with the function (x,y) — f(x)g(y) on X x Y.
Now let X = Y = T, and consider the subalgebras A(D) = span{z"” : n € N} of C(T) and
A(D?) = span{z{'z5? : n1,n, € N} of C(T?). By the injectivity of @min, the *-isomorphism
C(T)@minC(T) = C(T?) restricts to the completely isometric isomorphism

AD)@minA(D) = A(D?).
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More generally, for any n > 1, there is a completely isometric isomorphism of operator algebras
A(Dn) = A(D) ®min o ®minA(D> (7’1 times).

Example 1.2.9. A well-known construction of S. Parrott [20] consists of three commuting
contractions Ty, T, T; on a Hilbert space H which induce a contractive representation p of A(ID?)
that is not completely contractive. We may write p = p; © p, where p; is the representation of
A(D?) determined by T; and T, and p; is the representation of A(D) determined by T3. Since
both p; and p, are completely contractive due to the theorems of Ando and of Sz.-Nagy, whereas
p = p1 ©® p2 is not so, we conclude that

A(D?) @min A(D) # A(D?) @max A(D).

Example 1.2.10. Let G; and G; be discrete groups. Then the canonical unitary isomorphism
07(G1) ® £r(Gp) — £2(G1 x Gy) intertwines the spatial tensor product of representations

A, ®Ag, @ G (G1)®minCr (G2) = B(42(G1) ® £2(Gr))
and the left regular representation
AGixG, @ CH(G1 X Gp) = B(£2(G1 x Gy)),
thereby inducing the canonical *-isomorphism
C/ (G1)@minCy (G2) = CF(G1 x Gy).

On the other hand, since unitary representations = : G; x G — % (H) are in bijective
correspondence with pairs of unitary representations 7y : G — % (H)and mp : Gy — % (H)
having commuting ranges, which in turn correspond to pairs of commuting *-representations

of C*(Gy) and C*(G,) on H, it follows that there is a canonical *-isomorphism

C*(G1)®maXC*(G2) = C*(Gl X Gz)

A C*-algebra A is said to be nuclear provided that for any C*-algebra B, there is just one
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C*-norm on A ® B, or equivalently, A ®max B = A @min B. It is known that abelian C*-algebras
are nuclear. Also, for each integer n > 1, M, is nuclear, since for any C*-algebra A, the

(minimal) C*-norm on M,(A) = M, ® A is already complete, so that ||-|| on

max H'Hmin
M, ® A. Since inductive limits of nuclear C*-algebras are nuclear, the algebra & of compact
operators is nuclear. We refer to [5] for an extensive discussion of nuclearity and its
numerous equivalent formulations. The following result follows quite easily from such results.
It can also be proved via the theory of maximal tensor products of operator systems as laid out

in [22, Chapter 12] and considering the operator system B + B*. We omit its proof.

Proposition 1.2.8 (Proposition 2.9, [23]). If A is a nuclear C*-algebra, then A @max B = A Qmin B
completely isometrically for any operator algebra B.

Let G be a discrete group. A mean on G is a state on the algebra /,,(G). The left
translation action of G on ¢ (G) (namely, (s- f)(t) = f(s7t) for f € £5(G) and s,t € G)
induces via duality an action of G on the set of means. We say that G is amenable if a left invariant
mean exists. It is well-known that the class of discrete amenable groups is closed under taking
subgroups, quotients, extensions and inductive limits. A standard reference of amenable groups
is Paterson’s book [21]. We shall take for granted a few well-known characterizations of

(discrete) amenable groups [5, Theorem 2.6.8]:

(@ C*(G) = G (G).
(b) C(G) is nuclear.

(c) The trivial character on G extends to a x-homomorphism ¢ : C;(G) — C.

In the sequel, we shall adopt the following convention. If A; and A, are operator algebras,

we shall write

Al Qmin AZ = -Al X max -AZ

whenever the identity map id : A} ®max A2 — A1 @min A2 is a complete isometry. This
statement is equivalent to the claim that for any pair (p1, p2) € Z (A1, Az) of commuting u.c.c.
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representations on a Hilbert space H, their joint representation p; ® p, is completely contractive
on Aj; ®min Az. Similarly, we shall write

A1 @min A2 = A1 @max A2 (1.1)

if the canonical map id : A; @max A2 = A1 @min A2 is an isometry. This means that p; © p; is
contractive on A1 ®min A3 for any pair (p1, p2) € #Z(A1, Az). As is known already in the case of
C*-algebras, this weaker condition does not always hold.

The following result is a simple consequence of Arveson’s dilation theorem.

Proposition 1.2.9 (Proposition 2.5, [23]). For j = 1,2, let A; be a unital subalgebra of a unital
C*-algebra BB;. The following are equivalent:

(i) A1 @min A2 = A1 @max A2,

(ii) for any pair (p1,02) of unital, completely contractive representations p; : A; — B(H)
having commuting ranges, there is a Hilbert space K containing H and a unital x-representation
7T B1 @min B2 — B(K) such that

p1(a1)p2(az) = Pym(a; ® az)|n

forallay € Ay and ay € Aj.

Example 1.2.11. Let A be a unital subalgebra of a unital C*-algebra 5. Then A @min A(D) =
A @max A(D) if and only if for any u.c.c. representation p : A — B(H) and any contraction
T € B(H) such that p(a)T = Tp(a) for all a € A, there is a Hilbert space K O 7, a unital
-representation 77 : B — B(K), and a unitary operator U on K such that Uz (b) = 7(b)U for all
b € Band

p(a)T" = Pym(a)U"|y (ae An>0).
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Example 1.2.12. Let A; = A, = A(D). We show that Ando’s theorem is equivalent to the
equality A(D) @min A(D) = A(D) ®max A(D). Suppose that p; and p, are commuting u.c.c.
representations of A(ID) on a Hilbert space #, and for each j = 1,2, let T; = p;(z). Then T; and
T, are commuting contractions on H. Ando’s theorem implies that there is a *-representation
m : C(T?) — B(K) on a Hilbert space K D H such that p; ® pp(x) = Pym(x)|y for all
x € A(D)® A(D). Since C(T?) = C(T)®@minC(T), it follows that the joint representation
p1 © p2 i A(D) @min A(D) — B(H) is completely contractive. Therefore, by Proposition 1.2.9,
A(D) @min A(D) = A(D) ®@max A(D).

The following result is essentially Proposition 2.6 of [23], which indicates the connection
between tensor products with 7 (1) and dilation theory. (That paper proves the result for n = 2,

but the proof extends to arbitrary n easily. See also Proposition 6.3.8 of [2].)

Proposition 1.2.10. Let A be a unital subalgebra of a unital C*-algebra B, and let n > 1. The following

are equivalent:

(Z) .A Qmax T(Tl) = A S min T(”)

(ii) For any family of Hilbert spaces Hi,..., Hn, u.c.c. representations p; : A — B(H;) and
contractions T; : Hi1 — H; such that pi(a)T; = Tipjy1(a) foralla € Aand1 < i <n-—1,
there exist Hilbert spaces K; O H;, unital x-representations m; : B — B(K;) dilating p;, and
unitary operators U; : Kj 1 — K such that

pi(a)Ti. .. ijl = PHim(a)Ui. .. u]‘,1|7.[]. (11 cA1<i< ] < 1’[.)

1.3 General results on tensor products

Let B and C be unital operator algebras. We shall provide a general condition relating B and C
under which, for any unital operator algebra A, the completely isometric isomorphism
A @max B = A @min B implies that A ®max C = A @min C completely isometrically. Let {C;}ic;
be a family of unital operator algebras. We shall also give a general condition relating B and
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{C;}; which guarantees that if A @max Ci = A ®min C; completely isometrically for all i, then
A @max B = A @min B completely isometrically. Later, these results will be applied to specific
pairs of operator algebras 5 and {C;}; in the context of pre-ordered groups.

Proposition 1.3.1. Suppose that B and C are unital operator algebras having u.c.c. homomorphisms
¢:B— Candp: C — BRminC. Moreover, assume that for every u.c.c. representation y : C — B(H),
there is a completely contractive map © : B(H)®@minC — B(H) such that

O[(T®1e)-7(c)] = Ty(c) (12)

forallc € Cand T € [y(C)]', where 7 = ((y o ) ®idc) o : C — B(H)@minC. Then for any unital
operator algebra A, A @max B = A Qmin B implies that A @max C = A Qmin C.

Proof. Suppose that A satisfies A ®max B = A Qmin B. Let « : A — B(H) and
v : C — B(H) be a pair of u.c.c. representations having commuting ranges. Then o ® (y o ¢) is

a u.c.c. representation of A ®@min B. Let
& : A— B(H)®minC
be the u.c.c. homomorphism given by
&(a) = a(a) @1,

and consider the u.c.c. homomorphism

7= ((yop)®ide) o : € — B(H)OminC.
Then & and ¥ have commuting ranges. Also, it is easy to check that

a0y = [(a®@(yod)) ®ide] o (ids @ ).

This formula implies that & ® ¥ is c.c. on A ®min C. Finally, by hypothesis, there is a c.c. map
© : B(H)®minC — B(H) such that ©((T ® 1¢) - ¥(c)) = Ty(c) forany c € Cand T € [y(C)]".
Then

Oo(a®@¥) = a®y,
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as can be seen by putting T = «(a) where a € A. Therefore, @ ® y is c.c. on A ®pmin C. As this is
true for all («, y) € Z(A,C), we conclude that A ®max C = A @min C. O

Remark 1.3.1. It is easy to see that the hypotheses of Proposition 1.3.1 force 1 to be a complete
isometry. Indeed, suppose that C acts faithfully on a Hilbert space /C, and let y : C — B(K) be
the completely isometric embedding. Choose T = Ix. Then we obtain a c.c. map © such that
©o (¢ ®ide) o P = vy, which implies that 1 is a complete isometry.

In the next lemma, we refer to page 21 (see (1.1)) for the notation.

Lemma 1.3.2. Let {B;}ic; and {C,} je be two families of unital operator algebras. Consider the following
conditions regarding unital operator algebras A:

(2) ./4 Smax C] T A Qmin C] fOV all ] c ]

(2) A@maxCj = A®minC;j forall j€].

Suppose that, for every unital operator algebra A, condition (1) implies condition (2). Then, for every
unital operator algebra A, condition (1) implies condition (2°).

Proof. This is a simple consequence of the nuclearity of M,. In more detail, suppose that (1)
implies (2) for all unital operator algebras .A. Now, take any A for which (1) holds. Then for any
integern > landi € I, by (1),

My (A) @max Bi = Mu(A @max Bi) = Mup(AQmin Bi) = My(A) Omin B;
completely isometrically. Applying (2) to M, (A) instead of A, for each j € | we have

My(A®max Cj) = My(A) @max Cj = My(A) Omin Cj = My (A @min C})
isometrically. Since this is true for all n > 1, (2") holds for A. O
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Remark 1.3.2. Suppose that {¢; : X — Y;}ic; are c.c. maps between operator spaces such that for
any x € B(4) ® X,

lim H (idg(s,) ® ‘bi)(x)‘ o= i
Then for any Hilbert space H and any x € B(H) ® X,
lim | (ids) © 6) ()| = 1]

To see this, letx = Y} _; T ® x, € B(H) ® X. Since the C*-algebra A = C*(Tj, ..., T,) generated
by Ti,..., T, is separable, there is a faithful *-representation 7 : A — B({»). Then 7 ® idx and
7T ® idy are complete isometries. Hence,

im [[(id ® ¢i) (1) [ in = Hm|[|(7 @idy) o (id @ &i) () yin
= lim [[(id @ ¢;) o (7 @ idx)(x) [ smin
= [[(m ®idx)(x) | min

= 1%/l min -

The following result will be applied to the proof of Theorem 1.6.2 below.

Proposition 1.3.3. Let A, B and C; (i € I) be unital operator algebras. Suppose that there exist u.c.c.
homomorphisms € : B — C, 8 : B — BRminB and ¢; : B — C;, P; : C; = BRminC; (i € 1) such that
the following conditions hold:

(1) (idB X 5) 0 =1idp.
(ii) Foreachi € I, (idg ® ¢;) 0 & = ;o ¢;.

(iii) Forany x € B({y) ® B,
lim H (idz(e,) ® 1) (x) HB(EZ)@minci = ¥l s

If A ®@max Ci = A ®@min C; forall i € I, then A ®@max B = A Qmin B.
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Proof. By Lemma 1.3.2, it is enough to show that if 4 ®max Ci = A ®@min C; for all i € I, then
A @max B < A ®@min B. That is, we shall prove that « ® 3 is a contractive representation of
A @min B for any pair of u.c.c. representations « : A — B(#H) and 8 : B — B(H) whose ranges

commute.

We begin by defining some homomorphisms derived from « and 3 and making a few
observations concerning them. Leti € I. We denote by j : A — A ®min B and
ji + A = A ®min C; the canonical embeddings j(a) = a® 1p and ji(a) = a® 1¢,. Then
define the u.c.c. homomorphisms

& = (0(@1(13)0] : A—)B(H)@mmg,
ai = (a®ide)oji + A— B(H)®minCi,
[51' = ([5 X idci) o l[)i : Ci — B(H)@mmcl
We claim that & and 3 have commuting ranges, and that
(ids() ®€) 0 (2O B) = 2 ® . 1.9

First, let a € Aand x € B® B. Since a(a) and B(b) commute for every b € B, so do
&(a) = afa) ® 1z and (B ® idg)(x). Thus, B(B) @min B C [&(A)], and as [&(A)] is
norm-closed, we have 3(B)&minB C [&(A)]. Therefore, & and 3 = (B ® idg) o 6 have
commuting ranges. Next, ifa € A and b € 5, then

&(a)B(b) = (x(a) ®1p) - [((B®idg)os)(b)].

Noting that idg5;) ® € is a homomorphism and that (ids ® ¢€) 0 § = idg, we get
(idpy) @ ¢) (&(a)B(D)) = (a(a)e(1p)) - ((B@ &) o 8)(b)
(ﬁ (idg®@e) 0 5)(b)

Hence (1.3) follows from linearity.
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With virtually the same argument, from the equality (idg ® ¢;) 0 6 = Y; o ¢;, we see that o;

and f3; have commuting ranges and that
(idp(y) ® ¢i) o (i © Bi) = (o © Bi) o (ida @ ;). (1.4)
We are ready to prove that o ® 3 is contractive on A ®@min B. Take any x € A ® B. Define
A= (2O B)(x) € B(H)OminB

and, foreachi € I,
A; = (1dB('H) ®¢l)(A) € B(%)@mincl'.

By (1.3),
(idp) @ €)(A) = (a© B)(x).

Since idp3) ® € is completely contractive, it follows that
(@ B) () < Al min -
On the other hand, by (1.4),
Ai = (e O B;) [(ida ® ¢;) (x)].
Since A @max Ci = A @min C; by assumption, o; © f3; is contractive on A ®@min C;. It follows that
[Aillmin < 1(da @ ¢i) () lnin < (%[ min -

Finally, by condition (iii) and Remark 1.3.2, we have

lim || A

min *
Combining all these pieces,

(e @B = 1Al = Hm[[Aillpin < (1%l min -
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and we are done. O

The last result of this section goes along the same theme as the preceding ones. It will not be
used later. Note that its hypotheses mean that C is embedded completely isometrically into B

and there is a completely contractive expectation of B onto C.

Proposition 1.3.4. Let B and C be unital operator algebras. Suppose that there exist completely
contractive homomorphisms o : C — Band 6 : B — C such that 6 o 0 = id¢ and 6(15) = 1¢.
Then for any unital operator algebra A, A @max B = A Q@min B implies that A @max C = A Qmin C.

Proof. Recall that the statement A ®max C = A Qmin C is equivalent to saying that, for every
pair of unital, completely contractive representations o : A — B(H) and y : C — B(H) with
commuting ranges, their joint representation o © y is completely contractive on A ®@min C.

Let « and y be as above. Then 3 = yo0 : B — B(H) is a unital, completely contractive
representation whose range commutes with a(.A). Since A ®max B = A @min B, it follows that
a® P AQmin B — B(H) is completely contractive. Also, idy ® 0 : A @min C — A Qmin B
is completely contractive. Since 8 o 0 = idc, it follows that (¢ ® ) o (idy ® 0) = a @y is
completely contractive. Hence A ®max C = A @min C. O

1.4 Digraph algebras A(P) for pre-ordered sets P

We begin by recalling some notions concerning pre-ordered sets. Let (P, <) be any pre-ordered
set; that is, < is a reflexive, transitive relation on the set P. For each k € P, we define the
right-open interval

Pop := {jeP : j>k}

It is clear that for any i, j € P, i < jif and only if P>; C P>;. The intervals P~ are examples of
increasing subsets. A subset S of P is said to be increasing provided that for any j € P, ifi < j

for some i € S, then j € S. The increasing subset of P generated by S is given by

%
S :={jeP:i<jforsomeicS} = [JPs.

i€eS
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We say that a subset Q of P is convex if for every i,j € Qand k € P, i < k < j implies that
k € Q. We shall have occasion to use the following description of convexity.

Lemma 1.4.1. Let P be a pre-ordered set and Q C P. The following are equivalent:

(1) Q is convex.

(i1) 6 \ Q is increasing.

(iii) Q = S1\ So, where So and Sy are increasing subsets with Sy C Sy.

Proof. [(i) = (ii)] Suppose that Q is convex. Leti € 6 \Qandi < j. Then j € 6, and there
is k € Q such that k < i. If j were in Q, then since k < i < jand Q is convex, this would give
i € Q, a contradiction. Hence j € 6 \ Q, proving that Q \ Q is increasing.

[(ii) = (iii))] We have Q = S1 \ Sp, where S; = 6 and Sy = 6 \ Q are increasing.

[(iii) = (i)] Suppose that Q = S; \ Sp, where Sy C S; are increasing subsets. Suppose that
i < j<kin P, wherei,k € Q. Sincei € S; and S; is increasing, we have j € S;. If j were in
So, then since Sy is also increasing, this would make k € Sy, contrary tok € Q = S; \ Sp. Hence
j € 51\ So = Q, which proves that Q is convex. O

We now define the digraph algebra A (P) for a pre-ordered set P. Let ¢,(P) denote the Hilbert
space with standard orthonormal basis {¢; : k € P}. Each subset Q of P corresponds to the
subspace /»(Q) := span{e; : k € Q} of £5(P). Define the collection of subspaces

JV(P) = {ZZ(PZO ke P}
Then we define the reflexive operator algebra

A(P) = Alg A/ (P)
= {TeB({(P) : TN CN forevery N € 4 (P)}
= {T € B({y(P)) : Tex € lr(P>x) forevery k € P}.
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In terms of matrix entries t; ; = (Te;, e;), a bounded operator T = [t; ](; j on £2(P) belongs to
A(P) if and only if t; ; # 0 only when i > j. For each (i, j) € P x P, we have the matrix unit
Eijj=e®e; € R(¢(P)). It is easy to see that A(P) is the WOT-closure of the subalgebra

Ao (P) = span{E;; : (i,j) € Px P, i> j}.

When P is infinite, the norm-closed subalgebra

Ao(P) := A(P)NR(L(P)) = m\l-l\

is a proper subalgebra of A(P).

Proposition 1.4.2. Let P be a pre-ordered set.

(a) The subspaces of €y (P) that are invariant for A(P) are of the form ((Q), where Q C P is
increasing.

(b) The subspaces of {,(P) that are semi-invariant for A(P) are of the form ¢;(Q), where Q C P is
convex.

Proof. (a) For any subset X’ of ¢,(P), one can check that the A(P)-invariant subspace generated
by & is

- —

span(A(P)X) = £(Sx),

where Sy = {k€ P:ep ¢ X1}

(b) If M C /,(P) is any semi-invariant subspace for A(P), then by a well-known
characterization of such subspaces, we have M = N; & Ny, where Ny C AN are invariant
subspaces for A(P). By (a), N; = £5(S;) fori = 0,1, where Sy C S; are increasing subsets of P.
Hence M = 03(51) ©£2(So) = £2(S1\ So). By Lemma 1.4.1, M = ¢5(Q) where Q = S1\ Sp is

convex. 0

Fix a subset Q of P. We denote by Vi : £,(Q) — ¢»(P) the inclusion map. Then for any
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T € A(P), its compression V4TV to £>(Q) belongs to A(Q). Indeed, if i, j € Qand i 2 j, then
(VoTVg)ej,ei) = (Teje;) = tij = 0.
Therefore, compression to ¢,(Q) restricts to a unital, completely contractive map
0o : A(P) = A(Q), 0g(T) := V5TVg.

It is a homomorphism precisely when ¢,(Q) is a semi-invariant subspace for A(P). By
Proposition 1.4.2 (b), this happens precisely when Q is convex. On the other hand, since Vg

is an isometry, the map
oo : A(Q) = A(P), 0g(S) = VoSV§
is a completely isometric homomorphism. Indeed, oy is a section of 8; that is,
Ogoog = idy(Q)-

If I € A(Q) is the identity operator, then pg := 0g(I) = VQV/, is the projection onto £>(Q). It
is easy to see that
ran (0g) = po A(P) po-

We may therefore identify A(Q) with the corner pg A(P) pg of A(P).

Remark 1.4.1. If P and Q are pre-ordered sets, we provide the Cartesian product P x Q the

canonical pre-ordering
(i,j) < (k1) & i<jand k<L

The following result is likely well-known.

Proposition 1.4.3. Let P and Q be pre-ordered sets. Then the canonical unitary isomorphism
05(P) @ £r(Q) = £o(P x Q) induces a completely isometric embedding

A(P)@minA(Q) — A(P x Q)

31



as well as the completely isometric equality

AO(P)Q_@minAO(Q) = AO(P>< Q)

If one of P and Q is finite, then A(P) ®min A(Q) = A(P x Q) holds.

Proof. The identification £>(P) ® £2(Q) = £2(P x Q) givenby e; ® e; = ¢
embedding of C*-algebras

i,j) iInduces a canonical

L B(la(P))@minB(£2(Q)) — B(L(P x Q)).

We prove the first claim by verifying that t maps A(P) @min A(Q) into A(P x Q). Given S € A(P)
and T € A(Q), for any (i1,12), (j1, j2) € P x Q,

(US®T)e(j,,jn) Clirin)) = (Sejisein)(Tej en) = sijitiy,

which is non-zero only when iy > j; and i > jp, that is, (i1,i2) > (j1,j2). Thus,
(S®T) € A(P x Q), as required.

Since both algebras Ag(P) ®min Ao(Q) and Ag(P x Q) contain the dense subalgebra
AOQ(P X Q) = span{Ei,j &® Ek,l : l,] e€P klc Q, 1> j, k> l},
we see that Ag(P)@minho(Q) = Ag(P x Q).

To prove the final claim, we may assume that P is finite. Then

B(2(PxQ)) = B({2(P)) @min B(£2(Q))
= span{E;;®T : (i,j) € Px P, T € B({2(Q))}.

Given T € A(P x Q), we may write T = Y, cpE;;® Tjj, where T;; € B(£2(Q)). For any
i,jePandk,l€Q,
(Tegjny eip) = (Tijer )

Since T € A(P x Q), the above is non-zero only when i > jand k > . In other words, T; ; # 0
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only when i > j, in which case T; ; € A(Q). Hence,

T = Z Ei,j & Ti,j S A(P) Qmin A(Q)/
(i,j)ePxP, i>j

proving the claim. O

Remark1.4.2. If A C B(#H) and B C B(K) are operator algebras, their normal spatial tensor product
A® .. B is defined as the weak*-closure of A @iy Bin B(H ® K). We have

A(P)®minA(Q) = A(Px Q).

1.5 Shift operators on pre-ordered groups

Let G be a discrete group with identity 1. We do not assume that G is abelian. Before discussing
the left regular representation of a pre-ordered group, we gather a few general facts regarding
the reduced group C*-algebra C;(G), and also fix notation.

For a fixed unitary representation 77 : G — U(#H), recall that the C*-subalgebra of B(H)
generated by the range 71(G) is

C4(G) = span{n(g) : g€ G}.
Consider the unitary operator W = Wg on H ® ¢»(G) defined by
Wh®es) := n(s)h®es

forh € H and s € G. Alternatively, under the identification H ® ¢2(G) = (»(G,H), for any
square-summable function & € ¢»(G, H), we have

(WE)(s) = m(s).&(s) (s € G).
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With respect to the decomposition H @ ¢2(G) = @sei (H @ Ces), we have W = G, 7(s). Note
that for each subset Q of G, H ® ¢>(Q) is a reducing subspace for W. Let Wy € U(H ® £>(Q))
denote the restriction of W to H ® ¢2(Q). Then define the injective *-homomorphism

\PQ : B(ﬁz(Q)) — B(H®£2(Q))/
Wo(A) = Wo(ly @ AYW,

If A € B(¢2(Q)) has the matrix representation A = [ ¢] (s ;) With respect to the standard basis
{es}seq, then Y (A) has the block matrix representation

Yo(A) = [asy n(st‘l)](s,t).

In particular, for any s, t € G,
Yo(Est) = m(st™') ® Esp. (1.5)

Therefore,
Yo [R(£2(Q))] € CH(G)®mink(£2(Q)).

Proposition 1.5.1. Let m : G — U(H) be a unitary representation. Given Q C G, let Wq be the
x-homomorphism defined as above.

(a) (Fell’s absorption principle) For every g € G,
ll'G(Ag) = 71(g) ® Ag.

Hence Y identifies C; (G) with the C*-subalgebra C}. ., (G) of C5(G)@minC; (G).

(b) Let0g : B(42(G)) — B(£2(Q)) and Oq : B(H © £>(G)) — B(H ® £2(Q)) denote the respective
compressions. Then Y 0 8 = Og o Y. Moreover, for any g € G,

Yo(0g(Ag)) = 7(g) ©0g(Asg).
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Proof. (a) Forany g,s € Gandh € H,

Yo(Ag)(h®es) = W
= W
= W(m

YW*(h®es)
)((s™h @ es)
(7 )h®egs)
gs)7(s 1)h®3gs
)h @ Aqes.

[© A
[ Ag) (7
(s~

= 7

(
(

Il
A

Hence ¥ (Ag) = 71(g) ® Ag. Thus, ¥ maps C;(G) onto Cr, (G).

(b) Let A € B({2(G)) have matrix representation [ t](s ;). Then its compression to £2(Q)
is 00(A) = [0t ](ste0)- On the other hand, W (A) = [a 71(st™1)] (s tec), Whose compression to
H@L(Q)is

Oo(¥s(A)) = e m(st™)] pq) = Yalbo(A)).

This proves the first claim in (b). Setting A = A, where ¢ € G, we obtain

Yo(0o(Ag)) = ©g(¥s(Ag))
= Oq(n(g) ®Ag) by (a)
= 71(g) ®0(Ag),

proving the second claim. O

Applying Proposition 1.5.1 (a) to the left regular representation 71 = A, we obtain the injective
diagonal homomorphism
5+ CH(G) = C/(G)®minC;(G) (16)

such that 6g(As) = As ® Ag for all s € G.

We now turn to pre-ordered groups. For the rest of the section, let G* be a fixed unital
subsemigroup of the group G. Then G induces the left pre-ordering < on G, defined as follows.
For any s, t € G,

s <t & ts—' € G
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Assuch, Gt = {s € G : s > 1}. We call the pair (G, G") a pre-ordered group. Note that right
translations are monotone with respect to <; that is, for r,s,t € G, s < t implies that sr < tr.
Also, G>s = GTsforany s € G.

Remark 1.5.1. Beware that the usual definition of ordered groups requires that the
partial ordering < is invariant under both left and right translations. This is equivalent to saying
that sGTs~1 = G for all s € G. We will not enforce such a strong condition.

If S is any unital subsemigroup of G, then
alg(S) := span{A; : s € S}

is a unital subalgebra of C;(G). If we set S = G7, then alg(G™) is a subalgebra of the digraph
algebra A(G). Indeed, forany s € G* and g € G,sg € G"g = G>, and 50 Aseg € £2(G>g). Thus
As € A(G) fors € G*.

Fix any subset Q of G. We now discuss the subalgebra A(Q) of A(G) in connection to the
left pre-ordering. Recall that compression to ¢>(Q) induces a unital, completely contractive
surjection 8p : A(G) — A(Q), which is a homomorphism precisely when Q is convex.

Consequently, restricting 6 to alg(G™) gives us the unital, completely contractive map

bg : alg(GT) — A(Q), (1.7)

which is a homomorphism whenever Q is convex. In fact, the converse also holds, and we

prove this as follows. As ¢ is given by compression of alg(G™) to ¢2(Q), we must show that
¢(Q) is semi-invariant for alg(G™) exactly when Q is convex. The alg(G™)-invariant subspace
generated by £>(Q) is

span(alg(G*).2(Q)) = £(G7Q) = £(0).

In particular, /5 (Q) is alg(G™)-invariant if and only if Q is increasing. But £>(Q) is semi-invariant
for alg(G™) if and only if

span (alg(G").62(Q)) ©6(Q) = 52(6)652(@ = KZ(B\Q)
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is invariant for alg(G"). Combining these facts, we conclude that ¢,(Q) is semi-invariant for

alg(G™) precisely when Q \ Q is increasing, i.e., Q is convex.

Whenever Q is a convex subset of G, the range

Rq = ¢o [alg(G+)] (1.8)

of the homomorphism ¢ is a subalgebra of A(Q). We may call Ry an algebra of analytic
Toeplitz operators, in view of the classical case where (G,G") = (Z,N) and either Q = N or
Q={1,2,...,n} for finite n.

Finally, we examine the restriction of the unital *-homomorphism
Yo : B(4(Q)) — B(L(G)®6(Q)), Yo(T) = Wo(I® T)Wg
to the subalgebra A¢(Q) = A(Q) N R(42(Q)). By (1.5), forany s, t € Q,
WQ(ES,t) = Ast—] X Es,t-

When s > t, this gives Yo (Es) € alg(G') ®min Ao(Q). As a result, ¥ restricts to a unital,
completely isometric homomorphism

Y+ Ag(Q) — alg(G™) @min Ao(Q) (1.9)

such that Po(Est) = Agy-1 ® Esy for all s > tin Q. Applying Proposition 1.5.1 (b) to the left

regular representation 71 = A, we find that

Po(dg(As)) = A ®@dg(A) = (iId@dg)odc(A) (s € GT). (1.10)

This implies, in particular, that

1Po(Rg) C alg(G") @min Ro. (1.11)
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1.6 Main Results

We now prove the two results which generalize Theorem 1.1.1.

Theorem 1.6.1. Let (G, G") be a discrete pre-ordered group, and let A be a unital operator algebra. If
A @max ag(GT) = A @min alg(G™), then A @max A(Q) = A @min A(Q) for every finite, convex
subset Q of G.

Proof. Let Q C G be a finite convex subset. We shall apply Proposition 1.3.1 to B = alg(G™") and
C = A(Q). We consider the homomorphisms ¢ = ¢ : alg(G') — A(Q) and ¢ = P : A(Q) —
alg(G") @min A(Q), where ¢ is given by (1.7) and 1), is defined by (1.9).

Suppose that y : A(Q) — B(#) is a u.c.c. representation. In this case, the homomorphism
7= ((yo¢po)® idA(Q)) oo : A(Q) = B(H) @min A(Q) is determined by

V(Est) = y(Pp(Ay1)) @ Es (s,t€Q, s>1t).

Since y is unital and contractive, it follows that {y(Ess) : s € Q} is a finite set of mutually
orthogonal projections which add up to I;. Thus we have the decomposition H = @scqHs,
where H; = y(Ess)H. Consider the isometry V : H — H ® ¢,(Q) defined by

Vh := ) y(Ess)h®es (heH).
s€Q

We define © : B(H) @min A(Q) — B(H) to be compression to #; that is,
0(A) = viAV (A € B(H) @min A(Q)).

We claim that the c.c. map © fulfills the condition (1.2) required by Proposition 1.3.1. Fix
T € [y(A(Q))]'. Foranys,t € Q withs > ¢,

OUT®I) - #(Esr)] = V(T v(do(Ay1)) @ Esy) V.
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Observe that V can be written as V = Y. Vs, where Vih = y(Ess)h ® es. So,

VAT - y(po(A4-1)) ®Es )V = VIA(T-y[dpo(Agy-1)] @ Esp). Vs
= ‘V(Es,s)Ty[qbQ(Astfl)]V(Et,t)
= TV[Es,sd’Q(Ast*l)Et,tL

But Es s (Ag-1)Er s = Es 1, because

Esspo(A-1)Ery = (es@eg)Agy1(er @ep)
= (es®@el)(er®ep)
= Es,t-

Combining the above, we obtain
@((T ® 1) '77(Es,t)) = Ty(Esp)-
Since A(Q) = span{Es; : s,t € Q, s > t}, we have proved (1.2) indeed holds. By Proposition

1.3.1, we are done. ]

Our second goal is to obtain the converse of Theorem 1.6.1 under additional assumptions on
G or G*. Recall that a family F of subsets of a set X is upward-directed provided that for any
A,B € F, there exists C € F suchthat AUB C C.

Theorem 1.6.2. Let (G, G™) be a discrete pre-ordered group, satisfying the following conditions:

(i) There is a c.c. homomorphism ¢ : alg(G") — C such that e(As) = 1 foralls € G™.

(ii) There exists an upward-directed collection {P;}ic; of finite, convex subsets of G such that
UiEI Pi - G

Let the family {Ci}ic; of operator algebras be either {A(P;)}icr or {Rp}ier. For any unital
operator algebra A, if A @max Ci = A @min Ci completely isometrically for all i € I, then
A ®@max alg(GT) = A @min alg(G™) completely isometrically.
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Proof. We apply Proposition 1.3.3, where B = alg(G™), and {C;}; is chosen as in the statement
of the theorem. The injective diagonal homomorphism é¢ of C; (G) from (1.6) restricts to a u.c.c.

(in fact, completely isometric) homomorphism
5 : alg(GT) — alg(GT) ®min alg(G™).

The homomorphism ¢ clearly satisfies (idg ® ¢) 0 6 = idg. Next, for each i € I, we take
¢i = ¢p :alg(GT) — Rp(C C;). If C; = A(P;), we simply take the map

Vi =Yp, : A(P) — alg(G") @min A(P))

given in (1.9). If C; = Rp, it follows from (1.11) that restricting yp, to Rp, gives the well-defined

u.c.c. homomorphism
Yi = Yplr, : Rp — alg(G™") ®min Rp,-

For either choice of C;, the equality (idp ® ¢;) 06 = 1; o ¢; now follows from (1.10).
Finally, since the family {P;};c; is upward-directed and covers G, the collection of subspaces
{l2(N) ® £y(P;) }ics is also upward-directed and has dense union in ¢, (N) ® ¢,(G). It follows
that for any x € B(¢») ® alg(G™),

Hm [[(id ® $1) () lmin = %]l min -
Having verified the requisite conditions on the various maps, Proposition 1.3.3 leads to the

desired conclusion. O

Remark 1.6.1. If G is an amenable group, then the trivial character on G extends to a
s-homomorphism ¢ : C;(G) — C such that ¢(A;) = 1 for all s € G. For every subsemigroup
S of G, restriction of ¢ to the subalgebra alg(S) remains completely contractive. It follows that
condition (i) of Theorem 1.6.2 is automatically satisfied.
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1.7 Applications

We first give a straightforward application of the above results, from which Theorem 1.1.1
follows as a special case. For any integer n > 1, consider the free abelian group Z", which
is partially ordered by the subsemigroup N" of non-negative n-tuples. For any k > 1, let Cy
denote the chain {1,...,k}. Define the n-fold product poset C} = Ci x - -+ X Ci (see Remark
1.4.1). Since A(Cy) = T (k), it follows from Proposition 1.4.3 that A(C}}) is completely isometric
with the n-fold minimal tensor product 7 (k) ®@min * - * @min T (k).

Corollary 1.7.1. For any integer n > 1, if A is any unital operator algebra, then A @max A(D") =
A @min A(D") if and only if A @max A(C}) = A @min A(C}}) forall k > 1.

Proof. First of all, since C*(Z") = C(T"), the norm closure of alg(N") in C*(Z") coincides with
A(D"). Second, the posets C}! (k > 1) can be embedded as convex subsets Q,En) of the ordered
group Z", in such a way that {Q,((”)}kzl is a chain whose union is Z". For instance, for each
m > 1 we may select

Qg;)ﬂ = {(x1,..., %) €Z" : —m<xj<mforalll <j<n},
Qg:rf = {(x1,...,xy) €Z" : —(m—l)nggmforalllgjgn}.
Hence Theorems 1.6.1 and 1.6.2 apply. O

Remark 1.7.1. Due to Parrott’s Example 1.2.9, it is clear that the conditions of Corollary 1.7.1 are
not universally met by all unital operator algebras A (take A to be the disk algebra and n > 2).
However, we recall from Proposition 1.2.8 that the condition A ®max A(D") = A Qmin A(D")
always holds if A is a nuclear C*-algebra.

Example 1.7.1. The discrete Heisenberg group

—_

H;(Z) =

(e}
S R

z
y| t x,yz€ZL
1
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provides an example of a non-abelian ordered group to which Theorem 1.6.2 applies. Being
nilpotent, H3(Z) is solvable and hence amenable. To save space, we identify G = H3(Z) with the
set Z3. Then the identity is 1 = (0,0, 0), and the product and inverse operations are expressed
by the formulas

(x1,y1,21) (%2, y2,22) = (x14+x2,¥1+ V2,21 + 22+ x112),
(xy2)7" = (—x,—y, —z+xy).

We choose as positive cone the subsemigroup
G" = {(x,y,2) €G : x,y,z > 0}.
For each integer n > 1, consider the elements
sp = (—n, —n,—nz), ty == (m, n,nZ).

Direct computation yields, for 1 < m <,

s;l (n,n, 2n2),
t;l = (-n,—n,0),
tat,l = (n—m,n—m,n(n—m)) € G,
smsyt = (mn—mmn—m,(n—m)(2n+m)) € G*

The above shows that P,, C P, whenever m < n. Forany ¢ = (x,y,z) € G,
thg™t = (n—x,n—yn*—ny+axy—z),
gs,t = (n+xn+y2n*+nx+z).
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Hence g € P, precisely when
x| < n, ly] < n, —on?—nx < z < nz—ny+xy.

This shows that P, is finite and that g € P, provided n > (|x| +1)(|y| + 1) + |z|. Therefore, the
chain {P, },>1 is a covering of G by finite convex subsets. The author is unable to determine the

structure of the posets P,.

1.8 The case of free groups

Recall that if G is amenable, then it is enough to find an upward-directed covering of G by finite
convex subsets in order to apply Theorem 1.6.2. Free groups provide the simplest non-amenable
groups where a covering by particularly nice convex subsets can be found. For a fixed positive
integer N > 2, Fy denotes the free group of rank N, with free generators Ex = {a;}1<j<n. As
is well-known, Fy is non-amenable for N > 2. Let F;\’, denote the unital subsemigroup of Fy
generated by Ey. In other words, F}; is the free unital semigroup of rank N, consisting of all
words over the alphabet Ey. We shall consider the partially ordered group (Fy, F};). Thus, for
any v,w € Fy, v < w if and only if w = uv for some u € IF;(] It is an elementary fact that the
Hasse diagram of the poset (Fy, <) is a tree. (For any reduced word w € Fy;, the unique path

from 1 to w can be read off from w itself.)

We shall apply a result of Davidson, Paulsen and Power concerning the class of finite-
dimensional tree algebras. A tree algebra is a diagraph algebra A(P) over a poset P whose Hasse

diagram is a tree. We state Theorem 4.2 of [12] in the following equivalent form:

Theorem 1.8.1 ([12]). If A(P) is a finite-dimensional tree algebra, then

A(P) @max A(D) = A(P) ®min A(D).

Equivalently, if A(P) is a finite-dimensional tree algebra, then

A(P) ®max T(Tl) = A(P) ®min T(Tl) for all n Z 2
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If w € Fy is a reduced word, we denote the length of w by |w|. For each integer n > 0,
consider
P, .= {welFy:|w <n}.

Clearly, {P,},>0 is an increasing chain of finite subtrees whose union is Fy. It follows from
Theorem 1.8.1 and the subsequent remark that A(P;) ®max 7 (2) = A(Px) ®min 7 (2) for every k.
Thus, with A = 7 (2), part of the hypothesis of Theorem 1.6.2 is fulfilled.

In connection to the hypothesis (i) of Theorem 1.6.2, we point out that when N > 2, the
homomorphism ¢ : aIg(IF;(]) — C for which ¢(A;) = 1 for all s € IF;(] is not bounded, let alone
completely contractive. We thank K. R. Davidson for showing us the following argument. It
applies norm estimates of operators in C; (Fy ) due to Haagerup [15]. For each integer m > 1, let
A, denote the set of all words in IE‘X, of length m, so that |A,| = N™. Let X,y = ¥ca, Aw- Then
by Lemma 1.4 of [15], ||x,|| < (m + 1)N"/? whereas ¢(x,;,) = N™. It follows that

lim elxm) =
m=r00 |||

We shall provide partial evidence to support the possibility that
alg(F;) @ max T(z) 7é aIg(]F;r) S min 7-(2)

Let 2 and b denote the free generators of F,. The subspace /5 (F; ) of ¢2(F,) is clearly invariant
under A4, Ay, p,-1 and p,-1. Define R, = p,-1 |52(F2+) and R, = py1 |£2(F2+). Since R, and R, are
isometries having orthogonal ranges, the operator

1
T := —(R,+Ry)

N

is an isometry. Let L : alg(F)) — B((2(F;)) be the representation obtained by restriction of
alg(Fy) C Ci(F,) to £r(Fy). Clearly T commutes with L.  Also, the identity

representation of C;(IF;) is a minimal *-dilation of L. If we could show that, for any pair of
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*-dilations 71; : C; (F2) — B(K;) (j = 1,2) of L, there is no unitary operator U : Ko — K such
that 7 (x)U = Um(x) and Py, m (x)U|y, = L(x)T for all x € C;(FF), then Proposition 1.2.10
would imply that alg(F; ) ®max 7 (2) and alg(F5 ) ®min 7 (2) are not completely isometric. So
far, we are unable to demonstrate this. On the other hand, it is not hard to show that T does
not dilate to a contraction T on ¢,(F5) that commutes with C;(F2). Suppose that such T exists.
Since T is an isometry and Tisa contraction, T is an extension of T. Since T commutes with Aw
for any w € [, we see that

~ ~ 1 1
T(ew) = TAw(el) = /\wT(el) = \76/\10(3514‘317) = \ﬁ(ewa‘f’ewb)/

which means that

1
T = ﬁ(pu—l+pb—l)-

However, it turns out that
Hp{l71 + pbfl H = 2/

so that || TH = +/2 > 1, contrary to assumption. For completeness, here we compute the norm of
S = p,-1 + pp-1. Clearly, ||S|| < 2. For each m > 1, define the vector

m
&m = Z (eafl(bafl)i + ebfl(abfl)j) € gz(Fz).
=0
Then N
S(ém) = 2e1+ Z 2(€(a71b)j + E(b—la)j) + €(g-1pym+1 + e(p-1gyn+-
=1
Hence

1S (&)l _ 8m—+6 \2
e = Guyp) 22 mmow
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Chapter 2

Classification of Quaternion
Subalgebras of the Real Sedenions

2.1 Introduction

The Cayley-Dickson doubling process generates a sequence of finite-dimensional algebras over
R:
Ay C A1 C A, C A5 C Ay C ---.

For each n > 0, the Cayley-Dickson algebra A, has dimension 2", is unital and carries an
involution x — ¥ such that x + ¥ is a scalar and xX¥ = ||x||* gives the Euclidean norm on the
underlying vector space. Also, A, is a unital involutive subalgebra of A, ;1. The first four
Cayley-Dickson algebras are the well-known division algebras Ay := R, A := C (the field of
complex numbers), A, := H (the associative algebra of Hamilton quaternions) and Az := O (the
algebra of Cayley octonions). While not associative, O is alternative in the sense that x?y = x(xy)
and xy? = (xy)y for all x, y € O. These four algebras satisfy the equation

eyl = Nx[Hyll (x,y € Ay, n <3);

as such, they are sometimes called composition algebras. The next algebra Ay is known as

sedenions. It departs from its better known predecessors in that A4 not only fails to be a
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composition algebra, it is also not a division algebra, i.e. there are non-zero elements x, y € A4
such that xy = 0.

Let G denote the automorphism group of As. Two subalgebras S and S’ of A4 are said
to be G-conjugate (or simply conjugate) if S’ = @(S) for some ¢ € G. The subalgebras of Ay
were classified in [8] up to conjugacy, except for the single case of quaternion subalgebras, i.e.
those subalgebras of Ay which are isomorphic to H. An attempt is made in [7] to classify the
quaternion subalgebras, but it contains some errors. This part of the thesis is devoted to
presenting a corrected classification of quaternion subalgebras, thereby completing the work
of [8].

2.1.1 Background on group actions

We provide here the basic terminology of transformation groups for convenience; see for

instance [3] for details.

Let G be a compact topological group. If ¢1,...,¢x € G, then (¢1,..., ) denotes the
subgroup they generate in G. Let X be a topological space which carries a continuous left
G-action, i.e. X is a topological G-space. The G-stabilizer of a point x € X is the subgroup
Gy = {g € G: g-x = x}, while its orbit is denoted by Gx = [x]c = {g-x : g € G}. Two points x,
x" in X are said to be G-conjugate, written x ~¢ x’, whenever they belong to the same orbit. The
orbit space X/G = {Gx : x € X} carries the quotient topology induced by the canonical map
g : X = X/G which sends x € X to its orbit Gx. If Y is another topological G-space, a continu-
ous map f : X — Y is said to be G-equivariant (and f is said to be a G-map) if f(g-x) = g f(x)
forall x € X and g € G. We say that f is G-invariant if, instead, f(x) = f(x) whenever x ~¢ x’.
Note that if f : X — Y is a continuous surjection such that for any x, 1" € G, f(x) = f(«') if and
only if x ~¢ x/, then f induces a continuous bijection f : X/G — Y such that f = f 0 4. A subset
R of X is called a set of representatives for X /G if the composite R — X — X/G is a bijection.
A cross section of a continuous surjection f : X — Y is a continuous map s : Y — X such that
f os =1idy. In this case, the subset s(Y) of X is also referred to as a cross section of f.

For any closed subgroup K of the compact group G, the associated homogeneous space is
G/K = {gK : g € G}. If H is another closed subgroup of G which acts on G/K by left translation,
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then the resulting orbit space (G/K)/H is canonically homeomorphic to the double coset space
H\G/K.

Let V be a real vector space. If v1,...,vy € V, we denote their linear span by (v1, ..., k).
(This should not cause confusion with the notation chosen for generated subgroups.) The
projective space associated to V is P(V) = {(v) : v € V —{0}}. (If V is a vector space over
a field k other than R, the corresponding projective space is denoted by Py (V).)

Let W be an n-dimensional real inner product space. The unit sphere of W is denoted by
S(W) = 8" 1. For 1 < m < n, the Stiefel manifold V,,(W) = V,;(R") of orthonormal m-frames
is the closed set of m-tuples (x1,...,x,) C S(W)" satisfying (x,|x;) = 6,4 foralll < p,q < m.
The Grassmannian Gr,,(W) = Gr,,(R") is the set of m-dimensional subspaces of W. We give
Gr,, (W) the quotient topology induced by the canonical surjection V,,,(W) — Gr,,,(W) which
sends (x1,...,%m) to (x1,...,Xxy). Both V,,,(W) and Gr,,,(W) are compact homogeneous spaces.

2.1.2 The algebra of sedenions A,

We begin by defining the real Cayley-Dickson algebras A, for n > 0. Some of their basic properties
are stated here without proof. As areal vector space, we may take A, = R?", the Euclidean space
with standard orthonormal basis {e; : 0 < i < 2"}. Its algebra structure is obtained by iterating
the Cayley-Dickson process. To begin, we endow the field of real numbers Ay = R with the trivial
involution and the identity ¢y = 1. Given the involutive algebra A, = span{e; : 0 < i < 2"},
we identify A, 11 with A, X A, and set ¢j;n = (0,¢;) for 0 < i < 2". We can write x,y € A1
as x = (x1,x2) and y = (y1, y2) where x1,x2, y1, Y2 € A,. Then the product and the involution
in A4 are defined by

xy = (x1y1 — YoX2, Y2X1 + X2¥;),
X = (71, —XQ).
In particular, &; = —e; and eiz = —1fori > 0, and x = (x1,x2) € A,41 can be written as
X = x1 + xpepn. Hence A, 11 = A, + Ayexn contains A, as a subalgebra, where x € A, is

identified with (x,0) € A,1. We shall write A = R, A} = C, A, = Hand A3 = O in the

sequel.
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There is a close connection between the algebraic and geometric structures on A,. Let
x =Y;&ei, y = Y;niei € Ay, where &;, n; € R. The trace of x is defined by

tr(x) == x+x = 2&.
The standard inner product (x|y) in A, can be expressed as
1
(xly) = Str() = Lémi.
1
In particular, tr(x) = 2(x|1), and the square of the norm of x is given by
ol = 2z = Y.
1
Since every x € A, satisfies a quadratic equation over R:
X2 —tr(x)x + [|x||* = 0,

it follows that every algebra automorphism of A, is an isometry and commutes with the
involution. We say that x € A, is pure if tr(x) = 0. The subspace of pure elements of A, is
denoted by

A" = A NR-

Every pure unit vector a satisfies a2 = —1, and the plane
Ca = <]., a>

is a 2-dimensional subalgebra isomorphic to C. Thus, A, is power-associative in the sense that the
subalgebra generated by any single element is associative. It is worth noting that any subalgebra
generated by two linearly independent pure octonions x, y € O is isomorphic to H.

All Cayley-Dickson algebras satisfy the flexible law

(xy)x = x(yx).

This implies that (xy)x = x(yx) forall x, y € A,. In particular, if ||x|| = 1, then the well-defined
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linear map
Yx(y) == xyx

is called conjugation by x.

Forany x,y,z € Ay,
(xylz) = (ylxz) = (x|zy). (2.1)

This can be seen as a consequence of the flexible law. It follows that the linear operators L, and
R, induced by left and right multiplications by x € AL" are skew-symmetric. Moreover, for any
subalgebra S of A;, we have SSt C Stand StS C st

We shall use the following alternative notation for some of the standard basis vectors of Ay:
i=e, J:=e, k:=we, |[|:=¢e, e:= e

Hence O = H+ HI and Ay = O + Oe. For convenience, we restate the definition of
multiplication in A4 as follows. For any x, vy € O,

(xe)y = (xy)e, x(ye) = (yx)e, (xe)(ye) = —yx. (22)

The subalgebra C, = (1,e) will play a distinguished role in the sequel. We reserve the
familiar notation |z| = ||z|| for z € C,. An element x = (x1,x2) € Ay is doubly pure if
x1,x2 € OPY. The subspace of doubly pure elements of A4 is denoted by

AP = A,N(C,)T = OPY 4+ OFY.
For a subspace V of A4, we write
VP = VALY, VPP = VN ARP
Both A4 and Agp are C,-bimodules, i.e. foranya € Agjand z,w € C,,
(zw)a = z(wa), (za)w = z(aw), (az)w = a(zw).

Moreover, az = zaifa € Azp. We shall treat A4 as a right vector space over C,.
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At the end of this section, we recall the notion of alternative elements and zero-divisors in Ay,
and record their simple geometric characterizations. These two types of elements, in a sense, lie
on diametrically opposite sides of the spectrum among unit vectors in A}*. (We refer to Remark

2.2.1 below for support of this claim.)

That much interest was drawn to A4 is partly because of the fact, proved by Moreno [19],

that the set of pairs of normalized zero-divisors
{(vy) € Aax Ay flxfl = [lyl =1, xy = 0}
is diffeomorphic to the exceptional compact Lie group of type G,. More precisely, the natural
action of G, on this set is free and transitive.
An element a € Ay is alternative (with respect to Ay) if a?x = a(ax) for all x € Ay.
Theorem 2.1.1.  (a) [Khalil & Yiu [18]] If a € Ay is written as a = z + x, where z € C, and

x € ALY, then a is alternative precisely when x is alternative. Moreover, a doubly pure element
x = (x1,x2) € AL is alternative if and only if x1 and x are linearly dependent.

(b) [Moreno [19]] A non-zero element x = (x1,x2) € Ay is a zero-divisor if and only if x € ALY,

|x1]| = [[x2]|, and (x1]x2) = 0.

It is significant that C, consists of alternative elements. Also, it is clear from (a) that a doubly
pure element x is alternative if and only if x = az for some a € OP" and z € C.. As for
(b) above, if x = (x1,x2) where x; and x, are orthogonal pure unit vectors of O, note that

H = (1, x1, x2, x1x2) is a quaternion subalgebra of O. Then

ker (Ly) = {(o,—(x1x2)v) : v€ ONH}

2.1.3 Automorphisms of Ay

The automorphism groups of A, for n < 3 are much studied. It is known that Aut(H) is
isomorphic to SO(3), and Aut(O) is the exceptional simple compact Lie group of type G,. For
simplicity, we shall write K := Aut(H), G, := Aut(O) and G := Aut(Ay).
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For each n > 1, any automorphism ¢ of A, induces a automorphism @ of A, 1 which sends
x = (x1,x2) € App1to (p(x1), (x2)), ie.

@(x1+x0e2n) 1= @(x1) + @(x2)er.

In other words, @ extends ¢ and fixes e;«. By identifying @ with ¢, Aut(A,) is embedded into
Aut(A,+1) as the subgroup

Aut(A,) = {p € Aut(A,11) @ ©(A,) = Ay, @(exn) =em}.
In particular, we have the chain of subgroups K C G, C G.
Now let .
C = E(_l + \/56) € Cg,

so that ¢ = 1. Any a € Ay can be writtenasa = z+b = x+ ye, wherez € C,, b € AP and
x,y € O. Then the maps p and 7 on Ay, defined by

p(a) = cal = z+b(,

T(a) = x—ye,

are automorphisms. The subgroup I3 := (u, T) is isomorphic to the symmetric group on three
symbols. A basic result of R. B. Brown [6] states that

G = GzXZg.

It follows that G leaves invariant both C, and Azp. As is well-known, for n = 1,2,3, Aut(A,)
acts transitively on S(AL"), but we see that this is no longer the case for n = 4. Eakin and
Sathaye [13] determined Aut(A,) for arbitrary n, thereby proving a conjecture of Brown. The
book by Conway and Smith [10] delivers a fascinating discussion of the algebras H and O and
their automorphism groups.

Remark 2.1.1. There is a unique homomorphism sgn : G — {+£1} such that for any ¢ € G,

p(e) = sgn(p)e.
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It follows from the structure of G that ker (sgn) = G, x ().

Remark 2.1.2. An orthonormal triple of pure octonions (a,b,c) such that (c|ab) = 0 is
sometimes termed a special triple. (There seems to have no standard terminology in the
literature.) It is known that any special triple (a,b,c) determines a unique automorphism ¢
of O such that ¢(i) = a, ¢(j) = b and ¢(I) = c. Hence, if H is any quaternion subalgebra of
O and ¢ € O is any unit vector perpendicular to H, then O N H+ = Hc, and multiplication in
O = H + Hc canjust as well be given by

(x1+ y10)(x2 + yac) = (x1x2 — Yay1) + (yax1 + y1%2)c

for all x1,x2, y1, 2 € H. Put another way, the group G, = Aut(O) acts freely and transitively

on the set of special triples.

Remark 2.1.3. The group K = Aut(H) is no doubt well understood. Because of its importance
in this work, we record for convenience some standard facts which are used frequently. First
of all, the 3-sphere S(H) is a subgroup of the group of units of H. Each w € S(H) induces
an automorphism y,, € K by conjugation x +— wxw. The assignment w > 7y, defines a
homomorphism y : S(H) — K with kernel {£1}. Next, note that K acts faithfully by isometries
on the Euclidean 3-space HP". Since multiplication on H involves a fixed orientation of HPY, it
follows that each ¥ € K acts as a rotation about a fixed line in HP. For each unit vector u € HP",
if w € C, is given by w = cos 0 + u sin 6, then 7y, fixes u, while for each x € HP" N (u)+

Yw(x) = wxw = w?x = xcos(20) + uxsin(26).

This means that y,, is a rotation about u. Thus, K contains all rotations, so that K = SO(3).
Surjectivity of y indicates the short exact sequence

1 - {1} - SH) - K — 1.

Moreover, the circle T, := S(C,) is a one-parameter subgroup of S(H). The K-stabilizer of u is

v(Ty),ie.
Ky = {yw : weT,} = SO(2).
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Remark 2.1.4. Let Go(H) denote the G-stabilizer of H. The following description of G, (H) is
taken from [10]. Restriction to H gives an epimorphism 7 : Go(H) — Aut(H) which is a left
inverse of the embedding Aut(H) — K C G,(H). Let U := ker (7), so that

Gy(H) = UxK.
For each v € S(H), the automorphism 6, on O given by
O(x+yl) = x+y(vl) = x+ (vy)l (x,y € H)

belongs to U, and that the assignment v — 0, defines a isomorphism 6 : S(H) — U. See [10]
for a proof that G, (H) = SO(4).

214 Types of quaternion subalgebras
The subalgebra generated by i, j and e is denoted by
Oe = H + HE.

(We remark that this algebra is named O; . in [8].) The algebra O, is isomorphic but not
conjugate to O. As is well known, the Gy-action on orthonormal pairs in OP" is transitive. It
follows easily that any x € A4 is Gy-conjugate to an element of O,. This simple observation is
subsumed by the following

Theorem 2.1.2. [8, Thm 7.1] Every quaternion subalgebra of Ay is Go-conjugate to a subalgebra of O,.

Definition 2.1.1. We denote by
H = {SCO,: S=H}
the set of quaternion subalgebras in O,. This set is partitioned as 7 = 7 U %4, where
4 = {SeH : dimSPP =2}, s = {Se€ . : dim SPP =3}
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A subalgebra S € J4 (resp. ;) is said to be of type I (resp. type II).

As mentioned earlier, any orthonormal pair of pure elements in an octonion algebra
generates a quaternion subalgebra. Consider a 2-dimensional subspace U = (v, w) of O with
orthonormal basis {v,w}. Leta = vw, and let S = (1,a,0,w) = C, + U be the quaternion
subalgebra generated by U. Then S is of type I if and only if (ale) # 0. In this case, as
U= SPP = C,vand C, = SN UL, the subalgebra C, is in a sense ‘rigid” under the action
of automorphisms. Our technique for classifying type I subalgebras up to conjugacy is based on
this simple observation. In contrast, due to the seemingly stronger symmetry within a type II

subalgebra, the treatment of the type II case involves different methods.

Let G(O,) denote the G-stabilizer of O,, which has the subgroup

K = KXZ(;.

It is not hard to see that
G(0,) = UxK,

where U = {¢ € G, : ¢|g = id} is the kernel of the homomorphism G(O,) — Aut(O,) sending
@ to the restriction ¢|o, (see also Remark 2.1.4).

Lemma2.1.3. Let S,S' € . If S ~g S, then S ~¢ S'.

Proof. Suppose that S’ = @(S) where ¢ € G. Write ¢ = v, where v € L3 and ¢ € G,. Take an
orthonormal pair x, y € SPP. Write x = x1 4+ xpe and y = y;1 + y2e, where x1, X2, y1, y2 € HP™
Note that ¢ maps the subspace V = (x1,x2,y1,y2) € HP" into HP". If dimV = 2, then V
generates H, and so ¢ € Gy (H), so that there is a unique y € K which agrees with ¢ on V. If
dim V = 1, then by transitivity of K =2 SO(3) on HP", we can choose y € K which agrees with
Y on V. In either case, 1 = vy € K agrees with ¢ on S, and hence ¢1(S) = S'. O

Thus the classification of the G-conjugacy classes of quaternion subalgebras of Ay is reduced
to the classification of K-orbits of .7 and 4.
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Remark 2.1.5. As an aside, we briefly mention the topology of #. The correspondence S <+ SP"
allows us to identify .# with a closed (hence compact) subset of the Grassmannian Grs(O}").
For, if Vz(Ofu) is the Stiefel manifold of orthonormal 2-frames in OY", then the composite of
continuous maps

Vo(0OF") — V3(0OF") — Grs(OFY)

given by
(X1,X2) — (Xllxzfxlxz) = (xl,xQ,x1x2>

has range .. A similar argument shows that /4 is also closed. Indeed, a 2-frame (x1, x) in
obY generates a type II subalgebra if and only if x1, x, and x1x; are all doubly pure. Define the
subset

SV, = {(Xl,XZ) € VZ(OEP) D X1Xp € ng}
= {(X1,X2) € VQ(OEP) : (X1X2’8) = 0},

which is clearly closed. The continuous map SV, — Grg(Ofp) given by (x1, x2) — (x1, X2, X1x2)
has range ;. As a consequence, 7 is open in 7. It would be interesting to analyze the

geometry of these sets.

2.1.5 Synopsis

We now outline the steps towards solving the classification problem. In Section 2.2 we describe
the actions of certain subgroups of K on the unit spheres S° := S(OFF) and S° := S(O}").
Then we treat the K-conjugacy classes of type I subalgebras in Section 2.3. In the type I case,
the collection of those subalgebras which contain e is exceptional, and their classification is dealt
with rather easily. A type I subalgebra S with e ¢ S decomposes into the orthogonal sum
S = C, + SPP, where a € O, is a pure unit vector with (ale) > 0. The subspace SPP, being
of the form vC, for some v € SPP, is treated as a point of a projective space P, over the field
C, (see (2.14)). We first note (Lemma 2.3.1) that the action of K brings a into a unique element
of a particular subset B C O,. Let K(C,) be the K-stabilizer of C,. Our problem reduces to
classifying the K(C,)-orbits of P,. Finally, we provide a set of representatives of type I
subalgebras (Theorem 2.3.7).
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In Section 2.4 we shall identify .74 with the homogeneous space SU(3)/SO(3) (see (2.21).)
By transferring the K-action on . to SU(3)/SO(3), we construct (Theorem 2.4.2) a bijection
between /K and a subset of the orbit space T/W, where T is the standard maximal torus of
SU(3) and W is the Weyl group of SU(3) with respect to T.

2.2 Preliminaries

2.2.1 Complex structure of Ay

We introduce a well-known C,-valued inner product on A4. For any x, y € Ay, let (x|y) denote
the orthogonal projection of xy in C,. Explicitly,

{xly) = proje,(xy) = (x[y)+ (xe[y)e. (2.3)

The resulting form (-|-) : A4 x Ay — C, satisfies (x|x) = (x|x) and

{xzlyw) = Z (x|y)w

for x,y € Ay and z,w € C,, and can therefore be thought of as a complex inner product. Note

that the subgroup K x (u) acts as unitary operators on A4, while 7 satisfies (7(x)|7(y)) = (x|y)
forallx,y € Affp .

There exists a quadratic form Q : Ay — C, that provides a key invariant for the action of G,.
For x = (x1,x2) € A4, Q(x) is given by

Qx) = (t(@)x) =[] = [xl® +2(xlx2)e, (2.4)

Since G; acts by isometries on O, (2.4) confirms that Q is Gy-invariant.

We are interested in the behaviour of Q on doubly pure unit vectors. Since the G,-orbit of
any element of Al¥ meets O}®, there is no loss of information by treating Q as a function on the
5-sphere S° := S(OLP). Let A stand for the closed unit disk in C,.

58



Lemma2.2.1. (a) Themap Q : 8> — A is surjective.

(b) An element x € S° is alternative (resp. a zero-divisor) if and only if |Q(x)| = 1 (resp. Q(x) = 0).
Proof. (a) Let x = (x1,x;) € S°. Note that
QU)[* = 1—4(|x]® x2® = (x1x2)%). (2.5)

It follows from the Cauchy-Schwarz inequality that Q(x) € A. Next, consider
xg = icos0+ jesin® € S°. Then Q(xg) = cos20. Since Q(xpz) = Q(xg)z% for z € C,, Q(xpz2)
covers the whole disk A as z runs through the unit circle of C, while 0 runs through [0, 7/4].

(b) By (2.5), we see that |Q(x)| = 1 precisely when x1 and x; are linearly dependent. The
condition Q(x) = 0 means that ||x1|| = |[x2]| and (x1]x2) = 0. It remains to recall the comments
made in Section 2.1.2. O

Next, we examine the transformation of Q under the action of Z3. For u € Azp, we have

Q(u(u)) = Qu¢) = Q(u)Z?, Q(t(u)) = Q(u). (2.6)

This suggests that we impose a £3-action on A such that Q : §° — A is £3-equivariant; namely,
for z € C,, we set

-z = z(fz, T-2Z2 = Z.

Let (7, 0) be the usual polar coordinates of z, := r(cos 0 + esin6) € C,. Then the sector A of A
given by
A =A{z,peA :0<60<m/3} (2.7)

is a fundamental region for this X3-action, in the sense that A is a connected cross section of
AJZs.

For x,y € Ai’p, let x x y = proj Agp(xy) stand for the projection of xy to A4pp. Since
(x|y) = projc, (xy) = —prOjce(xy), we see that

xxy = xy+(x|y).
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The resulting operation x : A} x AFP — AlP is bilinear over R. It is skew-symmetric, since

x x x = 0. It turns out that x is conjugate-linear in both variables:
(xz) x (yw) = (x x y)Zw (x,y € AL?, z,w € C,). (2.8)
To see this, note that by (2.2), we have
(xe)y = —(xyle = —(x xy—(x[y))e

Taking projections to ALY gives (xe) x y = —(x x y)e. The general equality (2.8) follows from
skew-symmetry and linearity over R.

For u,v,w € AL, define w(u, v, w) € C, by
w(u,v,w) = (uvlw) = (u x vjw). (2.9)

It is clear that w is a C,-trilinear form. We point out that w is alternating. For this, it suffices
to show that w(u,u,v) = w(u,v,v) = 0 for all u,v € AZP. The first equality is obvious, as
w(u,u,v) = (uxulv) = (0|]v) = 0. We prove the second equality by direct computation. By
(2.2), (ve)v = (vd)e = ||v||* e. Hence, using (2.1),

w(u,v,0) = (uv|v)
= (uv]v) + ((uv)elv)e
= —(u|o®) + (u|(ve)v)e
= 0+0e = 0.

This 3-form was used by Jacobson [16] in his study of octonion algebras over arbitrary fields and
their automorphism groups.

Remark 2.2.1. Recall that a pure element x defines a skew-symmetric linear operator L, on Ay
given by left multiplication. A doubly pure unit vector x is alternative if and only if
L2 = —I. 1If x is not alternative, then the symmetric operator L2 has the three eigenvalues
—Tand —(1++/1—|Q(x)[?). The eigenspace structure of L2 is as follows. Write x = (x1, x2),
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where x1,x; € OP". Let H, be the quaternion subalgebra of O generated by x; and x;, let
—1
X3 = Hx1 X XQH (x1 X xz) € H,,

and let Oy, = H, + H,e be the octonion subalgebra of A4 generated by x1, x, and e. Then Oy, is
the eigenspace of L2 corresponding to —1. The two eigenspaces corresponding to

—(14 /1 —1]Q(x)|?) and —(1 — y/1 — |Q(x)|?) are given respectively by

E. = {v+(x3v)e : v€ ONH;},
E. = {v—(x3v)e : ve ONH;}.

Both of these subspaces consist entirely of zero-divisors.

2.2.2 Actions of K on spheres

We study the actions of the group K = K x I3 on the unit spheres S° = S(OFF) and
S = S(OF"), and this leads to the classification of K-conjugacy classes of the 2-dimensional
subalgebras of O,. To begin, recall that the surjection Q : S — A given by (2.4) is a K-invariant
Z3-map. The following result reformulates Theorem 5.1 (a) and Proposition 5.2 of [8]. We give
their proofs for completeness.

Lemma 2.2.2. (a) Two points x,y € S° are K-conjugate if and only if Q(x) = Q(y). As a result, Q
induces homeomorphisms S /K =2 A and S° /K = A.

(b) The map Q : 8> — A has a cross section o : A — S° whose image is a cap of the unit sphere of
(i+ je,i— je, j+ie).

Proof. (a) Write x = (x1,x2) and y = (y1,y2), where x1,x2,y1,y2 € HP". The equality
Q(x) = Q(y) means that ||x,|| = ||ya|| fora = 1,2 and (x1|x2) = (y1]y2), i-e. the ordered vector
pairs (x1,x2) and (y1,y2) are congruent. Since K effectively acts on HP" as SO(3), the above
condition is equivalent to the K-conjugacy of such pairs. This proves the first claim, which leads
to the homeomorphism S°/K 22 A. The second homeomorphism S§°/K 22 A follows from the
23-equivariance of Q.
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(b) For r € [0, 1], define the real numbers

1+r 1—r

&y = 5’ Br = ’

and the unit vector
uy = oyl + Byje.

Then Q(u,) = r. The K-stabilizer of the vector k € H can be expressed as the one-parameter
subgroup
K, = {(pe : 0 € R},

where g acts on H as conjugation by wg = cos(6/4) + ksin(6/4). Note that

po(i) = icos(0/2)+ jsin(6/2),
po(j) = —isin(6/2)+ jcos(6/2).

Consider a point z,9 € A with polar coordinates (r,0). We define o : A — S° by
0(zr9) = @o(uy)(cos(6/2) +esin(0/2)). (2.10)

It is easy to see that Q o o is the identity on A. Expansion of the right-hand side gives

0(zr9) = ar—;ﬁr (i + je) + s ; br. [(icos @+ jsin®) + (isin® — jcos O)e].
This also shows that ¢ is continuous on A. O

Next, we describe the orbit space S®/K. Let D denote the suspension of A, namely, the
quotient space of the cylinder [—1,1] x A obtained by collapsing the top {1} x A and bottom
{—1} x A to the two points (1,0) and (—1, 0) respectively. We identify A with {0} x A C D in
the obvious way. The X3-action on A extends to D as follows. For any v € X3, a € [—1,1] and
wE A,

v (a,w) = (sgn(v)a, v-w). (2.11)
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It is evident that the subset
L :={(aq,w) €D : a€[-1,1], we A}
is a fundamental region for D under this action. We define the surjective Z3-map f : S® — D by
flae+v1—a?u) = (a,Q(u)), (2.12)

where u € §” and « € [—1, 1]. It follows from Proposition 2.2.2 that f induces homeomorphisms
S%/K — D and 8°/K — L. Furthermore, the cross section o : A — S° readily extends to a cross
section & : D — S° of f, defined by

G, w) = ae+V1—a?o(w) (2.13)

fora € [-1,1] and w € A.

Using the above results, we provide a set of representatives of the K-conjugacy classes of
2-dimensional subalgebras, which is needed later when classifying the type I quaternion
subalgebras. Define

Ly = {(a,w)e L : a>0}.

Lemma 2.2.3. [8, Prop. 6.1] The subalgebras {C, : a € &(L)} form a set of representatives of the
K-orbits of 2-dimensional subalgebras of O,.

Proof. Any 2-dimensional subalgebra of O, is of the form C, = C_,, where a € S°. As such, the
collection ¢ of 2-dimensional subalgebras of O, is naturally identified with the real projective
space P(OF") = S®/Z,. The antipodal map a +— —a on S° is obviously a K-map. Likewise, the
reflection (o, w) — (—a,w) on D is a X3-map. If we let the cyclic group Z, = {1,p} acton
both S® and Dby p-a = —aand p- (o, w) = (—a, w) respectively, then it is easily checked that
f(p-a) =p- f(a) for all a € S°. This means that the homeomorphism S¢/K — £ induced by f

is Zy-equivariant. Therefore,
¢/K = P(OE“)/K = (86/Z2)/K = (86/K)/Z2 =~ L7, = L.
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The claim now follows from the fact that & : £ — S° is a cross section of f. O

2.3 Type I subalgebras

2.3.1 Construction of type I subalgebras

We begin by constructing type I quaternion subalgebras. Fix a pure unit vector a € OF". We
denote by T, = §(C,) the subgroup of unit vectors in C,. Let K(C,) denote the K-stabilizer of
C,. Itis clear that K(C,) = {¢ € K: ¢(a) = {a, —a}}.

We define two subspaces of O,:
H, := (1,e,a,ae) and V, == O,NH; .
Clearly, H, = H_; and V, = V_,. Some simple observations are in order:

(a) H, is a quaternion subalgebra whenever a # =+e. In addition, if 2 = ae + /1 — a2u where
ac(-1,1)and u € S5, then H, = H,,. On the other hand, H, = C,.

(b) V, is closed under multiplication on both sides by elements of H,. We may treat V, as a
(left or right) vector space over C,. Then dim¢, V, = 2ifa # +e, and V, = OFP. Note
that for any v € V,, because av = —ua, it is clear that vC, = C,v. We define the projective
space

P, := Pc,(V,) = {Cpv : veS(V,)} (2.14)

Note that P, = P!(C) if a # 4e, and P, = P?(C). Clearly, both H, and V, are stable under
K(C,). Hence, K(C,) naturally acts on P,.

(c) To each C,v € P, we associate the quaternion subalgebra
S1(Cpv) = C,+Cpv = (1,a,v,av), (2.15)

which is of type I if and only if a is not doubly pure.
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(d) Conversely, any type I subalgebra S is of the form (2.15). For, given any orthonormal
basis v,w of SPP, one may choose 2 = vw &€ SP". Then w = —va = av, and hence
S={(1,a,0v,av) = S;(C,0).

Define the following subsets of S°:
B := {a€d&(Ly) : (ale) >0}, B* := B—{e}. (2.16)

The following lemma reduces the classification problem of type I subalgebras to one of figuring
out the orbit space P,/K(C,) for each a € B. Therefore, the geometric object that preoccupies
us is, loosely speaking, a ‘bundle” of complex projective spaces having B as base space. Except
for the point e € B whose fibre is P, = P%(C), the ‘generic’ fibres P, based at a € B* are simply
P1(C) = S2. As we shall see, the structure of the group K(C,) varies. This is the major source
of complication for the classification problem, which makes understanding the topology of the
orbit space 4 /K much more difficult. We shall be content with constructing representatives of
type I subalgebras by selecting a cross section of P, /K(C,) for each a € B. In contrast, the orbit
space .4/ K of type Il subalgebras is much better understood (see Theorem 2.4.2).

Lemma 2.3.1. Every type I subalgebra S is K-conjugate to a subalgebra of the form S;(Cqv) for a unique
a € Band some C,v € P,. Moreover, for any Cov, Caw € P, and ¢ € K, if 9(S1(Cyv)) = Si(Caw),
then ¢ € K(C,) and ¢(C,v) = Cw.

Proof. We write S = C, + C,v, where @’ € S® — S°. By Lemma 2.2.3, there exists ¢ € K such
that ¢(C,) = C, for a unique a € B. This proves the first claim.

Next, let C,v,C,w € P, and ¢ € K, and write S; = S1(C,v) and Sy = S;(C,w). Suppose
that ¢(S1) = S,. Since C,v = S}fp and C,w = Sgp, it follows that C;, = 5; N (S?p)L forj=1,2.
Hence ¢(C,) = C, and ¢(C,v) = C,w. In particular, ¢ € K(C,), proving the second claim. [

2.3.2 Type I subalgebras containing e

We begin our study of the K(C,)-action on P, for each a € B. For convenience, we first consider
the simplest, ‘exceptional’ case a = e. Clearly, K(C,) = K.
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Proposition 2.3.2. Two points C,v,C,v' € P, (where v,v' € S°) are K-conjugate if and only if
|Q(v)| = |Q(v")|. Consequently, the family

Re = {S1(Cev) : v=1icosO+ jesind, 0 <6 < 7/4}
is a set of representatives of the conjugacy classes of type I subalgebras containing e.

Proof. First, recall that the quadratic form Q restricts to a Z3-equivariant, K-invariant surjection
Q : 8% — A. It follows that the function P, — [0,1], C,v — |Q(v)], is well-defined, surjective

and invariant under K.

Next, we show that this function distinguishes the K-orbits in P,. First, suppose that
¢(Cev) = Cv' for some ¢ € K. Then ¢(v) = v'z for some z € T,, and it is easy to see that
|IQ(v)] = |Q(v')|]. Conversely, if |Q(v)| = |Q(v')|, then there exists z € T, so that
Q(v) = Q(v")z?> = Q(v'z). Hence v and v’z are K-conjugate by Lemma 2.2.2 (a). This implies
that C.v and C,v’ are K-conjugate.

Finally, Let vg = icosO + jesin®, where 0 € [0,71/4]. Then Q(vg) = cos(20) takes all
possible values in [0, 1]. By the preceding paragraph, we are done. O

2.3.3 The group K(C,) fora € B*

To better study the ‘generic case’ of those type I subalgebras, i.e. those which do not contain e,
we need to understand the group K(C,) for a € B*. Throughout this section, we shall write

a = ae++V1—a2u,

for unique a € (0,1) and u € o(A). Note that for any ¢ € K, ¢(a) = a if and only if p(e) = e
and ¢ (u) = u; similarly, ¢(a) = —a if and only if p(e) = —e and ¢ (u) = —u. It follows that the

following statements are equivalent:
(@) ¢ € K(C,).

(b) ¢(a) =sgn(p)a.
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(©) ¢(u) = sgn(p)u.

(d) @(ue) = ue.

Clearly, (d) means that K(C,) is just the K-stabilizer of ue. However, we shall find conditions (b)
and (c) more useful below.

Let K, be the K-stabilizer of u. It is clear that K, C K(C,). Write u = uj + uze, where
u1,up € HPY. Note that an element y € K fixes u precisely when vy fixes both u; and uy. If
u is not alternative, then u; and u, generate H as a subalgebra, which forces y = id. Hence,
K, = {id} if u is not alternative. On the other hand, if u is alternative, then u = bz where b € S 5
and z € T,. In this case, K, = K, = {y» : w € T} = SO(2).

Recall that 3 acts on the closed unit disk A and that Q : S° — A is £3-equivariant. Let (£3)q
denote the X3-stabilizer of w € A.

Lemma 2.3.3. (a) Let u € S°. The group K, is given as follows:

i) If|Q(u)| <1, then K,, = {id}.
ii) If |Q(u)| = 1, in which case u = bz where b € S(HPY) and z € T,, then

K, = K, = SO(2).

(b) Let w € A. The group (X3)y is given as follows:

i) Ifwd ¢ R, then (£3), = {id}.
i) If w>* € R — {0}, then (£3), is one of the three conjugates of (T) in L3. In fact, if
w € R¢° — {0} for some s € {0,1,2}, then (X3)y = (U°T).

iii) Ifw =0, then (X3)y = Z3.
Proof. We have already proved (a); recall that u is alternative if and only if |Q(u)| = 1. As

for (b), the claims are obvious in view of the Z3-action on A. We point out that the condition
w® € R — {0} means that w € R¢* — {0} for some s € {0,1,2}, in which case (£3), = (p1). O
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Suppose that ¢ € K(C,) is given by ¢ = yv, where ¥y € K and v € X3 Then
@(u) = sgn(e)u, so that

v-Q(u) = Q(v(u)) = Qe(u)) = Q(sgn(p)u) = Qu),

that is, v € (Z3)g(4)- Thus, the projection homomorphism from K = K x %3 to X3 restricts to
a homomorphism 1 : K(Cz) — (Z3)g(). It is easy to see that ker (1) = Ky. To see that 7 is
surjective, note that for any v € (Z3)Q(u), we have

Q(v(n)) = v-Q(u) = Q(u) = Q(sgn(v)u),

so that v(u) ~k sgn(v)u. Take any y € K such that yv(u) = sgn(v)u. Setting ¢ = yv, we see

that ¢ € K(C,) and n(¢) = v. In summary, there is a short exact sequence of groups
1 = K, = K(Ca) & (Z3)gu) — 1. (2.17)

We are ready to compute K(C,).

Proposition 2.3.4. Let a € B* be given by ae + /1 — a?u, where o € (0,1) and u € o(A).

(a) If1Q(u)| < 1, then n : K(Cq) — (X3)qu) is an isomorphism. Moreover, for each v € (Z3) o),
the element v/ = n=1(v) € K(C,) satisfies v/ (k) = +v(k). In particular:
i) If Q(u)® ¢ R, then K(C,) = {id}.
i) If Q(u)® € (0,1), then K(C,) = (') = Z,.
iii) If Q(u)3 € (—1,0), then K(C,) = ((121)") = Z,.
0, then K(C,) = (i, 7') = Z3.

u

()
(u)* €
()
(u) =

u
(b) Suppose that |Q(u)| = 1. In ii) below, vy € K denotes conjugation by k.

i) If Q(u)® ¢ {+£1}, then K(C,) = K,,.
i) If Q(u)® =1, then K(C,) = K, x (y47) = O(2).
iii) If Q(u)3 = —1, then K(C,) = Ky x (p?1) =2 SO(2) X Zo.
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Proof. As preparation, recall from Lemma 2.2.2 (b) that
u € o(A) C (i+jei—jej+ie) C HE = (i,j)+ (e,

where Hy = (1,¢,k, ke). Note that Hy and I—IkL are invariant under X3. We shall write

u = uq + uge, where uy, up € (i, j).

(a) Suppose that |Q(u)| < 1. Since K, = {id} by Lemma 2.3.3 (a), it follows from (2.17)
that 17 is an isomorphism. Since Q(u) € A, if Q(u)® € (0,1), then Q(u) € (0,1), whereas
if Q(u)®> € (—1,0), then Q(u) € {—r¢®> : r € (0,1)}. We may then use Lemma 2.3.3 (b) to
determine (Z3)¢(,) and subsequently K(C,). It remains to consider the action of K(C,) at k. For
fixed v € (£3)q(u), the element v/ = n~!(v) € K(C,) has the form v/ = yv for a unique y € K.
To show that v/(k) = £v(k), it suffices to show that y(k) = =£k. Since yv(u) = sgn(v)u, we
have y~1(u) = sgn(v)v(u) € Hi". In other words, ¥~ (u1), 7} (u2) € (i, ). Since |Q(u)| < 1
means that #; and u, form a basis of (i, j), this implies that (i, j) is invariant under y. Hence
(k) = HPY N (i, j)* is also invariant under y, which means that y (k) = +k.

(b) Suppose that |Q(u)| = 1. If Q(u)® ¢ {&1}, then from Lemma 2.3.3 (b), we have
(Z3) o) = {id}, and we obtain K(C,) = K;, = K, from (2.17). This proves Case i).

For the remaining cases where Q(u)® = 41, we write u = bz, where b € (i, j) and z € T,.
Then (Z3)g) = (v) = Zy, where v = p°t for some s € {0,1,2}. (See the proof of Lemma 2.3.3
(b) for the choice of s.) By assumption, Q(u) = z? lies in A. Hence, when Q(u)® = 1, we have in
fact z2 = 1 and s = 0, whereas when Q(u)?> = —1, we have z? = cos(7/3) +esin(7/3) = —?
and s = 2. Next, since K(C,) is an extension of K, = K, by Z, we have K(C,) = K, UK, T/,
where 7 € K(C,) — K is of the form 7/ = §v for some § € K. We now determine the possible

choice of ¢:
sveK(C,) & ov(u) = —u
& op't(bz) = —bz
& 6(b)°z = bz
& §(b) = —bZ?.
From earlier remarks, this condition simplifies to 5(b) = —b when Q(u)® = 1, while 5(b) = b
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when Q(u)®> = —1. Among those § € K for which §(b) = —b, we take 5§ = y;. Since any
element of K, = K}, is of the form y,, for some w € T, we get 5Ypd = Yiwk = vo'. This
shows that when Q(u)® = 1, K(C,) is the semidirect product K, x (y;1) = O(2). Similarly,
among those 6 € K for which §(b) = b, we take § = id. Hence, when Q(u)®> = —1, we find that
K(C,) = K;, x {u?1) =2 SO(2) x Zj. O

2.3.4 Type I subalgebras not containing ¢

We continue to fix a € B*, which can be written as a = ae + v/1 — a?u for unique 0 < o < 1 and
u € o(A). Consider the 3-sphere S> and the 2-sphere S?, defined as

S? .= S(H,), S? = S(HMM).

In order to determine representatives of the K(C,)-orbits of P, visually, we exploit the well-
known fact that P!(C) = S2. Our plan is to specify a homeomorphism p, from P, to SZ, and
then transfer the K(C,)-action from P, to S? via p,. The representatives of type I subalgebras

containing a will then be chosen implicitly as representatives on the sphere.

Since u € o(A) C (i+ je,i — je,j+ie) C (k)*, we have k € V, and so, by Remark 2.1.2, it
follows that V, = H,k. Moreover,

x(yk) = (yx)k,  (xk)y = (xy)k,  (xk)(yk) = —yx,

for x, y € H,. In particular, for any C,v € P, where v is a unit vector in V,;, we may write v = xk
for some x € S;’, so that
C,v = Cu(xk) = (xCp)k.

Conversely, each x € S3 determines an element C,(xk) = (xC,)k € P,. In other words,
P, = {(xCp)k : x € 83} = Pc,(H,).

Observe that for any x,y € S3, (xC,)k = (yC,)k just when xT, = yT,, and the latter holds if
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and only if xax = yay. Since xax € S2, we obtain a function
pp 2 Py — 82, (xCp)k — xax. (2.18)

In fact, p, is a homeomorphism, as can be seen by considering the well-known construction of
the Hopf fibration S' — S* — &2 by means of unit quaternions. Recall that S? is the group
of unit vectors of H, which acts on S? by conjugation, i.e. x-p = xpx for x € S2 and p € S2.
The S2-stabilizer of the point a € S? is the subgroup T,. Hence S3 /T, = S2. On the other hand,
832 /T, is clearly homeomorphic to P, via the map xT, — (xC,)k. Thus, we see that p, is the
composite of the homeomorphisms P, —+ S5 /T, and S2/T, — S2.

The next step is to consider the unique action of K(C,) on S8? for which p, is equivariant. In
more detail, given p € S?, we write p = xaX = p,((xC,)k) for some x € S2. For any ¢ € K(C,),
we define

PP = Pa [‘P((xca)k)] :

Note that the orthonormal triple {e, u, ue} is always contained in S2. Moreover, if |Q(u)| = 1,
in which case u = bz where b € S(HP") and z € T,, then {e, b, be} is also an orthonormal triple
contained in S2.

Proposition 2.3.5. Let a € B* be given by a = ae + /1 — o?u, where « € (0,1) and u € o(A). The
action of K(C,) on S? is described as follows.

(a) When |Q(u)| < 1, let v — V' denote the inverse of the isomorphism 1 : K(Ca) — (Z3)g(u)
from Proposition 2.3.4. Then K(C,) fixes e € S7. Moreover, if i € (£3)qu), then ' acts as the
rotation on the plane (u, ue) such that - u = ul?. Fors = 0,1,2, if u>1 € (Z3) ), then (1)’
acts on S? as the reflection in the plane (e, ul®).

(b) If |Q(u)| = 1, write u = bz with b € S(HPY) and z € T,. Then K, = K, acts on S? by rotations
about b. Specifically, for each w € Ty and p € 82, v - p = w?pw 2. If Q(u)® = 1, then y,t
acts as the reflection in the plane (b, e). If Q(u)3 = —1, then ut acts as the reflection in the plane
(e, be).

Proof. For a fixed p € 82, we can write p = p, ((xC,)k) = xaX, where x € S2.
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(a) Assume that [Q(u)| < 1. Let v € (Z3)q(u), and assume that either v = p° or v = p°t for
somes € {0,1,2}. Let v/ = n=1(v) € K(C,;). We claim that

Viep = sgn(v).uV(p) (peS). (2.19)

Once this is proved, it follows that v/ - e = e for every v. Moreover, since v/(u) = sgn(v)u, we
have () - u = u=(u) = u¢5, and (¢*1)" - (u¢') = pS(u)t = u¢>*fort € {0,1,2}, ie.
(u°t)’ fixes ul® and interchanges us~tand ugstt.

To prove (2.19), first note that v/(a) = sgn(v)a, and by Proposition 2.3.4, we get
V(k) = ev(k) = ek = ek
with e = £1. Consider

V[(xCok] = (V(x)Ca)V/(K)
= (V' (x)Ca)(eC%k)
= [(e¢™*V/(x))Cqalk.

Using this expression, we can compute v’ - p as follows:

Viep = Vpa[(xCo)k]
= [ (xca)k)]
= [( "V (x)Ca K]
= (e¢7V(x))a(eCv/(x))
= (Y (x)(sgn(v)V'(a)) V' (x)C°
= sgn(v)u °V/ (xax)
= sgn(v)u*V(p).

(b) For any w € Ty, let y,, € K, = K}, be conjugation by w. Then vy, (k) = wkw = w?k and 4
fixes H, = (1, e, u, ue) pointwise. So,

Yol(xCo)k] = (xCo)(wk) = ((w*x)Ca)k.
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It follows that

Yo p = (Wx)a(wx) = w?(xaX)w? = w’pw 2.

Thus, K}, fixes b € S? while acting as rotation on the plane (b, be).

In the case where Q(u)® = 1, recall that K(C,) = K}, x (y47). A similar direct calculation
gives (74T) - p = — (%) (p) for p € S2. From this and the fact that y;(b) = —b (see the proof of
Proposition 2.3.4), we deduce that y; T acts as the reflection in (b, e).

Finally, in the case where Q(u)%® = —1, recall that K(C,) = K, x (1?1). One can check that
(127) - p = —1(p) for all p € S%. From this and the fact that 7(b) = b and 7(e) = e, it is clear
that u2T acts as the reflection in (e, be). O

Proposition 2.3.6. For a € B*, writea = ae + V1 — a?u with « € (0,1) and u € o(A). A set
X, C 8? of representatives of the orbit space S? /K(C,) can be chosen as follows.

(a) Assume that |Q(u)| < 1.

) IfQ(u)® € R, then X, := S2.

i) If Q(u)® € (0,1), then X, := {p € S? : (p|ue) > 0}.
i) If Q(u)® € (—1,0), then X, := {p € S? : (p|uc?e) > 0}.
iv) If Q(u) =0, then

X, = {Be++/1—B2(ucosf+uesinf) : —1<B<1,0<6<m/3}.

(b) Suppose that |Q(u)| = 1, in which case u = bz for some b € S(HPY) and z € T,.

i) IfQ(u)® ¢ {1}, then X, := {bcosO+esind : 0 <0 < 7}.
i) If Q(u)® =1, then X, :== {bcos0 +besinf : 0 <0< 7}
iii) If Q(u)® = —1, then X, := {bcos@+esinf : 0 <0 < m/2}.

Proof. This follows easily from the structure of K(C,) (Proposition 2.3.4) and the geometric
description of the K(C,)-action on S? (Proposition 2.3.5). We omit the details. O
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Theorem 2.3.7. For each a € B*, define
Ry = {S1(Cv) : Cv € p; (X))}
A set of representatives of the conjugacy classes of type I subalgebras is given by U,c5 Ra-

Proof. This follows from Lemma 2.3.1 together with Propositions 2.3.2 and 2.3.6. O

Remark 2.3.1. We record without proof a formula for computing the inverse of the
homeomorphism f, : Sg — 5113 /T, which sends xT, to xax. This leads to a concrete
expression for p, 1 : S? — P,.

First of all, f, !(a) = T,, and

where b is any element of S? N (a)*. Next, for any p € S? — {a, —a}, set

- Jitlp) axp jl1-(alp) 1 . axp
2 oV 2 ﬁ(v”“”” 1+<a|p>>'

Then f,!(p) = xT,. As an aside, the second expression for x is a continuous function of
peS?—{-a}.

2.4 Type II subalgebras

2.4.1 Construction of type II subalgebras

Recall that OPF = iC, + jC, + kC_ is a right inner product vector space over C,. Let £ = (i, j, k)
be the standard complex orthonormal basis of OFF. A (unitary) 3-frame in OFY is an ordered
complex orthonormal basis (11, us, u3) of OFF. The complex Stiefel manifold W3 = V3(C3) is
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defined as the set of all 3-frames in OFF. We shall find it convenient to treat the unitary group
U(3) as a subgroup of GL3(C,) = GL3(C). If we denote the £-coordinates of

X = iz1+ jzo +kzz € (o)

by the column vector

[xle = [2122 23],
then the assignment
o= (uwus) o 2 = |le e [wle]

sets up a homeomorphism = : W3 — U(3). Under this correspondence, the action of K on W3
corresponds to left translations on U(3) by SO(3). Specifically, given y € K, let

ay = |v(Dle (e r(0)e] € SO@).

If y carries u = (uy, up, uz) toy-u = (y(u1),y(u2),v(us)), then Z(y - u) = a,=(u). Also, since
pu(x) = x({ forx € OFY and T(iz1 + jzo + kz3) = iz1 + jza + kz3, obviously we have

E(p-u) = Z(u), E(t-u) = Z(u). (2.20)

Using these formulas, we impose a X3-action on U(3) such that = is Z3-equivariant. Thus, we
obtain a K-action on W3 such that = is a K-map. On the other hand, if u € W; and
a = [opgl(pq) € O(3), then the triple

wea == (Z upotp1, ) Upltya, Zup(xp,3>
P P p

defines another 3-frame such that span(u) = span(u - a). This defines a right O(3)-action on W3
that commutes with the above left K-action. It is clear that Z(u - a) = Z(u)a. Also, two 3-frames
u,v € W3 span the same real 3-dimensional subspace of O}® if and only if u = v - a for a unique
a € O(3). It follows that W; is the total space of a principal O(3)-bundle W3 = Gr;(OFP),
whose projection map 7 sends u to span(u).
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A 3-frame u = (u1, up, u3) € Wj is said to be special if
Uiy = U3.

For instance, £ = (i,j,k) is a special 3-frame. The point is that each special 3-frame u
determines a type I subalgebra (1, u1, up, u3). Conversely, every type Il subalgebra arises in this
way. Indeed, given S € J#;j, choose any orthonormal pair u1, up in SPP, and set uz = uquy € SPP.
Then (u1, u2, u3) is a special 3-frame.

Let SW3 C W3 be the closed subset of special 3-frames. We point out that = maps SW3 onto
the special unitary group SU(3). To see this, consider an arbitrary 3-frame u = (u1, ua, u3), such
that

[gle = (219 229 239]' (9=1,2,3)
where z,; € C, for p,q € {1,2,3}. Then Z(u) = [zp,4] (p,q) Recall from Section 2.2.1 that there
is an alternating 3-form w on A} given by w(v, w, x) = (vw|x). Hence,

(uupluz) = wl(uq, uz,uz) = w(i,j k) -det=(u) = det=(u).

On the other hand, as uju; and u3 are unit vectors, (ujuy|uz) = 1 just when uquy = us.
Therefore, u is special if and only if =Z(#) € SU(3). From now on, by a slight abuse of
notation, we shall simply identify any special 3-frame u = (u1, 1z, u3) € SW;3 with the matrix
u=7Z=(u) = [ug uy uz] € SU(3).

For any u = [uy up uz] € SU(3), we define the associated type II subalgebra
SH(M) = <1, M1,M2,M3>. (2.21)

For any u,v € SU(3), Sip(#) = Su(v) if and only if u = va for some a € SO(3). It follows that
the map Sy is the projection map of a principal SO(3)-bundle SU(3) — #4;. This also induces a
homeomorphism from the homogeneous space SU(3)/SO(3) onto ..

Note that SU(3) is stable under the left K-action on U(3). Thus the homogeneous space
SU(3)/SO(3) inherits a natural K-action, such that the above homeomorphism
SU(3)/SO(3) = 4 is K-equivariant. By identifying the SO(3)-orbit space of SU(3)/SO(3)
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with the double coset space SO(3)\SU(3)/SO(3), we obtain the homeomorphism
f : SO(3)\SU(3)/SO(3) — s#A1/K,  SO(3)uSO(3) + [Su(u)]g- (2.22)

Thus, in order to provide representatives of /K = (41/K)/Z3, we shall pullback the
Xz-action to SO(3)\SU(3)/SO(3) via f. Obviously, what we need is given by

1-S0(3)uSO(3) = SO(3)CuSO(3),  7-SO(3)uSO(3) = SO(3)TSO(3).

We will study SO(3)\SU(3)/SO(3) and determine its Z3-orbit space in the next two sections.

24.2 Lie-theoretic preliminaries

We briefly recall a few facts about compact connected Lie groups and their Weyl groups which
can be found in many textbooks, e.g. [4]. Our reference on the affine Weyl group and alcoves is
[17]. Although we are interested in the single group G = SU(3) where the claims can be proved
by linear algebra, we omit such a proof for reason of space.

Let G be a compact connected Lie group and let T be a maximal torus in G. The Weyl group
W = W(G, T) of G with respect to T is defined as W = N/T, where N = Ng(T) is the normalizer
of T'in G. Itis known that W is a finite group, and that conjugation by N induces a faithful action
of W on T by automorphisms. Every conjugacy class in G meets T, and any two elements of T
are G-conjugate if and only if they belong to the same W-orbit. Consequently, the compact space
Conj(G) = {[g]c : § € G} of conjugacy classes in G is canonically homeomorphic to the orbit
space T/W = {[tjw : t € T}.

Now let G = SU(n), where n > 2. The standard maximal torus T consists of the
diagonal matrices in SU(n). In this case, N = Ng(T) can be expressed as N = SI;f - T, where
SEE C SO(n) is the group of signed permutation matrices with determinant 1. The Weyl group
W is isomorphic to the symmetric group Z,,.

A complete description of T/W is provided by the root system of G = SU(n). Consider
the Euclidean space R" with the standard orthonormal basis {¢1, ..., &, }. By identifying each ¢,
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withi-E, ,, where {E,; : 1 < p,q < n} is the set of standard matrix units of M, (C), we identify
the Lie algebra LT of T with the following hyperplane in R":

LT = {(61,...,6,) €R" : 01 +...4 6, =0}.

Note that we also identify LT with its dual space LT* by means of the inner product on R". The
exponential map exp : LT — T is given by

x = (61,...,6,) € LT — exp(x) = (¥™,...,e#"%) ¢ T.

The integral lattice is I := ker (exp). Thus, LT/I = T. Moreover, the adjoint representation of
G on its Lie algebra LG induces a faithful action of W on LT. As such, the exponential map is

W-equivariant, and [ is invariant under W.

The root system R of G with respect to T is obtained from the root space decomposition of
C ® LG as a T-module. For G = SU(n), we have

R ={e—¢ :1<k#1<n},

which is of type A,_1. The usual choice of positiverootsin Ris Ry = {ex —¢ : 1 <k <1 <n}.

Then the set of simple roots in R is given by
X = &j —Ejq1 (1<j<n-1).
The highest root of R (with respect to the partial ordering induced by R ) is
x = oq+...+0_1 = € — &n.

Since all roots @ € R have length 2, R is equal to the coroot system R* = {a* : « € R}, where
af = 2a/(x|x). Tt follows that the abelian group I' generated by R* (also known as the coroot
lattice) coincides with I. The Weyl group W(R) is generated by the reflections {sy : « € Ry},
where s, fixes the hyperplane H, = a' and maps « to —«. The action of W(R) is the same
as the adjoint action of the Weyl group W = W(G, T). Thus, W(R) = W, and we obtain the
homeomorphism

T/W = (LT/I)/W = T/(IxW).
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The Stiefel diagram of G is the union St(G) = U{Hax : @« € Ry, k € Z} of the affine
hyperplanes
Hyr = {x€LT : (a|x) =k} (x€ Ry keZ).

Any connected component of the complement LT — St(G) is called an alcove. The fundamental
alcove is defined by

Ay = {x€LT : 0<(a]x) <1 forall « € Ry}
= {x€LT : (aj]x) >0 forall 1<j<n—1, (alx) <1}
= {(61,...,6,) ELT : 01 >0, >...>0,, 01 —0, <1}.

The affine Weyl group W is the group of affine isometries on LT generated by the reflections Sk
in the hyperplanes H, ;. In general, W =T x W. Hence for R = A,_q, W = I x W. The affine
Weyl group acts freely and transitively on the set of alcoves. Furthermore, each W-orbit of LT
meets A at exactly one point. Therefore, we have the homeomorphism

Ay = LT/W = T/W.

The explicit homeomorphism
e : Ag— T/W (2.23)

sends each x € Aj to e(x) := [exp(x)]w.

There is a homeomorphism between the homogeneous space SU(n)/SO(n) and the compact

space M of symmetric matrices in SU(n), namely,
M = {x€SU(n) : x' =x},

where x — x! is the transpose map. We give a proof of this fact below. Note that T C M. Also,
SO(n) acts on SU(n)/SO(n) by left translation, and on M by conjugation. The map

p : SU(n)/SO(n) — M, uSO(n) — uu'
is continuous and SO(n)-equivariant.
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Lemma24.1. (a) Any x € M is SO(n)-conjugate to some element of T. Consequently, there is a
homeomorphism

k:T/W — M/SO(n)
which sends [t]w to [t|so(n) for each t € T.

(b) The continuous SO(n)-map p : SU(n)/SO(n) — M given by p(uSO(n)) = uu' is a
homeomorphism.

(c) Every double coset in SO(n)\SU(n)/SO(n) meets T. Consequently, there is a homeomorphism
g : SO(n)\SU(n)/SO(n) — T/W

such that for each s € T, g(SO(n) sSO(n)) = [s*]w.

Proof. (a) Given x € M, write x = x; + ixp where x1,x; € M,(R). Since x is normal and
symmetric, x; and x; are commuting real symmetric matrices and as such are simultaneously
orthogonally diagonalizable. Thus, conjugation by some a € O(n) brings x into T; clearly, such
an a can be chosen from SO(n). This proves the first claim of (a), which in turn implies that
M/SO(n) = {[tlsom) : t € T}. If two elements s, t € T are SO(n)-conjugate, then s and ¢ are
W-conjugate. Conversely, if s and t are W-conjugate, then they are identical up to permutation
of the diagonal entries. Hence there exists a € SIF such that s = ata~!. We conclude that
[slsom) = [tlso(n) precisely when [s]w = [t]w. This proves the existence of the homeomorphism
k:T/W — M/SO(n) such that k ([t]w) = [t|so() fort € T.

(b) By the first claim in (a), any x € M can be written as x = ata~!, where 2 € SO(n) and
t € T. There exists s € T such that s> = t. Setting 1 := asa~!, we obtain x = uu' = p(uSO(n)).
Next, suppose that for u,v € SU(n) we have p(#SO(n)) = p(vSO(n)), i.e. uu' = vv'. Then
v 'u = o' (u')~! = (8) "' = vlu. Therefore, v"'u € SO(n), proving that u SO(n) = vSO(n).
We see that p is bijective and hence is a homeomorphism.

(c) Given any u € SU(n), by (a), we can write uu' = ata~! for some a € SO(n) and t € T.
Writing t = s2 where s € T, we get uu! = (asa~!)(asa~1)!. Hence by (b), there exists b € SO(n)
such that u = asa~'b. Hence, SO(n) uSO(n) = SO(n)sSO(n), proving the first claim of (c).
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Next, by factoring the SO(n)-map p through the orbit spaces, we obtain a homeomorphism p
from SO(1)\SU(1)/SO(n) onto M /SO(n) which sends SO(n) uSO(n) to [uu']so(,. Finally,
g :=klop:S0(n)\SU(n)/SO(n) — T/W is a homeomorphism which sends SO(1) s SO ()
to [s?]y for every s € T. O
It follows from Lemma 2.4.1 (c) and (2.23) that

SO(n)\SU(n)/SO(n) = T/W = A,. (2.24)

For later use, we record the explicit form of the homeomorphism
h=gloe: Ay — SO(n)\SU(n)/SO(n).

For any x € Ay, h(x) is given by the double coset

h(x) := SO(n) exp(x/2) SO(n). (2.25)

2.4.3 K-orbits of type Il subalgebras

We return to the classification of type II subalgebras. As shown in the previous sections, we
have the homeomorphism

S /K = SO(3)\SU(3)/SO(3) = LT/W = A,

where
LT = {(61,02,63) €R® : 61+ 0, +6; =0},

W is the affine Weyl group of the root system R of type A,, and

Ay = {(61,602,03) €ELT : 6, >0, > 03, 61 — 03 < 1}

is the closure of the fundamental alcove Aj. More explicitly, the composite of the maps
h: Ay — SO(3)\SU(3)/SO(3) and f : SO(3)\SU(3)/SO(3) — /K defined in (2.25) and(2.22)
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gives the desired homeomorphism
h: Ay — H#/K (2.26)
which sends x = (6, 6,,03) € Ay to the K-conjugacy class of
Su(exp(x/2)) = (1,iz1, jzo, kz3),
where z, = cos(6,/2) + esin(6,/2) for p = 1,2, 3. Note that /1 is the composite of maps
o 5 T/W 25 S0(3)\SU(3)/s0(3) L /K.

In order to find representatives of the orbits space ./;/K = (J4;/K) /L3, our final task is to
transfer the Z3-action on 4 /K to Ay via h. Then a natural set of representatives of Ag/Z3 can

be found by inspection, and this corresponds to the desired set of representatives of .7 /K.

We have already defined a Z3-action on SO(3)\SU(3)/SO(3) by pullback via f. For any
s € T, we have g(SO(3) sSO(3)) = [s?]w and

g(1-80(3)s50(3)) = g(S0(3)sS0(3)) = [ Jw,
§(7-50(3)550(3)) = g(S0(3)550(3)) = []w.

Therefore, the homeomorphism g : SO(3)\SU(3)/SO(3) — T /W becomes a X3-map provided
that Z3 acts on T/W by the rules

u-[tlw = [Ctlw, T-[tlw = [tlw,

where t € T. To continue, we now transfer the 3-action from T/W to LT/W. For any
x = (01,60,03) € LT, we define

pw-x = (0,+1/3,03+1/3,0, —2/3),
T-X = (—93,—92,—91).

It is straightforward to check that the above indeed defines an action of 3 on LT. This action is
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by affine isometries; indeed,

Hox = s 05 (x+(—2/3,1/3,1/3)),

T-X = Sg(—X),

where a; = (1,—1,0) and ap = (1,0, —1) are positive roots in the root system R. Note that the
closed alcove Aj is stable under this Z3-action. Essentially, u rotates 4y by an angle of 271/3,
whereas T acts as a reflection which fixes (0,0, 0). Let

g : LT/W — T/W

be the homeomorphism [x] + [exp(x)]w for x € LT. Then g is a Z3-map, because

q([u-xlzy) = ¢ (—-2/3,1/3,1/3) )
= [eXP )dlag(é —%, =) lw
= [exp(x)*]w
= p-[exp(x)]w
= u-q([xlg)

and

q(lt-xlg) = a([—xlg)

We conclude that the map e : Ay — T/Wis 2 3-equivariant.

Consider the subset

Yo := {(61,65,05) LT : 6, >6, >0, 63 > —1/3},
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obtained from .4, by barycentric subdivision. Then ¥y is a cross section of Ay /3. In view of the
¥3-equivariant homeomorphism 4 /K = Aj from (2.26), we have completed the classification

of the type II subalgebras.

Theorem 2.4.2. A set of representatives of the K-conjugacy classes of 74 is given by

{Su(exp(x/2)) : x € ¥o}.
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convex subset, 29
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