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1. Introduction

Shparlinski [5] asks the following.
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Problem 1. [5, Problem 14| Let m € Z and x be a non-principal character modulo m.
Under the Generalized Riemann Hypothesis, obtain an estimate of the form

N
Z x(k) < NY/2me®
k=1

for any N, with an explicit expression for m°().

Though it has never been explicitly written down, such a bound is presumably
well-known among analytic number theorists due to its connection with upper bounds
for L-functions. Indeed, let L(s,x) be the Dirichlet L-function associated with y and
s = o +it. First we assume that y is primitive. Then conditionally under GRH, we have
the bound [3, Exercise 8, Section 13.2]

(1)

1
b 12

log log mt|

for some absolute constant C; > 0 and uniformly for 1/2 < o < 3/2 and [t| > 2. Using
the bound (1) and a standard contour integral one can show that

N logm
Z x(k) < N2 exp (C’g) (2)

— loglogm

for some absolute constant Cy > 0, when x is primitive. If x is induced by a character
x1 modulo r with 7|m then

N N
doxtk)= > xak) =Y pdxi(d) Y xi(k).

k=1 k=1 djm k<N/d
(k,r)=1 !

Bounding this trivially, together with the fact that the number of prime factors of n is

0 (log’lgogn , it follows that we have a bound of type (2) as well when x is not primitive.

The purpose of this note, however, is to obtain a bound similar to (2) in the polynomial
ring F,[t]. Let Q € Fy[t] be a polynomial of degree n. A (Dirichlet) character y modulo
Q is a character on the multiplicative group (F,[t]/(Q))”, which can be extended to a
function on all of Fy[t] by periodicity and by setting x(f) = 0 for all (f,Q) # 1. If Q is
irreducible then x is a character on the field Fgn.

Shparlinski (private communication) also asks an Fy[t]-analog of Problem 1:

Problem 2. Let @ € Fy[t],deg@ =n > 0 and x be a non-principal character modulo Q.
Let Ay be the set of all monic polynomials of degree exactly d in F,[t]. Obtain an estimate
of the form
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37 x(f) < gzt

feAq

for any d, with an explicit expression for o(n).
We prove the following explicit estimate.

Theorem 1. Let ) € F,[t],deg@ = n > 0 and x be a non-principal (not necessarily

primitive) character modulo Q. If n > 10* and loglogn ~ _1_ " yhen we have

logn = loggq’
- x| < g e, 3)

feAq

Note that we have the analogies N < ¢ and m <> ¢" between Z and F,[t]. The

bound (2) corresponds to ¢% exp (lOCT"n) in F,[t]. Thus (3) is stronger than (2) when d

is small (e.g., when d < ;z) but weaker than (2) when d is large (e.g., when d > n).
It is an interesting problem to see if in Fy[t] we can achieve, or even beat (2) for all d.
Nevertheless, our proof of (3) is much simpler than the proof in the integers and is
potentially still useful in applications. The constants 8 and 10* in (3) can certainly be
improved, but we do not attempt to do so to keep our estimates clean.

We also record another similar character sum estimate, which might be of interest.

Theorem 2. Let ) € F,[t],deg@ = n > 0 and x be a non-principal (not necessarily
primitive) character modulo Q. Under the hypotheses of Theorem 1, we have

S (x| < gF T e

feAa

Here p is the M6bius function on F,[¢] defined by

(=1)*,  where k is the number of monic irreducible factors of f,
u(f) = if f is square-free,
0, otherwise.

The difference between Theorem 1 and Theorem 2 is that, while the former is trivial
when d > n, the latter is non-trivial for all d.

It is useful to compare (3) with other character sum estimates in Fy[¢]. In [1], the first
two authors proved that for any 2log,n < r < d < n, we have

dox|<atp <g> ) Lo (nqd‘T”) : (4)

f€Aq
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Here p(u) is the Dickman function, i.e., the unique continuous function satisfying

for all w > 1, with initial condition p(u) = 1 for 0 < u < 1. We have the asymptotic
estimate p(u) = u~*(+eM) as 4 — oco.

The difference between the inequalities (4) and (3) is that while (4) is non-trivial in
a wider range of d, (3) provides a better saving when d is large. Indeed, if one wants to
match the bound in (3), the second term in RHS of (4) requires one to choose r close
to d. But then the contribution of the first term in RHS of (4) becomes significant. Hence
(3) does not follow from (4).

One can also compare (3) with the analog of the Pélya—Vinogradov inequality in I, [¢]
[2, Proposition 2.1], which states that for any d,

ox(h| <247

feAq

2. Proofs of Theorems 1 and 2

Similar to the integers, we deduce Theorems 1 and 2 from a bound for L-functions near
the critical line (Proposition 3). We begin with some facts about L-functions in F,[¢t].
Throughout this paper, f will stand for a monic polynomial and P will stand for a monic,
irreducible polynomial. Fix @ of degree n and a non-principal character x modulo Q.
Put A(d, x) = >_¢ca, X(f)- Then the L-function (assuming Re(s) > 1) associated with

X is

It is even more convenient to put

L(z,x) =Y A(d, x)z". (5)

d=0

Clearly L(s,x) = L(q™*%,x) for any Re(s) > 1. Since A(d,x) = 0 whenever d > n [4,
Proposition 4.3], £(z,x) is a polynomial of degree at most n — 1, and in particular an
entire function. We have the Euler product formula

Lz =[] (@ - x(P)z0es) (6)

P
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whenever |z| < 1/¢. In the same range of z, we also have

— _ chgP — Zngf_
Lo - LI xP=T) Zf:u(f)x(f) (7)

The Generalized Riemann Hypothesis states that all roots of £(z,x) have modulus
¢~ '/2 or 1. In other words, we can write

D

L(zx) = [[(0 - ai2) (8)

i=1

where |o;| = q'/? or 1 for any ¢, for some D < n — 1. In particular, (7) remains valid
when |z| < ¢71/2.

Our results are deduced from the following bound for L(z,x) near the circle |z| =
g1/
Proposition 3. Let x be a (not necessarily primitive) character modulo Q with deg @ = n.

Let ¢=3/* < R < ¢~ /2. For any |w| = R, we have

(w0l < exp (n2RE (T4 L) ). )

1 1
— | < R (7T 4+ —m—— 10
| <o (R (1 =) ) 1o
where L = [2log, n].
The “correct” choice of R will be made later in applications.

Proof. By taking the logarithmic derivatives of (6) and (8), we have two different ex-

pressions for £(zx)
L(z,x)

. Namely, we have

LX) =
= az
L(z,x) ;
where

a; = —Zaé (11)

according to (8), while

a= 3 AUX() (12)

deg f=l
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according to (6). Here A is the von Mangoldt function on F,[t] defined by

deg P, if f = P* for some monic irreducible P and k > 1,

A(f) = :
0, otherwise.

From (11) we have

|ai| < ng'’?

and from (12) we have

la;| < Z A(f) =

deg f=l

(13)

(14)

Recall that L = [2log,n|. For I > L we use the bound (13) and I < L we use the

bound (14). Therefore, for any z, we have

‘C (2.x)
L(z,x)

Since £(0,x) = 1, by integrating (15) along the line from 0 to w, we have

L—-1 oo
‘ < Z ql|2|l_1 + anl/2|z|l—l.
=1 =L

L

llog L(w, x)| <
l

1

(Rq)' <~ (Rq'/?)
l +Zn ] .

1

The second sum in (16) can be bounded by

n — n L 1 n’Rlq 1
o R 1/2 e L = <
L ; ) S R T R E S T TR

since q% < n. As for the first sum in (16), we bound it crudely by

L1 oo n2RL-1
Z(RQ)I < (RQ>L_1 Z(Rq)_k < W < 7n2RLq
k=0

=1

since gR > ¢'/* > 21/4. By combining (17) and (18), we have

n?Rlq 1
L 1— Rg'/%

llog L(w,x)| < Tn*R*q+

from which both (9) and (10) follow. O

(15)

(16)

(17)

(18)
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Our estimates above are crude. Even if we were more careful, this would result only
in better constants, and the shape of the bounds would not be changed.

Proof of Theorems 1 and 2. In what follows, C'r denotes the circle centered at 0 with
radius R. Put R = ¢~ 1/27¢, for some 0 < € < i to be chosen later. We also make the
additional assumption that e < @. From (9), for z € Cg, we have

1
<exp (qn126 (7 + )) )
elogn

The bound (19) follows from the fact that — logg < 1 < 2ifelogq < 1, which is

e—¢€ logq — 1_6—1

a consequence of the fact that the function —Z= is increasing on (0, 00). From (5) we
see that

1
A = |— —d—1
A0 = |5 [ L0
Cr

< max |£(z, x)| R4
Cr

1
§ eXp <qn126 <7+ >> q(1/2+€)d. (20)
elogn
We now make the choice ¢ = 101%)1%, then € < 1/4 if n > 10*. Also, by hypothesis
1 —2e¢ 1 _ 1 8 : 4
€< Tosa- We have gn' (7+ Elogn) = log?}n (7+ Ioglogn) < log%"n if n > 10%.

This implies Theorem 1.
Using (7) instead of (5), Theorem 2 follows in exactly the same way. 0O
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