
Precision Cosmology Using Voids

by

Alex Woodfinden

A thesis
presented to the University of Waterloo

in fulfilment of the
thesis requirement for the degree of

Doctor of Philosophy
in

Physics

Waterloo, Ontario, Canada, 2023

© Alex Woodfinden 2023



Examining Committee Membership

The following served on the Examining Committee for this thesis. The decision of the
Examining Committee is by majority vote.

External Examiner: Nelson Padilla
Professor, Instituto de Astronomía Teórica y Experimental,
CONICET - Universidad Nacional de Cordoba (UNC)

Supervisor: Will Percival
Professor, Dept. of Physics and Astronomy,
University of Waterloo

Internal Member: Michael Balogh
Professor, Dept. of Physics and Astronomy,
University of Waterloo

Internal Member: Dustin Lang
Adjunct Associate Professor, Dept. of Physics and Astronomy,
University of Waterloo

Internal-External Member: Ghazal Geshnizjani
Research Associate Professor, Dept. of Applied Mathematics,
University of Waterloo

ii



Author’s Declaration

This thesis consists of material all of which I authored or co-authored: see Statement
of Contributions included in the thesis. This is a true copy of the thesis, including any
required final revisions, as accepted by my examiners.

I understand that my thesis may be made electronically available to the public.

iii



Statement of Contributions

I am the sole author of Chapters 1 & 6 which were written under the supervision of Prof.
Will Percival and were not written for publication.

This thesis consists in part of two manuscripts written for publication. Exceptions
to sole authorship of material are broken down by chapter below. In several sections, I
summarise results from manuscripts of which I am an author but not the first author.
These sections are all in my own words; I do not use any text from the manuscripts.

Chapter 2:

Various paragraphs of Sections 2.1, 2.5, 2.6, 2.7, and 2.8 are adapted from publication
Woodfinden et al. (2022). I was the primary investigator for this work along with co-authors
Seshadri Nadathur, Will Percival, Slađana Radinović, Elena Massara, and Hans Winther.
As part of this work I conducted all analyses shown, made all figures, and wrote the large
majority of the text. My co-authors contributed guidance and some of the text as well as
contributed to the interpretation of the results. Section 2.9 summarises work published in
manuscript Massara et al. (2022). This summary is not taken from the manuscript and is
presented in my own words. As a co-author of this work, I produced several void catalogues
and collaborated with the principal investigator regarding results and interpretation.

Chapter 3:

This chapter is adapted from publication Woodfinden et al. (2022). I was the primary
investigator for this work along with coauthors Seshadri Nadathur, Will Percival, Slađana
Radinović, Elena Massara, and Hans Winther. As part of this work, I conducted all
analyses shown, made all figures, and wrote the large majority of the text. My coauthors
contributed guidance and some of the text as well as contributed to the interpretation of
the results. Also included in this chapter (and publication Woodfinden et al. 2022) are
results from publication Nadathur et al. (2020b) on which I was the second author. In
this work I was involved in the production of template functions used, void finding, and
correlation function measurements, as well as contributed to the interpretation of results.

Chapter 4:

This chapter is adapted from publication Woodfinden et al. (2022). I was the primary
investigator for this work along with coauthors Seshadri Nadathur, Will Percival, Slađana
Radinović, Elena Massara, and Hans Winther. As part of this work, I conducted all
analyses shown, made all figures, and wrote the large majority of the text. My coauthors
contributed guidance and some of the text as well as contributed to the interpretation of
the results.

iv



Chapter 5:

This chapter is adapted from publication Woodfinden et al. (2023). I was the primary
investigator for this work along with coauthors Will J. Percival, Seshadri Nadathur, Hans
A. Winther, T. S. Fraser, Elena Massara, Enrique Paillas, and Slađana Radinović. As part
of this work, I conducted all analyses shown, made all figures, and wrote the large majority
of the text. My coauthors contributed guidance and some of the text as well as contributed
to the interpretation of the results.

Chapter 6:

Sections of this chapter summarise results and reproduce figures from publication Radi-
nović et al. (2023). All words written are my own and are not taken from this manuscript.
I was a co-author of this publication and provided guidance on the work and contributed
to the interpretation of the results.

v



Abstract

In the late 1990s, the discovery that the expansion rate of the Universe was accelerating
was a decisive moment for cosmology (Perlmutter et al., 1999; Riess et al., 1998). The last
25 years have seen the consolidation of this component, called dark energy, which dom-
inates the total energy of the Universe at the present day. Cosmologists have developed
many techniques to measure the properties of dark energy and attempt to reveal insights
into the physics behind this mysterious component (Huterer and Turner, 2001; Weinberg
et al., 2013). Many explanations for dark energy exist, the simplest being that it is a form
of energy permeating all of space (a cosmological constant), and alternatives include mod-
ifications to theories of general relativity and scalar fields (Peebles, 1993). The modern era
of precision cosmology has been dedicated to the measurement of cosmological parameters
that describe and distinguish different models. Despite decades of work in this area, little
insight has been found into the nature of dark energy. More accurate measurements from
next-generation cosmological surveys are needed to uncover the underlying physics behind
this fundamental component of the Universe (Padmanabhan, 2019).

Cosmic voids are patches of the Universe that are less dense than the cosmic average.
These large-scale underdensities are a natural consequence of structure growth. Voids are
special places in the Universe where the physics of their growth can be easily modelled
(Hamaus et al., 2014). Although the density is non-linear (the density in the centre of
voids is close to zero), the motions of galaxies still track their primordial form (Nadathur
et al., 2019a) making it possible to extract cosmological information (Pisani et al., 2019).
This information primarily comes from two physical processes - the Alcock-Paczynski (AP)
effect and Redshift-Space Distortions (RSDs). The AP effect is a geometrical consequence
where an object’s shape becomes distorted if measured using a wrong cosmological model.
Stacking voids will produce a spherical averaged shape only if the AP parameter, DM/DH,
is correct (where DM is the transverse comoving distance that is a measure perpendicular
to the line of sight and DH is the Hubble distance which is a measure parallel to the line of
sight) (Alcock and Paczynski, 1979; Lavaux and Wandelt, 2012; Nadathur et al., 2019b).
RSDs are the distortions of measured distances due to the Doppler effect of a galaxy’s
peculiar velocity. On large scales, the growth rate of cosmological structure is the dominant
source of RSDs (Kaiser, 1987; Chuang et al., 2017). Using the linear motions of galaxies
around voids, RSDs are used to measure the growth rate of structure parameterised by
f(z)σ8(z) (where f(z) relates to the growth rate of structure and σ8 relates to the redshift
space galaxy power spectrum) (Percival and White, 2009; Percival et al., 2011).

Measurements of voids within the large-scale structure of the Universe can be made
using galaxy spectroscopic surveys. These surveys use the positions of galaxies as tracers
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of the underlying matter distribution. Information in these surveys has primarily been
extracted using two techniques: Baryonic Acoustic Oscillations (BAO) and RSD. BAO
provide a standard ruler through which the expansion rate of the Universe can be mea-
sured (Eisenstein et al., 2005), while RSD allows for a measurement of the growth rate
of structure. The use of voids has emerged as another technique to extract even more
information from these surveys. This thesis presents the background and modelling that
can be used to extract and analyze this information.

After all necessary background is summarised, measurements of the anisotropic cross-
correlation of galaxies and cosmic voids in data from the Sloan Digital Sky Survey Main
Galaxy Sample (MGS), Baryon Oscillation Spectroscopic Survey (BOSS) and extended
BOSS (eBOSS) luminous red galaxy catalogues from SDSS Data Releases 7, 12 and 16,
covering the redshift range 0.07 < z < 1.0 are presented (Woodfinden et al., 2022). This
uses the clustering of galaxies around voids to extract information and is the first time
that a consistent analysis method has been applied to extract information from voids in
this full redshift range. A reconstruction method is applied to the galaxy data before
void-finding to remove selection biases when constructing the void samples. Results of a
joint fit to the multipole moments of the measured cross-correlation for the growth rate
of structure and the ratio DM(z)/DH(z) are reported in six redshift bins. For DM/DH,
voids are able to achieve significantly higher precision than that obtained from analyses of
BAO and RSD in the same datasets. Our growth rate measurements are of lower precision
but still comparable with galaxy clustering results. For both quantities, the results agree
well with the expectations for a ΛCDM model. The degeneracy directions obtained for
the study of voids in galaxy spectroscopic surveys are consistent with and complementary
to those from other cosmological probes and result in a significant gain of information.
These results consolidate void-galaxy cross-correlation measurements as a pillar of modern
observational cosmology.

Also presented are cosmological models fits to voids and the combination of voids with
other probes (Woodfinden et al., 2023). A standard ΛCDM cosmological model is fit to
measurements from voids as well as various extensions including a constant dark energy
equation of state not equal to −1, a time-varying dark energy equation of state, and these
same models allowing for spatial curvature. Results on key parameters of these models are
reported for void-galaxy and galaxy-galaxy clustering alone, both of these combined, and
all these combined with measurements from the cosmic microwave background (CMB) and
supernovae (SN). The results show a remarkable agreement with a flat ΛCDM cosmology
for all cosmological models tested. The gain of information from void measurements made
at multiple redshifts, compared to compressing all information into one measurement at a
single effective redshift, is also demonstrated.
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Finally, a forward look to the future of voids as cosmological probes is presented. This
thesis uses the best public galaxy redshift survey data available to date; however, this will
soon be surpassed once DESI (DESI Collaboration et al., 2016a,b) and Euclid (Laureijs
et al., 2011) results are released within the next few years. Forecast constraints from
applying a consistent analysis method to that presented in this thesis on a mock catalogue
expected to match data from Euclid are shown (Radinović et al., 2023).

Cosmic voids provide another analysis method that can extract independent cosmo-
logical constraints with complementary parameter degeneracies that, combined with infor-
mation from BAO/RSD, increase the precision of information extracted from galaxy spec-
troscopic surveys. Future surveys will need to continue to build on the current modelling
of voids to reduce systematic errors and provide valuable hints towards the fundamental
nature of our Universe.
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Chapter 1

Introduction

1.1 Cosmology

The theory of General Relativity, published in 1916 (Einstein, 1916), set the framework
for modern cosmology and allowed, for the first time, the construction of a self-consistent
model for the Universe as a whole. The century following this publication has led to the
discovery of various components that make up our modern-day picture of cosmology. In
1929 Edwin Hubble measured the recessional velocity of galaxies and found that this was
linearly related to their distance, showing that the Universe is expanding (Hubble, 1929).
It wasn’t until the late 1990s that it was shown that this expansion was accelerating, driven
by a component of the Universe called dark energy (Riess et al., 1998; Perlmutter et al.,
1999). The 20th century also led to the discovery of another component of the Universe,
dark matter. Fritz Zwicky, when studying the velocities of galaxies in the Coma cluster
in 1933, concluded that there must be 400 times the amount of visible matter to hold
the cluster together (Zwicky, 1933). This was not widely accepted until the 1970s when
various other observations including the motion of satellites around the Milky Way and
other nearby galaxies (Ostriker et al., 1974; Einasto et al., 1974) and the measurement of
the rotation curves of spiral galaxies (Roberts and Rots, 1973; Rubin et al., 1978, 1980)
provided strong evidence for its existence. The remainder of this section will explore the
chronology of the Universe through these components (along with baryonic matter and
radiation) and introduce the main topics of this thesis. This chronology is intentionally
brief aiming to set up the background information needed for the remainder of this chapter.

The history of the Universe is the story of how it changed during various periods of
expansion, happening at differing rates. The very early Universe was an infinitely dense
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form of energy. At around 10−36 seconds into the life of the Universe a process known
as inflation caused the incredibly rapid expansion of space filled with this energy. The
inflationary period ended at approximately 10−33 and 10−32 seconds once this primordial
energy was transformed into matter and energy as we know it (Guth, 1981). At 10−6

seconds into the life of the Universe expansion was still continuing but at a much lower
rate than during the inflationary period. As the Universe cooled, the first fundamental
particles decoupled by the first second, such as quarks, electrons, photons, and neutrinos,
along with their antimatter counterparts. These combined at high energies and formed
protons and neutrons. During this time, a process called baryogenesis occurred, resulting
in an imbalance of baryons and antibaryons that is observed today (Barrow and Turner,
1981).

As expansion continued into the first few seconds to minutes into the life of the Universe,
protons and neutrons formed hydrogen, helium, and lithium in a process known as Big Bang
Nucleosynthesis (BBN) (Peebles, 1966). Most protons remained uncombined as hydrogen
nuclei comprising approximately 75% of all mass, 25% of the mass is in helium nuclei and
just trace amounts of heavier elements. The Universe continued to expand and cool and
at around 300,000 years electrons and nuclei could combine to form neutral atoms. This
period is known as the time of recombination. The resulting drop in the number density
of free electrons caused the Universe to become transparent to photons; this is known as
decoupling. A relic of this is visible today as the cosmic microwave background, photons
that have been travelling uninhibited since recombination (Sunyaev, 1974).

This time from the beginning of the Universe onward was the radiation-dominated era.
Most of the energy in the Universe was in the form of radiation which gradually diluted
as the Universe expanded. This era lasted until approximately 50,000 years when the
energy in matter and energy in radiation were equal and the matter-dominated era began;
however, photons outnumbered baryons by a factor of approximately 109. As the expansion
continued, light waves were diluted to lower and lower energies while matter travelled
onward largely unaffected. During this time the clouds of mostly primordial hydrogen
and helium gas, along with dark matter, started to collapse due to small anisotropies in
their density. These formed dark matter halos, and the gas collapsed to form the first
stars and galaxies (Mo and White, 1996; Mo et al., 2010). Matter in the Universe (dark
and baryonic) has evolved in the present day to form a massive network known as the
cosmic web. The cosmic web is comprised of massive clusters of galaxies, connected by
long filaments of matter and cosmic voids filling in the low-density regions.

The matter-domination era ended approximately 9.8 billion years into the life of the
Universe when the dark energy-dominated era began. Dark energy in this time drives an
accelerated expansion of the Universe that is measured in the present day.
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Many different observations can be made in the present day to help confirm and precisely
measure this cosmological model; see Section 1.6 for a summary of these. This thesis
uses information primarily from galaxy-spectroscopic surveys that aim to map the large-
scale structure of the Universe. This large-scale structure contains information on dark
energy, dark matter, baryons, and fluctuations in the early Universe. Much of the work to
understand the large-scale structure of the Universe focuses on over-dense regions. Recently
the study of under-dense regions known as cosmic voids has gained popularity. Modern
(and upcoming) surveys have allowed for high-quality measurements of the large-scale
structure of the Universe and have sampled galaxies in sparse environments in much more
detail. The work of this thesis will explore cosmic voids as cosmological probes, make new
measurements using these, and explain the implications of these results. The remainder of
this chapter will first provide the cosmological background needed to make and interpret
these observations, summarise alternative cosmological probes, and motivate the need for
precise cosmological measurements.

1.2 The Homogeneous and Isotropic Universe

There are two fundamental components to the standard model of cosmology

• The Cosmological Principal - on large enough scales the Universe is i) homogeneous
and ii) isotropic. Forces are uniform throughout space so large-scale structure should
have no irregularities.

• General Relativity - Gravitation interactions can be entirely described by GR (Ein-
stein, 1916).

The theory of General relativity proposes that the Universe consists of a spacetime
framework with four dimensions (one time dimension and three spatial dimensions). Mat-
ter distributed in the Universe will perturb this spacetime, resulting in an effective gravi-
tational force. The relationship between the geometry of spacetime and the matter within
can be described by the Einstein field equations

Gµν + Λgµν =
8πG

c4
Tµν . (1.1)

Gµν is the Einstein tensor which expresses the curvature of spacetime, Λ is the cosmological
constant, G is the gravitational constant, c is the speed of light, and Tµν is the stress-energy
tensor which expresses the density and flux of energy and momentum in spacetime. The
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metric tensor, gµν , is used to describe the infinitesimal line element, ds, between two points
in spacetime (xµ and xν)

ds2 = gµνdx
µdxν . (1.2)

Using these components, a general metric, known as the Friedmann-Lemaître-Robertson-
Walker (FLRW) metric (Friedmann, 1922; Lemaître, 1931; Robertson, 1935; Walker, 1937),
can be written as

ds2 = (cdt)2 − a2(t)

[
dr2

1− kr2
+ S2

k(dθ
2 + sin2 θdϕ2)

]
, (1.3)

where

Sk(r) =


1√
k
sin

√
kr, k > 0

r, k = 0
1√
−k

sinh
√
−kr, k < 0.

(1.4)

Here a(t) is a time-varying scale factor describing the expansion of coordinates normalised
to a(0) = 1 at the present day and k is a constant representing the global curvature of the
Universe. When k = 0 represents flat curvature, k > 0 represents a closed curvature (i.e.
spherical geometry), and k < 0 represents open curvature (i.e. hyperbolic geometry). The
scale factor a(t) is related to redshift z by

a(t) =
1

1 + z
. (1.5)

The redshift of an object is a consequence of the expansion of the Universe. The wavelength
of light (λ) emitted will stretch out with this expansion. This process is proportional to
the scale factor and this stretching factor can be defined as

1 + z =
λobserved

λemitted

=
aobserved
aemitted

. (1.6)

Using this metric the Einstein field equations can be solved, resulting in three main
equations that can describe the evolution of the Universe: the acceleration equation, the
fluid equation, and the Friedmann equation.

The acceleration equation describes the expansion of the Universe(
ä

a

)2

=
−4π

3
G(ρ+ 3p), (1.7)
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where G is the gravitational constant and ρ is the volumetric mass density, and p is
pressure. Note that the acceleration of the Universe decreases with increasing pressure or
energy density.

The fluid equation describes density conservation in an expanding (or contracting)
Universe

ρ̇+ 3
ȧ

a
(ρ+ p) = 0. (1.8)

Solutions to this equation require an equation of state relating ρ and p. This equation of
state will be unique to each component of the Universe. The known components are matter
(dark matter and baryons), radiation, and the cosmological constant (which describes the
energy density of the vacuum and its associated negative pressure). We can treat each of
these components as a perfect fluid and write down an equation of state

p = wρ, (1.9)

where 
w = 0, for relativistic matter

w = 1/3, for radiation

w = −1, for example, a cosmological constant.

(1.10)

w is known as the equation of state parameter. For a cosmological constant, the pressure is
negatively proportional to density which acts to cause the expansion of the Universe. Each
of these components can be substituted into the fluid equation (equation 1.8) to derive
how each of these components evolves with the scale factor, giving

ρm ∝ a−3,

ρr ∝ a−4, (1.11)

ρΛ ∝ a0,

for each of the known components. The subscript m is used for matter (sometimes b is used
just to represent just baryonic matter), r is used for radiation, and Λ is used to represent a
cosmological constant. The density evolution with the scale factor can also be written as

ρi ∝ a−3(wi+1), (1.12)

where the subscript i refers to each component. The scale factor a will be 1 at the beginning
of the Universe, move through a radiation-dominated era, to a matter-dominated era, and
finally the present dark-energy-dominated era. A value of a = 0 denotes the present day.
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The Friedmann equation describes how the expansion rate of the Universe is related to
the energy density and curvature (

ȧ

a

)2

=
8π

3
Gρ− k

a2
. (1.13)

To define the critical density, the density needed for a Universe with flat curvature, we set
k = 0 (this assumes a flat Universe) and define the Hubble parameter H ≡ ȧ

a
to find

ρcrit =
3H(a)2

8πG
. (1.14)

This critical density can be used to normalise each component of the density of the Universe
as Ωi = ρi/ρcrit. Similarly, an expression for the curvature of the Universe can be found as

Ωk = − k

H2
0

. (1.15)

Substituting these back into equation 1.13 one finds

H2(a) = H2
0

∑
i

Ωi,0(a/a0)
−3(wi+1) +H2

0Ωk(a/a0)
−2, (1.16)

which can be filled in as

H2(a) = H2
0 (Ωr,0(a/a0)

−4 + Ωm,0(a/a0)
−3 + Ωk,0(a/a0)

−2 + ΩΛ,0), (1.17)

where the subscript 0 denotes the values at the present day.

1.2.1 ΛCDM

The current best cosmological model is known as ΛCDM. This model has a spatially flat
Universe (i.e. Ωk = 0) and a constant dark energy equation of state with w = −1 resulting
in the expansion of the Universe and a majority of matter in the Universe to be in the
form of dark matter. Current experiments aim to measure these parameters allowing the
Universe to be described under an FLRW metric and test the ΛCDM cosmological model.
Popular extensions to a ΛCDM cosmological model include non-spatial flatness (Ωk ̸= 0),
a dark energy equation of state with an equation of state parameter that differs from −1
(w ̸= −1), as well as a time-varying dark energy equation of state (w ≡ w(a)). These
popular models are explored in Chapter 5.
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1.3 Geometry

Distances in cosmology can be defined in terms of the Friedmann equation shown in equa-
tion 1.17. We start with the Hubble distance DH, which is defined as

DH(z) ≡
c

H(z)
, (1.18)

this is the distance to an object along the line of sight. From this, we can define the
comoving distance DC which is the proper distance between two objects divided by the
ratio of the scale factors of those objects

DC(z) ≡
∫ z

0

DH(z
′)dz′ =

∫ z

0

c/H(z′)dz′. (1.19)

This is a measure of the distance between two objects that is decoupled from the Hubble
flow.

The comoving distance DC can be used to calculate the transverse comoving distance
DM. This distance will have a dependence on spatial curvature brought in through the Sk

term of equation 1.3 and can be written as

DM(z) = Sk(r) =


DH(0)

1√
|Ωk|

sin
(√

|Ωk| DC

DH(0)

)
, Ωk < 0

DC, Ωk = 0

DH(0)
1√
Ωk

sinh
(√

Ωk
DC

DH(0)

)
, Ωk > 0.

(1.20)

This is the distance between two objects across the line of sight. Note the n the spatial
curvature of the Universe.

The angular diameter distance DA is the ratio between an object’s physical transverse
size and the angular size of an object on the sky

DA =
DM

1 + z
. (1.21)

This is used to convert the angular separation between two objects as is measured to the
actual separation.

Finally, the luminosity distance is defined as the ratio between the observed bolometric
flux that is measured to the actual luminosity

DL = (1 + z)DM, (1.22)
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and is used to measure the distance to objects of known luminosity. This is of particularly
interesting1.6 where we detail standard candles such as Type Ia supernovae that are used
to measure the distance to galaxies in the nearby Universe. Figure 1.1 describes how these
distances evolve with redshift for one chosen cosmological model.

The expansion of the Universe can be used as a proxy for the distance to an object. As
space expands objects are receding away from us, and the recessional velocity will increase
as the distance increases. This is known as the Hubble flow and can be described by
Hubble’s law as

v = H0d, (1.23)

where v is a galaxy’s recessional velocity and d is the distance to said galaxy. A galaxy’s
redshift can be defined in terms of its recessional velocity as zc = v which gives the distance
redshift relation

d =
zc

H0

. (1.24)

1.4 Density Perturbations in the Universe

Previously in Section 1.2 a general framework for a homogeneous and isotropic Universe
was introduced. We now introduce density perturbations in this framework. Density
fields are used in cosmology to map the distribution of matter in space onto a continuous
function. These fields come from observational data of discrete tracers, such as the location
of galaxies mapped by spectroscopic surveys. A statistical analysis of these density fields
allows for information to be found on the nature of dark matter, the behaviour of dark
energy, and the evolution of the Universe. These fields form the basis of the field of large-
scale structure.

Galaxy surveys observe a patch of the Universe that will have an angular mask on the
sky along with a radial distribution. To correct for the sampling of galaxies in this patch
varying with position studies of the density field rely on the density contrast δ(x)

δ(x⃗) ≡ ρ(x⃗)− ρ̄

ρ̄
, (1.25)

where ρ(x⃗) is the density at position x⃗ and ρ̄ is the mean density. Galaxy surveys trace
out the density field of galaxies δg(x⃗) which is used to approximate the density field of all
matter δm(x⃗).

The galaxy distribution sampled will not match that of a Poisson sampling of the matter
distribution (Bardeen et al., 1986). This can be seen by observing the clustering of galaxies
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Figure 1.1: Various distances versus redshift including the co-moving distance DC, trans-
verse comoving distance DM, angular diameter distance DA, and luminosity distance DL.
Distances are calculated at the fiducial cosmology Ωm = 0.2, ΩΛ = 0.6, Ωr = 0, w = −1,
and H0 = 70. A non-flat cosmology (Ωk = 1 − Ωm − ΩΛ − Ωr = 0.1 > 0, i.e. an open
Universe) is used to highlight the differences between Dm and Dc.
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using different cuts made to sample the galaxy population (ex. luminosity, colour, mass).
The clustering of these samples will differ, so they cannot all be a Poisson sampling of the
matter distribution. Instead, it is assumed that the galaxy density field is a function of the
matter density field and can be written in an expanded basis for a local, non-deterministic
model as

δg(x⃗) =
∞∑
i=1

bi
i!
δim(x⃗), (1.26)

where bi are the galaxy bias parameters. If the matter density is small (δm ≪ 1) then this
can be approximated as

δg(x⃗) = bδm(x⃗), (1.27)

where the bias parameter is now just one constant b. This is known as the linear bias
parameter.

1.4.1 Two-point Correlation Function and Power Spectrum

The density contrast δ(x⃗) has a distribution close to that of Gaussian, adiabatic pertur-
bations both in early times and on large scales at the present day (Planck Collaboration
et al., 2020). It is well approximated as a Gaussian random field. This is due to inflation
where quantum fluctuations in the very early Universe became magnified to cosmic size
(Guth, 1981). A Gaussian random field can be assumed to be the sum of a large number of
spherical waves with a uniformly distributed random phase. The central limit theorem dic-
tates that at any point the sum of wave contributions will exhibit a Gaussian distribution.
This Gaussian random field can be entirely described through its power spectrum and,
therefore, by its two-point autocorrelation function (i.e. the distribution can be entirely
described by 2-point statistics) (Abrahamsen, 1997).

The two-point correlation function, ξ, is commonly used to measure the clustering in
a galaxy density field. This function measured the probability of finding two galaxies that
are separated by distance r⃗12 = r⃗1 − r⃗2. It is defined by

δP = n̄2δV1δV2(1 + ξ(r⃗12)), (1.28)

where δP is the probability of finding two such galaxies, n̄ is the average density, and δVi

is the infinitesimally small volume represented by position r⃗i. The two-point correlation
function can also be written as

ξ(r⃗′) = ⟨δ(r⃗ + r⃗′)δ(r⃗)⟩, (1.29)
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where r⃗′ denotes the separation between two galaxies. When ξ(r⃗′) = 0 there is no cluster-
ing (i.e. a random distribution), when ξ(r⃗′) > 0 there is clustering (ie. an overdensity),
and when ξ(r⃗′) < 0 there is anti-clustering (i.e. an underdensity). Under the assump-
tion of isotropy and statistical homogeneity, the correlation function depends only on the
separation between points, i.e. ξ(r⃗′) = ξ(r).

The power spectrum, P (k), is the Fourier transform of the two-point correlation func-
tion defined as

P (k) =

∫
ξ(r)eik⃗⃗̇rd3r, (1.30)

where k is a wave number that describes the number of oscillations of the matter density
field within a given length scale in units of inverse length. A high k represents small
scales and a low k represents large scales. The power spectrum can be interpreted as the
variance in the amplitude distribution of functions on the given scale k. A small value of
the power spectrum means that there are few over/under densities on this scale (i.e. the
distribution is smooth) and a large value means that there are many prominent over/under
dense regions. The correlation function and power spectrum are a Fourier pair where the
correlation function can be found from the power spectrum as

ξ(r) =
1

(2π)3

∫
P (k)eik⃗r⃗d3k. (1.31)

In principle, both the power spectrum and the correlation function provide the same in-
formation making the choice on which to use somewhat arbitrary (Hamilton, 2005). In
practice, the information contained in the power spectrum/correlation function is moved
to different scales that may be easier to extract using one method over the other.

In addition to two-point clustering, higher orders can be measured (ex. three-point,
four-point, etc.). These n-point clustering measures represent the excess probability of
finding n points at a given separation compared to that from a random distribution. Higher
order clustering provides information on the non-Gaussianity of the matter distribution,
which happens when the distribution of points is not purely Gaussian and instead has a
preferred direction or shape.

1.4.2 Multipole Decomposition

While the Universe is expected to be statistically isotropic and homogeneous, anisotropies
can be introduced via observational effects discussed later in Section 1.5. These anisotropies
are expected to be symmetric about the line of sight and can be written, to first order, as
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Figure 1.2: The galaxy power spectrum from SDSS DR7 data (see Chapter 3). The points
with associated error bars show the measured power in the data while the models are
shown as the solid and dashed lines. The inset shows the same data and model divided by
a spline fit to a smooth component without wiggles. Image Credit: (Reid et al., 2010)
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functions of the square of the cosine of the angle to the line of sight µ2. Because of this
the correlation function and power spectrum are typically written as ξ(r, µ) and P (k, µ)
and are decomposed into Legendre polynomials to give multipole moments

ξℓ(r) = (2ℓ+ 1)

∫ 1

0

ξ(r, µ)Lℓ(µ)dµ, (1.32)

Pℓ(k) = (2ℓ+ 1)

∫ 1

0

P (k, µ)Lℓ(µ)dµ, (1.33)

along with their inverses
ξ(r,mu) =

∑
ℓ

ξℓ(r)Lℓ(µ), (1.34)

P (k, µ) =
∑
ℓ

Pℓ(k)Lℓ(µ). (1.35)

Lℓ are the Legendre polynomials where the first three even polynomials are

L0(µ) = 1, (1.36)

L2(µ) =
1

2
(3µ2 − 1), (1.37)

L4(µ) =
1

8
(35µ4 − 30µ2 + 4). (1.38)

1.5 Observational Effects Breaking Statistical Isotrophy

For a galaxy survey, we measure the positions using angles and redshifts and the resultant
measurements are known as being in redshift space. The conversion of these redshifts to
distances assumes a Universe that is homogeneous and statistically isotropic so that the
velocity of galaxies is solely due to their recessional velocity and not from any other peculiar
velocity. Redshift space will become distorted from real space by two main processes
that lead to a dilation of clustering caused by the distance-redshift relationship applied
to convert redshifts into comoving distances: redshift space distortions (RSDs) and the
Alcock-Paczynski (AP) effect.
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Figure 1.3: The effect of redshift space distortions on overdensities (right) and underden-
sites (left). The top row shows the actual shape of the structure in real space, where arrows
indicate the velocity of each object. The bottom row shows the apparent shape in redshift
space.
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1.5.1 Redshift Space Distortions

The local environment around galaxies causes additional velocity, not from the Hubble
flow, due to the gravitational effect from these surroundings. These are called peculiar
velocities. Any component of this velocity along the line of sight will be added onto the
recessional velocity due to the expansion of the Universe when redshifts are converted to
distances using equation 1.24, Figure 1.3 shows a simplified illustration of this. This causes
a distortion of the measured distance to an object. This is a scale-dependent effect on the
measured density distribution of objects. This peculiar velocity is linked to the growth rate
of structure, the rate at which the density fluctuations in the cosmic matter distribution
grow over time due to gravitational attraction between matter. Redshift space distortions
can therefore be used as a measure of this growth rate.

The position of an object in redshift space s⃗ is related to its real space position r⃗ by
the peculiar velocity along the line of sight v⃗ by

s⃗ = r⃗ + (v⃗ · ˆ⃗r)ˆ⃗r. (1.39)

The real space position is typically decomposed into components parallel to the line of
sight, r∥, and perpendicular to the line of sight, r⊥. The redshift space equivalents to these
are σ that is equivalent to r∥ and π is the redshift space equivalent to r⊥. Combining
equation 1.39 with the expected recessional velocity from the Hubble flow one finds

σ = r⊥, (1.40)

and
π = r∥ +

1 + z

H(z)
v∥, (1.41)

where only the line of sight component π has changed. In this case, σ and π are in comoving
coordinates and µ ≡ π/

√
σ2 + π2.

The relationship between real and redshift space coordinates can be expressed as

d3s =

(
1 +

du

dr

)
d3r, (1.42)

where u = v⃗ · r⃗ and the Jacobian J = (1 + du/dr), which can be written as

J =

(
1 +

du

dr

)
=

(
1 +

1

H(z)

dv∥
dr∥

)−1

≈
(
1− 1

H(z)

dv∥
dr∥

)
. (1.43)
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The total amount of matter in a given volume element is conserved in the mapping from
real to redshift space

(1 + δm(s⃗))d
3s = (1 + δm(r⃗))d

3r, (1.44)

where δm is the mass density contrast. Applying the Jacobian from equation 1.43

(1 + δm(s⃗)) = (1 + δm(r⃗))

(
1− 1

H(z)

dv∥
dr∥

)
. (1.45)

Expanding this and keeping the linear terms one finds

δm(s⃗) = δm(r⃗)−
1

H(z)

dv∥
dr∥

, (1.46)

to which a Fourier transform can be applied to find

δm(s⃗) = δm(r)(1 + f(z)µ2
k), (1.47)

where µk = k∥/k is the cosine of the angle between the line of sight and k⃗ and f(z) is
known as the growth rate factor.

The growth rate factor describes the growth of linear perturbations; it is defined as

f ≡ d ln δ

d ln a
. (1.48)

Within an FLRW metric the growth can be approximated by the equation

f(z) = Ωγ
m, (1.49)

where γ is usually treated as a constant γ = 0.55; however, in reality has a weak depen-
dence on other parameters such as the equation of state of dark energy. Many cosmological
measurements, including those made later in this thesis, describe the growth rate of struc-
ture in the Universe as f(z)σ8(z) where σ8(z) is the amplitude of density fluctuations
normalised using the standard deviation of density fluctuations in a sphere of 8h−1Mpc.

We can use equation 1.27 that relates the matter and galaxy density field and insert
this into equation 1.47

δm(s⃗) = δm(r)(1 + β(z)µ2
k), (1.50)

where β = f/b. From Section 1.4.1 the power spectrum is known to be related to over-
densities by P (k) ∝ ⟨δ2⟩ which gives the anisotropic galaxy power spectrum Pgg(k, µ)
as

P s
gg(k, µ) = (1 + β(z)µ2

k)
2Pgg(k), (1.51)

where P s
gg(k, µ) is in redshift space and Pgg(k) is in real space.
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1.5.2 Alcock-Paczynski Effect

In galaxy surveys the position of each object is observed in redshift space (and angular
coordinates right ascension and declination). In subsequent analyses of the data these are
converted to comoving cartesian coordinates, however, this transformation requires an as-
sumption of the fiducial cosmology (as was shown in Section 1.3). Geometrical constraints
are provided by the dilation of clustering caused by the distance-redshift relationship ap-
plied to convert redshifts into comoving distances. Along the line of sight, provided that
the clustering is measured on scales that are small compared to those over which cosmo-
logical evolution occurs, the clustering is sensitive to DH shown in equation 1.18. Across
the line-of-sight, we are sensitive to the comoving angular diameter distance DM(z) shown
in equation 1.20.

Knowing that clustering in galaxy surveys is isotropic, we will only recover this in our
comoving maps if the correct cosmology is used in converting redshifts to distances. Alcock
and Paczynski (1979) devised a test in which adjusting the cosmological model can be used
to constrain the parameter combination

FAP =
(1 + z)

c
DA(z)H(z). (1.52)

Equivalently many analyses constrain the parameter combination DM(z)/DH(z). Separate
measurements of DH(z) and DM(z) can be made if we have a standard ruler whose intrinsic
length we know or that depends on other cosmological parameters, such as the BAO scale.
Whereas to measure the dimensionless ratio DM(z)/DH(z) we only need an object - such
as a stack of voids - that we can use as a standard shape, knowing that it is expected to
be spherical but not knowing its intrinsic size (called the AP effect).

1.6 Observational Cosmology

The last few decades of cosmology have seen the rise of a variety of independent probes
of the Universe. These observations each give unique constraints on various parameters
and parameter combinations that are powerful tests of the current best cosmological mod-
els. Recent years have seen the rise of concordance cosmology combining information from
different cosmological processes to provide tighter constraints and break degeneracies. In
this section we will summarise the major types of observations in cosmology: the cosmic
microwave background, baryonic acoustic oscillations, galaxy peculiar velocities, distance
ladder measurements (ex. type Ia supernovae), gravitational lensing, and Big Bang nucle-
osynthesis.
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1.6.1 Cosmic Microwave Background

The cosmic microwave background (CMB) is the remnant of the first light that could freely
travel in the universe, dating back to recombination. Prior to recombination photons were
tightly coupled to electrons and protons in what is called a baryon-photon fluid (Dodelson,
2003). As the Universe expanded this fluid cooled to the point where protons and electrons
could combine to form neutral atoms such as hydrogen. This process caused the emission
of additional photons. The neutral particles that formed were transparent to light causing
photons to become decoupled from matter, in a process aptly known as decoupling. Pho-
tons from decoupling travelled freely through the universe without interacting with matter
and are observed today as the cosmic microwave background (CMB) (Peebles, 1968). These
photons expanded with the continued expansion of the Universe, becoming stretched to
longer and longer wavelengths. The spectrum from CMB photons we observe today closely
matches that of a blackbody spectrum with a temperature of 2.725K. At the time of last
scattering the Universe was at a temperature of approximately 3000K and CMB photons
have been redshifted by a factor of 1100 to the currently observed temperature (Planck
Collaboration et al., 2020). Related to this process is the surface of last scattering which is
defined as where the CMB photons were scattered for the last time before being observed
in present-day detectors. All of recombination, decoupling, and the last scattering surface
occur at similar redshifts (around z = 1100) however recombination is determined by the
ionization fraction of the Universe, decoupling is defined by the rate of photon scatter, and
the last scattering surface depends on the optical depth of fluid in the early Universe.

Very small anisotropies exist in this spectrum of the order of just 18µK that encode a
wealth of cosmological information (Wright et al., 1994). The structure of these anisotropies
is determined by matter and photon interactions that occur up to the point of decoupling.
The distribution of anisotropies in the CMB in terms of their angular scale can be shown
in the power spectrum of the CMB radiation temperature shown in Figure 1.4. This char-
acteristic bumpy pattern of peaks and troughs of varying heights allows for the extraction
of cosmological information (Jones and Lasenby, 1998). Anisotropies are classified into
two main groups: primary anisotropies that occur at or before the photon decoupling, and
secondary anisotropies that occur from effects between photon decoupling and the light
reaching an observer. Primary anisotropies are from acoustic oscillations of the photon
baryon fluid and Silk damping (the dissipation of small-scale perturbations that is caused
by photons random walking out of overdense regions). Secondary anisotropies can be di-
vided into two broad categories: gravitational effects from metric distortions (ex. early
and late Integrated Sachs-Wolfe effects, see White and Hu 1997), and rescattering effects
from reionization (ex. the thermal Sunyaev–Zeldovich effect, see Sunyaev 1974).
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Figure 1.4: The power spectrum of the cosmic microwave background radiation tempera-
ture anisotropy in terms of the angular scale from Planck Collaboration et al. (2020) data.
The solid line shows the best-fit model assuming a ΛCDM cosmology. Residuals with re-
spect to this model are shown in the bottom panel. Image Credit: (Planck Collaboration
et al., 2020).
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The best current measurements of the CMB power spectrum come from Planck Collab-
oration et al. (2020) (as shown in Figure 1.4). Tight constraints of Ωch

2 = 0.120 ± 0.001
and Ωbh

2 = 0.0224 ± 0.0001 are found. If a ΛCDM model is assumed then additional
constraints of H0 = 67.4± 0.5 km/s/Mpc, Ωm = 0.315± 0.007, and σ8 = 0.811± 0.006 are
found.

1.6.2 Large-Scale Stucture

Galaxy spectroscopic surveys have seen a resurgence due to the emergence of multi-object
spectrographs on ground-based telescopes (ex. 2dFGRS Colless et al. 2003 and SDSS York
et al. 2000). These surveys have traditionally relied on two physical processes in order to
extract information, BAO and RSD. This subsection will briefly present how information
is extracted from these two techniques. The emergence of voids as a method of extracting
additional, complementary information is discussed in more detail in Chapter 2 as well as
later in this thesis.

Baryonic Accoustic Oscillations

Baryon acoustic oscillations (BAO) are fluctuations in the density of baryons in the Uni-
verse caused by acoustic density waves in the baryon-photon fluid in the early Universe.
Overdensities in this fluid attracted matter to it gravitationally while heat from photon-
matter interactions produced outward pressure. These opposing forces created oscillations
analogous to sound waves in air caused by differences in pressure. These spherical ’sound’
waves caused photons and baryons to travel outwards from overdensities until decoupling.
The uncoupled photons were then able to freely stream away, as they were no longer
interacting with the baryons. This removed the outward pressure from photon-matter in-
teractions. Shells of baryonic matter that had travelled outward from overdensities were
left behind. The radius of this shell is called the sound horizon (rs).

This process occurs at high redshifts but effects from this can be measured in the present
day. As structure collapsed and formed later into the life of the Universe these overdense
regions formed dark matter halos and galaxies formed at the centre of these halos (Mo and
White, 1996). The shells of baryons left behind from BAO caused slightly more overdense
regions where galaxies were more likely to form. This can be seen in Figure 1.5, where
the clustering of galaxies is measured using the correlation function (see Section 1.4) as
a function of the separation distance. The correlation function displays the characteristic
bump due to BAO indicating the excess probability of finding galaxies.
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Figure 1.5: The correlation function (i.e. clustering) of galaxies found in the BOSS CMASS
DR11 survey. The bump at ∼ 110 h−1Mpc shows the BAO feature that is measured in
galaxy surveys. The y-axis has been multiplied by s2 in order to better highlight this
feature. Image Credit: (Anderson et al., 2014).
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This radius provides a "standard ruler" of known length that allows for cosmological
information to be extracted. The sound horizon can be determined as

rs =

∫ ∞

z

dt

H(z)
cs(t), (1.53)

where z is the redshift of decoupling, cs(t) is the sound speed, and H(z) parameterise the
expansion of the Universe. The dependence of parameters on z is small enough that it can
be neglected (Knox and Millea, 2020). To determine rs, cs(z) and H(z) are needed. The
sound speed depends on the baryon density and the radiation density, where the radiation
density is determined by the temperature of the CMB (Wright et al., 1994). To determine
H(z) (explained in more detail in Section 1.2) the mean densities of matter, radiation,
and dark energy are needed, this information is usually either taken from the CMB, or the
density of matter can be calculated using the Alcock-Paczynski effect on BAO (explained
in Section 1.5.2) as well as with BBN (explained in Section 1.6.5).

Redshift Space Distortions

Galaxy peculiar velocities (and redshift space distortions caused by these) are another
method of extracting information from galaxy redshift surveys like with BAO. Peculiar
velocities are the motion of galaxies with respect to the comoving background caused by
local gravitational interaction with nearby structures. Redshift space distortions are the
Doppler effect of a galaxy’s peculiar velocity on the measured redshift where the addi-
tion of the peculiar velocity will cause a Doppler shift in the measured redshift that is
additional to that from cosmic expansion. Useful information can be extracted from these
effects. Measurements accounting for these allow for a determination of structure growth
(Percival and White, 2009), an important test of non-standard cosmological models, and
the behaviour of gravity on large scales (Raccanelli et al., 2013). More detail on peculiar
velocities, RSDs, and the constraints that can be calculated using these is explained in
Section 1.5.1.

Recent Measurements

The best current measurements of large-scale structure are from the Baryon Oscillation
Spectroscopic Survey (BOSS; Dawson et al., 2013) of SDSS-III (Eisenstein et al., 2011),
and the extended BOSS (eBOSS; Dawson et al., 2016) of SDSS-IV (Blanton et al., 2017).
Final results from these methods will provide constraints on the parameters fσ8, DM/rd,
and DH/rd and are summarised in Table 5.1. The parameter rd is the comoving sound
horizon at the baryon drag epoch.
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1.6.3 Distance Ladder Measurements

Distance ladder measurements provide useful cosmological information through a direct
calibration of the distance-redshift relation (see Section 1.5). To do so they rely on standard
candles (objects of known luminosity). If the luminosity of an object is known its brightness
on the sky can be measured and used to determine how far away that object is. The most
useful standard candles are Type Ia supernovae, which are powerful explosions caused
when one star in a binary system is a white dwarf (the end point of a low-mass main
sequence star). The white dwarf accretes matter from its partner star until it hits the
Chandrasekhar limit (at ∼ 1.4M⊙) and the electron degeneracy pressure supporting the
star in equilibrium can no longer oppose gravity. At this point, the white dwarf collapses
and explodes into a supernova. Due to the narrow mass range of the white dwarf star
when this explosion happens, the peak luminosity of this event is well determined. This
incredibly bright explosion can be seen at very far distances into the Universe allowing for
distances for faraway galaxies to be determined. The redshifts of these galaxies can also be
measured allowing the expansion rate of the Universe at the present day, H0 to be directly
measured (see equation 1.24).

In order for this to be determined, the luminosity of supernovae must first be calibrated.
This is done using Cepheid stars. Cepheid stars are variable stars that pulse in a predictable
way. The period of pulsation is directly related to the luminosity of the star. Distances to
nearby Cepheids can be found using stellar parallax measurements and used to calibrate
the period-luminosity relation (being careful to determine if this is a Type I or Type II
Cepheid as these two populations have different period-luminosity relations). Once this
has been calibrated on local Cepheids, the distances to nearby galaxies where these stars
have been identified can be determined using the known luminosity of the Cepheids and
measuring their flux.

Cepheids can be used as a standard candle in nearby galaxies. To measure distances
to further away galaxies Type Ia supernovae are used. Type Ia supernovae are identified
in nearby galaxies where Cepheid stars are also present. The distance to these galaxies is
determined via the Cepheids and the brightness curves of the Type Ia supernovae can be
calibrated so that their luminosity is determined. Figure 1.6 shows Edwin Hubble’s first
measurement of H0 using a cosmic distance ladder. While this measurement later showed
to be inaccurate, there are more recent measurements that use this same technique to make
accurate measurements of the Hubble constant.

It was the use of Type Ia supernovae that led to the discovery of the accelerated
expansion of the Universe (i.e. dark energy) in the late 1990s (Perlmutter et al., 1999; Riess
et al., 1998). The best current constraints from Type Ia supernovae come from Pantheon
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Figure 1.6: Edwin Hubble’s original plot of the velocity-distance relation for galaxies (Hub-
ble, 1929)
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Plus (Scolnic et al., 2022). Measurements are taken from 1550 confirmed supernovae.
Assuming a flat ΛCDM cosmology constraints of Ωm = 0.334± 0.018 and H0 = 73.6± 1.1
are found (Brout et al., 2022).

1.6.4 Gravitational Lensing

One of the key predictions of General Relativity is that matter distorts spacetime around
its local vicinity. As light passes through this distorted spacetime it too becomes distorted.
These effects can be seen in two ways by an observer: strong gravitation lensing and weak
gravitational lensing.

In strong gravitational lensing light rays pass in close proximity to a very large lensing
mass and the bend angle of the light becomes significant. This magnifies the light, can
cause multiple images of the background emitting light source to be seen by an observer,
and distorts the background source in an arc shape. As it requires a very high mass in the
foreground this is a relatively rare phenomenon.

Weak gravitational lensing is the subtle distortion of background galaxies by the grav-
itational influence of foreground matter. For weak lensing, this is a much smaller effect
requiring large statistical samples to measure. The lensing distortion of background light
sources provides an integrated determination of the underlying matter distribution. Weak
lensing is typically measured through the shear power spectrum and is used to probe the
mass density of the Universe Ωm, the amplitude of matter density fluctuations on scales of
8h−1 Mpc called σ8, and the dark energy equation of state parameter w. Due to this being
an integrated measurement, there are degeneracies between these parameters and results
are usually reported at S8 ≡ σ8

√
Ωm/0.3, Ωm, and w.

The best current weak lensing constraints come from the Dark Energy Survey (DES)
year 3 results which find S8 = 0.775+0.026

−0.024, Ωm = 0.352+0.035
−0.041, and w = −0.98+0.32

−0.20 for a
wCDM cosmological model (Abbott et al., 2022).

1.6.5 BBN

Big Bang nucleosynthesis (BBN) is the production of nuclei other than hydrogen-1 (i.e. a
single proton) in the early Universe. At early times, neutrons and protons were intercon-
verting to form deuteron (i.e. a heavy hydrogen nuclei containing a proton and neutron)
but the temperature in the Universe is hot enough that the average photon energy is able
to photodissociate the deuteron before heavier elements can be built. These conditions
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persist until the Universe is a few minutes old and the temperature drops sufficiently (i.e.
below 80 keV) so that there are too few photons energetic enough to photodissociate the
deuterons (Peebles, 1966).

At this point, protons and neutrons are able to combine to form deuteron, hydrogen-3
(1 proton and 2 neutrons), helium-3 (2 protons and 1 neutron), and helium-4 (2 protons
and 2 neutrons). The production of higher-mass elements is limited past these elements
due to the lack of stable nuclei of mass-5 (ex. 3 protons and 2 neutrons). In order to form
heavier elements helium-4 must collide with either deuteron, hydrogen-3, or helium-3. As
all of these nuclei are positively charged the Coulomb repulsion suppresses the reaction rate
and severely limits the number of heavy nuclei that form. Mass-8 nuclei are also unstable
which ensures the few nuclei that are able to overcome the mass-5 gap are very unlikely to
form even heavier elements (Steigman, 2004).

Primordial nucleosynthesis is a short-lived process. Nuclear reactions to form heavier
elements required energies that are higher than the Coulomb barriers for these particles.
This caused nucleosynthesis to abruptly stop when the temperature drops below approx-
imately 30 keV. This occurs approximately 20 minutes into the life of the Universe. All
together BBN lasts just 1000 seconds. BBN predicts that approximately 75% of the mass in
the Universe consists of hydrogen, 25% the mass of the Universe consists of Helium, 0.01%
is deuterium and even smaller quantities of lithium are made (Malaney and Mathews,
1993).

The prediction of these exact abundances depends on the density of baryons at the
time of nucleosynthesis (Ωbh

2). This can be measured using the absorption signal of distant
quasars to measure these abundances in the early Universe. The best current measurements
of BBN come from Cooke et al. (2016) who measure Ωbh

2 = 0.02156± 0.0002.

1.7 Tensions

Recent advances in the precision of cosmological measurements have greatly increased our
understanding of the Universe however, have also revealed tensions between different in-
dependent observational probes. There are a number of possible explanations: statistical
fluctuations, unaccounted-for systematic errors, or unknown physics not incorporated into
the ΛCDM model. Probes of greater precision are needed to verify that these measure-
ments are not due to statistical fluctuations and developing more independent observational
probes will allow for unaccounted-for systematic errors to be ruled out. The discovery of
new physics beyond ΛCDM will remain a critical area that inspires the next generation of
experiments designed to improve our understanding of the Universe.
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1.7.1 Hubble Tension

The Hubble tension is the subject of much current work by cosmologists. It refers to
the discrepancy by observations of the Hubble constant that describes the expansion rate
of the Universe at the present day. Several independent methods exist to measure this
fundamental parameter, the two most commonly referred to methods are the indirect
measurement of this parameter via the CMB, and the direct measurement via supernovae.
The indirect CMB measurement relies on the physics of the early Universe (i.e. high
redshift) and measures a lower value of the Hubble constant. Measurements from BAO
that use low redshift measurements of early Universe physics support this low measured
value (with the caveat that these are not independent measures). The direct supernovae
measurement is made in the late Universe (i.e. low redshift) and is supported by other
late Universe measurements such as the tip of the red giant branch stars (tRGB) which
are an alternative Cepheids in distance ladder measurements (see Section 1.6.3). This
tension has only been growing in recent years and current best measurements put it at
around a ≳ 4σ discrepancy (Planck Collaboration et al., 2020; Riess et al., 2021), making
it highly unlikely to be due to a statistical fluctuation. Figure 1.7 shows a summary of
recent measurements of the Hubble constant, highlighting the difference between direct
and indirect measurements.

There have been many theoretical solutions proposed to resolve this tension including
early dark energy, primordial magnetic fields, the presence of additional relativistic species,
a varying equation of state for dark energy, neutrino interactions, interacting dark energy,
modified gravity, and modified cosmologies. Di Valentino et al. (2021) provide a detailed
review of feasible proposed solutions as well as what observations constrain them. Despite
this wealth of proposed solutions, none have been widely accepted as definitive and many
are disfavoured from ΛCDM by current observational probes.

1.7.2 S8 Tension

The S8 tension is a discrepancy between the measurements of the S8 ≡ σ8

√
Ωm/0.3 param-

eter. This parameter characterises how matter clusters in the Universe on large scales and
can be measured using two independent techniques: from CMB observations and from cos-
mic shear. Cosmic shear is an effect of gravitational lensing where the large-scale structure
of the Universe causes light to bend as it travels towards us from distant galaxies resulting
in slight coherent distortions of the shapes of these galaxies. These two measurements are
in mild tension with each other, with the cosmic shear measurement favouring a slightly
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Figure 1.7: Whisker plot showing 1σ constraints of H0 from direct and indirect mea-
surements. The cyan vertical band corresponds to the measurement by Riess et al. (2021)
while the light pink band corresponds to the measurement from Planck Collaboration et al.
(2020). Image Credit: (Di Valentino et al., 2021).
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lower value of S8 than the CMB measurement, as shown in Figure 1.8. This tension is cur-
rently at a ∼ 3σ level, albeit with considerable scatter in cosmic shear measurements that
may reduce this tension (Planck Collaboration et al., 2020; Hamana et al., 2020; Tröster
et al., 2020; Asgari et al., 2021).

As with the Hubble tension, this discrepancy points to unknown systematics in the
analyses, a statistical fluctuation, or new physics beyond ΛCDM. A new physics solution
to the S8 tension would need to alter the predicted clustering of matter in the Universe
in order to reconcile the CMB and cosmic shear results. Possible solutions that would
accomplish this include additional neutrino species or dark energy with a different equation
of state than that of ΛCDM. There are no solutions that would resolve both the Hubble
tension and the S8 tension that are favoured over ΛCDM with currently available data.

1.7.3 CMB Inconsistencies

Another tension is an internal inconsistency in CMB data from Planck Collaboration et al.
(2020) with the lensing parameter AL that characterises the amplitude of the anisotropies in
CMB radiation. CMB photons emitted at recombination are deflected due to gravitational
lensing from massive cosmic structures. This effect is parameterised by AL. CMB lensing
results are consistent with the expected value of AL = 1, however, measurements of AL

from CMB power spectra alone prefer a higher value of AL at a ∼ 2.8σ discrepancy with
that expected form ΛCDM, as shown in Figure 1.9. Aside from explanations of unknown
systematic uncertainties or statistical fluctuation new physics that could explain these
include primordial non-Gaussianity and modifications to general relativity.

1.8 Thesis Plan

The remainder of this thesis will introduce voids as a cosmological probe, explain how
information can be extracted, and present results for a variety of cosmological models.
Chapter 2 introduces voids as cosmological probes including background on how they
can be used to inform the properties of the Universe. Chapter 3 will detail the different
observational surveys used in the remainder of the thesis, as well as how data vectors
are produced from voids. Chapter 4 details how these data vectors can be used to make
cosmological measurements, quantifies systematic errors, and compares results to that
from other groups and methodologies. Chapter 5 will show cosmological model fits to
information from voids and the combination of information from voids with other probes
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Figure 1.9: Constraints on the value of the consistency parameter AL, as a single-parameter
extension to the base-ΛCDM model, using various combinations of Planck data. Image
Credit: (Planck Collaboration et al., 2020).
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such as BAO, RSD, CMB, and BBN. Finally, Chapter 6 will summarise these results and
talk about the future of voids as cosmological probes.
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Chapter 2

Cosmic Voids as Tracers of Large-Scale
Structure

2.1 Introduction

Cosmic voids are a part of the cosmic web corresponding to vast underdense regions. They
occupy most of the volume of the Universe and contain information about its expansion
history and geometry (Ceccarelli et al., 2013; Cautun et al., 2014). These large-scale under
densities are a natural consequence of structure growth. Matter flows towards high-density
regions of space due to gravity, forming structures like cosmic clusters and filaments. This
matter flows away from underdense regions creating even less dense regions called voids. As
explained in greater detail throughout this Chapter, cosmological information is extracted
from voids by knowing that a stack of voids will display spherical symmetry in real space,
but is distorted in redshift space due to redshift space distortions and the Alcock-Paczynski
effect. These observational effects will encode useful information.

Voids are interesting objects to study because the link between the non-linear density
and the non-linear peculiar velocity can be accurately mapped using linear theory (Paz
et al., 2013; Cai et al., 2016; Nadathur and Percival, 2019). As a consequence, the RSD
signal in the distribution of galaxies around voids can be analytically modelled to small
scales, and we can obtain information to smaller scales from the RSD and AP measurements
than if we had tried to model all galaxy pairs (Lavaux and Wandelt, 2012; Hamaus et al.,
2016; Nadathur et al., 2019b). There have consequently been many studies of the AP
and RSD effects using the void-galaxy correlation (Paz et al., 2013; Hamaus et al., 2016,
2017; Hawken et al., 2017; Nadathur et al., 2019b; Achitouv, 2019; Hawken et al., 2020;
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Figure 2.1: A slice of galaxy positions from the SDSS LOWZ survey (see Section 3.2)
at dec = 12◦ with an opening angle of 2◦. Shown on top of this in red and yellow are
voids found in this sample using a ZOBOV void finding algorithm (see Section 2.3). The
colour represents voids found in regions where the galaxy density is higher than the survey
average (yellow) or lower (red). Buffer particles needed for a ZOBOV void-finder are seen
at the boundaries of the survey volume in green, see Section 2.3 for more detail. Image
credit: Nadathur (2016)
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Aubert et al., 2022a) and closely related statistics (Paillas et al., 2021). In principle, the
statistical precision with which the Alcock-Paczynski effect, introduced in Section 1.5.2 and
parameterised by DM(z)/DH(z), can be measured using voids exceeds that obtained from
BAO (Hamaus et al., 2016; Nadathur et al., 2019b). However, the potential for systematics
is slightly higher given the need to model the RSD signal. The idea behind the Alcock-
Paczynski effect is that an object - such as a stack of voids - can be used as a standard
shape. For a stack of voids, we know that it is expected to be spherical but do not know
its intrinsic size. We will only recover this standard shape in our comoving maps if we
use the true value of DM(z)/DH(z) when converting redshifts to distances, in the absence
of other effects (Alcock and Paczynski, 1979). Other ways in which voids can be used to
test cosmological models include using the void size distribution, void lensing, or void-void
clustering (Pisani et al., 2015; Sánchez et al., 2017b; Nadathur, 2016; Raghunathan et al.,
2020; Zhao et al., 2022).

In this chapter the theoretical background and modelling relating to using voids as
tracers of the large-scale structure of the Universe are introduced. This is applied in later
chapters of this thesis to the full luminous red galaxy sample from the Sloan Digital Sky
Survey for the first time to build up a picture of the geometry of the Universe, and the
growth rate within it, from void-information only. This chapter will delve into the impor-
tance of void analysis, void finders, void densities, the void-galaxy correlation function,
reconstruction and the necessity prior to void finding, modelling of the void-galaxy corre-
lation function, the expected density of voids in the Universe, velocity field in voids and
shot-noise effects on the void-centre definition, and finally previous void analyses.

2.2 Importance of Void Analyses

Cosmic voids are a strong probe of our best cosmological models. They enable us to
extract additional information from galaxy surveys that is complementary to information
that is extracted using the BAO peak as well as from the peculiar velocities of galaxies (for
example, see Figure 5.1). Voids not only provide complementary information to that from
galaxy clustering but have advantages. The RSD contribution to anisotropy in voids can be
modelled using linear theory with reasonable success and without needing to exclude small
scales (Hamaus et al., 2014; Cai et al., 2016; Nadathur and Percival, 2019; Paillas et al.,
2021, Section 2.8). This provides our constraints on fσ8, however, with the caveat that the
potential for systematic bias is higher due to the sparsity of tracers around void centres
leading to a mismatch in the velocity profile of dark matter and tracers (Massara et al.,
2022, see also Sections 2.8.1 & 2.9). The anisotropies in the void-galaxy cross-correlation
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function from RSD can be easily distinguished from those arising from the AP effect, and so
measurements of the cross-correlation can be used to measure the AP parameter (Hamaus
et al., 2015; Nadathur et al., 2019b, Section 2.8.2). Work in Hamaus et al. (2016); Nadathur
et al. (2019b, 2020b) and Woodfinden et al. (2022, see Chapters 3 & 4) applied this method
to the BOSS and eBOSS surveys and resulted in a factor of between 1.7 to 3.5 more precise
constraints than those from galaxy clustering and BAO in the same data. For a featureless
power spectrum (i.e. a power law), there would exist a perfect degeneracy between fσ8

and DM/DH. This degeneracy is broken by features in the power spectrum such as the
BAO feature on large scales. However, the sample variance is significantly reduced if we
can work on small scales. Unfortunately for the galaxy-galaxy auto-power, there are few
features on small scales, and the degeneracy can only be mildly broken (Ballinger et al.,
1996). On the other hand, the small-scale void-galaxy cross-correlation has a number of
features due to observational effects, and this degeneracy can be better broken, enhancing
measurements.

Modified gravity theories predict that deviations from General Relativity should be
more pronounced in voids making them ideal testing environments for different dark energy
models to that of ΛCDM (Li et al., 2012; Clampitt et al., 2013; Cai et al., 2015; Achitouv,
2016; Cautun et al., 2018; Paillas et al., 2019; Zivick et al., 2015). Theories predicting a
fifth force as responsible for the accelerating expansion of the Universe also predict that this
force will be unscreened in low-density environments (e.g. Falck et al., 2017). Chapter 5
takes measurements presented in Chapters 3 & 4 from voids over a wide range in redshift
(as well as in combination with complementary probes) and fits these measurements with
a ΛCDM model as well as various plausible extensions to ΛCDM (e.g. wCDM, oCDM,
w(z)CDM) to provide strong constraints on these models and test for deviations from
ΛCDM.

Current (BOSS, eBOSS) and next generation (DESI, Euclid) galaxy spectroscopic sur-
veys provide an enormous amount of information at a wide range of redshifts, from as low
as redshift 0.07 up to redshift 1.8 and beyond. The application of voids to these surveys
allows for a powerful test of the geometry, growth, and expansion history of the Universe
and will allow the current best cosmological models to be tested to unprecedented preci-
sion. Forecast constraints from these surveys expect a precision of 3% to be achieved for
Ωm and 6% precision is expected for w for a wCDM model (Radinović et al., 2023, see also
Chapter 6). These constraints combine forecast values expected in upcoming Euclid data
with those presented in this thesis from voids alone and rival the current best precision
available from CMB measurements (Planck Collaboration et al., 2020). Section 1.7 shows
that tensions exist in a ΛCDM framework, and voids offer a path forward (both on their
own and in combination with other probes) to confirm these tensions, constrain plausible
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explanations, and hint at possible solutions.

2.3 Void Finders

Various void finders exist to identify underdense regions in galaxy surveys. These void find-
ers differ algorithmically, as well within each void finder, there may be various definitions
of void centres. In general, a void finder will give a position for the centre of an underdense
region, matching the criteria of that void finder, as well as a scale of the underdensity.

Void-finding techniques can be placed into very broad categories based on the under-
lying algorithm: watershed-based void finders, spherical-based void finders, and others
including Delaunay triangulation-based void finders and weak lensing-based void finders.
Of the void finders we describe below both ZOBOV and VOXEL fall under the watershed
category, and as implied by its name the spherical void finder falls under the spherical
category.

While the details of their implementation vary, all watershed-based void finders follow
the same basic principle. They determine the density field and then voids are found by
looking for inflexion points in this density field. Variations include how this void finding
algorithm determines the underlying density field (e.g. galaxy counts in cells, Voronoi
tesselations), and the criteria for merging neighbouring underdense regions identified by
the watershed algorithm (this normally depends on the density contrast of neighbouring
cells with the criteria depending on the ratio of neighbouring densities), and void centre
definitions (e.g. minima of density field, weighted average of cell positions). Popular
watershed-based methods include VIDE (Sutter et al., 2015), ZOBOV (Neyrinck, 2008), VOXEL
(Nadathur et al., 2019b), and WVF (Platen et al., 2007).

Similarly, spherical-based void finders operate under the same underlying algorithm.
They first determine the density field from the tracers used, and then use the lowest
density regions in this field and measure the density in spheres of size Rv about this
region. Variations in spherical void finders are based on the treatment of how this catalogue
of spherical regions is turned into a void catalogue. They accept different criteria for
the size and density of these regions to be considered voids and how they merge these
voids into different regions. For example, some spherical void finders will iterate from the
lowest density regions to the highest and remove this void from the catalogue if it overlaps
with a more underdense region. Other void finders will merge neighbouring underdense
regions based on a specified density criterion. Popular spherical-based void finders include
VOIDFIDNER (Hoyle and Vogeley, 2002; El-Ad and Piran, 1997), SVF (Padilla et al., 2005;
Ruiz et al., 2015), and Popcorn (Paz et al., 2023).
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Other void finders include those based on Delaunay triangulation and weak lensing.
Delaunay triangulation void finder identifies all empty spheres that are constrained by
four elements of a point set of tracers. They resolve all the largest spheres that are empty
of tracers. A popular implementation of this is DIVE (Zhao et al., 2016). Weak-lensing-
based void-finders use various criteria from weak-lensing maps such as minima, troughs,
and tunnels to identify voids, a summary of these void finders can be found in Davies et al.
(2021).

This section describes the details of various popular void finders used in analyses in-
volving the void-galaxy correlation function and summarises the void centre definitions
available.

2.3.1 ZOBOV

ZOBOV (Neyrinck, 2008) is a watershed algorithm that topologically identifies voids in large-
scale structures. This algorithm first estimates the local density using a Voronoi tessellation
of the discrete galaxy distribution. In Voronoi tessellation, a Voronoi cell is assigned to
each tracer and all space is assigned to the cell of the closest tracer. The density of each cell
can be calculated as the inverse of its volume and the local minima of the density field are
found using these densities. Voronoi cells are then grouped using a watershed procedure
where, starting at the deepest minimum, neighbouring cells are combined until a cell of
lower density is found. This identifies a saddle point. When a group of cells, called a basin,
can no longer grow as it is surrounded by saddle points the next deepest local minima is
considered. This continues until all space has been divided into basins. These will then
either constitute voids in the final catalogue or, optionally, they may be merged into final
voids. This criterion normally depends on the ratio of the density of the Voronoi cell
that is at the minimum of the said basin to the density of cells at the boundaries. Prior
to tesselation, boundary particles are placed around the edges of the survey volume to
prevent arbitrarily large Voronoi volumes. Voids with Voronoi cells that contain boundary
particles are removed from final void catalogues as they cannot be properly resolved.

Two main definitions of void centres exist for ZOBOV algorithms. The first is a circumcen-
tre approach. In this approach, the void centre is computed as the point of lowest density.
To do this the lowest density (highest volume) Voronoi cell is identified and the location of
the tracers associated with this cell, as well as the locations of tracers associated with its
three next lowest density neighbours, are used to form a tetrahedron. The circumcentre
of this tetrahedron is taken as the void centre Nadathur and Hotchkiss (2015). This void
centre definition is the sole definition that is used in work presented in Chapters 3, 4, & 5.
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The other option is a barycentre definition. The void centre is computed using a volume-
weighted approach where the location, x⃗i, of the tracer corresponding to each Voronoi cell
in the void is found and the weighted average, x⃗v, is computed using the volume of each
cell, Vi,

x⃗v =

∑
i x⃗iVi∑
i Vi

. (2.1)

2.3.2 VOXEL

VOXEL is another watershed-based void finding algorithm, similar to ZOBOV, that uses a
particle mesh method to calculate the density field instead of tesselation. To do this,
tracer galaxies are placed onto a mesh grid, where the grid side length avoxel is determined
as

avoxel =
1

2

(
4πn̄

3

)−1/3

, (2.2)

where n̄ is the mean number density of galaxies in the survey. The side length is cho-
sen to match the mean particle separation. This density field is then smoothed using a
Gaussian filter of smoothing length n̄−1/3 to reduce shot noise fluctuations on small scales.
A watershed algorithm is then applied to this density in the same way as for ZOBOV: the
lowest density point not currently belonging to a basin is found, neighbouring cells are
merged into this basin until all neighbouring cells have a lower density, this corresponds
to saddle points. This process is repeated until all space corresponds to a basin which are
either taken as the final voids output or additional merging into final voids may be applied.
Merging is typically based on the density of the centre of a basin compared to its particles
at the void edges. Voids found near survey edges are removed from final void catalogues
as they cannot be properly resolved.

Within VOXEL are two main void centre definitions. The first is the centre of the voxel
corresponding to the density minimum in each basin. The second is a barycentre definition
that is calculated as the inverse density weighted average of all voxels

x⃗v =

∑
i x⃗iρ

−1
i∑

i ρ
−1
i

. (2.3)

where x⃗i is the centre of each voxel in a basin and ρi is the density of said voxel.

Figure 2.2 shows the dark matter density profiles of both ZOBOV and VOXEL voids when
applied to the same simulation box using a circumcentre void definition. The simulation
box (described in greater detail in Section 3.2.4) is a full N-body simulation of dark matter
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Figure 2.2: The dark matter density of ZOBOV and VOXEL voids when applied to a BigMD
simulation box with a circumcentre void-centre definition, see Section 3.2.4.

particles that can be used to understand the dark matter field around voids. While similar,
the two different void finders find different voids and have differing void centres for the
same voids that result in different dark matter density profiles.

2.3.3 Spherical

Spherical void finders are non-watershed-based void finders. These void finders require
three main choices to be made as inputs: a list of void sizes considered (RV), the side
length of each voxel (avoxel), and a density threshold (∆ = ρ/ρ̄− 1) that is the maximum
density of each local minima. Spherical void finders first calculate the density field in
the same way as with VOXEL, by dividing all space considered into a 3-dimensional grid
and counting the number of tracers within each grid cell (voxel), and then smoothing
this density field using a top hat filter of smoothing length RV,i where RV,i is the largest
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void size input to the algorithm. After filtering out voxels with a density below the input
threshold ∆, they are sorted from lowest to highest. This list is then iterated through
starting from the lowest density voxel. For each iteration, all voxels within radii RV,i are
grouped into a void. This is then repeated for each subsequent voxel in the sorted list
and if no voxels with a void exist in a previously found void, then this void is kept. This
process is repeated for all values of RV,i in the input void size list. Void centres are defined
as where the smoothed field is below the input threshold.

2.3.4 Choice of Void Finder

For work concerning the void-galaxy correlation function applied to SDSS data of this
thesis, one void finder was chosen and used for all subsequent analyses shown in Chap-
ters 3 & 4, & 5. The void finder ZOBOV was chosen for this work. The choice of void finder
was restricted to those available in the Revolver1 code due to author’s familiarity with
this software (including support from coauthors who wrote this code). Available options
within Revolver are ZOBOV and VOXEL. While the VOXEL void finding algorithm was ex-
plored due to better performance in terms of memory usage and computational run time,
this implementation had not yet been used in previous analyses at the time of work relating
to Woodfinden et al. (2022). This implementation was found to have several bugs that
caused larger systematic errors than were acceptable and other unwanted effects such as
shifted void centre definition if all tracers were shifted to be located on a different patch
of the sky but were otherwise kept the same. These bugs in implementation have since
been resolved and VOXEL was first used in the analyses of Radinović et al. (2023). Instead,
ZOBOV, despite the worse computational performance, had been shown to be an effective
void finder with minimal systematic biases in previous analyses (Nadathur et al., 2019a,
2020b). This came with the added benefit that the analysis of eBOSS voids used the same
void finder as work presented in subsequent chapters of this thesis and so repetition of
this analysis with a new void finder was not required, saving both time and computational
resources. The choice of a circumcentre definition for the ZOBOV void finder was used to
match that of the analyses of eBOSS voids in Nadathur et al. (2020b) and was found to
have a lower systematic bias than that of a barycentre definition.

1https://github.com/seshnadathur/Revolver
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2.4 Void Densities

Voids are underdensities in a matter field. They can be characterised by having a low
density in their centre, a rising density as the distance from the centre, and approaching the
cosmic mean density at large radii. Individual voids do not have a well-defined shape profile.
However, in an isotropic Universe, a stack of many similar voids will display a spherical
shape (in real space) that can be well described with a radial profile δ(r). Figure 2.3
shows measured void density profiles for voids found in a simulated box (described in
Section 3.2.4). In practice, the integrated density contrast ∆(r) is used to describe void
environments (Ceccarelli et al., 2013). This is written as

∆(r) =
3

r3

∫ r

0

δ(y)y2 dy . (2.4)

In general two characteristic types of voids are found: R-type voids and S-type voids
(Ceccarelli et al., 2013). R-type voids are characterised by an increasing density that
monotonically tends towards the cosmic average density at large radii, see Rv ≥ 51 voids
in Figure 2.3. R-type voids tend to be larger voids. S-type voids are characterised by
having a noticeable peak in their density profiles around the typical void radii that then
decreases towards the cosmic average, see 15 ≤ Rv ≤ 24 voids in Figure 2.3. S-type voids
tend to be smaller voids and tend to be found as voids in higher-density environments.

Several authors have proposed parametric models for void density profiles. Paz et al.
(2013) propose two different models for ∆(r), one each for R-type and S-type voids. For
R-type voids they provide the functional form

∆R(r) =
1

2
(erf(S log10(r/R))− 1)) , (2.5)

where R is the void radii and S is a steepness coefficient. For S-type voids an additional
term is needed to describe the peak seen around the void radii

∆R(r) =
1

2
(erf(S log10(r/R))− 1)) + P exp

{
− log210(r/R)

2Θ2(r)

}
, (2.6)

where

Θ(r) ≡
{
1/
√
2S, r < R

1/
√
2W, r > R.

(2.7)

This introduces two additional parameters: an amplitude P and a semi-width W . Note
that equation 2.5 is the same as equation 2.6 where parameter P has been set to zero. These
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Figure 2.3: Void density profiles for voids found in the BigMD simulation. Voids are
grouped into void-radii (Rv) bins to highlight the different density profiles from various-
sized voids. Also shown are voids found in a survey-like cutout that closely matches the
footprint of CMASS as opposed to a cubic box. Selection effects due to survey boundaries
have a significant effect on the density profile of voids found. This Figure highlights the
change in void density profiles in a simulation box with and without a realistic survey
geometry applied while Figure 2.4 highlights the density changes of voids in the same
survey geometry at different redshifts
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functional forms are dependent on the void identification method used (see Section 2.3).
Paz et al. (2013) tested these forms using a spherical void-finder. Alternatively Hamaus
et al. (2014) introduced a functional form for δ(r)

δ(r) = δc
1− (r/rs)

α

1 + (r/rv)β
, (2.8)

which contains five fitting parameters: a central density contract δc, a scaling radius rs, a
term describing the inner slope of the peak at void radii α, an effective void radius rv, and
a term describing the outer slope of the peak at void radii β.

Massara and Sheth (2018) noted that models based on spherical void finders fail to
capture that the large-scale bias factor of conserved tracers evolves with redshift. This is
directly related to the motion of voids. These void motions are approximately independent
of void size, so they are more significant for smaller voids that are typically more numerous
but are apparent for all void sizes. To account for this the authors advocate for an improved
model. They define their voids through a spherical evolution model as underdense regions
that undergo spherically symmetric expansion. In this case, the density profiles have been
shown to be well fit by the functional form (Bernardeau, 1994; Sheth, 1998)

1 + δ(< RE, a) ≈
(
1− DaδL(< RL)

δc

)−δc

. (2.9)

Here a is the scale factor, RL is some initial scale that evolves to RE at redshift z, δL is the
initial linear overdensity, Da is the linear growth factor normalise to the present time, and
δc = 1.686. To account for the motion of the void centre with redshift Massara and Sheth
(2018) propose an improved model

1 + δE(< RE, a) = 1 + δ(< RE, a) +Daδ2(RE, a), (2.10)

where δE is the initial linear overdensity that has been non-linearly evolved to redshift z. δ
is determined in this model by equation 2.9 and δ2 (described in greater detail in equations
13 through 18 of Massara and Sheth 2018) is a term to account for void centre motions.
While this additional term is well-motivated it is not empirically derived.

It should be noted that these functional forms are motivated by the observed shape
of void density profiles when found in simulations but are not empirical. They introduce
additional nuisance parameters when extracting cosmological information from void shapes
that weaken the constraints that can be obtained. An alternative approach is to measure
these void density profiles from cosmological simulations that have been designed to match
the survey being studied closely. This is called a template-based approach. However, this

44



introduces potential systematic errors in the analysis if this void density profile measured
through simulations does not match the truth. Work in later chapters takes the latter
approach and potential systematic errors are quantified through the use of mock catalogues
(see Section 4.3).

The density profile of voids is a redshift-dependent quantity. As voids evolve matter
continuously flows out of voids toward high-density regions. This causes the central density
of voids to decrease at lower redshifts and voids to expand (Sheth and van de Weygaert,
2004). The lower central density can be seen in Figure 2.4 where void density profiles are
shown at two different redshifts matching that of the effective redshift LOWZ and CMASS
samples (see Chapter 3). Voids at lower redshift are seen to have a lower central density
in all void-radii bins shown.

2.5 Correlation function measurement

There are several ways in which voids can be used to test cosmological models including
void-galaxy cross-correlations, the void size distribution, void lensing, and void-void clus-
tering (Pisani et al., 2015; Sánchez et al., 2017b; Nadathur, 2016; Raghunathan et al., 2020;
Zhao et al., 2022). This thesis focuses on void-galaxy cross-correlations.

To measure the binned void-galaxy correlation function ξs (or ξr) in redshift space
(real space) binning is defined by both the radial direction, i.e. the observed void-galaxy
separation distance s (r), and the cosine of the angle µs (µr) between the separation
vector and the line-of-sight direction to the void centre. The correlation function can
be defined using a correlation function estimator. Several different estimators exist that
use pair counts to provide an approximation of the true correlation function such as the
Davis-Peebles estimator (Davis and Peebles, 1983), Hamilton estimator (Hamilton, 1993),
Landy-Szalay estimator (Landy and Szalay, 1993)). Kerscher et al. (2000) reviewed several
estimators and their application to astrophysical situations concluding that the Landy-
Szalay provided the best match to the true correlation function. For work in Chapter 4
the Landy-Szalay estimator is used as it accounts for the differences in populations (e.g.
redshift distribution, sky distribution) of both voids and galaxies, see Section 2.7 for a brief
discussion on this. The Landy-Szalay estimator for two different populations is defined as

ξs(s, µs) =
D1D2 −D1R2 −D2R1 +R1R2

R1R2

, (2.11)

where each term on the right-hand side (e.g. D1R2) refers to the number of pairs for
the given populations in the bin, normalised by the effective total number of such pairs.
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Figure 2.4: Void density profiles for voids found in the BigMD simulation. Voids are
grouped into void-radii (Rv) bins to highlight the different density profiles from various-
sized voids. Voids are found in a survey-like cutout that closely matches the footprint of
LOWZ but at two different effective redshifts, z = 0.32 and z = 0.52. Voids at lower redshift
can be seen to have a lower central density. This Figure highlights the density changes
of voids in the same survey geometry at different redshifts while Figure 2.3 highlights the
change in void density profiles in a simulation box with and without a realistic survey
geometry applied.
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Here D1 refers to the void centre positions, D2 to the galaxies, and R1 and R2 to the
corresponding sets of unclustered random points matching the angular and redshift dis-
tributions and systematic effects of the void and galaxy catalogues but are several times
larger to minimise shot noise. The galaxy randoms R2 are taken from the publicly provided
random catalogues for each sample by SDSS. Void random catalogues R1 are discussed in
Section 2.7.

In computing the pair counts, galaxies and galaxy randoms are weighted by the system-
atic weights provided in the public data releases. These weights are applied to the galaxy
field prior to void-finding to account for various observation effects in the data. Since the
locations of the void centres are calculated after these weights have already been accounted
for voids and void randoms are all given equal unit weights. Where survey data spans two
galactic caps, they can be combined in the correlation estimation by adding pair counts
across caps in equation 2.11, having first checked that there are no significant systematic
offsets between the estimates in each cap.2 The measured void-galaxy correlation functions
can be decomposed into their Legendre multipole moments (see Section 1.4.2). Of interest
in work in Chapter 4 is the monopole, ξs0(s), and quadrupole, ξs2(s), in redshift space, and
monopole ξr0(r) in real space. Note that, as later shown in equation 2.18 the only non-zero
multipoles of the modelling of the void-galaxy correlation function are the monopole and
quadrupole.

2.6 Reconstruction

Previous work on the void-galaxy cross-correlation has shown an excellent match between
models (described in more detail in Section 2.8) and simulations on all scales (Nadathur
and Percival, 2019). This work however used voids found in real space, information which
is unavailable in galaxy surveys. Models for the void-galaxy correlation function are based
on a few common assumptions (Nadathur et al., 2019a):

1. The number of voids found is conserved whether voids are found in redshift space or
real space

2. Changes in void positions depend only on galaxy velocities when voids are found in
redshift and real space

3. The average radial outflow velocity around voids is isotropic
2Woodfinden et al. (2022) found that a comparison of results across galactic caps can be useful as a

diagnostic of subtle bugs in the reconstruction or void-finding procedure.
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4. The real space correlation function is isotropic (see Section 2.5).

While previous studies of RSD around voids have used voids found in redshift space (e.g.
Paz et al., 2013; Hamaus et al., 2016; Hawken et al., 2017; Hamaus et al., 2017; Hawken
et al., 2017; Achitouv et al., 2017; Hamaus et al., 2020; Hamaus et al., 2022) several authors
have noted that the assumptions made for most models as listed above may be violated
(Nadathur and Hotchkiss, 2014; Zhao et al., 2016; Correa et al., 2022). Figure 2.5 shows
that the void size function is not conserved under the mapping from redshift space to real
space. This hints that assumption 1 that the number of voids is conserved is violated
for voids found in redshift space as void numbers are not consistent with those found
in real space. Correa et al. (2021) argue that this is due to the same voids becoming
elongated in redshift space as opposed to real space. They find that outside of shot noise,
the number of voids is conserved in the mapping from real space to redshift space for a
spherical void finder. This has not been shown to be the case for watershed-based void
finders. The validity of these hypotheses has been discussed in more detail in Hamaus
et al. (2020). Figure 2.6 shows that assumption 2, void positions depend only on galaxy
velocities, is violated for voids found in redshift space as the outflow velocity can be seen to
be anisotropic. Figure 2.7 shows that assumption 4, the real space correlation function is
isotropic, is violated for voids found in redshift space as the real space correlation function
can be seen to be anisotropic for voids found in redshift space cross-correlated with galaxies
in real space. A recent thorough study by Correa et al. (2022) characterised this selection
effect as an intrinsic ellipticity of samples of redshift space voids. Such an intrinsic ellipticity
is currently not modelled in any theoretical description of the void-galaxy correlation.

There are two approaches one can take to account for void finding in redshift space:
extend the modelling of the void-galaxy correlation function (e.g. Hamaus et al., 2020;
Correa et al., 2022) to account for this or fix the data to approximately recover real space
positions prior to void finding. The latter technique is used in Chapter 3 to obtain a suitable
population of voids. To do this we first approximately remove the RSD in the galaxy
distribution through the use of reconstruction before applying a void-finding algorithm.
This procedure was first advocated by Nadathur et al. (2019a), who noted that void-finding
performed directly on the redshift space galaxy distribution leads to samples that violate
several of the key assumptions necessary to derive theoretical models of the void-galaxy
correlation (Nadathur et al., 2019a; Chuang et al., 2017). The reconstruction algorithm
used is designed to remove the large-scale velocity flows responsible for void centre motions
as described below (Nadathur et al., 2019a).

To apply reconstruction prior to void finding, a Zeldovich reconstruction algorithm
described by Nadathur et al. (2019a,b, 2020b) can be used. This has been implemented

48



Figure 2.5: The number of voids Nv as a function of void radius Rv for voids using galaxy
positions in real space, redshift space, and after applying a velocity reconstruction method.
The inset show the fractional differences in void numbers relative to real space along with
Poisson errors. Figure Credit: Nadathur et al. (2019a)
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Figure 2.6: Average radial component of dark matter outflow velocity around void centers
vDM
r (σ, π) as a function of real space distance from the void centre perpendicular (σ) and

parallel (π) to the line-of-sight). Voids are found using galaxy positions in real space, red-
shift space, and after applying a velocity reconstruction method. Figure Credit: Nadathur
et al. (2019a)

in the public Revolver code3. using the iterative fast Fourier transform (FFT) method of
Burden et al. (2015) to solve the Zeldovich equation in redshift space (Zel’dovich, 1970;
Nusser and Davis, 1994),

∇ · Ψ⃗ +
f

b
∇ · (Ψ⃗ · ⃗̂r)⃗̂r = −δg

b
, (2.12)

for the Lagrangian displacement field Ψ⃗, where f is the growth rate, b is the linear galaxy
bias, and δg is the galaxy overdensity in redshift space. For work in Chapter 4, this
step is performed on a 5123 grid, and densities estimated on the grid are first smoothed
with a Gaussian kernel of width Rs = 10h−1Mpc before solving for the displacement.
Individual galaxies are shifted by −Ψ⃗RSD = f

(
Ψ⃗ · ˆ⃗r

)
ˆ⃗r to obtain their (approximate) real

space positions. The results of the procedure depend only on β ≡ f/b. This final step
differs from the reconstruction algorithms used in BAO analyses where galaxy positions
are shifted by −Ψ rather than just the RSD component. BAO analyses aim to remove the
effects of all non-linear clustering to sharpen the BAO peak while for voids we are only
interested in removing RSD (Eisenstein et al., 2007).

After applying this reconstruction method, Figure 2.5 shows that assumption 1 is valid
for voids identified in reconstructed space as the number of voids is consistent with those

3https://github.com/seshnadathur/Revolver
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found in real space for voids identified in a simulation box. Figure 2.6 shows that assump-
tion 3 is valid for voids identified in reconstructed space in a simulated box as the observed
outflow velocity can be seen to be isotropic. Figure 2.7 shows that assumption 4 is valid
for voids identified in reconstructed space in a simulated box as the measured quadrupole
of the void-galaxy cross-correlation function can be seen to be isotropic (within error).

2.6.1 Alternatives to Reconstruction

As stated above, models for the void-galaxy correlation function rely on four key assump-
tions that are only valid in real space. While in this work we advocate for the use of
reconstruction to approximately recover the real space galaxy field prior to void finding
to mitigate these issues, it does come with some disadvantages. These include that it
is computationally expensive, assumptions 2 through 4 contain cosmological information
which can be extracted (Hamaus et al., 2020; Correa et al., 2022), and if an accurate RSD
model can be found then assumptions 2 through 4 can be recovered without the need for
additional steps. Several alternatives to reconstruction have been proposed including using
projected correlation functions, deprojection techniques, and emulation using simulations.

Projected correlation functions break the void-galaxy correlation function down into
components along the line of sight (LOS) and perpendicular to the line of sight (POS).
Cosmological information is then extracted from measuring distortions, such as RSD, that
will affect the LOS correlation function differently from the POS correlation function.
Quantities such as the real space correlation function and the matter density profile around
voids are found using either using parametric models or calibrated directly from simulations
(Correa et al., 2019, 2022). While promising, this technique needs further development and
is not yet able to recover accurate parameter estimates from galaxy spectroscopic surveys
(Correa, 2022).

The deprojection technique is similar to projected correlation functions in that it relies
on the projected correlation function perpendicular to the line of sight not being subject
to RSD effects. The real space correlation function is calculated via deprojection using an
inverse Abel transform of the projected correlation function (Pisani et al., 2014; Hamaus
et al., 2020; Hamaus et al., 2022). The matter density around voids is found using fitting
functions or assuming a linear bias relation between this and the real space correlation
function. Additional nuisance parameters are needed to account for potential inaccuracies
arising in the deprojection technique, contamination of the void sample by spurious Poisson
fluctuations, as well as selection effects when voids are identified in redshift space (Hamaus
et al., 2022). This technique has been successfully applied to galaxy spectroscopic surveys
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Figure 2.7: Quadrupole ξr2(r) of the void-galaxy cross-correlation for different void popu-
lations cross-correlated with real space galaxy positions found in a simulated box. Voids
are found using galaxy positions in real space (black data points), redshift space (orange
shaded region), and after applying a velocity reconstruction method (blue shaded region).
Bandwidths and error bars represent the 1σ error range. Figure Credit: Nadathur et al.
(2019a)
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and provides competitive cosmological constraints, albeit with worse performance than
the reconstruction technique used in this thesis due to the additional nuisance parameters
needed (e.g. Hamaus et al., 2022; Radinović et al., 2023).

An alternative to trying to directly model void-related statistics (e.g. the void-galaxy
cross-correlation, the void size function) is to instead train an emulator using simulations
that encompass a wide range of cosmological models and then use this emulator-based
model to infer cosmological parameters. Previous work in this area has used alternate
statistics to the void-galaxy correlation function used in this work such as the void size
function and void density profile (Kreisch et al., 2022) or the ellipticity, density contrast,
and radius of voids (Wang et al., 2022). Neither of these works used these emulator-based
models directly on galaxy spectroscopic data. Instead, these authors tested the robustness
of their emulator-based approach using simulated data. This application to spectroscopic
data has been successful for non-void related statistics (e.g. Chapman et al., 2022; Yuan
et al., 2022; Kobayashi et al., 2022). This method has not yet been applied to the void-
galaxy correlation function.

2.7 Modelling the Expected Density of Voids

While, on scales much larger than the expected void radius, the expected density of voids
in the Universe is statistically isotropic at a given redshift, this is not the case for voids
found using galaxy survey data. In galaxy survey data the distribution of galaxies on the
sky will be influenced by the survey’s sky footprint, radial selection function, and sampling
of the survey on the sky. In addition, voids found in this galaxy field will differ from that
of the galaxies in terms of density, an exclusion effect where voids near survey boundaries
are removed due to the possibility of contamination of the tessellation (Nadathur, 2016)
and will have a different redshift distribution than that of galaxies. Figure 2.8 shows a
heatmap of the density of galaxies averaged over several mock catalogues designed to closely
match the distribution of galaxies in these surveys, as well as of voids found in these mock
catalogues. The difference between the distribution of galaxies and voids can be clearly
seen between these two diagrams, and the exclusion effect of voids near the galaxy survey
boundaries can be seen in the lower density of voids in these regions (compared to galaxies
that do not appear to have this same effect). Figure 3.8 shows the redshift distribution
of voids compared to galaxies (for the SDSS LRG sample described in Chapter 3) which
differs for the same reasons.

To account for these effects, separate unclustered void random catalogues must be
constructed to match the spatial distribution of the voids. One method of creating these
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Figure 2.8: Heatmap of the density of galaxies (left) and voids (right) as seen projected
onto the sky. Data is taken from SDSS LRGs in the redshift range 0.43 < z < 0.6
corresponding to BOSS CMASS voids (see Chapter 3). Galaxies are taken from 50 Patchy
mock catalogues stacked on top of one another (see Section 3.2.2) and voids are taken from
voids found in 1000 of these mock catalogues, reconstruction is run prior to void finding
with a fiducial value of β = 0.43. The density of voids/galaxies decreasing with higher
declination is a projection effect arising from projecting a 3D surface onto a 2D map; the
density of galaxies/voids is approximately constant with declination. Figure 3.8 shows the
redshift distribution of voids compared to galaxies (for the SDSS LRG sample described
in Chapter 3).
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void random catalogues is to run the reconstruction and void-finding steps described above
on mock galaxy catalogues in order to create mock void catalogues. Void positions can
be randomly drawn from many mock catalogues stacked together to make a void random
catalogue with many more objects than obtained in the survey data. This will result in
a catalogue that is very close to being independent of the void randoms due to the large
number of mock catalogues used to generate it while matching the spatial distribution of
voids, and completely independent when applied to the data. It should be noted that the
sky and radial distribution of voids is dependent on the void finding algorithm used, so
random catalogues will be unique to each void finder.

2.8 Model

The void-galaxy cross-correlation function encodes the excess probability of finding a galaxy
at a given distance from a void centre. In surveys, we measure the redshift space void-
galaxy cross-correlation function ξs(s) which becomes distorted from these real space void-
galaxy cross-correlation ξr(s) via two processes: redshift space distortions and the Alcock-
Paczynski effect. We first discuss the mapping from real space to redshift space in Sec-
tion 2.8.1 and then extend this to account for Alcock-Paczynski distortions in Section 2.8.2.
In Section 2.8.1 it is shown that the Jacobian method of mapping between redshift and real
space (along with a Gaussian dispersion term) described in Nadathur and Percival (2019)
is equivalent to that of a Gaussian streaming model used in similar work (e.g. Paz et al.,
2013; Cai et al., 2016). Previously these two methods were thought to differ (Nadathur
et al., 2020b), however, Woodfinden et al. (2022) demonstrated their equivalence for the
first time.

2.8.1 Redshift Space Distortions around Voids

In the absence of Alcock-Paczynski distortions, the redshift space void-galaxy cross-correlation
function ξs(s⃗) is related to the real space version ξr(r⃗) by

1 + ξs(s⊥, s||) =

∫ ∞

−∞
(1 + ξr(r⃗))P (v||, r⃗) dv||, (2.13)

where P (v||, r⃗) is the position-dependent PDF of galaxy velocities parallel to the line of
sight direction, v||, and the real space void-galaxy separation vector r⃗ and its redshift space
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equivalent s⃗ have components perpendicular to and parallel to the line of sight direction
that are related by s⊥ = r⊥ and

s|| = r|| +
v||
aH

, (2.14)

respectively. This expression is general and exact if the number of void-galaxy pairs is
conserved. The number of voids is not conserved under the application of void-finding
separately to real and redshift space galaxy distributions (Chuang et al., 2017; Nadathur
et al., 2019a; Correa et al., 2022). The assumption of pair conservation will hold by
construction when voids are identified in a reconstructed galaxy field (see Section 2.6).
This same sample of voids must be used for evaluation of both ξr(r⃗) and ξs(s⃗).

When considering the distribution of galaxies around a stack of voids, we can further
assume spherical symmetry in real space, which means that ξr(r⃗) = ξr(r), and the velocity
distribution P (v||, r⃗) at each r is symmetric around the mean value vr(r)µr, where v⃗(r) =

vr(r)ˆ⃗r is the (radially directed) coherent mean galaxy outflow velocity around the void and
µr = r||/r = cos θ where θ is the angle between the void-galaxy separation vector and the
line-of-sight. If we introduce a change of variables ṽ = v|| − vr(r)µr, then by using the
relations

dṽ

dv||
= 1− r||

d

dv||

(vr
r

)
−
(vr
r

) dr||
dv||

, (2.15)

dr

dv||
=

r||
r

dr||
dv||

, (2.16)

dr||
dv||

= − 1

aH
, (2.17)

we can rewrite equation 2.13 as

1 + ξs(s, µs) =

∫
(1 + ξr(r))

[
1 +

vr
raH

+
rv′r − vr
raH

µ2
r

]−1

P (ṽ, r)dṽ , (2.18)

where µs = s||/s, the term in the square brackets is dṽ
dv||

, and ′ denotes the derivative with
respect to r. The term P (ṽ, r) now represents incoherent dispersion as we have explicitly
removed the coherent outflow from the velocity. Equation 2.18 is exactly the model derived
by Nadathur and Percival (2019), who derived it using the Jacobian of the mapping between
s⃗ and r⃗ and then added in a Gaussian dispersion term P (ṽ, r), which was required to fit the
simulations. As shown in the derivation above, this term naturally arises in the streaming
model as the incoherent component of P (v||, r⃗) in equation 2.13 as was first demonstrated
in Woodfinden et al. (2022).
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Note that the key assumption of spherical symmetry in real space requires both statis-
tical isotropy of the Universe as a whole and that void selection also maintains statistical
isotropy – i.e., that the process of identification of voids has no orientation-dependent
bias. This cannot in principle be true if void-finding is applied to the redshift space galaxy
density field, which already contains line-of-sight anisotropies due to RSD. In this case un-
derdensities with larger outflow velocities along the line-of-sight are preferentially selected
as voids, and this selection bias means that neither ξr(r⃗) nor P (v||, r⃗) are isotropic, and that
the PDF is not symmetric about the mean. This leads to a large additional contribution
to ξs (Nadathur et al., 2019a; Correa et al., 2022) that cannot currently be modelled. To
remove this orientation-dependent void selection the additional reconstruction step should
be added prior to void finding (see Section 2.6).

When this is done, it has been shown empirically from comparison with simulations
that the PDF P (ṽ, r) is close to Gaussian over a range of scales (Nadathur and Percival,
2019; Paillas et al., 2021). Deviations from Gaussianity occur at large r, where the effect
of convolution with P (ṽ, r) in equation 2.18 is itself negligible. Therefore P (ṽ, r) can be
assumed as a zero-mean Gaussian PDF with standard deviation σv|| ,

P (ṽ, r) =
1√

2πσv∥(r)
exp

(
− ṽ2

2σ2
v∥
(r)

)
. (2.19)

Evaluation of equation 2.18 then gives very similar results to the Gaussian streaming model
(GSM) that has also been used for similar cross-correlation analyses (Paz et al., 2013; Cai
et al., 2016; Paillas et al., 2021).4

To use equation 2.18, a model needs to be specified for the mean coherent outflow
velocity vr(r). Results from simulations (e.g., Hamaus et al., 2014; Nadathur and Percival,
2019; Nadathur et al., 2019b) show that for voids similar to those used in Chapter 4, the
result obtained from linear perturbation theory applied to the continuity equation,

vr(r) = −1

3
faHr∆(r) , (2.20)

where f is the linear growth rate and ∆(r) is the average mass density contrast with radius
r of the void centre defined in equation 2.4.

The validity of equation 2.20 depends on the choice of void-finding algorithm and the
use of alternative algorithms can lead to an agreement that is not as good, requiring

4It has previous been erroneously stated (e.g. Nadathur et al., 2020b) that equation 2.18 and the GSM
produced numerically significantly different results. This was due to a bug in the implementation of the
GSM, though evaluation of equation 2.18 was unaffected.
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additional corrections to equation 2.20 (Paillas et al., 2021). Although equation 2.20 is
nominally obtained from linear perturbation theory,5 we do not make further approxima-
tions of linearity in our analysis. In particular, equation 2.18 is evaluated directly, without
expanding in powers of ∆ as is sometimes done.

While equation 2.20 specifies the form of the dependence on the growth rate f , it still
refers to the void matter density profile ∆(r), which is in principle unknown. Some works
(e.g. Hamaus et al., 2017; Hawken et al., 2020; Aubert et al., 2022a) model this term
using a simple linear bias prescription, ∆(r) = ξr(r)/b, where b is the large-scale linear
galaxy bias, to relate it to the real space void-galaxy correlation (which can, in turn, be
directly measured from the data, where necessary). However other authors have found that
this assumption is often a poor approximation and can lead to strongly biased parameter
estimates (Nadathur and Percival, 2019; Nadathur et al., 2020b). An alternative method
(used in Chapter 4) follows a template-fitting approach instead. A fiducial template ∆fid(r)
can be calibrated using galaxy, void and dark matter information in full N-body simulations
at snapshot redshift zref . The amplitude of this template profile is allowed to scale freely
with the parameter σ8 describing the amplitude of matter perturbations:

∆(r; z) =
σ8(z)

σBigMD
8 (zref)

∆fid(r; zref) . (2.21)

This linear scaling of ∆ with σ8 was verified through comparison with simulations con-
structed with differing σ8 by Nadathur et al. (2019b).

In a similar spirit, the dispersion function σv||(r) can be modelled using a template
fitting approach following Nadathur et al. (2019b). Templates for the dispersion function
are calculated from full N-body simulations, where the amplitude of this template, denoted
by σv and corresponding to the asymptotic value of σv||(r) at large r, is set to be a free
parameter in model fits.

Even once ∆(r) and σv||(r) have been specified in this way, equation 2.18 only describes
the relationship or mapping between the real space and redshift space correlation functions
ξr and ξs. Modelling ξr itself from first principles would, at a minimum, require a mathe-
matical model of the action of the void-finding algorithm in addition to cosmological theory.
As no such model exists, one approach is to follow Nadathur et al. (2019b) and Nadathur
et al. (2020b) by using the estimate ⟨ξ̂r⟩ determined from mocks catalogues instead, where
ξ̂r is the measured void-galaxy correlation obtained using the RSD-removed mock galaxy
field after reconstruction, and ⟨⟩ denotes the average over all the mocks.

5But note that the enclosed mass density profile ∆(r) here is not the linear theory prediction, but
rather the fully non-linear density that would be measured in simulations.
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An alternative to using this average over the mocks could be to use the estimate ξ̂r(r)
obtained directly from measurement in the SDSS data itself – this would be analogous to
the approach taken by Hamaus et al. (2022) to approximate ξr(r) from the data, except that
they used a deprojection technique instead of reconstruction to accomplish RSD removal.
Such an approach has two potential disadvantages however: the estimate of ξr(r), being
derived from only a single realisation rather than the mean of many mocks, is significantly
noisier; and this noise is significantly correlated with measurement noise in ξs(s⃗) since
both are measured from the same data. This introduces a significant correlation between
the model prediction and the data vector to which it is being compared. This correlation
would need to be carefully accounted for in the covariance matrix and propagated through
the likelihood. If this is not done, the fit to the data returns an artificially low χ2 and
can lead to a systematic bias in the recovered cosmological parameters. In contrast, for
the template fitting procedure described above such accounting is not necessary, since the
mean ⟨ξ̂r⟩ over the mocks cannot be correlated with ξs measured in the SDSS data.

2.8.2 Alcock-Paczynski Distortions in Voids

While equation 2.18 is only valid in the true cosmology without Alcock-Paczynski (AP)
distortions (Alcock and Paczynski, 1979), it is simple to extend this to accommodate
differences arising due to the choice of the fiducial model used to convert observed redshifts
to distances. To do so the α scaling parameters are defined as

α⊥ ≡ DM(z)

Dfid
M (z)

; α∥ ≡
DH(z)

Dfid
H (z)

, (2.22)

where DM(z) is the comoving angular diameter distance and DH(z) = c/H(z) is the Hubble
distance at redshift z as discussed in Section 1.5. The correlation function can now be
extended as

ξs(s⊥, s∥) = ξs,fid
(
α⊥s

fid
⊥ , α∥s

fid
∥
)
, (2.23)

where the superscript fid indicates quantities in the fiducial cosmological model. In calcu-
lations using equation 2.18, the input functions ξ̂r(r), ∆(r) and σv∥(r) need to be rescaled
with the AP α parameters as described by Nadathur et al. (2019b), equivalent to changing
the apparent void size by r → α

2/3
⊥ α

1/3
∥ r to account for AP dilations. This means the

absolute void size is not used as a standard ruler and so the model prediction is sensitive
only to the ratio

ϵ ≡ α⊥/α∥. (2.24)
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All model calculations shown are made using the public Python package Victor.6 In
addition to the model of equation 2.18 described here, Victor also implements the GSM
and a number of other models that have been used in the literature in order to enable easy
comparison of theoretical approaches.

It is also worth noting again that as with the measured data vector, the model prediction
for ξs inherits an implicit dependence on β = f/b through ξr(r) which is determined using
reconstructed galaxy data. In work in Chapter 4, this is accommodated as described in
Section 4.2.

2.9 The Velocity Field in Voids

The velocity profile of galaxies is commonly assumed to match the velocity profile of matter
at all scales around voids. This assumption may not be true as the profiles can differ due
to selection effects (Massara et al., 2022). One of the ways in which a selection bias can be
introduced is through galaxies being biased and sparse tracers of the matter field. This is
of particular concern in voids as galaxies are used in their identification. As voids are found
using a sparse sample of galaxies as tracers they are very sensitive to the shot noise of the
sample. The definition of a void centre can be highly affected by this as it correlated with
the particular Poisson noise realization of galaxies used to identify voids. If a void centre
is shifted from that of the minimum of the matter density field then the distribution of
matter around the void centre may be asymmetric and differ from the galaxy distribution
around the void centre. This then causes two main effects: matter and velocity profiles
around void centres are different, and the ratio between the galaxy density profile and
matter density profiles is different than from just the galaxy bias.

To explore this a toy model can be built to understand the effect of the sparsity of
tracers on the properties of a particular void. The first effect explored is whether sparse
tracers shift the position of void centres. To test this a simulated matter field is created
with a 3D distribution of matter particles that is spherically symmetric about the origin,
mimics the density profile found around voids in simulations (see Section 2.4), and has a
mean background density matching that of the cold dark matter in the same simulations.
The void has radius Rv ∼ 30h−1Mpc. Particles are randomly subsampled (0.3% are used)
to mimic the mean number density of halos in simulations. A Voronoi tessellation is applied
to the subgroup and the void centre is defined as the centre of the largest Voronoi cell (i.e.

6https://github.com/seshnadathur/victor
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the cell with the lowest density). Figure 2.9 shows the distribution of shifts from the true
void centre which peaks around 15− 20h−1Mpc.

To demonstrate the effect of this shift on void density and velocity profiles a 1D toy
model is built as follows

δ =


−0.95 |r| < Rv/2

1.9(|r|/Rv − 1) Rv/2 < |r| < Rv

0 |r| > Rv

(2.25)

where r is the distance from the void centre and Rv is the void size. Particles are given a
radial velocity v that depends on its distance r from the centre as

v =

{
4/3C |r|/Rv |r| < 3Rv/4

4/3C [1− |r|/(3Rv)] |r| > 3Rv/4
(2.26)

where C is the maximum value of the velocity reached at a distance r = 3Rv/4. A subgroup
of matter particles corresponding to equation 2.25 centred at x = −15 is also used, where
this shift is taken as the peak of shifts from Figure 2.9. The radial velocity and enclosed
density are then calculated for these two different toy models in Figure 2.10. As can be
seen in this figure, the velocity and density profiles of the shifted void are different from
that of the unshifted void at smaller radii similar to that of the size of the void. This
shows that any shift in void centres due to the sparsity of tracers will result in density and
velocity profiles that differ from if a void centre was identified correctly.

To quantify these effects a subset of the Quijote simulations is used (Villaescusa-Navarro
et al., 2020). The Quijote simulations are a set of 44,100 full N-body simulations spanning
more than 7,000 cosmological models where each simulation follows the evolution of 2563,
5123, or 10243 particles in a box of 1 h−1Gpc length. Three void finders are applied to
this subset (spherical, VOXEL, and ZOBOV, see Section 2.3) along with different void-centre
definitions to create five different types of void catalogues.

The sparsity of tracers in the absence of bias is examined. The matter field randomly
subsampled to different numbers of dark matter particles is used to do this and voids are
identified in this dark matter sample. These results are shown in Figures 2.11 & 2.12.
As can be seen, the velocity profiles of the full and subsampled matter field match on all
scales for spherical voids. This is not the case for ZOBOV and VOXEL voids; however, this is
mitigated by using a larger number of tracers in the subsampled field.

A similar analysis can be performed for voids found in a halo field. These profiles are
found to match at all scales for spherical voids but differ for voids found using ZOBOV and
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Figure 2.9: Distribution of shifts between void centres in the original distribution and the
subgroup particles. Initial particles are assumed to follow ZOBOV void-like density and
velocity profiles. Image credit: Massara et al. 2022
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Figure 2.10: Velocity (top) and enclosed density (bottom) profiles of the 1D toy model.
The green line shows the profiles of the full matter field and the orange line shows the
profiles of the subsampled matter field. Image credit: Massara et al. 2022
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Figure 2.11: Velocity profiles from voids identified using the subsampled matter field.
Different rows correspond to different numbers of matter particles in the subsampled field,
and columns represent different void finders/centre definitions. Void sizes are shown in
different colours, dashed lines are for the measured profile in the total matter field, and
solid lines show measured profiles in the subsampled matter field. Image credit: Massara
et al. 2022
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Figure 2.12: Enclosed density profiles for voids found in the subsampled field. The solid
line shows voids found in the subsampled matter field and the dashed line shows voids
found in the total matter field. The line colour corresponds to the void size. Image credit:
Massara et al. 2022
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VOXEL void finders. The difference increases as the distances from the centres decrease,
reaching 40% in the centre of the voids.

Velocity profiles are used inside the Jacobian of models for the void galaxy correlation
function to map from real to redshift space (see equation 2.18). Differences in the matter
and halo velocity profiles, seen in simulations data be of the order of 20 − 40%, translate
to errors of ∼ 5% in the Jacobian. This is of similar magnitude to the systematic errors
found in the analysis of Chapter 4 (see Section 4.3.2).

This is of concern to future work (e.g. Hamaus et al., 2022; Radinović et al., 2023)
where the forecast statistical uncertainties in fσ8 will be much smaller than the current
limits. Future RSD analysis using the void-galaxy correlation function will need to take
into account the effect of sparsity on the halo/galaxy velocity profiles to avoid a biased
estimation of fσ8 when using watershed algorithms. Spherical voids appear affected much
less by this effect and should be used in future analyses of cosmic voids.

2.10 Previous Analyses Involving the Void-Galaxy Cor-
relation Function

This thesis measures the void-galaxy correlation function. The following section sum-
marises previous analyses that used the void-galaxy correlation function on galaxy spec-
troscopic survey data. This is not intended to be a complete list but rather to provide an
overview of approaches previously used when analyzing the void-galaxy correlation func-
tion.

Paz et al. (2013) were the first to measure the void-galaxy correlation function in galaxy
spectroscopic data, using data from SDSS Main Galaxy sample (see Section 3.2.1). This
work obtained evidence of a two-fold population of voids (with and without a surrounding
overdensity) but did not constrain cosmological parameters.

Hamaus et al. (2016) analysed BOSS CMASS DR11 data (see Section 3.2.2) in the
redshift range 0.43 < z < 0.7 using fitting functions to model the matter density around
voids. The authors accounted for both RSD around voids as well as AP effect in their
results and found β(z = 0.57) = 0.417 ± 0.089 and ϵ(z = 0.57) = 1.003 ± 0.012. Hamaus
et al. (2020) reanalyzed BOSS CMASS data from the later data release DR12 and used a
deprojection technique instead of fitting functions to model the matter density and found
(we quote the best constraints that used mock catalogues to calibrate nuisance parameters)
and found β(z = 0.51) = 0.347± 0.023 and ϵ(z = 0.51) = 1.0011± 0.0060.
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Hawken et al. (2017) analysed voids in the VIMOS Public Extragalactic Redshift Survey
(VIPERS) to measure the growth rate of structure around cosmic voids but did not account
for the AP effect. Using a deprojection technique they found β(z = 0.727) = 0.423+0.104

−0.108.
Hawken et al. (2020) applied a similar technique to eBOSS DR14 LRGs and Quasar Stellar
Objects (QSOs) and found β(z = 0.703) = 0.58+0.33

−0.29 and β(z = 1.53) = 0.15+0.13
−0.12 respec-

tively; however, they noted that the QSO catalogue may be contaminated by spurious
Poisson voids resulting in a systematically low value of β.

Achitouv et al. (2017) analysed voids in the 6dF Galaxy Survey to measure the growth
rate of structure around cosmic voids but did not account for the AP effect. They used mock
catalogues designed to match this survey and followed a template-based approach (as in this
thesis) but did not account for any adverse effects from void finding in redshift space and
found fσ8(z = 0.052) = 0.39±, 0.11. Achitouv (2019) applied a similar technique to BOSS
DR12 LOWZ and CMASS samples (see Section 3.2.2) and found β(z = 0.32) = 0.33±0.06
and β(z = 0.54) = 0.36± 0.05 respectively.

Aubert et al. (2022b) analysed voids in the SDSS eBOSS sample (see Section 3.2.3)
to measure the growth rate of structure around cosmic voids but did not account for
the AP effect. Their model, based on the first-order derivation of linear perturbation
theory requires no knowledge of ξr nor specific modelling of peculiar velocities, however, it
neglects any adverse effects from void finding in redshift space. All three available eBOSS
tracers (LRGs, ELGs, and QSOs) were analysed finding β(z = 0.74) = 0.415 ± 0.087,
β(z = 0.85) = 0.52± 0.10, and β(z = 1.48) = 0.30± 0.13 respectively.

Nadathur et al. (2019a) measured voids in the SDSS CMASS sample in the redshift
range 0.43 < z < 0.7 and their modelling accounted for both RSD around voids as well as
AP effect. This publication applies a similar analysis method to that used in subsequent
chapters of this thesis including the use of reconstruction prior to void finding to account
for adverse effects from void finding in redshift space and found β = 0.417 ± 0.089 and
ϵ = 1.003± 0.012. Nadathur et al. (2020b) applied a similar analysis technique to eBOSS
LRGs and found fσ8 = 0.356 ± 0.077 and ϵ = 1.005 ± 0.018. This later work applied a
data analysis pipeline consistent with work in later chapters of this thesis and does not
contain any overlap in galaxies considered. These results are present in conjunction with
results from Chapters 3, 4, & 5 to present measurement from the full SDSS LRG sample
using a consistent data analysis technique.
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Chapter 3

The Sloan Digital Sky Survey and
Measurements of the Void-Galaxy
Correlation Function

3.1 Introduction

Modern galaxy surveys aim to generate large maps of the Universe. The clustering of
galaxies in these maps can then be used to pull out useful cosmological information. Their
main goal is to improve our understanding of the accelerating expansion of the Universe
(i.e. dark energy) but they also contain a wealth of information about the cosmic web,
the distribution of dark matter, and the growth rate of large-scale structure. These 3-
dimensional maps of the Universe originated when galaxy photographic surveys were first
combined with spectroscopic surveys in the 1980s, pioneered by the CfA Redshift survey
that surveyed approximately 3000 galaxies out to redshift z = 0.04 (Geller and Huchra,
1983).

More recent surveys have measured millions of redshifts thanks to advances in instru-
mentation. Recent and upcoming spectrographic surveys use instruments that allow for
multiple galaxy spectra to be measured simultaneously, increasing survey speeds by fac-
tors of hundreds to thousands. Recent surveys include the 2-degree Field Galaxy redshift
survey (2dFGRS; Colless et al. 2003), WiggleZ (Drinkwater et al., 2010), and SDSS (York
et al., 2000). A section of SDSS galaxies is shown in Figure 3.1. Upcoming surveys include
the Dark Energy Spectroscopic Instrument (DESI; DESI Collaboration et al. 2016a) and
Euclid (Laureijs et al., 2011). This thesis primarily uses data from SDSS; this survey and
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the samples included within it are described in more detail below. This is the first time
voids in the full SDSS LRG range have been analysed using a consistent data analysis
technique.

There are three main types of tracers available in these surveys: luminous red galaxies
(LRGs), emission line galaxies (ELGs), and quasars. LRGs are the most luminous galaxies
in clusters and are well known to have a very homogeneous population (Postman and
Lauer, 1995) with a narrow colour range and luminosity. As spectroscopic surveys aim to
select a uniform sample this makes LRGs excellent targets. As their name implies, they
are luminous and can be seen out to high redshifts. ELGs are galaxies that have strong
emission lines in their spectra. These are typically low-mass star-forming galaxies that are
more luminous than LRGs and can be seen to higher redshifts than LRGs. Quasars are
even more luminous galaxies than ELGs that are seen via the accretion onto supermassive
black holes at the centres of galaxies. As these objects are extremely bright they can be
seen out to much higher redshifts than LRGs and ELGs. In this thesis, we focus on LRGs
that have a higher number density in SDSS and have been well studied in previous work
involving voids (e.g. Nadathur et al., 2017; Hawken et al., 2017; Nadathur et al., 2019a;
Achitouv, 2016, 2019).

The focus of this thesis is the cosmological analysis of voids identified in galaxy samples
within the Sloan Digital Sky Survey. We analyse the Main Galaxy Sample (MGS; Howlett
et al. 2015b; Ross et al. 2015) of SDSS-II (York et al., 2000), the Baryon Oscillation
Spectroscopic Survey (BOSS; Dawson et al., 2013) of SDSS-III (Eisenstein et al., 2011),
and the extended BOSS (eBOSS; Dawson et al., 2016) of SDSS-IV (Blanton et al., 2017),
covering a wide range in redshift and using a consistent analysis method. These data
represent the best public galaxy redshift survey data available to date. BOSS is composed
of two data samples, LOWZ and CMASS, both of which are used in this analysis. The
analysis method used is consistent with that applied to eBOSS in Nadathur et al. (2020b)
which is presented with our results. It has not previously been applied to the MGS or low
redshift BOSS samples. By analysing these new data and consolidating previous analyses,
we are able to build a picture of the geometrical evolution of the Universe and the evolution
of the growth of structure within it from only the analysis of SDSS galaxies around voids.

This thesis does not consider the additional BOSS/eBOSS samples of quasars and
emission line galaxies (ELGs) that extend out to higher redshifts (z < 2.2). The sparsity
of tracers in the quasar sample means that the reconstruction technique our method relies
on is not efficient. This can be seen in Figure 3.2. If reconstruction is able to correctly
remove redshift space distortions from a sample of tracers then the reconstructed power
spectrum multipoles will match those of the real space power spectrum on all scales; this
figure shows that this is not the case. This was tested on OuterRim cubic boxes, simulated
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Figure 3.1: A slice of SDSS LRGs shown in redshift space. Galaxies are included from
MGS, BOSS, and eBOSS. Only galaxies from BOSS and eBOSS NGC are shown. Galaxies
are trimmed to a narrow range (2.3 degrees) in declination to highlight large-scale structure
in the survey. The full range in Right Ascension is not shown and has been narrowed to
show a section with full sky coverage across all redshift ranges shown (see Figure 3.3).
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Figure 3.2: Power spectrum multipoles in the OuterRim cubic boxes. OuterRim is a
simulated volume of the Universe of side length 3.0 h−1Gpc, with galaxies designed to
closely match those of the eBOSS Quasar sample (Smith et al., 2020; Heitmann et al., 2019).
It can be seen that for all reasonable values of smoothing parameter Rs the reconstruction
technique fails to properly match the power spectrum multipoles in real space, unlike for
the LRGs shown in Figure 3.4.

cubic boxes of side length 3.0 h−1Gpc that are designed to closely match the properties
of the eBOSS quasar sample (Smith et al., 2020; Heitmann et al., 2019). No value of
the smoothing parameter Rs used in the reconstruction technique allows the reconstructed
multipoles to match that of the multipoles found in real space closely. On the other
hand, the ELG sample was selected from imaging data that had anisotropic properties and
suffered from significant angular fluctuations (Raichoor et al., 2021). Tamone et al. (2020);
de Mattia et al. (2021) showed that careful corrections for these effects could be made for
BAO and RSD analyses of galaxy clustering, but we leave extensions of this work to the
void-galaxy correlation to future work.

In this chapter, the data and mock catalogues analysed in Chapter 4 are introduced.
This work was originally published in first-author publication Woodfinden et al. (2022).
In addition to the MGS and BOSS data, mock galaxy catalogues are used as tests of the
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analysis pipeline and to estimate the statistical errors in data measurements (described in
Sections 3.2.1 & 3.2.2). A smaller collection of full N -body mocks are used, in addition
to the approximate mocks, to quantify the magnitude of the systematic errors (described
in Section 3.2.2). Mocks are created from full N -body simulation boxes with dark matter
information to calibrate template profiles used in the theoretical modelling (described in
Section 3.2.4). We summarise the voids found in SDSS data in Section 3.3 and the void-
galaxy correlation functions measured from these in Section 3.4. Finally, we present the
template functions needed to model the void-galaxy correlation function in Section 3.5.

3.2 Surveys

3.2.1 MGS

The Main Galaxy Sample (MGS; Strauss et al., 2002) is a selection of galaxies from the
SDSS-I and SDSS-II surveys (York et al., 2000) Data Release 7 (DR7; Abazajian et al.,
2009), at redshifts 0.07 < z < 0.2, with spectra taken using spectrographs mounted on
the 2.5-meter telescope at Apache Point Observatory in New Mexico. A subsample of this
catalogue, created for large-scale structure analyses, is described by Ross et al. (2015) and
Howlett et al. (2015b), which used additional colour, magnitude and redshift cuts to obtain
a high-bias (b ∼ 1.5) sample of galaxies occupying dark matter halos with Mhalo > 1012M⊙,
and with a high galaxy density. This sample, which we refer to as MGS, consists of 62 163
galaxies covering a contiguous footprint of 6813 deg2 in the Northern Galactic Cap (NGC)
region between redshifts 0.07 < z < 0.2. The MGS footprint is shown in Figure 3.3.
Systematic weights are included in the catalogue to correct for angular fluctuations due to
target selection effects (Ross et al., 2012). Main results from BAO and RSD are published in
Ross et al. (2015); Howlett et al. (2015b) with best fit measurements from the combination
of these two finding fσ8(z = 0.15) = 0.53±0.16 and DV/rd(z = 0.15) = (zD2

MDH)
1/3/rd =

4.51± 0.14.

MGS Mocks

The MGS mocks contain 1000 mock galaxy catalogues matching the footprint, redshift
distribution and clustering properties of the MGS data (Howlett et al., 2015b). These
mocks were built from 500 independent dark matter simulations at z = 0.15 created using
the PICOLA algorithm (Howlett et al., 2015a), with fiducial cosmology Ωm = 0.31, Ωb =
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0.048, h = 0.67, σ8 = 0.83 and ns = 0.96. Halos were selected in this field using a friends-of-
friends algorithm and populated with mock galaxies using a Halo Occupation Distribution
(HOD) prescription with parameters fitted to the MGS data, as described in Ross et al.
(2015). From each box two non-overlapping sections were then cut out to match the MGS
footprint, and the mocks subsampled to match the redshift-dependence of the mean galaxy
density in the data.

In Chapter 4 all 1000 of these mocks were used to obtain an accurate estimate of the
covariance matrix for the measurement and a subset of 250 of them were used to test the
analysis methods for systematic errors. All 1000 mocks were used in the calculation of ξr
described in Section 3.5.

3.2.2 BOSS

The Baryon Oscillation Spectroscopic Survey (BOSS; Dawson et al., 2013) of SDSS-III
(Eisenstein et al., 2011) measured spectra from more than 1.5 million objects using spec-
trographs upgraded from those used for MGS, mounted on the 2.5-meter Sloan telescope
(Gunn et al., 2006). The target sample covered nearly 10 000 deg2 of the sky over two
hemispheres, the North Galactic Cap (NGC) and the South Galactic Cap (SGC). The fi-
nal BOSS data were included in Data Release 12 (DR12; Alam et al., 2015). The large-scale
structure catalogues were created using two different target selection algorithms, LOWZ
and CMASS (Reid et al., 2016). The LOWZ sample was designed to target luminous
red galaxies in a narrow mass range over the redshift range 0.2 ≲ z ≲ 0.4, while the
CMASS sample was designed to target LRGs in a narrow mass range over the redshift
range 0.4 ≲ z ≲ 0.75. The LOWZ footprint is slightly smaller than, and fully encompassed
within, the CMASS footprint, as shown in Figure 3.3.

Despite these differences, the LOWZ and CMASS samples show very similar clustering
amplitudes across both NGC and SGC. Following Alam et al. (2017) when measuring the
void-galaxy correlation function in BOSS data this work analysed the combined sample,
including a small region of redshift overlap. As described below in Section 3.3, the change
in the survey footprint around z ≃ 0.43 must be accounted for when identifying voids but
allows for more efficient use of the data.

In the recent eBOSS Data Release 16 (DR16; Ahumada et al., 2020) cosmological
analyses (Alam et al., 2021), the high-redshift end of the CMASS sample at z > 0.6 was
combined with the eBOSS LRG sample, which overlaps with it in redshift and footprint. A
measurement of the void-galaxy cross-correlation in this combined eBOSS+CMASS sample
has already been presented by Nadathur et al. (2020b), using very similar methods to those
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we presented here. In analysing the BOSS data the analysis is therefore restricted to the
section of the combined BOSS LOWZ and CMASS samples that are below this redshift.
In practice, to minimize the loss of voids due to edge effects close to a survey boundary, all
galaxies within 0.2 < z < 0.63 were used for void-finding, but then only those voids with
centres that lie at z < 0.6 were used for the cross-correlation measurement.

Main results from BAO and RSD are published in Alam et al. (2017) and found fσ8(z =
0.38) = 0.497 ± 0.045, fσ8(z = 0.51) = 0.459 ± 0.038, DM/rd(z = 0.38) = 10.27 ± 0.15,
DM/rd(z = 0.51) = 13.38± 0.18, DH/rd(z = 0.38) = 24.89± 0.58, and DH/rd(z = 0.51) =
22.43 ± 0.48 from a combination of these two measurement techniques. The void-galaxy
cross-correlation in a subset of these data, corresponding to the CMASS sample alone in
the range 0.43 < z < 0.7, was analysed by Nadathur et al. (2019b). That work used a
single redshift bin and reported precise constraints on fσ8(z = 0.57) = 0.501± 0.051 and
DM/DH(z = 0.57) = 0.4367 ± 0.0045. However, the CMASS data used partially overlaps
(at z > 0.6) with the eBOSS+CMASS sample used by Nadathur et al. (2020b) and with
the combined LOWZ+CMASS sample used here. The work presented in this thesis aims
to provide a coherent analysis of the data superseding that of Nadathur et al. (2019b) over
a range of redshift bins that can be combined with the eBOSS results of Nadathur et al.
(2020b) without overlap.

Patchy Mocks

The Patchy mocks are a set of 1000 independent mock catalogues on the lightcone created
to match the clustering and the survey properties of the BOSS galaxies (Kitaura et al.,
2016). They were created using the fast approximate Patchy algorithm (Kitaura et al.,
2014) based on augmented Lagrangian perturbation theory (Kitaura and Heß, 2013), run
with fiducial cosmological parameters Ωm = 0.307, Ωb = 0.0482, h = 0.6777, σ8 = 0.8225
and ns = 0.96. Mock galaxies were assigned to halos using halo abundance matching,
with parameters chosen to reproduce the monopole and quadrupole moments of the galaxy
clustering in the BOSS data. The survey mask and selection function were then also
matched to those of BOSS.

All 1000 of the Patchy mocks were used to estimate covariance matrices and a smaller
subset of 250 of them to test our analysis method for systematic errors. These are analyzed
in the same way as with the BOSS data with the same redshift cuts, i.e. restricting to
galaxies with redshift 0.2 < z < 0.63 and voids with redshift 0.2 < z < 0.6 to avoid redshift
overlap with the section of the data included in the eBOSS analysis. 250 mocks were used
in the calculation of ξr described in Section 3.5.
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Figure 3.3: Footprints of the different SDSS galaxy catalogues: (a) the MGS from SDSS
DR7, covering 0.07 < z < 0.2; (b) the BOSS LOWZ catalogue from SDSS DR12, covering
0.2 < z ≲ 0.43; (c) the BOSS CMASS catalogue from SDSS DR12, covering 0.4 ≲ z ≲ 0.75;
(d) the eBOSS LRG catalogue from SDSS DR16, covering 0.6 < z < 1.0.
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NSERIES Mocks

The NSERIES mocks are a collection of 84 cut-sky mocks made from 7 independent full
N -body dark matter simulations with 20483 particles per box and a mass resolution of
1.5 × 1011M⊙/h, generated using a flat ΛCDM cosmology with Ωm = 0.286, Ωb = 0.0470,
h = 0.70, σ8 = 0.82, and ns = 0.96. Halos at redshift z = 0.55 were populated with mock
galaxies using a halo occupation distribution (HOD) prescription adjusted to match the
clustering of the CMASS sample. From each of the 7 simulation boxes, 12 cut-sky mock
catalogues were then created, covering the NGC sky region and matching the selection
function for the CMASS sample over the redshift range 0.43 < z < 0.7.

The NSERIES mocks do not match the full volume or redshift distribution of the com-
bined BOSS data used in this work and so cannot be used for estimating covariances.
However, unlike the MGS and Patchy mocks, they were created from full N -body simu-
lations without approximation and so contain more accurate RSD information on small
scales. This makes them useful for testing the analysis pipeline used in this work for
systematic errors; this is shown in Section 4.3.

3.2.3 eBOSS

The extended Baryon Oscillation Spectroscopic Survey (eBOSS Alam et al., 2021) of SDSS-
IV (Dawson et al., 2016) measured spectra from more than 975 000 objects, including
300 000 LRGs, using spectrographs mounted on the 2.5-meter Sloan telescope (Gunn et al.,
2006). The target sample covered over 6 000 deg2 of the sky over two hemispheres, the
North Galactic Cap (NGC) and the South Galactic Cap (SGC). The redshift extent of the
eBOSS LRG sample is 0.6 < z < 1.0, overlapping the higher redshift range of CMASS
data. The final eBOSS data were included in Data Release 16 (DR16 Ahumada et al.,
2020). The footprint is smaller than, and fully encompassed within, the CMASS footprint,
as is shown in Figure 3.3.

The main results from the measurement of BAO and RSD in this data are published
in Alam et al. (2021). Values of fσ8(z = 0.70) = 0.473 ± 0.041, DM/rd(z = 0.70) =
17.65 ± 0.30, and DH/rd(z = 0.70) = 19.78 ± 0.46 are found from the combination of
these two techniques. An analysis of the void-galaxy cross-correlation in the eBOSS DR16
LRG sample combined with a portion of the BOSS CMASS sample in the redshift range
0.6 < z < 1 was presented by Nadathur et al. (2020b). As noted above. The BOSS galaxy
catalogue data is cut to exclude the high-redshift section that was included together with
the eBOSS LRGs in that work. The aim of this Chapter and Chapter 4 is to provide
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a consistent voids analysis of all the data in the MGS, BOSS and eBOSS samples over
0.07 < z < 1.0. Since the method used is very similar to that already presented by
Nadathur et al. (2020b) we do not repeat it and so do not directly use the eBOSS data
here. Nevertheless in Section 4.4 the results of this earlier work are reported alongside
the new results from the lower redshift samples, and so for completeness alongside MGS
and BOSS the eBOSS LRG survey footprint is presented in Figure 3.3 and the redshift
distribution of the eBOSS voids in Figure 3.5.

EZ Mocks

The EZmock catalogues are a set of 1000 independent mock galaxy catalogues created to
mimic the clustering properties of the eBOSS+CMASS LRG sample. They are created
using the EZMock algorithm, a fast approximate Zeldovich algorithm combined with deter-
ministic and stochastic bias relations, a PDF mapping scheme and additional corrections
to account for RSD (Chuang et al., 2015; Zhao et al., 2020). The mocks are created on a
lightcone combining the output from 4 and 5 different redshift snapshots and are trimmed
to match the survey footprint and selection functions. The mocks are constructed using
a flat ΛCDM cosmology, with Ωm = 0.307, Ωb = 0.0482, h = 0.6777, σ8 = 0.8225 and
ns = 0.96.

3.2.4 Big MultiDark Simulation

The Big MultiDark (BigMD) simulation is a full N -body simulation of 38403 dark matter
particles evolved in a 2.5h−1Gpc box using the same cosmology as for the Patchy mocks
(Klypin et al., 2016). This simulation used the TreePM N-body code gadget-2 (Springel,
2005). The particle mass resolution of the simulation is 2.359×1010 M⊙/h. This simulation
does not contain galaxy catalogues and does not match the footprint of any of the SDSS
data like the MGS, Patchy, NSERIES, or EZmock mocks. The primary benefit of this
simulation is that dark matter information is readily available. In Chapter 4 this dark
matter information is needed in order to calculate the enclosed matter density, ∆(r, z), and
the velocity dispersion, σv||(r, z), around voids (see Section 2.8). To do so this simulation
must be cut down to match the sky footprint and selection function of SDSS data. This
process is described in Section 3.5.
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3.3 Voids in SDSS

The void-galaxy cross-correlation is calculated from SDSS LRGs using the analysis tech-
nique described in Chapter 2. This section describes the application of void finding to
SDSS using this technique, Section 3.4 described how the void-galaxy cross-correlation is
measured, and Section 3.5 describes how the required template functions are measured.

Prior to running void-finding a reconstruction step was first run as described and moti-
vated in Section 2.6. This was done using an RSD removal method and is performed using
the Revolver code run using a 5123 grid for all samples. The densities estimated on the
grid were first smoothed with a Gaussian kernel of width Rs = 10h−1Mpc before solving for
the displacement. The performance of the reconstruction algorithm depends on the choice
of smoothing scale used: see Figure 3.4. The real space power spectrum of a simulation
box that closely matches the properties of the galaxy survey was used to determine what
smoothing scale to use. We used a NSERIES cubic box, as described in Section 3.2.2, to
closely match the survey properties. Reconstruction was run on this simulation at a variety
of values of Rs and the value that best matches the real space multipole is used. Figure 3.4
shows that for a BOSS-like survey a value of Rs = 10h−1Mpc provides a good fit, while
Rs = 15h−1Mpc fails to properly fit the real space multipoles.

Void-finding was performed on the RSD-removed galaxy distribution obtained after
reconstruction, using the Revolver code. Revolver provides several options for the void-
finding algorithm; we choose the one based on an adaptation of the ZOBOV void-finder
(Neyrinck, 2008). As described in Section 2.3, this algorithm first estimates the local
density using a Voronoi tessellation of the discrete galaxy distribution, and then identifies
voids at the locations of local minima of this density field, using a watershed algorithm to
distinguish neighbouring voids.

Instead of running reconstruction and then void-finding on the BOSS LOWZ and
CMASS catalogues separately, this was performed directly with the combined BOSS sam-
ple composed of both catalogues, including a small redshift range around z = 0.43 where
they overlap. In the analysis of voids found in eBOSS LRGs in Nadathur et al. (2020b),
eBOSS LRGs were combined with high redshift CMASS LRGs at z ≥ 0.6. To prevent
the duplication of information with this work the z > 0.6 section of the CMASS data was
excluded. Only BOSS data are used below this redshift. However, to minimise the loss of
data due to the truncation of voids close to survey boundaries, a slightly larger selection of
BOSS galaxies over 0.2 < z < 0.63 was used in the first instance before restricting the final
selection to only those voids with centres in the desired 0.2 < z < 0.6 redshift range in
post-processing. This prevented voids in the CMASS sample close to the redshift boundary
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of z = 0.6 (but that can be properly identified and resolved) from being excluded due to
edge effects.

Working with the combined BOSS sample means that the change in the survey foot-
print between LOWZ and CMASS needs to be accounted for (see Figure 3.3 that shows
these different footprints and Section 3.2.2 for more details). To do this a modified version
of the standard Revolver algorithm was used that introduced a layer of boundary particles
at z = 0.43 around the regions in the CMASS footprint that are not included in LOWZ,
in the same way as boundary particles are used around all other survey boundaries, see
Section 2.3. This prevents the tessellation from leaking out of the survey volume and
thus guards against recovering spuriously low densities near these boundaries. Additional
modifications were also needed to Revolver to correctly calculate the composite survey
volume when estimating the local mean galaxy density used to normalise the measured
fluctuations. This procedure is the same as that used by Nadathur et al. (2020b) when
analysing the combined eBOSS+CMASS data, which also had a change in survey foot-
print, see Section 3.2.3. No such modifications were required for the MGS catalogue (see
Section 3.2.1) since reconstruction and void-finding were run on this sample separately
without combining with BOSS.

After density field estimation, the individual voids obtained from the watershed algo-
rithm are irregularly shaped and lack spherical symmetry, so the definition of the void
centre is not unique. The definition introduced by Nadathur and Hotchkiss (2015) was
used, which corresponds to the centre of the largest completely empty sphere that can be
inscribed within the void and which generally produces a better match to the modelled
void-galaxy correlation (Nadathur and Percival, 2019). This is because the validity of the
model assumed for the outflow velocity (see equation 2.20 in Section 2.8) can be a less
good description of the mean outflow around other centre definitions available, resulting in
worse overall predictions for ξs. This void centre definition is the circumcentre void centre
for a ZOBOV void finder, described in more detail in Section 2.3.

A minimum size cut was also applied to the raw void catalogues, keeping only voids
larger than the median obtained size in that catalogue for the final analysis. This cut was
needed as the RSD modelling of Section 2.8 is not expected to be valid for small voids where
galaxy velocities are dominated by environmental effects (i.e. are not undergoing expansion,
Nadathur et al. 2017). After this cut was applied no further size-based distinctions were
made. Figure 3.5 summarises the redshift distribution of the voids obtained from each of
the different datasets after these selection cuts.

All of the above steps were also performed in exactly the same manner on the respec-
tive MGS, Patchy and BigMD mock catalogues. For the NSERIES mocks the procedure
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was very slightly different since these lie in the CMASS NGC footprint only and so the
additional steps above to deal with changes in footprint were not required.

Since void-finding is always performed after reconstruction, the resultant void cata-
logues inherit a dependence on the parameter β, which is allowed for when fitting to the
data. For each catalogue, reconstruction was performed at many values of β over a wide
range (see Section 4.2) and the total void numbers obtained are found to vary by up to
around ±2% with changes in β. The void numbers shown in Figure 3.5 and recorded in
Table 3.1 correspond to the values β = 0.31 for MGS, β = 0.37 for BOSS LOWZ and
CMASS, and β = 0.35 for eBOSS.

For completeness, the distribution of voids found in the eBOSS+CMASS LRG sample
by Nadathur et al. (2020b) is also shown in both Table 3.1 and Figure 3.5. Chapter 4
presents these results in combination with new work run on MGS and BOSS data. The
void-galaxy analysis of Nadathur et al. (2020b) is consistent with that presented in Chap-
ters 2 & 4 and as such is presented together with lower redshift results to build up a ladder
of measurements from voids of both fσ8 and the AP effect over a wide range in redshift
(0.07 < z < 1.0).

A total of 14,200 voids (±2% depending on the value of β used in reconstruction prior
to void finding) were found in all SDSS data considered spread over the redshift range
0.07 < z < 1.0. This was split into 6 total redshift bins (see Section 3.3.1) with a sky
area varying from 6813 deg2 at the lowest redshift to 4242 deg2 at the highest redshift,
and peaking at 9376 deg2 in the CMASS range of 0.43 < z < 0.75. Approximately 7100
voids were kept after void size cuts are applied at the median redshift in each redshift bin.
The median void size in each redshift bin increases with redshift, starting at 40h−1Mpc at
the lowest redshift bin and up to 49h−1Mpc at the highest redshift bin. This median void
size is largely driven by the tracer density and other survey effects rather than being an
intrinsic property of the void redshift evolution. These results are summarised in Table 3.1.
Figure 3.6 shows the number of voids as a function of radius for each of the redshift bins
used in this thesis, after a void size cut has been applied. Figure 3.7 shows the void size
function for the 4 BOSS redshift slices along with the void size function for each of the 250
Patchy mocks used in this analysis in the same redshift range.

3.3.1 Choice of redshift bins

In the work of Chapter 4 the MGS data and mocks are measured in a single self-contained
redshift bin, 0.07 < z < 0.2. However, the BOSS data contain a much larger number of
voids extending over a larger range of redshifts, so it was possible to split them into a set
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Figure 3.5: The number density of voids obtained after the application of all selection cuts
across the redshift range of the data (coloured histograms, left axis). Voids from MGS
are shown in teal, and those from the combined BOSS LOWZ and CMASS catalogues at
z < 0.6 in orange and blue, where we use the change of colour to indicate the dominant
contributing sample to the combination. The yellow histogram shows the n(z) for voids
from the combination of the eBOSS LRG and BOSS CMASS catalogues at z > 0.6 analysed
separately by Nadathur et al. (2020b) and labelled as ‘eBOSS’ for convenience. Voids were
obtained after reconstruction using the fiducial values β = 0.31 (MGS), β = 0.37 (BOSS
LOWZ and CMASS) and β = 0.35 (eBOSS). The survey volume in ∆z = 0.01 slices is
shown as a function of redshift by the red line (right axis), showing the shifts due to changes
in the survey mask.
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Figure 3.6: The void size function, i.e. the number of voids as a function of the void
radius. The data are separated into the same redshift bins as is analysed in this thesis:
see Section 3.3.1. A void size cut has been applied to the data with values for this shown
in Table 3.1. Voids were obtained after reconstruction using the fiducial values β = 0.31
(0.07 < z < 0.2), β = 0.37 (0.2 < z < 0.6) and β = 0.35 (0.6 < z < 1.0). The number of
voids measured varies ±2% depending on the choice of parameter β used in reconstruction
prior to void finding.
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Figure 3.7: The void size function, i.e. the number of voids as a function of their radius of
the BOSS redshift bins used in this thesis. Shown in grey is the void size function of voids
found in each of the 250 Patchy mocks, and red shows the void size function for the data.
Voids are obtained after reconstruction using a fiducial value of β = 0.37 (0.2 < z < 0.6).
No void size cut has been applied, unlike Figure 3.6.
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Table 3.1: Summary of the redshift bins and survey properties. The redshift range, effective
redshift, sky area, the total number of voids Nvoids, the void size cut applied Rcut, and the
number of voids remaining after this cut, N cut

voids is presented. The void size cut varies up
to ±3% depending on the choice of mock/data galaxy catalogue as well as reconstruction
parameter β. Void numbers vary by up to ±2% depending on reconstruction parameter
β, numbers reported are for the fiducial choices of β. Where a redshift bin is composed
of two overlapping samples, one name is chosen to best represent the composite. Data for
the final row, 0.6 < z < 1.0, are taken from Nadathur et al. (2020b) and shown here for
completeness.

Redshift range Sample name Sky area (deg2) zeff Nvoids Rcut(h
−1Mpc) N cut

voids

0.07 < z < 0.2 MGS 6813 0.15 517 40 258
0.2 < z < 0.3 BOSS LOWZ 8337 0.26 1009 47 504
0.3 < z < 0.4 BOSS LOWZ 8337 0.35 1596 48 798
0.4 < z < 0.5 BOSS CMASS 8337i/9376ii 0.47 2526 48 1263
0.5 < z < 0.6 BOSS CMASS 9376 0.54 3830 49 1915
0.6 < z < 1.0 eBOSS LRG 9376ii/4242iii 0.69 4706 49 2341
i for the LOWZ footprint (0.2 < z < 0.43) ii for the CMASS footprint (0.43 < z < 0.75) iii for the

eBOSS footprint (z > 0.75)
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of narrower redshift bins to understand the evolution of the void-galaxy cross-correlation
with redshift. Doing so also allows for the fact that the growth rate and galaxy bias,
and thus the parameter β entering into reconstruction, may evolve with redshift. These
considerations led us to split the voids obtained from the combined BOSS sample into 4 non-
overlapping redshift bins: 0.2 < z < 0.3, 0.3 < z < 0.4, 0.4 < z < 0.5, and 0.5 < z < 0.6.
Previous work from Nadathur et al. (2020b) used the eBOSS+CMASS LRG sample with
0.6 < z < 1.0: this data was not reanalysed but their results are presented again together
with SDSS MGS and BOSS data. In total, six redshift bins cover the range 0.07 < z < 1.0,
as summarised in Table 3.1.

Within each bin, the effective redshift of the void-galaxy measurement was calculated
as a weighted sum

zeff =
Σij

(
Zi+zj

2
wj

)
Σijwj

, (3.1)

where Zi is the redshift of the void centre, zj is the galaxy redshift, wj is the associated
galaxy systematic weight, and the sum extends over all void-galaxy pairs up to the maxi-
mum separation considered, s = 120h−1Mpc. The effective redshifts for the bins are shown
in Table 3.1. Where the data covers both galactic caps there was no difference seen between
the zeff values obtained from the NGC and SGC samples in any redshift bin, so the values
reported are for both caps taken together.

3.3.2 Void Randoms

As discussed in greater detail in Section 2.7, the distribution of voids in the survey volume
differs from the distribution of galaxies. Separate, unclustered void random catalogues were
constructed to match the spatial distribution of the voids by running the reconstruction
and void-finding steps described above on each of the 1000 mock MGS or 250 Patchy galaxy
mocks respectively to create 1000/250 realisations of the void catalogues. Void positions
were randomly drawn from the 1000/250 mock catalogues stacked together to make a void
random catalogue that has 50 times more objects than obtained in the survey data while
containing no clustering that is present in each individual mock. Figure 3.8 shows the
number of voids and voids randoms binned as a function of the redshift. The count with
redshift can be seen to closely match with differences due to shot noise.
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Figure 3.8: The redshift distribution of both voids and galaxies found in SDSS data in the
redshift range 0.2 < z < 0.6. The left axis corresponds to the number of galaxies/galaxy
randoms per redshift bin, while the right axis corresponds to the number of voids/void
randoms. Both the number of voids and the number of galaxies have been multiplied by a
factor of 50 in order to match the scale of the number of randoms. Both the void and void
randoms have a dependence on β coming from the reconstruction step being applied prior
to void finding. A value of β = 0.40 is used in this figure, chosen at random. The number
of objects per redshift bin has not been normalised by the survey volume.
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3.3.3 Fiducial Cosmology

When analysing the BOSS data and the BOSS mocks, unless otherwise specified a reference
fiducial cosmological model was adopted with Ωm = 0.307, ΩΛ = 0.693, h = 0.676 and zero
curvature to convert galaxy redshifts to distances. When analysing the MGS data and
the MGS mocks, unless otherwise specified a reference fiducial cosmological model was
adopted with Ωm = 0.31, ΩΛ = 0.69, h = 0.676 and zero curvature to convert galaxy
redshifts to distances. This cosmological model is very close to that indicated by the
Planck Collaboration et al. (2020) CMB results and matches the cosmology of the MGS
and Patchy mocks. The dependence of the choice of fiducial cosmology on results from
analysis of the void-galaxy cross-correlation is shown in Section 4.3.2 and systematic errors
due to the need to assume a fiducial cosmology were quantified and incorporated into the
total systematic error budget of the measurement.

3.4 Correlation Function Measurement

The binned void-galaxy correlation function ξs (or ξr) was measured in redshift space (real
space) in 30 bins of the observed void galaxy separation distance s (r) and 80 bins of the
cosine of the angle µs (µr) between the separation vector and the line-of-sight direction
to the void centre using the Landy-Szalay estimator shown in equation 2.11 (Landy and
Szalay, 1993). The galaxy randoms needed for this correlation function estimation were
taken from the publicly provided random catalogues for each sample by SDSS. As described
above, the void random catalogues were constructed manually.

3.5 Template Functions

The modelling described in Section 2.8 relies on three template functions: the matter
density profile, the velocity dispersion profile, and the real space correlation function. The
density and velocity dispersion profiles were taken from mock catalogues with available dark
matter information, while the real space correlation function was taken from the average of
many mocks designed to closely match the survey properties. These are described below.
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3.5.1 Density and Velocity Templates

To create the dark matter profile around void and velocity dispersion templates dark mat-
ter information from simulations is required. This is not available for the MGS, Patchy or
NSERIES mocks described above for the redshift range needed. Instead, halo catalogues
were extracted from simulation snapshots of the Big Multidark Simulation (described in
Section 3.2.4) at z = 0.1, z = 0.32, and z = 0.52. These dark matter simulation boxes
were populated with halos according to a HOD prescription designed to match the clus-
tering of the galaxy data in the different samples. HOD parameters matching those of
the ‘Main2’ mocks of Nadathur and Hotchkiss (2015) are used at z = 0.1 to mimic the
MGS sample, matching those from Manera et al. (2015) at z = 0.32 to mimic the LOWZ
sample, and matching those from Manera et al. (2013) at z = 0.52 to mimic the CMASS
sample. Sections of the box were then cut out to match the survey mask in each case and
downsampled to match the survey selection functions. This collection of mock catalogues
is referred to as the BigMD mocks.

These newly created BigMD mocks were used to create templates used in the later anal-
ysis only. To do this, the reconstruction and void-finding pipeline described in Sections 2.6
and 3.3 were run on these mocks exactly as for the corresponding MGS and BOSS data
samples. For the voids obtained, stacked profiles for the enclosed matter density around
voids, ∆(r, z), and the velocity dispersion, σv||(r, z), were measured from the simulations.
These functions were used as templates in the modelling as described in Section 2.8. It is
worth noting that the steps taken above to match the survey masks in the BigMD mocks
are very important since survey edges can have strong effects on the distribution of void
sizes obtained using our algorithm and would thus result in changes to these template func-
tions as well. For each redshift slice described in Section 3.3.1 the closest BigMD mock to
the mean redshift in said slice was chosen and used to construct the templates. Figure 3.9
shows the matter density and velocity dispersion profiles used in Chapter 4 to model the
mapping from redshift space to real space void-galaxy correlation functions.

3.5.2 Real Space Void-Galaxy Correlation Function

Real space void-galaxy correlation functions ξr were taken from mock catalogues (described
in Sections 3.2.1 & 3.2.2) designed to closely match the footprint, redshift distribution
and clustering properties of the surveys. All steps taken to calculate the redshift space
multipoles (i.e. reconstruction, void finding, and correlation function measurements) were
mirrored with the sole exception being that instead of correlating the post-reconstruction
void centre positions with redshift space galaxies we correlated the post-reconstruction void
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Figure 3.9: The matter density (left) and galaxy velocity dispersion (right) profiles as
measured around voids. These are measured from the custom-built mock void and galaxy
catalogue in the Big MultiDark simulation at snapshot redshift z = 0.1, 0,32, and 0.52 where
the closest snapshot to each redshift slice is used. Both are measured as angle-averaged
functions of the real space distance from the void centre, r. The velocity dispersion profile
is shown as normalised by its asymptotic value at large radii.
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centre positions with the post-reconstruction galaxy position field. Note that voids are only
identified in the approximation to the real space galaxy field obtained from RSD removal
after reconstruction. All measured void-galaxy cross-correlations use these void centres
and thus implicitly depend on the parameter β used in reconstruction. Measurement of
ξs(s, µs) used the original (redshift space) galaxy positions but still retained the implicit
dependence on β from the void identification step. On the other hand, as the true real
space positions of galaxies are not known the true real space cross-correlation ξr cannot be
directly determined, and instead is estimated by measuring the cross-correlation with the
post-reconstruction galaxy positions with RSD approximately removed. In the following,
where necessary ξ̂r is used to distinguish this measured estimate of the true real space
cross-correlation ξr.

The real space void-galaxy correlation functions were taken from 1000 of the MGS
mock catalogues when analysing MGS data and mocks, but only 250 Patchy mocks when
analysing BOSS data and mocks. The lower number of patchy mocks was chosen to be
high enough to eliminate shot noise in the measurement of the ξ̂r profile while reducing the
computational expense of this analysis. Figure 3.10 shows the monopole and quadrupole
moments of the real space void-galaxy correlation function used for each of the redshift
slices shown in this work.
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Figure 3.10: The real space void-galaxy correlation function multipole moments as mea-
sured by the average of many mocks. Real space is approximated by post-reconstruction
void centre and galaxy positions. This causes the correlation functions to inherent a depen-
dence on β from the reconstruction algorithm. Plotted correlation functions are shown at
a value of β = 0.30 for the 0.07 < z < 0.2 redshift slice and β = 0.35 for all other redshift
slices. These are chosen to be close to the true fiducial value for these mock catalogues.
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Chapter 4

Extracting Alcock-Paczynki and
Redshift Space Distortion Information
from the Void-Galaxy Correlation
Function

4.1 Introduction

In this Chapter, we build on previous work developed for the cosmological analysis of
voids to analyse galaxy samples within the Sloan Digital Sky Survey (SDSS-II; York et al.
2000). We analyse the Main Galaxy Sample (MGS, see Section 3.2.1), Baryon Oscillation
Spectroscopic Survey(BOSS, see Section 3.2.2), and the extended BOSS (eBOSS, see Sec-
tion 3.2.3) LRG samples covering a wide range in redshift using a single analysis method
for the first time. This analysis method is presented in Chapter 2 and applied to SDSS data
in Chapter 3. These data represent the best public galaxy redshift survey data available
to date. The analysis method used is consistent with that applied to eBOSS in Nadathur
et al. (2020b), and is a development of that used for BOSS by Nadathur and Percival
(2019). It has not previously been applied to the MGS or low redshift BOSS samples.
Data products from voids in these data (i.e. void positions, void-galaxy correlation func-
tions, template density functions, template velocity functions, and template real space
void-galaxy correlation functions) are presented in Chapter 3. In this Chapter, we focus
on the likelihood measurements to extract our parameter constraints, test for and quantify
systematic errors in these measurements, and discuss results from these measurements.

93



In Chapter 5, cosmological models fits to voids and the combination of voids with other
probes are presented.

By analysing these new data and consolidating previous analyses, we are able to build
a picture of the geometrical evolution of the Universe and the evolution of the growth of
structure within it from only the analysis of SDSS galaxies around voids. For voids, we can
distinguish RSD and AP because they affect the apparent shape in different ways (Nadathur
et al., 2019b). The measurements of the AP and RSD effects from voids are not strongly
correlated with those obtained from analyses of galaxy-galaxy clustering (Nadathur et al.,
2020a; Woodfinden et al., 2023), so they represent additional information that can be
obtained from existing surveys.

This Chapter is structured as follows: Section 4.2 presents the likelihood estimation
used to determine cosmological parameters. In Section 4.3, systematic errors due to lim-
itations in the theoretical model and the choice of the fiducial cosmological model are
quantified and added to the total error budget. Section 4.4 presents the results from
this analysis and context from similar measurement techniques and galaxy spectroscopic
surveys is given. Finally, we conclude in Section 4.5.

4.2 Likelihood

All comparisons of model and data were performed using the Victor void-galaxy corre-
lation analysis tool, with data vector ξs = (ξs0(s), ξ

s
2(s)) formed from the monopole and

quadrupole moments of the redshift space correlation function. It is simple to add the
hexadecapole and other higher order moments to the analysis in Victor but they do not
add much information at the measurement precision of current data and are ignored in
what follows. The calculation of the theory model ξs,th described in Section 2.8 has an
explicit dependence on fσ8, α⊥/α∥ and σv, and an implicit dependence on β, while the
measured data vector ξs also depends on β. The parameter space we explore is therefore
4-dimensional.

We used mocks to construct an estimate of the covariance matrix,

C =
1

ns − 1

ns∑
k=1

(
ξsk − ξsk

) (
ξsk − ξsk

)
, (4.1)

from ns = 1000 mocks, where ξsk is the measured data vector in the kth mock realisation,
and ξsk is the mean over the mocks. At a given point

(
fσ8, β, α⊥/α∥, σv

)
in parameter
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space, we then use this covariance matrix estimate to obtain the χ2 for the model fit,

χ2 =
(
ξs,th − ξs

)
C−1

(
ξs,th − ξs

)
. (4.2)

In doing so we treat the covariance matrix as fixed and do not attempt to account for its
dependence on cosmology. A sample covariance matrix is shown in Figure 4.1 for one of
the redshift slices used in this analysis (0.5 < z < 0.6).

Since the estimate of the covariance matrix in equation 4.1 from the mocks is itself
uncertain, it is necessary to propagate this uncertainty through to the likelihood. To do
this, we use the procedure outlined by Percival et al. (2021) to calculate the posterior

f(θ|ξs) ∝
[
1 +

χ2

(ns − 1)

]−m
2

, (4.3)

where the power law index m is given by

m = nθ + 2 +
ns − 1 +B(nd − nθ)

1 +B(nd − nθ)
, (4.4)

B =
(ns − nd − 2)

(ns − nd − 1)(ns − nd − 4)
, (4.5)

and ns = 1000 is the number of mocks, nd = 60 the number of data points fitted and nθ = 4
the number of model parameters. This procedure adopts flat and uninformative priors on
all parameters and a prior on the covariance matrix such that we can match the Bayesian
results to frequentist expectations to first order, allowing us to compare credible intervals
derived from the posterior to confidence regions derived from the scatter of results from
the mocks (Percival et al., 2021).

To explore the model parameter space, we used the MCMC sampling implemented
in Victor via an interface with the Cobaya sampling package (Torrado and Lewis, 2019a,
2021a). Since directly repeating the reconstruction, void-finding and cross-correlation mea-
surements at each value of β would make the MCMC prohibitively expensive, we adopted
a time-saving interpolation strategy. Before running the MCMC we computed all the
necessary cross-correlations on a closely-spaced grid of β values, βi.

4.2.1 Likelihood Interpolation

During the MCMC run, for each input β, we evaluated the likelihood twice at the grid
points bracketing it βi ≤ β ≤ βi+1, and then linearly interpolated between these values;
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Figure 4.1: The normalised covariance matrix used for the redshift space multipole mea-
surement for the redshift slice 0.5 < z < 0.6. This matrix is determined from 1000 Patchy
mocks at a fiducial value of β = 0.37. Subscript 0 denotes the monopole, and subscript 2
denotes the monopole of the void galaxy cross-correlation. Superscript s denotes that this
is calculated in redshift space.
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we refer to this method as likelihood interpolation. This differs from the method used
by Nadathur et al. (2019b, 2020b), who performed the interpolation at the level of the
correlation functions; we refer to this method as data vector interpolation. It was found
during this analysis that data vector interpolation results in an artificial reduction of noise
in the region in between values of βi and βi+1.

To illustrate this effect Figure 4.2 shows a toy model of two sine waves of amplitude 1
that have been shifted up (shown in blue) and down (shown in red) by a value of 3. The
dashed line shows these original sine waves, while the solid line shows these same sine waves
where noise has been added following a normal distribution centred at 0 with a standard
deviation of 1. The orange line shows the interpolation between these shifted data vectors
at their midpoint. The dashed line is the interpolation with no noise added, and the solid
line is the interpolation between data vectors with added noise. The standard deviation
of the interpolation between noisy data vectors shows a value significantly lower than the
standard deviation of the data vectors being interpolated. Repeating this toy model on
10, 000 samples reduces the standard deviation of the interpolated data by 30% on average
compared to that of the original noisy data vector.

This effect results in a lower χ2 between the β grid points when interpolation is per-
formed at the level of the correlation function. The choice was made in the work of this
thesis to interpolate between the grid points bracketing the β value to alleviate this arti-
ficial reduction in χ2. As a result, the best-fit value of β will always be found at a β grid
point, so a closely spaced grid must be used in the analysis. Figure 4.3 highlights these
results for an example likelihood surface from one of the Patchy mocks used in this analysis
for a redshift slice of 0.4 < z < 0.5. Several dips can be seen in between grid points in the
interpolation at the level of the correlation function that is due to this artificial reduction
in noise. These dips cause the likelihood surface to be at a minimum that does not match
the true underlying minimum of the distribution. Figure 4.4 shows the shift in the mean
value of the likelihood for cosmologically significant parameters α⊥/α∥ and fσ8. As can be
seen, these shifts are mostly small albeit non-zero.

The likelihood surface with respect to β can be seen to be noisy in Figure 4.3. Both
our data vectors (ξs) and model (which has a dependence on ξr) are calculated on a grid
of β values that are used during reconstruction (see Section 2.6). Noise brought in through
reconstruction leads to a noisy comparison, as shown. Different values of β significantly
change the noisy model. This differs from other parameters in our fits (e.g. fσ8 shown in
Figure 4.5) as for these parameters model is allowed to vary smoothly. The interpretation
of the posterior surface will still give the correct probability of the model and, on average,
will display a Gaussian likelihood, but noise is introduced at the level of an individual
realization.
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Figure 4.2: Two sine waves of amplitude 1 have been shifted up (blue) and down (red)
by a value of 3. The dashed line shows the original sine wave, and the solid line shows
this same sine waves when noise has been randomly added following a normal distribution
with a standard deviation of 1. The orange line shows the interpolation between the blue
and red sine waves with zero offset. The dashed line interpolates the original sine waves
and the solid line between those with added noise. As can be seen in the figure legend,
the standard deviation of the interpolated data vector with noise has a lower standard
deviation than that of either of the two original sine waves being interpolated between.
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Figure 4.3: A comparison between β likelihood surfaces for one of the Patchy mocks used in
this analyses at a randomly chosen redshift slice of 0.4 < z < 0.5. Data vector interpolation
refers to where points not sampled in β space are found by interpolating at the level of
the data vector between the closest two neighbouring β grid values; this is the original
interpolation method used in prior work. Likelihood interpolation is where this happens at
the likelihood stage and not at the data vector stage; this is the new interpolation method
used in this work.
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Figure 4.4: The shift between the mean value of the likelihood for 250 Patchy mocks in the
redshift slice 0.4 < z < 0.5. Results are shown for two different methods of interpolating
between grid points in the β parameter. Data vector interpolation refers to where points
not sampled in β space are found by interpolating at the level of the data vector between
the closest two neighbouring β grid values. Likelihood interpolation is where this happens
at the likelihood stage and not at the data vector stage.
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Figure 4.5: A comparison between fσ8 likelihood surfaces for one of the Patchy mocks
used in this analyses at a randomly chosen redshift slice of 0.4 < z < 0.5. Data vector
interpolation refers to where points not sampled in β space are found by interpolating at
the level of the data vector between the closest two neighbouring β grid values. Likelihood
interpolation is where this happens at the likelihood stage and not at the data vector stage.
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4.3 Tests of systematic errors

This Section describes a series of tests to examine sources of systematic error and quantify
their contribution to the total error budget for the two model parameters of cosmological
interest, fσ8 and α⊥/α∥. These are divided into two categories: errors that may be intro-
duced by limitations in the theoretical model when applied to representative survey data
(referred to as ‘modelling systematics’) and errors associated with the choice of the fiducial
cosmological model in which the data analysis is performed. These tests include the effects
of the noisy posterior surface described above. We discuss these separately in Sections 4.3.1
and 4.3.2 and combine results into a total systematic error budget in Section 4.3.3.

4.3.1 Modelling Systematics

We used the mock catalogues described in Chapter 3 and ran the full measurement and
fitting pipeline on 250 realisations each of the MGS and Patchy mocks. These mocks were
treated in exactly the same manner as the corresponding MGS and BOSS data samples.
This involved running void finding on the whole sample, splitting the voids found into
the same redshift bins as the data, and performing subsequent analysis in these bins. We
initially used the true cosmology of the mocks as the fiducial model for converting redshifts
to distance. From the fits to each mock, we obtained the mean values of the cosmologically
interesting parameters fσ8 and α⊥/α||, after marginalising over β and σv, and compared
the averages over all mocks, ⟨fσ8⟩ and ⟨α⊥/α∥⟩ to the known values for the mock cosmology
in that redshift bin. These results are summarised in Table 4.1, and Figure 4.6 shows the
scatter in the recovered values over all 250 mocks in each redshift bin.

Statistically significant systematic errors are defined as being detected when the mean
over the mocks for a given parameter differs from its expectation value by more than
twice the expected statistical error in the mean, calculated as 1/

√
Nmocks times the average

marginalised 1D parameter uncertainty for a single mock. Significant offsets are seen in
fσ8 for two redshift bins (0.3 < z < 0.4 and 0.4 < z < 0.5) and in α⊥/α∥ for two redshift
bins (0.07 < z < 0.2 and 0.5 < z < 0.6). These offsets are however always small compared
to the statistical precision that can be obtained in the data. Section 4.3.3 describes how
these are incorporated into the total systematic error budget.
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In addition to analysing the MGS and Patchy approximate mocks, Table 4.1 shows the
equivalent results obtained from fitting to the 84 NSERIES mocks. These NSERIES mocks
cover only a subset of the full redshift range of the BOSS data and only the NGC sky region.
We analysed them in modified redshift bins 0.43 < z < 0.5 and 0.5 < z < 0.6 and used a
covariance matrix appropriate to the reduced sky area but otherwise treated them in the
same manner as for the data catalogues. Since they do not match the sky footprint and
redshift range of the SDSS data, we do not include offsets determined from the NSERIES
mocks in our estimation of the total systematic error budget. Nevertheless, as these mocks
are drawn from the full N -body simulations they are expected to reproduce the true RSD
signal to higher accuracy and smaller scales than possible with the approximate Patchy
mocks. It is therefore reassuring that, within the slightly reduced precision afforded by
the smaller number of mock realisations, no systematic offsets are found in the recovered
values of either fσ8 or α⊥/α|| from NSERIES.

4.3.2 Effect of the fiducial cosmology

To estimate the systematic error introduced by performing the analysis with a fiducial
cosmological model that differs from the true cosmology the entire analysis was repeated
over the 250 MGS and Patchy mocks using different cosmological models. Perturbations
around the true cosmology of the mocks were considered by setting Ωm = 0.28 and Ωm =
0.34. All other aspects of the analysis remained the same as before. The recovered mean
values ⟨fσ8⟩ and ⟨α⊥/α∥⟩ over all the mocks are summarised in Table 4.1 for each redshift
bin and cosmology tested.

As above, a statistically significant systematic error is defined as detected if the mean
value over the mocks differs from the truth by more than twice the expected error in the
mean, estimated as 1/

√
Nmocks times the average marginalised 1D parameter uncertainty

for a single mock. Table 4.1 shows that this threshold was exceeded for several redshift bins
when Ωfid

m = 0.28, and occasionally when Ωfid
m = 0.34, though the differences are still small

compared to the statistical uncertainty in fitting to a single realisation. This increased
occurrence of systematic offsets may indicate a deficiency in the modelling used when the
fiducial model is far from the truth. Further improvements to the modelling in future work
may be able to eliminate this source of error, but for the current work, this was instead
incorporated into the total systematic error budget as described below.
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Figure 4.6: Model performance in recovering the fiducial values of fσ8 and α⊥/α|| in mocks.
Grey points show the results for the mean values of fσ8 and α⊥/α|| (after marginalising
over other fit parameters) obtained from repeating the analysis on each of 250 MGS mocks
(0.07 < z < 0.2) and 250 Patchy mocks (all other) when evaluated in their own fiducial
cosmology. The means of these individual results are shown by the red crosses, and the
expected truth values of the parameters are indicated by the dashed lines. The differences
between the means and the expected values are quantified and included in the systematic
error budget (Section 4.3). The coloured points with error bars indicate the result and
the associated 1σ statistical errors obtained from the MGS (teal), BOSS LOWZ (orange)
and BOSS CMASS (blue) data in the same redshift bins. Image Credit: Woodfinden et al.
(2022)

105



4.3.3 Total Systematic Error Budget

To determine the total systematic error in our measurements the results for the differ-
ences with respect to the true values, ∆(fσ8) and ∆(α⊥/α||), are used for the MGS and
Patchy mocks shown in Table 4.1. These reported offsets do not show strong correlations
across redshift bins and choices of fiducial cosmology, comparing both positive and neg-
ative values, some of which are statistically significant. They were therefore modelled as
arising from a draw from an underlying distribution and used the results shown in the
table to estimate this distribution’s mean and standard deviation. The weighted means
and standard deviations for ∆(fσ8) and ∆(α⊥/α||) were computed separately using in-
verse variance weights for each row in Table 4.1, with the variance corresponding to the
statistical uncertainty in the measurement of the mean in each redshift bin.

Following this procedure, for fσ8 the systematic error in the measurement was estimated
to have a mean σsys,offset = −0.0113 and a standard deviation σsys,error = 0.0161. The
corresponding values for α⊥/α∥ are σsys,offset = 0.0029 and σsys,error = 0.0061. To incorporate
these into the total systematic error budget:

1. the corresponding value of σsys,offset was subtracted from the reported mean result for
each parameter to correct mean bias, and

2. both systematic error estimates were added in quadrature to the statistical error to
determine the total error budget, σtotal =

√
σ2
syst,offset + σ2

syst,error + σ2
stat (where σstat

was obtained from the fit to the SDSS data).

Table 4.2 summarises the results for each redshift bin. In each redshift bin σsys,offset and
σsys,error are both small compared to the statistical error σstat so they resulted in only a
modest increase in the total error budget in each case.

4.4 Results

Having quantified the contribution of systematic errors through analysis of the mocks, the
SDSS data was examined. The fitting pipeline was run on the data in each redshift bin
exactly as described above for the mocks, using a fiducial cosmology with Ωm = 0.31.
Figure 4.9 shows the comparisons between the measured void-galaxy correlation in each
bin and the corresponding best-fit model obtained from the fit, together with shading
indicating the one standard deviation range of the mock data for the same redshift bin.
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Table 4.2: Summary of the total error budget for measurement of fσ8 and α⊥/α∥ in each
redshift bin. Statistical errors σstat are determined from posterior fits to the data. The total
systematic error budget is determined by adding in quadrature the individual contributions
described in Section 4.3.3, σtotal =

√
σ2
syst,offset + σ2

syst,error + σ2
stat. Here σsyst,offset = −0.0113

for fσ8 and 0.0029 for α⊥/α∥, and σsyst,error = 0.0161 for fσ8 and 0.0061 for α⊥/α∥.

Redshift Range Parameter σstat σtotal

0.07 < z < 0.2
fσ8

+0.16
−0.23

+0.16
−0.23

α⊥/α∥
+0.044
−0.052

+0.045
−0.053

0.2 < z < 0.3
fσ8

+0.14
−0.16

+0.14
−0.16

α⊥/α∥
+0.028
−0.028

+0.029
−0.029

0.3 < z < 0.4
fσ8

+0.11
−0.11

+0.11
−0.11

α⊥/α∥
+0.024
−0.024

+0.025
−0.025

0.4 < z < 0.5
fσ8

+0.10
−0.10

+0.10
−0.10

α⊥/α∥
+0.020
−0.020

+0.021
−0.021

0.5 < z < 0.6
fσ8

+0.084
−0.084

+0.086
−0.086

α⊥/α∥
+0.019
−0.019

+0.020
−0.020

Table 4.3: Marginalised 1D constraints on fσ8 and DM/DH at different redshifts, and their
correlation coefficient ρ.

zeff fσ8 DM/DH ρ

0.15 0.51+0.16
−0.23 0.156+0.007

−0.008 −0.351

0.26 0.44+0.14
−0.16 0.273+0.008

−0.008 −0.293

0.35 0.33+0.11
−0.11 0.397+0.009

−0.009 −0.287

0.47 0.53+0.1
−0.1 0.556+0.011

−0.011 −0.158

0.54 0.64+0.077
−0.077 0.642+0.012

−0.012 −0.158

0.69iv 0.356+0.079
−0.079 0.868+0.017

−0.017 −0.154

iv From Nadathur et al. (2020b)

107



Figure 4.7: Marginalised posterior constraints on the cosmological parameters fσ8 and
α⊥/α∥ from the fit to MGS and BOSS data in the different redshift bins from Table 3.1.
Panel (a) (top row) is for MGS, panels (b) and (c) (middle row) are for the two BOSS LOWZ
bins, and panels (d) and (e) (bottom row) are for BOSS CMASS, with the colours for the
samples matching those in Figure 3.3. Shaded contours show the 68% and 95% confidence
limit regions. These plots include only statistical errors. Image Credit: Woodfinden et al.
(2022) 108
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Figure 4.8: (a): Results for the growth rate as a function of redshift, f(z)σ8(z), deter-
mined from measurement of the void-galaxy cross-correlation in the MGS and BOSS data
presented in this work and in eBOSS from Nadathur et al. (2020b). The blue line (shaded
regions) represents the 68% (95%) confidence limits derived from extrapolating CMB mea-
surements from Planck down to these redshift (assuming ΛCDM). (b): As above, but with
results from the galaxy clustering and power spectrum from various surveys shown in red.
Galaxy survey results are shown from 6dFGS (Beutler et al., 2012), GAMA (Blake et al.,
2013), WiggleZ (Blake et al., 2012), VIPERS (de la Torre et al., 2013), MGS (Howlett
et al., 2015b), BOSS (Alam et al., 2017), and eBOSS (Alam et al., 2021). (c) As above,
but showing results obtained from other analyses of the void-galaxy correlation using alter-
native analysis techniques in green, from VIPERS (Hawken et al., 2017), 6dFGS (Achitouv
et al., 2017), multiple re-analyses of BOSS (Nadathur et al., 2019b; Hamaus et al., 2020;
Achitouv, 2019), eBOSS LRG voids (Aubert et al., 2022a), and eBOSS ELG voids (Aubert
et al., 2022a). Points shown with dashed error bars are from studies that fix the cosmo-
logical model and do not marginalise over the Alcock-Paczynski parameter. Image Credit:
Woodfinden et al. (2022) 109



Figure 4.9: Multipole moments of the measured void-galaxy cross-correlation from the
MGS and BOSS data across redshift slices (rows). The left column shows the monopole
moments and the right column the quadrupole moments. The observed data vector
depends on β; results here are shown for the best-fit β values in each redshift bin,
β = 0.32, 0.30, 0.41, 0.41, 0.43 from top to bottom. Error bars are derived from diago-
nal entries of the covariance matrix obtained from 1000 realisations of the respective MGS
or Patchy mocks. The solid black line shows the best-fit model of equation 2.18. The
shaded regions show the 68% confidence range for the same multipole moments measured
in mocks, evaluated at the same values of β as the observed data vector.

110



The resultant marginalised constraints (including only statistical errors) on fσ8 and α⊥/α∥
are shown in Figure 4.7.

The most likely parameter values from the fit to the data, along with the associated
statistical error, are also displayed in Figure 4.6 for comparison with the scatter seen in
the fit to the mocks. The scatter in the mock results was found to be consistent with the
mean value and statistical error derived from the MCMC analysis of the data. Table 4.2
summarises the statistical and systematic contribution to the total marginalised 1D errors
on fσ8 and α⊥/α∥ in each redshift bin.

The final results are presented in Table 4.3. Here measurements of α⊥/α∥ were con-
verted to values for the cosmological distance ratio DM/DH at each redshift using the
values of Dfid

M and Dfid
H in the fiducial cosmology. 1D marginalised mean and uncertainty

on fσ8 and DM/DH are presented individually, and also the correlation coefficient for their
uncertainties, estimated from the statistical errors in the MCMC fit only (as the systematic
errors are assumed uncorrelated, Section 4.3). It is apparent that the fit values of fσ8 and
DM/DH are negatively correlated, decreasing correlation with increasing redshift.

Figure 4.8 displays the measurements of the growth rate fσ8 obtained here in com-
parison to other observational results in the same range of redshifts. Panel (a) compares
results from the void-galaxy measurements in this work and Nadathur et al. (2020b) to
those extrapolated to low redshifts from a fit to the Planck CMB data, assuming a flat
ΛCDM cosmology.

Panel (b) compares our results to those measured from standard galaxy clustering
techniques without voids obtained from SDSS as well as other surveys in the same range of
redshifts. The precision obtained on fσ8 from voids alone is comparable to that from galaxy
clustering, and Nadathur et al. (2019b, 2020b); Woodfinden et al. (2023) have shown how
these two approaches can be consistently combined to obtain more precise measurements
than for either alone.

Finally in panel (c) of Figure 4.8, growth rate measurements are compared to those
obtained from a number of other void-galaxy analyses in the literature. Where these
literature results have been reported only in terms of constraints on β = f/b (Achitouv,
2019) for the purposes of comparison these values are translated to equivalent constraints
on fσ8 assuming perfect knowledge of the fiducial galaxy bias b (taking b = 1.85 for LRGs
Alam et al., 2017), and with σ8(z) obtained from extrapolating the central value from
Planck Collaboration et al. (2020). Several previous void-galaxy analyses (e.g. Achitouv
et al., 2017; Hawken et al., 2017; Achitouv, 2019; Aubert et al., 2022a) performed fits for
the RSD contributions only, with the value of DM/DH being fixed to that in the fiducial
cosmology. Given the correlation between these two parameters (Table 4.3), fixing the
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cosmology in this way will lead to an underestimate of the marginalised uncertainty in
fσ8, so the published uncertainties should be treated as lower bounds only. The error bars
for these studies are shown with dashed lines in the figure to highlight this caveat.

Figure 4.10 summarises results on the background expansion, showing our measure-
ments and marginalised uncertainties for the distance ratio DM/DH divided by redshift z
for visual clarity, as a function of z. Also shown for context are the expectations for two
example flat models, with Ωm = 1, ΩΛ = 0 and Ωm = 0, ΩΛ = 1 respectively. For compar-
ison, the grey points show the equivalent constraints obtained on this quantity from the
measurement of the BAO signal in the BOSS and eBOSS LRG samples (Alam et al., 2021).
The ratio DM/DH can only be measured by anisotropic fits to the BAO, which were not
possible for the SDSS MGS sample at low redshift (Ross et al., 2015) or the emission line
galaxy sample at z = 0.85 (Raichoor et al., 2021; de Mattia et al., 2021). The blue band
indicates the 68% confidence region obtained from a flat ΛCDM model fit to the Planck
CMB data extrapolated down to low redshifts. The green band shows the same thing for
the wwaCDM extended dark energy model but where the fit now includes Planck CMB
temperature, polarization and lensing, and Pantheon type Ia supernova data. This differs
quite markedly from the blue band because of the known slight preference of the Planck
data for a dark energy equation of state w ̸= −1. Figure 4.10 makes clear the role that the
geometrical void-galaxy correlation measurements of DM/DH at low redshifts can have in
distinguishing models of late-time acceleration.

Figure 5.5 shows marginalised posterior constraints for a non-flat model with free Ωm

and ΩΛ but fixed dark energy equation of state w = −1, commonly referred to as the
oCDM model. The constraint from voids appears as a narrow band in the Ωm-ΩΛ plane.
Assuming only that Ωm cannot be negative, we find that our void measurements alone show
very strong evidence for dark energy and accelerated expansion, requiring that ΩΛ > 0 at
approximately the 8.7σ level (determined from the posterior for ΩΛ at fixed Ωm = 0).

A similar band-like degeneracy in the Ωm-ΩΛ plane was obtained by Nadathur et al.
(2020a) when using only one measurement of DM/DH from voids at z = 0.57. From
equation 1.20 it follows that the Alcock-Paczysnki parameter DM/DH that is measured here
depends on the curvature ΩK = 1−Ωm −ΩΛ and the normalised expansion rate H(z)/H0.
For models with a constant dark energy equation of state w = −1, this gives rise to a
locus of models in the Ωm-ΩΛ plane which have constant DM/DH at a given redshift. Thus
measurement of DM/DH at a single redshift corresponds to a perfect degeneracy between
Ωm and ΩΛ. With ΩΛ = a+bΩm for arbitrary a and b, requiring a constant value of DM/DH

at redshift z = 0.15 sets the local gradient b = 0.58, while for example at redshift z = 0.69
this translates to b = 0.81. This indicates that in principle, measurements of DM/DH

made at sufficiently many widely separated redshifts can break the Ωm-ΩΛ degeneracy in

112



this class of models. The precision obtained in our current results covering the redshift
range 0.15 ≤ z ≤ 0.69 is not sufficient to fully break this degeneracy and close the void-only
contours shown, but the inclusion of more data at higher redshifts (such as those expected
from the upcoming DESI and Euclid surveys) will help to achieve this. See Section 5.4.3
and Figure 5.8 for more details. Along with presenting cosmological measurements from
the void-galaxy cross-correlation on previously unanalysed datasets (see Section 3.1), the
consistent analyses method applied to datasets over a wide range in redshift is novel in that
it allows for information to be extracted from the behaviour of cosmological parameters
(i.e. DM/DH and fσ8) at different redshifts.

Since the degeneracy direction is different to that obtained from BAO or type Ia su-
pernovae data, one can combine void measurements with these complementary probes to
obtain significantly tighter constraints on dark energy, as done by Nadathur et al. (2020a);
Woodfinden et al. (2023). Chapter 5 delves more into the combination of void information
with alternative probes.

4.5 Conclusions

This work presents a cosmological analysis of the anisotropic void-galaxy cross-correlation
measured over a wide redshift range in the SDSS DR7 (MGS) and SDSS DR12 (BOSS
LOWZ and BOSS CMASS) galaxy surveys. Voids were extracted after running reconstruction-
based RSD removal on the galaxy field to remove systematic void selection bias effects.
This was implemented using the Revolver code along with ZOBOV, a watershed-based void-
finder. A joint fit was performed to the multipoles of the measured correlation to determine
the growth rate of structure fσ8 and the Alcock-Paczynski distance ratio DM/DH in five
redshift bins. These methods are consistent with those used in previous analyses by Na-
dathur et al. (2019b, 2020b), with only minor differences in the treatment of uncertainties
in the estimated covariance in the likelihood and in the interpolation in between measured
points in the parameter β. Therefore, the measurements performed in this work are com-
bined with the results presented by Nadathur et al. (2020b) using the eBOSS DR16 data
at redshift z > 0.6 to build a consistent picture of the growth of structure and geomet-
rical evolution of the Universe using voids alone in six independent redshift bins jointly
covering the range 0.15 ≤ z ≤ 0.69. Our final results for fσ8 and DM/DH are summarised
in Table 4.3 and are in excellent agreement with the standard flat ΛCDM cosmological
model.

A large suite of mock galaxy surveys—constructed using both full N -body simulations
and approximate gravity solvers—were used to perform multiple tests of possible systematic
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Figure 4.10: Measurements of DM/DH, divided by the redshift z, from voids in this
work are shown as the red triangles with associated error bars. Open grey points show
the corresponding results from Alam et al. (2017, 2021) obtained using BAO measured in
the same galaxy samples where applicable (transverse and perpendicular BAO were not
separately constrained for MGS at z = 0.15). The blue shaded band is the 68% C.L.
region obtained from extrapolating the Planck CMB constraints to low redshifts assuming
ΛCDM. The green shaded band shows the 68% C.L. region from fits to Planck CMB and
CMB lensing and Pantheon supernovae in the wwaCDM model with varying DE equation
of state. The grey solid and dot-dashed lines show the expectation for a flat pure matter
Universe (Ωm = 1,ΩΛ = 0, w = −1) and a flat pure dark energy Universe (Ωm = 0,ΩΛ = 1,
w = −1) respectively. Image Credit: Woodfinden et al. (2022)
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errors in our analysis in Section 4.3. These were quantified as part of the total error
budget reported for our results. The systematic errors were always small compared to the
statistical uncertainties from the data, ensuring that the method and results presented
here are robust. Nevertheless, further improvements on the method presented here will be
required to make full use of the much greater statistical precision that is expected from
the much larger datasets that will be available from the DESI and Euclid surveys in the
near future.

It should be noted that mock catalogues used in this work rely on a HOD to place
galaxies in dark matter halos. This HOD is consistent across all environments in the mock
and was not adjusted based on whether a galaxy is placed in a high-density or low-density
region (such as a void). Tinker et al. (2006, 2008); Tinker and Conroy (2009) show that
galaxy-halo connection displays no strong changes in low-density environments such as
voids. In contrast, Verza et al. (2022) find a scale dependence for halo bias inside voids.
Effects of other prescriptions for HODs will be tested in future work.

Our work shows the importance of voids as cosmological probes and motivates the inclu-
sion of voids as standard tools in the analysis of galaxy survey data due to the information
gain available from void-galaxy correlations. This is particularly relevant to low-redshift
geometrical tests of cosmological expansion and discriminating between alternative models
of dark energy that change the expansion history at late times. The voids presented in
this chapter from the analyses of the void-galaxy correlation function are used (both on
their own and in combination with other cosmological probes such as BAO, RSD, CMB,
SN, etc.) to test a variety of plausible cosmological models in Chapter 5.
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Chapter 5

Cosmological Models Fits to Voids and
the Combination of Voids with Other
Probes

5.1 Introduction

In this chapter, we investigate the resulting constraints from applying measurements from
Chapter 4 to a range of cosmological models. The large-scale structure of the Universe
contains a wealth of information about the expansion history of the Universe as well as
the growth of structure within it. Measurements of these from spectroscopic galaxy sur-
veys within the low-redshift Universe, in combination with Cosmic Microwave Background
observations from Planck Collaboration et al. (2020), provide the best evidence currently
available for the standard Λ Cold Dark Matter (ΛCDM) cosmological model. Modern spec-
troscopic galaxy surveys are focused on observing the baryon acoustic oscillation (BAO)
feature, a relic of primordial sound waves, which can be used as a standard ruler (e.g.
Alam et al., 2015, 2021). In addition to the BAO feature, cosmological information can be
extracted using various other techniques including redshift space distortions (RSD, Kaiser,
1987) and the galaxy distribution around voids (Lavaux and Wandelt, 2012).

We used all available SDSS data for luminous red galaxies (LRG). Measurements of
the growth rate of structure and Alcock-Paczynski measurements were taken from the
distribution of galaxies around voids (hereon referred to as voids) (Woodfinden et al., 2022;
Nadathur et al., 2020b) presented in Chapter 4, as well as information from BAO and RSD
from the same galaxy sample (hereon referred to as galaxies). We aimed to combine this
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information to provide the most accurate cosmological constraints available from SDSS.
These cosmological constraints were provided for a selection of realistic cosmological models
(ex. ΛCDM, wCDM). In addition to the information from available SDSS data, we used
data from the CMB (Planck Collaboration et al., 2020) and Pantheon SN Ia (Scolnic et al.,
2018) in combination with SDSS to provide very accurate cosmological constraints from
the best currently accessible data.

This Chapter is structured as follows: in Section 5.2 we very briefly summarise the
data and mock catalogues presented in Chapter 3 & 4 and used in this work including the
determination of their cross-covariance. In Section 5.3 we review the theoretical background
allowing consensus results between the void-galaxy and galaxy-galaxy clustering techniques
using the same data set. In Section 5.4 we present the results of our analysis for a wide
range of varying cosmologies and discuss the implications of this. Finally, we conclude in
Section 5.5.

5.2 Data and Mocks

Previous analysis of the void-galaxy correlation function is published in Nadathur et al.
(2020b), Woodfinden et al. (2022) and presented in Chapter 4. These results are presented
in combination with BAO and RSD results from galaxy clustering made from the SDSS-
II (Howlett et al., 2015b), SDSS-III (Alam et al., 2015), and SDSS-IV (Bautista et al.,
2021; Gil-Marín et al., 2020). Previous Measurements are shown in Table 5.1. Information
from the void-galaxy clustering is shown in Table 4.3 while information from galaxy-galaxy
clustering is shown in Table 5.1.

Howlett et al. (2015b) analysed galaxies in the MGS sample (see Section 3.2.1) including
measurements of RSD from the two-point correlation function as well as Alcock-Paczynsi
measurements from BAO. This paper did not split Alcock-Paczynski measurements into
DM/rd and DH/rd as was done for BOSS and eBOSS analysis. Instead, measurements are
available for the volume-averaged distance DV/rd = (zD2

MDH)
1/3/rd. Along with the MGS

data, we made use of mock catalogues from Section 3.2.1 to calculate the cross-covariance
between information available from Voids, BAO, and RSD (Howlett et al., 2015b).

Alam et al. (2017) analysed BOSS galaxies from Section 3.2.2 measuring DM/rd and
DH/rd from the BAO method and fσ8 from RSD. Measurements were analysed in 3 par-
tially overlapping redshift shells, 0.2 < z < 0.5, 0.4 < z < 0.6, and 0.5 < z < 0.75.
The highest redshift shell overlaps entirely with a combination of the 0.4 < z < 0.6 and
0.5 < z < 0.75 shells in the redshift range 0.6 < z < 1.0 and so was not included in
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this work. Measurements are summarised in Table 5.1. DM/rd and DH/rd information has
been converted into DM/DH and DV/rd using the published correlation coefficients between
them. Along with the BOSS data, we made use of the Patchy mocks from Section 3.2.2 to
create our cross-covariance matrix described in Section 5.3.

Bautista et al. (2021) and Gil-Marín et al. (2020) analysed eBOSS galaxies from Sec-
tion 3.2.3 using BAO and RSD features from the galaxy two-point correlation function
and power spectrum to infer geometrical and dynamical cosmological constraints shown in
Table 5.1. Along with eBOSS data, we made use of the EZmocks described in Zhao et al.
(2020) to create our cross-covariance matrix described in Section 5.3. Void finding was run
on these mock catalogues in Nadathur et al. (2020b) and resultant parameter constraints
on each mock were used.

Figures 4.8 & 4.10 shows the measurements from both voids and galaxies on fσ8 and
DM/DH on SDSS LRG. The best-fit model for ΛCDM measured by Planck Collaboration
et al. (2020) is shown for comparison in both these figures.

Joint fits to both RSD and AP for voids and galaxies combined lead to increased
precision in measurements of both the AP effect and fσ8 compared to that from voids or
galaxies alone. This can be seen in Figure 5.1. The combination of these two measurements,
described in more detail in Section 5.3, therefore results in a large gain of information than
using either of these techniques individually due to the perpendicularity of the likelihood
contours. To obtain this combination we have taken information available across a wide
range in redshift (see Tables 4.4 & 5.1) and compressed this, under the assumption of a
flat ΛCDM cosmology, into a single redshift at z = 0.52 (the mean redshift of voids).

5.3 Combination of Results and Likelihoods

We combined void-galaxy and galaxy-galaxy clustering measurements to take advantage
of the significant gain of information from the complementary directions of parameter
contours. As both methods were applied to the same data, the large-scale structure could
conceivably affect both measurements. We accounted for any covariance between the two
using the method from Alam et al. (2017) and Sánchez et al. (2017a) and previously
applied to the void-galaxy correlation function in combination with galaxy clustering in
Nadathur and Percival (2019) and Nadathur et al. (2020b). A cross-covariance matrix, Ψ
was constructed for all observables using measurements made on mock catalogues described
in Chapter 3. The covariance between measurements made on different mock catalogues
(ex. between MGS mocks in the redshift range 0.07 < z < 0.2 and eBOSS mocks in the
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Figure 5.1: Marginalised compressed constraints on fσ8 and DM/DH at a single redshift
zeff = 0.52 (the mean redshift of voids used) obtained from the combination of data shown in
Table 5.1 under the assumption of a flat ΛCDM cosmological model. Shaded contours show
the 68% and 95% confidence limit regions and corresponding mean values and marginalised
68% credible intervals are shown in Tables 5.3 & 5.4. Image Credit: (Woodfinden et al.,
2023).
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Table 5.1: Galaxy measurements from SDSS are from Howlett et al. (2015b); Ross et al.
(2015); Alam et al. (2015); Bautista et al. (2021) and Gil-Marín et al. (2020). Here ’Galax-
ies’ refers to BAO+RSD results from galaxy clustering. zeff is the effective redshift at
which the measurement was taken. Note that galaxy clustering can provide separate mea-
surements of DM and DH using the BAO scale as a standard ruler while the void-galaxy
correlation provides a measurement of their ratio DM/DH by using a standard shape (i.e.
a stack of voids). DM/rd and DH/rd information from galaxies has been converted into
DM/DH and DV/rd using the published correlation coefficients between them. Similar
results for voids are presented in Table 5.2.

Method Redshift Range zeff DM/DH DV/rd fσ8

Galaxies 0.07 < z < 0.2 0.15 ———– 4.51± 0.14 0.53± 0.16
Galaxies 0.2 < z < 0.5 0.38 0.410± 0.016 9.98± 0.11 0.497± 0.045
Galaxies 0.4 < z < 0.6 0.51 0.599± 0.021 12.67± 0.13 0.459± 0.038
Galaxies 0.6 < z < 1.0 0.70 0.924± 0.035 16.26± 0.21 0.473± 0.041

redshift range 0.6 < z < 1.0) will only be non-zero due to random noise and are set equal
to 0. This is typical of combined analyses and the correlations for non-overlapping galaxy
samples (this is not the case for the BOSS galaxy samples) are close to zero (Sánchez et al.,
2017b). Figure 5.2 shows that the cross-correlation between different void redshift slices is
small. It is not possible to measure the cross-correlation directly between SDSS samples
as this would require mock catalogues with a combination of volume and resolution which
is not currently possible for our samples.

We combined all observables into one data vector D⃗, and at each point in theory space
being sampled we calculated the χ2 value as

χ2 = (D⃗ − T⃗ )tΨ(D⃗ − T⃗ ) (5.1)

where T⃗ is a vector containing the value of all observables at a particular point in the
theory space being sampled.

The data vectors used have already included a prior designed to match the Bayesian
results to frequentist expectations to first order allowing for errors in the covariance matrix
used when fitting to the correlation functions. From these fits, we only used the covariant
parameter measurements: hence only needing a smaller number of mocks, which are only
used to estimate the covariance between measurements in the same redshift bins. As
such we can assume these measurements as a Gaussian fit and so use an appropriate
likelihood function (Woodfinden et al., 2022; Percival et al., 2021). To explore the model
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parameter space we used MCMC sampling implemented using the Cobaya sampling package
(Torrado and Lewis, 2019b, 2021b) and use a mixture of CAMB1 and CLASS2 as the underlying
cosmological codes (Lewis et al., 2000; Lesgourgues, 2011). This involved writing numerical
calculation code capable of returning values of fσ8 and DM/DH for a variety of redshifts and
incorporating this into existing CAMB and CLASS code. Chains were run for all combinations
of datasets of interest (e.g. just voids, just galaxies, galaxies and voids) as well as all
cosmologies tested in Section 5.4 below.

Figure 5.2 shows the cross-correlation matrix corresponding to the cross-covariance
matrix. Only a weak correlation can be seen between measurements of fσ8 and DM/DH as
measured by voids. While results are reported for galaxy clustering in the parameters fσ8,
DM, and DH we performed a change of basis to fσ8, DM/DH, and DV using the published
correlation coefficients between them.

Results from BAO+RSD for galaxies showed a strong correlation in measured param-
eters. We see that for all redshift bins considered, there is a strong positive correlation
between fσ8 and DM/DH, and little correlation elsewhere. We also saw similar trends when
looking at the correlations between redshift bins 0.2 < z < 0.5 and 0.4 < z < 0.6. This
significant correlation between these bins was expected as these come from the same mock
catalogues which are later split into redshift shells as well as overlap in the 0.4 < z < 0.5
range.

No significant correlation could be seen between results from voids and galaxies when
looking at data measured from the same mock catalogues. We also did not see a correlation
between redshift shells measured in the same mock catalogues for voids as we do for galax-
ies. A combination of measurements from voids and galaxies therefore should result in a
significant gain in information compared to each measurement individually. The results
from combining information from void-galaxy and galaxy-galaxy correlations on measured
parameters fσ8, DM, DH, and DM/DH are shown in Table 5.2. These were found assuming
a ΛCDM cosmological model.

Parameter contours plotted in Figure 5.1 demonstrate the significant gain of information
from the combination of these results; this gain of information is due to the orthogonality
of degeneracy directions between void-galaxy and galaxy-galaxy correlations as well as the
weak correlation between these two methods.

1https://camb.info/
2https://lesgourg.github.io/class_public/class.html
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Figure 5.2: Correlation coefficients between measured values of fσ8, DM/DH, and DV

obtained from voids and galaxies in various redshift bins from SDSS LRGs. The cross
correlation between measurements taken from different mock catalogues is set to 0 to
reduce noise in unrelated measurements. Image Credit: (Woodfinden et al., 2023)
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5.4 Results

We split the discussion of our results by the cosmological model assumed when MCMC fits
to the data were ran. Relevant cosmological parameters are shown in each section.

5.4.1 ΛCDM

For a base ΛCDM model the AP information constrains Ωm, as shown in Tables 5.3 & 5.4.
If we do not know rd, then the BAO measurements reduce to only the relative constraints
from the AP effect, while without an independent constraint on σ8, the RSD measurement
also becomes a relative measure, and only depends on the matter density.

Of note in Tables 5.3 & 5.4, the uncertainty on Ωm from voids+galaxies is 43% lower
than that from galaxies alone due to the increase in precision in measurements of DM/DH.
The measured value of Ωm from the full SDSS results is consistent with results from Planck
Collaboration et al. (2020) within 1.6σ; however, this is in increased tension as that from
galaxies alone agrees with Planck within 1σ due to a larger uncertainty.

The combination of Planck and SN only measured Ωm = 0.3143 ± 0.0079 and H0 =
67.43 ± 0.57. The additional information from SDSS (voids+galaxies) resulted in a 30%
reduction in the measured error on Ωm and a 28% reduction in the measured error on H0.
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5.4.2 wCDM

We now consider a wCDM model, where we expand the ΛCDM model to consider a dark
energy component with equation of state w0 ≡ p/ρ, where p is the dark energy pressure
and ρ is the dark energy density. In the standard ΛCDM model, w0 = −1, describing dark
energy as a cosmological constant. A value of w0 < −1/3 is required for an accelerating
expansion of the Universe while a value of w0 < −1 means that dark energy density
increases as the Universe expands.

An uninformative, flat prior of −3 < w < −1/3 was imposed. Figure 5.3 shows
results for this cosmology and Tables 5.3 & 5.4 lists the mean values and marginalised 68%
credible intervals obtained for various combinations of measurement techniques. Results
show reasonable agreement with standard ΛCDM cosmology where w = −1.

The combination of Planck and SN only measured Ωm = 0.307± 0.011, w = −1.036±
0.037 and H0 = 68.3±1.1. The additional information from SDSS (voids+galaxies) resulted
in a 5% reduction in the measured error on Ωm, a 5% increase in the measured error on w
and a 59% reduction in the measured error on H0.

5.4.3 w(z)CDM

We now consider adding more flexibility to the equations of state of dark energy. If dark
energy is a generic dynamical fluid then the equation of state parameter w should be
allowed to vary over time. We adopted an equation of state parameter for dark energy
with the functional form w(a) = w0 + (1 − a)wa. Here w0 and wa are fitting parameters
and a is the scale factor. In a ΛCDM model w0 = −1 and wa = 0.

Uninformative, flat priors of −3 < w < −1/3 and −3 < wa < 2 were imposed. Fig-
ure 5.4 shows results for this cosmology and Tables 5.3 & 5.4 lists the mean values and
marginalised 68% credible intervals obtained for various combinations of measurement
techniques. Only the combination of SDSS data with CMB and SN results from Planck
Collaboration et al. (2020) and Scolnic et al. (2018) are shown, as SDSS alone did not have
enough constraining power within a reasonable prior volume. All results showed agreement
with w0 = −1 and wa = 0, demonstrating consistency with a ΛCDM model. For the com-
bination of voids with CMB and SN data, the constraints on wa were seen to be hitting
the upper bound of the prior, as such only lower limits are given in Tables 5.3 & 5.4.
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Figure 5.3: Marginalised posterior constraints on cosmological parameters under the as-
sumption of a wCDM cosmology. Shaded contours show the 68% and 95% confidence
limit regions and corresponding mean values and marginalised 68% credible intervals are
shown in Table 5.2. Top shows results from SDSS Voids and Galaxies alone as well as
the combination of these two datasets. These three combinations with the addition of
CMB measurements from Planck TT,TE,EE+lowE+lensing and SN measurements from
the Pantheon SN Ia sample. Bottom shows only the combination of SDSS data with Planck
and Pantheon. The addition of void information results in a significant gain of information
both with and without the inclusion of CMB + SN data. The dashed line corresponds to
the ΛCDM prediction of w = −1. Image Credit: (Woodfinden et al., 2023)
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Figure 5.4: Marginalised posterior constraints on cosmological parameters under the as-
sumption of a wwaCDM cosmology. Shaded contours show the 68% and 95% confidence
limit regions and corresponding mean values and marginalised 68% credible intervals are
shown in Table 5.2. Results are for combinations of SDSS probes (Voids and Galaxies)
in combination with CMB measurements from Planck TT,TE,EE+lowE+lensing and SN
measurements from the Pantheon SN Ia sample. The Void + CMB + SN constraints can
be seen to be hitting the upper boundary of the prior on wa so only lower limits are re-
ported. The dashed line corresponds to the ΛCDM prediction of w = −1 and wa = 0.
Image Credit: (Woodfinden et al., 2023)
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5.4.4 oCDM

We now apply an oCDM model, where Ωk ≡ Ωm + ΩΛ − 1 is left as a free parameter. In
ΛCDM spatial curvature is considered to be flat (i.e. Ωk = 0). A value of Ωk < 0 indicates
a closed Universe while Ωk > 0 indicates an open Universe.

An uninformative, flat prior of −1 < Ωk < 1 was imposed. Figure 5.5 shows constraints
for this cosmology and Tables 5.3 & 5.4 lists the mean values and marginalised 68% credible
intervals obtained for various combinations of measurement techniques. All models showed
a reasonable agreement with a ΛCDM prediction for a flat Universe.

Void constraints at a single redshift are unable to close contours in the Ωm −ΩΛ plane
(Woodfinden et al., 2022; Nadathur et al., 2020a). This is because measurement of DM/DH

at a single redshift leads to a perfect degeneracy between these two parameters. As de-
scribed in Section 5.4.7, over a wide range in redshift the variation in loci of models in the
Ωm − ΩΛ plane that result in the same measurement of DM/DH breaks this degeneracy
(see Figure 5.8). There is still a strong degeneracy between these parameters that is not
broken enough to close the contours in the Ωm − ΩΛ plane; however, a narrowing can be
observed.

The combination of Planck and SN only measured Ωm = 0.336±0.022, Ωk = −0.0062+0.0062
−0.0054

and H0 = 65.1± 2.2. The additional information from SDSS (voids+galaxies) resulted in
a 32% reduction in the measured error on Ωm, a 68% reduction in the measured error on
Ωk and a 71% reduction in the measured error on H0.

5.4.5 owCDM

We next consider an owCDM model, where Ωk is allowed to vary so that we are not
imposing a flat curvature and allow the constant equation of state parameter for dark
energy w0 to vary. In a ΛCDM model Ωk = 0 and w0 = −1.

Uninformative, flat priors of −3 < w < −1/3 and −1.0 < Ωk < 1.0 are imposed. Fig-
ure 5.6 shows results for this cosmology and Table 5.2 lists the mean values and marginalised
68% credible intervals for a variety of combinations of different measurement techniques.
We find reasonable agreement with flat spatial curvature with all values of Ωk consistent
with 0 and w0 consistent with −1 within 2σ.
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Figure 5.5: Marginalised posterior constraints on cosmological parameters under the as-
sumption of an oCDM cosmology. Shaded contours show the 68% and 95% confidence limit
regions and corresponding mean values and marginalised 68% credible intervals are shown
in Table 5.2. On the top, we show results from SDSS Voids and Galaxies alone and the com-
bination of these two datasets. CMB measurements from Planck TT,TE,EE+lowE+lensing
and SN measurements from Pantheon SN Ia sample are combined with these three com-
binations to provide tighter constraints. The bottom plot shows only the combination of
SDSS data with Planck. The addition of void information results in a significant gain of
information both with and without the inclusion of CMB + SN data. The dashed line cor-
responds to the ΛCDM prediction of a spatially flat Universe with Ωk = 0. Image Credit:
(Woodfinden et al., 2023)
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Figure 5.6: Marginalised posterior constraints on cosmological parameters under the as-
sumption of an owCDM cosmology. Shaded contours show the 68% and 95% confidence
limit regions and corresponding mean values and marginalised 68% credible intervals are
shown in Table 5.2. On the top, we show results from SDSS Voids and Galaxies alone and
their combination. Additionally, we show these three combinations with the addition of
CMB measurements from Planck TT,TE,EE+lowE+lensing and SN measurements from
the Pantheon SN Ia sample. The bottom plot shows only the combination of SDSS data
with Planck. The addition of void information results in a significant gain of information
both with and without the inclusion of CMB + SN data. The dashed line corresponds to
the ΛCDM prediction of w = −1 and a spatially flat Universe with Ωk = 0. Image Credit:
(Woodfinden et al., 2023)
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5.4.6 ow(z)CDM

We now consider a ow(z)CDM model. We did not impose spatial flatness, allowing Ωk to
be a free parameter. We also allowed for a time-varying equation of state parameter w as
in Section 5.4.3. In a ΛCDM model Ωk = 0, w = −1, and wa = 0.

Uninformative, flat priors of −3 < w < −1/3, −3 < wa < 2, and −1 < Ωk < 1 were
imposed. Figure 5.7 shows results for this cosmology and Table 5.2 lists the mean values
and marginalised 68% credible intervals. Only the combination of SDSS data with CMB
and SN results from Planck Collaboration et al. (2020) and Scolnic et al. (2018) are shown,
as SDSS alone did not have enough constraining power within a reasonable prior volume.
Once again we see reasonable agreement with flat spatial curvature, w0 = −1, and wa = 0
across all measurement techniques. For the combination of voids with CMB and SN data,
the constraints on wa were be seen to be hitting the upper bound of the prior, as such only
lower limits are given in Tables 5.3 & 5.4.

5.4.7 Information Gain Through Measurements Taken at Multiple
Redshift

For a given cosmology and redshift, the constraints on DM/DH have a strong degeneracy
following the locus of models that predict the same theoretical value of DM/DH. The
direction of this locus changes with redshift as shown in Figure 5.8 for models where w
and Ωm are varied, as well as models where Ωm and ΩΛ are varied. The change in locus
depends on Equation 1.20.

The change in locus means that we significantly improve our constraints by having
measurements at multiple redshifts compared with a measurement with an equivalent total
error at a single redshift. Thus having void measurements at a series of redshifts is an
important resource and significantly improves the cosmological constraints presented here.
Measurements from upcoming surveys at high redshift will provide additional constraints
on wCDM and oCDM beyond constraints due to the increased volume that these surveys
measure.

This demonstrates that the novelty of this work goes beyond the application of the
void-galaxy cross-correlation to new datasets (see Chapter 3), applying these results to a
set of cosmological models to find resultant constraints and combining this information
with that from other cosmological probes. The use of measurements over a wide range of
redshift is an improvement to previous void analyses that present measurements at a single
redshift (e.g. Nadathur et al., 2019b; Hamaus et al., 2020; Aubert et al., 2022b).
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5.5 Conclusions

We have presented the cosmological implications of void-galaxy and galaxy-galaxy clus-
tering over a wide redshift range in the SDSS DR7 (MGS), SDSS DR12 (BOSS), and
SDSS DR16 (eBOSS) galaxy surveys. Void-galaxy and galaxy-galaxy clustering results
are combined, taking into account cross-correlations between different measurement tech-
niques and redshift bins. We saw a significant gain of information from the combination of
these measurement techniques, as well as from the inclusion of data from a wide range in
redshift. The constraints on DM/DH have a strong degeneracy following a locus of models
that predict the same value (see Figure 5.8). The direction of this locus changes with red-
shift meaning that void measurements over a wide redshift range improve the cosmological
constraints presented in this work beyond increased precision solely due to an increased
volume measured.

We performed a Bayesian analysis, comparing these measurements to various cosmolog-
ical models including base ΛCDM, a constant dark energy equation of state allowed to vary
from w = −1 (wCDM), a time-varying dark energy equation of state (w(z)CDM), allowing
for spatial curvature (oCDM), allowing for spatial curvature with a constant dark energy
equation of state allowed to vary from w = −1 (owCDM), allowing for spatial curvature
with a time-varying dark energy equation of state (ow(z)CDM). Final constraints on these
cosmologies are shown in Tables 5.3 & 5.4. Results from SDSS were also combined with
CMB results from Planck Collaboration et al. (2020) and Pantheon SN Ia sample from
Scolnic et al. (2018) to provide extremely tight constraints on these cosmological models.
With currently available data, parameter estimations and associated errors are heavily
influenced by the already stringent CMB constraints. The inclusion of void information
did improve the CMB constraints and is of increasing importance for models with more
freedom in the low-redshift behaviour. This is true for many low-redshift cosmological
constraints. However, a clear improvement was seen in many parameter constraints from
the inclusion of void data in addition to bringing in BAO & RSD and SN measurements.
In the near future, upcoming data from next-generation surveys will offer comparable un-
certainty to Planck CMB results using void-galaxy and galaxy-galaxy clustering alone (e.g.
DESI Collaboration et al., 2016a; Radinović et al., 2023).

The combination of void-galaxy and galaxy-galaxy clustering results in SDSS provided
a large gain of information compared to that from galaxy-galaxy clustering alone. Results
for ΛCDM provided a 43% reduction in the size of the error on Ωm compared to galaxy
clustering alone. Results for wCDM provided a 44% and 45% reduction in the size of the
error on Ωm and w. Results for w(z)CDM provided a 4% and 9%, and 16% reduction in the
size of the error on Ωm, w, and w(z) when used in combination with CMB measurements
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from Planck and SN measurements from Pantheon. Results for oCDM provided a 35%
and 11% reduction in the size of the error on ΩΛ and Ωk compared to galaxy clustering
alone. Results for owCDM provided a 31%, and 38% reduction in the size of the error on
Ωm, and w when used in combination with CMB measurements from Planck and SN from
Pantheon. Finally, results for ow(z)CDM provided a 21%, 15%, 18%, and 13% reduction
in the size of the error on Ωm, Ωk, w0, and wa when used in combination with CMB + SN
measurements.

Void-galaxy and galaxy-galaxy clustering results were also combined with CMB + SN
results as shown in Tables 5.3 & 5.4. The addition of void-galaxy and galaxy-galaxy data
can further increase the precision of cosmological parameters shown in various models. All
results shown are in agreement with a base ΛCDM cosmological model.

Our work shows the importance of including voids as a cosmological probe and moti-
vates the inclusion of voids as standard in the analysis of galaxy surveys due to the large
information gain provided, especially when used in combination with measurements from
other techniques. This is particularly important for low-redshift geometrical tests of cosmic
expansion and discriminating between alternative cosmological models. Results expected
shortly from DESI and Euclid will probe larger volumes over a wider redshift range. Void-
galaxy and galaxy-galaxy clustering results in these surveys will provide powerful tests of
the behaviour of cosmological models at low redshift.
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Chapter 6

Summary and Future

We now summarise the work presented in this thesis. We then consider the possible future
directions for precision cosmology with voids.

Chapter 1 presents an overview of the current state of cosmology. The field of cos-
mology is briefly presented, and density fields in the Universe are discussed. The FRW
framework fundamental to the analysis of galaxy-spectrographic surveys is presented, and
the geometry of the Universe in this framework is discussed, as well as distortions to these
geometries. Finally, observational probes of the Universe are summarised, and tensions
in current cosmological measurements are discussed to motivate the need for increasingly
precise observations to confirm these tensions and provide hints at their solutions.

Chapter 2 then delves into the use of voids as cosmological probes. This chapter
focuses on the theory behind the void-galaxy correlation function and how it can be used
to extract information. Void-finders are first presented with a focus on the void-centre
definitions. These definitions are used to summarise void densities and different factors
affecting these profiles. The void-galaxy correlation function is then discussed including
what this aims to measure and correlation function estimators. The need for reconstruction
prior to void-finding is motivated and an efficient way to calculate this is shown. The
expected density of voids differs from that of galaxies and is needed in the calculation of
the void-galaxy correlation function, so modelling of the expected void density in surveys
is presented. A section dedicated to previous void analyses is then shown. Modelling
of the void-galaxy correlation function is presented including how this is used to extract
cosmological information. The velocity field in voids is then discussed, showing how void-
centre definitions can lead to incorrect void centres being found due to shot noise which
then affects the velocity profile of voids. Finally, the relevance of voids to cosmology is
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presented.

Chapter 3 describes the data used in this thesis, starting with a summary of galaxy
spectroscopic surveys and the tracers used to understand large-scale structure. The galaxy
surveys used in this work are described (MGS, BOSS, and eBOSS). The remaining sec-
tions discuss details of how to generate the data products in this work, i.e. void-galaxy
correlation functions. This includes reconstruction, void-finding, correlation function es-
timation, data measurements (as opposed to measurements from mocks), and template
function calculation (density and velocity dispersion). These latter sections describing the
calculation of correlation functions from SDSS data are from work initially published in
the first-author paper Woodfinden et al. (2022).

Chapter 4 represent the remainder of first-author publication Woodfinden et al. (2022)
not discussed in Chapter 3. This chapter constitutes the likelihood estimation of cosmolog-
ical parameters measured as described in Chapters 2 & 3. The determination of systematic
errors from these measurements is detailed including those due to errors in the modelling
of the void-galaxy correlation function as well as this due to the need to assume a fidu-
cial cosmology when converting redshifts to distances. Results are then presented that
include these systematic uncertainties and context for these results with regard to other
similar works (from both void-based measurements as well as from BAO/RSD). Finally,
the conclusions from this paper are discussed.

Chapter 5 constitutes work from a separate first-author publication Woodfinden et al.
(2023). This paper discusses the cosmological model fits to the void-galaxy correlation
function presented in Chapters 3 & 4 as well as in combination with other probes, namely
BAO/RSD, the CMB, and SN. The cross-covariance needed to properly combine these
measurements is introduced and shown and the gain of information from having multiple
measurements at different redshifts is explained. Various plausible cosmological models
are fit to the data to show constraints on parameters, including ΛCDM, wCDM, oCDM,
w(z)CDM, owCDM, and ow(z)CDM. Finally, the conclusions of this work are presented.

This thesis presents the measurements of voids from the SDSS LRGs. This covers a wide
range in redshift using a single analysis method for the first time. These data represent
the best public galaxy redshift survey data available to date and will only be exceeded
when DESI (DESI Collaboration et al., 2016a,b) & Euclid (Laureijs et al., 2011) results
are released in the next few years. By analysing these new data and consolidating previous
analyses, we are able to build a picture of the geometrical evolution of the Universe and
the evolution of the growth of structure within it from only the analysis of SDSS galaxies
around voids.

The DESI survey is a next-generation galaxy redshift survey with an order of magnitude
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Figure 6.1: The redshift distribution of the DESI LRG sample, as well as LRGs from SDSS
MGS, BOSS, and eBOSS. The y-axis shows the number of objects in each redshift bin of
width 0.05 per deg2. Image Credit (Zhou et al., 2023).
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larger volume than eBOSS. DESI is a state-of-the-art spectroscopic instrument mounted
on the ground-based Mayall telescope. It uses a focal plane with 5000 individual optical
fibres enabling it to capture the spectra of 5000 different objects simultaneously with the
aim of measuring the spectra of more than 40 million galaxies, a factor of 20 more than
current surveys leading to a factor of ∼5 improvement in the precision of parameters
measured in SDSS data (DESI Collaboration et al., 2016a). This includes 8M LRGs that
will be surveyed up to redshift ∼1.2. Figure 6.1 shows the expected number density
and redshift distribution of DESI LRGs compared to those from SDSS MGS, BOSS, and
eBOSS. I am a member of the DESI collaboration through which I have attended several
collaboration meetings, participated in an observing shift over four nights in March 2023,
and am providing guidance on a project that aims to use voids to extract information from
DESI data. In particular, the tests of systematic errors shown in Chapter 4, while small in
relation to SDSS data, will become significant with the reduced statistical error bars from
next-generation surveys. This necessitates the use of new techniques to optimally extract
information from voids, such as using an emulator to measure the void-galaxy correlation
function from a Latin hypercube of varying cosmological models.

Euclid (Laureijs et al., 2011) is an upcoming space-based mission that will observe
galaxy clustering and weak lensing. Clustering statistics will be extracted from spectro-
scopic data of the redshift of tens of millions of galaxies over the wide redshift range
0.9 ≤ z < 1.8. This will provide complementary measurements to those expected from
DESI as well as existing measurements up to z = 1.0 presented in this thesis. Forecast
results using a similar method to that presented in this work are published in Radinović
et al. (2023). I am a member of the Euclid collaboration and a co-author on this paper
where I provided guidance and helped develop the theoretical modelling; this was done
concurrently with modelling developed for Woodfinden et al. (2022).

The methods applied to make forecasts for Euclid differ in a variety of ways from
previous publications using a similar analysis method (Nadathur et al., 2019b, 2020b;
Woodfinden et al., 2022). This includes the choice to use a VOXEL void finder used. VOXEL is
less memory intensive and significantly faster than the ZOBOV void finder used in Chapter 3,
see Section 2.3 for more detail on these two void finding algorithms. In addition to being
significantly faster and requiring less memory to run, the VOXEL method of estimating the
galaxy density field more easily accounts for complex survey masks and systematic effects
than popular tessellation-based density estimation methods used in other void finders such
as ZOBOV. As noted in Section 2.3.4, at the time of work of Woodfinden et al. (2022) the
VOXEL algorithm implementation in the Revolver code used contained several bugs and
produced worse systematic errors than ZOBOV (this led to the ZOBOV algorithm being used
in Chapter 3). After significant work from both myself and several co-authors of Radinović
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et al. (2023), these bugs have since been resolved and VOXEL was able to be shown to be
effective.

Only a single mock currently exists that matches the expected selection function, win-
dow function, and clustering of Euclid. This thesis along with similar previous work made
use of many (typically 1000) mock catalogues to estimate the real space void-galaxy cor-
relation function ξr (see Section 2.5), as well as in the calculation of the covariance matrix
(see Section 4.2). For Euclid forecast results this single mock catalogue was also used as
the data in which measurements are made.

To be able to make forecast results Radinović et al. (2023) calculated the real space
void-galaxy correlation function ξr from the single mock realization. The use of a single
mock will be noisier than one taken from the average of many mocks and the redshift
space void-galaxy correlation function ξs will be correlated with ξr. This correlation can
be accounted for in the covariance matrix used which reduces the statistical uncertainty;
however, systematic errors were then seen to produce poor results. Instead, this was
not accounted for and so the forecast estimates should be considered to be conservative
estimates.

As the use of many mock catalogues to calculate the covariance matrix is not possible,
Radinović et al. (2023) calculated the covariances matrix using a jackknife technique. In
a jackknife calculation subsets of the data are systematically excluded and the variance is
evaluated between those subsets (Mohammad and Percival, 2022).

Another complication of the single mock catalogue available was that dark matter in-
formation was not available. These are used in the calculation of the dark matter density
profile template seen in Section 3.5 and required in the modelling of the void-galaxy cor-
relation function presented in Section 2.8. Instead, as the dark matter density profile and
the void velocity profile of equation 2.20 are directly related, the void velocity profile was
measured directly from the single mock realization available and used in its place.

Included in this forecast paper were expected measurements of cosmological parameters,
as well as cosmological model fits to a wCDM cosmology. Measurements of the geomet-
rical distance ratio Dm/DH were forecast to achieve a statistical precision of 0.3% from
measurements of the void-galaxy correlation function in the redshift range 0.9 < z < 1.8
as well as a 5% − 8% measurement of the growth rate parameter fσ8. These parameter
estimations for the four redshift bins considered are shown in Figure 6.2 where perfect
reconstruction refers to the ξr vector being measured in real space while realistic recon-
struction refers to this being measured from a reconstruction algorithm being applied to
the redshift space galaxy field. Similar to Figures 4.8, & 4.10 these measurements can be
plotted against the effective redshift to determine the evolution of these parameters; this is
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Figure 6.2: Marginalised 1D and 2D posterior constraints for parameters fσ8 and ϵ from fits
to the Flagship (i.e. Euclid) void-galaxy CCF measurements in four redshift bins. Contours
show the 68.3% (1σ) and 95.5% (2σ) confidence intervals obtained in the case of perfect
reconstruction (blue), realistic reconstruction (light red), and realistic reconstruction with
added redshift error (dark red). Dashed cross-hairs indicate the true values of the Flagship
cosmology. Image Credit: Radinović et al. (2023).
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shown in Figure 6.3 and compared to the predicted contours for a ΛCDM cosmology using
best-fit values from Planck Collaboration et al. (2020). Geometrical and growth rate con-
straints provide a powerful test of cosmological models, forecast constraints of parameters
Ωm and w for a wCDM cosmology are plotted in Figure 6.5 where a statistical precision
of 3% was expected to be achieved for Ωm and 6% precision is expected for w. These
represent significant improvements to the parameters shown from this work in Table 5.2
and demonstrate the powerful test of cosmology that next-generation surveys will be.

Within the last 10-15 years the study of cosmic voids as tracers of the large-scale struc-
ture of the Universe has developed from a novel technique to a field quickly gaining traction
as providing competitive constraints on cosmological parameters. Various techniques have
emerged to extract information from voids, including the void size function, gravitational
lensing around voids, void clustering, and the void-galaxy correlation function. This the-
sis focuses on the latter and provides, for the first time, measurements of the geometry
and growth rate of the Universe across the full redshift range of the Sloan Digital Sky
Survey Luminous Red Galaxy sample. One of the remarkable aspects of utilizing cosmic
voids is that no new observations are needed. Leveraging existing galaxy spectroscopic sur-
veys voids can be used to extract more information from the same data. This is done by
combining information from the void-galaxy correlation function with information readily
available from techniques such as BAO and RSD that have already been applied to these
surveys.

The best current cosmological model, Lambda Cold Dark Matter (ΛCDM), has had
remarkable success explaining a wide range of observations. Despite this success, tensions
have developed and grown, demonstrating the potential for new physics. More precise
cosmological measurements and more independent probes are needed to confirm these ten-
sions and measure deviations predicted by extension to this model. The analysis of cosmic
voids provides another method to measure cosmology and allows for more precise measure-
ments from existing surveys. This thesis used voids to provide independent cosmological
constraints, as well as combined with BAO/RSD to increase the precision of information
extracted from galaxy spectroscopic surveys. Looking ahead, future surveys will need to
continue to build on this work to reduce systematic errors and provide valuable hints to-
wards resolving these tensions and illuminating the fundamental nature of our Universe.
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Figure 6.3: Redshift dependence of the measured cosmological parameters obtained from
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Radinović et al. (2023).
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