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Abstract

We study three geometric facility location problems in this thesis.

First, we consider the dispersion problem in one dimension. We are given an ordered list
of (possibly overlapping) intervals on a line. We wish to choose exactly one point from
each interval such that their left to right ordering on the line matches the input order.
The aim is to choose the points so that the distance between the closest pair of points is
maximized, i.e., they must be socially distanced while respecting the order. We give a new
linear-time algorithm for this problem that produces a lexicographically optimal solution.
We also consider some generalizations of this problem.

For the next two problems, the domain of interest is a simple polygon with n vertices.

The second problem concerns the visibility center. The convention is to think of a polygon
as the top view of a building (or art gallery) where the polygon boundary represents opaque
walls. Two points in the domain are visible to each other if the line segment joining them
does not intersect the polygon exterior. The distance to visibility from a source point to a
target point is the minimum geodesic distance from the source to a point in the polygon
visible to the target. The question is: Where should a single guard be located within the
polygon to minimize the maximum distance to visibility? For m point sites in the polygon,
we give an O((m+ n) log (m+ n)) time algorithm to determine their visibility center.

Finally, we address the problem of locating the geodesic edge center of a simple polygon—a
point in the polygon that minimizes the maximum geodesic distance to any edge. For a
triangle, this point coincides with its incenter. The geodesic edge center is a generalization
of the well-studied geodesic center (a point that minimizes the maximum distance to any
vertex). Center problems are closely related to farthest Voronoi diagrams, which are well-
studied for point sites in the plane, and less well-studied for line segment sites in the plane.
When the domain is a polygon rather than the whole plane, only the case of point sites has
been addressed—surprisingly, more general sites (with line segments being the simplest
example) have been largely ignored. En route to our solution, we revisit, correct, and
generalize (sometimes in a non-trivial manner) existing algorithms and structures tailored
to work specifically for point sites. We give an optimal linear-time algorithm for finding
the geodesic edge center of a simple polygon.
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Chapter 1

Geometric Facility Location: An
Informal Introduction

The point is there ain’t no point

No Country for Old Men,
Cormac McCarthy

Facility location problems are among the most fundamental questions about any ge-
ometric domain. Such questions are also immensely practical. “Where should the theme
park be built to maximize the number of visitors?”, a real estate developer might inquire.
They might want to locate it far from the competing establishments, yet in a ‘central’
location so that it is accessible to a large population. An army general might wish to build
a military base in a strategic location. The requirements differ greatly from the earlier
problem and considerably change its flavor.

Even for the triangle, various ‘centers’ have been studied since the time of the Ancient
Greeks. Some of these include the incenter, the centroid, and the circumcenter. These
triangle centers possess properties that allow them to be re-interpreted as solutions to
facility location problems. If you seek a location that is “not too far” from the edges of a
triangle, the incenter of the triangle is an optimal solution. For the interested reader, the
Encyclopedia of Triangle Centers [63] identifies 50,406 triangle centers (as of 6 June 2022).

Moving to the Euclidean plane, James Joseph Sylvester [98] posed the following facility
location problem in 1857: given a set of point sites on the plane, find the center of the
smallest circle that contains all of them. See Figure 1.1. Equivalently, we can think of

1



Figure 1.1: Sylvester’s problem: Find the smallest circle enclosing a given set of points
(in black). The center of this circle (in red) is the point in the plane that minimizes the
distance to the farthest point.

this as a problem in facility location: given a set of sites, find a point in the plane that
minimizes the maximum distance to a site. In this thesis, we refer to facility location
problems with this general flavor (i.e. minimize the maximum distance to an object from
an input set) as center problems (See Chapter 4). In Chapters 5 and 6, we deal with
interesting generalizations of Sylvester’s problem.

Generalized versions of facility location problems are studied to model real-world ap-
plications more precisely. We enumerate a few such generalizations below:

1. More than one facility: Of course, there is no reason to restrict ourselves to just
one facility—we might want to build several facilities in our geometric domain subject
to certain needs. There is an obvious extension of the minimax problems to k-centers
instead of one [81, 89]. In higher dimensions, these problems are closely related to
clustering problems.

Another important class of location problems with multiple facilities is the class of
dispersion problems—here, we want the locations to be ‘far apart’ in some sense [16,
20, 23]. For instance, we may want to maximize the sum of distances between the
facilities (called max-sum dispersion), or we may want to maximize the distance
between the closest pair of facilities (called max-min dispersion). Dispersion problems
are useful in modeling real-life scenarios where proximity among the facilities is to

2



be discouraged. It may prove perilous to build chemical factories close to each other,
and it is pointless to have rest-stops adjacent to each other on a highway.

2. Generalized sites: In Sylvester’s problem, the input consists of point sites. What if
the sites are not points but segments, circles, or polygons? What is the solution to the
minimax problems in these cases? Variants of Sylvester’s problem with generalized
sites have been studied extensively [17, 60, 27]. In many cases, efficient algorithms
make use of the farthest-site Voronoi diagram to arrive at the solution to the center
problem [28].

3. Generalized distances: Most of the geometric location problems we have discussed
perform their optimization using Euclidean distances. The distance between two
points is the length of the line segment that connects them. This is not always
a faithful representation of reality. A practical and well-researched generalization
is to use weighted distances to the point sites—a way to assign importance to the
site [40, 80].

A metric relevant to us is the geodesic metric (or the shortest-path metric)
inside a simple polygon. The distance between two points is the length of the shortest
path that connects them while staying inside the polygon [66]. Problems that are
well understood in the Euclidean metric become very complicated with the change of
metric. Relevant examples here include the extension of Sylvester’s original problem
to the geodesic metric [4, 12, 91].

Distance to visibility. The distance between two points under the geodesic metric
described above may be interpreted as the distance to be covered starting from a
source point to reach a target point. Another kind of distance pertinent to us is the
distance to visibility. The idea is that in some situations it suffices to see your
target location (instead of reaching it). Visibility is one of the earliest notions studied
in computational geometry. Two points are visible to each other (or see each other)
if the line segment joining them does not intersect any opaque obstacles [88]. Suppose
the geometric domain of interest is a simple polygon. For a simple polygon, the
boundary is assumed to be an obstacle both to visibility and motion. The (geodesic)
distance to visibility is defined in terms of a starting point and a target point to be
viewed. It is the length of the shortest path within the polygon that connects the
starting point to some point visible from the target point [9].

3



1.1 Problems Addressed in this Thesis

We give efficient algorithms for three different geometric facility location problems in this
thesis.

1. The dispersion problem in one dimension: Given n intervals on a line and
a specified order, locate a representative point on each interval so that the distance
between the closest pair is maximized. The n points must respect the specified order.

This problem has been studied earlier and has a rather complicated optimal solu-
tion [68] that we simplify using a geometric transformation of the problem. An
advantage of our approach is that it allows us to solve generalized versions of the
problem that are either too complex or unsolvable by the earlier techniques.

The techniques use elementary ideas from the early days of computational geometry.
We show that the dispersion problem is equivalent to finding shortest paths in a
geometric domain. Furthermore, we show that the solution provided by our methods
guarantees the stronger property of lexicographic dispersion (as opposed to the max-
min dispersion stated in the problem description). We refer the reader to Chapter 3
for more details.

Our results. We describe in Chapter 3 an optimal linear-time algorithm for the
dispersion problem in one dimension. We also describe methods of solution for some
natural variants of the problem. This work was published in Biedl et al. [18].

2. The visibility center problem: Given a simple polygon with n vertices and k view-
points, find a point in the polygon that minimizes the maximum geodesic distance
to visibility to any of the viewpoints.

This problem is a facility location problem that combines two classical threads in
computational geometry—motion planning and visibility. Although a very natural
notion, we are not aware of prior work that addresses center problems of this type.

The visibility center problem can be interpreted as a variant of the art gallery
problem—the problem of finding the minimum number of static points (guards) in
a simple polygon so that each point in the polygon is visible to at least one guard.
For the visibility center, we are provided with just one guard. Unlike the art gallery
problem, however, the guard is allowed to move.

Our solution first reduces the visibility center problem to the problem of determining
the geodesic center of half-polygons in a simple polygon—a problem we believe to
be of independent interest. To solve the latter problem, we need to extend the

4



techniques of Pollack et al. [91] that were used to solve the geodesic center problem
for the vertices of a polygon.

Our results. We describe an O((n+ k) log (n+ k)) time algorithm for determining
the visibility center in Chapter 5. Our solution transforms the original problem to
that of determining the geodesic center of O(k) half-polygons in an n-vertex simple
polygon. The geodesic center problem is then solved within the same time bounds.
This work was published in Lubiw and Naredla [71].

3. The geodesic edge center problem: Given a simple polygon with n vertices, find
a point in the polygon that minimizes the geodesic distance to the farthest edge.

This problem generalizes the point sites of the geodesic center problem to sites that
are the edges of the polygon. For an acute-angled triangle, the geodesic center is its
circumcenter, while the geodesic edge center is the incenter. Thus, we find it rather
surprising that only centers of vertices have been studied under the geodesic metric,
while edge centers (in fact, centers for any set of non-point sites) are largely ignored.

The framework used by Ahn et al. [4] for the vertex center carries through for the
edge center. However, we must generalize existing structures and algorithms for point
sites to the case of edges. This includes a linear-time algorithm for determining the
farthest-edge Voronoi diagram restricted to the polygon boundary. We also fix a few
gaps in the linear-time algorithm for the geodesic center for vertices.

Our results. We discuss a linear-time algorithm that locates the edge center of
a simple polygon in Chapter 6. Our results from this chapter are currently under
review.
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Chapter 2

Some Geometric Preliminaries

I hate definitions

Vivian Grey, Benjamin Disraeli

We begin by reviewing a few concepts from computational geometry. These concepts
will be used throughout this thesis, especially Chapter 5 and Chapter 6.

A simple polygon P is a closed region of the plane enclosed by a cycle of straight line
segments such that nonadjacent segments do not intersect and adjacent segments intersect
only at their common endpoint [99]. See Figure 2.1. The segments are the edges of the
polygon, and the common endpoints between adjacent edges are its vertices. Unless stated
otherwise, we will assume that the polygon P has n vertices (and therefore, n edges). A
polygon vertex is reflex if the internal angle at the vertex is greater than π. A partition of
the polygon P into triangles is called a triangulation of P . The triangulation algorithm
of Chazelle [24] triangulates any simple polygon in O(n) time.

The edges of the polygon P form the boundary ∂P and enclose the interior of the
polygon. Points of the plane not lying in the interior or on the boundary of P are exterior
to the polygon. A chord of P is a line segment joining two points on the polygon boundary
that does not intersect its exterior. See Figure 2.2. A chord of a polygon that does not
intersect any reflex vertices (except at its endpoints) splits the polygon into two half-
polygons. Note that the definition allows any edge of the polygon to be a chord, and one
of the half-polygons defined by the edge is empty.

Take any two points a and b that lie either in the interior of P or on its boundary
∂P . The geodesic distance d(a, b) between a and b is the length of a shortest path
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Figure 2.1: A simple polygon and its triangulation. The vertices r1,r2, and r3 are reflex
vertices.

Figure 2.2: A chord K of the polygon splits it into two half-polygons. One of the half-
polygons is shaded in this figure.
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Figure 2.3: The geodesic or shortest path π(a, b) between points a and b. Also shown is
the shortest path π(c,K) between the point c and a chord K. The shortest path joins c
to the terminal point t(c,K)—the point on K geodesically closest to c.

joining a and b that does not intersect the exterior of P . The shortest path or geodesic
between the points a and b is actually unique (Lee and Preparata [66]), and is denoted
π(a, b). It is a polygonal path that bends at reflex vertices of P (Figure 2.3). For a
triangulated polygon with n vertices, the geodesic distance between any two points may
be determined in O(log n) time after O(n) time preprocessing, by an algorithm of Guibas
and Hershberger [50].

The geodesic distance d(a,K) between a and chord K is the length of a shortest
path joining a to any point on K, such that the path does not intersect the exterior of
P . This path is also unique [91] and is denoted π(a,K). The endpoint of π(a,K) on K is
called the terminal t(a,K) on K with respect to a (Figure 2.3).

From any point a in the polygon, the shortest path tree to the vertices of P is the
union of shortest paths to all the vertices of the polygon. The shortest path tree from any
point in a triangulated n-vertex simple polygon can be constructed in O(n) time (Guibas et
al. [49]). The shortest path tree from any point a ∈ P may be used to obtain the shortest
path map with respect to a: a decomposition of the simple polygon into triangular regions
such that from all points within any triangle, the shortest path to a is combinatorially the
same, i.e. uses the same sequence of vertices. The shortest path tree and the shortest path
map to the vertices of the polygon from a point inside it are shown in Figure 2.4. The
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Figure 2.4: The shortest path tree from point a to the vertices of the simple polygon is
shown in blue. Some edges of the shortest path tree are extended (dashed) to obtain the
shortest path map.

shortest path map for any point in a simple polygon can be constructed in linear time.

A subset Q of P is geodesically convex if for any two points a and b in Q, the
shortest (or “geodesic”) path π(a, b) in P is contained in Q. A function f defined on P is
geodesically convex if f is convex on every geodesic path π(a, b) in P , i.e., for points
x ∈ π(a, b), f(x) is a convex function of d(a, x).

A polygon with at least three vertices is called weakly simple if, for every ϵ > 0,
the vertices can be perturbed by at most ϵ to obtain a simple polygon [6]. For a set S in
the polygon P , the geodesic convex hull of S in P is defined as the intersection of all
geodesically convex sets in P that contain S.

Figure 2.5 shows the geodesic convex hull of a set of points in a simple polygon.

An important notion in computational geometry is that of visibility. Two points in a
simple polygon P are visible to each other (or see each other) if the line segment joining
them does not intersect the exterior of P . The set of all points visible from a point a in P
is the visibility polygon of a with respect to P (Figure 2.6). Lee [67] gave a linear-time
algorithm to construct the visibility polygon of any point in a simple polygon.

Let the set D denote the vertices of P . The graph obtained by drawing line segments
between pairs of vertices in D that are visible to each other is called the visibility graph
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Figure 2.5: The geodesic convex hull of a set of points in a simple polygon.

Figure 2.6: The visibility polygon of point a is shaded.
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Figure 2.7: A polygon with two holes (shaded). The dashed segments are the segments of
the visibility graph.

of the polygon P .

In general, the geodesic distance between a point a and a point set S in P is defined
to be: min

x∈S
d(a, x). Given an input set S of point sets in a polygon and a point x, we can

define the farthest set F(x,S) as the subset of S geodesically farthest from x. For a
non-empty subset S ′ ⊆ S, its Voronoi region is the set of points in P whose farthest set
is S ′. A partition of the polygon P into the Voronoi regions of the non-empty subsets of
S is called the (geodesic) farthest Voronoi diagram for the set S in the polygon P .

We define a polygon with holes as a simple polygon Q enclosing simple polygons
H1, . . . , Hk (the Hi are called holes), such that the boundaries of Q,H1, . . . , Hk do not
intersect and no hole contains another [88]. Intuitively speaking, the interior of the holes
behave like the polygon exterior. The boundary of the polygon with holes is defined
by the edges of Q and the edges of Hi, 1 ≤ i ≤ k. The interior is the set of points
Q − ∂Q − ∪1≤i≤kHi. All other points in the plane make up the exterior of the polygon
with holes.

For polygons with holes, we define a shortest path π(a, b) between two points a and
b in the interior or on the boundary as a path of shortest length that joins a and b and
does not intersect the exterior. The shortest paths between points for polygons with holes
are not necessarily unique. The length of a shortest path is the geodesic distance d(a, b)
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between a and b. A geodesic between two points a and b in the interior or on the boundary
is a locally shortest path that joins a and b. Unlike in the case of polygons without holes
(i.e., simple polygons), a geodesic is not necessarily a shortest path—although the converse
is always true.

Two points in a polygon Q with holes are visible to each other if the line segment
joining them does not intersect the exterior. Let the set D denote the vertices of Q and
the holes contained in it. The graph obtained by drawing line segments between pairs of
vertices in D that are visible to each other is called the visibility graph of the polygon
with holes. An output sensitive algorithm that takes O(n log n + k) time (where k is the
number of edges in the visibility graph) was given by Ghosh and Mount [48]. Figure 2.7
shows a polygon with two holes and its visibility graph.

Other notions that we defined earlier for simple polygons (triangulation, farthest-site
Voronoi diagrams) extend in a similar manner to polygons with holes.
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Chapter 3

Dispersion Problems in One
Dimension

1

I have only made this letter
longer because I have not had
the time to make it shorter

Blaise Pascal

Suppose you are in a group of people waiting in line, and each of you has been assigned
an interval that you must stay inside of. Because of social distancing, you all want to keep
as far away from each other as possible, subject to staying in your assigned interval, and
keeping your order in the line.

This problem fits into the large class of dispersion problems that involve choosing
‘far apart’ points from given sets. There are various notions of ‘far apart’ but our starting
point is the work of Li and Wang [68] who considered the objective of maximizing the
distance between the closest pair of points. We will refer to this objective as ‘max-min’
dispersion.

We introduce a new and stronger goal for dispersion, of which ‘max-min’ dispersion is
a special case. Rather than just maximizing the minimum distance between points, our
goal is to maximize the minimum distance, and subject to that, to maximize the second

1Based on joint work with Therese Biedl, Anna Lubiw, Peter Dominik Ralbovsky, and Graeme Stroud.
Published in the paper ‘Dispersion for Intervals: A Geometric Approach’ at the Symposium on Simplicity
in Algorithms (SOSA), 2021 ([18]).
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minimum distance, and so on. In other words, we want the lexicographically maximum
vector of distances, formalized as follows:

Lexicographic Dispersion for Ordered Intervals on a Line.

Input: a sequence of intervals {I1, I2, . . . , In} on the real line, where each interval Ii is
given by its left endpoint li and right endpoint ri.
Feasible solution: an ordered set of points p = (p1, . . . , pn) such that pi ∈ Ii, and
p1 ≤ p2 ≤ · · · ≤ pn.
Objective function: lexicographically maximize the sorted distance vector δ(p),
where δ(p) is the list of n− 1 distances (pi+1 − pi), i = 1, . . . , n− 1 sorted from minimum
to maximum value.

We call this “lexicographic dispersion” to distinguish from the conventional “max-
min” dispersion. The lexicographic maximum is a far more natural and desirable objective
function for dispersion problems—if there are two points that are forced to be close together
in any solution, we should not give up on spreading the other points as far apart as possible!
For example, a max-min solution for dispersion for intervals might not even put the first
and last point at the extreme endpoints of their intervals.

Our results. Our main result is a linear-time algorithm for lexicographic dispersion for
ordered intervals via a transformation to finding a shortest path in a polygon. The algo-
rithm determines if a feasible solution exists; if so, it computes the solution with optimal
lexicographic dispersion. We show that there is a unique “Pareto” (or local) optimal solu-
tion, i.e., a solution where no single point can be moved to improve the objective function.
Compared to Li and Wang’s solution based on a greedy approach, our algorithm is more
powerful and much simpler.

In Section 3.3 we apply our geometric approach to lexicographic dispersion for ordered
intervals on a closed curve, achieving a simpler linear time algorithm for disjoint intervals,
and a new polynomial time algorithm for overlapping intervals.

3.1 Background

Dispersion problems are well-studied in operations research, algorithmic game theory, and
computational geometry because of their applications in facility location, and are of rising
interest in information retrieval because of applications in “diversified” sampling. An
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important case is “max sum diversification”—to select k points from a given set of n
points to maximize the sum of the pairwise distances [23, 21, 44]. Another more geometric
dispersion problem (related to packing problems) is to select k points from a polygonal
region in the plane to maximize the minimum distance between any pair of points [16].
Most of these problems are NP-hard, which means that research is focused on heuristics
and approximation algorithms.

The version of dispersion that we are interested in is to find one point from each of
n given regions so that the minimum distance between any pair of points is maximized.
This was dubbed the “distant representatives” problem by Fiala et al. [45], in a play-on-
words on the term “distinct representatives” from Marshall Hall’s classic work on bipartite
matching [51]. The distant representatives problem is already hard in two dimensions
for various natural regions such as discs and squares [45, 16], although there are some
constant-factor approximation algorithms [20, 36, 37]. Biedl et al. [19] also give hardness
results and approximation algorithms for the distant representatives problem for axis-
aligned rectangles in the plane. The related topic of “imprecise points” is about choosing
one point from each region (typically small balls) to optimize other aspects of the points
(e.g., convex hull, spanning tree) [22, 33, 70, 69].

In one dimension, the distant representatives problem is to find one point from each of
a given set of intervals on a line while maximizing the minimum distance between any two
points. The decision version—to decide if there is a solution with no two points closer than
a given threshold δ—was solved in polynomial time as a scheduling problem by Simons [95].
Simons’ scheduling problem was to place disjoint unit jobs in given intervals. To transform
the decision version of distant representatives to the scheduling problem, scale so δ = 1,
then expand each interval by 1/2 on each side. The midpoints of the unit jobs provide the
desired solution. This was improved to O(n log n) time by Garey et al. [46].

When the intervals are disjoint, or more generally, when the ordering of the intervals
(and their representative points) is specified, we arrive at the dispersion problem for
ordered intervals that is the subject of this chapter. As pointed out by Dumitrescu
and Jiang [36] the dispersion problem for ordered intervals can easily be formulated as
a linear program, which provides a polynomial time algorithm. Li and Wang [68] gave a
linear time algorithm that processes the intervals in order, keeping a tentative solution that
may change later on. They establish 9 invariants and prove (over multiple pages) that the
invariants are preserved in each of three possible cases that arise when the next interval is
added. Li and Wang give details only for the case of disjoint intervals; they remark that
their algorithm applies to ordered intervals.

There is a body of research on lexicographic objective functions for location problems
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(see [85, 73] for example), but we are not aware of such objective functions being used for
dispersion problems. One classic example of lexicographic optimization in geometry is the
result that the Delaunay triangulation of a point set in the plane has the lexicographic
maximum angle vector [94].

3.2 The Algorithm

In this section we show that, for an input as described above, Algorithm 1 (below) solves
the lexicographic dispersion problem for ordered intervals on a line.

Algorithm 1 Lexicographic Dispersion for Ordered Intervals

1. Raise each interval Ii by i units vertically to get segments I ′i = l′ir
′
i with l′i = (li, i)

and r′i = (ri, i).
2. Construct a simple polygon P by joining the points l′1, l

′
2, . . . , l

′
n, r

′
n, r

′
n−1, . . . , r

′
1, l

′
1 in

order.
3. Find the shortest path γ in P from l′1 to r′n. (See Figure 3.1).
4. Declare no solution if the path is not monotone in x.
5. Otherwise output the points pi where p′i = (pi, i) is the intersection of the path with
I ′i, i = 1, . . . , n.

The algorithm transforms the dispersion problem for ordered intervals to the problem
of finding a shortest path between two points in a simple polygon. See Figure 3.1. Short-
est paths in a simple polygon can be found in linear time using the well-known “funnel”
algorithm [66] which operates on a triangulated polygon. The simple polygon we con-
struct is monotone—a class of simple polygons for which algorithms tend to be simpler
than general simple polygons. In general, triangulating a polygon in linear time requires
Chazelle’s complicated algorithm [24] but any polygon we construct can be triangulated in
a trivial way because it is composed of the trapezoids l′i, l

′
i+1, r

′
i+1, r

′
i and each trapezoid can

be triangulated by adding one diagonal. The funnel algorithm to find the shortest path
is straightforward for the polygons that we construct—see Figure 3.2 for an illustration.
Algorithm 1 thus runs in linear time and is very simple to implement.

Theorem 1. Algorithm 1 solves the lexicographic dispersion problem for ordered intervals.

Proof. We first note a correspondence between feasible solutions to the dispersion problem
and x-monotone paths inside P from the bottom to the top of P . A feasible solution
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Figure 3.1: The polygon P is obtained by raising the i-th interval by i units. The thick
green polygonal line is the shortest path from the left endpoint of the first interval to the
right endpoint of the last interval. By Theorem 1, the x-coordinates of the intersections
of this path with the raised intervals (green dots) solve the dispersion problem for ordered
intervals. The minimum distance between points corresponds to the maximum slope and
is realized between intervals 3, 4, 5, 6.

p = (p1, . . . , pn), corresponds to the x-monotone path σ(p) = (p′1, . . . , p
′
n) where p′i = (pi, i).

This path is contained in P and goes from the bottom to the top. In the other direction,
given an x-monotone path σ from the bottom to the top of P , we obtain a feasible solution
p(σ) by taking the x-coordinate of the first intersection of σ with each interval I ′i. (Observe
that there is only one such intersection point if σ is a shortest path.)

Next we show that the algorithm correctly detects whether there is a feasible solution,
i.e., we prove that there is a feasible solution to the dispersion problem if and only if
the shortest path γ found by the algorithm is x-monotone. One direction is obvious:
if γ is x-monotone then the algorithm returns the points p(γ) which provide a feasible
solution. In the other direction, suppose there is a feasible solution p = (p1, . . . , pn). Then
the corresponding path σ(p) is an x-monotone path from p′1 to p′n inside P . Moving p1
to l1 and pn to rn keeps the path x-monotone and inside P . After this, the path can
be converted to the (unique) shortest path γ by applying local shortening moves, which
preserve x-monotonicity. Thus γ is x-monotone.

It remains to prove that when the dispersion problem has a feasible solution, the algo-
rithm returns a solution that lexicographically maximizes the sorted distance vector δ(p).
Note that altering any feasible solution by moving p1 to l1 and moving pn to rn improves
the sorted distance vector. Thus it is correct to restrict attention to solutions with p1 = l1
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Figure 3.2: The funnel algorithm to find the shortest path from l′1 to r′n adds the triangles
of P successively while maintaining a funnel (colored dark blue). To add the next triangle
(red hatching), we update the funnel by backtracking along the side of the funnel until
regaining a reflex curve (see the dashed blue edge). Once a polygon vertex leaves the
funnel, it never returns, so the total time for updates is linear. After the funnel reaches
I ′n, its right side will be the desired path.

and pn = rn.

We now translate the objective function to the geometric setting. Consider a feasible
solution p = (p1 = l1, p2, . . . , pn = rn) and the corresponding path σ(p). The distance,
pi+1 − pi, between two successive points corresponds inversely to the slope of the line
segment from p′i to p′i+1, since the slope is 1/(pi+1 − pi). Thus the sorted distance vector
δ(p) corresponds to the sorted slope vector s(σ) that lists the n − 1 slopes 1/(pi+1 − pi)
sorted from maximum to minimum. Lexicographically maximizing δ(p) corresponds to
lexicographically minimizing s(σ).

Thus, it suffices to prove that the algorithm returns a solution that lexicographically
minimizes s(σ). We say that s(σ) is locally minimized if moving one point pi does not
improve s(σ). For the next claim, we assume that σ is directed away from (l1, 1).

Claim 2. s(σ) is at a local minimum if and only if for each i, path σ either crosses I ′i in
a straight line segment, or turns left at the left endpoint (li, i), or turns right at the right
endpoint (ri, i).

Proof. If σ crosses I ′i with a bend that is not of the specified form (as shown in Figure 3.3),
then p′i can be moved along I ′i in the direction of the convex angle p′i−1p

′
i, p

′
i+1 to improve
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Figure 3.3: Illustration for Claim 2, showing paths that are not locally optimal.

the sorted slope vector. The vector is improved because the larger slope in the vector is
reduced while the smaller slope increases.

Observe that the conditions for locally minimizing s(σ) are exactly the same as the
conditions for σ to be a locally shortest path inside P from l′1 to r′n. Since a locally
shortest path in a polygon is unique, s(σ) has a unique local minimum. Furthermore, by
finding the shortest path in P , the algorithm finds the lexicographic minimum s(σ).

3.3 Variants on Dispersion for Ordered Intervals

In this section we discuss some variants of dispersion for intervals. We first summarize
what is known (and not known) about dispersion for unordered intervals on a line—see
Section 3.3.1.

After that, we explore two variants for ordered intervals. We first use our geometric
approach to give a polynomial time algorithm for lexicographic dispersion for ordered sets
where each set consists of multiple intervals—see Section 3.3.2. The motivation for this is
the case of intervals on a closed curve (arcs of a circle). Max-min dispersion for disjoint
intervals on a closed curve was solved previously in linear time by Li and Wang [68].
We use our geometric approach to give a simpler solution for the stronger lexicographic
dispersion—see Section 3.3.3.1. There was no previous algorithm for dispersion for ordered
overlapping intervals on a curve—the issue is that cutting the curve may cut intervals into
two pieces. But we can use our results on multiple intervals to solve (in Section 3.3.3.2) the
lexicographic dispersion for ordered overlapping intervals on a curve in polynomial time.
Section 3.3.4 considers the case where the distances between consecutive pairs of points
are weighted.
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3.3.1 Unordered Intervals.

Until now, we have focused on a somewhat restricted version of dispersion for intervals
where the ordering of intervals is given as part of the input. (Note that if the intervals
are disjoint, the ordering is determined.) In this section we mention what is known about
optimal dispersion for intervals when the ordering of the intervals is not specified. As noted
by Li and Wang [68], if no interval is contained in another, then the optimal ordering of
the intervals for max-min dispersion can be achieved by ordering the intervals by their
left endpoints, which is justified as follows. Suppose an optimum solution has pi < pi+1

but li > li+1. Since interval i is not contained in interval i + 1, we have ri ≥ ri+1. Thus
li+1 < li ≤ pi < pi+1 ≤ ri+1 ≤ ri, and both points are contained in both intervals. Exchange
the assignment of these two points to their intervals.

In the general case when the ordering of intervals is not specified and intervals may
be nested, then the best algorithm for max-min dispersion that we are aware of is to use
the O(n log n) decision procedure due to Garey et al. [46] (formulated as a scheduling
problem) and do a binary search on the possible distance values. This gives a polynomial
time (though not strongly polynomial time) algorithm. For an inefficient (although strongly
polynomial-time) algorithm, observe that δ can only take a discrete set of values defined
by the intervals. Specifically, the minimum δ (maximum slope) is defined by the right
endpoint of an interval and the left endpoint of an earlier interval divided by the number
of intervals between them. Thus there are only O(n3) different values that δ can take, and
we can use the algorithm of Garey et al. [46] with the possible set of values to find the
maximum δ. Also see Biedl et al. [19] for further discussion.

We do not know an algorithm for the lexicographic dispersion problem on general
unordered intervals.

3.3.2 Ordered Sets of Multiple Intervals on a Line.

In this section we consider a more general dispersion problem, where we are given ordered
sets S1, . . . , Sn and each Si consists of a finite set of intervals on the line. We use our geo-
metric approach to solve this more general lexicographic dispersion problem. Specifically,
we give a polynomial time algorithm to find points p1 ≤ p2 · · · ≤ pn with pi ∈ Si so as to
lexicographically maximize their sorted distance vector.

Even with the weaker max-min objective function, this problem is not amenable to a
linear programming formulation—it is not clear how to specify that a point can be in one
of several intervals. When the ordering of the Si’s is not specified then the decision version
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of the problem is NP-complete, as shown by Simons and Sipser [96], who viewed it as a
scheduling problem. We are not aware of any previous algorithm for the ordered version
of the problem, but our geometric viewpoint offers a simple solution.

Figure 3.4: Solving lexicographic dispersion for multiple intervals by finding a path of
lexicographically minimum slope vector (shown thick green) in the visibility graph (dashed
edges) of a polygonal region. Gaps between intervals at the same level are shown as thin
rectangles. The intersections of the path with the intervals (green dots) give the solution
points.

The idea is to raise each set Si by i units, and to create a polygonal region R with
holes that represent the gaps between the intervals of each Si. See Figure 3.4. Let l1 be
the leftmost point of S1, and let rn be the rightmost point of Sn. We claim that a solution
is given by an xy-monotone path γ that lies inside the region R and goes from the point
(l1, 1) to the point (rn, n). Among all such paths, we want the one that lexicographically
minimizes the slope vector of the path.

As before, a path has a locally optimal slope vector if and only if it is a locally shortest

21



Algorithm 2 Lexicographic Dispersion for Ordered Sets of Intervals

1. Raise the intervals of each set Si by i units vertically to obtain S ′
i

2. Construct a polygonal region R around the segments S ′
i (see Figure 3.4)

3. Construct the monotone visibility graph G = (V,E) of R
4. Find a path of lexicographically minimum slope vector in G from source (l1, 1) (the
leftmost point of S ′

1) to the rightmost point of S ′
n as follows:

5. Initialize the slope vector s(v) for every vertex v ∈ V
6. while V ̸= ϕ
7. Pick a source vertex u
8. for every edge (u, v)
9. s′(v) := the slope vector determined by s(u) together with the edge (u, v)
10. if s′(v) < s(v) then update s(v)
11. Remove u from V
12. If a path is found, then return the intersection points of the path with each S ′

i

13. Otherwise, return that no solution exists.

path. However, locally shortest paths are not unique in a polygonal region, and the shortest
path does not necessarily optimize the slope vector, so we must deal with the objective
function more directly.

Our approach is to search for the optimal path in the monotone visibility graph of
the polygonal region. Specifically, we construct a directed graph G = (V,E) on the vertices
of R, with a directed edge (u, v) if the line segment uv is contained in the region R and
v lies above and to the right of u. Note that G is a DAG (a directed acyclic graph) with
2N vertices and O(N2) edges, where N is the number of intervals in all the Si’s. Graph G
can be constructed in time O(N logN + k) where k is the number of edges in the (entire)
visibility graph [48]. We seek a directed path in G from the source vertex (l1, 1) to (rn, n)
that lexicographically minimizes the slope vector.

We modify the standard linear time algorithm to find optimum paths from the source
vertex of a DAG. See Steps 5–11 of Algorithm 2. A vertex v corresponding to an endpoint
of an interval of Si that lies at y-coordinate i, and the slope vector of a path from (l1, 1)
to v has i − 1 components. Let s(v) be the (tentative) lexicographically minimum slope
vector of a path from (l1, 1) to v. To initialize, set all i− 1 components of s(v) to ∞.

For line 9, suppose that u lies at level i and v lies at level i + h. Let suv be the slope
of edge (u, v). Then s′(v) is formed by adding h copies of suv into the sorted vector s(u).
This can be done in O(n) time, and s′(v) can be compared to s(v) in O(n) time. Thus
finding the shortest path takes time O(|E|n).
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Figure 3.5: Solving the lexicographic dispersion problem for disjoint arcs on a circle. (a)
the input; (b) the line Lk of slope n/D through the extreme left endpoint (on interval I2);
(c) the shortest path in the resulting polygon.

The total runtime of the algorithm is O(N2n) in the worst case (recall that N is
the number of intervals in all the sets Si). We note that the same idea solves max-min
dispersion for ordered sets of intervals in O(N2) time. These run times can probably be
improved by exploiting the special structure of the polygonal regions we construct.

Theorem 3. There is a polynomial-time algorithm that solves the lexicographic dispersion
problem for ordered sets of multiple intervals on a line.

3.3.3 Intervals on a Closed Curve.

In this section we consider the case of intervals on a closed curve in the plane, rather
than on a line. See Figure 3.5(a). The input consists of an ordered list of n intervals
I1, . . . , In on a curve of length D. We assume that interval Ii is the clockwise interval from
point li to ri, and that points are given by their clockwise distance along the curve from
the reference point l1. A feasible solution for this dispersion problem consists of points
p = (p1, . . . , pn) in clockwise order around the curve, with pi ∈ Ii. These points determine
n gaps between successive pairs, namely pi, pi+1, i = 1, . . . , n−1 and pn, p1. The length of a
gap is measured along the curve (so their sum is D). The sorted distance vector δ(p) is the
list of n gap lengths sorted from minimum to maximum. The max-min and lexicographic
objective functions are defined in the natural way.

There are solutions for max-min dispersion for disjoint intervals on a curve. Dumitrescu
and Jiang [36] gave a linear programming formulation—they only need to add one addi-
tional constraint for the distance between pn and p1 along the curve. Li and Wang [68]
gave a linear time algorithm by reducing to the case of intervals on a line. It is important
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to note that these solutions do not apply to the case of overlapping intervals along a curve,
even if the ordering is specified, because cutting the curve may split intervals in two.

We use our geometric approach to solve the lexicographic dispersion problem for disjoint
intervals in linear time. Then we solve the lexicographic dispersion problem for overlapping
intervals in polynomial time using our algorithm from Section 3.3.2.

3.3.3.1 Linear Time for Disjoint Intervals.

In this section we give a linear time algorithm for lexicographic dispersion for disjoint
intervals on a closed curve.

We begin by describing Li and Wang’s algorithm for max-min dispersion in the same
setting. They traverse the curve twice starting from l1 to create a list of 2n intervals on a
line segment of length 2D. They apply their algorithm for intervals on a line to these 2n
intervals. They prove that the solution uses the left endpoint of some “special” interval
Ij, and that the subsequence of the solution from interval Ij to its second copy solves the
original problem.

Our solution is similar, but the advantage of the geometric approach is that it provides
a simpler and more intuitive rule for choosing the special interval, and we can optimize the
stronger lexicographic objective function.

Observe that the best solution we can hope for is a uniform spacing of points, so the
length of each gap is D/n. In the geometric interpretation, where interval Ii is raised
to y-coordinate i, such a solution corresponds to a line Lopt of slope n/D that intersects
all the segments. We would need all left endpoints (li, i) to the left of Lopt and all right
endpoints (ri, i) to the right of Lopt.

Algorithm 3 Lexicographic Dispersion for Disjoint Intervals on a Curve

1. k := argmax{nli −Di : i = 1, . . . , n} (breaking ties arbitrarily)
2. Recompute left and right points of each interval as clockwise distances from lk and
then renumber the intervals starting from Ik
3. Raise each interval Ii by i units vertically to get segments I ′i
4. Add a final interval I ′n+1 that is a copy of I1 translated D units to the right and n+ 1
units up
5. Create the polygon P around the intervals I ′i (as in Algorithm 1)
6. Find the shortest path in P from the leftmost point of I ′1 to the leftmost point of I ′n+1

7. Return the intersection points of the path with I ′i
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This motivates finding the line L of slope n/D that goes through the most extreme
left endpoint, i.e., such that L goes through a left endpoint (lk, k) and such that no other
left endpoint lies to the right of L. See Figure 3.5(b). The vector orthogonal to (D,n) is
(n,−D) so L is found by maximizing nx−Dy over left endpoints (x, y) = (li, i). Suppose
the maximum occurs at (lk, k) and let Lk be the line L through this point. See Step 1 of
Algorithm 3.

Claim 4. There is an optimum solution through the point (lk, k).

Proof. Consider an optimum solution that does not contain (lk, k), and let L be the right-
most line of slope n/D that intersects some point in this optimum solution. Line L must
lie on or to the right of the solution point on I ′k, hence strictly to the right of Lk. If all
points of the solution lie on L then L intersects all intervals. In this case, Lk also intersects
all intervals, and the claim holds. Otherwise, not all solution points lie on L. We will show
that the solution was not optimum. Choose a solution point (pj, j) on L such that one of
its neighbours pj−1 or pj+1 does not lie on L (note that such a point exists). Then the path
turns left at (pj, j). Since no left endpoint of an interval lies to the right of Lk, the point
(pj, j) is not at the left endpoint of I ′j. This violates Claim 2 for a locally optimum path.

The algorithm then breaks the cyclic order of intervals at Ik (see Step 2). After this
re-numbering, the left endpoint of I1 is guaranteed to be part of an optimum solution, and
we can apply the same idea that was used in Algorithm 1. The one difference is that we
add an extra copy of I1 (Step 4) so we can force the path to go through the left endpoint
of I1. See Figure 3.5(c).

Algorithm 3 clearly runs in linear time.

Theorem 5. There is a linear-time algorithm that solves the lexicographic dispersion prob-
lem for disjoint intervals on a curve.

3.3.3.2 Overlapping Intervals.

In this section we give a polynomial time algorithm for lexicographic dispersion for (pos-
sibly) overlapping intervals on a closed curve. Any optimal solution can be shifted coun-
terclockwise until one point hits the left end of its interval. This means that it suffices to
find the best solution using the left endpoint of each of the intervals; the final answer is
the lexicographic optimum among these n solutions.
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To find the optimum solution using the left endpoint li of interval Ii, we break the
cyclic order of intervals at Ii and compute left and right endpoints as clockwise distances
from reference point li. Any interval Ij that includes the point li is now broken into two
intervals, (0, lj) and (rj, D). We apply the idea of Algorithm 2 from the previous section.
Create two copies of Ii, one at the start, and one (shifted D units right) at the end, in
order to find a path using li. Then apply Algorithm 2 to find the optimum solution. The
worst case runtime is O(n4). This can no doubt be improved.

Theorem 6. There is a polynomial-time algorithm that solves the lexicographic dispersion
problem for intervals on a curve.

3.3.4 Weighted Distances.

Our algorithm extends to the case when the distances between successive pairs are weighted.
For example, in our original motivating scenario of people maintaining social distance in a
line, the neighbours of a person who is coughing may wish to keep twice as far away, so we
would apply a larger weight to the two incident distances. Let wi,i+1 ≥ 1 be the weight that
applies to the distance pi+1 − pi. Then the objective function is to lexicographically maxi-
mize the vector with values 1

wi,i+1
(pi+1 − pi) sorted from minimum to maximum. To solve

this weighted lexicographic dispersion problem, we set the vertical gaps between raised
intervals I ′i and I ′i+1 to wi,i+1. The slope of the line segment from the raised point p′i to
p′i+1 is then wi,i+1/(pi+1 − pi) so maximizing the distance vector is the same as minimizing
the slope vector, and the shortest path solution works.

3.4 Conclusions

In Section 3.2, we described a simple linear time algorithm to solve the dispersion problem
for ordered intervals on a line. Our algorithm finds the lexicographically maximum distance
vector, i.e., it finds a Pareto optimal solution where no point can move to improve its
distances from its two neighbours.

Open Problems. Araki et al. [7] consider the problem of finding k facilities on n (disjoint
and unsorted) intervals on a line such that the distance between the closest pair is max-
imized (also see Araki and Nakano [8]). They give an O((4k2)kn) time algorithm based
on a greedy approach. The authors consider it a linear time algorithm since k is assumed
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to be a fixed constant. By considering k copies of the n intervals as in Section 3.3.2, our
method gives an O(n2k2) time algorithm for the same problem. The advantage here is
that the execution time is polynomial in k and n. We leave open the possibility of faster
algorithms (say, an O(n + k) (possibly with polylogarithmic factors) time algorithm) for
this problem.
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Chapter 4

Center Problems and Farthest-site
Voronoi diagrams

Pick a flower on Earth and you
move the farthest star

Paul Dirac

In Chapter 1, we informally introduced a class of facility location problems called center
problems: problems that take as input a set S of sites and output the point that minimizes,
under some metric, the distance to the farthest site from S. The simplest problem in this
class is when the set S consists of points in the plane, and the distances are Euclidean
distances (Sylvester [98]).

This chapter first discusses some background on center problems (Section 4.1). Since
they are closely related to farthest Voronoi diagrams (defined in Chapter 2), we will discuss
both. We then describe two techniques that are indispensable in the solution of center
problems—prune-and-search (in Section 4.2), and geometric divide-and-conquer using ϵ-
nets (in Section 4.3). We will use both of these techniques for our solutions to the visibility
center problem (Chapter 5) and the geodesic edge center problem (Chapter 6).

4.1 Background

The problem of Sylvester can be solved using the farthest point Voronoi diagram—the
center is a vertex of the Voronoi diagram unless the center has only two farthest points,
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in which case it lies on an edge of the Voronoi diagram. Shamos and Hoey [92] gave an
O(n log n) time algorithm to find the farthest point Voronoi diagram and the center. There
is an Ω(n log n) lower bound for finding Voronoi diagrams of points in the plane, but the
center problem is strictly easier—Megiddo [78] used his “prune-and-search” technique to
give a linear time algorithm to find the center of a set of points in the plane. Almost
all the known algorithms for geodesic center problems end up using Megiddo’s prune-and-
search techniques in the last stages. Since Megiddo’s ideas are crucial to our algorithms,
we outline his technique for solving Sylvester’s problem in Section 4.2.

The problems we address in Chapter 5 and Chapter 6 use distances that are geodesic
rather that Euclidean, and sites that are segments (edges) rather than points. Although
that variant had not been addressed prior to this work, the two other possibilities—
segments in the plane and points in a polygon—are well-studied, as we briefly describe.

For Euclidean distances, Megiddo’s method extends to linear time algorithms to find
the center of line segments or lines in the plane [17], a problem called the “intersection
radius problem” since the center point is the center of a minimum radius disc that intersects
the given sites. The farthest Voronoi diagram of segments in the plane was considered by
Aurenhammer et al. [13] who called it a “stepchild in the vast Voronoi diagram literature”.
They gave an O(n log n) time algorithm which was improved to output-sensitive time
O(n log h), where h is the number of faces of the diagram [90].

There are algorithms to find the Euclidean center of more general sites such as convex
polygons [60], and to find the smallest disc that contains a set of discs [80] which can be
viewed as a center problem for points with additive weights, and is one of the ingredients
in the algorithms for finding the vertex center of a polygon. With regard to Voronoi
diagrams, there is an algorithm to find the farthest Voronoi diagram of disjoint polygons
in the plane [28], and more generalizations can be found in the book by Aurenhammer et
al. [14].

We now turn to geodesic distances, defined in Chapter 2. Ahn et al. [4] gave a linear
time algorithm to find the geodesic center of the vertices of a polygon [4]. The farthest
Voronoi diagram of the vertices of a polygon can be found in time O(n log log n) [87], and
in expected linear time [15]. This beats the Θ(n log n) bound for points in the plane with
Euclidean distances, but does not (yet) match the linear time bound for finding the geodesic
vertex center. More generally, for m points inside an n-vertex polygon, an algorithm to
find their farthest Voronoi diagram was first given by Aronov et al. [10] with run-time
O((n+m) log(n+m)), and improved in a sequence of papers [87, 15, 86], culminating in
an optimal run time of O(n + m logm) [102]. For the problem of finding the center of m
points in a simple polygon, we are not aware of any algorithm that beats this bound.

29



There is little prior work on geodesic centers of sites other than point sites. The
remaining part of this thesis makes a few contributions in this direction:

1. We give an O((n + m) log(n + m)) time algorithm to find the geodesic center of m
half-polygons or chords inside a polygon [72] (described in detail in Chapter 5).

Note that the geodesic center of the edges of a simple polygon is a special case of the
half-polygon problem, and our algorithm directly yields an O(n log n) time algorithm
to find the geodesic center of the edges of a polygon.

2. We give an optimal linear-time algorithm for the geodesic center of the edges of a
simple polygon. This generalizes the algorithm to find the geodesic center of the
vertices (solved by Ahn et al. in linear time).

Finally, we mention a curious difference between nearest/farthest site Voronoi diagrams
of edges in a polygon. One of the most famous and useful Voronoi diagrams is the medial
axis, which is the nearest Voronoi diagram of the edges of a polygon. The medial axis has
a host of applications, to shape and character recognition, motion planning, etc. [58], as
well as for computing (nearest) Voronoi diagrams of more complicated sites [5]. However,
the farthest Voronoi diagram of edges in a polygon has received virtually no attention.
The one exception we are aware of is for the case of convex polygons. Aurenhammer et
al. [13] conjectured a linear time algorithm for this case, since the other three variants—
the medial axis (the nearest edge Voronoi diagram), the nearest vertex Voronoi diagram,
and the farthest vertex Voronoi diagram can all be computed in linear time for a convex
polygon (Aggarwal et al. [2]). Drysdale and Mukhopadhyay [35] gave an O(n log n) time
algorithm to find the farthest edge Voronoi diagram in a convex polygon. Khramtcova and
Papadopoulou [62] gave an expected linear time algorithm to find the Euclidean farthest
segment Voronoi diagram of segments in convex position.

4.2 Megiddo’s Prune-and-Search Paradigm

We give an outline of the prune-and-search paradigm introduced by Megiddo [79]. Although
the method was introduced for solving linear programming problems in linear-time for fixed
dimensions, it is also an important tool for many types of center problems. We describe
the approach since it is used repeatedly in Chapters 5 and 6. The basic structure of such
problems is the following: Given a set S of input sites in Rd find a disk of smallest radius
that intersects/contains all the sites. This is equivalent to searching for a point in Rd from
which the maximum distance to a site is minimized.
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We explain the prune-and-search method for the minimum enclosing ball problem for
point sites. For any point x ∈ Rd, define the radius function as: r(x) := maxs∈S d(x, s). We
wish to locate a point x∗ ∈ Rd where the radius function is minimized. As the distance to
a point is a convex function, the radius function (being the maximum of convex functions)
is also convex. Furthermore, we can find a set S∗ with at most d + 1 points from S that
defines the minimum enclosing ball, such that the minimum enclosing ball of S∗ \ {s} for
s ∈ S∗ has a strictly smaller radius [78]. The points of S not in S∗ may be removed without
changing the center and radius of the minimum enclosing ball. Therefore, the points in
S \S∗ are irrelevant constraints with respect to the minimum enclosing ball problem. The
prune-and-search method systematically removes points from S that lie in S \ S∗.

Hyperplane oracles. The most important component of Megiddo’s algorithm is the
hyperplane oracle. A hyperplane oracle for the minimum enclosing ball problem takes
as input a hyperplane H in Rd, and does the following:

1. Finds a point x∗H on H that minimizes the radius function.

2. Determines if x∗ = x∗H .

3. If x∗ ̸= x∗H , finds the halfspace defined by H that contains x∗.

Notice that the oracle must first solve the problem of finding the point of minimum radius
restricted to a space of one lower dimension. Due to the convexity of the function whose
value we are trying to minimize, it can be shown that Steps 2 and 3 of the oracle are
equivalent to solving two additional versions of the problem restricted to the lower dimen-
sion [38, 78]. Basically, we solve the problem on hyperplanes H+ and H− parallel to H
and at a small distance on either side of it. Each of these solutions gives a value for the
minimum radius function and comparing these values tells us whether x∗ = x∗H , and if not,
the halfspace containing the global minimum.

Bisecting hyperplanes. We can determine a bisecting hyperplane H(a, b) for any two
points a and b in S, a plane consisting of points equidistant from a and b. If the hyperplane
oracle for H = H(a, b) determines that x∗ = x∗H , we determine the center of the minimum
enclosing ball. If x∗ ̸= x∗H , however, it allows us to prune away one of the two points a or
b. This is because in the halfspace defined by the bisecting hyperplane that contains the
point x∗, the distance to one of a or b is strictly lesser than the other. Since the center lies
on this side of the bisecting hyperplane, one of a or b must lie in S \ S∗ and is irrelevant.
This point may be pruned away.
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Megiddo’s Algorithm. Running the hyperplane oracle on a bisecting plane allows us to
prune away one point site from S. It is quite inefficient to run the oracle on each bisecting
plane. Megiddo shows how to prune away a ‘large’ number of irrelevant points using only a
‘few’ (constant for any fixed dimension) applications of the hyperplane oracle. Specifically,
for a fixed dimension d, Megiddo shows how to run the oracle on the hyperplanes in a
constant-sized set Q to prune away a constant fraction of points in S.

• While the size of S is greater than some fixed constant c:

1. Arbitrarily pair up the points in S

2. Determine the set HB containing bisecting hyperplanes for each pair

3. Run the hyperplane oracle on a set Q (where |Q| = s(d) independent of n) to
narrow down the location of x∗ to a region C in space that intersects at most a
constant fraction f(d) (independent of n) of hyperplanes from the set HB

4. For each bisecting plane of HB that does not intersect C, remove a corresponding
irrelevant point from S

• Solve the center problem directly for a problem of size c

Since the region C avoids at least a constant fraction of the bisecting hyperplanes, one
point from the pair corresponding to each such bisecting hyperplane is irrelevant at x∗ and
may be pruned. To obtain such a region, we may use the original methods of Megiddo [78],
Dyer [40], or more modern methods using cuttings defined in Section 4.3 (See Lemma 9).
Thus the size of the problem is reduced by a constant fraction.

The recurrence for the runtime is:

T (n, d) ≤ 3s(d)T (n− 1, d) + T (1+f(d)
2

n, d) +O(nd)

The above recurrence solves to T (n, d) < K22dn where K is an ablsolute constant
independent of both d and n. Thus, the time taken by the algorithm to determine the
center is linear in n. Although the dependence on d is doubly exponential, it is constant
for any fixed d.

Generalizing to other center problems. The prune and search paradigm may be
generalized to many other types of center problems. Some examples include intersection
radius problems [17] and finding the smallest ball that contains a set of balls [80].
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For prune-and-search to be applicable, the distance function to the sites must be a
convex function, and a constant number of sites define the final solution (in the plane,
three points defined the minimum enclosing ball). We must find a point to minimize
the distance to the farthest site. The hyperplane oracle is defined analogously for the
problem—given a hyperplane H, we solve a restricted version of the problem on H before
determining the halfspace defined by H that contains the optimum. We also need the
bisector between any pair of sites to be a hyperplane (this sometimes requires a non-trivial
transformation of the problem [80, 40]). Once we have a set of bisecting hyperplanes, the
same ideas as before (running the oracle on a constant number of hyperplanes to prune a
constant fraction of irrelevant input sites) provide a solution to the center problem being
solved.

4.3 Overview of ϵ-Nets

Next, we give a brief overview of ϵ-nets and their use in geometric divide-and-conquer
algorithms. For more details, we refer to the paper by Haussler and Welzl [54], the survey
by Mustafa and Varadarajan [99, Chapter 47], and the book by Mustafa [84].

A range space is a pair (X,R) where X is a ground set of elements and R is a set
of subsets of X. We refer to the elements of R as the ranges of the range space. For
any ϵ between 0 and 1, an ϵ-net for the range space (X,R) is a subset N ⊆ X with the
following property: for every range R in R with |R| ≥ ϵ|X|, we have N ∩ R ̸= ϕ. We use
this as:

if N ∩R = ϕ, then |R| < ϵ|X| (4.1)

The size of the ϵ-net directly controls the number of subproblems in the divide and
conquer algorithm. Efficient algorithms using this approach require an ϵ-net of small size.
One way to guarantee constant sized ϵ-nets is using combinatorial properties like the VC-
dimension or shattering dimension.

Consider the range space (X,R). For a set A ⊆ X, the restriction of the ranges
to A, denoted R|A, is defined to be {A ∩R : R ∈ R}. A set A is shattered by the range
space (X,R) if R|A is the power set of A. The VC-dimension of a range space (X,R)
is the maximum size of a set that can be shattered by the range space. If a range space
can shatter sets of arbitrarily large size, it has infinite VC-dimension.

The shattering dimension of the range space (X,R) is the minimum number d such
that for all m and for all sets A ⊆ X with |A| = m, we have |R|A| ∈ O(md). Equivalently,
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this says that the number of ranges when restricted to any subset of sizem is upper bounded
by a polynomial in m of degree equal to the shattering dimension. Usually, upper bounds
for the shattering dimension can be found more readily than those for the VC-dimension,
and upper bounds on the shattering dimension imply upper bounds on the VC-dimension,
as expressed by the following restatement of Lemma 5.14 from Har-Peled [52]:

Lemma 7. If a range space has shattering dimension d, its VC-dimension is bounded by
O(d log d), specifically by 12d ln (6d).

In the next lemma, we state the result of Haussler and Welzl [54] that a range space
(X,R) of finite VC dimension has constant-sized ϵ-nets. For a divide and conquer algorithm
we also need an algorithm to find an ϵ-net of constant size. Such a deterministic algorithm1

was given by Matousek [76] for any range space of shattering dimension d that has a
subspace oracle which is defined to be a deterministic algorithm that, given a subset
X ′ ⊆ X, computes the set R|X′ in time O(|X ′|(d+1)).

We summarize the results of Haussler and Welzl [54] and Matousek [74] in the following
lemma. Other sources for these results include the survey by Mustafa and Varadarajan [99,
Chapter 47, Theorem 47.4.3], and the textbook by Mulmuley [83].

Lemma 8. A range space (X,R) of finite VC-dimension has ϵ-nets of size O(1
ϵ

log 1
ϵ
).

Furthermore, if the range space has a subspace oracle then such an ϵ-net can be found in
deterministic time O(|X|).

In many geometric settings, the ground set consists of hyperplanes. In such cases, an
ϵ-net N determines a hyperplane arrangement that partitions the space and suggests a
divide and conquer approach based on the cells of this partition, called a cutting [25, 75].
For cuttings, we have the following lemma(See Mustafa and Varadarajan [99, Chapter 47,
Theorem 47.4.3]):

Lemma 9. For any given set of n hyperplanes in Rd, there exists a partition of Rd into
O(rd) interior disjoint simplices such that the interior of each simplex intersects at most n

r

hyperplanes. These simplices (together with the list of hyperplanes intersecting the interior
of each simplex) can be found in O(nrd−1) time.

1A randomized algorithm is easier to obtain, but we need the stronger deterministic result.
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Chapter 5

The Visibility Center of a Simple
Polygon

1

“What makes the desert
beautiful,” said the little prince,
“is that somewhere it hides a
well”

The Little Prince,
Antoine de Saint-Exupery

Suppose you want to guard a polygon and you have many sensors but only one guard
to check on the sensors. The guard must be positioned at a point cV in the polygon such
that when any sensor sends an alarm, the guard travels from cV on a shortest path inside
the polygon to see the point u where the sensor sending the alarm is located; the goal is
to minimize the maximum distance the guard must travel. More precisely, we must choose
cV to minimize the maximum, over points u, of the geodesic distance from cV to a point
that sees u. The optimum guard position cV is called the visibility center of the set U of
possible query points. See Figure 5.1. We give an O((n + m) log (n+m)) time algorithm
to find the visibility center of a set U of size m in an n-vertex simple polygon. To find the
visibility center of all points inside a simple polygon, we can restrict our attention to the
vertices of the polygon, which yields an O(n log n) time algorithm.

1Based on joint work with Anna Lubiw. Published in the paper ‘The Visibility Center of a Simple
Polygon’ at the European Symposium on Algorithms (ESA), 2021 ([71]).
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Figure 5.1: (left) Point cV is the visibility center of points U = {u1, . . . , u6}. Starting
from cV , the three points we need to travel (equally) farthest to see are u1, u3 and u5. The
shortest paths (in blue) to see these points must reach the half-polygons bounded by the
chords (in red) emanating from the points. (right) Equivalently, cV is the geodesic center
of five half-polygons (each shown as a red boundary chord shaded on one side).

To the best of our knowledge, the idea of visibility centers is new, though it is a
very natural concept that combines two significant branches of computational geometry:
visibility problems [47]; and center problems and farthest Voronoi diagrams [14].

Inside a polygon the relevant distance measure is not the Euclidean distance but rather
the shortest path, or geodesic, distance. The geodesic center of a simple polygon is a point
p that minimizes the maximum geodesic distance from p to any point q of the polygon, or
equivalently, the maximum geodesic distance from p to any vertex of the polygon. Pollack,
Sharir, and Rote [91] gave an O(n log n) time divide-and-conquer algorithm to find the
geodesic center of a polygon. Our algorithm builds on theirs. A more recent algorithm
by Ahn et al. [4] finds the geodesic center of a polygon in linear time. It seems hard
to extend their results to obtain more efficient results for the visibility center problem.
Another notion of the center of a polygon is the so-called link center, which can be found
in O(n log n) time [32].

Our Results. The distance to visibility from a point x to point u in P , denoted
dV (x, u) is the minimum distance in P from x to a point y such that y sees u. For a set of
points U in P , the visibility radius of x with respect to U is rV (x, U) := max{dV (x, u) :
u ∈ U}. The visibility center cV of U is a point x that minimizes rV (x, U). Our main
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result is:

Theorem 10. There is an algorithm to find the visibility center of a point set U of size m
in a simple n-vertex polygon P with run-time O((n+m) log(n+m)).

It is an open problem to find visibility centers in other domains (say, polyhedral terrains
or polygons with holes).

The key to our algorithm is to reformulate the visibility center problem in terms of
distances to certain half-polygons inside the polygon. We illustrate the idea by means of
the example in Figure 5.1 where the visibility center of the 6-element point set U is the
geodesic center of a set of five half-polygons.

More generally, we will reduce the problem of finding the visibility center to the problem
of finding a geodesic center of a linear number of half-polygons. The input to this problem
is a set H of k half-polygons (see Section 5.1 for precise definitions) and the goal is to find
a geodesic center c that minimizes the maximum distance from c to a half-polygon. More
precisely, the geodesic radius from a point x to H is r(x,H) := max{d(x,H) : H ∈ H},
and the geodesic center c of H is a point x that minimizes r(x,H). Our second main
result is:

Theorem 11. There is an algorithm to find the geodesic center of a set H of k half-polygons
in a simple n-vertex polygon P with run-time O((n+ k) log(n+ k)).

Our algorithm extends the divide-and-conquer approach that Pollack et al. [91] used to
compute the geodesic center of the vertices of a simple polygon.

Our main motivation for finding the geodesic center of half-polygons is to find the visi-
bility center, but the geodesic center of half-polygons is of independent interest. Euclidean
problems of a similar flavour are to find the center (or the farthest Voronoi diagram) of line
segments or convex polygons in the plane [17, 60]. These problems are less well-studied
than the case of point sites (e.g., see [13] for remarks on this). The literature for geodesic
centers is even more sparse, focusing almost exclusively on geodesic centers of points in
a polygon. It is thus interesting that the center of half-polygons inside a polygon can be
found efficiently. As a special case, we can find the geodesic center of the edges of a simple
polygon in O(n log n) time.

For more background on center problems, please see Chapter 4.

There are algorithms for the “quickest visibility problem”—to find the shortest path
from point s to see point q, and to solve the query version where s is fixed and q is a query
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point [9, 101]. For a simple polygon [9], the preprocessing time and space are O(n) and the
query time is O(log n). We do not use these results in our algorithm to find the visibility
center cV , but they are useful afterwards to find the actual shortest path from cV to see a
query point.

A more basic version of our problem is to find, if there is one, a point that sees all
points in U . The set of such points is the kernel of U . When U is the set of vertices, the
kernel can be found in linear time [65]. For a general set U of size m, Ke and O’Rourke [61]
gave an O(n + m log(n + m)) time algorithm to compute the kernel, and we use some of
their results in our algorithm.

Another problem somewhat similar to the visibility center problem is the watchman
problem [30, 34]—to find a minimum length tour from which a single guard can see the
whole polygon. Our first step is similar in flavour to the first step for the watchman
problem, namely, to replace the condition of “seeing” everything by a condition of visiting
certain “essential chords”.

Background on visibility can be found in Chapter 2. The reduction from the visibility
center problem to the geodesic center of half-polygons is in Section 5.2. The run time is
O((n+m) log(n+m)). The algorithm that proves Theorem 11 (finding the geodesic center
of half-polygons) is in Section 5.3. Together these prove Theorem 10 (finding the visibility
center).

5.1 Preliminaries

We refer to Chapter 2 for an introduction to standard notions from computational geom-
etry.

Any chord in P divides it into two weakly simple half-polygons. A half-polygon will
be specified by its defining chord (p, q) with the convention that the half-polygon contains
the path clockwise from p to q. For half-polygon H, the geodesic distance d(x,H) is
the minimum distance from x to a point in H.

The distance to visibility from x to u, denoted dV (x, u) is the minimum distance
from x to a point y such that y sees u. If x sees u, then this distance is 0.

If x does not see u, the distance to visibility is the distance from x to the half-polygon
defined as follows. Let r be the last reflex vertex on the shortest path from x to u. Extend
the ray −→ur from r until it hits the polygon boundary ∂P at a point p to obtain a chord rp
(an edge of the visibility polygon of u). Of the two half-polygons defined by rp, let H(u, r)
be the one that contains u. See Figure 5.1. For such points x, we have:
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Observation 12. dV (x, u) = d(x,H(u, r)).

In the remainder of this section we establish the basic result that the visibility center of
a set of points U and the geodesic center of a set of half-polygons H are unique except in
very special cases, and that two or three tight constraints suffice to determine the centers.
We explain this for the geodesic center of half-polygons, but the same argument works for
the visibility center (or, alternatively, one can use the reduction from the visibility center
to the geodesic center in Section 5.2). Note that if the geodesic radius is 0, then any point
in the intersection of the half-polygons is a geodesic center.

Claim 13. Suppose that the geodesic radius r satisfies r > 0. There is a set H′ ⊆ H of
two or three half-polygons such that the set of geodesic centers of H is equal to the set of
geodesic centers of H′ and furthermore

1. if H′ has size 3 then the geodesic center is unique (e.g., see Figure 5.1)

2. if H′ has size 2 then either the geodesic center is unique or the two half-polygons of
H′ have chords that are parallel and the geodesic center consists of a line segment
parallel to them and midway between them.

The proof of this claim depends on a basic convexity property of the geodesic distance
function that was proved for the case of distance to a vertex by Pollack et al. [91, Lemma
1] and that we extend to a half-polygon.

Figure 5.2: Proving that d(x,H) is a convex function of d(a, x).
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Lemma 14. For any half-polygon H, the distance function d(x,H) is geodesically convex.
Furthermore, on any geodesic path π(a, b) with a and b outside H, the minimum of d(x,H)
occurs at a point or along a line segment parallel to h, the defining chord of H.

Proof. Pollack et al. [91] proved the version of this where H is replaced by a point—in
particular, they proved that the distance function is strictly convex which implies that the
minimum occurs at a point.

If a and b are inside H, then so is π(a, b) and the distance function is zero at every
point on π(a, b).

So suppose a /∈ H. If b ∈ H, the path π(a, b) first intersects H at some point b∗ on the
defining chord h of H. For every point y ∈ π(b∗, b), d(y,H) = 0. So we initially restrict
our attention to points b that do not lie in the interior of H. It is possible that π(a, b)
coincides with h on a subinterval of h. For points x ∈ π(a, b) that lie on h we think of the
path π(x,H) as 0-length segments perpendicular to h at x.

The shortest paths π(x,H) for x ∈ π(a, b) reach a subinterval [h1, h2] of h. See Fig-
ure 5.2. In case this subinterval is a single point, i.e., h1 = h2, the convexity result of
Pollack et al. proves the lemma. Otherwise, since shortest paths do not cross, there are
points c and d on π(a, b) such that for x ∈ π(a, c) the path π(x,H) arrives at h1, for
x ∈ π(c, d) the path π(x,H) is a straight line segment reaching h at a right angle, and for
x ∈ π(d, b) the path π(x,H) arrives at h2. The convexity result of Pollack et al. applies to
the paths arriving at the points h1 and h2.

It remains to consider x ∈ π(c, d). As x moves along π(c, d), the endpoint of π(x,H)
moves continuously with a one-to-one mapping along the segment [h1, h2]. Since the curve
π(c, d) is convex, this implies that d(x,H) is a convex function of d(a, x) for x ∈ π(c, d).
Furthermore, the minimum is unique unless a segment of the geodesic is parallel to h.

Finally, one can verify that convexity holds at the points c and d, i.e., that the three
convex functions join to form a single convex function.

Because the intersection of geodesically convex sets is geodesically convex, and the
maximum of geodesically convex functions is geodesically convex, we get the following
consequences.

Corollary 14.1. The geodesic radius function r(x,H) is geodesically convex. The geodesic
ball B(t,H) := {x ∈ P : d(x,H) ≤ t} for any half-polygon H, and the geodesic ball
B(t) := {x ∈ P : r(x,H) ≤ t} are geodesically convex.
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Proof of Claim 13. The set of geodesic centers is C := {x ∈ P : d(x,H) ≤ r for all H ∈
H}. By Corollary 14.1, C is geodesically convex. If C contains two distinct points x1
and x2 then it contains the geodesic path γ = π(x1, x2). By Lemma 14, along γ, for each
H ∈ H, the minimum of the distance function d(x,H) occurs at a point or along a line
segment parallel to h. This implies that γ can only be a single line segment parallel to two
of the half-polygons of H, which is Case 2 of the Claim.

For Case 1, let us now suppose that C consists of a single point. Because the boundary
of each geodesic ball {x ∈ P : d(x,H) ≤ r} consists of circular arcs and line segments,
the single point C is uniquely determined as the intersection of some circular arcs and line
segments, and three of those suffice to determine the point.

5.2 Reducing the Visibility Center to the Center of

Half-Polygons

In this section we reduce the problem of finding the visibility center of a set of points U in
a polygon P to the problem of finding the geodesic center of a linear number of “essential”
half-polygons H, which is solved in Section 5.3.

By Observation 12 (and see Figure 5.1) the visibility center of U is the geodesic center
of the set of O(mn) half-polygons H(u, r) where u ∈ U , r is a reflex vertex of P that sees
u, and H(u, r) is the half-polygon containing u and bounded by the chord that extends
−→ur from r until it hits ∂P at a point t. Note that finding t is a ray shooting problem and
costs O(log n) time after an O(n) time preprocessing step [55].

However, this set of half-polygons is too large. We will find a set H of O(n) “essential”
half-polygons that suffice, i.e., such that the visibility center of U is the geodesic center of
the half polygons of H. In fact, we give two possible sets of essential half-polygons, Hreflex

and Hhull, where the latter set can be found more efficiently. Although the bottleneck is
still the algorithm for geodesic center of half-polygons, it seems worthwhile to optimize the
reduction.

We first observe that any half-polygon that contains another one is redundant. For
example, in Figure 5.1, H(u4, r4) is redundant because it contains H(u5, r4). At each reflex
vertex r of P , there are at most two minimal half-polygons H(u, r). Define Hreflex to be
this set of minimal half-polygons. Note that Hreflex has size O(nr) where nr is the number
of reflex vertices of P .
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Observe that for the case of finding the visibility center of all points of P , Hreflex consists
of the half-polygons H(v, r) where (v, r) is an edge of P , so Hreflex can be found in time
O(n+ nr log n).

For a point set U , the set Hreflex was also used by Ke and O’Rourke [61] in their
algorithm to compute the kernel of point set U in polygon P . (Recall from the Introduction
that the kernel of U is the set of points in P that see all points of U .) They gave a sweep
line algorithm (“Algorithm 2”) to find Hreflex in time O((n+m) log(n+m)). To summarize:

Proposition 15. The geodesic center of Hreflex is the visibility center of U . Furthermore,
Hreflex can be found in time O((n+m) log(n+m)).

In the remainder of this section we present a second approach using Hhull that provides
the solution in O(n+m logm) time (thus effectively eliminating an O(n log n) term). This
does not change the runtime to find the visibility center, but it means that improving
the algorithm to find the geodesic center of half-polygons will automatically improve the
visibility center algorithm. The idea is that Hreflex is wasteful in that a single point u ∈ U
can give rise to nr half-polygons. Note that we really only need three half-polygons in an
essential set, though the trouble is to find them!

We first eliminate the case where the kernel of U is non-empty (i.e., the visibility
radius rV = 0) by running the O(n + m log(n + m)) time kernel-finding algorithm of Ke
and O’Rourke [61]. Next we find Hhull in two steps. First make a subset H0 as follows.
Construct R, the geodesic convex hull of U in P in time O(n + m log(m + n)) [50, 100].
For each edge (u, r) of R where u ∈ U and r is a reflex vertex of P , put H(u, r) into H0.
Note that H0 has size O(min{nr,m}) so ray shooting to find the endpoints of the chords
H(u, r) takes time O(n+min{nr,m} log n). Unfortunately, as shown in Figure 5.3, H0 can
miss an essential half-polygon.

Next, construct a geodesic center c0 of H0 using the algorithm of Section 5.3. (Note
that the geodesic center can be non-unique and in such cases c0 denotes any one point
from the set of geodesic centers.) Then repeat the above step for U ∪{c0}. More precisely,
construct R′, the geodesic convex hull of U ∪{c0} in P and for each edge (u, r) of R′ where
u ∈ U and r is a reflex vertex of P , add H(u, r) to H0. This defines Hhull. Again, Hhull

has size O(min{nr,m}) and ray shooting costs O(n+ min{nr,m} log n).

Theorem 16. Suppose the kernel of U is empty. Then the geodesic center of Hhull is the
visibility center of U . Furthermore Hhull can be found in time O(n + m log(n + m)) plus
the time to find the geodesic center of O(min{nr,m}) half-polygons.
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Figure 5.3: The geodesic convex hull of U = {u1, . . . , u5} is shaded grey. H0 consists of the
two half-polygons H(u2, r2) and H(u3, r3) (with solid red chords), but misses H(u1, r1),
which is essential for the visibility center cV . The point c0 denotes a geodesic center of H0.

Proof. The run-time was analyzed above. Consider the visibility center cV . By assumption,
rV > 0. We consider the half-polygons H(u, r) ∈ Hreflex such that rV = d(cV , H(u, r)).
By Claim 13 either there are three of these half-polygons, H1, H2 and H3, that uniquely
determine cV , or there are two, H1 and H2, that determine cV . Then cV is the geodesic
center of Hi i = 1, 2, 3 or i = 1, 2 depending on which case we are in. Let Hi = H(ui, ri).

If all the Hi’s are in H0, we are done. We will show that at least two are in H0 and the
third one (if it exists) is “caught” by c0. See Figure 5.3. Let hi be the chord defining Hi

and let H i be the other half-polygon determined by hi.

Claim 17. If U contains a point in H i, then (ui, ri) is an edge of R so Hi ∈ H0.

Proof. Let u be a point in H i. Observe that π(ui, u) contains the segment uiri. Thus ri is
a vertex of R. Furthermore uiri is an edge of R. (Note that Hi is extreme at r since we
picked it from Hreflex.) Thus Hi is in H0.

Claim 18. At least two of the Hi’s lie in H0.

Proof. First observe that if two of the half-polygons are disjoint, say Hi and Hj, then they
lie in H0, because ui ∈ Hi implies ui ∈ Hj so by Claim 17, Hi ∈ H0, and symmetrically,
Hj ∈ H0.

We separate the proof into cases depending on the number of Hi’s. If there are two then
they must be disjoint otherwise a point in their intersection would be a visibility center
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with visibility radius rV = 0, which contradicts the fact that the kernel is empty. Then by
the above observation, they are both in H0.

It remains to consider the case of three half-polygons. If two are disjoint, we are done, so
suppose each pair Hi, Hj intersects. Then the three chords hi form a triangle. Furthermore,
since

⋂
H i is non-empty (it contains cV ), the inside of the triangle is

⋂
H i. Now suppose

H1 /∈ H0. Then by Claim 17, u2, u3 ∈ H1. This implies (see Figure 5.3) that u2 ∈ H3 and
u3 ∈ H2, so by Claim 17, H2 and H3 are in H0.

We now complete the proof of the theorem. We only need to consider the case of
three Hi’s, where one of them, say H1, is not in H0. Our goal is to show that c0, the
geodesic center of H0, lies in H1 and thus H1 is in Hhull. Let X = {x ∈ P : d(x,H2) ≤
rV and d(x,H3) ≤ rV }. Observe that c0 ∈ X (because the radius is non-increasing as
we eliminate half-polygons). Now, cV is the unique point within distance rV of the half-
polygons H1, H2 and H3. If c0 ∈ H1, then c0’s distance to H1 would be 0 which contradicts
the uniqueness property of cV . Thus c0 ∈ H1. By the same reasoning as in Claim 17, this
implies that u1r1 is an edge of R′, the geodesic convex hull of U ∪{c0}. Thus H1 is in Hhull

by definition of Hhull.

5.3 The Geodesic Center of Half-Polygons

In this section, we give an algorithm to find the geodesic center of a set H of k half-polygons
inside an n-vertex polygon P with run time O((n + k) log(n + k)). (Note that although
we say “the” geodesic center, it need not be unique, see Claim 13.) A half polygon is
defined by a chord ab formed by two mutually visible points on the polygon boundary.
If we assign a clockwise orientation to the polygon boundary, the polygon chain for the
half-polygon either goes clockwise from a to b, or from b to a. The ‘first endpoint’ for the
former half-polygon is a and for the latter half-polygon is b. We preprocess by sorting
the half-polygons in cyclic order of their first endpoints around ∂P in time O(k log k). We
assume that no half-polygon contains another—such irrelevant non-minimal half-polygons
can be detected from the sorted order and discarded. We also make the general position
assumption that no point in P has equal non-zero distances to more than a constant
number of half-polygons of H.

We follow the approach that Pollack et al. [91] used to find the geodesic center of the
vertices of a polygon. Many steps of their algorithm rely, in turn, on search algorithms of
Megiddo’s [78].
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The main ingredient of the algorithm is a linear time chord oracle that, given a chord
K = ab of the polygon, finds the relative geodesic center, cK (the optimum center point
restricted to points on the chord), and tells us which side of the chord contains the center.
We must completely redo the chord oracle in order to handle paths to half-polygons instead
of vertices, but the main steps are the same. Our chord oracle runs in time O(n+ k). The
chord oracle of Pollack et al. was used as a black box in subsequent faster algorithms [4], so
we imagine that our version will be an ingredient in any faster algorithm for the geodesic
center of half-polygons.

Using the chord oracle, we again follow the approach of Pollack et al. to find the geodesic
center. The total run time is O((n+ k) log(n+ k)).

We give a road-map for the remainder of this section, listing the main steps, which are
the same as those of Pollack et al., and highlighting the parts that we must rework.

§ 5.3.1 A Linear Time Chord Oracle

1. Test a candidate center point. Given the relative geodesic center cK on chord K = ab,
is the geodesic center to the left of right of chord K? This test reduces the chord
oracle to finding the relative geodesic center, which is done via the following steps.

2. Find shortest paths from a and from b to all half-polygons. The details of this step
are novel, because we need shortest paths to half-polygons rather than vertices.

3. Find a linear number of simple functions defined on K whose upper envelope is the
geodesic radius function. We must redo this from the ground up.

4. Find the relative center on K (the point that minimizes the geodesic radius function)
using Megiddo’s technique.

§ 5.3.2 Finding the Geodesic Center of Half-Polygons

1. Use the chord oracle to find a region of P that contains the center and such that for
any half-polygon H ∈ H, all geodesic paths from the region to H are combinatorially
the same. We give a more modern version of this step using epsilon nets.

2. Solve the resulting Euclidean problem of finding a smallest disk that contains given
disks and intersects given half-planes. This is new because of the condition about
intersecting half-planes.
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5.3.1 A Linear Time Chord Oracle

In this section we give a linear time chord oracle. Given a chord K = ab the chord oracle
tells us whether the geodesic center of H lies to the left, to the right, or on the chord K.
It does this by first finding the relative geodesic center cK = argmin{r(x,H) : x ∈ K},
together with the half-polygons that are farthest from cK and the first segments of the
shortest paths from cK to those farthest half-polygons. From this information, we can
identify which side of K contains the geodesic center c in the same way as Pollack et
al. by testing the vectors of the first segments of the shortest paths from cK to its furthest
half-polygons. This test is described in subsection 5.3.1.1.

The chord oracle thus reduces to the problem of finding the relative geodesic center and
its farthest half-polygons. The main idea here is to capture the geodesic radius function
along the chord (i.e., the function r(x,H) for x ∈ K) as the upper envelope of a linear
number of easy-to-compute convex functions defined on overlapping subintervals of K. In
order to find the functions (Section 5.3.1.3) we first compute shortest paths from a and
from b to all the half-polygons (Section 5.3.1.2). Finally we apply Megiddo’s techniques
(Section 5.3.1.4) to find the point cK on K that minimizes the geodesic radius function.

We will thus prove the following lemma:

Lemma 19. There is a linear-time (i.e. O(n+k) time) chord oracle for the geodesic center
of k half-polygons in an n vertex simple polygon.

5.3.1.1 Testing a Candidate Center Point

In this section we show how to test in constant time whether a candidate point is a geodesic
center, or relative center, and if not, in which direction the center lies. The basic idea is
that a local optimum is a global optimum, so a local test suffices. In more detail, the input
is a point x on a chord K = ab (K is part of the input) together with its geodesic radius
r(x,H) and the first segments of the shortest paths from x to its farthest half-polygons.
The goal is to test in constant time: (1) whether x is a relative geodesic center of K, and if
not, which direction to go on K to reach a relative center; and (2) if x is a relative geodesic
center, whether x is a geodesic center of P , and if not, which side of K contains a geodesic
center of P . These tests are illustrated in Figure 5.4. Note that if r(x,H) is zero, then x
is a geodesic center and no further work is required.

The tests are accomplished via the following lemma, which is analogous to Lemmas 2
and 3 of Pollack et al. [91].
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Figure 5.4: Points xi on chord K = ab with directions of paths to farthest half-polygons
in dashed blue, wedge Wα shaded, the direction for improvement in dotted red. (a) x1 is
not a relative center of K, whereas x2 is a relative center but not the geodesic center of P .
(b,c) x3 (a reflex vertex of the polygon) and x4 are geodesic centers.

Lemma 20. Let x be a point on chord K, and let V be the vectors of the first segments of
the shortest paths from x to its farthest half-polygons F . Let α be the smallest angle of a
wedge Wα with apex x that contains all the vectors of V and such that Wα, restricted to a
small neighbourhood of x, is contained in P .

1. Location of the relative center. Let L be the line through x perpendicular to K.
If one of the open half-planes determined by L contains Wα, then x is not a relative
center, and all relative centers lie on that side of L. Otherwise, x is a relative center.

2. Location of the center. Now suppose that x is a relative geodesic center. If α < π
then x is not a geodesic center, and all geodesic centers lie on the side of K that
contains the ray bisecting the angle of Wα. If α > π, then x is the unique geodesic
center, and furthermore, x is determined by two or three vectors of V—the two that
bound Wα, plus one inside Wα unless x is on the boundary of P . Finally, if α = π
then x is a geodesic center (though not necessarily unique), and furthermore, x is
determined by the two vectors of V that bound Wα.

Proof. We prove the two parts separately.

1. SupposeWα lies in an open half-plane determined by L (say, the right side of L). Then
moving x an epsilon distance left along K gives a point with smaller geodesic radius
since the distance to any half-polygon in F decreases, and no other half-polygon
becomes a farthest half-polygon. Therefore x is not a relative center. Furthermore,
because the geodesic radius function r(x,H) is convex on K (by Corollary 14.1), the
relative center lies to the left on K.

Next suppose Wα does not lie in an open half-plane of L. Then any epsilon movement
of x along K increases the distance to some half-polygon in F , so x is a local minimum
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on K and therefore x is the relative center (again using the face that the geodesic
radius function is convex on K).

2. Suppose α < π. Let b be the ray that bisects Wα. Moving x an epsilon distance
along b gives a point x′ with smaller geodesic radius. Therefore x is not the center.
Next we prove that the center c lies on the side of K that contains b. Suppose not.
Consider the geodesic π(c, x′). By Corollary 14.1, the geodesic radius function is
convex on π(c, x′). But then the point where the geodesic crosses K has a smaller
geodesic radius than x, a contradiction to x being the relative center.

Next suppose α > π. Let v1 and v2 be the two vectors that bound Wα. If x is on the
boundary of P it must be at a reflex vertex of P . Otherwise, since no smaller wedge
contains V , there must be a third vector v3 in V , making an angle < π with each
of v1 and v2. In either case (x on the boundary of P or not) any epsilon movement
of x in P increases the distance to the half-polygon corresponding to one of the vi’s.
Thus x is a local minimum in P and (by geodesic convexity of the radius function)
x is the center. Furthermore, x is determined by v1 and v2—and v3 if x is interior to
P .

Finally, suppose α = π. As in the previous case, x is a geodesic center and is
determined by the two vectors v1 and v2 of V that bound Wα. Furthermore, x is
unique unless the two corresponding half-polygons have parallel defining chords, and
v1 and v2 reach those chords at right angles. In this case the set of geodesic centers
consists of a line segment through x parallel to the chords.

5.3.1.2 Shortest Paths to Half-Polygons

In this section we give a linear time algorithm to find the shortest path tree from point a on
the polygon boundary to all the half-polygons H. Recall that each half-polygon is specified
by an ordered pair of endpoints on ∂P , and the half-polygons are sorted in clockwise cyclic
order by their first endpoints. From this order, we identify the half-polygons that contain
a, and we discard them—their distance from a is 0. Let H1, . . . , Hk′ be the remaining half-
polygons where Hi is bounded by endpoints piqi, and the Hi’s are sorted by pi, starting at
a.

The idea is to first find the shortest path map Ta from a to the set consisting of the
polygon vertices and the points pi and qi, for all i. Recall that the shortest path map
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is an augmentation of the shortest path tree that partitions the polygon into triangular
regions in which the shortest path from a is combinatorially the same (see Figure 5.5).
The shortest path map can be found in linear time [49]. Note that Ta is embedded in the
plane (none of its edges cross) and the ordering of its leaves matches their ordering on ∂P .
Our algorithm will traverse Ta in depth-first order, and visit the triangular regions along
the way.

Our plan is to augment Ta to a shortest path tree T̄a that includes the shortest paths
from a to each half-polygon Hi. Note that T̄a is again an embedded ordered tree. We can
find π(a,Hi) by examining the regions of the shortest path map intersected by piqi. These
lie in the funnel between the shortest paths π(a, pi) and π(a, qi). Note that edges of the
shortest path map Ta may cross the chord piqi. Also, the funnels for different half-polygons
may overlap. The key to making the search efficient is the following lemma:

Lemma 21. The ordering H1, H2, . . . , Hk′ matches the ordering of the paths π(a,Hi) in
the tree T̄a.

Proof. Consider two half-polygons Hi = piqi and Hj = pjqj, with i < j. We prove that
π(a,Hi) comes before π(a,Hj) in T̄a. If Hi and Hj are disjoint, the result is immediate
since the corresponding funnels do not overlap. Otherwise (because neither half-polygon is
contained in the other) piqi and pjqj must intersect, say at point x. See Figure 5.5. Let ti
and tj be the terminal points of the paths π(a,Hi) and π(a,Hj), respectively. If ti lies in
pix and tj lies in xqj then the result follows since ti and tj lie in order on the boundary of
the truncated polygon formed by removing Hi and Hj. So suppose that tj lies in pjx (the
other case is symmetric). Then π(a, tj) crosses piqi at a point z in pix. From z to tj the
path π(a, tj) lies inside the cone with apex x bounded by the rays from x through z and
from x through tj. Within that cone, the path only turns left. The angle αj at tj is ≥ 90◦

(it may be > 90◦ if tj = pj), which implies that the angle αi at z is > 90◦. Therefore ti lies
to the left of z, as required.

Based on the lemma, the algorithm traverses the regions of the shortest path map Ta
in depth first search order, and traverses the half-polygons Hi in order i = 1, 2, . . . , k′. It is
easy to test if one region contains the shortest path to Hi (either to pi, or to qi, or reaching
an internal point of piqi at a right angle); if it does, we increment i, and otherwise we
proceed to the next region. The total time is O(n+ k).

5.3.1.3 Functions to Capture the Distance to Farthest Half-Polygons
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Figure 5.5: The shortest path map Ta (thin blue) and the augmentation (dashed red) to
include shortest paths to the two half-polygons bounded by chords piqi and pjqj (thick
red).

In this section we capture the geodesic radius function for points on a chord K = ab as the
upper envelope of functions defined on overlapping subintervals of K. Besides extending
the method of Pollack et al. [91] to deal with half-polygons (rather than vertices), our aim
is to give a clearer and easier-to-verify presentation.

In more detail, we give a linear time algorithm to find a linear number of easy-to-
compute convex functions defined on the chord K = ab whose upper envelope is the
geodesic radius function r(x,H) for x ∈ K. Specifically, a coarse cover for a chord K
is a set of triples (I, f,H) where:

1. I is a subinterval of K, f is a function defined on domain I, and H ∈ H.

2. f(x) = d(x,H) for all x ∈ I, and f has one of the following forms:

• f(x) = 0.

• f(x) = d2(x, v) + κ where d2 is the Euclidean distance, κ is a constant, v is a
vertex of P , and the segment xv is the first segment of the path π(x,H).

• f(x) = d2(x, h̄), where d2 is the Euclidean distance, h̄ is the line through the
defining chord of H, and the path π(x,H) is the straight line segment from x
to h̄ (meeting h̄ at right angles).

3. For any point x ∈ K and any half-polygon H that is farthest from x, there is a triple
(I, f,H) in the coarse cover with x ∈ I—with the exception that if two triples have
identical I and identical f = d2(x, v) + κ then we may eliminate one of them.
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In particular, this implies that the upper envelope of the functions is the geodesic
radius, i.e., for any x ∈ K, the maximum of f(x) over intervals I containing x is
equal to r(x,H).

For intuition, see Figure 5.6, which shows several intervals and their associated func-
tions. We will find the elements of the coarse cover separately for the two pieces of the
polygon on each side of K, and then take the union of the two sets. In this section we
visualize K as horizontal and deal with the upper piece of the polygon.

Figure 5.6: An illustration of functions and intervals. For x in interval I1, d(x,H1) =
d2(x, u) + κ1. For x in I2, d(x,H1) = d2(x, v) + κ2. For x in I3, d(x,H2) = d2(x,H2).

A large coarse cover. We first describe a coarse cover of O(nk) triples and then show
how to reduce it to linear size. Consider a half-polygon H with defining chord h. Suppose
first that K does not intersect H, i.e., a and b lie outside H. All shortest paths from points
on K to H lie in the funnel Y (H) which is a subpolygon bounded by the chord K, the
path π(a,H) (which is a path in T̄a), the path π(b,H) (in T̄b), and the segment along h
between the terminals of those two paths. See Figure 5.7. If the paths π(a,H) and π(b,H)
are disjoint then they are both reflex paths and all vertices on the paths are visible from
K (see Figure 5.7(a)). Otherwise, the paths are reflex and visible from K until they reach
the first common vertex u, and then they have a common subpath from u to H that is not
visible from K (see Figure 5.7(b)).

Before describing how to obtain triples of the coarse cover from Y (H), we first consider
the case when K intersects H, i.e., a or b lies inside H. If both a and b are inside H, then
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Figure 5.7: The funnel Y (H) (shaded) and its shortest path map which is bounded by
edge extensions (dashed segments). (a) The case of disjoint paths π(a,H) and π(b,H).
For x ∈ I1, d(x,H) = d2(x, u) + κ. For x ∈ I2, d(x,H) = d2(x, h̄). (b) The case of paths
that meet at vertex u. (c) The case where a ∈ H.

we add the triple (I = ab, f = 0, H) to the coarse cover. If b is outside but a is inside
(the other case is symmetric), then h and K intersect at a point p. If π(b,H) reaches H
below K, then H will be handled when we deal with the piece of the polygon below K.
Otherwise (see Figure 5.7(c)) we add the triple (I = ap, f = 0, H) to the coarse cover, and
we deal with the pb portion of the chord as in the general case above but modifying the
funnel Y (H) so that the path π(a,H) is replaced by p.

Each funnel Y (H) can be partitioned into its shortest path map M(H) where two
points are in the same region of M(H) if their paths to H are combinatorially the same.
(We consider a path that arrives at an endpoint of h and a path that arrives at an interior
point of h to be combinatorially different.) Observe that boundaries of the regions of M(H)
are extensions of tree edges plus lines perpendicular to h. See Figure 5.7. The regions of
M(H) are triangles, plus possibly one trapezoid. A triangle region has a base segment
I ⊆ K, and an apex vertex u on π(a,H) [or π(b,H)]; the shortest path from any point
x ∈ I to H consists of the line segment xu plus the path in T̄a [or T̄b] from u to H, so
d(x,H) = d2(x, u) + κ where κ is the tree distance from u to the leaf corresponding to H.
A trapezoid region has a base segment I ⊆ K, and two sides orthogonal to h; the shortest
path from any point x ∈ I to H consists of the line segment orthogonal to h from x to h,
so d(x,H) = d2(x, h̄) where h̄ is the line through h. Thus each region of M(H) gives rise
to a triple (I, f,H) satisfying properties (1) and (2) of a coarse cover.
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We claim that the set of triples defined above, i.e., all the triples defined from Y (H)
together with the special triples when H intersects K, form a coarse cover. Properties (1)
and (2) are satisfied, and property (3) is satisfied because we have captured all shortest
paths from x to H for all x ∈ K and all half-polygons H. Since each Y (H) has size O(n),
this coarse cover has size O(nk).

Intuition for a linear-size coarse cover. The secret to reducing the size of the coarse
cover is to observe that if the funnels for some half-polygons H′ ⊆ H share an edge uv of
T̄a with u closer to the root, and both u and v visible from K, then their shortest path
maps share the same triangle with apex u, base I, and sides bounded by the extension
of the edge from v to u and the extension of the edge from u to its parent in T̄a (see
Figure 5.8(a)). In this case, we claim that for this triangle, we only need a coarse cover
element for one of the half-polygons in H′, specifically, for one half-polygon that has the
maximum distance from v in the tree T̄a. This is because only half-polygons farthest from
v matter, and furthermore, we need not keep more than one half-polygon that has the
maximum distance because the interval I and the function f(x) = d2(x, u) + κ are the
same. We first specify the coarse cover precisely and then prove correctness, which makes
the above observation formal.

Definitions. Let T̄a and T̄b be directed from root to leaves. For any node v in T̄a define
ℓa(v) to be the maximum length of a directed path in T̄a from v to a leaf node representing
a terminal point on some half-polygon, and define Fa(v) to be that farthest half-polygon
(breaking ties arbitrarily). Define functions ℓb and Fb similarly. We can compute these
functions in linear time in leaf-to-root order. In particular, we compute ℓa(u) for the
nodes u of T̄a as follows. Initialize ℓa(u) to 0 if u represents a terminal point of a half-
polygon chord, and to −∞ otherwise. Then from leaf-to-root order, update ℓa(u) to
max{ℓa(u),max{|uv| + ℓa(v) : v a child of u}}. We can compute ℓb(u) similarly. The
runtime is O(n+ k).

Define pa(u) and pb(u) to be the parents of node u in T̄a and T̄b, respectively. As
noted by Pollack et al. [91], a vertex u is visible from some point on K if and only if
pa(u) ̸= pb(u). Furthermore, we note that if u is visible from some point on K, then
extending the edge from u through pa(u) reaches a point xa(u) on K from which u is
visible. Similarly, extending the edge from u through pb(u) reaches a point xb(u) on K
from which u is visible.

In defining the shortest path map M(H), we added boundary lines orthogonal to the
defining chord h at the terminals of the paths π(a,H) and π(b,H). If a path terminates at
an internal point of h then the last edge of the path is orthogonal to h, and the boundary line
extends the last edge. In order to avoid special cases, it will be convenient if all boundary
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lines are extensions of tree edges, i.e., to assume that even the paths that terminate at
endpoints of h end with a segment orthogonal to H. We add 0-length segments to the
trees T̄a and T̄b to make this true. The extension of such a 0-length edge is orthogonal to
H. Note that it is possible that both π(a,H) and π(b,H) terminate at the same endpoint
of h, in which case the added 0-length segment is common to both trees, so we regard the
terminal point of the paths as not visible from K. See Figure 5.8(c). (The other endpoint
of the 0-length segment may or may not be visible.)

The coarse cover T . Define T to have elements of the following four types. See Fig-
ure 5.8.

0. For each half-polygon H that intersects K there is a coarse cover element (I, f,H)
where I = K ∩H and f(x) = 0.

1. For each edge (u, v) in T̄a where u = pa(v), u ̸= a, and u and v are both visible fromK,
there is an associated a-side triangle that has apex u and base I = [xa(u), xa(v)] ⊆
K. The associated coarse cover element is (I, f,H) where H = Fa(v) and f(x) =
d2(x, u) + |uv| + ℓa(v). Define b-side triangles and their associated coarse cover
elements symmetrically.

2. For each edge (u, v) that is common to T̄a and T̄b where u is visible from K and v is
not (i.e., u = pa(v) = pb(v)) there is an associated central triangle that has apex
u and base I = [xa(u), xb(u)] ⊆ K. The associated coarse cover element is (I, f,H)
where H = Fa(v) = Fb(v) and f(x) = d2(x, u) + |uv| + ℓa(v).

3. For each half-polygon H such that the terminal points t(a,H) of π(a,H) and
t(b,H) of π(b,H) are distinct, there is a central trapezoid with base I ⊆ K
bounded by the two lines perpendicular to h emanating from t(a,H) and t(b,H)—
these lines are the extensions of the (possibly 0-length) last edges of the paths. The
associated coarse cover element is (I, f,H) where H is the given half-polygon and
f(x) = d2(x, h̄) where h̄ is the line through the defining chord of H.

Note that we include 0-length edges in cases 1 and 2 above. Altogether, T contains
O(n + k) triples—at most one associated with each edge of the trees, and at most two
associated with each half-polygon H ∈ H.

Lemma 22. T is a linear-sized coarse cover of chord K with respect to farthest half-
polygons.
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Figure 5.8: Elements of the coarse cover: (a) I is the base of an a-side triangle associated
with edge uv; (b) I is the base of a central triangle associated with edge uv; (c) I is the
base of a central triangle associated with 0-length edge uv; (d) I1 is the base of a central
trapezoid associated with terminal points v and v′ on H; I2 is the base of an a-side triangle
associated with 0-length edge uv.

Proof. There are three properties for a coarse cover. For each triple (I, f,H) it is clear
that I is a subinterval of K and f is defined on I—this is property (1). For property (2),
f is defined to have one of the three forms. Furthermore, we claim that for each triple
(I, f,H), and each x ∈ I, f(x) = d(x,H). This is clear for elements of type 0. For the
other three cases, the triangle or trapezoid is part of the shortest path map M(H), so the
formula for f(x) matches the distance d(x,H).

Finally, we must prove property (3). Let T 0 be the initial large coarse cover defined
above, consisting of the set of triples (I, f,H) from elements of type 0 and the union of all
the triples arising from the shortest path maps {M(H) : H ∈ H}. Then T ⊆ T 0, and we
must show that no triple of T 0 that is omitted from T causes a violation of property (3).
Any triple from the shortest path maps corresponds to a triangle that arises in elements
of type 1 or 2 (i.e., with the same u, v, I), or to a trapezoid considered in elements of type
3. No trapezoids are omitted in T , so it suffices to consider elements of type 1 and 2.

We first examine elements of type 1. Consider an edge (u, v) in T̄a where u = pa(v) and
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u and v are both visible from K, and consider the interval I = [xa(u), xa(v)]. Suppose that
for some f,H, there is a triple (I, f,H) that is included in the triples from the shortest
path maps, but omitted from T . Then there is a directed path in T̄a from v to a leaf
corresponding to H, and f(x) is d2(x, u) + |uv| + κ where κ is the length of the tree path
from v to the leaf corresponding to H. But then f(x) ≤ d2(x, u) + |uv|+ ℓa(v), since ℓa(v)
is the maximum distance from v to a leaf corresponding to farthest half-polygon Fa(v). If
the inequality is strict, then H is not a farthest half-polygon from any x ∈ I so property
(3) is satisfied without the triple (I, f,H). And if equality holds, then property (3) allows
us to omit the triple (I, f,H) since the triple (I, f, Fa(v)) has the same I and f . The case
of triples omitted in elements of type 2 is similar.

The linear size of T follows from the fact that we define at most one element of T for
each edge and vertex of T̄a and T̄b.

5.3.1.4 Finding the Relative Geodesic Center on a Chord

The last step of the chord oracle is exactly the same as in Pollack et al. [91]. Given a
chord K and the coarse cover T from Section 5.3.1.3—which provides a set of O(n + k)
functions whose upper envelope is the geodesic radius function on chord K—we want to
find the relative center, cK , that minimizes the geodesic radius function. Pollack et al. use
a technique of Megiddo’s to do this in O(n+ k) time by recursively reducing to a smaller
subinterval of K while eliminating elements of the coarse cover whose functions are strictly
dominated by others. In brief, the idea is to pair up the functions, define a set of at most
6 “extended intersection points” for each pair, and test medians of those points in order to
restrict the search to a subinterval of K and eliminate a constant fraction of the functions.
Testing median points is done via the test from Section 5.3.1.1 of whether the relative
center is left/right of a query point x on K. This test depends on having the first segments
of the shortest paths from x to its farthest half-polygons. Observe that the initial coarse
cover from Section 5.3.1.3 captures these segments, and they are preserved throughout the
recursion because only strictly dominated functions are eliminated.

We fill in a bit more detail. In each round we have a subinterval K ′ of K that contains
cK and a subset T ′ of the coarse cover T such that any function omitted from T ′ is strictly
dominated on interval K ′ by a function of T ′. We want to eliminate a constant fraction
of T ′ in time O(|T ′|). We pair up the functions of T ′. Consider a pair of functions f1
and f2. Each function is defined on a subinterval of K and we define it to be −∞ outside
its interval. The upper envelope of f1 and f2 switches between f1 and f2 at extended
intersection points which include the points where the graphs of f1 and f2 intersect
(f1 = f2), and also possibly the endpoints of their intervals. If a subinterval of K does not
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contain an extended intersection point for f1 and f2, then one of f1, f2 is irrelevant because
it is dominated by the other (or both are −∞). We know from Section 5.3.1.3 that each
function has the form f(x) = 0 or f(x) = d2(x, s)+κ where κ is a constant, d2 is Euclidean
distance, and s is a point or line. This implies that there are at most two intersection points
of the functions f1 and f2, and thus at most six extended intersection points. In fact, a
closer examination shows that there are at most four extended intersection points.

Pollack et al. show how to successively test three medians of extended intersections
in order to reduce the interval K ′ and eliminate a constant fraction of the functions of
T ′. The first median test reduces the domain to a subinterval containing half the extended
intersections, so three successive median tests reduce the domain to a subinterval containing
one eighth of the extended intersections. This implies that for at least half the pairs f1, f2,
all four of their extended intersections lie outside the domain, and one of f1, f2 is dominated
by the other and can be eliminated.

This completes one round of their procedure, with a runtime of O(|T ′|). When T ′ is
reduced to constant size, the relative center cK can be found directly. The total run time
is then O(n+ k).

5.3.2 Finding the Geodesic Center of Half-Polygons

In this section we show how to use the O(n + k) time chord oracle from Section 5.3.1 to
find the geodesic center of the k half-polygons in O((n + k) log(n + k)) time. The basic
structure of the algorithm is the same as that of Pollack et al. [91].

In the first step we use the chord oracle to restrict the search for the geodesic center to
a small region where the problem reduces to a Euclidean problem of finding a minimum
radius disk that intersects some half-planes and contains some disks. This step takes
O((n + k) log(n + k)) time. In the second step we solve the resulting Euclidean problem
in linear time, which involves some new ingredients to handle our case of half-polygons.

5.3.2.1 Finding a Region that Contains the Geodesic Center

Triangulate P in linear time [24]. Choose a chord of the triangulation that splits the
polygon into two subpolygons so that the number of triangles on each side is balanced, i.e.,
at most a constant fraction of the total number of triangles (the dual of a triangulation is
a tree of maximum degree 3, which has a balanced cut vertex). Run the chord oracle on
this chord, and recurse in the appropriate subpolygon. In O(log n) iterations, we narrow
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our search down to one triangle T ∗ of the triangulation. This step takes O((n + k) log n)
time.

Next, we refine T ∗ to a region R that contains the center and such that R is homoge-
neous, meaning that for any H ∈ H the shortest paths from points in R to H have the
same combinatorial structure, i.e., the same sequence of polygon vertices along the path.

The idea is to subdivide T ∗ by O(n + k) lines so that each cell in the resulting line
arrangement is homogeneous, and then to find the cell containing the center. Construct
the shortest path trees to H from each of the three corners of triangle T ∗ = (a∗, b∗, c∗) using
the algorithm of Section 5.3.1.2. For each edge (u, v) of each tree, add the line through uv
if it intersects T ∗. (In fact, we do not need all these lines—as in the construction of the
coarse cover in Section 5.3.1.3, it suffices to use tree edges (u, v) such that u is visible from
an edge of T ∗.) We add three more lines for each half-polygon H ∈ H, specifically, the
chord h that defines H, and the two lines perpendicular to h through the endpoints of h.
The result is a set L of O(n + k) lines that we obtain in time O(n + k). It is easy to see
that the resulting line arrangement has homogeneous regions.

All that remains is to find the cell of the arrangement that contains the geodesic cen-
ter. It is simpler to state the algorithm in terms of ϵ-nets instead of the rather involved
description of Megiddo’s technique used by Pollack et al. [91] (a brief overview was pro-
vided in Section 4.3). The high-level idea is to define a range space with ground set L
and to find a constant-sized ϵ-net in time O(|L|). Then the lines of the ϵ-net divide our
region into a constant number of subregions and we can find which subregion contains the
geodesic center by applying the chord oracle O(1) times. By the property of ϵ-nets the
subregion is intersected by only a constant fraction of the lines of L, so repeating this step
for O(log(n+ k)) times, we arrive at a region R with the required properties.

We fill in a bit more detail. The range space has ground set L. To define the ranges,
let T be the (infinite) set of all triangles contained in T ∗. For t ∈ T , let ∆t = {ℓ ∈ L :
ℓ intersects t}. Let ∆ = {∆t : t ∈ T }. Then the range space is S = (L,∆). To show that
constant-sized ϵ-nets exist, we must show that S has constant VC-dimension, or constant
shattering dimension. We argue that the shattering dimension is 6, i.e., that for any subset
L′ of L of size m the number of ranges is O(m6). The lines intersecting a triangle t are the
same as the lines intersecting the convex hull of the three cells of the arrangement of L′

that contain the endpoints of t. There are O(m2) cells in the arrangement and we choose
three of them, giving the bound of O(m6) possible ranges. Thus, a constant sized ϵ-net of
size O(1

ϵ
log(1

ϵ
)) exists for our range space. In order to construct an ϵ-net in deterministic

O(|L|) time, we need a subspace oracle that, given a subset L′ of L of size m, computes the
set of ranges of L′ in time proportional to the output size, O(m6+1). Begin by finding, for
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each line in L′, which cells of the arrangement lie to each side of the line. Then, for every
choice of three cells (there are O(m6) choices), the lines intersecting their convex hull can
be listed in time O(m) time.

For the algorithm, we choose ϵ = 1
2
, and construct an ϵ-net N . Triangulate each cell

of the arrangement of N—this is a constant time operation since the arrangement has
constant complexity. We can locate the triangle T ′ of this triangulated arrangement that
contains the visibility center in O(n + k) time by running the chord oracle a constant
number of times. By the ϵ-net property, no more than ϵ · |L| lines of L intersect the interior
of T ′. Thus, in O(|L|) time, we have halved the number of lines going through our domain
of interest (the region that contains the geodesic center). Repeating the same sequence of
steps O(log |L|) = O(log(n + k)) times, we will arrive at a triangle containing a constant
number of these lines. At this point, a brute force method suffices to locate a region R
that satisfies the properties stated in the beginning of this section. The time taken by the
chord oracle remains fixed at O(n+ k), even though the number of lines is halved at each
step. In each iteration of the process, we apply the O(n+ k)-time chord oracle a constant
number of times and thus the total runtime for this step is O((n+ k) log(n+ k)).

5.3.2.2 Solving an Unconstrained Problem

At this point, we have a homogeneous polygonal region R that contains a geodesic center
of the set H of half-polygons. Our goal is to find the point x ∈ R that minimizes the
maximum over H ∈ H of d(x,H). We give a linear time algorithm (in this final step there
is no need for an extra logarithmic factor). We show that the problem reduces to one in
the Euclidean plane, i.e., the polygon no longer matters. Pick an arbitrary point p in R
and find the shortest path tree from p to all half-polygons (this takes linear time). If p has
distance 0 to half-polygon H, then the same is true for all points in R, so H is irrelevant and
can be discarded. If π(p,H) consists of a single line segment that reaches an internal point
of the chord defining H (we denote these half-polygons by H1), then d(x,H) = d2(x, H̄)
for all x ∈ R, where H̄ is the half-plane defined by H. And if the first segment of π(x,H)
reaches a vertex u (we denote these half-polygons by H2), then d(x,H) = d2(x, u) + κ for
all x ∈ R, where κ is a constant. Thus we seek a point x = (x1, x2) and a value ρ to solve:

minimize ρ
subject to d2(x, H̄) ≤ ρ H ∈ H1

d2(x, u) + κ ≤ ρ for point u and constant κ corresponding to H ∈ H2

Because x is guaranteed to lie in the region R, we can completely disregard the underlying
polygon P in solving the problem.

59



In the Euclidean plane, the problem may be reinterpreted in a geometric manner. We
wish to find the disk of smallest radius ρ that intersects each of a given set of half-planes
and contains each of a given set of disks. For H ∈ H1, we have d(x,H) ≤ ρ if and only if
the disk of radius ρ centered at x intersects H̄. For H ∈ H2, with d(x,H) = d2(x, u) + κ,
we have d(x,H) ≤ ρ if and only if the disk of radius ρ centered at x contains the disk of
radius κ centered at u. We will call this Euclidean problem the “minimum feasible disk”
problem. The constraints of the problem that correspond to the set of half-polygons H1

will be referred to as half-plane constraints, while the constraints for H2 will be called
disk constraints.

We observe here that the minimum feasible disk problem belongs to the class of ‘LP-
type’ problems described by Sharir and Welzl [93]. In fact, it satisfies the computational
assumptions that allow a derandomization of the Sharir-Welzl algorithm yielding a deter-
ministic linear-time algorithm for the problem (see Chazelle and Matousek [27]). However,
as this approach is rather complex, we will outline a more direct linear-time algorithm to
solve the problem.

The minimum feasible disk problem is a combination of two well-known problems that
have linear time algorithms. If all the constraints are half-plane constraints, then, because
each such constraint can be written as a linear inequality, we have a 3-dimensional linear
program, which can be solved in linear time as shown by Meggido [78] and independently
by Dyer [39]. On the other hand, if all the constraints are disk constraints, then this is the
“spanning circle problem”—to find the smallest disk that contains some given disks. This
problem arose from the geodesic vertex center problem [91] and generalizes the Euclidean
1-center problem where the disks degenerate to points. The problem was solved in linear
time by Megiddo [80] using an approach similar to that for the 1-center problem and for
linear programming. Because the approaches are similar, it is not difficult to combine
them, as we show below.

As described in Section 4.2, the goal is to spend linear time to prune away a constant
fraction of the constraints that do not define the final answer, and to repeat this until
there are only a constant number of constraints left, after which a brute force method may
be employed. We pair up the constraints, and for each pair of constraints c1, c2 compute
a “bisecting” plane Π such that on one side of Π the constraint c1 is redundant, and on
the other side of Π the constraint c2 is redundant. If we could identify which side of Π
contains the optimum solution, then one of the constraints c1, c2 can be removed. We
address the existence of such bisecting planes below. There are two other issues. Issue
1 is to identify which side of a plane contains the optimum solution, a subproblem that
Megiddo calls an “oracle”. This is done by finding the optimum point restricted to the
plane (a problem one dimension down), from which the side of the plane can be decided.
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(The Chord Oracle from Section 5.3.1 was doing a similar thing.) Issue 2 is to identify the
position of the optimum point relative to “many” of the bisecting planes, while testing only
a “small” sample of them. We will not discuss these two issues since they are the same as
in Megiddo’s papers [78, 79] (or see the survey by Dyer et al. [38]). Alternatively, one can
use the concept of cuttings described in Lemma 9 to obtain the ‘small’ set of hyperplanes
to run the oracle upon.

For our minimum feasible disk problem, we have two types of constraints—half-plane
constraints and disk constraints. Megiddo’s prune-and-search approach based on pairing
up the constraints can still be applied so long as we pair each constraint with another
constraint of the same type. (We note that this idea was previously used by Bhattacharya
et al. [17] in their linear time algorithm to find the smallest disk that contains some given
points and intersects some lines, a problem they call the “intersection radius problem”.)
Thus it suffices to describe what are the bisecting planes for the two types of constraints
in our minimum feasible disk problem.

A half-plane constraint has the form d2(x, H̄) ≤ ρ. If the halfplane H̄ is given by
aTi x ≤ bi, normalized so that ||ai|| = 1, then the constraint is aTi x ≤ bi + ρ, a linear
inequality. For two such constraints indexed by i and j, the bisecting plane is given by
(aTi − aTj )x− (bi − bj) = 0.

A disk constraint has the form d2(x, ui) + κi ≤ ρ, corresponding to a disk with center
ui and radius κi. As Megiddo [80] noted, by adding the constraint ρ ≥ κi, this can be
written as

||x− ui||2 ≤ (ρ− κi)
2

or as
fi(x, ρ) ≤ 0

where fi is defined as

fi(x, ρ) = ||x||2 − 2uTi x+ ||ui||2 − ρ2 + 2κiρ− κ2i .

This is not a linear constraint, but for i ̸= j, the equation fi(x, ρ) = fj(x, ρ) defines
a plane since the quadratic terms, ||x||2 and ρ2, cancel out. So the bisecting plane is
fi(x, ρ) = fj(x, ρ).

This completes the summary of how to solve the minimum feasible disk problem in
linear time, and completes our algorithm to find the geodesic center of half-polygons.
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5.4 Conclusions

In this chapter, we introduced the notion of the visibility center of a set of points in a
polygon and gave an algorithm with run time O((n+m) log(n+m)) to find the visibility
center of m points in an n-vertex polygon (Theorem 10). To do this, we gave an algorithm
with run time O((n + k) log(n + k)) to find the geodesic center of a given set of k half-
polygons inside a polygon (Theorem 11), a problem of independent interest.

Observe that the algorithm for the geodesic center of half-polygons (that was described
in Section 5.3) also solves the problem of locating the geodesic center of the edges of a simple
polygon. The algorithm for the ‘edge center’ for an n-vertex polygon takes O(n log n) time
if we use the ideas from this chapter. In the next chapter, we show how to determine the
geodesic edge center in linear time.

Open Problems. The following are some interesting open problems to consider:

1. Can the visibility center of a simple polygon be found more efficiently? Note that the
geodesic center of the vertices of a simple polygon can be found in linear time [4]. Our
current method involves ray shooting and sorting (Section 5.2 and the preprocessing
in Section 5.3) , which are serious barriers. A more reasonable goal is to find the
visibility center of m points in a polygon in time O(n+m logm).

2. How hard is it to find the farthest visibility Voronoi diagram of a polygon—a subdi-
vision of the polygon into regions with the same farthest site with respect to distance
to visibility? Finally, what about the 2-visibility center of a polygon, where we can
deploy two guards instead of one?

3. In presentations of the results of this chapter, John Hershberger asked us the follow-
ing interesting question: out of the m points to be guarded, suppose that some are
more important than the others. This motivates the problem of finding the weighted
visibility center, where weights (multiplicative or additive) are assigned to the dis-
tances to visibility to the m points. The objective is to find a location for the guard
so as to minimize the maximum weighted distance to visibility.
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Chapter 6

The Geodesic Edge Center of a
Simple Polygon

1

All parts should go together
without forcing. Therefore, if
you can’t get them back
together again, there must be a
reason.
By all means, do not use a
hammer.

IBM maintenance manual 1975

The most basic “center” problem is Sylvester’s problem was introduced in Chapter 1:
given n points in the plane, find the smallest disc that encloses the points. The center of
this disc is a point that minimizes the maximum distance to any of the given points. We
consider a center problem that differs in two ways from Sylvester’s problem. First, the
domain is a simple polygon and the distance measure is not Euclidean distance, but rather
the shortest path, or “geodesic” distance inside the polygon. Second, the sites are not
points but rather the edges of the polygon. More precisely, the problem is to find, given a
simple polygon in the plane, the geodesic edge center which is a point in the polygon
that minimizes the maximum geodesic distance to a polygon edge. See Figure 6.1. More
formally, let E be the set of edges of the polygon P , and for point p ∈ P and edge e ∈ E,

1Based on joint work with Anna Lubiw. Recently published in the paper ‘The Geodesic Edge Center
of a Simple Polygon’ at the Symposium on Computational Geometry (SoCG), 2023

63



define d(p, e) to be the geodesic distance from p to e. Define the geodesic radius of a
point p ∈ P to be r(p) := max{d(p, e) : e ∈ E}. Then the geodesic edge center is a
point p ∈ P that minimizes r(p).

Figure 6.1: The edge center for the above polygon is the point c. Edges e, e′, e′′ (in blue)
are geodesically farthest from c—the geodesic paths (in red) from c to these edges all have
the same length.

For a simple polygon that satisfies some general position assumptions (described in
detail in Section 6.2.2), we prove the following:

Theorem 23. There is a linear time algorithm to determine the geodesic edge center of a
simple polygon.

This improves the O(n log n) time algorithm for the edge center given in Chapter 5
(where we described the solution to the more general problem of locating the geodesic
center of half-polygons). The algorithm follows the strategies used to find the geodesic
vertex center, which is a point in the polygon that minimizes the maximum geodesic
distance to a polygon vertex. Our algorithm follows the approach of Ahn et al., modified
to deal with edges rather than vertices. We simplify some aspects and we repair some errors
in their approach. Further explanations of previous results and of our algorithm can be
found below. The edge center problem is more general than the vertex center problem via
the reduction of splitting each vertex into two vertices joined by a very short edge. From
any point in the polygon, one of the two endpoints of an edge is farther away than the
edge itself. The transformed problem ignores the original edges and only takes into account
the newly created ‘short’ edges. Therefore, the geodesic edge center of the transformed
problem coincides with the geodesic center of the original problem.
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In general, the center of a set of sites can be determined from the farthest Voronoi
diagram of those sites, but computing the Voronoi diagram can be more costly. As the
first step of our center algorithm we give a linear time algorithm to compute the geodesic
farthest edge Voronoi diagram restricted to the boundary of the polygon. It is an open
question to compute the entire geodesic farthest edge Voronoi diagram in deterministic
linear time, so our algorithm for the geodesic edge center proceeds differently.

Techniques and Our Contributions. Our algorithm to find the geodesic edge center
of a polygon has two phases. In the first phase we find the geodesic farthest edge Voronoi
diagram restricted to the polygon boundary. In the second phase we reduce the problem
to finding a point in the polygon that minimizes the upper envelope of a linear number
of easy-to-compute convex functions each defined on a triangle inside the polygon. That
problem is then solved using a divide-and-conquer algorithm based on ϵ-nets and Megiddo’s
prune and search techniques. A more detailed overview of our algorithm can be found in
Section 6.1, but since our algorithm follows and builds upon a number of previous results,
we first summarize the previous results (in historical order) and explain what is novel about
our contributions.

1. Meggido, 1983 [78] and Dyer, 1984 [39]. A linear time algorithm for linear pro-
gramming in two and three dimensions. There are two ideas from these famous
prune-and-search algorithms that are used in algorithms for geodesic centers, includ-
ing ours. The first idea is to make repeated calls to an “oracle” that solves the
problem one dimension down. The second idea is to eliminate constraints by pair-
ing them up and considering the “bisecting” plane or line where the two constraints
are equal. The oracle can be used to determine which side of the bisector contains
the optimum solution, thus eliminating one of the two constraints. Using techniques
now known as cuttings or epsilon-nets, a small number of bisectors can be tested to
eliminate a large number of constraints, resulting in a linear time algorithm.

2. Pollack, Sharir, and Rote, 1989 [91]. AnO(n log n) time algorithm to find the geodesic
vertex center of a simple polygon. As for the linear programming algorithms described
above, a main ingredient is to solve the problem one dimension down. In particular,
they develop an O(n) time “chord oracle” that, given a chord of the polygon, finds
the relative center restricted to the chord and from that, determines whether the
center of the polygon lies to left or right of the chord. By applying the chord oracle
O(log n) times, they limit the search to a subpolygon where Euclidean distances can
be used. This reduces the problem to finding a minimum disc that encloses some
disks, which Megiddo [80] solved in linear time using the same approach as described
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above for linear programming. Lubiw and Naredla [72] (as described in Chapter 5)
redid the chord oracle to handle farthest edges instead of vertices.

The idea used in the chord oracle algorithm is central to further developments. Ex-
pressed in general terms, the goal is to find a point in a domain (either a chord or the
whole polygon) that minimizes the maximum distance to a site (a vertex or edge of
the polygon). The idea is to first find what we will call a coarse cover of the domain
by a linear number of elementary regions R (intervals or triangles) with an easy-to-
compute convex function fR defined on each region R, such that for any point x in
the domain, the maximum distance from x to a site is the maximum of fR(x) over
regions R containing x. Thus, the goal is to find the point x that minimizes the upper
envelope of the convex functions. When the domain is a chord, the chord oracle finds
the point x in linear time using Megiddo’s technique of pairing the constraints (i.e.,
the functions) in order to prune away a fraction of them in each round. When the
domain is the whole polygon, the innovation of Ahn et al. described in (4) below is to
use similar ideas, together with ϵ-net techniques, to obtain a linear time algorithm.
However, finding an appropriate coarse cover of the polygon in linear time depends
on another breakthrough, which we discuss next.

3. Hershberger and Suri, 1997 [56]. A linear time algorithm to find the farthest vertex
from each vertex of a polygon. This important result is the cornerstone of linear
time algorithms to find the geodesic diameter and center of a polygon. The problem
is transformed to finding row maxima in a matrix of distances between pairs of
vertices. The resulting matrix is “totally monotone” so the row maxima can be
found with a linear number of matrix accesses using the algorithm of Aggarwal et
al. [2]. Hershberger and Suri show how to access the required distance matrix entries
in amortized constant time each.

We show that Hershberger and Suri’s algorithm extends to finding the farthest edge
from each vertex.

4. Ahn, Barba, Bose, De Carufel, Korman, and Oh, 2016 [4]. A linear time algorithm
to find the geodesic vertex center of a simple polygon. Using the algorithm of Her-
shberger and Suri as a starting point, they find a coarse cover of the whole polygon.
They then use divide-and-conquer based on ϵ-nets to reduce the domain to a tri-
angle. After that, the vertex center is found using Megiddo-style prune-and-search
techniques as described in (1) above.

Our algorithm uses a similar approach. One difference is that we give a simpler
method of finding a coarse cover of the polygon by first finding the geodesic farthest
edge Voronoi diagram on the polygon boundary.
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Other differences are introduced in order to correct some flaws in the algorithm of
Ahn et al. They recurse on subpolygons called “4-cells” that are the intersection of
four half-polygons (a half-polygon is the subpolygon to one side of a chord). However,
the resulting range space does not in fact have the necessary properties for finding
ϵ-nets, if a deterministic algorithm is desired. In addition, their step of partitioning
a larger cell into 4-cells is incomplete.

We remedy these issues by recursing on subpolygons that are geodesic hulls of three
points or boundary chains of the polygon. We can then prove the requisite ϵ-net
properties, and we can partition larger cells into our subpolygons. Our approach
works both for the geodesic edge center and for the geodesic vertex center, thus
generalizing the result of Ahn et al. For more details, see Section 6.5.

5. Oh, Barba, and Ahn, 2020 [87]. This paper uses the coarse cover of the polygon from
(4) above, and finds the farthest vertex Voronoi diagram inside a polygon, although
not in linear time. Of relevance here is their first step, which is a linear time algorithm
to find the Voronoi diagram restricted to the polygon boundary. We reverse the order
of dependence of (4) and (5). First, using the Hershberger-Suri result (3) and the
coarse cover of an edge from (6) below, we give a considerably simpler linear time
algorithm to find the farthest edge/vertex Voronoi diagram restricted to the polygon
boundary—a problem of independent interest. After that, we use the boundary
Voronoi diagram to produce a coarse cover of the polygon and then proceed to find
the geodesic edge center.

6. Lubiw and Naredla [72] (covered in Chapter 5). An O(n log n) time algorithm to
find the edge center of a simple polygon, based on the algorithm of Pollack et al.
described in (1) above. In fact, our algorithm solves the more general problem of
finding the center of a set of O(n) half-polygons (edges being the special case where
the half-polygons hug the polygon boundary). One ingredient that we will reuse in
the present chapter is a linear time chord oracle for the edge center, including finding
a coarse cover of a chord.

6.1 Overview of the Algorithm

We proceed to give an overview of the linear-time algorithm for the geodesic edge center.
We split the algorithm into two phases:

• Phase I (The boundary phase): Find the farthest-edge Voronoi diagram re-
stricted to ∂P , the boundary of P .
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• Phase II (The search phase): Use the restricted Voronoi diagram constructed in
the previous phase to find the geodesic edge center.

6.1.1 Phase I (The boundary phase)

In this phase, we construct the geodesic farthest-edge Voronoi diagram restricted to the
polygon boundary. We split this into two parts:

Part 1: Finding the Farthest Edge from each Vertex (Section 6.3): We begin
by finding some partial information, namely, the farthest edge from each vertex. We
show that the algorithm of Hershberger and Suri [56] that finds the farthest vertex from
each vertex can be modified to find the farthest edge from each vertex. Modifying their
algorithm requires some groundwork. Specifically, we need the properties of farthest edges
and “separators” developed in Section 6.2.3 and Section 6.2.5.

Part 2: Finding the Farthest Edge Voronoi Diagram Restricted to the Polygon
Boundary (Section 6.4): In this part of the boundary phase, we fill in the remaining
gaps for the farthest edge Voronoi diagram on the boundary. For a polygon edge with
the same farthest edge at both endpoints, every point on the polygon edge has the same
farthest edge (Section 6.2.3). For a polygon edge e with different farthest edges at the
endpoints—called a “transition” edge—the Voronoi diagram construction requires some
work. The idea is to find a coarse cover of transition edge e by intervals, each associated
with a simple convex function that captures the correct geodesic distance to a potential
farthest edge. The upper envelope of the coarse cover functions gives the farthest Voronoi
diagram on e. Several ingredients are needed to make this efficient. The coarse cover of e
is constructed from shortest path trees inside a smaller subpolygon called the “hourglass”
of e (Section 6.4.1). The tree structure then allows us to incrementally update the upper
envelope as we add coarse cover functions (Section 6.4.2).

6.1.2 Phase II (The search phase)

In this phase, we perform a search for the geodesic edge center inside P . The basic plan
(described in more detail in Section 6.5) is to first find a coarse cover of the polygon
by triangles, each with an associated convex function that captures that correct geodesic
distance to a potential farthest edge. The edge center is then the point that minimizes the
upper envelope of these functions. To find this point we use divide-and-conquer, reducing
in each step to a smaller subpolygon with a constant fraction of the coarse cover elements.
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Once the subpolygon is a triangle, the prune-and-search approach of Megiddo’s can be
applied. Until that point in time, every coarse cover triangle has a boundary chord crossing
the subpolygon, and ϵ-net techniques are used to reduce the number of such chords, and
hence the number of coarse cover elements. The presentation is split into four parts:

Part 1: Finding a Coarse Cover of the Polygon by Triangles (Section 6.6): In
this part, we find a linear-size coarse cover of P using triangles. Section 6.2.6 describes
coarse covers in more detail. Each triangle is associated with a simple convex function that
captures the correct geodesic distance to a potential farthest edge. The potential farthest
edges we need are the edges that have non-empty Voronoi regions on the boundary of P .
For each such edge, we construct coarse cover triangles by computing shortest paths from
the edge to its Voronoi region on the boundary of P . We prove the defining property of a
coarse cover—that for any point x in the domain, the maximum distance from x to a site
is the maximum function value over triangles containing x. Thus the problem of finding
the edge center is reduced to the problem of finding the point that minimizes the upper
envelope of this coarse cover.

Part 2: Divide-and-conquer via ϵ-nets (Section 6.7): We next lay the groundwork
for a divide-and-conquer algorithm based on ϵ-nets (reviewed in Section 4.3). Our approach
follows that of Ahn et al. [4] but, as mentioned in the previous section, we fill in some gaps.
We use “3-anchor hulls” as the subpolygons we recurse on, rather than the “4-cells” of Ahn
et al. The subpolygons define a range space whose ground set is the set of polygon chords
that bound triangles of the coarse cover, and whose ranges are sets of chords that cross
a 3-anchor hull. We prove that our range space has finite VC-dimension, and even more
crucially, we give a “subspace oracle” which permits an ϵ-net to be found in deterministic
linear time, unlike with the 4-cell approach.

Part 3: Geodesic Oracle (Section 6.8): In this section we extend the chord oracle to
a geodesic oracle that tells us which side of a geodesic path contains the edge center. This
is one of the tools we need in the final algorithm.

Part 4: Finding the Geodesic Edge Center (Section 6.9): This last part determines
the location of the edge center, which is the point that minimizes the upper envelope of
the coarse cover functions. We use divide-and-conquer to narrow the search down to a
smaller subpolygon while reducing the number of elements in the coarse cover. In Stage
1 (Section 6.9.1) no triangle of the coarse cover contains the subpolygon, so they all have
a chord crossing the subpolygon, and we use ϵ-net techniques and the geodesic oracle to
reduce to a smaller subpolygon and eliminate a constant fraction of the crossing chords
(and associated coarse cover elements). After Stage 1 we easily reduce to the case where
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the subpolygon is a triangle. Then in Stage 2 (Section 6.9.2) we use a modification of the
prune-and-search methods of Megiddo [78] (see Section 4.2) to finally determine the edge
center of the polygon.

6.2 Preliminaries

We discussed a few preliminary concepts required to define the edge center in the intro-
duction. This section discusses a few other concepts that will be useful in describing and
understanding our algorithm. Section 6.2.1 introduces some notation that is used through-
out this chapter—notation specific to a section is introduced as needed. In Section 6.2.2,
we discuss the general position assumptions on the input. Such assumptions are common
in computational geometry and allow for a simpler description of the algorithm. In the
preliminary phase of our algorithm, we make repeated use of the properties of farthest
edges from points on the polygon boundary. These properties are stated and proved in
Section 6.2.3. In Section 6.2.4, we describe a simple extension of the fundamental no-
tion of shortest path trees and maps to the case when geodesic distances to/from edges
(rather than vertices) are desired. The notion of separators, introduced in Section 6.2.5,
is a crucial tool for finding the farthest edge from each vertex. The final subsection of
the preliminaries is Section 6.2.6. It introduces the chord oracle that allows us to apply
the divide-and-conquer paradigm to the geodesic edge center problem. It also introduces
the idea of the coarse cover that helps us unify the description of our algorithm on the
boundary as well as in the interior of the polygon.

6.2.1 Notation and Definitions

We refer to Chapter 2 for the definitions and notation for standard concepts from compu-
tational geometry. Some of these were also used in Chapter 5.

The geodesic farthest Voronoi diagram of a set of point sets in a simple polygon was
defined in Chapter 2. When the point sets under consideration are the edges of the polygon
P , we refer to the diagram as the geodesic farthest-edge Voronoi diagram, denoted
V(P ). The restriction of the diagram to the boundary ∂P of the polygon will be denoted
V(∂P ).

6.2.2 General Position Assumptions
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Figure 6.2: Vertex r is equidistant from edges e and e′ (colored red), and so is every
point in the shaded region. The bisector between the two edges is thus two-dimensional.
Assumption 2 forbids this situation.

We make some general position assumptions on the input to simplify the construction of
the farthest-edge Voronoi diagram on the boundary. General position assumptions are
commonly used in computational geometry to deal with degeneracy in the input. Previous
algorithms on geodesic vertex centers and the corresponding Voronoi diagrams [4, 10, 87,
102] used assumptions of a similar flavour. In actual implementations, general position is
usually achieved by an infinitesimal perturbation of the input points [41].

Our first assumption is common and basic.

Assumption 1. No three vertices of the simple polygon P are collinear.

Our next assumption deals with points whose farthest edge is not unique. For points in
the plane, the farthest point Voronoi diagram has: 2-dimensional faces, where the farthest
point is unique; 1-dimensional edges, where there is a two-way tie for farthest points; and
0-dimensional vertices, where there are three or more farthest points. We will perturb the
polygon vertices to ensure that our geodesic farthest edge Voronoi diagrams have similar
properties. In particular, we would like to avoid the situation shown in Figure 6.2 where
points in a 2D region have two farthest edges—this situation arises when a vertex (r in the
figure) is equidistant from two edges.

We first need a tie-breaking rule because there is a situation that cannot be avoided
by perturbing vertices, namely, when a vertex v has two equidistant edges e and f such
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Figure 6.3: From points in the shaded region (both black and red), the geodesic paths to
the edges e and f coincide. Points on the angle bisector at u are considered equidistant
from e and f . For a point p in the region shaded red (black, resp.), the tie-breaking rule
gives d(p, f) > d(p, e) (d(p, e) > d(p, f), resp.). Note that the tie-breaking rule does not
apply to the unshaded regions of the polygon.

that the shortest paths π(v, e) and π(v, f) are the same—which implies that e and f have
a common reflex vertex u with π(v, e) = π(v, f) = π(v, u). Here the path itself is unique
but the terminal point is on two edges. We break this tie as follows (in a manner similar
to Aurenhammer et al. [13]).

Tie-Breaking Rule. Suppose that p is a point of P , e and f are two edges that meet at
reflex vertex u, and π(p, e) = π(p, f) = π(p, u). Let line b be the angle bisector of u. For
p not on b, break the tie d(p, e) = d(p, f) by saying that the distance to the edge on the
opposite side of b is greater. See Figure 6.3.

We make the following additional assumptions, which we claim can be effected by
perturbing vertices.

Assumption 2. After imposing the tie-breaking rule, no vertex is equidistant from two or
more edges.

Based on the Tie-Breaking rule and Assumption 2 we can prove that the set of points
with a tie for farthest edge behave nicely.
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Lemma 24. Let D be the set of points in P with more than one farthest edge (after
imposing the tie-breaking rule). Then D does not contain a 2-dimensional ball, does not
contain a vertex of P , and intersects ∂P in isolated points.

Proof. It suffices to show that the conditions hold for the set of points equidistant from
two edges e and f . Let p be a point with d(p, e) = d(p, f). The paths π(p, e) and π(p, f)
do not share a vertex other than the terminal point, by Assumption 2—in particular, p
cannot be a vertex.

If π(p, e) and π(p, f) share a terminal vertex u, then the Tie-Breaking Rule would apply
unless p is on the bisector of the angle at u, which is 1-dimensional and intersects ∂P in a
single point because no three vertices are collinear by Assumption 1.

Otherwise, the paths π(p, e) and π(p, f) diverge at p. Let se be the first vertex on the
path π(p, e)—or let se = e in case there are no vertices. Define sf similarly. Then p must
be on the weighted bisector between se and sf , which is 1-dimensional, and and intersects
∂P in isolated points.

We note that Assumption 2 can be effected by perturbing vertices, since, in the 2n-
dimensional space of allowed vertex perturbations, the configurations we must avoid are
lower-dimensional.

Finally, to ensure that Voronoi vertices are “nice”, we make the following assumption.

Assumption 3. No point on the polygon boundary has more than two farthest edges. No
point in the interior of the polygon has more than a constant number of farthest edges.

6.2.3 Properties of Farthest Edges

In this section we give some basic properties of shortest paths from points on ∂P to
their farthest edges in a polygon, with a focus on when and how such paths cross—more
formally, we examine the ordering of the points and their farthest edges around the polygon
boundary.

Standard (closest) Voronoi diagrams have the property that if you take two points and
the paths to their closest sites, then the paths do not cross. However, for farthest Voronoi
diagrams such paths usually do cross.

Let p and q be two points on the polygon boundary. Let F (p) be a farthest edge from p
and let F (q) be a farthest edge from q. Note that these farthest edges need not be unique
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Figure 6.4: Schematics for possible and impossible orderings of points p, q and their farthest
edges F (p) and F (q). (a) The only possible ordering if F (p) = F (q). (b),(c) The two
possible orderings if F (p) ̸= F (q). (d) The impossible ordering if F (p) ̸= F (q).

since there are (isolated) points on the polygon boundary with two farthest edges. Let
πp = π(p, F (p)) and let πq = π(q, F (q)). Let tp be the terminal point of the path πp and
let tq be the terminal point of the path πq. If F (p) ̸= F (q), we say that πp and πq cross if
the ordering around the polygon boundary (in either clockwise or counterclockwise order)
is p, q, F (p), F (q). Note that this allows the possibility that tp = tq at a reflex vertex. If
F (p) = F (q), we say that πp and πq cross if the ordering around the polygon boundary
(in either clockwise or counterclockwise order) is p, q, tp, tq, with tp ̸= tq.

Lemma 25. With the above setup, the paths πp and πq have the following properties.

(P1) If F (p) = F (q), then πp and πq do not cross, i.e., the ordering of points around
the boundary of P is p, q, tq, tp, possibly with tq = tp if the paths merge. (See Fig-
ure 6.4(a)).

(P2) If F (p) ̸= F (q) then the possible orderings are: p, F (p), q, F (q) (see Figure 6.4(b));
or p, q, F (p), F (q), i.e., the paths cross (see Figure 6.4(c)). Equivalently, the only
other ordering, p, q, F (q), F (p), cannot occur (see Figure 6.4(d)).
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Figure 6.5: Illustration for Lemma 26.

(P3) The Ordering Property. As p moves clockwise around ∂P , so does F (p).

(P4) If the paths πp and πq cross, then they do not share a directed polygon chord. The
paths may cross at a vertex or at internal points of chords. They may share a chord
in opposite directions.

The Ordering Property (P3) was proved by Aronov et al. [10] for the case of farthest
vertices. To prove Lemma 25, we will use (as they did) the following basic “triangle
inequality” about the lengths of two shortest paths to edges when the paths cross. Later
on, we will appeal not only to the Ordering Property and the other parts of Lemma 25,
but also to the triangle inequality, since it applies more generally to paths that do not go
to farthest edges. In fact, even for the basic problem of finding the farthest vertex from
each vertex in a convex polygon, the triangle property is the key to linear time algorithms.
The first such linear time algorithm was given by Aggarwal et al. [3] using a technique
called matrix searching in a totally monotone matrix. They point out that assuming only
the Ordering Property, there is a super-linear lower bound on the time to find all farthest
vertices. However, the triangle inequality implies a “totally monotone” matrix and allows
a linear time algorithm. The matrix searching technique is discussed further in Section 6.3.

Lemma 26. Suppose the points p, q and the edges e, f occur in the order p, q, e, f along
the polygon boundary ∂P . Then, d(p, e) + d(q, f) ≥ d(p, f) + d(q, e).

Proof. Observe that due to the ordering of p, q, e, f on ∂P , the paths π(p, e) and π(q, f)
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must have a common point which we label x. See Figure 6.5. Then:

d(p, e) + d(q, f)

= d(p, t(p, e)) + d(q, t(q, f)) [Distance to an edge is distance to the terminal]

= d(p, x) + d(x, t(p, e)) + d(q, x) + d(x, t(q, f))

= (d(p, x) + d(x, t(q, f))) + (d(q, x) + d(x, t(p, e)))

≥ d(p, t(q, f)) + d(q, t(p, e)) [Triangle Inequality]

≥ d(p, t(p, f)) + d(q, t(q, e)) [Definition of a terminal]

= d(p, f) + d(q, e) [Distance to an edge is distance to the terminal]

Corollary 27. Under the same assumptions, if d(p, f) > d(p, e), then d(q, f) > d(q, e).

Proof of Lemma 25.

(P1). Suppose the ordering is p, q, tp, tq. Then the paths must have a common point x.
The shortest path from x to the edge F (p) = F (q) is unique, so the paths πp and πq are
the same after x. Thus the ordering is p, q, tq, tp, possibly with tq = tp.

(P2). We must show that the ordering p, q, F (q), F (p) cannot occur. Suppose it does. First
note that if tp = tq then the tie-breaking rule would not allow the ordering p, q, F (q), F (p).
Thus we may assume that tp ̸= tq.

Since F (p) is a farthest edge from p, d(p, F (p)) ≥ d(p, F (q)). Since F (q) is a farthest
edge from q, d(q, F (q)) ≥ d(q, F (p)). By Lemma 26, d(p, F (q)) + d(q, F (p) ≥ d(p, F (p)) +
d(q, F (q)). Therefore d(p, F (p)) = d(p, F (q)) and d(q, F (q)) = d(q, F (p)).

For the case described above, we have the following claim:

Claim 28. Both p and q have F (p) and F (q) as tied farthest edges.

Proof. The distances are the same but we must be careful about the tie-breaking rule.
If the tie-breaking rule applies to π(p, F (p)) and π(p, F (q)), then these two paths both
terminate at a reflex vertex u common to F (p) and F (q), but in this case π(q, F (p)) must
also terminate at u (since it cannot cross π(p, F (p))). Then π(q, F (q)) also terminates at
u, since we cannot have two equal-length paths from q to different points on edge F (q).
Thus the original paths πp and πq terminate at the same point, which we already ruled
out.
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We claim that any point r that lies on ∂P between p and q also has F (p) and F (q)
as farthest edges. Consider any edge e that lies on the polygon chain from r to F (q) (the
part containing p). Note that F (p) is one such edge. Applying Lemma 26 to q, r, e, F (q),
gives d(r, F (q)) + d(q, e) ≥ d(r, e) + d(q, F (q)). Since d(q, F (q)) ≥ d(q, e) this implies
d(r, F (q)) ≥ d(r, e). In particular, d(r, F (q)) ≥ d(r, F (p)). A symmetric argument shows
that d(r, F (p)) ≥ d(r, e) for any edge e that lies on the polygon chain from r to F (p) (the
part containing q). In particular, d(r, F (p)) ≥ d(r, F (q)). Since all edges e are included in
the two ranges, this proves that r has F (p) and F (q) tied for farthest edge. (We can again
show that the tie-breaking rule does not apply.) By Lemma 24, only isolated points on
∂P can have F (p) and F (q) tied for farthest edge. Therefore the ordering p, q, F (q), F (p)
cannot occur.

(P3). Consider a point p with a farthest edge F (p) and let q be the first point after p
moving clockwise around ∂P that has a farthest edge F (q) that is not a farthest edge from
p. Note that q comes before F (p). Since the ordering p, q, F (q), F (p) is prohibited, F (q)
must lie after F (p) in clockwise order.

(P4). Suppose πp and πq cross. We first suppose that tp = tq. Then the terminal point
is a reflex vertex u common to F (p) and F (q). If the paths share a directed chord (a, b),
then the paths are identical after vertex a and therefore identical on their last segment
which is a chord from some vertex v to u. The tie-breaking rule would not allow p and q
to have farthest edges F (p) and F (q) unless v lies on the bisector of u which is excluded
by Assumption 2.

Thus we may assume that tp ̸= tq and the paths share the directed chord (a, b). Consider
the portion of πp from b to F (p) and the portion of πq from b to F (q). Those are both
shortest paths. Because of the general position Assumption 2 (note that b is a vertex),
one of the paths must be longer, say the one to F (q). Now we claim that d(p, F (q)) >
d(p, F (p)), contradiction to F (p) being a farthest edge from p. To show this, construct
a path σ from p to F (q) by following πp from p to a, then traversing chord (a, b), then
following πq from b to F (q). Then σ is longer than πp. We are done if we can show σ
is a shortest path. But the part up to b is locally shortest and the part after a is locally
shortest, thus none of the bends in the path can be shortened, so σ is a geodesic path and
thus a shortest path.

6.2.4 Shortest Paths To/From Edges

As basic tools, we need a linear time algorithm to find shortest paths from a given point
to all edges of the polygon, and a linear time algorithm to find shortest paths from a
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given edge to all vertices of the polygon. In fact, in both cases, we will augment to a
shortest path map that divides the polygon into regions (triangles and trapezoids) in
which the shortest paths are combinatorially the same. These augmentation algorithms
are not difficult, but we did not find them in the literature.

Shortest Paths from a Point to all Edges and Vertices. For a point p in polygon
P , define Tp be the shortest path tree that consists of shortest paths from p to all the
edges and vertices of the polygon. In some situations we will only care about the shortest
paths to edges, but we will still use the notation Tp and just clarify what we mean.

Lemma 29. There is a linear time algorithm to find, given a point p in a polygon, the
shortest path tree Tp and its augmentation to a shortest path map.

Proof. The idea is simple. Construct the shortest path tree from p to all vertices and
augment to the shortest path map using the algorithm by Guibas et al. [49]. Regions of
the shortest path map are triangles. Check each triangle in O(1) time to see if it contains
the last segment of a shortest path from p to an edge. For further details see [71, 72,
Section 4.1.2] , which solves the more general case of shortest paths to a set of chords in a
polygon when no two chords nest. Note that these algorithms assume p is on the boundary
of the polygon, but we can handle an interior point p by first cutting the polygon at a chord
through p in linear time and then finding shortest paths on each side of the chord.

Shortest Paths from an Edge to all Vertices. For an edge e = ab of polygon P ,
define T (e) to be the forest of shortest paths from e to all vertices of the polygon. See
Figure 6.6. We will use the shortest path trees Ta and Tb at the endpoints of e to construct
T (e).

A vertex v is visible from e if there is a line segment xv inside P for some point x ∈ e,
and v is orthogonally visible from e if xv can be orthogonal to e. Pollack et al. [91]
note that vertex v is visible from e iff v has different parents pa(v) and pb(v) in Ta and
Tb. Furthermore, if pa(v) ̸= pb(v) then v is visible from the interval [xa(v), xb(v)] in e
where xa(v) and xb(v) are the intersections of e with the lines from v to pa(v) and pb(v)
respectively.

In the following lemma, we augment the forest to obtain the shortest path map with
respect to an edge. This is different from the shortest path map used in Section 5.3.1.2
(and defined in Chapter 2) that partitions the polygon into regions based on the distances
to a vertex.
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(a) Shortest Path Trees from the endpoints of edge e = ab

(b) The resulting shortest path forest for the edge e and its partition into the shortest path map.

Figure 6.6: The shortest path trees from the endpoints of an edge can be used to construct
its shortest path forest. The color of an edge indicates the shortest path tree it originates
from. Green edges indicate orthogonal visibility from e.

Lemma 30. There is a linear time algorithm to find, given an edge e of a polygon, the
forest T (e) that consists of shortest paths from e to all the vertices of the polygon, and to
augment this to the shortest path map.

Proof. To construct T (e), we define the parent of each vertex of P . If pa(v) = pb(v) then
v has the same parent in T (e). Otherwise, v is visible from e. If the angles ∠vxa(v)b and
∠vxb(v)a are both ≤ π/2 then v is orthogonally visible from e, and we define the parent
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of v to be the foot of the perpendicular from v to e. And if one of the angles is obtuse,
then the parent of v in T (e) is whichever of pa(v) or pb(v) that leads to the obtuse angle.
See, for example, the vertex a in Figure 6.6.

We now have the shortest path forest T (e). To augment to the shortest path map, we
first begin by constructing the vertex shortest path maps for subtrees rooted at a, b, and
all the orthogonally visible vertices. This work takes linear time. Finally, we construct
the perpendiculars from the endpoints of e until they intersect ∂P . The extensions from
consecutive orthogonally visible vertices split the polygon into trapezoids and triangles
giving the required shortest path map.

The algorithm consists of constructing two shortest path trees (rooted at a and b) and
iterating over their nodes a constant number of times, thus making the construction of the
shortest path forest of an edge a linear time algorithm.

Refer to Figure 6.6b for the final diagram of the shortest path forest T (e) from the edge e
where the color of the subtrees rooted at orthogonally visible vertices is chosen according
to the source of the subtree (red for Ta, blue for Tb). The green edges are orthogonally
visible.

Note that we can easily modify the algorithm in Lemma 30 to construct the shortest
path forest from any line segment in the interior of a given simple polygon in linear time.
The shortest path forest corresponding to the segment s ∈ P is denoted T (s). The forest
consists of trees whose roots are points along e. The order of these roots along e is known.

6.2.5 Separators and Funnels

Any geodesic path between two vertices of P separates the boundary of P into two parts,
and when we focus on which vertices/edges are in opposite parts, we call the geodesic path
a “separator”.2 Separators are a main tool for finding all farthest vertices in a polygon.
They were first introduced by Suri [97] (although he called them “connectors” rather than
“separators”) in his O(n log n) time algorithm to find farthest vertices of all vertices, and
then they were used by Hershberger and Suri [56] who improved the runtime to O(n).
Vertex separators (called “separating paths”) were also used by Ahn et al. [4], both when
they appealed to Hershberger-Suri, and in more direct ways. We need edge separators in
similar ways.

The basic properties that Suri [97] proved for separators for farthest vertices are as
follows:

2These separators are not related to the notion of separators in graph theory.
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1. If two vertices x and y are separated by a geodesic path π(a, b), then the shortest
path from x to y is contained, except for one edge, in the shortest path trees of a
and b [97, Lemma 4]. Thus, after constructing the shortest path trees from a and b,
it is easy to find shortest paths for any pair x, y that is separated by π(a, b).

2. A constant number of separators suffice to separate every vertex from its farthest
vertex [97, Section 4].

In this section we develop the analogous theory of separators for farthest edges.

Definition 31. A farthest edge separator is a directed geodesic path γ = π(a, b) from
some vertex a to some vertex b of P such that for every point p ∈ ∂P to the right of γ, all
of p’s farthest edges lie to the left of γ.

Note that we define separators via the strong property that all points to one side have
their farthest edge on the other side. Although this property is not part of Suri’s original
definition, his construction produces vertex separators with the property.

In this section we will prove that Suri’s two properties hold for our farthest edge sep-
arators. We first note an even more basic property that is the main reason for using
separators:

Claim 32. If γ = π(a, b) is a farthest edge separator and points p and q lie to the right of
γ and their farthest edges F (p) and F (q) are distinct, then the paths to their farthest edges
cross.

Proof. The ordering p, F (p), q, F (q) is excluded by the separator. The ordering p, q, F (q), F (p)
cannot occur by Property (P2). Thus the ordering must be p, q, F (p), F (q). See also Fig-
ure 6.4.

6.2.5.1 Funnels and Shortest Paths Across a Separator

We first address Suri’s property (1) by examining how a shortest path crosses a geodesic
γ = π(a, b). In this subsection the geodesic need not be a farthest edge separator, and
the shortest path need not go to a farthest edge. Hershberger and Suri [56] expanded on
Suri’s result and showed how a shortest vertex-to-vertex path that crosses γ is related to
the funnels of the vertices. We follow their analysis.
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Figure 6.7: A geodesic γ = π(a, b), the funnels Y (v1), Y (v2), and Y (e) (in blue) and the
paths π(v1, e) and π(v2, e) (in red).

Suppose that vertex v lies to the right of γ and edge e lies to the left of γ. Then π(v, e)
crosses γ, either at a single point, or by sharing chords with γ. See Figure 6.7. We show
that π(v, e) lies in the funnels of v and e which are defined in terms of the shortest path
trees Ta and Tb. Note that γ is in both Ta and Tb since it is the shortest path from a to b.

The funnel of v, denoted Y (v), is bounded by π(a, v), π(b, v) and γ, where π(a, v)
and π(b, v) are called the walls of the funnel. The vertex where π(a, v) diverges from γ
is γa(v), defined to be the lowest common ancestor of v and b in the tree Ta. Similarly,
the vertex where π(b, v) diverges from γ is γb(v), the lowest common ancestor of v and
a in the tree Tb. The vertex where π(v, a) diverges from π(v, b) is called the apex of the
funnel. Observe that the path between the apex and γa(v) [or γb(v)] is reflex.

Similarly, the funnel of e, Y (e) is bounded by π(a, e), π(b, e), γ, together with the
piece of e between the terminals t(a, e) and t(b, e) if those terminals are distinct. The lowest
common ancestors γa(e) and γb(e) and the apex can be defined analogously, where we
allow the apex to be the piece of edge e between t(a, e) and t(b, e) when those terminals
are distinct. Funnels have been used in many shortest path algorithms, and there are
variations on how they are defined (as a subpolygon or a set of edges; including the edges
common to two paths or not, etc.).
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The pair of funnels Y (v), Y (e) is closed if the paths π(γa(v), γb(v)) and π(γa(e), γb(e))
are internally disjoint, see Y (v2) and Y (e) in Figure 6.7. Otherwise the pair of funnels is
open, see Y (v1) and Y (e) in the figure. Hershberger and Suri dealt with the case where
e is replaced by a vertex u. They showed that if the pair Y (v), Y (u) is closed, then the
edges of π(v, u) are edges of the funnels. In particular, suppose γa(u) and γb(u) are closer
to a than γa(v) and γb(v) (the other ordering is analogous). Then π(v, u) consists of the
paths π(v, γa(v)), π(γa(v), γb(u)), π(γb(u), u). On the other hand, if the pair Y (v), Y (u) is
open, then π(v, u) consists of part of a wall of Y (v) and part of a wall of Y (u) joined by a
tangent edge ℓ(v, u) that crosses γ.

To deal with an edge funnel Y (e), we abuse the notation and say that a segment that
meets e at right angles is tangent to Y (e) (this makes sense if we imagine that the edges
that meet e at right angles extend off to infinity).

The above results are used to prove the following two lemmas and will also be used
in Section 6.3 when we show how to extend Hershberger and Suri’s algorithm for finding
farthest vertices of all vertices to the case of farthest edges.

Lemma 33. Consider a geodesic path γ = π(a, b) with vertex v to the right and edge e to
the left. If the pair of funnels Y (v), Y (e) is closed then the edges of π(v, e) are contained in
the shortest path trees Ta and Tb. If the pair of funnels Y (v), Y (e) is open then the edges
of π(v, e) are contained in the shortest path trees Ta and Tb, except for one edge ℓ(v, e) that
crosses γ and is tangent to Y (v) and Y (e).

Proof. Consider the terminal point t(v, e) of the path π(v, e). If t(v, e) is a vertex of P ,
then the previous results apply. Otherwise, let s be the last segment of the path π(v, e).
Segment s meets e at a right angle at point t(v, e). Let u be the vertex at the start of s.
If u is to the left of γ then s is an edge of Y (e) and the result follows from the previous
result for v and u. Otherwise, u is to the right of γ, the pair of funnels is open, and s is
the tangent edge that crosses γ.

Lemma 34. Let γ = π(a, b) be a geodesic path. After linear time preprocessing (to compute
the trees Ta and Tb and preprocess them for answering lowest common ancestor queries in
constant time), the shortest path π(v, e) from any vertex v to the right of γ to any edge e
to the left of γ can be computed in time proportional to the number of vertices in π(v, e).

Proof. Suppose that the trees have been preprocessed for efficient searching of lowest com-
mon ancestors using the algorithm of Harel and Tarjan [53]. Compute the least com-
mon ancestors γa(v), γb(v), γa(e), and γb(e) in constant time. Test if the pair of funnels
Y (v), Y (e) is closed or open in constant time using least common ancestor queries. If the
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pair is closed, the path π(v, e) consists of subpaths that can be found in time linear in the
number of vertices.

Otherwise, we must find the tangent edge ℓ(v, e) of the two funnels. Assume first that
the edge ℓ(v, e) does not meet e at right angles. Note that it suffices to search between
the apexes of the funnels—to ease notation, we will just suppose that that those apexes
are v and e themselves. Then ℓ(v, e) is tangent to two reflex curves where one is a wall of
the funnel Y (v) and one is a wall of the funnel Y (e). There are four possible choices for
the two reflex curves, and for each choice, we are essentially finding the common tangent
of two disjoint convex polygons, a very well-solved problem (see [1] for some history). A
simple search that walks from the two apexes along the chosen paths towards γ will find
the tangent in time proportional to the number of vertices traversed—and those vertices
are part of the output path. Doing this in parallel over the four choices, we can find ℓ(v, e)
and π(v, e) in time linear in the number of vertices of π(v, e). (This is the same argument
as given by Ahn et al. [4, Lemma 3.5].) Finally, to address the possibility that ℓ(v, e) meets
e at right angles, we can perform a similar search between e and each of the walls of v’s
funnel.

6.2.5.2 Constant Number of Separators

We now turn to Suri’s property (2)—finding a constant number of separators.

Lemma 35. There is a set of at most five farthest edge separators such that every point
p ∈ ∂P (and consequently, every edge of P ) lies to the right of at least one of the separators.
Furthermore, such a set of separators can be found in linear time.

This lemma is extremely important because it reduces farthest edge problems to a
constant number of “bipartite” cases where the source vertices are separated from the
target edges. Lemma 35 will be used in Section 6.3 to find farthest edges from all vertices.
It will also be used in Section 6.4 to find the Voronoi diagram on ∂P and in Section 6.6 to
construct the coarse cover of P .

Proof of Lemma 35. We first note the consequence that for every polygon edge (x, y), one
of the five separators has both x and y to its right. This is because separator endpoints
are vertices so a farthest edge separator for the midpoint of edge (x, y) must have x and y
to its right. Thus it suffices to prove that there are five farthest edge separators such that
every point p ∈ ∂P lies to the right of at least one separator.
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The plan in Suri’s proof for the case of farthest vertices, was to follow a chain v1, v2, v3, v4
where vi+1 is the farthest vertex from vi, and argue that π(v3, v4) crosses π(v1, v2), and
that this provides three separators, namely the three paths. Our plan is similar, but a
bit trickier because our paths go from a vertex/point to a farthest edge, so we must then
choose a point in the edge to continue the chain.

Take an arbitrary vertex u and find its farthest edge F (u). Note that F (u) is unique
by Lemma 24. This can be achieved in linear time by constructing the shortest path tree
Tu (Lemma 29) and finding a leaf furthest from u in this tree. Suppose F (u) is the edge
e with endpoints e−, e+ in clockwise order. Find the farthest edges F (e−) and F (e+) in
linear time.

Case 1. First, we suppose that the geodesics π(e−, F (e−)) and π(e+, F (e+)) both cross
π(u, e). See Figure 6.8. We claim that the geodesics γ1 = π(u, e+), and γ2 = π(e−, u) are
farthest edge separators. To prove this, consider a point p to the right of γ1, i.e., a point in
the clockwise chain C from e+ to u, and suppose that p has a farthest edge F (p) on the same
chain. Note that F (p) ̸= e, since e is not part of the chain. If F (p) occurs before p along
the chain C, then p, u, F (u), F (p) occur in that clockwise order and violate Property (P2).
Otherwise F (p) occurs after p along the chain C in which case e+, p, F (p), F (e+) occur in
that clockwise order and violate Property (P2). A symmetric argument shows that γ2 is
a farthest edge separator.

The two geodesics γ1 and γ2 separate all points of ∂P from their farthest edges except
the points of edge e. We separate those points by adding one more geodesic π(e+, e−).
Note that this kind of degenerate separator is allowed by the definition, and is a farthest
edge separator since every point in the edge e has its farthest edge outside e.

This gives a set of three farthest edge separators. Note that they can be found in linear
time.

Case 2. Otherwise at least one of the geodesics π(e−, F (e−)) and π(e+, F (e+)) does
not cross π(u, e). We will consider the case when the geodesic π(e−, F (e−)) does not cross
π(u, e)—the other case is symmetric. Suppose F (e−) is the edge f = (f−, f+) in clockwise
order. Find the shortest path from u to edge f , and let point p := t(u, f) be the terminal
of that path. Find the farthest edge g := F (p) and suppose g = (g−, g+) in clockwise
order. We claim that g cannot lie in the clockwise chain from f+ to e−. Suppose it does.
Then g ̸= e, which implies that p ̸= u (since u has the unique farthest edge e). But
then u, p, F (p), F (u) violate Property (P2). Therefore, the edge g lies either: (a) in the
clockwise chain from e− to u, in which case we find separators; or (b) in the clockwise
chain from u to f−, which we prove is impossible. We consider the two cases (a) and (b).

Case 2a. The edge g = F (p) lies in the clockwise chain from e− to u. The situation
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Figure 6.8: Case 1 and Case 2a from the proof of Lemma 35, showing a schematic of which
paths cross.

Figure 6.9: Case 2b from Lemma 35. An abstract representation of ∂P is provided, with
edges shown explicitly where relevant. Rays drawn in red are the geodesics joining a
vertex to its farthest edge. Dashed rays in blue represent geodesics joining vertices to
other edges. We prove in the lemma that this case cannot occur, since it contradicts the
triangle inequality.
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is depicted in Figure 6.8. We claim that the geodesics γ1 = π(u, e+), γ2 = π(f−, g+) and
γ3 = (e−, f+) are farthest edge separators. Note that γ2 is redundant if f− = u, and γ1 is
redundant if g = e. To prove that γ1 is a farthest edge separator, note that because of the
“anti-parallel” pair π(u, e) and π(e−, f), no point p ∈ ∂P to the right of γ1 has a farthest
edge to the right of γ1 (otherwise the path from p to such a farthest edge must go in the
same direction as one of π(u, e) and π(e−, f), thus violating Property (P2)). Similarly, γ2
is a farthest edge separator because of the anti-parallel pair π(p, g) and π(e−, f), and γ3 is
a farthest edge separator because of the same anti-parallel pair.

The three geodesics γ1, γ2 and γ3 separate all points of ∂P from their farthest edges
except the points of edges e and f . We can separate those points by adding the geodesics
π(e+, e−) and π(f+, f−).

This gives a set of five farthest edge separators. Note that they can be found in linear
time.

Case 2b. The edge g = F (p) lies in the clockwise chain from u to f−. See Figure 6.9.
We will prove that this case cannot occur. To show this, consider the geodesic paths
σ1 := π(u, f) = π(u, p), σ2 := π(e−, g) and σ3 := π(p, e). Note that because e is the unique
farthest edge from u, d(u, e) > |σ1|. Similarly, d(e−, f) > |σ2|, and d(p, g) ≥ |σ3| (p need
not have a unique farthest edge). Adding these together, and noting that we have used
each part of each σi, i = 1, 2, 3 exactly once, we obtain

d(u, e) + d(e−, f) + d(p, g) > |σ1| + |σ2| + |σ3|. (6.1)

Recall that for vertex v and edge h, t(v, h) is the terminal point of the path π(v, h).
Observe that in clockwise order p ≤ t(e−, f) on edge f , and t(e−, g) ≤ t(p, g) on edge g.
Let x be the intersection point of σ1 and σ2 (possibly at one of their endpoints). Let y be
the intersection point of σ2 and σ3 (possibly at one of their endpoints). Observe that along
σ2, y precedes (or is equal to x). See Figure 6.9. We get the following inequality from the
definition of a terminal and the triangle inequality:

d(u, e) = d(u, t(u, e)) ≤ d(u, t(p, e))

≤ d(u, x) + d(x, y) + d(y, t(p, e))

Reasoning as above, we also get the following two inequalities:

d(e−, f) ≤ d(e−, y) + d(y, p)

d(p, g) ≤ d(p, x) + d(x, t(e−, g))
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Adding the three inequalities and re-arranging yields:

d(u, e) + d(e−, f) + d(p, g) ≤ |σ1| + |σ2| + |σ3|.

which contradicts Equation 6.1.

6.2.6 Chord Oracles and Coarse Covers

In this section we describe the chord oracle results that we need from previous work, and
we give a unified explanation of those algorithms and our current algorithm in terms of
coarse covers.

We also recall from Chapter 5 the definition of a chord oracle.

Definition 36. A chord oracle decides, given a chord K, whether the geodesic edge
center lies to the left or right (or on) the chord.

Pollack et al. [91] gave a linear time chord oracle for the geodesic vertex center, which
is at the heart of all further geodesic center algorithms. In Chapter 5 (also see Lubiw and
Naredla [72]), we extended the chord oracle to the case of the geodesic edge center (and in
fact to the more general case where the sites are half-polygons). In this context, linear-time
means linear in the size of the polygon.

In both cases, a main step is finding the relative center, which is a point cK on K that
minimizes the maximum distance from cK to any site (vertex or edge). The relative center
problem is precisely the “one-dimension down” version of the geodesic center problem.

The algorithms to find the relative center on a chord and to find the center of a polygon
depend on a crucial convexity property. Define the geodesic radius function, r(x), for
x ∈ P to be the maximum geodesic distance from x to a site (a vertex or edge). Thus the
center is the point x that minimizes r(x).

Recall from Chapter 2 that a function is geodesically convex on P if the function is
convex on every geodesic path in P . A subset Q ⊆ P is a geodesically convex set in P if,
for any two points a and b in Q, π(a, b) in P is contained in Q.

Corollary 14.1 from Chapter 5 is repeated below:

Corollary 14.1. The geodesic radius function r(x,H) is geodesically convex. The geodesic
ball B(t,H) := {x ∈ P : d(x,H) ≤ t} for any half-polygon H, and the geodesic ball
B(t) := {x ∈ P : r(x,H) ≤ t} are geodesically convex.
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Note that edges are special cases of half-polygons and hence the geodesic radius function
for edges is geodesically convex—a fact crucial to the results in the previous chapter and
the current one.

More explanation of the role of geodesic convexity will be given below, but basically, it
implies that a local optimum is a global optimum.

As mentioned at the beginning of this chapter, the algorithms to find the relative center
of a chord, and the algorithms to find the center of a polygon follow the same pattern,
which we formalize via the concept of a coarse cover of the chord/polygon. Chapter 5
introduced coarse covers for a chord, while here we generalize the notion to a polygon. A
precise definition is given below, but the main idea is that a coarse cover for a domain (a
chord/polygon) is a set of elementary regions R (intervals/triangles) covering the domain,
where each region R has an associated easy-to-compute convex function fR, and such that
for any point x in the domain, the maximum distance from x to a site (i.e., r(x)) is the
maximum of fR(x) over regions R containing x. Thus the [relative] center problem breaks
into two subproblems: (1) find a coarse cover; and (2) find the point x that minimizes the
upper envelope of the coarse cover functions. The high-level idea for solving step (2) in
linear time (for a chord or polygon domain) is to recursively reduce the domain (the search
space) to a subinterval or subpolygon while eliminating elements of the coarse cover whose
functions are strictly dominated by others.

We give a precise definition of the coarse cover for the case of farthest edges.

Definition 37. A coarse cover of a chord K [or of polygon P ] is a set of triples (R, f, e)
where:

1. R is a subinterval of K [or a triangle of P ], f is a function defined on domain R,
and e is an edge of P .

2. For all x ∈ R, f(x) = d(x, e) and has one of the following forms:

• f(x) = d2(x, v) +κ where d2 is Euclidean distance, κ is a constant, v is a vertex
of P , and the segment xv is the first segment of the path π(x, e).

• f(x) = d2(x, ē), where d2 is Euclidean distance, ē is the line through e, and the
path π(x, e) is the straight line segment from x to ē (meeting ē at right angles).

3. For any point x ∈ K [or P ], and any edge e that is farthest from x, there is a triple
(R, f, e) in the coarse cover with x ∈ R.

In particular, this implies that the upper envelope of the functions of the coarse cover
is the geodesic radius function.
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The triangles of the coarse cover for polygons will have some additional properties that
will be discussed after the algorithm for constructing them (Section 6.6).

We note that the definition in Chapter 5 allows an exception to condition (3): in case
two triples have identical R and f (which implies that for all x ∈ R the paths to two half-
polygons have the same length and the the same first segment xv), then we may eliminate
one of them. We do not need that exception here because we assumed that no vertex v is
equidistant from two or more edges (Assumption 2).

With the above definition of a coarse cover, we can give the following high-level version
of the O(n) time chord oracle algorithms of Pollack et al. [91, Section 3] for the vertex
center and the extension to the geodesic center of half-polygons described in Section 5.3.1
of Chapter 5. The algorithm for the chord oracle given below is equivalent to the one
described in the previous chapter. Later (in Section 6.8), we will examine step (1) in
more detail to eliminate the dependence on n when the chord oracle is called during the
divide-and-conquer step (this is the primary reason for revisiting this algorithm).

Chord Oracle
Input: a chord K of polygon P on n vertices.
Output: whether the center of P lies left/right/on K.
1. Find a coarse cover of K.
2. Find the point on K that minimizes the upper envelope of the coarse cover
functions—this is the relative center cK .
3. Examine the maximum values of the coarse cover functions at cK to deter-
mine whether the center of P lies left/right/on K.

Step 1 (described in Section 5.3.1.3) takes O(n) time to produce a coarse cover T of size
O(n). Step 2 (described in Section 5.3.1.4) runs in time O(|T |). Finally, Step 3 (described
in Section 5.3.1.1) also takes O(|T |) time. The correctness of Steps 2 and 3 depends on
Corollary 14.1. Complete details of this version of the chord oracle were given in Chapter 5.

We repeat Lemma 19 from Section 5.3.1 below (with the statement modified since the
half-polygons here are the n edges):

Lemma 38. There is a linear-time (i.e. O(n) time) chord oracle for the geodesic center
of the edges of an n vertex simple polygon.

We use the result of step 1—a coarse cover of a chord—in Phase I of our algorithm.
However, we do not use the entire chord oracle until the part of Phase II where we have a
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coarse cover of the polygon and are searching for a point in the polygon that minimizes the
upper envelope of the coarse cover functions. We then make calls to the chord oracle as we
use divide-and-conquer to restrict the search space to a subpolygon and eliminate elements
of the coarse cover. As noted by Ahn et al., a coarse cover T of the polygon provides a
coarse cover TK of any chord K, simply by intersecting the triangles of T with K. This
idea is fleshed out in Section 6.8, where we describe the type of subpolygons we recurse
on, and what it means to have a coarse cover of such a subpolygon. We also generalize
the chord oracle to a geodesic oracle that tests which side of a geodesic path contains the
center of the polygon.

6.3 Phase I, Part 1: Finding the Farthest Edge from

each Vertex

Phase I is to find the farthest edge Voronoi diagram restricted to the polygon boundary.
In this section we give the first step of Phase I:

Theorem 39. There is a linear time algorithm to find the farthest edge from each vertex
of a simple polygon.

Hershberger and Suri [56] gave a linear time algorithm to find the farthest vertex from
each vertex in linear time. We show that their algorithm extends to finding the farthest
edge from each vertex in linear time. Hershberger and Suri build upon an algorithm called
SMAWK due to Aggarwal et al. [3] that finds row maxima in a totally monotone matrix in
linear time. The SMAWK algorithm immediately solves the problem of finding the farthest
vertex from each vertex in a convex polygon in linear time, but Hershberger and Suri need
substantial new ideas to extend to general simple polgons. In order to extend Hershberger
and Suri’s algorithm to find the farthest edge from each vertex, we must examine their
algorithm in more detail.

We structure this section as follows:

1. Use separators to reduce the farthest vertex/edge problem to a problem of finding
all row maxima in a totally monotone matrix. The matrix is given implicitly—each
entry in the matrix represents the distance from one vertex to a vertex/edge, and
this distance is computed only when needed.
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2. An overview of the SMAWK algorithm to find row maxima in a totally monotone
matrix. Together with item 1, this solves the problem of finding the farthest vertex
from each vertex in a convex polygon, because then each matrix entry (the distance
between two vertices) can be computed in constant time.

3. An overview of the Hershberger-Suri algorithm that solves the problem of finding the
farthest vertex from each vertex in a general simple polygon. To do this, they show
how to compute each matrix entry needed in the SMAWK algorithm in constant
amortized time.

4. The modifications required for finding the farthest edge from each vertex.

Reducing farthest vertices/edges to row maxima in a matrix. We use the notion
of separators from Section 6.2.5. Suri [97] proved that there are a constant number of
separators that separate every vertex from its farthest vertex. In Lemma 35 we extended
this result to the farthest edge from each vertex. Thus, in either case, to find the farthest
vertex/edge from each vertex it suffices to solve the following problem: given a separator
π(a, b), find, for each vertex to the right of the separator, the farthest vertex/edge that lies
to the left of the separator.

Consider a distance matrix M with rows indexed by the vertices to the right of the
separator in counterclockwise order and columns indexed by either the vertices or the edges
to the left of the separator in counterclockwise order, and with M(v, s) defined to be the
geodesic distance from vertex v to vertex/edge s. Then we seek the maximum in each row
of the matrix.

A matrix M is totally monotone if for any 2 × 2 submatrix

[
a b
c d

]
, if b > a then

d > c.

Hershberger and Suri prove that the distance matrix for farthest vertices is totally
monotone. We prove the analogous result for farthest edges.

Claim 40. The distance matrixM for farthest edges as described above is totally monotone.

Proof. Consider a 2×2 submatrix with rows indexed by vertices u, v and columns indexed
by edges e, f :

e f[ ]
u a b
v c d
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Because the row order and column order are counterclockwise, and because u, v are to the
right of the separator and e, f are to the left of the separator, u, v, e, f occur in counterclock-
wise order around the polygon. By Corollary 27, if d(u, f) > d(u, e) then d(v, f) > d(v, e),
i.e., if b > a then d > c.

Thus the problem of finding the farthest vertex/edge from each vertex is reduced in
linear time to the problem of finding row maxima in a totally monotone distance matrix
(where we must take into account the time required to access matrix entries).

The SMAWK algorithm to find row maxima in a totally monotone matrix. Let
M be an n ×m totally monotone matrix. Break ties for the maximum value in a row by
choosing the leftmost maximum. The positions of these row maxima progress rightward
and downward—more precisely, if the maximum in row i occurs in column k, then the
maximum in row j > i occurs in column l ≥ k. The SMAWK algorithm [3] finds the
(leftmost) maximum in each row as follows:

1. Delete columns (without eliminating any row maxima) to reduce to an n×m′ matrix
M ′, where m′ ≤ n. This is accomplished by a routine called REDUCE that accesses
2m− n matrix entries.

2. Let M ′′ consist of the even numbered rows of M ′. Recursively find the row maxima
in M ′′. This gives us the row maxima for all even-numbered rows of M ′.

3. Fill in the row maxima for the odd numbered rows of M ′. Observe that the column
of the maximum in row number 2i + 1 occurs between the columns of the maxima
in row numbers 2i and 2i + 2, which means that this step accesses n + m′ matrix
entries, where the next access is below or to the right of the current one.

Aggarwal et al. [3] prove that the SMAWK algorithm runs in time O(n + m) assum-
ing that matrix entries can be accessed and compared in constant time. The number of
recursive calls (“phases”) is O(log n). An important property is that in step 1 and step 3
each successive matrix entry access is to the right, or up, or down from the current one—in
particular there are no left moves. This is stated as Equation (2.3) by Hershberger and
Suri [56].

The Hershberger-Suri Algorithm and Its Extension to Farthest Edges. As noted
above, the SMAWK algorithm gives a linear time algorithm to find the farthest vertex from
each vertex in a convex polygon, because in that case each entry in the distance matrix
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can be computed in constant time. However, for a general simple polygon, each matrix
access involves finding the distance between two vertices v and u on opposite sides of
the separator. Hershberger and Suri show that this can be done in O(1) amortized time
per matrix access. Their algorithm relies on the order of matrix accesses in the SMAWK
algorithm as mentioned above, and on the properties of shortest paths that cross the
separator γ(a, b), as discussed in Section 6.2.5.1. We use the terminology and notation from
Section 6.2.5.1. The shortest path π(v, u) consists of edges of the funnels Y (v) and Y (u),
with one additional tangent edge ℓ(u, v) in case the pair of funnels is open. The shortest
path trees Ta and Tb can be preprocessed in linear time to allow constant time queries for
least common ancestors, and for lengths of paths to a or b. Then the length of π(u, v) can be
found in constant time if the pair of funnels Y (v), Y (u) is closed. The same applies to our
case of the shortest path from vertex v to edge e—for example, in Figure 6.7, the funnels
Y (v2) and Y (e) are closed and d(v2, e) = (d(a, v2) − d(a, γa(v2)) + (d(b, e) − d(b, γa(v2)).

When a pair of funnels is open the only hard part is finding their tangent edge. Given
the tangent edge, the length of the path can be found in constant time. For example, in
Figure 6.7, the funnels Y (v1) and Y (e) are open with tangent edge ℓ(v1, e) = (x, y) of length
d2(x, y) so d(v1, e) = (d(b, v1) − d(b, x)) + (d(a, e) − d(a, y)) + d2(x, y). Hershberger and
Suri give a data structure to find the tangent between a pair of open funnels in constant
amortized time by storing and maintaining the walls of the funnels Y (v) and Y (u) during
each phase of the algorithm as v moves counterclockwise and u moves in either direction.
In fact, it suffices to maintain the parts of the walls from the apex of the funnel to γ.

Binary search along the walls can be used to find the tangent edge but this is too
inefficient for a linear-time algorithm. Therefore, a more complex data structure that
modifies the shortest path trees (Ta and Tb) at each phase is used. Paths in the trees are
broken into subpaths, and each subpath is represented by a supernode that supports fast
searching. Supernodes are stored as binary trees with the original polygon vertices at their
leaves, and internal nodes representing the edge joining the subtrees below. Any path of the
shortest path tree in the k-th phase is a list of supernodes connected by superedges, such
that every supernode has at most 2k vertices of the original polygon. Finally, Hershberger
and Suri provide a method for obtaining the supernode representation for the trees before
the k-th phase in time O(kn/2k). This takes O(n) time for all the O(log n) phases and also
ensures that tangents between open funnels in the k-th phase can be determined efficiently.
The maintenance of the supernode representation between phases is quite involved and we
do not describe more details here. The data structure permits them to find the tangent
edge ℓ(v, u) and to update the funnels, in O(1) amortized time per operation. Their
algorithm and its analysis depend on a lemma about the difference between two funnels.
For two sites (vertices/edges) si and sj on the same side of the separator γ(a, b), the
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funnel-difference is the set of edges in Y (si) that do not occur in Y (sj). We observe
that their result about funnel differences [56, Lemma 3.3] extends to our situation and is
crucial for the amortized analysis.

Lemma 41. The funnel difference of si, sj forms a path that includes the apex of Y (si),
and is edge-disjoint from Y (sk), for any vertex/edge sk that appears in the order si, sj, sk
on the same side of the separator.

In summary, the Hershberger-Suri algorithm extends in a straightforward manner to
farthest edges. The only modifications needed are the extension to edge funnels (instead
of funnels based on vertices) and the different number of separators.

6.4 Phase I, Part 2: Finding the Farthest Edge Voronoi

Diagram Restricted to the Polygon Boundary

In the previous section we showed how to find the farthest edge from each vertex of the
polygon. In this section we build on that result and show how to find V(∂P ), the farthest
edge Voronoi diagram restricted to the polygon boundary.

Our construction of V(∂P ) allows us to determine the geodesic edge center if it lies on
∂P . If it does, we are done. If not, we can safely assume in Phase II (starting from the
next section) that the edge center lies in the interior of P .

Theorem 42. There is an O(n) time algorithm to obtain the restriction V(∂P ) of the
farthest edge Voronoi diagram to the boundary ∂P .

Based on the general position assumptions in Section 6.2.2, the boundary of P consists
of chains with a single farthest edge, separated by isolated points (not vertices) that have
two farthest edges. Our goal is to find these points.

If two consecutive polygon vertices a and b have the same farthest edge, i.e., F (a) =
F (b), then all points on the edge ab have the same farthest edge, by the Ordering Prop-
erty (P2) of Lemma 25. However, if F (a) ̸= F (b) then we must do more work to find the
farthest edge Voronoi diagram on the edge ab. A polygon edge ab is a transition edge if
F (a) ̸= F (b). See Figure 6.10.

We will find the farthest edge Voronoi diagram on one transition edge in linear time.
To handle all the transition edges in linear time, we will show that for each transition edge
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ab we can restrict our attention to a subpolygon H(a, b) called the hourglass of ab. See
Figure 6.10 and the definition in Section 6.4.1 below.

The proof of Theorem 42 then has two parts: in Section 6.4.1 we show that the hour-
glasses of all transition edges can be found in linear time and that the sum of their sizes
is linear; and in Section 6.4.2 we show how to find the farthest edge Voronoi diagram on
a transition edge inside its hourglass in time linear in the size of the hourglass. For the
second step, we use a coarse cover (see Section 6.2.6) of the transition edge.

We briefly discuss related work. Hourglasses were first used in algorithms for shortest
paths [49, 50, 26], and then used in algorithms to find the farthest vertex geodesic Voronoi
diagram (Aronov et al. [10]) and in algorithms to find the geodesic [vertex] center (Ahn et
al. [4]).

As explained at the beginning of this chapter, there is a linear time algorithm to find the
farthest vertex Voronoi diagram restricted to the boundary of a polygon due to Oh, Barba
and Ahn [87, Section 3]. Our approach is roughly similar to theirs (with farthest edges in
place of farthest vertices), but there are some significant differences. First of all, we will use
the Voronoi diagram on the polygon boundary to easily find a coarse cover of the polygon,
whereas previous papers did things in reverse—Ahn et al. had a more complicated way
of finding a coarse cover of the polygon which Oh et al. then used to find the boundary
Voronoi diagram. Another difference is that our algorithm to find the Voronoi diagram on
one transition edge is considerably simpler—see Section 6.4.2 for details.

6.4.1 Hourglasses

In this section we show that to find the Voronoi diagram on a transition edge ab it suffices
to look at the hourglass of ab, and we show that all the hourglasses can be found in linear
time, and the sum of their sizes is linear.

Let ab be a transition edge directed counterclockwise. Note that π(a, F (a)) and π(b, F (b))
cross each other by the Ordering Property (P2) of Lemma 25. The hourglass H(a, b) =
H(e) is the subpolygon of P bounded by ab, π(a, F (b)), π(b, F (a)) and the clockwise por-
tion of ∂P between the terminals t(a, F (b)) and t(b, F (a)). See Figure 6.10. Recall that
every vertex of P has a unique farthest edge by Assumption 2; and t(a, F (b)) is the ter-
minal point of the geodesic path from vertex a to the edge F (b). The geodesics π(a, F (b))
and π(b, F (a)) are called the walls of the hourglass H(a, b), and the part of ∂P clockwise
from t(b, F (a)) to t(a, F (b)) is called the chain of the hourglass. The size of an hourglass
is its number of vertices.
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Figure 6.10: The hourglass for a transition edge ab. The walls π(a, F (b)) and π(b, F (a))
are represented by dashed polylines.

The following lemma justifies restricting attention to the hourglass of a transition edge
ab in order to find the farthest edge Voronoi diagram restricted to ab. It is a consequence
of the Ordering Property from Lemma 25.

Lemma 43. Let p be a point on the transition edge ab and let e be a farthest edge from p
in P . Then e lies in the chain of the hourglass H(a, b).

Proof. Suppose e lies in the clockwise chain of ∂P from F (a) to b. Then the clockwise or-
dering around ∂P is p, a, F (a), e in contradiction to the Ordering Property (Property (P2)
of Lemma 25). Similarly, if e lies in the clockwise chain ∂P from a to F (b), the clockwise
ordering b, p, e, F (b) contradicts the Ordering Property.

Let H be the set of hourglasses of all the transition edges of P . In the remainder of
this subsection we show how to find H in linear time.

Lemma 44. All the hourglasses of H can be constructed in O(n) time. In particular, the
sum of their sizes is O(n).

Proof. Recall that by Lemma 35 there are five farthest edge separators such that for every
edge ab, one of the separators has a and b to its right and F (a) and F (b) to its left. Let
γ = π(p, q) be a farthest edge separator and let Hγ be the set of hourglasses of transition
edges that lie to the right of γ. It suffices to prove the lemma for one set Hγ.

Each hourglass in Hγ consists of a transition edge ab to the right of γ, two walls, and a
chain to the left of γ. In Section 6.3, we found the farthest edge from each vertex in linear
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time, so we know F (a) and F (b). Because the hourglass chains are internally disjoint, we
just need to show that we can find all the walls of the hourglasses in Hγ in linear time.

Each wall is a shortest path from a vertex to the right of the separator γ = π(p, q) to
an edge to the left of γ, so by Lemma 33 each wall consists of edges of the shortest path
trees Tp and Tq, except for at most one edge crossing γ. The set of crossing edges has size
O(n) because there are O(n) hourglasses. By Lemma 29 the shortest path trees Tp and
Tq can be found in time O(n) and have size O(n). By Lemma 34 we can find each wall in
time proportional to the size of the wall. Thus we can find all the walls in time O(n) so
long as we show that each polygon chord is in O(1) walls. (Note that walls of hourglasses
are not paths to farthest edges, so we cannot simply apply Property (P4) that crossing
paths to farthest edge do not share directed chords.)

Claim 45. Any chord of the polygon is in O(1) walls of hourglasses of Hγ.

Proof. Let t1, . . . , tk be the transition edges to the right of γ in clockwise order. If two
transition edges are close together in this ordering, then their walls may have common
chords, but we will show that if ti and tj are separated by at least three transition edges,
i.e., j − i ≥ 4, then the walls of the hourglasses H(ti) and H(tj) have no common chords.
Note that this proves the claim.

So, consider ti and tj with j − i ≥ 4, and suppose for a contradiction that a wall of
H(ti) and a wall of H(tj) share a common chord f . Take the intermediate transition edge
tk = (u, v), where k = i + 2. Then the farthest edges of the endpoints of ti, tj and tk are
all distinct (this is the reason for choosing i, j, k as we did), and all lie to the right of γ.
We will show that the paths π(u, F (u)) and π(v, F (v)) also share the chord f . This means
that we have crossing paths to distinct farthest edges and the paths share a chord, which
contradicts Property (P4) from Lemma 25.

It remains to show that π(u, F (u)) uses the chord f . (The case of π(v, F (v)) is exactly
the same.) The idea is that this path is “squashed” between the two walls that use f .
Suppose that the wall π(p1, e1) of H(ti) and the wall π(p2, e2) of H(tj) both use chord f .
See Figure 6.11. Here p1 and p2 are distinct vertices on the right of the separator γ and
e1 and e2 are distinct edges on the left of γ. Vertex u lies between p1 and p2 in clockwise
order, and F (u) lies between e1 and e2 in clockwise order, and all are distinct. Let f = xy
where x and y are vertices of the polygon. Because shortest paths to the same destination
do not cross, the shortest path from u to y goes through x. Similarly, the shortest path
from x to the edge F (u) goes through y. The union of these two shortest paths is a geodesic
(locally shortest) path from u to F (u) and must therefore be the shortest path from u to
F (u). Thus π(u, F (u)) uses the edge f .
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Figure 6.11: The walls π(p1, e1) and π(p2, e2) share the chord f = xy, which forces the
path π(u, F (u)) to also use f .

This completes the proof of Lemma 44.

6.4.2 Finding the Farthest Edge Voronoi Diagram on One Edge

In this section, we show how to construct the farthest edge Voronoi diagram along an
edge inside a polygon in time linear in the size of the polygon. We can apply this to find
the farthest edge Voronoi diagram along a transition edge ab inside the hourglass polygon
H(a, b) in time linear in the size of H(a, b), though our algorithm is more general and does
not use any properties of hourglasses. We use the coarse cover (Definition 37) of the edge
ab, which can be found in linear time (see Lubiw and Naredla [72], or Section 5.3.1.3 of
this thesis ). Recall that the coarse cover is a set of triples (I, f, e) where I is a subinterval
of ab and f(x) = d(x, e) for any x ∈ I. The upper envelope of the convex functions f is
the distance function to the farthest edge.

It is easy to compute the upper envelope of the functions f , and thus the Voronoi
diagram on ab, if we first sort the endpoints of the intervals I—but we cannot afford to
sort. Instead, we will add the coarse cover elements (I, f, e) one by one, maintaining a list
M of [pairwise internally] disjoint subintervals of ab together with an associated distance
function fM(x). When we consider (I, f, e) we will insert into M the initial subinterval of
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I where f(x) > fM(x). We must be able to quickly find the left endpoint of I in M and to
ensure that one subinterval of I is all we need to add. This requires a particular ordering
of the coarse cover elements, for which we must delve more deeply into how the coarse
cover was defined. Specifically, elements of the coarse cover of edge ab are associated with
edges of the shortest path trees Ta and Tb (that consist of the shortest paths from a and b,
respectively, to all the edges of P ), and we will use the ordering of the trees as embedded
in the plane.

As mentioned above, Oh, Barba, Ahn [87] gave a linear time algoirthm to find the
farthest vertex Voronoi diagram on the boundary of P . Their algorithm also works by
adding coarse cover elements to obtain the upper envelope of the distance functions. Their
coarse cover is obtained differently, and their algorithm is quite complicated—they iterate
over the sites (the vertices, in their case), adding all coarse cover elements associated
with each site. In order to find the correct insertion point on ab, they sweep back and
forth maintaining a shortest path from the current point on ab to the current vertex.
Their argument that updating the path costs (amortized) linear time depends in the final
analysis on properties of the coarse cover that are not made explicit (see Lemma 7 in their
paper). Our algorithm is much simpler, both in its description and its analysis, because
we use the relationship between our coarse cover and shortest path trees, which allows us
to iterate over edges of the shortest path trees rather than iterating over the sites.

6.4.2.1 Coarse Covers and Shortest Path Trees

We begin by describing how the coarse cover (see Definition 37) of an edge ab is constructed,
and how it is related to the shortest path trees Ta and Tb. These results were described in
detail in Chapter 5. We recall the concept here with slightly modified notation since we
deal with the special case when all the half-polygons are edges. Direct the edges of Ta from
the root a to the leaves (which correspond to the edges of the polygon). Similarly, direct
the edges of Tb from the root b to the leaves. For any node v in Ta define ℓa(v) to be the
maximum length of a directed path in Ta from v to a leaf node representing a terminal
point on some polygon edge, and define Fa(v) to be that polygon edge. Define functions
ℓb and Fb similarly. As discussed in Chapter 5, the ℓ and F values can be computed in
linear time.

Define pa(u) and pb(u) to be the parents of node u in Ta and Tb, respectively. As
noted by Pollack et al. [91], a vertex u is visible from some point on ab if and only if
pa(u) ̸= pb(u). Furthermore, we note that if u is visible from some point on ab, then
extending the edge from u through pa(u) reaches a point xa(u) on ab from which u is
visible. Similarly, extending the edge from u through pb(u) reaches a point xb(u) on ab
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from which u is visible. The intervals of the coarse cover will be defined using the points
xa(u) and xb(u).

Note that, as a special case, we add a 0-length edge to Ta at the root a to account for
the path (of length 0) from a to the polygon edge incident to a. The 0-length edges ensure
that every polygon edge is associated with a unique leaf of Ta [and of Tb]. Recall that
some other 0-length segments were already appended to the shortest path trees in order
to address corner cases in Section 5.3.1.3. We can now define the coarse cover.

The coarse cover T . Next, we describe the different types of elements in a coarse
cover. Note that here we have fewer types of coarse cover elements for edges since, unlike
half-polygons, an edge cannot properly intersect a chord. The coarse cover T consists of
elements of the following three types (Note that elements of type 0 used in Section 5.3.1.3
for half-polygons can never occur for edges):

Figure 6.12: Elements of the coarse cover (this figure is the same as Figure 5.8 with half-
polygons replaced by edges): (a) I is the base of an a-side triangle associated with edge
uv; (b) I is the base of a central triangle associated with edge uv; (c) I is the base of a
central triangle associated with 0-length edge uv; (d) I1 is the base of a central trapezoid
associated with terminal points v and v′ on e; I2 is the base of an a-side triangle associated
with 0-length edge uv.
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1. For each directed edge (u, v) in Ta where u ̸= a, and u and v are both visible from
ab, there is an a-side triangle with an associated coarse cover element. The b-side
triangles and their associated coarse cover elements are defined symmetrically.

2. For each edge (u, v) that is common to Ta and Tb where u is visible from ab and v is
not (i.e., u = pa(v) = pb(v)) there is a central triangle with a coarse cover element
associated with it.

3. For each polygon edge e such that the terminal points t(a, e) of π(a, e) and t(b, e)
of π(b, e) are distinct, there is a central trapezoid and an associated coarse cover
element.

In Chapter 5 (specifically, Lemma 22), we proved that T , as defined above, is a coarse
cover and can be found in linear time (in fact, the proof works for the more general case
of farthest half-polygons).

Coarse cover elements of Type 1 and Type 2 (a-side triangles, b-side triangles, and
central triangles) are associated with edges (u, v) of Ta and Tb with at least one node visible
from ab. Elements of Type 3 (central trapezoids) are associated with polygon edges, and
thus with leaves of Ta.

Observation 46. If uv and vw are edges of Ta that have associated coarse cover elements
(I1, f, e) and (I2, f

′, e′), then the right endpoint of I1 is xa(v) and the left endpoint of I2 is
xa(v), i.e., I1 and I2 appear in that order along ab and intersect in a single point. This
observation is also true for an edge uv and a central trapezoid at v if v happens to be a
leaf.

A similar property holds for Tb.

Lemma 47. Suppose edge uv of Ta has an associated coarse cover element (I, f, Fa(v)).
Then:

1. On the path π(a, u) all edges except the first one have associated coarse cover elements.

2. On the path π(v, Fa(v)) let x be the last vertex visible from ab. All edges on π(v, x)
have associated coarse cover elements for the polygon edge Fa(v). Furthermore, if x
is a leaf then there is a central trapezoid associated with Fa(v), and otherwise there
is an edge xy in π(v, Fa(v)) and it is associated with a central triangle for Fa(v).

A similar property holds for Tb.
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From Lemma 47 and Observation 46, we get:

Corollary 48. For any edge e of P , let C(e) be the set of coarse cover elements (I, f, e)
for e. If C(e) is nonempty, then its elements correspond to a (possibly empty) path in Ta
directed towards a leaf, followed by a central triangle or trapezoid, followed by a (possibly
empty) path in Tb directed towards the root. Furthermore, the corresponding intervals on
ab appear in order, are [internally] disjoint, and their union is an interval.

Proof of Lemma 47. The first statement just depends on the fact that if u is visible from
ab (i.e., has different parents in Ta and Tb) then the same is true for every vertex on the
path π(a, u).

For the second statement, note that Fa(v) is the farthest edge from v in the subtree of
v. Let w be any vertex on π(v, x), and e′ any polygon edge for which the terminal t(a, e′)
lies in the subtree of w. We have d(v, e′) = d(v, w) + d(w, e′). Since d(v, Fa(v)) > d(v, e′),
the previous equality implies d(w,Fa(v)) > d(w, e′). So Fa(w) = Fa(v) and the coarse
cover for the tree edge joining w to its parent pa(w) is also associated with Fa(v).

If x is a leaf, the terminals t(a, Fa(v)) and t(b, Fa(v)) are distinct (due to the introduc-
tion of 0-length segments). From the definition of the coarse cover elements, this means
there is a central trapezoid associated with Fa(v). If x is not a leaf, let xy be the first
edge on the path π(x, Fa(v)) (the latter path is a subpath in π(v, Fa(v))). The vertex (or
terminal point) y is not visible from ab and xy is a tree edge in both Ta and Tb. The coarse
cover element for xy is a central triangle associated with Fa(v).

6.4.2.2 A DFS-based Algorithm for the Farthest Edge Voronoi Diagram

In this section we give the final algorithm to find the farthest edge Voronoi diagram on
polygon edge ab. We first construct a tree T whose edges correspond to coarse cover
elements of ab. Then we incrementally construct the farthest edge Voronoi diagram on ab
by adding coarse cover elements in a depth first search (DFS) order of T .

Constructing a tree of coarse cover elements. We construct a tree T whose edges
are in one-to-one correspondence with the coarse cover elements. For ease of terminology,
we will refer to, e.g., an a-side triangle as a coarse cover element, though to be precise,
we should say “the coarse cover element associated with the a-side triangle.” In brief, T
is constructed as follows: we attach each central trapezoid to the associated leaf vertex of
Ta; add the path of b-side triangles for each polygon edge e after the central triangle or
trapezoid for e; and contract original edges of Ta that are not associated with coarse cover
elements. We give more detail of these steps.
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1. For each central trapezoid, say associated with polygon edge e, there is a leaf l of
T corresponding to e. Attach a new edge in T descending from l and associate the
central trapezoid with it.

2. For each polygon edge e that has b-side triangles associated with it, those triangles
correspond to a path π in Tb, that is directed in leaf-to-root order, see Corollary 48.
The tree T currently has an edge, say g, associated with the central triangle/trapezoid
for e. Attach the path π at end of the edge g.

3. Finally, we contract any original edge of Ta that is not associated with a coarse cover
element. These are edges uv such that u is not visible from ab plus the original edges
incident to a.

The resulting tree T can be constructed in linear time and its edges are in one-to-one
correspondence with the coarse cover elements. Observation 46 extends to the tree T :

Observation 49. If uv and vw are edges of T , then the intervals I1 and I2 of the cor-
responding coarse cover elements appear in that order along ab and intersect in a single
point.

DFS Algorithm for the Voronoi Diagram. We process the coarse cover elements
one by one, ordered according to a depth first search of the tree T in which we explore
children of a vertex in clockwise order (i.e., with the most counterclockwise child first). We
maintain a list M of interior disjoint subintervals of ab whose union is an interval starting
at a. With each subinterval in M we record the coarse cover element it came from. We
define fM to be the distance function determined by the intervals of M . In the end M will
be the farthest edge Voronoi diagram on ab.

During the depth first search of T , when we traverse an edge uv with an associated
coarse cover element (I, f, e), we ensure that any part of this element that defines the
final upper envelope is inserted into M . (Note the subtlety that M need not be the upper
envelope of the coarse cover elements examined so far.)

In fact, the algorithm will insert only one subinterval of I beginning at its left endpoint.
If all of I is inserted, then the algorithm recursively continues the depth first search on
vertex v, and otherwise the whole subtree rooted at v is abandoned. There are two issues:
correctness, which is addressed later; and efficiency, which we discuss here. In interval
I = [l, r] we must compare the distance function f to the distance function fM determined
by the intervals of M . We begin at l, the left endpoint of I. To compare f(l) with fM(l),
we must locate l in M at unit cost. If u is the root of T , then l = a, and we begin at
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the start of M . Otherwise, the edge of T from the parent of u to u has an associated
coarse cover element with an interval I ′. By Observation 49, the right endpoint of I ′ is l.
Thus, we will store with vertex u a pointer pu to the interval of M that contains the right
endpoint of I ′. This allows us to access fM(l) at unit cost.

We define a recursive routine, Insert(u, pu) where u is a vertex of T and pu is a pointer
into the list M as described above. The goal is to insert into M the portions of coarse
cover elements that are associated with the subtree of T rooted at u and that determine
the final upper envelope. Initially M has a single endpoint a and pointer pa points to it.
At the top level we call Insert(a, pa).

Insert(u, pu) # u is a node of T and pu is a pointer to an interval of M

for each child v of u in clockwise order do
(I, f, e) := the coarse cover element associated with the edge uv of T
l := left endpoint of I; r := right endpoint of I
Invariant: pu points to an interval of M that contains l
if f(l+) > fM(l+) where l+ is just to the right of l then

replace intervals of M starting at pu with a subinterval of I ending at
the “cross-over” point t < r where fM starts to dominate f , or at r

if f dominates until r and v is not a leaf of T then
call Insert(v, pv), where pv is a pointer to interval I in M

Checking f(l+) > fM(l+). We now explain how to check for the condition f(l+) > fM(l+)
from Step 2 in the above algorithm. If f(l) > fM(l) or f(l) < fM(l), i.e. the inequality is
strict, then the comparison between f(l+) and fM(l+) gives the same result.

So we focus on the case when f(l) = fM(l). Here, we need to check the distance
function dl stored in the interval of M whose left endpoint is l. Recall that dl is either
the square root of a quadratic function in x and y (when it is the distance to a point plus
some constant) or a linear function in x and y (when it is the distance to a line). We take
f(l+) > fM(l+) to be true if (and only if): (i) the distance function dl = −∞, or, (ii) the
derivative of dl at point l is strictly less than the derivative of f at point l.

Finding a “cross-over” point. Each node of the list M stores a distance function
(distance to point plus a constant or the distance to a line). We can therefore compare
the functions to check if the function stored in M becomes greater than the value stored
in the function f within the domain where both functions are defined. The point where
this happens is identified as the “cross-over” point.
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Runtime: Each edge of T is handled once, and causes at most one new interval to be
inserted into M , so the total number of endpoints inserted into M is O(n). We can access
fM(l+) in constant time using the pointer pu. Then the endpoints of intervals of M that
we traverse as we do the insertion vanish from M . The runtime is thus O(n).

Correctness: By definition, the upper envelope of the distance functions of the coarse
cover elements of ab is the geodesic edge radius. We will prove that our algorithm only
discards cover elements (partially or fully) in intervals where their function value is exceeded
by some other element. The discarded parts are thus not relevant for finding the upper
envelope. At any point during the execution of the algorithm, M is a list of coarse cover
elements with disjoint intervals on ab whose union is an interval starting at a. All the
coarse cover elements that remain in the end are part of M and hence M must be the
upper envelope. The following lemma completes the proof of correctness:

Lemma 50. The algorithm only discards pieces of coarse cover elements that do not form
part of the final upper envelope.

Proof. We examine the behaviour of the algorithm for edge uv of T with associated coarse
cover element (I, f, e), where I = [l, r]. We insert the subinterval [l, t] into M (or no
subinterval). Because f(x) ≥ fM(x) for x ∈ [l, t], any subintervals of M that are removed
due to the insertion do not determine the upper envelope, so their removal is correct.

If we insert all of interval I into M and recursively call Insert(v, pv), then this is correct
by induction. So suppose we insert a proper subinterval of I or none of I. We must
prove that no later part of I, and no element of the coarse cover associated with edges
of the subtree rooted at v determines the upper envelope. Let t+ be a point just to the
right of t (or just to the right of l if we insert no part of I). Then fM(t+) > f(t+).
Number the polygon edges e1, e2, . . . , em clockwise from a to b. Suppose that e = ei, so
f(x) = d(x, ei) for x ∈ I, in particular, f(t+) = d(t+, ei). Suppose that fM(t+) = d(t+, ek).
Then d(t+, ek) > d(t+, ei).

Now consider the edges of T descended from v plus the edge uv. Consider the corre-
sponding coarse cover elements, Cv, and let ej be any polygon edge associated with any
element in Cv. Note that the intervals on ab associated with coarse cover elements of Cv lie
to the right of r, except for I associated with uv. We will prove that for any point x ∈ ab
to the right of t+, d(x, ek) > d(x, ej), which implies that none of the coarse cover elements
in Cv determines the upper envelope, nor does any part of I to the right of t. Thus the
algorithm is correct to discard them.

We first prove the result for x = t+. If uv corresponds to a central triangle/trapezoid
for ei or a b-side triangle, then T has a single path descending from v, all of whose edges
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are associated with ei, i.e., j = i. Otherwise, by the definition of an a-side coarse cover
element, ei corresponds to the farthest leaf of Ta descended from v, which implies that
d(x, ei) ≥ d(x, ej) for all x ∈ I, and in particular for x = t+. Thus, in either case we have
d(t+, ek) > d(t+, ei) ≥ d(t+, ej).

We next claim that k < j. The current fM values arise from tree edges already pro-
cessed. These consist of: (1) edges on the path from a to u; and (2) edges of T counter-
clockwise from this path. Edges on the path from a to u have coarse cover intervals on
ab to the left of l, by Observation 49. Thus type (1) edges do not determine fM(t+). By
the depth-first-search order, type (2) edges have coarse cover elements corresponding to
polygon edges counterclockwise from ej. Thus k < j.

To complete the proof of Lemma 50, consider any point x ∈ ab to the right of t+. The
clockwise ordering around the polygon boundary is x, t+, ek, ej, so by Lemma 26 and the
fact that d(t+, ek) > d(t+, ej), we get d(x, ek) > d(x, ej), as required.

6.4.2.3 Examples of the Algorithm

Example 1. Let us explain our Voronoi construction algorithm for Figure 6.13. We have
here a convex polygon with edges e1, e2, e3 and ab. The shortest path trees rooted at a
and b are shown.

The enhanced shortest path tree Ta in Figure 6.14 has edges a0, a1, a2, a3, where a0 and
a2 are the added 0-length edges. Ta has three leaves corresponding (in clockwise order) to
polygon edges e3, e2, e1. The enhanced shortest path tree Tb has edges b0, b1, b2, b3, where
b0 and b2 are the added 0-length edges. Tb has three leaves corresponding (in clockwise
order) to polygon edges e3, e2, e1. The perpendiculars to e2 at its endpoints v and u meet
ab at p1 and p2 respectively. The angle bisectors of ∠avu and ∠buv meet ab at t2 and t1
respectively.

In this example, we denote the coarse cover elements by cl where l is either the tree edge
for which the element is defined (for a-side triangles, b-side triangles, or central triangles)
or a polygon edge (for central trapezoids).

First we list the elements of the coarse cover for Figure 6.14:

1. a-side triangles:

{ca2 = (Ia2 = ap1, f = d2(x, v), e2)}
2. b-side triangles:

{cb2 = (Ib2 = p2b, f = d2(x, u), e2)}
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3. central triangles:

{}
4. central trapezoids:

{ce3 = (Ie3 = ab, f = d2(x, ē3), e3), ce2 = (Ie2 = p1p2, f = d2(x, ē2), e2),
ce1 = (Ie1 = ab, f = d2(x, ē1), e1)}

Figure 6.13: A simple example for which we demonstrate the algorithm for the upper
envelope. The underlying polygon is a convex 4-gon. The shortest path trees rooted at a
and b are shown in red and blue respectively.

Next, as in Corollary 48, we denote by C(e) the set of coarse cover elements (I, f, e)
for the edge e. Ordering these sets as in Corollary 48 we have:

1. C(e3) = {ce3}
2. C(e2) = {ca2 , ce2 , cb2}
3. C(e1) = {ce1}

Finally, the coarse cover elements are traversed in the following DFS order according
to tree T (see Figure 6.15):

1. ce3 : Since M is initially empty, ce3 is added to the entire interval ab. After adding
this element,

M = (ab, d2(x, ē3), e3).
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Figure 6.14: The enhanced shortest path trees for our DFS based algorithm. The under-
lying polygon shown in Figure 6.13 is a convex 4-gon, but this figure looks more complex
since we explicitly show the 0-length edges a0, a2, b0, and b2.

2. ca2 : This replaces the initial part of M . As the angle bisector of ∠avu meets ab at
t2, points in the interval ap1 are farther away from e2 than from e3. After adding ca2 ,

M = (ap1, d2(x, v), e2)
(p1b, d2(x, ē3), e3).

As all of ca2 is added, we continue on to ce2 , with the pointer pointing to the element
of M at p1.

3. ce2 : Starting out at p1, this replaces some part of the element (p1b, d2(x, ē3), e3) of
M . Note however that the angle bisector of e3 and e2 meets ab at t2. As points
on the angle bisector are equidistant from both sides, t2 is a cross-over point. After
handling ce2 ,

M = (ap1, d2(x, v), e2)
(p1t2, d2(x, ē2), e2)
(t2b, d2(x, ē3), e3).

As we do not add ce2 completely, we halt the DFS at t2.

4. cb2 : Not examined.

5. ce1 : This element has its left endpoint at a and is added until the crossover point with
e2 is reached. By the construction of Figure 6.14, this crossover point t1 is reached
at the second element of M . So, the first element of M is completely replaced, while
the interval of the second element is split. After handling ce1 ,
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Figure 6.15: The tree in red is Ta, the shortest path tree from Figure 6.14 rooted at a.
The tree in black is the tree T that decides the DFS order of traversal for the coarse cover
elements. See the algorithm in Section 6.4.2.2.

M = (at1, d2(x, ē1), e1)
(t1t2, d2(x, ē2), e2)
(t2b, d2(x, ē3), e3).

The execution of the algorithm is now complete and the farthest edge Voronoi diagram
on ab is stored in the list M , whose contents are shown below:

(at1, d2(x, ē1), e1)
(t1t2, d2(x, ē2), e2)
(t2b, d2(x, ē3), e3).
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Figure 6.16: Another simple example for the algorithm for constructing the upper envelope.
The shortest path trees rooted at a and b are shown in red and blue respectively. We have
constructed the diagram so that the farthest edge from points on ab is either e4 or e7. Tree
edges not on the paths to these two edges will be ignored. The crossover point t on ab is
at equal geodesic distance from e4 and e7. Our Voronoi diagram algorithm will assign the
interval at to e4 and tb to e7.

Example 2. We now explain our algorithm for constructing the farthest edge Voronoi
diagram for Figure 6.16. It is constructed so that the only farthest edges from points on
ab are e4 and e7. The crossover point t is also shown in the figure. The farthest edge from
u in its subtree in Ta is e4, i.e., Fa(u) = e4. The farthest edge from v in its subtree in Tb
is e7, i.e., Fb(v) = e7.

Only the edges e4 and e7 have coarse cover elements relevant to the current example.
Therefore, we will ignore some coarse cover elements to simplify the description.

We show the intervals for the coarse cover elements in Figure 6.17. We avoid writing
the actual distance functions and only indicate those as d(x, e4) or d(x, e7). The coarse
cover elements under consideration will be:

1. a-side triangles:

{ca2 = (Ia2 , d(x, e4), e4), ca3 = (Ia3 , d(x, e4), e4), ca4 = (Ia4 , d(x, e7), e7), ca6 = (Ia6 , d(x, e4), e4)}

2. b-side triangles:
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(a) (b)

Figure 6.17: (a) Coarse cover elements for e4. The crossover point t lies in Ia6 . Only the
relevant parts of the shortest path trees are shown. (b) Coarse cover elements for e7. The
crossover point t lies in Ia4 . Only the relevant parts of the shortest path trees are shown.

{cb2 = (Ib2 , d(x, e7), e7), cb3 = (Ib3 , d(x, e4), e4), cb4 = (Ib4 , d(x, e7), e7)}

3. central triangles:

{cb5 = (Ib5 , d(x, e7), e7)}

4. central trapezoids:

{ce4 = (Ie4 , d2(x, ē4), e4)}

Next, we list the coarse cover elements by the polygon edge using notation and ordering
borrowed from Corollary 48:

1. C(e7) = {ca4 , cb5 , cb4 , cb2}

2. C(e4) = {ca2 , ca3 , ca6 , ce4 , cb3}
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Figure 6.18: The tree in red is Ta, the shortest path tree from Figure 6.16 rooted at a.
The tree in black is the tree T that decides the DFS order of traversal for the coarse cover
elements. See the algorithm in Section 6.4.2.2.

Finally, the coarse cover elements are traversed in the following DFS order given by
tree T (see Figure 6.18):

1. ca2 : After handling ca2 ,

M = (Ia2 , d(x, e4), e4).

2. ca3 : After handling ca3 ,

M = (Ia2 , d(x, e4), e4)
(Ia3 , d(x, e4), e4).

3. ca4 : The left endpoint of Ia4 coincides with the right endpoint of Ia3 . The coarse
cover element corresponds to e7 and is directly appended to the existing list M .
After handling ca4 ,

M = (Ia2 , d(x, e4), e4)
(Ia3 , d(x, e4), e4)
(Ia4 , d(x, e7), e7).

4. cb5 : After handling cb5 ,

113



M = (Ia2 , d(x, e4), e4)
(Ia3 , d(x, e4), e4)
(Ia4 , d(x, e7), e7)
(Ib5 , d(x, e7), e7).

5. cb4 : After handling cb4 ,

M = (Ia2 , d(x, e4), e4)
(Ia3 , d(x, e4), e4)
(Ia4 , d(x, e7), e7)
(Ib5 , d(x, e7), e7)
(Ib4 , d(x, e7), e7).

6. cb2 : After handling cb2 ,

M = (Ia2 , d(x, e4), e4)
(Ia3 , d(x, e4), e4)
(Ia4 , d(x, e7), e7)
(Ib5 , d(x, e7), e7)
(Ib4 , d(x, e7), e7)
(Ib2 , d(x, e7), e7).

7. ca6 : For the interval Ia6 of coarse cover element ca6 , the left endpoint is the same as
Ia4 . Thus we can directly start the comparison in list M at (Ia4 , d(x, e7), e7). The
crossover point lies in both Ia4 and Ia6 . Let the left and right endpoints of Ia4 be
t′ and t′′ respectively. Note that the left endpoint of Ia6 must also be t′. As the
crossover point occurs in the interior of Ia6 , the tree T will not be examined further.
After handling ca6 , the list is:

M = (Ia2 , d(x, e4), e4)
(Ia3 , d(x, e4), e4)
(t′t, d(x, e4), e4)
(tt′′, d(x, e7), e7)
(Ib5 , d(x, e7), e7)
(Ib4 , d(x, e7), e7)
(Ib2 , d(x, e7), e7).

8. ce4 : Not examined.

9. cb3 : Not examined.
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The final list M (and also the Voronoi diagram on ab for this example) is:

(Ia2 , d(x, e4), e4)
(Ia3 , d(x, e4), e4)
(t′t, d(x, e4), e4)
(tt′′, d(x, e7), e7)
(Ib5 , d(x, e7), e7)
(Ib4 , d(x, e7), e7)
(Ib2 , d(x, e7), e7).

6.5 Phase II: Overview

In Phase I we found the farthest edge Voronoi diagram on the boundary of P . In Phase II
we find the geodesic edge center. Phase I finds the edge center if it lies on ∂P . Therefore,
we assume in this phase that the geodesic edge center lies in the interior of P . At a high-
level we follow the algorithm of Ahn et al. [4] though with some significant differences.
The first step is to find a coarse cover (see Definition 37) of the polygon by triangles. The
details of this step are in Section 6.6. The triangles of the coarse cover will be bounded
by two chords and one piece of a polygon edge. The problem of finding the center is thus
reduced to finding a point that minimizes the upper envelope of the functions of the coarse
cover. We then use a divide-and-conquer algorithm to solve subproblems of the following
form: Given a subpolygon and a subset of the functions (each defined on a triangle of the
original polygon P ), find a point in the subpolygon to minimize the upper envelope of the
functions. At each stage of the divide-and-conquer algorithm the size of the subproblem
(the size of the subpolygon and the number of functions) is reduced by a constant fraction.
We use ϵ-net techniques to recursively solve subproblems until the size of the subpolygon
becomes constant, at which time we switch to a prune-and-search technique.

In the remainder of this overview section, we give some more details of the ϵ-net tech-
niques that are used for subproblems with large subpolygons, and how our approach differs
from that of Ahn et al. The subpolygons we work with are “3-anchor hulls”— the geodesic
convex hulls of at most three points or subchains of the polygons boundary.

We prove that if the size of a 3-anchor hull Q is greater than 6, then no triangle of the
coarse cover contains it. Thus any coarse cover triangle that intersects Q has a bounding
chord that intersects Q, and we can focus on the chords K that define triangles of the
coarse cover.
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To apply ϵ-nets we define a “3-anchor range space” whose ground set is K, and whose
ranges are sets of chords that intersect 3-anchor hulls. The idea is to find an ϵ-net, which
is a constant-sized set N ⊆ K such that any 3-anchor hull not intersected by a chord of
N is intersected by at most a constant fraction of the chords of K—this is the important
property that allows us to discard a fraction of the coarse cover triangles that properly
intersect the subpolygon. The set of chords N forms an arrangement that partitions the
current subpolygon into cells. We can use the chord oracle to determine which cell contains
the center, but in order to recurse, we must subdivide this cell into a constant number of
3-anchor hulls and figure out which of these 3-anchor hulls contains the center point. The
ingredients needed to carry out this plan are as follows.

1. Prove that the 3-anchor range space has finite VC-dimension (to show that an ϵ-net of
constant-size exists). Provide a “subspace oracle” (to find an ϵ-net N in deterministic
linear time). These ingredients are given in Section 6.7.

2. Subdivide a cell of the arrangement of N into a constant number of 3-anchor hulls.
Find a simple 3-anchor hull that contains the center using a geodesic oracle (an
extension of the chord oracle) to test which side of a geodesic path contains the
center point. The geodesic oracle is given in Section 6.8. The divide-and-conquer
algorithm, including details of how to subdivide a cell into 3-anchor hulls) is given in
Section 6.9.

For now, we expand on the aspects of the algorithm that differ from the approach of
Ahn et al. [4] (beyond the obvious difference that we deal with farthest edges rather than
farthest vertices.). Instead of 3-anchor hulls, their algorithm works with 4-cells, formed
by taking the intersection of at most four half-polygons, where a half-polygon is the part
of P to one side of a chord. Figure 6.19 gives an example of a 4-cell and a 3-anchor hull.
The number (three versus four) is not significant, but we bound our regions by geodesics
instead of chords in order to obtain the following two results.

1. The 3-anchor range space has finite VC-dimension. This implies that constant-sized
ϵ-nets exist. Furthermore, there is a “subspace oracle” that allows us to find an
ϵ-net N in deterministic linear time [99, Chapter 47, Theorem 47.4.3]. For further
background see Section 6.7.2.

Ahn et al. claim that their range space (of chords crossing 4-cells) has finite VC-
dimension but their proof is flawed. Our proof shows that their range space does in
fact have finite VC-dimension. They do not mention subspace oracles, without which
their algorithm runs in expected linear time rather than deterministic linear time as
claimed. We expand on these aspects in Section 6.7.1 below.
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Figure 6.19: (left) The shaded region shows a 4-cell in P . The dashed segments are the
four chords that define half-polygons whose intersection is the 4-cell. The 4-cell is the hull
of two polygon chains (shown in bold) and two points in the interior. (right) The shaded
region shows a 3-anchor hull. It is the geodesic convex hull of the two polygon boundary
chains shown in bold and a point in the interior.

Figure 6.20: Figure outlining the problem with Ahn et al.’s proposed vertical decomposition
of the polygon into 4-cells. The blue chords represent an ϵ-net of their range space. Using
their decomposition scheme, the polygon is not partitioned into 4-cells (the subpolygon
bounded by the five vertical dashed chords is a 5-cell), contrary to their claim.
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2. A cell of the arrangement of N can be partitioned into constantly many 3-anchor
hulls.

The method used by Ahn et al. to subdivide a cell of N into 4-cells by adding a
constant number of chords is incomplete. From the intersection points and endpoints
of the chords in N , they shoot vertical rays up and down until either a chord of N
or the boundary of the outer 4-cell is reached. They claim that this subdivides each
face into a constant number of 4-cells. It is true that there are a constant number of
regions, but not true that the regions are 4-cells. Figure 6.20 shows a counterexample.
There are five chords in N , and their construction leaves a 5-cell. The partition step
can be fixed with an alternate approach but we find 3-anchor hulls more natural.

6.6 Phase II, Part 1: Finding a Coarse Cover of the

Polygon by Triangles

This section contains the first step of Phase II, which is to construct in linear time a coarse
cover of the polygon as specified in Definition 37. In later sections we show how to search
the coarse cover to find the geodesic edge center.

Let X be the set of vertices of the farthest edge Voronoi diagram on the boundary of P .
These are points on ∂P that each have two farthest edges. The points of X partition ∂P
into chains C(e), where C(e) consists of the points on ∂P whose farthest edge is e. We
begin by expanding each chain C(e) to a subpolygon Y (e) that contains the Voronoi region
of the edge e. After that, we will partition each polygon Y (e) into triangles to obtain the
coarse cover.

Suppose the chain C(e) goes clockwise from p(e) ∈ X to q(e) ∈ X. The edge funnel
Y (e) is the polygon bounded by the chain C(e), the walls π(p(e), e) and π(q(e), e), and the
base b(e), which is the part of e between the terminal points t(p(e), e) and t(q(e), e). See
Figure 6.21. The size of the edge funnel Y (e) is its number of vertices. By Property (P1),
the walls of an edge funnel may merge but never cross, so each edge funnel is a weakly
simple polygon.

Edge funnels are an extension of the well-studied [vertex] funnels that are used for
computing shortest paths (see [66, 49]), and that were used by Ahn et al. [4] to compute
the geodesic vertex center. To build their coarse cover of the polygon, Ahn et al. needed
hourglasses as well as [vertex] funnels, so their method was more complicated. By contrast,
our coarse cover is constructed from edge funnels alone because we did extra work ahead
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Figure 6.21: Edge funnels Y (ei) for some edges ei of a polygon. The chains C(ei) on ∂P
are indicated in bold.

of time using hourglasses to compute the farthest edge Voronoi diagram restricted to the
polygon boundary.

Lemma 51. For any point p ∈ P , if e is a farthest edge from p, then p ∈ Y (e).

Proof. Consider the shortest path π(p, e) from the point p to the edge e and extend the
first segment of the path backwards until it intersects the boundary ∂P at point p′. Since
the result is a locally shortest path, it must be the shortest path from p′ to e. Thus the
distance from p′ to e is |p′p| + d(p, e). We now show that e is a farthest edge from p′.
Consider any other edge e′. We have d(p, e′) ≤ d(p, e). Then d(p′, e′) ≤ |p′p| + d(p, e′) ≤
|p′p| + d(p, e) = d(p′, e). Thus e is a farthest edge from p′, so p′ lies on the chain C(e). By
Property (P1) of Lemma 25, π(p′, e) does not cross the walls of the edge funnel Y (e), so
it lies inside Y (e). Therefore, the point p lies in Y (e) since p is a point on π(p′, e).

Lemma 52. The set of edge funnels Y (e) corresponding to all the edges e of the polygon
can be constructed in O(n) time. The sum of all their sizes is O(n).

Proof. The farthest edge Voronoi diagram on ∂P gives us the chains C(e), so we only need
to find the walls of the edge funnels, which are the shortest paths from the endpoints of
C(e) to e. Equivalently, we must find, for each Voronoi vertex p ∈ X, the shortest paths
to p’s farthest edges. Note that there are O(n) points in X, and by Lemma 24, each p ∈ X
has two farthest edges.
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Recall that by Lemma 35 there is a linear time algorithm to find a set of five farthest
edge separators such that for every point p ∈ ∂P , one of the separators has p to its right
and, by definition of a farthest edge separator, has all farthest edges of p to the left. It
therefore suffices to focus on one of these farthest edge separators γ = π(a, b), and give a
linear time algorithm to find the shortest path from each point p ∈ X that lies to the right
of γ to each of p’s farthest edges. By Lemma 33, each such path π(p, F (p)) is contained
(except for one edge) in the shortest path trees T (a) and T (b). By Lemma 34, after a
linear time preprocessing of the trees T (a) and T (b), each path π(p, F (p)) can be found
in time proportional to its size |π(p, F (p))|. Finally, we note that the two walls of one
edge funnel may share edges, but we claim that walls of different edge funnels do not share
edges if they originate from points in X to the right of γ. Consider p, q ∈ X and the
paths π(p, F (p)), π(q, F (q)) with F (p) ̸= F (q). By Claim 32, the paths cross, and then
Property (P4) implies that the paths do not share any edges (chords).

We therefore have
∑

|π(p, F (p))| ∈ O(|T (a)|+ |T (b)|+n), where the last term accounts
for the one edge of each path that is not in the trees. Thus the total run time to find all
the shortest paths is O(n).

Defining the coarse cover T of polygon P . The idea is to partition each funnel Y (e)
into triangles in time linear in O(|Y (e)|), and then take the union over all funnels. We first
use Lemma 30 to partition Y (e) in linear time into its shortest path map from its base edge
b(e). Recall that the shortest path map partitions Y (e) into regions such that shortest
paths to e from points in the same region are combinatorially the same. In addition, if a
region of the shortest path map contains any vertex v whose shortest path to e splits the
region, then we subdivide the region at the path. All these subdivisions can be found in
linear time, and the resulting subdivided regions T are either triangles or trapezoids. See
Figure 6.6b.

Next we define distance functions on the triangles and trapezoids. If T is a triangle,
then the shortest path to e from any point p ∈ T goes through an apex v of the triangle,
and the distance from p to e is fT (p) := d2(p, v)+κ where d2 is Euclidean distance (ignoring
P ) and κ is d(v, e) which is independent of p. If T is a trapezoid, then the shortest path to e
from any point p of T is a straight line segment meeting e at right angles, and the distance
from p to e is fT (p) := d2(p, ē), where ē is the line through e and d2 is Euclidean distance
(ignoring P ). For the convenience of not having to say “triangles and trapezoids,” we will
further partition each trapezoid into two triangles, each inheriting a distance function of
the form d2(p, ē).

Define T (e) to contain the triple (T, fT , e) for each triangle T in the partition of Y (e).
Along with the triples we store the following:
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1. Each triangle T is given by its three sides: one side is a subsegment of an edge and
the other two are chords (recall that a chord may include, or be, an edge of P ). A
chord is given by its two endpoints and the vertex/edge containing each endpoint.

2. Furthermore, we store a list of chords used as sides of triangles of T (e), and for each
chord, list the one or two triangles it is a side of. Each chord is given by its two
endpoints on ∂P .

So, by Lemma 30, we have:

Claim 53. T (e) can be computed in time O(|Y (e)|), and has size O(|Y (e)|).

Define T to be
⋃

e T (e). We prove that T is a coarse cover of P according to Defini-
tion 37. (Note that a chord may appear as a side of a triangle in more than one T (e). We
could, in fact, identify these, but instead we simply allow duplicates in the list of chords.)

Lemma 54. The set T is a coarse cover of P . Furthermore, T has size O(n) and can be
computed in time O(n).

Proof. From Lemma 52, we can construct all the edge funnels Y (e) in time O(n), and from
Claim 53, we can compute T (e) in time O|Y (e)|). Thus we can compute T in time O(n).

To prove that T is a coarse cover, first observe that the functions fT have the correct
form. By Lemma 51, for any point p ∈ P , if e is a farthest edge from p, then p is in
the edge funnel Y (e) so p is contained in some triangle T in the partition of Y (e), and is
therefore contained in a triple (T, fT , e) of T (e).

Next, we make two observations about the triangles of the coarse cover we have con-
structed. The first one follows from our construction using the shortest path maps from
edges, and is stated without proof.

Observation 55. Each coarse cover triangle has three sides—one is a subsegment of an
edge of P , and two are chords of P . Additionally, each chord is a side of one or two coarse
cover triangles.

Lemma 56. Each triangle of the coarse cover contains at most three vertices of P .
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Proof. First, observe that no vertex of P is internal to T . Since P does not have 3 collinear
vertices (by Assumption 1), each side of T contains at most 2 vertices of P . Furthermore,
one side of T—call it s1—is a subsegment of an edge of P , so it cannot contain vertices in
its interior. Triangles of the coarse cover either have a vertex of P as an apex opposite s1,
or arise from subdividing a trapezoid (see Section 6.6). In the first case, T has at most one
more vertex on each side incident to the apex for a total of at most three vertices of P .
In the second case, T has a side that is a diagonal of a trapezoid and contains no vertices
in its interior, though it may have a vertex of P at its intersection with s1, and the third
side of T has at most two vertices of P , for a total of at most three vertices of P . Thus T
contains at most three vertices of P .

6.7 Phase II, Part 2: Divide and Conquer via ϵ-Nets

At this point, we have, from Section 6.6, a coarse cover of the polygon P of size O(n).
The problem of finding the geodesic edge center reduces to the problem of finding the
point in P that minimizes the upper envelope of the functions given by the coarse cover.
As described in Section 6.5, we now use divide-and-conquer to solve subproblems where
we have a subpolygon whose interior contains the center (intially all of P ) and a coarse
cover of the subpolygon. At each step the size of the subproblem is reduced by a constant
fraction. The algorithm has two stages. The first stage applies while no triangle of the
coarse cover contains the subpolygon (this is true initially). It uses ϵ-net techniques. The
second stage applies once the subpolygon reaches constant size—only then can coarse cover
triangles contain the subpolygon—and uses a Megiddo-style prune-and-search algorithm.
The overall algorithm is in Section 6.9.

In this section we develop the necessary machinery of ϵ-nets for use in the first stage
of the algorithm. A basic overview of ϵ-nets for geometric divide-and-conquer was given
in Section 4.3. In Section 6.7.1, we give the specific range space for which ϵ-nets are
determined, the “3-anchor range space”, and its properties. All of our results apply to
the vertex center and remedy the gaps in the algorithm of Ahn et al. [4]. These gaps
and the differences between their approach and ours are described in further detail in
Subsection 6.7.2.
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6.7.1 The 3-Anchor Range Space

In this subsection we define our range space and prove the properties necessary for effi-
ciently constructing constant size ϵ-nets via Lemma 8, namely finite VC-dimension and the
existence of a subspace oracle.

Roughly speaking, the ground set of our range space is the set of chords that form
boundary edges of the triangles in the coarse cover T from Section 6.6, and the ranges are
the subsets of these chords that intersect certain “cells” of the polygon.

More precisely, consider the set of all the triangles of the coarse cover. By Observa-
tion 55, each triangle has three sides where one is a subsegment of an edge of P and the
other two are chords of P . Let K be the set of these chords. The ground set of our range
space is K. Observe that K has size O(n) since there are O(n) triangles in the coarse cover.
Recall that we know the two endpoints of each chord of K, and which edge/vertex of ∂P
contains the endpoint.

The subpolygons we work with are 3-anchor hulls defined as follows. An anchor is
a point inside P , or a subchain of ∂P . A 3-anchor hull is the geodesic convex hull of at
most three anchors. These are weakly simple in general, but we only recurse on simple
3-anchor hulls.

We make the following observations and definitions about 3-anchor hulls.

Observation 57. Let Q be a 3-anchor hull.

1. Q is a closed connected weakly-simple polygon, and is geodesically convex in P ,
meaning that for any two points a and b in Q, the geodesic path from a to b in P is
contained in Q. This implies that the intersection of Q with a chord [geodesic] of P
is a chord [geodesic] of Q.

2. The boundary of Q consists of: the at most three anchors that are subchains of ∂P ;
and at most three geodesic paths between pairs of anchors.

3. If v is a vertex of Q but not a vertex of P , then v is a point anchor or the endpoint
of an anchor chain that is interior to an edge of P . In either case, v is a convex
vertex of Q.

We define the 3-anchor range space as follows. For the ground set K, and for
each 3-anchor hull H of P there is a range K(H) consisting of all chords of K that
cross H. Here a chord crosses a set if both its open half-polygons contain points of
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the set (See Figure 6.22). Thus, the set of ranges on K is defined as R = {K(H) |
H is a 3-anchor hull}. The 3-anchor range space is (K,R).

Finite VC-Dimension. We prove that the 3-anchor range space has finite VC-dimension
in the following lemma.

Lemma 58. The 3-anchor range space has VC-dimension less than 259.

Proof. We will prove that the shattering dimension is 6 and then apply the result that
a range space with shattering dimension d has VC-dimension bounded by 12d ln (6d)
(Lemma 7). For d = 6 this is < 259.

We must show that for a set K of chords with |K| = m, the number of distinct ranges
is O(m6). We prove that the range space for K is the same if we replace 3-anchor hulls by
“expanded 3-anchor hulls” that are defined in terms of K, more precisely, in terms of the
arrangement A(K) of the chords K plus the edges of P . The arrangement A(K) has O(m2)
internal faces and one external face. By an “internal” edge/vertex, we mean an edge or
vertex on a chord of K (i.e., we exclude the segments of ∂P .) There are O(m2) internal
edges and vertices. Define an expanded anchor to be an internal face, edge, or vertex
of A(K), or a polygon chain with endpoints in V (K), the set of endpoints of chords K. An
expanded 3-anchor hull is the geodesic convex hull of at most three expanded anchors.

Lemma 59. The set of ranges R = {K(Q) | Q is a 3-anchor hull } is the same as the set
of ranges R = {K(Q) | Q is an expanded 3-anchor hull }.

Proof. To prove R ⊆ R, consider a 3-anchor hull Q. Replace any point anchor p by
the smallest (by containment) internal vertex, edge, or face of A(K) that contains p. See
Figure 6.22. Replace any polygon chain anchor C by the smallest chain of ∂P containing
C and with endpoints in V (K). Let ψ(Q) be the geodesic convex hull of these expanded
anchors. Then ψ(Q) is an expanded 3-anchor hull that contains Q, and it is straight-
forward to prove that K(Q) = K(ψ(Q))

Claim 60. Let Q be a 3-anchor hull and ψ(Q) be the corresponding expanded 3-anchor hull
for Q. Then a chord of K crosses Q if and only if it crosses ψ(Q), i.e., K(Q) = K(ψ(Q)).

Proof. One direction of the proof is simple: If a chord crosses Q, it must cross ψ(Q) since
Q ⊆ ψ(Q).

For the other direction we prove that if a chord K ∈ K does not cross the 3-anchor hull
Q, then it does not cross the expanded 3-anchor hull ψ(Q). Suppose that a chord K ∈ K
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Figure 6.22: A simple 3-anchor hull Q with anchors v1, v2 and the polygon chain c3. Solid
blue chords cross Q, while dashed blue chords do not. The expanded 3-anchor hull ψ(Q)
(lightly shaded) has expanded anchors: a1, the face in the chord arrangement containing
v1; a2, the edge with v2 in its interior; and a3, the polygon chain extending c3 to chord
endpoints. The same chords cross Q and ψ(Q).
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does not cross Q. Then Q is contained in one of the closed half-polygons, say H, defined
by K. This implies that the anchors of Q are contained in H. Since the corresponding
expanded anchors were defined to not cross chords of K, they are contained in H. Thus
ψ(Q), being the geodesic convex hull of sets in H, is also in H. So K does not cross ψ(Q).

To prove R ⊆ R, let Q be an expanded 3-anchor hull. Replace an expanded anchor
that is a face or edge of A(K) by a point anchor in the interior of that face, edge. An
expanded anchor that is a vertex or a polygon chain remains unchanged. Let γ(Q) be the
geodesic convex hull of the resulting anchors. Observe that γ(Q) is a 3-anchor hull and
ψ(γ(Q)) = Q. Thus by Claim 60, K(Q) = K(γ(Q)).

To complete the proof of Lemma 58 we claim that the number of expanded 3-anchor
hulls of K is O(m6). An expanded anchor may be an internal vertex, edge, of face of
A(K). It was shown above that the number of vertices, edges, and faces in A(K) is
O(m2). Otherwise, an expanded anchor is a chain of ∂P between vertices of V (K). A
chain between two points in V (K) may be specified by its endpoints, again giving a total
of O(m2) possibilities. Thus the number of expanded 3-anchor hulls is O((m2)3) = O(m6).

Our 3-anchor range space has a subspace oracle as we prove in the next lemma.

Lemma 61. The 3-anchor range space has a subspace oracle.

Proof. We must provide a deterministic algorithm that, given a subset K′ ⊆ K with |K′| =
m, computes the set of ranges R = {K′(Q) | Q is a 3-anchor hull} in time O(md+1), where
d = 6 is the shattering dimension of the 3-anchor range space.

We use the equivalence of the 3-anchor range space and the expanded 3-anchor range
space (Lemma 59). In Lemma 58 we proved that the number of expanded 3-anchor hulls,
Q, is O(m6). We must find these, and find, for each Q, the set of chords of K′ that cross
it.

Recall that A(K′) is the arrangement of the chords of K′ plus the edges of P . This is
an arrangement of line segments, with the special property that all segment endpoints are
on the outer face. Recall also that V (K′) denotes the endpoints of the chords in K′. If K′

has size m, then A(K′) has O(m2) faces, O(m2) internal vertices and edges, and n + 2m
external vertices and edges on the boundary of P . In particular, the external vertices are
the vertices of P union V (K′). For the algorithm we will avoid the dependence on n by
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working with a combinatorial version of A(K′) in which each minimal chain along ∂P with
endpoints in V (K′) is represented by a single “dummy edge”. Note that the number of
dummy edges is at most 2m. Let G(A(K′)) denote this planar graph, which has O(m2)
vertices, edges, and faces.

We compute G(A(K′)) as follows. Compute the arrangement of the m line segments
K′ in time O(m2). Then traverse the outer face of the arrangement, adding dummy edges
corresponding to subchains of ∂P between vertices of V (K′). We thus compute G(A(K′))
in time O(m2).

Next, we enumerate all of the possible expanded anchors: the O(m2) internal vertices,
edges, and faces of G(A(K′)), and the O(m2) polygon chains, each represented by two
endpoints in V (K′).

For each of the m chords K of K′ we enumerate the anchors that lie in each of the
two closed half-polygons H defined by K. In particular, we can traverse G(A(K′)) in time
O(m2) to find the vertices, edges, and faces that lie in H. We can also decide which of the
O(m2) polygon chains lie entirely in H, based on where the endpoints lie. This takes time
O(m2) per chord, for a total of O(m3).

Finally, we can enumerate all the O(m6) choices of at most three expanded anchors
that determine an expanded 3-anchor hull Q. For each choice we spend O(m) time to find
the set of chords crossing Q—begin with all of K′ and eliminate chords that have all three
anchors on the same side, since these are precisely the chords do not cross Q. This gives
us the set of chords crossing Q.

6.7.2 Comparison to Ahn et al.

Our ϵ-net approach is based on the ϵ-net approach that Ahn et al. [4] used to find the
geodesic center of the vertices of a polygon. In this subsection we describe their approach
and the differences between their approach and ours. In particular, we explain some gaps
in their approach and how we remedy them.

Their coarse cover of the polygon by “apexed triangles” is different from ours, because
we deal with the edge center, but those differences do not matter for the ϵ-net. They define
a 4-cell range space : the ground set is the same, namely the chords that define the
triangles in the coarse cover, but they define a range as the chords that intersect a 4-cell,
where a 4-cell is the intersection of at most four half-polygons, and a half-polygon is the
part of the polygon to one side of a chord. By contrast, we defined 3-anchor hulls to be
the geodesic hull of at most three points or boundary chains of P .
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Observation 62. If Q is a 4-cell, then it is a 4-anchor hull.

Proof. Around the boundary of Q, there are four chords (or segments of chords), with two
consecutive ones joined by a polygon chain or meeting at a point. Q is the geodesic hull
of these ≤ 4 polygon chains and points.

The two issues with the 4-cell range space approach of Ahn et al. are as follows:

1. Their proof of finite VC-dimension is flawed.

2. They claim a deterministic algorithm to construct an ϵ-net but do not show that
their range space has a subspace oracle. Furthermore, it is unlikely that their range
space has a subspace oracle.

We expand on these issues and our remedies. For issue (1) they prove that the 1-cell
range space has VC-dimension at most 65,535. They note that a 4-cell is the intersection
of four 1-cells, and then claim in their Lemma 9.1 that this implies finite VC-dimension
for the 4-cell range space. As justification, they refer to Proposition 10.3.3 of Matousek’s
text [77], which states that the VC-dimension is bounded for any family whose sets can be
defined by a formula of Boolean connectives (union, intersection, set difference). However,
Matousek’s proposition cannot be applied in this situation because, although a 4-cell is the
intersection of four 1-cells, it is not true that a 4-cell range is the intersection of four 1-cell
ranges. In particular, a chord can intersect two 1-cells, but not intersect the intersection
of the two 1-cells. For example, a line of slope −1 can intersect the +x half-plane and the
+y half-plane without intersecting the +x,+y quadrant.

We address issue (1) by defining ranges in terms of geodesic-cells, proving equivalence
with anchor-cells, and proving finite shattering dimension (hence finite VC-dimension) for
the anchor-cell ranges. Our proof of Lemma 58 works equally well for 4-anchor hulls—the
bound becomes 372. A 4-cell is a special case of a 4-anchor hull (Observation 62), so our
proof implies finite VC-dimension (≤ 372) for the 4-cell range space, which repairs the
claim by Ahn et al.3

Regarding issue (2), designing a subspace oracle for the 4-cell range space of Ahn et
al. seems problematic (compare Figures 6.23 and 6.24). However, the same proof as for
Lemma 61 shows that the 4-anchor range space has a subspace oracle. Thus constant-sized
ϵ-nets can be found in deterministic linear time. An ϵ-net for the 4-anchor range space is
an ϵ-net for the 4-cell range space. This repairs the approach of Ahn et al., modulo their
partitioning step that divides a 4-cell into a constant number of 4-cells (Figure 6.20).

3In response to our enquiries, Eunjin Oh independently suggested a similar remedy.
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Figure 6.23: In this figure, we can construct a 4-cell (shaded) using the green chords that
is crossed by only the blue chords (and not the dashed red chords). So, in the 4-cell range
space, the set of ranges contains the subset consisting solely of the blue chords.

Figure 6.24: In this figure, we cannot construct a 4-cell that is crossed by only the blue
chords (and not the dashed red chords). In the 4-cell range space, the set of ranges does
not contain the subset consisting solely of the blue chords, even though this figure is
combinatorially the same as Figure 6.23.
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6.8 Phase II, Part 3: Geodesic Oracle

Recall that the chord oracle tells us which side of a chord contains the geodesic edge/vertex
center of a polygon. The algorithm that implements the chord oracle in O(n) time was
described in Section 6.2.6. Recall that the first step is to find a coarse cover of the chord.

In this section we give two extensions of the chord oracle that we use in Phase II. Recall
(see Section 6.5) that in Phase II we recurse on subpolygons that are simple 3-anchor hulls.
The first extension of the chord oracle is a version that works on a chord of a subpolygon (a
3-anchor hull) and uses the coarse cover of the subpolygon to get a coarse cover of the chord.
The runtime will be linear in the size of the subpolygon’s coarse cover, which decreases
during the divide-and-conquer algorithm. The second extension is a generalization of the
chord oracle to a geodesic oracle that tells us which side of a geodesic path contains the
center of the polygon. A geodesic path divides a polygon into regions, and the geodesic
oracle tells us which region contains the center. We need this because our subpolygons are
bounded by geodesics.

Let Q be a 3-anchor hull in P . Recall from Observation 57 that Q is geodesically convex
in P so the intersection of Q with a chord [geodesic] of P is a chord [geodesic] of Q.

We say that a subset T of the coarse cover of P is a coarse cover of Q in P if
condition 3 of the definition of a coarse cover (Definition 37) holds for all points in the
interior of Q, i.e., for any point x in the interior of Q and any edge e of P that is farthest
from x, there is a triple (R, f, e) in the coarse cover with x ∈ R. (In particular, we get
a coarse cover of Q by taking all the coarse cover elements whose triangles intersect the
interior of Q.)

Recall that each triangle T of the coarse cover of P is bounded by a segment of an edge
of P and two chords, and we store the endpoints of the chords on ∂P . As we recurse on
subpolygons Q we will maintain the endpoints of these chords on ∂Q.

To obtain a linear-time algorithm for the geodesic edge center, we need a strengthening
of the linear-time chord oracle (Lemma 38 in Section 6.2.6). The main idea is that our
existing chord oracle always takes O(n) time where n is the size of the simple polygon.
The following modifications allow the chord oracle to run in time proportional to the size
of the coarse cover of the chord under consideration. Roughly speaking, this improves the
runtime of a logarithmic number of applications from O(n log n) to O(n) (since the size of
the coarse cover is reduced by at least a constant fraction between successive applications).

Lemma 63. For the geodesic edge center problem, there is an algorithm that takes as input
a simple 3-anchor hull Q known to contain the center of P in its interior, a coarse cover
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T of Q in P , and a chord K of Q, and decides whether the center lies left/right/on K.
The runtime is O(|T |).

Proof. We first construct a coarse cover TK of K. For each triple (T, f, e) in T , let TK
be the intersection of triangle T with K. Note that TK is a subsegment of K and can be
found in constant time from the boundary chords of T . Add the triple (TK , f, e) to TK .
The resulting set TK is a coarse cover of K of size at most O(|T |).

Next, we follow Steps 2 and 3 of the chord oracle algorithm—Step 2 finds the relative
center on K, and Step 3 decides whether the center lies to the left or right (or on) K. As
noted in Section 6.2.6, each step takes time O(|TK |).

Next we generalize Lemma 63 to a geodesic path.

Lemma 64. For the geodesic edge center problem, there is an algorithm that takes as input
a simple 3-anchor hull Q known to contain the center of P in its interior, a coarse cover
T of Q in P , and a geodesic γ = π(a, b) in Q with a, b ∈ ∂Q, and finds which subregion
formed by γ contains the center, or if the center lies on the geodesic. The runtime is
O(|Q| + |T |).

The idea is similar to that of Lemma 63. We must first describe how to intersect the
triangles of the coarse cover of Q with the geodesic γ. Since coarse cover triangles are
bounded by chords, we can use the following result.

Lemma 65. There is an algorithm that takes as input a subpolygon Q, a geodesic γ =
π(a, b) in Q with a, b ∈ ∂Q, and a set of chords K of Q, and finds the intersections of the
chords of K with γ. Each chord of K is given by its endpoints together with the identity of
the edge of Q containing the endpoint. The runtime is O(|Q| + |K|).

Proof. Suppose the geodesic γ has g segments. Then it divides the boundary of Q into g+1
subchains, and we can traverse ∂Q once to identify, for each edge of Q, which subchain
contains it.

Direct γ from a to b. This also directs the subchains of Q. Identify each segment s = uv
of γ with the subchain cs that ends at v. The subchain cs is unique except for the last
segment incident to vertex b where two subchains end—use one of the two subchains and
ignore the other one.

Observe that if chord K ∈ K crosses segment s, then K has an endpoint in cs. Thus
we can iterate through the chords K, finding which subchain contains each endpoint, and
testing whether the associated segment of γ intersects K.

The total time is O(|Q| + |K|).

131



With Lemma 65 in hand, we can prove Lemma 64.

Proof of Lemma 64. For each triangle of the coarse cover T , the endpoints of its defining
chords on ∂Q are known. Denoting the set of these defining chords by K, we apply
Lemma 65 to determine the intersections of the chords in K with γ. This takes O(|Q|+|K|)
time, or equivalently, O(|Q| + |T |) time.

From the chord intersections, we can determine the intersections of the triangles of the
coarse cover T with the segments of γ. Each segment s of γ is a chord of Q. Let Ts be the
coarse cover elements whose triangles intersect the interior of s. Each intersection is an
interval of s and the set of these intersections gives a coarse cover of s of size O(|Ts|). The
chord oracle of Lemma 63 then determines whether the edge center lies left/right/on the
segment s in time O(|Ts|). Running the algorithm for all the segments of γ will take O(|T |)
time in total because each triangle of T intersects the interior of at most one segment of γ.
If the center lies on one of the segments, then it lies on γ. Otherwise, since the segments
partition Q into disjoint regions, knowing which side of each segment contains the center
tells us the region that contains the center.

The algorithm takes O(|Q| + |T |) time.

6.9 Phase II, Part 4: Finding the Geodesic Edge Cen-

ter

In this section we give the final divide-and-conquer algorithm to find the edge center. Our
approach was outlined in Section 6.5. We use the coarse cover T from Section 6.6, and we
seek the point in P that minimizes the upper envelope of the functions of the coarse cover
T . We consider P as our initial 3-anchor hull defined by an anchor that is a boundary
chain excluding one edge. At each step of the algorithm we find a smaller 3-anchor hull
Q that contains the edge center, and we eliminate a constant fraction of the coarse cover.
Each recursive step takes time linear in the size of Q plus the size of its coarse cover.

The algorithm has two stages. In the first stage (Section 6.9.1) no triangle of the coarse
cover contains Q (this is true initially), so every triangle has a chord crossing Q and we
can use the ϵ-net techniques of Section 6.7 to reduce the size of the subproblem. Once
Q is contained in a triangle of the coarse cover, we show that Q must have constant size
(Lemma 66)—in fact, we will exit stage 1 as soon as Q has constant size. It is then easy
to reduce Q to a triangle. After that, we switch to the second stage (Section 6.9.2) of the

132



algorithm where we use a Megiddo-style prune-and-search technique to recursively reduce
the size of the problem by a constant fraction.

6.9.1 Stage 1: Algorithm for Large Q

In this section, we explain our algorithm for large Q—the case where no triangle of the
coarse cover can contain the 3-anchor hull Q. We begin by specifying the subproblems
solved by the algorithm at each step. Each subproblem consists of the following.

1. Q, a simple 3-anchor hull of P that contains the geodesic edge center in its interior.

2. The set T (Q) of all coarse cover elements whose triangles intersect the interior of
Q. Each triangle of the coarse cover is specified by its two defining chords of P and
the subsegment of an edge of P that forms its third side. Note: In this section we
will refer to triangles of the coarse cover elements of T (Q) as “triangles of T (Q).”

3. The set KT (Q) of defining chords of triangles of T (Q), each given by its endpoints
on the boundary of P , and each recording the one or two triangles of T (Q) that it
is a side of. We also maintain the subset K(Q) of chords that cross Q, each given by
its endpoints on the boundary of Q (as well as its endpoints on the boundary of P ).

To solve a subproblem in Stage 1 means finding a point in Q that minimizes the upper
envelope of the functions of the coarse cover T (Q), or reducing to |Q| < 6.

Define t(Q) := |T (Q)|. The size of a subproblem is |Q| + t(Q), where |Q| is the
number of vertices of Q (as a polygon). Initially, Q is P , T (Q) is all of T , and KT (Q) and
K(Q) are all of K. The size of the initial problem is O(n), because T has linear size by
Lemma 54. Our goal is to spend linear time in the size of a subproblem to reduce the size
by a constant fraction.

We need some results about the size of Q.

Lemma 66. If a simple 3-anchor hull Q is contained in a triangle of the coarse cover then
|Q| ≤ 6.

Proof. Let T be a triangle of T (Q) that contains Q. We claim that the boundary of Q has
at most three edges that are subsegments of edges of P . Any such segment must lie on the
boundary of T , and each of the three sides of T can contain at most one such segment by
our assumption that no three vertices of P are collinear (Assumption 1).
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We next claim that each of the at most three geodesic chains on the boundary of Q
consists of a single segment. This is because an internal vertex v of a geodesic chain is a
vertex of P , which must then be on the boundary of T (since no point on the boundary
of P lies in the interior of T ). But then the internal angle of Q at v is ≤ π, so v is not an
internal vertex of a geodesic path.

Thus Q has at most six edges.

Claim 67. If Q is a simple 3-anchor hull, then |Q| ≤ 3t(Q) + 6 ≤ 9t(Q).

Proof. Because Q is simple, every vertex v of Q has interior points of Q in its neighbour-
hood, so v must be contained in some triangle of T (Q) since T (Q) is a coarse cover of Q.
By Observation 57, all but 6 of the vertices of Q are vertices of P .

Lemma 56 tells us that each triangle T of the coarse cover contains at most three
vertices of P . This shows that |Q| ≤ 3t(Q) + 6. For the second part of the inequality, note
that t(Q) ≥ 1.

We note that the above claim depends on the assumption that Q is a 3-anchor hull of
P . If we constructed 3-anchor hulls of 3-anchor hulls, then the number of vertices that are
not vertices of P would grow.

We also need the following relationships between the number of chords and the number
of coarse cover triangles.

Claim 68. |K(Q)| ≤ |KT (Q)| ≤ 2t(Q). If Q is not contained in a triangle of T (Q), then
t(Q) ≤ 2|K(Q)|.

Proof. For the first inequality, K(Q) ⊆ KT (Q) and Observation 55 tells us that every
triangle of the coarse cover has two chords (the third side is a piece of a polygon edge).
For the second inequality, since no triangle of T (Q) contains Q, each one has at least one
chord that crosses Q, and each chord comes from the coarse cover T (e) of a funnel Y (e)
and is a side of one or two coarse cover triangles in T (e). (If a chord arises from more
more than one Y (e), we duplicate it in K, see the definition of T (e) in Section 6.6.)

Next, we give an algorithm to handle a subproblem corresponding to a subpolygon Q
(a simple 3-anchor hull) with |Q| > 6 and its associated sets T (Q), KT (Q), and K(Q). By
Lemma 66, no triangle of T (Q) contains Q, so every triangle of T (Q) has a chord in K(Q).
The algorithm either finds the edge center or reduces to a subproblem with |Q| ≤ 6 which
is handled in Section 6.9.2. The idea was described in the main text.
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1. For ϵ = 1
80

, construct an ϵ-net N for the 3-anchor range space with ground set K(Q).
The range space is defined with respect to 3-anchor hulls of P .

2. Compute the arrangement A of the chords N inside Q, and use the Chord Oracle of
Lemma 63 to find the face F of A that contains the edge center.

3. Partition face F into a constant number of 3-anchor hulls of P .

4. Use the Geodesic Oracle (Lemma 64) to find which of these 3-anchor hulls contains
the edge center, and to reduce it to a simple 3-anchor hull Q′.

5. If |Q′| ≤ 6 then test each triangle of T (Q) to find T (Q′) and KT (Q′), and switch to
Stage 2 in the next subsection.

6. Otherwise |Q′| > 6. Find K(Q′) and T (Q′), and recurse on the subproblem for Q′.

We elaborate on these steps and their run-times below, but first we justify that our
choice of ϵ in Step 2 guarantees that the size of the subproblem we recurse on is reduced
by a fraction. Recall that the size of the subproblem for Q is |Q| + t(Q).

Lemma 69. For ϵ = 1
80
, if |Q′| > 6, then |Q′| + t(Q′) ≤ 1

2
(|Q| + t(Q)).

Proof. Since |Q′| > 6, no triangle of T (Q′) contains Q′. Thus, since K(Q′) ∩ N = ∅, the
defining property of ϵ-nets (Equation 4.1), ensures that |K(Q′)| ≤ 1

80
|K(Q)|, which we

relate to the subproblem sizes as follows.

|Q′| + t(Q′) ≤ 9t(Q′) + t(Q′) by Claim 67

= 10t(Q′) ≤ 20|K(Q′)| by Claim 68 (no triangle of T (Q′) contains Q′)

≤ 20
80
|K(Q)| = 1

4
|K(Q)| by the ϵ-net property

≤ 1
2
t(Q) by Claim 68

≤ 1
2
(|Q| + t(Q))

We now fill in more details of the steps of the algorithm, and justify that the runtime
is O(|Q| + t(Q)).

1. Construct an ϵ-net. Lemma 58 proves that the 3-anchor range space has bounded
VC-dimension, and Lemma 61 proves that a subspace oracle exists. This implies (see
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Lemma 8) that we can find a constant sized ϵ-net for this range space in time proportional
to the size of the ground set, which is O(|K(Q)|) in our case. By Claim 68 this is O(t(Q)).

2. Compute the arrangement of A in Q and find the face F that contains
the edge center. Once the constant sized ϵ-net N is determined, we can construct the
arrangement of the chords in O(|N |2) = O(1) time, using the algorithm of Edelsbrunner
et al [42]. Note that we know the endpoints of each chord of N on ∂Q. We run the chord
oracle of Lemma 63 on each chord of N inside polygon Q to determine the face F that
contains the edge center (halting if we find the center on one of the chords). This takes
O(t(Q)) time for each chord of N . Since N has constant size, this step takes O(t(Q)) time.

3. Partition F into 3-anchor hulls. The boundary of F consists of O(1) segments
of chords in N , O(1) subchains of the geodesics bounding Q, and O(1) subchains of the
polygon P . Let V = {v0, . . . , vt} be the points in order around ∂F that join successive
segments/subchains. Then V has size O(1). Find shortest paths γi = π(v0, vi), i = 1, . . . , t
in F . This takes time O(|F |), which is O(|Q|).

Let Γ be the set of these O(1) shortest (geodesic) paths. Because F is geodesically
convex, each shortest path γi ∈ Γ is a geodesic path in P (the shortest path in P from
v0 to vi lies inside F , and thus is equal to γ). We claim that the paths of Γ subdivide F
into a constant number of 3-anchor hulls (which need not be simple). If the boundary of
∂F between vi and vi+1, i = 1, . . . , t − 1, is a segment of a chord of N or a subchain of
a geodesic bounding Q, then take the 3-anchor hull that is the geodesic hull of the three
point anchors v0, vi, vi+1. If the boundary of ∂F between vi and vi+1 is a subchain of ∂P ,
then take the 3-anchor hull that is the geodesic hull of v0 and the polygon chain. Finally,
if the boundary of ∂F between v0 and v1 or between vt and v0 is a subchain of ∂P , then
take the 3-anchor hull of the polygon chain.

4. Find a simple 3-anchor hull Q′ ⊆ F that contains the edge center. Call the
Geodesic Oracle (Lemma 64) in Q for each of the O(1) geodesics of Γ. Halt if we find the
center on one of the geodesics. Otherwise, the geodesic oracle tells us which region of the
partition by Γ contains the edge center in its interior, and this gives us a simple 3-anchor
hull Q′ with the edge center in its interior. Each of the constant number of calls to the
geodesic oracle takes time O(|Q| + t(Q)).

5. If |Q′| ≤ 6, find T (Q′) and KT (Q′). Since Q′ has constant size, we can find its
intersection with each triangle in T (Q) in constant time, so we can find T (Q′) and KT (Q′)
in time O(t(Q)).

6. If |Q′| > 6 find K(Q′) and T (Q′). We first find K(Q′) by checking which chords
of K(Q) cross Q′. By Observation 57, the 3-anchor hull Q′ is bounded by at most three
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polygon chains and three geodesic chains. A chord of K(Q) crosses Q′ if and only if it has
an endpoint interior to one of polygon chains of Q′, or crosses one of the geodesic chains
of Q′. We can test the former in constant time per chord because we know the endpoints
of each chord on ∂P (including knowing which edge of P contains the endpoint). We
can test the latter by finding the intersections of the chords of K(Q) with each of the at
most three geodesics bounding Q′ using Lemma 65 in Q. The runtime is O(|Q| + |K(Q)|)
= O(|Q| + t(Q)).

Note that these tests also determine the endpoints of each chord of K(Q′) on ∂Q′.

Finally, since each chord of K(Q) records the triangles of T (Q) that it bounds, we set
T (Q′) to be the triangles that are bounded by a chord of K(Q′). Note that this gives all
triangles that intersect the interior of Q′ since no triangle contains Q′ by Lemma 66. This
step takes O(t(Q)) time.

6.9.2 Stage 2: Algorithm for Q a Triangle

In this section we outline the algorithm to solve a subproblem for a subpolygon Q with
|Q| ≤ 6 and its associated sets T (Q) and KT (Q). Some of the triangles of T (Q) may
contain Q. We can triangulate Q in constant time and apply the chord oracle to determine
which triangle contains the center. Thus we will assume that Q is a triangle.

We must find the point that minimizes the upper envelope of the functions of the coarse
cover T (Q). We crucially use the properties that the upper envelope is a geodesically
convex function (Corollary 14.1 from Chapter 5) and that Q is convex—together these
imply that the upper envelope is a convex function. We use a Megiddo-style prune-and-
search technique, following the same approach as Ahn et al. [4, Section 7] but modified to
deal with the edge center rather than the vertex center.

Each triangle T of the coarse cover is the domain of a distance function to some edge e
of P . Definition 37 tells us that functions associated with coarse cover elements have two
different forms. Accordingly, we partition T (Q) into:

1. T1: Coarse cover elements whose associated functions have the form d2(x, v) + κ,
where v is a vertex and κ is a constant.

2. T2: Coarse cover elements whose associated functions have the form d2(x, ē), where
ē is the line through edge e.

To determine the edge center, we must locate a point x = (x1, x2) and a value ρ to
solve the following optimization problem:
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minimize ρ
subject to x ∈ Q

d2(x, v) + κ ≤ ρ x ∈ T ∩Q; v, κ, and T from an element of T1

d2(x, ē) ≤ ρ x ∈ T ∩Q; ē and T from an element of T2

(6.2)

We show how to solve the optimization problem (6.2) in linear time when the upper
envelope of the coarse cover functions is convex. (Without this condition our methods do
not apply since we then have unrelated convex constraints defined on different subdomains
T .)

The constraints corresponding to T1 will be referred to as disk constraints. The con-
straints corresponding to T2 will be referred to as half-plane constraints. Ahn et al. [4,
Section 7] solve Problem (6.2) when there are no half-plane constraints. Following their
approach, we first describe previous work that handles the case when all triangles of the
coarse cover contain Q.

Special Case: All Triangles Contain Q. Note that in this case there is no need to
assume that the upper envelope of the coarse cover functions is convex, since this follows
immediately from the fact that each constraint is convex on Q. A linear-time algorithm
for this case is given in the solution of the visibility center problem in Chapter 5. The idea
is to pair up the half-plane constraints and separately pair up the disk constraints. After
computing the bisector of each pair, the prune-and-search approach described above will
prune away a constant fraction of both types of constraints in linear time.

General Case. The new complication is that each constraint applies only in a triangular
subdomain. The idea for the solution one dimension down (with interval subdomains on a
line) comes from the linear-time chord oracle of Pollack et al. [91]. This was extended by
Ahn et al. [4] to two dimensions. They dealt only with disk constraints, but we can extend
the approach to handle both disk constraints and half-plane constraints, by pairing each
constraint with another of the same type.

Relevant background is provided in Section 4.2. We outline the approach of Ahn et
al. [4, Section 7.1]. The basic idea is to add the subdomain boundary lines to the set of
bisectors. Each triangle of the coarse cover is bounded by two chords of P . A pair of
constraints (of the same type) then involves five linear constraints (a “plane-set”): two for
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each triangular subdomain plus one bisecting plane. Using cuttings and a “side-decision”
algorithm (the hyperplane oracles from Section 4.2) we can in linear time restrict our
search to a constant sized convex region Q′ ⊆ Q such that some constant fraction of the
pairs of constraints have the property that no member of their plane-set intersects Q′. The
claim is that at least one of each such pair can be eliminated. If Q′ is outside either of
the two triangular domains, then the corresponding constraint is irrelevant Otherwise, Q′

is inside both the domains. In this case, we use the fact that it lies on one side of the
bisector plane. One constraint dominates over the other on this side of the bisector plane,
and the other one may be ignored. The last remaining ingredient is the hyperplane oracle
which involves solving Problem (6.2) restricted to a plane—this is the same problem down
a dimension—and then testing whether this solution is a local (hence global) solution and
if not, finding which side of the plane contains the optimum.

This completes the outline for solving Problem 6.2 in linear-time.

6.10 The Farthest Edge Voronoi Diagram of a Poly-

gon

In the previous sections we gave a linear time algorithm to find the geodesic edge center
of a simple polygon. The center is either a vertex of the geodesic farthest edge Voronoi
Diagram, V(P ), or lies on one of its edges. This section considers applications to the
construction of the diagram V(P ). We continue to make general position assumptions
from Section 6.2.2 to ensure that the diagram is ‘nice’. For instance, these assumptions
ensure that there are no two-dimensional bisectors of the type shown in Figure 6.2).

Convex Polygons. The farthest-vertex Voronoi diagram for a convex polygon can be con-
structed in linear time, using an algorithm of Aggarwal et al. [2]. It is an open question to
construct the farthest-edge diagram V(P ) in deterministic linear time, even for the special
case of a convex polygon. Aurenhammer et al. [13] explicitly ask whether the farthest-edge
Voronoi diagram for a convex polygon can be constructed in faster than O(n log n) time.
The algorithm in Aggarwal et al. [2] does not easily adapt to the farthest edge case. This
was observed by Khramtcova and Papadopoulou [62], who give an O(n) expected time al-
gorithm for constructing a farthest segment Voronoi diagram in the Euclidean plane, once
the sequence of faces at infinity are known. For a convex polygon, this sequence coincides
with the order of the edges.

Now, suppose that we wish to determine the farthest edge Voronoi diagram restricted
to a convex polygon P (instead of the whole plane). Using Theorem 42, we can determine
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Figure 6.25: An extreme example where the complexity of the farthest edge Voronoi dia-
gram within a convex polygon is much lower than the complexity of the unbounded farthest
edge Voronoi diagram for all the edges which is O(n). Only the edges colored red and blue
have Voronoi regions within the polygon (the Voronoi region of the edge is shaded with
the same color as the edge).

V(∂P ), i.e. V(P ) restricted to ∂P in O(n) time. Let H be the set of edges with non-empty
Voronoi regions in V(∂P ). These are the only edges with non-empty Voronoi regions inside
P . We can now use H to construct V(P ) in O(|H|) expected time using the algorithm of
Khramtcova and Papadopoulou [62], . The size of the set H can be much smaller than n,
as seen in Figure 6.25. In fact, if |H| is in O( n

logn
), we can construct V(P ) in deterministic

linear time using the algorithm from Aurenhammer et al. [13]. We are not aware of any
other work that can determine the set H in deterministic linear time.

Simple Polygons with the Geodesic Metric. The geodesic nearest edge Voronoi
diagram is simply the medial axis of the polygon, a well-studied structure with numerous
applications. The medial axis can be constructed in linear time using an algorithm of Chin
et al. [29].

When the sites are not points, we are not aware of any work on geodesic farthest
site Voronoi diagrams (although this is a well-studied notion in the Euclidean metric [14,
28]). The geodesic farthest edge Voronoi diagram V(P ) is an extension of the well-studied
geodesic farthest vertex Voronoi diagram [10, 102, 87]. To see this, observe that if we
consider the vertices to be edges of infinitesimal length then the diagram of this augmented
edge set coincides with the geodesic farthest vertex Voronoi diagram. This is a consequence
of the following fact: from any point in the polygon, one of the endpoints of any of the
original edges must be geodesically farther than the edge itself.

Almost all the farthest site Voronoi diagrams construct the diagram at infinity (or on
the polygon boundary) and then construct the interior using a sweep algorithm. Con-
structing the diagram on the boundary is usually the more involved part of the algorithm.
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Theorem 42 should find applicability in extending the algorithms that construct geodesic
farthest vertex Voronoi diagram to obtain efficient algorithms for constructing the diagram
for farthest edges.

6.11 Conclusions and Open Problems

In this chapter, we described a linear-time algorithm for finding the geodesic edge center
of the edges of a simple polygon. This generalizes the well-studied geodesic center and
(coupled with the results from Chapter 5) is the first work on the geodesic center of non-
point sites in polygons.

Open Problems. We pose the following open problems:

1. Find an efficient algorithm to construct the geodesic farthest edge Voronoi diagram of
a simple polygon. There are efficient algorithms for determining the geodesic farthest
Voronoi diagrams for point sites ([87, 15, 86]), but we found virtually no literature
on efficient constructions for non-point sites.

2. Find the geodesic center of arbitrary polygonal shapes inside a polygon. Note that
in Chapter 5, we determined the geodesic center of a set of visibility polygons. But
the natural problem of finding the center of arbitrary polygons, although well studied
under the Euclidean metric, has not been addressed in the geodesic setting.
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Chapter 7

Conclusions and Future Directions

...for the greatest fool may ask
more than the wisest man can
answer.

Charles Caleb Colton

In this final chapter, we summarize the results of this thesis and propose directions for
future research.

The contributions of this work are:

1. We proposed a simple geometric transformation to solve the dispersion problem on
intervals in linear-time. Our solution guarantees not just max-min dispersion but
lexicographic dispersion—a strictly stronger property.

2. We introduced the notion of the visibility center of a simple polygon—a point in the
polygon starting from which the maximum distance to visibility to any of k given
points in the polygon is minimized. Chapter 5 described an O((n + k) log (n+ k))
time algorithm to determine the visibility center of k point sites in an n vertex
polygon. Our solution idea involves determining the geodesic center of half-polygons
inside a polygon.

3. We also described an optimal linear time algorithm to determine the geodesic edge
center of a simple polygon (a special case of the geodesic center for half-polygons).
This is the very natural problem of determining the point in a simple polygon that
minimizes the distance to the farthest edge.
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7.1 Directions for Future Research

Figure 7.1: The distances to visibility dV (a, b) and dV (b, a) are not equal in general.

Inverse Visibility Center. The distance to visibility is not symmetric: dV (a, b) ̸=
dV (b, a). See Figure 7.1. This motivates the question of locating a point in a simple
polygon that is “easy-to-view” from any starting point. In other words, we wish to find a
point such that the maximum distance to view it (from any starting point in the polygon)
is minimized. This problem seems to be of a slightly different flavour from the problems
of locating the visibility center and the edge center.

Figure 7.2: A polyhedral terrain

Center Problems on Polyhedral Terrains. Another interesting problem to consider is
an algorithm for the visibility center of viewpoints on a polyhedral terrain (see Figure 7.2).
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Literature on center problems on polyhedral terrains is very sparse—we are only aware of
the paper by Aronov et al. [11]. There is also prior work on terrain visibility that addresses
the construction of structures similar to the visibility polygon for a simple polygon (see
Cole and Sharir [31], Hurtado et al. [57]). In order to see a viewpoint starting from some
point on the terrain, the motion we could allow could be along shortest paths for air
travel (drones), land travel (cars), or a combination of the two. An understanding of such
questions, although more challenging, seem very applicable to facility location problems in
real-life situations.

Geodesic Segment Centers. There is prior work on finding a line in the plane that
minimizes the maximum Euclidean distance to a set of points or minimizes the average Eu-
clidean distance to the line (See the papers by Morris and Norbach [82], Lee and Wu [64]).
Finally, Imai et al. [59] solve the following problem: given a set of points in the plane,
find a placement for a given line segment so as to minimize the distance to the farthest
input point. Efrat and Sharir [43] gave a near-linear time algorithm for this problem. It
is very interesting to consider the geodesic variants of these problems. The problem is the
following: find a chord (or segment of given length) in a simple polygon that minimizes the
maximum (or average) geodesic distance to an input set of points in the polygon. There
can be variants based on allowing unweighted or weighted distances.
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