A CARLITZ MODULE ANALOGUE OF A CONJECTURE OF ERDOS
AND POMERANCE

WENTANG KUO AND YU-RU LIU

ABSTRACT. Let A = F,[T] be the ring of polynomials over the finite field F, and 0 #
a € A. Let C be the A-Carlitz module. For a monic polynomial m € A, let C(A/mA)
and @ be the reduction of C' and a modulo mA respectively. Let f,(m) be the monic
generator of the ideal {f € A,Cf(a) = 0} on C(A/mA). We denote by w(f.(m)) the
number of distinct monic irreducible factors of fo(m). If g #2 or ¢g=2 and a # 1,T, or
(1+ T), we prove that there exists a normal distribution for the quantity

w(fa(m)) — & (log degm)?
% (log deg m)3/2

This result is analogous to an open conjecture of Erdés and Pomerance about the distri-
bution of the number of distinct prime divisors of the multiplicative order of b modulo
n, where b is an integer with |b| > 1, and n a positive integer.

1. INTRODUCTION

For n € N:={1,2,3,---}, let v(n) denote the number of distinct prime divisors of n.
For x € N, a theorem of Turan [19] states that

Z (y(n) — log log 93)2 < rloglog z;
n<x
from which we can derive an earlier result of Hardy and Ramanujan [5] that the normal

order of v(n) is loglogn. In other words, for any € > 0,

#{n <z } n satisfies |v(n) — loglogn| > eloglog n} = o(x).

The idea behind Turan’s proof was essentially probabilistic. Further development of
probabilistic ideas led Erdds and Kac [2] to prove a remarkable refinement of the Turdn
Theorem. For v € R, Erdés and Kac proved that

v(n) — loglogn <

Vioglogn —”} =60,

1
lim — #{n <z ‘ n satisfies
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where G(7) is the Gaussian normal distribution, i.e.,

1 v
G(y) = \/ﬂ/ e 24t

The celebrated theorem of Erdés and Kac opened a door to probabilistic number theory.
In the 60s and 70s, the theory was refined by many authors, culminating in a generalized
Erdés-Kac theorem, proved independently by Kubilius [10] and Shapiro [18]. Their result
is applicable to what are called ‘strongly additive functions’. An interested reader can find
a comprehensive treatment of it in the monograph of Elliott [1].

We can also consider functions that are not strongly additive, say Euler’s o-function.
In this case, the result of Kubilius and Shapiro can not be applied directly. By making a
significant transition from ¢(n) to a strongly additive function, Erdés and Pomerance [3]
showed that

=G(v).

T—00 I

v(p(n)) — 5(loglogn)? . 7}

% (log log n)3/2

Another new type of Erdds-Kac’s theorem, which can be described as ‘non-abelian’, was
discovered by R. Murty and K. Murty [14]. More precisely, they proved that under the
assumption of the GRH (i.e., the Riemann Hypothesis for all Dedekind zeta functions of
number fields), an analogous result of Erdds and Pomerance holds for 7(n), where 7(n)
is the Ramanujan 7-function. As shown in [14], their general theorem are applicable to
a wider class of functions arising as Fourier coefficients of modular forms. One can also
derive from it the result of Erdés and Pomerance on v(p(n)).

1
lim — #{n <z ‘ n satisfies

In [3], Erdés and Pomerance proposed the following question. For b € Z,n € N with
(b,n) = 1, let l(n) be the multiplicative order of b modulo n. Thus [,(n) is a divisor of
©(n). Based on the belief that the difference between v(p(n)) and v(ly(n)) is ‘small on
average’, Erdés and Pomerance conjectured that if || > 1, then

v(ly(n)) — 3(loglog n)? < ’y} _ p(b)

T (loglogn)?/2 B0

This conjecture remains open until today. The first breakthrough of the problem was
recently achieved by Murty and Saidak [15]. Under the GRH, they proved that the con-
jecture is true. Subsequently, Li and Pomerance [11] also provided an alternative proof of
the same result. The difficulty of this conjecture lies in the intervention of certain non-
abelian extensions of Q. More precisely, we need to bound the quantity > v(iy(n)), where
ip(n) = @(n)/lp(n), and the estimate involves the distribution of primes in the non-abelian
extensions Q(y, %), where ¢, is a primitive n-th root of unity and /b a n-th root of
b. We can also formulate a prime analogue of Erdés-Pomerance’s conjecture for elliptic
curves. In [13], the second author proved that under the GRH, an analogous result holds
for elliptic curves.

1
lim — #{n < x| n satisfies (b,n) = 1 and G(v).

r—00 I

When we see a result involving the GRH, it is natural to ask if its polynomial analogue
holds unconditionally. Let A = IF,[T'] be the polynomial ring over the finite field F,. For
a € A, m € A a monic polynomial with (a, m) =1, let [, 4(m) be the multiplicative order
of a modulo m. We can consider the distribution of v(l, 4(m)). Let ¢4(m) be the order of
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the multiplicative group (A/mA)* and i, 4(m) = @q(m)/la,q(m). Following the approach
of Murty and Saidak, we seek to estimate the quantity ) v(iq4(m)). In this case, we can
obtain unconditionally the desired upper bound. Hence, the distribution of v(l,4(m)) is
the same with the one of v(p4(m)), if the latter exists. At this point, it is difficult to
establish the existence of a normal distribution for v(¢4(m)). The main obstacle is that
the values of y4(m) involve sums of g-powers and their prime divisors do not seem to
distribute normally. More precisely, following the same principle in the work of Erdés and
Kac, the expectation of v(p,(m)) is about

Z v(pq(p))
qdegp !
deg p<z
where p € A are monic irreducible polynomials. We note that a prime w divides ¢4(p) if
and only if ¢4°8? = 1 (mod w), which is equivalent to say that l,(w)| deg p, where I,(w) is
the order of ¢ modulo w which we defined before. Thus to estimate the above quantity, it
involves getting an asymptotic formula for the sum

1
Z lq(w).

w<x

As R. Murty and Srinvasan proved in [16], if the above quantity is bounded by O(z'/4),
we can conclude that ¢ is a primitive root for infinitely many prime p. In other words, the
classical Artin primitive root conjecture holds for q. As the conjecture remains unsolved,
and what we need for estimating v(y4(m)) is not only an upper bound, but an asymptotic
formula for the above sum, it does not seem that there is an easy answer for this problem.

Because of the above complication for polynomials, perhaps we should consider the
Erdés-Pomerance problem in a different formulation. Let A = Fy[T] and k = F,(T) the
rational function field. Let 7 be the Frobenius element defined by 7(X) = X?. We denote
by k{7} the ‘twisted polynomial ring’ whose multiplication is defined by

b = b, Vb € k.
The A-Carlitz module C' is the [F4-algebra homomorphism
C:A— k{r}, f=Cy,
characterized by
Cr=T+r.

Let B be a commutative k-algebra (or more generally, a commutative A-algebra since Cp
has coefficients in A) and B the additive group of B. We can view an element of k{r}
as an endomorphism of By in the following way: let u € B and Y_ b;7" € k{7} (b; € k),

(Z bi’i'i> (u) = Z biuqi.
Using the A-Carlitz module C, we can define a new multiplication on B as follows: for
feAandueB,

f-u:=C¢(u) € B.

This gives B a new A-module structure and we denote it by C(B).
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Let m € A be a monic polynomial and mA the ideal of A generated by m. For g € A,
let g be the reduction of g modulo mA. Consider the reduction of C' modulo mA, i.e., the
A-module C(A/mA) given by Cr(g) = TG+ g?. For a fixed non-zero polynomial a € A,
consider the set

{f €A Csa)=0}
on C(A/mA). It is indeed an ideal of A because C' is a ring homomorphism. Since A is a
principle ideal domain, there exists a unique monic polynomial f,(m) € A which generates
the above ideal. Let w(f,(m)) denote the number of distinct monic irreducible factors of
fa(m). Our goal is to study the behavior of w(f,(m)).

In the case when p € A is a monic irreducible polynomial, we will prove that

Theorem 1. Let A = Fy[T], C the A-Carlitz module, and 0 # a € A. For a monic
irreducible polynomial p € A, let C(A/pA) and a be the reduction of C' and a modulo
pA respectively. Let fo(p) be the monic generator of the ideal {f € A,Cy(a) = 0} on
C(A/pA). Ifq#2 orq=2 and a # 1,T, or (1 +1T), for x € N, we have

> (wlfalr)) ~ toger) " < w(o) log,
deg p=z

where (x) is the number of monic irreducible polynomials in A of degree x.

From Theorem 1, we can derive

Corollary 2. Let p € A be a monic irreducible polynomial. For any € € R, e > 0, we have
# { degp ==z ‘p satisfies ‘w(fa(p)) —log degp‘ > elogdegp} = o(n(x)).
In other words, the normal order of w(fq(p)) is logdeg p.

We remark here that the requirement ¢ # 2 and a # 0, or ¢ = 2 and a # 0,1,T, or
(1+T) in Theorem 1 is analogous to the condition that an integer b satisfies |b] > 1 in
the Erdds-Pomerance conjecture. For a rational prime w € N with (b, w) = 1, we recall
that [(w) is the multiplicative order of b modulo w. In other words, {;(w) is the positive
generator of the ideal {z € Z, b* = 1 (mod w)} of Z. It was proved by Murty and Saidak
[15, Theorem 2] that under the GRH, there exists a normal distribution for the quantity

v(lp(w)) — loglog w
v1oglog w )

Let fu(p) be defined as in Theorem 1. Since it is analogous to ly(w), the following theorem
can be viewed as an analogue of the result of Murty and Saidak for the Carlitz module.

Theorem 3. For a monic irreducible polynomial p € A, let a and f,(p) be defined as in
Theorem 1. For v € R and x € N, we have

1
lim —— #{ degp==x ‘p satisfies

200 ﬂ(x)

w(fa(p)) —logdegp _ N
V1og deg p -
In Theorem 1 and Corollary 2, we see that for a monic irreducible polynomial p € A. the

normal order of w(f,(p)) is logdegp. We can also consider the normal order of w( f,(m)),
where m € A is a general monic polynomial. We will show that

=G(y).
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Theorem 4. Let A =T,[T|, C the A-Carlitz module, and 0 # a € A. For a monic poly-
nomial m € A, let C(A/mA) and a be the reduction of C and a modulo mA respectively.
Let fo(m) be the monic generator of the ideal {f € A,Cy(a) =0} on C(A/mA). If ¢ # 2
orq=2anda#1,T, or (1+T), forx € N, we have

> (wlfalm) ~ Glogn)?)” < ¢ (log)®

degm=x

As a direct consequence of Theorem 4, we have

Corollary 5. Let m € A be a monic polynomial. For any e € R, e > 0, we have

# { degm = z | m satisfies ‘w(fa(m)) — %(log deg m)Q‘ > ¢(log deg m)2} = o(q").

In other words, the normal order of w(f.(m)) is 3 (log degm)?.

We recall that for b € Z,n € N with (b,n) = 1, [;(n) is the multiplicative order of an
integer b modulo n. Since it is the positive generator of the set {z € Z, b* = 1 (modn)},
the fu(m) defined in Theorem 4 can be viewed as the Carlitz module analogue of ;(n).
We remark here that unlike the integer case where we need b and n to be coprime in order
to define I(n) properly, in the case of the Carlitz module, f,(m) is well defined for all
monic polynomials m € A. Hence, the condition (a,m) = 1 is not required in our setting.
The next theorem is an analogue of Erdés-Pomerance’s conjecture for the Carlitz module.

Theorem 6. For a monic polynomial m € A, let a and fq,(m) be defined as in Theorem
4. For v € R and x € N, we have

wUAmD—§&%®@m2SW}:GW)

<_(log degm)3/2

1
lim — #{ degm = z | m satisfies
V3

r—00 T

In Section 2, we give a technical lemma that is essential for the proofs of Theorems
1 and 3. We then prove these theorems in Section 3. In Section 4, we show that in
order to prove Theorems 4 and 6, it suffices to consider their analogues for Q(F,(m))
(see Section 4 for its definition). We prove these results of Q(F,(m)) in Section 5 to
conclude the paper. Our approach in Section 4 is different from the ones in [3] and
[15]. In previous works, the equivalences between Theorems 4 and 6, and their analogues
for Q(F,(m)), are proved independently from one another. However, by considering the
second moment of the difference between w( f,(m)) and Q(F,(m)) (Lemma 11), we manage
to prove these equivalences simultaneously. We also mention here that the above theorems
may be generalized to general Drinfeld modules of rank one. Since the details are involved,
we intend to return to the problem in a later paper.

Notation For z € R,z > 0, let f(z) and g(x) be two functions of z. If g(x) is positive
and there exists a constant C' > 0 such that |f(z)| < Cg(z), we write either f(z) < g(x)
or f(z) = O(g(x)). If liﬁ\m f(z)/g(x) = 0, we write f(x) = o(g(x)). For p,m € A and

a € N, we write p%¥||m to denote p*|m and p**! { m.

Acknowledgement The authors wishes to thank the referee for his/her valuable com-
ments, and also for supplying us a simplified proof of Lemma 10.
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2. AN IMPORTANT LEMMA

Let A = Fy[T] and k = Fy(T). For 0 # a € A, p € A a monic irreducible polynomial,
we recall that f,(p) is the monic generator of the ideal {f € A,Cf(a) = 0} on C(A/pA).
Since

C(A/pA) = Af(p— 1)A
(see [4, Theorem 3.6.3]), we have
(p—1A € {f €A Ca) =0} = falp)A.
It follows that f,(p) divides (p — 1) and we can write
p—1=fa(p) - ialp),
where iq(p) € A. Note that
w(p — 1) = w(ia(p)) < w(fa(p)) < w(p—1).

Hence, if the contribution of w(iy(p)) is ‘small’, we can conclude that w( f,(p)) has the same
distribution with w(p — 1). In this section, we consider the number of distinct irreducible
factors of i,(p). The following lemma is essential for the proof of Theorems 1 and 3.

Lemma 7. Ifq#2 orq=2 and a # 1,T, or (1 +T), then for x € N, we have
> Wlialp) < ().

deg p=z

Proof: Let § be a fixed constant with 0 < § < 1 (we will make a choice of ¢ later). Since
degiq(p) < degp = x, there are at most O(1) monic irreducible polynomials [ € A with
l|ie(p) and degl > dz. Hence, we have

2
S ) = 3 ( 5 1+o<1>)

deg p==z degp=x \l|iq(p), degl<dx

< Y (W > 1>2+O(7T(:c))

deg p=x p), degl<dx
- Y Y e Y Y 106,
degli,deglo<dx degp=x degl<dz degp=c

Li#l2 l1l2lia(p) l|ia(p)

where [1,l2, and | are monic irreducible polynomials.

For 0 # m € A, it was proved in [7, Proposition 1.1] that m|i,(p) if and only if pA
splits completely in K,,, where K,, is the Galois extension over k obtained by adjoining
roots of Cp,(X) = 0 and roots of Cp,(X) = a to k. Let ms.(x, K;,) be the number of monic
irreducible polynomials p € A such that degp = x and pA splits completely in K,,. From
the above inequality, we have

Z w2(ia(p)) < Z 7730(5177 Klllg) + Z WSC(IB, Kl) + O(ﬂ'(x))

( ) deg p=z degly,deglo<dz degl<dz
l1#l2
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To estimate mg.(z, K;,), we apply the Chebotarev density theorem for function fields.
It was proved in [9, p 55] that
x
Wsc(xy Km) = L) + O(Nm “dp qx/2)a
Np
where N,,, = [K,, : k] and d,, the total degree of the discriminant divisor A(K,,/k). Let
l € A be an irreducible polynomial. From [7, Proposition 4.4], there exists a positive
integer d, (depending only on a) such that if degl > d,,
Ny = (gt = 1) g,

provided that ¢ # 2 or ¢ =2 and a # 1,T, or 1 + T. It was also proved in [7, Theorem
1.7] that for two distinct irreducible polynomials [ and lp, we have Kj,;, = Kj, - Kj,, and
K, and K, are linearly disjoint over k. Thus if both degly,degls > dy,

Nlllz — Nh 'Nl2 — (qdegh _ 1) qdegl1 . (qdeglg o 1) qdegl2‘

Moreover, from [7, Theorem 2.4], we have d,,/N,, = O(degm) as degm — oco. Thus
Ny, - dy, < N2, - degm.

For the first sum in the right hand side of (1), we write

(2)
Z ﬂ-SC(:L"KlllQ) < Z 7rsc(£>Kl1l2)
degly,degla<dx dq<degli,degla<éx
ll;ﬁlQ 17él2
+2 E Z Wsc(xy Khlg) + § Wsc(waKlllg)'
degl1<d, do<degla<éx degly,degla<d,

Applying the Chebotarev density theorem in function fields to the first sum in the right
hand side of (2), we have

Z 71-sc(va(lllg)

do<degli,deglo<dx
l1#l2

=2 m(z)
dodegl deglycse (A0EN — 1) glerl - (qiesle — 1) gdeste
ll#lg

+ > O(N?,, - deglily - /%)
dq<degly,degla<dz
11 #lo

2 2
L m(z) - (Z (qnﬂ_(T;))qn> +¢%/? . 26z - (Z m(n) (¢" —1)2 q2”)

n<dx n<dx
< w(x) +¢*? - 26z - 1007,
The last inequality holds since m(n) < ¢"/n (see [17, Theorem 2.2]). Choosing 10§ < 1/2,
say 0 = 1/21, it follows that

(3) Z Tse(z, Kiyp) < () + ¢4 0 < w(x).

dq<degly,deglo<dz
l1#l2
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For the second sum in the right hand side of (2), we note that if pA splits completely in
Ki,1,, then pA splits completely in Kj,. Thus

2 Z Z 7I_sc(x:]:(hlg)

degli<d, do<degla<dx

< Z Tse(x, K1) (since d, is a constant)
(4) degla<éz
m(n)
<m(@): > g O 2w (@ 1)
n<dx n<ox

< () + ¢"? - 26x - % < 7 (x),
where the last inequality holds if 55 < 1/2. Also, since 7s.(x, Kj,1,) < 7(x),

(5) Z Tse(x, Kiy1,) < w(x).

degly,degla<d,

Combining (2), (3), (4), and (5), and choosing § = 1/21, we have

(6) Yo melw Kiy) < wl(@) + ¢ x < ().
degly,degla<dz
l1#l2
Moreover, we already saw in the proof of (4) that if 50 < 1/2.
(7) Z Tee(, Kp) L (),
degl<dz

Combining (1), (6), and (7), we have
S w(ia(p)) < 7(x).
deg p=x

This completes the proof of Lemma 7.

3. PROOFS OF THEOREMS 1 AND 3

Now, we are ready to prove Theorems 1 and 3. We start with a proof of Theorem 1.
As usual, p € A is a monic irreducible polynomial.

Proof: (of Theorem 1) It was proved in [12, p 326] that
S wlp—1) = n(a) loga + O(x(a))
deg p=z

and

Z w?(p — 1) = n(z)(log z)* + O(n(x) log 7).
deg p=x

Since
wp —1) —wlia(p)) < w(fa(p)) <w(p—1),
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from Lemma 7, we get

®) D wlfu)= ) w(p—1)+0< > w(ia(p))>=W(iﬁ)10g$+0(7r(iv))-

deg p=x deg p=z deg p=z

Also, from Lemma 7, we have

S W(fulp))

deg p=z
= Y -1 +0< > wlp- 1)W(ia(p))> +O< > w2(ia(p))>
(9) degp=x degp=x deg p=x

= > w2(p—1)+0<< > w2(p—1)>1/2<dz WQ(ia(p))>1/2>+0(7T(fv))

deg p=z deg p=z eg p=x
= n(z)(logx)? + O(7(z) log z).

Applying (8) and (9), we have

> (w(ful) ~logz) = 3 Ahulp)) ~2logz Y w(fulp)) + 7(x)(l0g )

deg p=z deg p=z deg p=x
< 7(x)logx.
This completes the proof of the theorem.

Now, we prove a prime analogue of the conjecture of Erdés and Pomerance for the
Carlitz module.

Proof: (of Theorem 3) To prove Theorem 3, we need the following result in [12, Theorem
2]: let ye Rand x € N,

. 1 . w(p—1)—logdegp
1 lim —— #{ degp = tishi <~ b =g,
(10)  lim e #{ egp = x| p satisfies TR G(7)

We saw in the proof of Theorem 1 that

w(p—1) —logdegp  w(ia(p)) _ w(fa(p)) —logdegp _w(p—1)—logdegp

V1ogdeg p Viogdegp — Vlog deg p - Vv]ogdegp

For any € > 0 and x € N, define

E(xz,e) =# { degp==x ’p satisfies w(ia(p)) > e}.

Viogdegp —

From Lemma 7, we have

B elogr< 3 wlia®) < Y. wialp) < w(a).

degp=z deg p=x
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Since E(z,€) = o(m(z)), for v € R, we obtain

w(fa(p)) —logdegp _ 7}
Vv]ogdegp -

#{ degp=r= |p satisfies

<#

— 1) —1 d .a
degp = x| p satisfies wlp—1) —logdegp  w(ia(p)) }

<
V1og deg p Viogdegp — 7

—1)—logd
< #{degp =z ‘p satisfies w(p \/l(zgd—eoggp cep < 7+e} +0(7r(x)).

Also, we have

A —logd
#{ degp == ‘p satisfies w(fa(p)) — log deg p < ’y}

V1ogdegp
w(p—1) —logdegp

> #{degp:ac‘p satisfies Tog dog p Sy}.

Using the above two estimates, we can derive from (10) that

w(fa(p)) — logdegp
< <G .
Viogdegp = f =0T
Let € — 0. Since G(7) is a continuous function, it follows that
w(fa(p)) — logdegp
<vr=G().
Tosdons <7 (7)

1
G(y) < lim ﬁ #{ degp == ‘p satisfies
x

T—00 T

1
lim — #{ degp==x ‘p satisfies
z—o0 (1)

This completes the proof of Theorem 3.

4. EQUIVALENT STATEMENTS OF THEOREMS 4 AND 6

In this section, we will give statements that are equivalent to Theorems 4 and 6. The
alternative formulations have the advantage to be ‘strongly additive’, which is a favorable
property in probabilistic number theory.

By the Chinese remainder theorem [6, Proposition 1.4], we have
C(A/mA) = H C(A/p*A).
p*Im
It follows that
fa(m) = lcm{fa(pa)v paHm}‘
Instead of f,(m), it is indeed more convenient to prove our theorems for
Fam) = T] 167
p*[lm

For m € A, let Q(m) denote the total number of irreducible polynomials dividing m,
counting multiplicity. Since f,(m) = lem{f,(p®), p®||m}, we have

(11) w(Fa(m)) = w(fa(m)) < Qfa(m)) < Q(Fa(m)).

In this section, we will show that to obtain Theorems 4 and 6, it suffices to prove their
analogues for Q(F,(m)). Since F,(m) is a product of f,(p®), we consider first f,(p®).
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Lemma 8. For a monic irreducible polynomial p € A and a > 1, we have

fa(p®) = fa()p®  where 0<pB<a—1.

Proof: To prove this lemma, since p is irreducible, it suffices to show f,(p)|fa(p®) and
fa(p®)| fa(p)p*~". Since
{feACsa =0} on C(A/p*A) C {fe A Csa) =0} on C(A/pA),

we have

fa(0)[fa(p%)-

Consider the polynomial f,(p)p®~!. For g € A, n € N, since Cp(X)/X is an Eisenstein
polynomial in X, i.e., Cp(X) is of the form [17, p 203]
XOE 4 cL-p- XET co-p- XUET g Cdegp "D X with ¢; € A,
we have
de.
(12)  G"9) = @"9) """ +ei-p- (g + o Caegp P - (P"g) € P"HA.

Since Cy, (p)(a) € pA, we can write Cy, ) (a) = p"g with n > 1 and g € A. Applying (12)
repeatedly, we have

Cpo-1f,(p) (@) = Cpa=1(Cy,p)(a)) = Cpa—1(p"g) € prreTlA Cpr A
Hence, on C'(A/p*A), we obtain

)qdegp—l

fa(pa”fa(p)pa_l-

This completes the proof of the lemma.

From Lemma 8, we have

(13) D Qfap) < QUFu(m) <> Qfalp) + m).
plm Dl

We will see later that from (11) and (13), one can derive

Y wlfalm) ~ D> Qfalp).

deg m=x degm=x p|lm
Since the double sums are equal to

. Qfa
vy
deg p<z

Q(fa(p))

qdeg P

to study w(fe(m)), we need to consider on average. We prove that

Lemma 9. Let a and fq(p) be defined as in Theorem 1. For x € N, we have

Z Qf]{;aeg(];)) = % (log )? + O(log z)
deg p<z
and o 1
Z q(c{;ag(f)) =3 (logz)* 4+ O((log )?).

deg p<z
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Proof: Let | € A be a monic irreducible polynomial. From (8), we have

Yo Qo))=Y > B

deg p=z degp=x 18| fo(p)
= > wll)+ Y, Y
deg p=x degp=z 18| f,(p)

B>2

m(z)logz + O(w Z Z

degp== lﬁ”fa(p)
B>2

Using the Brun-Titchmarsh theorem in function fields [8 Theorem 4.3], we have

S Y -0y Y (-1 (sine <o)

degp=z 18| fa(p) degp z U|(p— 1)
B>2 22
x) 27T(x)
< Z < 2degl q3degl +>
degi2<z
1 2
<<7r(x)‘z m(n) | = + -+ | < 7).
n<w q q
Combining the above two estimates, we obtain
(14) Y Qfalp)) = () logz + O(w(x)).
deg p=z

Similarly, we can derive from (9) that

(15) > D(falp) = 7(x)(log z)* + O((x) log z).

degp=z

By a partial summation and ( 4), we can obtain

> W5 LS )

degp<z n<lx deg p=n
—Z ( )logn + O(m(n )))
n<a}
B logn logn 1
- eo( i) o)

1
=3 (logz)? + O(logz).

Similarly, applying a partial summation to (15), we get

2
> O%(fa(p)) é(logx) +0((log )?).

qdeg P
deg p<z

This completes the proof of the lemma.
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The following lemma is essential when we make a transition from w( f,(m)) to Q(F,(m)).

Lemma 10. Let p € A be a monic irreducible polynomial and m € A a monic polynomial
with degm > 1. Then we have

1 1
> — 252 o),

qie?  p(m)

deg p<z
p=1(mod m)

where p(m) is the order of the multiplicative group (A/mA)*.

Proof: From Dirichlet’s theorem on monic irreducible polynomials in an arithmetic pro-
gression (see [17, Theorem 4.8]), we have

w(n,1,m) = #{degp = n{p = 1(m0dm)} = 90(1) . % +O(q”/2/n).

Thus it follows that

1
> a2
degp<z n<lx
p=1 (modm)

log =
_l’_
p(m)

" O<q"/2/n)) _ 0(1).

p(m)n
This completes the proof of the lemma.

The following lemma estimates the difference between w(f,(m)) and Q(F,(m)).

Lemma 11. Let ¢ #2 orq=2 and a # 1,T, or (1 +T). For z € N, we have

S (Fm) — w(fa(m))” < ¢” (052"

degm=x

Proof: We saw in (11) that w(fs(m)) = w(Fy(m)). Hence, to prove this lemma, it suffices
to consider the difference between Q(F,(m)) and w(Fy(m)). For 1 <y <z andl € A a
monic irreducible polynomial, we define the truncated functions

wy(Fa(m))= > 1 and  QF(m)= ) a
1| Fa(m) 1] Fa(m)
deg <y degl<y

Let w,f (Fy(m)) be the number of distinct divisors of F,(m) whose degrees are > y and
Qf (Fu(m)) defined similarly. Then we have

> (AFm) —wFu(m)’

degm=x
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Applying (13) and Lemma 9 to the last two sums, we get

(17)
Yo wpFm) < Y Q(Fu(m)
degm=zx degm=x
2
> {( > Q(fa(p))> +Q§<m>}
deg m=x p|m, deg p<y

T

< Y ) Qalp2) g

qdesp1 gdegp2
deg p1,deg p2<y

2
< ¢ ( 2 W) +0(¢"(logy)®) < ¢*(logy)™.

qdegp
deg p<y

+O(q*(logy)?)

Let y = dlogx for some § > 0. From (16) and (17), it remains to prove an analogue of
the lemma for Qf (Fy(m)) and w, (Fu(m)).

Since

Fam)| T fatoip™,

p*||m

if 12|F,(m), it implies that either (A) [?|f,(p) for some irreducible polynomial p|m, (B)
there exists two distinct irreducible polynomials p1,pe such that | f,(p1), {|fa(p2), and
pip2|m, or (C) llm. We will use the notation m € A (resp. B or C) to refer to the
case (A) (resp. (B) or (C)). Note that if there is no such (?|F,(m) with degl > y (write
m ¢ A, B,C), we have

(18) S (9 (Fualm) — w (Fulm))) =0
degm=z

mEABC
In cases (A) and (B), we have

wy (Fa(m)) < Q) (Fa(m)) < wy (Fa(m)) + Q(Fa(m))d(m),

where §(m) = 1, if there exists [2|F,(m) with degl > y, and §(m) = 0 otherwise. It follows
that

O (Falm)) = wf (Fa(m)) + O(QUFu(m))d(m)).
Hence, we have

degm=xz degm=x
meAorB meAor B

Note that if F(m) = I --- 17" then

Q(F,(m)) = ET: Bi < deg Fy(m) < degm.
i=1
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Thus for case (A), by Lemma 10, we have

Y sm)QP(Fa(m) <2 > sm)=2" > Y 1

degm=x degm=x degl>y degm=x
meA meA | fa(p), plm

T

S :L‘2 Z Z qc?egp

degl>y degp<z

p=1(mod I?)
log log
< 22" Z Sdegl < qux—y .
degl>y Yy

Choosing y = 2log x, we have

E S(m)Q%(Fy(m)) < ¢*.
degm=x
meA

Similarly, by Lemma 10, one can show that if y = 2log «,

> osmemmy < Y

degm=x degl>y degpi,degpz2<z

meb p1=1(mod |)
p2=1(modl)
log 2\ 2
<2 q" Z ( dggl) < ¢" log .
degl>y q
Hence, we have
2
(19) S (9 (Fulm) — wf (Fa(m)))” < ¢ loga.
degm=x
meAor B

In case (C), if 2 { f.(p) for any p|m and there is no distinct p;|m, pa|m such that 1| f,(p1)
and 1| fo(p2), we have

w;(Fa(m)) < QF(Fu(m)) < wf (Fa(m)) 4 Q(m).

—_— y —_—
Hence,
2
) Y (4 Em) e (Fm) € Y 02m) < ¢ (loga)®
deg m=z degm=x
mECg\(AUB) 5

From (18), (19), and (20), we have
2
S (9 (Falm) - wy (Fa(m)) < ¢*(log)®.
degm=x
Combining this equation with (16) and (17), the lemma follows.

Now, we are ready to give an equivalent statement of Theorem 4.
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Lemma 12. Let q#2 orq=2 anda # 1,T, or (1+T). For z € N,
1 2
Z (w(fa(m)) - §(Iog x)2> < ¢* (log z)3

degm=x

if and only if . ,
> (QFm) - Sl0g2)?) < ¢ (loga)®

degm=x
Proof: We observe that

S (wlfalm)) ~ 0g2)?)’

degm=x

= 3 (wlalm) — AFum) + AFu(m)) 5 (10g2)*)”

degm=x

< ¥ (Q(Fa(m))—w(Fa(m))>2+ 3 (Q(Fa(m))—%(long)Q.
degm=x degm=x

Similarly,

> (Fum) - log2)?)”

degm=x

< Y (aFm) -wFmm)) + X (wlfam) - o))"
degm=x degm=x

Applying Lemma 11 to the above equation, the lemma follows.

Lemma 13. For v € R and z € N, we have

L o(m)) — 3 (log degm)?
lim — # degm =z | m SatiSﬁeS W(f (:)’l)) 2( og deg m)
e 2_(log degm)3/2

3
if and only if

< 7} =G(v)

=G(7).

1 Q(F,(m)) — 4 (log degm)?
lim x#{degm—x‘msatisﬁes (Fa(m)) — 3(log degm) Sfy}

% (log deg m)3/2

Proof: To prove this lemma, it suffices to show that for all but o(¢”) monic polynomial
m € A with degm = x, we have

Q(Fa(m)) = w(fa(m)) = o(log2)*/?).
We will actually prove something much stronger. Define
Ei(z) = #{ degm = x| m satisfies Q(Fy(m)) — w(fa(m)) > logxloglogx}.
Using Lemma 11, we have

Ei(2) - (logloglogs)? < 3 (Q(Fu(m)) — w(fulm))) < ¢ (log)”

degm=x

Since Ej(x) = o(q”), the lemma follows.
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5. PROOFS OF THEOREMS 4 AND 6

Let m € A be a monic polynomial. We are now ready to prove Theorems 4 and 6.

Proof: (of Theorem 4) From Lemma 12, to prove Theorem 4, it suffices to consider its
analogue for Q(F,(m)). From (13), we have

S aFm - Y sza@»w( 5 sz<m>).

deg m=x degm=x plm deg m=x

Using Lemma 9, we can obtain

S S UGN = X W) iy = 5 " (og o) + O(¢” oga)

degm=x p|m deg p<z

Since

Z Q(m) < ¢"logz,

degm=x

combining the above estimates, we get

(21) Z Q(Fy(m)) = %qx(logx)2 + O(q" logz).

degm=zx

From (13), we have

2
Y QFEm)*= ) (Z Q(fa(p))+0(ﬂ(m))>

(22) dogmes degm=s \ plm
2
= Y (Z Q(fa(p))> +O(E(x)),
degm=z \ plm
where

E(:E)ZmaX{ Yo D Qfae)m), Y QQ(W)}-

degm=x p|lm deg m=z

From Lemma 9, we have

S S fmem = Y Qte) S Qm)

deg m=x p|m deg p<z deg m=x
plm
Q
< ¢"logx Z % < ¢“(log z)>.
deg p<z

The last two inequality holds since

Z Q(m) = Z (1+Q(n) < ¢* 98P log .

degm=x degn=xz—degp
plm
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Also,
Z (22 ) < ¢*(log :17)2.
degm=x
Hence, we have
(23) E(r) < ¢“(logz)>.
We consider the main term in (22),
(24)
2
. Q(fa(p))Q(falp2) | Q*(fa(p))
Z (Z Q(fg(]?))) =4 Z qdegplqdegpg +4q Z qdegp
degm=z \ plm degpi+degp2<z degp<w
P1#D2
T Q(fa(pl))Q(fa(pQ)) x 3
=4 Z qdegp1qdegp2 + O(q (log x) )
degp1+degp<z

The last equality follows from Lemma 9 and the following estimate

O2(f, logn)?
Z q2degp Z Z dfegp ZM <L

qr
degp<z n<:p deg p=n n<lx
Consider
Z Q(fa(p1))2(falp2)) Z Q(fa(p1)) Z Q(fa(p2))
qdegp1 gdeg p2 - deg p1 deg p2
deg p1+degp2<z degp1<z/2 deg pa<z—deg p1

Loy Qb)) s Q)

deg p1 deg p2
z/2<degp1<z deg p2<z—deg p1

Applying Lemma 9, we have

Z Qfa(p1)) Z Qfa(p2))
qdesp1 deg p2
degp1<z/2 deg po<x—deg p1

= Z w . (;(log(x — degpl))2 + O(log x))
degp1<z/2
oy 0w

1 2 :
gleem (2 (log )" + 0(10g$)> (since degp; < z/2)
degp1<z/2

1
= Z(log z)* 4+ O((logz)?).
Also, by Lemma 9,

Z Qfa(p1)) Z Q(fa(p2))
deg p1 qdesp2
z/2<degp1 <z degp2<z—degp1

< (;(log z)? 4+ O(log z) — %(log :v/2)2> - (log )?

< (logx)3.
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Combining the above two estimates, we have

(25) Z Q(fagfglzzszié‘;gm)) = i(log z)* + O((log2)?).
deg p1+degp2<z q 1
Combining (22),(23),(24), and (25), we obtain
(26) > QFu(m)) = ¢ (ogx)* + O(¢" (log)?).
degm=x

Using (21) and (26), we get

> (AFm) — S(loax)?)” < ¢ (logx)®

degm=x
Applying Lemma 12, the theorem follows.
We now prove Theorem 6.
Proof: (of Theorem 6) From Lemma 13, to prove Theorem 6, it suffices to show that for
m € A,degm = z, the quantity
Q(Fa(m)) — }(log2)?

5 (logx)?/2

distributes normally. We recall that in (13), we have

QFy(m)) =Y Qfa(p)) +O(Qm)).

plm

Since the normal order of Q(m) is logm, we have for all but o(¢”) monic polynomials
m € A with degm = z,
Q(m) = (1+o0(1))logz = 0((10ga:)3/2).
Define
g(m) = Qfa(p)):
From the above discussion, to prove Theof(‘am 6, it suffices to prove that the quantity
g(m) — 3(log z)*

T (log )7

distributes normally.

We need the following result of Zhang [20]: Let h(m) be a real-valued strongly additive
function on A. In other words, for mi,ma € A with (m3,mg) = 1, p € A a irreducible
polynomial, and a > 1, we have

h(mimz) = h(m1) + h(ma2) and h(p®) = h(p).
For = € N, define
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If for each fixed € > 0,

1 12 (p)
(27) Jim B(z Z degp — O
deg p<z
|h(p)|>€B ()

then we have

lim 1 #{ degm =z ‘ m satisfies w < 7} =G(y).

T—00 qx

Apply the result of Zhang to the strongly additive function g(m). From Lemma 9, we
have

Az) = %(log z)? + O(log ) and B(z) = —(logz)*? + O(log x).

5l

Hence, to conclude
g(m) — L (log)?

5 (logx)?/2

distributes normally, it remains to check that condition (27) holds for g(p). Let

olp) = {1 if Q(fa(p) > €B(a),

0 otherwise.

We have

2 02 .
S b Y et T

degp<z degp<z
lg(p)|>eB(x)
® )" (s
a\p a\D
S( Z qdegp> ( Z qdegp ) '
degp<z degp<z

Using (14) and (15), we have

2
> (Q(fa(p)) — log degp) < 7(z)log .
degp=z
As a direct consequence of the above inequality, we have

Z a(p) = #{ degp = x }p satisfies Q(f.(p)) > eB(x)} <

deg p=z

By a partial summation, we have

a(p) 1 7w(n)
2 o €L g <

degp<z n<x

Also, using the same method as we prove (15), we can show that

> Qfalp) < w(w)(log )",

degp=z
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By a partial summation, we have

4
> <Y ) ogn)! < (loga)”

degp
deg p<z n<lz

Combining the above estimates, we have

Z g°(v) < (logz)*? = o(B*(x)).

qdeg p

deg p<z
lg(p)|>eB(z)

Hence, the condition (27) is satisfied and we have

g(m) — 5(logx)* _
5 (log )3/ : 7} a

1
lim — #{ degm ==z ‘ m satisfies

This completes the proof of the theorem.

REFERENCES

[1] P. D. T. A. Elliott, Probabilistic number theory, Vol. I. & II., Springer-Verlag (1979).
[2] P. Erdds & M. Kac, The Gaussian law of errors in the theory of additive number theoretic functions,
Amer. J. Math. 62 (1940), 738-742.
[3] P. Erdés & C. Pomerance, On the normal number of prime factors of ¢(n), Rocky Mountain J. Math.
15 (1985), 343-352.
[4] D. Goss, Basic structures of function field arithmetic, Springer-Verlag (1996).
[5] G. H. Hardy & S. Ramanujan, The normal number of prime factors of a number n, Quar. J. Pure.
Appl. Math. 48 (1917), 76-97.
[6] D. R. Hayes, Ezplicit class field theory for rational function fields, Trans. Amer. Math. Soc. 189 (1974),
77-91.
[7] C.-N. Hsu, On Artin’s conjecture for the Carlitz module, Comp. Math. 106 (1997), 247-266.
[8] C.-N. Hsu, A large sieve inequality for rational function fields, J. Number Theory 58 (1996), 267-287.
[9] M. Ishibashi, Effective version of the Tschebotareff density theorem in function fields, Bull. London
Math. Soc. 24 (1992), 52-56.
[10] J. Kubilius, Probabilistic methods in number theory, Transl. Math. Monogr. 11, Rhode Island (1964).
[11] S. Li & C. Pomerance, On generalizing Artin’s conjecture on primitive roots to composite moduli, J.
Reine Angew. Math. 556 (330), 205-224.
[12] Y.-R. Liu, The Erdds theorem and the Halberstam theorem in function fields, Acta. Arith. 114 (2004),
323-330.
[13] Y.-R. Liu, A prime analogue of the Erdés-Pomerance conjecture for elliptic curves, Comment. Math.
Helv. 80 (2005), 755-769.
[14] M. R. Murty & V. K. Murty, An analogue of the Erdés-Kac theorem for Fourier coefficients of modular
forms, Indian J. Pure App. Math., 15 (1984), 1090-1101.
[15] M. R. Murty & F. Saidak, Non-abelian generalizations of the Erdds-Kac theorem, Canadian J. Math.
56 (2004), 356-372.
[16] M. R. Murty & S. Srinvasan, Some remarks on Artin’s conjecture, Canad. Math. Bull. Vol. 30 (1987),
80-85.
[17] M. Rosen, Number theory in function fields, GTM210, Springer (2002).
[18] H. Shapiro, Distribution functions of additive arithmetic functions, Proc. Nat. Acad. Sci. USA 42
(1956), 426-430.
[19] P. Turdn, On a theorem of Hardy and Ramanujan, J. London Math. Soc. 9 (1934), 274-276.
[20] W.-B. Zhang, Probabilistic number theory in additive arithmetic semigroups, In: Analytic Number
Theory (B. C. Berndt et al. eds.) Prog. Math., Birkh&duser (1996), 839-884.



22 WENTANG KUO AND YU-RU LIU

DEPARTMENT OF PURE MATHEMATICS, FACULTY OF MATHEMATICS, UNIVERSITY OF WATERLOO, WA-
TERLOO, ONTARIO, CANADA N2L 3G1

E-mail address: wtkuo@math.uwaterloo.ca
DEPARTMENT OF PURE MATHEMATICS, FACULTY OF MATHEMATICS, UNIVERSITY OF WATERLOO, WA-
TERLOO, ONTARIO, CANADA N2L 3G1

E-mail address: yrliu@math.uwaterloo.ca



