
Micromechanical Modelling of Local 

Failure and Ply Crack Formation in Fiber-

Reinforced Plastic Laminates 
 

 

 

by 

 

 

Farzad Sharifpour 

 

 

A thesis 

presented to the University of Waterloo 

in fulfillment of the 

thesis requirement for the degree of 

Doctor of Philosophy 

in 

Mechanical and Mechatronic Engineering 

 

 

 

Waterloo, Ontario, Canada, 2022 

 

 

©Farzad Sharifpour 2022 

 



 

 ii 

Examining Committee Membership 

The following served on the Examining Committee of this thesis. The decision of the Examining 

Committee is by majority vote. 

External Examiner:   Stephen Hallett, Ph.D. 

     Professor, University of Bristol 

Supervisor:    John Montesano, Ph.D. 

     Associate Professor, University of Waterloo 

Internal Member:   Hamid Jahed, Ph.D. 

     Professor, University of Waterloo 

Internal Member:   Clifford Butcher, Ph.D. 

     Assistant Professor, University of Waterloo 

Internal-External Examiner:  Adil Al-Mayah, Ph.D. 

     Associate Professor, University of Waterloo 



 

 iii 

Author's Declaration 

This thesis consists of material all of which I authored or co-authored: see Statement of Contributions 

included in the thesis. This is a true copy of the thesis, including any required final revisions, as accepted 

by my examiners. I understand that my thesis may be made electronically available to the public 



 

 iv 

Statement of Contributions 

I would like to acknowledge my co-authors who contributed to this thesis. 

 Prof. John Montesano: Supervision, Conceptualization, Funding acquisition, Project 

administration, Resources, Review and editing, Validation, Investigation. 

Prof. Ramesh Talreja: Advisory guidance, Review and editing, Investigation. 

Dr. Geng Li: Chapter 4 – Original draft (Sections 4.1 and 4.2), Methodology, Software, 

Visualization. 



 

 v 

Abstract 

Establishing an understanding of the multiscale nature of progressive failure in laminated fiber-

reinforced plastics is required to develop high fidelity failure prediction models for associated 

structures. In recent years, virtual testing techniques have been proposed as an alternative to costly 

experimental characterization campaigns for assessing damage of composite laminates at different 

length scales. Conventional macroscale and mesoscale models have been widely proposed to predict 

stiffness/strength degradation of laminated composites. Nevertheless, the presence of manufacturing-

induced defects (e.g., micro-voids) and the significance of local phenomena at the microscopic length 

scale have put into question the fidelity of conventional approaches (e.g., homogenization of internal 

structures) for predicting the mechanical performance of composite materials. Progressive failure of 

composite laminates under quasi-static and cyclic loading begins with formation and multiplication of 

ply (intralaminar) cracks. Physically, ply cracks form due to the linkage of local failures at the 

microscale, while they can influence the behaviour of the material at larger scales. The overall goal of 

the thesis is to develop computational micromechanical models to assess the process of ply crack 

formation in carbon fiber/epoxy [0/90/0] cross-ply laminates, while also integrating with a hierarchical 

multiscale framework to bridge the micro and mesoscales. At the microscale, the initiation of local 

failure in epoxies is related to cavitation-induced and pressure-dependent ductile failure. A constitutive 

model within a finite element framework was developed to capture the onset of local failure in the 

epoxy matrix, while an isotropic damage model was used to capture the progression of ply cracks. 

Manufacturing-induced defects (e.g., micro-voids, resin-rich pockets, inter-ply resin-rich zones), and 

thermal residual stresses that result from cooldown of the manufactured material after curing were 

represented in the computational models. The effect of the ply constraints on local stress and 

displacements fields before and after the formation of ply cracks was also investigated by considering 

the constraining plies within the representative volume elements generated in this study.  

Micromechanical models with constrained 90° plies subjected to a thermal cooldown followed by a 

tensile load revealed that the local dilatation energy density in the matrix increased when compared to 

that in the unconstrained lamina, which promoted brittle cavitation at lower applied strains.  

Furthermore, the significance of capturing inelastic deformation of the matrix for predicting ply crack 

formation in cross-ply laminates was revealed. Although the formation of ply cracks was found to be 

governed by brittle cavitation and crack growth, which is consistent with the outcomes of previous 

studies, local inelastic deformation of the matrix indirectly influenced crack growth. Dissipation of 
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energy during the ply crack evolution process was obtained to approximate the corresponding effective 

energy release rate, and to provide a link between the local response of a laminate and the response at 

a higher length scale. The outcomes of this study can be incorporated within a multiscale framework to 

predict damage evolution in laminated composites. For example, a computationally measured strain 

energy release rate for ply cracking can be used to calibrate mesoscale or macroscale damage prediction 

models and be utilized within a synergistic damage mechanics multiscale framework to predict 

stiffness/strength reduction of a laminate. 
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Chapter 1 

Introduction 

1.1 Overview and Motivations 

Motivated by lightweighting to economize fuel efficiency and reduce greenhouse gas emissions, 

industrial sectors, including aerospace, automotive, and marine, have continued to adopt composite 

materials. The high specific performance and tailorability of fiber-reinforced plastic (FRP) composites 

have led to their integration into primary load-bearing structures, which has attracted further interest in 

assessing their long-term durability and damage tolerance characteristics. Fuselage stiffened skin 

panels, wind turbine blades, and chassis components of automobiles are practical applications of FRP 

laminates, where the component experiences cyclic loading and progressive failure. For instance, the 

International Air Transport Association (IATA) has stated that approximately 42% of damage observed 

in composite structures is related to the mechanical performance of the material (e.g., fatigue failure) 

[1]. Thus, investigating the complex failure process of corresponding structures is necessary. Despite 

the fact that further analysis of the structures requires additional effort for the design, the extra cost will 

be compensated by reducing the enforced maintenance and repair costs (Fig. 1) [2]. 

Composite structures often comprise a lay-up of several unidirectional (UD) plies in the form of a 

multidirectional laminate. The damage evolution in FRP laminates under quasi-static or cyclic loading 

typically follow two sequential stages known as “sub-critical” and “critical.” Sub-critical cracking 

involves the formation of damage, such as ply cracks, prior to the onset of critical damage modes (i.e., 

delamination/fiber breakage), where the mechanical properties (i.e., stiffness) of the laminate gradually 

diminish without the loss of structural integrity. The initiation and evolution of sub-critical cracking is 

addressed by the field of “damage mechanics” [3]. In this phase, the formation of the first ply crack is 

followed by the multiplication of ply cracks or increase in ply crack density, and consequently, a 

reduction in the crack spacing (Fig. 2). Sub-critical ply cracking is followed by unstable growth of 

critical damage, such as delamination and fiber breakage, leading to laminate failure. The consequence 

of damage mechanics from a phenomenological perspective is often described by “stiffness 

degradation” or “strength degradation”, the relevance of which depends on the intended functional 

requirements of the structure. An aircraft wing and fuselage are typical examples of structures that 

respectively require a stiffness- and strength-based design approach [3]. 
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Figure 1. Schematic of an aircraft life cycle cost [2]. 

 
Figure 2. Ply crack density as a function of applied stress for a [0/90]s glass fiber/epoxy laminate [4]. 

During the ply crack formation and multiplication process in laminated composites, the interaction 

of different damage modes occurs at different length scales. According to the empirical microscopic 

observations, the region close to the fiber-matrix interface is the favourable location for local failure 

during the early stages of ply crack formation, where high stress concentration causes debonding or 

matrix cracking [5–11]. Although researchers agree on the presence and source of ductile failure in 

epoxies [5,6], debonding is related to either decohesion of the fiber-matrix interface [7] or matrix 

cracking-induced debonding (i.e., dilatation-induced failure) [6, 8–11]. The linkage of matrix 

microcracks forms full ply cracks that span the ply thickness, which is followed by sub-critical ply 
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crack multiplication enabled by ply constraints [12]. Figure 3a demonstrates the experimental 

observation of damage at different length scales and highlights the multiscale nature of failure in FRP 

laminates. The progression of damage in laminates may become further complicated by the presence 

of manufacturing-induced defects [13], thermal residual stress, or the interaction of damage modes. 

Additionally, the laminate stacking sequence, loading multiaxiality, and component geometrical 

attributes are other factors to be considered in an investigation. 

Prediction of progressive failure and long-term durability of laminated composites demands a 

physical understanding of damage at different scales. Hierarchical multiscale models can capture 

damage mechanisms at lower length scales and predict the effect of damage on the response of the 

materials at higher scales [14,15]. This approach often utilizes the concept of a representative volume 

element by defining the microstructural entities and obtaining the properties at the corresponding scale 

(i.e., micro or meso). Hierarchical multiscale approaches are more computationally efficient than 

concurrent approaches and as such they are more widely used [14].  Figure 3b illustrates the framework 

of a hierarchical multiscale virtual testing approach for damage investigation of laminates. 

Progressive failure of laminates involves interactions of damage modes at different length scales, 

which must be decoupled in a hierarchical multiscale modeling framework. To address the limitation 

with hierarchical multiscale models, Talreja [15] introduced a physics-based modelling strategy named 

“synergetic damage mechanics” (SDM) for predicting ply cracking in laminates, where the effect of 

damage at different scales was distinguished and loosely coupled. Singh and Talreja [16] later improved 

this model to account for the effect of ply constraints on ply crack multiplication, by determining the 

crack opening displacement (COD) using computational mesoscale mechanics. Nevertheless, the SDM 

approach, like other damage-based modeling approaches, often lack robustness as it was revealed in 

world-wide failure exercise III [17]. Recently, Montesano and Singh [18,19] extended the applicability 

of the SDM model in predicting material degradation of multidirectional laminates during the sub-

critical cracking stage, where the interaction of ply cracks in different plies was captured. Although 

SDM has shown promising results for damage modelling of composites, incorporating the local 

phenomena of the material can further extend the capability of the model. Capturing the material 

microstructure, including manufacturing-induced defects and thermal residual stresses, can improve the 

calibration of damage parameters at higher length scales. 
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(a) (b) 

Figure 3. Damage evolution of composites at different length-scales: (a) experimental observation [20–
23]; (b) numerical modelling [18,24]. 

1.2 Thesis Outline 

The contents of this thesis are organized in the manuscript-based format and presented in 8 chapters. 

Chapter 2 presents a background and literature review on the damage mechanics and modelling 

approaches in FRP composite materials. It has been attempted to minimize the overlap between Chapter 

2 and published manuscripts while maintaining the narrative integrity. The objectives and scope of the 

thesis are outlined in Chapter 3. The subsequent Chapters 4 to 7 include the published or submitted 

peer-reviewed papers that the candidate authored as the first or co-author and is responsible for 

developing, data curing, and analyzing the results. Chapters 4 to 7 have been slightly modified for 

harmonizing the thesis in a broader perspective. Conclusions and recommendations for future directions 

are provided in Chapter 8. The rest of the thesis comprises three appendices that have been used to 

present the development of the user-defined material subroutine that is referred to in Chapters 6 and 7. 

Note, a dedicated list of references has been provided for each chapter in this thesis.  

The following published (submitted) peer-reviewed journal papers and book chapter have been used 

in this thesis: 

• J. Montesano, F. Sharifpour, Modelling damage evolution in multidirectional laminates: 
micro to macro, in: W. Van Paepegem (Ed.), Multi-Scale Continuum Mechanics Modelling of 

Matrix crack and debonding 
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Fibre-Reinforced Polymer Composites, Woodhead Publishing Series in Composites Science 
and Engineering, 2021: pp. 463–507. 

• G. Li, F. Sharifpour, A. Bahmani, J. Montesano, A new approach to rapidly generate random 
periodic representative volume elements for microstructural assessment of high volume 
fraction composites, Materials and Design 150 (2018) 124–138. 

• F. Sharifpour, J. Montesano, R. Talreja, Assessing the effects of ply constraints on local stress 
states in cross-ply laminates containing manufacturing induced defects, Composite Part B: 
Engineering 199 (2020) 1–13. 

• F. Sharifpour, J. Montesano, R. Talreja, Micromechanical assessment of local failure 
mechanisms and early-stage ply crack formation in cross-ply laminates, Composite Science 
and Technology (Under Review). 

• F. Sharifpour, J. Montesano, Micromechanical simulation of ply crack formation in cross-ply 
laminates under quasi-static tensile loading, Composite Part A: Applied Science and 
Manufacturing (To be submitted in January 2022) 
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Chapter 2 

Background and Literature Review 

2.1 Mechanics of Unidirectional Composites 

Unidirectional (UD) fiber-reinforced plastic (FRP) composites typically consist of two distinct phases, 

including aligned continuous fibers (e.g., glass, carbon, and aramid) and a polymeric matrix (i.e., 

thermoset or thermoplastic). The former constituent controls the strength and stiffness of a composite, 

while the latter bounds the constituents and transfers load to the fibers via fiber-matrix interfaces. 

Owing to their microstructure, UD composites exhibit high strength and stiffness in the longitudinal 

direction and reduced mechanical properties along the transverse direction. The reduced performance 

of UD composites in the transverse direction can be remedied by combining perpendicular or off-axis 

UD FRP plies in the form of multidirectional laminates (Fig. 4).  

The existence of manufacturing-induced defects can significantly influence the mechanical 

behaviour of FRP composite materials, where the fabrication process is often dictated by the matrix 

type and the geometry of the structure. Common processes for fabricating laminated composites include 

hot pressing, autoclave-based curing, resin infusion processes such as resin transfer molding (RTM) or 

vacuum-assisted RTM, and liquid compression molding (LCM). Each process has certain 

characteristics that may lead to formation of defects depending on the chosen processing parameters, 

which may manifest at different length scales. Typically, thermosetting polymers have been preferred 

over thermoplastics for structural applications due to their molecular stability and the availability of 

several processing methods. Thermosets achieve their improved thermomechanical properties by a high 

degree of cross-linking during curing, which gives isotropic properties to the polymer due to its 

(amorphous) structure. Notwithstanding, thermoplastics have attracted attention for their relatively 

quicker processing and finding an answer for recycling composite materials. 

 
Figure 4. Schematic process of lamination in unidirectional fiber-reinforced plastics [3]. 
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By treating laminated composite materials as continuum bodies, the effective properties can be 

determined from the properties of the constituents, the material microstructure, and laminate stacking 

sequence. In this section, the fundamental aspects of UD composite laminates are briefly reviewed, 

where further details can be found in [1,2]. The elastic constitutive relations of an anisotropic material 

are defined as: 

ij ijkl klCσ ε=  (2-1) 

where σij, εij, and Cijkl are Cauchy stress, linear (small deformation) strain, and fourth-order stiffness 

tensors, respectively. Although nine independent constants are required to define the stiffness tensor of 

orthogonal materials, only five constants are needed for a typical UD ply (e.g., carbon/glass FRP) that 

are transversely isotropic (see Fig. 4). Elastic constitutive relations for the represented UD lamina in 

Fig. 4 with isotropic behaviour in 23–plane can be expressed in reduced Voigt notation as: 
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 (2-3) 

Here, 1, 2, and 3 respectively refer to the fiber direction, in-plane transverse direction, and out-of-plane 

transverse in the local coordinate system (see Fig. 4). Also, E, G, and ν represent Young’s modulus, 

shear modulus, and Poisson’s ratio in the corresponding direction, respectively. 

Mechanical properties of UD plies can be related to constituents’ properties by using analytical and 

semi-empirical micromechanics models. Since the accuracy of proposed models depends on the 

selected material system, the reader is referred to [4] in-depth derivation of expressions. Assuming a 

one-dimensional stress state for the constituents, the rule of mixture expression for longitudinal 

modulus, E1, is defined by: 
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 1 f f m mE E V E V= +  (2-4) 

and as a result of overall contraction in 2–direction, the major Poisson’s ratio is defined as: 

12 12, f f m mV Vν ν ν= +  (2-5) 

Here, V represent volume fraction and subscripts f and m denote the corresponding properties for the 

fiber and matrix. Minor Poisson’s ratio can be obtained by using the reciprocal relationship (i.e., ν12 = 

ν21 E1/E2). Semi-empirical relation by Halpin and Tsai [5] and Halpin and Kardos [6] are proposed for 

other in-plane properties as: 
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Here p indicates E2 or G12, and pf  and pm are the corresponding moduli for fiber and matrix. Also, ξ is 

the fitting parameter that needs to be determined by experimental data. Finally, out-of-plane properties 

can be obtained by using the Chamis micromechanical model [7] and elasticity relation as: 
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2.2 Damage in FRP Composite Materials 

Damage in composite materials refers to an irreversible change under applied thermomechanical 

loading that is connected with energy dissipation. The intralaminar cracking, local interlaminar 

(delamination) cracks, and fiber-matrix debonding crack are examples of damage in composites at 

different length scales (Fig. 5). In general, failure of FRP laminates and associated structures comprises 

complex evolving damage processes that are dependent on many parameters, including the component 

geometry, loading conditions (e.g., quasi-static, dynamic, cyclic), ambient environment (e.g., 

temperature, humidity, UV exposure), material composition (i.e., laminate stacking sequence, ply 

orientation and thickness, ply properties, constituent properties, fiber volume fraction, fiber 

architecture), as well as the interaction between the constituents (i.e., fiber-matrix interface) [8]. 

Although the contribution of some factors has been addressed, understanding the mechanics of damage 
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in composite materials is an ongoing topic. In the following Sections, various cracking processes of 

UD FRP composite materials are introduced, which are collectively referred to as “damage 

mechanisms.” 

 
(a) 

 
(b) (c) 

Figure 5. Schematic representation of damage in a cross-ply laminate at: (a) microscale; (b) 
mesoscale; (c) macroscale. 

2.2.1 Damage modes 

Damage in composite laminate subjected to tensile loading typically begins with the formation of ply 

cracks in the off-axis plies. These cracks often originate in the areas that contain manufacturing-induced 

defects (e.g., voids, fiber cluster and resin-rich zones, or fiber/matrix imperfect bonding) and quickly 

span the thickness and width, known as tunnelling, of the layer. Subsequently, irregular distribution of 

ply cracks during the multiplication stage gradually diminishes with decreasing crack spacing, while 

the laminate stiffness degrades with the formation of each ply crack. Afterwards, the ply cracks reach 

a “saturation point”, where there is no available space for the formation of an extra crack due to the 

inability of constraining plies to support enforced stresses by creation of a new ply crack. The 

termination of ply crack formation, also known as “characteristic damage state” (CDS), is followed by 

the formation of local delamination at the tip of existing cracks. Finally, the connection of these 
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delamination cracks causes the creation of large-scale delamination cracks and subsequently fiber 

breakage, where the material loses its integrity. Figure 6 illustrates a schematic evolution of damage in 

a cross-ply laminate. 

 
Figure 6. Schematic damage evolution of a cross-ply laminate [9]. 

In damage mechanics of composites, the formation of crack before the CDS is referred to as “sub-

critical cracking,” and the unstable crack initiation after this point is deemed “critical cracking.” The 

sub-critical stage follows three phases of crack initiation, multiplication, and a gradual increase in crack 

density until the saturation point. Understanding sub-critical cracking is crucial for structures subjected 

to cyclic loads for two important reasons. First, ply cracks can provoke the initiation of critical cracks 

due to the interaction of off-axis cracks, local delamination cracks, and stress redistribution to the main 

load-bearing plies. Second, sub-critical cracking results in a progressive degradation of laminates which 

can impact the intended function of the structure [10].  
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For the case when longitudinal compression stresses are dominant, the fibers in a lamina would tend 

to locally buckle once the matrix is no longer able to resist this deformation. Local shear stresses in the 

matrix tend to drive in-phase microbuckling while yielding of the matrix leads to the formation of a 

kink-band. The kink-band formation consists of fiber breakages along two inclined planes and possibly 

localized matrix cracking (see Fig. 7). It should be noted that the constraining plies also influence kink-

band formation in a 0° lamina, as well as the ensuing local delamination cracks that may form 

subsequent to the kink-band, as shown in Fig. 7. If longitudinal tensile stresses are dominant, larger 

clusters of fiber breakages accompanied by local matrix cracks will form within the lamina, while the 

constraining plies may restrict immediate laminate failure. Typically, kink-band formation and fiber 

breakage clusters in the primary load-bearing plies lead to complete laminate failure and, as such, are 

classified as critical damage modes. 

 
Figure 7. Kink-band formation for a constrained 0° lamina in a cross-ply laminate subjected to 
compressive stresses along the lamina fiber axis, with ensuing delamination [11]. 

2.2.2 Multiscale nature of damage formation 

Damage mechanisms and progressive failure of composite materials inherently occur at multiple length 

scales (Fig. 5), where the linkage of failure at lower scales results in damage formation at higher scales. 

Fundamentally, the onset of damage in laminated composites can be associated with the internal local 

stress fields and can be further influenced by the existence of manufacturing-induced defects as well as 

geometrical features in the structure. For the assessment of damage evolution in FRP laminates, cracks 

are investigated from the scale of fiber and matrix material constituents up to the laminate and are 
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typically categorized in three length scales: micro, meso, and macro. The following subsections provide 

a brief overview of the different damage mechanisms observed in FRP laminates at each length scale 

and the evolution of these mechanisms under specific loading conditions of interest. 

2.2.2.1 Microscale 

Microscale damage or microdamage refers to the development of cracks in the constituents (i.e., fiber 

breakage or localized matrix cracking) or at the fiber-matrix interface (i.e., interfacial debonding). It is 

well established that these cracks interact to form complex localized fracture processes at the 

microscale, where fiber-matrix interfacial debonding cracks often become prevalent. Fiber-matrix 

debonds may originate from internal manufacturing-induced defects, including regions with poor 

fiber/resin wettability or at voids in the vicinity of fibers, the severity of which is process-dependent 

[12]. Additionally, debonding may initiate due to weak fiber-matrix bonding, which is strongly 

dependent on the fiber sizing. The generation of thermal stresses during cooldown after processing may 

be the cause of debond formation. However, provided that a strong bond exists between the fiber and 

matrix and that there are no manufacturing defects, debonds result from thermomechanical loading. 

If the dominant stress field within a lamina is perpendicular to the fiber axes, debonds may form as 

a result of high local stress concentrations at the fiber-matrix interface. In this scenario, matrix cracks 

may also stem from debonds following a period of debond crack growth around a fiber (see Fig. 8a). 

The initiation of a matrix crack may precede a debond, either near a fiber or from a defect such as voids, 

causing a debond to form subsequently (see Fig. 8b). 

 
Figure 8. Matrix crack initiation in a fiber-reinforced composite stemming from: (a) fiber-matrix 
interface debond; (b) void [26]. 

(a) (b) 

Debond 
Matrix crack 

Matrix crack 
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2.2.2.2 Mesoscale 

From the perspective of a laminate, damage observed at the mesoscale is concerned with intralaminar 

damage, which consists of a coalescence of microscopic cracks (e.g., local matrix cracks, fiber-matrix 

debonds) leading to a ply crack spanning the lamina thickness. Ply cracks are the most widely studied 

damage mechanisms in laminates due to their notable influence on laminate mechanical property 

degradation, particularly for cyclic loading [13–25]. Ply cracks form under quasi-static, cyclic or 

thermal loading if transverse stresses are dominant since the lamina is weakest along the transverse 

direction. Ply cracks develop by the coalescence or linking of fiber-matrix debonds and localized matrix 

cracks (see Fig. 9a). This rapid microcrack linking process eventually leads to fully developed ply 

cracks spanning the thickness of the lamina (see Fig. 9b), where the adjacent constraining laminae act 

as crack arresting sites. Under quasi-static loading, ply cracks tend to propagate or tunnel rapidly along 

the lamina fiber axis (see Fig. 9c), while under cyclic loading, crack tunnelling is a more gradual process 

[27]. The constraining effect from adjacent lamina typically promotes the multiplication of ply cracks 

within a lamina as loading progresses [28]. Initially, multiplying ply cracks form independently from 

one another within the lamina, initiating an increase in the crack density or proportionally a decrease 

in crack spacing with a corresponding reduction in the laminate stiffness. As the ply crack spacing 

further decreases, the growth rate of crack density gradually diminishes due to the interaction of local 

stress fields of neighbour cracks which is known as “crack shielding” [28,29], as shown in Fig. 9d, until 

a ply crack saturation point is reached [13]. Ply crack multiplication can be further influenced by the 

existence of ply cracks in adjacent constraining layers, resulting in interlaminar ply crack interactions 

[30]. 

2.2.2.3 Macroscale 

Damage at the macroscale is concerned with interlaminar cracking (i.e., delamination) and ultimately 

failure of the laminate. Although critical delamination cracks propagate “between” laminae, they are 

considered here as macroscale damage modes since they typically cause laminate failure. Delamination 

cracks initiate as a result of sufficiently large interlaminar stress fields and often stem from other 

intralaminar damage modes, including ply cracks (see Fig. 9) or local kink-band formation (see Fig. 7). 

The existence of a delamination crack effectively reduces the local constraining effect between the 

adjacent lamina, which tends to encourage critical intralaminar damage modes such as large fiber 

cluster breakages to occur sooner. Once the main load-bearing laminae exhibit critical intralaminar 

damage, this ultimately leads to complete laminate failure (and possibly catastrophic failure of a 
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component or structure). The resulting laminate failure surfaces are typically complex and comprised 

of multiple damage mechanisms, which depends on the type and direction of local stresses. Figure 10 

reveals that in a cross-ply laminate, a delamination crack can span from the tip of a 90° ply crack, 

subsequently leading to fiber breakage in the adjacent lamina near the ply crack. 

 
Figure 9. Sub-critical ply crack formation in the 90° lamina of a cross-ply laminate under tensile stress: 
(a) local coalescence of fiber-matrix debonds and localized matrix cracks [31]; (b) development of 
multiple ply cracks [32]; (c) schematic representation of multiple ply cracks in a constrained UD ply 
tunnelling along the fiber axis; (d) stress contours around interacting ply cracks (crack shielding effect). 
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Figure 10. Interaction of damage modes for cross-ply laminates subjected to uniaxial tensile loading: 
(a) fiber-reinforced thermoplastic- and (b) fiber-reinforced thermoset [3]. 

2.2.3 Ply constraining effect 

Damage mechanisms at all length scales in a laminate are impacted by ply constraints, particularly ply 

crack formation. The effect of ply constraints sources from the difference between the surface 

displacement of a ply crack embedded in a laminate compared to an unconstrained UD ply. In other 

words, the neighbouring plies provoke a constraining effect which plays an important role in 

determining the effective properties of the cracked laminate while it may restrict immediate laminate 

failure. Experimental [33] and numerical [28,34] investigations demonstrated the evident impact of ply 

constraining effects on the crack multiplication. Fundamentally, the constraining effect may be 

observed during the formation of individual ply cracks that can provide an insight into the multiscale 

nature of damage in composite laminates. 

2.2.4 Manufacturing-induced defects 

The processing of composite materials is always combined with the presence of manufacturing-induced 

defects, while its severity depends on controlling the processing constraints. These defects can originate 

from the processing itself (e.g., cure shrinkage, consolidation, and resin bleeding) [35], suboptimal 

control of the manufacturing process (e.g., minor ply misalignment) [36], structural features (e.g., 

tapers), or machining after curing [37,38]. For instance, minor deviation from the expected orientation 

or prepreg thickness in a laminate may provoke the stiffness/strength degradation of the laminate due 

to a weaker performance of constraining plies. The challenge of safe design cannot be solely addressed 

by a conservative design that potentially introduce unpredictability to the final product. This imposed 

overdesign opposes the primary benefits of composite materials that prevent using traditional methods 

of structural design using homogenized internal structure. Hence, it is essential to comprehend the 

90° ply 

0° ply 

Ply crack 

Delamination crack 
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correlation between material response and the internal structure of composites that requires the 

characterization of manufacturing-induced defects. 

2.3 Damage Mode-Based Failure Criteria 

Preliminary efforts to predict the failure of composite laminates were established based on the 

formation of the first observed intralaminar damage mode [39]. Hashin [40,41] and Puck and 

Schürmann [42,43] were the pioneer groups who separated matrix- and fiber-dominated failure modes 

based on the loading (i.e., tension, compression, shear). Accordingly, different 2D models were 

proposed to offer improved accuracy. Hinton, Soden, Kaddour, and colleagues [39,44–46] invited 

several groups to benchmark their models with experimental tests as the first world-wide failure 

exercise (WWFE-I). In the first exercise, the phenomenological-based model by Puck and Schürmann 

[42,43] was found as the most comprehensive model. However, the proposed models in WWFE-I were 

unable to account for triaxial failure under 3D stress and progressive damage of laminates [47]. 

Accordingly, the fidelity of failure criteria under the 3D stress state was assessed as the WWFE-II 

[44,45] to extend the capability of the theories from 2D to 3D stress states. This issue is commonly 

induced in the thick composite materials (e.g., pressure vessels and rotor blades). In this exercise, 

presented physical-based criteria [48–51] were chosen as reliable models in different loading 

conditions. Developed models also considered the nonlinear material response, which is originated 

from the behaviour of the epoxy.  

WWFE-III [46] was undertaken to evaluate the ability of damage models to accurately predict the 

progressive nature of failure (e.g., sub-critical cracking, delamination, material degradation) [52–55]. 

Although the capability of damage-based models and finite element (FE) were highlighted in capturing 

damage initiation, progression, and ultimate failure, the limited robustness of the models for different 

laminate stacking sequences and loading conditions was highlighted. The shortcomings of models were 

related to the over-simplification or neglecting factors such as size effect, thermal residual stress, 

material nonlinearity [46]. Furthermore, the restricted application of the experimentally calibrated 

damage parameters for certain cases was identified. In Section 2.4 – 2.6 that follow, reported works 

focused on modelling damage of laminates at each relevant length scale are discussed. 
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2.4 Macro-Damage Mechanics 

2.4.1 Continuum damage mechanics 

The concept of continuum damage mechanics (CDM) is credited to the pioneering work of Kachanov 

[56,57], where the formation of voids in metals subjected to creep loading was captured and the 

associated mechanical property degradation was predicted. Kachanov assumed that a material 

containing diffuse micro-damage can be represented as an effectively homogeneous material with 

reduced mechanical properties. A scalar damage parameter φ was defined to describe the loss of the 

material’s integrity where φ = 1 and φ = 0 indicate the pristine and failure states, respectively. The 

damage variable was later redefined by Robotnov [58] as ω = 1 – φ to represent discontinuity as a 

function of net area reduction (see Fig. 11): 

DS S S
S S

ω
∗

=
−

=  (2-10) 

where SD and S denote the damaged and undamaged cross-sectional area. Additionally, SD can be 

defined as the net area of the damaged surface that excludes the discontinuities area (i.e., S*). 

Accordingly, Robotnov introduced a new definition for the creep strain rate as: 

1

nd B
dt
ε σ

ω
 =  −   (2-11) 

where B and n are material constants. Equation (2–11) solved the singularity issue at the failure point 

from Kachanov’s model. Accordingly, the quantity in parenthesis from Eq. (2–11) is defined as the 

effective stress and denoted by 𝜎𝜎�. Thus, Hooke’s law can be expressed as: 

 ,E E= =σ ε σ ε  (2-12) 

where 𝜀𝜀 and 𝐸𝐸�  are the strain and effective Young’s modulus. Thus, the damage parameter can be 
defined as: 
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This notion was later modified based on the strain equivalence principle [59,60]. There, second-order 

damage tensor was defined to characterize a brittle creep damage [61] and capture crack orientation 

[62]. Finally, a three-dimensional damage model led to a fourth-order tensor was introduced by 

Chaboche [63–65] to characterize the three-dimensional damage case. Further details of CDM theory 

are found in [66]. 
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Figure 11. Schematic illustration of the effective stress concept for isotropic damage under uniaxial 
loading [3]. 

2.4.2 Continuum damage mechanics of composite materials 

In Section 2.4.1, it was shown that CDM was developed based on the influence of damage entities on 

the net area, where the damage parameter is essentially a scalar. Therefore, CDM cannot distinguish 

from the influence of different entities on failure in the same plane; thus, this approach is unable to 

capture anisotropic damage effects. This is an important consideration in composite materials, where 

dissimilar damage entities with an identical net area may result in different mechanical responses. To 

alleviate the limitation of CDM and effectively apply the same concepts to composite materials, 

Laveveze [67] proposed CDM theory of laminate composites. To address the ply cracking in laminated 

composites, Talreja [17,68–71] proposed an alternative, where second-order damage tensors were 

defined to represent damage in a homogenized ply. Based on the proposed model, the representative 

volume element (RVE) size must be large to provide a consistent average response. Figure 12 illustrates 

the procedure of homogenization for a heterogeneous material, including damage entities. Here, 𝑛𝑛�⃗  and 

𝑎⃗𝑎 represent the orientation and influence information of a damage entity (i.e., induced perturbation 

caused by the presence of that point on the surface) [72]. Accordingly, damage tensor is defined by 

separating damage modes as: 
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where α = 1, 2, …, n denotes the considered damage mode, and k(α) represents the number of entities 

of the corresponding damage mode.  
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Figure 12. Homogenization of a continuum body with heterogeneous stationary structure and 
evolving damage entities [3]. 

Assuming symmetric crack surface separation, Talreja [17] proposed a new definition for the damage 

tensor by neglecting the tangential effect part of the influence vector as: 
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In other words, Talreja assumed that the driving force for ply crack multiplication is dominated by 

crack opening displacement (COD), i.e., Mode I. This model was further developed by Singh [73] to 

capture the effect of crack sliding displacement (CSD), i.e., Mode II. It was shown that neglecting CSD 

in the multiplication of ply cracks does not cause a significant error.  

Singh and Talreja [74] developed a constitutive model that incorporated the second-order damage 

tensor for representing the stiffness degradation of a laminate using a thermodynamics framework. 

Accordingly, the components of the extensional stiffness matrix of the laminate shown in Fig. 13 was 

proposed as: 
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where 0 indicates the effective elastic properties of the pristine laminate, and κ is the ply constraints 

parameter. tc, t, and s are geometrical attributes shown in Fig. 13. Here, Cij is defined as the laminate’s 

extensional stiffness matrix, [A]. Moreover, ai are phenomenological material constants that need to be 

determined based on the properties of damaged laminate as: 
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The developed model only analyses symmetric and balanced laminates loaded in-plane; however, 

the model can be extended for other cases. The ply constraint parameter, κ, is the only unspecified 

parameter in this method that depends on the COD and crack density. This parameter can be obtained 

by comparing the laminate with a reference model to characterize the cracks displacement while 

capturing the effect of constraining parameters. It is indicated that the ply constraint parameter can be 

calculated using a computational method instead of experimental calibration. This procedure is 

discussed in Section 2.8.  

 
Figure 13. A representative volume element illustrating intralaminar cracking in a general off-axis 
ply of a FRP laminate [3]. 
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2.5 Meso-Damage Mechanics 

The effect of damage accumulation on the mechanical response of a continuum solid (i.e., laminate 

stiffness) at the ply level has been mainly investigated by meso-damage mechanics (MSDM). This 

approach concerns investigating damage at the scale of crack formation (i.e., ply crack), where the 

laminate plies are treated as effectively homogeneous. For composite materials, MSDM approaches are 

concerned with the multiplication of damage by incorporating micromechanics to find a solution for 

the local displacement and stress fields around ply cracks.  

2.5.1 Shear lag models 

Aveston, Cooper, and Kelly (ACK) [75] were the first to investigate the primary mechanism of crack 

multiplication by focusing on the transfer of shear stress between a small group of constituents. ACK 

found that constituents redistribute the applied stress in the multiplication process, which results in a 

nonlinear response. In spite of the novelty of the approach, the method was recognized as inadequate 

due to the excessive number of simplifying assumptions. The method was the foundation for shear lag 

models that was later improved by Garret, Bailey, and Parvizi [76–78] and Manders et al. [79] by 

adopting Cox [80] method for modelling ply cracking. Some of the simplifying assumptions in shear 

lag models are (Fig. 14):  

1. The mutual interaction of cracks due to the shielding effect of cracks is disregarded. 

2. Local stress concentration near cracks is neglected. Therefore, the axial stress assumed constant 

over the transverse ply thickness after cracking. 

3. Under the axial shear stress, the shear stress is related to vertical displacement of the ply while 

the horizontal displacement is neglected. This violates linear elasticity relationship for shear 

stress. 

Later, Highsmith and Reifsnider [13] argued the significance of local stresses near the plies interface, 

where the shear deformation is restricted to a thin resin-rich region. Based on their experimental 

observation, ply crack extends to this region that is less stiff than the central part of the transverse ply. 

Accordingly, the shear lag model was updated [13,81] by assuming that the shear stresses develop in 

the resin-rich region. This model was extended in different ways to considering the effect of crack 

interaction, accounting for the progressive shear in the transverse ply and the 2D shear lag model. Nairn 

and Hu [82] found the stress in the 0° and 90° ply for a general form of shear lag models based on the 
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preliminary model by Garret and Bailey [78]. However, complicated models, including more adjustable 

parameters, often lead to less persuasive results, which can be related to the one-dimensional nature of 

the shear lag models [3]. A comprehensive review of the advantages and disadvantages of the developed 

shear lag models has been presented in [83–85]. The modified versions of shear lag model have been 

developed in [86–88]. 

 
Figure 14. Construction of a unit cell for stress analysis of a cracked cross-ply laminate: (a) cracked 
laminate in tension; (b) equivalent 2D unit cell; (c) stress acting on an element of 90° ply [3]. 

2.5.2 Variational models 

The variational models were initially introduced to determine perturbation stress/displacement fields 

around ply cracks in a cross-ply [0/90]s laminate [18]. Hashin [18] introduced a 2D stress analysis for 

the RVE in Fig. 15 by employing the principle of minimum complementary energy on cracked cross-

ply laminates. Hashin’s method was later modified for capturing the effect of thermal residual stress on 

the crack initiation in a cross-ply laminate [14,89] that had been stated as an important factor in the 

initiation of ply cracking [90]. Nairn [14] indicated that energy-based models conclude promising 

results for FRPs. However, a constant stress variation across the thickness limited the applications of 

the method to uniaxial loading. Varna and Berglund [89,91,92] introduced a new model to extend the 

application of the variational method by relaxing the constant axial stress field assumption. Kuriakose 

and Talreja [93] performed another study to analyze the capability of this method for a cross-ply 

laminate under bending moments. The most recent enhancement of the variational approach to 

accurately predict the exact or average stress/displacement triaxial, in-plane shear, and out-of-plane 

shear stress was conducted by Hajikazemi et al. [94–97]. Despite the variational methods obtained 
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promising results in different cases, models need to be redefined for new cases that limit the 

applicability of the method. 

 
Figure 15. Representative unit cell for a cracked cross-ply laminate [3]. 

2.5.3 COD-based models 

Crack opening displacement-based models have been developed to formulate the effect of crack 

opening and sliding displacements on the overall response of laminates. Gudmundson and colleagues 

[98–101] proposed a model to determine the influence of the crack surface displacement of an 

individual crack on the elastic response (i.e., stiffness degradation) and resultant strain (Fig. 16). 

Despite the fact that the stiffness of the cracked laminate was obtained by the homogenization 

procedure, determination of the calibrating parameters is a limiting factor in this method. In fact, 

heterogeneity of the laminates and ply constraining effects is an obstacle for finding a closed-form 

solution. Lundmark and Varna [102–105] developed a similar homogenization method that utilizes the 

finite element method (FEM) to capture the crack surface displacements. Thus, the average stress-strain 

response (i.e., stiffness degradation) of the laminate (ply) can be obtained, and the simplifying 

assumptions required in Gudmundson’s model are reduced. The application of COD-based models has 

been further extended for capturing the effect of the residual stresses and thermal expansion coefficients 

[106–108]. 
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Figure 16. Schematic illustration of a 3D laminate containing off-axis cracks [3]. 

2.5.4 Limitation with MSDM models 

In the previous subsections, MSDM models that are applicable for predicting ply crack evolution and 

the corresponding effect on laminates stiffness degradation were introduced. Some methods were 

deemed promising for capturing the local stress fields close to the ply cracks and predicting laminate 

stiffness degradation. However, the difficulty in developing a robust analytical model for general cases 

(e.g., a multidirectional laminate with arbitrary stacking sequence under multiaxial loading) is a 

limitation for this approach. Furthermore, MSDM merely considers one aspect of damage behaviour 

(i.e., crack multiplication), while other perspectives of damage (e.g., ply crack formation, inter- and 

intralaminar crack interaction) are disregarded. Damage analysis of cracked laminates, even in a simple 

lay-up, is intrinsically a highly complex task.  

Laminates with unidirectional plies are commonly analyzed based on the presumption that plies are 

anisotropic and effectively homogenous. Nevertheless, damage formation (e.g., ply crack, local 

delamination) induces notable local stress gradients, requiring a 3D stress analysis. Mesoscale damage 

models are developed based on simplifying assumptions to capture the degradation of laminates during 

the multiplication of cracks. Ply cracks can be irregularly spaced, angled, not fully grown, while cracks 

can interact with other cracks (e.g., neighbouring crack, local delamination, fiber fracture). Thus, 

MSDM is deemed inadequate for modelling the crack multiplication as well as damage evolution in the 

presence of off-axis layers. Stress analysis may be further complicated by the presence of 

manufacturing-induced defects (e.g., void, nonuniform fiber spatial dispersion, fiber misalignment). 

Some common crack types in a laminate are demonstrated in Fig. 17 and Fig. 18. 
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Figure 17. Consecutive matrix cracking behavior in contiguous plies in a [0/602/90]s laminate [109]. 

 
Figure 18. Schematic illustration of crack types in a [0/θ/90]s laminate; Type A: ideal ply crack; Type 
B: branched crack; Type C: oblique crack; Type D: partial crack at ply surface; Type E: partial crack 
at center; Type F: interaction of cracks in different plies; Type G: void; Type H: interaction of 
damage modes (local delamination); Type I: fiber misalignment. 

2.6 Micro-Damage Mechanics 

Micro-damage mechanics aims to physically predict the onset of local failure at the fiber scale. The 

formation of ply cracks originates from the linkage of local failure of the matrix at the microscale. Local 
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failure manifests in the form of matrix failure (i.e., ductile failure or cavitation), fiber-matrix interfacial 

failure (i.e., debonding), and manufacturing-induced failure (e.g., void) [34,38,50,51,110–137]. Figure 

19 illustrates a schematic representation of local failure that may or may not lead to the same form of a 

microcrack. Nevertheless, each local failure scenario requires different amounts of energy to be 

triggered, resulting in a dissimilar stress state during and after the formation of the crack. Hence, it is 

essential to properly account for the initiation of local failure to realize the formation of ply cracks, 

while experimental testing setup at the associated scale is required to capture the behaviour of the epoxy 

[138,139]. Note that local failure can be further influenced by the effect of ply constraints, thermal 

stress, and fiber spatial dispersion. In the following subsections, relevant models used to predict local 

failure and the formation of ply cracks are discussed. 

2.6.1 Matrix failure 

The formation of failure events in epoxies relates to nucleation (i.e., ductile failure) or dilatation-

induced cavitation. Asp et al. [110–113] proposed the onset of the cavitation under triaxial stress states 

as a function of critical dilatational energy. Performing an experimental test, known as the poker-chip 

[138], a criterion was introduced for the onset of cavitation when dilatation energy density reaches its 

critical value (i.e., 𝑈𝑈𝑑𝑑𝑑𝑑𝑑𝑑 = 𝑈𝑈𝑑𝑑𝑑𝑑𝑑𝑑𝑐𝑐𝑐𝑐 ). Asp et al. [110] reported the critical dilatation of epoxies in the range 

of 0.13–0.20 MPa. Later, Pinho et al. [50,51] confirmed that brittle failure occurs before any substantial 

inelastic deformation. Cavitation-induced failure has been used to analyze the onset of local failure in 

epoxies [110–117]. 

Initial efforts in modelling the ductile failure of polymers were developed based on the 

incompressible behaviour of metals. However, the pressure-dependent behaviour of polymers was 

found essential for determining the stress states of epoxies during plastic deformations [124]. Although 

conventional pressure-dependent theories (e.g., Drucker-Prager) were found appropriate for analyzing 

ply cracking due to ease of use [117], complex stress state of material during matrix cracking suggest 

other material models are required. Furthermore, laminates subjected to multiaxial loading experience 

a higher degree of local shear stresses which requires an improved prediction of the matrix local 

behaviour. failure Details of local matrix failure is discussed in Chapter 6 and Chapter 7. 
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Figure 19. Schematic demonstration of matrix failure in different scenarios: (a) ductile failure, (b) 
cavitation, (c) void, (d) debonding. 

2.6.2 Interfacial failure 

According to the empirical observations, (the area close to) the fiber-matrix interfaces were witnessed 

as the favourable failure location due to a high stress concentration [122]. Several studies were 

performed to predict the debond crack initiation at the interface based on the fracture toughness [118–

123] or cohesive zone modelling [125–131]. Notwithstanding, the existence of the cohesive zone is not 

evidenced due to the presence of the produced median layer between fibers and the matrix interfaces 

during fiber sizing. In other words, debonding is viewed as the consequence of matrix crack evolution 

[122]. Furthermore, it is challenging to calibrate the cohesive behaviour of a fiber-matrix interface 

through physical tests that is essential to define the traction-separation law parameters for a cohesive 

zone model [131]. Also, the constraining effects on the matrix imposed by the fibers vary with changing 

inter-fiber spacing, which would cause a deviation in the fiber-matrix interface cohesive parameters. 

2.6.3 Manufacturing-induced defects 

The unavoidable presence of manufacturing-induced defects (e.g., voids, nonuniform fiber spatial 

dispersion, fiber misalignment) is a factor to be considered in the damage evolution of laminates. 

Nevertheless, adequate modelling of composite materials requires information on processing (e.g., 

thermal mismatch, chemical shrinkage) and material characterization (i.e., defects) that is a daunting 

task. Several studies have been performed to characterize voids in composite materials [132], while the 

contribution of voids on the transverse failure initiation has been rarely investigated [133]. Hamidi et 

(a) (b) (c) (d) 
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al. [134] experimentally observed the majority of defects in a transverse layer present in a format of 

(micro- or macro-) voids. Hence, the local stress state in the vicinity of the void area can be significantly 

affected, which can cause an expedition or delay in the initiation of the matrix cracking. 

Correspondingly, Chowdhury et al. [135] investigated the effect of local voids on the initiation and 

growth of damage by performing a computational study on the microstructure level. These observations 

imply the potential influence of voids on the intensity of the constraining effect in transverse plies. 

Recently, Ghayoor et al. [136] investigated the effect of an inconsistent fiber dispersion that results in 

the resin-rich, and fiber clustered zones. The study clearly showed that nonuniform fiber spatial 

dispersion directly influences the mechanical response of the composite (i.e., failure and stiffness). 

Moreover, fiber distancing stated as a decisive factor for the initiation of failure [136,137].  

2.7 Multiscale Damage Models 

Progressive failure in composite materials is inherently a multiscale process, and the behaviour of the 

material at a smaller length scale impacts the response at higher scales. Therefore, multiscale modelling 

of FRP laminates is essential task to predict failure of laminates; however, considering models at 

different scales is challenging. In general, two multiscale damage modelling strategies have been 

proposed for FRP composites: hierarchical and concurrent. Hierarchical multiscale approaches often 

entail bottom-up linking of length scales, where relevant information is passed from lower to higher 

length scales. The hierarchical approach uses an intuitive multiscale representation of FRP laminates 

beginning with discrete fiber-matrix representation at the microscale to an effectively homogeneous 

representation at the macro or continuum scale. The obtained deformation response and corresponding 

damage state at a particular length scale are averaged over the volume of the RVE to portray the 

effectively homogenized medium and used as input for a higher length scale, thus “bridging” the scales 

in a decoupled fashion (i.e., no coupling between scales). Figure 20 illustrates the strategy of a typical 

uncoupled hierarchical multiscale approach. In this approach, analytical or computational 

micromechanical models are typically used in conjunction with homogenization theories by utilizing 

the volume-averaged stresses and strains in the defined RVE. The hierarchical approach was widely 

used for developing multiscale models to address damage in composite materials [140–150]. Although 

bottom-up approaches are generally used, utilizing a top-down approach is also viable [151–153]. 
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Figure 20. Schematic of a hierarchical bottom-up multiscale modeling approach. 

Concurrent multiscale approaches also distinguish between the length scales relevant for damage 

evolution and analyze each in a fully coupled solution process. Instead of a top-down or bottom-up 

linking process, the damage state and material response at each length scale are considered 

simultaneously, while information is passed between length scales actively during the solution process 

[154]. Although concurrent approaches can improve the fidelity of damage evolution predictions due 

to their fully coupled nature, their complexity results in a computationally intensive analysis that is 

often not feasible. Therefore, locally probed regions at specific length scales are required to maintain 

reasonable computational efficiency; however, these are often limiting since the bulk material response 

may not be accurately captured. This approach has been employed by Ghosh et al. [140,141] for 

modelling damage evolution of composites. 

Despite the fact that accurate prediction of damage evolution in thermo-mechanically loaded FRP 

laminates requires a fully coupled analysis due to the complex failure processes, a compromise must 

be made to adopt a multiscale modelling framework accuracy and computational efficiency. As a result, 

hierarchical approaches have been more widely employed since they are computationally less costly, 

while the upsurge of computational mechanics in recent years has further motivated the use of 

hierarchical multiscale approaches due to increased flexibility compared to analytical models. Talreja 

[155] indicated that utilizing a hierarchical approach may lead to physically adequate results for some 

cases, suggesting that the localized material architecture at any length scale can describe the behaviour 
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of the material at a higher scale. Hence, understanding the local stress fields and the initiation of damage 

at the microscale such as fiber-matrix debonding, branching of debonding cracks, or local matrix 

cracking becomes vital for assessing the performance of laminates with multiple ply cracks. 

Several complexities are often confronted when conducting damage assessment using hierarchical 

approaches, despite the fact that they are perceived as being straightforward to implement. First, 

damage modes may evolve within more than one relevant length scale with the hierarchy of damage 

shifting. For example, sub-critical ply cracks locally initiate as debonds at the microscale where the 

fiber diameter is the relevant length scale, then fully forming through the lamina where its thickness 

becomes the relevant length scale. A hierarchical approach cannot address this point since the damage 

is represented as an uncoupled entity between different length scales. Furthermore, the multiplicity of 

a specific damage mode and the simultaneous evolution of different damage modes such as sub-critical 

ply cracks in multiple laminae are strongly dependent on the constraining effects from the adjacent 

lamina, where both intralaminar and interlaminar crack interactions occur. Again, the interaction of ply 

cracks at different length scales poses a problem for hierarchical approaches. In addition, the 

simultaneous occurrence of both intralaminar ply cracks and interlaminar damage (e.g., delamination) 

and their interactions would pose additional challenges for hierarchical approaches. Fundamentally, the 

occurrence of these phenomena discards the use of the averaging scheme for bridging micro-meso or 

meso-macro scales. 

2.8 Multiscale Damage Modelling of Ply Cracking 

Based on the preceding discussion, the three relevant length scales for FRP laminates generally include 

the micro, meso and macroscales. Nonetheless, a simple account for the hierarchy of length scales may 

not accurately represent the realistic multiscale damage evolution scenario in FRP laminates. Moreover, 

failure of laminates is a complex process involving a combination of different damage modes that are 

not necessarily occurring at fixed length scales, which also involves interactions between these damage 

modes within and across different length scales as well as multiplication of these damage modes. 

Therefore, a complete account of damage evolution in a simulation model must also consider these 

complex interactions as well as the coupling of information from one length scale to the next in a 

coherent fashion. 
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2.8.1 Representative volume element 

One of the primary considerations for a multiscale modelling strategy is to define an appropriate 

representative volume element (RVE) for each relevant length scale. The size of an RVE should be 

appropriate for the length scale of interest and can in part be governed by the corresponding material 

geometric features (e.g., fiber size and architecture, lamina thickness and stacking sequence, etc.), 

allowing for an accurate representation of the material architecture. However, when the evolution of 

damage is of concern, the length scales in which the damage modes (e.g., fiber-matrix debonding, ply 

cracking, delamination) evolve as well as the characteristics of the damage modes (i.e., size, distribution 

and orientation) must be considered when defining the relevant length scales and the appropriate RVE 

size. Generally, an RVE for a given length scale must be large enough to observe the effects of “events” 

occurring at smaller dimensions (e.g., an RVE must include multiple damage entities). Regarding 

assessing sub-critical ply cracking in laminates, an RVE for microscopic assessment should typically 

include multiple fibers and the matrix in order to capture local damage modes such as fiber-matrix 

debonding and matrix cracking as well as the interactions between the neighbouring fibers (Fig. 21). 

Moreover, the size of an RVE for mesoscale assessment is governed by the laminae thicknesses and 

stacking sequence as well as the degree of ply cracking and the space between these cracks. At the 

macro or continuum scale, although ply cracks are not explicitly represented since the laminate is 

treated as an effectively homogeneous material, the RVE must be large enough to capture the 

distribution or density of ply cracking and their influence on the laminate response through internal 

variables.  

2.8.2 Synergistic damage mechanics (SDM) 

To overcome the inherent limitations of hierarchical approaches, while also maintaining computational 

efficiency, a new multiscale approach known as synergistic damage mechanics (SDM) was introduced 

[55]. In this approach, CDM and MSDM are coupled to predict sub-critical ply crack evolution in 

laminates, and the associated interaction between damage modes is considered in a closely (not fully) 

coupled multiscale modelling approach. The material microstructure (i.e., fibers and matrix) and sub-

critical damage modes are respectively treated as stationary and evolving microstructures whereby a 

two-step homogenization is performed (Fig. 12) instead of single-step homogenization in conventional 

CDM approaches. The constraint parameter, κ, was initially related to COD within an experimental 

framework [156,157] to calibrate the CDM model. Utilizing the virtual crack closure technique 

(VCCT), Joffe et al. [158,159] measured the critical energy release rate (i.e., Gc) for the formation of a  
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new ply crack. Singh & Talreja [160] later used this method to find the constraint parameter for ply 

cracking within a computational framework. The overall strategy of SDM is illustrated in Fig. 22. 

 
(a) (b) 

 
(c) 

Figure 21. Schematic of RVE of a cross-ply laminate including ply cracks at: (a) microscale; (b) 
mesoscale; (c) macroscale. 

The multiscale framework provides an efficient means to bridge the influence of ply cracking at the 

mesoscale with the laminate deformation response at the macroscale through damage influence 

parameters, where the interaction between damage entities and modes as well as ply constraining effects 

are also considered. Singh and Talreja [160–160] extended this multiscale approach to predict 

simultaneous damage evolution in multiple plies of multidirectional laminates. Experimental 

observation validated the capability of the SDM approach [46]. Montesano and Singh [28,29,162] 

further extended this multiscale approach by accounting for in-plane multiaxial stress states where 

intralaminar and interlaminar crack interactions were considered. Montesano and Singh [30] later 
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integrated this approach within a commercial finite element (FE) software package to predict sub-

critical damage evolution in a composite wind turbine blade. 

 
Figure 22. Flowchart showing the multiscale synergistic methodology for analyzing damage behavior 
of laminates. 
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Chapter 3 

Objectives 

3.1 Research Objectives 

The overall goal of the thesis is to develop advanced computational micromechanical models to study 

the onset of local failure and formation of ply cracks in carbon fiber/epoxy laminates. The 

micromechanical models are also used to determine the effective energy release rate (ERR) associated 

with ply crack formation, which will be integrated within a hierarchical multiscale framework to bridge 

the micro and mesoscales [1]. A constitutive model within a finite element (FE) framework is developed 

to capture the onset of local failure in the epoxy matrix, while an isotropic damage model is used to 

capture the progression of matrix microcracks. Manufacturing-induced defects (e.g., voids, resin-rich 

pockets, inter-ply resin-rich zones) and thermal residual stress are represented in the computational 

models. The effect of the ply constraints on local stress and displacements fields before and after the 

formation of ply cracks is also investigated by considering the constraining plies within the generated 

representative volume elements (RVE) in this study. Dissipation of energy during the evolution of ply 

cracks is obtained to approximate the associated ERR. The objectives of this research are: 

1. Generate periodic RVEs with nonuniform fiber spatial dispersion for a micromechanical 
assessment. 

2. Develop micromechanical FE models with manufacturing-induced defects to study the 
influence of ply constraints on local energy (stress) states in the 90° ply of [0/90/0] cross-ply 
laminates. 

3. Investigate the onset of local failure and the corresponding mechanisms in the 90° ply of 
[0/90/0] cross-ply laminates using micromechanical FE models. 

4. Develop a scheme to simulate ply crack formation and evolution in [0/90/0] cross-ply laminates 
using micromechanical FE models. 

3.2 Research Scope 

3.2.1 Task 1: A new approach to generate periodic representative volume elements with 

nonuniform fiber spatial dispersion for the micromechanical assessment of composites [2] 

An algorithm based on event-driven molecular dynamics theory is developed to rapidly generate 

periodic RVEs with nonuniform fiber spatial dispersion for FRP composites. To evaluate the reliability 

of the generated RVEs, FE analysis is conducted to calculate the volume averaged elastic constants. 
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Isotropic characteristics of the RVEs are predicted, and correlations with experimental data from the 

literature are provided. The proposed algorithm is used as a tool for generating 2D/3D RVEs that are 

required for micromechanical assessments in the following objectives. 

3.2.2 Task 2: Assessing the effects of ply constraints on local stress states in cross-ply laminates 

containing manufacturing-induced defects [3] 

Computational micromechanics is employed to assess the influence of the ply constraints on the early 

stages of 90° ply crack formation in a [0/90/0] cross-ply laminate under tensile loading. Manufacturing-

induced defects, including nonuniform fiber spatial distribution, microvoids and microcracks, are 

explicitly simulated. Local distortion and dilatation energy density in the matrix, associated with local 

yielding and brittle cavitation, are assessed within unconstrained and constrained 90° plies. The effects 

of ply constraints are compared when pre- existing microvoids or microcracks are present, as well as 

different regions of the ply (i.e., fiber clusters, resin-rich zones, plies interface). Additional parametric 

studies are conducted to investigate the effect of the constrained and adjacent ply thicknesses, ply 

interface resin-rich layer thickness, and post-cure thermal cooldown on the degree of constraining. The 

study provides an improved understanding of the early stages of ply crack formation in constrained 

plies, which is important for predicting local failure in laminates. 

3.2.3 Task 3: Micromechanical assessment of local failure mechanisms and early-stage ply 

crack formation in cross-ply laminates [4] 

Three-dimensional computational micromechanical models are developed to study the local failure 

mechanisms and early-stage ply crack formation of a carbon fiber/epoxy [0/90/0] cross-ply laminate 

under tensile loading. Pressure-dependent inelastic deformation of the epoxy is captured by a user-

defined material (VUMAT) model, where brittle cavitation and ductile failure are defined as the local 

failure mechanisms. Manufacturing induced defects, including nonuniform fiber spatial dispersion and 

resin pockets, are represented in the 90° ply. The effects of ply constraints on the local distortional and 

dilatational energy densities in the matrix are evaluated. Brittle cavitation is found to be the first and 

dominating failure mechanism, while local inelastic deformation indirectly influences the number and 

location of cavitation sites. Inelastic deformation is deemed necessary for predicting the linkage of the 

microcracks that are induced by brittle cavitation. The study provides important insight into the early-

stage formation of ply cracks, which is essential for analyzing the subsequent ply crack formation. 
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3.2.4 Task 4: Micromechanical simulation of ply crack formation in cross-ply laminates under 

quasi-static tensile loading [5] 

A modified VUMAT model is developed within an explicit FE framework to simulate ply crack 

propagation in [0/90/0] cross-ply laminates, while an isotropic damage model is used to capture the 

post-peak behaviour of the epoxy matrix. The capability of the FE model is separately verified in 

predicting crack propagation and full ply crack failure strain. Representative volume elements with 

different thicknesses are generated to extend the study, where the constituents are explicitly simulated 

in the 90° ply. It is indicated the first ply crack formation delays in laminates with a thinner 90° ply 

compared to an unconstrained 90° ply, but the failure is expedited after a certain thickness. Furthermore, 

the effect of the thermal residual stress, the ply constraints, and fiber volume fraction on the formation 

of ultimate ply crack are investigated. The reasons for the incapability of mesoscale models in 

presenting a comprehensive estimation are discussed. Bridging micro-mesoscale modelling within a 

multiscale framework is proposed as a remedy. 
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Chapter 4 
A new approach to rapidly generate random periodic representative volume elements 

for microstructural assessment of high volume fraction composites 
(Published manuscript, Materials and Design 150 (2018) 124-138) 

4.1 Introduction  

The widespread use of fibrous composite materials is a direct result of their high specific strength and 

stiffness and the ability to tailor their mechanical and thermal properties. Prior to designing a specific 

material system and optimizing corresponding structural components, the effective properties of 

composites can be evaluated through so-called computational experiments using a representative 

volume element (RVE) [1–7]. In this context, an RVE is an accurate depiction of the material's 

microstructure that is used to evaluate its effective macroscopic properties, thereby minimizing the 

requirement for experimental testing during the early stages of design. An advantage with RVEs and 

related computational assessments is that the anisotropy of the composite material system can be 

directly tailored, and accurate microstructural assessments can be realized. 

Similar to an RVE, a periodic unit cell (PUC) model can also be used to evaluate properties of 

composite materials. PUCs have simplified structured patterns for the reinforcement phase and often 

adopt symmetric boundary conditions [8–10]. In practice, however, composite microstructures are 

rarely structured, thus PUC models may not be suitable for assessing their 3D mechanical properties 

[11–13]. In addition, the evolution of microstructural parameters for materials involving plasticity or 

evolving microscopic damage are often not of a structured nature, thus PUC methods may not be 

suitable for these problems since the implication that all regions of the material are damaged 

simultaneously is not realistic.  

Oh and Jin [14,15] found that RVEs of unidirectional fiber-reinforced composites with nonuniform 

fiber spatial dispersion, especially for high fiber volume fractions (HFVFs), resulted in variations in 

strain at fiber/matrix interfaces [14] and thermal residual stresses [15]. Gusev et al. [16] also found that 

the nonuniform microstructural fiber dispersion of a unidirectional glass/epoxy composite had 

significant influence on the transverse elastic properties. Recently, Ghayoor et al. [17] found that local 

stress values were more variable in nonuniform microstructures when compared to periodic 

microstructures, and more likely to cause a disturbance of the load and stress distribution in the 

composite. Thus, to accurately assess the 3D mechanical properties and microstructural parameters of 
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unidirectional fiber-reinforced composites with high volume fractions, including predicting localized 

damage progression, it is important to generate realistic RVEs with nonuniform fiber spatial 

dispersions. 

Several research efforts have been devoted to generating RVEs for unidirectional fiber-reinforced 

composite materials using random distribution algorithms (RDAs). The classical approach of RDAs is 

the so-called hard-core model (HCM), which assesses the position of newly generated random fibers 

to avoid overlaps [18,19]. Due to the jamming limit with HCM algorithms, close packing [20], stirring, 

[21,22], random sequential expansion (RSE) [23], and random sequential absorption (RSA) [24–26], 

algorithms have also been studied. Nonetheless, generating RVEs with higher fiber volume fractions 

in reasonable computational times remains challenging with these algorithms [27]. To overcome this 

limitation the nearest neighbour algorithm (NNA) [28] and modified NNA (MNNA) [29] were 

proposed, where random RVEs were generated with comparatively short computational times using 

nearest neighbour distribution functions. Recently, the elastic collision algorithm (ECA) was also 

proposed to generate RVEs with nonuniform fiber spatial dispersions [30]. After defining an initial 

fiber unit velocity for all fibers along a random direction, fibers displaced under an elastic collision 

law. However, the disturbance time interval is difficult to adjust for different volume fractions making 

the ECA impractical. 

A new efficient method for generating RVEs for HFVF composites utilizes the principles of 

molecular dynamics (MD) which involves tracking inter-particle interactions [31], and has been 

successfully applied to generate 2D RVEs of rigid disks with high volume fractions [32,33]. One of the 

limitations with time-driven MD (TDMD) or random walking algorithms (RWA) is that they require 

small time-steps and integration of the equations of motion [34]. Donev et al. [35] presented a more 

rapid event-driven molecular dynamics (EDMD) algorithm which is suitable for high volume fractions 

without compromising accuracy. EDMD approaches schedule the sequence of the events that are 

predicted to occur in the future based on the present particle trajectories [36]. However, these algorithms 

can be difficult to implement, and the degree of nonuniformity for the resulting RVEs was not assessed 

in the reported studies. Recent work by Catalanotti [37] has developed a new algorithm aimed to 

generate RVEs and is among the first to do so for RVEs of composite materials containing HFVFs. 

Although the above numerical approaches have made significant contributions toward generating 

practical RVEs for composite materials, accurate and efficient generation of nonuniformly distributed 

RVEs for composites with HFVFs remains a challenge. In this study, a simple and efficient algorithm 

was developed to generate RVEs for unidirectional composites with high fiber volume fractions. The 
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developed algorithm is based on EDMD theory and utilizes the open-source DynamO software [38] to 

randomly generate fiber coordinates for RVEs with specified volume fraction in a few minutes or 

several seconds. The goal of this study was to generate RVEs with nonuniform fiber spatial dispersions. 

A subsequent aim was to use the generated RVEs for developing finite element micromechanical 

models using custom scripts in the commercial software Abaqus. The mechanical properties of the 

composite materials studied were determined, with the goal of providing additional validation for the 

developed RVE generation algorithm. Unidirectional fiber-reinforced composites with high volume 

fractions were studied in order to showcase the versatility of the developed algorithm, and its ability to 

overcome the different challenges when generating RVEs for distinct materials. It should be noted that 

although the study also focused on particulate composites, only the results pertaining to unidirectional 

fiber-reinforced composites are presented in this Chapter since these results are directly related to the 

thesis. 

4.2 Development of EDMD-based algorithm for RVE geometry generation 

4.2.1 Event-driven molecular dynamics overview 

In recent years, MD simulations based on time-stepping algorithms have been broadly used for 

simulating the mobility of molecules or atoms for various material systems. For particular cases, 

including the present study, capturing the key features of interactions between particles is required. 

Thus, the EDMD approach is more suitable for simulating discrete interaction potentials, with the 

ability to provide quantitative predictions [39,40]. Figure 23 illustrates the conceptual difference with 

respect to interacting particles between conventional time-stepping MD and EDMD methods.  

 

Figure 23. Schematic of time-stepping method and event-driven algorithm. 
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4.2.2 Generation of periodic RVEs with nonuniform fiber spatial dispersions 

In this study, the EDMD open-source software DynamO was used within a customized algorithm to 

generate periodic RVEs with nonuniform distributions for unidirectional fiber-reinforced composites. 

Within DynamO, each particle is initially assigned a random velocity vector and an event table is 

automatically generated which defines all potential collisions between particles in the RVE space (see 

Refs. [39,40] for full details). Thus, a realistic random particle distribution is effectively guaranteed for 

all particle regions, with a significantly reduced computational time. Figure 24 represents the algorithm 

flowchart for the generation of random RVE microstructures. Two cases were considered: (i) a 2D 

arrangement of circular fibers representing the cross-section of a continuous unidirectional fiber-

reinforced composite; (ii) a 3D arrangement of spherical particles representing a particulate reinforced 

composite. However, only the former is discussed in this Chapter. The detailed 4-step procedure 

outlined in Fig. 24 is described subsequently. 

 

Figure 24. Algorithm flowchart for random RVE generation. 

The first step in using the algorithm involved preparing the input for the procedure, including the 

RVE size and reinforcement dimensions which can be constant or vary randomly depending on the 

script code (see Fig. 24). For unidirectional continuous fiber-reinforced composites the 2D cross-

section perpendicular to the fibers defined the simulation space. During the subsequent step the 

simulation was initialized using the input values, which included defining the number of fibers, 

collision times or events, and the initial position of the fibers [39,40]. 
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The third step required performing necessary operations within DynamO to generate the particle 

output coordinate files. For generation of 2D periodic RVEs, the concept of gravity was used. First, the 

constant radius spheres were packed in a 3D simulation space, then the spheres were released and 

allowed to drop to a 2D plane or “floor” (see Fig. 25). The boundary constraints of the simulation floor 

along the in-plane directions were configured to generate the desired periodic RVE geometry. In order 

to control the periodic particle distribution along one direction, a “wall” type constraint was used to 

define the boundary of the simulation space. Figure 25 illustrates periodic constraints applied along the 

x–direction where particles can transfer randomly within the floor plane from one side to the other and 

particles can only cross the boundaries perpendicular to the x–direction. For generating RVEs with 

periodic geometry along both x– and y–directions, the wall constraints were not required such that 

particles were allowed to freely cross all boundaries. The total number of events were adjusted to 

control the total computational time, where for a personal computer with 3.4 GHz processor and 16 GB 

RAM, 100,000 events required approximately 10s on average to converge. 

 

Figure 25. RVE generation procedure for 2D randomly distributed fibers with x–direction periodic 
geometry. 

The final step (see Fig. 25) involved transforming the particle coordinates from the generated output 

file in step 3 to the commercial finite element software Abaqus and adjusting the RVE geometry to 

generate the proper periodic geometric model for subsequent finite element analysis. For high volume 

fraction simulations, there are more opportunities for particles to be in contact during RVE generation, 

however, in reality a small gap between fibers always exists due to very low but tangible particle crimp 

[22]. At the same time, contact between particles will lead to very small elements in FEA, which also 

causes unnecessary computational time or failure of convergence during analysis. Consequently, the 
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minimum distance between particles in the developed algorithm was limited to 0.25% of the particle 

diameter. Furthermore, Python scripts were used to generate the solid model of the 2D RVEs and to 

ensure that periodic geometries were maintained, where two examples with single direction periodic 

boundaries are shown in Fig. 26 (one with constant diameter fibers and the other with variable diameter 

fibers). 

 
(a) (b) 

Figure 26. Examples of generated 2D RVEs with nonuniform fiber spatial dispersions having 
periodic geometry along x–direction and Vf = 0.62, (a) constant diameter; (b) variable diameter. 

4.3 Mechanical property assessment of generated RVEs 

A high-fidelity assessment of the mechanical properties of composites was the main motivation for 

developing an algorithm to randomly generate realistic RVEs with nonuniformly distributed 

reinforcements. Accordingly, the degree of RVE nonuniformity, and thus the reliability of the 

developed EDMD-based algorithm, can be examined further by evaluating mechanical properties for 

both unidirectional fiber-reinforced and particulate-reinforced composites. For this purpose, the 

commercial FEA software Abaqus was utilized, and the predicted values of the engineering constants 

along different material directions were compared for a unidirectional fiber-reinforced composite 

material. 

4.3.1  Material description 

The unidirectional continuous E-glass fiber-reinforced Epikote 828/NMA/BDMA (100:60:1) epoxy 

material system assessed by Tong et al. [41] was considered in this study. The constituent isotropic 

elastic properties were determined by approximating typical values for E-glass fibers and epoxy resins 

found in the literature [42,43]. The resulting constituent property values were E1f = 72 GPa, E1m = 3.35 
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GPa, ν12f = 0.21, ν12f = 0.35 and were used for analysis of the glass fiber/epoxy composite. RVEs with 

various volume fractions were analyzed in this study.  

4.3.2 Numerical micromechanical finite element analysis 

It was assumed that the unidirectional glass fiber-reinforced/epoxy composites undergo a linear elastic 

plane strain deformation when loaded in tension along the transverse fiber directions, thus the generated 

2D RVEs were considered for obtaining the transverse elastic response of the composite. The square 

shaped RVEs had lengths of 500 μm and nonuniformly distributed fibers with initially constant 

diameter of Df = 20 μm. Three-node linear plane strain elements (i.e., CPE3) were used to mesh each 

RVE, and it was assumed that the fibers and matrix are perfectly bonded. In order to evaluate the 

composite transverse modulus E22 and the Poisson ratio ν23, a horizontal strain of 0.5% was applied to 

the RVEs, while for evaluation of E33 and ν32 a vertical strain of 0.5% was applied to the RVEs (see 

Fig. 27). Volume averaging techniques [42] were used to evaluate the elastic constants. For the 2D 

model area averaging is equivalent to volume averaging since the reinforcement fibers are continuous. 

Furthermore, assuming a linear elastic response the volume averaged modulus can be written in terms 

of volume averaged stress and the corresponding volume averaged strain, while the corresponding 

Poisson’s ratio is evaluated as follows: 
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where n indicates the total number of elements in the RVE mesh, 𝜎𝜎𝑘𝑘𝑘𝑘𝑖𝑖  and 𝜀𝜀𝑘𝑘𝑘𝑘𝑖𝑖  respectively denote the 

normal stress and strain components for element i, and Ai is the area of element i. 

Resultant normal stress distributions for a 2D RVE with 62% fiber volume fraction for both loading 

cases are depicted in Fig. 27, which illustrates that stress concentrations located at the fiber/matrix 

interfaces were aligned with the loading direction as expected. Also, the magnitude of the local normal 

stresses greatly depends on the distance between fibers, where maximum normal stresses resulted in 

regions with higher fiber concentrations. Using Eq. (4-1) and E22 as a metric, a mesh sensitivity analysis 

was performed with the 62% fiber volume fraction RVE to determine the appropriate element size for 

all RVEs analyzed. Figure 28 demonstrates the effect of mesh size on E22, which indicates that an 

element size lower than 30 μm2 leads to a convergence of the results. For this study, an element size of 

30 μm2 was utilized for all 2D RVEs. 
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(a) Horizontal loading (b) Vertical loading 

Figure 27. Normal stress distribution along loading directions for 2D RVEs with Vf = 0.62, (a) 
horizontal loading, and (b) vertical loading. 

 
Figure 28. Effect of mesh size on transverse Young’s modulus for 2D RVE with Vf = 0.62. 

Table 1 presents the evaluated elastic constants for the RVE with Vf = 0.62 as well as the experimental 

data for the material with the same Vf. The predicted Young’s moduli correlate better with the 

experimental data [43] in comparison to the Halpin-Tsai predictions [44], while the evaluated Poisson’s 

ratios correlate well with experimental data for both cases. Furthermore, unidirectional fiber-reinforced 

composites typically exhibit transversely isotropic behaviour in accordance with Eq. (4-2), thus the 

consistency of the elastic properties in both transverse directions of the RVE can be used to assess the 

degree of nonuniformity of the fibers and provide another form of validation for the RVE generation 

algorithm. 
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Table 1. Evaluated and experimental elastic constants for randomly distributed 2D RVE with Vf = 0.62. 

 E22 (GPa) E33 (GPa) ν23 ν32 

FEA 14.452 14.324 0.344 0.338 
Halpin-Tsai 15.18 – 0.33 – 
Experimental [41] 13 – 0.3 – 
Error 1a (%) 4.79 5.64 7.5 5.62 
Error 2b (%) 11.16 10.18 14.7 12.67 

a Comparing FEA result with Halpin-Tsai formula 
b Comparing FEA result with experimental data 

As can be inferred from Table 1, the relations defined by Eq. (4-2) held for the RVE analyzed. These 

results highlight that the fibers have been ideally distributed in the RVE in both transverse directions, 

suggesting that the EDMD-based algorithm can generate practical RVEs.  

To further demonstrate the capability of the algorithm to generate RVEs with nonuniform fiber 

distributions, five different RVEs with the same Vf = 62% were assessed. The evaluated volume 

averaged transverse modulus for these RVEs is presented in Table 2, demonstrating consistency in the 

obtained results and stability of the EDMD-based algorithm. Additional FEA was conducted for a 

number of similar RVEs with a wide range of fiber volume fractions (i.e., Vf = 0.30, 0.40, 0.50, 0.62). 

The corresponding mechanical properties are shown in Table 3 along with predictions obtained using 

Halpin-Tsai expressions. These results reveal that the algorithm can randomly generate practical 

nonuniformly distributed RVEs since predicted E22 and E33 values for a specific fiber volume fraction 

are similar in magnitude, which was the main focus of the study. These results also highlight that the 

developed algorithm can generate consistent randomly distributed RVEs over a wide range of fiber 

volume fractions. It should be noted that the predicted moduli have a notable discrepancy in comparison 

with those predicted using the Halpin-Tsai relation, which assumes a certain structured arrangement of 

fibers (i.e., not randomly distributed). A similar range of discrepancy was also reported by Pathan et al. 

[45]. 

Table 2. Evaluated transverse elastic modulus for randomly distributed 2D RVEs with Vf = 0.62 and 
different random geometries. 

 Model 1 Model 2 Model 3 Model 4 Model 5 

E22 (GPa) 14.45 14.38 14.14 14.64 14.98 
Error 1a (%) 0.46 0.95 2.6 0.84 3.18 

a Results were compared with the average of these five models 
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Table 3. Evaluated elastic constants for randomly distributed 2D RVEs with different Vf. 

Vf (%) 
E22 (GPa) E33 (GPa) ν23 ν32 22

33

E
E

 23

32

ν
ν

 22 32

33 23

E
E

ν
ν

 
FEM / Ref. [44] 

30 (case 1)  6.10 / 6.91 6.00 / 6.91 0.500 / 0.46 0.493 / 0.46 1.017 1.009 1.008 
40 (case 2)  7.57 / 8.74 7.52 / 8.74 0.471 / 0.42 0.468 / 0.42 1.006 1.007 0.999 
50 (case 3)  9.70 / 11.12 9.67 / 11.12 0.424 / 0.37 0.420 / 0.37 1.003 1.010 0.994 
62 (case 4) 14.45 / 15.18 14.32 / 15.18 0.344 / 0.32 0.338 / 0.32 1.008 1.018 0.991 

Error (%) 
E22 (GPa) E33 (GPa) ν23 ν32 22

33

E
E

 23

32

ν
ν

 22 32

33 23

E
E

ν
ν

 
FEM / Ref. [44] 

Case 1 11.8 13.3 8.3 7.3 1.72 0.93 0.78 
Case 2 13.4 14.0 12.2 11.4 0.64 0.68 0.04 
Case 3 12.72 13.01 14.60 13.51 0.33 0.95 0.62 
Case 4 4.8 5.6 7.5 5.6 0.89 1.78 0.87 

In order to enhance the consistency of the FE model with real UD composites and further validate 

the RVE generation algorithm, additional simulations were performed on the RVEs with variable 

diameter fibers for two high fiber volume fractions (i.e., Vf = 0.50, 0.62). In this set of simulations, the 

variable fiber diameter was defined in the range of 0.9Df ≤Df (variable)≤1.1Df. The calculated volume 

averaged transverse modulus for these models were compared to the constant diameter RVE models 

presented in Table 1 (Fig. 29). It is clear that the consequence of inequality of fiber size can alter the 

elastic constant up to 10% for the E-glass/epoxy material considered in this study. It is worth noting 

that same volume fraction was obtained using two distinct fiber distributions. 

 
Figure 29. A comparison of volume averaged transverse elastic modulus for RVEs with constant 
diameter and variable diameter fibers, for a glass fiber/epoxy UD composite with Vf  = 0.50 and 0.62. 
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4.4 Conclusions 

An effective and versatile algorithm based on event-driven molecular dynamics theory was developed 

for rapidly generating random representative volume elements (RVEs) with nonuniformly distributed 

fibers with either constant or variable diameters. The computational requirement to generate all the 

RVEs in this study was no more than 20 seconds on a stand-alone personal computer. Finite element 

analysis was performed on the generated RVEs to provide a form of validation for the developed 

algorithm. The volume averaged elastic constants for the unidirectional fiber-reinforced composites 

were equivalent in both transverse directions for all considered volume fractions. Thus, the expected 

transversely isotropic response was confirmed which indicated that the nonuniform dispersion of fibers 

in the randomly generated RVEs was indeed representative of the actual material. Additionally, the 

obtained volume averaged elastic properties from RVEs with the same fiber volume fractions and 

different generated fiber spatial dispersions were repeatable within 5% of the mean values. 

The validated results presented provide confidence in the ability of the developed algorithm to 

rapidly generate realistic RVEs with high reinforcement volume fractions for unidirectional fiber-

reinforced composite materials. In practice, the algorithm can be used as a design tool to accurately 

evaluate and tailor the mechanical properties of distinct material systems for a specific structural 

application, and for accurate microstructural assessment including predictions of microscopic crack 

progression which requires RVEs with realistic nonuniformly dispersed reinforcements. The developed 

algorithm was used to generate RVEs for subsequent studies described in Chapters 5-7. 
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Chapter 5 
Assessing the effects of ply constraints on local stress states in cross-ply laminates 

containing manufacturing-induced defects 

(Published manuscript, Composite Part B: Engineering 199 (2020) 108227) 

5.1 Introduction 

Widespread applications of high-performance fiber-reinforced plastic (FRP) composite materials in 

different industrial sectors have attracted much attention on the assessment of their long-term durability 

and inherent damage tolerance characteristics. Particularly, their complex progressive failure processes 

have been extensively investigated [1]. At the ply level, damage evolution in mechanically loaded FRP 

laminates typically begins with a “sub-critical” stage of crack formation in the transverse or off-axis 

plies. Sub-critical damage refers to the formation and multiplication of intralaminar ply cracks which 

span through the ply thickness and propagate along the fiber direction, a process described as tunneling. 

Multiplication of ply cracks can occur due to the constraining effect imposed by the adjacent plies on 

the cracking plies in the laminate [2]. This sub-critical stage is often followed by the growth of “critical” 

damage mechanisms (e.g., delamination, fiber breakage, and fiber micro-buckling) which can lead to 

catastrophic laminate failure [3]. For composite laminates under cyclic loading, the early stages involve 

the growth and multiplication of sub-critical ply cracks which may cause substantial degradation of 

stiffness without loss of material integrity. Hence, it is necessary to clarify the inherent progressive 

failure processes of laminated composites to adequately predict their service life. 

Although an improved understanding of progressive damage evolution in laminated composites has 

been gained, predicting this response remains challenging due to the complex multiscale nature of 

failure. Numerous mechanisms-based [4–11] and continuum damage mechanics-based [2,12–15] 

models have been developed to address the overall degradation of FRP laminates stemming from the 

accumulation of fully grown ply cracks. The prediction models developed in these studies all 

considered the effect of ply constraints on ply crack multiplication in laminates. This important 

characteristic was attributed to the so-called in-situ “strength” of plies, where the ply thickness was 

found to be a key factor [16–20]. Nevertheless, these studies reported the presence of the constraining 

effect in laminates only when full-thickness ply cracks were formed, not accounting for the changes in 

the local stress fields that could influence the earlier stages of the individual ply crack formation (i.e., 
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fiber/matrix debonding and matrix micro-cracking). The current study is focused on this missing aspect, 

which is addressed by an energy-based approach that utilizes independently obtained material values 

rather than derived constants such as the in-situ strength. 

During the last two decades the formation of intralaminar ply cracks (i.e., growth of fiber/matrix 

debonds and local matrix cracks) was extensively investigated [21–44] where two approaches to 

capturing local failure have been considered. Asp et al. [21–24] initially proposed the concept of critical 

dilatation energy density as an indicator of brittle cavitation in epoxies. Many studies subsequently 

adopted the concept of dilatation-induced brittle cavitation to predict fiber/matrix debonding in 

investigating the early stages of intralaminar ply cracking [25–30]. These studies found that brittle 

cavitation-induced cracking was the first failure event close to the fiber/matrix interface within the 

matrix. Nonetheless, it remains possible that the resin-rich pockets within the transverse layers may 

experience significant local inelastic deformation once the cavitated brittle ply cracks grow. Using a 

distinct approach, Melro et al. [31] proposed a comprehensive plasticity model with a pressure-

dependent yield criteria to estimate the inelastic response of polymers. This approach was later used to 

develop micromechanical finite element (FE) models for predicting transverse ply cracking in 

constrained plies [32,33]. The importance of including the inelastic matrix behaviour for predicting ply 

cracking was also discussed in the study by Marklund et al. [30] and Saito et al. [34]. 

The focus of many computational micromechanics studies has been on the influence of 

manufacturing induced defects and their severity on the early stages of ply crack formation in laminates. 

Elnekhaily and Talreja [27,28] were the first to consider the degree of fiber spatial nonuniformity on 

the local failure based on the critical values of dilatation and distortion energy densities. In their 

simulation of the fiber distributions, the statistics reflecting the inter-fiber distance was found to be the 

governing parameter in controlling the applied strain at which local cavitation occurs. In the study by 

Zhuang et al. [35], who analyzed the growth and coalescence of the debond cracks, the inter-fiber 

distance was found to be a decisive parameter. Sudhir and Talreja [29] and Ghayoor et al. [36] 

investigated the effect of fiber spatial non-uniformity on the initiation of failure due to the presence of 

resin-rich and fiber cluster zones. The presence of these zones was found to be important in initiation 

and progression of ply cracking. Through an experimental investigation of the manufacturing-induced 

defects in laminates, Hamidi et al. [37] observed that voids in resin transfer molded composites form 

the majority of defects. This observation suggests that it is important to study how the local stress states 

in the vicinity of voids might affect the initiation of ply cracking. In another study, Zhang et al. [38] 

conducted an experimental investigation on the microstructure of fiber-reinforced thermoplastic 



 

 64 

prepreg laminates to characterize and statistically quantify the distribution of manufacturing-induced 

voids. They developed a statistical distribution function to describe the shape and distribution of voids 

that would be useful for representing the presence of voids in a representative volume element (RVE). 

Chowdhury et al. [39] and Sudhir and Talreja [29] investigated the effect of local voids on the initiation 

and growth of damage. Both these studies used the dilatational energy-based criterion to study 

fiber/matrix debonding induced by brittle cavitation. The importance of fiber/matrix debonding in the 

ply cracking process has been shown by several experimental studies [25,40,41]. The interfacial 

debonding process has been studied by fracture mechanics approaches, e.g., by [35,42]. Cohesive zone 

models have also been utilized for this purpose [32–34,43,44], which require parameters that are 

difficult to calibrate experimentally and are often “tuned” for a specific application [41].  

There has been notable progress in the development of computational micromechanical models for 

predicting the early stages of ply cracking process for unconstrained unidirectional plies. It is, however, 

to be expected that the presence of the constraining plies in a laminate will affect this process. The 

present study is therefore aimed at clarifying this effect. For this purpose, a computational 

micromechanical framework was employed here to investigate the significance of the constraining 

effect on the initiation of local failure in the 90° ply of a [0/90/0] cross-ply laminate containing 

manufacturing-induced defects. Following the previous studies of the early failure events in the 

unconstrained unidirectional composite, the energy-based approach to the initiation of these events in 

the 90o ply was taken. The manufacturing-induced defects included in the 90° ply are nonuniform fiber 

spatial dispersion and matrix microvoids. Parametric studies were performed to assess the influence of 

different factors on the degree of ply constraining, including the microvoid size, ply interface resin-rich 

layer thickness and thermal residual stresses. 

5.2 Computational model development 

5.2.1 Micromechanical representation 

A computational model was developed for a carbon fiber/epoxy material system. The corresponding 

representative volume element (RVE) for a [0/90/0] cross-ply laminate contained a thin 90° lamina, 

comprising of explicitly modelled fibers and matrix phases, with homogenized adjacent 0° layers. 

Figure 30 illustrates the schematic of the 2D RVE of the laminate where b, t, and w are the thickness 

of the transverse 90° ply, the thickness of the homogenized adjacent 0o layers and the width of the RVE, 

respectively. In the study, 80 μm and 175 μm thicknesses were assigned to the 90° and 0o plies, 

respectively. The fiber volume fraction of the 90° ply was set to Vf  = 56%, which is representative of 
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laminates comprised of unidirectional prepreg tapes that are consolidated by hot pressing or in an 

autoclave. A constant fiber diameter Df  = 5.2 μm was also assigned. Perfect bonding was assumed for 

the interfaces between layers while the thickness of the pure resin-rich layer between two plies was 

zero. Similarly, in the 90° ply the fiber/matrix interfaces were regarded as perfectly bonded to represent 

the case of a strong interfacial bond. It should be noted that for the case where the fiber/matrix 

interfacial bonding is weak an alternative modeling approach to represent the interface may be required; 

however, this is beyond the scope of this study. 

 
Figure 30. Schematic representation of the 2D RVE with 1D periodicity of the transverse layer in the 
x–direction. 

Fibers in the 90° ply were treated as transversely isotropic and linear-elastic, while the assumed 

pressure-dependent inelastic behaviour of the isotropic matrix phase was captured by employing the 

Drucker-Prager inner cone in Abaqus [45]. The used yield criterion was an extended version of the 

conventional Drucker-Prager, as described by Yu et al. [46]. Table 4 shows the utilized properties for 

the carbon fibers and epoxy matrix in the computational model. It is worth noting that the inelastic 

behaviour of the epoxy was modelled based on the experimental results reported by Fiedler et al. [47] 

and Guild et al. [48], which were later outlined by Melro et al. [44]. The effective transversely isotropic 

linear-elastic properties assigned to the 0° plies were taken from experimental data reported in Refs. 

[49–51]. 
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Table 4. Properties of the fibers [32], epoxy-resin [47,48], and homogenized lamina [49–51]. 

Material Property * Fibers 
(Carbon) Matrix (Epoxy) + Homogenized Outer 

Plies (Vf = 60%) 
Young’s Moduli    

11(GPa)E  276 3.76 171.42 

22 (GPa)E  15 - 9.08 
Poisson’s Ratio    

12ν  0.2 0.39 0.32 

23ν  0.07 - - 
Shear Moduli    

12 (GPa)G  15 1.35 5.29 

23(GPa)G  7 - 3.92 
Thermal Expansion 
Coefficient (°C-1)    

1
11( C )α −°  -0.5×10-6 58×10-6 -5.5×10-6 

1
22 ( C )α −°  15×10-6 - 25.8×10-6 

Plastic Poisson’s Ratio    

pν  - 0.3 - 
Tensile Strength    

11 (MPa)UTσ  - 93 - 
Compressive Strength    

11 (MPa)UCσ  - 350 - 

* 1, 2, and 3 are the principal material coordinate system axes for a ply, denoting the fiber 
direction, in-plane transverse direction and out-of-plane transverse direction, respectively. 
+ Note, the integer subscripts can be dropped for the isotropic matrix properties. 

5.2.2 Representative volume element generation 

The method developed for generating an RVE for unidirectional composites containing a periodically 

nonuniform fiber spatial dispersion in the 90o ply (Fig. 30) is described by Li et al. [52] (see Chapter 

4). The same study reported the results of two comprehensive RVE validation efforts. First, statistical 

analyses were conducted to compare the degree of nonuniformity of fiber distribution within the 

generated RVEs with the same analyses based on the observed microstructures of the same 
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unidirectional composite material. Also, volume averaged elastic constants for the generated RVEs 

with different fiber dispersions were calculated and verified with experimental data. Therefore, for 

brevity details will not be described here and the reader is referred to Ref. [52]. As noted in that work, 

the size of an RVE should generally be determined to properly capture the average local material 

response in terms of the damage modes, while also balancing the computational effort. Elnekhaily et 

al. [27] investigated the influence of RVE size on the local stress fields in a transversely loaded 

unidirectional composite with linear elastic fibers and matrix and found that the adequate minimum 

size in terms of the number of fibers was 200. In another investigation, Pathan et al. [53] calculated the 

elastic and damping properties of a unidirectional composite using different RVE sizes and found that 

the adequate minimum RVE size for the elastic case was given by δ = w/Df  = 24, where w is the length 

of the square-shaped RVE and Df  is the fiber diameter. For the viscoelastic damping, a smaller RVE 

size, δ = 12, was found to be adequate. In this study, the width of the RVE was chosen to be 200 μm (δ 

= 38.5) which ensured that there were at least 420 fibers in the full-thickness 90° ply of all generated 

RVEs. 

5.2.3 Finite element model 

The local stress fields within the matrix of an RVE were calculated by a finite element (FE) model. For 

this purpose, using the commercial FE software Abaqus, CPEAR 4-node bilinear plane strain 

quadrilateral elements with reduced integration were used to mesh the homogenized 0° plies, while the 

constituents in the 90° layer of the RVE were meshed with a combination of CPE4R 4-node and CPE3 

3-node plane strain elements (see Fig. 31). A plane strain analysis was used since the cross-ply laminate 

was subjected to uniaxial tensile loading and the fibers in the 90° ply were perfectly aligned. A uniform 

displacement with one-dimensional periodic boundary conditions (PBCs) along the x–direction were 

applied to the RVE (see Fig. 30) [54]. The effect of thermal cooldown was also studied by imposing 

temperature drops ΔT = −50, −75 and −100°C before applying the displacement to the boundaries. 

The local stress fields were calculated within four 10 µm square regions in the RVE to study the 

effects of different aspects of fiber arrangements on the stress fields. The regions, as illustrated in Fig. 

32, were identified as “resin-rich”, “fiber cluster”, “interface” and “typical”, and henceforth denoted as 

the “specified zones”. Additionally, two separate scenarios were considered, one with a microvoid, and 

the other with a microcrack, as depicted in Fig. 32. In the first scenario, circular microvoids of different 

diameters were placed within the matrix with a minimum distance between the void and fiber surfaces 

(e.g., 10% of the fiber diameter) for resin-rich zones, as shown in Fig. 32 (b). It is worth noting that 
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since the focus of this study is to investigate the onset of local failure, and not the effective macroscopic 

response, only local voids were considered in the RVEs. 

 
Figure 31. Representative FE model of the periodic RVE with 80 μm thick transverse layer. 

 
Figure 32. (a) Representation of the different specified zones, including microvoids (or microcrack), 
in the 90° layer of a representative FE model, (b) Location of a microvoid in a resin-rich zone, (c) 
Location of a microcrack in a resin-rich zone. 

(a) 

(b) (c) 
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Microvoids have been observed in laminates at ply interfaces and various locations within the ply 

[55], and result directly from air entrapment during processing with various techniques (e.g., prepreg 

vacuum bagging/autoclave). In the second scenario, pre-existing microcracks were located in the 

different specified zones of the generated RVEs, and were oriented with surfaces perpendicular to the 

applied transverse load (see Fig. 32). Microcracks may stem directly from processing as a result of the 

cooldown step after curing. This size of microvoids is viewed as typical and sufficient to study their 

effect on failure initiation, while microcracks are expected to have more severe effect than the 

microvoids and this effect is expected to depend significantly on their length. Therefore, microcracks 

of different lengths in the range 1.5–4.5 μm in the resin-rich zone and 1.5–3.0 μm in other specified 

zones were introduced. A refined mesh for the matrix and fiber phases was used in the different 

specified zones, whereas a coarser mesh was used for the other “adjacent regions” in the RVE (see 

“regular mesh” in Fig. 31). 

5.2.4 Stress and failure analysis 

At the very beginning of the failure process in a cross-ply laminate subjected to axial tension, failure is 

expected to occur at points within the matrix of the 90o ply where critical conditions for failure initiation 

are reached. As described above, the intention of the current study was to investigate two possible 

failure events – brittle cavitation and yielding – as precursors to subsequent failure progression. For 

brittle cavitation in epoxy, the critical dilatation energy density criterion was used [21], and for yielding, 

the commonly used pressure-dependent yield criterion for polymers was employed.  In stress terms, the 

yield criterion is expressed as a function of the second invariant of the deviatoric stress tensor (J2) with 

the pressure sensitivity given by the first invariant of stress tensor (I1). Equivalently, the corrected 

octahedral shear stress at yielding can be written as [59]: 

*
0 0 mτ τ µσ= −  (5-1) 

where 𝜏𝜏0 = �2𝐽𝐽2/3 and the mean stress 𝜎𝜎𝑚𝑚 = 1/3 (𝜎𝜎1 + 𝜎𝜎2 + 𝜎𝜎3). The coefficient of internal friction 

µ was set to 0.175, as was suggested for a similar epoxy by Elnekhaily and Talreja [28]. The corrected 

octahedral shear stress was used in the calculation of the distortional energy density.  

When comparing the two failure events under the same conditions, the distortion energy density (Ud) 

and the dilatation energy density (Uv) were used for the occurrence of yielding and brittle cavitation, 

respectively. As known, total strain energy density (U) is given by: 
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v dU U U= +  (5-2) 

where: 
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1

2dU J
G

=  (5-3) 
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1

1 2
6vU I

E
ν−

=  (5-4) 

where G, E, and ν are the shear modulus, Young modulus, and Poisson ratio, respectively. In the current 

study, inelastic behavior of the matrix was addressed by implementing the inner cone of Drucker-Prager 

where the yield surface is described as: 

( ) 2, mc J cη ησΦ = + −  (5-5) 

where η and 𝑐𝑐̅ are material constants. These material constants can be obtained by coinciding the 

Drucker-Prager surface at the inner edge of Mohr-Columb criteria as: 

( ) ( )
6sin 6 cos,

3 3 sin 3 3 sin
ccφ φη

φ φ
= =

+ +
 (5-6) 

where φ and c are frictional angle and cohesion, respectively. Fitting the yield surface by the matrix 

uniaxial compressive (σUC) and tensile strength (σUT), frictional angle and cohesion are defined as: 

( )
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1
3 3 sinsin ,
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UC UT UC UT

UC UT UC UT
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σ σ σ σ φφ
σ σ φσ σ

−
 −  + = =   + +   

 (5-7) 

Utilizing reported data in Table 4, inputs for Abaqus FE code were prepared. In the conducted 

simulations, strain hardening and a non-associative flow rule were used while the dilatancy angle was 

set to zero.  

5.3 Results and discussion 

Before conducting the stress and failure analysis described above, the mesh sensitivity in the FE model 

was assessed. Due to the importance of inter-fiber spacing in determining the local stress fields, it was 

also necessary to assess if the distribution of inter-fiber spacing within the generated RVEs corresponds 

with what has been observed experimentally. The results of these assessments are presented in Section 

5.3.1. This is followed by an in-depth assessment of ply constraining effects in Section 5.3.2. Here the 

influence of fiber clusters, resin-rich areas and ply interfaces, as well as microvoids and microcracks, 

are described using the specified zones illustrated in Fig. 32. The stress field results are expressed in 
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terms of the von Mises and hydrostatic stresses while the failure initiation criteria are in terms of the 

dilatation and distortion energy densities, as explained in Section 5.2.4. A discussion of all results is 

carried out in Section 5.3.3. Note that the parameters introduced in Section 5.2 are used for the FE 

models presented in Sections 5.3.1 and 5.3.2, unless stated otherwise. 

5.3.1 Mesh sensitivity and fiber spatial dispersion assessment 

A mesh sensitivity study was performed on the generated RVEs to determine the appropriate element 

size in both the specified zones and the other adjacent zones within the 90° ply, with a focus on the 

stresses in the specified zones (see Fig. 31). Figure 33 illustrates the variation of the normalized peak 

and the volume-averaged von Mises and hydrostatic stresses with the element size for the specified and 

adjacent zones. Results show that the proper element size d normalized by the fiber radius rf, for the 

specified and adjacent zones is 0.03 μm and 0.18 μm, respectively, as indicated by vertical dashed lines 

in the figure. These normalized element sizes correspond to an element area of 0.028 μm2 and 0.20 

μm2, respectively. The peak stresses within the elements were directly obtained from the Abaqus FE 

code while the volume-averaged stresses were calculated by using the following expression: 

1

1

n
k k
ij

avg k
ij n

k

k

A

A

σ
σ =

=

=
∑

∑
 (5-8) 

where n is the total number of elements, and Ak and 𝜎𝜎𝑖𝑖𝑖𝑖𝑘𝑘  are the element area and stress components of 

the kth element, respectively. 

To thoroughly assess the nonuniformity of fiber spatial dispersions in the RVEs, a statistical analysis 

was also performed using the nearest neighbour distance distribution [56]. This distribution for one 

generated RVE was compared with the averaged distribution of ten additional RVEs with distinct 

nonuniform fiber spatial dispersions (respectively, blue and red histograms in Fig. 34). This verifies 

that the generated RVEs have a statistically equivalent fiber dispersion since the nearest neighbour 

distance distribution follows that obtained from fabricated unidirectional composite materials (see Ref. 

[56]). 
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Figure 33. Normalized von Mises and hydrostatic stress variation with normalized element size for 
the matrix at the specified and adjacent zones of the 90° ply of the void contained in [0/90/0] laminate 
subjected to 0.6% transverse strain. 

 

 
Figure 34. Nearest neighbour distance distribution of fibers in the transverse layer for one 

generated RVE (blue histogram and fit curve) and the averaged distribution from ten additional RVEs 
(red histogram and fit curve). 
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5.3.2 Assessment of ply constraining effects 

To begin, the local stress fields were assessed to indicate the influence of the constraining effect of the 

0o plies onto the 90o plies. To this end, FE models were developed to calculate the stress fields in the 

unconstrained 90° ply and the constrained 90o ply in the [0/90/0] laminate. To provide a one-to-one 

comparison of the results, identical meshes were used in the unconstrained and the constrained plies. 

In both cases, the imposed transverse strain was 0.6%, which is expected to be high enough to initiate 

a first local failure event of yielding or brittle cavitation in the matrix.  

Figure 35 illustrates the distortion and dilatation energy densities associated with elements having 

peak von Mises and hydrostatic stresses, respectively, where the element size was approximately 0.04rf. 

Values corresponding to the constrained and unconstrained 90° plies in different specified regions are 

compared (black and green bars) and, as indicated, there are insignificant differences in all cases. 

However, when a void of 3 µm diameter is introduced (Scenario A, Fig. 32a), the situation changes. 

Now measurable reductions in both energy densities are seen in all specified regions. Note that the 

energy densities shown in Fig. 35 are averages of ten realizations of each RVE and the standard 

deviation shows the range of variation of the values. 

 
(a) (b) 

Figure 35. (a) Distortion energy densities in elements with peak von Mises stresses, and (b) dilatation 
energy densities in elements with peak hydrostatic stresses. Data corresponds to the specified regions 
of the constrained and unconstrained transverse plies with and without a microvoid. The bars indicate 
the average energy densities from ten generated RVE models with different nonuniform fiber spatial 
dispersions, while the standard deviation is represented by scatter bars.  
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As seen in Fig. 35, the constraining effect is most severe when a microvoid is placed close to the ply 

interface (see Fig. 35a), while in other cases it is less severe. However, it is likely that the constraining 

effect will be more significant if the microvoid size is increased. This was investigated by a parametric 

study where the microvoid size was varied from 0 to 4 µm in the resin–rich region while in the fiber 

cluster region it was limited to 3 µm. The results are shown in Fig. 36 where the dilatation and distortion 

energy densities normalized by their maximum values in the similar pristine (no microvoid) region are 

plotted. As can be seen, the dilatation energy density is affected significantly by the presence of 

microvoids in both the resin-rich and fiber cluster regions, while the distortion energy density remains 

practically unaffected by microvoids. The other two specified regions were also studied, and the results 

were found to be in between those of the resin-rich and fiber cluster results. 

 
Figure 36. Effect of the microvoid size on the normalized peak energy density at the resin-rich and 
fiber cluster zones of constrained 90° ply. 

Figure 37 illustrates the hydrostatic stress contours of an interface zone containing a void within the 

unconstrained and constrained 90° plies for one of the RVEs used to generate data in Fig. 35. As 

expected, the contours reveal the influence of ply constraining for the case when the 90° ply contains a 

void, while identical stress states were obtained for the case when pristine 90° plies were considered 

(not shown). This important observation further confirms that in the presence of local defects the 

magnitude of stresses (and energy density) within the constrained ply have reduced. It is worth noting 

that the stress perturbation resulting from the presence of microvoids in the specified zones dissipates 

beyond the 10 μm square regions investigated in this study. 
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(a) (b) 

Figure 37. Hydrostatic stress contours of an interface region with a void for: (a) constrained 90° ply, 
and (b) unconstrained 90° ply. 

It is known that for laminates comprised of unidirectional prepreg tapes and consolidated by hot 

pressing or in an autoclave a layer of resin forms between the plies, the thickness of which is notably 

influenced by the pressure applied during consolidation. As was mentioned earlier, the presence of this 

interlaminar resin layer is important in transferring the stress between plies [5]. To study the effect of 

this layer when a void is present near the layer in the 90o ply, a void was located near the top layer (i.e., 

interface zone) while the bottom layer is left without a void (see Fig. 38). The layer thickness is varied 

in the range 0-10 μm and the void had a 3 µm diameter as indicated in Fig. 35 (b). The dilatation and 

distortion energy densities are calculated under a transverse strain of 0.6% applied to the laminate.  

Similar to what is shown in Fig. 36, Figure 39 shows the variation of the normalized distortion and 

dilatation energy densities, except here the void is of fixed diameter (3 µm), and the parameter varied 

is the resin layer thickness. The results shown are for two cases, when a void is present (top layer) and 

when it is not (bottom layer). Note, for this case U0 is the distortion (dilatation) energy density 

associated with the element having peak von Mises (hydrostatic) stress value in the constrained 90° 
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ply, where the thickness of the pure resin layer was zero. The interesting result is that the distortion 

energy density increases with the layer thickness, and more so when a void is present. The opposite 

trend is seen for the dilatation energy density (i.e., a reduction as the layer thickness increases) and the 

presence of a void causes further reduction. It is also noteworthy that all energy density values tend to 

constant values at large resin layer thickness.  

 
Figure 38. Representation of the RVE of the [0/90/0] laminate including a thin resin layer at the 
interface between laminate. 

 
Figure 39. Variation of normalized peak energy density in the 90° ply with changing the thickness of 
the pure resin layer at the interface. 
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The results of Fig. 36 and Fig. 39 indicate that defects such as microvoids and resin layers at ply 

interfaces affect the dilatation and distortion energy densities differently. It must also be kept in mind 

that the critical values of the two energy densities are different. For epoxies, the critical dilatation 

energy density for initiating brittle cavitation is approximately 0.15 MPa while the critical distortion 

energy density for yielding is often reported as 0.7 MPa or higher depending on the epoxy [21]. Thus, 

which of the two failure events occurs first would depend on the fiber distribution nonuniformity (e.g., 

fiber clusters, resin-rich regions) combined with the presence of other defects such as microvoids and 

microcracks. Furthermore, the cooldown temperature in processing of a laminate will affect the 

dilatation and distortion energy densities differently. In the following, therefore, a systematic study of 

the occurrence of the two failure events was conducted while keeping the constraining effect of the 0o 

plies onto the 90o ply in focus. 

First, the variation of two energy densities in a resin-rich zone containing a 3 µm diameter void (Fig. 

32b) with increasing transverse strain up to 0.6% is investigated. The results are plotted in Fig. 40a 

where each energy density is calculated in elements with maximum von Mises stress or maximum 

hydrostatic stress. As expected, the dilatation energy density is higher in the element with maximum 

hydrostatic stress than in the element with maximum von Mises stress. Similarly, the distortion energy 

density is higher corresponding to the maximum von Mises stress. The critical value of the dilatation 

energy density for brittle cavitation of 0.15 MPa is also indicated in the figure. As can be seen, the 

dilatation energy density in the element with maximum hydrostatic stress reaches the critical value at 

approximately 0.47% strain. Clearly, the distortion energy density in the element with maximum von 

Mises stress reaches its critical value of 0.7 MPa (not shown in the figure) at a much higher strain, 

while occurrence of cavitation prior to yielding in this element remains possible. This situation is in 

compliance with what has been found for unconstrained plies (i.e., unidirectional composites) under 

transverse tension [27,29]. 

In a separate investigation, a post-cure temperature cooldown of ΔT = –100°C was applied to the 

same RVE prior to applying an increasing transverse strain of 0.6%. Distortion and dilatation energy 

densities for elements with maximum von Mises and hydrostatic stresses within a resin-rich zone are 

illustrated in Fig. 40b. The overall trend for the case with thermal cooldown is similar, where dilatation 

energy density is higher in the element with maximum hydrostatic stress and failure caused by brittle 

cavitation is likely to occur. One important observation is that the initial distortion and dilatation energy 

density values prior to applying a transverse strain are notable. Due to the mismatch in the coefficient 

of thermal expansion along the x–direction for the 0° and 90° plies, tensile stresses are imposed on the 
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90° ply during thermal cooldown. Thus, the strain at which the dilatation energy density in the element 

with maximum hydrostatic stress reaches the critical value (0.25%) has decreased. Also, the rate of 

increase for both the distortion and dilatation energy density values are distinct from the case without 

thermal cooldown (compare Fig. 40a and Fig. 40b). 

 
(a) (b) 

Figure 40. Variation of peak distortion and dilatation energy densities within the constrained 90° ply 
at the resin-rich zone containing a 3 μm microvoid: (a) no post-cure cooldown, and (b) cooldown of 
ΔT = –100°C. 

The thermal residual stress in the matrix resulting from the cooldown from the cured state of the 

laminate was calculated for different cooling temperature ranges, ΔT, for both cases of the constrained 

and unconstrained 90° plies containing a 3 μm void. Figure 41 shows the calculated volume-averaged 

energy density in the resin-rich and fiber cluster zones due to the initial thermal cooldown (i.e., prior to 

applying the strain). The matrix phase of the unconstrained 90° plies in both selected zones experienced 

an increase in the volume-averaged distortional energy density with increase in the magnitude of ΔT, 

while the change in dilatation energy density was less pronounced. In contrast, the constrained 90° ply 

exhibited a considerable rise in the volume averaged dilatation energy density due to the mismatch in 

thermal expansion coefficient for the 0° and 90° plies. A comparison between Fig. 41a,b reveals that 

the change of the dilatation energy density caused by the adjacent 0° plies is relatively higher in the 

resin-rich zone, while the distortional energy density is not greatly affected by the constraining 0° plies 

in either zone. The residual stresses due to thermal cooldown imparted in the constrained 90° ply have 

resulted in notable local dilatation energy density values, in both the resin-rich and fiber cluster zones, 
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revealing that the conditions for brittle cavitation will occur at lower applied strains as was shown in 

Figure 40b. Furthermore, the results indicate that there is a higher probability for the occurrence of 

microcracks in epoxies on cooldown from higher curing temperatures. 

 
(a) (b) 

Figure 41. Variation of volume-averaged residual distortion and dilatation energy densities for 
constrained and unconstrained 90° plies with voids after the cooldown stage in: (a) resin-rich and (b) 
fiber cluster zones. 

Next, the RVEs subjected to a thermal cooldown were subsequently mechanically loaded (εx = 0.6%). 

Figure 42 presents the variation of distortion and dilatation energy densities, which are respectively 

associated with elements having peak von Mises and hydrostatic stresses, for the constrained and 

unconstrained 90° ply in the resin-rich and fiber cluster zones, without and with thermal cooldown (ΔT 

= –100°C). An increase in the magnitude of distortion and dilatation energy densities was observed in 

both regions of the 90° ply due to the thermal cooldown, with a larger increase for the constrained case 

compared to the unconstrained case. In other words, as was indicated previously for the constrained 

90° ply, due to the mismatch in thermal expansion coefficient between the 0° and 90° plies along the 

direction of mechanical loading the thermal cooldown resulted in higher magnitude distortion and 

dilatation energy density values. This increase was observed in both the resin-rich and fiber cluster 

zones (see Fig. 42), with the highest increase for distortion energy density in the fiber cluster zone. It 

is clear that the constraining plies result in higher magnitude energy density values when thermal 

cooldown is considered, which is an important finding. Moreover, the results also reveal that the 

presence of thermal residual stresses increases the possibility of cavitation in the resin-rich and fiber 
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cluster regions of the constrained 90° ply, while there is a lower possibility for yielding prior to 

cavitation. 

 
(a) (b) 

Figure 42. (a) Distortion energy densities in elements with peak von Mises stresses, and (b) dilatation 
energy densities in elements with peak hydrostatic stresses. Data corresponds to the specified regions 
of the constrained and unconstrained 90° plies with a 3μm microvoid, for the cases with and without a 
100°C thermal cooldown and an applied transverse strain of 0.6%. 

An additional study was performed to investigate the influence of a microcrack within the specified 

zones of the generated RVEs under a tensile strain of 0.6% (see Scenario B in Fig. 32a). Figure 43a,b 

illustrate the variation of distortion and dilatation energy densities, which are respectively associated 

with elements having peak von Mises and hydrostatic stresses in the indicated zones, for the constrained 

and unconstrained 90° ply. In these plots, solid lines represent the magnitude of energy densities while 

the dashed lines show the degree of ply constraining in terms of the energy ratio (i.e., 

UConstrained/UUnconstrained). For both the unconstrained and constrained 90° ply an increase in the 

distortional and dilatational energy densities was predicted with increasing microcrack length in all 

specified zones. As was discussed previously, the energy densities at the ply interface region are more 

greatly influenced by the constraining plies when compared to the other zones considered. This is 

expected and in part due to the shear-lag effect between the adjacent plies. The energy densities in the 

resin-rich zone are notably influenced by the constraining plies, particularly distortional energy density. 

In contrast, the constraining plies do not greatly affect the energy densities in the fiber cluster zone. 
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Figure 43c illustrates the maximum crack opening displacement of the pre-existing microcrack with 

different lengths for each indicated region. These results also reveal the notable influence of the 

constraining plies on the local deformation field at the ply interface and the resin-rich zones, while fiber 

cluster zones were less influenced. 

 
(a) (b) 

 
(c) 

Figure 43. (a) Distortion energy densities in elements with peak von Mises stresses, (b) dilatation 
energy densities in elements with peak hydrostatic stresses, and (c) crack opening displacements. 
Data corresponds to the specified regions of the constrained and unconstrained 90° ply with 
preexisting microcracks of varying lengths. 
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5.3.3 General discussion 

It was demonstrated that for a [0/90/0] cross-ply laminate subjected to a tensile strain the constraining 

effect imparted on the 90° ply from the adjacent 0° plies can significantly influence the local stress and 

deformation fields of the matrix. However, the emergence of this effect was not observed in pristine 

laminates for the case when thermal cooldown was not considered, and instead depends on the presence 

and size of pre-existing manufacturing induced defects in the 90° ply (e.g., microvoids or microcracks) 

which is a notable finding. The predicted distortional and dilatational energy densities were both found 

to generally decrease for constrained 90° plies containing pre-existing defects. Also, despite this 

decrease in the predicted dilatational energy density, the conditions to initiate the first local failure 

event in the matrix were consistently associated with brittle cavitation. Thus, if one were to consider 

subsequent crack propagation it is expected that local matrix cracks would be restrained since the 

associated energy available for crack propagation would be lower for a constrained ply. 

Notwithstanding, it was shown that the thermal residual stresses due to cooldown following cure in 

laminates were tensile, which is a result of the mismatch in thermal expansion coefficient between the 

90° and 0° plies along the laminate x–direction. This revealed that the strain associated with the 

conditions to cause brittle cavitation in the matrix decreased once thermal cooldown was considered as 

a result of the increased dilatation energy density (see Fig. 40). Nevertheless, the rate of increase of 

dilatation energy density during increase in applied strain was distinct when thermal cooldown was 

considered for the constrained 90° ply. This would influence subsequent local crack growth.  

Furthermore, the constraining plies had a varying degree of influence on the local matrix distortion 

and dilatation energy densities in the different regions assessed within the 90° ply containing a 

microvoid or microcrack. A remarkable reduction of both distortion and dilatation energy was observed 

at the ply interface region, which is expected since the constraining plies would tend to cause stress 

perturbations in the 90° ply near the ply interface. The resin-rich regions also showed a decrease in both 

distortion and dilatation energy levels, demonstrating that both local yielding and brittle cavitation can 

be hindered. On the other hand, regions containing fiber clusters were less impacted by the constraining 

plies even though it is well known that ply cracks typically cavitate in these regions. The significance 

of these observations is that the local deformation in these specified zones can either directly or 

indirectly influence the growth of a ply crack after brittle cavitation occurs in one of these zones. In 

other words, the restraining effect on a cavitated crack that is on the verge of growing within a resin-

rich zone is high due to the corresponding reduction in available energy. For cracks set to propagate in 

fiber cluster regions, the rate of propagation may be the same regardless of the degree of constraining 
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from the 0° plies. However, if these cracks do propagate their growth rate will be influenced by the 

“constrained deformation” in the adjacent resin-rich regions and their propagation may be postponed 

once the crack reaches a resin-rich region. Thus, it can be perceived that the local position of a 

microcrack or pre-existing defect within the ply, and consequently the ply constraining effect, can 

influence crack growth. Therefore, it is necessary to consider both brittle cavitation and yielding as 

local matrix failure mechanisms. 

Moreover, the influence of different parameters on the degree of ply constraining and early-stage 

crack formation for 90° plies with local defects was assessed. An increase in the thickness of the pure 

resin layer at the ply interface was found to notably increase the local distortional energy density at this 

zone, while decreasing the dilatation energy density. This increases the likelihood of local matrix 

yielding at the ply interface for case when thicker resin layers exists, however, brittle cavitation remains 

possible since the corresponding critical distortional energy density value of 0.15 MPa is notably less 

than the critical distortional energy density of epoxies (>0.7 MPa). The high magnitude of distortion at 

the ply interfaces may also influence the local deformation fields at regions away from the interface.  

In another assessment, different magnitudes of thermal cooldown temperatures after laminate cure were 

considered to determine the variation in the thermal residual stresses within the constrained 90° ply. 

With increasing temperature range, the dilatational and distortional energy densities in different zones 

of the 90° ply notably increased. The constraining plies had a greater influence on the dilatational 

energy density in the resin-rich and fiber cluster zones of the 90° ply, which reveals that brittle 

cavitation remains favourable. 

5.4 Conclusions 

A computational micromechanical model was developed to study the influence of ply constraints on 

the early stages of local matrix failure in the 90° ply of a [0/90/0] cross-ply laminate under tensile 

loading. Representative microstructural models explicitly accounted for manufacturing induced 

defects, including nonuniform fiber spatial distribution, microvoids and microcracks, while residual 

stresses due to post-cure thermal cooldown of the laminate were considered. Distortion and dilatation 

energy densities were used to define local matrix failure associated with yielding and brittle cavitation, 

respectively. It was observed that the emergence of the constraining effect highly depends on the 

presence and size of pre-existing local defects (e.g., microvoids or microcracks) while different zones 

(e.g., resin-rich and fiber cluster) in the 90° ply exhibit varying degrees of constraining. For the cases 

investigated in this study, the conditions for brittle cavitation of the matrix preceded yielding. However, 
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the variation in the effect of ply constraining on the local deformation field at different ply zones can 

influence crack growth subsequent to brittle cavitation, where local yielding of the matrix in adjacent 

zones may influence crack propagation. Furthermore, the thermal cooldown for a constrained 90° ply 

imposed higher dilatational energy density values in the matrix, thus leading to brittle cavitation at 

lower applied strain levels when compared to the unconstrained case. Overall, the results of this study 

provide important insight on the mechanisms that influence the early stages of ply crack formation in 

a constrained ply with manufacturing induced defects, which are important for improving the 

understanding of the sub-critical ply crack growth process and for using the lowest damage thresholds 

for safe designs. Ultimately, the local failure criteria presented in this study may be integrated within a 

multiscale modeling framework for predicting the accumulation of ply cracks in laminates. In 

particular, the micromechanical assessments can provide estimates of effective critical energy release 

rates associated with the formation of ply cracks. 
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Chapter 6 
Micromechanical assessment of local failure mechanisms and early-stage ply crack 

formation in cross-ply laminates 

(Accepted manuscript, Composites Science & Technology, January 2022) 

6.1 Introduction 

The integration of high-performance fiber-reinforced plastic (FRP) composites into primary load-

bearing structures has further increased interest to investigate the complex failure processes of 

laminates and damage thresholds of corresponding structures. Typically, the evolution of damage in 

FRP laminates subjected to mechanical loading begins with the formation of ply cracks in transverse 

or off-axis plies (i.e., so-called sub-critical ply cracking). During this stage, laminates may endure a 

significant degradation of stiffness without loss of material integrity, which can cause the rigidity of a 

structure to reach a critical threshold. In general, sub-critical ply cracking is followed by the formation 

and evolution of critical damage mechanisms such as delamination and fiber breakage/micro-buckling, 

and can subsequently lead to the catastrophic failure of a structure [1,2].  

Although an improved understanding of damage evolution in FRP laminated composites has been 

achieved, predicting this behaviour remains challenging due to the complex multiscale nature of the 

damage mechanisms [3] and the variabilities in the material brought on by the manufacturing process 

[4,5]. Several models have been developed to predict the overall degradation of FRP laminates 

stemming from ply-level (mesoscale) and macroscopic damage accumulation. Typically, such models 

are phenomenological and formulated at the macroscale where the microscale damage formation and 

the influence of manufacturing-induced defects on the failure process, as described in Refs. [2–6], are 

not incorporated. Therefore, a need exists for assessing the local deformation fields of laminates to treat 

the mechanisms that influence the formation, growth, and accumulation of ply cracks. Furthermore, it 

is only through reliable predictions of the ply crack formation and evolution that a multiscale modelling 

framework for laminate damage will be possible [3,7,8].  

The formation and evolution of ply cracks within a transverse ply of a laminate is further influenced 

by the constraint imposed by the adjacent plies (i.e., so-called ply constraining effect). The effect of ply 

constraints on the formation and evolution of ply cracks is often neglected in structural analyses, 

causing a conservative prediction of the performance. Previous studies [7,9,10] have reported the effect 
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of ply constraints on the accumulation of ply cracks once cracks were fully formed. However, this effect 

also impacts local deformation fields during the early stages of formation of new cracks, which can be 

captured through a microscale assessment [6].  

The formation of ply cracks in laminates begins with the onset of local or point-failure mechanisms 

in the matrix and the subsequent development of a microcrack from a cluster of these mechanisms at 

or near the fiber/matrix interfaces (i.e., debonds) [11–13]. Several of these microcracks can grow and 

eventually link to form a full ply crack [14–16]. Point-failure mechanisms may include ductile failure 

and brittle cavitation of the matrix [16–28]. It has been well-documented that ductile failure occurs due 

to the pressure-dependent inelastic deformation of the matrix [16–19], while the latter case occurs once 

the dilatational energy density of the matrix reaches a critical value under equitriaxial stress state [20–

28]. Adopting the concept of cavitation, the formation of fiber/matrix debonding under tensile loading 

during the early stages of ply crack formation has been predicted as the dominating mode of damage 

[21–23]. However, in the absence of brittle cavitation, local inelastic deformation can lead to ply crack 

formation induced by ductile failure. To capture the effect of inelastic deformation on the failure of 

polymers, Melro et al. [17] proposed a new model that did not consider brittle cavitation of the matrix. 

The proposed model has been used to predict the formation and propagation of ply cracks in 

micromechanical finite element (FE) models [9,18,29]. Other micromechanical models have been 

developed for capturing ply cracking, where brittle failure of epoxy is simulated via cohesive zone 

models [30–33]. Two-dimensional plane strain FE models have also been utilized by Saito et al. [16] 

and Herráez et al. [33], where the concept of local damage was limited to simplified plasticity and 

cohesive zone models. Although several researchers have outlined the necessity of capturing both 

inelastic deformations and brittle cavitation for predicting the formation of ply cracks, combinations of 

both processes in a single-ply have been rarely discussed [24–26]. Thus, an approach inclusive of both 

brittle and ductile failure has not been presented for damage in laminates. 

Several forms of defects can manifest during the processing of FRP laminates, which directly 

influence ply crack formation. Fiber spatial nonuniformity and void formation are common 

manufacturing-induced defects, and their effect on ply crack formation has been the focus of several 

reported investigations [6,19,26–28,34]. Elnekhaily and Talreja [26,27] used an energy-based approach 

to investigate the influence of fiber spatial nonuniformity on the onset of local damage, where the inter-

fiber spacing was found to greatly influence brittle cavitation. Additionally, the inter-fiber distance was 

reported by Zhuang et al. [28] to be a decisive parameter during the coalescence of local damage. The 

presence of resin pockets and fiber clusters and their influence on the initiation and progression of local 
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damage was also investigated by Sudhir and Talreja [34], Ghayoor et al. [19], and Sepasdar and Shakiba 

[31]. Sudhir and Talreja [34] also analyzed the impact of void presence triggering the local damage 

initiation in a ply. Applying the same perspective on a cross-ply laminate, Sharifpour et al. [6] discussed 

the interdependency of inter-fiber distance and void formation on damage initiation and ply 

constraining effect (see Chapter 5).  

Although several important studies have provided an improved insight into the early stages of ply 

crack formation, there are still unexplained questions regarding the interactive contribution of inelastic 

deformations and brittle cavitation. Similarly, there is an opportunity to better understand the role of 

manufacturing-induced defects on the initiation of damage in laminates, where constraining plies will 

further influence local deformations in damaged plies. In the study described in Chapter 5, the effects 

of ply constraints and manufacturing-induced defects on the local stress and deformation fields in the 

90° ply of cross-ply laminates were investigated using a 2D FE micromechanical model. In this chapter, 

a 3D FE model was developed to predict local failure preceding the formation of local cracking in the 

90° ply of a carbon fiber/epoxy [0/90/0] cross-ply laminate under tensile loading, which enabled 

capturing of the local triaxial stress state in the matrix. A new user-defined material subroutine was 

developed to accurately capture both the pressure-dependent inelastic deformation of the epoxy and 

brittle cavitation. Solution-dependent variables were defined in the subroutine to identify the onset of 

local failure and its corresponding damage mode in the 90° ply. The capability of the subroutine was 

verified with the available experimental data for an epoxy. Nonuniform fiber spatial dispersions within 

the constrained 90° ply were explicitly represented and local failure was predicted. The role of ply 

constraints, inelastic deformations of the matrix, and manufacturing-induced defects on local failure 

prior to the formation of ply cracks was evaluated. Associated dilatational and distortional energy 

densities were calculated to highlight the influence of corresponding parameters on the local energy 

state of the epoxy. The 3D micromechanical FE model developed in the current study is the first that 

employs a local failure criterion for cavitation along with a comprehensive pressure-dependent yield 

criterion and material model for the inelastic deformation of the matrix, thus capturing the interaction 

between these local failure mechanisms.  

6.2 Computational model 

6.2.1 Micromechanical representation 

A carbon fiber/epoxy [0/90/0] cross-ply laminate comprising unidirectional (UD) plies was simulated. 

In the corresponding representative volume element (RVE), carbon fibers and epoxy matrix in the 90° 
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ply were explicitly modelled, where the 90° ply was constrained by two homogenized 0° plies (see Fig. 

44). A constant diameter Df = 5.2 μm was assigned to fibers within the 90° ply. Furthermore, a constant 

fiber volume fraction Vf = 55% and thickness h = 80 μm thickness were assigned to all plies. Note, the 

ply thickness is representative of a laminate manufactured using thin UD prepregs. The fibers and 

matrix in the 90° ply were perfectly bonded to represent a strong interfacial bond, while the interfaces 

between plies were also perfectly bonded since delamination was not a focus of this study. 

A periodic nonuniform fiber spatial dispersion within the 90o ply was generated using the method 

developed by Li et al. [35] (see Chapter 4). The statistical assessment of fiber spatial dispersion and 

resultant energy (stress) states in generated RVEs were reported in Refs. [35] and [6], respectively, and 

are not included here for brevity. The length of the RVEs along the global x–direction (see Fig. 44) was 

set to 200 μm to ensure that the local strain and stress fields were adequately captured as described in 

[6], resulting in at least 420 fibers within the full-thickness 90° ply and a minimum aspect ratio of δ = 

l/Df = 24. The width of the RVEs along the global y-direction (see Fig. 44) was set to 0.1Df since it was 

previously reported to be adequate when periodic boundary conditions were used [9]. 

 
Figure 44. Geometrical attributes of the 3D RVE for the [0/90/0] cross-ply laminate with 2D 
periodicity along the global x– and y–directions. 

The homogenized 0° plies were treated as linear-elastic and transversely isotropic, where the 

assigned effective properties were determined by the rule of mixtures [36], Halpin-Tsai [37], and 

Chamis [38] models using the properties of the fiber and matrix constituents (see Table 5). Carbon 
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fibers were also modelled as linear-elastic and transversely isotropic. An explicit user-defined material 

subroutine (VUMAT) was developed for the isotropic epoxy matrix to model pressure-dependent 

inelastic behaviour in the commercial FE software Abaqus [39]. The developed constitutive model for 

the epoxy is discussed in Section 6.2.2. It should be noted that the experimental data reported in [20,40] 

were used for the epoxy, and the properties of fibers were taken from Arteiro et al. [9] (see Table 5). 

Table 5. Properties of the fibers [9], epoxy resin [20,40], and homogenized plies. 

Material Property * Fibers 
(Carbon) Matrix (Epoxy) + Homogenized Plies 

(Vf = 55%) 
Young’s Moduli    

11(GPa)E  276 3.76 153.49 

22 (GPa)E  15 - 8.03 
Poisson’s Ratio    

12ν  0.2 0.39 0.28 

23ν  0.07 - 0.19 
Shear Moduli    

12 (GPa)G  15 1.35 3.65 

23 (GPa)G  7 - 3.37 
Thermal Expansion 

Coefficients     

1
11( C )−°α  -0.5×10-6 58×10-6 0.14×10-6 

1
22 ( C )−°α  15×10-6 - 35.9×10-6 

Plastic Poisson’s Ratio    
pν  - 0.3 - 

Density    
3(kg/m )ρ  1780 1300 1560 

Tensile Strength    
(MPa)TX  - 93 - 

Compressive Strength    
(MPa)CX  - 124 - 

Critical Dilatation Energy 
Density    

(MPa)c
dilU  - 0.15 - 

* 1, 2, and 3 are the principal material coordinate system axes for a ply, denoting the fiber direction, in-plane transverse 
direction and out-of-plane transverse direction, respectively. 
+ Note, the integer subscripts can be dropped for the isotropic matrix properties. 
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6.2.2 Epoxy resin constitutive model 

An explicit VUMAT subroutine was developed to capture both the inelastic pressure-dependent 

deformation and brittle cavitation of the epoxy according to the model described by Melro et al. [17] 

and concepts presented by Asp et al. [20], respectively. Further details and equations of the plasticity 

model used in this study are found in Appendix A. A paraboloidal yield criterion [41] and non-

associative flow rule were utilized to account for the influence of volumetric deformation in the inelastic 

regime. Although a variety of yield surfaces have been proposed for polymers (e.g., see Ref. [42]), 

yield functions with several parameters are often overly complex and do not provide improved accuracy 

for low or mid-strain plastic materials. On the other hand, simplified yield functions, such as the 

modified Drucker-Prager model that was initially developed for understanding deformations of 

geological materials [43], might restrict the validity of a study. Thus, it is necessary to find a balance 

between the simplicity and computational cost of the yield surface employed. It should be noted that 

the paraboloidal yield surface used in this study can be solely calibrated by the epoxy tensile (XT) and 

compressive (XC) strength and their corresponding (uniaxial) strain hardening curves (see Appendix 

A). Piecewise exponential hardening functions of the equivalent plastic strain were used to ensure 

convergence. As a result of symmetricity of the fully differentiable yield surface and the flow potential, 

a return mapping algorithm was used in an explicit (i.e., forward Euler) framework (see Appendix B).  

A solution-dependent variable (SDV) was defined within the VUMAT subroutine, denoted as SDV3, 

to indicate the occurrence of local failure mechanisms in the elements during the simulations. The SDV 

was capable of indicating yielding, cavitation after yielding, and brittle cavitation. Although the 

subroutine is also capable of capturing ductile failure after inelastic deformation, this was not 

considered for the current study. It is worth noting that the absence of any damage (i.e., pristine 

condition) was considered as the baseline state. The onset of ductile failure follows a paraboloidal yield 

criterion at the tensile and compressive strength using the effective stress concept in continuum damage 

mechanics [2]. Accordingly, the following relation identifies an occurrence of ductile failure: 

 12 ( )3 1 0C T
dis

C T C T

I X XJF
X X X X

−
= + − ≥



  (6-1) 

Here, 𝐽𝐽2 and 𝐼𝐼1 are the second deviatoric invariant and the first invariant of effective stress tensors, 

respectively. Based on the continuum mechanics concept, the effective stress tensor defined as: 

  :Cσ ε=   (6-2) 
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where 𝜺𝜺 is the current strain and 𝑪𝑪�, the effective stiffness tensor, is determined by: 

0 0 0
0 0 0
0 0 0

0 0 0 0 0
0 0 0 0 0
0 0 0 0 0

C =
G
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with 

(1 )
(1 )(1 2 )

E νζ
ν ν

−
=

+ −
  (6-4) 

(1 )(1 2 )
Eνλ

ν ν
=

+ −
 (6-5) 

Here E, G, and ν denote Young’s modulus, shear modulus, and Poisson’s ratio, respectively. 

The concept of critical dilatation energy density was used to capture cavitation of the epoxy matrix 

[20]. Although cavitation is understood to occur in the elastic regime, when the matrix exhibits an 

equitriaxial tensile stress state, this local failure mode can also occur after yielding. Cavitation depends 

on the critical dilatation energy density, 𝑈𝑈𝑑𝑑𝑑𝑑𝑑𝑑𝑐𝑐 , where the dilatation energy density is defined as: 

2
1 (1 2 )

6dil
IU

E
ν−

=   (6-6) 

Combining the introduced criterion for cavitation by Asp et al. [20] and the continuum mechanics 

approach, the cavitation damage activation function is introduced as: 

1 0dil
dil c

dil

UF
U

= − ≥   (6-7) 

Figure 45 demonstrates the overall procedure of the VUMAT model with further details found in 

Appendix B. The subroutine follows conventional explicit integration plasticity algorithms while 

different branches have been added to capture ductile failure and cavitation of the epoxy. The code 

begins with an elastic trial and continues by monitoring the requirement for an inelastic deformation 

(i.e., yield function Ф ≥ 0). If inequality has not been satisfied, the subroutine checks for the activation 

of brittle cavitation; otherwise, the code repeats the inelastic convergence loop. In the loop, the related 

parameters, including Ф, hardening variables, derivatives, plastic strain, and stress tensor are updated 
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using the Newton-Raphson root-finding method within the return mapping algorithm. Then, failure in 

the inelastically deformed epoxy is checked. Accordingly, the damage indicator variable (i.e., SDV3) 

is updated for all increments. Meanwhile, dilatation and distortion energy densities have been defined 

as different SDVs where the former can be measured using Eq. (6), and the latter is defined as: 

2

1
2

3 2
4 3 3dis

IU J
G

µ 
= −  

 
 (6-8) 

Here, μ is the internal friction parameter that is set to 0.175 [26]. It should be noted that the invariants 

at this step were calculated from the updated stress tensor. Loading is also distinguished within the 

subroutine by measuring the first invariant where I1 > 0, I1 < 0, I1 = 0 indicates tensile, compressive, 

shear loading cases, respectively. 

 
Figure 45. General procedure of the developed user-defined material subroutine for capturing 
inelastic deformations and failure of epoxies. 

6.2.3 Finite element model 

A combination of 6-node linear triangular prism elements (C3D6) and 8-node linear brick elements 

with reduced integration (C3D8R) were utilized to mesh the fibers and matrix within the 90° plies, 
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whilst only the latter element type was used for the homogenized 0° plies (see Fig. 44). Two-

dimensional periodic boundary conditions (PBCs) were applied to the RVEs along the global x– and 

y–directions (see Fig. 44). The cross-ply laminate was subjected to an initial thermal cooldown ΔT = –

100°C to represent cooldown after curing during fabrication, which was followed by a uniaxial tensile 

strain along the x–direction, εx. Also, the described FE models were compared with the case of an 

unconstrained 90° ply to investigate the influence of ply constraints on the local failure and energy 

states of the epoxy. In addition to the baseline case (see Fig. 46a), two cases were considered to 

investigate the consequences of the presence of a resin pocket in the 90° ply (see Fig. 46b,c). It should 

be noted that the number of fibers in all FE models was kept constant to maintain the fiber volume 

fraction of the 90° ply.  

 

Figure 46. Representation of the nonuniform fiber spatial dispersion in the 90° ply within the 
laminate with: (a) no resin pocket (i.e., baseline case), (b) 10 µm resin pocket, (c) 25 µm resin pocket. 

6.3 Results and discussion 

Prior to conducting an assessment using the generated RVEs, the capability of the subroutine to predict 

inelastic deformation and local failure of the epoxy is examined in Section 6.3.1, followed by a mesh 

sensitivity analysis in Section 6.3.2. The subsequent sections provide the results of several 

(a) 

(b) 

(c) 
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investigations focused on the initiation of local damage. In Section 6.3.3, the effect of inelastic 

deformations is assessed, while an in-depth investigation on the initiation of local damage for the 

[0/90/0] cross-ply laminate is conducted in Section 6.3.4. The influence of ply constraints on the local 

energy states and failure is demonstrated in Section 6.3.5. Consequences of manufacturing-induced 

defects on the early stage of ply cracking are presented in Section 6.3.6. Finally, a general discussion 

of the results is provided in Section 6.3.7. 

6.3.1 Single element verification 

A single element was subjected to different loading cases, including uniaxial tension, uniaxial 

compression, and simple shear, to verify the capability of the developed VUMAT subroutine to predict 

the inelastic deformation of the epoxy. The predicted stress-strain response of the single element for 

the different loading scenarios compared well with the experimental data [40] (see Fig. 47a). Note, 

compression and shear loading results were confined to 15% strain since in CFRP laminates subjected 

to tensile loads, the epoxy does not experience high strains due to the constraint imparted by the fibers. 

The capability of the subroutine in predicting the formation of local failure (i.e., brittle cavitation and 

ductile failure) is shown in Fig. 47b. At the damage onset point, the subroutine updates the related SDV 

parameter. When the epoxy experiences an equitriaxial stress state, the result is brittle cavitation, and 

the graph represents the hydrostatic stress-volumetric strain [21].  

 
                     (a) (b) 

Figure 47. (a) True stress-strain response for the epoxy under different loading cases, (b) True stress-
strain response and local failure of the epoxy under uniaxial tensile and equitriaxial loading. The 
experimental data was taken from [40]. 
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6.3.2 Assessment of the element size 

Since local failure of the epoxy within the 90° ply is governed by the energy (stress) states, the dilatation 

and distortion energy density associated with elements having corresponding peak values during 

loading was considered for the mesh sensitivity study. The variation of the normalized energy densities 

with element size for an RVE subjected to a tensile strain along the x–direction reveals that the values 

converge below a normalized element size of le/rf = 0.1, which corresponds to an average element area 

of 0.068 μm2 (Fig. 48). RVEs with elements corresponding to this size were used for all simulations 

reported in this study. 

A time efficiency graph (i.e., the inverse of total run time) was added to Fig. 48 to give an 

approximation for the simulation time, where the overall time step was set to 10-7. The loading rate was 

set such that the kinetic energy of the RVE was minimized to ensure that quasi-static loading conditions 

were maintained during the explicit analysis. The overall run-time for analyzing a single RVE 

comprising 650,000 elements, including thermal and displacement loading, with the chosen element 

size and the developed VUMAT model was close to 18 hours. The simulation was conducted on an 

Intel Core i7-6700T with 8 GB RAM to obtain the reported results in the current study. 

 
Figure 48. Variation of normalized energy density and the overall simulation time with normalized 
element size of the matrix for elements with peak energy densities. 

6.3.3 Effect of inelastic matrix deformation 

Two FE models for the generated RVEs were analyzed to assess the significance of the inelastic matrix 

deformation in the cross-ply laminate, one with the matrix assumed to undergo elasto-plastic 
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deformations (i.e., using the developed VUMAT model), the other with linear-elastic matrix 

deformations. A point-failure contour was obtained according to the defined solution-dependent 

variable (SDV3) to elucidate the occurrence of cavitation and yielding of the matrix within the 90° ply.  

Figure 49 illustrates a one-to-one comparison between the two above-mentioned models after a 

thermal cooldown of 100°C and a tensile strain of 0.1% along the x-direction, which corresponds to a 

region in the 90° ply where there was negligible interaction between local failure mechanisms. The 

distortion energy densities of both cases at the same loading are compared in Fig. 50. Based on the 

described relations in Section 6.3.2, the distortion energy density of elements subjected to tensile and 

compressive loading was distinguished by a positive and negative sign, respectively. The same 

definition was used for the dilatation energy density in further subsections, where under compressive 

stresses cavitation cannot be activated. 

 

Figure 49. Point-failure (SDV3) contours of the matrix within the 90° ply of the [0/90/0] laminate 
after 0.1% transverse strain and the initial cooldown for the case when the matrix deformation is: (a) 
elasto-plastic, and (b) linear-elastic. 

When the epoxy was treated as an elastic material the number and location of predicted cavitation 

sites deviated from those predicted when inelastic matrix deformation was considered (Fig. 49). The 

indirect influence of local inelastic deformation on brittle cavitation is further demonstrated from the 

distinct distortion energy density contours for both cases (Fig. 50a,b). Linear elastic representation of 

(a) 

(b) 

Yielding 
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Cavitation 
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the epoxy in the simulation failed to capture a realistic local distortion energy distribution. For the case 

where inelastic matrix deformation was considered, a higher degree of distortion formed in the oblique 

direction between adjacent fibers (Fig. 50c), where the effective stress is greater [24]. As expected, the 

brittle cavitation sites were located between adjacent fibers with limited inter-fiber spacing where 

equitriaxial tension, and therefore a critical dilatation energy density (Fig. 50d), was achieved due to 

the constraint imposed by the fibers on the matrix [27].  

 

Figure 50. Energy contours of the matrix within the [0/90/0] laminate after 0.1% transverse strain and 
the initial cooldown: (a) distortion energy density of the elasto-plastic model; (b) distortion energy 
density of the linear-elastic model; (c) magnified distortion energy density contour of the elasto-plastic 
model; (d) magnified dilatation energy density of the elasto-plastic model (same region as in (c)). 

6.3.4 Local failure in laminates 

Here, the progression of local failure in the [0/90/0] laminate under a thermal cooldown followed by 

an applied tensile strain is assessed. Cavitation was predicted in some locations after the laminate was 

subjected to the thermal cooldown and prior to the application of strain (Fig. 51a). In addition to the 

mismatch in the thermal expansion coefficients for the fibers and the matrix, the onset of cavitation 

during thermal cooldown was also influenced by the mismatch in the effective thermal expansion 

coefficients of the 90° and 0° plies along the global x-direction which caused tensile stresses in the 90° 

ply. Cavitation induced during thermal cooldown can explain experimentally observed debonding crack 

after processing [43]. Even though cavitation occurred during and after thermal cooldown, the number 
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of cavitation sites gradually increased up to an applied tensile strain of 0.1% (Fig. 51b), revealing that 

cavitation was somewhat suppressed. After 0.15% strain, the number of cavitation sites began to 

increase with a higher rate (Fig. 51c). Predicted inelastic deformations of the matrix increased 

continually with increasing applied tensile strain; however, this did not cause any local ductile failure. 

Note that compressive-driven inelastic deformations of the matrix were predicted to occur at the top 

and bottom of fibers and resulted from different thermal and mechanical properties of fiber and matrix. 

 

Figure 51. Point-failure contours of the inelastic matrix within the [0/90/0] laminate after the initial 
cooldown and: (a) no transverse strain, (b) 0.1% transverse strain, and (c) 0.15% transverse strain. 

The location of critical distortion and dilatation energy density in the 90° ply (Fig. 52, Sections A 

and B) confirms the location of ductile failure and cavitation reported in previous studies, where stress 

concentrations in the vicinity of fibers along the x- and y-axes were defined as favourable locations 

[24]. Nevertheless, the presence of a nonuniform fiber spatial distribution competes against the 
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conventional presumption (Fig. 52, Section C), which, consequently, causes a nonuniform stress 

concentration and stress redistribution in the matrix during thermal and strain loading. 

 

 

Figure 52. (a) Distortion, and (b) dilatation energy density contours of the matrix within the [0/90/0] 
laminate after 0.2% transverse strain and the initial cooldown. 

The principal stresses (𝜎𝜎1, 𝜎𝜎2, 𝜎𝜎3) and the hydrostatic stress (𝜎𝜎ℎ𝑦𝑦𝑦𝑦) of a single matrix element within 

the RVE that experiences cavitation during and after thermal cooldown was tracked (Fig. 53). The 

𝜎𝜎1/𝜎𝜎ℎ𝑦𝑦𝑦𝑦 ratio is a representative of the triaxial stress state where a value of 1 indicates an equitriaxial 

stress state. It is worth noting that elements were selected far from other cavitation sites to minimize 

stress interaction effect. The cavitated element initially inclined toward an equitriaxial stress state 

during the thermal cooldown stage. Notwithstanding, the degree of hydrostatic stress later declined in 

the element, which was followed by a subsequent tendency toward the equitriaxial stress state. The 

change of stress ratios suggests the presence of a transition stage where the initial triaxial type loading 

(i.e., thermal loading) in the epoxy gradually transforms to a combined stress state. This observation 

can explain a delay in the formation of cavitation in the laminate.  

(a) 

(b) 

 

D
is

to
rti

on
 E

ne
rg

y 
D

en
si

ty
 (M

Pa
) 

D
ila

ta
tio

n 
En

er
gy

 
D

en
si

ty
 (M

Pa
) 

Section A 

Section B Section C 



 

 103 

 
Figure 53. Variation of principal stress ratios for an element that cavitated (a) during and (b) after 
thermal cooldown in the matrix of 90° ply within the [0/90/0] laminate. 

6.3.5 Effects of Ply Constraints 

The subsequent investigation aimed at understanding the effect of ply constraints on the local failure 

mechanisms in the 90° ply of the [0/90/0] laminate, where corresponding point-failure contours for the 

unconstrained 90° ply (Fig. 54) were compared with that of the constrained 90° ply (Fig. 51). The same 

fiber spatial dispersion, mesh pattern and loading sequence were maintained in the 90° ply for both 

cases to enable a one-to-one comparison. As in Section 6.3.4, point-failure contour results were 

confined to strains up to 0.15%. The onset of cavitation and yielding were delayed for the unconstrained 

90° ply when compared to the constrained case. For instance, no evidence of local failure was observed 

after thermal cooldown for the unconstrained 90° ply, while several elements experienced cavitation 

and inelastic deformations in the [0/90/0] laminate. Inelastic deformation was also more widespread in 

the constrained 90° ply (compare Fig. 51c and Fig. 54c). Furthermore, the location of local failure in 

some regions of the unconstrained 90° ply is distinct from that of the laminate. Previously, the authors 

have reported that the ply constraining effect was not observed before local damage formation [6] (see 

Chapter 5).  

The dilatation and distortion energy density of identical elements in the RVEs of the constrained and 

unconstrained 90° plies (see indicators in Fig. 51c and Fig. 54c) were tracked for elements 

corresponding to sites of cavitation and inelastic deformation (Fig. 55). The element susceptible to 

cavitation is evidently affected by the ply constraints, while the element that underwent inelastic 

deformation follows an ascending trend. Notwithstanding, the parallel increase of the hydrostatic stress 

in the constrained ply confronts the amplification of distortion energy density in higher strains. Hence, 

it can be inferred that the cross-ply laminate undergoes a higher degree of so-called equitriaxial loading 

(a) (b) 
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than the unconstrained 90° ply before applying a mechanical strain. This difference originates from the 

thermal expansion coefficient of constituents (i.e., fiber, matrix, adjacent plies) and the Poisson effect 

during loading. In fact, adjacent layers impose greater tensile stress than the fibers and matrix along the 

x–axis during the thermal cooldown, which cause tensile stress in the constrained ply. Furthermore, the 

constraining effect of adjacent layers in restricting the deformation of the 90° ply along the global z–

direction while applying strain enforces extra tensile stress to the constrained ply. Thus, the ply 

constraining effect caused by the adjacent plies expedites the local failure events in the laminate, while 

a lesser increase rate of energy densities is observed in the unconstrained 90° ply after the transition 

stage. 

 

Figure 54. Point-failure contours of the inelastic matrix in the unconstrained 90° ply after the initial 
cooldown and (a) no transverse strain, (b) 0.1% transverse strain, (c) 0.15% transverse strain. 
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Figure 55. (a) Variation of dilatation energy density for a cavitated element in the constrained and 
unconstrained 90° ply, (b) variation of distortion energy density for an inelastically damaged element 
in the constrained and unconstrained 90° ply. 

6.3.6 Effect of a resin-rich pocket on local failure 

To better understand the influence of a resin-rich pocket within the 90° ply of the [0/90/0] laminate on 

the onset of local failure, the RVEs depicted in Fig. 46 were analyzed. Figure 56 depicts the number of 

brittle cavitation sites as a function of the applied strain after the initial thermal cooldown. Results show 

that the number of cavitation sites is always higher in the RVEs with larger resin pockets. A similar 

conclusion was gained after applying the initial thermal cooldown. This understanding is intuitive since 

a larger resin pocket leads to lower inter-fiber spacing in the adjacent regions. Thus, a higher degree of 

stress concentration, which was highlighted as the controlling parameter for local failure, increases the 

number of cavitation incidents.  

 
Figure 56. Number of cavitation incidents versus the strain influenced by the manufacturing-induced 
resin pocket presence and ply constraining effect. 

(a) (b) 
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6.3.7 General discussion 

The physical reason behind local failure events in laminates subjected to tensile loading has been 

partially understood, while almost all the forerunners of the topic agree on the brittle nature of the local 

failure. The governing presence of cavitation in the current study (see Fig. 51) endorses the acquired 

comprehension and discards the possibility of ductile failure. It is unlikely that neglecting inelastic 

deformation of the epoxy can lead to accurate prediction of microcrack formation and propagation. 

Inelastic deformations indirectly influence the cavitation as well as the local energy (stress) states as 

was demonstrated in the present study. Although it was shown that the constrained 90° ply exhibited 

more cavitation sites than the unconstrained 90° ply, it cannot be concluded that the formation of 

microcracks occurs sooner in the laminate. In fact, local inelastic deformations, ply constraints in the 

presence of voids [6], and resisting effects after thermal cooldown (Fig. 53) can contribute to causing 

a delay in the formation and propagation of microcracks. Furthermore, cavitation and microcrack 

formation typically occurs close to the fiber/matrix interfaces, which can be misrepresented as 

decohesion. Thus, decohesion shall be regarded as the consequence of local brittle damage (not vice 

versa) as was reported in previous work [44]. Concurrent contributions of several factors, such as 

thermal residual stress, manufacturing-induced defects, and ply constraints, indicate the complexity of 

crack formation, while the outcome can be different for other material systems. The transition stage 

between thermal and mechanical loading is an example of confrontation of these factors in the studied 

laminate. The results confirm the previous investigation in Ref. [6] that ply constraints do not equally 

influence the distortion and dilatation energy density within the 90° ply. The presence of resin pocket 

was found to be a provocative factor in the formation of cavitation. This conclusion contradicts the 

previous observation in [19], where the cavitation in RVEs with a larger resin pocket was delayed. This 

may be because brittle damage (i.e., cavitation) was not considered in the cited study. Since it was 

predicted that local inelastic deformation was less influential on the formation of cavitation sites in the 

presence of resin pockets, it is expected that microcracks follow a path close to the fibers and not within 

the resin-rich zone. 

6.4 Conclusions 

A three-dimensional computational micromechanical model was developed to assess the onset of local 

failure mechanisms preceding the formation of a ply crack in [0/90/0] cross-ply laminates comprising 

carbon fiber/epoxy unidirectional (UD) plies. The representative volume elements (RVEs) included the 

constraining 0° plies and manufacturing-induced defects within the 90° ply and was subjected to a 
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thermal cooldown and tensile loading. A new user-defined material subroutine was developed to 

capture the influence of inelastic matrix deformations and to predict different modes of local failure 

(i.e., yielding and cavitation). The following points are the main conclusions of the study: 

• Brittle cavitation was predicted as the first and governing local failure mechanism before inelastic 

deformation, which was followed by the interaction of cavitation sites. Nevertheless, local inelastic 

deformation was observed after cavitation occurred.  

• It was shown that a thermal cooldown may provoke cavitation due to the occurrence of equitriaxial 

stress states that resulted from the presence of ply constraints and differences in the thermal 

expansion coefficients of the constituents. A transition stage from local equitriaxial stress state to 

a combined stress state was observed when a tensile load was subsequently applied.  

• Comparing the case of a 90° ply within the laminate with an unconstrained 90° ply revealed that 

the local failure (cavitation) was more prominent in the constrained case, while local inelastic 

deformation was also more pronounced. 

• Capturing the cavitation incidents of RVEs containing manufacturing-induced defects indicated 

that formation of a larger resin pocket causes more local failure sites due to reduced inter-fiber 

spacing in the adjacent regions.  

This study provided a fundamental understanding of the onset of local failure mechanisms in 

constrained UD plies, which aids in improving the comprehension of ply crack formation. Particularly, 

micromechanical modelling can provide an estimation of the effective critical energy release rates 

associated with the formation of ply cracks and facilitate the establishment of a multiscale modelling 

framework. 
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Chapter 7 
Micromechanical simulation of ply crack formation in cross-ply laminates under quasi-

static tensile loading 

(Manuscript to be submitted January 2022, Composites Part A: Applied Science and Manufacturing) 

7.1 Introduction 

Increased usage of laminated composites in load-bearing structures within different industrial sectors 

has prompted the need to further assess their failure characteristics and long-term durability in order to 

optimize structural performance. However, the complex multiscale nature of failure in these materials 

challenges the current understanding of damage evolution processes and the ability to accurately predict 

failure. The unavoidable presence of processing-induced defects (e.g., voids) and variability of the 

microstructure of composite materials have further complicated prediction of their mechanical 

performance [1–2]. Specifically, the microstructure of laminates comprising unidirectional (UD) plies 

is influenced by factors such as the processing method, constituent type, fiber architecture, and 

structural geometry. Multiscale modelling approaches have been proposed as a remedy to capture and 

link damage evolution processes at different length scales, in particular for ply cracking [3]. A 

comprehensive valuation of damage progression in laminated composites requires an improved 

understanding of the response of the constituents at the microscale.  

Damage evolution processes in laminates have been well-established at the coupon level [4–6]. The 

formation of ply cracks in laminates subjected to tensile loading has been reported as the first failure 

event, which is often followed by a sub-critical crack multiplication stage that is responsible for 

degradation of the laminate properties. It should be noted that ply cracks that form under quasi-static 

loading quickly span the width of laminates [4,5], while during cyclic loading ply cracks tunnel with 

increasing loading cycles [6]. Conservative methods that ignore the damage evolution process, such as 

the so-called ply discount method, or those that overly simplify the damage evolution process continue 

to be used by designers since these approaches are available in commercial finite element codes. 

Consequently, the failure threshold in laminates is underestimated and the damage tolerance 

characteristics are ignored which are otherwise enabled by the constraint from adjacent plies. [3,7].  
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Figure 57. Schematic illustration of crack types in a [0/θ/90]s laminate; Type A: ideal ply crack; Type 
B: branched crack; Type C: oblique crack; Type D: partial crack at the ply surface; Type E: partial 
crack at center; Type F: ply crack interaction of cracks in different plies; Type G: void; Type H: 
interaction of damage modes (local delamination). 

Mesoscale modelling is generally regarded as a suitable approach to capture the degradation of 

laminate stiffness during the sub-critical cracking stage [3,8]. Despite the fact that mesoscale models 

are capable of accounting for the effect of ply constraints on ply cracking [8], they fail to account for 

microscale phenomena during ply cracking. Ply constraints influence the local deformation response 

of the epoxy, which can be stimulated by the presence of voids, non-uniform fiber spatial dispersion, 

and thermal residual stress caused during cooldown after curing [7] (see Chapter 5, 6). To clarify the 

difference in the presumptions of mesoscale modelling, a schematic representation of different forms 

of ply cracking at the microscale is illustrated in Fig 57. Type A is the only case that is considered in 

mesoscale modelling, while the other cases shown have been observed [5,9] and would result in distinct 

energy dissipation when compared to the ideal case. Thus, an ideal crack cannot represent the damage 

behaviour of plies. A microscale model is required to predict the ply crack formation process (i.e., local 

point failures and microcrack coalescence), which would capture the realistic shape of ply cracks, the 

interaction of damage modes, and the influence of manufacturing-induced defects on the response of 

laminates.  
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Conducting experiments to characterize damage in composite laminates at the microscale are costly 

and technically challenging. In recent years, virtual testing techniques utilizing representative volume 

elements (RVEs) have been proposed to study microscale phenomena in UD composites [10,11]. 

Although the concept is convenient for predicting the local phenomena, defining an RVE that captures 

all the internal features of composite materials is challenging and the constituent properties assigned to 

an RVE must be available [3]. Nevertheless, RVEs can capture most of the physical features of 

composites at the microscale and the ply crack formation process can be assessed. 

Within the context of microscale mechanics of ply cracking in composites, the onset of local failure 

in epoxies occurs due to cavitation-induced or pressure-dependent ductile failure [12,13], while 

fiber/matrix interface debonding is often regarded as a distinct failure mode [14,15] (Fig. 58). However, 

Paris et al. [15] demonstrated the required energy release rate (ERR) to cause debonding is relatively 

higher than that of local matrix failure incidents. In other words, debonding originates from cavitation-

induced or ductile failure in the vicinity of the fiber/matrix interface. Notwithstanding, the ERR 

associated with debonding may vary with inter-fiber distance, which is often neglected in 

micromechanical modelling [15,16]. Ply crack formation in laminates has been investigated within a 

micromechanical framework [14,17–21]; however, the developed models often disregarded at least one 

of the physical aspects of damage. Ductile failure in epoxy was captured in [14,17–19] using a pressure-

dependent yield surface, while cavitation-induced cracking was neglected, and brittle fracture of the 

epoxy was captured via cohesive zone modelling [14,17–21]. Herraez et al. [20] and Farrokhabadi et 

al. [21] developed 2D plane strain models to study ply cracking in laminate, where the former utilized 

extended finite element method (XFEM) to simulate crack propagation in the epoxy. Nevertheless, a 

plane strain model fails to predict local 3D stress state of an element, which is necessary for capturing 

cavitation-induced failure, and in-plane behaviour of ply cracking in a laminate (i.e., tunnelling). 

In the current study, a computational micromechanical model was developed to simulate the 

formation of ply cracks in carbon fiber/epoxy [0/90/0] cross-ply laminates subjected to quasi-static 

tensile loading. For this purpose, an explicit user-defined material (VUMAT) model within a finite 

element framework was developed to predict the onset of cavitation-induced and pressure-dependent 

ductile failure in the epoxy matrix (see Chapter 6), while an isotropic damage model was defined to 

capture the evolution of ply cracks. The developed material model was first used to predict ply crack 

formation in laminates where associated experimental observations were available from previous 

studies [4,22]. Additional predictions were made to investigate the effect of different parameters such 

as ply thickness, fiber volume fraction, and fiber spatial dispersion on the formation of first full-ply 
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crack. Unlike models reported in previous studies, the comprehensive three-dimensional 

micromechanical model developed in the current study considers both local cavitation and ductile 

failure of the matrix, residual thermal stresses due to post-cure thermal cooldown, and ply constraints 

imparted by adjacent plies.  

 
(a)                    (b)            (c)              (d) 

Figure 58. Local failure mechanisms in an epoxy: (a) ductile failure; (b) cavitation; (c) processing-
induced defect; (d) debonding. 

7.2 Computational model 

7.2.1 Micromechanical representation 

Three-dimensional representative volume elements (RVEs) were generated to simulate ply crack 

formation in carbon fiber/epoxy [0/90/0] cross-ply laminates. In all RVEs, the outer 0° plies were 

treated as homogeneous, while fibers and epoxy in the 90° ply were explicitly modelled. RVEs 

pertaining to two scenarios were considered in the study. For scenario I, RVEs were generated using 

images of the fiber spatial dispersion of a 90° ply from a previously study [22], where the focus was to 

conduct a one-to-one comparison of the predicted ply crack formation with experimental observations. 

The fiber diameter (3.8 μm ≤ Df ≤ 5.4 μm), fiber volume fraction (Vf ≅ 60%), 90° ply thickness (h90 = 

40, 80 μm), and 0° ply thickness (h0 = 480 μm) were assigned according to Ref. [22] (Fig. 59a). 

Additionally, a portion of the 90° plies in the RVE were treated as homogeneous since the fiber spatial 

dispersion of these regions was unavailable from the source.  
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(a)                            (b) 

Figure 59. Geometrical attributes of the generated 3D RVE for the [0/90/0] cross-ply laminates: (a) 
scenario I; (b) scenario II. 

The focus of scenario II was to conduct a broader parametric study on the formation of ply cracks. 

The developed method by Li et al. [10] (Chapter 4) was used to model the nonuniform fiber spatial 

dispersion within the 90° ply. The statistical assessment of local energy (stress) states of the generated 

RVEs was conducted in [7,10] (see Chapter 5). Geometrical attributes were defined according to Baily 

et al. [4] (Fig. 59b). Therein, the thickness of the 0° ply is set to 500 μm, while the thickness of the 90° 

ply varied for the different cases considered (62.5 μm ≤ h90 ≤ 500 μm). A constant fiber diameter Df = 

5.2 μm was assigned to the fibers within the 90° ply. The fiber volume fraction of the baseline model 

was set to Vf = 62% and assigned to all plies. To conduct further studies, additional RVEs with Vf = 

55% and Vf = 50% were generated and the properties of 0° plies were updated accordingly. 

For all RVEs generated, a strong interfacial bond was assumed for the fiber-matrix interfaces in the 

90° ply, while the interface between plies was also treated as perfectly bonded. The full thickness of 

the 0° and 90° plies were represented in all RVEs, while the width of the RVE along global y–direction 

was set to 0.1Df as it was deemed satisfactory when periodic boundary conditions were applied [14]. 

For scenario II, an RVE length of 320 μm along the global x–direction was assigned to all plies. The 

chosen length ensures a sufficient spacing between cracks in the 90° ply to avoid the interaction of 

stress fields between cracks (i.e., crack shielding). Additionally, the length respects the aspect ratio of 
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δ = l / Df = 25 suggested in previous studies [23,24]. The length of the RVE was set to 2 mm for scenario 

I. 

For scenario I, the effective properties of the homogenized 0° plies (e.g., G23) were calculated by 

using the experimental data reported for the T700SC/2592 material provided in Ref. [25]. The rule of 

mixtures [26] and Chamis [27] micromechanical models were used to determine the thermomechanical 

properties of the homogenized regions of the 90° ply using the reported properties of the fibers and 

epoxy matrix properties (IMS60-24k Toho Tenax®) [12,14,28]. The same properties were used for 

modelling linear-elastic fibers [14]. To capture pressure-dependent inelastic behaviour of the epoxy in 

the 90° ply, a user-defined material (VUMAT) model was developed in the commercial finite element 

software Abaqus. Details of the developed constitutive model for the epoxy are discussed in Section 

7.2.2. The corresponding properties are indicated in Table 6. For scenario II, thermomechanical 

properties of the homogenized 0° plies were determined from experimental data by Bailey et al. [4]. 

The rule of mixture and Chamis models [26,27] were utilized to calibrate the fiber properties where the 

properties of the matrix were assumed to be constant [14]. Out-of-plane shear modulus (Poisson’s ratio) 

of the fibers was approximated based on the overall behaviour of the 90° ply and according to 

experimental observations [28] as the limiting upper/lower bound. The fibers in the 90° ply were treated 

as a linear-elastic material, while the developed VUMAT model was used for modelling the matrix 

behaviour. Properties used for scenario II are presented in Table 7. 
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Table 6. Properties of the fibers [14], epoxy resin [12,28], and homogenized plies [25] (scenario I). 

Material Property * Fibers 
(Carbon) 

Matrix 
(Epoxy) + 

Homogenized 90° 
Sections (Vf = 60 %) 

IMS60-24k Toho Tenax® 

Homogenized 0° 
Plies (Vf = 60 %) 

T700SC/2592 
Young’s Moduli     

11(GPa)E  276 3.76 167.1 123 

22 (GPa)E  15 - 8.96 8.07 
Poisson’s Ratio     

12ν  0.2 0.39 0.28 0.33 

23ν  0.07 - 0.24 0.33 
Shear Moduli     

12 (GPa)G  15 1.35 4.58 3.92 

23 (GPa)G  7 - 3.61 3.25 
Thermal Expansion 

Coefficients      

1
11( C )−°α  -0.5×10-6 58×10-6 0.026×10-6 0.12×10-6 

1
22 ( C )−°α  15×10-6 - 31.8×10-6 31.8×10-6 

Plastic Poisson’s 
Ratio     

pν  - 0.3 - - 
Density     

3(kg/m )ρ  1780 1300 1590 1600 
Tensile Strength     

(MPa)TX  - 93 - - 
Compressive 

Strength     

(MPa)CX  - 124 - - 
Critical Dilatation 
Energy Density     

(MPa)c
dilU  - 0.175 - - 

* 1, 2, and 3 are the principal material coordinate system axes for a ply, denoting the fiber direction, in-
plane transverse direction and out-of-plane transverse direction, respectively. 
+ Note, the integer subscripts can be dropped for the isotropic matrix properties. 

 

 



 

 118 

Table 7. Properties of the fibers, epoxy resin [12,28], and homogenized plies [4] (scenario II). 

Material Property * Fibers 
(Carbon) Matrix (Epoxy) + Homogenized 0° 

Plies (Vf = 62 %) 
Young’s Moduli    

11(GPa)E  202.5 3.76 127 

22 (GPa)E  12.3 - 8.3 
Poisson’s Ratio    

12ν  0.23 0.39 0.29 

23ν  0.10 - 0.23 
Shear Moduli    

12 (GPa)G  20.25 1.35 5.1 

23 (GPa)G  5.61 - 3.36 
Thermal Expansion 

Coefficients     

1
11( C )−°α  -0.4×10-6 58×10-6 0.26×10-6 

1
22 ( C )−°α  10×10-6 - 30.2×10-6 

Plastic Poisson’s Ratio    
pν  - 0.3 - 

Density    
3(kg/m )ρ  1750 1300 1580 

Tensile Strength    
(MPa)TX  - 93 - 

Compressive Strength    
(MPa)CX  - 124 - 

Critical Dilatation Energy 
Density    

(MPa)c
dilU  - 0.175 - 

* 1, 2, and 3 are the principal material coordinate system axes for a ply, denoting the fiber 
direction, in-plane transverse direction and out-of-plane transverse direction, respectively. 
+ Note, the integer subscripts can be dropped for the isotropic matrix properties. 

7.2.2 Epoxy resin constitutive model 

The pressure-dependent inelastic deformations and failure (i.e., cavitation-induced and ductile failure) 

of the epoxy were captured via an explicit VUMAT model that has been described in Chapter 6. The 

model was further modified to predict the post-peak behaviour of the epoxy (i.e., stress/stiffness 

reduction) based on an isotropic damage model, which was able to capture the localization of stress at 
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the crack tip. An explicit damage model was deemed appropriate to account for the stress perturbation 

after activation of damage. The developed damage model for capturing cavitation-induced and ductile 

failure is described in Appendix C. The overall procedure of the VUMAT subroutine is illustrated in 

Fig. 60.  

The code begins with an elastic trial stress and check for inelastic deformation based on the defined 

yield function, Ф ≥ 0. If the conditions are satisfied, the return mapping algorithm is applied to find the 

plastic strain by a Newton-Raphson root-finding method. Accordingly, other related parameters 

including stress tensor, hardening variables, and other solution-dependent variables (SDVs) are 

calculated. The failure of the material under all the conditions (i.e., ductile failure, cavitation after 

yielding, brittle cavitation) is checked within the loop. After activation of damage conditions, damage 

variables and compliance damage tensor, which are required for updating the stress tensor and SDVs, 

are calculated by finding the damage parameter. Note that unique damage parameters (i.e., 𝐴𝐴𝑚𝑚𝑑𝑑𝑑𝑑𝑑𝑑, 𝐴𝐴𝑚𝑚𝑑𝑑𝑑𝑑𝑑𝑑) 
are functions of energy release rate and characteristic length of an element. These constants are always 

positive and need to be calculated once (see Appendix C). If the damage mode is activated, the code 

directly follows the damage model at the beginning of the next step. 

 
Figure 60. Overall procedure of the developed user-defined material subroutine for capturing 
pressure-dependent inelastic deformations and failure of epoxies. 
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7.2.3 Finite element model 

Linear brick elements with reduced integration (C3D8R) were used to mesh the homogenized 0° plies 

and 90° sections in the RVE for scenario I using the commercial finite element (FE) software Abaqus. 

Moreover, a combination of C3D8R and triangular prism elements (C3D6) were utilized to mesh the 

fibers and matrix in the 90° ply (see Fig. 59b). For scenario I, the laminate was initially subjected to 

ΔT = –105°C to simulate thermal cooldown during processing [22]. An increasing uniaxial strain εx 

was applied subsequent to the initial thermal loading, where a symmetric boundary condition was 

applied along the x–direction and periodic boundary condition (PBC) were applied to the corresponding 

faces of the RVE (see Fig. 59a). For scenario II, 2D PBCs were applied along the global x– and y–

directions (see Fig. 59b). An initial thermal cooldown ΔT = –145°C was applied to the RVE and 

followed by an increasing uniaxial tensile strain [4]. It should be noted that the RVEs with Vf = 55% 

and Vf = 50% were also subjected to the same loading conditions. For both scenarios, the predictions 

using generated RVEs for the [0/90/0] laminates were compared with prediction for the unconstrained 

90° ply to study the influence of the ply constraining effect. 

7.3 Results 

7.3.1 Single element verification 

The capability of the developed subroutine to predict the deformation response and post-peak behaviour 

of epoxy was investigated by subjecting single elements to four different loading conditions, including 

uniaxial tension, uniaxial compression, simple shear, and equitriaxial tension (Fig. 61a). A steady post-

peak softening response was predicted for the epoxy and was expected due to the damage model used, 

while the initiation of failure was comparable with experimental data (Fig. 61a). Since the post-peak 

response of the material is a function of the characteristic length of the element (see Appendix C), the 

influence of this parameter on the stress-strain response for a single element under tensile loading was 

investigated (Fig. 61b). The results indicate that the length dependency of the epoxy is minimized for 

elements smaller than 10 μm. It should be noted that an approximate element size of 0.25 μm was used 

for all RVEs developed in this study. 



 

 121 

 
 

(a) (b) 
Figure 61. (a) True strain-stress and post-peak behaviour of the epoxy under uniaxial tensile, uniaxial 
compressive, equitriaxial tensile, and simple shear loading; (b) Element size dependency of the epoxy 
under tensile loading. 

7.3.2 Ply crack formation – RVEs generated using microscopic images 

The formation of ply cracks was predicted for FE micromechanical models pertaining to scenario I 

(Fig. 59a), where RVEs were generated using experimental observations of fiber spatial dispersion [22]. 

The predicted results were compared to the observed crack evolution images to validate the FE 

micromechanical models. The predicted crack path for the laminate with a 40 μm thick 90° ply was 

remarkably similar to the experimental results (Fig. 62), while for the laminate with a 80 μm thick 90° 

ply there were minor discrepancies (Fig. 63). These discrepancies may be due to the assumed fiber 

diameter, slight variation in the location of fibers, the approximated fiber volume fraction, and the 

properties of the epoxy used in the FE models. For both thicknesses, local cavitation-induced failure 

initiated at the central region of the 90° ply as was observed in the experiment, albeit it is not clear from 

the experiments if cavitation or interfacial debonding initiated the ply crack formation process. 

Nevertheless, the result emphasizes that the stress concentration around the fiber is the controlling 

factor for local failure onset. Subsequently, the propagation of microcracks is related to the local 

conditions at the tip of the microcrack, while the stress concentrations in the vicinity of the fibers ahead 

of the crack tip remains a decisive factor in the crack formation pattern. Formation of oblique cracks 

indicates the ductile nature of crack propagation when there is enough space around the crack tip and 

relatively low stress concentration caused by the presence of fibers (see Fig. 62).  
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(a) 

 
(b) 

Figure 62. The process of ply crack formation in a [0/90/0] cross-ply laminate with h90 = 40 μm: (a) 
FE model; (b) experimental observation [22] (courtesy of H. Saito et al. 2012, Taylor & Francis, UK). 

 
(a) 

 
(b) 

Figure 63. The process of ply crack formation in a [0/90/0] cross-ply laminate with h90 = 80 μm: (a) 
FE model; (b) experimental observation [22] (courtesy of H. Saito et al. 2012, Taylor & Francis, UK). 
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7.3.3 Ply crack formation – randomly generated RVEs 

The goal of the next study was to simulate ply crack formation for cross-ply laminates with different 

90° ply thicknesses and fiber volume fractions. FE micromechanical models pertaining to scenario II 

(Fig. 59b) were used, where RVEs were randomly generated as described in Section 7.2.1. The 

magnitude of strain corresponding to the formation of the first full ply crack (i.e., a crack spanning the 

entire ply thickness) for the laminates was compared to available experimental data [4] (Fig. 64). The 

predicted strains correlate well with the experimental data for the baseline model (Vf  = 0.62%), 

demonstrating the ability of the micromechanical model to capture the decrease in strain with increasing 

ply thickness (i.e., the effect of ply constraints). In a different set of simulations, RVEs of unconstrained 

90° plies were generated and underwent a similar thermomechanical loading. A consistent range was 

seen in the failure strain of lamina (i.e., formation of full ply crack); however, thicker unconstrained 

laminae were slightly influenced by the thermal residual stress caused by the difference in thermal 

expansion of the constituents (Fig. 64). 

 
Figure 64. First ply crack formation strain for constrained and unconstrained 90° plies with different 
thickness. Experimental data taken from Ref. [4]. 

The process of ply crack formation in the 90° ply of the RVE with 125 μm thickness is illustrated in 

Fig. 65. Initially, cavitation-induced local failure between fibers led to the formation of a microcrack 

at the central region of the ply (Fig. 65a). A high stress concentration at the tip of the crack and around 

the fibers controls the propagation of formed microcracks in the direction perpendicular to the applied 

load (Fig. 65c). In other words, ply crack formation is driven by Mode I (i.e., crack opening 

displacement). Notwithstanding, oblique microcrack branches are formed locally where there is 

sufficient space at the tip of the crack for ductile failure to occur and there is minimum interaction with 

the triaxial stress fields at the fibers (Fig. 65d).  
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(a) (b) 

  
(c) (d) 

 
                       (e)                    (f) 

Figure 65. Crack propagation in the 90° ply (125 μm thickness) of a [0/90/0] laminate at an applied 
strain of: (a) εx = 0.20% (local failure initiation mechanisms also shown); (b) εx = 0.28%; (c) εx = 0.36%; 
(d) εx = 0.48%; (e) dilatational energy density contour of the highlighted section in (c); and (f) distortion 
energy density contour of the highlighted section in (c). 

The first full ply crack that formed and the corresponding damage mode during formation of the ply 

crack is shown in Fig. 66 for the thinnest constrained and unconstrained 90° ply (i.e., h90 = 62.5 μm). 

It should be noted that only a portion of the width of the 90° ply in the RVE is shown in Fig. 66a and 

66d. For the laminate, the relative deformation between 0° and 90° plies experienced during the initial 

thermal cooldown, which was caused by the mismatch in the effective coefficient of thermal expansion 

for the 0° and 90° plies along the loading direction, and the subsequently applied strain resulted in a 

higher degree of shear stress on the 90° ply that eventually led to the formation of local oblique 

microcracks (Fig. 66a,b). The energy density contours indicate that local ductile failure governs the 
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formation of oblique microcracks (Fig. 66c). This interpretation is confirmed by analyzing the ply crack 

formation of the unconstrained 90° ply (Fig. 66d). Here, formation of obliqued microcracks was limited, 

where crack initiation was driven by cavitation-induced local failure (Fig. 66e) and linkage of 

microcracks was related to both cavitation and ductile failure (see Fig. 66f). It was also found that the 

formation of the full ply crack in the constrained 90° ply was delayed, demonstrating the effect of ply 

constraints. It is noteworthy that the local shear stress in the 90° ply caused by the thermal cooldown 

delayed cavitation-induced failure in the laminate, and in some cases changed the local failure mode to 

ductile failure, which was not observed for thicker 90° plies. 

The influence of the thickness change on the volume averaged stress of the transverse ply was also 

investigated (Fig. 67). Here, the volume average stress is defined as: 

1

n
n n
ij

avg k
ij

V

V
==

∑σ
σ   

(7-1) 

where 𝜎𝜎𝑖𝑖𝑖𝑖𝑛𝑛 and 𝑉𝑉𝑛𝑛 are stress component and volume of nth element, respectively, and 𝑉𝑉 is the overall 

volume of the 90° ply. A gradual stiffness reduction occurred in the 90° plies with 62.5 μm thickness 

due to formation of multiple partial ply cracks; however, other cases experienced a sharper drop in the 

average stress-strain behaviour since a single ply crack caused the stiffness reduction. The material 

degradation in different thicknesses indicates a higher resistance in thinner laminates that can be related 

to the supportive effect of the ply constraints. This effect was minimized in higher thicknesses, while a 

similar response was captured for the 90° plies with 250 μm and 500 μm thicknesses.  

The normalized crack length of the constrained 90° plies was tracked for different ply thicknesses 

(Fig. 68). Therein, the average behaviour of five different fiber spatial distributions is shown for each 

ply thickness. Note that the vertical distance between the top and bottom of a crack was defined as the 

crack length (i.e., the length of the projected crack on a vertical surface) as shown in Fig. 68. The results 

indicate a slower rate in the formation of the full ply crack for a thinner ply. Furthermore, the full ply 

crack forms at a lower strain and with a higher rate in thicker plies. Results also reveal that the 

constraining effect of the adjacent layers diminishes after the ply thickness increases beyond a certain 

value.  
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Figure 66. (a) Formation of the first full ply crack in the laminate with a 62.5 μm thick 90° ply (εx = 
0.63%), along with corresponding (b) local failure initiation mechanisms (εx = 0.42%) and (c) 
dilatational and distortion energy contours (εx = 0.63%). (d) Formation of  the full ply crack in a 62.5 
μm thick lamina (εx = 0.50%), along with corresponding (e) local failure initiation mechanisms (εx = 
0.42%) and (f) dilatational and distortion energy contours (εx = 0.46%). 
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Figure 67. Volume averaged stress of constrained 90° plies during the crack formation. 

 
Figure 68. Normalized crack length within the 90° ply of laminates subjected to tensile loading, with 

90° ply thickness indicated. 

The influence of the fiber volume fraction on the formation of ply cracks was also investigated. The 

strains at full ply crack formation for laminates with Vf  = 0.55% and Vf  =0.50% were obtained and 

compared with the baseline model (see Fig. 64). A reduction of the strain was predicted for lower fiber 

volume fractions when the 90° ply was ≤ 250 μm, while for thicker laminates the influence of fiber 

volume fraction was less pronounced due to reduced constraint from the adjacent plies. Figure 69 

demonstrates the propagation of ply cracks in constrained 90° plies with 125 μm thickness for different 

fiber volume fractions, which reveals that a laminate with a lower fiber volume fraction has more 

tendency to form oblique microcracks and undergo more extensive local inelastic deformation. This 

finding can be related to the relatively large space around a crack when the inter-fiber spacing is higher 
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or the influence of the constraining plies. Although the pattern of the formed ply crack is generally 

transverse to the loading direction, a portion of the dissipated energy drove the formation of oblique 

microcracks. In other words, there is a higher probability to observe inelastic behaviour in the epoxy at 

a lower fiber volume fraction, which consumes a higher amount of energy compared to local cavitation-

induced failure.  

  
(a) (b) 

 
(c) 

Figure 69. Crack propagation in the 90° ply of the laminate with 125 μm thickness: (a) Vf = 62%; (b) 
Vf =55%; (c) Vf =50%. 

The effect of thermal cooldown was previously studied on the local failure initiation in a [0/90/0] 

cross-ply laminate (see Chapter 6). The current study confirms the previous remarks, where modelling 

the thermal cooldown not only affects the occurrence of local failure but may also change the failure 

mode (Fig. 70). The results indicate that the cavitation-induced failure initiate the ply cracking in the 

presence of thermal residual stress (Fig. 70a), while an oblique crack forms in the absence of thermal 

stress (Fig. 70b). Note that the same fiber distribution was assigned to both cases. In the absence of 
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thermal cooldown there were a limited number of cavitation sites, where the critical value of dilatational 

energy density of the epoxy was rarely attained (Fig. 70c). Thus, an oblique formation of a crack in 90° 

ply is related to the high distortional energy density in the epoxy, and ultimately local ductile failure 

(Fig. 70d).  

  

(a) (b) 

    
(c)  (d) 

Figure 70. Evolution of a ply crack in the 90° ply of the laminate with 125 μm thickness: (a) after 
initial thermal cooldown; and (b) without initial thermal cooldown. (c) The dilatational energy density 
contour of the region shown in (b) without initial thermal cooldown. (d) The distortion energy density 
contour of the region shown in (b) without initial thermal cooldown. 

7.3.4 Energy release rate 

Employing the thermodynamics framework and decoupling between elasticity-damage and plastic 

hardening, the free energy of the body is defined as [30]: 
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 ed pψ ψ ψ= +   (7-2) 

where 𝜓𝜓𝑒𝑒𝑒𝑒  represent elastic-damage potential and 𝜓𝜓𝑝𝑝  is the plastic contribution to the free energy 

density. The elastic-damage potential is postulated as: 

 1 :
2

ed eρψ = ε σ  (7-3) 

where 𝜺𝜺𝑒𝑒 is the elastic strain tensor (see Appendix B), 𝝈𝝈 is the current stress tensor, 𝜌𝜌 is material’s 

density (i.e., epoxy). Note that stress is updated within an isotropic damage model as described in 

Appendix C. 

Despite the fact that plastic contribution to the free energy 𝜓𝜓𝑝𝑝  can be explicitly found [30], an 

indirect approach was used to determine this value for numerical purposes as: 
p ed= −ψ ψ ψ   (7-4) 

where the complementary energy density 𝜓𝜓 is defined as the incremental summation of energy (see 

Appendix B) as: 

: dtρψ = ∫ σ ε   (7-5) 

Thus, the strain energy density of an element that contributed to the ply crack formation can be related 

to effective energy released rate of the ply, when the geometrical attributes of the element and ply crack 

are available. Thus, the total energy dissipation associated with ply cracking, due to the inelastic 

response and micro-cracking of the epoxy, can be captured by monitoring the stress-strain response of 

the corresponding elements. For the duration of the simulations the local energy was calculated for all 

the elements as an SDV. Accordingly, the effective energy release rate was estimated by the summation 

of local energy of the failed elements divided by the crack surface area. Here, the ply thickness is 

assumed as the crack length, and the overall energy contribution is related to crack opening (i.e., Mode 

I). Furthermore, the length of the element along global x– and y–direction was assumed to be constant 

and equal to the averaged characterized length of elements and elements width, respectively. The 

calculated effective energy release rate for ply crack formation of the carbon fiber/epoxy 90° plies with 

different thicknesses are presented in Table 8. The reduction of the computed ERRs with decreasing 

90° ply thickness is further evidence that the effect of ply constraints was captured by the model, where 

ERR is a function of thickness ratio (t0/t90) for a cross-ply laminate. The obtained values of ERRs are 

similar to the assumed values reported by Montesano and Singh [31] for the 90° ply of a similar carbon 

fiber/epoxy cross-ply laminate, where a similar ERR vs ply thickness trend was also reported. 
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Table 8. Measured energy release rate of ply cracking for a carbon/fiber epoxy laminate. 

Description 
90° Ply Thickness 

(μm) 
Energy Release Rate 

(J/m2) 

90° lamina - 153.19 

[0/90/0] 500 139.51 

[0/90/0] 250 126.03 

[0/90/0] 125 112.54 

[0/90/0] 62.5 105.08 

7.3.5 General discussion 

It was shown that the onset of local failure and crack formation in epoxy is caused by triaxial stress 

states (i.e., brittle cavitation), while formed microcracks propagate due to high stress concentrations 

around the fibers ahead of the crack tip or ductile failure at the tip of the crack. Oblique microcracks 

tend to propagate along the direction of maximum distortion energy, which is more likely in a low fiber 

volume fraction laminate. Notwithstanding, oblique microcracks also form as a result of shear stress 

imparted on the 90° ply of a cross-ply laminate from the constraining 0° plies. Changes in the direction 

of a propagated crack, even at the microscale, contradicts the initial presumption of mesoscale models, 

where the initial shape of a ply crack is always perpendicular to the loading direction. Furthermore, the 

ply crack formation process is not necessarily binary and simultaneous formation of debonding or ply 

cracks is possible. Thus, the sources of energy dissipation, crack interaction, and irregular damage 

behaviour relatively increase. The formation of full ply crack was delayed in the constrained 90° ply 

with a 62.5 μm thickness when compared to the unconstrained 90° ply of the same thickness. Thus, 

despite that fact that the local failure initiation is expedited in the constrained ply (see Chapter 6), the 

constraining effect became evident during the crack formation process for laminates with thinner plies. 

Finally, the proposed approach for measuring ERRs within a micromechanical framework opens a path 

to connect micro-, meso-, and macro-scales through multiscale modelling, while the epoxy and fiber 

material properties were the only inputs in this model. Notwithstanding, it is important to decouple the 

influence of Mode I and II driving factors during the formation of ply cracks at different thickness, 

which can be achieved using computational models.  

7.4 Conclusions 

A 3D computational model was developed to predict local point failure in the matrix and a damage 

model to capture ply crack formation in laminated composites. Mechanical behaviour of the epoxy was 
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captured using a user-defined material (VUMAT) model within explicit finite element (FE) framework, 

where an isotropic damage model was developed to predict post-peak response of the epoxy. Two sets 

of representative volume elements (RVEs) were generated to simulate ply crack formation of carbon 

fiber/epoxy [0/90/0] cross-ply laminates. Comparing the available experimental data, the results 

verified the capability of the model in capturing crack propagation at the microscale and predicting the 

failure strain corresponding to the formation of the first full ply crack. It was observed that the local 

cavitated sites linked by ductile failure due to a high stress concentration around the fibers and at the 

tip of the crack. This understanding was confirmed in analyzing the formation of ply cracks in laminates 

with a low fiber volume fraction, where oblique cracks were formed under the same loading conditions. 

The same conclusion was obtained for a thin ply laminate, where the shear stress was applied to the 90° 

as a result of neighbouring to relatively thicker 0° plies. It should be noted that a nearly ideal ply crack 

was formed in the 90° ply in the absence of 0° neighbouring plies. Verifying the experimental 

observations, the strain at full ply crack formation in the 90° ply of thinner laminates was delayed 

compared to an unconstrained 90° ply. However, the ply constraining effect expedited formation of ply 

cracks in thicker laminates. It was seen that a portion of energy dissipates to form mix mode cracks 

(i.e., oblique crack, microcrack branches, scattered debonds). These types of cracks originate from the 

local behaviour of the epoxy which depends on numerous factors including, but not limited to, 

nonuniform fiber spatial dispersions, manufacturing-induced defects, the constraining plies. The 

computational micromechanical model was used to adequately measure the strain energy release rates 

for ply cracking in the studied laminates, thus providing an opportunity for integrating the results into 

a multiscale modeling framework in the future. The fidelity of predictions using this approach may be 

improved by enhancing the epoxy material model. In conclusion, complex ply crack patterns driven by 

microscopic phenomena revealed the limitation of mesoscale or macroscale models in accurately 

capturing the ply cracking response. 
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Chapter 8 

Conclusions & Future Directions 

8.1 Conclusions 

Characterizing the local damage behaviour of laminated fiber-reinforced composites through 

experimental tests is challenging, particularly if microscopic tests must be performed. Alternatively, 

virtual testing may be a cost-effective approach that reduces physical testing requirements. However, 

the complex nature of progressive damage and failure in laminates occurs over several material length 

scales which must be captured to ensure high-fidelity predictions. Hierarchical multiscale modelling 

has been proposed to simulate damage evolution in laminated composites. In the current study, the 

developed numerical microscale model was implemented as a tool to characterize local failure and 

predict the formation of ply cracks in the constrained ply of carbon fiber/epoxy [0/90/0] cross-ply 

laminates. An experimentally calibrated user-defined material subroutine was developed to capture the 

local response of the epoxy, including pressure-dependent inelastic deformation, onset of local failure 

(i.e., brittle cavitation and ductile failure), and the post-peak response through an isotropic damage 

model. Representative volume elements (RVEs) comprising the fibers and matrix phases of the 

constrained 90° ply and the homogenized 0° plies were generated and used to create 3D finite element 

(FE) models that were subjected to a thermal cooldown followed by a uniaxial tensile load. The energy 

dissipated during ply crack formation was captured and the associated effective energy release rate was 

estimated, which will ultimately enable the integration of the developed microscale model within a 

multiscale modelling framework. The main conclusions of this thesis are as follows: 

• The developed micromechanical FE model effectively captured ply crack formation for a set of 

cross-ply laminates, with reasonable correlation to available experimental data for a subset of 

laminates. The model predicted a well-known characteristic of ply cracking in laminates where the 

strain at formation of the first ply crack decreases with increasing ply thickness. 

• Cavitation-induced local failure was observed as the dominant local failure mechanism, while 

ductile failure was found to be the driving force for the propagation of microcracks. The developed 

micromechanical FE model is the first that accounts for the interaction between these two local 

failure mechanisms during the ply crack formation process. 
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• The onset of local failure in constrained 90° plies was expedited by the residual stresses that formed 

during thermal cooldown, which were caused by the mismatch in the thermal expansion coefficients 

between the fibers and matrix and between the 0° and 90° plies. Thus, after thermal cooldown the 

effect of ply constraints on the onset of local failure was negative. The regions susceptible to local 

cavitation transitioned from an equi-triaxial stress state after the thermal cooldown to a combined 

stress state during the application of the tensile load, revealing the confrontation between thermal 

residual stresses and mechanical stresses in the constrained plies (particularly for thin plies). During 

application of the tensile load, the constraining 0° plies suppressed ply crack formation in the 90° 

ply leading to higher strains at full ply crack formation compared to unconstrained plies or the 

thicker constrained plies. 

• Manufacturing-induced defects (e.g., nonuniform fiber spatial dispersion, resin-rich pockets, micro-

voids) caused a perturbation of the local stress fields in the epoxy, which may expedite the onset of 

local failure or alter the local failure mechanism. Defects also influence the crack formation process 

and the strain at first ply crack formation.  

• During the ply crack formation process a portion of energy may dissipate to form mix mode crack 

segments (i.e., oblique cracks or microcrack branches), which depends on numerous factors such as 

nonuniform fiber distribution, manufacturing-induced defects, ply constraints effect. 

• The collective energy dissipative mechanisms during ply crack formation were captured by the 

estimated effective energy release rates, which were in good agreement with values reported in 

previous studies for similar cross-ply laminates. 

8.2 Future Directions 

In closing, the following suggestions are provided for further development of the numerical model and 

next steps towards assessing damage for laminated composite materials.  

• To invoke the developed numerical microscale model for other material systems, the corresponding 

resin properties must be known. It is recommended that microscale tests are used to characterize the 

inelastic response of commonly used resins, while poker-chip tests also performed to determine the 

critical dilatation energy density. 

• The developed user-defined material subroutine can be extended to capture anisotropic damage for 

an improved prediction of local stress field around the crack tip. Also, interactions between other 

damage modes (e.g., inter- and intra-laminar cracking) and corresponding energy dissipation (i.e., 
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GIC/GIIC) can be predicted in a more sophisticated FE model. Furthermore, the time-efficiency of 

the computational micromechanical model can be improved by changing the boundary conditions 

(e.g., uniform displacement boundary conditions instead of periodic), modifying the meshing 

strategy. Additionally, enhancing the computational efficiency of the VUMAT code may lead to a 

reduction in the required number of iterations for each solution increment. 

• The role of different manufacturing-induced defects (e.g., voids, fiber misalignment, decohesion) 

on the formation of ply cracks can be further investigated. Qualitative and quantitative information 

about defects in a manufactured laminate can be used as input for representing these defects in the 

micromechanical model. Results from these studies will provide insight on optimizing 

manufacturing processes to produce higher quality materials. 

• Capturing cure-induced shrinkage of the resin may lead to improved estimates of the thermal 

residual stresses in the RVE, while capturing the variation of the degree of resin cure (i.e., material 

properties) throughout a ply may better represent a manufactured laminate. 

• Delamination and ply crack-induced delamination can be captured using the current material code, 

while it is necessary to model the fibers in the vicinity of the ply interface. Simulating the breakage 

of linear-elastic fibers using the corresponding damage model further extends applications of a 3D 

computational model; however, larger RVEs will be required to consider the crack propagation 

along the global width of the laminate. 

• The same numerical modelling strategy developed in this thesis can be used for simulating local 

failure and ply crack formation under dynamic loads, which was one of the main motivations for 

invoking explicit FE analysis in the study instead of an implicit analysis. Note, the strain rate-

dependent behaviour of the epoxy must be characterized, and the material model updated to account 

for this behaviour.  

• The computational model can be extended and used for predicting damage evolution in laminates 

under quasi-static or dynamic compressive, in-plane shear, biaxial, and bending loads. Extending 

the computational model may require modifications to capture fiber failure and fiber-matrix 

interfacial behaviour. Also, damage evolution under cyclic loads can be predicted. 

• The developed modelling approach can also be used to predict the behaviour of multidirectional 

laminates subjected to complex loading conditions that are consistent with practical applications.  
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Appendix A 

Inelastic Modelling 

Here, preliminary steps of an incremental inelastic modelling approach for employment in an explicit 

framework are provided. Note, the references cited below are found in Chapter 6. A linear elastic 

stress/strain relationship for an epoxy is expressed as: 

:Cσ ε=   (A-1) 
where 𝝈𝝈, 𝜺𝜺, and 𝑪𝑪 are Cauchy stress, strain, and fourth-order stiffness tensors. The second-order stress 

tensor can be divided to isochoric, so-called deviatoric, and volumetric stress tensors as: 

S Pσ = +   (A-2) 
where 𝑺𝑺 and 𝑷𝑷 = 𝑡𝑡𝑡𝑡(𝝈𝝈)

3
𝑰𝑰 are the deviatoric and hydrostatic stress tensors. It should be noted that 𝑰𝑰 is the 

second-order identity tensor. Similarly, the second-order strain tensor can be divided to deviatoric and 

volumetric strain tensors as: 

ε ε εd v= +  (A-3) 
Corresponding stress/strain tensors can also be related by the following relations as: 

,     
1 3(1 2 )

S Pε εd v
E E

ν ν
= =

+ −
 (A-4) 

where 𝐸𝐸 and 𝜈𝜈 are the elastic constants.  

A paraboloidal pressure-dependent yield surface was used in the paper to capture the behaviour of 

the epoxy. The corresponding yield function is defined as [36]: 

( ) 2 1, , 6 2 2σ C T C TJ Iσ σ σ σΦ = + −  (A-5) 

where 𝐽𝐽2 = 1
2
𝑺𝑺: 𝑺𝑺 and 𝐼𝐼1 = 𝑡𝑡𝑡𝑡(𝝈𝝈) are the second invariant of deviatoric and first invariant of Cauchy 

stress tensors, respectively. Furthermore, 𝜎𝜎𝑐𝑐  and 𝜎𝜎𝑇𝑇  are the compressive and tensile stresses on the 

defined hardening curves that express as functions of the equivalent plastic strain 𝜀𝜀𝑒𝑒𝑒𝑒
𝑝𝑝  as: 

( ) ( ),   p p
C C eq T T eqσ σ ε σ σ ε= =  (A-6) 

where the equivalent plastic strain rate 𝜀𝜀𝑒̇𝑒𝑒𝑒
𝑝𝑝  is defined as [17]: 

2

1 :
1 2

ε εp p p
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p

ε
ν
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+

    (A-7) 
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and  𝜺̇𝜺𝑝𝑝 and 𝜈𝜈𝑝𝑝 are the plastic strain rate tensor and plastic Poisson ratio. 𝜀𝜀𝑒𝑒𝑒𝑒
𝑝𝑝  is calculated according to 

𝜀𝜀𝑒̇𝑒𝑒𝑒
𝑝𝑝  via time integration within the subroutine. Below, the plastic strain rate tensor is expressed in Eq. 

(A-10) while the plastic Poisson ratio is reported in Table 5. 

A non-associative flow rule was used to consider the volumetric deformations of the epoxy where 

the flow potential is defined as [17]: 

2
2 13J IβΨ = +  (A-8) 

and 𝛽𝛽 is calibrated from comparing the plastic strains in uniaxial loading case and stated as: 

( )
1 2

2 1
p

p

ν
β

ν
−

=
+

 (A-9) 

Here, the plastic strain tensor can be expressed as a function the flow tensor and the time derivative of 

plastic multiplier (𝛾̇𝛾) as: 

( )3 6p γ γ β∂Ψ
= = +

∂
  ε

σ
S P  (A-10) 

while the plastic multiplier and the consistency condition shall constantly obey the following 

conditions: 

0,    0,    0γ γ≥ Φ ≤ ⋅Φ =   (A-11) 
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Appendix B 

Explicit Time Integration 

An explicit time integration method was utilized in the study while return mapping algorithm was used 

for correcting the elastic predictor. Here, a straight-forward summary of the applicable relations for the 

subroutine is provided. The reader is referred to Ref. [30] of Chapter 7 for understanding the 

computational approaches in plasticity.  

Defining an elastic trial stress between the time increments [𝑡𝑡𝑛𝑛, 𝑡𝑡𝑛𝑛+1], the updated trial stress is 

expressed as: 

1 :Trial
n n+ = + ∆σ σ εC   (B-1) 

where the 𝝈𝝈𝑛𝑛 is the resulting stress from the previous increment. Equation (B-1) can be split into two 

parts: 

1 1
2 ,   

1 3(1 2 )
Trial Trial
n n d n n v

E E
ν ν+ += + ∆ = + ∆

+ −
ε εS S P P   (B-2) 

Therefore, the corrected stress at the current increment is defined as: 

( )1 1 : :C Cσ σ ε ε εTrial p p
n n+ += − ∆ = ∆ − ∆   (B-3) 

Using Eq. (B-1) and the deviatoric (𝑰𝑰𝑑𝑑) and volumetric (𝑰𝑰𝑣𝑣) projection tensors at 𝑛𝑛th increment, the 

corresponding stress tensors components can be extracted. The definition helps reducing the overall 

computation time. Now, the plastic strain can be obtained using Eq. (A-10). Hence, using Eq. (B-2) and 

Eq. (B-3), the updated components of the stress tensor are determined by: 

1 1
1 1,   S PS P

Trial Trial
n n

n n
d vξ ξ
+ +

+ += =   (B-4) 

where: 

6 61 ,   1
1 1 2d v
E Eγ β γξ ξ

ν ν
∆ ∆

= + = +
+ −

  (B-5) 

Afterwards, equations are presented at the current (𝑛𝑛th) time increment and the subscript is dropped to 

facilitate reading the equations. Thereby, the consistency condition is rewritten as: 

( ) 12
2

26 2 0
TrialTrial

C T
C T

d v

IJ σ σ
σ σ

ξ ξ
−

Φ = + − =  (B-6) 

Hence, employing Eq. (A-10) into the Eq. (A-7) and using Eq. (B-4), the equivalent plastic strain at the 

current increment is stated as: 
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12181
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p

eq
p d v

IJ β
ε γ

ν ξ ξ

 
 ∆ = ∆ +
 +
 

  (B-7) 

For the sake of simplicity, the multiplier is divided into two terms as: 

( )22
12

2 2 2

12181 ,    
1 2

TrialTrial

p d v

IJA B
β

ν ξ ξ
= = +

+
  (B-8) 

In this study, the Newton-Raphson root-finding method within the return mapping algorithm 

framework was used to solve nonlinear equations for finding the plastic multiplier. Thus, the derivatives 

of the consistency condition with respect to the plastic multiplier is defined as: 

( )
( )

( )

11
2

2
3

122
1 2

72 2
1

TrialTrial
C TC T

v v

Trial
CT

C T
d

E II

EJ

β σ σσ σ
γ ξ γ γ ν ξ

σσσ σ
ν ξ γ γ

− ∂ ∂∂Φ
= − − ∂∆ ∂∆ ∂∆ − 

 ∂ ∂
− − + + ∂∆ ∂∆ 

  (B-9) 

where the derivatives of the hardening functions by using the chain rule are expressed as: 

p
eqC C

p
eq

p
eqT T

p
eq

εσ σ
γ ε γ

εσ σ
γ ε γ

∂∆∂ ∂
=

∂∆ ∂∆ ∂∆

∂∆∂ ∂
=

∂∆ ∂∆ ∂∆

  (B-10) 

The first term of Eq. (B-10) has been defined with regards to the selected compressive and tensile 

hardening curves while the second term is determined by using Eq. (B-5) as: 

( ) ( )
3

2 1
3 3
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p Trial Trial
eq

d v

EJ E IA B
B

ε βγ
γ ν ξ ν ξ

  ∂∆ ∆
= − +   ∂∆ + −   

  (B-11) 

Thus, the numerical solution for Eq. (B-6) during iteration can be found by using Newton-Raphson 

root-finding method at each increment to measure the plastic multiplier, Δ𝛾𝛾: 

1 1n n old
new old

old

γ γ

γ

+ + Φ
∆ = ∆ −

 ∂Φ
 ∂∆ 

  
(B-12) 

It should be noted that stresses at the hardening curves, as functions of the plastic multiplier, are 

updated during the loop convergency, i.e. Φ ≤ 𝑡𝑡𝑡𝑡𝑡𝑡. Accordingly, the stress tensor, plastic strain tensor, 

and equivalent plastic strain are determined at different increments. 
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Based on the experience in this study, consistent tangent operator for small strain materials, e.g. 

epoxy, enforces an extra computation time to the subroutine while fails to improve the overall 

prediction time. This is also valid for a damage analysis. Nevertheless, one can utilize the approach by 

replacing the elastic stiffness tensor in Eq. (B-1) by the consistent tangent operator to improve the trial 

stress at each increment. This approach is not covered here.  

The pseudo-code for the employed algorithm is demonstrated in Table B-1. 

Table B-1. Pseudo-code for implementation of the inelastic modelling for an epoxy. 

(i) Elastic predictor  

 Find 1
Trial
n+σ  1 :Trial

n n+ = + ∆σ σ εC   

 Find 𝑺𝑺𝑛𝑛+1𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇  1 1S I : σTrial Trial
n d n+ +=   

 Find 𝑷𝑷𝑛𝑛+1𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇 1 1 1P SσTrial Trial Trial
n n n+ + += −   

 Find 𝐼𝐼1𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇 and 𝐽𝐽2𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇 See Appendix A 

 Update equivalent plastic strain ( ) ( )Trial Oldp p
eq eqε ε∆ = ∆   

 Find 𝜎𝜎𝐶𝐶𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇 and 𝜎𝜎𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇 according to the defined strain hardening 
curve in the model  

(ii) Check for inelastic deformations (Φ) Eq. (A-5) 

 if Φ < 0 then  Elastic response 

 𝝈𝝈𝑛𝑛+1 = 𝝈𝝈𝑛𝑛+1𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇, Update other variables accordingly  

 Check for cavitation, Update solution-dependent variables* Eq. (6-7) 

 elseif Φ ≥ 0 then “iterate over the following subparts” Inelastic response 

(ii-1) Set an initial value for plastic multiplier, e.g. Δ𝛾𝛾 = 10−8  

(ii-2) Find dξ  and vξ   Eq. (B-5) 

 Find Δ𝜀𝜀𝑒𝑒𝑒𝑒
𝑝𝑝  Eq. (B-7) 

 Find 𝜎𝜎𝐶𝐶𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇 and 𝜎𝜎𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇 according to the hardening curve  

 Find Φ Eq. (B-6) 

 Find derivatives Eqs. (A-9), (B-8), (B-
9), (B-10), (B-11) 

 Find the new plastic multiplier Δ𝛾𝛾 Eq. (B-12) 

(ii-3) Check for convergence   
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 if Φ ≤ tol then   

 Update 𝝈𝝈𝑛𝑛+1, Δ𝜀𝜀𝑒𝑒𝑒𝑒
𝑝𝑝 , 𝜺𝜺𝑝𝑝, and other related variables 

Inelastic deformation, Update solution-dependent variables* 

 

 “end the loop”  

(iii) Check for cavitation and inelastic damage, Update solution-
dependent variables* 

Eqs. (6-1) and (6-7) 

* Solution-dependent variables do not influence the stress/strain definition. 
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Appendix C 

Isotropic Damage Model 

An isotropic damage model (i.e., single variable) was used to predict the post-peak response of the 

epoxy. In the following, a summary of the damage model is presented, while further details of deriving 

the equations are provided in Ref. [13,30,31] of Chapter 7. Assuming the elastic-damage response of 

the material is decoupled from the plastic contribution, the specific free energy relation in a 

thermodynamical framework is defined as: 

 ( ) ( ) ( ), , , , ,e ed e pR d d Rψ ε ψ ε ψ= +X X   (C-1) 

where 𝜓𝜓𝑒𝑒𝑒𝑒 and 𝜓𝜓𝑝𝑝 are elastic-damage and plastic contribution to the specific free energy. Here, 𝜀𝜀𝑒𝑒 and 

𝑑𝑑  are elastic strain and isotropic damage variables. Also, 𝑅𝑅  and 𝑿𝑿 are internal variables related to 

isotropic and kinematic hardening. In an explicit framework, the complementary energy density 𝜓𝜓 is 

determined by: 

: dtρψ = ∫ σ ε   (C-2) 

Here, 𝝈𝝈 and 𝜺̇𝜺 are Cauchy’s stress tensor and strain rate. Also, 𝜌𝜌 is the material density. In the scalar 

format, the elastic-damage specific energy is defined as: 

( ) ( )

( ) ( )

2 2 2
11 22 33

11 22 11 33 22 33

2 2 2
12 13 23

2 1
1
1

ed

E d E

E d

σ σ σ νψ σ σ σ σ σ σ

ν σ σ σ

+ +
= − + +

−

+
+ + +

−

  (C-3) 

where 𝐸𝐸 and 𝜈𝜈 denote Young’s modulus and Poisson’s ratio, respectively. Although finding an explicit 

answer for calculating 𝜓𝜓𝑝𝑝  is possible, an indirect method facilitates numerical calculation of the 

corresponding energy as: 

p edψ ψ ψ= −   (C-4) 

The irreversible nature of damage process ensures a positive dissipation of energy. Based on this 

presumption, the stress-strain relation for an isotropic damage model is expressed as:   

  ( ) :d=σ εC  (C-5) 

Here, 𝑪𝑪(𝑑𝑑) is the stiffness tensor as a function of damage parameter (𝑑𝑑) and defines as: 
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( ) ( )
( )

( )

0 0 0
0 0 0
0 0 0

0 0 0 1 0 0
0 0 0 0 1 0
0 0 0 0 0 1

d d d

d d d

d d dd =
G d

G d
G d

ζ λ λ
λ ζ λ
λ λ ζ

 
 
 
 
 − 
 −
 

−  

C   (C-6) 

where 𝐺𝐺 is shear modulus and: 

( ) ( )( )
( )( ) ( )( )
1 1 1

1 1 1 2 1d

E d d
d d

ν
ζ

ν ν
− − −

=
+ − − −

  (C-7) 

( )
( )( ) ( )( )

21
1 1 1 2 1d

E d
d d
ν

λ
ν ν

−
=

+ − − −
 (C-8) 

Thus, the stress-strain state of the material depends on calculating the damage variable. In the following, 

the method for finding this parameter is presented.  

Using the concept of effective stress, damage activation functions for cavitation-induced and ductile 

failure are proposed as: 

 12 ( )3 0C T
dis dis

C T C T

I X XJF r
X X X X

−
= + − ≤



 (C-9) 

0dil
dil dilc

dil

UF r
U

= − ≤   (C-10) 

and 𝑟𝑟𝑑𝑑𝑑𝑑𝑑𝑑 and 𝑟𝑟𝑑𝑑𝑑𝑑𝑑𝑑 are the internal variables and defines as: 

 12 ( )3max 1, C T
dis

C T C T

I X XJr
X X X X

  −
= +  

   



 (C-11) 

max 1, dil
dil c

dil

Ur
U

 
=  

 
  (C-12) 

Based on the Bazant’s crack band model [32], the energy dissipation per unit volume is expressed as: 

1

f
e

Gd dr
d r l
ψ∞ ∂ ∂

Ψ = =
∂ ∂∫   (C-13) 
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where 𝐺𝐺𝑓𝑓  and 𝑙𝑙𝑒𝑒  are the energy release rate and characteristic length, that is defined based on the 

geometry of an elements in an FE software. The following expressions relate the damage variables and 

internal variables: 

( )23 7 2

2
1

7 2 2

dis disA r

dis

dis

ed
r

− +

= −
+ −

 (C-14) 

( )1

1
dil dilA r

dil
dil

ed
r

−

= −   (C-15) 

These damage evolution laws have been defined with respect to the two boundaries imposed by the 

damage variable (i.e., pristine and fully damaged) to ensure damage localization and strain softening 

of the material. 

Using the uniaxial loading cases for cavitation-induced and ductile failure, the unique damage 

parameters 𝐴𝐴𝑑𝑑𝑑𝑑𝑑𝑑 and 𝐴𝐴𝑑𝑑𝑑𝑑𝑑𝑑 can be determined by the following equations: 

( )

( )( )
( ) ( )

( )

( )
2

2
2

1

22 2

2 2

3 7 2

22 2

41
2 2

2 1 1 1 2

1 1 1 2 1

2 1
7 2 27 2 7 2 2

dis dis

T C C T C T dis

dis dis

dis dis

A r
fdis

dis dis e
disdis dis

X X X X X X r
E

d d

d d

Gr e A dr
lrr r

ν ν ν

ν ν

∞

− +

 − + − + 
 
 

+ − − +  ×
+ − − −      

 
 × + =
 + −+ + −  

∫

 (C-16) 

( )( )
( ) ( )

( )

22 2

2 2
1

1

2 1 1 1 23
1 2 1 1 1 2 1

1dil dil

c
dil dildil dil

dil dil

A r
f

dil dil e
dil

d dU r
d d

Ge A dr
r r l

ν ν ν
ν ν ν

∞

−

+ − − +  ×
− + − − −      

 
× + = 

 

∫
  (C-17) 

To facilitate defining the following expressions, the left-hand side of Eqs. (C-16) and (C-17) are 

represented as: 

( )
1

,dis dis dis dis disg f A r dr
∞

= ∫  (C-18) 
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( )
1

,dil dil dil dil dilg f A A dr
∞

= ∫   (C-19) 

To find the improper integral on the left-hand side, Simpson’s 1/3 rule can be used as: 

( ) ( ) ( ) ( )
/2 1 /2

/ / 0 / 2 / 2 1 /
1 1

2 4
3

n n

dis dil dis dil dis dil j dis dil j dis dil n
j j

hg f r f r f r f r
−

−
= =

 
≈ + + + 

 
∑ ∑   (C-20) 

Here 𝑛𝑛 is the number of iterations, 𝑟𝑟0 and 𝑟𝑟𝑛𝑛 are the first and last value for 𝑟𝑟 starting from 1. Also, the 

increment ℎ was defined as: 

/ / /lnTrial
dis dil dis dil dis dilh nA K=   (C-21) 

and 𝐴𝐴𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇 are constants within the loop. To limit the number of iterations for calculating the improper 

integral, the absolute value of the effective stress/energy is limited to 𝑋𝑋𝑡𝑡/𝐾𝐾 and �6𝐸𝐸𝑈𝑈𝑑𝑑𝑑𝑑𝑑𝑑𝑐𝑐 /1 − 2𝜈𝜈/𝐾𝐾 

for ductile failure and cavitation-induced failure, respectively, while the remaining energy is negligible. 

The parameter 𝐾𝐾  = 100 for both cases. The flowchart for calculating the improper integral is 

demonstrated in Fig. C-1b.  

The secant method is used to find the unique damage variables by solving Eqs. (C-16) and (C-17). 

Accordingly, the expression for finding 𝐴𝐴𝑑𝑑𝑑𝑑𝑑𝑑/𝑑𝑑𝑑𝑑𝑑𝑑  at the next step, based on the predictions in two 

previous steps, is defined as:  

( ) ( ) ( )( )
( )

( )( ) ( )( )

1
/ / / /

1
/ /

1
/ / / /

ln ln ln ln

ln

ln ln

fi i i
dis dil dis dil dis dil dis dil e

i i
dis dil dis dil

i i
dis dil dis dil dis dil dis dil

G
A A g A

l

A A

g A g A

+

−

−

  
= − −  

  

−
×

−

 (C-22) 

and the following values are suggested for initializing the root-finding iterations [32]: 

2
1 0 1

/ / /2

2 , 0.5
2

e
T

dis dil dis dil dis dile
f T

l XA A A
EG l X

= =
−

 (C-23) 

Worth noting that the damage variable, d, in the code cannot be equal to 1 which enforces unrealistic 

deformations to an element; however, failed elements carry an insignificant amount of stress, while 

they are not removed in the FE model.  

The flowchart for the secant root-finding method is illustrated in Fig. C-1a. Additionally, the pseudo-

code for developing the subroutine is provided in Table C-1. 
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                       (a)                         (b) 

Figure C-1. Flowcharts for: (a) secant root-finding method; (b) Simpson’s improper integral 
estimation. 
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Table C-1. Pseudo-code for implementation of the plasticity and damage modelling. 

(Ι) if 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑/𝑑𝑑𝑑𝑑𝑑𝑑 ≤ 0 then  

(i) Elastic predictor  

 Find 𝝈𝝈𝑛𝑛+1𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇/ 𝑺𝑺𝑛𝑛+1𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇/ 𝑷𝑷𝑛𝑛+1𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇/ 𝐼𝐼1𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇/ 𝐽𝐽2𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇 

1 :Trial
n n+ = + ∆σ σ εC

1 1S I : σTrial Trial
n d n+ +=  

1 1 1P SσTrial Trial Trial
n n n+ + += −  

( )1 1
Trial Trial

ntr +Ι = σ

2 1 1
1 :
2

Trial Trial Trial
n nJ + +S S=  

 Update equivalent plastic strain ( ) ( )Trial Oldp p
eq eqε ε∆ = ∆  

 Find 𝜎𝜎𝐶𝐶𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇 and 𝜎𝜎𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇  (Hardening curves)  

(ii) Check for inelastic deformations (Φ) 
Appendix A 

Eq. (A-5) 
(a) if Φ < 0 then  Elastic response 

 𝝈𝝈𝑛𝑛+1 = 𝝈𝝈𝑛𝑛+1𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇, Update other parameters and solution 
dependent variables (SDV) 

 

 Check for cavitation Eq. (A-10) 

(a-1) if 1 0c
dil dil dilF U U= − ≤  then  

 Go to the next increment  

(a-2) elseif 1 0c
dil dil dilF U U= − ≥  then  

 Find dilA  Follow Fig. C-1 

 Find dilr   Eq. (C-12) 

 Find dild  Eq. (C-15) 

 Update effective stiffness tensor Eqs. (C-6) - (C-8) 

 Update stress tensor, update other parameters and 
SDVs  

(b) elseif Φ ≥ 0 then  
Set an initial value for plastic multiplier, e.g. Δ𝛾𝛾 = 10−8 
Iterate over (b-1) 

Inelastic response 

(b-1) 
Find dξ  and vξ   

Appendix B 
Eq. (B-5) 
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Find Δ𝜀𝜀𝑒𝑒𝑒𝑒

𝑝𝑝  
Appendix B 

Eq. (B-7) 
 Find 𝜎𝜎𝐶𝐶𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇 and 𝜎𝜎𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇𝑇  (Hardening curves)  

 
Find Φ 

Appendix B 
Eq. (B-6) 

 
Find derivatives 

Appendix A & B 
Eqs. (A-9) & (B-8) - 

(B-11) 
 

Find the new plastic multiplier Δ𝛾𝛾 
Appendix B 
Eq. (B-12) 

(b-2) Check for convergence, if Φ ≤ tol then  

 Update 𝝈𝝈𝑛𝑛+1, Δ𝜀𝜀𝑒𝑒𝑒𝑒
𝑝𝑝 , 𝜺𝜺𝑝𝑝, update other parameters and 

SDVs 
 

(b-3) Check for cavitation and ductile failure Eq. (C-10) & (C-11) 

(b-3-1) if 
 12 ( )3 1 0C T

dis
C T C T

I X XJF
X X X X

−
= + − ≥



 then  

 Find disA  Follow Fig. C-1 

 Find disr  Eq. (C-11) 

 Find disd  Eq. (C-14) 

 Update effective stiffness tensor Eqs. (C-6) - (C-8) 

 Update stress tensor, update other parameters and 
SDVs  

(b-3-2) elseif 1 0c
dil dil dilF U U= − ≥  then  

 Find dilA  Follow Fig. C-1 

 Find dilr  Eq. (C-12) 

 Find dild  Eq. (C-15) 

 Update effective stiffness tensor Eqs. (C-6) - (C-8) 

 Update stress tensor, update other parameters and 
SDVs  

(b-3-3) else  

 Go to the next increment  

(ΙΙ) elseif 𝑑𝑑𝑑𝑑𝑑𝑑𝑑𝑑/𝑑𝑑𝑑𝑑𝑑𝑑 > 0 then Eq. (C-14) / (C-15) 
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* Adis/Adil have been 
already calculated in 
the previous increment 

 Find disr / dilr  Eq. (C-11) 

 Find disd / dild  Eq. (C-14) 

 Update effective stiffness tensor Eqs. (C-6) - (C-8) 

 Update stress tensor, update other parameters and SDVs  
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