
Mathematical Models of Mitochondria
in the Kidney and Liver

by

T. William Bell

A thesis
presented to the University of Waterloo

in fulfillment of the
thesis requirement for the degree of

Masters of Mathematics
in

Applied Mathematics

Waterloo, Ontario, Canada, 2021

© T. William Bell 2021



Author’s Declaration

I hereby declare that I am the sole author of this thesis. This is a true copy of the thesis,
including any required final revisions, as accepted by my examiners.

I understand that my thesis may be made electronically available to the public.

ii



Abstract

Mitochondria are key players in several kinds of tissue injury, and are even the site of
mechanism of certain diseases. In this work we introduce new models of mitochondrial
ATP generation in multiple tissues, including liver hepatocytes and the medullary thick
ascending limb in the kidney. Using this model, we predict these tissues’ responses to hypoxia,
uncoupling, ischemia-reperfusion, and oxidative phosphorylation dysfunction. Our results
suggest mechanisms explaining differences in robustness of mitochondrial function across
tissues.

The medullary thick ascending limb and proximal tubule in the kidney both experience
a high metabolic demand, while having lower baseline activity of oxidative phosphorylation
relative to the liver. These factors make these tissues susceptible to dysfunction in Complex
III. A lower baseline oxygen tension observed in the thick ascending limb makes it susceptible
to Complex IV. On the other hand, since the liver lacks these risk factors, and has higher
baseline rates of glycolysis, it is less susceptible to all kinds of oxidative phosphorylation
dysfunction.

Ischemia-reperfusion is an intriguing example of a non-equilibrium behaviour driven by
a change in tissue oxygen tension. Ischemia involves prolonged hypoxia, followed by the
sudden return of oxygen during reperfusion. During reperfusion, we predict that the build
up of succinate causes the electron transport chain in the liver to temporarily be in a highly
reduced state. This can lead to the production of reactive oxygen species. We accurately
predict the timescale on which the electron transport chain is left in a reduced state, and we
observe levels of reduction likely to lead to reactive oxygen species production.

Aside from the above, we predict thresholds for ATP depletion from hypoxia, and we
predict the consequences for oxygen consumption of uncoupling. We find that once again, the
kidney tissues considered are more at risk from hypoxia. We predict that hypoxia represents
a danger of ATP depletion in the proximal tubule below 10 mmHg of oxygen partial pressure,
and in the thick ascending limb below 3 mmHg.

We examine at length the effects of diabetes on the liver and kidney, and we find that
it may leave the kidney especially at greater risk for ATP depletion and reactive oxygen
species formation. This is particularly true during hypoxia (and uncoupling in the case of
ATP depletion).

Our modelling efforts indicate the viability of modelling mitochondrial pathologies with
mechanistic models. We demonstrate that even simple models of mitochondrial dysfunction
may effectively reproduce experimental results.
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“The ancient philosophical problematic, ‘how do we get from the
Many to the One?’ (corresponding to a phenomenological transit)
becomes the mathematical problematic, ‘how do we get from the

local to the global?’ (technical transit), which, in turn, can be
subdivided into the questions (i) ‘how do we differentially register
the local?’ and (ii) ‘how do we globally integrate those registers?’”

- Zalamea, Synthetic Philosophy of Contemporary Mathematics

Here we begin work on the first step of this process.
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Chapter 1

Introduction

The body is composed of a variety of tissues, and mitochondrial respiration varies starkly
among them [13]. There are several reasons to care about these differences: first, there is
significant tissue specificity to many forms of mitochondria-mediated cellular injury [169]
and second, tissues contribute in very different ways to whole-body metabolism [204, 206].
Those tissue-specific contributions to whole-body metabolism depend on many subcellular
differences, and especially the behaviour of mitochondria [65]. For these reasons, both to
understand tissue-specific responses to whole-body functioning, and whole-body responses
to local dysfunction it is valuable to understand physiological diversity in mitochondrial
function.

Below we map out some of these differences in epithelial cells of the proximal tubule &
medullary thick ascending limb of the kidney, and hepatocytes of the liver. We also examine
how these tissues’ mitochondria act differently due to diabetes.

1.1 Mitochondria

The mitochondrion is a cellular organelle crucial to the performance of several functions
of the animal cell, including aerobic cellular respiration and apoptosis. The importance of
mitochondria to these cellular functions doesn’t exhaust its uniqueness among animal cellular
organelles. The mitochondria are unique for their structure, relative independence, and
origins. These features are closely connected and are all due to the origins of mitochondria.
Mitochondria were originally endosymbionts living inside the common ancestor of today’s
eukaryotes [67, 152]. That is, they were originally free-living prokaryotes that were most likely
endocytosed by a proto-eukaryote [67]. They eventually developed a symbiotic relationship
with the species that (most likely) endocytosed it [26], becoming the mitochondria we know
today. Due to this strange natural history, mitochondria have their own DNA that we’ll
call mtDNA to distinguish it from the DNA found in the cell’s nucleus [196]. Today the
mitochondrial genome only codes for a few proteins, all localized to the mitochondrion, as
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Figure 1.1: A mitochondrion with its interior spaces and surrounding cytosol labelled. The
cytosol and intermembrane space are separated by the mitochondrion’s outer membrane.
The intermembrane space and mitochondrial matrix are separated by the mitochondrion’s
inner membrane. The folds in the inner membrane are known as cristae. Cristae increase
the surface area available for reactions.

well as a full set of tRNAs [196]. Mitochondria are also left with another reminder of their
history: they have two membranes. This is believed by some to be a biproduct of the
originating endocytotic event which could have left the cell inside an extra membrane [26].
This double membrane structure creates two compartments within the mitochondrion: the
mitochondrial matrix and the intermembrane space, this is depicted in Figure 1.1.

Below we wish to briefly outline the main steps of cellular respiration. For a more de-
tailed account one may consult Cox and Nelson’s Lehninger Principles of Biochemistry [33].
As part of aerobic cellular respiration, the mitochondria use several metabolites, including
fatty acids (for instance via beta-oxidation) and pyruvate (via pyruvate oxidation). These
metabolites are primarily converted into acetyl-CoA, which enters the Tricarboyxlic Acid
(TCA) or Krebs cycle. The TCA cycle occurs in the mitochondrial matrix. The TCA cy-
cle produces ATP, NADH, and FADH2. The latter two products of the TCA cycle reduce
components of the electron transport chain, NADH reduces Complex I and FADH2 reduces
Complex II. Both Complex I and II reduce coenzyme Q, which in turn reduces Complex III.
Complex III reduces Cytochrome C, which reduces Complex IV. Complex IV reduces oxygen,
the final electron acceptor of the electron transport chain. The complexes noted above are
localized on the inner membrane of the mitochondrion. They use the energy from the above
redox reactions they participate in to move hydrogen ions into the intermembrane space.
The hydrogen gradient that they create provides the potential that drives the production of
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ATP via ATP Synthase (also known as F0F1-ATPase or Complex V). ATP Synthase phos-
phorylates ADP to ATP while allowing hydrogen ions to travel across the inner membrane.
Together the processes of the electron transport chain and ATP production by ATP Synthase
are known as oxidative phosphorylation. Dysfunction of oxidative phosphorylation is tied to
several diseases, including most known mitochondrial diseases and diabetic end-organ dam-
age. Dysfunctions of this kind, caused by reduced activity of enzymes involved in oxidative
phosphorylation, will appear in our modelling work as a potential cause of ATP depletion.

The cell does not ever do the above procedure with optimal efficiency, although this
is not necessarily maladaptive [135, 157]. Two ways in which cellular respiration functions
suboptimally are via uncoupling and free radical (mainly reactive oxygen species) production.
Uncoupling is the leakage of hydrogen ions across the inner membrane of the mitochondrion
[157]. This shunting of hydrogen gradient means that more hydrogen needs to be pumped
by the electron transport chain into the intermembrane space for the same amount of ATP
synthesized. This inefficiency is best measured by the P/O ratio (phosphate/oxygen ratio),
which is defined for our model as the ratio of ATP Synthase activity to Complex IV activity
[44]. As an aside, not all experimentalists define the P/O ratio this way, it depends on how
they measure oxygen consumption [19]. This will be discussed in more detail in Chapter 4.
The potential adaptive purpose of uncoupling is tied to free radical production, which we
turn to now.

Mitochondrial free radical production primarily occurs when electrons are transferred by
Complex I or III to something other than another member of the electron transport chain
[73]. Free radicals have an unpaired electron that make them reactive. The most significant
free radical produced by the electron transport chain is O−

2 , or superoxide, a reactive oxygen
species [73]. Free radicals frequently react with important biomolecules, causing cellular in-
jury [73]. Notably, reactive oxygen species released by mitochondria are already nearby the
mtDNA, putting the mtDNA at risk. Consequently, mtDNA mutations are the most preva-
lent causes of mitochondrial disease [1] (mitochondrial turnover, on the timescale of weeks,
ensures that inherited mitochondrial diseases are the major cause of long-term mitochondrial
dysfunction [38]). The protein-coding sequences of mtDNA exclusively code for proteins in-
volved in oxidative phosphorylation and the construction of the mitochrondial ribosome [1].
For this reason, the vast majority of mitochondrial diseases are known to cause dysfunction
of oxidative phosphorylation [1]. Reactive oxygen species are produced by components of the
electron transport chain when they are in a reduced state but are not able to reduce their
typical cofactors or other targets. Let’s consider an example: Complex I is typically reduced
by NADH and oxidized by coenzyme Q [33]. If there are sufficient quantities of oxidized
coenzyme Q or NAD+, then Complex I will reduce those rather than producing reactive
oxygen species. If there are not, or Complex I is prevented from reducing those cofactors
(for instance by rotenone), then Complex I will produce superoxide and hydrogen peroxide
instead [128]. This is the direct mechanism for reactive oxygen species production from Com-
plex I. However it is important to note that the activity of Complex I exhibits exponential
dependence on the proton motive force [175]. The production of reactive oxygen species is
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highly sensitive to the proton motive force [39]. A consequence of this is that uncoupling may
significantly reduce reactive oxygen species production, since it directly reduces the proton
motive force [55, 73].

Ischemia-reperfusion injury is tightly linked to this process of free radical production. We
say a tissue is ischemic when it is not being perfused with blood. Ischemic tissues experience
hypoxia and a lack of nutrient perfusion from the blood [30]. However, ischemia (particularly
with modern methods used in for instance, organ transplantation) does not usually kill the
cell or cause lasting injury [82]. Instead there is a massive build up of succinate during the
ischemic phase, and the rapid consumption of this succinate during reperfusion leaves the
electron transport chain in a highly reduced state, causing free radical formation through
the process outlined above over the course of only a few minutes [30]. As Jassem and Roake
memorably put it, ischemia-reperfusion injury “consists of two distinct phases: ischaemia,
which is the biological equivalent of loading and cocking a gun, and reperfusion, which is
analogous to pulling the trigger” [82].

This is sufficient detail on the mitochondrion’s role in cellular respiration for our dis-
cussion. However an exposition of mitochondrial function would be incomplete without
discussing their role in calcium homeostasis and apoptosis. Calcium is stored in large quan-
tities in the mitochondrial matrix [45, 64]. The cell is extremely sensitive to deviations from
calcium homeostasis. If there is too much calcium in the cytosol, mitochondrial permeability
transition pores open on the inner membrane [45]. These pores are non-selective, allowing for
the movement of many small particles across the inner membrane. This causes the collapse
of the proton motive force across the inner membrane and allows more leakage of calcium.
This process ultimately triggers apoptosis [45]. Calcium homeostasis is the crux of many
mitochondria-mediated diseases, among them, the most common variant of autosomal dom-
inant polycystic kidney disease [134]. During autosomal dominant polycystic kidney disease,
polycystin-1, a protein involved in the regulation of calcium transfer between the endoplas-
mic reticulum and mitochondria, is dysfunctional. This disrupts calcium homeostasis, and
may be a key pathway underlying the progression of the disease [134]. Ultimately however
this will be outside the scope of our work, as discussed below.

1.2 Tissues and their Mitochondria

In our work we consider three cell types across two organs: epithelial cells from the proximal
convoluted tubule (PT) and medullary thick ascending limb of the loop of Henle (mTAL)
in the kidney (these tissues occur in each nephron, the functional unit of the kidney), and
hepatocytes in the liver lobules (the functional unit of the liver). The kidney is divided up
into three layers, the inner medulla in its core, the outer medulla outside the inner medulla,
and the cortex which surrounds the medulla. The nephron travels from the cortex (where
the Bowman space and proximal convoluted tubule are) into the inner medulla (via the loop
of Henle) and back out, before travelling back into the medulla via the collecting duct. The
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Figure 1.2: A nephron in the kidney, with some kidney and nephron sections labelled, the
proximal convoluted tubule and medullary thick ascending limb of the loop of Henle are
coloured green and blue respectively.

Figure 1.3: A lobule in the liver, with labelled circulatory structures and cell types.
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PT (in the cortex) is the site of the majority of reabsorption of ions and nutrients from the
glomerular filtrate (which will eventually become urine), and has a high metabolic demand
[44]. The PT (and kidney cortex in general) is highly oxygenated [47]. The mTAL (in the
outer medulla) is the site of a significant amount of active reabsorption of sodium, it in fact
has a higher metabolic demand than the PT [181]. The mTAL (and kidney medulla) is less
well oxygenated [47]. Due to the high metabolic demand in the kidney tissues we consider,
they are at risk of ATP depletion. We show a nephron, with the PT and mTAL highlighted
in Figure 1.2.

The liver is primarily composed of rice-sized units called lobules [12]. The liver hep-
atocytes are the majority of liver tissue by volume [11]. The liver is crucial to the body’s
metabolic homeostasis, particularly for glucose [12]. Many liver pathologies are mitochondria-
mediated [195]. Unlike the kidney cells we consider, these pathologies typically involve the
production of reactive oxygen species by the liver mitochondria [124, 195]. The liver lobules
have oxygen gradients from the edge of the liver lobule to its center, but generally the oxygen
tension is somewhere between that of the kidney cortex and medulla [12]. We show a liver
lobule, with various structures and cell-types labelled in Figure 1.3.

1.3 Mechanistic Mathematical Modelling of Mitochon-

drial Respiration

Mitochondrial respiration has been a subject of biological research for an extended period of
time and consequently it has been subject to intense research by mathematical biologists [e.g.
7, 44, 151, 193]. In this introduction we focus on mechanistic models of cellular metabolism
that include detailed models of mitochondria. There are many such models. Among the
earliest was a model by Kohn and Garfinkel in 1983 [91] for cardiac muscle cells in rats,
which is also a direct source for much of the kinetics in our model. Other kinetic models have
been developed independently of the model by Kohn and Garfinkel, including Bohnensack
1981 [16], Magnus and Keizer 1998 [120], Demin et al. 2001 [36], Jin and Bethke 2002
[83], Cortassa et al. 2003 [32], Gauthier et al. 2013 [60], Mulukutla et al. 2015 [126],
and Leung et al. 2021 [109]. These models differ in their focus and completeness. Some,
such as Magnus and Keizer’s [120], do not explicitly represent the TCA cycle. Instead the
Magnus and Keizer model focuses on pyruvate dehydrogenase and transporters that they
understand to be limiting steps for the process. Several include models of glycolysis, calcium
regulation, or other cellular processes [109, 120, 126]. Others restrict their focus to a subset
of mitochondrial respiration [16], such as the electron transport chain [60, 83].

If we focus on models that have been the basis of extensive further work, a few stand out.
A reconstruction of Kohn and Garfinkel’s model [92] was the starting point for Wu et al’s
more recent model [113, 193] which includes mechanistic modelling of pyruvate oxidation,
the TCA cycle, oxidative phosphorylation, and key transporters regulating mitochondrial
respiration. That model is the basis for our work. Already in work like Kohn and Garfinkel’s
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they note a strong dependence of alphaketogluterate dehydrogenase flux on coenzyme A state,
a finding comes up in our analysis of our model for renal tissues [90] (see Section 3.3.3). The
Wu et al. model adapts the Kohn and Garfinkel model and fits in with the advantage of
better computing power, which was not available to Kohn and Garfinkel [193]. The Wu
et al. thermodynamic model with major changes was adapted for the lung in Zhang et al.
[203, 202]. In that model they include vasculature and several parallel pathways such as the
pentose phosphate and glycolysis pathways. The Wu et al. model was also adapted with
more minor adjustments by Edwards et al. [44] for the proximal tubule. In Edwards et al.
they adjust the kinetics of hydrogen and potassium leakage used in the model to more closely
match observed kinetics of hydrogen leak [149]. This change makes the model consistent with
other recent models of mitochondrial respiration that are also derived from Wu et al’s model
[9, 75]. The leak kinetics will be outlined in Section 2. Edwards et al. studies at length
the proximal tubule mitochondria’s response to diabetic uncoupling, and is the first paper
to predict certain oxygen-efficiency measurements of the proximal tubule in vivo such as
the P/O ratio. In Kohn and Garfinkel [92], and all the subsequent models noted above,
biophysical assumptions from thermodynamics are used to describe the kinetics. To further
this work, thermodynamic parameters of reactions involved in mitochondrial respiration have
been compiled in a database by the Beard group [113]. Other mathematical models of the
electron transport chain have used more thoroughly mechanistic models of its dynamics [60].

Magnus and Keizer’s model for β cells in the pancreas [120] was the basis for work by
Bertram et al. [14], and Saa & Siqueira [151]. Bertram et al. make several simplifications
and adjustments inspired by Cortassa et al’s more recent model [14, 32]. Among these
adjustments are changes to the kinetics of pyruvate dehydrogenase [151]. Saa & Siqueira
uses more complete experimental information in order to more carefully introduce steady
state assumptions [151]. Saa & Siqueira develop a smaller model of cellular respiration and
calcium homeostasis which they can subject to analytical techniques [151]. This family of
models provide excellent tools for studying the effects of adding cytosolic calcium. Mulukutla
et al’s recent model [126] in mammalian cell cultures has formed the basis for novel work by
Roy and Finley [150] studying mitochondrial respiration in pancreatic cancer cells. Leung et
al’s model of a neuron includes comparable equations for the mitochondrion as reaction terms
in a larger reaction-diffusion model [109]. Leung et al also includes calcium homeostasis [109].

Due to mitochondrial respiration’s importance and the intensive research work on it, it
has been the subject of comparatively more modelling analysis than other subcellular pro-
cesses. The above mathematical models cover a range of physiological subjects and levels of
detail most comparable with our work. If we broaden our focus, then there are many other
mitochondrial models. The MitoCore model describes the same chemical-kinetic scale at a
lower level of detail, using flux balance analysis it aims to reproduce the correct stoichiometry
but not kinetics of subcellular mitochondrial processes [170]. Instead of representing the sys-
tem’s kinetics, this model instead only enforces the stoichiometry of mitochondrial reactions.
This restriction allows the model to be used in multiscale applications and to more quickly
incorporate new reactions & metabolites. On the other hand, if we branch out from simply
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considering mitochondrial respiration, there are many other significant mechanistic models,
such as models of mitochondrial calcium homeostasis alone [45, 74], population genetics of
mitochondria [79, 94], and reaction-diffusion models of mitochondrial metabolites & products
in cardiac muscle [146]. While our modelling work is in a central area within the broader
modelling of mitochondria, it is only part of a larger picture.
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Chapter 2

Exposition of our Model

Our model includes 53 state variables representing concentrations in three compartments,
and the electrical potential gradient across the inner membrane of the mitochondrion. We
include the full table of state variables (see Table 2.12), a table of adjustable parameters for
the cytosol, membrane fluxes, and buffering reactions (see Table 2.13), and a table of physical
parameters (see Table 2.14 at the end of this chapter, we characterize less important kinetic
parameters in the section with the relevant flux or reaction in a table (for further discussion
see the supplementary material to Wu et al. [193], our exposition draws heavily on Wu et
al.). Our model includes the process of pyruvate oxidation, the TCA cycle, and oxidative
phosphorylation. Aside from this we also include a couple significant reactions in the matrix
and cytosol, several transporter activities on the inner membrane of the mitochondrion, and
several passive diffusive fluxes across the outer membrane of the mitochondrion. We begin
by showing our model from a bird’s eye view, with the fluxes and reactions between state
variables represented but with the details of the kinetics left out. Then we will dive into
the exact kinetics after that. In the work of Wu et al. [193], 35 parameters were estimated.
Many more parameters are taken from direct experimental estimates as discussed in the
supplementary material to Wu et al [193]. In our model, we include a new enzyme activ-
ity, glutamate dehydrogenase. For that enzyme we use experimental estimates for both its
activity and Michaelis constant [84]. Since we are considering two novel tissues we identify
experimental measurements for several key parameters that are specific to those tissues, and
we fit or refit multiple parameters. Each chapter includes a table listing experimental sources
for parameters that were changed based on direct measurements. Other parameter changes
are discussed in the text itself.

The electrical potential gradient depends on the difference in charges across the inner
membrane of the mitochondrion, and drives the activity of ATP synthase. The gradient is
determined by the net flux across the inner membrane of the mitochondrion, in our model the
net charge across the inner membrane is influenced by the members of the electron transport
chain (JC1, JC3, and JC4), hydrogen leak (JHle), ATP synthase (JF1), and adenosine nucleotide
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translocase (JANT). Notably, while the stoichiometry of all these fluxes are well-understood
aside from ATP synthase, where the necessary hydrogen flux is controversial, thus the flux
term for ATP synthase has a parameter nA that determines the stochiometry of the flux. In
our model, nA is three. The electrical potential gradient is reported in millivolts.

d∆Ψ

dt
= (+4JC1 + 2JC3 + 4JC4 − nAJF1 − JANT − JHle − JKle + JASPGLU) /CIM (2.1)

The proton motive force may be calculated using the electrical potential gradient and the
hydrogen ion concentrations in the matrix and intermembrane space as follows:

PMF = ∆Ψ +
RT ln(10)

F
(log10([H

+
i ])− log10([H

+
x ])) (2.2)

By far the most important compartment for our model is the mitochondrial matrix. The
mitochondrial matrix includes all of the reactions involved in the TCA cycle (Jacon, Jisod,
Jakgd, Jscoas, Jsdh, Jfum, Jmdh, Jgot, and Jcits) and pyruvate oxidation (Jpdh). Aside from these
reactions, there are several fluxes that we identify as significant, both the ones related to
oxidative phosphorylation mentioned before, several transporters that control the quanti-
ties of TCA cycle intermediates within the mitochondrial matrix (JPYRH, JMALPI, JSUCPI,
JSUCMAL, JAKGMAL, and JCITMAL), and several other transporters (JPIHt, JANT, JKH, JGLUH,
and JASPGLU). The concentrations of certain essential compounds are fixed, most notably
the oxygen concentration. We consider a range of oxygen concentrations in our work. In
what follows, we use the subscript ‘x’ for matrix concentrations, ‘i’ for intermembrane space
concentrations, and ‘c’ for cytosolic concentrations.

d[ATP]x
dt

= (+Jndk + JF1 − JANT) /Wx (2.3)

d[ADP]x
dt

= (−Jndk − JF1 + JANT ) /Wx (2.4)

d[AMP]x
dt

= 0/Wx (2.5)

d[GTP]x
dt

= (+Jscoas − Jndk) /Wx (2.6)

d[GDP]x
dt

= (−Jscoas + Jndk) /Wx (2.7)

d[PI]x
dt

= (−Jscoas − JF1 + JPIHt − JSUCPI − JMALPI) /Wx (2.8)

d[NADH]x
dt

= (+Jpdh + Jisod + Jakgd + Jmdh − JC1) /Wx (2.9)

10



d[QH2]x
dt

= (+Jsdh + JC1 − JC3) /Wx (2.10)

d[PYR]x
dt

= (−Jpdh + JPYRH) /Wx (2.11)

d[ACCOA]x
dt

= (−Jcits + Jpdh) /Wx (2.12)

d[CIT]x
dt

= (+Jcits − Jacon + JCITMAL) /Wx (2.13)

d[ICIT]x
dt

= (+Jacon − Jisod) /Wx (2.14)

d[AKG]x
dt

= (+Jisod − Jakgd − Jgot + JAKGMAL) /Wx (2.15)

d[SCOA]x
dt

= (+Jakgd − Jscoas) /Wx (2.16)

d[COASH]x
dt

= (−Jpdh − Jakgd + Jscoas + Jcits) /Wx (2.17)

d[SUC]x
dt

= (+Jscoas − Jsdh + JSUCMAL) /Wx (2.18)

d[FUM]x
dt

= (+Jsdh − Jfum) /Wx (2.19)

d[MAL]x
dt

= (+Jfum − Jmdh + JMALPI − JAKGMAL − JCITMAL − JSUCMAL) /Wx (2.20)

d[OAA]x
dt

= (−Jcits + Jmdh + Jgot) /Wx (2.21)

d[GLU]x
dt

= (+Jgot + JGLUH − JASPGLU) /Wx (2.22)

d[ASP]x
dt

= (−Jgot + JASPGLU) /Wx (2.23)

d[O2]x
dt

= 0/Wx (2.24)

d[CO2tot]x
dt

= 0/Wx (2.25)

For the liver, our model includes the activity of glutamate dehydrogenase (Jgdh), which
converts glutamate into alpha-ketogluterate. With this adjustment the model has the follow-
ing structure:

d[AKG]x
dt

= (+Jisod − Jakgd − Jgot + JAKGMAL + Jgdh) /Wx (2.26)

d[GLU]x
dt

= (+Jgot + JGLUH − JASPGLU − Jgdh) /Wx (2.27)
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d[NADH]x
dt

= (+Jpdh + Jisod + Jakgd + Jmdh − JC1 + Jgdh) /Wx (2.28)

The intermembrane space connects the mitochondrial matrix and the cytosol (or for
isolated mitochondria, the surrounding compartment). The inner membrane is relatively
impermeable, relying on several transporters to maintain the flux of solutes between the
matrix and the intermembrane space (transporters and oxidative phosphorylation complexes
mentioned previously). On the other hand, the outer membrane is highly permeable, and
so the intermembrane space & cytosol are coupled by passive diffusion in multiple solutes
(JATP, JADP, JAMPt, JPIt, JPYRt, JCITt, JICITt, JAKGt, JSUCt, JMALt, JGLUt, and JASPt). These
two connections give us the following equations:

d[Cred]i
dt

= (+2JC3 − 2JC4) /Wi (2.29)

d[ATP]i
dt

= (+JATP + JANT + JAKi) /Wi (2.30)

d[ADP]i
dt

= (+JADP − JANT − 2JAKi) /Wi (2.31)

d[AMP]i
dt

= (JAMPt + JAKi) /Wi (2.32)

d[PI]i
dt

= (−JPIHt + JPIt + JMALPI) /Wi (2.33)

d[PYR]i
dt

= (−JPYRH + JPYRt) /Wi (2.34)

d[CIT]i
dt

= (−JCITMAL + JCITt) /Wi (2.35)

d[ICIT]i
dt

= (−JICITMAL + JICITt) /Wi (2.36)

d[AKG]i
dt

= (−JAKGMAL + JAKGt) /Wi (2.37)

d[SUC]i
dt

= (+JSUCt − JSUCMAL) /Wi (2.38)

d[FUM]i
dt

= 0/Wi (2.39)

d[MAL]i
dt

= (−JMALPI + JMALt + JAKGMAL + JCITMAL + JSUCMAL) /Wi (2.40)

d[GLU]i
dt

= (−JGLUH + JASPGLU + JGLUt) /Wi (2.41)

d[ASP]i
dt

= (−JASPGLU + JASPt) /Wi (2.42)

Our model covers two cases, in the first case, the outer compartment is the external space

12



in which the isolated mitochondria are found. This case is important for several experimental
frameworks used for measuring the P/O ratio, oxygen consumption, and hydrogen leak:

d[ATP ]c
dt

= −JATPt/Wc (2.43)

d[ADP ]c
dt

= −JADPt/Wc (2.44)

d[AMP]c
dt

= 0/Wc (2.45)

d[PI]c
dt

= −JPIt/Wc (2.46)

d[PYR]c
dt

= −JPYRt/Wc (2.47)

d[CIT]c
dt

= −JCITt/Wc (2.48)

d[ICIT]c
dt

= −JICITt/Wc (2.49)

d[AKG]c
dt

= −JAKGt/Wc (2.50)

d[SUC]c
dt

= −JSUCt/Wc (2.51)

d[FUM]c
dt

= 0/Wc (2.52)

d[MAL]c
dt

= −JMALt/Wc (2.53)

d[GLU]c
dt

= −JGLUt/Wc (2.54)

d[ASP]c
dt

= −JASPt/Wc (2.55)

d[PCr]c
dt

= 0/Wc (2.56)

If the external space is the cytoplasm, then the system is forced to remain at its non-
equilibrium steady state by clamping the concentration of pyruvate in the cytoplasm. This
ensures that the mitochondrion will not exhaust its supply of pyruvate and that it will
continue to produce ATP. Otherwise most compounds are determined by the diffusion across
the outer mitochondrial membrane. The exceptions to this were the ATP consumption
(JAtC), in addition, ADP may phosphorylate ADP, producing ATP and AMP (JAKe), and
the creatine kinase reaction which consumes creatine and ADP to produce ATP and hydrogen
ions (JCKe).
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d[ATP]c
dt

=

(
−Vcyto
Vmito

JATPt −QATP + JCKe + JAKe

)
/Wc (2.57)

d[ADP]c
dt

=

(
−Vcyto
Vmito

JADPt +QATP − JCKe − 2JAKe

)
/Wc (2.58)

d[AMP]c
dt

=

(
−Vcyto
Vmito

JAMPt + JAKc

)
/Wc (2.59)

d[PI]c
dt

=

(
−Vcyto
Vmito

JPIt + JAKc

)
/Wc (2.60)

d[PYR]c
dt

= 0/Wc (2.61)

d[CIT]c
dt

= −Vcyto
Vmito

JCITt/Wc (2.62)

d[AKG]c
dt

= −Vcyto
Vmito

JAKGt/Wc (2.63)

d[SUC]c
dt

= −Vcyto
Vmito

JSUCt/Wc (2.64)

d[FUM]c
dt

= 0/Wc (2.65)

d[MAL]c
dt

= −Vcyto
Vmito

JMALt/Wc (2.66)

d[GLU]c
dt

= −Vcyto
Vmito

JGLUt/Wc (2.67)

d[ASP]c
dt

= −Vcyto
Vmito

JASPt/Wc (2.68)

d[PCr]c
dt

= −JCKe/Wc. (2.69)

Some quantities were calculated explicitly from the above differential equations, assuming
that the sum of two concentrations were conserved. This required us to find the pooled
concentration of NAD+ and NADH, of ubiquinone (oxidized coenzyme Q) and ubiquinol
(reduced coenzyme Q), and Cytochrome C in both its reduced & oxidized forms. This gives
us the following additional equations:

[NAD+]x = NADtot − [NADH]x (2.70)

[COQ]x = Qtot − [QH2]x (2.71)

[Cox]i = cytCtot − [Cred]i (2.72)
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So far we have ignored the ion concentrations of hydrogen, magnesium, and potassium.
These ion concentrations are fixed in the intermembrane space and cytosol. In the mito-
chondrial matrix these quantities are not fixed. Their kinetics are complex because there
are binding sites that the ions compete for and the mitochondrial matrix is buffered. Here
we provide the equations describing their kinetics, and several quantities to simplify the
equations. This model is derived in Beard and Qian [10] in the chapter “Biochemical Re-
action Networks”. Starting with the big picture, we have the following expressions for the
derivatives of the ion concentrations, whose terms we will write out explicitly below:

d [H+]x
dt

=

[(
∂ [Kbound]

∂
[
Mg2+

] · ∂ [Mgbound]

∂ [K+]
− αMgαK

)
ΦH (2.73)

+

(
αK

∂ [Hbound]

∂
[
Mg2+

] − ∂ [Hbound]

∂ [K+]
· ∂ [Kbound]

∂
[
Mg2+

])ΦMg

+

(
αMg

∂ [Hbound]

∂ [K+]
− ∂ [Hbound]

∂
[
Mg2+

] · ∂ [Mgbound]

∂ [K+]

)
ΦK

]
/D

d
[
Mg2+

]
x

dt
=

[(
αK

∂ [Mgbound]

∂ [H+]
− ∂ [Kbound]

∂ [H+]
· ∂ [Mgbound]

∂ [K+]

)
ΦH (2.74)

+

(
αH

∂ [Kbound]

∂
[
Mg2+

] − ∂ [Kbound]

∂ [H+]
· ∂ [Hbound]

∂
[
Mg2+

])ΦMg

+

(
∂ [Mgbound]

∂ [H+]
· ∂ [Hbound]

∂
[
Mg2+

] − αHαMg

)
ΦK

]
/D

d
[

K+
]
x

dt
=

[(
αMg

∂ [Kbound]

∂ [H+]
− ∂ [Kbound]

∂
[
Mg2+

] · ∂ [Mgbound]

∂ [H+]

)
ΦH (2.75)

+

(
αH

∂ [Kbound]

∂
[
Mg2+

] − ∂ [Kbound]

∂ [H+]
· ∂ [Hbound]

∂
[
Mg2+

])ΦMg

+

(
∂ [Mgbound]

∂ [H+]
· ∂ [Hbound]

∂
[
Mg2+

] − αHαMg

)
ΦK

]
/D

We’ll start by unpacking the expressions that are not partial derivatives. These include
the denominator, the expressions connecting the binding to the cross-membrane fluxes of the
model (ΦH , ΦMg, and ΦK), and the buffer terms (αH , αMg, and αK). In what follows, Li un-
der a summation refers to a generic reactant with hydrogen or the two metal ions considered,
the full list of such reactants includes ATP, ADP, AMP, GTP, phosphate, NADH/NAD+,
coenzyme Q, oxaloacetate, acetyl-CoA, citrate, isocitrate, alphaketogluterate, succinyl-CoA,
coenzyme A, succinate, fumerate, malate, glutamate, aspartate, cytochrome C, oxygen, wa-
ter, FADH2/FAD2+, carbon dioxide, phosphocreatinine, creatinine, pyruvate, glucose, and
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glucose-6-phosphate. These reactants will also appear in the partial derivative expressions
below.

D =αH
∂ [Kbound ]

∂
[
Mg2+

] · ∂ [Mgbound ]

∂ [K+]
+ αK

∂ [Hbound ]

∂
[
Mg2+

] · ∂ [Mgbound ]

∂ [H+]
(2.76)

+ αMg
∂ [Hbound ]

∂ [K+]
· ∂ [Kbound ]

∂ [H+]
− αMgαKαH

− ∂ [Hbound ]

∂ [K+]
· ∂ [Kbound ]

∂
[
Mg2+

] · ∂ [Mgbound ]

∂ [H+]

− ∂ [Hbound ]

∂
[
Mg2+

] · ∂ [Mgbound ]

∂ [K+]
· ∂ [Kbound ]

∂ [H+]

αH = 1 +
∂ [Hbound ]

∂ [H+]
+

Bx

KBx (1 + [H+] /KBx)
2 (2.77)

αMg = 1 +
∂ [Mgbound ]

∂
[
Mg2+

] , (2.78)

αK = 1 +
∂ [Kbound ]

∂ [K+]
(2.79)

ΦH = −
Nr∑
i=1

∂ [Hbound ]

∂ [Li]

d [ Li]

dt
+

Nf∑
k=1

nkJk + JHt , (2.80)

ΦMg = −
Nr∑
i=1

∂ [Mgbound ]

∂ [Li]

d [ Li]

dt
+ JMg

t (2.81)

ΦK = −
Nr∑
i=1

∂ [Kbound ]

∂ [Li]

d [ Li]

dt
+ JKt (2.82)

Nf∑
k=1

nkJk = (−Jpdh + 2Jdits − Jakgd + Jscoas + Jmdh) /Wx, (2.83)

JHt = (JPYRH + JGLUH + JCTTMAL − JASPGLU − 5JC1 − 2JC3 − 4JC4 + (nA − 1) JF1

+2JPHt + JHle − JKH) /Wx (2.84)

JMg
t = 0 (2.85)

JKt = JKH/Wx (2.86)

The remaining terms to define are partial derivatives of bound ions relative to the free
concentration of each of the other above ions. These establish the extent to which an increase
in the concentration of one ion will impact the binding opportunities for another ion.
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∂ [Hbound ]

∂
[
Mg2+

] = −
Nr∑
i=1

[Li] [H+] /KH
i

KMg
i

(
Pi
(
[H+] ,

[
Mg2+

]
, [K+]

))2 (2.87)

∂ [Hbound ]

∂ [K+]
= −

Nr∑
i=1

[Li] [H+] /KH
i

KK
i

(
Pi
(
[H+] ,

[
Mg2+

]
, [K+]

))2 (2.88)

∂ [Hbound ]

∂ [H+]
=

Nr∑
i=1

[Li]
(

1 +
[
Mg2+

]
/KMg

i + [K+] /KK
i

)
KH
i

(
Pi
(
[H+] ,

[
Mg2+

]
, [K+]

))2 , (2.89)

∂ [Mgbound ]

∂ [H+]
= −

Nr∑
i=1

[Li]
[
Mg2+

]
/KMg

i

KH
i

(
Pi
[
[H+] ,

[
Mg2+

]
, [K+]

))2 , (2.90)

∂ [Mgbound ]

∂ [K+]
= −

Nr∑
i=1

[Li]
[
Mg2+

]
/KMg

i

KK
i

(
Pi
(
[H+] ,

[
Mg2+

]
, [K+]

))2 , (2.91)

∂ [Mgbound ]

∂
[
Mg2+

] =
Nr∑
i=1

[Li]
(
1 + [H+] /KH

i + [K+] /KK
i

)
KMg
i

(
Pi
(
[H+] ,

[
Mg2+

]
, [K+]

))2 , (2.92)

∂ [Kbound ]

∂ [H+]
= −

Nr∑
i=1

[Li] [K+] /KK
i

KH
i

(
Pi
(
[H+] ,

[
Mg2+

]
, [K+]

))2 , (2.93)

∂ [Kbound ]

∂
[
Mg2+

] = −
Nr∑
i=1

[Li] [K+] /KK
i

KMg
i

(
Pi
(
[H+] ,

[
Mg2+

]
, [K+]

))2 (2.94)

∂ [Kbound ]

∂ [K+]
=

Nr∑
i=1

[Li]
(

1 + [H+] /KH
i +

[
Mg2+

]
/KMg

i

)
KK
i

(
Pi
(
[H+] ,

[
Mg2+

]
, [K+]

))2 (2.95)

where Pi
(
[H+] ,

[
Mg2+

]
, [K+]

)
is the reaction polynomial which may be expressed as

follows:

Pi
([

H+
]
,
[
Mg2+

]
,
[
K+
])

= 1 +
[H+]

KH
i

+
[Mg2+]

KMg
i

+
[K+]

KK
i

(2.96)

The complexity of ion binding is due to the many charged particles in the mitochondrial
matrix to which these metal ions and protons may bind, and the complex buffering of ions
in the cell.
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Parameter Model Value (µM)

KmA 38.3
KmB 9.9
KmC 60.7

KiNADH 40.2
KiACCOA 40.0

Table 2.1: Kinetic parameters for pyruvate dehydrogenase.

2.1 Matrix Reactions

In this section we deal with reactions happening in the mitochondrial matrix, the majority of
these reactions are directly related to the TCA cycle or pyruvate oxidation. Both biochemi-
cal pathways are subject to significant regulatory complexities, we will point it out where it
occurs and where it is important we will indicate where the kinetics of the enzymes involved
are discussed more at-length.

Pyruvate in the mitochondrial matrix is consumed by pyruvate dehydrogenase alongside
coenzyme A and NAD+ to produce acetyl-CoA, NADH, and carbon dioxide. Pyruvate de-
hydrogenase may be phosphorylated by pyruvate dehydrogenase kinase, inhibiting pyruvate
dehydrogenase. Pyruvate dehydrogenase kinase itself is activated by NADH and acetyl-CoA,
and thus pyruvate dehydrogenase activity is inhibited by both. The kinetics of pyruvate
dehydrogenase are as follows:

Jpdh =
Vmf

(
1− 1

Keq,pdh

[CO2]x[ACCOA]x[NADH]x
[PYR]x[COASH]x[NAD]x

)
KmCαi2[PYR]x[COASH]x +KmBαi1[PYR]x[NAD]x +KmA[COASH]x[NAD]x

(2.97)

+ [PYR]x[COASH]x[NAD]x

The inhibition is represented in the terms αi1 and αi2, which are as follows:

αi1 = 1 +
[ACCOA]x
KiACCOA

(2.98)

αi2 = 1 +
[NADH]x
KiNADH

(2.99)

Pyruvate dehydrogenase kinetics are described at length in Cox & Nelson [33], and the reac-
tion mechanism used to arrive at these kinetics are found in the appendix of Wu et al [193].
The parameters for Jpdh are summarized in Table 2.1. The form of the equilibrium constant
here and below are discussed in the supplementary material for Wu et al. [193].

Acetyl-CoA produced by pyruvate dehydrogenase is consumed by citrate synthase along
with oxaloacetate to produce citrate. Citrate synthase is also subject to complex regula-
tion, including competitive inhibition by unchelated citrate of the oxaloacetate binding site,
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Parameter Model Value (µM)

KmA 4
KmB 14
Kia 3.33

KiCIT 1600
KiATP 900
KiADP 1800
KiAMP 6000

KiCOASH 67
KiSCOA 140

Table 2.2: Kinetic parameters for citrate synthase.

and uncompetitive inhibition by unchelated adenine nucleotides, unchelated coenzyme A,
unchelated acetyl-CoA, and unchelated succinyl-CoA against the enzyme-acetyl-CoA com-
plex, this gives us:

Jcits =
Vmf

(
[OAA]x[ACCOA]x − [COASH]x[CIT]x

Keq,cits

)
KiaKmBαi1 +KmAαi1[ACCOA]x +KmBαi2[OAA]x + [OAA]x[ACCOA]x

(2.100)

where αi1 and αi2 are as follows:

αi1 = 1 +
[uCIT]x
KiCIT

(2.101)

αi2 = 1 +
[uATP]x
KiATP

+
[uADP]x
KiADP

+
[uAMP]x
KiAMP

+
[uCOASH]x
KiCOASH

+
[uSCOA]x
KiSCOA

(2.102)

Here the prefix indicates that the compounds are unchelated. The mechanism underlying
this model of citrate synthase is a mechanism described by Wu et al [193]. We give a list of
parameters in Table 2.2.

Acontinase converts citrate to isocitrate, and has a simple reaction mechanism. Naturally,
its kinetics reflect this simplicity. It may be expressed as follows:

Jacon =
VmfVmr

(
[CIT]x − [ICIT]x

Keq,acon

)
KmAVmr + Vmr[CIT]x +

Vmf

Keq, acon
[ICIT]x

(2.103)

The parameters are catalogued in Table 2.3. Vmr may be calculated as VmfKmAK
−1
mPK

−1
eq,acon.

Isocitrate is then converted by isocitrate dehydrogenase to alpha-ketogluterate. In the
process NAD+ is reduced to NADH, and carbon dioxide is produced. Free ATP acts as
an allosteric inhibitor and free ADP may bind to the same site to prevent ATP-dependent
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Parameter Model Value (µM)

KmA 1161
KmP 434

Table 2.3: Kinetic parameters for acontinase.

Parameter Model Value (µM)

KmA 74
KmB 183
nH 3 (unitless)
Kib 23.8
Kiq 29

KiATP 91
KaADP 50

Table 2.4: Kinetic parameters for isocitrate dehydrogenase.

inhibition (below we denote free ATP/ADP with a prefix f). NADH also competes for the
binding site of NAD+. The reaction mechanism is discussed in the appendix of Wu et al.
[193], and the regulation of the reaction is discussed at length in Kohn and Garfinkel [91].
Altogether we get the following expression for the flux via isocitrate dehydrogenase:

Jisod =
Vmf

(
1− 1

Keq,isod

[AKG]x[NADH]x[CO2]x
[NAD]x[ICIT]x

)
1 +

(
KmB

[ICIT]x

)nH

αi + KmA

[NAD]x

(
1 +

(
Kib

[ICIT]x

)nH

αi + [NADH]x
Kiq

αi

) (2.104)

For the unitless exponent nH , we use the value 3 like in Wu et al [193]. Where the regulatory
term αi may be expressed as follows:

αi = 1 +
Ka,ADP

[fADP]x

[fATP]x
KiATP

(2.105)

The kinetic parameters included are listed in Table 2.4.

Alpha-ketogluterate is used and produced by multiple reactions including the above reac-
tion, in our exposition we will first introduce how it may be consumed to continue the TCA
cycle. However we will return to alpha-ketogluterate again. Alpha-ketogluterate dehydroge-
nase consumes alpha-ketogluterate and continues the progression of intermediates through
the TCA cycle. The reaction mechanism is discussed in the appendix of Wu et al. [193],
and the inhibition-activation by adenine nucleotides is discussed by Kohn and Garfinkel [91].
The kinetics may be expressed as follows:

Jakgd =
Vmf

(
1− 1

Keq,akgd

[CO2]x[SCOA]x[NADH]x
[AKG]x[COASH]x[NAD]x

)
(

1 + KmA

[AKG]x
αi + KmB

[COASH]x

(
1 + [SCOA]x

Kiq

)
+ KmC

[NAD]x

(
1 + [NADH]x

Kir

)) (2.106)

20



Parameter Model Value (µM)

KmA 80
KmB 55
KmC 21
Kiq 6.9
Kir 0.6

KiATP 50
KaADP 100

Table 2.5: Kinetic parameters for alphaketogluterate dehydrogenase.

Where the regulatory term α1 may be expressed as follows:

αi = 1 +
Ka,ADP

[fADP]x

[fATP]x
KiATP

(2.107)

The kinetic parameters included are listed in Table 2.5.

Alpha-ketogluterate is oxidized by the above reaction to succinyl-CoA, and in the pro-
cess NAD+ is reduced to NADH. Succinyl-CoA is consumed by succinyl-CoA synthetase to
produce succinate, in the process GDP is phosphorylated to GTP. Coenzyme A is also pro-
duced as a side product. While the reaction is not subject to serious regulation, the reaction
catalysed by succinyl-CoA synthetase is quite complex and the expression for succinyl-CoA
synthetase activity is as follows:

Jscoas =
VmfVmr

(
[GDP]x[SCOA]x[PI]x − [COASH]x[SUC]x[GTP]x

Keq,scoas

)
VmrKiaKibKmC + VmrKibKmc[GDP]x + VmrKiaKmB[PI]x + VmrKmC [GDP]x[SCOA]x

(2.108)

+ VmrKmB[GDP]x[PI]x + VmrKmA[SCOA]x[PI]x + Vmr[GDP]x[SCOA]x[PI]x

+
VmfKirKmQ[COASH]x

Keq,scoas

+
VmfKiqKmP [GTP]x

Keq,scoas

+
VmfKmR[COASH]x[SUC]x

Keq,scoas

+
VmfKmQ[COASH]x[GTP]x

Keq,scoas

+
VmfKmP [SUC]x[GTP]x

Keq,scoas

+
Vmf [COASH]x[SUC]x[GTP]x

Keq,scoas

+
VmfKmQKir[GDP]x[COASH]x

KiaKeq,scoas

+
VmrKiaKmB[PI]x[GTP]x

Kir

+
VmfKmQKir[GDP]x[SCOA]x[SUC]x

KiaKibKeq,scoas

+
VmrKmA[SCOA]x[PI]x[GTP]x

Kir

+
VmfKmR[GDP]x[COASH]x[SUC]x

KiaKeq,scoas

+
VmrKiaKmB[PI]x[SUC]x[GTP]x

KiqKir

+
VmfKirKmQ[GDP]x[SCOA]x[PI]x[COASH]x

KiaKibKicKeq,scoas

+
VmfKipKmR[GDP]x[SCOA]x[PI]x[SUC]x

KiaKibKicKeq,scoas

+
VmfKmR[GDP]x[SCOA]x[COASH]x[SUC]x

KiaKibKeq,scoas
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+
VmfKmA[SCOA]x[PI]x[SUC]x[GTP]x

KiqKir

+
VmrKmAKic[SCOA]x[COASH]x[SUC]x[GTP]x

KipKiqKir

+
VmrKiaKmB[PI]x[COASH]x[SUC]x[GTP]x

KipKiqKir

+
VmfKmR[GDP]x[SCOA]x[PI]x[COASH]x[SUC]x

KiaKibKicKeq,scoas

+
VmfKmA[SCOA]x[PI]x[COASH]x[SUC]x[GTP]x

KipKiqKir

The parameters for this reaction are included in Table : The kinetic parameters included are
listed in Table 2.6. Vmr may be calculated as VmfK

−1
eq,scoasK

−1
mPK

−1
iq K

−1
ir K

−1
ia K

−1
ib K

−1
mC .

Parameter Model Value (µM)

KmA 16
KmB 55
KmC 660
KmP 20
KmQ 880
KmR 11.1
Kia 5.5
Kib 100
Kic 2000
Kip 20
Kiq 3000
Kir 11.1

Table 2.6: Kinetic parameters for succinyl-CoA synthetase.

Succinate dehydrogenase, as well as being an enzyme involved in oxidative phosphory-
lation, directly catalyzes a step of the TCA cycle. Succinate from the above reaction is
consumed by Complex II, allowing Complex II to donate an electron to coenzyme Q, an
intermediate in oxidative phosphorylation, and producing fumarate in the process. The re-
action mechanism assumed by the Kohn-Garfinkel model and used in Wu et al. [193] doesn’t
explicitly include the implicit reduction and then oxidation of FAD/FADH2 that occurs in
this process. The reaction is represented with the following kinetics:

Jsdh =
VmfVmr

(
[SUC]x[COQ]x − [QH2]x[FUM]x

Keq,sdh

)
VmrKiaKmBαi + VmrKmB[SUC]x + VmrKmAαi[COQ]x +

VmfKmQαi

Keq,sdh
[QH2]x +

VmfKmP

Keq,sdh
[FUM]x

+ Vmr[SUC]x[COQ]x +
VmfKmQ

Keq,sdhKia

[SUC]x[QH2]x +
VmrKmA

Kiq

[COQ]x[FUM]x

+
Vmf
Keq,sdh

[QH2]x[FUM]x (2.109)
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Parameter Model Value (µM)

KmA 467
KmB 480
KmP 2.45
KmQ 1200
Kia 120
Kiq 1275

KiOAA 1.5
KaSUC 450
KaFUM 375

Table 2.7: Kinetic parameters for succinate dehydrogenase.

Where αi is an inhibition-activation term, with activation by succinate and fumarate, and
competitive inhibition of that activation by oxaloacetate. Altogether that gives us the fol-
lowing regulatory term αi:

αi =

(
1 + [OAA]x

KiOAA
+ [SUC]x

KaSUC
+ [FUM]x

KaFUM

)
(

1 + [SUC]x
KaSUC

+ [FUM]x
KaFUM

) (2.110)

The parameters governing succinate dehydrogenase are found in Table 2.7. Vmr can be
calculated as VmfKmPKiqK

−1
eq,sdhK

−1
ia K

−1
mB

Fumarate is in-turn consumed by fumarase to produce malate. Fumarase also binds to
citrate, free adenine nucleotides, GTP, and GDP competitively. The mechanism is discussed
in Wu et al. [193]:

Jfum =
VmfVmr

(
[FUM]x − [MAL]x

Keq,fum

)
KmAVmrαi + Vmr[FUM]x +

Vmf [MAL]x
Keq,fum

(2.111)

Where αi may be written as follows (as previously, the prefix f denotes that it is free, disso-
ciated nucleotides):

αi = 1 +
[CIT]x
KiCIT

+
[fATP]x
KiATP

+
[fADP]x
KiADP

+
[fGTP]x
KiGTP

+
[fGDP]x
KiGDP

(2.112)

The kinetic parameters included are listed in Table 2.8. Vmr is calculated as VmfKmPK
−1
eq,fum

K−1
mA.

Malate from the previous reaction is consumed by malate dehydrogenase, generating
oxaloacetate, which will be used to generate citrate, completing the TCA cycle. Malate
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Parameter Model Value (µM)

KmA 44.7
KmP 197.7
KiCIT 3500
KiATP 40
KiADP 400
KiGTP 80
KiGDP 330

Table 2.8: Kinetic parameters for fumarase.

dehydrogenase reduces NAD+ to NADH during the process. Malate dehydrogenase is com-
petitively inhibited at the NAD+/NADH site by adenine nucleotides. Malate dehydrogenase’s
kinetics may be described as follows:

Jmdh =
VmfVmr

(
[NAD]x[MAL]x − [OAA]x[NADH]x

Keq,mdh

)
VmrKiaKmBαi + VmrKmB[NAD]x + VmrKmAαi[MAL]x +

VmfKmQαi[OAA]x
Keq,mdh

+
VmfKmP [NADH]x

Keq,mdh

(2.113)

+ Vmr[NAD]x[MAL]x +
VmfKmQ[NAD]x[OAA]x

Keq,mdhKia

+
Vmf [OAA]x[NADH]x

Keq,mdh

+
VmrKmA[MAL]x[NADH]x

Kiq

+
Vmr[NAD]x[MAL]x[OAA]x

Kip

+
Vmf [MAL]x[OAA]x[NADH]x

KibKeq,mdh

The competitive inhibition by adenine nucleotides is included in the above expression in the
αi term. It is written as follows:

αi = 1 +
[fATP]x
KiATP

+
[fADP]x
KiADP

+
[fAMP]x
KiAMP

(2.114)

Malate dehydrogenase completes the essential components of the TCA cycle, the reaction
mechanism is noted in Wu et al [193]. The kinetic parameters included are listed in Table
2.9. Vmr may be calculated as VmfKiqKmPK

−1
eq,mdhK

−1
ia K

−1
mB.

We include multiple other reactions, we start with nucleoside diphosphokinase. Nucleoside
disphosphokinase transfers a phosphate group from magnesium-bound GTP to a magnesium-
bound ADP to produce ATP, we represent its kinetics as follows (see Wu et al. [193] for the
reaction mechanism):

Jndk =
VmfVmr

(
[GTP]x[ADP]x − [GDP]x[ATP]x

Keq,ndk

)
/αi

VmrKmB[GTP]x + VmrKmA[ADP]x +
VmfKmQ[GDP]x

Keq,ndk
+

VmfKmP [ATP]x
Keq,ndk

+ Vmr[GTP]x[ADP]x

(2.115)
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Parameter Model Value (µM)

KmA 90.55
KmB 250
KmP 6.128
KmQ 2.58
Kia 279
Kib 360
Kip 5.5
Kiq 3.18

KiATP 183.2
KiADP 394.4
KiAMP 420.0

Table 2.9: Kinetic parameters for malate dehydrogenase.

+
VmfKmQ[GTP]x[GDP]x

Keq,ndkKia

+
Vmf [GDP]x[ATP]x

Keq,ndk

+
VmrKmA[ADP]x[ATP]x

Kiq

Nucleoside disphosphokinase is regulated by free AMP, leading to the αi in the above equa-
tion, which may be written as follows:

αi = 1 +
[fAMP]x
KiAMP

(2.116)

The kinetic parameters included are listed in Table 2.10. Vmr may be calculated as VmfKmQKip

K−1
eq,ndkK

−1
ia K

−1
mB.

Parameter Model Value (µM)

KmA 111
KmB 100
KmP 260
KmQ 278
Kia 170
Kib 143.6
Kip 146.6
Kiq 156.5

KiAMP 650

Table 2.10: Kinetic parameters for nucleoside disphosphokinase.

There are only two matrix compounds included in our model that we have not yet dis-
cussed, glutamate and aspartate. Glutamate and aspartate are both amino acids, and are
both used to a limited extent as a metabolic intermediate. Additionally, glutamate is a
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Parameter Model Value (µM)

KmA 3900
KmB 430
KmP 88
KmQ 8900
Kia 3480
Kib 710
Kip 50
Kiq 8400

KiAKG 16600

Table 2.11: Kinetic parameters for glutamate oxaloacetate transaminase.

neurotransmitter. Glutamate oxaloacetate transaminase (also known as aspartate transami-
nase) converts aspartate to glutamate, and in the process produces alpha-ketogluterate from
oxaloacetate. Glutamate oxaloacetate transaminase’s aspartate binding site is competitively
inhibited by alpha-ketogluterate. The reaction mechanism is discussed further in Wu et al
[193]:

Jgot =
VmfVmr

(
[ASP]x[AKG]x − [OAA]x[GLU]x

Keq,got

)
VmrKmB[ASP]x + VmrKmAαi[AKG]x +

VmfKmQαi[OAA]x
Keq,got

+
VmfKmP [GLU]x

Keq,got
+ Vmr[ASP]x[AKG]x

(2.117)

+
VmfKmQ[ASP]x[OAA]x

Keq,gotKia

+
Vmf [OAA]x[GLU]x

Keq,got

+
VmrKmA[AKG]x[GLU]x

Kiq

Where αi may be expressed as follows:

αi = 1 +
[AKG]x
KiAKG

(2.118)

The kinetic parameters included are listed in Table 2.11. Vmr may be calculated as VmfKmQKip

K−1
eq,gotK

−1
ia K

−1
mB.

Glutamate may also be consumed directly to produce alpha-ketogluterate by glutamate
dehydrogenase. Glutamate dehydrogenase activity is particularly relevant to hepatocytes in
the liver [84]. We use a simple kinetic description of glutamate dehydrogenase because the
only measurements we could find of glutamate dehydrogenase kinetics, based on the kinetic
model used in the experiments we relied on [84]. We represent glutamate dehydrogenase
activity as follows:

Jgdh = XGDH
[GLU]x[NAD+]x
KM, GLU + [GLU]x

(2.119)
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In Jonker et al. [84], they use an even simpler model that did not depend on NAD+. We
chose XGDH so that VGDH[NAD+] was what Jonker et al. measured to be the Vmax of their
simpler equation. This change was introduced in order to avoid failures of non-negativity in
our model.

Adenylate kinase acts both in the mitochondria and in the cytosol. Adenylate kinase
regulates the quantity of AMP in the cell by converting two ADP into AMP and ATP, and
is fast enough to be maintained at equilibrium. AMP plays an important regulatory role for
cellular metabolism. The kinetics of adenylate kinase are as follows:

JAKi =XAK (KAK[ADP]i[ADP]i − [AMP]i[ATP]i) (2.120)

2.2 Oxidative Phosphorylation

We will go through the process of oxidative phosphorylation in order, which is particularly
crucial to the work that follows. The flux through Complex I depends both on chemical
kinetics and the thermodynamic dependence of Complex I activity on the electrical potential
gradient:

JC1 = XCI

(
exp(−(∆rG

0
C1 − 4F∆Ψ)/RT )

[H+]5x
[H+]4i

[NADH]x[COQ]x − [NAD+]x[QH2]x

)
(2.121)

We see that the thermodynamic term gives an exponential dependence of the flux on the elec-
trical potential gradient. The reaction is written so that there is proportional dependence of
the forward and backward reactions on their reactants.

Complex III flux has similar kinetics, including exponential dependence on the electrical
potential gradient. It primarily differs in the stoichiometry of proton movement via Complex
III:

JC3 = XC3

(
1 + [PI]x/kPi,1
1 + [PI]x/kPi,2

)((
exp(−(∆rG

0
C3 − 2F∆Ψ)/RT )

[H+]2x
[H+]4i

)1/2

[Cox]i [QH2]
1/2
x −

[Cred]i[COQ]1/2x

)
(2.122)

The flux via Complex IV is different because it is not transferring an electron from one
intermediate to another, rather it is transferring an electron to its final resting place: an oxy-
gen molecule, in the process producing water. Once again the reaction exhibits exponential
dependence on the electrical potential gradient.

JC4 = XC4

(
1

1 + ko2/ [O2]

)
exp

(
F∆Ψ

RT

)(
[Cred]i
cytCtot

)((
[H+]4x
[H+]2i

exp(−(∆rG
0
C4 − 4F∆Ψ)/RT )

)1/2
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[Cred]i [O2]
1/4
x − [Cox]i

)
(2.123)

The final step of oxidative phosphorylation is ATP synthase (also known as Complex V or
F0F1-ATPase). ATP Synthase generates a significant portion of the total ATP produced by
mitochondrial respiration and consumes the majority of the oxygen used in aerobic respira-
tion:

JF1 = XF1

(
exp(−(∆rG

0
F1 − 4F∆Ψ)/RT )

[H+]nA
i

[H+]nA−1
x

PATP

PADPPPI

[ADP]x[PI]x − [ATP]x

)
(2.124)

where PATP, PADP, and PPI are the reaction polynomials associated with ATP, ADP, and
phosphate respectively. The reaction polynomials may be written explicitly as follows (they’re
also discussed above in relation to ion concentrations):

PATP = 1 +
[H+]x
KH,ATP

+
[K+]x
KK,ATP

+
[Mg2+]x
KMg,ATP

(2.125)

PADP = 1 +
[H+]x
KH,ADP

+
[K+]x
KK,ADP

+
[Mg2+]x
KMg,ADP

(2.126)

PPI = 1 +
[H+]x
KH,PI

+
[K+]x
KK,PI

+
[Mg2+]x
KMg,PI

(2.127)

2.3 Other Membrane Fluxes

The mitochondrion is composed of two compartments that allow for the reactions involved in
cellular respiration to be performed more efficiently as discussed above. The inner membrane
is highly impermeable and so relies heavily on transporters to regulate crucial concentrations
in the mitochondrion. We will begin our discussion of membrane fluxes with those trans-
porters.

A key transporter for understanding the behaviour of mitochondria is adenine nucleotide
translocase. Adenine nucleotide translocase swaps ATP and ADP across the inner mitochon-
drial membrane. Since ATP synthase converts ADP into ATP in the mitochondrial matrix,
the mitochondrial matrix needs a constant supply of ADP and a means of exporting its
ATP. More importantly however, adenine nucleotide translocase is a limiting flux for aerobic
respiration, meaning that the cell is highly sensitive to the activity of adenine nucleotide
translocase. We represent the kinetics of this crucial transporter as follows:

JANT =

(
XANT

1 + km,ADP/
[
ADP3−]

i

)( [
ADP3−]

i[
ADP3−]

i
+
[
ATP4−]

i
exp ((θ − 1)F∆Ψ/RT )

−

(2.128)
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[
ADP3−]

x[
ADP3−]

x
+
[
ATP4−]

x
exp (θF∆Ψ/RT )

)

Adenine nucleotide translocase is dependent on the electrical potential gradient because ATP
and ADP are both charged, but their exchange is not electroneutral.

Dihydrogen phosphate and a proton are co-transported across the inner membrane of the
mitochondrion. This supplies inorganic phosphate ions that may be used in ATP synthesis:

JPIHt = XPIHt ·
[
H2PO−

4

]
i
[H+]i −

[
H2PO−

4

]
x

[H+]x
kPIHt

(
1 +

[
H2PO−

4

]
i
/kPIHt

) (
1 +

[
H2PO−

4

]
x
/kPIHt

) (2.129)

Another crucial transporter is the potassium-hydrogen antiporter. The potassium-hydrogen
antiporter exchanges potassium ions for hydrogen ions according to simple mass-action ki-
netics. Typically hydrogen ions move into the mitochondrial matrix and potassium ions into
the intermembrane space. Once again, this flux is electoneutral. This gives us the following
kinetics:

JKH = XKH

([
K+
]
i

[
H+
]
x
−
[
K+
]
x

[
H+
]
i

)
(2.130)

Pyruvate and hydrogen ions are co-transported across the inner membrane of the mitochon-
drion. Since pyruvate is consumed by pyruvate dehydrogenase inside the cell, the pyruvate-
hydrogen co-transporter preferably transports pyruvate and hydrogen into the mitochondrial
matrix. Pyruvate-hydrogen co-transporter also follows mass-action kinetics and is electroneu-
tral, giving us the following kinetics:

JPYRH = XPYRH

([
PYR−]

i

[
H+
]
i
−
[
PYR−]

x

[
H+
]
x

)
(2.131)

Glutamate and hydrogen ions are also co-transported across the inner membrane of the
mitochondrion. When glutamate dehydrogenase activity is high, glutamate will be consumed
in the mitochondrial matrix. Otherwise it may not be so clear what flux to expect through
the glutamate-hydrogen co-transporter.

JGLUH = XGLUH

([
GLU−]

i

[
H+
]
i
−
[
GLU−]

x

[
H+
]
x

)
(2.132)

The above two transporters are examples of co-transporters of elemental ions and important
metabolites. They provide essential metabolites that the mitochondrion will use. On the
other hand, antiporting mechanisms for pairs of metabolites help to maintain appropriate
mixes of those pairs of metabolites. Our model includes four examples of this form: citrate-
malate antiporter which follows simple mass-action kinetics, alphaketogluterate-malate an-
tiporter, aspartate-glutamate antiporter, and succinate-malate antiporter. The latter three
follow more complex kinetics discussed in Wu et al [193]:

JCITMAL = XCITMAL

([
HCIT2−]

i

[
MAL2−]

x
−
[
HCIT2−]

x

[
MAL2−]

i

)
(2.133)
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JAKGMAL =
XAKGMAL ([AKG]i[MAL]x − [AKG]x[MAL]i)

KmAKGiKmMALx

(
2 + [MAL]i

KmMALi
+ [MAL]x

KmMALx
+ [AKG]i

KmAKGi
+ [AKG]x

KmAKGx

(2.134)

+
[MAL]i[AKG]x
KmMALiKmAKGx

+
[MAL]x[AKG]i
KmMALxKmAKGi

)
JASPGLU =

XASPGLU (Keq , ASPGLU [ASP]i[GLU]x [H+]x − [ASP]x[GLU]i [H
+]i)

Keq,ASPGLUKiASPKiGLUXKh,ASPGLU

(
2m+m [ASP]i

KiASPc
+

[ASP]i[GLU]x[H+]x
KiASPKiGLUKh,ASPGLU

+m
[ASP]x [H+]i

KiASPKh,ASPGLU

+
[ASP]x[GLU]i [H

+]i
KiSSPKiGLUiKh,ASPGLU

+m
[ASP]x
KiASPx

+m
[ASP]i [H

+]x
KiASPiKh,ASPGLU

+m
[H+]x

Kh,ASPGLU

+m
[GLU]i [H

+]i
KiGLUiKh,ASPGLU

+m
[H+]i

Kh,ASPGLU

+m
[GLU]x [H+]x
KiGLUx

)
(2.135)

JSUCMAL = XSUCMAL

([
SUC2−]

i

[
MAL2−]

x
−
[
SUC2−]

x

[
MAL2−]

i

)
(2.136)

Another regulator of malate concentrations in the mitochondrial matrix is the Malate-
Phosphate antiporter. This antiporter follows simple mass-action kinetics, like the citrate-
malate antiporter, and it exchanges inorganic phosphate for malate.

JMALPI = XMALPI

([
MAL2−]

i

[
PI2−

]
x
−
[
MAL2−]

x

[
PI2−

]
i

)
(2.137)

The last pair of fluxes between the mitochondrial matrix and the cell are particularly impor-
tant, they are the hydrogen and potassium leaks. These effects it is important to mention
are not electroneutral, they lead to a net flow of hydrogen and potassium ions into the mi-
tochondrial matrix. The mitochondrial electrical potential gradient will always favour leak
into the matrix for the same reason. As noted above in Section 1.3, these leak fluxes were
adjusted for Edwards, Palm, and Layton’s model [44] to match more recent kinetic data on
ion leakage across the mitochondria’s inner membrane.

JHLe = PH,leak

([
H+
]
i
exp

(
F∆Ψ

2RT

)
−
[
H+
]
x

exp

(
−F∆Ψ

2RT

))
(2.138)

JKLe = PK,leak

([
K+
]
i
exp

(
F∆Ψ

2RT

)
−
[
K+
]
x

exp

(
−F∆Ψ

2RT

))
(2.139)

The remaining membrane fluxes of interest connect the cytosol and the intermembrane space.
These fluxes represent passive diffusion because the outer mitochondrial membrane is highly
permeable and doesn’t for the most part depend on transporters to control the flux in the
quantities we include. The passive diffusion fluxes we include are as follows:

JATPt = γpA ([ATP]c − [ATP]i) (2.140)

JADPt = γpA ([ADP]c − [ADP]i) (2.141)

JAMPt = γpA ([AMP]c − [AMP]i) (2.142)

JPIt = γpPI([PI]c − [PI]i) (2.143)

JPYRt = γpTI ([PYR]c − [PYR]i) (2.144)
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JCITt = γpTI ([CIT]c − [CIT]i) (2.145)

JMALt = γpTI ([MAL]c − [MAL]i) (2.146)

JAKGt = γpTI ([AKG]c − [AKG]i) (2.147)

JSUCt = γpTI ([SUC]c − [SUC]i) (2.148)

JGLUt = γpTI ([GLU]c − [GLU]i) (2.149)

JASPt = γpTI ([ASP]c − [ASP]i) (2.150)

The outer membrane is highly permeable and so the cytosol and intermembrane space typi-
cally have very similar concentrations of all the above compounds.

2.4 Other Reactions in the Cytosol

ATP consumption is the most important remaining flux in the model. ATP consumption is
treated as independent of the system’s state by the previous model [44]. However we use
Michaelis-Menten dynamics for the cell’s ATP consumption (QATP), i.e.

QATP = QATP, max
[ATP ]c

Km + [ATP ]c
(2.151)

The parameterization of this equation is discussed in Section 3.2.1.

We also include glycolysis in some tissues (the liver by default, the mTAL optionally) as
follows (with KmGlyc chosen to be so small that it only serves to ensure non-negativity of
ADP levels for an otherwise relatively constant source term):

JGlyc = VGlyc
[ADP]c

KmGlyc + [ADP]c
(2.152)

In the cytosol, adenylate kinase (represented in our model by JAKc) and creatine kinase
(represented in our model by JCKc) impact adenine nucleotide homeostasis by controlling
AMP concentrations. Aside from being an adenine nucleotide, AMP plays an important
regulatory role in the cell. These reactions have a high capacity in our model and are kept
near equilibrium:

JAKc = XAK

(
KAK

[
ADP3−]2

c
−
[
AMP2−]

c

[
ATP4−]

c

)
(2.153)

JCKc = XCK

(
KCK

[
ADP3−]

c

[
PCr2−

]
c

[
H+
]
c
−
[
ATP4−]

c

[
Cr0
]
c

)
(2.154)

These reactions exhaust the fluxes included in our model.
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2.5 Full List of State Variables

State Variable Brief Description

Electrical Potential Gradient
(∆Ψ)

The gradient of ion activity across the inner
membrane, the only quantity in our model that is not

a molar concentration, measured in millivolts
Matrix Adenosine Triphosphate

([ATP]x)
A crucial cellular energy source produced primarily in

the mitochondrial matrix and transported to the
cytosol for consumption

Matrix Adenosine Diphosphate
([ADP]x)

An adenine nucleoside transported into the matrix to
be phosphorylated to ATP

Matrix Adenosine
Monophosphate ([AMP]x)

An adenine nucleoside with one less phosphate group
than adenine disphosphate

Matrix Gunanosine Triphosphate
([GTP]x)

A guanine nucleoside used to produce ATP in our
model

Matrix Guanosine Diphosphate
([GDP]x)

A gunanine nucleoside phosphorylated to GTP by
nucleoside disphosphokinase

Matrix Inorganic Phosphate
([PI]x)

Used to produce nucleosides that the cell uses for
energy

Matrix Nicotinamide Adenosine
Nucleoside ([NADH]x)

An electron carrier produced during the TCA cycle
that reduces Complex I and III

Matrix Reduced Coenzyme Q
([QH2]x)

An electron carrier and cofactor produced by Complex
I and II

Matrix Pyruvate ([PYR]x) An energy source & biproduct of glycolysis that is
broken down by pyruvate oxidation to be fed into the

TCA cycle
Matrix acetyl-Coenzyme A

([ACCOA]x)
An energized form of coenzyme A which may with
oxaloacetate produce citrate, the ‘first step’ of the

TCA cycle
Matrix Citrate ([CIT]x) An intermediate in the TCA cycle

Matrix Isocitrate ([ICIT]x) An intermediate in the TCA cycle
Matrix Alphaketogluterate

([AKG]x)
An intermediate in the TCA cycle

Matrix succinyl-Coenzyme A
([SCOA]x)

An intermediate in the TCA cycle, that again uses the
cofactor coenyme A

Matrix coenzyme A ([COASH]x) Unbound coenzyme A that may be used in multiple
processes previously mentioned

Matrix Succinate ([SUC]x) An intermediate in the TCA cycle that will be
discussed at length in Chapter 4

Matrix Fumerate ([FUM]x) An intermediate in the TCA cycle
Matrix Malate ([MAL]x) An intermediate in the TCA cycle
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Matrix Oxaloacetate ([OAA]x) An intermediate in the TCA cycle
Matrix Glutamate ([GLU]x) An amino acid that may contribute to the TCA cycle
Matrix Aspartate ([ASP]x) An amino acid that may contribute to the TCA cycle

Matrix Oxygen ([O2]x) Oxygen, which is consumed at several points in
mitochondrial respiration

Matrix Carbon Dioxide
([CO2tot]x)

A biproduct of oxygen consumption

Intermembrane Reduced
Cytochrome C ([Cred]i)

An electron carrier that is reduced by Complex III and
oxidized by Complex IV

Intermembrane Adenosine
Triphosphate ([ATP]i)

An adenosine nucleoside that is being transported to
the cytosol for consumption

Intermembrane Adenosine
Diphosphate ([ADP]i)

An adenosine nucleoside that is being transported to
the matrix for the production of ATP

Intermembrane Adenosine
Monophosphate ([AMP]i)

An adenosine nucleoside found in the intermembrane
space

Intermembrane Inorganic
Phosphate ([PI]i)

Phosphate used in reactions involving nucleosides

Intermembrane Pyruvate
([PYR]i)

Pyruvate from the cytosol that is transported for
consumption in the matrix

Intermembrane Citrate ([CIT]i External citrate that may be used by the
mitochondrion

Intermembrane Isocitrate
([ICIT]i)

External isocitrate that may be used by the
mitochondrion

Intermembrane
Alphaketogluterate ([AKG]i)

External alphaketogluterate that may be used by the
mitochondrion

Intermembrane Succinate
([SUC]i)

External succinate that may be used by the
mitochondrion

Intermembrane Fumerate
([FUM]i)

External fumerate that may be used by the
mitochondrion

Intermembrane Malate ([MAL]i) External malate that may be used by the
mitochondrion

Intermembrane Glutamate
([GLU]i)

External glutamate, an amino acid, that may be used
by the mitochondrion

Intermembrane Aspartate
([ASP]i)

External aspartate, an amino acid, that may be used
by the mitochondrion

Cytosolic Adenine Triphosphate
([ATP]c)

An adenosine nucleoside that is used as a fuel by the
cell in the cytosol

Cytosolic Adenine Diphosphate
([ADP]c)

An adenosine nucleoside that may be turned into ATP
in the mitochondrion
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Cytosolic Adenine
Monophosphate ([AMP]c)

An adenosine nucleoside that may be phosphorylated
to ADP

Cytosolic Inorganic Phosphate
([PI]c)

Phosphate that may be used in reactions involving
adenine nucleosides

Cytosolic Pyruvate ([PYR]c) Pyruvate that is transported for consumption in the
mitochondrial matrix

Cytosolic Citrate ([CIT]c) Extramitochondrial citrate that may be used by the
mitochondrion

Cytosolic Isocitrate ([ICIT]c) Extramitochondrial isocitrate that may be used by the
mitochondrion

Cytosolic Alphaketogluterate
([AKG]c)

Extramitochondrial alphaketogluterate that may be
used by the mitochondrion

Cytosolic Succinate ([SUC]c) Extramitochondrial succinate that may be used by the
mitochondrion

Cytosolic Fumerate ([FUM]c) Extramitochondrial fumerate that may be used by the
mitochondrion

Cytosolic Malate ([MAL]c) Extramitochondrial malate that may be used by the
mitochondrion

Cytosolic Glutamate ([GLU]c) Extramitochondrial glutamate, an amino acid, that
may be used by the mitochondrion

Cytosolic Aspartate ([ASP]c) Extramitochondrial aspartate, an amino acid, that
may be used by the mitochondrion

Phosphocreatine ([PCr]c) An extra reserve of energy that may be converted into
ATP during periods of high metabolic demand

Table 2.12: State variables included in our model.
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2.6 List of Significant Parameters

Parameter Units Brief Description

XPDH M4/s Pyruvate dehydrogenase activity
XCITS M/s Citrate synthase activity
XACON M/s Acontinase activity
XISOD M/s Isocitrate dehydrogenase activity
XAKGD M/s Alphaketogluterate dehydrogenase activity
XSCOAS M/s Succinyl-CoA synthetase activity
XSDH M/s Succinate dehydrogenase activity
XFUM M/s Fumarase activity
XMDH M/s Malate dehydrogenase activity
XNDK M/s Nucleoside diphosphokinase activity
XGOT M/s Glutamaete oxaloacetate transaminase activity
XGDH s−1 Glutamate dehydrogenase activity
XPYRH M/s Pyruvate-hydrogen cotransporter activity
XGLUH M/s Glutamate-hydrogen cotransporter activity

XCITMAL M/s Citrate-Malate exchange transporter activity
XAKGMAL M/s Alphaketogluterate-Malate exchange transporter activity
XMALPI M/s Malate-Phosphate exchange transporter activity

XASPGLU M/s Aspartate-Glutamate exchange transporter activity
XSUCMAL M/s Succinate-Malate exchange transporter activity

XHK M/s Hexokinase activity
XCI M/s Complex I activity

XCIII M/s Complex III activity
XCIV M/s Complex IV activity
XATP M/s Complex V/ATPase/ATP Synthase activity
XANT M/s Adenine nucleotide translocase activity
XPIHt M/s Phosphate-hydrogen co-transporter activity
kPiH M Phosphate-hydrogen regulative parameter
XKH M/s Potassium-hydrogen antiport activity

PH, leak s−1 Hydrogen leak permeability
kPi,1 M Determines the dependence of Complex III on phosphate,

producing a more sensitive dependence
kPi,2 M Determines the dependence of Complex III on phosphate,

producing a less sensitive dependence
Wx (L

water)/(L
matrix)

Mitochondrial matrix water fraction
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Wi (L
water)/(L
intermem-

brane
space)

Mitochondrial intermembrane space water fraction

Wc (L
water)/(L
cytoplasm)

Cytosolic water fraction

Ctot M Total concentration of reduced and oxidized cytochrome C in
intermembrane space

Qtot M Total concentration of reduced and oxidized coenzyme Q in
mitochondrial matrix

NADtot M Total concentration of reduced and oxidized NAD+/NADH in
mitochondrial matrix

FADtot M Total concentration of reduced and oxidized FAD2+/FADH2

kO2 M Oxygen affinity of Complex V
kmADP M ADP affinity of Complex V
PK, leak s−1 Potassium leak permeability

QATP, max M/s Maximal ATP consumption
KmATP M Km for ATP consumption
VGlyc M/s Maximal Glycolytic ATP production

KmGlyc M Km for glycolytic ATP production
KCK M−1 Creatine kinase equilibrium constant
γ µm2 Outer membrane area per mitochondrial volume
ρm (mg prot)

/ (L mito)
Protein density of mitochondria

Vmito (L
mito)/(L

cell)

Mitochondrial volume fraction

Vcyto (L
cyto)/(L

cell)

Cytoplasmic volume fraction

nA Unitless Stoichiometry for hydrogen ion transport by Complex V
pPI µm/s Permeability of outer membrane to inorganic phosphate
pA µm/s Permeability of outer membrane to nucleotides

km, ADP M ANT Michaelis-Menten constant
θ Unitless ANT kinetic parameter
β M Matrix buffering capacity
CIM mol/(L

mito mV)
Capacitance of inner membrane for electrical potential gradient
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Bx M Matrix buffering parameter
KBx M Matrix buffering parameter

Table 2.13: Adjustable parameters of the model that are fitted in previous work or estimated
below [193]. In each reaction expression where there is a Vmf and Vmr term, the Vmf (or
forward reaction) term is the associated activity, and Vmr may be calculated as explained in
the relevant section above.
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2.7 List of Physical Parameters

Physical Parameter Value Units Brief Description

RT 2.5775 kJ/mol Gas constant times temperature
F 0.096484 kJ/(mol mV) Faraday’s constant

Table 2.14: Non-adjustable physical constants used in our model.
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Chapter 3

A Mathematical Model of
Mitochondria in Proximal Tubule and
Thick Ascending Limb Cells

3.1 Introduction

The choice to focus on the proximal tubule (PT) and medullary thick ascending limb (mTAL)
in the nephron is motivated by the study of chronic kidney disease (CKD) and diabetic
nephropathy. The large active transport requirements of the PT are a source of stress.
The PT accounts for two thirds of sodium reabsorption by the kidney, done mostly via
active transport [103]. The work of Edwards et al. [44] that we build on here suggests that
the efficiency of cellular respiration in the kidney is reduced by diabetes, suggesting that
could be a cause of diabetic nephropathy. Furthermore they suggest that a class of diabetes
medications that target the kidney, SGLT-2 inhibitors, could worsen the nephropathic effects
of diabetes. The model includes chemical kinetics for pyruvate oxidation, the Krebs cycle,
and oxidative phosphorylation, as well as a phenomenological description of the consumption
of ATP, an important fuel for the cell. We examine the robustness of the PT in the kidney
in light of this large metabolic demand, in response to known stressors upon the PT.

The outer medullar part of the thick ascending limb of the loop of Henle (mTAL) is notable
for its contribution to acute kidney injury (AKI) especially brought on by hypoxemia, such
as is observed in septic shock [24, 47]. The medulla of the kidney has low tissue oxygen
tension but plays a large role in active sodium transport [176], and hypoxemia is more likely
to translate into hypoxia in the outer medulla of the kidney due to the inelasticity of its
blood supply compared to the renal cortex [47]. Of the nephron segments that are largely
in the outer medulla, the mTAL plays the largest role in active reabsorption, and so is at
risk due to its high metabolic demand. For this reason, the best way to extend in silico
methods for studying renal hypoxia to a wider range of cases is to extend them to cover the
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thick ascending limb in the outer medulla. There is some modelling work on the mTAL,
that suggests that the oxygen consumption is more efficient in the mTAL than its active
sodium transport activity would suggest, and that this is why the mTAL is robust in the face
of its lower baseline oxygen tension [201]. In that paper they hypothesize that this greater
efficiency may be due to greater reliance on anaerobic respiration, which we will consider in
silico using estimates of glycolysis activity in the mTAL. The manner in which the mTAL
maintains its active sodium transport activity remains a matter of significant experimental
interest with many partial explanations but none that seem conclusive [158].

There are three classes of question that we wish to address in this work. First, the
comparative questions: a published in silico study on PT mitochondrial function has found
that oxygen tension is not rate limiting in the renal cortex for ATP production [44], we
compare this to the outer medulla, where lower baseline oxygen tension means that hypoxia
may be more extreme. And relatedly, in line with the predictions of Zhang and Edwards [201]
that ATP production should be more efficient in the mTAL, we wish to consider the ratios of
ATP Synthase mediated ATP generation to Complex IV mediated oxygen consumption, i.e.
the P/O ratios (Phosphate/Oxygen ratio), in the PT and mTAL in order to examine their
relative efficiencies.

The second kind of question that we hope to answer in this work is about the mTAL
itself. The mTAL is known to be subject to greater degrees of hypoxia in vivo in the rat
under baseline conditions [158], and it is believed that this plays a role in the onset of AKI.
Aside from comparative questions mentioned before about its relative robustness, we can
directly predict the mitochondrial matrix oxygen tension threshold under which the mTAL
will experience hypoxic injury. Evans et al. [47] and Calzavacca et al. [24] report tissue
oxygen tensions for various states of hypoxemia and/or shock in the medulla and cortical
regions of the kidney in sheep. They find that the kidney might maintain relatively consistent
overall oxygenation under ordinary circumstances but during sepsis, renal blood flow was
diverted to the cortex over the medulla, and that the outer medulla experienced hypoxia
[24]. This accords well with Ma et al. [119] who suggest that septic AKI overall is a disease
due to local tissue ischemia. Simulations of the mTAL could address what partial pressures
of oxygen tension are required to actually produce pathological tissue hypoxia.

The third kind of question I’ll point to is how the PT and mTAL respectively respond to
pathological circumstances, in particular to diabetes, electrolyte or pH imbalance, ischemia-
reperfusion cycles, drug-use, and mitochondrial disease, along with the aforementioned hy-
poxia. Some of this work has been done for the PT although not all; for instance uncoupling
and pH imbalance were examined in Edwards et al. [44] for the PT. For this reason, this
work is not just useful as an exercise in comparison, but also will break new ground in the
study of the PT and the mTAL in diseased states.

Edwards et al. examine the effects of diabetes on mitochondria in the kidney by increas-
ing the rate of mitochondrial uncoupling, or proton leak across the inner membrane of the
mitochondria. Friederich-Persson et al. [55] suggests that the deletion of UCP-2 completely
prevents uncoupling in the diabetic kidney, and eliminates hypoxia (although increasing
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oxidative stress). This suggests that we should expect uncoupling to produce significant in-
creases in oxygen consumption in the kidney, which we can test with our model. Since the
mTAL is hypothesized by Zhang and Edwards [201] to compensate for low oxygen levels with
high efficiency, and proton leak reduces this efficiency, it is possible that diabetic nephropathy
could trigger hypoxia in the mTAL. To determine whether diabetes may produce hypoxia,
it would be necessary to simulate comparable mitochondrial uncoupling in the PT (which is
done already by Edwards et al. [44]) and mTAL.

Mitochondrial disease are understood to have a large role in numerous diseases [155]
but have not been captured in previous work using the model adapted here. Key questions
in the study of mitochondrial disease revolve around the interactions between dysfunctions
of different complexes in the electron transport chain, because it is widely observed that
epistatic effects play a large role in mitochondrial disease. A question we wish to address is
how ATP production is impacted by different combinations of dysfunctions in the electron
transport chain. In vivo work on mitochondrial disease mechanism is difficult and suffers from
the substantial heterogeneity of mitochondrial disease that makes generalizations difficult [1].
Thus in silico work may serve as a welcome supplement to experimental work. For instance, it
could identify potential therapeutic targets for therapies in the cases of different combinations
of electron transport chain defects. This may be done by seeing which electron transport
chain component’s recovery would lead to the greatest recovery of ATP concentration. As
a side question, since there is known to be substantial heterogeneity in how distinct tissues
are impacted by mitochondrial disease [1], it is worthwhile to see if there are substantial
differences between the impact of mitochondrial diseases in the PT and the mTAL.

Ischemia-reperfusion injury has been a major subject of research for those interested in
mitochondrial dynamics in the kidney [71]. Transplantation often requires that the donor
kidney is not perfused for an extended period of time, but in that case, the kidney may
become injured upon reperfusion. More precisely, delayed graft function incidence among
kidney transplant recipients is roughly 21% [180] and delayed graft function is understood
to be the principle manifestation of ischemia-reperfusion injury. A frequently suggested
explanation of this phenomenon is that reperfusion leads to the sudden generation of reactive
oxygen species, which, arriving in a pulse, cause significant oxidative damage to the cell.
These reactive oxygen species may also be produced before the cell can produce adequate
antioxidants to respond to the generation of reactive oxygen species. A helpful starting point
for testing these hypotheses is measuring the redox state of the electron transport chain and
the proton motive force during reperfusion. Addressing this question would have implications
beyond transplantation, because as discussed above, ischemia might be a hallmark of septic
AKI as well [119].

41



3.2 Methods

3.2.1 Adjustments to the Model

ATP consumption is treated as independent of the system’s state by the previous model
[44]. This assumption was justified there by the necessity of reabsorbing a large portion of
ions from the glomerular filtrate, the necessary level of reabsorption is relatively inelastic.
But even if ion reabsorption is necessary, it is still sensitive to ATP levels in the cell, and
so cannot be entirely inelastic. For this reason, it is reasonable to choose Michaelis-Menten
dynamics for the cell’s ATP consumption (QATP), i.e.

QATP = QATP, max
[ATP ]c

Km + [ATP ]c
(3.1)

To make the model comparable to the previous model, QATP, max was chosen so that the
ATP consumption was the same at the previous model’s predicted equilibrium (1.57×10−3

M/s in the PT, 2.125×10−3 M/s in the mTAL). Km was chosen to equal the Km of Na-
K-ATPase because of its major part in ATP consumption in PT and mTAL cells. The
value for Km is taken from Vrbhar, Javorkovam, and Pechanova [184], which models ATP
consumption by Na-K-ATPase with Michaelis-Menten dynamics. The Km is below baseline
ATP concentrations at 1.49 mM. This equation is also discussed above in Section 2.4.

3.2.2 Model Parameters

Most parameters were chosen based on existing experimental estimates. Some were estimated
in non-specific kidney tissue when more specific measurements were unavailable. The results
are collected in Table 3.1.

The parameter estimates for the proximal tubule were taken from Edwards et al. [44].
The values for both the PT and mTAL of the fractional mitochondrial volume come from
Pfaller and Rittinger [138]. Pfaller and Rittinger give estimates for the mTAL in both the
inner and outer stripe of the outer medulla. For the former they estimate the mitochondrial
volume fraction to be 0.32, and for the latter, 0.23. The same paper gave us cytoplasm
volume fraction estimates for both the PT and mTAL [138]. While it was not possible to
find cytoplasm water fraction estimates for the mTAL specifically, estimates from across or-
gans, including in a kidney epithelial cell line, have found comparable estimates of roughly
0.77 [62]. This estimate is now a widely shared assumption in studies of cytoplasmic con-
centrations, including in the kidney [105, 172]. The cytoplasm water fraction may change
under hyper/hypotonic conditions or when the cell is growing. Values for mitochondrial wa-
ter fraction were not forthcoming for the mTAL, and the mitochondrial water fraction did
vary significantly between tissues, and so we considered a range chosen to encompass known
estimates in other tissues, including the PT [105, 172, 178]. We found that the cell’s state
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Parameter Values for PT Values for TAL

Fractional Mitochondrial
Volume (L mito/L cell)

0.25 0.23-0.32*

Fractional Cytoplasmic
Volume (L cyto/L cell)

0.72 0.59-0.66*

Cytoplasm Water Fraction
(L water/L cyto)

0.77 0.77

Mitochondria Water
Fraction (L water/L mito)

0.659 0.58-0.66**

Protein density of
Mitochondria (mg
protein/L mito)

3.274×105† 3.274×105†

Matrix NADH/NAD+

concentration (mmol/L
matrix)

8.24×10−4 8.24×10−5‡

Matrix concentration of
co-enzyme Q (mmol/L

matrix)
2.15×10−3† 2.15×10−3†

Intermembrane
concentration of

Cytochrome C (mmol/L
IM)

1.96×10−3† 1.96×10−3†

Kidney-to-heart Ratio
Complex I

0.75† 0.75†
Kidney-to-heart Ratio

Complex III
0.5† 0.5†

Kidney-to-heart Ratio
Complex IV

0.25† 0.25†

Table 3.1: The parameters used in the model where we had to find parameter estimates.
The single-starred ranges represent physiological ranges rather than parametric uncertainty.
There are large differences between the inner and outer slice of the outer medulla (often much
larger than the standard error interval). We use the higher end of the range for the mTAL’s
fractional mitochondrial volume and lower end of the range for the fractional cytoplasmic
volume, representing the more hypoxic inner slice of the outer medulla. The double-starred
ranges represent values chosen to deliberately cover a wide range. The daggers represent
values estimated on non-specific kidney tissues. Value marked with a double dagger were
fitted rather than chosen based on estimates from the literature. References and further
discussion of parameter choices can be found in Section 3.2.2 and 3.2.3.

was not sensitive to the mitochondrial water fraction and so we used the same value as for
the PT. The cytosolic magnesium, hydrogen, and potassium ion concentrations in the mTAL
are chosen from experimental estimates, but they are the same as in the PT due to signif-
icant uniformity in the cytosolic concentrations of these ions [145, 188, 141, 142]. None of
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our measurements of cytosolic free magnesium have been done in rats in the thick ascending
limb, although the measurements found in other species all agree with 0.5 mM estimate that
we use [141, 142].

The maximal mTAL ATP consumption was chosen so that at typical ATP concentrations
(2.5 mM) the cell’s cytoplasmic ATP consumption is comparable to mTAL ATP metabolic
demand that is observed from experimental measurements of ATP consumption. Experi-
mentalists have observed 0.64 pmol ATP consumption per second per mm of mTAL [181].
We can calculate the cytoplasmic ATP consumption using the epithelial cell volume per mil-
limeter of tubule of 566 x 103 µm3 per mm of tubule [18] and a cytoplasmic volume fraction
of 0.60 in the epithelial cell [138]. Using these values, we find an ATP consumption of 1.70
mM/s in the cytoplasm. By considering the typical baseline cytosolic ATP concentration of
roughly 2.5 mM, this allows us to estimate that the maximal ATP consumption should be
2.13 mM/s.

The remaining parameters taken from the literature were for non-specific kidney tissues,
often studied for the purpose of studying physiological diversity across organ systems. These
estimates are used for the PT and the mTAL. The protein density of mitochondria was
estimated by Schmitt et al. [160] for the kidney. The ratio of the activity of Complex I
between the kidney and heart is taken from Yu et al. [197]. Complex III and Complex IV
ratios between the kidney and the heart, as well as matrix concentrations of co-enzyme Q
and intermembrane concentrations of Cytochrome C in the kidney are taken from Benard et
al. [13].

Experimental Values Predicted Values
State 3 O2 Consumption (nmol O2 mg−1 s−1) 4.08 ± 0.6 3.78

Respiratory Control Ratio 8.5 ± 0.9 7.36
Leak Respiration (nmol O2 mg−1 s−1) 0.37 ± 0.06 0.52

P/O Ratio 1.8 ± 0.1 1.98
Fold Change in dPsi due to Nigericin 1.05 1.06

Table 3.2: Predictions from fitting experimental measurements in isolated mitochondria from
the PT in Sciffer et al. [156] and perfused PT in Feldkamp et al [49].

Experimental Values Predicted Values
Respiratory Control Ratio 10.0±1.6 10.43

P/O Ratio 1.93±0.13 1.99

Table 3.3: Predictions from fitting experimental measurements in isolated mitochondria from
the mTAL taken from Schiffer, Gustafsson, and Palm [158].
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Fitted Parameter Value in PT Value in mTAL

PH,leak (s−1) 922 595
PK,leak (s−1) 5.35 x 10−4 3.45 x 10−4

kO2 (M) 1.32 x 10−4 6 x 10−5

XKH (M/s) 412360 317200
XANT (M/s) 6.75 x 10−3 5.06 x 10−3

Table 3.4: Parameters fitted in the PT and mTAL.

3.2.3 Model Parameter Fitting

Our model fitting relied on several data sources, namely State 3 respiration, leak respiration,
respiratory control ratio, and P/O ratio estimates for the PT [156], P/O ratio and respiratory
control ratio for the mTAL [158], and measurements of the response in electrical potential
gradient to nigericin in the PT [49]. We use the BFGS algorithm to find an appropriate
parameter set (in a five-dimensional parameter space), penalizing divergence from the ex-
perimental measurements of the above parameters. We compute the difference between the
average of the experimental measurements and our predicted value, divided by the standard
deviation of the experimental measurements, squared. Then the objective function is the
sum of these squares, plus an extra penalty if the P/O ratio was lower in the mTAL than
in the PT (using the difference of the PT and mTAL P/O ratios multiplied by a constant of
one hundred, chosen to give it comparable weight to other costs). We allowed the adenine
nucleotide translocase (XANT, see Equation 2.128), potassium-hydrogen antiporter (XKH, see
Equation 2.130), hydrogen & potassium leak permeabilities (PH, leak and PK, leak, see Equa-
tions 2.138 and 2.139), and Complex IV oxygen affinity (kO2, see Equations 2.123) to vary.
The most significant change to these parameters was to the potassium-hydrogen antiporter,
which is an order of magnitude lower in our model relative to Edwards et al. [44]. The ex-
perimental and fitted values from the above fitting may be found in Tables 3.2 and 3.3. The
NADH/NAD+ pool size in the mTAL was also lowered in this model based on measurements
of the NADH/NAD+ ratio by Hall et al. [70] because we did not have direct experimental
measurements of the NADH/NAD+ ratio. The other experimental measurements considered
are not sensitive to the NADH/NAD+ pool size and so this does not affect our other results.

3.2.4 Simulations

All simulations discussed below consider an in vivo case for our model, the State 3 respi-
ration, leak respiration, respiratory control ratio, and P/O ratio discussed in the previous
section were predicted using a different model structure that nevertheless shares most model
equations (see the discussion in Chapter 2).
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Comparative Questions and Questions about the mTAL

We consider a range of values for several cytosolic ion concentrations, hydrogen & potassium
leak permeabilities (PH, leak and PK, leak, see Equations 2.138 and 2.139), and the maximal
ATP consumption in the mTAL (QATP, max, see Section 2.4). This work serves as a counter-
part to work already done for the PT [44], which we reproduce with our refitted model. A
full list of considered cases for both the PT and mTAL may be found in Tables 3.6 and 3.7.

Pathological States

Three pathological states are noted above: mitochondrial disease, ischemia-reperfusion in-
jury, and diabetes. Renal Fanconi Syndrome (PT-specific kidney injury) can be caused by
mitochondrial disease, often related to a dysfunction of Complex I [3] and especially in pe-
diatric patients. Mitochondrial diseases for the most part impact oxidative phosphorylation,
exceptions include impaired mitochondrial biogenesis [2], and so may be represented by re-
duced activity in the complexes in the inner membrane of the mitochondrion. Specifically
we reduce the activity of any combination of Complex I, III, IV, and F0F1-ATPase (that is,
XCI, XCIII, XCIV, and XF1, see Section 2.2) by increments of a quarter to as low as a quarter
of normal activity.

Ischemia-reperfusion injury is examined here by modelling an extended phase of hypoxia
(0 mmHg oxygen tension) followed by reoxygenation, with an adenine nucleotide pool 30%
of its typical size (that is the concentration of each adenine nucleotide is lowered by 30%),
matching the results of Cunningham, Keaveny, and Fitzgerald [34].

Aside from OXPHOS dysfunction, we also consider hypoxia and uncoupling. For hypoxia,
we consider reductions in the mitochondrial oxygen tension by tenths to as low as 10% of
typical. In the PT the most extreme case considered was an oxygen tension of 5 mmHg and
in the mTAL the most extreme case considered was 1 mmHg. For uncoupling (motivated by
the study of diabetes, which will be discussed at length in Chapter 5), we consider by default
a range of n-fold increases in hydrogen leak activity from twice normal to ten times normal.

Drug Actions

Many cancer drugs and antibiotics directly or indirectly affect cellular respiration. Where
their mechanism is well-understood we may estimate the impact of those drugs on cellular
respiration, which ultimately helps us better understand how to alleviate the side-effects of
those drugs. In particular, drug-induced Fanconi syndrome is associated with mitochon-
drial dysfunction on both biochemical and histological evidence [69]. We systematize the
understanding of these drug actions by a sensitivity analysis of the relevant parameters.

Here we discuss where known effects of different drugs, as recorded in Table 3.5, were
found. The value for how ifosfamide affects Complex I activity is taken from Nissim et
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Compound Parameter(s) Affected Known effect Indications for Use

Ifosfamide XCI 55% reduction Cancer

Gentamicin

XCI , XCIII ,
XCIV , XF1,
PH,leak

OXPHOS reductions like
those described above (see

Section 3.2.4), PH,leak
increased 1.15-, 2-, 5-, or

10-fold

Antibiotic

Salicylate PH,leak
PH,leak increased 1.15-, 2-,

5-, or 10-fold
Analgesia, anti-
inflammatory

NRTIs/NtRTIs
XCI , XCIII ,
XCIV , XF1

OXPHOS reductions like
those described above (see

Section 3.2.4)
Anti-virals

Dichloroacetate KiNADH A 1.15- or 2-fold increase Cancer

Table 3.5: The parameters that we studied to examine the effects of a drug on mitochondrial
respiration. Unless otherwise noted, the parameters are the same as those noted in the
appendix to Wu et al. [193]. Where the scale of the effect is not known, a range was
considered. Indications for use are taken from Hall, Bass, and Unwin [69]. Dichloroacetate
is not known to be nephrotoxic and was instead studied in combination with other drugs.

al. [132]. The mechanism for gentamicin is through an uncoupling effect and inhibition of
magnesium-dependent components of oxidative phosphorylation, which is chiefly via F0F1-
ATPase [140, 189]. Salicylate, a biproduct of aspirin, is a known uncoupler [122]. Nu-
cleoside(/Nucleotide) reverse transcriptase inhibitors (NRTIs/NtRTIs) like tenofovir impact
mitochondrial DNA replication by targetting mitochondria-specific DNA polymerases, this
primarily causes general OXPHOS dysfunction like in mitochondrial disease [110].

Dichloroacetate is a cancer drug that is used to switch cells towards aerobic over anaerobic
respiration, contrary to the Warburg effect which is cancer’s natural tendency to prefer
anaerobic respiration even in the presence of oxygen [174]. Dichloroacetate accomplishes this
by preventing pyruvate dehydrogenase kinase from downregulating pyruvate dehydrogenase
activity, a key step in pyruvate oxidation. Recent work has examined the possibility of
dichloroacetate having renal protective effects in combination with mitotoxic agents such as
the uncoupler 2,4-dinitrophenol, an illicit “slimming” drug, with encouraging results [58] and
with cisplatin, a cancer drug known to cause Fanconi syndrome [59, 69]. We simulate the
combination of dichloroacetate with the previously mentioned drugs to predict whether it
may protect against their nephrotoxic effects.

47



O2 Con-
sumption
(nmol O2

mg−1 s−1)

ATP
Generation

(nmol
ATP mg−1

s−1)

P/O

Electrical
Potential
Gradient

(mV)

Proton
Motive
Force

(PMF,
mV)

[ATP]c
(mM)

[ATP]c/
[ADP]c

Base Case
PO2 = 50mmHg
pHc = 7.20

2.52 9.93 1.97 158.00 165.67 2.30 5.69

PO2 Variation
PO2 = 60mmHg 2.53 9.96 1.97 158.23 166.03 2.31 5.89
PO2 = 40mmHg 2.51 9.89 1.97 157.67 165.17 2.28 5.40
PO2 = 20 mmHg 2.45 9.68 1.97 156.23 163.01 2.15 4.18
PO2 = 10mmHg 2.31 9.08 1.97 153.90 159.65 1.85 2.59

QATP,max Variation
QATP,max x 0.75 2.00 7.61 1.90 157.73 166.63 2.45 8.89
QATP,max x 1.25 2.91 11.67 2.01 158.43 165.06 1.97 3.07
QATP,max x 1.50 3.12 12.59 2.02 158.78 164.79 1.56 1.79
pHc Variations

pHc = 7.40 2.33 9.36 2.01 153.81 165.42 1.98 3.13
pHc = 7.00 2.66 10.15 1.91 160.15 164.98 2.45 8.73
pHc = 6.80 2.79 10.20 1.83 160.40 163.32 2.51 11.15

[K+]c Variations
[K+]c = 60mM 2.55 10.09 1.98 174.77 167.37 2.39 7.33
[K+]c = 140mM 2.50 9.78 1.96 151.38 164.69 2.21 4.68

[Mg2+]c Variations
[Mg2+]c = 0.2mM 2.49 9.80 1.97 158.01 165.72 2.23 4.73
[Mg2+]c = 0.8mM 2.55 10.07 1.97 157.99 165.62 2.38 7.16
Variations in H+

and K+ leak
permeability

No leaks 2.26 10.18 2.25 169.10 167.75 2.38 7.04
No H+ leak 2.41 10.00 2.07 158.21 166.00 2.31 5.88
No H+ leak,
10x K+ leak

2.04 5.61 1.37 112.60 157.66 0.82 0.79

No K+ leak,
10x H+ leak

3.51 9.40 1.34 166.01 164.22 2.23 4.87

10x H+ leak 3.44 9.31 1.35 156.41 163.19 2.17 4.28
10x K+ leak 2.08 5.55 1.33 112.58 157.52 0.82 0.78
10x Leaks 2.44 5.06 1.04 112.42 156.40 0.75 0.72

Table 3.6: Several key intracellular quantities and their sensitivities to various parameter
changes in the mitochondria in the proximal tubule.
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3.3 Results

3.3.1 Baseline Results for the Proximal Tubule

Table 3.6 includes some baseline numbers and the sensitivity to changes in multiple quantities,
both parameters and states for the PT. We consider several predicted values related to both
fluxes in the mitochondria and states of the system. Oxygen consumption was predicted to
be 2.52 nmol O2 mg−1 s−1, and at the same time there was ATP generated at a rate of 9.93
nmol (mg prot)−1 s−1 by ATP Synthase. Together these numbers underlie the P/O ratio in
vivo which was found to be 1.97. Known estimates of the P/O ratio for the kidney range
from 1.7-2 in vivo [54] to 2.5 in the perfused kidney [53], while these are for the whole kidney,
they include our estimate of 1.97. Further the concentration of ATP was predicted to be 2.30
mM, the ATP/ADP ratio was found to be 5.69, and the proton motive force across the inner
membrane was predicted to be 166 mV, which together give an account of the cell’s energetic
state. These are key variables for which we have experimental results to which to compare,
the typical range of proton motive force is from 170 to 200 mV [42]. The mitochondrial
electrical potential gradient was predicted to be 158 mV, in the interior of known range from
150 to 180 mV [20]. Typical measured ranges for the concentration of ATP vary widely from
1.3 to 2.8 mM [40, 107]. The ATP/ADP ratio has been measured to be roughly 9 in mice
renal cortex [198], however Zager notes that the ratio is extremely variable. Results from
others for the rat renal cortex indicate the ratio may be as low as 3, based on independent
calculation of the ATP/ADP ratio [76]. Thus a value of 5.69 is within a plausible range for
the ATP/ADP ratio. We see that the proton motive force is close to our predicted value, the
predicted ATP concentration is in the middle of the possible range, and measured ATP/ADP
ratios and electrical potential gradient appear to allow for our prediction. These results for
the PT are relatively similar to the values found by Edwards et al. [44]. The proton motive
force and the ATP/ADP ratio predictions differ most from the predictions of Edwards et
al. (Edwards et al. predict a proton motive force of 173 mV and an ATP/ADP ratio of
10.94), but the latter is very variable as previously mentioned. The latter was found to be
sensitive to the parameter variations considered in Table 3.6. Unlike in Edwards et al. [44],
we see that less cytosolic potassium leads to greater oxygen consumption, this is due in our
model to a greater hydrogen gradient, with less of the proton motive force being shunted
into electrical potential gradient. The combined lower potassium concentration and lower
activity of the potassium-hydrogen antiport leaves the hydrogen gradient higher across the
inner membrane, stimulating oxidative phosphorylation.

Across all simulations considered, the P/O ratio or efficiency of the cell was most sensi-
tive to hydrogen and potassium leaks. These sensitivity cases were significant because the
mitochondrion’s ion leak activity was highly uncertain. Greater leak decreased efficiency, a
tenfold increase in both leaks reduced the P/O ratio to 1.04 (see the last row of Table 3.6),
the lowest predicted for the PT, primarily via decreased ATP generation. In the absence of
any leak, the P/O ratio was 2.25 (see the first row of the last block of Table 3.6).
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The greatest factors controlling oxygen consumption were maximal ATP consumption
(QATP,max) and hydrogen leak (the third and last blocks in Table 3.6 include these numbers).
The greatest oxygen consumption predicted was 3.51 nmol mg−1 s−1 when potassium leak
was zero and hydrogen leak was increased tenfold. At 3.12 nmol per milligram per second, we
see that a 1.5 fold increase maximal ATP consumption also increases the oxygen consumption
substantially.

The proton motive force was insensitive to most changes, aside from leak permeability
changes. The largest proton motive force was found to be 166 mV in the absence of leak,
and when both potassium and hydrogen leak were increased tenfold the proton motive force
was found to be 156 mV.

The cytosolic potassium and potassium leak (see the fifth and last blocks of Table 3.6)
are impactful on ATP generation, ATP concentration, and the ATP/ADP ratio as well. The
lowest ATP generation is 5.06 nmol ATP per milligram per second, the lowest cytosolic ATP
concentration is 0.75 mM, and the lowest ATP/ADP ratio is 0.69, all in the case where
potassium and hydrogen leaks are both increased tenfold. Results for tenfold increased
potassium leak alone are comparable. The maximal ATP generation grows with maximal
ATP consumption, for a 1.5-fold increase in maximal ATP consumption, the ATP generation
grows by 25% and for 75% of the typical ATP generation, we see ATP generation go down
by roughly the same amount.

3.3.2 Baseline Results for the medullary Thick Ascending Limb of
the Loop of Henle

Table 3.7 includes some key baseline predictions and the model sensitivity to changes in
multiple quantities, both parameters and states for the mTAL, analogous to those for the
PT above. The oxygen consumption was predicted to be 2.35 nmol O2 mg−1 s−1, compared
to ATP generated at a rate of 9.59 nmol (mg prot)−1 s−1 (or 1.0 mmol (L cell)−1 s−1) by
ATP Synthase. Together these numbers get us the P/O ratio in vivo which was found to be
2.04. This is slightly below whole kidney P/O measurements noted before for the perfused
kidney [53], but on the higher range of in vivo values, as expected for the medullary thick
ascending limb [54]. On the other hand, in isolated mitochondria we predict a P/O ratio
of 1.99, slightly above the experimentally measured ratio of 1.93 [158]. The concentration
of ATP was predicted to be 2.45 mM, the ATP/ADP ratio was predicted to be 8.66, and
the proton motive force was predicted to be 169 mV. The electrical potential gradient was
predicted to be 162 mV. Once again these values compare favourably with measurements
for the kidney. As previously mentioned previously, typical ranges for the concentration of
ATP go from 1.3 to 2.8 mM [107, 40]. Once again our predicted ATP concentration is in the
interior of that range. The proton motive force for the mTAL is within the 170-200 mV range
mentioned before [42] and the electrical potential gradient is in the interior of the biologically
reasonable 150-180 mV range [20].
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O2 Con-
sumption
(nmol O2

mg−1 s−1)

ATP
Generation

(nmol
ATP mg−1

s−1)

P/O

Electrical
Potential
Gradient

(mV)

Proton
Motive
Force

(PMF,
mV)

[ATP]c
(mM)

[ATP]c/
[ADP]c

Base Case
PO2 = 10mmHg
pHc = 7.20

2.35 9.59 2.04 161.87 169.41 2.45 8.66

PO2 Variation
PO2 = 20mmHg 2.37 9.65 2.03 164.37 172.34 2.49 10.07
PO2 = 7.5mmHg 2.33 9.51 2.04 160.7 167.21 2.39 7.24
PO2 = 5.0mmHg 2.26 9.24 2.05 157.89 163.23 2.22 4.8
PO2 = 2.5mmHg 1.9 7.7 2.03 152.46 155.97 1.48 1.64

QATP,max Variation
QATP,max x 0.5 1.31 4.83 1.85 164.35 173.82 2.56 14.27
QATP,max x 1.25 2.79 11.55 2.07 161.65 167.46 2.22 4.73
QATP,max x 1.5 3.04 12.7 2.09 161.44 166.34 1.8 2.41

pHc Variations
pHc = 7.40 2.23 9.24 2.07 157.93 181.01 2.21 4.72
pHc = 7.00 2.43 9.67 1.99 162.82 154.6 2.52 11.4
pHc = 6.80 2.49 9.65 1.94 160.46 137.84 2.52 11.45

[K+]c Variations
[K+]c = 60mM 2.35 9.61 2.05 177.24 168.48 2.45 9.0
[K+]c = 140mM 2.34 9.51 2.03 155.43 168.45 2.39 7.25

[Mg2+]c Variations
[Mg2+]c = 0.2mM 2.33 9.49 2.04 162.31 169.5 2.38 6.93
[Mg2+]c = 0.8mM 2.37 9.68 2.04 162.2 169.31 2.51 11.07
Variations in H+

and K+ leak
permeability

No leaks 2.16 9.72 2.25 172.24 170.87 2.48 9.64
No H+ leak 2.27 9.63 2.12 162.61 169.91 2.45 8.8
No H+ leak,
10x K+ leak

1.89 6.01 1.59 116.51 159.23 0.99 0.95

No K+ leak,
10x H+ leak

3.01 9.16 1.52 167.49 165.61 2.35 6.43

10x H+ leak 2.99 9.13 1.53 159.37 165.27 2.32 6.05
10x K+ leak 1.92 5.95 1.55 116.48 159.04 0.98 0.94
10x Leaks 2.12 5.38 1.27 116.21 157.43 0.87 0.82

Table 3.7: Several key intracellular quantities and their sensitivities to various parameter
changes in the mitochondria in the medullary thick ascending limb of the loop of Henle.

51



The P/O ratio is most sensitive to ATP consumption and the leak permeabilities. At
the low end of simulated ranges for ATP consumption, the P/O ratio is 1.85, whereas at the
high end of the considered range for ATP consumption, the P/O ratio was predicted to be
2.09. In response to changes in leak permeability we also see large changes in the P/O ratio.
In the absence of hydrogen or potassium leak, the P/O ratio is 2.25, and in the worst case
scenarios for the P/O ratio, when hydrogen leak was 10 times normal and the potassium leak
was 10 times normal, the P/O ratio was 1.27.

In the mTAL, the proton motive force is sensitive to hypoxia, at 2.5 mmHg oxygen tension,
we see a proton motive force of 156 mV. The mTAL’s proton motive force is more sensitive
to hypoxia because the degree of hypoxia considered leads to much lower electron transport
flux for the mTAL than the hypoxia considered for the PT (see the oxygen consumption in
the third block in Tables 3.6 and 3.7, which is a proxy for electron transport activity). We
also see a strong sensitivity of the proton motive force to the cytosolic pH, for a slightly
acidic cytosolic pH we see a proton motive force of 138 mV. A difference likely related to
the lower hydrogen leak permeability in the mTAL allowing a significant negative hydrogen
gradient to persist. Predictably, and like for the PT, we also observe that the proton motive
force is sensitive to hydrogen and potassium leak, particularly the potassium leak. Under
tenfold increased hydrogen and potassium leak capacity, we predict a proton motive force of
157 mV.

3.3.3 Local Sensitivity Analysis for the Proximal Tubule and Thick
Ascending Limb

We consider the change in state variables in the PT under a change in each parameter of our
model. The full local sensitivity analysis is reported in Figure 3.1. Here we focus on several
key state variables and the parameters that are most impactful upon these state variables. In
Figure 3.3 we show the derivative of each state variable against each of the most significant
parameters, calculated using a central difference scheme with ∆p = 0.01p where p is the size
of the parameter. The derivative is normalized relative to the baseline size of each state vari-
able and the size of each parameter. We see that the concentrations of NADH and reduced
coenzyme Q (QH2) are most sensitive to the parameter changes we considered. The cytosolic
ATP concentration is most sensitive to the maximal ATP consumption. The concentration
of NADH in the cell is determined heavily by alphaketogluterate dehydrogenase, which is
positively associated with increased NADH content, and pyruvate dehydrogenase, which is
negatively associated with NADH content. Greater alphaketogluterate dehydrogenase activ-
ity allows for more production of NADH because in the proximal tubule it is predicted to be
a limiting step for the TCA cycle. Alphaketogluterate concentrations are higher in our model
than any other TCA cycle intermediate, and the concentration of the product of alphaketog-
luterate dehydrogenase, succinyl-CoA, is lower than any TCA cycle intermediate. Pyruvate
dehydrogenase on the other hand reduces NADH concentrations because it competes with
alphaketogluterate dehydrogenase for coenzyme A as a substrate. Pyruvate dehydrogenase
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uses coenzyme A to produce acetyl-CoA whereas alphaketogluterate uses coenzyme A to
produce succinyl-CoA. In the full sensitivity plot, Figure 3.1, we see that the TCA cycle in-
termediates from citrate to alphaketogluterate are present in greater concentrations when you
increase pyruvate dehydrogenase activity, and intermediates downstream of alphaketogluter-
ate dehydrogenase are present in lower quantities. Supplementary simulations found that
for 1% or 10% increases in the activity of pyruvate dehydrogenase, we observe a consistent
alphaketogluterate dehydrogenase flux, despite larger concentrations of alphaketogluterate.
This observation further supports this proposed mechanism, since more alphaketogluterate
is necessary to produce the same enzyme flux. Aside from the above mechanism and its
downstream effects, we see unsurprisingly that the concentration of reduced coenzyme Q and
reduced cytochrome C continues to increase with increased total quantities of coenzyme Q
and cytochrome C. We also see that the passing of electrons from coenzyme Q to cytochrome
C appears to be limited by the available cytochrome C, since the reduction state of coenzyme
Q appears to be highly sensitive to the total cytochrome C concentration.

In the mTAL we find several differences and an overall greater robustness to small per-
turbations of key parameters. The full local sensitivity analysis is reported in Figure 3.2. In
Figure 3.3 we show the sensitivity calculated in the same manner as for the PT. At the same
threshold for a parameter to be significant, two more parameters are significantly sensitive
in the PT than are sensitive in the mTAL. The concentrations of NADH, reduced coenzyme
Q (QH2), and reduced cytochrome C are particularly sensitive state variables for the mTAL.
The most significant difference between the PT and mTAL is that in the mTAL, NADH
concentrations are less sensitive to pyruvate dehydrogenase and alphaketogluterate dehy-
drogenase activities. Instead we see in the mTAL that the pooled concentration of NADH
and NAD+ is by far the most important factor impacting the concentration of NADH. This
suggests that whereas in the PT there are limited amounts of coenzyme A and this limits
the amount available to alphaketogluterate dehydrogenase (as illustrated by the sensitivity
to pyruvate dehydrogenase activity), instead NAD+ is in short supply in the mTAL, and
so the way to provide more NADH to the cell is to increase the size of the NADH/NAD+

pool. Given the higher NADH to NAD+ ratio in the mTAL and its relative hypoxia (which
can leave the electron transport chain in a more reduced state [78]), coenzyme Q is also
in high demand, leading to a high sensitivity of multiple states to the pooled coenzyme Q
concentration.

3.3.4 Global Sensitivity Analysis of the Model

For our global sensitivity analysis we used the Sobol method for uniformly exploring a high-
dimensional parameter space and describing the observed variation in the state space as a
function of the parameters. For local estimates, interactions are negligible, but in a global
sensitivity analysis interactions may be very important. For this reason we report two sensi-
tivity estimates, the first Sobol indices, which do not account for interactions and the total
Sobol indices, which account for two-way interactions. First Sobol indices are non-negative
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Figure 3.1: The full set of local sensitivities in the PT, for more information see section 3.3.3.

numbers between zero and one, whereas total Sobol indices may be greater than one. They
represent the proportion of variance explained by a particular parameter in the case of the
first Sobol index, and in the case of the total Sobol index, the variance explained by the
parameter and the pair-wise interactions associated with it. In Figure 3.6 we present the
first Sobol indices for several important state variables, and in Figure 3.7 we present the
total Sobol indices for those state variables. The full results are found in Figures 3.4 and
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Figure 3.2: The full set of local sensitivities in the mTAL, for more information see section
3.3.3.
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Figure 3.3: Local sensitivities of several important state variables in the PT (left panel) and
mTAL (right panel) relative to certain parameters significant to either the PT or mTAL. The
results are calculated as described in Section 3.3.3. CytC stands for cytochrome C, reduced
cytochrome C refers to cytochrome C that has been donated an electron by Complex III.
AKGD refers to alphaketogluterate dehydrogenase, PDH refers to pyruvate dehydrogenase,
ANT refers to adenine nucleotide translocase, and QH2 is the reduced form of coenzyme Q.

3.5. We see that the first Sobol index results share some features with the results above.
We see that like for the local sensitivity analysis of the PT, pyruvate dehydrogenase features
prominently, its importance is discussed above in our local sensitivity analysis. Succinyl-CoA
synthetase in vivo catalyzes the conversion of succinyl-CoA into succinate and coenzyme A.
This may increase the concentration of NADH by increasing the availability of coenzyme A,
which in the PT and mTAL is found in lower concentrations than acetyl-CoA and succinyl-
CoA. This could explain its effects on NADH concentrations in the mitochondrion. The
next-most important parameter for influencing the state variables is the maximal ATP con-
sumption, which plays a large role in determining the reduced cytochrome C concentration.
ATP consumption frees ADP for phosphorylation. This relieves the proton gradient across
the inner membrane. Complex IV requires protons in the mitochondrial matrix in order
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Figure 3.4: The sensitivity of all state variables to the parameters as calculated according to
the Sobol method, without interactions.

to oxidize cytochrome C. When we consider pairwise interactions via the total Sobol index
we see differences in which parameters stand out. Pyruvate dehydrogenase and succinyl-
CoA synthetase still impact coenzyme Q and NADH concentrations. Most notably the total
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Figure 3.5: The sensitivity of all state variables to the parameters as calculated according to
the Sobol method, taking into account two-way interactions.
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Figure 3.6: The sensitivity of important state variables to the most important parameters
as calculated according to the Sobol method, not including interactions. CytC stands for
cytochrome C, reduced cytochrome C refers to cytochrome C that has been donated an
electron by Complex III.

NADH/NAD+ and potassium-hydrogen antiport activity were all more significant when we
consider interactions. Aside from this the results are fairly similar, and we don’t see large
changes in the influence of the most impactful parameters on the important state variables.

3.3.5 Response to Nigericin

Nigericin is a potassium-hydrogen antiporter [23] that in the quantities administered exper-
imentally is known to remove entirely the proton gradient across the inner membrane of
the mitochondria [96]. Feldkamp et al. [49] take advantage of this to measure the ∆pH,
upon adding nigericin, the ∆pH decreases and the electrical potential gradient increases by
the same amount. For this reason the addition of nigericin was modelled as an increase in
potassium-hydrogen antiport activity, enough to force the ∆pH to zero, we use a twenty-fold
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Figure 3.7: The sensitivity of important state variables to the most important parameters as
calculated according to the Sobol method, taking into account two-way interactions. CytC
stands for cytochrome C, reduced cytochrome C refers to cytochrome C that has been donated
an electron by Complex III.

increase in antiport activity. We see that this saturates the corresponding increase in electri-
cal potential gradient in Figure 3.8 (the baseline curve is green). The impact of nigericin on
the electrical potential gradient, which goes up as hydrogen gradient is turned into electrical
potential gradient, is predicted to go from 158 mV to 167 mV. While the results in Feldkamp
et al. [49] are not numerically recorded and are no longer obtainable (Feldkamp, personal
communication), based on careful measurement of Figure 4 found in Feldkamp et al. [49], a
5% increase in potential gradient was found to be the approximate effect of nigericin on the
electrical potential gradient, after model fitting using this estimate, we see a 6% increase in
our model.

For increased potassium leak, we predict a lower baseline electrical potential gradient. The
electrical potential gradient increases under larger potassium-hydrogen antiporter activity,
and it increases more (11%) for higher levels of potassium leak (in Figure 3.8 we see a
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Figure 3.8: The associated increases in electrical potential gradient in the PT (left) and
mTAL (right) for changes in the potassium-hydrogen antiporter activity. The green curve is
for baseline potassium leak activity, red is for doubled potassium leak, and blue is for halved
potassium leak. The green curve shows a roughly 6% increase in electrical potential gradient
from left to right. The curve is a standard cubic spline.

electrical potential gradient curve in antiporter activity for doubled potassium leak activity
in red, and for halved potassium leak in blue). With a large potassium-hydrogen antiporter
activity, the electrical potential gradient is less sensitive to potassium leak. This suggests
nigericin is more impactful when the potassium leak activity is greater.

Unlike the PT, we did not have experimental data for the use of nigericin in the mTAL.
However, using the same procedure as for the PT (a twentyfold increase in potassium-
hydrogen antiport activity), we predict the electrical potential gradient increases from 162
mV to 169 mV (4%) in the presence of nigericin for baseline potassium leak activity.

Nigericin is frequently used in studies on mitochondria [49, 93, 205] and so it is valuable
that the model correctly captures the response to nigericin. Under previous versions of this
model [44], the model did not correctly predict the response found in Feldkamp et al. [49]
because the predicted ∆pH was too low. As discussed above in Section 3.2.2, we use a
lower potassium-hydrogen antiporter activity. The potassium-hydrogen antiporter impacts
the robustness of the electrical potential gradient to ion leakage.
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3.3.6 Uncoupling Effects in Proximal Tubule Mitochondria

Uncoupling or increased hydrogen leak is another mechanism that impacts cell function by
reducing the efficiency of respiration. Uncoupling may be caused by diabetes in which there’s
an upregulation of UCP-2 [55], or by salicylate, also known as aspirin, a known uncoupler
and occasional cause of Fanconi Syndrome [69]. The cases considered here are of uncoupling
without any other effects. These cases give a baseline expectation for what might happen
during uncoupling. The exact simulation procedure used is outlined in Section 3.2.4. We
find that the effect on cytosolic ATP concentration (<0.1 mM in the worst case), proton
motive force (∼3.5 mV in the worst case) and electrical potential gradient (∼2 mV in the
worst case) was minimal. The worst case hydrogen leak (tenfold increased hydrogen leak
activity) considered is included in Table 3.6. The minimal effects of hydrogen leak on ATP
generation (only a 10% reduction in ATP generation, see the third-last row of Table 3.6)
and mitochondrial polarization are explained by compensatory increases in the flux through
Complex I, III, and IV in our model. These electron transport chain components pump
protons across the inner membrane into the intermembrane space, and so with increased
hydrogen leak, they have more substrate to do their work. This is compatible with the
hypothesis that uncoupling can perform an adaptive function by providing an outlet for over-
reduced oxidative phosphorylation complexes [55]. This would not be possible if electrical
potential gradient was significantly lost during mild uncoupling [193]. As noted in Section
3.3.1, under increased hydrogen leak, the oxygen consumption by the proximal tubule may be
as much as 36% higher, this could be enough to trigger hypoxia, possibly causing progression
of diabetic nephropathy [55]. This is an unfortunate consequence of the previously mentioned
increases in Complex I, III, and IV activity. The oxygen consumption included in Table 3.6
is directly proportional to Complex IV activity.

3.3.7 Uncoupling Effects in the medullary Thick Ascending Limb
Mitochondria

Uncoupling can also happen in the mTAL, and the effects were studied similarly. The effects
on the cytosolic ATP concentration (∼0.2 mM in the worst case) and proton motive force
(∼4 mV in the worst case) were significant. We also observe the corresponding effects, as
noted in Section 3.3.2, on oxygen consumption. As noted before, oxygen consumption which
is reported in uncoupling in Table 3.7 is directly proportional to Complex IV activity. The
maximal Complex IV flux is lower in the mTAL than in the PT due to the lower baseline
oxygen tension, not allowing the same growth in oxygen consumption in the mTAL compared
to the PT. The oxygen consumption is still 27% higher despite that.
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3.3.8 Oxidative Phosphorylation and Mitochondrial Disease in the
Proximal Tubule

Mitochondrial diseases, as well as the consequences of certain drugs like NRTIs, do not have a
single universal effect on oxidative phosphorylation. For instance, oxidative stress can cause
any combination of OXPHOS dysfunctions, and that is a key pathway for NRTI-induced
mitochondrial dysfunction. We considered combinations of reductions by quarters in the ac-
tivity of Complex I, Complex III, Complex IV, and ATP Synthase, which are the components
of oxidative phosphorylation encoded by the mtDNA (and thus most at risk). We examined
the steady state electrical potential gradient and cytoplasmic ATP concentration because the
former maintains hydrogen flux through the electron transport chain and the latter is predic-
tive of downstream loss of cell viability [115]. When noteworthy, ATP generation and oxygen
consumption are also reported. Importantly, the P/O ratio remains highly consistent under
OXPHOS dysfunction alone, and so a decrease in ATP generation is typically accompanied
by a nearly proportionate decrease in oxygen consumption. This is due to the coupling of
Complex IV (which determines oxygen consumption) and ATP Synthase (which determines
ATP generation). The P/O ratio is in some sense a measure of the stoichiometry of the
two reactions combined, and so it is usually significantly impacted only when intermediate
products are lost (protons crossing the inner membrane by other means than ATP Synthase,
i.e. hydrogen leakage).

Univariate Parameter Changes

Examining one parameter at a time yields insights of the relative importance of the activ-
ities of each of the four components considered. The full set of univariate results for ATP
concentration in the cytoplasm can be found in Figure 3.9. We see Complex III is much
more important than the rest, likely due to which step is rate-limiting. There’s almost no
discernable consequences of varying the activity of ATP Synthase for example, whereas ATP
concentrations are reduced by 26% and the electrical potential gradient is reduced by 5 mV
when Complex III activity is reduced to one quarter of typical enzymatic activity. That
there may be no direct impact of ATP Synthase on ATP concentrations is not altogether
unexpected. Across all cases where cytosolic ATP is greater than 90% of baseline, the flux
through ATP Synthase remains within 4% of typical. ATP Synthase activity doesn’t signifi-
cantly impact the ATP Synthase flux because ATP Synthase is not limiting for mitochondrial
respiration. This is illustrated by results for ATP Synthase inhibition in mice neurons [52].
In that experimental model while there are indirect effects of ATP Synthase inhibition on
murine neuronal aerobic respiration, the likely mechanism is via increased reactive oxygen
species production, which leads to the downregulation of aerobic respiration as a whole, un-
related to the reduction in activity of ATP Synthase. A similar mechanism likely underlies
Complex I-mediated mitochondrial dysfunction, it is well-known that it is a site of enhanced
reactive oxygen species production during Complex I inhibition and that Complex I inhibi-
tion must be very strong before cellular respiration is inhibited [8, 163]. Low sensitivity to
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Figure 3.9: The effects on the cytoplasmic ATP concentration of changes to the activity of the
four oxidative phosphorylation components considered in the PT. The red line represents the
lowest ATP concentration found in any of the mitochondrial disease simulations performed.
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Complex I inhibition has in fact been observed in proximal tubule cell lines specifically [164].
Respiration has been shown to have similarly weak sensitivity to Complex IV activity in the
rat kidney [108]. Theoreticians have long believed that the majority of respiratory enzymes
are abundant far beyond what is necessary to maintain oxidative phosphorylation activity
[108], and our predictions for ATP Synthase, Complex I, and Complex IV are compatible
with that. Complex III inhibition was the largest exception in our model as noted above. Cy-
tosolic ATP concentrations were predicted to be the most sensitive to Complex III inhibition
by our model. The numbers for Complex III do not diverge too strongly from the literature
however, in a study on a cell line of myoblasts, Schirris et al. observed that a roughly 75%
reduction in Complex III activity produced a roughly 20% reduction in ATP generation [159].
In our model on the other hand there is a 10% reduction in ATP generation, which given the
fact that we are working in a different tissue, and the heart has been observed to be more
sensitive to inhibition of other OXPHOS enzymes [108] is not surprising.

Multivariate Parameter Changes

We consider multivariate changes to oxidative phosphorylation due to the broad effects of
Mitochondrial diseases on oxidative phosphorylation, as discussed later in Section 3.4. In
considering these we wished to answer two questions: how much do multivariate changes
extend the range of possible outcomes, and are there non-additive effects of interactions on
the outcomes of interest? The first can be answered by comparing the range of outcomes from
the univariate case to the multivariate case, using Figures 3.10. We see that Complex III still
produces the most significant effects, explaining more of the variation in ATP concentration,
as would be expected from the univariate case. What we see as well is that the added effect
of combining activity reductions doesn’t significantly impact the electrical potential gradient,
although the ATP concentration seems more sensitive.

Tubule Predicted Quantity R2 of Basic Model R2 of Model with All Interactions
PT [ATPc] 0.88 0.88
PT ∆Ψ 0.88 0.88

mTAL [ATPc] 0.85 0.85
mTAL ∆Ψ 0.90 0.92

Table 3.8: Models of cytosolic ATP concentrations and electrical potential gradients in the
PT and mTAL, and the models’ R2 value. In the basic model, the only effects were additive
in the relative change in the activity of each of the included OXPHOS components, in the
interaction model, all combinations of multiplicative two-, three-, and four-way interactions
were considered, which produced no meaningful difference in the model’s explanatory power.

To determine if there are non-additive interactions between the activities that were varied,
a linear regression was used. Using least squares fitting, an affine plane was chosen as a
function either of the univariate activities (our first model) or of the univariate activities
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Figure 3.10: The cytosolic ATP concentration in each of the 256 cases considered, coloured
by the activity of Complex III, after considering all the activities in the same manner as
this graph we find that Complex III remains by far the most important determinant of the
cytosolic ATP concentration.

combined with all the multiplicative interactions between them (our second model), in order
to predict the cytosolic ATP concentration and the electrical potential gradient. The non-
additive model performed no better than the univariate linear model. The R2 was almost
the same for the two models, or in other words they fit the results almost equally well. The
results of this analysis are found in Table 3.8.

Ifosfamide and Dichloroacetate

Ifosfamide reduces Complex I activity by half, and dichloroacetate has the capacity to pre-
vent allosteric inhibition of pyruvate dehydrogenase in a manner that might compensate for
respiratory dysfunction [58, 59]. The results for these cases, with the strongest considered
case for the effect of dichloroacetate shown (a doubling of KiNADH as defined in equation
2.99), are in Figure 3.11 for cytosolic ATP concentration. Ifosfamide is nephrotoxic, and is
specifically known to cause Fanconi syndrome. What the results suggest, compatible with
our discussion above of Complex I existing in excess [8], is that the mechanism of nephro-
toxicity may involve more than a direct loss of respiratory capacity. For instance, when
Complex I is dysfunctional it may produce more reactive oxygen species, causing oxidative
stress. Dichloroacetate shows little useful effect in these results, a result that matches the
outcomes from experimental studies on dichloroacetate use with ifosfamide [132].
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Figure 3.11: The effects of ifosfamide and dichloroacetate on cytosolic ATP concentration
(mM) are shown.

More General Drug Simulations of Nephrotoxic Drugs in the PT Mitochondria

Many drugs impact the general regulation of mitochondria in the cell and cause mitochondrial
fragmentation. This tends to produce a generalized OXPHOS dysfunction and uncoupling.
We represent this through combinations of uncoupling and OXPHOS dysfunction effects.
This represents a more general set of combinations of the effects observed in mitochondrial
disease, and as noted in Table 3.5. For instance Gentamicin, which acts as an uncoupler and
generates reactive oxygen species that subsequently reduce OXPHOS activity [133, 140, 189].

Considering this set of cases essentially means adding another dimension of uncoupling
(increased hydrogen leak activity) to the already considered OXPHOS parameter variations.
The results for all such cases, with a maximum increased activity of hydrogen leak of 10
times normal, are shown in Figure 3.12 for the cytosolic ATP concentration. Another factor
of interest to us is oxygen consumption, however while uncoupling appeared to increase
oxygen consumption, OXPHOS dysfunction typically decreased oxygen consumption and so
the effects never exceeded the effect on oxygen consumption of uncoupling alone.

The results seen here show that the effect of Complex III is still extremely significant, but
unlike in some previous cases, the lowest-activity case for Complex III is no longer disjoint
from the other simulated cases. We now see that in some cases the combined effects on other
activities can have as large of an effect on the ATP concentration and electrical potential
gradient. This is evident from a linear model fit which predicts that the combined effects
of the other variables will together have a comparable effect to that of Complex III activity
reductions on their own.
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Figure 3.12: The ATP concentration in each of the cases considered of both OXPHOS dys-
function and increased uncoupling, coloured by the relative activity of Complex III, after
considering all of the activities we find that Complex III remains the most important deter-
minant of the ATP concentration.
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Figure 3.13: The electrical potential gradient in each of the cases considered of both oxidative
phosphorylation dysfunction and increased uncoupling, coloured by the activity of Complex
III, after considering all of the activities in the same manner as this graph we find that
Complex III remains the most important determinant of the electrical potential gradient.

3.3.9 Oxidative Phosphorylation and Mitochondrial Disease in the
medullary Thick Ascending Limb

Here we followed the same procedure as in the PT and considered cases of combinations of
OXPHOS activity reductions in the mTAL.

Univariate Parameter Changes

The univariate cases for ATP concentration show large changes in the cytosolic ATP concen-
tration under OXPHOS dysfunction, relatively comparable to the sensitivity predicted above
in the PT. The mTAL appears to be most sensitive to dysfunction of Complex IV, unlike
the PT which is most sensitive to Complex III dysfunction. The mTAL is also sensitive to
Complex III dysfunction like the PT. We see that the mTAL is more sensitive to Complex IV
dysfunction than the PT is. This different prediction can be explained simply: the activity
of Complex IV is limited by the far lower oxygen tension in the mTAL. When we consider
comparable Complex IV dysfunction (75% lower Complex IV activity) in the mTAL, but
now with a PT-like 50 mmHg oxygen tension, we do not see the same sensitivity to Complex
IV dysfunction (no change in cytosolic ATP concentrations in the 50 mmHg oxygen tension
case, compared to a 37% change in cytosolic ATP concentrations in our baseline 10 mmHg
oxygen tension case). Otherwise the results strongly resemble the PT case.
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Figure 3.14: The effects on the cytoplasmic ATP concentration of changes to the activity
of the four oxidative phosphorylation components considered in the mTAL. The red line
represents the lowest ATP concentration found in any of the mitochondrial disease simulations
performed.
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Figure 3.15: Cytosolic ATP levels in the mTAL in our mitochondrial disease simulations
(various combinations of OXPHOS dysfunction), coloured by the level of Complex IV activity
relative to typical Complex IV activity.
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Figure 3.16: The cytosolic ATP levels for varied OXPHOS dysfunction, uncoupling, and oxy-
genation, coloured by oxygen tension levels. We only consider at most one kind of oxidative
dysfunction at a time (meaning that a given simulation includes only Complex I dysfunction
or only Complex III dysfunction or only Complex IV dysfunction or only ATP Synthase
dysfunction) in order to reduce the number of cases. Some cases exceed baseline ATP levels
due to the effects of glycolysis.

Multivariate Parameter Changes

Like for the PT we wish to address whether there are non-additive effects, and the total range
of possible outcomes under multiple OXPHOS complex deficiencies for the mTAL, thereby
capturing many mitochondrial diseases which often include these combined effects. In Figure
3.15 we show the range of cytosolic ATP concentrations for various combinations of OXPHOS
dysfunction. Once again we fit a linear model and a model with multiplicative interaction
terms, and like for the PT, the R2 is above 0.8 for the linear models and the improvement
from including interactions is marginal. The results can once again be found in Table 3.8.

OXPHOS Deficiencies Combined with Other Effects

OXPHOS dysfunction as previously discussed, is often concurrent with uncoupling, such as
in diabetes, and we know the mTAL to be especially prone to hypoxic injury due to low
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Figure 3.17: Cytosolic ATP concentration in the PT for a range of reductions by tenths of
oxygen partial pressure (starting at 5000 s), to a lowest of one tenth of baseline oxygen partial
pressure (or 5 mmHg) from a maximum of 50 mmHg. This is followed by reoxygenation at
time 15,000 s.

tissue oxygen tension. Thus we considered these two factors as well to see their effect in
combination with OXPHOS deficiency. We find that significant drops in oxygen tension lead
to the largest effect in these combined cases. Under these combined effects, as shown in
Figure 3.16, we still predict that oxygen tension is a particularly significant parameter for
the maintenance of cytosolic ATP levels.

3.3.10 Hypoxia in Proximal Tubule Mitochondria

The kidney is sensitive to reductions in tissue oxygen partial pressure, and understanding
the associated threshold for injury is both medically and physiologically significant. Micro-
and macrovasculature problems may produce local hypoxia, often both are involved. The
effects of macrovascular hypoxia though are more easily measurable, and we can rule out their
sufficiency for hypoxic injury by determining whether the macroscale oxygen partial pressure
is low enough to cause hypoxic injury, if it isn’t then microvasculature problems must be
contributing on a smaller scale than is measured [24, 119]. The results of a gradation of
oxygen partial pressure reductions are shown in Figure 3.17. From this we see a degree of
insensitivity of cytosolic ATP concentrations to oxygen partial pressure dropping in the renal
cortex until 5-10 mmHg, where we see a much greater drop in ATP concentrations.

Reoxygenation is also considered in the simulation shown in Figure 3.17, in our model,
the predicted response is immediate and returns to the previous equilibrium.
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Figure 3.18: Cytosolic ATP concentration in the PT for a range of reductions by tenths of
oxygen partial pressure, to a lowest of one tenth of baseline oxygen partial pressure (or 5
mmHg) from a maximum of 50 mmHg. Connected by a cubic spline.

The strong robustness to hypoxia, down to 10 mmHg in the proximal tubule (with sig-
nificant changes in cell behaviour between 5 and 10 mmHg), agrees with measurements of
a ‘critical’ PO2 found in experimental work of 10 mmHg [47]. This robustness is due to a
sustained capacity to consume the necessary amount of oxygen until that point. For instance,
at normoxic oxygen tensions (50 mmHg) we see an oxygen consumption of 2.52 nmol O2 per
milligram per second in our model, and at 10 mmHg, the cell still consumes 2.31 nmol O2

per milligram per second in our model.

3.3.11 Hypoxia in medullary Thick Ascending Limb Mitochondria

A much smaller absolute change is required in order to produce an extremely low oxygen
tension in the mTAL, because the baseline tissue oxygen tension of the mTAL is much lower
than that of the PT (10-20 mmHg in the mTAL compared to 50 mmHg for the PT). However
as noted by Schiffer, Gustafsson, and Palm [158], there are multiple adaptations that mTAL
mitochondria have to address this problem, most notably: they are more densely packed in
the mTAL, they have greater efficiency, and they have greater oxygen affinity [158]. These
features are included in our model, and produce a partial robustness. The cytosolic ATP
levels are still close to 2 mM until around 4 mmHg, whereas at 5 mmHg the PT’s cytosolic
ATP levels are much worse than necessary to kill the PT cell. Thus, the mTAL can survive
much absolutely smaller oxygen tensions. However since the baseline oxygen tension is lower,
it is not robust to comparably extreme variations of the oxygen tension, the PT’s oxygen
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Figure 3.19: Cytosolic ATP concentration in the mTAL with high ATP consumption for a
range of reductions by tenths of oxygen partial pressure (starting at 5,000 s), to a lowest of
one tenth of baseline oxygen partial pressure (or 1 mmHg) from a maximum of 10 mmHg.
This is followed by reoxygenation at time 15,000 s.
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Figure 3.20: Cytosolic ATP concentration in the mTAL for a range of reductions by tenths
of oxygen partial pressure, to a lowest of one tenth of baseline oxygen partial pressure (or 1
mmHg) from a maximum of 10 mmHg. Connected by a cubic spline.
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Conditions [ATP]c (mM)

mTAL at 1 mmHg 0.61
Hypoxic mTAL with PT-like Vmito 0.33
Hypoxic mTAL with PT-like kO2 0.61

Hypoxic mTAL with both PT-like conditions 0.19
PT at 1 mmHg 0.26

Table 3.9: Variations in mTAL conditions and the consequences for cytosolic ATP concen-
trations under significant hypoxia.

Condition

Electrical
Potential
Gradient

(mV)

Proton
Motive
Force

(PMF,
mV)

[ATP]c/
[ADP]c

NADH/
NAD+

Pool
Reduced

Proportion

CoQ Pool
Reduced

Proportion

CytC
Reduced

Proportion

PT 158.89 168.26 16.12 0.08 0.1 0.28
mTAL 164.55 174.13 20.22 0.85 0.52 0.49

Table 3.10: Key predictions after post-reperfusion equilibration in the PT and mTAL.

tension may be as low as 20% of typical before being in major danger. The mTAL’s cytosolic
ATP levels are much lower than baseline at oxygen tensions below 40% of typical. In Figure
3.19 we see the effects of adjusting the oxygen tension in the mTAL.

Like with OXPHOS dysfunction, we wished to identify the factors contributing to the
robustness of the mTAL under hypoxia. To do this we consider 1 mmHg normal oxygen
tension in the mTAL (1 mmHg) but with PT-like mitochondrial volume fraction or Complex
IV oxygen affinity (and combinations thereof), see Table 3.9. We compare these cases with the
PT’s response to 1 mmHg oxygen tension. We find that while a PT-like mitochondrial volume
fraction or Complex IV oxygen affinity makes the mTAL cell perform worse as expected,
it is necessary and sufficient that you change both to PT-like values in order to produce
comparable drops in the cytosolic ATP content in the mTAL.

3.3.12 Ischemia-Reperfusion Injury in the Proximal Tubule

During ischemia, the cell suffers a severe decline in oxygen concentration. As a consequence
of ischemia, the adenine nucleotide (AMP/ADP/ATP) pool becomes smaller, an effect we
include. For our model of reperfusion, the oxygen concentration returns to normal and the
combined adenine nucleotide pool is 30% of its typical size, based on the results of Cunning-
ham, Keaveny, and Fitzgerald [34]. In the post-reperfusion steady state with this model (see
Table 3.10), we predict the proton motive force is only somewhat higher at 168 mV (com-
pared to 166 mV typically). The NADH/NAD+, coenzyme Q and cytochrome C pools are
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not predicted to be left in a highly reduced state. Until the adenine nucleotide pool recovers
the cell may be susceptible to reperfusion injury on these grounds. Adding dichloroacetate,
which increases the flux through pyruvate dehydrogenase, did not significantly impact the
redox state of the cell following reperfusion. Tripling the cytosolic pyruvate concentration,
which also increases the flux through pyruvate dehydrogenase, similarly had no effect.

3.3.13 Ischemia-Reperfusion Injury in the medullary Thick As-
cending Limb

Ischemia is represented in the same way for the mTAL as for the PT. Due to the small
NADH/NAD+ pool in the mTAL, we have a highly reduced NADH/NAD+ pool and an
elevated proton motive force at steady state. 85% of the NADH/NAD+ pool is NADH and
the proton motive force is 174 mV (relative to the typical value of 169 mV). The coenzyme Q
and cytochrome C pools are left in a somewhat reduced state. Dichloroacetate and cytosolic
pyruvate had small effects on the redox state of electron carriers and proton motive force.

3.4 Discussion

The goal of the present study was to develop a new model of mitochondria in the mTAL,
to improve a model of mitochondria in the PT, and to examine both in several pathologi-
cal conditions. Our model is able to predict several important cellular quantities, including
ATP generation, P/O (Phosphate/Oxygen) ratio, proton motive force, electrical potential
gradient, oxygen consumption, the redox state of important electron carriers, and ATP con-
sumption. As noted above, for many of these quantities our predictions were within the range
of known measurements both for in vivo and in vitro cases.

Schiffer et al. notes a lower P/O ratio in the PT than the mTAL, indicating that the
mTAL is more metabolically efficient [158]. The P/O ratio is the ratio of ATP synthase
phosphorylation of ATP to the Complex IV oxygen consumption. The ratio in vitro has
been measured to be 1.93±0.13 in the mTAL, and 1.81±0.10 in the PT [158]. Our model
predicts a similar in vitro P/O ratios between the PT and mTAL, but lower in the PT (see
Table 3.2), like we see in Schiffer et al. The predicted P/O ratios in vivo are found in Tables
3.6 and 3.7 respectively, and we see that in vivo the mTAL has a marginally higher P/O
ratio. This is driven in vivo by higher metabolic demand and lower oxygen consumption due
to the mTAL’s comparatively hypoxic state.

Before we get into the details of the dysfunctional cases, we define certain well-understood
adverse outcomes. ATP depletion is a significant drop in the cytosolic ATP concentration.
ATP depletion is one pathway by which cells die. In mice, there is significant risk of apop-
tosis from ATP depletion below 70% of typical cytosolic ATP concentrations, and necrosis is
assured below 15% [115]. These benchmarks help us to understand the severity of the ATP
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depletion observed under the conditions we simulate. Depolarization is a significant loss of
either electrical potential gradient, pH difference, or both across the inner membrane of the
mitochondria. Remaining polarized is a necessary prerequisite for ATP generation by the
mitochondria in a way that is included in our model (see Section 2.2 for the model equa-
tions surrounding the electron transport chain). At equilibrium, ATP generation matches
consumption. Reduced ATP generation will limit how much ATP may be consumed, leading
to poor reabsorption on the part of the kidney. Finally, overproduction of reactive oxygen
species is understood to be a major problem for instance in ischemia-reperfusion injury. We
capture this in our model by examining the reduction state of the NADH, Cytochrome C,
and co-enzyme Q pools in the cell. For instance, if there is much more NADH than NAD+,
then Complex I will be in a more reduced state, and if simultaneously there is more of the
reduced form of coenzyme Q than its oxidized form, then Complex I may create reactive
oxygen species. Similarly Complex III may do the same if the pools of co-enzyme Q and
Cytochrome C are both in a reduced state.

Model simulations indicate that the PT and mTAL are sensitive to different metabolic
perturbations, we deal with these pathological questions first. Both are predicted to be sus-
ceptible to a lowered activity of Complex III, but the mTAL is more susceptible to Complex
IV deficiency. This result is unsurprising because Complex IV uses oxygen as a substrate,
and the relatively hypoxic environment of the mTAL means that a larger amount of Complex
IV is necessary in order to produce the same hydrogen flux. On the other hand though, if we
consider the two tissues’ sensitivities to hypoxia in absolute terms we see that at an oxygen
tension of 5 mmHg, the cytosolic ATP concentration in the mTAL is comparable to the base-
line cytosolic ATP concentration in the PT. When the PT experiences an oxygen tension of
5 mmHg, it experiences ATP depletion sufficient to cause cell death. This is possible because
Complex IV has a higher oxygen affinity in the mTAL in our model and experimentally [158].
That said, if we consider hypoxia relative to baseline oxygen tensions in each tissue, we see
that the mTAL is at risk of cell death for 70% declines in the baseline oxygen tension whereas
the PT is not at risk of cell death until 80-90% declines in oxygen tension from baseline. If
we consider instead ATP homeostasis for higher rates of ATP consumption, we see that for
a QATP,max that is 25% higher than typical in the mTAL (see the highest QATP,max in Table
3.7), we have a lower cytosolic ATP concentration than the PT does after a 25% increase
in the maximal ATP consumption (see Table 3.6). This is despite the fact that the mTAL
has a higher baseline cytosolic ATP concentration. This is due to the fact that the maximal
ATP consumption in the PT is much lower than in the mTAL (1.5 M/s vs 2.1 M/s). In
fact, after a 25% increase in the maximal ATP consumption in the PT, the PT’s maximal
ATP consumption is still lower than the baseline maximal ATP consumption in the mTAL.
Ultimately then the PT is more sensitive to hypoxia below 10 mmHg oxygen tension. The
mTAL is more sensitive to equivalent proportional decreases in oxygen tension than the PT
is, to increased metabolic demand, and to Complex IV dysfunction. The mTAL is more
sensitive to hypoxia and Complex IV dysfunction because of its baseline low oxygen tension,
which can be demonstrated by considering its cytosolic ATP concentrations at comparable
oxygen tensions to our PT hypoxia cases. The PT is more sensitive to oxygen tensions below
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10 mmHg because Complex IV oxygen affinity in the mTAL is greater.

The proximal tubule is susceptible to OXPHOS dysfunction, for instance due to the
accumulation of drugs reabsorbed from the nephron lumen [69]. Our results suggest that in
the proximal tubule of the rat kidney, ATP concentrations are most sensitive to Complex
III activity reductions, as can be seen in Figure 3.9. Based off of our results, we can predict
that recovering Complex III function is the most promising target for mitochondria-mediated
Fanconi syndrome if Complex III is affected. The predicted importance of Complex III, is
compatible with experimental studies that suggest its importance to mitochondria-mediated
renal pathology [127]. The additive relationship noted above between distinct OXPHOS
deficiencies is indicative that this advice will remain true regardless of the combination of
OXPHOS deficiencies.

Our model doesn’t directly predict the production of reactive oxygen species, as we’ve
noted before. However what it does predict presents an interesting case for how out-of-control
reactive oxygen species production may depend on the supply of adenine nucleotides available
during reperfusion. When ADP is not available within the mitochondrion, ATP Synthase is
not able to shuttle hydrogen ions across the inner membrane of the mitochondrion. Without
this, the electron transport chain is left in a reduced state and the proton motive force is
increased. The adenine nucleotide levels (that is, the pooled concentration of ATP, ADP, and
AMP) are experimentally observed to fall to roughly 30% of typical after clamping the renal
pedicle (which includes the renal artery) for 60 minutes [34]. With a lower adenine nucleotide
level, we see that the reperfused kidney’s mitochondria are left in a reduced state in the PT
and mTAL in our model as we expected, as discussed in Sections 3.3.12 and 3.3.13. This
highly reduced state persists in our model unless the adenine nucleotide levels recover. The
size of the adenine nucleotide pool is well-understood to be important to the respiration rate
because adenine nucleotide translocase activity is frequently rate-limiting for mitochondrial
respiration [4] and the size of the adenine nucleotide pool controls the flux through adenine
nucleotide translocase [51]. Since it is important to the respiration rate, it is natural that
with a smaller adenine nucleotide pool, that earlier steps in oxidative phosphorylation would
be left in a reduced state for lack of a target to donate their electrons to.

Previous work [47] and our model predictions show that under 10 mmHg PT mitochondrial
matrix oxygen tension, and our work predicts under 4 mmHg mTAL mitochondrial matrix
oxygen tension, that some cells will experience ATP depletion. These estimates are much
lower than tissue oxygen tensions linked to hypoxia [55], indicating that the hypoxia is more
local than tissue-based measures can find, a result highly suggestive of microvascular ischemia,
in accordance with the conventional microvascular view of renal hypoxia [50, 106, 119]. This
suggests a role for microvascular ischemia in the development of renal hypoxia, rather than
for macrovascular effects on renal hypoxia alone. Our findings for the threshold of hypoxic
injury in the proximal tubule are compatible with experimental results [47].

We note above that for a physiologically reasonable metabolic demand, the mTAL can
be sensitive to hypoxia. Understood relative to the PT’s oxygen tension though, the mTAL
is fairly resilient. We wish to identify the source of the mTAL’s resilience to lower oxygen
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tensions. We identified two factors in Section 3.3.11 which contribute to the resilience of the
mTAL to ATP depletion during hypoxia: the mitochondrial volume fraction and Complex
IV’s oxygen affinity, which are recognized by physiologists as important to the resilience of the
mTAL [158]. Our results noted in Section 3.3.11 suggest that mitochondrial volume fraction
is very important to the mTAL’s resilience, but that the higher oxygen affinity of Complex IV
is part of what explains the mTAL’s resilience. Our model predictions corroborate Schiffer
et al’s [158] hypothesis about the basis for the mTAL’s resilience against hypoxia: that
the mitochondrial volume density and Complex IV oxygen affinity both contribute to the
robustness of the mTAL. This goes towards answering our comparative questions about the
PT and mTAL.

Our predictions in our drug simulations indicate that the circumstances under which an
uncoupler such as salicylate could cause proximal tubulopathy in rats are limited. We found
that uncoupling was not a significant cause of ATP depletion in the cell in our model, although
it could cause a significant increase in oxygen consumption (see Sections 3.3.6 and 3.3.7 for
the results of the uncoupling case). Likely it requires underlying pre-existing conditions in
the rat, for instance affecting delivery of oxygen to the kidney, such that the uncoupler is
a more potent cause of hypoxia. Similarly, ifosfamide appears to be a less potent cause
of kidney injury in rats according to our model (see Section 3.3.8). Ifosfamide primarily
affects Complex I, and at experimentally noted ifosfamide-caused reductions in Complex
I activity we did not observe significant ATP depletion in our model. This accords with
observations that ifosfamide’s nephrotoxicity is more concerning in children and patients
taking cisplatin concurrently [89]. Ifosfamide could also produce an indirect impact through
oxidative stress, a known consequence of Complex I dysfunction and ifosfamide use that
is not within the scope of our model [163]. On the other hand, gentamicin is known to
have common nephrotoxic effects via several mitochondrial mechanisms, including OXPHOS
dysfunction and uncoupling [143], and our model indicates that these are sufficient to cause
massive ATP depletion (see Section 3.3.8 and 3.3.9).

Aside from the above potential adverse outcomes, we studied oxygen consumption and
how it was affected by many factors but principally uncoupling. Particularly in diabetes,
uncoupling reduces the efficiency of aerobic respiration and increases the kidney’s oxygen
consumption [55]. Our work predicts increased oxygen consumption, but cannot predict the
subsequent hypoxia because it treats mitochondrial partial pressure of oxygen as a clamped
quantity, and thus not responsive to oxygen consumption. Future experimental and modelling
work could go further by tying oxygen consumption to the partial pressure of oxygen via an
estimated response curve of oxygen tension to oxygen consumption or a control ratio of the
two quantities. However with this assumption of a clamped oxygen tension, we noted that
a 10x increase in hydrogen leak produced a 37% increase in oxygen consumption in the PT,
and that a 10x increase in hydrogen leak in produced a 27% increase in oxygen consumption
in the mTAL. In light of the mTAL’s inelastic supply of oxygen [47] and low baseline oxygen
tension, it may nevertheless be more susceptible to uncoupling-mediated hypoxia.

In conclusion, our model accurately captures mitochondrial ATP generation and oxygen
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consumption in the PT and mTAL. This model allows us to measure the efficiency of aerobic
respiration in these two tissues, and the capacity of mitochondria to meet metabolic demand
in the PT and mTAL. These predictions, found in Table 3.6 and 3.7, match well with exper-
imental observations. We’ve also simulated OXPHOS dysfunction, uncoupling, hypoxia, and
ischemia-reperfusion. Where possible we’ve identified thresholds for ATP depletion based
on the above kinds of dysfunction. In the case of ischemia-reperfusion, we identify how to
indirectly examine the production of reactive oxygen species from our model. We also ex-
amine different model descriptions of the process of reperfusion, demonstrating that the risk
of reactive oxygen species production is much greater under some descriptions of reperfusion
than others. More accurately capturing the feedback between tissue oxygen tension and oxy-
gen consumption would be a valuable next step in capturing the negative consequences of
uncoupling and other mitochondrial dysfunctions.
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Chapter 4

A Model of Mitochondria in the
Hepatocytes of Rats

4.1 Introduction

Mitochondria are crucial to understanding the pathophysiology of the liver in a wide array
of circumstances. Some of the ways in which liver pathophysiology specifically is impacted
by or mediated through mitochondria are not unique to the liver. Hypoxia is a common con-
sequence of liver disease [179] and ischemia-reperfusion injury is a common consequence of
liver transplantation [124] but they are certainly not unique to the liver. Other mitochondria-
related pathophysiologies are unique to the liver. For instance alcoholic fatty liver disease
is of course unique to the liver, and mitochondria are causally-connected to its development
[195]. These unique problems for the liver also are associated with special adaptive responses.
For instance during alcohol consumption, in healthy rats there is a large increase in liver oxy-
gen tension [154]. This could potentially prevent hypoxia but could also increase oxidative
stress, which is associated with alcohol-related liver injury [195]. In light of all these condi-
tions, understanding mitochondria is crucial to understanding liver pathophysiology, but it
is also necessary that the liver is recognized as the unique organ that it is when investigating
mitochondria-related liver pathophysiology.

Since our interest is in a cellular organelle, we take a subcellular modelling approach
to study this system. We study a system of ordinary differential equations which describe
pyruvate oxidation, the tricarboxylic acid (TCA) cycle, and oxidative phosphorylation (OX-
PHOS). We take a model originally developed for cardiac muscle tissue [193], and since
adapted to study the proximal tubule in the kidney [44], and adapt it into a model for hep-
atocytes. We opt to preferentially study hepatocytes within the liver because by volume
the liver is composed of 80% hepatocytes [11]. The second-most common cell type, stellate
cells, make up only 5-8% of liver cells [61]. Hepatocytes are also are the basis for many
critical liver functions, including those related to energy metabolism, such as glycogenesis
and gluconeogenesis [130].
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We aim to develop a mathematical model of the hepatocyte mitochondrial function in both
healthy and pathological conditions. Under baseline (healthy) conditions, we need to consider
a range of values both to account for uncertainty and to account for heterogeneity between
hepatocytes [12]. For our stated purpose of studying mitochondrial function, gradients of
oxygen and preferences of metabolic pathways within liver lobules are particularly important.
Other quantities are highly uncertain and must be varied for that reason. In particular
ATP consumption and the contribution of glycolysis to liver function (the latter is also
subject to spatial heterogeneity). When we examine the sensitivity of our model under health
conditions, we’ll be interested especially to identify the sensitivity of the default conditions
to all the features mentioned here.

We then apply the model to investigate several causes of liver dysfunction, namely: mi-
tochondrial disease (and especially those based on OXPHOS-mediated disorders), fatty liver
disease (which especially causes oxidative stress, leading to OXPHOS dysfunction and Cy-
tochrome C release), hypoxia, and acute alcohol consumption (which causes oxidative stress).
Crucially, many of these either lead to or follow from OXPHOS dysfunction, and so our aim
will be two-fold: to replicate conditions of a highly reduced OXPHOS chain, the natural
preceding event to oxidative stress, and to consider OXPHOS dysfunction once it occurs.

4.2 Method

4.2.1 The Model

The model is adapted from a model for cells in the kidney of the rat. The biochemical
reactions and transport kinetics in the two tissues are relatively similar, and so the model
structure isn’t significantly altered for this work. The only structural change to the kidney
model is the introduction of glutamate dehydrogenase activity, described below. The key
changes relative to either the PT or mTAL model were to the parameters, including some
clamped states of the model. This happened in two phases: first we changed parameters that
had been measured experimentally, and second we fitted some less measurable parameters.
Section 4.2.2 addresses this second fitting phase. In this section we address experimentally
determined parameter values.

Several important quantities for the model can be measured directly, they are listed in
Table 4.1. ATP consumption ranges were chosen based on the activity of Na-K-ATPase in
mice [80] and an estimate in rats that 20% of ATP consumption (via a proxy of oxygen
consumption) is due to Na-K-ATPase [6]. This gave us a reasonable-appearing estimate that
the maximal ATP consumption was roughly half of that of a proximal tubule cell in the
kidney. QATP, max was chosen to be 8.75×10−4 M/s based on these measurements. Proximal
tubule cells have particularly large energy requirements, suggesting this is reasonable [44].
Glycolysis-based ATP production (VGlyc) was taken to be a third of the maximal glycolysis-
mediated pyruvate and lactate production found in rats in Fedatto et al. [48], or 2.3×10−4
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Parameter Values for Liver Reference

Fractional Mitochondrial Volume (L mito/L cell) 0.23 [11]
Fractional Cytoplasmic Volume (L cyto/L cell) 0.70 [11]

Cytoplasm Water Fraction (L water/L cyto) 0.77 [172]
Mitochondria Water Fraction (L water/L mito) 0.58 [178]

Matrix NAD+NADH concentration (mmol/L matrix) 9.4×10−3 [25]
Matrix concentration of co-enzyme Q (mmol/L matrix) 6.49×10−3 [13]

Intermembrane concentration of Cytochrome C (mmol/L IM) 4.39×10−3 [13]
Protein Density of Mitochondria (mg prot/L mito) 6.45×105 [97]

Liver-to-heart Ratio Complex I 1.2 [13]
Liver-to-heart Ratio Complex III 0.525 [13]
Liver-to-heart Ratio Complex IV 0.40 [13]

Mitochondrial Oxygen Tension (mmHg) 35 [121]
Cytosolic Potassium Concentration (mmol/L cyto) 88 [186]

Cytosolic pH 7.09 [177]
Cytosolic Magnesium Concentration (mmol/L cyto) 0.4 [136]

Cytosolic Pyruvate (mmol/L cyto) 1.2 [168]

Table 4.1: A list of parameters used in our model that were based on experimental data.
One parameter noted above comes from murine data [25].

M/s.

The model structure was altered to include one additional flux, corresponding to the
activity of glutamate dehydrogenase, which in mammalian cells converts glutamate into al-
phaketogluterate, a Krebs cycle intermediate. This flux was represented in our model with
simplified kinetics as follows:

Jgdh = VGDH
[GLU]x[NAD]x

KM, GLU + [GLU]x
(4.1)

The activity of glutamate dehydrogenase is a source of alphaketogluterate and NADH in
the mitochondrial matrix, and consumes glutamate and NAD+ (see Equation 2.119). VGDH

and KM, GLU were chosen based on experimental measurements (to be 6.25 s−1 and 1.9x10−3

M respectively) [84]. That paper uses a model of the kinetics that was even simpler, not

including NAD+, for that reason, we treat that paper as measuring Vmax = XGDH
[NAD+]x
KNAD, ref

,

where KNAD, ref is a baseline concentration of NAD+ present in the mitochondrial matrix.
We use physiologically reasonable concentrations to choose KNAD, ref, assume for calculation
that this was the NAD+ concentration present in the mitochondrial matrix in the work of
Jonker et al. [84], and then VGDH may be calculated simply as VGDH = XGDH

KNAD, ref
(which

Jonker et al. measure to be 2×10−10 M/s). Our model requires us to model the reaction’s
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dependence on NAD+ concentration because otherwise the model may consume excessive
NAD+. Glutamate dehydrogenase consumes NAD+ and for that reason exhibits a kinetic
dependence on it [17].

Target Quantity Measured Source Predicted

State 2 Oxygen Consumption (mM/s) 0.30 [72] 0.30
State 3 Oligomycin-Sensitive Oxygen Consumption (mM/s) 2.0 [72] 2.2

Table 4.2: Values used to fit unknown parameters and the predicted values.

4.2.2 Model Parameter Fitting

Along with the above experiment-based parameter changes, we decrease (23%) the hydrogen
leak permeability relative to the proximal tubule model above (PH, Leak to 714, our adenine
nucleotide translocase activity is the same as in the above PT model, that is XANT is 6.75 x
10−3), we are able to find a suitable fit for the State 2 and 3 oxygen consumption as measured
in isolated liver mitochondria [72]. In that work they measure the State 2 measurements of
oxygen consumption to be 0.30 mM/s, and the State 3 measurements of oligomycin-sensitive
(or Complex IV-dependent) oxygen consumption to be 2.0 mM/s. With adjustments to
the hydrogen leak we get a good fit for the State 2 and 3 oxygen consumption. For other
parameters we use values from Edwards et al. [44]. The results of the fit are recorded in
Table 4.2.

4.2.3 Simulations

All simulations discussed below use an in vivo model, the State 2 and 3 respiration discussed
in the previous section were measured using a different model structure that nevertheless
shares most model equations (see the discussion in Chapter 2).

While there is a variety of mitochondria-mediated liver pathologies, they tend to progress
through OXPHOS dysfunction or oxidative stress. The latter is attenuated by uncoupling ef-
fects, or hydrogen leak permeability. Uncoupling reduces the effect of oxidative stress because
when the proton motive force is less strong, OXPHOS complexes are better able to transfer
their electrons through the electron transport chain instead of staying in a reduced state that
increases the risk of free radical formation. Oxidative stress can also initiate mitochondrial
permeability transition (mPT), which may reduce the concentration of cytochrome C in the
intermembrane space. Oxidative stress can also produce OXPHOS dysfunction.

OXPHOS dysfunction is represented by some combination of reductions in the activities
of Complex I, III, IV, and ATP Synthase (XCI , XCIII , XCIV , and XF1, see Section 2.2). We
consider combinations in reductions of these activities because many OXPHOS dysfunctions
are not specific to one OXPHOS enzyme [104]. We consider successive reductions in the
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activity of each OXPHOS enzyme by 25% to as low as a quarter of the baseline enzyme
activity.

Oxidative stress is frequently a consequence of the cell being in an energized state where
the redox state of the cell’s electron transport chain is too reduced. We consider two mecha-
nisms that are able to produce oxidative stress: high glycolysis (four times the default value
for VGlyc) or via reperfusion following a period of ischemia (ischemia involving zero oxygen
tension, smaller adenine nucleotide (a 0.25 fold change in the concentrations of ATP, ADP,
and AMP) and nicotinamide pools (a 0.5 fold change in NADtot)). In the latter case, we
consider the consequences of total hypoxia (no oxygen) over a period of 50,000 seconds (or
roughly 14 hours) with a nicotinamide pool (the combined concentrations of NADH and
NAD+, or NADtot) that is half the normal size [86], and a pool of cytosolic adenine nu-
cleotides (the combined concentrations of ATP, ADP, and AMP) that is a quarter of normal
levels [86, 187]. Following this period of ischemia, liver oxygen tension returns to normal
but other features of the cell do not. We then recorded the reperfusion behaviour until it
appeared to settle at a new baseline.

Aside from the above cases, we consider uncoupling on its own and hypoxia. The latter is
a known consequence of liver disease, and especially alcoholic liver disease in rats [154, 179].
We considered oxygen tensions reduced by tenths from the default oxygen tension of 36
mmHg, to a low of 3.6 mmHg. We also consider an oxygen tension of 0.5 mmHg to gauge
the effects of more extreme hypoxia. For uncoupling, we consider 2x, 5x, and 10x typical
hydrogen leak permeability (PH,leak, see Equation 2.138).

4.3 Results

4.3.1 Baselines

Key model predictions are shown in Table 4.3. Under baseline conditions, the liver model
predicts a cytosolic ATP concentration of 6.91 mM, and an ATP/ADP ratio of 18.11. These
compare favourably with at least some experimental estimates. For instance Schwenke et
al. measure the cytosolic ATP concentration to be 6.18 mM. The cytosolic ATP/ADP ratio
was found to be 6.94 in the same study [162], although the ATP/ADP ratio varies widely
between preparations [162, 198]. Other predicted measures of the energetic state of the liver
also appear to accord well with at least some experimental results. For instance the electrical
potential gradient across the inner membrane of liver mitochondria was predicted to be 167
mV (physiological conditions treated as a positive quantity). This is within experimentally
observed ranges. Porter and Brand observe an electrical potential gradient of 149 mV [139].
Other studies on isolated hepatocytes have found the electrical potential gradient to be 154
mV in young rats [68]. Some studies report even lower values for the electrical potential
gradient such as 108 mV [171] or 118 mV [123], both in perfused liver. Other studies working
with isolated rat liver mitochondria have reported electric potential gradients as high as 188
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O2 Con-
sumption
(nmol O2

mg−1 s−1)

ATP
Generation

(nmol
ATP mg−1

s−1)

P/O

Electrical
Potential
Gradient

(mV)

Proton
Motive
Force

(PMF,
mV)

[ATP]c
(mM)

[ATP]c
/[ADP]c

Base Case
PO2 = 36mmHg
pHc = 7.09

0.62 2.04 1.64 166.85 167.71 6.91 18.11

PO2 Variation
PO2 = 50mmHg 0.61 2.04 1.68 166.96 168.71 6.91 18.49
PO2 = 12mmHg 0.62 2.04 1.65 165.58 167.18 6.9 17.84
PO2 = 8mmHg 0.62 2.04 1.65 164.74 166.26 6.89 17.40

QATP,max Variation

QATP,max x 0.75 0.45 1.27 1.4 167.21 169.03 6.94 20.01
QATP,max x 1.25 0.79 2.8 1.77 165.93 167.75 6.87 16.44
QATP,max x 1.5 0.96 3.56 1.86 164.99 167.26 6.80 14.30

pHc Variations
pHc = 7.40 0.55 2.03 1.83 161.72 188.81 6.58 9.71
pHc = 7.00 0.65 2.03 1.57 167.1 162.17 6.97 21.74
pHc = 6.80 0.73 2.01 1.39 167.31 148.47 7.07 30.92

[K+]c Variations
[K+]c = 60mM 0.63 2.03 1.61 176.53 168.15 6.93 19.57
[K+]c = 140mM 0.61 2.04 1.66 153.77 167.63 6.86 15.97

[Mg2+]c Variations
[Mg2+]c = 0.2mM 0.62 2.03 1.64 166.62 168.32 6.81 14.40
[Mg2+]c = 0.8mM 0.62 2.05 1.64 166.59 168.30 7.01 24.89
Variations in H+

and K+ leak
permeability

No leaks 0.47 2.1 2.25 174.84 169.71 6.93 19.21
No H+ leak 0.52 2.08 1.99 167.52 169.19 6.92 18.68
No H+ leak,
10x PK,leak

0.71 1.97 1.39 126.59 162.52 6.61 10.17

No K+ leak,
10x PH,leak

1.48 1.69 0.57 166.22 163.77 6.86 16.23

10x PH,leak 1.42 1.71 0.6 160.56 163.82 6.85 15.97
10x PK,leak 0.76 1.95 1.29 126.49 162.2 6.60 10.0
10x Leaks 1.18 1.77 0.75 125.82 159.96 6.50 8.77

Table 4.3: The model under typical conditions and various relevant deviations from normal
conditions.
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mV [137]. In the above cases, the proton motive force was also frequently measured. There is
a wide range of experimental measurements, which encompasses our predictions, we predicted
the proton motive force to be 168 mV. Experiments have found the proton motive force to
range from 125 mV [171] to 191 mV [68].

We calculate the P/O ratio only taking into account oxygen consumption by the mi-
tochondria. Unlike multiple experimental studies, the P/O ratio is calculated using only
mitochondrial oxygen consumption (as well with non-mitochondrial oxygen consumption) by
Brand, Harper, and Taylor [19]. Including only mitochondrial oxygen consumption, they find
a P/O ratio of 1.69 [19]. This is comparable to our predicted P/O ratio of 1.64. The P/O
ratio was calculated from the ATP generation, which under default conditions was found to
be 2.04 nmol ATP mg−1 prot s−1 by ATP Synthase, and O2 consumption which was found
to be 0.62 nmol O2 mg−1 prot s−1 (the P/O ratio is the ATP generation (or ATP Synthase
activity) divided by 2x the oxygen consumption (or Complex IV activity)).

4.3.2 Parameter Sensitivity Analysis

Here we vary several important parameters, namely the leak permeabilities, cytosolic ion
concentrations, maximal ATP consumption, and oxygen tension. For this analysis we consider
large changes to these parameters and report the effects (the exact changes are noted in the
first column of Table 4.3), rather than reporting local measures of sensitivity (see Table 4.3).
Our sensitivity analysis indicates that only some of these perturbations have a strong impact
on liver mitochondrial function, notably maximal ATP consumption and leak permeabilities.

The key parameters that most significantly alter the system’s behaviour in the ranges
considered here are the maximal ATP consumption and the leak permeabilities (PH, leak and
PK, leak, see Equations 2.138 and 2.139). Under a 1.5-fold increase in maximal ATP consump-
tion, there’s a slightly more than 1.6-fold increase in oxygen consumption. This suggests a
larger maximal ATP consumption could lead to hypoxia, due to the significantly increased
oxygen consumption. However the efficiency as measured by the P/O ratio of respiration
also improves with increased ATP consumption (for higher ATP consumption, the P/O ra-
tio may be as high as 1.87). Leak permeabilities also had a major impact on the oxygen
consumption. When there is no potassium leak and a ten-fold increase in hydrogen leak, the
oxygen consumption more than doubles. When there is a ten-fold increase in potassium and
hydrogen leak, the ATP concentration reaches its minimum, 6.5 mM, the ATP/ADP ratio
hits its minimum as well of 8.77, as did the proton motive force, which gets to a minimum
of 160 mV.

These results suggest that uncoupling and greater ATP demand could trigger greater
oxygen consumption, possibly producing hypoxic conditions.
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Figure 4.1: The full set of local sensitivities in the liver, for more information see section
4.3.3. CytC stands for cytochrome C, reduced cytochrome C refers to cytochrome C that
has been donated an electron by Complex III.

4.3.3 Local Sensitivity Analysis

We consider the change in state variables in hepatocytes under a change in each parameter
of our model. Below we show the derivative of each state variable against each parameter,
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calculated using a central difference scheme with ∆p = 0.01p where p is the size of the
parameter. The derivative is normalized relative to the baseline size of each state variable
and the size of each parameter. The full local sensitivity analysis is reported in Figure
4.1. In Figure 4.2 we focus on several key variables and the parameters that are most
impactful on those state variables. Hepatocytes in the liver appear to be fairly sensitive to
many parameters. Several sensitivities are much higher than the comparable sensitivities
in the PT and mTAL respectively. The NADH and reduced coenzyme Q concentrations
were particularly sensitive to multiple key parameters. Cytosolic ATP concentrations are
most sensitive to the maximal ATP consumption. The mechanism explaining the response
of NADH concentrations to the activities of pyruvate dehydrogenase and alphaketogluterate
dehydrogenase is the same as in the proximal tubule discussed above. Reduced coenzyme
Q concentrations are strongly reactive to total NADH/NAD+ concentrations, and thus to
pyruvate dehydrogenase and alphaketogluterate dehydrogenase activity. Aside from those
effects, the reduced coenzyme Q concentration is strongly sensitive to the total available
coenzyme Q, and the pool available of cytochrome C, which is negatively associated with the
quantity of reduced coenzyme Q. This indicates that the concentration of reduced coenzyme
Q is restricted by the total amount of coenzyme Q to a moderate extent, and that the
reduction state of the coenzyme Q is also controlled by the available cytochrome C to accept
electrons from coenzyme Q. Overall this indicates that the coenzyme Q and cytochrome C
pools are not present in great excess of what the mitochondrion needs.

4.3.4 OXPHOS Dysfunction

We describe our method for simulating dysfunction of oxidative phosphorylation (OXPHOS),
that is activity of electron transport chain components and ATP synthase, above in Section
4.2.3. With a lowest OXPHOS complex activity of one quarter, there is little discernable
consequence for cytosolic ATP consumption, and very little noticeable difference in the elec-
trical potential gradient. With reduction to one quarter of all considered OXPHOS complex
activities, the cytosolic ATP concentration differed by less than 2%. The electrical potential
gradient never differed by more than 4%. Thus, impaired OXPHOS function was found to
have little impact on ATP concentrations, or the electrical potential gradient of the liver.
This result is consistent with the relatively few mitochondrial diseases known to affect the
liver [104]. Those that do tend to be particularly severe, causing death in childhood, or
progressive diseases leading ultimately to the depletion of mitochondrial DNA. The results
were not significantly different under moderate hypoxia or reduced glycolysis.

Liver hepatocytes are predicted to be more robust than the proximal tubule (PT) of the
kidney to OXPHOS dysfunction (results compiled in Table 4.4). The thick ascending limb
(mTAL) is also more sensitive to OXPHOS dysfunction than the liver, but it has more con-
founding differences in tissue oxygen tension and mitochondrial volume fraction. We explore
the reason for the difference between the PT and liver in robustness by considering the effect
of reducing Complex III activity by 75% for hepatocyte mitochondria with PT-like parameter
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Figure 4.2: Local sensitivities of several important state variables in hepatocytes relative
to certain significant parameters. CytC stands for cytochrome C, reduced cytochrome C
refers to cytochrome C that has been donated an electron by Complex III. AKGD refers
to alphaketogluterate dehydrogenase, PDH refers to pyruvate dehydrogenase, ANT refers to
adenine nucleotide translocase, and QH2 is the reduced form of coenzyme Q.

values for metabolic demand, glycolysis activity, or baseline OXPHOS enzyme activities (and
combinations thereof). We consider another kind of robustness that the liver hepatocytes
exhibit below (namely, to hypoxia). The PT has 74% of baseline cytosolic ATP concentra-
tions under reduced Complex III activity. With no glycolysis (matching the PT) or PT-like
baseline OXPHOS activities, the difference in cytosolic ATP concentration is negligible for a
liver hepatocyte with Complex III dysfunction. With PT-like metabolic demand, we see 90%
of baseline cytosolic ATP concentrations in hepatocytes. With both no glycolysis and PT-
like metabolic demand, we see 78% of baseline cytosolic ATP concentrations. With PT-like
OXPHOS activities and metabolic demand, we see 88% of baseline cytosolic ATP concen-
trations during Complex III dysfunction. With no glycolysis and PT-like baseline OXPHOS
activities, we see negligible differences from baseline cytosolic ATP concentrations. With
no glycolysis, PT-like metabolic demand, and PT-like baseline OXPHOS activities, we see
74% of baseline cytosolic ATP concentrations. This indicates that adjusting the glycolytic
activity, OXPHOS activities, and metabolic demand to PT-like parameters is necessary and
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Conditions
Relative Cytosolic ATP

compared to typical Liver
Hepatocytes

Liver hepatocyte with 75% dysfunction in Complex III 99%
Dysfunctional hepatocyte with PT-like metabolic demand 90%

Dysfunctional hepatocyte without glycolytic activity 97%
Dysfunctional hepatocyte with PT-like baseline

OXPHOS activities
99%

Dysfunctional hepatocyte with PT-like metabolic
demand and no glycolysis

78%

Dysfunctional hepatocyte with PT-like metabolic
demand and baseline OXPHOS activities

88%

Dysfunctional hepatocyte with PT-like baseline
OXPHOS activities and no glycolysis

96%

Dysfunctional hepatocyte with all three adjustments to
be more like the PT

74%

PT Epithelial Cell with 75% dysfunction in Complex III 74%

Table 4.4: Variations in hepatocyte conditions and the consequences for cytosolic ATP con-
centrations under Complex III dysfunction.

together sufficient for us to observe PT-like sensitivity to OXPHOS dysfunction.

4.3.5 Conditions producing Oxidative Stress

Oxidative stress can occur under a range of circumstances. In our simulation work, high rates
of glycolysis appear to be a particularly significant potential means of producing oxidative
stress. We see in Figure 4.3 that under these glycolytic conditions, the proton motive force
is extremely high (223 mV), supporting this conclusion. We consider high rates of maximal
glcolysis, four times our default, similar to those observed in the presence of 20 mM of glucose
[48]. This indicates that elevated glycolysis could generate reactive oxygen species in liver
hepatocytes.

4.3.6 Uncoupling

Uncoupling is used by the cell as a means of relieving oxidative stress. However uncoupling
also directly reduces the P/O ratio governing the efficiency of ATP generation, and increases
oxygen consumption [161, 191], which may cause hypoxia. Titrating with FCCP, a potent
uncoupler, until the respiratory rate was maximal, Schönfeld et al. was able to experimentally
produce a 60% increase in oxygen consumption [161]. Our model reproduces this (see Table
4.5) proportional respiration rate increase with a five-fold increase in hydrogen leak (in this
case, the P/O ratio was 0.93). Under a two fold increase in the hydrogen leak activity,
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O2 Con-
sumption
(nmol O2

mg−1 s−1)

ATP
Generation

(nmol
ATP mg−1

s−1)

P/O

Electrical
Poten-

tial
Gradi-

ent
(mV)

Proton
Mo-
tive

Force
(PMF,
mV)

[ATP]c
(mM)

[ATP]c
/[ADP]c

Base Case
36 mmHg 0.62 2.04 1.64 166.85 167.71 6.91 18.11
Hypoxia
0.5 mmHg 0.31 1.85 2.98 144.55 145.69 4.92 2.61
3.6 mmHg 0.60 2.03 1.7 158.44 159.61 6.76 13.21
18 mmHg 0.62 2.04 1.65 164.7 166.23 6.89 17.39
Uncoupling

Cases
2x H+ Leak 0.72 2.0 1.38 166.24 166.96 6.9 17.78
5x H+ Leak 1.01 1.88 0.93 164.84 165.2 6.88 16.91

Table 4.5: Additional predictions for simulations referred to in relation to hypoxia and un-
coupling (see Sections 4.3.7 and 4.3.6).
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Figure 4.4: The response of cytosolic ATP levels in hepatocytes to changes in the liver’s
oxygen tension, the curve joins the points considered in a piecewise linear fashion.

we predict a 16% increase in oxygen consumption, which in an organ with already quite
significant oxygen gradients within each liver lobule might be quite important. Already
under a two-fold increase in the hydrogen leak, the P/O ratio predicted by the model to be
as low as 1.38, compared to a baseline of 1.64, a 24% decrease. Thus we see a significant
dependence of oxygen consumption on the extent of uncoupling.

4.3.7 Hypoxia

Our hypoxic simulations are outlined above in Section 4.2.3. The liver is only at-risk of
ATP depletion under significant reductions in the oxygen tension in mitochondria (see Table
4.5). At an oxygen tension of 0.5 mmHg the cytosolic ATP concentration is reduced by 29%
(to 4.9 mM). However at a tenth of normoxic oxygen tension (3.6 mmHg), cytosolic ATP
concentrations are reduced by less than 4%. These results may seem inconsistent with the
understood possibility of hypoxic liver injury but they are not. Another way that hypoxia
can lead to mitochondria-mediated injury is discussed below in Section 4.3.8. Now we turn
to the mechanism that explains this robustness.

Comparing ATP depletion between liver hepatocytes and the kidney, we see that hepato-
cytes are more robust to hypoxia. We simulate hepatocytes with PT-like metabolic demand
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Conditions
Relative Cytosolic ATP

compared to typical Liver
Hepatocytes

Liver Hepatocyte with 10% of typical oxygen tension 98%
Hypoxic Hepatocyte with PT-like metabolic demand 57%

Hypoxic Hepatocyte without glycolytic activity 95%
Hypoxic Hepatocyte with PT-like baseline OXPHOS

activities
97%

Hypoxic Hepatocyte with PT-like metabolic demand
and no glycolysis

40%

Hypoxic Hepatocyte with PT-like metabolic demand
and baseline OXPHOS activities

46%

Hypoxic Hepatocyte with all three adjustments to be
more like the PT

31%

PT Epithelial Cell with 10% of typical oxygen tension 57%

Table 4.6: Variations in hepatocyte conditions and the consequences for cytosolic ATP con-
centrations under 10% of baseline oxygen tensions.

(QATP, max), glycolysis (VGlyc), and baseline OXPHOS activity (XCI, XCIII, and XCIV) in order
to determine the differences that explain why they differ. We choose to compare to the PT be-
cause of the more comparable baseline oxygen tension. With 10% of baseline oxygen tension,
the PT has 57% of its typical cytosolic ATP concentration. For PT-like metabolic demand,
we have 57% of typical cytosolic ATP concentrations in the hypoxic hepatocyte. Without
glycolysis, we have 95% of typical cytosolic ATP concentrations in the hypoxic hepatocyte.
With both higher metabolic demand and no glycolysis, we have 40% of typical cytosolic
ATP concentrations in the hypoxic hepatocytes. With PT-like metabolic demand, no gly-
colysis, and PT-like OXPHOS activity, we see 31% of typical cytosolic ATP concentrations.
Ultimately this indicates that the hepatocyte’s robustness against hypoxia is multifactorial,
but that the lower metabolic demand plays a dominant role in explaining the hepatocyte’s
robustness to hypoxia.

4.3.8 Ischemia-Reperfusion Injury

Ischemia-reperfusion causes oxidative stress by leaving the electron transport chain in a highly
reduced state temporarily. This is dangerous to the cell and the body, and can even lead
to multiple organ dysfunction [131]. We wish to capture ischemia-reperfusion injury in our
model and consider some candidate methods for preventing ischemia-reperfusion injury. To
achieve this, we will simulate ischemia, and then we will simulate reperfusion in multiple
ways. Then, we will study reperfusion in combination with interventions using pyruvate and
dichloroacetate. During ischemia, the cell experiences a decline in both pyruvate and oxygen
concentrations. As a consequence of ischemia, the adenine nucleotide (AMP/ADP/ATP)
and nicotinamide adenine dinucleotide (NADH/NAD+) pools become significantly smaller.
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Figure 4.5: The effects of reperfusion (starting at time zero, with the ischemic steady state
before that point) with a smaller pool of adenine nucleotides on NADH/NAD+ & coenzyme
Q redox state, the proton motive force, and the succinate concentration (red). The effects
of reperfusion with a smaller pool of adenine nucleotides and OXPHOS dysfunction are in
orange. The effects of reperfusion with a smaller pool of adenine nucleotides after more minor
hypoxia (a 90% reduction in oxygen tension) are in blue.

The former shrinks by three quarters [86, 187], and the latter by one half [86]. Ischemia also
causes OXPHOS dysfunction that reduces the activity of Complex I, III, and IV.

For our model, we consider a shrunken pool of AMP, ADP, ATP, NADH, and NAD+

during reperfusion on top of restoration of typical oxygen levels after a bout of severe hypoxia
(0 mmHg). We shrink the pool of adenine nucleotides by three quarters and the pool of
nicotinamide adenine nucleotides by half following experimental results from Kamiike et al
[86]. In this case, shown in Figure 4.5, we see that the NADH/NAD+ and coenzyme Q
pools are in a significantly reduced state for several minutes after reperfusion, and that the
proton motive force is extremely elevated during the same period of time. This matches the
timescale expected from experimental work, where it has been observed that reactive oxygen
species are produced rapidly in a short period following reperfusion or reoxygenation [81].
In another trial, we consider the consequences of also including OXPHOS dysfunction. We
include OXPHOS dysfunction by reducing the activity of Complex I, III, and IV by 15%, 70%,
and 50% respectively following experimental results from Baniene et al. [199]. Under these
circumstances, shown in Figure 4.5, we predictably see a somewhat more reduced coenzyme
Q pool with a somewhat lower but still very high proton motive force. This is to be expected
because a reduced rate of oxidative phosphorylation means that it will take longer to oxidize
coenzyme Q. In other trials, we consider more moderate hypoxia (one tenth of typical) and
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we do not observe the same long transients. We show the response to reperfusion in this less
extreme case in Figure 4.5. This is demonstrably due to a lack of succinate build up because
when we increase the succinate levels in these trials to levels comparable to our more extreme
hypoxic case, we again see long transients.

4.4 Discussion

Our model simulations tell a simple story: the liver is highly effective at maintaining ATP
homeostasis, but possibly quite sensitive to phenomena known to cause oxidative stress.
These two features of liver mitochondria happen for overlapping reasons. The liver has a high
capacity for glycolytic activity [48]. This capacity means the mitochondria do not have to
satisfy the hepatocyte’s metabolic burden on their own, but also can leave the mitochondria
in a highly reduced state for lack of ADP to phosphorylate. This underlies our findings
shown in Figure 4.3 that at the rates of glycolysis observed by Fedatto et al. [48] in healthy
rats experiencing hyperglycemia, the electrical potential gradient is larger across the inner
membrane of the mitochondria. This trade off of, on the one hand, being able to satisfy the
cell’s energetic requirements but on the other, risking oxidative stress, appears to be valuable
for interpreting our results. We note reasons for this robustness in Sections 4.3.4 and 4.3.7.
Our results demonstrate that it is a combination of several factors that explains the differences
in robustness observed in liver hepatocytes compared to the proximal tubule in the kidney, a
tissue that is far less robust to ATP depletion. Our results indicate that the liver’s glycolytic
activity, lower metabolic demand, and higher basline OXPHOS activites all contribute to
the liver’s robustness to dysfunction of Complex III, the rate-limiting step of the electron
transport chain, and all must be changed to PT-like values in order to produce PT-like
sensitivity to OXPHOS dysfunction. Similarly we need to change all three of these features
of the hepatocyte in order to see PT-like sensitivity to ATP depletion during hypoxia. The
hepatocyte simply has more electron transport activity servicing a smaller metabolic demand
with a larger contribution from glycolysis, and this makes it more robust to significant kinds
of ATP depletion.

This ability to satisfy the cell’s energetic requirements may be examined in several ways.
First of all, the cell is predicted to maintain a steady concentration of ATP even under a 50%
increase in the maximal ATP consumption, as shown in Table 4.3. Second, as noted above
in Section 4.3.4, if the rates of glycolysis are reduced we also see that the mitochondria can
make up the difference by increasing their ATP generation. Each of these model simulations
support our contention that the mitochondria may robustly provide for the hepatocyte’s
ATP needs. These observations should not surprise us, since ATP depletion is not frequently
observed in mitochondria-mediated liver pathologies, unlike oxidative stress [195, 124].

Ischemia-reperfusion injury is frequently caused by a temporary excessively reduced re-
dox state of the electron transport chain causing oxidative stress during reperfusion [15].
We represent ischemia in our model by decreased oxygen tension and pyruvate concentra-
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tion. During reperfusion we include a decreased supply of adenine nucleotides, based on a
study that indicates a 75% smaller adenine nucleotide following ischemia [86]. We observe a
transient redox state change as recorded in Figure 4.5. We also consider added effects from
OXPHOS dysfunction. When we include these effects, we see a more reduced coenzyme Q
pool and a marginally lower transient proton motive force relative to the ischemia-reperfusion
case without OXPHOS dysfunction, as shown in Figure ??. Both resemble experimentally
observed timescales for the enhanced production of ROS following ischemia [30, 66, 81]. How-
ever the results in the latter case should be interpreted carefully. Reperfusion injury harms
the electron transport chain, and it is often difficult to study the effects of ischemia on ox-
idative phosphorylation independently from the effects of reperfusion. For this reason, the
levels of OXPHOS dysfunction used in Figure ?? should be treated as potential overestimates.
These limitations are not a major problem because we are able to reproduce the appropriate
timescale of reperfusion transients with or without OXPHOS dysfunction as noted above.

The saturation of the electron transport chain with electrons during reperfusion appears
to be closely tied to the build up of succinate in ischemia, and the associated consumption
of succinate following reperfusion. This coincides with suggested mechanisms for reperfusion
injury in cardiac tissue [30]. As Chouchani et al. [30] notes, succinate build up has a
preponderance of evidence indicating its importance to mitochondria-mediated ischemia-
reperfusion injury. Under more moderate hypoxia in other cases considered, where succinate
build up is not observed in the same way, we do not see the same indicators of risk of ROS
production that we note above.

In rats, it has been observed that chronic alcohol consumers have worse hepatic oxygen
homeostasis relative to control non-alcoholic rats [154]. That is, in the event of acute alcohol
consumption, chronic alcohol consumers may experience extremely low hepatic oxygen ten-
sions. Sato et al. found that chronic alcohol consumers had a median oxygen tension upon
acute alcohol consumption of 8 mmHg and oxygen tensions could be indistinguishable from
zero [154], that is less than 3 mmHg. This is comparable to the hypoxic simulation case dis-
cussed in the previous paragraph. This suggests a mechanism by which alcohol consumption
in individuals with alcoholic liver disease may trigger oxidative stress in a tissue, accelerating
the progression of the disease.

While glycolysis may be elevated to levels like those noted previously in severe hyper-
glycemia, there are other ways to produce comparably elevated glycolysis as well. Fedatto
et al. [48] studied hepatic tissue of rats with adjuvant arthritis (triggered by heat-killed
Mycobacterium tuberculosis). The maximal rate of glycolysis was found to be roughly 30%
higher in the arthritic rats. This presents another means of producing elevated glycolysis,
which is potentially a trigger for oxidative stress. Fedatto et al. hypothesize other illnesses
causing circulating inflammatory mediators may produce the same glycolytic effects [48],
suggesting a range of diseases that could be causing oxidative stress in hepatocytes.

Our work can predict various indicators of oxidative stress, but cannot predict ROS
production or the subsequent oxidative stress. Future work could our model with realistic
models of ROS production. The former problem may be resolved by adapting existing models
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of ROS production [60] to the liver and incorporating them into our model. Predicting
oxidative stress requires progress in the study of mitohormesis for the liver, so that thresholds
for pathological ROS production may be found. As it stands we know that a moderate amount
of ROS production may be a good thing [135]. Another contribution that could improve
our model would be to integrate it with models of other pathways of hepatic metabolism,
models of this kind exist for at least parts of hepatic metabolism [35]. Finally, our parameter
estimates draw from a heterogeneous set of sources, including some experimental estimates
from mice, namely, the Na-K-ATPase activity (discussed in Section 4.2.1), the cytosolic
potassium concentration [186], and the pooled NADH/NAD+ concentration [25]. With more
data from rats, it is possible we would have better predictions.

We include glutamate dehydrogenase activity in our model. Jonker et al. [84] found sexual
dimorphism in the parameter KNAD, ref in rat hepatocytes. Periportal hepatocyte KNAD, ref

were estimated to be 2.7 mmHg in male and female rats, and in the pericentral hepatocytes
of female rats the average was estimated to be as high as 3.7. For the purpose of this work an
intermediate value was chosen between the sexes (3 mmHg), but future work could expand on
ours by creating a sex-specific version of the model that included this sexual dimorphism in
glutamate dehydrogenase dynamics. Valle et al. [182] notes sexual dimorphism in OXPHOS
capacity and mitochondrial protein content as well. These differences are likely to be the
most impactful on mitochondrial behaviour since as we mentioned before, OXPHOS capacity
is a key factor that explains the liver’s robustness to OXPHOS dysfunction.

In conclusion, we have developed a model of hepatocytes in mitochondria that predicts
ATP generation, oxygen consumption, and risk factors of ROS production & oxidative stress.
Our findings agree with empirical findings that ATP depletion is not a major risk in the liver,
and seems to support the view that oxidative stress might be important to liver pathophysi-
ology in many cases.
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Chapter 5

Effects of Diabetes on Mitochondrial
Function in Renal Epithelial Cells and
Hepatocytes

5.1 Introduction

Roughly half a billion people globally suffer from diabetes [116]. Diabetes is a major burden
due to the mortality risk and the systemic impacts of diabetes on multiple organ systems and
ultimately, quality of life [114, 116]. Treatment of diabetes requires the management of both
the immediate effects of diabetes on blood sugar, and its downstream complications. In this
work we contribute to the latter aim, by exploring the effects of blood sugar dysregulation
on cellular respiration in the kidney and liver, which may contribute to diabetic end organ
damage. We do this with an ordinary differential equations model of mitochondrial ATP
generation and oxygen consumption (see Chapter 2). The effects of diabetes on key deter-
minants of mitochondrial function are not systematically understood, and differ significantly
between studies and model systems (see Table 5.1). While this work is constrained to rat
physiology, this still leaves considerable variation based on the kind of model of diabetes
used. Parameter estimates for models of type I diabetes, especially streptozotocin-caused di-
abetes, were most common [21, 37, 41, 85, 87, 95, 117, 118, 125, 129, 148, 190, 194]. Thus we
have more confidence that our results resemble the streptozotocin case than others. However
we consider parameter ranges from other experimental models where available as a starting
point for considering other models. We identify ranges for diabetic impacts on cellular respi-
ration and perform parameter sensitivity analyses across these ranges. In doing so, we hope
to capture some effects of mitochondrial dysfunction that could play a part in diabetic end
organ damage.

There are many animal models of diabetes [88]. In finding parameter estimates for our
work we primarily consider rat models of diabetes where experimental measurements useful
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to our model were recorded. We also sparingly use results from murine models of diabetes.
We ultimately identified several relevant parameters that differ during diabetes: Complex I,
III, and IV activity, cytochrome C and coenzyme Q concentrations, mitochondrial volume
fraction, and total protein content. Our measurements came from multiple experimental rat
models of diabetes, including diet-induced diabetes using a 20% high fructose corn syrup
diet [31], streptozotocin- and alloxan-induced diabetes (many, but for example Wu, Luo,
and Yan [194]), genetically impaired glucose response using Goto-Kakizaki rats [153], and
genetic obesity using the Zucker fatty rat [147]. Due to the heterogeneity both in diabetes
and in experimental models of diabetes, we do not identify a single mathematical model
of diabetes. Instead we identify parameter ranges that are observed under at least some
experimental model of diabetes in order to give a range of predictions for the effects of
diabetes on mitochondrial function.

The parameter measurements included in Table 5.1 capture the effects of diabetes on
oxidative phosphorylation (OXPHOS) as a result of dysregulated reactive oxygen species
(ROS) production. However there are other sources of physiological damage: in response
to increased ROS production, mitochondria respond by increasing hydrogen leak [55], or
uncoupling, in order to avoid leaving the OXPHOS system in such a reduced state as to
produce significant amounts of ROS. While this response is meant to be adaptive and is
part of mitohormesis, it can cause hypoxia, because uncoupling reduces the efficiency of
cellular respiration, leading to greater oxygen consumption. This renders the cell susceptible
to oxidative stress, hypoxia, or both, a dangerous condition to be in. Thus aside from the
above measurements of OXPHOS systems, we consider a wide range of values for uncoupling
and oxygen tension.

The uncoupling activity, oxygen tension, and activities or concentrations of OXPHOS
components together capture a large portion of the significant differences of mitochondrial
function in diabetes. Within this framework we predict several quantities of interest to the
study of the diabetic liver and kidney: cytosolic ATP concentrations, ATP generation, oxygen
consumption, the P/O ratio, and the redox state of the NADH/NAD+ pool, cytochrome
C, and coenzyme Q. ATP depletion leads to cell death, changes to oxygen consumption
lead to hypoxia, and the redox states of the above electron carriers determine the risk of
out-of-control ROS production. While this doesn’t capture all the risks to the cell from
mitochondrial dysfunction, it captures some of the most important ones.

5.2 Methods

5.2.1 Parameter Collection

As noted above, several physical quantities were identified that appear to differ between
healthy rodents and rodents experiencing early diabetes. We use these to develop our model
of diabetic mitochondria. Oxidative phosphorylation is altered in numerous ways by diabetes.
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Parameter Measured Species Organ Diabetes Parameter Change Paper

Complex I Activity Rat Kidney STZ None [129]
Complex I Activity Rat Kidney STZ < 25% Reduction [194]
Complex I Activity Mouse Kidney STZ ∼ 33% Reduction [41]
Complex I Activity Rat Liver STZ None [21]
Complex I Activity Rat Liver Al ∼ 25% Reduction [118]
Complex I Activity Rat Liver GO ∼ 50% Reduction [147]

Complex III Activity Rat Kidney STZ < 25% Reduction [129]
Complex III Activity Mouse Kidney GO ∼ 25% Reduction [200]
Complex III Activity Rat Liver STZ < 25% Reduction [148]
Complex IV Activity Rat Kidney STZ ∼ 50% Reduction [37]
Complex IV Activity Rat Kidney STZ None [129]
Complex IV Activity Mouse Kidney STZ ∼ 75% Reduction [41]
Complex IV Activity Rat Liver STZ ∼ 75% Increase [21]
Complex IV Activity Rat Liver GO < 75% Reduction [147]

[Coenzyme Q] Rat Kidney STZ ∼17% Reduction [125]
[Coenzyme Q] Mouse Kidney GO ∼ 50% Reduction [173]
[Coenzyme Q] Mouse Kidney GO None [192]
[Coenzyme Q] Rat Liver STZ ∼ 80% Reduction [95]
[Coenzyme Q] Rat Liver GD ∼ 100% Increase [153]

[Cytochrome C] Rat Kidney STZ < 25% Reduction [87]
[Cytochrome C] Mouse Kidney STZ ∼ 60% Reduction [117]
[Cytochrome C] Rat Liver STZ None [21]
[Cytochrome C] Mouse Liver DO < 75% Reduction [31]

Mito. Protein Content Rat Liver STZ ∼ 20% Increase [85]
Mito. Volume Fraction Mouse Kidney GO ∼ 15% Increase [117]
Mito. Volume Fraction Rat Liver STZ ∼ 50% Increase [190]

Table 5.1: Parameter estimates for diabetes-specific fold changes in parameter values. The
diabetes column lists the diabetes model by kind. STZ stands for streptozotocin-induced
(a model of Type I diabetes), Al for alloxan-induced (Type I), GO for genetic obesity
(Type II), GD for genetic non-obese Type II diabetes, and DO for dietary obesity (Type II).
When identifying changes in Coenzyme Q concentrations, concentration changes that were
mitochondria-specific were preferred to non-organelle-specific estimates where both existed.
However no such estimates were available for the kidney. Several liver-specific quantities were
reported per mass of mitochondrial protein, in these cases the mitochondrial protein content
fold change reported in this table was used to facilitate comparison.

We collect these parameter estimates in Table 5.1. We see that the most used model of
diabetes in the respirometry experiments that we identified was streptozotocin (STZ), a
drug-based model of type I diabetes. However, we also identified parameter measurements
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from alloxan-treated rats (Al), another model of type I diabetes, diet-induced obesity leading
to a model of type II diabetes (DO), and genetic obesity models producing type II diabetes
(GO). For all parameters considered, estimates could be found in rats for both the liver
and the kidney. We report several results in mice for completeness, and to help identify
where measurements in rats may give a conservative range for the potential changes in the
parameters considered.

In several cases, care is necessary in interpreting the fold changes reported in the literature.
Coenzyme Q for instance is not unique to mitochondria, it is found throughout the cell. But
in the rat kidney, the only reports of fold-changes in concentration for the rat kidney we could
identify were concentrations for the whole tissue, rather than organelle-specific [173]. In some
cases, quantities were reported per mass of protein [148, 192]. However experimental work
has found that the diabetic liver has significantly elevated protein content [85]. Thus the fold
change in activity must be calculated taking the relative protein content into consideration
as well.

OXPHOS deficiency, uncoupling, and hypoxia in the liver and kidney has been the subject
of previous modelling work (see Sections 3.3.8, 3.3.9, 3.3.10, 3.3.11, 4.3.4, and 4.3.7 but
also 44). However there are multiple reasons why the case of diabetes is different: namely,
coenzyme Q concentrations and mitochondrial volume in each tissue differ between diabetic
and non-diabetic individuals, and the fact that the differences in OXPHOS activity are well-
understood in the diabetic case as discussed above. For the below simulations in the kidney,
both the proximal tubule (PT) and medullary thick ascending limb of the loop of Henle
(mTAL), we use a 17% reduction in mitochondrial coenzyme Q concentrations, no reduction
in cytochrome C concentrations, and a 15% increase in mitochondrial volume fraction. In
the liver we use a 80% reduction in coenzyme Q concentration (the more extreme case),
no decrease in cytochrome C concentration, and a 50% increase in mitochondrial volume
fraction. For OXPHOS dysfunction, the follow the experimental measurements in Table 5.1.
In the kidney that means we consider fold-changes in Complex I activity of 0.67, 0.75, or no
change, Complex III activity changes of 0.75 or no change, and Complex IV activity changes
of 0.25, 0.5, 0.75, or no change. In the liver hepatocytes we consider fold-changes in Complex
I activity of 0.5, 0.75, or no change, Complex III activity changes of 0.75 or no change, and
Complex IV activity changes of 0.25, 0.5, 0.75, 1.75, or no change. We consider a spread of
uncoupling levels and hypoxia in both tissues, with fold-changes in the hydrogen leak activity
of 1.15, 1.5, 5, 10, or no change and fold-changes in the oxygen tension of 0.1, 0.5, or no
change.
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Figure 5.1: The ATP levels under all perturbations of OXPHOS function considered, coloured
by the fold-change in the activity of Complex IV as reported in each legend.
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Figure 5.2: The proportion of the pool of coenzyme Q that is in a reduced state in the
PT, mTAL, and liver hepatocytes, coloured by the activity of Complex IV, under various
perturbations to OXPHOS function. The legend is reported as the fold-change to the activity
observed in healthy tissues.
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Figure 5.3: The proportion of the pool of cytochrome C that is in a reduced state in the
PT, mTAL, and liver hepatocytes, coloured by the activity of Complex IV, under various
perturbations to OXPHOS function. The legend is reported as the fold-change to the activity
observed in healthy tissues.
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5.3 Results

5.3.1 OXPHOS Dysfunction

We consider combinations of change in OXPHOS activity across the range found experi-
mentally in diabetes. For the kidney, we consider reductions in Complex I function by one
third and one quarter, in Complex III by one quarter, and in Complex IV by one, two, or
three quarters. For the liver, we consider reductions in Complex I activity by one half or
one quarter, reductions in Complex III activity by one quarter, increases in Complex IV
activity by 70%, and reductions in Complex IV activity by one, two, three quarters, and an
increase by three quarters. These values are chosen based on the experimentally observed
effects noted in Table 5.1. Under the degrees of OXPHOS dysfunction observed experimen-
tally without any changes to uncoupling or oxygen tension, we see few major impacts on
any important features of cellular function, such as cytosolic ATP concentration, cellular
polarity, and the redox state of coenzyme Q and cytochrome C. This is the case in both the
kidney and liver, with the exception of the coenzyme Q redox state in the mTAL. While the
PT has significantly higher coenzyme Q redox state, it is well-below a fully reduced state
(a value of 1). Thus, there is coenzyme Q available to accept electrons from Complex I in
the PT tissue, which should prevent out-of-control reactive oxygen species production. The
coenzyme Q pool can be significantly closer to a fully reduced state under physiologically
reasonable (for diabetes) reductions in Complex I and IV activity, a condition that could
drive reactive oxygen species production at Complex III and IV. We can see the results for
coenzyme Q reduction state in Figure 5.2. These results are comparable to previous findings
on OXPHOS dysfunction in healthy kidney and liver tissues above (see Sections 3.3.8, 3.3.9,
and 4.3.4).

5.3.2 Uncoupling and Hypoxia

Uncoupling can lead to hypoxia through reduced efficiency of oxygen consumption. We
consider 15%, 50%, five-fold, and ten-fold increases in hydrogen leak permeability, and 90%
and 50% decreases in oxygen tension. In Figure 5.4 we see ATP depletion and redox states of
key electron carriers under combinations of uncoupling and hydrogen leak for the PT, mTAL,
and liver hepatocytes. We see that ATP depletion can be a consequence of significant hypoxia
combined with hydrogen leak in the PT and mTAL. At one tenth of normal oxygen tension,
the PT and mTAL are both below thresholds where you may expect to see dangerous ATP
depletion [115]. Uncoupling in combination with this, even relatively minor uncoupling, can
reduced the cytosolic ATP concentration by a further physiologically significant amount.
There was no strong or universal effect of uncoupling on electron carrier redox state. The
liver hepatocytes do not demonstrate the same sensitivity to hypoxia and uncoupling. Under
significant hypoxia, the pools of coenzyme Q and cytochrome C are both left in a fairly
reduced state in the PT and mTAL. However this may not lead to the significant production
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Figure 5.4: PT, mTAL, and hepatocyte predictions for cytosolic ATP concentration and the
reduced proportion of the coenzyme Q and cytochrome C pools under various perturbations
to the hydrogen leak permeability and mitochondrial oxygen tension. The ATP depletion in
the tenth of normal oxygen tension case (0.1x) is below the threshold for the cell to undergo
programmed cell death [115] in the PT and mTAL. The legend is reported as the fold-change
from normoxic conditions for that tissue.
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Figure 5.5: The cytosolic ATP concentrations, proportions of the coenzyme Q pool in a
reduced state, and proportions of the cytochrome C pool in a reduced state for the proximal
tubule (first column), medullary thick ascending limb (second column), and liver hepatocytes
(third column) under various degrees of hypoxia, uncoupling, and OXPHOS dysfunction. The
vertical line in each graph represents the health cell’s value. The bars in the histogram are
coloured according to the proportion of typical oxygen tension, with red representing 10% of
typical oxygen tension, green 50% of typical, and blue normoxia.

of ROS due to the lower oxygen tension (recall, oxygen is a substrate for ROS production).
The production of ROS during hypoxia has been found to increase by some experimental
work, indicating that these changes to redox state could be significant despite hypoxia being
the absence of a key substrate for ROS production [78].

5.3.3 OXPHOS Dysfunction, Hypoxia, and Uncoupling

The processes above frequently happen simultaneously. This requires a broader range of
simulated cases. Below we consider of the above considered OXPHOS dysfunctions, uncou-
pling, and hypoxia. When we consider this range of cases, we naturally see a wider range of
outcomes. The predictions from these cases are shown in Figure 5.5. In the PT and mTAL,
we can see major ATP depletion. Physiologically significant ATP depletion can occur in
the PT under uncoupling, OXPHOS dysfunction, and minor hypoxia (in our simulations, a
50% reduction in oxygen tension). In the mTAL, more significant hypoxia (a 90% reduc-
tion in oxygen tension) is necessary to produce ATP depletion. In liver hepatocytes on the
other hand, we do not see significant ATP depletion. Earlier model simulations regarding
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Figure 5.6: The responses of cytosolic ATP, coenzyme Q, and cytochrome C to uncoupling
and hypoxia levels like those observed in mice in the PT (top) and mTAL (bottom) [55].

the resilience of the liver to hypoxia and OXPHOS dysfunction found in Section 4.3.4 and
4.3.7 (see also Section 4.4) found that this was due the greater OXPHOS activities, lower
metabolic demand, and higher rates of glycolysis in the liver. This is compatible with the
known greater risk of kidney disease than liver disease in diabetes [46, 167].

For levels of uncoupling and hypoxia observed in diabetic mouse kidneys [55, 44], that
is, 30% lower oxygen tension in the PT, 20% lower oxygen tension in the medulla, and 2.5x
greater hydrogen leak activity, the worst ATP depletion observed (see Figure 5.6) is no more
than 18% in the proximal tubule, and the mTAL only sees dangerous ATP depletion under
severe Complex IV dysfunction (dangerous meaning more than 75% loss of activity). The
electron transport chain is left in a somewhat more reduced state under these circumstances.

Risk factors for ROS production as we noted exist in the mTAL in the presence of OX-
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Figure 5.7: The range of cytosolic ATP concentrations, coenzyme Q reduction state, and cy-
tochrome C reduction state in hepatocytes across comparable simulated cases in the liver for
kidney-like baseline coenzyme Q, cytochrome C, and cytosolic hydrogen ion concentrations.

PHOS dysfunction alone but hypoxia can make matters worse in multiple tissues. We see the
coenzyme Q and cytochrome C pools are in a significantly more reduced state in the PT and
mTAL, as is the cytochrome C pool in liver hepatocytes. As is clear from these figures, the
redox states of coenzyme Q and cytochrome C are most influenced by the oxygen tension.
ROS production is crucial to the development of complications from diabetes in the rat liver
and kidney, as indicated by the positive response to antioxidants in diabetic rat liver and
kidney [63, 185].

Simulations indicated above (see Section 4.3.7) that the basis for the liver’s more effective
ATP homeostasis are related to its higher OXPHOS activities, lower metabolic demand,
and greater rate of glycolysis. Further simulations (see Figure 5.7) indicate that the greater
susceptibility to full coenzyme Q and cytochrome C reduction in the kidney is related to the
comparatively smaller pools of these electron carriers in the kidney and the higher pH in the
kidney cytosol. When we adjust the liver’s mitochondria to have kidney-like parameters in
these respects, we observe that they are much more reduced, and in particular the cytochrome
C pool may be more than 80% reduced in some simulated cases.

5.4 Discussion

Our key cases involve changes to the mitochondrial volume fraction, cytochrome C content,
coenzyme Q content, and OXPHOS activities. Under these conditions, each tissue the cell is
still able to continue its typical ATP generation (see Figure 5.1) but we observe that due to
the lower coenzyme Q concentration in the kidney of streptozotocin-treated rats [125], the
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coenzyme Q pool is in fairly reduced state by default in the mTAL (see Figure 5.2). When
combined with Complex IV activity reductions (75%) observed in streptozotocin-treated
mice [41], more than 75% of the coenzyme Q pool is in a reduced state by default. Under
Complex IV activity reductions (50%) observed in streptozotocin-treated rats, we still see the
coenzyme Q is in a more reduced state (∼70%). When the coenzyme Q pool is left in a more
reduced state, this leaves Complexes I and III in a more reduced state, and this leads to the
generation of reactive oxygen species [128]. However it is difficult to predict the extent that
this will negatively impact the mTAL. Reduced and oxidized coenzyme Q bind to the same
site on Complex I, and so reduced coenzyme Q competes with oxidized coenzyme Q for the
binding site [111]. This suppresses the oxidation of Complex I over and above the decreased
supply of available oxidized coenzyme Q when the coenzyme Q pool is in a reduced state.
For an experimental analogue of the effects of reduced coenzyme Q, we can look to rotenone.
Rotenone can bind to the same site on Complex I with greater affinity than coenzyme Q,
mimicking the effects of a highly reduced coenzyme Q pool. Rotenone can be shown to cause
large amounts of Complex I-mediated reactive oxygen species production [111]. Comparably,
if the coenzyme Q pool is in a reduced state then there can be increased reactive oxygen
species production.

The cell is able to survive the stresses of diabetes, which is unsurprising. If all cells
died from catastrophic failures of mitochondrial respiration, then there would be no rodents
to study diabetes in. The more realistic concern, and the concern addressed by our other
diabetes simulations, is that the cell will be more sensitive to stresses frequently associated
with diabetes. There are strong interactions between the effects of hypoxia or uncoupling,
and diabetic OXPHOS dysfunction. Without diabetic OXPHOS dysfunction, hypoxia and
uncoupling may lead to ATP depletion in the PT when oxygen tension gets as low as 5
mmHg, the same threshold for ATP depletion as in the healthy kidney cortex, as observed in
Figure 5.4 (cf. discussion of hypoxia in Chapter 3). Hypoxia and uncoupling independent of
diabetic OXPHOS dysfunction do not appear to be a significant danger to the hepatocytes
in the liver under otherwise typical diabetic conditions. On the other hand, with diabetic
OXPHOS dysfunction, both the PT and mTAL are at risk of ATP depletion (see Figures
5.5). In both cases, while the OXPHOS dysfunction is very important to the development of
the simulated ATP depletion, hypoxia is necessary for pushing these effects over the top.

We know that the diabetic kidney in alloxan-treated mice will express more of Uncou-
pling Protein 2 (UCP-2), which increases the hydrogen leak activity of the mitochondrion
[55]. This mechanism most likely is meant to help ensure the flow of electrons through the
electron transport chain, instead of to reactive oxygen species production. However instead
it has been shown using UCP-2 knockout mice that the consequent hypoxia from this UCP-2
overexpression in the kidney is more dangerous than the observed reactive oxygen species
production in mice [55]. Hypoxia is a consequence of uncoupling because hydrogen leakage
increases the oxygen consumption of Complex IV while not producing new ATP for the cell,
driving down the oxygen efficiency of mitochondrial respiration. In the aforementioned work
in mice they find a roughly 30% decrease in oxygen tension in the PT and 20% decrease in
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oxygen tension in the mTAL. For those degrees of hypoxia and with the 2.5x greater hydro-
gen leak activity used by Edwards, Palm, and Layton [44], we do not see more than 20%
cytosolic ATP depletion. Experimentally, 30% ATP depletion is necessary to increase the
risk of apoptosis in mice proximal tubule cells [115] and so our predicted ATP depletion is
insufficient. While the diabetic kidney is much more sensitive to hypoxia and uncoupling,
cells are not at immediate risk of apoptosis from ATP depletion at typical observed diabetic
kidney oxygen tensions and mitochondrial uncoupling levels. That said, when the oxygen
tension is lower, the cell is at greater risk of ATP depletion and oxidative stress due to dia-
betic OXPHOS dysfunction (see Figure 5.5). Hypoxia and uncoupling are greater threats to
the bioenergetics of the diabetic kidney than they are to a healthy kidney due to OXPHOS
dysfunction in the diabetic kidney (cf. our results for hypoxia in Chapter 3).

Reactive oxygen species production is a particularly important mechanism by which dia-
betes triggers end-organ damage [183]. Our findings indicate that key electron intermediates
will be in a highly reduced state across tissues in the diabetic rat kidney when they experi-
ence hypoxia. Under these circumstances, the coenzyme Q and the cytochrome C pool will
be in a reduced state in the diabetic kidney, compared to non-hypoxic diabetic kidney tissue
(see Figure 5.5). These indicate that both Complex I (in the PT and mTAL) and III (in
the PT, mTAL, and liver) may be involved in reactive oxygen species production in diabetes
[60]. Complex I can over-produce reactive oxygen species when the coenzyme Q pool is in
a highly reduced state. If the coenzyme Q pool is in a reduced state, then Complex I does
not have enough substrate to donate electrons to, leading to Complex I producing reactive
oxygen species. Complex III can over-produce reactive oxygen species when the cytochrome
C pool is in a reduced state because similarly, it must donate its electrons to cytochrome
C. Complex III reactive oxygen species production will be worse if the coenzyme Q pool is
also in a reduced state. Since coenzyme Q donates electrons to Complex III, if the coen-
zyme Q pool is in a highly reduced state as well, then Complex III will be further saturated
with electrons. These changes, especially for cytochrome C reduction states, are explained
in large part by the combination of hypoxia and lower Complex IV activities. We can see in
Figure 5.5 that hypoxia strongly impacts the reduction state of cytochrome C and coenzyme
Q in the diabetic kidney. The higher reduction state of cytochrome C than noted in any
of our previous work is explained by the combined effects of a lower Complex IV activity
and hypoxia. Both lower the flux through Complex IV, which is the only means of oxidizing
cytochrome C. These results indicate that it may not be true under all circumstances that
the cytochrome C pool will be in a reduced state because experimental measurements of di-
abetic Complex IV activity vary widely (see Table 5.1 for several measurements of Complex
IV activity in rodents using various experimental models of diabetes). In fact, Complex IV
activity is measured to be higher in the livers of rats treated with streptozotocin [21]. Since
streptozotocin treatment is a model for type I diabetes, this suggests that hepatocytes in the
liver of type I diabetic rats may in fact be less susceptible to Complex III-mediated oxidative
stress. This might be an adaptive response to hyperglycemia by the liver.

Mitochondrial respirometry is a mature field with an unusually rich collection of ex-
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perimental measurements of electron transport activity. This allows for the tissue-specific
modelling of the effects of diabetes on mitochondria, based on measurements like those col-
lected below in Table 5.1. In this work we attempt to model known effects on mitochondria
of diabetes. We use a variety of experimental measurements to produce an ensemble of
predictions, accounting for the significant differences between diabetes caused by different
mechanisms, and the variation in diabetic phenotypes even among cases of diabetes in the
same kind of experimental model. Our findings indicate the importance of Complex IV ac-
tivity to determining the risk of oxidative stress in diabetes, and that diabetes makes the
cell more sensitive to common stresses, in particular hypoxia. As personalized measurement
becomes more important to medicine, particularly in light of real-world variation like that
captured in Table 5.1, so will the identification of important parameters, a task that this
work contributes to.
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Chapter 6

Conclusions

So what should we make of the above? We’ve studied three tissues and described where
they differ in response to many different perturbations of state and model structure. The
proximal tubule (PT) and medullary thick ascending limb of the loop of Henle (mTAL)
consume significant amounts of ATP by volume, and this makes them more sensitive to
dysfunctions of oxidative phosphorylation (OXPHOS) & hypoxia (see Sections 3.3.8, 3.3.9,
3.3.10, and 3.3.11) compared to other tissue like the liver. Our mechanistic comparisons with
the liver indicate that PT and mTAL’s higher metabolic demand, low glycolytic activity, and
comparatively low OXPHOS activity are all relevant to explaining this sensitivity (see Section
4.3.4). If we compare the PT and mTAL, we see that the mTAL is more sensitive to Complex
IV dysfunction than the PT (see Section 3.3.9). Our follow-up simulations with mTAL-like
conditions but PT-like oxygen tension (see Section 3.3.9) indicate that this is due to the low
oxygen tension in the mTAL. The liver by contrast is more sensitive to causes of oxidative
stress, such as high rates of glycolysis and reperfusion following ischemic hypoxia. We see a
long transient in the electron carriers of the electron transport chain and the proton motive
force during reperfusion in the liver, which seems to be due to the build-up of succinate during
ischemia (see Section 4.3.8). Chouchani et al. [30] argues that this is a unifying pathway for
mitochondria-mediated ischemia-reperfusion injury, which gives us greater confidence in these
predictions. This transient appears to act on a comparable timescale to what we observe in
liver reperfusion injury [81] and in reperfusion injury in myocardial tissue [30, 66]. Myocardial
and liver tissue both are known to experience mitochondria-mediated ROS production during
reperfusion [82]. If we consider the diabetic mitochondrion, our model predicts that the PT
and mTAL are particularly at-risk for both ATP depletion and oxidative stress (see Section
5.3.3). On the other hand, the liver appears to be less sensitive to mitochondria-mediated
diabetic end-organ damage according to our model (again see Section 5.3.3). Altogether these
results indicate a greater sensitivity of the kidney to ATP depletion and diabetic oxidative
stress, and the liver to oxidative stress from glycolytic activity and reperfusion.

Ultimately then, our results indicate that each of the tissues we considered have charac-
teristic ways that they are sensitive to mitochondrial dysfunction, or mitochondria-mediated
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injury. These ways can be connected to a range of mitochondrial and tissue-scale factors.
For instance, the activity of OXPHOS enzymes is crucial to the robustness of the liver and is
a mitochondrial-scale factor (once again see Section 4.3.4). On the other hand, tissue-scale
factors such as high metabolic demand (necessary in the kidney for instance for urine con-
centration [5]) and oxygen tension appear in our model to be crucial for understanding the
risks from mitochondrial diseases (once again see Section 3.3.9). This opens up space for
extending our model: we know that the tissue may affect the mitochondria, but in aggregate,
mitochondria may also affect the tissue. A limitation of our model is that tissue-scale factors
are not modelled as dynamically responsive to mitochondrial functioning. For example, oxy-
gen tension is clamped in our model, meaning that regardless of local oxygen consumption
the tissue’s oxygen tension remains the same. Consequently, if we want to understand the
effect of a certain degree of uncoupling (which increases oxygen consumption), we have no
better method of pursuing this than simply seeing how it affects the mitochondria to com-
bine that level of uncoupling with various degrees of hypoxia, without any way of predicting
the appropriate degree of hypoxia. This limitation points towards a corresponding ambition
however: multi-scale modelling of metabolism. We believe the best way to expand on this
work is to integrate it into larger models of oxygen transport, and of the factors determining
local metabolic demand. Appropriate multi-scale models of metabolism will involve more
than just placing our mitochondrial models inside of a larger scale (and ultimately, hopefully
whole-body) model with appropriate interfaces. A first step along the way to this would be
incorporating our mitochondrial model into larger models of the energy-intensive processes
in the kidney and liver. In the kidney, that means models of epithelial transport in the
nephron [43, 98, 100, 112, 99, 101, 102]. On the other hand in the liver, the primary ATP-
consuming processes are urea synthesis [22], gluconeogenesis [22], and active ion transport
[144]. With a model that includes ATP generation (by the mitochondria) and consumption
(by the processes above), a natural follow-up step would be to integrate these models with
a model of the tissue’s oxygenation. In the kidney there are many models that could be
used for this work [28, 166, 165, 56, 27, 57, 29]. While in the liver has been subject to less
sustained modelling attention, its spatial heterogeneity is well-understood [12]. Due to the
liver’s highly regular structure of lobules it should be highly tractable to model liver oxy-
genation. While the liver and kidney are particularly important to whole-body homeostasis,
every tissue has mitochondria and most tissues are susceptible to mitochondrial dysfunction
or mitochondria-mediated injury. For a whole-body multiscale model of metabolism then,
we need models of mitochondrial respiration in other tissues.

That is the spirit in which we introduce the quote in the dedication (pg. vi): what I’ve done
here is provide an account of the key differences in mitochondrial respiration between several
important tissues; that is, I’ve provided a map for the local understanding of respiration.
While this provides useful information about mitochondrial disease, hypoxia, and reperfusion
injury, it is ultimately half of the picture. The gap from local to global information is not
just important for the sake of better understanding our problems or on aesthetic grounds. As
pointed out by Hester [77], the majority of measurements taken of patients are macroscale
measurements (e.g. pulse, eGFR, or blood pressure) and the majority of outcomes they’re
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interested in are also macroscale. If mathematical physiologists are to be clinically relevant,
we ought to connect ourselves to events on a scale that medical practitioners document.
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vivo inhibition of the mitochondrial h+-atp synthase in neurons promotes metabolic
preconditioning. The EMBO journal, 33(7):762–778, 2014.

[53] Dominique M Freeman, Sylvia Bartlett, George Radda, and Brian Ross. Energetics of
sodium transport in the kidney: saturation transfer 31p-nmr. Biochimica et Biophysica
Acta (BBA)-Molecular Cell Research, 762(2):325–336, 1983.

122



[54] Dominique M Freeman, Laurence Chan, Haliru Yahaya, Paul Holloway, and Brian D
Ross. Magnetic resonance spectroscopy for the determination of renal metabolic rate
in vivo. Kidney international, 30(1):35–42, 1986.

[55] M Friederich-Persson, Patrik Persson, Peter Hansell, and Fredrik Palm. Deletion of
uncoupling protein-2 reduces renal mitochondrial leak respiration, intrarenal hypoxia
and proteinuria in a mouse model of type 1 diabetes. Acta Physiologica, 223(4):e13058,
2018.
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[65] Marcela González-Granillo, Christina Savva, Xidan Li, Mark Fitch, Matteo Pedrelli,
Marc Hellerstein, Paolo Parini, Marion Korach-André, and Jan-Åke Gustafsson. Erβ
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