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ABSTRACT. In a previous work [Canad. Math. Bull., 62(4) (2019), 841-855], we developed
the shifted Turén sieve method on a bipartite graph and applied it to problems on cycles in
tournaments. More precisely, we obtained upper bounds for the number of tournaments which
contain a small number of r-cycles. In this paper, we improve our sieve inequality and apply it
to obtain an upper bound for the number of bipartite tournaments which contain a number of
2r-cycles far from the average. We also provide the exact bound for the number of tournaments
which contain few 3-cycles, using other combinatorial arguments.

1. INTRODUCTION

In 1934, Turén [9] gave a greatly simplified proof of a result of Hardy & Ramanujan [3] by

proving that

Z (w(n) — loglog x)2 < zloglog z,

n<x
where w(n) denotes the number of distinct prime factors of a natural number n. In particular,
it implies that for most of large enough values of n, w(n) approaches loglogn, in the sense that
the density of the numbers that does not approach tends to zero. In the same spirit as Turan’s
proof, Liu & Murty [6] introduced the Turédn sieve method. This method was further generalized
to a bipartite graph in [7] to investigate several combinatorial questions. In a previous paper
[5], we constructed a shifted version and used it to bound the number of tournaments with few
r-cycles.

Let G = (A, B, E) be a bipartite graph with finite partite sets A, B and edge set E. For
a € A, be B, we write a ~ b if there is an edge that joins @ and b. For a € A, b,b1,by € B, we
define

w(a) :=#{be B|a~b} the degree of a,
degb:=#{a € A|a~b} the degree of b,
n(by, by) := #{a €Ala~b and a ~ bg} the number of common neighbors of by and bo,

where both #S and |S| denote the cardinality of the set S. Although w(a) and degb play the
same role, we use different notations since the sets A and B are in general intrinsically distinct.

Liu & Murty proved the following:
Theorem 1.1. (]7, Theorem 1])

(1) Z( a) M,Zdegb) = > n(b,bo) - ] (Zdegb)

acA beB by,bo€B beB
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The Turan sieve [7, Corollary 1] and its shifted version [5, Corollary 1.3] can be easily deduced
from the theorem above.

A simple observation improves the shifted Turan sieve inequality. Let K be a non-empty
subset of non-negative integers. We have that left hand side of Eq. (1) is bigger than or equal

2
to #{a € A|w(a) € K} -mingeg (k - ﬁ' > e deg b) , from where we deduce the new version
of shifted Turan sieve:

Theorem 1.2.
2
A2 ST nlbr,bo) = 4] degh)
b1,b2€B beB
) #a€A|wlo) € K} < T
pip (1417 =3 dest)

A direct consequence of the above theorem is a Chebyshev-like inequality:

Corollary 1.3.

> pep degh 1 1 2
#{GGA; w(a)—T 2t < > "(bl,bQ)—m(Zdegb>
b1,b2€B beB
1.1. Tournaments and cycles. Let X1, Xo,...,X; be t pairwise disjoint sets. A simple di-

rected complete t-partite graph is called an my X - -- X my t-partite tournament and we denote
by Tom,,...m, the collection of all such ¢-partite tournaments. In particular, if ¢ = 2 then we
have a bipartite tournament, and if | X;| = 1 for every 1 < i < t then we just say tournament.
Throughout the text, if (z,y) is a directed edge toward y, we write z — y.

Now, we define the different kinds of cycles. For a t-partite tournament 7', suppose that
V ={xy,z9,...,2,} C T is a set of vertices such that 1 — 29 — -+ — x, — x;. We say that
V is an r-cycle on T. We denote an r-cycle by (V, 1), where 7 is a circular permutation of V.

An r-cycle (V, 1) is called a restricted r-cycle on a t-partite tournament 7' if every partite set
Xq,..., Xy intersects V at most once. Otherwise we say that it is an unrestricted r-cycle. Since all
cycles in tournaments are restricted and all cycles in bipartite tournaments are unrestricted, we
drop the words “restricted” and “unrestricted” whenever there is no chance of misunderstanding.

In [5], the authors applied the shifted Turdn sieve method to establish upper bounds for the
number of tournaments and t-partite tournaments with a given number of vertices and exactly
k restricted r-cycles, where k is fixed and 3 < r <t < n. Joining the result obtained there
with the sieve improvement, it is possible to obtain similar bounds, but allowing more cycles
than a fixed quantity. The case of unrestricted cycles on t-partite tournaments is much harder
than the restricted case, because the cycles can return to the same partition but cannot self-
intersect, and this can cause a break in symmetry. Nevertheless, we were able to apply this
method for bipartite tournaments (Theorem 1.4). The most general case, about unrestricted
r-cycles on t-partite tournaments, still remains untouchable. On the other hand, several results
focused on cycles of small length on t-partite tournaments are known, and for simplicity, the
most studied case is ¢t = 2. For instance, [%] contains a study on the average number of 4-cycles
on random bipartite tournaments and a proof that the distribution of the 4-cycles satisfies the
same conclusion as the Central Limit Theorem. Corollary 2.4 provides bounds for both upper
and lower tails of the Gaussian curve in this case. We conjecture that, for » > 3, the distribution
of the unrestricted 2r-cycles in bipartite tournaments also satisfies the same conclusion as the
Central Limit Theorem, as well as the distribution of restricted r-cycles in ¢-partite tournaments.
For an overview on multipartite tournaments, see [10, 11] and references therein. The bound
presented in Theorem 1.4 is general but not tight, in the sense that it holds for any cycle
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length, however the upper bound can be greatly improved. Obtaining the exact bound for the
problems presented here and in [5] is an interesting and also a very difficult problem. Yet, using
other combinatorial arguments, it was possible to give the precise bound for the number of
tournaments with a “small” number of 3-cycles (Theorem 1.5).

Notations. As usual, we use the following asymptotic notations: If there exists a constant
C > 0 such that |f(z)| < Cg(z) for every x > 0, we write f(z) < g(z) or f(z) = O(g(x)). If

limg o0 % = 0, we write f(z) = o(g(x)). If lim;_ % =1, we write f(z) ~ g(z). Moreover,
if { f(n)}nen is a positive increasing sequence such that lim,,_,, f(n) = 0o, we write f(n) 7 oo.

In this paper, we will prove the following result, related to 2r-cycles in bipartite tournaments:

Theorem 1.4. Let ¢ > 0 and k,r be positive integers with 2 < r < (@ - 5) log(min{m,n}).
(i) If k < S (™) (MY, then
#{T € Ty | T contains < k 2r-cycles}
- 2 (M) (M)ym" 30312 {2(mPn + mn?) —|—20 (247 (m? 4+ n?)) } ‘
[47k = (r = D7) (7)]

(ii) If k> U2 (1) (7). then
#{T € Trnn | T contains > k 2r-cycles}
2 (M) (M)ym" 3312 {2(mPn 4+ mn?) + O (247 (m? + n?)) }
= = () ()] |

The implicit constants in the O-terms are absolute and refer to min{m,n} — co.

<

The sets A and B are respectively chosen in the shifted Turdn sieve to be all bipartite tourna-
ments on m + n vertices and all 2r-cycles. The main technical difficult in applying this method
lies in the sum of n(by, ba), that is, to count the number of tournaments a € A that associate
to both 2r-cycles bi,by € B. For this, we need to first discuss how cycles b1 and by intersect
each other, and this intersection can have a very complicated structure. In this paper, we use
a counting method developed in [5] for estimating the sum of n(by, bs), that consists of “omit
some existing cases” and “include some non-existing cases” to get the expected main contri-
bution. Then we compare the “under-counting” and “over-counting” of the main contribution
to get the correct estimate. Such an approach greatly simplifies many of our calculations. For
example, in Section 2, for the case (ii), since one can argue that the numbers of under-counting
and over-counting are the same, it is only required to estimate the expected main term.

r—1
Theorem 1.4 is useful only when |k — (T_ler)!r! m™M®| > (mn) > 2(m+n), i.e., when k is “far”
from the average (see Corollary 2.2). We also notice that the shifted Turén sieve method yields
good upper bounds in terms of r, in the sense that it holds for every fixed r > 2, what had never

been done before in the literature (except for r small).

Apart from the sieve improvement, the bounds presented in Theorem 1.4 are somewhat similar
to those presented in [5] for r-cycles in tournaments. However, for small values of k, the bounds
obtained there are not too tight, in view of the following result.

Theorem 1.5. Let k > 0 be an integer. Then the number of tournaments with n vertices and
exactly k 3-cycles is

n! k 3k k-1

g [n +O<(3k—2) El-n )}

In particular, for every e > 0, if k < (logn)'~¢ then this number is ~

nl-nk
kl-3k -
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The latter is the only calculation that does not use shifted Turan sieve method in this paper.
The number of tournaments in T,, without 3-cycles is well-known: n!. In Proposition 3.1, we find
the exact number of tournaments with exactly one and exactly two 3-cycles. The exact bound
given by theorem above is far from the upper bound given in [5, Theorem 1.4], and indicates
that all other bounds such as [5, Theorem 1.5] and Theorem 1.4 are still far to be sharp. This
explain why we do not strive so much to minimize the error terms.

The paper is organized as follows. In Section 2, we prove Theorem 1.4 and present some of
its consequences. In Section 3, we prove Theorem 1.5.

2. 2r-CYCLES ON BIPARTITE TOURNAMENTS

In this section, we investigate 2r-cycles in bipartite tournaments, proving Theorem 1.4. We
also provide some consequences of this result.

Notation. We write (z1,...,z,) < (y1,...,Yn) when (z1, ..., z,) is a permutation of (y1,...,yn).

Let r > 2, A = T,,,, B be the set of all 2r-cycles, and P and @ be two disjoint sets with
|P| = m and |Q| = n. The sets P and @ will be partitions of a bipartite graph in A. Suppose
we pick {pi,...,pi.} € P and {g;,,...,p;.} € Q. Note that a 2r-cycle on these vertices means
that

Piiv = qQb; — Pai —7 by —7 Pas — " —7 Par_1 —7 qb, — Diq

where (ay,...,a,—1) <> (i2,...,4,), and (b1,...,b.) <> (j1,...,4r). Hence given {pi,,...,pi.} C
P and {gj,,...,pj.} € Q there are (r — 1)!r! possible 2r-cycles on these vertices. This means

that
|A| =2"" and |B|=(r— 1)!r!<m> <n>
r)\r

For a bipartite tournament a € A and a 2r-cycle b € B, we connect a ~ b when a contains b.
Let Vp, € P and Vg, C @ be the sets of vertices of a fixed 2r-cycle b in P and @, respectively.
Notice that b is determined by a circular permutation oy, of Vpj and a permutation 7, of Vg,
thus we write b = (Vpy, Vo, 0, ) € B. Hence,

w(a) = #{2r-cycles b contained in a},
degb = #{a € A | a contains b = (Vp’b, VQJ),O'(,,Tb)}.

Since b determines 2r directed edges of a, there are 272"

mn — 2r edges, hence degb = 22" for all b € B and

Y degb = (r — 1)l - 272 (T) (:)

beB

other choices for the remaining

Let b1 = (Vp7b1, VQ,blanlaTbl) and by = (Vp,bQ, Vo ,bss UbQ,TbQ) € B. Consider

n(b1,b2) = #{a € A | a contains both b; and ba}.

Let M(r1,r2) denote the number of pairs (by,b2) € B? such that \Vp,, N Vp,,| = r1 and
]Vle N VQb2| = r9. As we are interested in an asymptotic upper bound, we will consider only
enough cases for the pair (r;,72) to obtain the leading terms of the numerator of Eq. (2). We
have some cases:
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Case r1 = 0 or 7o = 0. Then b; and by together determine 4r directed edges and there are
(r — 1)!r! ways to choose each cycle. Therefore we have

M(0,79) = [(r — 1)I71)2 (:’f) (Z) (mr_ T) (;) <:“__:2> and n(by,by) = 2™
M(ry,0) = [(r — 1)Ir1]? <’:> <’:> <” . 7") (:1) (:”‘__D and n(by,by) = 2mmAr,

which implies

e ()0 )6)

r1=0

X, o= e () () [C) - (7))

r1>0,79=0

Case (r1,72) = (1,1). There are () (7) (;)Z(T__{) ("~7) ways to choose the vertices for by
and by. Fix a choice of vertices and suppose that p € P and g € ) are the only shared
vertices between b1 and bs.

If by and bs share no edges then the two cycles together determine 4r directed edges
and n(by, bg) = 2™*~4and if by and by share one edge then n(by, by) = 2™ ~47+1. Since
r1 = 79 = 1 there is at most one shared edge between b; and bs. Let Ny, N1 be the number
of ways to choose the cycles on the vertices of b; and bs independently so that they have 0
and 1 edges in common, respectively. There are (r — 1)!r! possibilities to create each cycle.
Among these possibilities:

(a) There are Ny possibilities such that b; and by do not both contain a directed edge in
Gpq = {p — ¢,q — p}, since in this case b; and by have no edges in common and the
union of the two cycles represents a valid subgraph of the bipartite tournament.

(b) There are Np possibilities where b; and bg both contain p — ¢ or ¢ — p, since the union
of these two cycles represents a valid subgraph of the bipartite tournament. There are
an additional N; possibilities where b; contains one of the edges p — g and ¢ — p and
by contains the other, since the union of b; with the inverse of by (where the orientation
of every edge in bs is switched) represents a valid subgraph of the bipartite tournament.

Since these cases are exhaustive, we have Ny + 2Ny = [(r — 1)!17!]? and then

2
by, by) = (2M 4 N, gmn—4r+1 nr my [fnyrr m-—r\[(n—r
51§3n< : 2) ( o 1)<7' r 1 r—1 r—1

= ()0 (2060

Case (r1,7m2) = (1,2). The case for (r1,r2) = (2,1) is analogous by interchanging P and Q.
There are (T) (’Z) (q) (g) (T__lr ) (f:;) ways to choose the vertices for b; and by. Fix a choice
of vertices and suppose that p € P and ¢, ¢ € Q are the shared vertices between by and bs.

If b1 and by share no edges then the two cycles together determine 47 directed edges and
n(by,ba) = 2™ 4" if by and by share one edge then n(by,by) = 2""~4"+1 and if b; and
by share two edges then n(by,by) = 2™~ 4+2 Let My, My, Ms be the number of ways to

choose the cycles on the vertices of b; and by independently so that they have 0,1 and 2

edges in common, respectively. There are (r — 1)!r! ways to create each 2r-cycle. Among

these possibilities:

(a) There are My possibilities such that b; and by do not both contain an edge in G4 =
{p—=q¢,g—=p}or Gpy ={p— ¢,¢ — p}, since in this case by and by have no edges
in common and the union of the two cycles represents a valid subgraph of the bipartite
tournament.
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(b) There are M; possibilities where b; and by both contain the same directed edge in
Gp,q or Gp 4, since the union of these two cycles represents a valid subgraph of the
bipartite tournament. There are an additional M; possibilities where b; contains one
of the edges in G, 4 or G, » and by contains the other, since the union of b; with the
inverse of by (where the orientation of every edge in by is switched) represents a valid
subgraph of the bipartite tournament.

(c) There are M, possibilities where b; and bg both contain ¢ — p — qor ¢ — p — ¢, since
the union of these two cycles represents a valid subgraph of the bipartite tournament.
There are an additional My possibilities where b; contains one of ¢ — p — ¢ and
g — p — ¢ and by contains the other, since the union of b; with the inverse of by
(where the orientation of every edge in by is switched) represents a valid subgraph of
the bipartite tournament.

Since these cases are exhaustive, we have My + 2M; + 2Ms = [(r — 1)!17!]? and then

&, o=z neaneun GGG G0
sttt () )G G0 C2)

(r1.m2)=(1,2)

Now we need to compute M. Note that if by and bs share two directed edges then they
both must contain either ¢ — p — ¢’ or ¢ — p — ¢q. For each of b; and by we can contract
these two common edges to a single vertex in (). Since there are (r — 2)! (r — 1)! possible
2r-cycles on partite sets of size » — 1 and r — 1, there are [(r — 2)!(r — 1)!]2 ways to choose
the 2r-cycles by and by using the respective vertices. Therefore My = 2[(r — 2)!(r — 1)!]?
and

b 28 n(by, by) = 2™ [(r—2)1(r— )12 [(r—1)%2 4 4] C’f) (’:) (:) <;> (T_f) (7;_;)

(r1,m2)=(1,2)

/‘\\/

A similar result is valid for (r1,72) = (2,1).

Denote the sum of the n(by,b)’s in (i), (ii), (iii) (and symmetrical) by S, and let W =
2mn=4r (M) (M) [(r — 1)!r!]?, so that

o (0 €6 )60
000

If r1 4+ ro > 4 with r1,79 > 0, then b; and by determine at least 2r directed edges, and there
are at most [(r — 1)!7!]2 ways to complete the cycles b; and b, hence we have

X, o=l () ()0 () ) ()

()] [T )

71,79>0
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Note that since 71,79 > 0, we have m""n"~"2 < max(m”™ n"=3 m"2n =2 m"3p 1.
Since m"~In"73 + m 30" > 2m"2n"2 for every pair (r1,72) satisfying rq + ro > 4 and

r1,79 > 0 we have:

Z n(by,ba) =W -0 (247"(m7"_1n7"_3 + mr_?’nr_l))

by,bo€B
r1+r0>4
r1,79>0
so that
Yo D> nbibe) <P max Y (b, be) =W -0 (m I 4 m ),
7“1+r2>4
r1+re>4 b1,b2€B r1,r2>0 by,bp€B
r1,ro>0 (r1,72) (r1,m2)

It follows that

Z n(bi,ba) = S+ W -0V (m™™ "% 4 m" P07,
bi,b2€B

We now return to computing the numerator of Eq. (2) (divided by |A|?):

> n(by,ba) — ] (Zdegb) = > n(bl,bQ)—W<T> <:‘>

b1,b2€B beB b1,b2€B

_ ﬁ_ my[(n dr 2/ r—1_r—3 r—3, r—1
_W[W <r><r>+o(2 rA(m" a0+ m )

We will need the following identities to compare the degree 2r, 2r — 1, and 2r — 2 terms of
the polynomial in S with the corresponding terms of the polynomial (T) (”)

r

Lemma 2.1. Let r € N, and let p(m) = (m) — (m;r) Denote the coefficient of m* in p by p®).

T
Then p is a degree r — 1 polynomial with

1 1 72(r—1)(2r—-1)
(r=1) _ 2,2 (r-2) — _ |
P o p r! 2 ’

1
") < *,'87“6
T

Proof: The first two equalities are easily shown by the relations between coefficients and roots
of polynomials. For the inequality involving p(" =), we note that the coefficient of m” 3 in 7“'( )
and r!(mr_’") are both negative, and the former is less in absolute value than the latter. The
coefficient of m" 3 in 71(" ") is the sum of the products of the numbers {—r, —(r+1),..., —(2r—
1)} taken three at a tlme, and this is at least —r3(2r — 1)3 > —8r%. The result follows. O

-
[0°¢ -

Dy
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Expanding the other terms of S/W, we have

m—r\(n—r\_ 17 . r@r=2)(r-1) ., 6, r—3
<r—1><r—1>_r!2_rm B T +OrmT

s OO, n )]
(T__ | XZ B ;) = 7«%2 :rmrl = 7"(?”"_22)(7"_1%’“2 + O(rﬁmr3)] [(r=1)rn" =2 + O(r"n"%)]

()0 ) =l = T s 0t [ w2+ 0.

Therefore

pe=o = () ()
1 [r4(7’— 1)2

= 5 (mr—2nr—1 + mr—lnr—Z) +0 (T,Q(mr—lnr—?) + mr—3nr—1)):| )
T

Finally, we have
m\ (n S =23 2 A [ /m—r\/n—r m-—r\{n-—r
— = =Dy — +
r)\r W 2(r—1) r—1)\r—-2 r—2/)\r—1

1|1
=Dy — m [2(’1“6 _ 27“5 + ’1“4 + 4T2)(mr—1nr—2 + mr—Qnr—l)

+ 9] (r9(mr—1nr—3 + mr—Snr—l))

1
= 5 [F2r2(m" I " ] 4 O (P (m" e e )
T

We now apply Theorem 1.2 with the sets K ={{ € Z |0 < ¢ <k} for (i) and K = {{ € Z |
¢ > k} for (ii), and combine the above results to obtain the desired result, but before we shall

notice that since r < (@ - 5> log(min{m, n}), the error term O(2%"(m? + n?)) is negligible

compared to the main term m?n 4+ mn?. In fact,

247‘(m2 + ’I’L2> 247"
log| ———— ) <log| ——— ) & —©
m?n + mn? min{m,n}
24T(m2+n2)

as min{m, n} — oo, thus <> """

— 0. Therefore, we obtain Theorem 1.4. [l

Theorem 1.4 and its proof bring up many consequences, such as:

Corollary 2.2. The average number of 2r-cycles in a bipartite tournament in Ty, ,, is % (T) (’;)

Corollary 2.3. Fized r > 2 and € > 0, let k > 0 be an integer. As either m — oo or n — oo,
we have that:

(i) If k< (1—e) 22 (7) (1), then

T

#{T € Tpyp | T contains < k 2r-cycles} < 2" - m+n

m2n?’
In particular, the proportion of bipartite tournaments containing at most k 2r-cycles ap-
proaches 0.
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(i) If k> (14 ) S22 (™) (), then

T

m-+n

m2n2’

In particular, the proportion of bipartite tournaments containing at most k 2r-cycles ap-
proaches 1.

#H{T € Typp | T contains > k 2r-cycles} < 2" -

In the case of r = 2, it is possible to compute the exact constants given by Theorem 1.4.

Corollary 2.4. (i) If 0 <k < (7} (3), we have

: mn ) (3) (5)(2m +2n — 1) }
#{T € Ty | T contains < k 4-cycles} <2 { — .
[Sk B (2)(2)]2

(i) If k > £('3)(5), we have

: mn ) (3) (5)(2m +2n — 1) }
#{T € Ty | T contains > k 4-cycles} <2 { — .
8k = () (5)]°

Remark 2.5. Moon & Moser [8] proved that

2 2
# {T € Ton | T contains > VZIJ . VZJ 4—cycles} = 0.

3. TOURNAMENTS WITH FEW 3-CYCLES

One important question to consider is the tightness of the upper bounds provided by the
Turén sieve for #{a € A | w(a) = k}, or even when this value is non-zero.

For instance, Gutin [2] calculated the number of unlabeled multipartite tournaments with
zero and with one cycle, and also provided the number of unlabeled bipartite tournaments with
exactly k cycles, which are pairwise vertex-disjoint. Bollobéas, Frank & Karonski [!1] calculated
the probability of a random bipartite tournament be acyclic. Kendall & Babington Smith [/]
proved that

if n is odd

#T €T, | T contains > "3~ dn 4-cycles » = 0.

if n is even

So we consider
Snrk =#{T € T, | T contains exactly k r-cycles},
and
My, == max{k > 0| S, # 0}.

For r = 3, we see that [5, Theorem 1.4 and Remark after Corollary 2.1] implies a tight bound
on a positive proportion of the possible values of k, in the sense that if

Apr = {0 <k< Mpys|Spsr= 2(3) . o (g) } 7

n
then
Mn,3
0= s T Sant T Soas
k=0 k€An 3 k¢An 3

—2(3) {‘An’3| 0 <n13) + (Mys+1—1]4,3))-0 (7113) } ;
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which implies that My, 3 + 1 — |Ay 3] > Cn? for some constant C' > 0 and sufficiently large n.

For the values of » > 3, we conjecture that S, ,; = 0 provided k > Cn" for some constant
C> % For a while, using the argument of [5, Theorem 1.4] with the bound of Corollary 1.3,
it is possible to prove that if f(n) oo, then the proportion of tournaments with more than
n" - f(n) r-cycles approaches 0, i.e.,

1
lim ) > Sk =0.
242 k>n7-f(n)

On the other hand, we can explicitly compute S, 3 ; for small values of k, say k < (log n)l=e.
For example, the tournaments which do not contain 3-cycles are exactly the transitive tourna-
ments (i.e., if ¥ — y and y — z then © — z). These tournaments are precisely the ones with no

cycles of any length. Therefore, for n > 3,
(3) Sn7370 =nl.

From the latter, we can derive the following results:

o _ 2_
Proposition 3.1. We have S, 31 = n!- ”T2 form >3 and Sp32 =n!- ”1—87 forn > 4.

Proof: First we compute Sy, 31 for n > 3. Given a set V of n vertices, there are 2(’;) ways
to choose 3 vertices in V and form a 3-cycle among those 3 vertices. Denote the cycle as
a — b — ¢ — a. In order to obtain a tournament with exactly one 3-cycle, there cannot be any
cycles in the remaining directed edges. Hence there are (n — 2)! ways to pick the orientation of
the directed edges between V\{b, c} so that there are no 3-cycles between these edges.

Fix one of these orientations. Let d € V\{a,b,c}. If a — d, then it is forced that ¢ — d and
b — d. If a + d, then similarly we must have b <— d and ¢ < d. So for all d € V\{a,b, c}, the
directed edge between a,d determines the directed edge between b,d and c¢,d. It follows that
Snz1=2(3) - (n—2)l =nl- 252 as desired.

Next we compute S, 32 for n > 4. There are three possibilities for two 3-cycles:

(1) Case 1: The 3-cycles are vertex-disjoint. Given a set V of n vertices, there are

1 (g‘) (”_3) ways to choose two subsets of 3 vertices, and 4 ways to form two 3-cycles from

2 3
these vertices, giving a total of % 4. (g) (”53) distinct ways to choose two 3-cycles in V.
Denote the two 3-cycles as a — b — ¢ — a and ' — V' — ¢ — d’. In order to obtain a
tournament in 7;, with exactly two 3-cycles, there cannot be any cycles in the remaining
directed edges. By transitivity, there are (n—4)! ways to pick the orientation of the directed
edges between V\{b, ¢,b’, '} so that there are no 3-cycles between these edges.
Fix one of these orientations, and consider the edge between a and a’. If a — d/, then
to get a tournament with exactly two 3-cycles we must have a — o' and a — ¢. Then
¢ — a forces ¢ — ¢/, ¢ — b, ¢ — d, and finally b — ¢ forces b — ¢/, b — V', b — a’. The
case a < a' is similar, and hence the directed edges between a, b, c,a’,V’,c are completely
determined by the cyclesa —+ b — ¢ — a, ' =V — ¢ — d’, and the edge between a and a'.
Let d € V\{a,b,c,d’,V',c'}. By the same argument than S, 31, the directed edges between
a,b,c,a’, b/, and d are completely determined by the edge between a and d and the edge
between a’ and d. It follows that the number of tournaments in 7}, with exactly two 3-cycles
such that the cycles are disjoint is 2(3) (”53) (n—4)!=n!- "2+g+20.
(2) Case 2: The 3-cycles share a common edge. Given a set V' of n vertices, there are

(Z) (;‘) ways to choose the 4 vertices and, among these, 2 vertices to form the common edge,
and there are 2 ways to form two 3-cycles from these 4 vertices. Label the common edge
by a — b and denote the two cycles by a —+ b — ¢ — a and a = b — ¢ — a. In order
to obtain exactly two 3-cycles, there cannot be any cycles in the remaining directed edges.
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By transitivity, there are (n — 3)! ways to pick the orientation of the directed edges between
V\{b, ¢, '} so that there are no 3-cycles between these edges.

Fix one of these orientations. Let d € V\{a,b,c,c’}. By the argument in Case 1, the

directed edges between a,b,c,¢ and d are completely determined, therefore the number
of tournaments with exactly two 3-cycles such that the cycles share a common edge is
2(3) (5)(n —3)! = nt- 232,
Case 3: The 3-cycles share only one common vertex. We claim that in this arrange-
ment, the tournament must have at least three 3-cycles. Suppose that vertex a is common,
and the two cycles are a — b — ¢ — a and a — V' — ¢ — a, and assume for a contradiction
that these are the only 3-cycles in the tournament. Since ¢ — a — b’, we must have ¢ — b/
and since ¢ — a — b, we must have ¢ — b. If c — ¢/, then ¢ — b — ¢ — ¢ is a 3-cycle and
if ¢ — ¢, then ¢ =V — ¢ — ¢ is a 3-cycle, contradiction. Hence there are no tournaments
with exactly two 3-cycles such that the cycles share only one common vertex.

n=7

18 , as desired. O

For a small value of k (compared to n), we can find an asymptotic formula for S, 35 (Theo-
rem 1.5). Since the number of possible arrangements of the 3-cycles grows quickly for large k,
it would be impractical to find a precise formula for S, 3 1.

3.1.

Proof of Theorem 1.5. The cases k = 0, k = 1 and k = 2 are already settled (by Eq.

(3) and Proposition 3.1), therefore we consider k > 3.

(1)

Case 1: The 3-cycles are vertex-disjoint. Given a set V of n vertices, there are

%(g) ("53) ("7?;”3) ways to choose k sets of 3 vertices, and 2¥ ways to form k 3-cycles

from these vertices, giving a total of Jj - 2% (%) (”53) ("_3:,)“3) distinct ways to choose k
3-cycles among n vertices since each combination of k 3-cycles is counted exactly k! times.
Denote the k 3-cycles as C; = {a; — b; — ¢; — a;} for 1 < i < k. In order to obtain a
tournament with exactly k£ 3-cycles, there cannot be any cycles in the remaining directed
edges. There are (n — 2k)! ways to pick the orientation of the directed edges between
VA Ule{b,-, ¢i} so that there are no 3-cycles between these edges.

Fix one of these orientations. In order to obtain a tournament with exactly k 3-cycles,
then by the same argument than Case 1 of the computation of S, 32 in Proposition 3.1,
the directed edges between a;, b;, ¢;, aj, bj, c; are completely determined by the edge between
a; and aj for any 1 < i < j < k. Let d € V\ Ule{ai,bi,ci}. By the same argument
of the computation of S, 31 in Proposition 3.1, the directed edges between b;,d, and ¢;,d
are completely determined by the edge between a; and d. It follows that the number of
tournaments in T}, with exactly k 3-cycles such that the 3-cycles are disjoint is

k k—1 n— 3 k k—1
im-m]‘[( 33>:i!(n—Zk:)!Hé(n—Si)(n—3i—1)(n—3i—2)

i=0 1=0
3k—1 3k—1
(n — 2k)! n! k 3 k-1
=3 H(n— 3kH 3k(n + O(k°n ))
=0

Case 2: The 3-cycles are not vertex-disjoint. Let v < 3k — 1 be the number distinct
vertices composing the 3-cycles. We actually have v < 3k — 2 by the same argument than
Case 3 of Proposition 3.1, otherwise if v = 3k — 1 we would have more than k£ 3-cycles. On
the other hand, (g) > k in order to form k distinct 3-cycles, hence v > [\3/@1 > 3. There

are at most (Z) ways to pick the v vertices for the k 3-cycles, and at most [2 (g)]k ways to
create the k 3-cycles from these vertices. Choose an arrangement of the 3-cycles and denote
the cycles as C; = {a; — b; = ¢; — a;} for 1 < i < k, as before. Without loss of generality,
suppose that C7 and Cy share the vertex aq, i.e., a1 = as. The set A = Ule{ai} contains
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at most k — 1 vertices, then by transitivity there are at most (n — v + k — 1)! ways to pick
the orientation of the directed edges between the vertices in V'\ Ule{bi, it

Fix one of these orientations, and suppose it is possible to orient the remaining edges
of the tournament so that exactly k 3-cycles will be obtained; it is possible that some of
these orientations may not admit such an orientation of the remaining edges. Let d €
V\ Ule{ai,bi,ci}. By the same arguments used in Proposition 3.1, the directed edges
between a;, b;, ¢;, aj, bj, ¢; are completely determined by the edge between a; and a; and
the cycles C;, C;, and the edges between b;, d and ¢;, d are completely determined by the edge
between a; and d. It follows that there are at most (Z) 2k (g)k(n — v+ k —1)! tournaments
in T,, with exactly k£ 3-cycles such that the union of the 3-cycles contains v distinct vertices.
This number is asymptotic to

3k

k - !
n\ k(0 nl v b1

The latter follows from the fact that if v > k then the product on j is < n*~1, and if
v < k — 1, the product is < (n + logn)*~1 ~ nF=1,

Summing over all [v/6k] < v < 3k — 2, we find that the number of tournaments in T,
with exactly k 3-cycles not all disjoint is at most

n!-nkt vk n!-nk=1. (3k —2)%F
O\ 3 2. =0 ( 3F > '

Yok<v<3k—2

Adding the results from the two cases gives the desired result. Again, since k < (logn)'~¢,
the error term O ((3k — 2)3*kIn*~1) is negligible compared to the main term n*. In fact,

[(Bk — 2)3FEInk-1

log B

1
] §4klogk+(2+log3)k+§ —logn — —o0
n

_ 93k L1, k—1
asn—)oo,thus%%& O

Summing over small values of k, we obtain the following;:

Corollary 3.2.

T eT,|T contains < (logn)'—¢ 3-cycles
For every e >0, limsup # { | (logn) Y }

Comparing the results of Theorem 1.4 in the case r = 3 with the corollary above, we see
that, for a small value of k, the upper bound derived from the Turan sieve method on the
number of tournaments in 7}, containing at most k 3-cycles is quite weak compared to the upper
bound above when n — oo. However, Theorem 1.4 allows k = o(n?), while the corollary above
allows only k < (logn)'~¢. Furthermore, it is important to note that the Turén sieve is able to
provide an upper bound for many related combinatorial problems, where deriving an asymptotic
expression for the actual number of tournaments with a certain property may be very difficult.
We plan in the future to study more general problems about unrestricted cycles on t-partite
tournaments, as well as the exact bound in the case of cycles of small length.
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