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Abstract 15 

If the beams in a structural frame are not connected to slabs or other rigid diaphragms, the beams will 16 

axially deform when the frame is subjected to lateral loads, reducing the critical loads and increasing local 17 

deflections in the structure. The consideration of beam axial deformations always reduces the lateral 18 

stiffness of the frame, but has so far been neglected in storey-based stability methods. The lateral stiffness 19 

of a semi-braced (tension-only), semi-rigidly connected steel frame accounting for the axial deformations 20 

in its connecting beams is derived in this paper. The equations also apply to unbraced frames and/or 21 

idealized connections, which are commonly encountered or assumed in practice. It is demonstrated that 22 

the effect of beam axial deformation on the lateral stiffness of the frame can conveniently be accounted 23 

for using the concept of equivalent series and parallel springs. A lateral stiffness reduction factor is also 24 

introduced to predict the effects of beam axial deformations. The theoretical accuracy of the proposed 25 

method is verified via finite element analysis and the method is demonstrated via numerical examples. 26 

The effect of beam axial deformations on the critical gravity loads of frames was found to be significant 27 

in some cases, especially when the ratio of beam axial stiffness to column lateral stiffness is small – that 28 

is, within the order of 102. However, axial beam deformations have negligible effects on the critical 29 

gravity loads if the ratio is sufficiently large or where rotational buckling governs the failure mode, within 30 

the order of 103 or above. 31 
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1 Introduction 35 

The prevention of instability in the design of structural frames is of primary importance. The topic of 36 

storey-based stability in steel frames has been continually investigated over the last few decades [1-16]. 37 

Although neglected in the proposed methods found in the literature, the effects of axial deformations in 38 

beams have the potential to significantly reduce the critical gravity loads of steel frames. Particularly, 39 

axial deformations occur in beams if the beams are not connected to slabs or other rigid diaphragms, 40 

causing a reduction to the storey-based lateral stiffness compared to when the beams are assumed to be 41 

axially rigid. In other words, with the assumption of rigid floor diaphragms in which all columns in the 42 

same storey have an identical lateral deformation, the possible axial deformation of beams is neglected. 43 

Whereas this assumption may be accepted for residential, institutional and commercial building 44 

frameworks because of the presence of concrete slabs, it may not be valid for frameworks such as single-45 

storey industrial or warehouse buildings in which the roof diaphragms are relatively flexible. For this 46 

reason, the axial deformation of beams needs to be considered in the stability analysis.  47 

In this study, a method is derived for calculating the lateral stiffness of a storey frame accounting for axial 48 

deformations in beams. It was found that the evaluation of stability via quantification of the lateral 49 

stiffness of a storey frame can be conveniently achieved using the concept of equivalent parallel and 50 

series spring stiffness [17-18]. The proposed method is a generalization of the Xu & Liu [6] method for 51 

computing the lateral stiffness of a semi-braced or unbraced, semi-rigidly or ideally connected frame, 52 

which does not originally account for the axial deformations in beams.  Semi-braced frames are defined 53 

as those with limited amounts of lateral bracing present but still experience significant lateral sway in the 54 

buckling mode. Semi-braced frames will have higher axial loading capacities and reduced lateral 55 

deflections when compared to equivalent unbraced frames with the lateral bracing removed. The semi-56 

braced case for a frame reflects a transition between the fully-unbraced and fully-braced cases [19-20]. 57 

Note that this study considers only tension-only bracing, which is common in applications of steel frames 58 

for single-storey industrial, commercial and warehouse buildings. The proposed method also considers 59 
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semi-rigid connections between the members, as connections are never completely pinned or rigid in 60 

reality. Of course, the proposed method also applies to idealized connections. 61 

A new reduction factor to the lateral stiffness to predict the effects of axial deformations in beams is also 62 

introduced. To be consistent with the method developed by Xu & Liu [6], the proposed method also 63 

accounts for the reduction in lateral stiffness of columns due to axial loads via P-∆ effects. The theoretical 64 

accuracy of the derived method is verified via finite element analysis. In fact, the proposed equations 65 

represent a closed solution to the system of differential equations representing the deformable behaviour 66 

of the system. The solution is simple to understand, and relates the stiffness of the structure directly to the 67 

variables in the equations, allowing for comprehensive understanding of the problem. While numerical 68 

solutions such as finite element analyses may be difficult to understand for many practitioners and can 69 

potentially lead to the improper assignment of input variables. An advantage of the proposed method is to 70 

provide a methodology for performing the same stability analyses under a relatively simplistic theoretical 71 

basis, as it employs the more commonly understood concept of springs in parallel and series. Numerical 72 

examples are presented to demonstrate the use of the approach and the results are compared with the 73 

results obtained from Xu & Liu [6] in order to assess the effect of beam axial deformations on the critical 74 

gravity loads of the frames. 75 

2 Background 76 

Yura [1] initiated the notion of storey-based stability by identifying that the instability of a single storey 77 

requires all columns within the storey to buckle simultaneously. LeMessurier [2] and Lui [3] subsequently 78 

used the concept to develop matrix-based methods for evaluating storey-based stability. Following this, 79 

Aristizabal-Ochoa [4] and Xu [5-6] developed closed-form equations for evaluating storey-based stability. 80 

Other researchers [7-10] have since developed various similar methods for estimating the storey-based 81 

critical loads of storey frames. The effect of interactions between adjoining members across multiple 82 

storeys towards the computation of storey-based stability has also recently been investigated [11-14]. 83 

Finally, the storey-based stability method has been extended to account for temperature effects [15] and 84 
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shear deformations [16]. However, unlike the current study none of the above studies have considered the 85 

effect of axial deformations towards the critical loads of the frames. 86 

The focus of this study begins by drawing attention to the Xu & Liu [6] method, which was the first to 87 

extend the Yura [1] method towards considering the P-Δ effect in reducing the lateral stiffness of planar 88 

storey frames containing semi-rigid connections, shown in Fig. (1).  89 

 90 
Figure 1 – General storey frame subjected to gravity loading 91 

The planar frame is subjected to applied gravity loads, Pi. Out-of-plane effects are not considered in 92 

storey-based stability methods. Let the indices i and j correspond to the numbering of the columns and 93 

beams, respectively, from left to right. Similarly, the subscripts c and b are designated to columns and 94 

beams, respectively, and n is the number of bays. The elastic modulus, moment of inertia and length of 95 

each member are E, I, and L, respectively. For the purpose of generalization, all connections can be 96 

modelled as rotational springs, and the effective column lower- and upper-end fixity factors are rl and ru, 97 

respectively. The end fixity factors are measures of the rotational rigidity at corresponding ends of the 98 

member, originally defined in [21] and shown in Eqs. (1). The research on the rotational stiffness 99 

behaviour of semi-rigid connections has since grown in popularity [22] over the past few decades [5-6, 8, 100 

12, 22-27]. 101 
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where Ru and Rl are the rotational stiffness of the upper- and lower-end connections of the column, 104 

respectively. With using this model it is assumed that the end rotational restraints are not affected by axial 105 

loads. The end fixity factors can also be applied for idealized connections. The end fixity factors are 106 

defined such at r = 0 represents a pinned-end connection and r = 1 represents a fixed-end connection. 107 

Intermediate values of r between zero and unity can be used to characterize semi-rigid connections. The 108 

rotational restraint provided by beam j to column i at the corresponding end, Ri,j, can be calculated using 109 

Eq. (2) as follows [5]. 110 
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where rN,j and rF,j are the end-fixity factors for the near and far ends of beam j connected to column i, and 112 

vFN is the ratio of rotation of the far end connection of the beam, θF, to the rotation of the near end 113 

connection of the beam, θN. Xu & Liu [6] demonstrated that accurate estimations of results can be 114 

obtained by assuming the case of asymmetric buckling, vFN = 1, for partially restrained and unbraced 115 

frames. Xu & Liu [6] showed that the lateral stiffness of the frame in Fig. (1), considering only the 116 

flexural deformations of members while ignoring the effects of shear and axial deformations in the 117 

members, can be calculated using Eq. (3). For convenience, a theoretical basis for this equation is also 118 

provided in Appendix A. 119 
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Where ΣS is the lateral stiffness of the storey frame, taken as the sum of the lateral stiffness of each 121 

column, Sc,i, and ΣKbr is the lateral bracing stiffness of the frame provided by tension-only braces. The βi 122 

factor accounts for second-order effects, shown in Eqs. (4). 123 
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Where ϕi = iiii IEPL /  is the axial load coefficient. βi is a monotonically decreasing function of the axial 128 

compressive load, and indicates whether the column is sufficiently stable on its own (β > 0) or relies on 129 

the lateral stiffness of other columns in the storey to maintain stability (β ≤ 0). In assuming that all of the 130 

columns have the same lateral deformation (effectively acting as springs in parallel), the frame will be 131 

laterally stable if ΣS > 0, and unstable when ΣS diminishes to zero since theoretically the lateral 132 

deformations would approach infinity.  133 

The above formulation adopts the assumption that all of the columns deflect by the identical lateral 134 

displacement. However, this assumption implies that the beams are connected to rigid diaphragms and 135 

effectively possess infinite axial stiffness, which can be non-conservative for cases where the rigid 136 

diaphragms are not available. The storey-based stability approach was developed based on the 137 

consideration of rigid-floor or roof diaphragms, which mimics the reality of practical building 138 

construction. When applying the storey-based stability approach to the cases with non-rigid (flexible) 139 

diaphragms or no diaphragm present, the approach may not be conservative due to neglecting the axial 140 

deformation of the beam. In fact, the research on storey-based stability performed on semi-braced frames 141 

thus far [1,4-6,11,15-16] have assumed the presence of rigid diaphragms. Similarly, existing storey-based 142 

stability analysis methods for unbraced and braced frames [1,9,14,27,32] have also assumed the presence 143 

of rigid diaphragms. As such, the aforementioned methods may yield non-conservative results for the 144 

critical gravity loads of the frames. To address this shortcoming, the storey-based lateral stiffness 145 

equation for semi-braced (and unbraced), semi-rigidly (or ideally) connected steel frames with flexible or 146 

no diaphragms is derived in this study. 147 

Using the proposed method, the lateral stiffness of a storey can be determined by applying the concept of 148 

equivalent springs. As discussed in [17-18], the concept of equivalent springs is rarely used in static 149 

analyses of structural systems but is useful for relating fundamental mechanics concepts to the analysis of 150 

complex structural systems. Although dynamic structural systems are often modelled in terms of 151 

equivalent springs [28-30], the same concept remains surprisingly uncommon in the field of static 152 
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structural analysis of buildings despite the capability of the concept to be applied towards the evaluation 153 

of structural stability as demonstrated in this paper. The concept is technically utilized in some current 154 

storey-based stability methods [5-6, 13, 15-16], but which only deal with the aforementioned assumption 155 

that all columns in a storey laterally deflect with the same lateral deformation. Effectively, the columns 156 

are thus treated as springs in parallel but the beams, which can axially deform, are not considered in any 157 

of these storey-based stability models [5-6, 13, 15-16]. 158 

It is noted that multi-storey frames can be analysed using storey-based methods via decomposition into 159 

individual storeys, which are analyzed separately. The extension of the storey-based stability approach in 160 

[6] has been accomplished in this manner by [11].  However, the application of the proposed method to 161 

consider the effects of beam axial deformations in multi-storey frames directly without modifications may 162 

result in small errors in the critical loads, because the bases of the columns in the storey are assumed to be 163 

restricted from differential translations in the lateral direction. For multi-storey frames, this assumption 164 

may not be true if the floor below is not rigid, and continual research is being conducted to verify the 165 

applicability of the proposed approach towards multi-storey frames [33]. In any case, multi-storey frames 166 

often contain rigid diaphragms which can be analyzed using previous storey-based stability methods. 167 

Regardless, the proposed method is a significant milestone towards the goal of considering beam axial 168 

effects in multi-storey frames. 169 

3 Storey-Based Stability Considering the Effects of Beam Axial Deformations  170 

The lateral stiffness of a semi-braced frame containing semi-rigid connections and considering the effect 171 

of beam axial deformations is derived in this section. A lateral load, Q, is applied on the upper end of the 172 

left-most column of the n-bay frame shown in Fig. (2). In addition, each column in the frame is subjected 173 

to an applied load, Pi. 174 
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  175 
Figure 2 – Semi-braced storey frame subjected to gravity loading 176 

The lateral load Q is distributed to each column via the reactions Qi in Eq. (5). Note that even if Q is not 177 

present, based on the buckling shape of the frame there will still be axial forces in the beams related to the 178 

reactions Qi. Also, the induction of column axial loads associated with the lateral load is assumed to be 179 

negligible. The reason for this is that: (1) Q is typically small in magnitude compared to the applied 180 

gravity loads in frame stability analysis, which means P will not change significantly relative to its 181 

original value; and (2) Q will induce varying magnitudes compressive and tensile forces in the columns, 182 

all of which sum to zero in the vertical direction, resulting in some columns having increased lateral 183 

stiffness while others will experience a reduction. In other words, the compressive and tensile forces in 184 

the columns will both decrease and increase the lateral stiffness, respectively, resulting in insignificant 185 

changes to the overall lateral stiffness of the frame. In reality, the induction of lateral loads will not 186 

always have a negligible effect on the total lateral stiffness of the frame if the material is stressed in the 187 

non-linear range, in which case the stiffness in the column can simply be calibrated based on the actual 188 

axial load.  189 

Let the subscripts i and j correspond to the indices of the columns and beams, respectively, from left to 190 

right. 191 

 QQ

n

i
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+

=

1

1

 (5) 192 

By equilibrium of forces, the axial forces in the beams of the frame, Nb,j, are shown in Fig. (2) and 193 

expressed generally in Eq. (6). 194 
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Tension-only lateral bracing is supplied to each column with stiffness SL,i, and is assumed to deform with 196 

the upper ends of each column. Let the axial stiffness of each beam be denoted as Sb,j in Eq. (7).  197 

 },...,2,1{;/ ,,,, njLAES jbjbjbjb ==  (7) 198 

Where Eb,j, Ab,j and Lb,j are the elastic modulus, cross-sectional area and length of beam j, respectively. 199 

The difference between the lateral displacements of adjacent columns is affected by the stiffness of the 200 

beam in between via Eq. (8). 201 
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Based on the method derived in [6], the lateral stiffness of each column, Sc,i, can be calculated via Eq. (3). 203 

By Hooke’s law, the upper-end lateral deflection of each column, Δi, is given via Eq. (9). 204 

 }1,...,2,1{);/( ,, +=+= niSSQ iLicii  (9) 205 

3.1 Lateral Deflections of Columns 206 

The lateral deflections, Δi, and distributed lateral loads, Qi, of each column can be expressed as a function 207 

of Q and the stiffnesses SL, Sc and Sb, by solving the system of 2n+2 equations comprised of Eqs. (5), (8) 208 

and (9), which are all linear in ∆i and Qi. The resulting solution will vary depending on the number of 209 

columns in the frame, but can always be expressed in the form of Eqs. (10). By using Eqs. (10), the 210 

upper-end displacement of each column as a result of the lateral force Q can be evaluated. 211 
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where Seq,i is the effective lateral stiffness of the column as a result of the lateral load being applied on the 214 

left-most column, obtained by solving Eqs. (5), (8) and (9). It will be shown in the following text that the 215 

numerator SNUM is an indicator of the stability in the frame whereas the denominator SDEN,i relates to the 216 
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relative deformations of the columns. As such, SNUM can be called the stability-related stiffness product, 217 

while SDEN is called the deformation-related stiffness product. As an example, the solution to Eqs. (5), (8) 218 

and (9) for an n = 1 bay frame is given in Eqs. (11). 219 
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Where ∆1 is the lateral deflection of the first column and ∆2 is the lateral deflection of the second column 222 

when Q is applied on the first column. It is important to note, however, the deflection also depends on the 223 

location of Q. If Q is instead applied to the second column instead of the first, then the deflections take 224 

the form of Eqs. (12). 225 

 













=















++++++
=

NUM

DEN

LcbLcbLcLc

b

S

S
Q

SSSSSSSSSS

S
Q

1,

2,2,1,1,1,1,2,2,1,1,

1,
1

)()())((
 (12a) 226 

 













=















++++++

++
=

NUM

DEN

LcbLcbLcLc

Lcb

S

S
Q

SSSSSSSSSS

SSS
Q

2,

2,2,1,1,1,1,2,2,1,1,

1,1,1,
2

)()())((

)(
 (12b) 227 

First, the value of SNUM is identical for all columns regardless of the location of the lateral load, and as 228 

such, does not have the index i. It is then noted that the instability of the frame occurs for all columns 229 

when SNUM diminishes to zero, resulting in Seq,i = 0 and ∆ = ∞. Note that Q does not have to be present for 230 

instability to occur since an infinitesimally small value of Q would still result in ∆i = ∞ if Seq,i = 0. On the 231 

other hand, SDEN,i varies between the columns and relates to the relative magnitudes of deflections 232 

experienced by each column. In fact, as shown between Eqs. (11) and (12), if Q is applied on a different 233 

column, the axial forces in the beams in Fig. 2 and the values of SDEN,i will change. The lateral deflection 234 

of the column where Q is directly applied will always be greater than the deflections of the other columns, 235 

with the deflections decreasing further away from the location of Q because of the axial deformation of 236 

beams. In other words, one can visualize that the further away a column is from the lateral load, the less it 237 

will deflect since the beams in between the column and the load act as springs in series. As such, if Q is 238 

applied on one end of the frame, the column on the opposite end of the frame will deflect by the least 239 
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amount. The lateral deflection on the far side of an n-bay frame is quantified via Eq. (13), which is a 240 

special case whereby SDEN is the product sum of the beam stiffnesses. 241 
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Lateral deflections of the intermediate columns cannot be expressed in simple terms but are readily 243 

obtainable by solving the linear system of equations in Eqs. (5), (8) and (9). The deflections of the 244 

intermediate columns gradually decrease towards the end of the frame furthest away from the column on 245 

which Q is applied.  246 

3.2 Lateral Deflection and Stability of the Frame 247 

To determine the lateral deflection and stability of a frame such as the one in Fig. (2), an equivalent, 248 

simplified approach for calculating Seq,i is presented. The method used to determine Seq,i involves applying 249 

the equivalent spring stiffness concept [18]. In doing so, the frame shown in Fig. (2) is decomposed into a 250 

system of springs in parallel and in series, as shown in Fig. (3). 251 

 252 

Figure 3 – Equivalent spring system for the storey frame in Fig. (2) 253 

The equivalent spring stiffness of the storey is evaluated by continually replacing pairs of springs with 254 

single springs of equivalent stiffness starting from the right end of the frame and moving towards the left 255 

end, where Q is applied. Note that a similar analysis can be done with Q applied on the upper end of a 256 

different column, as long as Seq,i is calculated for the column on which Q is applied. Doing so may result 257 

in a different value of Seq,i when the frame is stable, but not during instability which corresponds to Seq,i = 258 
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0 occurring simultaneously for all columns and is entirely independent of whether Q is present in the 259 

analysis. For the purpose of this paper, the tilde symbol, ‘~’, is hereby used to denote the series spring 260 

stiffness operation shown in Eq. (14). 261 
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SS  (14) 262 

The equivalent stiffness of a system of springs in series can be calculated using the operation in Eq. (14) 263 

in which the total displacement experienced by the springs is equal to the sum of displacements 264 

experienced by the two springs in the system. Note that this operation is commutative and associative but 265 

not distributive, as expressed via Eqs. (15) below. 266 

 
1

~~ 221 SSSS =  (15a) 267 

 )~(~~)~( 321321 SSSSSS =  (15b) 268 

 3121321 ~~)(~ SSSSSSS ++  (15c) 269 

Conversely, stiffnesses are additive if springs are arranged in parallel, whereby the two springs deform by 270 

the same distance. To demonstrate the proposed approach, Fig. (3) is repeated in Fig. (4) but in its 271 

deformed state. Note that the upper-end column displacements closest to the applied load are purposely 272 

shown to be greater than those furthest away, to reflect how a system with axially deforming beams 273 

would normally behave. It is also noted that the contribution of other non-structural elements such as 274 

cladding to the lateral stiffness of the system is neglected in the proposed method as these cannot be relied 275 

upon for structural integrity. Such an assumption is also conservative with regards to stability analysis.  276 

 277 

Figure 4 – Deformed state of the equivalent spring system in Fig. (3) 278 
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Starting at the right end of the frame in Fig. (4), the right-most column deforms in parallel with the upper 279 

end of the brace connected at its upper end (with the same deflection of ∆n+1). The equivalent lateral 280 

stiffness of this column-brace system is therefore the sum of the lateral stiffness of the column and the 281 

brace, shown via the equivalent spring in Fig. (5). 282 

 283 

Figure 5 – Replacing a column and its brace in parallel with an equivalent spring 284 

Then, the beam connected to this column (beam n) deforms by (∆n - ∆n+1). As such, the (n+1)th
 column-285 

brace system acts in series with the end beam, since the sum of their displacements is equal to the 286 

displacement experienced at the left end of beam n, ∆n. The equivalent spring stiffness of this beam-287 

column-brace system is therefore obtained by using the operator in Eq. (14) on the lateral stiffness of the 288 

beam. The equivalent spring stiffness of this system is shown in Fig. (6), and is attached to the upper end 289 

of column n. 290 

 291 

Figure 6 – Replacing a beam and column-brace system in series with an equivalent spring 292 
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This resulting system acts in parallel with the nth
 column-brace system, which together acts in series with 293 

beam n-1, and so forth. The process of calculating the equivalent lateral stiffness in each step and 294 

replacing the springs is repeated until the equivalent stiffness of all of the members of the storey (the last 295 

one being Column 1) is lumped into a single effective value, Seq,1, shown in Fig. (7). 296 

 297 

Figure 7 – Using an equivalent spring stiffness, Seq,1, to represent the entire storey frame 298 

By doing this, Seq,1 can generally be expressed via Eq. (16). 299 

    1,1,1,1,1,1,,,,1,1,1, ~...~~~)( LcbnLncnbnLncnbnLnceq SSSSSSSSSSSS +++++++= −−−++  (16) 300 

As seen in Eq. (16), it is difficult to write the equivalent lateral stiffness as an equation. Rather, the 301 

equivalent pseudo-algorithm in Fig. (8) is relatively easier to understand and implement. 302 

  303 

Figure 8 – Pseudo-algorithm for calculating equivalent spring stiffness 304 

Fig. (8) is applicable for calculating equivalent stiffness of the frame Seq,1 corresponding to the application 305 

of a lateral load at Column 1. If Q is applied to a different column then the same concept can be used to 306 

replace the members starting from both ends of the frame with equivalent springs and moving towards the 307 

location of application of Q until only one spring remains with stiffness Seq,i. The value of Seq,i obtained 308 

via the proposed method can therefore be used to determine the maximum lateral deflection of a frame at 309 

the column upon which Q is applied via Eq. (10a). 310 
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In terms of stability, as demonstrated previously, SNUM is independent of the location of Q and is the same 311 

for all columns. All of the columns will reach Seq,i = 0 simultaneously during buckling. As such, the storey 312 

frame will become unstable when the effective lateral stiffness of any column, Seq,i, is calculated to be 313 

zero. Rather than solving the system of equations in Eqs. (5), (8) and (9), Seq,i can be determined using the 314 

equivalent spring stiffness approach in Fig. (8). Moreover, the order in which the springs are decomposed 315 

does not matter since Seq,i = 0 for all columns. Thus, as long as an expression of Seq,i for any column, say 316 

Column 1 via Seq,1, can be formulated, then critical axial loads of the frame can be determined by solving 317 

for the values of Pi that result in Seq,1 = 0. As the lateral stiffness of a column monotonically decreases 318 

with increasing axial load, Seq,1 will also monotonically decrease as loads on the frame are increased. As 319 

such, the Newton-Raphson method [34] can be used to determine the critical gravity loads of the frame 320 

via root-finding. 321 

Note that in both the lateral deflection and stability analyses, if tension-only lateral bracing exists, some 322 

braces may only provide lateral stiffness for a certain direction. That is, if sway occurs towards the left, 323 

then only the braces oriented towards the left direction will be effective. Similarly, if sway occurs towards 324 

the right, then only the braces oriented towards the right direction will be effective. The amount of lateral 325 

bracing in either direction may vary in some cases. Note that tension-only bracing is a limitation to the 326 

proposed method. The method can be extended towards tension-compression bracing but the 327 

consideration of flexural buckling of a bracing member on the results of the proposed method remains to 328 

be investigated.  As such, the analysis procedure shown in Fig. (8) may need to be performed with 329 

assuming lateral deflection or sway buckling in both directions separately. For stability analysis, the 330 

critical gravity load will be taken as the minimum load causing instability from either case. Additionally, 331 

it is assumed that the frame buckling precludes component buckling. Furthermore, as discussed in [5], the 332 

axial load of each column is bounded by Pu,i, which is the rotational buckling load shown in Eq. (17). 333 
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When P = Pu, the denominator of lateral stiffness for the individual column obtained in Eq. (3) becomes 335 

zero and the individual column buckles rotationally. The effective length, KL, of the column corresponds 336 

to the rotational buckling mode and K can be approximated within 4% for semi-rigidly connected column 337 

via Eq. (18) in [35,36]. 338 
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  (18) 339 

Alternatively, an exact value of Pu can be obtained using root finding methods whereby the denominator 340 

of β in Eq. (4) is set to zero. The minimum positive value of Pu satisfying this condition is the rotational 341 

buckling load. The same limitation is imposed for the use of the proposed method, since it makes use of 342 

the lateral stiffness equation in [6].  343 

As the concept of column effectiveness is established based on the assumption that the columns behave 344 

elastically, the results obtained in Eq. (17) may not typically agree with experimental results if the column 345 

experiences inelastic flexural buckling. The tangent modulus method may alternatively be applied to 346 

account for the inelastic buckling of columns which occurs in reality, as demonstrated in [16]. In doing so, 347 

the effective value of E may be approximated using applicable empirical equations, such as the one 348 

proposed by Yura & Helwig [37] in Eq. (19), as necessary.  349 

 0EE =  (19a) 350 

 






















−

=

otherwise;1

3

1
;

85.0
log39.7 10

yyy P

P

P

P

P

P

  (19b) 351 

Where E0 = 200 GPa and Py is the product of cross-sectional area and yield stress, fy. In such a case, the 352 

value of E can be conservatively reduced by the empirical τ factor proposed when solving for the critical 353 

inelastic buckling load. Finally, it is noted that the proposed method assumes that the beams are laterally 354 

braced (otherwise, lateral-torsional buckling can occur) and that the members consist of compact sections 355 

not subjected to local buckling.  356 

3.3 Behaviour of the Series Spring Stiffness Operator 357 
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Note that identity in Eq. (20), which indicates that Eq. (14) always reduces the stiffness below the 358 

minimum of the individual stiffnesses if both the inputs S1 and S2 are positive values. The exception to 359 

this is that if either of the values is infinity, say S2 = ∞, then S1 ~ S2 = S1, resulting in no reduction to S1. 360 

Such a case would apply when calculating the equivalent lateral stiffness of a column connected to a rigid 361 

beam. 362 

 0,0};,min{~ 212121  SSSSSS  (20) 363 

In the case of the frames being analyzed in this application, columns act as springs in series with beams, 364 

which means that if the column lateral stiffness is negative, one of the variables in the operation (S1 or S2) 365 

can be negative. In the physical sense, negative column spring stiffness can be thought of as a deficit in 366 

the lateral stiffness imposed on the rest of the frame to provide in order to maintain stability. Logically, 367 

this deficit should increase if the column is attached to a beam that is considered to deform axially 368 

compared to when the beam is considered to be rigid.  369 

A beam-and-column system acting in series is now considered, with the lateral stiffness of the column 370 

being Sc and the lateral stiffness of the beam being Sb. It is possible that Sc is negative if the column is 371 

loaded in compression, while Sb = EA/L is always positive. By observing Eq. (14), if Sc is negative and 372 

equal in magnitude to Sb, then the equivalent lateral stiffness Sc ~ Sb is undefined. To explain this 373 

phenomenon, knowing that Sc is initially greater or equal to zero in the absence of loading and decreases 374 

as the load increases [5], it can be seen that when Sc is negative and the magnitude of Sc approaches Sb, 375 

the result Sc ~ Sb,  or the effective lateral stiffness of the beam-and-column system, approaches negative 376 

infinity. This relation is expressed in Eq. (21). 377 
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 (21) 378 

With this in mind, one can conclude that if Sc is negative, then instability must occur before the 379 

magnitude of Sc exceeds Sb. Thus, in general, if one of the values S1 or S2 in Eq. (14) is negative, it is not 380 

possible in this application for the magnitude of the negative value to exceed that of the positive value. As 381 

such, the domain of applicability for Eq. (14) can be expressed in Eq. (22). 382 



17 

 

 },max{|},min{| 2121 SSSS   (22) 383 

It can be shown that within the extended domain in Eq. (21), the identity in Eq. (18) still applies. Thus, Eq. 384 

(23) is extended as follows. 385 

 },max{|},min{|};,min{~ 21212121 SSSSSSSS   (23) 386 

Therefore, for the application of the proposed equivalent spring stiffness operator in Eq. (14) towards 387 

storey-based stability, it is demonstrated that the resulting equivalent series stiffness will always be less 388 

than or equal to the minimum of the stiffness terms in the operation. As a corollary, the consideration of 389 

axial beam deformations in a storey frame will always reduce its lateral stiffness compared to when the 390 

axial beam deformations are neglected via the assumption of a rigid floor or roof system. It is also worth 391 

mentioning that the reciprocal series stiffness function in Eq. (14) is performed the same number of times 392 

as the number of bays in the frame via the procedure shown in Fig. (8). In other words, adding more bays 393 

has the effect of adding more springs in series. In general, the wider a frame is (that is, as the number of 394 

beams in the frame increases, or the length of the beams increases and thus reduces EA/L), the more 395 

significant the reduction to the lateral stiffness will become as a result of considering beam axial 396 

deformations. 397 

3.4 Local Stiffness Reduction Factor 398 

Let ς be defined as the ratio of the stiffness of a beam Sb to the stiffness of a directly connected column-399 

brace system (Sc + SL) acting in series with Sb (either to the left or right) in Eq. (24).  400 

 ς = Sb / (Sc + SL) (24) 401 

Then it can be shown via substitution into Eq. (14) that the equivalent stiffness of this local system is 402 

equal to ς/(1+ς) times the stiffness of the adjacent column-brace system. As such, the consideration of 403 

beam axial deformations results in a reduction factor of ς/(1+ς) to the lateral stiffness of the local system. 404 

The reduction factor can thus be used to estimate the relative effect of beam axial deformations on the 405 

lateral stiffness of a frame, and is plotted in Fig. (9). However, it should be understood that the actual 406 

reduction to the lateral stiffness of the frame involves taking the series equivalent stiffness of Sb with an 407 
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equivalent spring system potentially comprised of many members, rather than just that of the immediately 408 

connected column-brace system. Nevertheless, it is demonstrated in the following numerical examples 409 

that if ς is sufficiently large for all beams, then the effect of beam axial deformations on the critical 410 

gravity load of the frame is negligible. 411 

 412 

Figure 9 – Lateral stiffness reduction factor versus beam-to-column-brace stiffness ratio 413 

However, if for any beam ς is small– say in the order of 101 – then beam axial deformations will have a 414 

much greater effect on the frame lateral stiffness and should not be ignored. Thus, the minimum value of 415 

ς in the frame can be used as an indicator to predict the significance of the effect of the beam axial 416 

deformations on its lateral stiffness. It is also noted that if the column lateral stiffness becomes negative 417 

(i.e. it relies on the other columns in the frame to maintain stability) then ς will become negative, and the 418 

relative effect of beam axial deformations on the lateral stiffness of the system in such a case is 419 

comparable to that of when ς is positive but the same magnitude for sufficiently large |ς|. Moreover, when 420 

finding the minimum value of |ς| in a frame, the values of ς for each beam should be evaluated 421 

considering both columns connected on the left and right ends of the beams. 422 

4 Numerical Examples 423 

The application of the proposed method is demonstrated for three numerical examples. The frames are 424 

loaded proportionally, and the critical gravity load corresponding to the instability of the frame is 425 
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calculated using the proposed method. That is, the Newton-Raphson method [34] was used to determine 426 

the gravity load resulting in Seq,1 = 0. The results are also compared with the critical gravity loads 427 

obtained via the Xu & Liu [6] equation, which neglects the effects of beam axial deformations on the 428 

storey-based lateral stiffness. Note that rather than using the Taylor series approximation to estimate the 429 

critical gravity load as suggested in [6], the exact solution was obtained in the examples by setting Eq. (3) 430 

to zero via the Newton-Raphson method [34]. 431 

4.1 Example 1 432 

The first example is a proportionally loaded semi-braced four-bay frame adapted from [35] and originally 433 

sourced from [37] and shown in Fig. (10).. The beam-to-column connections are pinned (rL = rR = 0 for 434 

all beams, ru = 0 for all columns), the interior columns are fixed to the ground (rl = 1), and the exterior 435 

columns are pinned to the ground (rl = 0). The exterior columns are therefore lean-on and rely on the 436 

lateral stiffness provided by the interior columns and/or lateral bracing in order to maintain stability and 437 

sustain the applied gravity loads.  438 

  439 
Figure 10 – Four-bay frame subjected to proportional gravity loading 440 

Diagonal bracing of magnitude SL, varying from zero to 10000 kN/m is provided at each of the exterior 441 

bays and are assumed to be tension-only in the investigation. Note that the maximum value of 10000 442 

kN/m can be provided by a 28 mm diameter bar via Eq. (25) [6]. 443 
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Where the subscript L refers to the diagonal tension-only brace and θ is its angle from the horizontal. As 445 

such, if sway occurs in the right direction then SL,2 = SL,5 = SL and SL,1 = SL,4 = 0. Conversely, if sway 446 

occurs in the left direction then SL,1 = SL,4 = SL and SL,2 = SL,5 = 0. Although the critical gravity load will be 447 

the minimum of the critical gravity loads obtained in the sway analysis of both directions separately, the 448 

frame is symmetrical so both directions will yield the same results. The lengths of the members are shown 449 

in Fig. (10). The moments of inertia and cross-sectional areas of the beams are Ib = 245×106 mm4 and Ab 450 

= 8580 mm2, respectively. For the exterior columns, Ic,1 = Ic,5 = 129×106 mm4 and Ac,1 = Ac,5 = 7610 mm2. 451 

For the interior columns, Ic,2 = Ic,3 = Ic,4 = 34.1×106 mm4 and Ac,2 = Ac,3 = Ac,4 = 4570 mm2. The 452 

slenderness ratios of the interior and exterior members are 39.5 and 37.5, respectively. As such, the 453 

columns will buckle inelastically at high loading levels. To account for this, the tangent modulus method 454 

proposed in [37] is used to adjust the elastic modulus according to Eq. (26) at high loading levels. 455 
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Where E0 = 200 GPa and fy = 350 MPa are the elastic modulus and yield stress of the steel, respectively. 458 

The critical gravity load, Gcr, corresponding to the instability of the frame, was obtained with and without 459 

considering the effects of beam axial deformations and shown in Fig. (11) for varying amounts of the 460 

diagonal bracing, SL. Note that the analysis for this example is independent of the assumed values of vFN 461 

since the beams are simply supported (in Eq. (2), vFN is multiplied by rF = 0). From Fig. (11) it can be 462 

seen that there is virtually no difference in this example between the critical gravity loads obtained with 463 

and without considering the effects of beam axial deformations. As the amount of lateral bracing 464 

increases, the critical gravity load increases from the unbraced case (Gcr = 278 kN) towards the fully-465 

braced case (Gcr = 624 kN). The value of Gcr = 278 kN corresponding to the unbraced case matches the 466 

value reported in the original example [35]. Note that the critical gravity load in the fully-braced case 467 

corresponds to the imminent rotational buckling of the interior columns (Gcr ≈ Gu = 624 kN). A maximum 468 
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difference between the two curves of 0.024% occurs at SL = 4.54×102
 = 454 kN/m, with a reduction to the 469 

critical gravity load of only 134 N when beam axial deformations are considered. The reason for the 470 

trivial difference is explained in the following paragraph. 471 

  472 
 473 

Figure 11 – Critical gravity load of four-bay frame with varying lateral bracing stiffness 474 

The first-order elastic lateral stiffness is the lateral stiffness of a column in the absence of the effect of 475 

axial loading (Pi = 0). For the exterior columns, the first-order lateral stiffness is zero since the columns 476 

are lean-on. For the interior columns, the first-order lateral stiffness is 176 kN/m. However Sb = 2.35×105 477 

kN/m for all beams, which is ς = 1335 times the stiffness of the interior columns in the absence of bracing 478 

and loading via Eq. (24), and ς = ∞ times the stiffness of the exterior columns in the absence of bracing 479 

and loading. Although ς will change as loading of the columns begins to occur, using the value of ς 480 

considering just the first-order lateral stiffness will provide a conservative prediction of the effect of beam 481 

axial deformations on the critical gravity load. This is because ς will generally increase as the lateral 482 

stiffnesses of the columns are decreased with gravity loading. As such, even the minimum value of the 483 

local stiffness reduction factor, ς/(1+ς), achieved using ς = 1335, is very close to unity (0.9993). As such, 484 

the reduction of the lateral stiffness of the frame accounting for beam axial deformations will be 485 
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negligible in the absence of bracing. In fact, the difference in critical gravity loads is only 0.014 kN 486 

(0.005%) for SL = 0.  487 

Now, as the lateral stiffness of the bracing is increased, the value of ς in Eq. (24) will be reduced, and it 488 

would follow that the effect of beam axial deformations increases as SL increases. However, as the lateral 489 

bracing increases past 500 kN/m in Fig. (5), the critical gravity load asymptotically approaches the 490 

rotational buckling load, Gu = 624 kN. The imminent rotational buckling of the interior columns thus 491 

governs the failure of the frame for high values of SL, and for design purposes the frame can be treated as 492 

being fully braced. The rotational buckling loads of the columns are neither functions of the axial nor 493 

flexural stiffness of the connecting beams. As such, the difference between the critical gravity load with 494 

and without considering beam axial deformations becomes less significant as the critical gravity loads 495 

approach the rotational buckling load (for SL > 454 kN/m). Thus even at SL = 104 = 10000 kN/m, despite 496 

the resulting low minimum value of ς = 23 in the frame, the difference in critical gravity loads with and 497 

without considering the effects of beam axial deformations is negligible due to the imminence of 498 

rotational buckling occurring at the critical gravity load. Note, however, that with ς = 23, the lateral 499 

stiffness of the frame will be significantly reduced for loads below the rotational buckling load. For 500 

instance, the first-order lateral stiffness of the entire frame with SL = 10000 kN/m is 20530 kN/m with 501 

neglecting beam axial deformations, but is reduced to 17880 kN/m when beam axial deformations are 502 

considered (a 13% decrease). In any case, the maximum difference of 0.024% between critical gravity 503 

loads with and without consideration of beam axial deformations thus occurs at an intermediate value of 504 

SL = 454 kN/m whereby the value of ς is relatively low and the rotational buckling load is not imminent 505 

(Gcr = 543 kN ≪ Gu). Note that this intermediate value of bracing stiffness corresponds to the semi-506 

braced case for the frame, since the critical gravity loads are well within the limiting values corresponding 507 

to the unbraced and fully-braced cases. The lateral stiffness of 454 kN/m is comparable to that which 508 

would be provided by 6 mm tension cables at each of the locations shown in Fig. (10). 509 

A finite element analysis (FEA) was conducted via ABAQUS [38] to verify the theoretical accuracy of 510 

the critical gravity loads of the frame obtained via the proposed method for the cases with SL = 0.0 kN/m 511 
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(unbraced), SL = 454 kN/m (semi-braced), and SL = 10000 kN/m (fully-braced). Note that SL = 454 kN/m 512 

corresponds to the maximum difference of 0.024% between the critical gravity loads obtained from 513 

considering and neglecting the axial beam deformations in this example. Cubic Euler-Bernoulli beam 514 

elements (B23), which neglect shear deformations, were used in all members in the model shown in Figs. 515 

(12). Figs. (12) show screen captures of the finite element model produced in the ABAQUS [38] user 516 

interface, which include annotations in grey for the purpose of clarity. To simulate the effect of neglecting 517 

the beam axial deformations, the linking interaction constraint shown in Fig. (12a), which restrains the 518 

lateral displacement of the adjacent column upper-end nodes to be equal, was toggled on. To realize the 519 

effect of the beam axial deformations, the linking constraint was toggled off. The analysis is identical 520 

regardless of whether the sway direction is to the right or to the left. As such, the diagonal braces were 521 

modelled via Cartesian springs on the upper ends of Columns 2 and 5 in the horizontal direction 522 

(simulating sway to the right) shown in Fig. (12b), with the value of the spring stiffness equal to SL. The 523 

Cartesian springs provide user-specified values of lateral stiffness against the horizontal translation of the 524 

respective nodes. Note that the use of Cartesian springs was found to be equivalent to the direct modelling 525 

of the diagonal axial members, but the latter case was prone to convergence errors in ABAQUS [38]. 526 

Finally, the Join + Rotation connector section shown in Fig. (12c) was used to join the ends of the 527 

members (particularly, the ends of connecting columns and beams) via pin connections (free rotation and 528 

joined translation). 529 

 530 

Figure 12(a) – Linking Constraints in FEA Model for Theoretical Validation of Example 1 531 
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 532 

Figure 12(b) – Bracing Constraints in FEA Model for Theoretical Validation of Example 1 533 

 534 

Figure 12(c) – Joining Constraints in FEA Model for Theoretical Validation of Example 1 535 

The elastic moduli of the members in the model were calculated using Eq. (26). The sway buckling load 536 

of the frame obtained from FEA analysis was found to be virtually exact to the results of the example.  In 537 

terms of the validation of the FEA model itself, a verification package has been provided by ABAQUS 538 

[38] whereby the elements used in the current study have been verified against a variety of validation 539 

examples. Additionally, the use of the finite element analysis procedure in ABAQUS [15-16,20] or other 540 

similar finite element software [12,14] has commonly been adopted for the purposes of validation in 541 

previous storey-based stability methods. The results of the critical gravity loads, Gcr, are shown in Table 1, 542 

obtained using the Xu & Liu [6] storey-based stability method neglecting the axial beam deformations, 543 

the proposed storey-based stability method considering the axial beam deformations, and FEA with and 544 

without toggling the linking constraint.  545 

Table 1. Validation of critical gravity loads, Gcr (kN), obtained from proposed method using FEA 546 

for Example 1 547 

Calculation Method Xu & Liu [6] FEA Proposed Method FEA 

Considers axial beam deformations? No No Yes Yes 

SL = 0.0 kN/m  277.317 277.317 277.303 277.303 

SL = 454 kN/m 564.507 564.506 564.372 564.372 

SL = 10,000 kN/m 623.427 623.428 623.422 623.423 

 548 
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As seen from Table 1, the differences between the results of the critical gravity loads obtained between 549 

the storey-based stability methods and FEA are at most 0.001 kN (0.004%). Therefore, the proposed 550 

method is shown to be virtually exact to the theoretical governing Euler-Bernoulli equation. The buckled 551 

shapes of the frame obtained from the FEA model for each case are also shown in Figs. (13). 552 

 553 

Figure 13(a) – Buckled shape of the four-bay frame with SL = 0 kN/m (unbraced) 554 

 555 

Figure 13(b) – Buckled shape of the four-bay frame with SL = 454 kN/m (semi-braced) 556 

 557 

Figure 13(c) – Buckled shape of the four-bay frame with SL = 10000 kN/m (fully-braced) 558 

It is clear from observing Figs. (13) that the lateral sway mode governs the buckling for the first two cases 559 

(SL ≤ 454 kN/m), indicated by the large lateral deflections of the columns in the buckled shapes. For SL = 560 

10000 kN/m, Fig. (13c) confirms that the simultaneous rotational buckling of the interior columns is 561 

imminent during the critical gravity load of Gcr = 623.4 kN ≈ Gu = 624 kN. This is apparent by noting 562 

that the deflections of the upper ends of the columns are small compared to mid-height deflections of the 563 

interior columns. In general, as the amount of lateral bracing increases, the curvature experienced by the 564 

individual columns relative to the magnitude of lateral sway in the buckled shape increases.  565 

4.2 Example 2 566 

The effects of varying the number of bays and the beam axial stiffness are investigated in this numerical 567 

example. This example is adapted from a similar study by Ma & Xu [16] who studied the effects of shear 568 

deformations on the stability of unbraced steel frames with lean-on columns. Consider the n-bay lean-on 569 

system in Fig. (14) consisting of a cantilever column which supports n lean-on columns. As such, ru = 0 570 

and rl = 0 for all columns except rl = 1 for the cantilever and the flexural stiffness of the beams have no 571 
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effect on lateral stiffness of the columns. For the reason of simplicity, all of the columns have the same 572 

cross-sectional properties (Ic = 8600×106 mm4, Ac = 74300 mm2), and all of the beams have the same 573 

cross-sectional properties which will be varied in this example. The height of the frame is H = 7.315 m, 574 

and the length of each beam is also 7.315 m.  Note that the purpose of this example is to demonstrate the 575 

full potential of the axial deformations to reduce the critical gravity loads when compared with ignoring 576 

them. It is presented as simply as possible in order to maintain clarity and to show that the axial beam 577 

deformations are solely responsible for the reductions to the critical loads observed. It may not be a 578 

realistic representation of frames in practice. Furthermore, although this frame does not contain diagonal 579 

bracing, the proposed method still applies via SL = 0. 580 

 581 

Figure 14 – Lean-on system consisting of n bays for Example 2 582 

The tangent modulus model [37] in Eq. (19) is applied with E0 = 200 GPa and fy = 350 MPa, with the 583 

slenderness ratios of the columns being 21.5. The lean-on columns are each subjected to an axial load Pi, 584 

and the frame critical gravity load, Pcr, is defined as the total gravity load in the frame during which the 585 

lateral stiffness of the frame diminishes to zero. It can be shown that the lateral stiffness of a lean-on 586 

column from Eq. (3) converges to Eq. (27). 587 
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In other words, the lateral stiffness of a lean-on column is negatively proportional to the axial load and is 589 

zero in the absence of axial loading, and is independent of the flexural stiffness (EI). The lean-on columns 590 

are individually stable as long as Pi < Pu = 21519 kN, being braced by the cantilever, but will rotationally 591 

buckle if Pu is exceeded. The cantilever is not loaded and provides lateral support to the other columns 592 

with constant lateral stiffness Sc,n+1 = 13213 kN/m. Without considering the beam axial deformations, the 593 

lateral stiffness of the frame is given in Eq. (28). 594 
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Since all of the columns have the same length, the critical gravity load of the frame without considering 596 

axial beam deformations is solved by setting ΣS = 0, resulting in the frame critical gravity load (summed 597 

over all columns) of Pcr = HSc,n+1 = 96700 kN, which is independent of the number of bays and assumes 598 

that none of the axial loads in the lean-on columns exceed the rotational buckling load (only possible for n 599 

≥ 5, as rotational buckling governs the failure for n < 5). In this study, the number of bays was varied 600 

from n = 5 to 15, and the critical total gravity load accounting for axial beam deformations was calculated 601 

for each case. Below n = 5, it is not possible for the lateral sway buckling mode to occur due to the 602 

rotational buckling of the columns prior to the frame critical gravity load corresponding to lateral sway 603 

being reached.  604 

The sizes of the beams were also varied using the sizes W100×19, W410×67, W610×174, W840×392 and 605 

W920×784. The cross-sectional areas of the beams are 1630 mm2, 8600 mm2, 22200 mm2, 50000 mm2 606 

and 99800 mm2, respectively. The reductions to the critical total load as a percentage below 96700 kN, 607 

the value without considering axial beam deformations, for each scenario are plotted in Fig. (15). Note 608 

that since in this example these beams are simply supported, their flexural stiffness (EI) has no effect on 609 

the connection rigidity nor lateral stiffness and storey-based stability calculations in the frame. Therefore, 610 

as intended, even though the moments of inertia of the beams vary with the section size, the changes in 611 
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the results of the critical gravity loads are purely accounted to the axial beam deformations associated 612 

with the cross-sectional areas of the beams. 613 

 614 

Figure 15 – Reductions to the critical total load with varying beam size and number of bays 615 

Based on Fig. (15), the percentage reduction to the critical total load increases as more bays with lean-on 616 

columns are added to the frame. Note that a zero percent reduction corresponds to Pcr = 96700 kN and a 617 

100% reduction corresponds to Pcr = 0. A decrease to the beam area, and consequently the beam axial 618 

lateral stiffness, also results in a reduction to Pcr. In each case, the ς values of the supporting column to 619 

end beam system are 3.4, 17.8, 45.9, 103.5 and 206.5 in increasing order of beam area. The ς values of the 620 

lean-on columns vary and are negative when loaded, but do not govern as the minimum ς values when 621 

considered based on absolute value. Notice that in the case of ς = 206.5 the actual reduction to Pcr in Fig. 622 

(15) varies from only 1.1% to 2.6%. In contrast, for the case of ς = 3.4 the reduction varies from 40.6% to 623 

64.5%. Based on the example, the value of ς has the greatest influence on the critical total load, and the 624 

number of bays has a lesser but still significant influence. 625 
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Finally, using the same methodology presented in the previous example a finite element model was 626 

constructed using B23 elements to verify the critical gravity load for the data point corresponding to n = 5 627 

and A = 1,630 mm2 corresponding to W100×19 beams. Join + Rotation constraints were employed to 628 

model the connections. The corresponding critical gravity load obtained in FEA was 57447 kN whereas 629 

the critical gravity load obtained from the proposed method was 57445 kN (a 0.004% difference). Both of 630 

these values correspond to a 40.6% reduction to the critical gravity load as a result of considering the 631 

beam axial deformations shown in Fig. (15). The buckled shape is shown in Fig. (16), showing n = 5 632 

lean-on columns and the supporting W780×582 column. As expected, the lean-on columns and beams do 633 

not bend because their ends are pin-pinned. All of the lateral resistance is provided by the bending 634 

deformation in the supporting column. 635 

 636 

Figure 16 – Buckled shape of the lean-on frame in Example 2 with n = 5 bays 637 

4.3 Example 3 638 

Thus far, Examples 1 and 2 have demonstrated a wide range in the significance of axial deformations on 639 

the critical gravity loads of the frames (from negligible reductions in Example 1 up to a 64.5% reduction 640 

in Example 2). The purpose of Example 3 is to an example whereby the critical gravity loads of a single 641 

storey, semi-rigidly connected frame subjected to proportional loading are shown to be moderately 642 

affected by axial deformations. The first four bays of the frame are shown in Fig. (17), but the frame is 643 

symmetrical and contains a total of eleven bays (11 beams and 12 columns). All of the interior bays are 644 

identical except for the two containing diagonal bracing shown. The exterior bays are fixed at the base (rl 645 

= 1), while the interior bays are pinned at the base (rl = 0). 646 
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 647 

Figure 17 – Eleven-bay frame subjected to proportional gravity loading 648 

The planar frame is located in a rectangular plan frame and the direction of analysis is such that the 649 

columns buckle about their weak axis (for W310×122, I = 61.5×106 mm4 and A = 15500 mm2; for 650 

W250×39, I = 5.94×106 mm4 and A = 4920 mm2). Note that the proposed method can simply be repeated 651 

for the other direction, corresponding to strong axis buckling related to the opposite plan dimension. The 652 

column slenderness ratios (L/rg where rg is the radius of gyration about the axis of buckling) are 73 and 653 

132 for the exterior and interior columns, respectively. The roof rafters are lightweight steel trusses (LWT) 654 

with moment of inertia I = 257×106 mm4 and total top-and-bottom chord cross-sectional area A = 4360 655 

mm2. The truss-to-column connections are all semi-rigid with rN = rF = 0.25. The values of the elastic 656 

modulus for the members are calculated via the tangent modulus assumption in Eq. (19). The end 657 

connection rotation ratios are assumed to be vFN = 1 in correspondence to the asymmetrical buckling 658 

assumption recommended in [6]. The lateral stiffness provided by the tension-only diagonal bracing, SL, 659 

was once again varied from zero to 10,000 kN/m (which can be provided by a 33 mm diameter bar). The 660 

critical loads, Gcr, of the planar frame computed via the proposed method are plotted with those obtained 661 

with neglecting the effects of axial deformations via the Xu and Liu method [6] in Fig. (18). 662 
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  663 

Figure 18 – Critical gravity loads of the eleven-bay frame with varying lateral bracing stiffness 664 

Unlike the plot for Example 1 shown in Fig. (11), there is a noticeable difference in the results of the 665 

critical gravity loads when axial deformations are considered. To show the difference more clearly, Fig. 666 

(19) plots the percentage difference between the two curves from Fig. (18). 667 

  668 

Figure 19 – Reductions of critical gravity loads for the eleven-bay frame with varying bracing 669 

stiffness 670 

As seen in Fig. (19), the percentage reduction to the critical load due to beam axial deformations is up to 671 

1.29% in this example, which can be considered to be significant based on the 1% threshold of 672 

significance defined in [16]. Of course, the effect of truss axial deformations on the critical gravity loads 673 

can be increased by various means, such as by adding to the number of bays in the frame or further 674 
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reducing the cross-sectional areas of the LWT. As with Example 1, the effect of axial beam deformations 675 

becomes negligible as the frame approaches the fully-braced condition because rotational buckling is not 676 

related to axial beam deformations. Note that based on Fig. (18), the frame can be considered in this case 677 

to be semi-braced when SL is between 102 and 103 kN/m. Below this range, the critical gravity load 678 

approaches the unbraced case (Gcr = 264.2 kN considering beam axial deformations; Gcr = 267.7 kN 679 

neglecting beam axial deformations). Above this range, the critical gravity load approaches the rotational 680 

buckling case corresponding to a fully-braced frame (Gcr = 442 kN). 681 

As with the previous examples, a finite element model of the eleven-bay frame was constructed to verify 682 

the theoretical accuracy of the proposed method and derived equations.  A model similar to that shown in 683 

Fig. (12) but with eleven bays and semi-rigid connections via the Join+Rotation constraint was 684 

established in ABAQUS [38]. This time, the rotational stiffness of the beam-to-column joints was 685 

specified based on the end fixity factors. The data points on Fig. (18) corresponding to three different 686 

values of SL were verified: (a) the unbraced case, SL = 0, (b) the semi-braced case, SL = 220 kN/m 687 

corresponding to diagonal steel tension cable braces with 3/16” diameter, and (c) the fully-braced case, SL 688 

= 10000 kN/m. In this example, the values of the end rotational stiffness of the columns Ru,i and Rl,i in Eq. 689 

(1) are dependent on the assumed values of vFN via Eq. (2). As such, the verification was completed by 690 

first comparing the results of Fig. (18), obtained via assuming vFN = 1, with the critical gravity loads 691 

obtained in FEA. In all cases, as predicted in [6], the errors to the critical gravity loads obtained via 692 

assumption of vFN = 1 the proposed method were not significant. Following this comparison, the buckled 693 

shapes of the frames obtained via the FEA solutions of critical gravity loads were obtained, and the joint 694 

rotations at the upper ends of each column were recorded. Based on these joint rotations, calibrated values 695 

of vFN corresponding to the buckled shape and critical gravity loads were obtained by dividing the far end 696 

rotations by the near end rotations for each beam. The calibrated values of vFN were then re-substituted 697 

back to the proposed equations, with which the critical gravity loads were re-calculated and compared 698 

with the FEA solution. The results of this analysis are summarized in Table 2.  699 
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Table 2. Validation of critical gravity loads, Gcr (kN), obtained from proposed method using FEA 700 

for Example 3 701 

Diag. Bracing Stiffness No Axial Deformations Considered Axial Deformations Considered 

 FEA Xu & Liu [6] Xu & Liu [6] FEA 
Proposed 

Method 

Proposed 

Method 

  (vFN = 1) (vFN calib.)  (vFN = 1) (vFN calib.) 

SL = 0.0 kN/m  260.764 267.642 260.745 257.545 264.179 257.528 

SL = 220 kN/m  319.192 325.178 319.175 315.858 321.668 315.842 

SL = 10,000 kN/m  439.768 441.358 439.760 439.568 440.959 439.639 

Column Reference 1 2 3 4 5 6 

 702 

When comparing the un-calibrated results (vFN = 1) with the corresponding FEA results in Table 2 703 

(between columns 1 and 2, and between columns 4 and 5), the maximum error is within 3%, which is 704 

expected given that the assumption of vFN = 1 does not correspond to the actual buckled shape of the 705 

frame. When comparing the calibrated results in Table 2 with the corresponding FEA results (between 706 

columns 1 and 3, and between columns 4 and 6), the error is within 0.02%, indicating that the proposed 707 

equations are accurate to the theoretical solutions. In terms of the effect of beam axial deformations on the 708 

critical gravity loads of the frame, the corresponding reductions to the critical gravity loads obtained in 709 

FEA (comparing columns 1 and 4) are 1.23%, 1.04%, and 0.03% for the unbraced, semi-braced and fully-710 

braced cases, respectively. These values are considerably accurate to those shown in Fig. (19). For the 711 

unbraced case, during the failure at 257.5 kN considering axial deformations, the minimum value of ς in 712 

the frame is 108. Similarly, during the failure at 315.8 kN for the semi-braced case, the minimum value of 713 

ς in the frame is 111. Based on Fig. (9), these values can be correctly used to predict that the effect of 714 

axial deformations has approximately 1% influence on the critical gravity loads in the unbraced and semi-715 

braced cases. However, for the fully-braced case, axial deformations do not significantly affect the critical 716 

gravity loads because rotational buckling is imminent, regardless of the values of ς. Finally, the buckled 717 

shapes obtained from the finite element analyses for the unbraced, semi-braced, and fully-braced cases are 718 

shown in Figs. (20a), (20b) and (20c), respectively.  719 
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 720 

Figure 20(a) – Buckled shape of the eleven-bay frame with SL = 0.0 kN/m (unbraced) 721 

  722 

Figure 20(b) – Buckled shape of the eleven-bay frame with SL = 220 kN/m (semi-braced) 723 

  724 

Figure 20(c) – Buckled shape of the eleven-bay frame with SL = 10000 kN/m (fully-braced) 725 

The buckling shapes shown in Figs. (20) are extracted directly from the output of ABAQUS [38]. The 726 

bracing bays are located on the second and tenth bays, but are not shown as the braces have been 727 

modelled as equivalent springs. Similar to Example 1, the lateral sway mode is experienced by the frame 728 

in the unbraced and semi-braced cases, whereas the rotational buckling of the individual columns governs 729 

in the fully-braced case. Note that the relative magnitudes of column curvature corresponding to the semi-730 

braced case are greater than those observed in the unbraced case. Finally, it is noted that if the values of 731 

the end fixity factors were increased to 0.75, the effect of axial beam deformations would account for up 732 

to a 1.64% difference to the critical load, experienced during the unbraced case (SL = 0) and obtained 733 

using the assumption of vFN = 1 under the proposed method. The critical loads obtained with and without 734 

considering the axial deformations would be 352.5 kN and 358.4 kN, respectively.  735 

5 Conclusion 736 

A method has been proposed in this paper for evaluating the storey-based stability of semi-braced and 737 

unbraced steel frames containing idealized or semi-rigid connections, using the concept of equivalent 738 

spring stiffness. The method is also theoretically validated via finite element analysis. Based on the 739 

examples presented, the conclusions of this study are summarized as follows: 740 

• The effect of beam axial deformations always reduces the lateral stiffness, and consequently, the 741 

critical gravity loads of a frame. As such, should not always be neglected during structural 742 

analysis. 743 
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• The relative influence of beam axial deformations on the critical gravity loads in unbraced and 744 

semi-braced frames can be predicted using the proposed local stiffness reduction factor, ς. A 745 

value of ς within the order of 102 or less indicates that beam axial deformations can significantly 746 

affect the critical gravity loads unless rotational buckling (indicative of a fully-braced frame) 747 

governs the failure mode. This fact can be used as a simple check for designers to verify whether 748 

axial deformations should be considered in an analysis. 749 

• Increasing the number and/or lengths of beams in a frame was also found to increase the 750 

influence of axial beam deformations on the lateral stiffness of the frame.   751 

• The lateral stiffness and stability of a semi-braced or unbraced frame can be assessed using the 752 

equivalent spring stiffness method. As the equivalent spring stiffness method is easy to 753 

understand it can be useful for teaching and understanding the behaviour of structural systems, 754 

and used in future design methodologies.  755 

• The proposed method is shown to be theoretically accurate via a series of finite element analyses 756 

conducted on the numerical examples. As such, it may prove advantageous over the use of 757 

sophisticated numerical analysis packages which have their own theoretical assumptions and 758 

limitations.  759 

Some limitations of this study include the fact that it relies on various assumptions such as tension-only 760 

bracing, use of empirical inelasticity models, and inter-storey interactions in multistorey buildings. 761 

Nevertheless, it represents a necessary step towards providing comprehensive and practical global 762 

stability analysis tools for steel structures.  In terms of future work, it is recommended to experimentally 763 

validate the theoretical results presented in this study. 764 

Appendix A  Derivation of Lateral Stiffness for a Column 765 

This appendix overviews the theoretical basis for Eq. (3), which was derived by Xu & Liu [6]. For the 766 

semi-rigidly connected and axially loaded column in Figure 21, a lateral deflection Δ is assumed to occur.  767 
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 768 

Figure 21 – P-Δ analysis of a semi-rigidly connected column 769 

The resulting lateral reactions Y and end moments Mu and Ml can be expressed in the force balance 770 

equation Eq. (29). Note that the end moments are shown in the positive counter-clockwise convention but 771 

act in the opposite direction. 772 

 )( 0++=+ PYLMM lu  (29) 773 

The end moments Mu and Ml relate to the additional end rotations, θl and θu, in Eq. (30).  774 

 llluuu RMRM  == ;  (30) 775 

The governing differential equation is given in Eq. (31). 776 
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Solving the differential equation results in the deformed shape functions and bending moment function in 778 

Eqs. (32). 779 
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where C1 and C2 are integration constants. There are four boundary conditions to this problem, listed in 783 

Eqs. (33). 784 

 0)0( =y  (33a) 785 
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The solution to the system of five equations comprising of Eq. (29) and Eqs. (33) is expressed in Eq. (34), 789 

which is represented as Sc,i in Eq. (3). 790 
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