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Abstract
A key aim of quantum foundations is to characterize the sense in which nature goes
beyond classical physics. Understanding nonclassicality is one of our best avenues towards
finding a satisfactory interpretation of quantum theory. By determining which classical
principles cannot be satisfied in any empirically adequate physical theory, we begin to
see which principles can be preserved, which in turn gives us insight into the ontology of
the world. These insights then guide us in determining which questions to ask and which
experiments to perform next. Furthermore, it is these nonclassical aspects of nature that
give rise to new technologies such as the speed-ups of quantum computation or the security
of quantum key distribution.
The gold standard for establishing that a phenomenon is truly nonclassical is to prove
that it violates the principle of local causality or the principle of noncontextuality. Much of
this thesis reports on my research relating to these two principles. This research primarily
involves (i) finding new justifications for our notions of nonclassicality; (ii) refining their
fundamental definitions; (iii) quantifying and characterizing their various manifestations;
and (iv) finding applications where nonclassical phenomena act as resources for information
processing.
Ultimately, all of this work on nonclassicality is woven together into a novel framework
for physical theories introduced by myself, John Selby, and Rob Spekkens. Its main
advantage over preexisting frameworks is that it maintains a clear distinction between
which elements of a given physical theory directly describe causal processes, and which
refer only to one’s inferences about causal processes. This clarifies a number of confusions
in the literature which arose precisely because previous frameworks scrambled causal and
inferential concepts. Furthermore, local causality and noncontextuality emerge in this
framework as the assumptions that the causal and inferential structures (respectively)
that are operationally observed must be respected in the underlying ontology. This work
constitutes a first step in developing a new interpretation of quantum theory—the first
interpretation designed to satisfy the spirit of both local causality and noncontextuality.
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Chapter 1
Introduction
Which features of quantum theory are impossible to explain classically?
The history of quantum foundations is littered with attempted answers to this question.
Many of the attempted answers involve pointing out specific counterintuitive quantum
phenomena that lack any obvious explanation in terms of, say, Newtonian mechanics or
electrodynamics. Common suspects are, e.g., interference, entanglement, and no-cloning.
For every argument of this sort, however, one can find a counterargument wherein a
sufficiently creative researcher devises a relatively simple and classical explanation for the
phenomena which were claimed to be mysterious. A more systematic approach to answering
this question is to formulate a set of assumptions that are taken to encode one’s notion of
‘classicality’, and then to derive from this a contradiction with the predictions of quantum
theory. By now there are scores of such no-go theorems, and correspondingly many notions
of classicality.
Of these, two no-go theorems stand far ahead of the pack, in terms of the compellingness
of their assumptions, their breadth of applicability, and their utility in guiding us in
developing new ideas and technologies. The first of these is Bell’s proof that there is
no local hidden variable model that can reproduce the predictions of quantum theory.
The second, attributed to Kochen and Specker, establishes that there is no noncontextual
hidden variable model which can reproduce the predictions of quantum theory. The precise
characterization of the foundational assumptions and principles underlying these no-go
theorems is an ongoing topic of study. For example, the set of assumptions required for
Bell’s no-go theorem has since been clarified and greatly extended in scope by the framework
of classical causal modeling. Additionally, Kochen-Specker’s notion of noncontextuality was
significantly generalized and better motivated by Spekkens. Much of the work reported in
1

this thesis also contributes to these clarifications and generalizations.
In order to convincingly argue that a phenomena is nonclassical, then, one should
demonstrate that it cannot be explained by any local and noncontextual model. The
natural next step is to better understand the range of scenarios in which quantum theory
fails to respect them. Although the first proofs of nonlocality and contextuality involved
fairly specific constructions without any practical relevance, it is by now standard to seek
proofs of nonclassicality that exhibit connections to physical situations of independent
interest. That such connections are regularly found is no coincidence, but rather is further
evidence that these are good notions of nonclassicality. After all, it would be hard to
convince ourselves that we had characterized the essence of quantum theory, if this essence
had no practical ramifications for, say, information processing, computation, or building
gadgets. In recent years, this recognition that nonclassicality can be viewed as a resource
for a variety of practical tasks has led to a concerted effort to quantify and characterize its
various manifestations.
The study of nonclassicality is of intrinsic foundational interest, and we have just noted
that it has practical utility as well. There is a third motivation, however, which to me
personally is the greatest of all. Understanding what makes quantum theory special (and in
particular, nonclassical) provides insights that guide us in interpreting quantum theory. It
is worth noting that the task of interpreting quantum theory is not merely of foundational
interest. It is critical, for example, to the task of extending quantum theory to new domains,
be those domains as fundamental as spacetime physics, as applied as causal inference, or as
complex as artificial intelligence. The intuitive stories we build around the formal elements
of a theory guide our research agendas, determining what questions get asked, what new
experiments are carried out, and what new devices get built.
As an example of how our understanding of nonclassicality guides us in interpreting
quantum theory, consider how researchers typically evaluate the various existing quantum
interpretations. One tabulates the various foundational principles (e.g. of classicality
or simplicity) that one wishes to uphold, and then determines which are respected or
violated by each interpretation. For example, Bohmian mechanics preserves our intuitions
of a deterministic world wherein particles have definite trajectories, but it violates both
locality and noncontextuality. Many Worlds aims to preserve locality, but at the cost of an
extravagant ontology and of giving up the idea that a measurement yields a single outcome.
QBism also aims to preserve locality, but does so by giving up the idea that measurement
outcomes are events independent of the observer who experienced them. Then, based on
our judgement of which principles are most sacred, we determine which interpretations we
prefer over which others.
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Perhaps the most common view among researchers in quantum foundations today is that
none of these interpretations is satisfactory. Furthermore, no interpretation has achieved
even a sizeable minority consensus. As such, there is a real need for new interpretations.
In my view, the reason existing interpretations are unappealing is because each abandons
at least one or two of our foundational physical principles wholesale, in order to preserve
the others. No matter how successful the interpretation is at resolving particular quantum
mysteries, then, one is left with the fear that it is only for lack of creativity that we
have given up on the abandoned principles. The only path I see to a broadly appealing
interpretation is to (i) identify the most significant principles that appear to be violated by
quantum theory, and then (ii) devise an interpretation that manages to preserve the spirit
of all of these principles, by tweaking the precise definitions of the basic physical concepts
used to define them. These modifications, of course, must be minimal enough so that the
physical concepts do not lose their meaning (and so that the principles do not lose their
appeal), but significant enough that one can avoid no-go theorems and actually reproduce
the predictions of quantum theory.
This task may seem vague or difficult, and we certainly have not yet succeeded at it.
However, I will by the end of this thesis present an explicit framework which formalizes
these ideas and begins making progress on them. The key foundational principles that we
aim to preserve using this framework are motivated directly by the Bell and Kochen-Specker
no-go theorems, together with our refinements to the assumptions going into them. (These
refinements are discussed in the following subsections; some of them are contributions of
the work reported in this thesis.) In this framework, developed jointly with John Selby
and Rob Spekkens, we consider modifications to the classical theory of causation and to
the classical theory of inference, and we show how a synthesis of these revised theories has
the potential to circumvent nonlocality and contextuality no-go theorems. Ultimately, we
consider this to be a promising approach to reconstructing quantum theory in a manner
that does the least possible violence to our most cherished physical principles.

1.0.1

How to read this thesis

This thesis consists of three parts. Part I consists of Chapters 2 and 3, which focus on
the notion of generalized noncontextuality. Part II consists of Chapters 4 and 5, which
focus on the notion of ‘locality’, which we argue is better understood as a notion of causal
compatibility. Part III consists of Chapter 6, which presents a novel framework for realist
theories, the framework of causal-inferential theories, which ties together all of my work on
noncontextuality and nonlocality.
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In the remainder of this introduction, I give a nontechnical introduction to the relevant
two notions of classicality, with a focus on how the version of these concepts that I will
consider are refined versions of the original notions introduced by Bell and Kochen and
Specker. I also give a high-level summary of the contributions made by my research and
reported in the following chapters. Finally, I summarize the basic aims of our framework for
causal-inferential theories, as well as how this framework is motivated by and ties together
my work on nonclassicality.
Formal definitions and complete details can be found in the respective chapters (but
not in this introduction). The chapters in this thesis are taken almost verbatim from some
of the papers published during my graduate studies.

1.0.2

Generalized noncontextuality

The term noncontextuality refers to a particular property that an ontological explanation
of some given operational statistics may satisfy. Traditionally, a noncontextual hidden
variable model is one wherein the fundamental (ontic) state of a system specifies what
outcome will occur for any given measurement, independent of what other measurements
are simultaneously carried out. This is the notion of Kochen-Specker noncontextuality [162].
As a simple example, imagine the two projective measurements {|0i h0| , |1i h1| , |2i h2|} and
{|+i h+| , |−i h−| , |2i h2|}, where |±i = √12 (|0i ± |1i). In a noncontextual model, every ontic
state that dictates that the third outcome will occur in the first measurement must also
dictate that the third outcome will occur in the second measurement, since the projector
|2i h2| corresponding to the two is the same. That is, whether or not a given outcome
occurs cannot be a function of what specific measurement it is a part of.
Is Kochen-Specker noncontextuality even a plausible assumption, much less a sensible
notion of classicality? As noted as far back as Bell [33], “these different possibilities [that is,
different measurements] require different experimental arrangements; there is no a priori
reason to believe that the results... should be the same. The result of an observation may
reasonably depend not only on the state of the system (including hidden variables), but also
on the complete disposition of the apparatus”. Nonetheless, many have tried to argue for the
plausibility of Kochen-Specker’s assumption of noncontextuality; see e.g. Ref. [205]. Perhaps
the most convincing justification of the assumption was given by Spekkens in Ref. [281],
which argued that noncontextuality is motivated by a principle of ontological economy:
that a good theory should avoid introducing ‘differences in the ontological explanations of
empirical phenomena where there are no differences in the phenomena themselves’.
More importantly, Ref. [281] argued that the same motivations that can be given for
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Kochen-Specker noncontextuality can also be given for a more general notion which has come
to be known as generalized noncontextuality. Essentially, an ontological representation of
quantum theory is generalized-noncontextual when the representation of a given laboratory
procedure depends only on the quantum description of that procedure (i.e. the density
operator, channel, or positive-operator valued measure associated to it). In a noncontextual
model, then, any two processes that lead to all the same predictions—no matter how distinct
their physical implementation—must have representations that also lead one to make all
the same predictions. Thus the indistinguishability of such distinct procedures is explained
by the indistinguishability of their ontological behaviors.
The principle of generalized noncontextuality has an unparalleled pedigree as a notion
of classicality. First, it can be motivated by an appeal to Leibniz’s principle of the identity
of indiscernibles [285], a principle for theory construction that underpins much of Einstein’s
work on special and general relativity. It has also been shown [260, 262, 283] that generalized
noncontextuality is equivalent to the (independently motivated) notion of classicality that
is unilaterally endorsed by the quantum optics community—namely, the existence of a
positive Wigner representation. It is furthermore equivalent to a third (again independently
motivated) notion of classicality that arises naturally within the framework of generalized
probabilistic theories [23, 138] (GPTs)—namely, being a subtheory of a simplicial GPT [23]
(that is, one whose extremal states are all perfectly distinguishable). Additionally, Ref. [241]
shows that noncontextuality emerges in the classical limit considered within the Quantum
Darwinian research program. Furthermore, other key indicators of nonclassicality, such
as violations of local causality [33] or observations of anomalous weak values [228], have
been proven to be instances of contextuality. Finally, contextuality has been proven to be a
resource for information-processing [14, 60, 249, 286], computation [144, 234, 255], state
discrimination [263], cloning [192], and metrology [191].
Part I of this thesis, namely Chapters 2 and 3, constitutes a collection of some of my
research on generalized noncontextuality.
Chapter 2 presents Ref. [263], which demonstrates that contextuality is necessary
for optimal quantum state discrimination. More precisely, for the minimum error state
discrimination task that we consider, the optimal success rate achievable in quantum theory
is higher than that achievable in any noncontextual model. We prove this result via an
intuitive argument that has since been the basis for a proof that contextuality is also
necessary for optimal cloning [192]. We also derive a noise-robust, experimentally testable
noncontextuality inequality to witness this particular form of nonclassicality, using a more
systematic argument which then formed the basis of the general algorithm discussed in the
next chapter.
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Chapter 3 presents Ref. [255], which proves that there is a unique noncontextual representation of every stabilizer subtheory in odd dimensions, and no noncontextual representation
of any stabilizer subtheory in even dimensions. We prove that this unique noncontextual
representation is equivalent to Gross’s discrete Wigner representation [133], which is in turn
equivalent to the Spekkens’ toy model [282]. This constitutes a complete characterization
of the (non)classicality of the most widely studied subtheory in quantum information.
Leveraging the stabilizer subtheory’s connection to universal quantum computation via
state injection [43], we also prove that generalized contextuality is necessary for universal
quantum computation in the state injection model, extending the analogous result of
Ref. [154] for Kochen-Specker contextuality.
Five of my papers on generalized noncontextuality were not included in this thesis, to
keep the length down. These can be found in Refs. [128, 260, 262, 264, 270].
Ref. [264] provides the first (and to date only known) systematic technique for deciding
whether or not a set of data in a prepare-measure scenario admits of a noncontextual model.
The set of noncontextual correlations is proven to always constitute a polytope, and we
give an explicit method for deriving the set of all noncontextuality inequalities (defining
the facets of this polytope) for any given prepare-and-measure scenario (with respect to
any set of operational equivalences of interest) using linear programming.
Ref. [262] derives necessary and sufficient conditions on the geometry of a generalized
probabilistic theory such that one’s operational (prepare-and-measure) scenario admits of a
noncontextual representation. In particular, we show that an operational theory admits of a
noncontextual ontological model if and only if the associated GPT admits of any ontological
model, or equivalently, if and only if the associated GPT embeds into a simplicial GPT.
Since the standard notion of classicality in the GPT framework is simpliciality, this work is
a strong piece of evidence that generalized noncontextuality is a good notion of classicality.
It also suggests a second technique for deciding whether or not a set of data admits of a
noncontextual model, although we have not yet worked out a generic algorithm to test for
such simplex embeddings.
Ref. [260] proves that (under the assumption of tomographic locality [69, 138]) every
generalized noncontextual representation has a very specific mathematical form; namely it
is an exact frame representation [103], with precisely as many ontic states as the associated
GPT dimension. We also extend many of the results of Ref. [262] from prepare-and-measure
scenarios to arbitrary compositional scenarios. This is a critical step in strengthening the
connections between contextuality and computation, since the latter is inherently about
compositional circuits rather than simple prepare-and-measure scenarios. Indeed, the results
of Ref. [260] were critical in proving the results of Ref. [255] (discussed in Chapter 3).
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Ref. [270] establishes that one can find proofs of contextuality even in scenarios wherein
all measurements are compatible—that is, can be simultaneously measured. This is in stark
contrast to the well-known fact that Kochen-Specker contextuality may only be established
in scenarios with incompatible measurements.
Ref. [128] proves that ‘almost-quantum’ correlations [209] are inconsistent with Specker’s
principle. This is one of only a few known principles that manages to distinguish quantum
theory from any almost-quantum GPT [251].

1.0.3

Classicality of common-cause processes

Traditionally, Bell’s theorem [33] is cast as a dilemma between abandoning local causality
and abandoning realism. Proofs that Bell’s assumptions cannot be satisfied are unilaterally
considered strong evidence of nonclassicality, largely because such violations seem in tension
with the relativistic speed limit. However, the precise definition of local causality and of
realism have been the subject of much contention, within both the physics and philosophy
of science communities. Indeed, it is not even clear that a notion of locality can be
formulated without presupposing realism [213]. Furthermore, there are a host of different
ways of parsing Bell’s assumptions, and proponents of the different camps reach different
conclusions about the lesson we should take from violations of Bell inequalities [319].
Although Bell’s English-language definition of local causality is clear and well-motivated,
his formalization of this definition as a particular set of conditional independences has
been shown to be problematic [279] in light of the recent development of the framework
of classical causal modeling [216, 290]. In particular, this framework demands that causal
notions are fundamentally prior to probabilistic notions, and cannot be defined in terms of
probabilities, e.g. in terms of conditional independences or probability raising.
In response to these problems, a growing line of work beginning with Wood and
Spekkens [324] has aimed to recast Bell’s theorem within the framework of causal models.
In this approach, one derives causal compatibility constraints by assuming (i) a particular
causal structure, encoded as a directed acyclic graph, and (ii) the assumption that observed
correlations must be explained causally (within the framework of classical causal models,
which assigns a random variable to each node in the graph, and assigns functional or
stochastic dependences to the arrows in the graph). In the special case of Bell’s theorem,
the assumed causal structure of is that of Figure 1.1, and the causal compatibility constraints
are Bell inequalities. Additionally, this new approach makes it clear how to extend the
essence of Bell’s reasoning to complex networks far beyond the standard Bell scenario, even
those wherein space-time considerations (and hence ‘locality’) play no important role. For
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Figure 1.1: The natural causal structure in a Bell scenario.
any given causal structure, one can derive causal compatibility constraints and ask whether
quantum resources are able to violate these constraints [56, 142]. If they can, then one
obtains a quantum advantage for generating correlations within the assumed network. Such
advantages often enable new forms of information-processing [86, 87, 97, 222].
Because quantum theory generates correlations that violate such causal compatibility
constraints, it follows that the conjunction of assumptions (i) and (ii) cannot be satisfied.
Either the causal structure is not the natural one, or one must give up on the idea that
correlations can be explained causally within the framework of classical causal models.
Assuming that a Bell scenario is described by a causal structure other than that in Fig. 1.1
requires advocating for radical possibilities such as superluminal signals or superdeterminism,
each of which comes with a host of problems [261, 324]. Alternatively, giving up on the
assumption that correlations can be explained causally is tantamount to giving up on
scientific realism. To make progress without sacrificing either of these, one must seek
causal explanations of observed correlations within a new nonclassical framework for causal
modeling. For such an account to be meaningful, one must tweak only those assumptions
of the classical causal modeling framework which one believes to encode ‘classicality’, while
preserving (at least analogues of) the basic rules for carrying out causal reasoning. Although
we are still lacking a fully fleshed out framework of this sort, recent progress has been made
in defining quantum causal models [12, 29, 88]. In these, the causal relata are quantum
systems rather than classical random variables, and the causal mechanisms are quantum
processes rather than functional or stochastic dependences.
It is well known that entangled states enable us to violate Bell inequalities. In the
language just introduced, this means that for the Bell causal structure (Fig. 1.1), quantum
causal models are able to generate a strictly larger set of observed conditional probability
distributions P (XY |ST ) than classical causal models. The essential component of such
a quantum causal model is the entangled state corresponding to the common cause C
in Fig. 1.1. This raises the natural question of how one can compare and quantify the
resourcefulness of entangled states as nonclassical common-causes. Additionally, one can
consider the set of common-cause realizable conditional probability distributions P (XY |ST )
as processes in their own right, and can then compare and quantify their nonclassicality
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properties.
To achieve this quantification, we follow the resource-theoretic approach of Ref. [80]. A
resource theory is defined by a set of free operations. A valuable resource is one that cannot
be constructed by composition of free operations, and one resource is more valuable than a
second if it can be processed into the second by free operations. From this simple starting
point, one can derive the full structure of a resource theory, including all quantitative
measures of the notion of resourcefulness under consideration. In the special case wherein
one wishes to study nonclassicality of common-cause processes (e.g. states, conditional
probability distributions, channels, etc), my collaborators and I argue that the appropriate
set of free operations is given by local operations and shared randomness (LOSR). Since
shared randomness is just another word for ‘classical common cause’, it is clear that a
process which is not LOSR-realizable constitutes a nonclassical common-cause resource.
The most obvious examples of such resources are entangled quantum states and correlations
that violate Bell inequalities, although we ultimately consider many other types of processes.
Much of my research has aimed to quantify these different manifestations of nonclassicality.
Part II of this thesis, namely Chapters 4 and 5, constitutes a collection of some of my
research on nonclassicality of common-cause processes.
Chapter 4 presents Section 2 of Ref. [322], which motivates our LOSR approach in
more detail, and expands on the brief summary given just above. I omit the remainder
of Ref. [322] from this thesis for the sake of length. In this omitted text, we develop the
resource theory [80] of nonclassicality of common-cause boxes (what might colloquially
be called the resource theory of ‘nonlocality’). Therein, we provide a linear program for
deciding which of two nonlocal boxes is more nonclassical, define two distinct monotones for
nonlocal boxes, find simple closed form expressions for these in the simplest scenario, and
prove a lower bound on the cardinality of any complete set of monotones. We also show
that the information contained in the degrees of violation of facet-defining Bell inequalities
is not sufficient for quantifying nonclassicality. We also prove a number of properties of the
preorder over resources, including the fact that convexly extremal quantumly realizable
correlations are all at the top of the order of quantumly realizable correlations.
Chapter 5 presents Ref. [258], which develops the resource theory of nonclassicality
of common cause processes with arbitrary types of inputs and outputs (not just classical ones, as we considered in Ref. [322]). This resource theory subsumes a variety of
quantum processes including quantum states [314], nonlocal boxes [44], steering assemblages [55, 320], channel steering assemblages [220], teleportages [57, 145], distributed
measurements [37], measurement-device-independent steering channels [58], Bob-with-input
steering channels [32], and generic no-signaling quantum channels [314]. We demonstrate
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that nonclassicality of common-cause is an umbrella notion of nonclassicality that unifies
the study of all of these. Our framework naturally allows for conversions from any type of
resource to any other, and for quantitative comparison of the nonclassicality of all resources
across all types. We demonstrate the power of this framework by proving a number of
abstract results about which types of resourcefulness can losslessly be encoded into resources of other types. As an application, we prove that resources of every type can have
their nonclassicality characterized in a measurement-device-independent manner, greatly
extending the scope of applicability of measurement-device-independent tests [41, 245].
Three of my papers on nonclassicality of common-cause processes were not included in
this thesis, to keep the length down. These can be found in Refs. [256, 258, 322].
Ref. [322] was already discussed above.
Ref. [256] introduces a new branch of entanglement theory, based on local operations
and shared randomness (rather than on local operations and classical communication). It
also argues that this is in fact the relevant resource theory for understanding the interplay
between entanglement and nonlocality. Aside from some a priori arguments (including
those given in Chapter 5), we make this case by presenting three examples of the utility
of the LOSR approach. Namely, we resolve the long-standing anomalies of nonlocality,
we propose new definitions of genuine multipartite entanglement and nonlocality that are
free from the pathological features exhibited by previous definitions, and we clarify and
extend the notion of self-testing. We also prove some basic results regarding the notion of
LOSR-entanglement.
Ref. [247] continues our work on the type-independent framework of Ref. [258] (in
Chapter 5), but taking an algebraic rather than diagrammatic approach. Our main result
is a hierarchy of semidefinite programs that can determine whether or not a given resource
of any type is free or valuable. We also demonstrate how this hierarchy can be used to get
explicit inequalities that witness the nonfreeness of any valuable resource, and to compute
bounds on the value of LOSR monotones.
A fourth (somewhat) related paper that is not included in this thesis is Ref. [254], which
considers the resource theory of local operations and shared entanglement (LOSE) [134] in
the causal structure of Fig. 1.1. This is the appropriate set of free operations for studying
postquantum common-cause resources. The type of questions we address in this work
are very similar to those in Chapter 5, but with implications for our understanding of
postquantumness rather than postclassicalness (that is, nonclassicality).
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1.0.4

Causal-inferential theories

Finally, in Part III, namely Chapter 6, I present Ref. [261], our framework of causalinferential theories, which weaves together the many threads of my research on nonclassicality.
This framework aims to sort out which elements of the quantum formalism refer to
ontological concepts and which refer to epistemological concepts. The importance of settling
this issue was famously noted by E.T. Jaynes [1]:
[O]ur present [quantum mechanical] formalism is not purely epistemological; it
is a peculiar mixture describing in part realities of Nature, in part incomplete
human information about Nature — all scrambled up by Heisenberg and Bohr
into an omelette that nobody has seen how to unscramble. Yet we think that
the unscrambling is a prerequisite for any further advance in basic physical
theory. For, if we cannot separate the subjective and objective aspects of the
formalism, we cannot know what we are talking about; it is just that simple.
Taking the view that ‘realities of Nature’ are best understood as causal mechanisms
acting on causal relata, we take the main aim of scientific realism to be providing a
causal explanation of the world around us. Hence, the particular omelette of ontology
and epistemology that we endeavor to unscramble is the one that results from the mixing
up of the concepts of epistemic inference on the one hand, and of causal influence on the
other. Such scramblings arise even in classical statistics, as in ‘Simpson’s paradox’ [275]
and ‘Berkson’s paradox’ [39]. A satisfactory understanding of these phenomena was only
found after the development of the mathematical framework of causal modeling [216, 290]
that incorporated certain formal distinctions between inference and influence which are
absent in the standard framework for statistical reasoning.
The difficulty of disentangling these is only compounded within the quantum formalism.
One quantum example of such a scrambling arises when one studies quantum dynamics
with initial system-environment correlations. In Ref. [257], my coauthors and I argue that
maps that describe evolution are always completely positive, even in scenarios with initial
correlations. We argue that previous work that claimed otherwise were led to confusion by
their use of a definition of evolution maps which conflated inference and causation. This
work is not reported in this thesis.
In Ref. [261], we aim to achieve an unscrambling of causation and inference akin to that
achieved by the framework of causal modeling [216, 290]. However, we do so for operational
theories (which characterize the scope of possible physical theories in a minimalist way,
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in terms of their operational predictions), and for realist theories, including ontological
models, (which aim to provide causal explanations of the operational predictions of a given
operational theory). Whether operational or realist, a theory in our framework is termed a
causal-inferential theory, and is constructed out of two components:
• a causal theory, which describes physical systems in the world and the causal mechanisms that relate them, and
• an inferential theory, which describes an agent’s beliefs about these systems and about
the causal mechanisms that relate them, as well as how such beliefs are updated under
the acquisition of new information.
The full causal-inferential theory is defined by the interplay between these two components,
and allows one to describe a physical scenario in a manner that cleanly distinguishes causal
and inferential aspects. Different causal-inferential theories can be obtained by varying the
causal theory and/or varying the inferential theory.
One of the motivations for the standard framework for ontological models was to answer
the question of whether the predictions of a given operational theory admit of an explanation
in terms of an underlying ontology. The counterpart of this question in our new framework
is whether the predictions of a given operational causal-inferential theory admit of an
explanation in terms of an underlying classical realist causal-inferential theory, which
represents systems as classical random variables and causal relations between systems as
functional dependences. We refer to this as a classical realist representation of an operational
causal-inferential theory.
The key constraint we impose on such representations is that they preserve the causal
and inferential structures encoded in one’s operational theory. We show that these two forms
of structure preservation are motivated (respectively) by the two foundational principles
discussed above. For example, in the case of a Bell scenario, the assumption that the
causal structure (in Fig. 1.1) is respected by the classical realist representation leads to Bell
inequalities. In more general causal scenarios [63, 104, 106, 216, 323], preservation of causal
structure implies that any predictions that can be reproduced by such a representation
must satisfy causal compatibility constraints. Meanwhile, no-go theorems arising from
generalized noncontextuality arise from the constraint that inferentially equivalent processes
must have representations in the model that are also inferentially equivalent. That is, if two
operational procedures lead to all the same predictions in any experimental in which they
are embedded, then the representations of these must also lead to all the same predictions,
in any ontological scenario in which they can be embedded.
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The conventional realist responses to the standard no-go theorems are unsatisfactory in
various ways, such as requiring superluminal causal influences, requiring fine-tuning, and
running afoul of Leibniz’s principle. In light of this, it has been suggested that a more
satisfactory way out of these no-go theorems may be achieved by modifying the notion of
classical realist representations. This has been described in past work as ‘going beyond the
standard ontological models framework’, but here is understood as seeking a nonclassical
generalization of the notion of a classical realist representation. Our process-theoretic [78]
framework provides the formal means of achieving this because it allows the interpretation
of causal and inferential concepts to be determined by the axioms of the process theories
that describe them and hence to differ from the conventional, classical interpretations of
these concepts. This is analogous to how, in non-Euclidean geometries, the concepts of
point and line acquire novel meanings distinct from their conventional (Euclidian) ones.
Success in such a research program consists in finding a nonclassical notion of a realist
causal-inferential theory that can provide a noncontextual representation of operational
quantum theory, while respecting relativistic causal assumptions. This is the sense in which
we aim to preserve the spirit of locality and of noncontextuality. While we do not yet have
such a nonclassical realist theory, we do propose natural constraints on the axioms describing
a theory of causal influences, a theory of epistemic inferences, and their interactions.
Thus, the work reported in this thesis provides a significant step forward in this research
program. On the one hand, it provides, for the first time, a concrete proposal for the
mathematical form of the sought-after theory, and, on the other hand, it provides a set of
ideas for the form of its axioms, thereby providing a road map for future research.
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Part I.
Generalized Noncontextuality
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Chapter 2
A contextual advantage for state
discrimination
Abstract: Finding quantitative aspects of quantum phenomena which cannot be explained by
any classical model has foundational importance for understanding the boundary between
classical and quantum theory. It also has practical significance for identifying information
processing tasks for which those phenomena provide a quantum advantage. Using the
framework of generalized noncontextuality as our notion of classicality, we find one such
nonclassical feature within the phenomenology of quantum minimum-error state discrimination. Namely, we identify quantitative limits on the success probability for minimum-error
state discrimination in any experiment described by a noncontextual ontological model.
These constraints constitute noncontextuality inequalities that are violated by quantum
theory, and this violation implies a quantum advantage for state discrimination relative to
noncontextual models. Furthermore, our noncontextuality inequalities are robust to noise
and are operationally formulated, so that any experimental violation of the inequalities
is a witness of contextuality, independently of the validity of quantum theory. Along the
way, we introduce new methods for analyzing noncontextuality scenarios and demonstrate
a tight connection between our minimum-error state discrimination scenario and a Bell
scenario.

2.1

Introduction

Understanding the boundary between the quantum and the classical is of fundamental
importance for understanding quantum theory. One successful metric for nonclassicality,
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violation of Bell’s notion of local causality [33], defines a clear departure from classicality
in relativistic theories, but is relevant only for experiments with space-like separated
measurements. Another notion of classicality, which concerns context-independence, was
proposed by Kochen-Specker [162] and Bell [34], and has since been significantly refined
and generalized [281]. It is the generalized notion of noncontextuality from Ref. [281] that
we study in this chapter, but we refer to it simply as “noncontextuality” hereafter. As
a metric for nonclassicality, the failure of noncontextuality has a broader scope than the
failure of local causality insofar as it does not require space-like separation. It has also been
shown to subsume many other pre-existing notions of nonclassicality, such as the negativity
of quasi-probability representations [283], the generation of anomalous weak values [228],
and even the aforementioned violations of local causality [281].
The quantum-classical boundary is also of practical importance in identifying tasks that
admit of a quantum advantage. For example, violations of Bell inequalities have been shown
to be a resource for device-independent key distribution [27], certified randomness [9], and
communication complexity [47]. The failure of noncontextuality has also been shown to be
a resource, leading to advantages for cryptography [14, 60, 286] and computation [144, 154,
234].
We here analyze minimum-error state discrimination (MESD) from the point of view of
noncontextuality. Quantum state discrimination is a task wherein one must guess which
quantum state describes a given quantum system when the state of that system is drawn
from a known set of possibilities with a known prior distribution, and the estimation is
based on the outcome of a measurement of one’s choosing. In the “minimum error” variety
of state discrimination, the objective is to minimize the probability that the estimate is in
error. We here focus on the simplest case of a set containing just two states having equal a
priori probability.
Although it is common to assert that the impossibility of perfectly discriminating
nonorthogonal quantum states is an intrinsically nonclassical effect, this claim does not
meet the minimal standard that one should require of any claim that some operational
feature of quantum theory cannot be explained classically: namely, that it be justified
by a rigorous no-go theorem. Such a theorem articulates a principle of classicality that
has implications for operational statistics, and then proves that these implications are
inconsistent with some operational feature(s) of quantum theory. Because the principle
of noncontextuality constrains operational statistics and also has very broad scope, it is a
particularly useful notion of classicality. If one does take it as one’s principle of classicality,
then the impossibility of discriminating nonorthogonal pure quantum states cannot be
considered a nonclassical effect because there are subtheories of quantum theory (containing
a strict subset of the states, measurements and transformations of the full theory) [284]
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wherein this phenomenon arises and that admit of a noncontextual model. (Within such
models, the phenomenon can be attributed to the fact that the probability distributions
associated with such quantum states are overlapping1 .) It follows that one must look at
more nuanced aspects of the phenomenology of quantum state discrimination to identify
features that are truly nonclassical by these lights.
We identify one such strongly nonclassical aspect of minimum error state discrimination:
the particular dependence of the probability of successful discrimination on the overlap
of the quantum states. For a given overlap, the quantum probability of discrimination is
larger than can be accounted for by a noncontextual model. After presenting this result as
a no-go theorem—that no noncontextual model can reproduce certain features of quantum
MESD—we reformulate the problem in a manner that makes no reference to quantum theory,
and which does not rely on any theoretical idealizations such as noise-free measurements or
preparations. Our entirely operational formulation allows us to derive inequalities that can
experimentally witness a contextual advantage for state discrimination, in the presence of
noise and independently of the validity of quantum theory.
Our result identifies a key feature of quantum state discrimination that cannot be
understood in any noncontextual model, and hence that is strongly nonclassical. Because
quantum state discrimination is a primitive in many important quantum information processing protocols [37, 89], this work constitutes a first step towards identifying contextuality
as a resource for more tasks concerning communication, computation, and cryptography.
We also prove an isomorphism between our operational MESD scenario and a two-party
Bell test in which one party performs one of a pair of binary-outcome measurements and
the other performs one of three binary-outcome measurements. This is similar to the
fact that the noncontextuality inequality delimiting the success rate for parity-oblivious
multiplexing [286] is isomorphic to the CHSH inequality in the Bell scenario [286].
Finally, we introduce two powerful new technical tools. First, we generalize existing
methods for simulating exact operational equivalences [202]. Namely, while Ref. [202]
shows how one may find a set of procedures that respects certain operational equivalences
exactly, we have further demonstrated that one can find procedures that respect operational
equivalences and simultaneously obey useful auxiliary constraints, such as the symmetries
native to our ideal MESD scenario. This tool may have more general applications in the
comparison of experimental data with theoretical expectations. More importantly, we find
our noncontextuality inequalities using a novel algorithm (presented in Appendix A.2) for
deriving the full set of necessary and sufficient noncontextuality inequalities for any finite
1

Such models are ψ-epistemic, in the terminology of Ref. [139].
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prepare-and-measure scenario, with respect to any fixed operational equivalences2 .

2.2

Operational Theories and Ontological Models

An operational theory is a specification of sets of primitive laboratory operations (e.g.,
preparations and measurements) and a prescription for finding the probabilities p(k|M, P )
for each outcome k given any measurement M performed on any preparation P . Two
preparations P and P 0 are termed operationally equivalent if they cannot be differentiated
by the statistics of any measurement; we denote this operational equivalence by
P ' P 0.

(2.1)

In this chapter, quantum theory is understood as an operational theory. In the quantum
formalism, the density operator specifies the statistics for all measurements, so that two
preparation procedures are operationally equivalent if and only if they are represented by
the same density operator.
An ontological model of an operational theory has the following form. To every system,
there is associated an ontic state space Λ, where each ontic state λ ∈ Λ specifies all the
physical properties of the system. Each preparation P of a system is presumed to sample
the system’s ontic state λ at random from a probability distribution, denoted µP (λ) and
termed the epistemic state associated with P , where
∀λ :
Z
Λ

0 ≤ µP (λ),

(2.2)

dλ µP (λ) = 1.

(2.3)

Each measurement M on a system is presumed to have its outcome k sampled at random
in a manner that depends on the ontic state λ. The term effect will be used to refer to
the pair consisting of a measurement, M , together with one of its outcomes, k, and will
be denoted by k|M . The probability of outcome k given measurement M , considered as
a function of λ, will be termed the response function associated with k|M , and denoted
2

A full description of this algorithm can be found in Ref. [264].
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ξk|M (λ), where
∀λ, ∀k :
∀λ :

X

0 ≤ ξk|M (λ),

(2.4)

ξk|M (λ) = 1.

(2.5)

k

Finally, an ontological model of an operational theory must reproduce the latter’s empirical
predictions; that is,
Z
p(k|M, P ) = dλ ξk|M (λ)µP (λ).
(2.6)
Λ

We are now in a position to describe the assumption of preparation noncontextuality
defined in Ref. [281]. An ontological model is said to be preparation noncontextual if it
assigns the same epistemic state to all operationally equivalent preparations [281]:
P ' P 0 =⇒ µP (λ) = µP 0 (λ).

(2.7)

In operational quantum theory, the principle of preparation noncontextuality is respected
whenever any two preparations that are associated to the same density operator are
represented by the same epistemic state. For instance, different ensembles of states that
average to the same mixed state (and for which one discards the information about which
element of the ensemble was prepared) are operationally equivalent, and must be assigned
the same epistemic state in a preparation noncontextual model.
Although there is a corresponding notion of measurement noncontextuality (namely, that
operationally equivalent outcomes of measurements are represented by the same response
functions), we will not have use of it in this article.
A few terminological conventions will be useful. A measurement is said to be represented
as outcome-deterministic in the ontological model if the associated response functions all
take values in {0, 1}. The support of an epistemic state is defined as the set of λ ∈ Λ which
are assigned nonzero probability by it, supp[µP (λ)] ≡ {λ : µP (λ) 6= 0}, while the support of
a response function is defined as the set of λ ∈ Λ for which the response function is nonzero,
supp[ξk|M (λ)] ≡ {λ : ξk|M (λ) 6= 0}.

2.3

Quantum Minimum Error State Discrimination

We begin with the problem of discriminating two nonorthogonal pure quantum states |φi
and |ψi. These two states span a 2-dimensional space, so we can represent them as points
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in an equatorial plane of the Bloch ball, as in Fig. 2.1.
First, we consider the operational signature of their nonorthogonality. A measurement
of the φ basis, Bφ ≡ {|φi hφ| , |φ̄i hφ̄|}, perfectly distinguishes between state |φi and its
complement; we denote the associated outcomes by φ and φ̄, respectively. A measurement
of the ψ basis, Bψ ≡ {|ψi hψ| , |ψ̄i hψ̄|}, does the same for the state |ψi and its complement,
with associated outcomes ψ and ψ̄. If one implements the ψ basis measurement on the

Figure 2.1: The quantum states and measurements in our scenario, depicted as Bloch
vectors in an equatorial plane of the Bloch ball.
state φ, the probability of obtaining the ψ outcome is
cq = Tr[|φi hφ|ψi hψ|] = | hφ|ψi |2 ,

(2.8)

Because one could think of this quantity as the probability that φ passes the test for ψ
and thus is confusable with ψ, we henceforth call it the confusability. Note that if one
implements the φ basis measurement on the state ψ, the probability of obtaining the φ
outcome is also cq .
If |φi and |ψi have nonzero confusability (i.e., if they are not orthogonal), then no
measurement can distinguish between the two without incurring a nonzero probability of
error. We denote the discriminating measurement by Bd ≡ {Egφ , Egψ }, where the outcome
for which one should guess φ (respectively ψ) is denoted gφ (respectively gψ ). Assuming
equal prior probabilities of |φi and |ψi, the probability of guessing the state correctly with
this measurement is
1
1
sq ≡ Tr[Egφ |φi hφ|] + Tr[Egψ |ψi hψ|].
(2.9)
2
2
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We assume that the discriminating measurement has the natural symmetry property
Tr[Egφ |φi hφ|] = Tr[Egψ |ψi hψ|] so that
sq = Tr[Egφ |φi hφ|] = Tr[Egψ |ψi hψ|].

(2.10)

The measurement scheme that yields the greatest probability of guessing correctly which
of two nonorthogonal states was prepared is called the minimum error state discrimination
(MESD) scheme. Since |φi and |ψi are prepared with equal probability, the POVM
{Egφ , Egψ } achieving MESD is the one consisting of projectors onto the basis that straddles
|φi and |ψi in Hilbert space, which is depicted in the Bloch sphere in Fig. 2.1. This is
called the Helstrom measurement [141]. It is well-known that the probability of guessing
the state correctly using the Helstrom measurement is
q
q
1
1
sq = (1 + 1 − | hφ|ψi |2 ) = (1 + 1 − cq ).
2
2

(2.11)

We have now described all of the preparations and measurements that usually appear in
a discussion of the problem of discriminating two nonorthogonal quantum states, and some
basic facts about the relations that hold among the operational quantities characterizing the
discrimination problem (i.e., facts about the phenomenology of quantum state discrimination). However, these facts are insufficient for deriving a no-go theorem for noncontextuality.
The reason is that the preparations and measurements described thus far do not exhibit
any operational equivalences via which the assumption of noncontextuality could imply
nontrivial constraints on the ontological model.
However, there is a simple solution: we also consider the problem of discriminating the
pair of quantum states that are complementary to |φi and |ψi, namely, |φ̄i and |ψ̄i, also
depicted in Fig. 2.1. By symmetry, the confusability of |φ̄i and |ψ̄i is also equal to cq , and
the success rate for distinguishing |φ̄i and |ψ̄i when they have equal prior probability is also
equal to sq (where the optimal measurement is again {Egφ , Egψ }, but now the outcomes
gφ and gψ signal one to guess preparations |ψ̄i and |φ̄i, respectively). So the |φ̄i vs. |ψ̄i
discrimination problem is a mirror image of the |φi vs. |ψi discrimination problem, and
consequently does not require specifying any additional facts about the phenomology of
quantum state discrimination. However, the inclusion of |φ̄i and |ψ̄i in our analysis provides
us with a nontrivial operational equivalence relation among the preparations, namely,
1
1
1
1
1
|φi hφ| + |φ̄i hφ̄| = |ψi hψ| + |ψ̄i hψ̄| = .
2
2
2
2
2
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(2.12)

We will show that this equivalence relation together with the phenomenology of quantum
state discrimination described above is sufficient to derive a no-go theorem for noncontextuality.
The probability of a given measurement outcome occurring on a given preparation, for
every possible pairing thereof, is summarized in Table 2.1. Here, the columns correspond
to the distinct state-preparations and the rows correspond to the distinct effects (where
one need only include a single effect for each binary-outcome measurement given that the
probability for the other effect is fixed by normalization).
|φi
|φi hφ|
1
|ψi hψ|
cq
Egφ
sq

|ψi
cq
1
1 − sq

|φ̄i
0
1 − cq
1 − sq

|ψ̄i
1 − cq
0
sq

Table 2.1: Data table in the ideal quantum case.

2.4

Noncontextuality no-go theorem for MESD in Quantum Theory

The fact that the ontological model must reproduce the probabilities in Table 2.1 via
Eq. (2.6) implies constraints on the epistemic states associated to the four preparations
and the response functions associated to the three effects. For instance, to reproduce the
first column of the table, one requires that
Z

dλ ξφ|Bφ (λ)µφ (λ) = 1,

(2.13)

dλ ξψ|Bψ (λ)µφ (λ) = cq ,

(2.14)

dλ ξgφ |Bd (λ)µφ (λ) = sq .

(2.15)

ZΛ
ZΛ
Λ

Given that convex mixtures of preparations are represented in an ontological model by
the corresponding mixture of epistemic states (see Eq. (7) of [283] and the surrounding
discussion), it follows that 12 |φi hφ| + 12 |φ̄i hφ̄| is represented by 12 µφ (λ) + 12 µφ̄ (λ), and
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1
2

|ψi hψ|+ 12 |ψ̄i hψ̄| is represented by 12 µψ (λ)+ 12 µψ̄ (λ). But because both of these mixtures of
preparations are associated to the completely mixed state (Eq. (2.12)), they are operationally
equivalent, and thus by the assumption of preparation noncontextuality, they are represented
by the same epistemic state. It follows that
1
1
1
1
µφ (λ) + µφ̄ (λ) = µψ (λ) + µψ̄ (λ).
2
2
2
2

(2.16)

Any ontological model satisfying noncontextuality, and consequently Eq. (2.16), and
reproducing the form of the data in Table 2.1, and consequently Eqs. (2.13)-(2.15) and
their kin, can be shown to satisfy the following trade-off between sq and cq :
sq ≤ 1 −

cq
.
2

(2.17)

An intuitive proof is provided in Section 2.4.1, where we also discuss how this result is
related to the results of Refs. [24, 179, 195]. (In Appendix A.1, we provide a proof using
more general methods, which generalizes more easily to the noisy case discussed later, in
Section 2.6.)
This tradeoff relation contradicts the one known to be optimal in quantum theory,
Eq. (2.11). The optimal quantum tradeoff generally allows higher success rates for a
given confusability than the noncontextual tradeoff. Therefore, we conclude that the
phenomenology of minimum-error state discrimination in the noiseless quantum case is
inconsistent with the principle of noncontextuality.
In Fig. 2.2, we plot the maximum success rate for MESD as a function of the confusability
for both quantum theory (Eq. (2.11)) and for a noncontextual model (the tradeoff that
saturates the inequality of Eq. (2.17)).

2.4.1

Intuitive proof of the noncontextual tradeoff

We now introduce some basic facts from classical probability theory, which we then leverage
to prove Eq. (2.17).
Suppose that a classical variable λ has been sampled from one of two overlapping probability distributions, p(λ|a) and p(λ|b). Absent additional information, it is straightforward
to see that in trying to guess which of the two distributions a given λ was drawn from, one
cannot do better than guessing ‘distribution a’ for the values of λ for which p(a|λ) > p(b|λ),
and guessing ‘distribution b’ when the opposite is true. (Of course, it is irrelevant what one
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Figure 2.2: Optimal tradeoff for a noncontextual model (purple line) and for quantum
theory (light blue curve).
guesses for the values of λ for which p(a|λ) = p(b|λ).) In the special case we are considering,
with equal prior probability p(a) = p(b) = 12 for the two options, if we perform a Bayesian
inversion, we find p(λ|a) > p(λ|b) if and only if p(a|λ) > p(b|λ), and hence one should guess
‘distribution a’ for the values of λ for which p(λ|a) > p(λ|b), and guess ‘distribution b’ when
the opposite is true.
The probability that the guess g ∈ {a, b} was correct given a particular value of λ is
simply p(g|λ). Since we always guess the distribution a or b that has the higher likelihood
of being correct, the probability that we are right in each run is simply max{p(a|λ), p(b|λ)}.
On average, then, the success probability r is
r=
=

Z
ZΛ

dλ p(λ)max{p(a|λ), p(b|λ)}

(2.18)

dλ p(λ)(1 − min{p(a|λ), p(b|λ))}

(2.19)

Λ

=1−
=1−

Z
ZΛ

dλ min{p(a|λ)p(λ), p(b|λ)p(λ)}

(2.20)

dλ min{p(λ|a)p(a), p(λ|b)p(b)}

(2.21)

Λ

=1−

1Z
dλ min{p(λ|a), p(λ|b)},
2 Λ

(2.22)

where
the equality on line (2.19) uses the fact that p(a|λ)+p(b|λ) = 1 for all λ. The quantity
R
dλ
min{p(λ|a),
p(λ|b)} is termed the classical overlap of the probability distributions
Λ
p(λ|a) and p(λ|b).
In an MESD scenario, the task is to guess, in each particular run of the experiment,
whether a system was prepared by state-preparation |φi or by state-preparation |ψi. If the
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experiment is described by an ontological model, then this task corresponds to guessing,
from a single sample of the ontic state λ of the system, whether it was sampled from the
distribution µφ (λ) or from µψ (λ). Given that we do not assume any operational equivalence
relations among the measurements in the experiment, the assumption of measurement
noncontextuality does not place any constraints on the ontological representation of the
measurements. Therefore, in particular, the Helstrom measurement is at best represented in
the ontological model by the set of response functions that yield the maximum probability
of guessing which distribution the ontic state λ was sampled from. From our discussion
concerning two overlapping classical probability distributions, it is clear that this corresponds
to a measurement that returns the gφ outcome whenever µφ (λ) > µψ (λ) and the gψ outcome
whenever µφ (λ) < µψ (λ), and that the probability of guessing correctly based on the
outcome of the Helstrom measurement is upper bounded as follows:3
1Z
dλ min{µφ (λ), µψ (λ)}.
sq ≤ 1 −
2 Λ

(2.23)

We will now show that in a noncontextual model,
cq =

Z
Λ

dλ min{µφ (λ), µψ (λ)},

(2.24)

so that substituting Eq. (2.24) into Eq. (2.23), we infer that sq ≤ 1 − c2q , the noncontextual
bound on the trade-off between sq and cq described in Eq. (2.17).
First, in any preparation noncontextual model the response function ξi (λ) for a projector
onto pure state |ii satisfies
ξi (λ) =


1,

if λ ∈ supp[µi (λ)]
0, otherwise.

(2.25)

This outcome determinism for sharp measurements was first proven in Ref. [281]. It
can be seen by considering the projector as part of some projective measurement M with
effects {Ei = |ii hi|}, and the corresponding basis of pure states {ρi = |ii hi|}, so that
Tr[Ei ρj ] = δi,j . Denoting the epistemic state of ρj as µj (λ) and the response function for
3

A mathematically equivalent version of this upper bound was previously proven under different
assumptions in Refs. [24, 239]. The former article considered the assumption that this inequality is
saturated as a constraint on ontological models, which they termed “maximal ψ-episemicity”. (Note that
this constraint is different from the constraint considered in Ref. [179] even though it has the same name.)
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R

Ei as ξi|M (λ), this implies that µj (λ)ξi|M (λ)dλ = δi,j . Because µj (λ) is a normalized
probability distribution, this implies that, for any ontological model,

1,

ξi|M (λ) = 

if λ ∈ supp[µi (λ)]
0, if λ ∈ supp[µj6=i (λ)].

(2.26)

Eq. (2.26) is not equivalent to Eq. (B.3), since there may exist ontic states that are not
in the support of any of the µi (λ), and Eq. (2.26) does not constrain such ontic states in
any way. In a preparation noncontextual model, however, we can furthermore show that
there are no ontic states outside of the union of the supports of the set of basis states,
∪i supp[µi (λ)], as follows. Every density operator ρ appears in some decomposition of the
maximally mixed state d1 1. By preparation noncontextuality, every such decomposition
has the same distribution µ 1 1 (λ) over ontic states. Thus, every ontic state in the support
d
of the corresponding µρ (λ) also appears in the support of µ 1 1 (λ) , so the full state
d
space Λ is equivalent to supp[µ 1 1 (λ)]. Furthermore, for the basis of states {ρi } above,
d
P 1
1 P
1
i ρi = d 1, so preparation noncontextuality implies that
i d µi (λ) = µ d1 1 (λ), and
d
therefore ∪i supp[µi (λ)] = supp[µ 1 1 (λ)] = Λ. Thus every ontic state λ must be in the
d
support of exactly one of the ρi , and Eq. (2.26) can be strengthened to Eq. (B.3).
Recalling the expression
for the confusability of quantum states |φi and |ψi in an
R
ontological model, cq = Λ dλ ξφ|Bφ (λ)µψ (λ), Eq. (B.3) implies that for a preparation
noncontextual model:
cq =

Z
supp[µφ (λ)]

dλ µψ (λ).

(2.27)

By virtue of the symmetry of the problem, the analogous expression with the roles
of φ and ψ reversed also holds. The fact that the expression for the ideal confusability
cq = |hφ|ψi|2 of φ and ψ in a preparation-noncontextual model is given by Eq. (2.27) was
noted by Leifer and Maroney [179].
The second implication of preparation noncontextuality which we require to prove
Eq. (2.24) is that for each of the four quantum states Ψ ∈ {φ, ψ, φ̄, ψ̄}, µΨ (λ) = 2µ 1 (λ) for
2
all λ ∈ supp[µΨ (λ)], where µ 1 (λ) is the distribution associated with the maximally mixed
2
state 12 . This was also first proven in Ref. [281], and follows immediately from preparation
noncontextuality, 12 µφ (λ) + 12 µφ̄ (λ) = 12 µφ (λ) + 12 µφ̄ (λ) = µ 1 (λ), and the fact that an ontic
2
state can be in the support of at most one state from a set of orthogonal states; that is,
µφ (λ)µφ̄ (λ) = 0 and µψ (λ)µψ̄ (λ) = 0.
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Hence for all λ ∈ supp[µφ (λ)] ∩ supp[µψ (λ)], we have µφ (λ) = µψ (λ) = 2µ 1 (λ). It
2
follows that min{µφ (λ), µψ (λ)} = µφ (λ) = µψ (λ) for all λ ∈ supp[µφ (λ)] ∩ supp[µψ (λ)], and
is equal to 0 everywhere else, and consequently
Z
supp[µφ (λ)]

=

dλ µψ (λ)

Z
supp[µφ (λ)]∩supp[µψ (λ)]

=

Z
supp[µφ (λ)]∩supp[µψ (λ)]

=

Z
Λ

dλ µψ (λ)
dλ min{µφ (λ), µψ (λ)}

dλ min{µφ (λ), µψ (λ)},

(2.28)

Finally, Eq. (2.27) and Eq. (2.28) together imply Eq. (2.24), which is what we sought to
prove.

2.4.2

Graphical summary of the proof

The intuitive proof is best summarized graphically, by contrasting a preparation-contextual
ontological model, Fig. 2.3, with a preparation noncontextual ontological model, Fig. 2.4.
For visual simplicity, we have chosen a continuous, 1-dimensional, bounded ontic state
space. We arrange the state space into a circle, so that each point on the circle is a unique
ontic state, and epistemic states are represented as probability distributions on the surface
of the circle (where the probability density corresponds to the radial height). In each figure,
we show the epistemic states for the four preparations and for the two mixed preparations,
the classical overlap for two epistemic states, a representative response function, and the
confusability generated by that response function. We then show that in the contextual
model, the classical overlap and confusability can differ, while in the noncontextual model,
they must be identical.
In the ontological model of an MESD scenario shown in Fig. 2.3, the distributions
+ 12 µφ̄ (λ) and 12 µψ (λ) + 12Rµψ̄ (λ) are not identical; hence, this model is preparationcontextual. The classical overlap Λ dλ min{µφ (λ), µψ (λ)} is equal to the area of the shaded
region in (g). The response function ξφ|Bφ (λ) must have value 0 on the support of µφ̄ (λ)
and value 1 on the support of µφ (λ), as pictured in (h); however, in the region outside both
of these supports, its value is arbitrary, Ras indicated schematically. Given the response
function pictured, the confusability cq = Λ dλξφ|Bφ (λ)µψ (λ) equals the area of the shaded
region in (i). One can clearly see that the classical overlap and the confusability need not
1
µ (λ)
2 φ
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be the same in a preparation-contextual model.
In the ontological model of an MESD scenario shown in Fig. 2.4, the distributions
+ 12 µφ̄ (λ) and 12 µψ (λ) + 12 µψ̄ (λ) are identical; hence, this model is preparationnoncontextual. Furthermore, these two distributions are equal to the unique distribution
µ1/2 (λ) (whose support must span the entire ontic state space), and the epistemic states
µφ (λ), µφ̄ (λ), µψ (λ), and µψ̄ (λ) must both be equal on their support to 2µ1/2 (λ). Thus, in
a preparation-noncontextual model, the classical overlap is given simply by the integral
of 2µ1/2 (λ) in the region of common support, as shown by the shaded region in (g).
Furthermore, preparation noncontextuality implies that the response function ξφ|Bφ (λ) is 1
on the support of µφ (λ) and 0 on all other onticR states, as shown in (h). Given this form
for the response function, the confusability cq = Λ dλξφ|Bφ (λ)µψ (λ) is given by the area of
the shaded region in (i). Clearly, the classical overlap and the confusability are identical in
a preparation-noncontextual model.
1
µ (λ)
2 φ

Figure 2.3: In a contextual model of an MESD scenario: (a)-(f) Epistemic states; (g)
Classical overlap between µφ (λ) and µψ (λ); (h) Response function ξφ|Bφ (λ), with indication
of Λφ ≡ supp[µφ (λ)] and Λφ̄ ≡ supp[µφ̄ (λ)]; (i) Confusability defined by ξφ|Bφ (λ), also with
indication of Λφ and Λφ̄ .
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Figure 2.4: In a noncontextual model of an MESD scenario: (a)-(f) Epistemic states; (g)
Classical overlap between µφ (λ) and µψ (λ); (h) Response function ξφ|Bφ (λ), with indication
of Λφ ≡ supp[µφ (λ)] and Λφ̄ ≡ supp[µφ̄ (λ)]; (i) Confusability defined by ξφ|Bφ (λ), also with
indication of Λφ and Λφ̄ ..

2.4.3

Relation to previous work

Leifer and Maroney [179] consider the assumption that Eq. (2.27) should hold for every
possible pair of quantum states φ and ψ as a constraint on ontological models that is
worthy of investigation in its own right. They term ontological models that satisfy this
assumption maximally ψ-epistemic. As we noted in Sec. 2.4.1 (and as demonstrated in
their article), this assumption follows from preparation noncontextuality (and hence from
universal noncontextuality). However, Leifer and Maroney investigate the consequences
of making the assumption of maximal ψ-epistemicity without also assuming other consequences of universal noncontextuality, in particular, without assuming other consequences
of preparation noncontextuality.
They establish their no-go theorem for maximal ψ-epistemicity (and hence for universal
noncontextuality) by demonstrating that maximal ψ-epistemicity implies the KochenSpecker notion of noncontextuality (which is measurement noncontextuality together with
the assumption of outcome determinism for sharp measurements), and then relying on the
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fact that quantum theory does not admit of a Kochen-Specker noncontextual model (the
Kochen-Specker theorem).
Both this chapter and their article explore senses in which a pair of quantum states may
be said to be “indistinguishable”, and to what extent some operational counterpart of this
indistinguishability can be explained in an ontological model satisfying certain properties.
But there are key differences. As we’ve noted, the property of ontological models that we
focus on is different: we consider the assumption of universal noncontextuality rather than
just maximal ψ-epistemicity.4 The more important difference between our work and that of
Leifer and Maroney, however, is in how we operationalize the notion of indistinguishability.
To explain the difference, it is useful to highlight two distinct facts about a pair of
nonorthogonal pure quantum states (i.e., a pair |ψi and |φi for which |hψ|φi|2 > 0): (i)
they are not perfectly discriminable, which is to say that there is no quantum measurement
that achieves zero error in the discrimination task, formalized as sq > 0, and (ii) they are
confusable, which is to say that the ideal quantum measurement that tests for being in the
state |φi has a nonzero probability of being passed by the state |ψi, and similarly for |φi
and |ψi interchanged, formalized as cq > 0.
The determination of the maximum probability of discrimination for a given confusability,
that is, the optimal tradeoff relation that holds between sq and cq , is one of the central
results in the field of quantum state estimation. Our work seeks to determine constraints
on this tradeoff relation from assumptions about the ontological model.
Leifer and Maroney, by contrast, do not consider this tradeoff relation, nor the expression
for the discriminability of quantum states. Rather, they address (and answer in the negative)
the question of whether the degree of confusability of nonorthogonal pure quantum states
can be given a particular expression in the ontological model, namely, that of Eq. (2.27),
which asserts that the test associated to the state |φi is a test for whether the ontic state λ
is inside the ontic support of the distribution representing |φi.5 While the expression for
the confusability of two quantum states is a feature of their indistinguishability, it is not
one that has previously been of interest in the field of quantum state estimation.
4

Whereas we believe that the assumption of universal noncontextuality is well motivated (namely, by
Leibniz’s principle of the identity of indiscernibles), it is unclear to us whether any motivation can be
given for maximal ψ-epistemicity that is not simultaneously a motivation for universal noncontextuality.
Therefore, unlike Ref. [195], we remain unconvinced that the assumption that Eq. (2.27) holds for every
pair of quantum states is interesting in its own right.
5
This is the sort of explanation one obtains in the toy theory model of the single qubit stabilizer
subtheory of quantum theory [282] or the Kochen-Specker model of a single qubit [162]. Note that this is
not the only way to explain the degree of confusability; the response function for |φi might be nontrivial
outside the ontic support of the distribution representing |φi and even indeterministic in that region, and if
so, one can have a nonzero confusability even though µφ and µψ have disjoint ontic supports.
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Thus, whereas Leifer and Maroney show the impossibility of a particular ontological
expression for the confusability from a known no-go result for Kochen-Specker noncontextuality (the Kochen-Specker theorem), we begin with the native phenomenology of
minimum-error state discrimination (the quantum tradeoff between sq and cq ), and we
derive a novel no-go result for universal noncontextuality from it.
The form of the tradeoff relation between discriminability and confusability has relevance for quantum information processing tasks that make use of minimum error state
discrimination. For instance, it is used in Ref. [287] to derive the tradeoff relation between
concealment and bindingness in quantum bit commitment protocols [189, 200], and such
protocols can be used as subroutines in protocols for other tasks, such as strong coin
flipping [13, 287]. It has also used in the analysis of quantum protocols for the task of
oblivious transfer [61]. Our results may be useful, therefore, in determining whether or not
the failure of universal noncontextuality is a resource for such tasks.
Note that because MESD for two pure quantum states is a phenomenon occuring in a
two-dimensional Hilbert space (the subspace spanned by the two states) while the KochenSpecker theorem can only be proven in Hilbert spaces of dimension three or greater, there is
no possibility of leveraging facts about Kochen-Specker-uncolourable sets to infer anything
about which aspects of MESD resist explanation within a universally noncontextual model.6
A final crucial advantage of our approach over that of Ref. [179] is that it can be used to
derive noncontextuality inequalities that are noise-robust and hence experimentally testable,
as we will show in the next section. Noise-robustness is critical if one hopes to leverage
contextuality as a resource in real (hence noisy) implementations of information-processing
protocols.

2.5

Dealing with noise

It is important to recognize that the inequality of Eq. (2.17) is not experimentally testable.
To clarify this point, we first draw a distinction between noncontextuality no-go results
and noncontextuality inequalities. A noncontextuality no-go result is a proof that no
noncontextual model can reproduce certain predictions of quantum theory; as such, a
no-go result can contain idealizations (such as perfect correlations) which are justified by
6

The reason there is no possibility of proving the Kochen-Specker theorem with projective measurements
in dimension 2 is that no projector appears in more than a single context [139, 162]. By contrast, it is
known that there are proofs of the failure of preparation noncontextuality that hold even in 2-dimensional
Hilbert spaces [281], and the proof we have presented here is of this type.

31

quantum theory but which never hold in real experiments. In some cases (as above), a
no-go result may derive an inequality on the way to deriving a logical contradiction, but
such an inequality may not qualify as a proper noncontextuality inequality. In our usage, a
noncontextuality inequality makes no reference to the quantum formalism and must not
invoke idealized assumptions in its derivation. We give such an inequality for MESD in
Section 2.6.
The distinction between no-go results and robust inequalities has historical precedent.
In his 1964 paper [33], in deriving an inequality that could be shown to be violated by
quantum correlations, Bell assumed an experiment wherein certain pairs of measurements
had perfectly correlated outcomes. Such perfect correlations hold for ideal quantum states
and measurements, but are never observed in nature. Hence, Bell’s 1964 result is a no-go
result, with consequences for the interpretation of quantum theory, but the inequality he
derives en route to this contradiction does not provide a means of experimentally testing
the principle of local causality. In 1969, Clauser, Horne, Shimony, and Holte [75] derived
an inequality without assuming these idealizations. Because their inequality makes no
reference to perfect correlations or to any other feature of quantum theory, its violation
rules out all locally causal ontological models, independently of the validity of quantum
theory. Only inequalities of this type are termed “Bell inequalities” in modern usage (so
that the inequality in Bell’s 1964 paper is not a “Bell inequality”).
Similarly, Eq. (2.17) is not a proper noncontextuality inequality because it relies upon the
idealization of perfect correlations between which of the states |φi or |φ̄i was prepared and
which of the outcomes will occur in the measurement of the Bφ basis (and similarly for ψ and
ψ̄). To get a noncontextuality inequality, we must allow these correlations to be imperfect.
Thus, in Table 2.1, the entries that take the values 0 and 1 must instead be presumed to take
the values  and 1 −  respectively, such that  becomes a parameter in our noncontextuality
inequality which quantifies the degree of imperfection of the correlations. We then show
that quantum mechanics still allows higher success rates for a given confusability than any
noncontextual model, even when  6= 0.
Before proving this, we first rephrase the scenario as a totally operational prepare-andmeasure experiment, with no reference to the quantum formalism (despite the suggestive
notation below). This is a necessary first step for deriving any proper noncontextuality
inequality.
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2.5.1

Operationalizing MESD

We imagine an experiment involving four preparations {Pφ , Pψ , Pφ̄ , Pψ̄ } and three binaryoutcome measurements, {Mφ , Mψ , Md }, with outcome sets denoted {φ, φ̄}, {ψ, ψ̄}, and
{gφ , gψ }, respectively. An arbitrary data table for such an experiment would contain 12
independent parameters, specifying the probability of the first outcome of each measurement
when acting on each preparation (the probability of obtaining the second outcome being
fixed by normalization).
However, we wish to study the scenario in which preparations Pφ , Pψ , Pφ̄ , and Pψ̄
satisfy the following relation: the procedure P 1 φ+ 1 φ̄ defined by sampling from preparations
2
2
Pφ and Pφ̄ uniformly at random (and then forgetting which preparation occurred) is
indistinguishable from the similarly defined procedure P 1 ψ+ 1 ψ̄ . We denote this operational
2
2
equivalence by
P 1 φ+ 1 φ̄ ' P 1 ψ+ 1 ψ̄ .
(2.29)
2

2

2

2

This implies that only 3 of the parameters in each row are independent, so only 9 independent
parameters remain.
Previously the operational equivalence of Eq. (2.29) was guaranteed by quantum theory
(Eq. (2.12)), but now we wish to justify it experimentally. In order to do so, one must
show that the statistics for P 1 φ+ 1 φ̄ and for P 1 ψ+ 1 ψ̄ are identical for all measurements.
2
2
2
2
Because the statistics of a tomographically complete set of measurements allows one to
predict the statistics for all measurements, it suffices to verify this identity for such a
tomographically complete set. Accumulating evidence that a given set of measurements is
indeed tomographically complete represents the most difficult challenge for an experimental
test of noncontextuality (See Refs. [202, 203] for a more detailed discussion.).
Note that in a realistic experiment, the four preparations that are realized, called the
primary preparations, will not satisfy Eq. (2.29) perfectly. However, this problem can be
solved by post-processing these into “secondary preparations” that are chosen to enforce
this equivalence [202, 229], as discussed in Section 2.7.
For this 9-parameter problem, the algorithm we describe in Appendix A.2 gives the full
set of necessary and sufficient noncontextuality inequalities, which we list in Appendix A.4.
For now, however, we consider a special case with just three parameters, which captures
the essence of minimum error state discrimination. Namely, we assume symmetries that
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parallel those in the ideal quantum case:
s ≡ p(gφ |Md , Pφ ) = 1 − p(gφ |Md , Pψ )
= p(gφ̄ |Md , Pφ̄ ) = 1 − p(gφ̄ |Md , Pψ̄ ),

(2.30)

c ≡ p(φ|Mφ , Pψ ) = p(ψ|Mψ , Pφ ),

(2.31)

= p(φ̄|Mφ̄ , Pψ̄ ) = p(ψ̄|Mψ̄ , Pφ̄ )
and
1 −  ≡ p(ψ|Mψ , Pψ ) = p(φ|Mφ , Pφ )

(2.32)

= p(ψ̄|Mψ̄ , Pψ̄ ) = p(φ̄|Mφ̄ , Pφ̄ ).
We have denoted the three free parameters that remain after imposing the symmetries by s,
c, and 1 − , paralleling their ideal quantum counterparts, sq , cq , and 1, respectively. Just
like the operational equivalence, these symmetries will never hold exactly for the primary
procedures, but we can enforce them while choosing secondary procedures, as discussed in
Section 2.7.
The notation Pφ , Pψ , Pφ̄ , Pψ̄ , Mφ , Mψ , and Md will henceforth be used to denote the
secondary procedures, for which the operational equivalence and symmetries are exact.
The resulting data table, Table 2.2, is similar to the ideal scenario of Table 2.1, but
contains the noise parameter  (1 − ) in place of the probability 0 (1).

φ|Mφ
ψ|Mψ
gφ |Md

Pφ
Pψ
1−
c
c
1−
s
1−s

Pφ̄

1−c
1−s

Pψ̄
1−c

s

Table 2.2: Data table for our operational scenario.

Note that for each row, the average of the entries in the Pφ and Pφ̄ columns is 12 (and
similarly for Pψ and Pψ̄ ). Here, this follows from the assumed symmetries, not from the
operational equivalence (which specifies that the average of the entries for Pφ and Pφ̄ is
the same as the average of the entries for Pψ and Pψ̄ , but not necessarily 12 ); in Table 2.1,
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the same averaging property is implied by the operational equivalence of each of the two
mixtures to the maximally mixed quantum state in Eq. (2.12) (and redundantly implied by
these symmetries).
Finally, we assume that the measurements and outcomes are labeled in the natural way;
e.g., the outcome of Mφ that is more likely to occur given the preparation Pφ is φ rather
than φ̄, etc. Then, the data satisfies the constraint that
 ≤ c ≤ 1 − .

2.6

(2.33)

Noncontextuality inequalities for MESD

The operational equivalence relation of Eq. (2.29) together with the assumption of preparation noncontextuality implies via Eq. (2.7) that
1
1
1
1
µPφ (λ) + µPφ̄ (λ) = µPψ (λ) + µPψ̄ (λ),
2
2
2
2

(2.34)

where we have again used the fact that convex mixtures of preparations are represented in
an ontological model by the corresponding mixture of epistemic states. The fact that the
ontological model must reproduce Table 2.2 implies constraints analogous to Eqs. (2.13)(2.15) and their kin.
As we prove in Appendix A.2, the tradeoff between s, c, and  in any noncontextual
model of our operational scenario must satisfy
s≤1−

c−
.
2

(2.35)

In Appendix A.3, we show that quantum theory allows a tradeoff of
1
s = (1 +
2

r

q

1 −  + 2 (1 − )c(1 − c) + c(2 − 1)).

(2.36)

Thus quantum theory predicts a higher state discrimination success rate for any given c
and  than a noncontextual model allows. One easily verifies that Eq. (2.35) reduces to
Eq. (2.17) in the limit of  → 0, and that Eq. (2.36) reduces to Eq. (2.11) in the same limit.
It is an open question whether Eq. (2.36) is the optimal tradeoff that quantum theory
allows. We conjecture that it is optimal for pairs of states in a 2-dimensional Hilbert space.
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The noncontextual and quantum tradeoffs are shown in Fig. 2.5. The purple surface
represents the triples (s, c, ) saturating the inequality of Eq. (2.35), while the light blue
surface represents the triples (s, c, ) corresponding to the quantum success rate of Eq. (2.36).
If an experiment generates data having the form of Table 2.2 and satisfying Eq. (2.29),
and it is found to lie above the purple shaded surface, then one has experimental evidence
for the failure of noncontextuality. This evidence is independent of the validity of quantum
theory, and signals a contextual advantage for state discrimination, even when one’s
preparations and measurements are imperfect.

Figure 2.5: Maximum success rate achievable in a noncontextual model (purple surface),
and quantumly-acheivable success rate (light blue surface).

2.6.1

Understanding the quantum and noncontextual bounds

For both quantum and noncontextual models, we adopt the natural labeling convention
described above Eq. (2.33), so that all operational data necessarily satisfies  ≤ c ≤ 1 − .
In the c −  plane of Fig. 2.5, these constraints describe a triangular wedge that points into
the page.
In the plane with  = 0, Section A.1 provides an intuitive explanation for the tradeoff
relation.
In the plane with  = c, we can see that for both quantum and noncontextual models,
the preparations can be perfectly distinguishable, s = 1. This follows from the fact that
the value of  quantifies the noise in Mφ and Mψ , and when c is no larger than  we can
attribute all of the confusability to this noise. Explicitly, one can construct a quantum
model where preparation Pφ is represented by |0i h0| and Pψ is represented by |1i h1| and
where effect Eφ|Mφ is represented by (1 − ) |0i h0| +  |1i h1| and Eψ|Mψ is represented by
 |0i h0| + (1 − ) |1i h1|, which implies that c = , while s = 1 for the Helstrom measurement
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{|0i h0| , |1i h1|}. Furthermore, since these states and effects are all diagonal in the same
basis, we can take the eigenvalues of these to define the conditional probabilities of a
noncontextual model which achieves c =  and s = 1.
Whenever c > , however, the noise in Mφ and Mψ cannot explain all of the confusability, and therefore some of this confusability must be explained by the lack of perfect
distinguishability of the preparations; that is, in a quantum model, the preparations must
be represented by nonorthogonal states, while in a noncontextual model, they must be
represented by overlapping probability distributions. Thus, the maximum value of s falls
away from 1 as we move away from the  = c plane. In a noncontextual model, it falls off
linearly, interpolating between its value for  = c and its value for  = 0. The quantum
bound falls off more slowly.

2.6.2

Robustness to depolarizing noise

We can get a sense for the robustness of our noncontextuality inequalities by considering a
specific noise model in quantum theory. Imagine that one’s attempts to implement the ideal
quantum preparations and measurements are thwarted by a depolarizing channel which has
the same noise parameter v for all states and effects:
1
2
1
Dv (Ek ) = (1 − v)Ek + v .
2
Dv (ρ) = (1 − v)ρ + v

(2.37)
(2.38)

The resulting states and effects are shown in Fig. 2.6 for some fixed v. One can graphically
see that this uniform depolarization map generates a new set of states and measurements
that satisfy the symmetries and operational equivalence we require. However, if the noise is
too large, our noncontextuality inequality will not be violated, as we now show.
This noisy model generates a data table of the form of Table 2.2 with
s=

q
1
1
1
+ (1 − v)2 (( (1 + 1 − cq )) − ),
2
2
2

(2.39)

1
1
+ (1 − v)2 (cq − ),
2
2

(2.40)

c=

1
 = (1 − (1 − v)2 ).
2
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(2.41)

Figure 2.6: The images of the ideal quantum states and effects under a depolarization map
for some fixed value of v.
As always, cq = | hφ|ψi |2 .
The maximum level of noise v that still violates our noncontextuality inequality,
Eq. (2.35), is easily calculated as a function of the Bloch sphere angle θ between the two
states (defined by cos2 ( 2θ ) = | hφ|ψi |2 ), by substituting Eqs. (2.39)-(2.41) into Eq. (2.35):
v =1−

1
1
.
=1−
√
θ
cq + 1 − cq
cos2 ( 2 ) + sin( 2θ )

(2.42)

Eq. (2.42) is plotted in Fig. 2.7. For θ = 0 or θ = π, the noncontextual bound equals the
ideal quantum bound, and hence no experiment can violate our noncontextuality inequality
at these extremal angles. For all other θ, an experiment with depolarizing noise such that
1
v ≤ 1 − cos2 ( θ )+sin(
can violate the inequality. The maximum tolerance to noise (v = 0.2)
θ
)
2
2
π
occurs when θ = 3 .

2.7

Enforcing symmetries and operational equivalences

In Section 2.5.1, we predicated our noncontextuality inequalities on the exact operational
equivalence of Eq. (2.29) and exact operational symmetries of Eq. (2.30)-(2.32), yet we
claimed that these idealizations can in fact be realized in realistic, noisy experiments. Of
course, no experimental data will directly satisfy either of these requirements; rather, one
performs a post-processing of the data, as originally outlined in [202].
For pedagogical clarity, we will discuss this data processing under the assumption that
the operational theory is quantum theory. Note, however, that our comments can easily be
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Figure 2.7: The maximum value of the parameter v for the depolarizing noise model that
allows a violation of our noncontextuality inequality, as a function of the Bloch sphere angle
θ between the two states.
generalized to the framework of generalized probabilistic theories (defined in Refs. [23, 136]),
as demonstrated in Refs. [202] and [203]. Indeed, the analysis must be performed in this
framework if one hopes to directly test the hypothesis of noncontextuality against one’s
experimental data (i.e., without assuming the validity of quantum theory).
For any set P of noisy preparations that has been performed experimentally, one can
simulate perfectly the statistics of all other preparations in the convex hull of P, viewed as
points in the quantum state space (here, simply a plane of the Bloch sphere). Similarly,
for any set E of noisy measurement effects, one can perfectly simulate the statistics of
all other effects in the convex hull of E, viewed as points in the space of valid quantum
effects. In [202], this fact was leveraged to simulate exact operational equivalences for a
set of “secondary preparations” from data on a set of “primary preparations” that failed
to satisfy the operational equivalences exactly. Here, we leverage this trick to simulate
preparations and measurements that simultaneously satisfy our operational equivalence
as well as the symmetries. We now argue that this can always be done, although if the
primary preparations or measurements are too noisy, the resulting simulated data will not
violate our inequalities.
As we showed explicitly in Section 2.6.2, even a partially depolarized set of states and
effects can violate our inequality. Hence, one need only realize experimental sets P and
E that contain in their convex hull the images of our ideal states and effects under the
1
depolarization map Dv with v ≤ 1 − cos2 ( θ )+sin(
θ . Then, one can post-process the data
)
2
2
obtained from P and E to obtain a physically meaningful set of data that satisfies the
operational equivalence and symmetries that we assumed in the main text, and our inequality
39

will still be violated. Geometrically, this simply means that the primary preparations must
have a convex hull containing the image of the ideal states under a depolarizing map with
1
v ≤ 1 − cos2 ( θ )+sin(
θ , as pictured in Fig. 2.8 (and similarly for the measurements, also
)
2

2

pictured).

Figure 2.8: (a) If one can perform the four primary preparations P1 to P4 (shown as green
triangles), then one can simulate any preparation in their convex hull (shown as a light grey
shaded region). In particular, one can simulate secondary procedures that are depolarized
versions of the ideal preparations (shown as blue circles like those in Fig. 2.6). (b) Similarly
for the measurements.
In fact, there are other noisy sets of preparations and measurements besides the
depolarized versions of the corresponding ideals which satisfy the operational equivalence
and symmetries needed for the noncontextuality inequality to apply. A simple example is
states and measurements that are depolarized versions of the ideals that are also rotated
in the plane by the same angle. By doing such a rotation, one may be able to simulate a
set of states and effects with less depolarization, which then leads to larger violations. In
general, there are many sets of states and effects that satisfy our operational equivalence and
symmetries. Given a set of primary procedures that one has performed and characterized,
finding the states and measurements satisfying our constraints thatmaximize the violation
of our inequality is a straightforward linear program [202].
Leveraging the convex structure of operational theories in order to define secondary
laboratory procedures which respect certain theoretical idealizations is a powerful tool
that we expect to have broad applicability. To date, this method has been proposed to
identify operational procedures which respect exact operational equivalences. What we
have just shown is that the method also allows one to enforce natural symmetries which
greatly simplify the problem at hand (as evidenced by comparing Eq. (2.35) to the set of
inequalities in Appendix A.4). Of course, this tool does not allow one to define laboratory
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procedures that satisfy any desired idealizations; for example, one could never generate a
pure state or a sharp measurement effect by convexly mixing the noisy procedures actually
performed in the lab. We expect future work to continue expanding the range of practical
applicability of the technique of secondary procedures.

2.8

Isomorphism between MESD and a Bell scenario

Any noncontextuality scenario that makes no assumptions of measurement noncontextuality,
and for which there is a single mixed preparation whose various ensemble decompositions
generate all of the operational equivalences of interest, is isomorphic to a related Bell
scenario [184]. Both of these conditions hold for our MESD scenario, since we do not consider
any operational equivalences among the measurements, and the operational equivalences
among the preparations are generated by decompositions of a single mixed preparation (e.g.
the maximally mixed state in the ideal case). The operational Bell scenario related to our
MESD scenario is one with two parties, whom we denote by S and M (for reasons that
will become apparent), where S has 2 binary measurements, denoted S1 and S2 , and M
has 3 binary measurements, denoted M1 , M2 , and M3 . The outcomes (which we denote si
for Si and mj for Mj ) take values in the set {−1, +1}.
For such a scenario, the set of constraints defining the local set of correlations is given by
P
positivity inequalities, p(si mj |Si Mj ) ≥ 0, the normalization condition si mj p(si mj |Si Mj ) ≥
0, and the CHSH inequalities [75] (applied to any of the 3 possible pairings of 2 measurement
settings on S with 2 measurement settings on M ) [2]. As we will show, the bound on our
MESD success rate follows under our assumed symmetries from the CHSH inequality
hs1 m1 i + hs1 m3 i + hs2 m1 i − hs2 m3 i ≤ 2

(2.43)

where
hsi mj i =

X

si mj p(si mj |Si Mj )

(2.44)

si mj

= 2p(si = mj |Si Mj ) − 1.
The connection between this Bell scenario and our MESD scenario is most easily seen in
the ideal quantum realization. Imagine that the two parties share a maximally entangled
state |Φ+ iSM = √12 (|00iSM + |11iSM ) (with |0i and |1i defined so that |φi and |ψi have real
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coefficients when written in this basis), and imagine that their measurements correspond to
the quantum measurements from the main text, as follows:
S1 = {|φiS hφ| , |φ̄iS hφ̄|}
S2 = {|ψiS hψ| , |ψ̄iS hψ̄|}
M1 = {|φiM hφ| , |φ̄iM hφ̄|}

(2.45)

M2 = {|ψiM hψ| , |ψ̄iM hψ̄|}
g

g

M3 = {EMφ , EMψ }.
We take the +1 outcome for each measurement to correspond to the first quantum
effect for that measurement. This ideal quantum realization of this Bell scenario is
conceptually transformed into our ideal quantum realization of the MESD scenario by
viewing a measurement by party S to be a remote preparation (via quantum steering) for
party M . For example, outcome +1 for S1 remotely prepares the state |φiM (which is why
we have chosen the notation S, for ‘source’). Similarly, outcome −1 for measurement S2
prepares the state |ψ̄iM , and so on.
Thus, one can verify that in the ideal quantum realization, sq and cq become (in our
new notation, and assuming the symmetries in Eqs. (2.30)-(2.32))
sq = p(s1 = m3 |S1 M3 ) = 1 − p(s2 = m3 |S2 M3 )
cq = p(s1 = m2 |S1 M2 ) = p(s2 = m1 |S2 M1 ),

(2.46)

while the fact that paired preparations and measurements are perfectly correlated in the
ideal quantum realization corresponds to
0 = 1 − p(s1 = m1 |S1 M1 ) = 1 − p(s2 = m2 |S2 M2 ).

(2.47)

Furthermore, the no-signaling condition in the Bell scenario implies the operational
equivalence of our MESD scenario. If party S performs measurement S1 , the updated state
on M will be either |φi or |φ̄i with equal likelihood, and if party S performs measurement
S2 , the updated state on M will be either |ψi or |ψ̄i with equal likelihood. In quantum
theory, the no-signaling condition implies that the average density operator prepared on
M is the same for either choice of measurement by S, which is precisely the operational
equivalence of Eq. (2.12).
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Using Eq. (2.44), we can write Eq. (2.46) and Eq. (2.47) in terms of expectation values:
1
1
sq = (1 + hs1 m3 i) = (1 − hs2 m3 i)
2
2
1
1
cq = (1 + hs1 m2 i) = (1 + hs2 m1 i)
2
2
1
1
0 = (1 − hs1 m1 i) = (1 − hs2 m2 i).
2
2

(2.48)

Rewriting Eq. (2.43) in terms of sq and cq instead of expectation values, one obtains
sq ≤ 1 −

cq
,
2

(2.49)

recovering Eq. (2.17), our bound for the success rate in state discrimination.
Because both the Bell scenario and our MESD scenario are operationally defined, one
can also make the translation without assuming the ideal quantum realizations. In a realistic
operational scenario,  will be nonzero, and one obtains
s = p(s1 = m3 |S1 M3 ) = 1 − p(s2 = m3 |S2 M3 )
c = p(s1 = m2 |S1 M2 ) = p(s2 = m1 |S2 M1 )
 = 1 − p(s1 = m1 |S1 M1 ) = 1 − p(s2 = m2 |S2 M2 ).

(2.50)

Rewriting Eq. (2.43) in terms of s, c, and  instead of expectation values, one obtains
s≤1−

c−
,
2

(2.51)

recovering Eq. (2.35), our bound for the success rate in state discrimination.
Due to the redundancies induced by our assumed symmetries, Eq. (2.35) follows also
from the CHSH inequality
hs1 m2 i + hs1 m3 i + hs2 m2 i − hs2 m3 i ≤ 2,

(2.52)

by the same logic. More generally, if we do not assume any symmetries, then there
are no redundant inequalities. If we furthermore do not assume the natural labeling
constraint (Eq. (2.33)), then the full polytope of local correlations for this Bell scenario [2]
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(and described just above Eq. (2.43)) is isomorphic to the full polytope of noncontextual
correlations for our MESD scenario.

2.9

Future directions

We have identified a quantitative feature of minimum-error state discrimination in quantum
theory that fails to admit of a noncontextual model. We have derived noncontextuality
inequalities that delimit the tradeoff between success rate, error rate, and confusability in
state discrimination, independently of the validity of quantum theory.
Our results show that contextuality is a resource for state discrimination, even in
realistic, noisy experiments. This suggests many directions for future research. One
important question is how our results translate into advantages for quantum information
processing tasks which have MESD as a sub-routine. Because many such tasks (e.g., key
distribution) consider consecutive measurements on the system, this research program would
require further analysis regarding the consequences of noncontextuality for experiments
involving sequential measurements [181, 228, 231].
It would also be interesting to generalize these results to other types of state discrimination, such as unambiguous state discrimination. Indeed, one can easily derive a relevant
no-go theorem. The challenge is to define an operational notion of “unambiguous” given
that no measurement yields truly unambiguous knowledge in the presence of noise. Once
this challenge is met, it should be straightforward to apply the general algorithm we have
introduced in this article in order to derive the noncontextuality inequalities for this scenario.
Understanding the relation between noncontextuality and other kinds of state discrimination
should translate into new kinds of quantum advantages for information processing tasks.
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Chapter 3
The stabilizer subtheory has a unique
noncontextual model
Abstract: We prove that there is a unique nonnegative and diagram-preserving quasiprobability representation of the stabilizer subtheory in odd dimensions, namely Gross’ discrete
Wigner function. This representation is equivalent to Spekkens’ epistemically restricted toy
theory, which is consequently singled out as the unique noncontextual ontological model for
the stabilizer subtheory. Strikingly, the principle of noncontextuality is powerful enough (at
least in this setting) to single out one particular classical realist interpretation. Our result
explains the practical utility of Gross’ representation, eg why (in the setting of the stabilizer
subtheory) negativity in this particular representation implies generalized contextuality,
and hence sheds light on why negativity of this particular representation is a resource for
quantum computational speedup.

3.1

Introduction

Quantum computers have the potential to outperform classical computers at many tasks.
One of the major outstanding problems in quantum computing is to understand what
physical resources are necessary and sufficient for universal quantum computation. These
resources may depend on one’s model of computation [93, 161, 312], and in some cases it
seems that neither entanglement nor even coherence is required in significant quantities [93].
The primary obstacle to building a quantum computer is that implementing low-noise
gates is difficult in practice. While there are no gate sets that are easy to implement and
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also universal [99], the entire stabilizer subtheory [130, 131] can in fact be implemented in
a fault-tolerant manner relatively easily. To promote the stabilizer subtheory to universal
quantum computation, one must supplement it with additional nonstabilizer (or ‘magic’)
processes. Because these nonstabilizer resources do not have a straightforward fault-tolerant
implementation, they are typically noisy. To get around this problem, Bravyi and Kitaev [43]
introduced the magic state distillation scheme, whereby fault-tolerant stabilizer operations
are used to distill pure resource states out of the initially noisy resources. However, not
every nonstabilizer resource can be distilled in this fashion to generate a state that promotes
the stabilizer subtheory to universal quantum computation. It is a major open question to
determine which states are in fact necessary and sufficient for this purpose.
Quasiprobability representations are a central tool for making progress on these and
related problems. For finite-dimensional quantum systems, a number of quasiprobability
representations have been studied. For example, Gibbons, Hoffman, and Wootters (GHW)
identified a family of representations on a discrete phase space [123], and Gross then
singled out one of these with a higher degree of symmetry [133], by virtue of satisfying
a property known as Clifford covariance. All of these have been used to study quantum
computation [95, 118, 154, 194, 235, 304, 309, 310].
Gross’s representation in particular has been the most useful in understanding the
resources required for computation. For instance, Ref. [309] extended the Gottesman-Knill
theorem [131] by devising an explicit simulation protocol for quantum circuits composed of
Clifford gates supplemented with arbitrary states and measurements that have nonnegative
Gross’s representation. Ref. [309] also proved that every state that is useful for magic
state distillation necessarily has negativity in its Gross’s representation. In Ref. [154],
this result was leveraged to prove that every state that promotes the stabilizer subtheory
to universal quantum computation via magic state distillation must also exhibit KochenSpecker contextuality [162]. In recognition that negativity in Gross’s representation is a
resource for quantum computation in this sense, Ref. [310] introduced an entire resource
theory [81] of Gross’s negativity.
From a foundational perspective, it is surprising that any particular quasiprobability
representation plays such a central role. As argued in Ref. [283], negativity of any one
quasiprobability representation is not sufficient to establish nonclassicality in general
scenarios. So how can it be that Gross’s representation plays such an important role, e.g.
that negativity in it is associated with a strong form of nonclassicality, namely computational
speedups? Although Gross’s representation is uniquely singled out from the family of GHW
representations by Clifford covariance, it has previously been unclear what this property
has to do with nonclassicality (not to mention why one would restrict one’s attention to
the family of GHW representations in the first place).
46

In this chapter, we resolve this mystery by showing that the only nonnegative and
diagram-preserving [260] quasiprobability representation of the stabilizer subtheory in any
odd dimension is Gross’s. We also prove that in all even dimensions, there is no nonnegative
and diagram-preserving quasiprobability representation of the stabilizer subtheory. This
implies that the stabilizer subtheory exhibits generalized contextuality in all even dimensions.
In the setting of the full stabilizer subtheory, our result for odd dimensions proves
that negativity of this particular quasiprobability representation is a rigorous signature of
nonclassicality, i.e., the failure of generalized noncontextuality. Generalized noncontextuality
is a principled [281, 285], useful [14, 60, 144, 168, 192, 228, 234, 248, 249, 263, 286, 325],
and operational [166, 169, 202, 264] notion of classicality. If one’s process has negativity in
Gross’s representation, then our result establishes that there is no nonnegative representation
of the full stabilizer subtheory together with that process. Since nonnegative quasiprobability
representations are in one-to-one correspondence with generalized noncontextual ontological
models [260, 262, 283], this means that there is no noncontextual representation for the
scenario, and hence no classical explanation of it.1
Given the known links between resources for quantum computation and negativity in
Gross’s representation, together with our result connecting such negativity to the failure
of generalized noncontextuality, one can then derive connections between resources for
quantum computation and generalized noncontextuality.
We illustrate this by proving two such results. First, we give an analogue of the celebrated
result in Ref. [154]: namely, we prove that generalized contextuality is necessary for universal
quantum computation. Second, we prove that a sufficient condition for any unitary to
promote the stabilizer subtheory to universal quantum computation is that it have negativity
in Gross’s representation. This is in analogy with the fact that a sufficient condition for
any pure state to promote the stabilizer subtheory to universal quantum computation via
magic state distillation is that it have negativity in Gross’s representation [15, 309].
Finally, we note that our main result demonstrates that the principle of generalized
noncontextuality is a much stronger principle than was previously recognized, at least in
some settings. This is exemplified by the fact that for stabilizer theories in odd dimensions,
it does not merely provide constraints on ontological representations, it completely fixes
the ontological representation. This offers some hope that if the notion of a generalized
noncontextual model can be relaxed in such a way [261] that lifts the obstructions to
1

Note that Ref. [261] introduced a more refined framework for studying ontological models and noncontextuality, and argued that better terminology for these are ‘classical realist representations’ and
‘Leibnizianity’, respectively. We do not use this framework or terminology here only so that our results are
easier to parse for readers who have not read Ref. [261].
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modelling the entirety of quantum theory, such a model of the full theory might also be
unique. In our view such a uniqueness result would offer a compelling reason to take the
identified ontology seriously.

3.2

The stabilizer subtheory

The stabilizer subtheory is one of the most important subtheories of quantum theory in
the field of quantum information, playing an important role in quantum computing [3,
43, 130, 131, 154, 313], quantum error correction [130, 131, 225, 240, 298], and quantum
foundations [52, 53, 185, 186, 226, 284].
The stabilizer subtheory is built around the Clifford group, whose elements will be
referred to as Clifford unitaries. To define these, we first introduce the Weyl operators
(also called generalized Pauli operators). Consider a d-dimensional quantum system, and
define the computational basis {|0i , . . . , |d − 1i} in its Hilbert space H. Each basis element
is labelled by an element of Zd 2 , which we refer to as the configuration space. Writing
ω = exp( 2πi
), we define the translation operator X and boost operator Z via
d
X |xi = |x + 1i
Z |xi = ω x |xi .

(3.1)
(3.2)

Note that here and throughout, all arithmetic is within Zd . These can be viewed as discrete
position and momentum translation operators, respectively, for a particle on a ring. From
these, the single-system Weyl operators are defined as
Wp,q = Z p X q ,

(3.3)

where p, q ∈ Zd . Note that these are often defined with an additional phase factor ω γpq ;
however, the choice of this phase is irrelevant for the definition of the stabilizer subtheory,
so we set γpq to zero. (We highlight this irrelevance by introducing the stabilizer subtheory
using superoperators, for which any choice of phase cancels.)
†
The Weyl operators are unitaries whose associated superoperators, Wp,q (·) := Wp,q (·)Wp,q
,
form a group with composition law

Wp,q Wp0 ,q0 = Wp+p0 ,q+q0 ,
2

(3.4)

When d is prime, Zd has the structure of a finite algebraic field. For non-prime d, things are somewhat
more complicated [133], but the results in this work still hold.
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and inverse
−1
†
Wp,q
= Wp,q
= W−p,−q .

(3.5)

(Note that the Weyl operators themselves do not form a group as the above equations only
hold up to a particular phase factor.)
The Clifford unitaries are defined as unitaries which—up to a phase—map Weyl operators
to other Weyl operators under conjugation. Equivalently, their associated superoperators
map Weyl superoperators to other Weyl superoperators under conjugation. That is, U is a
Clifford unitary superoperator if for every p, q, one has
UWp,q U † = Wp0 ,q0 .

(3.6)

Let us now define the phase space V := Zd × Zd , which is a module3 equipped with the
symplectic product [·, ·] : V × V → Zd given by
"

!

p
p0
, 0
q
q

!#

:= pq 0 − qp0 .

(3.7)

Note that each Weyl operator is labeled by a phase space point (p, q) = a ∈ V . A function
f : V → V is said to be linear if f (λa + b) = λf (a) + f (b), for λ ∈ Zd , a, b ∈ V . A function
S : V → V is called symplectic if it is linear and preserves the symplectic product, i.e.
[S·, S·] = [·, ·]. A transformation of the form S · +a where S is symplectic and a ∈ V is
called a symplectic affine transformation. Note that the symplectic functions form a group,
and that the symplectic affine transformations also form a group.
As shown in Ref. [133], every Clifford superoperator is of the form Wa MS , where Wa
is a Weyl superoperator labelled by a ∈ V , S : V → V is a symplectic function, M is a
unitary superoperator representation of the symplectic group (i.e. MS MT = MST ), and
where MS Wv M†S = WSv for any symplectic function S and for all v ∈ V .
Hence, each Clifford operation can be indexed by a phase space vector a and a symplectic
map S, and so we will denote them by Ca,S := Wa MS . Clearly, a Weyl operator Wp,q
is a Clifford unitary Ca,S , where a = (p, q) and S = 1. Furthermore, the mapping
S · +a 7→ Wa MS is a representation of the group of symplectic affine transformations [133].
The Clifford unitary superoperators form a group, often termed the Clifford group, with
composition rule
Ca,S Cb,T = CSb+a,ST .
(3.8)
3

If d is a prime power d = pk , then this is moreover a finite vector space.
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The inverse of a Clifford unitary superoperator is
†
−1
Ca,S
= Ca,S
= C−S −1 a,S −1 .

(3.9)

It is therefore clear that the Clifford superoperator group in dimension d and the symplectic
affine group for Zd × Zd are isomorphic groups.
For a fixed dimension, the Clifford group is generated by the superoperators associated
with the generalized Hadamard gate H and the generalized phase gate P [102], defined
respectively by
1 X xk
ω |ki ,
(3.10)
H |xi = √
d k∈Zd
1

P |xi = ω 2 x(x+d) |xi .

(3.11)

The stabilizer subtheory for a single system in dimension d is defined as the set of
processes that can be generated by sequential composition of: i) pure states uniquely
identified by being the simultaneous eigenstates of a given set of Weyl operators, ii)
projective measurements in the spectral decomposition of the Weyl operators4 , and iii)
Clifford unitary superoperators on the associated Hilbert space, as well as convex mixtures
of such processes.
This construction is easily generalized to allow for parallel composition, that is, for
systems made up of n qudits5 , by defining the multiparticle Weyl operators as tensor
products of those defined above, and defining the multiparticle Clifford operators as unitary
superoperators that preserve the multiparticle Weyl operators under conjugation; see
Ref. [133] for more details. An important feature is that in general the stabilizer subtheory
defined by parallel composition of n qudits is not the same as the stabilizer subtheory
defined by a single dn dimensional system—for instance, the latter generally has far fewer
states [133]. Therefore, for a given dimension D there may be multiple different stabilizer
theories that could be associated with it, depending on whether one views it as a single
monolithic system of dimension D (which Gross calls the single-particle view), or views it
as some tensor product of multiple qudits (which Gross calls a multi-particle view).
4

Note that although the Weyl operators are not Hermitian operators, they are normal operators, and
hence have a spectral decomposition, which implies one can carry out a projective measurement in the
eigenbasis of each.
5
To the authors’ knowledge, parallel composition of systems of different dimensions has not been
considered in the literature.
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3.3

Quasiprobability representations

A quasiprobability representation [103, 260] is akin to a mathematical representation of
quantum6 processes as stochastic processes on a sample space, except that the representation
may take negative values. For the reasons laid out in Refs. [260, 261], we are only interested
in quasiprobability representations that satisfy the assumption of diagram preservation [260,
261]—namely, that the representation of a composite process is equal to the composition of
the representations of its component processes. This assumption is satisfied by most of the
useful quasiprobability representations considered in the literature, including the standard
(continuous-dimensional) Wigner function and Gross’s representation.
The arguments of Ref. [260] imply that every diagram-preserving quasiprobability
representation of a full dimensional subtheory7 of quantum theory can be written as an
exact frame representation [103], constructed as follows. One first associates with each
system a basis {Fλ }λ for the real vector space Herm(H) of Hermitian operators on the
associated Hilbert space H, where
tr[Fλ ] = 1, .

(3.12)

Every basis has a unique dual basis, {Dλ }λ , as proved in Lemma B.1, where
X

Dλ = 1,

(3.13)

λ

and
tr[Dλ0 Fλ ] = δλλ0 .

(3.14)

In this representation, a completely-positive trace-preserving map [212, 257] E is represented
by a quasistochastic map defined by
ξE (λ0 |λ) = tr[Dλ0 E(Fλ )].
6

(3.15)

Quasiprobability representations can also be defined for generalized probabilistic theories [23, 136]
(GPTs) beyond quantum theory [260, 305], but we are here only interested in the case of quantum theory
and its subtheories.
7
That is, in which the states span the quantum state space and the effects span the quantum effect
space. Note that the stabilizer subtheory is such a theory, which can be seen by noting that the Weyl
operators span the space of Hermitian operators, and hence, so do their eigenstates.
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As special cases, the representation of a state ρ is given by
ξρ (λ) = tr[Dλ ρ]

(3.16)

and the representation of an effect E is given by
ξE (λ) = tr[Fλ E].

(3.17)

Note that for a set of effects that sum to the identity, Eq. (3.12) ensures that

P

E

ξE (λ) = 1.

The quantum probabilities are recovered as
tr[EE(ρ)] =

X

ξE (λ0 )ξE (λ0 |λ)ξρ (λ).

(3.18)

λ0 ,λ

Note that this is an instance of diagram preservation, wherein one decomposes the probability
into the composition of the representations of the state, channel, and effect.
A quasiprobability representation is said to be nonnegative if for every process E, 0 ≤
ξE (λ0 |λ) ≤ 1 for every λ, λ0 . In this case, the representation is in one-to-one correspondence
with a noncontextual ontological representation [261, 281].

3.3.1

Gross’s representation

The particular quasiprobability representation introduced by Gross [133] is for odd dimensional quantum systems and takes the sample space to be a discrete classical phase space V ,
and so its elements will be labelled by position and momentum, i.e a := (p, q) ∈ V , rather
than λ. Hence, the basis operators in Gross’s representation are indexed by a ∈ V , and we
will denote them by Aa . Note that the Weyl operators form an orthonormal basis for the
complex vector space of linear operators on the Hilbert space, where orthonormality is with
respect to a rescaled Hilbert-Schmidt inner product:
1
tr[Wp,q Wp†0 ,q0 ] = δp,p0 δq,q0 .
d

(3.19)

The basis operators in Gross’s representation can be decomposed in terms of this
orthonormal basis as follows:
(

{Aa }a :=

1X
†
exp([a, b])WbG
d b
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)

,
a

(3.20)

G
where Gross’s Weyl operators Wp,q
are related to ours via
−1 pq

G
Wp,q
:= ω 2

Wp,q .

(3.21)

We will sometimes refer to these Aa as phase space point operators. These operators form
an orthonormal basis for Herm(H), and so the basis is essentially self-dual, so that both
{Fλ } and {Dλ } are proportional to {Aa }, with Dλ = d1 Fλ . They moreover satisfy a number
of useful properties (see, e.g., Lemma 29 of Ref. [133]) including
Aa = Wa A0 Wa† .

(3.22)

Eq. (3.22) is a special case of a key feature of Gross’s representation, namely Clifford
covariance [133]:
†
Ca,S Ab Ca,S
= Wa MS Ab MS† Wa† = ASb+a
(3.23)
for any Clifford unitary Ca,S . This property implies, for example, that when one transforms
a quantum state under a given Clifford unitary, the representation of the state transforms
under the associated symplectic affine map, i.e.
ξρ (b) = ξCa,S ρC † (Sb + a).

(3.24)

a,S

To see this, note that the representation of the state is given by Eq. (3.16), which in this
instance means that ξρ (b) := tr[Ab ρ]. Using this definition and the properties that we have
so far introduced, we obtain:
†
ξCa,S ρC † (Sb + a) := tr[ASb+a Ca,S ρCa,S
]

(3.25)

a,S

†
= tr[Ca,S
ASb+a Ca,S ρ]
(6.269)

†
= tr[C−S −1 a,S −1 ASb+a C−S
−1 a,S −1 ρ]

(3.23)

= tr[AS −1 (Sb+a)−S −1 a ρ)]
= tr[Ab ρ]
=: ξρ (b).
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(3.26)
(3.27)
(3.28)
(3.29)
(3.30)

3.4

Main result

Our main result is a complete characterization of the (non)classicality of the stabilizer
subtheory in every finite dimension.
Theorem 3.4.1.
(a) For any stabilizer subtheory (single- or multi-particle) in odd dimensions, the unique
nonnegative and diagram-preserving quasiprobability representation for it is Gross’s
representation.
(b) For any stabilizer subtheory (single- or multi-particle) in even dimensions, there is
no nonnegative and diagram-preserving quasiprobability representation.
The proof is given in Appendix B.3. The proof for the single-particle case proceeds
as follows. First, we apply the structure theorem from Ref. [260] to show that any
nonnegative and diagram-preserving representation of the stabilizer subtheory must be
an exact frame representation. Next, we leverage the fact that noncontextuality implies
outcome determinism to find a privileged labeling of the ontic states as points in a phase
space. We show that this implies Clifford covariance for all Weyl operators and for the
Hadamard. Using this and the fact that Weyl operators form a basis of the linear operators,
we then show that the representation is fixed by the outcomes of measurements of Weyl
operators on the λ = (0, 0) ontic state.8 We then show that the representation is fixed by a
specification of which outcome occurs for measurements of Weyl operators when the ontic
state is λ = (0, 0). We then show that this specification is constrained by the representation
of the Hadamard, by Hermiticity of the phase point operators, and by constraints on
outcomes assigned to commuting pairs of Weyl operators. In odd dimensions, we show that
the unique solution to these conditions is that which gives Gross’s phase point operators.
In even dimensions, we show that there is no solution. The generalization to multi-particle
stabilizer subtheories is then shown to follow immediately.
As shown in Ref. [52, 284], Gross’s representation is identical to Spekkens’ epistemically
restricted toy theory [282] for odd dimensions [284]. Furthermore, it is shown in Ref. [260]
that noncontextual ontological models of an operational theory are in one-to-one correspondence with ontological models of the GPT defined by the operational theory, and also
in one-to-one correspondence with diagram-preserving and nonnegative quasiprobability
8
We believe, but have not shown, that distinct GHW representations differ by exactly these choices of
outcomes.
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representations of the GPT defined by the operational theory. Through these equivalences,
our result can be stated in a number of equivalent ways (e.g., depending on whether one
views the stabilizer subtheory as an operational theory or as a GPT). Perhaps the most
natural equivalent statement of Theorem 18 is the following: For odd dimensions, the
unique noncontextual representation of the stabilizer subtheory is Spekkens’ epistemically
restricted toy theory. For even dimensions, the stabilizer subtheory is contextual.
There are several senses in which Theorem 18(a) is stronger than that proven by
Gross [133]. Most importantly, the principle of generalized noncontextuality is a wellestablished notion of classicality, while the notion of covariance is not. Additionally, our
result starts from the very weak assumption of classical realism [261]—that is, the ontological
models framework—while Gross’s result requires two additional assumptions beyond this,
namely that the representation is on a d × d phase space and gives the correct marginal
probabilities. In our approach, both of these are derived. Finally, our uniqueness result
holds in all odd dimensions, while Gross’s uniqueness result was proven only for odd prime
dimensions.
Theorem 18(b) establishes that every stabilizer subtheory of even dimension exhibits
contextuality. While this result has previously been claimed to be true, it had not in fact
been proven (to our knowledge). For d = 2, there are well-known proofs of contextuality,
e.g. in Ref. [186]. It follows that every subtheory that contains all the processes in the
qubit stabilizer subtheory is also contextual. However, it is not known whether every
even-dimensional stabilizer subtheory contains the qubit stabilizer as a subtheory (see
Ref. [133] for details), and so the claim of Theorem 18(b) does not trivially follow in this
manner.

3.5

Generalized contextuality as a resource for quantum computation

The stabilizer subtheory is efficiently simulable [131]. However, if one supplements it with
appropriate nonstabilizer states, one can achieve universal quantum computation through
magic state distillation [43].
Any state that promotes the stabilizer subtheory to universal quantum computation must
have negativity in its Gross’s representation [309]. Ref. [154] further showed that every such
state can be used to generate state-dependent proofs of Kochen-Specker contextuality using
stabilizer measurements [154], and hence that contextuality is necessary for universality in
this model of quantum computation.
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The key argument of Ref. [154] was a graph-theoretic proof that if a state is negative
in Gross’s representation, then it admits a (state-dependent) proof of Kochen-Specker
contextuality using only stabilizer measurements. Our main theorem, Theorem 18, is
analogous, establishing that if a state is negative in Gross’s representation, then it admits a
proof of generalized contextuality.
Hence, we arrive at a result akin to that of Ref. [154]: generalized contextuality is
necessary for universality in the state injection model of quantum computation.
Theorem 3.5.1. Consider any state ρ that promotes the stabilizer subtheory to universal
quantum computation. There is no generalized noncontextual model for the stabilizer
subtheory together with ρ.
This follows immediately from the fact that negativity in a state’s Gross’s representation is necessary for it to promote the stabilizer subtheory to universal quantum
computation [309], together with our result that negativity in Gross’s representation implies
generalized contextuality.9
One might expect that this result follows immediately from the fact that there is no
nonnegative quasiprobability representation of full quantum theory, and that such a proof
would hold in every model of quantum computation. However, the mere fact that a universal
quantum computer can simulate every quantum circuit does not necessarily imply that
one can implement every quantum circuit. (The loophole here follows from the distinction
between computational universality and strict universality [10]. For example, the Toffoli and
Hadamard gate together form a computationally universal gate set, and yet composition
of these two gates cannot generate arbitrary unitary gates—only those with real matrix
elements.) Hence, one cannot without further arguments conclude that a universal quantum
computer is capable of implementing circuits with negativity (or contextuality)—one can
only conclude that it can simulate such circuits.
9

The result could also presumably be proven less directly, using the necessity result for KochenSpecker contextuality [154] together with the fact that Kochen-Specker contextuality implies generalized
contextuality [167, 170]. This is not entirely trivial, as the latter implication requires bringing auxiliary
operational processes into the argument, and one must establish that all of these additional processes are
within the stabilizer subtheory. This seems to be the case. First, one can establish outcome determinism
for ontic states in the support of the maximally mixed state following the logic of Ref. [281], but using
only stabilizer preparations. One can then establish that every ontic state in the support of the given
nonstabilizer state (from the state-dependent proof of Ref. [154]) is also in the support of the maximally
mixed state, using the fact that there always exists a decomposition of the maximally mixed state into the
given nonstabilizer state together with only stabilizer states.
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3.5.1

On the sufficiency of generalized contextuality for universal
quantum computation

Thus far we have focused on the necessity of contextuality for quantum computation.
However, the fact that Gross’s representation provides the unique generalized noncontextual
representation of the stabilizer subtheory will likely also be useful for discovering in what
sense (if any) generalized contextuality is sufficient for quantum computation.
Without any caveats, generalized contextuality is clearly not sufficient for universal
quantum computation. This can be seen by the example of the stabilizer theory in dimension
2, which admits proofs of contextuality [186] and yet is efficiently simulable [131].
Still, it is conceivable that there is a more nuanced sufficiency result relating contextuality
and computation, e.g. by leveraging quantitative measures of generalized contextuality [196]
or by focusing on particular dimensions and models of quantum computation.
We now prove a related result (which does not explicitly rely on our main theorem).
From Ref. [15, 309], we know that access to enough copies of any nonstabilizer pure
state promotes the stabilizer subtheory to universal quantum computation. Similarly, access
to enough copies of any nonstabilizer unitary promotes the stabilizer subtheory to universal
quantum computation, since the Clifford unitaries together with any other unitary gate
forms a universal gate set [51, 211].
It is well known that every pure nonstabilizer state is negatively represented in Gross’s
representation [133]. Additionally, it is not hard to see that every nonstabilizer unitary gate is
negatively represented in Gross’s representation. By the universal gate set property [51, 211],
combining the positively represented Clifford gates with any given nonstabilizer unitary
allows the approximation of any other unitary—including one that maps some pure stabilizer
state to some pure nonstabilizer state. Since the stabilizer state is represented positively
and the nonstabilizer state must be represented negatively in Gross’s representation, the
unitary mapping between them must have negativity in its Gross’s representation, and
hence so must the given nonstabilizer unitary used to construct it. Hence we obtain the
following theorem:
Theorem 3.5.2. A sufficient condition for any unitary or pure state to promote the
stabilizer subtheory to universal quantum computation is that it be negatively represented in
Gross’s representation.
For the case of pure states, this result was pointed out in Refs. [15, 309].
Perhaps the most important open question that remains is whether an analogous
sufficiency result holds for mixed quantum states and generic quantum channels.
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Part II.
Nonclassicality of common-cause processes
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Chapter 4
Quantifying Bell: the Resource
Theory of Nonclassicality of
Common-Cause Boxes (excerpt)
4.1

4.1.1

Motivating our approach and contrasting it with
alternatives
Three views on Bell’s theorem

The traditional commentary on Bell’s theorem [96, 274] takes a particular view on how
to articulate the assumptions that are necessary to derive Bell inequalities. Among these
assumptions, two are typically highlighted as deserving of the most scrutiny, namely, the
assumptions that are usually termed realism and locality1 . Abandoning one or the other of
these two assumptions is the starting point of most commentaries on what to do in the face
of violations of Bell inequalities.2 Furthermore, a schism seems to have developed between
the camps that advocate for each of these two views [319].
Among the researchers who take Bell’s theorem to demonstrate the need to abandon
realism, there is a contingent that adopts a purely operational attitude towards quantum
theory, that is, an attitude wherein the scientist’s job is merely to predict the statistical
distribution of outcomes of measurements performed on specific preparations in a specified
1
2

Note, however, that different authors will formalize these assumptions in different ways.
See, however, the discussion of superdeterminism in footnote 6.
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experimental scenario. We shall refer to the members of this camp as operationalists [316].
For such researchers, a violation of a Bell inequality is simply a litmus test for the inadequacy
of a classical realist account of the experiment. One particular type of operationalist attitude,
which we shall term the strictly operational paradigm, advocates that physical concepts
ought to be defined in terms of operational concepts, and consequently that any properties
of a Bell-type experiment, such as whether it is signalling or not and what sorts of causal
connections might hold between the wings, must be expressed in the language of the
classical input-output functionality of that experiment. In other words, they advocate that
the only concepts that are meaningful for such an experiment are those that supervene3
upon its input-output functionality.4 Most prior work on quantifying the resource in Bell
experiments has been done within this paradigm, and the characteristic of experimental
correlations that is usually taken to quantify the resource is simply some notion of distance
from the set of correlations that satisfy all the Bell inequalities.
Consider, on the other hand, the researchers who take realism as sacrosanct, and in
particular those who take Bell’s theorem to demonstrate the failure of locality—that is, the
existence of superluminal causal influences [199, 213].5 Researchers in this camp, whom we
shall refer to as advocates of the superluminal causation paradigm, would presumably
find it natural to quantify the resource of Bell inequality violations in terms of the strength
of the superluminal causal influences required to account for them (within the framework
of a classical causal model). An approach along these lines is described in Refs. [64, 65].
Earlier work on the communication cost of simulating Bell-inequality violations [198, 299]
is also naturally understood in this way.6
3

A-properties are said to supervene on B-properties if every A-difference implies a B-difference.
Some might describe what we have here called the strictly operational paradigm as the “deviceindependent” paradigm [252], however, we avoid using the latter term here because its usage is not
restricted to describing a particular type of empiricist philosophy of science: it also has a more technical
meaning in the context of quantum information theory, wherein it indicates whether or not a given
information-theoretic protocol depends on a prior characterization of the devices used therein. Indeed,
Bell-inequality-violating correlations have been shown to be a key resource in cryptography because they
allow for device-independent implementations of cryptographic tasks[7, 8, 27, 87, 97, 157, 222, 253, 308].
5
Although such influences do not imply the possibility of superluminal signalling, they do imply a
certain tension with relativity theory if one believes that the latter does not merely concern anthropocentric
concepts such as signalling, but also physical concepts such as causation.
6
A less common view on how to maintain realism in the face of Bell inequality violations is to hold
fast to locality but give up on a different assumption that goes into the derivation of Bell inequalities,
namely, that the hidden variables are statistically independent of the setting variables. This is known as
the “superdeterministic” response to Bell’s theorem [147]. Advocates of this approach would presumably
find it natural to quantify the resource of Bell inequality violations in terms of the deviation from such
statistical independence that is required to explain a given violation. In particular, the results of Refs. [135]
and [26] seeking to quantify the nonindependence needed to explain a given Bell inequality violation might
4
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In recent years, a third attitude toward Bell’s theorem—inspired by the framework of
causal inference [216]—has been gaining in popularity. In this approach, the assumptions
that go into the derivation of Bell inequalities are [324]: Reichenbach’s principle (that
correlations need to be explained causally), the framework of classical causal modelling,
and the principle of no fine-tuning (that statistical independences should not be explained
by fine-tuning of the values of parameters in the causal model). Here, a violation of a Bell
inequality does not lead to the traditional dilemma between realism and locality, but rather
attests to the impossibility of providing a non-fine-tuned explanation of the experiment
within the framework of classical causal models. This attitude implies the possibility of a
new option for what assumption to give up in the face of such a violation. Specifically, the
new possibility being contemplated is that one can hold fast to Reichenbach’s principle and
the principle of no fine-tuning—and hence to the possibility of achieving satisfactory causal
explanations of correlations—by replacing the framework of classical causal models with an
intrinsically nonclassical generalization thereof.
As is shown in Ref. [324], because the correlations in a Bell experiment do not provide
a means of sending superluminal signals between the wings, the only causal structure
that is a candidate for explaining these correlations without fine-tuning is one wherein
there is a purely common-cause relation between the wings, that is, one that admits no
causal influences between the wings. Therefore, the new approach to achieving a causal
explanation of Bell inequality violations is one that posits a common cause mechanism
but replaces the usual formalism for causal models with one that allows for more general
possibilities on how to represent its components [12]7 . We refer to this attitude as the
causal modelling paradigm.
The causal modelling paradigm implies not only a novel attitude towards Bell’s theorem,
but also a change in how one conceives of the resource that powers the information-theoretic
applications of Bell-inequality violations. The resource is not taken to be some abstract
notion of distance from the set of Bell-inequality-satisfying correlations within the space of
all nonsignalling correlations, as advocates of the strictly operational paradigm seem to
favour, nor to consist of the strength of superluminal causal influences, as advocates of the
superluminal causation paradigm would presumably have it. Rather, we take the resource
to be the nonclassicality required by any generalized causal model that can explain the Bell
be framed within a resource-theoretic framework. However, given that the setting variables can no longer
be considered as freely specifiable within such an approach, it would be inappropriate to conceptualize a
Bell experiment as a box-type process as we have done here.
7
Specifically, in the proposal of Ref. [12], reversible deterministic causal dependences are represented by
unitaries rather than bijective functions, and lack of knowledge is represented by density operators rather
than by classical probability distributions.
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inequality violations without fine-tuning.
We shall show that in the resource theory that emerges by adopting this attitude, the
nonclassicality of common-cause processes in Bell experiments cannot be captured solely by
the degree of violation of facet-defining Bell inequalities. That is, there are distinctions
among such common-cause processes—different ways for these to be nonclassical—which do
not correspond to distinctions in the degree of violation of any facet-defining Bell inequality.

4.1.2

Generalized causal models

We will work with the notion of a generalized (i.e., not necessarily classical) causal model
that has been developed in Refs. [107, 142] using the framework of generalized probabilistic
theories (GPTs) [23, 136]), and refer to it as a GPT causal model. Since we are interested
in the distinction between classical and nonclassical, without specifically distinguishing
quantum and supra-quantum types of nonclassicality, we will not be making use of any of
the recent work [12, 88] on devising an intrinsically quantum notion of a causal model.8
One can then approach the study of nonclassicality in arbitrary causal structures from
within the scope of these GPT causal models, and pursue the development of a resource
theory of such nonclassical features. One must simply specify the nature of the scenario
being considered: the number of wings of the experiment (commonly conceptualized as
the laboratories of different parties when discussing information-theoretic tasks), and the
causal structure presumed to hold among these wings.9 The set of all resources one might
contemplate are then the set of processes that can be described with a GPT causal model
having the appropriate causal structure. In this chapter, we focus on the causal structure
wherein there is a common cause that acts on all of the wings, but no causal influences
between any of them, which we term a Bell scenario.
We conceptualize any experimental configuration as a process from its inputs to its
outputs. In the GPT framework for causal models, one has the capacity to consider
processes that have GPT systems as inputs and outputs at the various wings. However,
we will restrict our attention to processes that have only classical inputs and outputs.
8

However, we will consider the question of when certain correlations that arise in a GPT causal model
can be quantumly-realized.
9
It is perhaps inappropriate to call the relation between the parties in a general communication protocol
a “causal structure”, insofar as the latter term usually refers to a directed acyclic graph (DAG) in the
causal inference literature, and a communication network can have cycles, such as when there exists
a communication channel in both directions between two parties. Nonetheless, we will here focus on
communication networks that do correspond to DAGs.

62

Such processes can be conceptualized as black-box processes, to which one inputs classical
variables and from which classical variables are output. They are therefore precisely the
sorts of processes considered in the device-independent paradigm. We further restrict our
attention to processes with a classical input and classical output at each wing, where the
input temporally precedes the output.10 In the device-independent paradigm, the term “box”
is generally used as jargon for such processes (for instance, as it is used in the term “PR
box” [224]). We therefore refer to such processes as box-type processes or simply boxes.
A box-type process is completely characterized by specifying the conditional probability
distribution over its outcome variables given its input variables.
We use the term common-cause box to refer to box-type processes that can be realized
using a causal structure consisting of a common cause acting on all of the wings. In GPT
causal models, all common-cause boxes can be decomposed into the preparation of a GPT
state on a multipartite system, followed by the distribution of the component subsystems
among the wings, followed by each subsystem being subjected to a GPT measurement,
chosen from a fixed set according to the classical input variable at that wing (the local setting
variable), and the result of which is the classical output variable at that wing (the local
outcome variable). In short, such processes can be decomposed in the same manner in which
a multipartite Bell experiment is decomposed into a preparation of a correlated resource
and local measurements. The distinction between classical and nonclassical common-cause
boxes is simply the distinction between whether there is a classical causal model underlying
the process, or whether one must resort to a causal model that invokes a nonclassical GPT.

4.1.3

Resourcefulness in the causal modelling paradigm

In order to quantify the nonclassicality of common-cause boxes, we will use the approach
to resource theories described in Ref. [80]. In this approach, resource theories are defined
via partitioned process theories. An enveloping theory of processes must be specified,
together with a subtheory of processes that can be implemented at no cost, called the free
subtheory of processes. This partitions the set of all processes in the enveloping theory
into free and costly (i.e., nonfree) processes. One can then ask of any pair of processes
in the enveloping theory whether the first can be converted to the second by embedding
it in a circuit composed of processes that are drawn entirely from the free subtheory.
The set of higher-order processes that are realized in this way—i.e., by embedding in a
circuit composed of processes drawn from the free subtheory—is termed the set of free
10

Thus, we do not consider processes that involve a sequence over time of classical input variables and
classical output variables; that is, in the language of Refs [67, 68], we do not consider general n-combs.
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operations. Pairwise convertibility relations under the set of free operations define a
pre-order on the set of all resources, and a partial order over the equivalence classes of
such resources. One can then quantify the relative worth of different resources by their
relative positions in this partial order. Functions over resources that preserve ordering
relations, termed monotones, provide a particularly simple means of quantifying the worth
of resources.
The resource theory considered in this chatper is defined as follows. We take the
enveloping theory of processes to consist of the common-cause boxes that can be realized
in a GPT causal model, which we term GPT-realizable. We take the free subtheory of
processes to consist of the common-cause boxes that can be realized in a classical causal
model, which we term classically realizable.
It follows that the free common-cause boxes are precisely those that satisfy all the
Bell inequalities, while the costly common-cause boxes are those that violate some Bell
inequality. To determine the ordering relations that hold among these common-cause boxes,
one must determine the convertibility relations among them. Given the definition of our
resource theory, whether one common-cause box can be converted to another is determined
by whether this can be achieved by composing it with classical common-cause boxes. This
subsumes correlated local processings of the inputs and outputs of the box.
A note about nomenclature
In this chapter, we avoid describing the resource behind Bell inequality violations as
nonlocality. This is because we believe that it is only for those who take the lesson of Bell’s
theorem to be the existence of superluminal causal influences that it is appropriate to
describe violations of Bell inequalities by this term. Researchers in the operationalist camp
have not, generally speaking, avoided using the term nonlocality, but seem instead to use it
as a synonym for “violation of a Bell inequality” rather than to imply a commitment to
superluminal causal influences. However, we believe that such a usage invites confusion
and so we opt instead to avoid the term altogether. Nevertheless, our project is very much
in line with earlier projects that describe themselves as developing a resource theory of
nonlocality, such as Refs. [94, 116, 117, 120].

4.1.4

Contrast to the strictly operational paradigm

As noted in the introduction and as will be demonstrated, in the special case of Bell
scenarios—the focus of this chapter—the natural set of free operations within our causal
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modelling paradigm is equivalent to one of the proposals for the set of free operations
made in earlier works within the strictly operational paradigm, namely, local operations
and shared randomness (LOSR), as the latter is defined in Refs. [94, 120]. Additionally, the
natural enveloping theory adopted in the strictly operational approach, namely, the set of
no-signalling boxes, also coincides with that of our enveloping theory for the case of Bell
scenarios, namely, the set of GPT-realizable common-cause boxes (where the equivalence
of these two sets can be inferred from the results of Ref. [23]). Therefore, in spite of the
difference in the attitude we take towards Bell’s theorem, the resource theory that we define
for Bell scenarios is the same as the one studied in Refs. [94, 120].
Nonetheless, the difference in our attitude towards Bell’s theorem is not inconsequential.
We presently outline its significance for the project of this chapter as well as for potential
future generalizations of this project.
Most importantly, the causal modelling approach diverges sharply from any strictly
operational approach once one considers causal structures beyond Bell scenarios. In a
resource theory of nonclassicality for more general causal structures, both the free subtheory
and the enveloping theory proposed by the causal modelling approach are radically different
from those suggested by the strictly operational approach. In particular, the free subtheory
need not be LOSR in a general causal structure and the enveloping theory need not be
the set of all nonsignalling operations. Our approach allows us to define a resource theory
that is specific to a scenario in which only strict subsets of the wings are connected by
common causes [40, 107] (such as the triangle-with-settings scenario) and this provides
a concrete example of a case where the free subtheory is not LOSR and the enveloping
theory is not all nonsignalling operations. In these cases, the free operations are “local
operations and causally admissable shared randomness”, wherein only those subsets of
wings that are connected by a common cause have shared randomness. This is distinct
from the LOSR operations, which assume that randomness is shared between all the wings.
It seems unlikely that the resource theory we propose in these cases can be motivated (or
even fully characterized) in the strictly operational paradigm.
Even for Bell scenarios, however, the causal modelling approach offers advantages over
its competitors. In particular, it singles out a unique set of free operations, while the
strictly operational approach does not. From our perspective, the resource underlying
Bell inequality violations is the nonclassicality of the causal model required to explain
them with a common cause, so clearly the free operations should involve only classical
common causes acting between the wings. In the strictly operational paradigm, by contrast,
any operation that preserves no-signalling and takes local boxes to local boxes might
constitute a legitimate candidate for a free operation. This ambiguity is reflected in the
existence of distinct proposals for the set of free operations in strictly operational resource
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theories. Aside from LOSR, there is also a proposal called wirings and prior-to-input
classical communication (WPICC) [116] that allows for classical causal influences among
the wings prior to when the parties receive their inputs. If one believes that there is a
singular concept that underlies the violation of Bell inequalities, then at most one of these
proposals (LOSR or WPICC) can be taken as the relevant set of free operations.11 Although
WPICC operations meet all desired operational criteria, they are immediately ruled out as
candidates for the free operations within the causal modelling paradigm, on the grounds
that they involve nontrivial cause-effect influences between the wings.
Another advantage of our approach for the Bell scenario is that it highlights the fact that
LOSR is by construction a convex set, a fact that is critical for the algorithmic method that
we derive for determining the ordering relation between any two resources. In highlighting
this fact, our approach led us to notice an oversight in some previous attempts to formalize
LOSR.
Finally, we note that prior work of Ref. [120] departs from the strictly operational
paradigm through their use of the unified operator formalism [6, 11], which is analogous to
the quantum formalism, but where nonpositive Hermitian operators are allowed to represent
states. They do not characterize boxes primarily by their input-output functionality, but
rather as a composition of a bipartite source with local measurements. Indeed in their
Fig. 4, they explicitly depict the internal structure of the box. It is in this sense that
their approach does not quite fit the mould of a strictly operational approach but is rather
somewhat more in the flavour of the causal modelling approach we have described here.
Nonetheless, the unified operator formalism differs significantly from the GPT formalism
of Refs. [107, 142] with respect to the independence of the nonclassical common cause
from the measurements employed in realizing nonclassical boxes. In the unified operator
formalism, the Hermitian operator describing the shared state cannot be chosen freely for a
given set of quantum measurements, because some choices would yield negative numbers
rather than valid probabilities. By contrast, in the GPT formalism that we adopt here, the
set of GPT states is contained within the dual of the set of GPT product measurements,
and hence any measurement scheme can be paired with any shared state while yielding
valid probabilities. The causal modelling paradigm must reject any dependence of the
shared state on the choice of measurements, while such dependence is unavoidable within
the unified operator formalism. As defined in Ref. [216], a causal model is a directed
acyclic graph, or equivalently, a circuit of causal processes, wherein the distinct processes
in the circuit are required to be autonomous (i.e., independently variable). We therefore
11

Competing sets of free operations may be interesting for studying phenomena other than the resource
powering violations of Bell inequalities, but this is not the issue at stake in this chapter.
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classify Ref. [120] as neither within the causal modelling paradigm nor within the strictly
operational paradigm, while still exhibiting some features of each of these approaches.

4.1.5

Contrast to the superluminal causation paradigm

To our knowledge, advocates of the superluminal causation paradigm have not attempted to
develop a resource theory for Bell inequality violations (although Refs. [64, 65] are related
in spirit). If it were attempted (within the framework of Ref. [80]), then the commitments
of the approach suggest that it would also be done differently from the way we have done
so here. Those who endorse the superluminal causation paradigm do not shy away from the
notion of causation, and hence a resource theory developed within their paradigm could be
presented using the same framework that we use here — that of causal models. However,
such an approach would likely be framed entirely in terms of classical causal models, rather
than introducing the notion of GPT causal models.
Advocates of the superluminal causation paradigm would naturally define the free boxes
to be those that involve only subluminal causes. Hence, in scenarios wherein the inputs
and the outputs at one wing are space-like separated from those at the other wings, so that
subluminal causal influences cannot act between the wings, a box is free if and only if it
can be realized by a classical common cause. Thus, the natural choice of the free subtheory
in the superluminal causation paradigm coincides with the free subtheory in the causal
modelling paradigm. On the other hand, the natural choice of the enveloping theory in the
superluminal causation paradigm consists of the set of boxes that are classically realizable
given superluminal causal influences between the wings. This differs from the enveloping
theory in the causal modelling paradigm because it includes boxes that are signalling. In the
superluminal causation paradigm, therefore, it is natural to try and quantify the resource
in terms of the strength of the superluminal causal influence between the wings that is
required to explain it in a classical causal model.12
Because the enveloping theory within this paradigm includes not only non-signalling
boxes that violate Bell inequalities but signalling boxes as well, the resource theory is rich
enough to describe communication between the wings. Therefore, defining the resource
theory in this way would not distinguish classical and nonclassical common-cause resources
(as we propose to do here), but would instead draw a line between classical common-cause
12

It should be noted that no finite speed of superluminal causal influences can satisfactorily account for
the predictions of quantum theory, per Ref. [16], so such influences would need to be assumed to be of
infinite speed.
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resources and everything else — including classical signalling resources.13 If one were to go
this route, then all of classical Shannon theory would be subsumed in the resource theory. A
potential response to this expansion in the scope of the project might be to try to eliminate
such signalling resources by hand, by demanding that the enveloping theory was constrained
to those boxes that are non-signalling among the wings. Such a response, however, seems
to compromise the ideals of the superluminal causation paradigm, because no-signalling is
an operational notion rather than a realist one.14

13

Note, therefore, that if one seeks to partition resources of a given type into classical and nonclassical
varieties, then defining the enveloping theory correctly is just as important as defining the free subtheory
correctly.
14
John Bell famously argued against the idea that no-signalling could embody an assumption of locality
in a fundamental physical theory on the grounds that it was too anthropocentric [35]:
...the “no signaling” notion rests on concepts which are desperately vague, or vaguely applicable.
The assertion that we cannot signal faster than light immediately provokes the question: Who
do we think we are? We who can make measurements, we who can manipulate external
fields, we who can signal at all, even if not faster than light? Do we include chemists, or only
physicists, plants, or only animals, pocket calculators, or only mainframe computers?
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Chapter 5
The type-independent resource
theory of local operations and shared
randomness
Abstract: In space-like separated experiments and other scenarios where multiple parties
share a classical common cause but no cause-effect relations, quantum theory allows a variety
of nonsignaling resources which are useful for distributed quantum information processing.
These include quantum states, nonlocal boxes, steering assemblages, teleportages, channel
steering assemblages, and so on. Such resources are often studied using nonlocal games,
semiquantum games, entanglement-witnesses, teleportation experiments, and similar tasks.
We introduce a unifying framework that subsumes the full range of nonsignaling resources,
as well as the games and experiments that probe them, into a common resource theory:
that of local operations and shared randomness (LOSR). Crucially, we allow these LOSR
operations to locally change the type of a resource, so that players can convert resources of
any type into resources of any other type, and in particular into strategies for the specific
type of game they are playing. We then prove several theorems relating resources and games
of different types. These theorems generalize a number of seminal results from the literature,
and can be applied to lessen the assumptions needed to characterize the nonclassicality of
resources. As just one example, we prove that semiquantum games are able to perfectly
characterize the LOSR nonclassicality of every resource of any type (not just quantum
states, as was previously shown). As a consequence, we show that any resource can be
characterized in a measurement-device-independent manner.
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5.0.1

Introduction

A key focus in quantum foundations is the study of nonclassicality. Starting from the
Einstein-Podolsky-Rosen paradox [100], special focus has been given to experiments involving
space-like separated subsystems. In the modern language of causality [12, 29, 88, 324], the
key feature of these scenarios is that the subsystems that are being probed share a classical
common cause, but do not share any cause-effect channels between them. In such scenarios,
quantum theory allows for distributed quantum channels that act as valuable nonclassical
resources for accomplishing tasks that would otherwise be impossible.
The most common examples of such resources are entangled quantum states [151]
and boxes producing nonlocal correlations [44]; but there are many other types of useful
resources. We develop a resource-theoretic [80] framework that unifies a wide variety of these,
including quantum states [314], boxes [44], steering assemblages [55, 320], channel steering
assemblages [220], teleportages [57, 145], distributed measurements [37], measurementdevice-independent steering channels [58], Bob-with-input steering channels [32], and
generic no-signaling quantum channels [314]. Free (or classical) resources are those that
can be generated freely by local operations and shared randomness (LOSR), encompassing
the specific cases of separable quantum states, local boxes, unsteerable assemblages, and so
on. Any resource that cannot be simulated by LOSR operations is said to be nonfree, or
nonclassical. A resource is said to be at least as nonclassical as another resource if it can
be transformed to the second using LOSR transformations. Crucially, such comparisons
can be made for resources of arbitrary and potentially differing types.
Some works in the past have focused on LOSR as a resource theory in specific scenarios,
such as for quantum states [48, 256], for nonlocal correlations [94, 116, 256, 322], and for
steering assemblages [58] (albeit under a different name). These previous works focused on
one or two types of resources, and most commonly on quantum states. Our framework is
more general, but subsumes each of these as a special case.
In addition to introducing this encompassing framework, our second primary goal herein
is to study how the type of a resource impacts the methods by which one can characterize its nonclassicality in practice. For example, nonlocal boxes have classical inputs
and outputs, and so only weak assumptions [36, 233] about one’s laboratory instruments
are required for their characterization. However, when a resource has a quantum output, one requires a well-characterized quantum measurement to probe that output and
consequently the resource [244]. In such a case, the test of nonclassicality is said to be
device-dependent, while in adversarial scenarios such as cryptography, the terminology
of trust is also used [223]. The same idea applies to a quantum input, which must be
probed using a well-characterized quantum state preparation device. Thus, only nonlocal
70

boxes can be probed in a device-independent manner; a priori, quantum states require
well-characterized quantum measurement devices; while other objects, such as steering
assemblages, require a mixture of both [56]. Consequently, it is important to determine
under what circumstances devices of one type may be converted into devices of a second
type in a manner that does not degrade their usefulness as a resource. If such a conversion
is possible, then one may be able to lessen the assumptions and technological requirements
needed to characterize one’s devices.
In some particular cases, previous work has studied this question of whether the
nonclassicality of a quantum state can be characterized by first applying free operations
that convert it to another type of resource. For example, we know that some Werner
states [22, 315] have a local model for all measurements; such nonclassical states can only
be transformed into classical boxes, and so all information about their nonclassicality is lost
in the conversion. In contrast, the main result of Ref. [48] proves that every entangled state
can have its nonclassicality encoded in a semiquantum channel. Additionally, in Ref. [57],
it is shown that every entangled state can generate a type of no-signaling channel (recently
termed a teleportage [145]) that could not be generated by any separable state and which
is useful for some task related to quantum teleportation [188].
It is useful to distinguish between qualitative versus quantitative characterizations of
nonclassicality. To highlight the distinction, it is instructive to examine one particular
line of research. Ref. [48] is often advertised as proving that the nonclassicality of every
entangled state can be revealed in a generalization of nonlocal games termed semiquantum
games (which were later used to construct measurement-device-independent entanglement
witnesses [41]). However, this claim is actually a (qualitative) corollary of the (quantitative)
main theorem, which showed that the performance of states in semiquantum games exactly
reproduces the classification of entangled states under LOSR transformations. Subsequent
works [41, 242] focused on the qualitative distinction between classical and nonclassical
resources, but still later works reinterpreted the payoffs of semiquantum games as measures
of entanglement [245, 273], thus reconnecting with the quantitative nature of Buscemi’s
original work. Note also that the quantitative study of entanglement is historically linked
to entanglement monotones [311]. However, the study of nonclassicality cannot be reduced
to a single such measure, as there are many inequivalent species of nonclassicality even
in the simplest cases [322]. Informed by the recent formalization of resource theories [80],
we study the fundamental mathematical object—the preorder of resources under LOSR
transformations. One can then derive specific nonclassicality witnesses and monotones [246],
each of which provides an incomplete characterization of the preorder.
As implied just above, the mathematical structure that best allows for comparison
between objects that need not be strictly ordered is a preorder. Formally, a preorder is
71

an ordering relation that is reflexive (a  a) and transitive (a  b and b  c implies
a  c)1 . Our work focuses on three distinct preorders, which the reader should be careful to
LOSR
distinguish. First, there is the preorder R LOSR R0 (sometimes denoted R 7−−−→ R0 ) that
indicates if a resource R can be converted into another resource R0 by LOSR transformations
(Definition 1). Second, there is the preorder type over resource types that orders those
types according to their ability to encode nonclassicality (Definition 2). Finally, there is
the preorder GT that ranks resources according to their performance with respect to the
set GT of all games of a particular type T (Definition 5).
This chapter is best read alongside Ref. [246]. In the current chapter, we present
a general framework to study quantum resources of arbitrary types, and we quantify
the nonclassicality of these resources within a type-independent resource theory of local
operations and shared randomness. Here, our main results center on showing how resources
of one type can be more easily characterized by first converting them to resources of a
second type. In Ref. [246], our aim is practical and computational, focusing on how data
can be used to characterize one’s resources using off-the-shelf software. There, we include
type-independent techniques for computing witnesses that can certify the nonclassicality of
a resource, as well as techniques for computing the value of type-independent monotones
(which we introduce therein).

5.0.2

Organization of the chapter

In Section 5.1, we discuss various types of resources. We inventory the 9 possible types of a
single party’s partition of a resource, where that party’s input and output may each be
trivial, classical, or quantum. Focusing on the 81 bipartite resource types for simplicity, we
recognize 10 types that have been studied in the literature and identify 5 new nontrivial
resource types. All other bipartite resource types are either trivial or equivalent up to a
symmetry. We then define LOSR transformations between resources of arbitrary types, as
well as the ordering over resources that this induces.
In Section 5.2, we define a precise sense in which some types can express the LOSR
nonclassicality of other types. In many cases, conversions from a resource of one type to
another type necessarily degrade the nonclassicality of the resource, as in Werner’s example.
In other cases, one can perfectly encode the nonclassicality of any given resource into some
resource of the target type, as in Buscemi’s example. For every single-party type, we ask
which can perfectly encode the nonclassicality of which others, and we answer this question
1

A preorder is distinguished from a partial order by the fact that a  b and b  a need not imply a = b.
In a partial order, a  b and b  a implies a = b.
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for almost every pair, with the exception of one open question. From these considerations
of single party types, one can deduce encodings of more complicated resource types which
involve multiple parties. Most strikingly, we show that semiquantum channels (with
quantum inputs and classical outputs) are universal, in the sense that the nonclassicality of
all resources can be encoded into them.
In Section 5.3, we give an abstract framework for probing the nonclassicality of resources,
subsuming as special cases the notions of nonlocal games [44], semiquantum games [48],
steering [58, 320] and teleportation [57] experiments, and entanglement witnessing [73]. In
our framework, every type of resource has a corresponding type of game, where a game
of some type maps every resource of that type to a real number. (E.g., in nonlocal and
semiquantum games, this number is the usual average game payoff). We then show how
resources of any type can be used to play a game designed for one specific type. In some
cases, games of one type can completely characterize the nonclassicality of every resource
of another type. For example, Ref. [48] showed that the LOSR nonclassicality of every
quantum state is perfectly characterized by the set of semiquantum games. We generalize
these ideas by proving that if one type can encode another, then games of the first type
can perfectly characterize the LOSR nonclassicality of all resources of the second type.
Together with our results on which types can encode which others, this expands the known
methods for quantifying LOSR nonclassicality in practice and in theory. For example, our
result on the universality of the semiquantum type implies that any resource of any type
can be characterized by some semiquantum game, and hence can be characterized in a
measurement-device-independent manner.
In Section 5.4, we relate our work to existing results. First, we note how our results
generalize the main result of Ref. [48], showing that semiquantum games can completely
characterize the LOSR nonclassicality of arbitrary resource, not just of quantum states.
Next, we show that the results of Ref. [58] are a special case of two of our theorems when
one applies steering experiments to quantify the nonclassicality of quantum states; further,
our theorems provide a generalization of these arguments to more general experiments and
types of resources. Finally, we show that the LOSR nonclassicality of every quantum state
is completely characterized by the set of teleportation games, and thus that the results of
Ref. [57] can be extended to be quantitative as well as qualitative.
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5.1

Resource types and LOSR transformations between
them

We are interested in scenarios where the relevant parties share a classical common cause but
do not share any cause-effect channels. For example, parties who perform experiments at
space-like separation cannot access classical communication. For simplicity, we henceforth
focus on bipartite scenarios; however, all of our results generalize immediately to arbitrarily
many parties. We will consider only nonsignaling resources [28, 224] throughout this
chapter.2 We will not specifically consider post-quantum channels in this chapter, although
one might naturally extend our work to include these as resources. Hence, in this chapter
a resource is a completely positive [212], trace-preserving, nonsignaling quantum channel.
The parties may share various types of resources, that we now classify by type.

5.1.1

Partition-types and global types

In this chapter, we use the term type (of a resource) to refer exclusively to whether the
various input and output systems are trivial (I), classical (C), or quantum (Q). A system is
said to be trivial if it has dimension one, is said to be classical if all operators on its Hilbert
space are diagonal, and is otherwise said to be quantum. (See Ref. [246] for more details.)
Additionally, if a resource has more than one input (output), which may be of different
types, we imagine grouping them together, yielding an effective input (output) whose type
is the least expressive type which embeds all those in the grouping, where quantum systems
embed classical systems, which embed trivial systems.
We will denote the type of a single party’s share of a resource by Ti := Xi→Yi , where i
labels the party and X, Y ∈ {I, C, Q}, with X labeling whether the input to that party is
trivial (I), classical (C), or quantum (Q) and Y labeling the output similarly. We will refer
to Ti as the partition-type of party i.
We can then denote the global type of an n-party resource as T := T1 T2 ...Tn '
X1 X2 ...Xn→Y1 Y2 ...Yn . Note that while the specification of the global type of a resource
fixes the number of parties and the types of their partitions of the resource, the specification
of a partition-type does not constrain either the number of other parties who share the
2

In fact, if one wishes to interpret resourcefulness as nonclassicality, then one must further restrict the
enveloping theory to those resources that can be generated by local operations and quantum common causes.
For non-signaling resources that cannot be realized in this manner [31], resourcefulness may originate in
the nonclassicality of a common-cause process or in classical communication channels (which are fine-tuned
so as to not exhibit signaling).
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resource, nor the types of those other partitions. One could also consider partition-types
for partitions of a resource that involve more than one party, but this chapter makes use
only of partition-types that involve a single party.
We now describe the ten examples of resource types from Fig. 5.1, setting up some
explicit terminology and conventions as we go. We graphically depict trivial, classical, and
quantum systems by the lack of a wire, a single wire, and a double wire, respectively.

Figure 5.1: Common types of no-signaling resources, where classical systems are represented
by single wires and quantum systems are represented by double wires. (a) A quantum state
ρ has type II→QQ. (b) A box Ebox has type CC→CC. (c) A steering assemblage Esteer has
type CI→CQ. (d) A teleportage Etel has type QI→CQ. (e) A semiquantum channel ESQ
has type QQ→CC. (f) A measurement-device-independent steering channel EMDI has type
CQ→CC. (g) A channel steering assemblage EChS has type CQ→CQ. (h) A Bob-with-input
steering channel EBWI has type CC→CQ. (i) An ensemble-preparing channel Eens has type
CC→QQ. (j) A quantum channel E has type QQ→QQ.
Fig. 5.1(a) depicts a quantum state, the canonical quantum resource. Bipartite
quantum states have type II→QQ; that is, they have no inputs and both outputs are
quantum. The nonclassicality of quantum states is often quantified using the resource
theory of local operations and classical communication (LOCC). While this is appropriate
in some contexts, allowing classical communication for free is not appropriate in the context
of space-like separated experiments, nor in any other scenario where distributed systems are
unable to causally influence one another. In such cases, LOSR operations are the relevant
ones for quantifying nonclassicality of any resource, including quantum states, and it is
LOSR-entanglement, not LOCC-entanglement, that is relevant, as argued extensively in
Ref. [256].
Fig. 5.1(b) depicts another canonical type of resource [28, 44], often termed a correlation
or a box-type resource, or box for short. Bipartite boxes have type CC→CC; that is, both
parties have a classical input and a classical output. Extensive research has been done on
boxes, e.g. to characterize the set of local boxes [44] and the possible LOSR conversions
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between them [94, 150, 322]. The fact that we wish to subsume boxes in our framework
provides another reason to focus on LOSR as opposed to LOCC, since LOSR has been
argued to be the appropriate set of free operations in this context [322] Furthermore, under
unbounded LOCC all boxes would be deemed free, even nonlocal or signaling boxes.
Fig. 5.1(c) depicts the type of resource that arises naturally in a steering scenario [55,
100, 115, 221, 265, 277, 301, 320], often termed an assemblage [227]. Such resources have
type CI→CQ; that is, the first party has a classical input and classical output, while the
second party has no input and a quantum output.
Fig. 5.1(d) depicts a type of resource that arises naturally in a teleportation scenario [57,
294], termed teleportages [145]. Such resources have type QI→CQ. Intuitively, given a
teleportage, one would complete the standard teleportation protocol by applying one of a
set of unitaries on the quantum output, conditioned on the classical output. The precise
operational sense in which these teleportages relate to the possibility of implementing an
effective quantum channel is still being investigated [188]3 .
Fig. 5.1(e) depicts the type of resource that arises naturally in semiquantum games,
namely type QQ→CC. We will term these distributed measurements or semiquantum
channels, since they arise in multiple contexts where one term [37] or the other [48] is
more natural.
Fig. 5.1(f) depicts the type of resource that arises naturally in measurement-deviceindependent (MDI) steering scenarios [58], namely type CQ→CC. We will term these
MDI-steering channels.
Fig. 5.1(g) depicts the type of resource that arises naturally in channel steering scenarios [220], often termed a channel assemblage. Such resources have type CQ→CQ.
Fig. 5.1(h) depicts the type of resource that arises when one generalizes a steering
scenario to have a classical input on the steered party [32], termed a Bob-with-input
steering channel. Such resources have type CC→CQ.
Fig. 5.1(i) depicts a distributed classical-to-quantum channel, of type CC→QQ. We will
term these ensemble-preparing channels. An interesting example of such a channel can
be found in Ref. [31] (see Eq. 82).
Fig. 5.1(j) depicts a generic bipartite quantum channel, of type QQ→QQ.
3

While LOSR is clearly the correct set of free operations for studying resources in Bell scenarios and
other common cause scenarios, the same is not true for teleportation experiments, which might be better
described by another resource theory (such as LOCC). The surprising insight that follows from Ref. [57] is
that a great deal can nonetheless be learned about teleportation scenarios by studying LOSR.
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This list is not exhaustive. Even in the bipartite case, one might wonder how many
nontrivial resource types there are, and whether all of these have been studied. First, note
that the partition-type I→I corresponds to a trivial party. As there are no nonclassical
resources involving only one party, all bipartite types involving partition-type I→I for
either party are trivial. Two other partition-types, C→I, and Q→I, are also trivial, since
the no-signaling principle guarantees that their input cannot affect the operation of the
remaining parties [246]. Moreover, some global types are equivalent up to exchange of
parties, in which case we will consider only a single representative. This leads us to our
first open question.
Open Question 1. Even in the bipartite case, there are five nontrivial global types of
resources that have not (to our knowledge) been previously studied, namely QC → CQ,
CQ→QQ, IQ→QQ, QQ→CQ, and CI→QQ. Do any of these correspond to scenarios that
are interesting in their own right?
At the very least, each new type implies a novel form of ‘nonlocality’. What remains to be
seen is whether these will be directly relevant for quantum information processing tasks.

5.1.2

Free versus nonfree resources

A nonsignaling resource (of any type) is free with respect to LOSR, or classical4 , if the
parties can generate it freely using local operations and shared randomness. This notion of
being free with respect to LOSR subsumes the established notions of classicality for every
type of resource in Fig. 5.1; e.g. for states it coincides with separability [151], for boxes, it
coincides with admitting of a local hidden variable model [44], for assemblages it coincides
with unsteerability [55, 301], for teleportages it coincides with the inability to outperform
classical teleportation [57], and so on, as pictured in Fig. (5.2).
Any resource that cannot be simulated by local operations and shared randomness
is non-free and constitutes a resource of LOSR nonclassicality. The purpose of our typeindependent resource theory of LOSR is to quantitatively characterize nonfree resources of
arbitrary types, as we now do.
4

In reference to the fact such resources can be generated by classical common causes. Classicality of a
resource is not to be confused with classicality of input and output systems.
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Figure 5.2: Free LOSR resources are those that can be simulated by local operations (in
black) and shared randomness (in purple). We depict four canonical types of free resources
here: separable states, local boxes, unsteerable assemblages, and classical teleportages.

5.1.3

Type-changing LOSR operations

Two parties in an LOSR scenario transform resources using free LOSR operations. Most
previous works that studied LOSR focused on conversions between specific types of resources;
for example, Refs. [94, 116, 322] considered LOSR conversions from boxes to boxes, Ref. [48]
considered LOSR conversions from quantum states to quantum states, and Ref. [58]
considered LOSR conversions5 from quantum states to assemblages. In keeping with our
aim to unify a range of scenarios in one framework, and because local operations can freely
change the type of a resource, we do not restrict attention to conversions among resources
of fixed type, but rather allow conversions among resources of all types.
We denote the set of all operations that can be generated by local operations and shared
randomness by LOSR. As depicted in Fig. 5.3(a), the most general local operation on a
given party is given by a comb [68], and the different parties may correlate their choice of
comb using their shared randomness. Note that this shared randomness can be transmitted
down the side channel of each local comb, which implies that this depiction of LOSR is
completely general and is convex [322] for conversions from one fixed type to another. We
will denote an element of this set by τ ∈ LOSR and a generic resource of arbitrary type by
R.
As in any resource theory [80], the set of free operations induces a preorder over the
LOSR
set of all resources. Here, we write R 7−−−→ R0 whenever there exists some τ ∈ LOSR such
that R0 = τ ◦ R, and we say that R is at least as nonclassical (as resourceful) as R0 . We
denote the ordering relation for the preorder defined by LOSR conversions as LOSR :
5

In this last case, the authors introduced the term local operations with steering and shared randomness
(LOSSR); however, the operations they consider involve all and only the subset of LOSR operations from
quantum states to assemblages, so there is no need for the new term LOSSR.
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Definition 1. For resources R and R0 of different and arbitrary type, we say that R LOSR
LOSR
R0 iff R 7−−−→ R0 .
This definition allows us to make rigorous, quantitative comparisons of LOSR nonclassicality among resources of arbitrary types. The relation LOSR is a preorder, as there
exists an identity LOSR transformation (reflexivity), and LOSR transformations compose
(transitivity).
Two resources R and R0 are equally nonclassical if they are interconvertible under LOSR;
LOSR
LOSR
LOSR
that is, if R 7−−−→ R0 and R0 7−−−→ R. We denote this R ←−−→ R0 , and we say that R and
R0 are in the same LOSR equivalence class.
We give several examples of conversions among resource types in Fig. 5.3, depicting
wires of unspecified (and arbitrary) type by dashed double lines.

Figure 5.3: Some type-changing operations (in green), as described in the main text.
Dashed wires denote systems of arbitrary and unspecified type. (a) A generic bipartite
type-changing LOSR transformation. (b) A transformation taking partition-type Q→Q
to C→C. (c) A transformation taking partition-type Q→I to I→Q. (d) A transformation
taking partition-type C→Q to Q→C.
Fig. 5.3(a) depicts a generic bipartite type-changing LOSR operation. Fig. 5.3(b) depicts
an example of a specific transformation that takes the left partition of the resource from
Q→Q to C→C. It is generated by composition with a local ensemble-preparing channel
and a local measurement channel, respectively. Fig. 5.3(c) depicts an example of a specific
transformation that takes the left partition of the resource from Q → I to I → Q. The
transformation is generated by (sequential) composition with half of an entangled state and
parallel composition with a classical system in some fixed state. In this example, the output
system type is quantum, since it is comprised of a classical and quantum system. Fig. 5.3(d)
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depicts an example of a specific transformation that takes the left partition of the resource
from C→Q to Q→C, generated by a stochastic transformation on the classical input to the
resource and performing a joint quantum measurement channel on the quantum output of
the resource together with some new quantum input.

5.2

Encoding nonclassicality of one type of resource
in another type

We now consider a preorder over types of resources (rather than over the resources themselves). This allows us to formally compare the different manifestations of nonclassicality.
For example, this preorder provides a formal sense in which entanglement and nonlocality
are incomparable types of nonclassicality. Surprisingly, we will also show that not all types
of nonclassicality are incomparable.
Definition 1. Global type T encodes the nonclassicality of global type T 0 , denoted
T type T 0 , if for every resource R0 of type T 0 , there exists at least one resource R of type
LOSR
T such that R0 ←−−→ R.
In other words, there exists some resource of the higher type in every equivalence class
of resources of the lower type. Several well-known examples of such encodings will be given
shortly.
To study the preorder over global types, it is also useful to consider a preorder over
partition-types; that is, over the nine possible types Ti := Xi→Yi of a single party’s share
of a resource. Considering without loss of generality the first party, denoted by subscript
1, we say that type T1 is higher in the preorder than type T10 if for every resource of type
T10 T2 ...Tn , there exists a resource of type T1 T2 ...Tn that is in the same LOSR equivalence
class (for all numbers of parties n). Equivalently, this means that the LOSR equivalence
class of any resource with partition-type T10 on the first party always contains at least one
resource of partition-type T1 (on the first party). We denote this second ordering relation
type :
Definition 2. We say that T1 type T10 iff for all R0 of type T10 T2 ...Tn (as one ranges over
all T2 , ..., Tn and all n), there exists R of type T1 T2 ...Tn in the LOSR equivalence class of
LOSR
R0 , that is, satisfying R0 ←−−→ R.
In such cases, we say that partition-type T1 encodes (the nonclassicality of) all resources of
partition-type T10 , or more simply that type T1 encodes type T10 .
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If every partition-type of some given global type is higher than the corresponding
partition-type of a second global type on every partition, then the first type is necessarily
higher in the preorder over global types. Hence, orderings over global types can often be
deduced from orderings over partition-types.
As a trivial example, it is clear that the global type QQ→QQ (that of bipartite quantum
channels) is above every other bipartite type. For example, it is above the global type
II→QQ (that of bipartite quantum states) in the preorder, so that QQ→QQ type II→QQ,
since the former is an instance of the latter where the inputs to the channel are trivial.
In other words: given any bipartite quantum state, there is a bipartite quantum channel
that is in the same LOSR equivalence class—namely, the quantum state itself, viewed as a
channel from the trivial system to a quantum system on each partition. We will refer to
such trivial instances of ordering among types as embeddings of one type into the other.
Two resource types are in the same equivalence class over types if any resource of
either type can be converted into a resource of the other type which is in the same LOSR
equivalence class. For example, the three partition-types I→I, C→I, and Q→I are all in the
lowest equivalence class over partition-types, since (as discussed above) they never play any
role in the nonclassicality of any nonsignaling resource.
Understanding the scope of nonclassicality-preserving conversions between resources of
different global types is particularly useful for devising experimental measures and witnesses
of nonclassicality, as we discuss in Section 5.3.3 (and in Ref. [246]). Abstractly, this is
because one type is above another type if there exists an embedding of the partial order
over equivalence classes of resources of the lower type into the partial order of the higher
type. When this is the case, techniques for characterizing the preorder of the higher type
give direct information about the preorder of the lower type.

5.2.1

Determining which types encode the nonclassicality of which
others

In this section, we derive all but two of the ordering relations that hold between the possible
pairings of partition-types by leveraging various results from the literature. These results
are summarized in Table 5.1. As discussed above, orderings over global types can be
deduced from these.
As discussed above, there are no nonfree resources that nontrivially involve the types
I→I, C→I, or Q→I, so we need not discuss them further. There remain 6 nontrivial types,
and hence 36 ordering relations to check. These are all shown in the table. If the column
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Table 5.1: A green check mark in a given cell indicates that the column type T is higher
in the order over partition-types than the row type T 0 (denoted T type T 0 ), while a red
cross indicates that it is not higher (denoted T 6type T 0 . The text in each cell alludes to
the proof (given in the main text) of that ordering relation. Two relations are unknown, as
indicated by blue question marks.
resource type T is higher in the order than the row type T 0 , so that T type T 0 , then we
indicate this with a green check mark in the corresponding cell in the table. If instead
T 6type T 0 , we indicate this with a red cross. In each case, we briefly allude to the logic
behind the proofs for that particular ordering—proofs which we now give.
As stated in Section 5.2, a type is higher in the order than all types that it embeds,
where quantum systems embed classical systems, which embed trivial systems. In the table,
we indicate these trivial ordering relations by the word ‘embed’.
Next, recall that Werner proved the existence of entangled states that cannot violate
any Bell inequality involving projective measurements [315]. It was subsequently proved
that this holds true even for arbitrary local measurements [22], a result that holds even if
the choice of local measurements are made in a correlated fashion using shared randomness.
This constitutes the most general LOSR conversion scheme from quantum states to boxes.
In other words, an entangled Werner state cannot be converted into any nonfree box, much
less into a box that is in its LOSR equivalence class (as would be required for encoding
its nonclassicality into a box-type resource). It follows that global type CC→CC is not
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above global type II→QQ, which in turn implies that partition-type C→C is not above
partition-type I→Q. That is, C→C 6type I→Q, as is indicated in the table by the phrase
‘Werner states’.
In addition, it is well known that LOCC can generate arbitrary boxes and yet cannot
generate any entangled state. Since LOSR operations form a subset of LOCC operations,
this implies that LOSR operations applied to any box (of type CC→CC) cannot generate
any nonfree state (of type II→QQ), much less a state in its LOSR equivalence class. Hence,
global type II→QQ is not above global type CC→CC, which in turn implies that partitiontype I→Q is not above partition-type C→C. That is, I→Q 6type C→C, as is indicated in the
table by the phrase ‘LOSR cannot entangle’.
We can use transitivity of the ordering relation to prove that I→C is not above I→Q and
is not above C→C, and that none of I→C, I→Q, or C→C are above any of C→Q, Q→C, and
Q→Q. For example, from the fact that C→C is above I→C and the fact that C→C is not
above I→Q, it must be that I→C is not above I→Q. If it were otherwise, one would have
C→C above I→C above I→Q =⇒ C→C above I→Q, which is false. The other transitivity
arguments run analogously. In the table, we indicate all such ordering relations by the
abbreviation ‘trans.’.
One of the authors proved in Ref. [48] that there exists some semiquantum channel (of
type QQ→CC) in the same equivalence class as any given quantum state (of type II→QQ).
A slight reframing of this result implies that the semiquantum partition-type Q→C is higher
in the order than I→Q, as we show below. That is, Q→C type I→Q, as is indicated in the
table by the phrase ‘semiquantum games’.
Finally, as we prove in Theorem 1, the semiquantum partition-type Q→C is higher in
the order than all other partition-types. The ordering relations that follow from our proof
but not from previous work, namely Q→C type C→Q and Q→C type Q→Q, are indicated
in the table by the phrase ‘Thm 3’.
This proves all the results shown in the table. There remain two unknown ordering
relations, indicated in the table by question marks; namely whether C→Q is higher in the
order than either Q→C or Q→Q. Because Q→C and Q→Q are in the same equivalence
class (at the top of the order), the answer to both of these questions must be the same;
that is, either C→Q encodes them both, or it encodes neither. Such an encoding could have
dramatic practical consequences. For example, if the encoding can be done with a fixed
transformation (which is not a function of the resource to be converted), then this would
enable the possibility of preparation-device-independent quantification of nonclassicality.
Open Question 2. Can the LOSR nonclassicality of any resource be perfectly characterized
in a preparation-device-independent manner?
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5.2.2

Semiquantum channels are universal encoders of nonclassicality

To complete the arguments of the last section, we prove that the semiquantum partition-type
can encode any other partition-type. The consequences of this fact are fleshed out further
in Section 5.3.3.
Theorem 1. The semiquantum partition-type Q→C is in the unique equivalence class at
the top of the order over partition-types. That is, it can encode the nonclassicality of all
other partition-types.
Proof. Consider a bipartite channel E that has a quantum output of dimension d, together
with arbitrary other outputs and inputs (denoted by dashed double lines), as shown in black
in Fig. 5.4(a). One can transform E into a resource with a quantum input of dimension d
and a classical output of dimension d2 by composing E with a Bell measurement as shown
in green in Fig. 5.4(a); that is, by performing a measurement in a maximally entangled
basis on the quantum output of E and a new quantum input of the same dimension d. To

Figure 5.4: (a) A free transformation (in green) that converts a quantum output to a
classical output together with a new quantum input. (b) This transformation does not
change the LOSR equivalence class, since it has a left inverse (shown in pink) which is a
free transformation.
see that this transformation preserves LOSR equivalence class, it suffices to note that there
exists a local (and hence free) operation, shown in pink on the left-hand side of Fig. 5.4(b),
which takes the transformed channel back to the original channel E. In particular, this local
operation feeds one half of a maximally entangled state Φmax into the Bell measurement,
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and then performs a correcting unitary operation U on the other half of the entangled
state, conditioned on the classical outcome of the Bell measurement. For the correct
choice of correction operations, the overall transformation on E is just the well-known
teleportation protocol [38], and so the equality shown in Fig. 5.4(b) holds. Hence, the
channel in Fig. 5.4(a) is in the same LOSR equivalence class as E, which implies that
every partition of a resource can be transformed to a resource of type Q→C in the same
equivalence class.
Note that Q→Q is trivially also at the top of the order, since every other type embeds
into it. It is thus in the same equivalence class as Q→C.

5.3

A unified framework for distributed games of all
types

A variety of ‘games’ have been studied for the purposes of quantifying nonclassicality of
various types of resources. For instance, the nonclassicality of quantum states has been
studied from the point of view of nonlocal games and semiquantum games, as well as
teleportation, steering, and entanglement witnessing experiments. Nonlocal games have
also been used to study the nonclassicality of boxes.
In fact, there is a natural class of distributed tasks for every type of resource, including
one for each of the common types in Section 5.1.
Definition 3. For a given global type T , we define a distributed T-game as a linear map
from resources of type T to the real numbers.
The set GT of all such maps for fixed T is the set of T -games, and a resource of type
T is said to be a strategy for a T -game. This last terminology is motivated by the fact
that no matter how complicated the players’ tactics, their score for a given T -game only
depends on the resource of type T that they ultimately share with the referee. We will refer
to any game of any type as a distributed game.
In Fig. 5.5, we depict four distributed games together with the type of resource that
acts as a strategy for that game. We represent a game diagrammatically as a monolithic
comb with appropriate input and output structure such that composition of the comb
corresponding to a game GT with a strategy ET of type T yields a circuit with no open
inputs or outputs, representing the real number GT (ET ).
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Figure 5.5: Some games and their strategies. (a) Boxes are strategies for nonlocal games.
(b) Semiquantum channels are strategies for semiquantum games. (c) Teleportages are
strategies for teleportation games. (d) Entangled states are strategies for entanglement
witnesses.

5.3.1

Implementations of a game

We have noted that a variety of games and experiments can be viewed abstractly under
the umbrella of T -games. The practical meaning of such games is made more clear by
considering the following two-step procedure, by which a referee can implement any game
(of any type T ). This procedure is depicted on the right-hand side of Fig. 5.6.
First, the referee performs a tomographically complete measurement on the composite
system defined by the collection of output systems of the given strategy ET , and implements
a preparation drawn at random from a tomographically complete set of preparations on the
composite system defined by the collection of all the systems that are inputs of ET . In fact, it
suffices for the referee to perform tomographically complete measurements and preparations
independently on every input and output, as depicted in the dashed box in Fig. 5.6. We
will refer to this process as the application of an analyzer Z to the given strategy. That is,
an analyzer Z is a linear and tomographically complete map from strategies to correlations
of the form PZ◦ET (ab|xy) := Z ◦ ET , with a, b labeling the values of the classical outputs of
Z and x, y the values of the classical inputs of Z. Second, the referee uses a fixed payoff
P
function Fpayoff (abxy) to assign a real number GT (ET ) = abxy Fpayoff (abxy)PZ◦ET (ab|xy) to
strategy ET .
This point of view on games is useful for the proof of Theorem 2, and it is also useful
for establishing a physical picture of games of each type. For example, in a Bell experiment,
one applies LOSR operations (or often just LO operations) in order to convert one’s
quantum state to a conditional probability distribution, and the payoff function in the game
constitutes the Bell inequality that one tests. As a second example, see Ref. [188] for a
study of various teleportation games. As noted therein, there are interesting teleportation
tasks (which admit of a simple operational interpretation) beyond merely attempting to
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establish an identity channel between two parties using shared entanglement. However, in
the rest of this chapter it will be simpler to view a game in the abstract (simply as a linear
map from resources of a given type to the real numbers), and we will leave the further
investigation of such games (beyond the cases which have already been studied) to future
work.

Figure 5.6: A depiction of the concrete two-step process by which a referee can implement
a game (of any type). The referee first applies a tomographically complete analyzer Z, and
then assigns a real number to the resulting statistics using a payoff function Fpayoff .

5.3.2

Performance of resources of arbitrary type with respect to
a game

By definition, every T -game assigns a real number to every resource of type T . At this stage,
the number need not be related in any way to the nonclassicality of resources; e.g., the
score need not behave monotonically under LOSR. Nonetheless, one can use any T -game
to learn about the LOSR ordering of resources of type T ; indeed, the full set of T -games
perfectly characterizes this preorder. (In case this is not completely obvious, it will follow as
a corollary of our Theorem 3.) Furthermore, one can use a T -game to (partially) quantify
the nonclassicality of a resource of arbitrary type, not only of type T . For example, nonlocal
games and semiquantum games have been used to probe the nonclassicality of quantum
states [48, 245, 273, 293].
This is because—although a T -game does not directly assign a score to resources of
any type other than T —it can quantify the performance of a resource of any type by a
maximization over all τ ∈ LOSR that map the given resource to one of type T . That is:
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Definition 4. The (optimal) performance of a resource R of arbitrary type with respect to
a game GT of arbitrary type T is given by
ωGT (R) =

max

τ :Type[R]→T

GT (τ ◦ R).

(5.1)

Clearly, ωGT (R) is a measure of how well an arbitrary resource R can perform at LOSRgame GT . Because of the maximization over LOSR operations, ωGT (R) is by construction
a monotone with respect to LOSR. Constructions of this sort are often termed yield
monotones [129]. We discuss monotones further in Ref. [246], as monotones are useful tools
for obtaining partial information about the preorder over resources and for relating the
preorder to practical tasks.
The set GT of all games of a given type T defines a preorder over all resources of all
types, where resource R is above R0 in the order if for every T -game, R can achieve a value
at least as high as R0 can. We denote this third ordering relation GT :
Definition 5. For resources R and R0 of different and arbitrary type, we say that R GT R0
iff ωGT (R) ≥ ωGT (R0 ) for every GT ∈ GT .
Next, we prove that if one resource outperforms a second at all possible games of a given
type, then it can also generate any specific strategy of that type that the second resource
can generate. This is a nontrivial result, since it need not be the case that the first resource
is higher in the LOSR order.
Theorem 2. For resources R and R0 of different and arbitrary type and a resource ET of
LOSR
LOSR
arbitrary type T , R GT R0 iff R0 7−−−→ ET =⇒ R 7−−−→ ET . That is, any strategy ET for
games of type T that can be freely generated from R0 can also be freely generated from R.
LOSR

LOSR

Proof. If R0 7−−−→ ET =⇒ R 7−−−→ ET , then R can generate any strategy for any given
game GT that R0 can, and so always performs at least as well as R0 at T -games, and so
R GT R0 .
To prove the converse, consider a set of games of type T defined by ranging over
all possible payoff functions Fpayoff (abxy) for some fixed analyzer Z—that is, a specific
tomographically complete measurement for each output system of the resource and a specific
tomographically complete set of states for each input system of the resource. Assume that
LOSR
R0 7−−−→ ET for some strategy ET , and define PZ◦ET (ab|xy) = Z ◦ ET . For R GT R0 , it
LOSR
must be that R 7−−−→ ET0 for at least one strategy ET0 satisfying PZ◦ET0 (ab|xy) = Z ◦ ET0 . If
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this were not the case, then the convex set S(R) of all correlations that R can generate in
this scenario, S(R) := {PZ◦τ ◦R (ab|xy) = Z ◦ τ ◦ R}τ ∈LOSR , would not contain PZ◦ET (ab|xy),
and the hyperplane that separated PZ◦ET (ab|xy) from S would constitute a payoff function
Fpayoff for which R0 outperformed R, which would be in contradiction with the claim that
R GT R0 . By tomographic completeness, the preimage of every correlation under Z contains
at most one strategy. Hence, if two strategies map to the same correlation, then they must
be the same strategy, and so it must be that ET = ET0 in argument above. That is, we have
LOSR
LOSR
shown that if R SQ R0 and R0 7−−−→ ET , then R 7−−−→ ET .

5.3.3

Implications from the type of a resource to its performance
at games

We now prove that games of a higher type perfectly characterize the LOSR nonclassicality
of resources of a lower type.
Theorem 3. If T type T 0 , then for resources R1 , R2 of type T 0 , R1 LOSR R2 iff R1 GT R2 .
Equivalently: if type T is above type T 0 , then for resources of type T 0 , the orders defined by
LOSR and GT are identical.
Proof. Consider the set GT of all games of type T and two resources R1 and R2 , both of
type T 0 , where T type T 0 . Clearly R1 LOSR R2 implies R1 GT R2 , since R1 LOSR R2
implies that R1 can be used to freely generate R2 and hence to generate any strategy that
can be generated using R2 . Next, we prove that R1 GT R2 implies R1 LOSR R2 . By
assumption, T type T 0 , and so for R2 of type T 0 , there exists a strategy ET for games of
LOSR
LOSR
type T such that R2 ←−−→ ET . Since R1 GT R2 , Theorem 2 tells us that R2 7−−−→ ET
LOSR
LOSR
implies R1 7−−−→ ET , and hence R1 7−−−→ R2 by transitivity. Hence we have proven that
the two orderings are the same; that is, R1 LOSR R2 if and only if R1 GT R2 .
A consequence of this result is that if T type T 0 , then every nonfree resource of type T 0
is useful for some T -game. Two special cases of this fact that were previously proved are
that all entangled states are useful for semiquantum games and that all entangled states
are useful for teleportation.
If one views the encoding of one type into another type as an embedding of the partial
order over equivalence classes of resources of the lower type into the partial order of the
higher type, then this result can be seen as a consequence of the fact that games of type T
are sufficient for characterizing the partial order over resources of type T .
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A corollary of Theorem 1 and Theorem 3 is that semiquantum games fully characterize
the LOSR ordering among all resources of arbitrary type.
Corollary 1. For any resources R and R0 (which may be of arbitrary and different types),
R LOSR R0 if and only if R GSQ R0 .
This generalizes the main result of Ref. [48] from quantum states to resources of arbitrary
type. Since semiquantum games characterize the LOSR nonclassicality of arbitrary resources,
and since referees in semiquantum games do not require any well-characterized quantum
measurement devices [58], it follows that the nonclassicality of any resource of any type
can be characterized in a measurement-device-independent manner.
Note that for such tests to be practically useful, it must be possible to convert an
unknown resource into a semiquantum channel in the same LOSR equivalence class. This is
indeed possible, because for all resources of a given type, there is a single transformation
that implements the conversion, namely, the Bell measurement in Fig. 5.4(a). Critically,
this transformation is not a function of the resource to be converted.

5.4

Extending results from the literature

We now give further applications of our results, in particular showing how our framework
extends a number of seminal results from the literature.

5.4.1

Applying semiquantum games to perfectly characterize arbitrary quantum channels

Buscemi proved in Ref. [48] that the order over quantum states with respect to LOSR is
equivalent to the order over quantum states defined by their performance with respect to
semiquantum games. This result is an instance of our Corollary (1) where R and R0 are
both quantum states.
For concreteness, we now briefly reiterate the argument in this specific context. The
existence of the invertible transformation in Fig. 5.4 implies that II→QQ is below QQ→CC
in the order on global types, and hence that

.
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LOSR

For this σ and ESQ such that σ 7−−−→ ESQ , Theorem 2 states that if ρ GSQ σ, then
LOSR

LOSR

LOSR

ρ 7−−−→ ESQ . Since ESQ 7−−−→ σ, transitivity gives that ρ GSQ σ =⇒ ρ 7−−−→ σ. Since
the converse implication is self-evident, one sees that the LOSR order over quantum states
is equivalent to the order over quantum states defined by their performance with respect to
semiquantum games.
This proof is inspired by the original argument in Ref. [48], but our framework makes
the proof shorter and more intuitive. As we saw in Corollary (1), it also allowed us to
generalize the result from quantum states to arbitrary resources. As stated above, this
implies that the LOSR nonclassicality of any resource can be witnessed and quantified in a
measurement-device-independent [41, 58] manner.

5.4.2

Applying measurement-device-independent steering games
to perfectly characterize assemblages

Cavalcanti, Hall, and Wiseman proved in Ref. [58] that the LOSR order over quantum
states defined by subset inclusion over the assemblages that each can generate via LOSR is
equivalent to the order over quantum states defined by their performance with respect to
steering games. This result is a special case of our Theorem 2, where R and R0 are quantum
states and ET is a steering assemblage:
LOSR

LOSR

Corollary 2. ρ Gsteer σ iff σ 7−−−→ Esteer =⇒ ρ 7−−−→ Esteer .
Our Theorem 2 extends this result to arbitrary resource types and games.
Additionally, the existence of the invertible transformation in Fig. 5.4 immediately
implies that

.
In other words, CI→CQ is below CQ→CC in the order on global types. Our Theorem 3 then
gives a new result, which is the direct analogue of the result in Ref. [48] in this new context:
the LOSR order over assemblages is equivalent to the order over assemblages defined by
performance relative to all measurement-device-independent steering games. Explicitly: the
fact (proven in Section 5.2.1) that TMDI type Tsteer implies that
0
0
Corollary 3. For two assemblages Esteer and Esteer
, one has Esteer LOSR Esteer
iff Esteer GMDI
0
Esteer .
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Indeed, this theorem holds not just for assemblages, but for any resource type that is
lower in the global order than measurement-device-independent steering channels, including
channel steering assemblages and Bob-with-input assemblages.

5.4.3

Applying teleportation games to perfectly characterize quantum states

Cavalcanti, Skrzypczyk, and Šupić proved in Ref. [57] that the nonclassicality of every
entangled state can be witnessed by some teleportation experiment. We apply arguments
analogous to those of the last two subsections to strengthen their results, most notably in
Corollary 4, which provides the quantitative analogue of their (qualitative) main result.
First, the existence of the invertible transformation in Fig. 5.4 again implies that

.
In other words, II→QQ is below QI→CQ in the order on global types. Our Theorem 3
again yields a result analogous to that in Ref. [48], namely, that the LOSR order over
entangled states is equivalent to the order over entangled states with respect to performance
at teleportation games6 . Explicitly: denoting the type of quantum states by Tρ , the fact
that Ttel type Tρ implies that
Corollary 4. ρ LOSR σ iff ρ Gtel σ.
Indeed, this theorem holds not just for quantum states, but for any resource type that is
lower in the global order than teleportages, including, for example, steering assemblages.
Our Theorem 2 can also be applied to teleportation games, yielding a result analogous
to that in Ref. [58]. That is, any resource that outperforms a second resource at all
teleportation games can generate any specific strategy that the second can generate:
LOSR

LOSR

Corollary 5. R Gtel R0 iff R0 7−−−→ Etel =⇒ R 7−−−→ Etel .
6

It is worth noting that there are subtleties in the relationship between teleportation games (as defined
here, and see also Ref. [188]) and the usual conception of teleportation experiments (as attempts to establish
an identity channel between two parties using shared entanglement). For example, note that any nonfree
assemblage constitutes a special instance of a teleportage that is useless for generating a coherent quantum
channel between two parties, and yet that is useful for some teleportation game.
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5.5

Open questions

Our framework suggests a great deal of open questions for future study, two important
examples of which were highlighted above.
Ideally, one would have type-independent methods for characterizing nonclassicality in
practice. We begin developing such a toolbox in Ref. [246].
For each of the fifteen bipartite global types mentioned above, it is interesting to study
the basic features of the (type-specific) LOSR resource theory. While this has been done
for boxes, little attention has been given to this problem in other cases, even for quantum
states.
Such features include the geometry of the free set of resources, the LOSR preorder,
useful monotones and witnesses, and so on. Ultimately, we advocate not just for these
type-specific investigations, but for research in the type-independent context.
Part of the project of characterizing the preorder will be to characterize the sense in
which there exist inequivalent kinds of nonclassicality. At the top of the preorder, the
situation for bipartite LOCC-entanglement is quite simple: there is a single maximally
entangled state of a given dimension, from which all other states can be obtained by LOCC
transformations. This is no longer the case for multipartite LOCC-entanglement [98], nor
for LOSR-entanglement even in the bipartite case [256]. For resources beyond quantum
states and for more parties, the situation gets even more complex. As an example, our
work implies that there exist semiquantum channels in the equivalence class of Werner
states, and semiquantum channels in the equivalence class of nonlocal boxes, and that these
semiquantum channels exhibit inequivalent forms of nonclassicality.
Open Question 3. What are the key features of the type-independent preorder over LOSR
resources? What inequivalent forms of nonclassicality do these resources exhibit?
If one were interested only in witnessing nonclassicality as opposed to quantifying it,
one could consider a preorder over types defined by a less restrictive condition, where type
T is above type T 0 if every nonfree resource of type T 0 could freely generate at least one
nonfree resource of type T . All the known results in Table 5.1 hold for this definition as
well; however, the two definitions might yield different answers for the open questions that
remain.
One could also consider modifying our Definition 2 such that local operations were taken
to be free rather than local operations and shared randomness. Note that the operations
required in the proof of Theorem 5.4 do not make use of any shared randomness, and
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so the theorem would still hold. In fact, one can readily verify that all the orderings in
Figure 5.1 would continue to hold. However, Theorem 2 requires convexity (through its use
of the separating hyperplane theorem), as do Theorem 3 and Corollary 1 (since they rely
on Theorem 2).
If one were to modify Definition 2 so that local operations and classical communication
were free, the situation is less clear, as one would presumably need to widen the scope of
applicability to signaling resources.
Open Question 4. What can be learned by considering a type-independent framework of
LOCC nonclassicality?
This would be the relevant resource theory, for example, for distributed parties who
share quantum memories and the ability to communicate classically.
Our framework has focused on the divide between classical and quantum resources.
One can also study the divide between quantum and post-quantum resources, as we do in
Ref. [254].
A final open question regards the relationship between our work and self-testing [201,
206, 291]. In self-testing, correlations (e.g. of type CC→CC) certify the existence of an
underlying valuable quantum resource (say II→QQ). For example, the quantum correlations
violating the CHSH inequality [75] maximally are a signature of an underlying quantum
state that is at least as nonclassical as a singlet state (see [291] for a pedagogical derivation).
Recently, the self-testing line of research has expanded beyond self-testing of states, and now
has also been applied to steering assemblages [122, 292], entangled measurements [17, 237],
prepare-and-measure scenarios [297], and quantum gates [266]. However, the correlations
that are a signature of the given resource cannot be converted back to that quantum state,
and so are not in the same LOSR equivalence class. Rather, they merely allow one to infer
the prior existence of the self-tested resource. As such, the precise relationship with our
work is left for exploration.
In the present work, we did not consider the Hilbert space dimensions as part of the
resource type. One could consider a more fine-grained study of conversions between resources
of different sizes. For example, the notion of nonclassical dimension for bipartite quantum
states is encoded by the Schmidt rank [289]. We leave as an open question the generalization
of this notion to other resource types; note that Ref. [246] includes a discussion of Hilbert
space dimensions solely for the purposes of implementing numerical algorithms.
As a final remark, we recall that the semiquantum games introduced in [48] to test
bipartite states in a measurement-device independent fashion [41], can be transformed into
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guessing games suitable for testing, always in a measurement-device independent fashion,
quantum channels and quantum memories [49, 243]. More generally, such single-party
guessing games have found application in the context of measurement resources [49, 276, 278]
and general convex resource theories [295, 296, 302, 303]. We leave further investigations
about relations between these works and ours for future research.

5.6

Conclusions

We have presented a resource-theoretic framework that unifies various types of resources of
nonclassicality that arise when multiple parties have access to classical common causes but
no cause-effect relations. This type-independent resource theory allows us to compare the
LOSR nonclassicality of resources of arbitrary types and to quantify them using games of
arbitrary types. We then derived several theorems that ultimately can be used to simplify
the methods by which one characterizes the nonclassicality of resources. Our theorems
additionally generalize, unify, and simplify the seminal results of Refs. [48, 57, 58], and our
framework leads to a number of exciting questions for future work.
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Part III.
Causal-inferential theories
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Chapter 6
Unscrambling the omelette of
causation and inference: The
framework of causal-inferential
theories
Abstract: Using a process-theoretic formalism, we introduce the notion of a causal-inferential
theory: a triple consisting of a theory of causal influences, a theory of inferences, and a
specification of how these interact. Recasting the notions of operational and realist theories
in this mold clarifies what a realist account of an experiment offers beyond an operational
account. It also yields a novel characterization of the assumptions and implications of
standard no-go theorems for realist representations of operational quantum theory, namely,
those based on Bell’s notion of locality and those based on generalized noncontextuality.
Moreover, our process-theoretic characterization of generalized noncontextuality is shown to
be implied by an even more natural principle which we term Leibnizianity. Most strikingly,
our framework offers a way forward in a research program that seeks to circumvent these
no-go results. Specifically, we argue that if one can identify axioms for a realist causalinferential theory such that the notions of causation and inference can differ from their
conventional (classical) interpretations, then one has the means of defining an intrinsically
quantum notion of realism, and thereby a realist representation of operational quantum
theory that salvages the spirit of locality and of noncontextuality.
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6.1

Introduction

One of the key disagreements among quantum researchers is the question of which elements
of the quantum formalism refer to ontological concepts and which refer to epistemological
concepts. The importance of settling this issue was famously noted by E.T. Jaynes [1]:
[O]ur present [quantum mechanical] formalism is not purely epistemological; it
is a peculiar mixture describing in part realities of Nature, in part incomplete
human information about Nature — all scrambled up by Heisenberg and Bohr
into an omelette that nobody has seen how to unscramble. Yet we think that
the unscrambling is a prerequisite for any further advance in basic physical
theory. For, if we cannot separate the subjective and objective aspects of the
formalism, we cannot know what we are talking about; it is just that simple.
In our view, the most constructive way of defining ‘realities of Nature’ is as causal
mechanisms acting on causal relata. That is, we here take an account of an operational
phenomenon to be realist if it secures a causal explanation of that phenomenon. Hence,
the particular omelette of ontology and epistemology that we will be endeavouring to
unscramble in this work is the one that results from the mixing up of the concepts of
epistemic inference on the one hand, and of causal influence on the other.
Scrambling of this sort is not unique to the quantum formalism—it arises also in
the standard formalism for classical statistics. In that context, the difference can be
characterized as follows: Bayesian inference stipulates how learning the value of one
variable allows an agent to update their information about the value of another, while
causal influence stipulates how the value of one variable determines the value of another
(with a consequence being that an agent who controls the first variable can come to have
some control over the second). Despite the apparent clarity of the distinction, it is often
challenging to disentangle the two concepts. The statistical phenomena known as ‘Simpson’s
paradox’ [275] and ‘Berkson’s paradox’ [39], for example, have the appearance of paradoxes
precisely because of our tendency to inappropriately slide from statements about conditional
probabilities (which merely support inferences) to statements about cause-effect relations.
A satisfactory understanding of these phenomena was only found after the development of
the mathematical framework of causal modeling [216, 290] that incorporated certain formal
distinctions between inference and influence which are absent in the standard framework
for statistical reasoning.
The conceptual difficulty of disentangling influence and inference is only compounded in
the quantum realm, where the interpretation of the elements of the mathematical formalism
is even less clear than it is in classical statistics.
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The current chapter takes up this challenge more broadly, by pursuing the unscrambling
project for two mathematical frameworks that have been used extensively in attempts
to understand the conceptual content of quantum theory. The first is the framework of
operational theories, which aims to clarify what is distinctive about quantum theory by
situating it in a landscape of other possible theories, all characterized in a minimalist way
in terms of their operational predictions. The second is the framework of realist theories
(including ontological models), which has been used to constrain the possibilities for causal
explanations of the operational predictions of quantum theory (and other operational
theories).
We aim to recast both types of theory within a new mathematical framework that
incorporates a formal distinction between inference and influence— a distinction that is
lacking in previous frameworks.
A theory in our framework is termed a causal-inferential theory, and is constructed out
of two components:
• a causal theory, which describes physical systems in the world and the causal mechanisms that relate them, and
• an inferential theory, which describes an agent’s beliefs about these systems and about
the causal mechanisms that relate them, as well as how such beliefs are updated under
the acquisition of new information.
The full causal-inferential theory is defined by the interplay between these two components,
and allows one to describe a physical scenario in a manner that cleanly distinguishes causal
and inferential aspects.
Different causal-inferential theories can be obtained by varying the causal theory,
varying the inferential theory, or varying both simultaneously. Note, however, that these
two components are required to interact in a particular manner, so that the choice of
one may be limited by the choice of the other. In this chapter, we explore, in detail, two
particular choices of the causal theory and a single choice of inferential theory, as we now
outline.
We take the inferential theory to be Bayesian probability theory combined with Boolean
logic. Although we do not explicitly construct any alternatives to this choice in this chapter,
we will have much to say about the possiblity of nonclassical alternatives to this inferential
theory. Given that such a putative nonclassical inferential theory is the primary contrast
class for us, we will refer to the inferential theory consisting of Bayesian probability theory
and Boolean logic as the classical theory of inference.
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The two types of causal theory that we consider correspond to operational and realist
theories, respectively. In the first type, systems are conceptualized as the causal inputs and
causal outputs of experimental procedures, and the causal mechanisms holding between such
systems are simply descriptions of these experimental procedures. The causal-inferential
theories that one can construct from this causal theory together with the classical inferential
theory are called operational causal-inferential theories, and can be viewed as a refinement
of the notion of operational theory described in Ref. [281] and as a competitor to the
framework of Operational Probabilistic Theories [69].
In the second type of causal theory we consider, systems are classical variables and the
causal mechanisms holding between these are functions. The (unique) causal-inferential
theory that we construct from this is termed a classical realist causal-inferential theory
and is a refinement of the notion of a structural equation model in the field of causal
inference [216].1
In order to make a connection to other standard notions of operational and realist
theories, it is useful to introduce a notion of inferential equivalence. Two processes are said
to be inferentially equivalent if they lead one to make the same inferences whatever scenario
they might be embedded within. If one quotients a causal-inferential theory with respect to
the congruence relation associated to inferential equivalence, one obtains a novel type of
theory, which we term a quotiented causal-inferential theory. Importantly, the latter sort
of theory blurs the distinction between causation and inference, and hence constitutes a
partial rescrambling of the causal-inferential omelette. Generalized probabilistic theories
(GPTs) [23, 69, 136, 138], we argue, are best understood as subtheories of quotiented
operational causal-inference theories2 and consequently, unlike unquotiented operational
causal-inferential theories, they necessarily involve some scrambling of causal and inferential
concepts. We also show that ontological models [281] (or, more precisely, the ontological
theories that are the codomain of ontological modelling maps) are best understood as
subtheories of quotiented classical realist causal-inferential theories, and hence are also
guilty of such scrambling.
Our framework leverages the mathematics of process theories [82, 124, 269], which
allows it to be manifestly compositional, and consequently to apply to operational or
realist scenarios with arbitrarily complex causal and inferential structure. Many previous
frameworks for operational theories [69, 138] have also availed themselves of the mathematics
1

Although such frameworks achieved significantly more unscrambling of the causal-inferential omelette
than the statistical frameworks that preceded them—as noted above in our discussion of statistical
‘paradoxes’—our novel framework achieves some further unscrambling.
2
This view of GPTs as quotiented operational causal-inferential theories is closely related to the
quotienting of operational probabilistic theories of [69].
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of process theories to allow the representation of arbitrarily complex structures. These
did not, however, explicitly distinguish the structures that are causal and those that are
inferential, as we do here. Our use of the mathematics of process theories represents more
of an innovation on the realist side, since previous frameworks for realist theories focused
almost exclusively on the simple structures that arise when describing prepare-measure
scenarios, sometimes with an intervening transformation or sequence of transformations [181,
186, 192, 228, 231]. (These frameworks also did not distinguish structures that are causal
from those that are inferential.)
One of the motivations for the standard framework for ontological models was to answer
the question of whether the predictions of a given operational theory admit of an explanation
in terms of an underlying ontology. The counterpart of this question in our new framework
is whether the predictions of a given operational causal-inferential theory admit of an
explanation in terms of an underlying classical realist causal-inferential theory. Such an
explanation is deemed possible if the former can be represented in terms of the latter. We
refer to this as a classical realist representation of an operational causal-inferential theory.
The key constraint we impose on such representations is that they preserve the causal and
inferential structures encoded in the diagrams, a property that is formalized by demanding
that the map between the two process theories (operational and classical realist ) is diagrampreserving [260]. We show that this constraint involves no loss of generality in terms of
the sorts of realist models of experimental phenomena one can describe in the framework.
Moreover, in concert with standard hypotheses about the causal and inferential structure,
it acts as an umbrella principle which subsumes many principles that have previously been
used to derive no-go theorems for classical realist representations of operational quantum
theory [260].
In particular, in the case of a Bell scenario, the assumption of diagram preservation
subsumes the causal and inferential assumptions that go into deriving Bell inequalities (when
this derivation is conceptualized in terms of causal modeling [324]). However, it is much
more general than this, and subsumes the causal and inferential assumptions that go into
deriving Bell-like inequalities (also known as causal compatibility inequalities) for scenarios
that have a causal structure distinct from the Bell scenario [63, 104, 106, 216, 323, 324]. Our
framework therefore also constitutes a refinement of (or alternative to) recently proposed
frameworks [216, 323] for identifying causal compatibility constraints in such scenarios.
We also demonstrate how a principle proposed by Leibniz and used extensively by
Einstein [285] can be generalized in a natural way to apply to theories incorporating
epistemological claims in addition to ontological claims and that this principle implies
a formal constraint on realist representations of an operational causal-inferential theory
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that we term Leibnizianity: the representation must preserve inferential equivalences. We
also demonstrate that the principle of Leibnizianity implies a rehabilitated version of the
principle of generalized noncontextuality [281], such that no-go theorems for generalizednoncontextual classical realist representations of operational quantum theory imply no-go
theorems for Leibnizian classical realist representations. The question of whether the reverse
implication holds remains open. We also discuss the connections between this principle and
the old version of generalized noncontextuality.
Bell’s no-go theorem is understood in our framework as follows. If quantum theory is cast
as an operational causal-inferential theory, then it predicts distributions for certain causalinferential structures that cannot be realized by a classical realist causal-inferential theory
with the same causal-inferential structure. Meanwhile, noncontextuality no-go theorems are
understood in our framework similarly, but where one demands that inferential equivalences
as well as the causal-inferential structure are preserved.
The conventional realist responses to the standard no-go theorems are unsatisfactory in
various ways, such as requiring superluminal causal influences, requiring fine-tuning, and
running afoul of Leibniz’s principle. In light of this, it has been suggested that a more
satisfactory way out of these no-go theorems may be achieved by modifying the notion of a
realist representation (see, e.g., Sec. 1.C of Ref. [284]). This has been described in past work
as ‘going beyond the standard ontological models framework’, but here is understood as
seeking a nonclassical generalization of the notion of a classical realist representation. Our
process-theoretic framework provides the formal means of achieving this because it allows
the interpretation of causal and inferential concepts to be determined by the axioms of
the process theories that describe them and hence to differ from the conventional, classical
interpretations of these concepts. This is analogous to how, in nonEuclidean geometries,
the concepts of point and line acquire novel meanings distinct from their conventional ones.
Success in such a research program consists in finding an intrinsically quantum notion of a
realist causal-inferential theory which can provide a Leibnizian representation of operational
quantum theory. We propose natural constraints on the axioms describing a theory of
causal influences, a theory of epistemic inferences, and their interactions. We also point to
pre-existing work that offer clues for how to proceed.
Thus, the work we present here provides a significant step forward in this research
program. On the one hand, it provides, for the first time, a concrete proposal for the
mathematical form of the sought-after theory, and, on the other hand, it provides a set of
ideas for the form of its axioms, thereby providing a road map for future research.
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6.1.1

Process theories and diagram-preserving maps

We formalize the ideas discussed in the introduction using the mathematical language of
process theories and diagram-preserving maps. This section serves as a brief introduction
to these concepts. Process theories provide a mathematical framework for describing an
extremely broad class of theories, finding utility both in physics [127, 269] and beyond [18,
83, 84]. They can ultimately be given a category-theoretic foundation, but in this chapter
we will require only the diagrammatic approach. We do provide some “category-theoretic
remarks” when a given definition or result can be expressed concisely in this language, but
these remarks can be skipped without impacting the comprehensibility of the rest of the
chapter.
As the name would suggest, the basic building blocks of a process theory are processes.
These could correspond to physical processes in the world, but equally well could apply to
computational processes, mathematical processes, etc. In our work, we will focus on causal
and inferential processes.
Definition 2 (Processes). A process is defined as a labeled box with labeled input and
output systems, e.g.:
A C C

u

(6.1)

.

A B

The label of a system, e.g., A, is known as the type of the system while the label on the box,
e.g., u, is simply the name of the process.
Note that it is allowed for a process to have no input systems and/or no output systems.
Processes with no inputs are called states, those with no outputs are called effects, and those
with neither inputs nor outputs are simply called closed diagrams (or sometimes scalars).
That is,
A

s

C

,

e

, and

*r*

(6.2)

C C A

are examples of a state, an effect and a closed diagram respectively.
Before we can define a process theory we must introduce the idea of a diagram of
processes.
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Definition 3 (Diagrams). A diagram is defined as a ‘wiring together’ of a finite set of
processes—that is, an output of one process is connected to the input of another, such that
the system types match and no cycles are created. For example,
A C

v
C

u

B

(6.3)

.

B

w
A

B

Only the connectivity of the diagram— which systems are wired together and the ordering
of the input and output systems—is relevant. That is, two diagrams are the same if one
can be deformed into the other while preserving this connectivity. For example,
g

g
≡

.

(6.4)

f

f

We will now formally define what we mean by a process theory.
Definition 4 (Process theories). A process theory is defined as a collection of processes,
T, which is closed under forming diagrams. For example, we can draw a box around the
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above diagram (6.3) and view it as another process in the theory. That is,
A C
A C

v
C

u

∈ T

B

(6.5)

B

w
A B
A B

for u, v, w ∈ T.
This completes the definition of a process theory. However, it is sometimes useful
to introduce elementary notions from which any diagram can be built up. To start, we
highlight certain elements of the diagrams by picking them out with dashed boxes below:
A C

I

A C

v

v
1A

C

u

C
B

=:

*1*

u

B

SBA

A

w
A

.

(6.6)

A

w

B

A

B

That is: i) one can view the empty box on the left as a special closed diagram (as it has
no input and no output) which we refer to as the scalar 1; ii) one can view the box with
the A wire running through it as an identity process 1A ; iii) one can view the box with
the crossed A and B wires as a swap process SBA ; and iv) one can view the output system
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of v as the trivial system I. Clearly our diagrammatic notation implies constraints on
these extra elements. In particular, wiring identity processes onto any other process leaves
that process invariant; the composite of a trivial system with any other system is just that
system; swapping twice is the identity on the two systems; and finally, composing a process
with the scalar 1 leaves that process invariant. Together with the elements just introduced,
one can introduce two elementary notions of composition from which any diagram can be
built up: sequential composition of processes, denoted
C
C

B

◦ f

g
B

g

:=

(6.7)

,

B

f

A

A

and parallel composition of processes, denoted
D

g
C

B

D

⊗ f

:=

g

A

C

B

f

.

(6.8)

A

Note that, given any diagram, there are a (generally infinite) number of ways in which it can
be expressed in terms of these primitive notions of composition, and yet these are all the
same diagram. Hence, we view the diagrammatic representation as being the fundamental
description, and we view the elementary notions from which they can be built as an (at
times) convenient mathematical representation of them.
Remark 4. Having defined these extra structures implicitly in the diagrammatic notation, it
should be clear how to identify the structure of a process theory with that of a strict symmetric
monoidal category (SMC). In short, we take processes to be morphisms and systems to be
objects, with sequential and parallel composition providing morphism composition and the
monoidal product, respectively. For a more formal treatment, see Ref. [214].
We will often consider higher-order processes such as
B0
B

τ
A
A0
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,

(6.9)

which we will call clamps. These can be thought of as objects that map a process from A
to B to a process from A0 to B 0 via
B0
B

B

7→

T
A

τ

T

(6.10)

.

A
A0

These are not primitive notions within the framework of process theories, but rather are
constructed out of two processes xτ and yτ connected together with an auxiliary system
Wτ , as
B

B0

0

yτ

B

B

τ

=

A

Wτ

.

(6.11)

A

xτ

A0

A0

We will consider a number of different process theories, some of which are sub-processtheories of others.
Definition 5. A sub-process-theory T ⊆ T 0 is a process theory where the processes are a
subset of the processes in T 0 and composition of processes in T is given by composition
in T 0 . Note that since a sub-process-theory is a process theory, T must be closed under
composition.
Remark 5. In terms of the associated SMCs, this is simply defining T as a subSMC of T 0 .
As well as these process theories and sub-process-theories, we will also consider structurepreserving maps between these. The relevant structure which we demand be preserved is
the composition of processes as described by diagrams.
Definition 6 (Diagram-preserving maps). A diagram-preserving map, m : T → T0 , is
a map from processes in T to processes in T0 such that wiring together processes in T to
form a diagram and then applying the map m is the same as applying m to each of the
component processes and then wiring them together in T0 . We depict these maps as shaded
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boxes, e.g.
mB

mA
A

B

v
C

u

(6.12)

,

B
D

A

w
m

mA

where the diagram in the green box is a diagram in T (with input A and outputs B and A)
which is mapped by the green box m to a process in T0 with input mA and outputs mA and
mB . In this example, the constraint of diagram preservation is simply that
mB
B

mA

mB

mA
A

v

v

m
mC

C

u

=

B
D

A

mB

u

.

(6.13)

m
mD

w

w

m

mA

mA

m

Remark 6. If one views each process theory as an SMC, then such diagram-preserving
maps are simply strict symmetric monoidal functors between the SMCs. The diagrammatic
notation as shaded regions was introduced to us by Ref. [110], which was itself was based on
Ref. [204].
It will also be useful to consider partial diagram preserving (DP) maps where the domain
is limited in scope.
Definition 7 (Partial diagram-preserving maps). A partial diagram-preserving map m : T0 → T00
is a diagram-preserving map from some sub-process-theory T ⊆ T0 to T00 .
Remark 7. Categorically, such a map is a partial strict symmetric monoidal functor
between the relevant SMCs.
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Remark 8 (Category of process theories, ProcessTheory). The category of process
theories is defined as follows: The objects of ProcessTheory are process theories and the
morphisms are diagram-preserving maps. It is simple to see that this is indeed a category as
one can easily define identity morphisms and morphism composition satisfying the relevant
conditions.

6.2

Causal primitives

We denote a generic process theory of causal relations by Caus. The primitive elements of
such a theory are systems and the causal mechanisms that relate them. Systems correspond
to physical degrees of freedom in the conventional sense of being the loci of causal relations,
i.e., the causal relata. Causal mechanisms are autonomous physical relationships between
these systems, relationships governed by the laws of nature and by the arrangement of
relevant physical systems and apparatuses.
In classical theories, systems are often represented by sets, and causal mechanisms by
functions between these (e.g., in structural equation models [216]). In quantum theory,
systems are typically represented by Hilbert spaces, and causal mechanisms by unitaries
between these [12]3 . In operational causal-inferential (CI) theories, one typically does not
have a direct description of the causal mechanisms, but rather only a very coarse-grained
description of them in terms of laboratory procedures that are implemented on the relevant
systems; these systems are represented only as an abstract label, and typically represent
the physical systems one imagines are input and output from the apparatuses.
In the next two sections, we will consider two distinct classes of causal primitives in
more detail, first those relevant for operational CI theories, and then those relevant for
classical realist CI theories. In Section 6.9.1, we return to the question of what properties
any process theory must satisfy for it to be considered a good theory of causal relations.

6.2.1

Process theories of laboratory procedures

We now define the sort of process theory that will ultimately constitute the causal component of an operational CI theory. We denote it Proc (as shorthand for ‘procedure’ not
‘process’). The systems in Proc label the primitive causal relata, while the processes,
3

Although how to decompose a given unitary with multiple outputs and a given internal causal structure
remains an open problem [12, 190].
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which describe the potential causal relations between them, are labeled by laboratory
procedures, conceptualized as a list of instructions of what to do in the lab, and presumed
to be individuated by the system they act on (the input system) and the system they
prepare (the output system).
We will label general systems by A, B, etc. Some systems (which could, for instance,
represent setting or outcome variables) will be deemed classical. A classical system X will
be associated with a set X, which represents the set of distinct states of the classical system.
Diagrammatically, a general laboratory procedure t with input system A and output system
B will be drawn as
B

t .

(6.14)

A

We define a measurement m on system A as a process with a generic input system A and a
classical output system X:
X

m .

(6.15)

A

Classical systems in Proc will be drawn with a light grey wire, as was done in this diagram.
We denote the set of operations with input system A and output system B as AB . The
set of measurements on a system A having outcome space X is therefore denoted AX .
(Classical systems allow one to describe more than just measurement outcomes; for instance,
they can also represent classical control systems.)
One can compose these operations to describe experiments. For example, a preparation
procedure on system A followed by a measurement on A with outcome space X is described
by the diagram
X

m

,

(6.16)

A

p

while controlling a transformation from B to C on the output X of a measurement on A
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would be described by the diagram
C

c

(6.17)

.

X B

m
A

An example of a more general diagram is
Y C

D

t
.

X

q

(6.18)

B
B

r
A

X

In our formalism, such a diagram represents a hypothesis about the fundamental causal
structure. In Appendix C.2 we discuss the consequences of this choice and how it differs
from the choice typically made in operational frameworks. Here, two wires in parallel should
be interpreted as independent subsystems (e.g., independent degrees of freedom), where
one can talk independently about either subsystem as a potential causal influence on other
systems.
Note that we have here defined a class of process theories, insofar as we have not specified
the particular set of systems and procedures that define Proc. Perhaps the most common
operational theory to consider is that containing all known physical systems and laboratory
procedures on them. One might also consider a restriction of this set, for example, the set
of two-level systems and laboratory procedures on them. Finally, one might consider a foil
operational theory [71], with a set of hypothetical systems and procedures on them. Each
possible choice for Proc defines a different operational CI theory.
Remark 9. Unlike the other process theories that we deal with in this chapter, Proc is a
free process theory. This means that there are no equalities other than those defined by the
framework of process theories—two diagrams are equal if and only if they can be transformed
into one another by sliding the processes around on the page while preserving the wiring.
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6.2.2

Process theory of classical functional dynamics

We now define the process theory that will ultimately act as the causal component of our
notion of a classical realist causal-inferential theory. We denote it Func.
The systems in Func again label the primitive causal relata. However, what distinguishes
them from the systems in Proc is that we assume that these relata are described by ontic
state spaces, that is, some finite4 sets Λ, Λ0 , .... The processes in Func are functions
f : Λ → Λ0 describing dynamics on these ontic state spaces.5
Diagrammatically, a function f with input Λ and output Λ0 will be drawn as
Λ0

.

f

(6.19)

Λ

We denote the set of functions with input Λ and output Λ0 as ΛΛ0 . We take the trivial
system to be the singleton set ? = {∗}. Hence, states correspond to functions s : ? → Λ that
are in one-to-one correspondence with the elements of Λ; there is a unique effect u : Λ → ?
for each system, defined by u(λ) = ∗ for all λ ∈ Λ; and, there is a unique scalar 1 : ? → ?
corresponding to the identity function on the singleton set.
We can compose these functions to describe ontological scenarios. A function that
prepares some ontic state of system Λ followed by a function describing the functional
dynamics of the system is described by the diagram
Λ0

m ,

(6.20)

Λ

g
4

This assumption of finiteness is made for simplicity of presentation, but could be removed in future
work.
5
Note that we will allow arbitrary functions in this chapter, although in some cases one might wish to
restrict the dynamics, e.g., to reversible functions or to symplectomorphisms.
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while some more general ontological scenario could be described by the diagram
Λ00 Λ00

Λ0

h
Λ000
Λ

f

(6.21)

.

Λ

g
Λ0 Λ000

The key formal distinction between Func and Proc is that Func is not a free process
theory. Indeed, there are many nontrivial equalities provided by composition of functions.
An example is provided by Eq. (6.20), the diagram, which is made up of two functions
g : ? → Λ and m : Λ → Λ0 , is strictly equal to the diagram
Λ0
h

(6.22)

,

where h is the sequential composition of m and g, i.e., h : ? → Λ0 :: ∗ → m(g(∗)).
Composite systems are given by the Cartesian product of the associated sets:
Λ Λ0

:=

Λ × Λ0

(6.23)

.

Parallel composition of functions is given by their Cartesian product,
Λ01

f
Λ1

Λ02

g

Λ01 × Λ02

:=

f ×g

,

(6.24)

Λ1 × Λ2

Λ2

and sequential composition is given by composition of functions,
Λ00

Λ00

g
Λ0

:=

g◦f .
Λ

f
Λ
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(6.25)

It follows that any diagram is equal to the function from its inputs to its outputs, and that
one can compute this effective function directly from the specific functions which comprise
the diagram.
Remark 10. Categorically we are simply defining the symmetric monoidal category FinSet
whose objects are finite sets, morphisms are all functions between them, and the monoidal
structure is given by the cartesian product and the singleton set.

6.3

Inferential primitives

We denote a generic process theory of inference by Inf. The primitive inferential notions
in our framework are systems and the processes which specify what an agent knows about
them and how the agent reasons—for example, how they update what they know about
one system given new information about another. When the inferential theory is defined
intrinsically, the systems within the theory are simply understood as the entities about which
one has states of knowledge and about which one asks questions, regardless of what these
entities are: one could be making inferences about physical systems, or about mathematical
truths, and so on. When an inferential theory is considered as a part of a causal-inferential
theory, however, the entities about which one makes inferences are causal mechanisms and
the causal relata that these act on.
The processes in Inf are particular inferences (i.e., updates of the knowledge one has
about one system given new information about another), while the rewrite rules in Inf
encode the laws of inference that an agent should follow if they are to be rational. The
standard laws of inference are those of Bayesian probability theory and Boolean logic. We
formalize the laws of inference that will be relevant in this chapter within a single process
theory, namely SubStoch, the process theory of substochastic maps. SubStoch is the
only explicit example of an inferential process theory that we will consider in this chapter6 .
In Section 6.9.1, we return to the question of what properties any process theory must
satisfy for it to be considered a good process theory of inference.
To diagrammatically distinguish the causal structure encoded in a given diagram of
Caus from the inferential structure encoded in a given diagram of Inf, we draw diagrams
in the former vertically, and diagrams in the latter horizontally. We will term the systems
in the former causal systems, and systems in the latter inferential systems.
6

However, another good example that one could consider is the category Rel of finite sets and relations.
This would describe possibilistic reasoning as opposed to the probabilistic reasoning of SubStoch.
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6.3.1

Bayesian probability theory

The first component of SubStoch is (classical) Bayesian probability theory, describing
an agent’s states of knowledge and the updating thereof. We denote this process theory
Bayes.
Systems in Bayes are represented by finite sets X, Y, . . . . A process from X to Y
in this theory is interpreted as the propagation of an agent’s knowledge about X to her
knowledge about Y , and is represented by a stochastic map. Such a process will be depicted
diagrammatically as
X

s

Y

(6.26)

.

The trivial system is the singleton set, ? := {∗}, and a map σ from the trivial system to
system X, depicted as
σ

X

(6.27)

,

corresponds to a probability distribution over X. We will denote the point distribution δX,x
on some element x ∈ X as [x]. There is a unique effect for each system that corresponds to
marginalisation over the variable. This is drawn as
X

(6.28)

.

As this is the unique effect, it is clear that any closed diagram is associated with the number
1, which is the unique scalar in Bayes. It follows that given a state of knowledge σ about
a pair of variables, X and Y , one can define the marginal distribution on the variable X as
Y

σ

X

(6.29)

.

Note that it is possible to take convex combinations of stochastic processes provided
that they have matching system types. We denote a convex combination of stochastic
processes {si : X → Y } with weights {pi } as
X

pi

X

si

Y

=

i
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X

s

Y

,

(6.30)

where s : X → Y is another stochastic process in the theory, namely, s =

P

i

pi si .

Remark 11. Categorically, Bayes is simply the symmetric monoidal category FinStoch
where objects are finite sets and morphisms are stochastic maps between them.

6.3.2

Boolean propositional logic

The second component of SubStoch is the description of propositions, as governed by
(classical) Boolean propositional logic. We denote the process theory describing this as
Boole. The systems in Boole are finite sets labeled by X, Y, ..., just as in Bayes.
However, the processes in Boole are partial functions; that is, functions that may only be
defined on a subset of their domain.
Many of the key processes in Boole are simply functions; we introduce these first, and
only later discuss the more general processes in Boole for which partial functions are
required.
First, we consider states in Boole: functions from the trivial system ? to a generic
system X. These are in one-to-one correspondence with the elements of X, and so we can
simply label each function by the element x that is the image of ∗ under it. Hence, we can
write x : ? → X :: ∗ 7→ x, depicted diagrammatically as
x

X

(6.31)

.

We will refer to states in Boole as value assignments, because they can naturally be
viewed as assigning a value x to the variable ranging over the set X.
Yes-no questions about a system X can be represented as functions from X to the answer
set b := {y, n}, we refer to this answer set b as the Boolean system. Diagrammatically,
these yes-no questions are denoted by
X

π

b

(6.32)

.

A value assignment x ∈ X assigns the answer ‘yes’ or ‘no’ to such questions via composition:
x

X

π

b

(

∈
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y

b

,

n

b

)

.

(6.33)

Now, each of these yes-no questions can be uniquely characterized by the subset of X for
which the answer is ‘yes’, that is, {x ∈ X s.t. π :: x 7→ y}. This means that they are in
one-to-one correspondence with the elements of the powerset of X which we will view as a
Boolean algebra, and, hence which we will denote by B(X). Due to this correspondence,
we will use the symbol π both to denote the function π : X → B and the element of
the Boolean algebra π ∈ B(X). We therefore refer to such functions as propositional
questions7 .
We now show how the structure of the Boolean algebra B(X) can be diagrammatically
represented using such propositional questions. To begin, there are two distinguished
propositions in the Boolean algebra, the tautological proposition > (corresponding to the
subset X ⊆ X) and the contradictory proposition ⊥ (corresponding to the empty subset
∅ ⊆ X). As propositional questions these can be defined diagrammatically via
∀x ∈ X

x

∀x ∈ X

x

X
X

>

b

=

y

⊥

b

=

n

b
b

(6.34)
(6.35)

.

Moreover, our representation of propositions as functions in Boole allows us to diagrammatically represent unary and binary logical operations on the propositions, by defining
them in terms of their action on Boolean systems. For example, the NOT operation on an
arbitrary proposition can be represented as
X

b

¬π

X

=

π

b

¬

b

(6.36)

,

where the dot decorated by the ¬ symbol is the function ¬ : b → b whose action on the
Boolean system reflects the truth table of the logical NOT, namely ¬(y) = n and ¬(n) = y
(implying that ¬ is self-inverse). Similarly, one can represent the logical OR operation
(disjunction), denoted ∨, as
X
X

π∨

π0

b

X

=

X

π

b

π0

b

∨

b

,

(6.37)

where the black dot is the copy function • : X → X × X defined by •(x) = (x, x), and the
dot decorated by the ∨ symbol is the function ∨ : b × b → b whose action on the Boolean
7

These could also have been termed ‘predicates’.
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system reflects the truth table of the logical OR, namely, y ∨ y = y ∨ n = n ∨ y = y and
n ∨ n = n. In a similar manner, one can construct representations of the logical AND,
logical implication, exclusive OR, etc.
We have therefore diagrammatically represented the basic operations required to define
a Boolean algebra B(X). Moreover, the basic properties of a Boolean algebra (associativity, absorption, commutativity, identity, annihilation, idempotence, complements, and
distributivity) can also be shown to hold. These are defined and proven in Appendix C.3.
One can also express propositional questions about composite systems, for example
X
Y

b

π

(6.38)

,

where π ∈ B(X × Y ). We discuss in Appendix C.3 how these can be constructed out of
single-system propositions.
Arbitrary functions are also valid processes in Boole, since (as we now show) each
is a valid Boolean algebra homomorphism, that is, a map between Boolean algebras that
preserves the logical connectives ∧ and ∨ as well as the top and bottom elements > and ⊥.
Consider a general function
X

Y

f

(6.39)

.

In the process theory Bayes, this process would be viewed as a stochastic map acting on
the right to take states of knowledge about X to states of knowledge about Y . Within
Boole, however, this process is viewed as a map acting on the left, taking a propositional
question about Y to a propositional question about X via
X

f

Y

π

b

=:

X

f (π)

b

.

(6.40)

We now show that f ( ) defines a Boolean Algebra homomorphism from B(Y ) to B(X),
where each subset of Y is mapped to the subset of X which is the preimage under f ( ) of
the subset of Y . We will sometimes refer to such generic functions simply as propositional
maps. It is easy to see that propositional maps do indeed preserve ∧, ∨, >, and ⊥. The
fact that the propositional map > : Y → b :: y 7→ y is preserved follows immediately from
the fact that f ( ) maps every x to some y, which > then necessarily maps to y. Preservation
of ⊥ is analogous. To see that ∧ is preserved—namely, that f (π ∧ π 0 ) = f (π) ∧ f (π 0 )—note
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that
X

f (π ∧ π 0 )

b

=

f

=

f

π ∧ π0

b

π

f

π

f

π0

f (π)

=

f (π 0 )
X

∧

∧

b

b

f (π) ∧ f (π 0 )

=

b

∧

π0

=

(6.41)

b

(6.42)

(6.43)

(6.44)
,

(6.45)

where the equality between Eq. (6.42) and Eq. (6.43) simply states that copying the output
of a function is the same as copying the input and applying the function to the two copies
of the input. The proof of preservation of ∨ is analogous.
Remark 12. Categorically, this dual picture of f ( ) as a function from X to Y and as a
Boolean Algebra homomorphism from B(Y ) to B(X) is the duality between the categories
FinSet and FinBoolAlg where B = {y, n} is the dualising object.
To express the truth value assigned to a proposition, we must introduce scalars and
effects, which moreover requires us to go beyond functions and consider partial functions8 .
A partial function fˆ : X → Y is a function from some (possibly empty) subset χfˆ ⊆ X to
Y ; the partial function is simply undefined on the elements of X outside of this subset.
There are two scalars in Boole, which we identify with true and false; namely, the
function True : ? → ? :: ∗ 7→ ∗ and the partial function False : ? → ?, which is defined only
on the empty set ∅, that is, χFalse = ∅. The scalar True is depicted by the empty diagram,
since composing it with any other process leaves that process invariant:
True
X

f

Y

=

8

X

f

Y

.

(6.46)

This is because in the process theory of functions, there is a unique scalar and a unique effect. The
unique scalar is the function taking the singleton set to itself, while the unique effect is the function from
X to the singleton set which maps every element x ∈ X to ∗.
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The scalar False behaves as a ‘zero scalar’, in the following sense. Defining the ‘zero process’
for a pair of systems (X, Y ) as the unique partial function 0 : X → Y such that χ0 = ∅, it
follows that composing any other partial function fˆ : X → Y with False will give this zero
process:
False
X

fˆ

Y

X

=

0

Y

(6.47)

.

Now, effects within Boole are partial functions taking X → ?, diagrammatically
denoted by
X

π

(6.48)

.

We will see that these are also in one-to-one correspondence with the elements of the
Boolean algebra B(X), which justifies our labelling them by propositions π. To see this,
first note that value assignments x ∈ X assign a truth-value to effects within Boole when
the two are composed together:
x

X

(

∈

π

)

True

, False

(6.49)

.

Hence, one can uniquely associate a partial function with the subset of X for which we
obtain True; indeed, this subset is the domain χπ of the effect, viewed as a partial function.
We will call such partial functions propositional effects.
At this point, we have three uses of the symbol π: we have π ∈ B(X) as a subset (an
element of a Boolean Algebra), π : X → b as a propositional question, and now π : X → ?
as a propositional effect. The distinction between these should be clear from context.
To more explicitly see the connections between propositional effects and propositional
questions, let us consider the special case of propositional effects for the Boolean system b.
There are four of these, corresponding to the four subsets of b on which the partial function
from b to ? can be defined, namely {y}, {n}, {y, n}, and ∅.
We denote these effects, respectively, as
B

y

,

b

n

,

b

>

, and

b

⊥

.

(6.50)

Then, we can write a given propositional effect in terms of the associated propositional
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question via
X

π

X

=

b

π

y

(6.51)

.

Value assignments to propositional effects are then consistent with value assignment to
propositional questions, in the sense that9
x

X

π

= True

⇐⇒

x

X

π

b

=

y

b

.

(6.52)

It turns out that all partial functions can be generated from the elements we have
introduced so far, and hence all of these are in Boole. An arbitrary partial function fˆ can
be written as
χfˆ

X

Y

F

(6.53)

,

where χfˆ is an arbitrary propositional effect, F : X → Y is an arbitrary propositional map,
and the black dot is the copy function. Here, the top part of the diagram defines the subset
of the domain on which the partial function is defined, and then F defines the action of the
partial function on that domain. Hence, we have that
Remark 13. Categorically, the process theory Boole is the symmetric monoidal category
FinSetpart where objects are finite sets and morphisms are partial functions.
We discussed how the functions in Boole correspond to Boolean algebra homomorphisms. In contrast, partial functions in Boole are more general. In general, partial
functions do not map propositional questions to propositional questions (via Eq. (6.40)),
but rather take them to other partial functions. However, partial functions do map
propositional effects to propositional effects via
X ˆ Y
f

π

=:

X ˆ
f (π)

,

(6.54)

and so we can ask which structures of the Boolean algebra of propositional effects are
preserved by such a map. We show in Appendix C.3 that ⊥, ∨ and ∧ are preserved, but
9

It is worth noting that one could dispense with the notion of propositional questions and express all
claims in terms of propositional effects. We include the notion of a propositional question here because it
helps to clarify certain conceptual distinctions.
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> and ¬ are not. We then show that a partial function from X to Y corresponds to a
Boolean Algebra homomorphism from B(Y ) to B(χfˆ).

6.3.3

The full inferential process theory

We now show how the probabilistic and the propositional parts of the inferential theory
interact—for example, allowing one to compute the probability one should assign to a
propositional effect on a system X, given an arbitrary state of knowledge about X. This
interaction is possible because Bayes and Boole define a collection of processes on the
same types of systems. However, the processes in Bayes are stochastic maps, while those
in Boole are partial functions, and so it remains to define how these interact with one
another.
We proceed by showing that both Bayes and Boole can be faithfully represented
within the process theory of substochastic linear maps, SubStoch (see Remark 14). More
formally, there is a diagram-preserving inclusion map from Bayes into SubStoch, and
there is a diagram-preserving map (given by Eq. (6.57) below) from Boole into SubStoch.
Hence, we have
Bayes

SubStoch

Boole.

(6.55)

Moreover, we show that any substochastic map can be realised by composing the processes
from these two representations.
First, let us consider Boole. Note that any function f : X → Y can be represented by
an associated stochastic map, (fxy )y∈Y
x∈X , via:

1

if f (x) = y
fxy = 
0 otherwise.

(6.56)

Any such stochastic map is deterministic, meaning that there is precisely a single 1 in
each column, with the rest of the elements are 0. It is not difficult to check that these
stochastic maps compose in the same way as the underlying functions, and so this gives us
a representation of the process theory of functions within the process theory of stochastic
maps.
More generally, a partial function fˆ is also associated with a stochastic map via
f̂xy =


1

if fˆ(x) = y
0 otherwise,
122

(6.57)

with the only difference being that for functions, the 0 case occurs only when f (x) 6= y,
whereas for partial functions it will also occur when fˆ is not defined on x. These are more
general than deterministic stochastic maps in that some of the 1s may be replaced by
0s—that is, they are substochastic maps. Again, one can check that the representative
substochastic maps compose in the same way as the underlying partial functions.
Clearly, the probabilistic part of the theory, which is described by stochastic maps, can
also be represented as substochastic maps, as the former are simply a special case of the
latter.
Hence, both Bayes and Boole can be represented within SubStoch.
Within this representation, certain processes in Bayes and certain processes in Boole
correspond to the same substochastic map, and hence are identified. For example, we have
the identification
X

X

=

>

,

(6.58)

since both are represented by the all-ones column vector. As another simple example,
the representation of any function in the propositional theory will coincide with some
deterministic stochastic map in Bayes; hence, such processes in SubStoch can be viewed
either acting on the left as propositional maps, or acting on the right as stochastic maps.
As a final example, the representation of a delta function probability distribution [x] from
Bayes coincides with the representation of the value assignment asserting X = x from
Boole.
Consider now the representation of the scalars in Bayes and Boole. The unique
scalar 1 in Bayes remains the same in this representation, while the pair of scalars in
Boole, namely True and False, are represented respectively by the scalars 1 and 0 within
SubStoch.
These two representations interact in the obvious way. For example, we expect the
diagram
σ

X

π

(6.59)

to give the probability Prob(π : σ) that the proposition π about X is true, given a state of
knowledge σ about X. Indeed, this can be computed within the theory of substochastic
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maps:
σ

X

π

B

y

=

X

σ(x)

[x]

X

π

B

y

(6.60)

x∈X

=

X

σ(x)δπ(x),y

(6.61)

σ(x)

(6.62)

x∈X

=

X
x∈π

= Prob(π : σ).

(6.63)

It turns out that arbitrary substochastic maps can be realized by the interaction of stochastic
maps and partial functions. An arbitrary substochastic map can be represented as

X

w

B

s

,

y

(6.64)

Y

where s and w are arbitrary stochastic maps. Here, w specifies the normalization of each
column of the substochastic map, while s specifies the action of each column (apart from
the normalization factor). Hence, we have that
Remark 14. Categorically, SubStoch is the symmetric monoidal category FinSubStoch
where objects are finite sets and morphisms are substochastic maps between them, together
with a selected subobject classifier {y, n}. It is, however, useful to see how this structure
arises from the interaction between the probabilistic part (as described by FinStoch) and
the propositional part (as described by FinSetpart ).
Remark 15. Strictly speaking, in what follows, we will have certain inferential systems
labeled by sets of infinite cardinality. Recalling that Proc is a free process theory, its
hom-set will typically be of infinite cardinality. (In contrast, note that the hom-sets in Func
are finite, so the issue will not arise there). To formally deal with this, rather than working
with FinSubStoch, we should work with SubStoch—defined as the Kleisli category of the
subdistribution monad on Set.10 In this process theory, states are subnormalised probability
distributions with finite support, and general processes are substochastic maps that do not
generate distributions with infinite support. In future work, it will be important to consider
10

Thanks are due to Martti Karvonen for recognizing this issue, giving the resolution to it, and then
explaining the resolution to us.
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more sophisticated measure-theoretic approaches to infinite sets—in particular, to allow for
ontic state spaces of infinite cardinality.

6.4

Causal-inferential theories

Having introduced theories of causal primitives and of inferential primitives, we can now
describe how the two interact to define causal-inferential theories. We first (non-exhaustively)
describe features that we expect of a generic causal-inferential theory. We then develop
two special cases that instantiate these features, namely causal-inferential theories of lab
procedures, or operational CI theories, and the causal-inferential theory of functional
dynamics, namely the classical realist CI theory.
A causal-inferential theory consists of a triple of process theories and a triple of DP
(partial) maps between them:
e

Caus

C-I

i
p

Inf ,

(6.65)

where the process theory C-I includes all of the causal and inferential systems coming from
Caus and Inf, respectively. (That is, i and e are injective on objects.)
Remark 16. Note that we will continue to draw the causal systems (i.e., those in the image
of e) vertically and the inferential systems (i.e., those in the image of i) horizontally (i.e.,
just as in the respective domains of e and i). This choice is merely a convention; we could
alternatively have just used a different style of wire or labelling system to keep track of this
information. That is, on a formal level, C-I, like Caus and Inf, is simply a symmetric
monoidal category.
We define how the causal and inferential systems interact by introducing three special
processes that involve both causal and inferential systems, and that are subject to a collection
of rewrite rules. These three processes allow one to (i) specify a state of knowledge about a
particular causal dynamics, (ii) gain information about a classical causal system, and (iii)
ignore causal systems. These three generators are denoted, respectively, by
and

,
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.

(6.66)

In our examples, the theory corresponding to C-I in Eq. (6.65) is defined as the process
theory constructed out of arbitrary composition of these three ‘generators’, together with
the processes in the image of i.11
The rewrite rules that these satisfy will be (to some extent) dependent on the exact
causal-inferential theory that one is interested in – indeed, there will be an important
distinction between the rewrite rules for our two key examples. An important direction for
future research is therefore to determine which aspects of these rewrite rules are in fact
generic to all CI theories. We return to this question in Section 6.9.1.
Finally, we introduce a partial map p that allows one to make inferential predictions, by
mapping diagrams in C-I with only inferential inputs and outputs to a particular inferential
process within SubStoch. That is, in our examples, the map p makes a probabilistic
prediction given one’s knowledge about a particular causal scenario.
We will for simplicity sometimes refer to C-I as ‘the causal-inferential theory’ or use
the symbol C-I to refer to the full causal-inferential theory, since C-I is the primary process
theory of relevance. Strictly speaking, however, a causal-inferential theory is given by a
triple as in Eq. (6.65) (including, in particular, the prediction map).

6.4.1

Operational causal-inferential theories

We will use the term ‘operational causal-inferential (CI) theory’ to refer to a causal-inferential
theory of lab procedures; that is, taking Caus = Proc and Inf = SubStoch in Eq. (6.65),
i.e.,
e

Proc

P-S

i
p

SubStoch .

(6.67)

We have already defined Proc and SubStoch, but it remains to explicitly define P-S and
the diagram-preserving maps e, i and p between these three process theories.
SubStoch is a subprocess theory of P-S, explicitly represented by the inclusion of
SubStoch into P-S via a DP map i : SubStoch → P-S . Diagrammatically, we denote
11

Note that, unlike the situation with the i map, the construction of C-I does not require any of the
processes in the image of e to be generators, since (as we will see) the set of all such processes can be
obtained by combining elements of SubStoch (the image of i) with the first generator via Eq. (6.71).
Indeed, this is how the map e will be defined; see Eq. (6.81).
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this as a green map, e.g.
X

Y

s

(6.68)

.

i

That is, i denotes that some process in P-S is a member of the subprocess theory SubStoch.
For example, in the equation

X

s

Y

X

=

Y

s

,

(6.69)

i

the process s on the RHS is a process in SubStoch, shown being mapped by i to the
process s in P-S, shown on the LHS. In this case, s as a process in P-S (on the LHS) is in
the image under i of a process s in SubStoch (on the RHS).
However, Proc is not a sub-process-theory of P-S; that is, the DP map e : Proc → P-S
is a more complicated embedding. All of the systems from Proc are directly included as
systems within P-S. In order to fully define the embedding map e, we must define how the
causal and inferential systems in P-S interact.
To proceed, we discuss the interpretation within P-S of the three fundamental generators
of interactions between the causal and inferential systems.
The first generator allows us to specify our state of knowledge about which procedure
occurs. There is one such generator for each pair (A, B) of systems, depicted as
B
AB

.

(6.70)

A

We then interpret
B
σ

AB

(6.71)
A

as describing that we have state of knowledge σ about the transformation procedure taking
A to B. Indeed, σ is here a probability distribution over the set AB of transformation
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procedures. We will denote the delta function state of knowledge on t ∈ Proc by [t], so
that
B
AB

[t]

(6.72)
A

represents certainty that A transforms into B via the procedure t.
Now, suppose that we have states of knowledge about each of two transformation
procedures where the output of one is the only input of the other (so that they are purely
cause-effect related), then there is a stochastic map that represents how to update knowledge
about each of the two individual transformations to a state of knowledge of the composite
transformation procedure. We denote this stochastic map as
BC
AC
AB

(6.73)

,

defined by linearity and its action on delta-function states of knowledge, namely
[t0 ]

∀t, t0
[t]

BC
AC

AC

[t0 ◦ t]
*****

=

AB

(6.74)

where ◦ denotes sequential composition in Proc. To reproduce the intuitive notion of
composition, we demand that
C
BC
AB

C

BC
B

=

AC

.

AB

(6.75)

A

A

This rewrite rule can be understood as the equality of two different methods of specifying
one’s knowledge that the causal structure is a chain A → B → C. The fact that B is a
complete causal mediary between A and C can be encoded in the causal structure of a
diagram (as on the LHS), but the RHS encodes it in the inferential structure, as a state of
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knowledge about the transformation from A to C that is specified in terms of one’s state of
knowledge about a transformation from A to B and about a transformation from B to C.
Similarly, we can define a stochastic map which represents how one combines states of
knowledge about transformations that are causally disconnected. Specifically, suppose that
in a transformation from AC to BD, B is influenced only by A and D is influenced only by
C. The relevant stochastic map,
AB
ACBD

(6.76)

,

CD

can be defined by linearity and its action on delta-function states of knowledge, namely
[t]

AB
ACBD

∀t, t0

[t*****
⊗ t0 ]

=

CD

ACBD

,

(6.77)

[t0 ]

where ⊗ denotes the parallel composition of processes within Proc. Then, in analogy to
Eq. (6.75), we demand that
B
AB

B D

AB
D

ACBD

=

CD

.

(6.78)

CD
A

A C

C

Finally, it will often be useful to be able to interpret some bits of wiring as themselves
being processes in P-S, namely, the identity procedure 1 and swap procedure S respectively.
We therefore impose that
=

[1]

[S]

=
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(6.79)

.

(6.80)

Essentially, these constraints allow us to lift the compositional, that is, causal, structure
of Proc into our theory of states of knowledge about Proc, that is, into P-S. In particular,
given the basic generators and constraints we have just introduced, one can construct
a DP map e : Proc → P-S that embeds procedures into P-S as delta-function states of
knowledge:
B

B

:=

t
A

[t]

AB

.

(6.81)

A

e

It is simple to check that our constraints on this generator imply that this map is indeed
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diagram-preserving. For example,
C

t0
B

C

t0 ◦ t

=

(6.82)

Ae

t
Ae

C
[t0 ◦ t]

=

AC

(6.83)
A

[t0 ]

=
[t]

C

BC
AC

(6.84)

AB
A
C

[t0 ]

=
[t]

BC
AB

B

(6.85)

A
C

t0
Be

=

.

(6.86)

B

t
Ae

The second generator allows us to directly gain knowledge from a classical causal system.
There is one such generator for each classical system X:
X

X

X

.

(6.87)

This can equivalently be interpreted as a generator that allows us to ask a question about
a classical system by attaching a proposition to it. For example, a proposition π about the
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outcome of a measurement m is depicted as
π

(6.88)

.
[m]

Note that there is no such generator for systems that are not classical, since for these, there
is no way to directly gain information about the system; rather, one can only probe them
indirectly via their interaction with classical systems.
As with the previous generator, this generator must satisfy certain constraints. First, it
must satisfy
=

True

=

.

(6.89)

That is, asking about the tautological proposition on a system is the same as not asking
anything at all about the system.
Additionally, under sequential composition we demand
X

X

=

XX

X
X

X
X

(6.90)

,

X

X

where • is the stochastic broadcasting map that can be defined by linearity and its action
on delta-function states of knowledge, namely,
X
[x]

X
X

[x]

:=
[x]

X
X

.

(6.91)

Eq. (6.90) states that directly gaining knowledge about the same system twice is the same
as copying the knowledge gained from the system.
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We also have a constraint for parallel composition:
X

Y
X

X Y

X

X ×Y

=

Y

Y
X

,

(6.92)

X Y

Y

where is really just the identity stochastic map, but where one is changing from diagrammatically denoting a pair of systems as a single wire to denoting them by a pair of wires.
Similarly, we have , which merges a pair of wires into a single wire:
X
X ×Y
Y

(6.93)

.

Finally, we introduce our last generator, which represents the ignoring of a causal system
as
A

(6.94)

.

We depict the process of ignoring a system by the same symbol (albeit smaller) as marginalisation in the inferential theory to make clear that this is not a physical discarding process
(such as physically annihilating a system somehow). It merely represents the fact that one
is no longer interested in this system. That is, this ignoring process is applied whenever an
agent decides that they will consider no further propositions about a system or its causal
descendents.
The ignoring process satisfies the constraint
=
AB

,

(6.95)

A B

stating that ignoring a composite system is the same as ignoring each of its components.
Moreover, it has a nontrivial interaction with the generator of Eq. (6.70), as we demand
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that
B

AB

=

AB

(6.96)

.

A

A

That is, if one is not going to ask any propositional questions about B, then one can
ignore the identity of the transformation from A to B, as well as A itself. We term this the
constraint of ignorability.
We will assume that the ignoring process for the trivial system, I, is simply given by the
empty diagram and hence we obtain two special cases of Eq. (6.96):
AI

=

AI

A

=

AI

A

I

=

AI

A

(6.97)
A

and
IB

B

=

IB

=

IB

=

IB

.

(6.98)

I

Due to its compositional nature, this framework is clearly able to express scenarios
far more general than the well-studied prepare-measure scenario. Even within a simple
prepare-measure scenario, our framework allows us to express generality that is typically
neglected. In a prepare-measure scenario, the conventional states of knowledge one has and
propositions one considers (i.e., the conventional inferential structure) are represented in
our framework by
π
X

τ
σ

A

,

(6.99)

where σ is a state of knowledge about the preparation of A, τ is a state of knowledge about
the measurement on A, and π is a proposition about the measurement outcome X. One can
change the inferential structure of the scenario without changing the causal structure of
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the scenario, e.g., to
X

π

σ
A

,

(6.100)

τ

where σ is a joint state of knowledge about the preparation and measurement procedures, τ
is a state of knowledge about some auxiliary inferential system, and π is a joint proposition
about which preparation and measurement procedures were performed, the outcome of the
measurement, and the auxiliary inferential system. This extra generality is useful as it
allows one to model scenarios where the choice of preparation and the choice of measurement
are correlated. This occurs, for instance, in two-party cryptography, wherein one party
prepares a system and the other measures it, and they correlate their actions based on
private randomness that they share. Another example arises for a pair of communicating
parties when the preparations and measurements are done relative to local reference frames
in the labs of the parties, and where these are correlated with one another, but uncorrelated
with a background reference frame.
It will be helpful to introduce a notation that represents a generic diagram in P-S while
not displaying all the internal structure—that is, how the diagram is built up out of the
generators—but rather only shows its open inputs and outputs. We draw such a generic
diagram as
D

.

(6.101)

In a process theory, diagrams without any inputs and outputs are termed closed diagrams.
Analogously, diagrams whose only inputs and outputs are inferential will be termed causally
closed diagrams and diagrams whose only inputs and outputs are causal will be termed
inferentially closed diagrams.
At this point, we can make a useful observation: any diagram in P-S that can be written
using generators that do not involve causal systems can be considered as the image of some
process in SubStoch under i, as in Eq. (6.69).
We have so far introduced the inferential and causal components of P-S and the maps
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from these into P-S, namely,
e

Proc

i

P-S

SubStoch.

(6.102)

We now introduce the prediction map p, which describes the inferences one can make
in a given scenario.12 p is a partial DP map whose domain is the set of causally closed
processes in P-S, and whose co-domain is SubStoch.
An example of the sort of causally closed processes on which p is defined is:

X

π
σ

A

,

q

(6.103)

A diagram that has open causal inputs or outputs is not in the domain of the prediction
map, because the open causal wires correspond to systems about which either no state of
knowledge or no propositional question has been specified. For example, the inferences one
should make in a situation described by the diagram
X

π

(6.104)

q

A

depend on what one knows about previous procedures on A as well as any propositions one
considers about X.
Consider first the simple case of closed diagrams in P-S. These are mapped to closed
12

The idea of separating out the descriptive and the probabilistic components of one’s notion of an
operational theory can be found in earlier works, notably Ref. [69].
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diagrams (scalars) in SubStoch—i.e., elements of [0, 1]. In the following example,

π
σ

= Prob(π : σ),

(6.105)

p

the prediction map specifies the probability that one should assign to the proposition π
being true given that one’s state of knowledge is σ. Meanwhile,
X
?X

(6.106)

p

is a stochastic map in SubStoch, which takes a state of knowledge about the preparation
X as input and returns a state of knowledge about X.
There is an obvious consistency constraint on processes in P-S that are also processes in
the sub-process-theory SubStoch, that is, those that are in the image of i. If one maps a
process in SubStoch to P-S by the inclusion map i and then back to SubStoch via the
prediction map p, one should clearly obtain the process itself back again, so that
X

Y

s

X

=

Y

s

(6.107)

.

ip

Hence it is a partial left inverse of i, that is, p ◦ i = 1SubStoch .
Although p is only a partial map, it is still diagram-preserving on its domain; e.g., one
can write

π
σ

π

=

σ

p

p

p.

(6.108)

p

In summary, an operational CI theory is specified by a triple of process theories and a
triple of DP maps between them, succinctly drawn as
e

Proc

P-S
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i
p

SubStoch,

(6.109)

where we use a dashed line to denote the fact that p is partial.
Properties of the prediction map
Our constraint of ignorability, Eq. (6.96), implies that the probabilities assigned to propositions about systems are independent of what is known about the future processes applied
to the system. For example, the probability
τ
τ

=

(6.110)

π
σ

π
σ

p

=

p

(6.111)

π
σ

p

is seen to be independent of the state of knowledge τ . In Ref. [69], this constraint is termed
‘causality’, and taken to be of central importance. In our framework, however, it does not
express any notion of causality. As we discuss further in Appendix C.2, the causal structure
in our framework is primitive, and cannot be defined in terms of any probabilistic facts
such as those expressed by Eq. (6.111). In our framework, the condition of ignorability,
Eq. (6.96), does not play a particularly special role; it is simply a fact about the way one
makes inferences. In addition to implying Eq. (6.111), it implies many similar independence
relations. For example, it implies that a state of knowledge τ about a causal process
occurring on one subsystem of a composite whose output is ignored is irrelevant for making
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inferences about the other subsystem:

π

π

=

τ

τ

(6.112)

σ

σ

p

p

π

=

.

(6.113)

σ
p

Conveniently, p can be fully specified by a relatively simple set of data: the probabilities
assigned to point-distributed states of knowledge and atomic propositions. This is exactly
the form of data provided in traditional approaches to operational theories.
Theorem 6.4.1. For every process D ∈ P-S in the domain of p : P-S → SubStoch , i.e.,
which is causally closed, the image p(D) of D under p is fully specified by the probabilities
assigned to atomic propositions on its inferential output and point distributions on its
inferential input.
Proof. Consider an arbitrary causally closed process D and imagine mapping it into
SubStoch via
X

Y

D

(6.114)

.

p

This is simply a substochastic map and hence is fully characterized by the set of scalars




[x]




D
p

JyK
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,
x∈X,y∈Y

(6.115)

where JyK is an atomic proposition on Y . Such scalars can be rewritten as
[x]

D
p

JyK

=

D

[x]

ip

=

D

[x]

JyK

p

i

JyK

(6.116)
ip

;

(6.117)

ip

that is, they are the probabilities assigned to atomic propositions JyK on Y given point
distributions [x] on X, which is what we set out to prove.
Quantum theory as an operational CI theory
The most straightforward way to cast quantum theory as an operational CI theory is as
follows. The causal subtheory for quantum theory, which we denote ProcQ , contains
laboratory procedures whose inputs and outputs are classical and quantum systems. The
inferential subtheory is the classical one, SubStoch. The full theory, PQ-S, is constructed
as
ProcQ

eQ

PQ-S

iQ
pQ SubStoch

.

(6.118)

Here, the specific prediction map pQ singles out quantum theory, and is defined as follows.
To every quantum system is associated an algebra of operators on a complex Hilbert space
of some dimension, and to every classical system is associated an algebra of commuting
operators on such a Hilbert space; to every diagram is associated a completely-positive [257]
trace-nonincreasing map between these; then, the joint probability distributions (on any set
of propositions attached to the classical systems) can be computed by composition of these
completely-positive trace-preserving maps.

6.4.2

Classical realist causal-inferential theories

Next, we turn our attention to the second class of causal-inferential theories that we will
consider, namely classical realist CI theories. These are very similar to the operational CI
theories just introduced, but the causal theory is not taken to be a process theory Proc
of laboratory procedures, but rather a process theory representing fundamental dynamics
of ontic states of systems. In our case, we will take this to be the process theory Func
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of functional dynamics, introduced in Section 6.2.2. The extra structure in Func relative
to Proc accounts for all the differences within our framework between an operational
CI theory and a classical realist CI theory, and implies that there is essentially a unique
classical realist CI theory, insofar as there is a unique prediction map.
We will use the term ‘classical realist CI theory’ to refer to the following causal-inferential
theory of functional dynamics, namely
e0

Func

i0

F-S

SubStoch.

p∗

(6.119)

We have labeled the diagram-preserving maps here by e0 , i0 and p∗ to distinguish them
from those in an operational CI theory.
The construction proceeds much like that in the previous section. SubStoch is a
subprocess theory of F-S, explicitly represented by the inclusion of SubStoch into F-S via
a DP map i0 : SubStoch → F-S , diagrammatically represented as
X

Y

s

.

(6.120)

i0

Func is not a sub-process-theory of F-S, but rather embeds into F-S via a map e0 : Func → F-S ,
which we will define after introducing some relevant generators.
The first generator again allows one to specify a state of knowledge about the functional
dynamics. There is one such generator for each pair of systems (Λ, Λ0 ), depicted as
Λ0
ΛΛ0

.

(6.121)

Λ

Then, the diagram
Λ0
σ

ΛΛ0

(6.122)
Λ

represents the state of knowledge σ about the function from Λ to Λ0 describing the dynamics.
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Naturally, we demand that constraints analogous to those in Eq. (6.75) and Eq. (6.78) are
satisfied, which then implies that we can construct a DP map e0 : Func → F-S defined as
Λ0

Λ0

:=

f
Λ

[f ]

ΛΛ0

.

(6.123)

Λ

e0

The second generator allows us to directly gain knowledge from an ontological system,
or equivalently, to ask a question about a system by attaching a proposition to it. Here, we
see the first key distinction between ontological and operational CI theories—for operational
CI theories, we could only define such a generator for classical systems; however, because
all systems in Func are sets Λ, this generator
Λ

Λ

(6.124)

Λ

can be defined for any system in F-S. Naturally, we demand that each such generator
satisfies the constraints stipulated in Eqs. (6.90) and (6.92).
Finally, we introduce a generator
(6.125)

Λ

which represents ignoring the system Λ and that satisfies constraints analogous to Eq. (6.95)
and Eq. (6.96).
We now have the tools to describe a wide range of scenarios. For example, the scenario

Λ0

π

τ
σ

Λ

(6.126)

might arise as a classical realist model of the operational scenario in Diagram (6.99).
This is analogous to a prepare-measure scenario. Even in this simple causal structure,
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however, we can also describe more general inferential structures; for example, an analogue
of Diagram (6.100), namely
Λ0

π

σ

Λ

(6.127)

.
q

In fact, this is even more general than Diagram (6.100), since in F-S (unlike in P-S), one
can consider propositions about arbitrary systems.
Perhaps the central distinction between P-S and F-S is that in F-S, there is a constraint
on the interactions between the first two generators we introduced. This constraint is a
consequence of the fact that one can attach propositions to any system in F-S, together
with our assumption that the causal mechanisms are described by functions. This means
that we can, in certain situations, propagate what we know about one physical system to
knowledge about another. It is due to this single extra constraint that classical realist CI
theories have so much more structure than operational CI theories.
This interaction between the two generators is governed by the equality:
Λ0Λ0

Λ0

ΛΛ0

ΛΛ0

=

(6.128)

,
0

Λ

Λ
Λ

where the black diamond converts a state of knowledge about Λ and a state of knowledge
about ΛΛ0 into a state of knowledge about Λ0 , and is defined by linearity and its action on
delta-function states of knowledge, namely,
[f ]
[λ]

ΛΛ0
Λ

Λ0

=
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[f (λ)]

Λ0

,

(6.129)

or equivalently,
[f ]

Λ

ΛΛ0
Λ0

=

Λ

f

Λ0

.

(6.130)

Eq. (6.128) ensures that one can specify what one knows about the output Λ0 of some
dynamical process in one of two equivalent ways: either by knowing about it directly, or
by taking what is jointly known about the dynamics and the state that is input to the
dynamics, and then propagating one’s beliefs accordingly (i.e., according to the stochastic
map ). To give a simple example, suppose we have a delta function state of knowledge
that the ingoing system Λ is prepared in state λ, and that the functional dynamics are
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given by f , then this rewrite rule allows us to reason as follows:
Λ0Λ0
[f ]
[λ]

ΛΛ0
?Λ

Λ0

=

[f ]

Λ
[λ]

=

Λ0
?Λ

[f ]

[λ]

[f ]

=
[λ]

=
[λ]

=

ΛΛ0

[λ]

Λ

ΛΛ0

Λ0

?Λ

=
=

[λ]

ΛΛ0
Λ0
?Λ

?Λ

[λ]

f

Λ

Λ0

?Λ

?Λ
Λ

f

(6.134)

Λ

?Λ

Λ

(6.133)

Λ

f
[λ]

(6.132)

Λ

f

=

(6.131)

Λ0

.

f

Λ0

(6.135)

Λ0

(6.136)

Λ0

(6.137)
(6.138)

From Eq. (6.133) to Eq. (6.134), the black diamond turns a delta function state of knowledge
about functional dynamics from Λ to Λ0 into a (functional) propagation of one’s state of
knowledge about Λ to one’s state of knowledge about Λ0 . The rewrites from Eq. (6.134)Eq. (6.138) are analogous to Eq. (6.131)-Eq. (6.134), but slightly more subtle insofar as
they involve the special case where an input is trivial.
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For this special case with a trivial input system, Eq. (6.128) becomes
ΛΛ
Λ

?Λ

=

.

?Λ

(6.139)

Λ

where, in this special case, is simply the isormorphism between ?Λ and Λ. For convenience,
we will henceforth denote this isomorphism by
Λ

?Λ

and

?Λ

Λ

(6.140)

,

so that
?Λ

?Λ

=

Λ

Λ

(6.141)

and
ΛΛ
Λ

?Λ

=

?Λ

Λ

.

(6.142)

Predictions are made in a classical realist CI theory in a manner analogous to how
predictions are made in an operational CI theory. They are represented by a partial
diagram-preserving map, p∗ : F-S → SubStoch , whose domain is given by the set of
causally closed processes in F-S. As before, the prediction map is a partial left inverse of
i0 , so that p∗ ◦ i0 = 1SubStoch . For example, closed diagrams in F-S are mapped to closed
diagrams (scalars) in SubStoch—elements of [0, 1]; e.g.,
Λ
σ

π

= Prob(π : σ) .
p

(6.143)

∗

Meanwhile,

p∗
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(6.144)

is a stochastic map in SubStoch, as before. Analogous to Theorem 6.4.1, one has that
for every process D ∈ F-S in the domain of the prediction map p∗ , its image under p∗ is
fully specified by the probabilities assigned to atomic propositions on its output given point
distributions on its input.
There is a key difference between the prediction map in a classical realist and in an
operational CI theory: for classical realist CI theories, this map is unique. To show this, we
first prove a normal form for general diagrams in F-S.
Theorem 6.4.2. Any diagram in the classical realist CI theory F-S can be rewritten (using
rewrite rules in F-S) into the form

S

,

(6.145)

i0

where S is a substochastic map in SubStoch.
Proof. See Appendix C.4.
We conjecture that this normal form is unique, or equivalently, that the substochastic
map S is unique. (To prove this, it would suffice to prove that the normal form description
of each generator is unique, since the composition of two diagrams in normal forms has a
unique normal form description.)
Note that there is not an equivalent normal form for diagrams in operational CI theories,
as Theorem 6.4.2 strongly relies on the constraint of Eq. (6.128). This normal form then
allows us to prove that the interactions between SubStoch and Func single out a unique
prediction map for the full theory F-S.
Theorem 6.4.3. The prediction map p∗ is unique.
Proof. Consider an arbitrary process in the domain of p∗ —that is, an arbitrary causally
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closed process D. Writing it in normal form, we have
D

=

(6.146)

,

S
i0

for some substochastic map S. Furthermore, S is unique since i0 is an inclusion map and
hence injective. Applying the prediction map, then, one has
=

D

=

S

p∗

S

,

(6.147)

0

i

p∗

where the last line follows from the fact that p∗ ◦ i0 = 1SubStoch . Hence, the prediction map
applied to any process in its domain is associated with a unique real matrix, and so p∗ is
unique.
The full picture of a classical realist CI theory is therefore given by a triple of process
theories and a triple of DP maps between them:
e0

Func

i0

F-S

p∗

SubStoch,

(6.148)

where we use a dashed line to denote that p∗ is partial.
We close this section by noting that it remains to determine the scope of classical realist
CI theories. For instance, it is unclear whether Bohmian mechanics can formally be cast as
such a theory. (Note that this is not specific to our framework; it is also unclear whether it
can be formalized within the standard framework of ontological models.) In any case, we
note that the central aim of our framework is not to capture the diversity of interpretational
views, but rather to make progress on the questions posed in the introduction.

6.5

Inferential equivalence

We now define a notion of inferential equivalence between processes in a causal-inferential
theory. This definition can clearly be made in any causal-inferential theory, but we will
focus here only on operational CI theories and then on classical realist CI theories. This will
let us define quotiented operational CI theories and quotiented classical realist CI theories.
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We will discuss how the former relates to the notion of a generalized probabilistic theory,
while the latter subsumes the traditional notion of an ontological model.

6.5.1

Inferential equivalence in operational CI theories

Two elements of P-S are inferentially equivalent if and only if they lead to exactly the same
predictions, no matter which causally closed diagram they are embedded in. To make such
statements diagrammatically, it is useful to introduce the notion of a tester for a given
process—that is, a special case of a clamp (introduced in Section 6.1.1) whose composition
with a given process yields a causally closed diagram. As a simple example, we say that
two states of knowledge σ AB and σ 0AB about a transformation procedure from A to B are
inferentially equivalent with respect to the prediction map p, denoted
B

B

∼p

σ

σ

A

(6.149)

,

0

A

if and only if they make the same predictions for all testers, T , so that

σ

B

=

σ0

A

B

∀T ∈ P-S.

A

T

(6.150)

T
p

p

As an explicit example from within quantum theory, consider four lists of laboratory
instructions, denoted P1 to P4 , that are designed to prepare the quantum states |0i, |1i,
|+i, and |−i, respectively. Then, the states of knowledge
1
1
[P1 ] + [P2 ]
2
2

and

1
1
[P3 ] + [P4 ],
2
2

(6.151)

although clearly distinct, are nonetheless inferentially equivalent, as they correspond to the
same quantum state (namely the maximally mixed state).
More generally, the notion of inferential equivalence for any type of process in P-S is
defined as follows:
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Definition 8 (Inferential equivalence for operational CI theories). Two processes in P-S,
D and E, are inferentially equivalent with respect to the prediction map p, denoted D ∼p E,
if and only if

=

D

∀T ∈ P-S.

E

T

(6.152)

T
p

p

In fact, one can test for inferential equivalence purely in terms of probabilities (as
opposed to stochastic maps).
Lemma 6.5.1. One has inferential equivalence D ∼p E if and only if

=

D
T

∀T ∈ P-S.

E
T

p

(6.153)

p

Proof. This follows immediately from Definition 8 and Theorem 6.4.1.
For processes that are causally closed, this condition greatly simplifies:
Lemma 6.5.2. Two causally closed processes are inferentially equivalent if and only if they
are equal as stochastic maps under the application of the prediction map p:

D

∼p

E

⇐⇒

D

p

=

E

p

.

(6.154)

This is a much simpler condition to check, since one need not quantify over all possible
testers.
Proof. By definition,
D

∼p
150

E

(6.155)

is equivalent to
∀T

=

D
T

(6.156)

,

E
T

p

p

which, by diagram-preservation, is equivalent to
∀T

D

=

p

T

E
T

p

(6.157)

.

p

p

Finally, this is equivalent to

D

=

p

E

p

(6.158)

,

where the ⇒ direction follows from the special case where T is simply the identity on the
two inferential systems, and where the ⇐ direction follows from the fact that equality is
preserved by composition (in this case, with p(T )).
For the still more restricted set of processes in the image of i the condition simplifies
even further:
Corollary 6.5.2.1. Two processes in the image of i : SubStoch → P-S are inferentially
equivalent if and only if they are equal as substochastic maps in SubStoch:

∼p

σ
i

σ0

⇐⇒

σ

=

σ0

.

(6.159)

i

Proof. By Lemma 6.5.2, we have that the LHS of the implication in the corollary is
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equivalent to the equality
σ

=

σ0

ip

(6.160)

,
ip

which gives the RHS of the implication in the corollary by Eq. (6.107), namely p ◦ i =
1SubStoch .
These results imply that every causally closed process is associated with a unique
stochastic map.
Lemma 6.5.3. Every causally closed process D ∈ P-S is inferentially equivalent to a unique
process in the image of i, namely,
∼p

D

D

.

p

(6.161)

i

Proof. The constraint on the prediction map p of Eq. (6.107) immediately implies that

D

p

=

D

,

p

(6.162)

ip

after which Lemma 6.5.2 implies that
D

∼p

D

(6.163)

p
i

and then Corollary 6.5.2.1 implies that this is the unique process in the image of i in the
equivalence class of D.
Quotiented operational CI theories
In many cases, one is only interested in the inferential equivalence class of processes in a
causal-inferential theory. In such cases, it is useful to define a new type of theory, wherein
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one has quotiented13 with respect to inferential equivalence. We now show how this is done
for operational CI theories.
First, we note that the relation ∼p is preserved under composition:
Lemma 6.5.4. If D ∼p D0 , then

∼p

D
C

D0

(6.164)

C

for all clamps C in P-S.
Proof. Consider, for the sake of contradiction, that there exists some C ∗ such that Eq. (6.164)
fails. Then, there exists some tester T ∗ such that

6=

D

D0

.

(6.165)

C∗

C∗
T∗

T∗
p

p

This, however, would imply that the tester

(6.166)
C∗
T∗
13

Notions of quotiented operational theories can be found in earlier works, notably including Ref. [69].
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generates different inferences for D and D0 , in contradiction with our initial assumption
that D ∼p D0 .
It follows that ∼p is a process-theory congruence relation for P-S. That is, if D ∼p D0
and E ∼p E 0 then any valid composite of D and E will be inferentially equivalent to the
same composite of D0 and E 0 .
Lemma 6.5.5. The inferential equivalence relation ∼p defines a process theory congruence
relation on P-S.
Proof. Take D ∼p D0 and E ∼p E 0 , and consider some arbitrary composition of the
non-primed versions. As a particular illustrative example, take
D

E

(6.167)

.

Using Lemma 6.5.4, the fact that D ∼p D0 , and the fact that the (inferentially) serial
composition of D with E is a special case of the clamp C from Eq. (6.164), implies that

D

E

∼p

D0

.

E

(6.168)

Then, by the same lemma, but now viewing D0 as the clamp and using the fact that E ∼p E 0 ,
we have:
D0

E

∼p

D0

E0

.

(6.169)

Putting these two together (by transitivity of ∼p ) we immediately have:
D

E

∼p

D0

E0

.

(6.170)

as we require. It is easy to see that identically structured proofs hold for any other way of
composing D and E.
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This lemma is important because it is necessary that inferential equivalence defines
a congruence relation in order for quotienting with respect to it to yield a valid process
theory.
g as the process theory P-S
Definition 9. We define a quotiented operational CI theory P-S
quotiented by the congruence relation ∼p . That is, it has the same systems as P-S, but its
processes correspond to equivalence classes of processes in P-S, that is, to maximal sets
of inferentially equivalent processes. We can moreover define a diagram-preserving map
g , as
∼p : P-S → P-S

:=

D

D̃

∼p

(6.171)

,

e is the equivalence class that contains D. Composition of equivalence classes is
where D
defined by the equivalence class of the composite of an arbitrary choice of representative
element for each.

That this notion of composition is well defined (i.e., independent of the choice of
representative elements) follows from Lemma 6.5.5. It then follows that the quotienting
g is indeed diagram-preserving.
map ∼p : P-S → P-S

From the above definition, one clearly has that

D

∼p

E

⇐⇒

=

D
∼p

.

E

(6.172)

∼p

It is worth noting that in our framework, a quotiented operational CI theory is not
an example of an operational CI theory (unless they are both trivial). This is because
if the operational theory is nontrivial, then the quotienting operation necessarily loses
information: equivalence classes of states of knowledge about procedures are not themselves
states of knowledge about procedures. The following example proves the claim. Recall that
the closed diagrams in the quotiented theory are (isomorphic to) probabilities, while in
the operational CI theory, they constitute a complete description of what one knows and
what one is asking in the scenario under consideration. In other words, in any quotiented
operational CI theory, the only way for two closed diagrams to be distinct is if they are
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inferentially inequivalent whereas in any nontrivial unquotiented operational CI theory,
there will exist pairs of closed diagrams that are inferentially equivalent and yet still distinct.
Using the quotienting map, the probability associated with a closed diagram can always
be decomposed into a sequence of stochastic maps representing one’s inferences, by grouping
together processes into diagrams that are causally closed, e.g.
π
σ1

σ2

∼p

.

∼p

σ3

(6.173)

∼p

∼p

∼p

∼p

Clearly, composition with the quotienting map ∼p can be used to define two new DP
g is defined as ẽ =∼ ◦e, and the map ĩ : SubStoch → P-S
g
maps. The map ẽ : Proc → P-S
p
is defined as ĩ =∼p ◦i. We can also introduce a partial diagram-preserving prediction map
p̃ for the quotiented operational CI theory, whose action is given by mapping each process
g to an element (any element) of P-S in its equivalence class, and then mapping that
in P-S
element to SubStoch via p. All of this can be concisely represented in the following
commuting diagram:
g
P-S
ẽ

∼p p̃

e

Proc

P-S

i
p

ĩ

SubStoch .

(6.174)

Subsuming the framework of generalized probabilistic theories
At this point, one can see the relationship between our framework and another well-known
framework for operational theories, namely, that of generalized probabilistic theories (GPTs).
A GPT is a minimal framework in which processes are wired together to form circuits
that describe an operational scenario and predict the probabilities of the outcomes that
one might observe. Perhaps the key feature of a GPT is tomographic completeness, which
implies that processes within a GPT are taken to represent equivalence classes of procedures
or events with respect to the operational predictions. That is, two transformations in a
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GPT are represented distinctly if and only if there exists a circuit in which they can be
embedded to give different probabilities for the outcome of some measurement in that circuit.
The set of processes is also assumed to be convex and representable in a (typically finite
dimensional) real vector space, to have a unique deterministic effect, and for composition
of processes to be bilinear.
In forthcoming work [259], we prove that these properties are satisfied for a natural
subset of processes in any quotiented operational CI theory (i.e., the inferentially closed
processes), and that consequently the latter can be identified with GPT processes in the
traditional sense. Tomographic completeness follows naturally from the quotienting which
g and convexity of these processes is inherited from convexity of the inferential
defines P-S,
theory.
However, the quotiented operational CI theories in our framework are not equivalent
to GPTs. There remain important formal and conceptual differences between the two.
For example, a quotiented operational CI theory contains both causal and inferential
systems and processes, while GPTs contain only a single type of system. It is also worth
noting that GPT processes are conventionally viewed as representing equivalence classes
of laboratory procedures, while processes in a quotiented operational CI theory have a
different interpretation—they represent equivalence classes of states of knowledge about
laboratory procedures.

6.5.2

Inferential equivalence in classical realist CI theories

Analogously, two elements of F-S are inferentially equivalent if and only if they lead to
exactly the same predictions, no matter what causal diagram they are embedded in.
Definition 10 (Inferential equivalence for classical realist CI theories). Two general elements of F-S, D and E, are inferentially equivalent with respect to the prediction map p∗ ,
denoted D ∼p∗ E, if and only if

=

D

∀T ∈ F-S.

E

T

(6.175)

T
p∗

p∗

The fact that this is a nontrivial relationship may be somewhat surprising. Once it is
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recognized, however, it is not difficult to come up with examples to illustrate it; we give a
simple example below.
Every process in F-S can be associated with a stochastic map, via

D

7→

(6.176)

.

D
p∗

Using Lemma C.3 (stated and proven in Appendix C.5), we can prove the following result,
which is an analogue of Lemma 6.5.2, but strengthened to include processes with open
causal systems.
Lemma 6.5.6. Two processes in F-S are inferentially equivalent if and only if they are
associated with the same substochastic map. That is,

∼p∗

D

⇐⇒

E

=

D

.

E

p∗

(6.177)

p∗

The proof is given in Appendix C.5.
As an explicit example, consider the four bit-to-bit functions {f0 , f1 , fid , fflip }. They are
defined by their action on a bit a ∈ {0, 1}, namely, f0 (a) = 0, f1 (a) = 1, fid (a) = a, and
fflip (a) = a ⊕ 1, where ⊕ denotes summation modulo 2. Then, the states of knowledge
1
1
1
1
σc = [f0 ] + [f1 ] and σd = [fid ] + [fflip ]
2
2
2
2

(6.178)

are distinct but inferentially equivalent. This is easily seen by the fact that both states of
knowledge correspond to the same stochastic map, namely, the completely randomizing
bit-to-bit channel:

=

σc

p∗

1
2
1
2

1
2
1
2
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!

=

.

σd

p∗

(6.179)

Quotiented classical realist CI theories
In direct analogy with Lemma 6.5.5 and its proof, one can show that ∼p∗ defines a
congruence relation, and it follows that one can quotient the classical realist CI theory with
respect to this relation.
g as the process theory
Definition 11. We define a quotiented classical realist CI theory F-S
F-S quotiented by the congruence ∼p∗ . That is, it has the same systems as F-S, but its
processes correspond to equivalence classes of processes in F-S, that is, to maximal sets
of inferentially equivalent processes. We can moreover define a diagram-preserving map
g , as
∼p∗ : F-S → F-S

=

D

D̃

∼p∗

(6.180)

,

e is the equivalence class that contains D. Composition of equivalence classes is
where D
defined by the equivalence class of the composite of an arbitrary choice of representative
element for each.

That this notion of composition is well defined (i.e. independent of the choice of
representative elements) follows from the natural analogue of Lemma 6.5.5. It then follows
g is indeed diagram-preserving.
that the map ∼p∗ : F-S → F-S

From the above definition, it clearly follows that

D

∼p∗

E

⇐⇒

=

D
∼p∗

.

E

(6.181)

∼p∗

g and ĩ0 :
Clearly ∼p∗ can be used to define two new DP maps ẽ0 : Func → F-S
g where ẽ0 =∼ ∗ ◦e0 and ĩ0 =∼ ∗ ◦i0 . We can also introduce a prediction
SubStoch → F-S,
p
p
∗
˜
map p for the quotiented classical realist CI theory, whose action is given by mapping
g to an element (any element) of F-S in its equivalence class, and then
each process in F-S
mapping that element to SubStoch via p∗ . All of this can be concisely represented in the

159

following commuting diagram:
ẽ

g
F-S

0

∼p∗ p˜∗

e0

Func

F-S

i0
p∗

ĩ0

SubStoch .

(6.182)

g First, we show (in Appendix C.5,
Finally, we derive a simplified normal form for F-S.
using some useful identities proven in Appendix C.4) that

Theorem 6.5.7. Any diagram in F-S is always inferentially equivalent to one of the form

Σ

(6.183)

,

Π

i0

i0

where Σ is a stochastic map and Π is a propositional map.
Applying the quotienting map (and recalling that it is diagram-preserving and that it
leaves processes in SubStoch invariant), this implies that
g can be rewritten into the following normal form:
Corollary 6.5.7.1. Any diagram in F-S

∼p∗

Σ

.

Π

i˜0
∼p∗

(6.184)

i˜0

Subsuming the traditional notion of an ontological theory
We can now point out a connection between the notion of a quotiented classical realist CI
theory and the traditional notion of an ontological model [139, 281]. Specifically, the notion
of a quotiented classical reality CI theory subsumes the type of ontological theory that
is presumed as the codomain of the traditional ontological modelling map. In particular,
the stochastic processes in the codomain of this map (such as probability distributions
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and response functions over the ontic state space) are recovered as the substochastic maps
defined by our Eq. (6.176).
Note, however, that the notion of a quotiented classical realist CI theory contains
both causal and inferential systems, while traditional ontological models concern only a
single type of system. We will say much more about representing operational theories in
Section 6.6 and onward.

6.5.3

To make an omelette...

A causal-inferential theory allows one to describe a physical scenario while maintaining
the distinction between the causal and inferential components of the theory. On the
classical realist side, highlighting this distinction helps to identify the root of the puzzlement
associated to phenomena such as ‘Simpson’s paradox’ [275] and ‘Berkson’s paradox’ [39], by
making plain the sense in which previous frameworks have scrambled causal and inferential
notions. Moreover, the conceptual and formal tools it provides can help to break the habits
of mind that lead to such confusions, namely, the tendency to slide from statements about
conditional probabilities to claims about cause-effect relationships.
On the operational side, the framework we have developed here helps to highlight a
type of scrambling of causal and inferential concepts that seems intrinsic to any operational
theory, and which is not so apparent in the conventional frameworks. It concerns the nature
of a process in Proc, the causal component of an operational theory. Recall that these
processes are descriptions of laboratory procedures. Now note that although specifying a
laboratory procedure may serve to completely specify some degrees of freedom of the devices
(usually macroscopic ones), it also generally involves expressing incomplete knowledge of the
vast majority of its degrees of freedom (the microscopic ones).14 As such, a process in Proc
generally does not stipulate an actual causal relation between its inputs and outputs, given
that it is consistent with many possibilities for this causal relation. It is for this reason
that we have stipulated that a process in Proc describes only potential causal influences.
The reason that the processes in the causal component of an operational CI theory—unlike
those in the causal component of a realist CI theory—must in part stipulate an agent’s
uncertainty is because such uncertainty is inherent in all descriptions of phenomena at
the operational level. At the operational level, therefore, the best one can hope to do is to
unscramble the notion of potential causal influence from that of inference.
14

For operational CI theories that admit of a classical realist representation, this fact is reflected in our
assumptions about the realist representation map ξ, namely, that a point distribution over causal processes
in the operational CI theory need not be mapped by ξ to a point distribution over causal processes in the
realist CI theory.
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In the rest of this section, we describe a different—and much more significant—example
of how our framework reveals a type of scrambling of causal and inferential notions that
previously went unnoticed. Specifically, we argue that quotienting with respect to inferential
equivalence necessarily erases information about causal relations, so that quotiented theories
inevitably incorporate a scrambling of causal and inferential notions.
We hope to make this point in more detail in a subsequent paper [259] whose purpose is
to describe the sense in which GPTs are recovered from quotientied operational CI theories.
For now, we will give a concrete example involving processes in F-S in order to clarify how
causation and inference get scrambled under quotienting.
It is based on the example introduced in Section 6.5.2, involving the two states of
knowledge about bit-to-bit functional dynamics described in Eq. (6.178) and that can be
recast diagramatically as follows:


σc :=

1

2

B



+


B



B




1
 ¬ 

2



and σd :=

B

1

2

B

0

B



+




1

2

B

1






(6.185)

B

These two states of knowledge refer to completely distinct causal relations between the input
and output bit: σc has support only on processes with a causal connection between the
input and the output, while σd has support only on processes that are causally disconnected.
Nonetheless, because the stochastic map associated with each of these states of knowledge
is given by the completely randomizing bit-to-bit channel, as noted in Eq. (6.179), it follows
that they are inferentially equivalent:
B

B

∼p∗

σc

B

.

σd

(6.186)

B

We see, therefore, that two radically different causal structures (causal connection
and causal disconnection) lead one to make all of the same inferences about the relevant
systems. Similar examples can be constructed in P-S. It is in this sense that the processes in
g and P-S,
g exhibit a scrambling of causation
quotiented causal-inferential theories, such as F-S
and inference.
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6.6
6.6.1

Classical realist representations
Classical realist representations of operational CI theories

A classical realist representation of an operational theory is an attempt to provide an
underlying realist explanation of the operational statistics. It posits that each system is
characterized by an ontic state, which constitutes a complete characterization of its physical
attributes and mediates causal influences between the laboratory procedures. Something
akin to such a representation in earlier work is the notion of an ontological model of an
operational theory. (Strictly speaking, the closest analogue to the notion of an ontological
model in our framework is not the notion of a classical realist representation that we
consider in this section, but the variant thereof corresponding to the ζ map given below
in Definition 15. The notion of ontological modelling is mentioned here only to help the
reader broadly situate the notion of a classical realist representation.) 15
Definition 12. A classical realist representation of an operational CI theory P-S, by a
classical realist CI theory F-S, is a diagram-preserving map ξ : P-S → F-S , depicted as
ΛB
AB AB B

,

(6.187)

Aξ
ΛA

satisfying (i) the preservation of predictions, namely that the diagram
p

P-S

SubStoch

(6.188)

ξ

F-S

p∗

SubStoch

15

Note that a classical realist representation of an operational scenario describes both its causal and
inferential aspects, hence both ontological and epistemological aspects thereof. In this sense, it is clear that
the term ‘ontological modelling’ would not be ideal for this sort of representation because the term suggests
that one is concerned with modelling only the ontological aspects. Insofar as the sort of representation
that was referred to as ‘an ontological model of an operational theory’ in prior work [139] also described
both ontological and epistemological aspects (even if these were scrambled somewhat), the term was
not ideal for those representations either. In retrospect, a better terminology would have been one that
signaled that both ontological and epistemological aspects were being described therein, just as the term
‘causal-inferential’ signals a description incorporating both causal and inferential elements.
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commutes, where the double line between the two copies of SubStoch is an extended equals
sign, and (ii) the preservation of ignorability
=
A ξ
ΛA

.

(6.189)

ΛA

We will sometimes refer to the classical realist representation map ξ as an F-S-representation
of P-S.
Note that ξ : P-S → F-S leaves inferential systems invariant. This can be derived from
preservation of predictions, as follows. Start with some inferential system X in the top
left of the commuting square (Eq. (6.188)). There are two paths to the bottom right: in
one direction, we map via the prediction map p to the same system X in SubStoch and
then we map via the equality to the same system X in the other copy of SubStoch; in the
other direction, we map using the classical realist representation ξ to ξX in F-S and then
map to SubStoch via the prediction map p∗ which leaves us with ξX . We then see that
the only way that the diagram can commute is if ξX = X.
The fact that we take a classical realist representation to be diagram-preserving is
an immediate consequence of our choice to take diagrams in an operational CI theory to
represent one’s hypothesis about the fundamental causal and inferential structure in the
given scenario. Since an ontological representation is meant to be the most fundamental
description of one’s scenario, it should respect this hypothesis, with the only difference being
that it will generally be a more fine-grained description (e.g., where laboratory procedures
are replaced by functional dynamics). We will leave to Appendix C.2 the reason behind our
choice to have operational CI diagrams represent fundamental structure, and we also show
therein that this choice does not limit the scope of possible classical realist representations
in our framework.
A particularly natural class of classical realist representations are those that can be
thought of simply as representing every state of knowledge about a procedure by a corresponding state of knowledge about the function that underlies it.16 Diagrammatically,
16
One might wonder whether this is sufficiently general given that for a procedure mapping system A
to system B, the variable ΛB might not be a function of ΛA alone but of ΛA together with some local
auxiliary variable Λ (whose value is drawn from some probability distribution). Such worries are unfounded,
however, since every value of Λ defines a function from ΛA to ΛB , and a probability distribution over this
value induces a probability distribution over the latter function.
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these are represented as
ΛB
AB AB B

ΛB
AB

=

Aξ
ΛA

ΞB
A

ΛAΛB

(6.190)

,
ΛA

where ΞB
A is stochastic. and satisfies a set of compositionality constraints in order for ξ to
be diagram-preserving, e.g.,
BC
AB

ΞC
B
ΞB
A

ΛBΛC
ΛAΛB

BC
ΛAΛC

=

AC
AB

ΞC
A

ΛAΛC

.

(6.191)

This class of classical realist representations is so natural, in fact, that one might even wish
to demand that a classical realist representation be defined by such a constraint, although
we have not done so here.
Whether it is part of the definition or not, it is often sufficient to focus on this class alone
because it turns out that every classical realist representation is inferentially equivalent to
one in this class.
Theorem 6.6.1. Any classical realist representation ξ satisfies
ΛB
AB AB B
Aξ
ΛA

ΛB
AB

∼p∗

ΞB
A

ΛAΛB

,

(6.192)

ΛA

where ΞB
A is a stochastic map taking states of knowledge about operational procedures to
states of knowledge about functional dynamics.
Proof. The proof is given in Appendix C.6.
Nonetheless, it is not clear whether or not all classical realist representations, as defined
in Definition 12, are of the form of Eq. (6.190). For example, classical realist representations
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of the form
ΛB
ΛB
AB AB B

AB

Λ Λ
ΞB A B
A

=

ΛA

(6.193)

Aξ
ΛA
ΛA

may be consistent with Definition 12, and appear to be more general than those of the form
of Eq. (6.190). Such models, however, seem to fail to satisfy an assumption of autonomy—
that the fundamental dynamics are independent of their inputs—and this may be grounds
for dismissing them as candidates for a classical realist representation. It remains to be seen
whether these can indeed be ruled out from our definition, or ruled out as a consequence of
some formal notion of autonomy (which one might consider adding to Definition 12).
The question of the existence of a classical realist representation of an operational CI
theory is closely connected to the pre-existing question of whether a given operational
theory violates Bell-like inequalities. We explore the connection in Section 6.7.1.

6.6.2

Classical realist representations of quotiented operational
CI theories

It is also useful to define classical realist representations of quotiented operational CI
theories.
g
Definition 13. A classical realist representation of a quotiented operational CI theory, P-S,
g → F-S
g,
g is a diagram-preserving map ξe : P-S
by a quotiented classical realist CI theory, F-S,
depicted as
ΛB
AB AB B
Aξe
ΛA
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,

(6.194)

satisfying (i) the preservation of predictions, namely that the diagram
e
p

g
P-S

SubStoch

g
F-S

(6.195)

,

ξe
e∗
p

SubStoch

commutes, where the double line between the two copies of SubStoch is an extended equals
sign, and (ii) the preservation of ignorability
=
A ξe
ΛA

∼p∗
ΛA

(6.196)

.

g → F-S
g as an F-Sg
We will sometime refer to the classical realist representation ξe : P-S
g
representation of P-S.

Representations of this sort are analogous to the simplex embedding maps introduced
in Ref. [262] in the context of prepare-measure scenarios. (These mapped the states and
effects of the GPT to probability distributions and response functions over the ontic state
space in an ontological theory.)
Proposition 1. The classical realist representation map ξe can be written as

AB AB

ΛB
B
∼p
A ξe
ΛA

ΛB

=

AB

ΞB
A

ΛAΛB

∼p∗

,

(6.197)

ΛA

where ΞB
A is a stochastic map taking states of knowledge about operational procedures to
states of knowledge about functional dynamics.
Proof. The proof is a direct adaptation of the proof of Theorem 6.6.1, but where the starting
point, Eq. (6.484), is modified by replacing the inferential equivalence with equality and
g as given by Corollary 6.5.7.1 , and where one uses the form
using the normal form for F-S
of Lemma C.1 which involves equality rather than inferential equivalence.
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6.6.3

Leibnizianity (formalized)

A natural methodological principle to impose on candidate realist explanations of operational
facts is the following [285]:
If an ontological theory implies the existence of two scenarios that are empirically indistinguishable in principle but ontologically distinct (where both
indistinguishability and distinctness are evaluated by the lights of the theory in
question), then the ontological theory should be rejected and replaced with one
relative to which the two scenarios are ontologically identical.
In Ref. [285], it is argued that this methodological principle was proposed by Leibniz as a
version of his principle of the identity of indiscernibles and that it was strongly endorsed (at
least implicitly) by Einstein. We shall refer to it here as Leibniz’s methodological principle.
Although this statement of Leibniz’s principle has been argued to motivate the standard
definition of generalized noncontextuality, it is necessary to consider an epistemological
generalization of Leibniz’s principle in order to motivate generalized noncontextuality in
the rehabilitated form that we will endorse below. Specifically, instead of concerning pairs
of scenarios that are empirically indistinguishable, the generalized principle concerns pairs
of processes in a causal-inferential theory (such as states of knowledge) that are equivalent
in the sense of allowing an agent to make precisely the same inferences. We formalize
the new version of the principle as a constraint on realist representations, which we term
Leibnizianity.
Definition 14 (Leibnizianity of a classical realist representation). A classical realist representation map ξ : P-S → F-S is said to be Leibnizian if it preserves inferential equivalence
relations. Otherwise, it is said to be nonLeibnizian.
More formally, a classical realist representation map ξ is Leibnizian if, for any pair of
inferentially equivalent processes D, E ∈ P-S, one has

D

∼p

E

=⇒

∼p∗

D
ξ

.

E

(6.198)

ξ

This means that if two processes lead one to make the same inferences when embedded
into any diagram within the operational CI theory, then their representations within the
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classical realist CI theory must be such that they lead one to make all the same inferences
when embedded into any diagram within the classical realist CI theory. As an example of
an application of the principle, Leibnizianity stipulates that inferentially equivalent states
of knowledge about experimental procedures must be represented by inferentially equivalent
states of knowledge about functional dynamics.
It is straightforward to verify from the definitions that an equivalent (process-theoretic)
characterization of Leibnizianity is the following.
Proposition 2. A classical realist representation ξ : P-S → F-S of the unquotiented
operational CI theory, is Leibnizian if and only if there exists a classical realist representation
g → F-S
g of the quotiented operational CI theory, such that the following diagram
ξe : P-S
commutes:
g
∼pP-S
ξe

P-S

g
ξ
∼p∗ F-S

(6.199)

.

F-S
We will ultimately be interested in contemplating the possibility of realist CI theories
that are nonclassical alternatives to F-S (see Sec. 6.9.4), so we will find it useful to sometimes
refer to a representation in terms of F-S as simply an F-S-representation. A given operational
CI theory may admit of both Leibnizian and nonLeibnizian F-S-representations. It will be
termed F-S-Leibnizian-representable if it admits of at least one Leibnizian F-S-representation.
e Whether the implication
We have just described the implication ∃ Leibnizian ξ =⇒ ∃ ξ.
∃ Leibnizian ξ ⇐= ∃ ξe holds remains an open question, but we conjecture that it does:

Conjecture 1. If a quotiented operational CI theory admits of a classical realist representation (as a quotiented classical realist CI theory), then the unquotiented operational CI theory
admits of a Leibnizian classical realist representation (as an unquotiented classical realist CI
g → F-S
g satisfying Definition 13, then
theory). More formally, if there exists a map ξe : P-S
there exists a map ξ : P-S → F-S satisfying Definition 12, and which makes the diagram of
Eq. (6.199) commute.

Hence, we have
∃ Leibnizian ξ
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?

⇐=
=⇒

e
∃ ξ.

(6.200)

Note that a classical realist representation ξe of a quotiented operational CI theory cannot
itself be said to be either Leibnizian or nonLeibnizian. This is because in quotiented CI
theories, there are no distinct but inferentially equivalent processes, for which one could
ask whether their representations are inferentially equivalent or not.
In Refs. [281, 285], it was argued that it is the plausibility of the Leibnizian methodological principle that accounts for the plausibility of the principle of generalized noncontextuality
defined in Ref. [281]. Indeed, our notion of Leibnizianity turns out to have a close connection
to the notion of generalized noncontextuality. We discuss this connection in Section 6.8.1.

6.6.4

Summary of the basic framework

The full set of process theories and DP maps that we have introduced can be summarized by
the following diagram (which is color-coded to match the intuitive schematic given further
down):
g
P-S
e
e

P-S
ξ

g
F-S
0

e
e

e0

Func

ei

e
p
ξe
i
SubStoch
p

e

Proc

∼p

F-S

.

(6.201)

∼p∗ ie0

e∗
p
i0
SubStoch
p∗

The top slice of this describes an operational CI theory (in blue) and its quotienting
(in green), while the bottom slice describes a classical realist CI theory (in red) and its
quotienting (in yellow). The unquotiented classical realist and operational CI theories
are constructed out of their respective causal theory (Func or Proc) together with the
classical theory of inference (SubStoch), which is common to both. The map ξ (if it
exists) constitutes a representation of an operational CI theory P-S by a classical realist
CI theory F-S, while the map ξe (if it exists) constitutes a representation of a quotiented
g by a quotiented classical realist CI theory F-S.
g If both ξ and ξe
operational CI theory P-S
exist and the square Eq. (6.199) commutes, then we say that ξ is a Leibnizian classical
realist representation.
Fig. (6.201) is summarized by the following schematic:
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The form of Diagram (6.201) might lead one to wonder about whether there ought to
be a diagram-preserving map from Proc to Func. One could define such a map, but it
would state that every procedure could be associated with a unique function acting on the
ontic states. As noted in Sec. 6.5.3, this is not what we expect of a classical realist model
of an operational theory, as laboratory procedures typically constitute a coarse-grained
description, and as such are not associated with a unique function, but rather a distribution
over these.
We refer the reader to Appendix C.1 for a discussion of prior work that is related to (or
provided inspiration for) our framework.

6.7
6.7.1

Bell-like no-go theorems
Bell-like inequalities as a consequence of assuming the existence of a classical realist representation

Consider a bipartite Bell experiment where X and Y denote the setting variables, and
A and B denote the outcome variables. Suppose one takes the causal structure of a Bell
experiment to be given by the following directed acyclic graph, or DAG, where the triangle
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depicts an unobserved common cause:
A

B

X

Y
(6.202)

.
This corresponds to the diagrams
A

X

B
S

A

and

S0

Y

X

B
Λ Λ0

(6.203)

,
Y

in Proc and Func respectively.
A priori, this assumption about causal structure of the Bell experiment is the natural
one. It is motivated by the idea that relativity implies no superluminal causation (not just
a prohibition on superluminal signals). We refer to it as the common-cause hypothesis [12,
256, 322] regarding the causal structure. In Section 6.7.2, we will consider alternatives to it.
What about the full causal-inferential structure? In P-S and F-S these are
A

B

µA

X
νA

A
µ0A

µB

S
σ

S0 Y

and
νA0

νB

B
µ0B

X

Λ
σ0

Λ0

Y

,

(6.204)

νB0

respectively, where we have allowed for arbitrary states of knowledge µA , µB , νA and νB , and
σ about the procedures (respectively µ0A , µ0B , νA0 and νB0 , and σ 0 about the functions), but
we have not allowed for any statistical dependencies between the identities of the procedures
(nor, therefore, between the identities of the functions). For instance, the factorization of
νA and σ (and hence of νA0 and σ 0 ) is motivated by the implausibility of nature conspiring
to ensure that the mechanism that sets the value of the setting variable is related to the
mechanism that fixes the value of the common cause. (This is related to superdeterminism,
discussed further in the next section.)
We now discuss how the causal-inferential hypotheses embodied in Eq. (6.204) constrain
the possible observations that can be made within the classical realist theory, as well as
those that can be made within a given operational theory.
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First, we consider the question of what joint distributions over X, Y, A and B can be
generated in the causal-inferential structure of Eq. (6.204) within the classical realist CI
theory F-S. These are given by the diagram
A
B
A
µ0A

B
µ0B

X
Λ

Λ

σ0

νA0

X
Y

Y

0

,

(6.205)

νB0

p∗

where one ranges over arbitrary sets Λ and Λ0 and probability distributions σ 0 , µ0A , µ0B ,
νA0 , and νB0 . We refer to any distribution that arises in this way as F-S-realizable. The
constraints that pick out the set of F-S-realizable distributions generally come in the form
of both equalities and inequalities, and we will term these F-S-compatibility constraints. In
particular, inequality constraints will be termed F-S-compatibility inequalities.
Within our framework, the Bell inequalities (e.g., the Clauser-Horne-Shimony-Holte
inequalities for the case where X, Y, A and B are binary) are examples of F-S-compatibility
inequalities for the causal-inferential structure of Eq. (6.204) (which, as noted earlier, is
the natural choice for the Bell experiment).
Next, we turn to the question of what joint distributions over X, Y, A and B can be
generated in the causal-inferential structure of Eq. (6.204) within an operational CI theory
P-S. These are given by the diagram
A
B
A

B

µA

µB

X
Y

X
S
νA

S

σ

Y

0

,

(6.206)

νB

p

where one ranges over arbitrary systems S and S 0 in P-S and probability distributions σ, µA ,
µB , νA , and νB . Note that the set of distributions that can be obtained in this way depends
on the prediction map p of P-S, and so will vary from one operational CI theory to the next.
We refer to any distribution that can arise in this way within an operational CI theory P-S
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as P-S-realizable. The constraints that pick out the set of P-S-realizable distributions will
be termed P-S-compatibility constraints. In particular, any inequality constraints will be
termed P-S-compatibility inequalities.
For the case of quantum theory, considered as the operational CI theory PQ-S introduced
in Section 6.4.1, the well-known Tsirelson inequalities [74] are examples of PQ-S-compatibility
inequalities for the causal-inferential structure of Eq. (6.204).
If a classical realist representation as in Theorem 6.6.1 exists for a given operational
theory P-S, it follows that every distribution that is P-S-realizable is also F-S-realizable. Thus,
for a given operational CI theory P-S to admit of a classical realist representation, it must
be the case that the set of P-S-realizable distributions for any possible causal-inferential
structure is included in the F-S-realizable distributions for the same causal-inferential
structure.
For the case of quantum theory, there exist distributions [44] that satisfy the Tsirelson
inequalities but violate the Bell inequalities, i.e., that are PQ-S-compatible but not F-Scompatible with the causal-inferential structure of Eq. (6.204). It follows that the set of
PQ-S-realizable distributions is not included in the set of F-S-realizable distributions, and
consequently that PQ-S does not admit of a classical realist representation.
This is how Bell’s theorem is conceptualized in our framework.
When Bell’s theorem is conceptualized in this way, it is found to have counterparts in
causal structures distinct from that of the Bell scenario. For instance, recent work has
demonstrated that for the triangle scenario [104, 106, 236, 323], whose DAG and associated
diagram in Proc are
Z

X

Y

Z

,
X

(6.207)

Y

there is a gap between what is realizable in a causal model where some common causes can
be quantum and what is realizable in a causal model where all common causes are classical.
A similar result has been shown for the instrumental scenario [63, 307] , whose DAG and
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associated diagram in Proc are
Z

Z

Y

Y

.

(6.208)

X
X

These new Bell-like no-go theorems are subsumed in our framework as proofs of the
impossibility of a classical realist CI representation based on the correlations predicted
by quantum theory for these causal scenarios. The counterpart within our framework to
realizability by a quantum causal model [12, 29, 106, 142, 321, 323] is PQ-S-realizability,
while the counterpart within our framework to realizability by a classical causal model
is F-S-realizability. Thus, the counterpart to these no-go theorems is that for each of
these causal structures, one can find distributions over the observed variables that are
PQ-S-realizable, but not F-S-realizable.

6.7.2

The conventional ways out of Bell-like no-go theorems

We now describe the standard responses to Bell-like no-go theorems, focusing on the specific
case of Bell’s theorem (rather than those based on, e.g., the instrumental or triangle
scenarios).
A common attitude towards Bell’s theorem is that it demonstrates that realism must be
abandoned (at least in the quantum sphere) hence vindicating an operationalist philosophy
of science. As discussed in the introduction, we take the key distinction between a realist
and a purely operational account of statistical correlations to be whether or not these
accounts provide a causal explanation of the correlations. We believe that any philosophy
of science that is antirealist in this sense—namely, which denies the possibility of a causal
explanation of statistical correlations—is unsatisfactory. Furthermore, given the possibility
(which we will introduce in Section 6.9) for nonclassical realist representations that modify
the notions of causation and inference used in one’s causal explanation, we are certainly
not persuaded by any claim that the standard no-go theorems necessitate a retreat from
realism in the quantum sphere. For these reasons, we are here interested in reviewing the
standard ways of maintaining realism in the face of Bell’s theorem, in order to contrast
them with the way we propose to do so.
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For those unwilling to compromise on realism, the conventional way out is to deny the
natural causal-inferential hypothesis of Eq. (6.204). They assume therefore that a radical
causal-inferential hypothesis underpins the correlations observed in a Bell scenario. In this
case, the existence of a classical realist representation does not imply satisfaction of the
Bell inequalities, and thus violations of Bell inequalities no longer imply a challenge to
the possibility of such a representation. We now describe the two most common positions
about the nature of the radical causal hypotheses.
The hypothesis that a proponent of superluminal causation endorses. Those
who see superluminal17 causation as the way out of Bell’s theorem take the causal structure
of a Bell experiment to be one that allows for causal influences between the wings, even
when these are space-like separated. As an example, this influence might be between the
setting on the left wing and the outcome of the right, a causal hypothesis that is depicted
by the following DAG, or equivalently, by the following circuit diagram:
B

A

A

B
Y

Y

(6.209)

.

X
X

The hypothesis that a proponent of superdeterminism endorses. Those who
see superdeterminism as the way out of Bell’s theorem take there to be some statistical
dependence between a setting variable, say X, and the common cause of the outcomes.
This assumption could be encoded in either the causal or the inferential structure. We
here opt to encode it as the assumption that X and the common cause of the outcomes
are not causally disconnected. This assumption can be depicted by the following DAG, or
equivalently, by the following circuit diagram:
A

A
X

B
Y

17

X

B
Y

.

(6.210)

Formally describing the distinction between sub- versus superluminality motivates a minor extension of
our framework in which systems come equipped with spatiotemporal labels. We leave this for future work.
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At this stage, we would like to head off a possible confusion. Because it is customary
within pre-existing operational frameworks to use the standard quantum circuit of Eq. (6.203)
as the diagram representing the Bell experiment, it might seem that a proponent of a
radical causal hypothesis must be contemplating a realist representation that fails to be
diagram-preserving, and thus it might seem that our framework, which assumes diagram
preservation, cannot do justice to their view. However, as noted previously and elaborated
on in Appendix C.2, our framework stipulates that the diagram representing a given scenario
in the causal subtheory of an operational CI theory is a representation of one’s hypothesis
about the fundamental causal structure, and hence need not correspond to the standard
quantum circuit of Eq. (6.203). As such, researchers with different realist worldviews,
faced with the same experimental scenario and observed statistics, might model these
differently within the framework of operational causal-inferential theories. For example, the
representation of a Bell scenario within a quantum operational CI theory will be constrained
by the causal structure of Eq. (6.209) by a proponent of superluminal causation, but will
be constrained by the causal structure of Eq. (6.210) by a proponent of superdeterminism.
(Furthermore, the manner by which such researchers would formalize quantum theory as an
operational CI theory will not be the one described in Section 6.4.1.)
Criticisms of the conventional ways out of Bell-like no-go theorems
We now discuss various reasons why we view these conventional responses to Bell-like no-go
theorems as unsatisfactory.
The following are grounds for rejecting the causal-inferential hypothesis of the proponent
of superluminal causation:
• superluminal causal influences are in tension with the spirit of relativity theory (even if
these influences are constrained in such a way as to be consistent with the impossibility
of superluminal signals)
• superluminal causal influences that are constrained in such a way as to be consistent
with the impossibility of superluminal signals violate the principle of no fine-tuning
(defined in Section 6.10.2). [324].
Meanwhile, the following are grounds for rejecting the causal-inferential hypothesis of
the proponent of superdeterminism:
• for any of the various mechanisms that could determine the value of the setting
variables (an agent’s free choice, a random number generator, a hash of the day’s
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stock prices, etcetera), it is implausible that it would be related to the mechanism
that determines the common cause of the outcome variables insofar as this would
require a kind of conspiracy of causal determinations
• the fact that any such nontrivial statistical associations between a setting variable
and the common cause of the outcome variables must be constrained to be consistent
with the observed lack of any statistical assocation between that setting variable and
the outcome variable at the opposite wing of the experiment implies violation of the
principle of no fine-tuning [324].
In fact, in Ref. [324] it was shown that every causal hypothesis that can realize the
distributions predicted by quantum theory (i.e., Bell-inequality-violating distributions) using
a classical causal model (i.e., via F-S) implies a violation of the principle of no fine-tuning.
We take these arguments to be good grounds for rejecting the idea of explaining
correlations in Bell scenarios via a radical causal-inferential hypothesis together with a
classical realist representation.
Even if one rejects the principle of no fine-tuning, standard tools of model selection
(which are sensitive not just to underfitting but overfitting as well) can adjudicate between
various hypotheses regarding the right way to operationally model the Bell experiment, and
these also rule against a radical causal hypothesis [91].
The no-fine-tuning arguments just given apply equally well to no-go theorems based on
causal structures beyond Bell scenarios, e.g., the instrumental and triangle scenarios. That
is, one can attempt to resolve the contradiction in each of these cases by hypothesizing that
the causal structure is in fact distinct from that depicted in Eq. (6.207) and Eq. (6.208).
Such resolutions, however, also generally suffer from a fine-tuning objection insofar as the
set of distributions that are PQ-S-realizable for the original causal structure often have
measure zero within the set of distributions that are F-S-realizable for the radical causal
structure, and they will in some instances also require superluminal causation.
Insofar as these conventional ways out of Bell’s theorem require radical causal-inferential
assumptions with the aforementioned undesirable features, the natural question becomes:
does there remain any recourse for achieving a realist causal-inferential representation of
quantum theory without these unappealing features? In Section 6.9, we outline a research
program for achieving realism while preserving the conservative causal-inferential hypothesis,
by allowing for intrinsically nonclassical notions of influence and inference.
Before coming to this, however, we discuss how no-go theorems based on the principle
of noncontextuality appear within our framework.
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6.8
6.8.1

Noncontextuality no-go theorems
Generalized noncontextuality (rehabilitated)

The pre-existing notion of generalized noncontextuality [281] is framed as a constraint
on ontological models of operational theories and can be summarized as “operationally
equivalent procedures must be represented identically in the ontological theory”. However,
our framework has refined the traditional notions of ontological theories and of operational
theories, and the notion of operational equivalence of procedures has been replaced by
inferential equivalence of states of knowledge about procedures. The notion of generalized
noncontextuality must therefore be refined accordingly.
Generalized noncontextuality is a principle that constrains a classical realist representation map, but it is not the map ξ that we have been focused on so far. Rather, it is a
g from the unquotiented operational CI theory P-S to the
constraint on a map ζ : P-S → F-S
g The fact that this is a map across the unquotientedquotiented classical realist CI theory F-S.
quotiented divide, means that this specific sort of classical realist representation is less
fundamental than the map ξ. Nonetheless, it is useful to introduce this map as a formal
tool, e.g., in order to make connections to existing literature. Paralleling Definitions 12 and
13, we define ζ as follows:
Definition 15. A classical realist representation of an unquotiented operational CI theg is a diagram-preserving map
ory, P-S, by a quotiented classical realist CI theory, F-S,
g satisfying (i) the preservation of predictions, namely that the diagram
ζ : P-S → F-S
p

P-S

SubStoch
,

ζ
g
F-S

e∗
p

(6.211)

SubStoch

commutes, where the double line between the two copies of SubStoch is an extended equals
sign, and (ii) the preservation of ignorability
=
A ζ
ΛA
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∼p∗
ΛA

.

(6.212)

g as an F-Sg
We will sometimes refer to the classical realist representation ζ : P-S → F-S
representation of P-S.

Adding the ζ map to the diagram relating P-S, F-S, and their quotiented counterparts
yields
g
∼pP-S
e
P-S ζ ξ
g
ξ
∼p∗ F-S

.

(6.213)

F-S
Note that the ζ map is the closest counterpart in our framework to the pre-existing
notion of an ontological model of an operational theory [139].
It follows that the closest counterpart in our framework to the pre-existing notion of a
generalized-noncontextual ontological model is that of a generalized-noncontextual classical
realist representation of this sort. This can be defined in terms of the formal notion of
Leibnizianity introduced in Definition 14, but applied to ζ (rather than ξ):
Definition 16 (Generalized-noncontextual classical realist representation). The classig is generalized-noncontextual if it preserves
cal realist representation map ζ : P-S → F-S
inferential equivalence relations.

In the case of a single causally closed process, this can be summarized as “inferentially
equivalent states of knowledge about experimental procedures must be represented by the
same stochastic map.”
We now give an equivalent (process-theoretic) characterization of a generalized-noncontextual
classical realist representation, in analogy to Proposition 2.
g is generalized-noncontextual
Proposition 3. A classical realist representation map ζ : P-S → F-S
if and only if there exists a map ξe as defined in Definition 13 such that the upper right
e ∼ .
triangle in Eq. (6.213) commutes, implying that the map ζ can be factored as ξ◦
p
e then there exists a generalized-noncontextual
It follows that if there exists a map ξ,
e ∼ ). In fact, the opposite implication holds as well because the
map ζ (namely ζ = ξ◦
p
claim that ζ is generalized-noncontextual means by definition that there exists a map ξe
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such that the upper right triangle in Eq. (6.213) commutes. We can therefore summarize
the relationship as follows:
∃ generalized-noncontextual ζ

⇐⇒

e
∃ ξ.

(6.214)

Note that insofar as a quotiented operational CI theory subsumes the notion of a GPT,
this fact is the analogue, for the rehabilitated version of generalized noncontextuality of
Proposition 1 of Ref. [260], which asserts that an operational theory admits of a generalizednoncontextual ontological model if and only if the GPT defined by it admits of an ontological
model.
To re-emphasize a point made in Ref. [260], a quotiented operational CI theory is not the
sort of thing that can be either generalized-noncontextual or generalized-contextual because
information about context is precisely what is eliminated by the quotienting operation.
In other words, it is a category mistake to ask whether ξe is generalized-noncontextual or
not. Thus, for any experiment that does not support a Bell-like no-go theorem but does
support a noncontextuality no-go theorem, its model within P-S is always consistent with
some classical realist representation ξ given the representational freedom that is afforded
g however, might not admit of any classical
by context-dependence. Its model within P-S,
realist representation.
Old proofs of the failure of generalized noncontextuality will imply proofs of the failure
of the rehabilitated version of generalized noncontextuality, since all that has changed is
how one conceptualizes the mathematics. This is particularly clear given Eq. (6.214) and
the close connection between the question of the existence of a ξe map in our framework
and the question of whether a given GPT model of an experiment admits of an ontological
model.
In previous work, generalized noncontextuality was defined case-by-case for various
types of procedures (e.g. preparations, measurements, transformations [281], and instruments [228, 231, 260]), and it was then stipulated that the natural assumption of generalized
noncontextuality is the universal version of this assumption, meaning for all types of procedures. In contrast, our process-theoretic characterization of generalized noncontextuality
applies to all types of experimental procedures including more exotic processes such as
combs and circuit fragments with arbitrary causal structure, and therefore is a universal
notion from the get-go.
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6.8.2

Failures of generalized noncontextuality imply failures of
Leibnizianity

We now discuss the relation between the rehabilitated notion of generalized noncontextuality
and the notion of Leibnizianity.
While the rehabilitated notion of generalized noncontextuality is a principle that constrains the representation map ζ, the notion of Leibnizianity is a principle that constrains
the representation map ξ. It is like generalized noncontextuality insofar as it can be defined
in terms of the commutation of the diagram, but it cannot be understood as a notion of
independence on context, as we now explain.
We begin by defining the notion of context that is at play in the notion of generalized
noncontextuality. For any process within a CI theory, its context is the information that
determines which element of an inferential equivalence class of processes it is—that is, it
is information about a process that is irrelevant for making predictions. Note that both
operational CI theories and classical realist CI theories have nontrivial contexts: in either
case, a full specification of a state of knowledge over the relevant causal processes describes
both the equivalence class and the context of a procedure. An explicit example of two
processes in P-S that are in the same inferential equivalence class but which differ by context
is given by the two states of knowledge about operational procedures described in Eq. (6.151).
An explicit example of two processes in F-S that are in the same inferential equivalence class
but which differ by context is given by the two states of knowledge about functions described
in Eq. (6.179). In this language, what Leibnizianity demands is that an operational process’s
context can only determine the context of its image under the realist representation map,
not the inferential equivalence class of its image under the realist representation map. Even
when a given representation map ξ satisfies this condition, the context of an operational
process’s image under ξ can depend on the context of the operational process, and hence,
it would be inappropriate to call the map ‘context-independent’ or ‘noncontextual’. Thus,
the inapplicability of the term ‘noncontextual’ for describing the relevant constraint on the
representation map ξ is seen to be a consequence of the fact that the fundamental notion
of a realist CI theory is an unquotiented one, which has contexts.
In contrast, the realist representation map ζ has contexts in its domain but not its
co-domain, so that what Leibnizianity demands in this case is that an operational process’s
context cannot determine anything about its image under ζ. Thus, a map ζ can be either
generalized-noncontextual or generalized-contextual, depending on whether or not the image
of an operational process under this map is independent of the context of the operational
process.
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We turn now to the formal relationships between the two notions. Combining Eq. (6.200)
and Eq. (6.214), we infer that
?
e
∃ Leibnizian ξ ⇐=
=⇒ ∃ gen.-noncontextual ζ ⇐⇒ ∃ ξ.

(6.215)

Accordingly, Conjecture 1 can be reformulated as follows:
Conjecture 2. If an operational CI theory admits of a generalized-noncontextual classical
realist representation as a quotiented classical realist CI theory, then it admits of a Leibnizian
classical realist representation as an unquotiented classical realist CI theory. More formally,
g satisfying Definition 15 and which makes the upper
if there exists a map ζ : P-S → F-S
right triangle in the diagram of (6.213) commute, then there exists a map ξ : P-S → F-S
satisfying Definition 12 and which makes the square in the diagram of (6.213) commute.
The existence of a Leibnizian classical realist representation ξ implies the existence
of a generalized-noncontextual classical realist representation ζ. Contrapositively, the
nonexistence of such a ζ implies the nonexistence of such a ξ, and therefore every nogo theorem for generalized-noncontextual classical realist representations yields a no-go
theorem for Leibnizian classical realist representations.
What about implications in the other direction? If Conjecture 2 is false, then there may
be proofs of the impossibility of a Leibnizian classical realist representation that are not
proofs of the impossibility of a generalized-noncontextual classical realist representation.
In this case, there may be novel no-go theorems for classical realist representations of
operational quantum theory. By contrast, if the conjecture is true, then every no-go theorem
based on Leibnizianity yields a no-go theorem based on generalized noncontextuality.

6.8.3

Reframing the standard no-go theorem for generalized noncontextuality

To illustrate how the notion of noncontextuality appears in our framework, we consider a
simple prepare-measure scenario. Let the setting variable for the measurement be denoted
by Y and the outcome be denoted by B. In many discussions of noncontextuality, the
preparation device is imagined to have just a setting variable. In order to achieve more
symmetry between the preparation device and the measurement device, however, it is
convenient to consider a preparation device that has not only a setting variable, but an
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outcome as well [171]. We denote the setting by X and the outcome by A. The causal
structure of a prepare-measure is presumed to be the following
B

B

Y

Y
S

and

A

(6.216)

Λ
A

X

X

where we have shown the representations in Proc and Func respectively.
The full causal-inferential structure is represented as follows in P-S and F-S respectively:
B

µM
νM

Y

0
νM

S

µP
νP

B

µ0M

Y

and

A

Λ

µ0P

X

νP0

(6.217)

A
X

where we have allowed for arbitrary states of knowledge µP , µM , νP , and νM about the
0
procedures (respectively µ0P , µ0M , νP0 , and νM
about the functions),
The P-S-realizable joint distributions over X, Y, A and B for the causal-inferential
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structure of Eq. (6.217) are those given by the diagram
B
B

µM
νM

Y
Y

(6.218)

S
A
A

µP
νP

X
X
p

where one ranges over arbitrary system S in P-S and probability distributions µP , µM , νP ,
and νM .
The F-S-realizable distributions over X, Y, A and B are those given by
B
B

µ0M
0
νM

Y
Y

(6.219)

Λ
A
µ0P
νP0

A
X
X
p∗

0
where one ranges over an arbitrary set Λ and probability distributions µ0P , µ0M , νP0 , and νM
.

It turns out that for this causal-inferential structure, the only restrictions on F-Srealizable distributions over X, Y, A and B are that X and Y must be independent and
that A and Y are independent. So there is no opportunity for a Bell-like no-go result for
this causal-inferential structure.
Nonetheless, one can prove a noncontextuality no-go result in such structures. The
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reason is that proving a noncontextuality no-go is not about proving the impossibility of an
F-S-representation of P-S, as is the case for proving a Bell no-go result. Rather, it is about
proving the impossibility of finding an F-S-representation of P-S that is Leibnizian, as given
in Definition 14.
In the case of quantum theory, that is, PQ-S, one can prove such a result using the
causal-inferential structure of (6.219), by leveraging no-go theorems for generalized noncontextuality in prepare-measure scenarios. One can of course also consider the consequences
of Leibnizianity for scenarios beyond the prepare-measure variety.
g
Whether an operational theory P-S admits of a generalized-noncontextual F-S-representation
coincides with several pre-existing notions of classical explainability. This follows from
g
the fact that the existence of a generalized-noncontextual F-S-representation
of P-S implies
g
g
the existence of an F-S-representation of P-S and the latter coincides with the following two notions of classical explainability: simplex-embeddability of the GPT describing
prepare-measure experiments [262, 272] and the existence of a positive quasiprobability
representation of the GPT [103, 260, 283].

Additionally, an operational theory P-S that fails to admit of a generalized-noncontextual
classical realist representation provides advantages for information processing relative to
those that do admit of such a representation [14, 60, 144, 154, 191, 192, 234, 248, 249, 255,
263, 286]. This bolsters the notion that failing to admit of a generalized-noncontextual
g
F-S-representation
is a good notion of nonclassicality.
In light of the relationships proven above between Leibnizianity and generalized noncontextuality, each of these results concerning generalized noncontextuality can be repurposed
as a motivation for assuming that the existence of a Leibnizian F-S-representation is a good
notion of classicality for an operational CI theory P-S.
To summarize, our framework yields a new perspective on the relationship between Belllike and noncontextuality (or Leibnizianity) no-go theorems. Both types of no-go theorems
concern the representability of an operational CI theory P-S in terms of a classical realist
CI theory F-S. A Bell-like no-go theorem is a demonstration that there does not exist any
classical realist representation map ξ : P-S → F-S as in Definition 12. A noncontextuality
no-go theorem, on the other hand, is a demonstration that there does not exist such
a map that is Leibnizian—that is, one wherein the inferential equivalence relations are
preserved, as in Definition 14. Hence we see that Bell-like no-go theorems are based on a
weaker assumption. Nonetheless, in our view, the stronger assumption of Leibnizianity is
just as plausible. Furthermore, noncontextuality no-go theorems have greater breadth of
applicability than their Bell-like counterparts since they can be proven for a broader set of
causal-inferential structures—even those involving just a single causal system.
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6.8.4

The conventional way out of noncontextuality no-go theorems

What is the conventional response to the lack of the existence of a generalized-noncontextual
classical realist representation ζ of quantum theory, considered as the operational CI theory
PQ-S? (Or equivalently, to the lack of the existence of a classical realist representation ξe of
quantum theory, considered as the quotiented operational CI theory Pg
Q-S?) For those who
are unwilling to compromise on the standard notion of a realist representation, the typical
response is to endorse a failure of generalized noncontextuality.
Endorsing such a failure requires a renouncement of Leibnizianity. Thus, to anyone who
is committed to Leibniz’s principle, this ‘way out’ of the no-go results will be unappealing.
There is, however, the possibility of an alternative to the conventional response, one
that aims to salvage Leibnizianity within a realist representation. The idea is the one
already noted at the end of Section 6.7.2, namely, to underlie operational quantum theory
with a realist causal-inferential theory wherein the causal and inferential components are
intrinsically nonclassical. The next sections take up this research program.

6.9

Beyond classical realism

In the conclusions of the last two sections, we criticized the conventional ways out of
Bell-like and noncontextuality no-go theorems on the grounds that the price they must
pay to salvage the standard notion of realism—violating the principle of no-superluminal
causation, violating the principle of no fine-tuning, and abandoning the Leibnizian methodological principle—is too high. We also noted that this motivates a new type of research
program, wherein one seeks to salvage these principles by considering novel notions of realist
representations wherein the causal and inferential components thereof become intrinsically
nonclassical. The hope is that a realist causal-inferential theory of this type will have
enough in common with its classical counterpart that a representation in terms of it can
nonetheless be judged to provide satisfactory explanations of the operational phenomena.
(In previous work, this idea has been described as ‘achieving realism while going beyond
the standard ontological models framework’ [284].) Up until now, the constraints that
such a representation must satisfy have been articulated only vaguely, if at all. The framework of causal-inferential theories allows us to say much more about the nature of such a
representation and hence about how to further this research program.
Suppose that a nonclassical analogue of Func is denoted XFunc and a nonclassical
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analogue of SubStoch is denoted XSubStoch and that the nonclassical realist causalinferential theory defined by the interaction of these is denoted XF-XS. We have:
e0

XFunc

XF-XS

i0
p∗

XSubStoch ,

(6.220)

where the maps e0 , i0 and p∗ play the same roles that they do in F-S.
The question becomes: what properties must the causal-inferential theory XF-XS have
in order to be considered realist, that is, such that representability in terms of such a theory
can be considered to provide a causal explanation of the observed correlations? These
properties will help to identify what alternatives there might be to representing physical
systems by sets, propositions about these by subsets, states of knowledge by distributions
over a set and causal determination by functions from one set to another.
Here, some readers might worry that all such alternatives should be ruled out by the very
meanings of the terms in question: might it be that one cannot even speak about systems,
logical propositions and states of knowledge about systems, and causal influences among
systems, unless systems are described by sets, propositions by subsets, states of knowledge
by distributions, and causal determination by functions? In short, some might argue that
the definitions of notions of inference and causation are analytic, and therefore immune
to revision. But this is not the case, a point we make by an analogy with nonEuclidean
geometry.
The idea is that a putative nonclassical realist causal-inferential theory XF-XS will stand
to the classical realist causal-inferential theory F-S as a nonEuclidean geometry stands to
Euclidean geometry.18 Just as the meanings of the terms ‘point’ and ‘line’ in a nonEuclidean
geometry are determined from the axioms of that geometry rather than corresponding
to the common-sense notions, so too will the meaning of various causal and inferential
concepts within a given nonclassical realist causal-inferential theory XF-XS be determined
by the specific axioms of that process theory (i.e., the diagrammatic rewrite rules) rather
than corresponding to the conventional ones. In this sense, we are embracing the attitude
towards mathematical structure that is characteristic of category theory and that contrasts
with the attitude of set theory wherein everything is built up from concepts concerning
sets. In particular, the fact that systems in a nonclassical realist causal-inferential theory
are not associated with sets does not imply that such systems cannot be the locus of
18

Hilary Putnam famously used this analogy to describe how a quantum logic ought to be conceptualized
relative to classical logic [232]. We are simply extending the analogy to describe how probabilistic inference
and causal influence ought to be conceptualized as well.
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causal influences or the subject of propositions and states of knowledge. Note that the
attitude towards scientific realism that such a research program presumes is cognate with
the philosophical position of structural realism [172].
Any attempt to provide a nonclassical generalization of the notions of causation and
inference, however, is highly constrained insofar as it will need to preserve those features
of these notions which one judges to be essential. These constraints are the analogue of
constraints on nonEuclidean geometries that arise from what one takes to be essential to the
notions of ‘point’ and ‘line’. They are constraints on the process theory which, if violated,
might well lead one to question whether the theory really is describing causal influences
and inferences after all. Note that there is no way to be certain about the appropriateness
of such constraints a priori, because without concrete modification of the classical theory
having been proposed and shown to be coherent and useful, it is difficult to know which of
the features of the classical theory are essential.

6.9.1

Constraints a causal-inferential theory must satisfy to be
considered realist

Given that we have distinguished the notions of operational and realist causal-inferential
theories, it is clear that (in our view) a generic causal-inferential theory—in particular an
operational CI theory—does not contain enough structure to be deemed worthy of the title
‘realist’. While an operational CI theory can predict observations, it does not itself provide
a realist explanation of those predictions. Thus, we do not consider P-S to be an instance
of XF-XS. In this section, we highlight the additional structure possessed by a classical
realist CI theory F-S over and above that possessed by an operational CI theory P-S. This
structure helps to identify the properties one should demand of a causal-inferential theory
XFunc in order that it be deemed ‘realist’.
Because P-S and F-S are built out of the same inferential subtheory, SubStoch, the
contrast between them reduces to the contrast between the causal subtheories out of which
they are built, Proc and Func respectively, and to differences in how these interact with
SubStoch.
In Func, aspects of the causal structure are encoded not just in the shape of the circuit
but also in the identities of the functions. For example, if a process corresponds to a
function that is independent of its argument, then there is no causal connection between
the input and the output of that process. In other words, the function associated with some
process specifies the causal structure internal to the process.
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In Proc, on the other hand, the internal structure of a process is not specified. A given
process does not necessarily even have a causal influence from its inputs to its outputs—it
is only that there is potential for such a causal influence. Some information about the
internal causal structure may be inferred from the image of this process under the prediction
map, but this does not generally provide a full specification of the internal causal structure
of the processes (e.g., we saw in Section 6.5.1 that inferentially equivalent processes can
correspond to different causal structures).
To summarize, Proc encodes potential causal influences, while Func encodes actual
causal influences. What we have termed a causal theory is meant as an umbrella for these
two notions.19
Formally, the issue is that the interpretation of processes in a process theory is derived
primarily from their interactions with other processes—through the nontrivial equalities
that involve them. But Proc is a free process theory, with no nontrivial equalities; hence,
processes in Proc have an interpretation that is impoverished relative to those in Func.
Thus a first criterion for a CI theory to be deemed realist is the following:
1. The causal subtheory of the CI theory must have enough nontrivial equalities such
that its processes represent actual causal influences rather than potential causal
influences.
The exact formalization of this remains to be determined, but we give constraints on how
to do so later in this section. A minimal requirement is that XFunc is not a free process
theory.
We now turn to a comparison of the interaction between Proc and SubStoch and
the interaction between Func and SubStoch.
Func and SubStoch exhibit strong forms of interaction. For example, one can define
propositions about (or equivalently, directly gain information about) any causal system
in F-S, since the generator in Eq. (6.124) is defined for all systems in a classical realist CI
theory. In contrast, the interaction between Proc and SubStoch is very limited, insofar
as one cannot define propositions about (or directly learn information about) any systems
that are nonclassical. This leads to our next criterion for a CI theory to be deemed realist:
19

It is worth noting that the assumption of diagram-preservation for the classical realist representation ξ
ensures the preservation of the structure of potential causal influences, not that of actual causal influences.
That is, if there is no potential causal influence between a pair of systems in some given diagram of Proc,
then the image of this diagram under ξ must be such that there is no actual causal influence between these
in Func. If, however, there is a potential causal influence between a pair of systems in some given diagram
of Proc, then there may or may not be an actual causal influence between these in Func.
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2. Propositions must be able to attach to all systems in the CI theory.
Formally, the fact that F-S satisfies this criterion has important consequences. Chiefly, it
is a prerequisite for one to introduce the equality Eq. (6.128), which allows the translation
of a proposition about the output of a causal mechanism into a proposition about its input
and the identity of the mechanism.
By contrast, there is no equality analogous to Eq. (6.128) in operational CI theories.
Specifying states of knowledge about the causal processes in an operational CI theory does
not yield statistical predictions until one specifies a prediction map. Indeed, nearly all
of the non-generic features of an operational CI theory are buried within the choice of
prediction map.20
We therefore elevate this feature into a criterion of its own:
3. It should be possible to propagate knowledge claims through any causal mechanism.
Formally, there must exist an analogue of Eq. (6.128).
This last criterion is central to the idea of a realist causal-inferential theory. A commitment to realism means that the systems can mediate causal influences, and that one
can understand every valid inference as a consequence of knowledge propagation through
these causal mediaries. In particular, if it is the existence of a causal pathway between two
variables that accounts for the inferences that can be made between these, then it must
be possible to understand these inferences as decomposable into a sequence of inferences,
stepping through systems along the causal pathway. For example, in a Bell scenario (as
in Diagram (6.206)), updating one’s knowledge of the outcome at the left wing, A (which
depends on background knowledge about X), leads to an updating of one’s knowledge of
the outcome on the right wing, B (which depends on background knowledge about Y ), via
the mediary of systems S and S 0 . Specifically, updating one’s knowledge of A leads to an
updating of one’s knowledge of S, which in turn leads to an updating of one’s knowledge of
S 0 , which in turn leads to an updating of one’s knowledge of B. The ability of systems to
encode information and to be mediaries in a sequence of refinements of knowledge is key,
we argue, for a given theory to be described as realist.
The equality in Eq. (6.128) leads to a great deal of the structure of F-S and ultimately to
the uniqueness of the prediction map, as in Theorem 6.4.3. It seems an essential part of any
20

Note that if an operational CI theory P-S does admit of a classical realist representation in terms of
F-S, then this representation serves to provide an explanation for the prediction map of P-S in terms of the
unique prediction map of F-S and the representation map ξ.
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fundamental theory of nature that the predictions one makes should be uniquely determined
by a complete causal-inferential description of one’s scenario within that fundamental
theory.
Hence, we have another criterion for a CI theory to be deemed realist:
4. The CI theory must have a unique prediction map.
Our final criterion for a CI theory to be deemed realist also relies on the fact that one
can attach propositions to any system, as per Criterion 2. Recall that two processes are
inferentially equivalent if no matter in what causally-closed circuit they are embedded,
they lead one to make the same predictions concerning the classical variables that are the
(inferential) inputs and outputs of that circuit. This is an ‘external’ characterization of
inferential equivalence. Within a classical realist theory, Lemma 6.5.6 showed that there is
a second equivalent characterization of inferential equivalence that is ‘intrinsically’ defined.
This intrinsic characterization hinges on a particular mapping, Eq. (6.176), from arbitrary
processes in F-S to processes in SubStoch. This allowed us to characterize the inferential
equivalence of processes in F-S via the stochastic maps that naturally describe the intrinsic
relationship between the causal and inferential inputs and outputs of the process, without
reference to external scenarios involving the process.
If Criterion 2 is satisfied within a nonclassical realist theory, then one can also define
a mapping analogous to that in Eq. (6.176), where the mapping takes every process D
in XF-XS to a related process in XSubStoch, such that the latter provides an intrinsic
description of inferences from the causal and inferential inputs of D to the causal and
inferential outputs of D. These are analogous to the stochastic maps just described in the
case of classical realist theories. The criterion, then, is that one can define this intrinsic
characterization of inferential equivalence, and that it furthermore be equivalent to the
external characterization:
5. Two arbitrary processes in a CI theory are inferentially equivalent if and only if the
external and intrinsic characterizations of inferential equivalence coincide. Formally,
there must exist an analogue of Eq. (6.176) and Lemma 6.5.6.
The challenge moving forward, then, is to find mathematical structures XFunc and
XSubStoch that respect all of the desiderata required for a CI theory to be deemed realist.
Concepts that should have analogues in any realist theory— One expects any
putative nonclassical theory of causation to contain analogues of most, if not all, of the
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standard notions that arise in the framework of classical causal models: common causes,
causal mediaries, d-separation, evaluation of counterfactuals, etcetera. Preliminary work
towards establishing how the evaluation of counterfactuals is formally achieved within F-S
is provided in Section 6.10.2.
One also expects that any putative nonclassical theory of inference should contain
analogues of most, if not all, of the standard notions that arise in Boolean logic and
Bayesian probability theory: logical connectives, implication, conditional independence,
sufficient statistics, etcetera. 21

6.9.2

Nonclassical realist representations

Having described what it means for a causal inferential theory to embody a satisfactory
notion of realism, we can now describe the notion of a nonclassical realist representation:
namely, a representation of an operational CI theory in terms of a nonclassical realist CI
theory. The definition is the analogue of Definition 12, but where the image of the map is
a nonclassical realist CI theory rather than a classical one. This definition (given below)
is the sense in which we have now formalized the idea of ‘achieving realism while going
beyond the standard ontological models framework’.
For an arbitrary operational CI theory P-S, we can seek to find a nonclassical realist CI
theory XF-XS in terms of which P-S can be represented. That is, we can ask if there is a
realist representation map ξ : P-S → XF-XS that can be defined in an analogous way to
Def. 12.
Note, however, that whereas the inferential subtheories of F-S and of P-S were identical
(namely, SubStoch), the inferential subtheory of XF-XS is allowed to be something more
general than that of P-S, namely, what we have denoted XSubStoch. Consequently, one
needs to modify the condition of preservation of empirical predictions (the commutation of
Eq. (6.188)). Rather than the two inferential subtheories being equal, they will be related
by some sort of map φ : SubStoch → XSubStoch whose defining properties is a subject
for future work 22 . Given a satisfactory definition of φ, one can define:
21
Note that we have not yet incorporated all of these notions in SubStoch at a diagrammatic level,
although it is clear how all of these can be determined nondiagrammatically. Incorporating these into the
diagrammatic formalism (or demonstrating that they are dispensable without compromising the usefulness
of the theory of inference) is therefore a topic for further research. Incorporating them explicitly would
enable the study of how these inferential features interact with causal processes.
22
In the cases of primary interest to us, we expect that φ will be an inclusion map. Hence, it will still be
possible and meaningful to make classical inferences within XSubStoch.
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Definition 17. A nonclassical realist representation of an unquotiented operational CI theory P-S by an unquotiented nonclassical realist CI theory XF-XS is a diagram-preserving map
ξ : P-S → XF-XS satisfying (i) the preservation of predictions, namely that the diagram
p

P-S

SubStoch

ξ

(6.221)

.

φ
p0

XF-XS

XSubStoch

commutes, and (ii) the preservation of ignorability
=
A ξ
ξA

(6.222)

.
ξA

We will sometimes refer to the nonclassical realist representation map ξ as an XF-XSrepresentation of P-S.
Analogously, one can also extend the notion of a representation of a quotiented operg in terms of a quotiented classical realist CI theory F-S
g to that of a
ational CI theory P-S
^ Again, the only nonrepresentation in terms of a quotiented nonclassical CI theory XF-XS.
trivial aspect of this generalization is in defining the map φ : SubStoch → XSubStoch .
One can summarize the notions of nonclassical realist representations via the analogue
of Eq. (6.201):
g
P-S
ẽ
e

Proc

∼p
i
p

P-S
ξ

XFunc

ξ˜

SubStoch
φ

ẽ0
e0

XF-XS

ĩ p̃

^
XF-XS

∼p∗ i˜0 p̃∗
i0
XSubStoch
p∗
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.

(6.223)

6.9.3

A new way out of Bell-like no-go theorems

Recall that a Bell-like no-go theorem arises whenever one finds a causal structure in which
the set of P-S-realizable probability distributions is not contained in the set of F-S-realizable
probability distributions—that is, not contained among those that can be generated by a
classical realist representation.
The possibility of nonclassical realist representations provides a novel way out of such nogo theorems. Rather than asking if the observed experimental statistics are F-S-realizable,
one can instead ask if they are XF-XS-realizable, that is, representable using a map
ξ : P-S → XF-XS into some nonclassical realist CI theory XF-XS.
If this can be done, it seems appropriate to claim that such a realist representation
has salvaged locality. More precisely, such a representation has provided a means of being
conservative with respect to causal structure—in particular, not requiring superluminal
influences—by being radical with respect to the nature of the realist CI theory.
We have not yet provided an explicit proposal for a realist CI theory XF-XS that can
reproduce the quantum predictions while providing a satisfactory realist explanation of
them. However, our work in formalizing the notion of a nonclassical realist theory, e.g., via
the formal criteria given in Section 6.9.1, constitutes a first concrete step in this direction.

6.9.4

A new way out of noncontextuality no-go theorems

A nonclassical realist CI theory XF-XS necessarily includes a notion of inferential equivalence—
because XF-XS is assumed to provide a unique prediction map, one simply evaluates
equivalences relative to it. It follows that one can define Leibnizianity for nonclassical realist
representations much as it was defined for classical realist representations (in Section 6.6.3):
Definition 18 (Leibnizianity of a nonclassical realist representation). A nonclassical realist
representation map ξ : P-S → XF-XS is said to be Leibnizian if it preserves inferential
equivalence relations.
Consequently, it makes just as much sense to ask whether a given operational CI
theory admits of a nonclassical realist representation that is Leibnizian as it did to ask that
question of a classical realist representation. This is a key benefit of our new process-theoretic
definition of Leibnizianity.
As in the case of classical realist representations, we can give an equivalent characterization in terms of a commuting square. A nonclassical realist representation map
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g → XF-XS
^ such that
ξ : P-S → XF-XS is Leibnizian if and only if there exists a map ξe : P-S
the following diagram commutes:

P-S

g
∼p P-S
ξe

ξ XF-XS
^
∼p∗

.

(6.224)

XF-XS

where p∗ is the unique prediction map in XF-XS.
One can extend the notion of generalized-noncontextuality to nonclassical realist rep^ is defined to be
resentations in a similar fashion. Specifically, the map ζ : P-S → XF-XS
generalized-noncontextual if the triangle in upper right of the following diagram commutes:
g
∼p P-S
ξe
P-S ζ
ξ XF-XS
^
∼p∗

.

(6.225)

XF-XS

The fact that the definitions are all process-theoretic implies that we have abstract notions of generalized noncontextuality and Leibnizianity that apply to nonclassical realist
representations and that satisfy analogues of Eq. (6.215), that is,
?
e
∃ Leibnizian ξ ⇐=
=⇒ ∃ gen.-noncontextual ζ ⇐⇒ ∃ ξ.

(6.226)

The possibility of nonclassical realist representations therefore holds the potential for a
novel way out of noncontextuality no-go theorems, a way out that does not compromise on
the Leibnizian methodological principle.
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6.10

Discussion

6.10.1

Finding a satisfactory ontology and epistemology for quantum theory

The long-term aim of this work is to generate a compelling interpretation of quantum
theory—one that satisfies the spirit of locality and Leibnizianity. We turn now to the
special case of nonclassical realist representations of quantum theory.
Recall from Section 6.4.1 that quantum mechanics can be cast as an operational CI
theory PQ-S having the structure
ProcQ

e

PQ-S

i
pQ

SubStoch .

(6.227)

Our ultimate objective is to identify a quantum realist CI theory23
QFunc

e0

QF-QS

i0
p∗

QSubStoch ,

(6.228)

which satisfies the constraints articulated in Section 6.9.1 (so that it can meaningfully be
said to be a realist theory) and where QF-QS further provides a Leibnizian representation
of PQ-S.
If such a nonclassical realist representation map ξ : PQ-S → QF-QS is found, then it follows that for any given causal-inferential structure, the set of QF-QS-realizable distributions
includes the PQ-S-realizable distributions. Hence, one obtains a way out of Bell-like no-go
theorems that is more satisfactory than the conventional ways out insofar as it need not
involve any superluminal influences (thereby salvaging the spirit of locality), and insofar as
it need not avail itself of any fine-tuning of parameters. Since we have further required that
the realist representation map ξ : PQ-S → QF-QS must be Leibnizian (as implied by the
˜ one also obtains a way out of the noncontextuality no-go theorems
existence of the map ξ),
that is more satisfactory than the conventional way out, insofar as it salvages the Leibnizian
methodological principle (and thereby the spirit of generalized noncontextuality).
Although there has been some work on interpreting some of the formalism of quantum
theory as a nonclassical generalization of Bayesian inference, the kind of classical theory
23

Naturally, the ‘Q’ in the notation where we previously put ‘X’ refers to the fact that we are aiming
specifically for a quantum generalization of Func, SubStoch, and F-S.
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that served as the target of this generalization was an ontological model. As noted in
Section 6.5.2, however, the notion of an ontological model corresponds to a quotiented
classical realist CI theory. And, as argued in Section 6.5.3, such a theory involves a partial
scrambling of causal and inferential concepts. This is problematic because it is likely that
the constraints on putative quantum generalizations of classical theories are only clear if
causal and inferential notions are cleanly separated in the latter, and hence only if these
quantum generalizations are pursued at the level of the unquotiented theory.
As an example, consider how the project of finding a nonclassical generalization of
Bayesian inference was pursued in Ref. [182], which built upon ideas proposed in Refs. [177,
180]. The focus was on finding intrinsically quantum counterparts to the notions of joint,
marginal and conditional probability distributions, as well as counterparts to the relations
that hold between these, such as the counterpart of marginalization, the law of total
probability, and the formula for Bayesian inversion. However, a conditional probability
distribution, or equivalently, a stochastic map, represents an inferential equivalence class of
states of knowledge about functional dynamics, and often involves a partial scrambling of
causal and inferential concepts (as illustrated in Section 6.5.3). The fact that the focus
of this earlier work was on a mathematical object that scrambled causal and inferential
concepts may explain why there are outstanding problems with the approach, such as those
described in Ref. [182] and in Ref. [152]. A state of knowledge about functional dynamics—
unlike the inferential equivalence class of such objects—involves no such scrambling. It
is consequently this object that is more appropriate to focus on and for which to seek an
intrinsically quantum counterpart.
It is possible that the proposals for quantum generalizations of propositional logic which
were pursued under the banner of ‘quantum logic’ [148, 149] also suffer from having mistaken
inferential equivalence for identity. Certainly, we believe that conventional approaches,
such as the one that takes the counterpart of a Boolean lattice to be an orthomodular
lattice, are unlikely to yield success in the research program described here. This is because
such approaches are informed solely by the structure of projectors on Hilbert space and
this may well merely be describing aspects of the quotiented quantum realist CI theory,
while it is only the unquotiented theory QF-QS that one can hope to decompose into a
causal subtheory QFunc and an inferential subtheory QSubStoch (where the structure
concerning propositional logic lives).
We now highlight some prior work that is likely to be useful in developing an intrinsically
quantum notion of a realist CI theory.
On the causal side, recent work on developing an intrinsically quantum notion of a
causal model [12, 29, 88] is likely to provide a good starting point for finding the correct
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quantum generalization of Func. In particular, the notion of decomposing a unitary gate
into a more refined circuit that includes ‘dots’ (isomorphisms wherein a Hilbert space is
decomposed into a direct sum of tensor products), introduced in Ref. [12] and studied in
depth in Ref. [190], is likely to be incorporated in some way into QFunc.
In pursuing the correct quantum generalization of SubStoch, recent work developing
a synthetic approach to probability theory (formalized as ‘Markov categories’) [72, 109,
114, 155] is likely to be useful. This is because if the Bayes subtheory of SubStoch
can be characterized more abstractly, the possibilities for quantum generalization should
become more evident. In particular, the work of Ref. [85], which is in the same spirit as
Refs. [72, 109], may provide an important piece of the puzzle (in spite of not having the
benefit of a proper unscrambling of causal and inferential notions). Specifically, the logical
broadcasting map described therein may be the counterpart in QSubStoch of the copy
operation in SubStoch.
Similar comments may well apply to prior work in the field of quantum logic, namely,
that in spite of suffering from some causal-inferential scrambling, specific insights from
that research program could prove useful in finding the counterpart within QSubStoch
to various notions within the subtheory Boole of SubStoch.
To close, we note that there has been a great deal of interest in whether certain
mathematical objects in the quantum formalism—most notably quantum states—have an
ontological or an epistemological status [59, 101, 112, 113, 139, 176–178, 230, 282]. Although
disentangling ontology and epistemology is certainly critical to the project of unscrambling
Jaynes’ omelette, it is worth noting that in some cases this question presumes a false
dichotomy. To see this, note that even in a classical realist CI theory, certain mathematical
objects play multiple roles—for example, functions appearing in Func describe the causal
influence that one variable has on another, while the same functions in SubStoch (now
represented as deterministic stochastic maps) describe how learning about one variable
leads to updating one’s knowledge of another. It seems likely, therefore, that certain
mathematical objects in a quantum realist CI theory will also have counterparts in both
the causal and inferential subtheories. Indeed, a single-system unitary is likely to be such
an object, sometimes describing the nature of a causal influence in the causal subtheory
and sometimes the nature of how one updates one’s knowledge in the inferential subtheory.
The question about whether a given mathematical object in the quantum formalism has
an ontological or epistemological status, therefore, must sometimes be refined to take into
account the context in which the mathematical object appears.
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6.10.2

Subsuming the framework of classical causal modeling

We have considered two distinct classes of causal theories, namely, Proc and Func. The
primary technical distinction between these two is that Func has equalities, while Proc
does not. We have seen various consequences of this extra structure on Func, e.g., the
uniqueness of the prediction map in F-S. Conceptually, the primitive type of process in
Proc (a list of lab instructions) constitutes an extremely minimal description of the causal
mechanism relating its inputs to its outputs. Meanwhile, the primitive type of process in
Func (a functional dependence) constitutes a much more informative description.
In fact, causal dependences in a classical theory can be defined in terms of functional
dependence of one variable on another. This is done, for instance, in structural equation
models [216], and it is the notion of classical causation that we endorse here. Hence, one
might expect that structural equation models could be subsumed in our framework within
F-S, which allows for both a description of the functional (hence causal) dependences among
variables, as well as a specification of one’s knowledge about exogenous variables. Similarly,
the notion of a probabilistic causal model (or ‘causal Bayesian network’) [216], wherein
the functional dependences and the states of knowledge of the exogenous variables are not
specified individually, but are folded together into a conditional probability distribution, is
g In future work,
likely to be subsumed in our framework within the quotiented theory F-S.
we hope to explore the relationship between our framework and various notions of classical
causal models, and to argue that in some regards, our framework is more general than the
standard one.
To accommodate all of the purposes to which classical causal models are put (in
particular, considering the consequences of interventions and evaluating counterfactuals), it
will be useful to introduce a distinct type of causal theory of functional dynamics, embedded
within Func, which we will term PreFunc. The systems and processes in PreFunc are
the same as in Func, but the process theory is defined without equalities. In particular, the
composition of two functions f (·) and g(·) in sequence in PreFunc is not strictly equal to
the function f (g(·)). One can then define a DP map from PreFunc to Func that induces
an equivalence relation on PreFunc, namely, two diagrams in PreFunc are equivalent if
they define the same function when the component functions in the diagram are composed.
Remark 17. The transition from Func to PreFunc can be viewed as an example of a
very general construction on process theories. First, one defines a forgetful functor from
the category ProcessTheory to a new category (which we will call ProcessSet) where
a particular process theory is mapped to its underlying set of processes thereby forgetting
the compositional structure of the process theory. We can then define a free functor that is
left adjoint to the forgetful functor. The composition of these two functors then defines a
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comonad on ProcTheory which, in particular, takes Func to PreFunc. This is closely
related to [219, Ex. 4.2.2].
To better understand the differences between PreFunc and Func, consider the following pair of diagrams, where the gate
represents a classical controlled NOT operation:
D1 D2

D1 D2

a) C C
1
2

b)

.

(6.229)

B1 B2
A1 A2

A1 A2

In Func, the process described by diagram (a) and that described by diagram (b) are
strictly equal. The two diagrams are merely distinct manners of specifying the overall inputoutput functionality of the effective function from A1 and A2 to D1 and D2 . In PreFunc,
however, diagrams represent ‘histories’ of processes, rather than merely representing inputoutput functionalities. These two diagrams viewed within PreFunc are therefore not
equal to one another, but rather are merely equivalent in the sense defined just above.
Despite the fact that (a) and (b) are equal within Func, it is clear that the interventions
possible on each of them are distinct. To formally describe all possible interventions in a
given scenario, it is essential that one works within PreFunc, wherein (a) and (b) are
merely equivalent; e.g., this allows one to consider an intervention on B1 , B2 , C1 or C2 .
In order to provide a fully formal diagrammatic treatment of the interventional aspects
of the framework of classical causal models [216], it will likely be useful to take the causal
theory to be PreFunc rather than Func. We will address this project more explicitly in
future work.
Insofar as our work reveals that stochastic matrices (equivalently, conditional probability
distributions) relating a cause to its effect generically scramble together causal and inferential
concepts, this is true even for the notion of a do-conditional, which is defined as the
conditional probability distribution of an effect variable given a cause variable when the
value of the cause is intervened upon, rather than being determined by its natural causal
parents. From the perspective of our work, the only object that does not lose any information
about what is known about the causal influence of one variable on another is the probability
distribution over the function that relates the one variable to the other, while the doconditional merely describes an inferential equivalence class of such objects. This and
related ideas will also be explored in future work.
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6.10.3

More future directions

There are many natural extensions of our work, and many ways in which it is likely to shed
light on other research programs. We now discuss some of these research directions, beyond
those highlighted in the discussion sections or introduced throughout this chapter.
We first note a straightforward supplementation to the notion of an operational CI
theory. Recall that an operational CI theory shares the inferential subtheory in common
with the classical realist CI theory, but the causal subtheory Proc is distinct from Func.
Nonetheless, because there is a distinction within Proc between classical systems (the
settings and outcomes of procedures) and general systems, one can imagine a supplementation of Proc wherein the classical systems and all processes thereon have all of the
structure of Func. Although the inferential consequences of this structure can in principle
be obtained by encoding it in the prediction map, the framework is more useful if the
additional equalities are present within Proc itself. This supplementation is likely to be
particularly useful for the study of computational complexity in general operational theories
[20, 25, 119, 165, 173].
It should also be straightforward to formulate our framework using the language of
category theory; category-theoretic tools might then provide guidance on which extensions
of our framework are most easily formalized next, and might provide technical tools (e.g.,
for going beyond the finiteness assumptions that we have made). Making connections to
the string diagrammatic representation of double-categories [208] may be a useful first step.
The process-theoretic formulation of a CI theory makes it easy to incorporate extra
structure into the systems. Of particular interest would be to equip systems with the
action of particular groups in order to be able to represent symmetries explicitly in our
formalism. This is essential for an understanding of unspeakable information [30, 218] and
for leveraging this to prove new no-go theorems and find new types of nonclassicality. Tools
from Refs. [267, 268] provide a useful starting point for this project.
Additionally, it would be useful to complete the project begun in Section 6.10.2, namely,
that of determining how various results in the framework of classical causal models [216] can
be recast using the formalism of classical realist causal-inferential theories, and to explore
to what extent the additional causal-inferential unscrambling that our framework provides
may be beneficial to the field of causal inference. It will also be interesting to consider how
the notion of an operational CI theory compares to the notion of a causal model with latent
systems that can be quantum or GPT [106, 108, 142] and whether our framework offers
some advantages relative to these.
At present, our framework describes only the reasoning of a single agent. It would
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be interesting to incorporate the reasoning of multiple agents. This project will require
integrating insights such as pooling of states of knowledge [183, 288]. Relatedly, it would
be interesting to consider what insight our framework can add to puzzles regarding the fact
that agents can themselves be considered as physical systems. Such puzzles include the
scenario of Wigner’s friend [317] and variants thereof [105]. On a related note, it would
be interesting to study how the available causal mechanisms in a CI theory determine the
precise manner in which any agent, considered as a physical system, can gather information
about its environment—and hence, what sort of theory of inference is most adaptive for it.
One might expect that such considerations will constrain the interplay between the causal
and inferential subtheories of any realist CI theory.
One could also seek to attack the problem of reconstructing quantum theory from novel
axioms using our framework as an alternative to existing frameworks for reconstructing
quantum theory [21, 45, 70, 71, 76, 90, 132, 136, 138, 146, 197, 269, 300, 306]. This would
be particularly interesting if one could reconstruct quantum theory as a realist CI theory
rather than a generic operational CI theory. Our framework may also may provide new
insights into axioms that single out quantum correlations [42, 111, 128, 143, 187, 215]
(including, e.g., the constraints articulated in Section 6.10.1).
One can naturally define postquantumness [19, 50, 140, 145, 174, 250, 254, 326] of
correlations in our framework. For a given causal structure, any distribution that is
P-S-realizable by an operational theory P-S, but that is not PQ-S-realizable, is said to be
postquantum. Our framework may also allow for new ways of studying postquantumness;
e.g., if one were to develop a notion of a quantum realist causal-inferential theory, then, for
a given operational CI theory, one could seek to determine which experimental scenarios
manifest postquantumness in the sense of failing to admit of a quantum realist representation
or failing to admit of a Leibnizian quantum realist representation.
Epistemically restricted classical statistical theories, such as those described in Refs. [282,
282], if conceptualized as operational CI theories, are theories that admit of a Leibnizian
classical realist representation. In this sense, if the world were governed by such a theory,
there would be no problem to providing satisfactory realist explanations of observations, and
one would have no need to consider any departure from the classical notion of realism F-S.
Nonetheless, it might be interesting to try and cast such theories as examples of nonclassical
realist CI theories themselves, that is, as defining a triple (XFunc, XSubStoch, XF-XS)
that differs from the classical triple (Func, SubStoch, F-S). Ideally, this would be done
such that the epistemic restriction emerges as a consequence of assumptions about the
underlying reality, as opposed to being a supplementary assumption. Even though such
theories are classical insofar as they also admit a Leibnizian classical realist representation,
this project might nonetheless constitute a useful warm-up for the project of characterizing
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QF-QS. On the one hand, by exploring other realist CI theories we will gain insight into
how the causal and inferential subtheories constrain one another, and, on the other hand,
there are many formal similarities between epistemically restricted statistical theories and
quantum theory (indeed, they often constitute subtheories of quantum theory).
We also discussed in Section 6.6.3 how, if Conjecture 1 is false then there are no-go
theorems for Leibnizian classical realist representations of operational quantum theory
beyond the no-go theorems based on generalized noncontextuality. It is therefore important
to settle the question of the status of Conjecture 1.
Although one should not demand (or even expect) Leibnizianity to be a strong enough
principle to single out a unique nonclassical realist representation for operational quantum
theory, results in Chapter 3 are suggestive that this may in fact be possible. (In particular,
that chapter proves that there is a unique classical realist representation of any odddimensional stabilizer subtheory, namely, that given by Refs. [133, 282].)
We have presented a partial development of a graphical calculus for Boolean propositional
logic. We leave for future work the problems of developing this into a complete graphical
calculus, extending it to incorporate predicate logic, and generalizing it to nonclassical
logics. Similarly, there are additional tools from Bayesian probability theory that would be
useful to incorporate into SubStoch such as postselection and Bayesian inversion. Both
of these projects are likely to help with the eventual development of QSubStoch.
Another research direction concerns the development of a resource theory [81] of nonclassicality. We have here argued that the distinction between classical and nonclassical
is best understood as a distinction concerning the sort of realism required to provide an
explanation of operational predictions. Within any proposal for a nonclassical realist CI
theory XF-XS which subsumes the classical realist CI theory F-S, therefore, one can hope
to formulate a resource theory of nonclassicality of processes. In this way, the research
program described here could clarify the notion of nonclassicality inherent in ‘common-cause
boxes’ (i.e., Bell scenarios), studied in Refs. [246, 258, 322], and the nonclassicality inherent
in contextuality scenarios (i.e., scenarios that imply a noncontextuality no-go theorem, but
not a Bell-like no-go theorem). label is CI
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[291] I. Šupić and J. Bowles. Apr. 2019.
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[293] I. Šupić, P. Skrzypczyk, and D. Cavalcanti. Measurement-device-independent entanglement and randomness estimation in quantum networks. Physical Review A,
95(4):042340, Apr. 2017.
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Appendices
A
A.1

Appendices for Chapter 2
Proof of noncontextuality no-go theorem for MESD

Herein we provide an alternative proof of our no-go theorem, Eq. (2.17); that is, of the fact
that the inequality
cq
(6.230)
sq ≤ 1 −
2
must be satisfied for any sq and cq arising in a noncontextual model that reproduces the
data in Table 2.1 and respects the operational equivalence of Eq. (2.12). While the proof
provided in the main text uses an intuitive argument that is native to the task of state
discrimination, the argument in this section abstracts away from the specific problem at
hand, and as such extends naturally to the more general method required for proving
Eq. (2.35) (as discussed in Appendix A.2).
First, we allow the ontological model to have an ontic state space of arbitrary form,
and we allow the response functions to be outcome-indeterministic. Second, we show
that for any such model, there exists a simpler ontological model which is equally general,
but which has only 8 ontic states and has response functions that are purely outcomedeterministic. Third, we show that two of these ontic states are superfluous if Bd is optimal
for state discrimination. Fourth, we show that the forms of the epistemic states are greatly
constrained by their perfectly predictable responses on the corresponding measurements.
Fifth, we parametrize the set of possible epistemic states as probability distributions over
the remaining 6 ontic states in accordance with these constraints. Sixth, we calculate the
values of sq and cq in terms of these response functions and epistemic states. Finally, we
impose preparation noncontextuality and eliminate the unobserved variables to obtain the
optimal tradeoff between sq and cq .
230

As one ranges over the ontic states in our ontological model, the vector (ξφ|Bφ (λ), ξψ|Bψ (λ), ξgφ |Bd (λ))
of valid probability assignments to our three binary basis measurements defines a unit
cube. The most obvious ontological model would have one λ for each possible probability
assignment (including the indeterministic ones), defining an ontic state space isomorphic
to the unit cube. The epistemic states in such an outcome-indeterministic model would
be arbitrary normalized probability densities over this set of ontic states (that is, all the
interior points of the cube).
However, we can always simplify matters without loss of generality by decomposing each
non-extremal probability value assignment into extremal assignments. (These extremal
points are outcome-deterministic if and only if there are no nontrivial constraints from
measurement noncontextuality, but this is indeed the case here.)
Let us define a variable κ which runs over the eight extremal points in the cube of ontic
P
states. Then, there exists a p(κ|λ) such that ξk|M (λ) = κ ξk|M (κ)p(κ|λ). We can thus
write any observable probability p(k|M, P ) as
p(k|M, P ) =

Z
Λ

ξk|M (λ)µP (λ)dλ =

X

ξk|M (κ)µP (κ)

(6.231)

κ

where µP (κ) ≡ Λ dλ p(κ|λ)µP (λ). This construction lets us write observed probabilities in
terms of extremal value assignments by effectively moving uncertainty into the new state
distributions µP (κ).
R

We sometimes simplify the notation by letting the distributions and response functions
be vectors of probabilities indexed by the ontic states κ; e.g.
p(k|M, P ) =

X

ξk|M (κ)µP (κ) = ξ~k|M · µ
~P .

(6.232)

κ

We thus convert an outcome-indeterministic model over a continuum of ontic states
(the unit cube) to an outcome-deterministic model over just 8 ontic states (its vertices),
without any loss of generality. The vertices κ1 to κ8 correspond to the deterministic triples




ξφ|Bφ (κ), ξψ|Bψ (κ), ξgφ |Bd (κ) ∈
{(0, 0, 0), (0, 0, 1), (0, 1, 0), ..., (1, 1, 1)},

231

(6.233)

so the three response functions are
 

ξ~φ|Bφ

 

 

0
0
0
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 .
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0
0
1
 
 
 
1
0
1
 
 
 
 
 
 
0
1
1
1
1
1

(6.234)

In fact, if we assume Bd is optimal, the fourth and fifth of these value assignments
will never occur. Consider for example the triple (1, 0, 0) (which occurs for κ5 ). Since
ξφ|Bφ (κ5 ) = 1, the state cannot have been φ̄. Since ξψ|Bψ (κ5 ) = 0, the state cannot have
been ψ. Thus, we know the state must have been φ or ψ̄; in either case, the winning strategy
is for Bd to return the outcome gφ . Therefore the winning strategy has ξgφ |Bd (κ5 ) = 1, and
thus the triple (1, 0, 0) never occurs in the winning strategy. Similar logic applies to the
triple (0, 1, 1), and hence we need not consider these two assignments 24 . The remaining
value assignments are




ξφ|Bφ (κ), ξψ|Bψ (κ), ξgφ |Bd (κ) ∈

(6.235)

{(0, 0, 0), (0, 0, 1), (0, 1, 0), (1, 0, 1), (1, 1, 0), (1, 1, 1)}.
Thus six ontic states are sufficient for describing our experiment: one for each remaining
deterministic assignment. It follows that the vectors representing each of the three response
functions are:
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These assumptions for Bd ensure that the relationship we derive between sq and cq will saturate the
bound on sq implied by any noncontextual model. If we had not used this argument, we would obtain
the same relationship, but only as a bound on sq , not as the saturating equality. This is easily verified
explicitly, e.g. by taking  = 0 in Appendix A.2 below. However, including two more ontic states requires
considerably more algebra.
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We can constrain the most general form of the epistemic states using the perfect
predictability of measurements Bφ and Bψ on their corresponding states. Namely, recalling
Eq. (B.3) and the form of the response functions, ξφ|Bφ (κ), ξψ|Bψ (κ), ξψ̄|Bψ (κ) ≡ 1 − ξψ|Bψ (κ),
and ξφ̄|Bφ (κ) ≡ 1 − ξφ|Bφ (κ), we can see that our epistemic states must have the form
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where normalization requires that a4 + a5 + a6 = 1, and so on.
The definitions of cq and sq in Eqs. (2.8) and (2.10) translated into our ontological
model become
cq = µ
~ ψ · ξ~φ|Bφ = µ
~ φ · ξ~ψ|Bψ = 1 − µ
~ ψ̄ · ξ~φ|Bφ = 1 − µ
~ φ̄ · ξ~ψ|Bψ ,

(6.238)

sq = µ
~ φ · ξ~gφ |Bd = 1 − µ
~ ψ · ξ~gφ |Bd = 1 − µ
~ φ̄ · ξ~gφ |Bd = µ
~ ψ̄ · ξ~gφ |Bd .

(6.239)

Taking these dot products using the vectors in Eq. (6.236) and Eq. (6.237) gives
c q = b 5 + b 6 = a5 + a6 = 1 − b 4 = 1 − a3

(6.240)

s q = a4 + a6 = 1 − b 6 = 1 − a2 = b 2 + b 4 .

(6.241)

and

Because the epistemic states must be normalized, it follows that b5 + b6 = 1 − b3 ,
a5 + a6 = 1 − a4 , a4 + a6 = 1 − a5 , and b2 + b4 = 1 − b1 . Substituting these four expressions,
we obtain
cq = 1 − b3 = 1 − a4 = 1 − b4 = 1 − a3
(6.242)
and
s q = 1 − a5 = 1 − b 6 = 1 − a2 = 1 − b 1 ,
and hence b3 = a4 = b4 = a3 and a5 = b6 = a2 = b1 .
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(6.243)

Let us take sq = 1 − a2 and cq = 1 − a3 . If there were no more constraints, then a2 and
a3 could range from 0 to 1 independently, and sq and cq could take any values from 0 to 1.
By imposing preparation noncontextuality, however, we have
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This implies bi = ai for all i. Since a1 + a2 + a3 = 1 from normalization, a1 = b1 from
preparation noncontextuality, and b1 = a2 as derived above, we also have 2a2 + a3 = 1 and
hence cq = 2a2 . Finally, writing sq in terms of cq yields
sq = 1 −

A.2

cq
.
2

(6.245)

Proof of noncontextuality inequality for MESD

Herein we prove our noncontextuality inequality, Eq. (2.35); that is, we prove that
s≤1−

c−
2

(6.246)

must be satisfied for any s, c, and  arising in a noncontextual model that reproduces data
in Table 2.2 and respects Eq. (2.29).
First, we use the arguments of Appendix A.1 to write down an ontological model with 8
ontic states and purely outcome-deterministic response functions. Second, we parametrize
the set of possible epistemic states for this second model in accordance with preparation
noncontextuality. Third, we calculate expressions for s, c, and  in terms of these response
functions and epistemic states. These manipulations reduce the problem to a small set
of linear equalities and inequalities over unobserved and observed variables. Finally, we
eliminate the unobserved variables to obtain inequalities concerning only the observed
variables s, c, and .
Exactly as before, we can convert a general, outcome-indeterministic model over a
continuum of ontic states (the unit cube) to an outcome-deterministic model over just
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8 ontic states (its vertices), without any loss of generality. (As before, this is simply
a mathematical construction, and in no way commits us to a fundamental principle of
outcome-determinism.) The vertices of the unit cube, κ1 to κ8 , again correspond to the
deterministic triples




ξφ|Mφ (κ), ξψ|Mψ (κ), ξgφ |Md (κ) ∈

(6.247)

{(0, 0, 0), (0, 0, 1), (0, 1, 0), ..., (1, 1, 1)},
and the three response functions are again
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(In a more general situation in which measurement noncontextuality is also leveraged,
there will be linear constraints on this set of response functions, and the extremal response
functions will no longer all be outcome-deterministic. In this case, one can still explicitly
enumerate the finite set of extremal response functions by taking the intersection of the
linear constraints with the above cube of value assignments. These extremal points modify
the specific form of Eq. (6.248), and our methods would proceed largely unchanged.)
Each preparation generates a probability distribution over κ, so we can write the
epistemic states as
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(6.249)

where the parameters in each vector are positive and sum to 1.
Dot products between a vector in Eq. (6.248) and a vector in Eq. (6.249) can produce
any set of observable statistics, and thus constitute a general ontological model for our measurements and preparations. The values of (s, c, ) that we can observe in a noncontextual
model with our assumed symmetries, however, are restricted by the above constraints, all
of which we repeat here for convenience.
Eqs. (2.2) and (2.3) imply that for all four preparations,
∀κ : 0 ≤ [~µP ]κ ≤ 1

(6.250)

and
X

[~µP ]k = 1.

(6.251)

k

Eq. (2.29) gives
µ
~ Pφ + µ
~ Pφ̄ = µ
~ Pψ + µ
~ Pψ̄ .

(6.252)

Eqs. (2.30)-(2.32) are, respectively,
µ
~ Pφ · ξ~gφ |Md = 1 − µ
~ Pψ · ξ~gφ |Md = s.

(6.253)

µ
~ Pψ · ξ~φ|Mφ = µ
~ Pφ · ξ~ψ|Mψ = c,

(6.254)

µ
~ Pψ · ξ~ψ|Mψ = µ
~ Pφ · ξ~φ|Mφ = 1 − ,

(6.255)

 ≤ c ≤ 1 − .

(6.256)

Eq. (2.33) gives

Eqs. (6.250)-(6.256) define a set of constraints over the variables s, c, , ai , bi , ci , and di
(where i ∈ {1, 2, ..., 8}). Although the parameters ai , bi , ci , di in our epistemic states are not
observable, constraints upon them (Eqs. (6.250) and (6.251)) have consequences for the set
of possible triples (s, c, ). Finding the set of inequalities over only (s, c, ) that is implied
by the full set of linear equalities and inequalities of Eqs. (6.250)-(6.256) is algebraically
tedious by hand, but straightforward using the well-known Fourier Motzkin Elimination
algorithm, which returns our result
s≤1−

c−
.
2
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(6.257)

It is worth noting that the technique for deriving noncontextuality inequalities we have
introduced here, insofar as it reduces to a convex hull problem, is an instance of the problem
of quantifier elimination. Recent work in quantum foundations has seen increasing use of
quantifier elimination algorithms, in noncontextuality [163, 164] as well as other scenarios.
Fourier-Motzkin elimination, which is appropriate for problems wherein the dependence
on the variables to be eliminated is linear, has been used to derive Bell inequalities [46],
and also recently, to derive Bell-like inequalities for novel causal scenarios [62, 66, 323].
In Ref. [323], where the problem is reduced to what is known as the classical marginals
problem—that of determining whether a given set of distributions on various subsets
of a set of variables can arise as the marginals of a single joint distribution over all of
the variables—this problem can be solved by performing quantifier elimination on the
probabilities in the joint distributions using convex hull algorithms. Nonlinear quantifier
elimination using cylindrical algebraic decomposition has also found application in deriving
Bell-like inequalities in simple scenarios [62, 175]. We anticipate that these more general
techniques for quantifier elimination will ultimately also find applications to the derivation
of noncontextuality inequalities.

A.3

Noisy quantum realization which violates our noncontextuality inequality

We now sketch a quantum realization of the MESD scenario for any given values of c
and  satisfying the assumed symmetries and operational equivalences and violating our
noncontextuality inequality for all values of c and . (The ideal quantum realization of the
MESD scenario, given earlier, was defined only for  = 0.)
There is no general technique for finding the set of all data tables achievable in quantum
theory for some prepare-and-measure scenario. For some cases (e.g., Bell tests), this set can
be approximated efficiently via the Navascues-Pironio-Acin hierarchy [210]. For situations
with multiple preparations or additional constraints, no such method exists yet.
However, we can apply our understanding from Section 2.6.1 to construct a quantum
model which recovers Eq. (2.36), which we conjecture is optimal for qubits. Namely, because
we want to find the maximum value of s consistent with a given c and , we should attribute
as much of the confusability as possible to noise in the Mφ and Mψ measurements, and
only attribute the remainder of the confusability to nonorthogonality of the states. As such,
in this section we allow the effects Eφ , Eψ , Eφ̄ , and Eψ̄ to be noisy POVM elements (unlike
in Appendix A.1, where Eφ denoted a projector onto |φi, and so on).
Imagine Pφ prepares state |0i on the Bloch sphere and Pψ prepares a pure state |θi
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rotated by θ ∈ [0, π] with respect to |0i in the X − Z plane. We will specify the value of θ
later. Within this plane, the effect Eφ must lie on the green line shown in Fig. 6.1, since
only these effects imply h0| Eφ |0i = 1 − .

Figure 6.1: Sketch of the quantum model which yields Eq. (2.36).
The choice of Eφ that yields the maximum confusability is the one on the green line,
closest to |θi (but not closer to |θi than to |0i, since that would imply that c ≥ 1 − ).
The remainder of the confusability must then be attributed to the nonzero inner product
between the two pure states, so θ is fixed by hθ| Eφ |θi = c. Now that the two states are
specified, calculating the optimal (Helstrom) probability is a simple quantum calculation
whose result gives Eq. (2.36), that is
1
s = (1 +
2

r

q

1 −  + 2 (1 − )c(c − 1) + c(2 − 1)).

(6.258)

The remaining states and effects are completely fixed by the assumed symmetries and
operational equivalence. For a general pair of c and , this quantum model outperforms the
optimal noncontextual model, as seen in Fig. 2.5.

A.4

Full set of noncontextuality inequalities for MESD without
symmetries

As promised in Section 2.5.1, we now derive the full set of noncontextuality inequalities
for our operational MESD scenario when the symmetries of Eqs. (2.30)-(2.32) are not
assumed. In Table 6.1 we show a general data table for 3 binary measurements and 4
preparations which respect our operational equivalence. There are 9 free parameters, since
the probabilities in the last column are fixed by those in the first three.
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φ|Mφ
ψ|Mψ
gφ |Md

Pφ
1 − φ
cφ
sφ

Pψ
cψ
1 − ψ
1 − sψ

Pφ̄
φ̄
1 − cφ̄
1 − sφ̄

Pψ̄
1 − φ + φ̄ − cψ
cφ − cφ̄ + ψ
sφ − sφ̄ − sψ

Table 6.1: Data table for our operational scenario with no symmetries assumed. There are
9 free parameters.
The procedure from Appendix A.2 yields the following set of inequalities over the 9 free
parameters, which are necessary and sufficient for the data to have been generated by a
noncontextual model respecting operational equivalence Eq. (2.29):
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0 ≤ sφ ≤ 1
0 ≤ sφ̄ ≤ 1

(6.259)

0 ≤ sψ ≤ 1
0 ≤ φ ≤ cφ ≤ 1 − φ
0 ≤ φ̄ ≤ cφ̄ ≤ 1 − φ̄
0 ≤ ψ ≤ cψ ≤ 1 − ψ
0 ≤ sφ − sφ̄ + sψ ≤ 1
0 ≤ cφ − cφ̄ + ψ
0 ≤ cψ + sφ̄ − sψ + φ
0 ≤ cψ − sφ̄ + sψ + φ
0 ≤ −cψ + sφ + sψ + φ̄
0 ≤ cφ + sφ̄ − sψ + ψ
0 ≤ −cφ̄ + sφ + sψ + ψ
0 ≤ cφ − sφ̄ + sψ + ψ
0 ≤ −cφ̄ + cψ + φ + ψ
0 ≤ cφ − cψ + φ̄ + ψ
0 ≤ 2 − cψ − sφ − sψ + φ̄
0 ≤ 2 − cφ̄ − sφ − sψ + ψ
0 ≤ −cφ + cφ̄ + cψ + φ − φ̄ − ψ
0 ≤ 1 − cφ + cφ̄ − cψ − φ + φ̄ − ψ
Of course, these inequalities reproduce Eq. (2.35) if the symmetries are now imposed.
In deriving these inequalities, we have assumed the logical labeling of Eq. (2.33). If one
drops the labeling condition, then the resulting inequalities are identical to the facets of
the Bell polytope discussed in Section 2.8 (but have no practical relevance to minimum
error state discrimination).
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B
B.1

Appendices for Chapter 3
The stabilizer subtheory

We here expand on the exposition of the stabilizer subtheory from the main text (with
some redundancy for completeness).
The stabilizer subtheory is built around the Clifford group, whose elements will be
referred to as Clifford unitaries. To define these, we first introduce the Weyl operators
(also called generalized Pauli operators). Consider a d-dimensional quantum system, and
define the computational basis {|0i , . . . , |d − 1i} in its Hilbert space H. Each basis element
is labelled by an element of Zd 25 , which we refer to as the configuration space. Writing
), we define the translation operator X and boost operator Z via
ω = exp( 2πi
d
X |xi = |x + 1i
Z |xi = ω x |xi .

(6.260)
(6.261)

Note that here and throughout, all arithmetic is within Zd . These can be viewed as discrete
position and momentum translation operators, respectively, for a particle on a ring. From
these, the single-system Weyl operators are defined as
Wp,q = Z p X q ,

(6.262)

where p, q ∈ Zd . Note that these are often defined with an additional phase factor ω γpq ;
however, the choice of this phase is irrelevant for the definition of the stabilizer subtheory,
so we set γpq to zero. (We highlight this irrelevance by introducing the stabilizer subtheory
using superoperators, for which any choice of phase cancels.)
†
The Weyl operators are unitaries whose associated superoperators, Wp,q (·) := Wp,q (·)Wp,q
,
form a group with composition law

Wp,q Wp0 ,q0 = Wp+p0 ,q+q0 ,

(6.263)

−1
†
Wp,q
= Wp,q
= W−p,−q .

(6.264)

and inverse
(Note that the Weyl operators themselves do not form a group as the above equations only
hold up to a particular phase factor.)
25

When d is prime, Zd has the structure of a finite algebraic field. For non-prime d, things are somewhat
more complicated [133], but the results in this work still hold.
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It will be useful later to note that the Weyl operators are orthonormal with respect to a
rescaled Hilbert-Schmidt inner product:
1
tr[Wp,q Wp†0 ,q0 ] = δp,p0 δq,q0 .
d

(6.265)

The Clifford unitaries are defined as unitaries which—up to a phase—map Weyl operators
to other Weyl operators under conjugation. Equivalently, their associated superoperators
map Weyl superoperators to other Weyl superoperators under conjugation. That is, U is a
Clifford unitary superoperator if for every p, q, one has
UWp,q U † = Wp0 ,q0 .

(6.266)

Let us now define the phase space V := Zd × Zd , which is a module26 equipped with the
symplectic product [·, ·] : V × V → Zd given by
"

!

p
p0
, 0
q
q

!#

:= pq 0 − qp0 .

(6.267)

Note that each Weyl operator is labeled by a phase space point (p, q) = a ∈ V . A function
f : V → V is said to be linear if f (λa + b) = λf (a) + f (b), for λ ∈ Zd , a, b ∈ V . A function
S : V → V is called symplectic if it is linear and preserves the symplectic product, i.e.
[S·, S·] = [·, ·]. A transformation of the form S · +a where S is symplectic and a ∈ V is
called a symplectic affine transformation. Note that the symplectic functions form a group,
and that the symplectic affine transformations also form a group.
As shown in Ref. [133], every Clifford superoperator is of the form Wa MS , where Wa
is a Weyl superoperator labelled by a ∈ V , S : V → V is a symplectic function, M is a
unitary superoperator representation of the symplectic group (i.e. MS MT = MST ), and
where MS Wv M†S = WSv for any symplectic function S and for all v ∈ V .
Hence, each Clifford operation can be indexed by a phase space vector a and a symplectic
map S, and so we will denote them by Ca,S := Wa MS . Clearly, a Weyl operator Wp,q
is a Clifford unitary Ca,S , where a = (p, q) and S = 1. Furthermore, the mapping
S · +a 7→ Wa MS is a representation of the group of symplectic affine transformations [133].
The Clifford unitary superoperators form a group, often termed the Clifford group, with
composition rule
Ca,S Cb,T = CSb+a,ST .
(6.268)
26

If d is a prime power d = pk , then this is moreover a finite vector space.
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The inverse of a Clifford unitary superoperator is
†
−1
Ca,S
= Ca,S
= C−S −1 a,S −1 .

(6.269)

It is therefore clear that the Clifford superoperator group in dimension d and the symplectic
affine group for Zd × Zd are isomorphic groups.
For a fixed dimension, the Clifford group is generated by the superoperators associated
to the generalized Hadamard gate H and the generalized phase gate P [102], defined
respectively by
1 X xk
ω |ki ,
(6.270)
H |xi = √
d k∈Zd
1

P |xi = ω 2 x(x+d) |xi .

(6.271)

The stabilizer subtheory for a single system in dimension d is defined as the set of
processes which can be generated by sequential composition of: i) pure states uniquely
identified by being the simultaneous eigenstates of a given set of Weyl operators, ii)
projective measurements in the spectral decomposition of the Weyl operators27 , and iii)
Clifford unitary superoperators on the associated Hilbert space, as well as convex mixtures
of such processes.
This construction is easily generalized to allow for parallel composition, that is, for
systems made up of n qudits28 , by defining the multiparticle Weyl operators as tensor
products of those defined above, and defining the multiparticle Clifford operators as unitary
superoperators that preserve the multiparticle Weyl operators under conjugation; see
Ref. [133] for more details. An important feature is that in general the stabilizer subtheory
defined by parallel composition of n qudits is not the same as the stabilizer subtheory
defined by a single dn dimensional system—for instance, the latter generally has far fewer
states [133]. Therefore, for a given dimension D there may be multiple different stabilizer
theories which could be associated to it, depending on whether one views it as a single
monolithic system of dimension D (which Gross calls the single-particle view), or views it
as some tensor product of multiple qudits (which Gross calls a multi-particle view).
27

Note that although the Weyl operators are not Hermitian operators, they are normal operators, and
hence have a spectral decomposition, which implies one can carry out a projective measurement in the
eigenbasis of each.
28
To the authors’ knowledge, parallel composition of systems of different dimensions is at best highly
nontrivial, and has not been considered in the literature.
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B.2

Useful Preliminaries

It is well-known that a basis of a vector space uniquely defines a dual basis in the dual
vector space (i.e. the space of functionals on the vector space). We will leverage this fact,
but in a slightly different form:
Lemma B.1. Given any basis {Fλ }λ for a d2 -dimensional real vector space Herm(H) of
Hermitian operators on a Hilbert space H, there is a unique set {Dλ }λ of d2 Hermitian
operators satisfying
tr(Dλ0 Fλ ) = δλ,λ0 ,
(6.272)
and {Dλ }λ also forms a basis for Herm(H).
Proof. Consider any basis {Fλ }λ of Herm(H). It uniquely specifies a basis {Dλ }λ of the dual
vector space Herm(H)∗ , where {Dλ }λ are linear functionals satisfying Dλ0 (Fλ ) = δλ,λ0 .29
Now, in order to obtain again a set of Hermitian operators {Dλ }λ , we use the Riesz
representation theorem [238], which states that each of these functionals Dλ can be written
as the Hilbert-Schmidt inner product with a unique Hermitian operator Dλ , namely
Dλ (·) = tr[(·)Dλ ].

(6.273)

This picks out a unique basis {Dλ }λ which satisfies Eq. (6.272).
Note that the operators {Fλ }λ and {Dλ }λ are both in Herm(H). For a basis {Fλ }λ , we
refer to the set {Dλ }λ constructed using this lemma as the dual basis.
Another useful lemma we will require is the following.
Lemma B.2. A nonnegative and diagram-preserving quasiprobabilistic representation of
any unitary superoperator U(·) := U (·)U † is given by a permutation; that is, by a conditional
probability distribution
ξU (λ0 |λ) = δσU (λ0 ),λ
(6.274)
for some permutation σU : Λ → Λ.
Proof. By definition, a nonnegative quasiprobabilistic representation ξ represents every
unitary superoperator U as a stochastic map from Λ to itself, so ξU and ξU † are stochastic
To see that this is unique, consider a linear functional Dλ0 0 satisfying Dλ0 0 (Fλ ) = δλ,λ0 for all λ. Since a
linear functional is fully specified by its action on a basis, Dλ0 0 is the exact same functional as Dλ0 .
29
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maps. By diagram preservation, it holds that ξU U † = ξU ◦ ξU † . But UU † = 1, and hence
ξU U † = ξ1 , where (by diagram preservation) ξ1 must be the identity matrix. Therefore
ξU † ◦ ξU is the identity matrix, so ξU † is the left inverse of ξU , and so (by the fact that they
are square matrices) ξU and ξU † are inverses. But the only (square) stochastic matrices
whose inverses are stochastic are permutations. Hence ξU is a permutation for every unitary
U.
A final useful lemma is a well-known result from Ref. [281]:
Lemma B.3. Projective measurements have an outcome-deterministic representation in
any noncontextual ontological model. That is, representation of the projectors in a projective
measurement are conditional probability distributions valued in {0, 1}. Furthermore, every
ontic state is in the support of the representations of one and only one of eigenstates in any
given projective measurement.
This lemma was originally proven for full quantum theory, but it immediately generalizes
to the stabilizer subtheory.

B.3

Proof of Main Theorem

Here we prove
Theorem 18.
(a) For any stabilizer subtheory (single- or multi-particle) in odd dimensions, the unique
nonnegative and diagram-preserving quasiprobability representation for it is Gross’s
representation.
(b) For any stabilizer subtheory (single- or multi-particle) in even dimensions, there is
no nonnegative and diagram-preserving quasiprobability representation.
We first give a one-paragraph intuitive proof sketch. Recall that the structure theorem
of Ref. [260] gives an exact frame representation as discussed in the main text. Starting
with the single-particle case, we leverage the fact that noncontextuality implies outcome
determinism to find a privileged labeling of the ontic states as points in phase space. We
show that this implies translational covariance: that is, Clifford covariance for all Weyl
operators. Using this and the fact that Weyl operators form a basis of the linear operators,
we then show that the representation is fixed by the outcomes of measurements of Weyl
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operators on the λ = (0, 0) ontic state 30 . We give various conditions on these outcomes
due to the Hermiticity of the phase point operator, the representation of the Hadamard
(which we show to be covariant), and from considering measurements of commuting pairs of
Weyl operators. In odd dimensions, we show that the unique solution to these conditions is
that which gives Gross’s phase point operators. In even dimensions, we show that there is
no solution. The generalization to multi-particle stabilizer subtheories is then shown to
follow immediately.
We now give the full proof.
We start from the assumption that we have some nonnegative and diagram-preserving
quasiprobability representation of the stabilizer subtheory in some finite dimension d. Note
that this subtheory is tomographically local, and has GPT dimension d2 . Hence, Corollary
VI.2 of Ref. [260] implies that the number of elements in the sample space is exactly d2 .
Since a nonnegative and diagram-preserving quasiprobability representation is equivalent
to a noncontextual ontological representation, we will refer to the elements of the sample
space as ‘ontic states’.
The structure theorems in Ref. [260] (in particular, Corollary VI.2) imply that this
representation is an exact frame representation [103] composed of a basis {Fλ }λ and its dual
{Dλ }λ (in the sense of Lemma B.1,) such that the representation of a completely positive
trace preserving map E is given by the conditional quasiprobability distribution
ξE (λ0 |λ) = tr[Dλ0 E(Fλ )].

(6.275)

Here, {Fλ }λ is a spanning and linearly independent set of d2 Hermitian operators, as is
{Dλ }λ , where these satisfy
tr[Fλ ] = 1,
X

Dλ = 1,

(6.276)
(6.277)

λ

and
tr[Dλ0 Fλ ] = δλλ0 .

(6.278)

(Note, however, that the elements of each basis need not be pairwise orthogonal.) Given
an {Fλ }, the {Dλ } satisfying these conditions are unique, so to specify a representation it
suffices to determine the {Fλ }, as we will now do.
30

We believe, but have not shown, that distinct GHW representations differ by exactly these choices of
outcomes.
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Consider in particular the two stabilizer measurements corresponding to the X † and Z
operators. If we label the outcome of X † by p ∈ Zd and the outcome of Z by q ∈ Zd , then
by outcome determinism (Lemma B.3), each ontic state corresponds to an ordered pair
(p, q). In fact, this correspondence is bijective, and hence we can choose a useful labelling of
the ontic states, i.e. λ 7→ (p, q) (so that measurements of X † reveal p and measurements of
Z reveal q). To see that the correspondence is surjective, consider an eigenstate of X with
eigenvalue ω −p1 . The ontic states in the support of its representation must have p = p1 so
that the outcome of an X † measurement is always p1 . Furthermore, a measurement of Z on
this eigenstate gives a uniformly random outcome q, and so the ontic states in the support
of its representation must include every ontic state of the form (p1 , q), for arbitrary q ∈ Zd .
This holds for all d eigenstates of X, and thus for all p1 ∈ Zd . So for every pair p, q, there
exists some ontic state (in the support of one of the eigenstates of X) which has (p, q) as
its label. This establishes surjectivity. Since the number (d2 ) of ontic states is the same as
the number of pairs (p, q), surjectivity implies bijectivity.
Next, we show that the assumed labelling forces the representation to manifestly satisfy
translational covariance: that is, the Weyl unitaries must be represented in a Clifford
covariant manner, so that the unitary superoperator Wp1 ,q1 (·) := Z p1 X q1 (·) (X q1 )† (Z p1 )†
is represented by the permutation (p, q) → (p + p1 , q + q1 ). To see this, first recall that
the representation of a unitary superoperator is necessarily a permutation, as shown
in Lemma B.2. Next, we determine the representation of the unitary superoperator
X (·) := X(·)X † . Consider an eigenstate of X with eigenvalue ω −p1 . We argued above that
the ontic states in the support of its representation must have p = p1 . Because the state
is invariant under the unitary superoperator X , the value of p must be unchanged by it.
Similarly, consider an eigenstate of Z with eigenvalue ω q1 . The ontic states in the support
of its representation must have q = q1 . Applying the unitary superoperator X increments
the Z eigenstate and corresponding eigenvalue by one, so that the value of q is transformed
to q1 + 1. Hence, we see that the representation of the unitary superoperator X takes p → p
and q → q + 1, which fully specifies its action as a permutation on the ontic states. (Note
that this argument only holds for ontic states in the support of one of the X eigenstates
and also in the support of one of the Z eigenstates. But by Lemma B.3, every ontic state
is of this sort.) By a similar argument, the representation of the unitary superoperator
Z(·) := Z(·)Z † takes p → p + 1 and q → q. Since all Weyl unitary superoperators can
be generated by composing X and Z, and since the representation is diagram-preserving,
this fully specifies the permutations representing all of the Weyl unitary superoperators.
In particular, the unitary superoperator Wp1 ,q1 is indeed represented by the permutation
(p, q) 7→ (p + p1 , q + q1 ).
By a similar argument, we can deduce the representation of the Hadamard unitary
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superoperator H(·) := H(·)H † , where H is defined in Eq. (6.270). In particular, if we start
in the eigenstate of X with eigenvalue ω p1 , then p = −p1 , and the Hadamard maps this to
the eigenstate of Z with eigenvalue ω p1 , for which q = p1 . So we see that the permutation
representing the Hadamard superoperator results in a final value for q equal to the initial
value of −p. Similarly, for the eigenstate of Z with eigenvalue ω q1 , one has q = q1 , and this
is mapped to the eigenstate of X with eigenvalue ω −q1 , for which p = q1 . So we see that
the permutation representing the Hadamard superoperator also results in a final value for p
equal to the initial value of q. This fully specifies its action as a permutation on the ontic
states, namely (p, q) 7→ (q, −p). In particular, (0, 0) 7→ (0, 0).
Define the Weyl operators as
Wp,q = Z p X q .

(6.279)

Now, since these operators (or their conjugates) are a basis for the complex vector space
of linear operators on the Hilbert space, we can decompose the operator F0,0 (namely, the
element of the basis {Fλ }λ with λ = (0, 0)) as
F0,0 =

1X
†
fp,q Wp,q
d p,q

(6.280)

Consider a measurement of a given Weyl operator Wp1 ,q1 when the ontic state happens
to be (0, 0). By outcome determinism, we will always get a particular outcome, which we
P
will label vp1 ,q1 . Wp1 ,q1 has a spectral decomposition α ω α Πpα1 ,q1 in terms of its eigenvalues
ω α for α ∈ R and the projectors Πpα1 ,q1 onto the corresponding eigenvectors. Computing the
quantity tr[F0,0 Wp1 ,q1 ], we obtain
tr[F0,0 Wp1 ,q1 ] =

X

ω α tr[F0,0 Παp1 ,q1 ].

(6.281)

α

But we know that tr[F0,0 Πpα1 ,q1 ] is the probability of outcome α occurring in a measurement
of Wp1 ,q1 when the ontic state is (0, 0), and we have already defined that the outcome
that must occur in this case is that corresponding to eigenvalue ω vp1 ,q1 . It follows that
tr[F0,0 Wp1 ,q1 ] = ω vp1 ,q1 .
But a substitution of Eq. (6.280) into the left-hand side of Eq. (6.281) also allows us to
compute this value as
tr[F0,0 Wp1 ,q1 ] =

1X
†
fp,q tr[Wp,q
Wp1 ,q1 ] = fp1 ,q1 ,
d p,q
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(6.282)

where the last equality follows from Eq. (6.265). Hence fp,q = ω vp,q , and so
F0,0 =

1 X vp,q †
ω Wp,q .
d p,q

(6.283)

Using X q Z p = ω −pq Z p X q we can calculate
†
Wp,q
= X −q Z −p = ω −pq Z −p X −q = ω −pq W−p,−q ,

(6.284)

†
.
Wp,q = ω pq W−p,−q

(6.285)

so that
We require F0,0 to be Hermitian, i.e.
1 X vp,q †
1 X −vp,q
†
ω Wp,q = F0,0 = F0,0
=
ω
Wp,q
d p,q
d p,q

(6.286)

†
this becomes
and so by using Eq. (6.285) equating the phases in front of Wp,q

vp,q = −v−p,−q + pq.

(6.287)

For the Hadamard we have
†
HWp,q
H † = HX −q Z −p H † = Z −q X p = ω −pq X p Z −q
†
= ω −pq Wq,−p
. (6.288)

Hence covariance F0,0 = HF0,0 H † becomes
vp,q = v−q,p + pq.

(6.289)

vp,q = v−p,−q .

(6.290)

Applying this twice gives
Summing Eqs. (6.287) and (6.290) gives
2vp,q = pq.

(6.291)

Now consider a pair of commuting Weyl operators Wp,q and Wp0 ,q0 , where the requirement
that they commute can be expressed as pq 0 − qp0 = 0. They are jointly measurable, and
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give outcomes vp,q and vp0 ,q0 on the (0, 0) ontic state. Their product Wp,q Wp0 ,q0 is also jointly
measurable with both. It is a general feature of quantum theory that if measurements of
some commuting A and B give eigenvalues a and b, a measurement of their product AB
gives eigenvalue ab. Here we have a = ω vp,q and b = ω vp0 ,q0 so the outcome of Wp,q Wp0 q0 on
the (0, 0) ontic state must also be vp,q + vp0 ,q0 . But
0

Wp,q Wp0 q0 = Z p X q Z p X q

0
0

0

0

0

= ω −p q Z p+p X q+q = ω −p q Wp+p0 ,q+q0 . (6.292)
Since the outcome of Wp+p0 ,q+q0 on (0, 0) is vp+p0 ,q+q0 , this gives the outcome of Wp,q Wp0 q0
as vp+p0 ,q+q0 − p0 q. But we already established that this outcome must be vp,q + vp0 ,q0 , so that
vp+p0 ,q+q0 = vp,q + vp0 ,q0 + p0 q

(6.293)

for all such (p, q, p0 , q 0 ).
In the special case when p0 = p and q 0 = q the commutation condition is clearly satisfied,
and hence
v2p,2q = 2vp,q + pq.
(6.294)
Then we can apply Eq. (6.291) to obtain
v2p,2q = 2pq.

(6.295)

We now consider three cases, depending on the dimension d.
Odd d
d
In odd d we have Wp,q
= (Z p X q )d = 1 [153], so that the eigenvalues of Wp,q are d-th roots
of unity. Hence the vp,q ∈ Zd . In odd d, Zd contains a unique inverse of 2 so we can multiply
each side of Eq. (6.291) by 2−1 to obtain the unique solution

vp,q = 2−1 pq
Hence F0,0 =

P

p,q



−1 pq

ω −2

Wp,q

†

(6.296)

is Gross’s phase point operator.

Furthermore, we already argued that our representation must satisfy translation co†
variance, which is satisfied if and only if Fp,q = Wp,q F0,0 Wp,q
; since Gross’s representation

250

also satisfies translation covariance its Fp,q are likewise. Hence, the set of basis operators {Fλ }λ = {Fp,q }p,q is exactly equal to the set of phase point operators in Gross’s
representation.
Hence, any nonnegative and diagram-preserving quasiprobability representation for the
stabilizer subtheory in odd dimensions is equivalent to Gross’s.
Even d, not a multiple of 4
In even d, there are values of p, q for which (Z p X q )d 6= 1 [153], so the above argument for
vp,q ∈ Zd is not applicable. Hence we allow arbitrary vp,q ∈ R in the following.
If d is even but not a multiple of 4 then we can write d = 2h where h is odd and h = −h
mod d. If we set p = q = h then the Hadamard covariance condition in Eq. (6.289) becomes
vh,h = vh,h + h2

(6.297)

so that h2 = 0. But we have h = 1 mod 2 and so h2 = h mod 2h.
d a multiple of 4
The remaining case is that d is a multiple of 4, i.e. d = 4r for some non-zero r. If we set
(p, q) = (0, 2) and (p0 , q 0 ) = (2r, 2(r − 1)) then pq 0 − qp0 = −4r = −d = 0 so that we can
apply Eq. (6.293) to obtain
v2r,2r = v0,2 + v2r,2(r−1) .
(6.298)
Applying Eq. (6.295) to each term this becomes
2r2 = 0 + 2r(r − 1),

(6.299)

so that 2r = 0. But 2r 6= 0, so there is no valid model in this d either. Together with the
previous case this establishes there are no valid models in any even dimension.
Multipartite cases
The multipartite generalization of these results follows immediately from Proposition VI.6
of Ref. [260], which implies that the frame representation for processes on a pair of systems
is uniquely determined by the frame representation for processes on each component system.
In the case that the component systems are odd-dimensional, they each have a unique
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representation, and hence, so too does the composite system. In the case that the component
systems are even-dimensional, they do not admit of any noncontextual representation, and
hence, neither does the composite system.

B.4

Alternative arguments for the necessity of generalized contextuality

Recall from the main text
Theorem 19. Consider any state ρ which promotes the stabilizer subtheory to universal
quantum computation. There is no generalized noncontextual model for the stabilizer
subtheory together with ρ.
One might expect that this result follows immediately from the fact that there is no
nonnegative quasiprobability representation of full quantum theory, and that such a proof
would hold in every model of quantum computation. However, the mere fact that a universal
quantum computer can simulate every quantum circuit does not necessarily imply that
one can implement every quantum circuit. (The loophole here follows from the distinction
between computational universality and strict universality [10]. For example, the Toffoli and
Hadamard gate together form a computationally universal gate set, and yet composition
of these two gates cannot generate arbitrary unitary gates—only those with real matrix
elements.) Hence, one cannot without further arguments conclude that a universal quantum
computer is capable of implementing circuits with negativity (or contextuality)—one can
only conclude that it can simulate such circuits.
However, we believe that Theorem 19 could be proven in by leveraging the previous
necessity result for Kochen-Specker contextuality [154] together with the fact that KochenSpecker contextuality implies generalized contextuality [169]. Such an argument would
not be entirely trivial, as the latter implication requires bringing auxiliary operational
processes into the argument, and one must establish that all of these additional processes
are within the stabilizer subtheory. However, this does seem to be the case. First, one
can establish outcome determinism for ontic states in the support of the maximally mixed
state following the logic of Ref. [281], but using only stabilizer preparations. One can then
establish that every ontic state in the support of the given nonstabilizer state (from the
state-dependent proof of Ref. [154]) is also in the support of the maximally mixed state,
using the fact that there always exists a decomposition of the maximally mixed state into
the given nonstabilizer state together with only stabilizer states.
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C
C.1

Appendices for Chapter 6
Related work

A number of previous works either inspired parts of our work, or would be interesting to
relate to our work.
The basic diagrammatic notation underpinning this work can be traced back to the
work of, for example, [156, 159], which used string diagrams to represent particular types
of categories. See [271] for a clear survey of these notations, and see [217] for a graphical
representation of tensors. The two-directional diagrams which we used here were inspired
by Hardy’s duotensor notation [138]. A seemingly related notation has also appeared
in the context of double categories [208], and it would be interesting to see if there is a
formal connection between these. The work of [110] (which was itself based on [204]) first
introduced us to the graphical representation of diagram-preserving maps which we used in
this work.
Diagrammatic notation was first used in the context of quantum theory within the
research program of categorical quantum mechanics, which began in [77], was axiomatised
in [5], and is now the basis of the textbook [82]. This sparked the quantum picturalism
revolution [78, 137], as well as use of similar notation for GPTs [138] and the operational
probabilistic theories of the Pavia group [69, 70, 92]. Stronger connections between these
notations have been developed in, for example, [127, 269, 318]. Moreover, more categorical
approaches to generalized theories have been studied extensively using diagrammatic
notation, in particular by Gogioso in Refs. [124, 127, 140], which also contains a formal
treatment of the infinite dimensional case [125, 126].
There are many connections to the framework of operational probabilistic theories [69,
70, 92], which served as inspiration for multiple aspects of our framework. Developing a full
understanding of the relations between the two is left for future work. Of particular note
is the idea of a prediction map being used to define a notion of equivalence, with respect
to which one can quotient. This notion of quotienting also appeared in [138] and [260].
Moreover, the causality axiom of Ref. [69] is closely related to our ignorability assumption,
and both of these are closely related to the notion of terminality of Refs. [79, 160].
Moreover, the rough idea of structure preservation in ontological models has appeared
in various forms (e.g. as a diagram-preserving map, or equivalently as a functor between
categories) in Refs. [4, 54, 121, 158, 193, 260].
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C.2

On the meaning of diagrams in our operational CI theories

In Section 6.6.1, we noted that diagram preservation is an immediate consequence of our
choice to take diagrams in an operational CI theory to represent one’s hypothesis about the
fundamental causal and inferential structure in the given scenario. We now contrast this
with the usual approach to operational theories, wherein one typically takes operational
diagrams to be a representation of some kind of structure that is independent of one’s
interpretation.
For example, in quantum theory, any given scenario can be described as a circuit of
completely-positive trace-preserving maps. The circuit assigned to a particular experiment
(or to the idealized conception thereof) is essentially unique, and is a fact on which physicists
of virtually all interpretational camps will agree upon. At a minimum, these camps agree
on this circuit as the ‘correct’ one in the sense of having maximal pragmatic utility as a
mathematical representation of one’s experiment. In the usual approach to operational
theories, it is this circuit depicting the calculational structure that is typically taken as the
diagram representing one’s scenario.
To provide a realist representation of one’s scenario, however, requires one (in our view)
to furthermore commit to an underlying causal structure. In general (depending on one’s
interpretational camp), this causal structure will not correspond to the calculational circuit
just described. Hence, in such an approach, one’s realist representation map would not
be diagram-preserving, but must somehow map from the calculational circuit to one’s
hypothesized causal structure.
In contrast, in our framework, we do not represent the calculational circuit at all. Rather,
we stipulate that the diagram one draws to describe a given scenario in an operational CI
theory must be chosen to respect one’s hypothesis about the fundamental causal-inferential
structure. Hence, the classical realist representation map is diagram-preserving.
The only real novelty here is that in our framework, the term ‘operational theory’ no
longer describes a description which is so bare-bones that all users of the framework will
agree on it.
We now note a key consequence of our choice to take operational diagrams to represent
one’s hypothesis about the fundamental causal-inferential structure: namely, that diagrampreservation does not constitute a limitation on the scope of realist representations within
our framework.
To demonstrate this, consider the classical realist representation of a pair of independent
causal systems in our framework. Diagram preservation implies that these are represented
by a pair of independent systems in the classical realist CI theory. Since system composition
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in a classical realist CI theory is given by the cartesian product of the corresponding
ontic state spaces, it appears as though our framework commits one to represent every
pair of operational systems by a cartesian product of the corresponding state spaces, an
assumption sometimes termed ontic separability [139]. If one is committed to the idea
that the two systems in question fundamentally exhibit some holistic properties, then
this assumption (and hence our assumption of diagram preservation) might appear overly
restrictive. Such an impression is mistaken, however. In our framework, to posit such
holistic properties is to grant that the actual causal situation is one in which the relevant
degrees of freedom fundamentally cannot be divided into two independent subsystems—even
if they are represented by a tensor product in the calculational diagram. Rather, they
fundamentally behave as a single monolithic causal system. With this causal hypothesis,
then, our framework demands that one represent the operational scenario using a single
system rather than a pair of systems, and the classical realist representation of this single
system is thereby allowed to be an arbitrary ontic state space, not necessarily a Cartesian
product of ontic state spaces of two components. So we see that our framework does not
limit the scope of classical realist representations.
Of course, given a commitment to a particular causal-inferential hypothesis, the assumption of diagram-preservation provides strong constraints on the scope of possible
classical realist representations. These constraints take the form of causal compatibility
constraints, as discussed in Section 6.7.1. Indeed, one can subsume a number of assumptions
made in deriving no-go theorems on ontological representations (including those needed
to derive Bell’s theorem, a version of the preparation-independence postulate [230], the
Markovianity assumption used in Ref. [207], lambda-screening [280], and the assumptions
used in Ref. [260]) under the assumption that the fundamental causal-inferential structure
respects the standard (calculational) quantum circuit.

C.3

Useful results in SubStoch

We now list a number of useful equalities, some of which we will need for proofs in the next
section. Each can be verified immediately by composing the partial functions defining the
relevant processes.
X
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,
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⊥
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(6.308)

(6.309)

(6.310)
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(6.311)

∨
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∨

=

∧

=

∧ ,

(6.312)

∨ ,

(6.313)

∨

∧

∨

∧

Properties of a Boolean algebra (proved diagrammatically)
A Boolean algebra satisfies the following properties (which are not all independent). For
simplicity, we will here use α, β, and γ to denote propositions.
• associativity: α ∨ (β ∨ γ) = (α ∨ β) ∨ γ and α ∧ (β ∧ γ) = (α ∧ β) ∧ γ
• commutativity: α ∨ β = β ∨ α and α ∧ β = β ∧ α
• identity: α∨ ⊥= α and α ∧ > = α
• complements: α ∨ ¬α = > and α ∧ ¬α =⊥
• distributivity: α ∨ (β ∧ γ) = (α ∨ β) ∧ (α ∨ γ) and α ∧ (β ∨ γ) = (α ∧ β) ∨ (α ∧ γ)
• idempotence: α ∨ α = α and α ∧ α = α
• annihilation: α ∨ > = > and α∧ ⊥=⊥
• absorption: α ∨ (α ∧ β) = α and α ∧ (α ∨ β) = α.
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We now prove that each of these expressions holds in our diagrammatic representations.
We prove only the first of each of these expressions; in each case, the proof of the second is
similar. The associativity and commutativity axiom follow immediately by the symmetry
of Eq. (6.37). The identity axiom follows simply from
X

α

b

⊥

b

X
X

X

∨

b

=

X

b

α

∨
>

b

X

=

α

b

.

(6.314)

n

To prove the complements axiom, one has
X
X
X

α
¬α

X

b
b

∨

b

=

X

α

∨

=
=
=
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X

α

b

α

b

>

b

b

(6.315)

¬

α
X

b

b
b

>

¬
b

∨

b

(6.316)
(6.317)
(6.318)

The proof of distributivity is as follows:
α

α

∧

β

∨

β

=

∨

γ

∨

γ

∧

(6.319)

α

=

β

∨

γ

∨

∧

(6.320)

∧

(6.321)

γ
α

=

β

∨

γ

∨

γ
α

∨

γ

=

β

(6.322)

∧
∨

γ

where Eq. (6.321) follows from Eq. (6.311) and Eq. (6.319) follows from Eq. (6.312).
The proof of idempotence is as follows:
α

=

∧

∧

α

=

α

(6.323)

α

The proof of annihilation is as follows:
α
>

∨

α

=
>
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>
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∨
y
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The proof of absorption is as follows:
α

α
α
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∨

α

∧

∨

(6.326)

∧

β

β
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=

∧

∨

(6.327)

β
α

=

β
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(6.328)
>

(6.329)

,

α

where Eq. (6.328) follows from Eq. (6.310).
Partial functions in Boole
Recall from Eq. (6.53) that any partial function fˆ can be written as

fˆ

=

χfˆ

X

F

Y

(6.330)

,

where χfˆ specifies the domain of fˆ and F is a propositional map.
Consider now the action of fˆ on an arbitrary propositional effect defined by π ∈ B(Y ),
namely
X ˆ Y
f

π

=:

X ˆ
f (π)

(6.331)

.

This defines a map from B(Y ) to B(X), but it remains to see what structure of the Boolean
algebra of propositional effects this map preserves. We now show that the action of partial
functions on propositional effects preserves ⊥, ∨ and ∧, but not > and ¬.
First, note that we can reexpress fˆ(π) in terms of the propositional effect χ ˆ ∈ B(X)
f
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and the total function F as follows:
X ˆ Y
f

π

χfˆ

X

=

Y

F

=

b

χfˆ

X
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b

χfˆ

b

F (π)

b
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F
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(6.332)
π

∧

b
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F (π)
X

=

X

=

χfˆ ∧ F (π)

b

χfˆ ∧ F (π)

.

y

(6.336)
(6.337)

This is a very natural expression, stating that fˆ(π) is equivalent to a propositional effect
defined by the subset of X which is both in the domain of fˆ and in the image of π under F .
At this point it is easy to verify that ⊥ is preserved:
X ˆ Y
f

⊥

=
=
=
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X
X
X

χf ∧ F (⊥)

(6.338)

χfˆ∧ ⊥

(6.339)

⊥

,

(6.340)

but that > is not preserved if χf ( X:
X ˆ Y
f

>

=
=
=

X

χfˆ ∧ F (>)

(6.341)

X

χfˆ ∧ >

(6.342)

χfˆ

(6.343)

X

.

Hence, fˆ does not define a Boolean algebra homomorphism (as these preserve >).
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However, it does preserve ∨ and ∧, as we now show. Preservation of ∨ can be derived as
Xχ
X ˆ
f (π ∨ π 0 )

fˆ
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X

F

π

Y

∨

b

(6.344)
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X
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X

fˆ(π) ∨ fˆ(π 0 ) ,

(6.350)

where Eq. (6.347) follows from Eq. (6.313) and Eq. (6.349) follows from Eq. (6.311).
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Preservation of ∧ can be derived as
Xχ
X ˆ
f (π ∧ π 0 )

X

=

X

fˆ

F

π

Y

∧

b

∧

b

∧

b

∧

b

y

(6.351)

π0
X
X

=

χfˆ
F (π)

X

F (π 0 )
χfˆ

X

=

X

F (π)
F (π 0 )
F (π)

X

=

X

F (π 0 )

y

(6.353)

y

(6.354)

∧

∧

∧

χfˆ

X

(6.352)

∧

χfˆ

X

y

∧

χfˆ
X
= (χfˆ ∧ F (π)) ∧ (χfˆ ∧ F (π0 ))

=

X

fˆ(π) ∧ fˆ(π 0 ) ,

(6.355)
(6.356)

where Eq. (6.353) follows from Eq. (6.319) and Eq. (6.354) follows from Eq. (6.311).
In summary, we see that fˆ is a Boolean algebra homomorphism from B(Y ) to B(χfˆ).
Propositions about composite systems
In Eq. (6.38), we noted that one can express propositional questions about composite
systems, e.g. as
X
Y

π
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b

(6.357)

where π ∈ B(X × Y ). However, suppose that we have some propositional question π about
X and some propositional question π 0 about Y ; then, how should these be composed to
give a propositional question about X × Y ? One’s first guess might be to simply compose
these in parallel within Boole; however, this would give
X
Y

π

b

π0

b

(6.358)

,

which is not a propositional question as its a function to b × b rather than simply b. The
resolution comes from examining how we expect these to compose as Boolean Algebras.
Note that the sets compose via the cartesian product, hence Boolean Algebras compose via
the following rule: B(X) ⊗ B(Y ) := B(X × Y ) and moreover that π ⊗ π 0 ∈ B(X) ⊗ B(Y )
can be defined as a subset of X × Y by π × π 0 viewed as subsets of X and Y respectively.
In our diagrammatic language this is represented by:
X
Y

X

π⊗π

0

b

= Y

π

b

b
π0

∧

b

(6.359)

This composite therefore can be clearly interpreted as the situation in which we are interested
in both π and π 0 being true about their respective systems.
Note, however, that we then clearly have other ways that we could compose these, for
instance via:
X
Y

π

b

b
π0
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∨

b

(6.360)

to see what this means in terms of the Boolean Algebra consider the following rewrites:
π
X
Y

π

X

b

b
π0

∨

b

=

∧

>Y

Y

>X
π0

∨

b

(6.361)

∨

b

(6.362)

∧

πX ⊗ > Y
X

=

Y

>X ⊗ πY0
X

=

Y

0
(>X ⊗ πY
) ∨ (πX ⊗ >Y )

b

(6.363)

(Here we have included or omitted subscripts labeling the systems about which propositions
are being made, as convenient.)
This corresponds, intuitively, to what we would mean for the logical disjunction of two
propositions about distinct systems.
Useful relations between stochastic maps
There are various relationships between the stochastic maps which we have defined which
are useful in the proofs in this paper. We list them here for reference.
Λ

?Λ

Λ

?Λ

Λ

?Λ
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=
=

Λ

?Λ

(6.364)
(6.365)

X

X

X

X ×Y
Y

=

Y

(6.366)

Y

X
X ×Y

X ×Y

=

Y

Λ

0
Λ × Λ?Λ
× Λ0

=

Λ0

ΛΛ0

C.4

(6.367)

Λ
?Λ × Λ0

Λ

X ×Y

Λ0

(6.368)

.

ΛΛ0
0

Λ

?Λ0

=

Λ

?Λ

Λ0

.

(6.369)

Useful results in FI

A useful lemma about (sub)stochastic maps
We now state and prove a lemma which was needed to justify Eq. (6.487).
Lemma C.1.
σ

σ0

=

⇐⇒
σ

=

σ0

where σ is an arbitrary substochastic map. This result and proof also hold if one replaces
all of the equalities with inferential equivalences.
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Proof. The ⇐ direction trivially follows from Eq. (6.89). To prove the ⇒ direction, we
begin by assuming that
σ

σ0

=

(6.370)

Composing this with a state preparation generator and the star isomorphism gives
σ0

σ

=

(6.371)

which can be rewritten using Eq. (6.142) to
σ0

σ

=

(6.372)

and then, using Eq. (6.189) and Eq. (6.308), to
σ

σ0

=

(6.373)

Finally, we use (on the LHS) the fact that the star is an isomorphism and (on the RHS)
the fact that the star is stochastic to obtain the result:
σ

=

σ0

.

(6.374)

The proof proceeds in the same way if one replaces all equalities with inferential
equivalences. If one assumes Eq. (6.370) but with the equality replaced by inferential
equivalence, then Eq. (6.371) follows by the fact that inferential equivalence is preserved by
composition. The remainder of the proof then follows by the same rewrite rules.
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Copy function and complete common causes
First, let us define the copy function in Func, denoted
Λ Λ

(6.375)

,
Λ

by •(λ) = (λ, λ) for all λ ∈ Λ.
We now show how some useful properties of the copy functioncan be lifted to define a
corresponding process in F-S, via
e0

(6.376)

.

Specifically, that this acts as a suitable copy operation for F-S, that is, it is symmetric

e0

=

e0

=

(6.377)

e0

and associative,
e0

e0

e0

=

e0

=

e0

=

e0

(6.378)

,

as follows immediately from diagram preservation of e0 and the associativity of the underlying
function. By Eq. (6.97), the embedding of the unique function u to the trivial system ? is
equal to the ignoring map:
u

e0

=

[u]

=
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[u]

=

,

(6.379)

one can also see that it is a counit for the copy:
u

e0

=

u

e0

u

=

e0

u

e0

= =

e0

=

e0

e0

=

e0

.

(6.380)

We now show that processes of the form
Λ0

Λ00

(6.381)
Λ

describe situations in which Λ is the complete common cause [12] of Λ0 and Λ00 . This is
a consequence of the fact that the outputs of a process in Func are (by construction)
deterministic functions of the inputs, and hence in this diagram, Λ is the only possible cause
of Λ0 and Λ00 . (To represent a scenario in which the two have more than one common cause,
one would represent these explicitly as inputs to the process. Note that our framework
does not incorporate a diagrammatic distinction between latent and observed variables,
although introducing such a distinction might be useful in future work.)
Lemma C.2.
0

00

Λ

Λ

Λ0

Λ00

Λ

Λ

=

(6.382)

Λ

e0

Λ

where the black triangle is a stochastic map defined by linearity and


ΛΛ0
ΛΛ0 × Λ00

0

Λ Λ



ΛΛ00

00

:: 
 F









7→  F


Λ

where u is the unique function to ?.
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u





 
 
⊗
 

u

F







(6.383)

Proof. First, note that we have a similar decomposition in Func, that is for all functions
F there exist fl and fr such that
Λ0 Λ00

=

F

fl

fr

(6.384)

Λ

where
u

fl

=

F

u

and

fr

=

F .

(6.385)

We will now show that this result can be lifted to F-S. Note that the definition of the
black-triangle stochastic map, together with the above choices for fr and fl , imply that
[fl ]
[F ]

=

.

(6.386)

[fr ]

Now consider the following set of rewrites, where [•] is the state of certain knowledge that
the copy operation, • : Λ → Λ × Λ, of Eq. (6.375) has occurred.
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Λ0

Λ00

Λ

Λ

Λ0Λ00

=

(6.387)

e0

e0

Λ

Λ

Λ0Λ00

=

(6.388)
[•]

Λ
Λ0Λ00

=

(6.389)

.
[•]

Λ

Next, note that
=

,

(6.390)

[•]

as can be verified by computing its action on an arbitrary delta function state of knowledge
[F ], namely


Λ0 Λ00









F





7→  F


Λ

u










 fl

7→ 
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u

 
 
⊗
 
u

7→  F




u





F 


(6.391)





F 


(6.392)



fr 

.

(6.393)

Hence, by Eq. (6.384), we see that


Λ0 Λ00



:: 
 F

[•]









7→ 
 F

Λ0 Λ00



Λ



,


(6.394)

Λ

justifying Eq. (6.390). The conjunction of Eq. (6.390) and Eq. (6.389) immediately establishes the lemma.
Next, we show that learning about an ontological system is the same as first copying
that system and then learning about the copy:
Λ
Λ

Λ

Λ

=

Λ

(6.395)

.

e0
Λ

Λ

Proof. We start with the RHS and will rewrite it into the LHS. In the following equalities,
Eq. (6.398) follows from Eq. (6.128), Eq. (6.399) follows from the fact that [•] is a point
distribution, Eq. (6.401) follows from Eq. (6.308), and Eq. (6.402) follows from Eq. (6.379).
Λ

Λ
Λ
e0
Λ

Λ
Λ

Λ

=

(6.396)

[•]

Λ
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=

=

(6.397)

[•]

(6.398)

[•]

=

[•]

=

[•]

(6.400)

=

[•]

(6.401)

[•]

(6.399)

u

e0

=

(6.402)

e0

u

=

=
=

e0

e0

(6.403)

(6.404)
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(6.405)

Other equalities
A special case of Eq. (6.128) is
Λ
?Λ

Λ

=

(6.406)

?Λ

since
Λ
?Λ

=

(6.407)

=

(6.408)

=

?Λ

Λ

(6.409)

.

First, we show that one can always find at least one possible causal explanation in FI
for any inference. A simple example of this is
Λ

=

Λ

;

?Λ

(6.410)

here, the inference described by the identity function is seen to have a possible causal
explanation as the statement that a causal system has not evolved. As another simple
example, inferences described by functions can always arise from a causal system evolving
under that function as its dynamics, e.g. as
Λ0

f

=

.

f
Λ
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?Λ

e0

(6.411)

Most generally, an inference described by a general substochastic map can always be viewed
as having partial knowledge about the input to some functional causal dynamics and
considering a proposition about part of the output of the dynamics. That is, an arbitrary
process S ∈ SubStoch satisfies
Λ

S

σ

Λ0

=

f

(6.412)

π

π

=

(6.413)

f
e0
σ

where σ is a probability distribution, f is a function, and π is a propositional effect.
Proof. The proof is as follows, where Eq. (6.420) follows from Eq. (6.368) and Eq. (6.421)
follows from Eq. (6.369) (and the remaining equalities follow from the rewrite rules in F-S
that we have introduced):

π

π

=

f

[f ]

e0
σ

σ
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(6.414)

=

π

[f ]

(6.415)

σ

=

π

[f ]

(6.416)

σ

[f ]

=

(6.417)

σ
π
[f ]

=

(6.418)

σ
π
[f ]

=

(6.419)

σ

π

[f ]

=

(6.420)

σ

π

[f ]

=

(6.421)

σ

π

σ

=

(6.422)

f
π
σ

=

f
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π

(6.423)

Next, we show that one can always replace what we know about a transformation with
what we know about a variable that controls the transformation. First let us describe a
“universal control” function ∈ Func, as follows:
Λ0

∀f ∈ ΛΛ0

=

ΛΛ0

f

Λ0

Λ

f

(6.424)

Λ

where the black diamond represents the universal control transformation , and where we
have introduced a causal system which ranges over the (finite) set of functions from Λ to
Λ0 . Then, one can show
=

e0
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(6.425)

Proof. One can rewrite the RHS into the LHS, as follows:

e0

=

[ ]

(6.426)

[ ]

=

(6.427)

[1]

[ ]

(6.428)

=
[1]

=

(6.429)
(6.430)

where the last step follows from the fact that
[ ]

=
[1]
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(6.431)

as can be verified by its action on an arbitrary delta function state of knowledge [f ]. Namely,


Λ0





 f 


Λ



7→

ΛΛ0




 f




"

#

7→

f

Λ

(6.432)

(6.433)



7→

=


0
Λ






 f

Λ


Λ0


 f ,


Λ

(6.434)

(6.435)

where the final equality is given by Eq. (6.425).
Proof of normal form for F-S
We now prove Theorem 6.4.2; namely, the normal form

S

(6.436)
i0

for F-S, where S is a substochastic map.
Proof. We will prove this by induction. First, we show (Step i) that every generator can be
written into normal form. Second, we prove (Step ii) that the composite of two normal
form diagrams can be rewritten into normal form. Given these, it is clear that one can
write any diagram into normal form by first rewriting all of the generators involved into
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normal form using Step i, composing these according to Step ii, and iterating until the
entire diagram is in normal form.
Step i—The fact that each generator is in normal form can be seen by inspection.
For example, stochastic maps are generators in our theory, and are already in normal
form—namely, the special case that arises when one takes all the causal systems in the
normal form to be trivial. The other three generators (describing interactions between the
causal and inferential systems) can be written in normal form as follows:

Λ0

=

[u]

i0

,

ΛΛ0

Λ

=

and
i0

Λ

Λ

=

[1]

i0

Λ

(6.437)
Step ii—First, we write down the most general way to compose two diagrams and then
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expand each of these in terms of the conjectured normal form:

S2

D2
D1

.

=

.

S1

(6.438)
Removing the dashed gray lines and simply moving the wires around gives

S2

=

(6.439)
S1
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Next, we use Eq. (6.89) and Eq. (6.79) to add in extra processes to obtain
[1]

S2

(6.440)

=
S1
[1]

Merging some of these together, one obtains
[1]

S2

(6.441)

=
S1
[1]
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Next, simply moving wires around yields

S2
[1]

=

,

(6.442)

S1
[1]

at which point one can identify the two gray dashed boxes as stochastic maps (since these
contain only normalized inferential processes). Denoting these S10 and S20 one obtains
S20
=:

,
S10

284

(6.443)

We can use Eq. (6.128) to rewrite this as

S20

S20
=

=

S10

S10

.

(6.444)
Rewriting to express compositional structure within one’s inferences, one gets

S20
=

S

S10

=:

(6.445)

where one has identified the process in the dashed box as a stochastic map S. Noting then
that each pair of wires can be considered as a single composite wire and that S is in the
image of i0 , this is indeed seen to be in the claimed normal form.

C.5

g
Useful results in F-S

Statement and Proof of Lemma C.3
We now state and prove a lemma used in the main text.
Lemma C.3. A causal identity is inferentially equivalent to a process which factors through
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an inferential system as
∼p∗

(6.446)

.

Proof. By Lemma 6.5.1, we can establish the inferential equivalence by showing the following:

∀τ

=

(6.447)

τ

τ
p∗

p∗

Now, as follows from Section 6.1.1, these testers are shorthand notation for a diagram of
the form:
yτ
=

(6.448)
xτ

τ

By applying the normal form of Theorem 6.4.2 to the special case of processes of the form
of xτ and of the form of yτ , we can write this tester explicitly as
eτ
(6.449)

i0 ,

sτ
i0

and hence our goal is to prove the following equality:

eτ

eτ
i0

sτ
i0

=

i0

sτ
i0

p∗
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p∗

(6.450)

This equality follows immediately from the following set of rewrites (where the first and
last equality follow from the special case of Lemma C.2 where Λ is trivial):

=

(6.451)

=

(6.452)

=

(6.453)

=

(6.454)

=

(6.455)

Proof of Lemma 6.5.6
g are inferentially equivalent if and
We now prove Lemma 6.5.6, that two processes in F-S
only if they are associated with the same substochastic map.

Proof. The =⇒ direction follows immediately from the definition of inferential equivalence
and the fact that the following diagram is a tester:

.

(6.456)

To prove the ⇐ direction, one can apply the fact that p∗ = p̃∗ ◦ ∼p∗ and then apply
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Lemma C.3 to show that

=

D

(6.457)

D
∼p∗

T

p∗

T

=

∼p∗
p̃∗

(6.458)

D
∼p∗

T

=

p̃∗ ∗
p̃

(6.459)

D

T
and similarly for E.
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p∗

Now, starting with the RHS of the implication in Eq. (6.177),

=

D
p∗

(6.460)

,

E
p∗

we will derive the LHS using the result we just proved. First, note that this equality implies
that

∀T

=

D
p∗

T

.

E

(6.461)

p∗

T

p∗

p∗

Diagram preservation then allows us to write this as:

∀T

=

D

T

(6.462)

E

T

p∗

p∗

Now, consider a special class of testers, namely, those of the form:

=

(6.463)
T0

T
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for any T 0 . Condition 6.462 therefore implies that

∀T 0

=

D

T0

.

E

T0

p∗

(6.464)

p∗

Using Eq. (6.459), this is equivalent to

∀T 0

=

D

T0

(6.465)

E

T0

∗

p

p∗

But this is just the definition of inferential equivalence:
D

∼p∗

E

(6.466)

Proof of Theorem 6.5.7
g given
We now prove Theorem 6.5.7, which immediately led to the normal form for F-S
in Corollary 6.5.7.1. In the equalities that follow, Eq. (6.468) follows from Eq. (6.413),
Eq. (6.469) follows from Eq. (6.395) and Eq. (6.425), Eq. (6.471) follows from two applications of Eq. (6.446), Eq. (6.477) follows from Eq. (6.128), Eq. (6.478) follows from
Lemma (C.2).
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Proof.
σ

S

f
=

(6.467)

π

π

f
e0
σ

=

(6.468)

e0

π

f
e0
σ

=

(6.469)

e0

(6.470)
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π

f
∼p∗

(6.471)
0

e
σ

π

=

(6.472)

[D]

σ

where

D

=

f

292

.

(6.473)

We can then further rewrite this as:

π

[D]

=

(6.474)

σ

[1]

Π0

=

Σ0

(6.475)
>

=

=

Π0

Σ0

(6.476)

(6.477)

Σ0
>

Π0

Σ0
e0

=

(6.478)
>

Π0
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Σ0
e0

=

(6.479)
>

Π0

Σ0

=

(6.480)
>

Π0

=

Σ
Π

(6.481)

By their construction, one can see that Σ is a stochastic map and Π is a propositional
map.

C.6

Useful results for classical realist representations

Proof of Theorem 6.6.1
We now prove Theorem 6.6.1.
Proof. First, note that Eq. (6.189), diagram preservation of ξ, and the constraint of
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ignorability, Eq. (6.96), imply that
ΛB
AB AB B

=

AB AB B

Aξ
ΛA

(6.482)

Aξ
ΛA

=

(6.483)

.
ΛA

Now, Theorem 6.5.7 gives that
ΛB
ΛB
AB AB B
Aξ
ΛA

AB

∼p∗

Σ
Π

,

(6.484)

ΛA

for some substochastic map Σ and some propositional effect Π. Applying this to decompose
the process on the LHS of Eq. (6.482), one gets

Σ
Π

∼p∗

.

(6.485)

Rewriting the LHS of this we obtain
Σ
Π
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∼p∗

(6.486)

Using Lemma C.1 (stated and proved in Appendix C.4), we obtain
χΠ

∼p∗

Π

(6.487)
>

Substituting this in, we obtain
Σ

∼p∗

χΠ

(6.488)

>

and so
Σ

∼p∗

χΠ

(6.489)

.

Hence, it must be that
Σ

ΞB
A

=:

χΠ

(6.490)

is a stochastic map.
Finally, substituting the decomposition of Π into Eq. (6.484) and then using the definition
of ΞB
A , one obtains
ΛB
AB AB B
Aξ
ΛA

∼p∗

Σ

χπ

(6.491)

>

=

ΞB
A

(6.492)

That is, every classical realist representation is inferentially equivalent to updating one’s
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knowledge about the operational procedure to knowledge about functional dynamics.
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