A GENERALIZATION OF MESHULAM’S THEOREM ON SUBSETS
OF FINITE ABELIAN GROUPS WITH NO 3-TERM ARITHMETIC
PROGRESSION

YU-RU LIU AND CRAIG V. SPENCER

ABSTRACT. Let r1,...,7rs be non-zero integers satisfying 1 +--- +rs = 0. Let
G277 & - - DL/kiZ

be a finite abelian group with k;lk;—1 (2 < ¢ < n), and suppose that (r;, k1) = 1
(1 <i<s). Let D:(G) denote the maximal cardinality of a set A C G which contains
no non-trivial solution of rizy + -+ + rszs = 0 with z; € A (1 < i < s). We prove
that D, (G) < |G|/n*"2. We also apply this result to study problems in finite projective
spaces.

1. INTRODUCTION

For k € N = {1,2,...}, let D3([1,k]) denote the maximal cardinality of an integer
set A C {1,...,k} containing no non-trivial 3-term arithmetic progression. In a funda-
mental paper [5], Roth proved that Ds([1,k]) < k/loglogk via an application of the
circle method. His result was later improved by Heath-Brown [2] and Szemerédi [7] to
Ds([1,k]) < k/(log k)* for some small positive constant o > 0. Bourgain [1] proved that
Ds([1,k]) < k(loglogk)?/(log k)*/3. In this paper, we prove a generalization of Roth’s
theorem in finite abelian groups.

For a natural number s > 3, let r = (71, ...,75) be a vector of non-zero integers satisfying
ri+---+rs = 0. Given a finite abelian group G, we can write

G7/MZ&- - ®L/k,Z,

where Z/k;Z is a cyclic group of order k; (1 < i <n) and k;|ki—1 (2 < i <n). We denote
by ¢(G) = n the number of constituents of G. Moreover, we say that G is coprime to r
provided that (r;, k1) =1 forall 1 <i <s.

A solution x = (x1,...,25) € G® of rixy + -+ + rsxs = 0 is said to be trivial if
xj, = --- = xj, for some subset {j1,...,5} € {1,...,s} with rj, +---+7;, = 0. Otherwise,
we say that a solution x is non-trivial. For a finite abelian group G coprime to r, let D, (G)
denote the maximal cardinality of a set A C G which contains no non-trivial solution of
rixy+ -+ rsxs =0 with z; € A (1 < i <s). Also, for n € N, we denote by dy(n) the
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supremum of D;(G)/|G| as G ranges over all finite abelian groups G' with ¢(G) > n and G
coprime to r. Here, |G| denotes the cardinality of G. In this paper, we prove the following
theorem.

Theorem 1. Letr = (rq1,...,rs) be a vector of non-zero integers satisfying r1+- - -+rs = 0.
There exists an effectively computable constant C(r) > 0 such that for n € N,
C(r)sf2

We note that in the special case that r = (1,—2,1) and G is a finite abelian group
of odd order, the number D,(G) denotes the maximal cardinality of a set A C G which
contains no non-trivial 3-term arithmetic progression. Moreover, the constant C(r) can
be taken to be 2 in this case (see Remark 6). Hence, we can deduce from Theorem 1 the
result of Meshulam in [4, Theorem 1.2] which states that if G is a finite abelian group of
odd order, then D,(G) < 2|G|/c(G).

In the following corollary, we provide an application of Theorem 1.

Corollary 2. Let p be an odd prime and ¢ = p" for some h € N. Forn € N, let PG(n,q)
denote the projective space of dimension n over the finite field F, of q elements. Forv € N
with v > 1, let My (n,q) denote the mazimum cardinality of a set A C PG(n,q) for which
no (v + 1) points in A are linearly dependent over Fy. Then, there exists an effectively

computable constant C~’(p,v) > 0 such that

Mv(nvq) S é(p,v) zn:
j=1

J
hv—1 jg—l + 1.
An m-cap is a set of m points of PG(n,q) for which no three points are collinear. In
the special case that v = 2, the quantity Ma(n,q) denotes the maximal value of m for
which there exists an m-cap in PG(n,q). For an odd prime p, we can take 5’(p, 2) =2
(see Remark 6). Hence, Corollary 2 implies the result of Storme, Thas, and Vereecke in
[6, Theorem 1.2] about the sizes of caps in finite projective spaces.

For v € N with v > 1, let My(n,q) denote the maximum cardinality of a set A C
PG(n, q) for which no (v+1) points in A are linearly dependent over F,, and some (v+2)
points in A are linearly dependent over F,. In [3], Hirschfeld and Storme provide a general
discussion on My(n,q). We note that M,(n,q) < M,(n,q). Hence, Corollary 2 gives a
bound for M, (n, ¢) which is useful when n is sufficiently large.

Before proving Theorem 1 and Corollary 2, we introduce the Fourier transform on a
finite abelian group G. Let G denote the character group of G. The Fourier transform of
a function g : G — C is the function g : G — C defined by

900 = glx) x(—=).
zeCG
Then, we have Parseval’s identity,

Y 100l =161 @)

Xeé zeG
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Notation For k € N, let f(k) and g(k) be functions of k. If g(k) is positive and there
exists a constant C' = C(r) > 0 such that |f(k)| < Cg(k), we write f(k) < g(k). In this
paper, all the implicit constants depend only on r.

2. PROOF OF THEOREM 1

Let r1,...,7s be non-zero integers with ry +--- +r, = 0. For n € N, let G be a finite
abelian group coprime to r with ¢(G) > n. For convenience, in what follows, we write
D(G) in place of Dy(G) and d(n) in place of dy(n). For a set A C G, we denote by
T(A) = Ty (A) the number of solutions of

rzry+---+rsxes =0
with z; € A (1 <i<s). For1 <i <s,let A = {rjz: z € A}, and let 1, 4 be the
characteristic function of 7,4, i.e., 1,,4(x) =1 if x € ;A and 1,,4(x) = 0 otherwise. Let

fi= 1::4 We note that since G is coprime to r, the map from G to G defined by = +— r;x
is a bijection. Thus, for y € G, we have

[0 =) Lnal@x(—z) = > x(—rw)  (1<i<s).
zeG €A
It follows that

M A0 F0) =D Y D> x( = (ma + -+ res))

xel z1€EA rs€A el (1)
= |G|T(A).
Moreover, we define
h(x) =Y dn—1)x(—x).
zeG

Hence, h(x) = d(n—1)|G] if x = xo and h(x) = 0 otherwise. The function h(y) is a good
approximation for f;(x). More precisely, we have the following lemma.

Lemma 3. Let G be a finite abelian group coprime to r with ¢(G) > n. Suppose that
A C G contains no non-trivial solution of rixy + -+ rsxs =0 with x; € A (1 <1 < s).
Then we have

sup 1h(x) = filx)| = d(n = D|G| = |A].

In particular, since h(x) =0 for x # xo, it follows that
sup |fi(x)| < d(n —1)|G| - |A].

XFX0
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Proof. Let x € Gand W = ker(x). Since x(G) is a cyclic group and G/W = x(G), we
may conclude that ¢(W) > ¢(G) —1 > (n — 1). Note that

S SDIXTREINEEI B SEME

yeW zeG yeW zeG

[WI[A(x)

Since y € ker(y), by a change of variables, we have

Z 1ra(x)x Z LAl (r+79)) Z Ira(x —y)x(—z).

zelG zelG zeG
Hence, it follows that

Wlh() = £l = | 3 (Z dn—1)= 3 1n~A<$y>)><<$>
€@ “NyeWw yew
< Z Z dn—1)— Z 17~Z~A(95_y)‘
z€G 'yeWw yew
= ‘d(nf Dw|—|wn (fc*TiA)H-
zeG

We note that since A contains no non-trivial solution of r1x1 +---+rsxs = 0 with x; € A
(1 < i < s), the set W N (x —r;A) also contains no non-trivial solution of the same
equation. Furthermore, the fact that G is coprime to r implies that W is coprime to r.
Since ¢(W) > (n — 1), we have ‘W N (z —r;A)| < d(n — 1)|W|. We may conclude that

WIh(0) = fi00l < D (dn = DIW] = [W N (@ = ri4)])
zeG
— d(n — 1)|W||G| - [W]|Al.

Hence, we have
[h(x) = fil)] < d(n —1)|G| — |A].
We note that for x = xg, one has
[h(x0) = filxo)| = d(n = 1)|G| - [A].
This completes the proof of the lemma. O

Now, we are ready to prove Theorem 1.

Proof. (of Theorem 1) Let G be a finite abelian group coprime to r with ¢(G) > n.
Suppose that A C G contains no non-trivial solution of riz1 4+ -+ rsxs = 0 with x; € A
(1 < i <'s). Furthermore, suppose that D(G) = |A|, and let d*(G) = |A|/|G].

By (1), we have

G| T(A) =" filx - fs(X)
Xe6 (2)
= filx0)fa(x0) -+ falxo) + Y filx - fs(X)-

XFX0
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We note that
filxo) f2(x0) -~ fs(x0) = [A]" = d"(G)*|G]". (3)

Also, by Cauchy’s inequality and Lemma 3, we have

> hlx - fs(x )‘

X7X0

1/2 1/2
< sup [fs() - fo0) ( > 1ak) (X 1R00F)

XFX0 XFX0
1/2 1/2
< (d(n—1) — (@) |G (Z |f1(><)|2> (Z |f2(x)!2> |
Xea xe@

By Parseval’s identity,

Yo AP =16 Y [1nal@)P = |GlIAlL

xe@ z€G

The same equality also holds if we replace fi; by fo. Thus, from the above estimates, we
have

5 00RO+ £.00| < 4°(G) dln = 1) - (@) Gl (@)
XFX0
By combining (2), (3) and (4), it follows that

T(A) > —; filxo)f2(xo0) - fs(x0)

Z filx - fs(X)

XF#X0

> (@(G) = d(G) (dn — 1) — d"(G))" ) G,

IG!

Since A contains no non-trivial solution of riz; + - -+ rszs =0 with z; € A (1 <i < s),
there exists a constant B = B(r) such that

T(A) < B|A|*™? = Bd*(G)*?|G|*2.

Combining the above two estimates, we have

d*(Q)° — Bd*(G)* |G| — d* (@) (d(n — 1) — d*(@))** < 0. (5)
We now claim that there exists a constant C' = C(r) > 1 such that for all n € N,
0372
d(n) < ——. (6)

This statement follows by induction on n. Since d(n) < 1, the cases where n < C' hold
trivially. Let n > C, and suppose that d(n — 1) < C*7?(n — 1)27%. We now verify that
d*(G) < C*~2n2~*, and since this inequality holds for any finite abelian group G coprime
to r with ¢(G) > n, we may conclude that d(n) < C*~2n2~%. Let F be any real number
with F' > 1. We split the proof into two cases:

(1) Suppose that d*(G)? < FB|G|™'. Since |G| > 2", we have d*(G) < (FB2~™)'/2.
Hence, if (FB2-")/2m*=2 < C*=2 for all m > C, one has that d*(G) < C*2n?>*. For
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m > 0, the function 2-™/2m*=2 obtains its global maximum of (25 — 4)°~2(elog2)?~*
when m = (2s — 4)/log 2. Therefore, this case follows provided that

o_a) [ 25 —4
0= (rpey (B0,

(2) Suppose that d*(G)? > FB|G|~!. Since F~1d*(G)®* > Bd*(G)*"%|G|71, by (5), we
have
(1—FHd"(G)* < d*(G)(d(n —1) — d*(G))* 2%
Let E = E(F) be the unique positive number satisfying £*~2 = (1 — F~1). By the
induction hypothesis for d(n — 1), the above inequality implies that
. s—1 . Cs—2
Ed*(G)s—2 +d"(G) <d(n—1) < =1

s—1

Since Exs=2 + x is an increasing function of z, to prove that d*(G) < C*~2n*~2, it suffices
to show that

s—1
s—2 s—2\ s—2 s—2
C <5 (C ) n C .

(n _ 1)5—2 — ns—2 ns—2

We note that the above inequality is equivalent to

ns—l
Form > 1,

msfl

(m—1)—2 "
is a decreasing function of m. Since n > C, to prove (7), it is enough to show that

Cs—l

The above inequality is satisfied whenever

o (E + 1)1/(572)
T (E4+1)YE) -1

Hence, provided that C is large enough in terms of r, it follows by induction that (6)
holds for all n € N. This completes the proof of Theorem 1. O

Remark 4. We see from the above proof that our constant C = C(r) can be computed
explicitly. For any value of E such that 0 < E < 1, we may choose C' to be

B 1/(2874) 23 o 4 (E + 1)1/(5—2)
max{ [ ——— , ,
(1—E52> <elog2> (E+1)Y/(6-2) —1
where B = B(r) is chosen as in the proof of Theorem 1. For any choice of v = (r1,...,7s),
one can numerically choose E to minimize the above expression. We note that

(E+pt/e2 o s—2 1 0
(E+1)Y/62 -1 log(E+1) 2)

lim
ERadee]
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Thus, for fized B, the constant C can be chosen in such a way that it grows like a linear
function in s.

Remark 5. If the vectorr = (r1,...,rs) € Z° satisfies the condition that there is no proper
subset {j1,..., 51} S {1,...,s} withrj, +---+rj, =0, then a solution x = (x1,...,x,) € A
is trivial if and only if x1 = -+ = x5. Hence, T(A) = |A|, and in place of (5), we obtain
the inequality

d*(G)* — d*(G)|G]>~* — d*(G) (d(n — 1) — d*(G))* > < 0.

By an argument similar to the proof of Theorem 1, for any value of E such that(0 < E < 1,
we may choose C' to be

1 (5—1)1(5—2) S — 1 (E _|_ 1)1/(‘9_2)
max{ | ——— , .
1— Es—2 elog2)’ (E+1)Y/(-2) —1
We note that in this case, the constant C depends only on s. Moreover, we can change

the constant E as n varies in our proof, i.e., E = E(n) can be chosen to be a function of
n. Table 1 lists valid choices of C(s) for small values of s.

TABLE 1. Values of the Constant C'(s) in Remark 5

s 3 4 ) 6 7 8 9 10 11
C(s) | 2.050 | 3.138 | 4.766 | 6 | 7.598 | 9 | 10.436 | 12 | 13.277

Remark 6. One can also optimize the choice of C' = C(r) by utilizing the inequality in
(5) directly. Consider the special case that r = (1,—2,1) and G is a finite abelian group
of odd order with ¢(G) > n. Since a solution x = (x1,x2,x3) is trivial if and only if
x1 = x9 = x3, we can take B(r) =1 in this case. Since |G| > 3", by (5), we have

d*(G)* +d*(G) =3 <d(n—1).

2
2 < (2) g
n—1 n n
Since x24+x—37" is an increasing function of x, by induction, we can show that d(n) < 2/n
for alln € N. In other words, when r = (1,—2,1), we can take C(r) = 2.

We note that for n > 3,

3. PROOF OF COROLLARY 2

Let p be an odd prime and ¢ = p”* for some h € N. For n € N, let PG(n,q) denote the
projective space of dimension n over F,. For v € N with v > 1, define M,(n, q) to be the
maximum cardinality of a set A C PG(n,q) for which no (v + 1) points in A are linearly
dependent over ;. We can similarly define MVU (n,q) as the maximum cardinality of a set
B CFy @ {1} € PG(n,q) for which no (v + 1) points in B are linearly dependent over F,.
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Corollary 7. Let p be an odd prime and q = pl for some h € N. There exists an effectively
computable constant C(p,v) > 0 such that

—~ C(p,v)q"
My(n,q) < (7(51)1})_%

Proof. Let rq,...,r,—1 be integers that are not divisible by p. Since p > 3, there exists an
ry € Z such that ptr, and 71 + -+ - + 7, # 0 (mod p). By taking ry41 = —(r1 + -+ 74),
we have shown that there exists a vector r = (r1,...,7,41) of integers not divisible by p
that satisfies r1 + -+ +ry41 = 0.

Suppose that B C Fy©{1} and no (v+1) points in B are linearly dependent over ;. Let
r = (r1,...,7p+1) be a vector of integers not divisible by p that satisfies 1 +---+7,41 = 0.
If B contains a non-trivial solution of r1x1+- - - +7ry412y41 = 0with z; € B (1 <i <wv+1),
then there are (v + 1) points in B that are linearly dependent over F,. Hence, by viewing
[y as a finite abelian group with nh constituents, we can derive from Theorem 1 that

__ C(I‘)Uﬁl qn
(N, q) < ——~—— 8
My(na) < ot )
Define
C(p,v) = inf {C(r)"'},
where r runs through all vectors (rq,...,r,4+1) of integers not divisible by p with r{ +---+
Tv+1 = 0. Then, by (8), the corollary follows. O

We are now ready to prove Corollary 2, which states that

C(p, "
May(n,q) < S22 3
j=1

qj
jv—l + L.

h

Proof. (of Corollary 2) We note that an element of PG(n, q) can be written either as (y, 1)
with y € Fy or as (z,0) with 2 € PG(n —1,q). Thus, for n > 1, we have

Mﬂ(nv Q) < -/,\\/l/v(n?Q) + MU(TL - 17 Q)' (9)

‘We note that

My(1,q) < My(1,q) + 1. (10)
By (9), (10), and Corollary 7, we have

o~ Clp,v) <~ ¢
My(n,q) <Y My(j.q) +1< h(fl) 'Z%Jrl-
j=1 j=1

The corollary now follows. [l
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