Dilation methods in semigroup
dynamics and noncommutative
convexity

by

Adam Humeniuk

A thesis
presented to the University of Waterloo
in fulfillment of the
thesis requirement for the degree of
Doctor of Philosophy
in
Pure Mathematics

Waterloo, Ontario, Canada, 2022

© Adam Humeniuk 2022



Examining Committee Membership

The following served on the Examining Committee for this thesis. The decision of the
Examining Committee is by majority vote.

External Examiner: Ivan Todorov
Professor, Dept. of Mathematical Sciences
University of Delaware

Supervisor(s): Kenneth Davidson
Professor Emeritus, Dept. of Pure Mathematics
University of Waterloo

Matthew Kennedy
Associate Professor, Dept. of Pure Mathematics
University of Waterloo

Internal Member: Laurent Marcoux
Professor, Dept. of Pure Mathematics
University of Waterloo

Internal Member: Alexandru Nica
Professor, Dept. of Pure Mathematics
University of Waterloo

Internal-External Member: Richard Cleve
Professor, Cheriton School of Computer Science
University of Waterloo

11



Author’s Declaration

This thesis consists of material all of which I authored or co-authored: see Statement
of Contributions included in the thesis. This is a true copy of the thesis, including any
required final revisions, as accepted by my examiners.

I understand that my thesis may be made electronically available to the public.

111



Statement of Contributions

[ am the sole author of Chapters 1, 2, and 3. Chapters 2 and 3 have appeared in print
as [10] and [17], respectively. Chapter 4 is joint work with my advisor Matthew Kennedy
and fellow student Nicholas Manor.

v



Abstract

Since seminal work of Stinespring, Arveson, and others, dilation theory has been an
indispensable tool for understanding operator algebras. Dilations are fundamental to the
representation theory of operator systems and (non-selfadjoint) operator algebras. This
thesis is a compilation of three research papers in operator algebras and noncommutative
convexity linked by their use of dilations and operator systems.

A semicrossed product is a non-selfadjoint operator algebra encoding the action of a
semigroup on an operator or C*-algebra. In Chapter 2, we describe the C*-envelopes of a
large class of semicrossed products. We prove that, when the positive cone of a discrete
lattice ordered abelian group acts on a C*-algebra, the C*-envelope of the associated semi-
crossed product is a full corner of a crossed product by the whole group. After dilating the
semigroup action to an automorphic action of the whole group using a direct product con-
struction, we explicitly compute the Shilov ideal and therefore compute the C*-envelope.
This generalizes a result of Davidson, Fuller, and Kakariadis from Z? to the class of all
discrete lattice ordered abelian groups.

Chapters 3 and 4 present results in noncommutative (or “matrix”) convexity. By the
noncommutative Kadison duality of Webster-Winkler and Davidson-Kennedy in the uni-
tal setting, and Kennedy-Kim-Manor in the nonunital setting, the category of compact
noncommutative (nc) convex sets is dual to the category of operator systems. Thus nc
convexity allows a new avenue to study operator systems geometrically. In Chapter 3,
we prove a noncommutative generalization of the classical Jensen’s Inequality for multi-
variable nc functions which are convex in each variable separately. The proof involves a
sequence of dilations resembling a noncommutative analogue of Fubini’s Theorem. This
extends a single-variable nc version of Jensen’s Inequality of Davidson and Kennedy. We
demonstrate an application of the multivariable separate nc Jensen’s Inequality to free
semicircular systems in free probability.

In Chapter 4, we discuss duals of operator systems. Recently, C.K. Ng obtained a
nice duality theory for operator systems. Call a (possibly nonunital) operator system S
dualizable if its dual S* embeds into B(H) via a complete order embedding and complete
norm equivalence. Through the nonunital noncommutative Kadison duality of Kennedy,
Kim, and Manor, we characterize dualizability of S using geometric conditions on its
associated nc convex quasistate space K in two ways. Firstly, in terms of an nc affine
embedding of K into the nc unit ball of a Hilbert space satisfying a certain extension
property. Secondly, we show that Ng’s characterization is dual to a normality condition
between K and the nc cone R, K. As applications, we obtain some permanence properties
for dualizability, and give a new nc convex-geometric proof of Choi’s Theorem.



Acknowledgements

Firstly, I must thank both my advisors Ken Davidson and Matt Kennedy for their guid-
ance, advice, and humour. I am happy to have had two supervisors with vastly different,
but complementary, styles. I give special thanks to Ken in particular for continuing to
supervise me even after his retirement. It was an honour to be your student.

There are too many people in the Pure Mathematics department at UWaterloo to
thank. I have had helpful conversations about mathematics with (at least) Ben Anderson-
Sackaney, Eric Boulter, Zack Cramer, Adina Goldberg, Sam Kim, Nicole Kitt, Nick Manor,
Alexandru Nica, Vern Paulsen, Daniel Perales Anaya, Vern Paulsen, Pawel Sarkowicz, John
Sawatzky, Nico Spronk, Zsolt Tanko, and Dan Ursu. Beyond math, the graduate student
culture at UWaterloo has been fantastically welcoming. In addition to those grad students
listed so far, I have been blessed to have great friendships with Paul Lawrence, Max Levit,
Luke MacLean, Wilson Poulter, Joaco Prandi, Hayley Reid, Nolan Shaw, Carlos Valero,
and others I am surely forgetting.

Completing a PhD during a global pandemic has been at times challenging, sad, fasci-
nating, boring, and freeing. In the end, I am grateful to have been able to work remotely
and spend nearly a full year’s worth of time with family and friends at home.

Lastly, I want to thank the Canada geese of Kitchener-Waterloo for their courage,
tenacity, and beautiful birdsong.

vi



Dedication

This thesis is dedicated to my parents Arline and Wade Humeniuk. I wouldn’t be who
[ am without their support, guidance, and sense of humour.

vii



Table of Contents

Quotation X
1 Introduction 1

2 C*-envelopes of semicrossed products by lattice ordered abelian semi-

groups 8
2.1 Introduction . . . . . . . . .. 8
2.1.1 Preliminaries . . . . . . . ... 8
2.1.2 Mainresults . .. ... 10
2.1.3  Structure of this chapter . . . . ... ... ... .. L. 11

2.2 Background . . . ... 12
2.3 Mainresults . . . . . 16
2.4  Explicit computation of the Shilov Ideal . . . . .. ... ... ... .. ..... 31
25 Thecase P=7Z7. . . . . . e 38
2.6 Applications and examples . . . .. ... L 42
2.6.1 Simplicity of the C*-envelope . . . . . ... .. ... .. ......... 42
2.6.2 Direct limits of subgroups . . . . ... ... oL 45

3 Jensen’s Inequality for separately convex noncommutative functions 52
3.1 Introduction . . . . . . .. . 52
3.1.1 Mainresults . . ... 54



3.1.2  Connection to free probability . . . . . .. ... ... ... ... 57

3.2 Background . . . ... 59
3.2.1 Noncommutative convexity . . ... ... ... ... .. ... ... 59
3.2.2 Minimal nc convex sets . . . . . . ... 63
3.2.3 Dilations and notation . . .. ... ... Lo Lo 64
3.24 Freeproducts. . . . .. ... 64

3.3 Products of nc convex sets . . . .. ... Lo 64

3.4 Jensen’s Inequality for separately nc convex functions . . . . . ... ... ... 68
3.4.1 The commutative case . . ... ... ... .. ... 68
3.4.2 Noncommutative analogue . . . . . ... ... ... ... ... ... 69

3.5 Connection to free probability . . . . ... ... ... ... oL 79

4 Operator system duals and noncommutative convexity 83

4.1 Introduction . . . . . . . .. .. 83

4.2 Background . . .. ... 86
4.2.1 Nonunital operator systems . . . ... ... ... ... .. ... ... .. 86
4.2.2 Pointed noncommutative convex sets . . . ... ... ... 88

4.3 Quotients of matrix ordered spaces . . ... ... ... ... ... ... ..... 91
4.3.1 Operator space quotients . . . . . ... ... ... . ... ... 91
4.3.2 Matrix ordered operator space quotients . . ... ... ... ... ... 92

4.4 Extension property for compact nc convex sets . . .. ... ... .. ... 96

4.5 Dualizability via nc quasistate spaces . . . . . .. ... ... oL 103

4.6 Positive generation versus completely bounded positive generation . . . . .. 108

4.7 Examples and applications . . . . ... L o 114
4.7.1 Nonunital operator system pushouts and coproducts . . .. ... ... 114
4.7.2 A new proof of Choi’s theorem . . . ... ... ... ... ... ....... 118

References 121

X



“It often happens that you have no success at all with a problem; you work very
hard yet without finding anything. But when you come back to the problem
after a night’s rest, or a few days’ interruption, a bright idea appears and you
solve the problem easily.

Such happenings give the impression of subconscious work. The fact is that
a problem, after prolonged absence, may return into consciousness essentially
clarified, much nearer to its solution than it was when it dropped out of con-
sciousness. Who clarified it, who brought it nearer to the solution? Obviously,
oneself, working at it subconsciously. It is difficult to give any other answer.

Past ages regarded a sudden good idea as an inspiration, a gift of the gods.
You must deserve such a gift by work, or at least a fervent wish.”

George Polya - How to Solve It



Chapter 1

Introduction

This thesis contains three complete research projects in operator algebras tied together in
their use of dilation theory. The ubiquitous players in our story are Hilbert spaces H, the
algebra B(H) of bounded operators H - H, and C*-algebras A ¢ B(H ), which are norm
closed #-subalgebras. C*-algebras have multiplicative, order, and norm structure, and re-
laxing the requirement for all three leads to larger categories of well-behaved subobjects.
Operator systems are unital *-closed subspaces of B(H). (Non-selfadjoint) Operator
algebras are simply subalgebras of B(H). Most generally, operator spaces are closed
+-subspaces of B(H). While these are “concrete” descriptions, all of these objects have
pleasing “abstract” descriptions due respectively to Gelfand-Naimark [39], Blecher-Ruan-
Sinclair [9], Choi-Effros [15], and Ruan [71]. The key theme is matriz structure, where
operator systems, algebras, and spaces are convincingly thought of as matricial or “quan-
tized” versions of functions systems, Banach algebras, and Banach spaces, respectively.

Broadly, the ethos of dilation theory, which dates back to Halmos [11], is that one can
study an operator T € B(H) by viewing it as a corner of an operator on a larger space.
We say an operator S € B(K) dilates T if K 2 H and with respect to the orthogonal
decomposition S = H & H*, the block matrix of S is

where each * may be any operator. That is, the compression PyS|y of S to H is T,
where Pp is the orthogonal projection to H.

It is helpful to think of dilation as a “give-and-take” process. Given T, we usually wish
to dilate T" to an operator S which has much nicer properties, but at the cost of enlarging



the ambient Hilbert space. The prototypical result in this direction is Sz.-Nagy’s Dilation
Theorem [75], which states that any contraction 7" can be dilated to an S which is unitary.
In fact, one can arrange that S™ dilates T™ for every power n > 1, and Sz.-Nagy used this
to give a beautiful proof of von Neumann’s inequality. Put another way, the diagram

B(K)

>

Z. —— B(H)

commutes, where the vertical arrow is the compression map, and the other arrows are
representations of the semigroup Z, = {0,1,2,...}. That is, every contractive represen-
tation of Z, extends to a unitary representation of the whole group Z. For the purposes
of operator algebras, this illustrates the general principle that we are most interested in
dilating whole representations at once. An operator algebraist might translate the diagram
above as follows: Let D and T be the closed unit disk and circle in C. Every contractive
representation of the universal operator algebra

A(D) =span{l,z,2% ...} cC(D) = {f : D - C continuous}

that is generated by a single contraction—the coordinate function z : D — D, dilates to
a representation of the universal C*-algebra C(T) that is generated by a single unitary
zlr. Since dilations increase norm, this implies that the restriction map A(D) - C(T)
is isometric on the disk algebra A(D) = {f : D - C continuous and holomorphic}. In
particular, Sz.-Nagy’s dilation theoretic approach recovers the maximum modulus principle
for polynomials on D with a proof that uses no complex analysis at all.

The operator algebraic approach to dilation theory in its modern form is owed to
the seminal papers [3] and [1] by Arveson. The most fundamental result is Stinespring’s
Dilation Theorem [74], which shows that any unital and completely positive (u.c.p.)
map A - B(H) on a C*-algebra A dilates to a *-representation. Arveson showed that any
u.c.p. map S — B(H) on any operator system S ¢ A extends in Hahn-Banach fashion to
all of A, a kind of injectivity result for B(H). This result, now called Arveson’s Extension
Theorem, combines with Stinespring’s Dilation Theorem to assert that any completely
positive map on an operator system dilates to a restriction of a *-representation. In this
way, operator systems and their u.c.p. representations are the most fundamental objects
of dilation theory in operator algebras.

Every operator algebra A ¢ B(H) generates a C*-algebra C*(A), but the C*-algebra
C*(A) is not an invariant for A. It is common that isomorphic copies of A generate non-x-
isomorphic C*-algebras. To what extent is the structure of C*(A) determined intrinsically
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by A? In [3], Arveson answered this questions by defining the C'*-envelope of A , denoted
Cz(A) or C*. (A), as the unique universal quotient among all C*-algebras generated by
A. That is, for every operator algebra isomorphism ¢ : A - ¢(A), there is a unique
C*-algebra quotient map C*(p(A)) - Cr(A) fixing the copy of A. The C*-envelope is
a C*-algebra intrinsic to A, and one defines the C*-envelope for operator systems in the
same way. Arveson was initially unable to show the C*-envelope exists in all cases, but
proposed a proof by showing A has enough so-called boundary representations, which
are representations of A on Hilbert space that must lift automatically to irreducible rep-
resentations of the C*-envelope. Proving existence of the C*-envelope became a 40-year
journey. Its existence was first shown 10 years later by Hamana [12] using injective en-
velopes instead of boundary representations, then by Dritschel and McCullough [31] using
maximal dilations. Using this new dilation-theoretic approach, Arveson [5] (in the sepa-
rable case) and Davidson and Kennedy [25] (in general) showed how to construct enough
boundary representations to yield the C*-envelope. Since even showing the existence of
Cr(A) was challenging and non-constructive, concretely describing C(A) in specific cases
is a constant goal when studying operator algebras.

In Chapter 2, we concretely describe the structure of the C*-envelope for a large class of
non-selfadjoint operator algebras arising from semigroup dynamics. In a C*-dynamical
system, a discrete group G acts on a unital C*-algebra B by *-automorphisms, and there
is a natural associated (full) crossed product C*-algebra B x GG. The crossed product
contains a copy of B, and a copy of GG in its unitary group such that unitary conjugation
implements the G-action on B. The *-operation unifies the *-operation in B with inversion
in G. In a semigroup dynamical system, a semigroup P acts on an operator algebra
A (often a C*-algebra) by endomorphisms. The associated semicrossed product A x P
is naturally a non-selfadjoint operator algebra encoding the P-action on A. In fact, a
wrinkle in the theory is that there are multiple semicrossed products depending on what
representation theory for P one permits, but we will suppress that here.

It is natural to hope that the C*-envelope of a semicrossed product is a crossed product.
This is sensible in the following situation. Suppose P is a subsemigroup of a group G, and
P acts on an operator algebra A. Can the P-action be extended to a G-action on a larger
C*-algebra A = C*(A), such that the C*-envelope of Ax P is AxG? This is impossible in
general, but in specific cases C*(A x P) is at least a full corner in A x G, a projection of
it that does not sit in any proper ideal. The main result of Chapter 2 concerns the case
where (G, P) is a lattice ordered abelian group. Here G is abelian, and P induces a
partial order

g<h < h-geP

that makes GG into a lattice. In this situation, one considers only Nica-covariant rep-



resentations of P [06], and the associated Nica-covariant semicrossed product A x»¢ P
[18]. Nica-covariant representations of P respect the lattice structure, and have a tractable
dilation theory. We prove that the C*-envelope C(A x*¢ P) is a full corner of a crossed
product A x G, where A is a so-called Nica-covariant automorphic dilation of A. This
means that the G action on A extends the P action on A in a way that respects the lattice
structure of G. We give an explicit description of the envelope via a new construction,
where we build such an A via a direct product construction, and then compute the Shilov
ideal. This extends a result of Davidson, Fuller, and Kakariadis [15] in the special case
(G,P) = (Z",Z7) to the class of all lattice ordered abelian groups. As applications, we
obtain some simplicity results for the C*-envelope and permanence properties under direct
limits.

Chapters 3 and 4 are filled with the language of noncommutative—or “matrix”, con-
vexity. Classical convexity plays a key role in functional analysis, and in the study of
operator algebras. Familiar contexts include the state or trace space of a C*-algebra, or
less generally the set of Radon probability measures on a compact space. Wittstock [79]
argued convincingly that ordinary convexity is not innately compatible with operator al-
gebra theory, because it doesn’t encode matricial information. A classical convex set C' is
closed under convex combinations

thxz eC

of x; € C' with normalized scalar coefficients ¢t; > 0. The matricial version is a noncommu-
tative (nc or matrix) convex set K which is closed under nc convex combinations

*
Z%xz‘%’ e K,
i

where x; € K are matrices, and «; are rectangular matrices which are positively “matrix
normalized” to the identity matrix ) ; ofcy; = I. This definition requires that K contains
matrices of all sizes. Formally, K must be graded into levels

K:HKrw

n>1

where each K,, ¢ M, (V') consists of n x n matrices over a common vector space V.

A matrix convex set K is classically convex at each level, with two fundamental addi-
tional features. It is closed under taking direct sums

z 0
roy=|y
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and closed under compression x = a*za by any isometry matrix «, including any unitary.
Once one is comfortable with the cognitive dissonance of allowing differently-sized matrices
to form a single geometric object, nc convex sets begin to appear fundamental to the study
of operator spaces and operator systems. For instance, Ruan’s axioms for an abstract

operator space F [71] just assert that the “noncommutative unit ball”
[{z e Mu(E) [ |2lar, ey < 1}
n>1

is an nc convex set. Likewise, the Choi-Effros axioms for an abstract operator system
S [15] require that the “noncommutative positive cone” [],5; M,(S)* is nc convex. The
superior replacement for the state space of an operator system S is the nc state space

S(S)=]J{¢: S~ M, | ¢ is unital and completely positive},

n>1

which is nc convex when one identifies B(S, M,,) 2 M, (S*).

Noncommutative convexity is a matricial or “quantized” version of ordinary convexity.
So, a major theme is the search for matricial or “quantized” versions of the major theorems
of classical convexity, and there is much success in this direction. In a seminal paper, Effros
and Winkler [32] proved noncommutative versions of the Hahn-Banach Separation and
Extension Theorems, and the Bipolar Theorem. Subsequently, Webster and Winkler [77]
considered the problem of extreme points and obtained a noncommutative Krein-Milman
Theorem. Along the way, they showed that there is a noncommutative form of Kadison
duality. The functor which sends an operator system S to its nc state space S(5) is a
contravariant equivalence between the category of operator systems and the category of
levelwise compact nc convex sets. So, an operator system is remembered by its nc state
space, and the study of nc convex sets completely captures all features of operator system
theory. Recently, Davidson and Kennedy [20] developed a noncommutative version of
classical Choquet theory, and with a more restrictive definition of extreme point obtained
a stronger nc Krein-Milman theorem. A key innovation was the view that the disjoint
union K = [],.; K,, should rightly include infinite cardinals n, because the nc extreme
points may necessarily be infinite matrices.

Along the way, Davidson and Kennedy observed that there is a natural notion of non-
commutative convex (nc) function, and that nc functions satisfy a noncommutative version
of Jensen’s inequality. Classically, Jensen’s inequality states that if f: X — R is a convex
function on a compact convex set X, then for any probability measure p on X,

[ 7> fvar(u).
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where the barycenter bar(u) € X is the unique (weakly) average point of X with respect to
the measure u. Probability measures on X are just states on C'(X), so the noncommutative
Jensen’s Inequality is concerned with nc states. If f is an nc convex function on a compact
nc convex set K, then

p(f) 2 f(bar(p))

for every nc state p: C(K) - M,,. Here C(K) denotes the C*-algebra of continuous nc
functions on K, and if u: C(X) - M, is an nc state, it has a barycenter in the nth level
K, of K.

In Chapter 3, we prove a noncommutative Jensen’s Inequality for multivariable nc
functions which are nc convex in each variable separately. Such a function has a domain
which is the levelwise free product Ky x---x Ky for compact nc convex sets Ky,..., K;. We
show that

C(Kyx-xKg)2C(Ky) * % C(Ky)

is the unital free product of C'(K7),...,C(K,). Here the same nc Jensen Inequality holds
for a large but restricted class of nc states p on C(Kj) * --- » C(Ky) which manifest as
certain “free products” of nc states p; on C'(K;). The proof involves writing a chain of
dilations for g which are trivial in all but one variable, resembling a noncommutative
version of Fubini’s Theorem. In fact, this Jensen Inequality holds for a larger class of ucp
maps satisfying a noncommutative verson of Fubini’s Theorem. The connection to free
products suggests a connection to free probability, and we show that nc states p which are
conditionally free in the operator-valued free probabilistic sense of Mlotkowski [62] satisfy
this multivariable nc Jensen Inequality. We give a sample application to free probability
by deriving some operator inequalities for conditionally free nc states on an algebra of free
semicircular elements, suggesting a connection between noncommutative convexity and
free probability.

In Chapter 4, we discuss duality for operator systems from an nc convex geometric
perspective. If S is an operator system, the dual S* is an operator space equipped with
an involution and matrix ordering. It is a matriz ordered operator space in the sense of
Werner [78]. We say S is dualizable if its dual S* embeds into B(H) via a complete
order isomorphism which is completely bounded below. That is, S* can be re-normed into
a nonunital operator system S? — B(H). Recently, C.K. Ng [65] characterized dualiz-
ability for (possibly nonunital) S in terms of a bounded positive decomposition property.

Kennedy, Kim, and Manor [50] extended noncommutative Kadison duality to the
nonunital setting, and showed that nonunital operator systems are categorically dual to
pointed compact nc convex sets (K, z). Here, a nonunital operator system S is dual to its



pointed nc quasistate space

K=098(S)=]]{¢:S — M, |¢ is completely contractive and positive}

n>1

with the zero map 0 as the basepoint. We find two equivalent geometric conditions on
K for dualizability of S. The first condition is extrinsic, and requires that (K,0) embeds
pointedly into the pointed nc quasistate space of the operator system of trace class opera-
tors T(H) = B(H). with a bounded and positive extension property for nc affine functions.
The second equivalent condition is intrinsic to K. By dualizing Ng’s characterization, we
require that the nc convex set

(K-R,K)nR, K

of positive elements order-dominated by nc quasistates in K is norm-bounded in [],,5; M, (S*).
The geometric condition lets us prove permanence properties for dualizability, showing that
quotients, coproducts, and pushouts of dualizable operator systems are again dualizable.
Using Ng’s framework, we also give an nc convex-geometric proof of Choi’s Theorem [11].

Chapters 2 and 3 have appeared in publication as [10] and [17], respectively. Through-
out this thesis, we will generally assume the reader has a general comfort with the basics of
C*-algebra theory, such as in [16]. For more detail on operator spaces, systems, algebras,
and dilation theory, we refer the reader to [(5].



Chapter 2

C*-envelopes of semicrossed products
by lattice ordered abelian semigroups

2.1 Introduction

2.1.1 Preliminaries

A semicrossed product is a non-selfadjoint generalization of the crossed product of a C*-
algebra by a group. A crossed product B x G encodes the action of a group G on a C*-
algebra B, by embedding both into a larger C*-algebra in which the G-action is by unitaries.
Built similarly, a semicrossed product of a (possibly non-selfadjoint) operator algebra A
by an abelian semigroup P encodes a given action of P on A by completely contractive

endomorphisms. First introduced by Arveson in [2], and first formally studied by Peters in
[69] in the case P = Z,, subsequent work on semicrossed products has focused on conjugacy
problems [0, 20, 22, 24, 27, 40, 52] and their C*-envelopes [18, 23, 19, 51, 54, 63]. For a

complete survey of the history of semicrossed products, and a thorough discussion of the
conjugacy problem, we recommend Davidson, Fuller, and Kakariadis’ treatment in [19].
For a given action of P on A, there are multiple associated semicrossed products A x7 P,
depending on what family of admissible representations F of P one considers. Generally,
we have distinct unitary, isometric, and contractive semicrossed products A x™ P, A xis P,
and A x P, which satisfy universal properties for “covariant” contractive/isometric/unitary
representations of P with respect to A.

Following the programme outlined in [18, Page 1], our main question of interest is: If P
is a generating subsemigroup of an abelian group G, can the C*-envelope of a semicrossed

8



product A x¥ P be realized as a full corner of a crossed product B x G by G, for some
G-C*-algebra B 2 A? If the action of P on A is by automorphisms, then A xS P = A xuw P,
and the P action extends to *-automorphisms of the C*-envelope C*(A). It follows that

C*(Ax P) 2 C*(A) % G

is a crossed product [18, Theorem 3.3.1]. If G = P - P, and P acts on a C*-algebra A by
s-monomorphisms, then

CHAX™P)2AxG (2.1)

is a crossed product for a certain unique minimal C*-algebra A 2 A whose G-action extends
the action of P, called the minimal automorphic extension of A. Kakariadis and Katsoulis
[51, Theorem 2.6] established (2.1) in the case P = Z,. Laca [57] showed how to build
the automorphic dilation A in general, and from this Davidson, Fuller, and Kakariadis
establish (2.1) in [18, Theorem 3.2.3].

Parrott’s example [68, Chapter 7] of three commuting contractions without a simulta-
neous isometric dilation, shows that the dilation theory of representations of any semigroup
at least as complicated as Z?2 is intractable. To make progress, we need to restrict our class
of representations F if we wish a nice dilation theory for A x7 P. Of interest are lattice
ordered abelian groups (G, P). These are pairs consisting of a subsemigroup P of a group
G, where the induced ordering

g<h < h-geP

makes GG a lattice. In the lattice ordered setting, one studies the more tractable class of
Nica-covariant representations, first introduced by Nica in [66]. Nica-covariance is a *-
commutation type condition which ensures a nice dilation theory. For instance, Li [60, 59]
showed that every Nica-covariant representation of P has an isometric dilation.

In the Nica-covariant setting, for injective C*-systems (2.1) holds with A x»¢ P in place
of Ax' P. For non-injective systems, it is not possible to embed A x1¢ P into any crossed
product B x G via inclusions A ¢ B and P ¢ G, because such a system has no faithful
unitary covariant pairs. The best one can do is embed A x"¢ P into a full corner of a
crossed product. For a lattice ordered abelian group (G, P) and an action of P on a
C*-algebra A, one expects to prove

Cg(A x ¢ P) ;pA(BXG)pA, (22)

is a full corner of a crossed product of some G-C*-algebra B. Here A embeds into B
non-unitally, and ps := 14 is the projection coming from the unit in A. In the case



(G,P) = (Z",7"), the result (2.2) was established in the case n = 1 by Kakariadis and
Katsoulis [19, 51], and extended to general n > 1 by Davidson, Fuller, and Kakariadis [18,
Theorem 4.3.7]. Their construction of the G-C*-algebra B was in two stages. First, one
builds a bigger C*-algebra By 2 A which has an injective P-action dilating the P-action
on A. This is accomplished by a tail-adding technique. Then one takes the minimal
automorphic dilation B := Bo.

2.1.2 Main results

We establish that (2.2) holds for any discrete lattice ordered abelian group (G, P), when A
is a C*-algebra (Corollary 2.3.16). Our approach differs from Davidson, Fuller, and Kakari-
adis’ construction for P = Z7. First, we define a notion of a Nica-covariant automorphic
dilation of A, which is a certain G-C*-algebra B with a non-unital embedding A ¢ B. This
definition is meant to capture a sufficient set of conditions to get a completely isometric
embedding

Ax* Pcpa(BxG)pa,

with ps := 14. When the dilation B is minimal, this is a C*-cover. Then, we show that
the Shilov ideal in such a cover has the form p(I x G)p, for a unique maximal G-invariant
ideal I < B not intersecting A. Upon taking a quotient by the Shilov ideal,

CH(Ax™ P) = (py + 1) (? y G) (pa+ 1)

is a full corner of a crossed product. Then it suffices to show that any C*-algebra A with
P-action has at least one minimal Nica-covariant automorphic dilation. We build one via
a direct product construction (Proposition 2.3.5).

A semicrossed product is a special instance of the tensor algebra of a C*-correspondence
[28, 306, 50, 63] (when P =Z,) or a product system [29, 33, 34, 35, 73]. Katsoulis and Kribs
[51] showed that the C*-envelope of the tensor algebra of a C*-correspondence X is the
associated Cuntz-Pimsner algebra Ox, a generalization of the usual crossed product. In
[30], Dor-On and Katsoulis extend this result and show that the C*-envelope of the Nica
tensor algebra N'T § associated to a product system X over P coincides with the associated
Cuntz-Nica-Pimsner algebra N'Oyx considered by Carlsen, Larsen, Sims, and Vittadello
[13], and also coincides with an associated covariance algebra A xx P defined by Sehnem
[72]. Our result shows further that, when this product system arises from a C*-dynamical
system, this same C*-envelope has the structure of a corner of a crossed product, and so
is Morita equivalent to a crossed product.
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Before proceeding, we should also direct the reader to the extensive literature on C*-
algebras associated to semigroups and semigroup dynamical systems, including [15, 57,

, 01, 64, 66, 80, 81]. Following Nica [60], Laca and Raeburn [58] demonstrated for
quasi-lattice ordered (G,P) that the universal C*-algebra C*(G,P) for Nica-covariant
representations of P has the structure of a semigroup crossed product. Interestingly, we
will see (Remark 2.3.8) that our direct product construction of an automorphic dilation
reduces to Laca-Raeburn’s in the case where P acts on C trivially.

2.1.3 Structure of this chapter

Throughout this section, (G, P) is a (discrete) lattice ordered abelian group, and P acts
on a C*-algebra A by *-endomorphisms. In Section 4.2, we review the construction of
the semicrossed product, and necessary background on ordered groups and C*-envelopes.
Section 2.3 contains our main results. We define the notion of a minimal Nica-covariant
automorphic dilation, construct such a canonical dilation which we call the product dilation,
and show that any such dilation always yields a C*-cover of the Nica-covariant semicrossed
product Ax1¢ P via full corner of a crossed product (Proposition 2.3.9). We show the Shilov
ideal arises from a unique maximal G-invariant A-boundary ideal in any such C*-cover in
Theorem 2.3.14, and hence show that the C*-envelope of Ax"¢ P is a full corner of a crossed
product (Corollary 2.3.16). In two immediate applications, we show that Theorem 2.3.14
reduces to the known result (2.1) for A= P in the injective case (Proposition 2.3.19), and
we compute the unique maximal boundary ideal in the product dilation in the case P =7Z,
(Proposition 2.3.20).

Section 2.4 is devoted to explicitly computing the Shilov ideal in the C*-cover arising
from the product dilation for any Nica-covariant semicrossed product A x*¢ P. We do so

by describing a unique maximal G-invariant boundary ideal I in the product dilation B.
Then

ey 221

is a full corner by p4 := 14 + I. Using the explicit construction of I from Section 2.4,
in Section 2.5 we show that the G-C*-algebra B/I in the case P = Z7" is equivariantly
*-isomorphic to the construction given by Davidson, Fuller, and Kakariadis in [, Section
4.3]. So, our description of the C*-envelope reduces to the known result when P =Z7. In
Section 2.6, we give some applications both of Theorem 2.3.14 and the explicit description of
I from Section 2.4. In Section 6.1, we establish a simplicity result for the C*-envelope in the
commutative case analogous to [18, Corollary 4.4.9]. In Section 6.2, we show that for totally
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ordered groups (G, P) which are direct limits of ordered subgroups (G, P) = Ux(Ga, Py),
such as Q = U, Z/n!, we have

C:(Ax™ P) = lim C (A x™ P)
A

naturally, as long as P acts on A by surjections. This result is sharp and fails for non-totally
ordered groups and non-surjective actions.

2.2 Background

In this chapter, a (discrete, unital) semigroup P is a set equipped with an associative
binary operation, and we require that P contains a two-sided identity element. We are
primarily interested in abelian semigroups. In the abelian setting, we will always denote
the semigroup operation by + and the identity element by 0. A semigroup homomorphism
is a function between semigroups preserving the semigroup operations and the identity.

If Ais a C*-algebra, an ideal I < A always means a closed, two-sided ideal. We make
frequent use of the following two inductivity properties of ideals in C*-algebras. Firstly, if

A= U A)\ = llIIlA)\
AeA E\)

is an internal direct limit of C*-subalgebras Ay, and I < A is an ideal, then

I= U]ﬂA)\.
AeA

In particular, I = {0} if and only if I n Ay = {0} for all A e A. Secondly, if {I, | A\ e A} is a
family of ideals in A that is directed under inclusion, then I := Uy Iy is also an ideal in

A.

Let P be a semigroup. An (operator algebra) dynamical system (A,a, P) over
P consists of an operator algebra A and a semigroup action o of P on A by completely
contractive algebra endomorphisms. That is, there is a distinguished (unital) semigroup
homomorphism
pr o, P —End(A).

We do not require the «a; to be automorphisms. We will say that (A, c«,P) is injec-
tive/surjective/automorphic if each «, is injective/surjective/automorphic. When A
has an identity 14 and each «,, is unital, we call (A, a, P) a unital dynamical system. If A is
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a C*-algebra, and hence each «,, is an *-endomorphism, then (A, a, P) is a C*-dynamical
system.

Let G be an abelian group. A subsemigroup P ¢ G is a positive cone if Pn(-P) = {0},
and a spanning cone if in addition G = P - P. Any positive cone P ¢ (G induces a partial
order on G by defining

g<h < h-geP.

This ordering respects the group operation +. A lattice ordered abelian group (G, P)
consists of an abelian group GG and a spanning cone P ¢ G such that the partial order <
induced by P on G makes G into a lattice. That is, for any g, h € G, the {g,h} has a least
upper bound g Vv h and a greatest lower bound g A h. If (G, P) is a lattice ordered abelian
group, we also refer to P as a lattice ordered abelian semigroup.

Example 2.2.1. The pair (Z",Z7) forms a lattice ordered abelian group. Here, a dy-
namical system (A, «,Z") consists of a choice of n commuting completely contractive
endomorphisms of A, which we usually just write as a1, ..., a, € End(A).

Example 2.2.2. Any totally ordered group (G, P) is automatically lattice ordered. For
instance, (Q,Q,) and (R,R,) are both totally ordered groups. If P € Z" is the set of
elements larger than (0,...,0) in the lexicographic ordering of Z", then (Z", P) is totally
ordered, and the induced ordering is lexicographic.

A representation 7': P - B(H) is a (unital) semigroup homomorphism, and we usually
write T'(p) = T,. The representation 7" is contractive/isometric/unitary whenever
each T, is contractive/isometric/unitary. If (G, P) is a lattice ordered group, a contractive
representation 7' : P - B(H) is Nica-covariant if whenever p,q € P satisfy pA g =0, we
have T, Ty = T;T,, so T, and T; not only commute, but *-commute [66]. If V': P - B(H)
is an isometric representation, V' is Nica-covariant if and only if

VoV VoV = VgV

pvgq:

That is, the range projections of the V,’s give a lattice homomorphism P — proj(H). A

representation 71" of Z" is Nica-covariant if and only if the generators 71, ...,7T,, *-commute,
and in this case we can find a simultaneous dilation to isometries Vi,...,V,, which yield
an isometric Nica-covariant representation V' that dilates 7" [18, Theorem 2.5.10]. More

generally, for any lattice ordered abelian semigroup P, any contractive Nica-covariant
representation 7' : P — B(H) has an isometric Nica-covariant co-extension. For any lattice
ordered abelian semigroup P, Li [60] showed that any Nica-covariant representation T :
P - B(H) extends to a completely positive definite function on the whole group, and so
T co-extends to an isometric Nica-covariant representation of P by [18, Theorem 2.5.10]
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Let (A, a, P) be a dynamical system over an abelian semigroup P. A covariant pair
(m,T): (A, P) > B(H)

consists of a *-homomorphism 7 : A - B(H), and a representation 7' : P — B(H), such
that, if ae A and pe P,
7(@)Ty = Tym(ay(a)). 23)

We say (m,7T) is unitary/isometric/contractive/Nica-covariant when T is so. Let
F be a sufficiently well behaved family of representations of P on Hilbert space (cf. [18,
Definition 2.1.1]). For our purposes, F is always one of “un” (unitary representations),

[{3P}] [1P%hi

is” (isometric representations), “c” (contractive representations), or when P is a lattice
ordered abelian semigroup, “nc” (Nica-covariant representations).

The semicrossed product
AxT P

is an operator algebra defined by the following universal property [, Section 3.1]. There
is a covariant pair (i,v) : (A, P) - A xZ P such that whenever (7, T) : (A, P) > B(H) is
a covariant pair with 7" € F, there is a unique completely contractive homomorphism

axT:Ax2 P - B(H) (2.4)

with (7 xT)oi=m and (m xT)owv =T. Concretely, A xZ P is densely spanned by formal
monomials v,a, for p e P and a € A, which satisfy the relation

(vpa) - (v40) = vprgay(a)b.
Indeed, one can construct A xZ P by starting with the algebraic tensor product
C[P]o A,
defining a multiplication relation
(3, ®)- (3, ®b) = 5yq ® (g (a)D).
and completing in the universal operator algebra norm defined by
| X| == sup{H(w x T)(")(X)H ‘ (7,T) is a covariant pair with T € F},

for any X € M,(C[P]® A). Here m xT : 6, ® a = Tpm(a) defines a homomorphism on
C[P] ® A. When the action « is clear, we usually just write A x7 P. We do not omit F,

because it is standard that
Axy, P:=AxS P
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always denotes the contractive semicrossed product. Note that commutativity of the op-
eration in P is used to prove the multiplication on C[P] ® A is associative.

We are primarily interested in the Nica-covariant semicrossed product A x%¢ P, when
(G, P) is a lattice ordered abelian group. By [I8, Proposition 4.2.1] and [60], A x* P is
also universal for isometric Nica-covariant pairs, and these completely norm the algebra
Axne P In fact, there is a distinguished isometric Nica-covariant pair for any pair (A, P).
Let m : A - B(H) be any completely isometric representation. Define a pair (7,V) :
(A,P) > B(H®/??*(P)) by

T(a)(x®d,) =a,(a)r®d,, Vi (r®73,) =2 py.

Then (7,V) is an isometric Nica-covariant pair, and we call 7 x V : A x%¢ P - B(H)
the Fock representation (induced by ) for A x»¢ P. By [18, Theorem 4.2.9], any Fock
representation is completely isometric. This is a key tool which makes it easy to prove that
A xn¢ P embeds completely isometrically into a crossed product.

Let G be an abelian group and (B, 8, G) a C*-dynamical system over . In this chapter,
we use the nonstandard convention that the crossed product B x5 G is the universal C*-
algebra generated by monomials

uga, geG,aeB
satisfying uga - upb = ug,nBn(a)b, or when B is unital,

uyaug = By(a).

Usually one takes the convention that ugau} = B4(a). This backwards convention is only
valid because G is abelian, so g ~ u; defines a unitary representation of GG. Clearly this
construction is isomorphic to the usual crossed product, so we lose no generality. What we
gain is an alignment with the semicrossed covariance relations (2.3) and (2.4). Indeed

BxsG2Bx§"G=Bx3G

is also a semicrossed product, and a C*-algebra with the obvious *-structure. As with
semicrossed products, we usually write B x G when the action [ is clear.

Generally, for any dynamical system (A, «, P), the semicrossed product A xZ P is a
(non-selfadjoint) operator algebra, even when A is a C*-algebra. Let A be any operator
algebra. A C*-cover p: A — B for A consists of a C*-algebra B, and a unital completely
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isometric homomorphism ¢ such that B = C*(¢(A)). The C*-envelope C(A) is a co-
universal or terminal C*-cover ¢ : A - C*(A). That is, whenever ¢ : A - B is a C*-cover,
there is a *-homomorphism 7 : B — C*(A) such that

A—2 s B

Nk

Ce(A)

commutes. The homomorphism 7 is necessarily unique and surjective. The C*-envelope
exists and is unique up to a *-homomorphism fixing A [12]. In fact, it can be produced
from any C*-cover. If o : A - B is a C*-cover, a boundary ideal I < B is an ideal such
that the quotient map ¢ : B — B/I is completely isometric on ¢(A). Existence of the
C*-envelope implies that there is a unique maximal boundary ideal in B for A called the
Shilov ideal, and gy : A —» B - B/I is a C*-envelope for A [3].

2.3 Main results

Let (G, P) be a lattice ordered abelian group, and let (A, «, P) be a unital C*-dynamical
system over P. Our goal is to embed the Nica-covariant semicrossed product A x2¢ P into
a crossed product B x3 G. Here, A should be a C*-subalgebra of B and the action 8 of G
on A should extend or dilate the action a of P. Write

B x5 G =span{uyb|ge G, be B}.

We might hope to embed A x*¢ P in B x G via a map of the form ¢« x u, where 1 : A - B
is some unital *-monomorphism that intertwines « and 5. However, this is impossible
whenever any «, has kernel. Indeed, if a € keray, € A is nonzero, then we would require
t(a) #0, but

0=tlap(a)) = uye(a)uy.
This is impossible when u,, is unitary.

In the non-injective case, the best we can do is embed A x*¢ P into a corner of B x (.
We do this by taking a nonunital embedding ¢ : A - B. Then, p4 := ¢(14) is a projection
in B. Consequently,

upa = p = uppa
defines an isometric representation of P in the corner p4(BxG)pa. The following definition
is meant to capture a set of sufficient conditions for (¢, upa) to be a Nica-covariant covariant
pair, and give an embedding ¢ x up : A x2¢ P — ps(B x G)pa (Proposition 2.3.9).
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Definition 2.3.1. Let (G, P) be a lattice ordered abelian group. Suppose (A, «, P) is
a C*-dynamical system over P. An automorphic dilation (B, ,G) is a C*-dynamical
system (B, 5, G) together with

(1) a *-monomorphism ¢: A — B, such that
(2) for all a,be A and pe P,
1(a) B, () = t(acy, (b))

By taking adjoints we have that 3,(c(A))u(b) = t(a,(a)b). Moreover we say that (B, 3, G)
is a Nica-covariant automorphic dilation if in addition

(3) for all a,be A and g,h € G, we have
Bg((a)) Br(e(b)) = Bgnn(t(ag-gan(a)n-grn(b)))-
We call an automorphic dilation (B, ,G) minimal if

(4) t(A) generates B as a G-C*-algebra, i.e.

B=C* (U ﬁgL(A)).

geG

We are primarily concerned with minimal Nica-covariant automorphic dilations, which
satisfy all of (1)-(4). Note that if the automorphic dilation (B, 3,G) is both minimal and
Nica-covariant then property (3) above implies that

D By(A)

geG

is a *-subalgebra, and hence

B =3 Byu(A).

geG
We are also mostly concerned with the unital case.
Remark 2.3.2. Let (G, P) be a lattice ordered abelian group, and let (A, v, P) be a unital
C*-dynamical system. Suppose (B, 3,G) is an automorphic C*-dynamical system, with a

(possibly nonunital) *-monomorphism ¢: A - B. Setting pa :=¢(14), it is straightforward
to check that properties (2) and (3) in Definition 2.3.1 are equivalent to:
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(2’) For allae A and pe P,

paPp(i(a)) = lap(a)) (= Bp(e(a))pa),

and

(3%) for all g,h € G,
By(pa)Br(pa) = Byan(pa).

Clearly if (2) and (3) hold, so do (2’) and (3’). Conversely, if both (2’) and (3’) hold, then
(2) holds because ¢(a) = t(a)pa. Given a,b e A and g,h € G, using both (2’) and (3’) we
find

By(1(a))Bre(b)) = By(t(a))(By(pa)Br(pa))But(b))
= By((a)) Bonn(pa) Bu(L(b))
= Byan(Bg-gan(a)paBn-gan (b))
= Bgan(t(ag-gan(a)an-grn(D)));

showing (3) holds.

The reason we assign property (3) the name “Nica-covariant” is because in the unital
case, the identity 5,(pa)Bn(pa) = Bgan(pa) ensures that the isometric semigroup represen-
tation p — u,pa € pa(B x G)py is Nica-covariant. Indeed,

(uppa)(uppa)™ = UpP Ay, = B-p(pa).
So if (3) holds, the element (u,pa)(uppa)* - (ugpa)(ugpa)* equals
5—p(pA)ﬁ—q(pA) = B(—p)/\(—q) (pA) = ﬁ—qu(pA) = (uqupA)(uqupA)*'

In a minimal Nica-covariant automorphic dilation, the projections (,(p4) for p € P are
central and in fact form an approximate identity.

Lemma 2.3.3. Let (G, P) be a lattice ordered abelian group. Suppose (A, o, P) is a uni-
tal C*-dynamical system, with (B, ,G) a minimal Nica-covariant automorphic dilation.
Considering P (a lattice) as a directed set, the net

(Bp(pa))per

is an increasing approximate identity for B, consisting of central projections.
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Proof. Suppose p < ¢ in P. Then
5p(pA)5q(pA) = @mq(pA) = 5p(pA)-

Therefore 8,(pa) < By(pa), since both are projections. These projections are central,
because for an element of the form f,¢(a), where a € A and g € G, we have

Bp(pa)By(t(a)) = Byrgt(ag-prg(a)) = By(e(a))Bp(pa)-

Here, we have used property (3) in Definition 2.3.1 and the fact that each c, fixes 14.
Since (G, P) is lattice ordered, any element g € G is dominated by an element p = gv0 € P.
Further, when p > g, we have p A g = g and the same computation shows

Bp(pA)BgL(a) = 59L(a)‘

Thus (Bp(pa))pep is an approximate identity for S,u(A), which commutes with S e(A).
Since the automorphic dilation (B, 3,G) is minimal,

B = Z BgL(A))-

geGG

Thus each B,(pa) is central. Since the net (5,(pa)), is norm-bounded, a standard /3
argument shows it is an approximate identity on all of B. O]

The key observation is that any C*-dynamical system over a lattice ordered abelian
semigroup admits a minimal Nica-covariant automorphic dilation. In fact, we can build
one with an infinite product construction.

Definition 2.3.4. Let (G, P) be a lattice ordered abelian group, and (A, «, P) a C*-
dynamical system. We construct a minimal Nica-covariant automorphic dilation as follows.
Define the *-monomorphism
LA H A
G

by

_ ag(a) geP,
")y = {0 g4 P

Throughout, [x], or simply x, always denotes the g’th element of a tuple = € [ A. Then,
G acts on [ A by the “left-shift” §:G — End([]s A), where

[By ()] = Thrg-
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Set

B:=C* (U 59L(A)) =3 Bye(A). (2.5)

geG geG

Then, (B, ,G) is a minimal Nica-covariant automorphic dilation of (A, «, P), which we
call the product dilation of (A, a, P).

Proposition 2.3.5. The product dilation (B, 3,G) is a minimal Nica-covariant automor-

phic dilation of (A, «, P).

Proof. Given a,be A, pe P, and g € G, we compute

[1(a)Bpe(D)], = {%(a)%p(b) 920,

0 else,

which equals [¢(aa,(b))],. Thus ¢(a)B,u(b) = t(acy,(b)). So, (B,B,G) is an automorphic
dilation of (A,«, P). By (2.5), this dilation is minimal. Let a,b€ A and g,h,k € G. Then

agip(a)apsk(b) k>-gand k> -h,
0 else.

[Bye(a)Bre(b) ] = {

Because k > —g and k > —h if and only if £ > (-g) v (=h) = —(g A h), it follows that
Byt(a) Br(b) = Byant(tg-gan(@)n-grn(b)),

so the dilation is Nica-covariant. O

Remark 2.3.6. While finalizing this chapter of the thesis, the author was made aware
that the product dilation defined here was defined first by Zahmatkesh for totally ordered

abelian groups in [30], and for general lattice ordered abelian groups in [$1]. In Proposition
2.3.9, we prove that a full corner of the crossed product associated to the product dilation
is a C*-cover of the semicrossed product A x* P. Zahmatkesh proves in [31] that this same

full corner is the universal C*-algebra associated to Nica-Toeplitz covariant representations
of (A,«, P).

Example 2.3.7. It is most instructive to consider the product dilation of a unital system
in the case (G, P) = (Z,Z,). Here, we embed A in []; A via

t(a):=(...,0,0,a,a(a),c?(a),...),

the “a” occurring at index 0. Then, Z acts on [[; A by the backwards bilateral shift [.
This is an automorphic dilation, because pa = (...,0,0,1,1,1,...) and

papi(a) =(...,0,0,a(a),a?(a),...) = a(a).
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Remark 2.3.8. When A = C and P acts trivially, the product dilation (B, 3,G) is the
C*-algebra Bp that Laca and Raeburn define in [58, Section 2]. In terms of their notation,
1o =pa, and for pe P, 1, = _,(pa). Nica-covariance of the dilation Bp is seen in Equation
(1.2) in [55)].

As promised, the Nica-covariant semicrossed product A x%¢ P embeds into the crossed
product of any Nica-covariant automorphic dilation.

Proposition 2.3.9. Let (G,P) be a lattice ordered abelian group. Let (A,a, P) be a
unital C*-dynamical system. Suppose (B, [3,G) is a Nica-covariant automorphic dilation
of (A, a, P), with x-embedding v: A — B. With pa=1(14), there is a completely isometric
homomorphism

p=txupy: Ax}P - BxgG,

where (upa), = uppa. Moreover, if (B, 3, P) is a minimal automorphic dilation, then
C*(p(Axg" P)) = pa(B x5 G)pa

is a full corner of B xzG.

Proof. As shown after Remark 2.3.2, Nica-covariance of the dilation (B, §,G) ensures that
upa : P> pa(BxG)py is an isometric Nica-covariant representation of P. Further, because
pa =t(1la), ¢t maps A into pa(B x G)pa. The pair (t,up,) is covariant, as for a € A and
pePp,

t(a)uppa = upBpt(a)pa = upt(oy(a)) = uppat(op(a)).

By the universal property, there exists a completely contractive homomorphism

p=txupg: Ax" P ->ps(BxG)pr S BxG.

We have to show that ¢ is completely isometric. Fix any faithful nondegenerate repre-
sentation 7: B - B(H). As G is abelian, the left regular representation

Ux7:BxG - B(H®(G))
is faithful. Then H ® (?(P) < H ® (?(G) is a 7(B) and U(P)-invariant subspace. Let

0= 70 luencr): A~ B(H® (P)), and
V= Ulgeepy : P~ B(H ® 2(P)).
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Then, it is immediate that (o,V’) is a Nica-covariant covariant pair for (A, P), and by
definition, o x V" is the Fock representation of Ax* P on H®/¢?(P). By [18, Theorem 4.2.9],
the Fock representation is completely isometric. Let x: B(H ® (?(G)) - B(H ® (?(P)) be
the compression map. The diagram

Axnep — % s Bu@

lax\/ \LTFXU

B(H ® (2(P)) +*“— B(H ® 2(G))

commutes. As the vertical maps are complete isometries, and x is a complete contraction,
it follows that ¢ is completely isometric, as claimed.

Now suppose that (B,3,G) is minimal. We claim that the corner ps(B x G)pa is
full and generated by @(A x*¢ P). This is a full corner, because ps(B x G)pa contains
ACpaBpa, and as A generates B as a G-C*-algebra, the ideal that A generates in B x G
is everything. By minimality,

B= Z BQL(A)a

geG

so Bx (@ is densely spanned by monomials z = u,f,t(a)) for a € A and g, h € G. Given such
a monomial, as py is central in B,

PATPA = patgpaPni(a)pa
= patgpaupL(a)uppa

= (ug_pa)*(ug,pa)(unpa)*i(a)(unpa).

Here, since P is a spanning cone we have written g = g, — g_, where g, € P. Thus,
x e C*(t,ups) and pa(BxG)pa € C*(r,upa). Conversely, since (¢, up4) is a Nica-covariant
isometric pair, by [18, Proposition 4.2.3], C*(¢,up4) is densely spanned by monomials
y = (uppa)t(a)(ugpa)*, for ae A and p,q e P. Given p € P, we have

PAURPA = UpSBp(Pa)Pa = UpBpro(Pa) = Uppa,
and by taking adjoints pau, = pauspa. Then, for such a monomial y, we find

y = uppat(a)pau;,
= AP AL(@)PAUIDA = DAYDA-

This proves C*(t,upa) = pa(B x G)pa, as desired. O
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Proposition 2.3.9 asserts that pa(B x G)pa is a C*-cover of A x*¢ P. To find the C*-
envelope C*(A x»¢ P), it suffices to describe the Shilov ideal. In Theorem 2.3.14 we will
show that the Shilov ideal arises as a corner of a crossed product I x G, where I < B is
some G-invariant ideal in B.

Definition 2.3.10. Let A be an operator algebra, B a C*-algebra, and suppose there is
a completely isometric homomorphism ¢ : A - B. A (closed) ideal I < B is called an A-
boundary ideal (with respect to ¢) if the quotient map B — B/I restricts to be completely
isometric on A.

Note that if A is a C*-algebra as in Definition 2.3.10, then I is a boundary ideal if and
only if the quotient map B — B/I is faithful on A. This occurs if and only if .(A)nT = {0}.

Remark 2.3.11. It is routine to check that if (B,3,() is a C*-dynamical system, and
1< Bis a (-invariant ideal, then (B/I, 3, G) is also a C*-dynamical system. Here f,(b+1) =
Bg(b)+1 is well defined, by invariance of I. The quotient map ¢ : B - B/I is G-equivariant.

Further, suppose that (G, P) is a lattice ordered abelian group, and (B,,G) is an
automorphic dilation of (A, «, P) with inclusion ¢ : A - B. If I < B is a S-invariant A-
boundary ideal (meaning t(A)nI = {0}), then (B/I, 3,@) is also an automorphic dilation of
(A, a, P), because qu is faithful on A. Moreover, if (B, 3,G) is Nica-covariant or minimal,
then so too is (B/I,3,G), which easily follows from equivariance of q.

The following lemma summarizes that under reasonable hypotheses we can “commute”
taking quotients with either taking corners or crossed products.

Lemma 2.3.12. (i) Suppose C' is a C*-algebra, and p € C is a projection. Let J < pCp be
an ideal. If K =(J)o = CJC is the ideal J generates in C, then J = pKp. Moreover, there
1 a canonical isomorphism

Q;(mf{)(%)(wm

(i1) Suppose (B, 3,G) is an automorphic C*-dynamical system over an abelian group
G. Let I < B be a G-invariant ideal. Then the natural map BxG — (B[I) x G induces an
1somorphism

BNﬂGNE

= "G.
TnsG 17
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Proof. (i) Since J ¢ K, certainly J = pJp € pKp. Conversely, for any term ajb, for a,be C
and j € J € pAp, the product
p(ajb)p = pa(pjp)bp = (pap)j(pbp)

lies in J, since J < pCp. Thus pKp = J. Restricting the quotient map C' - C/K gives a
*-homomorphism with range (p+ K)(C/K)(p+ K) and kernel K npCp=pKp=J, so the
stated isomorphism follows.

(ii) This follows because G is abelian, and hence an exact group [12, Theorem 5.1.10].
O

Recall that when G is an abelian group, the compact dual group G has a natural gauge
action vy on any crossed product B x G, which satisfies

Y (ugb) = x(g)ugb.
Consequently, there is a faithful expectation
Eg:BxG—-BxG

with range B, defined by the formula

Ez(x) = féfyx(x) dy.
Here dx denotes integration against Haar measure.

Lemma 2.3.13. Suppose (B, 3,G) is an automorphic C*-dynamical system over an abelian
group G. Let J< BxgG be an ideal. Then J is invariant under the gauge action of G if
and only if J =1 x5 G, where I = Jn B < B is a B-invariant ideal in B.

Proof. Since G acts diagonally on the spanning monomials ugh in B x G, any ideal of the
form [ x5 G is G-invariant. Conversely, let J < B be G-invariant. Then I :=JnB< B is
a G-invariant ideal, since the action 3 is implemented by unitaries in B x3 G. Then, I ¢ J
implies I x5 G ¢ J.

For the reverse inclusion, as in Lemma 2.3.12.(ii), there is a canonical onto *-homomorphism
T: BxgG - (B[I)x;G with kernel Ix3G. Given x € J, because J is closed and G-invariant

Eg(z*x) € Jn B =1 and hence 7(Eg(z*x)) = 0. Since 7 is G-equivariant, we find
0=7(Ez(z*x)) = Eg(n(z*x)).
As the expectation Eg is faithful, 7(z) =0 and z e kerm = I g G. Therefore J = Ix3G. O
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We can now identify the Shilov ideal in C*(p(Ax"¢ P)) = pa(BxG)pa, for any minimal
Nica-covariant automorphic dilation (B, 3, G).

Theorem 2.3.14. Let (G, P) be a lattice ordered abelian group, and let (A, o, P) be a
unital C*-dynamical system over P. Suppose (B,B,G) is any minimal Nica-covariant
automorphic dilation of (A,«, P), with =-embedding v : A - B. Then, there is a unique
maximal B-invariant A-boundary ideal I < B. Further, if pa =1(14) € B and p =1 xupy :
Axlc P — BxgG is the completely isometric embedding from Proposition 2.3.9, then

pa(I %3 G)pa < pa(B xp G)pa=C*(p(Ax3° P))

is the Shilov ideal for A x"¢ P. Consequently

B
Co(Ax P = (pa+ D) (T #5G) (pa+ 1)
is a full corner of a crossed product.

Proof. Let ¢ = 1 xupy : Ax2¢ P - B xg G be the completely isometric representation
from Proposition 2.3.9. Let J < pa(B %3 G)pa be the Shilov ideal for A x4 P. Since
@(Axne P) =span{uy(a) | p € P,a € A} is invariant under the gauge action of G, it follows
that .J is also G-invariant. Let K = (B xgG).J(B »3G) be the ideal J generates in the
entire crossed product B xg G. Since J is G-invariant, so too is K. By Lemma 2.3.13, we
have K = I x5 G for some [-invariant [ < B. By Lemma 2.3.12.(i), we find

J=paKpa=pa(lxsG)pa.
Because ((A) € pa(B x5 G)pa, we also find
Inu(A)=Knu(A)=pa(Knu(A))pa=Jnu(A)={0},

since J does not intersect ¢(A x2¢ P) 2 1(A). Therefore I is a f-invariant boundary ideal.
By Lemma 2.3.12, we have a canonical isomorphism

pa(B»3G)pa

O (A xie P) =
e( « ) pA(I 3 G)pA

B
= (pa+ 1) (7 " G) (pa+1).
To see that I is the unique maximal such ideal, suppose that R < B is any [-invariant
A-boundary ideal. Then pa(R x5 G)pa < pa(B % G)pa. By Lemma 2.3.12 again,

pa(B x5 G)pa
pa(Rxg G)pa

. (pA+R)(g " G) (pa+ R).
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Then by Remark 2.3.11, (B/R, B, (7) is a minimal Nica covariant automorphic dilation. By
Proposition 2.3.9, (pa + R)((B/R) x5 G)(pa + R) is a C*-cover for A x2¢ P. By definition
of the C*-envelope, there is an onto *-homomorphism

pa(Bxg G)pa
pa(R % G)pa

which fixes Axn¢P. It follows that ps(RxgG)pa € pa(Ix3G)pa. Upon intersecting with B,
in which p4 is central, we find paR € pal. Since R and [ are S-invariant, and (S4(pa))gec
is an approximate identity in B, by Lemma 2.3.3, it follows that R ¢ I. Indeed, for x € R,

2B4(pa) = By(B-g(x)pa)

lies in B,(Rpa) € By(1) € I, and converges as a net indexed by g € G to x € R. ]

pa(Bxpg G)pa
pa(I x5 G)pa’

B
- (pA+R)(E " G) (pa+ R) — C*(A X P)

Corollary 2.3.15. Suppose (A, «, P) is a unital C*-dynamical system over a lattice ordered
abelian group (G, P). If (B,B,G) is a minimal Nica-covariant automorphic dilation of
(A,«a, P), then the C*-cover

©: Ax2 P — pa(BxgG)pa
is a C*-envelope if and only if B contains no nontrivial S-invariant A-boundary ideals.

Corollary 2.3.16. Suppose that (A, «, P) is a unital C*-dynamical system, where (G, P)
is a lattice ordered abelian group. The C*-envelope C*(Ax"¢P) is a full corner of a crossed
product of a minimal Nica-covariant automorphic dilation of (A, «, P).

Proof. To apply Theorem 2.3.14, it is enough to note that (A, «, P) has at least one minimal
Nica-covariant automorphic dilation. The product dilation (B, 3, G) from Definition 2.3.4
suffices. Then

Co(Ax PY2 (pa+ D) (T #G) (pa+ D)

and by Remark 2.3.11, (B/I, 3,G) is itself a minimal Nica-covariant automorphic dilation.
O

Remark 2.3.17. Note that when A = C'(X) is a commutative C*-algebra, the product
dilation B ¢ [],e A is also commutative. Consequently the minimal Nica-covariant auto-
morphic dilation in Corollary 2.3.16 is a quotient of the product dilation, and hence also
commutative.
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Corollary 2.3.16 extends even to nonunital systems. To show this, we use essentially
the same unitization technique as in [18, Section 4.3].

Corollary 2.3.18. Let (G, P) be a lattice ordered abelian group, and (A, «, P) a (possibly
nonunital) C*-dynamical system. The C*-envelope of Ax"¢ P is a full corner of a crossed
product associated to a minimal Nica-covariant automorphic dilation of (A, «, P).

Proof. Form the unitization A := A ® C1y, even if A is unital. Then we get a unital C*-
dynamical system (A, &, P) by setting @(a +A1;) == a(a) + A1 ; for a € A and X € C. Let
(B, 5, @) be the product dilation of (A, &, P), with inclusion ¢ : A - B.

Now define

B:=J Bu(A) = Byu(A) < B,
geG geG
and set [ := B| 5. Since A is an @-invariant ideal in A, it follows that B is a S-invariant
ideal in B. By definition, (B, §,G) is just the product dilation for (A,a, P). Using the
faithfulness of the associated Fock or left regular representations, one can prove that Ax2cP
embeds completely isometrically into A x2¢ P, and that B xg G embeds into B x5 G. Let

pi=u(1;), and let ¢ = txup; : Ax" P - p:(BxG)p; be the completely 1sometrlc
embedding from Proposition 2.3.9. A similar argument as in the proof of Proposition 2.3.9
proves that

C*(p(Axa* P)) =pi(BxsG)p;.

Thus, the corner p;(Bx3G)p; is a C*-cover for Ax»¢ P. This is a full corner of BxgG,
because it contains ¢(A) € B, which generates B as a G-C*-algebra. Let J be the Shilov
ideal for A x™ P in p;(B x G)pA Observe that Lemma 2.3.12.(i) holds even in the setting
where C' <1 C' is an ideal in some larger C*-algebra C, and the projection p lies in C. In
particular, using BxG< Bx G, and the projection p4 € Bx G, the proof given for Theorem
2.3.14 applies verbatim to show that J = p;(I xG)p; for some unique maximal S-invariant
A-boundary ideal I in B.

Let I be the unique maximal S-invariant A-boundary ideal in B. By construction of
the product dilation, we have B nt(A) = t(A). It follows that a S-invariant ideal in B is
an A-boundary ideal if and only if it is also an A-boundary ideal. Therefore I = I n B.
Identifying B/I = B/(I n B) ¢ B/I, applying Remark 2.3.11 and Lemma 2.3.12.(ii) shows
that

Ce*(AXnCP)g(pA+I~)(?>4G)(pA+[~)

is a full corner of a crossed product associated to a minimal Nica-covariant automorphic
dilation. [
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When (A, «, P) is an injective C*-dynamical system, we recover a known result that

the C*-envelope of Ax™¢ P is a crossed product of a certain minimal automorphic extension
of A.

Proposition 2.3.19. [I18, Theorem 4.2.12] Let (G, P) be a lattice ordered abelian group,
and (A, «, P) an injective unital C*-dynamical system. Then

CH(Ax"P) 2 Axs G,

where (/Nl,o?,G) is an automorphic C*-dynamical system (unique up to equivariant *-
isomorphism) satisfying A< A and &y|a = o forpe P.

Proof. Let (B, 3,G) be the product dilation for (A, «, P). Then B ¢ []; A. Let
co(G,A)={ze[]A | lim |lzq| =0} < [T A
G G

Here, by writing “limg”, we are considering G as a directed set in its ordering induced
by P, and thinking of G-tuples as nets. We will show that

[=Bnc(G,A)cB

is the unique maximal [S-invariant A-boundary ideal in B. It is easy to check it is a (-
invariant ideal. Because the action « is injective, each a, is isometric. So, if a € (71(I), we
have

0=lim [e(a),| = lina oy (a) | = lim a] = |al,
hence a = 0. Note that the second equality holds because P is a cofinal subset of G. This
proves ((A) n I ={0}, so I is a f-invariant A-boundary ideal.

Suppose J < B is any other -invariant A-boundary ideal. Let x € J € []5 A. Let € > 0.
Because B is a minimal dilation, we can choose an element of the form

Y= Z B—gb(ag)a
geF

where F' € G is finite, and a, € A, and |y — x| <. Since J is a S-invariant ideal, psfSyr(z)
is in J. However, since (B, 3, ) is a Nica-covariant automorphic dilation,

paBur(y) =D pabur_gt(ay)

geF

= Z LO‘VF—g(ag)

geF

= L(Z ozvp_g(ag))

geF
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is in t(A). Since J is an A-boundary ideal, the projection A - B — B/.J is injective, and
so isometric. Therefore

IpaBur W) = lpaBur(y) + J|

< IpaBur(y) = paber ()]
<|ly-=x| <e.

Since [pafvr(y)]p = Ypsevr for p € P, it follows that g > VF implies |y,| < €, and also
lzg| < llygll + |2 — y| < 2e. This proves that « € ¢o(G, A), so J ¢ I, and I is the unique
maximal S-invariant A-boundary ideal in B.

By Theorem 2.3.14,
* nc B
Co(Axt Py = (pa+ D) (T %5 G) (ra+ D).

However, pa = 117, 4 modulo ¢o(G, A), because p > 0 implies [pa], = 1. It follows that pa+1
is a two-sided identity 1p7, and the C*-envelope is just the crossed product (B/I) x; G.

By Remark 2.3.11, Nica-covariance of the dilation (B/I,3,G), with unital embedding
n=qr:A— B - BJI, implies that, for pe P and a € A,

Bpn(a) = (pa+1)By(n(a)) =n(ay(a)).

So, Bpn = nay,, which when we identify A = n(A) ¢ B/I, reads Bp|A = a,. Since the
automorphic dilation (B/I,3,G) is minimal, it also follows easily that

U B—/pn(A)‘

B —_—
I peP

Thus (B/I,,G) is a minimal automorphic extension of (A,«, P). Such an extension is
unique up to an equivariant isomorphism fixing A, since if

A= Ua-,(4) 2 4,

peP

with G-action & extending «, the map B_,m(a) = a_,(a) extends to an equivariant *-
isomorphism B/I = A. O

In the proof of Proposition 2.3.19, we showed the maximal [-invariant A-boundary

ideal was Bn¢o(G, A). In the case (G, P) = (Z,7Z,), this result generalizes readily to the
non-injective case.
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Recall that if A is a C*-algebra and I < A is an ideal, then
I':={aeA|bel = ab=0}c A

is also an ideal, and satisfies I n I+ = {0}. If 7 : A - B is a *-homomorphism and
a € (kerm)*, then

[r(a)] = |a+kerm| = |a+ (kerm)* nkern| = |a].
This shows 7|(kerr): is always isometric.

Proposition 2.3.20. Let (A,«,Z,) be a unital C*-dynamical system over Z,, and let
(B,B,7Z) be its product dilation. The unique mazimal G-invariant A-boundary ideal for
t(A) in B is

I =Bncy(Z, (kera)*).

Consequently,

O;(AXZCP)E(]?A-FI)(? XgG)(pA‘i‘I).

Proof. Because (ker ) is an ideal in A, it follows easily that I is a S-invariant ideal in
B. Suppose a € A with «(a) € I € ¢o(Z, (kera)*). Then, each a”(a) € (ker a)t. Because «
is isometric on (ker )*, one sees that [a"(a)| = |a| by an easy induction on n, and so

0= lim Jo(a), | = lim |0 (a)] = lim [a] = Ja].

Thus ¢«(A)n I ={0}.

Suppose J < B is any S-invariant boundary ideal for A. The same argument as in the
proof of Proposition 2.3.19 shows that all tuples in J vanish at +oco. So, it suffices to let
x € J and prove each z, € (kera)*. If b € ker o, then

') = (...,0,0,b,0,0,...).

So,
Bg(z)e(b) = (...,0,0,240,0,0...) = t(z4b) € L(A) nJ = {0}.

Since ¢ is injective, x40 = 0, and this proves each z, € (kera)*. So, J ¢ I. Therefore [ is
the unique maximal S-invariant A-boundary ideal in B, and Theorem 2.3.14 applies. [l
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Example 2.3.21. Proposition 2.3.20 does not generalize so readily to the case P = Z7.
Consider the unital C*-dynamical system (A, «,Z2), where A = C? and the action is
determined by generators by

ap(a,b,c) = (a,c,c),
as(a,b,c) = (c,b,c).

This is the unitization of the nonunital system (C® C,a?,Z2), where o?(a,b) = (a,0) and
a(a,b) = (0,b). Reviewing Proposition 2.3.20, we might expect

Bneo(Z,R) ={be B|b, € R}, and liIZr%bg =0},
ge
for R, = ker a; nker as, to be the unique maximal -invariant A-boundary ideal. However,

this fails to even be a boundary ideal, since here R, = {0}, and for any element = = (a,b,0) €
A, the tuple

0 0 0 0 ---\
| 0 b0 06,0 (050
W= 0 (ao0) o 0
0 (a,0,0) 0 :

lies in Anco(Z, RL) = 1(A)neo(Z,A). A correct description of the Shilov ideal in the case
P =77 is more complicated, and follows as described in Section 2.4. See Section 2.5 for
more discussion in the case P = Z"7.

2.4 Explicit computation of the Shilov Ideal

Throughout this section, let (G, P) be a lattice ordered abelian group, and let (A, a, P)
be a unital C*-dynamical system. Also, let (B, 3, G) be the product dilation for (A, a, P),
with inclusion ¢ : A - B ¢ [[z A, as in Definition 2.3.4. By Theorem 2.3.14, B contains
a unique maximal ideal I which is both S-invariant and an A-boundary ideal (does not
intersect ¢(A)). In this section, we will explicitly describe I. The following construction
of I was inspired both by the construction in [18, Section 4.3], and the construction of
Sehnem’s covariance algebra in [72, Section 3.1].

Definition 2.4.1. Define the following ideals.
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(1) Given a finite subset F' ¢ G, let

K= kerago<d A
geF
g£0

be the ideal of elements vanishing under the action of any strictly positive part of

an element in F'. Here we take the convention that the empty intersection yields
Kp = A.

(2) For F' c G finite, let
Jr=Kp< A
be the annihilator of Kp.

(3) For F c @ finite, define

Ip={beB|byje Jp_g4 forall ge G} < B.

(4) Finally, set
I:= U Ir < B.

Fc@ finite

It is straightforward to check that if F' € F” are finite subsets of GG, then Kr 2 Kpr, and
hence Jg € Jg. Consequently Ir C I, so {Ir | F € G finite} is a directed system of ideals,
and so [ is indeed an ideal in B. Further, it’s just as straightforward to show that for any
g € G, and any finite F' ¢ GG, that

ﬁg(IF) =Ip.
It follows that I = Up Ir is a S-invariant ideal.
Theorem 2.4.2. Let (A,«a, P) be a unital C*-dynamical system over a lattice ordered
abelian group (G, P), with product dilation (B, 3,G).The ideal I <1 B from Definition 2./.1

is the unique maximal B-invariant A-boundary ideal in the product dilation (B, 3,G). Con-
sequently,

Co(Ax PY= (pa+ D) (5 236) (pa+ D)

1s a full corner of a crossed product.

For clarity, we break the proof of Theorem 2.4.2 into lemmas. Our first lemma is a
verification that [ is indeed a [-invariant A-boundary ideal.
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Lemma 2.4.3. The ideal I satisfies t(A)n 1 ={0}.

Proof. Since I = U Ir is an inductive union of ideals, it suffices to prove Ir nt(A) = {0}
for every finite F' ¢ G. Suppose for a contradiction that there is some finite Fy € G, and
some nonzero ag € A~ {0} with ¢(ag) € Ir,. By definition of I,

1
0+ ag = L(CL())() € JF() = K}lpo = ( m keI'Oégvo) .
g¢Fp
g£0
Since ag # 0 and Kpg, n K, = {0}, the element ag is not in Kg,. So, there is a g € Fy with
gv0>0 and ag(ag) #0.

Set ay = agyo(ap) # 0. Since t(ag) € Ip,, it will follow that ¢(a1) = tayvo(ap) lies in Ip,
where
Fi:={h-gVvO0|heFyhtg}cFy-gVvO.

Because g— g Vv 0 lies in (Fy—gVv0) N Fy, we also have |F| < |Fp| strictly. But then, because
a; +0 and ¢(ay) € Iy, we may repeat the same argument to find a nonzero as € A and an
F> ¢ G, with t(as) € I, and |F3| < |Fy|. Continuing recursively, we find an infinite sequence

|Fol > [Fy| > [F3| > -
of finite subsets of GG, and each Ir, nt(A) # {0}. This is absurd, since eventually such a
sequence must terminate at @, and Iy = {0}. This proves Ir nt(A) = {0}.
To prove that t(a;) € I, as needed in the paragraph above, it suffices to note that for

any p € P, that

Kpy-gvo-p = ﬂ ker ov(p-gvo-pyvo
hEF()
h—gv0-p#0
> () ker Qk—pyvo = K _p.
kEFl
k-p£0
This is because if h € Fy with h—gv0-p¢£0, then
0<(h-gv0-p)voO
<(h-gv0)vO0
=hvgv0-gvO.
Therefore hv g # g and h ¢ g, so in fact h—gv 0 € F;. Knowing this, for any p € P, we have

L(al)p = O‘gv0+p(a0) € Jr—gvo-p € JF-p;

proving t(ay) € Ip,. O
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To prove Theorem 2.4.2; it will be very helpful to identify B as a direct limit over
certain finite subsets of G.

Definition 2.4.4. [18, Section 4.2] Let (G, P) be a lattice ordered abelian group. A subset
F c G is agrid if F is finite and closed under v.

Since any finite subset F' of GG is contained in a grid, found by appending all joins of finite
subsets of F, the set of all grids in G is directed under inclusion and G = U{F < G grid}.

Lemma 2.4.5. The product dilation B is an internal direct limit

B=_ U Br
FcG grid
of C*-subalgebras
Bp =Y B_gu(A).
geF

Proof. In fact, for any minimal Nica-covariant automorphic dilation (B, 3,G) (Definition
2.3.1), we have

B=Y 5= U Br

geG FcG grid

The subspaces Bp are always =-subalgebras, because all maps involved are *-linear, and
the multiplication formula

6—9L(a)ﬁ—h5(b) = B—(g\/h)L(agvh—g(a)ah—gvh(b))7

for g,h € G and a,b e A, implies that Bp is multiplicatively closed when F'is v-closed.

So we need only show each Bp is norm closed, and this is where we use the construction
of the product dilation. We will use induction on |F|. Certainly By = {0} is closed. Fix a
nonempty grid F' ¢ GG, and suppose whenever F’ ¢ G is a grid with |F’| < |F|, that Bg € B
is closed. Choose a convergent sequence x,, € Br, and write

I = Z B—gb(a%)v aj € A

geF

Since F'is finite, F' contains a minimal element go. By minimality of go, we have [z,,],, = a7’
Then,
90 _ 490 _
la - a | < |on - zm],
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so the sequence a?’ is Cauchy, and has a limit a% € A. Then,

Yn = Tpn — B—gob(ayglo) = Z B—gL(a%)

geF~{go}

is a Cauchy sequence in Bp.(g,}. As F'\{go} is a grid of smaller size then F', y,, has a limit
Yy € Bp. (g} € Bp. But then z,, = f_g,(ai’) + y,, converges to

B_got(a%) +y € Bp.

So, Br is closed, finishing the induction. n

The next lemma offloads a technical step in the proof of Theorem 2.4.2. The point is
that, when F' ¢ GG is any grid, and a € A, the entries of the tuple «(a) € B ¢ [][o A are
realized by an element of Br for “large enough” g € G.

Lemma 2.4.6. Let F' € G be a grid. Then there are integers cq4 € Z, such that whenever
a€A, and h > g for at least one element g € F', we have

) = an(a) - [Z oy ﬁ—gb%(a)] |

geF

Proof. It will be enough to find integers ¢, such that, for any g € F,

cg=1- Z Cp,-
heF
h<g
We can build such ¢, recursively. Choose some minimal element gy € F', and set ¢, := 1.
Assuming inductively that c,,,...,c,, have been defined, so that each g; is minimal in
F~{g0,---,9k-1}, we can set
an+1 = 1 - Z Ch

heF
h<gn+1

Note that if h € F' and h < gny1, then minimality of g,.1 implies that i appears in the list
{90,---,9n}, s0 ¢y is defined.

Completing the inductive construction, we find integers c,, g € F', with

Y=l
heF
h<g
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for any g € F'. Now, let
T:= ) ¢y Boglag(a) € Bp.

geF

Then, whenever h dominates at least one element of F,

[z]n = Z Cq [Lag(a)]h—g

geF

= ( > cg)ah(a).
e

Because F' is v-closed, U :={ge F' | g<h} is equal to {ge F'|g<VvU}. So,

Yo=Y el
geF geF
g<h gsvU

This shows that [z], = ax(a) = t(a),. Otherwise, h dominates no element of F' and
[B-gtag(a)]n = [tag(a)]n-g = 0 for each g € F, so [z], = 0. O

Proof of Theorem 2.4.2. From Lemma 2.4.3, we already know that [ is a f-invariant A-
boundary ideal. So, it remains to prove [ is maximal among all such ideals. Suppose R< B
is the unique maximal S-invariant boundary ideal for A, from Theorem 2.3.14. Then I € R,
but we wish to prove I = R. Since B = U{Bp | F grid} is a direct limit (Lemma 2.4.5), and
ideals in a C*-algebra are inductive, R ¢ I if and only if Rn Br ¢ I n Bf for every grid
FcaG.

We will prove Rn Br € I n Bp for every grid F by induction on |F|. This is immediate
when |F| = 0, since By = {0}. Suppose now that |F| > 0 and that if F’ is any grid with
|F’"| < |F|, then Rn Bp €I n Bpr. Choose any element

x=Y Bg(a,) € R0 Bp.

geF

Pick a minimal element gy € F. In fact, since R is f-invariant we are free to translate so
that go = 0 is minimal in F'. By Lemma 2.4.6 applied for ag and the grid F' \ {0}, we can
find an element

y= 2 ¢ Bgag(ao)

geF\{0}
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such that if h > g for any g € F' ~ {0}, then y;, = t(ag). Let

syt Y Blay)

geF~{0}

= Z B-gt(ag +cyay(ao)),

geF~{0}

so that z € Bp fo3. Whenever h € G dominates a nonzero element of F', we have [y], = t(ao)n

and so
[2]n = D [B-gt(ag)]n = []n-

geF

Otherwise, if h # g for all g € F'\ {0}, then any element w € Bp. {0y satisfies wy, = 0. Indeed
if ge F\{0} and d € A, then [S4¢(d)]n = [¢(d)]n-g = 0 because h—g # 0, and any w € Bp. o
is a sum of such terms. So, in this case [z]; = t(ag)n and [z], = 0.

We will show that x — z lies in Ir € I € R. We have

[ ] {ah(ag) h >0 and h # g for all g€ F \ {0},
r—Z|p=

0 else.
So, suppose p € P, with p # g for all g€ F'~ {0}. Let be Kr_,, so that

be (N keranwo= () keragpvo
he(F'-p)~{0} gel'\{p}

Then it follows from (2.6) that
o = 2)u(b) = B (2)e(b) = (ep(ao)b),

which, since z € R, and R is S-invariant, lies in ((A) n R = {0}. Since ¢ is injective,
ay(ag)b = 0. This proves a,(ap) = [z - 2], € Jp-p = Kf_,, so indeed x — 2z € [p S C R.

As x and x — z are in R,
Z=$—(JI—Z)€RHBF\{0}.

By inductive hypothesis, since |F' \ {0}| < |F'|, we conclude z € I n Bp o). Since x -z € I,
we find x = z + (x - 2) lies in I n B, completing the induction. O

Recall that an ideal I in a C*-algebra A is essential if it intersects every nonzero ideal
of A, or equivalently if I+ = {0}.
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Corollary 2.4.7. Let (G, P) be a lattice ordered abelian group. Let (A, o, P) be a unital
C*-dynamical system, with product dilation (B, 3,G). Then the C*-cover pa(BxzG)pa is
the C*-envelope of A x2¢ P if and only if for every finite subset F' < P~ {0},

Kp=()kera,

peF

1s an essential ideal in A.

Proof. With I < B as in Theorem 2.4.2, the product dilation yields the C*-envelope if and
only if I = {0}. But by construction, this occurs if and only if each Ir = {0}, which occurs if
and only if each K3 = {0} for any finite subset F' ¢ G, or equivalently any finite ' ¢ P. [

2.5 The case P =7".

In [18, Theorem 4.3.7], Davidson, Fuller, and Kakariadis identify the C*-envelope of a
semicrossed product A xi¢Zn by Z" as a full corner of a crossed product by Z", when
(A, a,Z7) is a C*-dynamical system. In this section, we show that the C*-dynamical sys-
tem (B/I,[3,Z") from Theorem 2.4.2 (in the case (G, P) = (Zn,Z7)) is Z™-equivariantly
*-isomorphic to the C*-dynamical system constructed in [18, Section 4.3]. It follows that
the latter system is a minimal automorphic Nica-covariant dilation of (A, a, Z7) without
nontrivial Z"-invariant A-boundary ideals, and we recover [18, Theorem 4.3.7] from Corol-
lary 2.3.15.

We now recall the construction in [18, Section 4.3]. Since our notation clashes with the
notation in that paper, we must introduce new notation. We write the standard generators
inZ} as 1,...,n. Given z = (x1,...,x,) € Z7,

supp(x):={ke{1,...,n} |z > 0}.

If z,y € Z7, we write x L y if z Ay =0, or equivalently supp(z) nsupp(y) = @. Moreover, let
xti={yeZ? |y Lx}. Let (A, «a,Z}) be a C*-dynamical system. For z € Z;,, define ideals

Q° ::( N kerai) q A,

iesupp(z)
and

Q.= [ 0, (Q7) € Q3.

yext
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Form the C*-algebra

C::@i.

n
TEZY} WX

Let ¢, : A - A/Q, be the quotient map. Since Qg = {0}, 1 := o is a *-monomorphism
A - C. For convenience, we notationally identify

A
C = — Q ey,
where e, are formal generators, as in [18, Section 4.3]. Then (C,v,Z7%) is an injective

C*-dynamical system, where the action v is determined on generators by

t(ai(a)) ®e, + quii(a) ®epy; 1L,
/YZ(Q$(G') ® ex) = " ' .
q$+i(a) ® Cx+i 1€ Supp(l‘)'

Since v;(qo(a) ® eg) = qo(;(a) ® eg + gi(a) ® ¢; has 0’th entry a;(a), the system (C,~,Z"7)
dilates (A, «,Z") in the same sense as Definition 2.3.1.

Let (C,4,Z") be the minimal automorphic extension of (C,~,Z"), from [18, Theorem
4.2.12]. This C*-dynamical system satisfies

CcC, Fle=y and C={J 7.(C).

n
TEeZT

Then, (é,’y,Z”) is a minimal Nica-covariant automorphic dilation of (A,«a,Z"). Nica-
covariance of this dilation is found in [18, Lemma 4.3.8]. The content of [18, Theorem
4.3.7] is that the natural map A x2¢Z7 — C x5 Z" is completely isometric, and via this map

Ci(Ax*Z2) = po(C % Z")py
is a full corner by the projection pg =14 ® g =n(14).

Proposition 2.5.1. Let (A,a,Z7) be a unital C*-dynamical system. Let (B,[3,7Z") be
the product dilation (Definition 2.3.4), and (C,7,Z") be the automorphic dilation defined
above. Let I <1 B be the unique mazximal S-invariant A-boundary ideal as in Theorem 2.4.2.
Then there is a Z"-equivariant *-isomorphism B|I = C that fizes A.

Proof. Define )
T > Bu(A)—>C

TeL™
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to be the unique *-linear map satisfying

W(ﬁxb(a)) = :}/:077(&)'

Note that 7 is well defined, because if F' € G is finite, and a, € A satisfy

b:= Z Bzt(ag) =0,

zeF
then each a, = 0, so such a representation is well defined. Indeed, if x( € I’ is minimal, then
byy = Ggy = 0. By replacing F' with F'\ {x¢} and recursing, we eventually find each a, = 0.
Since both (B, 3,Z") and (C,%,Z") are minimal automorphic dilations, 7 is a *-linear

map defined on a dense subalgebra with dense range. By construction 7 is Z"-equivariant.
Nica-covariance of both dilations imply that, if z,y € Z" and a,b € A,

ﬁmb(a)ﬁyb(b) = ﬁx/\yb(ax—my(a)ay—my(b))7

and identically
Fu(@)Tyn(b) = Yoy Qazny (@) yary (b))
Extending linearly, it follows that 7 is a *-homomorphism.

We claim 7 is bounded. Given an element b =3, .p Byt(a,) € X, Byt(A) as above, using
[18, Lemma 4.3.6], we find

|7 (b)] = Z Z qy(az—y(az)) ®ey

reF 0<y<x

(5 ote)

2y

<sup | 3 ey ()
YEL™ " geF
x2y

< sup
yezLy

Y

or upon swapping y with —y,

[7@) [ <sup | > ny(ar)

YeL™ zel
z+y>0

Z /Bxb(aa:)

zeF

=[]
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So, 7 is contractive. Therefore, the map 7 extends uniquely to an equivariant surjective
*-homomorphism B — C, which we denote by the same symbol. Note also that 7t =7, so
7 fixes the respective copies of A.

The result follows if we can prove kerm = . Since 7 is equivariant and isometric on
t(A) 2n(A) 2 A, kerm is a [S-invariant boundary ideal and so kerw ¢ I, by maximality of
I.

To show I ¢ kerm, by inductivity of ideals it suffices to prove
Brnly cker T,

for any grid F' € Z" (Lemma 2.4.5) and any finite subset H € Z". So, it suffices to assume
we have an element

b= Z 5mL(CL$) € IH,

zel
where F' ¢ G is finite, and prove mw(b) = 0. In fact, since 7 is Z"-equivariant, and 5,(Iy) =
Iy_g4, we are free to apply f, for any g > (-AF)v(vH) and so assume F' € Z7 and H ¢ -Z7.
Now, compute

m(b) = > Yen(az)

zeF

= Z Qy( Z aw—y(ax)) ® €y

yeL} zeF
x2y

= Z qy(b_y) ® ey

yezy

So, we must show b_, € @, for all y € Z?. Suppose that z € Z? with z L y. Then

bzfy: Z Oé:mzfy(aa:)

zeF
T+z2Y

= Z O(achzfy(aZ) = az(bfy)’

zel
x2y

since z L y implies that x + z > y if and only if x > y. Because b € I, we have

1
Oéz(b,y) = bz,y € JH—ery = ( m kera(h_z+y)vo) .

heH
hiz—y
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However, we also have

m ker o5 € m ker Q(h-z+y)VO-
iesupp(y) h};_i]fy

Indeed, if h € H with h— z+y £ 0, then since h, -z <0,
@ #supp((h -z +y) v 0) < supp(y),

50 ker av—+y)vo 2 keroy for at least one i € supp(y). Upon taking annihilators, which
reverses containment,

ozz(b_y)e( N kerai) = QY.

iesupp(y)

Therefore b_, € @, for all y > 0. So, m(b) = 0, proving I = ker . ]

Proposition 2.5.1 implies that there is a *-isomorphism
* nc 7n B n S n
Cr(Ax Z+):(pA+I)(7><Z)(pA+I)§p0(CxZ)po

which fixes the respective completely isometric copies of A x7¢ P,

2.6 Applications and examples

2.6.1 Simplicity of the C*-envelope

In the commutative case, we can give a dynamical characterization of when the C*-envelope
of a Nica-covariant semicrossed product is simple. The following definition is standard.

Definition 2.6.1. A C*-dynamical system (A, o, P) is minimal if A contains no nontrivial
a-invariant ideals.

Throughout Section 2.6.1, let (G, P) be a lattice-ordered abelian group, and let (A, a, P)
be a unital C*-dynamical system. Let (B, ,G) be the associated product dilation, with
inclusion ¢ : A - B and unique maximal S-invariant A-boundary ideal I, as in Corollary
2.3.16. The C*-envelope of A x}¢ P is a full corner of (B/I) =5 G. The following result is
an analogue of [18, Corollary 4.4.4].
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Proposition 2.6.2. The C*-dynamical system (A,«, P) is minimal if and only if the
automorphic C*-dynamical system (B/I,[3,G) is minimal.

Proof. Suppose (A, a, P) is minimal. Since P is abelian, for any p € P the ideal ker o, <1 A is
a-invariant and doesn’t contain the unit 1,. By minimality, we must have each ker a, = {0}.
Therefore the system (A, «, P) is injective. As in Proposition 2.3.19, the dilation B/I is a
minimal automorphic extension of A. By [18, Proposition 4.4.3], it follows that (B/I, 5,@)
is minimal.

Conversely, suppose (B/I, B,G ) is minimal. Suppose that J< A is a nonzero a-invariant
ideal. Let
K= Byu(J) = Z Bye(J)
geG geG

be the f-invariant ideal in the product dilation B generated by ¢(.J). Because K nit(A) =
t(J) is nonzero, and I is an A-boundary ideal, we must have K ¢ I, so the ideal

K+1
I

a4 BJI

is nonzero and S-invariant. By assumption, we must have (K + I )/I = B/I, and therefore
K +1=B. Because «(J) € K ¢ K + I, the injection ¢ induces a *-monomorphism

A B

J K+ {05
Therefore A/J = {0}, so J = A. O

Definition 2.6.3. Let ¢ be an action of a semigroup P by continuous maps on a locally
compact Hausdorff space X. Then (X, ¢, P) is a classical system. The system (X, ¢, P)
is minimal if X contains no proper nonempty closed ¢-invariant subsets.

Definitions 2.6.1 and 2.6.3 are equivalent in the commutative setting A = Cy(X), since
ideals correspond to closed subsets. In the classical setting, the following dynamical notion
is related to simplicity for crossed products.

Definition 2.6.4. Let (X, ¢, P) be a classical system. The action ¢ is topologically free
if for any p,q € P with p # g, the set {z € X | p,(z) = ¢,(x)} has empty interior.

Now suppose A = C'(X) is a commutative unital C*-algebra. Here X is a compact Haus-
dorff space. Let (B, 3,G) be the associated product dilation, with inclusion ¢: A - B, and
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unique maximal S-invariant A-boundary ideal I. By Remark 2.3.17, B and B/I are com-
mutative. The C*-dynamical systems (A, «, P) and (B/I, 3, @) arise from classical systems
(C(X),¢, P) and (Co(Y),,G) via the usual duality for commutative C*-algebras. The
author is grateful to Evgenios Kakariadis and to the referee for suggesting the following
variant of [18, Corollary 4.4.9].

Proposition 2.6.5. With notation as above, the following are equivalent.

(i) The system (X, ¢, P) is minimal and o, # @, for all p,q € P with p # q.
(ii) The system (Y1, G) is minimal and topologically free.
(iii) The crossed product Co(Y') %y, G is simple.

(iv) The C*-envelope C(C(X) =€ P) is simple.

If any of the above hold, then Y is compact, C(Y') is a minimal automorphic extension of
C(X), and
CIC(X)xzt P)=C(Y) =y G

1 a crossed product.

Proof. The equivalence of (ii) and (iii) for an amenable group G is a standard result of
Archbold and Spielberg [1, Corollary]. Because C7 (C(x¢P) is a full corner of C(Y') %y G,
items (iii) and (iv) are equivalent.

It therefore suffices to prove (i) and (ii) are equivalent. If the system (A, «, P) is injec-
tive, then Proposition 2.3.19 implies that (B/I, 3, G) is a minimal automorphic extension
of (A,a, P), and that the C*-envelope is the associated crossed product. In this case,
Co(Y) = B/I is unital, so Y is compact. When (A, «, P) is injective, (i) and (ii) are shown
to be equivalent in [18, Theorem 4.4.8]. However, minimality of (A, «, P) implies that this
system is injective as in Proposition 2.6.2 above. Using Proposition 2.6.2, either (i) or (ii)
implies (A, «, P) is minimal, so the result follows. ]

If Proposition 2.6.5 holds, then the simplicity of the C*-envelope implies that any proper
ideal in a C*-cover of C'(X) xI¢ P is a (C(X) x¢ P)-boundary ideal.
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2.6.2 Direct limits of subgroups

Given a lattice ordered abelian group (G, P), we call H € G a sub-lattice ordered group
of G if H is a subgroup closed under v and A. (In fact, the identity g+ h=gVvh+gAh
shows that it is enough to assume closure under at least one of v or A.) For any sub-lattice
ordered group, (H, H n P) is itself a lattice ordered abelian group. Suppose (A, «, P) is a
C*-dynamical system, and set () := H n P. By the universal property, there is a natural
homomorphism A xg‘f@ Q) - A x3¢ P induced by the inclusion P ¢ ). By [18, Theorem
4.2.9], the Fock representation is completely isometric on any Nica-covariant semicrossed

product. Suppose A acts faithfully on a Hilbert space K, then A ngQ @ acts faithfully on
K ® (2(Q). Then the diagram

Axre P —— B(K ®(2(P))

[ !

Ax Q — B(K®(Q))

commutes, where the right-hand map is compression to K ® (2(Q) ¢ K ® (?(P). As the
bottom map is completely isometric, it follows that the natural map

AXETQQ_’AXECP

is completely isometric. Moreover, if G' = Uyca G is an internal direct limit of sub-lattice
ordered groups G € G, then it follows that

AxRC Pz li_n>1A XZTPA Py,
AeA
is a direct limit. Here, Py := G, n P. Upon identification, we think of
Axp=JA XZTPA P,
AeA

as an internal direct limit. The next result is that the respective product dilations (Defi-
nition 2.3.4) over P, embed just as nicely.

Proposition 2.6.6. Let (G, P) be a lattice ordered abelian group. Let (A, «, P) be a C*-
dynamical system, with product dilation (B, ,G).

(1) Suppose H ¢ G is a sub-lattice ordered group. Setting Q@ = Hn P, let (C,~,H)
be the product dilation for (A,alg,Q). Then C embeds into B via an equivariant
*-monomorphism fixing A.
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= Uxea G, Jor sub-lattice ordered groups Gy, let N O, Gy) be the product
2) If G = Uxepr G, fi b-lattice ordered G, let (By, Br,Gy) be the prod
dilation for (A, ay, P\), where Py := G\nP and a = a|p,. Then up to identification,
we have
Bz By hmB/\

Proof. As in the proof of Proposition 2.5.1, there is a well defined *-homomorphism 7 :
> gec Bgn(A) - B with (Bu)gn(a) = By(a). Here t: A - B and n: A - C are the usual
inclusions. Then, (1) follows if we can prove 7 is isometric. Let

b= Z 5—9L(ag)7

geF

where F' ¢ H is finite and a4, € A. Then

Z V—gLH(ag)

geF

= Ssup ” Z O‘h—g(%)H
eF

heH g
g<h

<sup|| 3 ascg(ag)| = 7).
keG " geF
g<k

o] =

Conversely, given k € (G, since H is v-closed we have

lgeFlgski={geF|g<hj
where h:=v{ge F|g<k}eH. Then,

Ir @)1l = || X cng(ay)

geF
g<k
= osen( 3 enestan))|
geF
g<h

= llatk-n (br) || < on] < [0
So, |7(b)|| = |b] and 7 extends to a *-monomorphism.

For claim (2), it follows from (1) that each B, embeds in B. By minimality,

B = Z Ber(A) = Z Byt(A) = Ba,

geG AeA geGy AeA

as claimed. n
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Since the embedding in Proposition 2.6.6 is equivariant and fixes the copy of A, and
since all groups involved are abelian and so exact, we also get a *-embedding

B X8, G,c B Xg G.
This embedding restricts to the natural embedding A x*¢ Py ¢ A x1¢ P. Moreover

BXIBGE UBANBAG)\
AeA

is again a direct product. It’s then tempting to ask when this result still holds after passing
to quotients by Shilov ideals. That is, when is

Cr (A P) =lim C; (A x5 P))?
AeA

This does occur for surjective systems over totally ordered groups.

Proposition 2.6.7. Let (G, P) be a totally ordered abelian group, and suppose that (A, a, P)
is a unital surjective C*-dynamical system.

(1) Let H ¢ G be a subgroup, and set ) := Hn P. Let (B,3,G) (resp. (C,v,H)) be
the product dilation for (A,a, P) (resp. (A,alg,Q)). Let I (resp. J) be the unique
mazimal G-invariant (resp. H-invariant) A-boundary ideal in B (resp. C). After
identifying C ¢ B, we have that

J=InC.

(2) Suppose G = Uxea Ga is a directed limit of subgroups. If (B,B,G) (respectively
(B, By, Gr) ) is the product dilation for (A, «, P) (resp. (A, ay, Py) = (A, ax, GA\nP)),
and I<1 B and I\< By are the respective unique mazimal B or By-invariant A-boundary
ideals, then I =1n By and

[=UL.

AeA

Proof. To prove (1), we use Proposition 2.6.6 to identify C' € B. Since [ is a G-invariant
A-boundary ideal, InC'is an H-invariant boundary ideal in C. So, In By ¢ J. Conversely,
suppose x € J. By Lemma 2.4.5, and inductivity of ideals, it suffices to assume x has the
form

2= Bgu(ay) e ISP ={yeClyneJs < Aforall he H}

geF
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for some grid F' ¢ H ¢ G, and some finite subset S ¢ H. We will prove

rels={yeB|y,eJs g, foral geG}cl.

Let g € G, and
be Kg_g= ﬂ ker av(s_g)vo = m ker cvs_yg.
seS seS
sty 5>9
The second equality is where we use the assumption that G is totally ordered. As in the
proof of Proposition 2.6.6.(1), we find

Ty =g n(Th),
where

h=\/{ke FuS|k<g}eH.

Since the action « is by surjections, we can write b = a,_p(c) for some c € A. Then because
be Kg_g, it follows that
ce (N kerasp = Kg_p.
seS
s>h

Because z € IéH), we conclude zpc =0, so x40 = oy (xpc) = 0. Thus z € Ig € I, as needed.

Claim (2) follows because from (1) and the identification B = Uy By (Proposition
2.6.6.(2)), because in this case inductivity of ideals implies

I=JInB,.
AeA

But by (1),]ﬂB>\:[>\. L]

Corollary 2.6.8. Suppose (G, P) is a totally ordered group with G = Uyep G, for subgroups
Gyx. If (A, a, P) is a surjective unital C*-dynamical system, then

Co(Axp® P) =lim CZ (Axgr, Py),

alp,
AeA

where Py =Gy n P.

Corollary 2.6.8 applies to the totally ordered group (Q,Q, ), where we can decompose
y/

n>1 n'

Q=
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as a direct limit of an increasing sequence of totally ordered subgroups. More generally, it
applies to any subgroup of R which is built as a union of an increasing sequence of cyclic
subgroups, such as the dyadic rationals. It is not clear that one can obtain Corollary 2.6.8
in vacuo without the explicit description of the Shilov ideal from Theorem 2.4.2.

The following examples show that the hypotheses of surjectivity or total ordering of G
cannot be dropped from Proposition 2.6.7.

Example 2.6.9. Define an action ¢ of R, on [-1,1] by the continuous maps

@ (t) = {t’ 7=

elt|, x>0.

Then ¢ is a semigroup action, which is jointly continuous away from x = 0 € R,. This
induces an action « of R, on A = C([-1,1]) by *-homomorphisms

i (f)=fowp:

For any z > 0, ¢, is not injective, and so «, is not surjective. Indeed, for any f € C([-1,1]),
a,(f) is an even function.

Restrict a to get C*-dynamical systems (A, «,Z,) and (A, «,Z,/2). Build the product
dilation (B, 8,Z/2) for (A, «,Z,/2). By Proposition 2.6.6.(1), we can identify the product
dilation for (A, a,Z,) as the C*-subalgebra

Bl = Z ﬁnL(A)

nez

We will show that the unique maximal -invariant boundary ideal I; for A in (B, 5,7Z) is
not a subset of the unique maximal boundary ideal I < B in (B, 3,Z/2). By Proposition
2.3.20, we have

I= {.7: €eB ‘ Ty € (kerayyp)* for all n € Z, and lim z,, = 0},

and
I, = {x € B; | x, € (kerag)* for all n € Z, and lim z, = O}.

n—oo

Suppose that we had I; € I. Then it would follow that

a1z ((ker 041)L) c (keraqp)*.
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To prove this, suppose a € (kerag)*t. Then

a-By(ai(a)) ey,

so by assumption a — 8_1¢(c;(a)) € I. Then

[a—B-1t(or(a))]ije = aqja(a) € (ker oy ye)*.

However, in our case, for x > 0,

kerag = {f € A flio.= =0} .

So,
(keray)" = Co((0,e7)) = {f € A|supp(f) € [0,e7]}.

We certainly cannot have
041/2 (C()((O, 6_1))) c Co(o, 6_1/2),

because ayjs(f) is always an even function and ay/, # 0. For instance, f(z) = max{z(1 -
ex),0} satisfies
feCo(0,e7) and  aypa(f) ¢ Co(0,e71?),

because o 2(f)(—e71/2/2) = f(e'/2) > 0. So, we cannot have I; ¢ I and the conclusion in
Proposition 2.6.7.(1) fails for the sub-lattice ordered group Z < Z/2 when « is not surjective.

Example 2.6.10. Proposition 2.6.7.(1) fails in the case H =Z® {0} c Z & Z = G, even for
surjective actions. Take any C*-dynamical system (A, «,Z?). Using the same notation as
Proposition 2.6.7, let C' and B be the respective product dilations for (A, a,Z, ®{0}) and
(A,a,7Z2). Let J and I be the respective unique maximal invariant A-boundary ideals in
C' and B. As in Proposition 2.6.6.(1), identify C'c B. Then, suppose for a contradiction
that Jc 1.

As H 2 7, Proposition 2.3.20 gives

J = {x eBc HA T € (keraq)* for all n € Z, and lim x(, ) = 0}.
ZQ n—o00

Therefore, if a € (ker ay)*, we have

r=u(a) - g (a) € J.

20



Given € > 0, there is a finite subset F' € Z? and an element y € Ir with |z - y| <. Since
{Ip | F ¢ G finite} is directed, we are free to enlarge F' so that (1,1) € F. Set

k=max{m|(n,m) e F}.

Then for j > k, we have

1
?J(OJ)G( M kem(n,mj)vO)

(n,m)eF
(n,m=j5)£0

1
=( N kera?) c (kerap)”,
(n,nzg)eF

SO
dist(od(a), (kerag)*) < |z -y <.

This proves that for any commuting unital endomorphisms «y, s € End(A), and any
a € (kerap)*t, that

lim dist(a(a), (ker a;)*) = lim |ad(a) + (kera;)*| = 0. (2.7)
j—o0 j—o0

However, the identity (2.7) fails in general. Let X =[0,1] x[0,1] and A = C(X). The
two injective continuous maps @1, @9 : X - X defined by

] st
t)==,¢ ===
alh=(54)  wn=(55)
commute and define surjective *-endomorphisms «; € End(A), where «;(f) = f o ¢, for
1=1,2. Then

(ker an)* = Cp([0,1/2) x [0,1]), and
(ker ap)* = Cy([0,1/2) x [0,1/2)).

Pick any f € (kera;)* with f(s,t) = 1 whenever s € [0,3/8]. Then we have o(f)(3/4,0) = 1
for any 7 > 1. So,

lad(f) + (ker a1)* | = o (H)lp2nixgon] 2 1
for all 7, and (2.7) does not hold. We conclude that Proposition 2.6.7.(1) fails for the
surjective system (A, a,Z2) = (C(X),a,Z2), with the sub-lattice ordered group H = Z &
{0} cZ2.
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Chapter 3

Jensen’s Inequality for separately
convex noncommutative functions

3.1 Introduction

Noncommutative convexity is now an exciting and developing toolbox for use in operator
algebras and functional analysis. Wittstock [79] introduced the central notion of a matrix
convex set. The main idea is that matrix convex sets are graded by matrix levels, and
include points at each level. Here, the classical notion of “convex combination” Y, t;z; is
replaced with a “matrix convex combination” ) ; o x;cv;, where the “points” x; are matrices
of possibly different sizes, and «; are rectangular matrices satisfying ); aXa; = I. Matrix
convexity is a more natural notion for the study of operator algebras, where the study
of structure at all matrix levels via completely positive or completely bounded maps is a
central part of the theory. In fact, Webster and Winkler [77] showed that the category
of compact matrix convex sets is contravariantly equivalent to the category of operator
systems, so matrix convex sets faithfully encode the information of any operator system.

The theory of matrix convex sets contains many noncommutative analogues of clas-
sical facts in convexity and Choquet theory. For instance, Effros and Winkler [32] gave
noncommutative analogues of the Hahn-Banach Separation Theorem and Bipolar Theo-
rem. A persistent difficulty in matrix convexity was the search for the right notion of
extreme point and a working Krein-Milman theorem. A fully realized version of a Krein-
Milman type theorem in matrix convexity was given by Webster and Winkler in [77].
Recently, Davidson and Kennedy [26] obtained new results by working in a framework
of noncommutative-or “nc”, convex sets, obtaining a Krein-Milman theorem and even
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a noncommutative Choquet-Bishop-De Leeuw Integral Representation Theorem. Their
Krein-Milman theorem is stronger in the sense that it requires fewer extreme points, but
finding any and all of their “nc extreme points” requires considering infinite matrices.

A key ingredient in Davidson and Kennedy’s framework is that one needs to include
infinite matrix levels, and we refer to such convex sets as “noncommutative” or “nc”
convex sets as opposed to “matrix” convex sets. Closed nc convex sets are determined
by their finite levels [26, Proposition 2.2.10], so in a sense the two theories contain the
same information. Using the dual equivalence to the category of operator systems, the
nc extreme points in the nc convex set of nc states on an operator system S correspond
exactly to boundary representations in the sense of Arveson [3]. Through this lens, the
long search for sufficiently many boundary representations of S dualizes to a search for
sufficiently many nc extreme points. Dritschel and McCullough [31] used maximal dilations
to obtain enough boundary representations to produce the C*-envelope. Building on their
techniques, Arveson [5] (for separable S) and Davidson and Kennedy [25] (for general S)
showed that the boundary representations completely norm S. Then, having the language
of nc convexity in place, Davidson and Kennedy’s Krein-Milman theorem [206, Theorem
6.4.2] can be viewed as a dual version of [25, Theorem 3.4].

Sufficiently many boundary representations may not exist at finite levels, and so a
compact nc convex set may not have enough nc extreme points at finite matrix levels to
generate the whole set. For instance, if S is a C*-algebra, then boundary representations
are just irreducible representations, and S may have no finite dimensional representations
whatsoever. So, in Davidson and Kennedy’s framework one is forced to include infinite
matrix levels for large classes of duals of operator systems to be able to recover all infor-
mation.

On matrix or nc convex sets, classical functions are more naturally replaced by non-
commutative functions. Usually, one requires an nc function to be graded along matrix
levels, to preserve direct sums, and respect similarities either by arbitrary invertible ma-
trices, or just unitary equivalences. The theory of similarity invariant functions parallels
complex analysis, because similarity invariant nc functions turn out to be automatically
analytic. See [53] for a detailed treatment. Studying the notion of convex nc functions
requires selfadjoint-valued functions, so that there is an ordering on the codomain. Because
similarities don’t preserve selfadjointness, we instead only require our nc functions in this
context to be unitarily invariant.

If X is a (classical) compact convex set, any convex function f : X — R satisfies Jensen’s
inequality

foar(u) < [ fdp
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for any probability measure p € Prob(X). The barycenter bar(u) is the unique point in
X that satisfies p(bar(u)) = [ ¢ dp for every affine function ¢ : X — C. In fact, Jensen’s
inequality characterizes convexity, because we can take u to be a convex combination of
point masses.

In [26, Section 7], Davidson and Kennedy show that a noncommutative convex function
[+K=JK(n)->M=JM,(C)

satisfies the Jensen inequality
f(bar(p)) < p(f)

whenever p is a ucp map C(K) - M, defined on the C*-algebra C'(K) of continuous nc
functions on K. Here, the barycenter bar(u) of p is the unique point in the kth matrix
level K (k) of K that satisfies a(bar(u)) = pu(a) for all nc affine functions a on K.

This noncommutative Jensen Inequality sheds some light on classical operator convex-
ity. A function f: I — R defined on some interval I € R is operator convex if its associated
functional calculus defines a convex function, i.e. if

A=z +ty) <(1-1)f(2) +f(y)

for all t € [0,1] and all selfadjoint matrices x,y with spectrum in I. Hansen and Peder-
sen [13] demonstrated that operator convexity is equivalent to a noncommutative Jensen
inequality. Hansen and Pedersen’s characterization can be obtained as a special case of
Davidson and Kennedy’s nc Jensen Inequality, by restricting to the case where

K =MIN(I) = {z e Lﬂ)Mga |o(z) <1}

is the unique minimal compact nc convex set with first level MIN(7)(1) = I, see [17, Section
4]. Operator convexity for multivariate functions is more delicate. For instance, Hansen
[11] established a multivariate nc Jensen inequality for an operator convex function f of
two variables, but this inequality is more technical and can’t be simply obtained from
Davidson and Kennedy’s inequality by working in MIN(/ x J), because on this domain an
nc function may not be determined entirely by its first level.

3.1.1 Main results

Our main result is a fully noncommutative analogue of the following classical fact (see
Proposition 3.4.2). Let Xi,..., X  be compact convex sets, and let f: X; x---x X; > R
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be a separately convexr function, meaning f is convex as a function in any one variable as
long as all other variables are fixed. This is a much weaker assumption than convexity
of f. For instance, the function f(z,y) = zy on R? is linear and hence convex in each
variable separately, but fails to be “jointly” convex in both variables (cf. Example 3.4.1
and its noncommutative version in Example 3.4.5). Then the function f satisfies the Jensen
inequality

f(bar(p)) < fdu

X1 ><---><Xd

for any product measure of the form g = py x -+ x pg, where u; € Prob(X;). In fact, this
characterizes separate convexity of f.

We are interested in convex nc functions of multiple variables. Therefore, in Section
3.3 we first study nc convex sets of the form K; x --- x K4, where K; are compact nc
convex sets, and the product is taken separately at each matrix level. By the categorical
duality between compact nc convex sets, each compact nc convex set K; corresponds to
the operator system A(K;) of continuous nc affine functions on K;. Because K; x -+ x Ky
is the categorical product, it follows from the equivalence of categories that (Proposition
3.3.1)

A(Kl X ees X Kd) = A(Kl) D1 - Dy A(Kd)

is the categorical coproduct of the associated operator systems. This is the “unital direct

b}

sum

SeT
Se, T =
1 C((15,0) - (0, 10))
constructed by Fritz in [37].
Davidson and Kennedy [26, Section 4.4] showed that if K is a compact nc convex set,

the operator system A(K) of continuous nc affine functions generates the C*-algebra C'(K')
of (point-ultrastrong-=) continuous nc functions on K, and that

C(K) = Crax(A(K))

is in fact the maximal C*-algebra. By comparing the right universal properties, it follows
(Corollary 3.3.3) that

C(Kl X e X Kd) e C(Kl) oo X O(Kd)

is a free product of the associated maximal C*-algebras, with amalgamation over C. This
is evidently a noncommutative analogue of the classical result that C'(X; x - x X;) =
C(X1)®-®C(Xy) for compact Hausdorff spaces Xy, ..., X.
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So, in analogy to the classical case, we should expect that a selfadjoint nc function
fi Ky % x Kg > Ms* which is separately nc conver (Definition 3.4.3) should satisfy an
nc Jensen inequality for any ucp map

p:C(Kyx-x Kg) 2 C(Ky) %+ C(Ky) > My

which is a “free product” of ucp maps u; : C(K;) > M. The central difficulty is that
the notion of “free product” for ucp maps is not uniquely defined. If A;, 7 € I, are unital
C*-algebras, then Boca’s theorem [10], or its generalized version in [21], gives a standard
recipe for how to glue a collection of ucp maps p; : A; > M to a ucp map

M- *ier A = My,

with p|a, = ;. However, such a map is not unique, and many such gluings might exist.
Nonetheless, we show f satisfies an nc Jensen inequality for any ucp map built from Boca’s
theorem. We call any ucp map glued together as in the proof of Boca’s theorem or the more
general construction in [21, Theorem 3.1] a free product ucp map (see Definition 3.4.13),
and get the following result.

Theorem 3.1.1. Let K1,..., K, be compact nc conver sets, and suppose
frKyx-x Kg— M
is a continuous separately nc convex nc function. Suppose
p:C(Kyx-x Kg) 2 C(Ky) %+ C(Ky) > My

is a free product ucp map of any ucp maps p; : C(K;) > My, i=1,...,d. Then f satisfies
the Jensen inequality

fCbar(p)) < p(f).

In fact, free product ucp maps are not the most general class of ucp maps on C(K7) *
% C'(Ky) for which we get a Jensen inequality. Our strongest version of Theorem 3.1.1 is
Theorem 3.4.10, which shows that f satisfies the Jensen inequality for any ucp map which
satisfies a certain dilation-theoretic analogue of Fubini’s theorem. We call such ucp maps
“Fubini type” (Definition 3.4.8), and they form a larger family than just maps coming
from Boca’s theorem. This class is large enough that the Jensen inequality characterizes
separate nc convexity of f.
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3.1.2 Connection to free probability

In [1 1], Bozejko, Leinert, and Speicher introduced the notion of a conditionally free or c-free
product of states on a free product A; * ---* A, of C*-algebras. Mlotowski [02] generalized
this definition to include a conditionally free product of ucp maps as follows. Suppose we
have an index set I, unital C*-algebras A;, 7 € I, and prescribed ucp maps

Wi Ay =~ M, and states
Pi - A; - C,

for i € I. The (¢;)ier-conditionally free product of the ucp maps p; is a ucp map
pos *ierAg = My
which satisfies p|a, = p; for each i € I, and whenever ai---a,, € *,1A4; is a reduced word
(meaning ay € A;, with j; # jo # -+ # j,,,) that satisfies
@j.(ag) =0

for each ¢ =1,...,m, then one has the independence rule

p(ay---am) = 0.

If i is a conditionally free product for any tuple of states (¢;)i s, we will simply say u
is a conditionally free or c-free ucp map. We can decompose each A; as a direct sum
A; =ker p; ® Cl,,, and the value of 1 on any reduced word is recursively determined by f;
and ; for i € I. Thus the (;);-c-free product is uniquely determined.

Existence and complete positivity of the (;);-c-free product u follows from Boca’s
theorem. Indeed, examining [10, Theorem 3.1] or [2], Theorem 3.4] in the case of amal-
gamation over C shows that the constructed ucp map on the free product is the unique
c-free product ucp map on the unital free product. Since c-free products can be built from
Boca’s theorem, they are product ucp maps in our definition and so Theorem 3.1.1 in this
context gives

Corollary 3.1.2. Suppose Ki,...,K4 are compact nc convex sets and let A; = C(K;),
it=1,...,d. Then for any continuous separately nc convex function

F By % x Ky M,
and any conditional free ucp map

i Ape o Ay My,
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the Jensen inequality

f(bar(p)) < pu(f)
holds.

Note that Corollary 3.1.2 applies exactly to those unital C*-algebras A; which are of the
form A; = C},.(S;) for any operator systems S;. In this case, we may assume K; = S(S;)

is the nc state space U, UCP(S;, M,,). For example, the result applies to commutative
C*-algebras of the form C(X;), where X; € R™ are simplices [38, Theorem 4.7].

As an application of Corollary 3.1.2, we obtain some operator inequalities for condi-
tionally free ucp maps on free semicircular families. For instance, let a and b be free
semicircular elements in a C*-probability space (A, ¢), where ¢ is faithful and tracial.
Let S = span {14,a} and T = span {14,b} be the operator systems they generate. Then
because the spectra o(a) and o(b) are closed intervals, the continuous functional calculus
implies that

C*(a) 2 Chax(S) and  C7(b) = Cf, (T).
Therefore Corollary 3.1.2 applies to
C*(a,b) 2 C*(a) » C*(b).

With this identification, elements such as ab+ba or ab?a correspond to separately nc convex
functions. Consequently, if p: C*(a) * C*(b) — B(H) is a c-free ucp map, or a ucp map
built from Boca’s theorem, in Example 3.5.2 we obtain the operator inequalities

p(a)p(b) + p(b)p(a) < p(ab+ba)  and
pu(a)p(b)’u(a) < p(ab®a).

More generally, if aq,...,a is any free semicircular family in (A, ), and p is a c-free
ucp map, we show (Corollary 3.5.3) that

p(ar)-p(ar) + plar)-p(ar) < plar-ag + ag--ar),  and
N(al)'“M(akfl)N(ak)2ﬂ(ak—1)“'ﬂ(a1) < N(al“'ak—laiak—l"'al)-

The appearance of conditional freeness in Corollary 3.1.2 suggests that some analogue
of free independence for ucp maps may play a role in our main Theorem 3.4.10.

Question 3.1.3. Is the class of ucp maps C(Ky) * - C(K4) = My, for which a noncom-
mutative Jensen inequality for separately nc convex functions holds described by some free
independence condition? In the language of Section 3.4.2, are ucp maps of Fubini type, or
free product ucp maps, characterized by some generalized free independence condition?
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Question 3.1.3 has a positive answer for states, in which case k =1 and M}, = C. Indeed
it is straightforward to check that if

@ wier Ay > C

is a state which is a free product ucp map (Definition 3.4.13), then the C*-subalgebras A;
are freely independent, and this occurs if and only if ¢ is the unique free product of the
states ¢; := |4, built from Boca’s theorem or by [3, Proposition 1.1].

3.2 Background

3.2.1 Noncommutative convexity

Throughout, we work in the framework of nc convexity developed by Davidson and Kennedy
in [26]. Because their results are still fairly novel, we devote a larger-than-normal portion
of this section to an exposition of the main results of their paper that play a role here.

Given an operator system F, we let

M(E) = [[ Mw(E),

Nn<k

where k is any fixed sufficiently large cardinal greater than the density character of E. In
the special case where FE is separable, usually x = Rg. When E = C, we write

M= M(E)
for simplicity. Moreover, we define

M= M and M= M(CY),

Nk

and in the latter we freely identify an element of M, (C?%) with a d-tuple of matrices in
M, in the natural way. The key difference from the existing theory of matrix convex sets
is that we allow for infinite matrix levels, i.e. we consider all cardinals n < k, with the
convention that M, (F) 2 M, ®un E. Note that when E = C, by convention we have
M, := M,(C) = B(H,,) for any Hilbert space H,, of dimension n.

If E' is an operator system, we call a subset

K<cM(E)
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an nc convex set if it is closed under direct sums and compression by isometries. Equiv-
alently, given a bounded collection of x; € K(n;) for some index set i € I, and matrices
a; € M, ,, satisfying

Z oo, =1,

iel

where the series converges weak-*, the “nc convex combination”

*
Z O, L0

iel
is also in K. The nth matriz level of K is
K(n)=KnM,(FE).

If K is nonempty and nc convex, then each level K (n) is nonempty. Note that we require
closure under infinite sums to ensure, for instance, that if = € K(n) for some finite level
n < oo, then the infinite amplification

r 0
1R0®$: 0 =z

(as a block matrix with nxn blocks) lies in K (Rg). If E'= (E,)* is a dual operator system,
then we may identify

M,(FE) = M,(CB(FE,,C)) 2 CB(FE., M,) € B(E,,M,),

which has a standard weak-* topology. Hence M, (E) has an induced weak-* topology,
with agrees with the topology of pointwise-weak-* convergence on B(FE,, M,,) on bounded
subsets. When F = C, this is just the usual weak-* topology on each level M(n) = M, =
B(H,) of M. If E is a dual operator space, we say that K is a compact nc convex set if
it is nc convex and each level K (n) ¢ M, (F) is compact in the weak-* topology.

Given nc convex sets K and L, a function f: K — L is called an nc function if f is
graded (i.e. f(K(n))c L(n)), preserves unitary equivalence, and preserves direct sums. If
K and L are compact nc convex sets, we say f is continuous if it is weak-* continuous on
each level of K. Moreover f is nc affine if it also preserves compressions, so if z € K(n),
and o € M, is an isometry, then

fla'za) = a* f(x)a.
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Compact nc convex sets are a noncommutative analogue of classical compact convex
sets (in locally convex spaces). In the classical case, given a compact convex set X, the
space A(X) of continuous affine functions X — C forms a function system. Kadison’s
Representation Theorem [18] shows that the functor A : z » A(X) is an equivalence
of categories between the category of compact convex sets and the category of function
systems. The essential inverse functor is F' — S(F'), where S(F’) is the state space of F', and
so the map C' - S(A(C)) which embeds C' as point evaluations is a natural isomorphism.

In the noncommutative setting, operator systems are the correct analogue of function
systems. Given a compact nc convex sets K and L, we form the space

A(K,L)={a: K - L|a nc affine}

of nc affine functions with values in L = U, L,. When L = M, we set A(K) := A(K, M).
The space A(K) is an operator system, with *-structure

a*(z) =a(x)”.
The matrix order unit is the “constant function”
1A(K)(m) =1y, weK(n).

The matrix order structure on M, (A(K)) =z A(K, M(M,)) is pointwise. The functor
K — A(K) implements an equivalence of categories between the category of compact nc
convex sets, with continuous nc affine maps as morphisms, and the category of operator
systems, with ucp maps as morphisms [26, Theorem 3.2.5]. The essential inverse takes an
operator system S to the nc state space

S(S) € M(S*)

whose nth level is
S(S)(n) ={p:S - My | p ucp}.

In particular S(A(K)) = K naturally, and the isomorphism means that every ucp map
A(K) - M, is of the form f+~ f(x), for some x € K(n).

Given an operator system S, the maximal C*-algebra C}, (S) satisfies the following
universal property. We have an embedding

S € Crax(5) = C7(95),

and for any unital complete order embedding ¢ : S - B(H ), there is a unique *-homomorphism
m:Cr . (S) > B(H) with 7|g = ¢. In the classical setting, for a compact convex set X, one
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has Cr (A(X)) 2 C(X), via the usual inclusion A(X) € C'(X). Let K be a compact nc
convex set. Let B(K) denote the C*-algebra of bounded nc functions K — M, where the
C*-operations are pointwise. Then A(K) ¢ B(K), and we set

C(K) = C*(A(K)) € B(K).

Davidson and Kennedy demonstrated a noncommutative analogue of the classical result
Crax(A(X)) 2 C(X) in [26, Theorem 4.4.3]. The C*-algebra C'(K) is both
e the C*-algebra of all bounded nc functions K — M which are continuous levelwise

in the point-ultrastrong-= topology on each K(n) ¢ B(FE,, M,), and
e the maximal C*-algebra C}, (A(K)), with the usual inclusion A(K) ¢ C(K).

max

By the universal property and categorical duality, any *-homomorphism 7 : C(K) — M,
is of the form 7w =§, : f — f(z), for some x € K(n). Then, Stinespring’s theorem implies
that any ucp map p: C(K) - M, has the form

p=a o feaff(r)a,

for some z € K}, and isometry o € My, ,.

On a classical compact convex set X, a function f : X — R is convex if for all x¢,...,x, €
X and tq,...,t, € [0,1] with ¥}'_; tx = 1, we have

n n
f( Z tkl’k) < z tef (z)-
k=1 k=1
If f is continuous, then f is convex if and only if f satisfies Jensen’s inequality

fvar(w) < [ fdp

for all Radon probability measures p € Prob(X). Here, the barycenter bar(u) is the unique
point in X such that a(bar(u)) = [ a du, which exists by Kadison duality.

In the noncommutative case, a selfadjoint nc function f: K - M5 on a compact nc
convex set K is nc conver if whenever x; € K(n;) and «o; € M, , with ¥, afa; = I,,, we

have
(Sarme) < Saisan

iel iel
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Since f is a continuous nc function, it automatically preserves direct sums, and so it is
equivalent to simply require

fla*za) <a* f(z)a (3.1)
whenever z € K (k) and « € My, is an isometry. Consequently, a continuous bounded nc
function f e C'(K)% is nc convex if and only if it satisfies the nc Jensen inequality

f(bar(u)) < p(f) (3.2)

for all ucp maps p: C(K) — M,. Here the barycenter of a ucp map p: C(K) - M, is the
unique point bar(u) € K(n) such that pu(a) = a(bar(u)) for all a € A(K) € C(K). The nc
Jensen inequality above follows directly from (3.1) together with the observation that any
ucp map u: C(K) - M, must be of the form u = a*d,« for a point x € K and isometry
a, and in this case bar(u) = a*za € K(n). In fact [26, Theorem 7.6.1] applies even to
matrix-valued bounded nc functions f: K — M(M})%* which are lower semicontinuous in
the sense that their nc epigraph
epi(f) = U{(z,y) € K(n) x My (M) [y 2 f(x)}

n<kKk

is levelwise weak-* closed, see [20, Theorem 7.6.1].

3.2.2 Minimal nc convex sets

If X ¢ C?is a compact convex set, there is a minimal compact nc convex set K = MIN(X) ¢
M? with K (1) = X [17, Definition 4.1]. A tuple z = (x1,...,24) € M%(n) = M¢ lies in
MIN(X)(n) if and only if there is a normal tuple n = (ny,...,ny) € M? which dilates x
and has joint spectrum

o(n)c X.

In particular, if d =1 and X = [a,b] is an interval, then

MIN([a,b]) = {x e M** | o(x) € [a,b]}.

For general X ¢ C4, if a € A(K') with first level f := a|x(1) = a|x, because a preserves
unitaries and direct sums, an application of the spectral theorem shows that

a(ny,...,ng) = f(ny,...,nq),
in the sense of the functional calculus, for every normal tuple n = (nq,...,ny) with joint
spectrum o(n) ¢ X. Because a preserves compressions, and every x € MIN(7) is a com-
pression of a normal tuple, the nc affine function a is determined by its restriction to the
first level. Consequently A(MIN(X)) = A(X) via the isomorphism that restricts to the
first level.
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3.2.3 Dilations and notation

If E is an operator space, € M,,(F), and y € M} (FE), we say that y dilates z if there is
an isometry a € My, ,, such that a*ya = z. In this case we write, x <, y, or just <y if the
associated isometry is clear.

If S is an operator system and p: S - B(H), v:S - B(K) are ucp maps, then we say
v dilates p if a*va = p, for some isometry a: H - K. Usually up to a unitary we assume
« is just an inclusion map H ¢ K. This is really the same perspective as above, where
E = S* is the dual operator space and there is a standard identification

M, (E) = CB(S, M,),

where for infinite cardinals n we take M, = B(H,,) for an n-dimensional Hilbert space H,,
and identify
H=Hgmn and Kz Haim

up to some fixed hidden unitary. Since our nc functions are always unitarily equivariant,
these hidden unitaries are harmless, so we may freely switch between working with M,, and
B(H) as long as dim H = n.

A dilation x < y is trivial if y @ & z with respect to the range of «, or equivalently
aa*y = yaa*. For ucp maps p:S - B(H) and v: S - B(K), with H 2 K and p < v, the
dilation p < v is trivial if and only if H is invariant/reducing for v(\5).

3.2.4 Free products

If A;, i € I are unital C*-algebras, we denote their unital free product C*-algebra by
*ier Ag,

or, if I = {1,...,d}, by Ay » -+ A;. Here, we amalgamate only over the subalgebras
C = Cly, € A;. For convenience, we freely identify each C*-algebra A; as a literal subalgebra
A;j € %1 A; of the free product.

3.3 Products of nc convex sets

Suppose K ¢ M(E) and Ky € M(E,) are compact nc convex sets, where E; = (E; ,)* are
dual operator systems. As in [20], compactness is meant levelwise in the weak-* topology.
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The Cartesian product

K1 x Ky = [J(K1)(n) x (Ks)(n) € M(E x E»)

is also an nc convex set. By convention E; x Es is the usual £*-product of operator spaces.
We have the standard operator space duality [70, Section 2.6]

El X E2 = ((El)* X1 (EQ)*)*

and the corresponding weak-* topology agrees with the product topology on K;xK,. Hence
K x K5 is a compact nc convex set when given the product topology. It is straightforward
to verify that F; x Es is the categorical product of F; and Fs in the category of compact
nc convex sets with continuous nc affine maps as morphisms.

Davidson and Kennedy [26, Theorem 3.2.5] showed that the functor K ~ A(K') imple-
ments an equivalence of categories between this category of compact nc convex sets and
the category of operator systems with ucp maps as morphisms. Fritz [37, Proposition 3.3]
showed that the categorical coproduct in the category of operator systems S, T is the unital
direct sum

SxT
So T := :
FTC((1s,0) - (0.17))
Here, we naturally identify
M, M, (T
M,(S® T)= n(5) x My (T)

M, (C((1s,0) = (0,17)))

Write the coset of a pair (s,t) € M, (S) x M, (T) in M, (S®,T) as s@®;t. The matrix order
structure is determined by declaring

s®t>0 < s—-A>0and t+ >0 for some A € M,(C).

Proposition 3.3.1. Let K1 ¢ M(E;) and Ky € M(Ey) be compact nc conver sets. Then
there is a natural complete order isomorphism

A(Kl X KQ) = A(Kl) D1 A(KQ)
Here a1 be A(K1) @1 A(K3) corresponds to the continuous nc affine function

(a@1b)(z,y) = a(x) +b(y), (2,y) € K1 x K.
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Proof. By [26, Theorem 3.2.5], the functor K ~ A(K) is a contravariant equivalence of
categories. Let m; : Ki x Ky - K; be the usual projection. Since the diagram

/ "
m

K1XK2

N

Ko
is a categorical product in the category of compact nc convex sets, the diagram
A(K)
&
A(Kl X KQ)
G
A(K2)

is a coproduct of operator systems, where €;(a) = aom;. Since the coproduct A(K;)®; A(K>)
is unique up to isomorphism, the induced map

€1 D162 A(Kl) D, A(Kg) - A(Kl X Kg)
given by (e1 ® €3)(a,b) = €1(a) + e2(b) is an isomorphism. O
For a compact nc convex set K, recall that C(K) = C},.(A(K)) is the maximal C*-

algebra generated by the operator system A(K). Since A(K; x Ky) = A(Ky) @1 A(K») is
a coproduct of operator systems, it is natural to expect that

C(Kl X KQ) = Cr);ax(A(Kl) ®1 A(KQ))

is itself a coproduct in the category of unital C*-algebras, with unital *-homomorphisms
as morphisms. Indeed this is the case. Here, the coproduct of unital C*-algebras A and B
is the unital free product A =+ B with amalgamation over C 2 Cl1, = Clp.

Proposition 3.3.2. Let S and T be operator systems. Then
C;ma:(S @1 T) = C:nax(s) * C:nar(T)
(T) - Cr (S @1 T) is induced by the *-

max

naturally. The -isomorphism C},,.(S) * C ..
monomorphisms

LS+ C:naz(‘s’) e C;Lax(s D1 T)? lr - C;mx(T) e C:naz(s ®1 T)?
which are themselves induced by the natural complete order embeddings tg: S — S&1T and

tp:T - S T.
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Proof. 1t suffices to show that

Chrax(5)
&
Cr;ax(s @1 T)

7
CI);laX (T)

is a coproduct in the category of unital C*-algebras, and then the natural isomorphism
Crax(S@1T) 2 Cr . (S)*Cr . (T) follows by uniqueness of coproducts up to isomorphism.

Suppose A ¢ B(H) is a C*-algebra and we have *-homomorphisms mg : C .. (S) - A
and mp : C; (T) - A. Set pg = mg|s and ¢r = 7p|r, which are ucp maps S - A and
T — A, respectively. By the universal property, these induce a ucp map ¢ : S&; T - A
with ¢rs = pg and pir = . The ucp map ¢ induces a *-homomorphism

m:Cr . (SeT)— B(H)
(So1T), and p(S®, T) € A, we in fact

ax

with 7|se,7 = ¢. Because S @ T generates C} .
have

m(Cr. (Se1T))=C"(p(Se1T)) c A.
Since tg(Cax(S)) = C*(1s(5)) is generated by ts(S) = S@,0, and 7is|s = prs = vs = sls,
we have m1g = mg. Identically, we find wepr = mp. Since the *-homomorphism 7 is determined
by its action on the generating set S @ T = t5(S) + t7(T), it follows that 7 is unique. O

Corollary 3.3.3. Let K; € M(E;) and Ky € M(E,) be compact nc convex sets. Then
C(Kl X Kg) = C(Kl) * C(KQ)
naturally via the isomorphism €, * €5 : C(K7) » C(K3) - C(K; x Ky) which satisfies

e1(f)(w,y) = f(z) and e2(g9)(x,y) = 9(v)
for fe C(Ky) and g € C(K>).

Proof. This follows from combining Proposition 3.3.1 with Proposition 3.3.2. Note that
each inclusion

A(K) » A @1 A(K) 2 A(K, x K>)

is exactly the map ¢;, which clearly extends to a *-homomorphism C(K;) - C(K; x K5).
Thus when identifying C}, . (A(K;)) = C(K;), in the notation of Proposition 3.3.2 we must
have t4(k,) = €, so the isomorphism is implemented by

[’A(Kl)*LA(KQ):El*EQ' ]
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Remark 3.3.4. Propositions 3.3.1 and 3.3.2, and Corollary 3.3.3 all extend immediately
to finitely many variables. Since categorical products and coproducts such as x, ®&;, and *
are all associative up to natural isomorphism, a straightforward induction shows that for
any d € N, we have natural isomorphisms

A(Kl X eee X Kd), = A(Kl) @D Dy A(Kd)
(Sl D1 Dq Sd)EC* (Sl)*---*Cr;aX(Sd), and

*
Cm ax max

C(Kyx-xKg)2CO(Ky) * % C(Ky),

whenever K,..., K, are compact nc convex sets and Sy,...,.S; are operator systems.

3.4 Jensen’s Inequality for separately nc convex func-
tions

3.4.1 The commutative case

Let Xi,..., X, be (classical) compact convex sets. A function f: X; x - x X; - R is
separately convex if it is convex in each variable separately. That is, if

S =tz +ty) < (A=) f(x) +1f(y)

whenever the points x = (x1,...,24) and y = (y1,...,yq) in X x -+ x X differ in at most
one coordinate.

Example 3.4.1. The function f:R? - R given by f(x,y) = zy is separately convex but

not convex. Indeed, it’s affine in each variable, yet for example we find

F(1/2,-1/2) =-1/4>-1/2 = f(l’z_l) + f((;’o).

Separately convex functions satisfy Jensen’s inequality for product measures. The fol-
lowing result is classical, but we include a proof for completeness, and because the use of
Fubini’s theorem motivates our approach in the noncommutative case.

Proposition 3.4.2. Let Xy,..., Xy be compact convex sets, and let f: X3 x--x X; >R
be a continuous function. Then f is separately convex if and only if

Flbarm) < [ fdn

1><---><Xd

for all product measures p = iy x -+ x g, where pg € Prob(Xy) for each 1 <k <d.
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Proof. For simplicity we will prove only the case d = 2. Suppose f satisfies f(bar(u)) < u(f)
for any product of probability measures. Suppose z,y € X, t € [0,1], and z € X,. Define
the product measure

po=((1=1)0, +td,) x 6,

Then

(L =t)x +ty, z) = f(bar(u)) < u(f)
=(1=0)f(z,2) +1f(y,2).

Therefore the function f is convex in its first argument, and a symmetrical argument works
in the second argument.

Conversely, suppose f is separately convex, and let 1 = p11 x5 be a product of probability
measures. By Fubini’s theorem, we find

u(f)=/X1 ﬂ( f(x,y) dus(y) dun ()

> [ f(abar(p)) dps ()
> f(bar(m), bar(jiz)) = f(bar(u)).

Here, in the first inequality, we had

Flabar(u)) < [ Flay) dia(o)

by the one-variable version of Jensen’s inequality applied to the convex function y ~
f(z,y), and similarly in the second. H

Taking a more algebraic perspective, we have the standard identification
C(XyxxXy)z2C(X))®oC(Xy)

as C*-algebras. Product measures, as states on C'(X; x -+ x X;), are exactly those states
of the form p; ® -+ ® g, where each p; € S(C(X;)) is a state.

3.4.2 Noncommutative analogue

In the setting of noncommutative convexity, we’ve seen in Corollary 3.3.3 that

C(Kyx-xKg) 2 C(Ky) % C(Ky)
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for compact nc convex sets Kq,..., K4. The expected noncommutative analogue of Propo-
sition 3.4.2 should be that a “separately nc convex” nc function f: Ky x - x K5 - M®2
satisfies a Jensen-type inequality for any nc state/ucp map

1 O(Ky x e x ) 2 C(KL) % o O(Ky) — M,

that arises as a “free product” of ucp maps p; : C(K;) - M,,. Defining a noncommutative
version of separate convexity is straightforward, but the main difficulty is identifying which
ucp maps should “count” as free products. Boca’s theorem [10] and its more general version
given by Davidson and Kakariadis [21] provide a standard recipe for taking free products
for ucp maps. We will show ucp maps built from Boca’s theorem satisfy a Jensen inequality
for separately nc convex functions, but this is not the biggest class that works.

Definition 3.4.3. Suppose K;, i € I, are compact nc convex sets, for 1 € I. Let f: K =
[Lie; K; = M5 be an nc function. We say f is separately nc convez if whenever x,y € K,
and x <, y is a dilation in K such that at most one of the dilations

T <o Yis i€ I)
is not trivial, we have
f(x) <a” f(y)a.
The following observation justifies the terminology “separately nc convex”.

Proposition 3.4.4. Let f: K =[];,.; K; = M3 be an nc function. Then f is separately nc
convex if and only if the restriction f|x(y) is a separately convex function for each matriz

level K(n) of K.

Proof. The proof is essentially the same as for [20, Proposition 7.2.3|, so we only provide
a sketch in the two-variable case I = {1,2}.

Suppose [ : Kj x Ky — M is separately nc convex. Given z,y € Ki(n), A €[0,1], and
z € Ky(n), the dilation

@-neenn = (506N (V5)

is trivial in the second entry. So, separate nc convexity gives

F((=Nz+Ay,2) < (VI=X ﬁ)(f(%z) f(g?,z))( \1/%A)

= (=X f(z,2) + Af(y, 2).
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Thus f is convex in its first argument, and a symmetrical argument works for the second
argument

Conversely, suppose f is separately convex at each level. Take any dilation of the form

(2,2) <a (y,w)

in K x Ky where w % z @ 2’ with respect to ran(«)). Up to a unitary, which the nc function
f respects, we may write

) ) o) el

as operator matrices. Define a selfadjoint unitary

* * _ I 0
U :=a«a —(I—aa)—(o _]).
Then by assumption

y+UyU \ _(f(x,2) 0 fly,w)+Uf(y,w)U [a 0
f(T’w)‘( 0 f(*,z’))g 2 ‘(o )

Cutting down to the (1,1) corner shows
f(z,2) <a” [y, w)a.

Hence f respects dilations which are trivial in the second argument, and a symmetric
argument works when the dilation is trivial in its first argument. This shows that f is

separately nc convex. 0

Example 3.4.5. Let K, K3 € M be compact nc convex sets. Proposition 3.4.4 implies
that the nc function f: Ky x Ky - M defined by
Ty + yx

f(z,y) = 5

is separately nc convex. It is not an nc convex function, because its restriction to the first
level (K x K3); is the non-convex function f(x,y) = zy from Example 3.4.1.

Example 3.4.6. More generally, Proposition 3.4.4 shows that any function of the form
al...a/k‘ + az--.ai“ E C(Kl X oo X Kd)
for nc affine functions a; € A(Kj,) in separate variables, i.e. with ¢ # ¢’ implying j; # ji, is

separately nc convex. Moreover, sums of such functions are also separately nc convex.
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Example 3.4.7. If I is a finite set and J € I, we identify

C(H Kj) 2 450, C(K;) € % C(K) = C(H Ki)

jeJ iel

as a C*-subalgebra. If f € C([1;c; Kj)+ is a positive separately nc convex nc function,
iel~J,and a € A(K;) ¢ C(K;) ¢ C([]; K;) is an nc affine function, then the function
F:=a*faeC(]; K;) is separately nc convex.

Suppose = = (2;)ier <a ¥ = (¥i)ier is a dilation that is nontrivial in at most one coor-
dinate. Indeed, if 7 : [1;; K; = [1..; K is the natural projection, then by separate nc
convexity of f,

jeJ

F(z) =a*a(y:) af (o m(y)a)a a(y:) o
<a’a(y;)"(aa”) f(m(y)) (ea”)aly:)a.

If the dilation x; <, y; is trivial, then a(y;) commutes with ca* and the right hand side
becomes

a*a(y:)"f(ms(y))a(y)a = o F(y)e.

Otherwise, the dilation x; <, y; is trivial for each j € J, so f(7;(y)) commutes with aa*.
Since f(m;(y)) > 0, the right hand side is

a*a(y)" f(ms(y))aa” f (75 (y)) Paly)a < a*a(y,)” f(ms(y))aly)a = o* F(y)o.
In either case, F(z) < a*F(y)a.

For example, if a € A(K;) and b € A(Kj) are nc affine functions in separate variables
1 # 7, then

F=a"b"ba
is separately nc convex. An easy induction shows that if a; € A(K;,), ..., a; € A(K;,) with
i1,...,1; distinct indices, then the function

F: a;-:.azaka..al

is separately nc convex.

The following definition is designed to exactly capture the largest class of ucp maps
for which our approach can prove a Jensen-type inequality that characterizes separately nc
convex functions. The name and involved chain of dilations are meant as a noncommutative
analogue of the role that Fubini’s theorem plays in the proof of Proposition 3.4.2.
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Definition 3.4.8. Let A;, i € I, be unital C*-algebras. A ucp map p : *;;A; > B(H) is
of Fubini type if there exists an ordinal o and a chain of dilations

{pn s %t As = B(Hy) | A < a}

such that

(i) po=p and Hy=H,

(i) pa is a *-homomorphism,

(iii) A < p <« implies that Hy € H, and py < f1,,
(iii) each dilation

Hx < P+t

is nontrivial in at most one of the algebras A;, i € I,

(iv) if B < v is a limit ordinal, then Hg = Uyp Ha.

In most examples, when I is finite we will take a to be a finite ordinal with |o| = d := |1|.
Usually, we can arrange that

H=fo <y << fig=T

where 7 is a *-homomorphism and each dilation p;_1 < py is nontrivial only in the kth
coordinate.

Example 3.4.9. Suppose p : *;c;A; > B(H) is a ucp map such that all but one of the ucp
maps |4, is a *-homomorphism. Then g is of Fubini type. Let 7 : %;c;A; - B(L) be the
minimal Stinespring dilation of y, with L 2 H. Then since 1 = Py7|y is a *~-homomorphism
on all but one algebra A;, it follows that H is reducing for w(A;) for all but possibly one
1 € I. Hence the dilation

M=o < =T

is trivial in all but one algebra A;.

In the following theorem, we freely identify C(I]; K;) with *;C(K;).
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Theorem 3.4.10. Let K, ..., K, be compact nc convex sets, let I ={1,...,d}, and let
fiKyx-x Kg—-> M*

be a bounded and (weak-* to weak-* or ultrastrong-* to ultrastrong-* ) upper semicontinuous
nc function. If f is separately nc convex, and

M- *ie]C(Ki) - My,
is a ucp map of Fubini type, then the Jensen inequality

f(bar(p)) < p(f)
holds.

Proof. Suppose f is continuous and separately nc convex. Let
p:C([]K:) 2 *e1C(K;) > My, = B(H)
i€l

be a ucp map of Fubini type, with associated dilation chain {u, | A < a}, where po = p
and 7 := p, is a *-homomorphism. Set x, := bar(u,) for all A < . Because 7 is a *-
homomorphism, we have 7 = §,,_ . Since the barycenter map is continuous and nc affine,
then A < p <« implies z) < z,, and whenever A+1 < «, the dilation z) <z, in Ky x---x Ky
is trivial in all but at most one variable. That is, the chain of dilations {x | A < a} shows
that z, € K 2 S(A(K)) is itself of Fubini type when viewed as a ucp map on A(K).

We will show that
f(w0) < Py f(22)|m,

for any X\ by transfinite induction on A. This is a tautology when A = 0. Suppose for A < «
that f(x) < Py, f(xx)|n,- Because the dilation z) < x),1 is trivial in all but one variable,
and f is separately nc convex, we have

f(xy) < Py, f(2xi1)m, -

Compressing to Hy and using the inductive hypothesis yields

f(z0) < Puy f(@x)|Hy < Prg f(2x:1)| o -

Finally, suppose § < « is a limit ordinal, and f(x¢) < Py, f(x))|n, for all A < 5. Fix any
constant vector ¢ € (K; x -+ x K4)(1). Define a net

Z=x)\@cly,
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with respect to the decomposition Hz = Hy & (Hz © H,), where d) = dim(Hgz © H)). Then
z) converges to x ultrastrong-*. For p < A < we have

P, f(22)|u, = Pu, f(22)|n,

as f respects direct sums. Compressing to Hy gives

Py f(20)|Ho = Pro f(22)|H, 2 f(20)

by inductive hypothesis. Since zy - 23 and f is upper semicontinuous, we have

PHof(I6)|H0 2 PHO(MH;ZUP f(ZA))|H0 2 hII/\lSBU.p PHof(Z)\)|H0 2 f(xo)
< <

This completes the induction, and by taking A = o we conclude

f(bar(p)) = f(x0) < Prof (20|, = Prom ()| = 1(f)- 0.

Remark 3.4.11. Theorem 3.4.10 applies to weak-* or ultrastrong-* continuous nc func-
tions, including all functions in C'(K; x -+ x K;)%*. The same proof also shows that a
non-continuous separately nc convex function still satisfies a Jensen inequality f(bar(u)) <
a*m(f)a whenever u is a Fubini type ucp map with an associated dilation chain of finite
length.

Remark 3.4.12. In fact, the Jensen inequality in Theorem 3.4.10 completely characterizes
separate nc convexity of f. Suppose f satisfies the claimed Jensen inequality for ucp maps
of Fubini type. Let

T <0y

be a dilation in [],;; K; which is trivial in all but at most one coordinate. Let p = a*d 0.
Because the dilation p < 9, is trivial in all but possibly one algebra C'(K;), the ucp map p
is of Fubini type. Therefore

f(x) = f(bar(p)) < p(f) =" f(y)a,

so f is separately nc convex.

Theorem 3.4.10 applies to the following wide class of ucp maps which we might con-
sider “free products” of ucp maps. This upcoming definition is just a reorganizing of the
construction given by Davidson and Kakariadis [21]. Given an index set I, let S; denote
the set of finite words in I without repeated letters. We include the empty word @ in S7.
In what follows we are usually interested in the case where [ is a (von Neumann) ordinal,
i.e. a certain form of well ordered set. In practice, usually I = {1,...,d} for some d € N,
but what follows works in generality for infinite sets I.
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Definition 3.4.13. Let A;, i € I, be unital C*-algebras with unital free product A = %1 A;.
Let p: A — B(H) be a ucp map with minimal Stinespring dilation 7 : A - B(L), where
L 2 H. Define subspaces L,, for w € S; by setting

L@:H,

and inductively
L, = W(AZ)Lw e L,

whenever w = wy---w,, € S; with wy # 7 € I. We call p a free product ucp map (of the ucp
maps f; = pt|a,, @ € I) if the spaces L,, are pairwise orthogonal for w € St.

Minimality of the Stinespring dilation in Definition 3.4.13 implies that

so the definition of “free product” is just that this sum is direct.

Remark 3.4.14. By definition, any ucp map p: A - B(H) which is built from ucp maps
wi + A; > B(H) via the proof of [21, Theorem 3.1] is a free product ucp map. Examining
the proof of [21, Theorem 3.4] also shows that any ucp map built from Boca’s theorem,
which produces a unique product map p given the additional data of prescribed states
p;+ A; > C, is also a free product ucp map.

Proposition 3.4.15. Let A;, i € I be unital C*-algebras with unital free product A = %1 A.
Then any free product ucp map p: A - B(H) is a ucp map of Fubini type.

Proof. Suppose p is a free product ucp map. Let m: A — B(L) be its minimal Stinespring
dilation and define the spaces L,,, w € S, exactly as in Definition 3.4.13, so that

L=@ L.

’wES[

as an orthogonal direct sum. Up to a fixed bijection we may assume [ is just some ordinal
«. For any ordinal A < «, let

Hy= @ L.

wGS,\

Note that as above we take the von Neumann definition of “ordinal”, so A is understood as
an actual set and not some equivalence class. With this convention the notation S is well
defined. (In the case where [ is a finite set, this reduces to identifying o = {1,...,n} and
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A={1,...,k} for some natural numbers k <n.) Then Hy = H, H, = L, and the sequence
(H))x<a is increasing with

Hg=J Ly
A<B

for any limit ordinal S.

Set py := Py, m|g, . It suffices to show for any A with A+1 < « that the dilation gy < f1y4
is trivial in all variables except A + 1. Since the sum L = @,, L,, is direct, we find

Hy,1 0 Hy =@{Ly | w = wy--wy, € Syy1 with some w; = A+ 1},

Given i € [ and w = wy---wy, € S, by definition 7(A;) maps L,, into

{Lw ® L, 1 # W,

Lw @ sz,..wm 1= w1 .
Knowing this, it follows that for any ¢ € I with i # A + 1 that 7(A;) maps Hy,; © H, into

P{Ly | w=wi-wp, € Siri1yoy with some w; = A+ 1}
cP{Ly | w=wwy €S with some w; # i} = (H))*.

Compressing to Hy,1 shows that Hy,, © H, is invariant for py.1(A4;) = Py, 7(A)|m,,,- So,
the dilation gy < pyy1 is trivial in any variable i # A+ 1. The chain of dilations {py | A < o}
shows that p is of Fubini type. O]

While every free product ucp map is of Fubini type, the following example demonstrates
that a ucp map of Fubini type need not be a free product ucp map.

Example 3.4.16. Fix some large M > 2, and let I = [-M, M] € R be an interval, so we
have a compact nc convex set

MIN(I) = {x e M* | o(x) € I}.
Set A; = Ay = C(MIN(I)). By Corollary 3.3.3 we may identify
Ap* Ay 2 C(MIN(I) x MIN(I)).

Let

e (MIN(I) x MIN(1))(3) € M3(C)>.

O = =
— o O
[ s R
_ —_ O
—

1
y=(y1,2) =[]|1
0

7



Setting L := C3, the evaluation map
= 5y : A1 * A2 = C(MIN(I) X MIN([)) - M3 = B(K)
is a *-homomorphism. Define subspaces

H=Ce0®0 and
H =CaoCaO0.

Compress to get ucp maps

= pio = Pgmlw,

H1 = PH17T|H1'
Because H is reducing for p;(As), and H; is reducing for w( A1), the chain of dilations
< py <7

demonstrates that p is a ucp map of Fubini type.

However, 1 is not a free product ucp map. For I = {1,2}, define the subspaces L,, € L
for w € Sy as in Definition 3.4.13. Because

C(MIN(I)) zC(I)
is generated by the polynomials, it is straightforward to see that
7T(A1)H = C*(yl)H =CeCo0-= Hl.

Hence

Li=n(A))HeoH=08Ca0.

Then, we have
W(AQ)Ll = C*(yg)[;l = (Cg =K.

For instance, if {e1,eq,e3} is the standard basis for C3, then e; = (y3 — 2y;)es and e3 =
(y1 — I)ea both lie in C*(yq)L;. Thus

L21 = 7T(A2)L1 S Ll = (C@ 0 @C,
which is not orthogonal to Ly =L =C & 0&® 0. Therefore
L=H+ L1 + Lgl,

but this sum is not direct, and so y isn’t a free product ucp map.
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3.5 Connection to free probability

Given C*-algebras A;, i € I, and prescribed states ¢; : A; > C, a ucp map
p:*ier Ay > B(H)
is conditionally free (with respect to the family (y;);er) if for every reduced word
1Ay, € *ie1Aj
(reduced meaning that a; € Ajy with j(1) #--- # j(m)) that satisfies
©iy(ar) =0 forallk=1,...,m,
the multiplication rule
p(ar-am) = iy (ar)--ijem) (am)

holds [11, 62]. Boca’s theorem ([10] or see [21, Theorem 3.4]) shows that if u; : A; > B(H)
are any ucp maps and ¢; € S(A;) are prescribed states, there exists a unique ucp map

j *ier Ay = B(H)

which is conditionally free with respect to (;)ies-

If 1 is any ucp map which is conditionally free with respect to some family of states
(pi: Aj = C)yeq, then p is a free product ucp map in the sense of Definition 3.4.13. This
follows from the uniqueness in Boca’s theorem. Any such conditionally free map agrees
with the one constructed by Boca’s theorem, and so Remark 3.4.14 applies. Or, examining
the proof of [21, Theorem 3.2] in the case of amalgamation over C shows how to build the
Stinespring dilation. The minimal Stinespring dilation

T *ieIAz’ - B(L)

lives on a direct sum

L= Ly,

wES[

where Sy is the set of words with letters in I without repeated letters. The dilation is
constructed recursively so that whenever 7 € [ and w = wy---w,, € Sy with ¢ # wy, the sum
L, & Lj, is reducing for 7(A;), and the compression Pr, 7|, to L, satisfies

(Pr,7|L.,)

Applying Theorem 3.4.10 in this context yields the following.

A; = ¥ ®ide.
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Corollary 3.5.1. Suppose Ay, ..., Aq are unital C*-algebras such that A; = C,,.(S;) for
some operator systems S1 = A(K1),...,Sq = A(Ky), where K; = S(S;) are compact nc
conver sets. If

p:Ay*x Ay~ B(H)

is a conditionally free ucp map, and
fe(Apxx Ag)*t 2 C(Kq x - x Ky)**
is a continuous separately nc convex function, then the Jensen inequality

f(bar(p)) < pu(f)
holds.

As in Remark 3.4.6, Corollary 3.5.1 applies e.g. to any function f which is a (limit of)
sum(s) of the form
al...ak + az’:"'a]‘:’

where each a; € A(Kj,) = S; is continuous and nc affine, and no two a;’s depend on the
same variable, i.e. ¢ # ¢’ implies j; # j;.

In the commutative case, if K; € R™ are (classical) Choquet simplices, then
C(MIN(K;)) = C(K;)

is a commutative C*-algebra, where the isomorphism is implemented by restriction to the
first level [38, Theorem 4.7]. In particular, the theorem applies to commutative C*-algebras
of the form A; = C(I;), where I; € R are intervals. Any selfadjoint element a; with spectrum
o(a;) = I; generates such a C*-algebra. What follows is an application of Corollary 3.5.1
in the special case where a; are free semicircular elements.

Example 3.5.2. Suppose (A4, ¢) is a C*-probability space, where A is a unital C*-algebra,
and ¢ is a faithful tracial state on A. Suppose a,b € A% are free semicircular elements.
This means that a and b have the semicircular *-distribution with some radii » > 0 and
s > 0, respectively, and that the C*-algebras C*(A) and C*(b) are freely independent with
respect to ¢. Then o(a) = I = [-r,r] and o(b) = J = [-s,s]. By [67, Theorem 7.9],
faithfulness and traciality of ¢ implies that

C*(a,b) 2 C*(a) » C*(b)

via the natural map.
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Consider the operator systems S = span {14,a} and T = span {14,b} generated by a
and by b. Because o(a) =1 and o(b) = J are closed intervals, the functional calculus gives
standard isomorphisms

C*(a) 2 C(I) 2 C(MIN(I)) and C*(b) = C(J) = C(MIN(J)).
We then identify
C*(a,b) = C(MIN(I)) » C(MIN(.J)) = C(MIN(I) x MIN(.J)).
Suppose
1 C*(a) * C*(b) = C(MIN(I) x MIN(.J)) — B(H)

is a conditionally free ucp map, or a ucp map built from Boca’s theorem. The barycenter
bar(p) € MIN(ZI) x MIN(J) corresponds to the point evaluation

0 = Opar(py : C*(a) » C*(b) - B(H)

that is the unique *-homomorphism determined by o(a) = p(a) and o(b) = u(b). Note
that such a *-homomorphism exists because o(u(a)) € I and o(u(b)) € J.

Theorem 3.4.10 implies that for every element x € C*(a)*C*(b) = C(MIN(Z)xMIN(J))
which corresponds to a separately nc convex function on MIN(7) x MIN(.J), the operator
inequality o(z) < p(x) holds. By Examples 3.4.6 and 3.4.7, elements of the form x = ab+ba,
or x = ab’a correspond to separately convex functions. Therefore if a and b are free
semicircular elements and p is a conditionally free ucp map, we get the inequalities

p(a)p(b) + p(b)p(a) < p(ab +ba),
pu(a)p(b)*pu(a) < p(ab®a).

In this same context, the “one-variable” nc Jensen inequality of Davidson and Kennedy
[26, Theorem 7.6.1] implies that if y € S+ T = span {14, a,b}, we have

w(y) () < u(y*y)

because the element x = y*y corresponds to a (jointly) nc convex function. In this case, such
an inequality trivially reduces to the usual Schwarz inequality for ucp maps. In contrast,
the inequalities (3.3) and (3.4) do not reduce to some trivial application of the Schwarz
inequality because they do not hold for general ucp maps p. For instance, one could take

A:M27
(ro ,_ (00
~\0 0)’ ~\0 1)’
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and let u : My — C be the normalized trace. (In this example, (A,p) = (M, tr/2) is
a faithful tracial C*-probability space, but a and b are not freely independent and not
semicircular.)

The reasoning of Example 3.5.2 generalizes readily to free semicircular families of arbi-
trary size as follows.

Corollary 3.5.3. Let (A, p) be a C*probability space with faithful tracial state o € S(A).
Suppose aq,...,aq € A is a free family of semicircular elements. If

p:C*(ay,...,aq) 2C*(ay) * - xC*(aq) > B(H)

15 a conditionally free ucp map, or a ucp map buwilt from Boca’s theorem, then for every
list of distinct indices iy, ...,ix € {1,...,d}, the operator inequalities

[L(CL”),[L(CL%) + M(alk)y’(ah) < :u(aif”aik + aik'”ah)
and

,u(a’h )"':u(aik—l ):u(alk )QIu(aik—l )M(ah ) < :u(ah"'a?k'"a’h )
hold.
Note that in Corollary 3.5.3, the ucp map p need not be conditionally free with respect

to the states ¢; = ¢|c(q,). Conditional freeness with respect to any family of states is
enough.

82



Chapter 4

Operator system duals and
noncommutative convexity

4.1 Introduction

A unital operator system S is a *-closed unital subpsace of the bounded operators B(H )
on a Hilbert space H. In this chapter, we assume that all operator spaces and operator
systems are norm-complete. Choi and Effros [15] gave an abstract characterization of unital
operator systems as matrix ordered *-vector spaces which contain an archimedean matrix
order unit. Using this characterization, it is natural to ask if the dual space S* is itself a
unital operator system.

The dual S* is at least a complete operator space, and inherits a *-operation and
matrix ordering from S. One says that S* is a matrixz ordered operator space. However,
S* typically fails to have an order unit in infinite dimensions. For instance, if S = C'(X)
is a commutative C*-algebra, then the dual C'(X)* is the space of Radon measures on the
compact Hausdorff space X, which never has an order unit if X is uncountable. So, one
requires a theory of nonunital operator systems if S* is to be an operator system. Werner
[78] defined nonunital operator systems—-which we hereafter refer to as simply “operator
systems”, as matrix ordered operator spaces which embed completely isometrically and
completely order isomorphically into B(H). Werner gave an abstract characterization
that extends the Choi-Effros axioms in the unital setting. One would hope that S* is such
an operator system, but it turns out that this is too much to ask. For instance, we have
the standard duality M = M, but this duality is not completely isometric. In fact, an
embedding M}* - B(H) cannot be completely isometric and completely order isomorphic
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at the same time. However, the isomorphism M = M,, is a complete isomorphism, inducing
completely equivalent matrix norms.

Call an operator system S dualizable if the dual matrix ordered operator space S*
embeds into B(H) via a map which is a complete order isomorphism and is completely
bounded below. That is, S* can be re-normed with completely equivalent matrix norms
in a way that makes it an operator system. Recently, C.K. Ng [65] obtained an intrinsic
characterization of dualizability. The operator system S is dualizable if and only if it
satisfies the following completely bounded positive decomposition property: There is a
constant C' > 0, such that for every n > 1 and every selfadjoint x € M, (5)%, there are
positives y, z € M, (S)* with z = y -z and |y|| + |z| < C||z|. Using the order unit, every
unital operator system S is dualizable with C' = 2. Similarly, the continuous functional
calculus implies that every (possibly nonunital) C*-algebra is dualizable with C' = 1. So,
the dualizable systems form a large class. However, not every operator system is dualizable.
For instance, the operator systems

S={a:[-1,1] > R|a is affine and a(0) =0} c C([-1,1]) and
T =span{FE1y, F91} € M,

contain no nonzero positive elements. So, the matrix cones in S* and 7™* are not proper,
and these cannot be re-normed into operator systems.

Recently, the Kennedy, Kim, and Manor [50] showed that the study of nonunital opera-
tor systems is categorically dual to studying pointed noncommutative compact convex sets.
This is a nonunital, quantized version of classical Kadison duality for function systems [15].
A noncommutative (nc) convex set is graded into matrix levels

K=]]K,c]][M.(E)

n>1 n>1

over an operator space E, which is closed under direct sums and compression by scalar
isometries [26]. Nec convex sets are essentially equivalent to the matriz convex sets of
Wittstock [79], with the distinction that an nc convex set contains infinite matrix levels
up to some infinite cardinal o depending on E. (In separable settings, usually one takes
a = Rg.) While nc convex sets are determined by their finite levels, one needs the infinite
levels to find all nc extreme points. Here when n is an infinite cardinal, we use the
convention M, = B(H), where dim H =n. We say that K is closed/compact if each level
K, is closed/compact.

The canonical example of an nc convex set is the nc state space

S(S)=]J{¢:S = M, | is unital and completely positive}

n>1
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of a unital operator system S. The unital noncommutative Kadison duality of Webster-
Winkler [77] and Davidson-Kennedy [20] asserts that S(5) completely determines S. If S
is a nonunital operator system, the appropriate replacement for the nc state space is the
nc quasistate space

QS(S) =[]{w:S > M, | ¢ is completely contractive and positive}.

n>1

If K is a compact nc convex set, and z € K is a prescribed basepoint, we form the nonunital
operator system A(K,z) of pointed nc affine functions

a:(K,z) > (M,0),

where M = 11,5, M,,. The pair (K, z) is a pointed nc convex set if every nc quasistate on
A(K,z) is a point evaluation in K. In [50], it was shown that the functor

S+~ (98(S5),0)

is a contravariant equivalence of categories between the category of operator systems and
the category of pointed compact nc convex sets, with essential inverse (K, z) » A(K, z).

Via this equivalence, operator systems can be completely described by the nc convex
geometry of the nc quasistate space (K,z) = (QS(S5),0). Our main question is: What
geometric condition on (K,0) detects dualizability of S? We obtain two geometric answers
to this question. The first is extrinsic, and the second is intrinsic to K.

Firstly, in Theorem 4.4.9, we show that S is dualizable if and only if there is a Hilbert
space H and a pointed embedding

(K,0) = (L,0)

into the positive nc unit ball

[ Bi(M,(B(H)))*

n>1

satisfying the following extension property: Every nc affine function on K extends to
an nc affine on L with a complete norm bound, and every positive nc affine function
a e M,(A(K,0))" extends to a positive nc affine on L. Equivalently, the restriction map
A(L,0) - A(K,0) is an operator space quotient map that maps the positives onto the
positives at all matrix levels.
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Secondly, in Theorem 4.5.7, we show that Ng’s bounded positive decomposition prop-
erty for S is equivalent to a complete normality condition for S* in the sense of [7, Section
2.1]. This is equivalent to the geometric condition

(K-R.K)nR,K cCK

in 1,51 M, (S*), for some constant C' > 0. It is equivalent to simply require that the set
(K -R,K)nR,K is norm-bounded.

The structure of this chapter is as follows. After some preliminaries in Section 4.2, we
discuss quotients of matrix ordered operator spaces in Section 4.3. In Section 4.4, given an
inclusion 0 € K ¢ L of pointed compact nc convex sets, we discuss the problem of extending
nc affine functions from K to L with norm bounds or while preserving positivity, which
characterizes when the restriction map A(L,0) — A(K,0) is a quotient. In Section 4.5, we
prove our main results, characterizing dualizability of S via geometric conditions on the
nc quasistate space 9S(S). In Section 4.6, we discuss positive generation for a nonunital
system S, and show that—in contrast to the classical case, a matrix ordered operator space
may be positively generated but not satisfy Ng’s condition of bounded positive generation.
In Section 4.7, we give some examples and applications. We obtain some permanence
properties, showing that quotients and pushouts of dualizable operator systems are again
dualizable. Using the nc quasistate space, we obtain a new proof of Choi’s Theorem.

4.2 Background

4.2.1 Nonunital operator systems

All vector spaces in this chapter are over C, unless stated otherwise. If V' is a vector space
and n € N, we let M,,(V') be the vector space of nxn-matrices with entries in V. Frequently
we naturally identify M, (V') with M, ® V', and write for instance

z 0
12®Zl§'—(0 x)

where x € V' and 15 € M5 is the identity matrix. We will also use the notation

MV) =T Ma(V)

n>1
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to denote the matrix universe over V.

If V' is any normed vector space and r > 0, we will frequently use B,.(V) to denote the
closed ball in V' with radius r and center 0 € V.

Following Ng [65], we fix the following definitions. An operator space F is a vector
space equipped with a complete family of L°*°-matrix norms, which we will denote either

by || . ||a H . ||E, or || : ||Mn(E) as appropriate.

Definition 4.2.1. A semi-matrix ordered operator space (X, P) consists of an op-
erator space X equipped with a conjugate-linear completely isometric involution x +— x*,
and a distinguished selfadjoint matrix convex cone P = [],5; P, < I1,, M,,(X)%? such that
each P, is norm-closed in M, (X). Usually we omit the symbol P and write M, (X)* := P,.
If in addition each cone M, (X)* satisfies M, (X)* n (=M, (X)*) = {0}, then we say X is
a matrix ordered operator space. If X is in addition a dual space X = (X,)*, we say
X is a dual matrix ordered operator space if the positive cones M, (X)* are weak-*
closed.

Definition 4.2.2. A semi-matrix ordered operator space X is positively generated if
Mn(X)Sa = Mn(X)+ - Mn(X)+
for all n > 1.

Example 4.2.3. If X is a positively generated matrix ordered operator space, then X* is
naturally a dual matrix ordered operator space with the standard norm and order structure
that identifies

M,(X*)2CB(X,M,) isometrically, and
M, (X*)* = CP(X, M,).

Definition 4.2.4. Let X and Y be matrix ordered operator spaces, and let ¢ : X - Y be
a linear map. For any n > 1, ¢ induces a linear map ¢, : M, (X) - M, (Y"). We say that
@ is completely bounded, contractive, bounded below, isometric, positive, or a complete
order isomorphism when each induced map ¢, satisfies the same property uniformly in n.
If ¢ is completely bounded below and positive, we say ¢ is a complete embedding. If ¢
is completely isometric and positive, we say ¢ is a completely isometric embedding.
If ¢ is also a linear isomorphism, we call ¢ a complete isomorphism or completely
isometric isomorphism as appropriate.
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The class of all matrix ordered operator spaces forms a category, where one usually
chooses the morphisms to be completely contractive and completely positive (ccp) maps,
or completely bounded and completely positive (cbp) maps. In the interest of readability,
we hereafter adopt the convention that “completely contractive and positive” al-
ways means “completely bounded and completely positive”, and similarly for “completely
bounded and positive”. That is, “completely” modifies both the words “contractive” and
“positive”. Since we have no need to consider maps which are positive but not completely
positive, there is hopefully no risk of confusion.

Example 4.2.5. Let S be a unital operator system, i.e. an *-matrix ordered space with
archimedian matrix order unit 1g. Then S is a matrix ordered operator space with norm

(t(ln ®l) @ ) >0 in M2n(5)53} .

T L

This norm agrees with the induced norm from any unital complete order embedding S ¢
B(H). In particular, for any Hilbert space H, the space B(H) is a unital operator system.

Definition 4.2.6. Let S be a matrix ordered operator space. We say that S is a quasi-
operator system if there is a complete embedding S — B(H) for some Hilbert space
H, and that S is a operator space if there is a completely isometric embedding S —
B(H). If S is in addition a dual matrix ordered operator space, then we say S is a
dual (quasi-)operator system if there is a weak-* homeomorphic (complete embedding)
completely isometric embedding into some B(H).

That is, a quasi-operator system S is a matrix ordered operator space which is com-
pletely isomorphic to an operator system. Put another way, one can choose a completely
equivalent system of norms on S, for which S embeds completely isometrically and order
isomorphically into B(H).

4.2.2 Pointed noncommutative convex sets

Suppose that E = (E,)* is a dual operator space. Let

M(E) =] Ma(E),

n>1

where the union is taken over all cardinals n > 1 up to some fixed cardinal a at least as
large as the density character of E. (In practice we suppress o.) When n is infinite, we take
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the convention M, := B(H,), where H, is a Hilbert space of dimension n. By naturally
identifying
M,(FE)=CB(E,, E),

we may equip each M, (E) with its corresponding point-weak-* topology. Note that if
E = M, this is the just the usual weak-* topology on M, (M) = M.

Definition 4.2.7. We say that a graded subset

K =]]K,<cM(E)

n>1

is an nc convex set if for every norm-bounded family (z;) € K, and every family of
matrices «; € M, , which satisfies

Zaf@i =1,, (4.1)

we have
Y ofwi € K. (4.2)

Here the sums (4.1) and (4.2) are required to converge in the point-weak-* topologies on
M,, and M, (FE), respectively. We say in addition that K is a compact nc convex set if
each matrix level K, is point-weak-* compact in M, (E).

Usually we refer to the sum in (4.2) as an nc convex combination of the points
x;. Succinctly, an nc convex set is one that is closed under nc convexr combinations. It is
equivalent to require only that K is closed under direct sums (4.1) in which the a;’s are
co-isometries with orthogonal domain projections, and compressions (4.2) when there is
only one «;, which must be an isometry.

Definition 4.2.8. Let K and L be nc convex sets. A function a: K — L is an nc affine
function if it is graded
a(K,)<c L,, foralmn>1,

and respects nc convex combinations, i.e. whenever x; € K are bounded and «; are scalar
matrices of appropriate sizes such that }; ofz;a;, then

* *
a( Yo xiai) =Y afa(z;)a;.
i i

We say a is continuous if each restriction alg,, is point-weak-* continuous.
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Classical Kadison duality [13] asserts that the category of function systems— partially
ordered Banach spaces with an archimedean order unit, is equivalent to the category of
compact convex sets with continuous affine functions as morphisms. Noncommutative
Kadison duality asserts a similar equivalence for unital operator systems.

Theorem 4.2.9. [77, Proposition 3.5][26, Theorem 3.2.5] The category of unital opera-
tor systems with ucp maps as morphisms is contravariantly equivalent to the category of
compact nc convex sets with continuous nc affine functions as morphisms. On objects, the
essential inverse functors send an operator system S to its nc state space

S(S)=]J{¢: S~ M, | ¢ is unital and completely positive},
n>1

and send a compact nc convex set K to the operator system

A(K)={a: K > M=M(C) |a continuous nc affine}.

The operator system structure and norm on A(K') is pointwise, i.e. one identifies
M,(A(K)) = A(K,M(M,)), and declares a matrix valued nc affine function if it takes
positive values at every point. The order unit is the “constant function” x € K,, » 1,, € M,,.
Both essential inverse functors act on morphisms by precomposition. That is, if 7 : §' - T'is
a ucp map between operator systems, then the corresponding map on nc state spaces sends
p:T — M, topr:S — M,. Likewise, if a : K - L is nc affine, then f — foa: A(L) - A(K)
is nc affine.

Recently, the Kennedy, Kim, and Manor [50] settled the question of Kadison duality
for nonunital operator systems. The key challenge is that in the absence of order units, if
S is a nonunital operator system then one must remember the whole nc quasistate space

98(9) =[J{p: S~ M,| ¢ is contractive and completely positive}

n>1

and consider pointed nc affine functions which fix the zero quasistates.

Definition 4.2.10. Let K be a compact nc convex set and fix a distinguished point z. We
let
A(K, z) = {ae A(K) | a(z) = 0}

denote the operator system of nc affine functions which vanish at z. We say that the pair
(K,z) is a pointed nc convex set if the natural evaluation map

K - OS(A(K,=z))

z = (aa(r))

is surjective (and hence bijective).
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The main subtlety in nonunital Kadison duality is that while the correspondence S
(QS8(5),0) is a full and faithful functor, it is only essentially surjective onto the pointed
compact nc convex sets.

Theorem 4.2.11. [56, Theorem 4.9] The category of operator systems with ccp maps as
morphisms is contravariantly equivalent to the category of pointed compact nc convex sets
with pointed continuous nc affine functions as morphism. On objects, the essential inverse
functors send an operator system S to is pointed nc quasistate space (QS(S),0), and send
a pointed compact nc convex set K to the operator system A(K,z) of pointed continuous
ne affine functions on (K, z).

Again, on morphisms the essential inverse functors in Theorem 4.2.11 act in the natural
way by precomposition on either nc affine functions or on nc quasistates.

4.3 Quotients of matrix ordered spaces

4.3.1 Operator space quotients

Here, we recall the basic theory of quotients for operator spaces. If E is an operator space,
and F ¢ F is a closed subspace, then the quotient vector space E/F is an operator space
where the matrix norms isometrically identify M, (E/F) with the standard Banach space
quotient M,,(E)/M,(F).

Definition 4.3.1. Let ¢ : E — F' be a completely bounded map between operator spaces
E and F. We will say that ¢ : F — F'is a operator space quotient map with constant
C > 0 if any of the following equivalent conditions hold

(1) Bu(Mo(F)) € n BV (B))) = Con(Br(Vo(B))) for all 1 € N.
(2) Bi(M,(F))<(C+e€) pn(Bi(M,(F))) for all n e N and every € > 0.

(3) The induced map @ : E/ker ¢ - F is an isomorphism and satisfies |@~!|q, < C.

The equivalence of (1) and (2) follows from a standard series argument using complete-
ness of E. We will simply say operator space quotient map if we have no need to refer
to C explicitly.

The following fact is standard in operator space theory, but we provide a proof for
completeness.
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Proposition 4.3.2. Let ¢ : E — F be a completely bounded map between operator spaces
E and F. The map ¢ is a quotient map with constant C' > 0 if and only if the dual map
©* : F* - E* is completely bounded below by 1/C. Moreover, in this case, ©* is weak-*
homeomorphism onto its range.

Proof. Suppose that C¢,(B1(M,(FE))) is dense in Bi(M,(F)) for every n. Given f €
M, (F*) = CB(F,M,,), approximating unit vector y € Bi(M,(F")) with vectors of the
form p(x) for x € Bo(FE) shows that | f e < Clles, (f)|eb-

Conversely, suppose that

LI Bi(Mn(F)) ¢ C T on(Bi(Mn(E))).

n>1 n>1

By the Effros-Winkler nc Bipolar theorem [32], there are m,n > 1, an = € CB;(M,(F)),
and an f e M,,(F*) 2 CB(F, M,,), such that

Re fi(y) < 1 for all k> 1,y € Bi(My(F)),

and yet Re fn(z) ¢ L,. It follows that |[f]| < 1, but |z < C and | f.(en(z))| > 1, so
s, ()] > 1 flen/C. This shows ¢* is not completely bounded below by 1/C'.

Finally, if ¢ is an operator space quotient map, it is bounded and surjective, and so its
dual map ¢* is weak-* homeomorphic onto its range. O]

4.3.2 Matrix ordered operator space quotients

Definition 4.3.3. Let X be a matrix ordered operator space. We call a closed subspace
J ¢ X a kernel if it is the kernel of a ccp map ¢ : X - Y for some matrix ordered operator
space Y. In this case, we define an matrix ordered operator space structure on the operator
space X /J with involution

(z+J) =a*+J

and matrix order

Mo (X[J)" = A{z+ Mu(J) |z € Mp(X)*},
where the closure is taken in the quotient norm topology on M, (X/J) = M, (X)/M,(J).

Proposition 4.3.4. If X is a matrixz ordered operator space, and J = ker ¢ is a kernel,
then X /J is a matriz ordered operator space.
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Proof. Since the involution on X is completely isometric and .J is selfadjoint, it follows
that the involution on M, (X/J) is completely isometric. It is straightforward to check
that X/J is a matrix ordered operator space. To prove that it is a matrix ordered operator
space, suppose z+.J € M,,(X/J)*n(-M,(X/J)*). Then for any ¢, there are y,z € M,,(X)*
with ||z =y + M, (J)]|, |z + 2z + M,(J)| < e. Hence

lon(@) = en(y)| < |z -y + Mu(J)| <e

and similarly |, (z) + @, (2)| < €. Since ¢ is c¢p, ©,(y),0n(2) > 0. As € is arbitrary and Y
is a matrix ordered operator space, this shows

pu() € M, (V) 0 (“BE,(V)7) = My (V) 1 (M (Y)°) = {0},
Therefore = € M, (ker ) = M,,(J), and so x + M, (J) = 0. This shows
My (X[ )"0 (=Mn(X/J)") = {0},

so X/J is a matrix ordered operator space. O

One can form a category of matrix ordered operator spaces with morphisms as either
completely contractive and positive (ccp) or completely bounded and positive (cbp) maps.
If V is a normed vector space and r > 0, then we let B,(V') denote the closed ball in V'
with radius r and center 0.

Definition 4.3.5. Let X and Y be matrix ordered operator spaces, and let ¢ : X - Y be
a cbp map. We say that ¢ is a matrix ordered operator space quotient map with
constant C > 0 if for all n € N we have both

(1) Bi(Mn(Y)) € Copn(B1(Mp(X))), and
(2) Mn(Y)* = on(Mn(X))".

For brevity, we will usually simply refer to ¢ as a quotient map, whenever it is clear that
we are speaking only in the context of matrix ordered operator spaces.

That is, a matrix ordered operator space quotient map is just an operator space quotient
map that maps the positives (densely) onto the positives at each matrix level. Comparing
to Definition 4.3.1.(2), a quotient map is surjective. Each map ¢, : M,,(X) - M,(Y) is
therefore open and closed, and since the positive cones M, (X)* and M, (Y)* are norm-
closed, it follows that ¢, (M, (X)*) is closed and ¢, (M,(X)*) = M,(Y)* for all n. That
is, the closure in condition (2) is redundant. The first thing to show is that such maps are
in fact categorical quotients in the category of matrix ordered operator spaces.
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Proposition 4.3.6. Let p: X - Y be a cbp map between matriz ordered operator spaces.
The following are equivalent.

(1) The map ¢ is a quotient map with constant C' > 0.

(2) The dual map ¢* : Y* — X* is completely bounded below by 1/C" and a complete order
injection.

(3) With J =ker ¢, the induced map ¢ : X|J =Y such that

X 25y

X/J

commutes is an isomorphism with cbp inverse satisfying |@~| . < C.

(4) For every matriz ordered operator space Z and cbp map ¢ : X — Z with ker ¢ € ker 1),
there is a unique cbp map ¢ Y — Z making the diagram

) AN
1

s

s
s~
S

@

Y
commute, with |0 s < C] ep-
In this case, p* is weak-* homeomorphic onto its range.
Proof. To prove (1) and (2) are equivalent, after invoking Proposition 4.3.2, it suffices to
show that ¢* is a complete order injection if and only if Condition (2) in Definition 4.3.5
holds. Note that because ¢ is completely positive, so is ¢*. Suppose @, (M, (X)*) is dense

in M, (Y)* for every n>0. Let f e M,,(Y*) with ¢;,(f) >20. Given n > 1 and y € M, (Y)*,
approximating y with a net of points of the form ¢, (x;) for z; € M, (X)* shows that

fn(y) = lizm fn(()pn(xz)) = thl(QO:n(f))n(l‘l) > 0.

This shows f > 0.
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Conversely, suppose that ¢, (M, (X)*) is not dense in M, (Y )* for some n > 1. By the

Effros-Winkler nc Bipolar Theorem [32] applied to the closed nc convex sets
[Hen(Ma(X)) 2 [IM(Y)",
k>1 k>1

there is a selfadjoint matrix functional f € M,,(Y*)%* such that fx(y) > —1,.x for every k
and every y € M (Y)*, but

fn(2) # =L

for some z € v, (M, (X)*) N~ Mi(Y)*. A rescaling argument shows that f > 0 in My(Y).
However, approximating = by points of the form ¢, (z), = € M, (X)* shows that ¢;,(f)
cannot be positive. Hence, ¢* is not a complete order isomorphism.

If ¢ is a quotient map with constant C' > 0, then it follows immediately from the
definition of the matrix order and matrix norms on X /J that ¢ : X/J - Y is a complete
order and norm isomorphism with [¢=1|., < C. Conversely, note that by definition the
quotient map ¢ : X — X/J is a quotient map with constant 1. Hence, if ¢ is a complete
order isomorphism with [¢7!|e < C, it follows that ¢ = @ o ¢ is a quotient map with
constant C'. This proves (1) and (3) are equivalent.

To show (3) and (4) are equivalent, it is enough to note that the quotient map ¢ :
X — X/J satisfies the universal property (4) with constant C' = 1. In detail, if (3) holds,
composing the universal map from (4) applied to ¢ : X - X /J with ¢~! shows that (4) holds
for ¢ with constant C'. Conversely, if (4) holds, then it holds for both ¢ and ¢, and there
are induced maps ¢ : X/J - Y and ¢: Y - X/J with |q|| < |&]e and |G| < C|qlla = C.
Comparing diagrams shows ¢ = ¢!, and ¢ is an isomorphism. O]

Condition (4) in Proposition 4.3.6 shows that a matrix ordered operator space quotient
map is a categorical quotient in the category of matrix ordered operator spaces with cbp
maps as morphisms. Moreover, the norm bound shows that a quotient map with constant
C =1 is a categorical quotient in the subcategory of matrix ordered operator spaces with
ccp maps as morphisms.

Remark 4.3.7. Every unital operator system is a matrix ordered operator space, and so if
@ : S — T is aucp map between operator systems with J = ker .S, we may form the quotient
matrix ordered operator space S/ ker ¢, but there is no a priori guarantee that this quotient
is again an operator system. The matrix ordered operator space quotient is generally not
isomorphic to the unital operator system quotient defined by Kavruk, Paulsen, Todorov,
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and Tomforde [55]. For example, they show in [55, Example 4.4] that the order norm
on the unital operator system quotient need not be completely equivalent to the quotient
operator space norm.

4.4 Extension property for compact nc convex sets

If K =11, K, is a compact nc convex set, we will define

spang K := [ [ spang K, € M(E).

n>1
The set spang K is also nc convex, but need not be closed in E.

Lemma 4.4.1. Let 0 € K ¢ M(E) be a compact nc convez set containing 0. Let K — K
denote the levelwise Minkowski difference of K with itself. Then we have inclusions
K-K
2

cnceconv(K U (-K))c K - K.
Consequently, ncconv(K u (-K)) € spang K.

Proof. 1t is immediate that (K - K)/2 ¢ ncconv(K u (-K)) c ncconv(K u (-K)). Given
z e ncconv(K U (-K)),, we can write

Z= Zafl'ioéi - Zﬁ;%ﬂj
i J

for uniformly bounded families {x;},{y;} in K and matrix coefficients satisfying Y, o a; +
> 5;@ =1, Since 0 € K and },a’a; < 1, we have z = Y, afx;o; € K,. Similarly
y=3;05y;Bj€ K,and so z=x -y is in (K - K), = K,, = K,,. Therefore

ncconv(K U (-K))<c K- K,
and since the latter is compact, neconv(K u (-K)) c K - K. O

When 0 € K, by extending the inclusion map K ¢ [[, M, (A(K,0)*) linearly at each
level, we will think of elements in (spang K'),, as nc functionals in

M, (A(K,0)*) = CB(A(K,0), M,).
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Proposition 4.4.2. Let 0 ¢ K ¢ M(FE) be a compact nc convex set in a dual operator
space E = (E,)*. For each n € N, the inclusion K - QS(A(K,0)) extends uniquely to a
well-defined nc affine isomorphism

n: ] spang K, > [ [ M (A(K,0)")*

n>1 n>1

which is levelwise linear. The norm unit ball in M, (A(K,0)*)s® is
Bi1(M,(A(K,0)*)) = CC(A(K,0), M,) =ncconv(n(K) u (-n(K)))n,
and for each n, 1 is homeomorphic on K, — K,.

Proof. Since K, is convex, we have spang K,, = {sz —ty | x,y € K,,s,t > 0}. Given
sx —ty € spang K,,, we define

n(sz —ty)(a) = sa(z) - ta(y)

for a € A(K,0). Since such functions a are affine and satisfy a(0) = 0, it follows that 7|k,
is well-defined and linear, and that 7 is nc affine. Since E, contains a separating family of
functionals, which restrict to nc affine functions in A(K,0), the map 7 is injective.

Next we will show the closed unit ball is
By (M (A(K,0)*)*) = neconv (n(K) U (-n(K)))n
for every n. That is, if L is the compact nc convex set

L =TT Lo = LT Bu(Mo(A(K,0))),

n>1 n>1

we want to show L = ncconv(n(K) u (-n(K))). Since n(K') consists of nc quasistates on
A(K,0), it is clear that L 2 ncconv(n(K) u (-n(K))). To prove the reverse inclusion, by
the nc Bipolar theorem of Effros and Winkler [32], it suffices to suppose that for some
neN and a € M,(A(K,0))% that we have

QOn(CL) < 1k’ ® 1n = lkn

for all k€ N and all ¢ € ncconv(n(K) u (-n(K))), and then show that ¢, (a) < 1, ® 1,, for
all k£ and all ¢ € L. Because ncconv(n(K) u (-n(K))) contains both n(K) and -n(K),

we have
—1gn <a(z) < 1py
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for all k and all € Kj. Hence |a|as, ax0)) < 1, and so ¥,(a) < |a|lk, < 1k, for every
¢ € L. This proves L = ncconv(n(K) u (-n(K))), and consequently 7 is also surjective.
Since 7 is homeomorphic on K and K - K is (levelwise) compact, it is easy to check that
1 is continuous on each K, — K,,. Being a continuous injection on a compact Hausdorff
space, the map 7|k, _r, is automatically a homeomorphism onto its range. O

Recall that the pair (K,0) in Proposition 4.4.2 is a pointed nc convex set exactly
when we have

[ Bi(M(A(K,0)")") = QS(A(K,0)) = ().

n>1

In practice, we will often identify M, (A(K,0)*)s* with spany K,, and so omit the symbol
n. Note that since 7 is homeomorphic on K — K 2 ncconv(K u (-K)) (Lemma 4.4.1), we
are free to identify

ncconv(n(K) u (-n(K))) = n(ncconv(K u (-K))).

That is, when we identify M, (A(K,0)*)s* = spang K,,, the unit ball of M, (A(K,0)*)s? is
ncconv(K U (-K)),.
For a closed convex set X in a vector space V' containing 0, we use the usual Minkowski

functional
vx(v) =inf{t >0 |vetX}, veV.

If0e K =, K, is a compact nc convex set over a dual operator space F, we will use the
shorthand

k() =7k, ()
when z € M,,(E).

Definition 4.4.3. [70] If X is a closed convex set in some vector space V', then for d e V,
we define the width of V' (with respect to d) or the d-width of V' as

| X|g:=sup{t>0|tde X - X'}
~ 1
Yx-x(d)’
Definition 4.4.4. If K =[], K, € M(F) is a closed nc convex set over a dual operator
space F, then for any n and any d € M, (F) we define the width
1

Klq:=|Ky|q= )
|K g = [Knla So—
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Lemma 4.4.5. If 0 € K ¢ M(FE) is a compact nc conver set containing 0, then for
d e M,(FE), we have |K|; > 0 if and only if d € spang K. Moreover, for d € spang K, we

have
2

1
—_— < d * < — .
i, < I @Dlcaccor < g

That is, d = 1/|K|q = 1/|Ky|a defines a norm on spang K,, that is equivalent to the norm
induced by the isomorphism 1 : spang K,, — M, (A(K,0)*)%a.

Proof. By Lemma 4.4.1, we have inclusions

K-K

cncconv(K U (-K))c K - K.
It follows that for d € spang K, we have

2vk -k (d) > Yaeeomv(ku(-k)) () > Yr-Kk (d).

By definition, vx_x = 1/|K|4. By Proposition 4.4.2, the norm unit ball of M, (A(K,0)*)s
1s
o (n(K) 0 (~n(K))) = n(iceom (K o (-K))),

and hence ’Ym(Ku(—K))(d) = ’Ym(n(K)u(—n(K)))(U(d)) = Hn(d) H 0

Given compact nc convex sets 0 € L ¢ K. The restriction map p : A(K,0) - A(L,0)
is always completely contractive and positive, and has dense range. When is this map an
operator space quotient map? Equivalently, this means there is a constant C' > 0 so that
any nc affine function g € M,,(A(L,0)) extends to an nc affine function f on all of K with

flu=g and | fla.acoy < Clglaacop-
Here is a noncommutative version of [70, Theorem 1].

Proposition 4.4.6. Let 0 e L ¢ K ¢ M(FE) be compact nc convez sets containing 0. The
following are equivalent

(1) The restriction map A(K) — A(L) is an operator space quotient map.
(2) The restriction map p: A(K,0) - A(L,0) is an operator space quotient map.
(3) The dual map p* : A(L,0)* - A(K,0)* is completely bounded below.
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(4) There is a constant ¢ >0 such that for alln >1 and all d € M,,(E) with |L|4 > 0, we
have
|L|g > | K|y

(5) There is a constant C' >0 such that

(K-K)nspang LcC(L-L).

Proof. Clearly (1) implies (2). Suppose p: A(K,0) - A(L,0) is an operator space quotient
map with constant C' > 0. Given a € A(L), we have a - a(0) ® 14y € A(L,0). Thus there
is a be A(K,0) with bl = a—a(0) ® 14y and [[b] < Clla - a(0) ® 141y| < 2C]all. Then,
b+a(0) ® 1ak) € A(K) restricts to a on L and satisfies [|b+ a(0) ® L)l < [0 + [a] <
(2C +1)|a|. This proves A(K) — A(L) is an operator space quotient map with constant
2C' +1, so (2) implies (1).

The equivalence of (2) and (3) is Proposition 4.3.2. To prove (3) is equivalent to (4),
first note by taking real and imaginary parts that (3) occurs if and only if the restrictions
pr s M, (A(L,0)*) - M, (A(K,0)*)% are bounded below by a universal constant. By
Proposition 4.4.2, we may identify

spang L, = M, (A(L,0)*)** and spang K, = M, (A(K,0)*)*.

With this identification, p* is just the inclusion map spang L,, - spang K,,. By Lemma
4.4.5, the induced norms on spang L and spany K are completely equivalent to d — 1/|L|4
and d — 1/|K|;s. Thus the dual map p* is completely bounded below if and only if for some

constant ¢ > 0, we have
1 1

<
| Kla ~ |Lla
whenever d € spang L = {d e M(E) | |L|z > 0}, by Lemma 4.4.5.

<~ |L|d > C|K|d

For d e M(FE), recall that |K|, =

and |L|; = —~. Hence condition (3) holds
vL-L(d)
if and only if

1
v -k (d)

1

7L—L|spanR L< EVK—K|spanR L = Ve(K-K) |spanR L.
Using only the definition of the Minkowski gauges vx_x and 77 _r, this holds if and only if
¢(K-K)nspang Lc L - L.

Hence condition (4) holds with constant ¢ > 0 if and only if condition (5) holds with
constant C'=1/c > 0. O
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Note that for any general inclusion L ¢ K of compact nc convex sets, we can freely
translate to assume 0 € L and apply Proposition 4.4.6. Thus conditions (1), (4), and (5)
are equivalent in total generality. Note also that we do not require in 4.4.6 that (L,0) and
(K,0) are pointed nc convex sets.

Example 4.4.7. It is possible that the restriction map A(K,0) - A(L,0) in Proposition
4.4.6 is surjective but not an operator space quotient. For instance, let E be an infinite
dimensional Banach space. Let max(FE) and min(E) denote E equipped with its maximal
and minimal operator space norms which restrict to the usual norm on E [32, Section
3.3]. There are standard operator space dualities max(E)* ~ min(E*) and min(E)*
max(FE*). As F is infinite dimensional, the maximal and minimal matrix norms on E are
not completely equivalent [68, Theorem 14.3]. So, the identity map max(£) — min(E) is
surjective and not an operator space quotient map. Consider the minimal and maximal nc
unit balls

K =] Bi(M,(min(E*))) and L =]]Bi(M,(max(E")))

n>1 n>1

in M(E*). By the dualities max(E)* 2 min(£*) and min(F)* = max(E*), we have
A(K,0) xmax(F) and A(L,0)2min(E)

completely isometrically. The restriction map A(K,0) - A(L,0) is just the identity map
max(F) - min(F), which is surjective, but not an operator space quotient map.

Proposition 4.4.6 provides a guarantee that every matrix-valued nc affine function on
L lifts to an nc affine function on K with a complete norm bound. However, there is no
guarantee that we can lift a positive affine function to one that is positive. For instance,
the restriction map of function systems

A([_17 1]7 0) - A([Ov 1]7 O)

is an operator space quotient map with constant ¢ = 1, but does not map the positives onto
the positives because A([-1,1],0)* ={0}.

Proposition 4.4.8. Let 0 € L ¢ K ¢ M(FE) be compact nc convex sets such that (L,0)
and (K,0) are pointed compact nc convex sets. Let p: A(K,0) - A(L,0) be the restriction
map. The following are equivalent

(1) For alln>1, p,(M,(A(K,0)*)) = M, (A(L,0))".
(2) The dual map p*: A(L,0)* - A(K,0)* is a complete order embedding.
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(3) K nspang L SR, L.
(4) K nacconv(Lu (-L)) = L.

Proof. To prove (1) <= (2), consider the closed nc convex sets
P=1]M.(A(L,0))" and Q=]]pu(M.(A(K,0))*).
n>1 n>1
By the nc Bipolar theorem of Effros and Winkler [32], we have @ = P if and only if their
nc polars Q™ and P™ are equal. But by scaling, we have
P™={peM(A(L,0)) | keN,Re ¢,(b) <1, foralln>1,be P,}
={p € M(A(L,0)") | k e N,Re ¢ <0}

and similarly
Q" ={pe Mp(A(L,0)*) | ke N,Re pn(pn(a)) <1n for all n > 1,a € M,(A(K,0))*}
={p e M(A(L,0)") | k e N,Re pi(p) <0}
Thus P = (@ if and only if p* is a complete order injection.
When we identify A(K,0)* = spang K7 and A(L,0)* = spang L; as in Proposition 4.4.2,
the dual map p* : spany L — spang K is just the inclusion map. Since (K,0) and (L,0) are
pointed, the positive cones in M,,(A(K,0)*) = spang K,, and M, (A(L,0)*) = spang L,, are

just R, K,, and R, L,,, respectively. Hence the inclusion map is a complete order injection

if and only if we have
R, K nspang L =R, L.

A rescaling argument shows that this is equivalent to
K nspang LR, L,

and so (2) and (3) are equivalent.

If K nnceonv(L u (-L)) = L, then scaling gives
R, (K nspang L) =R, K nspang L =R, L,

which is again equivalent to (3), so (4) implies (3). Now suppose that K nspang L € R, L.
Clearly L ¢ Knncconv(Lu(-L)). Conversely, if x € K nncconv(Lu (L)), then by Lemma
4.4.1, we also have z € K nspang L = R, L. Hence

x encconv(Lu (L)) nR, L.
Because (L,0) is pointed, this implies x € L, proving that (3) implies (4). ]
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Combining Propositions 4.4.6 and 4.4.8 yields

Theorem 4.4.9. Let (L,0) and (K,0) be pointed compact nc convex sets with L ¢ K ¢
M(E). The following are equivalent.

(1) The restriction map A(K,0) - A(L,0) is a matriz ordered operator space quotient
map.
(2) There is a constant C' >0 such that

(i) (K- K)nspang L C(L- L), and
(i) K nspang L cR, L.

4.5 Dualizability via nc quasistate spaces

Recall that the trace class operators 7(H) = B(H). inherit a matrix ordered operator
space structure via the embedding 7(H) = B(H). € B(H)*, where B(H) = (B(H).)*
completely isometrically and order isomorphically. By Ng’s [65] results, since B(H) is
a C*-algebra, B(H)* is an operator system, and so 7(H) = B(H). ¢ B(H)* is also an
operator system. The nc quasistate space of T (H) is the compact nc convex set

P(H) := [ M, (B(H))i = [[{z € Mo(B(H))x 20, [z] <1}.

n

Applying Theorem 4.4.9 and Proposition 4.3.6 yields the following extrinsic geometric
characterization of dualizability for an operator system.

Corollary 4.5.1. Let S be an operator system with pointed nc quasistate space (K,0), and
let H be a Hilbert space. The following are equivalent.

(1) There is a weak-+ homeorphic complete embedding S* - B(H).
(2) There is a matriz ordered operator space quotient map T(H) — S.
(3) There is a pointed continuous nc affine injection ¢ : (K,0) - P(H) such that

(i) (P(H)-P(H))nspang p(K) < C(p(K)-p(K)) for some constant C' >0, and
(i1) P(H) nspang o(K) < R,p(K).
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Definition 4.5.2. Let E be an ordered *-Banach space with closed positive cone E*. We
say F is a-generated for a constant « > 0 if for each x € E5?, we can write
r=y-—z
for y, z € E* satisfying |y| + ||z]| < a|z|. Or, equivalently,
B1(E) = aconv(Bi(E*) u(-B1(E"))).

If X is a matrix ordered operator space, then we say X is completely a-generated if
each matrix level M, (X) is a-generated.

In [65, Theorem 3.9], Ng proved that an operator system S is dualizable if and only if
it is completely a-generated for some a > 0. The following definition is the dual property
of a-generation.

Definition 4.5.3. An ordered *-Banach space E is a-normal for some « > 0 if for all
Y,z € B
v<y<z = |y| < amax{|z],|z]}. (4.3)

If X is a matrix ordered operator space, then X is completely a-normal if each matrix
level M,,(X) is a-normal.

The condition of a-normality can be viewed as a strict requirement about how the norm
and order structure on F interact. Normality means that “order bounds” = <y < z should
imply “norm bounds” |y| < amax{|z|,|z]}. If one does not care about the exact value
of a, it is enough to check the normality identity (4.3) on positive elements in the special
case x = 0.

Proposition 4.5.4. If E is an ordered *-Banach space, then E is a-normal for some o > 0
if and only if there is a constant 5> 0 such that

O<z<y = [z <Blyl (4.4)
for x,ye E*.
Proof. If E is a-normal, then (4.4) holds with § = a. Conversely, suppose (4.4) holds, and

let z<y<zin B Then 0<y-xz<z-z, and so |y - x| < 8|z — z|. Then, we get the
bound

lyll < lly -]+ ||
<Blz-a)+ |l
< Bzl + lz]) + ]
< (26 + 1) max{|z], =]},
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proving E' is (25 + 1)-normal. O

Proposition 4.5.5. Let X be a matriz ordered operator space, with dual matrixz ordered
operator space X*, and let a > 0. If X 1is completely a-generated, then X* is completely
2a-normal. Conversely, if X* is completely a-normal, then X is completely 2a-generated.

Proof. Suppose that X is completely a-generated. Let k € N and suppose z,y, z € My (X*)s?
satisfy z < y < z in the dual matrix ordering on X*. By definition of the dual norm, we
have

[9lasexey = sup{[{a, 2| [ 721, a € M, (X)*},

where (-,-) denotes the usual matrix pairing between M(X) and M(X*). Given n € N
and a € M, (X )%, we can write a = b—c where b,c € M, (X)* satisfy |[b] +|c| < afa|. Then,
we have the operator inequality

{a,y) = (b, y) - {c,v)
(0, 2) = {c,x)

(=100 =+ T Tel) Lk

(] + =1 ela] L.

IN AN IN

Symmetrically,

{a,y) > (b,x) - (e, 2)
=l llol + 121l Lax
=(J] + [z el af L.

v v

It follows that

[€a, y)] < (=] +lz[Delal.

Since a was arbitrary, this shows |y| < a(||z| + |z]) < 2amax{|z],|z|}, proving X~ is
completely 2a-normal.

Now suppose X* is completely 2a-normal. Consider the closed matrix convex subsets

K = 1T B (M (X)) = By (M(X)™),

n>1

K* = [ Bu(M (X)) = K 0 M(X)",

n>1

L :=ncconv (K" u (-K™))
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of M(X). We will show that K < «L.

To prove K ¢ aL, by the selfadjoint version of the nc separation Theorem of Effros and
Winkler [26, Theorem 2.4.1], it suffices to show that the selfadjoint nc polars

K7 o= [ { € Mo(X)™ | {a ) € Ly for all k> 1w € K}

n>1

and L* (defined similarly) satisfy L# € aK?. The relevant selfadjoint polars are
K? = [ Bi(Mp(X™)),

k>1
(K*)P=KP - M(X*)*
= [[{z € My(X*)*| x <y for some y € K”}, and
k=1
LP=(K*")n(-K")*
= (K7 = M(X™)") n (K7 + M(X7)7)
= [[{y € Mp(X*)* |z <y <z for some z, 2 € K*}.
k>1
Hence, if y € L7, then y satisfies < y < z for some z, z € M(X*)* with |z[, [z < 1. By
complete a-normality, this implies |y| < a, so y € «K?. This proves L* ¢ aK*, so K € «L.

Hence K < aL = ancconv(K* u (-K*)). Using Lemma 4.4.1, we have
ncconv(K*u(-K*))c K+ - K*.

Hence K ¢ a( K* - K*), and by rescaling every element x € M (X )% can be decomposed
as x =y -z with y,2 >0 and |y, |z] < a|z|, and so |y| +|=z]| < 2a|x|. This shows X is
completely 2a-normal. O]

Remark 4.5.6. If H is a Hilbert space, then B(H) is completely 1-normal. Consequently,
if X is a matrix ordered operator space which is completely norm and order isomorphic to
a subspace of B(H) (a quasi-operator system), then X must be a-normal for some a > 0.

Because complete a-normality is dual to complete a-generation, [65, Theorem 3.9] can
be viewed as a partial converse to Remark 4.5.6. If X = S* is the dual of an operator
space, then if X is completely a-normal, it is a dual quasi-operator system. Translating
the normality condition into a condition on the nc quasistate space gives the following
intrinsic characterization of dualizability.

Theorem 4.5.7. Let (K,0) be a pointed compact nc convex set, with associated operator
space S = A(K,0). The following are equivalent.
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(1) S* is a dual quasi-operator system.
(2) S is completely a-generated for some o > 0.
(3) S* is completely a-normal for some o> 0.

(4) There is a constant C' >0 such that
(K-R,K)nR,K cCK,
where K — R, K denotes the levelwise Minkowski difference.

(5) The closed nc convex set (K -R,K)nR, K is bounded.

Proof. The equivalence of (1) and (2) was proved by Ng in [65, Theorem 3.9]. Proposition
4.5.5 shows that (2) and (3) are equivalent. To prove that (3) and (4) are equivalent,
we may use Proposition 4.4.2 to identify [],5; M,(S*)% = spang K. After doing so, the
positive elements in M (S*) correspond to the closed nc convex set R, K, and for d € R, K,
we have |d| az,(s+) = vx(d). Consequently,

(K-R,K)nR,K ={despang K | 0<d <z for some = € K}
={de[[M,(S*)*|0<d<z for some z >0 in K, with |z] <1}.

Thus (4) holds if and only if
O<z<yand |y|<1 = |z| <C,
in M, (S*)% for all n € N. By rescaling, this is equivalent to asserting that
O<z<y = [z]| <Cyl

in M, (S*)%2. Then, Proposition 4.5.4 shows that if (3) holds, then (4) holds with C = «,
and if (4) holds, then (3) holds with a = 2C' + 1. Finally, because (K - R, K)nR,K is
a subset of R, K, on which the matrix norms from S* agree with the Minkowski gauge
vk, (4) holds if and only if (K -R,K)nR, K is bounded by C' >0, i.e. if and only if (5)
holds. O

Remark 4.5.8. The analogous version of Theorem 4.5.7 holds in the classical case: If
(K,0) is a pointed compact convex set, then the nonunital function system A(K,0) is
a-generated for some « > 0 if and only if (K -R,)nR, K is bounded.
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Corollary 4.5.9. Let z € K ¢ L be compact nc convex sets such that (K, z) and (L, z) are
pointed. If A(L,z) is dualizable, then so is A(K, z).

Proof. By translating, it suffices to consider this when z = 0. This follows by noting that
(K-R,K)nR,Kc(L-R,L)nR, L,
and using condition (5) in Theorem 4.5.7. O

In [56, Section 8], quotients of (nonunital) operator systems were defined. There, a
quotient of operator systems S — S/J corresponds dually to a restriction map A(K,z) —
A(M, z) between pointed compact nc convex sets, where M ¢ K is the annihilator of the
kernel J ¢ K. Applying Corollary 4.5.9 gives

Corollary 4.5.10. If S is a dualizable operator system, then every quotient of S is dual-
1zable.

4.6 Positive generation versus completely bounded pos-
itive generation

Classically, if an ordered Banach space E is positively generated in the sense that
E® = E+* — F* then FE is in fact a-generated for some o > 0. This is a consequence of the
Baire category theorem [7, Theorem 2.1.2]. In the special case where F = A(K,0) is the
nonunital function system of continuous affine functions on a pointed compact convex set
K containing 0 which vanish at 0, the following classical analogue of Theorem 4.5.7 holds:
The function system A(K,0) is a-generated if and only if the classical convex set (K -
R,K)nR,K ¢ A(K,0)* is bounded. If A(K,0) is positively generated, it is a consequence
of the Banach-Steinhaus Principle of Uniform Boundedness that (K - R, K) n R, K is
bounded, and so A(K,0) automatically has bounded positive generation. This proof is
essentially the dual version of the proof of [7, Theorem 2.1.2].

In this section, we discuss the noncommutative situation. First, we show that an
operator system S has complete positive generation, meaning M, (S5)%* = M,(S)* -
M, (S)* for all n > 1, if and only if S is positively generated at the first level. In contrast to
the classical situation, complete positive generation need not imply complete a-generation.
In Example 4.6.6, we give an example of a matrix ordered operator space which is positively
generated but not completely a-generated for any a > 0.
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One might also consider the following weaker property. Call an ordered Banach space
E approximately positively generated if E*— E* is dense in E. Note that even though
the postiive cone E* is closed, it need not be the case that E+* — E* is closed, even when
E' is an operator space, as the following example shows.

Example 4.6.1. Let S = C([0,1]), and define S* to be the closed cone of functions which
are both positive and convex. Then S* - S* is dense in S = C([0,1]), because it contains
all C? functions, but S* — S* # S, because the convex functions in S* are automatically
differentiable almost everywhere on the interior (0,1). So, S is an ordered Banach space
which is approximately positively generated, but not positively generated. In fact, S is an
operator system. Indeed, if we let

K={peS"||p|<1and o(S*)c[0,00)}

be the classical quasistate space of K, then since every probability measure on [0, 1] lies
in K, the natural map
S - A(K)

into the continuous affine functions on K is isometric and order isomorphic. That is, S is
isometrically order isomorphic to a nonunital function system, and so inherits an operator
system structure.

There are many examples of the same kind as Example 4.6.1. It suffices to take any
function system S, and equip it with a new closed positive cone P ¢ S* for which P - P
is not closed. In a private correspondence, Ken Davidson suggested another example in
which S = C & ¢ is equipped with the new positive cone

P= {(t, (2n)ns1) €Cdcy [t 20, (2n)ns1 20, and Z Ty < t}.
n=1

Here, again P — P is dense and not closed in S.

Proposition 4.6.2. Let S be an operator system with quasistate space K € S*. Then S is
approximately positively generated if and only if S* separates points in K.

Proof. 1f S is densely spanned by its positives, then the positives must separate points in
K. Conversely, suppose that S is not positively generated. Then there exists an element
x € S5\ (S* - S*). By the Hahn-Banach Separation Theorem, there is a self-adjoint linear
functional ¢ € S* so that for all y € S* — S* we have

p(x) < p(y).
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But since S* — S§7 is a real vector space, this implies that ¢ is identically zero on S -
S*. Moreover, by the Hahn-Jordan decomposition theorem there are positive functionals
ot € BT with ¢ = ¢* — p~. Since ¢(z) < 0, the functionals ¢* and ¢~ are necessarily
distinct, but they are equal on S* — S* and hence on S*. Normalizing ¢* to obtain
quasistates shows that S* does not separate quasistates. O

Remark 4.6.3. The Hahn-Jordan decomposition theorem ensures that, as an ordered
vector space, the dual space S* is always positively generated.

By the following result, if S is positively generated then so are each of its matrix levels
M, (S). Again by [7, Chapter 2, Theorem 1.2], each M, (S) is a,-generated for some «,.
In order for S to be dualizable, we would need the sequence («,,) to be bounded.

Proposition 4.6.4. If S is positively generated, then so is M, (S) for each n.

Before proving this, we will need a technical lemma which proves a much stronger
statement in the finite dimensional setting.

Lemma 4.6.5. If S is a finite dimensional and positively generated operator system, then
it contains a matriz order unit.

Proof. Since S is positively generated, then it admits a basis B = {pi,...,pn} consisting
of positive elements. We claim that e := Y/, p; is an order unit. For any x in S, we can
write  uniquely as a real linear combination

m
T = ap;,
i=1
and we define A\, := max{1,|ai],...,|an|}. Tt is clear that \,e + 2 are positive in S, so e is

an order unit.
Next we let n > 0 and show that e, := e ® [,, is an order unit for M, (S), so fix an
X = (xij)?,j:l € M,(S)%. Since F is positively generated, for every i < j we can decompose
the corresponding entries of X as
vy = Re zf; — Re x; + i(Imzf; — Imay;).

To find a large enough coefficient of e, to dominate X, we let

)\X = )\d + )\Re + >\Im-
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Where A := maX{Ami }?:17 ARe = Zi<j )\Re zf;+Re x5 and Apy = Zi<]’ )\Imz;’jJrImxi‘j' Note that
it makes sense to write x7; since the x; must all be self-adjoint, as they lie on the diagonal
of X = X~.

Fix a concrete representation S — B(H) of S as a norm closed and *-closed subspace
of the bounded operators on a Hilbert space. We’ll show that Axe, + X > 0 concretely
using inner products. Take an arbitrary vector a = (a;)", € H" = @', H, and compute

((Axen + X)a,a) =Ax{ena,a) + (Xa,a)

n n
=Ax Z(eaia ai) + Z(%iai, ai) + Z(xijaj: Gi) + (%‘iaz‘, Gj)
i=1 i=1 i<j
n n
=\x Z(eaz, a;) + (ycual, a;) Z 2Re (x;ja;, a;)
i=1 i= i<j
n n
= /\dz GCLZ,CLZ + Z L@, Q4 )
=1 1=

+ ()‘Re + >\Im> Z<ea’i7 CL7;> + ZQRG <xijaj’ CL1>)

i=1 i<y
n n

= )\ Z eazaaz + Z muauaz
i=1 =1

+ /\Re Z(eai,ai) + 2ZR6 (Re xijaj,ai))

i=1 i<j

+ )\Im Z(eai, ai) -2 Z Im(Imxijaj, al)) .

i=1 i<j

For the remainder of the proof, we will show that each of the three terms above is non-
negative. Starting with the first term,

INgE

n n
Ad Z ea;, a; +Z Tia;, a;) = > ((Age + xy)a;, a;)
i=1 =1

i=1

M=

((Al‘”e + xll)a/’u a2>

~.
Il
—_

v
)

)

where the last inequality follows from the first paragraph of the proof.
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To prove that the second term is non-negative, note

n

ARe Z(eak,ak) + ZZRe (Re zj5a;, a;)

k=1 1<j

—Z ARe z* +Re a7, )Z eay, ay +2ZR€ (Re a5, a;)

i<j i<j
= Z()\Re ot +Re a7, ) Z eay, ai) + 2Re (Re 545, a;).
1<j k=1

We now show that for each pair ¢ < j, the corresponding summand is non-negative:

n
()\Rex - +Re a7, Z eay, ai) + 2Re (Re z;5a5, a;)

=(ARe +Re o ); ear, ap) + 2Re ((Re o, - Re x;;)a;, ;)

>(ARe a7, +Re a7, ) (€04, @i) + (ARe o7 +Re o7, ) (€05, @) + 2Re ((Re 275 - Re x7;)a;, a;)
> ((Re az,az) (Re zj;a;,a;) + 2Re (Re 505, a;))
((Rex ai,a;) + (Re 25505, a;) — 2Re (Re a],a,))

=(Re zj;(a; + a;), a; + a;)

+(Re x7;(a; - a;), a; - a;)

>0.

The last inequality follows since each Re zj; is a positive operator. The proof that the
third term is non-negative is similar. [

We now prove Proposition 4.6.4

Proof of Proposition 4.6.4. To show M,(S) is positively generated, fix X = (:Eij)zjzl €
M, (S)%a. Since S is positively generated, each x;; can be written as a linear combination
of four positives Re z7;, Re z7;, Imxz;, and Imz7;. Let Sx denote the linear span of these
positives, as ¢ and j range from 1 to n. Since Sx is a finite dimensional operator system,
by the previous lemma there is a matrix order unit ex € Sy and in particular there is a
constant A > 0 so that both A1, ®ex+X >0. Since X = (A, ®ex+X)/2-(\],®ex—-X)/2

and all entries are ultimately in S, this shows M, () is positively generated. O

So, complete positive generation coincides with positive generation at the first level.
However, the following example shows that for matrix ordered operator spaces, positive
generation at all matrix levels does not imply complete a-generation for any a.
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Example 4.6.6. Any Banach space E has a unique maximal and minimal system of
L~-matrix norms which give £ an operator space structure and restrict to the norm on
E at the first matrix level. We denote the resultant operator spaces by max(FE) and
min(E), respectively. There are natural operator space dualities max(E)* = min(£*) and
min(FE)* = max(F)* [32, Section 3.3].

We will consider the Banach space ¢! and its dual ¢~. Because /> is a commutative
C*-algebra, we have (> = min(¢>) [32, Proposition 3.3.1]. The embedding ¢! < (£>)*
gives a matrix ordered operator space structure on ¢', which coincides with the max norm
¢! =max(¢'). Using the natural linear identifications

M, (£=) = ¢=(N,M,) and M,(¢') = (N, M,),

the resultant positive cones in ¢*° and ¢! consist of those sequences of matrices which are
positive in each entry.

We will consider the minimal operator space min(¢!) equipped with the same matrix
ordering as ¢! = max(¢'). Because the matrix cones M, (¢')* = ¢*(N, M,") are closed in the
topology of pointwise weak-* convergence, which is weaker than the topology induced by
either the minimal or maximal norms on M, (£'), the matrix cones M, (¢*)* are closed in the
minimal norm topology. Thus min(¢!) has the structure of a matrix ordered operator space.
Because M, is l-generated, it follows that each M, (min(¢')) = ¢*(N, M,) is positively
generated, so min(¢!) is completely positively generated.

However, we will show that min(¢') is not completely a-generated for any a > 0. We
will do so using Proposition 4.5.5, by proving the dual matrix ordered operator space
min(¢')* = max(¢*) (equipped with the usual matrix ordering on ¢*) is not completely
a-normal for any a > 0. Since ¢* is infinite dimensional, the minimal and maximal matrix
norms on /> are not completely equivalent [68, Theorem 14.3]. Thus there is a sequence
xy, € M, (€>°) for which

|2k|min <1 and |2k max > k-

In the C*-algebras M, (¢*~), we can write each zj as a linear combination
rr = (Rexp)" = (Rexy)” +i(Imay)* —i(Imay,)”

of positive elements (Rexy)*, (Imxzy)* of min-norm at most 1. Since |zj|max > k, by
suitably choosing vy € {(Rexy)*, (Imxy)*}, we can obtain a sequence of positive elements
Yr € Mnk (goo)+ with

|yslmin <1 and Yk max > k/4.
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Since the minimal norm on M, (/) is just the usual C*-algebra norm, we have 0 <
Ye < lag, (). Because the maximal norms satisfy the L*™-matrix identity, we have
Hank(ﬁ"")”maX =1. Thus

0<yr <1ap,, (e=ys  [1ag, (=) [max <1, and  [yx[max > k/4

for all k € N. So, £* is not completely k/4-normal, and taking k — co shows that £ cannot
be completely a-normal for any a > 0.

Example 4.6.6 is a minimal example of this kind. One cannot restrict to the finite
dimensional spaces ¢} and (5 = (¢})* because the maximal and minimal norms on a finite
dimensional Banach space are completely equivalent [068, Theorem 14.3], and so max(¢}) =
min(¢}) is a dualizable quasi-operator system.

4.7 Examples and applications

4.7.1 Nonunital operator system pushouts and coproducts

If K=11,5 K, and L =11,,5; L, are compact nc convex sets, we denote by

KxLzzLIKnan

n>1

their levelwise cartesian product. In [17], it was shown that A(K x L) is the categorical
coproduct of the unital operator systems A(K) and A(L) in the category of unital operator
systems with ucp maps as morphisms. The following result will let us assert a similar result
in the pointed context, for nonunital operator systems.

Proposition 4.7.1. Let (K, z) and (L,w) be pointed compact nc convex sets. Then (K x
L,(z,w)) is pointed, and there is a vector space isomorphism

A(K x L, (z,w)) 2 A(K,z) @ A(L,w).

Proof. We will prove the result in the special case when z = 0 and w = 0 in the ambient
spaces containing K and L. The general case follows by translation. Define a linear map

A(K,z)® A(L,w) - A(K x L,(z,w)) by (a,b) » a @b, where (a ®b)(z,y) = a(z) + b(y)
for x € K, ye L. Since a(z) =0 =b(w), it is easy to see that this map is injective. Given
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ce A(K x L,(0,0)), let a(z) = ¢(x,0) and b(y) = ¢(0,y) for z € K, y € L. Then since
¢(0,0) = 0,
Ty
= 2 —_ =
c(z,y) 6(2, 2)
5(4n) O)
2 2

= a(z) +b(y) = (a@b)(z,y).

This proves that A(K,0)® A(L,0) - A(K x L,(0,0)) is a linear isomorphism.

Now, it will follow from this isomorphism that (K x L,(z,w)) is pointed. Let p :
A(K x L, (z,w)) - M, be any nc quasistate. Then

p(a) =pla®0) and (b)) =p(0@b)

define nc quasistates on A(K,0) and A(L,0), respectively. Because (K,0) and (L,0) are
pointed, all nc quasistates are point evaluations, so we have p(a) = a(z) and ¢(b) = b(y)
for some (z,y) € (K x L),, and all a € A(K,0), be A(L,0). From linearity, it follows that
p is just point evaluation at (z,y), so (K x L,(0,0)) is pointed. O

Definition 4.7.2. Let S and T be operator systems with respective nc quasistate spaces
(K,0) and (L,0). We define the operator system coproduct to be the vector space
S @ T equipped with the operator system structure such that

SeT=A(K,0)® A(L,0) = A(K x L, (0,0))

is a completely isometric complete order isomorphism.

Explicitly, the matrix norms on S @ 7' satisfy

|Gz, 9) st (ser) = sup{llpn(z) + u(y) | [ @ € K ¢ e L}

for (z,y) e Mp,(S®T) = M, (S) ® M,(T). The matrix cones just identify M, (S & T)* =
M,(S)* & M,(T)*.

Proposition 4.7.3. The bifunctor (S,T) —» S & T is the categorical coproduct in the
category of operator systems with ccp maps as morphisms. That s, given any operator
system R and ccp maps ¢ : S - R and ¢ : T — R, the linear map o ®Y: ST - R is ccp.

Proof. This follows either by the explicit description of the matrix norms and order on

SeT, or by showing that (K x L, (0,0)) is the categorical product of (K,0) and (L,0) in
the category of pointed compact nc convex sets, and using Theorem 4.2.11. O
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Remark 4.7.4. The operator space norm on S & 7' is neither the usual ¢*°-product nor
the /*-product of the operator spaces S and T'. For example, if

K=L=[[{zeM |0<2<1,}

n>1

is the nc simplex generated by [0, 1], and a € A(K,0) is the coordinate function a(x) = z,
then

la® alak2,00)=2>a@ale and
la® (-a)|ax2,00) =1<]a®al;.

Proposition 4.7.5. Let S and T be operator systems. If S and T are dualizable, then
SaeT is dualizable.

Proof 1. We will use Theorem 4.5.7. Let the nc quasistate spaces of S and T be (K, 0)
and (L,0), respectively. Then (K -R,K)nR,K and (L-R,L)nR, L are norm bounded.
Checking that

(KxL-R,(KxL)nR,(KxL)c((K-R,K)nR,K)x ((L-R,L)nR,L)

shows that (K x L -R,(K x L)) nR,(K x L) is bounded, so S& T = A(K x L,(0,0)) is
dualizable. O

It is also possible to give a proof of Proposition 4.7.5 using only Ng’s bounded decom-
position property, which appears in 4.5.7.(2).

More generally, we can form finite pushouts in the operator system category by taking
pullbacks in the category of pointed compact nc convex sets.

Definition 4.7.6. Let
R—*%5 3

%w

be a diagram of operator systems with ccp maps as morphisms. Let S, T, and R, have
respective quasistate spaces (K,0), (L,0), and (M,0). We define the pushout S &g, T
as the operator system

A(K XM p* L, (07 0))a
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where
K XM,QD*,w* L = {(.’,C,y) € K X L ‘ (p*(:lj) = 'l/}*(y)} g K X L’
equipped with the natural maps

L535—>S®T—>S®R7%¢T and
LTiT—>S@T—>S€BR7%¢T

which make the diagram
R——

14 S
v Ls (4.5)
T 2% S@ruyT
commute.

When the morphisms ¢ and 1 are understood, we will usually just write S @z T and
K x5; L. Note that the coproduct S @ T coincides with the pushout S &y T of the diagram

0—2+%5

|

T
as expected, where 0 denotes the 0 operator system.
To verify that A(K %, L, (0,0)) is an operator system, we need to show that:
Proposition 4.7.7. (K xy; L,(0,0)) is pointed.
Proof. Let p : A(K xp L,(0,0)) - M, be an nc quasistate. Pulling p back to A(K x

L,(0,0)) gives a point evaluation at some point (z,y) € K x L. It will suffice to show that
(z,y) € K x); L, in which case p must be point evaluation at (x,y).

We must show that ¢*(z) = ¥*(y) in M. Given a € R 2 A(M,0). Since the diagram
(4.5) commutes, upon pulling back to S @ T, we have

p(esp(a)) = (p(a) ® 0)(z,y) = (0@ P(a))(z,y) = p(eri(a)),

that is, ¢(a)(x) = a(p*(z)) = ¥(a)(y) = a(v*(y)). Since a € R = A(M,0) was arbitrary,
this proves ¢*(z) = ¢¥*(y), so (z,y) € K x; L. O
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Proposition 4.7.8. The diagram 4.5 is a pushout in the category of operator systems with
ccp maps as morphisms.

Proof. 1t is easiest to verify that the diagram

(K xup L,(0,0)) —— (K,0)

! L

(L,0) —X— (M,0)

is a pullback in the category of pointed compact nc convex sets with pointed continuous nc
affine functions as morphisms, where the unlabeled maps are just the coordinate projec-
tions. Checking this is fairly immediate, using the fact that the point-weak-* topology on
Kxy L ¢ KxL coincides with the restriction of the product topology. By the contravariant
equivalence of categories Theorem 4.2.11, it follows that (4.5) is a pushout. O

Proposition 4.7.9. If S and T are dualizable operator systems, then any pushout S®g , 1T
15 also dualizable.

Proof. This follows from Proposition 4.7.5 combined with Corollary 4.5.9 used with the
inclusion (0,0) € K x L€ K x L. O

It follows by induction that any finite pushout of dualizable operator systems is again
dualizable.

4.7.2 A new proof of Choi’s theorem

In [65], Ng showed that if S is a dualizable operator system, then there is a canonical choice
of completely equivalent matrix norm on the dual S* for which S? is an operator system,
embedding completely isometrically into some B(H). This canonical dual matrix norm is

[ flla = sup{[fu(@)[ [0 21,2 € My (S)", [2]| <1}, m21, feMn(S7)

where the key difference is that the supremum is taken only over positive elements x. Ng
denotes by S? the operator system S* renormed with the matrix norms | - | 4.

Theorem 4.7.10. The nc quasistate space (K, z) of M, is pointedly affinely homeomorphic
to (Lp2y Mp(M,)1,0), and its nc extreme points consist of unitary conjugates of the Choi
matriz 3} Eij ® Eij together with the zero scalar.
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Proof. Note that the canonical map ® : M,, - M¢ given by ®(E;;) = 0;; is a complete order
isomorphism, where §;;(Ej;) = 1 when (7, 7) = (k,{) and 0 otherwise.

In particular, we can write M? = A(K,z) and view K as lying in the ambient space
aey Mp(M3d) = 1172, My (M,). The last equality follows from M,, being finite dimensional.
Under this identification, and with the matrix norms || - || on M4, it is clear that the
completely contractive and completely positive maps on M¢ are precisely the elements of

(L2 My(My)71,0).
This proves that M, is isomorphic as an operator system to A([I5-; My(M,)7,0). To
describe the boundary of the nc quasistate space we note that M, is a C*-algebra, and so

the boundary consists of its irreducible representations. These are precisely the unitary
conjugates of the identity map on M, together with the zero map.

Using the same notation as above, the identity map on M,, can be written as }.;';_; Ei; ®
;5. Indeed, if (xy;) € M, then

( i Ei ®5z‘j) (z) = Zn: Eij ® 0i((xw))

7,j=1 4,j=1

n
=) Eij®x;

i.j=1

n
=) v By

i.j=1

=($kl).
This shows that ®;!(idyy, ) = X721 Eij ® i, where @, denotes the n'® amplification of ®.

Hence, as the unitary orbit of idy; together with the zero map are the extreme bound-
ary of K, the Choi matrix together with the zero scalar are the extreme boundary of
ey Mp(M,,)7 under the identification [I52; My (M,)7 = K given above. O

As a corollary, we obtain a celebrated result of Choi [14].

Corollary 4.7.11. A map ® : M,, > My, is completely positive if and only if 3, Ei; ®
O(E;;) is positive in M, (My).

Proof. By identifying Mj, to its vector space dual, and applying the standard operation of
uncurrying ®, we obtain a new map ® : My (M, ) —» C defined by

(i(El] ® Ekl) = <(I)(EU)7 Ekl)a
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where (-,-) denotes the Hilbert-Schmidt inner product on M. It is a well known fact that
® is a positive functional if and only if ® is completely positive.

In this way, we may view ® as an element of the dual M;(M,)4 = My(M¢4). Using
the identification My(M2) = Mp(A(1;.; Mm(M,)T,0)), and the further identification
that My (AL, My (M,)1,0)) = AL, My (M,)7F,0), (My,0)), we obtain that & is
a positive functional if and only if it takes positive values on the extreme boundary of
oy M (M,,)7 when viewed as an element of A((I1,_y M(M,)7,0), (M, 0)). By the
previous result, this happens precisely when its evaluation at the Choi matrix is positive.

m

Corollary 4.7.12. For any contractive positive matriz A € M,, there are k matrices
Xl, A ,Xk € Mn,n2 with Xle + e+ XkX]: = 1n so that

A= chXl + e+ XkCXk,

where C' = ¥';_) Eij ® Ejj denotes the Choi matriz. Moreover, k is a polynomial in n.
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