Generalizations to Corrections of
Measurement Error Effects for
Dynamic Treatment Regimes
by

(Zachary) Dylan Spicker

A thesis
presented to the University of Waterloo
in fulfillment of the
thesis requirement for the degree of
Doctor of Philosophy
in
Statistics

Waterloo, Ontario, Canada, 2022
© (Zachary) Dylan Spicker 2022

Examining Committee Membership
The following served on the Examining Committee for this thesis. The decision of the
Examining Committee is by majority vote.

External Examiner:

Liqun Wang
Professor, Dept. of Statistics, University of Manitoba

Supervisor(s):

Michael Wallace
Associate Professor, Dept. of Statistics and Actuarial Science,
University of Waterloo
Grace Yi
Adjunct Professor, Dept. of Statistics and Actuarial Sciences,
Dept. of Computer Science
University of Western Ontario

Internal Members:

Audrey Béliveau
Assistant Professor, Dept. of Statistics and Actuarial Science,
University of Waterloo
Leilei Zeng
Associate Professor, Dept. of Statistics and Actuarial Science,
University of Waterloo

Internal-External Member: Sharon Kirkpatrick
Associate Professor, School of Public Health Sciences,
University of Waterloo
ii

Author’s Declaration
This thesis consists of material all of which I authored or co-authored: see Statement
of Contributions included in the thesis. This is a true copy of the thesis, including any
required final revisions, as accepted by my examiners.
I understand that my thesis may be made electronically available to the public.

iii

Statement of Contributions
Dylan Spicker is the primary author for all of the work presented in this thesis. This work
was conducted under the supervision of Michael Wallace and Grace Yi.
The work in this thesis consists, in part, of material from one published manuscript
(Chapter 6), and two as-yet unpublished manuscripts (Chapters 3 and 4). The presented
work in this thesis expands beyond that included in the manuscripts, both expositionally
and substantively. This was authored solely by Dylan Spicker, with structural and phrasing
assistance from their supervisors.

iv

Abstract
Measurement error is a pervasive issue in questions of estimation and inference. Generally, any data which are measured with error will render the results of an analysis which
ignores this error unreliable. This is a particular concern in health research, where many
quantities of interest are typically subject to measurement error. One particular field of
health research, precision medicine, has not yet seen a substantive attempt to account
for measurement error. Dynamic treatment regimes (DTRs), which can be used to represent sequences of treatment decisions in a medical setting, have historically been analyzed
assuming, implicitly, that all quantities are perfectly observable.
We consider the problem of optimal DTR estimation where quantities of interest may
be subject to measurement error. The nature of this problem is such that many existing
techniques to account for the effects of measurement error need to be expanded in order to
accommodate the data which are available in practice. This expansion further highlights
theoretical shortcomings in the existing methodologies.
This thesis begins by expanding existing methods for correcting for the effects of measurement error to accommodate issues which are frequently observed in real-world data.
We expand the most commonly applied measurement error corrections (regression calibration and simulation extrapolation), demonstrating how they are able to be conducted
with non-identically distributed replicate measurements. We further expand simulation
extrapolation, which typically assumes normality of the underlying error terms, proposing a nonparametric simulation extrapolation. These expansions are conducted generally,
separate from the specific context of optimal DTR estimation.
Following the expansion of these extant techniques, we consider the problem of errors
in covariates within the DTR framework. We apply the aforementioned generalized error
correction techniques to this setting, and demonstrate how valid estimation and inference
can proceed. Finally, we consider problems which are present when there is treatment
misclassification in DTRs, proposing techniques to restore consistency and perform valid
inference. To our knowledge this work represents the first substantive attempt to explore
these problems. Thus, in addition to proposing methodological solutions, we also elucidate
the particular challenges of estimation in this setting. All proposed techniques are explored
theoretically, using simulation studies, and through real-world data analyses.
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Chapter 1
Introduction
1.1

Measurement Error and Precision Medicine

In this thesis we will address problems related to measurement error and precision medicine.
We begin by introducing both measurement error and precision medicine at a high-level,
before considering the specific problems that this thesis will address. Measurement error
refers to any scenario where a variable of interest cannot be accurately observed. If the
discrepancy between the truth and what is available is stochastic, we will refer to this
as measurement error. Our definition excludes systematic errors, where measurements
deviate in a deterministic manner. There are many possible causes of measurement error.
For instance, the instrument that we are using to take measurements may have random
error inherent in it (as is the case with using calorimetry for evaluating the mass of nuclear
materials [83]), or it may be an innately immeasurable quantity (as is the case when we are
interested in someone’s underlying blood pressure, and can only take discrete measurements
at clinical visits [88]).
While it is generally best practice to minimize the occurrence of measurement error, it
is not typically possible to eliminate errors entirely. This matters because of the “Triple
Whammy of Measurement Error”, 1 which specifies that measurement error in covariates:
1. Causes bias in parameter estimation.
1

A phrase coined in Carroll, Ruppert, Stefanski, and Crainiceanu [7, p. 1]; they originally referred to
the first two components as the “Double Whammy of Measurement Error”, but emphasize the masking
effect in the second version of their book.

1

2. Leads to a loss of power.
3. Masks possibly interesting features of the data.
There have been many methods proposed to correct for these effects of measurement error. The goal of a measurement error correction is to restore analytical guarantees to the
underlying analysis, so that any estimation or inference can be relied upon. Providing a
comprehensive list of correction techniques is infeasible (see, for example, Carroll, Ruppert,
Stefanski, and Crainiceanu [7], Yi [101], Buonaccorsi [6], and the included references). This
thesis will focus primarily on two widely used techniques: regression calibration [10, 31] and
simulation extrapolation (SIMEX) [16]. We also consider how likelihood and estimating
equations are leveraged to correct for the effects of measurement error.
As a clarification on language we often speak of “measurement error correction techniques.” This is a convenient shorthand to describe techniques which are designed to
reduce, or eliminate, the impacts of measurement error in an analysis. It is more accurate to describe such techniques as “corrections for the impacts of measurement error”,
though the shortened “measurement error corrections” can be a convenient stand-in. It is
important to note that, despite the occasional use of this language, these techniques are
not eliminating or addressing the errors directly: once measurement error is present, it
remains so. Instead, these are techniques that are designed to account and adjust for the
induced bias or loss of power that would otherwise be present if the errors were ignored.
Measurement error correction techniques have been used frequently in health and medical statistics. The nature of health data is such that many quantities of interest (including
blood pressure [88], dietary intake [89], or smoking status [60]) are commonly subject to
error. As such, many of the recently developed measurement error corrections have been
motivated through a biostatistical lens. In parallel with these developments, the field of
precision medicine has emerged as central to evidence-based medical practice.
Precision medicine is the practice of using patient-specific information (such as demographic, genetic, or lifestyle factors) to tailor the treatment that a patient receives [49].
This approach stands in contrast with a disease-centric view of medicine, where the best
treatment for a particular condition is sought. Generally, medical researchers are interested in determining causal relationships between treatments and outcomes. When these
relationships are allowed to be mediated by patient characteristics, this is causal inference
for the purpose of precision medicine.
One framework for formalizing causal inference in this setting is through the use of dynamic treatment regimes (DTRs). Broadly, a DTR is a (set of) decision rule(s) which take
as input patient information and produce as output a treatment decision. These stand in
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contrast to static treatment regimes, which do not tailor their outputs based on the particular patient. DTRs are capable of encompassing both acute, single-stage treatments (for
instance, deciding on the best treatment during a clinic visit where the patient is exhibiting flu-like symptoms), and longitudinal, multi-stage treatments (for instance, providing
ongoing therapy for a patient with depression). When considering DTRs, interest may be
in the estimation of the optimal treatment rules, in the prediction of the optimal outcome,
or in the assessment and comparison of specific treatment strategies (relevant methods for
DTRs are summarized in Tsiatis, Davidian, Holloway, and Laber [90] and Chakraborty
and Moodie [14]).
Despite the parallel development of methods for correcting for the effects of measurement error, and methods for conducting precision medicine, there has not been a substantial
attempt to integrate these two fields of study. When we consider the known impacts of
measurement error generally, and the degree to which measurement error is a problem
in health research, it is sensible to assume that many of the same issues will need to be
addressed in the context of precision medicine. Addressing this gap is the motivating goal
for the work conducted throughout this thesis.

1.2

Problems of Interest and Thesis Structure

The problem of assessing, and correcting for, the impacts of measurement error in dynamic
treatment regimes is a problem with several important branches. It is important to consider
where the errors are: the impacts and required corrections are different if errors are in the
tailoring variables as compared to the treatment indicators. There has been a growing
field of literature considering measurement error in causal inference generally. While some
of this research is applicable to our setting, the added complexity of DTRs necessitates
further consideration.
The estimation of optimal DTRs is conceptually similar to standard regression procedures. Despite this underlying simplicity, much of the foundational literature establishing
methods for optimal DTR estimation is presented for methodological researchers, relying on
deep, mathematical sophistication, rather than for prospective practitioners [59, 70]. Over
time there has been a more concerted effort to increase the accessibility of these techniques,
both through more accessible communication (as in the monographs by Chakraborty and
Moodie [14] and Tsiatis, Davidian, Holloway, and Laber [90]) as well as through the development of methods that are more explicitly grounded in familiar techniques (as with
Wallace and Moodie [95]). The observed “research-practice gap” [90] within the DTR lit3

erature emphasizes the need for techniques which are accessible to applied researchers for
the continued success of the field.
Within the context of measurement error corrections broadly, this need has been further demonstrated in a recent study. In an analysis of applied literature, Shaw et al. [80]
concluded that, at least in the fields that were considered, when measurement error corrections were used, they tended to be corrections that are comparatively straightforward to
implement. Most analyses that they looked at made no meaningful correction for the impacts of measurement error, and when researchers did, they tended to leverage techniques
which are less mathematically principled but far more accessible. These findings, alongside the aforementioned research-practice gap, underscore the importance of considering
accessibility at the stage of methodological development.
Against this backdrop, this thesis will balance two goals in the pursuit of understanding
and addressing the impacts of measurement error in the estimation of optimal DTRs. On
one hand, we wish to rigorously approach these problems and provide principled guidance
which is theoretically grounded. On the other hand, we wish to approach these problems
using methods which are comparatively straightforward, with an eye towards those which
can be made to be accessible. This desire for “rigorous accessibility” will be extended
beyond the context of measurement error in DTRs, as we try to achieve this balance
within the context of general measurement error correction procedures. While the focus
will be on ensuring that the techniques are comparatively straightforward to implement,
at least for those who are generally familiar with the subject matter that we cover, the
primary aim of this thesis is the mathematical justifications for these accessible techniques.
As such, much of what follows will focus on communicating the mathematical ideas, rather
than serving as a tutorial for the implementation.
This thesis is structured primarily around four different questions.
1. In Chapter 3 we introduce methods for generalizing some commonly applied measurement error correction techniques, so that they are useful in a wider range of
settings. These generalizations were initially motivated through shortcomings with
the existing techniques, when attempting to apply them to data used to estimate optimal DTRs. We present the results generally here in service of the goal of accessible,
defensible methods for measurement error correction.
2. In Chapter 4 we develop methods for extending a commonly applied measurement
error correction technique to the case where the measurement error is not assumed to
be normally distributed. Just as with the previous point, these results are motivated
via problems observed in actual data. They are presented generally, as a way of
broadening the settings in which these techniques can be applied with principle.
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3. In Chapter 6 we investigate the impacts of, and propose corrections for, measurement
error in the estimation of an optimal dynamic treatment regime. Specifically, this
chapter considers the problem of errors-in-variables, for the factors that we wish to
use as tailoring variables to cater treatment recommendations with. In this chapter
we propose a correction procedure that permits the valid estimation of an optimal
DTR when tailoring covariates are subject to measurement error.
4. In Chapter 7 we consider measurement error in dynamic treatment regimes, where
the errors are in the assigned treatments. We consider this as a problem of nonadherence, where an individual may not (correctly) take their prescribed treatment and
so there is a disconnect between the recorded treatment in the available data, and
the true treatment that the individual took. In this chapter we explore the impacts
of this setting, and describe a method for correcting for the bias that this form of
measurement error introduces.
Within each of these chapters we first motivate and contextualize the problem, before
briefly presenting the proposed techniques in a summarized manner, indicating the key
implementation details. Following this, we explore in depth the theoretical concerns related
to each problem, and demonstrate the utility of the proposed methods through simulations,
and applications to real-world data analyses.
The remainder of the thesis is structured as follows. We first finish the introduction,
presenting four motivating examples: the Framingham Heart Study (FHS) [44], The Korean Longitudinal Study of Aging (KLoSA) [99], the Sequenced Treatment Alternatives to
Relieve Depression (STAR*D) [26, 76], and the Multicenter AIDS Cohort Study (MACS)
[45]. These four studies represent the four data analyses used within each of the aforementioned chapters, respectively. We introduce them as a means of motivating the problems
we will consider, and provide more details within each chapter where they are analyzed.
In Chapter 2 we discuss the methodological background required for measurement error
corrections. This includes a discussion of measurement error models, regression calibration,
SIMEX, and estimating equation correction techniques. With the background established,
Part I is completed with Chapters 3 and 4. Part II explores dynamic treatment regimes,
starting with Chapter 5 which introduces the background methodology for DTR estimation. This includes a discussion of potential outcomes, the formal DTR framework, and
optimal DTR estimation through Q-learning, dynamic weighted ordinary least squares
(dWOLS), and G-estimation. Following this, Chapters 6 and 7 are presented, building on
the introduced concepts. Finally, Chapter 8 contains a brief discussion and summary of the
presented work. Additionally, we include several appendices. In Appendix A, we present
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background theory on M-estimation, a technique used widely throughout this thesis. Appendix B gives proofs for all of the theoretical results throughout. Appendix C provides a
worked example of non-regularity in dynamic treatment regimes, a technical concern that
we address with our methods but which is otherwise mathematically involved. Appendix D
provides additional simulation results for the work conducted in Chapter 6.

1.3
1.3.1

Motivating Examples
Framingham Heart Study

The Framingham Heart Study is a large cohort study, which investigates the development
of coronary heart disease (CHD) [44]. In the measurement error context, systolic blood
pressure (SBP) is typically treated as an error-prone variable, and interest concerns the
impact of the long-term average systolic blood pressure on the development of CHD [7].
The subset of the data that we will analyze follows 2876 individuals, aged 32–69, across
three separate examinations. We take the patients’ sex, age, and smoking status to be
error-free, and assume that the serum cholesterol levels and systolic blood pressure are
prone to error. These data are subject to incomplete replication. Of the 2876 total participants, systolic blood pressure measurements were available for all patients at the first
visit, but missing for 153, and 390 patients at visits two, and three respectively. For cholesterol, at visits one, two, and three, there are 26, 256, and 538 patients without replicate
measurements respectively.
Measurement error techniques are required to accurately analyze the FHS. This is because research interest is in the impact of long-term average SBP and serum cholesterol
on CHD. However, long-term averages are typically immeasurable quantities. The measurements which are taken at clinical visits will be subject to measurement error. Blood
pressure, for instance, is known to have both daily, as well as seasonal variation, distorting
the measurements at any one clinic visit [7]. While previous analyses that we follow typically assume that each measurement of the underlying quantities corresponds to a repeated
measurement, subject to the same error process, these data demonstrate that this is not
the case. As a result, this study provides a comparatively simple example for motivating
the need for relaxations to the assumptions made in replicate-based measurement error
corrections. Specifically, we will use these data to motivate measurement error corrections
that function based on any set of proxy measurements of the truth, rather than relying on
these proxies to follow the same distributions.
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1.3.2

Korean Longitudinal Study of Ageing

The Korean Longitudinal Study of Ageing is a longitudinal survey which was started
in 2006, and follows South Korean citizens who are aged 45 and older. The survey is
conducted by the Korea Employment Information Service, at two-year intervals, and seeks
to determine the health effects of aging. Complete details regarding the survey are available
on the study’s website: https://survey.keis.or.kr/eng/klosa/klosa01.jsp.
The sample of the KLoSA that we consider follows from the analysis of Xu, Kim, and
Li [99]. We consider a sample of 9842 individuals, with an interest in determining whether
body mass index (BMI)2 is predictive of hypertension in this population. However, within
the KLoSA most individuals self-report their body weight and height, which is then used
to compute their BMI. For a sub-sample of 505 individuals we have clinical measurements
of these quantities in addition to their self-reported values. From this we can see that,
not only is there substantial error present in self-reported information, but also that these
errors are far from normally distributed. Many commonly applied correction techniques
assume that errors are normally distributed; the KLoSA makes clear that this is not always
a defensible assumption.
As a result, in conducting this analysis, measurement error techniques which can use
validation data, and which do not assume normality of the errors are required. We use
this setting to motivate a nonparametric version of a commonly applied measurement error
correction technique, simulation extrapolation.

1.3.3

Sequenced Treatment Alternatives to Relieve Depression

The STAR*D study was a multistage randomized controlled trial, comparing different
treatment regimes for patients with major depressive disorder. [26, 76] The study was split
into four levels (with level two further subdivided into two sublevels) where, at each level,
different treatment options were available to patients based on preference and progression
through the study. At level 1, all patients were prescribed citalopram. The patients who
entered the second level had seven treatment options available, characterized by ‘switching’
from citalopram to one of four other treatments options, or ‘augmenting’ treatment by
receiving citalopram alongside one of three new treatments. The patients who continued
to progress into levels three and four were offered similar treatment options. This is
summarized in Figure 1.1.
2

An individual’s BMI is given by their weight (in kilograms) divided by their height (in metres), squared.
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Figure 1.1: A flowchart (from Chakraborty and Moodie [14]), demonstrating the possible
progress for a patient through the four phases of the STAR*D trial.
The severity of depression was measured through the Quick Inventory of Depressive
Symptomatology (QIDS) score, where assessment was conducted during each phase both
by the patient (denoted QIDS-S) and by a clinician (denoted QIDS-C). At the end of each
study phase, patients who had a clinician assessed QIDS score less than or equal to 5 were
considered to have entered remission, and were subsequently removed from the study. Only
those patients who had not entered remission were moved to further levels.
When analyzing the data, generally the focus is on levels 2 and 3 (for instance in
Chakraborty, Laber, and Zhao [13]). The treatment options are simplified into those which
contain a selective serotonin reuptake inhibitor (SSRI) and those which do not. The goal
of the study is to determine the best treatment options to reduce a patient’s QIDS score,
where their treatment preferences and starting symptomatology are taken into account.
There are 283 patients in the sample who have all necessary measurements taken.
STAR*D motivates the need for measurement error techniques in the analysis of DTRs.
Truly assessing the severity of depression in a patient is a task which, intuitively, may be
subject to error. Since both the patient and the clinician take QIDS measurements, we can
(and do) see that there is a disparity between these measurements in general, meaning that
at a minimum, one of the two is error-prone. Despite this, errors have traditionally been
ignored in the analysis of these data, motivating the questions we are seeking to answer.
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1.3.4

Multicenter AIDS Cohort Study

The MACS study was a longitudinal cohort study investigating the impact of the HIV-1
infection in gay and bisexual men, which ran from 1984 to 2019 [45].3 The study contained information on over 7000 men, and collected biological and behavioural data from
participants every six months. The information collected ranged from demographic and
psychosocial characteristics, through to detailed lab reports on blood samples from the
individuals. While not specifically designed for the purpose of estimating a dynamic treatment regime, these data can be viewed as an observational study for assessing treatment
options for patients with HIV/AIDS.
We consider an analysis of a subset of these data which are publicly accessible, and
which look at a particular antiretroviral treatment, Zidovudine (AZT). The subset we use
consists of information from 2929 patients, representing a total of 9316 visits. We consider
a two-stage DTR regarding the timing of AZT prescription. We want to assess whether
a particular patient should be started on an AZT regimen, at a given clinical visit, based
on relevant demographic characteristics, as well as on the results from their lab reports.
The primary outcome of interest is the CD4 cell count. CD4 cells are important cells for
measuring the severity of an HIV infection as the virus attacks and destroys the cells.
The fewer cells present in a patient’s blood, the more severe the infection has grown. Our
analysis primarily draws on that of Wallace, Moodie, and Stephens [96].
Starting in 1996, the MACS study began to collect information regarding patient adherence to treatment. These data demonstrate that, for a subset of the patients in our
sample, we can see that adherence to prescribed AZT therapy is not perfect. As a result,
an analysis which uses the prescription of AZT as the relevant factor will be subject to bias
induced from the error in this variable (when used as a proxy for treatment itself). Nonadherence like this is a common problem across many studies, particularly when they are
observational, and treatment is self-administered. Interestingly, the nonadherence present
in the study is minor, and so an analysis of the MACS study serves as an indication of the
importance of developing methods to account for the impacts of nonadherence.

3

As of 2019, MACS and the Women’s Interagency HIV Study (WIHS) combined to form the MWCCS.
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Part I
Measurement Error
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Chapter 2
Methodological Background:
Measurement Error
In this chapter we formally introduce measurement error. We begin by discussing measurement error models, which capture the set of assumptions we make about the mathematical
properties of error. We then introduce the data requirements for addressing measurement
error. We discuss in detail both regression calibration and SIMEX, and introduce techniques for correcting for the impacts of measurement error based on unbiased estimating
equations. We then discuss misclassification, which generalizes the concept of measurement
error from a continuous setting to a discrete (or categorical) setting.
For the context of measurement error, we consider interest in a random variable X,
which is not directly observable. In place of X, we observe X ∗ , which is called the surrogate
(or observed version) of X. We also describe X ∗ as a proxy measurement. We say that X
is error-prone. When interest lies in a numeric outcome (such as is the case with regression
models), we take the outcome to be the random variable Y , and assume that it is measured
without error. All other variates of interest, which are not subject to error, are denoted
Z. We use U to represent the error process. That means that U is generally unobservable,
and we are only interested in U to the extent that it distorts our measures X ∗ of X. For
ease of exposition, we use notation which implies scalar values for these quantities, though
most of the presented material is applicable to vector-valued variables.
When considering misclassification, we remain interested in a random quantity X which
takes on discrete or categorical values. Generally, X is unobservable and in place we observe
X ∗ , where X ∗ may not equal X. Because X and X ∗ are assumed to be discrete, we do
not conceptualize the error process as U , but rather consider a probability distribution
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that dictates how the misclassification process occurs. Again, we are interested in the
misclassified measurements only to inform us of the true, underlying relationships. The
selected notation is (once again) scalar-valued, but can be readily expanded to vectorvalued random quantities as well.

2.1

Measurement Error Models

Typically the source of measurement error is considered irrelevant, except insofar as the
mechanism may inform what mathematical models are justifiable. We tend to focus on
classifying measurement error based on how it will be modelled, the so-called measurement
error model. Generally, a measurement error model refers to the collection of assumptions
that define how measurement error impacts our observations. While it is possible to conceive of many such assumptions, in practice several measurement error models are typically
considered. These can be broken down based on structural and independence assumptions.
Briefly, we will make assumptions regarding:
1. Whether we wish to treat the true values, X, as random quantities (called structural
modelling), or as fixed parameters or random quantities with unspecified distributions
(called functional modelling).
2. Whether we model the conditional distribution of X ∗ given X (called classical error
models) or X given X ∗ (called Berkson error models).
3. The structural relationship between X and X ∗ . For instance, we could assume that
X ∗ = X +U (an additive model ), or we could take X ∗ = XU (a multiplicative model ).
4. Whether we assume that our error process and outcome are independent (called
non-differential error ) or not (called differential error ), given the true covariates.
5. The distributional and moment properties of U , for instance, we may assume that
E[U |X] = 0 (for an additive model), E[U |X] = 1 (for a multiplicative model), or
var(U ) < ∞. Some methods may impose normality on U .
The set of assumptions that are made with respect to these properties will be referred
to, collectively, as a measurement error model. The literature tends to focus on nondifferential, classical, additive models, with or without distributional assumptions on U .
Before discussing the specifics of these assumptions, we need to differentiate between
two philosophies: structural and functional modelling. Our introduction lends itself to
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the structural approach, where the true values are simply seen as unobserved random
quantities. In the functional approach, all inference is conditional on X. In this sense we
can think of the unobserved true values as parameters instead of random variables. Certain
correction techniques require taking one approach or the other, and certain techniques
can be framed in both. Generally speaking, structural approaches have the drawback of
requiring (nearly) correct distributional modelling, but provide more efficient estimators
when this is possible. The functional approach is robust to these assumptions, but may be
less efficient [101]. We will take the structural approach for exposition. That is, we will
assume that the underlying, true quantity X is a random quantity, and we wish to make
inference regarding its distribution.
Given a structural framing, it is often natural to think of X ∗ as a version of X that
has been perturbed by U . Consider the measurement of blood pressure, where it seems
likely that our measurement is the combination of the true blood pressure and the noise
process. In other settings, it may be more reasonable to assume that X is a version of X ∗ ,
perturbed by U . For instance, if we are concerned with the impact of herbicides on plant
growth, then we may expose plants to a known quantity of herbicide [75]. The dose of
herbicide that ends up on each plant will likely not be precisely what we intended, leading
to X being a perturbed version of X ∗ . The former is classical error, and the latter Berkson
error. Our focus will remain entirely on classical error.
In terms of structural assumptions relating X and X ∗ , we could conceive of any function,
say X ∗ = g(X, U ). In practice, most of the measurement error literature assumes that X ∗ =
g(X, U ) = X + U . While presenting existing methods, we will make this assumption of
additive error. However, one key problem we will address in this thesis concerns broadening
the class of structural assumptions that common methods can accommodate.
When interest lies in an outcome Y , error correction techniques tend to require the
assumption of non-differential error (that is, Y and U are taken to be conditionally independent, given X). This may not be reasonable if, for instance, Y is measured prior
to X ∗ , such as may be the case where X ∗ is self-reported smoking behaviour and Y is a
lung cancer indicator [7]. This thesis will assume non-differential error. Additionally, we
often want our measurements to be unbiased in the sense that E[X ∗ ] = E[X], or that
E[X ∗ |X] = X. This amounts to assuming that E[U |X] = 0 in the additive case, and that
E[U |X] = 1 in the multiplicative case. We often strengthen this and assume that U and
X are independent, with E[U ] = 0 (in the additive case). There may be situations where
taking a strict distributional assumption (typically U to be normal) is required.
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2.2

Data Requirements for Error Effects Correction

In order to correct for the effects of measurement error we require additional information
to determine the size and structure of the error [7]. It may be the case that there is existing
knowledge of the error distribution, such as having an estimate for var(U ) based on past
research. However, we usually rely on the presence of additional data which we can exploit
to estimate the required parameters. There are four main types of auxiliary data:
1. Internal Validation data: For some subset of the sample we observe the complete
set of (Y, X, X ∗ ). This allows for us to model the relationship between X and X ∗
explicitly, and correct for the observations without a corresponding X value.
2. External Validation data: In addition to our sample observing (Y, X ∗ ), we have
an external sample where we have observations for (X, X ∗ ). This allows us to model
the relationship between X and X ∗ explicitly in the external sample, and transport
this to the main sample.
3. Replicate data: For some subset of the sample we observe multiple values of X ∗ .
This allows for us to use decomposition of variance techniques to determine the size
and structure of the error.
4. Instrumental data: For some subset of the sample we observe an additional covariate T , which is related to both Y and X ∗ , in an exploitable way (see below).
Validation data are ideal, but are relatively uncommon in practice. An external validation
sample is useful only when we are willing to make a transportability assumption, taking
the measurement error mechanisms to be the same in the main study and previous validation sample. Replicate data are more commonly found, and are particularly useful when
assuming classical error models.
A variable T is called an instrumental variable if (1) it is not independent of X, (2)
it is uncorrelated with the error U , and (3) it is uncorrelated with the residual error in Y
once accounting for X (that is, T and Y − E[Y |X] are uncorrelated) [7]. In this case, T
is related to Y and X ∗ only through X. This allows for modelling of T given X ∗ , which
can in turn be used to correct for the effects of error [7, 30, 86]. It is not always easy
to verify whether the assumptions of an instrument are met, and assuming a variable is
instrumental erroneously can cause significant issues in an analysis [7].
When auxiliary data are not available, and when there is no knowledge of the error
distributions, it may still be possible to estimate the impact of measurement error through
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sensitivity analyses [101]. In this case, we take a number of plausible measurement error
models and the parameters which specify them, and correct our analysis assuming that
they are the true measurement error models. From here we can see how sensitive the
results are to varying degrees of measurement error, allowing some quantification of the
uncertainty in our analysis. We will make different assumptions regarding the availability
of auxiliary data, depending on the specific correction we are discussing.

2.3

Correcting for the Effects of Measurement Error

It is common to categorize the many existing correction methods on the basis of underlying methodology. For instance Fuller [30] summarizes corrections for linear models, and
Carroll, Ruppert, Stefanski, and Crainiceanu [7] work with nonlinear models. For the purpose of this thesis, a separate distinction will be of particular importance: whether the
correction aims to be consistent or approximately consistent. Consistency is often achieved
in the measurement error literature through either complex calculations or strong assumptions. Particularly with our focus on precision medicine, there are circumstances where
easy to implement methods which provide some protection against the negative impacts
of measurement error are preferable to exact methods which are cumbersome to use. This
is especially the case when methods cannot be implemented in standard software. For this
thesis, much of our focus will centre on the approximately consistent methods of regression calibration [10, 31] and simulation extrapolation [16]. We will also consider exactly
consistent techniques based on unbiased estimating equations [61, 101, 7].

2.3.1

Regression Calibration

Regression calibration1 [10, 31] functions by posing a model for X, given X ∗ , and then
using this model to impute values of X, which can be used in a standard analysis. If
a validation sample were available, then this can be achieved through direct modelling.
Here, we would directly model X from X ∗ , filling in the records which do not have an
observation. In this setting regression calibration can be viewed as an unsophisticated
imputation technique since X can be considered missing [7]. If instrumental data are
available, and the instruments are unbiased, then it may be the case that regressing T on
1

In the measurement error literature, the phrase “regression calibration” has been used in a variety of
different ways, applying to methods which are more or less related. Our terminology is taken from more
recent monographs [7, 6, 101].
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(X ∗ , Z) is the same as regressing X on (X ∗ , Z). This presents another direct modelling
problem.
When there is no validation sample taken, and when unbiased instruments are not
readily available, it may still be possible to model E[X|X ∗ , Z]. One common technique
for doing this, when replicate measurements are assumed to be available, is through the
use of the best linear unbiased prediction (BLUP). The BLUP approximates E[X|X ∗ , Z]
as the unbiased, linear function which minimizes the mean squared error (MSE). If we
b = µ + βX ∗ + γZ, and select (µ, β, γ) such that
consider linear estimators of X, we take X
b 2 ] is minimized. Taking µA to be E[A], and ΣAB as the covariance between A
E[(X − X)
and B, the optimal parameters solve


µX − µ − βµX ∗ − γµZ
ΣXX ∗ − βΣX ∗ X ∗ − γΣZX ∗  = 0.
ΣXZ − βΣX ∗ Z − γΣZZ
If we assume classical, additive measurement error, such that
X ∗ = X + U,

(2.3.1)

with E[U |X] = 0, then some of these terms can be simplified. In particular, µX ∗ = µX ,
b is then
ΣXX ∗ = ΣXX , and ΣZX ∗ = ΣZX . The closed form estimator for X

 


 ΣX ∗ X ∗ ΣXZ −1 X ∗ − µX
b = µX + ΣXX ΣXZ
X
.
(2.3.2)
ΣZX ΣZZ
Z − µZ
This expression is referred to as the BLUP.
All required parameters in Equation (2.3.2) can be consistently estimated in a replicate
b
sample. It is also worth noting that if X and U are both normally distributed, then X
∗
is exactly E[X|X , Z]. Otherwise, if the measurement error variance is sufficiently small,
this will provide a reasonable approximation to the mean of X given Z and X ∗ [10].2 We
can assess the accuracy of this model using standard regression diagnostics. Consider
two replicates available, denoted X1∗ and X2∗ . Assuming that E[X|Xj∗ ] = µ + βXj∗ gives
E[X1∗ |X2∗ ] = E[X + U1 |X2∗ ] = µ + βX2∗ . A symmetric argument applies to E[X2∗ |X1∗ ]. A
linear conditional mean, E[X|Xj∗ ], induces a linear mean in E[Xj∗ |Xl∗ ].
b provides a reasonable estimate for the
If the mean is sufficiently linear so that X
conditional mean of X given {X ∗ , Z}, then regression calibration proceeds by conducting
2

In Chapter 3, we quantify how reasonable this approximation is when normality is not assumed.
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b Thus, if we are interested in some parameter Θ,
the desired analysis, replacing X with X.
b = Θ(Y, X, Z),
which indexes the distribution of Y given {X, Z}, expressible as a function Θ
b RC = Θ(Y, X,
b Z).
then the regression calibration estimator is computed as Θ
b and on the quality of the approximation of X
b
Depending on the precise form of Θ,
∗
for E[X|X , Z], there are some consistency guarantees that can be made. If we assume
b is a consistent
that the BLUP consistently estimates the conditional mean, and that Θ
b is linear in X, Θ
b RC is unbiased and consistent for Θ [101, 7]. In a
estimator, then, if Θ
log-linear GLM, under certain independence assumptions, the slope parameters will all be
consistently estimated but the intercept will not be [7]. In many logistic regression models,
the bias of the estimator will be substantially reduced. More importantly, if a logistic
regression model is fit with the intention of interpreting the probabilities, rather than
the regression coefficients themselves, then the regression calibration correction provides a
reasonable approximation. Defining expit(x) = (1 + exp(−x))−1 , then
(
)
∗
′
′
Z
E[X|X
,
Z]
+
β
β
+
β
0
Z
X
P (Y = 1|X ∗ , Z) ≈ expit 
1/2 ,
1
′
∗
1 + 1.72 βX var ( X| X , Z) βX
′
X + βZ′ Z) [7].
assuming that P (Y = 1|X, Z) = expit (β0 + βX

If the effect size of X or the covariate variance is sufficiently small, then
1 ′
βX var ( X| X ∗ , Z) βX ,
2
1.7
b = E[X|X ∗ , Z] then
is near zero, and the denominator in the approximation tends to 1. If X
the estimated probability will be approximately correct. We refer to regression calibration
as approximately consistent, with these consistency claims in mind.
Assume that we have n individuals, each with κi replicate measurements denoted
for i = 1, . . . , n, where each of these measurements are assumed to be independent and identically distributed (iid), coming from a classical additive error model. We
also assume that {Yi , Zi } are measured for all individuals, and are error free. Then, we wish
bi as the best linear approximation to E[Xi |X ∗ , Zi ], where X ∗ = κ−1 Pκi X ∗ is
to define X
i
i
ij
i
j=1
the i-th individual sample mean. The following quantities are used as plug-in estimators
for Equation (2.3.2). Using these estimators, and Equation (2.3.2), the regression calibrabi for each i = 1, . . . , n, and then uses
tion technique computes these quantities, computes X
∗
∗
Xi1
, . . . , Xiκ
i
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b RC = Θ(Y,
b
b Z):
Θ
X,
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bUU
Σ

n
X
=
(κi − 1)

#−1 "

i=1

"
µ
bX =

n
X

i=1 j=1

#−1
κi

i=1

µ
bZ = n−1

#
κi
n X
X
∗
∗
(Xij∗ − X i )(Xij∗ − X i )′ ;

n
X

n
X

∗

κi X i ;

i=1

Zi ;

i=1

ν=

n
X

κi −

" n
X

i=1

b ZZ = (n − 1)−1
Σ

i=1
n
X

#−1
κi

n
X

κ2i ;

(2.3.3)

i=1

(Zi − Z)(Zi − Z)′ ;

i=1

b XZ = ν −1
Σ
b XX = ν −1
Σ

n
X

∗

bX )(Zi − Z)′ ;
κi (X i − µ

i=1
"(
n
X

∗

∗

κi (X i − µ
bX )(X i − µ
bX )′

)

#
bUU ;
− (n − 1)Σ

i=1

b
b X∗X∗ = Σ
b XX + ΣU U .
Σ
κi

2.3.2

Simulation Extrapolation

Simulation extrapolation (SIMEX) is a method that operates by simulating additional
measurement error, to determine the impact that this additional error has on the estimators, and then extrapolating this to the case where there is no error at all. Assume that
the measurement error variance is known and constant. Our interest is in estimating Θ,
b
through a consistent estimator Θ(Y,
X, Z). To begin, we generate a sequence of random
√
iid
variables Xbi∗ (λ) = Xi∗ + λσU νbi , where νbi ∼ N (0, 1) independent of all other quantities,
and λ is a given positive constant.
b b (λ) = Θ(Y,
b
We compute Θ
Xb∗ (λ), Z), and repeat this process across b = 1, . . . , B, for
P
∗
b
b
some sufficiently large B. We then define Θ(λ)
= B −1 B
b=1 Θ(Y, Xb (λ), Z). This serves
b b (λ)].
as a consistent estimator to E[Θ
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This process is repeated over a set of Λ = {λ1 , λ2 , . . . , λM }, generating pairs of observab 1 )), . . . , (λM , Θ(λ
b M ))}. We then posit a functional model for Θ(λ)
b
tions {(λ1 , Θ(λ
= G(λ),
b
and call G the extrapolant. Taking the set of estimates, we fit G, giving G(λ). Finally, we
b SIMEX = G(−1).
b
compute Θ
This is sensible since var(Xbi∗ (λ)|X) = (1 + λ)σU2 , which takes
a value of 0 when λ = −1. This procedure is known as the parametric SIMEX [16, 21].
In the event that σU2 is unknown there are two common extensions. The first is to use
an estimate of σU2 , either computed through the use of replicate measurements (as was the
case for regression calibration), or from an external source. Alternatively, if there are iid
replicates available, there is a related but modified procedure, called the empirical SIMEX
[21]. The empirical SIMEX also has the advantage of accommodating heteroscedastic errors
across individual observations, a trait which is not shared by the parametric SIMEX.
The empirical SIMEX functions by taking random contrasts of the replicate measures
in such a way that these contrasts exhibit the same
properties as Xb∗ (λ).
Pκi distributional P
i
c2b,i,j = 1. It can
Consider a set of cb,i = (cb,1 , . . . , cb,κi ), such that j=1 cb,i,j = 0 and κj=1
be shown that
r
κi
λ X
∗
∗
∗
cb,i,j Xi,j
,
Xb,i (λ) = X i +
κi j=1
will exhibit the same moment properties as the previous definition of Xbi∗ (λ). As a result,
instead of generating random errors to add to X ∗ , we could sample random values for c.
iid
To do so, one can generate νb,i,1 , . . . , νb,i,κi ∼ N (0, 1), and computing
νb,i,j − ν b,i
cb,i,j = qP
,
κi
2
(ν
−
ν
)
b,i
j=1 b,i,j
fulfills the necessary properties [21]. This method can be used in place of the previously
discussed method for generating Xbi∗ (λ), and otherwise SIMEX proceeds as described.
Generally, the reliability of either of the SIMEX procedures is determined by the quality
of the extrapolant used. One of three forms are typically applied for the extrapolant. All
three of these forms will be exact for certain models, assuming the underlying errors are
normal [16].
1. The linear extrapolant, taking G(λ) = a + bλ;
2. The quadratic extrapolant, taking G(λ) = a + bλ + cλ2 ;
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3. The nonlinear extrapolant3 , taking G(λ) = a +

b
;
c+λ

where a, b, and c are the parameters. In many settings the exact form the extrapolant is
unknown. In these cases, for λ ≥ 0, the analyst can generate arbitrarily many data points
to test the fit of the curve.4 The nonlinear extrapolant is approximately correct for a large
class of models, often working fairly well.
Like regression calibration, SIMEX is an “approximately consistent” correction technique. The SIMEX estimator, under certain assumptions, is consistent for a quantity
which will be approximately equal to the true estimator. If we assume that X and U are
b is sufficiently smooth [87], then
jointly normal and independent, and that the estimator Θ
the SIMEX estimator is a consistent estimator whenever G is correctly specified. If we
b as a functional over distributions, denoted T, then we have that
regard the estimator Θ
Θ = T (FY,X,Z ), where FY,X,Z specifies the joint distribution of (Y, X, Z).
Taking ∗ to denote the convolution operator, we get that
FY,X ∗ (λ),Z = FY,X,Z ∗ Φ0,(1+λ)σU2 ,0 ,
where Φa,b,c denotes the distribution of a normal random variable with mean 0, and covariance matrix with (a, b, c) on the diagonal and zeros elsewhere. Assuming continuity at
b SIMEX = G(−1)
b
b
−1 of G(λ), we get that Θ
= limλ→−1 G(λ).
If the extrapolant is correctly
specified then G(λ) = Θ(λ) = T(FY,X,Z ∗ Φ0,(1+λ)σU2 ,0 ), and we get
p
b SIMEX −→
Θ
lim G(λ)
λ→−1

(by consistency of the extrapolant estimation)

= lim T(FY,X,Z ∗ Φ0,(1+λ)σU2 ,0 )
(by the correctness of the extrapolant)
λ→−1


= T lim FY,X,Z ∗ Φ0,(1+λ)σU2 ,0
(by smoothness or continuity of T)
λ→−1

= T (FY,X,Z )
=Θ

(by normality)
(by definition of T).

These assumptions are fairly strict in the sense that:
3

Note the phrasing “nonlinear extrapolant” is taken from Cook and Stefanski [16] and Carroll, Küchenhoff, Lombard, and Stefanski [8]. For clarity, we use the same phrasing. The quadratic extrapolant is of
course nonlinear in λ, though the descriptor can instead be taken to referring to the parameters (as-in,
this extrapolant cannot be fit with ordinary least squares).
4
This is limited in practice to the computational feasibility, but, it is an affordance not typically available
when fitting models to “real” data.
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1. normality is required for the distribution of Xb∗ (λ) to approach that of X as λ → −1;
2. the estimators need to be sufficiently smooth so as to be able to interchange limits;
and
3. the extrapolant needs to be correctly specified.
The requirement of normality has been previously discussed; even with an otherwise
correct extrapolant, deviations from normality can render the SIMEX estimator unreliable
[102, 50]. We will explore the performance of SIMEX more thoroughly, and propose an
extension to it which relaxes the need for normally distributed errors, in Chapter 4.

2.3.3

Estimating Equation Approaches

Both regression calibration and simulation extrapolation are attractive owing to their broad
utility. These techniques are designed to be applicable to most analyses, and the effects
of measurement error are addressed separate from estimation itself.5 This is an attractive
property, particularly in applied settings where regression calibration has seen the largest
uptake of any measurement error correction technique [80]. However, as was previously
indicated, these methods are generally only approximately consistent. Being designed to
be broadly useful has the drawback of these correction strategies not making complete use
of all of the information in every problem domain.
Instead of focusing on techniques that work well for a wide variety of estimators, much
of the measurement error literature focuses on correcting for the effects of errors in specific
settings. These corrections typically require specific mathematical derivations, custom
software to fit, and are applicable only in a narrow set of models. This specificity, however,
is often associated with improved theoretical properties.
One common approach to developing such methods is through the use of unbiased
estimating equations (see Yi [101], Carroll, Ruppert, Stefanski, and Crainiceanu [7], and the
references therein for a very thorough discussion). Outside of measurement error, unbiased
estimating equations (or M-estimators) provide a framework for generalizing likelihood
5

There is a parallel between these measurement error correction techniques, and imputation for missing
data. Imputation corrects for the effects of missing data separate from the estimation procedure, and while
it requires certain assumptions about the missingness (and may not always be appropriate), it is widely
applicable and correspondingly sees much application.
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b
based estimators6 [32, 23, 85, 3]. An M-estimator for a parameter, Θ, is the solution, Θ,
to the empirical equation
n
X
−1
Ψ(Θ0 ; Yi , Xi , Zi ) = 0,
n
i=1

where E[Ψ(Θ0 ; Y, X, Z)] = 0 when Θ0 = Θ (the true value). Under regularity condib is consistent and asymptotically normal (CAN) for Θ. A more
tions, such an estimator Θ
thorough account of unbiased estimating equations is available in Appendix A, where we
emphasize the results which our work leverages.
This brief introduction to classical estimation procedures serves to motivate a large
class of corrections in the measurement error literature. Unless otherwise specified, we will
assume that interest lies in characterizing the conditional distribution of Y given {X, Z},
parameterized by Θ. We express this conditional density as f (y|x, z; Θ). We assume
that there exists a conditionally unbiased estimating function, Ψ(·), for Θ, in the sense
that E[Ψ(Θ; Y, X, Z)|X, Z] = 0, when this expectation is taken with respect to the true
conditional model. The idea of using estimating equation techniques for measurement error
correction is to modify this Ψ(·) in such a way so that it is:
1. computable given the observed data; and
2. unbiased with respect to the (conditional) density that we are working with.
That is, we wish to construct a function Ψ∗ , which takes as input {Y, X ∗ , Z}, and has
the property that, at the true value Θ, E[Ψ∗ (Θ; Y, X ∗ , Z)] = 0. Then, if we solve the
empirical estimating equation given by
n

1X ∗ b
Ψ (Θ; Yi , Xi∗ , Zi ) = 0,
n i=1
b under the same standard regularity conditions, Θ
b will be a CAN estimator. While
for Θ,
this general strategy can be used to derive estimators that are resilient to the effects of
measurement error, the details need to be worked through in any specific setting.
In Section 2.5 of Yi [101], several approaches to accomplishing this goal are described
in detail. Each of the different techniques is applicable in some settings, depending on the
available data, and the form of the estimating equation. While there are various trade-offs
6

In addition to, for instance, least squares estimators; for our context, thinking of M-estimation as a
generalization of likelihood suffices.
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between these techniques, for this thesis it suffices to know that they all operate under the
same guiding principle. Ultimately, we wish to construct a new estimating function which
is computable based on the observed data, and which will be unbiased.

2.3.4

Moment Reconstruction

While the core focus of this thesis will make use of regression calibration, simulation extrapolation, and estimating equation techniques, we also briefly consider moment reconstruction. Moment reconstruction is a plug-in based technique, like regression calibration,
which provides consistency in a wider class of models [29]. This consistency, however, is
achieved through computation that is case dependent, and so it cannot be generally implemented in standard software. Moment reconstruction is similar in spirit to regression
bMR substituted for X. Here, X
bMR is an
calibration, where analysis is conducted using X
estimated version of XMR selected such that the joint distribution (Y, XMR ) ∼ (Y, X). In
general it will be the case that finding XMR such that these distributions match exactly is
a challenging problem. However, if instead of exactly matching the distribution we seek
to only approximately match the distribution, say, by having the first two joint moments
identical, then the problem is made tractable.
In their paper, Freedman et al. [29] prove that
XMR (X ∗ , Y ) = E[X ∗ |Y ](I − G) + X ∗ G,
will match the joint distribution up to the second moment. In this expression,
G = {cov(X ∗ |Y )}−1/2 cov(X|Y )1/2 ,
b ) is computed based on
where A1/2 denotes the Cholesky decomposition of A. Then, G(Y
estimates of these quantities, which will generally depend on the assumed error model, in
addition to an estimate for E[X ∗ |Y ]. When these quantities are consistently estimated
bMR , Y ) will match the first two moments of (X, Y ), and intuitively
then, asymptotically, (X
any procedure which relies on only the first two moments of a distribution will perform well
with this correction. In the event that the variables are distributed according to a multivariate normal then the joint distribution is entirely specified by the first two moments,
and the resultant correction will be consistent.
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2.4

Misclassification Models

The discussion throughout this chapter has assumed that the error-prone variable of interest, X, is continuous. If we are instead concerned with a discrete or categorical random
quantity, then we will typically refer to this setting as misclassification. When a variable
of interest is misclassified, this simply means that the observed version, X ∗ , does not equal
the underlying truth X. The same types of categorization relating to measurement error
(classical versus Berkson, and differential versus non-differential) can be made in the case
of misclassification.
Instead of the structure of error being defined in terms of the distribution of a noise
term, U , we instead focus directly on the probability that X is misclassified. Depending
on the specific scenario, there are two common ways of modelling the misclassification. We
can specify the misclassification probabilities, which are defined as
P (X ∗ = x∗ |X = x).

(2.4.1)

Alternatively, a model for the reclassification probabilities, given by
P (X = x|X ∗ = x∗ ),

(2.4.2)

can be used [101]. The use of these models is analogous to the use of the classical error
assumption and the Berkson error assumption, respectively.
In order to decide which framing is more appropriate, it can be helpful to consider
the data generation mechanism. Suppose that the true value of X is generated first (say,
through the actions of a participant). Then, if X ∗ is reported afterwards, informed by
the truth, using the misclassification probabilities, Equation (2.4.1), is natural since the
underlying model generates X ∗ |X. If, on the other hand, the observed value X ∗ is an
antecedent of X, then it is likely more fruitful to consider the reclassification probabilities, Equation (2.4.2), instead. An example of the former scenario would be self-reported
smoking status. Here, the true value (X) is based on the patient’s underlying behaviour,
while the observed value (X ∗ ) is reported after the fact; it is more natural to think of
how someone’s smoking behaviour would impact their reported smoking behaviour than
the reverse. An example of the latter scenario would be related to medication adherence.
If a patient is prescribed a particular treatment, this prescription may be recorded as the
misclassified response (X ∗ ). Then, the true observation (X) would depend on whether
the individual fills their prescription, whether they follow the instructions associated with
taking it, and so on. In this case, it is more natural to think about how the prescription
(X ∗ ) impacts the adherence behaviour (X).
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While some problems lend themselves to one framing or the other, if it is possible to
access the marginal models then both framings can be used equivalently. That is because
P (X ∗ = x∗ |X = x) = P (X = x|X ∗ = x∗ )

P (X ∗ = x∗ )
,
P (X = x)

so long as P (X = x) ̸= 0. Whether the misclassification is thought of through misclassification or reclassification probabilities, we can also consider the relationship between the
outcome and the misclassified variable. We still refer to misclassification where Y ⊥ X ∗ |X
as non-differential, and otherwise we call the misclassification differential.
A particularly important case for consideration is when X and X ∗ are binary. In this
case we can specify the misclassification model completely using two values, the positive
predictive value (PPV) and the negative predictive value (NPV).7 The PPV and NPV are
respectively given by P (X ∗ = 1|X = 1) and P (X ∗ = 0|X = 0). Here it is equivalent to
consider E[X|X ∗ ] = P (X = 1|X ∗ ), as was common in the measurement error setting.

2.5

Correcting for the Effects of Misclassification

While several different correction techniques are relevant for this thesis with respect to
measurement error, for misclassification our focus is on estimating equation approaches.
The underlying idea for addressing misclassification via estimating equations is equivalent
to that with measurement error: an altered estimating equation Ψ∗ is found such that
E[Ψ∗ (Y, X ∗ , Z)] = 0. Just as with measurement error, this is going to typically rely on the
specific problem and the underlying assumptions made with regards to the misclassification
mechanism.
While our focus will be on unbiased estimating equations, there exist several more
general techniques for adjusting for misclassification in a discrete variate.8 Küchenhoff,
Mwalili, and Lesaffre [51] present generalization for the SIMEX technique to account for
misclassified variables through a similar procedure: first additional misclassification is
simulated, and then the relationship is extrapolated back to the case of no misclassification.
Carroll, Ruppert, Stefanski, and Crainiceanu [7] discuss the use of likelihood and quasilikelihood techniques to account for misclassification in predictors. They also discuss the
7

We can also use the commonly reported sensitivity and specificity to characterize the model.
Küchenhoff, Mwalili, and Lesaffre [51] observe that “While measurement error models have received
much attention in the literature there are only a few papers on misclassification in the context of regression
models. This is partly due to the fact that modelling misclassification is in general easier because it is
completely characterized by the misclassification matrix [...]”
8
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misclassification of responses, a topic which we do not address in this thesis. Yi [101]
demonstrates several examples across different domains (survival analysis, case-control
studies, multi-state models, and the misclassification of responses), with a wide variety of
techniques to address the issues that arise. The matrix [2] and inverse matrix [53] methods
are commonly used and are explored and expanded on by Morrissey and Spiegelman [57].

2.6

Measurement Error in the Example Datasets

While measurement error is a common issue across data from many domains, in this thesis
we begin by focusing on the analysis of the FHS and the KLoSA. While both of these
studies have previously been analyzed taking into account the error that is present, there
are features of the data that are overlooked by common techniques which our proposed
methods resolve.
In the FHS, as previously discussed, the primary interest is in the impact of SBP and
serum cholesterol on CHD. It has been common to assume that the SBP measurements in
the literature are replicate values, subject to a classical additive model. The assumption of
replication is violated, in practice, where Carroll, Ruppert, Stefanski, and Crainiceanu [7]
note that “... the large-sample test of equality of means has p-value < 0.0001. Thus in fact,
the measurement at Exam #2 is not exactly a replicate...”. Given that our interest is in the
long-term average SBP, it seems reasonable to suggest that each clinical measurement taken
is a surrogate measurement of the truth. We would like to allow for these measurements
to differ in terms of underlying distribution to accommodate this empirical observation.
Relaxing this assumption is the focus of Chapter 3.
In the KLoSA, self-reported body weight is used to determine the impact of BMI on
an individual’s propensity towards being hypertensive. For a small validation sample, in
addition to the self-reported body weight measurements, a true clinical measurement was
taken. Looking at the distribution of errors it is clear that the errors in the distribution are
highly non-normal. Throughout Chapters 3 and 4 we discuss the ways in which common
correction techniques rely on the normality assumptions, and in Chapter 4, we propose an
adaptation to the SIMEX methodology that relaxes this assumption.
These two datasets serve as illustrative examples for the measurement error problems
that we will address. The remainder of the work that follows in Part I presents methods for
reducing the impacts of measurement error, in a wide variety of scenarios, while accounting
for the types of data that are often observed empirically.
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Chapter 3
Generalizations to Measurement Error
Models
3.1

Motivation for Error Model Generalizations

A recent survey of applied literature reviewed how researchers tend to address the concerns of measurement error in their analyses [80]. The results of the survey suggest that
corrections for the effects of error were rarely applied, and when they were regression calibration was the most widely used correction technique. The study concludes by discussing
the need for researchers to be more deliberate in their use of techniques to address the
impacts of measurement error, to better discuss the shortcomings of analyses which ignore
the impacts of errors, and to leverage the rich literature of methodological advances in
measurement error. While these are important considerations from the vantage point of
applied researchers, it is also important to consider what is needed from a methodological
perspective to assist in the application of techniques which address issues associated with
measurement error.
The techniques which are available to correct for the impacts of measurement error are
driven largely by what additional data are available. Correction techniques are typically
defined with respect to a certain form of auxiliary data (validation samples, replicate measurements, or instrumental data), and often make strong assumptions regarding the exact
error mechanism. When the assumptions regarding the auxiliary data or error processes
are violated, the application of these correction techniques can result in excess bias compared to a naive analysis [7]. That is to say, it is not the case that “doing anything” is
always preferable to “doing nothing”. As a result, developing and presenting methods in
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a setting which is sufficiently general so as to encapsulate the data which are observed by
applied researchers is an important task for those developing methodologies.
It is instructive to note that regression calibration is the most widely used measurement
error correction technique observed in the literature. While regression calibration refers
to a broad class of techniques, there is a particular focus on the application of regression
calibration when replicate measurements are available. In this setting, the standard presentation uses the replicate measurements to estimate the mean and covariance structure
associated with the variables of interest, as described in Chapter 2. These estimates are
then used to construct the BLUP of the true underlying value. Central to the presentation
of the BLUP technique is the assumption that the measurement error terms are independent and identically distributed. Oftentimes the available data would suggest that this
is not the case, where instead of the different measurements being identically distributed,
each measurement is an error-prone version of the truth.
By way of motivating example we consider the FHS [44]. As noted, the FHS has been
analyzed as though measurements of systolic blood pressure and serum cholesterol levels
from years prior serve as replicate measurements from today. However, empirically we
know that this is not the case. While these differences are small, they suggest that even
when the same instrument is being used to measure a quantity of interest, we may be
concerned with whether or not the errors are truly identically distributed. This problem
is amplified when the different measurements come from entirely different sources.
In nutritional epidemiology, for instance, a researcher may have access to multiple 24
hour recalls (24HRs), which may be analogous to the FHS blood pressure example. It is
also possible that, in addition to a 24HR the researchers have access to a food frequency
questionnaire (FFQ). In this case while both the 24HR and the FFQ may be seen as errorprone measurements of the truth, it is unlikely that the data from these instruments can
be viewed as identically distributed replicate measurements. While regression calibration
has been presented using instrumental variables in place of replicate measurements [7],
the presentation of these methods is substantially more involved. The integration of both
FFQ and multiple 24HRs using regression calibration techniques has also been previously
studied [47]. Despite this, the uptake of these correction techniques has been minimal.
Instead of framing correction techniques around replicate measurements, or around
instrumental variables generally, we propose a middle ground that is potentially more applicable than replicate measurements and more accessible than instrumental variables. In
particular, we propose formulating the error models through the use of repeated measurements. Repeated measurements capture any scenario where multiple measurements of the
truth are available which are subject to any error processes. This encapsulates the com28

mon setting of independent and identically distributed replicate measurements, but it also
captures the setting in the FHS where the error variances shift overtime, or the joint use
of FFQs and 24HRs in nutritional epidemiology. The benefit to framing auxiliary data in
this way is that it becomes fairly easy for practitioners to assess whether available data
are repeated measurements, where it can be challenging to know whether observations are
truly replicates, and the conditions for general instruments are fairly opaque.
In addition to assumptions regarding the availability of data, there are typically strong
assumptions made regarding the structure of errors. It is common to assume that errorprone measurements of the truth are unbiased, with errors independent of all other terms.
While these assumptions are often convenient mathematically, and can be good approximations of the truth, it is important to understand and clearly communicate how violations
of these assumptions impact the performance of the corrections.
In nutritional epidemiology, for instance, systematic biases in the errors are common
and need to be addressed for valid inference [47]. It will also commonly be the case, for
instance with self-reported body weight, that the errors are dependent on the true underlying measurements [100]. These considerations necessarily complicate the applicable
methods. Still, the prevalence with which they arise necessitates the development of accessible methods which more correctly account for this complexity, particularly if we wish
to see a strong uptake of measurement error corrections in applied literature.
With these considerations in mind, we present a generalized error model. This model
is framed around the use of repeated measurements, which may be systematically biased,
or exhibit dependency between the errors and underlying truth. Using this framing we
demonstrate that, under certain assumptions, common correction techniques (regression
calibration through the BLUP and simulation extrapolation) can accommodate a broader
range of available data than is typically illustrated in their presentation. Moreover, we
show that through simple extensions to these techniques, they can be applied to reduce
(or eliminate) bias associated with measurement error in a wide range of settings. Our
extensions of these techniques are designed to be accessible, particularly to those familiar
with regression calibration or simulation extrapolation. We demonstrate the theoretical
validity of the techniques, and illustrate how these ideas can be used for more complex
corrections as a means of making theoretically rigorous corrections more broadly applicable.

3.2

Summary of the Proposed Methods

In this chapter we propose a generalized measurement error model centred around the
idea of repeated measurements. Suppose that we wish to estimate a parameter θ, which
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parameterizes the distribution of {Yi , Xi , Zi }. In place of observing Xi , we observe Xij∗ ,
for j = 1, . . . , κi for each individual. Here, Xij∗ correspond to a surrogate measurement
of the true Xi , perturbed by error. To estimate θ using the observed data, regression
calibration and simulation extrapolation are both appealing. Both of these methods assume
that Xij∗ are identically distributed (meaning specifically that the errors for each surrogate
measurement follow the same distribution). If this is not the case then, supposing that κi is
not the same for all individuals, the standard implementation of these correction techniques
no longer consistently corrects the estimators, even when the other assumptions are valid.
Instead, we demonstrate that by allowing each error to be subject to its own distribution, the necessary parameters to perform regression calibration or simulation extrapolation
can still be computed. We take the standard estimators for the means, variances, and covariances between the observable quantities (Xij∗ and Zi ). Then we use Equation (3.5.2),
and Equation (3.5.3) if there are no Z terms and Equation (3.5.4) otherwise, to estimate
the moment estimators involving Xi . These can then be used in a standard application
of either regression calibration of simulation extrapolation. The application of these techniques can apply to any individual proxy, to a weighted combination of the proxies, or to
each individual proxy before combining the resulting estimators.
If one is familiar with regression calibration, or simulation extrapolation, the only
necessary change to allow for the accommodation of non-replicated surrogate measurements
is by changing from the standard moment estimators for surrounding Xi , Equations (2.3.3),
to the moment estimators outlined in this chapter. In addition to discussing the need for
these estimators, and their theoretical properties, we also show how they can accommodate
measurement error models with bias, or with multiplicative noise. We further demonstrate
how these same techniques are applicable outside of regression calibration and simulation
extrapolation.

3.3

Generalized Error Structure

The proposed generalized error structure assumes that, for each individual i = 1, . . . , n,
we observe Xij∗ for j = 1, . . . , κi . Each observation is taken to be an error-prone, repeated
measurement. We begin by assuming an additive error structure, and show in Section 3.4
how multiplicative errors can be accommodated as well. For each Xij∗ , we suppose that
Xij∗ = η0j + η1j Xi + Uij = η0j + η1j Xi + δj U̇ij .
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(3.3.1)

We assume that Uij is mean-zero, without loss of generality,1 and that is has variance δj2 .
This renders U̇ij to be a zero-mean, unit variance random quantity. The error processes
are assumed to be independent of one another (Uij ⊥ Uij ′ for j ̸= j ′ ), and we assume that
Uij ⊥ {Yi , Xi , Zi } for all j, where Yi is the outcome and Zi are any additional variates
measured without error. We also assumes that all quantities across individuals (for i ̸= i′ )
are independent of each other.
This proposed error model accommodates systematic bias through the η0j terms. Despite the assumed independence between Uij and Xi , the use of η1j allows for linear dependence between the error and the truth. To see this note that Equation (3.3.1) can be
re-written as η0j + Xi + [(η1j − 1)Xi + Uij ]. If we consider (η1j − 1)Xi + Uij as the error
term in an additive error model, then this error clearly has a linear dependence with Xi ,
providing a slight relaxation to the assumption of error independence whenever η1j ̸= 1.
This error model also makes no assumptions regarding the underlying distribution of Uij ,
and allows for different variances across the repeated measurements.
While the notation used for the error models seems to imply scalar-valued variates,
multivariate random variables can be accommodated through the vectorization of each
component. The relevant means and covariance terms are denoted
 
E Xj∗ = η0j + η1j ◦ E[X];

(d)
(d)
cov Xj∗ , Xl∗ = η1j ΣXX η1l + I(j = l)Mj ;
(3.3.2)

(d)
cov X, Xj∗ = ΣXX η1j ;

(d)
cov Z, Xj∗ = ΣZX η1j .



Additionally, we define E Xj∗ X = η0j + η1j ◦ X and var Xj∗ X = Mj (X). Here, ◦
(d)
represents the Hadamard (element-wise) product, and η1j represents the diagonal matrix
with the elements of η1j along its diagonal. Mj and Mj (X) are matrices that will capture
the variance of the assumed error model, taking the form of Mj = Mj (X) = ΣUj Uj for the
additive structure that we have assumed. If we have a vector ν = (ν1 , · · · , νp )′ , then we
define the inverse vector ν −1 = (1/ν1 , · · · , 1/νp )′ .
1

If Uij were not mean zero, it could be centred, and its mean could be absorbed into η0j .
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3.4

Multiplicative Measurement Error

Much of the existing literature on measurement error corrections assumes an additive
structure for the measurement error model. Eckert, Carroll, and Wang [24] convincingly
argue that, owing in part to the large existing literature, it is advisable to transform
measurements to a scale where the errors are additive. They go on to propose methods
of finding transformations which allow for the recovery of an additive structure. Their
methods allow for the estimation of a function h such that h(X ∗ ) = h(X) + U , for a U
which is independent of X. Moreover, they derive these transformations without making
any distributional assumptions regarding X.
As a general rule, we recommend following the advice of these authors, and searching
for transformations to additivity whenever possible. This permits access to the rich literature of measurement error correction techniques. Moreover, their proposed methods can
find transformations which render the error distribution known. However, in the context
of repeated (rather than replicated) measurements, it is possible that one proxy measurement has errors on an additive scale, and another which has errors that would require a
transformation. Moreover, it may not be known a priori whether a particular instrument
is likely to be additive or not.
The proposed error models are readily generalized to allow for a multiplicative error
structure. This framework accommodates
Xij∗ = η0j + η1j Xi Vij = η0j + η1j Xi (1 + δj U̇ij ).

(3.4.1)

Here, η0j , η1j , δj and U̇ij are as in Equation (3.3.1). This can be made multivariate using
Hadamard products in place of scalar multiplication. The presented mean and covariance
structure in Equations (3.3.2) apply in this model, where
 (d)
(d)
Mj = η1j E[XX ′ ] ◦ ΣVj Vj η1j ,
and

 (d)
(d)
Mj (X) = η1j XX ′ ◦ ΣVj Vj η1j .

If it is suspected that many, or most, of the available repeated measurements follow a
non-additive structure, then use of transformations is advised. However, the generality of
the proposed measurement error model means that corrections within this general framework can make use of variates that are measured with multiplicative error. Moreover, the
analyst need not specify whether a particular proxy is subject to additive or multiplicative
error within this framework.
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3.5

Parameter Identification

To motivate the necessary parameters in the model, we consider standard regression calibration. Regression calibration through the use of the BLUP proceeds on the basis of an
assumed linear model for E[X|X ∗ , Z], where X ∗ is a combination of replicate measurements (typically,
sample mean). If we suppose that, for all individuals i, κi = k and we
Pthe
k
1
∗
define Xi = k j=1 Xij∗ , then we can consider the relationship between Xi and {Xi∗ , Zi }.
Specifically, we can make the standard BLUP argument, where we consider linear estimab = µ + βX ∗ + γZ, such that E[(X − X)
b ′ (X − X)]
b is minimized. The
tors of X, and take X
b is given by
closed form estimator for X

 


 ΣX ∗ X ∗ ΣX ∗ Z −1 X ∗ − µX ∗
b
X = µX + ΣXX ∗ ΣXZ
.
(3.5.1)
ΣZX ∗ ΣZZ
Z − µZ
Suppose that, in addition to complete replication, all Xij∗ are subject to additive noise.
Then we can view Xi∗ as an error-prone measurement itself, given by
!
k
k
k
X
X
1
1X
1
Xi∗ =
η0j +
η1j Xi +
Uij .
k j=1
k j=1
k j=1
If we further assume that η0j = 0 for all j and that η1j = 1 for all j, then this simplifies to
Xi∗ = Xi + Ui ,
P
P
where Ui = k1 kj=1 Uij has mean zero and variance k12 kj=1 δj2 . In this setting it is straightb U U , is consistent for 1 Pk δ 2 , and as a reforward to show that the standard estimator, Σ
j=1 j
k
b
b
b
sult, ΣX ∗ X ∗ = ΣXX + ΣU U /k will consistently estimate the variance of Xi∗ . Taken together,
this renders the standard BLUP-based regression calibration a valid correction technique
in the general model, so long as every individual has k unbiased, repeated measurements.
Suppose that instead we observe partial replication, suchPthat 1 ≤ κi ≤ k is not
i
constant across all individuals. In this case, defining Xi∗ = κ1i κj=1
Xij∗ renders Xi∗ to be
non-identically distributed across different individuals, even when all measurements remain
unbiased proxies. The concern is that
var(Xi∗ ) =

k
1 X
rij δj2 ,
κ2i j=1
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where rij = 1 if Xij∗ is observed, and is zero otherwise. As a result, the set of observed
b U U will remain conproxies for each individual dictates the variance of Xij∗ . The estimator Σ
P
k
sistent for k1 j=1 δj2 , however, this quantity cannot be directly transformed into var(Xij∗ ).
Thus, under the assumption of non-complete replication, with non-identically distributed
repeated measurements, the standard regression calibration procedure fails to produce
meaningful estimates of the required correction parameters.
If some of the proxies are biased, either with η0j ̸= 0 or η1j ̸= 1, then regardless of
whether there is complete replication or not, the standard regression calibration correction
will be invalid, since the simplifying assumption that µX ∗ = µX will not hold. Considering
Equation (3.5.1), taking X ∗ to be a single error-prone proxy, we see that supposing this
model is linear, then we require an estimate for the means and covariances of {X, Xj∗ , Z}.
This motivates the derivation of specific estimators for each of these moment quantities.
Like regression calibration, many existing measurement error correction techniques rely
on these types of moment estimators: any such correction is amenable to the proposed
generalized measurement error correction technique, through the following parameter estimators.
While standard estimators exist for all of the observable components,
{µXj∗ , ΣXj∗ Xj∗ , µZ , ΣZZ , ΣXj∗ Z },
we specifically require the ability to identify µX , ΣXXj∗ , and ΣZX . In full generality, this
assumed model structure will lead to identifiability concerns. We must impose restrictions
on some model parameters in order to render the parameters estimable. We will assume
that, for some known set of j, (1) η0j = 0, (2) η1j = 1, or (3) both η0j = 0 and η1j = 1.
These assumptions will also capture the case where, for instance, η0j = c for any known
constant c. If c is non-zero, we can take Xj∗ − c, leaving us with a measurement satisfying
assumption (1). When η0j = 0 and η1j = 1 for all j, our model reduces to that of having
κi unbiased measurements of X, from possibly different distributions.
For notational convenience, we define J0 , J1 , and J01 to be the index sets for the
proxies corresponding to assumptions (1), (2), and (3) respectively. In this notation, J01 =
J0 ∩ J1 . We will assume that |J0 | ≥ 1 and |J1 | > 1. These assumptions will suffice for the
identification of the parameters, but are not strictly necessary. Under these assumptions,
we take


X (d)−1
1 X
µ
bXj∗ +
ηb1j µ
bXj∗  .
(3.5.2)
µ
bX =
|J0 | j∈J
j∈J0 \J01

01
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If Z is not observable, then we can take
b XX ∗ =
Σ
j

X
1
b X∗X∗ ;
Σ
j
l
|J1 \ {j}|
l∈J1 \{j}

(d)
ηb1j

k
X

1
b X∗X∗ Σ
b −1 ∗ .
Σ
=
k − 1 l̸=j;l=1 j l XXl

(3.5.3)

If Z is observable then |J1 | = 1 is permissible and we take
X
b ZX ∗ ;
b ZX = 1
Σ
Σ
j
|J1 | j∈J
1
1/2

−1
(d)
b
b
b
b
ΣXZ ΣZX
ΣXj∗ Z ΣZXj∗
;
ηb1j =
b XX ∗ =
Σ
j

(3.5.4)

K
X
1
(d)−1 b
ηb1l Σ
Xl∗ Xj∗ .
k − 1 l̸=j;l=1

Lemma 3.5.1 (Estimating Equations for Parameters). Take ξ to be the vector of moment parameters for {X, X1∗ , . . . , Xk∗ , Z}. Then, under regularity conditions, for g given as
P
Equation (B.1.1), the estimator ξb that solves n−1 ni=1 g(Xi∗ , Zi , ξ) = 0, is consistent and
asymptotically normal for the true ξ. As n → ∞,


√ 
d
n ξb − ξ −→ N 0, A−1 (ξ) B(ξ) A−1 (ξ)′ ,
where A(ξ) = E

h

∂
g(X ∗ , Z, ξ)
∂ξ ′

i

and B(ξ) = E [g(X ∗ , Z, ξ)g(X ∗ , Z, ξ)′ ].

Note that in order to consistently estimate these parameters when we have incomplete
replication, we have to assume that the set of replicates available for each individual are
independent of the measured variables. Under this assumption of ignorable missingness,
the j-th proxy’s parameters are computable consistently using only the observations which
have the j-th proxy available. The function that the M-estimators are based on, g(·), can
be simply modified to include observation indicators of Xij∗ .
Lemma 3.5.1 is particularly useful when we consider measurement error correction techniques that rely upon the moment estimators contained in ξ through the use of additional
M-estimators. Regression calibration and simulation extrapolation are both such techniques. We can derive the asymptotic distribution for any correction technique which can
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be framed as an M-estimator involving the parameters in ξ.
b Assume that ξb solves the empirical estiLemma 3.5.2 (Asymptotic Distribution of Θ).
b = 0, and that Θ
b is a solution to the
mating equation from Lemma 3.5.1, denoted gn (ξ)
b = 0, where ξb and Θ
b are estimating ξ and Θ, respecempirical estimating equation Un (Θ, ξ)
tively. Then we have that


√ 
d
b − Θ −→
n Θ
N 0, Σ(1) ,


as n → ∞, where Σ(1) = Q A−1 (Θ, ξ) B(Θ, ξ)A−1 (Θ, ξ)′ Q′ , for Q = Ip×p 0p×q , A(Θ, ξ)
is upper-triangular, and B(Θ, ξ) is symmetric. Here p is the dimension of Θ, and q is the
dimension of ξ.

3.6

Generalization of Regression Calibration

Using the previous discussion, the BLUP based on each Xj∗ can be computed, by taking
X ∗ = Xj∗ in Equation (3.5.1), and applying Lemma 3.5.1. Doing this separately across all
proxies is not likely to make efficient use of the observed data. Instead, one of two options
can be considered. The first is to define X ∗ to be a weighted combination of Xj∗ . That is,
Pk
Xi∗

=

∗
j=1 rij αj Xij

Pk

j=1 rij αj

,

P
where kj=1 αj = 1. Taking this approach with αj = 1/k for all j = 1, . . . , k results in the
standard correction based on the mean, as discussed in the previous section. In the case of
non-identically distributed measurements, it is unlikely that this will be the most efficient
combination. Intuitively, the measures with lower measurement error variance ought to
contribute more to our proxy measure than those with higher measurement error variance.
Instead, the parameters α can be added to {µ, β, γ}, and then determined during the
minimization of the BLUP. That is, we can find the parameters {µ, β, γ, α} that minimize
bi − Xi )′ (X
bi − Xi )]. This provides the set of optimal weights in the same sense that
E[(X
b The downside to this technique is that it will
the BLUP provides the optimal choice of X.
not be possible, in general, to derive a closed form expression for the set of weights.
bi through an exAlternatively, we can view the problem of generating estimates of X
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pression given by
µ+

k
X

βj Xij∗ + γZi .

j=1

In the above methods we take βℓ = 0 for all ℓ ̸= j when we wish to use a single proxy,
and take βj = αj β when using a weighted combination. This framing, while perhaps
less natural based on the standard regression calibration procedure, provides a more direct
method for estimating the BLUP for each individual. Working through the standard BLUP
calculations presents an estimator that is given by

−1 

ΣX1∗ X1∗ · · · ΣX1∗ XK∗ ΣX1∗ Z
X1∗ − µX1∗

..
..
..  
..

  ...


.
.
.
. 
b = µX + ΣXX ∗ · · · ΣXX ∗ ΣXZ 
X
.



1
K
∗
ΣXK∗ X1∗ · · · ΣXK∗ XK∗ ΣXK∗ Z  XK
∗
− µXK 
Z − µZ
ΣZX1∗ · · · ΣZXK∗ Z ΣZZ
One advantage to this framing is that it immediately becomes clear how to handle
incomplete replication. The same argument can be applied to an individual with a subset
of the available observations, giving an equivalent form without the unobserved terms.
bi , and these imputed values can
Then, for each individual the BLUP can be estimated as X
then be used in place of Xi in the analysis.
We refer to these two strategies as combining proxies or combining estimating equations,
respectively. It is our belief that for practitioners it will be more familiar to combine
proxies directly, as it more closely resembles extant methods. However, we note that
computing the optimal weights can be numerically unstable depending on the observed
data. This technique is implemented through the use of numerical optimization, and in
many situations the differences in estimator efficiency will be small. In practice, an analyst
wishing to use the proxy combination strategy can likely equally weight proxies for each
individual, supposing that they appear roughly in line with one another (as is frequently
the case). The combination of estimating equations, while perhaps less familiar, does not
exhibit the same concerns as working through the optimal weights (as it is available in a
closed form). Correspondingly, this technique, may be easier to implement in practice.
Any of these strategies can be used to compute the parameters necessary to estimate
b RC to the
the BLUP for each individual. Using this estimated BLUP, we can then take Θ
b Z; Θ
b RC ) = 0, where Θ is the parameter of interest. Conceptually,
be solution to Un (Y, X,
b = E[X|X ∗ , Z] as a linear
this strategy is no different from the standard case. We model X
function, and then use the estimated value in place of the truth. The core distinction
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between the standard implementation and ours is a recognition that, when Xj∗ are not
identically distributed, when they are not universally observed, or when they may exhibit
systematic bias, an equal weighting combination ranges from inefficient to inconsistent. By
modelling each separately, sharing parameters only when appropriate, the same correction
strategy becomes applicable to a far wider range of problems.
When using the BLUP, the conditional expectation is consistently estimated only when
it is linear in the conditioning variables. In Appendix B, Lemma B.1.1 is provided as a
generalization of Lemma A.1 from Carroll and Stefanski [10]. It uses their notation for
matrix derivatives and the trace operator. Using this Lemma, we can characterize the
linearity of the BLUP.
Theorem 3.6.1 (General Form of Conditional Means). Under the generalized error models
presented, assuming that E[U |X] = 0, and denoting cov(U |X = x) = Ω(x) and the density
of X ∗ as fX ∗ (x), we have that




 
fX′ ∗ (x)
∂
∗
−1
∗
2
Ω(x) + Ω(x)
+ Op (δ 3 ),
E[X|X ] = η1
X − η0 + δ Tr
∂x
fX ∗ (x) x=X ∗
when X ∗ = η0 + η1 X + δU and

E[X|X ∗ ] = η1−1 1 + δ 2 [2 · diag (Ω(x)) +
)


 
∂Ω(x)
fX′ ∗ (x + η0 )
x ◦ Tr
+ Ω(x)
(X ∗ − η0 ) + Op (δ 3 ),
∂x
fX ∗ (x + η0 ) x=X ∗ −η0
when X ∗ = η0 + η1 X(1 + δU ).
The term fX′ ∗ (x)/fX ∗ (x) is linear in x if and only if X ∗ ∼ N (µ, σ 2 ) [10]. Since we
are conditioning on X ∗ , we can exclude values of this ratio which are unobservable almost
surely. As a result, domain indicators can be dropped. Then, for the case of additive
errors, our conditional mean will be approximately linear if either Ω(X ∗ ) is linear and
fX′ ∗ (x)/fX ∗ (x) is constant, or if Ω(X ∗ ) is constant and fX′ ∗ (x)/fX ∗ (x) is linear. Linearity
in the multiplicative case is more restrictive. Here, due to the additional multiplicative X ∗
term, we need both diag(Ω(X ∗ − η0 )) to be constant and


f ′ ∗ (x + η0 )
∂Ω(x)
Tr
+ Ω(x) X
= 0.
(3.6.1)
∂x
fX ∗ (x + η0 )
If Ω(x) is constant, then the first term in Equation (3.6.1) will be 0. In order for the second
term in this expression, to be 0 we would either require that cov(U |X) = 0 or that fX ∗ (x)
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is constant. As a result, it is sufficient to have X ∗ ∼ Unif(·), and for Ω(x) to be constant.
This illustrates the caveats with applying this method to multiplicative errors. In many
situations, the linear approximation for the additive case will be sufficiently good so as to
achieve the near consistent results that are often claimed. However, in the multiplicative
case, the expectation will be non-linear under most assumed models.
Direct calculations show that, in order for E[X|Xj∗ ] to be approximately linear, additive
models require E[Uj |Xj∗ ] to be linear, and multiplicative models require E[(1 + δl Ul )−1 |Xl∗ ]
to be constant. Consider two observations under the assumed models. Denoting an additive
(A∗)
(M ∗)
surrogate measurement as Xj
and a multiplicative one as Xl
, then
h
(A∗)
E X1
h
(A∗)
E X1
h
(M ∗)
E X2
h
(M ∗)
E X2

n
h
io
(A∗)
(A∗)
−1
= η01 + η11 ◦ η12
;
◦ X2 − η02 − δ2 E U2 | X2
i
i
n
o
h
(M ∗)
(M ∗)
(M ∗)
−1
−1
;
X2
= η01 + η11 ◦ η12 ◦ X2
− η02 ◦ E (1 + δ2 U2 ) X2
io
i
n
h
(A∗)
(A∗)
(A∗)
−1
;
= η02 + η12 ◦ η11
◦ X1 − η01 − δ1 E U1 | X1
X1
i
i
n
o
h
(M ∗)
(M ∗)
(M ∗)
−1
X1
= η02 + η12 ◦ η11
.
◦ X1
− η01 ◦ E (1 + δ1 U1 )−1 X1
(A∗)

X2

i

(A∗)

(A∗)

When conditioning on Xj , we see that if E[Uj |Xj ] is linear in Xj∗ then these condi(M ∗)
tional expectations simplify to a linear function. Similarly, when conditioning on Xl
,
(M ∗)
−1
we see that if E[(1 + δl Ul ) |Xl
] is constant then these simplify to be linear. Checking
the goodness of fit of a linear model between any two proxies in turn checks the ability of
E[X|Xj∗ ] to be approximated by a linear model. This also highlights the relation between
our methodology and the standard instrumental variable approaches, which are based on
regressing a measurement of the truth on an instrument [7].
These results justify both the theoretical conditions under which a linear model is
warranted, and a mechanism for checking whether or not linearity holds approximately. If
linearity approximately holds then the modified regression calibration procedure may be
warranted, and the resultant estimators will be asymptotically normal.
Theorem 3.6.2 (Asymptotic Normality of Regression Calibration). Under regularity conb RC is consistent for ΘRC , and is asymptotically normally distributed,
ditions, the estimator Θ
such that as n → ∞,

√ 
d
b RC − ΘRC −→
N (0, ΣRC ) ,
n Θ
′

−1
′
where ΣRC = Q A−1
RC B RC ARC Q , for matrices analogous to those in Lemma 3.5.2.

Importantly, this result shows asymptotic normality, not around the true values for
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the parameter Θ, but rather around ΘRC , the solution to U (Y, XRC , Z, ΘRC ) = 0. Here
XRC is the true BLUP, which may differ from the true conditional mean. Under regularity
b RC . The asymptotic performance is determined
conditions, ΘRC is the probability limit of Θ
by the difference between Θ and ΘRC . Consistency is achieved when Θ = ΘRC .
In the standard setting, the BLUP based regression calibration estimators are consistent only when both the true BLUP is E[X|X ∗ ], and a linear model for E[Y |X] is valid.
Results regarding consistency, and approximate consistency, of regression calibration methods generally will apply to the modified technique, under the caveat that these are derived
p
b −→
when X
E[X|X ∗ ], as n → ∞.

3.7

Generalization of SIMEX

We rely on Mj and Mj (X) to motivate the modified versions of SIMEX. The strategy is
to match the first two moments of X and Xb∗ (λ), if λ = −1. For fixed λ ≥ 0, take
o
n
√
1/2
−1
∗
(3.7.1)
Xb,j
(λ) = η1j
◦ Xj∗ − η0j + λMj νbj ,
where νbj is an appropriately sized standard normal pseudo-random variable, independent
−1
of all covariates. Given X, we find that E[Xb∗ (λ)|X] = η1j
◦ {η0j + η1j ◦ X − η0j } = X.
(d)−1
(d)−1
∗
Similarly, cov (Xb | X) = (1 + λ)η1j Mj (X)η1j . As a result, Xb∗ (λ) agrees with X up
to the second moment, as λ → −1.
As in the standard SIMEX, we do not typically have Mj or η· available, and as a
result we will estimate them from the proxy observations. While in Section 3.5 we did not
explicitly write down estimators for η0j or Mj , both of these can be obtained as simple
transformations for quantities which are estimated in that estimating equation. We can
∗
re-write Xb,j
(λ) as
n
o
√
(d)
(d)
−1
∗
Xb,j
(λ) = η1j
◦ Xj∗ − (µXj∗ − η1,j ◦ µX ) + λ(ΣXj∗ Xj∗ − η1j ΣXX η1j )1/2 νbj .
As a result, we can still make use of Lemma 3.5.1 in the context of simulation extrapolation.
This raises a question regarding how to best implement the method, taking into account
the proxies. In the standard case, if homoscedasticity is assumed, then SIMEX progresses
b U U . As discussed with standard regression calibration, if κi = k, the stanusing X ∗ and Σ
dard SIMEX applies to non-iid data, with the same caveats: namely, if there is complete
replication and all of the proxies are unbiased.
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Just as with regression calibration, there are two natural ways of making use of all Xj∗ in
the correction technique, combining proxies or combining estimating equations.
Pk To combine
∗
∗
the proxies we use Equation (3.7.1), where in place of Xj we take X = j=1 αj Xj∗ for
some set of weights α. Unlike in the case of the BLUP where the weights could be selected
through the minimization of the MSE, a specific objective function would be required in
this setting. One sensible option is to use inverse variance weighting, providing X ∗ which
has the minimal variance among all linear combinations. This is an appealing choice as
the weights are available in closed form, and have an analogue to the standard SIMEX.
Combining the estimating equations is less intuitive than in the regression calibration
setting. One technique for doing this would be to use each individual proxy to estimate the
parameter of interest, which gives us several different estimators for the true parameter,
b SIMEX,j for each j = 1, . . . , k. Then, we can combine these k estimates directly. That
say Θ
b SIMEX,j . If k = 2, then the optimal weights would be
b SIMEX = Pk ζj Θ
is, taking Θ
j=1
ζj =

o−1 h 


i

1 n
b (j)
b (ℓ)
b (1) , Θ
b (2)
var
Θ
−
var
Θ
.
+ 4 cov Θ
SIMEX
SIMEX
SIMEX
SIMEX
2

These weights require estimates for the variance and covariance of the different estimators
which can be quite computationally intensive. In simulations, this strategy of combining
distinct estimators itself performed notably worse than the strategy of first combining
proxies, and as a result is not generally recommended at this point.2
The modified SIMEX correction is approximately consistent in the same way as the
b SIMEX will
standard SIMEX. Viewing the extrapolant as a functional on distributions, Θ
∗
be consistent for limλ→−1 G(Xb (λ)), which we call ΘSIMEX . The SIMEX estimators will
generally be asymptotically normal.
Theorem 3.7.1 (Asymptotic Normality of SIMEX). Under regularity conditions, the esb SIMEX are consistent for the parameters
timated parameters using the SIMEX correction, Θ
ΘSIMEX , and are asymptotically normally distributed, such that

√ 
d
b SIMEX − ΘSIMEX −→
n Θ
N (0, ΣSIMEX ),
as n → ∞, where ΣSIMEX is estimable through sandwich estimation techniques.
2

To apply this strategy in simulation, however, is a substantial computational burden; as a result, we
may see improved performance had better estimates of the relevant variance terms been used.
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3.8

Simulation Studies

To investigate the behaviour of the proposed methods, we consider three simulated scenarios. Our simulations compare our proposed estimators with the standard implementation
of these techniques, using the generalized error models, across a variety of settings for
which SIMEX and regression calibration are known to be effective.

3.8.1

Linear Regression Models



In the first simulation we consider a linear regression. We take X = X1 X2 X3 , with
X1 ∼ N (0, 1), X2 ∼ N (3, 2), and X3 ∼ N (1, 3) to be the true covariate vector, where all
components are assumed to be independent. The outcome is taken to be Y = 2 − X1 +

2X2 + 0.5X3 + ϵ, where ϵ ∼ N (0, 1). We generate three proxies, X1∗ = X + U11 U12 U13 ,


iid
U
U
U
where U1j ∼ N (0, 1), X2∗ = X +
21
22
23

 with U21 ∼ N (0, 1), U22 ∼ N (0, 4) and
U23 ∼ N (0, 3), and X3∗ = X + U31 U32 U33 where U31 ∼ N (0, 2), U32 ∼ N (0, 2) and
U33 ∼ N (0, 5). We select 50% of X2∗ and 20% of X3∗ to be missing.
We estimate model parameters using (1) standard regression calibration, (2) standard
SIMEX, (3) empirical SIMEX, (4) generalized regression calibration using fixed weights,
(5) generalized regression calibration solving for optimal weights, (6) generalized SIMEX
where proxies are combined, and (7) generalized SIMEX where the estimates are combined.
These simulations were repeated 1000 times with a sample size of 5000. The results for all
scenarios are included in Table 3.1.
From the results in the table we see that the standard regression calibration and standard SIMEX estimators are outperformed (in bias and MSE) by the generalized versions
(both weighted and not). In this example, it is worth considering the performance of the
empirical SIMEX. This method tended to perform slightly better than the generalized regression calibration throughout. This can be explained through the fact that all errors are
normally distributed and, as a result, combinations of the errors also remain normal, which
is the critical requirement for the implementation of the empirical SIMEX.

3.8.2

Log-Linear Regression Models

Next, we consider a log-linear model. We generate Z ∼ Binom(0.3) and X ∼ N (0.02Z, 0.5).
The outcome is a gamma random variable such that E[Y |X, Z] = exp (2 − 3Z + 2X). We
iid
generate three proxies, with X1∗ = XV1 where V1 ∼ Unif(0.7, 1.3), and X2∗ , X3∗ ∼ X +
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Table 3.1: Results from a simulation of a linear regression model comparing the generalized
and standard techniques. The tables show the MSE, mean, and median bias for the
intercept and slope parameters, estimated in 1000 (n = 5000) replicated simulations.
Bias
Method
Intercept Standard Regression Calibration
Standard SIMEX
Empirical SIMEX
Generalized Regression Calibration
Weighted Regression Calibration
Generalized SIMEX
Generalized SIMEX (Combined Proxies)
X1
Standard Regression Calibration
Standard SIMEX
Empirical SIMEX
Generalized Regression Calibration
Weighted Regression Calibration
Generalized SIMEX
Generalized SIMEX (Combined Proxies)
X2
Standard Regression Calibration
Standard SIMEX
Empirical SIMEX
Generalized Regression Calibration
Weighted Regression Calibration
Generalized SIMEX
Generalized SIMEX (Combined Proxies)
X3
Standard Regression Calibration
Standard SIMEX
Empirical SIMEX
Generalized Regression Calibration
Weighted Regression Calibration
Generalized SIMEX
Generalized SIMEX (Combined Proxies)
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MSE Mean
0.334 0.562
4.608 2.094
0.013 0.003
0.018 0.010
0.020 0.007
0.023 -0.047
0.019 0.005
0.003 0.025
0.718 0.176
0.003 0.0001
0.003 0.002
0.004 0.003
0.005 0.006
0.004 0.003
0.032 -0.175
0.417 -0.630
0.001 -0.001
0.002 -0.003
0.002 -0.002
0.002 0.001
0.002 -0.002
0.002 -0.037
0.169 -0.261
0.001 -0.001
0.001 -0.001
0.001 -0.002
0.001 -0.004
0.001 -0.002

Median
0.555
2.028
-0.0004
0.002
0.005
-0.055
0.001
0.025
0.105
-0.002
0.003
0.002
0.002
0.003
-0.173
-0.608
-0.001
-0.002
-0.002
0.003
-0.0012
-0.037
-0.206
-0.001
-0.001
-0.003
-0.003
-0.001

N (0, 1), where the errors are all independent. For X3∗ we selected 50% of the observations
to be missing.
In this setting we compare standard regression calibration, standard SIMEX, and the
empirical SIMEX, with the best performing generalized techniques from the previous simulation (generalized regression calibration with fixed weights, and generalized SIMEX with
combined proxies). We include results for both the generalized regression calibration where
Z was used as informative, and where this relationship was ignored in estimating the
correction parameters. The results regarding the MSE and bias of these estimators are
summarized in Table 3.2.
Table 3.2: Results from a simulation of a gamma, log-linear regression model comparing the
generalized and standard techniques. The table show the MSE, mean bias, and median bias
for the intercept and slope parameters that were estimated in 1000 (n = 5000) replicated
simulations.
Bias
Intercept

X

Z

Method
Standard Regression Calibration
Standard SIMEX
Empirical SIMEX
Generalized Regression Calibration
Generalized Regression Calibration (no Z)
Generalized SIMEX (Combined Proxies)
Standard Regression Calibration
Standard SIMEX
Empirical SIMEX
Generalized Regression Calibration
Generalized Regression Calibration (no Z)
Generalized SIMEX (Combined Proxies)
Standard Regression Calibration
Standard SIMEX
Empirical SIMEX
Generalized Regression Calibration
Generalized Regression Calibration (no Z)
Generalized SIMEX (Combined Proxies)

MSE
0.106
0.004
0.026
0.105
0.103
0.002
0.005
0.013
0.614
0.002
0.002
0.004
0.003
0.286
3.95
0.004
0.003
12.2

Mean Median
-0.325 -0.324
0.047
0.047
0.152
0.146
-0.323 -0.323
-0.319 -0.320
0.003
0.001
-0.055 -0.053
-0.094 -0.093
-0.756 -0.726
-0.003 -0.001
-0.002 -0.001
-0.004 -0.004
0.001
0.002
0.023
0.004
0.038
0.006
0.001 -0.002
-0.012 -0.013
0.116
0.001

We note first that for the intercept the methods based on SIMEX perform substantially
better, which is to be expected based on the consistency theory. The generalized regression
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calibration procedures perform well for the slope parameters, and we see relatively similar
results between the estimators which use Z, and those which do not. In this setting we
see, on average, an improved MSE and bias with the generalized corrections over the
corresponding standard corrections.
It is also worth drawing attention to the fact that, in this setting, the empirical SIMEX
sees a dramatic reduction in its performance relative to the other techniques. This can be
explained through the lack of normally distributed errors, which the other techniques are
more resilient to. Finally, we draw attention to the MSE of the generalized SIMEX for
the Z slope parameter, particularly in comparison to the median bias. This large MSE
is being driven by several simulation runs which are extreme outliers, and which are not
particularly indicative of an actual application of this method. To explain this note that we
used the same extrapolant for each iteration of the simulation, without checking the fit (as
this would require 1000 different selections for these simulations). However, investigating
the outliers, it is clear in these simulation runs the extrapolant is over-fitting noise. An
analyst conducting such an analysis would be unlikely to see this degraded performance,
as they would be assessing the extrapolant fit directly.

3.8.3

Logistic Regression Models

Finally, we consider a logistic regression model. We take the true covariate X ∼ N (3, 1),
iid
with Y ∼ Binom(expit(0.5 − 0.5X)). We generate three proxies where X1∗ , X2∗ ∼ X +
N (0, 1), and X3∗ = 0.5 + 0.5X + U3 where U3 ∼ Unif(−0.5, 0.5). We select 80% of X2∗ to be
missing. In these simulations we compare the results of the generalized estimators, using
either all of (X1∗ , X2∗ , X3∗ ) or only the iid replicates (X1∗ , X2∗ ) for the corrections (labelled
“All” and “IID” respectively). Further, we continue to differentiate between the weighted
generalized regression calibration and the standard version, as well as the SIMEX estimator that averages proxies (“Combined Proxies”) versus the one which averages estimates.
In Table 3.1 we observe the MSE and the bias of both the parameter estimates and in
Figure 3.1 we observe the estimated probabilities.
The results demonstrate the bias reduction and effective probability estimates of both
techniques in logistic regression. Moreover, these simulations demonstrate how biased
(using η0 and η1 ) proxies can stabilize estimators. We note that for almost all estimators,
the estimators which used all of the proxies (despite the bias) resulted in a reduced MSE
compared to the corresponding correction relying on only the iid replicates. There does
appear to be evidence of trading off bias and variance within these estimators. The biased
replicates appear to introduce slightly larger bias in the estimators, on average, which is
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Table 3.3: The estimated parameter values for the intercept and the slope across the
different methods. The true values are indicated using a dotted line. Outliers are displayed
as filled in circles. Note that the X axes are different for each set of box plots.
Bias
Intercept

X

Method
MSE Mean Median
Generalized Regression Calibration (All)
0.018 0.005
0.010
Generalized Regression Calibration (IID)
0.025 0.004
0.009
Weighted Regression Calibration (All)
0.076 0.121
0.131
Weighted Regression Calibration (IID)
0.025 0.004
0.010
Generalized SIMEX (All)
0.032 -0.011 0.004
Generalized SIMEX (IID)
0.059 -0.025 -0.005
Generalized SIMEX (Combined Proxies, All)
0.020 0.032
0.038
Generalized SIMEX (Combined Proxies, Reps) 0.033 -0.012 0.002
Generalized Regression Calibration (All)
0.002 -0.007 -0.008
Generalized Regression Calibration (IID)
0.003 -0.010 -0.011
Weighted Regression Calibration (All)
0.009 -0.049 -0.053
Weighted Regression Calibration (IID)
0.003 -0.010 -0.011
Generalized SIMEX (All)
0.004 0.005 -0.001
Generalized SIMEX (IID)
0.007 0.011
0.003
Generalized SIMEX (Combined Proxies, All)
0.002 -0.011 -0.013
Generalized SIMEX (Combined Proxies, Reps) 0.004 0.005
0.001
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Figure 3.1: The estimated 95% prediction interval for the estimated probabilities (given
by the dotted lines) around the true probabilities (given by the solid line), across various
values for X. The shaded regions indicate the 95% central values for X, indicating the
most likely values for the covariate to take.
made-up for by the reduced variance. We see that the estimated probabilities tend to be
correct across any of the methods, with slightly reduced interval widths when making use
of the complete data, rather than only the replicated measurements.

3.9

Extensions to Other Methodologies

As introduced in Chapter 2, moment reconstruction is a plug-in technique, similar in spirit
to regression calibration, which requires case-specific derivations. We present the results
of moment reconstruction in a logistic regression, a case where the moment reconstruction
estimators are consistent and the regression calibration corrections are not. The primary
motivation for this presentation is demonstrating how the identification of parameters as
in Section 3.5, and the related results, can be extended to exact correction methods.
Assume that X|Y = y ∼ N (µ + y∆, ΣXX ). Then, for each observation, moment
reconstruction forms

o
1 n
∗
∗e
∗
e
b
E[X |Y ](I − G(Y )) + X G(Y ) − η0· ,
XMR (X , Y ) =
η1·
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e ) = η1· G(Y ), ηl· = Pk αj ηlj for l = 1, 2, and
where G(Y
j=1
G(Y ) = cov(X ∗ |Y )−1/2 cov(X|Y )1/2 .
bM R having the same first two conditional moments (given Y ) as X does.
This results in X
This setup readily presents M-estimators, extending the quantities in Section 3.5. By
assumption, ΣXX is both the conditional and unconditional variance of X, which means it
is estimated in ξ. Further, ηl· contain only αj and parameters estimated in ξ. This leaves
cov(X ∗ |Y ) and E[X ∗ |Y ] to be estimated.
To do so, we can form standard joint M-estimators. Take Θ1 , Θ2 , Θ3 , and Θ4 to be
given by E[X ∗ |Y = 1], E[X ∗ |Y = 0], cov(X ∗ |Y = 1), and cov(X ∗ |Y = 0), respectively.
Moreover, assume that the αj are fixed.3 Then we can take
n
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n
X

yi

i=1

n−1

n
X

(1 − yi )

i=1

n−1

n
X

yi

i=1
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X

αj Xij∗ − Θ1 = 0;

j=1
K
X

αj Xij∗ − Θ2 = 0;

j=1

k
X

!2
αj Xij∗ − Θ1

− Θ3 = 0;

j=1

(1 − yi )

i=1

K
X

k
X

!2
αj Xij∗ − Θ2

− Θ4 = 0.

j=1

Denoting the probability P (Y = 1|X = x) = expit(β0 + β1 x), the logistic regression
estimators for β0 and β1 are βb0 and βb1 , with these estimators simultaneously solving
−1

n

n
X



yi − expit βb0 + βb1 xi = 0,

i=1

and
n−1

n
X



(yi − expit βb0 + α
b1 xi )xi = 0.

i=1
3

These can estimated in a similar way, if need be.
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The moment reconstruction procedure replaces xi in the above estimating equations with
x
bi,MR
k
X

!−1 (

"

k
X

!

ΣXX
=
αj η1j
[yi Θ1 + (1 − yi )Θ2 ] 1 −
αj η1j
yi Θ3 + (1 − yi )Θ4
j=1
j=1
!
!
)

1/2 X
k
k
k
X
X
ΣXX
+
αj x∗ij
αj η1j
−
αj η0j .
yi Θ3 + (1 − yi )Θ4
j=1
j=1
j=1

1/2 #

This expression can be inserted into the M-estimators for βb· , and stacked with the previously discussed M-estimators, allowing for the derivation of an asymptotic distribution.
bMR , Y ) and (X, Y ) are equivalent, and so this estiDue to normality, the distributions (X
mator will be consistent and asymptotically normal for the true parameter values. Further,
the solutions to the M-estimators regarding the parameters in gi (·) and the estimators for
Θ· are expressible in closed form, and are functionally independent of β· . As a result, they
can be solved for first and used to compute x
bi,MR , before performing a logistic regression.
In order to implement this in practice, or compute closed form expressions for the
asymptotic standard errors, we need to make concrete assumptions regarding the repeated
measurements that are available and the values of {αj }. These data must conform to the
identifiability conditions making gi (·) computable. With a fixed data structure, we can
apply Lemma 3.5.2 for the asymptotic distribution.

3.10

Data Analysis

We now apply the generalized methods to data from the Framingham Heart Study. Our
analysis is motivated by Carroll, Ruppert, Stefanski, and Crainiceanu [7], where the authors
use a logistic regression model to estimate the impact of, age, smoking status, serum
cholesterol, and long-term SBP on the likelihood of developing CHD. Our analysis follows
a different subset from the FHS, which is made available as a teaching dataset, by the
NHLBI [62]. Our subset is not restricted to male participants, and so we use sex as an
explanatory factor as well.
Our analysis follows 2876 individuals, aged 32–69, across three separate examinations.
We take the patients’ sex, age, and smoking status to be error-free, and assume that the
serum cholesterol levels and systolic blood pressure are prone to error. Following Cornfield [17] and Carroll et al. [9] we transform the blood pressure measurements to be in49

cluded in the model as log (SBP − 50) and the cholesterol measurements to be included as
log (Cholesterol). These data are subject to incomplete replication. Of the 2876 total participants, systolic blood pressure measurements were available for all patients at the first
visit, but missing for 153, and 390 patients at visits two, and three respectively. For cholesterol, at visits one, two, and three, there are 26, 256, and 538 patients without repeated
measurements, respectively. Considering only those with the repeated measurements taken,
at the first visit the mean (transformed) SBP was 4.329 and the mean (transformed) cholesterol was 5.437, with observed variances of 0.052 and 0.033, respectively. This is compared
to means (variances) of SBP and cholesterol at the second visit of 4.389 (0.054) and 5.503
(0.030), and at the third visit 4.440 (0.057) and 5.456 (0.033), respectively.
To assess the validity of the regression calibration methodology, we consider plots of
b
the various proxies against one another. For the SIMEX correction, we plot Θ(λ)
versus
λ to choose the extrapolants. These diagnostic plots are presented in Figures 3.2 and 3.3,
respectively. We can see that there is an approximately linear relationship between the
various proxies which suggests the use of a linear calibration function is appropriate. This
is further emphasized in the discussion by Carroll, Ruppert, Stefanski, and Crainiceanu
[7], where it is noted that the transformed blood pressure covariates appear approximately
normal. In the SIMEX diagnostic plots, across all settings, there appears to be a quadratic
relationship between the estimated slope parameters and λ.
We compare several analyses, all of which use the main effects model in a standard
logistic regression. We consider a naive analysis, which takes the mean response from
the visits for both cholesterol and blood pressure as the explanatory factors, a standard
regression calibration analysis which implicitly assumes that the repeated measurements
are iid, and several scenarios for the generalized procedures presented. We use different
assumptions for J0 , the proxies which have η0j = 0, and J1 , those with η1j = 1. For
regression calibration we consider four scenarios, two with J0 = {1, 2, 3}, where J1 =
{1, 2, 3} or J1 = {1, 2}, in addition to two with J0 = {2}, with J1 = {1, 3} or J1 = {2, 3}.
We conduct two SIMEX analyses, one with J0 = J1 = {1, 2, 3}, and one with J0 = {2} and
J1 = {1, 3}. The SIMEX procedures are restricted in their consideration due, in part, to
the concerns regarding the validity of Mj as a variance matrix. Many plausible settings lead
to singular matrices as estimates for Mj , which in turn rules out the use of the modified
SIMEX under those assumptions. The SIMEX procedures used a quadratic extrapolant
for both the SBP and the cholesterol terms.
The results of these analyses are displayed in Table 3.4, where the slope parameter
estimates for the transformed systolic blood pressure and the transformed cholesterol are
presented, along with 95% bootstrapped confidence intervals. The bootstrap confidence
intervals are derived from 1000 bootstrap replicates in each scenario. Across the various
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Figure 3.2: Plots showcasing the approximate linearity between the three proxy measurements for cholesterol (top row) and the three proxy measurements for blood pressure (bottom row). The apparent linearity in these plots gives evidence for the fact that E[X|X ∗ ]
is well approximated by a linear relationship.
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b
Figure 3.3: Plots of Θ(λ)
against λ, over the fitted range of the data, for the slopes on
both the cholesterol and blood pressure coefficients. The top row contains the results
assuming J0 = J1 = {1, 3} while the bottom row contains those assuming J0 = 2 and
J1 = {1, 3}. These plots illustrate the approximate extrapolant shape to be used in the
SIMEX procedure. The results suggest that a quadratic extrapolant may be effective.
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different sets of assumptions, we observe some variability in the point estimates for both
factors, with more substantial variability in the cholesterol measurements. While none of
the methods find the effect of cholesterol to be significant at a 95% confidence level, the
implied level of significance varies across the scenarios.
Table 3.4: Estimated slope parameter for the SBP and cholesterol terms, in the FHS,
comparing the generalized regression calibration and SIMEX methodologies to a naive
analysis and standard regression calibration. The point estimates and 95% confidence
interval are shown, where the intervals are based on a bias corrected bootstrap procedure
with 1000 bootstrap replicates.
Method
Blood Pressure
Cholesterol
Naive
2.250 (1.696, 2.837) 0.670 (-0.083, 1.575)
Standard Regression Calibration 2.811 (2.104, 3.591) 0.753 (-0.177, 1.866)
Generalized Regression Calibration
J0 = J1 = {1, 2, 3}
2.688 (2.005, 3.417) 0.723 (-0.171, 1.790)
J0 = {1, 2, 3}; J1 = {1, 2}
2.673 (1.992, 3.412) 0.935 (-0.138, 2.207)
J0 = 2; J1 = {1, 3}
2.635 (1.917, 3.415) 0.732 (-0.168, 1.808)
J0 = 2; J1 = {2, 3}
2.785 (2.097, 3.550) 0.347 (-0.200, 1.276)
Generalized Simulation Extrapolation
J0 = J1 = {1, 2, 3}
2.674 (1.626, 5.892) 1.000 (-0.476, 15.182)
J0 = 2; J1 = {1, 3}
2.096 (1.168, 6.406) 0.567 (-2.454, 3.764)
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Chapter 4
Simulation Extrapolation
4.1

Motivation for the Nonparametric SIMEX

A common assumption in the measurement error literature is that errors are normally
distributed. This assumption is analytically attractive and holds approximately in many
scenarios. However, it is often violated in practice. Bailey [1] investigated the distributions of measurement variability across several fields, including medicine, nuclear physics,
and toxicology, and found that differences between measurements of the same quantity are
consistent with heavy-tailed t-distributions more so than Gaussian distribution. Further
examples of nonnormal error distributions are readily available. McKenzie et al. [55] consider the use of a bivariate Laplace distribution to model the location error present when
using GPS collars to study animal movement and habitat use. Bollinger [4] determine that
the assumption of normality is strongly violated when looking at the errors in reported
annual incomes within the Current Population Survey. Purdom and Holmes [65] use an
asymmetric Laplace distribution to model the error distribution in microarray data. Rajan
and Desai [66] argue that a t-distribution with two degrees of freedom is the best parametric fit to the error distribution for measurements of galactic rotation speed. Xu, Kim,
and Li [99] demonstrate that errors in reported BMI in the Korean Longitudinal Study of
Ageing are inconsistent with a normal distribution, exhibiting heavy-tailed behaviour. In
nutritional epidemiology, it is often suggested to transform reported intakes in such a way
so as to approximate normality of the errors, though often the suggested transformation
fails to achieve suitably normal errors [19, 64].
In their work on transformations of non-additive models, Eckert, Carroll, and Wang
[24] discuss how transformations can be used to induce an error structure with error terms
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that approximate a particular distribution. The argument for such a transformation is
that many existing techniques, in addition to assuming an additive error structure further
assume normality of the underlying errors. Owing to the fact that normality of errors has
been empirically shown to be violated across many domains, understanding the impact of
violations of normality on measurement error correction techniques is important. Moreover,
developing accessible techniques which can account for non-normal errors is required in
order to facilitate the use of valid measurement error corrections in the applied literature.
The understanding of the impact of distributional assumptions is particularly important for techniques which are approximately consistent. This is because approximately
consistent techniques are often presented as being “better than nothing”. If distributional
assumptions are required for this to hold, then these assumptions should be clearly communicated and, ideally, easy to test. When these assumptions are required, an understanding
of how the methods breakdown when they are violated can lend additional confidence to
the application of an existing method. In Chapter 3 we discussed the distributional requirements for applying regression calibration to result in consistent estimators. For the BLUP
to be valid, we require the conditional mean of X given {X ∗ , Z} to be linear. Conditional
normality suffices for this requirement to be met.
This same type of analysis has not previously been conducted for simulation extrapolation. The initial proposal of SIMEX required normally distributed errors [16]. If the
errors are not normally distributed, then the pseudo-random error terms will not be absorbed into a unified, normally distributed error term, and the presented simplifications do
not occur. The importance of normality was emphasized by Stefanski and Cook [87], and
then again by Koul and Song [50], when illustrating the conditions under which SIMEX
can produce consistent estimators. In simulations, Yi and He [102] further illustrate the
requirement of normality for SIMEX. These results are particularly concerning since the
SIMEX estimator not only became inconsistent, but actually performed worse than the
naive estimator. Taken together, these theoretical and simulated results seem to establish
the need for normality to apply SIMEX.
If it is the case that SIMEX, as it is commonly presented, requires normally distributed
errors to serve as a useful correction, it is worth quantifying this as best as we can. Would
it be possible to theoretically identify the types of scenarios presented by Yi and He [102],
where SIMEX amplified the bias? The work by Koul and Song [50] suggests that the
underlying concept behind SIMEX, when modified, can be used to accommodate errors
which are not normally distributed. Expanding their work beyond parametric assumptions
presents an opportunity for SIMEX to be applied in a wide variety of settings, without the
need to test distributional assumptions, or further adapt existing methods.
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4.2

Summary of the Proposed Methods

In this chapter we consider a nonparametric extension to the simulation extrapolation
method, which we call the NP-SIMEX. The NP-SIMEX functions via the familiar stages
also present in the standard parametric SIMEX, where we first simulate the impact of
additional measurement error on the estimator of interest, and then we extrapolate to the
setting where this error is removed. As the name suggests, the NP-SIMEX uses nonparametric techniques in the simulation step, rendering it resilient to normality violations.
Where the standard SIMEX proceeds by drawing realizations from a standard normal
distribution, and then multiplying by λ1/2 σU for each value of λ in a grid, the NP-SIMEX
makes this nonparametric. Specifically, λ (for integer valued λ) realizations are drawn from
the empirical error distribution, for each individual, and are added to the variate of interest.
This is taken to be the re-measured version of the surrogate, and we use this to compute
the estimator of interest. The remaining procedure is exactly the same: these re-measured
variates are used to estimate the parameter of interest across a grid of λ, repeated several
times and averaged to reduce uncertainty, and then a parametric extrapolant is fit based
on λ. The true estimate is computed by taking λ = −1 in fitted parametric model.
The primary additional consideration required for the implementation of the NPSIMEX, as compared to the standard SIMEX, is how we estimate the empirical error distribution. We demonstrate how this can be done with a validation sample (Section 4.5.3),
which makes use of the fact that within validation data we observe the errors directly, as
well as with replicate measurements (Section 4.5.4) where we need to impose symmetry
assumptions on the distribution of errors. Before presenting the nonparametric SIMEX,
we first take a deep theoretical look at the need for normality within the standard SIMEX
procedure itself, which provides a means of motivating the development of the NP-SIMEX.

4.3

Reframing SIMEX with Characteristic Functions

The importance of normality for SIMEX theoretically, as emphasized by Stefanski and Cook
[87] and Koul and Song [50], can be summarized concisely with the following theorem.
Theorem 4.3.1 (Complex Moments are 0). If U1 and U2 are iid, symmetric, absolutely
continuous
random variables with a finite moment generating function, then E[(U1 +
√
−1U2 )n ] = 0 for all n = 1, 2, . . . if and only if U1 and U2 are normally distributed
with mean 0. (Theorem 3.1 [50])
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The utility of this theorem is that, through the use of a Taylor expansion, it allows
for us to show the necessity of normality to render SIMEX operational. If we consider
Θ = f (X), for some “sufficiently smooth” function, f ,1 , then we can consider the power
series representation of f (X + U + iσϵ), where σ 2 = var(U ), and ϵ ⊥ {U, X}, with E[ϵ] = 0
and var(ϵ) = 1. If we take the conditional expectation, given X, then the power series
representation (around X) gives
∞
X
√
√



f (j) (X)σ j 
E (U + −1σϵ)j X .
E f (X + U + −1σϵ) X = f (X) +
j!
j=1

(4.3.1)

Under correct√extrapolant specification, the SIMEX estimator will consistently estimate
E[f (X + U + −1σϵ)|X]. As a result, applying Theorem 4.3.1 tells us that, if ϵ ∼ N (0, 1),
then the only way that this estimator is consistent for all such f is if U ∼ N (0, σ 2 ). This
result applies to the class of “all sufficiently smooth f .” In practice, we need not worry
about the class of all functions f , simply because a small number of estimators are likely to
be the ones under consideration. While it may be the case that normality is required to be
able to consider arbitrary functional relationships between Θ and X, we are not typically
considering arbitrary functional relationships, and may not require normality.
In extending SIMEX for errors that follow a Laplace distribution, Koul and Song [50]
show that, if the characteristic function of U + σϵ (denoted φU +σϵ (t)) tends to 1 as some
distributional parameter of ϵ tends towards a constant, then SIMEX estimators will be
consistent. In the standard SIMEX, we would take ϵ ∼ N (0, λ). We then look at φU +σϵ (t)
as λ → −1. The authors use this argument to show that, by changing the distribution of
ϵ, similar strategies can be derived based on an assumed error distribution for U .
If we denote Xb∗ (λ) = X ∗ + ϵλ = X + U + ϵ, where here λ now specifies a (controllable)
parameter of ϵ, then we can consider the characteristic function of Uλ := U + ϵλ , defined
as φUλ (t). We are interested in considering this quantity when ϵλ ∼ N (0, λσ 2 ), where
var(U ) = σ 2 . Denoting the joint distribution of {Y, X} as FY,X , then by viewing the
estimator as a functional on distributions, there exists some T such that Θ = T(FY,X ).
Moreover, the SIMEX estimator consistently estimates ΘSIMEX = limλ→−1 T(FY,X ∗ F0,Uλ ),
where ∗ is the convolution operator.
If T(·) is such that limλ→−1 T(FY,X ∗ F0,Uλ ) = T (limλ→−1 FY,X ∗ F0,Uλ ), then our consideration of the characteristic function of Uλ becomes entirely natural. A function over
1

As discussed in Stefanski and Cook [87] the restrictions on f are stronger than normal regularity
conditions here. We can, for instance, take f to be analytic on the real line, and have a power series in
which expectation and summation can be interchanged.
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distributions can be represented as a function on the characteristic functions themselves.
The characteristic function of a convolution (assuming independence), is given by the product of characteristic functions. This formulation then demonstrates why having φUλ (t) → 1
is important for the consistency of SIMEX. This framework can be used to more deeply
explore the theoretical behaviour of SIMEX estimators broadly.

4.4

Asymptotic Analysis of the Standard SIMEX

4.4.1

Approximations of the Characteristic Function

In Table 4.1, we show the characteristic function of Uλ and of U ∗ = limλ→−1 Uλ , based on
various distributions of U . Under the assumption of normality, the characteristic function
equals 1 exactly in the limit. In all other settings it does not. The limiting characteristic
functions are not generally valid characteristic functions, though many are close approximations to 1 around t = 0. To see this concretely, we take Taylor approximations to these
functions, in a neighbourhood of t = 0. The results are presented in Table 4.2.
Table 4.1: Limits of the characteristic function, as λ → −1 for the convolution of the
errors and pseudo-errors, assuming a normally distributed pseudo-error with different error
distributions. Error distributions are parameterized such that E[U ] = 0 and var(U ) = σ 2 .
Distribution

φUλ

φU ∗

Normal


exp − 21 σ 2 t2 (1 + λ)
−1



σ 2 t2
λσ 2 t2
exp − 2
1+ 2




√
√
exp(it 3σ)−exp(−it 3σ)
λσ 2 t2
√
exp
−
2
2it 3σ


2 2
1
(eitσ + e−itσ ) exp − λσ2 t
2

1

Laplace
Uniform
Discrete Unif.
Exponential

(1 − itσ)−1 exp

tσ
2


(−λtσ − 2i)


1+
(

σ 2 t2
2

−1

(it2
1
2

exp

√
√
eit 3σ −e−it 3σ

√



) exp
3σ )

(eitσ + e−itσ ) exp

(1 − itσ)−1 exp

tσ
2



σ 2 t2
2
 2 2
σ t
2



σ 2 t2
2




(tσ − 2i)

These approximations show that, under many error distributions, the limiting characteristic function approximates 1 fairly closely. If we consider the earlier Taylor expansion
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(Equation 4.3.1) then, under most of the presented error models, we will see that
E[f (X + U ∗ )|X] ≈ f (X) +

f (4) (X)σ 4
E[Uλ4 |X] ≈ f (X) + f (4) (X)σ 8 ,
4!

where the approximation is due to the fact that E[Uλ4 |X] ≈ cσ 4 for some constant c (dependent on the error distribution), and is valid to a term that is O(σ 10 ). This approximation
will often be adequate, especially when σ 2 ≈ 0.
Table 4.2: Approximations of the characteristic function for the convolution of the errors
and pseudo-errors, assuming a normally distributed pseudo-error with different error distributions. Error distributions are parameterized such that E[U ] = 0 and var(U ) = σ 2 .
Distribution
Normal
Laplace

1−
1−

σ 2 t2
(λ
2

σ 2 t2
(λ
2

Uniform

1−

Discrete Unif.

1−

Exponential

Approximation
to φU ∗ (t)

Approximation to φUλ (t)
+ 1) +

+ 1) +

σ 2 t2
(λ
2
σ 2 t2
(λ
2

1−

σ 4 t4
(5λ2
40

+ 1) +

+ 1) +
σ 2 t2
(λ
2

σ 4 t4
(λ
8

σ 4 t4
(λ2
8
σ 4 t4
(3λ2
24

+ 1) −

+ 1)2 + O(σ 6 t6 )

1

+ 10λ + 3) + O(σ 6 t6 )

1 + 81 σ 4 t4 + O (σ 6 t6 )

+ 2λ + 2) + O(σ 6 t6 )

1−

1 4 4
σ t
20

+ O(σ 6 t6 )

+ 6λ + 1) + O(σ 6 t6 )

1−

1 4 4
σ t
12

+ O(σ 6 t6 )

iσ 3 t3
3

+ O(σ 4 t4 )

1 − 3i σ 3 t3 + O(σ 4 t4 )

An alternative method to assess the quality of this approximation is through the consideration of moments of X + Uλ . To describe the dependence of this approximation on
the functional T, we focus on the class that T belongs to. Define a space of distributional
functions, Tm , such that for every T ∈ Tm , only the first m moments of the distribution are relevant. These are quantities which can be consistently estimated using sample
moments of order 1√through m. The m-th moment of a random variable, if it exists, is
−n (m)
given by E[Z m ] = −1 φZ (0). From the Taylor series approximation for the limiting
characteristic functions of U ∗ , it is clear that all moments m up to the second included
term (in Table 4.2) are 0. Up to this term, we have
(m)
φX+U ∗ (0)

m  
X
m (m)
(m−j)
(m)
=
φX (0)φU ∗ (0) = φX (0),
j
j=0
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and as a result we will have E[(X + U ∗ )m ] ≈ E[X m ]. If we call the order of this second
included term M , then, any functions T ∈ TM −1 should have no error in the limiting term.
(M )
For T ∈ TM , the limiting term will be biased, since φX+U ∗ (0) = φX (0) + cσ M + o(σ M ).

4.4.2

Demonstration of Excess Bias

To motivate their Laplace modified SIMEX,
Pn Koul and Song [50] used an estimator of the
2
−1
fourth moment. They took µ
b4 = n
i=1 Xi , and used normal pseudo-errors with an
underlying Laplace distribution. We can view this directly as f (X), where we note that
f (k) (X) = 0 for all k > 4. As a result, the bias is going to be exactly the f (4) (X) term, in
the Taylor expansion. Consulting Table 4.2, and following our previous argument, we get
that f (4) (X) = 24, E[Uλ4 |X] = 3σ 4 , so that the bias will be 3σ 4 . Instead, we can view this
as T ∈ T4 . Here we note that T is linear in the 4-th moment, and as a result the bias is
going to be given simply as the bias in the fourth moment. Table 4.2 gives that this will be
3σ 4 . In motivating their modified method, the authors work through the algebra to arrive
at the conclusion that the exact bias of this estimator is 3σ 4 , as this theory predicts.

4.4.3

Decomposition of the Asymptotic Bias

Until now we have assumed that T is known and correctly specified. We cannot (in
general) compute T as a function of λ in a closed form, and instead specify it according to
b SIMEX = G(−1),
b
an assumed parametric form G. We fit Θ
where some model is posed that
extrapolates T(FY,X ∗F0,Uλ ) to a complete curve, allowing us to take λ → −1. Determining
an exact extrapolant is unlikely to be a straightforward task for most settings. The fact
that an exact extrapolant may not be available introduces another source of possible bias.
There are thus two possible sources of asymptotic bias. The first is the bias derived
from taking limλ→−1 T(FY,X ∗ F0,Uλ ) as a proxy for T(FY,X ). In the previous sections this
bias was shown to be 0 when the error was normal, and we discussed a mechanism for
approximating this when errors are non-normal. The second component of the bias comes
b
from using G(λ)
as an estimator for T(FY,X ∗ F0,Uλ ). This will be a more traditional model
misspecification problem, where we are considering asymptotic bias from extrapolation.
b SIMEX ) to be,
We take ABias(Θ
h
i h
i
b
b
− T(FY,X ∗ F0,U ∗ ) + T(FY,X ∗ F0,U ∗ ) − T(FY,X ) .
G(−1)
− T(FY,X ) = G(−1)
2

We consider this example in more detail in Section 4.5.
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Note that this same decomposition can be used for any λ. Since the naive estimator is
equal to the aforementioned estimator when λ = 0, we get that
h
i h
i
b Naive ) = G(0)
b
ABias(Θ
− T(FY,X ∗ F0,U0 ) + T(FY,X ∗ F0,U0 ) − T(FY,X ) .
As a general rule if λ ≥ 0, the bias decomposition will have 0 for the first component since
we can actually fit the model T(FY,X ∗ F0,Uλ ) directly.
In the original proposal of SIMEX, Cook and Stefanski [16] derive the fact that the
b SIMEX is of order O(σ 6 ), when using the quadratic or nonlinear extrapasymptotic bias of Θ
4
olants, and O(σ ), when using a linear extrapolant. Since they assumed normality, this is
the order of the first term in the expression for asymptotic bias.
Viewed as a mechanism to reduce the bias present when measurement error is an issue,
SIMEX need not produce unbiased or consistent estimators in order to be useful. Any
situation where SIMEX produces a substantive decrease in bias compared to the naive
estimator, regardless of consistency claims, is a situation where it may be useful.
As an example, consider estimating the fourth moment of X, denoted µ4 , using the
fourth empirical moment. Then,
n

X 

b b (λ)] = 1
E Xbi∗ (λ)4 = µ4 + 6µ2 σ 2 (1 + λ) + E(U 4 ) + 6σ 4 λ + 3σ 4 λ2 ,
E[Θ
n i=1
which depends on the distribution of U only in its fourth moment. The extrapolant in this
case is quadratic in λ. We can also see from this expression the conditions under which
the estimator removes bias, asymptotically. If λ = −1, then the expression simplifies
to µ4 + E[U 4 ] − 3σ 4 . The bias will be 0 when E[U 4 ] = 3σ 4 , meaning that normality will
suffice, though it is not necessary.3 Since the true extrapolant is quadratic, we can consider
misspecifying it as a linear extrapolant. Re-writing the above model, we get
3σ 4 λ2 ,
G(λ) = µ4 + 6µ2 + E[U 4 ] + 6(σ 4 + µ2 ) λ + |{z}
|
{z
} | {z }
:=a0

:=b0

:=c0

b We can fit this line using two observations,
b
which we estimate linearly as G(λ)
=α
b + βλ.
λ = 0 and λ = λ1 > 0. The fitted values will be α
b = a0 and βb = b0 + c0 λ1 .
The choice of λ1 will dictate the exact fit. Extrapolating to λ = −1 gives the estimate
( q
)
r
q
p
p
3
U ∼ Unif ± σ 2 + σ 2 (3 − σ 2 ), ± 2σ 2 + σ 2 + σ 2 (3 − σ 2 ) also will suffice.
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b
G(−1)
=α
b − βb = a0 − b0 − c0 λ1 . Comparing this to G(−1) = a0 − b0 + c0 , the bias, in
general, will be −c0 (λ1 +1) = −3σ 4 (λ1 +1). This bias is present due to the misspecification
of the extrapolant. The total bias of the estimator is
b SIMEX ) = E[U 4 ] − 3σ 4 (λ1 + 1).
ABias(Θ
The naive estimator will consistently estimate µ4 + 6µ2 σ 2 + E[U 4 ]. This will almost
surely be different from µ4 . The naive estimator will not have any model misspecification
bias, and as a result, our total bias is
b Naive ) = 6µ2 σ 2 + E[U 4 ].
ABias(Θ
Comparing these results relies on a specification of the distribution of X and U . When
b Naive )| < |ABias(Θ
b SIMEX )| so long as λ1 σ 2 > µ2 . The example
E[U 4 ] = 3σ 4 , then |ABias(Θ
2
is somewhat contrived in that, fitting a linear model would be very unlikely for an analyst
considering the plots directly. However, the illustration is important insofar as the sources
of bias can be examined.
While it is the case that, generally, the SIMEX estimator will reduce the asymptotic
bias associated with approximating Θ by G(λ), it may not be the case that an overall bias
reduction is attained. This example suggests a set of tools for considering the behaviour
of the SIMEX estimators in real applications. Yi and He [102], when using SIMEX in
a proportional odds model, note that “When the measurement error model induces more
misspecification, the performance of the SIMEX method can deteriorate more noticeably.
Its point estimate can incur a larger bias than that of the naive analysis [...].”

4.4.4

Considerations for λ

Initially, the justification for taking λ = −1 in SIMEX was motivated by consideration of
the variance. This intuition is explicitly justified through a consideration of the characteristic function of the error term, Uλ .
Lemma 4.4.1 (Best Second Order Approximation). Taking λ = −1 provides the best
second-order approximation to φUλ (t) = 1 in a neighbourhood of t = 0.
This result is, in essence, a re-characterization of the intuitive variance explanation.
However, our previous discussion suggests that we ought to be concerned with the quality
of the approximation beyond second moments. One natural question is whether there is
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a λ that is preferable to −1, to extrapolate to. This result extends the idea of Lemma
4.4.1. Here we say that, so long as U is symmetric around 0, there is a region around
0 where λ = −1 gives the closest (in terms of squared distance) approximation to 1, for
characteristic functions taking the form of φUλ (t).
Theorem 4.4.2 (SIMEX Approximation Uniformly Dominates). Assume that U has a
symmetric (about 0) distribution. Then, there exists some ϵ > 0 such that uniformly on
t ∈ (−ϵ, ϵ) we will have that (1 − φU−1 (t))2 ≤ (1 − φUζ (t))2 , for all ζ ̸= −1.
This result suggests that, at least as long as the underlying process of simulation extrapolation is not altered, the intuitive selection of λ = −1 cannot be improved upon (in
terms of the MSE). This result is not necessarily surprising, as taking λ = −1 is natural
given the development of SIMEX generally. However, this is a useful result to know when
SIMEX is being used to reduce the bias in a naive estimator. As has been developed
throughout this chapter thus far, even under normality violations, it may often be the case
that SIMEX serves a useful tool for lessening the impact of error. With this result, an
analyst using SIMEX as to reduce bias need not consider alternative values for λ.

4.4.5

Summary of Characteristic Function Framing

These results centre on the key idea that simulation extrapolation, in the case of normal
errors, functions predominantly by generating a sequence of (pseudo) random variables
with a characteristic function that tends to 1 as λ tends to −1. By taking this property
as the defining relationship for SIMEX estimators, we are able to understand the sources
of asymptotic bias that arise when normality violations occur. Moreover, recognizing
that characteristic functions are directly tied to the moments of a distribution, we can
characterize when the standard SIMEX procedure is capable of eliminating all asymptotic
bias based on the underlying estimator. Any estimator which depends on the underlying
distribution only through the first m moments can be consistently estimated under any
error distribution with a Taylor series approximation of the characteristic function equal to
1+O(σ m+1 ). Estimators which require further moments of the distribution to be computed
will be more severely impacted by deviations from normality.
This formulation also allows for a decomposition of the asymptotic bias in the estimators based on both the accuracy of the extrapolant and the convergence of the characteristic
function. This decomposition helps to demonstrate how it can be possible for the naive estimators to exhibit less bias asymptotically than the SIMEX corrected estimators. This can
be true even in settings where the SIMEX could be exactly consistent, had the extrapolant
been correctly specified.
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These considerations together help to describe when the SIMEX methodology can be
validly applied, and to give further justification to why it works. This formulation also gives
rise to a useful extension of SIMEX allowing for consistency of the underlying corrections,
under any error distribution. The key to this nonparametric SIMEX is realizing that, using
the observed empirical distribution, it is possible to have φUλ (t) → 1 as λ → −1.

4.5

Nonparametric Simulation Extrapolation

In order to ensure clarity, the standard SIMEX, which relies on parametric assumptions for
consistency, will be referred to as P-SIMEX (parametric SIMEX) during the remainder of
this chapter. This is predominantly to distinguish it from the NP-SIMEX (nonparametric
SIMEX ), which is introduced as a generalization.
The P-SIMEX has been described as a remeasurement method [63], emphasizing its
similarities to bootstrap procedures. We can view the simulated, additional error as “remeasuring” the error-prone proxy from a distribution with variance (1 + λ)σU2 . To further
emphasize the analogy, the P-SIMEX is analogous to the parametric bootstrap, since this
procedure of remeasuring occurs on the basis of a parametric assumption. Just as how
bootstrap procedures can be made nonparametric by resampling from the empirical distribution, the P-SIMEX can be made nonparametric by remeasuring using the empirical
error distribution. This allows for the NP-SIMEX to accommodate a wide range of error
models, without making any specific distributional assumptions.
The proposed NP-SIMEX stands in contrast to the methods of Koul and Song [50], who
propose a parametric SIMEX based on non-normal distributions. Whether in the case of
normally distributed errors, or in the more generally proposed methods, the P-SIMEX can
be viewed as analogous to a resampling procedure from an estimated, parametric distribution. The distribution of Uij is assumed to be known, and characterized by a parameter,
say Uij ∼ FσU2 . Then, remeasurement proceeds by drawing independent realizations from
FσbU2 , from which we construct the series of estimators.4 Instead of specifying a parametric
form for F , we propose resampling from Fb, the empirical distribution for the errors.
Suppose that we were able to directly observe the errors in the variates of interest.
Of course, if we actually observed all errors directly, we would not require measurement
error corrections – this will be rectified through estimation shortly. Taking these errors
together we can form the set U. Sampling from U is then sampling from the empirical
4

In the Laplacian SIMEX, the pseudo-errors are not drawn from the estimated error distribution, but
from a complementary distribution, the form of which is derived via the parametric assumption.
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distribution for the errors. As a result, sampling from this set, with replacement, allows
for us to conduct nonparametric remeasurement.
It will not be sufficient to take U ∗ sampled from U, and use it to replace ν 5 from the
P-SIMEX procedure. However, from our previous discussions regarding the importance of
the characteristic function approximating 1, we can leverage U ∗ in a different capacity. If
we suppose that the sampling of U ∗ is independent of U , then the characteristic function
of U + U ∗ converges to φU (t)2 , as n → ∞. Extending this, we can independently sample
U1∗ , U2∗ , . . . , Uλ∗ from U, where λ is a positive integer. The characteristic function of U +
Pλ
∗
λ+1
, as n → ∞, which equals 1 when λ = −1.
j=1 Uj converges to φU (t)
If we fix Λ to be a grid of M non-negative integers, say {0, 1, . . . , M −1}, then for any λ ∈
Λ we can sample λ independent realizations from U. The previous logic suggests that doing
this over the grid of Λ, then extrapolating to λ = −1 according to the same procedure as
the P-SIMEX will produce a valid, nonparametric measurement error correction technique.
The NP-SIMEX procedure proceeds according to the following 5 steps.
1. Form the set U.
2. Specify a fixed grid of non-negative integers, Λ.
3. For each λ ∈ Λ, b = 1, . . . , B, and every i, form the variate
e ∗ (λ) = X ∗ +
X
bi
i

λ
X

∗
Ubi,j
,

j=1
∗
where the Ubi,j
are sampled independently, with replacement, from U.

e ∗ (λ), compute θbb (Y, X ∗ (λ), Z) for b = 1, . . . , B. Then compute
4. Using X
bi
b
b X ∗ (λ), Z) = B −1
θ(Y,

B
X

θbb (Y, Xb∗ (λ), Z) .

b=1

b X ∗ (λ), Z)) : λ ∈ Λ} and then extrap5. Fit a parametric regression model to {(λ, θ(Y,
olate to λ = −1.
5

Recall that ν are the standard normal pseudo errors used in the remeasurement process.
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4.5.1

Example Application of the NP-SIMEX

Before justifying this procedure, theoretically, we first consider extending the example
in
Pn
4
−1
b
Section 4.4.2. Our goal is to estimate the fourth moment of X using θ(X) = n
i=1 Xi .
To apply the P-SIMEX here, we note that, as n → ∞
p
b ∗ (λP )) −→
e + ν ∗ )4 ].
θ(X
µ4 + 6µ2 (1 + λP )σU2 + E[(U
bi
1/2

Here ν ∗ = λP σU ν, with ν ∼ N (0, 1), and µj = E[X j ]. This can be further expanded to
e 4 ],
µ4 + 6µ2 (1 + λP )σU2 + 3λ2P σU4 + 6λP σU4 + E[U
e 4 ] is functionally independent of λP , we can take G(λ) = a + bλ + cλ2 to be
and since E[U
e 4 ], b = 6µ2 σ 2 + 6σ 4 , and c = 3σ 4 .
the extrapolant. In this setting a = µ4 + 6µ2 σU2 + E[U
U
U
U
e 4 ] − 3σ 4 . This was the result stated in Section 4.4.2.
As a result, G(−1) = µ4 + E[U
U
e 4 ] = 3σ 4 , and the P-SIMEX procedure results
Under the assumption of normality, E[U
U
e 4 ] = 25.
in consistent estimation of µ4 . If we instead considered Uij ∼ t5 ,6 then E[U
Combined with σU2 = 25/3, we can see that the P-SIMEX procedure leaves a residual
asymptotic bias of 50/3.
Applying
the NP-SIMEX to the same problem, we wish to analyze the probability limit


d Pλ
b
e
e
eλ =
of θ X + Uλ , where U
j=0 Uj . We find that, as n → ∞,


p
b
e
e 4 ] + 3(λ + 1)λσ 4 ,
θ X + Uλ −→ µ4 + 6µ2 (1 + λ)σU2 + (λ + 1)E[U
U
which once again can be fit exactly using a quadratic extrapolant. In this case this results
e 4 ] + 3σ 4 , and
e 4 ], b′ = 6µ2 σ 2 + E[U
in G ′ (λ) = a′ + b′ λ + c′ λ2 , with a′ = µ4 + 6µ2 σU2 + E[U
U
U
e 4 ].
c′ = 3σU4 . This leads to the conclusion that G ′ (−1) = µ4 , regardless of the value of E[U

4.5.2

Theoretical Justification for the NP-SIMEX

This previous example motivates the theoretical justification for the NP-SIMEX. To justify
the procedure theoretically, we demonstrate that, under a set of regularity conditions,
corrections obtained through the NP-SIMEX procedure are consistent and asymptotically
normal. Note that, in general, as n → ∞ we know that empirical distribution functions
6

Here we take 5 degrees of freedom to ensure that the fourth moment exists.
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P
(FbX (x) = n−1 ni=1 I(Xi ≤ x)) converge almost surely to the true, underlying distribution
a.s.
a.s.
function (that is, FbX (x) −→ F (x)). As a result, we also have that FU ∗ = FbUe −→ FUe .
Note that in the above example we treated the NP-SIMEX technique as though
Pλ the
ej .
estimator was computed based on random observations that are distributed as X + j=0 U
In practice, we will be computing
the estimator based on random quantities that are
e0 + Pλ Uj∗ , where the Uj∗ are sampled from U. To justify this
distributed as in X + U
j=1
substitution, we take a perspective of estimands as functionals over distributions. If our
interest is in θ, which is a parameter of the distribution F , then we can view θ = T(F ),
where T is a functional mapping the space of distributions to the reals. Generally then it
can be informative to view estimators as functionals operating on an empirical distribution,
p
and consistency is achieved whenever T(Fb) −→ T(F ).
In the case of the NP-SIMEX, we require that limn→∞ T(Fb) = T(limn→∞ Fb). As
a sufficient condition, we can take T to be weakly continuous.7 While this assumption
suffices, it is not necessary; the results regarding Glivenko-Cantelli classes from van der
Vaart and Wellner [92] or van der Vaart [91] can be applied instead. Under these conditions
on T, the NP-SIMEX procedure produces consistent estimators of the truth.
b
Theorem 4.5.1 (NP-SIMEX Consistency Theorem). Suppose that the estimator θ(X)
can
be expressed as a weakly continuous functional T(FX ). Moreover, assume that T(Fλ ) is
captured by G(λ), which has a known parametric form with parameters that are computable
based on λ ≥ 0 for all λ ≥ −1. Under these assumptions, θbNP-SIMEX is consistent for θ.
In addition to consistency, under similar technical conditions on the functional T, the
limiting distribution for the NP-SIMEX estimators will be normal.
b
Theorem 4.5.2 (NP-SIMEX Asymptotic Normality). Suppose that the estimator θ(X)
can be expressed as a functional, T(FX ), which is subject to regularity conditions such that
it admits a linear approximation. Then, as n → ∞,
√

d

n(θbNP-SIMEX − θ) −→ N (0, ΣNP-SIMEX ).

The conditions required on the functional for these two theorems are non-trivial. Weak
continuity can be challenging to check, and while widely discussed, the condition that
the functional admits a linear approximation is fairly technical.
√ For instance, if T were
Fréchet differentiable, with respect to a metric d∗ such that nd∗ (Fbλ , Fλ ) = op (1), where
P
ei,j , then this will suffice. Alternative
Fλ to be the distribution function of Xi∗ + λj=1 U
7

A functional is weakly continuous if it is continuous with respect to the weak(-star) topology [41].
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characterizations are discussed in the literature. For a limited selection see Filippova
[28], Kallianpur [42], Kallianpur and Rao [43], Fernholz [27], and the references therein.
Like the P-SIMEX, the NP-SIMEX requires that the functional T(Fλ ) can be accurately
captured by a parametric form, G(λ). This assumption is carried over from the standard
SIMEX procedure, where the exact same assumption is required (though, it is typically
not stated in functional language). For any specific analysis, proving the existence of such
a parametric form would require in depth derivations of the underlying estimators. In
practice, this assumption is less limiting than the technical regularity conditions. The
rationale for this is that the modelling procedure for estimating G(λ) allows the analyst to
generate arbitrary realizations in order to test the model fit. As a result, while extrapolation
to λ = −1 requires faith in the existence of G, this is the same faith required to perform
any extrapolation for any model.8
This procedure relies on being able to form the set U. The method for doing this
depends on the auxiliary data that are available. We present methods for forming the
set U when there is a validation sample (Section 4.5.3), and when there are replicate
measurements (Section 4.5.4). When relying on replicate measurements, we require that
the underlying error distributions are symmetric, but do not make specific distributional
assumptions. This assumption may be reasonable since, empirically, errors often appear
to follow heavy-tailed t-distributions [1, 66].

4.5.3

NP-SIMEX with a Validation Sample

Suppose that we observe an internal validation sample. That is, for some subset of individuals, say i = 1, . . . , n1 we have {Yi , Xi , Xi∗ , Zi }, and for the remaining individuals,
i = n1 + 1, . . . , n we observe only {Yi , Xi∗ , Zi }. In this setting, under the assumption that
the validation sample is representative, then we can directly form U from the validation
sample. Note that for any individual within the validation sample, we have Ui = Xi∗ − Xi .
If the assumed measurement error model is correct then, regardless of the distribution of
Ui , this will result in the formulation of the empirical error distribution set.
If in place of an internal validation sample we have an external validation sample where
we observe {Xi , Xi∗ } for i = 1, . . . , n1 and then {Yi , Xi∗ , Zi } for an independently sampled
set of i = 1, . . . , n, then we can use the external set to form U in exactly the same manner.
Here, in addition to the assumption that the error model is correct, we must also assume
8

One might argue that it in fact requires less faith seeing as in many situations where extrapolation is
desired the analyst has a fixed quantity of data. Here new realizations can be generated limited only by
the analyst’s patience and computational capacity.

68

the standard transportability assumption that is made for studies with external validation
data. If validation data are to be used, then the previously discussed convergence of the
characteristic function occurs as n1 → ∞.

4.5.4

NP-SIMEX with Replicate Measurements

If instead of a validation sample we are relying on replicate measurements, we require
further restrictions on the error distribution. While we do not need to make a specific
distributional assumption, we do require that the distribution of U is symmetric around 0.
∗
∗
Suppose that for all i we observe {Yi , Xi1
, . . . , Xik
, Zi }, each Xij∗ = Xi + Uij , with Uij being
independent (of each other, and all other quantities) and identically distributed according
to some symmetric distribution.
e ∗ = 2−1 (X ∗ + X ∗ ), which equals
First, consider the case when k = 2. Define X
i2
i1
i
Xi + 2−1 (Ui1 + Ui2 ). This can be viewed as an error-prone measurement of Xi itself. If we
ei will be
ei = 2−1 (X ∗ − X ∗ ) = 2−1 (Ui1 − Ui2 ), then by symmetry we have that U
define U
i2
i1
d
e ∗ = Xi + U
ei . As a result,
equal in distribution to 2−1 (Ui1 + Ui2 ). Following from this, X
i
e1 , . . . , U
en }, which serves as the set to sample from for the empirical
we can form U = {U
error distribution when using the mean response.
This procedure
Pkwhen k ̸= 2. If we take a k-dimensional contrast,
Pkcan be modified
(a1 , . . . , ak ) with j=1 aj = 0 and j=1 |aj | = 1. If we consider the sums given by
k
X

aj Xj∗

and

j=1

then the first sum will simplify to

k
X

|aj |Xj∗ ,

j=1

Pk

j=1

Uj , while the second one becomes X +

Pk

j=1

|aj |Uj .

d

Owing to the symmetry of the Uj , we know that |aj |Uj = aj Uj , and as a result we can take
ei∗ = Pk |aj |Xij∗ , and U
ei = Pk aj Xij∗ , and apply the same argument as above.
X
j=1
j=1
In the case of k = 2, we have used the contrast (1/2, −1/2)′ , which is naturally extended
(when k is even) to


′



1/k, . . . , 1/k , −1/k, . . . , −1/k  .
|
{z
} |
{z
}
k/2 terms

k/2 terms
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When k is odd, we can use


′



1/(k + 1), . . . , 1/(k + 1), −1/(k − 1), . . . , −1/(k − 1) .
{z
} |
{z
}
|
(k − 1)/2 terms

(k + 1)/2 terms

e ∗ . The assumption that Uij are symmetWhen we use replicates we replace Xi∗ with X
i
rically distributed makes the method more restricted than in the case when validation data
are available.

4.5.5

Variance Estimation

The primary drawback to the use of SIMEX procedures in general is the required computation. While the NP-SIMEX does not add computational burden compared to the
P-SIMEX,9 the process remains demanding. When considering variance estimation it is
thus worth seeking alternatives to bootstrap procedures. While bootstrap procedures are
valid in the context of the NP-SIMEX, the nested re-sampling adds overhead, particularly
when used in a simulation, where experiments must be repeated often. There were two additional variance estimators proposed alongside the P-SIMEX, one which used a modified
Jackknife procedure [87], and one which relied on the asymptotic distribution [8].
Theorem 4.5.2 allows for the use of sandwich estimation techniques to establish an estimate of the variance. The complete details are the same as any M-estimator (for instance,
the complete derivation is given for the P-SIMEX by Carroll, Küchenhoff, Lombard, and
Stefanski [8]). The key result is that, asymptotically, the variance of θbNP-SIMEX can be estimated by an application of the Delta method to the estimation of the parameters of G(λ).
To do this, in this context, we require an estimate for C11 = cov (ΨF (Λ)), the covariance
of the stacked influence curves of the functional representation of our estimator.
While the asymptotic distribution provides a theoretically justified, large sample method
for quantifying uncertainty, the primary drawback for its use in this setting is that it relies
on the functional representation of the estimator. From this linearized, functional representation, a specific application of the Delta method must be used to derive the specific
form for the sandwich variance estimators, which then must be programmed itself. This
will generally be an involved task, mathematically, and may serve to undermine the utility
of NP-SIMEX as a generally applicable measurement error correction technique.
9

Drawing from the empirical distribution is fairly efficient, and quite similar computationally to drawing
from a normal distribution.
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If both bootstrap and the asymptotic distribution are not viable options, a third technique for variance estimation can be derived based on an extension of the Jackknife. To
motivate this procedure, consider a sample of size 1. Suppose that the estimator of interest is expressible as a function f which is sufficiently smooth, in the sense of Stefanski
and Cook [87] (which is to say, it has a convergent power series representation). Suppose that we were able to sample Uλ directly from Fλ , and consider the quantity given by
f (X ∗ + Uλ ) = f (X + Uλ+1 ).
The smoothness assumption allows us to write
∗

f (X + Uλ ) = f (X) +

∞
X

n
(n!)−1 f (n) (X)Uλ+1
,

n=1

where f (n) (x) is the n-th derivative of f . Then, taking E[f (X ∗ + Uλ )|X] we are left with
f (X) +

∞
X
n
(n!)−1 f (n) (X)E[Uλ+1
].
n=1

Considering that, in the limit as λ → −1, Uλ+1 is distributed as a degenerate distribution
at 0, then all moments of the distribution are also 0. When we know the true extrapolant,
have a sufficiently good estimate of the empirical distribution, and are dealing with a
smooth function f , then our corrected estimator can be viewed as a conditionally unbiased
estimate of θbTruth = f (X). The notation θbTruth refers to the estimator that would be
computed if X were observable. That is, under these conditions
E[θbNP-SIMEX |X] ≈ θbTruth .
If this relationship is assumed to hold exactly, then we would be able to decompose the
variance of the NP-SIMEX correction as
var(θbNP-SIMEX ) = var(θbTruth ) + var(θbNP-SIMEX − θbTruth ).
The first component of this decomposition can be estimated using an extrapolation procedure, much in the same way that SIMEX does. If, for every λ, we compute the estimated
b
variance of θ(λ),
then extrapolating this sequence of estimators back to λ = −1 presents an
b
estimate for var(θTruth ) under exactly the same conditions that SIMEX estimates θ. For the
b
second component of the variance, we can consider the terms ∆b (λ) = θbb (λ) − θ(λ),
where
b
b
b
b
θ(λ) = E[θb (λ)|X]. Note that var(∆b (λ)) = var(θb (λ)) − var(θ(λ)). If we let λ → −1, then
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through a similar argument as above, this will simplify to var(θbTruth ) − var(θbNP-SIMEX ). As
a result, we can use var(∆b (−1)) as a stand-in for the second term in this variance expression. This variance term can be estimated by computing the sample covariance of θbb (λ),
which converges to its limit as B → ∞. That is, for our estimator we take
2
Sb∆
(λ) = (B − 1)−1

B
X
b
(θbb (λ) − θ(λ)).
b=1

This argument lends itself to a SIMEX-based approach for estimating the variance. For
every value of λ, we compute the average estimated variance for the underlying estimator, supposing that our remeasured variables were truth. We can then fit an extrapolant
function to this sequence of estimates, and extrapolate to λ = −1. Similarly, for each
2
value of λ, we can compute Sb∆
(λ), which can also be extrapolated to λ = −1. These can
be combined into a single variance estimate. In practice, we will typically form a single
variance estimate for each λ given by
2
V (λ) = var(θbTruth ) − Sb∆
(λ),

which itself can then be extrapolated to λ = −1 to approximate var(θbNP-SIMEX ).
We leave the theoretical justification of this technique at this heuristic argument, which
is provided in substantially more detail in Stefanski and Cook [87]. In practice, by fitting a
secondary extrapolant to V (λ), we have a computationally efficient mechanism for approximating the variance. We demonstrate the possible utility of this approach via simulation,
and would advise that confirmatory simulations are used prior to the application of this
technique to novel estimators. Where this technique provides unsatisfactory coverage, standard bootstrap theory or asymptotic normality can be applied, at the cost of additional
computation time and additional mathematical complexity, respectively.

4.6
4.6.1

Simulation Studies
Logistic Regression Analysis

In this section we present six simulation studies, investigating the behaviour of the estimator in several scenarios. The first simulation contrasts the P-SIMEX and the NP-SIMEX
in a logistic regression. We take n = 5000, with B = 100 SIMEX replicates, and with
a Λ grid size of 10. We generate a true, unobserved covariate X according to a N (1, 2)
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Table 4.3: The mean squared error (MSE) and coverage probability from 200 replicate
simulations, estimating the slope parameter in a logistic regression, where the variate has
t-distributed error, with varying degrees of freedom (DFs) presented. Coverage probability
is computed using a bias corrected bootstrap, with 500 bootstrap resamples.
P-SIMEX

NP-SIMEX

DFs MSE Coverage MSE
3 0.011
0.490 0.002
4 0.014
0.215 0.002
5 0.014
0.160 0.002
10 0.015
0.125 0.001
30 0.016
0.095 0.001

Coverage
0.920
0.915
0.925
0.935
0.945

distribution, and consider the outcome to be such that P (Y = 1|X) = H(1 − X), where
H(·) is taken to be the inverse-logit function. In place of X, we generate two replicated
responses for each individual, X1 and X2 , which are given by X + Uj , j = 1, 2 where Uj
follows a t distribution, independent of all other variables. We take the degrees of freedom
to be one of {3, 4, 5, 10, 30}. Both the P-SIMEX and NP-SIMEX are implemented using
the nonlinear extrapolant, and we compute 95% confidence intervals using a bias adjusted
bootstrap procedure with 500 bootstrap replicates. These simulations are repeated 200
times, due to the computational complexity of the simulations, and the results are shown
in Table 4.3, where the columns under the heading MSE report the mean squared error
over the 200 repeated simulations, and the columns for the coverage probability report the
proportion of constructed 95% bootstrap confidence intervals which contain the true value.
We can see that, across all t distributions which were investigated, the NP-SIMEX
dramatically improves over the P-SIMEX in MSE. The computed coverage probabilities
are also substantially improved, though there is evidence of under coverage, particularly
for low degrees of freedom. While none of these differences are significant at a 95% level,
these anti-conservative results warrant caution and careful application of the bootstrap
procedure, specifically when the error distribution is likely to be particularly heavy-tailed.
Still, the results suggest that bootstrapping may be a feasible solution for quantifying the
uncertainty in the NP-SIMEX procedure, when the computation is not a problem, so long
as it has first been validated.

73

Table 4.4: The relative MSE from 1000 replicated simulations, estimating the fourth moment of a contaminated random variable, over different sample sizes. Values are the MSE
divided by the MSE computed using the error-free covariate (truth), at the same sample
size. The MSE using the true values is given.
n
Naive P-SIMEX NP-SIMEX
Truth
100
1.906
1.113
1.083 41160.536
500
3.975
1.264
1.087 8447.917
1000
8.275
1.759
1.339 3350.250
5000 34.404
3.561
1.451
664.606
10000 70.330
5.259
1.347
324.617
20000 133.467
8.622
1.458
170.587
50000 350.646
21.772
1.512
64.119
100000 683.371
39.205
1.490
32.579

4.6.2

Impact of Sample Size

The second simulation investigates the impact of sample size on the variability of the
estimation. We use the example from Section 4.3, which involves estimating the fourth
moment of X, which we take to be from a N (5, 4) distribution. We take two error-prone
measurements, both subjected to additive error from a t5 distribution. The errors are
independent of each other, and of the X’s. We vary the sample size from 100 to 100000,
replicating each 1000 times. We take M = 10 and B = 500. The MSE over the 1000
replicates when the truth is available, and the relative MSEs (that is, the observed MSE
divided by the observed MSE for the true procedure) for the naive, P-SIMEX, and NPSIMEX corrections are shown in Table 4.4.
Predictably, the naive method performs entirely unsatisfactorily, and demonstrates the
utility of both the P-SIMEX and the NP-SIMEX in reducing the impacts of measurement
error. While the MSE is quite large for small n, no matter the method, this is also true
for the true estimator, seeing only an 8.3% and 11.3% increase in the relative MSE’s over
truth for the NP-SIMEX and P-SIMEX respectively (when n = 100). While the raw MSE
decreases for both correction procedures as n increases, the relative MSE increases for
both. However, the NP-SIMEX remains relatively comparable to the truth for all values
of n, while for larger values of n, the P-SIMEX performs substantially worse.
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Table 4.5: The MSE (multiplied by 100) from 1000 replicated simulations estimating the
slope parameter in a logistic regression, over different sample sizes (n), validation sample
size percentages (%), and ratios of standard deviations (σU /σX ). The results compare the
naive estimators, those from the P-SIMEX (P), and those from the NP-SIMEX (NP). This
table contains results with a sufficiently large validation sample, relative to the measurement error variance.
σU
σX

%

N

σU
σX

= 0.5

P

NP

5 1.1 1.1
10 1.1 1.1
50 1.2 1.2

1.1
1.2
1.3

22.5 11.4
22.0 10.8
22.1 10.8

5 0.2 0.2
10 0.2 0.2
50 0.2 0.2

0.1
0.1
0.1

21.9 10.3
22.0 10.3
21.9 10.2

5 0.1 0.1
10 0.1 0.1
50 0.1 0.1

0.0
0.0
0.0

21.9 10.2
21.9 10.2
21.9 10.2

4.6.3

N

σU
σX

= 0.1

P

=1

σU
σX

=2

NP
N
P
NP
N
P
NP
n = 1000
12.4
–
–
–
–
–
–
3.9
–
–
–
–
–
–
2.4 72.6 26.4 8.6
–
–
–
n = 10000
0.9 72.6 25.9 7.1
–
–
–
0.7 72.6 25.7 4.8
–
–
–
0.6 72.4 25.4 3.5 123.0 85.6 9.2
n = 100000
0.4 72.5 25.4 3.3 123.0 85.8 10.0
0.4 72.5 25.4 3.2 123.0 85.7 7.6
0.4 72.5 25.4 3.2 123.0 85.7 6.8

Corrections with Validation Data

The third simulation considers the use of validation data in place of replicate measurements. We generate the true variate, X, to be Gamma with shape parameter 1 and scale
parameter 2, such that E[X] = 2 and var(X) = 4. We generate an additive error term,
Ui , which is mean-zero and follows a Laplace distribution. We consider several values for
the measurement error variance, taking the ratio σU /σX to be one of 0.1, 0.5, 1, or 2. The
sample size is selected to be one of {1000, 10000, 100000}, and we assume that an internal
validation sample is available comprised of 5%, 10%, or 50% of the total sample. All results use the nonlinear extrapolant. The MSEs for the naive, P-SIMEX, and NP-SIMEX
estimators across all scenarios are presented in Tables 4.5 and 4.6. The median squared
errors for the same estimators are presented in Table 4.7.
In Table 4.5 we see that the NP-SIMEX seems to outperform both the P-SIMEX
procedure and naive estimation, particularly when the ratio of variances grows. For a
sufficiently small validation sample, with sufficiently small measurement error, we see that
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Table 4.6: The MSE (multiplied by 100) from 1000 replicated simulations estimating the
slope parameter in a logistic regression, over different sample sizes (n), validation sample
size percentages (%), and ratios of standard deviations (σU /σX ). The results compare
the naive estimators, those from the P-SIMEX (P), and those from the NP-SIMEX (NP).
This table contains results with an insufficiently large validation sample, relative to the
measurement error variance.
σU
σX

n (%)
1000 (5)
1000 (10)
1000 (50)
10000 (5)
10000 (10)

Naive
728.0
72.4
–
–
–

σU
σX

=1

P
294.5
27.3
–
–
–

=2

NP
Naive
P
NP
991733.9 123.0 87.2 5292.5
10055.5 122.8 86.0 19028.7
–
123.1 86.3 19066.0
–
123.0 85.9 12458.7
–
123.1 85.9 5811.8

the P-SIMEX procedure performs at the same level as the NP-SIMEX. However, as the
estimators stabilize, by increasing either n or the proportion of validation samples, the
NP-SIMEX correction substantially outperforms either of the other methods. This table
excludes results where the validation sample is particularly small, (50 or 100), with a ratio
of standard deviations equal to 1, and the results where the validation sample is up to size
1000 when the ratio of standard deviations was 2. The results of these omitted scenarios
are provided in Table 4.6.
These results demonstrate the instability of the nonparametric procedure at sufficiently
small sample sizes, when the error is sufficiently large. Note that, as would be expected, the
naive estimators are not impacted by the size of the validation sample, and the impact on
the P-SIMEX is fairly small. For the P-SIMEX, the validation sample is used to estimate
the variance of Ui , a process which is far more stable at small sample sizes than the
nonparametric procedure used by the NP-SIMEX. The results emphasize the importance
of considering the fact that, when using validation data, convergence of the correction
happens in n1 rather than n, and illustrate that if the validation sample is too small,
or the estimated variation too large, nonparametric techniques may not be appropriate.
Fortunately, while these results demonstrate clear instability at small sample sizes, the
breakdown in performance is easy to see. We stress careful application of these techniques
in settings where sample sizes may lead to instability.
To demonstrate this point consider the results summarized in Table 4.7. Here we consider the median squared error across all scenarios. We see that the relative performance
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of the NP-SIMEX estimators improves dramatically across all scenarios, including those
where the MSE of the NP-SIMEX estimators was discernibly worse than the other techniques. Similar improvements are seen using any truncated mean of the squared errors
over the simulation results. Simply removing the largest 20 outliers (in terms of the magnitude of the MSE) for each method brings the worst performing scenario to have the MSE
of the NP-SIMEX 14.8 times that of the P-SIMEX, in contrast to a ratio of 33677 with
no outliers removed. These results emphasize the point that, while careful application of
these techniques are required when sample sizes are small, the degraded performance of
these estimators is overstated through aggregate simulation reporting since most of this
decreased performance would be evident to an analyst directly investigating the results.
Table 4.7: The median squared error (multiplied by 100) from 1000 replicated simulations
estimating the slope parameter in a logistic regression, over different sample sizes (n),
validation sample size percentages (%), and ratios of standard deviations (σU /σX ). The
results compare the naive estimators, those from the P-SIMEX (P), and those from the
NP-SIMEX (NP).
σU
σX

%

N

σU
σX

= 0.1
P

NP

N

5 0.5 0.5
10 0.5 0.5
50 0.6 0.6

0.4 21.9
0.5 21.9
0.5 22.0

5 0.1 0.1
10 0.1 0.1
50 0.1 0.1

0.1 21.9
0.1 22.0
0.1 21.8

5 0.1 0.1 <0.05
10 0.1 0.1 <0.05
50 0.1 0.1 <0.05

4.6.4

21.9
21.9
21.9

σU
σX

= 0.5
P

NP
N
n = 1000
10.6 3.0 72.5
10.1 1.8 72.7
10.3 1.2 72.5
n = 10000
10.1 0.6 72.6
10.3 0.5 72.6
10.0 0.4 72.4
n = 100000
10.2 0.4 72.5
10.2 0.4 72.5
10.2 0.4 72.5

σU
σX

=1
P

NP

N

=2
P

NP

28.4 21.2 122.9 86.6 80.5
26.4 12.2 122.9 86.1 64.3
25.9 5.8 123.0 85.8 27.9
25.7
25.7
25.3

4.5 123.1 86.1 27.2
3.7 123.0 85.8 17.5
3.1 122.9 85.7 7.4

25.5
25.4
25.4

3.2
3.1
3.1

123.0
123.0
123.0

85.8
85.8
85.8

7.4
6.5
6.5

Corrections with Three Replicates

The next set of simulations extend the previous setting of estimating the fourth moment,
this time assuming that there are three replicated observations. The errors are taken to
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Table 4.8: The MSE and median based on three replicates, estimating the fourth moment
(true value 1273) of a contaminated random variable, with either contaminated normal or
normal errors. The results compare having two replicates available to the same estimators
having three replicates available for the correction.
Two Replicates
Error Distribution
Normal
Contaminated Normal (ρ = 0.5)

Three Replicates

MSE
Median
MSE
Median
279.076 1273.261 270.212 1272.946
4074.825 1269.713 2011.741 1268.731

be contaminated normal distributions, with ρ = 0 and ρ = 0.5, and X remains distributed
as a N (5, 4) random variable. The sample size is fixed at n = 15000, with B = 500, and
M = 10. These simulations are replicated 1000 times. These results are repeated with two
available replicates. The results are shown in Table 4.8. We can see a reduction in MSE for
both error distributions, with a far more substantial improvement coming when the errors
are drawn with ρ = 0.5. In this specific context the addition of a third replicate decreased
the MSE by more than increasing the sample size from n = 15000 to n = 30000 does (MSE
at n = 30000 of 2131.141). These results lend credibility to both the proposed method for
including larger numbers of replicates and demonstrate that the additional information is
useful for improving the quality of the correction.

4.6.5

Jackknife Variance Estimation

In the next experiments, we investigate the proposed variance estimation technique. Taking the same scenario as in simulation 2, with n to be one of 500, 5000, 15000, or 50000, we
consider using the Jackknife inspired variance estimation technique (Section 4.5.5), specifying a quadratic extrapolant for the variance terms. This extrapolant was chosen based
on a visual inspection of the plots, rather than through derived theory. The simulations
are replicated 1000 times, and the results are summarized in Table 4.9.
From these results we can see that this procedure tends to approximate the nominal
coverage adequately, supposing that the sample size is sufficiently large. When n = 500
we see fairly poor coverage results, which tends to improve as n increases. It is worth
reiterating that these results assumed a quadratic extrapolant for both the variance estimation and the point estimate. While this quadratic term is theoretically justified for the
point estimate, the same justification was not used for the variance terms. It has been
discussed that the quadratic extrapolant tended to be conservative in the standard setting
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Table 4.9: The actual coverage levels, from 1000 replicated simulations, over various nominal coverage levels, with varying samples sizes using the Jackknife variance estimation
technique. The estimand is the fourth moment of a contaminated random variable.
Nominal Coverage n = 500 n = 5000 n = 15000 n = 50000
0.900
0.857
0.898
0.893
0.903
0.950
0.909
0.954
0.935
0.946
0.990
0.969
0.995
0.990
0.990
Table 4.10: The MSE of the estimates of the logistic regression parameters, across 1000
replicated simulations, comparing a naive fit, the NP-SIMEX, and the standard P-SIMEX
procedure. The fit is based on a validation sample of size 5000, with asymmetric errors.
β0
β1
β2

Naive
0.763
0.661
0.042

P-SIMEX
0.287
0.161
0.011

NP-SIMEX
0.046
0.009
0.001

[16]. While this is generally advisable for a point estimate if in doubt, it is of course less
desirable when estimating the variance of an estimator. Higher order extrapolants with
less of a tendency to conservatively fit the data may be preferable for this purpose.

4.6.6

Non-Symmetric Error Distributions

The final set of simulations considers the use of validation data when the errors are nonsymmetric. We consider the true variate to be distributed according to a Gamma distribution with shape parameter 2 and scale parameter 1. The assumed errors have shape
parameter 1 and scale parameter 1.5. This gives the measurement error a slightly higher
variance than the variate itself, a standard deviation ratio of 2√3 2 . The sample size is taken
to be n = 100000, with a 5% validation sample. The true model for Yi is a simple logistic
regression, with logit link, with intercept β0 = 2.5, slope for Xi as β1 = −1.25, and the
inclusion of an independent, standard normal variate Zi with a slope of β2 = 1. We repeat
the simulation 1000 times, using B = 200, M = 10, and consider the nonlinear extrapolant
for all parameters. The results are contained in Table 4.10.
Just as before, we see a dramatic improvement over the naive analysis when using
either the P-SIMEX or the NP-SIMEX. The NP-SIMEX further improves over the PSIMEX substantially. Note that in this case the sample size of both the full population
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and of the validation sample are quite large (100,000 and 5000 respectively) which further
emphasizes that the nonparametric techniques perform quite well, supposing that there is
sufficient data to inform the estimation.

4.7

Further Relaxations to the Underlying Assumptions

In Chapter 3, we argued that methods which rely on replicate measurements should, wherever possible, be made resilient to the assumptions that the repeated measurements are
truly, identically distributed. When the NP-SIMEX leverages validation data, these concerns are irrelevant. However, it is worth discussing the impact of non-identically distributed repeated measurements for use in the procedure. While our derivations assumed
that the measurements were identically distributed for ease of exposition, this assumption was never actually used to prove the validity of the technique. Suppose that Uij are
symmetric, and independent, but may come from different distributions (either different
families, or with different parameter values). It is still the case that, owing to the symmetry,
d
for each j, aj Uij = |aj |Uij . As a result, when we form
k
X

aj Xij∗

j=1

=

k
X

d

aj Uij =

k
X

|aj |Uij ,

j=1

j=1

to form the set U, this will be the valid empirical error distribution for
k
X

|aj |Xij∗ = Xi +

j=1

k
X

|aj |Uij .

j=1

Despite this resilience to the identically distributed assumption, the NP-SIMEX, just as
with standard regression calibration and the P-SIMEX, does rely on complete replication.
If we happened to know that the Uij are identically distributed, then it is possible to
form a set U which is larger by considering permutations of the contrast aj . Under the
assumption of identically distributed errors every permutation of aj will provide error distributions that are valid members of U. When the errors are not assumed to be identically
distributed, this same argument can be extended to the case of the given contrasts when
k is even, owing to the constant multiplicative term. In the event of an odd number of
replicates, where the error distributions are not identically distributed, the ordering of the
contrast aj will generally be important for determining which empirical error distribution
you are working with.
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Alongside considerations of whether the errors are identically distributed, we can consider the importance of symmetric errors for the case of replicate data. The utility of
d
assuming that Uij is symmetric (about zero) is that, for any aj , we have aj Uij = |aj |Uij .
d
Now, it is of course true that if aj ≥ 0, then aj Uij = |aj |Uij trivially. As a result, supposing that Uij does not follow a symmetric distribution, then so long as aj ≥ 0 in the
given contrast, the argument still holds as written. This allows for a slight relaxation to
the assumption of symmetric error distributions. Namely, so long as at least one of the
repeated measurements has an error distribution which is symmetric, the NP-SIMEX can
proceed by definingP
a contrast whichP
has positive values for each non-symmetric entry,
and still abides by kj=1 aj = 0 and kj=1 |aj | = 1. For instance, if there are k − 1 repeated measurements which are subject to non-symmetric errors, with a single repeated
measurement that has a symmetric error distribution, then we can define


1
1
−1
1
a = 2(k−1) 2(k−1) · · · 2(k−1) 2 ,
where the entry corresponding to the symmetric distribution is the − 12 component.
One final consideration is that we have assumed that Uij ⊥ Xi , for all i, j. While this is
a common assumption, it is often the case that errors may depend on the true, underlying
value. If this is the case then the presented argument for the NP-SIMEX is no longer valid.
The issue is that we use the fact that, when observations are independent, the characteristic
function of the sum of random quantities, is the product of their characteristic functions.
If Uij are dependent on Xi , it is no longer sensible to speak of the empirical error
distribution, as the errors associated with individual i will be drawn from a different
distribution than those from individual i′ ̸= i. Conceptually, this problem can be rectified.
In place of using the empirical distribution, we can instead use kernel density estimation
(KDE). There have been many proposed techniques for estimating a conditional density,
based on kernel methods [35]. With an estimated conditional KDE, it is possible to sample
directly from this conditional distribution (see for instance Section 14.7 of Shalizi [79]).
Consider these ideas as they relate to the conditional density of Ui |Xi . We can view
the sample, within the validation set, as observing {Yi , Xi , Ui , Zi } for each individual (or

81

{Xi , Ui } in the event of an external validation set). Then, we can take
fbU,X (u, x)
;
fbU |X (u|x) =
fbX (x)




n1
X
1
u
−
u
x
−
x
i
i
fbU,X (u, x) =
KU
KX
;
n1 hU hX i=1
hU
hX


n1
1 X
x − xi
b
fX (x) =
KX
,
n1 hX i=1
hX
where hU and hX are bandwidth parameters (selected based on the observed data), and
KU (·) and KX (·) are kernel functions (for instance, the Gaussian kernel). Estimation of
the bandwidth parameters was addressed by Hall, Racine, and Li [35], where they use
cross validation based on the integrated squared error. Once estimated, the bandwidth
parameters can be used to sample from the conditional distribution, given a particular
value of X = x. Specifically, to sample conditional on X = x, we select anindividual
hX . We then
i = 1, . . . , n1 from the validation set weighted proportional to KX [x − xi ]/b
draw a realization from the KU distribution, based on the kernel parameter b
hU , centred at
ui . When using Gaussian kernels, this will result in drawing a random realization from a
normal distribution with mean ui and variance b
h2U [79]. The analysis conducted previously
can then proceed, conditional on Xi = xi . The convergence of this modified procedure
will be in n1 rather than n.10 If necessary we can also consider conditioning on additional
factors (say Zi ) if those are strongly informative. While this procedure conceptually works,
the difficulty is that we cannot directly condition on Xi outside of the validation sample.
Instead, we need some method for drawing from the correct error distribution, given
only Xi∗ . A possible technique is to repeat this procedure, using the validation sample
ei based on this KDE, for each individual in the
to estimate fbX|X ∗ (x|x∗ ), and then draw X
sample. This could then be used as the value of Xi to condition on. There are at least three
challenges with this approach. First, there is substantial computational overhead with KDE
techniques, and the added step further adds to this burden. Second, the propagation of
noise throughout the estimation procedure may be a concern, particularly in small samples.
Finally, it is worth questioning why we would use this procedure if we have access to fX|X ∗ ,
in place of using this kernel technique to impute X directly.
The first issue can be overcome with suitable computational power, and is likely to
be a more substantial issue for simulations and method validation, rather than for actual
10

Which was also the case when independence was assumed.
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application. The final concern is closely related to the problem of deconvolution, where
estimates of the density of fX are obtained through nonparametric techniques (see Chapter
12 of Carroll, Ruppert, Stefanski, and Crainiceanu [7]). Intuitively, a better estimate of the
conditional density of fX|X ∗ would be required to directly impute X, rather than using it
to overcome dependence in the error distribution, as is required for this procedure. In the
event of an insufficient sample size, as we have seen, the estimators are unlikely to perform
well regardless, which is a particular shortcoming to this nonparametric technique.
An alternative approach, which is less theoretically grounded, but more computationally
feasible, is to instead draw error realizations directly from the distribution of fbU |X ∗ (u|x∗ ).
This procedure can proceed exactly as outlined above, and can be directly applied over the
complete sample. Despite the easier application, this procedure is only going to approximately correct for dependence in the errors, even in the limit, as generally conditioning on
X ∗ induces dependence between X and U , even where none previously existed.
To demonstrate the viability of this strategy, we consider one further simulation experiment. We consider a simulation with X ∼ N (1, 4), and U |X ∼ N (ρ(X − 1), 1), where
ρ is a parameter selected from {0, 0.5, 1, 2}. We take the outcome to be binomial, with
P (Y = 1|X) = expit(1 − X). The sample size is taken to be n = 1000 with a 20% validation sample, and the simulations are repeated 500 times. Within this context, we compare
four different estimation strategies:
1. A standard application of SIMEX, which we expect to work well when ρ = 0.
2. A version of the NP-SIMEX where we first sample X from X|X ∗ , and then from
U |X.
3. A version of the NP-SIMEX where we sample directly from U |X ∗ .
4. Sampling directly X|X ∗ , and averaging over many iterations of this.
The results of the MSE for the slope parameter estimate are contained in Table 4.11.
The results of these simulations reinforce the aforementioned discussion. For the given
analysis when there is independence between U and X, the standard SIMEX estimators
perform well, however, as this dependence strengthens, the corrections are less able to
address concerns due to measurement error. The NP-SIMEX which fits directly to U |X
sees relatively comparable performance across all of the scenarios tested, and is always
among the best techniques. Drawing from U |X ∗ performs comparatively poorly when
there is independence, but with dependent errors it sees a marked improvement, performing
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Table 4.11: MSE of logistic regression slope parameter estimates from 500 simulation runs
where there is simulated dependence between the true variate (X) and the error term (U )
and the strength of this relationship is mediated by ρ.
ρ
0
0.5
1
2

SIMEX
0.012
0.067
0.115
0.222

NP-SIMEX (U |X)
0.014
0.010
0.013
0.018

NP-SIMEX (U |X ∗ ) X|X ∗
0.053
0.183
0.012
0.070
0.009
0.034
0.009
0.011

better than any other technique. The averaging of samples directly from X|X ∗ tends to
perform fairly well again with a strong enough dependence, though it seems unlikely to be
preferable to the NP-SIMEX using U |X ∗ or U |X.
The discussion of using KDEs in the event that Ui ̸⊥ Xi may also prompt consideration
of using KDEs under the assumption that Ui ⊥ Xi . Instead of forming U directly, we can
estimate fbU (u), and then sample from the this KDE. To do so, with equal probability we
sample an index i ∈ {1, . . . , n1 } and then draw from the distribution corresponding to KU
with bandwidth parameter b
hU , centred at ui . This procedure is the smoothed bootstrap.
There has been much written regarding the smoothed bootstrap, though it depends on the
situation as to whether or not there is anything to be gained through it [20]. There is some
evidence, in certain settings, that smoothing can improve the performance of estimators
particularly with small sample sizes [25]. This smoothing could be applied, under the
independence assumption, with either validation or repeated measurements. When the
NP-SIMEX performs better through the use of this smoothing, and validation data are
available, it is also possible to use the conditional KDE outlined above, even if Xi ⊥ Ui .
Hall, Racine, and Li [35] demonstrate that, through their cross validation procedure, the
estimated bandwidth parameter for the conditioning variables will converge to ∞ if and
only if the variables are truly independent. Given a sufficiently large validation sample,
sampling from the conditional KDE is equivalent to sampling from the marginal KDE.

4.8

Data Analysis

We consider an analysis of the Korean Longitudinal Study of Aging (KLoSA), following that
conducted by Xu, Kim, and Li [99]. The KLoSA considers South Korean citizens, aged 45
and over, in a longitudinal study looking to determine health effects of aging. Our analysis
considers data on n = 9842 individuals, with an internal validation sample of n1 = 505, and
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Figure 4.1: A normal Q-Q plot for the observed errors in the Korean Longitudinal Study
of Aging.
we are interested in estimating how an individual’s BMI impacts their propensity towards
being hypertensive. In the main study BMI is estimated through self-reported weight and
heights, and the validation sample includes true measurements alongside the self-reported
values. Alongside the self-reported BMI, we are also given each individual’s age, which we
consider to be error-free.
An analysis of the validation sample demonstrates that the errors are non-normal, as
is evidenced by the Q-Q plot in Figure 4.1, an excess kurtosis of 2.05, and negative skew.
This suggests that the standard P-SIMEX procedure may not be appropriate. We estimate
the ratio of σσXU , using the 505 validation sample observations, as 0.898.
We analyze these data fitting a simple logistic regression model, with a logit link function, including the main effects of BMI and age. That is, we assume that
logit(E[Yi |Xi , Zi ]) = β0 + β1 BMIi + β2 Agei .
We generate bootstrap standard error estimates with 1000 replicates, and compare both
the NP-SIMEX and P-SIMEX. The nonlinear extrapolant was selected for both procedures.
We also consider an uncorrected analysis. The results are summarized in Table 4.12.
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Table 4.12: Point estimates and bootstrap standard error (SE) estimates for the logistic
regression parameters, estimating the propensity of hypertension with an intercept (β0 ),
self-reported BMI (β1 ), and age (β2 ). The estimates are based on 1000 bootstrap replicates,
comparing the naive method, P-SIMEX correction, and NP-SIMEX correction.
β0
Method
Naive
P-SIMEX
NP-SIMEX

Estimate
-5.023
-5.512
-5.061

β1
SE
Estimate
SE
0.439
0.030
0.016
0.833
0.049
0.031
0.673
0.039
0.026

β2
Estimate
SE
0.053
0.002
0.054
0.003
0.054
0.002

The three methods tend to agree on the estimate and standard error for β2 . For
both β0 and β1 , we see that the NP-SIMEX method estimates values which are larger in
magnitude than the naive estimator but smaller than the P-SIMEX correction, both for
the point estimate and the standard error. All three techniques suggest a positive effect
of BMI on hypertension, though, the level of significance of this effect varies dramatically:
0.054, 0.117, and 0.133 for the naive, P-SIMEX, and NP-SIMEX estimators respectively.
One concern with this analysis of KLoSA is that there is strong evidence that the
observed errors are not independent of the true values. This is not all together surprising,
given past research findings[93]. In Figure 4.2 we can see a plot of the error terms versus
the true values, illustrating the degree of dependence that is present in these data. This
relationship corresponds to a correlation of approximately −0.464. With this in mind, we
may question how applicable the originally provided estimators are within these data.
To supplement the previously considered analyses, we further consider conducting the
same analysis using the two proposed KDE NP-SIMEX estimation techniques, based on
both sampling first from X|X ∗ and then U |X, and on sampling directly from U |X ∗ . The
estimated coefficients and bootstrap standard errors are estimated using both of these
methods, and included in Table 4.13. For each of the analyses we consider using both the
quadratic and the nonlinear extrapolant. The slope coefficient for age (β2 ) generally was
not estimable with the nonlinear extrapolant and so these results are not reported.
The resulting estimates for β0 and β2 do not differ substantially from the non-conditional
results. The signs for these coefficients, and their approximate magnitudes are comparable
to the previously estimated values. The largest difference is in the estimates for β1 , and
in particular when the nonlinear extrapolant was used.11 These results suggest that the
11

Note that from the theory of SIMEX we expect that generally the nonlinear extrapolant provides a
better, though less conservative fit, and so the larger magnitude is not all together surprising.

86

Figure 4.2: Estimated errors (U ) versus the true underlying BMI for individuals within
the KLoSA validation sample. The included line is a LOESS curve, included to clearly
delineate the degree of dependence observed within these data.
Table 4.13: Point estimates and bootstrap standard error (SE) estimates for the logistic
regression parameters, estimating the propensity of hypertension with an intercept (β0 ),
self-reported BMI (β1 ), and age (β2 ). The estimates are based on 500 bootstrap replicates,
comparing the conditional NP-SIMEX method using U |X, and the conditional NP-SIMEX
method using U |X ∗ , both with a quadratic and nonlinear extrapolant.
β0
Method
U |X
U |X
U |X ∗
U |X ∗

Extrapolant
Quadratic
Nonlinear
Quadratic
Nonlinear

β1

Estimate
SE
Estimate
-5.531
0.472
0.049
-4.740
0.669
0.063
-5.515
0.473
0.049
-4.936
0.679
0.061
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β2
SE
Estimate
SE
0.017
0.054
0.002
0.028
0.017
0.054
0.002
0.038

magnitude of the effect size was previously underestimated, quite severely. If we compare
the use of the nonlinear extrapolant with either of the conditional distributions to that
of the previous analyses we find that the previous estimates had magnitudes which were
between 0.5 and 0.8 times the estimated magnitude using the conditional distribution. The
p-values for a test of significance using U |X and U |X ∗ were respectively 0.022 and 0.105.
Given the clear dependence observed between the errors and the true BMI in these
data, and in past literature, we advise taking the conditional analyses as more reliable for
estimators of the truth than the unconditional analyses presented originally. Agreement
on the intercept and age coefficient gives confidence in these estimates.
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Part II
Dynamic Treatment Regimes

89

Chapter 5
Methodological Background: Dynamic
Treatment Regimes
In this chapter we formally introduce dynamic treatment regimes (DTRs). We begin by
discussing potential outcomes, which serve as a way to formalize causal inference generally.
We then define a DTR in terms of the potential outcomes framework. Using this framework, we further discuss what is meant by an optimal dynamic treatment regime, and we
introduce the necessary assumptions to identify an optimal DTR, with a causal interpretation, from observational data. We then focus on how estimation of an optimal DTR
proceeds, introducing the methods of Q-learning, dynamic weighted ordinary least squares
(dWOLS), and G-estimation in detail. Finally, we discuss the impacts of measurement
error on the estimation of optimal dynamic treatment regimes.

5.1

Potential Outcomes for DTRs

A dynamic treatment regime is a set of decision rules that take in patient information and
map to treatment decisions. We start by considering a single treatment decision. We wish
to take in all information that is collected from the patient and, using this information,
produce a treatment decision. This will be codified through a function d : X → A, where
X represents the space containing all possible patient covariate realizations X, and A is the
set of possible treatment options. For instance, if A = {0, 1} and X = N represents patient
age, then one possible decision function is given by d(x) = I(x < 50), which would assign
treatment A = 1 if the patient were under 50 years old, and treatment A = 0 otherwise.
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DTRs are designed to accommodate longitudinal treatment pathways. Consider a process for treating a disease where there are fixed times, t1 , . . . , tK , at which treatment
decisions are required (for instance, the clinical visits in STAR*D). We allow the specific
times to differ by individual, so long as each decision point j is interchangeable between
individuals (in STAR*D, we do not need all follow-up visits to occur on the same day, just
that “visit 1” is comparable between all subjects). We assume that, for each individual
(indexed by i = 1, . . . , n) we observe (X1 , A1 , X2 , A2 , . . . , XK , AK , Y ), all without error and
misclassification. Moreover, we assume that Aj ∈ {0, 1} for all j = 1, . . . , K.
Then, at each decision point, 1, . . . , K, we can define a decision function. We take
{d1 , . . . , dK } to map from the space of patient covariates to the set of possible treatment
options. As is the case in STAR*D, the treatment options can differ at each decision
point, giving spaces A1 , . . . , AK . Also note that, after the first decision is made, we have
additional information available for the decision maker. At decision point j, we have the
treatments A1 , . . . , Aj−1 , as well as the covariates X1 , . . . , Xj to inform our decision. In
order to use all possible information, we take dj : Hj → Aj , where Hj defines the space of
patient histories hj . We take h1 = (X1 ), and otherwise hj = (X1 , A1 , . . . , Aj−1 , Xj ). We
use overline and underline notation to refer to the past and future of a variable respectively,
so that, for instance, X j = (X1 , X2 , . . . , Xj ) and Aj = (Aj , Aj+1 , . . . , AK ). A K-stage DTR
is a set of functions, d = {d1 , . . . , dK }, taking in patient histories and outputting treatment
decisions at each stage. The space of all DTRs is denoted D.
In order to develop the theory of dynamic treatment regimes, we turn to the potential
outcomes framework [84, 71, 74, 68, 69]. In precision medicine, a potential outcome is
a random variable that represents a patient’s outcome under a pre-specified treatment.
Concretely, we conceive of a random variable, Y A=a for every a ∈ A, which represents a
randomly selected patient’s outcome, had they been assigned treatment a. In our binary
example, Y A=0 is the patient’s outcome if they are given the control, and Y A=1 is the
patient’s outcome if they are assigned the experimental treatment.
We refer to these random variables as counterfactuals or potential outcomes, since they
represent the hypothetical outcomes that would occur if, contrary to fact, the patient
received the indicated treatment (without any other changes being made). As a result, it
is not generally possible to observe multiple potential outcomes for any one patient. These
random variables provide a useful mechanism for discussing causal effects in the population.
For instance, we may be interested in E[Y A=1 − Y A=0 ], called the average treatment effect,
which gives the expected causal impact of treatment (interpreted as the change in average
outcome if all individuals were given treatment A = 1 compared to the case when all
individuals were given treatment A = 0). For the purpose of DTRs, we need to extend the
concept of a potential outcome over multiple decision points. For a sequence of treatments
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A1 = a1 , . . . , Ak = ak , we define an individual’s potential outcome, Y A1 =a1 ,...,Ak =ak , as the
outcome that they would realize given that specific treatment sequence.
Now, consider a single patient selected at random fromP
the population with history H1 ,
d
and a single-stage treatment regime, d. We define Y = a∈A Y A=a I{d(H1 ) = a}. That
is, the potential outcome under d, denoted Y d , is the potential outcome of the treatment
that would be assigned to the patient, based on their history, using d. If d has multiple
treatment decisions, the potential outcomes become more complex.
To understand the necessary complexity, consider a patient that has received treatment a1 , and who is now entering the second stage of the DTR. We use X2 to inform
our choice of a2 , however, X2 may have been impacted by a1 itself. That is, X2 is a
random quantity that may depend on a1 . Just as with the outcome, Y , we are only able
to observe one version of this random quantity, and so we consider this to be an intermediate potential outcome. We express this as X2A1 =a1 . The same will go for X3 , which
will now depend on both A1 and A2 , and so we denote X3A1 =a1 ,A2 =a2 = X3A2 =a2 . This
continues for the remaining stages. This results in the set of potential outcomes given by
A
=a
{X1 , X2A1 =a1 , X3A2 =a2 , . . . , XKK−1 k−1 , Y AK =ak }.1
The intermediate potential outcome X2A2 can be extended to accommodate a dynamic
treatment regime in the same way that the single-stage Y can be. That is,
X
X2d1 =
X2A1 =a1 I{d1 (X1 ) = a1 }.
a1 ∈A1
d

From here, between decision points j − 1 and j, we take Xj j−1 to represent the potential
information arising in the interval between j − 1 and j, on account of following d to
determine the treatment from decision point 1 through to j − 1. This process can be
continued through all intermediate X, until the final potential outcome Y , denoted Y d .
The sequence of potential outcomes starts by observing X1 as a pre-treatment covariate, and using d to inform each of the treatments from stage 1 through to the end of the
treatment procedure at stage K. Following the regime produces K − 1 intermediate outcomes, determined only by information that came before it, and a final potential outcome,
Y d , that represents the outcome of interest in the treatment procedure.2
1

Technically, X1 is not a potential outcome, as it is observed prior to any treatment. I am including it
here as it is far more cumbersome to discuss “X1 and the potential outcomes”.
2
The potential outcome framework for DTRs is notationally involved. Many authors ignore the formalization, implicitly using it instead. This will perfectly suffice for understanding this thesis. The potential
outcome of a DTR is simply the outcome that would be obtained if the regime d is followed start to finish.
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5.2

Optimal Dynamic Treatment Regimes

In order to estimate the optimal DTR, we must first discuss what is meant by optimality.
We define the value of a DTR to be given by V(d) = E[Y d ], and we typically select Y
such that higher values are preferable. Then, one regime d is considered preferable to an
alternative regime d† if V(d) > V(d† ). More generally, we define the optimal treatment
regime dopt to be given by arg maxd V(d).
Solving for the optimal treatment regime is a problem that has received considerable
attention. Methods typically pose either parametric models for the potential outcomes or
specify some restricted search space for d. These methods may broadly be broken down into
Q-learning, A-learning, value search, or classification based approaches [90]. For this thesis,
we will focus primarily on: Q-learning [98] through parametric models, a method which
conducts sequential regression analyses, estimating the impact of each stage independently;
dWOLS [95] which extends Q-learning using a weighted regression technique; and on Gestimation [70], a technique which relies on solving a set of sequential estimating equations.
These methods are examples of Q- and A-learning, and all broadly take place within a
regression framework. Prior to presenting the specific implementation for optimal DTR
estimation, we discuss the necessary assumptions to draw causal conclusions.

5.3

Causal Inference and Data Assumptions

In order to interpret a dynamic treatment regime causally, we will typically require three
assumptions:
1. The Stable Unit Treatment Value Assumption (SUTVA) [73].
2. The No Unmeasured Confounders (NUC) assumption [72], or the Sequential Randomization Assumption (SRA) [68].
3. The positivity assumption.
SUTVA, informally, states that if an individual receives a treatment option a, then the
observed outcome for this individual, Y , is equivalent to the potential outcome Y A=a . If
A is a countable set, then for a patient receiving treatment a with observed outcome Y ,
SUTVA allows us to write
X
†
Y =
I(a† = a)Y A=a .
a† ∈A
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SUTVA is violated if multiple versions of the same treatment exist, (for instance, a patient
who knowingly received a control has a different outcome than they would have if they
had unknowingly received the control), or if one patient’s treatment assignment impacts
another patient’s potential outcomes (for instance, herd immunity in vaccine trials).
SUTVA alone suffices for endowing a causal interpretation in randomized studies. In
observational studies we need to add the no unmeasured confounders or sequential randomization assumptions (for the single stage or multistage case, respectively). The NUC
assumption states that all information that impacts both the treatment and the potential
outcomes is measured during the observational study. That is, if X contains all recorded
information prior to the treatment assignment that is measured in the study, then NUC
states that Y A ⊥ A X. In the multistage setting this assumption needs to be strengthened.
The SRA can be stated as
d

{X2d1 , . . . , XKk−1 , Y d } ⊥ Ak Hk ,
for k = 1, . . . , K. The SRA states that, given the history up to time k (for all possible
times k), all potential outcomes (past, present, and future) are independent of treatment
assignment at the given time.3
These assumptions would be violated if any piece of information that is used to inform
the treatment that is received also impacts the outcome, and is unrecorded. This assumption is not explicitly required during a randomized study since the randomization gives
Y A ⊥ A. Unfortunately, it is not possible, using the observed data, to test whether the
NUC/SRA holds. Thus, causal inference based on observational data needs to be informed
by subject-matter experts who are able to say whether or not it is likely to hold.
While not explicitly required to conduct causal inference generally, many methods require assuming positivity. The positivity assumption states that, for every possible treatment a ∈ A, we must have that 0 < P (A = a|X) < 1. Unlike SUTVA and NUC/SRA,
positivity can be verified from the data. For instance, if both X and A are binary variables, then positivity requires that we have some observations for all of (X = 0, A = 0),
(X = 1, A = 0), (X = 0, A = 1), and (X = 1, A = 1). In a sense, positivity can be viewed
in light of extrapolation. We are only able to make conclusions regarding treatment sequences which could have been received, as we would require extrapolation beyond the
recorded data in order to violate positivity. Making these three assumptions will suffice
for this thesis. We now present the details of optimal DTR estimation.
3

It is possible to weaken the SRA and maintain the identifiability of a DTR with causal interpretation.
We will make the SRA, noting that it is stronger than is strictly necessary.
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5.4

Optimal Dynamic Treatment Regime Estimation

In the following sections we present three separate estimation techniques, Q-Learning,
dWOLS, and G-estimation. We begin by introducing the concept of backwards induction,
a dynamic programming technique leveraged by each of these methods. We then present
the procedures in order of increasing complexity, using the simpler methods to introduce
concepts which will be leveraged in the others.

5.4.1

Backwards Induction

Backwards induction is a process for selecting the optimal decision rule by starting at
the final decision point, and iteratively working backwards. Intuitively, this process of
backwards induction first determines how to optimally act when all information is available,
except for the final decision. Once it is clear how to make the last decision, we are able to
then consider the penultimate decision. By assuming that we do act optimally after this
point we have effectively encoded all relevant information into the (K − 1)-st decision, and
we can decide what an optimal treatment looks like there. We continue in this fashion
until we have specified, starting with only the first piece of information, how we are to
optimally act. To illustrate this, and explain why it is useful, we consider a two-stage DTR.
Consider taking a randomly selected individual, with observed information (x1 , a1 , x2 , a2 ),
and imagine the process of determining the optimal treatment regime for them.
When they present initially, a1 has to be decided on the basis of x1 , as X2 = x2 has not
yet been observed. However, we know that a1 is likely to influence the value of X2 , and so
there is a fairly complex set of considerations to make. Imagine instead that we are at the
time of the second decision, where h2 = (x1 , a1 , x2 ) have all been observed. Here, in order
to select the optimal A2 , we need only consider its impact on the final outcome. We choose
a2 to maximize the expected outcome, given h2 . This can be expressed in a function,
Q2 (h2 , a2 ) = E[Y |H2 = h2 , A2 = a2 ],
called the (second) Q-function. We can select the optimal a2 by maximizing Q2 (h2 , a2 ). In
particular, this gives dopt
2 (h2 ) = arg maxa2 ∈A2 Q2 (h2 , a2 ). We further define
V2 (h2 ) = max {Q2 (h2 , 1), Q2 (h2 , 0)} .
This quantity extends the previously discussed concept of our value function. V2 (h2 ) is
interpreted as the expected value for an individual who has observed history h2 , who is
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then treated optimally. Note that if A2 ̸= {0, 1} then V2 (h2 ) is defined as the maximum
value for Q2 (h2 , a2 ) across all a2 ∈ A2 . The binary notation simplifies this exposition.
Taking this quantity, we can now “step backwards”, and consider the first decision. In
considering the choice of A1 , if the patient were assigned a treatment option a†1 , then
we know from the preceding discussion that their expected optimal outcome becomes
V2 (x1 , a†1 , X2 ). The only randomness in this is due to X2 being an as-yet unobserved
quantity. This suggests defining
Q1 (h1 , a1 ) = E[V2 (x1 , a1 , X2 )|H1 = h1 , A1 = a1 ],
as the first Q-function. Now, we can choose the optimal value for a1 by the same maximization argument applied to the second Q function, which also leads to an analogous definition
for V1 (H1 ) = max {Q1 (h1 , 1), Q2 (h1 , 0)}. If we define dopt based on the maximization of
opt
iterative Q-functions, it can be shown that E[Y d ] = E[V1 (H1 )] ≥ E[Y d ] for all possible
treatment regimes d (see section 7.2.3 of Tsiatis, Davidian, Holloway, and Laber [90]).
If K > 2, this process extends as expected. We define the K-th Q-function as
QK (hK , aK ) = E[Y |HK = hK , AK = aK ],
the K-th optimal decision rule as dopt
K = I(QK (hK , 1) > QK (hK , 0)), and the K-th value
function as
VK (hK ) = max {QK (hK , 1), QK (hK , 0)} .
Then, starting from j = K − 1, and working backwards to j = 1, we define the corresponding Q-function as
Qj (hj , aj ) = E[Vj+1 (hj , aj , Xj+1 )|Hj = hj , Aj = aj ],
the optimal decision rule as dopt
= I(Qj (hj , 1) > Qj (hj , 0)), and the corresponding value
j
function as
Vj (hj ) = max {Qj (hj , 1), Qj (hj , 0)} .
We next introduce how this process is leveraged in Q-learning to estimate an optimal DTR.
To unify notation, we will generally define VK+1 = Y . The rationale for our interest in
these quantities derives primarily from the fact that the optimal DTR is characterized
through the optimization of the sequential Q functions [90].
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5.4.2

Q-Learning

Q- (quality) learning is a technique which was introduced in the reinforcement learning
literature. Q-learning operates by specifying a model for each Q-function, and then recursively fitting these models starting at stage K and stepping backwards. While it is possible
to posit any model for the Q-function, we will focus on linear Q-learning, where at each
stage a linear regression is specified. That is, we will assume that (whenever aj is binary),
Qj (hj , aj ; θj ) = βj′ hβj + aj ψj′ hψj ,
where θj = (βj , ψj ) are specified regression parameters, and (hβj , hψj ) are two (possibly
identical) subsets of the history vector. The process of Q-learning is then:
1. Compute the OLS estimate of θK as θbK , by fitting QK (·; θK ) with Y as the outcome.
b ψ
2. Specify dbopt
K = I(ψK HK > 0).
n
o
3. Define VeK (hk ) = max QK (hk , 1; θbK ), QK (hk , 0; θbK ) .
4. Repeat steps (1, 2, 3) for the previous stage, replacing the outcome with Ve , working
iteratively back to stage 1.
So long as all models are specified correctly for the Q-functions, then
n
o
bopt ,
dbopt = dbopt
,
.
.
.
,
d
1
K
will be a consistent estimator for the true optimal regime. Due to the comparative simplicity of Q-learning, it is a fairly popular technique. However, there are drawbacks that serve
as motivation for the more complex methods we will discuss. In any parametric implementation of Q-learning, all models need to be correctly specified, in full, in order to have
consistent estimation. This is particularly concerning for linear Q-learning. It will almost
never4 be the case that the Q-functions can be linear, and even less often the case that they
will be. The issue of non-linearity can of course be overcome by considering a more flexible
class of models, however, the problem of complete specification remains. Non-parametric
techniques can rectify these issues, at a far greater computational burden.
4
A straightforward derivation shows that if treatment interacts with a continuous covariate, this will
tend to make the earlier stages nonlinear, due to the indicator function in computing Q· .
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Since Q-learning fits a sequence of least squares estimators, it may seem reasonable that
the standard theory of M-estimation could be exploited to derive asymptotic standard errors and distributional results. Unfortunately, that is not the case, and will generally not
be the case for any DTR estimation. The issue stems from the use of the maximization
operation, which is generally not differentiable. This makes the Q-learning estimator a
so-called non-regular estimator, in the sense that it does not conform to the regularity conditions required for standard inference [70]. The central issue is that non-regular estimators
may not have a unique limiting distribution. In Appendix C we give a concrete example
of why this occurs. Owing to this non-regularity, standard bootstrap procedures are also
unlikely to be entirely theoretically justified. Despite this, the use of M-estimation as a
guiding framework remains effective. The consistency results do not rely on the regularity
of the estimators, and whenever optimal treatments are clearly defined (in the sense that
the counterfactual outcomes are substantially different between the different treatment
options, for all individuals), standard asymptotic theory can be leveraged.
Dynamic weighted ordinary least squares, presented next, extends Q-learning in such
a way to provide robustness to model misspecification.

5.4.3

Dynamic Weighted Ordinary Least Squares

In principle, dWOLS is a similar technique to Q-learning. In dWOLS we once again fit a
series of regression models, using backwards induction. However, dWOLS modifies linear
Q-learning in that the regressions are weighted. This weighting results in a significantly
more robust methodology. To understand why, consider the linear model that was posited
for Qj , given by βj′ hβj + aj ψj′ hψj . The expression has been carefully constructed to indicate
that the assigned treatment is only relevant through the second term. We have divided
the model for Qj into a component which captures the effect of treatment, and one which
is free of treatment effects. We refer to the latter as the treatment-free component.
ref
Define γj (hj , aj ; aref
j ) = Qj (hj , aj ) − Qj (hj , aj ). Then γj (hj , aj ) represents the difference in the expected (optimal) outcome for a patient with history hj , between receiving
treatment aj and aref
j . Plugging in previous definitions, we have

h

γj (hj , aj ) = E Y

aj−1 ,aj ,aopt
j+1

−Y

aj−1 ,aref
j ,aj+1

i

Hj = hj .

This compares the expected outcome for two individuals who have identical history up
to stage j, where one of the individuals receives treatment aj and the other receives aref
j ,
before they both go on to receive optimal (though, possibly not identical) treatment. We
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call this quantity the blip-to-reference function (or more succinctly, just the blip function).
A positive blip function means that aj is a preferable treatment to aref
j , given the history.
ref
Since we consider Aj ∈ {0, 1} by assumption, we typically take aj = 0. Here the zero level
is defined as our reference category, for instance, as the control in a clinical trial. Then, we
would have that γj (hj , 0) = 0 for all j, and that γj (hj , 1) represents the impact of receiving
treatment Aj = 1, if everything else remains optimal. The blips define the sequence of
optimal treatment rules. If γj (hj , 1) > 0, then selecting aj = 1 is preferable to selecting
aj = 0. As a result, dopt
= I(γj (hj , 1) > 0).
j
We can also use the blips to re-write our models for the Q-functions, taking
Qj (hj ; θj ) = βj′ hβj + γj (hj ; ψj ).
In Q-learning, any model misspecification will possibly lead to inconsistent results, whether
the misspecification is actually encoding the impact of treatment or not. The following
theorem illustrates that this is not true of dWOLS (Wallace and Moodie [95] Theorem 1).
Theorem 5.4.1 (dWOLS Consistency Result). Assume that
′
QK (hK , aK ) = f (hβK ; β) + aK ψK
hψK ,

for some function f (functionally independent of the treatment). Define
π(hK ) = P (AK = 1|HK = hK ),
and define w(aK , hK ) to be a weight function such that
π(hK )w(1, hK ) = (1 − π(hK ))w(0, hK ).

(5.4.1)

Under correct specification of hψK , a weighted ordinary least squares regression of the outcome Y on {hβK , aK hψK }, using weights given by w(aK , hK ), will consistently estimate ψK .
This theorem indicates that the simple process of weighting, with weights satisfying
Equation (5.4.1), makes the correct specification of the treatment-free component unnecessary for consistent estimation. The identity that the weights need to specify does
lend some flexibility into the precise form, though it is advised that weights of the form
w(a, hj ) = |a − E[Aj |Hj = hj ]| = |a − π(hj )| are used [95, 52]. This works via covariate balance, where in the weighted data set, the covariates and treatment behave as though they
are independent. Any weights satisfying the requirements will rely on the propensity of
treatment, π(HK ). In the event that these propensities are readily available (for instance,
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in the case of a randomized trial), we can then be certain that our blip parameters are
consistently estimated, so long as the form of the blip is correctly specified. If π(·) are not
known, it may be the case that this is a quantity that can be modelled easily.
If weights satisfying Equation (5.4.1) can be consistently estimated by fitting a parametric model to P (AK = 1|HK = hK ; αK ), then using estimated weights maintains the
result of Theorem 5.4.1. We refer to this additional parametric model as the treatment
model. The specification of a treatment model makes dWOLS a doubly-robust estimation
technique. Assuming the blips are correctly specified, if either the treatment model or the
treatment-free model are correctly specified, then the parameters ψK will be consistently
estimated. This weighted regression forms the basis of dWOLS. Until now, we have only
discussed the K-th stage parameter estimates. In order to estimate the blip parameters
for stages j = 1, . . . , K − 1, we need to introduce the concept of regrets [59].
We can frame the observed outcome Y as the outcome under the optimal treatment
opt
regime, Y d = Y opt , minus the impact of all suboptimal treatments that were received.
Regrets are the functions which quantify
the impact of suboptimal treatment.
Notationally
i
h
opt
opt
aj−1 ,aopt
,a
a
,a
,a
j
j+1 − Y j−1 j j+1 H = h
this is expressed as µj (hj , aj ) = E Y
j
j . Just as with the
blip functions, the regrets can be used to determine the optimal treatment, as we know
that µj (hj , aj ) ≥ 0, with equality only at the optimal treatment. We can also write that
µj (hj , aj ) = γj (aj , aopt
j ) − γj (hj , aj ). Re-writing Y using regrets can be done as


E [Y | HK = hK ] = E Y

opt



HK = hK −

K
X

µj (hj , aj ).

j=1

This motivates a type of pseudo outcome for dWOLS. The basic idea is that, at each
stage, we wish to estimate the outcome under the observed treatment up to the current
stage, assuming that the patient goes on to receive optimal treatments at all future stages.
At stage K −1 this is given by Y +µK (hK , aK ). Generally, for any stage j = 1, . . . , K −1, we
P
e
take Yej = Y + K
ℓ=j+1 µℓ (hℓ , aℓ ) = Yj+1 + µj+1 . We can estimate these using the estimated
regrets in a backwards induction process. Taken together, dWOLS is summarized through
the following procedure:
1. Specify a parametric model, divided into the treatment-free (indexed by βj ) and blip
(indexed by ψj ) components, for each stage (where we are modelling the expected
outcome assuming that the patient goes on to receive optimal treatment).
2. Specify a parametric model for the propensity of treatment (indexed by αj ) for each
stage.
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3. Using the parametric treatment model, compute the weights for each individual,
given by w(aj , hj ; αj ), so that they conform to Equation (5.4.1).
4. Starting atPstage K and working backwards, compute the estimated pseudo outcome
b
Yej = Y + K
ℓ=j+1 µℓ (hℓ , aℓ ; ψℓ ).
5. With the computed pseudo outcome, fit the model to generate estimates for ψj , and
then repeat the regression procedure.
With this procedure, so long as, at every stage, either the treatment-free or the treatment
model is correctly specified, along with all of the blip functions, the resultant estimators
are consistent. In certain circumstances, the treatment model will be known exactly. Even
when it is not, it is likely the case that these experts have a good sense of the factors that
are used to inform treatment decisions. This added robustness is an attractive feature
shared by G-estimation, which is presented next.

5.4.4

G-Estimation

Like both Q-learning and dWOLS, G-estimation [70] is a sequential, model fitting procedure.5 For the process of estimating dopt , G-estimation begins with a consideration of the
Q and value functions introduced in Section 5.4.1. If we take Aj ∈ {0, 1}, we can express
Qj (Hj , Aj ) = νj (Hj ) + Aj Cj (Hj ), for some arbitrary functions νj and Cj . Then, the value
function will take on the value of νj (Hj ), if Cj (Hj ) ≤ 0 and νj (Hj ) + Cj (Hj ) otherwise.
Note that in the context of G-estimation we are using notation which differs slightly than
that discussed for dWOLS. In dWOLS we used γj (·) to denote the term given by Cj (·). The
reason for this difference is two-fold. First, G-estimation does not implicitly restrict Cj (·)
to take a linear form, while dWOLS does restrict γj (·). Second, the notation Cj (Hj ) has
been used in recent literature surrounding G-estimation (see Tsiatis, Davidian, Holloway,
and Laber [90]) while γj (·) is common for dWOLS.
G-estimation belongs to a class of estimation techniques known as A-learning (A for
advantage). These methods use the insight exploited when introducing dWOLS that only
the contrast (or blip) needs to be estimated in order to define the optimal treatment.
The optimal treatment at each stage is determined solely by Cj (Hj ). If Cj (Hj ) > 0 then
5

The discussion of G-estimation is taken not directly from Robins [70], but rather from Wallace and
Moodie [95] and Tsiatis, Davidian, Holloway, and Laber [90], owing to the clearer formulation. The
Robins’s paper is a sprawling account, which provides rigorous theoretical justification, but which is not
particularly informative for a first-time reader.
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Aopt
= 1, and Aopt
= 0 otherwise. Combining this result with the fact that finding the
j
j
optimal DTR is equivalent to optimizing the Q functions, A-learning methods proceed by
estimating Cj (Hj ) from the available data and taking dj (Hj ) = I(Cj (Hj ) > 0) to assign
treatment. The term Cj (Hj ) is exactly the blip function from dWOLS when the reference
level is taken to be the zero. As a result, we introduce the parameter ψj to index these
functions, so that Qj (Hj , Aj ) = νj (Hj ) + Aj Cj (Hj ; ψj ). We will assume that each Cj is
correctly known up to the blip parameter indexing it. In this setting νj corresponds to the
treatment-free model from dWOLS.
Assuming that the treatment assignment probabilities, P (AK = 1|HK ) = πK (HK ),
are known, Robins [70] demonstrated that every consistent and asymptotically normal
estimator for ψK will solve
n
X

λK (Hi,K ) {Ai,K − πK (Hi,K )} {Yi − Ai,K CK (Hi,K ; ψK ) + θK (Hi,K )} = 0.

(5.4.2)

i=1

Both λK (·) and θK (·) are taken to be arbitrary functions of the history, where λK (·) is
constrained to be the same dimension as ψK . If we define VeK+1 = Y , and for j = 1, . . . , K,
Vej = Vej+1 + (Aopt
− Aj )Cj (Hj ; ψbj ),
j

(5.4.3)

then E[Vej+1 |Hj , Aj ] = Qj (Hj , Aj ) = νj (Hj ) + Aj Cj (Hj ), almost surely. This holds almost
surely so long as ψbj is almost surely consistent for ψj . Based on these pseudo outcomes,
we can extend the estimating equations in Equation (5.4.2) to all stages, j = 1, . . . , K by
replacing Yi with Vei,j+1 . We take,
Uj (ψj ) =

n
X

n
o
λj (Hi,j ) {Ai,j − πj (Hi,j )} Vei,j+1 − Ai,j Cj (Hi,j ; ψj ) + θj (Hi,j ) .

(5.4.4)

i=1

Then, solving Uj (ψbj ) = 0 renders ψbj a consistent estimator for ψj .
Just as with dWOLS, it will often be the case that we do not exactly know the treatment assignment probabilities, πj (Hj ). If it is possible to specify a parametric model
for these treatment probabilities, indexed by αj , which can be framed as the solution
to a set of unbiased estimating equations, Utrt,j (b
αj ) = 0, then we can simply “stack”
′
′ ′
(Utrt,j (αj ) , Uj (ψj , αj ) ) together and jointly solve them. This will result in consistent estimators when both models are correctly specified. We will often use logistic regression for
the purpose of estimating the treatment assignment probabilities when they are unknown.
102

The functions λj (Hj ) and θj (Hj ) can both be arbitrarily selected, so long as the dimension of λj (·) matches that of ψj . Typically, θj (Hj ) can be selected to add robustness
to the estimation procedure. If we are able to specify a parametric form for the nuisance
parameter νj (Hj ), indexed by βj , then by taking θj (Hj ; βj ) = −νj (Hj ; βj ) this estimation procedure becomes doubly robust in exactly the same sense that dWOLS is doubly
robust. Just as with the treatment assignment probabilities, these treatment-free models are unlikely to be known directly. Instead, if the parameter can be estimated as the
solution to Utf,j (βbj ) = 0, then we can further “stack” (Utf,j (βj )′ , Utrt,j (αj )′ , Uj (ψj , αj , βj )′ )′
to jointly estimate (βj′ , αj′ , ψj′ ). The estimators for ψj are consistent so long as the blip
model, Cj (Hj , ψj ), is correctly specified, in addition to at least one of the treatment or
treatment-free models.
While the specification of θj (Hj ) was selected to add robustness, the selection of λj (Hj )
is typically made with efficiency in mind. Robins [70] provides the optimal form for λj (Hj ),
based on the asymptotic variance of the estimators, but the form is often complicated.
Instead, we typically define λj (Hj ) = ∂ψ∂ j Ck (Hj ; ψj ), which seems to work well in practice
[14, 90]. With these functions specified, G-estimation then estimates the optimal treatment
regime, dopt by recursively estimating the parameters ψk for k = 1, . . . , K, and then taking
b
dbopt
k (Hk ) = I(Ck (Hk ; ψk ) > 0).
We once again start at decision point K, and then:
1. Specify a model for the treatment-free component, θK (HK ; βK ) = −νK (HK ; βK ).
2. Specify a model for the treatment probabilities, πK (HK ; αK ).
3. Specify a model for the blip/contrast, CK (HK ; ψK ).
4. Jointly solve models (1)–(3), giving estimates for ψK , using Equation (5.4.2).
5. Compute the pseudo outcome, Vek according to Equation (5.4.3), and then repeat the
previous steps, solving according to Equation (5.4.4) for stages k = 1, . . . , K − 1.
The optimal decision rules, just as with dWOLS, can then be inferred from the estimated
blip parameters. The robustness of G-estimation, and the flexibility to accommodate nonlinear modelling strategies, makes it an attractive procedure for estimating optimal DTRs.
The main downside of the methodology stems from the complexity, making description
and implementation more cumbersome than the previously specified techniques.
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5.5

Measurement Error in DTRs

Prior to this dissertation, to the best of our knowledge, there has been only one substantive attempt to assess, and correct for, the issues of measurement error in the context of
DTRs. This work was completed as my masters project. This established the impact of
measurement error on the estimation of optimal DTRs, illustrating the complexity of errors
in these models. Assume that, for a scalar-valued, continuous, tailoring covariate, we observe classical additive error, with normally distributed errors. To assess what impact this
error has on the estimation of an optimal DTR, we will use the dWOLS procedure. The
impact of errors in regressor variables has been thoroughly studied, and given the strong
ties of dWOLS to ordinary regression, we will expect similar issues to arise. The impact of
measurement error in a DTR is complicated by the fact that the treatment, treatment-free,
and blip models are all impacted by mismeasurement separately.
We assume that a biological process (or similar) relates the true covariate values X
to the outcome Y , whereas treatment decisions can only be made based on the observed
values X ∗ . This structure is shown in Figure 5.1. Because of the complicated structure, we
consider the impact in the treatment, treatment-free, and blip models separately. When
using dWOLS, correcting for error in covariates within the outcome model is the same as
correcting for the effects of error in a standard linear regression. In this setting, we can
use (for instance) regression calibration to consistently estimate all necessary parameters.

X

X∗

A

Y

Figure 5.1: A directed acyclic graph (DAG) representing the assumed impact of measurement error in the DTR setting. Here X is the error-free covariate, X ∗ the observed proxy,
A is a binary treatment indicator, and Y is a numeric outcome of interest.
The treatment model is leveraged primarily as a means of endowing the dWOLS estimators with the property of double robustness. It is possible to think of this double
robustness as arising through the property of covariate balance [95]. In the error-prone
b in our outcome models, we wish to
setting, if we employ regression calibration using X
b and A. Following the
induce covariate balance not between X and A, but between X
justification of the choice of weights by Wallace and Moodie [95], we might speculate that
b
b = (1 − π(X))w(0,
b
b will induce covariate balance
any weights which satisfy π(X)w(1,
X)
X)
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b During my masters project, I explored this line of reasoning and demonstrated that
in X.
a small-sample proxy for covariate balance, sample balance, arises through these weights.
Result 5.5.1. If P (A = 1|X = x) = H(α0 + α1 x), where H(x) = (1 + exp(−x))−1 is
the inverse-logit (expit) function, and Xj∗ = X + Uj , for j = 1, . . . , k are iid replicate
b and using the
measurements of X, then denoting the regression calibration estimates X
b = |A − π(X)|,
b where π(X)
b is the estimated probability P (A = 1|X)
b fit
weights w(A, X)
using logistic regression guarantees sample covariate balance. That is,
Pn

i=1 w(1, Xi )Ai Xi
Pn
b
i=1 w(1, X)Ai

b

b

Pn
=

i=1

Pn

bi )(1 − Ai )X
bi
w(0, X
.
b
w(0, X)(1
− Ai )

i=1

The quality of using sample balance as a small scale proxy was assessed using simulations. This result provides a reasonable justification for using the regression calibration
correction in the treatment model.
The final component that needs to be considered to address the impacts of errors in
variables relates to the construction of pseudo outcomes. During the previous work, the
problem of constructing a valid pseudo outcome was put aside, relying instead on justification via simulation. As a result, the existing literature on addressing measurement error in
DTRs primarily served as a mechanism for demonstrating that (as one would expect) errors
cause concerns for correctly estimating the optimal DTR and that these concerns are generally complex owing to the structure of a DTR. Some simulation evidence demonstrated
that regression calibration may be an effective tactic for restoring desirable properties of the
dWOLS estimators, but these results were explored primarily based on heuristics rather
than being thoroughly justified theoretically. Moreover, the project focused on a fairly
limited scope (considering only scalar-valued variables, with normal additive error). No
attention was given to uncertainty quantification, either through confidence intervals or
standard error estimates.
Starting from a position wherein these problems have been identified, in Chapter 6
we expand on these ideas, giving theoretical justification for the application of regression
calibration to the correction of the effects of errors in DTRs. We demonstrate how, using
ideas from Chapter 3, the expanded regression calibration correction can be applied in
this setting. We propose the use of a modified bootstrap procedure to produce confidence
intervals. These results are justified theoretically, through simulation experiments, and
with an application to the analysis of STAR*D.
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5.6

Nonadherence in DTRs

While the effects of errors in tailoring variables on the estimation of optimal DTRs has been
briefly explored prior to this thesis, the impact of misclassification of treatment indicators,
known better as nonadherence, has not been. There is some literature which discusses
nonadherence in the context of dynamic treatment regimes. However, this research has
focused on the ability to adequately estimate the expected impact of a regime that might
not have been complied with, when that particular regime is of primary interest, and
compliance information is readily available [39, 18, 36]. The concern in this literature
is not predominantly estimating the optimal regime taking into account nonadherence,
but instead, on how to identify the value of a particular regime of interest, when it may
not have been adhered to perfectly. Wallace [94] briefly explores nonadherence in binary
treatment indicators for simple dynamic treatment regimes. In this work it is shown that
nonadherence can have a sizable impact on the estimation of optimal dynamic treatment
regimes, even in simple examples. While the bias that nonadherence introduces is indicated
and justified, no corrections are proposed.
Beyond the specific context of DTRs, nonadherence occurs when a prescribed treatment
is not followed by an individual. This is a concern in the medical setting as health outcomes
can be severely impacted by nonadherence. Medical researchers have been concerned with
assessing the degree of nonadherence, the impacts of nonadherence on patient outcomes,
the factors that predict nonadherence, and ways to limit nonadherence [103, 22, 33, 37].
From a statistical perspective nonadherence is a concern as, when present in data, it can
bias parameter estimates or change the causal interpretation of parameters.
Any analysis which proceeds by ignoring nonadherence is referred to as an intentionto-treat (ITT) analysis [54, 34]. When conducting an ITT the causal effect that is being
estimated is treatment prescription, rather than treatment itself. An ITT analysis can
be motivated by taking a policy perspective. If a policy is being considered which would
prescribe some recommended treatment for every patient with a particular illness, then
the causal effect of this policy can be decomposed into two components. First, such a
prescription likely has an impact on patient behaviour and their adherence to the prescribed
treatment. Second, the treatment that the individual ends up taking has some causal effect
on their outcome through relevant underlying processes.
In a clinical setting, intention-to-treat analyses are often framed in contrast to perprotocol (PP) analyses [67]. In a PP analysis, only the patients who adhered to the assigned
treatment are included. A concern with a PP analysis is that bias will be introduced into
parameter estimates if nonadherence is not completely at random. For instance, if, as
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is likely the case, the patients who fail to adhere to their prescribed treatments are the
ones who were not improving under the treatment, then excluding these cases from an
analysis will overestimate the positive impact of treatment. An ITT analysis circumvents
this source of bias by taking the act of prescription to be the intervention, rather than
the treatment itself. While the concerns with PP analyses are certainly valid, there are
several issues with ITT analyses as well. Of primary concern, an ITT does not provide an
unbiased estimate of the effectiveness of treatment itself [81].
In Chapter 7 we provide the first procedure for estimating an optimal DTR using
data which is subject to nonadherence. In addition to providing a modified version of
G-estimation to account for the effects of nonadherence, we deeply explore the specific
impacts of nonadherence in this context, and draw attention to the complexities that
arise from this setting. We pay particular attention to the fact that, especially in the
context of precision medicine, the drawbacks of an ITT should not be overlooked. We
explore the ways in which nonadherence can undermine the causal interpretations that
are typically made when estimating an optimal DTR, and argue that in many settings the
proposed treatment-efficacy approach will be more appropriate. These results are presented
theoretically, explored via simulation studies, and demonstrated through an analysis of the
Multicenter AIDS Cohort Study (MACS).

5.7

Measurement Error and Nonadherence in STAR*D
and MACS

While we contend that measurement error and nonadherence are likely far-reaching problems in the realm of DTR estimation, we content ourselves with an exploration of these
ideas using STAR*D and MACS in this thesis.
STAR*D provides an interesting use case for the methods explored in Chapter 6, as it
has never been analyzed accounting for errors in measurement, previously. We are primarily
concerned with each patient’s QIDS score, and as noted in Chapter 1, this was assessed
at each visit both by the patient themselves and by the clinician. The self-reported QIDS
score tends to be ignored in analyses of the STAR*D data, under the implicit assumption
that QIDS-C is an error-free measurement of the true depressive symptomatology. If we are
willing to view both QIDS-C and QIDS-S as measurements of the truth, then the presence
of two separate measurements constitutes auxiliary data which can be used to correct for
the effects of measurement error. We will again assume a non-differential error mechanism,
modelled classically, using structural methods.
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MACS, on the other hand, exists in a domain which has more explicitly handled nonadherence previously. Despite this, when analyzed as a DTR, MACS has never had this
information taken into account. Generally our analysis will be concerned with the timing
of AZT prescription, as it is mediated by several patient characteristics. It is well-known
that patients may be nonadherent to their AZT prescription, and as a result, in some waves
of the study, the researchers running MACS have collected adherence information. It is
our interest in considering what the impact of this estimated degree of nonadherence will
be on the assessment of treatment efficacy.
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Chapter 6
DTRs with Errors in Tailoring
Covariates
6.1

Motivation for Error Corrections in DTRs

The previous work conducted on errors in the tailoring variates of DTRs makes clear that
a “naive” analysis, one which ignores errors when they are present, predictably leads to
biased and inconsistent estimators for the true population parameters. This fact alone
is not necessarily sufficient to motivate the development of measurement error correction
techniques in this setting. The importance of developing methods to address the concerns
of measurement error depends largely on the goals of the underlying analysis. If it is of
primary interest to quantify the effect of treatment, or a treatment-covariate interaction,
then the existing results demonstrate that error correction techniques are necessary.
However, it may be the case that a DTR is estimated explicitly for the purpose of
future treatment assignment. In principle, the problem of assigning future treatments can
be framed as a prediction problem. In this case, the DTR models are fit in service of
generating optimal predictions, based on observed covariates, out of sample. Then, if it is
likely that future individuals will also have their relevant tailoring factors measured with
error, it may seem reasonable to ignore the errors all together. In this context we are
re-specifying the problem of interest to be “predict the optimal treatment based on the
surrogate measurement of the variable of interest”.
The use of surrogate measurements in prediction problems, ignoring the impacts of
measurement error, is a topic which has been explored in some detail. This strategy
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will sometimes lead to acceptable performance, but this is not always the case. Even in
comparatively simple models it is often the case that the effects of measurement error are
worth correcting when the primary goal is prediction. Schaalje and Butts [77] demonstrate
in the case of linear regression, where prediction is of primary interest, there are settings
where ignoring the error leads to undesirable results. Khudyakov, Gorfine, Zucker, and
Spiegelman [46] draw similar conclusions for risk prediction models, in a medical context,
where the models are fit using GLMs. Given the complexity of predictions within the DTR
setting, these issues are worth investigating further.
When approaching corrections for the impacts of measurement error, it is instructive
to consider how the different aspects of a dynamic treatment regime may be impacted.
As was introduced in Section 5.5, previous work on the effects of measurement error on
optimal DTR estimation has been framed through the different model components. The
complex and unique structure of this error (Figure 5.1) lends itself to this type of piece-wise
analysis. For a dynamic treatment regime estimated through dWOLS, tailoring variables
play three distinct roles. First, the tailoring variables act as predictors, used for both the
treatment-free and blip components of the outcome model. Second, the tailoring variables
may act as predictors in the treatment model, which is commonly a logistic (or probit)
regression. Finally, the tailoring variables are used to construct the pseudo outcome,
allowing backwards induction to proceed.
With the outcome model the goal is to estimate the true, underlying relationship between the tailoring variable, free from error, and the outcome. As a result, any method
which corrects for the effects of measurement error in parameter estimation within linear
models can potentially be used to remedy the impacts of measurement error on the first
component. This would include all of the strategies previously discussed, among others.
Since dWOLS leverages linear outcome models, there are an abundance of correction techniques that are suited to restoring the consistency of the estimators. We will focus on
regression calibration, though conceptually, simulation extrapolation would work as well.
There exist many methods for correcting for errors in predictors in a logisitc regression
model (see for instance the discussion of moment reconstruction in Chapter 3). The goal
of these corrections is to model the true relationship between the underlying, error-free
variable and the outcome. When we consider the treatment model, the goal is not to
model the true relationship between the tailoring covariate and the treatment indicator, but
instead to produce weights which endow the resultant estimators with double robustness.
As a result, when selecting a technique for addressing the errors in the treatment models,
our considerations are not around consistent estimation of the true parameters, but rather,
around the weights meeting the necessary conditions.
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In general, the pseudo outcome needs to be a quantity which represents the expected
outcome of the individual taking their history up to the present as fixed, and assuming
that in the future they are treated optimally. That is, in order for dWOLS to be able to
estimate the optimal DTR, we need
j
i
 opt
 X
e
E Yj Hj , Aj = E Y
Hj , Aj −
µj (hj , aj ).

h

ℓ=1

The process of estimating this quantity relies on the tailoring variate, as well as the estimated parameter values.
The discussions regarding corrections in this chapter focus primarily on the application
of dWOLS. However, any of the regression-type estimation procedures for DTR estimation
will be subject to the same concerns when tailoring covariates are measured with error.
If instead DTR estimation proceeds through the use of value search or classification-type
techniques, the specific set of issues to overcome will differ.

6.2

Summary of the Proposed Methods

In this chapter we present methods for adjusting for the impacts of covariate measurement
error in the estimation of an optimal dynamic treatment regime. Our proposal amounts
bi , for each individual, based on replicates or
to using regression calibration to estimate X
1
a validation sample. Then, we advocate for conducting an analysis using dWOLS, where
bi is used in place of Xi within the blip, treatment-free, and treatment models directly.
X
Doing this will produce doubly robust estimators for the blip parameters anytime that a
valid pseudo outcome is constructed.
To construct a valid pseudo outcome, there are four points to consider. If you are simply wanting to estimate the effectiveness of a particular treatment, and are as such directly
bi within the construction will consisusing the blip formulation, then replacing Xi with X
tently estimate the correct outcomes. If, instead, you are concerned with optimal DTRs
and you have access to a validation sample, then the pseudo outcome can be constructed
by directly modelling, in the validation sample, E[I(Hj′ ψj > 0)Hj′ ψj |Hj∗ ] for each j, and
′
using this in place of Aopt
j Hj ψj in the pseudo outcome construction. If replicate data, or
other auxiliary information, is to be used in place of a validation sample, then distribu1

The techniques from Chapter 3 are also appropriate.
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tional assumptions may render consistent estimation of the necessary pseudo outcomes (for
instance, as discussed in Theorem 6.4.3).
bi in place of Xi and
One final option regarding pseudo outcomes is to simply use X
follow the standard construction. This will generally not produce consistent estimates
of valid pseudo outcomes, however, we demonstrate through simulation that this simple
procedure works quite well as an approximation, and is likely to be suitable for many
situations, particularly where the stronger assumptions are not defensible. In practice this
means that performing dWOLS with regression calibration imputed variates will produce
estimators which are approximately consistent, and are doubly robust in the same way
that the error-free dWOLS estimators are.

6.3

Corrections Under Classical Additive Error

For the purpose of introducing the proposed corrections, first suppose that we are considering a K stage dynamic treatment regime. We will assume that some segment of the
tailoring variables are measured with additive error, and are not subject to systematic bias.
That is, we observe
Xj∗ = Xj + Uj ,
(6.3.1)
for j = 1, . . . , K. As before, we take Aj to denote the stage j (binary) treatment, and
assume that all treatment indicators are observed without error. Moreover, we assume
∗
that Uj ⊥ Xj and that the outcome Y is such that E[Y |X K , AK , X K ] = E[Y |X K , AK ].2
For notation, we will take Hj to be the history vector (at stage j) with the true covariates
measured and Hj∗ to be the history vector (at stage j) with the surrogate measurements.
Note that, even if Hj∗ contains components which are measured without error,3 we can still
take Hj∗ = Hj + Uj . To do so, we simply set the relevant variance components of var (Uj )
to be zero.
b j and assume that this quantity is known.4 Note
Suppose that we denote E[Hj |Hj∗ ] as H
b j is a function of H ∗ . Suppose that the blip functions are all linear, so that we have
that H
j

′
E[Y |HK , AK ] = fK (HK ) + AK HK
ψK ,
2

This assumption is essentially non-differential error, as it is implied by Y ⊥ UK |XK , though any
situation where this independence does not hold but the simplification of the conditional expectation does
will suffice.
3
For instance, the previous treatments, or some additional tailoring covariates.
4
The ensuing argument will rely only it being consistently estimable, though it is simpler to consider
it a known quantity.
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for some function fK (HK ) which is functionally independent of AK . We have assumed,
without loss of generality, that the blip relies on the full history vector. Any terms which
need not appear in the blip function can have their corresponding coefficient set to 0.
As was argued in Section 5.5, this setting seems particularly amenable to regression
calibration. At stage K, if the treatment-free and blip components are correctly specified,
b K will result in consistent parameter estimates for all of the regression
replacing HK with H
parameters. However, an appealing strength of using dWOLS is that the treatment model
grants the estimator double robustness. As a result, it is important to simultaneously
∗
consider the role of HK
in the treatment model. Theorem 6.3.1 demonstrates how, for the
K-th stage of the DTR, double robustness can be restored through the use of regression
calibration.
Theorem 6.3.1 (Stage K Double Robustness). The dWOLS estimator for ψK , obtained
b K , AK H
b K } with
by performing a weighted ordinary least squares regression of Y on {H
b K ) that satisfy
weights, wK (AK , H
h
i
b K )wK (1, H
b K ) = 1 − πK (H
b K ) wK (0, H
b K ),
πK (H
will be a consistent estimator so long as the blip model is correctly specified and either:
′
βK ; or
(A1) fK (HK ) = HK
p
bK ; α
b K ), as n → ∞.
(A2) πK (H
bK ) −→ P (AK = 1|H

b K is doubly robust.
That is to say, the estimator obtained by replacing HK with H
There are two key points to note regarding this theorem. First, since we have supposed
b K is known, and since it is a function of H ∗ , the proof of this theorem can proceed
that H
K
b K rather than H ∗ . This explains the rationale of using P (AK = 1|H ∗ )
conditioning on H
K
K
∗
b
in the proof, which stems from conditioning on HK , in place of P (AK = 1|HK ) in the
b K will be estimated, as would πK (·). Past simulation
theorem statement. In practice, H
b K as the explanatory factor for πK is preferable. However,
results suggest that using H
the presented argument suggests that either fitted model should result in a consistent
estimator, at stage K. Second, the required condition for this argument to hold was that
∗
∗
′
bK
] + AK H
ψK .
E[Y |HK
, AK ] = E[fK (HK )|HK
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This point is important as, if we suppose that we have a pseudo outcome V , such that
b ′ ψj ,
E[V |Hj∗ , Aj ] = E[fj (Hj )|Hj∗ ] + Aj H
j
then this argument applies equally well on the weighted least squares regression of V on
b j , Aj H
b j }. We summarize this observation in Corollary 6.3.2.
{H
Corollary 6.3.2 (Stage j Double Robustness). Suppose that Vj is such that
b ′ ψj .
E[Vj |Hj∗ , Aj ] = E[fj (Hj )|Hj∗ ] + Aj H
j
Then, the dWOLS estimator for ψj , obtained by performing a weighted ordinary least
b j , Aj H
b j } with weights, wj (Aj , H
b j ) that satisfy
squares regression of Vj on {H
h
i
b j )wK (1, H
b j ) = 1 − πj ( H
b j ) wj (0, H
b j ),
πj (H
will be a consistent estimator so long as the blip model is correctly specified and either:
(A1’) fj (Hj ) = Hj′ βj ; or
p
b j ) −→
b j ), as n → ∞.
(A2’) πj (H
P (Aj = 1|H

b j is doubly robust.
That is to say, the estimator obtained by replacing Hj with H
Corollary 6.3.2 provides a theoretical justification for using regression calibration to
correct for the effects of measurement error in the estimation of the blip parameters.
b j is consistent
The result holds so long as the conditional mean structure is valid, and H
∗
for E[Hj |Hj ]. In the framing at the outset of this chapter, this result indicates how to
overcome issues with the first two uses of the tailoring variables. The statement of this
result indicates the necessity of deriving a process for estimating valid pseudo outcomes.
To apply Corollary 6.3.2, we need to be able to consistently estimate a valid Vj .

6.4

Pseudo Outcome Estimation

In the error-free setting, we compute our pseudo outcomes as
yej = yej+1 + µj+1 (hj+1 ),
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where µj (·) is the j-th regret function. To estimate this quantity, we must estimate aopt
j , as
well as the blip parameters, ψj+1 . To use a concrete example, consider a two-stage DTR,
with a linear specification for the stage two blip,
′
x2 ).
γ2 (x2 , a2 ) = a2 (ψ20 + ψ21
′
′
aopt
= I(ψb20 + ψb21
x2 > 0) rendering
Here aopt
2 = I(ψ20 + ψ21 x2 > 0). If we observe x2 then b
j

b
ye1 = Y opt − µ1 − µ2 + µ
b2 ,
b
b
b
b′
and
= aopt
aopt
where µ
b2 = (b
aopt
2
2
2 − a2 )(ψ20 + ψ21 x2 ). If ψ20 = ψ20 and ψ21 = ψ21 , then b
µ
b2 = µ2 . This simplifies the estimated pseudo outcome to b
ye1 = Y − µ1 , which is the same
as the theoretical quantity ye1 .
Even if ψb2 = ψ2 , this simplification will not generally occur if x2 is measured with
b2 in place of X2 will result in a residual term
error, for two reasons. First, the use of X
between the blip functions. Second, the estimated optimal treatment b
aopt
may differ from
2
the true optimal treatment. Despite this, there is a heuristic argument that suggests that
b may be
forming pseudo outcomes with the regression calibration corrected covariates, X,
b
a reasonable choice. Assuming that ψ = ψ, then we have




 ′ 
opt
opt
opt
b
b
b
µ
b2 − µ2 = A2 − A2
ψ20 + ψ21 X2 + A2 − A2 ψ21 X2 − X2 .
(6.4.1)
b2 . Among
The second term in Equation (6.4.1) has an impact dictated by X2 − X
b2 minimizes the MSE of this quantity, justifying the
unbiased linear estimators of X2 , X
use of regression calibration with respect to this term. The first term relies on a difference
of indicator functions. If γ2 is significantly larger than 0 in magnitude, such that there is
an unambiguous optimal treatment for the individual, then controlling |b
γ2 − γ2 | leads to
opt
opt
b
b
A2 = A2 . In this situation, γ
b2 near γ2 will be true if X2 is near X2 , and so we can once
b2 minimizes the MSE to motivate the selection of the
again rely on the justification that X
regression calibration correction.
If the optimal treatment is ambiguous (|γ2 | ≤ ϵ for a sufficiently small ϵ), then it no
longer suffices to have γ
b2 near γ2 (as even small perturbations between these quantities
opt
opt
b
may lead to A2 ̸= A2 ). However, if γ
b2 is near γ2 , then we can also make the claim that
|b
γ2 | is relatively small. The magnitude of the first term in Equation (6.4.1) is given by |b
γ2 |,
bopt
therefore, selecting an estimator to be near γ2 will ensure that either (1) A
is
likely
to
2
be optimal in the event that there is a large treatment effect, or (2) that the magnitude
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bopt
is not optimal. This provides a heuristic
of the error produced will be small when A
2
rationale to use the regression calibration correction to estimate the pseudo outcomes.
While this argument provides a reasonable intuition that this strategy may be effective, we can more specifically investigate the construction of pseudo outcomes through the
assumptions of Corollary 6.3.2. We want to be able to form a pseudo outcome, Vj , which
is valid in the sense that the conditional expectation takes the form of the conditional
expectation of a treatment-free model, plus a linear blip term. The key requirement with
this assumption is that, in taking on this form, the treatment-free component dictates the
interpretation of the corresponding models. There are two primary interpretations for this
treatment free component: either as the outcome that would be received if the individual
goes on to receive treatment zero in the future (which allows for an assessment of the effect
estimation), or as the outcome that would be received if the individual is treated optimally
in the future (which allows for an assessment of the optimal DTR).
We consider each of these possibilities in turn, starting with an interest in effect estimation. Theorem 6.4.1 demonstrates that, without any further assumptions, pseudo
outcomes can be constructed which allow for consistent estimation of the blip terms for
effect estimation.
Theorem 6.4.1 (Pseudo Outcomes for Effect Estimation). Suppose that Vj is a valid
pseudo outcome for effect estimation, as is described in Corollary 6.3.2. Then, if ψj and
b j are known, taking Vj−1 = Vj − Aj H
b ′ ψj produces a pseudo outcome which is also valid
H
j
for effect estimation.
This result (alongside Corollary 6.3.2) demonstrates that, in the presence of measurement error, the effect of a treatment regime can be estimated in the data through the use of
b j in place of Hj . In practice this means that replacing the true tailoring covariates with
H
their estimated, regression calibration imputed values, and then conducting the standard
analysis for effect estimation provides a doubly robust procedure to estimate the blip parameters. Constructing pseudo outcomes which are valid for the purpose of optimal DTR
estimation is more challenging. The issue is related to the previous discussion surrounding
the bias in standard pseudo outcome construction. If we consider Equation (6.4.1), then
b2 , by definition, and as a result the residual bias stems from
in expectation E[X2 |X2∗ ] = X
opt
b2 may not equal Aopt
the fact that A
2 .
′
The difficulty of estimating this quantity stems from the fact that Aopt
K = I(HK ψK > 0),
which is a non-differentiable function of two unobservable quantities. Establishing an
bopt which consistently estimates this is challenging since small perturbations
estimator, A
K
bopt − Aopt | = 1. However, if we instead focus on
of the estimated blip term lead to |A
K
K
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correct estimation in expectation, then under certain assumptions the problem becomes
tractable. First, we present Theorem 6.4.2, which provides a quantity that is theoretically
computable based on observed quantities in general, before exploring how this result can
be applied depending on specific assumptions.
Theorem 6.4.2 (Pseudo Outcomes for Optimal DTR Estimation). Suppose that Vj is a
valid pseudo outcome for DTR estimation,
as is described in Corollary

 6.3.2. Then, if
′
′
∗
′
b
ψj is known, taking Vj−1 = Vj − E[I(Hj ψj > 0)Hj ψj |Hj ] − Aj Hj ψj produces a pseudo
outcome which is also valid for optimal DTR estimation.
In order to apply this result in practice, we need to devise a method to estimate
′
′
∗
E[I(HK
ψK > 0)HK
ψK |HK
].

This is challenging to do in general, and will depend on the assumed error model and avail∗
are observable for
ability of auxiliary data. If a validation sample, where both HK and HK
some representative subset of the population, then this quantity can be directly modelled.
If no validation sample is present, then it is also possible to estimate the necessary quantity
through the imposition of distributional assumptions.
Theorem 6.4.3 (Estimation under Normality of Covariates). Suppose that Uj ∼ N (0, Σ),
independently of Hj . Consider a partition of Hj∗ into {Hj∗,EP , Hj∗,EF } for the error-prone
and error-free components, respectively. Further, suppose that we have HjEP ∼ N (µX , ΣX ),
and that E[HjEP |Hj∗ ] = E[HjEP |Hj∗,EP ]. Then,
′
∗
E[Aopt
j Hj ψj |Hj ]
′






µ̇j + Cj
Cj + µ̇j
+ µ̇j + σ̇j φ −
,
= Cj 1 − Φ −
σ̇j
σ̇j
′

′

where Cj = HjEF ψjEF , µ̇j = ψjEF µX + ψjEF Σ (Σ + ΣX )−1 (Hj∗,EP − µX ), and
′

′

σ̇j2 = ψjEF ΣψjEF − ψjEF Σ(Σ + ΣX )−1 ΣψjEF .
Here, φ(·) refers to the density function for a standard normal random variable, and Φ(·)
the corresponding CDF.
It is worth noting that the assumptions for this result can be relaxed slightly. Errorfree components which violate the assumed conditional expectation condition outlined,
but which are normally distributed, can be absorbed into the error-prone component and
treated as error-prone with zero error-variance. Expressing the conditions in this way was
117

simply more concise. The results of this theorem rely on strong assumptions regarding
the unobserved, underlying variates. However, when these assumptions are satisfied, all
of the necessary components can be estimated, consistently, via regression calibration.
In fact, the consistency of regression calibration for the components of the distribution
makes this same assumption. These results, taken in combination, provide a mechanism
for estimating optimal DTRs, in a doubly robust manner, when tailoring covariates are
subject to measurement error.
In light of the strength of the assumptions that are required in Theorem 6.4.3, it is
bopt = I(H
b ′ ψK > 0)H
b ′ ψK in
sensible to consider the bias which is introduced by using A
K
K
K
′
′
∗
place of E[I(HK ψK > 0)HK ψK |HK ]. Considering the quantity
′
bopt b ′
Aopt
K HK ψK − AK HK ψK ,

bopt = Aopt . If
it is clear that the residual bias in this term is driven by whether or not A
K
K
both equal 0, then the bias is trivially 0. If both equal 1, then we can consider the expected
∗
bias (conditional on {HK
, AK }), which works out as
′
b ′ )ψK |H ∗ , Aopt = 1, AK ] = 0,
E[(HK
−H
K
K
K

b K = E[HK |H ∗ ]. If Aopt ̸= A
bopt we are left with residual bias (in expectation)
since H
K
K
K
′
∗
of the form ±E[HK
ψK |HK
, AK , Aopt
].
This parallels exactly the discussion surrounding
K
opt
opt
∗
b
Equation (6.4.1). If P (AK ̸= AK |HK ) is sufficiently small then it may be the case that
the bias introduced through this process results in an outcome which differs negligibly from
the true, optimal outcome. In order to assess the impact of this strategy, we consider the
use of this approximate technique during the simulation studies.

6.5

Confidence Intervals

Regression calibration does not, in general, lend itself to the computation of closed-form
variance estimators for the parameters of interest. Bootstrapped confidence intervals tend
to be the preferred solution [7]. In the case of dWOLS, there has been little theoretical development on closed-form variance estimators. They have been derived for the single-stage
setting, where the authors caution that “such variance estimates require careful calculation
and coding, and so will likely not be practical for the typical analyst.” and indicating that
bootstrap procedures seem to perform satisfactorily in their exploratory analyses [95]. A
modified bootstrap procedure, the m-out-of-n bootstrap, was proposed for use in Q-learning
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to handle non-regularity concerns in the estimation of DTRs [12]. The proposed adaptive
procedure for selecting m in Q-learning has been applied, with some success, to dWOLS
[82]. It seems that, where measurement error is a concern, a bootstrap procedure would
presently be most suited for estimating confidence intervals for DTR parameters.
We consider the m-out-of-n procedure, with an adaptive choice of m to construct our intervals. We outline the fundamentals of the algorithm here, though these are explored in detail by Chakraborty, Laber, and Zhao [12] and Simoneau, Moodie, Platt, and Chakraborty
[82]. The method performs a standard non-parametric bootstrap, where samples of size
m < n are drawn (with replacement), in place of the more conventional n. We take
m=n

1+ζ(1−p)
1+ζ

,

where both p and ζ are hyperparameters, selected from the data. The parameter p is a
measure of the non-regularity for the model in question, taking values in [0, 1]. When
p = 0, (where we have no regularity concerns), m = n and this method is equivalent to the
standard bootstrap. For a fixed value of n, m ∈ [n1/(1+ζ) , n], and so ζ can be viewed as a
parameter which controls the smallest acceptable re-sample size.
We use an adaptive approach which estimates both p and ζ from our data. Consider a two-stage setting. Non-regularity concerns stem from patients for whom small
perturbations in covariates lead to different optimal treatment decisions. As such, we take
pb = Pb(b
γ2 = 0), which we estimate as the proportion of individuals who do not admit a
unique optimal treatment decision at the second stage. That is, we construct confidence
sets for the second stage blip, and count the proportion of individuals for whom the range of
b we use a double-bootstrap procedure.
blips computed over this set contains 0. To select ζ,
We start by setting ζ to be a small value, and then draw B1 samples of size n from
the initial data. Within each of these samples, we estimate pb(b1 ) and the parameters of
interest, ψb(b1 ) . We then conduct an m-out-of-n bootstrap procedure with B2 iterations,
using the current value of ζ and pb(b1 ) to compute m
b (b1 ) . We use these B2 resamples to form
a confidence interval around the parameters of interest. This is repeated for each of the B1
samples. We then check the nominal coverage probability, counting the proportion of the
B1 intervals which contain the initial estimate, and if this is at the desired level, we select
b Otherwise, we increment ζ and run the procedure again. The
the present value of ζ for ζ.
search space for ζ can be selected as necessary for the application, for instance, restricting
the maximum considered value based on the smallest allowable re-sample size. Once ζb and
pb are selected the bootstrap is performed with the estimated m.
b
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6.6

Alternative Measurement Error Models

The previous discussion was based on the classical, additive, error model, with normally
distributed error, as defined by Equation (6.3.1). However, this model was selected only
for the sake of clear exposition. In Theorem 6.3.1 and Corollary 6.3.2, the proof relies
solely upon the (approximately) non-differential nature of the error, and the ability to
b j . Theorem 6.4.1 similarly relies upon an estimate of the conditional mean, and
estimate H
consistent estimation of the previous parameters, as does Theorem 6.4.2. The distributional
assumptions made for the specifics of Theorem 6.4.3 are required for this result, specifically,
however, similar results can be derived under any assumed error distribution.
As a result, most of this discussion could have relied on the generalized error model
b j as a procedure
presented in Chapter 3. We have intentionally left the estimation of H
which is independent of the DTR-specific corrections. This is generally the strategy taken
with regression calibration, where the error correction takes part independently of the
underlying modelling, and doing so means that these results all hold in any setting where
we are able to adequately estimate the conditional mean.
The presented correction techniques lend themselves particularly well to settings where
a validation sample is present. With validation data, models can be fit directly to the
E[Hj |Hj∗ ] and, once ψj are estimated, to E[I(Hj′ ψj > 0)Hj′ ψj |Hj∗ ], using standard regression techniques. While validation data may be rare in practice, the proposed corrections
allow for consistent estimation of the true blip parameter values using entirely standard
software. In the event that other auxiliary data are relied upon to facilitate these corrections, particular attention will need to be paid to estimating valid pseudo outcomes.

6.7

Simulation Studies

We now demonstrate, via simulation, the potential impact of measurement error in the
context of DTRs. We emphasize the issues that are present when conducting a naive
analysis, and show the feasibility of regression calibration to largely correct for the errors.

6.7.1

Parameter Estimation

We begin by demonstrating the bias present in blip parameter estimates resulting from a
naive analysis, and the robustness of our proposed estimation procedures. We consider a
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simple one-stage setup, with X ∼ N (0, 1), and assume that we observe two proxy measurements, given by X1∗ ∼ X + U1 with U1 ∼ N (0, 0.25), and X2∗ ∼ X + U2 with U2 ∼ t8 .
The treatment model is taken to be P (A = 1|X1∗ = x) = expit(1 − 0.5x + 1.5 exp(x − 1)),
and the outcome model is Y = X + exp(X) + A(1 + X) + ϵ where ϵ ∼ N (0, 1), independent
of all other variables. We are interested in estimating ψ0 = 1 and ψ1 = 1.
We consider four analyses, repeated with and without regression calibration. We fit
models with (1) neither the treatment nor treatment-free models correctly specified, (2)
only the treatment model correctly specified (where the treatment-free is taken to be
linear), (3) only the treatment-free model correctly specified (where the treatment model
is taken to be linear on the logistic scale), and (4) where both are correctly specified. We
simulate 10000 data sets of size n = 1000. The results are summarized in Figure 6.1.
When at least one model is correctly specified (analyses (2)-(4)), the naive estimators
of ψ0 perform well. In all four scenarios the naive results are biased for ψ1 . Regression
calibration results in a clear improvement over the naive estimators across analyses (2)-(4),
where the bias is largely removed. There is a clear, though reduced, bias in analysis (2),
where the estimates rely on the correct specification of the treatment model alone.
We extend these analyses to a variety of two-stage DTR settings, with results summarized in Appendix D, in Tables D.1-D.5. We see that whether actual treatment decisions
are based on a single error-prone covariate, or on the mean of multiple proxies, the correction methods are generally applicable. The proposed corrections tend to improve estimates
compared to the naive analysis, and yield results which appear broadly consistent. The
corrections work well across a variety of error mechanisms. When the treatment model is
badly misspecified, we see degradation in the quality of the correction.

6.7.2

Coverage Probabilities

Next, we consider three scenarios to test the applicability of the proposed bootstrap procedure. We perform the double-bootstrap procedure once under each of the scenarios, and
then consider the m-out-of-n bootstrap for values of ζ surrounding the selected one. In all
three scenarios we take X1 , X2 ∼ N (0, 1), and observe two error-prone proxies of each measurement. A summary of the distributions of the error terms are contained in Table 6.1.
∗
For all three scenarios, we take P (Aj = 1|Xj1
= x) = expit(x). The outcomes for scenarios
1 and 2 are given by Y = X1 + X2 + A1 (1 + X1 ) + A2 (1 + X2 ) + ϵ where ϵ ∼ N (0, 1) independent of everything else. For scenario 3, we introduce an additional binary covariate, Z2 ,
with P (Z2 = 1) = 0.5. We then take Y = X1 +X2 +A1 (1+X1 )+A2 (1+X2 −Z2 −Z2 X2 )+ϵ
where, again, ϵ ∼ N (0, 1). Note that, if Z2 = 1 then γ2 = 0.
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Figure 6.1: Blip parameter estimates (true values ψ0 = ψ1 = 1 indicated by dashed lines)
for 10000 simulated data sets (with n = 1000), comparing a regression calibration corrected
analysis to a naive analysis, when neither (Analysis 1), one of (Analyses 2 and 3), or both
(Analysis 4) of the treatment and treatment-free models are correctly specified.
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Table 6.1: Simulation study setup for the error distributions of covariates, corresponding to
the first and second replicate at stages one and two. The table summarizes the distribution
of the respective error terms and the type, whether additive (+) or multiplicative (×).
Distribution

Type

Scenario
U11
U12
U21
U22
U11
1
N (0, 1)
N (0, 1)
N (0, 1)
N (0, 1)
+
2
N (0, 1) Unif(−1, 1)
N (0, 1)
Gamma(1, 1) +
3
N (0, 1) Gamma(1, 1) N (0, 0.25) Unif(−1, 1)
+

U12
+
+
×

U21
+
+
+

U22
+
×
+

In the first two scenarios we estimate ζb = 0.05, while in the third scenario ζb = 0.075.
For all scenarios we form confidence intervals using (1) a traditional n-out-of-n bootstrap,
(2) an m-out-of-n bootstrap where ζ = 0.05 is used in the adaptive procedure, and (3)
an m-out-of-n bootstrap where ζ = 0.10 is used in the adaptive procedure. For the third
scenario, we also include an m-out-of-n bootstrap where ζ = 0.075 is used. The coverage
probabilities are contained in Table 6.2. We see that the standard bootstrap procedure
attained the nominal coverage in all settings. Taking the selected ζb met the nominal
coverage levels in the second scenario, and was slightly conservative for the first and third
scenarios, where taking ζ = 0.10, we obtained mostly conservative intervals. In the third
scenario, all procedures tended to produce conservative results.
Table 6.2: Coverage proportion for 500 repeated simulations for bootstrap coverage (2000
replicates) comparing an n-out-of-n (nn) or an m-out-of-n bootstrap based on the adaptive
procedure with ζ (mnζ ). Bold values indicate those which deviate significantly from the
nominal coverage of 0.95.
Scenario One
A1
A1 X1
A2
A2 X2
A2 Z2
A2 X2 Z2

Scenario Two

Scenario 3

nn

mn.05

mn.10

nn

mn.05

mn.10

nn

mn.075

mn.05

mn.10

0.94
0.96
0.96
0.94
–
–

0.96
0.97
0.97
0.96
–
–

0.97
0.98
0.98
0.97
–
–

0.95
0.95
0.95
0.95
–
–

0.96
0.96
0.96
0.96
–
–

0.97
0.96
0.98
0.96
–
–

0.97
0.98
0.97
0.96
0.97
0.97

0.98
0.99
0.99
0.99
0.98
0.99

0.98
0.99
0.99
0.98
0.98
0.98

0.98
0.99
1.00
0.99
0.98
0.99
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6.8

Data Analysis

We now illustrate the proposed correction methods through application to STAR*D. Following Chakraborty, Laber, and Zhao [13], we model QIDS-C as a continuous covariate
and consider three tailoring variables: QIDS-C measured at the start of each level (given
by Qj for stage j), the change in QIDS-C divided by the elapsed time over the previous level (referred to as QIDS slope, denoted Sj for stage j), and patient preference
(denoted Pj for stage j), a binary indicator specifying whether the patient desired to
switch treatment regimes (Pj = 1) or augment (Pj = 0). The outcome was taken to be
Y = − 12 (QIDS-C1 + QIDS-C2 ), where QIDS-Cj is the clinician rated QIDS score at the
end of stage j.
Existing analyses of these data make the implicit assumption that clinician scores are
error-free measurements. Instead, we assume that there exists a true underlying symptom
score for every patient. Then both the self-assessed and the clinician scores are surrogate
measures for this truth, permitting the use of generalized regression calibration. Our
analysis continues to use QIDS-C as the outcome variable.
We fit the model using only the clinician ratings, only the self-reports, or using the
correction where they are considered to be error-prone proxies. Following previous analyses
of the data, we pose a first stage treatment model using only first stage preference (P1 )
and a second stage treatment model using only second stage preference (P2 ). For the
first stage, the treatment-free and blip models are linear in preference (P1 ), slope (S1 ),
and initial QIDS score (Q1 ). At the second stage, the treatment-free model is linear in
preference (P2 ), slope (S2 ), starting value (Q2 ), as well as stage one treatment (A1 ). The
blip model used only slope (S2 ) and starting value (Q2 ). For each of the settings we
conducted an m-out-of-n bootstrap, choosing m using the outlined adaptive procedure.
Table 6.3 contains the results for parameters estimates and 95% confidence intervals.
Previous analyses have found that the only significant treatment effect was the interaction between stage one treatment and preference (A1 P1 ) [12], a result that is replicated
on our subset of the data when using only clinician scores. If instead we assume that the
self-reported scores represent the true values, we find a significant treatment effect at stage
two, with the interaction between treatment and slope (A2 S2 ). However, if we perform
our correction, neither of these effects remains significant, and we lack evidence for any
significant treatment effects. This may be due to increased uncertainty from the error, but
it nevertheless suggests further consideration is required.
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Table 6.3: Results for two-stage blip coefficient estimates comparing an analysis with
the regression calibration correction to naive analyses, with confidence intervals computed
based on 2000 m-out-of-n adaptive bootstrap replicates. Bold values indicate treatment
effects which are significant at a 95% level.
Error Corrected

Clinician Score

Self-Reported

Estimate (95% CI)

Estimate (95% CI)

Estimate (95% CI)

Stage One
A1
-0.75 (-10.04, 7.93)
A1 P1
2.72 (-0.19, 5.82)
A1 Q1 0.06 (-0.57, 0.70)
A1 S1 -1.54 (-6.90, 2.26)

-0.48 (-6.28, 5.45)
2.99 (0.90, 5.43)
0.07 (-0.35, 0.46)
-1.04 (-3.77, 1.08)

1.35 (-3.78, 6.05)
2.76 (-0.20, 5.83)
-0.09 (-0.41, 0.25)
-0.55 (-2.31, 0.89)

Stage Two
A2
-0.31 (-7.05, 6.95)
A2 Q2 0.09 (-0.48, 0.63)
A2 S2
1.82 (-2.79, 4.83)

1.19 (-2.88, 5.52)
-0.02 (-0.37, 0.30)
0.94 (-0.82, 2.70)

-0.04 (-4.26, 4.08)
0.08 (-0.22, 0.38)
2.74 (0.30, 5.14)
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Chapter 7
DTRs with Nonadherence
7.1

Motivation for Nonadherence Correction

Chapter 5 introduced the estimation of optimal DTRs in the error-free setting. In Chapter
6 we discussed measurement error in tailoring covariates. Until now, we have assumed that
all treatment exposures are correctly measured and recorded. If this is not the case, the data
are subject to nonadherence. Just as an analysis which ignored errors in tailoring covariates
predictably leads to biased estimates, it is similarly intuitive that misclassified treatment
indicators will result in biased estimates. However, this once again is not sufficient to
conclude that error corrections are necessary. As introduced in Section 5.6, it is generally
the case that an analysis which ignores the impacts of nonadherence is called an intention
to treat analysis. Standard guidance advocates for the use of an ITT anytime there is
nonadherence, particularly in contrast to a per-protocol (or as-treated) analysis.
There is also the consideration that the primary intention of estimating an optimal
DTR may be for the assignment of future treatments. If it is likely to be the case that
future individuals being prescribed treatment will have similar adherence concerns, then it
may be argued that the causal effect of interest is prescription itself, rather than treatment.
The intersection of these two ideas has received attention in the standard causal inference
literature, though with dynamic treatment regimes, no such literature exists. The added
complexity of DTRs warrants further discussion of these ideas. In brief, a naive analysis
may be a sensible approach in certain scenarios where fairly restrictive assumptions are
met, discussed in more detail in Section 7.3. However, we argue that generally this will not
be the case. Moreover, there are settings where a naive analysis of a DTR will not produce a
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causal estimate at all, owing to violations to the causal identifiability assumptions. Because
of this, alternatives to intention to treat analyses are necessary.
Just as tailoring variates impacted DTRs through a variety of pathways, so too will
treatment indicators. The treatment indicators serve as interaction factors in the outcome
model, defining the contribution of the blip. For methods like dWOLS and G-estimation,
these treatment indicators further serve as outcomes in the treatment models. We have not
previously discussed errors in outcomes in this thesis. Further, past treatment indicators
may serve as tailoring factors in future stages. As a result, all of the impacts discussed in
Chapter 6 potentially need to be overcome. This includes requiring further considerations
on the construction of pseudo outcomes. In this sense, the setting of nonadherence is
more complex than the setting of errors in variables. Despite this we find that, when we
can correct for the impacts of misclassification, the discrete nature of the problem renders
stronger theoretical guarantees without imposing strong assumptions as compared to the
errors in variables case.
We first approach nonadherence modelling based on a discussion of the likelihood,
before turning towards semiparametric procedures that are more naturally motivated by
the DTR setting. These corrections are presented after fully exploring the drawbacks,
causally and otherwise, of a naive analysis in this setting.

7.2

Summary of the Proposed Methods

In this chapter we present methods for adjusting for the impacts of treatment misclassification in the estimation of an optimal dynamic treatment regime. The proposed method
is an estimating equation approach which modifies the standard G-estimation procedure.
We specify the same three models required for conducting G-estimation (the blip model,
the treatment-free model, and the treatment model), where the treatment model is specified explicitly based on treatment assignment, rather than on the treatment received. In
addition, we specify a model (which can be fit using validation data) which estimates the
probability of the true treatment being received, given the observed factors. A similar
set of estimating equations are solved as with standard G-estimation, where treatment
indicators are replaced by the estimated adherence models.
The resulting estimators will be doubly robust (in the same sense that the G-estimation
estimators are, with full adherence), and will be asymptotically normal under non-exceptional
laws, supposing that the pseudo outcomes can be consistently estimated. The only issue
with estimating pseudo outcomes stems from the situation where a previous stage’s treatment is used as a tailoring variable within the blip. When this happens, adjustments (as in
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Section 7.9) can be made without the need for strong assumptions to consistently estimate
valid pseudo outcomes. However, just as with errors in variables, we demonstrate that
these additional corrections are not completely necessary. Instead, we can follow the same
process of replacing treatment indicators with their expectations, and this construction
will typically suffice for valid estimation.
These proposed techniques, supposing that the models are correctly specified, can be applied whether the error-prone treatment indicator is a prescribed treatment (and therefore
causes the truth) or if it is a reported treatment (and is therefore caused by the truth).
This consideration is important as there is no causal interpretation for a naive analysis
which is conducted when using a reported treatment, in place of the truth, supposing that
the true treatment is unmeasured.

7.3

Concerns with Nonadherence

When tailoring covariates are mismeasured, a naive analysis can be justified under the idea
that the mismeasured covariate can itself be a tailoring variable. If we have nonadherence,
the causal effect we are estimating changes. As discussed in Sections 5.6 and 7.1, ignoring
nonadherence in an analysis estimates the intention-to-treat effect, which is the causal
effect of assigning someone treatment, rather than the effect of that treatment directly. In
Figure 7.1 we show this graphically. We take A∗ to represent the observable treatment,
with A representing the treatment that the patient actually took. The causal effect we
are interested in is the one connecting A to Y . We can see that when A∗ = A, there is
only one causal effect. When A∗ ̸= A, there is both a direct effect of A∗ on Y and an
indirect effect, through its impact on A. The combination of these effects constitutes the
intention-to-treat effect.
The direct effect of A∗ on Y may, for instance, be the result of behavioural change in
patients knowing the treatment that they have been assigned to. If there is no such direct
relationship we say that the exclusion restriction holds. Even if the exclusion restriction
holds, it may not be the case that the intention-to-treat effect equals the causal treatment
effect, if nonadherence is present.
In this discussion we have framed A∗ as a treatment indicator which is measured prior
to the true treatment. In the medical setting this may be a reasonable assumption if, for
instance, A∗ represents a prescribed treatment while A represents the true treatment that
the individual ends up taking. However, there is a third possible treatment indicator that is
worth considering: the reported treatment. If, instead of recording an individual’s assigned
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A∗

A

Y

H
Figure 7.1: A DAG illustrating the possible change in causal interpretation when conducting an intention to treat analysis. Here, A∗ is the assigned observable treatment, A is the
actual treatment, Y is the outcome of interest, and H contains all possible confounders.
treatment at the time of prescription, it is reported by the individual after the fact, then
the causal structure of the problem changes slightly. Suppose we label a reported treatment
A† , then we have that A∗ is an antecedent of both A and A† , and A is an antecedent of
A† . This slightly more complex structure is shown in Figure 7.2.
We will refer to any (possibly misclassified) version of treatment that is recorded after
actual treatment as a reported treatment, and any (possibly misclassified) version of treatment which precedes actual treatment as a prescribed treatment. In certain scenarios we
may have both {A∗j , A†j } recorded for all individuals. Alternatively, and more likely, only
one or the other is recorded. While the scenarios are evidently related, the impact of each
misclassification mechanism on the causal validity of a naive analysis differ.
If only the reported treatment is observed, then an ITT analysis cannot be conducted
with a valid causal interpretation. The concern is that, as is shown in Figure 7.2, A will
generally be a cause of both A† and Y . If we observe A† as the treatment (so that we
are looking at the “causal effect of reported treatment”), and Y as the outcome, then this
renders A as an unmeasured confounder, violating the causal identifiability assumptions.
As a result, an ITT analysis cannot generally proceed on the basis of a reported treatment,
supposing that the underlying treatment has any direct causal effect on the outcome.
A similar concern may happen in trying to conduct a standard analysis where A is
observed directly, having the prescribed treatment A∗ act as an unmeasured confounder. In
order for this to be a concern, the prescribed treatment would need to have a direct effect on
Y , not mediated through A or H. Such scenarios could plausibly exist, where, for instance,
a prescribed treatment induces lifestyle changes in an individual. Even when complete
adherence information is available and randomization is used, nonadherence may represent
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A∗

A†

A

Y

H
Figure 7.2: A DAG illustrating the possible change in causal interpretation when conducting an intention to treat analysis, where both treatment prescription and reported
treatment are included. Here, A∗ is the assigned observable treatment, A is the actual
treatment, Y is the outcome of interest, and H contains all possible confounders.
a violation of the SRA [36]. Suppose that an unobserved behavioural characteristic, Wi , is
such that when present (Wi = 1) an individual likely has a worse outcome, Yi , regardless
of treatment. If Wi = 1 also increases the likelihood of nonadherence, then even if Yid ⊥
∗
A∗i,k |Hi,k
for all k = 1, . . . , K, we will generally not have Yid ⊥ Ai,k |Hi,k , because of Wi .
Even when adherence information is recorded, an as-treated analysis may not be valid.
The same concerns are not present with an ITT conducted on the basis of the effect
of A∗ . In this case it is possible to estimate the causal effect of treatment assignment,
though as the discussion in Chapter 5 alludes to, there are other possible drawbacks to
estimating the ITT effect in place of directly considering intervention effectiveness. The
general argument which renders an ITT useful is that, as a clinician, you do not have the
ability to intervene directly on the treatment that the individual takes, you only have the
ability to prescribe the treatment. As a result, the causal effect of interest is at the level of
prescription. Moreover, we know that in practice, some people are going to be nonadherent
outside of the confines of the study as well. By not adjusting for the adherence status we are
thus estimating a more correct effect of the influence of treatment prescription on patient
outcomes. While these considerations are not unreasonable, to be practically applicable
they make several strong assumptions.
First, they suppose that the rates of nonadherence within the study are likely to be
representative of rates of nonadherence outside of the study. While this may be the case
in some designs, it is likely that the factors that influence adherence during a study and
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outside of one may be different. Similarly, this line of argumentation supposes that the
adherence rates are fixed and cannot themselves be influenced. If it is found that prescribing
a particular treatment has a beneficial effect for patients, and it is found that there are
policies which would increase adherence to this particular treatment, we cannot know from
the ITT whether these policies should be pursued. This may be relevant if, for instance, a
treatment that is found to be effective through an ITT is to be administered in a monitored
clinical setting. The reverse is also true. It may be the case that an effective treatment
had particularly bad adherence,1 but that it is an effective treatment itself. Even from a
policy perspective, there is value is disentangling the effect of prescription, and the effect
of the intervention itself.
Suppose then, by way of example, we consider a single stage DTR, with a linear blip
function. Further, suppose that the probability of misclassification depends only on the
prescribed treatment, and no other tailoring factors. That is, assume that A ⊥ X|A∗ .
Assume that there is no direct effect of A∗ on Y , such that Y ⊥ A∗ |{X, A} (called the
exclusion restriction). Suppose that the outcome is truly given by
E[Y |X, A] = X ′ β + AX ′ ψ,
for some parameter vectors {β, ψ}. Straightforward calculations demonstrate that, if the
regression model is fit using {X, A∗ X} in place of {X, AX}, then we will have
p
ψb −→ ψ [P (A = 1|A∗ = 1) − P (A = 1|A∗ = 0)] .

As a result, in this setting the ITT estimate of ψ will be attenuated (and as such biased)
by a factor of P (A = 1|A∗ = 1) − P (A = 1|A∗ = 0).2 Because of this bias, it will not
generally be the case that the ITT, even under the exclusion restriction, can be interpreted
as the causal effect of treatment.
However, if we view the primary purpose of optimal DTR estimation as determining
the optimal regime, then so long as P (A = 1|A∗ = 1) > P (A = 1|A∗ = 0),3 then in this
setting the optimal treatment estimated by an ITT will exactly coincide with the optimal
treatment. That is because, if P (A = 1|A∗ = 1) > P (A = 1|A∗ = 0) then
X ′ ψ ≥ 0 ⇐⇒ X ′ ψ [P (A = 1|A∗ = 1) − P (A = 1|A∗ = 0)] ≥ 0,
1

Perhaps owing to something which could be changed.
Note that |P (A = 1|A∗ = 1) − P (A = 1|A∗ = 0)| ≤ 1. In the event that there is no misclassification
this equals 1 and in the event that there is complete misclassification this equals −1.
3
Which should be the case in most settings.
2
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and so both parameters result in the same treatment assignment.4 This result relies on the
fact that, when the nonadherence is independent of all tailoring variables, the attenuation
factor for every coefficient is exactly equal. Under these assumptions the ITT can be
viewed as a valid method for estimating the optimal DTR.
The assumption that nonadherence is not related to any tailoring covariates presents a
best-case scenario for the applicability of an ITT analysis. It is also an assumption that
will often be violated in practice. Under even straightforward violations of this assumption
it is no longer the case that an ITT will lead to the same optimal treatment rules for all
individuals. It will not generally be possible to know in advance whether the estimated
parameters will be attenuated or not.
There are also concerns relating to SUTVA and positivity. SUTVA requires that receiving a particular treatment results in the same potential outcome, regardless of how that
treatment is administered. In a placebo-controlled drug trial, for instance, where Aj = 0
represents a placebo and Aj = 1 represents the experimental treatment, a patient who is
nonadherent to Aj = 1 is not likely taking the placebo. Instead, a third treatment option,
say Aj = −1 is likely required to capture the effects of nonadherence to the regime. Even
when the control group is receives no treatment at all, it still may be the case that an
individual who stopped taking Aj = 1 will have different potential outcomes as compared
to the situation where they were assigned to the control group from the start.
Positivity may be unknowingly violated if, despite an acceptable treatment assignment, all individuals with a particular history are nonadherent to their assigned treatment. Suppose that, for a particular history hi,j , P (Ai,j = 1|A∗i,j = 1, Hi,j = hi,j ) = 0 and
P (Ai,j = 0|A∗i,j = 0, Hi,j = hi,j ) = 1, then it follows that P (Ai,j = 1|Hi,j = hi,j ) = 0 which
is a positivity violation. In this setting, we would be unable to assess the efficacy of a
treatment regime assigning Ai,j = 1 to an individual with history Hi,j = hi,j , as it would
require extrapolation beyond the available data.
One final consideration for attempting to conduct an ITT relates to the ability to correctly model the blip function. Suppose that a clinician, or other subject-matter expert,
has a sense of what is important for the “true blip”, perhaps through a scientific understanding of the biochemistry. There is nothing constraining the blip from an ITT to have
the same form as the blip based on the recorded truth. To make matters concrete, suppose
that
Y = f (X1 , X2 ) + A1 (1 + X1 ) + A2 (1 + X2 ) + ϵ,
4
Note that we are not saying that the estimated optimal treatments will be equivalent for any given
sample.
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such that the blips are given by A1 (1 + X1 ) and A2 (1 + X2 ). If we try to determine what
the blip would be based on A∗2 instead, this becomes complicated to do. We know that,
because of the binary status of A∗1 and A∗2 , we can decompose this into some
Y = f ∗ (X1 , X2 ) + A∗1 C1 (X1 ) + A∗2 C2 (X1 , X2 ) + ϵ,
but it is not necessarily clear what these functions will be. We know that C2 (X1 , X2 ) is
defined as E[Y |H2∗ , A∗2 = 1] − E[Y |H2∗ , A∗2 = 0]. Taking the form of Y based on the actual
treatments, we can compute this as:
E[A1 (1 + X1 ) + A2 (1 + X2 )|H2∗ , A∗2 = 1] − E[A1 (1 + X1 ) + A2 (1 + X2 )|H2∗ , A∗2 = 0]
= {P (A1 = 1|A∗2 = 1, H2∗ ) − P (A1 = 0|A∗2 = 1, H2∗ )} (1 + X1 )
+ {P (A2 = 1|A∗2 = 1, H2∗ ) − P (A2 = 0|A∗2 = 1, H2∗ )} (1 + X2 ).
As a result, the blip function becomes a function of the reclassification probabilities. This
is potentially non-linear in Xj , which correspondingly requires different blip specifications
to capture these effects. In this setting, in order to effectively fit the ITT, one must also
implicitly model the misclassification process. Because of this, to do an ITT, you cannot
take the same model you would have fit had you observed the truth and fit it naively. This
will not produce estimates for the correct estimands.

7.4

Likelihood Based Corrections

When correcting for the effects of misclassification likelihood techniques can often be used
[7]. While it is possible to estimate an optimal DTR using likelihood methods [90, 14], it
is not typically done owing to the complexity of specifying the complete data generating
model. Despite this, we begin by demonstrating how likelihood techniques can be used to
correct for the impacts of nonadherence in DTRs. Doing this will also help to illuminate
the myriad ways which nonadherence impacts the estimation of an optimal DTR.
To begin discussing nonadherence correction techniques, we will assume that we have
a validation sample. We assume that either this sample is internal or that transportability
assumptions hold. Define M and V to be the index sets for the main-study (ignoring all
members of the validation sample), and the validation sample, respectively. We enumerate
these as 1, . . . , NM and 1, . . . , NV . Denote the stage j propensity score of interest to be
P (Aj = 1|Hj = hj ; αj ) = π(hj ; αj ), where ultimately our interest is in αj . We model the
misclassification probabilities by P (A∗j = a∗j |Aj = aj , Hj = hj ; ηj ) = γaj ,a∗j (hj ; ηj ).
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The setting of DTRs differs from the standard causal setting, which has been previously
studied [5], since the patient history contains treatment indicators. As a result, we cannot
condition on Hj = (X1 , A1 , . . . , Xj ), as, in the main sample, we only have access to Hj∗ =
(X1 , A∗1 , . . . , Xj ). This problem is circumvented entirely if we are in a setting where previous
treatment does not influence future treatment, except through other covariates. If we are
able to assume that Aj ⊥ Ak | X j , for all k < j, then it is the case that
∗

P (Aj = 1|Hj = (X j , Aj−1 )) = P (Aj = 1|X j ) = P (Aj = 1|Hj∗ = (X j , Aj−1 )).
This longitudinal treatment independence assumption (LTIA) is theoretically verifiable,
given a validation sample, since it equates to a hypothesis that some subset of the αj
parameters are simultaneously 0. If this assumption does not hold then we need to take
into account the covariate error during correction.
Similar considerations need to be given to the misclassification models. In order to
model γaj ,a∗j (hj ; ηj ) we have assumed that the relevant functional form depends on Hj . To
overcome this, we could make an assumption, either through independence or functional
form, that γaj ,a∗j (hj ; ηj ) does not depend on Aj−1 . We could, for instance, take misclassification probabilities to depend only on the assigned treatment at that time. That is,
misclassification probabilities at each stage are constant. This assumption could be relaxed,
allowing the misclassification probabilities to vary based on X j . Alternatively, noting that
ηj (and γ(·) more generally) represent nuisance parameters in the model, we can introduce
additional nuisance parameters and model P (A∗j = a∗j |Aj = aj , Hj∗ ; ηj∗ ) = γa∗j ,a∗j (h∗j ; ηj∗ ).
We will assume that we specify this model as well. If conditioning on Hj is equivalent to
conditioning on Hj∗ then ηj = ηj∗ .
We now derive the full likelihood of the treatment parameters, with and without the
LTIA. After introducing an approach based on the complete likelihood, we discuss ways
that this may be pursued in a computationally feasible manner, before turning to corrections applied to more common DTR estimation techniques.
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7.4.1

Full Likelihood Corrections

If we make the LTIA, then we can write the joint likelihood of (αj , ηj , ηj∗ ), as
(N
M 
Y

L(αj , ηj , ηj∗ ) =


∗
∗
∗
∗
∗
∗
∗
π(h∗ij ; αj )γ1,a
∗ (hij ; ηj ) + (1 − π(hij ; αj ))γ0,a∗ (hij ; ηj )
ij
ij

)

i=1
N
V
Y

π(hij ; αj )aij (1 − π(hij ; αj ))1−aij γaij ,a∗ij (hj ; ηj ).

×

i=1

The likelihood expresses the joint conditional density of (Aj , A∗j ) given Hj over the validation sample. Braun et al. [5] model only the conditional density of Aj given Hj , making
the second term in this expression the product over π(hij ; αj ). Doing this would mean that
we do not require estimation of ηj , though it ignores some of the recorded data. To get an
estimate for αj we can directly optimize this joint likelihood, or we could estimate ηj∗ in
the validation sample and then use ηbj∗ in the likelihood estimation.
In order to relax the LTIA, we will quickly find that using the main sample with a
likelihood approach is difficult. The reason is that we need to sum over the 2j possible Aj
vectors, and attempting to further break down this expression will require us to condition
on future information. This is not a modelling setup which will be advantageous to pursue.
∗
If we make the assumption that P (Aj = 1|Hj , Aj−1 ) = P (Aj = 1|Hj ; αj ), that is that past
treatment assignment is conditionally independent of future actual treatments, given the
observed covariates, and we are willing to pose a direct model, specifying misclassification
∗
probabilities, as P (Aj−1 |X j , Aj−1 ), then we can write the full likelihood as
 

NM
Y

X
∗


L(αj , ηj , ·) =
P (Aj = aj |X ij , Aj−1 = aj−1 ; αj )P (Aj−1 |X ij , Ai,j−1 )


i=1

×

NV
Y

aj

P (Aij |Hij ; αj )P (A∗ij |Aij , Hij ; ηj ).

i=1

There are plausible scenarios where this model could be used. For instance, when misclassification depends only on the assigned treatment.5
These techniques can all be used to derive estimates for αj . This gives us the capacity
to use weighting techniques based on propensity scoring, whether that is in the place of
5

That is, A∗j uniquely specifies the probability of misclassification at stage j.

135

treatment models, as are required for dWOLS or G-estimation, or for use in a weighting
or subclassification scheme used to correct for the error present in those models. These
parameter estimates will allow for an estimation of E[Aj |A∗j , Hj ], which is a term relevant
for the outcome models in the regression based procedures.
In place of using these parameter estimates in these existing optimal DTR estimation
techniques, an alternative strategy would be to work through the likelihood of the complete
data trajectory. This requires the specification of a conditional model for Xj . We assume
∗
∗
that either P (Aj |Hj , Aj−1 ) = P (Aj |Hj ; αj ), or that Hj contains Aj−1 , where assignment is
meaningful. For convenience, take H0 , A0 , A∗0 to all be constants. Then,
)
(N K
V Y
Y
∗
L=
f (Xij |Hi,j−1 , Ai,j−1 )P (Aij |Hij ; αj )P (A∗ij |Aij , Hij ; ηj )
i=1 j=1

×


NM Y
K X
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=

i=1 j=1 aj
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V
Y
Y
j=1

×



∗
∗
f (Xij |X i,j−1 , aj−1 , Ai,j−1 )P (Aj = aj |X ij , aj−1 ; αj )P (Aij |Aj = aj , X ij ; ηj )

∗

f (Xij |Hi,j−1 , Ai,j−1 )P (Aij |Hij ; αj )P (A∗ij |Aij , Hij ; ηj )

i=1

NM X
Y
i=1 aj



∗
f (Xij |X i,j−1 , aj−1 , Ai,j−1 )P (Aj = aj |X ij , aj−1 ; αj )P (A∗ij |Aj = aj , X ij ; ηj ) .

(7.4.1)

This is related to the idea of the g-computation algorithm [68]. However, the likelihood of
the complete data trajectory will generally be computationally insurmountable.

7.4.2

Semiparametric Approach to the Likelihood

As a natural extension of this likelihood estimation procedure, we can use kernel density
estimation, to make the model semiparametric. If we drop the γaj ,a∗j (Hj ; ηj ) term from the
above likelihood, and note that
γa∗j ,a∗j (h∗j ; ηj∗ )

=

fAj ,A∗j ,Hj∗ (aj , a∗j , h∗j )
fAj ,Hj∗ (aj , h∗j )
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,

then, the two joint densities in the validation sample can be estimated with KDE. This
gives fb(aj , a∗j , h∗j ) and fb(aj , h∗j ), which we can use to replace γa∗j ,a∗j (h∗j ; ηj∗ ) as γ
ba∗j ,a∗j (h∗j ; ηj∗ ).
Doing so then allows us to define
(N
)
M 

Y
b j) =
L(α
γ ∗ ∗ (h∗ ; η ∗ ) + (1 − π(h∗ ; αj ))b
γ ∗ ∗ (h∗ ; η ∗ )
π(h∗ij ; αj )b
1,aij

ij

j

ij

0,aij

ij

j

i=1

×

NV
Y

π(hij ; αj )aij (1 − π(hij ; αj ))1−aij ,

i=1

which can be solved to estimate αj . When not making the LTIA, we can replace the models
∗
for f (Xj |Hj−1 , Aj−1 ) and P (A∗j |Aj , Hj ; ηj ) with kernel density estimates. The expression
in this case can be simplified by limiting the contribution in the validation sample. To see
this, consider that αj is only contained in the j-th product term in Equation (7.4.1), so
L(αj , ·) =
×

NV
Y

∗

f (Xij |Hi,j−1 , Ai,j−1 )P (Aij |Hij ; αj )P (A∗ij |Aij , Hij ; ηj )

i=1
N
M X
Y

∗

f (Xij |X i,j−1 , aj−1 , Ai,j−1 )P (Aj = aj |X ij , aj−1 ; αj )P (A∗ij |Aj = aj , X ij ; ηj ).

i=1 aj

In this formulation, it is far more evident that we may wish to use
L(αj , ·) =
×

NV
Y

π(hij ; αj )aij (1 − π(hij ; αj ))1−aij

i=1
N
M X
Y

∗

f (Xij |X i,j−1 , aj−1 , Ai,j−1 )P (Aj = aj |X ij , aj−1 ; αj )P (A∗ij |Aj = aj , X ij ; ηj ),

i=1 aj

where we can once again replace the nuisance models with kernel density estimates. These
techniques could once again be applied to derive estimates of the nuisance parameters
for use in alternative DTR estimation techniques, or alternatively, through an application
of g-computation. These techniques for estimating the parameters of the true treatment
assignment model take inspiration from Braun et al. [5], and demonstrate the complexity
inherent to the setting of nonadherence. However, taking the likelihood framing explicitly
is not the most natural approach to DTR estimation.
In particular, dWOLS and G-estimation are both techniques that rely primarily on the
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theory of M-estimation rather than on likelihood theory directly. As a result, corrections
for the impacts of nonadherence which are based in this semiparametric framework may be
more natural to explore. If a validation sample is present, then the actual misclassification
model can be estimated using standard modelling techniques, which may be likelihood or
quasi-likelihood based, but which are likely more familiar, and computationally simple, for
practitioners to leverage. Owing to this, we turn towards considering how corrections to
estimation techniques for optimal DTRs can be applied, directly.

7.5

Modified G-Estimation

We first present the complete modification to the process of G-estimation, under the assumption of patient nonadherence, and then demonstrate the consistency of this estimator.
For j = 1, . . . , K define
∗
∗
πj∗ (Hi,j
, A∗i,j ) = P (Ai,j = 1|Hi,j
, A∗i,j );
∗
∗
νj∗ (Hi,j
) = E[νj (Hi,j )|Hi,j
, A∗i,j ];
∗
∗
Cj∗ (Hi,j
) = E[Cj (Hi,j )|Hi,j
, A∗i,j ].

Then, take Vei,K+1 = Yi and, for all 1 ≤ j ≤ K, define

 ∗ ∗
∗
∗
Vei,j = Vei,j+1 + Aopt
i,j − πj (Hi,j ) Cj (Hi,j ).

(7.5.1)

With these quantities defined, we take Uj∗ to be given by the set of equations
Uj∗

=

n
X

n
o

∗
∗
∗
∗
∗
λ∗j (Hi,j
) A∗i,j − P (A∗i,j = 1|Hi,j
) Vei,j+1 − πj∗ (Hi,j
, A∗i,j )Cj∗ (Hi,j
; ψj ) + θj∗ (Hi,j
) .

i=1

(7.5.2)
These correspond to Equation (5.4.4) for the standard G-estimation procedure (that is,
when there is complete adherence). Estimators for the parameters of interest can be derived
by solving Uj∗ = 0. In Theorem 7.5.1 we demonstrate that this estimation procedure will
result in consistent estimators for the blip parameters.
∗
Theorem 7.5.1. Suppose that for j = 1, . . . , K and i = 1, . . . , n, we know P (A∗i,j |Hi,j
)
∗
∗
∗
∗
∗
b
and πj (Hi,j , Ai,j ), and we correctly specify the form of Cj (Hi,j ; ψj ). Then the ψj which
are estimated by solving Uj∗ (ψbj ) = 0 are consistent for the true ψj , under the following
independence assumptions (I.A.):
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∗

I.A. (1): E[Vj+1 (Hj )|Hj , Aj , Aj ] = E[Vj+1 (Hj )|Hj , Aj ] for all j = 1, . . . , K.
I.A. (2): E[Cj (Hj )|Aj = 1, Hj∗ , A∗j ] = E[Cj (Hj )|Hj∗ , A∗j ] for all j = 1, . . . , K.
I.A. (3): E[νj (Hj )|Hj∗ , A∗j ] = E[νj (Hj )|Hj∗ ] for all j = 1, . . . , K.
In order to assess the viability of this strategy, it is worth considering how reasonable
the independence assumptions are. The first assumption requires that there is no predictive information contained in the treatment assignment, supposing that we know the true
treatment and history, for each individual. This assumption can be viewed, in a sense, as
an extension of the SUTVA. If a patient receives Aj = 1 we are claiming that it ought not
matter whether the person had originally been prescribed A∗j = 1, so long as we have the
complete relevant history.
The second independence assumption is, at face value, stronger. It states that there
is no mean difference in the contrast between those who actually take the treatment at
time j (Aj = 1) and those who do not (Aj = 0), given the observed history and treatment
assignment. This will be violated in the event that, for instance, previous compliance is
related to current compliance. Fortunately, this assumption can be discarded entirely if
the analyst is instead willing to specify the model E[Cj (Hj ; ψj )|Aj = 1, Hj∗ , A∗j ]. We would
simply replace Cj∗ (Hj∗ ) with this definition, and the proof proceeds as written. This is a
more challenging quantity to model, generally, but it provides a mechanism for circumventing the need for this independence assumption. We proceed assuming that either this
assumption is reasonable, or else this model can be specified directly.
The final assumption requires that the treatment-free component of the stage j Qfunction, νj (Hj ), is not predicted by treatment assignment at stage j, given the history up
to stage j. This is a seemingly reasonable assumption to make. In the event of complete
adherence, νj (Hj ) is functionally independent of Aj by definition, and so conceivably should
be independent of treatment assignment as well. This may not be the case if, for instance,
past adherence status is used to inform treatment in the present but is not recorded in the
available data. However, if there are factors being used to inform treatment assignment,
which are not being collected, there are likely violations to the SRA, which would mean
that no causal analysis can proceed.
Just as with G-estimation under complete adherence, it will not often be the case that
∗
∗
P (A∗i,j |Hi,j
) or πj∗ (Hi,j
, A∗i,j ) are known. However, if we can model and estimate these from
data then by “stacking” estimating equations the same consistency result holds. Under
consistent estimation of these parameters, the results from Theorem 7.5.1 will remain. This
leaves the need to specify λ∗j (Hj∗ ) and θj∗ (Hj∗ ). In the case of complete adherence, θj (Hj )
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was used to endow G-estimation with the property of double robustness, and we can do the
same here. If we take θj∗ (Hj∗ ) = −νj∗ (Hj∗ ). Supposing that πj∗ (Hj∗ , A∗j ) and Cj∗ (Hj∗ ; ψj ) are
correctly specified, then if either P (A∗j = 1|Hj∗ ) or θj∗ (Hj∗ ) were to be correctly specified,
the resulting estimating equations are unbiased. It is worth noting that the estimating
equations require πj∗ (Hj∗ , A∗j ) and Cj∗ (Hj∗ ) to be correctly specified. As a result, if there is
strong evidence regarding the distribution P (Aj |Hj∗ ), then the specification of πj∗ (Hj∗ , A∗j )
implies the correct specification of the treatment model. Similar considerations may happen
with components of Cj∗ (Hj∗ ), which may rely on treatment indicators from previous stages.
Finally, the specification of λ∗j (Hj∗ ), as with λj (Hj ), can be arbitrary so long as it depends solely on Hj∗ and is the same dimension as the parameter ψj . If we consider the class
P
∗ e
)Ui,j ,
of estimating equations characterized by arbitrary λ∗j (·), and write Uj∗ = ni=1 λ∗j (Hi,j
∗
∗
then Morton [58] demonstrates that the optimal choice for λj (Hj ) is given by
λ∗j (Hj∗ )


=E

 n
o−1
∂ e
∗
ej2 Hj∗
Uj Hj E U
.
∂ψj

This choice for λ∗j (Hj∗ ) is analogous to that derived by Robins [70] when discussing locally
efficient estimators under complete adherence. The first term in this expression simplifies
to ∂ψ∂ j Cj∗ (Hj∗ ; ψj ), while the second is generally quite complex. In the event that all of
the models are correctly specified and var(Vej |Hj∗ , A∗j ) = var(Vej |Hj∗ ), then this term will
simplify to var(Vej |H ∗ )var(A∗ |H ∗ ). Assuming that these terms are constant, they can be
j

j

j

dropped from the estimating function entirely, and we will have ∂ψ∂ j Cj∗ (Hj∗ ; ψj ) as the
optimal choice of λ∗j (Hj∗ ). We will take λ∗j (Hj∗ ) = ∂ψ∂ j Cj∗ (Hj∗ ; ψj ), and note that in any
specific implementation, the optimal choice may be worked out.

7.6

Modelling Nonadherence

We have made use of models which describe the propensity of a patient to have taken
treatment, conditional on the observed information. We have explicitly used these models as πj∗ (Hj∗ , A∗j ), and have implicitly made use of them in the models for Cj∗ (Hj∗ ) =
E[Cj (Hj )|Hj∗ , A∗j , Aj = 1]. The ability to adequately correct for the effects of nonadherence in this analysis depends on the ability to model this process of nonadherence, reliably.
If these models are known explicitly, can be estimated from data, or can be reasonably
specified based on subject-matter expertise, then the modified G-estimation procedure can
proceed. The previous discussion on likelihood estimation provides one such mechanism for
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modelling these parameters. In practice, the use of logistic regression models (or similar)
is likely more accessible.
The estimation procedure is designed to allow for posited models on patient adherence
to be used in place of actual or estimated models. This allows for a sensitivity analysis
to be performed, based on the degree of nonadherence present in the data, whenever the
requisite auxiliary data or model estimates are unavailable. In the unlikely event that the
treatment probabilities are known precisely, these can be used exactly as described.
In the event that there is a validation sample such that, for every time j = 1, . . . , K there
is some subset of individuals i = 1, . . . , n′j with both A∗i,j and Ai,j measured, then models
for the required components can be fit using standard estimation techniques. One possible
technique for doing so would be leveraging the likelihood results that were presented in
the previous sections. This provides an approach, motivated directly from common DTR
estimation techniques, that demonstrates the possible utility of the previous discussion.
Oftentimes, however, it may be more natural to use alternative modelling techniques (say
via generalized estimating equations, or generalized linear models more specifically). The
same general method can be applied when the validation data are from an external sample.
In this case, the summation will run from i = 1, . . . , n1 , n1 + 1, . . . , n1 + n2 where n1 is
the size of the regular sample and n2 is the size of the external validation sample. All of
these corresponding estimators are based on M-estimation theory, and the corresponding
estimating equations can be stacked onto the estimating equation Uj∗ in the same manner
that the treatment assignment and treatment-free models are.
If, in place of a validation sample other auxiliary data are available, it is sometimes still
possible to consistently estimate the required misclassification probabilities. Buonaccorsi
[6], in Section 2.6, discusses how likelihood techniques can be exploited to estimate misclassification rates, and the true marginal probability, based replicated measurements. These
results are summarized thoroughly by Walter [97]. As expressed they demonstrate that it
is often possible to estimate P (Aj = 1) and P (A∗j = 1|Aj ) from data which has three or
more replicated values; the drawback to a direct application of these techniques is that we
would need misclassification to be independent of any tailoring variates, at which point the
need for a correction has been called into question.6 Still, it may be possible, depending
on the available data, to use a similar decomposition to approximate the necessary models.
Such a technique may still be useful when using A†j rather than A∗j , as an ITT is never valid based off
of A†j .
6
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Note that, for πj∗ (Hj∗ , A∗j ), we can write
πj∗ (Hj∗ , A∗j ) = P (Aj = 1|Hj∗ , A∗j ) =

P (Aj = 1, A∗j |Hj∗ )
P (A∗j |Aj = 1, Hj∗ )P (Aj = 1|Hj∗ )
=
.
P (A∗j |Hj∗ )
P (A∗j |Hj∗ )

Considering a model for P (A∗j = a|Hj∗ ), we can write
P (A∗j = a|Hj∗ )
= P (A∗j = a|Hj∗ , Aj = 1)P (Aj = 1|Hj∗ ) + P (A∗j = a|Hj∗ , Aj = 0)P (Aj = 0|Hj∗ ).
Now, because A∗j is assumed to be observed, we can write down the model likelihood for
P (A∗j = 1|Hj∗ ), broadly, as
L=

n
Y

1−A∗i,j
∗ A∗i,j
∗
P (A∗j = 1|Hi,j
)
1 − P (A∗j = 1|Hi,j
)
.

i=1

Suppose that we are able to specify a parametric model for each of P (A∗j = 1|Hj∗ , Aj = 1),
P (A∗j = 1|Hj∗ , Aj = 0), and P (Aj = 1|Hj∗ ). Suppose that these three models are given by
(j)
(j)
(j)
(j)
(j)
(j)
f1|1 (Hj∗ ; γ1|1 ), f1|0 (Hj∗ ; γ1|0 ), and f1 (Hj∗ ; γ1 ), respectively. By using the breakdown given
for P (A∗j = a|Hj∗ ), with these three models on hand, we can write down the likelihood
(j)
(j)
(j)
expression for {γ1|1 , γ1|0 , γ1 } as
(j)
(j)
(j)
L(γ1|1 , γ1|0 , γ1 )

n n

oA∗i,j
Y
(j)
(j)
(j)
(j)
∗
∗
∗
∗
) 1 − f1 (Hi,j
)
)f1 (Hi,j
) + f1|0 (Hi,j
f1|1 (Hi,j
=
i=1


o1−A∗i,j
n
(j)
(j)
(j)
(j)
∗
∗
∗
∗
) 1 − f1 (Hi,j
)
)f1 (Hi,j
) − f1|0 (Hi,j
.
× 1 − f1|1 (Hi,j
(j)

In this expression, to simplify notation, we have suppressed the dependence of f· on γ· .
In general there will be identifiability concerns with directly optimizing this model, and as
a result, more data or further assumptions will be required to estimate these parameters.
Suppose that for each individual, ki repeated measurements of A∗j are available. Further,
suppose that, given {Aj , Hj∗ }, these replicates are independent of one another. In this
(j,ℓ)
setting, by expanding the notation so that f1|a corresponds to P (A∗j,ℓ = 1|Hj∗ , Aj = a),
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where A∗j,ℓ is the ℓ-th replicate, then
(j,·)
(j,·)
(j)
L(γ1|1 , γ1|0 , γ1 )

ki n
n Y

oA∗i,j,ℓ
Y
(j,ℓ)
(j)
(j,ℓ)
(j)
∗
∗
∗
∗
=
f1|1 (Hi,j
)f1 (Hi,j
) + f1|0 (Hi,j
) 1 − f1 (Hi,j
)
i=1 ℓ=1

n

o1−A∗i,j,ℓ
(j,ℓ)
(j)
(j,ℓ)
(j)
∗
∗
∗
∗
× 1 − f1|1 (Hi,j
)f1 (Hi,j
) − f1|0 (Hi,j
) 1 − f1 (Hi,j
)
.
Depending on the assumptions made, it may be the case that some parameters can be
shared between replicates, potentially simplifying the assumptions here. Still, given any
particular model form, a sufficient number of replicates (and sample size), and possibly
misclassification assumptions, this decomposition of the likelihood can be used to derive
estimates for the parameters required to compute πj∗ (Hj∗ , A∗j ). Despite the mathematical
feasibility of such a possibility, it seems to us that the use of replication data for nonadherence specifically may be less fruitful than the use of replication data for correcting for
the impacts of errors in variables. This is because in order for these techniques to apply,
multiple, conditionally independent, potentially misclassified treatment indicators need to
be available. This strategy is certainly useful when, for instance, the binary indicator of
note is disease status which is the result of a (possibly faulty) test. In this setting it is possible to take several tests, each of which reports a possibly faulty result, but taken together
they can be viewed as replicate measures of the binary response. In the event that the
binary response represents a treatment prescription, however, most settings would appear
to not have an obvious analogue. We present this possibility for parameter estimation in
the event that a specific application of DTRs have data which correspond to this structure,
but do not otherwise pursue these estimators in depth.
If no auxiliary data are available, but model estimates are available from existing literature, then these can be used as though they were truth, adjusting the standard errors
based on the particular form. This can be viewed as a special case of the external validation sample, and will be subject to the same asymptotic variances. If there are no existing
estimates, and no auxiliary data, then we recommend using these estimators to conduct a
sensitivity analysis. Suppose that, despite a lack of auxiliary data, or pre-existing estimates
of the rates of misclassification, subject-matter experts are able to make educated guesses
at the magnitude of the impact different covariates have on the rates of nonadherence.
Perhaps these are informed through studies on similar treatment regimes, or anecdotally
from clinical practice. If a model for πj∗ (Hj∗ , A∗j ) can be specified, then by filling in the
relevant parameters as though they were the truth, the proposed method will provide consistent estimates of the blip under these assumptions. A sensitivity analysis proceeds by
considering several possibilities for the true parameters, along a range of plausible values,
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and determining the impact on the estimated parameters.
Specifically, one may take
πj∗ (Hj∗ , A∗j )

 ∗′  
Hj
= expit
αj∗ .
A∗j

Then, varying αj∗ over a pre-specified grid leads to plausible misclassification models and
the modified G-estimation procedure can proceed assuming each is truth. In order for this
to be applied, as specified, and for the estimators to remain computationally feasible, Hj∗
must not be too high-dimensional.7 This approach leads to a set of estimated parameter
values for each ψj , which captures the impact of nonadherence on the parameter estimates.
Further, the estimated optimal treatment can be computed for each individual, which
allows the analyst to determine, for any specific person, what would need to be true for
Aopt
to be 1 or 0. In this sense it is possible to show for which individuals the presence of
j
nonadherence is likely to alter the estimated optimal treatment assignment, and for which
the optimal assignment is fairly resilient to nonadherence.

7.7

Asymptotic Distribution and Inference

∗
∗
∗
At stage K, if we parameterize θK
(·) with βK , πK
(·) with αK , P (AK = 1|HK
) with γK ,
e
HK (·) (the history vector with treatment indicators replaced as described) with ζK , and
∗
CK
(·) with ψK , then if all models are selected such that these estimators can be framed
as the solution to unbiased estimating equations, the full estimation procedure depends on
the stacked version of these estimators. In general, we will have that


UTreatment Indicator (ζK )


UTreatment Free (βK )


∗
.
UTreatment (αK )
UK = 




UTreatment Assignment (γK )
UG-Estimation (βK , αK , γK , ζK , ψK )

Note that while some of these components will be independent by assumption, it is possible
for there to be a reliance between the treatment indicator and the treatment, treatment
assignment, or treatment free components of the estimating equations.
For each j < K, similar sets of estimating equations can be expressed. Note that
7

Or else, certain values of αj∗ must be restricted, to limit the size of the grid considered.

144

for each j < K, in place of Y we use Vej , which depends explicitly on ψj+1 , αj+1 , and
ζj+1 . Then, in addition to requiring the components at stage j, the estimators rely on the
parameters from previous stages. The same form of dependence will occur through the
use of the ζj parameters, wherein they may be required as tailoring factors or predictors
in other estimating equations. Define Uj∗ for j = 1, . . . , K − 1 in a similar way. Then, the
complete stacked estimating equation is taken to be


UK∗
U ∗ 
 K−1 


∗
U =  ...  .
(7.7.1)
 ∗ 
 U2 
U1∗
In this framing, whether we take the required parameters to be known, estimated from a
validation sample, or estimated from additional auxiliary data, the blip parameters will
exhibit joint asymptotic normality. This asymptotic normality requires regularity conditions which are related to the previously discussed (Chapter 6) exceptional laws. As a
reminder, exceptional laws were introduced by Robins [70], and are explored in depth in
Appendix C.8 In the presence of exceptional laws, several authors have considered techniques for reducing bias and correcting inference [56, 11, 15]. Theorem 7.7.1, presents
results under the assumption of non-exceptional laws.
Theorem 7.7.1 (Asymptotic Normality of Modified G-Estimation). Suppose that for
∗
∗
j = 1, . . . , K and i = 1, . . . , n, we consistently estimate P (A∗i,j |Hi,j
) and πj∗ (Hi,j
, A∗i,j )
through corresponding unbiased estimating equations, and we correctly specify the form
∗
of Cj∗ (Hi,j
; ψj ). Then the (ψb1 , . . . , ψbK ) which are estimated as components when solving
∗
Uj = 0 (Equation (7.7.1)) are asymptotically normal, under the independence assumptions from Theorem 7.5.1, and the regularity conditions set out by Robins [70] surrounding
b = (ψb1 , . . . , ψbK ), we get that, as n → ∞,
exceptional laws. Denoting Ψ

√ 
d
b − Ψ −→
N (0, ΣΨ ) .
n Ψ
Here ΣΨ = IΨ ΣΘ IΨ , IΨ is the diagonal matrix with 1’s on the diagonal entries corresponding to the locations of the Ψ parameters in Θ, Θ is the solution to E[U ∗ (Θ)] = 0, and ΣΘ
is sandwich variance matrix based on U ∗ .
8

Briefly, exceptional laws correspond to those for which, with non-trivial probability, there is not a
uniquely best treatment assignment.
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The asymptotic normality, and as such asymptotic variance, follows directly from standard M-estimation theory, under the conditions outlined by Robins
[70]. It is worth not√
ing that, even under exceptional laws, G-estimation remains n-consistent (as in Theorem 7.5.1), however, the limiting distribution depends on these laws. It is likely that
the modified G-estimation procedure will benefit from the same types of bias corrections
explored to account for exceptional laws. At present we ignore these considerations.

7.8

Prescribed, Actual, and Reported Treatments

The estimation procedure that has been outlined has assumed that we are making inference
regarding the actual treatment (A) using the prescribed treatment (A∗ ). As introduced
in Section 7.3 there are actually three treatments which may be available, though our
discussion has not directly considered A† . As mentioned, an ITT based on A∗ may have a
valid causal interpretation but a naive analysis conducted with A† in place of A does not.
The proposed correction functions equivalently whether a prescribed treatment, a reported treatment, or both are available for modelling. The challenge with using reported
treatment in place of prescribed treatment is conceptual rather than mechanical. In order
to model the misclassification probabilities, we require
πj† (Hj† , A†j ) = P (Aj = 1|A†j , Hj† ).
While there are no statistical concerns to specify and fit these models, this is a quantity
which is harder to think about in terms of the actual subject matter. In these scenarios we
are directly modelling the reverse causal direction. Similarly, the technique with prescribed
treatments is aided by the ease with which P (A∗j = 1|Hj∗ ) can be specified. Specifying a
model for P (A†j = 1|Hj† ) is generally more challenging, owing to the less interpretable
meaning of these quantities. If a model is specified for P (Aj |Hj† ), and a model is specified
for P (A†j |Aj , Hj† ), then these two quantities imply a model for P (A†j = 1|Hj† ). A similar
technique could make simultaneous use of both {A∗j , A†j }.
If it is possible to specify the correct model for quantities based on reported treatments,
and the relevant assumptions from Theorems 7.5.1 and 7.7.1 hold (with A∗j replaced by A†j ,
and similar substitutions), then the proposed correction procedure will exhibit the same
consistency and asymptotic normality guarantees. This is a particularly powerful result as,
to reiterate the point, a naive analysis replacing Aj with A†j has no causal interpretation
whenever Aj has a true treatment effect, and Aj impacts A†j .
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7.9

Pseudo Outcomes and Optimal Treatments

In Theorem 7.5.1, the result depends on the construction of pseudo outcomes of the form
 ∗ ∗

∗
∗
Vei,j = Vei,j+1 + Aopt
i,j − πj (Hi,j ) Cj (Hi,j ).
In Chapter 6 we discussed at length the difficult with constructing pseudo outcomes, even
when the ψj parameters were consistently estimated. It is worth considering these pseudo
outcomes in order to determine whether the same concerns exist. Under the assumptions
∗
∗
of the theory that has been developed throughout this chapter, πj∗ (Hi,j
) and Cj∗ (Hi,j
) are
both known (up to parameters which are consistently estimated). As a result, consistent
estimation relies entirely on whether or not Aopt
i,j is consistently estimated, supposing that
ψj is accurately estimated.
In the event that there are no treatment indicators in the blip function (which is to
say, past treatments are not used as tailoring factors), then the blip function is exactly
known when ψj is known, and Aopt
i,j will be correctly specified. Otherwise, for any individual
the optimal treatment regime may be incorrectly estimated based on the available data.
This is because any of the Aℓ contained as tailoring factors, with ℓ < j are replaced by
P (Aℓ = 1|Hj∗ ). Correspondingly, it is conceivable that the sign of Cj changes when moving
from Aj to E[Aj |·].
Unlike in the case of errors in covariates assessing this possibility empirically can be
done without much trouble. Suppose that we have ψj estimated correctly. As the only
terms which are possibly error-prone in the blip function are the past treatment indicators,
for any particular individual i, we can compute their optimal treatment assignment under
different histories. Suppose, for sake of exposition, that for the j-th blip, only Aj−1 is used
as a tailoring factor. In Table 7.1 the possible combinations of optimal outcomes under the
true treatment, as well as the predicted value using the misclassification model, are given.
These results give a possible mechanism for empirically quantifying the degree to which
suboptimal assignment may occur owing to nonadherence.
In terms of the impact that this possibly mischaracterized optimal treatment has on
the consistency of the estimators we note that the key step of the proof is having


∗
∗
eopt C ∗ (H ∗ ) = E νk+1 (Hk+1 ) + Aopt Ck+1 (Hk+1 ) H ∗ , A∗
νk+1
(Hk+1
)+A
k+1
k+1
k+1 .
k+1 k+1
k+1
eopt to represent the computed version of it, which was previously
Here we are using A
k+1
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Table 7.1: Scenarios corresponding to the possibility of mischaracterizing an individual’s
optimal response. The other two scenarios are not possible to realize. These probabilities can conceptually be computed for any particular individual, to determine for a given
dataset the degree to which optimal treatments may be violated.
bopt
Aopt
with Aj−1 = 1 Aopt
with Aj−1 = 0 A
j
j
j
1
1
1
1
0
1
1
0
0
0
1
1
0
1
0
0
0
0

bopt )
P (Aopt
̸ A
=
j
j
0
∗
(Hj∗ )
1 − πj−1
∗
πj−1 (Hj∗ )
∗
πj−1
(Hj∗ )
∗
(Hj∗ )
1 − πj−1
0

assumed to exactly equal Aopt
k+1 . This means that whenever we add a term which equals


∗
∗
E Aopt
k+1 Ck+1 (Hk+1 ) Hk+1 , Ak+1 ,
∗
∗
in place of Aopt
k+1 Ck+1 (Hk+1 ) in the pseudo outcome, Equation (7.5.1), the resulting proof
will hold. This expectation is computed under the assumption that ψk+1 is known exactly,
and that the form of Ck+1 (Hk+1 ) is also precisely known. As before, whenever Ck+1 does
not depend on previous treatment indicators, this can be expressed as is. Otherwise, we
can consider computing this conditional expectation based on the results of Table 7.1.

Suppose, again for the sake of expositional clarity,9 that for Ck+1 , only Ak is involved
in the computation. Then, knowing the form of Ck+1 we can say that


∗
∗
E Aopt
k+1 Ck+1 (Hk+1 ) Hk+1 , Ak+1


∗
∗
∗
= P (Ak = 1|Hk+1
, A∗k+1 )E Aopt
k+1 Ck+1 (Hk+1 ) Hk+1 , Ak+1 , Ak = 1
 

∗
∗
∗
+ 1 − P (Ak = 1|Hk+1
, A∗k+1 ) E Aopt
C
(H
)
,
A
,
A
=
0
H
k+1
k+1
k
k+1
k+1
k+1

∗
∗
∗
∗
= πk (Hk+1 )I Ck+1 (Hk+1 , Ak = 1) > 0 Ck+1 (Hk+1 , Ak = 1)

 
∗
∗
∗
+ 1 − πk∗ (Hk+1
) I Ck+1 (Hk+1
, Ak = 0) > 0 Ck+1 (Hk+1
, Ak = 0).
In the event that the optimal treatment does not depend on Ak (either because Ak is not
a term in the blip function, or because regardless of the value, the optimal treatment is the
eopt C ∗ (H ∗ ). Otherwise, this term is computable
same), this will simplify to exactly A
k+1
k+1 k+1
given the modelling that has been supposed. In this sense, it is possible to derive a pseudo
9

If this is not the case, then the same argument holds conditioning on the complete past.
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outcome which is valid regardless of whether or not previous treatment indicators are
included. We can take

∗
Vej = Vej+1 + πj−1
(Hj∗ )I Cj (Hj∗ , Aj = 1) > 0 Cj (Hj∗ , Aj = 1)

 
∗
∗
∗
+ 1 − πj−1
(Hj∗ ) I Cj (Hj∗ , Aj = 0) > 0 Cj (Hj∗ , Aj = 0) − πj∗ (Hi,j
)Cj∗ (Hi,j
).
While this results in a consistent estimate of a valid pseudo outcome under the outlined assumptions, it is worth noting that in practice the blip parameters will be estimated. Moreover, the misclassification probabilities are modelled, potentially based on
external validation samples or previous studies. Correspondingly, the large sample properties gained through this added complexity may be undermined in some analyses based
on the errors inherent to the estimation process. Fortunately, based on our previous discussions, it is possible to get a sense, empirically, of whether or not these pseudo outcomes
are likely to materially differ from the previously suggested form in Equation 7.5.1. For
the remainder of the Chapter, including for the simulation experiments, we will continue
using the approximate pseudo outcomes, to demonstrate the utility of these expressions.

7.10

Multiple Treatment Alternatives

In this thesis thus far, G-estimation has been presented under the assumption that treatment is binary. The generalization of G-estimation to arbitrary categorical treatments is
conceptually straightforward, complicating mostly the notation used. In place of assuming
that
Qj (Hj , Aj ) = νj (Hj ) + Aj Cj (Hj ; ψj ),
the model instead is taken to be
Qj (Hj , Aj ) = νj (Hj ) +

X

I(Aj = Ajk )Cjk (Hj ; ψjk ).

Ajk ∈Aj

Here Aj is the set of possible treatment options at stage j, and Cjk is the k-th (k =
1, . . . , |Aj |) contrast function for stage j. We have
Cjk (Hj ) = E[Vej+1 |Hj , Aj = ajk ] − E[Vej+1 |Hj , Aj = 0].
In the event of nonadherence, these quantities all naturally extend in the same was discussed before, replacing the contrast functions with their expected values, and replacing
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the indicator function with the misclassification probabilities,
∗
P (Aj = Ajk |A∗j , Hj ) = πjk
(Hj∗ , A∗j ).

It is common for DTR estimation to be framed around binary treatments. However,
in the event of nonadherence, it is important to question this framing. The presented
theory above assumes that if an individual has been assigned treatment A∗j = 1, and is
nonadherent, then they are in the Aj = 0 category. Often, however, Aj = 1 will refer to a
experimental treatment and Aj = 0 will refer to standard care. As a result, it may be the
case that an individual who is nonadherent will not in fact be a member of the alternative
treatment, but rather, an additional treatment category all together. If, in the scenario
with complete adherence, we consider Aj = 1 to be an experimental treatment and Aj = 0
to be standard care, then it may be necessary to define a third category corresponding
to no treatment. Then, if an individual does not adhere to A∗j = 1 or A∗j = 0, they are
categorized in the third treatment category instead.
Consider the MACS analysis, for instance. In this case treatment refers to a decision
to start Zidovudine (AZT) therapy. In this setting we will take Aj = 1 to refer to an
individual starting AZT therapy at j, and Aj = 0 to mean that they have not taken AZT.
Once prescribed the individual remains on AZT, and so the analyses we are basing our
investigation on consider only timing of the therapy [96]. This setting is such that it is
unlikely that there would be nonadherence when Aj = 0 is prescribed.10 On the other
hand, we know from the MACS data that adherence to Aj = 1 is not perfect. However,
nonadherence to A∗j = 1 is unlikely to result in Aj = 0 in all situations. Instead, partial
adherence, wherein the treatment is taken but not according to all instructions, occurs more
frequently. In this case we may wish to introduce a third category of actual treatment which
corresponds to these partial compliers. Then we would observe either A∗j = 0 or A∗j = 1.
If A∗j = 0 then by assumption we take Aj = 0, however, if A∗j = 1, we may have Aj = 1
(full adherence), Aj = 0 (full nonadherence), or Aj = −1 (partial adherence).
The precise categorizations for any setting will depend on the exact subject matter.
In certain settings nonadherence will correspond exactly to the switching of treatments;
in other situations, additional treatment options may need to be considered to more adequately represent the true, underlying reality. While doing this represents a more complex
modelling setup, it is important to note that even if the true treatments were observable
for all individuals, the added complexity would be necessary for valid causal conclusions
to be drawn.
10

AZT is a prescription drug, which is not likely to be readily accessed by those without a prescription.
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7.11
7.11.1

Simulation Studies
Misclassification Dependent on Tailoring Variates

In the first experiment, we simulate a two-stage DTR with two primary tailoring variates,
X1 ∼ N (1, 1) and X2 ∼ N (1, 4). At stage j treatment prescription depends only on Xj
through a logistic model, with P (A∗j = 1|Xj ) = expit(Xj ). The true treatment depends
on a similar logistic model, with P (Aj = 1|A∗j , Xj ) ≈ expit(−4.6 − 0.83Xj + 7.5A∗j ). The
parameter values are taken to make the probability of misclassification fairly low, with
values on average of 0.01 and 0.05 for those prescribed A∗j = 0 and A∗j = 1 respectively.
The blip model at stage one is given by 1+X1 , and at stage two it is given by 1+X1 +ψ22 A1 ,
where ψ22 ∈ {−1, −0.1, 0, 0.1, 1}. The treatment free model is simply X1 , and the outcome
has an error variance which is normally distributed with mean 0 and variance 2. We
assume that there is a validation sample of 30% to estimate misclassification probabilities,
and use a sample size of 1000. These simulations are repeated 1000 times. Box plots
of the estimates across the replications comparing naive estimation (corresponding to an
ITT), estimation using the true treatment (corresponding to an as-treated analysis), the
proposed correction assuming misclassification probabilities are known, and the proposed
correction assuming misclassification probabilities are estimated are shown in Figure 7.3.
The results indicate that the naive analysis produces clearly biased estimates of the
parameters, while both corrections and the estimates based on the truth perform similarly.
In some settings we see an improvement in the variability of the estimates for the corrected
estimators compared to those which rely on the true treatment assignment.

7.11.2

Validation Set Sizing

In the second experiment, we maintain the same experimental setup as in the first set of
analyses, however we fix ψ22 = 0. Instead, we vary the size of the replication set, based
on a sample size of n = 1000, considering 10%, 20%, 30%, and 50% replication. These
simulations were run with the same methods indicated above, though the estimates using
the naive analysis, true analysis, and analysis based on known probabilities are independent
of the size of the replication sample. As a result, in Figure 7.4, only box plots summarizing
the results of the parameter estimates over the different sample sizes for the corrected
estimator are shown.
While there is a trend towards decreasing variance, particularly moving from the 10%
validation sample to the 20% validation sample, we see that the method performs similarly
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Figure 7.3: Estimated parameter values for the two-stage dynamic treatment regime varying the dependence of the second-stage on the tailoring effects of the misclassified A1
variable. Each scenario compares the results of the correction (with known or estimated
probabilities), the naive (ITT) analysis, and the as-treated analysis.
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Figure 7.4: Estimated parameter values for the two-stage dynamic treatment regime varying the size of the validation sample. The dotted line indicates the true parameter values,
with a sample size of n = 1000, and parameter estimates generated through the modified
G-estimation procedure.
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across all sizes of the validation sets considered.

7.11.3

Asymptotic Coverage Probabilities

In the third experiment, we consider the coverage probabilities obtained through the use of
standard M-estimation theory. We simulate the same tailoring variables as in the previous
scenarios. Treatment prescription is changed such that P (A∗1 = 1|X1 ) = expit(0.5 + X1 )
while P (A∗2 = 1|X2 ) = expit(−0.5+X2 ). The same misclassification probabilities are taken
as in the first experiment. The jth blip model takes the form 1+Xj +ψj2 A∗j , where ψ12 = 1
and ψ22 = −1. Further, the treatment free model becomes X1 + 0.5A∗1 . We consider nine
total scenarios where we vary the sample size to be low (n = 200), medium (n = 1000),
or large (n = 5000) with the validation sample size being small (10%), medium (20%),
or large (50%). We repeat each of these scenarios 1000 times, and consider the estimated
standard errors for the blip terms that are based on approximate sandwich estimation
techniques. Instead of explicitly solving the gradient of the estimating equation, we simply
use numerical differentiation to approximate its value at the estimated parameter values.
In Table 7.2 we include the number of simulations (out of 1000) which correctly covered
the true parameter value using 90%, 95%, and 99% confidence intervals. In Figures 7.5
and 7.6, we plot the nominal significance threshold versus the estimated significance across
all scenarios. These plots correspond to the empirical CDF (over the simulation replicates)
of the p-values associated with testing whether the estimated parameter equals the true
value, based on the estimated standard errors and a normal approximation. These plots
are shown for the full range of α, in addition to α ∈ [0, 0.1].
The results suggest that coverage is well calibrated, even in small samples with a low
validation percentage, though there is a notable improvement with increasing sample size
as would be expected. The parameter ψ21 tended to exhibit the worst coverage behaviour,
which is the blip parameter corresponding to X2 , however, coverage still tended to approximate the nominal levels well. It should be noted that the simulated scenario was not one
under an exceptional law, and as such, standard asymptotic theory is expected to apply.

7.11.4

Reported Treatment Correction

In this simulation we consider the use of a reported treatment (A† ) rather than a prescribed
treatment. We once again look at a two-stage DTR. In this setting we have X1 , X2 both
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Figure 7.5: Plots of the empirical CDF of the p-values associated with testing whether the
estimated blip parameter equals the true value, based on estimated standard errors and a
normal approximation, for various sample sizes and validation proportions. The standard
errors are formed based on numeric differentiation, within the modified G-estimation procedure.

155

Figure 7.6: Plots of the empirical CDF of the p-values associated with testing whether the
estimated blip parameter equals the true value, based on estimated standard errors and
a normal approximation, for various sample sizes and validation proportions. This is the
same results as in Figure 7.5, zoomed into α ∈ [0, 0.1]. The standard errors are formed
based on numeric differentiation, within the modified G-estimation procedure.
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Table 7.2: Number of replications (out of 1000) which contained the true parameter value
for in confidence intervals based on estimated standard errors, at the 90%, 95%, and 99%
thresholds, for various sample sizes (n) and validation proportions (top rows 50%, middle
rows 20%, bottom rows 10%). The confidence intervals are formed based on numeric
differentiation, within the modified G-estimation procedure.
90% CI
ψ10 ψ11
n = 5000
899 894
908 900
894 886
n = 1000
896 891
909 903
901 914
n = 200
894 891
912 895
917 897

95% CI

99% CI

ψ20

ψ21

ψ22

ψ10

ψ11

ψ20

ψ21

ψ22

ψ10

ψ11

ψ20

ψ21

ψ22

912
913
913

901
912
903

909
910
916

948
957
944

948
948
950

958
956
962

951
954
948

954
952
958

990
995
987

989
987
992

990
990
993

990
991
987

988
986
989

879
918
888

897
897
899

893
906
896

947
952
955

942
946
956

935
958
947

946
937
949

938
951
949

987
991
984

980
989
989

987
993
986

987
984
977

989
993
986

886
888
897

863
872
872

905
884
914

947
946
969

937
945
940

940
934
941

922
924
922

944
936
971

992
986
996

983
988
984

988
984
996

964
964
975

993
983
994

being discrete uniform on {−1, 0, 1}. Then, we define


0.2 X = −1;
P (Aj = 1|Xj ) = 0.5 X = 0;


0.8 X = 1,
for j = 1, 2. Then we take


0.95



0.9



0.85
P (A†j = 1|Aj , Xj ) =

0.01





0.05



0.1
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X1
X1
X1
X1
X1
X1

= −1; A1 = 1;
= 0; A1 = 1;
= 1; A1 = 1;
= −1; A1 = 0;
= 0; A1 = 0;
= 1; A1 = 0.

At stage 1 the blip is taken to be 1+X1 , and at stage two it is taken as 1+ψ22 A1 , where ψ22
is taken to vary across {−1, −0.1, 0, 0.1, 1}. The sample size is taken to be n = 1000, with
30% validation sample. In this setting we compare fitting the proposed correction, a naive
(ITT) analysis, and an analysis which is based upon the true treatments. These simulations
are repeated 1000 times. The MSE (multiplied by 100) are contained in Table 7.3.
Table 7.3: 100 times the observed MSE, based on 1000 replicated simulations, for the
blip parameter estimates in a two-stage DTR, where reported treatments were used as a
misclassified version of the truth. The results are based on a sample size of n = 1000,
with a validation set of 30%, and they compare the corrected estimators, to those which
naively apply G-estimation without correction, to those that are obtained when the true
treatment status is reported.
Corrected
ψ22
ψ22
ψ22
ψ22
ψ22

ψ11
= −1
3.4
= −0.1 3.6
=0
3.5
= 0.1
3.4
=1
3.7

ψ12
3.3
2.8
2.9
3.2
2.8

ψ21
2.8
2.7
2.5
2.6
2.5

Naive
ψ22
6.4
5.5
5.6
5.9
6.4

ψ11 ψ12 ψ21
7.8 30.6 11.2
12.5 22.5 7.2
12.5 21.6 6.8
13.0 21.2 6.7
15.5 13.7 3.9

Truth
ψ22 ψ11
15.4 2.3
4.2 2.0
4.3 2.2
4.8 2.1
15.7 2.4

ψ12
2.0
1.9
2.0
2.1
1.9

ψ21
2.2
2.1
2.2
2.3
2.2

ψ22
4.3
3.9
4.4
4.8
4.8

From these results we can see that, while the true estimators predictably have the lowest
MSE across all of the presented scenarios, the corrected estimators perform comparably,
despite the additional modelling requirements. The naive estimators exhibit large bias
and greater variance, making them unreliable in general as a means of estimating the true
treatment effectiveness. It is worth emphasizing that, unlike in the other scenarios where
the ITT could (plausibly) be interpreted in a causal light, here not only are the naive
estimators highly variable, they are also not defensible through any causal interpretation.

7.12

Multicenter AIDS Cohort Study (MACS) Analysis

Next we demonstrate the utility of our proposed corrections with an analysis of the Multicenter AIDS Cohort Study [45]. Our analysis primarily follows Wallace, Moodie, and
Stephens [96] and Hernán, Brumback, and Robins [38]. MACS was a longitudinal study,
which saw individuals twice a year, and at each visit survey questions and medical exams
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were conducted. While the data are incredibly rich, our analysis focuses on a fairly simple question related to the treatment of HIV/AIDS. Our analysis seeks to estimate the
optimal timing of intervention with a particular antiretroviral drug, Zidovudine (AZT),
used to treat HIV/AIDS. AZT became available for the first time in March 1986, and so
our analysis is restricted to only those individuals who were HIV-positive and AIDS-free,
starting in March 1986. Because the primary purpose of this analysis is illustration of the
application of these techniques, we further restrict our sample to include only the first two
eligible visits, for any individual. Because patients were recruited in waves, the dates that
the first two eligible visits take will differ across individuals.
The outcome of interest for the study will be the CD4 count for the individual at
the visit following their second eligible visit. CD4 cells are white blood cells which are
crucial for immune responses, and are commonly used to assess the health and progression
of individual with HIV. In addition to using information regarding a patient’s CD4 cell
count, we will also take lab results regarding their CD8 counts, their white-blood cell
(WBC) counts, their red blood cell (RBC) counts, their platelet counts, their blood pressure
(systolic and diastolic), their weight, as well as a symptomatic indicator (which indicates
whether the patients have had, at least one of the following symptoms, in their recent
medical history: fever, oral candidiasis, diarrhea, weight loss, oral hairy leukoplakia, or
herpes zoster). These variates were selected largely according to the analysis done by
Hernán, Brumback, and Robins [38].
In October 1998 a questionnaire which assessed adherence to prescribed medication was
added to the MACS [48]. This questionnaire assesses an individual’s adherence to their
prescribed regimen, over the previous four days. While it is generally the case that this
self-reported adherence status may itself be misclassified, or not representative of typical
behaviour from the patient in question, we ignore this in our analysis. That is, while this
reported data are representative of A† , we treat is as though it were A. It is also worth
acknowledging that, from the survey we can see that most patients who are not perfectly
adherent to their prescribed treatment remain partially adherent. This fact is related to
the discussion in Section 7.10 regarding the possibility of multiple treatment alternatives.
A complete analysis of these data could make informed use of the levels of adherence that
the patients report, classified based on the expected similarity of different doses. We will
still make the common binary assumption.
Owing to the staggered entry into the study, the exclusion criteria previously discussed,
and the use of the subset of publicly available data, the subset of individuals with adherence
information forms a partially overlapping validation sample with the main survey. We will
treat this data as though it is derived from an external validation sample, despite the
fact that it is taken from the same study, and many individuals from the main study are
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present in the validation set. Because of this the transportability requirements for using a
validation sample are likely to be satisfied. One further note with regards to the adherence
data is that, because this information only started to be collected in 1998, 12 years after
eligibility into inclusion in our analysis, it is possible that adherence early in the study was
subject to different forces than later when we have the information. We content ourselves
with assuming that the adherence information is approximately representative of adherence
throughout the study, but caution that this analysis is primarily useful insofar as it serves
as an illustration of the proposed techniques.
By way of notation, we take A∗j ∈ {0, 1} to represent whether AZT was started at
period j (A∗j = 1) or not. We assume that once an individual has been prescribed AZT,
they remain prescribed AZT, which means that once A∗j = 1, there will be no change in
this prescription. The true treatment, Aj , which is unobservable in general, corresponds to
whether or not the individual took AZT during the j-th stage of the treatment. In terms
of nonadherence we assume that if an individual has not been prescribed A∗j = 1, then
they will remain adherent. That is, P (Aj = 0|A∗j = 0) = 1. The notation for each of the
other predictors is summarized in Table 7.4.
Table 7.4: Set of predictor variables used in the analysis of the MACS data, along with
their defined notation.
Variable
Description
Birthdate
Year of Birth for the Individual
CD4 Count
Count of the number of CD4 cells present at visit j
CD8 Count
Count of the number of CD8 cells present at visit j
RBC Count
Count of the number of RBC cells present at visit j
WBC Count
Count of the number of WBC cells present at visit j
Platelet Count
Count of the number of platelets present at visit j
Systolic Blood Pressure Systolic blood pressure measurement at stage j
Diastolic Blood Pressure Diastolic blood pressure measurement at stage j
AIDS Status
Binary indicator of AIDS diagnosis at stage j
Body Weight
Individual’s body weight in pounds at stage j
Symptom Indicator
Symptomatic status (as previously defined) at stage j

U
Cj
Kj
Rj
Wj
Pj
Tj
Dj
Fj
Bj
Sj

We begin by considering modelling the nonadherence directly on our (partially) external
validation data. We specify a standard logistic regression model, and consider performing
model selection through a combination of deviance tests and the BIC. The first question
of interest in the modelling is whether or not the pattern of adherence appears to change
over time. To do this we consider fitting the main effects model (with a logistic link) with
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a log transformation of all factors except for U , Sj , and Fj , where we include a factor for
each different visit present in the adherence dataset. The factors corresponding to the visit
numbers are highly non-significant (p ≈ 0.99 with a deviance test), and so we proceed
assuming that a single nonadherence model can be used at each visit. From here, through
a combination of BIC and deviance testing, we reduce the model until we are left with
logit(P (Aj = 1|·)) = α0 + α1 U + α2 log(Dj ) + α3 log(Tj ) + α4 log(Cj ).
Note that this model has conditioned (implicitly) on A∗j = 1, as we have assumed that
A∗j = 0 implies that Aj = 0. The resultant estimated coefficients are included in Table 7.5
Table 7.5: Parameter estimates (with standard errors, and Wald test statistics) from a
logistic regression conducted on the external validation sample, estimating the propensity
for those prescribed AZT to be (partially) nonadherent to their assigned treatment.
Estimate
(Intercept)
93.917
U
-0.049
log(Dj )
-4.073
log(Tj )
3.592
log(Cj )
0.585

Standard Error
36.078
0.018
1.494
1.497
0.207

z value
2.600
-2.640
-2.730
2.400
2.820

Pr(>|z|)
0.009
0.008
0.006
0.016
0.005

Taking this model for adherence, we can now begin fitting the dynamic treatment
regime. Our analysis largely borrows from the findings of Wallace, Moodie, and Stephens
[96] to inform the functional forms that are being considered. In our analysis, we consider
only those individuals who have complete information (for the relevant factors), rather
than conducting imputation. Further, owing to the size of the available data and the lack
of subject-matter guidance, we consider the binary adherence mechanism previously outlined, rather than working through a model which adequately considers partial adherence.
Despite these limitations the following analyses show the importance of addressing concerns with nonadherence, and can serve as a guide to a more thorough consideration of
these topics.11 In total, our models are fit using information from 2850 patients, representing information from a total of 8550 visits. The adherence information is based on 766
questionnaire responses, with a total of 220 patients providing this information. Of these
220 patients, 141 of them are included in the main sample; the remaining 79 do not have
sufficient information from the required visits to be used in the main model fitting.
11

That is to say, while the specific estimates from this analysis are subject to the aforementioned shortcomings, they do demonstrate the impact that nonadherence can have on optimal DTR estimation.
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We take the previously discussed adherence model for both stages. For stage one we
specify the outcome model as
β10 + β11 C1 + β12 log C1 + A1 × (ψ11 + ψ12 U + ψ13 log C1 + ψ14 S1 ) .
For the second stage, we take the outcome model to be given by
β20 + β21 C1 + β22 log C1 + β23 C2 + β24 log C2 + A2 × (ψ21 + ψ22 U + ψ23 log C2 + ψ24 S2 ) .
For j = 1, 2 we specify the corresponding treatment prescription models as
logit(P (A∗1 = 1|·)) = γj1 + γj2 Cj + γj3 Kj + γj4 Rj + γj5 Wj + γj6 Pj .
It is worth noting that, while larger blip models and treatment-free models were both considered, the variation in the available data made stable estimation of these treatment rules
challenging. This was true whether conducting inference based on standard G-estimation
(assuming that there was no nonadherence) or with the modified procedures. Instead, we
use a simplified tailoring rule, more akin to that of Wallace, Moodie, and Stephens [96]. In
an attempt to standardize the magnitude of coefficients, we transform U in these models
to represent the patient’s age in 1986, rather than their birth year.
With these models, we conduct both a naive analysis and one based on our proposed
correction, with the specified nonadherence model. In order to assess the variability of
these estimators, we conduct a bootstrap, based on 1000 replicates. The resulting point
estimates and confidence intervals are displayed for both analyses in Table 7.6. From
these estimates there are several points to notice. First, most effects are quite variable in
both analyses: some of this would be remedied by standardizing the variables, which may
allow for an easier interpretation. We can see that, while the magnitude of the corrected
estimates tend to be larger, the point estimates seem to suggest the same directional effects
across most of the factors. Of note are the results from ψ22 and ψ24 .
For both of these factors, corresponding to the tailoring effect of birth year and the
presence of symptoms, respectively, the two approaches report differing impact at a 95%
level of significance. Notably, the naive analysis would conclude that the impact of birth
year does not differ substantially from 0, at a 95% level of significance, but that the presence
of symptoms at stage two does. When correcting for adherence, these two points are
reversed: birth year becomes a significant tailoring factor, while the presence of symptoms
does not remain so. While it is interesting to note that there are differences in the tailoring
factors that are estimated to have a significant impact on optimal treatment assignment,
it is easier to see the influence that nonadherence has by considering optimal treatment
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Table 7.6: Estimated blip parameters (with 95% bootstrapped confidence intervals) based
on a naive analysis of MACS (assuming full adherence) compared with an analysis based
on modified G-estimation procedure which accounts for the impacts of nonadherence.
Naive
ψ11
ψ12
ψ13
ψ14
ψ21
ψ22
ψ23
ψ24

Corrected

Lower Estimate
Upper
Lower Estimate
Upper
-4647.81
8254.73 20884.43 -25434.32 40623.92 100192.05
-10.13
-3.93
2.50
-48.20
-19.51
12.76
-137.68
-49.61
29.90
-695.41
-182.41
171.44
-198.44
-82.76
46.39
-709.97
-193.30
284.67
-1065.59
5528.36 12594.28
3037.40 35922.73 66075.74
-6.14
-2.66
0.64
-32.62
-17.53
-1.34
-74.90
-34.41
8.85
-364.82
-120.10
174.50
-124.93
-70.34
-13.56
-545.72
-238.67
8.81

estimation. In Table 7.7 we present the results of estimating the optimal treatment across
the entire dataset, based on each bootstrap iteration.
Table 7.7: The proportions of optimal treatment at stages one and two based on the
1000 bootstrap replicates for the MACS analysis. Presented here are the proportions
(median across the replicates, as well as the minimum and maximum proportions) where
the estimated optimal treatment agrees between the two analysis strategies, as well as the
proportion of patients for whom treatment was recommended at each stage.
Stage One Optimal Treatment Agreement
Stage Two Optimal Treatment Agreement
bopt
Naive A
1 = 1
b
Naive Aopt
2 = 1
bopt
Corrected A
1 = 1
b
Corrected Aopt
2 = 1

Median
0.913
0.962
0.246
0.049
0.203
0.085

Minimum
0.083
0.356
0.002
0.000
0.010
0.000

Maximum
1.000
1.000
1.000
0.804
1.000
0.828

In Table 7.7, we see that there tends to be a fairly high level of agreement between the
two techniques (0.962 at the second stage, and 0.913 at the first stage), but this agreement
is not perfect. It is worth pointing out that, within the adherence data we have access to,
approximately 90% of respondents, who are assigned AZT treatment, are fully adherent.
Moreover, in the data itself, roughly 2% and 5% of respondents were prescribed AZT at
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each stage. Remember that we have assumed that all of those who were not prescribed were
fully adherent. As a result, these 4% and 9% differences in optimal treatment assignment
derive from an approximately half percentage of nonadherent patients in the data. The
upper and lower bounds in the bootstrap replicates do make clear that these results are
potentially highly variable, and it is worth reiterating that the specifics of this analysis may
be subject to several shortcomings. Still, this analysis makes clear that even very small
deviations from perfect adherence (0.5% in MACS) can have out-sized impacts on the
ability to optimally treat patients. While it is unlikely that our specific effect estimates
are perfectly indicative of the underlying reality, they do show the issue with ignoring
adherence information in these contexts. It also demonstrates the caution required to
ignore these types of impacts.
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Chapter 8
Discussion
In this thesis, we explore concerns that arise, empirically, with common techniques used
to correct for the effects of measurement error. We emphasize the important role that
so-called approximately consistent error correction techniques play in reducing the bias of
estimators when their grounding assumptions are met. These assumptions, while sometimes reasonable, are often violated in practice. Part I of this thesis explores how these
assumptions can be relaxed without losing the attractive simplicity of the most commonly
applied error correction techniques. Specifically, we concern ourselves with the situations
where observed auxiliary data have error distributions that are evidently dissimilar, uniting some of the literature on replicate measurements with the literature on instrumental
variable techniques. We also consider the impact of violations to normality on common
measurement error correction techniques, and provide a nonparametric alternative which
will be readily applied by analysts familiar with the existing techniques.
While the findings on these topics are presented as generally applicable to any analyses subject to measurement error, the initial motivation for relaxing these assumptions
stemmed from observing data that are frequently used to estimate dynamic treatment
regimes. Prior to this thesis, almost no work had been done to address the impacts of measurement error in DTR analyses – either within the tailoring covariates, or in the treatment
indicators themselves. The estimation of an optimal DTR is a regression-based procedure
and as such lends itself to some of the existing literature on errors in regression models.
However, the available data made clear that generalizations to these existing techniques
were necessary to have applicable methods on hand.
In addition to proposing generalizations to existing measurement error correction techniques, we also consider the problem of correcting for the impacts of measurement error
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within dynamic treatment regimes. In Part II, we argue that naive analyses are generally
not applicable, regardless of the framing of DTR estimation, and can lead to serious errors
in inference. Moreover, we present techniques for overcoming these errors, which in following the theme of the thesis broadly, are designed to minimally impact an analyst’s existing
tools to apply. We address the issues that arise from errors in tailoring variables, adapting the work on the generalized methods presented in Part I, and we thoroughly explore
issues that stem from nonadherence (or treatment misclassification). We demonstrate how
these issues can be overcome using slight modifications to commonly applied correction
techniques. Below, we summarize the key results contributed within this thesis.

Chapter 3
In Chapter 3 we focus predominantly on methods for relaxing the assumptions on the available auxiliary data that are used to perform measurement error corrections. We demonstrate how the commonly assumed structure of replicate measurements, where multiple
proxies are assumed to be independent and identically distributed, will often be violated
in practice. Frequently, it is the case that multiple proxy measurements are available,
where each proxy may be subjected to a different error distribution. When this is the
case, commonly applied techniques that rely on repeated measurements being identically
distributed will range from inefficient to inconsistent. However, we also show that the
assumption of identically distributed errors is unnecessary to continue to apply several
common, approximately consistent error correction techniques.
We discuss how both regression calibration and simulation extrapolation can be expanded to this framework of repeated (rather than replicated) measurements, without
otherwise changing the underlying process. The proposed estimators function in precisely
the same way as the existing, commonly discussed techniques, whenever the repeated values are truly replicates. However, they also have the capacity to more efficiently make use
of all of the observed data, and can lead to consistent corrections when these auxiliary
data assumptions are violated.
In this chapter we prove consistent identification of the necessary moment parameters
to perform a wide variety of corrections under this more general structure, and demonstrate
that these estimators are asymptotically normal. We then show how these results can be
combined by existing techniques – particularly regression calibration and SIMEX – to produce consistent and asymptotically normal corrections under a wider class of measurement
error models than is typically assumed.
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Chapter 4
Chapter 4 is primarily concerned with developing a deeper theoretical foundation for simulation extrapolation. Building on extensions to SIMEX, we explore the technique by
framing it through the lens of functionals over the space of characteristic functions. In this
way we are able to explore the asymptotic bias that arises from violations to the assumption of normally distributed errors. This framing presents a nonparametric generalization
to the commonly discussed SIMEX, which we call the NP-SIMEX.
The NP-SIMEX exploits the empirical distribution to modify the simulation step of
the standard simulation extrapolation. We show that, supposing the underlying estimator
is sufficiently smooth, this procedure can be used regardless of the distribution of the
errors, whenever validation data are available. In the presence of replicate measurements
we need to assume that the errors follow a symmetric distribution, though, any symmetric
distribution will do. We further demonstrate how, by invoking literature regarding kernel
density estimation, the same procedure can be applied when errors are related to the
underlying true measurement.
We prove that the NP-SIMEX results in consistent and asymptotically normal corrections, supposing some technical requirements on the estimators of interest. We demonstrate
its applicability in a wide range of scenarios, and we discuss the principal drawback to the
technique: namely, because it is nonparametric, it requires a substantial amount of data to
be applied. When taken in conjunction with the theory developed around the analysis of
the standard SIMEX, these results present a mechanism for assessing whether the errors
appear sufficiently non-normal to warrant the use of the otherwise less efficient estimator.

Chapter 6
In Chapter 6, we consider dynamic treatment regimes, and begin to discuss the issues
that measurement errors in tailoring variables present within this context. We break down
the problem into the different roles that these tailoring variates play within the dynamic
treatment regime and argue that through an application of regression calibration, to the
dWOLS estimators, we can restore some of the desirable theoretical properties of the
estimators.
This work builds on previously established work (in my Masters thesis) where the
need for correction techniques was established. In this chapter, we further explore these
arguments, and contend that even when the primary interest is in predicting optimal future
treatment, it is worth considering corrections for the effects of errors.
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We demonstrate that, whenever valid pseudo outcomes can be estimated, the proposed
error correction techniques will result in doubly robust estimators for the true blip terms,
under the considered measurement error models. This double robustness is a desirable
property of dWOLS in the error-free setting. These estimators are shown to be asymptotically normal when we can make assumptions regarding the regularity of the law, as is
commonly required within the DTR literature. The primary concern with the theoretical
guarantees in this setting revolves around the need to generate valid pseudo outcomes. We
discuss techniques that can be used, in certain settings, to develop such outcomes, and
prove consistency of these estimators under restricted error models.

Chapter 7
In Chapter 7, we address the problem of nonadherence in dynamic treatment regimes.
We argue that nonadherence is a problem that ought to be addressed in this framework,
despite the frequent appeal to intention to treat analyses. We show how violations to the
causal structure of a DTR can arise through nonadherence, in addition to the bias that
is present when an ITT is used as a means of estimating the underlying truth. When
combined with standard critiques of ITTs, this provides an argument for the need for
intervention effectiveness methods for estimating optimal DTRs, even if they are to be
used in conjunction with an ITT.
For the proposed correction we directly modify G-estimation, producing a doublyrobust, and asymptotically normal estimator, under standard regularity conditions. In
this setting we explore different ways of modelling the nonadherence that may be present
in data, and illustrate how different sources of auxiliary data can be used to facilitate
the proposed correction. Moreover, we present the framework in such a way so as to
be amenable to sensitivity analyses. The proposed estimators are demonstrated to work
whether the proxy treatment indicator is an antecedent of the true treatment, or viceversa, and we discuss how this framework can be made to apply when multiple treatment
alternatives need to be considered.
The issue of pseudo outcomes, also discussed in Chapter 6, is further addressed within
the context of nonadherence, where we demonstrate that in principle valid pseudo outcomes
are estimable. This allows for, under fairly general assumptions, the consistent, doubly
robust estimation of the true blip terms relating to the underlying treatment’s efficacy.
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Concluding Remarks and Future Work
In this thesis we present generalizations which successfully overcome several of the shortcomings in existing techniques to correct for the effects of measurement error, and building
from here, propose the first substantive corrections for the effects of measurement error
within the context of dynamic treatment regimes. We ground the methodologies in assumptions which are frequently observed in practice, justify their utility through theoretical
arguments, and demonstrate their effectiveness through comprehensive simulation experiments. While these methods provide strong foundations for approaching the problems
addressed within the thesis, there remain areas which are promising for future investigation.
The utility of the generalized error model presented in Chapter 3 extends beyond the
demonstration of regression calibration and simulation extrapolation presented. While
these techniques are broadly used, and as such useful to generalize, it seems likely to be
the case that correction techniques which are catered to the specific setting of repeated
rather than replicated measurements may prove more efficient. The specific estimators
presented for regression calibration and simulation extrapolation are approximately consistent and are sensible estimators given the standard presentation, but no attempt at
uncovering the optimal or most efficient estimators was made. Extending our discussion
with a focus on estimator efficiency, or computational stability, may provide mechanisms
for overcoming the primary shortcomings exhibited by the proposed methods. Our proposal of the nonparametric SIMEX in Chapter 4 theoretically relies on formal conditions
that are difficult to check in practice; an attempt at re-characterizing the theory around
conditions which are easier to verify would improve the utility of the techniques. As is
common with nonparametric techniques, our results suggest that fairly large amounts of
data are required to make the correction feasible. Theoretical results, or a wider empirical
investigation, quantifying the exact impact of sample size on the efficiency of the technique
would provide useful context for when the techniques may be applicable. As a final possible
extension of the work on nonparametric simulation extrapolation, there appears to be a
close relationship between the proposed techniques and the empirical simulation extrapolation. It may be worthwhile to investigate whether the similarities are more than aesthetic,
and if so, whether the connections provide useful insight into the proposed technique.
Our investigation of errors in dynamic treatment regimes can be viewed as a preliminary investigation into these issues. There are several promising extensions both directly
related to the proposed techniques, and moving beyond them. The results in Chapter 6
leveraging regression calibration for dWOLS estimators can likely be translated, with minimal modification, to estimators based on G-estimation; the same goes in reverse for the
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nonadherence results in Chapter 7 being translated to dWOLS. The results regarding errors in variables are limited in two primary ways: first, only classical additive error was
directly considered, and second, the construction of pseudo outcomes limits the capacity
of the proposed estimators to achieve consistency. The first issue is likely able to be overcome by working directly with estimating equation approaches, which as demonstrated in
Chapter 7, are particularly amenable to DTR estimation. The pseudo outcomes provide a
barrier for regression-based techniques with a resolution which is less clear. It may be possible to leverage Q-learning, which uses a different formulation for the pseudo outcomes, to
overcome these issues. More likely, however, classification-based techniques would provide
a mechanism for overcoming these concerns more directly. It is worth noting, however,
that a different set of trade-offs must be accepted to use non-regression based estimators.
Chapters 6 and 7 also present the results as entirely separate; an investigation of techniques which can overcome both issues simultaneously, and perhaps investigate errors in
the outcomes as well, would allow for more generally applicable techniques. The work
presented in this thesis demonstrates the impact of errors on optimal DTR estimation, and
just as a wide-ranging literature surrounding correction techniques for the effects of measurement error exist in other estimation settings, so too is there room for such a literature
surrounding dynamic treatment regimes.
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Appendix A
M-Estimation Supplement
In this appendix chapter we provide an overview of the necessary results of M-estimators
that we make use of.

A.1

Background and Setup

When we have a general p × 1 parameter, Θ, which is of interest related to the distribution
b that is a
of a random variable Z, we are typically concerned with finding an estimator Θ
function of an iid random sample, say Z1 , . . . , Zn . Many such estimators can be expressed
as the solution to a set of estimating equations, represented as
b =
Un (Θ)

n
X

b = 0.
Ψ(Zi ; Θ)

i=1

b emphasizes the fact that ultimately this is a function of an
Here, the notation Un (Θ)
estimated parameter value, after we have fixed the random sample. Such estimators are
called M-estimators.1 The function Ψ(Z; Θ) is called an unbiased estimating equation if
EΘ [Ψ(Z; Θ)] = 0.
Formally, if p(Z; Θ) is the
R density of Z with respect to ν, when Θ is the relevant parameter, then EΘ [Ψ(Z; Θ)] = Ψ(z; Θ)p(Z; Θ)dν(z). We will typically suppress this notation
where it can be inferred without confusion. If Ψ is an unbiased estimating equation, then
1

More broadly, M-estimators are the zeros of estimating functions, but we use this language interchangably.
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b will be endowed with certain desirable properties under sufficient regularity conditions.
Θ
Namely, it will be consistent and asymptotically

 normal (CAN). If Θ0 is the true value for
√
p
d
b → Θ0 , and n Θ
b − Θ0 →
the parameter, then Θ
N (0, Σ).
The asymptotic covariance Σ is given by
( "
Σ=

E

∂
Ψ(Z; Θ)
∂Θ′

#)−1

( "
E [Ψ(Z; Θ0 )Ψ(Z; Θ0 )′ ] E

Θ=Θ0

∂
Ψ(Z; Θ)
∂Θ′

#)−1′
.
Θ=Θ0

′

This is often denoted by Σ = A(Θ0 )−1 B(Θ0 ) A(Θ0 )−1 , and referred to as the sandwich
formula. For any specifically chosen Ψ, it is possible to compute both
n

X ∂
b ∗) = 1
Ψ(Zi ; Θ)
A(Θ
n i=1 ∂Θ′

, and
Θ=Θ∗

n
1X
∗
b
B(Θ ) =
Ψ(Zi ; Θ∗ )Ψ(Zi ; Θ∗ )′ .
n i=1
p
p
b ∗) →
b ∗) →
Using the law of large numbers it is clear that A(Θ
A(Θ∗ ), and that B(Θ
B(Θ∗ ).
b =
This gives the motivation for the sandwich estimator for the variance, given by Σ
′
−1
−1
b Θ)
b A(
b Θ)
b
b Θ)
b B(
. Combining this with the asymptotic distribution, we get that the
A(
b allowing for standard confidence
b is N (Θ0 , n−1 Σ),
approximate sampling distribution of Θ
intervals to be computed.

This general theory provides the framework for the estimation procedures. There are
many sets of regularity conditions which will suffice for this theory to hold. In the following,
we illustrate what is generally required of Ψ in order for this to be the case.

A.2

Regularity Conditions

If E[Ψ(Z; Θ0 )] = 0 does not uniquely determine Θ0 , then in general there will be concerns
b
with the technique. If it does, however, then there exists a sequence of M-estimators, Θ,
which are consistent for Θ0 [40, 78]. The remainder of the asymptotic derivations rely on
a Taylor series expansion of Un (Θ). As a result, we need Ψ to be sufficiently smooth to
∂
b
allow for the Taylor expansion. Taking U̇n (Θ∗ ) = ∂Θ
′ Un (Θ) Θ=Θ∗ , then since Θ is a root
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of Un (·), we write
b = Un (Θ0 ) + U̇n (Θ0 )(Θ
b − Θ0 ) + Rn .
0 = Un (Θ)
Assuming that U̇n (Θ0 ) is non-singular, we can re-arrange to have
i−1
 √ h
√ 
√
b − Θ0 = n −U̇n (Θ0 )
n Θ
Un (Θ0 ) + nRn∗ ,
h
i−1
where Rn∗ = −U̇n (Θ0 )
Rn .
p

If A(Θ0 ) exists, then the weak law of large numbers will give −U̇n (Θ0 ) → − A(Θ0 ).
√
d
If B(Θ0 ) exists, then nUn (Θ0 ) → N (0, B(Θ0 )), by the central limit theorem. Now, so
√
p
long as Rn∗ = op (n−1/2 ), then nRn∗ → 0. If this does in fact hold then a straightforward
application of Slutsky’s Theorem gives the necessary distributional results. In both Huber
[40] and Serfling [78], conditions for this are given, however, it will generally be the case
that if Ψ is smooth and Θ does not grow in dimension quickly as n → ∞, it will be the
case. Summarizing, we have the following conditions
1. Θ0 is uniquely identified by the unbiased estimating equation. This gives consistency.
2. U̇n (Θ0 ) is non-singular, which should happen for sufficiently large n.
3. A(Θ0 ) and B(Θ0 ) exist, so that the WLLN and CLT can be applied.
4. Rn∗ = op (n−1/2 ). This will roughly hold when Ψ is smooth and Θ is a fixed dimension.
These regularity conditions will allow for the asymptotic theory presented previously to
hold.
While the regularity conditions are fairly mild, there are some important cases where
they will be violated. Of particular interest for this thesis, if Ψ contains an indicator function which depends on Θ, this will make Ψ sufficiently non-smooth so as to render standard
M-estimator theory invalid. This is fundamentally the issue with applying M-estimator theory to DTR estimation directly, since the pseudo-outcomes are typically calculated using a
maximization function. This is not a problem if the indicator functions contained in Ψ do
not contain Θ, as would be the case if, for instance, we use indicators regarding whether
or not Xij∗ is observed.
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Appendix B
Theoretical Results
B.1

Chapter 3

Proof of Lemma 3.5.1. We will prove this result under the assumption of incomplete replication and with the measured covariate Z. First, we note that for any observed variable
A, we can get consistent estimates of the mean and variance of A (denoted µA and ΣA ) by
solving the estimating equation
0=

n 
X
i=1


Ai − µA
.
(Ai − µA )2 − ΣA

If we take I(Ai ) to be the indicator that Ai is actually observed in the sample, and if we
assume that the observation indicator is ignorable, then we can modify this to be
0=

n
X
i=1




A i − µA
I(Ai )
.
(Ai − µA )2 − ΣA

As a result, we first note that for each mean, variance, and covariance associated with the
terms in {X1∗ , . . . , Xk∗ , Z}, we can use these standard estimators. This will result in solving
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the following system of equations,


∗
∗
I(X
i1 − µX1∗ )
 i1 )(X

∗
∗
I(Xi1 ) (Xi1 − µX1∗ )2 − ΣX1∗
..
.













∗
∗
∗
I(X


ik )(Xik − µXk )




∗
∗
2
∗
∗
I(Xik ) (Xik − µXk ) − ΣXk






I(Z
)(Z
−
µ
)
i
i
Z
n
X

2
.

I(Zi ) [(Zi − µZ ) − ΣZ ]
0=




∗
∗
∗
∗
∗
∗
∗
∗

−
µ
)
−
Σ
−
µ
)(X
)
(X
,
X
I(X
X2
X1 X2 
X1
i=1
i2
i1
i2
i1


..


.




I(X ∗ , X ∗ ) (X ∗ − µ ∗ )(X ∗ − µ ∗ ) − Σ ∗ ∗ 

X
X
X
X
i1
ik
ik
1
1k 
k
 i1∗


∗
∗
∗

 I(Xi1 , Zi ) (Xi1 − µX1 )(Zi − µZ ) − ΣX1 Z


.
..


 ∗

∗
I(Xik , Zi ) (Xik − µXk∗ )(Zi − µZ ) − ΣXk∗ Z
This leaves only the need to formulate the estimators surrounding the terms involving
X, which are expressed as closed form estimators in Equation (3.5.2) and Equation (3.5.4)
(when Z is observed), otherwise Equation (3.5.3). Note that none of these expressions
depend on i, and are instead simply functions of the parameters listed above. As a result,
we can simply use this previous expression with plug-in estimators to get the necessary
results. If, however, we wish to jointly estimate these moment estimators as well, we can
simply modify the above estimating equations to also include the closed form estimators.
First, note that the previous expression estimates a total of (K+1)(2+K/2) terms. This
includes K + 1 terms for the mean, K + 1 terms for the variances, and then 12 (K + 1)K
covariance terms. Moreover, note that the closed form expressions of interest estimate
1 mean term, 1 covariance term (with Z), K terms for the multiplicative bias, and K
covariance terms (with Xj∗ ), for a total of 2(K + 1) terms. Use the notation 0ℓ to denote a
vector of zeros of size ℓ. Then, all of the moment parameters can be estimated by taking
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gi (ξ) to be given by
∗
∗
I(X
i1 − µX1∗ )
 i1 )(X

∗
∗
I(Xi1 ) (Xi1 − µX1∗ )2 − ΣX1∗
..
.





 




0(2+K/2)(K+1)


ΣX ∗ Z
 


1


η
−
∗
∗
11


ΣXZ
∗ )
I(X
)(X
−
µ


X
iK
iK


K


.


∗
∗
..

I(XiK
) (XiK
− µXK∗ )2 − ΣXK∗
 


 

ΣX ∗ Z


 

I(Zi )(Zi − µZ )
K

η
−
1K


ΣXZ
2


µX ∗


I(Z
)
[(Z
−
µ
)
−
Σ
]
P
i
i
Z
Z
 µ − 1

j




+
∗
∗
∗
∗
,
X
|J0 | P j∈J0 η1j
 I(Xi1
− µX2∗ ) − ΣX1∗ X2∗  
− µX1∗ )(Xi2
) (Xi1
, Xi2


1


 ΣXZ − |J | j∈J1 ΣXj∗ Z 
..


1
.
 

PK ΣX1∗ Xℓ∗ 

1
I(X ∗ , X ∗ ) (X ∗ − µ ∗ )(X ∗ − µ ∗ ) − Σ ∗ ∗  
∗
 ΣXX1 − K−1 ℓ=2 η1ℓ 

X1
XK
X1XK 
i1
i1
iK
iK



 

∗
∗
..

− µX1∗ )(Zi − µZ ) − ΣX1∗ Z
, Zi ) (Xi1
 
 I(Xi1
.



..
ΣX ∗ X ∗
P


K−1
1
.

ΣXXK∗ − K−1 ℓ=1 ηK1ℓ ℓ
 

 I(X ∗ , Zi ) (X ∗ − µX ∗ )(Zi − µZ ) − ΣX ∗ Z 
iK

iK

K

K

02(K+1)
and then solving
0=

n
X

b
gi (ξ).

(B.1.1)

i=1

Note that if we do not have Z observed then we simply remove the terms referencing Z
from the left component of gi , and replace the right component with the estimators based
on the other closed form expressions previously presented. This has assumed that we have
scalar values Xi and Zi . If instead these are vector valued, the form of the expression is
exactly equivalent, however, for the variance and covariance terms we must vectorize the
resulting expression (stacking the matrix components into a vector), and correspondingly
update to the sizing of the zero vectors.

Proof of Lemma 3.5.2. Taking the definitions as stated in the Lemma, note that we have
b ∗ = (Θ
b ′ , ξb′ )′ solves the equation given by
the parameter vector Θ
"
#
n
X
b
b
U
(
Θ,
ξ)
n
0 = n−1
,
b
gn (ξ)
i=1
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and as a result we have


√ 
d
b ∗ − Θ∗ −→
n Θ
N 0, A−1 (Θ, ξ) B(Θ, ξ) A−1 (Θ, ξ)′ .
√
√ b
b ∗ − QΘ∗ ), and so a standard
− Θ) = n(QΘ
All that’s left is then to note that n(Θ
application of the Delta Method gives the necessary result. Note that the specific forms
give
∂
Un (Θ, ξ);
∂Θ′
∂
gn (ξ) = 0;
A2,1 (Θ, ξ) =
∂Θ′
B1,1 (Θ, ξ) = Un (Θ, ξ)Un (Θ, ξ)′ ;
B2,1 (Θ, ξ) = gn (ξ)Un (Θ, ξ)′ ;


A1,1 A1,2 ;
A(Θ, ξ) = E
;
A2,1 A2,2

∂
Un (Θ, ξ);
∂ξ ′
∂
A2,2 (Θ, ξ) = ′ gn (ξ);
∂ξ
B1,2 (Θ, ξ) = Un (Θ, ξ)gn (ξ)′ ;
B2,2 (Θ, ξ) = gn (ξ)gn (ξ)′ ;


B1,1 B1,2
B(Θ, ξ) = E
.
B2,1 B2,2

A1,1 (Θ, ξ) =

A1,2 (Θ, ξ) =

Lemma B.1.1 (Conditional Means (extension of Lemma A.1 [10])). Assume that V1 , V2 ,
and V3 are random vectors, and that δ > 0 is a constant scalar. Take E[V3 |V2 ] = 0,
and denote cov(V3 |V2 = v) = Ω(v). Assume that E[V3 |V1 ] and cov(V3 |V1 ) are three-times
differentiable functions of δ, a.s. Then
(a) If V1 = V2 + δV3 , then

 

fV′ 1 (v1 )
∂
Ω(v1 ) + Ω(v1 )
E[V3 |V1 ] = −δ Tr
+ Op (δ 2 ),
∂v1
fV1 (v1 ) v1 =V1

(B.1.2)

and
cov(V3 |V1 ) = Ω(V1 ) + Op (δ).

(B.1.3)

(b) If V1 = V2 (1 + δV3 ), then




fV′ 1 (v1 )
∂
E[V3 |V1 ] = −δ diag {Ω(v1 )} + v1 ◦ Tr
Ω(v1 ) + v1 ◦ Ω(v1 )
+Op (δ 2 ),
∂v1
fV1 (v1 ) v1 =V1
(B.1.4)
and
cov(V3 |V1 ) = Ω(V1 ) + Op (δ).
(B.1.5)
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Proof for Lemma B.1.1. While (a) was demonstrated in the proof for Lemma A.1 [10], we
include the full detail here as it is instructive for proving (b).
First note that, when δ = 0 we get V1 = V2 in both (a) and (b). As a result, for δ ≈ 0,
an arbitrary function of V1 , hV1 (v) is such that hV1 (v) = hV2 (v) + Op (δ), from a first-order
Taylor expansion. This gives the results for both covariance terms. It also gives the fact
that, in either scenario, we can write fV′ 2 (v)/fV2 (v) = fV′ 1 (v)/fV1 (v) + Op (δ). Then,
Z
1
v3 fV1 ,V3 (V1 , v3 )dv3
E [V3 | V1 ] =
fV1 (V1 )

R
(a)
= fV 1(V1 ) v3 fV3 |V2 (v3 |V2 = V1 − δv3 )fV2 (V1 − δv3 )dv3 ,
1
R
(b)
= fV 1(V1 ) v3 (1 + δv3 )−1 fV3 |V2 (v3 |V2 = V1 (1 + δv3 )−1 )fV2 (V1 (1 + δv3 )−1 )dv3 .
1

The remainder of the proof follows by considering Taylor expansions of the integrands
around δ = 0, and noting that fV1 (V1 ) = fV2 (V1 ) + Op (δ). Taking first the expression for
(a), note that evaluating the expression at δ = 0 gives v3 fV3 |V2 (v3 |V2 = V1 )fV2 (V1 ), which
integrating gives E[V3 |V2 = V1 ]fV2 (V1 ) = 0 by assumption. Differentiating the integrand,
and evaluating at δ = 0 gives the expression
−v3 v3′ fV′ 3 |V2 (v3 |V2 = V1 )fV2 (V1 ) − v3 v3′ fV3 |V2 (v3 |V2 = V1 )fV′ 2 (V1 ),
where the prime on the conditional density represents the derivative with respect to the
conditioning term. Integrating these terms gives


 
∂
′
Ω(v1 ) fV2 (V1 ) + Ω(V1 )fV2 (v1 )
.
− Tr
∂v1
v1 =V1
Combining this with the Taylor expansion in the denominator gives the desired result.
For (b) we follow a similar strategy. The integral evaluates to 0 when δ = 0 (by
assumption), and the first derivative of the integrand with δ = 0 is given by
−v3 ◦ v3 fV3 |V2 (V3 |V2 = V1 )fV2 (V1 ) − v3 v3′ fV′ 3 |V2 (V3 |V2 = V1 ) − v3 v3′ fV3 |V2 (V3 |V2 = V1 )fV′ 2 (V1 ).
Once again, we integrate giving




∂
′
Ω(v1 ) fV2 (V1 ) + Ω(V1 )fV2 (v1 )
.
− diag {Ω(v1 )} fV2 (V1 ) + Tr
∂v1
v1 =V1
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Then expanding the denominator as with (a) gives us the necessary result.
Proof of Theorem 3.6.1. This theorem follows as a direct application of Lemma B.1.1.
For the additive case, we consider V1 ≡ X ∗ , V2 ≡ η0 + η1 X, and V3 ≡ U . Then, it is
clear
=i0, by our outlined assumptions, and as a result, E[U |X ∗ ] =
h that
 E[U
 |η0 + η1 X]
′
f ∗ (x)
−δ Tr ∂Ω(x)
+ Ω(x) fX
+ Op (δ 2 ). Now, since X = η1−1 (X ∗ − η0 − δU ), the re∂x
X ∗ (x) x=X ∗
sults follows directly. The multiplicative case requires additional considerations, but is
otherwise similar.
First, taking V1 ≡ X ∗ − η0 , V2 ≡ η1 X, and V3 ≡ U , then we note that E[U |X ∗ =
x] = E[V3 |V1 = x − η0 ] and cov(U |X ∗ = x) = cov(V3 |V1 = x − η0 ). Additionally, fV1 (v) =
fX ∗ (v + η0 ). Then, in order to solve for E[X|X ∗ ], we make use of a Taylor expansion of
X = (1 + δU )−1 (X ∗ − η0 ), around δ = 0, to handle the ratio. We consider the second order
expansion so as to maintain an error of order Op (δ 3 ) overall. That is, consider
(1 + δU )−1 = 1 − δU + δ 2 diag (U U ′ ) + Op (δ 3 )


=⇒ E (1 + δU )−1 X ∗
= 1 − δE[U |X ∗ ] + δ 2 diag (cov(U |X ∗ ) + E[U |X ∗ ]E[U |X ∗ ]′ ) + Op (δ 3 )
= 1 − δE[U |X ∗ ] + δ 2 diag (cov(U |X ∗ )) + Op (δ 3 ),
where the last equality holds since δ 2 E[U |X ∗ ]E[U |X ∗ ]′ = Op (δ 4 ). Then, noting that
E[U |X ∗ = x]
= E[V3 |V1 = x − η0 ]




fV′ 1 (v1 )
∂
Ω(v1 ) + v1 ◦ Ω(v1 )
+ Op (δ 2 )
= −δ diag {Ω(v1 )} + v1 ◦ Tr
∂v1
fV1 (v1 ) v1 =x−η0
)#
"
( 

′
f ∗ (x)
∂Ω(v)
+ Ω(x − η0 ) X
= −δ diag {Ω(x − η0 )} + (x − η0 ) ◦ Tr
∂v
fX ∗ (x)
v=x−η0
+ Op (δ 2 ).
Combining these two quantities gives the desired result.
Proof of Theorem 3.6.2. The proof will be presented, where convenient, using notation
that implies scalar X. This can be extended to the multivariate case by carefully vectorizing
the relevant M-estimators.
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P
b RC solves Un (Y, Z, X,
b Θ
b RC ) = 0. Now, X
b =µ
First, note that Θ
b + βb kj=1 α
bk X ∗ + γ
bZ
bγ
where the estimators (b
µ, β,
b, {b
αj }j ) solve



b X∗ − γ


µX − µ
b − βµ
b µZ
0
b X∗X∗ − γ

 
bµX ∗ − βΣ
bΣZX ∗ 
 ΣXX ∗ − µ
  0 
b

 

h µ
b, β, γ
b, {b
αj }j =  ΣXZ − µ
b
bµZ − βΣX ∗ Z − γ
bΣZZ  =  0  .
ok 
 n
b X∗X∗ − γ
{0}kj=1
Tr ΣXX ∗ − βΣ
bΣZX ∗
j

j

j

j=1

Here, the reliance of the first three components on αj is suppressed in X ∗ . By Lemma 3.5.1
each of these components are estimable using an M-estimator. The previous results frame
µj , ΣXj∗ Xl∗ , ΣXXj∗ , and ΣXj∗ Z in place of µX ∗ , ΣX ∗ X ∗ , ΣXX ∗ , ΣZX ∗ , and ΣX ∗ Xj∗ . However,
the latter can be written as transformations of the former. Specifically,
µX ∗ =

k
X

α j µj ;

ΣX ∗ X ∗ =

j=1

ΣX ∗ Z =

k
X
j=1

k X
k
X

αj αl ΣXj∗ Xl∗ ;

j=1 l=1

αj ΣXj∗ Z ;

ΣX ∗ Xj∗ =

k
X

ΣXX ∗ =

k
X

αj ΣXXj∗ ;

j=1

αl ΣXl∗ Xj∗ .

l=1





P
bγ
bγ
b, β,
b, α
b = 0, this means that we
Now, noting that h µ
b, β,
b, α
b = 0 ⇐⇒ n−1 ni=1 h µ
can stack gi (·) with h(·) which forms an estimating equation for the relevant parameters.
Then, this can be stacked with Ψ(·), as the estimator of ΘRC is given as solution to
P
b ∗+γ
b RC ) = 0. As a result, the asymptotic distribution of
b + βX
b Zi , Θ
n−1 ni=1 Ψ(Yi , Zi , µ
i
b RC can be derived through the standard theory, using the M-estimator
Θ


∗
b
b
Ψ(Y
,
Z
,
µ
b
+
βX
(b
α
)
+
γ
b
Z
,
Θ
)
n
i
i
i
RC
i
X

bγ
bα
n−1
h(b
µ, β,
b, ξ,
b)

 = 0.
b
i=1
gi (ξ)
For the first matrix in the asymptotic covariance, denoted ARC , defined as the expectation
of the 3 × 3 block matrix given by the derivatives of the previous estimating equation. We
note that this will be an upper triangular matrix since h is independent of Θ, and gi is
independent of Θ and (µ, β, γ, α). Of course the precise form of this matrix will rely on
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the estimating equation for Θ, and on the data available defining gi . Generally,

 (1,1)
(1,2)
(1,3)
ARC ARC ARC

(2,3)
(2,3) 
ARC =  0
ARC ARC 
(3,3)
0
0
ARC




E [ΨΘ (Θ, µ, β, γ, α, ξ)] E Ψ (µ,β,γ,α) (Θ, µ, β, γ, α, ξ)
E
[Ψ
(Θ,
µ,
β,
γ,
α,
ξ)]
ξ

0
E h(µ,β,γ,α) (µ, β, γ, α, ξ)
E [hξ (µ, β, γ, α, ξ)]  ,
=
0
0
E [gξ (ξ)]
with W∆ (∆) representing the derivative of
  (1,1)
 (1,1)
(1,2)
(1,3)
B
BRC BRC BRC
 RC
 (2,1)
(2,2)
(1,3) 
(2,1)
B RC = BRC BRC BRC  = BRC
(3,1)
(3,1)
(3,2)
(3,3)
BRC
BRC BRC BRC

W (·) with respect to ∆′ . Similarly,
 

(1,2)
(1,3)
BRC BRC
E[ΨΨ′ ]
0
E[Ψg ′ ]
(2,2)
(1,3) 
E[hh′ ]
0 ,
BRC BRC  =  0
(3,2)
(3,3)
E[gΨ′ ]
0
E[gg ′ ]
B
B
RC

RC

where the zeros come from noting that, since E[Ψ] = E[g] = 0, and that h is constant (with
respect to the underlying random variables), we have that E[Ψh′ ] = E[gh′ ] = 0. Note that,
in fact, the structure of g is such that many of the components in the top right (and by
symmetry bottom left) will also have this zero property, though, upon specification of g this
should become obvious. The standard theory of M-estimators then gives the asymptotic
−′
covariance of the stacked estimator as A−1
RC B RC ARC .
Proof of Theorem 3.7.1. The two proposed estimators for the SIMEX correction – whether
averaged before or after extrapolation – can have their asymptotic distribution derived
b = G(−1, Γ),
b
as an extension of [8] and Lemma 3.5.2. Our primary interest lies in Θ
b is the parameter vector that minimizes R(Γ)′ C −1 R(Γ). Here, C is a positivewhere Γ
definite matrix, decided on by the analyst (for instance, C = I for standard least squares),
b Λ − G(Λ, Γ), and Θ
b Λ is the vector formed by stacking (Θ
b λ1 , . . . , Θ
b λ ). Θ
b λ is given
R(Γ) = Θ
R
P
P
n
−1
∗
b
b
by B −1 B
b=1 Θb,λ for each λ ∈ Λ, and Θb,λ solves n
i=1 ψ(Yi , Zi , Xbi (λ), Θλ ) = 0. Thus,
√ b
we work to derive the asymptotic distribution of n(Γ − Γ), and then apply the Delta
method for the necessary results.
b Λ = G(Γ,
b Λ). Define s(Γ) =
Note that, by definition we have ΘΛ = G(Γ, Λ) and Θ
n
o
∂
′
b Λ) = G(Γ, Λ) + s(Γ)′ Γ
b − Γ + op (1),
G(Γ,
Λ)
.
A
Taylor
expansion
of
G
results
in
G(
Γ,
∂Γ
√
which re-arranging and multiplying by ns(Γ)C −1 (for invertibility), and defining Ω(Γ) =
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s(Γ)C −1 s(Γ)′ gives that


√ 
√ 
b − Γ = Ω(Γ)−1 s(Γ)C −1 · n Θ
b Λ − ΘΛ + op (1).
n Γ

√ b
As a result, we can focus the proof on the asymptotic distribution of n Θ
−
Θ
Λ
Λ , and
b
then apply a straightforward transformation for the distribution of Γ.
b (j) (λ),
For the estimator computed as the average after extrapolation, we focus on Θ
SIMEX
which use Equation 3.7.1 directly for error term j. Stacking each of these estimators over
b (j) , and then consider the stacked version, stacking over
the values of λ ∈ Λ, we get Θ
Λ
b Λ . This notation must be extended to the other relevant
j = 1, . . . , k, to be given by Θ
parameters: Γj for the j-th extrapolant values, giving Ω(Γj ) = sj (Γj )Cj−1 sj (Γj )′ . Then, the
transformations here apply for each j, and so Ω(Γ), s(Γ), and C are formed by taking the
block diagonal matrices over all j. With these amendments, the following argument applies
directly. Once joint estimators are obtained for each G(−1, Γj ), the final distribution can
be taken by applying the relevant averaging transformation.
P
An asymptotic linearization of n−1 ni=1 ψ(Yi , Zi , Xbi∗ (λ), Θλ ) = 0 leads to
n

√ X
√ 
(1,1)−1
b
n Θb,λ − Θλ = A
(λ) n
ψ(Yi , Zi , Xbi∗ (λ), Θλ ) + op (1),
i=1


 ∂
−1
∗
where A(1,1) (λ) = E ∂Θ
′ ψ(Y, Z, Xb (λ), Θλ ) . Then, averaging both sides over b, results
P
√ b
√ P
(1,1)−1
∗
in n Θ
(λ) n ni=1 B −1 B
λ − Θλ = A
b=1 ψ(Yi , Zi , Xbi (λ), Θλ )+op (1). This result
holds for all λ ∈ Λ, where Λ is taken to be the fixed grid of size R that we simulate at.
The computation of these estimators, however, relyPon the components of ξ identified
in Lemma 3.5.1, through the estimating equation n−1 ni=1 gi (·) = 0, and on the weights
α. We specify an M-estimator for each αj , based on some optimality criteria, and include
the weights αj in ξ. For both estimators under consideration, all parameters required for
correction are then contained in ξ, and we can write
−1

n

n
X

ψ(Yi , Zi , Xbi∗ (λ), Θλ )

i=1

which we define to be n

−1

=n

n
X


h
i

√
−1
ψ Yi , Zi , η1·
◦ Xi∗ − η0· + λM∗1/2 νb , Θλ ,

i=1

ψib (λ), where the necessary alterations are made
 to have
 this
P
ψ
(λ)
stacked over j as discussed above. Writing the joint M-estimator as n−1 ni=1 ib
= 0,
gi
Pn
−1

i=1
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and applying the exact argument as above, we get that
" #  !

B 
n
X
bλ
√ X
√
Θ
ψib (λ)
Θλ
−1
−1
+ op (1)
n
−
= A (λ) n
B
gi
ξ
ξb
i=1
b=1

n 
√ X
Ψi (λ)
−1
:= A (λ) n
+ op (1),
gi
i=1

where, again, the last equality is taken to be a notational definition. We have that
h
i
 

 (1,1)

∂
∂
∗
∗
(1,2)
E ∂ξ′ ψ(Y, Z, Xb (λ), Θλ )
E
′ ψ(Y, Z, Xb (λ), Θλ )
A
A
.
h
i
 ∂Θ
A(λ) =
(2,2) =
0
A
0
E ∂ξ∂ ′ g(ξ)
Define ΘΛ to be the vector stacking (Θλ1 , Θλ2 , . . . , ΘλR ), with the corresponding definib Λ, Ψ
e i (Λ) to be the vector stacking (Ψi (λ1 ), . . . , Ψi (λR ), gi ), and ASIMEX (Λ) to be
tion for Θ
the matrix with A(1,1) (λ1 ), A(1,1) (λ2 ), . . . , A(1,1) (λR ) on the diagonals first R diagonals, and
then an R + 1 column with (A(1,2) (λ1 ), . . . , A(1,2) (λR ), A(2,2) ), then zeros elsewhere. Note
that the A(2,2) portion of the matrix is constant across all λ, and so this matrix forms a
block upper triangular matrix, with (R + 1) × (R + 1) blocks; each row j takes the relevant
matrix from A(λj ) in the j-th block, and takes the cross matrix in the R + 1 block. The
above result implies that
" #  !
n
bΛ
√ X
√
Θ
ΘΛ
−1
e i (Λ) + op (1).
n
−
= A (λ) n
Ψ
ξ
ξb
i=1
Standard asymptotic theory then gives that this converges in distribution toh a mean zero
i
′
e
e
normal distribution, with variance given by A−1 (Λ)Σ A−1 (Λ)′ , where Σ = E Ψ(Λ)
Ψ(Λ)
.

√ b
To extract only the distribution of n ΘΛ − ΘΛ , we multiply by


Q = Idim ΘΛ ×dim ΘΛ 0dim Θλ ×dim ξ
, giving the same mean zero with covariance Q A−1 (Λ)Σ A−1 (Λ)′ Q′ . Combining this with
the previous discussion gives

√ 
d
b
n Γ − Γ −→ N (0, Σ∗ ) ,
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′

where Σ∗ = Ω−1 (Γ)s(Γ)C −1 Q A−1 (Λ)Σ A−1 (Λ)′ Q′ C −1 s(Γ)′ Ω−1 (Γ)′ .
b and plugging
Finally, the SIMEX estimators are defined by taking the estimated Γ,
into G at λ = −1. As a result, we apply the Delta method with G(−1, ·) as the function,
and (assuming that it satisfies the requisite properties) we find that


√  
d
b −1 − G (Γ, −1) −→
n G Γ,
N (0, G Γ (−1, Γ)Σ∗ G Γ (−1, Γ)′ ) .
If using the estimator which has been averaged prior to extrapolation, this gives us the
required distribution. Otherwise, this has resulted in a (k dim Θ) × 1 stacked estimator
b and so Θ
b SIMEX is given by multiplying through the matrix Q∗ which is given by
G(−1,
Γ),


P
α1 Idim Θ · · · αk Idim Θ , where kj=1 αj = 1. This results in a final asymptotic covariance
′
of Q∗ G Γ (−1, Γ)Σ∗ G Γ (−1, Γ)′ Q∗ .
While the notational conventions were the same for either the averaging before, or
the averaging afterwards, we note that the matrix structures are fundamentally different
between the two. This is true even before the adjustment with Q∗ , since Ω(Γ), s(Γ), C, Q,
A and Σ are all of different forms and shapes.

B.2

Chapter 4



2 2
Proof of Lemma 4.4.1. Consider φUλ (t) = φU (t) exp − λt 2σ . The second order Taylor
expansion of this is given by
(1)

φUλ (t) ≈ 1 + tφUλ (0) +

t2 (2)
t2
φUλ (0) = 1 − (1 + λ)σ 2 .
2
2
(2)

Here, we’ve used the fact that E[U ] = 0 and E[U 2 ] = −φU (0). Taking λ = −1 is the
unique solution that makes the second order approximation exactly 1.
Proof of Theorem 4.4.2. First note that since U is symmetric, with variance σ 2 , then φU (t)
(1)
(2)
is a real-valued function, with φU (0) = 0 and φU (0) = −σ 2 . We wish to know when


2
t2 σ 2
1 − φU (t) exp
≤ 1 − φU (t) exp −λ
2



 2 2 


t2 σ 2
tσ
2
2 2
2 2
⇐⇒ 0 ≤ φU (t) exp −λt σ − exp t σ
− 2φU (t) exp −λ
− exp
.
2
2




t2 σ 2
2

2
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For all λ > −1, this condition
becomes
H(t,λ), and

 forotherwise 0 ≤ H(t, λ), where

  λt02 σ≥
2
t2 σ 2
+exp
exp − 2
2
−1 .
H(t, λ) is given by φU (t) φU (t)
2
2

2

Note that H(0, λ) = 0, and that H′ (0, λ) = 0. Further, H′′ (0, λ) = −σ −λσ
. For
2
λ > −1, this will take negative values and will be positive otherwise. This means that
t = 0 will give a local maximum for H(t, λ) if λ > −1 and a local minimum if λ < −1.
Invoking continuity of H(t, λ), this must mean that there is a region around t = 0 for which
0 ≥ H(t, λ) when λ > −1 and 0 ≤ H(t, λ) otherwise.
Proof of Theorem
Let Fbλ represent the distribution function for
resampled coPour
Pλ4.5.1.
λ
∗
∗
e
variates, Xi + j=1 Uij , and Fλ be the distribution function of Xi + j=0 Uij . If we take
∗ to represent the convolution operator, then for independent X and W we have that the
distribution function of X +W is given by FP
X ∗FW . Similarly, for independent W1 , . . . , Wn ,
we can write the distribution function for nℓ=1 Wℓ as FW ∗ FW ∗ · · · ∗ FW , with n terms,
(∗λ)
(∗λ)
(∗n)
which we denote FW . With this notation, we have Fbλ = FX ∗ FUe ∗ FU ∗ = FX ∗ FUe ∗ FbUe ,
(∗(λ+1))
and the distribution function Fλ = FX ∗FUe
. The convolution of FX and FbW converges
almost surely to the convolution between FX and FW , since


Z T
h
i
P lim
FX (τ ) FbW (t − τ ) − FW (t − τ ) dτ = 0
n→∞ 0
n
o
≥ P lim FbW (τ ) = FW (τ ) ∀ τ ∈ [0, t] = 1.
n→∞

This follows through dominated convergence, bringing the limit through the integral, then
noting that the set of events where the difference in convolutions (left-hand side) is zero
is a superset of the set of events where the empirical distribution function equals the true
distribution function (right-hand side). The right-hand side is one since the empirical CDF
converges almost surely.
This result gives us almost sure convergence of Fbλ to Fλ . Moreover, the characteristic
function of Fλ is given by φX (t)φUe (t)λ+1 , and so as λ → −1 we have Fλ −→ FX . Taking
the functional representation we have θbλ = T(Fbλ ) −→ T(Fλ ) = G(λ) by weak continuity,
which states that if Fn converges to F , then T(Fn ) converges almost surely to T(F ). Then,
since this is true for all λ, and since when λ = −1, Fλ = FX , the correct specification and
consistent estimation of G gives the result.
Proof of Theorem 4.5.2. The regularity conditions on the functional T are such that a
linearization can be obtained. Specifically, we should find that, n1/2 (T(Fbλ ) − T(Fλ )) =
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P
n−1/2 ni=1 ψFλ ,i + op (1), where ψFλ represents the influence curve of the functional at
Fλ . This representation is sufficient to continue to the proof from Carroll, Küchenhoff,
Lombard, and Stefanski [8], verbatim, as it is equivalent to the M-estimator representation
that they derive for θbλ .

B.3

Chapter 6

Proof of Theorem 6.3.1. First note that based on the (approximate) non-differential error,
and the linear form for the blip, we have
∗
∗
∗
E[Y |HK
, AK ] = E[E[Y |HK , HK
, AK ]|HK
, AK ]
∗
∗ ′
= E[fK (HK )|HK , AK ] + AK E[HK |HK
] ψK
∗
′
b ψK .
= E[fK (HK )|H ] + AK H
K

K

Moreover, note that taking (βbK , ψbK ) to be the WLS estimators, then under standard reg∗
∗
ularity conditions (βbK , ψbK ) will be consistent for (βK
, ψK
) which are the (unique) solution
∗
∗
to E[UK (βK , ψK )] = 0, where
!
n
o
bK
H
∗
∗
′
∗
′
∗
b
b
b
UK (βK , ψK ) =
(B.3.1)
b K wK (AK , HK ) Y − HK βK − AK HK ψK .
AK H
∗
∗
) are unique, then under either (A1) or (A2) we must
, ψK
We will show that, supposing (βK
∗
have ψK = ψK .
∗
b ′ βK + AK H
b ′ ψK . Then, from
If (A1) holds then we have that E[Y |HK
, AK ] = H
K
K
Equation(B.3.1) we see that
!
n
o
b
H
K
′
∗
′
∗
∗
∗
∗
b
b
b
E [UK (βK , ψK )|HK , AK ] =
b K wK (AK , HK ) HK [βK − βK ] + AK HK [ψK − ψK ] .
AK H
∗
∗
The uniqueness of the root demonstrates that at βK
= βK and ψK
= ψK we have
∗
b
E[UK |HK , AK ] = 0, which gives consistency of ψK for ψK , as needed.

If (A2) holds then, through the use of two-step M-estimation techniques we can replace
b K ) with P (AK = 1|H
b K ) in the asymptotic analysis. Doing so (maintaining the
π K (H
notation of πK (·)), we can consider the two sets of equations implied by Equation(B.3.1)
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separately.
(2)

∗
∗
∗
E[UK (βK
, ψK
)|HK
]
o
i
h
n
∗
′
∗
∗
∗
′
b
b
b
b
= E AK HK wK (AK , HK ) E[f (HK )|HK ] − HK βK + AK HK [ψK − ψK ] HK
n
o
∗ b
b K ) E[f (HK )|H ∗ ] − H
b ′ β∗ + H
b ′ [ψK − ψ ∗ ] = ΩK (H ∗ ).
= P (AK = 1|HK
)HK wK (1, H
K
K K
K
K
K
∗
By assumption, we have that E[ΩK (HK
)] = 0. Now, considering the first set of equations
we get
(1)

∗
∗
∗
, ψK
)|HK
]
E[UK (βK
h
n
o
i
b K wK (AK , H
b K ) E[f (HK )|H ∗ ] − H
b ′ β ∗ + AK H
b ′ [ψK − ψ ∗ ] H ∗
=E H
K
K K
K
K
K
n
o
∗ b
∗
′
∗
′
∗
b K ) E[f (HK )|HK
bK
bK
= P (AK = 1|HK
)HK wK (1, H
]−H
βK
+H
[ψK − ψK
]
n
o
∗ b
∗
′
∗
b
b
+ P (AK = 0|HK )HK wK (0, HK ) E[f (HK )|HK ] − HK βK
n
o
∗
∗ b
∗
′
∗
b K ) E[f (HK )|HK
bK
= ΩK (HK
) + P (AK = 0|HK
)HK wK (0, H
]−H
βK
.
(1)

∗
∗
)] = 0 we get that,
, ψK
Now, since E[UK (βK
h
n
oi
∗
∗ b
b K ) E[f (HK )|H ∗ ] − H
b ′ β∗
0 = E[ΩK (HK
)] + E P (AK = 0|HK
)HK wK (0, H
K
K K
h
n
oi
∗ b
b K ) E[f (HK )|H ∗ ] − H
b ′ β∗
= E P (AK = 0|HK
)HK wK (0, H
K
K K
h
n
oi
∗ b
∗
′
∗
b
b
= E P (AK = 1|HK )HK wK (1, HK ) E[f (HK )|HK ] − HK βK ,
(B.3.2)

where the last equality follows from (A2). Consider that
n
o
∗
∗ b
b K ) E[f (HK )|H ∗ ] − H
b ′ β∗
ΩK (HK
) = P (AK = 1|HK
)HK wK (1, H
K
K K
′
∗ b
∗
b K )H
bK
[ψK − ψK
].
+ P (AK = 1|HK
)HK wK (1, H

The first line of this expression has zero expectation owing to Equation(B.3.2), which
means that
h
i
∗ b
b K )H
b ′ [ψK − ψ ∗ ] = 0,
E P (AK = 1|HK
)HK wK (1, H
K
K
∗
which (under the stated regularity conditions) gives ψK
= ψK , as required.
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Proof of Theorem 6.4.1. In order to be valid for effect estimation, we view the outcome
Y as equal to a baseline, treatment-free component plus the “blips” received for each
treatment, across all stages. That is, we write
E[Y |HK , AK ] = f1 (X1 ) +

K
X

′
Aj Hj′ ψj = fK (HK ) + AK HK
ψK ,

j=1

supposing linear blip terms for each stage. Note that in this formation, fK (HK ) is such
that
′
ψK−1 .
E[fK (HK )|HK−1 , AK−1 ] = fK−1 (HK−1 ) + AK−1 HK−1
This continues though all other stages, j = 1, . . . , K − 2. Because of this, assuming the
approximately non-differential error mechanism that has been discussed, we would also be
able to write that,
∗
∗
b ′ ψK−1 .
E[fK (HK )|HK−1
, AK−1 ] = E[fK−1 (HK−1 )|HK−1
] + AK−1 H
K−1
∗
∗
, AK−1 ], the pseudo outcome can
, AK−1 ] = E[fK (HK )|HK−1
Then, so long as E[VK−1 |HK−1
be validly used for effect estimation. This is equivalent to the claim that
h
i
′
′
∗
bK
E AK HK
ψK − AK H
ψK HK−1
, AK−1 = 0.

This is easy to show through the law of iterated expectation, conditioning further on
∗
, AK }.
{HK
Proof. Proof of Theorem 6.4.2 Suppose that, as the theorem statement implies,
′
′
∗
E[I(HK
ψK > 0)HK
ψK |HK
],

is known. In order to estimate the optimal DTR, we frame the observed outcome as the
optimal outcome, plus the regrets from all stages. That is, we write
E[Y |HK , AK ] = Y opt +

K
X

′
− Aj )HK
ψj ,
(Aopt
− Aj )Hj′ ψj = Y opt (HK ) + (Aopt
j
j

j=1

under the assumption of linear blip terms at each stage. Moreover, we can write down that
′
E[Y opt (HK )|HK−1 , AK−1 ] = Y opt (HK−1 ) + (Aopt
K−1 − AK−1 )HK−1 ψK−1 ,
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which is the necessary requirement to apply Theorem 6.3.1. To demonstrate that VK−1 is
a valid pseudo outcome, notice that


′
′
∗
b ′ ψK
VK−1 = Y − E[I(HK
ψK > 0)HK
ψK |HK
] − AK H
K
′
= Y opt (HK ) + (Aopt
K − AK )HK ψK


′
′
∗
b ′ ψK
− E[I(HK
ψK > 0)HK
ψK |HK
] − AK H
K
∗
∗
E[VK−1 |HK
, A∗K ] = E[Y opt (HK−1 )|HK
, A∗K ]

 ′
 opt
∗
′
, AK
ψK HK
ψK > 0) HK
− E AK − I(HK
∗
= E[Y opt (HK−1 )|HK
, A∗K ]
∗
∗
E[VK−1 |HK−1
, A∗K−1 ] = E[Y opt (HK−1 )|HK−1
, A∗K−1 ],

as required.
Proof of Theorem 6.4.3. Consider
′
∗
′
′
∗
E[Aopt
K HK ψK |HK , AK ] = E[I(HK ψK > 0)HK ψK |HK ]
∗
= E[I(ZK + CK > 0)(ZK + CK )|HK
]
n
o
∗,EP
∗
= P (ZK > −CK |HK ) CK + E[ZK |HK , ZK > −CK ] .
′

EF,T EF
EP EP
ψK and CK = HK
ψK to be the error-prone and
Here we have defined ZK = HK
′
ψK . The assumptions on the error-prone covariates will allow
error-free components of HK
∗,EP
us to conclude that ZK |HK
is normally distributed, and correspondingly, the conditional
expectation of ZK is given by the mean of a truncated normal variable. This follows
′
∗,EP
EP′
directly from the fact that both ZK and HK
are joint combinations of HK
U ′ , and
so standard results of the multivariate normal distribution give the joint, and conditional
distributions as being normal as well.

From the distributional assumption, U is normally distributed with mean 0 and variance
∗,EP
Σ. Note that here the dimension of ΣX and Σ will be identical. Then, we get that ZK |HK
is distributed as,


∗,EP
EF′
EF′
EF′
EF
EF′
EF
N ψK
µX + ψK
Σ (Σ + ΣX )−1 (HK
− µX ), ψK
ΣψK
− ψK
Σ(Σ + ΣX )−1 ΣψK
.
2
We denote these to be µ̇K and σ̇K
. Then, using results from truncated normal distributions
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we find that
h
i
∗,EP
E ZK |HK
, ZK > −CK = µ̇K + σ̇K



K
φ − µ̇Kσ̇+C
K

.
K
1 − Φ − µ̇Kσ̇+C
K

From this argument we can also write that
P (ZK >

∗
)
−CK |HK

= 1 − P (ZK ≤

∗
)
−CK |HK



CK + µ̇K
=1−Φ −
σ̇K


.

Correspondingly, we find that
′
∗
E[Aopt
K HK ψK |HK , AK ]

B.4






µ̇K + CK
CK + µ̇K
+ µ̇K + σ̇K φ −
.
= CK 1 − Φ −
σ̇K
σ̇K

Chatper 7

Proof for Theorem 7.5.1. First, we show that
E[Vej+1 |Hj∗ , A∗j ] = νj∗ (Hj∗ ) + πj∗ (Hj∗ , A∗j )Cj∗ (Hj∗ ).
Then we show that E[Uj∗ (ψj )] = 0. We begin using induction. First, for j = K + 1, we
have Vej = Y and so
∗
E[Y |HK
, A∗K ]
i
o
n h
∗
∗
, A∗K
= E E Y |HK , AK , AK HK
∗
= E {E [Y |HK , AK ]| HK
, A∗K }
∗
= E {QK (HK , AK )| HK
, A∗K }
∗
= E {νK (HK ) + AK CK (HK ; ψK )| HK
, A∗K }
∗
∗
= E {νK (HK )| HK
, A∗K } + E {AK CK (HK ; ψK )| HK
, A∗K }
∗
∗
∗
∗
, A∗K }
= νK
(HK
) + P (AK = 1|HK
, A∗K )E {CK (HK ; ψK )| AK = 1, HK
∗
∗
∗
∗
∗
∗
, A∗K )CK
(HK
)
(HK
) + πK
(HK
= νK
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I.A. (1)

I.A. (2).

Next, suppose take the inductive hypothesis (I.H.) to be that this expression holds for
j = K, . . . , k + 2, and consider
E[Vek+1 |Hk∗ , A∗k ]

∗
∗
∗
∗
∗
∗
∗
= E[Vek+2 + Aopt
k+1 − πk+1 (Hk+1 , Ak+1 ) Ck+1 (Hk+1 )|Hk , Ak ]
n h
o
i 
∗
∗
∗
∗
∗
∗
∗
∗
= E E Vek+2 |Hk+1
−
π
(H
,
A
)
C
(H
)
H
,
A
, A∗k+1 + Aopt
k+1
k+1
k+1
k+1
k+1
k
k
k+1
 ∗
∗
∗
∗
∗
∗
∗
= E νk+1 (Hk+1 ) + πk+1 (Hk+1 , Ak+1 )Ck+1 (Hk+1 )

∗
∗
∗
∗
∗
∗
∗
I.H
+ Aopt
k+1 − πk+1 (Hk+1 , Ak+1 ) Ck+1 (Hk+1 ) Hk , Ak
 ∗
∗
∗
∗
∗
∗
= E νk+1 (Hk+1
) + Aopt
k+1 Ck+1 (Hk+1 ) Hk , Ak

∗
∗
∗
∗
= E E[νk+1 (Hk+1 ) + Aopt
k+1 Ck+1 (Hk+1 )|Hk+1 , Ak+1 ] Hk , Ak

∗
∗
= E νk+1 (Hk+1 ) + Aopt
k+1 Ck+1 (Hk+1 ) Hk , Ak
= E {Vk+1 (Hk+1 )| Hk∗ , A∗k }
n n
o
o
∗
= E E Vk+1 (Hk+1 )|Hk , Ak , Ak Hk∗ , A∗k
= E {νk (Hk ) + Ak Ck (Hk )| Hk∗ , A∗k }
= νk∗ (Hk∗ ) + P (Ak = 1|Hk∗ , A∗k )E {Ck (Hk )| Ak = 1, Hk∗ , A∗k }
= νk∗ (Hk∗ ) + πk∗ (Hk∗ , A∗k )Ck (Hk∗ ).

I.A. (1)
I.A. (2)

Note that in addition to the independence assumptions and the inductive hypothesis, we
also used the fact that Ck (·) is correctly specified. In the event (as will be the case in
practice) that we are using the estimated versions instead, all of these equalities hold
almost surely (assuming that ψbj are almost surely consistent for ψj ). With these expected
pseudo-outcome (E.P.O) results established, we can show that E[Uj∗ (ψj )] = 0. First,
consider the expectation, conditional on {Hj∗ , A∗j }


E Uj∗ (ψj )|Hj∗ , A∗j
n
X

∗
∗
=
λ∗j (Hi,j
) A∗i,j − P (A∗i,j = 1|Hi,j
)
i=1

n
o
∗
∗
∗
∗
∗
∗
∗
∗
∗
e
× E[Vi,j+1 |Hi,j , Ai,j ] − πj (Hi,j , Ai,j )Cj (Hi,j ; ψj ) + θj (Hi,j )
=

n
X



∗
∗
∗
∗
λ∗j (Hi,j
) A∗i,j − P (A∗i,j = 1|Hi,j
) νj∗ (Hi,j
) + θj∗ (Hi,j
)

i=1
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E.P.O.

Taking this result, we can consider the expectation conditional on just Hj∗ , which gives


E Uj∗ (ψj )|Hj∗
n
X


∗
∗
∗
∗
∗
=
λ∗j (Hi,j
) E[A∗i,j |Hi,j
] − P (A∗i,j = 1|Hi,j
) νj∗ (Hi,j
) + θj∗ (Hi,j
)

I.A. (3)

i=1

=

n
X



∗
∗
∗
∗
∗
)
) + θj∗ (Hi,j
) νj∗ (Hi,j
) − P (A∗i,j = 1|Hi,j
) P (A∗i,j = 1|Hi,j
λ∗j (Hi,j

i=1

= 0.
Note that this will hold so long as the residual term
∗
∗
∗
∗
E[Vei,j+1 |Hi,j
, A∗i,j ] − πj∗ (Hi,j
, A∗i,j )Cj∗ (Hi,j
; ψj ) + θj∗ (Hi,j
),
∗
. This is true under the assumptions laid out only at the true ψj , in
is independent of Hi,j
general. As a result, Uj∗ (ψj ) form unbiased estimating equations which are uniquely solved
at the true ψj , and as a result produce consistent estimators for ψj .

Proof of Theorem 7.7.1. Under non-exceptional laws, and the standard regularity conditions, then Theorem 7.5.1 demonstrates that the U ∗ is an unbiased estimating equation. Supposing that the other nuisance parameters are estimated via M-estimation techniques, then a simple invocation of two-step M-estimation theory provides the necessary
results.
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Appendix C
Non-regularity in DTRs
We mentioned that the asymptotic theory for DTR estimation is subject to non-regularity.
We present an illustrative example of this here. Consider a simple example of a non-regular
estimator (largely taken from Tsiatis, Davidian, Holloway, and Laber [90], though there
is a mistake in the published argument). Take H1 to be scalar valued, with A1 = {0, 1}.
Assume that Q1 (h1 , a1 ; β1 ) is correctly specified as β10 + β11 h1 + β12 a1 . This gives the
optimal treatment rule, dopt
= I(β12 > 0), and leads to maxa1 Q1 (h1 , a1 ; β1 ) = β10 +
1
β11 h1 + β12 I(β12 > 0). We can derive the value of this to be given by V(dopt ) = β10 +
β11 E[H1 ] + β12 I(β12 > 0). The estimated value, based on the sample, will be given by
b = βb10 + βb11 H 1 + βb12 I(βb12 > 0). Then,
V
b − V = βb10 + βb11 H 1 + βb12 I(βb12 > 0) − {β10 + β11 E[H1 ] + β12 I(β12 > 0)}
V
= βb10 + βb11 H 1 + βb12 I(βb12 > 0) − {β10 + β11 E[H1 ] + β12 I(β12 > 0)}
+ βb11 (E[H1 ] − E[H1 ])

 



b
b
b
b
= β10 − β10 + β11 − β11 E[H1 ] + β12 I(β12 > 0) − β12 I(β12 > 0)

+ βb11 H 1 − E[H1 ] .
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√
Adding and subtracting β11 H 1 − E[H1 ] , and multiplying by n, gives
 √ 

 √ 
√ 
b − V = n βb10 − β10 + n βb11 − β11 E[H1 ]
n V

√ 
b
b
+ n β12 I(β12 > 0) − β12 I(β12 > 0)


√ 
+ n βb11 − β11 H 1 − E[H1 ]

√
+ nβ11 H 1 − E[H1 ] .
Standard M-estimator theory gives us that


 
βb10 − β10
Z1


b
√ 
 β − β11  d Z2 
n  11
N (0, Σ).
→ 
Z3 
 βb12 − β12 
Z4
H 1 − E[H1 ]
The fact that H → E[H1 ] means that the term on the third line converges in probability
to 0, the top line will converge
in distribution to Z1 + E[H1 ]Z
 2 , and the final component to
√ b
b
β11 Z4 . This leaves only n β12 I(β12 > 0) − β12 I(β12 > 0) . g(u) is not differentiable at
u = 0, and so the Delta Method can only be applied if β12 ̸= 0. Making this assumption,
this term will converge in distribution to Z12 I(β13 > 0), so that

√ 
d
b −V →
n V
Z1 + E[H1 ]Z2 + I(β12 > 0)Z3 + β11 Z4 .
√
If instead we have β12 = 0, then this term simplifies to nβb12 I(βb12 > 0), and since β12 = 0
√
√
d
we have nβb12 → Z3 . Since the indicator I(βb12 > 0) = I( nβb12 > 0) we can apply the
√
d
continuous mapping theorem, resulting in nβb12 I(βb12 > 0) → Z3 I(Z3 > 0). As a result,
(

√ 
Z1 + E[H1 ]Z2 + I(β12 > 0)Z3 + β11 Z4 β12 ̸= 0
d
b −V →
n V
,
Z1 + E[H1 ]Z2 + I(Z3 )Z3 + β11 Z4
otherwise
where in the first case the limiting distribution is normal and in the second case it is not.
While this is a specific realization of the problem of non-regularity in DTRs, these issues
ultimately stem from the violation of regularity conditions we previously discussed. In this
b is subject to standard asymptotic theory whenever β11 ̸= 0, however, whenever
case, V
there is no treatment effect, non-regular theory will be necessary.
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Appendix D
Additional Simulation Results
When investigating the impact of measurement error in dynamic treatment regimes, in
Chapter 6, we simulated numerous additional scenarios to investigate the impact of various factors on our proposed corrections. The results of these simulations are provided
here. To investigate the procedure in the multistage scenario, we considered a variety of
related settings formed by varying different aspects of the model. We take X1 ∼ N (0, 1),
∗
∗
∼ g2 (X1 ), for error models g1 , g2 . The P (A1 = 1|X1∗ =
∼ g1 (X1 ) and X12
with X11
x∗1 ) = h1 (x∗1 ; α10 , α11 ), with a treatment model h1 and parameters α10 , α11 . We then take
∗
∗
X2 ∼ N (A1 , 1), with X21
= g1 (X2 ) and X22
= g2 (X2 ), and P (A2 = 1|X2∗ = x∗2 ) =
∗
h2 (x2 ; α20 , α21 ). The outcome is then given by Y = f (X1 ) + (Aopt
1 − A1 ) (1 + ψ11 X1 ) +
opt
(A2 − A2 ) (1 + ψ21 X2 ) + ϵ, with ϵ ∼ N (0, 1), where f (X1 ) is the treatment-free model.
The five considered scenarios depend on the alteration of the above parameters.
1. Considers 10 combinations of (α10 , α20 ), values taken from {−2, −1, 0, 1, 2}, holding
the treatment-free model as linear, both treatment models as linear, the error models
as classical additive with N (0, 0.25) distribution, ψ11 = ψ21 = 1.
2. Considers 10 combinations of (ψ11 , ψ21 ), values taken from {−1, −0.1, 0, 0.1, 1}, holding α10 = α20 = 0, the treatment-free model as linear, both treatment models as
linear, the error models as classical additive with N (0, 0.25) distribution.
3. Considers 5 scenarios for various forms of the treatment-free model, taking f (X1 ) =
X1 (linear), f (X1 ) = X1 + X12 (quadratic), f (X1 ) = X1 + X22 − X13 (cubic), f (X1 ) =
exp(X1 ) − X13 (exponential), or exp(X1 )I(X1 >= −0.5) (complex). We hold both
treatment models to be linear, α10 = α20 = 0, ψ11 = ψ21 = 1, and the error models
as classical additive with N (0, 0.25) distribution.
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4. Considers 10 scenarios where the treatment models are taken to be one of hj (x∗j ) =
αj0 + αj1 x∗j (linear), hj (x∗j ) = αj0 + αj1 x∗j + (x∗j )2 (quadratic), hj (x∗j ) = αj0 + αj1 x∗j +
exp(x∗j ) (exponential), and hj (x∗j ) = αj0 + αj1 x∗j + (x∗j )2 + exp(x∗j ) (mixed). We hold
the treatment-free model to be linear, α10 = α20 = 0, ψ11 = ψ21 = 1, and the error
models as classical additive with N (0, 0.25) distribution.
5. Considers 10 scenarios for various error models, taking gj (Xl ) = Xl + N (0, 0.25)
(normal), gj (Xl ) = Xl + t10 (approximately normal), gj (Xl ) = Xl · Gamma(1, 1)
(gamma), or gj (Xl ) = Xl ·Unif(0.5, 1.5) (uniform). We hold the treatment-free model
to be linear, both treatment models to be linear, α10 = α20 = 0, and ψ11 = ψ21 = 1.
All analyses were conducted where (X1∗ , X2∗ ) is taken to be
∗
∗
∗
∗
, X2∗ ), (X1∗ , X21
)
(X11
, X21
), (X1∗ , X2∗ ), (X11

(that is treatment depends on either the first naive proxy, or on the mean of the two
proxies). We take n = 10, 000 and repeat each scenario 1000 times. The results for a
corrected analysis and a naive analysis are included in tables D.1-D.5.
Table D.1: Median parameter estimates investigating the impact of treatment probabilities
in a multistage DTR, by varying (α10 , α20 ) as indicated. Blip parameter estimates are
compared for n = 10, 000 individuals, using the corrected method compared to a naive
analysis. The top set of rows of the table use the first error-prone proxy at both stages, the
second set of rows use the mean of proxies at both stages, the third set of rows use the mean
at the first stage and the first error-prone proxy at the second, and the final set of rows
use the first error-prone proxy at the first stage and the mean at the second. Bold values
indicate parameters for which the 95% percentile-based interval across the 1000 simulation
replicates did not cover the true parameter value.
Regression Calibration
(α10 , α20 )
(-2, -2)
(-1, -1)
(0, 0)
(1, 1)
(2, 2)
(-2, 0)
(-1, 1)

A1
1.0101
1.0103
1.0106
1.0086
1.0082
1.01
1.0109

A1 X1
0.9974
0.9983
0.9961
0.996
0.9983
0.9973
0.9977

A2
1.0035
1.0038
1.0003
0.998
0.9975
1.0009
0.999

Naive

A2 X2
0.9963
0.9961
0.9995
0.9994
1.0027
0.9987
0.9986
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A1
1.0098
1.0102
1.0108
1.0086
1.0083
1.01
1.0109

A1 X1
0.8874
0.8879
0.8859
0.8857
0.8881
0.8872
0.8868

A2
1.0163
1.0304
1.045
1.0622
1.0789
1.0157
1.0267

A 2 X2
0.902
0.9064
0.9101
0.909
0.9077
0.8993
0.9044

Regression Calibration
(α10 , α20 )
(0, 2)
(1, -2)
(2, -1)
(-2, -2)
(-1, -1)
(0, 0)
(1, 1)
(2, 2)
(-2, 0)
(-1, 1)
(0, 2)
(1, -2)
(2, -1)
(-2, -2)
(-1, -1)
(0, 0)
(1, 1)
(2, 2)
(-2, 0)
(-1, 1)
(0, 2)
(1, -2)
(2, -1)
(-2, -2)
(-1, -1)
(0, 0)
(1, 1)
(2, 2)
(-2, 0)
(-1, 1)
(0, 2)
(1, -2)
(2, -1)

A1
1.011
1.0087
1.0084
1.008
1.0112
1.0111
1.0093
1.0101
1.0108
1.011
1.0119
1.0091
1.01
1.0083
1.0107
1.0116
1.0096
1.0101
1.0107
1.0113
1.0116
1.0093
1.0098
1.0096
1.0094
1.0106
1.0085
1.0079
1.0099
1.0112
1.0108
1.0078
1.0082

A1 X1
0.9963
0.9971
0.9997
0.9992
0.9988
0.997
0.9963
0.9993
0.9994
0.9982
0.9972
0.9973
1.0002
1.0001
0.999
0.9968
0.9955
0.9994
0.9989
0.9983
0.9969
0.9975
0.9996
0.9977
0.9978
0.9963
0.9965
0.9983
0.9983
0.9976
0.9962
0.9973
0.9996

A2
0.9963
1.0028
1.0036
1.0034
1.0048
1.0013
0.9975
0.9977
1.0011
0.9979
0.9956
1.0043
1.0014
1.0038
1.0039
1.0005
0.9981
0.9968
1.0008
0.9989
0.9967
1.0043
1.0024
1.0034
1.0038
1.0013
0.9982
0.9961
1.0007
0.9983
0.9959
1.0034
1.0036

Naive

A2 X2
0.9987
0.9993
0.9975
0.9965
0.998
0.9967
0.9985
1.0007
0.9985
0.9988
0.9972
0.9976
0.998
0.9975
0.9971
0.9982
0.9995
1.0011
0.9991
0.9995
0.9976
0.999
0.9975
0.9979
0.9976
0.9974
1.0001
0.9983
0.9977
0.9981
0.9957
0.998
0.9969
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A1
1.0105
1.0084
1.0079
1.0087
1.0107
1.0111
1.009
1.0104
1.0108
1.0113
1.0118
1.009
1.0091
1.0082
1.0106
1.0118
1.0095
1.0098
1.0113
1.011
1.0115
1.0093
1.0097
1.0095
1.0097
1.0104
1.0084
1.0078
1.01
1.011
1.0108
1.0074
1.0079

A1 X1
0.8859
0.886
0.8886
0.8887
0.8877
0.8872
0.8865
0.8884
0.8884
0.8875
0.8865
0.8866
0.8894
0.8895
0.8882
0.8866
0.8862
0.8889
0.8886
0.8874
0.8869
0.8869
0.8891
0.8875
0.8872
0.8859
0.8857
0.8879
0.8872
0.8866
0.8863
0.8864
0.8887

A2
1.0413
1.0704
1.0891
1.0165
1.031
1.0454
1.0621
1.0795
1.0159
1.0257
1.041
1.072
1.0871
1.0163
1.0305
1.0453
1.0619
1.0802
1.0156
1.0262
1.042
1.0721
1.0887
1.0162
1.0304
1.0459
1.0621
1.0786
1.0155
1.0262
1.0411
1.071
1.0881

A 2 X2
0.9079
0.904
0.8982
0.902
0.9068
0.9074
0.9083
0.9054
0.8991
0.9039
0.9073
0.903
0.8974
0.9018
0.9064
0.9097
0.909
0.9066
0.8998
0.9055
0.9081
0.9041
0.8974
0.9027
0.9067
0.9085
0.9093
0.9043
0.8988
0.9043
0.906
0.9031
0.8972

Table D.2: Median parameter estimates investigating the impact of treatment thresholds
in a multistage DTR, by varying (ψ11 , ψ21 ) as indicated. Blip parameter estimates are
compared for n = 10, 000 individuals, using the corrected method compared to a naive
analysis. The top set of rows of the table use the first error-prone proxy at both stages, the
second set of rows use the mean of proxies at both stages, the third set of rows use the mean
at the first stage and the first error-prone proxy at the second, and the final set of rows
use the first error-prone proxy at the first stage and the mean at the second. Bold values
indicate parameters for which the 95% percentile-based interval across the 1000 simulation
replicates did not cover the true parameter value. Scenarios take (ψ11 , ψ20 , ψ21 ) to be 1:
(-1, 1, -1), 2: (-.1, 1, -.1), 3: (0, 1, 0), 4: (.1, 1, .1), 5: (1, 1, 1), 6: (-1, 1, 0), 7: (-.1, 1, .1),
8: (0, 1, 1), 9: (.1, 1, -1), and 10: (1, 1, -.1).
Regression Calibration
A1
1 0.9902
2 0.9999
3
1
4 0.9998
5 1.0106
6 1.0006
7 0.9998
8 1.0106
9 0.9918
10 0.9998
1
0.993
2 1.0001
3 1.0006
4 1.0007
5 1.0111
6 1.0025
7 1.0006
8 1.0117
9 0.9924
10 0.9997
1 0.9926
2 1.0015
3 1.0015

A 1 X1
-1.001
-0.1017
-0.0019
0.0979
0.9961
-1.0014
-0.1018
-0.0029
0.0988
0.9967
-1.0006
-0.1017
-0.0017
0.0985
0.997
-1.0015
-0.1016
-0.0015
0.0992
0.9969
-1.0004
-0.1013
-0.0017

A2
1.0011
1.0017
1.0014
1.0016
1.0003
1.0017
1.0017
1.0017
1.0019
1.0002
0.9997
0.9993
0.9995
0.9999
1.0013
0.9996
0.9993
1.0016
1.0005
1.0006
1.0011
1
1.0001

Naive

A2 X2
-1.002
-0.1006
-8e-04
0.099
0.9995
-1e-04
0.0994
0.9986
-1.0028
-0.1017
-1.0023
-0.1018
-0.0017
0.0976
0.9967
-0.0015
0.0981
0.9968
-1.0034
-0.1023
-1.0041
-0.1008
-7e-04
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A1
0.9907
0.9998
1
0.9998
1.0108
1.0005
0.9998
1.0105
0.9918
1.0004
0.9934
1.0001
1.0006
1.0007
1.0111
1.0025
1.0006
1.0117
0.9925
1.0001
0.9927
1.0015
1.0015

A1 X1
-0.8904
-0.0904
-0.0017
0.0872
0.8859
-0.89
-0.0905
-0.0026
0.0877
0.8867
-0.8895
-0.0903
-0.0015
0.0875
0.8872
-0.8903
-0.0903
-0.0013
0.0881
0.8871
-0.8893
-0.09
-0.0015

A2
A2 X2
0.956 -0.9114
0.9971 -0.0914
1.0016 -9e-04
1.006
0.0904
1.045 0.9101
1.0017
2e-04
1.0059 0.0906
1.0461 0.9094
0.9563 -0.9121
0.9958 -0.0922
0.9548 -0.911
0.9951 -0.0924
0.9996 -0.0018
1.0046 0.0889
1.0454 0.9074
0.9994 -0.0012
1.004
0.0895
1.0459 0.9076
0.9549 -0.9123
0.9957 -0.0933
0.9556 -0.913
0.9959 -0.092
1
-8e-04

Regression Calibration
A1
4 1.0018
5 1.0116
6 1.0023
7 1.0016
8 1.0121
9 0.9926
10 1.001
1 0.9893
2 0.9992
3 0.9994
4 0.9997
5 1.0106
6 1.0008
7 0.9997
8 1.0102
9 0.9914
10 0.9994

A 1 X1
0.0984
0.9968
-1.0016
-0.1016
-0.0014
0.0996
0.9971
-1.0008
-0.1017
-0.0019
0.0979
0.9963
-1.0013
-0.1014
-0.0023
0.0986
0.9966

A2
1.0002
1.0005
1.0008
1.0006
1.0004
0.9999
0.9998
1.0004
1.0013
1.0013
1.0012
1.0013
0.9997
1.001
1.0011
1.0013
1.0005

Naive

A2 X2
0.0991
0.9982
-0.0011
0.0994
0.9982
-1.0028
-0.1007
-1.0018
-0.1014
-0.0016
0.0982
0.9974
-6e-04
0.0987
0.9986
-1.0021
-0.1016

A1
A1 X1
A2
A2 X2
1.0017 0.0875 1.0046 0.0902
1.0118 0.8866 1.0453 0.9097
1.0022 -0.8901 1.0008 -0.0015
1.0016 -0.0903 1.0048
0.09
1.0121 -0.0012 1.045 0.9097
0.9927 0.0885 0.9549 -0.9121
1.0009 0.8872 0.9952 -0.0919
0.9893 -0.8897 0.9554 -0.9112
0.9992 -0.0906 0.9964 -0.0928
0.9993 -0.0017 1.001 -0.0018
0.9996 0.0873 1.0058 0.0893
1.0104 0.8859 1.0459 0.9085
1.0009 -0.8901 0.9996 -8e-04
0.9996 -0.0903 1.0056 0.0894
1.0102 -0.002 1.0456 0.9091
0.9914 0.0876 0.9563 -0.9119
0.9995 0.8867 0.9958 -0.0925

Table D.3: Median parameter estimates investigating the impact of treatment probabilities in a multistage DTR, by varying the true treatment-free model as indicated. Linear
treatment-free models are used in all settings. Blip parameter estimates are compared for
n = 10, 000 individuals, using the corrected method compared to a naive analysis. The
top set of rows of the table use the first error-prone proxy at both stages, the second set of
rows use the mean of proxies at both stages, the third set of rows use the mean at the first
stage and the first error-prone proxy at the second, and the final set of rows use the first
error-prone proxy at the first stage and the mean at the second. Bold values indicate parameters for which the 95% percentile-based interval across the 1000 simulation replicates
did not cover the true parameter value.
TF Model
Linear
Quadratic
Cubic

Regression Calibration

Naive

A1
A 1 X1
A2
A2 X2
1.0106 0.9961 1.0003 0.9995
1.0105 1.0043 1.0012 0.9982
1.0019 1.0108 1.0041 0.9993

A1
A1 X1
A2
A 2 X2
1.0108 0.8859 1.045 0.9101
1.0104 0.893 1.0457 0.9098
1.0021 0.8986 1.0484 0.9099
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Regression Calibration
TF Model
Exponential
Complex
Linear
Quadratic
Cubic
Exponential
Complex
Linear
Quadratic
Cubic
Exponential
Complex
Linear
Quadratic
Cubic
Exponential
Complex

A1
1.0042
1.0125
1.0111
1.0106
1.0069
1.0089
1.0113
1.0116
1.0116
1.0075
1.0091
1.0119
1.0106
1.01
1.0017
1.0046
1.0115

A 1 X1
1.0105
1.0038
0.997
1.0017
1.0043
1.0066
1.0014
0.9968
1.001
1.0034
1.0069
1.0026
0.9963
1.004
1.0101
1.0097
1.0039

A2
1.0035
0.9994
1.0013
1.0033
1.0072
1.0054
1.0035
1.0005
1.0005
1.0038
1.0033
1
1.0013
1.003
1.0044
1.0061
1.0015

A2 X2
0.9986
1.0007
0.9967
0.9959
1.0012
1.0015
0.9969
0.9982
0.9985
0.9967
0.9996
1.0012
0.9974
0.997
0.9992
0.9996
0.9985

Naive
A1
1.0041
1.0127
1.0111
1.0107
1.0068
1.0091
1.0116
1.0118
1.0115
1.0075
1.0087
1.0116
1.0104
1.0104
1.0021
1.0045
1.0115

A1 X1
0.8976
0.8921
0.8872
0.8901
0.8938
0.8939
0.8903
0.8866
0.8897
0.8937
0.8949
0.8904
0.8859
0.8927
0.8974
0.8975
0.8926

A2
1.0476
1.044
1.0454
1.0483
1.0525
1.0503
1.0467
1.0453
1.044
1.0484
1.0477
1.0445
1.0459
1.0472
1.0504
1.0503
1.0457

A 2 X2
0.9104
0.9116
0.9074
0.9078
0.9129
0.9122
0.9082
0.9097
0.9093
0.9095
0.9107
0.9108
0.9085
0.9078
0.9104
0.9104
0.9091

Table D.4: Median parameter estimates investigating the impact of treatment probabilities
in a multistage DTR, by varying the treatment models as indicated. Linear treatment
models are used in all situations. Blip parameter estimates are compared for n = 10, 000
individuals, using the corrected method compared to a naive analysis. The top set of rows
of the table use the first error-prone proxy at both stages, the second set of rows use the
mean of proxies at both stages, the third set of rows use the mean at the first stage and
the first error-prone proxy at the second, and the final set of rows use the first error-prone
proxy at the first stage and the mean at the second. Bold values indicate parameters for
which the 95% percentile-based interval across the 1000 simulation replicates did not cover
the true parameter value. The treatment models are specified to be linear (L), quadratic
(Q), mixed (M), or exponential (E).
Regression Calibration
L/L
L/Q

A1
1.0106
0.9992

A1 X1
0.9961
0.9992

A2
1.0003
0.8902

Naive

A2 X2
0.9995
1.1138
211

A1
1.0108
0.9991

A1 X1
0.8859
0.8881

A2
A2 X2
1.045 0.9101
0.9407 1.014

Regression Calibration
A1
L/M 0.9925
L/E
1.0126
Q/Q 0.9047
Q/M 0.8969
Q/E
0.918
M/M 0.9033
M/E 0.9246
E/E
0.9979
L/L
1.0111
L/Q
1.0013
L/M 0.9915
L/E
1.0128
Q/Q
0.898
Q/M 0.8889
Q/E 0.9089
M/M 0.8941
M/E 0.9142
E/E
0.9945
L/L
1.0116
L/Q
1.0012
L/M 0.9922
L/E
1.011
Q/Q 0.8978
Q/M 0.8904
Q/E 0.9086
M/M 0.8932
M/E 0.9133
E/E
0.996
L/L
1.0106
L/Q
1.0003
L/M 0.9908
L/E
1.0111
Q/Q 0.9049
Q/M 0.8951
Q/E 0.9178

A1 X1
1
0.9989
1.1117
1.1119
1.1125
1.1052
1.1096
1.013
0.997
0.9987
0.9979
0.999
1.1245
1.1226
1.121
1.1119
1.1125
1.0162
0.9968
0.9979
0.9985
0.9982
1.1239
1.1216
1.1215
1.1145
1.1123
1.0178
0.9963
0.9973
0.998
0.9987
1.1118
1.1141
1.1119

A2
0.9022
0.9836
0.8929
0.9011
0.9846
0.9078
0.9853
0.9853
1.0013
0.8847
0.8915
0.9818
0.8863
0.8943
0.9809
0.9053
0.9834
0.9831
1.0005
0.8904
0.8999
0.9823
0.8921
0.9021
0.9848
0.9077
0.9854
0.9844
1.0013
0.884
0.8919
0.9803
0.8872
0.8978
0.9811

Naive

A2 X2
1.1187
1.016
1.1153
1.1188
1.0189
1.1216
1.0153
1.0131
0.9967
1.1219
1.1179
1.0194
1.1239
1.1241
1.021
1.1241
1.0242
1.0186
0.9982
1.1137
1.1146
1.0161
1.1151
1.1175
1.0112
1.1196
1.0169
1.0135
0.9974
1.1229
1.1214
1.0186
1.1245
1.1272
1.0225
212

A1
0.9923
1.0124
0.9044
0.897
0.918
0.9033
0.9244
0.9983
1.0111
1.0012
0.9916
1.013
0.8982
0.8887
0.9087
0.8938
0.9141
0.9948
1.0118
1.0008
0.9923
1.0112
0.8982
0.8903
0.9083
0.8937
0.9126
0.9955
1.0104
0.9997
0.9904
1.0113
0.9041
0.8956
0.9179

A1 X1
A2
A2 X2
0.8893 0.9529 1.0174
0.8876 1.0291 0.9257
0.9885 0.9611 1.0159
0.9886 0.9707 1.0199
0.9899 1.0478 0.9289
0.9824 0.9946 1.0192
0.9872 1.0652 0.9223
0.9007 1.0479 0.9244
0.8872 1.0454 0.9074
0.8876 0.9353 1.0215
0.8868 0.9413 1.0179
0.8882 1.0271 0.9275
0.9994 0.9547 1.0234
0.9981 0.9629 1.0257
0.9965 1.0429
0.932
0.9878 0.9923 1.0228
0.9884 1.0622 0.9313
0.9021 1.0474 0.9294
0.8866 1.0453 0.9097
0.8876 0.9412 1.0139
0.8881 0.9495 1.0143
0.8869 1.0281 0.9263
0.9981 0.9598 1.0149
0.9979 0.9703 1.0182
0.9972 1.0464
0.923
0.9898 0.9943 1.0184
0.9888 1.0637 0.9247
0.905 1.0486 0.9253
0.8859 1.0459 0.9085
0.8868 0.9348 1.0231
0.8869 0.9419 1.0213
0.888 1.0264 0.9292
0.9884 0.9563 1.0241
0.9901 0.9677 1.0279
0.9884 1.0437 0.9333

Regression Calibration
A1
A1 X1
M/M 0.9008 1.1039
M/E 0.9248 1.1063
E/E
0.9971 1.0136

A2
0.9066
0.9843
0.984

Naive

A2 X2
1.1307
1.023
1.0232

A1
A1 X1
0.901 0.9811
0.9249 0.9835
0.997 0.9008

A2
0.9946
1.0644
1.0482

A2 X2
1.0289
0.9311
0.9345

Table D.5: Median parameter estimates investigating the impact of treatment probabilities
in a multistage DTR, by varying the error-models as indicated. Blip parameter estimates
are compared for n = 10, 000 individuals, using the corrected method compared to a naive
analysis. The top set of rows of the table use the first error-prone proxy at both stages, the
second set of rows use the mean of proxies at both stages, the third set of rows use the mean
at the first stage and the first error-prone proxy at the second, and the final set of rows
use the first error-prone proxy at the first stage and the mean at the second. Bold values
indicate parameters for which the 95% percentile-based interval across the 1000 simulation
replicates did not cover the true parameter value. The error models are specified to be
normal (N), approximately normal (A), gamma (G), or uniform (U).
Regression Calibration
A1
A1 X1
N/N 1.0106 0.9961
N/A 1.0175 0.9954
N/G 1.0109 1.0292
N/U 1.0062
1.034
A/A 1.0428
0.996
A/G 1.0187 1.1453
A/U 1.0109 1.0405
G/G 1.0866 1.2838
G/U 1.0157 1.0608
U/U 1.0075 1.0367
N/N 1.0111
0.997
N/A 1.0173 0.9968
N/G 1.0247 1.0323
N/U 1.0103 1.0358
A/A 1.0393
1.008
A/G 1.0537 1.1959
A/U 1.0104 1.0498

A2
1.0003
1.0007
1.0036
1.0028
0.9989
1.0069
1.0028
0.919
0.9766
0.991
1.0013
1.0002
0.9832
0.995
0.9994
0.9615
0.9957

Naive

A2 X2
0.9995
0.9975
1.0078
1.0226
0.9916
1.0592
1.0318
1.202
1.0494
1.043
0.9967
0.9994
1.0201
1.0339
0.9984
1.1174
1.0521
213

A1
1.0108
1.0174
1.0103
1.0062
1.0414
1.019
1.0107
1.086
1.0156
1.0076
1.0111
1.0165
1.0248
1.0098
1.0384
1.0534
1.0101

A1 X1
0.8859
0.8248
0.8577
0.9729
0.6132
0.7388
0.9659
0.857
0.9842
0.9957
0.8872
0.8249
0.8602
0.9747
0.6209
0.7688
0.9743

A2
1.045
1.0705
1.0749
1.0339
1.1612
1.1893
1.0443
1.1308
1.0198
1.0152
1.0454
1.0706
1.0552
1.0269
1.163
1.1499
1.0383

A2 X2
0.9101
0.8586
0.8647
0.9616
0.6666
0.7095
0.9495
0.8097
0.9638
0.9957
0.9074
0.8586
0.877
0.9718
0.6743
0.7544
0.9692

Regression Calibration
A1
G/G 1.0951
G/U 1.0161
U/U 1.0079
N/N 1.0116
N/A 1.0177
N/G 1.0263
N/U 1.0112
A/A 1.0372
A/G 1.0495
A/U 1.0116
G/G 1.072
G/U 1.0161
U/U 1.0078
N/N 1.0106
N/A
1.017
N/G 1.0095
N/U 1.0047
A/A 1.0441
A/G 1.0232
A/U 1.0101
G/G 1.1095
G/U 1.016
U/U 1.0074

Naive

A1 X1
A2
A2 X2
1.4009 0.9042 1.3366
1.0605 0.9816 1.0662
1.033
0.9914 1.0418
0.9968 1.0005 0.9982
0.9966 1.0008 0.9977
1.0326 1.0028 1.0074
1.036
1.0029 1.0235
1.0098 0.9988 0.9909
1.1943 1.007
1.058
1.0498 1.0027 1.0313
1.4024 0.9193 1.2012
1.0601 0.9755 1.0494
1.0329 0.9916 1.0433
0.9963 1.0013 0.9974
0.9955 1.0009 0.9985
1.0288 0.9834 1.0218
1.034
0.9952 1.0332
0.997
0.9987 0.9996
1.1462 0.9612 1.1165
1.0408 0.9958 1.0529
1.2825 0.904
1.337
1.0603 0.9816 1.0659
1.0369 0.9916 1.0424
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A1
1.0947
1.0159
1.0077
1.0118
1.0171
1.0262
1.0112
1.037
1.0493
1.0117
1.0719
1.016
1.0078
1.0104
1.0166
1.0089
1.0048
1.0439
1.023
1.0102
1.1087
1.0159
1.0074

A1 X1
0.9351
0.9859
0.9923
0.8866
0.8257
0.86
0.9746
0.6207
0.7689
0.9742
0.9346
0.9857
0.9924
0.8859
0.8249
0.8568
0.9736
0.6129
0.7378
0.9655
0.8556
0.9845
0.9957

A2
1.1268
1.025
1.0154
1.0453
1.0708
1.0744
1.0344
1.162
1.1893
1.0453
1.1294
1.0197
1.0156
1.0459
1.0704
1.0569
1.0266
1.1602
1.1498
1.0377
1.1267
1.0256
1.0157

A2 X2
0.952
0.9803
0.9942
0.9097
0.8578
0.8649
0.9619
0.6673
0.7076
0.9487
0.809
0.9645
0.9957
0.9085
0.8581
0.8763
0.9711
0.6746
0.7538
0.969
0.9509
0.9818
0.9946

