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Abstract

The discovery of carbon nanotubes by lijima in 1991 has created a torrent of new research ac-
tivities. Research on carbon nanotubes ranges from studying their fundamental properties, such
as their electron band structure and plasma frequencies, to developing new applications, such
as self-assembled nano-circuits and field emission displays. Robust models are now needed to
enable a better understanding of the electronic response of carbon nanotubes. We use time-
dependent density functional theory to derive a two-fluid two-dimensional (2D) hydrodynamic
model describing the collective response of a multiwalled carbon nanotube with dielectric media
embedded inside or surrounding the nanotube.

We study plasmon hybridization of the nanotube system in the UV range, the stopping force
for ion channelling, the dynamical image potential for fast ions, channelled diclusters and point
dipoles, and the energy loss for ions with oblique trajectories. Comparisons are made of results
obtained from the 2D hydrodynamic model with those obtained from an extension of the 3D

Kitagawa model to cylindrical geometries.
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Chapter 1
Introduction

In 1991, it was Sumio lijima who first interpreted the electron microscopy images shown in Fig.
[I.T]as being “helical microtubules of graphitic carbon”, now known as carbon nanotubes (CNTs)
[1]. Although evidence for CNTs has since been found in microscopy images dating back to the
1950’s, it would take more than thirty years for these images to be properly understood. Since
the discovery of CNTs, this stable nanoscale material has been the subject of intensive research
efforts throughout the world. Potential applications include single wall CNT transistors [2, 3],
self assembled circuits [4], field emission displays [2} [5]], particle detectors (SO,, NO, NOy)
[6], nano-beam extractors [/, 8], and light-bulb filaments [9]. The interest in CNTs is motivated
by their many interesting electronic properties. CN'Ts may be either semi-conducting or metallic
depending on the graphitic folding method of their construction, also called the CNT’s chirality,
shown in Fig.[I.1] It may even be possible to change a nanotube from a semiconductor to a metal
by applying a sufficiently high external magnetic field, based on the Aharonov-Bohm effect, as
discussed by Ajiki and Ando [10]. Ando also showed that metallic nanotubes may behave as near
ballistic conductors, even at room temperature [11], with an absence of back-scattering [12]. It
has also been shown that ion irradiation changes the structure of CNTs, with “straightening” of
nanotubes observed by Jung et al. [13] and induced defects observed by Nordlund et al. [14,15].

The electronic properties of single-walled carbon nanotubes (SWNTs) have been probed by
Pichler et al. [16] via electron energy loss spectroscopy (EELS) and measurements of the plas-
mon energies as shown in Fig.[[.2] Single-electron excitations occur at energies of a few electron

volts, while collective excitations of the electron “fluid” occur for energies on the order of tens
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Figure 1.1: Electron micrographs of (a) five-wall CNT with outer radius R5 = 33.5 A, (b)
double-wall CNT with outer radius Ry = 27.5 A, (c) seven-wall CNT with outer radius R; =
32.5 A and inner radius R; = 11 A [} [2]. Scanning tunneling microscopy image of a SWNT on
the surface of a rope, showing a nanotube’s chirality [12} (17, [18]].

of electron volts. To understand these collective plasmon excitations, a robust model for the
electronic properties of CNTs is needed.

The many interesting properties of CNTs (high tensile strength, ballistic conduction, semi-
conductivity, etc.) [2] have also motivated researchers to attempt to functionalize nanotubes
in various different materials. For example, silicon dioxide is often used as a substrate for
nanotube experiments, as well as an embedding matrix for the formation of nano-composites
(191 20} 21]]. On the other hand, although amorphous carbon is often created as a byproduct dur-
ing nanotube formation, Nishino et al. have also observed nanotubes surrounded by amorphous
carbon “walls”, a structure which they have named an amorphous carbon nanotube (a-CNT)
[22]. Also, SWNTs are typically formed in “bundle” or “rope” structures, as shown in Fig. [I.1]
which may be approximated by external amorphous carbon layers.
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Figure 1.2: (a) Electron energy loss spectroscopy experimental results for CNTs [16]. (b) Plas-
mon energy experimental results for -+ ¢ and 7 bands of CNTs (e) and graphite sheets (¢), with
interband plasmon energies for CNTs (o) [16]].

The use of nanotubes as templates for the formation of nano-wires, both inside and surround-
ing the nanotube, has been realized by experimentalists for many different metals, as described
by Guerret-Piécourt et al. [23]]. They were able to produce nickel “nanowire” coatings of nan-
otubes more than 1 pm in length. They suggest that the tendency of nickel to form long con-
sistent coatings is due to the metal’s morphology, and ability to bond with carbon. Considering
the encapsulating nickel to be a solid channel is justified by the work of Chen et al. [24] on
nano-composites, Zhang et al. [25] on nickel coatings of SWNTs, and Ninomiya et al. [26] on
nickel nano-channels. This differs from aluminum, which although of theoretical interest due to
its simple dielectric function, is found to “clump” into nano-ring type structures, as discussed by

Bagci et al. [27]. Nickel has also been intercalated inside CNTs to form wires of nickel carbide
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by Bao et al. [28] and pure nickel by Liang et al. [29]

Some of the most intriguing applications of CNTs are expected in the area of biomedical
research where they can be used, for example, for targeted drug delivery, or as artificial ion
channels in cell membranes. In that context, there has been a recent increase of interest in
the interactions of CNTs with aqueous environments, especially addressing the hydrophobic
properties of CNTs and how this affects the transport of water through and around CNTs. A
number of molecular dynamic (MD) simulations of the interactions between water and CNTs
have been conducted in recent years [30, 31]. Several interesting effects of water on SWNTs
have been studied experimentally in various contexts, such as CNT probes [32], their electrical
conductivity [33], CNT transistors [34]], functionalization of CNTs with aqueous solutions [33]],
CNT synthesis in water [36], flexibility of CNTs [37]] and their alignment in aqueous solution
[38].

Studying hybridization among the resonant excitation modes in the components of complex
nanostructures is a continuing project aimed at engineering the optical properties of matter at the
nanoscale [39, 140l 41]]. In particular, understanding of the dielectric response of nanotubes with
various materials may be applied in the UV region to model interactions with fast charged parti-
cles. Such interactions occur both in EELS [16} 42, 43]] and the emerging field of ion transport
through nano-capillaries in solids [44} 45, 46]. Moreover, recent theoretical investigations of the
feasibility of ion channelling through CNTs, at both high [47, 48] and low energies [49]], are con-
cerned with the practicality of “holding” a straight nanotube, or nanotube rope, effectively using,
e.g., metal “clamps”. In this context, we explore here how the stopping and dynamical image
forces on ions channelled through CNTs [50] will be affected by the presence of a polarizable
medium outside the nanotube. On the other hand, the recently discovered toroidal electron im-
age states around CNTs [S1}152] pose interesting questions regarding the existence of such states

when, e.g., a metallic nanowire is embedded in the nanotube, which we also briefly address here.

1.1 Modelling the Electronic Response of CNT's

Given the typically large size of complex nano-structures, ab initio methods such as time de-
pendent density functional theory (TDDFT) [40, 41, 53] are of limited use for describing the
dielectric response of carbon nanostructures. As a result, various versions of the hydrodynamic
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model of the dielectric response of carbon valence electrons are becoming increasingly used to
study plasmon excitations in such structures [42, 54} 155,156,157, 158]]. It has been recently shown
that such two-dimensional (2D) hydrodynamic models give a good account of both the energy
loss due to collective electron excitations and the dynamic image interaction for fast point charges
moving perpendicular [42] or parallel to the axes of CNTs [S35]. In particular, the hydrodynamic
model was found to give results in good agreement with those obtained from random-phase-
approximation (RPA) models [55} 56]. It should be noted that both the hydrodynamic [38] and
RPA models [59, 60, 61, 62, 63] for nanotubes have been formulated to include encapsulated
and surrounding dielectric media. However, only constant dielectric functions were used in these
calculations [58, 159, 160, 61} 162, 63]].

The two-fluid version of the 2D hydrodynamic model was originally developed by Cazaux
to model o and 7 plasmons in graphene [64} |65]], and has since been used to model plasmon
hybridization in Cgg, C7o [66]], and SWNTs [67,168]. In these materials, the four carbon valence
electrons are sp? hybridized, with three electrons per atom in planar ¢ hybridized orbitals, and
one electron per atom in out-of-plane 2p, hybridized 7 orbitals. As discussed by Weissbluth pp.
597-598 [69], the 2p. orbital is antisymmetric with respect to the molecular plane, while the
in-plane o sp? hybridized orbitals are symmetric with respect to the molecular plane, since they
are linear combinations of the 2s, 2p,, and 2p, orbitals. Since the Hamiltonian H{ is invariant
under reflection in the molecular plane, <2pZ]UA{ |sp?) must vanish. This means that all single
electron quantum mechanical internal interactions occur only between electrons in the same sp?
hybridized orbital, so that electrons in ¢ orbitals mainly interact electrostatically with electrons in
7 orbitals. This behaviour is modelled in the two-fluid formalism by two different electron fluids,
called the ¢ and 7 fluids, consisting of 3/4 and /4 of the carbon valence electrons, respectively.
When the two electron fluids spatially coincide, they differ from a single electron fluid only
in the lack of internal interaction between electrons in different fluids. These interactions are
typically modelled by fitting free parameters to experimental data for graphene (66, [67]]. In our
approach, these internal interactions are modelled by a separate treatment of the Thomas-Fermi
kinetic energy of each electron fluid. This approach gives rise to a hybridization of the collective
oscillations in each fluid, yielding a low energy 7 plasmon [68] and a high energy o + 7 plasmon,
in qualitative agreement with experiment [16,43]]. When internal interactions are neglected, the
low energy 7 plasmon collapses to zero, while the high energy ¢ 4+ 7 plasmon reduces to the
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single-fluid plasmon result.

Hydrodynamic models are most useful when describing the collective behaviour of an elec-
tron gas, while disregarding low energy single-electron excitations [70]]. In the UV range, collec-
tive oscillations dominate the electric response of both fullerenes and CNTs, so that the two-fluid
hydrodynamic model has been found to describe the EELS rather well [16} 143|166, 167, 168, [71].
Collective oscillations also dominate the response for ion channelling trajectories, since the ions
are steered away from the nanotube walls at distances typically larger than the 7 orbital size,
and undergo only distant collisions with the nanotube electrons. Also, channelled ions typically
have speeds well above those at which single-particle excitations and band structure effects dom-
inate [61) [72]]. As well, the quantities of interest for ion channelling, namely the ion stopping
force and image potential, are well suited to calculation using hydrodynamic models [/0], but
are impractical for calculation using ab initio type methods [73]. Perhaps just as importantly,
the hydrodynamic model is based on a clear physical intuition, which aids in the construction of
physical explanations of its predictions.

Similar semi-classical methods have been developed by Stocli, Bonard, Stadelmann and
Chatelain [42, 74} 75], Yannouleas, Bogacheck, and Landman [58,76], and Que and Kornyushin
[[7°7, 78] for the calculation of plasmon excitations in CNTs. Semi-classical methods have also
been applied to CNTs by Slepyan et al. [[79, 80, 81], to study their electromagnetic response,
by Granger, Kral, Sadeghpour, Shapiro, and Segal [31} 82, [83] 184]], and Thumm, Richard et al.
[52, 185] to study electron image states around CNTs, by Krémar, Saslow, and Zangwill [86]] to
calculate their capacitance and polarizability, and by Dedkov and Karamurzov [87, |88, [89] to
study ion channelling through CNTs.

One of the most often used methods for describing the electronic response of CNTs is the
random phase approximation. In this method, electrons are assumed to respond to only the total
electric potential, which is the sum of the external perturbing potential and a screening poten-
tial. The external perturbing potential is assumed to oscillate at a single frequency w, so that
the model yields via a self-consistent field (SCF) method [90] a dynamic dielectric function
erpa (k,w). The contribution to the dielectric function from the total electric potential is as-
sumed to “average out”, so that only the potential at wave vector k contributes. This is what
is meant by the random phase approximation. The resulting dielectric function, also called the
Lindhard dielectric function [91} 92], correctly predicts a number of properties of the electron
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gas, including plasmons. A detailed derivation of the RPA dielectric function is given by Mahan
pp- 430—440 [93]. RPA has been used on CNTs by M. E. Lin er al. [94, 95,196, 97, 98], Vasvari
[99], Tanatar [100]], Longe and Bose [S6] to model plasmons and plasma oscillations, Kobayashi
et al. [101] to model plasmons and the dielectric function, Gumbs et al. [60, 61, 62, 63, [102]
to model plasmons, stopping force, and image potential, Benedict, Louie, and Cohen [103] to
model polarizabilities, |Que [104] to model the Littinger parameter g, and Woods and Mahan
[105] to model electron-phonon effects.

Another method often used to model the electronic response of carbon nanotubes is the pseu-
dopotential and transfer-matrix technique. This method uses a pseudopotential to model the po-
tential barrier to electron transmission through CNTs. The pseudopotential 1/P¢u°_ ag discussed
by Ashcroft and Mermin pp. 208-210 [92] and Kittel pp. 252-254 [106], models the effective
potential that valence electrons will feel from the screened ion cores. It is assumed to be suffi-
ciently small to justify a nearly-free-electron calculation of the valence electron wave functions.
In the transfer-matrix method, the transfer-matrix transforms and mixes the modes (or wave func-
tions) in different regions to describe the rate of electron transmission [[107]]. The transfer-matrix
method has been used to model field emission from both metallic and semi-conducting CNTs by
Mayer et al. [[108, 109,110, 111} 112} 113], Nardelli [114], Han and Ihm [115].

The tight-binding model is often used to describe the equilibrium state of CNTs. In this
model, it is assumed that the full Hamiltonian of the system may be approximated by the Hamil-
tonian of an isolated atom centred at each lattice point. The atomic orbitals, which are eigen-
functions of the single atom Hamiltonian, are assumed to be of very small amplitude at distances
exceeding the lattice constant. This is what is meant by tight-binding. It is further assumed
that any corrections to the atomic potential which are required to obtain the full Hamiltonian of
the system are appreciable only when the atomic orbitals are small. The solution to the time-
independent single electron Schrodinger equation is then assumed to be a linear combination of
atomic orbitals. This leads to a matrix equation for the electronic problem in equilibrium. A de-
tailed derivation and discussion of the tight-binding model is given by Ashcroft and Mermin pp.
176-210 [92]. Since the tight-binding approach requires the Schrodinger equation to be solved
simultaneously for each atom in the unit cell, the case of chiral nanotubes, which may have thou-
sands of atoms in the unit cell, is particularly unsuited to a direct tight-binding approach. For
example, an (11,9) SWNT has 1204 atoms in its unit cell. However, various methods of simplifi-
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cation, such as the use of a nanotube’s screw symmetry, may greatly reduce the number of atoms
which must be considered [|116]].

Tight-binding models have been applied to CNTs predominantly for the calculation of elec-
tronic band structure and energy gaps, by Hamada et al. [[117], Ogloblya et al. [118], Popov
[116]], Lieber et al. [[18]], Saito, Dresselhaus| et al. [119} 2], Kane|and Mele et al. [[120]. To cal-
culate the dynamic response of CNTs, wave functions obtained from tight-binding Hamiltonians
are often used in the random phase approximation dielectric function erpa (k,w), as done by
Lin [121]. In this manner, the resonance Raman profile of the radial-breathing mode and opti-
cal transition energies for CNTs have been calculated by Henrard, Meunier and Lambin et al.
(122, 1123, [124]], the polarization by Amovilli and March [[125], and the screened potential and
induced charge density by Léonard and Tersoff [[126].

Density-functional theory (DFT), in the form of the Kohn-Sham (KS) equations using a local-
density approximation (LDA), is also often used to calculate the equilibrium state of CNTs.
This method involves iteratively solving the KS equations until self-consistency is reached. The

KS equations involve an effective potential veg(r) which is the sum of the external potential

Vext(r), the Coulomb potential [[[d*r’ H:LETQH and an exchange and correlation potential v,.(r),
a set of IV orthonormal wave functions ;(r, s) which are solutions to the Schrédinger equation
for NV noninteracting electrons moving in the effective potential v.s(r), and the electron density
n(r) which is a sum of the squared amplitudes of the wave functions 1;(r, s). However, an
explicit form for the exchange and correlation potential v,.(r) is needed to close the KS system
of equations.

In LDA, the electron exchange and correlation potential P4 (r) is assumed to depend only
“locally”, that is at the position r, on the exchange and correlation energy per particle. The
exchange and correlation potential may thus be written in terms of a uniform electron gas model,
involving the Dirac exchange energy and one of several empirical models for the correlation
energy. A detailed derivation of the KS equations and discussion of the LDA method is given by
Parr and Yang pp. 142-200 [127]].

DFT-LDA models have been applied to CNTs by Mintmire et al. [128]], Santucci, Delley
et al. [129], |Ajayan et al. [130], Benedict, Louie et al. [131], D. Tomanek et al. [S9], Lou,
Nordlander, and Smalley [132]], to calculate the electron structure, electrostatic potential, charge

density profile, and band gap in the static regime. By assuming that when time dependence is
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introduced into the electron density the KS equations are still satisfied, we may use the DFT-LDA
model to solve for the dynamic response of CNTs. TDDFT has also been used by A. Rubio, V.
Olevano, et al. [53}1133,134] to model the structural properties, elasticity, vibrational properties,
optical absorption and energy loss spectra of CNTs. The interaction forces obtained from DFT
have also been employed in MD simulations of CNTs by Zhang et al. [135], by Moura and
Amarall [136], and by Udomvech, Kerdcharoen and Osotchan [[137] to study ion channelling and
absorption.

The effective mass approximation (EMA) is also used to model the electronic properties of
CNTs. In this model, electrons in the periodic lattice potential are accelerated relative to the
nanotube lattice as if the electron mass were equal to its “effective mass”, which is determined
from the energy-wave vector relation. A detailed discussion of EMA is provided by Kittel pp.
209-214 [[106]. EMA has been applied to CNTs by Mele, Kral, and Tomanek [138]] to calculate
electronic excitations and band structure, by Ajiki and Ando [139] to calculate band structure
and band gaps, and by Margulis et al. [140, 141, [142] to calculate optical properties.

1.2 Thesis Outline

Using a density-functional approach, we derive from first principles the 2D hydrodynamic model
for an NV-walled CNT [55} 168, 1143, 1144} 145, [146, (147, 148, [149]] with dielectric media inside
and outside the nanotube. We accomplish this by modelling the walls of a CNT as a series of
electron fluids confined to infinitely thin (2D) cylinders, with internal interaction energies given
by DFT calculations on a 2D cylinder. Assuming the electron fluids are perturbed only slightly
from equilibrium, we linearize the continuity and momentum-balance equations for each electron
fluid. We include dielectric media inside and outside the nanotube by solving for the polarization
charge on each dielectric boundary, following the methodology described by Doerr and Yu [[150].

While we model the dielectric response of silicon dioxide using a dielectric constant egip, ~
3.9, [151] all other materials considered are modelled using frequency-dependent, optical di-
electric functions in the UV part of their respective spectra. For example, the dielectric func-
tion of amorphous carbon is modelled by a sum of two Drude-type optical dielectric functions,
[152] using fitting parameters to experimental data [153]]. Furthermore, we model the dielec-

tric response of aluminum as a single Drude-type dielectric function, with plasma frequency
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wp ~ 15.0 eV, as given by Abril et al. [153] This allows us to model the plasma energy of a
combined aluminum—nanotube system, generalizing the approach by Arista et al. to metal nano-
wires and nano-channels [44, 45, |154]]. Finally, following the early models of nickel by sums of
Drude-type dielectric functions [[155, [156, [157], we employ a sum of ten Drude-type dielectric
functions with the fitting parameters of Kwei et al. [158]], which reproduce well the optical data
for nickel of Moravec et al. [159]].

Our use of optical dielectric functions for nearby dielectric media, neglecting their momen-
tum dependence, is reasonable for both ion stopping force and image potential calculations, due
to the ion channelling condition of large separation between the ion and the nanotube wall. Fur-
thermore, it has recently been shown in a flat geometry that the momentum dependence of the
surface dielectric function has little effect on plasmon hybridization for sufficient separation be-
tween a 2D electron fluid and the dielectric surface [73]]. On the other hand, models of the
momentum dependence of the surface dielectric function in curved geometries have not yet been
developed in a manner that generalizes the specular reflection model [[160].

Ion channelling through single-wall carbon nanotubes (SWNTs), double-wall carbon nan-
otubes (DWNTs), and multiwalled carbon nanotubes (MWNTSs) is modelled using the external
potential for an ion moving parallel to the nanotube axis with constant speed v. The plasma
hybridization process in single [56, 68]], double [[145], and multiwalled [[148] CNTs is discussed
in detail, with particular emphasis on the effect of dielectric media inside or outside the nanotube
[147]. In this vein, we calculate the induced electron density and total electric potential using
the one [144] and two-fluid [68] hydrodynamic models, paying particular attention to wake ef-
fects. The plasma hybridization results are then used to explain our stopping force (or stopping
power) calculations for single [68]], double [145], and multiwalled [148] CNTs with dielectric
media inside or outside the nanotube [[147]. Calculations of the self-energy (or image potential)
are then compared for single [[144], double [145]], and multiwalled [148]] CNTs with dielectric
media inside or outside the nanotube [147]], noting the nanotube’s screening ability.

We then extend the 3D Kitagawa model [[161] to cylindrical geometries, using Thomas-Fermi
[162], Thomas-Fermi-Dirac [[163], Moliere [[164,1635]], and Cruz [[166,167] models for a radially
dependent equilibrium electron density nq(r) [168]]. Comparisons are made between the stopping
force for ion channelling obtained from the 2D hydrodynamic model and from the 3D Kitagawa
model, showing qualitative agreement for sufficiently high ion speeds and distances from the
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nanotube wall [[168]].

Channelling of diclusters and dipoles is then considered. The 2D hydrodynamic model is
used to model the total energy for a system of channelled ions using either a Doyle-Turner or
Moliere model for the atomic potential of the nanotube. Calculations are made for the total
energy of diclusters with centre of mass on the nanotube axis and diclusters aligned with the
nanotube axis. The nanotube is shown to provide efficient screening between the ions. The
self-energy (or image potential) and stopping force are calculated for a point dipole, showing
position, speed, and direction dependence.

Ions with trajectories at oblique angles to the axes of CNTs are then studied, and expressions
for both the energy loss and deflection angle are given. Calculations of the plasmon excitation
probability P(w) associated with undergoing energy loss w, and the speed dependence of the
energy loss, are made.

Finally, we conclude with a discussion of our results, and potential extensions of the hydro-
dynamic model to three dimensions. We perform all numerical integrations using the adaptive
Gaussian-Lobatto quadrature code provided with Matlab, which is discussed by Abramowitz and
Stegun pp. 888-890 [169]]. Unless stated otherwise, cylindrical coordinates r = {r, ¢, z} and
atomic units are to be assumed, with 7 = e, = m. = ap = 1, where 27/ is Planck’s constant,
ep 1s the charge of a proton, m, is the mass of an electron, and a, is Bohr’s radius. We note that,
in atomic units, the speed of light ¢ ~ 137.03599. All equations are in Gaussian units, so that

dmeg = 1.






Chapter 2

2D Hydrodynamic Model

In his 1933 paper [170]], Bloch first introduced a method for deriving hydrodynamical equations
for a nonuniform electron gas using Thomas-Fermi theory. His approach was to use the Thomas-
Fermi kinetic energy to model the ground state energy of a hydrodynamic fluid. Using this
simple hydrodynamic model, Fetter found plasma oscillations and screening for electron layers
[171] and in periodic arrays [172]]. However, the applicability of the hydrodynamic model to
non-classical systems was in doubt.

After the development of density functional theory (DFT), as discussed by Harbola and
Banerjee [173], Argaman and Makov [174], Parr and Yang [127], and Lundqvist and March
[175]], the hydrodynamic model was further developed by Ying ez al. [176,1177,(178,1179] to use
the full energy functional F'[n] from DFT to approximate the ground state energy of the fluid.

2.1 Density Functional Theory

A fully quantum mechanical calculation of the ground state energy of a system of N elec-
trons would involve solving the Schrodinger equation for the many electron wave function
U(ry, s1,r2,S2,...,n, Sy). This is a function of both the N electron positions and the NV elec-
tron spins, making an exact solution intractable for many electron systems.

DFT allows us to reduce the problem of finding the ground state energy FE, from a many
electron problem to a problem in terms of the electron number density n(r), sometimes called
the one electron density. This simplification is justified by the Hohenberg-Kohn theorems, as

13
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discussed by Parr and Yang pp. 51-56 [127], which form the foundation of DFT. We will use the
following variation of the Hohenberg-Kohn theorem for a ground state system, as developed by
Levy [180, 181]] and discussed in Appendix

Theorem 2.1 (Hohenberg-Kohn) A system with number density n(r) such that n(r) > 0,

[[[dr n(r) = N, and [[[d®r |V\/n(r)||> < oo, will have energy

E = F[n] +///d3r n(r) Ve (1) .1)

where Vo (r) is the potential energy per electron in the external fields and F[n] is a unique

Sfunctional of the electron density.

We may write the functional F'[n| in terms of the kinetic energy operator T and electron-

electron interaction potential operator V. as

Fln] = min / / / Fr U(r)(F + V) U (x) = Tln] + Vie[n, 2.2)

U—n

where the minimization is performed over all wave functions ¥ which yield density n.
The aim of DFT is to find an approximation to the unknown functionals 7'[n| and V,.[n].
We will begin by finding an expression for the ground state energy F, using the Hartree-Fock

approximation.

Hartree-Fock Approximation

We begin by writing the Schrodinger equation for the ground state energy of a system of NV

electrons as
j—\cqj(rlasb s ,I'N,SN) = E\Ij<r17517 s ,I'N,SN) (23)

where H is the Hamiltonian operator defined in terms of an external potential Vg (r;) as

~ 1 1
H=> —=Vi+Veulrs) + > 17—, (2.4)
—~ 2 = v =]
and ¥(ry, s1,...,Ty, sy), or more compactly ¥ (r", sV), is the N-electron wave function, where

r; is the position and s; is the spin of the sth electron.
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By specifying that the wavefunctions are normalized, so that Z / / / e / / / AN U =
sV

1, we obtain the integral equation for the ground state energy

E = EN:/// : -///d3rN U (e, sMYHW (N, sV). (2.5)

We now apply the Hartree-Fock approximation to the wave function ¥(r, sV), to obtain
Uyp. This is done by assuming the wave function may be written as a Slater determinant, as
discussed by Parr and Yang pp. 7-10 [127]. Thus Wyp is an antisymmetrized product of the
N orthonormal single electron wave functions v;(r, s) which are separable into the spatial wave

functions ¢;(r) and the spin functions o;(s), so that

¢1(ri)or(s1)  da(ri)oa(si) -+ on(ri)on(si)
S 1| Olra)on(sz)  @a(ra)oa(se) - dn(ra)on(se) 2.6)
NI : : :
¢1(rn)oi(sn) da(rn)oa(sy) -+ én(rn)on(sy)
1
= \/ﬁ det[%l/}z e 7vDN] (27)

We now substitute Eqn. (2.7) for Uyy into the integral equation for the Hartree-Fock ground

state energy to obtain

Eﬂpzzjvj///m///d?’rwa(r, M) H Wy, sV) (2.8)

=T+ Vet + K (2.9)

DY [[[e s [-bors vext<r>] il )

Y ///d ///dw ||r>1f*g|,| S, )

%, 8,8

Lo fffer D,

1, 8,8
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If we now define the spin density matrix v(r, s;1’, ') as

v(r, s;1, ') Z¢ (x', s ) (x, ), 2.11)
v(r,s) = ’y(r, ST, 5), (2.12)

. o
we obtain in terms of y(r, s; 1/, §')

Eur[y ———Z///(Pr Viy(r, Srsr/r"‘Z///dSl‘Vext r, s)
Il
e fffec

We now introduce the spinless density matrix, p(r,r’), which satisfies

= Z’}/(I'I,S;I', 8)7 (214)
p(r,r) = n(r), (2.15)

where n(r) is the electron number density. We thus obtain

e s, fovvomer [ [
Ty et

If we now assume there is an even number of electrons so each atomic orbital is doubly

occupied, we have a nondegenerate closed-shell ground state, and we obtain

Eurlp ———///d3rv2prr L /// Vo (r
Sl e - -///f’ ///f" Al
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where

N/2

p(r',x) = 2) ¢ (r)ilr), (2.18)
=1

with ¢; being the doubly occupied spatial wave functions.

We must now write the Thomas-Fermi kinetic energy, T'rr[p], and the Hartree-Fock exchange
energy, K|[pl, given from Eqn. (2.17) as

Trrlp] = ——///dsr V2p (r,r")
3 3 Hp r,r’) ||2
I = 220

in terms of the electron number density n.

(2.19)

r'=r

Density Functional Theory on a Cylinder

We begin by considering a uniform electron gas confined to a cylinder of radius R, with coor-
dinates on the 2D cylindrical surface of rp = {r = R; ¢, z}. Thus our wave functions will be
approximated by the single electron solution to the Schrodinger equation for an infinite poten-
tial well of length L confining the electron to the cylinder. L represents the periodicity of the
cylindrical lattice along its length. The wavefunction solution is then

ei&p eikz
VorRL’

2f’rnz; ne,n, € {0,£1,...}. The energy is then given by the Schrodinger

V(s p, 2) = (2.21)

where { = n,, k =

equation as

T
Ei(k) = 5 ( =tk ) (2.22)

We consider the system to have all electron levels doubly occupied up to the Fermi energy,

Er. Thus we may introduce the maximum occupied ¢ value for a given Fermi energy, Fr, as

(r = R\/2EF. (2.23)
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The maximum occupied reciprocal wave vector £ for a given Fermi energy, £/r may then be

written as a function of ¢ as

gQ
k(€)= \[2Ep — 5. (2.24)

We may now write the density matrix p(rg, r’z) in terms of the wave functions ¢(k; ¢, z) as

L¢F] zﬂAapezkAz
p(TpTR) = Y / —5apdk (2.25)
l=—|LFp|

where Ap = ¢ — ¢/, Az = 2z — 2/, |{p]| is the largest integer less than ¢z, and we have
approximated the summation over occupied wave functions by an integration over wave vectors.

Evaluating p(rg, r’;), we obtain

|4r) ikp(0)Az —ikp(£)Az
1 A et —e
’N WA
p(rrv) = — %Je %( N ) (2.26)

=—tr

1 Lff lmvsm(kF(E)Az) 2.27)

= 2— - . .

s ZZ—MFJ AZ

The density n(rg) = p(rg, rr) is calculated in Appendix from Eqn. (2.25) to be

(%
2T R2

n = +O (e 3/ 2) A Nptanes (2.28)

where npane 15 the planar density with relative error 7, . ~ 0.3026;3/ ? as discussed in Appendix

lane
Thus we are justified in using the planar densityr,) Nplane, SO long as {r > 0.45. For a typical
nanotube of radius R = 7 A ~ 13.23, the Fermi energy Er = v4/2 = MatomicZc ~ 9.15Z¢ eV,
where v is the Fermi velocity, naiomic =~ 0.107 is the equilibrium atomic density on a nanotube,
and Z¢ is the number of conduction electrons per carbon atom [56]. Considering there to be one
conduction electron per atom, this calculation of the Fermi energy gives good agreement with
the density functional theory calculation of Mintmire ef al. of Er ~ 9.6 eV [128]. We then find

from Eqn. (2.23)) that £z ~ 11 > 0.45 so that n(rg) can be approximated by nplane.
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Thomas-Fermi Kinetic Energy

We may now use Eqn. (2.27)) to calculate the Thomas-Fermi kinetic energy term. The Thomas-

Fermi kinetic energy term, T'rr[p], can be written as

1
Trelp) = —5//d2rR Vi p(tr, TR)|, et (2.29)

The diagonal elements of the Laplacian of the density matrix, —V? p(rg, rR)|er =y, are
calculated in Appendix[A.4]to be

, I )
— Vi PR, )| ey = ——V 1) + —55 + Oy 8/2) (2.30)
~ _ZVERH(I’R) + T ptane(Too) (2.31)

where ro, = lim {r = R; p, z} are planar coordinates, and 7jane (o) is the planar density, with

relative error £, '° ~ 0.3303(, 32,

plane ™

Thus we may use the planar density relation so long as £z > 0.478. For a typical nanotube
of radius R = 7 A ~ 13.23 and Fermi energy Fy ~ 9.6 eV [128], we find from Eqn. that
lp ~ 11> 0.478.

Assuming the density is well behaved so that [[d°rp V2 n(rz) = 0, the Thomas-Fermi
kinetic energy on a cylinder is then

TTF //d rp n I'R (232)

Exchange Energy Correction

The exchange energy correction K [p], from Eqn. (2.20), is given by

dr / d(Az) / d(A PR ) , 233
// f )F V2R2(1 — cos Ap) + Az? (2:3)

for an electron gas confined to a 2D cylinder.

Here we will show how this correction may be calculated for the case of electrons confined
to a plane, since n & npjane. The planar density matrix p(re, Ar), discussed in Appendix
is given by

2 ane
p(ra, Ar) = Y- plane mpl Ty (V27 e AT) | (2.34)
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where .J; (2) is the first order Bessel function of the first kind. We obtain after dropping subscripts
and substituting Eqn. (2.34) into Eqn. (2.20),

K[n] = i / /d%oo /d(Ar) /d(Ae 2”;‘;; JE (V2mn(r)ar) (2.35)

as used by Zaremba [182]] and discussed in Appendix

Although in theory the inclusion of the exchange energy correction should provide some im-
provement over a Thomas-Fermi model, it has often been found that a simple Thomas-Fermi
model often gives better qualitative agreement with experiment than more complicated models.
This is because the exchange energy correction lowers the ground state energy, while more com-
plicated electron correlation terms raise the ground state energy, providing a partial cancellation
of these contributions. Also, for our calculations of the plasmon energies for CNTs, we found
better agreement with the experimental results of Pichler ez al. [16], shown in Fig. [1.2(b), was
obtained by neglecting the exchange energy correction. For these reasons, we neglect the ex-
change term in our 2D hydrodynamic formulation, restricting ourselves to the Thomas-Fermi

model.

Gradient Corrections

To provide a better approximation of the kinetic energy functional T[n], von Weizsécker intro-
duced in his 1935 paper [183] a gradient correction term, Ty [n|. This was obtained by consid-

ikr where a is a constant vector and k is

ering modified plane waves of the form (1 + a - r)e
the local wave vector, as discussed by Parr and Yang pp. 127-128 [127]. This gives the von

Weizsicker correction to the Thomas-Fermi kinetic energy

2
//d2 |V” rR I (2.37)

The von Weizsicker term may also be derived dlrectly from the kinetic energy functional as
done in Appendix [184]. The kinetic energy functional for the Thomas-Fermi model with
the von Weizsicker correction, Trpyw|n] is then
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where Ay is a parameter. In the original work by von Weizsicker, Ay = 1, and this is the
value we use in our model. However using a gradient-expansion approach as described by Parr
and Yang pp. 128-132 [127]], one obtains A\yy = 1/9in 3D, Ay = 0 in 2D and Ay = —1/3 in
1-D as discussed by Holas ef al. [185]. Empirical values for Ay, have also been used, including
Aw = 1/5 by Yonei and Tomishima [186], A\yy = 0.186 by Lieb [187]], and Ay = 1.4/9 by
Brack [[188]].

However, Kryachko and Ludefia [184] suggest that the von Weizsédcker term represents the
“local” contribution to the kinetic energy, so that Ay = 1. Acharya et al. [189] found experimen-
tally that the contribution from the Thomas-Fermi term should instead be scaled as 1 — C'/N'/3,
where C' = 1.332 £ 0.053 for ions, C' = 1.412 4 0.033 for neutral atoms, and /N is the number
of electrons in the fluid. The neutral atom relation has also been derived by Gdzquez and Robles
[190], and is discussed briefly by Parr and Yang pp. 138-139 [127] and Acharya [[191]. For
our purposes, N — oo, suggesting that the Thomas-Fermi term need not be scaled for the 2D
hydrodynamic model.

The von Weizsicker correction is important in that it invalidates the Teller non-binding the-
orem [192]. This theorem states that in Thomas-Fermi theory, there are no stable molecular
systems, since binding cannot occur. This is remedied by the addition of the von Weizsicker
correction, which allows molecular binding to occur.

Thus the energy functional we obtain for the ground state energy of an electron gas confined

to a 2D cylinder is

_ 2 T 9 1 ||V” rR ||2 )
_//d rr (En (rg) + = g //d r'’p HI'R _I'RH > (2.39)

from DFT.

2.2 Hamiltonian Dynamics

The key assumption made by Ying [[178]], as described by Deb and Ghosh [193]], is the equation
for the density functional F'[n], Eqn. (2.39), continues to hold when the density becomes time
dependent. This prescription has been justified by Runge and Gross [194]], for certain general
types of densities, so that we may now let the electron density be time-dependent n(rg, t).
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Following the method described by Lundqvist [175]], we consider our electron gas to be a
classical charged fluid with internal energy given by the energy functional from DFT. We may
now write the Hamiltonian for our electron fluid as the following function of the electron density

n(rg,t), the velocity field v(rg, t). and the time dependent energy functional F'[n(rg,t)] as

Hn,v] = Fln(rat //erR—ner, JPn(en, ) //darxtrR»(rR,) (2.40)

Since our electron fluid is assumed to be confined to a 2D cylinder, the velocity field v(rg, ?)
must also be confined so that the radial component of the velocity field is identically zero.

Before applying the canonical equations to our Hamiltonian as described in Goldstein [[193]],
Broer [[196], and Lurie [197], we must first cast our Hamiltonian in terms of conjugate variables
which satisfy the Legendre transformation. To do this, we introduce a scalar ¢(rg,t) which is
conjugate to the electron density n(rg, t). This requires that we may express the velocity field as
a functional of the conjugate variable ¢, so that

[n ¢] rRa //d rr _HV rRa H n rRa //d rR ext er ) (rRa )(2 41)

Choosing n(rg, t) to be the generalized momenta gives the Legendre transformation for the

Lagrangian
L= //d2rR n(rR,t)% — Hin, ¢), (2.42)
so that n satisfies the generalized momenta definition
n(rg,t) = Z(I; 88:2; (2.43)

(134

where we use “0” to denote functional derivative, to denote partial derivative with respect to
time ¢, and . to denote the integrand of the Lagrangian L, also called the Lagrangian density,
as discussed by Lurie [197].

Using .77 to denote the integrand of the Hamiltonian H, also called the Hamiltonian density,

we may now write the canonical equation in functional derivative form for n as

on oH

5 = _% (2.44)
= —88‘;%[;} 5;—? = —n(rR,t)v(rR, t)ég—q[;b] (245)
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We now notice that by choosing ¢ such that it is the scalar potential of the transverse part of
the velocity field v, ie.

v[¢] = ~Vo(rp,t) + Vit (TR, 1) (2.46)

where v, (rg, t) is the rotational part of the velocity field, and substituting Eqn. (2.46)) for v into

the Hamiltonian given in Eqn. (2.41)), the canonical equation for n yields

0 =
8—7; — V- [n(rr, t)V(rR, )] (2.47)

the continuity equation. Here we have performed an integration by parts of the integrand as
described by Lurie [197]. Since the electron fluid is confined to the 2D cylinder, we note that
the radial components of both the velocity field v, and hence the rotational part of the velocity
field v, are identically zero from Eqn. (2.46). Further, since both Eqns. and
are evaluated on the 2D cylinder, the gradient operators in both these equations effectively act
tangentially to the 2D cylindrical surface.

The second canonical equation for ¢, as described in Goldstein [1935]] and Lurie [[197] gives

06 _OH _0x o OX
ot on on ovn
1 n(r'y, t) 1 ||§n||2 1V?n
- ||vH + Vet (rR, t) + 7n(rp,t //d e e

Substituting Eqn. (2:46) for V¢ into the canonical Eqn. (Z48) yields the momentum-balance
equation from Eguiluz [198] on the cylinder

v - o 1 V2 1||Vn]f?
n + (v-V)v = —7Vn(rp,t) — Vi (g, t) + V 3 2
-V /d PRl Mot (5 vrey) (2.49)
e vl ot o '
where we have used the identity
1. . .
EV(V-V) =(v-V)v+vx(Vxv). (2.50)
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By now setting the rotational part of the velocity field, v, (rg, t), equal to A (rp, t) where
A(rg,t) is the vector potential, as done by Eguiluz [198], we obtain the electric field E and
magnetic field B in Eqn. (2.49)), so that

dv

- 1 - -
% = —V‘/ext(I‘R,t> — <E + EV X B> - an(rR,t) +V

1V2n 1| Vnl|?
4 n 8 n?

(2.51)

In terms of the density functional F'[n] we have

dv -
=~ WWaalrnt) - ¥

~0F[n] 10A 1

2.3 Perturbative Expansions

The external potential V., is the potential energy per electron in fields external to the elec-
tron gas. As such, it is the sum of the confining potential —®,¢(r), arising from the positive
background, and the electric potential —®(r,t) external to the system. The time-independent
confining potential ®,(r) puts the system in equilibrium, while the time-dependent potential
Oy (1, t) perturbs the system away from equilibrium, so long as on the cylinder r = R, |Pexi| <
|®.¢|. This is indeed the case when @ (r, t) is the Coulomb potential of an external channelled
ion, for example.

We now introduce a “bookkeeping parameter” A, which we use to denote terms of the same
“order” as the perturbing potential ®.(r, t) external to the system. The external potential is then
Vext (v, 1) = =Py (r) — Ay (1, t), and we now assume that A||Pey (TR, t)]|oo K || Pas(rr) |0 at
r = R so that we may perform a regular perturbation theory expansion of the surface number
density and velocity field in terms of the time-dependent perturbing potential AP (rg,t), (or
effectively \), around the equilibrium number density per unit area ny(rg) and the equilibrium

velocity vy = 0, respectively. We thus obtain for the surface number density and velocity field

n(rR, t) = no(I'R) + )\nl(rR, t) + )\QHQ(I'R, t) —+ . s (253)
v(rg,t) = 0+ Avi(rg,t) + N2vy(rg,t) +---, (2.54)

respectively. Here we have assumed that in equilibrium the electron gas has no velocity. We
would need to have some equilibrium velocity, as done by Eguiluz [198]], or a constant external



CHAPTER 2. 2D HYDRODYNAMIC MODEL 25

magnetic field By, in order for there to be a linear order magnetic field contribution. We similarly

expand the density functional derivative as

-] g e

where we have used [WL”]} to denote the O(\Y) coefficient of the density functional derivative.

We will denote the O(\Y) coefficient of the electron charge density per unit volume by py(r, t),
which is related to the surface number density by py(r,t) = —ny(rg,t)0(r — R).

Equilibrium Equation

In the 2D hydrodynamic model, we employ the jellium approximation, so that the equilibrium
density n, is assumed to be constant along the length and around the nanotube. We further
consider the nanotube electrons to be confined to a thin cylindrical shell, so that the equilibrium
charge density per unit volume has the form po(r) = —nod(r — R), where R is the nanotube

radius and ny is a constant. The equilibrium surface density ng is then obtained from the O(1)

0=V ({M;—T[L”]L - @at) . (2.56)

Taking the gradient on the cylinder of the functional derivative of Eqn. (2.39) for the 2D density
functional F'[n|, we find from Poisson’s equation,

v [M ] // (2.57)
0 lrr = rRH

We now model the confining potential ®,; using the jellium approximation, so that the positive

equation

ionic background charge is confined to the same thin cylindrical shell and has atomic density
0, ~ 0.107 and Z¢ valence electrons per carbon atom. Poisson’s equation for the confining

potential then yields throughout the volume

V2@, (r) = —47Zco,0(r — (2.58)

V&.u(rg) = Zco,V / / (2.59)
||rR—rR||
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Substituting Eqns. (2.57) and (2.59) into the O(1) equation, we find that the equilibrium charge

density per unit volume is po(1) = —Zc0,0(r — R), where Z¢ is the number of valence electrons

per atom in the electron gas.

Linear Equations

We are interested in studying the electronic response to the perturbing potential, and the linear

order corrections to the number density n; and velocity v;. These are the solutions to the O(\)

equations
82711 = (SF[ ]
e . — @ 2.
o2 Vv { OV ({ on L ext):| ) (2.60)
8V1 = 5F[n]
1 ] — D | 2.61
ot v ({ on |, ' (261)
Taking the functional derivative of Eqn. (2.39) for the 2D density functional F'[n] to O()), we
find
5F[n]] 1V, // T (rg,t)
=7n; — - d*r (2.62)
[ on T A " Tra— vl

Letting ®(r, t) be the total electric potential, we find that

3/p1
D(r,t) = oy ///d - r’|| (2.63)

where p(r,t) = —ny(rg, t)0(r — R) is the linear order correction to the electron charge density

per unit volume. The O(\) equations then become

0*n 1

8t21 = —ngV?®(rp,t) + mnoVni(rp,t) — —V2V2n1(rR,t) (2.64)

oy = - 1VV?n, (1, t)

W = qu(I'R,t) — 7TVTL1(I'R, ) + Z?’L—O (265)
V2®(r,t) = —47pexe(r, t) — d7pi (1, 1), (2.66)

where pey; 1 the charge density external to the electron gas.
We now introduce into the momen-tum-balance equation (2.49) a frictional force —yvy, to
model scattering on the positive-charge background. Empirical values for the friction coefficient
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- are often quite significant, but for carbon nanotubes values for the friction coefficient are not
readily available. For this reason we let the friction coefficient ¥ — 0 numerically in order to
facilitate the numerical integrations used to solve for n;(rg).

The coefficient of the Thomas-Fermi term o« = 7ng = v%/2 is the square of the speed
of propagation of density disturbances in the fluid, while we define the coefficient of the von
Weizsicker term as 3 = 1/4. The O()\) equations then simplify to

9*n, O 2 2 272
o012 + 'YW = —nOV (I)(I'R,t) +aV nl(rR,t) - ﬂv \Y nl(rR,t), (267)
=72
- - t
MLy, = Vo(rp,t) — —Vni(ra,t) + gYVimre,t) (2.68)
ot ng No
V2®(r,t) = —47pexi (1, 1) — 47p (1, 1). (2.69)

Non-linear Equations

The generalized Nth order corrections to the number density ny and velocity v for N > 2 are

the solutions to the O(A\") equations

0’n on - -~ [6F[n = - o
6t2N + Y ﬁtN =V- (nov |: 57E ]:|N + (Vg . V)VN_g - @TZKVN_( s (270)
/=1 (=1
0 _ [§F = .
EAL +yvy = =V i — (ve- V)Vn_y. (2.71)
ot omn |y —

We have thus written the number density and velocity field to arbitrary order in terms of
the external potential Vo, = —®P, — APy and the density functional F'[n]. In the following
chapter, we will solve the O()\) equations for the linear order correction to the number density
ny induced by an external potential, for a multiwalled carbon nanotube with dielectric media
inside and outside.






Chapter 3
Electronic Response of Nanotubes

In Chapter 2] we obtained Eqns. and (2.69) for the induced charge density per unit volume
p1(r,t) of an electron fluid confined to a 2D cylindrical shell. From the induced density, we
may calculate all quantities relevant to the electron fluid’s electronic response. These include the
induced electric potential ®;,4(r, ) due to an external charge perturbation pey(r, t), the stopping
force on the external charge, and the image potential (or self-energy) of the external charge. To
solve Eqns. and (2.69) for the induced density, we use the Fourier-Bessel transform.

3.1 Fourier-Bessel Transform

The solution to Poisson’s equation, Eqn. (2.69)), for the total electric potential ®(r,t), may be
written in terms of the charge density pey(r,t) external to the electron gas, the electron charge

density per unit volume p(r,t) induced on the electron gas, and the Coulomb potential m,

bir0) = [[ [ DD, G.1)

[r — ']

as

Since we are concerned only with the linear response of the electron density on a “thin” cylin-
drical shell of radius R;, we introduce the induced electron number density per unit area on the
jth cylindrical shell, n;(¢, z,t). We may express the electron charge density per unit volume

induced on the electron gas, p;(r, t), in terms of the electron density per unit area induced on the

29
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gth cylindrical shell, n;(¢p, 2, ), as
pl(r,t) = —(5(7” - Rj)nj(w,z,t). (32)

Using the method of Green’s functions discussed by Jackson pp. 125-127 [199] and shown
in detail in Appendix B} we find that the Coulomb potential may be written as a Fourier-Bessel

transform,

im(@—«p’)eik(z—zl)g(r’ r'im, k) (3.3)

1 > © dk
r—rf 2 /oo (2m)2°

m=—0oQ

where g(r, r’; m, k) is the radial Green’s function defined by
g(r,r'sm k) = Arn L, ([klr ) K (|k|rs), (3.4)

with 7~ = max(r,7’) and 7~ = min(r,r’). We define the Fourier-Bessel (FB) transform
Z(r; m, k,w) of an arbitrary function A(r, ¢, z,t), by

> [ dkdw G~
A(r, gp’Z?t) = Z / / ﬁezmgﬂJrlkzth(T;m,k?w). (35)

With these facts as motivation, we now take the FB transform of Eqn. (2.67) on the nanotube
surface r = I?;, and obtain the constitutive algebraic equation

2\ 2 2\ 2
W, + iywn; = —n <k2 + %) P+ a <k2 + %) n;+ 3 (k:2 + %) n; (3.6)
Rj Rj Rj
0
J
and n?- is the equilibrium electron number density per unit area of the jth fluid. Taking the FB
transform of Eqn. (3.1)), we obtain for )

for the FB transform of the induced electron density 72; and the total potential ®, where a; =N

O(r;m, k,w) = / g(r, s my k) [ pexe (s my kyw) — 0(r' — Ry)Ring(m, k,w)]dr’. (3.7)
0

However, before Eqn. may be solved for the induced electron density n; on a cylinder of
radius I?;, we must first solve for the FB transform of the charge density external to the electron
£as pPoxt. This includes any perturbing charge density, the charge density induced by polarization
of any dielectric media, and the charge density induced on other electron fluids in the system.
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Oout

Figure 3.1: A MWNT with radii R; and dielectric functions inside r;, of €;,(w), in the nanotube
region between 7y, and 7, of €y (w), and outside 74, Of €y (w). The polarization charges on

the inner and outer dielectric boundaries are denoted by oy, and o, respectively.

3.2 Incorporation of Dielectric Media

As shown in Fig. 3.1, our MWNT model consists of N cylindrical shells of radii 12; embedded
in a medium with dielectric function €, (w) encompassing the region ry, < r < rqy. The inner
region has dielectric function €;,(w) for r < ry,, while the outer region has dielectric function
€out(w) for r > 7y, Consequently, our system has two dielectric boundaries at 7y, and r,; with
surface polarization charge densities oy, and o,,, respectively. We first consider the situation at
the inner boundary.
Considering the case of no free charges on either boundary, and integrating Gauss’ Law for
the electric field, V - E = 47 p, the total electric potential ®(r, w) satisfies
0P 0P
aor| . or

in

= —4noi,, (3.8)

r Tin

where p = 0y, (¢, z,w)d(r — 13,) is the total charge density on the inner boundary. Similarly, we
may integrate Gauss’ Law for the electric displacement field, VD= dmtpr, where D = €(r,w)E
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and py = 0 is the total free charge density on the inner boundary, to obtain

0P

€nt(W) —

or

oD
— €n(w) = 0. (3.9

Tin

rt

in

The total electric potential is the work done to move a test charge at infinity to a position r. For
this reason, we require that the total electric potential be continuous across the inner boundary,

(I)(ri;’@’sz) = @(T;,gp,z,w). (3.10)

Following the method of Doerr and Yu [[150], we now decompose the total electric potential
into the sum of the screened external perturbing potential ®. (as defined in Sect. {.3)), the in-
duced potential from the nanotube @, the potential due to the polarization charge on the inner

boundary ®;,,, and the potential due to the polarization charge on the outer boundary @, so that
¢ = CI)sv:—i_(I)nt—i_(I)in—i_CI)out- (311)

Since each potential is uniquely defined only in a region for which it is a solution to Poisson’s
Equation, we choose each component of the total potential to be continuous across the bound-
aries, so that the continuity condition (3.10) is satisfied by construction. Further, defining ®;,, to

satisfy (3.8)

a(I)in a(I)in
- = —Anoy,, 3.12
8T T:Jr 87" r. " ( )
and Poisson’s Equation V2®;, = —470oi, (¢, 2, w)d(r — ry,), we may write the potential due to

the polarization charge on the inner boundary as

i (r, w) :/dr’/dgp'/ p Tin(¢', 2, w)O(r" — rin). (3.13)

[r — ']

This choice of ®;, ensures that the total electric potential satisfies Eqn. (3.8). By applying Eqn.
(3.9), we may now find an expression for o;, (and hence ®;,), in terms of the remaining po-
tentials. Working with the Fourier-Bessel (FB) transform of the Green’s function in cylindrical
coordinates given in Eqn. (3.3)), the FB transform of ®;,(r,w) is

q)in - 7ﬁing<r7 7ﬁin; m7 k)afin(my k7 Cd), (3 14)
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where oy, is the FB transform of the polarization charge on the inner boundary.
Substituting (3.14) via (3.11)) into (3.9) we obtain for the FB transform of the polarization

charge

9
or

Oin = :Rin

[cisc F O+ E%ut] , (3.15)

Tin

where

€nt — €in
Riy 3.16
Tl = (en — ey (D Kool (5.16)

is defined to be the response function of the polarization charge due to the external electric field

in the radial direction on the inner boundary, and ki, = kry,.
Applying an analogous procedure on the outer boundary yields for the FB transform of the

polarization charge on that boundary

_ o~ o~ -
Oout — jzouta [(I)sc + (I)nt + (I)in 5 (317)

where

€out — €nt
Rout = ) (3.18)
’ 477-[6nt + (Gnt - 6out)/iout[m<|"<vout|>}’(7/n(""iout|)]

and Koyt = kT out.

Let us denote the induced electron number density per unit area on the jth cylindrical shell of
radius R; of a MWNT by n;(¢, z,w), so that the electric potential due to the nanotube satisfies
Poisson’s Equation V2@, = 47 )~ n;j(p, z,w)d(r—R;). Integrating Gauss’ Law for the electric
displacement field, V - D = 4mpy, at R; yields the boundary condition

09, 0P,
€nt (W) 8Tt " — €nt(w) 8Tt . = 4mn,;. (3.19)
The FB transform of ®,(r, w) may now be written as
~ 1
Dy = — Rig(r, Rj;m, k)n;(m, k,w), 3.20
= ) 2 B B b ) (3:20)

where 7; is the FB transform of the induced electron number density n,.
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~ . a(I)sc
Solving the coupled equations (3.15) and (3.17) in terms of 72; using (3.20) and 5 we
r
obtain

~ ~ ﬁg ~ ~ ﬁé
_ ¥SC __ ~sc
Oin = 05y — — and Oouy = Ogyy — e
¢ in ¢ Eout

(3.21)

where o3¢ and 3¢

5¢. are the polarization charges due to the external charge on the inner and outer

boundaries respectively and ! and &’

out

behave as dielectric constants for the polarization charge
on the inner and outer boundaries respectively due to the induced charge on the /th cylinder 7.
We express the polarization charges due to the external charge as
~sc _ :Rin% Tin + :Rinjzoutroutg/ (Tim Tout)% Tout (3 22)
T T ot/ i Fou) T o, i) Rin R, |
Toutd \T'in, Tout )Ting \Tout s T'in inYYout
:R Ose |7‘0ut + RinfRoutTing/(routa /rin) 90sc

~sc out gy Or ITin
. (3.23)
o 1 - Toutgl(rina rout)ring/(routa Tin>min9{out ’

where ¢'(r1, r) is the derivative of the radial Green’s function g(r1, r9; m, k) with respect to the

first argument 7, and where we have dropped the labels m and k. We define €/, and €’ as

gign = f?t [R;llj%gult - Toutgl (Tina rout)ring/(routa rin)] : (324)
:RoutRE.gl(rina RZ) + Toutg/(rina Tout)Rég/ (Touta R@)
Vi — €nt [:Rl:ql :Rgult - routg,(rina rout)ringl<rout7 Tin)]

out = p_ . (3.25)
! RianZg/(Touta RZ) + Ting,(rout; Tin)RZg,<rina RE)

3.3 Nanotube’s Induced Electron Density

Following the procedure of solution described by Doerr and Yu [150], so that & = &y, + Py +
Dy, + Poyy from Eqn. (3.11), we may now write the FB transform of the total electric potential
in terms of the induced electron density on the /th fluid as

~ ~ R - ~sc Tin ~
P(Rj) = Py — Z e_fg(Rj; Re)ng + ring(Rj, 7in )0 — Z 579(Rj’ Tin) Tl
l n ¢ nt

+routg( R, Tout) Ty, — E _;z tg(Rj, Tout )T (3.26)
¢ nt
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We obtain by substituting Eqn. (3.26) into the constitutive equation for the jth cylinder, Eqn.
(3.6), a system of N coupled equations

- RZ Tin Tout ~
Z {5]'4)(]- L E—ntg(Rj, Ry) + ?Q(Rj, Tin) + €Z_Q<Rja Tout) | T

¢ in out
= (ESC(Rj) + ring(Rjy 7Hn)afisg + routg(Rja rout)aics)flm (327)
where ; is the response function of the induced number density of the jth fluid to the total

electric potential, n; = XjCTD, defined by

B n?(k2 +m2/R§)
Xi = a;(k? + mQ/RJZ-) + B(k? + mQ/RJQ.)2 —w? —iyw’

(3.28)

where we take the limit v — 01. We will also find it useful to write Eqn. (3.27)) as a matrix
equation of the form

Mn = &, (3.29)
where
-1 RZ Tin Tout
Mje = x5 dje + G—Q(Rj, Ry) + ng(ijrin) + ——9(Rj, Tout), (3.30)
nt in out
&)j = E)SC(RJ') + Ting (R, Tin) 0y + Tout g (R, Tout ) Tt (3.3D

Finally, once the external perturbing potential is defined, combining Eqn. (3.27) with the
definitions (3.22) and (3.23)) of 3¢ and ¢, respectively, gives a “material” equation to be solved

for the induced electron densities 72; in terms of the screened external potential. Using Eqns.
(3.20) and (3.21)), along with Eqn. (3.14)) and its counterpart on the outer boundary, we may then
find the total induced potential throughout the system.







Chapter 4
Ion Channelling through Nanotubes

In the following chapter, we apply the 2D hydrodynamic model for the electronic response of
CNTs, developed in Chapters [2] and [3] to ion channelling through CNTs. In other words, we
will be modelling an ion beam incident on the CNT in a direction approximately parallel to the
nanotube axis.

Although not yet realized experimentally, several studies have already been made of ion chan-
nelling through CNTs, bundles, and ropes [7, 18, 187, 88, 89, 200, 201} 202} 203]], predicting its
feasibility and advantages when compared with traditional single crystal channelling methods.
Because atoms in a single crystal typically are densely packed, ions channelled through the crys-
tal will eventually undergo Rutherford scattering or energy losses which force the ion out of the
channel. This is often called the dechannelling process. However, CNTs have much wider chan-
nels (~ 14 A), when compared with crystal lattices. This should mean a weaker dechannelling
process, and hence longer channelling distances will be observed in CNTs when compared with
single crystal channels. This also means that CNTs should have a wider acceptance angle (~ 1
rad), and require lower minimum ion energies (< 100 eV). Finally, the ability of CNTs to bend
should allow for full 3D control of the incoming ion beam’s deflection, something which is not
possible with the planar channelling of bent single crystals.

The potential applications of ion channelling through CNTs include the creation and transport
of highly focused nanoscale ion beams and their use for ion implantation and manufacturing
of electronics at the nanoscale, targeted drug delivery and radiation therapy in medicine at the

cellular level, manipulation of low-energy ions in plasma deposition technologies, control of

37
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Figure 4.1: Schematic of ion channelling through an (11,9) nanotube.

molecular transport in biological research, and the extraction, steering and collimation of ion
beams from high-energy particle accelerators [204].

To model ions being channelled through a CNT, shown schematically in Fig. 4.1 we consider
the screened external potential in Eqn. (3.27) to be due to an ion of charge () moving parallel to
the nanotube axis with speed v at position ro = {ro, o, vt}, having intermediate energy of ~ 1

MeV. This yields a FB transform of the screened external potential of

~ 27
Oy (r;m, k,w) = @)

However, before calculating the electronic response of CNTs to channelled ions, we calculate

Qq(r,ro;m, k)6(w — kv)e ™0, 4.1)

the intrinsic properties of a nanotube-dielectric system given via plasmon hybridization.

4.1 Plasmon Dispersion

A plasmon is the quantum or quasi-particle of collective oscillation of an electron fluid’s charge
density. The plasmon energies of a system may be calculated via a dispersion relation between
the frequency w, or plasma frequency, and the angular and longitudinal wave numbers m and &
respectively. This dispersion relation yields the plasma frequencies w, or plasmon energies fuw,
at which “peaks” occur in the induced charge density in Eqn. (3.27), or simply the normalized
intensity as shown in Fig.[I.2] The dispersion relation is obtained by letting v = 0 and setting
the denominator of M '@ from Eqn. (3.29) equal to zero, giving

det | M|[R R L — 7oud (Tins Tout)Ting (Tout, Tin)] = 0 (4.2)

out
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where from Eqns. (3.16) and (3.18)

_ 4
Rinl - B B [Ent - (Ent - 6in|l’€in|]7/n(|l{in|)Km(|K“0ut|)] ) (43)
nt — Cin
—1 47T /
:Rout - ﬁ [ent + (ent - 60ut|’£out|Im(|/{0ut|)Km(|/{out|)] ) (44)
out = Cnt

with ki, = ki, and Kot = K7 out

SWNTs with Dielectrics

We now restrict consideration to a SWNT. Using the two-fluid hydrodynamic model [64, 65,
70, 166, 167, 168]] we consider the CNT to consist of m and o fluids superimposed on the cylinder
r = R (we take R = 7 A throughout) with equilibrium densities per unit area n? ~ 0.107
and n® =~ 0.321 respectively. Bose and Longe [56] have shown that such classical models
give results in agreement with RPA models when 1 < krR, where kp = /27mng is the Fermi
momentum. For the CNT system we shall consider, we find kR ~ 22, which justifies our use
of the hydrodynamic model. Equation then simplifies to

ﬁ EISSC(R) + Ting<R, rin)&isg + Toutf](R? rout)gcs)%t
1= o - s
X'+ Eg(RR) + 2g(Rorin) + 22 g(R, rou)

Eout

4.5)

where x = X+ X. is the two-fluid response function and 77 = 7., +n,, is the sum of the induced
electron densities of each fluid.
We may obtain from (.5) a plasmon dispersion relation for w in terms of the plasmon ener-

gies ., and €, for a Drude metal wire and channel respectively, with e = 1 — «3/.2, [44]]

02 = 2wl (1510 Ko (1l 0) (46
02 = —2[1] Qoue L (6] 0out) K 1 (] 0ot 7

and the plasmon energies w and w_ for the o+ 7 and 7 branches respectively of a CNT obtained
from the two-fluid model, [68]]

2 2 2 _ 2\ 2
W= (“ﬂ;%) + \/(w” > ”") A2, (4.8)
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where

1 k% +m?
T e+ T @9)

w2, =2 (K +m?)

are respectively the plasmon energies of the non-interacting 7 and o fluids, whereas
A = Q.Q,(k* + m*) L, (|6]) K (k) (4.10)

gives the electrostatic interaction between those fluids, with ;. , = | /47n /R, and x = kR.
The dispersion relations for a CNT encapsulating a metallic wire or encapsulated by a metal-

lic channel are then

(W? = )20 (K2 + m®) L (| Kl oin) K2, (|6]) / K (6] 0in) = (w? = Q) (w® — w})(w? — w?)
4.11)

and

(w? = D) (* + M) I (|K) Ko (|£] 0out) /(| £l 0ue) = (w? = Q) (w? = wi)(w? — w2),
(4.12)

respectively, where

QZ _ Q?TQZ‘

p
= Shoz (k? +m?) + —(k* + m?)? (4.13)

R4
and Q2 = Q2 + Q2 = dmng/ R with ng = n) +nj ~ 0.428 being the equilibrium number density
per unit area of carbon valence electrons in graphene.

Figure 4.2|is an energy-level diagram of plasmon hybridization in a composite nanotube and
metal wire/channel system, explained in three stages. First, plasmon hybridization occurs in the
nanotube between the o and 7 electron fluids, with frequencies w, and w, respectively from
#.8), yielding the 0 + 7 and 7 plasmons, with frequencies w, and w_ respectively from (4.9),
as shown in Fig. 4.3((a) [68]. Second, plasmon hybridization occurs between the o + 7 nan-
otube plasmon and the metal wire/channel plasmon branches with frequencies 2y, /. from (4.6)
and respectively as shown in Fig. [#.3[b), yielding antisymmetrically coupled (antibonding)
and symmetrically coupled (bonding) metal-(o0 + 7) plasmons with frequencies wf,, and wp)
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Figure 4.2: Energy-level diagram describing plasmon hybridization in a CNT (left) between
(1) the o and 7 electron fluids yielding the o + 7 and 7 plasmons and in a nanotube and metal
wire/channel (right) between (2) the o+ nanotube plasmon and the metal wire/channel plasmon
branches, yielding antisymmetrically coupled (antibonding) and symmetrically coupled (bond-
ing) metal-(o +7) plasmons and (3) the symmetrically coupled (bonding) metal-(o +7) plasmon
and the 7 nanotube plasmon, yielding antisymmetrically coupled (antibonding) and symmetri-
cally coupled (bonding) 7-metal-(c + ) plasmons [39,[147].

respectively. Third, plasmon hybridization occurs between the symmetrically coupled (bonding)
metal-(o + m) plasmon and the 7 nanotube plasmon, yielding antisymmetrically coupled (anti-
bonding) and symmetrically coupled (bonding) 7m-metal-(o + ) plasmons, with frequencies wf,
and wy, . respectively.

The plasmon hybridization between the 7 and symmetrically coupled metal-(c + ) plas-
mons is a much weaker coupling than those between the nanotube fluids or the o + 7 and metal
plasmons, due to the large energy separation between the 7 plasmon and the higher energy o + 7
and metal plasmons. The antisymmetrically and symmetrically coupled metal-(¢c + 7) plasmon
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Figure 4.3: The plasmon energy w in eV versus longitudinal wave number &k in A~!, of (a) a
CNT from our model [68] with experimental points (e) from Pichler et al. [16, 43] (see Fig.
1.2) of radius R = 7 A showing the kinematic resonance condition w = kv, (b) an aluminum
wire of radius r;, = 7 A and channel of radius 7., = 7 A [154]], a CNT of radius R = 7 A
encapsulating an aluminum wire of radius (c) ry, = 7 A and (d) r;, = 6 A, and a CNT of radius
R=7A encapsulated in an aluminum channel of radius (€) 7oyt = 7 A and (f) 7o = 8 A,
using wy, ~ 15.0 eV from Abril et al. [153] plotted versus & in A form=0(—),1(----),2
(---),3(¢ ), and 4 (—) [147].
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branches will thus have the same qualitative behaviour as the plasmon branches obtained from a
single-fluid model. Although in principle a coupling exists between the higher energy antisym-
metrically coupled metal-(c + 7) plasmon and the two lower energy antisymmetrically coupled
and symmetrically coupled 7-metal-(o + ) plasmons, this coupling is very weak due to the large
energy separation between these modes [39].

The plasmon energies from the two-fluid model [68] and experimental points [16, 43] for
a CNT are shown along with the kinematic resonance condition w = kv [62] in Fig. #.3]a),
while those for a metallic channel [44] 45] and a metallic wire [[154] are shown in Fig. 4.3(b).
The low energy interband plasmon energies measured by Pichler et al. are related to excitations
of localized electrons, arising from the van Hove singularities in the nanotube band structure
[16,43]. Since these band structure effects occur at such low energies, by applying the kinematic
resonance condition w = kv, we may argue that the band structure will contribute to the ion
stopping force and self energy only at low velocities. For ion channelling, we are primarily
interested in fast ion interactions, where the ions have velocities paraxial to the nanotube larger
than the Fermi velocity (v > vr = /2mny), so that band structure effects may be neglected. Note
that both the o 4 7 and 7 plasmon branches in the cylindrically symmetric m = 0 mode vanish
at k = 0, which disagrees with results obtained when band structure contributions are included.
However, when performing calculations for off-axis ion channelling, cylindrical symmetry is
broken and higher order m modes, which do not vanish at £ = 0, begin to dominate.

To improve our model of the combined system, we use both zero and 1 A as a separation
distance between the layers of the dielectric materials and the nanotube, as done by Ostling et al.
[S9]. Figures c) and d) show a CNT of radius R = 7 A encapsulating metallic wires of
radiiry, = 7Aandr, = 6 A respectively, while Figs. e) and f) show a CNT encapsulated
in metallic channels of radii 7oy = 7 A and 7oy = 8 A respectively.

Note the elevation of the high energy antisymmetrically coupled metal-(c 4+ 7) plasmon
branches wpy, in the combined systems shown in Figs. [@Kc—f), when compared with the o + 7
and metallic plasmon branches shown in Figs. {1.3(a) and [4.3(b) respectively. In particular, the
m = 0 mode of the antisymmetrically coupled metal-(c + 7) plasmon for a nanotube encap-
sulated in a metal channel, shown in Fig. e), has a plasma frequency of wfy, ~ w, +
% [Q2 —w?/2] [~ In(|k|/2) — %] for K = kR < 1, where 7, is Euler’s constant. How-
ever, as k increases, we find the antisymmetrically coupled metal-(o + 7) plasmon exhibits
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quasi-acoustic behaviour. ~ Conversely, in Figs. 4.3(c) and [.3(e) the antisymmetrically cou-
pled m-metal-(o 4 7) plasmon branches appear remarkably unchanged from the carbon nanotube
quasi-acoustic 7 branches w_ shown in Fig.[d.3(a). This is due to the large energy separation be-
tween the 7 branches w_ and the metal wire and channel branches €, and {2.. However, at long
wavelengths (K < 1), the antisymmetrically coupled m-metal-(c + 7) plasmon branches differ
substantially from the nanotube 7 branches. For ., = 1, = R, the m = 0 antisymmetrically
coupled 7-metal-(o 4 7) plasmon branch, shown in Figs. c) and e), has a quasi-acoustic
plasma frequency of wiy, ~ */Tgkv r for k < 1. As k increases, the plasma frequency approaches
the nanotube’s quasi-acoustic 7 plasma frequency, so that wf} | ~ w_ ~ \/Tgkv r [68]]. Physically,
at long wavelengths, the metal wire/channel will interact collectively with the entire electron
gas, so that even the weak coupling with the 7 fluid will have an effect on the low-energy plasma
frequencies.

We also find in Figs.[4.3(c) and@.3|(e) that the presence of a metal wire or channel suppresses
the symmetrically coupled m-metal-(o + 7) plasma frequency branches wj, , below the nanotube
7 branches w_ shown in Fig. .3(a). Physically, this is because the electrostatic interaction
between the o and 7 electron fluids is much weaker than the electrostatic interaction between
the nanotube electron fluids and the perfectly conducting metal boundary layers when r,, =
rin = R. Atlong wavelengths, the m = 0 mode of the symmetrically coupled 7-metal-(c + 7)
plasmon shows quasi-acoustic behaviour, with plasma frequency wp), ~ */Tikvp for k < 1.
As k increases, we find that the symmetrically coupled 7-metal-(o 4+ 7) plasmon exhibits 1-D
behaviour.

All m modes from the metallic channel system are higher than those from the metallic wire
system, with the separation decreasing with increasing m, as shown in Figs. d.3(c—e). This is as
expected from observing the metallic systems alone as shown in Fig.[#.3b). It is remarkable that
the nanotube 7 branches with frequencies w_ and the antisymmetrically coupled metal-(c + )
channel/wire branches with frequencies wy), are independent of the size of the gap between the
nanotube and the metal boundary, whereas the symmetrically coupled metal-(c + 7) branches
with frequencies w? are strongly affected by this gap. As the separation between the nanotube
and the dielectric boundary Ar, = |R — 7y, out| increases, the coupling between the nanotube
o + 7 plasmon branch and the metal wire/channel branches weakens. The symmetrically cou-
pled metal-(¢ + 7) plasmon branch moves from an energy below that of the 7 plasmon branch
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Figure 4.4: The plasmon energy w in eV of a CNT of radius R = 7 A plotted versus &k in A~
and the tube-boundary gap Ar, = |R — iy out| in A for m = 0. Each pair of branches arise from
an aluminum channel (upper) and wire (lower) respectively with w, ~ 15.0 eV from Abril et al.
(153, [147]

for Ar, = 0 to one crossing the 7 plasmon branch for Ar, ~ 1 A. The antisymmetrically and
symmetrically coupled m-metal-(o + 7) plasmons thus “bounce” between the plasma frequen-
cies wp, and w_, due to avoided crossings, illustrated in the inset of Fig. D, maintaining a
minimal separation of ~ 0.2 eV.

These avoided crossings induce a cutoff wave number k- for m = 0 in the symmetrically

coupled metal-(o+7) channel plasmon branch with frequency wj) ,, which occurs when w? w? =
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Q202213 (|K|) Ko(|£] out) /To(|K| 0out). For Ary, ~ 1 A, this cutoff is k¢ ~ 0.06 A=, below
which the symmetrically coupled m-metal-(c + 7) plasmon branch is completely imaginary.
Thus overdamping occurs at large wavelengths for nanotubes encapsulated in metal channels.
This is further illustrated in Fig. which shows how the plasmon dispersions for m = 0 of the
combined system change as the tube-boundary gap Ar, increases. We note that the upper two
antisymmetrically coupled metal-(o + ) branches for a wire/channel are only weakly dependent
on Ary, while the persistence of the nanotube’s two degenerate acoustic 7 branches gives rise
to a plane-like structure. Conversely, the two nearly degenerate symmetrically coupled metal-
(o + m) branches undergo a series of avoided crossings due to plasmon hybridization with the
7 branches, moving from underneath the corresponding 7 plane at Ar, = 0 to lying above that
plane at Ar, = 1 A for the range of wave numbers 0 < k < 1 A~

DWNTs and MWNTs in Vacuum

We will now consider the case of a DWNT in vacuum, which we model as two electron fluids,
each with equilibrium density n‘f,z ~ 0.428, confined to cylindrical shells of radii i, and R,
respectively. In this case, €, = €, = €4 = 1, so that the dispersion relation of Eqn. (4.2) yields
expressions for the DWNT plasmon branches analogous to the o + 7 and 7 branches of Eqn.
#.8). These are for each m

2 2 2, 2\2
wi:%;%i\/<wl “’2> + A2, (4.14)

where

1 N ki o +m?

Wy = Q52+ m) { (k) (ks @19)

are the squares of the plasma frequencies of the individual electron fluids on the cylinders,

whereas
A? = QO3 (kT + m?) (k5 +m?) 17 (k1) K, (|2)) (4.16)

describes the electrostatic interaction between the two fluids, with k1 = kR and k9 = kRs.
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Figure 4.5: The plasmon energy w in eV versus longitudinal wave number & in A~! for (a)
DWNT with radii ?; = 3.6 A and R, = 7 A and (b) N = 10 MWNT with radii R, = 3.6 +3.4n
Aform=0(—),1(—),2(---),3( ), and 4 (----) [145,148].

In Fig. a), we consider a DWNT with the inner and outer radii R; = 3.6 A, and Ry = 7 A,
respectively, with a separation d = R, — R; = 3.4 A, chosen to match the typical inter-wall dis-
tance in MWNTSs. The two groups of resonant plasmon dispersions from Eqn. (d.14), w, (m, k)
and w_(m, k), are shown in Fig.[4.5(a) versus the longitudinal wave number k for angular wave
numbers m = 0, 1, 2, 3, and 4. It is apparent in Fig. 4.5(a) that the splitting between the two
groups of plasmon frequencies in Eqn. (4.14) is rather substantial owing to the strong electro-
static interaction between the two charged fluids. While the upper group of plasmon dispersions
exhibits a characteristic dimensional cross-over from a 2D to a one-dimensional electron system
[96, 58], the lower group of plasmon frequencies exhibits weaker dispersions with less spread-
ing among the various m-modes. In particular, the m = 0 mode in the lower-energy plasmon
group exhibits a quasi-linear dispersion in the limit of long wavelengths, which may be derived

. ) 2R R R . : .
analytically in the form w_ =~ \/ i e (—1) kvp ~ 4k. This quasi-acoustic plasmon

Ry + Ry Ry
mode seems to be a common occurrence when a splitting of plasmon frequencies happens due to

the electrostatic interaction, e.g., in the electron-hole plasma of a CNT [2035], or in the coupling
between two parallel nanotubes [61]].

To illustrate the effects of multiple walls on plasmon dispersion, we choose the example of
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an N = 10 walled CNT with radius of the nth wall given by R,, = 3.6 + 3.4n A, where we have
used an inner radius of R; ~ 3.6 A and separationd = R, — R, =~ 3.4 A, as was done for the
DWNT case.

Since we are considering the nanotube to be in vacuum, so that ¢, = €, = € = 1,
the dispersion relation given by Eqn. (4.2) yields 2N positive roots for w defining the plasmon
dispersions which are clearly separated into a high-frequency, w; ; (m, k), and a low-frequency,
wj—(m, k), group (where 1 < j < N) for each angular wave number m, as shown in Fig. b)
for N = 10 with m = 0 and 1. These groupings are reminiscent of the experimental plasmon
branches describing longitudinal oscillations of o + 7 and 7 electrons on CNTs shown in Fig.
[1.2][16]. Interestingly, the low-frequency 7 plasmons are much more tightly packed than the
high-frequency group. In particular, the m = 0 modes of the m plasmons are degenerate with
the quasi-acoustic SWNT 7 plasmon branch w_ ~ ‘/T§kvp at long wavelengths. This again
reinforces the stability of the 7 plasmon branch, even when significant hybridization occurs
between plasmons from the various nanotube walls.

Comparing Fig.[4.5(a) and Fig.4.5[b), we see that plasma hybridization between the electron
fluids of different nanotube walls leads to a “thickening” of the high-frequency o + 7 plasmon
group at medium wavelengths, while the qualitative behaviour of the plasmon branches remains
unchanged at small and long wavelengths.

4.2 Electron Density and Electric Potential

Using the induced electron density per unit area, n;(rg,t), on a nanotube of radius R, where
rr = {R, ¢, z} is the coordinate on the cylinder, we may determine all quantities relevant to ion
channelling, such as the induced potential ®;,4(r, ¢), the stopping force, and the image potential.
Beginning with the simple model of a single electron fluid, of equilibrium density ny ~ 0.428,
confined to a cylindrical shell of radius R, we will calculate the electron density perturbation
induced by an ion of charge () moving paraxially with speed v at position ry = {7, o, vt} in
the laboratory frame of reference. Employing this single-fluid model, we obtain by substituting
Eqn. for CT)SC into Eqn. and performing the inverse FB transform, the induced electron



CHAPTER 4. ION CHANNELLING THROUGH NANOTUBES 49

Induced density |a.u.|

Figure 4.6: The axial dependence of the surface electron density n; in in the plane ¢ = ¢y on a
single wall carbon nanotube with radius R = 7.4 A, induced by protons moving paraxially with
speed v = 0 at radial distances ro = R/2 (——) and ro = 3R/2 (----), and speed v = 3 at
radial distances 7o = R/2 (---)and 3R/2 (- ) [144].

density

None(TR, 1) = % Zm:/( dk

; .
2 Q32+ ) | + S + (IR Ko ([R])| = weo(neo + i)

(12 + m?)emle— ) WG/ R=D (] g0 Ko 0

where we have used the plasma frequency for a non-interacting electron gas of density ng, €2, =
\/W, w = v/R, and the dimensionless variables k = kR, oo~ = min(1,79/R), 0o
max(1,7ro/R).

In Fig. 4.6 we show the z-dependence of the induced electron density calculated using the

single-fluid model. We consider a nanotube of radius R = 7.4 A, with an ion travelling paraxially
with speed v = 0 and v = 3 at rg = R/2 and o = 3R/2. For a stationary ion, we find that
the induced electron density has a bell-like shape, which is stationary in the ion’s moving frame
of reference. For ions travelling at speeds much higher than the electron fluid’s Fermi velocity
vp = v/2mng ~ 1.6, electrons in the fluid are unable to “keep up” with the moving ion’s electric

field, and oscillations in the induced electron density occur. These oscillations, called the “wake
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Figure 4.7: Electron number density n; on an (11,9) SWNT of radius R = 6.89 A, induced by
an ion moving paraxially with speed v = 3 at ro = R/2 (top) and o = 3R/2 (bottom).

effect”, can be seen in Fig. {.6|for the induced electron density due to an ion moving paraxially
with speed v = 3.

In Fig. 4.7, we show calculations of the single-fluid induced electron density on an (11,9)
SWNT of radius R = 6.89 A, due to an ion travelling paraxially with speed v = 3 to the
nanotube at ro = R/2 and ro = 3R/2. Regions of higher and lower electron density are darker
and lighter respectively. The two left panes show the induced electron density superimposed on
the lattice structure of an (11,9) SWNT. The two right panes of Fig. are plots of the induced
electron density after being “unraveled” into a 2D plot. The 2D plots of the induced electron
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Figure 4.8: Induced electron densities ngye (- - - -) and 1y, (——) from the single-fluid and two-
fluid models respectively, versus distance (z — vt) in A, for a proton moving along the axis of a
nanotube with radius R =7 A, at speeds v = 2, 2.5, 2.75 and 3 [68]].

density both clearly show a “V” shape wake pattern trailing the ion’s position, which begins
to interfere with itself at z, — vt &~ 40 A behind the ion, once the wake pattern encircles the
nanotube. In comparing the induced electron density for o = R/2 (upper) and ro = 3R/2
(lower), we notice that the wake pattern is more localized when the ion is outside the nanotube,
due to the nanotube’s cylindrical geometry.

We now compare the single-fluid model for the induced electron density with the two-fluid

model for the induced electron density in a vacuum, from which we obtain by substituting Eqn.
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@) for ®,, into Eqn. @3)

MRCE IR (ot e T A
Ntwo I‘ ; .
twolt T e )2 [wi(m, k) — ko (kw + )] [w? (M, k) — koo (kw + 7))

(4.18)

where w? are given by Eqn. (4.8).

Figures and show the induced electron density on a SWNT of radius R = 7 A due
to an ion travelling along the nanotube axis, calculated using both the single-fluid and two-fluid
models. Since 1,,,(0) = ,,0 [L69], by cylindrical symmetry, only the m = 0 terms contribute in
our calculations of the induced electron density.

In Fig. we see that the threshold for excitations of the o + 7 plasmon is v 2> 2. We
find that above this threshold, both the single-fluid and two-fluid models exhibit the usual wake
effect trailing the ion with increasing v. Apart from minor differences in the periods and phases
of these oscillations, the single-fluid and the two-fluid models give remarkably similar results for
speeds v = 2. On the other hand, for almost all v values in the low-speed range, 0 < v < 2,
our calculations show that n,,. and n,, are practically on top of each other, as shown in Fig.
4.8(a), both describing a symmetrical, bell-shaped accumulation of electrons on the nanotube
wall which screens the channelled ion.

In Fig. .9] we show the induced electron density for an ion moving at speeds near the 7

‘[ vp ~ 0.71. This reveals

plasmon phase velocity, given by the kinematic condition to be v =
expected, yet qualitatively surprising, differences in the z dependences of the single-fluid and
two-fluid induced electron densities, none and ny, respectively. Namely, while the single-fluid
model maintains an almost rigidly-shaped bell curve n,,.(z — vt), the two-fluid model gives rise
to the development of a strong asymmetry in the induced electron density 7y, (z—vt) in the range
of speeds shown in Fig. The most surprising result is that 7y, (z — vt) exhibits oscillations
for v &~ 0.72, shown in Fig. 4.9(b), which precede the ion (= — vt > 0). In contrast, the wake
patterns shown in Fig. [4.8[b), Fig. [4.8|(c) and Fig. @.8(d) all trail the ion. Our calculations show
that this physically puzzling behaviour of the two-fluid model is accompanied by the strong, out-
of-phase individual polarizations of the ¢ and 7 fluids, similar to the earlier observations in the
electron-hole plasma on nanotubes [205]. We finally note that the calculations also show that,
while both induced densities 1., and 7y, are insensitive to the variations in (small) values of
7 for high speeds, v > 2, shown in Fig. 1.8] the oscillations in 7., shown in Fig. #.9(b), are
heavily damped when both the friction -y and the nanotube radius R increase.
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Figure 4.9: Induced electron densities ngye (- - - -) and 1y, (——) from the single-fluid and two-
fluid models respectively, versus distance (z — vt) in A, for a proton moving along the axis of a
nanotube with radius R = 7 A, at speeds v = 0.70, 0.71, 0.72, and 0.74, near the group velocity
of the 7 plasmon, v, = va ~ 0.71 [68].

The induced electric field from a nanotube due to an ion moving parallel to the nanotube
axis, may be calculated using the FB transform of the induced electron density from a single-
fluid model, from Eqn. (3.20), to obtain

Dipa(r, t) (4.19)
47@2/ A2 (12 + m2)emte=e0) eine/ R [ (1] 00 ) o (6] 0.<) Ko (|16 005 ) K (6] 05)

(2202 (2 + m2) [+ 5222 1 L (6]) Ko ([s])] — oo (s + i)
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Figure 4.10: Total potential ® in eV plotted versus r in A and (z — vt) in A in the plane ¢ = ¢,
for a proton moving paraxially at 7y = R/2 ~ 3.7 A in a SWNT of radius R = 7.4 A, at speed
(a) v = 0 and (b) v = 3. The level curves show the increments AP = 0.5 eV [[144].
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Figure 4.11: Total potential ® in eV plotted versus r in A and (z — vt) in A in the plane ¢ = ¢,
for a proton moving paraxially at 7y = 3R/2 ~ 11.1 A outside a SWNT of radius R = 7.4 A, at
speed (a) v = 0 and (b) v = 3. The level curves show the increments A® = 0.5 eV [144].

where . = min(1,7/R) and p~ = max(1,7/R).
We now use Eqn. (4.19) to calculate the 3D spatial variation of the fotal potential ® for an
ion with charge () = 1 at the distances ry = 3.7 A and 7y = 11.1 A from the axis of a nanotube
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of radius R = 7.4 A, and show the results in Fig. and Fig. for the r and z dependence
of @ in the plane ¢ = ¢ (defined by the position of the particle). In Fig. we show the
cases of particles inside the nanotube (rg = 3.7 A) at speeds (a) v = 0 and (b) v = 3. One can
observe from Fig. a) that, in the static case, the Coulomb potential of the charged particle is
effectively screened by the nanotube, so that there is very little “leakage” of that potential outside
the nanotube wall. Nevertheless, the magnitude of the leaking potential in Fig. [4.10(a) may be
sufficient to provide longitudinal localization for the toroidal image states around nanotubes, as
suggested in Ref. [51]]. On the other hand, the case of a charge moving at v = 3 in Fig. 4.10(b)
shows a wake potential trailing the particle with quite pronounced oscillations along the z-axis.
These are radially localized at the nanotube surface (r = R) and are effectively decayed at the
axis of the nanotube (r = 0) and at radial distances of » 2 2R. In particular, one notices in Fig.
4.10(b) the development of a relatively deep and long-ranged potential well, lying outside the
nanotube in the proximity of the charged particle, which results from the electron fluid “over-
compensating” in screening the Coulomb potential of the particle inside the nanotube. Such a
well may capture another charged particle outside the nanotube and drag it in a state which has
been identified in the case of the bulk solid as a “wake riding” state [206]. Of course, other
potential minima seen in the wake potential in Fig. #.10(b) can give rise to a similar effect.
Finally, the results for the total potential ® in the case of charged particles outside the nanotube
with R = 7.4 A, which are placed at ry = 11.1 A, are shown in Fig. for the speeds (a) v =0
and (b) v = 3. The results shown in this figure are surprisingly symmetric with respect to those
in Fig. for particles inside the nanotube of the same radius, so that similar conclusions may
be drawn from Fig. 4.11]

4.3 Stopping Force

The stopping force on an ion of charge () travelling paraxially to the SWNT with speed v at

ro(t) = {ro, o, vt}, in the laboratory frame of reference, is the force opposing the ion’s motion.

0®ing
0z

This quantity describes, in our model, the energy loss of a channelled particle per unit path

Its magnitude equals the usual (wrongly-named) “stopping power”, defined by S =

r=rqg’

length due to the collective electron excitations on the nanotube wall, which are modified by the

electrostatic coupling with the polarization of any dielectric media inside or outside the nanotube,



56 HYDRODYNAMIC MODELLING OF CARBON NANOTUBES

giving rise to the effective surface charge o, or o, on the dielectric boundary at » = ry, or
r = Iout Tespectively.
For a single ion of charge () at r = ry(¢), moving with speed v paraxially to the nanotube,

the screened perturbing potential is

-~ 2 .
o, — @ g(r, ro;m, k)8 (w — kv)e ", (4.20)

€se(W)

where €. (w) is the dielectric function of the region the ion is travelling in. The stopping force
r—ro(t)’ where @i = Py + Py +
Doyt + Ppuik 18 the total potential induced by the ion in the system, with ®pc = (1 — €5) Pse

S may be calculated using the definition S = @) %(I)ind‘

being the potential due to the polarization of the region in which the ion travels. Note that at
large wave number, £R > 1, where any momentum dependence in the dielectric function would
be expected to contribute, the FB transform of the stopping force has a factor of e=*%=7ol /E,
so that the effects of momentum dependence on the dielectric function may be neglected when
k> 1/|R — 1o

SWNTs in Vacuum

From Eqn. (.19) for the induced electric potential on a SWNT from a single-fluid model, we
obtain for the single-fluid stopping force, Soye,

¢ 47rQ 2/ Qo r(k® +m?) 17 (k] 00<) K7, (|K] 00>)
P22+ m2) [ S (6] Ko (16])] — oo (e + i)
(4.21)
Similarly, from Eqn. (#.18)), we obtain for the two-fluid stopping force, Siyo.
b 112, o[5 [ Q2(52 1 m?) 2 ([x| o0 K2 (oo
e (m, k) — kw(kw + )] |[w? (m, k) — ko (kw + i7)]
4.22)

where wy (m, k) are the o + 7 and 7 plasma frequencies from the two-fluid model, given in Eqn.

@.3).
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Figure 4.12: Stopping forces Seye (----) and Sy, With friction coefficient v = 10_39p (—)
andy =102, () in eV/A from the single-fluid and two-fluid models respectively, plotted

versus speed v for a proton moving paraxially at (a) 7o = 0 and (b) 7y = R/2 to a single wall
CNT of radius R = 7 A [68].

We first show in Fig. #.12[(a) the results for a proton moving along the axis (1o = 0) of a
SWNT with radius R = 7 A, in which case, by cylindrical symmetry, only the m = 0 angular
wave numbers contribute to either Sope 0r Siywo. In Fig.[4.12](a), we have used a friction coefficient
of v = 10_39p and, not surprisingly, the two curves S, and St are found to be almost on top
of each other, except for a narrow peak in Sy, at v = \/Tgl)p ~ (.71, which is absent from
Sone- It can be argued that the broad parts of both curves in Fig. d.12((a) describe the excitation
of the high-energy o + 7 plasmon with m = 0 for speeds v 2 2, whereas the solitary peak in
Siwo describes the excitation of the low-energy acoustic 7 plasmon with m = 0 when the proton
speed satisfies the kinematic condition for the 7 plasma frequency of w_ ~ ‘/Tgvpk’ ~ 0.71k at
long wavelengths. As was shown earlier for S, [55,[144], we have also verified here that the
bulk parts of the stopping force curves for v > 2 in Fig. 4.12a) are insensitive to the variations
in (small) values of . However, owing to the linear dispersion of the acoustic m plasmon with
m = 0, the peak structure at v ~ (.71 is quite sensitive to this variation, which is illustrated in the
inset of Fig. a) for two values of the friction constant, v = 10732, and vy = 1072Q),,. These
results suggest a possibility of having a drift instability at v = T?’vp [61], which could provide

a means of probing the collective electron excitations on nanotubes. However, these results also
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point to the need of a careful examination of the role of various damping mechanisms for the
low-frequency plasmon modes.

Finally, in order to illustrate the effects of the plasmon excitations with m # 0 on the stopping
force, we show in Fig. 4.12(b) the results for Sy, and Sty, for an proton moving at a distance
ro = R/2 from the axis of a SWNT of radius R = 7 A. Again, the two curves are on top of
each other in Fig. 4.12b) for speeds v above the threshold for o 4+ 7 plasmon excitations, and
they both closely reproduce the data obtained earlier, including those based on the dielectric
function in RPA [55]. In the low-speed region, Siy, displays multiple peaks, which are shown
in the inset of Fig. b) for v = 107%Q), and v = 107%Q),,, exhibiting the sensitivity of these
peaks to damping. For the smaller y value, one can easily identify in Fig. d.12(b) several peaks
corresponding to the excitations of the 7 plasmons with angular wave numbers m = 0, 1, 2, and

3, in a nice correspondence with the 7 plasmon dispersion curves shown in Fig. 4.3(a).

SWNTSs with Encapsulating Dielectrics and Metal Clamps

Using the two-fluid model, we now study the case of a CNT of radius R = 7 A encapsulated
by either insulating or metallic media and look for the corresponding effect on the stopping
force for ions moving paraxially. As encapsulating materials we consider silicon dioxide (SiOs),
amorphous carbon, aluminum, and nickel. We model silicon dioxide as a dielectric medium
restricted from the inter-tube region, as found experimentally [[19} 20} 21]], so that €, = €, = 1
and €, = €si0,, Where we use a dielectric constant of egio, ~ 3.9 [151]].

In Appendix [C| we provide a detailed discussion of the optical dielectric functions we used
to model amorphous carbon, aluminum, and nickel surrounding the nanotube, with dielectric
boundary separation Ar;, = |r., — R| between the outside dielectric boundary and the nanotube
radius. Fig. .13 shows a schematic of a metal clamp encapsulating an (11,9) SWNT.

Figure [4.14((a) shows the effect of an insulating dielectric medium of SiO, encapsulating
a CNT of radius R = 7 A, on the stopping force for protons moving paraxially at r, = 0.
From this figure we find a significant reduction in the high-speed stopping force, accompa-
nied by an increase in low-speed stopping, giving rise to reductions in both the magnitude
and the position of the main stopping peak. For example, for a model of a “thin” nanotube,
Tin = [ = rou, we find the stopping force peak position is reduced to half the value in vac-
uum. On the other hand, the inset displayed in Fig. f.14(a) shows that the low-speed peak in
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Figure 4.13: Schematic of an (11,9) SWNT encapsulated by a metal clamp.

stopping is only mildly affected by encapsulating the nanotube in SiO,. Physically, the encapsu-

lating dielectric medium “screens” the electrostatic potential induced on the nanotube by a factor
— (€si0o —1)|Kout [ Im (|kout ) K7y, (IKout]) I (|£]) K (|Kout]) —

© = Lt rior o T Tron D ) L o () WREFE 0 < O < 1 and Ko = Ko

When R = 1y, this simplifies to © = g 7y (VA (2

upper nanotube o + 7 plasmon branch shown in Fig. [4.3](a) and reduces both the position and

. This “screening” lowers the

magnitude of the main high-speed stopping peak. However, the location of the lower 7 plasmon
branch in Fig.4.3(a) is independent of the electrostatic potential and thus the encapsulating SiOs,
with w_ ~ \/Tgkv r for m = 0 [68]. This means that the presence of silicon dioxide has little ef-
fect on the low-speed stopping peak’s position. Since the magnitude of the low-speed stopping
peak, shown in the inset of Fig. #.14a), is mainly dependent on the friction coefficient 7 as pre-
viously discussed [68], the magnitude of the low-speed stopping peak is only mildly affected by
encapsulating the nanotube in SiOs.

The presence of amorphous carbon surrounding nanotubes, named o-CNTs by Nishino et al.
[22]] often occurs during their formation. Figure[d.14(b) shows the effect of an amorphous carbon
layer surrounding the nanotube on the stopping force for protons moving along the nanotube axis,
using ec(w). We find that the amorphous layer causes a reduction in the stopping force’s peak,
while significantly raising the high-speed “tail”. This is due to the optical nature of the high
energy antisymmetrically coupled dielectric-(o + 7) channel plasmon, which tends to the bulk
plasma frequency w, at long wavelengths as shown in Figs. [#.3|e) and @.3|f), as expected for
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Figure 4.14: The stopping force in eV/A on an proton travelling paraxially at 7y = 0 with speed
vin due to a CNT of radius R = 7 A in vacuum ( ) and encapsulated by a channel with
radius 7oy = 7 A (—), and 7o = 8 A (—), of (a) silicon dioxide, €, = €, = 1 and
€out = €si0, ~ 3.9, (b) amorphous carbon, €, = €, = 1 and €, = €c(w), (¢) aluminum,
€im = €ny = 1 and €,y = €a1(w), and (d) nickel, €, = e, = 1 and €,y = eni(w). We make use of
a Drude type dielectric function [152] for amorphous carbon ¢ (w), aluminum €4 (w), and nickel
eni(w), using the fitting parameters given in Tables |C.1} [C.2} and |C.3|respectively from Abril ez
al. [153]] and Kwei et al. [158],147].

a Drude model dielectric. Applying the kinematic resonance condition, we notice that the high

energy plasmon is crossed as v increases, which raises the high-speed stopping “tail”. The quasi-
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acoustic behaviour of the high energy plasmon acts to “smooth” the high-speed peak lowering the
peak height. This suggests that when amorphous carbon surrounds the nanotube, the stopping
force is not negligible (= 0.1 eV/A) even at higher speeds (v =~ ¢/8). Since an amorphous
carbon layer is a potential model for CNT “bundles” and “ropes”, these results have important
applications to the area of ion channelling [47, 48, 49,200, 87, 201]]. In addition, the inset shows
that the low-speed peak in stopping is also reduced in magnitude by the presence of amorphous
carbon around the nanotube.

In Fig. .14]c), we show the stopping force on an ion moving with speed v along the axis
of a CNT in an aluminum channel, modelled using the Drude model dielectric function e (w).
Although less physically realizable than other metallic coatings [23], due to aluminum’s tendency
to “clump” into nano-rings [27], the single sharp peak of aluminum’s dielectric function provides
a means of comparison with the plasmon energy calculations shown in Figs. and The
elevation of the antisymmetrically coupled metal-(o + 7) channel plasmon branches to higher
frequencies, seen in Fig. d.3(e) and [.3(f), causes a shift of the main stopping force peak to
higher speeds, while the lowering of the symmetrically coupled metal-(c + 7) branches causes
a reduction of stopping at lower speeds, when compared to stopping in a nanotube alone. The
intricacies of the avoided crossings due to plasmon hybridization between the symmetrically
coupled o + m-metallic and 7 branches in the presence of the aluminum channel, shown in Fig.
4.3(f) and Fig. .4 gives rise to multiple low-speed peaks in the stopping force, as well as to
a peculiar nonmonotonic shift of the main low-speed peak derived from the quasi-acoustic 7
plasmon branch m = 0, as shown in the inset of Fig. B.14|(c), and the suppressed low-speed
peaks at v = 0.2 for Ar, = 0and v ~ 1.579 for Ar, = 1 A derived from the symmetrically
coupled metal-(o + 7) plasmon branch for m = 0.

In Fig. d.14(d) and Fig. we model the stopping force due to a metallic channel of nickel
[26, 24, 23] using en;(w), with an encapsulated CNT of radius R = 7 A, for protons moving
paraxially at 7o = 0, 3 A, and 5 A. The stopping forces given previously for a metallic channel
by Arista [44]], and a CNT [68]] are provided for comparison with the coupled nanotube—metallic
channel system. One can observe a reduction of the main stopping peak in the combined system
in comparison with the nanotube alone, as well as a rise in the high-speed tail, due to the quasi-
acoustic antisymmetrically coupled metal-(o + ) branch, as discussed for amorphous carbon.
However, these effects are less pronounced than in the cases of amorphous carbon and aluminum



62 HYDRODYNAMIC MODELLING OF CARBON NANOTUBES

(a) n'ickel (':hann'el 7'0“' =7 A (b) n'ickel 'chann'el 7)0“' =38 A
02 02

— = |Lo---=---7-7 —
050.8- Z 015 oiO.S-

> g >

2. S 01 Q.

: 09)

= 5

2 2 0.4}

£ £

Iy <y

5] 15}

& @ 0.2

Figure 4.15: The stopping force in eV/A on a proton travelling paraxially at 7y = 0 (lower), 3 A
(middle), and 5 A (upper) with speed v, due to a CNT of radius R = 7 A in vacuum () and
encapsulated by a nickel channel, €, = €, = 1, and €,,; = en;j(w), plotted for (a) roy = 7 A
(—), and (b) roue = 8 A (——), and for metallic channels alone of radius (a) rou = 7 A (----)
and (b) rous = 8 A (- - - -) [44]]. We make use of a Drude type dielectric function [152]] for nickel,
eni(w), using the fitting parameters given in Table [C.3|from Kwei et al. [158} [147].

channels, shown in Figs. .14(b) and [4.14(c), respectively. This is due to the broadness of the
nickel dielectric function, when compared with the simpler dielectrics functions of amorphous
carbon and aluminum, as shown in Fig. [C.T|of Appendix[C| It is interesting to note that, for zero
gap between the nanotube and the channel, the presence of nickel strongly amplifies the low-
speed stopping of the nanotube as the proton gets closer to the nanotube walls, yielding a third
peak due to the symmetrically coupled metal-(c + 7) plasmon branches. However, for Ar, = 1
A, the peak due to the symmetrically coupled metal-(o + 7) plasmon branches is completely
suppressed in a nickel channel, unlike the case of an aluminum channel shown in Fig. [4.14c).
In Fig. 4.16] we model the stopping force due to a metallic wire of nickel [28, 26| 23| 29],
using en;(w) from Kwei et al. [158] for the dielectric function of nickel, encapsulated by a CNT
of radius R = 7 A. The stopping forces given previously for a metallic wire by Arista, [154]
and a CNT [68]], are provided for comparison with the coupled nanotube—-metallic wire system.
In Fig. 4.16] we see a broadening of the main stopping peak of the combined system towards

higher speeds, when compared to an isolated nanotube, which represents a significant reduction
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Figure 4.16: The stopping force in eV/A on an proton travelling paraxially at 7y = 3R/2 = 10.5
A with speed v due to a carbon nanotube of radius R = 7 A in vacuum ( ) and encapsulating
nickel wire of radius r, = 7 A (—), and 1, = 6 A (—), and for metallic wires alone of
radius 7, = 7 A (----)and r;;, = 6 A (----) [44]. We make use of a Drude type dielectric
function [[152] for nickel, ex;(w), using the fitting parameters given in Table from Kwei et al.
(158, 1147].

of the low-speed stopping and an even more substantial increase in the high speed stopping of
the nickel wire alone. This indicates that nanotubes should provide effective “insulation” for
encapsulated nano-wires, especially at low speeds. The low-speed inset of Fig. [4.16] shows the
stopping force in the range v € [0.08,0.09]2, R ~ [0.67,0.76]. The substantial stopping force
due to a bare nickel wire is nearly completely suppressed by the presence of the encapsulating
nanotube, whereas the two peaks coming from the m = 0 and m = 1 branches of the 7 plasmons
appear to be substantially broadened by the presence of nickel.

As discussed in Appendix [C} we may model a CNT immersed in water, as shown schemati-
cally in Fig. using the Drude-type dielectric function for water developed by Emfietzoglou
et al. [207,208]] based on the optical data of Hayashi ez al. [209]. We find that the stopping force
for SWNTs surrounded by water is strongly effected by both the dielectric boundary separation
Ary, = |rour — R| between the dielectric boundary layer and the nanotube wall, and the cutoff of
the dielectric function at the ionization energy £, = 7 eV.

Figure m shows the stopping force in eV/A versus speed v of an proton travelling paraxially
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Figure 4.17: Schematic of an (11,9) SWNT immersed in water.
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Figure 4.18: The stopping force in eV/A, plotted versus speed v in on an proton travelling
paraxially at o = 0 due to an (11,9) SWNT of radius R = 6.89 A alone (), and surrounded
by water with boundary separation Ar, = |rou — R| =0 and 3.4 A, calculated using a dielectric
function with a sharp cutoff (——), no cutoff (- - - -), and a smoothed cutoff (—) [[149].

at ro = 0, for a dielectric boundary separation of Ar, = 0 and 3.4 A, calculated using a sharp
cutoff, smooth cutoff, and no cutoff of the ionization energy at £, = 7 eV. One notices from this
figure that the stopping force at the axis of the nanotube is rather insensitive to the presence of
water for low proton speeds, as opposed to the high-speed region. More interestingly, structures
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Figure 4.19: The stopping force in eV/A plotted versus (a) speed v for a proton travelling parax-
ially at ry = 0, 3, and 5 A, and (b) radial distance r in A for a proton travelling paraxially with
speed v = 0, 3, 5, 7, and 9 due to a single-walled (11,9) CNT of radius R = 6.89 A alone (),
and in water with boundary at r,,; = 10.29 A (—) [149].

appear in the stopping force curve related to the ionization threshold at F/¢ in the imaginary part
of the dielectric function. These structures are more pronounced for sharper transition regions A
of the cutoff at E- as defined in Appendix [C] and their positions depend on the separation Ar,
between the nanotube and the water boundary. Given the strong dependence of our results on the
parameters A and Ary, it is desirable to physically motivate the values to be used in modelling
the effects of water on the nanotube’s dielectric response.

Figure a) shows the stopping force in eV/A versus speed v for a proton travelling parax-
ially at 79 = 0, 3, and 5 A, for a dielectric boundary separation of Ar, ~ 3.4 A, calculated using
a smooth cutoff of the ionization energy at E~ = 7 eV. Figure 4.19(b) shows the stopping force
in eV/A versus radial distance 7 in A for an ion travelling paraxially with speed v = 0, 3, 5,
7, and 9, for a dielectric boundary separation of Ar, ~ 3.4 A, calculated using a smooth cutoff
of the ionization energy at o = 7 eV. These figures confirm that the above conclusions on the
effects of water on stopping force are also true when the proton gets close to the nanotube wall.

As shown in Fig. and Fig. the main effect of the surrounding water is to reduce the
magnitude of the stopping force for protons channelled at high speeds. This may be explained by

considering the resonance condition, w = kv, for electronic excitations in the system by the pro-
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Figure 4.20: Stopping force in eV/A versus speed v for a proton moving along the axis of a

SWNT with radius R = 3.6 A (----), R = 7A (), DWNT with radii R, = 3.6 A and

Ry =7 A (——), MWNTs with radii R,, = 3.6+ 3.4n A, with N = 10 walls (----) and N = 20

walls (—) [[145, [148]].

ton moving paraxially at speed v, as follows. At low frequencies (say, w ~ 5 eV), the dielectric
function of water may be approximated as €, =~ 1.9, so that the surrounding water “screens” the
electrostatic interaction between the nanotube electrons. This suppresses the nanotube’s plasmon
frequency at long wavelengths, thus reducing the high-speed magnitudes of the stopping force
and self energy. On the other hand, at high frequencies (say, w > 17 eV), the real part of the
dielectric function of water tends to one, so that, at shorter wavelengths, the nanotube’s plasmon
frequency is unchanged by the presence of water. This leaves both the stopping force and self

energy for protons channelled at low speeds largely unaffected by the surrounding water.

DWNTs and MWNTs in Vacuum

We now calculate the velocity dependence of the stopping force for a particle moving along the
axis (1o = 0) of a DWNT, and show the results in Fig. #.20(a). For the sake of comparison,
also shown in Fig. 4.20(a) are the stopping forces for the cases of a particle moving along the
axis of SWNTSs, having radii R = 3.6 A and R = 7 A. It should be noted that only the m = 0

plasmon modes can contribute to the energy losses in the case 7y = 0, since 1,,(0) = &m0
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due to cylindrical symmetry. Clearly, there exists an overall threshold of v = 2 for the plasmon
excitation. While the SWNT cases show the characteristic, broadly peaked structures seen earlier
[S5! [143]], the stopping in the DWNT shows some novel structure at v ~ 4 in the form of a
relatively narrow peak superimposed on the low-velocity slope of a broad structure. This broad
structure takes intermediate values between the two SWNT cases at the intermediate velocities,
but clearly surpasses them both at higher speeds, indicating a strong positive interference, or in-
phase motion of the two fluids on a DWNT. On the other hand, the narrow peak at phase speed
v =~ 4 1s likely a consequence of a large-amplitude, out-of-phase motion of those fluids [61} 203]],
which is triggered by the close matching of the projectile speed and the phase velocity of the
quasi-linear, lower m = 0 plasmon mode in Fig. .5(a). This resonant increase of the energy
deposition into the collective excitation modes indicates the onset of a possible drift instability
of the charged fluids on a DWNT [61].

The results shown in Fig. 4.20(b) display unexpectedly strong effects of the increasing num-
ber of nanotube walls, in the form of uneven interference patterns. We find that the bulk of
its high- and intermediate- speed dependence comes from the high-frequency group of o + 7
plasmons in Fig. [4.5(b), with an apparent threshold at about v 2> 2. On the other hand, the
low-frequency m = 0 mode of degenerate 7 plasmons gives much weaker stopping force in the
sub-threshold region in the form of a narrow peak for proton speeds v satisfying the kinematic
condition for the 7 plasmon w_ = ‘/Tgv rk ~ 0.71k.

In Fig. we study situations where the projectile still moves parallel to the nanotube
axis, but at finite radial distances of 1o = Ry — d/2 = 1.9 A, (inside the inner cylinder), ry =
(Ry + Ry)/2 = 5.3 A, (midway between the two cylindrical surfaces), and 79 = Ry +d/2 = 8.7
A, (outside the outer cylinder), so that it always stays at the fixed distance d/2 = 1.7 A, from the
nearest wall(s) of the DWNT. In such cases, all m modes contribute to the plasmon excitations.
The results for stopping forces in these three cases are shown in Fig. indicating that the
narrowly-peaked structure at v ~ 4 has been partly merged into the broad structures in the
cases of the particle travelling inside or outside the nanotube, whereas the particle moving in
between the two cylindrical surfaces shows the most massive energy losses with the narrow peak
completely disappeared, or immersed into the broad structure.

In Fig. we show how the stopping force S depends on radial distance 7y in a MWNT
with N = 10 walls for proton speeds v = 1, 6 and 10. S is seen to increase sharply at all
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Figure 4.21: Stopping force in eV/A versus speed v for a proton moving parallel to the axis of
a DWNT with radii R, = 3.6 A and R, = 7 A at the radial distances ry = R, — d/2 (—),
ro = Ry +d/2 (—), and 7y = (R, + Ry)/2 (----), where d = Ry — R, = 3.4 A [143].
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Figure 4.22: Stopping force in eV/A versus radial distance 7 in A for a proton moving paraxially
through a N = 10 walled nanotube at speeds v = 1 (——), v = 6 (——), and v = 10 (----)
[148].

displayed speeds as the proton approaches the nanotube walls. More interestingly, although the

sub-threshold stopping at v = 1 is obviously suppressed in the central region and outside the
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nanotube, it is seen to take small but non-negligible values in the inter-wall regions, owing to

increasing contributions of the m > 0 modes of 7 plasmons as 7, takes increasing values.

4.4 Self Energy (Image Potential)

The self energy, or image potential Ey, for a single ion of charge @ at r = r(¢) is defined by
Esar = (Q/2)Pina(ro(t), t), where ®iq = Ppy + Pin + Poue + Pruk is the total potential induced
by the ion on the system, and ®p,,c = (1 — €. )Py is the potential induced in the bulk by the ion,
with ®. defined via (@.20). As with the stopping force, for large wave numbers, kR > 1, the
FB transform of the image potential has a factor of e*I#=70l /i so that the dielectric function’s

momentum dependence may be neglected when k > 1/|R — r¢.

CNTs in Vacuum

The most important quantities, relevant to the effects of the nanotube polarization on the motion
of the external charge, are its self-energy and the energy loss rates, which are calculated from
the local properties of the “induced” potential at the position of the charge. We show in Fig.
4.23(a) and [4.24((a) the dependence of the self-energy on the radial position 7 and the speed v
for a proton moving parallel to the axis of a nanotube with radius R = 7.4 A. For low speeds,
one can identify in Figs.[4.23|a) and #.24(a) the potential well outside the nanotube which gives
rise to the toroidal image states [S1] and [[82]], whereas an approximately symmetrical well exists
inside the nanotube, which would provide a force pulling away a channelled charged particle
toward the walls of the nanotube [202]. Once the speed exceeds the threshold value for the onset
of the wake effect, it appears from Figs. #.23|a) and [4.24{(a) that the potential wells on both sides
become substantially shallower but nevertheless remain rather long-ranged. The dependence
of the self-energy on the projectile velocity v and the radial distance ry from the axis of the
DWNT is shown in Figs. §.23[b) and 4.24{(b), clearly exhibiting attractive wells close to the
surfaces of each of the two cylinders, which become shallower with increasing projectile speed.
An intriguing ridge in the self-energy occurs for all radial distances (except midway between
the two cylinders), at a speed of v ~ 4, which is clearly in correlation with the onset of a drift

instability seen in the stopping force in Fig. #.20(a) and Fig.
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Figure 4.23: The self energy (image potential) E,.¢ in eV versus position o in A and speed v
for a proton moving paraxially to (a) SWNT of radius R = 7.4 A, (b) DWNT of radii R, = 3.6
Aand R, = 7 A, and (c) N = 10 MWNT with radii R,, = 3.6 + 3.4n A. The level curves show
the increments AFg; = 1 eV [144,[145][148].

In Figs.[4.23|c) and4.24]c), we show the dependences of self-energy on speed v and on radial
distance 7 for a proton traversing paraxially a MWNT with N = 10 walls. It is interesting to
notice that the interference patterns in the v-dependence, which are most pronounced inside the
innermost cylinder, gradually disappear when the proton trajectory traverses the outer walls, so
that the proton self-energy outside the outermost wall resembles the dynamical image potential

above the surface of a thick slab of graphite. It is also interesting to note that the proton self-
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Figure 4.24: The self energy (image potential) E,.¢ in eV versus position o in A and speed v
for a proton moving paraxially to (a) SWNT of radius R = 7.4 A, (b) DWNT of radii R, = 3.6
Aand R, = 7 A, and (c) N = 10 MWNT with radii R,, = 3.6 + 3.4n A. The level curves show
the increments AFg; = 1 eV [144,[145][148].

energy is consistently much lower in the inter-wall regions than outside of the nanotube or inside
its central region, especially at low proton speeds, indicating that the inter-wall regions may be
energetically more favourable for proton intercalation in MWNTs.

In order to illustrate the differences in the self-energy among SWNTs, DWNTSs, and MWNTs,
we next consider a proton moving along the axis (o = 0) of an N-walled nanotube, and calculate
the dependences of self-energy on proton speed v for N = 1, 2, 10, and 20 walls. The results,
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Figure 4.25: The self energy (image potential) in eV versus speed v for a proton moving along
the axis of a SWNT with radius R = 3.6 A (----), DWNT with radii B, = 3.6 A and Ry = 7
A (——), MWNTs with radii R,, = 3.6 + 3.4n A, with N = 10 walls (----) and N = 20 walls
(—) [145], [148].

shown in Fig. display unexpectedly strong effects of the increasing number of nanotube
walls, in the form of uneven interference patterns. While the effects of m plasmons are seen to
be quite negligible at v ~ \/Tgv r ~ 0.71, one notices that the self-energy can take positive values
for certain high speeds, v > 1, depending on the number of nanotube walls.

SWNTs with Dielectrics

The optical dielectric function of a nickel clamp surrounding a SWNT, shown schematically in
Fig.[d.13] or a nickel clamp embedded in a SWNT, is described in detail in Appendix [C| Figure
4.26] shows the speed dependence of the self energy for a proton travelling paraxially at 7o = 0,
3, and 5 A inside a CNT of radius R = 7 A encapsulated in nickel channels of radii 1o, = 7 A
and o, = 8 A respectively, with the self energies for the nanotube and nickel channels alone
provided for comparison. We notice that the image potentials for the nanotube alone and the
nickel channels alone are quite different, so that the image potential for the combined system
interpolates between them in such a way that it follows the potential for the nanotube alone in
the low-speed regime, v < 0.25 (2, R =~ 2, and approaches the channel potentials at high speeds.
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Figure 4.26: The self energy (image potential) in eV on a proton travelling paraxially at o = 0
(upper), 3 A (middle), and 5 A (lower), with speed v, due to a CNT of radius R =7 A in vacuum
() and encapsulated by a nickel channel of radius (a) roy = 7 A (—), and (b) roye = 8
A (—), and for metallic channels alone of radius (a) 7oyt = 7 A (----) and (b) 7oyy = 8 A
(----). We make use of a Drude type dielectric function [152] for nickel, ey;(w), using the fitting

parameters given in Table [C.3|from Kwei ez al. [158, [147].

This may be explained by applying the kinematic resonance condition w = kv to the dielectric-
(0 + m) channel plasmons shown in Fig. [.3(e) and Fig. .3(f), and noticing that they behave
qualitatively like the nanotube o + 7 plasmon branches at low speeds, and the metal channel
plasmon branches at very high speeds.

Figure shows the radial dependence of the self energy for a proton travelling paraxially
with speed v = 0, 0.5 Q,R ~ 4.217, and 1 2, R ~ 8.435, inside a nanotube encapsulated in a
nickel channel Fig. 4.27(a) and Fig. {.27(b) and outside a nanotube encapsulating a nickel wire
Fig. 4.27(c) and Fig. #.27(d). The cases for a nanotube alone are also shown for comparison.
While the effects of the nickel channel are seen in Fig. [4.27(a) and Fig. 4.27(b) to be fairly
strong except at zero speed, one notices in Fig. #.27(c) and Fig. #.27(d) that, even at higher
speeds, for a proton sufficiently far from the nanotube, the nanotube almost completely screens
the encapsulated nickel wire. At low speeds, which are of interest for toroidal electron image
states around CNTs [S1,52], our results indicate that there will be very little, if any, influence on
the wave function and the energy levels of such states coming from an embedded nickel wire.
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Figure 4.27: The self energy (image potential) in eV on a proton travelling paraxially at ry in
A, with speed v = 0,0.5 Q, R ~ 4.217, and 1 Q, R ~ 8.435, due to a CNT of radius R = 7 A
in vacuum () and encapsulated by a nickel channel of radius (a) 7oy = 7 A (—) and (b)
Fout = 8 A (—), and encapsulating a nickel wire of radius (¢) rj, = 7 A(—)and ) ry, =6
A (—) [44]. We make use of a Drude type dielectric function [152] for nickel, ey;(w), using
the fitting parameters given in Table from Kwei et al. [158,147].

As discussed in Appendix [C] and Sect. {.3] we may model a CNT immersed in water as
shown in Fig. using the Drude-type optical dielectric function for water developed by Em-
fietzoglou et al. [207,208] based on the optical data of Hayashi ez al. [209]. As with the stopping
force, we find that the image potential for SWNTSs surrounded by water is strongly effected by
both the dielectric boundary separation between the dielectric boundary layer and the nanotube

wall, and the method of cutoff of the dielectric function at E. = 7 eV.
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Figure 4.28: The self energy in eV, plotted versus speed v of a proton travelling paraxially at r(
=0 due to an (11,9) SWNT of radius R = 6.89 A alone (), and surrounded by water with
boundary separation Ar, = |1y, — R| =0and 3.4 A, calculated using a dielectric function with

a sharp cutoff (——), no cutoff (- - - -), and a smoothed cutoff (——) [[149].
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Figure 4.29: The self energy (image potential) in eV plotted versus (a) speed v for a proton
travelling paraxially at 7o = 0, 3, and 5 A and (b) radial distance r, in A for a proton travelling
paraxially with speed v = 0, 3, 5, 7, and 9 due to a single-walled (11,9) CNT of radius R = 6.89

A alone ( ), and in water with boundary at b = 10.29 A (—) [149].
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Figure {.28] shows the self energy in eV versus speed v of a proton travelling paraxially at
ro = 0 for a dielectric boundary separation of Ar, = 0 and 3.4 A, calculated using a sharp
cutoff, smooth cutoff, and no cutoff of the ionization energy at . = 7 eV. As with the stopping
force calculations shown in Fig. one notices in Fig. that the self energy at the axis
of the nanotube is insensitive to the presence of water for low proton speeds, as opposed to the
high-speed region. There also appear structures in the self-energy curve related to the ionization
threshold at F/¢ in the imaginary part of the dielectric function. As with the stopping force shown
in Fig. these structures are more pronounced for sharper transition regions A of the cutoff
at B¢ discussed in Appendix [C| and their positions depend on the separation Ar, between the
nanotube and the water boundary. Given the strong dependence of both the stopping force and
self energy on the parameters A and Ar,, it is desirable to physically motivate the values to be
used in modelling the effects of water on the nanotube’s dielectric response.

Figure 4.29(a) shows the self energy in eV versus speed v for a proton travelling paraxially
atry = 0, 3, and 5 A, for a dielectric boundary separation of Ar, ~ 3.4 A, calculated using a
smooth cutoff of the ionization energy at E- = 7 eV. Figure f.29(b) shows the self energy in
eV, versus radial distance r( in A for an ion travelling paraxially with speed v = 0, 3, 5, 7, and
9, for a dielectric boundary separation of Ar, ~ 3.4 A, calculated using a smooth cutoff of the
ionization energy at /- = 7 eV. These figures confirm that the above conclusions on the effects
of water on stopping and image force are also true when the proton gets close to the nanotube

wall.



Chapter 5

3D Kitagawa Model

In the development of the 2D hydrodynamic model, we assumed that all valence electrons on the
CNT were confined to a thin cylindrical shell. This same assumption is used in 2D RPA models
[102]] and in the study of thin macroscopic cylindrical conductors. However, SWNTs typically
have radii of ~ 7 A, whereas the “atomic radius” of a carbon atom is ~ 0.7 A. This makes the
assumption of a 2D equilibrium electron density questionable for the case of CNTs.

In the following chapter we will use a Thomas-Fermi [162], Thomas-Fermi-Dirac [163],
Moliere [164}[1635]], and Cruz [[166, [167] model to calculate the radial equilibrium electron den-
sity ng(r) on a CNT in the jellium approximation for the carbon ions. Using these densities in a
3D Kitagawa model [161], we calculate the total stopping force on ions moving paraxial to the
nanotube, which we shall compare with the stopping force obtained via the 2D hydrodynamic
model.

5.1 Density Functional Theory in 3D

Following Parr and Yang’s method (pp. 105-109 [127]), which was outlined in Chapter [2] we
now obtain a density functional for the ground state energy of a 3D electron gas. Once again,
we must obtain expressions for the Thomas-Fermi kinetic energy, 7rr, and the Dirac exchange
energy, K, given in Eqns. (2.19) and (2.20)) respectively, in terms of the 3D electron density n.

77
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As we did in Chapter 2] we begin by assuming the spatial orbitals are plane waves, so that

eik-r
k;r) = , (5.1
Y(k;r) N )
2 ik-(r—r’)
plr.r) = Z e (5.2)
occupied k
1 [kr . ,
= — | dkk? /d¢ dfe™ ") gin g, (5.3)
473 Jo

where we have approximated the summation over occupied atomic levels by an integration over

wave vector k. The density n(r) = p(r,r) is then given by

ki

n(r) = 3

Using Eqn. (5.3) for the 3D electron density matrix in Eqn. (2.19) we find the Thomas-Fermi
kinetic energy term 77rg[n] can be written

Tee[n] = 130(37r2)2/3 / / /d3r n?/3(x), 5.5)

as shown in Appendix [D.I] following the procedure of Parr and Yang pp. 106-108 [127]. The
3D Dirac exchange energy term may be obtained from Eqn. (2.20) to be

Kn] = z (%)1/3///&"’1« n*3(r), (5.6)

as shown in Appendix The full 3D Thomas-Fermi-Dirac-von Weizsicker density functional

(5.4)

is then given by

i = [[ o (CTFRB/%)_WBU M T L[ el ,H),m)

where Crp = 2(37%)%3,C, = 2 (2 )1/ ° and \yy is the von Weizsicker coefficient discussed in
Chapter 2]



CHAPTER 5. 3D KITAGAWA MODEL 79

5.2 Equilibrium Electron Density

In the 2D hydrodynamic model, we assume that the electron density is confined to a thin cylin-
drical shell. Using this assumption, in Chapter[2] we obtained via Eqn. (2.56)), the O(1) equation,
an equilibrium electron density of ny(r) = Zo,d(r — R), where Z is the number of valence elec-
trons per atom in the electron fluid, and o, is the atomic density. To evaluate the validity of this
2D approximation, we now employ a jellium approximation to calculate the radial equilibrium

electron density per unit volume ng(r).

Thomas-Fermi Model

Following the method of Leys et al. [162], we begin by calculating the radial equilibrium electron
density ng(r) numerically using the O(1) equation for the electron density, Eqn. (2.56). The
functional derivative of the 3D density functional from Eqn. (5.7) is given by

OF[n] 5., o 4. Aw | IVa@)[? V() 5.0 _n(r')

= S Orpn?(r) — 2 Con' 3 (r) + == —2 ///dd’ .

s~ 30T () = g Cen ) £ = S nr) | T ST
(5.8)

Substituting Eqn. for ng(r) into the gradient of Eqn. (2.36)), we find
OF
V20, = V2ﬂ, (5.9)
(STLO

so that
5 5 2/3 4 oo 1/3
—4nZo,0(r — R) = gCTFV ny “(r) — §O$V ny (1)

Aw
3

IV no(r)[* o Vo (r)

ng(r) no(r)

v?

] — darng(r), (5.10)

where the confining atomic potential ®,; has been modelled using the jellium approximation for
a SWNT.
Considering a simplified Thomas-Fermi model, C,, = Ay = 0, we may write Eqn. (5.10) for

no(r) as

iy = G2

”? 10
z ;ﬂ 2, rAR (5.11)
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It is shown in Appendix [E] from Eqn. (5.10) that the boundary condition

(3723 | ang*(r) g (r)
— Zo,R = — , 5.12
“ ks or or ( )
R+ R-
holds on the nanotube wall, while the normalization condition
/ no(r)rdr = Zo,R, (5.13)
0

ensures there is a unique solution ng(r).
By exploiting the symmetry of the system, we find the radial electric field on the nanotube
axis should be zero, giving the further condition, as discussed in Appendix [E} that

Ono(r)
or

= 0. (5.14)

r=0

We may now solve the system of Eqns. (5.11H5.14)) for ny(r) numerically using a backward
difference scheme employing a “shooting” method. In this scheme, using a small step Ar;/R <

1, we make the approximations

Ing(jAT) o i

~ 5.15
or Arg ( )
62n0(jA7‘5) Nj41 — 271]‘ + nj—1
R~ 5.16
or? Ar? (5.16)
where n; = ng(jAr,). Employing Eqns. (5.15) and (5.16) we may approximate Eqn. (5.11)) by
120 43 1 1 1
Nj41 =~ WTL]/ AT? + |:2 — 3:| n; + |:3 — 1:| nj—1 + 3—n](n] - nj,1)2 (517)

The boundary condition at the nanotube wall, Eqn. (5.12) may similarly be approximated by

127

1/3
N1 & —WZUGRJQ Arg +2nj, — Njp—1, (5.18)

where jr = R/Ar,. To close our numerical scheme, we need to impose the two boundary
conditions given by Eqns. (5.13) and (5.14). We may impose Eqn. (5.14)) by requiring

ny = ng(0), (5.19)
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but we may not impose the normalization condition

AronaAr,
ZJ ;:ﬂ Ts _ 1 (5.20)

a priori. We instead impose the normalization condition by employing a “shooting” method. We
begin by choosing the value for the equilibrium electron density at the origin to be the mid-point

of a suitable range, i.e. [0, 1], so that we use the starting value ny = 1/2. The electron density is
JArn;Arg

Zo,R

J
calculated density has a norm greater than one, we know the starting value used was too large,

then calculated via the numerical scheme, and its “norm”, Z , 1s calculated. If the

and we calculate again choosing the value for the equilibrium electron density at the origin to be
the mid-point of the range [0, n]. If the calculated density has a norm less than one, we know the
starting value used was too small, and we calculate again choosing the value for the equilibrium
electron density at the origin the be the mid-point of the range [n, 1]. This procedure is repeated
until the normalization condition is satisfied. By employing this form of shooting method, it will
take a logarithmic number of steps, log(/e), to obtain the starting value ny = n,(0) within an
erTor €.

Figure[5.1|shows the radial equilibrium electron density calculated for four valence electrons
(Z = 4) and six valence electrons (Z = 6) using the Thomas-Fermi model. As shown in Fig.
the Thomas-Fermi model gives an unrealistically long-ranged electron density, as is discussed
by March [163]. To obtain a more realistic radial equilibrium electron density, we employ the

Thomas-Fermi-Dirac model.

Thomas-Fermi-Dirac Model

The Thomas-Fermi-Dirac model is obtained by neglecting the von Weizsdcker term in Eqn.

(5.10), to obtain in analogy to Eqns. (5.11)) and (5.12),

B[R 19T 3\N'"?13 10 /o
dmno(r) = 2 8r2+7"87" no () T 87"2+7’07" (r),  G2D)
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Figure 5.1: The radial equilibrium density ng, versus radial distance  in A on an (11,9) SWNT
of radius R = 6.89 A, calculated for four valence electrons using a Thomas-Fermi model (- - - -),
Thomas-Fermi-Dirac model (——), and Moliere model (------), and for six valence electrons using
a Thomas-Fermi model (- - - -), Thomas-Fermi-Dirac model (——), Moliére model (), and
Cruz model (---) [168]].

with the boundary condition, as discussed in Appendix [E} of

2 [@ng% - @)/ né“(r)]

and Eqns. (5.13) and (5.14). Employing a backward difference scheme using the shooting

—AnZo,R =

] , (5.22)
-

method, as discussed for the Thomas-Fermi model, we may solve the approximations to Eqns.

(5.21) and (5.22)) of

1 1 1
o~ 2 =1 =2 n (s — s q1)?
Tj+1 l ]} U [ ]} nj—1+ 3n, ("J 1 1)

1/3
127TTL?/3A7”2 + (%) / 1/3 (nj — nj,l)Q
+ * (5.23)
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127TZ0aArsn%3
1/3 3\1/3
(372)ny = (3)

However, the Thomas-Fermi-Dirac model gives an unphysical truncation of the electron density

(5.24)

Mjpt1 & 2Ny = Njp—1 —

away from the surface, as discussed by March [163]. For this reason, our numerical scheme is
unable to satisfy the normalization condition when we start our calculation at the nanotube axis.
To account for this truncation, we “shoot” for the location of truncation, in a manner similar to
that used for the calculation of the starting value. This truncation is due to cancellation between
the positive Thomas-Fermi kinetic energy and the negative Dirac exchange energy. Figure
shows the radial equilibrium electron density calculated for four valence electrons (Z = 4) and
six valence electrons (Z — 6) using the Thomas-Fermi-Dirac model. As shown in Fig. [5.1]
the Thomas-Fermi-Dirac model yields an unphysical truncation of the electron density, as is
discussed by March [163]].

Thomas-Fermi-Moliere Model

Alternatively, we may use the Moliere approximation [164, [165]] to the radial equilibrium elec-
tron density, ng(r), which is obtained by assuming the total electrostatic potential for a single

carbon atom ®(r), has the form

Z
Do(r) = =p(r/an), (5.25)
where Z¢ is the number of valence electrons per carbon atom, a,, is a screening length, given

in Thomas-Fermi theory by a,, = (972/128Z¢)"/® ~ 0.8853Z"/*, and (1 /a,,) is a screening

function, which is a sum of exponentials,
o(r/ay,) = Zage Berfam (5.26)

where oy =~ {0.1,0.55,0.35} and (3, ~ {6.0,1.2,0.3}.
By assuming that the carbon atoms are “smeared out” into a 2D cylindrical distribution, that
is applying the jellium approximation to the atomic density, we find that the total electrostatic

potential due to the positive ionic background ®,¢(r) is given by

///d% ) R)®¢(r). (5.27)
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Using from Ref. [210]

f)\||r r
///d3r/ o(r' — = A7 RIy (Aro) Ko (Ars) (5.28)

IIF—rll

where 7. = min(r, R) and r~ = max(r, R), we find

By (r) = 470, ZcR Z aely (5 S ) Ko (5 o> ) (5.29)
(=1 Am am
from Ref. [210]. Employing Poisson’s equation, we find no(r) = 2= V?®(r), so that
UaZCR ﬁe?”< ﬁgr>
no(r) = =05 ; 57 Iy ( ) Kl ) (5.30)

Figure shows the radial equilibrium density nq(r) obtained from the Moliere model, for
Zc = 4 valence electrons and Z- = 6 valence electrons, on a single-wall CNT of radius R =
6.89 A. Since the Moliére model is derived from Thomas-Fermi theory, it is not surprising to
note the substantial “tails” in the equilibrium electron density, which even surpass those obtained
numerically from the Thomas-Fermi model. We may then say that the Moliere model yields an
equilibrium electron density which differs the most from a 2D jellium model. For this reason,
we generally use the Moliere model for the equilibrium electron density when comparing the
stopping force obtained from the 3D Kitagawa model [161] with that obtained using the 2D
hydrodynamic model.

Cruz Model

The equilibrium electron density no(r) may also be calculated by employing the electron density
for a free carbon atom at position ', pu(|lr — r'||), obtained using the Cruz approximation
(166} [167]. In this model, the electron density for a free carbon atom is assumed to be a sum of

the squares of angularly averaged Slater-type atomic orbitals,
par(r = 2'l) =2 " [eu([r — '), (5.31)

where the sum is taken over doubly occupied normalized non-orthogonal orbitals,

22ni+1§2ni+1

di(|[r —1'||) = W m_le_Q”r_r/”, (5.32)

v — 1’
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where n; is the principal atomic number of the ith atomic orbital and ¢; are variational parameters
which are obtained by minimizing the 3D Thomas-Fermi-Dirac-von Weizsicker energy func-
tional with Ay, = 1/s. For carbon, the 1s, 2s and 2p orbitals are doubly occupied, so that Cruz
et al. obtained for the variational parameters (15 = 5.57071, (s = 2.70341, and (o, = 1.23526
[167]. The electron density for a free carbon atom is then

203, W 208 .20 ,
ol —r|]) = 288 g2alie—rt 4 205 2 pmacade—rl 2By 2l
s 3 37

(5.33)

We model the equilibrium electron density of a CNT, ny(r), by again employ the jellium approx-
imation as was done for the Moliere model, so that

///d3r 7ad(r' = R)pas(|[r — r']]). (5.34)

We now evaluate the equilibrium electron density using Eqn. (5.28) by rewriting the electron

density for a free carbon atom as
R N e S A .
w0 llr—v| 1200 |lr—r|  1209G, (x|

The equilibrium electron density from the Cruz model is then given by

pa(|lr — ') = . (5.35)

no(r) = _40-(1R€];_7)S£10(2C18T<)K0(2C18T>)

o3 o3
3 Césacéb (2C25r<)K0(2C25r>) +Cgp@IO(QQpTJKO(QC?NB) . (5-36)

Figure shows the radial equilibrium electron density calculated using Cruz’s model. We

see in Fig. [5.1]that Cruz’s model gives a much shorter-ranged equilibrium electron density, espe-
cially when compared with the Thomas-Fermi and Moliére models. Further, the Cruz approxi-
mation yields an electron density which “interpolates” the Thomas-Fermi-Dirac model electron

density, without truncation.

5.3 Induced Electron Density

The induced electron density is the linear order correction n,(r,¢) satisfying Eqn. (2.61), the
O(A) equation. We shall now find it useful to define the reduced density functional G[n] as the
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energy density functional F'[n] with the classical Coulomb interaction energy removed, so that

5] _ 5 sy ACe v dw (900 V()
5.~ 3 " (r) 5 " (r) + 3 ( n2(r) 2 nw) ) (5.37)

Substituting Eqn. (5.37) into the O(\) equation, we find

0*ny ony = = [ (6G[n] 5, ni(r’)
St =V (nOV [( - )1—|—///dr T —@extD. (5.38)

Given that ng is a function of r alone in cylindrical coordinates, we take the Fourier transform

with respect to {¢, ¢, z} — {w, m, k}, and use Poisson’s equation for ®;,4 and P, to obtain

L~ P ngd Ong 0] [6Gn
w(w—l—z’y)m(r) = — { 8 ) + 705 + 8—:5] { 5,72 ]:|
1

(/f2 . ) P?}i ]} o+ 4o [T (1) = Pext ()]

8710 0 e, ’. . N~ ,
~ 5 5y [ AT glr T m, k)R (r) = Pext(r)], (5.39)

where g(r,7’';m, k) = 4nl,(|k|rs) Kn(|k|r<), r< = min(r, '), and r~ = max(r, ). In Eqn.
(5.39) and hereafter, for compactness we drop the dependence on r in ny(r) and the dependences
onm, k, and w in 17 and pey.

Considering a simplified perfect conductor model, Crp = C, = Ay = 0, letting w,(r)
denote the local plasma frequency , given by wf,(r) = 4mng(r), employing the dimensionless
units K = kR and ¢ = r/R where R is the nanotube radius, and the combined frequency
0? = w(w + 77), we may derive Kitagawa’s [161] expression for the induced density,

WZﬁext _ aw d / /|"{|g (Qu@ m H)[pext( )_ﬁl(gl)}
-0 o dm(wp(o) — 2?) ’

ni(r) = (5.40)
where g'(0, o'sm, k) = I}, (|x]0) Km(|k[0)O( — 0) + Im(|K|) K, (|%]0)O (0 — ¢'), where © is
the Heaviside step function.

Employing Picard’s method to solve this first order integral equation, we assume the integral

operator in the second term of (5.40)) is a contractive mapping, so that n; = n( )+n(1) —|—?i§2) +--
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where
a0 = % (5.41)
0 % WWWQZQQTW§5<” (5.42)
R
~) _ 99 g d1Hg (0. ¢ Rl () (5.44)

LY, drw2(o) — 7]

In Appendix [F] we show that the second term of (5.40) is indeed a contractive mapping in the
high frequency regime, that is, provided 2 > w,(0) ~ 0.036.
The FB transform of the linearized induced potential CTDind is given in terms of the density

correction 71 by

Dina(0;m, kW) = —RQ/dQ’Q’g(Q, o'sm, k)i (0'sm, k,w). (5.45)

We now separate the induced potential into a local and non-local contribution. The local con-
tribution to the induced potential is the potential due to electrons at the location of the external
charge, so that

@fnd(g;m, K,w) = —RQ/dQQg(Q,Q m, k)N (0)(Q m, K, w) (5.46)

w2 (0) Pext (0')

= —R*[dddg(0,0;m, /i) V20— 2 (5.47)
p

This means that as the ion approaches the nanotube wall, where the equilibrium electron density
is highest, the local contribution to the induced potential will begin to dominate. The non-local
contribution to the induced potential is the potential due to distant collisions with the nanotube

electrons, i.e. ﬁgl), so that
o4 (05m, K, w) = —Rz/dQlQ/g(Qa o'symy K)s (s m, kW) (5.48)

8&) Q2p ( //)Q(Q g/'m H)Mg' ( / Q//.m fi)
- _ 2 /BN / ext ) m ) . 4
R fac fas'o 12(0) - Pilen - O
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This means that in near the nanotube axis, where the equilibrium electron density is “small”,
the non-local contribution to the induced potential will begin to dominate. Applying Kitagawa’s

approximation [[161]), the induced potential ®;,q ~ <I>md + Cbmd for w2 < Q2.

5.4 Stopping Force

Defining the stopping force as S = % __, we find is the sum of a local and non-local
z lr=rg
stopping force, S = S; + .S, so that
drdw .
_ zm Kz /R —iwt .
S = g // 5 3R #0griE0 S(o0;m, k,w), (5.50)
5 (0,2 gm(go,g,m /f) 2(0)Pext (0)
Sy =—-QR 5.51
s Owy /f|/€|920 ¢(¢)g(00, 0;m, K)g' (0, 'y m, K)o
S, = —QRi|d / i . ’ ’ : 5.52
¢ / o ) ) o 22

If we assume our external perturbative potential, ®.., is due to an ion travelling paraxi-

ally with constant speed v = R, the Fourier transform of the external charge density is then

Pext(0; M, K, W) = %Qé(g — 00)0(w — KTo)e Mo,

Local Stopping Force

The local stopping force is then
r9(00, 00; M, k)W 2(@0)

= 5.53

5 47r2R2 Z/ w2 (00) — kww(kw + i7) (5-53)

Z/ k9(00, 00; M, K)wp (00)

w2 (00) — k(Ko + i)

In Appendix [G] by employing the Sokhotsky-Plemelj Formula described by Vladimirov pp. 75—
79 [211], the above integral is found to be

S = %2(@0) i L, (QO‘””(QO)> K., <QOM) . (5.55)

(Y w w

(5.54)

47T2R2

m=—0Q0
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The above classical expression for the local stopping force diverges since we are calculating the
stopping force arising from electrons at the same position as the ion. This is often remedied by
truncating the series in m at m. ~ Rvm,/h for example. However, following the method of
Vager and Gemmell [212], we note that quantum mechanically, the channelled ion wave packet
is “smeared out” with an extension ~ /m.v = A, that is, the electron’s de Broglie wavelength.
To calculate the local stopping force, we evaluate the derivative in the z direction of the induced

potential at rjy = {ro + A, ¢, 2}, so that

5= Peile) (gw_@)) Km<90wp(90)+>\ewp(90)). 556

v? w w Rw

m=—0Q0

From Prudnikov (5.9.2.9) [213]], we have

i I () K (2) = Ko <\/w2 s 2wz> (5.57)

m=—0oQ

so that using v = R,

2 .2
5 — Q wp(go)KO (Aewz(go)) . (5.58)

12

Non-Local Stopping Force

The non-local contribution to the stopping force is given by

Owy QIHI% @’g(00, 0;m, K)g' (0, 00; M, K)
Sp = 167T3 R2 Z / dr / £ (5.59)

(0) — w*w?|[wp(00) — w*w?]

- 167T3R2 fm

9 (0, 00:
Z/dﬁ/dg wp Q|K’|H w g(QO)Qam "i)g (Qv Qo; M, ’%)] ) (560)

(0) — w*w?|[wp(00) — w*eo?]
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Again employing the Sokhotsky-Plemelj Formula, as discussed in Appendix[G] we obtain for the

Sp = E / 00
" 1677 16202 8@ ww Q ) — Wp2(0)]

[wi(@)g (Qo, o;m, wf)) g (Q, soim. wi@))

— w, ()9 (Qo, o;m, wP(QO)) g (Q, 00; M, wP(QO))} (5.61)
w w
2 an
- 163202 Z/ doog *F (e, 00, wp(0): wn(e0), @), (5.62)

where

/() -r(£)

wp(0) # wy(00)

F— a[wz%(go) —wi(o)]/w?’ (5.63)
g($> otherwise
T Na=wy(e0)/m

f(@) = 2°gm (00, 0;m, x)g (0, 00; M, T). (5.64)

In Fig. [5.2] we have shown the speed dependence of the stopping force for protons moving
paraxially at 1o = 0, 3, and 5 A to an (11,9) SWNT of radius R = 6.89 A. Comparison is made
between the stopping force obtained from the 2D hydrodynamic model and that obtained using
a 3D Kitagawa model [161] employing a Moliere equilibrium electron density. We find that the
non-local contribution to the stopping force gives fairly close agreement with the 2D model for
sufficiently high speeds (v 2 5). This agrees with Kitagawa’s suggestion [161]] that the non-local
contribution to the stopping force is due to distant collisions with the target electrons. However,
we find that at shorter distances from the nanotube wall (1o 2 3 A), the local contribution to
the stopping force becomes significant, giving a much higher total stopping force from the 3D
Kitagawa model [161]] in the near-wall region. This may be explained by noting that the local
contribution to the stopping force is due to the electrons at the protons location. We may see
this effect more clearly in Fig. which shows the radial dependence of the stopping force for
protons with paraxial speeds v = 5, 7, and 9, since the 3D Kitagawa model applies to only the
high frequency regime (w,(0) < ) [161]].
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Figure 5.2: The total stopping force S = S; + 5,, (——), with the non-local stopping force
contribution S,, (), and the 2D hydrodynamic model stopping force (- - --), plotted versus
speed v for an proton moving paraxially at 7, = 0, 3 A, and 5 A to a single wall (11,9) CNT of
radius R = 6.89 A [168].
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Figure 5.3: The total stopping force S = S;+.5,, (—), the non-local stopping force contribution
Sy (), and the 2D hydrodynamic model stopping force (- - - -), plotted versus radial distance
ro in A for an proton moving paraxially with speed v = 5, 7, and 9, in an (11,9) SWNT of radius
R =6.89 A [168].

In Fig. [5.4] we explore how the 3D Kitagawa model for the stopping force depends on the
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Figure 5.4: The total stopping force S = S; + S,, (——), the local stopping force contribution
S; (---), the non-local stopping force contribution S, (), from the Thomas-Fermi-Moliere
(Moliere) and Thomas-Fermi-Dirac (Dirac) models, and the 2D hydrodynamic (2D Fluid) model
stopping force (- - - -), plotted versus (a) speed v for a proton at o = 0, and (b) radial distance r
in A for a proton moving paraxially with speed v = 7, in an (11,9) SWNT of radius R = 6.89 A
[168].

choice of equilibrium electron density model, by employing both the Moliere and Thomas-
Fermi-Dirac models. Figure [5.4(a) shows the speed dependence of the stopping force for a
proton travelling on the axis of an (11,9) SWNT of radius R = 6.89 A, for the Moliere, Thomas-
Fermi-Dirac (Dirac), and 2D hydrodynamic (2D Fluid) models. We note that both the Moliere
and Dirac total stopping forces are in fair agreement with the 2D hydrodynamic model stopping
force on the nanotube axis, as seen in Fig. @Ka). We also note that the truncation of the Dirac
equilibrium electron density results in no contribution from the local stopping force being felt
for protons more than 4 A from the nanotube wall. For this reason, the non-local Moliére and
the total Dirac stopping forces are in close agreement for protons near the axis (ro < 3 A), as
seen in Fig. [5.4(b) for protons travelling paraxially with speed v = 7. We also see in Fig[5.4(b)
that at sufficiently high speeds, the relative importance of the local and non-local stopping force
contributions switches near the nanotube wall (r, > 4 A). While this change is smooth for the

Moliere model, the truncation of the equilibrium electron density in the Dirac model introduces
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a “jump” in the total stopping force at ry ~ 4.2 A.






Chapter 6

Dicluster and Dipole Channelling through
Nanotubes

In the previous chapters, we considered the electronic response of CNTs to channelled ions. We
now consider their electronic response to ion and molecular clusters under channelling condi-
tions. In particular, the Coulomb explosion of H; and H3 molecules under channelling condi-
tions, as studied by Zhou et al. [214]], is of great interest to the area of hydrogen storage in CNTs.
Also, the channelling of water molecules through CNTs may be studied by employing a point
dipole model.

Using the single-fluid 2D hydrodynamic model for the induced electric potential of a SWNT,
which we derived in Chapter ] we may obtain the image potential, total potential, dynamic-
polarization force, and total stopping force for channelled diclusters and dipoles.

6.1 Induced Electric Potential

Applying the single-fluid 2-D hydrodynamic model for a SWNT, discussed in Chapters [3] and
M4, we may write the total induced potential at position r in the laboratory frame of reference, in
terms of the FB transform of the linearized induced electron number density per unit area on the

nanotube, 11 (m, K, w), as

drd -
Pina (1, 1) = —4”2// P et RO (6] 0.) K (| 5] 05 )i (my 1, 00), (6.1)

95
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where [, and K, are Modified Bessel functions of the first and second kind respectively, with
o< =min(1,7/R) and o> = max(1,r/R).

Using the 2-D Hydrodynamic Model, we obtain for the FB transform of the linearized in-
duced electron density

&)ext(R; m, K, w)
Xt (m, 5, w) + AT R ([K]) Ko ([ 5])

ﬁl(ma "iaw) = (62)
where &)ext(R‘ m, k,w) is the FB transform of the external potential from the ions and Y is the
susceptibility, y~'7; = ®. From Eqn. (3.28), the susceptibility in a single-fluid model is
R? .11
wimomwpe | &g B M o) 6.3)

no TR ny K2+ m2

where ng ~ 0.428 is the equilibrium electron number density on the nanotube, & = 7ng, and

B =1a.
The FB transform of the external potential from the /N ions is the sum of Coulomb potentials
for the pth ion of charge (), moving parallel to the nanotube axis with speeds v, = Rw, at

positions r, = {0, R, ¥,, 2,} in the moving centre of mass frame of reference, is then given by
N N
Dot (R;m, kyw) = ZSWQQP(Xw — k) I (|K| 0p ) Ko (] 0ps ) e~ P20/ B (6.4)

where 9, = min(1,7,/R) and g,~ = max(1l,7,/R).
Substituting Eqn. for ey (R;m, K, w) into Eqns. and (6.1]), we obtain for the total
induced potential

(I)ind (I‘ t) =

—i‘”Q”Z /= il +ints/ =2/ R0 [ (] 0.) Ko (] 25) (1] ) Ko< 01
R=Yx=Y(m, k, kwp) + 47 Ly (|R|) K (|5]) '

m

(6.5)
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6.2 Total Potential Energy

As discussed in Chapter 4] and by Zhou et al. [214], the total self-energy of a cluster of N ions,
Egq, 1s given by

self - Z Qq ind I‘q + theza t) (66)

:_Z 47@qu Z/dﬂe’m””““ (BR800 L (|| 09<) Kom (1] 04) Lin (| 5] 0p<) Ko ([ 5l 01>
R (m, k, kwoy) + 4L (|6]) Ko (|]) ’

p,q=1

(6.7)

where Apl = ¢, — ¢, Azl = 2 — 2, Aw] = w,; — @), and e, is a unit vector parallel to
the nanotube axis. The total self-energy includes a contribution from each ion’s non-interacting
self-energy, and vicinage parts coming from interferences in the self-energy due to the spatial
correlation among the constituent ions [214]].

The fotal potential energy of the system Uy is the sum of the repulsive atomic potential
arising from the interaction between the ions and individual carbon atoms on the nanotube, U,
the Coulomb interaction potential between the NV ions, V-, and the total self-energy, Fie.

The total potential energy is then

Ur = Z Z e, — ] L (6.8)

p=1 q=p+1 p_rqH

If we now consider the problem of two ions of equal coaxial speed v = Rw, with separation

Ap = ||I'1
Qle _am Z/dfi [QZIQ |/<0|Q1<)K2 (|rlo1>) + QQIQ (|’<0|Q2<)K2 (|r|02>)
Ap U = g R=x~Hm, K, ko) + 4 Ly (|K]) K (| 5])

2Q1Q2COS(mAQO+/<aAZ/R) m([Kl01<) K ([K|015) I (| K| 02< ) Kin (|5 02>)
R=x"(k,m,u) + 4r L, (||) Kn(|K]) |

Ur =

(6.9)

To model the atomic potential energy for the ion cluster, U,;, we employ either a Moliere
atomic potential, as used by Zhou et al., or a Doyle-Turner atomic potential, as employed by
Borka et al. when modelling the rainbow effect in ion channelling through SWNTs [215] and
DWNTs [216].
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Moliere Atomic Potential

The Moliére atomic potential, Uy, is given from Eqn. (5.29) to be

N 3
Un =47y QpoaZe Yy arlo (527““) Kq (ﬁﬁf—ﬁ , (6.10)
p=1 (=1

m m

where Z¢ = 6 is the atomic number of carbon, and (), is the charge of the pth ion in the cluster.
As discussed in Chapter [5|and by March [163]], the Moliere model gives an unrealistically long-
ranged potential energy. For ions travelling at intermediate speeds, the Doyle-Turner atomic
potential may provide more realistic results.

Doyle-Turner Atomic Potential

The Doyle-Turner atomic potential Upr, has been applied to CNTs by both Zhevhago and Glebov
[217] and Borka et al. [215, 216]. In cylindrical coordinates, the radial Doyle-Turner atomic
potential has the form

327TQ ZCR —b2(r 2
Upr = Z B Z bre L (262 R), 6.11)
p=1

where Z = 6 is the atomic number of carbon, /¢ ~ 0.144 nm is the atomic spacing in the nan-
otube, a; = {3.222,5.270,2.012,0.5499} x 10~* nm? and b; = {10.330, 18.694, 37.456, 106.88}
nm~! are fitting parameters. For r/R > 0, the Doyle-Turner atomic potential can be approxi-

mated by a sum of Gaussians of the form

~ BQWQPZCR 2 71)2 —R 2

Z AR Zajbje r=R, (6.12)
j=1

The Doyle-Turner atomic potential is therefore rather short-ranged, and most applicable at high

ion speeds.
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Figure 6.1: Schematic of two ions centred at the origin of an (11,9) nanotube.

6.3 Diclusters — Two Ions of Equal Charge (); = ()2 = )

When both ions are inside the nanotube at equal radial distances, so that 71,7, < R the total
potential energy is then

Q Q2 2 Q212 H|91)+Q212(|H|Q2)1K2(|/‘”v|)
+ U Z/ (m, 5, 1) + AT (KD K (1))

4 QQgcosmAsoJrffAZ/R) (5l 00) L[] 02) K2 (1]
Z/ (o n) + AL () K(e) O

Ur =

For the case of two ions of equal charge (); = @) = @ at equal distances x( from the
nanotube axis, so that gy = 9o = 09 = zo/R, our expression for the total potential energy
simplifies further to

Q2 40Q* Z/ I2 ( \n|g0 VK2 (|&])[1 + cos(mAg + HAZ/R)].

Ur = Ui =
TT A H(m, i, 157) + A7 L (| ] Ko (15])

(6.14)

Centre of Mass on Nanotube Axis

When the two ions have their centre of mass located on the nanotube axis as shown in Fig. [6.1]
so that Ay = 7w and o1 = g = 9o < 1, their positions in Cartesian coordinates are given by
r12 = (20, + 20€;) = £{x0,0, 20}, Where e, is a unit vector perpendicular to the nanotube
axis, and e, is a unit vector in the longitudinal direction. The problem then simplifies further to

Q2 4@2 I2 ( |/1\g0 K2(|/<;]))[ + (—=1)™cos kAz/R]
Ur = Vo 3 Z/ (m. i w) + an L (R Km0 1)
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Figure 6.2: The total potential, Uy = Uprt + Esr + Vi, in €V, for a Doyle-Turner potential, with
contours separated by 0.2 eV, for two protons at positions ry > = £{z0,0, 29}, in the moving
centre of mass frame of reference, with speed v = 0, 3, 5, and 7, where R = 7 A is the nanotube

radius.

Figures [6.2] and [6.3] are contour plots of the total potential energy, using the Doyle-Turner
and Moliere atomic potentials respectively, for two protons with centre of mass at the origin,
positions ry 5 = £(zpe, + z0e.) = £{20,0, 20}, and common coaxial speeds (a) v = 0, (b)
v=3,(c)v=>,and (d)v=71.

We note that the potential “wells” in Fig. [6.2] and Fig. [6.3] are due to collective oscillations
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Figure 6.3: The total potential, Ur = Uy + Fear + Vo, in €V, for a Moliere potential, with
contours separated by 0.2 eV, for two protons at positions ry > = +{z0,0, 29}, in the moving
centre of mass frame of reference, with speed v = 0, 3, 5, and 7, where R = 7 A is the nanotube

radius.

of the electron gas on the nanotube. These minima in the total potential occur when the trailing
proton is “wake riding”, that is, following in the potential wells of the leading proton’s wake.
These minima indicate that diclusters moving with common paraxial speeds v 2 2, that is at
speeds above that at which collective oscillations of the electron fluid occur, are loosely “bonded”
when they are channelled through the nanotube. In comparing Fig.[6.2]and Fig.[6.3] we note that
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el
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Figure 6.4: The effective potential Vg in units of the Coulomb potential Vi = %, for two

protons at positions ry » = {0, 0, 29}, in the moving centre of mass frame of reference, moving
paraxially with speed v = 0 (——), v = 3 ( ),v =5(---),andv = 7 (---),toa CNT of
radius R = 7 A.

the shorter ranged Doyle-Turner atomic potential gives much deeper potential wells than the
longer-ranged Moliere atomic potential.

We note here that the dynamic-polarization force from the nanotube on the dicluster may be
obtained by taking the gradient of the induced potential. This dynamic-polarization force has two
contributions. First, the stopping force in the —z-direction, which is obtained by differentiating
the potential with respect to the axial coordinate z. Second, the image force in the radial r-
direction, which is obtained by differentiating the potential with respect to the radial coordinate
r. Since the integrand of the induced potential is an even function of the angular wave number m,
and differentiating with respect to the angular coordinate ¢ multiplies the integrand by a factor of
1m, we know that there can be no force due to the induced potential which acts in the ¢-direction.

If both ions are on the nanotube axis, so that gy = 0, and their separation is Ap = Az, using

that U, (0) is a constant, and /,,(0) = d,,,0 from Abramowitz and Stegun [169], we obtain

Ur=-—1|1—-—|[d
T Az 7R) " X0, v, m) + To(R]) Ko(IA])

_QQl Az Ko(rDlL+coswlz/Rl 1 o (6.16)
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Figure 6.5: Schematic of two ions aligned with the axis of an (11,9) nanotube

Up to a constant factor, the effective potential between the ions is then given by

QI Az KZ2(||) cos(kAz/R)
Vet = A [1 wR/d“Mx—l(o,n,m)+Io<\m|>f<o<|f~e|>' (17

The calculation of Vg is shown in Fig. [6.4] for an ion separation of zero to five radii. We find

that the ions are nearly completely screened from each other by the nanotube after a separation
of three radii.

In Fig. we see that at high speeds, v 2 5, the minima of the effective potential is at
Az~10A and Az ~ 30 Awhenv =5and Az ~ 15 A whenv = 7.

If both ions are at z = 0, so that Az = 0 and Ap = 21, the problem simplifies to

@ L \H\Qo VG (kD[ + (=1)™]
Ur = 270 + U — Z/ oz X M0, K, k) + L (|6]) K (|5]) ©.18)

Only when m is even is the integral non-zero, so that

% / L5 (|5:100) 5, (|151)
U :—+Ua—— _ o : (6.19
oo Y 2. X (0,5, 5@) + Do (|K]) Ko (|5]) :

Aligned with Nanotube Axis

When the two ions are in a coaxial orientation inside the nanotube as shown in Fig.[6.5] so that
Ap =0,Ap = Az, and p; = 02 = gy < 1, their positions in Cartesian coordinates are given by
ro = To€; E z0€, = {w,0, £2}. The problem then simplifies to

@y Bl L + e
Ur = 35 + Vs Z/ (m, 2 + A I () o (1)

(6.20)
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Figure 6.6: The total potential, Uy = Upt + Esqr + Vi, in eV, for a Doyle-Turner potential, with
contours separated by 0.2 eV, for two protons at positions ry > = {x0,0, %2}, in the moving
centre of mass frame of reference, with speed v = 0, 3, 5, and 7, where R = 7 A is the nanotube

radius.

Figures [6.6] and [6.7] are contour plots of the total potential energy, using the Doyle-Turner
and Moliere atomic potentials respectively, for two protons oriented parallel to the nanotube
axis, with positions ry 5 = z¢e, + zpe, = {z0,0,£2p} and common coaxial speeds v = 0,
v =3,v = 5,and v = 7. Considering Fig. [6.6] we note the deep potential wells for v = 5 of
approximately 4.6 eV, which occur when the protons are radially aligned at r o ~ +5e,. These
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Figure 6.7: The total potential, Ur = Uy + Fear + Vo, in €V, for a Moliere potential, with
contours separated by 0.2 eV, for two protons at positions ry > = {x,0, %2}, in the moving
centre of mass frame of reference, with speed v = 0, 3, 5, and 7, where R = 7 A is the nanotube

radius.

potential wells are somewhat shallower than for v = 3, and located closer to the nanotube axis.
For v = 7, their potential wells are of approximately 4.0 eV, located at r; o, ~ +4.55¢e, + 6.30e,
A. We also note the much broader and shallower wells shown in Fig. due to the longer-ranged
Moliere atomic potential.
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Figure 6.8: Spherical coordinate angles ¢ and 6 relative to the nanotube axis (z-axis) and the
dipole position z( (z-axis).

6.4 Dipoles — Ions of Opposite Charge ()1 = —(Q), = ()

We now consider two ions of opposite charges, ()1 = —(Q)2 = @), at positions in the moving centre
of mass frame of reference r; and ry. In cylindrical coordinates their positions are given by r; o =
{zo £ 1Ar, £1Ap, £1Az} with separation Ap = \/Ar2 + (423 — Ar?) sin®(Ap/2) + Az2.
The electrostatic dipole moment, p, for a system with charge density p(r) is defined by Jackson

[199] as
///d% r'p(r (6.21)

For our system of two opposite charges p = Q(r; — r2) = {itr, i1y, 112}, s0 that ||u|| = QAp =

po= \/u2 + p2 + p2, where pi, = QAr, p, = Q+/4xg — Ar?sin(Ap/2), and p, = QAz. If

both ions are located inside the nanotube, so that zy £ %Ar < R, the self energy when the ions

have equal paraxial speeds v = Rw 1s

_8e? sin® (B Ap + $kAz/R) Ln(|%[lo0 + $A0)) In(|5|[00 — 3A0)) K2, (|5])
L R, 1) + A T (R o)

e Z/ |Fv| @o 1AQ]) In(|5l[g0 — 50K (15])

“(m, k, kw) + 4n L, (|6|) K (| ])

self -

(6.22)

Y
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where we have used the dimensionless units gy = /R, Ao = Ar/R and k = kR.

To calculate the self energy for a point dipole, we take the limit () — oo and Ap — 0 while
their product i remains constant. Substituting Ar = p,./Q, Ay = 2arcsin (ke/\/1Q?22—p2) ~
re/Quo + O(Q7%), and Az = p,/Q while taking the limit ) — oo we find

[Giett + 112)2 13 (K] 00) + 1217, (| 5[ 00)] )62 K, (| K] )
Eself = T X759 Z dli
R? R "Hm, k, @) + 47 Ly (| 6]) K (|5])
_ _Q_MQ Z/d/ﬁl[(nﬂgo sin ¢ sin @ + cos 0)212 (|x|00) + cos? ¢sin? O] (|x]00)]?|x2 K2, (|x])
R=Yx"Ym, k, @) + 41l (|K]) K (|5]) 7
(6.24)

(6.23)

where the dipole orientation angles in spherical coordinates, {¢, 6}, are depicted in Fig.

In Fig. [6.9) and Fig. [6.10, we show the dependence of the self energy on orientation of the
dipole, for a point dipole located at zp = R/2 = 3.5 A inside a SWNT of radius R = 7 A.
Figure shows the relative magnitude of the self-energy at each paraxial speed v = 0, 3, 5,
and 7. Alternatively Fig. [6.10] shows the self-energy via the shape of each 3D surface, allowing
comparison between the self-energies for each paraxial speed v = 0, 3, 5, and 7. We note that
forv = 0, 5, and 7, the self energy is minimized when the dipole is oriented perpendicular to the
nanotube axis, that is, the direction of motion. However, at medium speeds, v = 3, we find the
self-energy is minimized when the point dipole is oriented parallel to the radial direction, that is,
the x-direction, while the self-energy is independent of the angle of orientation in the yz-plane.

Figure [6.11] shows the radial position dependence of the self-energy for a dipole oriented in
the yz-plane, so that ¢ = 90°, and 0 is the angle in the yz-plane relative to the direction of motion.
Figure shows the radial position dependence of the self-energy for a dipole oriented in the
xz-plane, so that ¢ = 0°, and 6 is the angle in the xz-plane relative to the direction of motion.
Figure [6.13] shows the radial position dependence of the self-energy for a dipole oriented in the
xy-plane, so that § = 90°, and ¢ is the azimuthal angle in the xy-plane relative to the radial
direction. We note that the absolute values of the self-energies shown in Fig. Fig. and
Fig. are two orders of magnitude smaller than those obtained for single ions in Chapter {]
and diclusters in Sect. [6.3] for dipole moments y ~ 1.
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Figure 6.9: The self energy F.. for a point dipole with dipole vector u at 2y = 3.5 A, inside a
nanotube of radius R =7 A, moving with paraxial speed v = 0 (—13.6 x 1073 eV/pu? < By <
—6.88 x 1072 eV/u?), v = 3 (=21.6 x 1072 eV/p? < Eyp < —14.4 x 1073 eV/p?), v = 5
(—11.2 x 1073 eV/u? < By < 1.6 x 1073 eV/p?), and v = 7 (5.6 x 1073 eV/p? < By <
4.0 x 1073 eV/u?).



CHAPTER 6. DICLUSTER AND DIPOLE CHANNELLING THROUGH NANOTUBES 109

Az

= = :“‘\\
TSNS TN
LS SCSOS

V198 ‘ <3 “\\
/55O

7
&
7
iy

/,
177556 S ST
i 11155 KOS S

Figure 6.10: The self energy F..; for a point dipole with dipole vector u at o = 3.5 A, inside a
nanotube of radius R =7 A, moving with paraxial speed v = 0 (—13.6 x 1073 eV/u? < By <
—6.88 x 1072 eV/u?), v = 3 (=216 x 1072 eV/u? < Egr < —14.4 x 1073 eV/p?), v = 5

(—11.2 x 1073 eV/pu? < Eyyr < 1.6 x 1072 eV/p?), and v = 7 (5.6 x 1073 eV/u? < By <
4.0 x 1073 eV/u?).
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Figure 6.11: The self energy F. ¢ in eV for a point dipole p at ¢ = 90°, so that ¢ is an angle in
the yz-plane relative to the direction of motion, located at radial position z, in A, and moving
with speed v = 0, 3, 5, and 7 parallel to the axis of a CNT of radius R = 7 A.

6.5 Stopping Force

Using the definition of stopping force described in Chapter ] for the case of two ions of equal
charge ()1 = ()2 = (@ at equal radial distances, so that o, = 05 = 09, the stopping force of the

dicluster is given by

8@2

k2 (K] 00) K2 (|6])[1 + cos(mAgp + kAz/R)]
Z/ R (m, 5, 5e2) + AL (5] Ko (]) 6.25)
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Figure 6.12: The self energy F,.¢ in eV for a point dipole p at ¢ = 0, so that  is an angle in the
xz-plane relative to the direction of motion, located at radial position z, in A, and moving with
speed v = 0, 3, 5, and 7 parallel to the axis of a CNT of radius R = 7 A.

The stopping force on a point dipole may be similarly calculated from the induced electric
potential by S = @ 3 <I>md’ , so that

= —Im

(2= sin ¢ sin 6 + cos 0)* I (|#]0o) + cos® ¢ sin? O[17, (|k] o) ]|w* K, (| k)
Z/ R=Ix =1 (m, k@) + dm Ly (|6]) Ko (| K]) ’
(6.26)

where the dipole orientation angles in spherical coordinates, {¢, 6}, are depicted in Fig.
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Figure 6.13: The self energy F. ¢ in eV for a point dipole p at § = 90°, so that ¢ is an angle in
the zy-plane relative to the radial position z, in A, moving with speed v = 0, 3, 5, and 7 parallel
to the axis of a CNT of radius R = 7 A.

Figure shows the dependence of the stopping force in eV/Au? on the dipole’s paraxial
speed v. We find that, as with the self energy, the stopping force on dipoles is approximately two
orders of magnitude smaller than the stopping for single ions. This suggests that the dynamic-
polarization force has little effect on channelled molecules such as water molecules. Further,
for v 2> 6, the stopping force is much greater when the dipole is oriented perpendicular to
the direction of motion (z-direction). We find that at these high speeds, the stopping force is
independent of the azimuthal angle ¢ in the xy-plane. However, for medium speeds (3 < v < 5),

the stopping force is minimized when the dipole is oriented in the angular direction (y-direction).
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Figure 6.14: The stopping force in eV/Ay? for a point dipole w in the (a) z-direction (6 = 0°)
and in the (b) z-direction (6 = 90°, ¢ = 0°) and y-direction (¢ = 90°, ¢ = 90°), at xy = 0 and
3.5 A, moving with speed v parallel to the axis of a CNT of radius R = 7 A.

We also find that the stopping force is generally maximized for all orientations when the dipole
is travelling with paraxial speed v ~ 4






Chapter 7
Oblique Ion Trajectories Near Nanotubes

In the previous chapters, we have concentrated on ions under near-channelling conditions, so that
their velocities were nearly parallel to the nanotube axis. However, such an experimental setup
has yet to be realized. Predominantly, the electronic interaction between ion beams and CNT, via
EELS or atomic force microscopy (AFM), consists of ion beams at oblique angles to the nanotube
axis. For this reason, EELS at oblique trajectories has been both modelled [42, 218, 219, [220]
and measured [16]]. In this chapter, we give expressions for both the energy loss, A FEj., and
deflection angle, A©, for ions travelling at oblique angles outside a SWNT, shown schematically
in Fig. where the 2-D hydrodynamic model is most applicable. We also assume that the ions

travel uniformly with constant velocity

7.1 Energy Loss

We define the energy loss, A F)s, as the work done by the induced force on the external perturb-
ing charge moving on trajectory r = ro(¢). This may be written as the negative integral of the

induced force along the path length,

AE'loss = /Find -dr (71)
__ / dtFima(ro(t), ) - vo(t), (7.2)
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Figure 7.1: Schematic of an (11,9) SWNT and an ion with an oblique trajectory.
d
where v (t) = o,
Considering the induced force to be the Lorentz force due to the induced charge density, we

may write F;q4 as

Find (I‘O (t), t) :QEind (I'[) (t), t) (73)

where () is the charge of the perturbing ion.
Writing this in terms of the induced scalar potential, ®;,,4, we obtain
Fua(ro(t),t) = —Q [%md(r, t)} o (7.4)
r=ro

We can thus express the energy loss in terms of the scalar and vector potential as

AEjloss :Q/ dt |:(VO . ﬁ + 2) (I)ind(r7 t):|
—o0 ot r=rq(t)

o 0
_Q/_Oodt [Eq)ind(r,t)} (7.5)

r=ro(t)
Since % =vo-V+ %, by setting the potential to be equal to zero for t = o0, i.e. Pjg — 0
as t — Fo00, we obtain
o 0
AEﬂloss - _Q/ dt la_¢ind(rat>:| (76)
_ t _
0 r=ro(t)
Introducing the Fourier time transform

© Jy .~
Cbind(r,t) :/ —we"wtq)ind(r,w), (77)

00 27T
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we obtain

A — — / d / dte™ By (ro(t), ). (7.8)

We may now define the plasmon excitation probability function, also called the energy-loss

probability per energy unit, P(w) as 2i times the imaginary, or odd, part of the w integrand in
equation by

ABy = /Oodwwf])(w), (7.9)
0
Plw) = —%Im {/mdte_mcfind(ro(t),w) : (7.10)

From the two-fluid 2-D Hydrodynamic model for a SWNT of radius R, the induced electric
potential on the nanotube is given by

~ dk €™ e**Rg(r, Rym, k &)ex R:m, k,w
(I)ind:_Z/< g JPoxt ) (7.11)

2m)>  xHm, k,w) + Rg(R, Rym, k)

where g(r, r’; m, k) is the radial Green’s function in cylindrical coordinates, derived in Appendix
X = X« + Xo is the sum of the susceptibilities of the two fluids, and ;! and ! are given by

Lty R )  wwtin)

= , 7.12
e T, ) o

with n? ~ 0.107 , nY ~ 0.321.

We may express the external perturbing ion’s velocity in Cartesian coordinates as vg =
vie, + vje,, where v, e, is the ion’s velocity component perpendicular to the nanotube axis,
and v e, is the ion’s velocity component parallel to the nanotube axis. The ion’s position in the
laboratory frame of reference is then r((t) = {ro(t), ¢o(t), 20(t) }, where

T0<t) = \/ min +ULt2 (713)

wo(t) = arctan <Ult) ) (7.14)

Tmin

2o(t) = u)t, (7.15)
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Figure 7.2: The probability function P(w) of undergoing energy loss w in eV for a proton
travelling perpendicular to the nanotube with speed v; = 1, 2, 3, and 4 and closest approach
Fmin = 10.5 A to the nanotube of radius R = 7 A.

and 7, = mtin ro(t) is the ion’s distance of closest approach to the nanotube axis, which we
take to be in the z-direction of our Cartesian coordinate system. We find the Fourier transform

of the ion’s potential is then given by
Doyt = Q/ dTei“’Te’im%(f)e”'km(ﬂg(r, ro(T);m, k). (7.16)
The integral over time ¢ in P(w) for an ion outside the SWNT, that is 7,,;, > R, is then

Jg(m, k,w) E/ dte=wteimeol) gtk |¢ (1 |ro (1)), (7.17)

—00

and the Fourier transform of the ion’s potential is

Doyt (r;m, kyw) = 4nQ1, (|k|r) Je(m, k,w). (7.18)
In Appendix |H| the integral Jg(m, k,w) is evaluated to be

- r;“l"\/m W — k’/U” + \/<Cd — kv”)2 + kQUi m (7 19)
\/(w — kU”)Q + kzvi | |

Jp(m,k,w) =7

k/UJ_
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Figure 7.3: The energy loss, A ., in eV for a proton travelling perpendicular to the nanotube

with speed v, in atomic units and closest approach 7, = 10.5 A to the nanotube of radius
R=TA.

The probability function P(w) thus simplifies to

P(w) = O [Z/dk yrn L (K[ R) T (m, k., ) . (1.20)

(4mR)=Ix~H(m, k,w) + I ([k[R) Ko (K| R)

In Fig. we show the probability function P(w) of undergoing energy loss w in eV for a
proton travelling perpendicularly to the nanotube. We note the significant peaks in P(w) due to
the higher m modes of the plasmon branches, which begin to dominate the electronic response
outside the nanotube.

Figure shows calculations of the energy loss for a proton moving perpendicular to the
nanotube axis with a closest approach of r,;, = 3R/2 to a nanotube of radius R = 7 A A
naive comparison with stopping force calculations, which give the energy loss per unit path
length, suggests the energy loss calculations shown in Fig. are in qualitative agreement with
our stopping force calculations. By comparing Fig. with the stopping force at 3R/2 for a
proton moving parallel to the nanotube axis, we find that our energy loss calculation behaves
qualitatively as a stopping force acting over ~ 10 A, which is of the order of the nanotube
diameter of ~ 14 A.
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7.2 Deflection Angle

The change in the ion’s momentum perpendicular to it’s trajectory, Ap_, is given by

Apl_ = /Oo thlJr_ld(rO(t)at>7 (721)

o0

where F;-, is the component of the induced force which acts perpendicularly to the ion’s trajec-
(V() X Find) X Vo

v3 '
The angle of the ion’s deflection by the nanotube, A©, may be approximated for small de-

tory, given by Fitd =

flection angles, by

Ap, 1 [ |
Ao~ ZPE /_ AFL (ro(t). 1), (7.22)

o0

where py = Muy is the ion’s total momentum, M is the ion’s mass, and vy = 4/ Uﬁ + vi is the
ion’s speed.

Considering the ion to be outside the SWNT, r.;, > R, with the x-axis of our Cartesian
coordinate system in the direction of closest approach 7.,;,, we now restrict consideration to
the case of trajectories perpendicular to the nanotube axis, so that the ion’s velocity is in the
y-direction, with vo = v, e, and v = 0. The ion’s deflection angle A is then in the zy-plane,
so that A® = Af,e,, and is given by

A 1 o0 o0 -
Af, ~ Po _ / dtFing - €4, = ¢ dt [(em - V) ®ina(r, 1)

= — , (1.23)
Po My Muvy J_ )

oo 00 r=ro(t

where Ap, is the component of the change in the ion’s momentum in the z-direction.
Working with the Fourier transform of the induced potential ®;,4, which from Eqn. (7.11]) is

i  ATRL (k| R) Ko ([k]r) Pexs (R m, k)
" X myk,w) + Rg(R, Rymo k)

(7.24)

we find that when the ion remains outside the nanotube, 7,;, > R, the gradient of the induced

potential is then given by

- dkdw . . . K (|k|r m )
VPig = Z//(27T)3e’m“"e“kze_’”tq)ind(r; m, k,w) |k]M e, + i— e, +ike,

Kon([K[r)
(7.25)
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where
€, = CoSp e, +sinp e,, (7.26)
e, = siny e, — cosp e,. (7.27)
The ion’s velocity is then
Vit U1 Tmin

Vo =v1€y =

(7.28)

e — e,.
V T12111n + Uit2 V 7112nin + /UitQ

Working with the Fourier transform of the induced potential, given by equation (7.25), we
find

Q [~ 0 sing 0
A0, ~ — dt — — | Pipa(r, t 7.29
MUO COSQD@T + r 690 d(r ) r=ro(t) ( )
dkdw
~ zm ) —iwt .
AQI ~ MUO/_ Z// ol q)lnd(TO(t)ama /{,’,W)
K, ([E[ro(t)) .msiwo(t)}
X ||k|Z———25 cos o (t) + 1 ——————= | . (7.30)
e 50+
The integral over time ¢ in Af,, thus becomes for 7, > R
& . sin g (t
Jo(m, k,w) E/ dte’m oM e [[k|K’ (|k|ro(t)) cos @o(t) +mem(\k|r0(t))%z)() )
—00 0
(7.31)

After substitution of Eqn. for ®;,q and Eqn. for @y into Eqn. (7:30), we may
express the deflection angle in the zy-plane in terms of Jg(m, k, w) and Jy(m, k,w) as

Q* /°° / 12 (kR)Jg(m, k,w)Jy(m, k,w)
Af, ~ d dk . (132
* = orMuy /. > @n R (m, k) + QR R KRR 22

Although Eqn. is a closed form expression for the deflection angle in the zy-plane, the
sum over angular wave number m, and the three integrals over frequency w, longitudinal wave
number k, and time ¢, make a direct numerical calculation of difficult using a language
such as Matlab. For this reason, we have begun porting our numerical codes to Fortran, with the

anticipation of a substantial improvement in our code’s runtime.






Chapter 8

Conclusion

8.1 Summary of Results

We have derived a simple, parameter free version of the two-fluid hydrodynamic model for the
electronic response of the electrons on a SWNT, which treats the o and 7 electrons as separate
2D charged fluids constrained to the same cylindrical surface. The strong electrostatic interaction
between the fluids gives rise to splitting of the collective-excitation frequencies into two sets
which closely follow the experimental dispersion curves for the high-energy o + 7 plasmons and
the low-energy 7 plasmons. In particular, the m = 0 mode of the m plasmons exhibits a quasi-
acoustic, linear dispersion versus the longitudinal wave number [68]]. Calculations of the induced
electron density on the nanotube and the stopping force for a charged particle moving parallel to
the nanotube axis show that, at particle speeds above the threshold for o + 7 plasmon excitations,
the two-fluid model essentially follows the results of the single-fluid model. Conversely, the
low particle speed range reveals some novel effects due to 7 plasmon excitations in the two-
fluid model. In particular, when the particle speed matches the phase velocity of the acoustic 7
plasmon, the induced density shows oscillations which precede the position of the particle, in
contrast to the usual wake oscillations, whereas the speed-dependence of the stopping force of
the particle displays peaked structures around that phase velocity. It has been found that, while
the high-speed stopping force is insensitive to the friction coefficient, the low-speed peaks are
quite dependent on it. This finding points to a need to further improve the proposed two-fluid

model by carefully examining the role of damping at lower plasmon frequencies.
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We have also formulated a hydrodynamic model for the dielectric response of a MWNT,
represented by a set of concentric cylindrical surfaces, each occupied by a 2D electron fluid.
Calculations have been completed for a two-cylinder nanotube, showing that the strong electro-
static interaction between the two fluids on these cylinders gives rise to splitting of the collective-
excitation frequencies into two sets for various angular modes m, with the lower m = 0 mode
exhibiting a quasi-acoustic, linear dispersion versus the longitudinal wave number k. Calcula-
tions of the stopping force for a charged particle, which moves at speed v, parallel to the nanotube
axis at radial distances inside, outside, or in between the two cylinders, show typical broad peaks
above the plasmon-excitation threshold phase speed of v ~ 2, as well as a narrow peak at v ~ 4,
matching the phase velocity of the quasi-acoustic low-energy plasmon. Calculations of the self-
energy of a charged particle moving paraxially show the typical long-ranged attractive wells for
radial distances close to the cylinder walls, which diminish with increasing speed v, with an
intriguing jump in the self-energy across the speed v ~ 4 for all radial distances.

These findings indicate that richness in the plasmon dispersions of MWNTs may exert a
profound influence on the dynamics of charged-particle interactions with MWNTs, especially
when conditions are met for a drift instability of the electron fluids. The multitude of plasmon
dispersion curves in the presence of multiple walls gives rise to rather strong interference patterns
in the velocity dependences of both the stopping force and the self-energy for fast ions moving
paraxially inside the nanotube. It is expected that, if larger values of the friction coefficients
in those fluids are used, the interference patterns would be significantly washed-out [68]. As
the radial position of an ion increases into regions between the nanotube walls, and eventually
reaches regions far outside the nanotube, the interference patterns also tend to disappear. The
low-frequency group of 7 plasmons exerts relatively weak effects on the low-speed stopping
force and self-energy, so that the bulk of these quantities at intermediate and high speeds may be
satisfactorily described by a single-fluid model [[144] for the combined o+ electron oscillations.

We have studied the plasmon hybridization in the UV region taking place when a single-
walled CNT either is encapsulated in a solid channel or encapsulates a solid nano-wire. For the
case of aluminum, we have shown that the antisymmetrically coupled plasmon dispersion curves
are always above the nanotube curves, whose low-energy, quasi-acoustic plasmon 7 branches
exhibit a remarkable insensitivity to the presence of metal, due to their large separation from
the metallic wire and channel branches. Conversely, the symmetrically coupled metal-(c + 7)
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branches occur at low energies and are forced through plasmon hybridization to undergo avoided
crossings with the 7 branches, depending on the size of the gap between the nanotube and the
metal.

Further, we have studied the energy losses and the dynamical image potential, which are both
determined by the plasmon excitations, for fast ions moving parallel to the nanotube axis. In the
case of insulating materials, such as SiO,, the nanotube’s high-speed stopping is significantly
suppressed and its low-speed stopping raised, whereas in the cases of amorphous carbon and
metals, the opposite is generally true. We have paid particular attention to nickel, as it is known
to be one of the metals that most readily binds to CNTs, both inside and outside. Moreover,
we have found that the dynamical image potential inside a nanotube encapsulated in a nickel
channel follows the potential inside an isolated nanotube at low speeds, but approaches the po-
tential inside an isolated nickel channel at high speeds. For an ion moving parallel to a nanotube
encapsulating a nickel nanowire, we have found that the dynamical image potential at large dis-
tance from the nanotube closely follows that of an isolated nanotube, indicating that an efficient
shielding of the embedded metal takes place.

However, near the nanotube wall, the accuracy of the 2D hydrodynamic model becomes
questionable. To better model channelling in the near wall region, and determine the region of
validity of the 2D hydrodynamic model, we have also studied the 3D Kitagawa model. Given
the limitation of the 3D model of the electron gas to high frequencies, and therefore high ion
speeds, one can deduce with a reasonable degree of confidence several conclusions of relevance
for ion channelling at the energies of about 1 MeV/amu, or higher. In the central regions of CNTs
where the electron density is low, the stopping due to distant collisions with target electrons is
reasonably well described by both the 2D hydrodynamic model and the non-local contribution
of the 3D model. As the ion approaches the nanotube wall, close collisions with the nanotube
electrons give a significant increase in energy losses, which is well described by the local con-
tribution from the 3D model, whereas the 2D model becomes increasingly inadequate already
within several angstroms of the nanotube wall.

We have also applied the 2D hydrodynamic model to dicluster channelling, where we find
that for diclusters with common paraxial speed v = 2, the collective oscillations of the induced
electric potential give rise to “wells” in the total electric potential. These minima occur when the

trailing ion is located in a potential well of the leading ion’s wake, often called “wake riding”. We
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also find that the longer-ranged Moliere atomic potential provides a more substantial reduction
of the electron fluid’s screening ability, when compared with the shorter-ranged Doyle-Turner
atomic potential. This leads to narrower and deeper potential wells when using the Doyle-Turner
atomic potential when compared with the wide shallow wells obtained from the Moliere atomic
potential.

We have found that both the self-energy and stopping force for point dipole channelling are
approximately two orders of magnitude smaller than the respective values for single ions or di-
clusters, when 1 ~ 1. Since the dipole moment of water is p,0 ~ 0.73, this suggests that indi-
vidual water molecules should have minimal electrostatic interactions with CNTs. However, the
well-known hydrophobicity of CNTs [38] brings the point-dipole model into question, suggest-
ing that other interactions, such as the induced dipole moment, may dominate the electrostatic
interaction between water molecules and nanotubes.

Finally, we have considered the energy losses and deflection angles for ions travelling at
oblique angles to the nanotube axis. We find that the plasmon excitation probability function,
P(w), also called variously the frequency dependent loss probability and the energy-loss prob-
ability per energy unit, consists of a series of sharp peaks arising from various m modes of the
plasmon energies. We also find that the energy loss A F}., is substantial when compared with
the stopping force for ions travelling paraxially at the same distance from the nanotube. Al-
though we are able to provide a closed form expression for the deflection angle, calculation of
the sum over angular wave number m, and the three integrals over frequency w, longitudinal

wave number £, and time ¢, make a numerical result difficult to obtain.

8.2 Applications of the 2D Hydrodynamic Model

In general, our results are possibly very relevant for the ongoing studies of ion channelling
through CNTs, which may be part of a rope assembled on a solid substrate and clamped by
a metal, since both the ion stopping and the image force may be quite sensitive to the presence
of a polarizable medium surrounding a nanotube. In that context, it is interesting to mention
that Fink et al. recently grew CNTs in etched ion tracks in films of SiO; and other materials,
providing a system in which ion channelling in CNTs may be realized [221]. Also quite recently,

Zhu et al. published the first evidence of ion channelling in carbon nanotubes, by incorporating
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an array of well-ordered carbon nanotubes in a porous anodic aluminum oxide membrane [222].
The 2D hydrodynamic model has already been used in MD simulations of proton and cluster
channelling through long SWNTs by Zhou et al. [50,214], and MD simulations of the rainbow
effect in proton channelling through SWNTs and DWNTs by Borka er al. [215 216]]. On the
other hand, our results also imply that an embedded metal wire in a CNT will probably exert

very little influence on the electron image states around the nanotube.

8.3 Future Work

Many potential applications and extensions of the 2D hydrodynamic model are open at present,
but we shall mention here only a few of immediate interest.

It is worth noting that the 3D Kitagawa model assumes that internal interactions between
electrons contribute only to the equilibrium electron density, and may be neglected when calcu-
lating the linear correction to the induced electron density. This apparent inconsistency could be
resolved by retention of the %T[L”] term in Eqn. (5.39) when calculating the induced electron den-
sity. Such a calculation would amount to use of the full 3D density functional F'[n]. This should
provide more accurate calculations of the induced electron density, especially in the “near wall”
region, since the cylindrical geometry of the density functional F'[n] is retained. Such accurate
calculations of both the image potential and stopping force in the near wall region are needed
for the MD simulation of ion channelling through nanotubes [214} 50], and the calculation of
the rainbow effect in such systems [215, 216]. However, the “shooting method”, which was
used to calculate the radial equilibrium electron density, becomes intractable for the 3D prob-
lem, since the boundary condition on the induced electron density is an integral over all three
spatial coordinates [[[n(r)rdrdpdz = Q, where @ is the ion’s charge.

The 2D hydrodynamic model could also be improved by allowing the equilibrium electron
density to be a function of angular and longitudinal position, so that ny = ny(, z). This amounts
to removal of the jellium approximation. The use of a 2D position dependent equilibrium elec-
tron density would allow the incorporation into our calculation of a nanotube’s chirality, which
determines whether a nanotube is semiconducting or metallic [2]. The results we have presented
here are most applicable to chiral nanotubes with large unit cells, such as an (11,9) SWNT with a

unit cell of ~ 70 A in length. For these nanotubes, the jellium approximation is highly accurate
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for fast ion channelling, since the electron density contains no “grooves”. However, “grooves”
are found in the electron density of non-chiral nanotubes such as the (10,10) armchair SWNT.
Briefly, other possible extensions and applications of the present study of carbon nanotubes

include
e Calculation of ion self-energy in channelling based on a 3D model
e Calculation of ion deflection angles for oblique trajectories
e Channelling and oblique incidence of polarizable molecules
e Modelling of boron nitride nanotubes
e Non-linear corrections to the hydrodynamic model
e Modelling dielectric response of CNT ropes or bundles
e on charge-state effects on channelling and oblique incidence
e Modelling dielectric response of finite-length CNTs
e Effects of external laser and magnetic fields

e Modelling CNTs in a plasmon sheath region



Appendix A

2D Density-Functional Theory
Calculations

A.1 Hohenberg-Kohn Theorem

We will begin our discussion of DFT by proving the following simplified version of Theorem
given by Hohenberg and Kohn [223]], and discussed by Parr and Yang pp. 51-56 [127].

Theorem A.1 (First Hohenberg-Kohn)

The external potential Ve (r) is determined, within a trivial additive constant, by the electron

density n(r).

Proof
Let U and ¥’ be wavefunctions for the electron number density n(r) = U*(r)¥(r) =
U™ (r)¥(r). Now let ¥ and U’ be ground state wavefunctions for the Hamiltonians H and

~

H' with ground state energies Fy and £, respectively. We now assume that Fy # E|, so that the
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ground state energy is not unique for a given electron number density n(r).

E, = / / /d3rx1/*(r)§c\1f(r) (A.1)
< / / /d3r U™ (r)HU (r) (A.2)
= / / / P U™ (r)H' V' (r) + / / / dPr U (r)(H — H)V(r) (A3)
= Ep+ / / /d‘“"’rn(r)mxt r) = Ve (o), (A4)

where Vox(r) and V,

" .(r) are the external potentials for the Hamiltonians H and H’ respectively.

Similarly for £ we find

By < Eo- [[[@rn@lVets) - V(o) (A5)

so that summing Eqns. (A.4) and (A.5) we find E, + E| < Ej + Ep, which is a contradiction.
Thus there cannot be two different external potentials V.. (r) that give the same electron density

n(r) for their ground states.

A.2 Density n(r,,) on a Plane

For an electron gas confined to a 2D plane, with Cartesian coordinates ro, = {z,y;z = 0}, we
may approximate the wave functions by
eikzxeikyy
w(kkayax7y> = Ta (A6)
where k, = 2mn,/L, k, = 27mn,/L; n,,n, € {0,%1,...}, and L is the length of the infinite po-
tential well which confines the electron gas to the plane. The energy is then from the Schrédinger
equation
k2 + k2
E(ky, k) = % (A7)

The density matrix in terms of the wavefunctions ¢ (k, k,; z, y) is then

p(rao, Ar) = o / dk / dfketkATcost (A.8)
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The planar density is then given by

1 [k T kr  Ep
o) = 00y Too) = =—= dkk df = — = — . A.
n(Too) P(Too, Too) 53 /0 /7r o — (A.9)
We may calculate p(r,, Ar) by utilizing the integral form of the Bessel function of the first kind
T/ .
Jo(z) = = / dhe’ oY (A.10)
T™Jo
given by Abramowitz and Stegun [[169]. We then find
I
p(re, Ar) = —/ dkkJo(EAT). (A.11)
m™Jo
Employing the recurrence relation
d
2 po1(2) = EZ”JH(Z) (A.12)
from Abramowitz and Stegun [169]], we find
k V2
pre, A1) = —E Ji(kpAr) = Y 1 (V2mnAr). (A.13)

TAr Arm

A.3 Density n(rg) on a Cylinder

The electron density n(rgr) = p(rg,rg) on a cylinder may be written in terms of the Fermi
energy E'r using Eqn. (2.23) as

[4F]
n(rg) = 7r2R > \/2Er - ﬁ (A.14)

t=—|¢p|
[4F]

= 232 > /G (A.15)

l=—|tp]

We now rewrite our summation using the Euler-Maclaurin formula

L () = pm)) + e(fom.n) (A16)

= [ f@yd+ 5 (0) + 1) + 1

1 n
e(f,m,n)| < Eo/ ()| da (A17)
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to obtain
€1
n(rg) = 7?2132 ( . \/jdf—l— 2\/62 Ak \/52 (Ltr] — 1)
1 [lr] —1
6 tr, 1€ A.18
6\/@_(L5FJ_1)2+5(F,LFJ)> (A.18)
G -~ (Lr] =1 | LF] (Ltr] — 1)?
— WQI;%Z (arcsm (FT) éi \/1 _ FT
2 LEFJZ LEFJ -1 1
w\' e (tp, |4 Al
where
1 g2

= 0@ — ([tr] — 177

We now define a parameter €2 = ¢ — || < 1. Expanding in terms of i we obtain

0 16€* +20e® + 3] _
n(rg) = 222{ |:2\/_6— o 16;”/2 e (e, LEFJ)+O(€ 5/2)] (A21)

4+/2 16€* + 20€% + 3 —3/2 ik
= ane | 1 - 14 —c R 14 A22
Mo [ [ e s | Hgf(f“ LFJ)+O< )( )
where the error is bounded above by
2 _
G LfFJ)‘ < oo (G = (L) = 1) (A.23)
(241)72 —3/2 5/2
= —FF—.""+ O, : A.24
60mv2e2 +2 © ( > ( )

The density n(rg) may thus be approximated by the planar density nppane(roo With relative

n .
eITor €7, given by

Elame = n(arl npf“e T H (A.25)
pane oo
16€* + 20€* + 3 1 ~3/2 752
— % max [2v/2¢ — + 2o ( ) A26
7 2V - — e 60(2¢2 + 2)32 * (A.26)

~ 0.3020;°% + O <€_5/ 2) . (A.27)
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A4 —V; p(rg,rp)|y ., on a Cylinder

To calculate the diagonal elements of the Laplacian of the density matrix —V? n p(rgr, 1), we

first make the following change of coordinates

1
TR = 5 (I‘R + I'/R) (A28)
Arp =t — 15 = {0, Ap, Az}, (A.29)

so that we may write the Laplacian in the new coordinates as
2 Lo valRY, 2
er = ZVFR + VYRVAI'R + VAI'R (A30)

using the Chain Rule. We may rewrite the Thomas-Fermi term in the new coordinates as

1 1 .
TTF = _5//d2fR (ZVER + VFRVAI'R + ver) p(fR,AI'R) Arno (A31)
Evaluating the integrand of 77 term by term, we find
= 1 o] 1 0 0 onLSIn(kp(0)Az)
Tr, A 0= 5 = a2 T A32
Varf(Tr Arr)larn=0 = 5 dg (R ohp 8Az) ‘ Az argedB3%
Ler] il 1 ] sin(kpAz)  cos(krpAz)k
- deeie || Z & PEEEE e =0(A33
R /LKFJ HR Az] Az * Az Arp=0 ( )
since k() is an even function of /.
For the V3, term we find
vArR (rRaArR”ArR 0
[4F] .
_ Z etae [ £ pa 2 N ?COS(]{IFAZ) sin(krpAz) (A34)
7T2R T Az? - sin(kpAz)Az Az Arr=0
=~ tF
1 = e
— 2
=T (RQ +gke (f)) ke (f) (A35)
{=—4F]
Lor)

3/2
:W2R4 Yo oeys—et (A.36)

t=—|¢tr]
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Applying the Euler-Maclaurin summation formula as before, we obtain the following expan-

sion in terms of ¢' where €2 = ( — (] < 1,

—VQArR (Tr, ATR)|Arg=0

4
b (f (zf _ 16+ 207 +5> I 64 e (¢r, MFJ)JFO(FW)) (A37)

T RV \4 V2 T2
8vV2  32e* +40€> + 10\ 3/ —5/2
= 1 — —_ l (@ A.38
m( +< e )6 + greltn e + 0 (£7) 3w
where the error € (¢, | (r]) satisfies
1 i 3/2 -3/2 5/2
el LEFJ)‘ (26 +2)7%; +O<€ ) (A.39)

with relative error 5V

Thus we are justified in using the planar density relation, 7n? plane

plane?®

V32 A . + 72 ane
evep, = || 2raf P, ATl arymo Ty (A.40)
7Tnplane o
4 16€* +20€% + 5 1 3/2 5/2
- 226 — 4 240 (e ) A4l
. Vae 6v/2€2 + 2 60(2€2 + 2)3/2 i ( )
~ 0.33030.%2 + O (£ 5”) . (A42)

A.5 Exchange Energy Correction on a Plane

The exchange energy correction K [p| on a plane is given by

Klp] = / /eroo / (Ar) / (AD)A (rz,Ar) (A.43)

. / /d2roo /d(Ar) /d(A@)WJf(\/%AT) (A44)
_ / /d%oon(rw)/d(m)@ (A45)
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A.6 von Weizsacker Kinetic Energy Term

Following the procedure outlined by Kryachko and Ludefa pp. 66, 173, 291-292 [184], we may
write the kinetic energy term of the Hartree-Fock ground state energy as

1 /
Tl = —5 / / d*rp V3, p(CR, TR)|ep=r); (A.47)

1
e _5//d2rR //d2r;% (5(1'1% _ I'/R)VIZ«RP(I‘RJJR)' (A.48)

We now assume that the two-electron density matrix p(rg, r’y) is an antisymmetric function of the

electron positions, so that p(rg,r’;) = —p(r’s, rr). Then employing the expansion of p(rg, r’;)
N/2

in terms of spatial wave functions ¢;, so that p(rg, r'’y) = 2 Z &; (rg)¢;(r'y), we find
i=1

- % / / d'rp / / d*ry (rr — 1) Vi, Vi, Qi%:/iaﬁ? (rR) i (1) (A.49)
_ / /erR gﬁmaﬁf(m) Vol (A.50)
- / /erR Ng/j Veni (rR)iéiil):(iZ) (r)Pi(rg) o (A51)

e S as

When the electron fluid consists of only one doubly occupied orbital, so that N = 2 and n(rg) =

20(rr)¢*(rg), we obtain the von Weizsdcker term directly from the kinetic energy term, so that

/ /d2 V" rR . (A.53)






Appendix B

Green’s Functions in Cylindrical
Coordinates

The method of Green’s functions in cylindrical coordinates, as discussed by Jackson pp. 125-127

[199], involves finding a function G(r, ") which satisfies

V2G(r,r) = —4%5(7" —1ro(p — @)z — 2), (B.1)

and is symmetric in r and r’, so that G(r,r’) = G(r’, r). Once such a function, called the Green’s

function, is found, the solution to Poisson’s equation, Eqn. (2.69), is given by

0= [[[#v cer)lowte'. - i) (B.2)

This is seen by calculating the Laplacian of Eqn. (B.2)

Vid(r VQ///d3r’ G(r, ") [pext (v, ) — p1(x',1)] (B.3)
_ / / / ' V2 (01 [poa (1 1) — pr(t, )] (B.4)
= = [ [ar [agr " Tstr = )66 = )6 = D)lpuns'.8) — 15" 0] B:5)
= —A7[pexe (1, 1) — /11( )] (B.6)

From Fourier analysis, we know that the Fourier transform of the delta function is the unit
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function, so that

> dk /
éz—2) = / %em(z_z ), (B.7)
and since the polar angle ¢ is a periodic function,
/ - 1 im(e—¢’
dp—o) = Y 5" (B.8)

We now introduce a radial Green’s function g(r, r’; m, k) so that
G(r,r') = Z/—dk eRE=2) eimle=e g (' k). (B.9)
7 — (27_‘_)2 ) b Y

Employing Eqn. (B.I), we find after some simplification that g(r, r’; m, k) must satisfy

10 [ og(r,r';m, k) ,  m? . _ Ax ,
o (TT G g(w,m,k)——Té(r—r). (B.10)

Letting x = kr, we obtain by multiplying Eqn. (B.10) by r2,

2

ﬁ2% + m% — (k* +m?)g = 0, (B.11)
when r # /. As discussed by Abramowitz and Stegun pp. 374-379 [169]], Eqn. is
the differential equation for modified Bessel’s functions, and has linearly independent solutions
I,(|k|) and K,,(|x|). Atr = 1/, the delta function in Eqn. introduces a discontinuity in

the slope, so that

_ aﬁgm i, k) _ 4 (B.12)

/
r=r/t r=r/— r

0 .
59(7’7 rim, k)

Using the symmetric property of the Green’s function, and that the Wronskian of I,,,(|x|) and
K.(|k]) is

L (|61 K, (16]) = I, (|6 Ko ([5]) = Tl (B.13)

the radial Green’s function is given by

g(r,r'sm, k) = An L, (Jk|r<) K (|k|rs) (B.14)
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where r~ = max(r,r’) and - = min(r,7”).

The solution to Poisson’s equation, Eqn. (2.69), is then in terms of the radial Green’s function

P(r,t) = / / /d3r’ > / (;fyeim<¢—@’>eik<z—z/>g(r, 'y, k) [pext (v, 1) — p1(x',1)]. (B.15)

We now introduce the Fourier-Bessel (FB) transform of the Coulomb potential as

—1 dk i —¢") ik(z—2'
r—r| Z/(Qw)fm(@ et g(r 1’ m, k). (B.16)







Appendix C

Modelling Dielectric Media

In the following appendix, we give a brief overview of the dielectric functions and types of
materials to be considered when modelling embedding and encapsulating dielectric media in
stopping force and image potential calculations.

We model the dielectric function of a channel of amorphous carbon and aluminum using a
Drude model for their optical dielectric functions [152) [153]] ec(w) and €a)(w), which gives a
loss function of the form

At yw
7 1 .
if W< wjeq
2T < Wi

C.1
Ai shwz'2 sh Vi sh . ( )
E w2 otherwise

92 2 2 2
Wi n)? +V uw

where Aj, ¥i, Wi, Ai sh» Vi shs Wi sh» aNd W; eqge are reproduced in Table [C.T] and Table [C.2] from
Abril et al. [153]). In Fig.[C.Ifa) and Fig.[C.I(b) we show the energy-loss functions for amorphous
carbon and aluminum, respectively. Note the single high peak in Fig. [C.I[(b) for aluminum, with

mLARip)} ~ 20, where w, ~ 15.0 eV is the plasma frequency of aluminum. This justifies

our use of a dispersionless Drude model for the optical dielectric function of aluminum, that is

eaf(w) = 1— ij—é, in Sect.
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Table C.1: Drude model parameters for carbon (Ref. [[153])
{ wj Vi A;
1 0.230 0.21 0.2362
2 0.945 0.49 0.7088

Wi edge Wi sh i sh Az sh
1045 10.5 7.9 0.004078

Table C.2: Drude model parameters for aluminum (Ref. [[153])

l w; Yi A;
1 0.551 0.035 1.1178

Wi edge Wi sh i sh Az sh

2.664 3.9 3.0 0.0666

One obtains Re [¢7!(w)] using the Kramers-Kronig relation [224} [153]

if W < W edge

Z Aiwf(w2—wi2)
1 ~ (w2 — wP)? + fw?’
Re[ ]—1+ ! (A 2) 27 2

Z iShwish(w — W sh)
—~ (

2 2 2 2 2
w wish) + % W

(C2)

otherwise

(2

Figure [4.13] shows a schematic of a nickel clamp being used to facilitate ion channelling
through CNTs. The dielectric function for nickel ex;(w) is modelled by Kwei et al. as a super-
position of damped linear oscillators [158]. Here ex;(w) = &1 (w) + iea(w), with

i) = e = 30 )

2 2)2 2,27
w? — w?)” + w?y;

(C.3)

%

Al
aw) =Y Rl (C4)

i (w? — W?)2 +W2%‘2’

where eg, Al, 7; and w; are given in Table In Fig.[C.1]c) we see that the energy-loss function
for nickel has a much more substantial “width” than either the aluminum or amorphous carbon
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Figure C.1: The energy-loss function Im [ﬁ] plotted versus w in eV, for (a) amorphous carbon
ec(w) (—) using the fitting parameters given in Tablefrom Abril et al. [153], (b) aluminum
eal(w) (—) using the fitting parameters given in Table from Abril et al. [153], (c) nickel
eni(w) (—) using the fitting parameters given in Table from Kwei et al. [158], and (d)
water ey, with a sharp cutoff (——), no cutoff (----), and a smoothed cutoff (——) using the

fitting parameters given in Table from Emfietzglou et al. [208, 209].

dielectric functions. This arises from the many oscillators, ten in all, used in its construction. For
this reason, simple plasmon based analysis of the stopping force and image potential becomes
difficult for metals with complicated optical dielectric functions.

We model a SWNT in water, shown schematically in Fig. using the Drude-type dielec-
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Table C.3: Drude model parameters for nickel, eg = 1.02 (Ref. [158]])

Aj[eV?] i [eV] w;[eV]
25 0.01 0

50 2.00 0.45

30 4.00 1.50

60 6.00 3.60

18 1.30 4.60

37 4.20 8.30

95 7.20 14.60

200 18.00  24.00

200  70.00  45.00

545  80.00  58.00

Table C.4: The Drude model parameters for the IXS optical data (Refs. [207, 208, 209])

Transition, j E; [eV] ~;[eV] f;
Excitations
1 (A'B)) 8.10 1.90 0.0045
2 (B'A) 10.10 1.95 0.0046
3 (Ryd A+B) 12.10 2.94 0.0030
4 (Ryd C+D) 13.51 5.06 0.0190
5 (diffuse bands) 14.41 2.64 0.0050
Ionizations
6 (1by) 16.30  14.00 0.2300
7 (3a;) 17.25 1091 0.1600
8 (lby) 28.00 27.38 0.1890
9 (2a)) 42.00  28.68 0.2095
10 (K shell] 450.00 360.00 0.3143

tric function for water developed by Emfietzoglou er al. [207, 208], ey (w) = &1(w) + ies(w),
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where

) T , ST (B2 — w?)[(B? = w?)? + 3(y,0)?
aiw) =1+ B ; {(E? —w?)? + (ww)Q} M ; { (B} = w?)? + (jw)?)? } ’

(C.5)

- ioniz f7 W excit 2f] ’y?w?’
g9(w) = E;H(w — Ec, A) Z |:<E]2 — w;);—i- (ij)J T EI% Z {[(E]2 — E2)2 + (%’W)Q]Q] ’

J J
(C.6)

where E, is the nominal free-electron plasma energy of liquid water (~ 21.46 eV) and f;, y;, and
E;, are the oscillator strength, damping energy, and transition energy coefficients, respectively,
given in Table [C.4] based on the optical data of Hayashi er al. [209]. The ionization energy
cutoff at E = 7 eV in water is ensured by the function H(w — E¢, A) defined by H (z, A) =
1/(1+e /%), As shown in Fig. d) for the energy-loss function, a sharp cutoff, as employed
by Emfietzoglou er al., is obtained by letting A — 07, a smoothed cutoff, as employed by
Dingfelder er al. [226]], is obtained by taking A ~ 0.64 eV, and a dielectric function without an
ionization energy cutoff is obtained by letting A/x — 0. Moreover, since CNTs are known to
be hydrophobic [38], we model the encapsulating water by a dielectric boundary at both 1,y = R
and 7oy = R + Ary, using Ar, &~ 3.4 A, as found from MD simulation by Moulin et al. [31]].






Appendix D

3D Density-Functional Theory
Calculations

D.1 Thomas-Fermi Kinetic Energy

The Thomas-Fermi kinetic energy term, Trrg[p], may be written as

TTF :——///dngQPPF S

(D.1)

To simplify our expression for the spinless density matrix in 3D, we make the following

change of coordinates

T = %(r+r’)
Ar =1 —1' = {Ar,Ap, Az},

so that from Eqn. (5.3)), we find

1 kF ™ .
p(F, Ar) = 7 / dkk? / doetFlArlicosd gip g
0 0

kp .
1 / Skl )
7 Jo r

o Sin(krl|Ar]) — kpl|Ar| cos(kr||Arl])

= 3nlr) NN
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(D.2)
(D.3)

(D4)

(D.5)

(D.6)
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We may write the Laplacian in the new coordinates as
2 1 2 vV 2
Vi = ZVF + ViVar + Vi, (D.7)

using the Chain Rule, so that we may rewrite the Thomas-Fermi term in the new coordinates as

1 1 - =
TTF = ——///dSF —V% + VFVAI» + VQAI. p(f, AI’) (Dg)
2 4 Ar=0
Letting s = kp||Ar||, so that in terms of s, the 3D density matrix has the form
sins — scos s
p(T,s) = 3n(T )3—3 (D.9)
We now evaluate the gradient of p(T, Ar) with respect to Ar, as
0 sins — scos s
Vmp(r Ar)|ar—o = 3n(T)kr(T )a — (D.10)
o S s=0
a o0 n g2n—2 (_1)11821172
= T)kp(T)=— - D.11
()5, nz 2n—|—1 el | @11
= 2)32”*3 (—1)"(2n — 2)s> 3
= T)kp( - D.12
o nz 2n +1 (2n)! _(() )

_ -2 2 0O 0 2s 2s
= 3”(1‘)]@}7(1‘) |:?+?+g - g+a— I+O(S3):| = 0. (D13)
: : s=0

The Laplacian of p(T, Ar) with respect to Ar is similarly obtained as

_ 1 0 ,0sins—scoss
VA.Lp(F, Ar) = 3n(T)kp(T @%32%5—3 B (D.14)
10 X (—1)"(2n —2)s21 (=1)"(2n — 2)s*!
= 3n(x)ke(r )32 Js Zo (2n +1)! B (2n)! (D.15)
n= s=0
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_ Sn(r)kF(f)S—lzg (—1)”(2n(;n2)+(217;!— )5~ (=1)"(2n —(221()2? —1)s¥2 D.16)
_ Sn(E)ke (f)i (—1)”(271(; fyﬁf st (=1)"(2n _éza()Q!n —1)s*t : (D.18)
— 3n(E)kr() E—Ew o+§—%+0( )LO . (D.19)
= —§(3w)2/3n5/3(r) (D.20)

Assuming that the 3D electron density is well-behaved, so that [[[d®r V2n(r) = 0, the Thomas-

Fermi kinetic energy term is given by

Treln] = %(3@2/3 / / / d*r 3 (r)

D.2 Dirac Exchange Energy
The Dirac exchange energy is given by Eqn. (2.20) to be

=l Jf et

Employing the coordinates

_ 1 )
r—§(r—|—r)

Ar =1 —1' = {Ar,Ap, Az},

(D.21)

(D.22)

(D.23)
(D.24)
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with s = krpAr, we may substitute Eqn. into our expression for the Dirac exchange energy

e s

to obtain

K[n]

A~ w

. / / /d3f / de_
3 (%)1/3///d3r n*3(r) /OOO ds
(2)" e

()" e

2

(sins — scos s)?

55
252 +1 cos2s sin2s
8s4 Qs 453

s=0

(D.25)

(D.26)

(D.27)

(D.28)

(D.29)



Appendix E

Boundary Conditions for the Equilibrium
Electron Density ng(r)

For a cylindrical shell of radius R, with atomic density 0,6(r — R), and Z valence electrons per
atom, the electric potential has the following boundary conditions. First, the electric potential is

chosen to be continuous, so that
O(R™) = ®(RT). (E.1)

Letting G'[n| be the reduced density function, defined as the energy density functional F'[n| with
the classical Coulomb interaction energy [[[d*r [[[d’r’ 2lr)n() removed, we obtain, from mini-

[[r—r"]]

mizing the electron energy, that

(E.2)

where ® is the total electric potential and i is the chemical potential. Let ny be a solution of
0G[n]
on

continuous at r = 2. Next, by integrating Poisson’s equation for the total electric potential,

Eqn. (E.2). Since ® is continuous at » = R and p is a constant, we have and hence n, are

ror

1 0 (raa—q)) = —4dnZo,0(r — R) + 4mny(r), (E.3)
-
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with respect to the radial coordinate from R~ to R, we find

Rt
o 0P
—r—dr = —4n7 E.4
- arfr’ardr 4o, R (E4)
8_(1) — 8_@[) = —4nZo,, (E.5)
or|pe O |p

o o +
where we have used the fact that the continuity of ng at r = R implies [ 15, no(r)dr = 0.
Rewriting Eqn. (E.5)) in terms of the equilibrium radial electron density, we obtain an explicit

boundary condition for ny at r = R of

) lm[no]] [3710

v . 8n0
dng | ong or

re Or

] = —4n/o,. (E.6)
R
By cylindrical symmetry, the radial component of the electric field must be zero on the cylin-

der’s axis, so that

0P

o = 0. (E.7)

r=0

Differentiating Eqn. (E.2)) at » = 0, we obtain a condition on 7 on the cylinder’s axis of

0 dGng| 0
o] Ono | _ (E.8)
dng dng Or|,._,
The Thomas-Fermi model gives a reduced density functional G[ny] such that a%%ﬁd # 0, so
that
a’no
- = 0. E.9
5| (E.9)

However, for the Thomas-Fermi-Dirac model, the derivative of the functional derivative of G[n
0G[no] __
ong

does satisfy 8%0 0 for some r greater than zero, due to cancellation between the Thomas-
Fermi and Dirac exchange terms. This is what causes the unphysical “truncation” of the electron

density discussed by March [[163]].



Appendix F

Region of Validity for Kitagawa’s
Approximation

To determine the region of validity of Kitagawa’s approximation [[161], we must find when Eqn.(

5.44)), that is

-1
s _ 0w [ g1y (o o k)Y V(o)

= F.1
! do drw2(o) — Q7] ED
for ﬁgj ) as a function of the previous density term 'ﬁgj 71), is a contractive mapping.
Employing the norm || - || over functions on [0, c0)
f@] = [ dalfa)l, F2)
0

we will determine for which values of 2 (EI)) is a contractive mapping, ie. Hﬁﬁ” )<Q)QH <
k7Y (0) ||, where 0 < k < 1.

0w [ oo In(|Klo<) Km(|klos)7d (o)
~(J) _ || / 0o
I @l = || 52 [ do o ©3)
8w
< 8@ / / (j—1) /
<z - kol (|Kl0)] [ do'[In(|k|d")ny ()¢
+ Inel (o) [ de(W)ﬁy—n(Q/)Q/q H (F4)
o
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= H [a% tn [wp(e) - 92|]rn|@[1;<|m|@>Km<|m|g) ~ L(ele) (Il | ® d (e

Employing the identity I’ (2)K,(z) — I,(2)K'(z) = 1/z [227], and the norm of 7Y " (0)o
defined by Eqn. (F.2)), we find

—(j >l o (i
70l < [ | ko - 0| a2 ©5)
0
Q2 e
= In 520) 2 177 (o)ol (F.6)
wp(0) | <
= —In|1— == |7 (el (E7)
w2(0)  1wi(0) wS(0) :
~ | Zp P P ~(—-1)
-~ [ 02 +§ 04 +O( 06 )] Iny " (0)ol| (F.8)
so that to ensure k = — In ‘1 - %‘ < 1, we require w,(0) < 0.795Q2. Thus when w,(0) < €2,

we have a contraction mapping, and our series for n; converges. Kitagawa neglects corrections
to the induced density ﬁgj ) for j > 2, letting n; =~ ﬁgo) + ﬁgl), including “local” and “non-local”

contributions [161]. We may estimate the error introduced by truncating the density series as

00 oo 1~(J w2(0
o SR [ (Olede L= wh0) | 350) ) (BO)Y o
o0 (~(1) d = w20, T Q2 2 04 06 ) :
Jo 171 (0)edo 1+Infl— =5
Numerical calculations of ng(r) as shown in Fig. may be used to estimate & using w,(0) =

47np(0) = 0.036. Our series for the linearized induced density applies only for frequencies
2> 0.0453.



Appendix G

Calculation of Local and Non-local
Stopping Forces

G.1 Sokhotsky-Plemelj Formula

The Sokhotsky-Plemelj formula is often used in mathematical physics applications to evaluate
analytically integrals of the form | fooo%, in the limit ' — 0. See Vladimirov pp. 75-79

[211] for a more complete discussion.

Formula 1 (Sokhotsky-Plemelj)

Let f(x) be a continuous function such that f(x) — 0 as © — +o00. Then

. fl@) (x) _ .
Here P.V. [ dx% denotes the principal value of the integral of X_(_?O’ which is defined to be
b Tro—€ b
P.v./ PR ACI T, / i) +/ G (G.2)
a T — X =0t J, T — Xp zo+e T — X

We may easily prove the Sokhotsky-Plemelj formula for the case of integration over the real line
as follows.
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Proof of Formulal[ll
[ f(z)
1 A o
1“3]([)1+ _Oodxx —xg I
[ w—mET [ flx) = f(xo)
= 1 d 1 dp—"—————= G.3
f(wo) POt o x(x —x0)? +17? T o T xo £ il (G3)
: . z—x0\ ]~
= f(xo) rll,%l+ {ln |(x — ) + I'?| F 4 arctan ( T U)} N
xo—€ o o0 o
i [ gpd @) = fw) / PACH R (C1)) (G.4)
e—0t J_ T — Xy Tote T — X
o oo 1
= Firmf(zo) + P.V./ dat:M — (xo)P.V./ dx (G.5)
—00 Tr — x(] —00 Xr — IO
= P.V./ dx——— /() q:m/ dxd(z — xo) f(z), (G.6)
—oo T — 2o —00

as required.

G.2 Calculation of Local Stopping Force 5,

The local stopping force S, due to an ion travelling paraxially with constant speed v = Rw, is
given by Eqn. (5.53) to be

_ m (] 00) K (|K] 00)w; (0)
T nR? Z/ w(0o) — kw(kw +iy) G.7)

Before we may employ the Sokhotsky-Plemelj formula for the calculation of the above integral,

f@)

we must first manipulate the integrand into the form —7=-=. This may be done by employing

partial fraction decomposition, and dropping terms of order O(~?), so that

B m(|K]00) Ko (|| 00)wp (00)ds
T TR Z/ w2(00) —7%/4 — (kw +iv/2)? G8)
_ Q%iwy(00) Z/ m([Kl00) Km(|Kl0o)  Klm([K|00) Km(|K|00) G.9)

o2 R2 Kw +i7/2 — wy(00) - kw+ /2 + wp(0o) '
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Taking the limit y — 07, and employing the Sokhotsky-Plemelj formula (G.TJ), we find
T IS Lot C Ry W ATESL ATEES

27 R? Kw — wy(00) K@ + wp(00)

—iw/d/f [0(kww — wp(00)) — 0(kw — wy(00))] /i[m<|/€|gg)Km(|/i|Q0):| ) (G.10)

Combining the two principal value integrals we find

I () ()

Yiwy Qo m(1%100) Kom (|5 20)
ZP v/ o 2 (e0) (G.11)
2 2
= TR (2] K (72), -

since the integral is of an odd function.

G.3 Calculation of Non-local Stopping Force S,

The non-local stopping force S,,, due to an ion travelling paraxially with constant speed v = R,
is given by Eqn 5.59) to be

9!%!/@3w29(go, o;m, k)g' (0, 00;m, k)
Z/dﬁj dg 89 [w2(0) — (ko +1v/2)?][w2(00) — (K@ + iv/2)?] G.13)

Using the fractional decomposition for constants A and B of

Sp = —

167T3R2

A B A B L — 5 BQ} , (G.14)

and employing our results for the local stopping force .S;, we find
1
1 = fove Z/ %50 Skler) w20

[wi:’(g)g (@o, o, “’i@) g (97 i, wf))

— wy(eo)g (Qo, o;m, %;QO)) g (Q, 00;m, %;QO))} (G.15)
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as required.



Appendix H

Calculation of Jp(m, k, w)

Let us define the integral over time ¢ in P(w) for i, > R as

Jg(m, k,w) E/ dte=wteimeot) gikzo O |¢ (1 |ro(t)). (H.1)
t min
Rewriting in dimensionless variables w(t) = — ULt u(k) = krmin, and £(k,w) = r (w—
Tmin v
kvy), we obtain
Tmin [, . 1—dw \™
Jg = — dwe®™ | — | K,,(uV1 + w? H.2
F vy /_oo (\/ 1+ w2) ( ) (H2)
A moree R (un/T  w?
_ Ty 4 / dueiew Bm (V1 + 0%) (H.3)
v df o (1 _|_w2)m/2
- mopeeplemeos(6y/T — D)K.
= [min [1 = i] 2 / aet " VT = DR (H.4)
(%8 d€ 1 2 —1

where we have used the substitution ¢ = /1 + w?.
From Glasser [228]] and Prudnikov et al. (pp. 362, Formula 2.16.16(7)) [213]

00 2 _ 42
[ Bl :\/ga;%ﬂ(b?+CQ>%KV_;WW>, (H.5)

LUZ _ CL2
so that
2 min d m 2n—1
Jp = —”?}72;1 [1 - %} (€ +u) T K, 1 (VE+ ). (H.6)
1
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Let ¢ = /€2 + u2 = —min \/ (w — kvy)? + (kvy)?, so that

V2T min & d 1
= — 1 —_ = §K 1 H-
g = Y20 |y LN e, ) M)
. 1d _1 .
For ease of notation, let D = _Zd_C and F,,(¢) = (" 2Km_%(§), and consider (1 +
ED)™EFn(Q).
We must first prove the proposition
[m/2] m
D)™ = —1)*(2k — 1)!! me2kpmek, H.
0 = 3o urer- () (8)
For m = 0, we find
(€D)° = (—1)°(2(0) — 1) <2(00))x0_2(0)D0_0 =1 (H.9)

since (—1)!! = 1, as required.
We assume that the proposition holds for m < n, and we must be sure that the proposition is

true form = n + 1, 1.e.

(%371
(fD)n+1 — (_1)k(2k, . 1)” (n;l; 1) €n+1—2k:Dn+1—k:‘

‘3
it
p

b
Il
o

We find by the inductive hypothesis that

(D)™ = (€D)(ED)" (H.10)
[/2]

— (D) S (12— 5, ) o, H.11)
[n/2] )

=2 _(-)H@k- 1>”<2 )(£D>£” ot (H.12)

k=0
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Using that (D = _E we find

[n/2]

(§D>n+1 _ Z(_l)k<2k _ 1>” (27;{:) §n+1—2an+1—k
k=0
[n/2]

d n—2k n—k
+ Z F(2k — 1) (Qk) (_1)01_5(5 )D (H.13)

[n/ 2]

— 2]€ o 1 I n+172an+1fk
S

[n/Q]
k—l—l) n — 9%k n—Qk—an—k H.14
+Z (2k — 1)!! (%)(n )¢ . (H.14)

By definition of the choose notation

n _ nl(n—2k)
<2/<;) (n=2k) = = omim) (H.15)
_ n!(2k + 1)
" (n— (2k + 1)1(2k + 1) (H.16)
=@+ (21{?1 1)’ (H.17)

for 2k # n, so that by changing the limits of for the second summation from 0 < £ < g to

-1
0<k< nT’ we obtain

[n/2]
(ED)"! = Z(—l)k(% N (272) gn+1=2k pni—k
k=0
(23] n
+ (_1)(k+1) (Qk + ) <2k )gn—?k—an—k. (ng)

k=0

1 1
tolgkgn;r ,

Changing the limits of the second summation again from 0 < k£ < n
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with k£ € Z we obtain
[n/2]

(fD)nJrl _ Z(_l)k(2k _ 1)” (272) €n+172an+17k
k=0
(23]
+ Z 2k' — 1 ” <2kn_ 1) £n+1—2an+1—k' (ng)

Using Pascal’s Formula

(2= 006 i

and combining the two summations, we find

n

+

4]
(§D)”+1 _ (_1)k(2k . 1)” (n;;f 1) £n+172an+lfk (H.21)

v ‘

e
Il
o

as required.
From the Binomial Theorem,

(1+£D)™ zm: ( ) (H.22)

n=0
Applying (H.8), we obtain
m_ o /2 o
1+ED)™ = k2K - 1)1 n=2kpn=k H.2
ey =3 (V) ek (g, )e H.23)

Lettingp =m — (n — 2k),0 <p<m,sothatn =m — p+ 2k, 0 < k <

1S

k=0

m [p/2]
=y (?) > _(=DfE -1 ( Zf’k) Dk, (H.24)
p=0

From Abramowitz and Stegun (pp. 444, Formulas 10.2.18 & 10.2.22) [169], we have

Fria(Q) = (204 1) Foa (O) + CFu(C) (H.25)
D*F,(C) = Fuei(Q) (H.26)
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so that
(14 ED)"Fpy( Z( ) mnS(€), (H.27)
n=0
where we define S,,(¢) by
wa i )
— _ _ m—n+
5,(0) = ,;( 12k ””(%)D Fu(0) (H.28)
[n/2] n
= Z 2k — 1)! <2k> E,_1(0). (H.29)

using (H.26).
Applying the recursion relation (H.23)), we find

2

~

n

I
(7]

2,(6) = S (-1¥ @k = 11 5, ) Fk(©) (H:30

0

—_—
oS i

(—1)*(2k — 1)1 (272) Fi2-1(C)

]

E

=0
[

nl3

+

(—=1)* 2k — 1) <;€> (2(n — k) + 1) Fni1-1(Q). (H.31)

k=0

(21)% - (2&121)) - (2(,;1 1)) (H.32)

by the definition of the choose notation and using Pascal’s Formula (H.20)), we obtain by relabel-

Using that

ing the second summation from k£ + 1 — &

(3]

8,(0) = -1k = D1 (5 ) Fras(©)

+ Z(_l)k(% — K";;Q) - (;{:)} Friain(C). (H.33)



164 HYDRODYNAMIC MODELLING OF CARBON NANOTUBES

Combining the two summations yields

z:: F(2k — 1) (”22 2) Frpa1(C)
¢*Su(C) = Sn+2(Q). (H.34)

Noting that S;(¢) = F1(¢), and by the definition of F,,((), we find that
$1(Q) = ¢ K, 1 (¢) = C[¢T2 K1 (Q)] = CFo((), (H.35)

using that K, ({) is an even function of m [169]]. Applying (H.34) recursively, we find that

Sm(¢) = (" Fo(C), (H.36)
giving
. . K_1(C) =
(1 =ED)"Fn(C) = (£ + )" Fo(C) = (€+ O™ = (£+C) T (H.37)
—<
where we have used from Abramowitz and Stegun [169], K_ 1 Q) = geﬁ Substituting
(H.37) into equation (H.7), we obtain for the integral
—<
Tp(m, k,w) = 1w ¢ (5 + C) (H.38)
v C U

=T

o TR <w ko + /@ R k)m - H39)

V(w = kvp)? + k2% kvy
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Nomenclature

2D
3D

Qo

AFM

two dimensional

three dimensional

Bohr radius

h?/(me.e3) atomic units in length

~ 5.29177249 x 107! metres

atomic force microscopy

oscillator strength see Tables|C.1}|C.2} |C.4
oscillator strength see Table|C.3
~ {3.222,5.270,2.012,0.5499} x 10~* nm?
Thomas-Fermi coefficient

Tng atomic units

carbon nanotube surrounded by amorphous car-
bon

Thomas-Fermi coefficient for jth electron fluid
7nj atomic units

~ {0.1,0.55,0.35} atomic units

screening length

(972 /128 7)"/3

~ 0.8853251/3 atomic units

1 angstrom

~ 1.778726 atomic units of length

10719 metres

189



190

HYDRODYNAMIC MODELLING OF CARBON NANOTUBES

B(r,w)

Be

X(m’ /{/’ w)
Xj(m7 Ky, w)

CNT
Crr

magnetic field

von Weiszicker coefficient

~ 1/4 atomic units

~ {6.0,1.2,0.3} atomic units

~ {10.330, 18.694, 37.456, 106.88} nm~!

speed of light

~ 137.03599 atomic units of speed
susceptibility

®/n

susceptibility of jth fluid with induced density n;
d /7,

carbon nanotube

3D Thomas-Fermi coefficient

3 o 2\2/3
10 (379)
3D Dirac exchange coefficient

3 /3 1/3
1)

1d

¢ d¢

electric displacement field

cutoff parameter for H(w — FE¢, A)

electrostatic interaction between 7 and o electron
fluids

QrQ (K2 + m?) L (| 5]) Ko (|5])

functional derivative of the functional F'[f] with
respect to the function f
Dirac delta function

oo ifr = xg
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Apy

Ap,

Ar
ATb

0 ifx # xg

| o f@(o ~ ) = flan)
energy loss

— fFind(I'()(t), t) . Vodt

increments of level curves for self energy see Fig.
4 D4

functional derivative of the density functional

F[n| with respect to density n

functional derivative of the density functional
Fng) with respect to equilibrium density ng

linear order coefficient of the functional deriva-
tive of the density functional F'[n| with respect

to density n

O(\Y) coefficient of the functional derivative of
the density functional F'[n]| with respect to den-
sity n

Kronecker delta

lifi=j

Oifi # 7

p—¢

Yqg— Pp

Wy — Wp

ion momentum change perpendicular to trajec-
tory

J Bty (ro(t), )t

change of ion’s momentum for ion trajectory per-
pendicular to nanotube axis

r—r

boundary separation |7y, — R|
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Ao Ar/R
Arg radial step size
Ar separation in 2D cylindrical coordinates
rp — I
Arp separation in 3D cylindrical coordinates
r—r
A 0—4¢
AO angle of ion’s deflection by nanotube
~ AppL for small deflections
Af, angleoof deflection by nanotube for ion trajectory
perpendicular to nanotube axis
~ % for small deflections
Po
Az z—2
Azl 2 — Zp
DFT density-functional theory
f partial derivgtive with respect to time ¢ of the
function f, e f
DWNT double-walled carbon nanotube
E energy
E(r,w) electric field
Ey ground state energy
Ec ionization energy threshold for the imaginary
part of the dielectric function of water
~T7eV
EELS electron energy loss spectroscopy
Er Fermi energy

maximum energy of an electron in the ground

state system
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e1(w)

Ea(w)

eal(w)

€B

Hartree-Fock ground state energy as functional

of spinless density matrix p

transition energy see Table|C.4

free-electron plasma energy of liquid water
~ 21.46 eV
energy at angular wave number ¢ and longitudi-
nal wave number £
1 [ 9
3 (E Tk )
effective mass approximation
proton charge
1 atomic units of charge
~14.4eV A
~ 1.6021773 x 107! Coulombs
optical dielectric function (£ = 0)
permittivity of free space
% atomic units
~ 8.85 x 10712 C?/Nm?
real part of optical dielectric function for nickel
Releni(w)] e ,
(W? — W
‘B~ Z (w? _l<wi2)2 +232%2

7

imaginary part of optical dielectric function for

nickel Im[ey;(w)]

Z Ajryiw
= (W = wi)? + Wy

)

optical dielectric function for aluminum see 7a-

ble

background dielectric function in solid see Table
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ec(w)

€H,0 (w)

€in(w)

et (m, k,w)

€out (W)

ENi (w)

€nt (W)

6out (TTI,, K, w)

n
plane

V2p
plane

ERPA(ka W)
Eself

eV

optical dielectric function for amorphous carbon

see Table

optical dielectric function for water see Table|C.4,

optical dielectric function of inner region for r <
Tin
€nt [:R;llngult - Toutgl(riny Tout)ring/ (Touty Tin)]
—1
fRoutRZg/(Tina RE) + Toutg/(rim Tout)ng/(routa R€>
optical dielectric function of outer region for r >

Tout
optical dielectric function for nickel see Table

?@u) + igg(w)
background optical dielectric function for nan-
otube

nt[ R Rowe — Toutd (Tins Tout ) Ting (Tout Tin) |
Ris' Reg' (Touss Re) + Ting' (Fout, Tin) Reg' (7in, Re)
relative error between the cylindrical and planar

densities

n(rr) — Nplane(Too)
Nplane (I‘oo) 0

~ 0.3026;3/ ? atomic units

relative error between V2p for cylindrical and

planar geometries

Vel (Tr, ATR) + 7020 00 (Too)
T ane (oo )

~ 0.3303@3/ ? atomic units

Lindhard dielectric function from random phase

o0

approximation (RPA)

self energy or image potential
5QPina(ro(t))

1 electron volt
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/2 27.211396 atomic units of energy
e, angular unit vector
sinp e, — cosp ey,
e, radial unit vector
Cos p €, +sinp e,
€, unit vector perpendicular to nanotube axis and
ion’s trajectory, in direction of ion’s closest ap-
proach to nanotube axis
e, unit vector parallel to component of ion’s trajec-
tory perpendicular to nanotube axis
e, unit vector parallel to nanotube axis
Fina force induced by ion
FL component of induced force perpendicular to ion
trajectory
I(vo % Fina) x vol| /05
Fi, component of force induced by ion perpendicular
to ion’s trajectory
f; oscillator strength see Table|C.4
Fin] energy density functional see Egns. (2.39) and
//erR [znz(r) 1 annz / /d " )]
2 |IrR - rR||
g(0,0';m, K) radial Green’s function in cylindrical coordinates
Al (0<K) K (0-k), where o< = min(o, o)
and o> = max(p, ¢')
0l friction coefficient
Yo Euler’s constant

~ 0.577215664901532
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i (14l ol
nio 273 n_ 0P

i damping constant see Tables|C.1}|C.2} |C.3
o7 damping energy see Table|C.4
v(r, s) diagonal elements of spin density matrix, that is
v(r, s;r,8)
y(r, 51, 8) spin density matrix
D W, s )i(r, s)
Gn| reduced energy density functional
—///d3r ///d%’ n(r')n(r)
) =Y
\Y gradient operator in cylindrical coordinates
0 10 0
Eer + ;%ew + &ez
H(w — Ec,A) cutoff function see Egns. and
Hn, ¢] Hamiltonian

o [[[e Saeiveeae ¢
///d3rn Vo1, )

h Planck’s constant

27 atomic units of action

h reduced Planck’s constant
o = 1 atomic units of action
T
I integrand of the Hamiltonian

Hamiltonian density

)

Hamiltonian operator

_ - 2
2.3 SV Vonl +an—rju

1<t
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Im[—e(w)]

[Jd?*rr

W

energy-loss function
integration over 2D spatial coordinate rp

/ Rdyp / dz

integration over 3D spatial coordinate r

Jar [rofa:

modified Bessel function of the first kind of order

v

integral over time ¢ in P(w)
Trmme © (E4+C\™

vl T ( u )
integral over time ¢ in A, see Egn. (7.31))

Bessel function of the first kind of order v

longitudinal wave number

Fourier transform of z

2T

L
kR dimensionless longitudinal wave number

kR; dimensionless longitudinal wave number
cutoff wave number for m = 0

maximum occupied reciprocal wave vector

02
2Ep — 2
Dirac exchange energy

4r% |2
2 e

modified Bessel function of the second kind of

order v, MacDonald function
Kohn-Sham

3D wave vector
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Aw

v2

v2

rr

LDA
lr

—

lr|

Fourier transform of r

length of electron’s longitudinal confinement

Lagrangian

///d% n(r, t)g—f _ Hin, 4]

angular wave number

Ny

bookkeeping parameter used to denote terms of
the same “order” as the external perturbing po-
tential O

de Broglie wavelength of an electron
h

MU
von Weizsicker coefficient taken to be one

% /m, throughout

~ 1/9 atomic units in 3D, 0 in 2D, ~ —1/3 atomic

units in 1D

Laplacian operator in cylindrical coordinates
92 10 1 0? 02

a2 T rar T a2 a2

Laplacian operator in 2D cylindrical coordinates
1 02 0?

Rog " o2

atomic spacing in nanotube

~ 0.144 nm

local density approximation

maximum occupied ¢ value for Fermi energy Er

R\2Ep

largest integer less than (p

integrand of the Lagrangian L

Lagrangian density
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MD

HH>0

Ho
He
i

Kz
MWNT

no(r)

no(I'R)

i0n mass

matrix form for the density response function
M = ® see Eqn. (3.30)

angular wave number

Fourier transform of ¢

molecular dynamics

electron mass

1 atomic units of mass

~ 9.1093897 x 10~3! kilograms

dipole vector

dipole moment of water

~ (.73 atomic units of charge length

~ 6.2 x 1073° Coulomb metres
magnitude of the dipole moment |||

1 atomic units = e,ay

~ 8.4783578 x 1073° Coulomb metres
chemical potential

angular dipole Q\/422 — Ar2sin(Ay/2)
radial dipole QAr

longitudinal dipole QAz

multiwalled carbon nanotube

equilibrium electron number density

~ (.428 atomic units of surface density

radially dependent equilibrium electron number
density per unit volume

equilibrium electron number density per unit area
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nq (I'R, t)

n;

nij(m,K,w)
nN<rR> t)
none(rRa t)

1f ()]

1 G oo

[Pt (r£) |0

[Pext (TR, )]0

linearized induced electron number density per
unit area

principal atomic number of the ith atomic orbital
Fourier transform of induced charge density on
Jth cylinder, n;

O(M\Y) coefficient of electron number density per
unit area

single-fluid induced electron density per unit area
on a cylinder of radius R see Eqn. (4.17)

norm of the function f(z)

| adsto

infinity norm of the function f(x)

max | (x)|

infinity norm of the time-independent confining
potential

max | Dot (TR, 1)

infinity norm of the time-dependent perturbing
potential

max |Peyi (TR, 1)
rp,t

angular orbital occupation number
equilibrium density of 7 electron fluid
R Z—llno ~ (0.107 atomic units of surface density
planar density
Be_ 6
T 21 R?
electron number density per unit volume at posi-

tionr

diagonal elements of spinless density matrix, that
is p(r, 1)

equilibrium density of o electron fluid
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%no ~ 0.321 atomic units of surface density

Nwo (TR, T) two-fluid induced electron density per unit area
on a cylinder of radius R see Eqn. (4.18)

n vector form of the induced electron surface den-
sity of a MWNT with elements 7; see Egn.
(.29

n, longitudinal orbital occupation number

02 combined frequency
w(2w ;— iy)

0%(m, k) g}%—g%(RQ +m?) + %(l{2 +m?)?

w plasma frequency
Fourier transform of ¢

wi(m, k) plasma frequencies of o 4+ 7 nanotube branches
ety () 4

w? (m, k) plasma frequencies of 7 nanotube branches
et ()" 0

Qc(m, k) plasma frequencies for metal channel
Wp\/ Kot L (| K] Qout )| K, ([ K] Gout )|

wh, (m, k) antisymmetrically coupled (antibonding) metal-
(0 + 7) plasma frequency

wi(m, k) antisymmetrically coupled (antibonding) -
metal-(o 4+ 7) plasma frequency

Wy (m, k) symmetrically coupled (bonding) m-metal-(c+)
plasma frequency

wp, (m, k) symmetrically coupled (bonding) metal-(o + )
plasma frequency

W critical-point energy see Tables|C.1||C.2} |C.3

Q \/W atomic units of frequency
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plasma frequency

V/47n atomic units of frequency

plasma frequencies of 7 electron fluid

(k2 + m?) | + BFE + Ll 6 Ko
plasma frequencies of o electron fluid

O2(k2 + m?) [ + BEFE + Ll 6 Ko
plasma frequencies for metal wire

u)P\//{Qlﬂ H|Qm Km<|/{|9in)

ion momentum

Mg

total electric potential

spherical polar angle see Fig.
angular coordinate

angular coordinate of ion

min

time-independent confining potential arising

from the positive charge background
Moliere approximation for total electrostatic po-

tential for a single carbon atom

2 g(rfam)

time-dependent perturbing potential external to
the system

potential due to polarization charge on inner di-

electric boundary
induced electric potential see Egn.
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Doy (r, 1)
¢i(r)

oi(s)

p(r/am)

¢i(llr = '[})

Fourier transform of induced electric potential
Pina
Fourier transform of the induced electric poten-
tial with respect to time ¢
induced potential from nanotube
Fourier transform of induced potential from nan-
otube
—e.H(w) Z R;q(0, 0;;m, k)n;(m, k,w)

J
potential due to polarization charge on outer di-

electric boundary
single electron spatial wave function
single electron spin function

screening function

3
g Ckee_ﬁ[r/am
/=1

doubly occupied normalized non-orthogonal or-
bitals
22m+1§¢2m+1
47 (2n;)!
scalar conjugate variable satisfying Legendre

/ ni—le—CiHr—r’H

|r —r

transformation with n(r, t)

scalar potential of transverse part of the fluid ve-
locity v(r, t)

screened external perturbing potential

vector form of the external potential, with ele-
ments &Dext(Rj; m, k,w) see Egn. (3.31)

v/ R atomic units of frequency

v,/ R atomic units of frequency

plasmon excitation probability function of w
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Uyp (e, sV) Hartree-Fock approximation to /N-electron anti-

symmetric wave function ¥ (r”, s") given by

\/% det[t11g - - - Y]

where ¢); are single electron wave functions

i(r, s) single electron orthonormal wave functions
U(ry,sy,...,ry,Sy) N-electron wave function
(also denoted by ¥ (r?, sV))
V(e sN) N-electron wave function
(also denoted by W(ry, s1,...,rn, SN))
b
P.V. / dx principal value of the integral see Egn. (G.2)
Q ion charge
Qc atomic charge of carbon Zce,
Qp charge of the pth ion
R nanotube radius
r {r, ¢, 2}
cylindrical coordinates aligned with nanotube
axis
IR {r=Rip 2}

cylindrical coordinates on cylinder of radius R

aligned with nanotube axis

r radial coordinate

R; radius of jth wall of multiwalled nanotube

ro ion position {rg, ©o, 20}

ro(t) radial coordinate of ion in laboratory frame of
reference

T average position in 3D cylindrical coordinates
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par([[r —1'l])

pext (I‘, w)
pf(I', w)
pN(er t)

p(r',r)

Qo
Qo>
Qo<
Oin

Lr+r)

average position in 2D cylindrical coordinates
s(Tr+1})

max(r, r’)

total charge density

equilibrium charge density per unit volume of an
electron fluid confined to a cylinder of radius R
—nod(r — R)

linear order correction to equilibrium charge den-
sity per unit volume of an electron fluid confined
to a cylinder of radius R

—ny(rg,t)0(r — R)

electron density for a free carbon atom see Egn.
(5.35)

external charge density

total free charge density

O(MY) coefficient of equilibrium charge density
per unit volume of an electron fluid confined to a
cylinder of radius R

—nn(rg,t)o(r — R)

spinless density matrix
N/2

D A sies)=2) ¢ (r)i(r)

r/ R dimensionless radial coordinate

ro/ R dimensionless radial position of ion
max(1,79/R)

min(1,79/R)

rin/ R dimensionless radial position of inner di-

electric boundary
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Oout

9j
Rin(m, K, w)

T'min

a3y

V)

:Rout(mv K, w)

Tout

RPA

I'R].

SCF

Tout/ R dimensionless radial position of outer di-
electric boundary

r/R; dimensionless radial coordinate

response function of polarization charge due to
external electric field in radial direction on inner

boundary 7y,

€out — €nt
47T[€nt + (6111: - 60ut>"£@outlm(|"i|Qout)K;n(lfﬂQout)]
radius of inner dielectric boundary (wire)

2D planar coordinate
lim {r = R; ¢, 2}

R—o0
min(r, r’)

distance of ion’s closest approach to nanotube

axis
mtinro(t)
d3r1 H 'dng
ry,...,.Iy
S1y...,SN

response function of polarization charge due to
external electric field in radial direction on outer

boundary 7oyt

€nt — €in
47"-[‘5nt - (Gnt - €in)’€QinI;n(|’i‘Qin)Km(’H|91n>]
radius of outer dielectric boundary (channel)

random phase approximation

position on the cylinder of radius ?;
{r=Rjp 2}

dimensionless separation
kel Ar
self-consistent field
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Oq surface atomic density
~ (0.107 atomic units of surface density
Oin surface polarization charge density on inner di-
electric boundary
Oin Fourier-Bessel transform of surface polarization

T (M, K, w)

T (1, K, W)

Oout

Oout

Sone
sp

charge density on inner dielectric boundary

9 1~ _ _ B ~
:Rin_ |:q)sc + (I)nt + (I)out] = O_lsg - %
87” Tin 7 gin

polarization charge on inner boundary due to ex-
ternal charge

BE)SC / 8550
R Tin + RinfRoutroutg (Tim Tout) “or ”rout

in "5,
1— Toutg/<rin7 rout)ringl (routa rin>fRin:Rout

polarization charge on inner boundary due to ex-

ternal charge
R OPsc

out™ 9,

’ %,
Tout + :Rin:RoutTing (routa Tin)_sc

T
1— routg/(rina Tout)ring/ (routa rin):RinRout
surface polarization charge density on outer di-

Tin

electric boundary

Fourier-Bessel transform of surface polarization

charge density on outer dielectric boundary

Routag Dy + By + EI;in] = Ogut — %
r Tout 7 Cout

single-fluid stopping force see Eqn. (4.21))

hybridization of an atom’s 2s, 2p,, and 2p, or-

bitals producing three planar o orbitals separated

by 120°

stopping force

Q %(I)md”ro(t)

local stopping force contribution

non-local stopping force contribution

two-fluid stopping force see Eqn. (4.22)
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SWNT

TD-DFT

TTF [n]

Uat
UDT(T)

single-walled carbon nanotube

time
time-dependent density-functional theory
screening factor due to dielectric media sur-

rounding nanotube

(€ = DZout i (Tout) K, (Tout) I ([K]) Ko ([Fout|)
1 — (6 = DZoutLn(Tout) K, (Tout) I ([Kout|) Km (|5])
azimuthal angle see Fig.

1+

Heaviside step function
lifz >0

1 .

3 ifx=0

Oifz <0

/_ Oo iz ()

Thomas-Fermi kinetic energy

/ / d’rp n*(ry) atomic units of energy

nh?ag / /
d*rp n*(rg)
2m,
kinetic energy functional for Thomas-Fermi
model with von Weizsicker gradient correction
von Weizsicker gradient correction

i
e

repulsive atomic potential
Doyle-Turner atomic potential
N 4
321QpZc R 2 —b3(r2+R? 2
> T > abie B I (207 R)

p=1 Jj=1
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UM (T)

Ur
uv

Vo

vi(rg,t)

Vee

veﬁ(r)

Vext ()

U
Vj(er ) t)
VN (I‘R, t)

vHez

V]1€y

k T'min

Moliere atomic potential

N 3
4m Z on-aZC Z Oégg(T, Ra 07 5Z/am)
p=1 /=1

total potential energy
ultra-violet energy spectrum

volume of electron’s confinement

ion speed parallel to nanotube axis

velocity of an ion with trajectory at an oblique
angle to nanotube axis

linearized induced velocity of the electron fluid
on cylinder of radius R

Coulomb potential

Q@

J[r — ]

electron-electron interaction potential

effective potential from KS equations

Vaslt) + [ [ % Ft(r)

external potential

Fermi velocity

V/2mng atomic units of speed

velocity of jth electron fluid on cylinder of radius
i

O(M\Y) coefficient of electron fluid velocity tan-
gential to a cylinder of radius R

ion speed parallel to nanotube axis

ion speed perpendicular to nanotube axis
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|/pseudo pseudopotential which models the effective po-

tential felt by electrons from the screened ion

cores

Viot (1, 1) rotational part of fluid velocity v(r, t)

Vge(T) exchange and correlation potential from KS
equations

vLDA (1) LDA approximation of exchange and correlation
potential from KS equations

w(t) ot

T'min
o radial distance from the nanotube axis
£(k,w) Dl (1 — fouy)
Cal

A number of valence electrons per atom in electron
fluid

z longitudinal coordinate

20 longitudinal coordinate of ion in moving frame
of reference

2o(t) longitudinal coordinate of ion in laboratory
frame of reference
vyt

Zc number of valence electrons per carbon atom

C(k,w) Ve +u?

C1s variational parameter for 1s orbital of free carbon
atom
~ 5.57071 atomic units of inverse length

Cop variational parameter for 2p orbital of free carbon

atom

~ 1.23526 atomic units of inverse length
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Cos variational parameter for 2s orbital of free carbon
atom
~ 2.70341 atomic units of inverse length

Gi variational parameter for Cruz free atom electron

density model
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