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Quasidiagonal weighted shifts on directed trees
by

LAURENT W. MARcCOUX (Waterloo, Ont.) and ARTUR PLANETA (Krakow)

Abstract. We investigate quasidiagonality of weighted shifts on directed trees. We
concentrate mainly on a subclass of weighted shifts operators called adjacency operators.
In particular, we provide equivalent conditions for quasidiagonality of adjacency operators
in terms of the structure of directed trees.

1. Introduction

1.1. Let 47 be a complex, separable Hilbert space, and denote by B(5¢)
the set of bounded linear operators acting on 7. Let k := dim ¢ € NU{Rg}
denote the dimension of J#. An operator D € B(7) is said to be diago-
nal relative to an orthonormal basis {ey}y, for 2 if there exists a bounded
sequence (dy,), of complex numbers such that De,, = dye, for all n. In par-
ticular, each e, is an eigenvector of D. We say that D is diagonalisable if
there exists an orthonormal basis for J# relative to which D is diagonal.
Equivalently, having fixed the orthonormal basis {e,}, for 5, D € B(J)
is diagonalisable if there exists a unitary operator U € B() such that
U*DU is diagonal relative to {e,},. A standard result from linear algebra —
the spectral theorem for normal matrices — asserts that every normal oper-
ator acting on a finite-dimensional, complex Hilbert space is diagonalisable.
When 47 is infinite-dimensional, this no longer holds, as normal operators
may not have any eigenvalues. For example, if ;1 denotes Lebesgue mea-
sure on the interval [0, 1], then the multiplication operator M, acting on
A = L2([0,1],du) via [(M,)f](z) = xf(z) a.e-u is self-adjoint but has
no eigenvalues. The infinite-dimensional version of the spectral theorem for
normal operators guarantees that any normal operator is the norm-limit of
diagonalisable normal operators, but as we shall soon see, one can do better.
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Recall that two operators A, B € B(¢) are said to be unitarily equiva-
lent if there exists a unitary operator U € B(5¢) such that B = U*AU, and
that they are similar if there exists an invertible operator R € B(.#) such
that B = R™'AR. Both unitary equivalence and similarity define equiv-
alence relations on B(.%). Let us denote by () C B(s) the closed,
two-sided ideal of compact operators. The Calkin algebra is the C*-algebra
B(#)/K (), and we denote by 7 the canonical quotient map from B(7¢)
to B(2)/K(H).

An operator B € B() is said to be block-diagonal if there exists a
sequence (By,), of operators acting on finite-dimensional complex Hilbert
spaces J%,, n > 1, such that B is unitarily equivalent to the direct sum
P, Bn acting on # = &, ;. Clearly every diagonalisable operator
D € B() is block-diagonal. Letting P,, denote the orthogonal projection of
J¢ onto @2:1 4., we see that if B is block-diagonal, then P,,B — BP,, =0
for all n > 1.

Block-diagonal operators are specific examples of quasidiagonal operators
defined as follows.

DEFINITION 1.1. An operator T' € B(4) acting on an infinite-dimen-
sional, separable Hilbert space J¢ is said to be quasidiagonal if there exists
an increasing sequence (P,), of finite-rank projections converging strongly
to the identity operator I such that

lim || P,T — TP,|| = 0.
n

The notion of quasidiagonality was first introduced by Halmos [I1] in
connection with the (then open) problem of deciding whether or not every
normal operator can be expressed as a compact perturbation of a diago-
nalisable operator. This question admits an affirmative answer. Indeed, the
Weyl-von Neumann-Berg/Sikonia Theorem [5] (see [9, Corollary I1.4.2]) as-
serts that if N € B(.) is normal and € > 0, then there exists a compact
operator K of norm less than ¢ such that N — K is diagonalisable. (That
hermitian operators acting on a separable Hilbert space are compact pertur-
bations of diagonalisable operators was first shown by Weyl [21].)

Halmos showed that the set QD of quasidiagonal operators is closed in
norm (and therefore contains all normal operators), and that QD coincides
with the set of compact perturbations of block-diagonal operators. In fact,
given a quasidiagonal operator T and £ > 0, one can find a compact opera-
tor K with ||K|| < € and a block-diagonal operator B such that T'= B+ K.
As such, the set QD of all quasidiagonal operators is the norm-closure of the
set BD of block-diagonal operators.

The concept of quasidiagonality was later extended to sets of opera-
tors (see e.g. [19]). A set & C B() is said to be quasidiagonal if for
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every ¢ > 0 and for all finite subsets § C & and X C J#, there exists
a finite-rank orthogonal projection P such that ||PT — TP| < e for all
T € 3F,and ||(I — P)x| < e for all z € X. Note that T € QD if and only
if {T'} is quasidiagonal as a set. Furthermore, the quasidiagonality of a set
S C B() is equivalent to that of the C*-algebra C*(&) generated by that
set.

The set QD of quasidiagonal operators is stable under compact perturba-
tions, Hilbert space adjoints, unitary equivalence and direct sums. Moreover,
by a result of Luecke [14, Theorem 4|, an operator @ is quasidiagonal if and
only if Q ®0 € B( @ ) is quasidiagonal. Quasidiagonality, however, be-
haves very poorly under similarity. Indeed, if Q € B(#) and S7'QS € QD
for every invertible operator S, then @ has the property that its image 7(Q)
in the Calkin algebra B(7¢)/K(.#¢) satisfies a polynomial equation of degree
at most 2 [12]. In recent years, the notion of quasidiagonality for C*-algebras
has also been shown to occupy a central role in the classification program
for simple, nuclear C*-algebras (we draw the reader’s attention to the sur-
vey [22]), although a full accounting of the developments there would take
us rather far afield.

Quasidiagonality is a special case of a more general notion of biquasitri-
angularity. More specifically, an operator T' € B(s¢) is said to be quasitrian-
gular if there exists an increasing sequence (P, ), of finite-rank projections
tending strongly to the identity operator such that lim,, ||( — P,)TP,|| = 0.
We say that T is biquasitriangular if both T and T™* are quasitriangular. It
is not hard to see that every quasidiagonal operator @) is biquasitriangular,
and in fact, when @ is quasidiagonal, the sequence (P,), of finite-rank pro-
jections implementing the quasitriangularity of () can be chosen to coincide
with the sequence (R;,), of finite-rank projections implementing the quasi-
triangularity of Q*. Herrero [12] — extending a result of Luecke [14] — has
nevertheless shown that the set of quasidiagonal operators is nowhere dense
in the set of biquasitriangular operators.

There are a large number of equivalent formulations of biquasitriangu-
larity for Hilbert space operators; Theorem 6.15 of [I3] lists no fewer than
eighteen equivalent such formulations. One of the most useful of these is
a deep result of Apostol, Foiag and Voiculescu [3]. Before describing that
result, we recall some definitions. An operator T € B(¢) is said to be semi-
Fredholm if ranT is closed, and at least one of dimkerT and dimker T is
finite. When this is the case, we define the semi-Fredholm index of T to be

ind7T := dimker T' — dimker 7™ € Z U {—00, 00},

where it is understood that co — n := oo while n — co := —oo whenever
n € Z. If T is semi-Fredholm and indT" € Z, we say that T' is Fredholm. It is
well-known that 7" is semi-Fredholm if and only if its image 7(T") in the Calkin
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algebra is either left-invertible (corresponding to the case where dimker T’
< 00) or right-invertible (corresponding to the case where dimker T* < 00),
while T' is Fredholm if and only if its image in the Calkin algebra is invertible.
The semi-Fredholm domain osp(T) of T is the set of all @« € C for which
T — al is semi-Fredholm. Clearly osr(T") = osr(T7).

The result of Apostol, Foiag and Voiculescu referred to above states that
an operator T is quasitriangular if and only if ind(T — aI) > 0 for all
a € osp(T). If T is biquasitriangular, then both T and T* are quasitriangular,
and hence ind(T' — o) > 0 and ind(7T' — al)* = —ind(T — al) > 0 for all
a € osp(T). That is, ind(T — al) = 0 for all a € psp(7T). In particular,
if @ is quasidiagonal, then ind(Q — af) = 0 for all a € psr(Q). Since Q
is quasidiagonal if and only if C*(Q) C QD, we see that in order to prove
that @ is not quasidiagonal, it suffices to find an operator T' € C*(Q) and
a € gsr(T) such that ind(7 —al) # 0. That (non-zero) semi-Fredholm index
should serve as an obstruction to being quasidiagonal was observed by a
number of authors, including Apostol, Foiag, Voiculescu and Zsidé [4, 1), 2] 3].

A specific example of a non-quasidiagonal operator which will be of
paramount interest to us is the following. Let {e,}22; be an orthonormal
basis for our Hilbert space s#. The unique operator S € B(J¢) satisfying
Sep, = ep41 for all n > 1 is referred to as the unilateral shift operator (with
respect to {en}y). It is readily verified that S is an isometry, and hence its
range is closed and its kernel is trivial. Furthermore, its range has codimen-
sion 1 in 7, and thus ind S = 0—1 = —1. By the Apostol-Foiag—Voiculescu
Theorem, S ¢ QD. Combining this with the result of Luecke mentioned
above, 0 S ¢ QD. Hence, if T € B(.) and if there exists X € C*(T") such
that X is unitarily equivalent to 0 @ S, then X — and consequently T — is
not quasidiagonal.

1.2. In this paper we seek to characterise those directed trees whose asso-
ciated so-called adjacency operators are quasidiagonal. Our work may be seen
as an extension of the work of Smucker [I8], who provided a characterisation
of those bilateral weighted shifts acting on ¢?(N) which are quasidiagonal,
and of Narayan [I7], who extended the result of Smucker by determining
necessary and sufficient conditions for the quasidiagonality of a finite direct
sum of bilateral weighted shifts.

Recall that W € B(.%) is called a bilateral weighted shift if there exists an
orthonormal basis {ey, }cz for . and a bounded sequence (wy,)nez of scalars
(called weights) such that We,, = wypeny; for all n. We say that V € B(.)
is a wunilateral forward weighted shift if there exists an orthonormal basis
{fn}>2, for # and a bounded sequence (v,)5; such that V f,, = vy frni1,
and that V' is a unilateral backward weighted shift if V* is a unilateral forward
weighted shift. In each case, up to unitary equivalence, we may assume that
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all of the weights are non-negative real numbers. Smucker [I8] defined a
bilateral weighted shift W to be block-balanced if, given € > 0 and n € N,
there exist integers p and ¢ such that p +n < 0 < g and

[(Wps Wpt1, -+ - s Wpn) — (Wqs Wa1, - - - Wetn) || < e
His classification of quasidiagonal weighted shifts then reads as follows:

THEOREM 1.2 (Smucker). Let W € B() be a bilateral weighted shift
with weights (wp)nez. Then W is quasidiagonal if and only if one of the
following two conditions holds: either

(1) liminf, >0 |wy,| = liminf,<g |w,| =0, or

(ii) W is block-balanced.

1.3. The bilateral weighted shift operator V obtained from W by chang-
ing the weight wy to 0 — a perturbation of rank at most 1 of W — is easily
seen to be the direct sum of a backward unilateral weighted shift V; and a
forward unilateral weighted shift V5. Since QD is invariant under compact
perturbations, W € QD if and only if V' € QD, and in this case, condi-
tion (i) above is easily seen to be the condition that both Vi and V, are
quasidiagonal.

Modern proofs of the sufficiency of the conditions in Smucker’s result rely
on an approximation technique due to Berg [6], subsequently referred to as
Berg’s technique. The fact that the above conditions (i) and (ii) are necessary
for W to belong to QD is typically demonstrated as follows: one supposes that
neither condition (i) nor (ii) above is met, and then one exhibits an element
Z € C*(W) and « € gsp(Z) for which Z — ol has non-zero semi-Fredholm
index. As we have previously noted, this would imply that W would not be
in QD.

Our goal is to examine the analogue of Smucker’s theorem for a gener-
alisation of weighted shifts known as weighted shifts on directed trees. More
specifically, we shall focus on a particular subclass of weighted shifts on di-
rected trees referred to as adjacency operators (see, e.g., [16] [15]). The basic
strategy we shall employ to determine whether a given adjacency operator
is quasidiagonal will be modelled along the lines of that described in the
above paragraph, but — in the case of the proof of the sufficiency of our con-
ditions — will rely on a generalisation of Berg’s technique due to Berg and
Davidson [7].

1.4. Let 57 be a complex Hilbert space. If f,g € 7, then f ® g de-
notes the rank 1 operator defined by (f ® g)h = (h,g)f, h € . For a
non-empty set V', we denote by ¢?(V') the complex Hilbert space of all func-
tions f: V — C such that 3,y |f(v)]* < oo with the inner product given
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by (f,9) = > ,ev f(v)g(v). The set {e,: u € V} is an orthonormal basis

of £2(V), where
O
0 ifu+#w.

Let 7 = (V, E) be a directed tree (V and F stand for the sets of vertices
and directed edges of .7, respectively). Set Chi(u) = {v € V: (u,v) € E}
for u € V. We refer to these as the children of u. If u € V' is such that there
exists a unique vertex v € V such that (v,u) € E, we refer to v as the parent
of u and we denote v by par(u). This induces a relation in V', denoted by par,
which assigns to a vertex w € V' (which admits a parent) its parent par(u).
For k € N, par® denotes the k-fold composition of the relation par; par’
denotes the identity map on V. Following [I5], we write par®(u) only if u is
in the domain of par®. Given u € V and n € Ny, we set Chi{™ (u) = {v e V:
par(v) = u}, Des"(u) = JI_, Chi% (u), and Des(u) = (J32, Chi*’’ (u). Thus
Des(u) describes all descendants of u. A vertex u € V is called a root of 7
if u has no parent. A root is unique (provided it exists); we denote it by
root. The directed tree 7 is rooted if the root exists. The height of 7 is
defined as sup {n € No: ey Chi’™ (u) # @} € Ng U {oo}. In turn, .7 is
M-ary, where M € Ny, if M = sup{#Chi(v): v € V'}. We will call the set
Vean = {v € V: Chi'N)(v) = & for some N € N} the vanishing subset of 7.
Finally, the tree .7 is vanishing if V' = Viap.

Suppose .7 is rooted. We set V° = V' \ {root}. If v € V|, then |v| denotes
the unique k& € Ny such that par®(v) = root. A subgraph . of .7 which
is a directed tree itself is called a subtree of 7. A path in 7 is a directed
subtree & = (Vp,E») of 7 which satisfies the following two conditions:
(i) root € 2, (ii) for every v € Vg, card(Chi(v) N Vy) = 1.

Weighted shifts on directed trees are defined as follows. Let .7 = (V| E)
be a directed tree and let A = {\,},eve C C be such that

sup Z Ao|? < o0
uEV L eChi(u)

Then the formula

(Sxf)(v) = {

defines a bounded operator Sy on £2(V) (see [15, Proposition 3.1.8]), which
is called the weighted shift on .7 with weights X. It is not hard to see that
T = (N,{(n,n+1): n € N}) is an example of a rooted directed tree (in fact
it is a path), and that the above notion of a weighted shift on the directed
tree 7 coincides with the usual notion of a weighted shift on ¢?(N). The
reader is referred to [I5] for the foundations of the theory of weighted shifts

Ay - f(par(v)) ifveVe,

e i2(V),
0 if v = root, ! V)
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on directed trees. In case A\, = 1 for all v € V° we use the symbol Sy
instead of Sy. In particular, Sy is a bounded operator on ¢2(V) if and only
if sup,,cy #Chi(u) < co. Moreover,

(1) Sye, = Z e, foreveryuelV.
vEChi(u)

Let N € Ny. Let GV be a set such that GV N [G] contains exactly one
element for every finite directed tree G of height N, where [G] denotes the
class of all finite directed trees G/ = @G, where = denotes the fact that
two trees are isomorphic. (In other words, GV is a set of representatives,
one from each equivalence class of finite directed trees of height N.) Let
N = U;V:o G/. Let F = (V,E) be a directed graph. From now on, we
shall adopt the following convention. Whenever V' C V', where V' # @, is

supposed to be a directed tree, we consider the induced (directed) subgraph
TWVN=WV, (V' xV')NE). For W CV, define

GNW) ={G € G": G = Des" (v) for some v € W}

and

Gos(W) = N gN(w).

W/CW, #(W\W')<oo
Iftwc QN, then
Ver(W) := {v € V: 3gep Des™ (v) = G}.

In particular, if G € GV, then we write Ver(G) for Ver({G}). In turn, P"Y and
P& will denote the projections from ¢2(V') onto £2(Ver(W)) and £2(Ver(G)),
respectively. The next proposition describing properties of GV (W) and
G (W) will be used later to prove our main results.

PROPOSITION 1.3. Let M € N, N € Ny and let 7 = (V, E) be an M-ary
directed tree. If W C V, then

(i) for every G € GN, G € GN(W) if and only if Ver(G) N W # @,

ii) for every G € GN, G € GN.(W) if and only if Ver(G) N W is infinite,

iii) GN(W) is finite,

iv) W N Ver(GN \ G (W)) is ﬁmte

v) for every n € N, GN(Wy U ---UW,) = GE. W)U --- UGN (W,),
Wi,...,W, CV.

Proof. (i) and (ii) follow easily from the definitions.

(iii) is a consequence of the fact that there are only finitely many k-ary
directed trees in GV, where 0 < k < M, and (iii) combined with (ii) and
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the equality
W N Ver(GY\ G (W)
= | J{Ver(G)nW: G € GN (V) and #(Ver(G) N W) < oo}

gives (iv).
Finally, (v) is a consequence of (ii). m

We close this section with a simple example illustrating our notation.
EXAMPLE 1.4. Let .7 = (V, E) be a directed tree, where
V ={(n,m) €ZxNy:m <|nl|}

(—4,1) N (—4,2) 1o (—4,3) > (—4,4)
(=3,1) > (=3,2) b (=3,3)
(=2,1) > (=2,2)

(_lal)

(1,1)

2,1) - (2,2)

(3,1) |1 (3,2) | (3,3)

(4,2) |t (4,2) | (4,3) | (4,4)

Go

Fig. 1. A directed rooted tree and its subtrees of height 1
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and ((n,m), (k,1)) € E if and only if

e k—n=1landm=1[0=0, or
en=kandl—m=1.

Note that G° = {G{} and G = {G),: n € N}, where G!, = G, = (Vp, Ey),
Vo ={0,...,n}, and

B — ] if n=0,
"l{0yx {1,...,n} ifneN.

Then Ver(Gj)) =V, Ver(G}) = {(0,0)}U{(n,m) € ZxN: 1 <m < |n|—1},
Ver(Gh) = (Z\ {0}) x {0}, and Ver(G!))) = @ for n > 3. Hence

GH(Z x {0}) = {G}, Gy} and  Geu(Z x {0}) = {G5}.

2. Quasidiagonality

2.1. In this section, we establish a minor variant of the Berg—Davidson
technique for tridiagonal operators. We then demonstrate that the adjacency
operators of interest below admit the required tridiagonal form, allowing us
to apply the technique to prove the sufficiency of the conditions we use to
characterise their quasidiagonality.

The definition of quasidiagonality of an operator T' € B(J¢) requires
finding an increasing sequence (P,), of finite-rank projections converging
strongly to the identity operator such that lim,, ||P,T — TP,| = 0.

Lemma[2.I]below allows us to reduce proving that a given operator is qua-
sidiagonal to producing a single finite-rank projection satisfying two specific
conditions. This will be employed throughout the remainder of the paper.
The description of the spaces .%,, n > 1, required in the statement of the
lemma will depend upon whether the tree in question is rooted, rootless and
vanishing, or a direct sum of a rooted and rootless tree. We shall address each
of these cases separately. The idea, however, will always be that described

by Lemma [2.1]

LEMMA 2.1. Let 5 be a Hilbert space and T € B(H). Let (Ln)n be
an increasing sequence of finite-dimensional subspaces of F€ whose union is
dense in €. Let > 0 be a constant.

Suppose that for all N € N, there exist kK > N and a finite-rank projection
P € B(J) satisfying
(1) Zn CranP C 7,

(i) |IPT - TP| < u/N.
Then T € QD.

Proof. Let P, = 0 and k1 = 1. By hypothesis, we may choose kg > K1
and a projection Py such that %, C ran P» C %, and |[|P,T—TPs|| < pu/k1.
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More generally, having chosen x; < --- < Ky, and projections Py,..., P,
such that £, | Cran P; C %, and ||P;T — TFj|| < p/kj-1,2 < j <m,
we may use the hypotheses to find an integer k,,11 > kn, and a projection
P41 such that %, Cran P41 € %, and [Py T — TPy | < p/km.

Clearly ran P,,, C %, C ran P, implies that the sequence (Pp,), is
increasing, and that each P, is of finite rank. Combining this range inclusion
with the fact that (J,, %, is dense in . implies that the sequence (Pp,)m
converges strongly to the identity operator.

Finally, since p is fixed and lim,, k,, = oo, we see that lim,, | P,T —

TP,| =0, and thus T € QD. =

In any study of quasidiagonality of single operators, a technique origi-
nally developed by I. D. Berg (and known as Berg’s technique) for weighted
shifts [6], and later generalised by I. D. Berg and K. R. Davidson |7, Lem-
ma 3.2|, is indispensable. We shall need a minor modification of the latter
result, which originally applied to the direct sum of two tridiagonal opera-
tors.

PROPOSITION 2.2 (The Berg-Davidson technique revisited). Suppose
that N > 1 is an integer and that T = [T;;] is tridiagonal with respect

to the subspace decomposition € = @2N+2 .. Suppose furthermore that

Ly ~ Lyyny for alll < k < N, and that T; ; = TiyN41,j+N+1 for all

2<i475<2N. Let

e Qg be the orthogonal projection on £y;

e (Qaniao be the orthgonal projection onto Lonya;

e Qi denote the orthogonal projection which acts on Ly & Lryni1 via the
operator matrix

2

I cpsil
cpspd  spl
km

where ¢, = COS(QN) and s = Sln( ) foreach 1 <k <N.

If Q= Qo & (Brzy Q) ® Qanva, then [|QT — TQ| < =||T)|/N.

Proof. Since T = [T; ;] is tridiagonal with respect to the decomposition
H = @2N+2 Ly, we have T; ; = 0 if |i — j| > 2.

If N =1, then direct calculations show that

0 Toy O 0 0

~Tiyy 0 0 0 0

Qr-TQ=| 0 0 0 Ths O
0 0 —-Tza 0 0

0 0 0 0 0
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with respect to the decomposition 57 = £ & L Lo & L5 P £,. Hence,
QT —TQ| < [T

since every column has at most one non-zero term.

Now, let N > 2. Writing T relative to the decomposition

N
H = (LoD LN+1D Lont2) © @(fk D LeiNi1)s
k=1
we obtain
Xoo Xo1 O Xo,N
X100 X1 X122 O
Xo1 Xoo Xoj3
T= 0  X3o X33 X34 0 7

XN-in—2 Xn-in-1 XnN-inN

XN70 0 XN,N—l XN,N |

where

o Xo0="T100DTIN+1,N+1 D ToN+2,2N+2;

To,1 0
e Xoi=1| 0 Tnyiny2]s
0 0
0 0
e Xon = |Tns1,N 0 ;
0 ToN+22N+1
T 0 0
e Xio= 1o ;
0 Tnyo2n+1 O
0o T 0
« Xno= N,N+1 ;
0 0 ToNt12N+2
T, ; 0 T, O
o Xij=|" = if [i —jl <15
0 TipN+1,j+N+1 0 T
e X;; =0 for all other 4, j.
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It follows that if (4,5) & {(0,0),(0,1), (0, N), (1,0), (N,0)}, then QX;; =
X@ij for all 1 < k < N.

Relative to this decomposition of 77, and defining Q° := Qo P0D Qan 2,
we may write

RQ=Q"DQ1D - DQN

We compute the entries of [Q,T]:

(i) The (0,0) entry of [@,T] is Q°Xo0 — X0,0Q° =0.
(ii) The (0,1) entry of [Q,T] is

Tox 0 I 0
Q°Xo1 — X01Q1=| 0 Tni1n+2 ([0 O] - Ql) :
0 0

Since ||[§ 9] — Q1]| < F& the norm of this entry is at most %
(iii) The (0, N) entry of [Q,T] is
Q°Xon — XoNQN = 0.
(iv) The (1,0) entry of [Q,T] is
. I 0
Q1 X100 — X10Q° = | Q1 — X1,0-
0 0
Since ||[§ 9] — Q1| < F& the norm of this entry is at most %
(v) The (N,0) entry of [@Q,T] is
QNXnp— XnoQ° =0.
(vi) If 2 <i+j < 2N and |i — j| <1, then the (i, ) entry of [Q,T] is
QiXij — XijQ; = (Qi — Q) Xij,

where @j is the orthogonal projection which acts on % & £+ N1 via

the operator matrix
2
@j _ [ cjl cjst] .

o 2
cjsil st

Since |t — j| < 1, we have [|Q; — @]H < 55 Hence, the norm of this

entry is at most ﬂ”T”.

(vii) All other entries of [Q T] are zero.
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In other words, [Q,T] is of the form

0 Yop O 0
Yipo 0 Yio O 0
0 Ya1 0 Yo3 0
0 Yso 0  Yau 0 |,
Yn_1,nv—2 0 YN-1,§
i 0 Y n-1 0 |
where each entry has norm at most %
A simple estimate shows that
|||
T < .
@71 < 7%

Indeed, in general, if a Hilbert space . is a direct sum ;- .#; of closed
subspaces and if, relative to this decomposition, the operator matrix Z =[Z7,;]
of an operator Z € B(.#') has the property that there exists at most one
non-zero entry in each row and in each column, then it is readily verified
that the norm of Z is max(||Z;;]| : 1 <4,j < n). In our case, [Q,T] may be
expressed as the sum of two such operators (one whose non-zero entries live
only on the first subdiagonal, and one whose non-zero entries live only on
the first superdiagonal). Hence,
Q. T < max((|Vigill: 1 < i < N) + max([Yisall : 1< < N)
s e
- 2N 2N N
REMARK 2.3. Keep in mind that the projection Q is at least as big as Qg
(and hence ran Q O %), and if dim %, < oo for all k except for k = N 4+ 1,
then the rank of @) is finite.

2.2. A canonical (tridiagonal) form for shifts on directed trees.
Here we outline a common strategy to determine sufficient conditions which
guarantee that a directed tree gives rise to a quasidiagonal (unweighted)
shift Sy . For each tree we shall consider, we shall identify an increasing
sequence of finite-dimensional subspaces whose union is dense in £2(V) (this
sequence will depend upon the structure of the tree), and we shall then
apply the above generalisation of the Berg—Davidson technique to produce
a finite-rank projection satisfying the conditions of Lemma [2.1]

In order to be able to do so, we require our operator Sy to admit a
tridiagonal form. We now provide a general tridiagonal form which will apply
to each case (i.e. the rooted case, the rootless, vanishing case and the double-
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ray case) studied below. We shall refer to these as our “canonical form” for
the given shifts.

Note that depending upon the nature of the tree, the dimensions of these
spaces will differ. We shall describe that in greater detail in each individual
case. With the description below, the proofs in each case will reduce to
identifying the spaces J¢;, 0 < j < N, ', and %, 0 < j < N +1, that
we shall need, and showing that our choices in each instance result in the
tridiagonal form described below.

(1) Let u € V and N € N be arbitrary. Define 21 := £*(V) & (*(Des(u))
= 2V \ Des(u))].v For 0 < j < N, set A := (2(Chi% (w)). Finally, set
A= BV S @), ;= ULy s il ().

Relative to the decomposition £2(V) = 1 @ - -- @ 0 © K, the
operator matrix for Sy has the form
[A_1 1

A07,1 0
AI,O 0

ANN-1 0

ANy N ANt N4+1

Indeed, take w € V. If w € V'\ Des(u), then Chi(w) C (V '\ Des(u))U{u}.
Then, by (1)), Sv (/1) C #1 & . In tum, if w € Chi¥ (u) for some
0<j <N —1, then Chi(w) C Chi¥+Y (u) and Sy (/) C #41. Finally, for
w € U2y Chit (w), Chi(w) € US4 Chit (u). Thus Sy (A & #) C A .

(11) Next, suppose that v € Des(u) \ Des™™!(u), so that (?(v) C 7.
Applying the same analysis as above, we define %1 := # © %(Des(v)),
and for 0 < j < N, we set % = 62(Chi<j>(v)). Finally, we set J#ni1 :=
H oD A

Relative to the decomposition % = #_1 & 4B - - P H#n+1, the operator
matrix for Axy1 n41 has the form

(B4
Boi 0
Bip O

By -1 0

Byii,N BNnii1,N+1.
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Observe that Sy () C £2(ChiNFU(u)) € 1. From this it follows
that the operator matrix [T} ;| for Sy relative to the decomposition (V) =
AN DD B INDH D HD LD - D Hn4 is tridiagonal, and
the only non-zero entries appear either

e on the first subdiagonal, or
e at the A1 _1,B_1 1 and By41,n+1 entries.

(111) If Des™ (u) = Des”™ (v), we may further assume that (possibly after
a unitary conjugation) A;; = B;j forall1 <i+j < 2N — 1. If V is an
M-ary directed tree, then || Sy || < M and thus ||A; ;|| < M for all entries.

We can then apply our modified Berg—Davidson technique to produce a
projection P satisfying

o A& Ay CranP C (@1, ) e (B )

j=—1
o |PSy —SyP| < 5.

Of course, @ := I — P is also an orthogonal projection with ||QSy — Sy Q||
< IM_ - and we note that

iNiJrl;
H_1 Cran@ C <é§¢%ﬂj)@(é§ Jig)
=0 j=—1

In particular, the range of () contains .#_; and is orthogonal to 21 ® #n11.
Depending upon the structure of the tree we are considering, we shall
sometimes need the projection P, and sometimes Q.

(1v) Note that if v € Viuy and 7 is M-ary, then dim A1 < oc.

3. Rooted trees

3.1. We begin our study of quasidiagonality of (unweighted) shifts with
rooted directed trees containing only one path. Let M € N and let =
(V, E) be an M-ary directed tree. In [20, Lemma 4.4], it was proven that PY,
where G is a finite directed tree, belongs to the von Neumann algebra gener-
ated by Sy. In fact, it can be shown that P% belongs to the C*-algebra
generated by Sy. This fact will be used in all cases considered in this
paper.

LEMMA 3.1. Let M € N and let T = (V,E) be an M-ary directed tree.
If W GV for some N € Ny, then PV € C*(Sy).

Proof. Without loss of generality, we can assume that W = {G}, where
G € G". Indeed, by Proposition (iii), PW is a finite sum of projections
PC where G € WNGN(V).

The proof for G is by induction on N. If N = 0, then P¢ = I € C*(Sy).
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Now, take G € GV, where N > 1. Without loss of generality, we can
assume that G is k-ary for some 1 < k < M. Otherwise, Ver(G) = @ and
PG = 0 € C*(Sy) since .7 is M-ary. Denote by Gn—1,m the set of all
directed trees H € Gny_1 such that H is k-ary for some 0 < k < M. For
every H € Gn_1,m, let ng(H) stand for the number of all vertices v of G
such that v is a child of the root of G' and Des" ~*(v) = H. Let

(2) PC= > (SyPPSy —ng(H)I).
HeGn_1,m
By and [I5, Proposition 3.4.1],

St PH Sy e, = S{‘/PH< 3 eu) - 5;( 3 eu)

u€Chi(v) u€Chi(v), Des™N ~1 (u)=H
— nDesN(v) (H)ev.
Then
(3) PYe, = ( Z (Mpes () (H) — ng(H))2>eU, veV.
HeGn_1,m

Note that ng(H),npesn () (H) € {0, ..., M} for every H € Gy—1,m and
v € V. Moreover, Gn_1 s is finite. Thus PG is a diagonal operator with
finite spectrum o(P%) C Ny. Fix a complex polynomial ¢ such that ¢(0) = 1
and q(o(P%)\ {0}) = {0}. Then, by (@) and the induction hypothesis, P =
q(P¢) € C*(Sv). By (),

Pe, — ey if DesN.(fu) ~ @,
0 otherwise.

Thus PS¢ = P S C*(Sv). [

LEMMA 3.2. Let M € N and let 7 = (V, E) be an M -ary rooted directed
tree. Assume 7 contains exactly one path &2, and for every N € N,

GN (V) NGN(V\ V) # 2.
Then, for every N € N,
G (V) NGL(V\ Vip) # 2.
Proof. Suppose that
(4) G (Va)NGN (V\Vyp) =@ for some N € N.

By Proposition (iii) and the definition of GY (W), there exists @ € Vi
such that

(5) GN(Des(at) N Vip) = GX(Vir),
(6) GN(Des(a) N (V\ V) = GX(V \ Vip).



Quasidiagonal weighted shifts 117

Let Np := max{|w|: w € V \ Des(@)} + 1 € N. By the assumption, there
exist u € Vp and v € V' \ Vi such that

(7) Des™V M0 (4) 2 DesV Mo (1)),

Since & is a path, we can find a unique v’ € Chi(N°>(u) N V. Denote by v/
the corresponding vertex in Des™ Mo (v) via the graph isomorphism in .
Then Des™ (/) 2 Des™ (v/) 2 G for some G' € GV. Note that v/ € V'\ Vi, for
otherwise v € V. Moreover, u/,v" € Des(@) since |u/| > Ny and [v'| > Np.
Hence, by and @,

G € GY(Des(@) N Vip) NG (Des(a) N (V\ Vip)) = G (Vi) N Gas(V \ Vi),

which is a contradiction. This completes the proof. »

3.2. Let M € N and let . = (V, E) be an M-ary rooted directed tree
admitting a unique path &?. Denote Vu = {up := root,uj,us,...}. For
n > 1, we define the spaces .%, := ¢2(V) © (*(Des(uy,)). It is not hard to see
that (.£,), is a strictly increasing sequence of finite-dimensional subspaces
and — since (), £%(Des(uy,)) = {0} — the union |J, %, is dense in J#. We

adopt this notation in the proof below.

PROPOSITION 3.3. Let M € N and let 7 = (V,E) be an M-ary rooted
directed tree. Suppose that F contains exactly one path & = (Vgp, E%). Let
N > 1 and suppose that

gé\s[s(vy) N gé\s[s(v \ VW) 7é 1%}
Then Sy € QD.

Proof. Let ug := root and denote Vg = {ug,u1,...}. Define the spaces
%,, n > 1, as in the paragraph preceding the statement of the theorem.
Let G € GN.(Vp) NGN(V \ V). It follows that there exist x; > N,

k2 > k1 + 3N and v € Des(uy,—1) \ (Des(ux,) U Vp) such that
Des™ (uy, ) = G = Des™ (v).
Let
o Ay :=1(V) 6 l?(Des(ux,)),
o A= L*(ChiY(uy,)), 0 < j <N,
o« X =0P(V)o®Y_ /.
Note that each 7}, 0 < j < N, is finite-dimensional, as also is J#Z;.

Observe that v € Des(uy,—1) implies that ¢2(Des(v)) C # . In particular,
if we set

o 1=K © (*(Des(v)),
o K = £2(ChiY) (v )) 0<j gN,

L4 %N-Fl - ‘%/ S @]*—1
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then each %}, 0 < j < N, is finite-dimensional, and furthermore 1 C
¢%(Des(v)). But v € V'\ Vi, implying that Des(v) is finite, and thus ¢*(Des(v))
is finite-dimensional. A fortiori, %41 is also finite-dimensional.
Moreover, Sy (1) C A1 ® A and Sy () CL2(ChiV T (u,,)) C A1,
so that Sy is tridiagonal relative to ¢£2(V) = (@jy:_l ;) ® (@ffj_ll ).
As described in Section we can then apply our modified Berg—
Davidson technique (Proposition to produce a projection P satisfying

o 1D %N-i-l Cran P,
e 7 is orthogonal to ran P,

o |PSy —SyP| < 4.

Now we have

(i) LN C %, € 1, so that L C ran P;
(ii) ran P C 1 ® (@;\;0(%@ @ ;) B HN+1 C Ly, s0 that P is of finite

rank.
By Lemma [2.1 we conclude that Sy is quasidiagonal. =

THEOREM 3.4. Let M € N and let T = (V,E) be an M-ary rooted
directed tree that contains exactly one path &2. Then the following conditions
are equivalent:

(i) Sv € QD,
(ii) for every N € N,
GN(Va)NGN(V\ V) # 2,
(iii) for every N € N,
gé\s[s(vy) N gé\s[s(v \ VW) 7& a.
Proof. (i)=(ii). Suppose that GV (V) N GN(V \ V) = @ for some
N € N. Let P = P, where W = GV(Vy). By Lemma and [I8, Theo-
rem 3|, PSy € C*(Sy) is quasidiagonal. Since PSy = Sy, @ 0 with respect
to the decomposition £2(V) = 2(Vz)&£2(V\ V), Sy,, is quasidiagonal. On
the other hand, Sy, is unitarily equivalent to a unilateral shift, which is not

quasidiagonal. Hence Sy is not quasidiagonal, which completes the proof.
(ii)=>(iii) follows from Lemma[3.2] and (iii)=>(i) is Proposition ]

3.3. The authors would like to thank the anonymous referee for the
following observation. Suppose that 7 = (V, E) is a rooted directed tree.
We do not need to assume that .7 is M-ary. We say that .7 is locally finite if
every vertex in V has finitely many children. We let V- denote the set of all
vertices in .7 having at least two children. We say that .7 has finite branching
index if sup{|u| : u € V.} is finite. The results of Chavan and Trivedi [8]
Theorem 5.1(v) and Proposition 2.1] show that a left-invertible weighted
shift S on a locally finite, rooted directed tree .7 with finite branching index
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satisfies ker S < oo and ind Sy = —dimker S < 0 (as the characteristic
function of root lies in the kernel of S¥). Thus Sy fails to be biquasitriangular,
and so fails to be quasidiagonal.

4. Rootless trees

4.1. Vanishing, rootless trees. In this section, we turn our attention
to vanishing, rootless trees. For v € V', let .7 (v) denote the subtree of .7 such
that V() = {par¥(v): k € N} UDes(v). We begin by proving a counterpart
of Lemma for vanishing trees.

LEMMA 4.1. Let M € N and let = (V,E) be an M-ary vanishing
directed tree. Assume that Vi and Vo are subsets of V' such that

GNVi)NGN(Va) £ @ for every N € N.
Then
GN(Vi)NGN (Va) # @ for every N € N.
Proof. By the assumption, there are sequences {t, }5°; CV;j and {0,}5°
C Vs such that Chi®™ (a,) # @ and
Des™ (i) = Des™(v,) for every n € N.

Since 7 is vanishing, the sets {@,: n € N} and {0,: n € N} are infinite.
After choosing an appropriate subsequence, we may also assume that there is
G € GV (V) such that {@,: n € N}U{%,: n € N} C Ver(G) since GV (V) is a
finite set. Hence G € G, (V1) NGY,(Va) by Proposition which completes
the proof. m

4.2. Let M € N and let .7 = (V,E) be an M-ary vanishing rootless
directed tree. We choose (and fix) an arbitrary vertex ug € V, and set
Uy = par(up), n > 1. We then define .%, := ¢?>(Des(u,)), n > 1, observing
that ., is finite-dimensional for all n > 1, and that |J,, %, is dense in £2(V)
since .7 is vanishing and rootless.

LEMMA 4.2. Let M,N € N and let 7 = (V, E) be an M-ary vanishing
rootless directed tree. Suppose that

Gess(Vr(w) NGE(V\Virw) # @ for all u € V.
Then there exist v € V' \ Vg (uy) and k£ > AN such that
v € Des(ux_oy) and Des™ (u,) ~ Des™ (v).
Proof. Let G € G .(V(uy)) N GE(V \ V(uy))- By the definition of
GN(V \ V7(uy))s there exists v € V' \ Vz(,,) such that Des™ (v) = G.
By [15, Proposition 2.1.4.], v,uy € Des(u,,) for some m > 2N. Note that

Des(upm2n) is finite. Thus, by Proposition [L.3(ii), we can find k£ > m + 2N
such that Des™ (u,) 2 G and v € Des(u,) C Des(ux_on). =
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PROPOSITION 4.3. Let M € N and let 7 = (V, E) be an M -ary vanishing
rootless directed tree. Suppose that
G (Vo) NGN(V\ Vi) #2 for all N €N andu € V.
Then Sy € QD.

Proof. Let N > 1. Take v and x as in Lemma The condition that
v & Vz(uy) guarantees that no vertex in Des(v) lies in Des(uy). Similarly,
the condition that v € Des(u,_oy) ensures that no vertex in Des™ (u,) lies
in Des™ (v) U Des(uy).

Set s#721 = (*(V) © (*(Des(uy)), and for 0 < j < N, define 7 =
(ChiY (uy)). Let 2 = (V) o @Y., .

In particular, .# contains ¢?(Des(u,_n_1)), and in particular £?(Des(v))
is a finite-dimensional subspace of .#". We next set #_; = & @EQ(Des(v)),
K= 2(ChiY (v)) for 0 < j < N, and Hyyq =X © @]__1

Observe that Sy () = Sy (£2(Chi™ (u,))) C 2(ChitN+1) (4 )) C Ay,
so that Sy is tridiagonal relative to ¢£2(V) = (G};-V:_l ) @ (@k__l %)-

Appealing once again to the method of Section [2.2] we can apply our
generalised Berg-Davidson technique (Proposition [2.2)) to produce a projec-
tion P satisfying
o 1D Hny1 Cran P,

o ¢ qis orthogonal to ran P,

e |PSy — SyP| < N+1

Consider ) := I — P. Then @ is a projection with
H_y CranQ C (A1 ® Hny1)T,

and M

QS — SvQll < s

Note that #% = ¢2(Des(uy)) is finite-dimensional, and thus @ has finite
rank. Furthermore, v € V'\ V() implies that £y = ¢*(Des(uy)) C 1.
Hence

Ly CranQ C (4 ® A1)t C %
We may therefore apply Lemma (with @ instead of P) to conclude that
Sy is quasidiagonal. m
THEOREM 4.4. Let M € N and let 7 = (V,E) be an M -ary vanishing
rootless directed tree. Then the following conditions are equivalent:

(i) Sy is quasidiagonal,
(il) G¥ (Vo) NGN(V\ Vi) # @ for all N €N and u €'V,
(ili) there emsts u €V such that

GN (Vo) NGN(V\ V) #@ forall N €N,
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(iv) there exists uw € V' such that

gess(v7 ) N gé\s[s(v \ V7 ) #Q forall N €N,
(v) GV () NGE(V\ V() # @ for all N €N and u € V.

Proof. (i)=-(ii). Suppose we can choose N € N and u € V such that
G (Vrw) NGY(V\ Vo) = 2.

Let P = P, where W = GN(Vz(,)). By Lemma PSy € C*(Sy), and
since Sy is quasidiagonal by hypothesis, so is every operator in C*(Sy ). In
particular, PSy is quasidiagonal. Set 2 = Des(par™ (u)) NV7()- Then, with
respect to the decomposition £2(V') = £2(2) @ (V) \ 2) @ (V\ V),
we may write

[PS R

PSy =| 77 ] 0,

where B = ey, v () @ €parN+1(,)- Note that PSg and R are finite-rank oper-
ators.

It follows that [8 Svg(()u)\g D0~ SVy(u)\f? @ 0 is a finite-rank pertur-

bation of PSy . Since the set of quasidiagonal operators is invariant under
compact (and hence under finite-rank) perturbations [13, Theorem 6.12|, we
find that Svy(u)\_(z @ 0 is quasidiagonal. By [14] Theorem 4|, Svy(u)\_(z is
quasidiagonal. Since V' is rootless, Sy, w\2 is unitarily equivalent to the
adjoint of the unilateral shift, which is not quasidiagonal (see Section 1.1).
To see this, observe that there is a bijection ¢ : N — Vz(,) \ 2 given by
@(k) := parV*%(u), and that Svg(u)\g( o(k)) = €p(k—1) for all k > 1, while
Svg(u)\()(e«p(l)) = 0. This corresponds precisely to the action of S* on the
orthonormal basis {ey}, with respect to which the unilateral forward shift
satisfies Se, = en41 for all n > 1. This contradiction completes the proof.

The implication (ii)=-(iii) is obvious, and (iii)=-(iv) follows from Lem-
ma AT1

(iv)=(v). Let v € V. Since u, v € Des(w) for some w € V, the symmetric
difference V() & Viz(y) is finite. Then, by Proposition

Gos(Vrw) = 68 (V) and GE(V\ V() = GV \ Vo).
This combined with our assumption gives (v).
Finally, (v)=(i) is the content of Proposition [4.3|
5. Trees with one double ray

5.1. The case of an unweighted shift acting on a rooted tree containing
only one path may be viewed as a generalisation of the case of the usual
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unilateral forward shift S acting on ¢?(N) (with standard orthonormal ba-
sis {ep}02 ) via Se, = ept1. Indeed, T = (N, {(n,n+1): n € N}) is a
rooted tree with only one path, and so it is interesting to see that while S is
definitely not quasidiagonal (due to index considerations — see Section 1.1),
nevertheless, we may find examples of rooted trees 7 = (V, E) where the
corresponding shift operator Sy is quasidiagonal. In this analogy, the shift
operators acting on the vanishing trees of the previous section correspond to
generalisations of the backward shift. The last case considered in this paper
is of shifts on directed trees with one double ray @ These may be thought
of as generalisations of bilateral shifts. Smucker [I8] obtained a character-
isation of those weighted shifts on ¢2(Z) which are quasidiagonal. After a
rank-one perturbation, such a shift — say W — is a direct sum of a unilateral
backward weighted shift and a unilateral forward weighted shift. Smucker’s
result asserts that either both summands are themselves quasidiagonal, or
they are block-balanced, in the sense of Theorem [I.2 Theorem may be
thought of as a generalisation of Smucker’s result.

5.2. A double (directed) ray is an infinite graph #Z = (V, E%) of the
form Vi = {x,,: n € Z} and Ey = {(zn,Tnt1): n € Z}, where the z,, are
assumed to be distinct and Z is the set of all integers.

LEMMA 5.1. Let T = (V, E) be a directed tree. Then the following con-
ditions are equivalent:

(i) 7 contains exactly one double ray,
(ii) V \ Vyan is a double ray.

Proof. (i)=(ii). Let Wi C V be a double ray. Then W7 C V \ Vian.
Suppose that u € V' \ (W1 U Vyay). By [15, Proposition 2.1.4], we can find
v € Wy such that u € Des(v). In particular, par”(u) is well-defined for every
n € N. Then, applying Konig’s Infinity Lemma (see |10, Lemma 8.1.2]), we
obtain a set Wy = {u,, € V: n € Z} such that uy = u and par(u,) = up—1
for every n € 7Z. This means that Ws is a double ray different from Wy,
which is a contradiction. Thus V' \ Vyay, = Wy and V' \ Viu, is a double ray.

(ii)=(i). Assume that Wi,Wy C V are different double rays. Then
W1 UWy CV \ Vian. Hence, V' \ Vi, is not a double ray, a contradiction. m

Assume that . = (V, E) is an M-ary directed tree with one double ray
V! C V. By Lemma V \ V' is the vanishing subset of V. Let V' =
{un: n € Z}. Define

Vii={up:n >0} and Vi :={u,:n <0}
According to Proposition i)f(iii), ggs(vj’ ) # @ for every N € Ny and
j = 1,2. What is more, the sets G (V}-’), j = 1,2, do not depend on the

€ess

(*) We adopt the term double ray from [10].
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choice of a division of V' into two infinite subtrees V] and Vj. That is,
for any m € Z, we could just as well have defined Z{ := {u,: n > m}
and Z} := {un: n < m}, and we would find that GX¥,(Z]) = G (V/) and
G.(73) = G (V}).

We also define V; := Des(ug) and Vo =V \ V7.

Let us formulate the following lemma which will be used several times in
this section.

LEMMA 5.2. Let 7 = (V, E) be an M-ary directed tree containing exactly
one double ray, and suppose that for some N € N and j € {1,2},

Gess (V) NGess(Va—j \ V) # 2.
Then, for every k > 1, there exist k1,k2 > Kk and v € V3_; \ V3’_j with
v € Des(up—1) \ Des(up,) such that
Des™ (u,,) = Des™ (v),
where n = (—1)7Tk; and m = (—1)7k3_;.
Proof. Since .7 is M-ary and V \ V' is the vanishing subset of 7, W =

Des(u—x+1) \ Des(uy) is finite. Let G € gé\sfs(‘/;-’) ﬂgé\SfS(Vg_j\Vg_j). Then, by
Proposition [1.3(ii), we may find n € Z and v € V3_; \ (V3_; UW) such that

(8) up € V/\W and Des" (u,) = Des" (v) = G.
Applying [15, Proposition 2.1.4.] for {ug, v}, there exists k € Z such that
v € Des(ug). Then m = 1 + max{l € Z: v € Des(y;)} is well-defined.
Finally, define x; = |n| and k3_; = |m|. By (§), n = (—1)"*'x; and k; > &.
The fact that v € Va_; \ (V.3/_J' UW) and v € Des(up,—1) \ Des(uy,) imply
that |m| > k and m = (=1)7k3_;. =
For each n > 1, we define the spaces

LT = 1?(Des(ug)) © £*(Des(uy,)),

& = 1*(Des(u_p)) © £*(Des(up)),

L =L L.

Clearly .Z,f is orthogonal to .Z,, for all m,n > 1. Observe that (.Z,}),, and
(&, )n are increasing sequences of finite-dimensional subspaces, and | J,, £,
is dense in £2(V).

We shall divide the proof of the main result of this section into several
steps. The next result is an analogue of the case where the two summands
of a weighted shift are block-balanced. In our case, there are no weights,
but we may think of the “main diagonals” of the components V{ and Vj of
our shift operator acting on our tree as having finite subgraphs of arbitrary
height which are “block-balanced”, in the sense that we can find k1, ko both
arbitrarily large and positive such that Des™ (u_,,) = Des™ (u,, ). Hence, the
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next proposition generalises Smucker’s theorem in the case of the unweighted
bilateral shift B, that is, the case where J# admits an orthonormal basis
{en}nez relative to which Be,, = e+ for all n € Z.

PROPOSITION 5.3. Let F = (V, E) be an M-ary directed tree containing
exactly one double ray, and suppose that for all N > 1,

GR () NGA (V) # 2.
Then Sy is quasidiagonal.

Proof. Fix N > 1. The assumption that GY (V) N GXN.(VJ) # @ implies
that we can find k1, k9 > 3N such that

Des™ (u_y,) = Des™ (u, ).

Let 1 = (2(V) & £?(Des(u—_y,)), and for 0 < j < N, set J
(2(Chi%) (uy,)). Let A = E%V)@G}?;f1 ; and observe that £2(Des” (u,,
C . Define #_1 = # & (?(Des(uy,)), and for 0 < j < N, we set %] :

(2(Chi%) (uy,)). Finally, let Ay = H © @ﬁ,l J;, and note that Sy

= |l
=

contains £?(Des(ux,+N+1))-

Note that .Zy , £y C A 1.

Relative to £2(V) := (@é\f:_l ) @ (@;Vj_ll J;), we find that the oper-
ator matrix for Sy is of the canonical form described in Section [2.2]

As in Section [2.2] we note that we may apply the Berg—Davidson tech-
nique (Proposition to produce a projection () satisfying
o Ay CranQ C (A1 ® Hns1)t,
o |QSv — SvQll < FAL.

The fact that ran Q C (.1 @ H#n41)* implies that Q is of finite rank. But
from the above,

LN =Ly Ly C Ay CranQ.
Applying Lemma 2.1 we see that Sy is quasidiagonal. m

Continuing our analogy with Smucker’s result for weighted shift opera-
tors, the next two results are needed for the case where Sy, is quasidiagonal
and Sy, is not.

LEMMA 5.4. Let 7 = (V, E) be an M -ary directed tree containing exactly
one double ray, and suppose that for all N > 1,

GV NGN (Vi \ V) # 2.

Then for all kg > 0, there exist k1, ke > max(kg,3N) and a projection R
such that
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(i) ¢?(Des(uy,)) Cran R C (?(Des(u_4,)),
(ii) v CranR,
(iii) RSy —SvRI| < .

Proof. Let N > 1 be fixed and ko > 1. By Lemma [5.2] we may find
K1, k2 > max(ko,3N) and v € V4 \ V] with v € Des(ux,—1) \ Des(u, ) such
that Des™ (u_,,) = Des™ (v).

Let
o A :=11*(V)S (*(Des(u_ny,)),

o Hji=(Chi" (u_y,)),0<j <N,
o« A =0(V)o@L_, 4.

Noting that ¢(Des(v)) C ¥, we set

o K1 := & (*(Des(v)),
o = (2(Chil (v )) 0<j§N,
o i1 =X o@D

Applying the Berngawdson technique as in Section 2:2] we can find a
projection R such that

o J_1CranRC (@Nw H5) D (EB;V:—l H5),
° ”RSV — SvRH < ]7\;]_:_/11
Note that J# 1 = ({*(Des(u_x,)))*, while £2(Des(uy,)) @ £2(Des(u_n) \
Des(uy)) € #_1, so that
(*(Des(uy,)) @ Ly C ran R C £2(Des(u_y,)),

completing the proof. =

]—71

PROPOSITION 5.5. Let 7 = (V, E) be an M-ary directed tree containing
exactly one double ray, and suppose that for all N > 1,

Gos(V3) NGE W\ V) # 2.
If Sy, is quasidiagonal, then so is Sy .
Proof. Fix N > 1 and k¢ > 3N. By Lemma/[5.4] there exists a projection
R; such that
(i) £%(Des(ux,)) ® LN Cran Ry C £2(Des(u_,)),
(ii) HR15v — SvR1H < ]7\%\:[1
The statement that Sy, is quasidiagonal implies that
Gas(V) NGE W\ V) # 2.

Thus, we can find k4 > k3 + 2N > max(k1, k2) +4N and v € Des(uy,—1) \
Des(uy, ) such that
Des™ (u,,) = Des™ (v).
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Applying our canonical form with

o A :=1*(V) S (*(Des(uy,)),

o A :=L*(ChiY% (uy,)), 0 < j < N,

o K =0(V)e @il

and

o A 1= ©(*(Des(v)),

o K = (*(Chi (v )) 0<j <N,

o Hyi1i=H OB A,

we can find a projection Ry satisfying

o A1 ® Ky Cran Ry C (DI, ) @ (DY ),

o ||R2Sy — Sy Rz < 17\;141

In particular,

Ay = (1?(Des(uy,))) Cran Ry,  £%(Des(uy,)) € #_1 L ran Ry,

so that
(%(Des(uy,)) C ran Ry C £*(Des(u_y,)),
(%(Des(uy,,))" C ran Ry C ¢%(Des(uy,))*.

Since k3 > k1 + 2N, it follows that

(a) P:= RoR; = R1 Ry is a projection,

(b) ran P = ran RyNran Ry C ?(Des(u_,)) © ¢*(Des(uy,)), which is finite-

dimensional,
(c) ran P = ran Ry Nran Ry D £%(Des(uy, )™ N Ly = L.

Moreover,
|PSy — Sy P|| = ||[Ra2R1Sy — Sy Ra Ry ||
= HRQ(Rlsv — Sle) — (RQSV — SvRQ)R1H
< [|R2|[ [[R1Sv — Sv Ri| + [[R2Sv — Sy Ra|| || Ra |
< 2r M '
N+1
It now follows from Lemma that Sy is quasidiagonal. m

Our final analogue of the bilateral weighted shift case is the case where
Sy, is quasidiagonal and Sy, is not. We simplify the proof of the quasidi-
agonality of Sy by first proving that Sy, is quasidiagonal, where S} is a
finite-rank perturbation of Sy .

LEMMA 5.6. Let 7 = (V, E) be an M -ary directed tree containing exactly
one double ray, and suppose that for all N > 1,

G (V) NG, (a\ V) # 2.
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Let Sy, = Sy — ey, ® ey_,. Then for all ko > 0, there exist ki,k >
max(ko, 2N) and a finite-rank projection R such that

(i) &L CranR,

(ii) ,;2 is orthogonal to ran R,
(iii) ran R C %, where /'i = max(k1 + N, ko + 1),
(iv) ||RSY — Sy R < N+1

Proof. Recall that Vi = Des(ug) and Vo = V' \ V1. We now have S, ~
Sy, @ Sy,, where Sy, is a shift acting on a rooted tree with vertices V3
and root = ug, and Sy, is a shift acting on a vanishing, rootless tree with
vertices V5.

Let N > 1 be fixed and k9 > 1. By Lemma [5.2] we may find 1, ko >
max(kg,2N) and v € Vo \ V§ with v € Des(u_x,—1) \ Des(u_y,) such that
Des® (uy, ) = Des™ (v).

Let
o A =12 (Vl) eﬁz(Des(um)),
o A = 2(ChiY% (u,,)), 0<j < N,

d
o My =)o @ 17,
and
o = (*(Va) © (*(Des(v)),
o A= (*(ChiY% (v)), 0 < j <N,
o Ay i=L(Va) 6 @?:_1 Hj.
This time, we may apply the generalised Berg-Davidson technique (Pro-

position (although in this instance the original version of that result
from [7] will suffice) to Sy, = Sy, @ Sy, to find a projection R such that

o A1 ® AN C raﬂR C (e)l_176) @ (&) );
o RSy — SyRI < 3%

Now %} = 71 CranR. Since £, C J#_1, we also have ran R C (£)*.
Finally, note that JZ; C "Z:;—s—N for all =1 < j < N, while 7 C
(?(Des(v))) € Z,, 1, 0 < j <N +1, implying that

ran R C %,

where k = max(k1 + N, k2 + 1). In particular, R has finite rank.
This completes the proof. m

PROPOSITION 5.7. Let 7 = (V, E) be an M-ary directed tree containing
exactly one double ray, and suppose that for all N > 1,

GN(V) N GR. (Vo \ V) # @.
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Let Sy, = Sy — ey, @ey_, so that Sy, ~ S€/1 EBS{}Q, where S‘O/1 is a shift acting
on a rooted tree with vertices V1 and root = ug, and Sy, is a shift acting on
a vanishing, rootless tree with vertices Va.

If Sy, is quasidiagonal, then so is Sy .

Proof. By Theorem @ the fact that Sy, is quasidiagonal implies that
forall N > 1 and u € V5,

gess(v2 N Vy(u)) N gess(v2 \ Vy(u)) 7é a.

By Proposition [.3] and its proof, we see that given N > 1, there exists a
finite-rank projection Ry (acting on £2(V3)) and an integer ko > N such that
mM
N+1
We extend the domain of Rs to all of £2(V) by setting Rol(2(vp))r = 0.

By Lemma u there exist k1, k2 > max(kg,2N) and a finite-rank pro-
jection R; such that
o Z CranRy C %, where k = max(k1 + N, k2 + 1),
o L CranRy C (.,2”,;2)%
° HRlS - 57 R1|| < N+1
Since kg > Ko, it follows that the range of R is orthogonal to that of Rs, so
that R := Ry + Rs is a finite-rank projection. Moreover,

DLy = ZK? ®ZLy C f,:g ® .2y Cran Ry ®ran Ry =ran R.
Finally, a routine calculation shows that

RSV — SyR|| <[RSy — Sy Rl + || Ra Sy — Sy Ral| <

Ly CranRy C .7, and |RoSy, — Sy, Ref| <

2m M
N+1

By Lemma Sy, is quasidiagonal. But Sy, is a finite-rank perturbation
of Sy, and thus Sy is also quasidiagonal. =

The proof of the next result is, unfortunately, significantly different from
that of the previous results, as it involves first applying our standard technique
to Sy, and then applying it once again to the result of the first application.

PROPOSITION 5.8. Let . = (V, E) be an M-ary directed tree which con-
tains exactly one double ray V' C V. Suppose that for every N € N and

J=12,
gé\s[s( )mgé\s[s(vé ]\‘/})—j) 7&@
Then Sy is quasidiagonal.

Proof. Let N > 1 be fixed.
First applying Lemma for j = 2, we can find k1,k9 > 4N and v1 €
Des(uw,—1) \ (Des(uy,) U V) such that

Des™ (u_y,) = Des™ (v7).



Quasidiagonal weighted shifts 129

Let
o A1 :=1*(V)O ?(Des(u_s,)),
o A :=*(Chi% (u_y,)), 0 < j <N,
o« X =0(V)o@L_
Note that £2(Des(v1)) C # . Define
o 4= %652(Des('v1)),
o = (*(Chil (v )) 0<j<N,
[ ] f%/NJ,_l —%@®]__1
Note that Sy () C Ez(Chi<N+1>(u_,42)) C #_1, so that Sy is tridiagonal
with respect to the decomposition £2(V) = (@évzfl I & (@jv_tll J;), and
it falls into the paradigm of Section

As argued there, there exists a projection )y satisfying
() 1 Cran Qi C (B0 ) @ (B #));
(i) |Q1Sv — Sv@ull < 45

Applying Lemma for j = 1 we may find k3, k4 > max(ky, k2) + 4N
and ve € Des(u_,—1) \ (Des(u—,) UVy) such that

Des” (v3) = Des™ (uy,).

Observe that

L gN - <)£/—17

e (?(Des(v2)) C ran Q7
o /?*(Des(uy,)) C ran Q.

Let W := Q1 Sy Qi @ Q1SvQ1, so that [|[W — Sy | < N+1 by (ii) above.
We define
o /1 :=ran Qi © (*(Des(v2)),
o Mj:=2(ChiY% (1)), 0<j <N,
o My = anlL &) @;V,_l M.

Relative to ran Qi = @jvf_ll M, we find that Q1 Sy Q7 is of the form

_A,L,l -
A07_1 0

Al,O 0

AN N1 0

ANyi,N  ANg1,N+1]
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Next, we define

o N 1 :=ranQ © (*(Des(uy,)),

o ;= (Chi¥ (uy,)), 0<j <N,

o Myt :=ran(@Q; © @é\f:fl N

Note that £y C A1, and A4 is finite-dimensional. Relative to ran Q1 =

@ A;, we find that Q1SyQy is of the form

By n-1 0

ByniiN BNy1,N41

As always, the fact that Des™ (vy) 2 Des™ (uy,) implies that we may assume
without loss of generality that A;; = B;; for all 1 < i+ j < 2N + 1.
Using our generalised Berg—Davidson technique (Proposition , we obtain
a projection P such that

N N

L C AN g CranP C (@///]) ) <@ «/‘6)7
=0 j=—1
and M
IPW —WP| < ]\?H.

Now dim .#; = dim .4; < oo for all 0 < j < N, while dim .4#Z; < oo as
noted above, so that P has finite rank.

Also,
|PSy — Sy P|| < [|P(Sy = W)| + [I[(Sv = W)P| + |[PW - WP|
M 3rM
<2 - .
<208 =W+ 37 < 11

We finally apply Lemma to conclude that Sy is quasidiagonal. =

The next result is our main theorem for shifts acting on M-ary directed
trees containing exactly one double ray.

THEOREM 5.9. Assume that an M-ary directed tree 7 = (V, E) contains
exactly one double ray V' C V. Then the following conditions are equivalent:

(i) Sy is quasidiagonal,
(ii) for every N € N and j =1,2,

GV NGl (V\V)) # 2,
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(iii) one of the following holds:

(a) Sy, is quasidiagonal for j = 1,2,
(b) for some j € {1,2}, Sy, is quasidiagonal and for all N € N,

Gess(Vi-j) NSV \ V) # 2,
(c) for every N €N and j = 1,2,
Ges(Vi_j) NGL(V;\V)) # 2,
(d) for every N € N,
Gas(VI) N GL(V3) # 2.
Proof. (i)=(ii). Suppose we can choose N € N and j € {1, 2} such that
Gas (V) NGL(V\ V) = 2.
In particular,
(9)  Gas(V) NGess(Vi\V)) =2 and Gei(V)) N G&(Vsy) = 2.
By Proposition [L.3{iv), we can choose a vertex u € V{ such that
(10) Des(u) N Ver(GY\ GI(V)) = @.
Moreover, applying |15, Proposition 2.1.4.], we can find k& € N such that
Ver(GN\ G (V) U {ug} C Des(par®(u)).
Define
2 = Des(par®(u)) \ Des(u), 2, = Des(u), {25 =V \ Des(par®(u)).
Let P; = PWi, where W, = gégs(v;/ ). Then, with respect to the decom-
position £2(V) = £2(§21) @ (2(£2) @ (2(£22), we may write
P;jSo, R 0
P;Sy = 0 P;So Ry |,
0 0 P;So,

where 1 = (Pjew) ® €par(y) and Ry = (Pjepark(y)) @ €parkt1(y)- Taking into
account @D and , we get

(51]'5910\/1/ Ry 0
P;Sy = 0 P;Sq Ry
0 0 52jS()gﬁV2’

By Lemma and [I8, Theorem 3|, P;Sy € C*(Sy) is quasidiagonal.
Since V' \ V' = Vian, 2 is finite. Hence, by [14, Theorem 4], SQ]ﬂVj’ is also
quasidiagonal. However, depending on j, .S 20V is unitarily equivalent to
the unilateral shift or to the adjoint of the unilateral shift, which is a con-
tradiction.
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(ii)=-(iii). By Proposition for every j = 1,2,

(11) Gess V) NG&(Vi\V)) # @ for every N €N,
or

(12) gé\sfs(‘/}/) NGY (V5 \ Vi ;) #@ forevery N €N,
or

(13) gé\sfs(Vj') N gé\sfs(Vg,/_j) #+ @ for every N € N.

Condition gives us (d). In turn, combining , , Theorem and
Theorem we obtain (a), (b), or (c).

(iii)=(i). Indeed,

(a)=(i): the fact that the direct sum of two quasidiagonal operators is
quasidiagonal is standard (see [1I], p. 902]);

(b)=(i) follows from Propositions and

(¢)=>(i) is the content of Proposition [5.8}

(d)=(i) follows from Proposition n

6. Examples

6.1. In this section we shall present two examples of quasidiagonal (un-
weighted) shifts on directed trees corresponding to (a) the rooted case, and
(b) the double ray case. Before doing so, we describe an example of a qua-
sidiagonal weighted shift acting on a rooted directed tree whose subgraphs
of height IV fail to satisfy the conditions of Theorem more explicitly

ggs(vy) N ggs(v \V») =2 forevery N € N.

Indeed, by that theorem, the unweighted shift corresponding to the same
tree would not be quasidiagonal.

EXAMPLE 6.1. Let .7 = (V, E) be a rooted directed tree, where
V ={(n,m) e NxNy: m <n}
and ((n,m), (k,1)) € E if and only if

e k—n=1land m=1=0, or
en=Fkandl —m=1.

For every n € N, let u, denote the vertex (n,0). It is obvious that u; is
the root of .7 and that 7 admits only one path & = (Vg, E%), where
Vo = {uy: n € N}. Moreover,

GN(Va)NGN.(V\Vp) =@ forevery N € N.
Define A = {\, }yeve by

\ ~J1/v2 ifm <1 and (n,m) # (1,0),
S F R P
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(1) Let N € N be arbitrary. Define 77, := 2(V) © £%(Des(uy)). For
0 <j <N, set # := CS5euy. Finally, set # :=3(V) o @é\;fl I

Relative to the decomposition 2(V) = # 1 © 4 © --- & AN © A, the
operator matrix for Sy has the form
A ;
A07_1 0
Al,O 0
AN N-1 0
i ANyi,N  ANt1,N+1]

(11) Next, let vy = (2N + 1,1), so that £2(vy) C #. We define # 1 :=
H © (%(Des(vy)), and for 0 < j < N, we set J¢; := £2(Chi (vy)). Finally,
we set Hyi1 =K S @]__1

Relative to the decomposmon jif =X 1BH D - -DHN+1, the operator
matrix for Ayy1 n+41 has the form

B 1,1

By, -1

0
Biyo

0

By n-1

0

ByniiN Bniy1,N+1]

Observe that Sx () C 2(Chi'" Y (uy)) € # 1. From this it follows
that the operator matrix [T; ;] for Sy relative to the decomposition ¢?(V) =
HNDBIYD - DANDH 1D KD H D - D Hy is tridiagonal, and
the only non-zero entries appear either

e on the first subdiagonal, or
e at the A—l,—17B—1,—1 and BN+1,N+1 entries.

Moreover, ¢ and JZ; are one-dimensional Hilbert spaces for every 0 < j < N.
(111) Let 1 < j < N. Then, by [I5, Lemma 6.1.1],

> (M|

e 2

1S3 eun® =

IR EN
_kZOQk+1+2j_ :
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Hence, since ¢, J¢;_1, J;, and J#;_1 are one-dimensional, we may fur-
ther assume (after possibly applying a unitary conjugation) that A; ;1 =
Bj,j—l = 1, where 1 S] S N.

Now, we can apply the Berg-Davidson technique (Proposition [2.2]) to
obtain a projection P satisfying
© A1 @Ay CranP C (DL, ) @ (B ),
o [|[PSx = SaP| < ¥
Hence,

(i) Xy =1 CranP,
(ii) ran P C (@;V:_l HG) © (@;V;E)l H;) C LoN o
Applying Lemma [2.1] we conclude that Sy € QD.
EXAMPLE 6.2. Consider the directed tree .7 described in Figure 2.

(1,0) —— (1,1)

!

(2,0) — (2,1) — (2,1)

I

(2,3)

(3,0) — (3,1) —— (3,1)

!

(373) D (374) I (375)

I I

(3,6) (3,7)

(4,0) — (4,1) — (4,2)

I

(453) - (4’4) - (475)

l

(4,6)
(47 7) D (478) I (47 1)
(4,10) — (4,11) — (4,12)

l !

(4,13) (4,14)

(4,15)

(5,0) — -+

Fig. 2. A directed rooted tree
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The construction of this tree is as follows: we define inductively finite
directed trees .7, for every n € N and take the union (J,, oy Jn. Let 71 =
(Vi, Ey), where Vi = {(1,0)} and E; = @. Assume that .7, is defined for
some n € N. Denote by V! the set {(n,¢): 1 < ¢ < #V,}. Then

Vs = Vo U{(n+ 1,0} UV,

To define E, 1 one puts an edge between (n,0) and (n + 1,0) and an edge
between (n,0) and (n, 1). One also “attaches” to the vertex (n, 1) a copy of .7,
defined on V,!, which means that .7, = .7, = (V,}, E},) for some E], C V) x V!
and (n, 1) is the root of .77/. Hence,

Eps1 = EnU{((n,0),(n+1,0)),((n,0),(n, 1))} U E,.

Set Tn+1 = (Vit1, Ent1). Thus we get a sequence of finite trees.

Define
7 =B = (U Va: U En).

neN neN
Note that .7 is a directed tree. Its root is (1,0), and the unique path is
P ={(n,0): n € N} with edges {((n,0),(n+1,0)): n € N}.
It is relatively easy to see from the nature of our construction that for
any N € N, the finite subtree Des™ (ug) lies in

GY(Va) NG (V\ Vi) # 2.
As an immediate consequence of Theorem [3.4] the unweighted shift Sy acting

on this tree is quasidiagonal.

ExXAMPLE 6.3. Consider the directed tree .7 described in Figure 3.
This tree is constructed in the following way: Let % = (Vo, Ep), where

Vo= Ny x{0}H)U{(n,m) €ZxNy:n<0and 0 <m < —n}
and ((n,m), (k,1)) € Ep if and only if either

e k—n=1landm=1[0=0, or
en=Fkandl—m=1.

Define also Wy, = {(n,m) € Z x Nyg: —k <n <0and 0 <m < —n} for
k € N. The sets W, n € N, will be considered as induced subtrees of 7.
Denote by W;, the set {(n?,£): ¢ € N, 1 < ¢ < 3(n®> +3n)} for n € N.
Then
V="ulJw.
neN

To define E one puts an edge between (n?,0) and (n?,1) and “attaches” to
the vertex (n?,1) a copy of W,, defined on W/, for every n € N. This means
that W,, = 7/ = (W], E!) for some E!, C W/ x W/ and (n? 1) is the
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(2.0)
I
(3.0)
I
(4,0) (4,1) (4,2) (4,3)
!
(44) — (4,9)
(5.0)
I
(6.0)
I
(7.0)
l
(5.0)
I
(9.0) — (9.1) — (9,2) — (9,3) — (9.4)
!
(9,5) — (9,6) —— (9,7)
!
(9.8) — (9.9)

Fig. 3. A directed tree with one double ray

root of .7/. Hence,
B =By [ ({((2,0), (%, 1))} U ).
neN

Consider the infinite tree .7 = (V, E).
Letting u, = (n,0) for n € Z, we see that .7 admits a unique double
ray {u, : n € Z}. In this case, G, (V/) contains arbitrarily long subtrees
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of the form {(m + 1,0),...,(m + N,0)} with edges between (m + i,0) and
(m+i+1,0)for 1 <i< N —1.

Such subtrees clearly appear as subtrees in GY, (Va2 \ VJ), corresponding
to the vertices (—r,1),(-7,2),...,(—=r,N) for all » > N. Thus

GR (V) NGR (VL \V)) # @.

Meanwhile, by construction, for each N > 1, we have placed a copy
of the subtree of V5 corresponding to the vertices {(—m,¢): 1 < m < N,
0 < ¢ < m} starting at vertices (N2, 1), from which we deduce that

Gos(V2) NGE M\ W) # 2.

By Theorem the corresponding unweighted shift Sy acting on this
tree is quasidiagonal.

It is worth noting that if V7 = Des(ug), then the corresponding shift Sy,
(as defined in Proposition is quasidiagonal by Proposition since for
each N > 1,

Gs(V)NGE M\ W) # 2.

(Indeed, there exist arbitrarily long subtrees of the form {(m + 1,0),...,
(m+N,0)} with edges between (m+1,0) and (m+i+1,0) for 1 <i < N—1
which lie in the intersection of these two sets.)
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