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ABSTRACT: For many diﬀerent pure substances, large numbers of competing
characteristic parameter sets exist in the literature for the Sanchez−Lacombe equation
of state. This is due in part to diﬀering research requirements or diﬀering procedures
used for determining the parameters. The existing parameters for carbon dioxide are
reviewed in order to determine whether a single set of parameters can describe the
equation of state over large ranges of temperature and pressure. It is found that by
consideration of a large collection of experiments, a good ﬁt can be achieved over
much larger temperature and pressure ranges than previously thought possible.
Properties directly related to the equation of state, such as the thermal expansivity and
isothermal compressibility, are also predicted well; however, as expected, properties
that depend on the internal degrees of freedom of molecules, such as the speciﬁc heats,
do not correlate well. Closely agreeing parameter sets are found in the literature that ﬁt
the equation of state data reasonably well over a large range. A new set of parameters is found using a least-squares approach over
the largest ranges of temperature and pressure to date. These parameters are found to be P* = 419.9 MPa, T* = 341.8 K, and
ρ*= 1.397 g/cm3 using N = 556 experimental data points over the temperature range of 216.58−1800 K and the pressure range
of 0.5−66.57 MPa.

■

INTRODUCTION
Knowledge of the pressure−volume−temperature (PVT)
properties of carbon dioxide is important to many industrial
and scientiﬁc applications. In industry, CO2 is frequently used
as a solvent. In particular, its relatively low critical point
contributes to its use in supercritical ﬂuid extraction.1,2 In
scientiﬁc applications, its abundance and well-studied properties make it desirable as a test ﬂuid.1 With environmental
concerns gaining in importance, replacing polymer foam
blowing agents such as chloroﬂuorocarbons and hydroﬂuorocarbons with more environmentally friendly gases such
as carbon dioxide and nitrogen becomes ever more
important.3−8 Increasingly, these applications require prediction of properties under high-pressure processing conditions.9−18
Since its introduction in 1974, the Sanchez−Lacombe
equation of state (SL-EOS) has frequently been employed to
predict the PVT properties of pure ﬂuids and ﬂuid
mixtures,19−21 albeit with impaired accuracy at increased
pressures for the latter.10,14 For example, in polymeric foams,
the SL-EOS for mixtures has been frequently ﬁtted to the
solubility and interfacial tension of CO2 in matrix polymers.11,13,15−17,22 The SL-EOS is a popular choice for the
description of the PVT properties of polymers in particular
because the model includes the size of the molecules very
simply through the translational entropy. In fact, the SL-EOS is
one of the simplest equations of state that has a microscopic,
© 2017 American Chemical Society

statistical mechanical basis. Recently, the ability to independently determine the solubility and swelling of polymer/blowing
agent mixtures from direct experiments has revealed serious
shortcomings in the mixture SL-EOS that will need attention
going forward.14,23−25 Part of this mismatch between SL theory
and experiment may come from inappropriate pure-component
SL-EOS parameters. Bashir et al.26 have commented on the
need for accurate pure-component parameters as a prerequisite
for good mixture results. Other examples of the application of
the SL-EOS to CO2 systems range from polymer blends18 to
pharmaceutical microencapsulation for drug delivery.27 The SLEOS has also been implicitly used for surface tension and cell
density calculations of polymer foams in an inhomogeneous
context through self-consistent ﬁeld theory (SCFT).28−32 The
SL-EOS is the homogeneous limit of the Hong and Noolandi
(HN) version of SCFT,33,34 and therefore, testing the
quantitative validity of the SL-EOS for CO2 or other blowing
agents is a necessary prerequisite for the extension of more
complicated theories such as HN-SCFT to the structural details
of polymeric foams.
The SL-EOS requires the input of experimental data to
extract material-speciﬁc molecular information.20,35 Extracting
that information can be done by ﬁtting using a variety of
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ρ* = M /rv*

possible methods depending on the nature of the available
experimental data as well as the properties of the material being
studied.20,36 The great variety in ﬁtting procedures has led to a
large collection of characteristic parameters.3,36−43 Conventional wisdom has been that a set of characteristic parameters
will lead to poor predictions when used beyond the
thermodynamic data range that gave rise to it.3,20,36,37,40 The
implication is that because of the temperature and pressure
dependence of the characteristic parameters not included in the
model, the set of parameters must be found only for the range
of pressures and temperatures needed for a speciﬁc application.
However, for predictive applications in mixtures involving an
exploration of conditions outside one small range, the use of
multiple parameter sets for CO2 is impractical (large numbers
of ﬁtting parameters) and arbitrary (no protocol for deciding
how many diﬀerent parameter sets for CO2 to use). This is
especially important as newer, more exotic materials are
explored and industrialized, such as nanocellular foams, where
extreme conditions of pressure and temperature are used to
create these nanotechnological materials using CO2 as an
environmentally benign blowing agent. In spite of this, no study
has been performed that compares the existing sets of
parameters to a large collection of experimental data to
evaluate the predictive performance of the SL-EOS for CO2.
In this work, a review of the available sets of SL characteristic
parameters for carbon dioxide was performed over a large set of
experimental PVT data. From the results, it is clear that the sets
of parameters found using larger ranges of temperature and
pressure produce the best ﬁts according to a standard leastsquares measure. A new parameter set for carbon dioxide, based
on the largest experimental ranges of temperature and pressure
to date, is found to be P* = 419.9 MPa, T* = 341.8 K, and ρ* =
1.397 g/cm3.

where ϵ* characterizes the mer−mer interaction (with
dimensions of energy), kB is Boltzmann’s constant, and M is
the molecular weight. The number of mer segments per
molecule is related to the characteristic parameters by20
kBT *ρ*/P* = v*ρ* = M /r

⎡
⎛
1⎞ ⎤
P ̃ + ρ 2̃ + T̃ ⎢ln(1 − ρ ̃) + ⎜1 − ⎟ρ ̃⎥ = 0
⎝
⎣
r⎠ ⎦

T̃ = T / T *

(2)

ρ ̃ = ρ / ρ* = V * / V

(3)

The scaled parameters are deﬁned in terms of the characteristic
parameters
T * = ϵ*/kB

(4)

P* = ϵ*/v*

(5)

(8)

A full derivation of the equation of state from the model can be
found in ref 20.
The characteristic parameters are found by ﬁtting the
equation of state to experimentally obtained thermodynamic
data. Sanchez and Lacombe proposed several possibilities for
such ﬁtting in order to take advantage of existing experimental
data.20 For nonpolymeric materials that experience a region of
two-phase coexistence, Sanchez and Lacombe proposed a
method of determining the parameters using saturated vapor
pressure data that minimized computational work while taking
advantage of the large body of existing data.20 These
computational savings are based on a reduction of the threeparameter nonlinear least-squares ﬁt to a single-parameter ﬁt
using a small number of experimentally determined data points
(i.e., the normal boiling point and the midpoint of the liquid−
vapor coexistence curve).20 This approach should be used with
caution, as the simpliﬁed ﬁtting procedure may sacriﬁce the
exactness of the ﬁt while modern computing has made the
numerical savings moot. For polymeric materials as well as
supercritical ﬂuids, inferring parameters from saturated vapor
pressure is not possible. For carbon dioxide, Pope et al.42
simpliﬁed the ﬁt of the characteristic parameters by eliminating
the least-squares method entirely, using instead a calculation
based on the experimentally determined vapor and liquid
densities at the normal boiling point and the critical
temperature. Hariharan et al.36 questioned the characteristic
parameters found by Pope et al. since carbon dioxide does not
have a boiling point at atmospheric pressure. The approach of
Pope et al. should also be used with caution because mean-ﬁeld
theories, such as the SL-EOS, are not able to correctly predict
behavior near the critical point.20,45,46 Heidemann and coworkers47,48 suggested modiﬁcations to the SL-EOS to allow it
to correctly predict both the critical point and data away from
the critical point. Reversing this, it allowed them to use the
critical temperature together with the critical pressure and
acentric factor to extract the characteristic parameters. They
added a Péneloux volume translation term49 to allow for a good
ﬁt both at the critical point and away from it, and in some cases
they added a temperature dependence to one of the
characteristic parameters. This modiﬁed EOS is distinct from
the SL-EOS, although related to it, and one therefore
anticipates diﬀerent characteristic parameters. The main cost
of the modiﬁcations and the parameter temperature dependence is that one has to abandon the connection of the
parameters with the underlying statistical mechanical model.

THEORY
The Sanchez−Lacombe theory is a lattice ﬂuid model that
expresses the free energy of a system by treating the ﬂuid as a
collection of lattice elements, known as mers.19−21,44 In the
pure ﬂuid, each lattice site occupies a volume v*, with r bonded
mers making up a molecule of volume rv*. The model allows
for unoccupied sites, known as holes, which represent the free
volume. The size of the holes, and thus the contribution to the
entropy, is found through ﬁtting to experimental data. Holes
also allow for the treatment of pressure and density in the
lattice construction. Interactions are restricted to nearest
neighbors, with the only nonzero interaction being between
mer−mer pairs.
Using the mean-ﬁeld approximation to make it tractable, the
above model yields a reduced free energy, scaled to be intensive
and dimensionless for convenience, where the scaled functions
of state are given by
(1)

(7)

Thus, the pure-component ﬂuid can be characterized by a set of
three characteristic parameters along with the molecular weight.
In the literature, these characteristic parameters have been
predominantly the set ϵ*, v*, and r or, alternatively, P*, T*, and
ρ*. In practice, many such sets of parameters can be used
provided they span the parameter space.
The free energy yields the SL-EOS for pure ﬂuids, given by

■

P ̃ = P / P*

(6)
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Table 1. List of Pure-Component CO2 SL Parameter Sets with Corresponding Pressure and Temperature Ranges, The
Experimental Methods Used (Where Available), and the Reference Numbers for the Sources of the Experimental Data; The
Deviations between Theory and Experiment (SSQP, eq 10) Are Also Givena
group
39

Kilpatrick
Kiszka40
Pope42
Wang43
Hariharan36
Garg38
Xiong3
Doghieri56
Nalawade41
Funami57
Cao37
Arce58
this work

year

P* (MPa)

T* (K)

ρ* (g/cm3)

P (MPa)

T (K)

method

data source ref

SSQP (10−4)

1986
1988
1991
1991
1993
1994
1995
1996
2006
2007
2010
2009
2016

719.51
574.5
659.63
720.3
418.07
464.2
420.0
630.0
427.7
369.1
453.53
585.61
419.9

280.0
305.0
283.0
b
316.0
328.1
340.9
300.0
338.7
341.2
327.0
301.23
341.8

1.618
1.510
1.62
1.580
1.369
1.426
1.392
1.515
1.4055
1.2530
1.46
1.53253
1.397

0.51−7.4
10.1−16.2
0.1
<8
0.58
<26
20−60
8−50
<30
<40
13−28
<7.4
<66.57

216.6−304
313−333
304
313−333
219.26
323−373
360−420
270−360
333−420
394.4−522.9
318−368
216.6−304.0
216.6−1100.0

−
piezometer
−
piezometer
piezometer
piezometer
viscometer
−
buoyancy
buoyancy
−
−
−

63
64
65
64
66
67
3
68
1
57
69
58
−

241.1
58.64
245.1
424.7
213.5
14.57
6.083
68.12
6.101
95.87
18.78
76.94
4.968

a

All of the experimental data were derived from pure-component samples. bThe temperature-scaling parameter of Wang et al. is given by the
expression T* = 208.9 + 0.459T − 7.56 × 10−4T2.

Figure 1. Comparisons of (a) density−pressure isotherms and (b) density−temperature isobars calculated using the Kilpatrick and Chang39
parameters with those of experiment. Solid lines represent theory and ﬁlled circles represent experiment at (green ●) 323 K, (red ■) 373 K, (cyan
▲) 380 K, (magenta ▼) 400 K, (yellow ★) 420 K, (black ◆) 490 K, (orange ▶) 660 K, and (gray ◀) 1100 K. Dashed lines have been added to
link the experimental data with the corresponding theoretical curves for clarity. The legends indicate the sources of the experimental data.

This can lead to other problems in the context of mixtures,
where binary ﬁtting parameters must start to take on
temperature dependences that do not arise from the original
statistical mechanical models in order to match experimental
data. The modiﬁed SL-EOS of Heidemann and co-workers has
the advantage of speed and accuracy in certain contexts, which
makes it excellent for some industrial applications. Machida and
co-workers have also proposed a temperature-dependence
modiﬁcation of the SL-EOS and applied it to systems including
CO2.50,51 Since these modiﬁed SL equations represent
essentially diﬀerent theories, they are not expected to result
in the same characteristic parameters as the standard SL-EOS.
The usual method for determining characteristic parameters
is to use a nonlinear least-squares approach.3,36−41 Typically,
the ﬁtting is done by minimizing a measure similar to

⎡ ρ (Ti , Pi) − ρ ⎤2
t
e, i
⎥ +
SSQ ρ = ∑ ⎢
⎢
⎥⎦
ρ
i=1 ⎣
e, i
Nsp

⎡ ρ g (Tj) − ρ g ⎤2 ⎫
t
e, j ⎪
⎥⎬
+⎢
g
⎢⎣
⎥⎦ ⎪
ρe, j
⎭

Ncoex

∑
j=1

⎧⎡ l
l 2
⎪⎢ ρt (Tj) − ρe, j ⎤⎥
⎨
⎥
ρe,l j
⎪⎢⎣
⎦
⎩

(9)

where ρe,i is the ith experimentally determined density
measured at temperature Ti and pressure Pi, ρt is the
theoretically predicted density at the same pressure and
temperature, Nsp = 364 is the total number of experimental
data points in both the single-phase and supercritical regions,
ρle,j and ρge,j are the jth experimentally determined densities of
the liquid and gas, respectively, along the line of liquid−vapor
coexistence, ρlt and ρgt are the theoretically predicted densities of
the coexisting liquid and vapor, respectively, at temperature Tj,
and Ncoex = 200 is the number of data points on the coexistence
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Figure 2. Comparisons of (a) the saturated liquid−vapor density−temperature curve and (b) the density−pressure curve obtained using the
Kilpatrick and Chang39 parameters with the ones obtained experimentally. Lines represent predicted vapor (blue solid) and liquid (red dashed)
densities, while ﬁlled shapes represent experiment for both vapor (blue) and liquid (red). The legends indicate the sources of experimental data.

curve. The minimization can be performed in many ways,
including the Levenberg−Marquardt algorithm.52,53 The sum of
the squares of the fractional diﬀerences (SSQ) between the
experimental data and theoretical prediction is used to measure
the goodness of ﬁt. The sum is calculated over the range of
available pressures and temperatures.
Although there are some similarities among the ﬁtting
methods of many groups, it has been noted in the past that
variations in ﬁtting practices can signiﬁcantly aﬀect the results.
In order to obtain a set of SL characteristic parameters for
polypropylene, Zoller54 ﬁrst performed a ﬁt to the zeropressure isobar to determine T* and ρ* and then obtained P*
from an average of values calculated by comparing theoretical
and experimental isothermal compressibility values at zero
pressure over multiple temperatures. Pottiger and Laurence55
found that the ﬁtting method employed by Zoller emphasized
the ﬁt at lower pressures at the expense of the ﬁt at high
pressures. They concluded that the poor predictive power of
the theory was attributable to the ﬁtting procedure and found
that a good ﬁt was possible by simultaneously solving for all
three parameters using a nonlinear least-squares method.

Figure 3. Comparison of relative density deviations between
experiment and theory as functions of pressure at a temperature of
490 K for all sets of characteristic parameters given in Table 1. The
legend indicates the source for each parameter set.

■

DISCUSSION
There exists in the literature a belief that no constant set of SLEOS parameters can be used to predict thermodynamic data
over wide ranges of pressure and temperature. Despite this
expectation, no universally accepted limits exist on the pressure
and temperature ranges appropriately represented by a single
set of SL-EOS parameters. Because of this, many groups have
proposed diﬀerent parameters for carbon dioxide with diﬀerent
scopes and overlapping ranges.3,36−43,56−58 Great care,
however, must be taken when applying a nonlinear leastsquares ﬁtting algorithm. Fitting algorithms based on leastsquares methods are famously sensitive to outliers, which can
be ampliﬁed by decreased numbers of data points.59 They are
also prone to ﬁnding local rather than global minima with
respect to parameters.60−62 Furthermore, care must be taken
when extrapolating ﬁtted nonlinear functions, since curve
features outside of the ﬁtted range may be poorly predicted.
These pitfalls can be mitigated by increasing the scope and

Table 2. Sanchez−Lacombe Pure-Fluid Parameters for
Carbon Dioxide That Fit the Experimentally Determined
Thermodynamic Dataa
group
3

Xiong
Nalawade41
this work

P* (MPa)

T* (K)

ρ* (g/cm3)

SSQP (10−4)

420.0
427.7
419.9

340.9
338.7
341.8

1.392
1.4055
1.397

6.083
6.101
4.968

a
Parameter choices that ﬁt the entire range of data reasonably well fall
roughly within ±8 MPa, ±3 K, and ±0.01 g/cm3 of each other, but
because of the nonlinear nature of the equation of state, not all
parameter combinations that fall within these bounds will ﬁt well.

number of data points used for ﬁtting. The consequences of
this can reach beyond the prediction of pure ﬂuid properties. It
has been observed in the past that incorrect polymeric pure
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Figure 4. Comparisons of (a) density−pressure isotherms and (b) density−temperature isobars obtained using the parameters calculated in this
work with those obtained experimentally. Solid lines represent theory and ﬁlled circles represent experiment at (green ●) 323 K, (red ■) 373 K,
(cyan ▲) 380 K, (magenta ▼) 400 K, (yellow ★) 420 K, (black ◆) 490 K, (orange ▶) 660 K, and (gray ◀) 1100 K. The legends indicate the
sources of experimental data.

Figure 5. Comparisons of (a) the saturated liquid−vapor density−temperature curve and (b) the density−pressure curve obtained using the
parameters calculated in this work with the ones obtained experimentally. Lines represent predicted vapor (blue solid) and liquid (red dashed)
densities, while ﬁlled shapes represent experiment for both vapor (blue) and liquid (red). The legends indicate the sources of experimental data.

ﬂuid parameters lead to unsatisfactory predictions of the
behavior of polymeric mixtures.26,36,55 Table 1 lists some of the
competing SL-EOS parameter sets for carbon dioxide as well as
the experimental source, method, and temperature and pressure
ranges of the data from which the parameters are regressed. It
should be noted that the nonlinearity of the SL-EOS means
that small diﬀerences in individual parameters can have a
signiﬁcant eﬀect on the predictions of the theory.
It is also important to consider the quality of diﬀerent data
sets when applying a least-squares algorithm so that appropriate
weights can be assigned to each. For the sets listed in Table 1,
few error bounds were given, so there is little basis for
weighting the data diﬀerently. Nonetheless, despite the use of
diﬀering experimental methods, the various results show high
levels of consistency.64

The ﬁtting procedures employed are as varied as the ranges
of the experimental data. Kilpatrick and Chang39 performed a
nonlinear least-squares ﬁt to the vapor pressure and saturated
densities of CO2 along the line of liquid−vapor coexistence.
Hariharan et al.36 determined their parameters using a ﬁt to the
known critical temperature of CO2 as well as from the liquid
density, gas density, and heat of vaporization at a single
arbitrarily chosen coexistence vapor pressure and temperature.
Xiong and Kiran3 do not describe their ﬁtting procedure in
detail but mention that they obtained their parameters from an
optimization of PVT data over the temperature and pressure
range listed in Table 1.
Figures 1 to 5 compare the SL theoretical density−pressure
isotherms, density−temperature isobars, and coexistence curves
with experiment. Experimentally obtained thermodynamic data
was taken from the literature.3,38,64,68,70,71 Figure 1 compares
589

DOI: 10.1021/acs.jced.6b00743
J. Chem. Eng. Data 2017, 62, 585−595

Journal of Chemical & Engineering Data

Review

The parameter sets of Xiong and Kiran3 and Nalawade et
al. are very similar. In both instances, the temperature and
pressure ranges of the experimental data are larger than those of
the others. Both parameter sets show good agreement between
theoretically predicted PVT data and experiment. The agreement goes beyond the data sets from which the parameters
were drawn.
By means of a least-squares ﬁtting approach, new parameters
have been found that ﬁt all of the referenced thermodynamic
data simultaneously. In order to include the greatest amount of
thermodynamic data possible, density, temperature, and
pressure data in the homogeneous liquid and vapor regions,
the saturated liquid−vapor coexistence curves from the triple
point to the critical point (216.6 K at 0.518 MPa and 304.2 K at
7.38 MPa, respectively2,64), and the supercritical region were
gathered. In all, the new parameters were found using N = 556
experimental data points over the temperature range of
216.58−1800 K and the pressure range of 0.5−66.57
MPa.3,38,64,68,70,71 Because of the inherent complication
involved in calculating theoretical values of density using the
SL-EOS because of the nonlinear dependence on the density, a
sum of squares based on pressure is used instead. Forgoing
nonlinear solvers greatly increases the speed of calculation as
well as the accuracy of the results. This leads to a new measure
of goodness of ﬁt given by
41

Figure 6. Comparison of the sums of the squares of the fractional
deviations predicted by the diﬀerent sets of SL parameters from
experiment using the pressure-based measure given by eq 10 (solid
bars) and the more standard density-based measure given by eq 9
(hashed bars) for all data points. The parameter sets that ﬁt the data
well are given in Table 2.

⎡ Pt(Ti , ρ ) − Pe, i ⎤2
i
⎥ +
SSQ P = ∑ ⎢
⎢
⎥⎦
P
⎣
e, i
i=1
Nsp

39

Kilpatrick
Kiszka40
Pope42
Wang43
Hariharan36
Garg38
Xiong3
Doghieri56
Nalawade41
Funami57
Cao37
Arce58
this work

Tc (K)

Pc (MPa)

309.7
316.2
305.0
310.4
303.9
318.1
319.0
320.1
318.5
316.8
312.8
313.7
319.2

8.66
9.08
8.89
8.38
8.73
9.42
9.64
8.85
9.66
8.69
9.65
9.09
9.70

∑
j=1

⎡ P l,g(T ) − P l,g ⎤2
e, j
j
⎢ t
⎥
l,g
⎢⎣
⎥⎦
Pe, j
(10)

where Pe,i is the ith experimentally determined pressure
corresponding to temperature Ti and density ρi, Pt is the
theoretically predicted pressure at the same temperature and
density, Nsp = 364 is the total number of experimental data
points in both the single-phase and supercritical regions, Pl,g
e is
the jth experimentally determined pressure of the coexisting
liquid and vapor, and Ncoex = 200 is the number of data points
on the coexistence curve. The theoretically predicted pressure
at liquid−vapor coexistence, Pl,g
t (Tj) is calculated at temperature
Tj using the method of equal liquid and vapor grand potentials.
Since the SL-EOS is linear as a function of pressure, the new
least-squares minimization does not require the use of
numerical nonlinear solvers. Care has also been taken to
exclude data close to both the experimental and theoretical
critical points because of the breakdown of mean-ﬁeld theory in
those regions. Data within 15 K of either of the points have
been omitted, following Sanchez and Lacombe,20 as well as
those within 1.5 MPa. Table 2 shows the characteristic
parameters calculated to minimize eq 10 as well as the
literature parameters that ﬁt the data well using eq 10 as a
measure of goodness of ﬁt. Figure 4 shows good agreement
between PVT theory and experiment using the parameter set
calculated in this work, in both the single-phase region and the
supercritical region. Figure 5 shows reasonable agreement
between the predicted coexistence curves and experiment.
From Table 2, one can see that parameter choices that ﬁt the
entire range of data reasonably well fall roughly within ±8 MPa,
±3 K, and ±0.01 g/cm3 of each other, but because of the
nonlinear nature of the equation of state, not all parameter
combinations that fall within these bounds will ﬁt well. The
characteristic parameters calculated in this work give a hole
volume of v* = 1.12 × 10−23 cm3 or, equivalently, v* = 6.76
cm3/mol.

Table 3. List of CO2 Critical Temperatures and Pressures
Predicted by the SL Parameters of Various Groups; The
Experimentally Determined Critical Point is 304.2 K at 7.38
MPa2,64
group

Ncoex

the PVT predictions made using the Kilpatrick and Chang39
parameters with experiment, while Figure 2 compares predicted
coexistence data with experiment, again using the Kilpatrick
and Chang parameters. It is clear from the ﬁgures that the
predictions agree with experiment in the coexistence region of
216−304 K (the source of their ﬁtting data) but do very poorly
at high pressures and high temperatures. While other parameter
sets suﬀer the same limitation, the Kilpatrick and Chang
parameters were chosen here for the purpose of illustration.
Figure 3 shows the relative density deviations between theory
and experiment at an example temperature of 490 K for all of
the parameter sets.
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Figure 7. Thermal expansivity as a function of temperature for a selection of pressures using (a) the characteristic parameters presented in this work
and (b) the characteristic parameters of Kilpatrick and Chang.39 Symbols are experimental data from the sources indicated in the legends, and the
solid lines are ﬁts using the SL expression for α.

Figure 8. Isothermal compressibillity as a function of pressure for a selection of temperatures using (a) the characteristic parameters presented in this
work and (b) the characteristic parameters of Kilpatrick and Chang.39 Symbols are experimental data from the sources indicated in the legends, and
the solid lines are ﬁts using the SL expression for β.

breaks down near the critical point.20 A comparison of the
experimentally determined critical point of carbon dioxide with
those obtained using the parameter sets calculated by diﬀerent
groups is shown in Table 3. Not surprisingly, most of the SLcalculated critical points do not agree with the experimentally
determined one, with the majority being much higher than the
accepted value. The parameters calculated by Kilpatrick and
Chang,39 Pope et al.,42 and Hariharan et al.36 appear to be
exceptions in that they do produce a relatively accurate critical
temperature. In the case of Hariharan et al., this is not
surprising since their ﬁt is based in part on the critical
temperature. Kilpatrick and Chang and Pope et al. also base
their ﬁts on thermodynamic data near the critical point. In all
three cases, the more accurate estimation of the critical point
comes at the cost of a poor ﬁt elsewhere, as illustrated in Figure
1. Table 3 shows that they also fail to accurately predict the
critical pressure.

Equation 10 has been used to calculate the SSQ, which is
taken as a measure of the goodness of ﬁt for each set of
parameters in Table 1. The results found in Figure 6 conﬁrm
that the parameters shown in Table 2 provide the most
satisfactory ﬁts according to the least-squares measure in eq 10.
Even when the more standard measure of SSQ in terms of
density (eq 9) is used, Figure 6 shows that the parameters in
Table 2 still produce a satisfactory ﬁt. By either measure, the
parameter set calculated in this work produces the best ﬁt.
Regardless of the least-squares measure used, one can
objectively see that the parameter sets of those groups with a
low SSQ as measured by eq 9 or 10 ﬁt the data better over the
entire pressure and temperature range than those with higher
SSQ values. Only the parameters from this work have been
evaluated using the totality of the data reviewed here.
Despite the fact that the SL equation of state allows for the
calculation of the critical point, the prediction is not expected
to be accurate. The SL equation of state, as a mean-ﬁeld theory,
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Figure 9. Enthalpy of vaporization as a function of temperature using (a) the characteristic parameters presented in this work and (b) the
characteristic parameters of Kilpatrick and Chang.39 Symbols are experimental data from the sources indicated in the legends, and the solid lines are
ﬁts using the SL expression for ΔHvap.

Figure 10. Logarithm of vapor pressure as a function of inverse temperature using (a) the characteristic parameters presented in this work and (b)
the characteristic parameters of Kilpatrick and Chang.39 Symbols are experimental data from the sources indicated in the legends, and the solid lines
are ﬁts using the SL-EOS.

the CO2 molecules. As originally pointed out by Sanchez and
Lacombe,20 this is the case because internal degrees of freedom
are not microscopically included in the model but rather are
phenomenologically represented through the characteristic
parameters; only translational degrees of freedom are explicitly
incorporated. Thus, quantities like the thermal expansivity α
and isothermal compressibility β (see eqs 25b and 26b in ref
20) are predicted well using our recommended characteristic
parameters values of P* = 419.9 MPa, T* = 341.8 K, and ρ*=
1.397 g/cm3, as shown in Figures 7a and 8a. Other choices for
the characteristic parameters ﬁt the data less well. For example,
the Kilpatrick and Chang predictions are shown in Figures 7b
and 8b. We note, however, a small overshoot and bump in the
thermal expansivity and isothermal compressibility, respectively, in our ﬁt at around 16 MPa and 380 K. The cause of this
small deviation from the experimentally derived data is not
clear.

Comparing Table 1 with Figure 6 shows a correlation
between the deviation from the experimental data and the
scope of the ranges of pressure and temperature: the larger the
temperature and pressure ranges considered, the better the ﬁt.
Figure 6, however, shows one seeming anomaly in that the
Kilpatrick and Chang parameters have a relatively large
temperature range and yet do not ﬁt the experimental data
well. This could possibly be explained by their proximity to the
critical point. As mentioned, since SL theory is a mean-ﬁeld
theory, one does not expect predictions of thermodynamic data
to be accurate near the critical point.20 Thus, ﬁtting done in this
region may decrease the accuracy of the results.
The SL-EOS for CO2 can also be analyzed with respect to
other thermodynamic predictions, in keeping with IUPAC
recommendations for EOS studies.72 In brief, the SL-EOS
should be expected to give good results for quantities directly
related to the PVT data to which it was ﬁtted but not to
quantities that depend on the internal degrees of freedom of
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Figure 11. Second virial coeﬃcient as a function of temperature using (a) the characteristic parameters presented in this work and (b) the
characteristic parameters of Kilpatrick and Chang.39 Symbols are experimental results compiled by Angus et al.,64 and the solid lines are ﬁts using the
SL expression for B.

competitor is the Simha−Somcynsky EOS (SS-EOS).35,73 The
SS-EOS is a cell-based model in which the cells are organized
into a close-packed lattice. Like the SL-EOS, the SS-EOS is a
hole-type theory in that each cell is either occupied by a single
segment or is vacant. Unlike the SL-EOS, the segment does not
occupy the entire cell, meaning that the free volume of the
model is split into contributions from vacant cells and from
occupied cells. The relative contributions to the free volume are
determined by comparison with experiment, with multiple rules
existing to accomplish this. The SS-EOS is a mean-ﬁeld theory,
so it will suﬀer the same limitations as the SL-EOS in the region
of the critical point. The pure-component characteristic
parameters are similar to those for the SL-EOS, but diﬀerent
interaction types are allowed, including square well35 and
Lennard-Jones73 interactions. The underlying model of the SSEOS is somewhat more complicated than that underlying the
SL-EOS, and the resulting formalism is signiﬁcantly more
complicated. The mixture formulation has been shown to be
more successful than the SL-EOS one in some contexts,
including polymeric foams.14,23−25 However, the pure-component parameters of the SL-EOS used for these comparisons
may not be optimal, so this could contribute, at least in part, to
the shortcomings of the mixture SL-EOS.26

On the other hand, quantities directly related to the internal
degrees of freedom of the CO2 molecules, such as the speciﬁc
heats cV and cP and the Joule−Thomson inversion curve, which
is related to cP, should not be expected to correlate well.20 For
all of the sets of characteristic parameters, including the set
presented in this work, these quantities are not predicted
correctly, not even qualitatively. For other quantities, such as
the enthalpy of vaporization ΔHvap and the vapor pressure, data
are available mostly near the critical point, so the SL-EOS is not
expected to perform well. Figures 9 and 10 show predictions of
enthalpies of vaporization and vapor pressures, respectively,
using the characteristic parameters of this work and those of
Kilpatrick and Chang. In these cases, the Kilpatrick and Chang
results follow the experimental data better than the predictions
of this work. This is not surprising, since the Kilpatrick and
Chang parameters were regressed to match vapor pressures.
Since the mean-ﬁeld SL theory should not correlate well with
experiment for these data, this good agreement near the critical
point for a mean-ﬁeld theory is indicative of a problem.
Speciﬁcally, achieving good agreement near the critical point
means that the parameters are unable to predict correctly
quantities away from the critical point and that the theory is
being used as an interpolation formula in the region of the
critical point rather than a predictive microscopic model.
The second virial coeﬃcient B of the SL-EOS (see eq 24d of
ref 20) adequately agrees with the experimental data compiled
by Angus et al.,64 as shown in Figure 11. For the characteristic
parameters from this work, larger deviations are seen at lower
temperatures surrounding the critical temperature, as expected.
Again, the predictions using the parameters from this work are
generally better than those of Kilpatrick and Chang. For all of
the quantities examined in Figures 7−11, the predictions of
Kilpatrick and Chang were chosen as points of comparison, but
data from other groups behave similarly. Of course, the results
of Xiong and Kiran and Nalawade et al. are competitive with
the results of this work because of the similarity of the
characteristic parameters.
Finally, it is relevant to question how the SL-EOS performs
for CO2 compared with other equations of state. There are
huge numbers of possible comparisons, but one obvious

■

CONCLUSIONS
It is found that the Sanchez−Lacombe pure-ﬂuid characteristic
parameters for carbon dioxide P* = 419.9 MPa, T* = 341.8 K,
and ρ* = 1.397 g/cm3 provide a good ﬁt to PVT data and
related quantities over large temperature and pressure ranges
using a hole volume of v* = 1.12 × 10−23 cm3. As expected,
properties that depend on the internal degrees of freedom of
molecules, such as the speciﬁc heats, do not correlate well,
because the SL-EOS does not include these degrees of freedom
in the model. Properties directly related to the PVT data,
however, such as the thermal expansivity and the isothermal
compressibility, do correlate well with experiment. By analysis
of the existing thermodynamic data for carbon dioxide over the
temperature range of 216.58−1800 K and the pressure range of
0.5−66.57 MPa, it is found that ﬁtting practices play a nonnegligible role in the previous poor agreement between PVT
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CO2 in Polypropylene Using Various EOS Models. Cell. Polym. 2006,
25, 237−248.
(16) Liao, X.; Li, Y. G.; Park, C. B.; Chen, P. Interfacial Tension of
Linear and Branched PP in Supercritical Carbon Dioxide. J. Supercrit.
Fluids 2010, 55, 386−394.
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Volume Swelling and Interfacial Tension of the Polystyrene-Carbon
Dioxide-Dimethyl Ether System. J. Colloid Interface Sci. 2015, 456,
174−181.
(25) Li, Y. G.; Park, C. B. Effects of Branching on the PressureVolume-Temperature Behaviors of PP/CO2 Solutions. Ind. Eng. Chem.
Res. 2009, 48, 6633−6640.
(26) Bashir, M. A.; Al-haj Ali, M.; Kanellopoulos, V.; Seppälä, J.;
Kokko, E.; Vijay, S. The Effect of Pure Component Characteristic
Parameters on Sanchez-Lacombe Equation-of-State Predictive Capabilities. Macromol. React. Eng. 2013, 7, 193−204.
(27) Kim, J.-H.; Paxton, T. E.; Tomasko, D. L. Microencapsulation of
Naproxen Using Rapid Expansion of Supercritical Solutions.
Biotechnol. Prog. 1996, 12, 650−661.
(28) Kim, Y.; Park, C. B.; Chen, P.; Thompson, R. B. Origins of the
Failure of Classical Nucleation Theory for Nanocellular Polymer
Foams. Soft Matter 2011, 7, 7351−7358.
(29) Kim, Y.; Park, C. B.; Chen, P.; Thompson, R. B. Towards
Maximal Cell Density Predictions for Polymeric Foams. Polymer 2011,
52, 5622−5629.
(30) Kim, Y.; Park, C. B.; Chen, P.; Thompson, R. B. Maximal Cell
Density Predictions for Compressible Polymer Foams. Polymer 2013,
54, 841−845.
(31) Park, H.; Thompson, R. B.; Lanson, N.; Tzoganakis, C.; Park, C.
B.; Chen, P. Effect of Temperature and Pressure on Surface Tension of
Polystyrene in Supercritical Carbon Dioxide. J. Phys. Chem. B 2007,
111, 3859−3868.
(32) Thompson, R. B.; MacDonald, J. R.; Chen, P. Origin of Change
in Molecular-Weight Dependence for Polymer Surface Tension. Phys.
Rev. E 2008, 78, 030801.
(33) Hong, K. M.; Noolandi, J. Conformational Entropy Effects in a
Compressible Lattice Fluid Theory of Polymers. Macromolecules 1981,
14, 1229−1234.
(34) Thompson, R. B.; Park, C. B.; Chen, P. Reduction of Polymer
Surface Tension by Crystallized Polymer Nanoparticles. J. Chem. Phys.
2010, 133, 144913.
(35) Simha, R.; Somcynsky, T. On the Statistical Thermodynamics of
Spherical and Chain Molecule Fluids. Macromolecules 1969, 2, 342−
350.

theory and experiment for the Sanchez−Lacombe equation of
state for carbon dioxide. By ﬁtting over the largest possible set
of experimental data to date, it is found that a good ﬁt can be
achieved over much larger pressure and temperature ranges
than previously thought possible. This should be true for many
other pure substances, not just carbon dioxide.
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