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Abstract

Convexity plays a prominent role in both mathematics and computer science. It is
defined for sets and functions, and many related problems can be solved efficiently if the
set/function is convex. In this thesis, we focus on three problems related to convexity
where we don’t have that guarantee.

The first problem we consider is the decision problem: is a given unknown set convex?
We study it under the framework of property testing. In property testing, instead of
distinguishing objects that satisfy the property from the ones that do not, we distinguish
objects that satisfy the property from the ones that are “far” from satisfying the property.
We approach the problem of testing convex sets by studying a closely related problem of
robust characterizations of convex sets, in which we study different characterizations of
convex sets and determine their robustness. We say a characterization is robust, if sets
that are “far” from convex are also “far” from satisfying the characterization. We examine
the robustness of three characterizations of convex sets: line characterization, convex hull
characterization and supporting hyperplane characterization. Furthermore, we discuss the
implications of the robustness/non-robustness of these characterizations on the testing
problem.

The second problem we consider is the decision problem: is a given unknown function
over the hypergrid [n]d convex? The function is given via a valuation oracle, which we
query to get the function value. We study this problem also under the framework of
property testing. We refer to an algorithm that performs the testing task as non-adaptive
if it submits all its queries before looking at the function value on any of the points, and
adaptive otherwise. We show that any non-adaptive algorithm that tests convexity of
functions f : [n]d → R for d ≥ 2, has query complexity that is linear in n and exponential
in d. To understand if adaptivity helps, we consider the problem of testing convexity of
functions over a stripe, [3]× [n], and show that there exists an adaptive testing algorithm
that does exponentially better than any non-adaptive one.

The third problem we consider is minimizing convex functions over the hypergrid when
given access to the comparison oracle to the function on the points in the hypergrid. The
comparison oracle to a function takes as input two points and determines which of them
has the smaller function value. The discrete (non-convex) nature of the domain makes
the problem challenging, since we do not have the property that local minimum implies
global minimum, which is crucial for the minimization of convex functions over continuous
domains. We, however, show that there is a minimization algorithm in two dimensions
with polynomial time and query complexity, and for any constant dimension greater than
two, there is a minimization algorithm with quasi-polynomial time and query complexity.
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Chapter 1

Introduction

Convexity is a mathematician’s best friend. A set or a function being convex enables one to
solve complex problems pertaining to them, as it expands the set of tools at one’s disposal.
Informally, we say a set is convex if the line joining any two points in the set lies entirely
inside the set, and we say a function is convex if the line joining any two points on the plot
of the function lies entirely above the function. Traditionally convex functions have been
defined over convex domains, but the definition can be extended to discrete domains, and
there are applications where a discrete domain is more natural.

The impact of convexity is not just limited to mathematics; it has applications in
economics [59, 25] and many areas of computer science, like signal processing [49, 40],
machine learning [42, 57], and game theory [56, 47].

The wide range of applications of convexity led to the extensive study of its various
algorithmic aspects, and its unique structure enabled the design of efficient algorithms for
them. The most important algorithmic problem related to convexity is the minimization of
convex functions [13, 46]. The algorithms for this problem rely on the property of convex
functions that a local minimum implies global minimum, i.e. if a point is minimum among
all its neighbours, then it is the global minimum. Note that this property holds only for
convex functions over convex domains and not for convex functions over discrete domains
that we consider in this thesis.

For convex sets some of the important and well studied problems are rounding, sam-
pling, and volume estimation [21, 30, 39, 58]. The algorithms for these problems make use
of two properties of convex sets: the first is that for any point outside the set, there exists
a hyperplane that separates the point from the set. The second is that any way we cut the
set, the surface area of the cut is “significant” compared to the minimum of the volumes
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of the resulting subsets. The second property ensures that random walks over the set mix
fast.

As we can see, all the above algorithms rely heavily on the convexity property of the
function/set. In many applications, the function/set is unknown, and convexity is an
assumption we make on the unknown object. What if the unknown object is not convex?
Is there a way to quickly check that? The first two problems we study in this thesis are
motivated by this question.

The first of them is the problem of testing convex sets, which is an approximate version
of the decision problem “Is a given unknown set convex?”. We approach it by considering
a different but closely related problem of robust characterization of convex sets, which is
interesting in its own right. In this, we consider different characterizations of convexity
and determine if they are robust. It ties in to the question of testing convex sets as follows:
a robust characterization of convex sets could lead to a tester for convex sets, and a non-
robust characterization rules out a natural class of algorithms. In Section 1.1, we state
the results we obtain studying the robustness of three different characterizations of convex
sets, and discuss the implications of these results on the testing convex sets problem.

The second problem we consider is that of testing convex functions over discrete do-
mains, which is an approximate version of the decision problem “Is a given unknown
discrete function convex?”. We focus on functions over the hypergrid [n]d, where [n] =
{1, 2, . . . , n}. This problem can be solved efficiently in one dimension as shown by Parnas,
Ron, and Rubinfeld in [50]. Though it has been over 20 years since the problem was first
studied, not much is known for higher dimensions, d ≥ 2. We show that a certain class
of algorithms called non-adaptive algorithms cannot solve the problem efficiently in higher
dimensions. The results we obtain for this problem are stated in Section 1.2.

For convex functions over the hypergrid [n]d, where d ≥ 2, not just the problem of
testing but the problem of minimization is also quite challenging, as the discreteness of the
domain causes the function to lose the local-optimality-implies-global-optimality property,
which is crucial for the efficient minimization of convex functions over convex domains. The
discreteness of the domain also rules out many techniques established for convex domains.
This is the third problem we consider in this thesis. Despite the challenges posed by the
discrete setting, we show that there exist efficient algorithms for minimization of convex
functions over the hypergrid. We describe our results for this problem in Section 1.3.
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1.1 On Testing and Robust Characterizations of Con-

vex Sets

A set K ⊂ Rd is convex if for every two points x, y ∈ K and every parameter 0 ≤ λ ≤ 1,
the point z = λx + (1 − λ)y is also in K. The general set K can be degenerate. To get
around this, we work with a special class of sets called bodies. A body is a subset of Rd

that is compact—i.e., closed and bounded—and has a non-empty interior.

An ϵ-tester for convex bodies is an algorithm that when given an unknown bodyK ⊂ Rd

• accepts with probability 2
3
if K is convex; and

• rejects with probability 2
3
is K is ϵ-far from convex

where a body K is ϵ-far from convex if every convex body C satisfies Vol(K△C) ≥
ϵVol(K), i.e. we need to change at least an ϵ fraction of the volume of the body to make
it convex.

Access to the unknown body is given in the form of oracles which we query to gain
information about the unknown body. We consider two standard oracles: random oracle
and membership oracle. A random oracle, when queried, gives a point uniformly at random
from the body, and a membership oracle, when queried at a point, determines if the point
is in the body or not.

The problem of testing convexity of geometric objects was introduced by Raskhodnikova
in [52], where they considered testing convexity of discretized images in two dimensions.
The problem of testing convex bodies, as described above, was introduced by Rademacher
and Vempala [51]. They showed that it is possible to ϵ-test convexity of bodies in Rd using
O((d/ϵ)d) calls to the random oracle and poly(d)/ϵ calls to the membership oracle. The
main open problem in testing convex bodies is to determine whether there is an ϵ-tester
for convex bodies in Rd that has total query complexity polynomial in d.

The problem of testing convex bodies has been considered in many different settings.
Tsur and Ron in [53], like Raskhodnikova in [52], considered testing convexity of discretized
images in two dimensions, but for a different distance metric. Berman, Murzabulatov, and
Raskhodnikova [9, 8] studied testing convex bodies in two dimensions, but in a slightly
different setting. They assume the unknown set is contained in a larger convex set, which
they get uniform samples from, and distance to convexity is also measured relative to the
larger convex set. Chen, Freilich, Servedio, and Sun [17] considered testing convex bodies
when the unknown body is accessed via samples from a standard normal distribution over
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Rd, and distance between bodies is measured using the Gaussian measure. Though testing
convex bodies has been studied in many different settings, no progress has been made on
the problem stated above, since the work of Rademacher and Vempala.

The problem of testing convex bodies is closely related to that of identifying robust
characterizations of convex bodies. We say a characterization of a property is robust, if any
entity that is far from satisfying the property has lots of violations of the characterization.
In this thesis, we study different characterizations of convexity and determine if they are
robust or not, and discuss the implications of these results for the testing convex bodies
problem.

The three main characterizations of convexity are:

Line characterization
For every pair of points x, y ∈ K, the line segment xy joining x and y is contained
in K.

Convex hull characterization
For every set X of m points in K, the convex hull of X is contained in K.

Supporting hyperplane characterization
For every point x on the boundary ∂K of K, there exists a vector v ∈ Rd such that
⟨v, x⟩ = 0 and every point y ∈ K satisfies ⟨v, y⟩ ≥ 0.

Line characterization

Rademacher and Vempala [51] showed that the line characterization of convexity is not
very robust: there is a body K ⊂ Rd which is Ω( 1

d2
)-far from convex but for which the

line segment xy joining two points x and y drawn uniformly at random from K satisfies
Pr[xy ̸⊆ K] = 2−Ω(d). We strengthen this result by showing that there are also bodies
K ⊂ Rd which are Ω(1)-far from convex for which the same bound holds.

Theorem 1.1. There exists a body K ⊂ Rd that is 1
8
-far from convex for which

Pr
x,y∈K

[
xy ̸⊆ K

]
= 2−Ω(d). (1.1)

The robustness of the line characterization of convexity is closely related to the natural
line tests for convexity. A line test draws two points x, y uniformly at random from K,
draws a point z ∈ xy, and checks whether z is in K or not. The result of Rademacher
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and Vempala [51] shows that an ϵ-tester for convexity obtained by running a line test
multiple times cannot have query complexity that is polynomial in both d and 1/ϵ, but it
does not rule out the possibility that a line tester could yield a convexity tester with query
complexity polynomial in d when ϵ is a constant. Theorem 1.1 eliminates this possibility,
by showing that an ϵ-tester for convexity obtained from a line tester must still have query
complexity exponential in d even when 0 < ϵ ≤ 1

8
is constant.

Convex hull characterization

For any m ≥ 1, the convex hull of a set X = {x(1), . . . , x(m)} of m points in Rd is

conv
(
X
)
:=

{
y : ∃λ1, . . . , λm ≥ 0 s.t.

m∑
i=1

λi = 1 and y =
m∑
i=1

λix
(i)

}
,

the set of points that can be obtained by taking a convex combination of the points in X.
A natural extension of the line test is the convex hull test : for some m ≥ 2, draw a set X of
m points from K uniformly and independently at random, draw a point z ∈ conv(X), and
check if z is in K. When m = 2, the convex hull test is equivalent to the line test which, as
we have seen above, cannot lead to an efficient tester for convexity. For m ≥ 3, however,
it is possible that it leads to much more efficient testing algorithms. Indeed, Berman,
Murzabulatov, and Raskhodnikova [9, 8] showed that in a slightly different property testing
model, the convex hull test can be used to test convexity with a number of queries that is
polynomial in 1/ϵ in the two-dimensional setting where K ⊂ R2.

Our next result, however, rules out the possibility of obtaining an efficient tester for
convexity in the high-dimensional setting using the convex hull test by showing that the
convex hull characterization is not robust, even when taking the convex hull of an expo-
nential (in the dimension d) number of points.

Theorem 1.2. There exist a body K ⊂ Rd that is 1
8
-far from convex and a constant

c > 0 such that a set X = {x(1), . . . , x(m)} ∈ K of m = 2cd points drawn uniformly and
independently at random from Ksatisfies

Pr
X

[
conv(X) ̸⊆ K

]
= 2−Ω(d).

Theorem 1.2 strengthens a result of Chen, Freilich, Servedio, and Sun [17]. While they
considered another different property testing setting (based on the Gaussian measure on
Rd), one of their lower bound arguments carries over to our current setting and shows that
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any ϵ-tester for convexity that only accesses the random oracle of K and always accepts
when K is convex must have query complexity 2Ω(d). Theorem 1.2 shows that this query
complexity lower bound still holds even if the tester also has free access to a (very strong)
“convex hull oracle” that determines whether the convex hull of the sampled points contains
any point that is outside of K.

Supporting hyperplane characterization

A hyperplane H = {y ∈ Rd : ⟨v, y − x⟩ = 0} defined by v ∈ Rd \ {0} and x ∈ Rd is a
supporting hyperplane for the body K ⊂ Rd if x ∈ K and every other point y ∈ K satisfies
⟨v, y − x⟩ ≥ 0. The supporting hyperplane characterization of convexity guarantees that
for every point x on the boundary ∂K of a convex body K ⊂ Rd, there is a supporting
hyperplane for K that contains x. Our main result in this section shows that, in contrast
to the line and convex hull characterizations of convexity, this characterization is robust.
In the theorem statement and beyond, the ball of radius r > 0 around the origin is the set
B(r) = {x : ∥x∥ ≤ r}.

Theorem 1.3. Fix some R > r > 0. For every body K ⊂ Rd that satisfies B(r) ⊆
K ⊆ B(R) and is ϵ-far from convex, when x ∈ Rd is drawn uniformly at random from the
boundary ∂K of K then

Pr
x∈∂K

[
∀c ∈ Rd ∃y ∈ K s.t. ⟨c, y − x⟩ < 0

]
≥ ϵr

3Rd
. (1.2)

The condition B(r) ⊆ K ⊆ B(R) is a standard assumption in convex geometry (see,
e.g., [27]) to avoid degenerate examples. Furthermore, the condition is necessary in The-
orem 1.3, as the bound in (1.2) is tight in d, r, and R. We can see this by considering a
simple example of a cylinder of radius r < R

10
and length 9R

10
. Removing a constant fraction

of the cylinder in the middle yields a body that is Ω(1)-far from convex but for this body
the fraction of points on its boundary that do not have a supporting hyperplane is O( r

dR
).

See Section 2.3.3 for the details.

Theorem 1.3 can be interpreted algorithmically as saying that convexity testing can
be done efficiently by algorithms which have access to a “random boundary” oracle that
returns a point uniformly at random from the boundary of the input set and a separation
oracle defined below.

Separation oracle. Given as input a point x ∈ Rd, the oracle SO returns a vector v ∈ Rd

such that for every y ∈ K, ⟨v, y − x⟩ ≥ 0 if such a vector exists and returns ⊥ otherwise.
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For the setting where the algorithm does not have access to a random boundary oracle
but does have access to a separation oracle, random walks can be used to obtain a simple
and efficient algorithm for testing convexity.

Proposition 1.4. There is an ϵ-tester for convexity of bodies K ⊂ Rd that satisfy the
promise B(r) ⊆ K ⊆ B(R) which makes poly(d, 1

ϵ
, log R

r
) queries to the membership and

separation oracles for K.

The algorithm in the proof of Proposition 1.4 has time complexity that is polynomial
in d, 1

ϵ
and log R

r
. However, it does not settle the problem of testing convex bodies using

only membership and random access oracles, since in general the separating hyperplane
oracle cannot be simulated with these two oracles.

1.2 Testing Discrete Convex Functions

Let X be a subset of Zd. A function f : X → R is called a discrete convex function if for
every finite collection of points x(1), x(2), . . . , x(k) ∈ X and non-negative reals λ1, . . . , λk ≥ 0
satisfying

∑
i λi = 1 and

∑
i λix

(i) ∈ X, we have

f
(∑

i

λix
(i)
)
≤

∑
i

λif(x
(i)).

Equivalently, the function f is a discrete convex function if and only if there exists a
convex function f̃ : Rd → R that satisfies f̃(x) = f(x) for every x ∈ X. We use the terms
convex functions over discrete domains and discrete convex functions interchangeably.

An ϵ-tester for discrete convex functions is an algorithm that when given a discrete
function f : X → R,

• accepts with probability 2
3
if f is convex; and

• rejects with probability 2
3
is f if ϵ-far from convex

where we say that a function f : X → R is ϵ-far from convex if for every discrete convex
function h : X → R, we have |{x ∈ X : h(x) ̸= f(x)]}| ≥ ϵ|X|.

Access to the unknown function, like in the case of convex sets, is via an oracle which
we query to gain information about the underlying function. We consider the standard
valuation oracle, which, when queried at a point, returns the function value at that point.
We refer to a tester as non-adaptive if it selects all the inputs to query before observing
the value of f on any of those inputs; otherwise the tester is adaptive.
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Testing convexity on the line

The problem of testing convexity of functions f : [n] → R on the line was first considered
by Parnas, Ron, and Rubinfeld [50]. They showed that O( logn

ϵ
) queries suffice to ϵ-test

convexity in this setting. A slightly better upper bound of O( log(ϵn)
ϵ

) was shown by Ben-
Eliezer [7]. It follows from his more general algorithm for testing local properties of arrays.
We give a more direct algorithm.

Theorem 1.5. There exists an ϵ-tester for convexity of functions f : [n] → R over the

line with complexity O( log(ϵn)
ϵ

). The tester is non-adaptive and has 1-sided error.

Blais, Raskhodnikova, and Yaroslavtsev [12] showed that the bound in Theorem 1.5 on
the query complexity of non-adaptive convexity testers is optimal when ϵ > 0 is a constant.
In [6], Belovs, Blais and Bommireddi show that the bound in Theorem 1.5 is optimal for
all values of ϵ ≤ 1

9
, even when the testers are allowed to be adaptive. This implies that

adaptivity does not help to reduce query complexity when testing convexity of functions
over the line, which is analogous to the situation for testing monotonicity of functions over
the line [24].

Testing convexity over 2-dimensional domains

Parnas, Ron, and Rubinfeld [50] asked whether convexity can be tested efficiently for
functions over the 2-dimensional domain. Prior to our work, there were no know non-
trivial lower or upper bounds for this problem. We show that no non-adaptive algorithm
can efficiently test convexity for functions over [n]2.

Theorem 1.6 (Special case of Theorem 1.8 below). Any non-adaptive Ω(1)-tester for
convexity of f : [n]2 → R has query complexity Ω(n).

Note that Theorem 1.6 does not eliminate the possibility that convexity of functions
on [n]2 can be tested with poly(log(n)) queries by adaptive algorithms. Based on the
results for testing convexity in 1D, one may be tempted to guess that adaptivity does not
help in this setting either and that the bound in the theorem could be strengthened to
apply to adaptive algorithms as well. To test this intuition, we consider an intermediate
domain between 1-dimensional and full 2-dimensional case: the stripe [3]× [n]. The same
intuition from the 1-dimensional case would suggest that adaptivity does not help in testing
convexity of functions over the stripe. We show, however, that here adaptivity can be used
to obtain an exponential improvement on the query complexity of convexity testers.

8



Theorem 1.7. There exists a 1-sided-error algorithm that ϵ-tests a function f : [3]× [n]→
R for convexity using O( log

2 n
ϵ

) queries to f . By contrast, any non-adaptive Ω(1)-tester for
convexity of f : [3]× [n]→ R has query complexity Ω(

√
n).

The exponential gap between the adaptive and non-adaptive query complexity of con-
vexity testing in Theorem 1.7 stands in stark contrast to the situation for the related
problem of testing monotonicity of real valued functions: there it is known that adaptivity
does not yield any reduction in query complexity, as there is a non-adaptive monotonicity
tester for functions f : [n]d → R with query complexity O(d log n) [15] and every mono-
tonicity tester (adaptive or not) has query complexity Ω(d log n) [16].

Testing convexity over high-dimensional domains

Our main contribution to the problem of testing discrete convex functions is to show that
any non-adaptive algorithm for testing convexity of functions over [n]d has query complexity
that is linear in n and exponential in d.

Theorem 1.8. For every d ≥ 2, n > 4d and any ϵ ≤ 1
10
, any non-adaptive ϵ-tester for

convexity of functions over [n]d has query complexity Ω
(
(n
d
)
d
2

)
.

Note that the trivial upper bound for testing convexity (or any other property) of
functions over [n]d is nd, so Theorem 1.8 shows that non-adaptive convexity testers cannot
do significantly better (qualitatively) than the näıve brute-force testing algorithm.

Related work. Pallavoor, Raskhodnikova and Varma [48] considered the convexity test-
ing problem over the line [n], and gave a parameterized algorithm whose query complexity
depends on the size of the range, rather than the size of the domain. Lahiri, Newman and
Varma [31] again for the same problem gave a parametrized algorithm whose query com-
plexity depends only on the number of distinct discrete derivatives. Dixit, Raskhodnikova,
Thakurta and Varma [20] considered erasure-resiliant testing of convexity of functions over
the line [n]. Berman, Raskhodnikova and Yaroslavtsev [10] studied testing convexity of
functions over the hypergrid under ℓp distance. Other weaker notions of discrete convexity
like linear convexity and separate convexity have also been studied under the property
testing framework [7, 12]. We define these properties in Sections 3.2 and the testing results
related to them in Section 4.5.
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1.3 Minimizing Discrete Convex Functions

Consider the following scenario: A person has to choose from a large number of bundles
of goods what he likes the most, subject to his budget constraint. Each bundle consists of
d types of indivisible goods, and at most n goods of each type. It is hard for the person
to process so many options simultaneously due to cognitive limitations. Can we devise an
efficient algorithm that asks the person questions and helps them decide what they like the
most? The problem is in the area of utility maximization in economics. The utility function
measures preferences over a set of goods. The utility function being concave is a common
assumption made. Under that assumption, the above problem of utility maximization is
equivalent to the question of minimizing discrete convex functions stated below.

Discrete convex minimization (DCM). Given discrete convex functions f, g : Zd → R,
how efficiently can we solve the following optimization problem1

min
x

f(x)

s.t. g(x) ≤ 0

x ∈ [n]d

We are interested in the case where access to the objective function f is given by a com-
parison oracle. A comparison oracle takes two points as input and determines which one
has the smaller function value. The economics application we discussed at the beginning
of the section is an example where a comparison oracle is more natural than a valuation
oracle. It is hard for the person to quantify how much they like a bundle of goods, and
they might find it easier to answer comparison questions.

For the constraint function g, access to just the comparison oracle is not enough, as
using it, we can’t even determine if a given point is feasible. Therefore, we assume access
to valuation oracle for g. Our algorithms work even when given access to the comparison
oracle to g and an oracle that can determine the feasibility of a point.

Discrete convex minimization for d = 2

The problem of minimizing discrete convex functions is easy when d = 1. A simple bi-
section algorithm finds the minimum of a discrete convex function f : [n]→ R with query
complexity O(log n).

1Note that if we have multiple convex constraints g1, g2, . . . , gm, we can combine them into one convex
constraint g by defining g as g(x) = max{g1(x), g2(x), . . . , gm(x)}.
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As soon as we move to two dimensions, d = 2, the problem becomes challenging.
The trivial brute-force minimization algorithm in this setting has query complexity O(n2).
It is possible to improve this query complexity to O(n log n) by using the efficient one-
dimensional minimization algorithm to find the minimum value of f on each of the n rows.
However, any attempt at improving the algorithm immediately runs into a fundamental
problem with convex functions over discrete domains:

Local optimality does not imply global optimality. That is, a point
x ∈ Z2 might have the minimal value f(x) among all of its neighbours, but still
be far from the global minimum of f .

Even an easier problem of minimum verification, where given a point we need to determine
if it is a minimum, is also challenging.

We overcome this challenge and give a non-trivial algorithm for minimizing discrete
convex functions over [n]2. Our algorithm has time and query complexity O(poly(log n)).

Theorem 1.9. Let f, g : Z2 → R be discrete convex functions. Given access to the com-
parison oracle for f and the valuation oracle for g, we can solve the optimization problem

min
x

f(x)

s.t. g(x) ≤ 0

x ∈ [n]× [n]

(1.3)

using poly(log n) time and queries.

Discrete convex minimization for d > 2

A special case of DCM when f, g are linear functions is the integer linear programming
problem (ILP). It is known that ILP is NP-Complete [54]. As our problem is at least as
hard as ILP, we can not solve it efficiently in terms of the dimension. We assume the
dimension d is a constant and state the computational complexity as a function of n.

For any constant d, we show that discrete convex functions over the grid [n]d can be
minimized using 2O(poly(log logn)) time and queries.

Theorem 1.10. Let f, g : Zd → R be discrete convex functions. Given access to the
comparison oracle for f and the valuation oracle for g, we can solve the optimization
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problem
min
x

f(x)

g(x) ≤ 0

x ∈ [n]d

(1.4)

using 2O(poly(log logn)) time and queries for any constant d.

Our algorithms work for a more general class of functions called discrete strictly quasi-
convex functions, of which discrete convex functions are a subset. A function f̃ : Rd → R
is strictly quasiconvex if for all points x, y ∈ Rd, and λ ∈ (0, 1), we have f̃(λx+(1−λ)y) <
max{f̃(x), f̃(y)} when f̃(x) ̸= f̃(y). A function f : Zd → R is discrete strictly quasiconvex

if there exists a quasiconvex function f̃ : Rd → R such that for all x ∈ Zd, f(x) = f̃(x).

Remark. After finishing our work on minimizing discrete convex functions, we discovered
the paper by Veselov, Gribanov, Zolotykh and Chirkov [60] that independently showed the
DCM problem can be solved using O(poly(log n)) queries to the comparison oracle of f
and valuation oracle of g, when the dimension d is a constant. The paper was published in
Discrete Applied Mathematics in September 2020 and was uploaded on arXiv in November
2020. We started this project in early 2019 and submitted preliminary results to SODA
in July 2019. It was not accepted at the conference and we continued working on this in
2020/2021 and strengthened the results to the form in which we present them here. The
approach of Veselov et al. is different from ours, and we describe it in Section 5.5.

1.3.1 Other Related Work

The DCM problem has been solved in many different settings when given “richer” access
to the function. But none of those results apply to our current setting.

The DCM problem can be solved efficiently, approximately, when given access to degree-
one oracles to the convex extensions of the functions f and g, and the guarantee that the
function extensions are Lipschitz and/or strongly convex (see, e.g., [27, 2, 4, 33, 18, 1]). A
degree-one oracle to a function, when queried at a point, returns the gradient at the point
along with the function value.

Dadush [19] gave the first algorithm that solves the DCM problem exactly, when given
access to the degree-one oracles to the convex extensions of functions f, g, without any
additional assumptions on the convex extensions. They show that there exists an algorithm
with query complexity O(poly(log n)) for a constant dimension d. Note that given a general
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Figure 1.1: The body constructed by taking the union of the truncated cones conv(BL, BO)
and conv(BO, BR), where BL, BR, and BO are (d−1)-dimensional balls in the hyperplanes
{x ∈ Rd : x1 = −ℓ}, {x ∈ Rd : x1 = ℓ}, and {x ∈ Rd : x1 = 0}, respectively.

discrete convex function, f , it is not possible to get the function values for a convex
extension f̃ efficiently, unless the function is linear.

The only work we were aware of, while working on the problem, that attempts to solve
the DCM problem without access to the convex extension of function f was by Larson
et al. [32]. They assume access to the valuation oracles of the functions f, g and give an
algorithm that in the worst case ends up querying all the points in the set [n]d.

There is another line of work where they make additional structural assumptions (such
as L-convexity, M -convexity) on the discrete convex function to get around the challenge
that local optimality does not imply global optimality [43, 44, 26, 45]. The majority of
the techniques in this line of work are inspired by the existing algorithms in continuous
optimization like gradient descent.

1.4 Main Contributions

Though the problems we consider in this thesis are fundamental and widely applicable, not
much is known about them. This is primarily because, though these problems are related
to convexity, we don’t have the convexity property. In the first two problems, the objects
we deal with are not convex, and in the third, the domain of the function is not convex.
Despite the absence of convexity property, we prove exciting and non-trivial results for
these problems. We list our main contributions to each of the problems we study below.
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Figure 1.2: Illustration of a function “far” from convex, with all the violations of convexity
along one direction.

Testing convex sets. The main contribution of the thesis towards this problem is the
construction of a body that is “far” from convex for which the convex hull of points picked
uniformly at random almost always lies completely inside. Intuitively, we expect such a
body to be a convex body with some volume added to or deleted from the surface. In
fact, these are the kinds of hard examples that have been considered to prove lower bounds
for the problem of testing convex bodies and a related problem of learning convex bodies.
Contrary to that intuition, the body we construct is close to being disconnected. Refer to
Figure 1.1 for an illustration. Though the body looks close to a cylinder, if we plot the
volume of the body with respect to the first coordinate, we observe that almost all the
volume is towards the ends. This anomaly is because the volume of a ball of radius r in
dimension d is proportional to rd.

Testing discrete convex functions. The main contribution of the thesis towards the
testing convexity of functions over the hypergrid problem is the construction that proves
the lower bound for non-adaptive algorithms. We construct functions that are “far” from
convex, with all the violations of convexity hidden in just one direction, i.e., unless we
query two points along that direction, we can not discover that the function is not convex.
There are several such possible directions, which make it hard for an algorithm to catch
the violation. For a high-level explanation of the construction refer to Section 4.1, and for
an illustration refer to Figure 1.2.
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z

x′

Figure 1.3: Illustration of the fencing idea in the minimization algorithm. The shaded
region corresponds to the region that is “eliminated” when x′ and z are the minimum in
the corresponding rows with f(x′) ≤ f(z).

Minimizing discrete convex functions. The main contribution to the minimizing
discrete convex functions problem is a new algorithmic approach to minimization. This
approach in two dimensions consists of four main ideas. The first is fencing, which is used
to eliminate points in the domain as illustrated in Figure 1.3. The second is finding fences,
which identifies rows to build fences so that after the fencing step, all the remaining points
are “close” to a few lines. The third idea, concentrating change of basis, is that we can
use a change of basis to transform all the points close to the line into a smaller grid and
solve the sub-problem recursively. The fourth is an observation that all the points that are
not eliminated are close to just two lines, which reduces the number of sub-problems to
two. The high-dimensional minimization algorithm extends the ideas in two dimensions to
higher dimensions. For a detailed overview of the main ideas in both the two-dimensional
and high-dimensional minimization algorithms, refer to Section 5.1.

1.5 Organization

The thesis is divided into two parts. In the first part, we present our results related to
convex sets and in the second part, we present the ones related to discrete convex functions.
The fist part consists of one chapter, Chapter 2, in which we prove the results stated in
Section 1.1 about the robustness of different characterizations of convex sets. The second
part consists of three chapters, Chapters 3-5. In Chapter 3, we present some facts about
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discrete convexity and lattices that we use in Chapters 4 and 5. In Chapters 4 and 5, we
prove the results stated in Sections 1.2 and 1.3 about testing and minimization of discrete
convex functions, respectively. Finally, in Chapter 6, we mention some interesting open
problems in the areas we tackled in the thesis.
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Part I

Convex Sets
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Chapter 2

On Testing and Robust
Characterizations of Convex Sets

In this chapter, we prove the results related to robust characterizations of convex bodies.
In Section 2.1, we present the necessary background related to convex geometry to prove
the theorems in this chapter. In Section 2.2, we prove that the line and convex hull
characterizations of convex bodies are not robust, and in Section 2.3, we show that the
supporting hyperplane characterization of convex bodies is robust.

2.1 Convex Geometry

We use standard notions and results regarding high-dimensional convex sets. For general
introductions to the topic see [3, 28, 41, 27, 58].

2.1.1 Convex Bodies and Slices

For a body K ⊆ Rd, a point x ∈ K is on the boundary ∂K of K if there exists a direction
c ∈ Rd such that for any constant δ > 0, x + δc /∈ K. We refer to the set K \ ∂K as
the interior of the body K. We use Vol(K) to denote the Lebesgue measure of the set
K ⊂ Rd. We use Vold−1(∂K) to denote the (d− 1)-dimensional Minkowski measure of the
set ∂K ⊂ Rd which is defined as the limit of the volume of the δ

2
neighbourhood of ∂K

divided by δ, when δ → 0 (volume means Lebesgue measure). The Minkowski measure is
used to measure the volume of the boundary.
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The distance between two bodies A,B ∈ Rd is defined to be

dist(A,B) = Vol(A△B) = Vol(A \B) + Vol(B \ A),

the measure of the symmetric difference of the two bodies. We repeatedly use the following
simple lower bound on the distance between two bodies.

Proposition 2.1. The distance between two bodies A,B ⊂ Rd is bounded below by

dist(A,B) ≥ max
{
Vol(A)− Vol(B),Vol(B)− Vol(A)

}
.

Furthermore, equality holds whenever A ⊆ B or B ⊆ A.

Proof. The distance between A and B is bounded below by

dist(A,B) = Vol(A \B) + Vol(B \ A) ≥ max{Vol(A \B),Vol(B \ A)}.

The lower bound then follows from the observation that

Vol(A \B) = Vol(A)− Vol(A ∩B) ≥ Vol(A)− Vol(B)

and, similarly, that Vol(B \ A) ≥ Vol(B)− Vol(A).

Finally, when A ⊆ B, then Vol(A \ B) = 0 and Vol(B \ A) = Vol(B) − Vol(A), as
Vol(A ∩B) = Vol(A) so equality holds. Similarly, equality also holds when B ⊆ A.

Much of our analysis in Section 2.2 is concerned with various slices of a high-dimensional
body. The t-th slice of a body A ⊂ Rd is

At = {x ∈ A : x1 = t}.

For t1 ≤ t2 ∈ R, we also define A[t1,t2] = {x ∈ A : t1 ≤ x1 ≤ t2} to be the set of points in
A with first coordinate between t1 and t2.

A fundamental property of the slices of a convex body is that the (d − 1)-th root of
their volumes is a concave function.

Brunn’s Theorem (Theorem 5.1 in [3]). For any convex body C ⊂ Rd, the function

t 7→ Vold−1(Ct)
1

d−1 is concave on its support.
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2.1.2 High-Dimensional Balls and Cones

We use Bd(x, r) = {y ∈ Rd : ∥y − x∥ ≤ r} to denote the ball of radius r around a point
x ∈ Rd. We use B(r) as a shorthand for Bd(o, r), and Bd−1(r) for Bd−1(o, r), where o is the
origin. Similarly, we use Sd(x, r) = {y ∈ Rd : ∥y − x∥ = r} to denote the sphere of radius
r around a point x ∈ Rd. We use the following standard approximation for the volume of
the ball.

Proposition 2.2. The volume of ball B(r) ⊂ Rd with radius r is

Vol(B(r)) = rd · π
d
2

Γ(d
2
+ 1)

= rd · 1√
πd

(2πe
d

) d
2 · (1 +O(d−1)),

where Γ is Euler’s gamma function.

We also use the following standard concentration inequality for high-dimensional balls.

Proposition 2.3. Let x ∈ Rd be drawn uniformly at random from B(r). Then

Pr[|x1| ≥
r

100
] ≤ 2−Ω(d).

The convex hull of a set is defined below.

Definition 2.4. For a set X ⊂ Rd, a point y ∈ Rd is in the convex hull of X, conv(X),
if for some 0 < k ∈ Z there exist x(1), . . . , x(k) ∈ X and λ1, . . . , λk ≥ 0 with

∑k
i=1 λi = 1

such that y =
∑k

i=1 λix
(i).

Definition 2.5. Let H ⊂ Rd be a hyperplane, S ⊂ H be a (d − 1)-dimensional convex
body, and x ∈ Rd \H be a point outside the hyperplane. Then the cone with x as vertex
and S as base is the convex hull of x with the body S

cone(x, S) = conv(x ∪ S).

We use the following result on the volume of cones.

Proposition 2.6. Let H ⊂ Rd be a hyperplane, S ⊂ H be a (d − 1)-dimensional convex
body, and x ∈ Rd \H be a point at a distance h = miny∈H ∥x− y∥ from the hyperplane H.
Then the volume of the cone is

Vol(cone(x, S)) =
h

d
Vold−1(S).
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The above proposition can be used to obtain a relationship between the volume of a
ball and volume of the boundary of a ball.

Proposition 2.7. Let Bd(x, r) be an d dimensional ball of radius r centered at x and
Sd(x, r) be the sphere of radius r around x ∈ Rn. Then we have

Vol(Bd(x, r))

Vold−1(Sd(x, r))
=
r

d
.

Below is the definition of a truncated cone. Truncated cones play a crucial role in the
proofs of Theorem 1.1 and Theorem 1.2.

Definition 2.8. A truncated cone is the convex hull of two balls Bd−1((t1, 0 . . . , 0), r1) and
Bd−1((t2, 0 . . . , 0), r2), conv(Bd−1((t1, 0 . . . , 0), r1) ∪Bd−1((t2, 0 . . . , 0), r2)).

2.2 Non-Robustness of Line and Convex Hull Char-

acterizations

We complete the proofs of Theorems 1.1 and 1.2 in this section, showing that neither
the line characterization nor convex hull characterization of convexity are robust. For the
reader’s convenience we restate the theorems below.

Theorem 1.1. There exists a body K ⊂ Rd that is 1
8
-far from convex for which

Pr
x,y∈K

[
xy ̸⊆ K

]
= 2−Ω(d). (1.1)

Theorem 1.2. There exist a body K ⊂ Rd that is 1
8
-far from convex and a constant

c > 0 such that a set X = {x(1), . . . , x(m)} ∈ K of m = 2cd points drawn uniformly and
independently at random from Ksatisfies

Pr
X

[
conv(X) ̸⊆ K

]
= 2−Ω(d).

Both non-robustness results are established by analyzing a construction obtained by
taking the union of two truncated cones, as described in Section 2.2.1. The main technical
component of the proofs is in Section 2.2.2, where we show that the union of truncated
cones is far from convex. The proof of Theorem 1.1 is completed in Section 2.2.3, where
we show that a line segment connecting two points drawn at random from the body is
contained within the body with high probability. Finally, in Section 2.2.4, we generalize
this result to show that the convex hull of a set of points picked uniformly at random lies
inside the body with high probability.
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Figure 2.1: The body D obtained by taking the union of two truncated cones.

2.2.1 Union of Truncated Cones

The body D ⊂ Rd that will show the non-robustness of the line and convex hull definition
is defined as follows. First, let ℓ > 0 be some distance parameter. This distance parameter
does not affect the results in the following sections; the reader may fix ℓ = 1 for simplicity.

Let BL, BR, and BO be three (d − 1)-dimensional balls in the hyperplanes {x ∈ Rd :
x1 = −ℓ}, {x ∈ Rd : x1 = ℓ}, and {x ∈ Rd : x1 = 0}, respectively. We define the balls
BL and BR to have radius 1.1 each and be centered on the points (−ℓ, 0, 0, . . . , 0) and
(ℓ, 0, 0, . . . , 0), respectively, while BO has radius 1 and is centered at the origin. Define the
body D to be the union of the truncated cones conv(BL, BO) and conv(BO, BR),

D = conv(BL, BO) ∪ conv(BO, BR).

The definition of the body D is illustrated in Figure 2.1.

One of the basic properties of the body D that we will use in later sections is that a
point drawn uniformly at random from D will have a large value in its first coordinate
with high probability.

Proposition 2.9. Let x = (x1, . . . , xd) be drawn uniformly at random from D. Then

Pr

[
|x1| ≤

ℓ

2

]
= 2−Ω(d).

Proof. Using the formula in Proposition 2.6 for the volume of a cone, the volume of the
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body D is bounded below by

Vol(D) = 2Vol(D[0,ℓ]) = 2

(
11ℓ

d
(1.1)d−1Vold−1

(
Bd−1(1)

)
− 10ℓ

d
(1)d−1Vold−1(Bd−1(1))

)
≥ 2ℓ

d
(1.1)d−1Vold−1(Bd−1(1)).

Similarly, the volume of the body D[− ℓ
2
, ℓ
2
] is bounded above by

Vol(D[− ℓ
2
, ℓ
2
]) = 2Vol(D[0, ℓ

2
]) = 2

(
10.5ℓ

d
(1.05)d−1Vold−1(Bd−1(1))−

10ℓ

d
(1)d−1Vold−1(Bd−1(1))

)
≤ 21ℓ

d
(1.05)d−1Vold−1(Bd−1(1)).

Therefore, the probability that the absolute value of the first coordinate of the point is less
than or equal to ℓ

2
is bounded by

Pr

[
|x1| ≤

ℓ

2

]
=

Vol(D[− ℓ
2
, ℓ
2
])

Vol(D)
≤

21ℓ
d
(1.05)d−1Vold−1(Bd−1(1))

2ℓ
d
(1.1)d−1Vold−1(Bd−1(1))

≤ 1

2Ω(d)
.

2.2.2 D is Far from Convex

In this section, we prove that the body D is 1
8
-far from convex. We prove this in three

steps. First, we show that the closest convex body to D must be symmetric about the axis
e1 = (1, 0, 0, . . . , 0). Next, we prove that if the closest convex body is symmetric about e1,
then it has to be a truncated cone. Finally, we prove that every truncated cone is 1

8
-far

from our body D.

A partial converse to Brunn’s Theorem

The first step in the proof—showing that the closest convex body toD must be symmetric—
uses Brunn’s Theorem as well as the following partial converse result.

Lemma 2.10. Let K ⊂ Rd be a body such that for each t ∈ R the slice Kt is a (d − 1)

dimensional ball and the function t 7→ Vold−1(Kt)
1

d−1 is concave on its support. Then K is
convex.
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Proof. Assume for the sake of contradiction that K is a non-convex body that satisfies the
conditions of the theorem. Then there exist points x, y ∈ K and 0 ≤ λ ≤ 1 such that the
point z = λx+ (1− λ)y /∈ K.

Let r : R → R be the function defined by setting r(t) to be the radius of the (d − 1)-
dimensional ball with volume Vold−1(Kt). By applying the formula for volume of the ball
from Proposition 2.2, we have that

r(t) =
Γ(d−1

2
+ 1)

1
d−1

√
π

Vold−1(Kt)
1

d−1 .

Since the function t 7→ Vold−1(Kt)
1

d−1 is concave, the function r is concave as well.

The concavity of r and the fact that x, y ∈ K imply that

r(z1) = r(λx1 + (1− λ)y1) ≥ λr(x1) + (1− λ)r(y1) ≥ λ

√ ∑
2≤i≤d

x2i + (1− λ)
√ ∑

2≤i≤d

y2i .

The fact that z /∈ K also implies that

r(z1) <

√ ∑
2≤i≤d

z2i =

√ ∑
2≤i≤d

(λxi + (1− λ)yi)2.

But by the convexity of Euclidean norm and Jensen’s inequality,
√∑

2≤i≤d(λxi + (1− λ)yi)2 ≤

λ
√∑

2≤i≤d x
2
i + (1 − λ)

√∑
2≤i≤d y

2
i so the last two inequalities yield the desired contra-

diction.

Symmetry of the closest convex body

A body K ⊂ Rd is symmetric about e1 = (1, 0, 0, . . . , 0) if for every point x ∈ K, all points
y ∈ Rd that satisfy x1 = y1 and

∑d
i=2 x

2
i =

∑d
i=2 y

2
i are also in K. In other words, a body

K is symmetric about e1 if it is invariant under rotations about the axis e1.

We now prove that the closest convex body to D is symmetric about e1.

Lemma 2.11. There exists a closest convex body to D that is symmetric about e1.

Proof. Fix C to be any convex body which minimizes dist(D,C). Any point x ∈ C should
have −ℓ ≤ x1 ≤ ℓ, otherwise we can truncate C and get a convex body closer to D. Let
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Cs be the body where for every t ∈ R, the slice Cs
t of the body is an (d − 1)-dimensional

ball centered at (t, 0, 0, . . . , 0) and has volume Vold−1(C
s
t ) equal to the volume of the slice

Ct of C. By this construction, Cs is symmetric about e1. To complete the proof, we need
to show that it satisfies dist(D,Cs) ≤ dist(D,C) and that it is convex.

We first establish the inequality dist(D,Cs) ≤ dist(D,C). The distance between D
and C is

dist(D,C) =

∫ ℓ

t=−ℓ

dist(Dt, Ct) dt =

∫ ℓ

t=−ℓ

Vold−1(Dt△Ct) dt.

By Proposition 2.1, for every t ∈ R, the volume of the symmetric difference between the
slices Dt and Ct is bounded below by

Vold−1(Dt△Ct) ≥ max
{
Vold−1(Ct)− Vold−1(Dt),Vold−1(Dt)− Vold−1(Ct)

}
.

Since Vold−1(Ct) = Vold−1(C
s
t), we then obtain

dist(D,C) ≥
∫ ℓ

t=−ℓ

max
{
Vold−1(C

s
t)− Vold−1(Dt),Vold−1(Dt)− Vold−1(C

s
t)
}
dt.

Both Dt and C
s
t are balls with the same center, so one is a strict subset of the other and

so we can apply the equality condition of Proposition 2.1 to obtain

dist(D,C) ≥
∫ ℓ

t=−ℓ

Vold−1(Dt△Cs
t) dt =

∫ ℓ

t=−ℓ

dist(Dt, C
s
t) dt = dist(D,Cs),

as we wanted to show.

We now complete the proof of the lemma by showing that Cs is convex. From Brunn’s

Theorem, the function t 7→ Vold−1(Ct)
1

d−1 is concave on its support. And from the construc-

tion we have that Vold−1(C
s
t)

1
d−1 = Vold−1(Ct)

1
d−1 . Hence, the function t 7→ Vold−1(C

s
t)

1
d−1

is also concave on its support and by Lemma 2.10, the body Cs is convex.

The closest convex body is a truncated cone

We now show that the closest symmetric convex body to D is a truncated cone. The proof
of this claim uses the following standard result about the separation of convex and concave
functions.

Lemma 2.12. Fix any ℓ1 ≤ ℓ2 ∈ R. Let f : [ℓ1, ℓ2] → R be a convex function and
g : [ℓ1, ℓ2]→ R be a concave function such that ∀t ∈ [ℓ1, ℓ2], f(t) ≥ g(t). Then there exists
an affine function h : [ℓ1, ℓ2]→ R such that g(t) ≤ h(t) ≤ f(t) for all t ∈ [ℓ1, ℓ2].
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1.1

e1

rD
rCcrCs

p1 p2

0−ℓ

ℓ1

ℓ

ℓ2

Figure 2.2: Illustration of the radius functions rD, rCs , and rCc and of the points p1 and
p2 in the proof of Lemma 2.13.

Proof. The proof follows from the fact that any two convex sets have a separating hyper-
plane. Let S1 = {(t, x) : t ∈ [ℓ1, ℓ2], x ≥ f(t)} and S2 = {(t, x) : t ∈ [ℓ1, ℓ2], x ≤ g(t)}.
The sets S1 and S2 are convex and their separating hyperplane corresponds to the function
h.

Lemma 2.13. The closest convex body to D that is symmetric about e1 is a truncated
cone.

Proof. Let Cs be a convex body that is symmetric about e1 and minimizes dist(D,Cs).
We will construct a truncated cone Cc that is also symmetric about e1 and satisfies
dist(D,Cc) ≤ dist(Cs, D).

Define the functions rD, rCs : R→ R where rD(t) and rCs(t) are the radii of the (d−1)-
dimensional balls Dt and C

s
t , respectively. Let ℓ1 be the infimum of t for which rCs(t) > 0

and ℓ2 be the supremum of t for which rCs(t) > 0. Note that −ℓ ≤ ℓ1 < ℓ2 ≤ ℓ since any
point x ∈ Cs satisfies −ℓ ≤ x1 ≤ ℓ.

We define an affine function rCc : [ℓ1, ℓ2] → R. We further define Cc to be the body
whose slices Cc

t are (d− 1)-dimensional balls of radius rCc(t), for t ∈ [ℓ1, ℓ2]. Clearly C
c is

a truncated cone. We define rCc differently for different cases mentioned below. In Case
1 we define it directly and in Cases 2, 3 we define two values a1, a2. The affine function
rCc : [ℓ1, ℓ2]→ R corresponding to the values a1, a2 is defined by the line joining the points
p1 = (a1, rD(a1)), p2 = (a2, rD(a2)). See Figure 2.2 for an illustration of this construction.

• Case 1: ∀t ∈ (ℓ1, ℓ2), rCs(t) ≤ rD(t)
Since rD is convex and rCs is concave, from Lemma 2.12, there exists an affine function
rCc : [ℓ1, ℓ2]→ R such that rD(t) ≥ rCc(t) ≥ rCs(t) for all t ∈ [ℓ1, ℓ2].
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• Case 2: ∀t ∈ (ℓ1, ℓ2), rCs(t) > rD(t)

Let a1 = ℓ1, a2 = ℓ2.

• Case 3: ∃t1, t2 ∈ [ℓ1, ℓ2] such that rCs(t1) ≤ rD(t1) and rCs(t2) > rD(t2)

This case be further divided into three sub-cases.

– Case 3a: rCs(ℓ1) ≤ rD(ℓ1) and rCs(ℓ2) ≤ rD(ℓ2)

In this case since rCs is concave and rD is convex the curves have exactly two
points of intersection. Let a1, a2 be the values of t where the curves intersect.

– Case 3b: rCs(ℓ1) ≤ rD(ℓ1) and rCs(ℓ2) > rD(ℓ2)

In this case since rCs is concave and rD is convex the curves have exactly one
point of intersection. Let a1 be the value of t where the curves intersect and let
a2 = ℓ2.

– Case 3c: rCs(ℓ1) > rD(ℓ1) and rCs(ℓ2) ≤ rD(ℓ2)

In this case since rCs is concave and rD is convex the curves have exactly one
point of intersection. Let a2 be the value of t where the curves intersect and let
a1 = ℓ1.

Since the function rCc is affine, it is also concave and so by Lemma 2.10 the body Cc

is convex. To complete the proof, we need to show that dist(D,Cc) ≤ dist(D,Cs) in all
three cases.

By definition, the distance between D and Cs is

dist(D,Cs) = Vol(D \ Cs) + Vol(Cs \D) =

∫ ℓ

−ℓ

Vold−1(Dt \ Cs
t) + Vold−1(C

s
t \Dt) dt.

For Case 1, since D,Cs, Cc are symmetric about e1 and rD(t) ≥ rCc(t) ≥ rCs(t) for every
t ∈ [ℓ1, ℓ2],

dist(D,Cs) =

∫ ℓ1

−ℓ

Vold−1(Dt) dt+

∫ ℓ2

ℓ1

Vold−1(Dt)− Vold−1(C
s
t) dt+

∫ ℓ

ℓ2

Vold−1(Dt) dt

≥
∫ ℓ1

−ℓ

Vold−1(Dt) dt+

∫ ℓ2

ℓ1

Vold−1(Dt)− Vold−1(C
c
t) dt+

∫ ℓ

ℓ2

Vold−1(Dt) dt

= dist(D,Cc).
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For Cases 2 and 3, for t ∈ (ℓ1, a1) ∪ (a2, ℓ2), the ball Dt contains the ball Cs
t . Conversely,

for every t ∈ [a1, a2], C
s
t contains Dt. And for t ∈ (−ℓ, ℓ1) ∪ (ℓ2, ℓ) the ball Cs

t has zero
radius Hence, the distance between D and Cs is

dist(D,Cs) =

∫ ℓ1

−ℓ

Vold−1(Dt) dt+

∫ ℓ

ℓ2

Vold−1(Dt) dt+

∫ a1

ℓ1

Vold−1(Dt)− Vold−1(C
s
t) dt

+

∫ a2

a1

Vold−1(C
s
t)− Vold−1(Dt) dt+

∫ ℓ2

a2

Vold−1(Dt)− Vold−1(C
s
t) dt.

For every t ∈ (ℓ1, a1) ∪ (a2, ℓ2), we have that rD(t) ≥ rCc(t) ≥ rCs(t). And for every
t ∈ (a1, a2), we have the reverse inequalities rD(t) ≤ rCc(t) ≤ rCs(t). Therefore,

dist(D,Cs) ≥
∫ ℓ1

−ℓ

Vold−1(Dt) dt+

∫ ℓ

ℓ2

Vold−1(Dt) dt+

∫ a1

ℓ1

Vold−1(Dt)− Vold−1(C
c
t) dt

+

∫ a2

a1

Vold−1(C
c
t)− Vold−1(Dt) dt+

∫ ℓ2

a2

Vold−1(Dt)− Vold−1(C
c
t) dt

= Vol(D \ Cc) + Vol(Cc \D) = dist(D,Cc).

Every truncated cone is far from D

As the last step in the proof that D is far from convex, we show that it is far from every
truncated cone.

Lemma 2.14. Every truncated cone is 1
8
-far from D.

Proof. Let Cc be a truncated cone. Without loss of generality let the truncated cone
have larger radius towards the left side. We consider the two cases where Vol(Cc

[0,ℓ]) ≤
1
2
Vol(D[0,ℓ]) and where Vol(Cc

[0,ℓ]) >
1
2
Vol(D[0,ℓ]) separately.

Case 1: Vol(Cc
[0,ℓ]) ≤

1
2
Vol(D[0,ℓ]).

In this case, Proposition 2.1 and the case condition yield

Vol(D△Cc) ≥ Vol(D[0,ℓ]△Cc
[0,ℓ]) ≥ Vol(D[0,ℓ])− Vol(Cc

[0,ℓ]) ≥
1

2
Vol(D[0,ℓ]) =

1

4
Vol(D).

Case 2: Vol(Cc
[0,ℓ]) ≥

1
2
Vol(D[0,ℓ])
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In this case, if Cc
[−ℓ,− ℓ

2
]
= ∅, then from Proposition 2.9

Vol(D△Cc) ≥ Vol(D[−ℓ,− ℓ
2
]△C

c
[−ℓ,− ℓ

2
]
) = Vol(D[−ℓ,− ℓ

2
]) ≥

1

4
Vol(D).

If Cc
[−ℓ,− ℓ

2
]
̸= ∅, then using the fact that Cc is a truncated cone with larger radius on

the left side we get

Vol(Cc
[− ℓ

2
, ℓ
2
]
) ≥ Vol(Cc

[0,ℓ]) ≥
1

2
Vol(D[0,ℓ]) ≥

1

4
Vol(D).

Then Proposition 2.1 implies that

Vol(D△Cc) ≥ Vol(D[− ℓ
2
, ℓ
2
]△C

c
[− ℓ

2
, ℓ
2
]
) ≥ Vol(Cc

[− ℓ
2
, ℓ
2
]
)−Vol(D[− ℓ

2
, ℓ
2
]) ≥

1

4
Vol(D)−Vol(D[− ℓ

2
, ℓ
2
]).

From Proposition 2.9, we also have that Vol(D[− ℓ
2
, ℓ
2
]) is exponentially smaller than

Vol(D). Hence,

Vol(D△CC) ≥
1

4
Vol(D)− o

(
Vol(D)

)
≥ 1

8
Vol(D).

Putting our last three lemmas together completes the proof of the main result from
this section.

Theorem 2.15. The body D is 1
8
-far from convex.

Remark. In fact, the above argument shows that D is (1
4
− o(1))-far from convex. With

more careful calculations, it is possible to show that D is (1
2
− o(1))-far from convex. This

result is tight, since the body D is (1
2
−o(1))-close to the convex body obtained by deleting

the right half of D and extending the truncated cone in the left half to ℓ.

2.2.3 Non-Robustness of the Line Characterization

We are now ready to prove Theorem 1.1 by showing that when two points x and y are
drawn uniformly at random from D, then with high probability the line segment xy that
connects x to y is completely contained within D.
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Theorem 2.16. When x, y ∈ D are drawn uniformly at random from D, then the line
segment xy that joins x and y satisfies

Pr [xy ̸⊆ D] = 2−Ω(d).

Proof. Let x = (α, x2, . . . , xd) and y be drawn independently and uniformly at random
from D. By the symmetry of D with respect to reflection on the axis e1, we can assume
without loss of generality that α ≤ 0. Furthermore, since D is symmetric with respect to
rotations around e1, we can also assume that x2 ≥ 0 and rest of the xi = 0. Hence, without
loss of generality let x = (α, x2, 0, 0, . . . , 0) and let y = (β, y2, . . . , yd).

If β ≤ 0, then both x and y lie in the same half of D, and that half is a convex set so
the line segment xy is contained in D.

Consider the case now where β > 0. By Proposition 2.9, with probability 1− 2−Ω(d) we
have α ≤ −ℓ/2 and β ≥ ℓ/2. Furthermore, for any given β since (y2, . . . , yd) is uniformly
distributed over an (d − 1)-dimensional ball of radius at most 1.1, from Proposition 2.3
we have that Pr[|y2| ≤ 1

10
] = 1 − 2−Ω(d). In the rest of the proof, assume that all three

inequalities α ≤ − ℓ
2
, β ≥ ℓ

2
, and |y2| ≤ 1

10
hold. We will show that in this case, the line

passes through the center slice D0 and, therefore, the line segment xy is contained in D,
thus completing the proof of the theorem.

Consider the point z = |α|
|α|+|β|(β, y2, . . . , yd) +

|β|
|α|+|β|(α, x2, 0, 0, . . . , 0). The point z has

z1 = 0. We want to show that it is contained in the slice D0 or, equivalently, that ∥z∥2 ≤ 1.
By definition,

∥z∥2 =
(

1

|α|+ |β|

)2 (
|α|y2 + |β|x2

)2
+

(
|α|

|α|+ |β|

)2 d−1∑
i=3

y2i

=

(
|β|x2
|α|+ |β|

)2

+

(
1

|α|+ |β|

)2

2|α||β|x2y2 +
(

|α|
|α|+ |β|

)2 d∑
i=2

y2i .

Since x and y are in D, then
∑d

i=2 y
2
i ≤ (1.1)2 and x2 ≤ 1.1. And we have that y2 ≤ 0.1.

Substituting these bounds into the above expression, we obtain

∥z∥2 ≤
(

1.1|β|
|α|+ |β|

)2

+

(
1

|α|+ |β|

)2

.22|α||β|+
(

1.1|α|
|α|+ |β|

)2

= (1.1)2−2.2|α||β|
(

1

|α|+ |β|

)2

.

Defining δ = |α|/|β|, the above equation simplifies to ∥z∥2 ≤ 1.21 − 2.2 δ
(1+δ)2

. Since |α|
and |β| are both in the range [ ℓ

2
, ℓ], then δ ∈ [1

2
, 2]. The minimum value of the function

δ
(1+δ)2

in the interval [1
2
, 2] is 2

9
, so ∥z∥2 ≤ 1.21− 2.2 · 2

9
≤ 1.

Theorem 1.1 follows immediately from Theorems 2.15 and 2.16.
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2.2.4 Non-Robustness of the Convex Hull Characterization

In this section, we complete the proof of Theorem 1.2 by combining Theorem 2.16 with
the following structural result about the body D.

Lemma 2.17. For any finite set X ⊂ D, if the line connecting any two points x, y ∈ X
satisfies xy ⊆ D, then

conv(X) ⊆ D.

Proof. We prove the claim by induction on the number of points in X. The base case
where |X| = 2 is trivially true. For the base case where |X| = 3, let X = {x, y, z} be any
set that satisfies xy, xz, yz ⊆ D. We can assume without loss of generality that x, y ∈ D≥0.
If z ∈ D≥0 as well, then conv(X) ⊆ D since D≥0 is a convex set. Let us now consider the
case where z ∈ D<0. Note that a line joining two points a ∈ D≤0, b ∈ D≥0 is contained
in the body if and only if ab ∩ D0 ̸= ∅. From this observation, we get that xz ∩ D0 ̸= ∅
and yz ∩D0 ̸= ∅. Define x′ = xz ∩D0 and y′ = yz ∩D0. Let w be any point on the line
xy and define w′ ∈ zw be such that w′

1 = 0. Since w ∈ xy, we have that w′ ∈ x′y′. Since
x′, y′ ∈ D0 and D0 is convex, we must also have that w′ ∈ D0, and so zw ⊆ D. Since
every point in the convex hull of X is on the line zw for some w ∈ xy, this means that
conv(X) ⊆ D.

For the induction step, we assume that the claim is true for all sets with at most k
points for some fixed k ≥ 2. Fix any set X ⊆ D with k + 1 elements such that every line
xy connecting x, y ∈ X is contained in D. We want to show that conv(X) ⊆ D.

Let x ∈ X be an element for which there exists y ∈ X that satisfies x1y1 ≥ 0, i.e x, y
are in the same half of D. Such an element x is guaranteed to exist since |X| ≥ 3. Without
loss of generality, assume x ∈ D≤0. Define Xk = X \ {x}. By the induction hypothesis,
we must have that conv(Xk) ⊆ D. Furthermore, if every x′ ∈ conv(Xk) satisfies x′x ⊆ D,
then conv(X) = conv(x ∪Xk) ⊆ D. To complete the proof, let us now assume that there
exists x′ ∈ conv(Xk) for which x′x ̸⊆ D and show that this leads to a contradiction.

Define X1 = {y : y ∈ Xk ∩ D≤0} and X2 = Xk \ X1. By our choice of x, |X1| ≥ 1
and so |X2| ≤ k − 1. And since x′ ∈ conv(Xk) = conv(X1 ∪ X2), there exist two points
x′′ ∈ conv(X1) and x

′′′ ∈ conv(X2) such that x′ ∈ x′′x′′′. We have xx′′ ⊆ D as x, x′′ ∈ D≤0

and D≤0 is convex. And xx′′′ ⊆ D because conv({x} ∪ X2) ⊆ D from the induction
hypothesis. Finally, since x′′, x′′′ ∈ conv(Xk) we also have that x′′x′′′ ⊆ D. Hence, the
three points x, x′′, x′′′ satisfy xx′′ ⊆ D, xx′′′ ⊆ D, and x′′x′′′ ⊆ D. Therefore, from the
induction hypothesis on the set {x, x′′, x′′′}, conv(x, x′′, x′′′) ⊆ D. This implies xx′ ⊆ D,
which is a contradiction. Therefore, conv(X) = conv({x} ∪XK) ⊆ D.
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There exists a small constant c > 0 such that if we pick m = 2cd points, X, uniformly
at random then the probability that ∀x, y ∈ X, xy ⊂ D is greater than 1 − 1

2Ω(d) . We
get this by applying a union bound on Theorem 2.16. This combined with Lemma 2.17
completes the proof of Theorem 1.2.

2.3 Robustness of the Supporting Hyperplane Char-

acterization

In this section we prove Theorem 1.3 and Proposition 1.4. For the reader’s convenience we
restate them below.

Theorem 1.3. Fix some R > r > 0. For every body K ⊂ Rd that satisfies B(r) ⊆
K ⊆ B(R) and is ϵ-far from convex, when x ∈ Rd is drawn uniformly at random from the
boundary ∂K of K then

Pr
x∈∂K

[
∀c ∈ Rd ∃y ∈ K s.t. ⟨c, y − x⟩ < 0

]
≥ ϵr

3Rd
. (1.2)

Proposition 1.4. There is an ϵ-tester for convexity of bodies K ⊂ Rd that satisfy the
promise B(r) ⊆ K ⊆ B(R) which makes poly(d, 1

ϵ
, log R

r
) queries to the membership and

separation oracles for K.

The proof of Theorem 1.3 is obtained by considering a body K that is contained within
a convex body C ⊂ Rd. We establish an isoperimetric-type inequality that gives a lower
bound on the fraction of the boundary of K that must be strictly contained within C.

Lemma 2.18. Fix some γ > 0 and R > r > 0. Let C ⊂ Rd be a convex body and let
K ⊆ C be a body that satisfies B(r) ⊆ K ⊆ B(R) and Vol(K) ≤ 1

1+γ
Vol(C). Then

Vold−1(∂K \ ∂C) ≥
min{1, γ} · r

3Rd
Vold−1(∂K).

When Vold−1(∂K) ≥ d
r
Vol(K), Lemma 2.18 gives a stronger lower bound on Vold−1(∂K\

∂C) than the the classic isoperimetric inequality for convex bodies of Lovász and Si-
monovits [36].

Lovász–Simonovits isoperimetric inequality. Let C ⊂ Rd be a convex body with di-
ameter R and let K ⊆ C. Then

Vold−1(∂K \ ∂C) ≥
2

R
min

{
Vol(K),Vol(C \K)

}
.
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For instance, when ι = 1

22d
is some small value and K = B(1)∪{x ∈ Rd : d− ι ≤ ∥x∥ ≤

d} is the union of a unit ball and a thin shell of radius R = d, then the volume of K and
of its boundary satisfies Vold−1(∂K) ≥ 2Ω(d)Vol(K) and the bound in Lemma 2.18 is much
stronger.

We prove the isoperimetric-type inequality of Lemma 2.18 in Section 2.3.1 and show
how it implies the robustness of the supporting hyperplane definition of convexity of The-
orem 1.3 in Section 2.3.2. We establish the tightness of Theorem 1.3 in Section 2.3.3 and
finally establish Proposition 1.4 regarding convexity testing with a separating hyperplane
oracle in Section 2.3.4.

2.3.1 Isoperimetric-type Inequality

We complete the proof of Lemma 2.18 in this section. Let us fix two bodies K and C that
satisfy the conditions of the theorem. We define E = ∂K ∩ ∂C to be the portion of the
boundary of K that is also on the boundary of the containing convex body C. We refer to
E as the external boundary of K(with respect to C). Let F = ∂K \ ∂C be the portion of
the boundary of K that is strictly contained in C. We refer to this as the internal boundary
of K (with respect to C). Lemma 2.18 gives a lower bound on the measure of the internal
boundary of K with respect to C.

A central concept in the proof of Lemma 2.18 is the notion of generalized cones, which
we define as follows. Throughout this section, we use o to refer to the origin in Rd.

Definition 2.19. A set S ⊂ Rd \ {o} is origin-visible if for every two points x, x′ ∈ S
satisfy x′ /∈ ox. The generalized cone of an origin-visible S is the set

S∨ = {y : ∃x ∈ S such that y ∈ ox}.

We use the following bounds relating the volume of the generalized cone of S to the
volume of S when S is a subset of the boundary of a convex set.

Lemma 2.20. Fix any R > r > 0. Let B(r) ⊂ C ⊂ B(R) be a convex body and S ⊆ ∂C.
Then

r

d
Vold−1(S) ≤ Vol(S∨) ≤ R

d
Vold−1(S).

Proof. Let dx be an infinitesimally small element in S. Then (dx)∨ is a (standard) cone

from the origin with base dx. By Proposition 2.6, we have Vol((dx)∨) = h(x)
d
Vold−1(dx)
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where h(x) is the distance of the origin from the supporting hyperplane at x. This gives
us

Vol(S∨) =

∫
x∈S

Vol((dx)∨) =

∫
x∈S

h(x)

d
Vold−1(dx).

Since x also belongs to ∂C and B(r) ⊂ C ⊂ B(R) we have the distance of the origin from
the supporting hyperplane at x is between r and R i.e. r ≤ h(x) ≤ R. Therefore∫

x∈S

h(x)

d
Vold−1(dx) ≥

∫
x∈S

r

d
Vold−1(dx) =

r

d
Vold−1(S)

and ∫
x∈S

h(x)

d
Vold−1(dx) ≤

∫
x∈S

R

d
Vold−1(dx) =

R

d
Vold−1(S).

We complete the proof of Lemma 2.18 by considering the cases where Vol(K) ≥
1
2
Vol(E∨) and Vol(K) < 1

2
Vol(E∨) separately.

Case 1: Vol(K) ≥ 1
2
Vol(E∨).

By the Lovász–Simonovits isoperimetric inequality, the volume of the internal boundary
F of K is bounded below by

Vold−1(F ) ≥
2

R
min

{
Vol(K),Vol(C \K)

}
.

The theorem assumption that Vol(K) ≤ 1
1+γ

Vol(C) guarantees that Vol(C \K) ≥ γVol(K)
and so

Vold−1(F ) ≥
2 ·min{γ, 1}

R
Vol(K).

Note that the volume of K does not immediately give any useful bound on the volume of
the boundary ∂K. However, we can now use our case assumption that Vol(K) ≥ 1

2
Vol(E∨)

and the lower bound Vol(E∨) ≥ r
d
Vold−1(E) from Lemma 2.20 to obtain

Vold−1(F ) ≥
min{1, γ}

R
Vol(E∨) ≥ min{1, γ} r

Rd
Vold−1(E).

The sets E and F partition the boundary ∂K, so Vold−1(E) = Vold−1(∂K) − Vold−1(F )
and substituting this identity in the above inequality yields(

1 +
min{1, γ} r

Rd

)
Vold−1(F ) ≥

min{1, γ} r
Rd

Vold−1(∂K).

34



o p1

p2

p3

x

x′

p4

Figure 2.3: In this figure the convex body C is the ball centered at o. The boundary of
the body K is defined by the solid curves p1, p2, p3, p4, p1. The external boundary of K
with respect to C, E, are the arcs p1, p2 and p3, p4. The internal boundary of K with
respect to C, F , are the curves p2, p3 and p4, p1. The visible external boundary, V , is the
blue arc p1, p2. The invisible external boundary, I, is the red arc p3, p4. I

′ is the set of
x′ corresponding to the set of x ∈ I. The set V ∨ is the sector o, p1, p2. The set I∨ is the
sector o, p3, p4. The set E∨ is the union of sets V ∨, I∨.

The trivial bound r
Rd

< 1 implies that
(
1 + min{1,γ} r

Rd

)
< 2 and so

Vold−1(F ) ≥
min{1, γ} r

2Rd
Vold−1(∂K),

completing the proof of Case 1.

Case 2: Vol(K) < 1
2
Vol(E∨).

We say a point x ∈ Rd is visible from the origin if the line ox joining the origin o to the
point x lies completely inside K.1 Otherwise we say x is invisible from the origin. Partition
the external boundary E of K into the two sets V, I, where V is the set of points in E that
are visible from the origin and I is the set of points in E invisible from the origin.

1I.e. if ox ⊆ K. Note that by the theorem’s assumption that B(r) ⊂ K, the origin is inside K.
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For every point x ∈ I, the line joining the origin o with x can intersect the boundary of
K at multiple points. For any fixed x ∈ I, define ϕK(x) to be the point in ox ∩ ∂K \ {x}
that is closest to x. From this definition, the line joining x and ϕK(x) lies completely inside
the body K. Define

I ′ = {ϕK(x) : x ∈ I}.
Note that for each point x ∈ I, the point ϕK(x) lies on the boundary of K and does not
lie on the boundary of C, so ϕK(x) ∈ F and, therefore, I ′ ⊆ F is a subset of the internal
boundary of K. From this observation, the definition of generalized cones, and the fact
that I ′ ⊂ B(R) we get

Vold−1(F ) ≥ Vold−1(I
′) ≥ 1

R
Vol(I ′∨). (2.1)

We now show that the volume of I ′∨ cannot be much smaller than that of E∨.

Claim 2.21. Vol(I ′∨) > 1
2
Vol(E∨).

Proof. Since V and I are disjoint subsets of the boundary of the convex body C, the
generalized cones V ∨ and I∨ are disjoint and so

Vol(K) ≥ Vol(K ∩ V ∨) + Vol(K ∩ I∨).

By the definition of visible points, K ∩V ∨ = V ∨. And by the definition of I ′, I∨ \ I ′∨ ⊆ K.
Clearly, I∨ \ I ′∨ ⊆ I∨ as well so I∨ \ I ′∨ ⊆ K ∩ I∨. Therefore,

Vol(K) ≥ Vol(V ∨) + Vol(I∨ \ I ′∨) = Vol(V ∨) + Vol(I∨)− Vol(I ′∨) = Vol(E∨)− Vol(I ′∨).

By the Case 2 assumption, Vol(K) < 1
2
Vol(E∨) so Vol(I ′∨) > 1

2
Vol(E∨).

Applying the inequality in Claim 2.21 and the lower bound in Lemma 2.20 to inequal-
ity (2.1), we obtain

Vold−1(F ) ≥
1

2R
Vol(E∨) ≥ r

2Rd
Vold−1(E).

This inequality combined with the fact that Vold−1(E) = Vold−1(∂K)− Vold−1(F ) yields(
1 +

r

2Rd

)
Vold−1(F ) ≥

r

2Rd
Vold−1(∂K).

The trivial bound r
2Rd

< 1
2
implies that

(
1 + r

2Rd

)
< 3

2
and so

Vold−1(F ) ≥
r

3Rd
Vold−1(∂K).

This completes the proof of Case 2 and of Lemma 2.18.
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2.3.2 The Supporting Hyperplane Characterization is Robust

The robustness of the supporting hyperplane characterization established in Theorem 1.3
is a direct consequence of Lemma 2.18 and the following basic fact.

Claim 2.22. For any body K ⊂ Rd, if x ∈ conv(K) \ ∂conv(K), then K does not have a
separating hyperplane at x.

Proof. Fix any point x ∈ conv(K)\∂conv(K). Since x is an internal point of conv(K), for
any direction c ∈ Rd there exists a δ > 0 such that x+ δc ∈ conv(K). Assume the claim is
false and x has a separating hyperplane c′ ∈ Rd such that ∀y ∈ K, ⟨c′, x−y⟩ ≥ 0. Since all
the points in K lie on one side of the hyperplane c′, all the points in conv(K) do as well.
Hence, for every y ∈ conv(K), ⟨c′, x − y⟩ ≥ 0. Consider the direction c′. For any δ > 0,
the point y = x + δc′ lies on the other side of the hyperplane i.e. ⟨c′, x − (x + δc′)⟩ < 0.
Therefore y = x+ δc′ /∈ conv(K) for any δ > 0. This is a contradiction as x is an internal
point of conv(K).

We are now ready to complete the proof of Theorem 1.3.

Proof of Theorem 1.3. Let K ⊂ Rd be a body that is ϵ-far from convex. Since it is
ϵ-far from convex it is ϵ-far from its convex hull conv(K) as well. Hence Vol(K) ≤
1

1+ϵ
Vol(conv(K)).

Applying Lemma 2.18 with C = conv(K) and γ = ϵ, we get that

Vold−1(∂K \ ∂conv(K)) ≥ ϵ r

3dR
Vold−1(∂K).

Therefore, by Claim 2.22, the probability that K has a supporting hyperplane at a point
x drawn uniformly at random from ∂K is at most

1− Vold−1(∂K \ ∂conv(K))

Vold−1(∂K)
≤ 1− ϵr

3dR
.

2.3.3 Tightness of the Robust Supporting Hyperplane Charac-
terization

In this section, we present a simple argument to show that Theorem 1.3 is essentially tight.
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Theorem 2.23. For any R > r > 0 that satisfy r < R
10
, there exists a body K ⊂ Rd that

satisfies B(r) ⊆ K ⊆ B(R) and is 1
12
-far from convex such that a point x ∈ ∂K drawn

uniformly at random drawn from the boundary of K satisfies

Pr
x∈∂K

[
∀c ∈ Rd ∃y ∈ K s.t. ⟨c, y − x⟩ < 0

]
≤ 4r

3Rd
.

Proof. Consider the four (d − 1)-dimensional balls, BLL, BLR, BRL, BRR, perpendicular
to the axis e1, BLL = Bd−1((−9R

10
, 0, . . . , 0), r), BLR = Bd−1((−R

6
, 0, . . . , 0), r), BRL =

Bd−1((
R
3
, 0, . . . , 0), r) and BRR = Bd−1((

9R
10
, 0, . . . , 0), r). Let K be the union of the two

cylinders conv(BLL, BLR) and conv(BRL, BLR). The closest convex body to K is the cylin-
der conv(BLL, BRR) and so K is O(1)-far from convex. The body K also contains a ball of
radius r < R

10
and is contained in a ball of radius R. A point on the boundary of this body

does not have a supporting hyperplane only when it is in BLR ∪BRL. Therefore, since the
volume of the curved boundary of a cylinder of radius r and length ℓ is Vold−1(Sd−1(r)) · ℓ,

Pr
x∈∂K

[
∀c ∈ Rd ∃y ∈ K s.t. ⟨c, y − x⟩ < 0

]
≤ 2Vold−1(Bd−1(r))

Vold−1(Sd−1(r)) · 32R
≤ 4r

3Rd
.

The last inequality is due to Proposition 2.7.

2.3.4 Testing Convexity using the Supporting Hyperplane Ora-
cle

We establish Proposition 1.4 and show that convexity can be tested using membership
and separation oracles in this section. The central building block of our convexity testing
algorithm is a random walk algorithm that generates nearly-uniformly random points from
a convex body. Multiple random walk algorithms have been developed (e.g., [39, 38, 37]).
The random walk algorithm of [37] suffices for our purposes.

Theorem 2.24 (Lovász, Simonovits [37]). Fix any R > r > 0 and γ > 0. Given a convex
body B(r) ⊆ K ⊆ B(R) and access to the membership oracle of the body MO. There exists
an algorithm W that using O(poly(d, log R

r
, log 1

γ
)) queries to MO outputs a x ∼ µ such

that for any subset S ⊆ K, |µ(S)− U(S)| ≤ γ, where U is a uniform distribution.

Proof of Proposition 1.4. Our first observation is that theMO and SO oracles to K enable
us to essentially simulate a MO to its convex hull conv(K): for any query x to the MO
to conv(K), we query both the MO and SO oracles of K on x. If the MO oracle of K

38



returns “yes”, we do as well; otherwise, we return “yes” if and only if the SO oracle finds
no separating hyperplane for K at x.

Consider the test that simulates the random walk algorithmW on conv(K) with param-
eter γ = ϵ

10
and then checks whether the final point x output byW is in K. Our convexity

testing algorithm runs this test O(1/ϵ) times and accept if and only if each of the checked
points are in K. The query complexity of this algorithm is O(1

ϵ
) · poly(d, log R

r
, log 1

ϵ
) =

poly(d, log R
r
, 1
ϵ
).

The testing algorithm always accepts when K is convex because it is equal to its convex
hull so W run on conv(K) always returns a point in K.

Fix any body K that is ϵ-far from convex. Then Vol(conv(K) \ K) ≥ ϵVol(K). By
Theorem 2.24, the probability that W returns a point in conv(K) \K satisfies

|µ(conv(K) \K)− U(conv(K) \K)| ≤ ϵ

10
.

Therefore,

µ(conv(K) \K) ≥ U(conv(K) \K)− ϵ

10
≥ 9ϵ

10

and so with probability at least 2
3
at least one of the points checked by the testing algorithm

is not in K and the algorithm correctly rejects.
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Part II

Discrete Convex Functions
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Chapter 3

Discrete Convexity and Lattices

In this chapter, we present some preliminaries about discrete convexity and lattices that
are useful in the next two chapters. In Section 3.1, we establish some basic facts about
convex functions over finite subsets of Rd. In Section 3.2, we describe other notions of
discrete convexity that have been studied in the context of property testing. Finally, in
Section 3.3 we define lattices and present some useful background knowledge related to
them.

3.1 Basic Facts about Discrete Convexity

We write [n] = {1, 2, . . . , n} for n > 0 ∈ Z. For x ∈ Rd, we write x1, x2, . . . , xd ∈ R to
refer to its d coordinates. When a < b ∈ R, we use [a, b]Z to denote the set of integers in
the range between a and b inclusively, and when a < b ∈ Z, we use x[a,b]Z to denote the
coordinates xa, xa+1, . . . , xb of an input x. All the results in this section are standard; we
provide the proofs for completeness.

For a function f : Zd → R we define fxd=k : Zd−1 → R as fxd=k(x) = f(x, k). The
restriction of a function f : X → R to a domain Y ⊆ X is the function f |Y : Y → R
defined by f |Y (y) = f(y) for each y ∈ Y . Our first basic observation is that restriction
preserves convexity. When we say a function over a discrete domain is convex, we mean
it is a discrete convex function. Refer to Section 1.2 for the definition of discrete convex
functions.

Proposition 3.1. Let f : X → R be a convex function and Y ⊆ X. Then the function
f |Y : Y → R restricted to Y is also convex.
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Now we will move on to extending convex functions and establishing minimal require-
ments for a function f to be convex. To define the extension of convex functions, we first
need the notion of a centered simplex.

Definition 3.2. A simplex in Rd is a set of affinely independent points. A centered simplex
in Rd is a collection of points x(1), . . . , x(k), z such that x(1), . . . , x(k) form a simplex, and z
can be (uniquely) expressed as

z =
∑
i

λix
(i), (3.1)

where all λi > 0 and
∑

i λi = 1. The point z is called the center of the simplex, and we
say that the simplex is centered at z when this condition is satisfied.

In other words, x(1), . . . , x(k), z is a centered simplex if z is inside the convex hull of
x(1), . . . , x(k) and no x(i) can be removed from the simplex without breaking this property.
When X is a finite subset of Rd and x(1), . . . , x(k), z ∈ X, we say that the centered simplex
is of X.

Definition 3.3. The centered simplex x(1), . . . , x(k), z of X is minimal iff z is the only
point of X inside the convex hull of the simplex x(1), . . . , x(k) except for its vertices.

Lemma 3.4. Let f : X → R be a convex function with X a finite subset of Rd. Then the
function can be extended to a convex function on the whole space Rd. That is, there exists
a convex function f̃ : Rd → R such that f̃(x) = f(x) for all x ∈ X. Moreover, for a point
z in the convex hull of X the function f̃ can be defined as

f̃(z) = min
x(1),...,x(k)

∑
i

λif(x
(i)), (3.2)

where x(1), . . . , x(k) range over all simplices of X centered at z, and λi are as in Equa-
tion (3.1).

Proof. By convexity of f , we have that f̃(x) = f(x) for all x ∈ X. Hence, f̃ indeed extends
f . It remains to prove that f̃ is convex.

Claim 3.5. The definition of f̃ in Equation (3.2) does not change if we minimise over all
possible convex combinations z = λ1x

(1) + · · ·+λkx
(k), where x(1), . . . , x(k) need not form a

simplex.
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Proof. Let f̃(z) be defined as in the statement of this claim. Take a linear combination
z = λ1x

(1) + · · · + λkx
(k) which minimises

∑
i λif(x

(i)) and such that k is as small as
possible. We claim that then x(1), . . . , x(k) form a simplex.

Indeed, assume x(1), . . . , x(k) are not affinely independent. Then, there exists a non-
trivial linear combination β1x

(1) + · · ·+ βkx
(k) = 0 such that β1 + · · ·+ βk = 0. Changing

the sign of each βi if necessary, we may assume that β1f(x
(1)) + · · · + βkf(x

(k)) ≥ 0. Let
t ≥ 0 be the maximal real number such that λi − tβi ≥ 0 for all i.

Let λ′i = λi − tβi. We have that λ′i ≥ 0,
∑

i λ
′
i = 1,

∑
i λ

′
ix

(i) = z, and
∑

i λ
′
if(x

(i)) ≤∑
i λif(x

(i)). Moreover, at least one of λ′i is equal to 0, which contradicts minimality of
k.

Claim 3.6. The function f̃ is convex on the convex hull of X.

Proof. Consider a convex combination z = µ1z
(1) + · · · + µkz

(k), where all z(i) lie in the
convex hull of X. For each z(i) choose a convex combination z(i) =

∑
x∈X λi,xx such

that f̃(z(i)) =
∑

x∈X λi,xf(x). Then, λx =
∑

i µiλi,x give a convex combination over the
elements of X such that z =

∑
x∈X λxx. By Claim 3.5,

f̃(z) ≤
∑
x∈X

λxf(x) = µ1f̃(z
(1)) + · · ·+ µkf̃(z

(k)),

proving that the function f̃ is convex.

By [61], the function f̃ can be extended from the convex hull of X to the whole Rd.
This completes the proof of Lemma 3.4.

From the above lemma, we see that if f : X → R is a convex function with X ⊆ Rd

finite, and X ⊆ Y ⊆ Rd, then the function f can be extended to a convex function on Y .
This is how we will usually use the above lemma.

We say that a function f : X → R is convex on a centered simplex x(1), . . . , x(k), z if its
restriction to this set of points is convex. This is equivalent to

f(z) ≤
∑
i

λif(x
(i)),

where λi are as in Equation (3.1). This notion provides a characterization of convexity
that we will use to test convex functions.
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Theorem 3.7. A function f : X → R is convex if and only if it is convex on every minimal
centered simplex of X.

Proof. Assume that f is not convex. Then there exists a convex combination z = λ1x
(1) +

· · ·+λkx(k) such that f(z) > λ1f(x
(1))+ · · ·+λkf(x(k)). Choose such a convex combination

that k is as small as possible and the convex hull of x(1), . . . , x(k) is inclusion-wise minimal.
We claim that then x(1), . . . , x(k), z form a minimal centered simplex.

Using the same argument as in Claim 3.5, we get that x(1), . . . , x(k) is a simplex. Assume
it contains more than two points in its convex hull minus the vertices. Let z be such that
the violation f(z) − λ1f(x(1)) − · · · − λkf(x(k)) > 0 is as large as possible. Let y be any
other point in the convex hull of x(1), . . . , x(k) except for its vertices. Then,

f(z)− λ1f(x(1))− · · · − λkf(x(k)) ≥ f(y)− µ1f(x
(1))− · · · − µkf(x

(k)), (3.3)

where y = µ1x
(1) + · · ·µkx

(k). Let t ≥ 0 be the largest real number such that λi − tµi ≥ 0
for all i. Let λ′i = λi − tµi. We have the following convex combination:

z = ty + λ′1x
(1) + · · ·+ λ′kx

(k).

Moreover, one of λ′i is equal to 0. As z ̸= y, we have that t < 1. This together with
Equation (3.3) yields

f(z) > tf(y) + λ′1f(x
(1)) + · · ·+ λ′kf(x

(k)).

This contradicts inclusion-wise minimality of x(1), . . . , x(k).

Let us apply the general Theorem 3.7 to the setting where f is a function over the line.
Let X = {x(1), x(2), x(3), . . .} ⊆ R where x(1) < x(2) < x(3) < · · · . A centered simplex in
this case is a triple x < y < z and y is the center of the triple. A function f is convex on
the triple if and only if

f(y)− f(x)
y − x

≤ f(z)− f(y)
z − y

. (3.4)

A minimal centered simplex is a minimal triple of the form x(i) < x(i+1) < x(i+2). Thus,
we get the following corollary.

Corollary 3.8. Let X = {x(1), x(2), x(3), . . .} ⊆ R with x(1) < x(2) < x(3) < · · · . Then the
function f : X → R is convex if and only if it is convex on every triple x(i) < x(i+1) < x(i+2)

of consecutive points.
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3.2 Other Notions of Discrete Convexity

Other notions of discrete convexity like linear convexity and separate convexity have also
been considered in the context of property testing. In this section, we define them and give
an example that distinguishes them from discrete convex functions. Later, in Section 4.5
we discuss the testing results related to them.

Linear convexity

The function f : [n]d → R is linearly convex if for every x, y ∈ [n]d and every 0 ≤ λ ≤ 1
for which λx+ (1− λ)y ∈ [n]d, we have f(λx+ (1− λ)y) ≤ λf(x) + (1− λ)f(y).

Separate convexity

A function, f : [n]d → R is separately convex, if for every i ∈ [d] and x ∈ [n]d the
function g : [n]→ R defined by g(y) = f(x1, . . . , xi−1, y, xi+1, . . . , xd) is convex.

Below we show that there exists functions that are not convex, but are linearly and
separately convex.

Proposition 3.9. Every convex function is linearly convex and every linearly convex func-
tion is separately convex. However, there exists functions that are linearly convex but are
not convex.

Proof. That every convex function is linearly convex and every linearly convex function is
separately convex follows directly from the definitions. For the second statement, consider
the function f : [3]× [3]→ R defined by

f(0, 2) = 3 f(1, 2) = 1 f(2, 2) = 5

f(0, 1) = 1 f(1, 1) = 2 f(2, 1) = 3

f(0, 0) = 5 f(1, 0) = 3 f(2, 0) = 1

The function f is linearly convex, but it has a violation of convexity on the point (1, 1)
with respect to the points (2, 0), (0, 1), and (1, 2).

Other notions of discrete convexity have also been considered in the context of mini-
mization to get around the problem of local optimality does not imply global optimality.
See [44] and the references therein for more details on those notions.
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Figure 3.1: Illustration of the function f constructed in the proof of Proposition 3.9

3.3 Lattices

Lattices play an important role in Chapters 4 and 5.

Definition 3.10. A set L ⊂ Rd is a lattice if the following statements hold:

• The origin is in L.

• For any α ∈ Z and x ∈ L, the point αx ∈ L.

• For any x, y ∈ L, the point x+ y ∈ L.

For a matrix B ∈ Rm×n we use b(1), b(2), . . . , b(m) ∈ Rn to represent the columns of the
matrix B = (b(1) b(2) . . . b(m)). We use BS×T to represent the sub-matrix defined by the
rows S ⊂ [m] and columns T ⊂ [n].

Definition 3.11. The matrix B = (b(1), . . . , b(k)) ∈ Rd×k is a basis of the lattice L ∈ Rd if:

• The column vectors b(1), . . . , b(k) are linearly independent.

• ∀i b(i) ∈ L.

• For every y ∈ L, we have x ∈ Zk such that y =
∑k

i=1 xib
(i).

If the size of the basis of a lattice is k, we call it a k-dimensional lattice. The Euclidean
space Zd is a d-dimensional lattice with (e1 e2 . . . ed) as a basis.

The representation of x ∈ Zd according to the basis B is

xB = B−1x.

46



For a function f : Zd → R, a basis B ∈ Zd×d, and a point x′ ∈ Zd, we write fB,x′(x) =
f(Bx+x′). It represents the function we get when we translate the origin to x′ and change
the basis to B.

The basis of a lattice is not unique and can be transformed using a unimodular matrix
defined below.

Definition 3.12. A matrix U ⊂ Zd×d is referred to as unimodular if the determinant is
±1.

Proposition 3.13 (Corollary 4.3a [54]). Let B ∈ Zd×d be the basis of a lattice L ⊂ Zd.
For any unimodular matrix U , the matrix B′ = UB is also a basis of L.

The intersection of a hyperplane, passing through the origin, with a lattice L ∈ Zd is a
lattice and the basis of it can be computed in time polynomial in the dimension d and the
binary representation of the hyperplane.

Proposition 3.14 (Lemma 14.13 [14]). Let L ⊂ Zd be a lattice and H = {x ∈ Zd : ⟨a, x⟩ =
0} be a subspace. The set L∩H is a lattice and its basis B ⊂ Zd−1×d can be found in time
O(poly(d, log ∥a∥∞)).

Definition 3.15. We say a matrix B ⊂ Zd×d is in Hermite normal form(HNF) if:

1. B is an lower triangular matrix i.e. b
(i)
j = 0 for i < j.

2. The leading coefficient(first non-zero entry from the top, also called pivot) in a column
is below the leading coefficient of the column to the left of it, and is positive.

3. The elements to the right of the pivots are zero and elements to the left are non-
negative and strictly smaller than the pivot.

Given an integral matrix, we can efficiently find a unimodular matrix that transforms
the integral matrix into HNF, as indicated in the proposition below.

Proposition 3.16 (Theorem 5.2 [54]). Given an integral matrix B ⊂ Zd×d, we can find
a unimodular matrix U ∈ Zd×d, in time O(poly(d, log ∥B∥∞)), such that A = BU is in
Hermite normal form and ∥U∥∞ = O(poly(log ∥B∥∞)).
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Chapter 4

Testing Convex Functions Over the
Hypergrid

In this chapter we present the results related to testing convex functions over the hypergrid.
In Section 4.1, we describe the main ideas in our proofs. We establish our algorithmic
results in Sections 4.2 and 4.3, and give the proofs for our hardness results in Sections 4.4.
Specifically, the proof of Theorem 1.5 for testing convexity over one-dimensional domains
is presented in Section 4.2. The upper bound in Theorem 1.7 for testing convexity of
functions on the stripe is established in Section 4.3. The lower bound in Theorem 1.8
for testing convexity over high-dimensional domains is presented in Section 4.4; the lower
bound for the stripe in Theorem 1.7 is found in Section 4.4.4. Finally, in Section 4.5 we
discuss related work on testing linear convexity and separate convexity. For the reader’s
convenience we restate the theorems we prove in this chapter below.

Theorem 1.5. There exists an ϵ-tester for convexity of functions f : [n] → R over the

line with complexity O( log(ϵn)
ϵ

). The tester is non-adaptive and has 1-sided error.

Theorem 1.7. There exists a 1-sided-error algorithm that ϵ-tests a function f : [3]× [n]→
R for convexity using O( log

2 n
ϵ

) queries to f . By contrast, any non-adaptive Ω(1)-tester for
convexity of f : [3]× [n]→ R has query complexity Ω(

√
n).

Theorem 1.8. For every d ≥ 2, n > 4d and any ϵ ≤ 1
10
, any non-adaptive ϵ-tester for

convexity of functions over [n]d has query complexity Ω
(
(n
d
)
d
2

)
.
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4.1 Main Ideas

Convexity tester for functions over [n] (Theorem 1.5)

Ours is the first triple tester for convexity. We select triples independently (not uni-
formly) at random and check for violations of convexity. The previous testers of Parnas,
Ron and Rubinfeld [50], and Ben-Eliezer [7] use a binary search approach. The param-
eterized tester by Pallavoor, Raskhodnikova, and Varma [48] also uses the binary search
approach as they use the tester in [50] as a subroutine. The parameterized tester of Lahiri,
Newman and Varma [31] uses our tester as a subroutine.

The testing algorithm is inspired by the monotonicity testers on the line [5, 23]. The
idea there is to query pairs of points that are different distances apart and check those
pairs for violation of monotonicity. Testing convexity is different because we need three
points even to catch a violation of convexity. So we pick two points that are different
distances apart as they do for testing monotonicity, and the third point is chosen to be
adjacent to one of the first two points picked. We want the first two points in the triplet
to cover different scales of distance so that it is hard to hide the violations of convexity.
For instance, if the first two points in the triplet are close together for all our queries, then
it is hard to catch the violation of convexity in functions like, f(x) = x for x ∈ [n

2
] and

f(x) = x − n for x ∈ [n] \ [n
2
]. The above function is far from convex, but to catch the

violation of convexity we need at least one point in the first half and one in the second half,
which we may not get if the points in our triplet are close together. If the first two points
in our triplets are far for all our triplets, then we fail to catch functions like f(x) = x−⌊x

3
⌋,

which are far from convex but the violations of convexity can only be caught by triplets
with points close together.

Convexity tester for functions over [3]× [n] (Theorem 1.7)

The algorithm relies on Theorem 3.7, which shows that a function is convex if it is
convex on every minimal centered simplex in the domain. Refer to Section 3.1 for the
definitions of a simplex, centered simplex, and a minimally centered simplex. As we are in
two dimensions the two kinds of centered simplices possible are a line centered simplex, in
which the simplex is two points, and a triangle centered simplex, in which the simplex is
three points which form a triangle. We refer to the violation of convexity of a line centered
simplex as line violation of convexity, and a triangle centered simplex as triangle violation
of convexity. The first observation we make is that any violation of convexity with the
center in the first or third column is a line violation of convexity, with the points entirely
contained in the first or third column respectively. The second observation we make is that
any violation of convexity with the center in the second column is of three types: 1) a line
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Figure 4.1: The three figures above illustrate the different kinds of violations of convexity
possible with the center in the second column, for the domain [3]× [n].

violation of convexity with both the end points in the second column 2) a line violation of
convexity with one end point each in the first and third column, and 3) a triangle violation
of convexity with one point in each column. Refer to Figure 4.1 for an illustration.

The line violations of convexity with all the points in the same column are handled by
our line tester. To handle the line violations of convexity with the end points in the first
and third column, and the triangle violations of convexity, we introduce a new function,
h, on the second column over the points {0, 1

2
, 1, 3

2
, . . . , n}. For a more detailed overview

of the algorithm refer to Section 4.3.1.

Non-adaptive lower bound for testing convexity over [n]d (Theorem 1.8)

The lower bounds in Theorems 1.7 and 1.8 are both obtained using the same general
construction. We describe it in the setting of functions over [n]d for simplicity.

The key idea is that we can construct convex functions whose increase in slope (i.e.,
second derivative) is small in a particular direction and large in the rest of the directions.
We can perturb the values of such functions by ±1 in a way that yields functions which are
far from convex but for which the only violation of convexity on the hypergrid will contain
at least two points that form a line along the direction where the slope was increasing
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slowly. So any algorithm that does not query two points which give a line in that direction
cannot catch any violations of convexity. To get a strong lower bound from this key idea,
we show that it is possible to “hide” the slowly-increasing direction among Ω

(
(n
d
)d
)
possible

directions. Since a set of q queries contains pairs of points that form at most q2 different
directions, this construction shows that any non-adaptive convexity testing algorithm with
one-sided error—i.e., that always accepts convex functions—must have query complexity
at least Ω

(
(n
d
)d/2

)
.

To generalize this argument in a way that gives a lower bound for non-adaptive testing
algorithms with two-sided error as well, we consider a different perturbation of the convex
functions of ±1 that preserves convexity. We can do this by performing the same pertur-
bation (i.e., either all +1 or all −1) for every point along a line in the slowly-increasing
direction. The perturbations for each line are chosen independently at random; by en-
suring that the slope of the original function is large enough in all other directions, these
independent perturbations do not violate convexity.

4.2 Algorithms for Testing Convexity Over the Line

In this section, we prove Theorem 1.5.

Definition 4.1. Let a ∈ [n]. A triple test rooted at a is a (non-necessarily sorted) triple
(a, b, c) such that

• b ∈ 2k⌊a−1
2k
⌋, 2k⌈a+1

2k
⌉ for some integer k satisfying 1 ≤ 2k < n, and

• c is either a+ 1 or b+ 1.

The element a is called the root, and b is called a hub of a. The integer 2k is called the
height of the triple. We say that a passes the triple test if the function f is convex on
{a, b, c}. We say that a passes all its triple tests if it passes all the triple tests rooted at it.

Claim 4.2. If x < y − 1, then x and y have a common hub with height not exceeding
2(y − x).

Proof. Let k be such that y−x
2
≤ 2k ≤ y − x. There can be either one or two multiples of

2k between x and y. If there is just one then we are done and that is the common hub. If
there are two then there will be exactly one multiple of 2k+1 between x and y and that is
their common hub.
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Lemma 4.3. Assume x < y < z is a non-convex triple. Then at least one of x, y or z
fails some of its triple tests with height not exceeding 2 ·max{y − x, z − y}.

Proof. Assume for now that y−x ≥ 2 and z−y ≥ 2. Let h be the common hub between x, y
with height not exceeding 2(y−x) and h′ be the common hub between y, z with height not
exceeding 2(z − y). Consider the function f restricted to the domain x < h < y < h′ < z.
By Proposition 3.1, we know the function is not convex, hence, by Corollary 3.8, it is
non-convex on at least one of the triples (x, h, y), (h, y, h′), or (y, h′, z). Let us consider
the three cases separately:

• f is non-convex on the triple x, h, y. Consider the function f on the domain x < h <
h + 1 ≤ y. Using Corollary 3.8 if needed, we get that the function f is non-convex
on one of the triples (x, h, h + 1) or (h, h + 1, y). Each of them constitutes a triple
test: a = x, b = h, c = h+ 1, or a = y, b = h, c = h+ 1, respectively.

• f is non-convex on the triple h, y, h′. Consider the function f on the domain h <
y < y + 1 ≤ h′. The function f is non-convex on one of the triples (h, y, y + 1) or
(y, y + 1, h′). Again, each of them constitutes a triple test: a = y, b = h, c = y + 1,
or a = y, b = h′, c = y + 1, respectively.

• f is non-convex on the triple y, h′, z. This case is analogous to the first one.

If y = x + 1, then the above analysis works with h = x (the first case never holds, and
x = y− 1 is a hub of y). If z = y+1, the above analysis works with h′ = z (the third case
never holds, and z = y + 1 is a hub of y). Finally, if both y = x+ 1 and z = y + 1, we can
use the triple test with a = x, b = y, and c = z.

A simple consequence of this lemma is that the function f is convex on the set of points
passing all their triple tests. This allows us to formulate the following notion.

Definition 4.4. A convex replacement of a function f : [n] → R is a convex function
f̂ : [n]→ R such that f(x) = f̂(x) for all x that pass all their triple tests.

We are now ready to complete the proof of Theorem 1.5.

Proof of Theorem 1.5. The algorithm is a triple tester. It selects a root a of the triple
uniformly at random from [n], select a triple rooted at a with height at most 2ϵn uniformly
at random, and tests it for convexity. For completeness, let us restate the algorithm:
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Algorithm 1: ConvexityTest1D

1 Draw a uniformly at random from [n];
2 Draw k uniformly at random from {0, . . . , ⌈log2(2ϵn)⌉};
3 Let b be either the largest multiple of 2k strictly smaller than x, or the

smallest multiple of 2k strictly larger than x, each case with probability
1/2;

4 Let c be either a+ 1 or b+ 1, each with probability 1/2;
5 Query f(a), f(b) and f(c) and test whether a, b, c form a convex triple;

We claim that if the function f is ϵ-far from convex, then this test fails with probability
Ω(ϵ/ log(ϵn)). Thus, this test has to be repeated O(log(ϵn)/ϵ) times.

We will construct a subset A ⊆ [n] of size ϵn such that every a ∈ A fails one of its
triple tests with height at most 2ϵn. Start with S ← [n]. We treat S as a sorted list.
While |[n] \ S| < ϵn, the function f |S is non-convex. Choose three neighbouring elements
x < y < z in S that violate convexity. Let (a, b, c) be the non-convex triple constructed in
Lemma 4.3. The height of this triple is at most 2ϵn. Remove a from S. When |[n]\S| ≥ ϵn,
let A← [n] \ S.

4.3 Algorithm for Testing Convexity on the [3] × [n]

Stripe

In this section, we prove the upper bound in Theorem 1.7.

4.3.1 High-level description

Our approach to testing convexity on the stripe [3]× [n] is as follows. This set is close to
the 1-dimensional line, so we can draw a lot from the tester of Section 4.2. In this vein, for
i ∈ [3], let fi : [n]→ R be the restrictions of f to the column {i} × [n]. We will construct
a convex replacement f̂ of f so that every point where f and f̂ disagree fails some test.
Sampling a ∈ [3]× [n] uniformly at random and executing the test on a will give us a tester
of convexity.

Any simplex centered at a point in the line {1}× [n] or {3}× [n] is completely contained
inside this line. Hence, for f1 and f3 we can simply take convex replacements f̂1 and f̂3

53



from Definition 4.4, and assume that f̂ restricted to {1} × [n] or {3} × [n] is f̂1 or f̂3,
respectively.

Let us define a function h : {1, 3
2
, 2, 5

2
, . . . , n} → R as

h(x) = min
δ

f̂1(x− δ) + f̂3(x+ δ)

2
. (4.1)

Note that h(x) = g(2, x) where g is the convex extension, as in Equation (3.2), of the
function f̂ restricted to {1, 3}× [n]. (We have not defined f̂ on the line {2}× [n] yet.) By
Lemma 3.4 and Proposition 3.1, the function h is convex. Its value can be computed by
minimising the convex function δ 7→ (f̂1(x − δ) + f̂3(x + δ))/2. This is exactly the place
where our tester uses adaptivity.

The main part of our algorithm deals with interplay between the functions h and f2.
Let us give some relations between h and f2 for the case when f is convex. First, the
function f is convex on any simplex of the form (1, x − δ), (3, x + δ) centered at (2, x),
which implies that f2(x) ≤ h(x) for every x ∈ [n]. Next, for every {x, x + 1} ⊆ [n], let
ψ : R → R be the affine function agreeing with f2 at x and x + 1. We have that the
function f is convex on any simplex of the form (1, z − δ), (2, x), (3, z + δ) centered at
(2, x + 1), which implies that ψ(z) ≤ h(z) for all z > x + 1. 1 Similarly, considering
simplices (1, z − δ), (2, x + 1), (3, z + δ) centered at (2, x), we get that ψ(z) ≤ h(z) for all
z < x. Our tester will check these conditions.

4.3.2 Subroutines

We are now ready to describe the subroutines used by our tester. The first subroutine is
the convexity test for the line from Section 4.2.

Algorithm 2: 1DTest(i, x)

1 Execute all the triple tests rooted on x for the function fi as in
Definition 4.1;

2 If at least one of the tests fails, output that f is not convex and
terminate the algorithm;

The complexity of this subroutine is O(log n). The following claim is a direct conse-
quence of Definition 4.4.

1Note that this observation does not immediately follow from the first observation and convexity of f1,
because it also incorporates half-integer values of z, where f1 is not defined.
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Claim 4.5. If 1DTest(i, x) does not fail for i = 1 or i = 3, then f̂i(x) = fi(x).

The next subroutine evaluates the function h.

Algorithm 3: Evaluate(x)

1 Find a point δ∗ where the function g(δ) = 1
2
(f1(x− δ) + f3(x+ δ)) attains

its minimum, assuming this function is convex;
2 For y ∈ {x− δ∗ − 1, x− δ∗, x− δ∗ + 1} perform 1DTest(1, y);
3 For y ∈ {x+ δ∗ − 1, x+ δ∗, x+ δ∗ + 1} perform 1DTest(3, y);
4 Check that g(δ∗) ≤ g(δ∗ − 1) and g(δ∗) ≤ g(δ∗ + 1);
5 Return g(δ∗);

Claim 4.6. The subroutine either finds a violation of convexity or returns h(x). The
complexity of the subroutine is O(log n).

Proof. Define ĝ(δ) = 1
2
(f̂1(x−δ)+ f̂3(x+δ)) so that h(x) = minδ ĝ(δ). Steps 2 and 3 of the

subroutine ensure that g and ĝ agree on δ∗ − 1, δ∗ and δ∗ + 1. If Step 4 fails, we get that
g ̸= ĝ, meaning that the function f is not convex. Otherwise, we get that ĝ(δ∗) ≤ ĝ(δ∗−1)
and ĝ(δ∗) ≤ ĝ(δ∗ + 1). As ĝ is convex, this implies that the minimum of ĝ is attained at
δ∗. The complexity estimate is obvious.

4.3.3 The Algorithm

Now let us state the test for convexity over the stripe.
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Algorithm 4: ConvexityTestStripe

1 Sample (i, x) uniformly at random from [3]× [n];
2 Perform 1DTest(i, x);
3 if i = 2 then
4 Evaluate h(x) and verify that f2(x) ≤ h(x);
5 Perform 1DTest(2, x− 1) and 1DTest(2, x+ 1);
6 Let ψ− : [n]→ R be the affine function satisfying

ψ−(x− 1) = f2(x− 1) and ψ−(x) = f2(x);
7 Minimise the convex function h− ψ− on the interval

{x+ 1, x+ 3
2
, x+ 2, . . . , n} and verify that the minimum is

non-negative;
8 Let ψ+ : [n]→ R be the affine function satisfying ψ+(x) = f2(x) and

ψ+(x+ 1) = f2(x+ 1);
9 Minimise the convex function h− ψ+ on the interval

{1, 1
2
, 1, . . . , x− 1} and verify that the minimum is non-negative;

Each run of the tester O(log2 n) queries to f , since steps 7 and 9 each require O(log n)
calls to the Evaluate subroutine, which in turn makes O(log n) queries to f .

By the discussion at the beginning of the section, any convex function f passes the test
with probability 1. Let f : [3]× [n]→ R be any function that is ϵ-far from convex. Let S
be the set of points that pass the test. We claim that f restricted to S is convex. Hence,
the error probability of the test is at least ϵ, and it suffices to repeat the test O(1/ϵ) times.

In order to prove that f is convex on S, we extend it to a slightly larger domain. This
is done to better handle possible minimal centered simplices. Let as above f̂i be convex
replacement of fi. We claim that the function f̂ : ({1, 3} × [n]) ∪ S → R defined by

f̂(i, x) =

{
f̂i(x), if i = 1 or i = 3;

f(i, x), if (i, x) ∈ S;

is convex (the two values are equal when both conditions apply). As f and f̂ agree on S,
this implies that f restricted to S is convex.

By Theorem 3.7 and the above discussion, it suffices to consider minimal simplices
centered at points of the form (2, x) ∈ S. From Lemma 4.3, we get that the function f̂ is
convex on a centered simplex of the form {(2, x), (2, y), (2, z)} ⊆ S. The function f̂ is also
convex on a simplex (1, x− δ), (3, x+ δ) centered at (2, x) because h(x) ≥ f2(x) by Step 4.
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Any other minimal simplex centered at (2, x) is of the form (1, a), (2, b), (3, c). Let
y = (a + c)/2, and assume b < x < y (the case y < x < b is similar). From Step 7 of the
algorithm, we know that the function g : {x− 1, x, y} → R defined by

g(x− 1) = f2(x− 1),

g(x) = f2(x),

g(y) = h(y)

is convex. Both (2, b) and (2, x) are in S and so they pass the test. Thus, from Steps 2 and
5, we have that f2 and f̂2 agree on b, x−1 and x. As f̂2 is convex, and using Corollary 3.8,
we have that the function g′ : {b, x− 1, x, y} → R defined by

g′(b) = f2(b),

g′(x− 1) = f2(x− 1),

g′(x) = f2(x),

g′(y) = h(y)

is also convex. Finally, since h(y) ≤ (f̂1(a) + f̂3(c))/2, we get that f̂ is convex on the
simplex (1, a), (2, b), (3, c) centered at (2, x).

4.4 Lower Bounds for Testing Convexity in High Di-

mensions

In this section we prove the Ω((n
d
)
d
2 ) lower bound for non-adaptive algorithms that test

convexity on the [n]d grid in Theorem 1.8 and the Ω(
√
n) lower bound for non-adaptive

algorithms that test convexity over the stripe [3]× [n] in Theorem 1.7.

4.4.1 Preliminaries

We use the following standard results in our proof.

Lemma 4.7 (Hoeffding’s inequality). Let x1, . . . , xn ∈ R be negatively correlated random
variables bounded by xi ∈ [bi, ai] and define x = 1

n
(x1 + · · ·+ xn). Then

Pr [|x− E[x]| ≥ t] ≤ 2e
2n2t2∑n

i=1
(bi−ai)

2
.
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Lemma 4.8 (Yao’s minimax). Fix any disjoint sets P and N of functions mapping X to
Y. Let DP and DN be probability distributions on functions mapping X to Y that satisfy

Pr
f∼DP

[f ∈ P ] = 1 and Pr
g∼DN

[f ∈ N ] = 1− o(1).

Let D be the distribution where with probability 1
2
we sample from DY and with probability 1

2

we sample from DN . If any non-adaptive deterministic algorithm Π with query complexity
q can not answer correctly with probability 2

3
, then any non-adaptive randomized algorithm

that decides whether f ∈ P or f ∈ N with error at most 1
4
makes Ω(q) queries.

Proposition 4.9 (Theorem 332 [29]). Let a, b ∈ [n] be two numbers picked uniformly at
random. The probability that the pair (a, b) is co-prime is > 0.5.

Definition 4.10. Given any vector a ∈ Zd whose first two coordinates a1 and a2 are
coprime, the canonical basis completion of a is the basis B(a) = (b(1)(a), . . . , b(d)(a)) ∈ Zd×d

whose ith column is

b(i)(a) =


a if i = 1

c1e1 + c2e2 if i = 2

ei if 3 ≤ i ≤ d

where c1 and c2 are the integers that satisfy a1c1− a2c2 = 1 and ei ∈ Zd is the vector with
value 1 in the ith coordinate and 0 in all other coordinates.

The next proposition shows that the canonical basis completion of any vector a ∈ Zd

that satisfies the condition of the above definition is a basis for the lattice Zd.

Proposition 4.11. Given any vector a ∈ Zd whose first two coordinates a1 and a2 are
coprime, the canonical basis completion B(a) of a is a basis for the lattice Zd.

Proof. The matrix B(a) is a unimodular matrix. From Proposition 3.13 it follows that
B(a) is a basis of the lattice Zd.

4.4.2 Constructions

In this subsection we show how to construct the distributions DY ,DN . We also prove that
every function in DY is convex and every function in DN is 1

20
-far from convex.

Let B be the distribution over bases obtained by drawing a vector a ∈ Zd uniformly at
random among all vectors whose coordinates are in the range 0 ≤ a1, a2, . . . , ad ≤ n

4d
and
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whose first two coordinates a1 and a2 are coprime and returning the canonical basis B(a)
for a. Refer to Definition 4.10 for the definition of B(a).

The distributions DY and DN are both obtained by drawing a basis from B and starting
with a convex function gB associated with that basis that we will call the canonical convex
function for B.

Definition 4.12. The canonical convex function for a basis B of Zd is the function
gB : Zd → Z defined by

gB(x) = (xB1 )
2 + 2

d∑
i=2

(xBi )
2.

Our distribution on convex functions is obtained by shifting the values of the canonical
convex function gB in a way that preserves convexity.

Definition 4.13 (DY ). Let SB to be the distribution on functions h : [n]d → Z obtained
by drawing values σ(z) ∈ {±1} independently and uniformly at random for each z ∈ Zd−1

and defining
h(x) = gB(x) + σ(xB2 , . . . , x

B
d )

for each x ∈ [n]d. Let DY be the distribution obtained by drawing B ∼ B and then drawing
a function h ∼ SB.

Our distribution on functions that are far from convex is similar, except that the shifts
of the canonical convex function gB are now constructed in a way that will create many
disjoint violations of convexity.

Definition 4.14 (DN). Let AB be the distribution on functions h : [n]d → Z obtained by
drawing values σ(z) ∈ {±1} independently and uniformly at random for each z ∈ Zd−1

and defining
h(x) = gB(x) + σ(xB2 , . . . , x

B
d ) · (−1)x

B
1

for each x ∈ [n]d. Let DN be the distribution obtained by drawing B ∼ B and then drawing
a function h ∼ AB.

We complete this section by showing that the functions in the support of DY are indeed
convex and that the functions in the support of DN are far from convex.

Claim 4.15. Every function in the support of DY is convex.
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Proof. Fix any B in the support of B, any h in the support of SB, and any points
z, x(1), . . . , x(k) ∈ Zd such that z =

∑k
i=1 λix

(i) is a convex combination of the points

x(1), . . . , x(k), λ1, . . . , λk ≥ 0 and
∑k

i=1 λi = 1. We will show that
∑k

i=1 λih(x
(i)) ≥ h(z).

Let us define δ(1), . . . , δ(k) ∈ Zd to be the vectors for which (x(i))B = zB + δ(i) for each

i ∈ [k]. Then the identity
∑k

i=1 λi((x
(i))B − zB) = 0 implies that

∑k
i=1 λiδ

(i)
j = 0 for every

j ∈ [d] and that

k∑
i=1

λigB(x
(i)) =

k∑
i=1

λi

((
(x(1))B1

)2
+ 2

d∑
j=2

(
(x(i))Bj

)2)
=

k∑
i=1

λi

(
(zB1 + δ

(i)
1 )2 + 2

d∑
j=2

(zBj + δ
(i)
j )2

)
= gB(z) +

k∑
i=1

λi

(
(δ

(i)
1 )2 + 2

d∑
j=2

(δ
(i)
j )2

)
.

Define I = {i ∈ [k] | zB[2,d]Z ̸= (x(i))B[2,d]Z}. For each i ∈ I, the vector δ(i) satisfies∑d
j=2(δ

(i)
j )2 ≥ 1 so we have that

k∑
i=1

λigB(x
(i))− gB(z) ≥ 2

k∑
i=1

λi

d∑
j=2

(δ
(i)
j )2 ≥ 2

∑
i∈I

λi.

Furthermore, since σ((x(i))B[2,d]Z)− σ(z
B
[2,d]Z

) is always bounded below by −2 and the differ-

ence is zero whenever i /∈ I, we obtain

k∑
i=1

λih(x
(i))− h(z) ≥

k∑
i=1

λigB(x
(i))− gB(z)− 2

∑
i∈I

λi ≥ 0.

Claim 4.16. Every function in the support of DN is 1
20
-far from convex.

Proof. Fix any B in the support of B and any h in the support of AB. For any points
x, y, z ∈ [n]d that satisfy yB = xB + e1 and zB = yB + e1, if we have

h(x) = gB(x)− 1, h(y) = gB(y) + 1, and h(z) = gB(z)− 1
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Then the triple (x, y, z) is a witness of non-convexity of h since

1
2
h(x) + 1

2
h(z) = 1

2
gB(x) +

1
2
gB(z)− 1 = gB(y) < h(y) = h(1

2
x+ 1

2
z).

Hence from how we defined h, any four points w, x, y, z ∈ [n]d that satisfy xB = wB+e1,
yB = xB + e1 and z

B = yB + e1 one of (w, x, y), (x, y, z) is a witness on non-convexity. Let
L = [ n

2d
, n− n

2d
]d. For s ∈ Zd−1, let Ls = {x | x ∈ [n]d, ∃y ∈ L s.t yB[2,d]Z = xB[2,d]Z = s}. Since

a1, a2, ..., ad <
n
4d

we have that |Ls| ≥ 4. And since any 4 consecutive points with the same
[2, d]Z coordinates, in basis B, have a witness of non-convexity, the number of witnesses in

Ls is ≥ |Ls|
7
. Also L ⊆ ∪s∈Zd−1Ls, hence the number of disjoint witnesses of non-convexity

is greater than |L|
7

= 1
7
(1− 1

d
)dnd ≥ 1

20
nd. In every disjoint non-convexity witness we have

to change the value of at least one point to make the function convex. Therefore h is 1
20
-far

from convex.

4.4.3 Proof of Theorem 1.8

Let D be the distribution where with probability 1
2
we pick something from DY and with

probability 1
2
we pick something from DN . In this section we prove that there does not

exist a non-adaptive deterministic algorithm with query complexity q < 0.01( n
4d
)
d
2 that

answers correctly with probability 2
3
on the distribution D. From Lemma 4.8 this would

prove Theorem 1.8 as from Claim 4.15 and Claim 4.16 we know that every function in the
support of DY is convex and every function in the support of DN is 1

10
-far from convex.

Let us assume there exists such a deterministic algorithm Π that answers correctly on
a distribution D = 1

2
DY + 1

2
DN with probability greater than 2

3
. We can think of the

distribution D as pick a B ∼ B and pick a σ : Zd−1 → ±1 uniformly at random. And at
the end with probability 1

2
we choose whether we want a function in the support of DY or

DN . Let the points the algorithm Π queries be Q = x(1), x(2), ...., x(q) ∈ Zd.

We refer to a B in the support of B to be exposed if there exists i, j < q such that
(x(i))B[2,d]Z = (x(j))B[2,d]Z , otherwise we refer to it as hidden.

Claim 4.17. On the distribution D the probability that Π answers correctly is less than
0.6.

Proof. When B is hidden then there is no way the algorithm Π can answer correctly with
probability greater than 1

2
. This is because Prf∼DY |B is hidden

[f |Q = α] = Prg∼DN |B is hidden
[g|Q = α].

In fact it is even stronger, along with function values at the queried points even if we give

61



what the hidden basis B is, the algorithm can not answer correctly with probability greater
than 1

2
. This is because, as for any i, j < q, (x(i))B[2,d]Z ̸= (x(j))B[2,d]Z , we have f |Q− gB|Q = s,

for each s ∈ {−1,+1}q, with probability 1
2q

irrespective of f being in SB or AB. We can
assume that the algorithm always answers correctly when B is exposed. The probability
that the algorithm Π answers correctly is ≤ Pr[B is exposed] · 1 + Pr[B is hidden] · 1

2
.

Since there are only
(
q
2

)
< q2, i, j < q pairs, there are at most q2 exposed B. From

Proposition 4.9 and the construction of B we know that |B| ≥ 0.5( n
4d
)d and if q < 0.01( n

4d
)
d
2

the probability that a B ∼ B is exposed is ≤ 1
100

.

Hence the success probability of the algorithm is ≤ 1
100
· 1 + 99

100
· 1
2
≤ 101

200
.

This a contradiction on the assumption that the algorithm answers correctly with prob-
ability 2

3
. Hence there can not exist such a non-adaptive deterministic algorithm Π.

4.4.4 Non-Adaptive Lower Bound for [3]× [n]

In this section we prove a Ω(
√
n) lower bound for non-adaptively testing convexity on the

[3] × [n] grid. The proof is almost the same as the the higher dimensional setting with
slight changes.

Let B be the distribution over bases obtained by drawing a vector a ∈ Z2 uniformly at
random among all vectors whose first coordinate is 1 and the second coordinate is in the
range 0 ≤ a2 ≤ n

100
and returning the canonical basis B(a) for a.

Define the distributions DY and DN as above with the one modification that the domain
of h is set to be [3]× [n] instead of [n]d. In this setting, we again have that every function
in the support of DY is convex, using the same argument as in Claim 4.15. But now it is
no longer true that every function in the support of DN is 1

10
-far from convex. Instead, we

have that a function f ∼ DN is 1
10
-far from convex with probability 1− o(1).

Claim 4.18. A function f ∼ DN is 1
10
-far from convex with probability 1− o(1).

Proof. For any B in the support of B, a function h ∼ AB is 1
10
-far from convex with

probability 1 − o(1). Let X = {x | x1 = 0, 0 ≤ x2 ≤ 9n
10
}. For any points x ∈ X and

y, z ∈ Z2 that satisfy yB = xB + e1 and zB = yB + e1 we have that y, z ∈ [3]× [n] and

h(x) = gB(x)− 1, h(y) = gB(y) + 1, and h(z) = gB(z)− 1

with probability 1
2
. Therefore, x, y, z form a witness for non-convexity with probability 1

2
.

This is true for all x ∈ X. Using Hoeffding’s inequality the probability that the number of
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witnesses for non-convexity is less than n
3
is ≤ e−cn. Hence with probability 1 − e−cn the

distance to convexity is at least
n
3

3n
≥ 1

10
.

Any non-adaptive deterministic algorithm which performs q <
√
n

100
can not answer

correctly with probability grater than 0.6. The proof is similar to that of Claim 4.17.
From Lemma 4.8 this completes the proof of the lower bound in Theorem 1.7.

4.5 Related Work: Testing Results for Other Notions

of Convexity

In this section, we discuss the testing results related to separate convexity and linear
convexity defined in Section 3.2.

Separate convexity

Ben-Eliezer [7] showed that there exists a non-adaptive algorithm for testing separate
convexity of functions over [n]2, with query complexity O(n), and a general non-adaptive
algorithm for testing separate convexity of functions over the hypergrid [n]d with query
complexity O(nd−1). This result follows from their general result for testing local properties
and the fact that separate convexity is a local property. They refer to a property as k-local
if it can be defined by a family of k×k× . . .×k forbidden consecutive patterns. Convexity
over the line [n] is 3-local, as the function is convex if there is no violation of convexity
on every three consecutive points. The same is the case for separate convexity. However,
discrete convexity over higher dimensions is not a local property. There are functions that
are far from being discrete convex but every local region satisfies convexity. Our lower
bound construction for Theorem 1.8 is one such example. Therefore their algorithms do
not work in our setting.

Linear convexity

Blais, Raskhodnikova, and Yaroslavtsev [12] showed that non-adaptive algorithms that
test linear convexity of functions over the hypergrid [n]d have query complexity Ω(d log n).
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Chapter 5

Minimizing Discrete Convex
Functions

In this chapter, we prove the results we obtained for minimizing discrete convex functions
over the hypergrid. In Section 5.1, we discuss the main ideas used in our two-dimensional
and high-dimensional minimization algorithms. Next, in Section 5.2, we present the nec-
essary background for proving the theorems in this chapter. In Section 5.3, we present the
two-dimensional minimization algorithm and prove its correctness and complexity bounds.
Similarly, in Section 5.4 we present the high-dimensional minimization algorithm and prove
its correctness and complexity bounds. Finally, in Section 5.5 we give an overview of the
minimization algorithm by Veselov et al. For the reader’s convenience, we restate the
theorems we prove in this chapter below.

Theorem 1.9. Let f, g : Z2 → R be discrete convex functions. Given access to the com-
parison oracle for f and the valuation oracle for g, we can solve the optimization problem

min
x

f(x)

s.t. g(x) ≤ 0

x ∈ [n]× [n]

(1.3)

using poly(log n) time and queries.

Theorem 1.10. Let f, g : Zd → R be discrete convex functions. Given access to the
comparison oracle for f and the valuation oracle for g, we can solve the optimization
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ℓ

ℓ+

C

x′ f(x′) ≤ f(z)

zy

y′

Figure 5.1: Illustration of the fencing idea in the minimization algorithm. The shaded
region corresponds to the set ℓ+ \ C that is “eliminated” when f(x′) ≤ f(z) ≤
min{f(y), f(y′)}.

problem
min
x

f(x)

g(x) ≤ 0

x ∈ [n]d

(1.4)

using 2O(poly(log logn)) time and queries for any constant d.

5.1 Overviews

5.1.1 Two-Dimensional Minimizer Overview

The algorithm uses four main ideas. Throughout this overview, fix f : Z2 → R to be any
discrete convex function. Let f̃ : R2 → R be a convex extension of f .

Fencing. The idea of fencing is to eliminate points from consideration like we do in
cutting plane methods, but we need new ideas as we are in the discrete setting. If we
have a line l and a point x′ ∈ Z2 such that for any x ∈ l, we have f̃(x) ≥ f(x′), then
we can eliminate all the points on the side of the line not containing x′, as the function is
convex. But unfortunately since we can access the function on only integer points, there is
no way to know what the least value on the line is. For instance, consider the set of points
[n]. Let f(⌊n

2
⌋) be the minimum of the set. Since the function is convex, we know all the
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x(c)

x(t)

x(b)

××××× × ×
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Figure 5.2: Finding fences when x(c) is the minimum of the three points. We process the
region above t and region below b. The points between the lines in the processed region
are not eliminated.

points between 1 and ⌊n
2
⌋ − 1 and between ⌊n

2
⌋+ 1 and n will have function value greater

than f(⌊n
2
⌋) but there could exist a non-integer point between ⌊n

2
⌋ − 1, ⌊n

2
⌋ + 1 whose

function value is much smaller than f(⌊n
2
⌋). We refer to this region where the fractional

minimum could be less than the integer minimum as the region of uncertainty. Hence, in
the discrete setting for a point x′ we can not have a line where all the points have function
value greater than f(x′). Instead what we can have is a line where almost all the points
have function value greater than f(x′) with a region of uncertainty where the function
value could potentially be less than f(x′). With the help of such a line we can eliminate
many points on the side of the line not containing x′ but not all of them. A more formal
description of fences in two dimensions is described below.

Let x′ ∈ [n]2 be a point, ℓ be a line passing through [n]2, z ∈ [n]2 be the minimum of the
set ℓ∩ [n]2 and y, y′ ∈ [n]2 be the adjacent points of z on the line ℓ. If f(x′) ≤ f(z) then we
can use the pair x′, ℓ to restrict the subset of points in the domain of f where its minimum
can occur. Let ℓ+ be all the points on the side of the line ℓ not containing x′ and let C
be the region between the rays ray(x′, y), ray(x′, y′). Then every point w ∈ (ℓ+ \ C) ∩ Z2

satisfies f(w) ≥ f(z) ≥ f(x′). Hence we can eliminate all the points in the region ℓ+ \ C
when looking for the minimum value of f , as illustrated in Figure 5.1. We call this process
of restricting our search space fencing.

Finding fences. For the fencing idea to work, we need to address two challenges.
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x(c)

x(t)

x(b)

×× ×× ××
×× ×× ××
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Figure 5.3: Finding fences when x(t) is the minimum of the three points. We process
the region below row c. The points between the lines in the processed region are the not
eliminated.

The first is to come up with an (x′, ℓ) pair. One way to address this is via the following
strategy. Pick any two rows j ̸= j′ ∈ [h], where h is the number of rows in the grid.
Assume the minimum value of f on the jth row is less than or equal to its minimum value
on the j′th row. Choose x′ = (i, j) to be the point at which f attains its minimum on row
j, and ℓ be the line passing through row j′.

The second challenge is to come up with a good (x′, ℓ) pair such that we eliminate a
significant fraction of the remaining points. Let our rectangle have h rows and without loss
of generality assume j < j′. During the fencing step we eliminate some points between the
rows j′ and h(or between 0 and j if minimum of j′ were smaller). When this happens, we
say the region between the rows j′ and h is processed. If the fence in the region is going
upward, we say it is an upward processed region and if the fence is going downward, we
say it is a downward processed region. We want j, j′ to be far from the boundaries so that
we can process a larger part of the rectangle with fewer queries. We also prefer j, j′ to be
reasonably far enough so that the number points not eliminated is small in the processed
region. For example consider j, j′ to be h

2
− 1, h

2
versus h

4
, h
2
. In the first case the number

of points not eliminated in the rows between j′ and h is O(h2) while in the second case
it is O(h). To ensure this, we pick three rows h

4
, h
2
, 3h

4
. We check which of the three rows

has the least function value. If row h
2
has the least function value, then regions between

rows 0, h
4
and 3h

4
, h are processed. If row h

4
has the least then the region between rows h

2
, h

is processed and if row 3h
4
has the lest then the region between the rows 0, h

2
is processed.
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×
×

×

×
× ×

Figure 5.4: Illustration of a concentrating change of basis operation. The circled points
in the left grid are the points that have not yet been eliminated. The red point has the
coordinate (0, 0). The second grid illustrates the position of the circled points after we
perform a change the basis to [(1, 1) (1, 0)]. The red point again has the coordinates (0, 0)
in the second grid, and all the circled points are now in a rectangle with only three rows.
The crossed-out points in the second grid represent the points that were not present in the
first grid.

We keep repeating the process with the remaining region. At the end, we are still left with
a few points not eliminated in the processed regions which need to be taken care of.

Concentrating change of basis. Notice that all the points not eliminated in a region
are horizontally close to a line. For example in Figure 5.3 all the points not eliminated in
the rows between 0, h

2
are at a horizontal distance at most 6 from the line joining x(t) with

any of the not eliminated points in the region. Similarly in Figure 5.2 we can observe that
all the points not eliminated between the rows 3h

4
, h are horizontally at a distance at most

4 from a line joining x(c) with any of the points not eliminated in the region. The same
can be observed for the region between the rows 0, h

4
.

After the finding fences step we are left with a few lines and points horizontally close
to them. However, repeating the same fencing procedure by finding the minimum value of
f on other rows will not eliminate a significant fraction of these points since the fenced-in
region will still contain a large fraction of the points that have not yet been eliminated.
Consider a simple example where the minimum value of f on each row is attained at a
point on the diagonal: in this case, each point (j, j) is not eliminated by any step of the
fencing procedure that does not explicitly find the minimum value of f on the jth row, so
a näıve use of this procedure has time and query complexity Ω(h).

What the simple example suggests is that we want to repeat the fencing procedure in
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a “different direction”, where we find the minimum value of f along other lines instead of
along the rows. We do this via a concentrating change of basis operation. Identifying a
good basis change is not completely straightforward, but nevertheless we show that there is
always a concentrating change of basis which guarantees that all the points in the processed
region which have not been eliminated by the current fencing step end up in a much smaller
rectangle after the change of basis, as illustrated in Figure 5.4.

Close to two lines. The final observation/idea which is crucial to achieving the desired
O(poly(log h)) query complexity is that, all the points not eliminated in the rectangle after
the finding fences step are horizontally close to just two lines. After finding fences step,
we end up with log h sets of points where each set is horizontally close to a line. We can
perform a change of basis and cast each of these sets of points into a smaller rectangle but
that would result in log h sub-problems and a time complexity of (log h)log log h. Showing
that the points are close to just two lines reduces the number of sub-problems from log h
to 2. The proof for this relies on the property that all the processed regions above the
row containing the minimum of the minimums, encountered so far, are upward processed
and all the regions processed below it are downward processed. This is the reason behind
picking the h

4
, h
2
, 3h

4
strategy of choosing lines in the finding fences step over the natural

idea to pick j, j′ to be h
3
, 2h

3
. Even though in the second approach also, a constant fraction

of the rectangle is processed in each step and in each processed region there are at most
O(h) points that are not eliminated.

5.1.2 High-Dimensional Minimizer Overview

The high-dimensional minimizer is similar to the two-dimensional minimization algorithm
in spirit. But due to the complexity added by higher dimensions, some of the ideas in two
dimensions do not extend, and we need to come up with new ones. Wherever we use new
ideas we discuss the need for them and compare them with the corresponding ideas in two
dimensions.

Slabs. A natural extension of the fencing idea to higher dimensions is to use a point
and a hyperplane instead of a point and a line. But unfortunately it doesn’t work, as
the region of uncertainty of a hyperplane is more complicated than the line. Therefore in
higher dimensions, instead of fences we construct polytopes called slabs. They perform a
similar function as a fence, as in they let us eliminate points outside them. Each slab is
defined by three parameters: A hyperplane H, direction ei, and width w, and contains all
points that are at a distance w along the direction ei from the hyperplane H.
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Constructing slabs. We use an algorithm, MinRegion, that constructs these slabs by
recursing on the dimension. The algorithm takes in as input the d-dimensional hypergrid
[n]d, along with the functions, and outputs a point from [n]d and a set of slabs such that
all the points in [n]d that are outside the slabs have a larger function value than the point.

For theMinRegion algorithm we borrow some ideas from the finding fences step in two
dimensions. We pick hyperplanes at one-quarter, half, and three-quarter mark along the
dimension d, and run the MinRegion algorithm on the intersection of these hyperplanes
with [n]d. Using the points and slabs output by the MinRegion algorithm on these
(d− 1)-dimensional sub-problems, we construct slabs for half of the region. Which region
we construct slabs for, like in the two-dimensional case, depends on which of the points
output by the sub-problems has the least function value. Once this is done, we repeat
the same for the remaining region like in two dimensions. One main difference with the
two-dimensional counterpart is that, there we find the minimum on the rows and compare
the minimums, and here we compare the points returned by the MinRegion algorithm
on these sub-problems, which need not necessarily be the minimums on the hyperplanes.

Concentrating change of basis. The idea of concentrating change of basis extends
to higher dimensions, albeit with some additional challenges due to the high dimensional
setting. We get around those challenges and show that there exists a concentrating change
of basis that transforms all the points in a slab into a “small” rectangle. In two dimensions
we had that all the points that are not in the fenced in regions are close to two lines.
We do not have this property in higher dimensions and need to handle points in each
slab separately. Therefore the number of sub-problems we need to solve is the number of
slabs, which is O(poly(log n)). This gives us a quasi-polynomial time and query complex-
ity of 2O(poly(log logn)) in higher dimensions, instead of the polynomial complexity in two
dimensions.

5.2 Preliminaries

In Section 5.2.1, we introduce a new class of relations over the points in Rd and prove
some properties about them. These relations makes the presentation of our proofs much
simpler. In Section 5.2.2, we introduce different geometric notations we use and define a
notion of distance which measures distance along a direction and prove some interesting
properties related to it. Since we are dealing with integer points, diophantine equations
invariably show up and we mention the results we need related to them in Section 5.2.3.
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5.2.1 Preference Relation

Given two functions, f, g : Rd → R, we use ≤f,g to represent the preference relation over
the points in Rd with respect to f, g.

Definition 5.1. Let f, g : Rd → R. For any x, y ∈ Rd, we say x ≤(f,g) y if max{g(x), g(y)} ≤
0 and f(x) ≤ f(y), or if max{g(x), g(y)} > 0 and g(x) ≤ g(y).

We use min≤(f,g) , max≤(f,g) to denote that the comparisons are made using the relation
≤(f,g).

For two points x, y ∈ Rd, we say x is preferred to y if they satisfy the preference relation
x ≤(f,g) y. Intuitively, think of f as the objective function and g as the feasibility function.
If both the points satisfy the feasibility constraint defined by the feasibility function, then
we look at the objective function value to decide which of the points is preferred and if at
least one of the points violates the feasibility constraint defined by the feasibility function,
then we look at just the feasibility function values to decide which of the points is preferred.

The preference relation defined above is both transitive and complete, as we show in
Propositions 5.2 and 5.3 respectively.

Proposition 5.2. For any f, g : Rd → R, the relation ≤(f,g) is transitive i.e. for any
x, y, z ∈ Rd such that x ≤(f,g) y and y ≤(f,g) z we have x ≤(f,g) z.

Proof. We prove it separately for g(y) > 0 and g(y) ≤ 0.

Case 1: g(y) > 0

Since g(y) > 0, x ≤(f,g) y and y ≤(f,g) z we get g(x) ≤ g(y) and g(y) ≤ g(z). Therefore
x ≤(f,g) z, as g(z) > 0 and g(x) ≤ g(z).

Case 2: g(y) ≤ 0

Since x ≤(f,g) y and g(y) ≤ 0 we get f(x) ≤ f(y). Given that y ≤(f,g) z, if g(z) ≤ 0
then f(y) ≤ f(z) and therefore x ≤(f,g) z as g(x), g(z) ≤ 0 and f(x) ≤ f(z). If g(z) > 0
then x ≤(f,g) z as g(z) > 0 and g(x) ≤ g(z).

Proposition 5.3. For any f, g : Rd → R the relation <(f,g) is complete i.e. for any
x, y ∈ Rd either x ≤(f,g) y or y ≤(f,g) x.
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Proof. We split the proof in two cases: max{g(x), g(y)} > 0 and max{g(x), g(y)} ≤ 0.

Case 1: max{g(x), g(y)} > 0

If g(x) ≤ g(y), then x ≤(f,g) y. If g(y) ≤ g(x), then y ≤(f,g) x.

Case 2: max{g(x), g(y)} ≤ 0

If f(x) ≤ f(y), then x ≤(f,g) y. If f(y) ≤ f(x), then y ≤(f,g) x.

When the functions f, g are convex the preference relation, ≤(f,g), satisfies the additional
property stated below.

Proposition 5.4. Let f, g : Rd → R be convex functions. For any x, z ∈ Rd, if there exists
y = λx+ (1− λ)z, 0 ≤ λ ≤ 1 such that x ≤(f,g) y then we have x ≤(f,g) z.

Proof. We prove it for the cases when max{g(x), g(y)} ≤ 0 and max{g(x), g(y)} > 0
separately.

Case 1: max{g(x), g(y)} ≤ 0

We have f(x) ≤ f(y) as x ≤(f,g) y. This combined with the fact that x, y, z lie on a
line, and f is a convex function, gives us f(x) ≤ f(z). If g(z) > 0, then x ≤(f,g) z as
g(x) ≤ g(z). If g(z) ≤ 0, then x ≤(f,g) z as f(x) ≤ f(z).

Case 2: max{g(x), g(y)} > 0

We have g(x) ≤ g(y) and g(y) > 0 as x ≤(f,g) y and max{g(x), g(y)} > 0. This
combined with the fact that x, y, z lie on a line, and g is a convex function, gives us
g(x) ≤ g(y) ≤ g(z), g(z) > 0. Therefore x ≤(f,g) z.

5.2.2 High Dimensional Linear Spaces

For any two distinct points x, y ∈ Rd, the line going through x and y is line(x, y) =
{x + t(y − x) : t ∈ R}. We write line(x) = line(o, x) to denote the line going through the
origin o = (0, 0, . . . , 0) and the point x. The ray with initial point x going through y is the
half-line ray(x, y) = {x + t(y − x) : t ∈ R, t ≥ 0}. We write ray(x) = ray(o, x) to denote
the ray with the origin as initial point going through x.

Definition 5.5. Let x, y, z, z′ ∈ Rd. The point z′ ∈ conez(x, y) if ∃x′ ∈ ray(z, x),∃y′ ∈
ray(z, y) such that z′ = λx′ + (1 − λ)y′ for some 0 ≤ λ ≤ 1. We write cone(x, y) =
coneo(x, y).
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Definition 5.6. Let z ∈ Rd, c ∈ R. Then H = {x ∈ Rd : ⟨z, x⟩ = c} is a hyperplane with
normal z.

Definition 5.7. Let H ⊂ Rd be a hyperplane, w ∈ R and z ∈ Rd. We define the polytope
slab(H, z, w) as follows:

slab(H, z, w) =
{
x ∈ Rd : ∃ |α| ≤ w s.t x+ α z

∥z∥ ∈ H
}
.

We refer to H as the hyperplane defining the slab. We refer to z as the thickness direction
of the slab and w as the thickness of the slab in the direction z.

For two points a, b ∈ Zd that satisfy ai < bi for each i = 1, . . . , d, the rectangle
rect(a, b) = [a1, b1]Z × [a2, b2]Z × · · · × [ad, bd]Z is the set of all points x ∈ Zd whose d
coordinates all satisfy ai ≤ xi ≤ bi. Given a rectangle R = rect(a, b), we define mini(R) =
ai and maxi(R) = bi. The length of a rectangle R in dimension i is lengthi(R) = maxi(R)−
mini(R). For k ∈ [d], mink(R) ≤ i ≤ maxk(R) we use Rxk>i to refer to points in R with
xk > i and similarly Rxk<i, Rxk=i to refer to points in R with xk < i and xk = i respectively.

The convex extension of the rectangle R = rect(a, b) is the set R̃ = {x ∈ Rd : ∀i ∈ [d], ai ≤
xi ≤ bi}.

Definition 5.8. Let S ⊂ Rd, x′ ∈ Rd. We define the affine space affine(x′, S) as follows

affine(x′, S) = {x ∈ Rd : x = y + α(y′ − x′) for y, y′ ∈ S, α ∈ R}.

For a set S ⊂ Rd and a point x′ ∈ Rd we define S − x′ = {x : x+ x′ ∈ S}.
The distance along the jth dimension of a point x ∈ Rd from the hyperplane H ⊆ Rd

is represented by distj(x,H). We say distj(x,H) = |c|, if ∃c ∈ R such that x + cej ∈ H.
Otherwise, distj(x,H) = ∞. We use e1, e2, . . . , ed to represent the standard basis vectors
of Rd.

The proposition below gives a relation between the distance of a point from a hyperplane
and distance of the point from the hyperplane along a direction ej.

Proposition 5.9. For any y, a ∈ Rd, ϕ ∈ R+, and j ∈ [d] we have |⟨a, y⟩| ≤ ϕ if and only
if distj(y, ⟨a, x⟩ = 0) ≤ ϕ

|aj | .

Proof. Assume distj(y, ⟨a, x⟩ = 0) ≤ ϕ
|aj | . Then there exists δ ∈ [− ϕ

|aj | ,
ϕ

|aj | ] such that

⟨a, (y + δej)⟩ = 0 =⇒ |⟨a, y⟩| ≤ ϕ.

Assume |⟨a, y⟩| ≤ ϕ. There exists δ ∈ [0, ϕ
|aj | ] such that |⟨a, y⟩| = δ |aj|. Therefore we get

either ⟨a, (y + δej)⟩ = 0 or ⟨a, (y − δej)⟩ = 0 which implies distj(y, ⟨a, x⟩ = 0) ≤ ϕ
|aj | .
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The proposition below bounds the distance between two hyperplanes along a direction
ej, in a rectangle.

Proposition 5.10. Let R ⊂ Zd be a rectangle with |mini(R)| , |maxi(R)| ≤ hi ∀i. For any
y′ ∈ R, z, a ∈ Rd such that ⟨z, y′⟩ = 0 we have

distj(y
′, ⟨a, x⟩ = 0) ≤

d∑
i=1

hi

∣∣∣∣aiaj − zi
zj

∣∣∣∣
Proof. Let ⟨a, y′ + δej⟩ = 0, where |δ| = distj(y

′, ⟨a, x⟩ = 0). Solving for y′j from ⟨z, y′⟩ = 0
we get y′j =

∑
i∈[d]\j y

′
i
zi
zj
. Substituting the value of y′j in ⟨a, y′ + δej⟩ = 0 we get |δ| ≤∑d

i=1 |y′i|
∣∣∣ aiaj − zi

zj

∣∣∣. As y′ ∈ R substituting |y′i| ≤ hi into the previous equation we get

|δ| ≤
∑d

i=1 hi

∣∣∣ aiaj − zi
zj

∣∣∣.
5.2.3 Diophantine Equations and Approximation

Diophantine equations are equations whose solutions of interest are integers. They can be
solved efficiently, in terms of their binary representation, when the dimension is fixed.

Proposition 5.11 (Corollary 5.2a, 5.3b [54]). Let A ∈ Zm×n, b ∈ Zm. If the equa-
tion Ax = b has an integral solution, then there exists a solution x′ ∈ Zd with ∥x′∥∞ =
O(poly(∥A∥∞, ∥b∥∞)) and can be found in time O(poly(log(∥A∥∞), log(∥b∥∞))) for fixed
m,n.

Proposition 5.12 ([35]). Let A ∈ Zm×n, b ∈ Zm. If the equation Ax ≤ b has an integral
solution then it can be found in time O(poly(log(∥A∥∞), log(∥b∥∞))) for fixed m,n.

We also use the following classic theorem about approximating real numbers with frac-
tions with small denominator.

Theorem 5.13 (Dirichlet’s approximation theorem). For any α ∈ Rd and N ∈ R+, there
exist p ∈ Zd and q ∈ Z+ that satisfy q ≤ N and∣∣∣∣αi −

pi
q

∣∣∣∣ ≤ 1

qN
1
d

for each i = 1, . . . , d.
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5.3 Minimization in Two Dimensions

In Section 5.3.1, we present the 2D-Minimizer algorithm. In Section 5.3.2, we present
the subroutines that were used in 2D-Minimizer. In Section 5.3.3, we show the cor-
rectness and analyse the computational complexity of the 2D-Minimizer. Note that the
2D-Minimizer algorithm can not be used directly to minimize discrete convex functions
over the hypergrid [n]2. We need to manipulate the feasibility function given as input
for it to perform the desired task. We discuss more on this and prove Theorem 1.9 in
Section 5.3.4.

5.3.1 2D Minimization Algorithm

The algorithm 2D-Minimizer takes in as input discrete convex functions f, g : Z2 → R
and a rectangle R and outputs a point y ∈ Z2 such that for any x ∈ R, y ≤(f,g) x. Note
that the point y output by the algorithm need not be in the rectangle. The formal lemma
is stated below.

Lemma 5.14. Let f, g : Z2 → R be discrete convex functions and R ⊂ Z2 be a rectangle.
The algorithm 2D-Minimizer(f, g, R) outputs a point y ∈ Z2 such that for any x ∈ R,
y ≤(f,g) x. The algorithm has time and query complexity O(poly(log h)), where h1 =
length1(R), h2 = length2(R) and h = max{h1, h2}.

We prove the lemma in Section 5.3.3.

Description

In lines 1-3 we check if the rectangle has few rows and if that is the case we solve the
problem by brute-force. In lines 4-9 we find the rows on which fences are constructed.
All the rows we visit as a part of it are added to the set V , which is the set of rows for
which we have already computed the minimum. How we find these rows is explained in the
overview. In line 10 we translate the rectangle so that x(c

∗) is the new origin and f, g, V
are also modified accordingly.

In lines 11-13 we assign two sets of points S>j, S<j for each j ∈ V ′. We use S>j to repre-
sent the set of points which are above row j and are part of all fences Fence(f ′′, g′′, R′′, i, j)
where j > i ∈ V ’. Similarly S<j to represent the set of points which are below row j and
part of all fences Fence(f ′′, g′′, R′′, i, j) where j < i ∈ V ′.
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In lines 14-15 we find zlow, zhigh. The point zlow is the lowest point which is part of all
the sets S<j for all rows j above zlow and in V ′. Similarly, zhigh is the highest point which
is part of all the sets S>j for all rows j below zhigh and in V ′. On the high level think
of the fences as constraints and zlow is the lowest point in the rectangle which satisfies
all the constraints applicable to it and zhigh is the highest point which satisfies all the
constraints applicable to it. The expression to find these looks complex because the set of
constraints applicable to a point depends on which row it is in. For example, the constraint
Fence(f ′, g′, R′, i, j) does not apply to any point below row j if i < j.

All the points not eliminated above row 0, previously c∗, are horizontally close to the
line line(zhigh) and all the points not eliminated below row 0 are horizontally close to the
line line(zlow).

In lines 16-18 we find the minimum of all the points below row 0 in the rectangle.
In line 16 we find a change of basis Blow which has the property that for any y′ ∈ R, if
dist1(y

′, line(zlow)) ≤ 6, then y′Blow ∈ [−10h2, 10h2]× [−9
√
h2, 9
√
h2]. In lines 19-21 we do

the same for points above row 0.

In line 22 we compare the minimum candidates so far and output the minimum. We
add x′ to undo the translations before we return the minimum.
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Algorithm 5: 2D-Minimizer(f, g, R)

// Find the minimum using bruteforce if there are only few rows

1 Let x(k) = 1D-Minimizer(fx2=k, gx2=k, Rx2=k), for any k ∈ [min2(R),max2(R)]Z;
2 if length2(R) ≤ 100 then

3 Return min
≤(f,g)

i∈[min2(R),max2(R)]Z
x(i);

// Picking rows to build fences

4 h′ ← length2(R); c = min2(R)+max2(R)
2

;
5 while h′ > 1 do

6 Let t← c+ h′

4
; b← c− h′

4
; V ← V ∪ {t, c, b}; // V is the set of visited

rows

7 c← argmin
≤(f,g)

i∈{t,c,b}x
(i); // The comparison used is ≤(f,g)

8 h′ ← h′

2
;

9 c∗ ← c; x′ ← x(c
∗);

10 R′ ← R− x′; f ′ ← fI,x′ ; g′ ← gI,x′ ; V ′ ← {i− x′2 : i ∈ V };

// Construct the fences

11 for j ∈ V ′ do
12 S>j ← ∩i∈V ′,i<j,Fence(f ′,g′,R′,i,j) is validFence(f

′, g′, R′, i, j);
13 S<j ← ∩i∈V ′,i>j,Fence(f ′,g′,R′,i,j) is validFence(f

′, g′, R′, i, j);

14 zlow ← argminy:∀q∈V ′,q≥y2 y∈S<q
y2;

15 zhigh ← argmaxy:∀q∈V ′,q≤y2 y∈S>q
y2;

// Find the minimum of f below row 0

16 Blow ← 2D-FindConcBasis
(
zlow, h2

)
;

17 x← 2D-Minimizer(f ′
(B−1

low,(0,0))
, g′

(B−1
low,(0,0))

, [−10h2, 10h2]× [−9
√
h2, 9
√
h2]);

18 xlow ← B−1
lowx;

// Find the minimum of f above row 0

19 Bhigh ← 2D-FindConcBasis
(
zhigh, h2

)
;

20 x← 2D-Minimizer(f ′
(B−1

high,(0,0))
, g′

(B−1
high,(0,0))

, [−10h2, 10h2]× [−9
√
h2, 9
√
h2]);

21 xhigh ← B−1
highx;

22 Return min≤(f ′,g′){xlow, (0, 0), xhigh}+ x′;

77



5.3.2 Subroutines

The algorithm 2D-Minimizer uses three subroutines 1D-Minimizer, 2D-FindConcBasis,
and Fence which we describe in this section.

Minimization in One Dimension(1D-Minimizer)

The 1D-Minimizer algorithm takes in as input discrete convex functions f, g : Z→ R and
a rectangle R ⊂ Z and outputs a point y ∈ R such that for any x ∈ R, we have y ≤(f,g) x.

Algorithm 6: 1D-Minimizer(f, g, R).

1 Let a← min1(R); b← max1(R) ;

2 h← b− a; c = b+a
2
;

3 while h > 1 do
4 Let t← c+ h

4
; b← c− h

4
;

5 c← min
≤(f,g)

x∈{t,c,b} x;

6 h← h
2
;

7 Return c;

Though there are a lot of possible one-dimensional minimizers that work on the same
principle we present it the following way to match the finding fences step in the 2D-Minimizer
algorithm. Refer to Figure 5.5 for an illustration of how the elimination step works.

Lemma 5.15. Let f, g : Z → R be convex functions and R ⊂ Z be a rectangle. The
algorithm 1D-Minimizer(f, g, R) returns a point x′ ∈ R such that for any y ∈ R, x′ ≤(f,g)

y. The time and query complexity of the algorithm is O(log n), where n = length1(R).

Proof. We show that for any point y eliminated by the algorithm there is a point y′ in
the remaining points such that y′ ≤(f,g) y. In the algorithm there are three possibilities
depending on which of c − h

4
, c, c + h

4
is the minimum according to ≤(f,g). We show the

analysis for one of them and it similar in the rest. Assume c ≤(f,g) c− h
4
, c+ h

4
. In this case

we eliminate points to the left of c− h
4
and points to the right of c+ h

4
. From Proposition 5.4,

since the function is convex, any y that is eliminated has c ≤(f,g) y. Therefore the point x
′

that is returned by the algorithm has the property that, for any y ∈ R, x′ ≤(f,g) y.

Time and query complexity analysis. In each iteration of the algorithm the number
of points still under consideration is halved. Hence the number of times we enter the while
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Figure 5.5: Illustration of the points eliminated from considering after the first round of
the 1D algorithm when the minimum of f on the three points h

4
, h

2
, and 3h

4
occurs at (i) h

4

(top); (ii) h
2
(middle); and (iii) 3h

4
(bottom).

loop is O(log n). Each time in the loop we query f, g at most O(1) times and rest of the
operations take O(1) time. Therefore the total time and query complexity is O(log n).

Building a Fence(Fence)

This subroutine builds a fence like discussed in the overview, when given two row indices
i, j of the rectangle along with the discrete convex functions f, g. In the scenario when it is
not possible to construct a fence it outputs Invalid. This happens when minimum on row
j is lesser than the minimum on row i. Find the algorithm in Algorithm 7. The Lemma
below formally states the guarantees on the output of the algorithm.

Algorithm 7: Fence(f, g, R, i, j)

1 For any k ∈ [min2(R),max2(R)]Z, let x
(k) = 1D-Minimizer(fx2=k, gx2=k, Rx2=k);

2 if x(i) ≤(f,g) x
(j) then

3 if i < j then
4 Return conex(i)(x(j) − e1, x(j) + e1) ∩R>j;
5 else
6 Return conex(i)(x(j) − e1, x(j) + e1) ∩R<j;

7 else
8 Return Invalid;

Lemma 5.16. Let f, g : Z2 → R be discrete convex functions, R ⊂ Z2 be a rectangle
and i, j ∈ [min2(R),max2(R)]Z. If x(i) ≤(f,g) x

(j) and i < j for any point y ∈ Rx2>j \

79



Fence(f, g, R, i, j), x(i) ≤(f,g) y. Similarly, if x(i) ≤(f,g) x
(j) and i > j for any point

y ∈ Rx2<j \Fence(f, g, R, i, j), x(i) ≤(f,g) y. The algorithm has time and query complexity
O(log h1), where h1 = length1(R).

Proof. We prove the Lemma for the case when x(i) ≤(f,g) x
(j) and i < j, and it is similar

for the other case.

Consider the line line(x(i), y) and let it intersect the row j at y′. Note that y′ need

not have integer coordinates. As y /∈ Fence(f, g, R, i, j), we get
∣∣∣y′1 − x(j)1

∣∣∣ > 1. Assume

y′1 − x
(j)
1 > 1. From Proposition 5.4, we have x(j) ≤(f̃ ,g̃) y

′, as x(j) ≤(f̃ ,g̃) x
(j) + e1 and

x(j), x(j) + e1, y
′ lie on a line. Using transitivity we get x(i) ≤f̃ ,g̃ y

′, as x(i) ≤(f̃ ,g̃) x
(j) and

x(j) ≤(f̃ ,g̃) y
′. Combining this again with Proposition 5.4 we get x(i) ≤f̃ ,g̃ y, as x

(j), y′, y lie
on a line.

The major computation in the algorithm is finding x(i) and x(j) which takes time and
queries O(log h1). Rest of the algorithm only takes O(1) queries and time. The output set
can be represented using O(1) linear inequalities. Therefore that the total time and query
complexity of the algorithm is O(log h1).

Finding Concentrating Basis in Two Dimensions (2D-FindConcBasis)

This subroutine takes in as input, y ∈ Z2, h ∈ Z, and outputs a concentrating basis in
which all the points “close” to line(y) lie in a “small” grid whose dimensions are a function
of h.

Algorithm 8: 2D-FindConcBasis(y, h)

1 Let z be the normal vector of the line line(y);
2 (a1, a2)← co-prime integer values that satisfy the linear inequalities∣∣∣∣z2z1 − a2

a1

∣∣∣∣ ≤ 2

a1
√
h
and

|a1| ≤
√
h

3 Let b, b′ ∈ Z2 be such that < a, b >= 0, < a, b′ >= 1, and |b2| ≥ |b′2| ;
4 Return (b, b′);
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We next show that there exists a1, a2 ∈ Z and b, b′ ∈ Z2 which satisfy the properties
claimed in the 2D-FindConcBasis algorithm, and that they can be computed efficiently.
We defer the proof that the basis, (b b′), output by the algorithm is concentrating to
Lemma 5.19 in Section 5.3.3.

Lemma 5.17. Let y ∈ R2 and h ∈ Z. Let z ∈ R2 be the normal of the line line(y). Then
in time O(poly(log h)) we can find a, b, b′ ∈ Z2 that satisfy the following conditions in the
algorithm.

1.
∣∣∣ z2z1 − a2

a1

∣∣∣ ≤ 2
a1

√
h
, |a1| ≤

√
h and a1, a2 are co-prime.

2. < a, b >= 0, < a, b′ >= 1, and |b2| ≥ |b′2|.

Proof. We need to prove the following: first that there exist a1, a2 ∈ Z and b, b′ ∈ Z2

that satisfy the conditions in the algorithm. Second that they can be found in time
O(poly(log h)).

We first show that there exist a1, a2 ∈ Z that satisfy the first condition in the Lemma.
Apply Dirichlet’s theorem with N =

√
h, α1 = z2

z1
, and let a1 = q, a2 = p1. From the

theorem we get that
∣∣∣a2a1 − z2

z1

∣∣∣ ≤ 1
a1

√
h
and |a1| ≤

√
h. If a1, a2 are not co-prime then divide

by their gcd to make them co-prime.

We next move on to show the existence of b, b′ that satisfy the second condition. Choose
b = (−a2, a1). This satisfies ⟨a, b⟩ = 0. Pick b′ to be any vector so that ⟨a, b′⟩ = 1, there
exists such a b′ as a1, a2 are co-prime. If |b2| < |b′2|, then there always exists k ∈ Z such
that b′ ← b′ + kb has the desired property. Note that even for the new b′ the property that
⟨a, b′⟩ = 1 still holds.

The last step remaining is to show that a, b, b′ can be found in time O(poly(log h)).
The bulk of the time is taken to find (a1, a2). Once we have (a1, a2) finding (b, b′) can be
done in O(1) time as mentioned above. Finding (a1, a2) is a feasibility problem in integer
programming with 4 constraints. From [22] an integer programming problem with constant
number of constraints can be solved in O(s) time where s is the length of the encoding.
Without loss of generality let z1 > z2 and z1 = 1. Let’s approximate z2 with z′2 which

has 2 log h length encoding. Then the integer programming problem
∣∣∣ z′2z1 − a2

a1

∣∣∣ ≤ 1
a1

√
h
,

|a1| ≤
√
h can be solved in O(log h) time as discussed above. Because of restricting the

number of bits to represent z′2 to 2 log h we have |z2 − z′2| ≤ 1
h2 . Therefore the solution

of the integer programming problem satisfies the inequality
∣∣∣ z2z1 − a2

a1

∣∣∣ ≤ 1
a1

√
h
+ 1

h3 and as

|a1| ≤
√
h we get

∣∣∣ z2z1 − a2
a1

∣∣∣ ≤ 2
a1

√
h
.
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5.3.3 Analysis of 2D-Minimizer

In this section we prove Lemma 5.14. We first present two technical lemmas which are
useful in proving the correctness of Lemma 5.14.

Main Technical Lemmas

In the rectangle R′, in the algorithm 2D-Minimizer, the point (0, 0) is preferred over any
point that is horizontally far from both the lines line(zlow) and line(zhigh). This implies
it is okay to eliminate all the points in R′ that are far from both the lines line(zlow) and
line(zhigh). This property is formally stated and proved in the lemma below.

Lemma 5.18. Let zhigh, zlow ∈ Z2, R′ ⊂ Z2, f ′, g′ : Z2 → R be as defined in the
2D-Minimizer algorithm. Any y′ ∈ R′ with y′2 > 0 and dist1(y

′, line(zhigh)) > 8 satis-
fies (0, 0) ≤(f ′,g′) y

′. Similarly, any y′ ∈ R′ with y′2 < 0 and dist1(y
′, line(zlow)) > 8 satisfies

(0, 0) ≤(f ′,g′) y
′.

Proof. We prove the claim for y′2 > 0 and for y′2 < 0 it is similar. For this proof let
x(k) = 1D-Minimizer(f ′

x2=k, g
′
x2=k, R

′
x2=k) to factor in the translations made in line 10 of

the algorithm.

Any point y′ ∈ R′ with y′2 > zhigh2 satisfies (0, 0) ≤(f ′,g′) y
′. For any y′ with y′2 >

zhigh2 there exists i, j ∈ V ′ with i < j < y′2 and Fence(f ′, g′, R′, i, j) valid such that y′ /∈
Fence(f ′, g′, R′, i, j). Since y′ /∈ Fence(f ′, g′, R′, i, j), from Lemma 5.16, we get x(i) ≤(f ′,g′)

y′. From how we picked the lines in V ′ in the algorithm (0, 0) ≤(f ′,g′) x
(i). Using transitivity

(0, 0) ≤(f ′,g′) y
′.

We next show that for any point y′ ∈ Fence(f ′, g′, R′, i, j) with 0 < y′2 ≤ zhigh2 ,
i, j ∈ V ′ and y′2 − j ≤ 2(j − i) we have dist1(y

′, line(zhigh)) ≤ 8. Since the points
y′, zhigh ∈ Fence(f ′, g′, R′, i, j) and y′2 − j ≤ j − i we have dist1(y

′, line(x(i), zhigh)) ≤ 6.
Consider the lines line(zhigh) and line(x(i), zhigh). They satisfy dist1(x

(j), line(zhigh)) ≤ 1
and dist1(x

(j), line(x(i), zhigh)) ≤ 1. Therefore by triangle inequality the horizontal distance
between the lines on the row j is at most 2. As both the lines intersect at zhigh the horizontal
distance between the lines is at most 2 on any row above j. Since dist1(y

′, line(x(i), zhigh)) ≤
6 and y′2 > j we have dist1(y

′, line(zhigh)) ≤ 8.

The last step remaining is to show that for any y′ ∈ R′ with 0 ≤ y′2 ≤ zhigh2 even when
dist1(y

′, line(zhigh)) > 8 we have (0, 0) ≤(f ′,g′) y
′. Let the snapshot of the variables when

the region containing y′ is processed be t′, c′, b′, h′ ∈ V ′. Since y′2 > 0, the region is upward
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processed and either x(c
′) ≤(f ′,g′) {x(t

′), x(b
′)} or x(b

′) ≤(f ′,g′) {x(c
′), x(t

′)}. We prove it for
the case when x(c

′) ≤(f ′,g′) {x(t
′), x(b

′)} and for the other case it is similar. Since c′, t′ ∈ V ′,

y′2 ≤ zhigh2 and y′2−t′ ≤ t′−c′ from what we showed above if y′ ∈ Fence(f ′, g′, R′, c′, t′), then
dist1(y

′, line(zhigh)) ≤ 8. But dist1(y
′, line(zhigh)) > 8, therefore y′ /∈ Fence(f ′, g′, R′, c′, t′).

From Lemma 5.16 it implies x(c
′) ≤(f ′,g′) y

′ and since (0, 0) ≤(f ′,g′) x
(c′) by transitivity we

get (0, 0) ≤(f ′,g′) y
′.

The basis output by 2D-FindConcBasis(y, h) has the property that all the integer
points that are horizontally “close” to the line line(y) fit in a “small” rectangle by per-
forming a change of basis with it. The lemma below formalizes this notion and proves
it.

Lemma 5.19. Let y ∈ R2, h ∈ Z, and z be the normal to line(y). Let B = (b b′) be the
output of the algorithm 2D-FindConcBasis(y, h). Then B = (b b′) is a basis of Z2 and for
any x′ ∈ Z×[h] such that dist1(x

′, ⟨z, x⟩ = 0) ≤ 8 we have x′B ∈ [−10h, 10h]×[−9
√
h, 9
√
h].

Proof. We first show b, b′ form a basis for the integer lattice Z2. From Proposition 3.13,
to show this it is enough to show the determinant of the matrix B = (b b′) is ±1. The
determinant of the matrix B = (b, b′) is b1b

′
2 − b′2b1 = −a2b′2 − a1b′1 = −⟨a, b′⟩ = −1.

To show that x′B ∈ [−10h, 10h]×[−9
√
h, 9
√
h] we first show the second coordinate of x′B

lies in the range [−9
√
h, 9
√
h]. Let (α1, α2) be the coordinates x

′B. From Proposition 5.10
and 2D-FindConcBasis algorithm, for any x′ ∈ Z × [h] such that ⟨z, x′⟩ = 0 we have

dist1(x
′, ⟨a, x⟩ = 0) ≤

√
h

|a1| . Combining this with triangle inequality we get, for any point

x′ ∈ Z × [h] with dist1(x
′, ⟨z, x⟩ = 0) ≤ 8 has dist1(x

′, ⟨a, x⟩ = 0) ≤
√
h

|a1| + 8. From

Proposition 5.9 we get |⟨a, x′⟩| ≤
√
h + 8 |a1| ≤ 9

√
h. The last inequality is because

|a1| ≤
√
h. Since x′ = α1b + α2b

′, ⟨a, b⟩ = 0 and ⟨a, b′⟩ = 1 we also have ⟨a, x′⟩ = α2.
Therefore |α2| ≤ 9

√
h.

We complete the proof by bounding |α1|. We have x′2 = α1b2 + α2b
′
2. Taking absolute

value on both sides |x′2| = |α1b2 + α2b
′
2| ≥ |α1b2| + |α2b

′
2|. Rearranging the terms we get

|α1| |b2| ≤ |x′2| |b2|+ |α2| |b′2| ≤ h |b2|+ |α2| |b2|. The last inequality is because |x′2| ≤ h and
|b2| ≥ |b′2|. Therefore |α1| ≤ h+ |α2| ≤ h+ 9

√
h ≤ 10h.

Correctness

To prove the correctness of the lemma we need to show two things. One, for every y′ ∈ R
we eliminate there is a y ∈ R that is not eliminated and y ≤(f,g) y

′. Two, the algorithm
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terminates. The fact that the algorithm terminates is implied from upper bound on the
time complexity which we prove in the next section.

For every y′ ∈ R we eliminate there is a y ∈ R that is not eliminated and y ≤(f,g) y
′ is

implied by the following two statements. The first is, any point y′ ∈ R that is at a horizontal
distance more than 8 from both the lines line(zhigh), line(zlow) satisfies (0, 0) ≤(f,g) y

′.
The second is, all the points that are horizontally at a distance atmost 8 form the lines
line(zhigh) or line(zlow) are included in our new sub-problems. The second statement follows
Lemma 5.19 and the fact that we call 2D-FindConcBasis with (zlow, h2) and (zhigh, h2).
The first statement was proved in Lemma 5.18.

Time and Query Complexity Analysis

The time and query complexity of the algorithm can be split into two parts: The first is
the time and queries taken by the two sub-problems and the second is the time and queries
taken by rest of the operations in the algorithm.

We first bound the time and queries taken by rest of the operations in the algorithm:

If h2 ≤ 100 we find the minimum in the rectangle by brute-force which takesO(h2 log h1)
time and queries. When h2 ≥ 100, the time and query complexity is contributed by the
following:

1. Finding the minimum for log h2 rows, which takes O(log h1 log h2) time and queries.

2. Finding the points zlow, zhigh, which takes O(poly(log h)) time. We can find zlow, zhigh
by solving an integer programming problem with at most O((log h2)

2) constraints.
Each constraint is a linear inequality with binary representation at most O(log h) as
they are lines passing through two points in the grid. From Proposition 5.12 this
system of inequalities can be solved in time O(poly(log h)).

3. Finding the basis for zlow, zhigh takes O(poly(log h2)) time as proved in Lemma 5.17.

Hence the total time and queries taken other than the sub-problems is O(poly(log h)).

Factoring in the two sub-problems, the time and query complexity T of the algorithm
satisfies the relation

T (h1, h2) = 2T (20h2, 18
√
h2) + poly(log h).

Solving the above recursive relation we get the total time and query complexity to be
O(poly(log h)).
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5.3.4 Proof of Theorem 1.9

To prove Theorem 1.9 we use 2D-Minimizer, but not directly. We manipulate the fea-
sibility constraint function we give as input to the 2D-Minimizer so that the rectangle
constraint is also included in the feasibility constraint. We need this manipulation as run-
ning the 2D-Minimizer directly does not guarantee that the output is from the rectangle
even when there are feasible points in the rectangle. This manipulation ensures that the
algorithm outputs a point outside the rectangle only when the original rectangle does not
have any feasible points.

The proof uses a function g[n]
2
: Z2 which we define first. Let R = [n]2. The function

value of g[n]
2
at a point, x ∈ Z2, is the distance of the point x from the set R̃. Since the

set R̃ is convex, the function that represents the distance from the set is convex as well.
The function value g[n]

2
(x) can be computed efficiently.

We next describe how to solve the optimization problem in the Theorem 1.9 using the
2D- Minimizer algorithm. First change the feasibility constraint function from g to g′ =
max{g, g[n]2}. Since g, g[n]2 are convex, g′ is convex as well. Next, run the 2D-Minimizer
algorithm with (f, g′, [n]2) as the input. Let x′ = 2D-Minimizer(f, g′, [n]2). If g′(x′) ≤
0, then from Lemma 5.14 we get that for every y ∈ [n]2 either g(y) > 0 or f(x′) ≤
f(y). Therefore x′ is the solution of the optimization problem. If g′(x′) > 0, then from
Lemma 5.14 we get that for any y ∈ [n]2, g′(x′) ≤ g′(y). This combined with the fact that
g[n]

2
(y) ≤ 0, gives g(y) > 0. This shows that the initial rectangle [n]2 does not have any

feasible points.

The time and query complexity is O(poly(log n)) from the time and query complexity
of the 2D-Minimizer algorithm.

5.4 High-Dimensional Minimization

In Section 5.4.1, we present the high dimensional minimization algorithm HD-Minimizer.
The algorithm by itself is quite short and simple. Most of the heavy lifting is done by the
subroutines in the algorithm which we present in Section 5.4.2. In Section 5.4.3, we show
the correctness of the algorithm and prove bounds on its time and query complexity. Like
the 2D-Minimizer, the HD-Minimizer algorithm does not directly solve the problem
of minimizing discrete convex functions over the hypergrid [n]d. We need to manipulate
the constraint feasibility function given as input. We discuss more on this and prove
Theorem 1.10 in Section 5.4.4.
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5.4.1 Algorithm(HD-Minimizer)

The algorithm HD-Minimizer takes in as input a parameter η, discrete convex functions
f, g : Zd → R and a rectangle R, such that lengthi(R) ≥ lengthi′(R) for i ≥ i′, and outputs
a point y ∈ Zd such that for any x ∈ R we have y ≤(f,g) x. The formal lemma is stated
below and the algorithm can be found in Algorithm 9.

Lemma 5.20. Let f, g : Zd → R be discrete convex functions, R ⊂ Zd be a rectan-

gle with lengthi(R) ≥ lengthi′(R) for i ≥ i′ and η = 2
d2 log d

d−1
log h

, where d << h =
maxi∈[d] lengthi(R). Then the algorithm HD-Minimizer(f, g, R, η) outputs y ∈ Zd such
that for any x ∈ R we have y ≤(f,g) x, and the time and query complexity of the algorithm
is 2O(poly(log log h)) for a any constant d.

Description

In lines 1-2, we check if the length of the rectangle in dimension d is less than η. If
that is the case we find the minimum in the rectangle by solving lengthd(R) number of
sub-problems in dimension d− 1.

In line 3, using the MinRegion algorithm we find the regions, slabs, where the mini-
mum could possibly lie. In lines 4-12, we cast all the slabs we found in line 3 into smaller
sub-problems by performing a change of basis and then solve them, compare the minimums
and output the minimum of the minimums.
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Algorithm 9: HD-Minimizer(f, g, R, η).

1 if lengthd(R) ≤ η then

2 Return min
≤(f,g)

i∈[mind(R),maxd(R)]Z
HD-Minimizer(fxd=i, gxd=i, Rxd=i);

3 Let (y′,M)←MinRegion(f, g, R);

4 xmin ← o;
5 for M ∈M do
6 Let x′ ∈M1 ∩R;

// x′ is on the hyperplane corresponding to the slab M
7 R′ ← R− x′; M ′ ←M − x′;
8 (B,R∗)← FindConcBasis

(
M ′, R′);

9 x← HD-Minimizer(fB−1,x′ , g′B−1,x′ , R∗, η);

10 if B−1x+ x′ ≤(f,g) xmin then
11 xmin ← B−1x+ x′;

12 Return xmin;

5.4.2 Subroutines

The algorithmHD-Minimizer uses two subroutines,MinRegion andHD-FindConcBasis,
which we present in this section.

Region of Fractional Minimum(MinRegion)

The MinRegion algorithm takes in as input discrete convex functions f, g : Zd → R and
a rectangle R ⊂ Zd and outputs a point y ∈ R and a set of slabsM such that any point
in x ∈ R̃ with x ≤(f̃ ,g̃) y should lie in one of the slabs inM. Find a formal statement in
the lemma below. The algorithm is presented in Algorithm 10.

Lemma 5.21. Given discrete convex functions f, g : Zd → R and a rectangle R ⊂ Zd.
The algorithm MinRegion(f, g, R) outputs a point, y ∈ R, and a set of slabs, M ⊂ Rd,

such that for any y′ ∈ R̃ \M, y ≤(f̃ ,g̃) y
′. The time and query complexity of the algorithm

is O(logd h), where h = maxi∈[d] lengthi(R).

Description of the algorithm

In lines 1-3, we handle the case when dimension is one.
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In lines 4-20, we construct slabs using the slabs in d − 1 dimensions. We choose the
hyperplanes we use to construct slabs similar to how we chose the rows to build fences in
two dimensions. We pick the hyperplanes Rxd=t, Rxd=c, Rxd=b, where t =

3h′

4
, c = h′

2
, b = h′

4

and h′ is the length of the rectangle in dimension d, and run the MinRegion algorithm
on these d − 1 dimensional problems. Let (x(b),M(b)), (x(c),M(c)), (x(t),M(t)) be the
respective outputs. We compare the points x(t), x(c) and x(b) using the relation ≤(f,g), and
pick the most preferred point and use that with the slabs inM(t),M(c),M(b) to construct
the slabs in dimension d.

In lines 8-10, we handle the case when x(t) is the most preferred. In that case we use x(t)

and the slabs inM(c) to construct slabs for the region {x ∈ Rd : c− h′

2
≤ xd ≤ c}. Similarly,

in lines 11-13 we handle the case when x(b) is the most preferred and in that case we use
x(b) and the slabs in M(c) to construct slabs for the region {x ∈ Rd : c ≤ xd ≤ c + h′

2
}.

In lines 14-17 we handle the case when x(c) is the most preferred. This case is slightly
different from the above two cases, as here we construct slabs for two regions. We use x(c)

and the slabs inM(t),M(b) to construct slabs for the regions {x ∈ Rd : c ≤ xd ≤ c + h′

2
}

and {x ∈ Rd : c− h′

2
≤ xd ≤ c} respectively.

In Lines 10, 13, 17, we update c and h′ so that c is the center of the remaining region
and h′ is the length in dimension d. Note that since in each iteration we are constructing
slabs for half the region, the length gets halved each time, and the new center depends on
which of the regions is handled.

In lines 9, 12, 15, 16, we add a slab in d dimensions corresponding to each of the slabs
in d − 1 dimensions. For the new slab we need to determine the hyperplane, thickenss
direction, and thickness. For the hyperplane, we extend the hyperplane of the slab in d−1
dimensions with the help of the point, to a hyperplane in d dimensions. This extension is
done by the affine operator. The direction of thickness of the slab remains the same as the
slab in d − 1 dimensions, and the thickness at most triples because of how we chose the
hyperplanes at one-quarter, half, and three-quarter mark.

In line 19, we add a slab to cover the last remaining region.
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Algorithm 10: MinRegion(f, g, R)

1 if d = 1 then
2 Let x′ ← 1D-Minimizer(f, g, R);
3 Return (x′, slab(x′, e1, 1));

4 Let h′ ← lengthd(R); c←
mind(R)+maxd(R)

2
;M← ∅;

5 while h′ > 1 do

6 Let t← c+ h′

4
; b← c− h′

4
;

7 Let (x(i),M(i))←MinRegion(fxd=i, gxd=i, Rxd=i) for any
i ∈ [mind(R),maxd(R)]Z;

// x(i) need not be the minimum in Rxd=i

8 if x(t) ≤(f,g) {x(c), x(b)} then
9 M =M∪ {slab(affine(x(t), {x ∈ Rd : xd = c, (x1, . . . , xd−1) ∈

H}), ej, 3width) : slab(H, ej,width) ∈M(c)};
10 c← t; h′ ← h′

2
;

11 else if x(b) ≤(f,g) x
(c), x(t) then

12 M =M∪ {slab(affine(x(b), {x ∈ Rd : xd = c, (x1, . . . , xd−1) ∈
H}), ej, 3width) : slab(H, ej,width) ∈M(c)};

13 c← b; h′ ← h′

2
;

14 else
15 M =M∪ {slab(affine(x(c), {x ∈ Rd : xd = t, (x1, . . . , xd−1) ∈

H}), ej, 2width) : slab(H, ej,width) ∈M(t)};
16 M =M∪ {slab(affine(x(c), {x ∈ Rd : xd = b, (x1, . . . , xd−1) ∈

H}), ej, 2width) : slab(H, ej,width) ∈M(b)};
17 h′ ← h′

2
;

18 c∗ ← c;
19 M =M∪ slab(xd = c∗, ed, 2);

20 Return (x(c
∗),M);

We prove the Lemma 5.21 towards the end of the section. We first prove a few properties
about the set M, which are useful in the proof of the lemma and the proofs in the next
section.

Properties of M

The proposition below gives an upper bound on the number of slabs, and the thickness
of a slab inM.
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Proposition 5.22. Let f, g : Zd → R be discrete convex functions, R ⊂ Zd be a rectangle,
and (x′,M) = MinRegion(f, g, R). Then |M| ≤ (3 log h)d, where h = maxi∈[d] lengthi(R),
and for any slab slab(H, ei, w) ∈M we have the width w ≤ 3d.

Proof. We prove the proposition by induction on the dimension.

Base case: For dimension 1 the proposition is trivially true as |M| = 1, w = 1.

Induction step: Let the proposition be true till dimension k − 1.

If w′ is the width in dimension k − 1 then w ≤ 3w′ is the width in dimension k. From
the induction hypothesis w′ ≤ 3k−1. Therefore w ≤ 3k.

We next bound the size of M in dimension k. Slabs are added to the set M in lines
9, 12, 15, 16, 19. In line 19 there is only one slab added. In rest of the lines the number
of slabs added is at most 2 log(lengthk(R))

∣∣M(l)
∣∣ where l ∈ [mink(R),maxk(R)]Z. From

induction hypothesis
∣∣M(l)

∣∣ ≤ (3 log h′)k−1 where h′ = maxi∈[k−1] lengthi(R). Since h
′ ≤ h,

we get |M| ≤ (3 log h)k.

The next proposition is useful in proving the correctness of the HD-FindConcBasis
subroutine in the next section.

Proposition 5.23. Let i ∈ [d], c ∈ R, z ∈ Rd and H = {x ∈ Rd : ⟨z, x⟩ = c}. If
slab(H, ei,width) ∈M, then zi ̸= 0.

Proof. We prove the proposition by induction on the dimension.

Base case: For d = 1, there is exactly one slab inM. The thickness direction is e1,
and the hyperplane defining the slab is x1 = x′. Therefore the coefficient corresponding to
dimension 1 is non-zero as desired.

Induction step: Assume the proposition is true till dimension k−1. Let slab(H, ei, w) ∈
M be a slab in dimension k. We split the proof in two cases: i = k and i ∈ [k − 1].

Case 1 i = k: There is exactly one slab with i = k. For that slab the hyperplane
defining the slab is xk = c∗. The coefficient corresponding to dimension k is non-zero as
desired.

Case 2 i = [k−1]: The slabs with i ∈ [k−1] are generated using slabs in one dimension
less. Let the slab used to generate slab(H, ei, w) be slab(H ′, ei, w

′). Let z′ ∈ Rk−1, c′ ∈ R,
H ′ = {x ∈ Rk−1 : ⟨z′, x⟩ = c′} and z ∈ Rk, c ∈ R, H = {x ∈ Rk : ⟨z, x⟩ = c}. From the
algorithm H = affine(x′, {x ∈ Zd : xd = b, (x1, . . . , xd−1) ∈ H ′}), and from the induction
hypothesis z′i ̸= 0. Combining these two we get zi ̸= 0. Otherwise, if zi = 0, then for a
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point y ∈ {x ∈ Rd : xd = b, (x1, . . . , xd−1) ∈ H ′} ⊂ H when we change yi it should still
belong to {x ∈ Rd : xd = b, (x1, . . . , xd−1) ∈ H ′} ⊂ H. This is a contradiction as z′i ̸= 0. If
we take a point in H ′ and change just the ith coordinate it should not be in the set H ′.

Proof of Lemma 5.21

We prove the Lemma using induction on the dimension.

Base case d = 1:. Let y′ ∈ R̃ \ M. This means |y′ − x′| > 1, where x′ =
1D-Minimizer(f, g, R). We show the proposition is true for the case when y′ − x′ > 1,
the proof similar for the other case. From Lemma 5.15, x′ ≤(f̃ ,g̃) x

′ + 1 and as x′, x′ + 1, y′

lie on a line, from Proposition 5.4 we get x′ ≤(f̃ ,g̃) y
′.

Induction step. Assuming the lemma is true till dimension k−1. Let y′ ∈ R̃\M and
t, c, b, h′ be the snapshot of variables when the region containing y′ is processed. We prove
it for the case when t ≤ y′k ≤ t + h′

4
and x(c) ≤(f,g) x

(t), x(b) and it is similar in rest of the
scenarios. Let the line line(x(c), y′) intersect the hyperplane xk = t at y′′. Since y′ /∈M, the
point y′′ /∈ M(t). If y′′ ∈ M(t), then ∃slab(H ′, ei, w) ∈ M(t) such that y′′ ∈ slab(H ′, ei, w).
From how we definedM, slab(affine(x(c), {x ∈ Rd : xd = t, (x1, . . . , xd−1) ∈ H ′}), ei, 2w) ∈
M, and as x(c), y′′, y′ lie on a line and y′′ ∈ {x ∈ Zd : xd = t, (x1, . . . , xd−1) ∈ H ′} we
get y′ ∈ M, which is a contradiction. From the induction hypothesis x(t) ≤(f̃ ,g̃) y

′′, and

as x(c) ≤(f̃ ,g̃) x
(t), from transitivity we get x(c) ≤(f̃ ,g̃) y

′′. As x(c), y′′, y′ lie on a line and

x(c) ≤(f̃ ,g̃) y
′′, from Proposition 5.4, we get x(c) ≤(f̃ ,g̃) y

′. Since c∗ is the last center and from

how we picked the centers we have x(c
∗) ≤(f̃ ,g̃) x

(c), and due to transitivity x(c
∗) ≤(f̃ ,g̃) y

′.

Time and query complexity analysis. The algorithm calls the MinRegion al-
gorithm in one dimension less at most log h times. So the time and query complexity
M(d,n) = log nM(d−1,n) + α, where α is a constant. Therefore the total time and query

complexity is O(logd h).

Finding Concentrating Basis in Higher Dimensions(HD-FindConcBasis)

The algorithm HD-FindConcBasis takes in as input a slab, slab(H, ej, w), and a rectan-
gle R, and outputs a basis B and a “small” rectangle R∗ such that, if we perform a change
of basis with the basis B, then all the points y ∈ slab(H, ej, w) fit in the rectangle R∗.
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Algorithm 11: HD-FindConcBasis(slab(H, ej, w), R)

1 Let hi ← lengthi(R); h = maxi∈[d] hi;
// We are promised that hi ≤ hi′ for i ≤ i′.

2 Let H = {x : ⟨z, x⟩ = 0}; βi ← zi
zj
;

3 (a1, a2, . . . ad)← co-prime integer values that satisfy the linear inequalities

∀i
∣∣∣∣βi − ai

aj

∣∣∣∣ ≤ 1

ajh
1
2d

and

|aj| ≤
√
|h|

4 Let B = (b(1) b(2) . . . b(d)) be such that B[d−1]×[d−1] is in HNF and
∣∣∣b(d)i

∣∣∣ ≤ ∣∣∣b(i)i

∣∣∣ for
i ∈ [d]. Also

〈
a, b(d)

〉
= 1, and b(1), . . . , b(d−1) form a basis for

{x ∈ Zd : ⟨a, x⟩ = 0};
5 Let R′ be a rectangle with mind(R

′) = −3wdh(1− 1
2d

), maxd(R
′) = 3wdh(1−

1
2d

) and

mini(R
′) = −w22d(hi + h(1−

1
2d

)), maxi(R
′) = w22d(hi + h(1−

1
2d

)) for i ∈ [d− 1];

6 Let B′ = (b(d) b(1) . . . b(d−1)) and R∗ be the corresponding rectangle;
// R∗ has the lengths of its dimensions in increasing order

7 Return (B′, R∗);

In the next lemma we show there exists a vector a ∈ Zd, and a basis B ∈ Zd×d, that
satisfy the constraints in the algorithm.

Lemma 5.24. Let R ⊂ Zd be a rectangle with hi = lengthi(R), j ∈ [d], H = {x ∈ Rd :
⟨z, x⟩ = 0)} be a hyperplane. Then in time O(poly(d log h)), h = maxi∈[d] hi, we can find
a, b(1), b(2), . . . , b(d) ∈ Zd that satisfy the following conditions in the algorithm:

1.
∣∣∣ zizj − ai

aj

∣∣∣ ≤ 1

ajh
1
2d
, 0 < |aj| ≤

√
h, and a1, a2, . . . , ad are co-prime.

2. Let B = (b(1) b(2) . . . b(d)) ∈ Zd×d be such that B[d−1]×[d−1] is in HNF and
∣∣∣b(d)i

∣∣∣ ≤ ∣∣∣b(i)i

∣∣∣
for i ∈ [d]. Also

〈
a, b(d)

〉
= 1 and b(1), . . . , b(d−1) form a basis for {x ∈ Zd : ⟨a, x⟩ = 0}.

3. B is a basis of the integer lattice Zd.

Proof. We need to prove the following: First that there exist a ∈ Zd and b1, b2, . . . , bd ∈
Zd that satisfy the conditions in the lemma. Second that they can be found in time
O(poly(d log h)).
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We start by showing that there exists a ∈ Zd that satisfies the first condition in the
Lemma. Apply Dirichlet’s theorem with N =

√
h, αi =

zi
zj
, aj = q, ai = pi for i ̸= j. From

the theorem we get that ∀i
∣∣∣ aiaj − zi

zj

∣∣∣ ≤ 1

ajh
1
2d

and 0 < |aj| ≤
√
h. To apply Dirichlet’s

theorem we need to have zj ̸= 0, which follows from Proposition 5.23. If a1, a2, . . . , ad are
not co-prime divide them by their gcd to make them co-prime.

We next show there exists b(1), b(2), . . . , b(d) ∈ Zd that satisfy the second condition in
the lemma. Let C = (c(1) c(2) . . . c(d−1)) ∈ Zd×d−1 be the basis of the lattice {x ∈ Zd :
⟨a, x⟩ = 0} ∩ Zd. The existence of C follows from Proposition 3.14. Let U ∈ Zd−1×d−1

be a unimodular matrix such that in C ′ = (c′(1) c′(2) . . . c′(d−1)) = CU the submatrix
C ′

[d−1]×[d−1] is in HNF. The existance of such a U follows from Proposition 3.16. The

vectors c′(1), c′(2), . . . , c′(d−1) form a basis of the lattice {x ∈ Zd : ⟨a, x⟩ = 0} ∩ Zd as
U is unimodular. Let b(i) = c′(i) for i ∈ [d − 1]. Let c′(d) be such that

〈
a, c′(d)

〉
= 1.

There exists such a c′(d) as the coordinates of a are co-prime. Let α ∈ Zd−1 be such that

b(d) = c′(d) +
∑d−1

i=1 αib
(i) satisfies

∣∣∣b(d)i

∣∣∣ ≤ ∣∣∣b(i)i

∣∣∣ for i ∈ [d − 1]. The vectors b(1), . . . , b(d−1)

form a basis for {x ∈ Zd : ⟨a, x⟩ = 0} as b(i) = c′(i) for i ∈ [d − 1]. We have
〈
a, b(d)

〉
= 1

as ∀i ∈ [d − 1],
〈
a, b(i)

〉
= 0 and

〈
a, c′(d)

〉
= 1 . The matrix B[d−1]×[d−1] is in HNF as

C ′
[d−1]×[d−1] is in HNF.

The vectors b(1), b(2), . . . , b(d) form a basis for the integer lattice Zd. We showed above
that the vectors b(1), b(2), . . . , b(d−1) form a basis for the lattice {x ∈ Zd : ⟨a, x⟩ = 0}. Let
y ∈ Zd be any point and ⟨a, y⟩ = l. Then we can express y as y = lb(d) + y′, where
⟨a, y′⟩ = 0. Since y′ ∈ Zd lies on the lattice {x ∈ Zd : ⟨a, x⟩ = 0} it can be represented as
y′ =

∑d−1
i=1 γib

(i) where γi ∈ Z.

Time complexity analysis The time complexity in the algorithm is primarily con-
tributed by Lines 4, 5.

Line 4: To bound the time taken to find a we need to first bound the sizes of binary
representations of βi. Assume ∀i ∈ [d], 1

hd ≤ zi ≤ 1. If this is not the case divide each
zi with maxi∈[d] zi and round it up so that new zi ≥ 1

hd . Dividing with maxi∈[d] zi does
not change the hyperplane as the right hand side is zero and rounding up to 1

hd is an
insignificant change, as for x ∈ R, xi ≤ h. So we ignore the change in the right hand
side due to it. Now as βi = zi

zj
, we get βi ≤ hd. We round up βi so that the decimal

part is grater than 1
hd , and like before we ignore the impacts of the rounding as they are

insignificant.

The vector a ∈ Zd can be computed in time O(poly(d log h)) from Proposition 5.12 as
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it is obtained by solving d inequalities and the binary representation of the coefficients is
O(d log h). We also get ai ≤ βiaj + 1 ≤ hd+1, for i ∈ [d] \ j.

Line 5: The time complexity of this line can be derived from the existence proof we
presented above for b(1), . . . , b(d). The matrix C ′ can be found in time O(poly(log ∥a∥∞)) =
O(poly(d log h)) from Propositions 3.14 and 3.16. The vector c′(d) can be computed in
time O(poly(log ∥a∥∞)) = O(poly(d log h)) from Proposition 5.11. Rest of the operations
require only O(d) time. Therefore the time complexity of this line is O(poly(d log h)).

The time taken for each of the lines in O(poly(d log h)). Therefore the total time
complexity is O(poly(d log h)).

The next Lemma proves that the basis returned by theHD-FindConcBasis algorithm
is concentrating.

Lemma 5.25. Let R ⊂ Zd be a rectangle with hi ≥ hi′ for i ≥ i′, where hi = lengthi(R)
and h = maxi∈[d] hi. Let j ∈ [d], z ∈ Rd, c, w ∈ R and H = {x : ⟨z, x⟩ = 0} be a
hyperplane. Let B = (b(1), b(2), . . . , b(d)) be the basis that satisfies the constraints in the
HD-FindConcBasis algorithm. Then for every x′ ∈ R ∩ slab(H, ej, w) we have (x′)B ∈
R′, where R′ is a rectangle with mind(R

′) = −3wdh(1− 1
2d

), maxd(R
′) = 3wdh(1−

1
2d

) and

mini(R
′) = −22d(hi + wh(1−

1
2d

)), maxi(R
′) = 22d(hi + wh(1−

1
2d

)) for i ∈ [d− 1].

Proof. We first show that the dth coordinate of (x′)B is in the desired range. Let (x′)B =
(α1, α2, . . . , αd) i.e. x′ =

∑d
i=1 αib

(i). Take dot product with a on both sides. We get
αd = ⟨a, x′⟩. From Proposition 5.10 and HD-FindConcBasis algorithm we get that the
distance between the hyperplanes ⟨z, x⟩ = 0, ⟨a, x⟩ = 0 along the jth direction, within

the rectangle R, is upper bound by dh(1− 1
2d

)

aj
. This combined with triangle inequality gives

distj(x
′, ⟨a, x⟩ = 0) ≤ w+ dh(1− 1

2d
)

aj
. By Proposition 5.9 this implies ⟨a, x′⟩ ≤ dh(1−

1
2d

)+w |aj|.
Substituting this in αd = ⟨a, x′⟩ we get |αd| ≤ dh(1−

1
2d

) +w |aj| ≤ 2wdh(1−
1
2d

) as |aj| ≤
√
h.

We next bound the length of the rectangle in rest of the dimensions. The first coordinate
in all the basis vectors except b(1), b(d) is zero, so we get x′1 = αdb

(d)
1 + α1b

(1)
1 . Taking

absolute value on both sides |x′1| =
∣∣∣αdb

(d)
1 + α1b

(1)
1

∣∣∣. This implies
∣∣∣α1b

(1)
1

∣∣∣ ≤ |x′1|+ ∣∣∣αdb
(d)
1

∣∣∣
≤ h1

∣∣∣b(1)1

∣∣∣+ |αd|
∣∣∣b(1)1

∣∣∣. The last inequality follows from x′ ∈ R and
∣∣∣b(d)1

∣∣∣ ≤ ∣∣∣b(1)1

∣∣∣. Therefore
|α1| ≤ h1 + |αd| ≤ h1 + 3wdm(1− 1

2d
).

Similarly, we get |α2| ≤ h2 + |αd| + |α1| ≤ h1 + h2 + 2.3wdm(1− 1
2d

) and |α3| ≤ h3 +

|αd| + |α1| + |α2| ≤ 2h1 + h2 + h3 + 4.3wdm(1− 1
2d

). In general |αi| ≤ hi + αd +
∑i−1

k=1 |αk|
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≤ hi +2ih1 +2i−1h2 + . . .+2hi−1 +2i3wdm1− 1
2d ≤ 22d(hi +wm(1− 1

2d
)). The last inequality

is because hi ≥ hi′ for i ≥ i′. Therefore all the points we are interested in fit in a R′ with
mind(R

′) = −3wdh(1− 1
2d

), maxd(R
′) = 3wdh(1−

1
2d

) and mini(R
′) = −22d(hi + wh(1−

1
2d

)),

maxi(R
′) = 22d(hi + wh(1−

1
2d

)) for i ∈ [d− 1].

5.4.3 Analysis of HD-Minimizer

In this section we prove Lemma 5.20.

Correctness

To show that the algorithm is correct we need to show two things: One, for every z′ ∈ R
we eliminate there is a z ∈ R that is not eliminated with z ≤(f,g) z

′. Two, the algorithm
terminates. The termination part is implied from the time complexity analysis. The first
part follows from Lemma 5.21 and Lemma 5.25. In Lemma 5.21 we showed that for every
point in R̃ \M there is a better point in the setM∩ Zd and in Lemma 5.25 we showed
that all the points inM∩ Zd are passed on correctly to the sub-problems.

Time and Query Complexity Analysis

The HD-Minimizer algorithm recursively calls itself on a smaller grid of the same dimen-
sion till the length of the rectangle in dimension d becomes small enough to brute-force.

The lemma below upper bounds the depth of the recursion tree.

Lemma 5.26. Let R ⊂ Zd be a rectangle with h = maxi∈[d] lengthi(R). Then the depth of
the recursion tree is at most O(log d

d−1
log h), and for all rectangles in the tree, the largest

length is at most 2O(d2)h.

Proof. We first show that the depth of the recursion tree is at most O(log d
d−1

log h). We

prove this by showing that as we go depth d in the recursion tree, the length in dimension
d, which is the largest length, goes from h to 2O(d2)h1−

1
d . Therefore in O(log d

d−1
log h) depth

the length of dimension d goes to 2
d2 log d

d−1
log h

, at which point we brute-force.

At depth one, the length of the rectangle in the first dimension is 3dh(1−
1
d
). This follows

from Lemma 5.25, and Proposition 5.22. The length of new rectangle in dimension d is
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2d(hd−1 + 3dh
1− 1

d
d ) ≤ 23dh. At depth two in the recursion tree, the length of the rectangle

in dimension two is at most 25dh1−
1
d . At depth d, the length of the rectangle in the dth

dimension is at most 2d
2
h1−

1
d . If we keep repeating the process, at depth O(log d

d−1
log h)

the largest length of the rectangle is O(2
d2 log d

d−1
log h

).

We next show that the largest length of all the rectangles in the tree is at most 2O(d2)h.
We showed that at depth d the largest length of the rectangle is at most 2d

2
h1−

1
d , which is

less than h, as d << h. Therefore, the rectangle with the largest length has to be within
depth d and as shown above the largest length increases by a factor of at most 23d as we
go one depth lower. This gives that the upto depth d the largest length of the rectangle is
at most 2O(d2)h.

Time and query complexity analysis

We prove it using induction on the dimension. Let the time and query complexity of

HD-Minimizer(f, g, R, 2
d2 log d

d−1
log h

) be 2
(log d

d−1
log h)O(d2)

, where h = maxi∈[d] lengthi(R).
The hypothesis trivially holds for the one-dimensional minimizer.

We next show the time and query complexity for dimension d, assuming the hypoth-
esis is true for dimension d − 1. The depth of the recursion tree, as shown above, is
O(log d

d−1
log h). We also showed that the largest length of the rectangle for the nodes in

the tree is at most 2O(d2)h. Therefore, for the analysis, we use that to be the largest length.
Each node has at most |M| children, which from Proposition 5.22 is less than (3 log 2d

2
h)d.

Hence the total number of nodes is at most (3 log 2d
2
h)

O(d log d
d−1

log h)
. The time and query

complexity at each node comes from the following:

1. Brute-forcing to find the minimum when the length in the largest dimension is

2
d2 log d

d−1
log h

, which takes 2
d2 log d

d−1
log h

2
(log d−1

d−2
log 2d

2
h)O((d−1)2)

time and queries from
the induction hypothesis.

2. Finding theMinRegion in line 3 which, as we showed in Lemma 5.21, takes (log 2d
2
h)O(d)

time and queries.

3. Finding the basis transformation for the elements inM. It takes |M| poly(d log 2d2h) =
(log 2d

2
h)O(d) time from Lemma 5.24.

4. Comparing the function values of the minimums, which takes O(|M|) = (log 2d
2
h)O(d)

time and queries.
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The first item dominates the rest, so the total time and complexity at each node is

2
d2 log d

d−1
log h

2
(log d−1

d−2
log 2d

2
h)O((d−1)2)

. The number of nodes is (3 log 2d
2
h)

O(d log d
d−1

log h)
. There-

fore the total time and query complexity is (3 log 2d
2
h)

O(d log d
d−1

log h)
2
d2 log d

d−1
log h

2
(log d−1

d−2
log 2d

2
h)O((d−1)2)

,

which is clearly less than 2
(log d

d−1
log h)O(d2)

as d << h. When d is a constant, the time and
query complexity can be written as 2O(poly(log log h)).

5.4.4 Proof of Theorem 1.10

The idea behind the proof of Theorem 1.10 is similar to that of Theorem 1.9. To prove
Theorem 1.10 we use HD-Minimizer, but not directly. We manipulate the feasibility
constraint function given as input to the HD-Minimizer so that the rectangle constraint
is also included in the feasibility constraint. We need this manipulation as running the
HD-Minimizer directly, does not guarantee that the output is from the rectangle, even
when there are feasible points in the rectangle. This manipulation ensures that the algo-
rithm outputs a point outside the rectangle only when the original rectangle does not have
any feasible points.

The proof uses a function g[n]
d
: Zd which we define first. The function value of g[n]

d
at

a point, x ∈ Zd, is the distance of the point x from the set R̃, where R = [n]d. Since the

set R̃ is convex the function that represents the distance from the set is also convex. The
function value g[n]

d
(x) can be computed efficiently.

We next describe how to solve the optimization problem in the theorem using the
HD-Minimizer algorithm. We first change the feasibility constraint function from g to
g′ = max{g, g[n]d}. Since, g, g[n]

d
are convex, g′ is convex as well. We next run the

HD-Minimizer algorithm with (f, g′, [n]d, 2
d2 log d

d−1
logn

) as input and let x′ be the output.
If g′(x′) ≤ 0, then from Lemma 5.20 we get that for every y ∈ [n]d either g(y) > 0, or
f(x′) ≤ f(y). Therefore x′ is the solution of the optimization problem. If g′(x′) > 0, then
from Lemma 5.20 we get that for any y ∈ [n]d, g′(x′) ≤ g′(y). This combined with the fact
that g[n]

d
(y) ≤ 0, gives g(y) > 0. This shows that the initial rectangle [n]d does not have

any feasible points.

The time and query complexity is 2O(poly(log logn)) from the time and query complexity
of the HD-Minimizer algorithm.
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Figure 5.6: The above picture, borrowed from [60], shows how to construct a shallow cut
to the ellipsoid. For the ease of presentation they transform the ellipsoid to a ball of radius
one.

5.5 Technique of Veselov et al.

In [60] Veselov et al. give an algorithm that solves the problem of minimizing discrete
convex functions over B(n)∩Zd, where B(n) is a ball of radius n. The algorithm maintains
an ellipsoid that contains all the candidate points that could be the minimum. At every
step it finds a cut to the ellipsoid that eliminates a good fraction of the points in the
ellpisoid without eliminating the minimum. It then finds a smaller ellipsoid that contains
all of the remaining points and keeps repeating the same process till the ellipsoid is small
enough that all the integer points in the ellipsoid lie only on a “few” hyperplanes. Then it
recursively solves the sub-problems, on these hyperplanes, that are in one dimension less.

The challenging part in the above algorithm is finding the cut that satisfies the con-
ditions. We refer to this cut as the shallow cut. The key contribution of [60] is to show
that a shallow cut to the ellipsoid can be found efficiently even when given access to just
the comparison oracle on the integer points. For their algorithm, and our explanation, we
assume the set of points is always contained in a ball instead of an ellipsoid as we can
always transform an ellipsoid to a ball.

They use two main ideas to find the shallow cut to the ellipsoid. The first is the
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observation that if we consider a ball of radius R, B(R), and a ball of radius r < R, B(r),
that is contained in the convex hull of the integer points in B(R), then we can eliminate all
the points in the conic region we get by the tangents to B(r) passing through the maximum
integer point in B(R). Refer to Figure 5.6 for an illustration. If we choose the right values
for R and r, then from the conic region we get a shallow cut to the ellipsoid such that the
eliminated points do not contain the minimum. Note that the maximum point x∗ can not
lie in B(r), because B(r) is completely contained in the convex hull of integer points in
B(R), and for a convex function the maximum of a set of points can not lie in the interior
of the convex hull of those points.

The above idea by itself does not work, because to get a shallow cut that eliminates a
desired fraction of the ellipsoid, we need the value of R to be cn, for some constant c, and
in that case finding the maximum of all the integer points in the ball takes 2O(n) queries.
To get around this, instead of finding the maximum of all the integer points in B(R), they
find the maximum of all the lattice points of a sparsified lattice in B(R). This is the second
main idea. They sparsify it in such a way that the number of lattice points in B(R) is not
too many. They also show that the ball B(r) is still contained in the convex hull of the
sparsified lattice points in B(R).

Note that the domain of the discrete convex function they consider is the set of integer
points in the ball of radius n. This does not fundamentally change the problem as any
algorithm that minimizes over the ball can minimize over the hypergrid [n]d, by considering
a ball of radius

√
dn and adding the rectangle as an additional constraint. Similarly, any

algorithm that minimizes discrete convex functions over [n]d can also minimize over the
ball of radius n by just adding the ball as an additional constraint.
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Chapter 6

Open Problems

6.1 Testing Discrete Convex Functions

Our results suggest two main open problems.

Open Problem 1. Is it possible to Ω(1)-test convexity of functions f : [n]× [n]→ R with
poly(log(n)) queries?

Parnas, Ron, and Rubinfeld [50] also raised the problem of determining the query
complexity for testing convexity in d ≥ 2, and the upper bound in Theorem 1.7 provides
the first suggestion that the query complexity of the problem might be exponentially smaller
than—and not just sublinear in—the domain size. As the lower bound in the same theorem
shows, however, any algorithm that would provide a positive answer to this question would
have to be adaptive.

We can also generalize Open Problem 1 to ask whether convexity testing of f : [n]d → R
can be done with query complexity poly(log(n)) for every constant value of d. For high-
dimensional settings, it is also natural to ask about the dependence on d.

Open Problem 2. Must every Ω(1)-tester for convexity of functions f : [n]d → R have
query complexity 2Ω(d)?

Theorem 1.8 gives a positive answer to this question for non-adaptive algorithms, but
it still allows for the possibility that there is a convexity tester with query complexity that
is polynomial in d. It is also possible that the best query complexity of convexity testers is
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subexponential in d, even if it is not polynomial in d. (C.f., for instance, the submodularity

testing problem, where it is known that 2Õ(
√
d) queries suffice to test submodularity of

functions f : {0, 1}d → R [55]. It is possible that a similar bound holds for testing
convexity as well.)

6.2 Testing Convex Sets

There are two main open problems suggested by our results that are worth discussing in
more detail.

Efficient convexity testing without supporting hyperplane oracles. Is it
possible to test convexity of bodies K ⊂ Rn with a poly(n) queries to the membership
and random oracles of K even when we don’t have access to a separation oracle for K?
Note that when K is convex, then it is known that an approximate separation oracle
can be simulated using poly(n) queries to membership oracle [27, 34], but this simulation
argument does not extend to non-convex bodies.

An efficient membership-and-random-oracle tester for convexity might be obtained by
examining the robustness of other characterizations of convexity. It might also be useful to
explore the role of expansion of bodies in testing convexity. A body K ⊆ Rn is α-expanding
if for any set K ′ ⊆ K, we have Voln−1(∂K

′ \ ∂K) ≥ αmin(Vol(K ′),Vol(K \K ′)). Convex
bodies are expanding, and the body we construct in the proofs of Theorems 1.1 and 1.2 is
far from expanding, a fact that makes this particular body easy to distinguish from convex
bodies using random walks. Meanwhile, we have not been able to rule out the possibility
that even the convex hull test by itself could suffice to efficiently test convexity under the
assumption that the input body is expanding.

Testing convexity of functions over continuous domains. There is a close
connection between convexity of sets and convexity of functions over continuous domains.
Namely, a function f : Rn → R is convex if and only if its epigraph is a convex set
in Rn+1. The definitions of distance to convexity, however, make the problems of testing
convex functions and testing convex sets quite different in general. Nonetheless, as Berman,
Raskhodnikova, and Yaroslavtsev [10] pointed out, the two problems are closely connected
when we consider the testing of convex functions under the ℓ1 norm. It would be interesting
to see if the techniques or results introduced here could yield any progress on the problem
of testing convex functions with a polynomial number of queries. (See Problem 70 on
sublinear.info and [10] for more details on this problem.)
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