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Abstract We consider a mean-expectile portfolio selection problem in a continuous-time diffusion model. We
exploit the close relationship between expectiles and the Omega performance measure to reformulate the prob-
lem as the maximization of the Omega measure, and show the equivalence between the two problems. After
showing that the solution for the mean-expectile problem is not attainable but that the value function is finite,
we modify the problem by introducing a bound on terminal wealth and obtain the solution by Lagrangian
duality. The global expectile minimizing portfolio and efficient frontier with a terminal wealth bound are also

discussed.
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1 Introduction

Since [1952] introduced the classical mean-variance model, a large literature has developed on port-
folio selection models in which measures of risk and return are balanced. A significant vein in this literature
has focused on incorporating risk measures other than variance into the portfolio selection framework. Among

others, Value-at-Risk (VaR) and Conditional Value-at-Risk (CVaR, a.k.a. Expected Shortfall), are two alter-

natives that enjoy significant popularity in both academia and practice. For example, |Alexander and Baptista

[2002] consider a mean-VaR model for portfolio selection assuming normally distributed returns and relate the

model to the classical mean-variance analysis. (Campbell et al.| [2001] consider portfolio selection by maximiz-

ing expected return subject to a constraint on VaR. Although VaR is popular, it has been widely criticized

for some of its undesirable properties such as the lack of subadditivity, see [Artzner et al|[1999]. Recognizing
the shortcomings of VaR, the mean-CVaR model has attracted significant attention (see, e.g.
). Other work has focused general classes of risk measures, such as distortion risk measures, and
spectral risk measures; see |Sereda et al| [2010], |Adam et al.| [2008].

Expectiles were introduced by Newey and Powell [1987], as the minimizers of a piecewise quadratic loss

function. In recent years, there has been an increased interest in expectiles as an alternative risk measure, as
they are the only coherent risk measures with the property of elicitability. Elicitability is a concept introduced
by [1985]. In practice, elicitability corresponds to the existence of a natural backtesting methodology

making it possible to compare different statistical methods when estimating risk from historical data. Further

details on elicitability and other properties of expectiles can be found in [Emmer et al.|[2015], which also presents

comparisons between several widely used risk measures.

To our knowledge, only a small number of papers have investigated the mean-risk portfolio selection problem

with expectiles. For example, [2016] used a scenario aggregation method for expectile optimization,

and |Cai and Weng| [2016] studied the problem of optimal reinsurance design using the expectile as a risk

measure. While both|Cai and Weng|[2016] and the present paper employ expectiles as the objective to optimize,

there are substantial differences between these two papers. First, (Cai and Weng) [2016] seeks to determine an

optimal partition on a given insurance risk (a given nonnegative random variable) into two nonnegative parts:
the risk ceded to a reinsurer, and the risk retained by an insurer. In contrast, the present paper aims to

develop an optimal portfolio strategy rebalancing over multiple risky assets. Second, the two papers apply

distinct methodologies in deriving optimal solutions. The problem of |Cai and Weng| [2016] was formulated into

determining an optimal function over a certain feasible set, and an optimal solution was explicitly constructed.
In contrast, the present paper applies the martingale method and Lagrangian duality to determine an optimal

solution to the portfolio selection problem.

Most of the above-mentioned literature concerning mean-risk analysis with different risk measures is in a

discrete-time framework, typically on a finite sample space. There have been extensions of the classical mean-

variance model from the discrete-time setting to a dynamic continuous-time framework; see|Zhou and Li [2000].

Applications of other risk measures in the mean-risk portfolio selection problem under a dynamic continuous-



time setting have been developed as well in the past decades, such as|Jin et al.[[2005], and He et al.| [2015]. Tt
is worth noting that the results in [He et al|[2015] show a vertical line efficient frontier in the mean-risk plane,
which differs from our results for a constrained version of the problem.

Our paper contributes to the literature by considering a mean-risk portfolio choice problem with the expectile
risk measure in a dynamic continuous-time framework. Owing to the implicit definition of the expectile as the
minimizer of a piecewise quadratic loss function, our problem lacks an explicit form for the objective function.
We exploit its connection with the Omega performance measure (see [Bellini et al. [2016]) to relate the expectile
minimization problem to an Omega maximization problem. Based on this relationship, we show that the
expectile minimization problem has a finite optimal value, but this value is not attainable (i.e. there does
not exist a feasible portfolio that attains the finite infimum). Employing a modification from the literature,
e.g. Bernard et al.| [2019] and |Chiu et al.| [2012], we impose an additional constraint by introducing an upper
bound on the terminal wealth. In this modified setting, we consider the global expectile minimizing portfolio
and obtain a mean-expectile efficient frontier, resembling the one from the classical mean-variance model. It is
worth stressing that our findings are based on a complete market model. The optimal mean-expectile portfolio
strategies may be attainable in a general incomplete model.

The remainder of the paper is structured as follows. Section [2| presents the formulation of a portfolio
selection problem with the expectile as objective function, introduces an optimization problem with the Omega
measure, discusses the relationship between both problems, and shows that there is no optimal solution for
the mean-expectile problem, even though the optimal value is finite. In Section [3] we modify the problem by
imposing an upper bound on the terminal wealth and solve the problem using Lagrangian duality. Section
considers the global expectile minimizing portfolio. Section [B] presents the mean-expectile efficient frontier, and
a numerical example. Section [f] summarizes and presents concluding remarks. The Appendix contains some

technical proofs.

2 Model Formulation and Preliminary Analysis
2.1 Financial Market Model

We assume that an agent, with initial wealth xg > 0, invests capital in a risk-free bond B and p risky assets S

with price processes as follows:
dBt = ’I'Btdt,

p
dSISZ) — St(Z) /.I,(z)dt + Zo—ijdwt(]) , i = 1, co D,

=1
where r > 0 is the risk-free rate, /L(i) > r is the growth rate of risky asset i, for ¢ = 1,--- ,p, and p =
(D, PN 5 = {oij}1<i,j<p is the corresponding volatility matrix, which is invertible with inverse o L.

W = {Wi,t > 0} = {(Wt(l),~~~ 7I/I/'t(p))T,t > 0} is a standard RP-valued Brownian motion on a probability



space (£2, F,P). We use F := {F;,¢ > 0} to denote the P-augmentation of the natural filtration generated by
the Brownian motion W.

We consider a finite investment time horizon [0,7] with T > 0. Let m := (ng),... ,wﬁp ))T, where ﬂt(i)

denotes the dollar amount of capital invested in the ith risky asset at time ¢, for ¢ > 0 and i = 1,...,p. With
the trading strategy m := {m,0 < t < T}, the portfolio value process, denoted by X[, evolves according to the

following stochastic differential equation (SDE):
AXT = [rXT + 7 (u—r1)]|dt + 7 odWy, t >0, (2)

where 1 denotes the p-dimensional column vector with each element equal to 1. It is natural to assume that the

. . . . i\ 2
trading strategy = is F-progressively measurable and satisfies fOT | 7¢|%dt < oo a.s., where ||m¢]|? = [ (w}) ,

so that a unique strong solution exists for the SDE .

Definition 1 A trading strategy 7 := {m,0 < ¢t < T} is called admissible with initial wealth zg > 0 if it belongs

to the following set:
A(zo) :={re€8S: X§ =20 and X{ >0,a.s,V0<t< T},
where S denotes the set of F-progressively measurable processes 7 such that fOT [|7e||2dt < oo a.s.

We consider the market price of risk, defined as

C=(Cyees ) =0 N —r1),

and the state-price density process, given by

& = exp{— (r+ ”<2|2> t—cTWt}, (3)

We further employ the notation:
2
o= e =ow |- (r+ I ) o0 =T -w < (@

Note that & = &o,¢, and & s is independent of F; under P. Consequently, we can introduce an equivalent

risk-neutral measure Q defined by

dQ

dP | 7,

t

_ ertft

so that WtQ := Wi + (t is a Brownian motion under Q, and

& = exp{f (THC2|2>tCTWtQ}, (5)



2.2 Expectiles

The expectile £y () of a loss random variable Y with E[Y?] < co at a confidence level a € (0,1) is defined as

the unique minimizer of an asymmetric quadratic function:

£y (a) = arg min {aIE [(y . m)i} +(1-a)E [(m . y)i] } 7 (6)

where (z)4 := max(xz,0). It is easy to show (see, e.g. Bellini et al.| [2014]) that Ey (a) solves the above opti-

mization problem @ if and only if

oE [V — &y (),] = (1 - Q)E[(Ey(a) - V),]. (7)

It can be verified that there exists a unique solution &y (a) to equation (7)) (e.g., Newey and Powell [1987], and

[Cai and Weng| [2016]). Further, a simple rearrangement of equation (7)) using the equality (z)4 — (—z)4+ =z

yields the following expression:

200 —

Ey(a) =E[Y]+BE[(Y — &y (a)), | with 8= T

and 0<a< 1l (8)

In particular, for « = 1/2, B = 0, and thus £y (1/2) = E[Y]. For a random variable Y with E[|Y|] < oo, we adopt
equation @ or equivalently as the definition of the expectile.

The following lemma summarizes some properties of expectiles that are useful in the sequel.

Lemma 1 For a loss random variable Y with E[|Y]|] < co and « € (0, 1), we have the following:

(a) Ey n(a) = Ey(a) + h, for each h € R,

(b) E-y(a) ==&y (1 —a),

(c) Ey(a) is strictly increasing and continuous with respect to o for a given Y with a non-degenerate distribution
under P,

(d) lim Ey(a) =essinf(Y) and lim &y (a) = esssup(Y).
a—0t a—1—

Proof See Bellini et al.|[2014] Propositions 5 and 7]. o

Bellini et al| [2014] show that when a > 1/2, the expectile is a coherent risk measure in the sense of [Artzner|
11999]. Consequently, in the sequel we restrict ourselves to the case a € (%, 1).

2.3 Relationship between Expectiles and the Omega Performance Measure

The Omega was introduced by |Keating and Shadwick| [2002], and has become a popular performance measure.

For a random return R and a benchmark return level [, it is defined as follows:

JML - Fr(a))de  E[(R-1),]

ffn Fr(z)dx " E [(l - R)+] ' ®)

Qr() =

where Fg denotes the cumulative distribution function of R, and m and M are respectively the essential infimum

and essential supremum of the return under the physical measure P.



A simple connection between the Omega measure and expectile can be observed by comparing and @D

as follows:

CE[V-& ()] 1-a
Oy (gY(a)) - E [(gy(a) — Y)I] T T a (10)

which, as observed by [Bellini et al.| [2016], yields the following one-to-one relation:

Oy (1) = 1;;{([)(” IR, (11)

with &,'(-) denoting the inverse function of €y (-) which exists due to part (c) of Lemma [if for ¥ with a

non-degenerate distribution.

From , we see that the expectile is the value of the threshold that makes the ratio of the expectation of
the amount by which the loss exceeds the threshold to the expectation of the amount by which it is below the
threshold equal to 1?T°‘ An analogous property holds for VaR, which is the value of the threshold such that the

1—a

ratio of the probability of exceeding the threshold to the probability of being below the threshold equals *=%;

o !

see Bellini and Di Bernardino| [2017] for a comparison of the financial meanings of expectiles, VaR, and CVaR.

We summarize some useful properties of the Omega measure in the following lemma (see also Theorem 2

in Bellini et al.| [2016]).

Lemma 2 Denote m := essinf(R) and M := esssup(R) for a nondegenerate random wvariable R. The function
2r: (m, M) — (0, 00) is strictly positive, continuous and strictly decreasing with lim 2r(l) =00, lim Nr(1)=0
l—m l—M~-

and 2 (E[R]) = 1.

Proof See Section 3 of [Keating and Shadwick| [2002].

2.4 The Mean-Expectile Optimization Problem

We consider a mean-risk portfolio choice problem using the expectile as the risk measure. An agent has initial
wealth zo and undertakes dynamic trading strategies to minimize the risk of the portfolio measured by the
expectile of the loss random variable at the final time T, given a prespecified expected wealth target at T. The
loss random variable at T is defined as L := zpe"? — XX where X7 is the wealth accumulated at 7' and zge"”

is the terminal wealth attained by allocating all the capital to the risk-free asset. The optimization problem is

formulated as follows:

inf Er(a),
mweA(xg) L( )
subject to E[XT] =d, (12)

El¢rX7] < zo.
By the martingale approach (see [Karatzas and Shreve] [1998]), as well as parts (a) and (b) of Lemma [T it is

equivalent to study the following optimal terminal payoff problem:

sup gZ(l - CY),
ZeMy
subject to E[Z] =d, (13)

E[¢rZ] < zo,



where M4 denotes the set of non-negative Fpr-measurable random variables. We denote the feasible set of the

above problem by Ci(d,xo), i.e.,
Ci(d,z0) :={Z e M4 |E[Z] =dand E[¢7Z] < z0}. (14)

Remark 1 From the financial point of view, it is more meaningful to consider the optimization problem:

inf Er(a),
neA(xo) L( )
subject to E[Z] > d, (15)
E[¢rZ] < zo,

in which an inequality constraint is applied to expected terminal wealth E[Z], instead of an equality as in .
Considering the equality constraint in simplifies the problem. In fact, assuming the existence of the solution
to both problems and , the strategy obtained from problem (resp. problem ) corresponds to a
strategy lying on an expectile minimizing frontier (resp. efficient frontier). Later on, we will show how to obtain

the solution with an inequality constraint on the mean from the one with an equality constraint; see Section

We impose the following assumptions throughout.

H1. The required expected wealth d satisfies d > zoe™” .

H2. The confidence level o satisfies % <a<l.

Remark 2 Without assumption H1, investing all wealth in the risk-free asset would yield the required terminal
wealth without any risk. As noted above, H2 implies that the expectile is a coherent risk measure. In addition,

it implies that 0 < £z(1 — a) < E[Z] = d for any Z € C1(d,zo) by equation and H1.

2.5 The Mean-Omega Optimization Problem

As the expectile is defined implicitly, through a minimization problem, it is difficult to obtain a solution for the
optimization problem directly. However, given the close relationship between the Omega and expectiles,
i.e., equations and , we propose a family of Mean-Omega optimization problems indexed by K € (0, d)
to connect to the problem as follows:

g(K;zo) =  sup  £2z(K), (16)

ZeC1(d,xo)
where C1(d,xo) is defined in (T4). We confine the parameter K within (0,d) because the equivalence between
problems and only requires a subset of (0,d) for K under assumption H2; see Proposition [3| below for
details. While 27 (K) is the Omega measure applied to the terminal portfolio value, it can indeed be interpreted
z

as the Omega measure applied to the simple return: let R = 7o — 1 to get

CE[(R-D4] _El(Z—wo(4+0)] E(Z-K)]
) = B R, ~ Elw@+ )R] E(K_2),) W K==+



Since E[(Z - K), | =E[Z-K|+E[(K—-2), | =d—K+E[(K - Z)_] for Z € C1(d,z0), the objective in
can be rewritten as

d—K

E(K—-2)4] "

Thus, in order to study properties of problem , we consider the following problem:

§(K;w0) = | inf E (K -2),]. (17)

g is clearly increasing in K. The following proposition establishes that g(-;xo) is Lipschitz continuous, with
constant 1.

Proposition 1 Assume H1, and suppose that K1, K2 € (0,d). Then |§(K1;z0) — §(K2;z0)| < |K1 — Ka.

Proof Without loss of generality, assume K; > K. Let € > 0 and Z; be such that E [(KZ — ZZ-)_J < g(K;;x0)+e,
i = 1,2. Using the inequality E [(K1 — Z) | —E[(K2 — Z) | < K1 — K2, we get

§(K1;20) <E[(K1 — Z2)+] <E[(K2— ZQ)_,_] + (K1 — K2) < §(K2;z0) + ¢+ (K1 — Ka),
and the result follows by letting € \, 0. m]

The following proposition demonstrates some properties of both problems and .
Proposition 2 Assume H1 and 0 < K < d.

(a) If0 < K < zoe"T < d, then §(K;z0) =0 and g(K;z0) = oo, i.e. problem is unbounded.
(b) If 0 < z0e" T = K < d, then there exists a sequence of Zn € C1(d,xz0) such that li_}rn E [(K — Zn)+] =0 and
n oo
lim QZn (K) = O0.
n—oo )
(c) If 0 < zoe"™’ < K < d, then 9(K;z0) > 0, g(K;30) < 0o, and the optima for both problems (L6]) and (17) are

not attained.

Proof We only present the proof of part (a) and relegate those of parts (b) and (c) to Appendix [Al Consider Z

defined as follows:

& lier<s)
E 601 (e, <]

for some 8 > 1, where ¢ is chosen so that E[Z] = d. It is easy to see that E[¢rZ] = zo.

Z=K+ (xo - Ke*TT) , (18)

Since Z > K a.s., E [(K — Z), | =0, thus §(K;x0) = 0 and g(K;z0) = oo, so that problem is unbounded.
It remains to justify the existence of both 8 and §. From and we know that

g?fl = exp {— <7" + |<2||2> B-1)T - (8- 1)CTWT} =:mg1(T)Ap(T),

e {= (= L9EY (5 11— (- 0TWE = a1,



where )
mp1(T) :=exp{ —r(B—1)T + HCH B-1(pB- 2)T}

mg 2(T) := exp

{
g, exp{ <1 5 —(B-1)¢ WT}
{-

"B — DT + ”“‘2( 1)/3T},

2
Aaa(t) = exp { L0 5 -1 7 - 3 T}
We introduce two equivalent measures defined by

dP
= A51(1) and d% = Ag5(T)

so that ng =Wr+(8—-1)¢-T and W;Qf = Wg + (B —1)¢- T are Brownian motions under P and Q respectively,

from which we obtain that

<9) P(a—[KIVT)

E [ggfll{ngﬁ}} B eT'TE [5?711{§T§5}i| B e'rTmﬁ’l(T) END(&T < ) B e[r_HCH'z(ﬁ_l)]T @(a)
E |:£§{1{§T§6}:| EQ [55«711{&35}} mp2(T) - Q (&r

Ind+[r—(B—)I¢II°]T
[¢IIVT

We can verify that

where a =

B |60 (s <))
E [fgl{&@}}

E[ =1 }
—gT {er=o) — e[r_l‘qlz(ﬁ_l)]T <l as § — .

— o0 as § — 0,

E [5?1{&55}}

B¢l "] . d-k

= = > ,i.e.IEZ:d. O
E[¢71(er<s)] B 2]

Consequently, given 8 we can find § such that e

2.6 Nonexistence of Optimal Solutions to the Mean-Expectile Problem

Denote the mean-expectile optimal payoff problem ([13) and the mean-omega optimal payoff problem (16| by

Pi(a) and P2(K) respectively. Consider the set of all optimal solutions to Pi(a) as a ranges over (3,1):

Ip = |J {2"| 2" is optimal for Pi(a)}. (19)
ae(%,l)
In this section, we will show that I7p, = (), which motivates us to consider a modification of the problem in the
next section.
We have already shown in Proposition [2| that the corresponding optimal solution set for the Mean-Omega
problem is the empty set, i.e.
Ip,:= |J {Z"| 2 is optimal to Po(K)} = 0. (20)
Ke(zoeT ,d)

Emptyness of IIp, then follows from the following proposition.



Proposition 3 IIp, C IIp,.

Proof Suppose Z* € IIp,, and let a € (3,1) be such that £z (1 —a) > £z(1 — ) for any Z € C1(d, xo). Letting
K = &7+«(1 — a), we obtain

Q7+(K) = Qg+ (€2+(1 - @) = 72— = 2z (£2(1 - @) 2 27 (€2-(1 - @) = 25(K), (21)

where the second and the third equalities follow from equation , and the inequality follows because 2z ()
is decreasing by Lemma [2]

It remains to prove that K € (zoe"!,d). Firstly, K < d by equation and the fact that a € (3, 1 If
K < zoe"T, by Proposition [2 we can construct a feasible strategy (for K < zoe"T) or a sequence of strategies

(for K = z0e™") leading to 2z« (K) = oo, contradicting 2z (K) = 2. O

3 Optimal Solutions with Bounded Terminal Wealth

In this section, we modify the portfolio choice problem by imposing an upper bound on the terminal wealth.
This technique has been used in the literature, see |Chiu et al.| [2012] and more recently Bernard et al.| [2019].
It may be thought of as a constructive method of producing (for large values of the bound) nearly optimal
strategies. The modified problem is as follows:

wei,{ll(fzo) Er(e),
subject to E[XT] =d,

El¢r XT] < zo,

0< X7 <M, as.
Using the fact that & (a) = zoe™"T — Exz (1 — a), we will apply the martingale approach and consider the

following problem:

sip Ex(1-a),
ZeMy
subject to E[Z] =d, (23)
ElérZ] < o,
0<Z< M, as.
For a nonempty and nontrivial feasible set, we should have M > d.
We denote the feasible set of the above problem by
Co(d,zo, M) ={Z e M4 |E[Z]=d, E[¢rZ] <zpand 0 < Z < M ass.}. (24)

We once again consider the corresponding Mean-Omega problem indexed by K € (0,d), now with a bound
on the terminal wealth:

G(K;z0) = sup  2z(K). (25)
Z€Cs(dyz0,M)

L Z =d is not feasible, since E[¢7] = e~ > z0/d; so E[(Y — Ey (a))+] > 0.

10



The connection between the Mean-Omega problem and the Mean-Expectile problem will be described in Propo-
sition [7] in the sequel.
We know that E[(Z - K) | =E[Z - K|+ E[(K - 2),] =d— K+E[(K - Z)_] for any Z € Ca(d,z0, M).

Thus, we consider the following problem in order to study the properties of problem :

G(K;xo) = E[(K-2),]. (26)

inf
ZeCs(d,xo,M)

From the proof of part (a) of Proposition [2| for K in the subset of (0,z¢e"T), some problems , indexed
by K, are also unbounded when the upper bound M is large enough. Thus, hereafter we focus on the case

where z¢e™T < K < d.

Proposition 4 Suppose zoe’!T < K < d.

(a) G(K; x0) 18 Lipschitz continuous and strictly increasing with respect to K.

(b) If G(zoe™ s 20) > 0, then G(K;x0) is Lipschitz continuous and strictly decreasing with respect to K.

Proof The Lipschitz continuity of G(K ;x0) regarding K can be proved in the same way as in Proposition
Below we show the strict monotonicity of G(K;zo) with respect to K. We claim that P(Z < K) > 0 for any
Z € Oz(d,z0, M) since zpe"™’ < K < d. Indeed, if P(Z < K) = 0, then P(Z > K) = Q(Z > K) = 1 implies
El¢rZ] = EQe "TZ] > e "TK > a0, which contradicts the budget constraint. Denote ¢ = K; — K2 > 0
for zoe’’ < K» < K1 < d and take Z € Ca(d,z0, M) such that E[(K1 — Z)4] < G(Ki;20) + ¢, where
b=P(Z < K3) > 0. Then, it follows that

G(Ksa0) > E[(Kr = Z)4] - 5

= El(Kz — 2)+] + (K1 — K2)B(Z < K2) + (K1~ 2) 11050, _pepey] — o

> E[(Kz — Z)+] +eb— gs > é(KQ;fEO) + gs > é(Kz;xo),

which implies the strict monotonicity of G(K;zo) with respect to K. Finally, (b) is a straightforward conse-
quence of (a) due to the relationship between the objective functions of problems and . o

3.1 Choosing the Upper Bound M

As advised by [Chiu et al.|[2012], M should be chosen sufficiently large to approximate well the original problem,
which does not have the bound constraint, resulting in a “nearly-optimal” strategy. Let ¢ be the standard normal
probability density function, & be the standard normal cumulative distribution function, and = be its inverse.

The following result is useful in selecting M (see Section [3.3)).

Lemma 3 Assume H1 holds, i.e. d > zoe" ! . Then:
. _ d 1 [ woe" T
lim ¢ ' (= |- =0 27
Moo (M) ( M (27)

11




Proof By the concavity of ! near 0, for sufficiently large M,

O§¢,1 d g1 zoe™ T < 1 iixoerT
M M o (¢_1 (:bge’"T)) M M

M
2
_ 1 1 [ woe" T d— z0e"™T
—mexp{2<¢ ( i 'T_}O’ as M — oo.
The claim follows from the Squeeze Theorem. m]

In particular, Lemma ensures the existence of a constant My,;, > d such that for all M > M,;,, we have

g1 (%) o (”“’OMT) <ICIVT. (28)

We require that M satisfies this inequality in order to obtain the solution for the modified problems
and ; see Lemma [5| and Proposition [5|in the sequel.

H3. The upper bound M satisfies M > d and .

3.2 Lagrangian Duality and Pointwise Optimization

We now focus on problem , which we will solve by a Lagrangian duality method in conjunction with a

pointwise optimization procedure. This entails introducing the following optimization problems with multipliers

B1 and Ba:

inf  E{(K-Z), + (87— 1) Z}, P1€R, f2>0, (29)
ZeM,
0<Z<M a.s.

where we recall from that the parameter K is within (0, d). We solve the above problem by resorting to a

pointwise optimization procedure and consider the following problem for y; > 0 and y2 > 0:

ogig?éM {(K —2)+ + (y2 —y1)z}, (30)

Given that H3 holds, it is easy to verify that the solution to the pointwise optimization problem is as

follows:

m*(y1,y2) = Kl{y1<y2Sy1+1} + Ml{y2§y1}' (31)

Lemma 4

(a) Zj, 5, =" (B1,B2br) solves problem where * is given in .
(b) If there exist two constants BT > 0 and 85 > 0 such that Z* := z*(B%,85¢1) € Fr satisfies E[Z*] = d and

E[¢rZ*| = zo. Then Z* solves both problems and (26).

Proof The proof resembles those of Lemmas 3.1 and 3.2 in [Lin et al. [2017], and is thus omitted. O

12



3.3 Solutions to the Mean-Omega Problems

In this section, we investigate the solutions of problems and . The following lemma will be employed

later for determining the solutions.

Lemma 5 Suppose zoe"T < K < d and H3 holds. There exists a unique solution pair (G1,q2) satisfying 1 > g2 >

g1 > 0 to the following system:

U - M - d
p1(q1,q2) == g2 + <f - 1) G- =0,
32
. 1~ M 1~ zoe" T (82)
Pl d2) =@ (271 (@) ~ ICIVT) + ( 32 = 1) @ (67" (@) ~ IKIVT) - "o~ =o.
Proof For each g1, equation p1(q1,g2) = 0 is equivalent to g2 = % - (% - 1) q1. Thus, the condition 1 > g2 > ¢1
implies that A‘f[__fl(( <q < %. Write g2(q1) := % — (% — 1) q1 to get % =— (% —1) <0 and

dpa(q1,92(q1)) _ ¢ (2" (g2) — |ISIIVT) dgo n (M 1) ¢ (27 (q1) - lICIIVT)

dg1 (@ g)  dpn \K ¢ (@1 (q1))
— o 3llelPT (eucnﬁqﬁ—%qz) _ el\c\\ﬁ¢—1<q1>> Zﬂ <0,
q1

for g2 > g1. This implies that p3(q1) := p2(q1,q2(q1)) is decreasing in q;.

Furthermore, as q; * % we have

rT

palan) > o (97 () = CIVT ) = 226 <o

K K

where the inequality follows from assumption H3.

As g1\, %, we obtain

i (oo (428 )

_ rT . rT
21+(%71)¢<¢*1<A‘2 I}i))f“}e{ = >0

where the inequality follows from zge”? < d. Therefore, we conclude that there exists a unique solution (§i, §2)

to the system . m]

Proposition 5 Suppose that zoe"l < K < d and H3 holds. There exist two unique constants 37 > 0 and 35 > 0
such that Z* .= x* (B, B5&r) satisfies E[Z*] = d and E[ér Z*] = zo, where z* is given in .

Proof From , we know that

ZEhBZ =z (61’ ’BQ&T) = K1{51<52§Tﬁﬁ1+1} + Ml{ﬁzETSﬂl}'

13



Thus,
E[Z5, p,] = KP(B1 < B2br < B1 4+ 1) + MP (B2ér < f1)

= KP (B2ér < B1+ 1) + (M — K)P (B267 < 1),

ElerZs, 5,) = Ke 7TQ(B1 < fabr < 1+ 1) + Me "TQ (Batr < B1)
= Ke"TQ(Bobr < B+ 1) + (M — K)e "TQ (8ot < B1)
= Ke 770 (471 [P (Bagr < 1+ 1)] - [ICIVT)

+ (M = K)e "o (07 [P (Batr < 51)] - ICIVT) .
where the last equality follows from the fact that Q(ér < a) = @ (¢~' (P(é7 < a)) — ||¢||VT) for a positive
constant a. Denote ¢1 := P (286 < 1) and g2 := P (B286r < 1+ 1) to get that 1 > Go > ¢1 > 0. Then by

Lemma [B] the claim follows. O

Let 8] and 35 be the two unique constants that satisfy both constraints E [z* (87, 85¢7)] = d and E[érz™* (67, B5&r)] =
xo. We characterize the optimal value G(K;zo) of problem and optimal value G(K;zo) of problem in

the following proposition.

Proposition 6 Suppose zoe’l < K < d and H3 holds. Then, =* (8%, 83¢r) solves problems and , where

x* is given in (31). The optimal values G(K;x0) and G(K;x0) of the two problems are respectively given as follows:

(K x0) = (M ~ 1) P(B3ér<pi)  _ fe—P(Bér<pi+1)

G(K:w0) = K [L P (8er < 61 +1)].

Proof The claims follow immediately from Lemma [ and Proposition [5} |

3.4 Optimal Solution to the Mean-Expectile Problem with a Bounded Wealth Constraint

As previously noted, we focus on the case zge"™! < K < d. In the earlier sections, for ease of notation, we
suppressed the dependence of ¢1 2, 87, 85, 2" and the optimal solution Z* on K and M. In this section, we make
the dependence explicit when it is necessary for clarity. No confusion should result from this abuse of notation.

We can now proceed to investigate the optimal solution for problem (23)).

Proposition 7 Assume that there exists a K* such that zoe™" < K* < d and G(K*;z0) = 125. Then Zj. =

e (BT (K™), B5 (K™ )éT) is an optimal solution to problem and K* is the optimal objective value.
Proof The proof is similar to that of the analogous result in Proposition [3] and is therefore omitted.

Remark 8 Given an upper bound M, Propositionspeciﬁes how to recover the optimal solution to problem .
Since we consider the case zoe’! < K < d, from Proposition |§| we have that é(moerT; zo) > 0 due to the facts
that 87 (zoe™) > 0 and 3 (zoe"’) > 0, as shown in Proposition |5} Thus according to Proposition 4}, G(K;xo)
is Lipschitz continuous and strictly decreasing with respect to K. It is clear that G(K;xzo) € (1,G(zoe™;x0)].

By H2, -2 > 1, however, if =2~ > G(zoe"T;z0), then obviously the method from Proposition E fails since

? 11—« 11—«

T is outside of the range of G(K;xzo) (and we need to consider larger values of M). O

14



The following proposition implies that increasing M will increase the value of G s (zoe™ ;o) := G(zoe" L ; z0),

where G is defined in (25) and we have adjusted the notation in order to make its dependence on M explicit.

Proposition 8 For o'l < K < d, if Ma > My and both Ms and My satisfy , then G, (K;z0) >
GMl (K;mo).

Proof 1t is obvious that Gy, (K;zo) > G, (K;z0). It remains to rule out equality. Suppose Gy, (K;z0) =
G, (K; o). By Proposition @ we obtain:

G2(M2) =P (B3 (K, M2)ér < B1 (K, M2) +1) =P (85(K, M1)ér < 81 (K, M1) + 1) =: go(My).
By Lemmaand Proposmonl 5 there should exist a unique solution (g1 (M1), ¢1(Mz2)) to the following equations:

(%—1)(11(1\/-’1)—(*_ )q (Mz),

(%fl)é(qﬁ*l( (M ))f||<||f (7,1)43 1 MQ))*HCH\/T). (34)

Suppose (% — 1) ¢ (M) = (% - 1) q1(M2). Then ¢ (M) =

s = (=)o (o (35 0) - mwj (fo@@WQAWﬁy
o

M)) =0 by (34). However, as ¢ /1, f(q) = K~ ' (M1 — M3) < 0, and differentiating gives:

G1(M2) > q1(M3z). Defining

2
w0
=
s
=3
&
g
2
@
=
Ql

Y o (o7 (ke a) — IIVT) o (0 (g) - liCIVT)
rw=(%-1) o (o1 (3=k ) W)
_ <% _ 1) s (enqlﬁ@-l(ﬁn) _ €||<||ﬁ¢*1<q>>) “o

so f(q) <0 for ¢ € (0,1), and we have a contradiction. Thus Gy, (K;zo) > G, (K; o). O

The next Proposition shows that as M — oo, the optimal values of the problem with the upper bound on

wealth tend to the optimal value of the problem with unbounded wealth.
Proposition 9 For zpe"? < K < d, Iv}im G (K;xo) = §(K; xz0), where § is defined in .
—00

Proof G(K;xo) > §(K;x0) > 0 is clear. Since Gy (K;xo) = % + 1, Proposition 8 implies that Gy is
M Lo
strictly decreasing in M, hence k := M}im G (K;x0) > §(K;20) exists. For small enough ¢ > 0, Lemma
—00
guarantees the existence of a bounded Z. such that k < E [(K - Z5)+] < §(K;zo) + €, and the result follows

by letting £ \ 0. a

By the virtue of both Propositionand Proposition|§|, we know that MhinOo Gar(zoe" 5 20) = §(zoe™ 5 20) =
0, and thus ]\/}IE)HOO Gar(zoe™ ;5 20) = g(zoe™ ;20) = oo. Therefore, if M tends to infinity, the optimal value of
our modified problem approaches the optimal value of our original problem without a bound on the terminal
wealth.

We arrive at following algorithm for producing approximate solutions:
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1. Fix M and derive the optimal function z* for the pointwise optimization problem using equation ;

2. For each zpe"l < K < d, search for the unique solution pair to both equations E[z% (87 (K), 84 (K)ér)] = d
and E[¢raf (81 (K), B2 (K)&r)] = zo. Then set Zx = 3 (81 (K), B2 (K)&r);

3. Invoke Proposition (7| to get Z* := Z} . by solving for K* from G(K*;x0) = 12 . If K* exists, then stop. If
there is no K* such that G(K*;z) =

7= or equivalently, 2= > G(zoe"T; z0), increase the upper bound

M, and return to Step 1.

4 Global Expectile Minimizing Strategies with Terminal Wealth Bound Constraint

In this section we consider the following global expectile minimization problem:

inf £1(a),
Trégll(xo) L(a)
subject to E[¢érXT] < o, (35)

0< X7 <M, as.,

which differs from problem by the exclusion of the mean constraint E[X7] = d. A solution to problem
leads to the global minimum expectile without a constraint on the expected terminal wealth, which is
an interesting problem in its own right. In addition, an analysis of the problem will shed some light on the
mean-expectile efficient frontier, which we will study in Section

We also follow the martingale approach and consider the following problem:

sup Ez(1 - a),
ZeFr
subject to E[¢rZ] < zo, (36)

0<Z< M, as.
We denote the feasible set of the above problem by Cs(zo, M), i.e.,
Cs(zo,M) :={Z e My |E[¢rZ] <zpand 0< Z < M as.}. (37)
Similarly to the previous sections, we consider an associated Omega maximization problem:
sup  2z(K). (38)
ZECs (w0, M)

The above Omega maximization problem has been solved by |Bernard et al.| [2019] (see also Proposition
below). Following the same proof idea as in Propositions |3| and m we need to find a K* such that 2z:, (K*) =

[e3

1—a

where Z7, denotes the solution for problem at K. This nonlinear optimization problem can be reduced

to the following linearized optimization problem:

«

H(K;xo)z sup E[(ZfK)Jr}*l

E|(K-Z . 39
ZeCs(xo,M) - [( )+] ( )

Proposition 10 Suppose there exists a K* such that zoe™ < K* < d and H(K*;x0) = 0. Then Z}c. is the optimal
solution to problem and K* is the optimal objective value for problem , provided that E [(K* - Zf(*)+] > 0.
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Proof Since H(K*;z0) =0 and E [(K* — Z}‘(*)_,’_] > 0, we obtain that £z (K*) = 2. The rest of the proof

1—a-

is similar to the proofs of the analogous results in Propositions [3] and [7] o

Proposition 11 H(K;zo) is Lipschitz continuous and strictly decreasing with respect to K. Furthermore, H (zoe™ ; zg) >

0 and H(M;zo) < 0.

Proof The Lipschitz continuity can be proved in the same way as in Proposition [l} The strict monotonicity can
be proved in the same way as that of Proposition @

T or equivalently m+ = 0 for all

When K = xoeTT, investing all wealth in the risk-free asset (i.e. Z = zpe”
0 <t < T) will achieve a zero objective value. Thus H(azoerT;xo) > 0. When K = M, the objective value of

Z € C3(zo, M) is —2E [(M - Z)+] < 0. Therefore, H(M;xo) < 0. |

We can derive the solution to (39) using the pointwise optimization technique and Lagrangian duality

method. A similar result is given in Bernard et al.| [2019, Proposition 1].

Proposition 12 The unique optimal solution to (39)) is given by:

Zx = Mlggr<iy + Klpicper< oy, (40)

-«

where 3% is such that B [épZ%] = xo. The value function H(K;xo) is given as

H(Ksw0) = (M~ K)P (8¢r <1) = 1= KP (8¢ = ). (41)

l-«a
Proof The existence of the given solution can be proved in the same manner as for problems and

in Section 3| Uniqueness can be proved in a manner similar to that used in [Bernard et al.| [2019]. O

By the above two propositions, there is a unique K* such that H(K*;z0) = 0 (since H(K;zo) is strictly
decreasing with respect to K). Thus, we can obtain the unique global expectile minimizing portfolio. The

corresponding mean, denoted by dgem and uniquely determined by K*, is given by

dgem = [Zjc.] = (M — K*) P (8*¢p < 1) + K*P (ﬁ*gT < ﬁ) , (42)

and the global minimum expectile is £7- (o) = zge” T — Ez:,(1—a)= zoe"T — K*.

5 Efficient Frontier with a Bound on Terminal Wealth

In this section, we will construct the efficient portfolios and derive the efficient frontier of our mean-risk portfolio
selection problem using the expectile risk measure with an upper bound on terminal wealth. We begin with
the following definitions, which are adapted from the corresponding notions in the mean-variance analysis (see,

e.g. [Markowitz et al|[2000]).
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Definition 2 The mean-risk portfolio selection problem using the expectile risk measure with bounded terminal

wealth is formulated as the following multi-objective optimization problem:

inf (J1(m), J2()) := (EL(a), ~E[XT]),
meA(xo)
subject to E[ér X7] < wo, (43)

0< X7 <M, as.,

where L := zge"™ — X7 A feasible portfolio 7* is called an “efficient portfolio” if there exists no feasible portfolio
m such that
Ji(m) < Ji(7"), Ja(m) < Ja(n7),

with at least one of the inequalities being strict. In this case, we call (J1(7*), —J2(7*)) € R? an efficient point.
The set of all efficient points is called the efficient frontier.
The efficient frontier can be generated by solving the following optimization problem:

inf J =& ,
ok 1(m) = €L(a)

subject to  Ja(rm) := —E[XT] < —d,

El¢r X7] < o,

0<XT <M, as.

for all d > 0. The set (J(7*), —Ja2(7*)) € R? for all optimal 7* is the efficient frontier.
In the remainder of the paper, we write Z; for the optimal solution Z* for problem , in order to make its

dependence on d explicit. Note that (23 has an equality constraint on the mean of Z, rather than an inequality
constraint as in (44)).

Proposition 13 Let do > di > dgem, where dgem 1is given by (42). Then 823 1-a)> EZ; (1 - ). For dgem >
1 2
d3 > dy > zoe™, Ezx (1—a)> SZ;4 (1 — @). Furthermore, Ez+(1 — @) is a concave function with respect to d.

Proof For dz > di > dgem, let a i= =922 € [0,1), so that di = adz + (1 — a)dgem. Then Z := aZj, + (1 -

a)Z; € Ca(d1,x0, M), and

gem
52;1 (1 — a) > gz(l — a) > agzsz (1 — Oc) + (1 — a)gzzgam (1 - Oé) > SZZ;Q (1 — a) (45)

where the first inequality is due to the optimality of Z to maximize £z(1—a) among the class C2(d1, o, M), the
second equality is due to the concavity of £z (1—a) with respect to Z for a > 0.5, and the last inequality follows
from the uniqueness of the global expectile minimizing portfolio. The proof for the case dgem > d3 > da > zoe" "
is similar.

The concavity of 522 (1 — «) also follows in the same manner. Indeed, for ds > dg > zoe’ T and v € (0,1),

set d = yds + (1 — v)ds and construct Z := vZy +(1—7)Z;, € C2(d, zo, M). Similarly to we have

5Z§(1 — Oz) > 52(1 — Oz) > 75235(1 — Oz) + (1 — ’Y)EZZ;S.

18



Since £+ (a) = zpe"! — &z:(1—a), we are now ready to summarize the final result on the efficient frontier.

Proposition 14 The efficient portfolio for the mean-risk portfolio selection problem using the expectile risk measure
with bounded terminal wealth, i.e. the optimal portfolio for problem ({44), is determined by those solutions to problem
22)) with d > dgem, where dgem is given by [@2). The points (Ep+ (), d) € R? for alld > dgem form the corresponding

efficient frontier. Moreover, the minimum expectile Ep(a) as a function of the expected terminal wealth d is conve.
Proof The proof follows from the definition of the efficient frontier and Proposition [I3} ]

Ezample 1 We consider the parameter values given in Table[I]

o T r « “w o

100 | 5 | 0.03 | 0.75 | 0.07 | 0.3

Table 1: Parameter Setting for Numerical Illustration

We vary the choice of d over (avoeTT7 zoe" T +20) for numerical illustration. We use M = 500 for our analysis.
The frontier is shown in Figure[ll For the global expectile minimizing portfolio, we try two different approaches
and the results from both approaches agree within accepted tolerance. The first approach, which is more
accurate because the result is computed from an analytical formula, is to use the results in Section [d The
coordinate for the global expectile minimizing portfolio is (€« (), dgem) = (—1.5607,125.7551), as illustrated
in Figure [T

The second approach is to solve the problem for each d and find the minimum objective value by
a numerical search. We need to solve problem and find K* such that G(K*;z9) = % to recover the
solution. In this approach, we pick two different K’s that lead to two objective values above and below 2
respectively, then use the bisection method to approach K* such that G(K™*;x0) = 125, where we select the
tolerance for root finding to be 1.0 x 107 1%, We repeat the procedure for each d to obtain the curve. We employ
step sizes of 0.001 and 0.0001 for d and find the coordinates for the global expectile minimizing portfolio
are (Ep«(a),dgem) = (—1.5607,125.7554) and (Ep+(a),dgem) = (—1.5607,125.7551) respectively. The values
differ after four decimal places; choosing smaller step sizes should lead to convergence to the global expectile
minimizing portfolio obtained from the first approach.

The numerical results agree with our analytical findings. When d € (zoe™?, dgem ), E1+ () decreases with d,
whereas when d € (dgem, zoe” " +20), r- (a) increases with d and the curve in this case is the efficient frontier.
This observation is consistent with Proposition The entire curve in Figure (1| is the expectile minimizing
frontier. Recalling the curves for the variance minimizing frontier and the efficient frontier for the mean-variance
problem, the shapes of both curves are similar to their counterparts which are obtained in Figure

In addition, we carry out sensitivity analysis with respect to the upper bound M. The results are shown
in Fig [2l Here, we consider three cases, M = 500,600, and 700. When M gets large, the entire curve of the

expectile minimizing frontier shifts to the left upper in the mean-expectile plane. This finding is also revealed
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Fig. 1: Frontier: £+ (a) versus d

in the global expectile minimizing portfolio. In other words, a larger upper bound M allows the investors to
construct more efficient portfolios in that it generates more return but the same risk or smaller risk for the

same return.

Frontier
140 T T
M = 500
M = 600
M = 700
135 4
130 1
125 4
120 ¢ 1
15 : : :
2 -1.5 -1 0.5 0
Er(a)

Fig. 2: Frontier: £1«(a) versus d

6 Conclusion

In this paper, we consider a mean-risk portfolio selection problem for an expectile minimizing investor. Relying

on the close relationship between the expectile and the Omega measure, we propose an alternative problem with
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the Omega measure as an objective and conclude that the original mean-expectile portfolio choice problem has
no solution, i.e. the solution is not attainable. Following the literature, we impose an upper bound on terminal
wealth and solve the modified problem by a Lagrangian approach and the pointwise optimization technique.
We proved that the optimal value of the problem with an upper bound on the terminal wealth converges
to that of the problem without such an upper bound as the imposed bound increases to infinity. Thus, the
optimal solution obtained for the problem with an upper bound can be taken as an approximate solution to
the mean-expectile problem with no upper bound on the terminal wealth. We also consider the global expectile

minimizing portfolio and the mean-expectile efficient frontier.
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A Proof of part (b) and part (c) of Proposition

In this appendix, we provide the proof of parts (b) and (c) of Proposition The proof essentially consists of a series of lemmas

adapted from Section 5 of 2005|, in which a similar result is shown.

Recall that 0 < zge”™” < K < d is assumed for both parts (b) and (c). To proceed, we let Y := Z —d and yo := 20 —de~"T <
0, so that the problem can be equivalently cast as

inf E[(K-d-Y)],
Ylen]-'T ( )+
j E[Y] =
subject to Y]=o, (46)
El¢rY] < yo
Y > —d as.
where Y € Fr means that Y is Fr measurable. Consider the optimization problem that relaxes the constraint on E[Y].
inf E [ K—d-Y } ,
YeFr ( )+
subject to  E[¢7Y] < yo, (47)

Y > —d as.

The following lemma is due to |Cvitani¢ and Karatzas| [1999].

Lemma 6 Assuming 0 < zo < Ke™ "1 or equivalently yo € (7de’TT7 Ke T — de’TT], an optimal solution to problem (47)
is given by

Y*= 2" —d=Klgee <1y —d, (48)
where B* = exp {||§||\/T¢’1 (1 — L}(Tﬂl) + (r— %HCHQ) T}. The corresponding value function, denoted by h(yo), s
1 yoe'T +d
hiyo) = K@ (97" (1= =——— ) = [[<IVT ). (49)

In Lemma@, when zg = Ke ™7, i.e. yoe'l +d = K, we have 8* =0, Y* = K —d and h(yo) = 0, which means that the
optimal solution to problem (47) is to invest only in the risk-free asset, and the optimal value is zero.

Tt is obvious that h(yo) is strictly decreasing with respect to yo € (—de™ T, Ke™™T — de~"T].

Lemma 7 For any sufficiently small € > 0 and yo € (—de~"T,Ke~"T — de~"T], there exists a feasible solution Y to problem

such that h(yo) < E [(K —d- Y)+] = h(yo) + § and E[¢rY] = yo.
Proof For any feasible solution Y of problem @, h(yo) <E [(K —d— Y)Jr] by definition. Consider Y defined as follows:

£ £
: < 2bE [5T1{ﬁ*5T<1}]) {orer=t) (Qb]E [€r1{peep>1}) ) {orer=1)

> 0 and B* is given in Lemmaﬁ For € > 0 small enough, Yz > —d a.s. It can be

where b = EEr|8*€r<1] ~ E[Er|B*ér>1]

verified that E[{7Yz] = yo and

) +E

3
2E [Er1 greroty] g
Erlip=er>1} 2bE (671 (prep<1}] {B*ér< }}

( P(B*er<1)  P(Ber>1) )
E[erligrer<iy]  E[6rliprer>1y]

E[(K—d-Y.),] ]E[<K_2bE[ J>1{5*§T>1}

g
—h =
(vo) + %

3 3
=h —b=nh —.
(90) + o= hlyo) + >

Therefore, Yz constructed in (50) meets the requirement.

The following is Lemma 5.2 in 12005].
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Lemma 8 For any o > 0, § > 0, and 0 < B8 < ab, there ezists a bounded random variable Y > 0 such that IED}} = q,
E[(7rY] =8 and Y =0 on the set {&p > 6}.

Lemma 9 For any sufficiently small e > 0 and yo € (—de™ "7, Ke™™" — de™"T], given the feasible solution Y in to
problem such that h(yo) < E [(K —d— )/5)+] = h(yo) + § and E[§7Ye] = yo, we have the following.

(a) There exists a unique o(a) for any a € (—de™"T yo] such that
a
E y*OETYsl{stéow} = Y0-

(b) l}l‘n do(a) = 0.
a/yo
(¢) There exists a 01(a) such that 0 < 01(a) < do(a) and

E [ ¥elierza @] o
Eler s Yelierza@y| —wo (@

d) lim &1(a) = 0.
(d) i 1(a)

Proof (a) From , notice that E [iﬁTYs] =aand Y: <0 a.s. for any sufficiently small € > 0. Define Xz := iﬁTYEl{éTZﬁ}
and H(B) :=E(Xg) =E [%&Yel{&zm] for B > 0. We observe that Xg increases in 3 and tends to 0 and {71 %YE a.s. as

[ tends to oo and 0 respectively. Furthermore, !Xﬁ/| < ‘ET iYE for all 8, so the Dominated Convergence Theorem implies

that H(B) is continuous on (0, c0) with @lim H(B) =0 and gimOH(ﬁ) = a < 0. The existence of dp(a) follows. Uniqueness
— 00 —

follows from the strict monotonicity of H, since for 81 > B2 > 0, we have

a a a
H(B1) — H(B2) =E |:y70£TY51{5T251}:| -E |:%£TY51{ET252}:| =E {ng(*Ys)l{ﬂzgsTwl}] > 0.

(b) It is clear that do(yo) = 0. Continuity of §p(a) follows from the continuity and strict monotonicity of H.
(c) Define G(A\) =E [%(f)\YE)l{STE)\}] — (yo —E [§T %Yel{gTz)\}]> for A € (0,90(a)). The continuity of G(\) with respect
to A can be proved in the same way as in part (a).

Both random variables inside the corresponding expectations are integrable, with magnitudes bounded by ‘ﬁT %YE . Dom-

inated Convergence then yields

a a
li N =E |2 (=d0(a)Ye)l —(yo—E|er=ve1
A/larélm)G( ) [yo( o(a)¥e) “Tz‘s"(“)}} (yo {gTyo : {ETE‘S”(“”])

a
= do(a)E [yfo(—ya)l{staomn} >0
where the second equality follows from part (a). The continuity of G implies that there exists a 0 < d1(a) < do(a)
such that G(81(a)) > 0. Notice that for such a d1(a), we can obtain that é1(a)E [i(fyf)l{éq“bh(a)}] > 0 and yo —
E [ﬁT iyﬁl{éthh(a)}] > 0, where the latter inequality follows from strict monotonicity of H from part (a). The result
follows by rearranging G(d1(a)) > 0.
(d) With 0 < d1(a) < dp(a) and li/m do(a) = 0, the claim follows by Squeeze Theorem.
a/"Yo

Lemma 10 For any sufficiently smalle > 0 and yo € (—de™ "7, Ke™™T —de™"T], there exists a feasible solution YZ* to problem
such that E [(K —d- Y;)Jr] < h(yo) +e.

Proof Using Lemma [8] we define
_ a ~
Ya = ¥elterzai(ay + Yalier <o) (51)
where Yz is defined in and Y, > 0 a.s. is such that Y5 = 0 on the set {7 > d1(a)} and
- - a
E [Ya] =E [Yal{sle(a)}] =-E [;03@1{&261(«1)}} >0
- - a
E [ETYa] =E [STYal{sT@l(a)}] =vo —Ejero Yelier>s (| >0
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where §1(a) > 0 and the two inequalities follow from proof of part (c) in Lemma@ Consequently, E [Y,] = 0 and E [§7Ya] = yo.

For Y,, we have:

E[(K-d-Ya),]=E [(K —d- iy5>+ Ler>si(ay| TE [(K—d— Ya>+1{sT<61<a>}}

Yo

a
=E KK —d— yT)YEL 1{§T261<a>}] :

(K_ d- %Ye)_,'_ 1{5T251(CL)}‘ < ‘K_ d— %Ys

the Dominated Convergence Theorem implies:

since Yy, > 0 a.s. Since

<K+d+ %\Ye\ and |Yz| is integrable from ,

al%oE[(defYa)Jr] =E[(K—d—Y:),| = h(yo) +

N ™

where the second equality is due to the definition of Y: in Proposition Thus, we can find an a < yp such that
E[(K—d—Ya),] <hlyo) +e.

Lemma 11 Given yo < 0, for any feasible solution Y of , E [(K —d— Y)+] > h(yo).

Proof Note that for any Y feasible for problem , E [(rY4] > 0, since otherwise Y4 = 0 a.s., and then E[Y] = 0 implies
Y =0 a.s., and thus E[{7Y] = 0 > yo, contradicting feasibility.
Let Y= = max(—Y,0). Then b := E[¢7(—(Y_))] < yo — E[¢7Y4] < yo, and —(Y_) > —d. Thus ¥ := —(Y_) is a feasible
solution to , and we have:
E [(K— d—Y)+] >E [(K—d—?)J > h(b) > h(yo).

using the fact that h is strictly decreasing by Lemma [g]

Lemmas [10] and [[T] yield the claims in both part (b) and part (c) of Proposition
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