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Abstract

The goal of this paper is to develop the theory of Courant algebroids with in-
tegrable para-Hermitian vector bundle structures by invoking the theory of Lie
bialgebroids. We consider the case where the underlying manifold has an almost
para-complex structure, and use this to define a notion of para-holomorphic alge-
broid. We investigate connections on para-holomorphic algebroids and determine
an appropriate sense in which they can be para-complex. Finally, we show through
a series of examples how the theory of exact para-holomorphic algebroids with a
para-complex connection is a generalization of both para-Kéhler geometry and the

theory of Poisson-Lie groups.
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1 Introduction

There has been a growing interest in generalized geometry since Hitchin introduced the
concept in his paper Generalized Calabi-Yau Manifolds in 2002 [17]. Given a smooth
manifold M, the natural setting for generalized geometry is the vector bundle TM :=
TM @ T*M. This vector bundle comes equipped with a natural anti-symmetric bracket,
[-, -], introduced by Courant in his 1990 paper Dirac Manifolds [8], a symmetric bilinear
form (-, -) and a natural anchor map p: TM @&T*M — T M given by projection onto the
first factor. For X @ &, Y @ n € I'(TM @& T*M), the bracket and symmetric pairing are
given explicitly by:

(X@EY @ =[X,Y])®Lxn — Lyé — %d(bxﬁ— y€), (1)

(X@&Y @n) =) +n(X).
Courant also introduced the notion of a Dirac subbundle in [g].

Definition 1.1. Let M be a smooth manifold. A Dirac structure on TM is a subbundle
L C TM that is maximally isotropic and whose space of sections, I'(L), is closed under

the Courant bracket.

Dirac structures correspond directly to Poisson bivectors in the case where L # T'M or
T*M (for a good explanation of why this is the case, see [32]), and so the search for

Dirac subbundles is equivalent to the search for Poisson bivectors on M.

On the other hand, research in para-complex geometry has been expanding as

well. The fundamental object here is the almost product manifold.

Definition 1.2. Let M be a smooth manifold, and J € T'(End(TM)) with J* = Idry;.
The pair (M, J) is called an almost product manifold.
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Since J? = Idry;, J has two eigenvalues, £1, and so TM admits a decomposition into
the direct sum of the +1-eigenbundles TM = TTM @& T~ M. If the eigenbundles have
the same rank, then J is called an almost para-complex structure. The pair (M, J) is
called a half integrable para-complex manifold if one of the eigenbundles is closed under
the Lie bracket, and a para-complex manifold if both eigenbundles are integrable. For
an interesting survey of the historical context, and some basic results in the field leading
up to the mid 1990’s, see [9]. Just as in the complex case, one can ask what it means for
an almost para-complex structure to be compatible with a metric on M. This gives the

following definition.

Definition 1.3. Let (M, J) be an almost para-complex manifold and g be a non-degenerate
symmetric bilinear form on M. Then we say that J is compatible with g if g(J-, J-) =

—g(+, ) and in this case, we refer to (M, g,J) as an almost para-Hermitian manifold.

It was Bejan who introduced the concepts of para-complex and para-Hermitian
vector bundles in her paper The Ezistence Problem of Hyperbolic Structures on Vec-
tor Bundles [4]. These structures lack a concept of integrability however, and so these
constructions are done basically at the level of vector spaces. Importantly, Erdem in-
troduced the concept of a para-holomorphic map between para-complex manifolds. In
the context of vector bundles, we understand para-holomorphic maps as vector bundle
morphisms T : (F, Jg) — (F, Jg) such that JpoT = T o Jg. Erdem also introduced
the idea of “para-complexifying” a vector bundle using the para-complex numbers C' to

obtain =£j-eigenbundles, similar to the complex case, but with the caveat that j2 = 1.

Where the concept of Courant algebroids and para-Hermitian vector bundles meet
is in Svoboda’s paper Algebroid Structures on Para-Hermitian Manifolds [36]. Motivated
by the physics of Double Field Theory, Svoboda identifies para-Hermitian structures on

Courant algebroids as corresponding to Lie bialgebroids, which are thoroughly studied



in [34]. The condition of integrability of the eigenbundles of the para-complex structure
becomes closure under the Courant bracket, and so one obtains a pair of transverse Dirac

structures corresponding to the para-Hermitian structure.

In this paper, we are interested in exploring para-Hermitian algebroids £ — M
over para-Hermitian manifolds (M, g, J) in order to show that an even wider class of
of objects can be realized in the para-complex setting than previously thought. In this
setting, it is natural to ask questions like: “Is the obstruction to integrability of the
eigenbundles of F related to structures on T'M?”, “What happens if the anchor map
p : E — TM is para-holomorphic?”, and “Given a connection A : TM — FE, what
does it mean for A to be para-holomorphic?”. The contribution that this paper aims
to make is to introduce the concept of para-holomorphic algebroids, and para-complex
connections. The interplay between para-complex connections and para-Hermitian /holo-

morphic algebroids is particularly interesting. For instance, we find that

Theorem 1.1. If (E,J) is an exact para-Hermitian algebroid over a para-Hermitian
manifold, and admits a flat para-complex connection A, then E is a para-holomorphic

algebroid.

A consequence of considering para-complex connections is that we arrive naturally
at the concept of a split-para-complex structure. In short, a split-para-complex structure
is a vector bundle F together with two para-complex structures J, K, such that JK =
KJ. For an exact para-Hermitian algebroid (F,.J) with a connection A and an anchor
map p: E — TM, we can define the para-complex structure K to take the value +1 on
A(TM) and —1 on p*(T*M). In general, we can take any splitting £ = p*(T*M) & H,
and define the para-complex structure K similarly. This identification of connections

and almost para-complex algebroids leads us to the observation:

Theorem 1.2. If (E,J) is an exact para-holomorphic algebroid, then E admits a flat
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para-complex connection if and only if (E, J, K) is split-para-complez.

Finally, we will present a class of para-Hermitian algebroids over the exact Courant
algebroid TG for a Lie group G with a quadratic Lie algebra g, as well as a class of ex-
act para-holomorphic algebroids with flat para-complex connections over TG when g is
also semi-simple. In the second class of examples, we realize a compact real form of the
Lie algebra g as corresponding to a special para-holomorphic structure on TG, where
G is the Drinfeld double of K, endowed with a compatible para-complex connection in-
duced by the diagonal inclusion G < G x G (referred to as the Cartan-Dirac structure).
We will also construct a separate para-holomorphic structure with flat para-complex
connection on TG in the case where G is the Drinfeld double of a complete simply-
connected Poisson-Lie group (K, Ik ). The goal of this section is to concretely establish
that exact para-holomorphic algebroids with flat para-complex connections are not only
common, but comprise some well known objects. The impression we try to give is that
para-Hermitian geometry is general enough to include interesting objects and provides a

direction for future generalizations.

Roytenberg studied Lie bialgebroids using the framework of supermanifolds in
[34], and so in the future it would be interesting to generalize para-holomorphic algebroids
using this formalism. In particular, it would be interesting to try and cast the para-
complex structure as a function on T*IIE,, as they do with other important objects
like the Courant bracket. It would also be interesting to try and find examples of para-
holomorphic structures with compatible para-complex connections that are not simply

the diagonal embedding, and are perhaps not flat as well.



2 Para-Complex Vector Bundles

Para-complex manifolds and para-complex vector bundles are straightforward generaliza-
tions of complex manifolds and vector bundles. The utility of the para-complex setting is
that the splitting of the vector bundle into eigenbundles occurs at the level of the vector
bundle, and does not require you to “para-complexify”. One can generalize basically
any fact about complex manifolds and vector bundles to the para-complex setting to
obtain analogous results and fundamental objects, which is what we will summarize in

this chapter.

Of special importance is the so called para-Hermitian structure. The main interest
in this structure comes from the fact that the eigenbundles of the para-complex struc-
ture become maximally isotropic. In the context of quadratic Lie algebras, orthogonal
maximally isotropic subalgebras arise naturally in the study of Poisson-Lie groups. With
our goal of finding a single object that corresponds naturally to para-Kéhler manifolds

and also Poisson-Lie groups, we present the theory of para-complex vector bundles.
2.1 Basic Properties

Throughout this paper, let M be a smooth manifold of dimension n and £ — M be a

smooth real vector bundle over M.

Definition 2.1. A product structure on E is a section J € T'(End(E)) such that J* =
Idg.

On each fiber E, := 7~ !(p), p € M, we find that J has the two possible eigenval-
ues 1 and —1. This induces a decomposition of £}, into the direct sum of the eigenspaces

E, = E;“ ® E,, which in turn induces an eigenbundle decomposition E = Et o E~.



When the subbundles E* and E~ have the same rank (hence the rank of E must be
even), we say that J is a para-complex structure. This decomposition of the vector bundle

E induces a decomposition of the dual bundle as follows:

Let B = {w € E*|w(Z) =0forall Z € E7} and E* = {w € E*|w(Z) =
0 for all Z € E*}. We have the decomposition E* = E% & E*. This splitting induces a
decomposition of the k*-exterior bundle of E given by

/\kE* - @ E(*p,q)’

pt+q=k

where in this case El g = APEY N ATE* . An alternative definition involves the ring of

para-complex numbers C' = {a + jb|j* =1, a,b € R}.
Definition 2.2. A para-complex vector bundle is a vector bundle whose fibers are iso-

morphic to the free module C™, with the multiplication by j as the para-complex structure.

The transition functions of such a bundle will then be smooth (not necessarily
para-holomorphic) maps gas : (Us N Us) x C* — (U, N Us) x C™ satistying the re-
lations gaa = Idg), and gag © gsy © gya = IdE‘U(mUBmUW. Just as in the complex case,
placing restrictions on the transition functions allows us to introduce the concept of para-
holomorphic vector bundles, which we discuss later. We now consider the case of the
tangent bundle and the interaction of these eigenbundles with the natural Lie algebroid

structure on 7'M that comes from the Lie bracket.
2.2 The Case of the Tangent Bundle

An important case to consider is when £ = T'M. In this case, the pair (M, J) is referred
to as an almost para-complex manifold. The famous Newlander-Nirenberg theorem in
this context relates the almost para-complex structure J on T'M to the integrability of

the eigenbundles TTM and T~ M.



Theorem 2.1. (Newlander-Nirenberg [33]): Let (M, J) be an almost para-complex man-
ifold. Then J is induced by a para-holomorphic atlas if and only if the distributions T+ M
and T'~M are integrable.

We will discuss the concept of para-holomorphicity in the next section. The
integrability of the eigenbundles induces coordinates on M of the form (zy,z_). The
partial derivatives with respect to the z coordinates span eigenbundles T+ M. As in the
complex case, there is a (2,1)—tensor N7, called the Nijenhuis tensor, that measures the

integrability of these eigenbundles:
ANT(X,Y) = ([X,Y] = JIX,JY] = JJX,Y] + [JX,JY]). (2)

One can easily see that N’ = 0 if and only if 7+ M and T~ M are integrable. In the
case where M is itself a para-complex manifold (meaning that it has an integrable para-
complex structure), we can define the notion of a para-holomorphic vector bundle over
M using the concept of (p, g)-forms with values in E. If M is a para-complex manifold,
then we have a decomposition of the differential forms on M into types and can give an
expression for the image of the deRham differential with respect to this decomposition:

M= P aPIn,
pt+g=k

dp(g(p,q)M) C F(Q(pﬂ,q)M) ® F(Q(p’q“)M).
This is summed up in the following theorem.

Theorem 2.2. ([22], [33]) Let J be an almost para-complex structure on M. Then the

following are equivalent:

1. J is a para-complex structure.

2. TTM and T~ M are integrable.



3. dr(Q(l,O)M) C F(Q(ZO)M o) Q(l,l)M) and dF(Q(Ovl)M) - F(Q(lvl)M o Q(O’Z)M),
4. dF(Q(p’q)M) C I‘(Q(pﬂ,q)M @ Q(p’qH)M).

5. N7 =0.

The fourth condition allows us to decompose the exterior derivative into the sum
of two operators, d = 0, + O_, with the property that 9, : QPN — QP+L) )N and
O_ : QwIN — QWD From the fact that d* = 0, we derive the identities 9% = 0,
9> =0 and 9_9y + 9,0_ = 0 from the fact that the type decomposition of forms is
disjoint. In keeping with the complex setting, we obtain a local 0.-Poincaré lemma and

a local 0, 0_-lemma.

Lemma 2.1. (Local O.-Poincaré Lemma [22]): Any 0. -closed form w € QPOU, p > 1,

is locally O, -exact, and similarly for 0_ when q > 1.

Lemma 2.2. (Local 0,0_-Lemma [22]): Let w € QWY M be a 2-form. Then w is closed
if and only if for every point x € M, there exists an open neighborhood U containing x

such that w|y = 0,0_u for some real function u on U.

2.2.1 Para-Holomorphic Bundles

Let (M, J) be a para-complex manifold and f : M — C be a smooth function. Following
[11], we say that f is para-holomorphic when df o J = j o df. We note that any function
f: M — C can be expressed as f = 1% fi+ 1%] fo for some real-valued functions
fi, f2 € C°(M). Now, since M is a para-complex manifold, we have local coordinates

(z4,z_), and in these coordinates, the para-Cauchy-Riemann equations read

8,f1 - O, 8+f2 =0. (3)

Alternatively, if we model M locally as C", then using the +j-and —j-eigencoordinates
of j extended to TM ®gr C, z and z, the para-Cauchy-Riemann equations take on the
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familiar form of Of = 0, where @ corresponds to partial derivatives with respect to the
z coordinates. We desire a simple expression for para-holomorphicity similar to the one

in the complex setting. In order to do this, we consider the operators

8:

Lti g, 41295 o=—""o + 0, (4)

2 2 2 2

We can say that f : M — C is para-holomorphic if and only if 0f = 0, which is useful
because it allows us to avoid para-complexifying the tangent bundle in order to obtain
+j-eigenbundles. Further, we retain the identity d = 9+0. As was hinted earlier, & — M
is a para-holomorphic vector bundle over a para-complex manifold if there exists an atlas
with para-holomorphic transition functions. With this in mind, we can now examine what
it means for the transition functions of a para-complex bundle E over a para-complex
manifold M to be para-holomorphic. Given a trivialization Wy, : 7~ 1(U,) — U, x R*",
we can construct the transition functions Wy, o \If[}ﬂl (z,v) = (x, Tap(x)v). The component
functions of the map 7,5 : Uy, N Us — GLa2y(R) are of interest here when determining
what it means for this map to be para-holomorphic. To understand what this means, we
first consider that these transition functions should be compatible with the para-complex
structure on R*". If we choose eigenvectors as the basis, we can express 7,5 as a block

matrix in the z, and z_ coordinates. we find that when

+ ~ ] [+ -
Jo Pag  Pap _ Pap  Pap o J,
+ - + -
O’Oﬁﬁ O-Oéﬁ_ _O-Oéﬁ Uaﬂ
+ _ [+ -
Pag Pap | _ |Pap ~Pap
+ — - —
“%p T%p] %8 "Tap
and so
pap 0
TaB =
0 Oap

Further, we will see that in light of Proposition 2.2/ and the previous discussion on para-

holomorphic functions, and the fact that under the decomposition £, & E_ the transition
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functions are in the form p.g @ 0,4, the transition functions of the para-complexified

bundle would be 1% Pas + %aag. For this reason, we present the following.

Proposition 2.1. [} Let E — M be a rank 2n real vector bundle over a para-complex
manifold. Then E is para-complex if and only if the structure sheaf (Le. the collection
of transition functions) admits a decomposition

Pap 0

Gap =
0 Oap,

where pap and oap both have rank n. Moreover E is para-holomorphic if and only if

9_(pap)ij = 0 and 9,4 (0ap)i; = 0.

We now consider the bundle of forms. Beginning on the manifold M, we can
construct the bundle APDE = APDN @ E of E-valued forms on M of type (p,q).
At this point, it is pertinent to address the difference between the real bundle £ —
M with the para-complex structure J and its para-complexification. Recall that the
para-complexification of the bundle E is simply the vector bundle Ex whose fibers are
(Ec): = E, ®r C, x € M. If we replace the para-complex bundle E with E¢, then one
can decompose F¢ into its £j-eigenbundles, and much of the complex theory can be
replicated, including the Dolbeault sequence. In order to extend the operator d defined
in equation to one compatible with our understanding of the complexification, we

consider the following proposition from [22]:

Proposition 2.2. For a para-complex manifold M, let APD My denote the forms of
type (p,q) with respect to the para-complexified tangent bundle TMes. Then there is an

(R-linear) isomorphism

@ APDN x AP N — A®D M

1+ 1—3
(777/’7/)'_> 2 n+ 2 '

10



such that the following diagram commutes:

QPN x QPN — 25 QPa M,

[ b

Qeat) Nf x Qatte) pp 2 OatD) py,

Proof. Suppose that J is a para-complex structure on M. Then there are coordinates
2¢ on THM and 2% on T~ M, which allow us to define para-holomorphic coordinates z*
in the usual way, 2% := 1;” 2$ + 1; . From the fact that (lij) = lij and TJTJ =0,
we can see that %dzo‘ = %alzjE and %dé = ﬂdz . This means that if n € QPO M,
then %77 € QWD Me, and if ¥ € QUPIM | then = J n' € QP9 Mq. Therefore, the image

of ¢ is what we claim it to be. It is also easy to see that ¢ is R-linear as

o (1) + () = 4L (4 0w) + 15 L/ + o)

_1+j 1_]/ 1+] 1_] !
g 1ty ta{ et

= p(n.1') + ap(w,w’),

for any o € R. Furthermore, ker ¢ = {0} as ¢(n,n’) = 0 implies that 1%

which by multiplying through by 1+] (or 1—3) gives mn =0 (or 1;j n' = 0). Since 7
and 1’ are real-valued forms, we can conclude that they are the zero form on each of
their respective spaces, thus ¢ is an isomorphism. For reference, the inverse of ¢ is given

by (n,7) = (Re(w) + Im(w), Re(w) — Im(w)). Finally, we can show that the diagram

11



commutes. Recall that %% = %a%, implying

1+ 1—j

©(0-n,041') = 0+ —
Ltj,  1=ig,

o+ —2H
g Nt

I+ 1—-7,

dyn'

Il
Qi

The interesting part of Proposition [2.2] is that it appears as though the operator
O_ ® O, plays the same role as 0 does in the complex setting. In the complex setting,
the operator d sets up the Dolbeault sequence, which is the cohomological sequence of
spaces of differential forms, and maps type (p, ¢)-forms to type (p, ¢+ 1)-forms. For para-
complex bundles, the stand-in for this operator is 0_ @ d, acting on (p, q) & (g, p)-forms,
and so we have an analogous Dolbealt sequence in the para-complex setting:

C 29 e N @ Q) ) 220 Qe \p g Qlarle) g p 290

The choice to swap (p, q) for (g, p) comes directly from Proposition [2.2| and ensures that,
as in the complex case, QPN =2 QPONM @ QOP)M is a para-holomorphic vector
bundle (Where in the complex setting, Q2(%P)(M) is holomorphic [33]). We can extend

both 9, and d_ to QP9 E in the same way as in the complex case:
Ox (Wi, wapn) = (Oxwi, -+, Oxwny), (5)
where w; € QP2 (M). Additionally, we can consider the bundle

QPI(E) .= QP)(M)® B, @ QU (M) ® E_. (6)

12



In the case where E is para-holomorphic, we can extend the operator 0_ @ d, to the
local sections w = (w;, -+, wH) @ (Wi, -+ ,w;) € QPD(E), where w;" are local (p, q)-
forms and the w; are local (g, p)-forms, in a way that does not depend on the chosen
trivialization, as the F. trivialization is invariant under d+. Both 0, and J_ satisfy

the Leibniz rule, and therefore so does 0_ @ 0,. Using this convention, we retain the

sequence

0_®oy 0_®O+ 0_®O+

Q(nq)(E Q(p,q+1)(E) —_ .

with the special property that (0_ & 9, )? = 0.

Definition 2.3. An operator 0_ @ 0, : QWD (E) — QPIY(E) for all 0 < p,qg < n
on a para-complex vector bundle E that satisfies the Leibniz rule is called a pseudo-
paraholomorphic structure. If, moreover (0_ @ 0,)* = 0, then 0_ @ Jy is called a

para-holomorphic structure.

Just as in the holomorphic case, we have the following theorem.

Theorem 2.3. A para-complex vector bundle (E,J) is para-holomorphic if and only if

it has a para-holomorphic structure.

2.2.2 Para-Hermitian Manifolds

In contrast to the theory of complex manifolds, where the appropriate objects of study
in the Hermitian context are Riemannian metrics, para-complex geometry is concerned

with pseudo-Riemannian metrics of split signature. To begin:

Definition 2.4. A pseudo-Riemannian metric g is a smooth, symmetric, non-degenerate

section of E*® E*. Given a para-complex vector bundle (E,J), g is said to be compatible

with J if g(JX,Y) = —g(X, JY) for any sections X,Y € I'(E). In this case, we refer
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to g as a para-Hermitian metric. We define the induced fundamental form F € A>°E* by
F(X,Y)=g(X,JY).

We now quote some useful results from Bejan [4].

Proposition 2.3. Let (J,g) be a para-Hermitian structure on E. Then:

1. J is a para-complex structure on E and rank(E) = 2n.
2. g is a pesudo-Riemannian structure of signature (n,n).

3. The eigenbundles E™ and E~ are mazximally isotropic with respect to g.

Proof. Recall that g is non-degenerate, so there exists s; € I'(F) such that g(sq,s1) # 0.
We may also assume that g(s1,s;) > 0, with the negative case being similar. By the
definition of compatibility and the fact that g is symmetric, we have that s; is orthog-
onal to Js; with respect to g. If rank(E) > 2, then we let sy € I'(E) be orthogonal
to both s; and Js; with respect to g. It follows that Jss is also orthogonal to both s,
and Jsi, as well as s9, and so by continuing this process, we get a local orthogonal basis

B ={s1,Js1, - ,8n,Jsp}, and so rank(E) = 2n.

The signature of g is (n,n) as g(s;,s;) > 0, and so g(Js;, Js;) = —g(si,8:) < 0.
Let us denote u; = s; + Js; and v; = s; — Js;. We can see that, as before, {u;} and
{v;} are local bases for the eigenbundles E* and E~ respectively. Finally, we simply
have to show that ¢ is identically zero when restricted to either bundle. The maximality

condition is satisfied as rank(E*) = n, and E = E* @& E~. To this end, we see that for

14



the basis vectors {u;}, we have

g(si+ Jsi,s;+ Js;) = g(si,s5) + 9(Jsi, Js;) + g(Jsi, s5) + g(si, Js;)
= g(si,85) — g(si,85) + 9(si, Jsj) — g(si, Js;)
=0.

And a similar calculation shows that g also vanishes on E~. [

In keeping with the previous section, the addition of a compatible pseudo-Riemannian
metric induces a further reduction in the structure sheaf of the para-Hermitian bundle,
consisting of the collection of transition functions over some choice of open cover of M.

We have the well known result due to Bejan [4]:

Theorem 2.4. A vector bundle E over M admits a para-Hermitian structure if and only
if the structure group acting on its frame bundle can be reduced to the group of matrices

of the form:

S 0
gaﬁ(p) = : S S GLk:(R)a p eM
0 (5!

Proof. Suppose that E admits a para-Hermitian structure (.J, g). The first thing to note
is that we require a compatible pseudo-Riemannian metric, whereas in the complex case,
the complex structure is enough to provide a reduction of GLs,(C) — GL,(R). In the
complex case, it is possible to construct local linearly independent frames just using the
complex structure, but the same method does not work in the para-complex case unless
a compatible metric is introduced. This is a consequence of the classification of almost

vector cross-product structures. With this in mind, we proceed as follows.

Let (E,m, M) be a vector bundle of rank 2n, and let J be an endomorphism of £
such that J2 = Idg. Let ¢, : 71 (U,) = Uy x R*", and pg : 7 1(Us) — Uz x R* be two
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local trivializations such that U, N Uz # @. Consider the action of J on R?", given by
Jo = paoJop ! and Jg = <,050J0g0§1. Furthermore, we let o0, (p,v) = (p, Tas(p) (v))
for (p,v) € U,NUs x R*™. Recall that g is non-degenerate, so there exists s; € I'(E) such
that g(s1,s1) # 0. We may also assume that g(s;,s1) > 0, with the negative case being
similar. By the definition of compatibility and the fact that g is symmetric, we have
that s; is orthogonal to Js; with respect to g. If rank(FE) > 2, then we let s, € I'(E) be
orthogonal to both s; and Js; with respect to g. It follows that Js, is also orthogonal
to both s; and Js;, as well as sy, and so by continuing this process, we get a local
orthogonal frame B, = {s1, JoS1, ", Sn, JoSn} on the image of ¢,. Following as in the

complex case, we get a reduction into matrices of the form

air bu -0 an bm

bll ay;p - bnl Qn1
Tap =

A1n bln ot Qnn bnn

bln Q1p - bnn Qnn

In the para-complex setting, we may use the natural +1-eigenbasis, which is given

by By = {J5(s" + Jas'), -+ (8" + Jas"), J5 (st = Jas'), -+ ,\/ii(s” — Jas™)}. In this
basis, the transformation takes the form
apg +biy as +by - 0 0
aig +bia ag + by - 0 0
. . . . S 0
Tap = ; : ; ; =
0V
0 0 : A(n—1)(n—1) — b(n—l)(n—l) Ap(n—1) — bn(n—l)
0 0 T A(pn—1)n — b(n—l)n Anp — bnn
(7)
Now, we make an observation: 7,3 maps the +1-eigenspace of .J, into the +1-
eigenspace of Jz. With this in mind, we construct a basis Bz = {%(sl—i-(]gsl), ce \%(s”—i—
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J3s™), %(31 — Jgst), .- ,\%(s" — Jss™)}. Using this basis, we remark that

Knowing that 7,5 vanishes on complimentary eigenspaces allows us to keep the form that

we arrived at in equation (7.2.1). We also note that by definition g, = 750 g5 0 754, and

SO

0 1,\ (s o\ [0 5\ (s o
L, o) \o vt)\n of/\o v
0 .\ [0 sV
L, o) \vts o

And thus we have S'V = 0, or V = (S%)~!. Therefore, the structure group has a

reduction into matrices of the form

(S 0
Tag(p) = ,  S(p) € GLL(R), p€ M.
0 (S p)

Conversely, suppose that 7,4 has the desired form. Simply picking

0 I,
Ilva = ga =
I, 0
and then extending ¢, to all of F as
0 I,

gﬂZﬂ%ogaohﬁz
I, 0

gives a well defined metric. As well, we get two sub-bundles of E as the invariant spaces

of To5. Simply defining J to be the identity on one of them and minus the identity on
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the other gives a para-complex structure, and one can see that on the overlap,

Jg = 7;51 0 Jo 0 Tup

St 0 I, 0 S 0
0o S 0 -1, 0 (SH!
I, O
0 —I,
Thus, from the reduction of the structure group, we obtain a para-Hermitian structure.

]

In this case, if we assume that E is also para-holomorphic, then it is quite easy
to see that the transition functions have to be constant. This is because 0_(S5);; = 0,
and so S can only be a function of the 2" variables. But then we could say that the
transition functions (ST)~! can only be functions of the z_ variables. These matrices are
inverse transposes of each other, and so one can see that they must be constant. It is
quite easy to show that when g is compatible with the almost para-complex structure,
F € QWY If the para-complex structure is integrable and F is closed, then we know
by the local 0,0,-lemma that locally FF = 0,0 _u for some real function u, called the

local para-Kdhler potential.

Definition 2.5. Let (M, J, g, F) be an almost para-Hermitian manifold. We say that
this structure is para-Kdhler and refer to g as the para-Kdahler metric if and only if J is
integrable and dF = 0. In summary:

N7 =0

g 1s para-Kdhler < : (8)
dFF =0

The utility of this definition is that since the associated 2-form is closed, the

para-Kéahler metric ¢ can be written locally in term of the local para-Kéahler potential,
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giving

0%u

021027

95 =

Many interesting examples of para-complex, para-Hermitian, and para-Kéhler manifolds
exist. For an overview of some historical examples as well as a survey of the development
of the field of para-complex geometry, see [9], in particular section 3. We will now present

some illustrative and interesting examples.

Example 2.1. The natural almost para-Kdhler structure on T* M :

This example is due Bejan in [3], and will be informative to have in mind when
we talk about para-complex connections in section 4. Let M be a smooth manifold and
let V be a torsion free connection on M. The connection V induces a decomposition
Te(T*M) = He(T*M) & Ve(T*M), where Ve(T*M) is the vertical bundle with respect
to the projection m : T*M — M, and H¢(T*M) is the horizontal bundle induced by the

connection. In local coordinates {x?, p’} for T*M, we have that
‘/v(%p)(T M): ’Ua—pi|'U EC (T M) s

0 0 o S ,
B + wza_pi | ', w' € C®(T*M), and w' + I (z)v’p" = ()} ’

Hp o) (T*M) = {vi

where ', are the Christoffel symbols of the connection V. Under this decomposition,
we can define an almost para-complex structure J with +1-eigenbundle equal to the
horizontal bundle, and —1-eigenbundle equal to the vertical bundle. The natural para-

Hermitian metric in the coordinates {z*, p'} is then given by

J

9= 1
5 0

It is easy to see that both H(T*M) and V(T*M) are maximally isotropic with respect

to this metric. Further, Bejan gives us the following Theorem:
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Theorem 2.5. With the above notation, (M,g,J) is an almost para-Kdhler structure
on the total space of the cotangent bundle T*M , whose fundamental 2-form F satisfies
F = df (where 6 denotes the Liouville form), and thus coincides with the canonical
symplectic structure on T*M . Moreover if V has vanishing curvature, then the structure

(M,g,J) is para-Kdihler.

Example 2.2. The Pseudosphere S©®3)

In complex geometry, there is the famous question of whether the sphere S% admits
an integrable complex structure. There are many known almost complex structures, but
none so far discovered are integrable. In this vein of exploration, Libermann in [20]
constructs an almost para-Hermitian structure on the pseudosphere S®3) that is not

integrable, where S©?) is the submanifold of R” determined by the polynomial
— w2ttt ai =1

In [35], Smolentsev reconstructs this almost para-Hermitian structure by considering the
quotient G5/SL(3;R), where G% is the non-compact real form of the exceptional Lie
group (G5, and shows that its Nijenhuis tensor does not vanish. Interestingly, in section
5.1 of [35], Smolentsev finds an integrable para-complex structure on S>3 by showing
that S©3) is diffeomorphic to the cylinder D? x S3, and so the question of whether

integrable para-complex structures exist on S®3) is closed.
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3 Lie Algebroids, Courant Algebroids and Lie-Bialgebroids

We now move towards a discussion of algebroids. Roughly, algebroids allow us to com-
bine the generality of para-Hermitian vector bundles with the integrability results that
only appear in the context of the tangent bundle. By endowing the vector bundle with
a bracket that has certain properties, we can ask questions about integrability of the
eigenbundles that we would be unable to do otherwise. The two main objects of study
here are Lie algebroids and Courant algebroids. A Lie algebroid is the most straightfor-
ward generalization of the tangent bundle, and a Courant algebroid is a generalization

of the bundle T'M & T*M, as we discussed in the introduction.

The objects that we intend to retain are the non-degenerate symmetric bracket
(+,-) on the vector bundle E — M and the almost para-complex structure J. Recall that
the eigenbundles of J are maximally isotropic with respect to (-,-). The fundamental
take-away from the concept of a para-Hermitian manifold is that when the subbundles
T*M are integrable, they form subalgebroids of the Lie algebroid T'M. Therefore, the
natural object to consider is the Lie bialgebroid (E., E_) consisting of dual pairs of Lie
algebroids. As we will see, Lie bialgebroids are related to Courant algebroids in precisely
the way that makes the Courant algebroid viable for a generalization of para-Hermitian

geometry, which we then discuss in the next section.
3.1 Lie Algebroids

In the context of vector bundles, we lack a concept of integrability for the eigenbundles
of a para-complex structure. Further, another weakness is that there is no accompanying
derivative operator to decompose that acts on functions to produce sections of the dual

bundle (as opposed to sections of Q' (M) ® E). It’s clear that the two objects that are
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missing are an anchor map p : £ — T'M, which will allow us to pull back the exterior
derivative on M, and a bracket on the space of sections of E. For this reason, we

introduce the notion of Lie algebroid using the formalism in [34].

Definition 3.1. A Lie algebroid is a vector bundle A — M together with an anti-
symmetric bracket [-,-]a on the space of sections I'(A) and a bundle map a : A — TM

called the anchor. The bracket and the anchor satisfy the following conditions:

1. For all o,7 € I'(A), a([o,7|a) = [a(0),a(T)|rn-
2. Forallo,7 € T'(A) and f € C®°(M), [0, fT]a = flo,T|a + (a(o)f)T.
One can use this bracket and anchor to produce a derivation of degree 1, d4, on

the space of sections I'(/\" A*) by using an identical form of the Cartan formula. For any

w € T(/\’ A*), we can define d w € D(N™ A*) by

p
daw(oo, -+ ,0p) = Z(_l)i<a(ai))w(gla e, Giy e, 0p) (9)
=0
+ Z (_1)Z+]w([017 Uj]A7 g0, " 76-2'7 e 75-j7 e 7Up)
0<i<j<p

Note that d%4 = 0. Moreover, the Lie bracket on A is recoverable from d4 since for any

we (A AY),
w([o, 7]a) = alo)w(T) — a(T)w(o) — daw(o, T).

All of the structural identities of the Lie bracket are induced by the fact that d4 = 0
and can be discovered by considering dg(c, f7) for arbitrary f,g € C*(M). Further,
it is possible to extend the Lie bracket to multi-vector fields (sections of A" A) via the

following rules. For o € T'(/\” A), we let the degree of o be |o| = p.

1. [0, 74 = —(=1)(e=-DUr-D [ o],
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2. For 0 € I'(A) and f € C*(M), [0, f] = alo)f.
3. [0,+]a is a derivation of degree |o| — 1, meaning

0.7 NEla= o, Tlane+ (1) Ao, loy7)l = o] + 7] - L.

The derivation d4 and interior derivative ¢, defined by contracting sections of A\ A* with
sections of A, can be used to define the Lie derivative operator £4 = [d,tx]. All of the

usual commutation relations satisfied by these operators continue to hold in this setting.

Example 3.1. The tangent bundle, TM, to a smooth manifold M.

As we remarked in the introduction to this section, the simplest Lie algebroid is
the tangent bundle T'M with the Lie bracket as the bracket on the space of sections and
the anchor given by the identity map.

Example 3.2. The action Lie algebroid g x M — M.

A Lie algebra action of g on M is a map o : g — X(M) such that o([X,Y];) =
[0(X),o(Y)]ra for X, Y € g. If one considers the trivial bundle g x M, we have an anchor
given by p(X,p) = 0(X)|, and can extend the bracket on g to g x M by derivations over
smooth functions on M to obtain a Lie algebroid called the action Lie algebroid of g on
M. Given an element of the dual Lie algebra £ € g*, one can compute the derivative of

§ with respect to the induced derivation d; as
dg€(X,Y) = o(X)E(Y) — o(YV)E(X) — £([X, Y]y),

which when X and Y are constant sections, meaning elements of g, reduces to d,§(X,Y) =

—&([X,Y],), which is the standard Poisson structure on g* [10].
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3.2 Courant Algebroids

Now, the Lie algebroid structure may be sufficient to define a para-complex structure
by simply requiring the eigenbundles to be closed under the bracket structure, but this
definition does not extend easily to the para-Hermitian setting. The more natural objects
in this setting are the Courant algebroid and Lie bialgebroid, which we also draw from

3.

Definition 3.2. Consider the vector bundle E — M equipped with a symmetric bilinear
form (.-, a skew-symmetric bracket [, |z : N' E — E, and an anchor map p : E — T M.
We define dg : C*(M) — ['(E*) by dg = p*d, meaning for a section e € I'(E) and a
smooth function f € C®(M), drf(e) = p(e)f, and the map T given by T(e1, eq,€3) =
$([e1, ea], e3)+c.p.. Then E is a Courant algebroid if the following conditions are satisfied.

For all e, ey, €5, €3, hy, hy € T(E) and f € C=(M),
1. J(e1,e9,e35) = BT (e1, €9, €3),
2. p(ler, e2]) = [p(er), p(e2)],
3. ler, fea] = fler, e2] + (p(er) f)e2 — 3{er, e2) B dpf,
4. poftody =0,
5. p(e)(hy, ha) = ([e, hal, ha) + (Ba, [e, ha]) + 2di (e, ha)(ha) + sdi(e, ha)(ha),

where J(eq, eq,e3) = [[e1, €a], €3] + [[e2, €3], 1] + [[es, e1],e2] and B : E — E* is the non-

degenerate bundle isomorphism induced by (-, ).

A special kind of Courant algebroid that will be useful for consideration later

are exact Courant algebroids. An exact Courant algebroid is a Courant algebroid that
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admits a fiber-wise decomposition E, =T, M & T;M, x € M. This is equivalent to the

following sequence being exact:

~

0 —TM-"3E " TM ——0,

where in this case, p* is the dual map to p under the pairing (-,-), meaning (p*¢, e) =

&(p(e)). Exactness allows us to say that ker(p) = Im(p*) and ker(p*) = 0.

Given an exact Courant algebroid E, one can deform the Courant bracket on F

by any closed 3-form in the following way.

Definition 3.3. Let E — M be an exact Courant algebroid and let n € Q3(M). We
define the n-twist of the Courant bracket [-,-] by

1, €]y = [e1, €a] + LeyLe, P70 (10)

Then, [-,-], is a Courant bracket precisely when 1 is closed [34)].

In the definition of the Courant algebroid, we have introduced a derivative oper-
ator dp that will play a special role. Note that dg can be extended to all of A" E* via
the Cartan formula, as in equation @D There remains the question of what morphisms
between Courant algebroids should look like. At the bare minimum, we should ask that
amap ¥V : F — F between Courant algebroids preserves the anchor and the symmetric
bilinear form (meaning that U should be an isometry). The way that ¥ should interact

with the bracket is informed by the following lemma.

Lemma 3.1. Let E, F' be Courant algebroids over M and V : E — F' be a vector bundle
map that preserves the metric and anchor (pp oV = pg). Then V¥ odg = dp if and only
if U preserves the Courant brackets up to an element of py(Q*(M)) ® pi(QN(M)).
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Proof. All that we have to show is that if Vodg = dp, then ¥U([e, es]r) —[V(e1), ¥(e2)]r
is tensoral in both arguments. Since the brackets are anti-symmetric, we need only show
this for one entry. For ey, e, € I'(E), f € C>°(M), we have

V([er, fealr) — [V(er), U(fez)lr =V (f[ehez]E + pe(el)fea — %(617 €2>dEf>

~ (e, Wlealle + pr(¥e)fes = ¥(er) Wlea))drs )

= f(W(le1, ea]m) — [W(er), ¥(e2)lr)

+ —(U(ey), Y(ex))(V(dpf) — drf).

And so we can see that ¢ = U([er,ea]lp) — [Y(e1), Y(ez)]r is tensoral if and only if
U odg = dp. By the fact that ¥ preserves the anchor, we find that pp(¢(er,es)) = 0,
and so by exactness ¢(ey,€2) = pi(We,e,), for w € QY(M). Finally, since E and F are
exact, we can dualize the expression pp = pp o ¥ to obtain pi = ¥ o pj, and hence
P(pE(€), PE(C)) = 0 for all n,¢ € Q'(M), meaning ¢ € pi(Q*(M)) ® pi(Q'(M)), as
desired. [

Based on this understanding of the way that isometric vector bundle morphisms that

preserve the anchor interact with the bracket, we introduce the following definition.

Definition 3.4. Let E, F — M be two exact Courant algebroids and let V : E — F' be
an isometry that preserves the anchors of E and F. Then we call ¥ an almost Courant

algebroid morphism if Vodg = dp. We call U Courant algebroid morphism if it preserves

the bracket.

If U: E — E is an almost Courant algebroid automorphism, then ¥([-,-]) is the
Courant bracket on F up to a ¢-twist by a closed form ¢ € Q3(M). We mention these
maps in lieu of Example 5.2 wherein it makes more sense to represent the double tangent

bundle to a Lie group TG as G x (g @ @), but a Courant algebroid morphism is needed
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to make this identification in a way that allows us to extract useful information about
the natural Courant algebroid on TG. The goal now is to examine the situation where
FE admits a decomposition into dual subbundles for which the restriction of the Courant

bracket corresponds to a Lie bracket on the subbundles.

3.3 Lie Bialgebroids

There are specific subbundles of Courant algebroids that are of interest in the classical
theory, namely, Dirac subbundles. A Dirac subbundle is a maximally isotropic subbundle
L whose sections are closed under the bracket on E. In this case, we see that the function
T from the definition of a Courant algebroid has the property that T'|;, = 0 by the fact
that L is Lagrangian and closed under the bracket, and so the Jacobiator J is identically
zero by condition 1 for Courant algebroids, meaning the bracket [-,-|g is a Lie bracket on
L. Further, for any [ € T'(L), [l,-]g acts by derivations on sections of L, and so L — M
is a Lie algebroid. We now consider the special case where F = A & A* for two Dirac
subbundles A and A* of E. Our choice of notation here comes from the fact that A and
A* must be maximally isotropic and hence disjoint, and so we can identify the second
subspace as the dual to A under the inner-product. In this case, we have the following

definition.

Definition 3.5. Suppose that A and A* are both Lie algebroids over M. We say that
the pair (A, A*) is a Lie bialgebroid if d4 is a derivation of the Schouten bracket on A*.

]-6'; dA[gan]A* = [dAgaT/]A* + [€7dA77]A* fO’f’ fﬂ? € F(/\ A*)

It is possible to cast the theory of Lie bialgebroids in terms of Courant algebroids

using the following theorems from [27].

Theorem 3.1. Let (A, A*) be a Lie bialgebroid with corresponding anchors a and a.

Then (E =A@ A* p, (-, )1, [,*]) is a Courant algebroid, where p = a+ a., (X +§,Y +

27



77>:|: = <€7Y>:|:<777X>7 CLTLdfO?”@l :X+§ a”d€2:Y+77;

* * 1
[e1, €2 = ([X,Y]a +£? Y - ['? X - §dA*<€1762>—) (11)

(gl + Ln — L36 + Sdaer,en) )

We will return to this choice of (-, -)_ later as it will have significance in the para-
Hermitian setting. It is easy to see that, in this case, we have a splitting of the derivative
operator dg = d4 + d%. This construction is dual in the sense that if one begins with a

Courant algebroid, we have the following:

Theorem 3.2. Let (E,p,(-,-),[,*]) be a Courant algebroid, and suppose that L, and
Ly are two maximally isotropic subbundles of E that are both closed under the Courant
bracket. Then E = L1 ® Ly and (L1, L) is a Lie bialgebroid, where Ly is considered the
dual to Ly under (-,-).

Definition 3.6. A Courant algebroid E that admits a direct sum decomposition E =
A @ A* into isotropic subbundles is called a proto-bialgebroid. If one of A or A* is closed
under the bracket, then E is called a quasi-Lie bialgebroid.

The obstruction to any Courant algebroid E being a proto-bialgebroid is simply
the existence of a dual pair of Lagrangian subbundles. Given a proto-bialgebroid £ =
A® A,, we can ask what the obstruction to closure with respect to the bracket on E for
each of the subbundles is. Given sections 01,09 € I'(A) and 71, 72 € I'(A*), we define the
sections ¢ € T(A’(A%)) and ¢ € T(A*(A)) by

L01L02¢:7TA*[01702]E, (12)

LT1LT21/} - WA[Tla TQ]E'

We can be sure that ¢ is a 3-form on A, as the bracket is skew-symmetric, and for any
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fe=(M),
o1, foole = flon, 2] + p(or) foz — %<01702>dEf
= (fra(lo1, 02]8) + plo1) foa) © fra-([o1, 02]r),

where at the end we have split the sum into its A and A* part. We can easily see that
ma+[-, ] is tensoral from the final expression. We also obtain a proto-Lie bracket |-, -] 4 on
A which fails to satisfy the Jacobi identity defined as [-, |4 := ma[-,]|4a. We can do the
same thing for A*, and obtain 1) € I'(A\’(A)) that measures the failure of A* to be closed
and a proto-Lie bracket [-,-]a« = ma«[-, -]|a+. From the discussion on quasi-bialgebroids

in [34], in particular equation 3.18, we arrive at the following theorem.

Theorem 3.3. Let E = A® A* be a proto-bialgebroid. The obstructions to the closure
of the subbbundles A and A* under the Courant bracket are the 3-forms ¢ € T'(N*(A*))
and Y € F(/\g(A)). Further dy¢ = da«1p = 0 for any proto-bialgebroid, where dy and d*
are defined in equation (9) using wal-,"|p and 74|, -] as the stand-in for the Lie bracket

respectively.

This final condition that da¢ = da~p = 0 will have more significance in the

para-Hermitian setting. We are now in a position to define our main object of study.
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4 Para-Hermitian Algebroids

We now have all of the ingredients necessary to define a para-Hermitian algebroid. The
goal will be to cast all of the previous facts about Courant and Lie algebroids in terms

of the para-Hermitian structure. To begin, we have

Definition 4.1. Let (E, p, (-,-),[:,*]) be a Courant algebroid over M. Then E is called an
almost para-Hermitian algebroid if it is equipped with a para-complex structure J that is
compatible with the inner product (i.e., (J-,J-) = —(-,-)). We call (E,J) half integrable
if one of the eigenbundles of J is closed under the Courant bracket, and integrable if both
are closed under the Courant bracket. In the case where both eigenbundles are integrable,

we refer to (E,J) as a para-Hermitian algebroid.

Courant algebroids are anchored to the tangent bundle of the underlying manifold,
and so we are lead to consider para-holomorphic algebroids, which occur when a para-
Hermitian algebroid, (E, Jg), is anchored to a para-Hermitian manifold, (M, Jr,), and
the anchor map, p : E — T'M, is para-holomorphic. Another program in this chapter will
be to generalize the construction in Example by considering connections A : TM —
E. As we will see, connections are themselves para-complex structures, and just as in
the case of para-holomorphic algebroids, it makes sense to consider the case where they
commute with another para-complex structure on £. We complete this generalization in
Example in section 5, which one can think of as containing the companion examples

to this section.
4.1 Integrability and the Para-Kiher Condition

In order to measure the integrability of the eigenbundles, one can construct the Nijen-
huis tensor as in equation (2). Immediately, we see from Proposition that if the
eigenbundles are integrable, then they are maximally isotropic, and so by Theorem [3.2]
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E =FE, @& E_ and (F,,E_) is a Lie bialgebroid. By the discussion in the previous
section, both E, and F_ form Lie algebroids under the restricted brackets. This allows

us to define the derivative operators
dy : C*(M) = T'(EY) (13)

with the property that dg = d, +d_. These operators then give us a type decomposition

of forms. If we identify £ = FE- under (-, -) and consider them as subbundles of £, then
(1,0)
N E = {we Ew(o*) =0 Vor e T(E_)}, (14)
0,1
A" B = {w € B'w(o) = 0 Vo € T(B,)}.

The two derivations d; and d_ are only traditionally defined on forms of type /\(p 0 g
and /\(U’q) E*, respectively, but we see that under this splitting,

: +1, q+1
dys () [l /\(p ) E*EB/\(M )E*, (15)

and so we can in general define d to be the projection onto the (p+ 1, ¢) subbundle and
d_ to be the projection onto the (p, g+ 1) subbundle, as in the classical para-Hermitian
case. Note also that this decomposition is only possible when both eigenbundles are
integrable, and so we have an analogous result to Theorem 2.2} It is also important to
note that the derivative operators act by derivations on the induced Schouten brackets

associated to the dual Lie algebroid, so for any ey, e5 € A EX,
dilel, ef]e = [duef, €3] + [ef , dueg]. (16)

Each of these operators can be expressed in local form. Consider the local basis

{efa < eter, -+, e, }, and suppose that
; 0 : )
+\ . Ad Y
a () = Ai(l‘)_@xja a_(e; ) = Af(m)_ﬁxﬂ" (17)

where ap = pomg,, and
(e ef) = Chi@)el e ef] = Cf(@)ef +Ch()ey e 5] = Cha)e;,  (18)

7 ]
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From these two facts, one can readily compute that for o € TI'(EL) locally expressed as

_oFet,
o~ k
do(oF)=— Z (Aj (33)8_;1:2 + CZJ<£L‘)02_> el Ney,
.3
+ o~ —c BNt | ot A oF
i) ==Y (AP - a0 v CEwar | e At (19)
1,J
_ do; do; S\ -
do) == (Aﬁf(x) o Af(x)a—xi " 0£<m>ak) & A,
i,J

Just as in the case of a para-holomorphic vector bundle, we have di(aieii)

0+(0") ® e + o'ds(ef). It would be useful at this point to define what we mean by
para-holomorphic forms. We consider a section ¢ & 7 € AP? E* @ A" E* to be
para-holomorphic if (d— @ di)(c & 7) = 0. In particular, there are two ways for a
section o € ['(F) to be para-holomorphic. By identifying £ = E* under the non-
degenerate pairing on E, one can decompose 0 = o7 @ o~ € /\(0’1) E* & /\(1’0) E*, or
c=0 ®dot € /\(1’0) E* @ /\(0’1) E*. In this way, o can be para-holomorphic as a
(0,1) ® (1,0)-form or as a (1,0) @ (0, 1)-form.

Returning to Theorem the notion of pseudo-para-holomorphic structures on
almost para-Hermitian algebroids gives an interesting interpretation of the integrability
condition for the eigenbundles. Consider the bundle E,. The Nijenhuis tensor when

restricted to £, is given by

N (et ef) = 5 (et el = Jlet ef]) (20)

i g AR

which when compared to equation (12) tells us that ¢(ej, e, ef) = (eff, N7(ef, el)) +
c.p.. This can be done for E_ as well, to obtain ¥(e;, e, e;) = (e, N7 (e ,e7)) + c.p..
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Stretching this analogy further, we have d,¢ = 0 and d_1 = 0, and so the obstruction
to the integrability of the brackets is a pseudo-para-holomorphic (3,0) & (0, 3)-form cor-
responding to the restriction of the Nijenhuis bracket onto each eigenbundle. This was

first realized by Svoboda in [36].

In light of this, and Theorem [3.I, we can investigate how the bracket on E is
constructed from the given data of the Lie bialgebroid (A, A*). In particular, we take
notice of (-,-)_. In terms of the metric on £, which we denote (-, -), and the para-complex
structure J with +1-eigenbundle A and —1-eigenbundle A*, we define the fundamental
2-form on E by

w={(J). (21)

Note that when the eigenbundles are integrable, this form is of type (1,1). Recall that
in the case where the eigenbundles are integrable, E, and E_ are isotropic, meaning
w(eii, eji) = 0. The “para-Kéhler” condition, usually given by dgpw = 0, can be equiva-
lently stated as diw = 0. We can use this expression to obtain a PDE constraining the

coefficients of w. To this end, we have the following.

Lemma 4.1. The coefficients of the fundamental 2-form w associated to the para-

Hermitian Courant algebroid E = E, & E_ satisfy

Owsy,

Afw) 2 = Al{a) == = Oy + Cp(a)wyy — Clpl(@)wy, = 0, (22)
ow ; Ow.+ - -
Al(a) 52 — Al(e) 5oF — Ol (@) + Chlelwyy — Clladuy = 0. (23)

Proof. This follows easily from equation @, along with the substitutions of vectors
from each desired eigenspace. The first equation corresponds to d,w = 0 and the second

corresponds to d_w = 0. [
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4.2 Exact Almost Para-Hermitian Algebroids

Recall that for an almost para-Hermitian algebroid £ = E, & F_, the projections onto
each eigenbundle induce a splitting in the anchor p : F — T'M as the sum of the two
operators ax : E. — TM. This splitting of the anchor map induces the following

sequences:

0 — IT"M —— E, » TM —— 0,

0 —— T"M — E_ y TM — 0.
Lemma 4.2. Let E = E, & E_ be a Lie bialgebroid, with anchor p. If po p* =0, then

aroal +azoal =0

Proof. To begin, suppose that £ = E, @& E_ is a Lie bialgebroid. We find

pop"(X) = (as +a_)(@(X) +a’ (X))
= 4 (@ (X)) + ax (@ (X)) + a_(a (X)) + a_(a” (X))

= ay(aZ(X)) + a_(a} (X))

where we have used the fact that ay o a’, = 0, owing to the fact that £, & E_ is a Lie

bialgebroid. The statement then follows by the fact that po p* = 0. [

This gives us the following useful proposition.

Proposition 4.1. Let (E,J) be an almost para-Hermitian algebroid. If E = E, @& E_
is exact, then ker(ax) = I'm(ak).
Proof. Suppose that E' is exact, so that ker(p) = Im(p*). Explicitly, p(e) = 0 if and

only if e = p*(£) for some £ € T'(T*M). Suppose that ay(e*) = 0 for some e* € I'(EL).
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* is a section of the eigenbundle, a+(e*) = p(e*), and so e* = p*(£) for some

Since e
¢ € T*M. However, since p = a; +a_, we can decompose e* = a* (§) + a% (§). This tells
us that @’ (£) = 0, as the image is in the opposite eigenbundle to e*, and so we must
conclude that e* = a%(€). In conclusion, ay(e*) = 0 if and only if e* = aZ () for some

§ € D(T"M), and so ker(a+) = Im(ak). O

4.3 Para-Holomorphic Algebroids

Recall that all para-holomorphic, para-Hermitian vector bundles in the traditional sense

have constant transition functions.

Definition 4.2. Let E — M be a para-Hermitian algebroid over a para-Hermitian

manifold. We say that E is a para-holomorphic algebroid if po Jg = Jpp 0 p.

One immediate consequence of the condition that the para-complex structures
commute with p is that the splitting of p into a, + a_ has the property that the image
of the maps land in their respective eigenbundles of the para-Hermitian structure on
M. By this we mean that ayx : Ex — TTM. If we consider that d+f(e) = df (ax(e)),
we are led to conclude that the image of e under ay is in 7M. In fact, the condition
dsf(e) = 0+ f(ax(e)) is equivalent to saying that as is anchored in T*M. Since TM is
para-Hermitian, we see that T M = (THM)* and TOVM = (T-M)*. This sets up

two sequences:

*
a* at

0 —— TODAS y B, T+M — 0,

g

*
a; a_

0 —— TN s F_ s T-M — 0.

We have the following.

Proposition 4.2. Suppose that E = E, & E_ is a para-holomorphic algebroid. Then E

is exact if and only if the previous two sequences are exact.
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Proof. If both of these sequences are exact, then we can simply note that taking the
termwise direct sum gives us that E is exact since each of the individual terms are vector
bundles whose direct sums are the desired bundles in the sequence for £ and p = a4 +a_,
so we focus on the other direction. Suppose that E is exact. From Proposition [4.1} we
know that ker(as) = I'm(a%), and so we simply need to check that ker(a%.) = 0 and that
the maps a4 are surjective. Surjectivity follows from the fact that the images of a. are
disjoint, and the map p = a, +a_ is surjective by exactness. Additionally, we know that
ker(p*) = 0 by exactness, and so if a’ () = 0, then clearly p*(£) = 0 as well, and this
completes the proof. O

We immediately have the following corollary.

Corollary 4.1. If E is an ezact para-holomorphic algebroid, then dim(E) = 4k for some
k€ N.

Continuing, let £ be an exact almost para-Hermitian algebroid. We can relate
the anchors a4 of the eigenbundles F, to a natural bivector field on M. More concretely,
there is a natural bivector on M that is Poisson when E' is para-Hermitian, and whose
vanishing is a requirement for £ — M to be para-holomorphic. Consider the bivector

7 € X?(M) given by

vy = p(pre_(p" (1)) = —p(pre, (p* (1)), (24)

where the second equality comes from the fact that E is exact. It was shown in [25] that
the rank of the bundle map 7# : T*M — T'M is given by rank(r#) = dim(p(E,)Np(E_))
and so this bivector is identically 0 when the images under the anchor p of F, and F_
are disjoint, as is the case when E — M is para-holomorphic. Further, they deduce that

the obstruction to 7 being a Poisson bivector is
1
5[7-(’ W]S = p(gb) + P(¢)7 (25)
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where ¢ and 1 are defined as in equation (12]), we have identified E} = E and [, -5 is
the Schouten bracket derived from the Lie bracket on T'M. This allows us to state the

following.

Theorem 4.1. Let E be an exact almost para-Hermitian algebroid over a para-Hermitian
manifold M. If E is para-Hermitian, the bivector field w, as defined in equation (24)), is

Poisson. If E — M is para-holomorphic, then m = 0.

We can now consider morphisms of para-Hermitian algebroids. In this case, the
model is the morphism of para-Hermitian manifolds. A morphism of para-Hermitian
manifolds is a smooth map ® : (M, Jy) — (N, Jy) such that @, is an isometry, and
®, 0 Jyy = Jy o W,. Note that by the properties of pushforwards, [®.(:),®.(-)]y =

. [, -]ar. With this in mind, we can define a morphism of para-Hermitian algebroids.

Definition 4.3. Let (E, Jg) and (F, Jr) be para-Hermitian algebroids. A vector bundle
map V : E — F is a morphism of para-Hermitian algebroids if ¥ is an isometry,

para-holomorphic (meaning ¥ o Jp = Jp o W) and preserves the Courant bracket.

It is important to note here that the definition of a para-Hermitian algebroid
morphism is less strict than a morphism of Courant algebroids because we do not require
that these maps preserve the anchor. We will see in Example that these maps can
allow us to construct interesting examples in cases where Courant algebroid morphisms
are too strict of a condition. We can introduce a notion of a para-holomorphic algebroid

morphism as well.

Definition 4.4. Let (E, Jp) and (F, Jg) be para-holomorphic algebroids over (M, g1, J1)
and (N, ga, Ja) respectively.  Suppose that U : E — F is a vector bundle morphism
covering the diffeomorphism ¢ : M — N. We say that ¥ is a morphism of para-
holomorphic algebroids if U is a para-Hermitian algebroid morphism, and the diffeomor-

phism 1 : M — N is a para-holomorphic isometry.
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4.4  Connections on Para-Hermitian Algebroids

Bressler and Chervov give a notion of a connection on a Courant algebroid in [5] that

will be of use to us.

Definition 4.5. Let E be a Courant algebroid. A connection on E is a vector bundle

morphism A : TM — E that satisfies:

1. pOA: IdTM

2. (A(v1), A(vg)) =0 for all vy,ve € TM.

In the context of exact Courant algebroids, connections are important in that they
provide a decomposition £ = p*(T*M)@® A(T'M). One can see that the dimensions work
out, as p* and A are injective (by exactness and po A = Idyyy, respectively). Finally, we
see that ker(p) = Im(p*), but poA = Idrys, and so we can conclude that these subbundles
are disjoint. We can define the para-complex structure K with eigenbundles A(T'M) and
p*(T*M). This para-complex structure is always half integrable precisely because E is

an exact Courant algebroid. We know that ker(p) = I'm(p*), and additionally

so [p*(€), p*(n)] = p*(¢). This is exactly the condition needed for p*(T*M) to be closed
under the bracket on E. We can now consider the related concept of curvature for these

connections.

Definition 4.6. Let A : TM — E be a connection. The curvature of A is a map
R:TM xTM — E defined by

R(vi,v2) = [A(v1), A(v2)]E — A([v1, va]). (26)

In short, R is the measure of the failure of the connection to preserve the bracket on T'M

and E.
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One then has the following theorem that relates the integrability of the para-

complex structure K on an exact Courant algebroid E to this concept of curvature.

Theorem 4.2. Let E be an exact courant algebroid, and let A : TM — E be a connection
on E. Then E = A(TM) @ p*(T*M) has the structure of a half integrable para-complex
algebroid, with K(A(v)) = A(v) and K(p*(§)) = —p*(€). We call K the standard para-
complex structure with respect to A on E. The para-complex structure on E is fully

integrable if and only if the connection on E is flat.

Proof. 1t is clear that since K is half integrable, one would only need to check that
A(TM) is closed under the bracket if and only if A is flat. For this, we suppose that
vy, vy € I(T'M). Then A(T'M) is closed if and only if there exists v3 € I'(T'M) such that

[A(01), Av2)] = A(vs).

We note that p preserves the bracket and that po A = Idry, and so by applying p to
both sides, we find that vs = [v1,vs]. This is precisely the condition that A is flat. As
for the fact that K is compatible with the metric, we find

Finally we see that (p*(£),p*(n)) = 0 for all {,n € I'(T*M), as J(p*) isotropic by

exactness. O

Example 4.1. Consider the standard Courant algebroid E = TM & T*M for some
smooth manifold M, with p : E — TM given by projection on the first factor. Then p*
is closed under this bracket in the trivial sense, as [£,nm] = 0. In this case, Im(p*) is

isotropic as well. One can check rather easily that all connections on E are in the form
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AX) = X ®0(X) for some w € Q*(M). This is the graph of a 2-form in E, and so
by the famous result that the Dirac subbundles of T & T are closed 2-forms, (E, K) is
a para-Hermitian algebroid (i.e., the image of the connection is integrable) if and only if
w is a closed 2-form. So, for E =TM & T*M, para-Hermitian algebroid structures with

one eigenbundle equal to Im(p*) are in one-to-one correspondence with closed 2-forms.

Para-complex and para-Hermitian algebroids are more general than connections,
but para-Hermitian structures with one eigenbundle equal to p*(T*M) are in one-to-one

correspondence with connections on E, as we justify in the following proposition.

Proposition 4.3. Given an exact Courant algebroid, we can make a choice of subbundle
H such that E = p*(T*M) @ H. Then p|g : H — TM s an isomorphism. If H is also
isotropic (meaning this is a half integrable para-Hermitian algebroid), then H defines a

connection on E by p~t : TM — H — E.

4.5 Para-Complex Connections

We can now move on to the more general case of a para-complex structure that does not
necessarily come from a connection or Im(p*). Let E — M be an almost para-Hermitian
algebroid over an almost para-Hermitian manifold M. We say that a connection A on
E is para-complex if Jz 0o A = Ao Jpy,. If this is the case, we immediately arrive at the

following.

Lemma 4.3. If A is a para-complex connection, then A maps the £1-eigenspace of Jrur

into the +1-eigenspace of Jg.

Proof. Suppose that A is a para-complex connection on E — M. Then for v € T*M,

Je(A(w)) = A(Jru(v)) = A(tv) = £A(v).
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One immediately finds that if A preserves the bracket, there is a sense in which
the structure of the underlying almost para-Hermitian manifold is determined by the
structure of the almost para-Hermitian algebroid that covers it. We can formalize this

in the following theorem.

Theorem 4.3. Let E be a para-Hermitian algebroid over an almost para-Hermitian

manifold M. Then M is para-Hermitian if E admits a flat para-complex connection.

Proof. To begin, suppose that E is a para-Hermitian algebroid, so that both of its
eigenbundles are closed under the Courant bracket. Recall that the image of TFM

under A is in E.. From this, we can see that for vy, v, € T(TTM),

A(Jrm(vr, v2]) = Je(A([v1, v2]))
= Je([A(v1), A(v2)]E)
= £[A(v1), A(v2)]
= A(:i:[vl,vg]).
We can now use the fact that p o A = Idpy, so that Jra[vr, ve] = £[v1, v9], meaning

[v1,v9] € T(T*M). Therefore, the eigenbundles of Jry, are closed under the Lie bracket,

and M is a para-Hermitian manifold. O

If A is para-complex we can decompose A into two bundle maps A = A, + A_|
given by Ay : T*M — Ey. One immediately has the identity ayo Ay = Idp+,;. Further,
we know that the image of A, and both E. are isotropic, and so given two v, w € I'(T'M),

decomposed by v = v, +v_, w = wy + w_ in the usual way, we have

(A (vg), A_(w-)) = =(A_(v-), A (wy)).

In any case, the left and right hand sides of this equation are completely independent,

and so we can conclude that the images of A, and A_ are orthogonal under this metric.

41



This means that E, contains a subbundle, A, (T*M), that is orthogonal to another
subbundle of F_, namely A_(7T~M). From the fact that ay o AL = Idp+), we can
conclude that the maps AL are injective, and hence bijective onto their image. We
can once again return to the concept of the exact para-holomorphic algebroid. Given a

connection A on E, one can construct two complimentary diagrams:

0 T"M t;— B — TOOM « 0 — TOONM “— B, "5 THM — 0

p %%

T-M T+M

We know from exactness that ker(a+) = Im(a%) and ar o Ax = Idry, and so we
can conclude that the images of a% and A are disjoint. Further, we know that both
maps a} and A are injective. This implies that the eigenbundles admit a direct sum
decomposition into two half-dimensional subbundles. We arrive at a series of interesting

conclusions.

Theorem 4.4. If (E,J) is an exact para-Hermitian algebroid over a para-Hermitian
manifold, and admits a flat para-complex connection A, then E is a para-holomorphic

algebroid.

This follows directly from the previous discussion. This structure allows us to split
each eigenbundle into the direct sum of two distinct subbundles coming from the para-
holomorphic algebroid structure and the para-complex connection. We summarize this

in the following theorem.

Theorem 4.5. Suppose that E is an exact para-Hermitian algebroid over a para-Hermitian

manifold. If E admits a para-complex connection A : TM — E, then the eigenbundles
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of the para-complex structure on E admit the following decomposition.

Ey = a* (T M) ® A (T*M),

E_=a (T"OM)® A (T M).

Now, this decomposition could equally have been written
EX (A (TTM)® A(T"M))® (a*_(T(O,l)M) @ ai(T(l,O))).

Note that in this case, we clearly have JK = KJ where K is the standard para-complex
structure with respect to A on F as defined in Theorem and so we can construct
a third para-complex structure L = JK. In the case where I'm(p*) is isotropic, then
J and K are both para-Hermitian, and so the resulting para-complex structure L is
split-para-complez, as (L-, L-) = (-,-). This structure of two commuting para-complex
structures (and the induced third para-complex structure) is referred to as a split-para-
complex structure, and since two of the structures are para-Hermitian, we refer to this
as a split-para-Hermitian structure. As far as I am aware, this is the first naturally
occurring instance of a split-para-Hermitian structure, though similar structures have

been considered before. We can conclude with this theorem

Theorem 4.6. If (E,J) is an exact para-holomorphic algebroid, then E admits a flat

para-complex connection if and only if (E, J, K) is split-para-complez.

Proof. We discussed already the forward direction here, so we focus on proving that a
split-para-complex structure (with one para-complex structure being the standard one
with one eigenbundle equal to p*(7*M)) is equivalent to defining a para-complex connec-
tion. To begin, we know that the choice of para-Hermitian structure K is equivalent to
choosing a decomposition E = p*(T*M) @ H, where H is half dimensional and isotropic.

We also remarked that p|g must be an isomorphism, and so A := (p|g)™*: TM — H —
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E defines a connection on E. Our goal now is to show that A is a para-complex connec-
tion in the case where (E, J, K) is split-para-complex and (F,.J) is para-holomorphic.
We focus on the subbundle H. Since JK = KJ and H is the —1-eigenbundle of K,
we have —J|g = K o J|y, and so J|g : H — H. Further, since p|y is invertible and
(E,J) is para-holomorphic, we have (p|g)~* o Jrar = J|m o (plgr)~!, and so (p|g)~t is a
para-complex connection. In particular, the eigenbundle H is integrable if and only if A

is a flat connection. O

Returning briefly to the concept of a para-Hermitian algebroid morphism, given
two para-holomorphic algebroids (E, Jg) and (F, Jr) over the para-Hermitian manifold
M, then a para-Hermitian algebroid morphism ¥ does not necessarily map connections
to connections. Given A : TM — E, the map Vo A : TM — F does not necessarily have
the property that ppoWo A = Idy,s, and so we cannot conclude that A is a connection.
In fact, the condition for this to be true is precisely that ¥ must preserve the anchor
which is equivalent to ¥ being a Courant algebroid morphism. The only obstruction to
U o A being a connection is the one previously mentioned, and so W o A is still a bivector

on F. Further, we have the following.

Proposition 4.4. Let (E, Jg) and (F,Jg) be exact para-Hermitian algebroids over a
para-Hermitian manifold M, and let ¥ : E — F be an isomorphism of para-Hermitian

algebroids. When a connection A : TM — E is flat, ¥ o A is a Poisson bivector on F.

Proof. Since ¥ is an isometry, (Vo A, Wo A) = (A, A) = 0, so the image of A is isotropic,
meaning A is the graph of a bivector on F. Further Since A is flat, [¥ o A, Vo Alp =
U([A, Alg) = Yo Al ], so W o A preserves the Courant bracket and is therefore a

Poisson bivector. O]
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59 Examples

5.1 The natural structures on TM

Example 5.1. The natural para-holomorphic structure with compatible para-complex

connection on a para-Hermitian manifold.

Let (M, g, J) be an almost para-Hermitian manifold. The splitting of the tangent
bundle into TM = T M®T~ M induces a type decomposition on the space of differential
forms, and so we have T*M = THOM @ TOV M. We endow TM = TM & T*M with the
standard Courant algebroid structure as described in the introduction and equation .
Now, the splitting of the tangent and the cotangent bundles allows us to introduce an
almost para-complex structure J on TM, with +1-eigenbundle T+ M @& TOY M and —1-
eigenbundle T~ M @ TWY M. We can note that for any X+ € T(TTM), X~ € ['(T~M),
L0 ¢ T(TEOIM) and €OV € T(TOVM), we have 1x+EOY = 1519 = 0, so this
structure is para-Hermitian as the eigenbundles are isotropic. Further, we can easily see
that the para-complex structures .J and J commute with respect to the projection onto
TM, so we have an almost para-holomorphic structure. Turning now to the obstruction

to integrability, we can compute that

(Xt eOD YT @nO) = [ XT, Y@ (tx+dn®Y + 1y+deO) (27)

X~ @0y ent 0] = X7, Y@ (ix-dp™O + 1y-dg™0) .

Now, we did not assume that the eigenbundles T*M were integrable, and so
not only is [X*, Y*] not guaranteed to be a section of T=M, but we fail to satisfy the
conditions in Theorem [2.2] and so

dQEO (M), dQOY (M) ¢ QEO(M) @ QY (M) @ Q02 (M).
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One can check that the bivector field on M defined by equation is identically zero,
as p(my (p*(€))) = p(0 @ £OY) = 0, which is to be expected because TM is a para-
holomorphic algebroid. By Theorem , we can see that if TTM is integrable, then
dQOV(M) c QBD(M) @ QO2(M). Since in equation (27) we are contracting dn®Y
and d¢(OY with elements of T'(T+ M), the part of this that remains is the Q1 (M)-part,
and so upon contracting with such a section, we are left with an element of Q@) (M), as
desired. There was nothing special about choosing T M here, so the integrability of the
eiegenbundle 7% M implies the integrability of the +1-cigenbundle of the para-Hermitian
structure on TM and vice versa. All are equivalent to the Nijenhuis tensor vanishing, as

discussed in the paragraph after equation (20)).

Finally, consider the connection A, : TM — TM, given by
Ay X = X @ xw, (28)

where w = ¢(+, Jrp-) is the fundamental 2-form. One can check that the image of A,
is isotropic (as it is the graph of a 2-form), and that it gives the identity map when
composed with the projection onto T'M. Then A, is a para-complex connection for the
following reason. We note that g(X*, X*) = 0 as the eigenbundles T*M are isotropic,
and 50 tx+w € QOV(M) and 1x-w € QO (M), which ensures that A, is a para-complex

connection, as it maps the +1-eigenbundles of T'M into the +1-eigenbundles of TM.

The closure of the image of A, under the Courant bracket corresponds to Gr, C
TM being a Dirac subbundle, and hence corresponds to w being closed. Therefore
the Kéhler condition is equivalent to the the para-complex connection A, being flat.
Additionally, one can easily check that if A, is a connection generated by the 2-form
o, then A is para-complex if and only if o(J,J:) = —o (i.e. o is compatible with J).

We can see that the interesting facts about para-Hermitian manifolds can be translated
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nicely to the setting of para-holomorphic algebroids and para-complex connections. This
construction is due to Svoboda [36], though we have chosen to take a different perspective.

We will now look at some non-trivial examples arising from Lie groups.
9.2 Quadratic Lie Groups

Example 5.2. A para-Hermitian structure on TG for any Lie group G with a quadratic

Lie algebra g.

A class of examples can be derived from the discussion of Dirac structures on
Lie groups in [I]. Let G be a Lie group with Lie algebra g, and suppose that this Lie
algebra carries with it an Ad-invariant inner product B. Let 6X,0% € Q1(G) x g be the
left /right-Maurer-Cartan forms, respectively. One can define a bi-invariant (with respect
to the adjoint action of G) pseudi-Riemannian metric on G' by B(6%,6%). One can also

define the bi-invariant 3-form n € Q*(G) by

1
= EB(HLa [9L>9L]g>-

The bi-invariance of n implies that it is also closed (as its Jacobiator vanishes on constant
sections), and so one can define the n-twisted Courant bracket on TG, [-,-],. Now, let

D = G x G with Lie algebra 0 = g @ g. We have a natural smooth action
A:D — Difi(G), Alg.g') =1l 07,1,
for g,¢" € G, whose corresponding infinitesimal action
A0 = X(G), AJX X)) =X (X)HE,

where X[ = I,(X) and (X')f = ry(X') for any X, X’ € g. The authors then use this

action to define a D-equivarant map
s:0 = [(TG), s(X,X')=s"(X)+ (X,

1 1
sf(X)=X"'® 5B(é)L,X), sSHX) = (XN @ 5B(@R,X’).
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Equipping 9 with the bilinear form B,, given by +B on the first g summand of 0 = g g,
and —B on the second summand gives a split signature bilinear form (exactly what it
needed for 0 to admit a para-complex structure). The map s : 0 — I'(TG) has the

following important properties:

1. (s(e1), s(e2)) = By(eq, ea),
2. [s(er), s(e2)]y = s(ler, e2]),

3. Y(s(e1),s(eq),s(e3)) = By(ex, [e2, €3]),

where e; € 0, and Y (1,29, x3) = —([21, 2], z3). These identities tell us that s is a D-
equivariant isometric isomorphism of vector bundles G' x 0 = TG, identifying the twisted
Courant bracket [-,-], on TG with the unique Courant bracket on G' x d which agrees
with the Lie bracket on 0 for constant sections. Note that s is not necessarily a Courant
algebroid ismorphism as it does not preserve the anchors. For this reason, any pair of
Lagrangian subalgebras on 9 (called a Manin-triple) is equivalent to defining an integrable
para-Hermitian algebroid structure on TG with the n-twisted bracket, and the map s
can be understood as an isomorphism of para-Hermitian algebroids. A classification of
Lagrangian subalgebras of Lie algebras in the form 9 = g @ g where g is a complex
semi-simple Lie algebra was completed in [20], and so we have a wealth of examples of
para-Hermitian algebroids corresponding to Lie groups with quadratic Lie algebras on

the Courant algebroid TG.
5.3 Structures on TG induced by the Iwasawa Decomposition

Example 5.3. A example of an exact para-holomorphic algebroid with a compatible flat
para-complex connection over TG where G is a Lie group with a quadratic, semi-simple

Lie algebra g corresponding to the Cartan-Dirac structure.
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Example can be pushed further to yield an exact para-holomorphic algebroid
with a para-complex connection. This construction is based on the Iwasawa deocomposi-
tion, which one can see described in [19]. We will first give the highlights of the Iwasawa
decomposition. Let g be a complex semi-simple Lie algebra. Then g is guaranteed to
have a compact real form €, with respect to which g (when viewed as a real vector space)
admits the decomposition g = €@ €. Since £ is a compact Lie algebra, the Killing form &
on &, defined by x(X,Y) = 2dim(¢)Tr(adxady ), is negative definite. We can extend the
Killing form on € to all of g by C-linearity. One then obtains a non-degenerate symmetric
bilinear form on g by taking —Im(k), which makes g into a quadratic Lie algebra, for

which € is a Lagrangian subalgebra.

There exists on g another Lagrangian subalgebra that is naturally dual to €. To
begin, pick a maximal Cartan subalgebra t C £, and note that a = it is also a commuting
subalgebra of g. If we consider the root space decomposition with respect to this choice
of a and define a notion of positivity using the inner product on g, then we can define
n = Py g to be the direct sum over the positive roots spaces. Then g, when viewed
as a real Lie algebra, admits the decomposition into the sum of Lagrangian subalgebras

g =t ® (a®n), which we refer to as the Iwasawa decomposition of g.

Returning to Example let G be a Lie group with complex semi-simple Lie al-
gebra g. The anchor map on G x0d = G x (gdg) is simply given by projection onto the first
summand, where T'G = G x g under left trivialization. One then defines an integrable
para-Hermitian structure J; on T'G by taking the Iwasawa decomposition g = €@ (a®n),
and defining € to be the +1 eigenbundle, and (a @ n) to be the —1-eigenbundle. This
lifts to a natural para-Hermitian structure on G x d by LH(X @ Y) = J4(X) @ J4(Y).

The most natural connection on TG is the diagonal map Ax : TG — G X 0, given by
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Ap(g, X) = s(g9, X, X) for (9, X) € T,G. The connection Ax is flat with respect to the
induced Courant bracket on G x g. The map s o A also preserves n-twisted bracket,
and is often referred to as the Cartan-Dirac structure. The Dirac foliation of s o A

corresponds to the conjugacy classes of G.

It’s quite easy to see that the connection A is para-complex and that the anchor
commutes with the para-complex structure on G X 0, so G X 0 is an example of an exact
para-holomorphic algebroid with a flat para-complex connection. Further, the Cartan-
Dirac structure on TG can be realized as the image of this para-complex connection

under the para-Hermitian algebroid isomorphism s, which has the form
1
soAa(g, X) = (XL - X", §B(6’L + 0", X)) : (29)

It is instructive that TG and G X 0 are isomorphic as para-holomorphic algebroids under
s (as s covers the identity map on G which is a bi-para-holomorphic isometric diffeo-
morphism), but not as Courant algebroids. This illustrated the utility of considering
para-holomorphic algebroids in the first place. As a concrete example, consider the Lie
group SL(n;C). The Lie group SL(n;C) admits an Iwasawa decomposition with su(n)

as the choice of compact real form, and so K = SU(n),

'_tl 0 --- 0_ )
0 ty --- 0

A=< 7|, teR Ju=1;.
\_O 0 tn_ )
([1 6 -~ 61,] ‘
0 1 92n

N = o |, #i€R, notallf;=0
0 0 1 )
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Therefore TS L(n; C) with the n-twisted Courant bracket admits an exact para-holomorphic
algebroid structure with an associated flat para-complex connection (induced by the di-

agonal inclusion of sl(n; C) into its double) for every n.

5.4 Poisson-Lie Groups

The connection to Poisson-Lie groups here is exciting. In the above example, all that
was required was that the complex semi-simple Lie algebra g has a compact real form.
The non-degenerate symmetric bilinear form could be derived from the Killing form on
the subalgebra corresponding to that compact real form. Poisson-Lie groups allow us to
begin with a Lie group K together with a multiplicative Poisson structure II1x and then
find an exact para-holomorphic algebroid structure with a flat para-complex connection

on the Drinfeld double D. This was first done by Lu in [29]. Consider the definition:

Definition 5.1. Let K be a Lie group and Ilx a Poisson structure on K. We say that
[ is multiplicative if the multiplication map m : K x K — K is a Poisson map, where
K x K is endowed with the product Poisson structure. For ki, ke € K, the multiplicativity

condition is equivalent to

(g ) kaky = Ly (Mg )iy + Ry (T ), -

An immediate consequence of this definition is that all multiplicative Poisson
structures vanish at the identity. The Poisson structure therefore admits a linearization
at the identity to give a map d.Ilx : € — € A £. The condition that the dual map
(d IIg)* : € A€ — € must satisfy in order to be a Lie bracket is the Jacobi identity,
which is equivalent to the fact that the bivector Ilx is Poisson. This means that €* is
a Lie algebra in its own right. Lu was able to show that there is a unique connected
simply-connected Poisson Lie group (K*,IIk+) such that (d.IIx<)* is the Lie bracket on
t. This gives (£ @ £*) the structure of a Lie bialgebra. Finally, one considers the double
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Lie algebra to the pair (£ €*) to be 0 = £ @ £* together with the Lie bracket
(X @ &Y @nl = ([X, Y] +adi(Y) — ad; (X)) @ ([, n]g- + ady () — ady(£)),

for X, Y €€ &net.

Now, one can consider the unique connected simply-connected Lie group D cor-
responding to the Lie algebra 0. It is a fact about Lie bialgebras that the natural pairing
(X®EYDn) = (€,Y)+(n, X) is ad-invariant with respect to the above bracket, and so 0
is a quadratic Lie algebra with € and ¢* as dual Lagrangian subalgebras [24]. There exists

two natural inclusions €, £* < 9. These inclusions integrate to two local diffeomorphisms

U:KxK*— D, ®:K*x K — D, (30)

(k,u) — ku (u, k) — uk

The first of these local diffeomorphisms defines a para-complex structure on D,
which is clearly compatible with the quadratic Lie algebra structure. Further, given a
local basis {e;} of € and corresponding dual basis {¢'} of €*, we can define the classical
R-matrix
A:lzemei. (31)
245

This classical R-matrix defines a natural Poisson structure on D given by
L R
I}, = A" + A"

The Poisson structure IT} falls short of defining a connection on TD because it
is possible that it is degenerate, and so will not compose with the anchor to give the
identity map. There is a condition under which IT}; is non-degenerate however, and it

is related to the two diffeomorphisms in equation (30)). Following Lu, we define the left
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infinitesimal Dressing vector field on K (resp. K*) induced by the element £ € £* (resp
X €¢) by

At — X(K), p:t— X(K")
€ — Mg (eh) X — Tk (XD)

where I : T*K — TK is the bundle map induced by I, and &¥ is the left-invariant
1-form induced by £ on K. One can do something similar for the dual Lie group K*
to define the Dressing action of £ on K*. We say that (K, Ilx) is complete if the left
infinitesimal Dressing action integrates to an action of K* on K (i.e. when the flows of
the vector fields on K are complete). Finally, from Proposition 2.45 in [29], we have the

following result.

Theorem 5.1. [29] Assume that (K, 1lk) is a complete and simply connected Poisson-Lie
group. Then the Poisson structure (D,11},) is non-degenerate (and therefore symplectic)

everywhere.

Relating back to the maps in equation , Lu also tells us the following;:

Theorem 5.2. [29] A simply-connected Poisson-Lie group (K,Ilg) is complete if and
only if the maps ¥V : K x K* - D and ® : K* x K — D are diffeomorphisms.

For this reason, we restrict our attention to complete simply-connected Poisson
Lie groups (K, Ilx). If (K, Ilk) is a complete simply-connected Poisson-Lie group, then
the Drinfeld double admits a global diffeomorphism D = K x K*, and an invertible
Poisson structure IIp. If we let the related symplectic structure by wp, we know that
wp is closed because I} is Poisson, and so wp is symplectic on D. We can now begin
the construction of a para-holomorphic algebroid with a flat para-complex connection in

a similar way to Example [5.1]
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Consider the standard Courant algebroid on TD induced by the Lie bracket on
0 =t @ ¢*. We have a connection A, ,, given by the graph of wp. There is a natural
para-complex structure Jp on T'D coming from the span of the left invariant vector fields
on K and K*, making {(e;)*, (¢")*} a global frame for 7D . By the non-degeneracy of
wp, we have a global frame for TD, given by {(e;), ('), @p((e:)*), @p((e))F)}. If we
chose to extend Jp to an almost para-complex structure Jp on TD by identifying the
+1-eigenbundle as the C°°(D)-span of {(e;)*,op((e;)*)}, and the —1-eigenbundle as the
C>(D)-span of {(¢")¥,op((')F)}, then it is clear that with respect to this almost para-

complex structure, A, defines a para-complex connection.

To summarize, we have an almost para-complex structure Jp with a para-complex
connection A,, on TD. The induced para-Hermitian structure then comes from extend-
ing the natural left invariant pairing (8, 0%) to TD by taking (6" o IIp, 8 o I1p) on the
second factor, which we denote simply by (-, ) z,ir,,- This metric is clearly para-Hermitian
with respect to Jp, and the anchor prp given by projection onto the first factor is clearly

para-holomorphic.

This construction uses the standard Courant algebroid structure and so by Ex-
ample both the eigenbundles are integrable. Therefore, (TD, Jp., (-,YL1ps prD) 18
an exact para-holomorphic algebroid with a para-complex connection A,,, and this is
an example that can be done over any complete semi-simple Poisson-Lie group that is
different from the one induced by the Cartan-Dirac structure previously, and uses the

standard Courant algebroid structure on TD.
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