HTML AESTRACT * LINKEES

JOURNAL OF CHEMICAL PHYSICS VOLUME 120, NUMBER 1 1 JANUARY 2004

Improved convergence in block copolymer self-consistent field theory
by Anderson mixing
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A modification to real space polymeric self-consistent field theory algorithms that greatly improves
the convergence properties is presented. The method is based on Andersor Bixéng\nderson,

J. Assoc. Comput. MacH.2, 547 (1965], and each iteration computed takes negligibly longer to
perform than with other methods, but the number of iterations required to reach a high accuracy
solution is greatly reduced. Na priori knowledge of possible phases is required to apply this
method. We apply our approach to a standard diblock copolymer melt, and demonstrate iteration
reductions of more than a factor of 5 in some cases2@4 American Institute of Physics.
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I. INTRODUCTION dospectral real space algorithm for block copolymer systems.
The neat diblock copolymer system has been extensively

studied with SCF,and so it makes an appropriate “fruit-

X lfly" for us to demonstrate our algorithm. It should be noted

copolymer systemsand can also be applied to general poly- o vever that the method is applicable to all block copoly-

meric fluids? It is a mean-field theory, which yields mor- mer, polymer blend, and polymeric fluids to which one can
phologies, free energies, entropies, enthalpiésjdging apply SCFT

fractions>™ and also some macroscopic mechanical
propertie€~® Comparison with experiments have shown it to
be quantitatively as well as qualitatively reliable, when!l.- THEORY

solved to high accuracyOriginally, SCFT was solved in SCFT has been described extensively elsewh&f@.

_ll . . . . ..
real space; ™ which limited its precision. A powerful SPec- ere we will assume a basic familiarity with the theory and

tral appr.oacf'? has since emerged that allows dependablgyite the free energy for an AB diblock copolymer melt as
phase diagrams to be produced. More recently, there has

been a turn back towards a real space method of solution

because of the ease of implementation and the ability to pre-

dict morphologie$:**-1® This approach has been given a

boost by a pseudospectral method of solutidtf, which ~Wa(r)¢s(r)]. @)

greatly increases the efficiency of the real space methodn Eq. (1), ¢(r) and ¢g(r) are the local monomérdensi-

Many such modern real space methods depend upon té&s of the A and B chemical species, respectively. Conjugate

“simple mixing” iterative technique for solving the self- to these densities are the chemical potential fialgér) and

consistent set of equatiot$3~1°This approach can require a wg(r). x is the Flory—Huggins interaction parameter be-

large number of iterations if the free energy is determined taween A and B monomers, based on a monomer volume of

a reasonable level of accuracy. In this article, we suggest ap,* and a degree of polymerizatioN. Further,V is the

alternative method that converges much faster, and can speedlume of the systenm is the number of molecules in the

up real space SCFT calculations in some cases by more thamlume, kg is Boltzmann's constant, antl is the tempera-

a factor of 5. ture. The partition functior@Q of a single diblock molecule
The method we suggest was originally presented bysubject to the fieldsv,(r) andwg(r) is given by

Andersort’ in a different context, and is therefore sometimes

known as “Anderson mixing.” It has been clearly outlined Q:f drq(r,s)q'(r,s), (2)

by Ng!® and was introduced in the context of SCFT by

Schmid®#in order to study lipid monolayers. Schmid used where the propagators(r,s) and q'(r,s) are solutions to

avariant of Anderson mixing, which we find does not speed modified diffusion equations given elsewhérehe s param-

up the convergence of polymeric SCFT systems with respedter in the propagators follows the contour of the diblock

to simple mixing. We present an implementation that comfrom one end $§=0) through the junction points=f) and

bines the rapid convergence sfandardAnderson mixing to the other endg=1). The free energyl) can be deter-

with the “combinatorial screening” featut? of the pseu- mined by solving the self-consistent set of equations

Self-consistent field theor¢ySCFT) has proven itself to
be one of the best theoretical methods for studying bloc

F 1
nkgT —InQ+ \—/J dr[ xN@a(r)eg(r) —Wa(r)ea(r)

Wa(r)=xNeg(r)+&(r), ()

dAuthor to whom correspondence should be addressed. Electronic mail:
rthompson@Ilanl.gov wg(r)=xNea(r)+E&(r), (4)
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TABLE |. lterations required for a given accuracy tolerance. The first row gives the number of iterations
required to reach a relative accuracy of #0n the fields using simple mixing only. Subsequent rows give the
additionaliterations required to reach the indicated accuracy. The last row gives the total number of iterations
required to reach an accuracy of 6. The results given here are for the lamellar system shown in Fig. 1.

Simple mixing Anderson mixing
Tolerance Iterations Free energy Iterations Free energy
1078 100 4.385597 865 -
104 36 4.393 744 754 4 4.388 714 217
10°° 59 4.392 150 644 3 4.392 041 233
1078 36 4.391 962 299 3 4.392174 754
1077 59 4.391 969 470 4 4.391997 179
1078 60 4.391 973279 4 4.392 009 709
107° 59 4391974733 3 4.391 961 370
1010 36 4.391 975 785 5 4.391 979 954
1071 60 4.391 975693 3 4391974741
107 %2 59 4.391 975 657 4 4.391 975 490
10718 60 4.391 975638 3 4.391 975 489
104 36 4.391 975628 6 4.391 975 647
10 59 4.391 975 629 4 4.391 975 630
10716 60 4.391 975629 8 4.391 975622
Totals 779 154
oa(r)+@g(r)=1, (5  whereg(r) andh(r) are arbitrary functions. Our total devia-
tion is then
V [f
e =g | dsar9ac.s), ®) o | din)
QJo di"=| 5w~ —ouw | (12)
(W, t(r):Wi (r))
on(r) = v f 1d sqr,s)q'(r,s), (77 which follows the definition of Schmid and Mer' rather
QJs than that of Ngt® Simple mixing is performed until a certain

tolerance is reached where a morphology has begun to de-
velop. Typically,d®~10"3 is sufficient, although in many
casesd®~10"2 or 10 * will do. We then switch to the Ng
procedure, and hence define the matrix

where&(r) is a field that enforces incompressibility.
Typical real space approaches to solving E@—(7)

consist of generating random fields,(r) and wg(r) and

solving for the densitieg,(r) andeg(r), then recalculating

the fields. Details on the specifics of such iterative algo- U= (d;(r)—d;_,(r),di(r)—d;_,(r)), (12)

rithms can be found in Refs. 2, 4, and 13-16. Iteration

through direct substitution of the fields is unstable, so &"d vector

“simple mixing” update is usually performed accordin =(d(r)—d .
t0214v?3v14 g p y p g Vn (dl(r) dl—n(r)vdl(r))! (13)
‘ , with dimensions1=m, which are arbitrary? Calculating the
Wil = (1= N)W"(r) + AwU{r), (8)  coefficients,
wherew!"(r) is the input value for iteration, w*“{(r) is the A=U.}V,, (14)

resultant field, anav!".; is the field to be input for the next
iteration.\ is a parameter chosen sufficiently small to ensur:
stability, typically =0.1. The prescriptiori8) is usable, but

e.;1llows us to use the prescription

slow and sometimes unstable. Some autiidfshave modi- Wioftl(r):W?Utszn: AWM () =wPH(r)). (15
fied Eq.(8) slightly using density information in an attempt
to increase the stability. One can see that whereas the simple mixing prescrig8pn

In this article, we use a combination of E(®) and a mixed theinput and output of a single iteration using an
method described by N§and Schmid® We define a devia- arbitrary mixing parametex to obtain the input for the next
tion function as iteration, the Anderson mixing prescriptidd5) mixes the

ou in output of severaliterations and calculates the best mixing

di(r) =wM{(r) —w'(r), )  parameters possible assuming a linear system. Obviously, the
from which we can specify a total deviation through the in-SCFT system3)—(7) is not linear, but the Anderson mixing
ner product procedure is able to correct for occasional bad steps.

We should point out that Schmid has also used a combi-
nation of simple mixing and Anderson mixing in SCFT ap-
plied to lipid molecules? however, that approach differs

<mmmunsfdwumu» (10
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and third, except that Anderson mixing was used. The first
row gives the number of iterations required to reach a rela-
tive accuracy of 10° in the fields using simple mixing only.
Subsequent rows give thadditional iterations required to
reach the indicated accuracy. The last row gives the total
number of iterations required to reach an accuracy 6f'40
The final morphology is shown in Fig. 1. Bearing in mind
that an Anderson iteration takes negligibly longer to perform
than a simple mixing iteration, it is clear that the Anderson
method is more than five times faster than the simple mixing
method. Since g¢N=25 andf =0.5, the diblock copolymer
system is known to be in a lamellar state, Table | was gen-
erated using a one-dimensional code. Two- and three-
dimensional runs on other morphologies however, have
given similar benefits.

From our experience, the lamellar morphology can take
longer to “anneal” when using simple mixing than some
other morphologies, such as the body-centered-c(lxc)
from our method. Schmid defined formulas analogous to Egspherical phase. Indeed, we have found the bcc phase par-
(15) for both the input and output fields, and these two re-ticularly amenable to the traditional simple mixing approach.
sults were combined through simple mixifigWe find that ~ Even for this case, however, a significant benefit is realized
the Schmid method does not noticeably reduce the iteratiopy using Anderson mixing, as shown in Table Il. One can see
count for polymeric systems with respect to pure simple mixfrom the total iterations that Anderson mixing is more than
ing. Instead, we have used simple mixing alone at the start afvice as fast as simple mixing for the bcc morphology. The
the algorithm to distill out a morphologfpllowedby Ander-  final morphology produced is shown in Fig. 2.
son mixing alone to rapidly converge the solution to a high  The benefits displayed in Tables | and Il are the result of
relative accuracy in the fields. We have found that usingtarting from random fields. If a reasonable first guess is
Anderson mixing directly from random fields can be un-gjready available for a given morphology, then the benefits of
stable, or will result in highly metastable solutions. the Anderson approach can be much greater. Work has been
done on the elastic properties of block copolymer méfts,
IIl. RESULTS AND DISCUSSION where deformations about an equilibrium structure are inves-

The algorithm described in the previous section has beefigated using SCFT. Such calculations, when done in real
applied to a diblock copolymer melt; the correspondingspacé‘, could be performed far more efficiently and to a
SCFT equations were also given in Sec. Il. The results for anuch higher accuracy using the current approach.
system withyN=25 andf=0.5 are shown in Table I. The In Tables | and I, the increased accuracy in the free
first column shows the relative accuracy achieved in theenergy reflects only the increased accuracy of the iterated
fields; the second and third columns give the iteration countields in a given discretization. The number of real space grid
and free energy, respectively, for a simple mixing calcula-points, or the discretization of the timelike contour parameter
tion. The fourth and fifth columns are the same as the seconsl will also limit the free energy accuracy. Certainly, the

FIG. 1. Lamellar morphology of a diblock copolymer with-0.5 andyN
=25. The solid line is the M) phase and the dashed line is th@Bphase.

TABLE Il. Same as Table | except for the bcc spherical phase shown in Fig. 2. The last row gives the total
number of iterations required to reach an accuracy 6110

Simple mixing Anderson mixing

Tolerance Iterations Free energy Iterations Free energy
1073 720 3.842 855 605 . e
104 29 3.842 396 475 8 3.844 175772
107° 31 3.844 500524 3 3.845097 114
1076 31 3.845272 439 4 3.845547 576
1077 43 3.845 469 768 6 3.845 473 906
1078 129 3.845444 712 15 3.845438 991
10°° 144 3.845 415 456 15 3.845 411 627
10710 145 3.845 404 670 18 3.845 403 465
1071 145 3.845400 721 15 3.845400 713
10712 145 3.845 399 272 17 3.845 399 256
1078 147 3.845 398 735 20 3.845 398 669
10734 150 3.845 398 539 16 3.845398 515
107 151 3.845 398 468 13 3.845 398 466
Totals 2010 870
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One possibility is the interpolation to denser meshes. The
present method of solution makes such an approach much
more feasible.

Lastly, the Anderson mixing method can be applied to
field theoretic simulation$FTS), as well. The FTS method
involves numerically solving the exact partition function of
the polymer fluid model, and does not use the mean-field
approximation. This approach has been restricted to two di-
mensions previously because of the computational intensity.
Since good initial guesses are always used for these systems,
the application of Anderson mixing could well make three-
dimensional FTS calculations possible.
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