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Abstract
A charged particle, moving at a certain distance and parallel to a target, experiences
a stopping force that slows it down and an image force that deflects it towards the target’s surface. In this work, we aimed to describe the forces acting on a point charge when
the target is a system composed of a two-dimensional (2D) material and a semi-infinite
substrate. To do so, we used an analytical model of the conductivity of the 2D material, which combines contributions coming from intra- and interband electronic transitions,
paired with a simple dielectric function for the substrate in the terahertz and mid-infrared
range of frequencies. We obtained an expression for the image force in terms of the energy
loss function of the system using a Kramers-Kronig relation for the case of an isotropic
material, illustrated using doped graphene supported with silicon carbide. This result
implies that the image and stopping forces can be analyzed on an equal footing in the
frequency-momentum domain. Additionally, we separated the forces into components that
stem from individual plasmon-phonon hybrid modes. On the other hand, a transverse
stopping force arose in the case of an anisotropic material. We found that this force, parallel to the target’s surface and perpendicular to the particle’s trajectory, has a magnitude
comparable to the longitudinal stopping force, meaning that it should be measurable experimentally. Using doped phosphorene supported with silicon dioxide, we obtained that
all forces showed speed-dependent anisotropy when the direction of motion is varied with
respect to the principal axes of the 2D material’s conductivity. Finally, we found that the
image force became repulsive when the incident charge moves along the armchair direction
of free-standing phosphorene. This implausible result stemmed from an insufficiency in the
model used but is eliminated in the presence of the substrate.
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Chapter 1
Introduction
In experiments of electron energy loss spectroscopy (EELS), a target is exposed to a beam
of electrons whose initial kinetic energy lies within a certain range. Some of these electrons
undergo inelastic scattering, transferring energy and momentum to the target. Phonon
excitations, plasmon excitations, inner shell ionizations, intra and interband electron transitions are some of the events that occur in the target depending on the energy and momentum lost by the electrons. Accordingly, the energy distribution and deflection angle of
the beam of the scattered electrons provide information about the physical and chemical
properties of the target.
EELS has different flavors depending on the geometry of the setup: electrons with
kinetic energy of some 100 keV are typically shot perpendicularly to the sample in transmission EELS, while electrons with several tens of eV are typically reflected at a certain
angle with respect to the surface in reflection EELS. Additionally, in EELS with aloof
trajectories, electrons only interact with the sample at a distance. Another characteristic
that determines the type of EELS is the range of energy loss. For example, losses larger
than 50 eV usually correspond to inner shell ionizations; meanwhile, losses smaller that 50
eV provide information about the band structure and dielectric properties of the target,
like the band gap and surface plasmons. [1]
Recent developments in monochromators and spectrometers have improved the resolution of the measured energy distribution to around 4.2 meV. [2] This is known as high
resolution electron energy loss spectroscopy (HREELS) and usually takes place in a scanning transmission electron microscopy (STEM) setup with incident electrons in the 100 keV
energy range. [3] Such an improvement in energy resolution has promising applications in
surface science, like probing surface plasmons and phonons in the terahertz (THz) to the
1

mid-infrared (MIR) frequency range. Note that the THz-MIR range roughly consists of
the interval of frequencies with associated energy between 1 and 500 meV. Some examples of particle-based spectroscopy techniques particularly relevant for sampling low-energy
surface excitations include the vibrational and valence aloof beam EELS in a monochromated STEM, [2, 4–6] HREELS using low-energy electron reflection from surfaces in the
2-20 eV incident energy range [7–12] and grazing scattering of medium-energy ions from
surfaces. [13–18] An advantage of these techniques is that they can be used to obtain
the optical response of two-dimensional (2D) materials for different frequencies and momenta [19, 20] and complement other techniques that are restricted to a fixed frequency
for exploring plasmon polaritons in nanostructures, such as polarization-resolved optical
spectroscopies and radiating dipole sources acting as localized probes.
The energy distribution of electrons that results from EELS experiments is predominantly determined by the energy loss function (ELF), [7, 9, 21] which is expressed in terms
of the frequency– and momentum–dependent complex dielectric function or permittivity
of the target. The permittivity relates the induced potential, whose source is the charge
density induced in the target, to the external potential, whose source is the incident electron. Generally, the real part and imaginary part of the permittivity indicate the storage of
energy and dielectric loss, respectively, in the target. [22] Considering this, we can envisage
how the ELF is defined in the Fourier domain as minus the imaginary part of the inverse
of the dielectric function.
As expected, the induced potential gives rise to forces acting on the incident electron.
In the regime of grazing incidence of reflection EELS, which have the most pronounced
effects in HREELS [8, 23] and ion-surface scattering, [17] the forces can be separated
considering whether they are expressed in terms of the real part or the imaginary part
of the inverse of the dielectric function, which is achieved with its symmetry properties.
Such distinction originates the definitions of image force and stopping force. The image
force, whose investigation has a long history, [8, 14, 24–32] depends on the real part and is
conservative; meanwhile, the stopping force depends on the imaginary part, or ELF, and
is dissipative. The image force acts in the perpendicular direction and causes a deflection
of the trajectory toward the target’s surface. On the other hand, the stopping force acts
parallel to the surface and causes the slowing down of the incident particle. [16] The
stopping force is of primary interest in all particle-based spectroscopies because it is directly
related to the ELF of the target, however the image force can affect the interaction times
of the incident particle with a surface, [8, 13] as well as the angular distributions of the
scattered particles. [14, 33]
The resolution of reflection HREELS has enabled the probing of the optical response
of heterostructures containing 2D materials in the THz-MIR frequency range, [12, 34–38]
2

with potential applications in nanoplasmonics and nanophotonics. [39–43] One of these
2D materials is graphene, the carbon-based honeycomb lattice that is one-atom thick.
Namely, STEM-EELS [44] and HREELS [12] have successfully probed its collective excitations, such as plasmon [45–51] and phonon modes [52]. One of the reasons graphene
has been widely studied is its exceptional mechanical, electrical and optical properties.
These characteristics are explained by its band structure that places graphene as a zerogap semiconductor, because its valence and conduction bands meet at the Dirac points
of the reciprocal lattice. Another reason why graphene is of interest is the tunability of
its properties. For example, the electrical capacitance and conductivity can be controlled
by applying an electrostatic potential to a gate parallel to graphene. [53, 54] It has also
been observed that heterostructures made of graphene, insulating spacer layers and/or a
substrate exhibit strong hybridization between the sheet plasmon of doped graphene and
the optical phonons of the substrate. [35, 36, 55–60] For instance, one of the most studied
heterostructures is epitaxial graphene grown on a SiC substrate, which involves plasmonphonon hybridization as probed by low-energy electron reflection under oblique incidence
HREELS in the THz-MIR regime. [34–36, 38]
In these classic applications of HREELS, where the incident particle moves in a reflection geometry with grazing angle, the image force has received less attention than the
stopping force because the latter is directly related to the ELF. However, it is our goal
to show that the image force can be relevant in current research about plasmon-phonon
hybridization in nanostructures involving 2D materials. [12, 34–38] To achieve this, we
demonstrate that the image force can be expressed in terms of the ELF of the target,
when the target is a layered structure of an isotropic 2D material supported by a substrate
which is also isotropic along the plane parallel to the 2D material. To do so, we rely on a
Kramers-Kronig (KK) relation between the imaginary and real part of the inverse of the
complex dielectric function of the system and its translational invariance. We find that the
resulting “shortcut” between the image force and the ELF enable us to take full advantage
of a modal decomposition of the ELF and, hence, find components of the forces that correspond to individual plasmon-phonon hybrid modes. This could be especially useful for
targets that support well-defined and long-lived collective excitations. Moreover, expressing the image force in terms of the ELF enables it to be analyzed on an equal footing with
the stopping force.
Another 2D material of interest is phosphorene, the building block of black phosphorus (BP), [61] because it has a pronounced in-plane anisotropy. [62–67] The structure of
phosphorene is a puckered honeycomb with two principal crystalline axes, known as armchair (AC) and zigzag (ZZ) [64, 68, 69], along which its mechanical, electrical and optical
properties are exhibited with a large variation. Besides being a direct-gap semiconductor,
3

phosphorene has a strong anisotropic in-plane conductivity, which places it as a candidate for naturally occurring hyperbolic metasurfaces. These surfaces can support a plasmon whose isofrequency dispersion curves are hyperbolic.1 A hyperbolic plasmon mode in
phosphorene would propagate with a strong in-plane directionality and large wavenumbers,
making hyperbolic metasurfaces based on phosphene wanted for waveguiding, hyperlensing
and negative refraction applications. [71] Advantages of these metasurfaces for device applications include their ease of fabrication and the tunability of their optical response. [66,
72, 73]
Theoretically, the tunability of the optical response of BP has been studied with respect
to its doping density and nearby dielectrics. [74–78] Moreover, it was shown experimentally that plasmon polariton modes in BP in the MIR frequency range can be tuned by
controlling its intraband transitions, which was achieved by changing the doping density
in a system of BP, cladding layers of hexagonal boron nitride (hBN) and a silicon dioxide
(SiO2 ) substrate. [74–78] Other theoretical studies have shown that changing the density
of quasi-free charge carriers can originate a transition of the plasmon polariton in phosphorene from the elliptic regime in the THz frequency range to the hyperbolic regime in the
MIR frequency range. [79–82] In studies about the relation between the tunability and the
direction of propagation effects of elliptic and hyperbolic plasmons induced by a stationary radiating dipole with adjustable polarization[80, 83–85], the modeling of the optical
anisotropy has been aided by introducing the in-plane conductivity tensor. [75, 81] Analytical models of the optical conductivity in the THz-MIR regime have been extensively
used for doped phosphorene [75, 80, 81, 83–86]. However, there are ab initio calculations
for the conductivity over a broader range of frequencies. [87–90] Since aloof or reflection
electron HREELS experiments have probed the sheet plasmon in graphene in the THzMIR frequency range, we expect that similar techniques could probe the plasmon in doped
phosphorene in both the elliptic and hyperbolic regime.
Previous theoretical works on particles traversing uniaxial crystals, which are bulk
anisotropic materials like highly-oriented pyrolytic graphite [91] or hBN, [92] predict that
the stopping force will have strong directionality effects because the dielectric function of
the materials is anisotropic. Based on that prediction, we expect that the stopping force
on an incident charge moving above an anisotropic 2D material will have two components
which act in the direction of motion of the incident particle and perpendicular to it. We
call these components the longitudinal and transverse stopping forces, respectively.
1

The plasmon mode on a 2D material with isotropic permittivity has circular isofrequency dispersion
curves. On the other hand, an anisotropic material has elliptic curves. Furthermore, when the anisotropy
of the surface is extreme, i.e., it behaves like a metal in one direction and a dielectric in the other, the
isofrequency dispersion curves open into hyperbolae. [70]

4

A natural comparison arises between the forces on a particle probing systems with
isotropic and anisotropic materials. As it will be shown in Chapter 4, the image force for
an isotropic material is necessarily attractive, and the stopping force has a single component
in the direction of the particle’s velocity. Therefore, it is our goal to assess the character
of the image force, which is no longer a priori always attractive, and both the transverse
and longitudinal stopping forces for a particle moving above doped phosphorene and a
substrate of SiO2 in the THz-MIR frequency regime, which should be relevant to future
experiments of HREELS.

Outline
This work is organized in the following manner. In Chapter 2, we show the derivation of
the image force and stopping force that act on an incident charged particle moving parallel
to a system composed of a planar material on top of a semi-infinite substrate. Specifically,
we derive the electrodynamic forces for the case when the 2D material is either isotropic or
anisotropic. To achieve this, we solve the Poisson equation to find the induced electrostatic
potential whose source is the areal induced density in the 2D material. In turn, the areal
induced density is modeled to stem from the longitudinal polarization of non-interacting
charges in the 2D material using a local density response function within the random phase
approximation formalism. The density response function and the substrate’s permittivity
define an effective 2D dielectric function that relates the induced electrostatic potential to
the external potential whose source is the incident charged particle.
Next, in Chapter 3, we describe the analytical models that are used in this work to
build the density response function or polarization function of the 2D material suitable
for the THz-MIR regime of frequencies. First, we express the density response function in
terms of the in-plane conductivity tensor of the 2D material. Then, we take the optical
limit of the conductivity and use analytical models to describe the contributions attributed
to intraband and interband electronic transitions in the 2D material. Additionally, we use
a linear approximation in the static limit of the interband conductivity to account for high
energy transitions. For an anisotropic material, we also show the derivation of model that
accounts for non-local effects in the intraband transitions. Finally, in this chapter we also
present expressions for the effective 2D dielectric function and the dispersion relations of
its eigenfrequencies.
Having the theoretical background of the previous chapters, in Chapter 4 we use a
Kramers-Kronig relation to derive an expression for the image force in terms of the energy
loss function function of a system consisting of an isotropic 2D material, which in turn
5

depends on the effective 2D dielectric function. Then, we evaluate the stopping and the
image force. Additionally, we show the components of the the electrodynamic forces that
correspond the collective modes of the system by performing a modal decomposition of
the energy loss function. To illustrate the results, we use a system consisting of doped
graphene and a substrate of silicon carbide.
On the other hand, in Chapter 5 we focus on a anisotropic material using doped phosphorene supported by silicon dioxide and in comparing different models for its dielectric
function. First, we calculate the dispersion relations of the collective modes and find the
regimes in which they are either elliptic of hyperbolic. Then, we compute the longitudinal
stopping force, transverse stopping force, and image forces as functions of the particle’s
trajectory parameters as speed, direction of motion and distance from the plane of the 2D
material to compare the performance of the different models.
Lastly, in Chapter 6 we summarize our key findings and present our concluding remarks.

6

Chapter 2
A charged particle moving parallel to
a 2D material on a substrate
In this chapter, we solve macroscopic Maxwell’s equations in the non-retarded regime
for the canonical problem of a point-like charged particle that moves along a prescribed
classical trajectory, i.e., without recoil, above the surface of a layered structure. We describe
several simplifying assumptions that reduce the problem at hand to the Poisson equation,
which we solve for the electric potential as a function of the perpendicular coordinate, while
taking the polarization functions for the constituent materials in the structure as input
functions. The solution for the potential is used to derive expressions for the components
of a force that acts on the charged particle as a result of the electric polarization of the
structure.

2.1

Induced electrostatic potential

We use a system with Cartesian coordinates (r, z), where r = (x, y), and consider a sheet
of a two-dimensional (2D) conductive material that is placed in the z = 0 plane. A semiinfinite substrate occupies the region z ≤ −h, and the region z > −h is vacuum or air,
as in Ref. 93. We also consider an external point charge +Ze that moves classically at
constant velocity v = (vx , vy ), parallel to the 2D material at a fixed distance z0 > 0, so
that its density is
ρext (r, z, t) = Ze δ(r − vt) δ(z − z0 ).
(2.1)
This external charge density is the source of an external potential Φext (r, z, t) that disturbs
the system and produces a change in the areal charge density of the 2D material. [94]
7

Figure 2.1: (a) Representation of a two-dimensional material at the z = 0 plane and a
substrate occupying the region z < −h. (b) Representation of a positively charged particle
moving with velocity v at a fixed distance z0 above the material. The external charge
density, ρext , induces an areal charge density difference, ρ2D , in the material.
This difference in density is ρ2D (r, t) or the induced charge density. Correspondingly, the
induced charge density is the source of an induced potential, Φind (r, z, t) (see Fig. 2.1).
We consider that the displacement field and the electric field are described by the
Maxwell’s equations for matter in the so-called quasi-static regime, i.e., the effects of
relativistic retardation are neglected mathematically by letting the speed of light become
infinite. This results in the magnetic field becoming negligible and the displacement and
electric fields being described by
∇ · D(r, z, t) = 4π [ρext (r, z, t) + δ(z)ρ2D (r, t)]

(2.2)

∇ × E(r, z, t) = 0,

(2.3)

and
where Gaussian electrostatic units are used. We can see that, by Eq. (2.3), the electric
field is conservative and, therefore, is the gradient of the total electrostatic potential, or
E = −∇Φ(r, z, t).

(2.4)

The constitutive relation between the displacement and electric fields is generally given
8

by

Z

2 ′

Z

dr

D(r, z, t) =
R2

dz

′

R

Z

dt′ E(r, r′ , z, z ′ , t − t′ )E(r′ , z ′ , t′ ),

(2.5)

R

where E is the dielectric response function of the system and vanishes for t − t′ < 0
because of causality. For the system we are considering, a stationary layered structure,
the dielectric function is restricted to depend solely on the difference of r-coordinates by
assuming that the layers have a large area with translational invariance along the (x, y)plane. Additionally, we assume that the dielectric function can be spatially local with
respect to the z-coordinate. That is, the dielectric response function in Eq. (2.5) is replaced
by ε(r − r′ , z, t − t′ )δ(z − z ′ ). Consequently, we can use the convolution theorem to obtain
e
e
D(q,
z, ω) = ϵ(q, z, ω)E(q,
z, ω),
where ω is frequency, q = (qx , qy ) is a 2D wavevector, and
Z
Z
2
e
E(q, z, ω) =
d r dt e−i(q·r−ωt) E(r, z, t)
R2

(2.6)

(2.7)

R

is the Fourier transform of E with respect to time, t → ω, and the r-coordinate of space,
e ϵ (E), Φ,
e ρ̃ext , and ρ̃ind . Note that
r → q. Accordingly, similar definitions apply for D,
the constitutive relation is nonlocal in Eq. (2.5), a convolution of two functions; however,
it is local in Eq. (2.6), a pointwise product of two functions. For our layered system, the
dielectric function in Eq. (2.6) is
(
1,
z > 0 or − h < z < 0,
ϵ(q, z, ω) =
(2.8)
ϵs (q, ω), z < −h,
where ϵs is the dielectric function or permittivity of the substrate.
Loosely speaking, ∇ = (∂/∂x, ∂/∂y, ∂/∂z) becomes (−iqx , −iqy , ∂/∂z) when performing the Fourier transform in Eq. (2.7). Therefore, by combining Eqs. (2.2), (2.4), (2.6) and
(2.8), we can obtain a second-order ordinary differential equation in z alone for the Fourier
e z, ω),
transform of the electrostatic potential Φ(q,
e
∂ 2Φ
e z, ω) = − 4π ρ̃ext (q, z, ω) for z ̸= 0.
(q, z, ω) − q 2 Φ(q,
2
∂z
ϵ(q, z, ω)

(2.9)

Recall that the dielectric function is not defined for z = 0 and that the induced density
vanishes for z ̸= 0. Eq. (2.9) is complemented by the boundary condition
e z, ω) = 0,
lim Φ(q,

z→±∞

9

(2.10)

which ensures that the solutions have physical significance, two matching conditions that
ensure that the total electric potential is a continuous scalar function,
e z, ω)
Φ(q,

z=−h−

e z, ω)
Φ(q,

z=0−

e z, ω)
= Φ(q,
e z, ω)
= Φ(q,

z=−h+
z=0+

and

,

(2.11)
(2.12)

and two other constraints that follow the well-known jump condition for the normal component of the displacement field at a boundary containing a surface charge density,[54,
95]
ϵs (q, ω)

e
∂Φ
(q, z, ω)
∂z

−
z=−h−

e
∂Φ
(q, z, ω)
∂z

e
∂Φ
(q, z, ω)
∂z

−
z=0−

= 0 and

(2.13)

= 4πe
ρ2D (q, ω).

(2.14)

z=−h+

e
∂Φ
(q, z, ω)
∂z

z=0+

Additionally, by postulating the existence of a linear density response function χ(q, ω),
the induced density that surges from the dynamical, longitudinal polarization of noninteracting electrons in the 2D material is expressed in terms of the total potential evaluated
e 0 (q, ω) = Φ(q,
e z = 0, ω),
at the plane z = 0, Φ
e 0 (q, ω).
ρe2D (q, ω) = −e2 χ(q, ω)Φ

(2.15)

The density response function χ(q, ω) in Eq. (2.15) exists within the formalism of the
e 0 (q, ω) can be defined by means of
random phase approximation (RPA).1 [96] Note that Φ
the boundary condition in Eq. (2.12). Finally, the constitutive relation in Eq. (2.15) allows
us to obtain a self-consistent solution to Eq. (2.9) when replaced in the matching condition
of Eq. (2.14),
e
∂Φ
(q, z, ω)
∂z

−
z=0−

e
∂Φ
(q, z, ω)
∂z

e 0 (q, ω).
= −4πe2 χ(q, ω)Φ

(2.16)

z=0+

e z, ω) =
To find a solution, we may decompose the total potential according to Φ(q,
e ext (q, z, ω) + Φ
e ind (q, z, ω) because of the linearity of Eq. (2.9). Then, Eq. (2.9) can be
Φ
1

The RPA density response function is valid for extrinsic graphene, and it is also considered to be valid
to model intrinsic graphene when it is placed on top of a suitable substrate. [96] In Ref. 97 and 98, the
RPA density response function is derived for the π-electron bands near the Dirac points of graphene.
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split into two equations, one for each source charge, as
e ext
∂ 2Φ
e ext (q, z, ω) = − 4π ρ̃ext (q, z, ω) and
(q, z, ω) − q 2 Φ
2
∂z
ϵ(q, z, ω)
e ind
∂ 2Φ
e ind (q, z, ω) = 0 for z ̸= 0.
(q, z, ω) − q 2 Φ
2
∂z

(2.17)
(2.18)

The solutions to the homogenous system associated with Eq. (2.17), eqz and e−qz with
q = ||q||, and the boundary condition in (2.10) yield the Green’s function [99]
( qz′ −qz
− e 2qe , −∞ ≤ z ′ ≤ z,
(2.19)
G(q, z, z ′ ) =
qz −qz ′
− e e2q , z ≤ z ′ ≤ ∞,
which is used to find the particular solution of Eq. (2.17) as
Z
4π
e
Φext (q, z, ω) = − dz ′ G(q, z, z ′ )
ρe (q, z ′ , ω),
′ , ω) ext
ϵ(q,
z
R

(2.20)

where
ρeext (q, z, ω) = 2πZeδ(ω − q · v)δ(z − z0 ),

(2.21)

which is given by the definition of the Fourier transform of the delta function. In Eq. (2.21),
the external charge does not vanish when ω = q · v and z = z0 . Ultimately, the expression
for the external potential is
e ext (q, z, ω) = 2πZeδ(ω − q · v) 2π e−q|z−z0 | .
Φ
q

(2.22)

On the other hand, Eq. (2.18) for the induced potential is solved in a piecewise manner
using

qz
−qz

A(q, ω)e + B(q, ω)e , z > 0,
e ind (q, z, ω) = C(q, ω)eqz + D(q, ω)e−qz , −h < z < 0,
Φ
(2.23)


E(q, ω)eqz + F (q, ω)e−qz , z < −h,
where the coefficients A(q, ω) and F (q, ω) are zero in order to satisfy the boundary condition in (2.10), and the other coefficients are determined by the matching conditions (2.11),
(2.12), (2.13), and (2.16). The external potential at z = 0,
e 0 (q, ω) = Φ
e ext (q, z = 0, ω) = 2πZeδ(ω − q · v) 2π e−qz0 ,
Φ
ext
q
11

(2.24)

lets us write the matching conditions as
E − C − De2qh = 0,
C + D − B = 0,
e 0ext − C + De2qh = 0, and
ϵs E + (ϵs − 1)Φ


4π 2
4π
e 0ext ,
1+
e χ B + C − D = − e2 χ Φ
q
q

(2.25)
(2.26)
(2.27)
(2.28)

where the q- and ω-dependence is dropped for brevity. The expressions for the coefficients
are then


1
e0 ,
(2.29)
−1 Φ
B=
ext
(1 − Λ)−1 + Γ
Γ
e0 ,
C=−
Φ
(2.30)
(1 − Λ)−1 + Γ ext


1+Γ
e 0ext , and
D=
−1 Φ
(2.31)
(1 − Λ)−1 + Γ


1 + Γ − e−2qh Γ
e0 ,
E=
− 1 e2qh Φ
(2.32)
ext
−1
(1 − Λ) + Γ
where
2π 2
e χ and
q
ϵs − 1 −2qh
Λ≡
e
.
ϵs + 1

Γ≡

Finally, the induced potential for z > 0 is


1
>
e 0 (q, ω)e−qz .
e (q, z, ω) =
−1 Φ
Φ
ext
ind
−1
[1 − Λ(q, ω)] + Γ(q, ω)

2.2

(2.33)
(2.34)

(2.35)

Two dimensional dielectric function

In the constitutive relation between the displacement and electric fields of Eq. (2.5), the
dielectric function E is replaced by ε(r−r′ , z −z ′ , t−t′ ) for a structure that has translational
invariance in the (x, y)-plane as well as translational invariance in the z coordinate. That
12

would be the case for a system with no layers, for example. Consequently, a Fourier
transform can be applied for all space coordinates, resulting in


1
′
e (Q, ω) =
e ′ (Q, ω),
−1 Φ
Φ
(2.36)
ind
ext
ϵ3D (Q, ω)
e ′ (Q, ω) = Φ
e ′ (Q, ω)/ϵ3D (Q, ω) and Φ
e ′ (Q, ω) = Φ
e ′ (Q, ω) + Φ
e ′ (Q, ω)
which stems from Φ
ext
ext
ind
and where Q = (q, qz ).
On the other hand, we consider the induced potential at z = 0 for our layered structure,


1
0
e
e 0ext (q, ω),
−1 Φ
Φind (q, ω) =
(2.37)
−1
[1 − Λ(q, ω)] + Γ(q, ω)
e 0 (q, ω) = Φ
e > (q, z → 0, ω) as given in Eq. (2.35). The relation in Eq. (2.37)
where Φ
ind
ind
resembles the relation in Eq. (2.36). By comparison, we can identify a two dimensional
counterpart of the dielectric function ϵ3D , which is ϵ2D (q, ω) = [1 − Λ(q, ω)]−1 + Γ(q, ω) or
ϵ2D (q, ω) = ϵbg (q, ω) + VC (q)χ(q, ω),

(2.38)

where VC (q) = 2πe2 /q is the Fourier transform of the in-plane Coulomb interaction energy
between two electrons of charge e, and

−1
ϵbg (q, ω) = 1 − R(q, ω) e−2qh
,
(2.39)
is the background dielectric function with the surface response [9, 55]
R(q, ω) =

ϵs (q, ω) − 1
.
ϵs (q, ω) + 1

We have assume in Eq. (2.38) that the substrate is isotropic in the (x, y) plane, so that
non-local effects imply a dependence on q = ||q|| alone. Therefore, the induced potential
for z > 0 in Eq. (2.35) is rewritten as


1
>
e (q, z, ω) =
e 0ext (q, ω) e−qz .
Φ
−1 Φ
(2.40)
ind
ϵ2D (q, ω)

2.3

Stopping and image forces

Having calculated the induced electrostatic potential for the region in which the charged
particle is restricted to move, it is straightforward to derive the forces acting on the particle.
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Namely, the total force is obtained from the induced electric field, upon substitution of
r = vt and z = z0 , as F = ZeEind (vt, z0 , t), where


∂
Φ>
Eind (r, z, t) = − ∇r + ẑ
ind (r, z, t),
∂z


Z
Z
d2 q
∂
dω i(q·r−ωt)
e > (q, z, ω),
iq + ẑ
= −
e
Φ
(2.41)
ind
2
∂z
R2 (2π)
R 2π
e > (q, z, ω) given in Eq. (2.40) and ẑ being a unit vector in the direction of the z axis.
with Φ
ind
Taking into account the symmetry property of the 2D dielectric function, ϵ2D (−q, −ω) =
ϵ∗2D (q, ω),2 which ensures that the real part is even and the imaginary part is odd, the
total force is decomposed into a parallel and a perpendicular component, according to
F = F∥ + ẑFi , where


Z
1
(Ze)2
2
−2qz0
d qe
q̂ ℑ
(2.42)
F∥ =
2π R2
ϵ2D (q, q·v)
is the stopping force with q̂ = q/q, and


Z
1
(Ze)2
2
−2qz0
d qe
−1
ℜ
Fi =
2π R2
ϵ2D (q, q·v)

(2.43)

is the image force. Notice that the designation of stopping and image forces stems from the
fact that they are expressed in terms of the imaginary and real parts of the inverse of the
2D permittivity ϵ2D (q, ω), respectively. [101] Also notice that the frequency in Eqs. (2.42)
and (2.43) is substituted according to ω = q · v, which stems from the Dirac delta function
in Eq. (2.22), and expresses Galilean kinematic resonance between the layer’s and particle’s
frames of reference. The stopping force acts parallel to the surface and slows down the
particle; meanwhile, the image force acts in the perpendicular direction and deflects the
trajectory of the particle towards the surface. These forces are observed in the regime of
glancing incidence of a charged particle upon a target surface. [16]
If the direction of the velocity v is defined by an angle θ0 with respect to the x axis,
so that vx = v cos θ0 and vy = v sin θ0 , then the frequency is substituted according to ω =
q · v = v (qx cos θ0 + qy sin θ0 ) in Eqs. (2.42) and (2.43). This substitution is crucial for the
emergence of directionality effects. Furthermore, it is physically revealing to decompose the
If a function f (t) is real, then its Fourier transform f˜(ω) satisfies the reality condition, f˜(−ω) = f˜∗ (ω).
This means that ϵ2D (q, ω) is the Fourier transform of a real function ε2D (r − r′ , t − t′ ), which is true for
any susceptibility with physical meaning. [100]
2
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Figure 2.2: A charged particle moves parallel to a sheet of a supported material. (a)
The induced density in an isotropic material with density response function χ(q, ω), like
graphene, is expected to be symmetric with respect to an axis along the direction of the
velocity of the particle. As a result, the transverse stopping force that would arise in
(b) the case that the material is anisotropic with density response function χ(q, ω), like
phosphorene, vanishes. We remark that the arrows represent forces with a negative sign.
stopping force into a longitudinal component, Fℓ , and transverse component, Ft , according
to F∥ = v̂Fℓ + (ẑ × v̂)Ft , where v̂ = v/v. Accordingly, we may write q̂ = v̂ cos(θ−θ0 ) + (ẑ ×
v̂) sin(θ−θ0 ) and switch to polar coordinates for integration over the wavevector q = (q, θ)
in both Eqs. (2.42) and (2.43), to finally express the three force components as


Z
Z 2π
1
(Ze)2 ∞
−2qz0
dq q e
dθ cos(θ−θ0 ) ℑ
,
(2.44)
Fℓ =
2π 0
ϵ2D (q, θ, q·v)
0


Z
Z 2π
1
(Ze)2 ∞
−2qz0
Ft =
dq q e
dθ sin(θ−θ0 ) ℑ
,
(2.45)
2π 0
ϵ2D (q, θ, q·v)
0


Z 2π
Z
(Ze)2 ∞
1
−2qz0
Fi =
dq q e
dθ ℜ
−1 ,
(2.46)
2π 0
ϵ2D (q, θ, q·v)
0
where the frequency to be substituted in the 2D dielectric permittivity ϵ2D (q, θ, ω) is given
by ω = q·v = qv cos(θ−θ0 ). See Fig. 2.2(b) for a depiction of the listed forces.
While the above expressions for the forces on the moving particle are generally valid
for an anisotropic 2D material with a density response function χ(q, ω) that depends
on the direction of the wavevector q, a significant simplification occurs for an isotropic
material, with a density response function χ(q, ω) that does not depend on the direction
15

of the wavevector q. In particular, the transverse stopping force Ft vanishes by symmetry
whereas the longitudinal force is reduced to the well-known concept of stopping force in
an isotropic medium, Ft ≡ Fs . Thus, we can write


Z
1
(Ze)2
2
−2qz0
,
(2.47)
Fs =
d qe
q̂· v̂ ℑ
2π R2
ϵ2D (q, q·v)


Z
(Ze)2
1
2
−2qz0
Fi =
ℜ
−1 ,
(2.48)
d qe
2π R2
ϵ2D (q, q·v)
where we have indicated that the effective dielectric function only depends of the wavenumber and frequency, ϵ2D (q, ω) and ω = q · v = qv cos θ. We can see in Fig. 2.2(a) a representation of the simplified problem in the case of an isotropic 2D material.
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Chapter 3
Modeling the polarization function
for a 2D material at low frequencies
The RPA density response function χ(q, ω), or longitudinal polarization function, as in
Eqs. (2.15) and (2.38), is crucial to the linear response theory of layered structures involving 2D materials. [102] In its quantum mechanical formulation, the polarization function
can be obtained by using the Lindhard function [103], which has been calculated with
different methods for 2D materials. One of these methods includes a full band structure
within the tight-binding approximation of graphene. [104] With more sophisticated and
accurate methodology, the polarization function is obtained using ab initio calculations
based on time-dependent density functional theory for graphene [47] and phosphorene [90].
Alternatively, various approximations can be invoked retaining only the relevant electron
energy band structure of the material. Namely, the polarization function has been calculated using the so-called Dirac cone approximation for the bands of π electrons in doped
graphene [97, 98] and using a reduced Hamiltonian for low-energy electronic excitations in
doped phosphorene [75, 105]. In this work, however, the polarization function is estimated
→
by using the conductivity tensor ←
σ (q, ω), in order to incorporate the in-plane anisotropy
of the 2D material.
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3.1

Polarization function in terms of the conductivity
tensor

The relation between the two stems from the in-plane Ohm’s law in the Fourier domain
given by
→
e2D (q, ω) = ←
e 0 (q, ω),
J
σ (q, ω) · E
∥

(3.1)

where the in-plane charge current density in the 2D material induced by the presence of
e2D (q, ω), is proportional to the tangential component of the
an external charge source, J
e 0 (q, ω) = −iq Φ
e 0 (q, ω). We invoke the continuity
total electric field evaluated at z = 0, E
∥
equation, which relates the induced charge density in the 2D material with the induced
e2D (q, ω). Thus, by replacing
current density, also in the Fourier domain, ω ρe2D (q, ω) = q · J
this last expression in Eqs. (2.15) and (3.1), we can express the polarization function in
terms of the in-plane conductivity tensor as
χ(q, ω) =

i
e2 ω

→
q·←
σ (q, ω) · q.

(3.2)

The conductivity tensor can be written in a basis given by the unit vectors x̂ and ŷ, which
are along the x and y axes, as


σxx (q, ω) σxy (q, ω)
←
→
σ (q, ω) =
,
(3.3)
σyx (q, ω) σyy (q, ω)
with the coefficients satisfying certain symmetry conditions. [106, 107]

3.2

Optical model

We are interested in finding an expression for the polarization function in the limit of low
frequencies and small wavenumbers q. This approximation is well suited for frequencies
ranging from the THz to mid-infrared (MIR) regime, which is technologically relevant. [39–
43] By taking the limit q → 0 in the components of the in-plane conductivity tensor
σij (q, ω), we neglect the non-local effects in the 2D material. This is known as the optical
response. In this regime, the conductivity tensor becomes diagonalizable; [75, 90, 105]
the off-diagonal elements vanish, σxy = σyx = 0, whereas the diagonal elements become a
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function of the frequency only, σxx = σx (ω) and σyy = σy (ω). Thus, the density response
function in the optical limit is
χ(q, ω) =


i  2
2
q
σ
(ω)
+
q
σ
(ω)
.
x
y
y
e2 ω x

(3.4)

Eq. (3.4) may be more conveniently written by switching to polar coordinates for the
p
2
wavevector, q = (q, θ), as χ(q, θ, ω) = i eq2 ω σ(θ, ω), where q = qx2 + qy2 and the angledependent optical conductivity in the optical limit is
σ(θ, ω) = σx (ω) cos2 θ + σy (ω) sin2 θ.

(3.5)

For an isotropic 2D material, the diagonal components of the in-plane conductivity are
equal and correspond to the scalar optical conductivity of the material, σx (ω) = σy (ω) =
σ(ω). This will be the case of doped graphene. [106, 108] In the case of a material showing
anisotropy, the diagonal components generally differ, σx (ω) ̸= σy (ω). For doped phosphorene, the x and y components of the conductivity can be taken along the armchair (AC)
and zigzag (ZZ) directions, respectively, so that the polar angle θ is taken with respect to
the AC direction. [90, 105]
As it has been shown for the longitudinal polarization function in its quantum mechanical formulation, [60, 90] the diagonal components of the conductivity tensor in the optical
limit can be decomposed into contributions coming from intraband and interband electron
transitions,
σj (ω) = σjintra (ω) + σjinter (ω) for j = x, y.
(3.6)
It turns out that the intraband and interband contributions to the conductivity tensor
components of 2D materials can be calculated for frequencies in the THz-MIR range with
relatively simple phenomenological models. [75, 90, 108–111] Below, we illustrate the cases
of doped graphene, an isotropic material, and of doped phosphorene, an anisotropic material.

3.2.1

Doped graphene

The Dirac cone approximation is used to model the conduction and valence electronic
bands of graphene near the K points of the Brillouin zone, and it yields a good description
of the nearly-free π electrons of the material. [112, 113] In this approximation, the electron
energy dispersion is given by a linearprelation with the momentum of the electron’s Bloch
wave in the (x, y) plane, p = ℏk = p2x + p2y . That is εp = ±vF p, where vF ≈ c/300 is
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the Fermi speed that defines the opening of the Dirac cones. Considering that graphene is
doped with an equilibrium electron (or hole) areal density n, the Dirac cone approximation
is used to calculate the intraband and interband contributions to its scalar conductivity as
intra
σD
(ω) = i

and
inter
σD
(ω)

vB
= i ln
4π

vB ωF
π ω + iγ



2ωF − ω − iγ
2ωF + ω + iγ

(3.7)

,

(3.8)

where vB = e2 /ℏ ≈ c/137 is the Bohr velocity
and ωF = εF /ℏ = vF kF is the frequency
p
related to the Fermi energy εF , with kF = π|n| being the Fermi wavenumber, whereas γ
is a phenomenological damping rate. The intraband contribution in Eq. (3.7) is given by
the widely used Drude model, which has been confirmed to accurately describe this contribution in ab initio calculations [60]. As regards the interband transitions, the contribution
in Eq. (3.8) is better understood in the limit of zero damping, which yields


i
ω − 2ωF
vB
inter
H(|ω| − 2ωF ) + ln
,
(3.9)
σD (ω) =
4
π
ω + 2ωF
where H(·) is the Heaviside unit step function. The first term in Eq. (3.9) corresponds to
the Pauli blocking of interband transitions in graphene. This means that transitions are
mostly suppressed for |ω| < 2ωF . And, by using the Kramers-Kronig relations, the second,
imaginary term follows from the first, real term. When n = 0, that is for intrinsic or
intra
inter
undoped graphene, σD
(ω) → 0 and σD
(ω) → vB /4, which is the universal conductivity
inter
intra
(ω) has been
(ω) + σD
of intrinsic graphene. [109] The Dirac conductivity σD (ω) = σD
verified to yield plasmon dispersion curves that compare extremely well to those obtained
by means of ab initio calculations in the THz-MIR regime for graphene doped with typical
densities around n = 1013 cm−2 , so that εF ≈ 0.37 eV. [60]
The effects of transitions between bands separated by large energy gaps are not considered in the interband conductivity of Eq. (3.8) or (3.9). The way these large energy
gaps are identified depends on the cut-off energy εcut that is used to separate the band
structure of graphene’s π electrons into a portion that is described by the Dirac cone, such
that |εp | < εcut , and another portion that is not. But, the cut-off energy is not precisely
defined, and neither are the frequencies of these transitions at large energies. However, if
the value of the cut-off energy is chosen such that it is much larger than the Fermi energy
in doped graphene, then the resulting expression for the Dirac interband conductivity is
independent of the cut-off energy. [109] Under those circumstances, the interband transitions with large energy gaps may be loosely defined as those transitions between valence
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and conduction bands that are separated by energies εlarge ≳ εcut . Such a contribution to
the total interband conductivity in graphene may be obtained, in principle, from full-band
ab initio calculations by removing the interband transitions within the low-energy portions
of the π bands, which are captured by the Dirac cone approximation. Denoting the contriinter
bution of the interband transitions with large energy gaps by some function σlarge
(ω), the
total interband conductivity of graphene may be then written in the optical limit as
inter
inter
σinter (ω) = σD
(ω) + σlarge
(ω).

(3.10)

Because the exact value of εcut is not known (although one could estimate it to be on the
inter
(ω)
order of εcut ∼ 1 eV), little can be said about the exact behaviour of the function σlarge
over a broad range of frequencies.
However, a useful and robust approximation can be deduced for the total interband
conductivity of graphene in Eq. (3.10) in the THz-MIR range of frequencies. First, notice
inter
inter
(ω) and σlarge
(ω) are negligible over certain finite intervals
that the real parts of both σD
of frequency adjacent to ω = 0. While this is true in the interval 0 < ω < 2ωF for
 the Dirac
inter
interband contribution, as can be seen in Eq. (3.9), the vanishing of ℜ σlarge (ω) should occur in an even broader interval, say, 0 < ω < ωlarge , where ℏωlarge ≳ 1 eV. At the same time,
inter
inter
the imaginary parts of σD
(ω) and σlarge
(ω) are generally non-zero at low frequencies, but
they both vanish when ω → 0 as linear functions with negative slopes, as can be surmised
from a Kramers-Kronig analysis (see the discussion for phosphorene). For a sufficiently
high doping density of graphene, one may use Eq. (3.9) to approximate the Dirac-cone
inter
term in Eq. (3.10) as σD
(ω) ≈ −iαD ω when ω → 0, where αD = e2 /(4πεF ). While this
approximation is valid at frequencies ω ≪ ωF , the contribution from the interband traninter
sitions with large energy gaps also admits a linear approximation, σlarge
(ω) ≈ −iαlarge ω,
which should be valid in a broader frequency range. An empirical value of αlarge ≈ 1.3
Å was deduced from ab initio calculations in Ref. 102, and was verified by the group of
V. Despoja. By comparing the slopes αD and αlarge , one concludes that the correction due
to the interband transitions with large energy gaps becomes relevant at doping densities n
exceeding ∼ 5.72 × 1013 cm−2 .

3.2.2

Doped phosphorene

In the THz-MIR frequency range, the intraband optical conductivity tensor of doped phosphorene is adequately represented by an anisotropic Drude model, [75, 90, 110, 111]
σjintra (ω) =

i Dj
,
π ω + iγj
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(3.11)

where the Drude weight, Dj , may be expressed at zero temperature in terms of the equilibrium doping density n and an effective electron or hole mass m∗j as Dj = πe2 |n|/m∗j for the
direction j = x, y. The damping rate γj = 1/τj in Eq. (3.11) is allowed to depend on the
direction as well, and it may be expressed in terms of the mobility tensor of phosphorene
having Cartesian components µj . By using a relation involving the dc conductivity tensor,
σjintra (0) = e|n|µj , we may write τj = µj m∗j /e for j = x, y.
On the other hand, for a 2D semiconductor

 with the band gap energy εg , the real
part of its interband conductivity, ℜ σjinter (ω) , is negligible at frequencies 0 < ω ≲ ωg ,
where ωg = εg /ℏ. Therefore, because εg ≈ 2 eV for phosphorene, in order to take into
account the interband contribution to its optical conductivity at the THz-MIR frequencies,
for which ω ≪ ωg , it is sufficient
 inter to find an approximation for the imaginary part of the
interband conductivity, ℑ σj (ω) , in the limit ω → 0. The ab initio data show that,


quite generally for a 2D material, [90, 114] ℑ σjinter (ω) behaves as linear function when
ω → 0, having a negative slope, say −αj . Accordingly, we can approximate the interband
conductivity of doped phosphorene in the THz-MIR frequency range by using
σjinter (ω) ≈ −iαj ω

(3.12)

for j = x, y, where αj > 0 may be regarded as the Cartesian components of its in-plane
polarizability tensor in the static limit, which arise from high-energy interband electronic
transitions. It is expected that the values of αj are rather independent from the doping
density for sufficiently small values of |n|, which was confirmed by ab initio calculations
for phosphorene.
One may determine the numerical values of αj in two ways by using ab initio data for
First, αj can be evaluated as the slope of the imaginary part of the interband
optical conductivity at vanishing frequency,
σjinter (ω).

1  inter 
ℑ σj (ω) .
ω→0 ω

αj = − lim

(3.13)

An alternate method for determining αj can be deduced from a Kramers-Kronig relation
between the real and imaginary parts of σjinter (ω),


2
ℑ σjinter (ω) = − ω P
π

Z∞

 inter ′ 
dω ′
ℜ
σj (ω ) ,
(ω ′ )2 − ω 2

(3.14)

0

where P indicates a Cauchy principal value type of the integral over ω ′ . Therefore, referring
to Eqs. (3.13) and (3.14), αj may be computed from ab initio data for the real part of the
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interband optical conductivity as an integral in the form of a sum rule for each direction
j = x, y,
Z∞
dω  inter 
2
αj =
ℜ σj (ω) .
(3.15)
π
ω2
0

We can observe in Fig. 3.1 that the imaginary part of the interband conductivity of phosphorene, which is obtained using ab initio calculations, can be approximated by a linear
function of the frequency given in Eq. (3.12) with the slope αj computed as in Eq. (3.15)
for frequencies corresponding to energies smaller than the energy of the band gap in phosphorene.
Finally, using the decomposition of the conductivity in Eq. (3.6) in the expression in
Eq. (3.4) gives rise to a decomposition of the optical polarization function as
χ(q, ω) = χintra (q, ω) + χinter (q),

(3.16)

where the intraband component follows from the Drude conductivity in Eq. (3.11) as


Dy qy2
Dx qx2
1
+
,
(3.17)
χintra (q, ω) = − 2
πe ω ω + iγx ω + iγy
whereas the linear approximation σjinter (ω) ≈ −iαj ω gives rise to a correction to the optical polarization function due to interband transitions in a form that is independent of
frequency,

1
χinter (q) = 2 αx qx2 + αy qy2 .
(3.18)
e
Accordingly, the effective 2D dielectric permittivity for a free-standing anisotropic 2D
material can be obtained from Eq. (2.38) with ϵbg = 1 in the optical limit as



Dy qy2
2π
2
Dx qx2
2
2
ϵ2D (q, ω) = 1 +
αx qx + αy qy −
+
.
(3.19)
q
qω ω + iγx ω + iγy
This constitutes what we call the optical model of the dynamic polarization of phosphorene,
which is expected to work well in the THz-MIR range of frequencies. In the case of doped
graphene, the corresponding expression is
ϵ2D (q, ω) = 1 + 2παq −
with α =

e2
4πεF

+ αlarge .
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2qvB ωF
,
ω(ω + iγ)

(3.20)
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Figure 3.1: Real part (red) and imaginary part (blue) of the interband optical conductivity
along the AC (x) and the ZZ (y) axis of phosphorene, with different equilibrium densities,
obtained by V. Despoja’s group using ab initio calculations. The imaginary part is approximated by −αj ω, with αj calculated using Eq. (3.15) (green).
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3.2.3

Static screening due to interband electron transitions

Notice that, for intrinsic (or undoped) phosphorene and for undoped graphene, the intraband contributions in Eqs. (3.19) and (3.20) are zero, so that the remaining first two
terms in the right-hand sides of those expressions describe static screening of the in-plane
Coulomb interaction provided by the interband electron transitions, which can also be
viewed as the effect of dipolar polarizability of the bound electrons in the host atoms
within those two materials.
A similar phenomenological treatment of high-energy interband electronic transitions
was recently proposed by Gjerding et al. [102] in order to expand the domain of applicability
of the Dirac-cone model for the conductivity of doped graphene. The concept of static
screening by interband transitions was developed in modeling of the binding energy of
excitons in isotropic [115] and anisotropic [116] 2D materials. Following the ideas of those
authors, we can develop a model for the total polarization function of phosphorene, given in
Eq. (3.16), which combines static screening by the interband transitions with a polarization
function for the intraband transitions, χintra (q, ω), obtained from a suitable model for the
dynamics of (quasi-) free charge carriers in doped phosphorene.
To that effect, we can decompose the induced charge density in Eqs. (2.2) and (2.15)
as
inter
ρ2D (r, t) = ρintra
2D (r, t) + ρ2D (r, t)

(3.21)

where the charge density due to the intraband electron excitations may be obtained from
a linear relation in the Fourier domain, analogous to Eq. (2.15),
2
e0
ρeintra
2D (q, ω) = −e χintra (q, ω)Φ (q, ω).

(3.22)

In a search for suitable model for χintra (q, ω), it may be convenient to develop a model
→
for the intraband conductivity tensor in doped phosphorene, ←
σ intra , in which case we can
write, in analogy with Eq. (3.2),
χintra (q, ω) =

i
e2 ω

→
q·←
σ intra (q, ω) · q.

(3.23)

On the other hand, the induced charge density due to interband electron transitions in
Eq. (3.21) may be expressed in terms of a 2D polarization vector field P2D as
ρinter
2D (r, t) = −∇r · P2D (r, t),
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(3.24)

where ∇r is the in-plane gradient. The above relation can be written in the Fourier domain
as
e
ρeinter
2D (q, ω) = −iq · P2D (q, ω).

(3.25)

→
Invoking a constitutive relation with polarization tensor ←
α (q, ω) in the form
→
e 2D (q, ω) = ←
e 0 (q, ω),
P
α (q, ω) · E
∥

(3.26)

e 0 (q, ω) = −iq Φ
e 0 (q, ω) is the in-plane electric field, enables us to finally write
where E
∥
←
→
e0
ρeinter
2D (q, ω) = −q · α (q, ω) · q Φ (q, ω).

(3.27)

From this equation and in analogy with Eq. (3.22), we may deduce that the component of
the polarization function due to the interband transitions in phosphorene may be expressed
in terms of the polarization tensor for its bound electrons as
χinter (q, ω) =

1
→
q·←
α (q, ω) · q.
2
e

(3.28)

The expression in Eq. (3.18) for the interband correction in static regime is obtained by
→
taking the limit ω → 0 in the polarization tensor ←
α in Eq. (3.28) and assuming that all its
components are independent of q, i.e., by neglecting the non-local effects in the interband
transitions in phosphorene. [116]
A connection can be made with a more traditional view of the intraband and interband
electronic transitions, which are often described in the literature on electromagnetic properties of materials as the polarization processes of (quasi-) free and bound charge carriers,
respectively. In that respect, the two components in the induced charged density decompobound
inter
free
(r, t),
sition in Eq. (3.21) can be renamed as ρintra
2D (r, t) 7→ ρ2D (r, t) and ρ2D (r, t) 7→ ρ2D
while the components of the polarization function in Eq. (3.16) can be accordingly renamed
as χintra (q, ω) 7→ χfree (q, ω) and χinter (q) 7→ χbound (q, ω). Also the conductivity tensor can
be generally decomposed as
←
→
→
→
σ (q, ω) = ←
σ intra (q, ω) + ←
σ inter (q, ω),

(3.29)

→
→
→
→
with the components appropriately renamed as ←
σ intra 7→ ←
σ free and ←
σ inter 7→ ←
σ bound ,
where the resulting relation
←
→
→
σ bound (q, ω) = −iω ←
α (q, ω)

(3.30)

ensures that the continuity equation is satisfied by the charge density ρbound
(r, t) for the
2D
bound charges.
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3.3

Semiclassical model

In this subsection, we derive a semiclassical expression for the intraband polarization function χintra (q, ω) in doped phosphorene, which includes non-local effects to the leading order,
and combine it with the interband correction in Eq. (3.18) to obtain the full polarization
function for this material in what we call semiclassical model.

3.3.1

Plasmon dispersion and non-local effects

The simplest expression for the plasmon dispersion relation in free-standing phosphorene, ω = ωp (qx , qy ), is obtained in a long-wavelength limit by solving the equation
ϵ2D (qx , qy , ω) = 0 for ω with ϵ2D given in Eq. (3.19), where we set γx = γy = 0 and
neglect the interband corrections by setting αx = αy = 0. Then, the resulting anisotropic
Drude terms for the intraband transitions in Eq. (3.19) give for doped phosphorene
r

2
Drude
Dx qx2 + Dy qy2 .
(3.31)
ωp
(qx , qy ) =
q
Similarly, solving the equation ϵ2D (q, ω) = 0 with ϵ2D (q, ω) given in Eq. (3.20) where we
set γ = 0 and
√ α = 0 gives a plasmon dispersion in the Drude limit for doped graphene as
Drude
(q) = 2qvB ωF . One can see that plasmon frequencies in both materials increase as
ωp
√
∝ q when the wavenumber q increases.
Solving the equation ϵ2D (qx , qy , ω) = 0 with ϵ2D given in Eq. (3.19) where we keep the
interband correction with finite αx and αy yields plasmon frequency in doped phosphorene
in the optical limit as
s
Dx qx2 + Dy qy2
ωpoptical (qx , qy ) = 2
,
(3.32)
q + ax qx2 + ay qy2
where aj = 2παj for j = x, y. Similarly, solving the equation ϵ2D (q, ω) = 0 with ϵ2D (q, ω)
given in Eq. (3.20) in the limit when γ → 0 gives a plasmon dispersion for doped graphene
as
r
2qvB ωF
optical
ωp
(q) =
,
(3.33)
1 + aq
where a = 2πα. The above two expressions show that our inclusion of the interband
correction in the optical model causes plasmon frequencies ωp in both materials to level
off at constant values in the MIR frequency range when the wavenumber q exceeds ∼
1/min(ax , ay ) ≈ 0.3 nm−1 for doped phosphorene or ∼ 1/α ≳ 0.036 nm−1 for doped
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graphene. This fact calls for an estimate of the non-local effects in the dielectric response
of those materials in the THz-MIR range. We shall assume that the correction due to
the interband electron transitions is still given by the approximation in Eq. (3.18) for
phosphorene and by χinter (q) = αq 2 /e2 for graphene, and we shall seek improvements to
the intraband polarization function χintra that can describe the so-called continuum of
low-energy electron-hole (e-h) excitations. In the case of doped graphene, this continuum
can be described by using the Dirac cone approximation to obtain a function χintra (q, ω)
from the quantum mechanical approach, [97, 98] as well as from a semiclassical approach
based on the Boltzmann equation. [94] In the following section, we generalize the semiclassical approach of Ref. 94 to the case of an anisotropic 2D material representing doped
phosphorene.

3.3.2

Semiclassical model for doped phosphorene

We consider intraband electron transitions within the lowest conduction band of an electrondoped 2D material with an equilibrium doping density of n per unit area, where the lowenergy dispersion of the electronic band is approximated by an anisotropic paraboloid,
which is given for a Bloch wave with the momentum vector p = px x̂ + py ŷ by
εp =

p2y
p2x
+
,
2mx 2my

(3.34)

with mx and my being the effective electron masses in the x and y directions, respectively.
It can be shown that the intraband polarization function for such an anisotropic 2D electron
gas (2DEG) may be obtained as [102, 117]
χintra (qx , qy , ω) = χiso (Q, ω)

(3.35)

where χiso (Q, ω) is the polarization function of an equivalent isotropic 2DEG with the
√
same doping density, having the electron mass md = mx my and the wavenumber Q that
depends on the wavevector components and the effective electron masses of the anisotropic
2DEG according to
s r
r
my
mx
2
2
Q(qx , qy ) = qx
+ qy
.
(3.36)
mx
my
An expression for the polarization function of an isotropic 2DEG is obtained in a
semiclassical limit from the Boltzmann equation in the relaxation time approximation
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(RTA) as [94, 106]
χiso (Q, ω) =

χ0s

Z

∞
′

Z

2π

dϑ

dε f0 (ε)
0

0

vε Q cos ϑ
,
ω + iγ − vε Q cos ϑ

(3.37)

where χ0s = md /(πℏ2 ) is the p
static polarizability at zero temperature, f0 (ε) is the FermiDirac distribution, and vε = 2ε/md is the speed of an electron with the energy ε relative
to the band bottom. A result for the integration over the angle ϑ in (3.37) is given in
Eqs.(24) and (25) of Ref. 94, which can be readily used to obtain χintra (qx , qy , ω) for doped
phosphorene at zero temperature. In that limit, the integration over energy ε in (3.37)
results in replacing
vε by the Fermi speed of the equivalent isotropic 2DEG, vFiso = ℏkFiso /md ,
√
with kFiso = 2πn being its Fermi wavenumber. For finite values of the damping parameter
γ, one needs to implement Mermin’s procedure, [93, 118] giving
χintra =

χiso


iγ
1−
ω + iγ

χiso
1−
χs

,

(3.38)

where χs is the static polarization function of the equivalent isotropic 2DEG, obtained from
(3.37) when both ω → 0 and γ → 0+ at finite temperature. Note that a Mermin-corrected
expression (3.38) normally arises when the Bhatnagar-Gross-Krook [119] method is implemented in the process of solving the linearized Boltzmann equation in the RTA. [106]
According to Ref. 94, the intraband polarization function for finite damping is given by
χintra (qx , qy , ω) =

qs
1 − χr − iχi
iγ
2
2πe 1 − ω+iγ
(χr + iχi )

(3.39)

where
p
√
A2 + B 2 + Γ −A + A2 + B 2
p
,
χr (qx , qy , ω) =
2 (A2 + B 2 )
p
p
√
√
sign(Ω)Γ A + A2 + B 2 − Ω −A + A2 + B 2
p
.
χi (qx , qy , ω) =
2 (A2 + B 2 )
|Ω|

p

A+

√

(3.40)
(3.41)

Here, A = Ω2 − Γ2 − 1 and B = 2ΩΓ, where Ω(qx , qy , ω) = ω/(vFiso Q) and Γ(qx , qy ) =
γ/(vFiso Q) with Q(qx , qy ) given in Eq. (3.36).
In the limit of zero temperature and for vanishing damping, we finally obtain from
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Eqs. (3.35) and (3.37) [94]




2

2
vFiso Q



H ω −
,
ℜ{χintra } = χ0s 1 − |ω| q
2
ω 2 − (vFiso Q)


2
iso
2
H vF Q − ω
ℑ{χintra } = χ0s ω q
,
2
(vFiso Q) − ω 2

(3.42)

(3.43)

with Q given in Eq. (3.36).
The applicability of the above semiclassical model for χintra is limited to the range of
small wavenumbers, such that Q ≪ kFiso . [106] In the long-wavelength limit, it may be
shown that the polarization function in Eq. (3.38) is given to the leading order in vFiso Q/|ω|
by
2
χ0s vFiso Q
,
(3.44)
χintra ∼ −
2 ω(ω + iγ)
which is, with Eq. (3.36), essentially equivalent to the use of anisotropic Drude model
for intraband conductivity in our optical model in Eq. (3.17) with isotropic damping,
γx = γy = γ.
In the opposite limit of vanishing frequency (and finite γ), one recovers from Eq. (3.38)
qs
χintra → χ0s ≡ 2πe
2 , which is better suited for describing static screening by the intraband
transitions in a 2DEG than the Drude model, with qs = 2md e2 /ℏ2 being the Thomas-Fermi
inverse screening length at zero temperature.

3.3.3

Non-local effects in plasmon dispersion

We discuss non-local effects for plasmon dispersion in a free-standing phosphorene doped
with n = 1013 cm−2 . We use three models of increasing complexity:
(a) anisotropic Drude model for intraband electron transitions,
(b) full optical model, consisting of the anisotropic Drude model plus the interband correction given in Eq. (3.18), and
(c) semiclassical model, consisting of the semiclassical model for the intraband polarization function, plus the same interband contribution given in Eq. (3.18).
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The latter model is described by the effective 2D permittivity of free-standing phosphorene,
ϵbg = 1, given in the limit of vanishing damping and for frequencies |ω| > vFiso Q by


|ω|
A qs 
,
+
1− q
(3.45)
ϵsemi
2D (qx , qy , ω) = 1 +
q
q
2
iso
2
ω − (vF Q)
where Q stands for the function Q(qx , qy ) given in Eq. (3.36) and A stands for the function

A(qx , qy ) = 2π αx qx2 + αy qy2 ,
(3.46)
which describes a contribution from the static polarizabilities due to the interband transitions.
An important nonlocal effect in the semiclassical model is the appearance of a region in
the (qx , qy , ω) space characterized by a continuum of the intraband electron-hole (e-h) excitations that occur (in the limit of γ → 0) for frequencies |ω| < vFiso Q(qx , qy ), see Eq. (3.43).
This region can have significant effects of the plasmon dispersion curves in free-standing
phosphorene, which can only occur at frequencies ω > vFiso Q(qx , qy ) for small wavenumbers,
see Eq. (3.42), and are prevented from crossing the boundary ω = vFiso Q(qx , qy ) as the
wavenumbers increase. This can be seen by solving the equation ϵsemi
2D (qx , qy , ω) = 0 using
Eq. (3.45), which yields a plasmon frequency in the semiclassical model as
v iso Q (qs + q + A)
,
ωpsemi (qx , qy ) = p F
(q + A)(2qs + q + A)

(3.47)

with Q given in Eq. (3.36) and A given in Eq. (3.46). Notice that the above expressions
generalizes the plasmon dispersion given in Eq. (3.32) that was based on the optical model.
In Fig. 3.2, we show the plasmon dispersion curves along the AC and the ZZ directions
for all three models over an extended range of wavenumbers, which exceeds the domain of
applicability of the semiclassical model. We see that the interband contribution quickly
slows down (already for q ≳ 0.1 nm−1 ) the rapid increase of the dispersion seen in the
Drude model (green curves), but the non-local effects from the semiclassical model (blue
curves) prevent the levelling off (already for q ≳ 0.3 nm−1 ) of the dispersion in the optical
model (red curves), making them softly approach the edges of the e-h continuum (orange
curves) at large wavenumbers. The V-shaped region above the yellow lines in Fig. 3.2
indicates the range of incident particle speeds exceeding the Bohr’s speed, showing that
the non-local effects in the forces will likely be negligible compared to the results from the
optical model.
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Figure 3.2: Cross sections of the dispersion surface ω = ωp (qx , qy ) with the planes qx = 0
(left side, qy < 0) and qy = 0 (right side, qx > 0) for plasmon modes in free-standing
phosphorene using: the Drude model (green curves), optical model (red curves) and the
semiclassical model (blue curves). The two orange shaded regions indicate the continuum
of e-h intraband excitations. The yellow lines show the cross sections of the plane ω =
v (qx cos θ0 + qy sin θ0 ) enforcing the kinematic resonance for a particle moving at the speed
v = vB with angles θ0 = 0 (AC direction) and θ0 = −π/2 (ZZ direction). The numerical
values of the parameters used are listed in Chapter 5.
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Chapter 4
Relation between image and stopping
force via Kramers-Kronig relations
using the energy loss function of a
supported isotropic 2D material
In particle-based spectroscopy, the stopping force accounts for inelastic interactions in the
target material, that is, it is directly related to the ELF of the target. On the other
hand, the image force, which deflects the incident charge towards the target’s surface, is
a conservative force arising from elastic processes in the dynamic polarization of charge
carriers in the target. The signature of the stopping force is a decrease in the velocity of the
particle, whereas the image force affects the interaction times with the target [8, 13] and
the angular distribution of the scattered particles.[14, 33] Although the image force has
been neglected in favor of the stopping force in classic HREELS applications, [11] herein
we show that it can be of interest in the study of plasmon-phonon hybridization for layered
nanostructures with 2D materials. [12, 34–38]
The electrodynamic response of the target is calculated as in Sections 2.1 and 2.2, which
can be used to model the typical settings for HREELS [7–9, 11, 12] or ion-surface scattering
under grazing incidence, [13–18], so that we are allowed to neglect the perpendicular motion
of the particle provided that it may be treated as adiabatically slow on the time scale of
the target response.
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4.1

Image force in terms of the energy loss function

The stopping force for a charged particle moving on top an isotropic material, Eq. (2.47),
can be expressed in terms of the ELF,


−1
.
(4.1)
L(q, ω) = ℑ
ϵ2D (q, ω)
To do so, we use polar coordinates q = (q, θ) and ω = q·v = qv cos θ to perform a change of
variables1 so that the integration over θ ∈ [0, 2π] is replaced by an integral over ω ∈ [0, qv],
resulting in [93]
Z
Z qv
2 (Ze)2 ∞
ω
−2qz0
Fs = −
dq e
dω p
L(q, ω),
(4.2)
π v
q2v2 − ω2
0
0
where we have used that L(q, ω) is odd. The stopping force in Eq. (4.2) is a double integral
over the region 0 < ω < qv in the first quadrant of the (q, ω)-plane.
The image force in Eq. (2.48) can be expressed in terms of a double integral analogous
to Eq. (4.2), [93]


Z ∞
Z qv
1
1
2
2
−2qz0
dq q e
dω p
ℜ
−1 ,
(4.3)
Fi = (Ze)
π
ϵ2D (q, ω)
q2v2 − ω2
0
0
where we have used that ℜ [1/ϵ2D (q, ω) − 1] is even. However, it is insightful to express
the image force in terms of the ELF L(q, ω). This can be done by using the KK relation
for 1/ϵ2D (q, ω),



Z∞
1
1
1
1
dω ′
ℜ
−
= P
ℑ
,
ϵ2D (q, ω) ϵ2D (q, ∞)
π
ω′ − ω
ϵ2D (q, ω ′ )


(4.4)

−∞

where P indicates a Cauchy principal value integral.
ϵ2D (q, ∞) in Eq. (4.4) is the dielectric function of the system at “infinite” frequency,
which theoretically should be equal to one. [120] However, the dielectric function is modeled
with a density response χ(q, ω), or conductivity σ(q, ω), valid exclusively for frequencies
0 < ω < ωmax within the THz-MIR region. Besides that, phenomenological contributions
p
1
2 2
2
pdqdθ = J(q, ω)dqdω, where the Jacobian is J(q, ω) = −1/ q v − ω for θ ∈ [0, π] and J(q, ω) =
2
2
2
1/ q v − ω , otherwise.
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coming from high-energy interband electronic transitions can be considered with a density
response χhigh (q, ω), which should be valid for frequencies ω ≥ ωhigh with ωhigh being
the onset of these transitions. If ωmax ≪ ωhigh , then we can place the infinite-frequency
limit of χ(q, ω) inside the interval (ωmax , ωhigh ) and extend the range of applicability of
χ(q, ω) by making corrections based on the zero-frequency limit of χhigh (q, ω). As a result,
ϵ2D (q, ∞) ̸= 1 in general. The treatment is also applicable to the substrate permittivity
in the optical regime, ϵs (ω), and is routinely done for insulators and semiconductors in
the gap interval of frequencies, [121] and for polar materials in the range of their optical
phonon frequencies. [122] More recently, it was used by Gjerding et al. [102] for the Dirac
conductivity of graphene, as discussed in Section 3.2.1, Eq. (3.10).
In order to apply the KK relation, the factor ℜ [· · · ] in Eq. (2.48) is decomposed as



 

1
1
1
1
−1 =ℜ
−
−1 ,
(4.5)
+
ℜ
ϵ2D (q, ω)
ϵ2D (q, ω) ϵ2D (q, ∞)
ϵ2D (q, ∞)
where ϵ2D (q, ∞) is necessarily real-valued given the symmetry property of ϵ2D (q, ω). [123]
Replacing Eq. (4.5) in Eq. (2.48), the image force is given as a sum Fi = Fi,KK + Fi,∞ ,
where

 Z 2π
Z
Z ∞
dθ
(Ze)2 ∞
1
−2qz0
Fi,KK =
dq q e
dω ℑ
P
,
(4.6)
2
2π
ϵ2D (q, ω)
ω − qv cos θ
0
0
−∞
and
2

Z

Fi,∞ = (Ze)

∞

dq q e

−2qz0

0




1
−1 .
ϵ2D (q, ∞)

(4.7)

Fi,KK comes from using the KK relation on the first term in Eq. (4.5), and Fi,∞ corresponds
to the dielectric function at “infinite” frequency. The Cauchy principal value integral in
Eq. (4.6) is
Z 2π
dθ
sign(ω)
P
= 2π p
H(|ω| − qv),
(4.8)
ω − qv cos θ
ω2 − q2v2
0
where H(·) is the Heaviside unit step function. Thus, the KK term of the image force in
Eq. (4.6) becomes
Z ∞
Z ∞
2
dω
2
−2qz0
p
Fi,KK = − (Ze)
dq q e
L(q, ω).
(4.9)
π
ω2 − q2v2
0
qv
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In Eq. (4.9), we have obtained one component of the image force as a function of the
ELF. The double integral is also restricted to the first quadrant of the (q, ω)-plane, but over
the region ω > qv, which complements the region of integration in Eq. (4.2). We note that
the component that stems from the KK relation, Fi,KK , may be considered the dynamic
image force, which vanishes for v → ∞. On the other hand, Fi → Fi,∞ for ω → ∞.
The image force at “infinite” frequency has the form of a force on a static point charge
involving ϵ2D (q, ω), which is in agreement with the previous discussion on the response
functions that account for high-energy electronic transitions with onset frequency ωhigh .
Moreover, we estimate that Fi = Fi,∞ when v ≳ z0 ωhigh . If ϵ2D (q, ∞) = 1, as if all the
high-energy interband transitions are included, then Fi would vanish.
In a classical regime with no recoil, the image force is conservative. However, we are
able to express it as a function of the ELF which, in theory, should account for all the
loss channels in the target material. Some of these loss channels include collective modes,
like optical phonons in a polar substrate and a sheet plasmon in doped graphene that
hybridize in the THz-MIR range of frequencies. The signature of the hybrid modes are
delta-like peaks, and a modal decomposition of the ELF can reveal what is the contribution
of individual hybrid modes to the image force. This could not be possible without an
equation like (4.9) that relates the image force to the ELF. We remark that such a modal
decomposition might be useful to the design of EELS experiments, given that the hybrid
modes will contribute to both forces with different weights, depending on the velocity v
and the distance z0 of the particle, which are parameters that can be externally controlled.
Additionally, we can assess models for the response functions σ(q, ω) and ϵs (q, ω) in the
image and stopping force on an equal footing, given that they both are expressed in terms
of the ELF but with integrals over complementary regions the (q, ω)-plane. Hence, the
models can be tested by whether they cover or miss the features happening in the different
regions.

4.2

Results for graphene on a silicon carbide substrate

We illustrate the contributions coming from the hybrid modes between the transverse
optical (TO) phonon in silicon carbide (SiC) and the sheet plasmon in doped graphene.
The dielectric function in the optical limit for the SiC substrate is
ϵs (ω) = ϵ∞ + (ϵ0 − ϵ∞ )
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2
ωTO
,
2
ωTO
− ω(ω + iγTO )

(4.10)

where ϵ0 = 9.7 and ϵ∞ = 6.5 are the static and infinite-frequency dielectric constants.
ωTO = 97 meV is the frequency of a TO phonon mode with γTO being its damping rate.
Setting the gap h = 0 between the sheet of graphene and SiC, from Eqs. (2.38), (2.39),
(3.4), (3.7) and σinter (ω) ≈ −iαω with α = αD , we obtain the 2D dielectric function of the
system as
ϵ2D (q, ω) =

2vB ωF q
ϵs (ω) + 1
−
+ 2παq,
2
ω(ω + iγ)

(4.11)

with ϵs (ω) given in Eq. (4.10). Taking ω → ∞, ϵ2D (q, ∞) = ϵ∞2+1 + 2παq, which is used in
calculating the image force at “infinite” frequency in Eq. (4.7). This results in



(Ze)2
2ζ 
ζ
Fi,∞ =
−1 +
1 − ζe Ei(ζ) ,
(4.12)
4z02
ϵ∞ + 1
+1
and Ei is the exponential integral. In the limit z0 ≫ α, the expression
where ζ = z0 ϵ∞
2πα
in the curly brackets becomes −(ϵ∞ − 1)/(ϵ∞ + 1), which is the image force on a static
point charge a distance z0 above a substrate with dielectric constant ϵ∞ .

We can solve ϵ2D (q, ω) = 0 analytically by setting γTO and γ to zero. Thus we find
expressions for the eigenfrequencies of the hybrid plasmon-phonon modes, which are
r
q
1
2
Y + Z ∓ (Y + Z)2 − 4ωTO
XZ,
(4.13)
ω1,2 (q) = √
2X
2
(ϵ0 +1+4παq), and Z(q) = 4vB ωF q. In Fig. 4.1(a),
where X(q) = ϵ∞ +1+4παq, Y (q) = ωTO
the dispersion relations ω = ω1 (q) and ω = ω2 (q) are shown in solid red and blue lines,
respectively. The Fermi energy was chosen to be εF = ℏωF = 0.3 eV in order to match the
experimental data from Ref. 36, which is shown as black dots with error bars. Recalling that
2
e2
we are using vB = eℏ and α = 4πε
, we can observe that the lower-frequency mode ω1 (q)
F
p
2
behaves as ℏωsheet (q) = 4e εF q/(ϵ0 + 1), which is the usual sheet plasmon in graphene
(not shown), when q → 0. As q increases, the lower-frequency mode approaches from below
ωTO , the bulk TO phonon of the substrate (dashed-doted
green). On the other hand, the
p
higher-frequency mode ω2 (q) starts at ωSO = ωSO (ϵ0 + 1)/(ϵ∞ + 1), the frequency of the
surface optical (SO) or Fuchs-Kliewer phonon (dotted green).
Finally, as q increases the
p
higher-frequency mode approaches from above ℏωsat (q) = 4e2 εF q/(ϵ∞ + 1 + e2 q/εF ), the
frequency of a sheet plasmon in graphene with saturated dispersion (dashed-dotted blue).
The dispersion curves of the hybrid modes when the interband contribution is neglected,
α = 0, are also shown (dashed lines) in Fig. 4.1(a). We can observe that the experimental
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Figure 4.1: (a) Modes ω1 (q) (red lines) and ω2 (q) (blue lines) of and (b) the corresponding
weight functions W1 (q) and W2 (q) for plasmon-phonon hybridization in a graphene/SiC
system. Results are shown for a model of graphene’s conductivity involving intraband
and interband electron transitions (solid lines) and for a model neglecting the interband
transitions (a, dashed lines). A plasmon dispersion curve is shown for graphene on a
substrate with dielectric constant ϵ∞ (a, dash-dotted blue line). The experimental data
points from Ref. 36 are shown as black dots with error bars in panel (a). The other content
is described in the text.
data is more closely reproduced by the full optical model for conductivity of graphene,
which includes the interband transitions contribution, than the Dirac model [Eq. (3.44)] for
the intraband contribution alone. However, we note that the lower-frequency mode ω1 (q)
is not affected when neglecting the interband contribution. In Fig. 4.1(a), the line ω = vF q
(yellow line) indicates the upper edge of intraband electron-hole excitations continuum in
doped graphene, where the collective modes may undergo Landau damping when ω <
vF q. [60]
The kinematic resonance condition ω = vB q for an incident charged particle moving
with velocity vB ≈ 2.2vF is shown as a black line that separates the regions that corresponds
to the integrals of the image and the stopping force in Eqs. (4.9) and (4.2). The intersection
points of ω = vB q and the hybrid modes ω1,2 (q) are indicated by squares; and they are at
q1 ≈ 0.052 nm−1 and q2 ≈ 0.12 nm−1 .
The dielectric function is real when the damping parameters are set to zero, that is,
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ϵ2D (q, ω) = ℜ[ϵ2D (q, ω)] when γTO , γ → 0. Then, the ELF can be expressed as a delta function centered the (q, ω)-points where the real part of the dielectric function become zero.
Using the latter, it can be shown that the ELF can be written as a modal decomposition [9,
124]
L(q, ω) = δ(ℜ[ϵ2D (q, ω)]) =

2
X

Wj (q) δ(ω − ωj (q)),

(4.14)

j=1

where the weight functions in the right-hand side of the previous equation are analytically
evaluated as
)−1
(
2
(ϵ0 − ϵ∞ )ωTO ωj (q)
Z(q)
+
.
(4.15)
Wj (q) =
2
2
ωj (q)
[ωTO
− ωj (q)]
The weight functions Wj (q) of the ELF are shown in Fig. 4.1(b) and correspond to delta
functions centered at the dispersions ω = ωj (q) in Fig. 4.1(a). By inserting the modal
decomposition of the ELF from Eq. (4.14) in Eqs. (4.2) and (4.9), we can immediately
obtain a modal decomposition of the stopping force and the dynamic image force as Fs =
Fs1 + Fs2 and Fi,KK = Fi1 + Fi2 , respectively. By substituting the delta functions in
the double integrals of Eqs. (4.2) and (4.9), these are reduced to a single integral over
q ∈ (qj , ∞) for the stopping force Fsj and over q ∈ (0, qj ) for the image force Fij . In the
latter, qj (v) is the abscissa of the intersection point between the hybrid mode dispersion
ω = ωj (q) and the kinematic resonance condition ω = qv, that is, ωj = qj v. For example,
we show q1 and q2 for v = vB in Fig. 4.1(a). Further, we illustrate in Fig. 4.1(b) the relative
contributions from the weight functions to the image and stopping forces by indicating with
squares the abscissae of qj (v) in the plots of W = Wj (q) at v/vB = 0.5, 1, 2 and 5.
The stopping and image force are presented in a reduced form by normalizing them
using F0 = (Ze)2 /(2z0 )2 , which is the image force on a static point charge Ze a distance
z0 above a flat conductive surface, or |ϵs | → ∞. Both forces are negative, but we reverse
the sign for convenience.
In Fig. 4.2, the normalized stopping force on the incident charge, F s = Fs /F0 , is plotted
as a function of its reduced speed, v = v/vB , for different distances above graphene, z0 .
In panel (a), the stopping force calculated with the modal decomposition of the ELF at
vanishing damping, Eq. (4.14), is shown with solid lines. On the other hand, the stopping
force with non-zero damping, γTO = γ = 10 meV, calculated using the 2D dielectric
function in Eq.(4.11) with Eq. (4.10) is shown with dotted lines. We can observe that
the curves are close to each other, meaning that the we can use the modal decomposition
approximation of the ELF when the damping in the target materials is small. We also
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Figure 4.2: (a) The total normalized stopping force, F s = Fs /F0 , is evaluated in the limit
of zero damping (solid lines) and with finite damping γTO = γ = 10 meV (dotted lines)
and is shown as a function of the reduced speed v = v/vB for several distances z0 . (b)
The components F s1 and F s2 of the total stopping force F s , which come from the modes
with frequency ω1 (q) (solid lines) and ω2 (q) (dashed lines), are shown as a function of the
reduced speed v for several distances z0 .
observe that the stopping force displays a typical behavior [59, 93] with the peak at a
speed that increases with z0 . In panel (b), we compare the components Fs1 (solid lines)
and Fs2 (dashed lines) of the total stopping force, Fs = Fs1 + Fs2 . Recall that these
are calculated using the modal decomposition of ELF in the zero damping limit and that
correspond to the hybrid modes with frequencies ω1 and ω2 . We can observe that the
stopping force components have maxima at about the same speed. However, the speed of
the peak steadily increases with z0 for Fs1 , whereas it has a non-monotonous behavior for
Fs2 as z0 increases. Additionally, we observe that Fs2 is greater than Fs1 , except for speeds
well below the their peaks. Yet the difference is less pronounce with increasing z0 at high
speeds, where the Fs1 becomes a larger fraction of Fs2 .
In Fig. 4.3, we show the image force on a charged particle as a function of its reduced
speed, in a manner similar to Fig. 4.2 for the stopping force. In panel (a), the total image
force is evaluated using the modal decomposition of the ELF at the limit of zero damping,
γTO , γ → 0, as Fi = Fi1 + Fi2 + Fi,∞ (solid lines). Meanwhile, the total image force
calculated using Eq. (4.6) with non-vanishing damping γTO = γ = 10 meV is calculated as
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Figure 4.3: (a) The total normalized image force, F i = Fi /F0 , is evaluated in the limit
of zero damping (solid lines) and with finite damping γTO = γ = 10 meV (dotted lines)
and is shown as a function of the reduced speed v = v/vB for several distances z0 . (b)
The components F i1 and F i2 of the normalized dynamic image force, F i,KK , which come
from the modes with frequency ω1 (q) (solid lines) and ω2 (q) (dashed lines), are shown as
a function of the reduced speed v for several distances z0 .
Fi = Fi,KK + Fi,∞ (dotted lines). We observe that the two sets of curves are close and have
trends discussed in other works. [59, 93] We also observe that the normalized image force
tends to unity, F̄i → 1, as the speed of the particle vanishes, v → 0, which is the the image
force on a static charge above an ideal conductor surface with |ϵs | → ∞. This is explained
by the fact that the Drude model for the intraband conductivity yields ϵ2D (q, ω) → −∞
as ω → 0. On the other hand, the image force tends to level off to Fi,∞ when the speed is
greater than z0 ωhigh by approximately a factor of two, where ωhigh = 2ωF = 0.6 eV is the
onset frequency of interband transitions in graphene corresponding to the Pauli blocking.
In panel (b), the components of the dynamic image force, Fi1 and Fi2 , are calculated using
the modal decomposition of the ELF with vanishing damping. They stem from the hybrid
modes ω1 (q) and ω2 (q), respectively. Note that Fi,KK = Fi1 + Fi2 , meaning that the image
force at infinity frequency Fi,∞ has to be added in order to obtain the total image force.
We observe that the velocity of the peaks and their height have the same behavior as the
components of the stopping force in Fig. 4.2(b). We also observe that the component Fs2
is dominant for all the speeds, but at high velocities Fs1 becomes a sizable fraction of Fs2 .
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Figure 4.4: (a) The total normalized stopping force, F s , is evaluated in the limit of zero
damping and is shown along with its components F s1 and F s2 as a function of distance z0
for the speed v = vB . (b) The total normalized image force, F i , is evaluated in the limit
of zero damping and is shown along with its components F i1 , F i2 and F i,∞ as a function
of distance z0 for the speed v = vB .
Finally, in Fig. 4.4 the stopping and image forces evaluated using the modal decomposition of the ELF in the zero damping limit are shown as functions of the distance from
graphene to the incident particle, z0 , when the velocity of the particle is v = vB . In panel
(a), the components of the stopping force Fs1 and Fs2 , corresponding to the lower- and
higher-frequency hybrid modes ω1 (q) and ω2 (q), add up to the total stopping force. Likewise, the components of the dynamic image force Fi1 and Fi2 are added to the image force
at infinite-frequency from Eq. 4.7, Fi,∞ , to obtain the total image force in panel (b). We
can observe that the peaks of the components Fs2 and Fi2 are higher than the peaks of
Fs1 and Fi1 , respectively. Fs2 and Fi2 are dominant for lower speeds, however Fs1 = Fs2
for z0 ≈ 20 nm, and Fi1 = Fi2 for some z0 ≳ 30 nm. This can be explained by the fact
that for larger values of z0 , the contributions from smaller q values become dominant in
the q-integrals in Eq. (4.2) and Eq. (4.9). Namely, for z0 ∼ 20 − 30 nm the contributions
are dominant for q ≲ 0.03 − 0.05 nm−1 . We can see in Fig. 4.1 that the hybrid modes, and
their corresponding weight functions, have closest values in this range, thus yielding force
components with similar magnitude.
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Chapter 5
Image force and stopping force for an
anisotropic 2D material
We use the 2D dielectric functions of doped phosphorene valid for frequencies in the THzMIR range that were obtained in Chapter 3 using models of increasing complexity. The
first one is the anisotropic Drude model for intraband electron transitions given Eq. (3.19)
with the second term omitted. The second one is the full optical model consisting of
the anisotropic Drude model plus the interband correction given in Eq. (3.19). The last
one is the semiclassical model, given in Eq. (3.45), consisting of the spatially dispersive
semiclassical intraband polarization function plus the same interband contribution as the
optical model.
Note that the first term in Eqs. (3.19) and (3.45) is replaced with ϵbg (q, ω) to take
into account the substrate when needed. Thus, changing the momentum variable from
cartesian to polar coordinates, (qx , qy ) → (q, θ), the dielectric function in Eq. (3.19) for the
optical model becomes



1 cos2 θ
1 sin2 θ
q
2
2
ϵ2D (q, θ, ω) = ϵbg (q, ω) + 2πq αx cos θ + αy sin θ − 2 D0
+
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(5.1)
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where D0 = πe |n|/m0 , whereas mx = mx /m0 and my = my /m0 are the reduced electron
or hole effective masses with m0 being the bare electron mass.
For finite damping, the last term of Eq. (3.45) is replaced accordingly using the density
response in Eq. (3.39). Then, the dielectric function for the semiclassical model is
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with χr (qx , qy , ω) and χi (qx , qy , ω) given in Eq. (3.40) and Eq. (3.41), respectively.
Using the ab initio data from Ref. 90 of doped phosphorene with density n = 1013 cm−2
and Fermi energy of 52.2 meV with respect to the lowest-lying conduction band, we adopt
the values αx = 0.572 nm and αy = 0.488 nm for static polarizabilities due to interband
transitions. Besides that, ab initio data for the “effective number of charge carriers”,
nej , is used to calculate the reduced effective electron masses as m∗x = n/nex ≈ 0.133
and m∗y = n/ney ≈ 1.119. Lastly, the damping rates are calculated with an estimate of the
mobility due to electron scattering on charged impurities from Ref. 125, µx ≈ 700 cm2 /(V s)
and µx ≈ 113 cm2 /(V s), yielding ℏγx ≈ 12.4 meV and ℏγx ≈ 9.2 meV, respectively.
For the semiclassical model, we use the same parameters as for the optical model
resulting in a Thomas-Fermi inverse screening length of qs = 14.58 nm−1 and Fermi speed
of vFiso = 7.28 × 10−4 c, which are obtained using md = 0.20 MeV/c2 . [90] However, the
damping rates are chosen to be ℏγx = ℏγy = 10 meV in Eq. 5.2.
On the other hand, we consider a substrate of silicon dioxide (SiO2 ), whose dielectric
function in the THz-MIR range exhibits two TO phonon modes with frequencies ωTO1 and
ωTO2 , [59]
ϵs (ω) = ϵ∞ + (ϵ0 − ϵi )

2
2
ωTO2
ωTO1
+
(ϵ
−
ϵ
)
,
i
∞
2
2
ωTO1
− ω(ω + iγTO1 )
ωTO2
− ω(ω + iγTO2 )

(5.3)

where ϵ0 , ϵi and ϵ∞ are the static, intermediate and infinite-frequency dielectric constants,
and γTO1 and γTO2 the corresponding damping rates.
The parameters used in Eq. (5.3) are: [59] ϵ0 = 3.9, ϵi = 3.05 and ϵ∞ = 2.5; ℏωTO1 =
55.6 meV and ℏωTO2 = 138.1 meV; ℏγTO1 = 5.37 meV and ℏγTO2 = 8.95 meV. From this,
we obtain two SO or Fuchs-Kliewer phonon modes, ℏωSO1 ≈ 60.9 meV and ℏωSO2 ≈ 146.5
meV, corresponding to the bulk TO modes. Hence, there are two Reststrahlen bands,
ωTO1 < ω < ωSO1 and ωTO2 < ω < ωSO2 .
Considering it represents the van der Waals distance, the gap between phosphorene and
the SiO2 substrate is h = 0.4 nm.
As in Chapter 4, the speed of the incident charge is normalized as v = v/vB , where
vB = e2 /ℏ ≈ c/137 is the Bohr velocity.

5.1

Dispersion relations

The dispersion relations of the plasmon mode in free-standing phosphorene, h → ∞, is
found by setting ϵ2D (qx , qy , ω) = 0 in the zero damping limit and were given analytical
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expressions in Chapter 3: Eq. (3.31) for the Drude model, Eq. (3.32) for optical model,
and Eq. (3.47) for the semiclassical model. We first consider this case to assess the role of
the interband contributions in the conductivity models.

5.1.1

Free phosphorene

In Fig. 5.1(a), we show the isofrequency curves ℏωp (qx , qy ) = 50, 100, 150, 200 and 250
meV of the dispersion relation surface of the plasmon mode in free-standing phosphorene
using the Drude model (green curves), optical model (red curves) and semiclassical model
(blue curves). We observe that the curves are closed or quasi-elliptical, with the shape of
an elongated “8” for the sets of curves of the Drude model and the semiclassical model.
Whereas, the curves of 150, 200 and 250qmeV are open, or hyperbolic-shaped, for the
q
Di
n
=
e
when qi → ∞ for i = x, y, we
optical model. Having that ωp (qx , qy ) = πα
m ∗ αi
i
j

know that the hyperbolic regime of the dispersion relation of the optical
model is in the

q
q
interval ωh1 < ω < ωh2 , where ωh1,2 = min, max e m∗nαx , e m∗nαy . Namely, for freex
y
q
standing phosphorene the hyperbolic regime is in between ℏωh1 = ℏe m∗nαy ≈ 141.4 meV
y
q
n
and ℏωh2 = ℏe m∗ αx ≈ 378.6 meV, which is in the MIR frequency range. Accordingly, in
x

Fig. 3.2 we observe that the cross sections of the dispersion relation surface in the optical
model approach ωh1 and ωh2 from below as |qy | and |qx | increases, respectively.
Additionally, we note that the semiclassical model curves are close to the curves of optical model in the MIR range of frequencies, having an quasi-hyperbolic shape even though
they are closed. On the other hand, the curves are quasi-elliptic in the THz range for
all models. Such range corresponds to wavenumbers much smaller than 1 nm−1 . Consequently, we assess that the Drude model should suffice to describe the elliptic behavior
of phosphorene, given that the interband correction and non-local effects are negligible in
this regime.
In Fig. 5.1(a), we also show the circle q = 1/(2z0 ) with z0 = 2.5 nm. This circle
encloses the relevant region of the (ω, q)-plane to the integrals of the forces in Eqs. (2.44)
and (2.45) as indicated by the exp(−2qz0 ) factor. We observe that within this region, the
iso-frequency curves of the semiclassical model are close to the curves of the optical model.
However, the curves of the Drude model are close to the ones of the other models only for
the frequencies near 50 meV. Finally, we note that the isofrequency curves do not cross
each other within the set of curves for each model.
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Figure 5.1: (a) Isofrequency curves ℏωp (qx , qy ) = 50, 100, 150, 200 and 250 meV of the
dispersion relation surface for plasmon modes in free-standing phosphorene using: Drude
model (green curves), optical model (red curves) and semiclassical model (blue curves).
(b) Curves defined by ωp (qx , qy ) = v (qx cos θ0 + qy sin θ0 ) enforcing kinematic resonance for
a particle moving above free-standing phosphorene using optical model (thick curves) and
semiclassical model (thin curves) for the direction angles: θ0 = 0 (AC direction, brown
curves), θ0 = π/4 (intermediate direction, cyan curves) and θ0 = π/2 (ZZ direction, navy
curves), at the reduced speeds v = v/vB = 0.25, 0.5, 1 and 2. (the curves with v = 2
pass the closest to the coordinate origin for all three directions). Also shown is the circle
q = 1/(2z0 ) with z0 = 2.5 nm (yellow curve).
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We now study the effects of the direction of the velocity of the charged particle moving
above free-standing phosphorene in the stopping and image forces. We recognize that the
expressions for the longitudinal stopping force in Eq. (2.44) and the transverse stopping
force in Eq. (2.45) involve an integral of ℑ [1/ϵ2D (qx , qy , ω)], which is related to the ELF and
is strongly peaked at the plasmon frequency ω = ωp (qx , qy ) when losses are negligible. At
the same time, the kinematic resonance condition ω = q·v substitutes the frequency in the
dielectric function ϵ2D (qx , qy , ω) in the integrands of the stopping forces. Then, the main
contribution to these two forces comes from ωp (qx , qy ) = v (qx cos θ0 + qy sin θ0 ), where θ0
is the direction angle of the moving charged particle with respect to the x or AC axis of
phosphorene.
The above is the motivation to show in Fig. 5.1(b) the intersection curves of the plasmon
dispersion surface of free-standing phosphorene and the kinematic resonance condition
plane of the incident charged particle for different reduced speeds v = 0.25, 0.5, 1 and 2.
We show three sets of curves, each set for a trajectory direction given by θ0 = 0 (AC
direction, brown curves), θ0 = π/4 (an intermediate direction, cyan curves) and θ0 = π/2
(ZZ direction, navy curves). The curves are shown for the optical model (thick lines) and
the semiclassical model (thin lines). We observe that the curves with the highest speed
passes the closest to the origin of the (qx , qy )-plane. The curve for v̄ = 0.25 and θ0 = 0
lies outside of the plane shown in Fig. 5.1(b). Also, we note that the curves bend away
from the origin for a particle moving along the AC direction (θ0 = 0), but bend toward the
origin for a particle moving along the ZZ direction (θ0 = π/2). Evidently, the parameters
that describe the particle’s trajectory, θ0 , v and z0 , determine the portion, and hence
the features, of the plasmon dispersion that contributes the most to the stopping forces.
Therefore, we should be able to sample different plasmon dispersion relations, e.g. elliptic
or hyperbolic, by tuning the trajectory of the incident particle.
In Fig. 5.1(b), we show the same circle, q = 1/(2z0 ) with z0 = 2.5 nm, as in Fig. 5.1(a),
which encloses the region of small wavenumbers with dominant contribution in the forces.
We again observe that the optical model and semiclassical model yield similar results within
this region.
We now regard the effect of the incident particle’s trajectory on the image force. The
image force in Eq. (2.46) involves a factor of ℜ [1/ϵ2D (qx , qy , ω) − 1] in its integrand. This
factor is related to the ELF of the system through a KK transform. As a result, near
the plasmon dispersion, that is, when the ELF peaks, the factor in the integrand of the
image force changes sign rapidly. Therefore, while the longitudinal and transverse stopping
forces are strictly negative because ℑ [1/ϵ2D (qx , qy , ω)] < 0, it is not guaranteed that the
image force will always be attractive for an anisotropic material. This contrasts with the
case of an isotropic material, where the image force is always attractive, as it is shown in
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Figure 5.2: Three dispersion surfaces for plasmon-phonon hybrid modes in supported
phosphorene, ω = ωpk (qx , qy ), with k = 1 for the lowest-lying (cyan), k = 2 for the
intermediate (red) and k = 3 for the highest-lying mode (navy), over the fourth quadrant
of the (qx , qy ) plane, with qx and qy oriented along the AC and ZZ directions, respectively.
Also shown is a plasmon dispersion surface (gray) for free-standing phosphorene, h → ∞,
as well as the plane ω = v (qx cos θ0 + qy sin θ0 ) (yellow), which enforces the kinematic
resonance condition for a particle moving with the speed v = 2 × vB in the direction with
angle θ0 = π/3 with respect to the AC direction.
Chapter 4.

5.1.2

Supported phosphorene

Opposed to the case of free-standing phosphorene, that shows a single plasmon mode,
the dispersion relation for which the dielectric function vanishes shows three hybridized
plasmon-phonon modes for supported phosphorene with SiO2 . In Fig. 5.2, we show the
optical model plasmon-phonon hybrid modes ω = ωpk (qx , qy ), with k = 1, 2, 3 for the lowestlying (cyan), intermediate (red) and highest-lying modes (navy), respectively. Note that
a zero gap between the substrate and phosphorene is assumed, or h = 0. For comparison,
the optical model plasmon mode for free-standing phosphorene (gray) is also shown.
Next, we regard the dispersion relations of the hybrid plasmon-phonon modes of phosphorene and a SiO2 substrate with a gap distance of h = 0.4 nm between the two. In
48

Fig. 5.3(a), we show the isofrequency curves of the hybrid modes dispersion relation surfaces
obtained with the optical model (red curves) and the semiclassical model (blue curves).
The curves are given for the same set of frequencies in Fig. 5.1(a). We can observe that
the optical model and the semiclassical model yield close isofrequency curves for q ≲ 0.2
nm−1 , as in Fig. 5.1. We remark that the frequency curve with ℏω = 50 meV intersects
the lowest-lying mode ℏωp1 ; the frequency curve with ℏω = 100 meV intersects the intermediate mode ℏωp2 ; whereas the frequency curves with ℏω = 100 meV and above intersect
the highest-lying mode ℏωp3 . This is also shown in Fig. 5.2 and 5.1(b). Additionally, we
note that the curves with ℏω = 50 and 100 meV intersect the curve with 150 meV for both
models, which do not occur in the case of free-standing phosphorene.
In Fig. 5.3(a), we also show the isofrequency curves of the plane ω = v(qx cos θ0 +
qy sin θ0 ) using the same set of frequencies as before. The plane represents the kinematic
resonance condition for an incident particle moving with speed v = vB and direction angle
θ0 = π/4. In the figure, the black arrow indicates the direction of increasing frequency.
We observe that the intersections of those lines with the optical model curves are close to
the intersections with the semiclassical model. Thus, we can confirm that the non-local
effects are negligible when compared to the optical model in THz-MIR range for a particle’s
trajectory with z0 ≳ 1 nm and v ≳ vB .
In Fig. 5.3(b), we show the cross section of the dispersion relation surfaces with the
plane qx = 0 (left side) and the plane qy = 0 (right side) for the optical model (red curves)
and the semiclassical model (blue curves). We observe that the three hybrid plasmonphonon modes, ωpk (qx , qy ) with k =1, 2, 3, do not exhibit crossings over the entire (qx , qy )
plane within each model. The same can be observed in Fig. 5.2. In Fig. 5.3(b), we
also show the Reststrahlen bands of the SiO2 substrate as gray shaded areas. We notice
that, in the optical model, the cross section of ωp1 (qx , qy ) starts at zero and enters the
lower-lying Reststrahlen band as both |qx | and |qy | increase; the cross section of ωp1 (qx , qy )
starts at ωSO1 , enters the highest-lying Reststrahlen band as |qx | increases, and increases
toward ωTO1 with |qy |; whereas the cross section of ωp3 (qx , qy ) starts at ωSO2 , increases
with |qx | but remains almost constant on top of the second Reststrahlen band or ωSO1
with increasing |qy |. We see that the dispersion curves of the semiclassical model are
indistinguishable from those of the optical model, except on the left side of the intermediate
hybrid mode, ωp2 (qx , qy ), and the right side of the highest-lying hybrid mode, ωp3 (qx , qy ).
These correspond to regions of the (qx , qy , ω)-space where the phosphorene plasmon does
not hybridized with the SiO2 phonons. Hence, we can state that the non-local effects
of the semiclassical model are negligible when compared to the optical model in regions
characterized by a strong plasmon-phonon hybridization.
Additionally, we show in Fig. 5.3(b) the cross sections of the plasmon mode dispersion
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Figure 5.3: (a) Iso-frequency dispersion curves with ℏω = 50, 100, 150, 200 and 250 meV
for plasmon-phonon modes in phosphorene supported by a SiO2 substrate using optical
model (red curves) and semiclassical model (blue curves), and the corresponding isofrequency lines for the plane ω = vB (qx cos θ0 + qy sin θ0 ) with θ0 = π/4 (yellow lines).
(b) Cross sections with the planes qx = 0 (left side, qy < 0) and qy = 0 (right side, qx > 0)
are shown for dispersion surfaces of three plasmon-phonon modes, ω = ωpk (qx , qy ) with
k = 1, 2, 3 in phosphorene supported by SiO2 using optical model (solid red curves) and
semiclassical model (solid blue curves), and for the dispersion ω = ωp (qx , qy ) in free phosphorene using Drude model (dashed green curves) and optical model (dashed red curves).
The two grey shaded regions are the Reststrahlen bands of the SiO2 substrate, while the
two orange shaded areas are the electron-hole intraband continuum in phosphorene. Yellow
lines show the cross sections for the plane ω = vB (qx cos θ0 + qy sin θ0 ) with θ0 = 0 and
θ0 = −π/2.
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surfaces of free-standing phosphorene, obtained with the optical model (dashed red curves)
and from the Drude model (dashed green curves). From these curves, we notice that the
interband contributions in the optical model become important for wavenumbers q ∼ 0.1
nm−1 . Comparing the free-standing phosphorene plasmon mode ωp (qx , qy ) to the hybrid
modes of supported phosphorene ωpk (qx , qy ) within the optical model, we observe that the
intermediate hybrid mode, k = 2, approaches the plasmon mode as |qy | increases, whereas
the highest-lying hybrid mode, k = 3, approaches the plasmon mode as |qx | increases.
These obviously are regions of the (qx , qy , ω)-space characterized by weak plasmon-phonon
hybridization.
Finally, we show in Fig. 5.3(b) the cross sections of the plane ω = v (qx cos θ0 + qy sin θ0 )
(yellow lines), which is the kinematic resonance condition for an incident particle with
speed v = vB and direction θ0 = 0 (AC) or θ0 = −π/2 (ZZ). The intersection of these lines
with the dispersion curves indicate the major contribution from the ELF of the system
to the longitudinal stopping force, as indicated in Eq. (2.45). We note that they occur at
generally higher plasmon energies when the motion takes place in the AC direction (right
side of the figure) than in the ZZ direction (left side of the figure). Hence, by inspection
of the location of the intersections, we can predict that the magnitude of the longitudinal
stopping force Fℓ will be larger for a particle moving along the AC axis than for a particle
moving along the ZZ axis. This is true for the longitudinal stopping force only, because
the transverse stopping force is zero on a particle moving along the AC or ZZ axis.

5.2

Force components

Having seen that the non-local effects of the semiclassical model are negligible for small
wavenumber q, it suffices to use the optical model to obtain the force components for
large distances z0 because the predominant contributions stem from dielectric dispersion
at small wavenumbers. This motivates us to show the forces, given in Eqs. (2.44)-(2.46),
on a particle moving above free-standing and supported phosphorene at the relatively large
distance of z0 = 50 nm obtained using the optical model as a function of reduced speed
v̄ = v/vB and direction angle θ0 .

5.2.1

Dependence on speed and direction of motion

In Fig. 5.4(a), we show the longitudinal stopping force, Fℓ , for free-standing phosphorene.
We note that it exhibits a dependence on speed that is typical in isotropic 2D materials, [59,
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Figure 5.4: Normalized longitudinal stopping force F ℓ = Fℓ /F0 as a function of the normalized speed v = v/vB and direction angle θ0 for a particle moving a distance z0 = 50 nm
above: (a) free phosphorene and (b) phosphorene supported by a SiO2 substrate.
93] as shown in Fig. 4.2 of Chapter 4 for graphene. But, unlike the isotropic case, the
longitudinal stopping force exhibits a dependence on the direction of motion θ0 that is
the strongest near the speed v ∼ 4, where it shows a prominent dip. At that velocity,
the longitudinal stopping force has the largest magnitude for θ0 = 0, π (AC direction of
phosphorene) and the smallest magnitude for θ0 = π/2 (ZZ direction). The ratio of those
two values is about 2.3. The anisotropy in the force for varying direction of motion can
be explained by drawing on the experience with other 2D materials, like graphene: it was
observed that an increase in the doping density results in a larger stopping force [59, 93].
Therefore, considering that the effective number of charge carriers interacting with the
incident charge is higher along the AC axis of phosphorene than the ZZ axis, nex > ney , [90]
we expect that the longitudinal stopping force on an incident charge moving in the AC
direction of phosphorene has a larger magnitude than in the ZZ direction. Recall that the
inequality in the effective number of charge carriers is accounted in the model by having an
inequality in the effective masses, m∗x < m∗y . In Fig. 5.4(b), we observe that the longitudinal
stopping force is reduced in the presence of the substrate. However, the anisotropy is still
prominent for velocities near the main dip, where the ratio of the magnitude of the force in
tha AC direction to the ZZ direction is reduced to 1.7. Lastly, we note that the anisotropy
effects are diminished for reduced speeds higher than v ∼ 10 in both free-standing ans
supported phosphorene.
In Fig. 5.5, we show the transverse stopping force, Ft , for free-standing (a) and supported phosphorene (b). This force is generally zero for isotropic materials but shows a
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Figure 5.5: Normalized transverse stopping force F t = Ft /F0 as a function of the normalized speed v = v/vB and the direction angle θ0 for a particle moving a distance z0 = 50
nm above: (a) free phosphorene and (b) phosphorene supported by a SiO2 substrate.
strong anisotropy for phosphorene, i.e., it varies drastically depending on the direction
of motion θ0 . In fact, Ft is an odd (anti-symmetric) function of θ0 with respect to the
AC direction (θ0 = 0, π) and the ZZ direction (θ0 = π/2). That means the transverse
force is zero at the direction of the principal axes of phosphorene and has extrema with
opposite sign at intermediate directions. Besides that, the transverse force shows a pair
of local extrema at v ∼ 2 and v ∼ 7, which are minimum/maximum points for directions
0 < θ0 < π/2 and maximum/minimum points for directions π/2 < θ0 < π. As a result, we
can claim that the transverse stopping force on a particle moving along an intermediate
direction is directed towards the AC axis when v ∼ 2 and towards the ZZ axis when v ∼ 7
because of the sign of Ft at those intervals of θ0 . In Fig. 2.2(b), the charge is moving with
a direction angle in the interval 0 < θ0 < π/2 and the green arrow indicates a transverse
stopping force with negative sign, which should be the case when v ∼ 2. Next, we note that
the magnitude of the transverse force is reduced in the presence of the substrate, as in the
longitudinal stopping force. But, unlike the longitudinal force, the effects of anisotropy in
Ft persist for high speeds. Finally, we see that the magnitude of the transverse force near
the local extrema is comparable to the magnitude of the longitudinal force. Therefore, we
can expect that the transverse force should be observable in experiments of HREELS upon
rotation of the target with respect to the z axis.
In Fig. 5.6, we show the image force, Fi , for free-standing (a) and supported phosphorene
(b). At first glance, the dependence on speed of the image force shows the typical behavior
of isotropic 2D materials, [59, 93] as seen in Fig. 4.3 of Chapter 4 for graphene. The image
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Figure 5.6: Normalized image force F i = Fi /F0 as a function of the normalized speed
v = v/vB and the direction angle θ0 for a particle moving a distance z0 = 50 nm above:
(a) free phosphorene and (b) phosphorene supported by a SiO2 substrate.
force is finite, Fi = −F0 , at v = 0 due to the contribution of the Drude conductivity; it
has a prominent dip around v ∼ 2; and approaches a constant value for v ≫ 1. But, as in
the longitudinal stopping force Fℓ , the image force exhibits large anisotropy, especially for
speeds near the dip at v ∼ 2. That is, the magnitude of Fi has the largest value along the
AC direction (θ0 = 0, π) and the smallest along the ZZ direction (θ0 = π/2). Namely, the
ratio of the magnitude at the AC direction to the ZZ direction is about 1.7 at the dip. As
for the longitudinal stopping force, the effects of the anisotropy can be explained by the fact
that an incident particle interacts with a higher effective number of charge carriers when
it moves along the AC axis of phosphorene than when it moves along the ZZ axis. Finally,
we note that the presence of the substrate also reduces the magnitude and attenuates the
effects of anisotropy in the image force for velocities near the dip, where the ratio of the
of magnitude at the AC direction the ZZ direction becomes only 1.3. We observe that the
image force approaches different finite values when v ≫ 1. It tends to zero for free-standing
phosphorene in Fig. 5.6(a) but tends to ∼ −0.5 × F0 for phosphorene supported with SiO2
in Fig. 5.6(b). We can estimate those values using the effective dielectric function in the
limit of infinite frequency in Eq. (2.46), as discussed in Chapter 4 for graphene.
The most outstanding feature of the image force in Fig. 5.6 is that it becomes positive
for regions near the direction of motion θ0 = 0, π and speeds in the broad interval 5.7 ≲
v ≲ 16.5. In other words, the image force of the optical model becomes repulsive for a
particle moving at certain speeds and along the AC direction of phosphorene. On the
other hand, Fi levels off at ∼ −0.5 × F0 for speeds v ≳ 6 in the presence of a substrate.
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This means that the substrate, besides reducing the magnitude of Fi , prevents the image
force from becoming positive. As discussed earlier in this chapter, it is not mathematically
guaranteed that the image force is always negative for an anisotropic material. However,
this result cannot be physically rationalized given that we have proved that the image force
is always negative for an isotropic material by means of a KK transform in Chapter 4.

5.2.2

Exploring a broader parameter space

In the previous subsection, we restricted ourselves to the study of the forces for a fixed
distance and a single model. We now calculate the force components for different fixed
speeds, distances, and directions of motion. Our goal is to compare the results for free
phosphorene and supported phosphorene, shed light on the feature that originates the
positive image force, and evaluate the role of non-local effects. To do so we provide results
using the Drude model, optical model, and semiclassical model. Additionally, we introduce
a model that describes an hypothetical isotropic 2D material.
In Fig. 5.7, we show cross sections of the surfaces in Figs. 5.4, 5.5, and 5.6 at fixed
speeds. The speeds where chosen to represent the regions with accentuated anisotropy in
the direction of motion for each force. In Fig. 5.7(a), we show the longitudinal stopping
force with v = 4 and v = 9 where Fℓ has a dip and starts to level off, respectively. In
Fig. 5.7(b), we show the transverse stopping force with v = 4 and v = 9 where Ft shows
local extrema. Lastly, in Fig. 5.7(c), we show the image force with v = 2 and v = 7
where Fi exhibits a dip and a positive value along near the AC direction, respectively.
We confirm that the SiO2 substrate reduces the magnitude of the forces and attenuates,
but does not completely eliminate, the anisotropy in the angular dependence. We observe
that the angular dependence changes with velocity. For example, the maximum of the
image force is at the ZZ direction and the minimum is at AC direction at the speed v = 2,
but this behavior is reversed at the speed v = 7 for both free-standing and supported
phosphorene. Moreover, the image force reaches positive values at the speed v = 7 in an
interval |θ0 | ≲ π/12 about the AC direction (θ0 = 0, π) for free-standing phosphorene, but
it only oscillates around ∼ −0.5 × F0 for supported phosphorene. Finally, we see that the
transverse stopping force preserves the anisotropic behavior with the angular dependence
in the presence of the substrate, i.e., it is still an odd function with respect to the principal
axes of phosphorene.
Next, we investigate the effects of the interband conductivity in the optical model for
free phosphorene by comparing the forces obtained with the (anisotropic) Drude model
versus the forces obtained with the optical model. Additionally, we asses the effects of
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Figure 5.7: Normalized forces vs the direction angle θ0 for a particle moving a distance
z0 = 50 nm above free phosphorene (black curves) and phosphorene supported by a SiO2
substrate (red curves) at the normalized speeds: v = 4 (solid lines) and 9 (dashed lines)
for the longitudinal stopping force F ℓ (a), and v = 2 (solid lines) and 7 (dashed lines) for
the transverse stopping force F t (b) and the image force F i (c).
the anisotropy in the Drude intraband conductivity by comparing the optical model to the
model for the dielectric function of a related but hypothetical isotropic 2D material. This
isotropic optical model is given by Eq. (5.1), but we set αx = αy = ᾱ with ᾱ = 12 (αx +αy ) ≈
0.53 nm, m∗x = m∗y = m∗ with m∗ = 2m∗x m∗y / m∗x + m∗y ≈ 0.238, and µx = µy = µ with
µ = 12 (µx + µy ) ≈ 406 cm2 /(V s) so that γx = γy = γ where ℏγ = mℏe∗ µ ≈ 12 meV, which
are obtained from the values of parameters adopted for the (anisotropic) optical model.
In Fig. 5.8, we show the velocity dependence of the image force acting on a particle
moving above free phosphorene along the AC axis (θ0 = 0) at a distance of z0 = 10 nm
(a) and z0 = 50 nm (b) calculated using the optical model, the isotropic optical model,
and the Drude model. We choose the direction θ0 = 0 because it is in the interval where
the image force becomes repulsive for the optical model, as it can be seen in Figs. 5.6(a)
and 5.7(c). Note that the curve for the optical model in panel (b) is a cross section of the
surface in Fig. 5.6(a). We observe that the Drude model gives rise to a positive image force
√
for speeds higher than some cutoff vc , which seems to scale with z0 . Fig. 5.8 reveal that
the interband contribution in the optical model lowers the image force back to negative
values at speeds v ≳ vc for small distances. However, the lowering weakens with increasing
distance z0 so that there is still a domain of large distances and high speeds with a positive
image force.
Similarly, in Fig. 5.9, we show the distance dependence for the three models at different
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Figure 5.8: Normalized image force F i as a function of reduced speed v for a particle
moving above free phosphorene at distances z0 = 10 nm and 50 nm with θ0 = 0.
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Figure 5.9: Normalized image force F i = Fi /F0 as a function of distance for a particle
moving above free phosphorene with three reduced speeds v and with direction θ0 = 0.
speeds. There we see that the Drude model renders a positive image force in the interval
0 ≤ z0 ≤ zc , where the upper endpoint, zc , seems to increase with v 2 . Note that the
isotropic optical model never yields a negative Fi . Hence, we confirm that the anisotropic
character of the intraband Drude conductivity in the optical model is responsible for raising
a positive image force. Contrarily, the interband transitions contribution tends to reduce
the image force or bring it to a range of negative values.
In Fig. 5.10 and Fig. 5.11, we show the velocity dependence of the longitudinal stopping
force and the transverse stopping force, respectively, calculated using the optical model,
the isotropic optical model, and the Drude model. The longitudinal force was calculated
for a particle moving above free phosphorene along the AC axis, whereas the transverse
force was calculated at the intermediate direction θ0 = π/4. Recall that the stopping force
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Figure 5.10: Normalized longitudinal stopping force F ℓ as a function of reduced speed v
for a particle moving above free phosphorene at distances z0 = 10 nm and 50 nm and with
direction θ0 = 0.
is zero for directions θ0 = 0, π or θ0 = π/2 and vanishes for an isotropic 2D material. The
forces do not change sign and maintain the same qualitative behavior among the models.
However, the (isotropic) Drude model makes the image force increase in magnitude at its
local extrema.
To further explore the role of anisotropy of the Drude intraband conductivity in a
repulsive image force, in Fig. 5.12 we show Fi for particle moving above free phosphorene
in the AC direction using a modified Drude model of the dielectric function. The product
of the reduced effective electron masses, obtained from the ab initio data, is kep fixed
m∗x m∗y = 0.149; meanwhile, the ratio of the masses R = m∗x /m∗y is varied. In the figure
we show the image force calculated using the modified Drude model with a mass ratio
ranging from R = 0.1, describing a very anisotropic material, to R = 1, the isotropic case,
as a function of distance with speed v = 5 (a) and as a function of speed for the distance
z0 = 20 nm. We observe that the image force becomes positive even for deviations from
the isotropic case. The ranges of repulsive Fi , z0 < zc for fixed speed and v > v c for fixed
distance, depend on the ratio of the masses R in a non-monotonous manner.
Figs. 5.8, 5.9 and 5.12 have revealed that the anisotropic nature of the intraband Drude
conductivity gives rise to positive values of the image force. However, the interband transitions contribution in the optical model counteracts this effect. In fact, for lower speeds
and smaller distances, the optical model can yield an image force that is only negativevalued. Therefore, and taking into account the fact that the integrand of the image force
in Eq. (2.46) depends on the dielectric function at high frequencies, we speculate that including the contribution of a full description of interband transitions, we can ensure that
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Figure 5.11: Normalized transverse stopping force F t as a function of reduced speed v
for for a particle moving above free phosphorene at distances z0 = 10 and 50 nm and with
direction θ0 = π/4.
Fi will be negative in the complete range of the particle’s trajectory parameters, θ0 , v and
z0 .
Next, we illustrate the case of particle moving above free phosphorene at a relatively
short distance, z0 = 5 nm, and with low speeds, v < vB , in order to shed light on the role of
non-local effects of the semiclassical model. Recall that the predominant contributions to
the integrals in Eq. (2.44)-(2.46) are given for wavenumbers q ≲ 1/(z0 ). Then, the larger
the distance z0 , the smaller the the contribution of non-local effects is. In Fig. 5.13, we
show the image force and the longitudinal stopping force as function of the reduced speed
for particle moving with direction θ0 = 0 (AC) and θ0 = π/2 (ZZ) using the Drude, optical,
and semiclassical models. Additionally, in Fig. 5.14 we show the transverse stopping force
as a function of the direction of motion for three different speeds using the same three
models. The figures show a qualitative agreement of the semiclassical model with the
optical model. Moreover, the quantitative difference is small to negligible. On the other
hand, the Drude mode differs both quantitatively and qualitatively from the other two
models. This suggests that the interband contribution in both the optical and classical
models is important in the regime of low speeds and small distances.
Finally, we show in Fig. 5.15 the same cross sections in Fig. 5.7 comparing the forces
obtained with the optical model (solid lines) and the semiclassical model (dashed lines).
We observe again that the non-local effects have a negligible role even for the forces acting
on a particle that moves at a relatively large distance of z0 = 50 nm, since there is only an
small quantitatively difference between the two models. This result can also be confirmed
by the calculating the forces as in Figs. 5.4-5.6 using the semiclassical model, which will
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Figure 5.12: Normalized image force F i = Fi /F0 as a function of: (a) the distance z0
(in nm) for fixed normalized speed v = v/vB = 5, and (b) the normalized speed v for
fixed distance z0 = 20 nm. Results are shown for a Drude model of doped phosphorene
with n = 1013 cm−2 where the product of the reduced electron masses is kept fixed at
m∗x m∗y = 0.149, while their ratio R = m∗x /m∗y is varied in an interval from R = 0.1 to R = 1
in steps of 0.1.
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Figure 5.13: (a) Normalized image force F i = Fi /F0 and (b) normalized longitudinal
stopping force F ℓ = Fℓ /F0 vs normalized speed v = v/vB with distance z0 = 5 nm and
the direction angles θ0 = 0 (solid lines) and θ0 = π/2 (dashed lines), obtained for freestanding phosphorene using: Drude model (green curves), optical model (red curves) and
the semiclassical model (blue curves).
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Figure 5.14: Normalized transverse stopping force F t = Ft /F0 vs incidence angle θ0 for
three normalized speeds: (a) v = 0.5, (b) 1 and (c) 2, with distance z0 = 5 nm, obtained for
free-standing phosphorene using: Drude model (green curves), optical model (red curves)
and the semiclassical model (blue curves).
not show qualitative differences from the optical model.
To summarize, we remark some of the key findings of this section dedicated to explore
the behavior of the forces acting on a particle moving above phosphorene. First, the
anisotropic character of the intraband conductivity gives rise to a repulsive force for a
direction of motion near the AC axis of phosphorene, which is a physically implausible
result. However, the effect of the anisotropic intraband conductivity is counteracted by
the interband transitions conductivity at relatively low speeds and small distances. Thus,
we expect that considering a full interband description of the anisotropic material will
prevent the image force from becoming repulsive for the whole range of parameters of
the particle’s trajectory. Additionally, the non-local effects of the intraband conductivity
introduced in the semiclassical model were negligible in comparison to the optical model.
Finally, we emphasize that the magnitude of the transverse stopping force is comparable
to that of the longitudinal stopping force. Moreover, it shows an accentuated dependence
on the angle of motion. We can then expect the that transverse stopping force should be
measurable in experiments of HREELS with anisotropic materials like phosphorene.
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Figure 5.15: Normalized forces vs the direction angle θ0 for a particle moving a distance
z0 = 50 nm above free phosphorene (black curves) and phosphorene supported by a SiO2
substrate (red curves), using the optical model (solid curves) and the semiclassical model
(dashed curves). Panels (a) and (a’) show the longitudinal stopping force F ℓ for the the
normalized speeds v = 4 and 9, respectively, panels (b) and (b’) show the transverse
stopping force F t for the speeds v = 2 and 7, respectively, and panels (c) and (c’) show
the image force F i for the speeds v = 2 and 7, respectively.
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Chapter 6
Conclusions
In Chapter 2, we have solved a time-dependent Poisson equation for the total electric
potential in the presence of a classical charged particle that moves with constant velocity
parallel to the flat surface of a layered structure with large area. The problem was further
simplified by taking advantage of the temporal invariance and the translational invariance
in the directions parallel to the surface of the structure, allowing us to perform a 1+2
dimensional Fourier transform, which converted the Poisson equation into a second-order
ordinary differential equation. That equation was solved in a piece-wise manner as a
function of the coordinate perpendicular to the surface, while taking into account the
standard electrostatic boundary and matching conditions at sharp boundaries between
regions in the structure that are occupied by different materials.
We assumed that the structure consists of a 2D material and a semi-infinite region
filled with a solid material, with a gap between them that reflects the van der Waals
nature of their interaction. By adopting the linear response formalism, we assumed that
a polarization function, or an in-plane conductivity is available for the dynamic response
electrons in the 2D material, and that the electric polarization of the substrate may be
described by a dielectric function with temporal and possibly spatial dispersion. The main
result of solving the Poisson equation in Chapter 2 was a formulation of the expressions
for the stopping and image forces that act on the charged particle, which contain the inplane conductivity of the 2D material and the dielectric function of the substrate as input
functions.
In Chapter 3, we have described several analytical models for the response function
that describes the dynamic polarization of electrons in a 2D material. We have primarily
focused on models valid in a low-frequency regime, from the THz to the MIR, which is of
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a substantial current interest in literature. The parameters in our models were calibrated
against the data available from ab initio calculations of the response functions. We have
specifically developed models suitable for an isotropic 2D material, represented by doped
graphene, and an anisotropic material, represented by doped phosphorene. Two novel
aspects were discussed in such models: a phenomenological treatment of the high-energy
interband electronic transitions based on the KK analysis for both materials, and the nonlocal effects in the spatial dispersion based on a Boltzmann equation for intraband electron
transitions in phosphorene.
In Chapter 4, we have used the definitions of stopping and image force on a point
charge moving parallel to a 2D material, supported by an isotropic substrate, as derived
in Section 2.3 with the effective dielectric response formulated in Section 2.2. Then, using
a KK relation between the imaginary and real part of the ELF and provided that the 2D
material is also isotropic, we have obtained an analytical expression of the image force
in terms of the ELF. This yields definitions of the forces as integrals of the ELF over
complementary regions of the frequency and momentum space, separated by the kinematic
resonance condition between the incident point charge and the target system. This result is
relevant for the following reasons. First, the image force, which is classically conservative,
can be analysed in particle-based spectroscopy because it is a function of the ELF, in a
similar way the stopping force is a function the ELF. Second, models for the dielectric
response of the target system can be compared on an equal footing for the stopping and
image force based on whether they cover or miss the features of the ELF, which shape the
forces, in complementary regions of the frequency and momentum space.
We have illustrated the case of doped graphene supported by a SiC substrate for frequencies in the THz-MIR range. For that, we have employed models that describe the TO
phonon in the substrate and the sheet plasmon in graphene. Specifically, we have used
models in the optical limit of the dielectric function of the substrate and the conductivity
of graphene, equipped with corrections coming from high-energy interband electronic transitions as discussed in Section 3.2.1. The resulting formulation of the dielectric response is
simple enough that allows us to perform, in the limit of zero damping, a modal decomposition of the ELF with analytical expressions for the plasmon-phonon hybrid modes and
their weight functions. Thus, we can study the components of the stopping and image force
arising from the hybrid modes of the target system as functions of the velocity and the
distance from the target of the incident particle. This result is promising because it allows
us to approximate the components of the stopping and image force for target materials
in which the collective modes are well-defined and long-lived. Moreover, it helps us to
understand how the relative weight of plasmon-phonon hybrid modes affect the outcome
of grazing-angle EELS of heterostructures involving 2D materials.
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In the first section of Chapter 5, we used two analytical models to describe the conductivity associated to intraband electronic transitions in phosphorene, for the THz-MIR
range of frequencies. These models were the Drude conductivity from Section 3.2.2 and the
semiclassical intraband polarization from Section 3.3.2. Both had an anisotropic character,
and their parameters were based in ab initio calculations. However, the Drude conductivity was valid in the optical limit, whereas the semiclassical model partially accounted for
non-local effects. The novelty of this work was to include a correction in the total conductivity from high-energy interband electronic transitions in the static limit. The corrected
total conductivity enabled us to find a transition in the isofrequency dispersion relations
of the plasmon mode, from elliptical behavior in the THz regime to hyperbolic behavior
in the MIR regime. The above description of the conductivity was used in free-standing
phosphorene as well as in phosphorene supported by a SiO2 substrate. In the later case,
the conductivity of the two-dimensional material was coupled to the substrate’s permittivity with two phonons in the optical limit. Consequently, we found three plasmon-phonon
hybrid modes separated by the two Reststrahlen bands of SiO2 and observed that they
preserve the transition from elliptic to hyperbolic shape in the isofrequency dispersion
relations as seen in free phosphorene. However, we noted that these isofrequency curves
intersected themselves in the plane of the wavevector components, unlike free phosphorene.
In the second section of Chapter 5, by using the aforementioned models for the effective
dielectric function, we calculated the electrodynamic forces acting on a particle moving with
a classical trajectory at a fixed distance of z0 = 50 nm and speeds relevant to experiments of
HREELS with oblique incidence or the grazing scattering of ions. We observed that both
quantitative and qualitative effects arose from the anisotropy of phosphorene. Namely,
all forces had different behavior depending on the speed and direction of motion. This
result is relevant since previous work have demonstrated that HREELS experiments under
grazing angles are sensitive to the anisotropy of the target’s surface. Another effect of the
anisotropy of phosphorene was the emergence of the transverse stopping force, which is
dissipative and parallel to the target’s surface but perpendicular to the trajectory of the
incident particle. This force was found to have a strong magnitude, comparable to that
of the more typical longitudinal stopping force. Additionally, it also showed to change its
character as the speed and direction of motion are varied. For example, the transverse
force acting on a particle, that moves along an intermediate direction above phosphorene,
will deflect the particle towards the AC direction when the reduced speed, v = v/vB
with vB being the Bohr speed, is v ∼ 2, but reverse its sign and deflect the particle
towards the ZZ direction when the reduced speed is v ∼ 7. Finally, the image force,
which is conservative and normally attractive, also underwent the effects of phosphorene’s
anisotropy: its magnitude changed as a function of the speed and direction of motion.
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Furthermore, the image force became repulsive for a direction of motion close to the AC axis
with speeds in the interval 6 ≲ v ≲ 16. This striking and physically implausible result was
traced back to the anisotropy of the models for the intraband conductivity of phosphorene
at high frequencies, being an important issue for future research. Nevertheless, the flaw was
partially avoided by the interband transitions correction of the total conductivity in the
static limit. This finding motivate us to envision methods that could avoid a repulsive image
force, such as including a full-description of the interband transitions. For example, future
work can be done by using ab initio data of the in-plane conductivity over a broad range
of frequencies. [90] It is worth mentioning that a repulsive image force was also obtained
in works with a relativistic treatment of the particle beam, but the configuration of their
target differs from ours. [126, 127] However, we recognize that a relativistic description of
the particle’s trajectory as part of future research can help us gain insight on the nature
of a repulsive image force, [128–130] especially for high particle speeds.
Lastly, we found that the main effect of the SiO2 substrate was to reduce the magnitude
of the three forces at speeds near their local extrema and to reduce the intensity of the
anisotropy effect with respect to the direction of motion. Additionally, the image force
approached a negative finite value and showed decreased angular dependence for speeds
beyond v ≈ 6. Furthermore, the substrate eliminated the region where the image force
became repulsive. Conversely, the transverse stopping force still had a large magnitude
and strong anisotropy with the angular dependence. An implication of the latter finding
is that the transverse force may be observable in carefully designed HREELS experiments
using reflection of electrons with ∼ 100 eV under grazing incidence. On the one hand, our
approach meets some needs regarding the substrate of the system since it has been shown
that the use of the bulk dielectric function suffices to capture all the essential features
of its phonon spectra in HREELS using near-specular reflection under grazing incidence
when the substrate exceeds 2–3 nm. [9, 10] On the other hand, an important limitation
of our approach is that it is restricted to large distances separating the 2D material and
the incident particle. Recall that this restriction allowed us to use conductivity models in
the optical limit. Hence, the goal of future research would be to extend the validity to
small distances, which could be attained by taking full account of non-local effects. For
example, momentum dependent ab initio data for the conductivity of phosphorene may be
used to numerically compute the forces on a full range of distances. Having a description
for a full range of parameters bring us closer to simulate realistic trajectories of incident
particles and to assess the role of a surface’s anisotropy in reflected electron spectra. For
instance, a possible approach could be a Monte Carlo type simulation based in classical
equations of motion for a particle that models grazing incidence upon phosphorene, which
includes an anisotropic in-plane friction force that depends on speed and distance, while
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the perpendicular motion is still treated adiabatically.
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[84] A. Nemilentsau, T. Stauber, G. Gómez-Santos, M. Luskin, and T. Low, “Switchable and unidirectional plasmonic beacons in hyperbolic two-dimensional materials”,
Phys. Rev. B 99, 201405 (2019).
[85] H. Hajian, I. D. Rukhlenko, G. W. Hanson, T. Low, B. Butun, and E. Ozbay, “Tunable plasmon-phonon polaritons in anisotropic 2D materials on hexagonal boron
nitride”, Nanophotonics 9, 3909–3920 (2020).
[86] S. Xiao, T. Liu, L. Cheng, C. Zhou, X. Jiang, Z. Li, and C. Xu, “Tunable anisotropic
absorption in hyperbolic metamaterials based on black phosphorous/dielectric multilayer structures”, J. Lightwave Technol. 37, 3290–3297 (2019).
[87] R. J. Wu, M. Topsakal, T. Low, M. C. Robbins, N. Haratipour, J. S. Jeong, R. M.
Wentzcovitch, S. J. Koester, and K. A. Mkhoyan, “Atomic and electronic structure
of exfoliated black phosphorus”, Journal of Vacuum Science & Technology A 33,
060604 (2015).
[88] B. Ghosh, P. Kumar, A. Thakur, Y. S. Chauhan, S. Bhowmick, and A. Agarwal,
“Anisotropic plasmons, excitons, and electron energy loss spectroscopy of phosphorene”, Phys. Rev. B 96, 035422 (2017).
[89] E. Gaufrés, F. Fossard, V. Gosselin, L. Sponza, F. Ducastelle, Z. Li, S. G. Louie,
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[114] D. Novko, M. Šunjić, and V. Despoja, “Optical absorption and conductivity in quasitwo-dimensional crystals from first principles: Application to graphene”, Physical
Review B 93, 125413 (2016).
[115] P. Cudazzo, I. V. Tokatly, and A. Rubio, “Dielectric screening in two-dimensional
insulators: implications for excitonic and impurity states in graphane”, Phys. Rev.
B 84, 085406 (2011).
[116] A. S. Rodin, A. Carvalho, and A. H. Castro Neto, “Excitons in anisotropic twodimensional semiconducting crystals”, Phys. Rev. B 90, 075429 (2014).
[117] S. Ahn and S. Das Sarma, “Theory of anisotropic plasmons”, Phys. Rev. B 103,
L041303 (2021).
[118] N. D. Mermin, “Lindhard dielectric function in the relaxation-time approximation”,
Phys. Rev. B 1, 2362–2363 (1970).
[119] P. L. Bhatnagar, E. P. Gross, and M. Krook, “A model for collision processes in
gases. i. small amplitude processes in charged and neutral one-component systems”,
Phys. Rev. 94, 511–525 (1954).
[120] A. Srivastava, “Causality and passivity: from electromagnetism and network theory
to metamaterials”, Mechanics of Materials 154, 103710 (2021).
[121] G. E. Jellison and F. A. Modine, “Parameterization of the optical functions of
amorphous materials in the interband region”, Applied Physics Letters 69, 371–
373 (1996).

77

[122] M. V. Fischetti, D. A. Neumayer, and E. A. Cartier, “Effective electron mobility in
si inversion layers in metal–oxide–semiconductor systems with a high-k insulator:
the role of remote phonon scattering”, Journal of Applied Physics 90, 4587–4608
(2001).
[123] D. A. Kirzhnits, “General properties of electromagnetic response functions”, Soviet
Physics Uspekhi 30, 575–587 (1987).
[124] K. Akbari, Z. L. Miskovic, S. Segui, J. L. Gervasoni, and N. R. Arista, “Energy
losses and transition radiation in multilayer graphene traversed by a fast charged
particle”, ACS Photonics 4, 1980–1992 (2017).
[125] A. N. Rudenko, S. Brener, and M. I. Katsnelson, “Intrinsic charge carrier mobility
in single-layer black phosphorus”, Phys. Rev. Lett. 116, 246401 (2016).
[126] I. Carmeli, M. A. Itskovsky, Y. Kauffmann, Y. Shaked, S. Richter, T. Maniv, and
H. Cohen, “Far- and near-field electron beam detection of hybrid cavity-plasmonic
modes in gold microholes”, Phys. Rev. B 85, 041405 (2012).
[127] P. R. Ribic, “Can a metal surface repel electric charges?”, Phys. Rev. Lett. 109,
244801 (2012).
[128] A. Rivacoba and N. Zabala, “Relativistic force between fast electrons and planar
targets”, New Journal of Physics 16, 073048 (2014).
[129] K. Akbari, Z. L. Miskovic, S. Segui, J. L. Gervasoni, and N. R. Arista, “Energy
losses and transition radiation in multilayer graphene traversed by a fast charged
particle”, ACS Photonics 4, 1980–1992 (2017).
[130] Z. L. Miskovic, K. Akbari, S. Segui, J. L. Gervasoni, and N. R. Arista, “Relativistic effects in the energy loss of a fast charged particle moving parallel to a twodimensional electron gas”, Nuclear Instruments and Methods in Physics Research
Section B: Beam Interactions with Materials and Atoms 422, 18–23 (2018).

78

