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Abstract 

This work introduces broadband-absorption based chemical species tomography (CST) as a novel 

approach to reconstruct hydrocarbon concentrations from open-path attenuation measurements. In 

contrast to monochromatic CST, which usually involves solving a mathematically ill-posed linear 

problem, the measurement equations in broadband CST are nonlinear due to the integration of the 

radiative transfer equation over the detection spectrum. We present a transfer function that relates 

broadband transmittances to a path-integrated concentration, suitable for tomographic 

reconstruction, and use a Bayesian reconstruction technique that combines the measurement data 

with a priori assumptions about the spatial distribution of the target species. The technique is 

demonstrated by reconstructing a propane plume, and validating the results by point concentration 

measurements made with a flame ionization detector. 

 

Keywords 

Emissions detection, fugitive emissions, tomography, broadband tomography, inverse analysis. 

 

Highlights 

 A broadband measurement model is developed for chemical species tomography. 

 Transfer functions map broadband transmittances to a path-integrated concentration. 

 A system of open-path broadband infrared detectors was constructed and calibrated. 

 Target gasses in this study are methane, ethylene, and propane. 

 The first broadband CST experiment is reported, featuring a propane plume source. 
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1 Introduction 

The release of fugitive hydrocarbons into the atmosphere poses health and safety hazards [1-3] 

and contributes to climate change [4]. Most often, emission fluxes from industrial sources are 

estimated using point concentration measurements (e.g., flame ionization detectors (FIDs) [1,5], 

catalytic pellistor sensors [6,7], semiconductor sensors [8], and closed-path absorption 

spectroscopy [9,10]) coupled with empirical emissions factors and mass balance calculations 

[11,12]. These practices are notoriously unreliable, however, and are limited by the inherent 

locality of point concentration measurements [13]. Moreover, point-measurement surveys are 

costly, time-consuming, and often require personnel to work under hazardous conditions. 

 Such shortcomings motivate the development of stand-off optical methods for quantifying 

fugitive emissions. Optical methods exploit the fact that hydrocarbons absorb, emit, and scatter 

radiation at select wavelengths that are transparent to other ambient species. One of the most 

accurate of these techniques is differential absorption light detection and ranging, DIAL, which 

infers the concentration of airborne hydrocarbons from the difference between backscattered laser 

light measured at two wavelengths [14]. DIAL provides highly accurate environmental 

measurements of volatile organic compounds (VOCs) in the C2 to C22 range, including alkanes, 

alkenes, aromatics, benzene, and toluene, as well as simple molecules like methane (CH4) [12,15-

20], but is too costly and complex to use on a daily basis. 

 Open-path (OP) absorption measurements infer the path-integrated concentration of the 

target species, measuring the intensity attenuated by a gas between a transmitter and receiver. The 

path-integrated gas molecular concentration is assumed to scale with the average absorption or 

extinction coefficient via the Beer-Lambert law. OP techniques based on tunable diode laser 

absorption spectroscopy (TDLAS), differential absorption spectroscopy (DOAS), and OP Fourier-

transform infrared (OP-FTIR) spectroscopy have been extensively deployed for quantifying 

fugitive emissions [21,22]. TDLAS measurements are generated by scanning a monochromatic 

source over a short spectral range. The reference intensity is inferred from wavenumbers that do 

not correspond to an absorption line. Transmittance data is resolved for multiple lines, which may 

be used to infer the concentration of multiple species as well as temperature and pressure [23]. 

DOAS is similar to TDLAS, except it uses ambient solar radiation or a broadband thermal source, 

which is spectrally-resolved at the detection stage by a scanning monochromator, spectrograph, 
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prism spectrophotometer, or interferometer (as in FTIR) [24,25]. OP-FTIR is essentially DOAS 

with a broadband thermal source and interferometer-equipped detector. 

 Individual OP measurements only provide path-integrated concentration data. Therefore, 

in order to accurately quantify an emission flux or image and localize a source, multiple 

measurements must be combined and augmented with assumptions about the target species, 

resulting in a 2D or 3D concentration map. For instance, in radial plume mapping (RMP) a 

measurement plane is defined downwind from an emission source, and three or more OP 

measurements are made across the plane. A presumed Gaussian or bi-Gaussian plume profile is 

then fit to the measurements to obtain a spatial concentration map, which is combined with 

anemometry measurements to obtain a flux estimate [26]. Numerous RPM experiments have found 

the distribution shape to strongly influence the net emission estimate [27-29]; moreover, a source 

can vary in shape and location over time. As such, it is desirable to relax shape constraints on the 

gas distribution. 

 Absorption chemical species tomography (CST) maps the spectral absorption coefficient, 

in a domain using OP measurements between a transmitter (i.e., a laser, broadband thermal source, 

or LED) and receiver, without assuming a specific distribution shape [30]. McCann et al. [31] and 

Cai and Kaminski [32] recently reviewed the state-of-the-art in CST. While lab-scale experiments 

make up the bulk of CST studies, this technique has also been deployed to monitor environmental 

emissions. For instance, Piper et al. [33] used a 16-beam OP-FTIR array to map the concentration 

of sulfur hexafluoride over a 70 × 70 m area. Todd et al. [34] reconstructed the ammonia 

distribution over a 107 × 255 m lagoon with a 17-beam OP-FTIR array. Laepple et al. [35] 

constructed a similar 16-path system from two DOAS telescopes and retro-reflectors, which they 

used to image the distribution of nitrogen dioxide over a highway in Germany. More recently, UV-

DOAS schemes were constructed to image the volcanic emission of sulfur dioxide (SO2) [36,37]. 

Rivera et al. [38] and Zhang et al. [39] applied optical emissions tomography to industrial settings, 

reconstructing a SO2 distribution with absorption spectrometers and a CH4 distribution with a 

TDLAS system, respectively. The number of optical paths in each of these studies was small due 

to the high cost of tunable light sources and spectrally-resolved detectors. Increasing the number 

of paths can dramatically improve the accuracy of reconstructions, however, which motivates the 

search for an alternative, low-cost approach to spectroscopic tomography. 
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 To the best of the authors’ knowledge, CST on molecular gases has exclusively relied on 

spectrally-resolved absorption lines. (Polychromatic measurements are also spectrally-resolved, 

i.e., using TDLAS, DOAS, and FTIR devices.) However, broadband transmittance measurements 

also indicate the path-integrated concentration of an emissions plume via low-cost, commercially-

available OP detectors. Moreover, many of these devices are intrinsically safe, and can therefore 

be deployed at industrial facilities without modification. However, broadband transmittances are 

a nonlinear function of the gas burden. As such, in order to apply CST reconstruction techniques 

to broadband transmittances, a new procedure is required to process the measurement data. 

 This work reports the development of such a procedure and the results of the first 

broadband CST experiment. Broadband transmittances were measured with an incandescent 

source (a silicon nitride globar) and a photovoltaic detector equipped with a bandpass filter. The 

filter range was aligned with the main ro-vibrational HC stretching band at 3.3 μm. Bandpass filters 

omit most incoming radiation but nonetheless combine light over a spectrum that includes many 

spectral lines, giving rise to the nonlinear dependence of transmittance on path-integrated 

concentration. We therefore developed a transfer function to account for this spectral convolution, 

specific to a target species over a set spectral range. Transfer functions were constructed for CH4, 

ethylene (C2H4), and propane (C3H8), over a range corresponding to the bandpass filter window, 

using a spectral line database [40] and high-resolution spectral transmittance-reference data [41]. 

 The technique is demonstrated by imaging a propane plume, perturbed by advection normal 

to the flow. Tomographic measurements were made with a 35-path array and linearized with the 

C3H8 transfer function. A Bayesian framework was employed to reconstruct the plume, using a 

Tikhonov prior to promote spatially-smooth estimates. The reconstructed plume structure agreed 

with point concentrations made using a flame ionization detector (FID). Our results support the 

development of broadband CST for the quantification of anisotropic, time-varying hydrocarbon 

emissions. 

  



4 

 

2 Broadband Tomography 

2.1 Monochromatic absorption tomography 

Figure 1 illustrates a monochromatic OP measurement at wavenumber η through an absorbing gas. 

The measurement model assumes that the field is discretized into pixels that contain a uniform 

concentration of gas. 

 

Figure 1: Absorption CST schematic with a single OP measurement and a discrete estimate 

of the gas distribution. The absorption coefficient relates to properties of interest; the 

discrete model assumes constant gas properties in each pixel. 

The CST measurement model derives from the radiative transfer equation (RTE), which is 

simplified by neglecting thermal emission and scattering. This results in the Beer-Lambert law 

  0
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 r ,  (1) 

where r(u) is a vector function that points at a position along the path corresponding to a parametric 

distance u between the transmitter (u = 0) and the receiver (u = L); I0η is the spectral intensity of 

the source; ILη is the spectral intensity at the detector; and κη is the spectral absorption coefficient, 

which is proportional to the local target species concentration (discussed further in Section 2.2). 

Equation (1) is rearranged into a Fredholm integral equation of the first kind (IFK) 
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where bi is the path-integrated absorption coefficient along the ith optical path. A total of m paths 

transect the domain, and the corresponding measurements bi are arranged to form the vector 

b ϵ ℝm. 

 Distributions of estimated quantities, e.g. species concentration, must be represented in 

some parametric form. A common choice is to represent the unknown gas concentration using n 

square pixels [24], as in Figure 1, each of which contains a uniform concentration of the target 

species. Estimates of κη are therefore represented as a vector of coefficients x ϵ ℝn and Eq. (2) is 

approximated by a “ray-sum” 

 
1

n

i ij j

j

a xb


 ,  (3) 

where aij is the chord length of the ith path in the jth pixel, shown in Figure 1. Collectively, the ray-

sums for each path yield the ray-sum matrix A ϵ ℝmxn, resulting in the matrix equation Ax = b. In 

most CST experiments the number of paths m is limited due to equipment costs and restrictions 

on optical access. If the uniform pixel concentration assumption is to be reasonable, pixels must 

be small so n, in turn, will be large. Under those circumstances, m < n and the system is rank-

deficient, according to the rank-nullity theorem. In other words, since there are more variables than 

equations, an infinite set of x vectors will satisfy any measurement vector b. As such, a priori 

information must be added to the measurement data to estimate x. 

 Bayesian tomography is a framework through which measurement information is 

synthesized with a priori information, producing an estimate of a species distribution. In Bayesian 

CST, the measurement data and inferred parameters are conceptualized as random variables, 

characterized by a probability density function (pdf). Measurements are then used to update the 

distribution parameters and estimate x. Bayesian CST begins with Bayes’ relation 
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pr

 
  


 

b | x x
x | b b | x x

b
,  (4) 

where π(x|b) gives the probability density for x after the measurement b; π(b|x) is the likelihood, 

which assigns the probability of observing b for a hypothetical distribution x; πpr(x) is the prior, 

which encodes information known about the flow before a measurement b; and π(b) is the 

evidence, which scales the numerator to conserve total probability. In most applications the 
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reconstruction is visualized in terms of the maximum a posteriori (MAP) estimate xMAP = 

argmax{π(x|b)}, along with some measure of uncertainty. Calculating xMAP requires a likelihood 

function and prior distribution. 

 Instantaneous measurements from the photovoltaic detector are corrupted by a combination 

of photonic shot noise, which obeys a Poisson distribution, and normally-distributed electronic 

noise [42]. Shot noise can be modeled as Gaussian given the large number of photons collected 

per measurement [43]. In the case of time-averaged measurements of a turbulent flow, the 

contribution of measurement noise is small compared to fluctuations caused by random variation 

in the flow field. In all cases, the measurement noise can be modeled as independent and identically 

distributed (IID) with standard deviation σm [44], which can be characterized through a statistical 

analysis of the data [30]. 

 For normally-distributed IID noise, the probability of observing the data b for a 

hypothetical distribution x is given by 
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1 1
| exp
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b x Ax b Ax b .  (5) 

Since A is rank-deficient, an infinite set of x vectors will maximize Eq. (5) for any b, and many of 

these are physically-implausible [30]. Information about the plausibility of different candidate 

distributions must therefore be introduced through a structured prior. This added information is 

encoded in a pdf that assigns a probability density to x in line with a priori knowledge about the 

target species distribution. Turbulent fluid flows are frequently cast as random variables [45] and 

concentration data can be modelled as a joint-normal random variable x ~ (μ, Γx) [46], where μ 

is the mean distribution and Γx is the spatial covariance of the flow. The resulting prior pdf is 
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Since the arguments of Eqs. (5) and (6) are in the exponential function, the posterior pdf is itself 

proportional to an exponential [30] 
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where L = chol(Γx
-1) is the Cholesky factor of the inverse covariance matrix. The MAP estimate 

is found by minimizing the norm in Eq. (7) 
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Following the specification of μ and Γx, tomographic reconstruction amounts to solving Eq. (8). 

 Reconstruction accuracy depends strongly on the choice of  and x, which, in turn, 

depends on the type of prior information known about the flow field. Daun et al. [30] and Grauer 

et al. [46] present several candidate prior distributions for turbulent flow. When little is known 

about the flow structure, it may suffice to assume that the flow will be spatially-smooth, based on 

a diffusion-dominated transport model. This assumption is realized by way of first-order Tikhonov 

regularization [48], where  = 0 and the L matrix is constructed as 

 1

1,

, 1

0, otherwise

ijij i

i j

l n d




  



,  (9) 

where ni is the number of pixels bordering the ith pixel and dij is the pixel-wise distance between i 

and j. L is multiplied by the regularization parameter λ, which, in the Bayesian framework, implies 

a “Tikhonov covariance” ΓTik = (λ2LTik
TLTik)

-1. We selected λ = 0.20 using the procedure developed 

by Daun [48]. 

 Reconstruction can be further improved by taking the product of the prior in Eq. (6) and a 

concentration range prior 

   1,..., min max[1, ,

0, othe w
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x ,  (10) 

where [xmin, xmax] is a physically-motivated constraint on xj coefficients. (This range is [0, ∞) for 

κη.) xMAP is then found by solving Eq. (8) subject to bound constraints in Eq. (10) using a 

constrained least squares algorithm. 
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2.2 Broadband CST 

2.2.1 Measurement principle 

The reconstruction procedure described above transforms a set of monochromatic light intensity 

measurements over a single absorption line into a spatially-resolved estimate of the absorption 

coefficient κη. Broadband detectors yield a voltage due to light incident over a measurement band 

η1-2  [η1, η2] that includes significant absorption by the target species (i.e., many strong lines) and 

negligible absorption by other gasses in the measurement field. Since κη is highly non-uniform 

over the measurement band, due to the complex line structure of gas molecules, broadband light 

absorption cannot be approximated by simple modifications of Eq. (1), for instance by substituting 

mean values of I0η and κη over η1-2 into Eq. (1). Instead, we must derive a suitable broadband 

operator that relates broadband transmittance to the path-integrated gas concentration. 

 At atmospheric pressures, ro-vibrational lines have a Lorentzian profile fL due to collision 

broadening [49] 

 
2 2

/
( )

(
;

)

c
L ij

c ij

f
 

 
   

 ,  (11) 

where ηij is the centre wavenumber of the transition ij and γc is the collision half-width at half 

maximum (HWHM). The HWHM is specific to a mixture and depends on the local temperature 

T, pressure p, and volume fraction χ of the gas. For a gas mixture, γc is the partial pressure-weighted 

sum of molecule-specific FWHMs 

 
, , ,( , ) (1 )c i i i i self i i air ip p p       ,  (12) 

where pi = χi·p is the partial pressure of the ith gas, and γself,i and γair,i are the self- and air-broadened 

HWHMs of i, respectively. Finally, the mass spectral absorption coefficient for a mixture is the 

sum of transition-specific lines scaled by a number density 

 ( , ,; , )
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L ij

B

S f T p
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     ,  (13) 

where kB is the Boltzmann constant. This treatment applies to mixtures near ambient conditions, 

where collision broadening dominates other forms of local line broadening, and where interspecies 



9 

 

line broadening is minimal. Figure 2 illustrates the collision-broadened absorption spectral of CH4, 

C2H4, and C3H8 in the mid-IR spectrum. 

 

Figure 2: Absorption coefficient profiles of CH4, C2H4, and C3H8 in the mid-IR region: the 

total absorption coefficient is a summation of Lorentz-shaped lines, seen for CH4 in the inset. 

 Line strength, collision half-width, and transition wavenumber data for simple 

hydrocarbons are included in spectral line databases such as HITRAN [40]. The spectral 

absorption coefficient of more complex molecules can be inferred from empirically-derived 

transmittance profiles, e.g. [41]. This data may then be used to compute a broadband transmittance. 

For a thermal emitter-light detector pair, separated by a distance L, the power P incident on the 

detector is calculated as 

   
1 2

0
exp( )g

L

bP C f I T u u dd   



 



  ,  (14) 

where η1-2 is the spectral range of the filter applied to the detector; Cg is a configuration factor, 

which accounts for the fraction of rays that reach the detector due to geometric considerations; fη 

is the detector’s photovoltaic diode efficiency; ϵη is the emissivity of the source; Ibη is the intensity 

of a blackbody emitter at the source temperature T; and κη is the absorption coefficient of the target 

species at u. The absorption coefficient is the only parameter in Eq. (14) that varies significantly 

with respect to wavelength across the filter window. As such, the remaining parameters of Eq. (14) 

can be grouped together into an emitter-detector constant Ce-d. 
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 A broadband transmittance T is defined as the ratio of the power during an absorption 

measurement Pabs to the reference power Pref, which corresponds to a measurement without the 

target species (i.e. κη = 0) 

   
1 2

ref 1
0

2exp 0
L

e d e dP C d Cdu


 



      ,  (15) 

where Δη1-2 = η2 - η1. Ce-d cancels out in the transmittance expression, which leaves 
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  .  (16) 

In contrast to monochromatic OP measurements, the broadband transmittance in Eq. (16) is a 

nonlinear function of the target’s path-integrated concentration. Consequently, an additional step 

is required to deconvolve the species concentration distribution from broadband measurements. 

2.2.2 Linear broadband measurements 

Photonic absorption events are independent. Moreover, the mass line strength is a linear function 

of the partial pressure of the target species, as seen in Eq. (13). A corollary of these observations 

is that the absorption coefficient can be represented as a product of the local concentration and a 

spectral shape function Cη. When temperature and pressure conditions are constant, so long as the 

self- and air-broadened collision half-widths are comparable, Cη will be effectively independent 

of the concentration. Therefore, we can represent κη as 

  u C    ,  (17) 

where χ(u) is the volume fraction of the target species at u; and Cη is the sum Σij(Sij·fL) scaled by 

p/(kB·T). 

 The decomposition in Eq. (17) breaks down when the self- and air-broadened HWHMs of 

a molecule differ significantly, but these differences are naturally mitigated and the decomposition 

is only problematic in special cases. That is, total absorption approaches zero as the number of 

target molecules approaches zero, and the role of air-broadening is proportional to the fraction of 

air in the mixture. As a result, the absolute error due to divergent HWHMs is inherently 

diminished. 
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 Substituting Eq. (17) into Eq. (16) results in the following expression for transmittance 
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0
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   .  (18) 

Next, we define G as the path-integrated concentration of the target species from 0 to the detector 

at L 

  
0

( )

L

G L u du  .  (19) 

Substituting G into Eq. (18) yields 

  
1 21 2

1
exp ( )

C

G L dT









  
  ,  (20) 

which can be computed for a species with known Cη over a set detection range. Once this 

computation has been carried out, the inverse of G can be constructed numerically such that 

 1( ) ( , )ib G L G T C

  ,  (21) 

where bi is the path-integrated volume fraction of the target and G-1(T, Cη) is a linearizing “transfer 

function.” 

 Due to the shared form of Eqs. (2) and (19), the ray-sum A, described in Section 2.1, relates 

the target distribution x to a data vector b that contains path-integrated volume fraction data, found 

using Eq. (21). Moreover, given p and T, the volume fraction relates to a mass fraction. As such, 

the Bayesian reconstruction procedure from Section 2.1 may be applied directly to reconstruct the 

target distribution. The linearization of broadband measurements is valid under the following 

conditions: 

1. Absorption is the prevailing mode of radiative transfer; 

2. Collision broadening dominates the line shape; 

3. Self- and air-broadened collision half-widths are comparable; and 

4. The chemical composition of the target species is homogenous. 
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3 Experimental Apparatus and Procedure 

3.1 Measurement device 

A custom-built OP measurement device was developed to make the multiple absorption 

measurements needed to carry out broadband CST. The prototype system consisted of four 

transmitter-receiver pairs. The transmitter and receiver units were assembled from low-cost, 

commercially-available components to facilitate development of a large number of units, capable 

of making time-resolved measurements in future experiments. Following this philosophy, the 

objective of this tomography system is to determine the spatial distribution of a single species 

concentration (or that of a homogeneous mixture concentration), and not to distinguish the 

components of a mixture. 

 Each transmitter consisted of a 5 mm long, 1 mm diameter silicon nitride glowbar 

(HawkEye Technologies IR-Si243), positioned within a parabolic reflector (Phoenix PA10.02) 

having an opening diameter of 97.8 mm, shown in Figure 3. 

 

Figure 3: Emitter and detector for OP broadband measurement and a calibration schematic, 

featuring an absorption cell that contains a controlled mixture of N2 and the target species. 

The assembly was housed within a cylindrical aluminum case and mounted on an adjustable tripod 

base. The filament was powered using a 12 V, 1.6 A supply, which produced a filament 

temperature of 1443 K. The optimal filament position within the reflector was determined using a 

Monte Carlo ray-tracing procedure, set to maximize the fraction of collimated light. 
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 The receiver consisted of a 25.4 mm (1”) diameter CaF plano-convex lens (ThorLabs 

LA5470-E) that focused incident light onto an uncooled InAs photovoltaic (PV) detector 

(Hamamatsu P10090-01), equipped with a bandpass filter (ThorLabs FB3250-500 IR). The PV 

detector has a nearly-uniform response over filter’s spectral window. Optical components were 

cage-mounted within an aluminum cylinder, which in turn was mounted on an adjustable tripod. 

Detector voltages were amplified (TI LM358) and collected with a USB-6001 DAQ from National 

Instruments. Running the emitter-detector pair without the target gas, we observed normally-

distributed noise with a standard deviation equal to 0.3% of the signal. 

 The transmitter and receiver were aligned with a removable assembly consisting of a 

visible diode laser, mounted over the transmitter, and a mirror, mounted over the receiver. The 

alignment assembly was removed prior to measurement. 

3.2 Calibration procedure 

Transfer functions, derived in Section 2.2, were validated by examining the response of the 

transmitter/receiver system to known dilutions of CH4, C2H4 and C3H8 in nitrogen (N2). These 

measurements were made using a gas cell, depicted in Figure 3, having a total path length of 81 

cm between two 38.1 mm (1.5”) diameter sapphire windows. For each measurement, a flow of N2 

and a flow of the target gas were supplied through two ports, and controlled using either a mass 

flow controller (CH4: Brooks SLA-5850S) or rotameters (C2H4, C3H8: Cole Parmer N102-05; N2: 

Cole Parmer N034-39). The volume fraction of the target species was adjusted from 0 (i.e. Pref) to 

1, with between 16 and 22 measurements in between. Measurements were recorded after Pabs 

remained constant for five minutes, thus ensuring the gas mixture in the cell had stabilized. 

Absorption measurements were supplemented with point-concentration measurements, made with 

an FID (ThermoScientific TVA-1000A). 
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4 Results and Discussion 

4.1 Developing measurement transfer functions 

Line strength and collision half-width parameters are available for both CH4 and C2H4 in the 

HITRAN database [40]. Line shapes were calculated using Eq. (11), summed per Eq. (12), and 

scaled by ρ/mg, resulting in κη in units of cm-1. Division by c = 106 ppm gave Cη. Transmittances 

were calculated for a 5,000-point discretization of the mid-IR spectrum from 2,000 to 4,000 cm-1. 

Absorbance data for C3H8 were inferred from the high resolution FTIR absorbance measurements 

reported in [41]. Measurements in [41] were made using a 1 ppm·m burden of C3H8 at 296 K and 

pressures ranging from 0.45 to 12.10 Torr. We scaled the absorbance data by ln(10)·106 cm-1 to 

obtain κη, assuming a linear function of partial pressure and a negligible difference between self- 

and air-broadened collision half-widths. 

 Figure 4 shows manufacturer-supplied bandpass filter transmittance data imposed on 

absorption spectra for CH4 at 1 atm. 

 

Figure 4: Manufacturer-supplied filter transmittance data; absorption spectra for CH4 at 

1 atm; FTIR-measured filter reflectance data; and the transmittance results of a box 

regression analysis. 

The filter width is known to a tolerance of ±0.10 μm and the centre wavelength to ±0.05 μm. Due 

to the large number of spectral lines close to the lower filter window threshold (~2,850 cm-1), 

transmittance measurements are sensitive to the precise onset and slope of the window. 

Transmittance measurements are independent of the peak filter transmissivity, however, as the 
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transmission range is approximately constant. τη is therefore grouped into the constant Ce-d, which 

cancels out in Eq. (16). This procedure amounts to a box model of the bandpass filter, i.e. with a 

uniform spectral transmittance over the filter window, and opaque outside the window. 

 Filter bounds for the box model were inferred by carrying out a nonlinear regression 

between modeled and measured transmittances for dilutions of CH4 in N2, C2H4 in N2, and C3H8 

in N2, ranging from 0% to 100%. The regression gave a filter centred on ηc = 3163 cm-1 of width 

ηw = 523 cm-1. This range was consistent with the filter’s reflectance profile, measured with a FTIR 

reflectometer (Surface Optics Corp. SOC-400), also shown in Figure 4. The corresponding 

measured and modeled transmittances are plotted in Figure 5. 

 

Figure 5: Modelled and measured transmittances for CH4, C2H4, and C3H8. 

 The box filter bounds were used to compute a database of T for the target species, via 

Eq. (20), over path-integrated concentrations ranging from 1 to 106 ppm·m. This database was then 

used to construct the transfer functions G-1(T, Cη), plotted in Figure 6. The transfer function is a 

monotonic map of broadband measurements of T to linear, path-integrated concertation data, 

suitable for tomographic reconstruction. 
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Figure 6: Broadband CST transfer functions for CH4, C2H4, and C3H8 for a box filter with 

ηc = 3163 cm-1 and ηw = 523 cm-1. 

 

4.2 Lab-scale tomography experiment 

The broadband tomography methodology was evaluated by reconstructing a C3H8 plume generated 

within an enclosed test space, representative of a ground source fugitive emission (e.g., [51,52]), 

except at a smaller scale. A 1 × 1 m domain was defined for the tomography experiment, shown 

in Figure 7a, with its origin in the centre. Propane was supplied at 2.44 L/min and released 

vertically into the domain through a 7.62 cm (3”) diffuser located at x = 0.21 m, y = 0.21 m, and z 

= 0.55 m. A small fan, placed level with the plume, provided a 2 m/s flow of air from the corner 

of the domain. The domain size was chosen to be proportional to the size of the C3H8 source. 

Individual single-path measurements were conducted over a 10 m distance to verify that the 

transmitted light was collimated, and hence that the OP system could operate over distances 

relevant to field measurements. 
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a) 

 

b) 

Figure 7: Setup and results of a C3H8 emissions detection experiment: a) C3H8 source, FID 

measurement positions, and C3H8 contour plot and b) line-of-sight measurement array. 

 An FID was used to calculate an average propane concentration at 13 discrete locations in 

the domain. Twelve FID measurements were made at each location over 5 second intervals. The 

average standard deviation of the measurements was 480 ppm, with a maximum standard deviation 

of 1603 ppm. Figure 7a shows the contours of a spline interpolation of the average FID 

measurements. 

 Transmittance measurements were carried out for a 35-beam, four-projection orthogonal 

measurement array, depicted in Figure 7b. Each projection of the 36-beam base arrangement 

contained nine beams, centred in the domain and spaced 10 cm apart. A single beam was excluded 

from one of the projections to accommodate the fan, and the two adjacent beams were crossed to 

partially compensate for the loss of information. Transmittance measurements began with a 600 s 

reference measurement, recorded at 2 Hz, after which C3H8 was introduced into the domain, 

commencing a 600 s absorption measurement, also recorded at 2 Hz. The ratio of the mean 

absorption to mean reference measurement was transformed by the G-1(T, Cη) function for C3H8 

in Figure 6, giving a path-integrated concentration. 

 Our solution domain comprised a 20 × 20 square pixel basis and we closed the Bayesian 

CST framework with a Tikhonov prior. Figure 8 shows a contour plot of the reconstructed C3H8 

plume. This reconstruction is consistent with the FID concentration measurements plotted in 

Figure 7a. Table 1 lists mean concentration data and uncertainties for the five largest FID 
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measurements and the corresponding values from the broadband CST reconstruction. (Uncertainty 

quantification for the CST data is reviewed in Section 4.3.) Table 1 demonstrates that C3H8 

concentrations measured with the FID were broadly consistent with those found through CST. 

Integral scale fluctuations in the concentration of C3H8 resulted in large uncertainties in the FID 

measurements, which took place over a 60 s interval. The uncertainties of the CST measurements 

are smaller due to the longer time interval (300 s), and because CST measurements inherently 

average concentration data over space. 

 

Figure 8: Broadband CST reconstruction of a C3H8 plume with advection. 

Table 1: Comparison of concentration data in Figures 7a and 8 from FID measurements and 

broadband CST imaging, respectively. 

Location FID-based χ [ppm] CST-based χ [ppm] 

x [mm] y [mm] µ σ µ σ 

-0.10 0.10 2894 725 3514 275 

0.00 0.00 2595 860 3079 230 

-0.15 0.15 1952 931 2594 285 

0.20 0.15 1848 1603 2833 271 

0.25 0.10 1691 863 1916 288 

4.3 Error analysis 

Error in broadband CST experiments can be divided into four categories: random measurement 

error; model error in the transfer function; regularization error, due to the incompatibility of the 

prior and the true solution; and discretization error. 
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 Transmittance measurements are derived from the ratio of two random variables, the mean 

absorption and reference measurements, designated Vabs and Vref, respectively. Figure 9 shows a 

typical set of measurement data used to obtain a transmittance. 

 

Figure 9: Voltages used to obtain a transmittance measurement. 

The distribution of fluctuations in the reference measurement, indicative of electronic noise, 

roughly follows a normal distribution. The increased variation in the absorption measurement in 

Figure 9 is attributed to turbulent fluctuations in the C3H8 plume. These large-scale fluctuations 

indicate transient behaviour on time-scales longer than the FID measurement intervals, which 

could be imaged by a time-resolved broadband CST system. 

 According to the central limit theorem, the mean values Vabs and Vref are normally 

distributed. For the measurement in Figure 12, these variables have standard deviations σabs = 

1.9·10-3 V and σref = 2.8·10-4 V, respectively. Expanding the variance of Vabs/Vref and neglecting 

higher order terms, the variance of T is approximated as 

 
2 2 2 2

2 abs ref ref abs

4

ref

T

V V

V

 



 .  (22) 

Equation (22) leads to the estimate σT = 3.1·10-5 for T = 0.937, calculated for the signal in 

Figure 12. We observed a maximum standard deviation of σT = 1.6·10-4 for a transmittance T = 

0.974. Mean transmittances, therefore, were known to a high degree of precision. 
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 Another source of error is the transfer function. Discrepancies between modelled and 

experimental transmittance data arose due to the simplifying assumptions required to obtain 

Eq. (16), e.g. modeling the bandpass filter response as a box filter. We approximated the C3H8 

transfer function error by taking the normalized Euclidean distance between the transmittances 

from our calibration experiment and the transmittances predicted by our transfer function. This 

procedure showed a maximum discrepancy of 370 ppm·m for C3H8 burdens up to 6500 ppm·m 

(or 5.69%). Greater uncertainty is expected for higher burdens as partially-transmitted spectral 

lines at the filter wings, which are excluded by the box filter model, absorb more light. 

 Finally, the tomographic reconstruction process is subject to errors associated with the 

discretization scheme and error due to the incompatibility between the prior and true distribution. 

We used a Bayesian CST framework with non-negative square pixels and a Tikhonov covariance. 

Qualitatively, this procedure yields estimates that have been shown to resemble the ground truth 

distribution [30,46,48]. 

 Figure 10 illustrates the sensitivity of reconstructions to the density and arrangement of 

measurement lines. Using different subsets of the measurement data, reconstructions roughly 

capture the measurement plume peak, but differ at the margins. This limitation may be overcome 

with supplementary measurement lines or by developing a more sophisticated prior. 
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a) 

 
b) 

 
c) 

Figure 10: Alternative reconstructions using a subset of the measurement data and the 

corresponding measurement lines: a) half of each projection; b) compliment arrangement to 

(a); and c) 18 randomly-selected measurement lines. 

 

Figure 11: Map of the estimated posterior standard deviation of the mean C3H8 distribution. 

 A quantitative estimate of reconstruction uncertainty was obtained by analyzing the 

difference between ground truth plumes and tomographic reconstructions from Grauer et al. [54], 

ensuring basis and regularization parameter parity. The mean net and maximum concentration 

errors were found to be 31% and 14%, respectively. An estimate of the posterior covariance matrix 
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was then calculated using Eq. (18) of Grauer et al. [54]. This equation gives Γx for π(x|b), which 

reveals how the operator A propagates uncertainty in the prior. Figure 14 shows a contour map of 

the resulting posterior standard deviation for our C3H8 reconstruction. Regions of high uncertainty 

in Figure 14 align with artefacts in the plume reconstruction in Figure 11, primarily concentrated 

about the corner x = -0.5 m, y = -0.5 m. 

4.4 Discussion 

Broadband CST is a three-stage process. First, transmittance measurements are taken. Next, these 

measurements are transformed into a path-integrated concentration. Finally, transformed 

measurements are tomographically reconstructed. A proof-of-concept laboratory-scale experiment 

showed that the reconstruction of a C3H8 plume, given in Figure 11, was consistent with point 

concentrations measured with an FID, given in Figure 10a. An error analysis of those results 

suggested similar levels of point-wise uncertainty in the FID and CST estimates. Uncertainty in 

the FID measurements arose due to the transient nature of the plume, while uncertainty in the 

tomographic estimate arose due to modelling errors in the transfer function and regularization error 

from the reconstruction procedure. Here we discuss each stage of broadband CST and comment 

on the viability of broadband CST as an emissions diagnostic. 

 Transmittance measurements are straightforward for stationary or time-averaged flows. 

Both the reference and absorption signals are average quantities, robust to the measurement 

duration at the margin of the interval, and uncertainty about the transmittance is limited. Moreover, 

the simplicity and low-cost of the detection apparatus lends itself to the simultaneous 

measurements needed to capture integral-scale turbulent fluctuations, which are needed to 

calculate an emissions flux. A real-time reference measurement could be established using a filter 

wheel with filters both transparent and opaque to the target’s absorption bands, serving as 

absorption and reference measurements, respectively. Moreover, with the accumulation of 

measurement data over time, previous measurements could be used to improve the prior by way 

of covariance estimation [46]. 

 The theoretical transmittances plotted in Figure 8 underline the importance of filter 

selection. While the Ce-d introduces a modelling error due to spectral variation in fη, ϵη, and I0η over 

η1-2, the primary source of error is the box filter assumption. The onset of transmission, around 

2900 cm-1, is not known with precision, as evidenced by the discrepancy between the 
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manufacturer-provided transmission data and the reflectance measurement in Figure 7. The target 

gasses featured different levels of absorption in this region. The spectral lines of C3H8 are dense 

and overlap substantially near the filter’s edge; CH4 also absorbs light around this onset, but less 

so than C3H8; conversely, the bulk of C2H4 absorption lies well within the filter window. The 

amount of absorption at the filter boundary corresponds to modelling error: 6.2%, 4.7%, and 3.4% 

for C3H8, CH4, and C2H4, respectively. In order to minimize this error, filter selection should seek 

to minimize overlap of the transmission range and target absorption bands. 

 Uncertainty in the recovered concentration distribution was dominated by uncertainty due 

to the tomography procedure. Since the measurement model developed in this paper yields an IFK, 

identical in form to the classical CST measurement model, general algorithmic improvements to 

limited-data CST can be applied directly to broadband CST. One avenue for improvement lies in 

the development of the prior. Estimating the mean and covariance of turbulent variables using 

simulated or published data has been shown to notably improve reconstructions, compared to the 

relatively uninformative smoothness prior used in this work [46]. Moreover, optimization of the 

measurement array based on prior knowledge of the concentration distribution can improve 

reconstructions, as well [54]. 

 Our results demonstrate the potential for a passive, OP, spatially-resolved, quantitative 

emissions diagnostic. The uncertainty of FID measurements for a time-varying flow, due to 

turbulent fluctuations in the gas, was comparable to the uncertainty of the CST results. Collecting 

FID measurements was labour-intensive and required direct physical access to the measurement 

points. In contrast, broadband OP measurements can be operated remotely and only require optical 

access. Tomographic reconstruction yields spatially-resolved data through deconvolution, rather 

than through extrapolation or dense arrays of labour-intensive probe measurements. As such, 

broadband tomography is a promising avenue for emissions detection research. 
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5 Conclusion 

The need to develop stand-off measurement techniques for detecting and quantifying hydrocarbon 

emissions is motivated by their contributions to climate change, and the numerous health and 

safety hazards they present to workers and the public at large. This paper develops the 

measurement theory for broadband chemical species tomography, a novel approach to the 

spatially-resolved quantification of emissions, and the results of a proof-of-concept emission 

detection experiment. 

 Previous CST deployments have been based on spectrally-resolved light intensity data, in 

which case the monochromatic transmittances that form the basis for reconstruction are related to 

the spectral absorption coefficient through a linear (Fredholm) integral equation of the first kind. 

In contrast, broadband measurements convolve this IFK over the detector’s spectral range. The 

measurement model we use for tomographic reconstruction begins with a transfer equation that 

maps broadband transmittances to a path-integrated concentration. These functions derive from 

individual line or spectral absorbance data in the literature. Path-integrated concentrations are 

finally deconvolved using a Bayesian procedure that explicates the essential role of prior 

information. 

 Using this system, we conducted a broadband CST experiment on a C3H8 plume with 

advection and validated our results using FID measurements. The tomographically-reconstructed 

C3H8 concentrations were consistent with our FID measurements. This experiment constitutes the 

first spatially-resolved, open-path broadband emission tomography experiment and suggests a rich 

avenue for further research. 

 One such avenue concerns mass flux estimation. While it is desirable to estimate the mass 

rate of an emissions molecule, the present technique yields a 2D concentration map. Broadband 

CST can be extended to three dimensions, which enables simple estimation of the mass rate. 

However, it is also possible, in principle, to combine maps of concentration and variance data with 

a plug flow model of the gas to generate an estimate of the mass flux. Another concern is the 

presence of a highly-absorbing non-target species, such as water vapour, which can affect the 

transfer function. It is possible to augment the transfer function, adjusting it to account for an 

average concentration of water vapour. However this procedure would introduce error into the 

path-integrated concentration estimate. 
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 Future work will focus on the development of prior pdfs, the construction of a real-time 

broadband CST device, and the quantification of error due to presence of non-target species. 
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Highlights 

 A broadband measurement model is developed for chemical species tomography. 

 Transfer functions map broadband transmittances to a path-integrated concentration. 

 A system of open-path broadband infrared detectors was constructed and calibrated. 

 Target gasses in this study are methane, ethylene, and propane. 

 The first broadband CST experiment is reported, featuring a propane plume source. 

 




