A PRIME ANALOGUE OF ROTH’S THEOREM IN FUNCTION FIELDS

YU-RU LIU AND CRAIG V. SPENCER

ABSTRACT. Let Fg[t] denote the polynomial ring over the finite field F,, and let Pr denote the subset of
Fy[t] containing all monic irreducible polynomials of degree R. For non-zero elements r = (r1,72,73) of Fy
satisfying r1 + r2 + 73 = 0, let D(Pr) = D:(Pr) denote the maximal cardinality of a set Ag C Pr which
contains no non-trivial solution of riz1 + raze + rsxs = 0 with z; € Ar (1 < ¢ < 3). By applying the
polynomial Hardy-Littlewood circle method, we prove that D(Pr) <4 |Pr|/(loglogloglog|Pr|).

1. INTRODUCTION

For n € N = {1,2,---}, let D3([1,n]) denote the maximal cardinality of an integer subset of [1,n]
containing no non-trivial 3-term arithmetic progressions. In a fundamental paper, Roth[20] proved that
Ds([1,n]) < n/loglogn. His result was later improved by Heath-Brown [9], Szemerédi [24], Bourgain [3, 4]
and Sanders [21, 22]. In 2014, Bloom [2] showed that D3([1,n]) < n(loglogn)*/logn, which gives the best
upper bound up to date. Szemerédi [23] proved that subsets of the natural numbers with positive upper
density contain arbitrarily long arithmetic progressions, and in 2001, Gowers [5] proved a quantitative
version of Szemerédi’s theorem.

One can consider analogous questions with [1,n] replaced by P[1,n], the set of positive primes up to
n. Let D3(P[1,n]) denote the maximal cardinality of an integer subset of P[1,n] containing no non-trivial
3-term arithmetic progression, and let m(n) denote the cardinality of P[1,n]. In [6], Green proved that

log log log log log (n) ) 1/2

Ds(P[1,n]) < 7(n) < log log log log 7(n)

In [7], Green and Tao proved that subsets of the primes with positive upper density contain arbitrarily
long arithmetic progressions.

Let F,[t] denote the ring of polynomials over the finite field F,. For R € N = {1,2,...}, let Pr be the
subset of F,[t] containing all monic irreducible polynomials of degree R. Let r = (ry,r2,r3) be non-zero
elements of Fy satisfying 71 +ro+r3 = 0. Let (21, 22, 23) € F, [t]? be a solution of ryz1 +rewy+r323 = 0. We
say that (z1,z2,x3) is a trivial solution if 1 = x9 = 3. Otherwise, we say that (x1, z9, x3) is a non-trivial
solution. Let D(Pr) = Dy(Pr) denote the maximal cardinality of a set Agr C Pg for which there is no
non-trivial solution of r1x1 +rexe +r3xs = 0 with z; € Ar (1 <i < 3), and let |Pr| denote the cardinality
of Pg. In this paper, we prove the following theorem.
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Theorem 1. For R € N,
PR

? loglogloglog |Pr|’

D(Pr) <

Here the implicit constant depends only on q.

In the special case that r = (1,—2,1) and gcd(2,q) = 1, the number D(Pgr) denotes the maximal
cardinality of a set Arp C Pgr which contains no non-trivial 3-term arithmetic progression. In large part,
this paper will follow the approach of Green. Our improvement over the analogous bound for Z stems from
nice properties of Bohr sets in Fy[t] and the availability of a stronger bound for Roth’s theorem in Ft]
(see [14]) than in Z. It is worth noting that when studying equations of the form rzy + -+ 4+ 1525 = 0
where 1 + - +rs =0 and s > 4, in [14], the authors proved that

PR
(log [Pr|)*=3’

which provides a strong bound compared to Theorem 1. Also, Lé has proved a function field analogue
of Green and Tao’s theorem on arithmetic progressions of primes (see [11]). While his method provides
results about more general configurations in the irreducible polynomials of F[t], the approach of this paper
produces stronger quantitative bounds on D(Pg). In addition, several estimates of exponential sums in
this paper are essential to various additive combinatorial problems in function fields, including the results
in [12].

D(PR) <q

In 2011, the above mentioned bound of Green was improved by Helfgott and de Roton [10] to
log log log | PR
(loglog |Pg[)1/3

’AR| < ’75R|

Recently, Naslund [16] showed that for any € > 0,
1—e
|Ag| < |75R|<1~> -
loglog | Pr|
In future work, we will show how their methods can be implemented over F,[t] to improve Theorem 1.
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completion of this work and to Frank Thorne for providing a reference to [18]. They also would like to thank
the referee for many valuable comments. This work was completed when the second author visited the
University of Waterloo in 2007 and 2008, and he would like to thank the Department of Pure Mathematics
for their hospitality.

2. BASIC SETUP

We start this section by introducing the Fourier analysis of Fy[t]. Let K = Fy(t) be the field of fractions
of Fy[t], and let Koo = Fy((1/t)) be the completion of K at co. We may write each element a € K in the
shape o = Y, a;t* for some r € Z and a; = a;(a) € F, (i <r). If a, # 0, we define orda = r and we
write (o) for ¢, We adopt the conventions that ord 0 = —oco and (0) = 0. Also, it is often convenient to
refer to a—1(«) as being the residue of ¢, an element of F, that we denote by resa. For a real number R,
we let R denote ¢®. Hence, for z € F,[t], (z) < N if and only if ordz < N. Furthermore, we let T denote
the compact additive subgroup of K, defined by T = {a € K: (a) < 1}. Given any Haar measure do
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on Ko, we normalize it in such a manner that fT lda = 1. Thus if 9 is the subset of K., defined by
N = {a € Ky:orda < —N}, then the measure of 91, mes(MN), is equal to N-1L

We are now equipped to define the exponential function on [Fy[t]. Suppose that the characteristic of Fy is
p. Let e(2) denote e*™ and let tr : F, — F,, denote the familiar trace map. There is a non-trivial additive
character e, : F; — C* defined for each a € I, by taking e,(a) = e(tr(a)/p). This character induces a map
e : Koo = C* by defining, for each element o € K, the value of e(a) to be e,(res ). The orthogonality
relation underlying the Fourier analysis of Fy[t], established in [8, Lemma 1], takes the shape

1, when h=0
ha) do = { ,
/Te( @) do {0, when h € F[t] \ {0}.

For N € N, let Sy denote the subset of Fy[t] containing all monic polynomials of degree N. For
b,m € Fy[t] with m monic, (b)) < (m) < N and (b, m) = 1, define a set

X =MAmnN= {n € Sy|mn+bis irreducible} (1)
= {n' € Sntoram |7’ is irreducible and n’ = b (modm)}.

Thus by the prime number theorem in arithmetic progression in F,[t] [19, Theorem 4.8],

T AT1/2 1/2
1X| = N{m) L0 N m) ’ (2)
(N + ordm)p(m) N +ordm
where ¢(m) = |{n € Fy[t] |ordn < ordm and (n,m) = 1)}|. Define a function Ay, v : Sy — C supported

on X by settmg

N(m) ’

WNrordm)p(m) oo e X,
>\b m N( ) i
0, otherwise.

In the following, we will abuse our notation and view Ay, v as a measure on X. By (2), we have

Xom v (X) = Z Mo (n) =14 o(1).
neX

For functions hq, hy : Sy — C, we define an inner product
hl,hg Z hl Ame( )
neSy

We will use the wedge symbol to denote the Fourier transforms on both T and Sy. More precisely, for
f:T— Candh:Sy — C, the functions f" : Sy — C and A" : T — C are defined by

:/Tf(e)e(—nQ)dH and  BN0) = ) h(n)e(nd

neSN

Also, we define the convolution of two functions f: T — C and g : T — C to be
(F+)(0) = [ 11900~ 0)db

For any measure space Y, let B(Y') denote the space of continuous functions on Y and define an operator
T:B(X)— B(T) by
T:h+— (h/\b,m,N)/\‘
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A dual operator T* : B(T) — B(X) of T is defined by
T : f— fx.
We have
(Th, f)r = (h, T"f)x.
Also, the map TT* : B(T) — B(T) is given by

TT*: f > [ * M-

Furthermore, for an operator T and positive numbers a and b, we define

Tflls
Tl = sup I
£l
where || - || denotes the L® norm and f ranges over continuous functions that map to C. A main step in

proving Theorem 1 will be deriving a restriction theorem for monic irreducible polynomials. Namely, we
will prove the following theorem.

Theorem 2. Suppose that § > 2 is a real number. Then there exists a constant C(q,0), depending only
on q and §, such that
ITl2-55 < Cla, N7,

As an application of Theorem 2, we are able to derive the Hardy-Littlewood majorant property for
function fields. Namely, we will establish the following theorem.

Theorem 3. Let (ay)zep, be any sequence of complex numbers with |ay| < 1 for all x € Pr. For a real
number § > 2, we have

H Z ame(an)Hg < C”(q,(S)H Z e(:c@)‘

z€PRr z€PR

67
where C'(q,d) is a constant depending only on q and §.

Note that in the special case when § is an even integer, by considering the underlying Diophantine
equation, one can show that Theorem 3 holds with C’(gq, ) = 1.

For a real number 0 > 1, let ' denote the unique real number satisfying 1/6 + 1/§" = 1. Since

|Tflls = sup (Tf,g)= sup (f,T7g) <|[fll2 sup [|T"gll2
llgllsr=1 lgll5=1 lgllyr=1
* \1/2 w1/2 (3)
= HfH2” sHup1<g,TT 9= <l TT* || 50 5
9lls'=

to prove Theorem 2, it suffices to bound the quantity
ITT* |55 = sup |If * Agn nls- (4)
1f1lsr=1
In this paper, w will be used to denote a monic irreducible polynomial. For a polynomial = € F[t], we say
that x is Q-rough if for all monic irreducible polynomials w with w|x, we have () > Q. For @ € N, define

N1 H (1 - 1/<w>)71, ifne Sy and mn + b is @—rough,
AD(n) = (@)<Q

bm,N wtm

0, otherwise.
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By a sieve argument, one can show that

ST A y(n) =1+ o(1).

neSN

Also, we define /\l()?,g%N(n) =0foralln € Sy. Let A =4/(6—2). For a positive integer K = [Alog, N] and
1<Q <K, let

Po=MU MUY (1<Q<K)  and  dryr = My — A v

Since ng{l i = Apm N, by the triangle inequality, to bound ||TT™*||s_s, it suffices to consider

sup Ifxvills (1<j<K+1).
5/:1

To obtain the above bound, we will apply the Riesz-Thorin interpolation theorem [17, 25] with the following
bounds which we will prove in the next two sections:

If *Ugllec <g6 QML and  If xvglla g5 NNTH[f]2:

Notation For k£ € N, let f(k) and g(k) be functions of k. If g(k) is positive and there exists a constant
¢ > 0 such that |f(k)| < cg(k), we write f(k) < g(k). In the following, all implicit constants depend at
most on g and . In Section 6, while ¢ is fixed, all implicit constant depends at most on ¢q. Throughout, the
letter e will denote a sufficiently small positive number. We adopt the convention that whenever e appears
in a statement, then we are implicitly asserting that for each € > 0, the statement holds for sufficiently
large values of the main parameter. Note that the “value” of € may consequently change from statement.

3. AN L%-1? ESTIMATE

We first state Merten’s theorem for IF,[t].

Lemma 4. [13, Lemma 2] For Q € N, we have

[ (-1/@) " <e.
(@)<Q
Lemma 5. For a function f: T —-C and 1 <Q < K,
1f 9l < QNTV £
Also, one has

If * Vggilla << NN7H| £l

Proof. Note that for 1 < Q < K + 1,

1f = ¥gll2 = 1" ¥all2 < llvQllsoll f 2 = I¥qllscll £1l2-
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For 1 < @ < K, by Lemma 4,
1
Iallso < NS plloo + 1A Voo

=N ]] -1@) "+ N ] -1

(w)<Q (@)<Q—1

wtm wtm
<QN '+ (Q-1N'< QN
Similarly,
¢(m)(N + ordm)
N (m)

Thus the lemma follows. U

+ KN '< NN°L

[rc1lloo < [Xmvlloo + 12551 wlloo <

4. AN L'-L*® ESTIMATE

For a function f: T—-Cand 1 < Q < K 4+ 1, we have

1 * 95 lloe < 195 loo | £I1-

The goal of this section is to apply the Hardy-Littlewood circle method to establish the following proposi-
tion.

Proposition 6. For1 < @ < K, we have

Note that
||)‘me )\meHOO_HAmeHOO<<1

Thus by combining Proposition 6 with the triangle inequality, we obtain the following lemma.

Lemma 7. For a function f: T —-C and 1 <Q < K +1,
1F % ¥glloe < Q7HIF 11

Let B = 2A 4 12. Note that for all & € T, by Dirichlet’s theorem for F,[t] [8, Lemma 3], there exist
a,g € Fy[t] with g monic, (a,9) =1, (o —a/g) < NB/((g)N) and (g) < N/NB. We define the major arcs
M and the minor arcs m as follow:

M= ) My and m=T\M,

where
Wag—{a€T|<a—a/g><NB/ }

In order to prove Proposition 6, we will separate our analysis into major arc contributions and minor arc
contributions.
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4.1. Major arc estimates. In the following, we consider a function h : Sy — C which satisfies the
following condition:

e Condition* Let r,g € F,t] with g monic, (r) < (g) and (g) < NP. Let L = N — [Blog, N]. For
r’ € Sy with 7' =r (mod g), let
Y ={r' +1g|(l) <L} C Sy.

Then
> h(n %,g(h) +O(B(R))),
ney

where 7, 4(h) is a constant depending on h and E(h) is an error term of size o(1).

Let

_1Zeﬂn

neSN

Lemma 8. Suppose that (8) < NB/(g)N and that r,g € F,[t] with g monic, (r) < (g) and (g) < NE. For
h: Sy — C satisfying Condition*, we have

Y. hme(Bn) = (9) mg(h)e(B) + O((g) " E(h)).

neSN
n=r(mod g)

Proof. For n € Sy with n =7 (mod g), we can write n = g(yt& + 1) + r with y monic, (y) = N/(¢g)L and
(I) < L. Moreover, for (I) < L, we have

~

NB N 1
(Blgl+1)) < m'@)'m < P

which implies that e(8(gl + r)) = 1. Thus by applying Condition* with ' = gyt* + r,

S hmeBn) = > > h(glyt + 1)+ ) e(Blgyt” +1) + 1))

nes
nzr(emévd 9) W L rI]X)/rl<iC> )<L

= > e(Bgyt") D h(gyt" +1ig+r)

(0)=N/{g)T <L
y monic

L _

= < ma(h) > e(Bgyt") +O((g) ' E(h)).

¥)=N/(g)L
1 monic

In addition, for () < (gt¥) = (g)L, we have

N
<6Z> < m ’ <Z> < <g>]/\7 ) q1+|—BlogqN.| < 67
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which implies that e(8z) = 1. Thus

1 1 N
> e(Bgyth) = = > e(Blgyt" +2)) = Y e(Bn) = i o(B).
W= (o)L DL <ty )=/ 9L sy g
Yy monic Yy monic

By combining the above estimates, we have
> hm)e(Bn) = () wg(h)e(B) + O((g) " E(h)).
neSy

n=r(mod g)
This completes the proof of the lemma. O

Lemma 9. Let h: Sy — C satisfy Condition*. For a,g € F,[t] with g monic, (a,g) = 1 and {g) < NB,

define
a0 = 3 () gl

(ry<(g)
Then for o € My g4,

A = *10 o — —
W (@) = (g) a,g<h>g< g)+0(<>>

Proof. Write o = a/g + f with () < NB<g>_1]/\7'_1. Then by Lemma 8,

= Z h(n)e(na)

neSN
ra
- (%) X ntmesn
<t 7/ nesy
n=r(mod g)

= (9)" ' 0(B)aag(h) + O(E(R)).
Thus the lemma follows. g

In the following, we will show that the functions Ay, n and )\l(f‘?b v (1 £Q < K) satisfy Condition™. We
first recall a result of Rhin.

Lemma 10. (Rhin [18, Theorem 4]) Let c,d € F,[t] with ¢ monic and (¢,d) = 1. For D, M € N, we denote
by N(c,d; M, D) the number of monic irreducible polynomials w of order M satisfying w = ¢ (mod d) and
ord (wt°rd¢ — ct°"d™) < —D + ordw + ordc. Then

i)

N(e,d; M,D) = ———— + O((ordd + D + 1)M*/?).

¢(d)D
Lemma 11. Let r, g € Fy[t] with g monic, (r) < nd (g) < NB. Then Xy n satisfies Condition™ with
m

6~ A f\

T (mr +b,mg) =1,
Vr,g )\me

otherwise,
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and
B ) = NP ) /24172

Proof. Recall the definition of X in (1). Let r’ € Sy with 7/ =7 (mod g) and Y = {r’ +1g | () < L} C Sn.
Forn=1r"4+1g €Y, A\ymn(n) =0 if and only if mn +b ¢ X.

(1) Suppose that (mr + b,mg) # 1. We assume that N¥ < N. Then there exists a monic irreducible
polynomial w such that @|(mr + b,mg). Write n = r 4+ I'g 4+ lg for some I’ € F4[t]. Then the polynomial
mn+b=m(r+1Ug+1lg)+b=(mr+b)+mg(l+1)

has a factor w. If mn + b € X, then w = mn + b. Since
(@) < (mg) < (M)N® < (m)N = (mn +b),
we have w # mn + b. Thus we have mn + b € X. It follows that
> Aomn(n) =
ney
Thus the lemma follows in this case.
(2) Suppose that (mr + b, mg) = 1. Consider
Ny =Np(m,g, L) =#{n=1"+1g|(l) < Landmn+be X},

which is equal to the number of monic irreducible polynomials @ with ord@w = N + ordm, @ = mr’ + b
(mod mg) and (ww — (mr’ + b)) < L{mg). We now apply Lemma 10 with ¢ = mr’ +b, d = mg, M =
N +ordm =ordcand D =N — L —ordg. Since L =N — [logqNBL we have

_ Fmi ordg +ordm) + (N — L~ ordg) + 1) K/2(m) !/
o (N+ordm)¢(mg)A+O<(( dg+ordm) + (N = L —ordg) + 1) N/2(m)'/2)
L{myg) +O((ordm + [Blog, N)N'/2(m)'/?).

(N + ordm)p(mg)
It follows that

2 Jomar(n) = ¢<m>(g<+ ;) - <(N T (i"fi”;g)>¢(mg) +Ol(ordm +[Blog, NDNU2<W>1/2))
ney m
_L(smle) | (Nom)(N+ordm) G )
_N(qb(mg) +O< T R (ordm + Blog, N)N'/?(m)* 2>>
B 2 d(m){g) NB+1+e<m>1/2+e
=g o))
Thus the lemma also follows in this case. Il

Lemma 12. Suppose that a, g € F,[t] with g monic, (a,g9) =1 and {g) < NB. For o defined as in Lemma
9, one has

M —abm . _1
Jaﬂg(Ab,m,N):{ #(g) 6( g )’ Zf (m7g) ,

0, otherwise.

Here, we write m for the multiplicative inverse of m modulo g and p(-) the Mébius function on F,[t].
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Proof. By Lemma 11, we have

= T (i () ().

(r)<(g) (r)<{g) (r)<{(g)
(mr+bmg)=1 (mr+b,9)=1

For z € Z with z > 0, if @w?|g and @w?*T! { g, we write that w?||g. Let
go = H wz7
w
w?||g, wtm

and g1 = g/go. If w|m, then @ { (mr +b). Thus (mr + b,mg) = (mr + b, go), and

> (5= 2 (%)

(r)<{g) (r)<{g)
(mr+b,9)=1 (mr+b,90)=1
(&)
el — .
) g1

By writing r = ugg + v with (u) < (g1) and (v) < (go), we have

> G-z o0

(r)<{g) (v)<{g0) u)<(g1
(mr+b,90)=1 (mv+b,g0)=1
Since
3 <au> B {1, if (g) =1,
(u)<(g1) g1 0, otherwise,

it follows that

av .
Z € <) ) if g1 = 17
av auy . g
Z © <> Z € <> - (m<v—>&-§,<gg)>:l

g g1
(m%zjfggi)ole i <la) 0, otherwise.

P(m)(9) (9)

One has that (g,m) = 1 if and only if gy = 1. When (g,m) = 1, we have S0mg) P OB Therefore, to

prove the lemma, it is enough to show that when (g, m) = 1, we have
av —abm

Yoel =) =unl :
g g

(v)<({g)
(mv+b,9)=1
_ . awm
Suppose that (g,m) = 1. Let w = mv+0b. Then (w —b)m = v (mod g). By checking that Z e ( >
g
(w)<{g)

(w,g9)=1

N

is a multiplicative function in g, one can verify that

d e (m;m> = p(g)-
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Thus
av a(w —b)m —abm awm —abm
X o(5)- X () = (55) X () e (55)
(v)<({g) (w)<(g) (w)<(g)
(mv+bvg):1 (wvg):]' (wvg):]'
This completes the proof of the lemma. O

Lemma 13. Let r,g € Fy[t] with g monic, (r) < (g) and {(g) < NP. For 1< Q < K, the function )‘g;%N
satisfies Condition™ with

H (1- 1/<w>)_1 H (1—1/(w)), if (mr+b,mg) is Q-rough,
={ @=Q (@)<Q

wim wimg

( (Q)

Yr.g )\b,m,N)

0, otherwise,

and
B0 = e 4 F5

where A =4/(0 — 2) is defined as in Section 2.

Proof. Let r' € Sy with ' =7 (mod g) and Y = {+' + lg| (I <L} C Sy. Since (b,m) =1, if w € Fy[t] is

a monic irreducible polynomial with w|m, then w t (mn + b). Thus it suffices to consider w with w { m.
Let wi,...,wr € Fy[t] denote the monic irreducible polynomials with (w;) < @ and w; { m (1 <i < R).
Forn=1r"+lgeY, /\l(ﬁaN(n) = 0 if and only if w;|(mn + b) for some 1 <1i < R.

(1) Suppose that (mr+b, mg) is not @—rough. Then there exists some w; such that c;|(mr+b, mg). Write
n=r+1'g+1lg for some " € Fy[t]. Thus the polynomial mn + b = (mr + b) + mg(l + ') has a factor w;.
Hence, )\l()%l n(n) =0 and the lemma follows in this case.

(2) Suppose that (mr + b, mg) is Q-rough, i.e., w@; J( (mr 4+ b,mg) (1 <i < R). Let X; denote the event

that @;|(mn 4 b) for n € Y, and let P(X;) = \X |/L be the probability of X; occurring. We denote by X7
the complement of X;. Note that

J I
;YA; _ﬁ I -1 ﬂX :ﬁ T 0-1@) ™",
n )g >§
wim wim

where

R
= IP’( N Xf) .
i=1
It remains to estimate V.

(2.1) If w;|g, then mn +b=mr +b# 0 (mod w;), i.e., w; t (mn +b). Thus P(X;) = 0.
(2.2) Suppose that @; 1 g. Since @, f m, we have (w;,mg) = 1. If L > (), as | varies with (I) < L hen
mn+b= (mr' + b) + Img runs through all residue classes modulo w;. Thus we have P(X;) = 1/( Z}

the other hand, if L < (=), then either 0 or 1 choices of [ will give @;|(mn + b). Thus P(X;) = O(L~ )
From the above estimates, we have

P(X;) = — +O0(L™"),

()
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where

1, otherwise.

{0, if @;lg,
€ =

By the inclusion-exclusion formula, we have
R €
(2
ey Y Mt o(i (M)
s=0 1<ii<-+<is<R j=1
Note that for any K’ € N, by considering the even terms of the above alternating sum, we have

2K’ 2K’

s €
veyer Y Mot ()
s=0 1<i1<-<is<R j=1 i)

R . P 2K p
ST (-2 > Y T (i Y (1)),
-1 ( <w">> (s K41 1<iy<-<is<R j=1 {@i) S>> s=1 \%

Similarly, by considering the odd terms of the alternating sum, we have
2K’ -1 S 2K’—1 R
> -1 S 11 O
v: ey B g o Z<s>>
s=0 1<i1<-<1s<R j=1 s=1
R 2K’ -1
PN -~ R
() oy, X M) oy (1)
i=1 s=2K' 1<i1<-<is<R j=1 (@) =1 \°

Thus for any J € N, we have

V:<w1;@(1_1/ +O<;1<Zl<z;ls<RJHl w?... S>)+O< i(f))
wimg

To estimate the error terms, note that

Also, for J < s < R,

> It < (s

1<'Ll< <ZS<R j= 1 <w25>
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The last inequality follows from Lemma 4 with ¢ some fixed constant. It follows that for J > 3(In@ + ¢),
R

> Y szl”'w>§2;<ln@+c)5

s=J 1<i1<<is<R j=1 ts s=J

<(an+c)J <1+an+c (InQ + c)? )

ST T+l C(JrD(J+2)
< (IHQJT O 11313

eln(eQ)\’
< (Hiea’
The last inequality follows from Stirling’s formula, namely that J! = v2xJ(J/e)’ (1 + O(1/J)). Thus we

" v= [ 0-1/(=) +o(<‘W)J+ElRJ+1>.

(@)<@Q

wimg

Since R < Q < N4, by choosing J = N/(2Alog, N), we have

c J
(e In(e Q)> < N7V@AO+e  ang LRI « N7Vt

J
Thus
Y = H (1 N 1/<w>) JrO( —1/(24)+€ +N 1/2+e)
(@)<Q
wimg
By Lemma 4, we have
H (1-1/(w H (1-1/(w) " < Q < log, N.
@)<Q @)<Q

wim

It follows that

> Aw(n =% ( T 0-1/@)™ I[ (0-1/(=)+ 0N~V 4 N~ 1/2+e)>

ney (@)<Q (@)<@Q
wim wimg
This completes the proof of the lemma. O

For a polynomial z € F,[t], we say that z is @—smooth if for all monic irreducible polynomials o with
w|z, we have (w) < Q.

Lemma 14. Suppose that a, g € Fy[t] with g monic, (a,g) =1 and (g) < NP. Also, suppose that 1 < Q <
K. For o defined as in Lemma 9, one has

Q@ %e(%), if (m,g) =1 and g is @—smooth,
Ua,g()‘b m, N) = .
0, otherwise,

where m is the multiplicative inverse of m modulo g.
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Proof. By Lemma 13, we have

ar
Ua,g()‘l(a%N) = Z € (g) %79()‘1(;%,N)

(r)<(g)

=1 v I -y 3 <g)
(@)<Q (@)<Q (r)<(g)
wim wimg (mr+b,mg) is Q-rough

Note that if (m,g) =1 and g is @—smooth, then

[T -1~ I (1-1/(=) = (9)/s(9).

(@)<Q (@)<Q

wim wimg

Thus to prove the lemma, it is enough to show that

Z . (ar) _ {u(g)e <%) , if (m,g) =1 and g is @—smooth,

g 0, otherwise.

(ry<{g)

(mr+b,mg) is Q-rough
Let
g2 = H wz7

(w)<Q

@*|g, wim

and g3 = g/g2. If w|m, then w { (mr +b). Thus (mr +b,mg) = (mr + b, g), and

ar ar
el— )= el —|.
Z ( 9 ) Z ( 9 )
(r)<{g) _ (r)<({g)
(mr+b,mg) is Q-rough (mr+b,g2)=1

Note that (m,g) = 1 and that g is @—smooth if and only if g3 = 1. Then using a similar argument as the
one in the proof of Lemma 12 (with go replaced by g2 and g; replaced by g¢3), we can show that

Z . <ar> _ {,u(g)e (%) , if (m,g) =1 and g is @—smooth,

(r)<9) g
(mr+b,g2)=1

0, otherwise.

This completes the proof of the lemma. O

We now summarize the major arc contribution to Proposition 6.

Lemma 15. For 1 < Q < K, we have

0 [\ (@) A @) < Q.
aE

Proof. Let o € M. Then there exists a,g € Fy[t] with g monic, (a,9) =1, (a —a/g) < NB/(<g>]V) and

~

(9) < ]/\\T/NB. By combining Lemmas 9, 11, 12, 13 and 14, if g is @-smooth, we have
|)‘1§\,m,N(0<) _ Az(,%?N(OZN < NB+1+e<m>1/2+e]’\7—1/2 + N1/ (2A4)+e +N—1/2+e < @—1_
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If g is not @—smooth, then there exists an irreducible polynomial @ with (w) > Q and w|g. It follows that
#(g) > ¢(w) = (w) — 1 > Q. Thus we have
N v (@) = A (@] < [N (@) + [N (@)
< 1/¢(Q) + NB+1+e<m>1/2+ej\}fl/2 + ]/\\]71/(2A)+e + ]/\\]71/2+e
< QL

This completes the proof of the lemma. O

4.2. Minor arc estimates. We will now turn our attention to obtaining a minor arc estimate for
Apm, N (a). We will obtain the following result.

Lemma 16. Suppose that (m) < N. One has

sup [Af, ()] < NP/ = N74,

aem

where A =4/(0 — 2) and B = 2A + 12 are defined as in Sections 2 and 3.

In order to prove this lemma, we need to establish more notation. Whenever a sum has a superscript
+, which will look like Z+, the sum will be restricted to monic polynomials. Let R € N, and let U be a
parameter with 1 < U < R/2. Define 7, by

Ty = Z+ wu(d). (5)
<d‘f‘§a

Let

A) = ordw, when y = w' for some monic, irreducible polynomial @ and [ € N,
V= 0, otherwise.

We now will present a sequence of lemmas concerning the weighted exponential sum

+
> Awe(ay);
(y)<R
y=b (modm)

from these lemmas, we will be able to extract Lemma 16. Due to the underlying shape of Dirichlet series
in F,[t], we are unable to take an approach similar to that in [1]. Instead, we will follow the ideas of [26,
Chapter 3|.

Lemma 17. Let v(z,y) denote a function on Fy[t]?. Then we have

ST oomy+ YT ney =" Y Y w@dwdzy).

U<(y)<R U<(z)<RU<(y)<R/(x) (d)<U U<(y)<R/(d) (z)<R/(yd)
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Proof. By writing x = dz, we have

ST Y uapay= YT v

T,y p(d)
(d)<U U<(y)<R/(d) (2)<R/(yd) U<(a)<RU<(y)<R/(x) dz_
(d)<U 6
¥ ¥ " (6)
+ v(z,y) p(d)
(2)<U U<(y)<R/() de_
()<U
For (z) < U, we have
+ 1, when z =1,
> uld) = { 0 otherui
e , otherwise.
(@)<U
Thus N N N N
v(zy) Y, pld)= ) v(ly). (7)
(@)<UU<({y)<R/(z) diz_ U<(y)<R
(d)<U
The lemma now follows from (5), (6) and (7) O
Let N .
Si(@)= > AWe(ay),  Sa(a) > p@)(ordy)e(axy),
(y)<U (wy)<R
y=b (mod m) (z)<U
zy=b (mod m)
+ + +
S3(a) = Z Z w(u)A(v)e(axy), and Si(a) = Z T A (y)e(azy).
@<k A5 (wy)<R
@<z =0 (@) (0)>0
zy=b (mod m) zy=b (mod m)
Lemma 18. One has
+
A(y)e(ay) = Si(a) + S2(a) — S3(ar) — Sa(a).
(<R
y=b (modm)

Proof. Let

A(y)e(ary), when xy = b(modm),
(@, y) = (y)e(azy) v =0 )

0, otherwise.
We first notice that

+ +
> AWe(oy) = Si(a)+ Y v(l,y).
(y)<R U<(y)<R

y=b (mod m)
Thus we are left to show that

U<(y)<R

Z+ v(1,y) + Sa(a) = Sa(a) — S3(a).
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Applying Lemma 17, we have

S ey s =" ¥ Y @y, (8)

U<(y)<R (d)<U U<(y)<R/(d) (= >gR/<yd>

XX mdldzy)

(d)<0 (y)<0 <z>§R/<yd>
by combining this with (8), we find that

Z+ v(l,y) + Sa( Z Z Z v(dz,y) — S3(a)

Since

O<(y<R a)<U (y)<R/(d) (2 ><R/<yd>
= Z ST wdA)eladyz) - Si(w)
<0 W)<R/(d) (H<R/(d)

dyz=b (mod m)

=37 YT ude(adw) S Aw) -

()<U - (w)<R/(d) vlw
dw=b (mod m)
+ +

= Z p(d)(ord w)e(adw) — S3()

The lemma now follows. U

We will now obtain upper bounds for the sums S;(«), Sa(a), S3(«) and Sy().
Lemma 19. One has

Sl(a) <K ﬁU

Proof. By applying the triangle inequality and the trivial bound, we have

Si(a) < Z+ Aly) < UU. O

(y)<U
y=b (mod m)

Lemma 20. Suppose that (o —a/g) < {(g)~2 with (a,g) = 1. Assume that S, R € N with S < R. Then for
any real number T" with T < R/S , we have

+ + ~ a
Z Z e(a:cy)‘ < RS{g)™" + SR+ (g9)(RS + ord g).
(@)<8 T<(y)<R/(x)

Proof. By the triangle inequality, we have

S S o) <X

()<8 T<(y)<R/(x) (2)<§ W=0 ()=
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Also, it was proved in [8, Lemma 7] that

e .
‘Z+ e(axy)‘:{w, when (J|az]) < W,

0, otherwise.

Thus we have

n R—ordz . N min(R—ord z, —ord ||oz||—1) .
TN | X e =X > W
(1)<8 W=0 T (y)=w ()<8 W=0
< 3" min (R/ta), (o))
(@)<5
s
< Z (laz|)~t + Z ZJF min (R/ (||}~ )
(z)<({g) W=ordg (3)=W
= FE1 + Es,

where

S
Bi= 3 (loal)™  and B= 30 37 min(B/(a). (flaz]) ).

(z)<(g) W=ordg (2)=W

)=
We first bound E;. For (x) < (g), since (a —a/g) < (g)~2, we have

Since (||az/g||) > {g)~!, we deduce that

(aely = (117 + (o= 2)all) = (157N + (o= D)) = (IS

Since (a, g) = 1, we have

_ ordg—1
Bis 3 flest” U7 = X (2 < Y 7() < ey
() <(g) (z)<(g) w<tg) 7 W=0 w
We are now left to bound E5. Note that
S " sz R-W-1 N R
E2 — Z ( Z ﬁ + Z V)
W=ord g (z):/I/I? V=0 (z):/I/I?
(llaz )=t >R/W (llaz|)~1=V
S R—W n R S R-W N
Sy Y Y ovey v
W=ordg V=0 (5= W=ordg V=0  13y<qW
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By [8, Lemma 7], we deduce that

S

B Y S Y| X dom)

W=ordg V=0 <33)<qW (y)<Vq
We now apply [15, Lemma 11.1] to get
| X o) < W) T+ T W),
(z)<gW (y)<Vgq~!

Using this bound, we see that

W
By < Z Z 17( FWL T <g>W—117—1)
W= ordg V=0
S (12
< Z (R(g>* +RW '+ WR+ <g>R>
W=ord g
< RS{g)™' + SR+ (g)RS.
The lemma now follows by combining (9)-(12). O

Lemma 21. Suppose that (o — a/g) < (g)~% with (a,g) = 1 and ordm < U. Then one has

Sa(a) < U(m)R? + RR*(g)™" + (g)R(R* + ord g).

Proof. Note that

() = Z p(x)(ord y)e(amy)

oy)<R
<x>§t7
zy=b (mod m)
+ + W at
=3 i) clay) [ 4
- = 1 0gq
(x)<U (YISR/(z
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Switching the leftmost sum with the integral in the last expression, we obtain

<</ S

o) <min(T,R/t)  t<(y ><R/
2y=b (mod m)

ozxy ’ <</ Z
2)<U  t<(y)<R/(x)

(xm)lyz(md)

where 7 is the multiplicative inverse of  modulo m. We now split the sum over y into two sums depending
on whether or not (y) < (m). Write y = Zb + my’ and 2’ = mz. Then by the triangle inequality, we have

52<a><</§A i / Z Y dem)T
(

R t
2)<U ~ max(t,(m))<(y)<R/(x)
xm) 1 y=zb (mod m)

<<U<m>R—|—/R Z+ ‘ Z+ e(amxy’

U (ay<0  max(t/(m), )< ()< B/(ma)

(z,m)=

)le(a) %

~

< O(m)R + /1 f S ’ S e(az'y')

(@) <U(m)  max(t/(m),1)<(y')<R/ (')

Since ordm < U < R, by Lemma 20, we deduce that

o~ R ~ o~
So(a) < U(m)R + /1 <R(U +ordm)(g)™ + U(m)R + (g)((U + ordm)R + ordg)) %

< U(m)R® + RR*(g)~' + (9)R(R? + ord g).
This completes the proof of the lemma.

Lemma 22. Suppose that (o — a/g) < (g)~% with (a,g) =1 and ordm < U. Then one has

S3(e) < RR*(g)~" + U*(m)R? + (g)R(R? + ord g).

~

Proof. For any (z) < U?, we have

Z+ p(u)A(v) < Z+ A(v) =ordz < R.

T=UvV

(u) () <T vl
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Write y = Zb + my’ and ' = mx, where Z is the multiplicative inverse of x modulo m. Then from the
above inequality, we deduce that

Ss)= S0 37 e(ay)

<my><R T=Uv N
ey ()0
zy=b (mod m)
+ + +
<SS wwam|| YT elaay)|
=T G, <0 LA
+ +
<R ‘ (ozy)

(@)<U(m) (y)<R/(a")
Since ordm < U < R, by Lemma 20, we obtain that

S3(a) <« R(E(ZU +ordm){(g)~" + U*(m)R + (9)((2U + ord m)R + ordg))
< RR*(g)~' + U*(m)R? + (g)R(R? + ord g). O
This completes the proof of the lemma.
Lemma 23. Suppose that (o — a/g) < (g)~% with (a,g) = 1 and ordm < U. Then one has
Su(a) < RRY2(m)Y2()~1/2 + RRY2(m)T /% 4 RV2RY2 (m) /2 (g) /2,

Proof. By writing z = y12, 2 = rs and y; = uv, we have

> wz T<z ()= y'yh=y ¥ oyh

_ g)nfozm) =V oyl (y)<V <Z>1Tf v2le (y1) <V (2)=V /(y1) v2lv12

ISP VEED DD D D ”
(y1)<V dilyn (2)=V/(y1) dalz (y1)<V d1|y1< o= V/<y1>
<V S Y Ty =Y Z (o)™t < TV,
(y1)<V dilys <w> gv
Note that
Sile)= Y mA@elazy) = Y. ST n Y Awelasy).
<Xl@>§fﬁ VISR st o) Eéﬁovd m) yzéygnffg m)

zy=b (mod m)
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Applying the Cauchy-Schwarz inequality and (13), we obtain that

swe S0y (2w (XX aweem)”
U<V,W<R-U

z,j z)=V z)=V =W
VAW=R  &y=b(modm) xzzﬁ ()mod m) mzzﬁ (>rnod m) yzggygmod m)

171/27,3/2 + + 2\ 1/2 .
< Z Z vizys/ ( Z ) Z A(y)e(a:ny)‘ > :
U<V,W<R-U Z,§ V=V -W
V+W<R  Zg=b(modm) xzé (>rn0‘(/1 m) yE:éygmngm)
One has
+ + 2 + +
> Aelaay)| = Y ST AwA)ean(y - 1))
(2)=V y)=W @)=V (y)=(y2)=W
=% (modm) y=g (modm) =% (mod m) y1 =y2=y (mod m) (15)
+ +
= Z A(y)A(y + h) Z e(azxh).
(y)=W hy<W (z)=V

=% (mod m)

For (z,m) = (g,m) =1, V+ W < R and (m) < min(‘A/,W), since |A(z)| < ord z, by writing h = mh/,
z =& +ma’ and " = m?K, we have

Z+ Z A(y)A(y + h) Z+ e(axh) < W? Z+ Z ) Z+ e(axh)’
w w (y)=W (hy<W (z)=V
y=g (mod m) h=0 (modm) x=% (modm)
= W{:L;Z Z ‘ Z+ e(am?®a’n’)
()<W/(m) (a)=V/(m)
W{:XQ Z ‘ Z+ e(ax’h")

(W"Y<W(m) (a')=V /(m)

<

(16)

When V + W < R and U < min(V, W), it follows from [15, Lemma 11.1] that

Z ‘ Z+ e(ax’h")

(W"Y<W(m) (a')=V/(m)

< Z ‘ Z e(ax’h”)

(W) <W(m) (')<qV/(m)

Wi 1, -1 1, -1 Wi -1 (17)
<WV({g) "+ W m)™ + V= Hm) + (gy(WV) ™)
< R(g)™ + Rm)U~" + (g).
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Upon combining (14)-(17), we have

Sile) <Y S VVAIRWRW (m) V2 (Rig) T+ Rim) T + (g)

U<V,W<R-U z,y
V+W<R  Zg=b(modm)

< X RPRPm)P(RGT + Rm)T + (9)"

U<V,W<R-U
V+W<R

< §R9/2<m>1/2<g>—1/2 + §R9/2<m>fj—l/2 + §1/2R9/2<m>1/2<g>1/2. H
Lemma 24. Suppose that (m) < R2/°R, (g) < R(m) and (o —a/g) < (g)~2 with (a,g) = 1. Then one has

+ o~ o~ _ ~
Y AWelay) < RV (m)R + (9)R® + RRY(m)!/?(g) /2 + RYZRY® (m) /2 (g) /2.
(<R
y=b (modm)
Proof. We deduce from Lemmas 18, 19, 21, 22 and 23 that when ordm < U, we have

S AWwelay) < THm)R? + (g)R(R? + ord g) + RRY/2(m)V/2(g)~1/2

)<R
y=b (mod m)
+ §R9/2<m>fj—1/2 + §1/2R9/2(m>1/2<g)1/2.
The lemma now follows by setting U = R?/5R. U

We will now derive Lemma 16 from Lemma 24.

Proof. (of Lemma 16) Note that
rdm
Nymv(a) = LI

N(m) (n)=N
mn+birred
_ d(m N +ordm + 1 + 1
_Kf(m}Z A(mn +b)e (om)+0(ﬁ( Z §+ Z 3+ >>
(n)=N (w)=(N(m))'/2 (@)=(N(m))/3

_ 9¢(m) —1/2/, \1/2
= E A(mn + b)e(an) + O .
N<m> (ny=N Jelan) ( o )

By writing £ = mn + b, we have

Aam,N<a>=¢(m);f< ObIm) S N @yea/m) + O(N 2 myV2).
b =R

x=b (modm)

By the triangle inequality, we deduce that

A (@) <<N—1(‘ Z* A(:E)e(ax/m)‘—f—’ Z A(x)e(ax/m)D+N—1/2<m>1/2.
o

(x)<N(m) )<
x=b (modm) =b

(18)

I‘
x
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Let o € m. By Dirichlet’s approximation theorem, there exist a, g € F,[t] with g monic, (g) < N{(m)/NB,
(a,9) =1 and {(a/m —a/g) < NB/((mg)N) < (g)~2. Let d = (g,m). Then

<a_am/d>< NB < NEB
g/d I~ ()N ~ (g/d)N

Since o € m, we must have (g/d) > NZ, which implies that (g) > NB(d) > NB. By Lemma 24 and (18),
we have

)‘é\,m,N(O‘) <<]/\7—1(]/\\[4/5<m>9/5N4+ <g>N3_’_]/\\[N9/2<m>3/2<g>—1/2_’_J/\\[1/2N9/2<m><g>1/2) _|_]/\}—1/2<m>1/2

<« N-VBN29/5 4 N4-B 4 NO6-B/2 | N-1/2N1/2 o NO6-B/2 _ N-A
O

This completes the proof of the lemma.

@"

We will next prove a minor arc estimate for A, 7 ().

Lemma 25. Let 1 < Q < K and (m) < N. Suppose that (o —a/g) < (g)~? with (a,g) = 1. Then one has

A v (@)] < log, N (N{g) ™" + N71(g)(V? + ord g) + NV/EAN).

Proof. Let {wi,...,wr} denote the set of monic, irreducible polynomials w with () < @ and w { m. By
the inclusion-exclusion principle, we have

R

A @) = 30 A2 p(m)e(an) = N - 1/(@i) " th(a), (19)

neSN =1

where

R
s + Wiy« Wi Y — b
ha)=>(-1° Y 3 e(a( L Z )) (20)
s=0 1< < <@ SR (N\=N(m)/(w) -ws)
@ Wi y=b (mod m)

By Lemma 4, we have

’,:]:o

1—1/ wz <<Q<< log, N. (21)

i=1
Let J = N/(2Alog, N). If 0 < s < J, since (@w;) < Q < N4, we have

S

H<w1> < NAN/(QAIquN) _ NN/(QlogqN) _ ]/\}1/2'
il =

J=1
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Therefore, by writing y = Tb + my’, where T is the multiplicative inverse of x modulo m, it follow from

Lemma 20 that
NS S S )

0<s</ LS < <baSR ()= N(m) /(w1 --20)
@i, Wi y=b (mod m)

+ + azy + + , (22)
< Z Z e( m> < ZA Z e(awy)
(2)<NV2 ' ()=N(m)/(z) (z)<NY2 ' (y')=N/(z)
(z;m)=1 ay=b(modm)
< NN{(g)~' + N'Y2N + (g)(N? + ord g).
For s > J, we have
s + Wiy« Wi Y — b
Sy % S efa(FEmmh)
J<s<R 1<i1 < <is<R <y>:1\7<m>/(W1~~ws>
Wiy Wig y=b (mod m)
<Y Y Nmiw,w) (23)

J<s<R1<i1<-<is<R

<Fm) 3 (D7 (@) e+ ()Y
J<s<R

~

< N(m) > (s)~"(C1log,log, N)*,
J<s<R
where the last inequality follows from Lemma 4. By Stirling’s formula, we have s! = v/ 2%5(5)5 (1 + O(%))
Thus for s > J = N/2Alog, N, we have

Z (s)71(Cy loglog N)® < Z s71/2

<C’16 log, log, N> s
J<s<R J<s<R

S

2Alog, N) 1/2 <2ClAe log, N log, log, N> s

<Y (53— N

J<s<R
logq N\1/2
N

Z Ns(71+o(1)) (24)

J<s<R

<

< <1qu N) 1/2N(_1+o(1))N/(2A log, N)

log, N

7) 1/2]’\771/(2A)+0(1) < N34
N

<
By combining (19)-(24), we deduce that
N ()] < N~ og, N(NN(g) ™ + NYV2N + () (N? + ord g) + N'=1/64 (m))

< log, N(N{g)™' + N~Hg)(N? + ord g) + N~V/EAN). O



26 YU-RU LIU AND CRAIG V. SPENCER

Lemma 26. Let 1 < Q < K and (m) < N. One has
sup |/\l()?73AN(a)\ < N*7B log, N < N4,
acm B

Proof. Let a € m. By Dirichlet’s approximation theorem, there exist a,g € F,[t] with g monic, (g) <
N/NB, (a,g) =1and (o —a/g) < NB/({g)N) < (g)~2. Since a € m, we have (g) > NB. By Lemma 25,

N’ ()] < log, N(N(g) ™" + NHg)(N? + ord g) + N"V/OIN) « N Blog, N <« N™4. [

We now summarize the minor arc contribution in Proposition 6.
Lemma 27. For 1 < @Q < K, we have

AN -~
sup !)\l/,\’myN(a) — )\l(ffg’N(a)! < N 1< Q

acm

Proof. The lemma follows by combining Lemmas 16 and 26 and noting that

N A< K'<Q" 0
Note that by combining Lemmas 15 and 27, we obtain Proposition 6.

5. PROOFS OF THEOREMS 2 AND 3

We will first prove Theorem 2.

Proof. (of Theorem 2) By Lemmas 5 and 7, for 1 < @ < K, we have

I *05lloe < QM S and  [If xwhlla < QNTVIf o

By the Riesz-Thorin interpolation theorem [17, 25], we interpolate between these two bounds to find that
for 6 > 2, we have

Hf . waH(S < ©71+2/5Q2/5ﬁ72/6"f“5/.

Similarly, since

1 5 Wil < (K+1) A< N7l and  [f 6l < NN £,
for § > 2, we have
1f # O lls < NACHHORZON 200 1)),
Upon recalling that A = 4/(6 — 2), we have

If * YRalls < N7N20) £l5

By the triangle inequality,
K+1
1F 5 M lls < D I 5 lls < N2 £l
Q=1
Therefore, by (3) and (4), we have
|T[[2—5 < ||szup 1 | f * Aam7N||§/2 < N™
o=

1/5
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This completes the proof of the theorem. O
We will now deduce Theorem 3 from Theorem 2.

Proof. (of Theorem 3) When § = 2, the theorem follows from Parseval’s inequality. Hence, we assume that
d > 2. Let (az)zepy be a sequence of complex numbers with |a,| < 1 for € Pg. Let

ag,, if ¢ € Pg,
€Tr) =
/(@) {0, otherwise.
Then, by setting Ay, n = o,1,r, it follows from Theorem 2 that

R o\ 5-1/8 51/ S AR
T‘ Z amﬁe(aaz)‘ da =|ITflls < R °|fll2=R Z la] 5 < R™/°.

TEPR z€PR

H Z axe(xG)H(s = (/TLGZP axe(ax)rda> " < RI-sp1. (25)

zEPR

Thus

Also, for (8) < q*1]§*1 and x € Pg, we have (8x) < ¢~!, implying that

“I;;Re(xe)“ﬁ - </1T‘$;Re(am)‘§da> 1/
> < /@q-lg_l 3 e(ﬁx)‘écw) v (26)

rEPR

N s
> (/ - RéR“Sdﬁ> > RVVORTL
(B)<q—1R-1

The theorem now follows by combining (25) and (26). O

6. PROOF OF THEOREM 1

To prove Theorem 1, we will employ the W-trick (see [7] for a discussion of the method). Namely,
we will pass to an arithmetic progression with common difference equal to a product of small irreducible
polynomials and this will allow us to avoid some obstacles modulo small irreducible polynomials. It is
worth noting that if one is able to avoid using the W-trick, the resulting bound in Theorem 1 could be
improved to Dy(Pr) < |Pgl/log, |Pr|.

Lemma 28. Let ri,ra, 73 € Fy with r1+ro+7r3 = 0. Suppose that Agr C Pr and that there is no non-trivial

solution to rixy + rexe + r3rs = 0 with x1,x9,x3 € Ag. Suppose also that |Ag| > nﬁ/R for somen € R
with n > 0. Let

W= [logq (logZR” and  m= ( l;IWw.

Set N = §/<m> Then for N sufficiently large, there exists A C Sy such that

e There is no non-trivial solution to rixy + roxe + rsxs = 0 with x1,x2,x3 € A,
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o There exists some b € F[t] with (b,m) =1 and Ay, n(A) > 1.

Proof. Let 14, denote the characteristic function of the set Azr. We have

Z Z Lag(x) Z?]ﬁ/R.
by<(m

z€S
Eb7m):% z=b (mo]zi m)

By the pigeonhole principle, there exists b € F[t] with (b) < (m) and (b,m) = 1 such that

Wi
2l = g

rESR
z=b (mod m)

Let A={n € Sy|mn+bec Agr}. Thus

Ab,m, N (A) = W+ %?WZW(W) Z Lag(mn+b) >n.

neSN

Since 1 + 79 + 73 = 0 and there is no non-trivial solution to r1x1 + roxo + rgry = 0 with z1, z9, 23 € Ap, it
follows that there is no non-trivial solutions to rix1 + rexs + r3x3 = 0 with x1, 9, z3 € A. This completes
the proof of the lemma. O

In order to apply Lemma 28 with the earlier work in this paper, we need to bound (m) in terms of N.
Note that

w
ordm = Z ordw = Z K(IA(/K—i- O(IA(UQ/K)) =q(q — 1)71W + O(WUQ).
() <W K=l

Since W = [logq (logf R)], for R sufficiently large in terms of ¢, we have

7

log, R log, R
dme [
orAmE T 19

from which we derive that L R R
N =R/(m) € [RR™'/" RR™V/19)],
In addition, we have (m) < RY/19 < N and W <« log, log, N.
For a set A C Sy and a monic irreducible polynomial w of degree N, we embed A into F,[t]/@wF,[t] via

the bijection  — x (mod w). Also, we define Fourier analysis for Fy[t]/wF,[t]: if f,g : Fy[t]/wF,[t] = C
and r € Fy[t]/@wF,[t], we write

fry="Y_ f@elre/w) and  (fxg)(r)= D fla)g(r—a).
(z)<(w) (x)< (=)
We define functions x, A : F,[t]/@wF,[t] — C by

(2) 1, if there exists y € A such that x = y (mod w),
k(x) =
0, otherwise,

and A(x) = Ay n(y), where y is the unique element of Sy with 2 = y (mod @w). We also define a function
a : Fy[t]/wly[t] = C by a(x) = k(x)\(z). First, we estimate the function A.
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In what follows, we will fix § = 5/2. Thus all implicit constants below depend at most on q.
Lemma 29. We have

sup  |M2)| < (log, N)~".
220 (mod w)

Proof. Note that A(z) = Ny n(2/@). For z/w € m, by Lemma 16, we have
Az) < N4 < (log, N)~L.
Thus we are left to prove the lemma for the case that z/w € M, , € M. By Lemmas 9, 11 and 12, we

e u(9) , ( —abm :  a NBHLte (m)1/2+e )
_ S )0(5—5)+O(A—), it (g,m) = 1,

1/2
)\(Z) - O NB+13‘€(m)1/2+‘ N h .
— %z ) otherwise.
Because Bt 1/
NP+ )25 .
[V < (log, N)™7,
it is enough to show that when (g,m) = 1, we have

z

_ a —
6(9) o= — %) < (tog, N) 7.
w g
For (g) =1, since z # 0 (mod w),
-1 (% _ ﬂ) _ -1 -
#(9) Q(w p o(z/w) = Z (zz/w) = 0.
TESN
For (g) > 1, note that |o(a)| < 1 for all @ € T. When (¢g) > 1 and (g,m) = 1, by the definition of m, there
exists a monic irreducible polynomial w’ with @’|g and (w’) > W. Thus
6(9) " < o) < W < (log, N) 7.

This completes the proof of the lemma. O

We now prove a discrete version of the majorant property with § = 5/2. Note that the proof below can
be adapted to give a discrete majorant property for any ¢ > 2.
Lemma 30. There exists an absolute constant C"(q) such that

> laz)P? < ¢"(g).
() <(w)

Proof. For (w) =N > 1, z € Sy and (f) < 1, we have e(@) = e(%)e(tNe) Thus for all (o) < N, by
writing o = z + 0 with z € Sy_; and 6 € T, we have

> = Y |3 saneeare| = [

(2)< () (2)<(w) zESN N

‘5/2

Z k(z)A(x)e(ax/w)

TESN

da. (27)

By writing o = w~y, we deduce that

/ Z e(ox/w)| 52 o = N/ Z ) Ao,m,N (T (’71‘)|5/2d7- (28)

rESN reSN
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By Theorem 2,

([]% we

52 \*/° 5—2/5
Dum(@)er)] 1) = [Tellya < §-0 el

€SN s R (29)
—N 5/2<Z | |/\me( )) <<N75/2.
zeSN
By combining (27)-(29), we find that
> lax)? < 1.
(2)<(w)
This completes the proof of the lemma. (|

Let ¢ be a real parameter satisfying 0 < ¢ <1 and define
Z = 2(s) = {z € F[t]/mF,[t]| |a(2)| > <}
Let k = |Z| and write Z = {z1,..., 2} We now are able to define a Bohr set
B:B(Z):{xeﬂ? |/l [t (<H“ > 1<z<k)}
Define a function g : F,[t]/wF,[t] = C by
8a) = {13—1, if €5,

0, otherwise.

We define a function a; : Fy[t]/@wFy[t] — C by a1(x) = (a* S * §)(z).

Lemma 31. There exists a positive constant Co(q) such that whenever k < log, log, N, we have have
|a1]joo < Ca(g)N~L.

Proof. From the definition of a; and Lemma 29, we have

ar(z) = (a*xBxB)(z) < (AxBx*B)(z =N! Z AMy)B(y)2e( — zy/w)
NA(0)3(0) Z Ay —wy/W)
() y#o @)
<N '+N! by B(y) 2
L ANl (yg}@ 15(y)|

< N~ '+ (log, N)'|B|"%.
Recall that Z = {z1,..., z;}. Consider the mapping I' : F,[t]/@F,[t] — T* defined by
L(z) = (lzz1/al, . [lwz/=]).

Let
G={(,...,ou) eTF () <qgl(1<i< k)}.

By the pigeonhole principle, there exists an element (vy,...,vx) € F’; where
H = {z (modw)|T'(z) — (v1,...,vx) € G}



A PRIME ANALOGUE OF ROTH’S THEOREM IN FUNCTION FIELDS 31

contains at least Ng=* elements. Let y € 7. Then for any y' € H, we have I'(y —y') € G. Hence,

|B| > ]/\}q_k, implying that

a1 (z)] < N7! + (log, N)'N~1¢F < N7L. O

We will now prove upper and lower bounds for the sum
]/\\7_1 Z ai (7"12)&1(7‘22’)&1 (7'3,2),
(z)<(=)
and we will then deduce Theorem 1 by comparing these upper and lower bounds.

Lemma 32. Suppose that there is no non-trivial solution to rix1+roze+r3xs = 0 with x; € A (1 <i < 3).
Then

~

N1 Z ai (7”12)&1(7"22)&1 (7’32) < N_ZNQ + ]/\7_1§1/2-
(z)<(w)

Proof. Since there is no non-trivial solution to r1z1 + rexe + r3zs = 0 with z; € A (1 <i < 3), we have

N-1! Z a(riz)a(rez)a(rsz) Z Z (—7“17“513:1 —7“2T§1$2)
(2)<(w) (1) <(w) (w2)<(w)
= Z a(@)® < ) X ()
(z)<(w) yeSN
N2<m>2
Since a1 = a2, it follows that
Nt Z ai(riz)ai(rez)as(rsz) = Z ((11 (r12)ay(rez)ai(r3z) — a(riz)a(raz)a (7'32))
(z)<(w) z)y<(w
+ O(N2 %)
A o (30)
=N Y alnz)alre2)alrsz) (Br)?B(r2)?B(r)* ~ 1)
(2)<(w)
+ O(N?N7?).
Note that when 2 € Z and r € F,, since (||[rzz/w|) < ¢~! for all z € B, we have
B(rz) =B Ze(mx/w) = 1.
xeB
Thus
S a(r12)a(ra2)a(rs2) (Br1)6(r2)?Alrs2)> — 1) = 0. (31)

2€Z
Note that for all z (mod w),

|B(r12)2B(r22)?B(rsz)* — 1] < 2.
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By combining Hélder’s inequality with Lemma 30, we have

Z &(rlz)d(rgz)&(rgz)(B(le)QB(rzz)zﬁ(rgz)Q—1><< sup |d(z)\1/2 Z \&(z)\‘r’/Q < 12,

et (2)<(w) Aot (32)
<i;(z ) > (2)<(w)
The lemma now follows by combining (30)-(32). O

Lemma 33. Suppose that k < log,log, N. Then there erists a positive constant C5 = C5(q) such that

N1 Z &1(7’12)d1(r22)&1(r32)>>n4]v*1qfc5/”.
(z)<(=)

Proof. Let
n
A/:{xEF t]/wlF,[t] | a1(x Z—A}.
o[t]/@Fq[t] | a1 () o
By Lemma 31, there exists a constant Cy = Cy(g) > 1 such that [|ai]lsc < C2N~!. Thus by Lemma 28,

C. —~
|A'|§+<Nf|«4'\>%> Y aie)

(z) < ()
= > Bl > Bz-y) a(z — 2)
W< (<) (z)<(w)
> Bly) Y Blz—y)=n
<) (H<()

Hence, we have
|A'| > nN /(203 —n) > C3nN,

where C3 = 1/(2C3) € (0,1). Let S denote the number of non-trivial solutions to riz1 + rexs + rszg =0
with z; € A" (1 <14 < 3). Then one has

R _ _ _ Cd 35
N1 Z ay(r1z)ay(rez)ay(rsz) > %73 . (33)
(2)<(w)

Let M € N. By [14, Theorem 1], there exists a positive constant Cy = C4(q) such that if M > C4/n,
then any subset of Sy of density at least C3n/2 contains a non-trivial solution to r1x; + roxe + r322 = 0.
Furthermore, since r; € F, (1 <14 < 3), the same is true for any space isomorphic to Sys as a vector space
over F,. Now, let M < N. There are N(N —1) choices of (u,v) where u € Sy and 0 < (v) < N. Consider
arithmetic progressions of the form W, = {u+vl|(l) < ]\7} C Fy[t]/wF,t]. Let U = {(u,v) | |WyoNA'| >
CsnM /2}. Note > that Wy NA| < M for all u and v. Upon noting that every element 2 € A’ lies inside

~

exactly (N — 1)M sets W, ,, we have
UM + (N(N 1) — [U])CanM /2 > (N — 1))M|A'| > CsnN(N — 1) M.

It follows that
U] > C3nN(N —1)/(2 = C3n) > C3nN(N —1)/2.
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Thus there are at least anN ( —1)/2 sets W, ,, for which A’NW, , has density at least C3n/2. Provided
that Cy/n < M < N, each set W, ,, with (u,v) € U contains a non-trivial solution to riz1+rz2+7r323 = 0.

Note that for any non-trivial solution r1z1 +rexe +r3zs = 0 with z; € A’ (1 <14 < 3), there are at most M2
choices of (u,v) so that (z1,22,23) € W7, Therefore, provided that [Cy/n] < N, by setting M = [Cy/n],

we have R
C3nN(N —1)

S>> n]/\}zq_204/n. 34
o7 (34)
The lemma follows by combining (33) and (34) and setting C5 = 2C}. O

We are now in a position to prove Theorem 1.

Proof. (of Theorem 1) Let n, Ar, A, N and R be defined as in Lemma 28, where R is sufficiently large in
terms of q. Suppose that there is no non-trivial solutions to r1zy +roxe +r3rs = 0 with ; € A (1 < i < 3).

Recall that k = |Z| = |{(z) < (@) ||a(z)| > <}|. By Lemma 30,
k% < Z la(x)|?/? < 1.
(z)<(=)

Since k < ¢~%/2, there exists a positive constant Cg = Cj () such that, upon setting ¢ = Cs(log, log, N)=2/5,
we have k < log,log, N. By Lemmas 32 and 33,

niN"lgCs/n « N~ Z ay(r1z)ai(rez)as(rsz)
(2)<(w)
< N72N? 4 N7 L1/2
< N72N? + N~ (log, log, N)~/?
< ﬁ_l(logq log, N)~V/5,
Thus n*q /" <« (log, log, N)~1/5, which implies that

1 1
log, log, log, N < —log,n+ ; < ;

From the above inequality, we can deduce that n < (log, log,log, N )~1. Therefore, we have

| Ag| 1 1 1
< < .
|Pr] log,log,log, N " log,log,log, R ~ log,log,log,log, |Pr]

Theorem 1 now follows. O
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