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Abstract

The first part of this thesis addresses the canonical structure of general relativity on generic
null surfaces. The pre-symplectic potential of metric general relativity, evaluated on a null
surface, is decomposed into variables describing the intrinsic and extrinsic geometry of the
null surface, without fixing the gauge. Canonical pairs on the null surface and its bound-
ary are identified and interpreted. Boundary contributions to the action corresponding to
Dirichlet boundary conditions are identified. The constraints on a null surface are written
in the same variables, and naturally take the form of conservation laws mirroring those at
null infinity, equating the divergence of a relativistic current intrinsic to the null surface
to a flux which has a canonical form. The conservation laws are interpreted canonically
and related to Noether’s theorem. The second part of this thesis addresses the problem
that in asymptotically simple spacetimes, such as asymptotically flat spacetimes, the pre-
symplectic potential of field theories on constant-radius surfaces generically diverges in
the radius. A scheme is introduced for electromagnetism and gravity which, on-shell, for
any spacetime dimension, allows one to absorb the divergences into counterterms, which
correspond to the ambiguities of the pre-symplectic potential. The counterterms are local
including in the radius, and render also the action and the pre-symplectic potential on
constant-time surfaces finite. The scheme employs Penrose’s conformal compactification
of spacetime. The scheme is introduced and explored for electromagnetism in D ≥ 5
dimensions. The equations of motion are analyzed in an asymptotic expansion for asymp-
totically flat spacetimes, and the free data and dependencies among the data entering the
symplectic potential are identified. The gauge generators are identified, and are rendered
independent of subleading orders of the gauge parameter by introducing further local, finite
counterterms. The generators and their fluxes coincide with expressions derived from soft
theorems of quantum electrodynamics in even dimensions. Finally, the renormalization
scheme is developed for general relativity in asymptotically simple spacetimes, where it
applies in D ≥ 3 dimensions and for any cosmological constant, and does not require any
boundary or gauge conditions beyond asymptotic simplicity and some degree of regularity.
The resulting expression for the pre-symplectic potential is specialized to a relaxation of
the Bondi gauge conditions for four-dimensional asymptotically flat spacetimes, and an
existing result is recovered. The scheme is compared to holographic renormalization in
four and five spacetime dimensions, and the renormalized stress-energy tensors on asymp-
totically AdS space are recovered up to scheme-dependent terms. The canonical generators
of diffeomorphisms under the renormalized symplectic form are computed.
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Chapter 1

Introduction

The aim of this thesis is to elucidate aspects of the canonical structure of general relativity,
on general null surfaces, and for asymptotically flat spacetimes.

1.1 Background

While it was assumed until the sixties that the asymptotic symmetry group of four-
dimensional asymptotically flat spacetimes is just the Poincaré group, it was shown by
Bondi, van der Burg, Metzner [9] and Sachs [10] that this is not the case: Motivated by
defining gravitational waves, they defined “asymptotically flat” by introducing a physi-
cally motivated coordinate system and asymptotic boundary conditions, and found that
the symmetry group preserving the coordinate and boundary conditions is what is now
known as the Bondi-Metzner-Sachs (BMS) group. In addition to the three rotations and
three boosts of the Lorentz group, the four translations contained in the Poincaré group
are replaced by an infinite number of angle dependent translations called supertranslations,
which may be labeled by a function on an asymptotic two-sphere.

The BMS group has since catalyzed and featured in many developments in gravity and
quantum gravity.

Through Noether’s theorem, the enlargement of the asymptotic symmetry group leads
to the appearance of additional conserved charges: the Bondi mass and momentum are
generalized to a whole “sphere’s worth” of supertranslation charges. More recently, those
additional conservation laws have been connected with a seemingly different fact: Wein-
berg’s soft graviton theorem of perturbative quantum gravity [11] was shown to be equiv-
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alent to the Ward identity associated with the conservation of supertranslation charges
[12, 13]. This development connects asymptotic symmetries with the infrared sector of
perturbative quantum gravity: the BMS group is then conjectured to be a symmetry of
the quantum gravity S–matrix [13].

The enlargement of the asymptotic symmetry group is also connected to more im-
mediately observable consequences: The memory effect [14, 15, 16], which describes the
permanent displacement of detectors after the passage of a gravitational wave, can be
understood as a rewriting of the soft theorem [17], or as the transition between classical
vacua labeled by different supertranslation charges. The connection between asymptotic
symmetries, memory effects and soft theorems has been dubbed the “infrared triangle”,
see [18] for a pedagogical overview.

In connecting asymptotic symmetries to the infrared sector of perturbative quantum
gravity, a careful analysis of the symplectic form at null infinity becomes important. This
is because of the correspondence between the Dirac brackets, which are determined by the
symplectic form, and the commutators of quantum field operators. Next to the radiative
phase space, which has been identified by Ashtekar and Streubel [19], the phase space
has a “Coulombic” part, containing the Bondi mass aspect, which also features in the
supertranslation charges, and a field which may be interpreted as the Goldstone boson
associated to the broken supertranslation symmetry [12, 20]. The two sectors are connected
through conservation laws, which arise from the constraints [21], and express the time
evolution of the Bondi mass aspect in terms of the radiative data.

While the connection to soft theorems has led to a resurgence of interest in the BMS
group, it has also challenged its status as the symmetry group of asymptotically flat space-
times: That is due to the existence of subleading [22] and double [23] soft graviton the-
orems. It has been suggested that they also could be obtained as the Ward identities
of asymptotic symmetries, thereby requiring an enlargement of the asymptotic symmetry
group, larger than BMS, to accommodate them [24, 25]. This has led to much interest to
develop more lenient boundary conditions for asymptotically flat spacetimes, with larger
asymptotic symmetry groups, and there are competing proposals in the literature [26, 25],
some of which predate the connection to soft theorems. Subleading soft theorems have also
been related to conservation laws at subleading orders around null infinity [27].

A difficulty that arises is that for lenient boundary conditions, the usual expression for
the symplectic form diverges as null infinity is approached, which would lead to divergent
expressions for Hamiltonians and fluxes. This was remedied in [28] for the specific case
of the relaxation of the Bondi gauge boundary conditions proposed by [25], by using an
ambiguity inherent in the definition of field theory symplectic forms, of adding terms which
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are integrals on the boundary of the initial value surface. A general prescription to remove
such divergences, or arguments about under which conditions they can be removed, have
not been given for gravity in asymptotically flat spacetimes to the best of our knowledge.
In [29] it was shown that a scheme to remove such divergences, if it exists, cannot be fully
spacetime covariant. Brackets on a phase space carrying the same symmetry group as [28]
have been derived using a different approach in [30]. Earlier work, showing finiteness of
canonical quantities in four dimensions using stricter conditions, includes [31, 32].

On asymptotically anti-de Sitter spacetimes, a similar problem arises: the action and
the momenta, which are commonly derived using the Brown-York description [33], also
diverge in the radius. They can be renormalized using the holographic renormalization
scheme [34], which is an important component of the holographic dictionary for theories
with a holographic dual. The ideas of holographic renormalization can be expressed in a
canonical form, and extended to theories which do not admit a holographic dual [35]. Also,
holographic renormalization of asymptotically flat general relativity has been considered
in [36, 37].

For asymptotically AdS spacetimes, it is well appreciated that too much regularity of
the metric around infinity cannot be required [38]. For asymptotically flat spacetimes, there
are also interesting spacetimes leading to asymptotic metrics with only limited regularity
[39, 40, 41, 42]. In much of the asymptotic symmetries literature for asymptotically flat
spacetimes however, a large degree of regularity is assumed.

The analysis of asymptotically flat spacetimes and their symmetries has been put on
a more geometric footing by Penrose [43]. He defined asymptotic flatness and related no-
tions by introducing an auxiliary, unphysical spacetime, in which the original spacetime
is compactified by adding a boundary at infinity, and the original metric is rescaled such
that is asymptotically finite. This elegant definition makes powerful conformal techniques
applicable. The BMS group, the definition of radiation, the Bondi mass and its conser-
vation, have all been translated to this setting. Quantization and numerical calculations
have also been studied in this arena. See [44, 45] for overviews.

Asymptotically flat spacetimes, their symmetries, connections to quantum gravity and
to memory effects have been fruitful avenues of investigation, particularly in recent years,
including many developments not covered here. The work in the second part of this thesis
is motivated by some of the open questions and challenges in this area.

The first part is concerned instead with the canonical structure of general relativity at
generic null surfaces at finite distance.

Null surfaces are physically special locations in spacetime: The boundaries of light
cones are null surfaces, and thus null surfaces are a natural arena to study causality and

3



information in gravity. Many event horizons are null surfaces, making their study broadly
applicable for example to questions about black holes. The distinguished physical status
of null surfaces also has mathematical consequences, and the constraints and equations of
motion have special properties at null surfaces. Null surfaces also provide a possible route
to quantization [46, 47].

By analyzing the equations of motion, Sachs first showed that the initial data could
be given in an unconstrained form using a double null sheet as an initial value surface
[48], which, among others, has spurred many developments in numerical relativity ([49]
for an overview). The analysis has been extended using twistor variables by Penrose [50].
The equations of motion and constraints have also been examined in many guises, us-
ing geometric variables pertaining to a “null 2+2” foliation of spacetimes, into spacelike
codimension-two surfaces with two null normals [51, 52, 53, 54]. From an explicitly canon-
ical perspective, generic null surfaces have been addressed by Epp [55], who gave the sym-
plectic structure in a partially gauge fixed setting. Reisenberger in [56] also investigated
the symplectic form, and used it to give Poisson brackets of free data [57].

In order to reach a well defined variational principle under Dirichlet boundary conditions
on the metric, a boundary term has to be added to the Einstein-Hilbert Lagrangian. Such
boundary terms are important beyond the question of making the Lagrangian field theory
consistent, as they contribute to the value of the on–shell action, which features for example
in the “Complexity = Action” conjecture of Brown et al [58] in the context of holography.
Boundary and corner actions at null boundaries were examined in [59, 60, 61, 62].

Much work related to null surfaces has focused on black hole horizons. In the membrane
paradigm, Damour [63], Znajek [64] and others described gravitational effects at and close
to black hole horizons using language from fluid mechanics and thermodynamics [65].

An important concept related to black holes is their entropy, which is widely believed to
provide a conceptual probe of quantum gravity. Black hole entropy, and questions on the
information content of black holes, are also related to asymptotic symmetries, as argued
by Hawking, Perry and Strominger in [66]. A classical, canonical perspective on black hole
entropy was given by Wald [67], and is also discussed in the framework of isolated horizons
[68].

The connection between horizons and null infinity through black hole entropy has moti-
vated research on the symmetries and conserved quantities of black holes, and null surfaces
more generally, along the lines of how BMS symmetries and conservation laws are obtained,
for example in [69, 70, 71, 72, 73, 74]. Symmetry groups, charges and conservation laws
appear that mirror those at null infinity. Besides the application to asymptotically flat
spacetimes with an inner null boundary such as a black hole horizon, by analyzing null
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surfaces in this way one may hope to transfer conceptual lessons from finite distance to
null infinity, and vice versa.

As we have seen, at null infinity an important question is which symmetries should be
regarded as physical symmetries relating inequivalent solutions, and which as as unphysical
“pure gauge” redundancies. At finite distance, there is a more general approach to the
similar question of identifying the degrees of freedom of a gauge theory, in a region with
boundaries. Edge modes are introduced, which live on the boundary of the initial value
surface. These modes, even though they can be removed by acting with an element of
the local gauge group, are argued to be physical, and necessary to “glue” a region to its
complement, e.g. in [75, 76, 77], see also [6]. They acquire dynamics, for example in [8, 78],
and contribute to field theoretic entanglement entropy [79]. The edge modes are valued
into the gauge group, and under gauge transformations, transform by group multiplication.

At null infinity, fields have been introduced that transform similarly, for example the
Goldstone boson of spontaneously broken supertranslation invariance in [18]. It has been
conjectured that edge modes could be related to such fields (see, e.g., [80]), but so far there
is only little work on what happens to symmetries in the limit as null infinity is approached
[81, 82].

1.2 Outline and Main Results

In this thesis, we will use canonical methods from the covariant Hamiltonian formalism
[83, 31] (briefly introduced in chapter 2) to investigate general relativity for finite distance
null surfaces, and electromagnetism and general relativity at null infinity.

Throughout, we will avoid fixing the gauge freedom as far as possible. This approach
has several advantages: From a pragmatic standpoint, it leads to expressions from which
various gauge-fixed expressions can be derived, and can thus unify work in different gauges
and inform the decision which gauge fixing is appropriate to different situations. Since
many different gauge fixings are used, such expressions that allow bridging between them
may be useful. For example, at null infinity there is work in Bondi [9] gauge, in relaxations
thereof [28], in Newman-Unti gauge [84] and in harmonic gauge (e.g., [85]). For finite
distance null surfaces, gauge fixings have been used in which the free variables are the
shear of the null generators [48], or the shift that encodes how the null directions relate to
lines of constant spatial coordinates [55], and a wide array of conditions in the phase space
sector containing the area of spatial cross-sections, their expansion and the acceleration of
the null generators have been used for different purposes.
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More conceptually, from a relativist’s viewpoint, physical statements about general
relativity should not depend on a particular gauge choice, so it is preferable to derive
them without a choice of gauge where possible. Moreover, in the context of the “edge
modes” literature, any diffeomorphism (or internal gauge transformation) that is not in
the kernel of the pre-symplectic1 form is elevated to a physical degree of freedom. In that
view, in order to identify the physical phase space, the safest route is to calculate the
symplectic form without any gauge fixing, and only then use diffeomorphisms in its kernel
to introduce coordinate conditions. While of course many diffeomorphisms are clearly “pure
gauge”, exactly which ones depends on many details. It varies with otherwise equivalent
formulations of the same theory [86, 87, 88], and is also subject to the ambiguities in the
symplectic form.

One may worry that this insistence to leave the gauge unfixed leads to complicated,
bloated derivations and expressions, but that turns out not to be the case. On the contrary,
taking along all degrees of freedom allows using covariant methods, to a greater degree than
working in partially gauge fixed coordinates.

However, leaving the gauge free leads to degenerate symplectic forms, which cannot
readily be inverted to give Poisson brackets. Similarly, it is a step removed from identify-
ing free initial data for evolution problems, or from considering scattering, which requires
matching conditions connecting the past and future boundaries. However, as we saw, phys-
ically relevant questions often pertain to identifying which symmetry transformations are
canonical transformations, what are the Hamiltonians generating them, and what are the
fluxes describing the non-conservation of those Hamitonians. In the covariant Hamiltonian
formalism, one can make much headway on these questions without fixing the gauge.

In a similar vein, most of the work in this thesis is for spacetimes of arbitrary dimension.
This also does not introduce much additional difficulty, but brings out some structures more
clearly.

We begin by summarizing some aspects of the covariant Hamiltonian formalism in
section 2. A central object is the symplectic potential, which is a codimension-one form on
spacetime, and may thus be integrated on hypersurfaces. In the simplest case, it is of the
form

∑
i PiδQi, i.e., it pairs the variation of configuration variables Q with their momenta

P , and those pairs form the initial data of the Hamiltonian evolution problem.

After collecting the relevant definitions, we show how the action of symmetry trans-
formations is connected with conservation laws. That leads to the introduction of the

1We will drop the prefix pre- in the following. All the symplectic potentials and forms in this thesis
have degenerate directions, i.e. are pre-symplectic.
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Noether charge aspect, which is a codimension-two form on spacetime, and can be inter-
preted as a relativistic current on a boundary. Its conservation equation, which arises from
the constraints associated with the symmetry transformations, involves fluxes, which have
a canonical form.

As not all our pre-symplectic potentials will be fully spacetime covariant, we introduce
some technology to deal with the non-covariance. That leads to an expression relating
the Hamiltonian generating an infinitesimal diffeomorphism, if it exists, to the Noether
charge of the same diffeomorphism, while allowing for some non-covariance. Lastly, we
collect explicit expressions for general relativity for the objects of the covariant Hamiltonian
formalism, which will form the starting points of much of the remainder of this thesis.

1.2.1 Part I: Canonical Structure at Finite Distance Null Sur-
faces

The first part of this thesis aims to provide a complete accounting of the canonical degrees
of freedom of gravity on a null surface, and how they enter the constraints.

Chapter 3 is devoted to identifying and analyzing the pre-symplectic potential on a null
portion of an initial value surface, without fixing the gauge, in variables with geometric
and physical meaning. We start by defining those variables: The null surface is foliated
by a family of spacelike codimension-two spheres, which may be understood as the equal
time surfaces of a clock. A general metric is expressed in terms of such a codimension-two
foliation. A set of tensors describing the extrinsic geometry of the foliation is given, some
of which will feature as momenta in the symplectic potential. The definitions utilize the
two null normals to the codimension-two foliation, a choice that is well adapted to the
analysis of null surfaces.

The symplectic potential is then brought into a form where the configuration variables
depend only on the induced metric of the null hypersurface, and do not contain derivatives
– corresponding to Dirichlet boundary conditions on the null metric. We recover that
the conformal metric on the spatial cross–sections is conjugate to the shear of the null
generators, a fact well-known for both finite distance null surfaces, and null infinity. The
shift, which encodes the relationship of the null generators of the null surface with the
lines of constant spatial coordinates, is paired with what we call the twist. The twist
appears in the membrane paradigm as the linear momentum of the “horizon fluid”, and
integrating it against a rotation vector field on a black hole horizon gives the black hole
angular momentum. Perhaps the most subtle sector is the one comprising the area element
of the spatial cross-sections. It is conjugate to a linear combination of the surface gravity
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and expansion. In the case of a non-expanding horizon, this reduces to the relationship
between area and surface gravity familiar from black hole thermodynamics. In addition
to the canonical pairs in the interior of the initial value surface, the standard choice of
symplectic potential contains canonical pairs on its corner.

The “Dirichlet” requirement that the configuration variables depend only on the in-
duced metric, in the interior and at the corner of the initial value surface, requires adding
boundary and corner terms to the action. We identify them from our analysis and compare
with existing proposals.

Throughout chapters 3 and 4, the initial value surface is restricted to be null, and to
remain so under variations of the metric. After the appearance of the published versions
of these chapters, this restriction has been lifted by Aghapour, Jafari and Golshani in [89].

Chapter 4 is concerned with the gravitational constraints on a null surface, which are
interpreted as canonical conservation laws, analogous to the conservation laws for gauge
generators at null infinity. Attention is restricted to the equivalent of the momentum
constraints, i.e., constraints smeared with vector fields tangential to the null surface.

As a first step of marrying the symplectic analysis of chapter 3 with conservation laws,
the action of diffeomorphisms on the variables in the symplectic potential is summarized.
That action is non-trivial because of the non-covariance introduced by foliating the null-
surface into codimension-two surfaces.

An analysis of the constraints associated with infinitesimal diffeomorphisms tangential
to the null hypersurface then allows identifying a current associated with each diffeomor-
phism. The current can be understood as a vector field on the null surface. The con-
straints then become conservation laws, equating the divergence of this boundary current
to a flux. The flux has the same form as the energy-momentum tensor of a generic field
theory, and can thus be understood as the flux of gravitational energy-momentum. The
time-component of the current, integrated on a codimension-two sphere, is interpreted to
describe the energy and momentum contained within the sphere. The variables used in
this analysis are the same ones appearing in the symplectic potential of chapter 3.

Those conservation laws are then tied more explicitly to the symplectic analysis of
chapter 3. The boundary current is identified with the Noether charge aspect, and the flux
is obtained by evaluating the symplectic potential on variations of the metric induced by
the infinitesimal diffeomorphism. However, to match the analysis of the constraints, the
symplectic potential needs to be modified, and differs from the standard expression: In
particular, the pairs on the boundary of the initial value surface need to be dropped, yield-
ing what we call the intrinsic symplectic potential. This modification, which is within the
ambiguities of the symplectic potential, also leads to expressions for the boundary current
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and diffeomorphism generators which are independent of the extension of the infinitesimal
diffeomorphism outside the initial value surface.

Lastly, the canonical generators of infinitesimal diffeomorphisms are analyzed. For
diffeomorphisms tangential to the spacelike spheres, the result is simple and expected: The
canonical generator is the twist, which at the same time is the momentum conjugate to
the shifts encoding spatial displacement, and the time-component of the boundary current
for those vector fields. Its conservation equation, Damour’s Navier-Stokes-like equation,
involves the gradient of the momentum conjugate to the area element. This momentum
is hence naturally interpreted as a pressure term in a fluid analogy, an interpretation
compatible with its role in the boundary current for “null time” translations. Because of the
corner modification of the symplectic potential, the generator for spatial diffeomorphisms
does not coincide with the Komar charge in general.

For diffeomorphisms with a component parallel to the null generators, the situation is
more subtle. Boundary conditions at the boundary of the initial value surface are needed
if the symmetry is to be realized as a Hamiltonian symmetry: the shear needs to be
zero, reminiscent of a “no-radiation” condition at null infinity. In addition, a constitutive
relation needs to be provided in the sector containing the area element and the pressure,
and we give the Hamiltonians arising from some such relations.

In summary, we decompose the degrees of freedom and constraints on a null surface
in terms of geometrical variables, and read the constraints as canonical conservation laws,
similar to those at null infinity. Since the appearance of the published version of chapters 3
and 4, a similar approach has been taken by [74], focusing also on the algebra of symmetries
and Hamiltonians.

1.2.2 Part II: Canonical Structure at Null Infinity

In the second part of this thesis, we turn our attention to the asymptotic canonical struc-
ture, first of electrodynamics in five or more spacetime dimensions, then of gravity in three
or more dimensions.

The central problem addressed in these chapters is that the expressions for the sym-
plectic potential that are usually used at finite distance diverge with the radius as infinity
is approached, except in low enough dimension and for strict enough boundary conditions.
In the canonical theory at infinity, these divergences would lead to an ill-defined symplectic
form and brackets, as well as divergent Hamiltonians and fluxes.

Resolving this issue is a necessary step on the way to developing a canonical viewpoint
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on symmetries on phase spaces where the boundary conditions do not take care of the di-
vergences. As mentioned above, considering such lenient boundary conditions is necessary
to accommodate subleading soft theorems as the Ward identities of asymptotic symmetries.
Removing the divergences is also necessary in the context of the “edge modes” literature,
where fixing gauge conditions risks removing physical degrees of freedom.

We remove the divergences for electromagnetism and general relativity by introducing
a renormalization scheme, exploiting the ambiguities in the definition of the symplectic
potential of a field theory. The divergences are absorbed into counterterms, which translate
into boundary contributions to the action, and contributions from the corner of the initial
value surface to the symplectic potential. We focus on divergences in the radius, and do
not address divergences arising from infinite integration domains in other directions.

The counterterms are local, including in the radius, rather than being defined order
by order. The resulting renormalized symplectic potential is thus also local, and has a
finite limit onto the boundary at infinity on-shell. The scheme is viable for a large class
of boundary conditions: all that is required is asymptotic simplicity, i.e., the existence
of a conformal compactification in the sense of Penrose, and some regularity of the fields
at infinity. No gauge fixing or additional condition on the conformal factor are required.
In particular, the recipe works for any cosmological constant, and allows for some non-
analyticity in the expansion of the fields around the conformal boundary.

The scheme relies on two pieces of background structure: the conformal factor, which
doubles as the canonical time, and a radial vector field, which asymptotically is used to
“take orders” in the radius. The background structure introduces some non-covariance,
and in the gravitational case allows the resulting symplectic structure to evade the no–go
result of [29], that an asymptotically finite, local, and fully spacetime-covariant symplectic
structure for general relativity does not exist.

In chapter 5, the basic idea of the renormalization scheme is outlined, using electrody-
namics in five or more spacetime dimensions as an example. The motivation for studying
higher dimensional electrodynamics as a toy example is the similarity in the structure of
asymptotic divergences of six–dimensional electrodynamics with that of four-dimensional
gravity. That similarity comes from the fact that, in both cases, the dimension is two
greater than the dimension in which the theory is conformal.

We start by working out the consequences of asymptotic simplicity, in general and
covariant terms. That sets the stage for deriving an identity for the radial evolution of
the symplectic potential on a constant-radius hypersurface, which follows directly from
the implicit definition of the symplectic potential in the covariant Hamiltonian formalism.
This identity is then used to iteratively remove factors of the radius in the symplectic
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potential to render it finite, allowing for some non-analyticity in the expansion of fields
around infinity. In D spacetime dimensions, there are D − 5 factors of the radius to be
removed.

It is shown that the counterterms arising from that procedure simultaneously renor-
malize the radial divergence of the action, and of the symplectic potential integrated on
surfaces transverse to the constant-radius surfaces. Asymptotically, assuming analyticity,
the renormalized symplectic potential coincides with the finite order of a Laurent expan-
sion in the radius of the original symplectic potential. It exhibits a layer structure: In six
dimensions, there are two layers. The leading components of the gauge field are paired
with the subleading components of the radial components of the field strength tensor, and
the subleading components of the gauge field with the leading components of the field
strength.

The expression for the renormalized symplectic potential is valid on any “compactifi-
able” background, but there are dependencies among its constituents, on-shell and even
off-shell. To resolve the dependencies, the asymptotic equations of motion are specialized
to Minkowski space, and analyzed to identify the free data, assuming analyticity. In the
course of that analysis, some consequences of analyticity are identified, which indirectly
impose further conditions on the fields. For example, the fact is recovered that assuming
analyticity, radiative solutions exist only in even spacetime dimensions.

In six dimensions, the radiative free data are the first subleading order of the gauge
potential tangential to the asymptotic spheres. In the symplectic potential, they are paired
with a certain order of the magnetic field tangential to the spheres, which we dub the
“Maxwell news” and which coincides with the time derivative of the free data.

In addition to the radiative data, to determine all the data entering the symplectic
potential, a field on null infinity needs to be specified which encodes the gauge part of the
leading order gauge potential. We call it the soft potential, and it is present because the
gauge has not been fixed. In the symplectic potential, it is paired with the charge aspect,
which is the radial electric field at the order corresponding to the falloff of the Coulombic
field of a charged point particle in the bulk. The time evolution of the charge aspect is
controlled by the free radiative data via the Gauss law. A special role in the symplectic
potential is played by the zero-mode of the radiative data, which appears in both the
radiative and the “Coulombic” pair.

In higher (even) dimensions, the radiative data are given by more subleading orders
of the sphere components of the gauge field. While in six dimensions, the radiative data
directly determines the time derivative of the charge aspect, in higher dimensions, it deter-
mines only its higher time derivatives. We give an explicit expression for that evolution.
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We compute the generators of asymptotic symmetries under the renormalized symplec-
tic form. They can be rendered independent of subleading orders of the gauge parameter
by adding further local, finite counterterms to the symplectic potential. The symmetry
generator contains the charge aspect.

Soft theorems in higher dimensional quantum electrodynamics were considered in [90].
We connect to those results, by showing that the flux of the renormalized generator of
asymptotic symmetries coincides with an expression derived starting from the soft theorem.
This is in contrast to the generator derived from the un-renormalized symplectic potential,
which diverges, and thus supports the necessity of our scheme, and its compatibility with
other approaches.

In chapter 6, we address the renormalization of the symplectic potential in the case of
gravity in three or more dimensions, on asymptotically simple spacetimes of any cosmo-
logical constant. Extra steps are necessary compared to electromagnetism. One cause of
this is that for gravity, the Lagrangian does not transform homogeneously under conformal
transformations, leading to additional, higher divergences.

We start, again, by summarizing the consequences of asymptotic simplicity, and impose
falloffs that solve the two most divergent orders of the equations of motion. The renormal-
ization of the symplectic potential now proceeds in two steps: First, its two most divergent
orders are absorbed into counterterms. The remainder of the symplectic potential diverges
as rD−3. Then, analogously to electromagnetism, an identity for the radial evolution of
that remainder is found, and used to iteratively remove the remaining divergences. This
does not require choosing a gauge. The result for the renormalized symplectic potential on
constant radius surfaces is local, asymptotically finite on-shell, and valid in any dimension
and for any cosmological constant.

A renormalized symplectic potential for a specific relaxation of the Bondi coordinate
conditions has been given in [28], starting from the usual expression from the covariant
Hamiltonian formalism and removing the divergences order by order. The authors also
identified the need for a more geometric prescription to render the symplectic potential
asymptotically finite, and we provide such a prescription here. We connect to the results
of [28] by imposing their gauge conditions on our result, and find that our renormalized
symplectic form essentially agrees with theirs.

Similarly to our scheme, in holographic renormalization of pure gravity on asymptoti-
cally AdS space, the on-shell action and the stress-energy tensor, which is closely related
to the canonical momentum, are renormalized to be asymptotically finite. Since asymp-
totically AdS space is asymptotically simple, our scheme applies, raising the question what
the relationship between the two prescriptions is. We specialize to Fefferman-Graham co-
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ordinates in four and five spacetime dimensions, and include a Gibbons-Hawking term in
our scheme. In that case, our renormalized symplectic potential pairs the leading order
metric with the renormalized stress-energy tensor of holographic renormalization, up to
scheme dependent terms which are part of the ambiguity of the holographic renormaliza-
tion prescription.

Finally, the “would-be” Hamiltonians which generate infinitesimal diffeomorphisms un-
der the renormalized symplectic form are computed. That can be done efficiently by ex-
ploiting that our scheme is relatively covariant.
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Chapter 2

The Covariant Hamiltonian
Formalism

The pre–symplectic geometry of field space can be obtained in a covariant way (see, e.g.,
[83, 91, 76]), some aspects of which we briefly review here.

2.1 Pre-symplectic Form and Potential

A central object is the pre–symplectic form ΩB, which is a closed two–form on field space
and an integral over a (possibly partial) Cauchy hypersurface B in space–time. The prefix
“pre” refers to the fact that ΩB on field space has degenerate directions, so it does not
qualify as “symplectic”. The degenerate directions are the gauge degrees of freedom, which
have to be ultimately quotiented out to obtain the physical phase space.

Schematically, ΩB can be written as

ΩB =

∫
B

δP f δQ+

∫
∂B

δpf δq. (2.1)

Here, δ is the exterior derivative on field space, and f is the wedge product on field space.
The pairs (Q,P ) of configuration and momentum variables are the canonical pairs. We
have allowed for the presence of corner degrees of freedom (q, p) on the codimension two
boundary of B. There is not a unique way to split ΩB into P,Q, p and q: The freedom of
doing canonical transformations is left. In order to fix that freedom, i.e., fix a choice of
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polarization, one may require that the Qs depend only on the pullback of the fields to B,
and contain no derivatives. We will do so in chapter 3.

ΩB is the field space exterior derivative ΩB = δΘB of the pre-symplectic potential ΘB.
The symplectic potential ΘB is the integral of the pre-symplectic potential current θ, which
is a one–form on field space and a (D − 1)–form on spacetime, where D is the dimension
of spacetime. In the covariant Hamiltonian formalism, θ is defined implicitly through the
equation

δL =: dθ − E. (2.2)

Here d is the spacetime exterior derivative, and L is the Lagrangian density. E are the
equations of motion, which may be obtained from the Euler-Lagrange equations, and they
are a one–form on field space and a D–form on spacetime. By definition they do not
contain derivatives of the variations of the fields, and they are uniquely determined by the
Lagrangian.

(2.2) determines θ only up to the addition of a closed (D− 1)–form on M . A criterion
that is often cited to fix those ambiguities is spacetime covariance. While that criterion
keeps with the spirit of the covariant Hamiltonian formalism, often the spacetime region
under consideration has boundaries or even corners. That is certainly the case with initial
value problems, and also at null infinity in Penrose’s framework. Those boundaries, and
any additional background structure, break diffeomorphism invariance, so demanding full
spacetime covariance may not always be appropriate.

We will fix this ambiguity in several different ways in this thesis: In chapter 3, we
will use the most common expression for θ for general relativity, which is covariant under
diffeomorphisms. In chapter 4, we will use the ambiguity to make sure that there are no
corner pairs in ΩB. Finally, in chapters 5 and 6, we will use the ambiguity in such a way
that the integrand of ΩB has a finite limit onto the conformal infinity of asymptotically
simple spacetimes.

Schematically the symplectic potential is of the form

ΘB = Θbulk
B + Θ∂B + δAB + δA∂B, (2.3)

where Θbulk
B =

∫
B
PδQ and Θ∂B =

∫
∂B
pδq. The total variation terms δAB and δa∂B do

not contribute to the symplectic form, because δδ = 0. These terms can be reabsorbed
into a redefinition of the action S → S − AB − A∂B: Sending L 7→ L + da modifies θ
as θ 7→ θ + δa. The inclusion of these terms corresponds to a choice of polarization, and
for general relativity is necessary if one demands that the configuration variables do not
include metric derivatives.
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Finally, we will assume throughout that the field space exterior derivative δ and the
integral

∫
B

commute. That means the location of the hypersurface B must be specified in
a field independent way.

2.2 Noether Charge Aspect

For a diffeomorphism covariant Lagrangian density1 L, the diffeomorphism Noether charge
aspect Qξ on spacetime M is defined implicitly by:

Iξθ − ιξL=Cξ + dQξ. (2.4)

Here Iξ is the contraction on field space, i.e., Iξθ(φ, δφ) = θ(φ,Lξφ) with the spacetime Lie
derivate L, while ι is the space-time contraction.

The LHS of (2.4) is the Noether current density associated with diffeomorphism sym-
metry. The first Noether theorem is the statement that this current is conserved on-shell,
i.e., d(Iξθ−ιξL) = 0. The RHS of (2.4) expresses this current as the sum of a bulk piece Cξ
and a boundary piece dQξ. The bulk piece Cξ is the constraint (D− 1)-form, and vanishes
when the equations of motion are satisfied.

The Noether charge aspect Qξ is a (D−2) form that can be integrated on codimension
two spheres S, such as the boundary of a partial Cauchy hypersurface B. In general
relativity, it is sometimes referred to as the gravitational “superpotential” [92]. When
pulled back onto B, it may be interpreted as a current, and the pullback of (2.4) becomes
its conservation law. We will do so in chapter 4.

Under the modifications L 7→ L+ da with a covariant under the class of ξ considered,
and θ 7→ θ + δa+ dα, the Noether charge aspect changes as

Qξ → Qξ + ιξa+ Iξα. (2.5)

Lastly, since Qξ is defined implicitly through (2.4), it may also be modified by the addition
of a closed (D− 2)-form. The three ambiguities encoded by a, α and the closed ambiguity
in Qξ are known as the JKM ambiguities [93].

For metric gravity with minimally coupled matter, it is useful write the full Noether
current density on the LHS of (2.4) as the sum of a matter contribution associated with

1Note that the Gibbons-Hawking boundary term, and existing proposals for null generalizations thereof
[62, 60] are not fully covariant.
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LM and a gravitational contribution associated with the Einstein-Hilbert Lagrangian LG.
The matter contribution to the Noether current density is

Iξθ
M − ιξLM = Tξ

aεa − dQM
ξ . (2.6)

We have introduced the directed volume (D − 1)–form

εa = ιaε =

√
|g|

(D − 1)!
εaa2...aDdxa2 ∧ ... ∧ dxaD . (2.7)

The LHS is, by definition, the canonical matter energy-momentum tensor, and the RHS
contains the gravitational matter energy-momentum tensor Tξ

a and possibly a total deriva-
tive dQM

ξ . QM
ξ is the matter contribution to the gravitational Noether charge aspect.

The fact that there could be a difference between the canonical energy momentum ten-
sor and the gravitational energy momentum tensor is well known (see [94] and references
therein for an elementary review). The presence of a corner contribution to the canoni-
cal energy-momentum tensor is due to the presence of a spin current, which vanishes for
scalar fields, but not for non-zero spin fields such as gauge fields. For Yang-Mills with
Lagrangian LM = 1

g2
tr(∗F ∧ F ) the diffeomorphism Noether charge aspect QM

ξ coincides
with the gauge Noether charge aspect associated with the gauge parameter ιξA and reads
QM
ξ = 1

g2
Tr(∗FιξA). It is thus natural to accompany the infinitesimal diffeomorphism ξ

with a field dependent gauge transformation with parameter −ιξA. Under this combined
transformation, the matter Noether charge aspect vanishes and the canonical and gravita-
tional energy-momentum tensors agree. The total Noether charge aspect then only involves
the gravitational fields, i.e., the metric.

2.3 Covariance

As we saw, the covariant Hamiltonian formalism admits several ambiguities, which we
will fix using various criteria. Demanding that all objects are covariant under spacetime
diffeomorphisms is a common criterion used to fix those ambiguities, but we will have
reason to depart from it. Let us thus formalize the notion of covariance, so that we can
deal with the resulting non-covariant objects cleanly.

As an example, consider a scalar field φ on spacetime, defined to be the 00-component
g00 of the metric, in a fixed coordinate system. On the one hand, as a scalar field it
transforms under an infinitesimal diffeomorphism as

φ 7→ φ+ Lξφ = φ+ ξa∂aφ. (2.8)
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On the other hand, the metric transforms as gab → gab+Lξgab. If we transform φ according
to its field space dependence on the metric, we are lead to the transformation

φ 7→ φ+ (Lξg)00 = φ+ ξa∂aφ− 2g0a∂0ξ
a, (2.9)

which is not the same. The discrepancy arises because there is fixed background structure
that is not transformed under diffeomorphisms. Here that background structure is the
vector field ∂/∂x0.

We introduce the field space Lie derivative Lξ, which acts on field space scalars according
to their dependence on the metric: In our previous example, Lξφ = Iξδφ = δφ

δgab
Lξgab. The

field space Lie derivative is extended to higher field space forms via the Cartan formula
Lξ = Iξδ + δIξ, and the Leibniz rule.

From that, we may introduce the anomaly as the difference between the field space and
spacetime Lie derivatives:

∆ξ := Lξ − Lξ − Iδξ. (2.10)

We have also allowed the vector field ξ to be itself dependent on the fields. The term Iδξ
compensates the dependence on δξ of Lξ, which arises from the contribution δIξ to Lξ if
acting on a field space form. The anomaly ∆ξ thus does not depend on δξ. Note that Iδξ
satisfies an anti-Leibniz rule, and does not contribute if acting on a field space scalar.

We call an object covariant if its anomaly vanishes. As we will see, the anomaly is
a useful bookkeeping device to calculate transformations of non-covariant objects: For
example, it commutes with the covariant derivative, which will be useful in practice. It is
itself a derivation. For more details on related technology, see, e.g., [76, 95].

2.4 Hamiltonians

Let us lastly consider the relation between the Noether charge and the Hamiltonian gen-
erating the symmetry ξ. The Hamiltonian for ξ, if it exists, should satisfy

{Hξ, F} = LξF, (2.11)

for any functional F of the fields.

The Poisson brackets are given in terms of the inverse symplectic form (which is a
bivector on field space, and of course ill-defined before performing the symplectic reduction)
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as {F,G} = Ω−1
B (δF, δQ). Using that F is arbitrary and contracting both sides with the

symplectic form ΩB one obtains the equivalent expression

δHξ = −IξΩB. (2.12)

In general, there is no guarantee that −IξΩB is an exact variation and thus that a Hamil-
tonian exists. Wald and Zoupas [31] have given a prescription which defines a charge even
when IξΩB is not a total variation, and gives a unique result in some circumstances, but
we will not use their prescription here.

Let us calculate −IξΩB, for a symplectic potential θ = θ0 + dα, where θ0 is covariant
under diffeomorphisms, but α need not be.

We have

−IξΩ = −
∫
B

Iξδθ (2.13)

=

∫
B

δ(Iξθ)− Lξθ, (2.14)

where we used the definition of the symplectic form on B, Ω =
∫
B
δθ, and the Cartan

formula Lξ = Iξδ + δIξ for the field space Lie derivative. Next, use identity (2.4) for Iξθ,
and the definition of the anomaly (2.10).

−IξΩ =

∫
B

δ(Cξ + ιξL+ dQξ)− Lξθ −∆ξθ − Iδξθ. (2.15)

Now use διξL = ιξ(−E + dθ) + ιδξL, and Lξθ = ιξdθ+ dιξθ, and Iδξθ = Cδξ + ιδξL+ dQδξ.
Setting all constraint terms to zero, we get

−IξΩ=̂

∫
B

−∆ξθ +

∫
∂B

δ(Qξ)−Qδξ − ιξθ. (2.16)

Using our assumption that θ = θ0 + dα, where θ0 is covariant under diffeomorphisms, the
anomaly of θ comes from the boundary modification: ∆ξθ = d(∆ξα). Thus we get:

−IξΩ=̂

∫
∂B

(
δ(Qξ)−Qδξ − ιξθ −∆ξα

)
. (2.17)

We will use this expression in sections 4.4 and 6.5.
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2.5 Expressions for General Relativity

Let us specialize to the case of metric general relativity with cosmological constant Λ, with
the Einstein-Hilbert Lagrangian L = 1

2
ε(R− 2Λ). Here ε is the volume form of the metric

gab. We will consider also a total Lagrangian LT = L + LM , with a minimally coupled
matter Lagrangian LM . The equations of motion are

ET =
1

2
ε(Gab + Λgab − T ab)δgab, (2.18)

with T ab the gravitational matter energy-momentum tensor (we work in units where 8πG =
1).

The standard choice (see, e.g., [96]) for the gravitational symplectic potential reads

θ =
1

2
(gbcδΓabc − gabδΓcbc)εa =

1

2
∇b(δg

ab − gabδg)εa. (2.19)

δgab = gacgbdδgbd denotes the metric variation with indices raised, not the variation of the
inverse metric. δg = gabδgab is its trace.

The constraints read

Cξ = ξa(Ga
b + Λδba − Tab)ιbε =̂ 0. (2.20)

The Komar charge aspect [97], which is a (D− 2)-form on spacetime M , and is related
to the standard symplectic potential by (2.4), is given by

Qξ = 1
2
∗ dg(ξ) = 1

2
εab∇aξb, (2.21)

where εab = ιaιbε.
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Part I

Canonical Structure at Finite
Distance Null Surfaces
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Chapter 3

Gravity Degrees of Freedom on a
Null Surface

In this section, we evaluate the standard symplectic potential (2.19), pulled back onto
a null hypersurface. We use variables describing the intrinsic and extrinsic geometry of
the null surface. The freedom to integrate by parts and to extract total variations from
the symplectic potential is fixed by demanding that the bulk and corner configuration
variables Q and q depend only on the intrinsic geometry of the null surface, and do not
contain derivatives.

The remainder of this chapter is organized as follows. Section 3.1 contains the def-
initions of our variables, and decomposes the variation of the metric. In section 3.2 we
perform our central calculation, obtaining the null canonical pairs of gravity in section 3.3.
Section 3.4 contains a suggestion for a Lagrangian boundary term.

3.1 Setup

In this section, we introduce the structures and notation we will use to evaluate the sym-
plectic potential on the null hypersurface B. The setup is taken from [98] and [3]. Previous,
similar formalisms were set up e.g. in [99, 51, 100].
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Figure 3.1: A typical situation where the symplectic structure on the null surface B is of
interest is when B is part of the boundary of the spacetime region R under consideration.
The other parts of the boundary are spacelike surfaces Σi.

3.1.1 Foliations, Normal Forms and Coordinates

Let M be the D–dimensional space–time. We are typically interested in a region R of M
with boundary B∪Σ0∪Σ1 where Σi are spacelike hypersurfaces and B a null hypersurface
(see figure 3.1). More generally we want to understand the nature of the symplectic
potential ΘB on a null hypersurface B. The location of B is specified by the condition
φ1(x) = 0, where φ1 is a suitable scalar field on M that increases towards the past of B. B
is a finite hypersurface with a boundary ∂B that we will call a “corner”. It is a member of
the foliation specified by φ1 = const. We do not assume that every member of the foliation
is a null hypersurface, but assume that φ1 is a good foliation function in a neighbourhood
of B, i.e., dφ1 6= 0 on B.

We introduce another foliation given by φ0 = const. of spacelike hypersurfaces, where
φ0 is a field that increases towards the future. We require that φ0 is a good foliation
function in a neighbourhood of B, and that nowhere dφ0 is a multiple of dφ1. At the
intersections of the two foliations lies a two–parameter family of spacelike codimension 2
surfaces S. Coordinates σA(x) are also chosen on each surface S. They are not required to
be constant on the null generators of B. Doing so would be a partial gauge fixing which
we want to avoid, since the direction of the null generators is metric dependent.

Using also the foliation fields as coordinates, we introduce a frame (Xa)(x) = (φi, σA)(x)
on M . This frame represents an invertible mapping X : U → M , from a domain U ∈ RD

to M . The metric G on M can be represented as a metric on U via the pullback: X∗G = g.
Here and in the following, a ∈ {0, ..., D−1}, i ∈ {0, 1} and A ∈ {2, ..., D−1}. x represents
a choice of coordinates while Xa(x) represents points of M . We will refer to Xa as the
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foliation frame. In the foliation frame, the tangent vectors eA to the surfaces S become

eA = eaA∂a, where eaA =
∂xa

∂σA
= δaA, (3.1)

while the metric in the foliation frame can be parametrised as

ds2 = gabdx
a ⊗ dxb = Hijdφ

i ⊗ dφj + qAB(dσA − AAi dφi)⊗ (dσB − ABj dφj). (3.2)

Here we have defined the shift connection AA := AAi dφi, which is a one–form in the normal
plane to S valued into TS. We also defined the normal metric Hij, which determines the
geometry of the normal two–planes (TS)⊥ to S, while q is the tangential metric which
determines the geometry of the sphere S. The metric g contains 1

2
D(D + 1) parameters

and this parametrization is completely general. No gauge fixing has taken place, and we
have not yet specialized to the case of a null hypersurface B.

The inverse metric is

gab∂a ⊗ ∂b = H ij(∂i + AAi ∂A)⊗ (∂j + ABj ∂B) + qAB∂A ⊗ ∂B, (3.3)

where H ij and qAB are the inverses of Hij and qAB, respectively. We introduce the covariant
normal derivatives

Di := (∂i + AAi ∂A). (3.4)

They can be understood as normal derivatives covariant under the gauge group Diff(S) of
diffeomorphisms on S. That is because under an infinitesimal change of foliation frame
δV φ

i = 0 and δV σ
A = V A(x), the normal metric transforms as a scalar δHij = V C∂CHij,

the tangential metric transforms as a tensor δV qAB = LV qAB, while AAi transforms as a
connection:

δVA
A
i = ∂iV

A + [Ai, V ]AS , (3.5)

where [., .]S is the Lie bracket on S. Then, the derivative Di transforms covariantly as a
scalar under the gauge group Diff(S): δV (Dif) = V A∂A(Dif) for a field f on M . The
curvature of the normal connection is the vector field

[D0, D1]A = ∂0A
A
1 − ∂1A

A
0 + [A0, A1]AS . (3.6)

We will use ∇a for the covariant derivative of g, and dA for the covariant derivative of q
on S.

We introduce the logarithmic normal volume element h as

eh =
√
|H|. (3.7)
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It will play an important role in the symplectic structure and the boundary action. The
determinants of the normal metric Hij, the induced metric qAB and the full metric gab are
therefore linked by √

|g| = eh
√
q. (3.8)

In order to write the symplectic potential using quantities intrinsic to the surfaces S we need
to be able to project along its two normal directions. We therefore have to choose a basis
of one–forms normal to S. There is a simple choice of basis which is metric independent,
and depends only on the choice of foliation. It is given by (dφ0, dφ1) ∈ (TS)⊥. However,
since the surfaces S are part of a null hypersurface, the most convenient choice is to use a
null co–frame (`, ¯̀) consisting of two null forms normal to the family of surfaces S, one of
which will be normal also to B. This is what we do here.

Let ` = `adx
a and ¯̀= ¯̀

adx
a be two smooth, null one–form fields normal to the surfaces

S (here and in the following bold–face letters denote one–forms). Let ` be such that at
B, ` is normal to B, and g−1(`) = `a∂a is future pointing. On the forms (`, ¯̀), we impose
the normalization condition that g−1(`, ¯̀) = 1. These conditions uniquely determine `
and ¯̀ in a neighbourhood of B, up to a rescaling (` → eε`, ¯̀ → e−ε ¯̀), where ε is an
arbitrary function. Our choice of a null dyad diagonalizes the SO(1, 1)–symmetry of the
plane normal to S, and the rescaling is the action of a SO(1, 1) transformation. Since (`, ¯̀)
and (dφ0, dφ1) both form a basis of (TS)⊥ their relationships can be parametrized in terms
of four fields α, ᾱ, β and β̄ which form a set of generalized lapses. We set

` = eα(dφ1 − βdφ0),

¯̀=
eᾱ

1 + ββ̄
(dφ0 + β̄dφ1). (3.9)

The condition that the slices φ1 = const. are timelike or null and that the slices φ0 = const.
are spacelike is encoded in the inequalities β ≥ 0, β̄ > 0. The four functions (α, ᾱ, β, β̄)
determine the inverse normal metric H through the conditions H ij = g−1(dφi, dφj). We
get

H ij =
e−h

1 + ββ̄

(
−2β̄ 1− ββ̄

1− ββ̄ 2β

)
, Hij =

eh

1 + ββ̄

(
−2β 1− ββ̄

1− ββ̄ 2β̄

)
, (3.10)

where the normal volume element h is

h = α + ᾱ. (3.11)

The quantity α − ᾱ does not enter the metric, and encodes the rescaling freedom in
` and ¯̀ alluded to above. α − ᾱ is therefore not physical, it is pure gauge freedom. We
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will refer to it as the boost gauge, because a boost transformation in the normal plane to
S will change α − ᾱ, keeping h and the directions of (`, ¯̀) fixed. A boost transformation
(`, ¯̀)→ (eε`, e−ε ¯̀) acts as (α, ᾱ)→ (α + ε, ᾱ− ε).

Even though it is pure gauge, we will not fix α− ᾱ for now. In the literature different
choices are made, and the generality of our boost gauge can be a starting point to connect
them. For instance, [61] and some work at null infinity work in the gauge α = 0 while
[62] works in the gauge ᾱ = 0. We will see that it is more convenient for the problem at
hand to choose ᾱ = 0 such that α = h. Note that the boost gauge can be fixed only with
reference to the foliation functions φ0, φ1, and a boost gauge fixing thus depends on how
we parametrize the family of surfaces S.

While the forms are denoted by bold letters, we denote the corresponding vectors with
non-bold letters as ` = g−1(`) and ¯̀ = g−1(¯̀). They are obtained by raising the index on
` and ¯̀ and are given by

` = `a∂a = e−ᾱ(D0 + βD1), ¯̀= ¯̀a∂a =
e−α

1 + ββ̄
(D1 − β̄D0). (3.12)

Note that the forms (`, ¯̀) as well as the vectors (`, ¯̀, Di) contain metric parameters and
are thus metric dependent.

For notational convenience, we will mostly work with tensors that have D–dimensional
indices, even if they are intrinsic to S. Vectors vA and contravariant tensors on S are pushed
forward into M along the inclusion, yielding in the foliation frame va = eaAv

A = δaAv
A.

Covectors and covariant tensors like qAB are pushed forward using the forms

eA := eAa dxa = (qABgabe
b
B)dxa = (δAa − AAa )dxa, (3.13)

yielding, e.g., qab = (δAa − AAa )(δBb − ABb )qAB.

Using that notation, we can write the components of the shifted derivative in foliation
coordinates as Da

i = δai + Aai . It can be checked that qabD
b
i = qab`

a = qab ¯̀
a = 0. The two

vectors (Di) span the same space as the vectors (`, ¯̀), and all four are indeed orthogonal
to S. It can easily be checked that the induced metric q on S satisfies the completeness
relation

qab + `a ¯̀
b + ¯̀

a`b = gab. (3.14)

q also satisfies qa
bqbc = qac.

We now have a variety of ways to repackage the information contained in the metric
g. The basic variables are the matrices (Hij, qAB, A

A
i ) in the parametrization (3.2). Using
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Figure 3.2: The geometry of our setup is depicted. The null hypersurface B is a member
of the foliation φ1 = const. that need not be null everywhere. It is ruled into codimension
two surfaces S by a second foliation φ0 = const. The vectors ` and ¯̀ are null and normal
to S. ` is normal also to B, and since B is null it is at the same time tangential to B. ¯̀ is
transverse to B, and the vectors are normalized as `a ¯̀bgab = 1.

(3.10), Hij can be rewritten as (h, β, β̄), which contains the same number of independent
components. After introducing the quantity α− ᾱ, we can rewrite (α− ᾱ, H) as the one–
forms (`, ¯̀) using (3.9). The one–forms have two independent components each, because
they are constrained to be orthogonal to S. Finally, the variables (`, ¯̀, AAi ) can be rewritten
as the vectors (`, ¯̀) using (3.12). The vectors (`, ¯̀) contain the shifts AAi , and determine 2D
independent variables, one of which is (α−ᾱ). The variables (`, ¯̀, qAB) thus fully determine
the metric, and the quantity (α − ᾱ). They combine covariance with an intuitive picture
adapted to null structures, and we will use them in the following1.

So far, the setup we described works for any two foliations (φ0, φ1) with spacelike
intersections. Let us now specialize to the case that φ1 = 0 describes a null hypersurface
B. For an illustration of the null geometry, see figure 3.2. The nullness condition reads

gab(∇aφ
1)(∇bφ

1) = H11 B
= 0, and from (3.10) we see that this is equivalent to the condition

β
B
= 0. So we get

β
B
= 0, `

B
= eαdφ1, `

B
= e−ᾱD0. (3.15)

Note that also the derivatives ∇`β and qa
b∇bβ vanish on B. We see that as expected,

1Except for the ambiguity α − ᾱ, the situation is analogous to the spacelike case, where the metric
is parametrized in terms of induced metric, lapse and shift. These variables can be repackaged into the
induced metric and the unit normal vector n.

27



the vector ` is parallel to B since on B it does not contain a transverse derivative ∂φ1 .
Its integral curves are the null generators of B. If we had chosen the coordinates σ to
be constant along the null generators of B, then the shift Aa0 would vanish on B yielding
`a = eᾱ∂φ0 . The induced metric on B is

ds2|B = qAB(dσA − AA0 dφ0)⊗ (dσB − AB0 dφ0), (3.16)

where we have used that h00
B
= 0. Its parameters are qAB and AA0 , and the number of

parameters is 1
2
D(D − 1) − 1, as expected for the induced metric of a codimension 1

hypersurface that satisfies one condition.

Since the metric on B is degenerate, it does not have a preferred volume (D− 1)-form.
However, there is an covariant area (D − 2)-form εS. Let ε be the volume form2 on M .
The area (D − 2)-form on B is given by3

εS := ∗B(ι¯̀ι`ε) (3.17)

where again ι is the contraction of vectors with forms. The pullback of εS to any cross-
section Su of B coincides with the induced volume form dS :=

√
qd(D−2)σ on the cross-

section, i.e., we have i∗SεS = dS with the inclusion iS : S ↪→ B. The area form is orthogonal
to the null directions, we have ι`εS = 0. It is covariant under diffeomorphisms of B.

We also introduce a (non-covariant) volume (D − 1)-form on B given by

εB := dφ0 ∧ εS (3.18)

It is related to εS as ιD0εB = εS. A (D − 1)-form ιξε then pulls back to B as

∗B(ιξε) = −eᾱ`aξaεB. (3.19)

The combination La = eᾱ`a that enters here will play a special role in our construction, as
we will see.

The introduction of the auxiliary foliation φ0 on S should be thought of as a choice of
reference frame on B. It avoids dealing with the degenerate induced metric on B and makes

2In our coordinates it is explicitly given by ε = eh
√
qdφ0 ∧ dφ1 ∧ dD−2σ.

3In our coordinates it reads

εS =
√
q 1

(D−2)!εA3...AD
(dσA3 −AA3

0 dφ0) ∧ ... ∧ (dσAD −AAD
0 dφ0).

It is invariant under the redefinitions ` → eε` and ¯̀→ e−ε(¯̀+ v) where v is tangent to B, and covariant
under diffeomorphisms of B.
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calculations more straightforward, but comes at the cost of introducing some additional
structure into the setup: the decomposition of B into spheres S. Note, however, that
we need an auxiliary foliation φ0 in order to locate the position of the corner ∂B, so we
cannot avoid introducing such extra data, at least near the boundary of B. This data can
be interpreted as edge modes in the setting of [76].

3.1.2 Decomposition of Metric Variations

The symplectic potential contains the variation of the space–time metric, δgab. For now, we
will consider a completely general metric variation, but later we will specialize to the case
that the metric variations leave the hypersurface B null. We view the foliations (φ0, φ1)
and the coordinates σ as fixed, so they do not vary: δφi = δσA = 0. Since the position
of B is described using the foliations, this also ensures that B does not move, while its
geometry varies, so that integral signs and variations commute. We write δg = gabδgab for
the trace of the metric variation, and δgab = gacgbdδgcd is the variation of the metric with
the indices raised.

The variation of the metric will be decomposed into tensors intrinsic to S, using the
structure of the two foliations. We then express it using the variations of q, ` and ¯̀.
Note that since the forms (`, ¯̀) are linear combinations of the dφi which do not vary,
their variations stays orthogonal to the surfaces S, i.e., qabδ`b = 0 (and similarly for
¯̀). The relationships among ` and ¯̀, which are implemented by the definition of the
metric dependent coefficients (α, ᾱ, β, β̄), are also preserved under variations: We have
δ(`a`

a)δ(¯̀
a
¯̀a) = δ(`a ¯̀

a) = 0.

Our first variation quantity,

δqab := qa
cqb

dδgab = δqABe
A
a e

B
b (3.20)

is the variation of the induced metric, pushed forward into M . Its trace δq := qabδqab =
qABδqAB is related to the change of the area element on S as δ

√
q = 1

2

√
qδq. Note that

δqab 6= δ(qab), because the latter expression contains the variation of the tensors eAa .

The vector ` is null and normal to S by definition, but both of these properties are
metric dependent. When the metric varies, ` will therefore change to restore the properties.
The change in ` parallel to S is qabδ`

b. It can be written as

qabδ`
b = −qab`cδgbc = e−ᾱ(δAa0 + βδAa1)

B
= e−ᾱδAa0, (3.21)
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For the first identity, we have used `aδgab = δ`b− gabδ`a, and that the variation qa
bδ`b = 0,

since ` is fixed to be normal to S. For the second identity, we varied the expression (3.12),
and used that δDa

i = δAai and that Da
i qab = 0. Similarly, we get

qabδ ¯̀b = −qab ¯̀cδgbc =
e−α

1 + ββ̄
(δAa1 − β̄δAa0). (3.22)

The change of the normal volume element eh is given by `a ¯̀bδgab:

`a ¯̀bδgab = −¯̀
aδ`

a − `aδ ¯̀a = δ(α + ᾱ) = δh. (3.23)

The second equality can be checked explicitly using the expressions (3.9) and varying them.
Remembering that

√
|g| = √qeh, and noting that δ

√
|g| = 1

2

√
|g|δg, we get

δg = gabδgab = δq − 2(¯̀
aδ`

a + `aδ ¯̀a). (3.24)

The part of the change in ` that lies in the normal plane to S and is not parallel to ` is
given by `aδ`

a. We obtain

`aδ`
a = −1

2
`a`bδgab = eα−ᾱδβ, (3.25)

so on B, `aδ`
a encodes how much B changes away from being null. We will later fix this

quantity to zero on B. Similarly, we get

¯̀
aδ ¯̀a = −1

2
¯̀a ¯̀bδgab = − eᾱ−α

(1 + ββ̄)2
δβ̄. (3.26)

In (3.20) through (3.26), we have listed all possible projections of δgab with `, ¯̀ and q,
and expressed them using the variations δ`a, δ ¯̀a and δqAB. We have also given them as
variations of the parameters (α, ᾱ, β, β̄, qAB, A

A
i ). The set of variations

(δqab, q
a
bδ`

b, qabδ ¯̀b, ¯̀
aδ`

a, `aδ ¯̀a, `aδ`
a, ¯̀

aδ ¯̀a) (3.27)

are independent, as can be seen from their expressions in metric parameters. Using the
completeness relation (3.14) the metric variation can be expressed fully in terms of the
variations we have given, as

δgab = δqab − (`aqbcδ ¯̀c + `bqacδ ¯̀c)− (¯̀
aqbcδ`

c + ¯̀
bqacδ`

c)− (`a ¯̀
b + ¯̀

a`b)(¯̀
cδ`

c + `cδ ¯̀c)

− 2`a`b(¯̀
cδ ¯̀c)− 2¯̀

a
¯̀
b(`cδ`

c). (3.28)

The change of normalization of ` is ¯̀
aδ`

a, and the change of the normalization of ¯̀ is `aδ ¯̀a.
They enter the metric variation only through the symmetric combination ¯̀

aδ`
a + `aδ ¯̀a.

This is the variational expression of the fact that the boost gauge of ` and ¯̀ is indeed pure
gauge.
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3.1.3 Extrinsic Geometry

The momenta conjugate to the metric are the extrinsic geometry of S. As it was the case
with our variations, all of the extrinsic geometry is expressed in tensors intrinsic to S,
which we push forward onto M . We will not give a complete list here, but just define the
ones that will appear in our calculations.

The extrinsic curvature associated with ` is

θab` := qacqbd∇c`d =
1

2
qacqbd£`qcd (3.29)

It describes how the induced two–metric changes along the vectors ` and is symmetric. Its
trace θ` = qabθ

ab
` = qab∇a`b is the expansion. It measures how the area element

√
q on S

changes along `, corrected for the divergence of the coordinate lines σ = const. relative to
` and the normalization of `, and can be written as

√
qeᾱθ` = ∂a(

√
qDa

0)− β∂a(
√
qDa

1)
B
= ∂a(

√
qDa

0). (3.30)

(see appendix A.1). If the shift AA0 is set zero, and the boost gauge ᾱ = 0 is chosen such

that `
B
= ∂/∂φ0 , the last expression reduces on B to the usual

√
qθ = ∂`

√
q. The barred

expansion is analogously defined as θ̄¯̀ = qab∇a
¯̀
b.

The tangential acceleration aa is defined as

aa := qa
b∇``b. (3.31)

It vanishes on B. That can be seen by writing aa = qa
c`b(d`)bc, and using that (d`)bc is

orthogonal to S in both indices, or by explicitly evaluating aa = e−ᾱqa
b∇bβ

B
= 0. Since

aa
B
= 0 and also `a∇``a = 0 because ` has constant modulus, we obtain that ∇``a on B

must be parallel to `a: ` is geodesic. The proportionality factor is the normal acceleration

γ := ¯̀a∇``a. (3.32)

Although ¯̀ is in general not geodesic, we introduce the “barred” normal acceleration

γ̄ := `a∇¯̀¯̀a. (3.33)

Lastly, we introduce the twists ηa and η̄a, and the normal connection ωa.

ηa := − qab∇ ¯̀̀ b

η̄a := − qab∇`
¯̀
b

ωa := qa
b ¯̀c∇b`c (3.34)
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The combination η−η̄ which computes the commutator qab[`, ¯̀]b is essentially the curvature
of the Diff(S)–connection:

ηa − η̄a = e−h[D0, D1]a. (3.35)

This completes our geometrical setup. We will have more to say about some of these
variables in section 3.3.

Let us note that under the boost transformations (`, ¯̀) → (eε`, e−ε ¯̀), the tensors
(η, η̄, θ`, θ̄¯̀) transform covariantly to become (η, η̄, eεθ`, e

−εθ̄¯̀), while (γ, γ̄, ωa) transform
inhomogeneously as connections and become (eε(γ+∇`ε), e

−ε(γ̄−∇¯̀ε), (ωa+qa
b∇bε)). We

now turn to our main task of evaluating the symplectic potential on a null hypersurface.

3.2 The Symplectic Potential on a Null Hypersurface

The symplectic potential current integrated on B is

ΘB = −
∫
B

(
eᾱΘa`a

)
εB =

1

2

∫
B

(
eᾱ
(
∇`δg − `a∇bδg

ab
))
εB, (3.36)

where we have used the expression (2.19) for the symplectic potential current and our
expression (3.19) for the pullback of a contraction with the volume form. Let us first
evaluate

−Θa`a =
1

2

(
∇`δg − `a∇bδg

ab
)
, (3.37)

using the decomposition of variations and the extrinsic geometry introduced in section 3.1.

3.2.1 Evaluation of Θa`a

The second term −1
2
`a∇bδg

ab of the last equation requires some work. We integrate it by
parts, and using that δgab`

b = δ`a − gabδ`b obtain:

− 1

2
`a∇bδg

ab =
1

2

(
δgab∇a`b +∇a(δ`

a − gabδ`b)
)
. (3.38)
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Let us consider the last term of the last equation, and insert the completeness relation
(3.14) inside the derivative.

1

2
∇a(δ`

a − gabδ`b) =
1

2
∇a

(
qabδ`

b + `a(¯̀
bδ`

b + `bδ ¯̀b) + 2¯̀a(`bδ`
b)
)

=
1

2

(
∇a(q

a
bδ`

b) + (¯̀
bδ`

b + `bδ ¯̀b)(θ` + γ) + 2(`bδ`
b)(θ̄¯̀ + γ̄)

+∇`(¯̀
bδ`

b + `bδ ¯̀b) + 2∇¯̀(`bδ`
b)
)
. (3.39)

In the first line we have used that the variations stays orthogonal to the surfaces S, i.e.
qabδ`b = 0, for the second line, we have used ∇a`

a = θ` + γ and ∇a
¯̀a = θ̄¯̀ + γ̄.

The first term in (3.38) is δgab∇a`b. It is already of the form PδQ. To evaluate it,
we insert the decomposition of the metric twice. Comparing with the projected variations
and the definitions of extrinsic geometry from section 3.1, it becomes the sum of six terms
which are not identically zero:

δgabq
acqbd∇c`d = δqabθ

ab
`

δgabq
ac`b ¯̀d∇c`d = − qabδ`bωa

δgab`
a ¯̀cqbd∇c`d = qabδ`

bηa

δgab`
a ¯̀c`b ¯̀d∇c`d = 2`aδ`

aγ̄

δgab ¯̀
a`cqbd∇c`d = − qabδ ¯̀baa

δgab ¯̀
a`c`b ¯̀d∇c`d = − (¯̀

aδ`
a + `aδ ¯̀a)γ. (3.40)

We have used that qabδ`b = 0 and that the remaining terms are zero because `a∇b`a = 0.
Adding this up yields

1

2
δgab∇a`b =

1

2

(
δqabθ

ab
` + δ`a(ηa − ωa)− δ ¯̀aaa − (¯̀

aδ`
a + `aδ ¯̀a)γ − 2`aδ`

aγ̄
)
. (3.41)

We have dropped some projectors qa
b where they are unnecessary. Now all that is left to

evaluate is the term 1
2
∇`δg in (3.37). Using (3.24), it becomes just

1

2
∇`δg =

1

2
∇`

(
δq − 2(¯̀

aδ`
a + `aδ ¯̀a)

)
. (3.42)

We add everything up to obtain

−Θa`a =
1

2

(
δqabθ

ab
` + δ`a(ηa − ωa) + θ`(¯̀

aδ`
a + `aδ ¯̀a)

+∇`

(
δq − (¯̀

aδ`
a + `aδ ¯̀a)

)
+∇a(q

a
bδ`

b) + 2∇¯̀(`aδ`
a)

+ 2(`aδ`
a)(θ̄¯̀ + 2γ̄)− δ ¯̀aaa

)
(3.43)
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Remembering that ΘB = −
∫
B

(eᾱΘa`a)εB, this is our first version of the symplectic poten-
tial on a null hypersurface. It is obtained by integrating by parts, inserting the completeness
relation, and substituting the variations and extrinsic geometry we defined, and was first

derived in [3] We have not yet assumed δβ
B
= 0 or β

B
= 0.

In this form, the result is not suited yet to read off the canonical pairs of gravity, since
it still contains derivatives of variations. It is not of the form PδQ with the configuration
variable Q depending only on the geometry of B.

3.2.2 Splitting the Symplectic Potential into Bulk, Boundary
and Total Variation

In the following, we will restrict attention to metrics for which B is null and metric varia-
tions that keep the hypersurface B null, i.e., we set

β
B
= 0, δβ

B
= 0. (3.44)

This nullness condition means that we restrict attention to the submanifold of field space
on which B is null, and consider only metric variations which are tangential to this sub-
manifold. In other words, what is calculated in the present section is the pullback of the
pre–symplectic potential ΘB to the submanifold of field space where B is null. If B is part
of the boundary of spacetime, fixing β and its variation is a partial boundary condition.
To avoid removing any degree of freedom by fixing β, one might “turn on” the frame field
φ1, hence making the location of B dynamical. We will not consider that here.

Using those conditions, the expressions aa and `aδ`a vanish on B (but not the transverse
derivative ∇¯̀(`aδ`a) of the latter expression). These conditions therefore lead to a simpler
expression for the symplectic potential:

ΘB =
1

2

∫
B

eᾱ
(
δqabθ

ab
` + δ`a(ηa − ωa)− θ`δh

+∇`

(
δq + δh

)
+∇a(q

a
bδ`

b) + 2∇¯̀(`aδ`
a)
)
εB. (3.45)

We have written δh for (−¯̀aδ`a − `aδ ¯̀
a).

This expression is not fully satisfactory yet for two reasons: It is not manifestly boost
gauge invariant, and it still contains derivatives of variations. From (3.36) we see that the
integrand of ΘB is boost invariant because the combination eᾱ`a is, but in the equation
above the invariance is not insured term by term. In order to achieve this it is worthwhile

34



to notice that the combination eᾱ` enters the symplectic potential in many instances. We
therefore introduce the boost invariant (but non-covariant) combination

La := eᾱ`a, La∂a = D0 + βD1
B
= D0, δLa

B
= qabδL

b = δAa0. (3.46)

We also denote its extrinsic curvature θabL simply by θab, which is equal to θab = eᾱθab` .
Now using the identity η̄a − ωa = qa

b∇bᾱ, we can evaluate

eᾱ∇a(q
a
bδ`

b) = ∇aδL
a − (η̄a − ωa)δLa. (3.47)

We can also use that eᾱ∇¯̀(`aδ`
a)

B
= ∇¯̀(eᾱ`aδ`

a) since `aδ`
a B

= 0. The symplectic potential
can then be written as

ΘB =
1

2

∫
B

(
δqabθ

ab + δLa(ηa − η̄a)− θδh

+∇L

(
δq + δh

)
+∇aδL

a + 2∇¯̀(eᾱ`aδ`
a)
)
εB. (3.48)

In this form all the terms are now individually boost invariant. For the last term this is

due to the fact that `aδ`a
B
= 0. We have also discovered that the most convenient boost

gauge for the symplectic structure is ᾱ = 0, since it identifies ` = L. Note that the induced
metric (3.16) on B is determined by (qAB, L

a).

The last term ∇¯̀(eᾱ`aδ`
a) is still problematic though. Indeed even if `aδ`

a vanishes
on B, its derivative ∇¯̀(`aδ`

a) does not, since the derivative is in a direction transverse to
B. The challenge we are facing is to find a way to eliminate this transverse derivative.
In the case where the boundary is spacelike a similar issue arises, and there it is possible
to eliminate the transverse derivative by including it into the variation of the densitized
extrinsic curvature, which leads to the Gibbons–Hawking term. This is therefore exactly
the strategy we are now going to follow: We show that it is possible to absorb the transverse
derivative ∇¯̀(eᾱ(`aδ`

a)) into a total variation.

Using that δβ
B
= 0, we can evaluate that ∇¯̀[eᾱ(`aδ`

a)]
B
= D1(δβ). Note that (even

outside of B) the normal acceleration can be written as γ=e−h[D0e
α + D1(eαβ)]. This

suggests that we can extract from its variation the transverse derivative up to tangential
derivatives. Before doing so, one has to remember that the normal acceleration transforms
as a connection under boosts, while we want to keep boost invariance manifest. Under the
rescaling (`, ¯̀)→ (eε`, e−ε ¯̀), γ transforms as

γ → eε(γ +∇`ε). (3.49)
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This suggests introducing the surface gravity which is the boost invariant combination

κ := eᾱ(γ +∇`ᾱ). (3.50)

It is boost invariant, since the transformation of ᾱ and∇`ᾱ cancels the non–invariant terms
in γ. It corresponds to the normal acceleration κ = L̄a∇LL

a of the vector L=D0 + βD1.
Using metric parameters, the surface gravity κ can be written as

κ
B
= D0h+D1β, (3.51)

and is manifestly boost gauge invariant (see appendix A.1).

In appendix A.2, we calculate the total variation of the surface gravity on B for varia-

tions that preserve the nullness of B, i.e., such that δβ
B
= 0. It is given by

δκ
B
= δLa(ηa + η̄a) +∇Lδh+∇¯̀(eᾱ`aδ`

a). (3.52)

By using these results we can now write down the symplectic potential in a form intrinsic
to B which does not involve any transverse derivatives. It reads

ΘB =
1

2

∫
B

(
δqabθ

ab − δLa(ηa + 3η̄a)− θδh

+∇L

(
δq − δh

)
+∇aδL

a + 2δκ
)
εB. (3.53)

In order to finalize the expression we first need to integrate by parts the derivative along
L, producing a total derivative. We use that for any ρ,

√
q∇Lρ

B
= ∂a [

√
qDa

0ρ]−√q θρ. (3.54)

where we used that La
B
= Da

0 and that ∂a(
√
qDa

0) =
√
qθ. We can also express divergences

of vectors tangential to S as

√
q∇aδL

a = ∂a(
√
qδLa) + δLa(ηa + η̄a). (3.55)

These identities are proven in appendix A.3. We also need to convert the last term into a
total variation, using that δ(2κεB) = (2δκ+ κδq)εB. This gives us

ΘB =
1

2

∫
B

(
δqabθ

ab − 2δLaη̄a − (κ+ θ)δq
)
εB

+
1

2

∫
∂B

(
La
(
δq − δh

)
+ δLa

)
ιaεB + δ

(∫
B

κ εB

)
. (3.56)
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Here the directed volume element ιaεB on ∂B appears. Recall that in the foliation frame
we have ιLεB = εS.

This expression is the sum of three terms, a bulk symplectic potential, a boundary
symplectic potential and a total variation. The variational terms in the bulk symplectic
potential only involve δqab and δLa, which form the intrinsic geometry of B. In particular
we see that the term involving the variation δh has cancelled from the bulk part. This
term is still present in the boundary contribution of the symplectic potential. In order to
remove it we introduce another total variation

−δhLaιaεB = −δ
(
hLaιaεB

)
+
[
δLah+ 1

2
hδqLa

]
ιaεB, (3.57)

where we have used δεB = 1
2
δqεB. We get

ΘB =
1

2

∫
B

(
δqabθ

ab − 2δLaη̄a − (κ+ θ)δq
)
εB

+
1

2

∫
∂B

((
1 + 1

2
h
)
La δq +

(
1 + h

)
δLa
)
ιaεB

+ δ
(∫

B

κ εB −
1

2

∫
∂B

hεS

)
. (3.58)

The boundary part and the total variation part of the symplectic potential can be
written in a variety of different ways, all keeping with our principle that ΘB should just
contain variations of induced geometry and total variations. First using

√
qθ = ∂a(

√
qDa

0)

and D0
B
= L, it is important to note that the expansion θ is a boundary term on B:∫

B

θεB =

∫
∂B

LaιaεB =

∫
∂B

εS. (3.59)

The variation of the last equation becomes

δ
(∫

B

θεB

)
= δ
(∫

∂B

εS

)
=

∫
∂B

(δLa + 1
2
δqLa)ιaεB. (3.60)

We can thus rewrite the last expression as

ΘB =
1

2

∫
B

(
δqabθ

ab − 2δLaη̄a − (κ+ θ)δq
)
εB +

1

2

∫
∂B

(
1
2
hLaδq + (h− 1)δLa

)
ιaεB

+ δ
(∫

B

(θ + κ)εB −
1

2

∫
∂B

hεS

)
. (3.61)
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Also noting that ∇aL
a = θ + κ, we see that in this form, the bulk total variation

AB =
∫
B

(θ + κ)εB is a close null analog of the Gibbons–Hawking term which features
the divergence K = ∇an

a of the unit normal to the hypersurface. A boundary action of
this form is given in [60].

Note that the momenta for the trace δq = δqabq
ab and the traceless part δq〈ab〉 of the

variation of the induced metric on S have different forms. It is therefore natural to split the
induced metric into a conformal part and the volume element. We parametrize the sphere
metric qAB in terms of a conformal factor ϕ and a conformal metric γ of unit determinant:

qab = e2ϕγab, det(γ) = 1. (3.62)

The conformal factor determines the luminosity distance R = eϕ.

The variation of the conformal metric δγab = e−2ϕ(δqab − 2δϕqab) is traceless. Its
momentum is the conformal shear

σ̃ab = e2ϕ(θab − 1
D−2

qabθ) (3.63)

which is also traceless, and captures the change of the conformal inverse metric γab = e2ϕqab

along L. Splitting the term δqabθ
ab into its trace and traceless parts then yields

δqabθ
ab = δγabσ̃

ab + 1
D−2

δq θ. (3.64)

Lastly, we will substitute δq = 2(D − 2)δϕ to produce an exact variation. These
replacements give the symplectic potential as the sum of a bulk term, a boundary term,
and the variations of a boundary action and a corner action:

ΘB = Θbulk
B + Θ∂B + δAB + δa∂B, (3.65)

where

Θbulk
B =

∫
B

(
1

2
δγabσ̃

ab −
(
D−3
D−2

θ + κ
)
· (D − 2)δϕ− δLaη̄a

)
εB,

Θ∂B =
1

2

∫
∂B

((
1 + h

)
La · (D − 2)δϕ+ hδLa

)
ιaεB

AB =

∫
B

κ εB

a∂B =
1

2

∫
∂B

(
1− h

)
εS.

(3.66)

This is the final expression we are looking for. We analyze it in the next sections.
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3.3 Canonical Pairs

We now read off the null canonical pairs of gravity from (3.66), comparing with the
schematic expression (2.3).

Bulk configuration Bulk momentum

Conformal metric: γab
1
2
σ̃ab Conformal shear

Normal vector: La −η̄a Twist

Volume element: (D − 2)ϕ −
(
κ+ D−3

D−2
θ
)

Expansion, surface gravity

(3.67)

Note that what we call momenta are B-densities PεB. The boundary canonical pairs can
also be read off from (3.66) and are(

La, 1
2
hqa

bιbεS
)

and
(
(D − 2)ϕ, 1

2
(1 + h)εS

)
. (3.68)

Written in this form, the configuration variables in the bulk of B contain only variations
of the induced metric (3.16) on B, and no variations of the normal metric, nor derivatives of
variations. That is analogous to the symplectic structure on spacelike and timelike surfaces,
and it was not obvious from the outset that there is such a form. Also the configuration
variables on the corner ∂B are a subset of the induced geometry. Let us analyze each of
the pairs in turn. We will refer to them as the “spin-2”, “spin-1” and “spin-0” pairs in
accordance to the number of their independent components.

3.3.1 Spin-2

The spin-2 configuration variable is the conformal metric γAB, which allows measuring
angles, but not lengths, on the surfaces S. Its momentum is the conformal shear, which
is given by the Lie derivative along L of the conformal metric: σ̃AB := γAA

′
γBB

′ 1
2
LLγA′B′

where γAB is the inverse of γAB. That the shear is conjugate to the conformal metric
was first established by Ashtekar et al. [19] in the context of asymptotic null infinity. The
shear is automatically trace free, and can be defined from the trace free part of the extrinsic
curvature4 as σ̃AB = e2ϕθ<AB> with θAB = qAaqBb∇aLb. In metric parameters, the shear

4We denote the trace free components of a tensor as θ<AB> = θAB − qAB

(D−2)q
CDθCD
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becomes (see appendix A.1)

σ̃AB = − 1
2
∂0γ

AB + e2ϕd<AAB>0

= − 1
2
∂0γ

AB + 1
2

(
γAC∂CA

B
0 + γBC∂CA

A
0 − AC0 ∂CγAB

)
− 1

D−2
∂CA

C
0 γ

AB. (3.69)

Note that the shear is independent of the conformal factor ϕ. It is determined by the
intrinsic geometry of B. If we interpreted AA0 as the velocity field of a fluid on B, the term
e−2ϕd<AA0B> is naturally interpreted as the rate of strain tensor. It is complemented by
the time derivative of the metric in the case where the metric is explicitly time dependent,
which is not usually the case in fluid dynamics. Also note that both γAB and σ̃AB are
invariant under conformal rescalings of the metric.

3.3.2 Spin-1

The spin 1 configuration variable is L. Since its ∂φ0–component is fixed, its variation is
δLa = δAa0 and is purely tangential to S. The momentum η̄ conjugate to L is given by
η̄a = −qab∇`

¯̀
b. Since ¯̀ determines the orientation of S within B, η̄a describes how the

cross–sections S of B tilt and twist when parallel–transported along `. It can be expressed
as the sum of two terms (see appendix A.1):

η̄A =
1

2

(
∂Ah− FA

)
, FA := qABe

−h (∂0A
B
1 − ∂1A

B
0 + [A0, A1]B

)
(3.70)

Here FA is the curvature of the shift connection, and measures the non-integrability of the
normal two–planes. The other term ∂Ah measures the rate of change of the normal volume
element h along the cross–section S.

Using the boost gauge ᾱ = 0, Damour ([63]) first interpreted ωa = qa
b ¯̀c∇b`c as a

momentum density. He was motivated by the fact that for a cylindrically symmetric black
hole, an integral of ωa is the total angular momentum, and that in the Navier–Stokes–like
equation qa

bLcRbc = 0, ωa plays the role of a linear momentum. However, ωa is not boost
gauge invariant and transforms as a connection under the boost gauge. The twist η̄ is boost
gauge invariant and coincides with ω in the boost gauge ᾱ = 0 since η̄a−ωa = qa

b∇bᾱ. The
twist η̄ is thus the proper boost gauge invariant generalization of ω. In the light of the fluid
interpretation of null surfaces, it is thus very natural that we found η̄ as the momentum
conjugate to the “displacement” A0. We have thus confirmed Damour’s interpretation of
ω from a symplectic analysis.

Under conformal rescaling of the metric g → e2εg, the size of the normal geometry
transforms as h→ h+ 2ε while A0 and A1 do not change. The twist then transforms by a
total derivative, η̄A → η̄A + ∂Aε, and its curvature d[Aη̄B] is conformally invariant.
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3.3.3 Spin-0

The spin-0 sector is especially interesting, since it carries information about mass and
energy. The first ingredient is the expansion. Even though it is part of the extrinsic
geometry of S, it is determined by the intrinsic geometry of B. That can also be seen
noting that the divergence of the area form on B is dεS = θεB. More generally, we have
for any function g on B:

d(gεS) = (La∂ag + gθ)εB, (3.71)

The expansion also plays a central role in the Raychaudhuri equation. In terms of our
parametrization of the metric, the expansion becomes

θ = (D − 2)D0ϕ+ ∂AA
A
0 . (3.72)

In the case of a non–expanding null surface, the spin-0 sector becomes the pair from
black hole thermodynamics: the volume element

√
q is conjugate to the surface gravity κ.

For a general null surface, κ can be interpreted as an infinitesimal redshift: Suppose
g00 = −1, such that φ0 corresponds to the clock of a family of geodesic observers. Consider
a lightray propagating along L. It may be described by an affinely parametrized null
geodesic r = fL, where for r to be affine, f needs to satisfy La∂a(ln f) = −κ. The
light’s frequency will be measured by the observers to be fLa(dφ0)a = f . The infinitesimal
redshift then becomes

dz =
f(φ0 − dφ0)− f(φ0)

f(φ0)
= κdφ0. (3.73)

The coordinate expression for the surface gravity κ is derived in appendix A.1 and reads

κ = (D0 + βD1)h+D1β
B
= D0h+ ∂1β. (3.74)

The coefficients κ and θ are not invariant under local rescalings of the metric. Under a
change gab → e2αgab, holding La fixed, we have on B

(κ, θ)→ (κ+ 2D0α, θ + (D − 2)D0α). (3.75)

A wide variety of different linear combinations of the spin-0 variables κ and θ appear
in the literature. The conformally invariant combination is κ− 2

D−2
θ, it is constant on con-

formal Killing horizons [101]. The combination κ− 1
D−2

θ features in the null Raychaudhuri
equation written as

GLL = − La∂aθ +
(
κ− 1

D−2
θ
)
θ − σABσBA, (3.76)
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so if one gauge fixes that combination to zero and knows the shear σA
B, the equation can

straightforwardly integrated for θ (such as in [53]). The combination κ + θ is obtained as
κ+ θ = ∇aL

a and has been suggested as the null analogue of the Gibbons-Hawking-York
term [60]. However the combination that is of crucial interest for us is the combination

µ := κ+ D−3
D−2

θ (3.77)

which we call the spin-0 momentum. It enters our analysis as the canonical variable
conjugate to the conformal factor ϕ, and naturally appears in the densitized Raychaudhuri
and Damour equations as we will see in the next chapter. This combination appeared
in dimension 4 in the canonical analysis of Torre [52] and of Epp [55], see also [102]
for its interpretation in the first order formalism. It combines the pressure and bulk
viscosity terms from the membrane paradigm [65]. The coordinate expression for the spin-
0 momentum becomes

µ
B
= D0(h+ (D − 3)ϕ) +D1β + D−3

D−2
∂AA

A
0 . (3.78)

3.3.4 Geometrical Interpretation

Remarkably, the elements of extrinsic geometry that form the momenta appear naturally
in the comparison between two different ways of transporting a vector field ξ on B: the Lie
transport LLξ, which is purely intrinsic toB, and the parallel transport∇Lξ, which through
the Christoffel symbols contains information about the metric components transverse to
B. Let us decompose the vector field ξ ∈ Γ(TB) as

ξa = fLa + va, (3.79)

with v ‖ S. The difference between the parallel and Lie transport along L of a vector ξ
tangent to B is given by

∇Lξ
a − [L, ξ]a = ∇ξL

a = vb(ωbL
a + σb

a +
δab
D−2

θ) + fκLa. (3.80)

This difference is encoded into the so-called Weingarten map ∇ξL
a , see e.g. [100]. Note

that in our boost gauge, ωa = η̄a, so all three momenta are contained in the Weingarten
map.

3.4 Lagrangian Boundary Terms

In the expression (3.65) for the symplectic potential, we have extracted a total variation
from the symplectic potential. That corresponds to a choice of polarization: It tells us
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which are the configuration and which the momentum variables. This can be seen most
clearly by noting that such a total variation can be used to interchange to roles of config-
uration and momentum variables:

Θ = PδQ = −QδP + δ(PQ). (3.81)

The choice of polarization we have made is that the configuration variables Q should
not contain derivatives of the metric. As discussed in chapter 2, the total variation in
ΘB = Θbulk

B + Θ∂B + δ(AB +a∂B) can be canceled by adding a boundary term and a corner
term to the action:

S =

∫
M

L− AB − a∂B (3.82)

From (3.66), we therefore make the following suggestion for the action of a space–time
region with null boundaries that may possess corners:

S =
1

2

∫
M

Rε−
∫
B

κεB −
1

2

∫
∂B

(
1− h)εS. (3.83)

Note that the corner term vanishes for segments of ∂B that contain the null direction L,
since in that case the pullback of εS vanishes.

A similar line of reasoning to this section was followed in the recent paper by Lehner et
al. [62], and a proposal for the boundary and corner action for null boundaries was given.
We have thus reproduced one of the results there with a different calculation.5

Parattu et al. ([61]) also gave a suggestion for the boundary action and the canonical
structure. They mostly work in the boost gauge α = 0, and extract a total variation
containing the normal acceleration γ rather than the surface gravity κ. As can be seen
from (3.50), γ and κ are inequivalent unless ᾱ = 0. For that reason Parattu et al. obtain
an extra canonical pair on B, which contains a piece of normal geometry as a configuration
variable. As we have seen, that pair can be removed by choosing κ rather than γ in the
total variation extracted.

5Up to the summand 1 in the corner term, which is a choice of corner polarization.
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Chapter 4

Null Conservation Laws for Gravity

In this chapter, we analyze the gravitational constraints on a null surface, reading them as
conservation laws and connecting to the symplectic analysis of chapter 3.

The plan for the chapter is as follows: Section 4.1 recalls the relevant pieces of intrinsic
and extrinsic geometry of the null surface and gives the action of the field space Lie deriva-
tive. Section 4.2 rearranges the constraint equations as a canonical conservation equation,
and derives the boundary current Jξ and the flux terms Fξ. Section 4.3 addresses the
rationale and consequences of modifying the symplectic potential away from the standard
one, giving the intrinsic symplectic potential, and derives the canonical conservation equa-
tion starting from the intrinsic symplectic potential. Section 4.4 addresses the question
how the boundary current Jξ is related to the Hamiltonian generators of the infinitesimal
diffeomorphism ξ. Technical manipulations have been relegated to appendices.

4.1 Geometry

This section recalls the pieces of intrinsic and extrinsic geometry that will appear, and
gives their transformations under diffeomorphisms.

4.1.1 Intrinsic and Extrinsic Geometry of a Null Surface

The null surface B is located at the level surface φ1 = 0. It is foliated by a “time”
coordinate φ0 into spacelike codimension-two spheres S with coordinates xA. The pieces

44



of intrinsic geometry of B that we will use in this chapter are the conformal (D−2) metric
γAB, the conformal factor ϕ and the null direction La. The metric on the spheres S is
qAB = e2ϕγAB. As we saw, these data determine a covariant vector valued (D − 1)-form
LaεB, and a covariant area (D−2)-form εS. We also introduce the form L̄, which is normal
to the (D − 2)-spheres S and satisfies LaL̄a = 1. We have parameterized

L = D0 + βD1, L̄ =
1

1 + ββ̄
(dφ0 + β̄dφ1)

g(L) = eh(dφ1 − βdφ0), g−1(L̄) =
e−h

1 + ββ̄
(D1 − β̄D0). (4.1)

The variable β vanishes on the null surface.

The extrinsic geometry of the null surface B which we will encounter here are the
shear σAB, the twist η̄A, the expansion θ and the surface gravity κ. They are defined and
explained in section 3.3. We use σAB = θ<AB> for the shear, and σ̃AB = e2ϕσAB for the
conformal shear, which is invariant under rescaling of the metric.

The spin-0 momentum is the combination µ = κ + D−3
D−2

θ. We will write ξ[f ] := ξa∂af
for the directional derivative.

4.1.2 Transformations of Intrinsic and Extrinsic Geometry under
Diffeomorphisms

We now turn to the transformations under infinitesimal diffeomorphisms of the pieces of
intrinsic and extrinsic geometry of the null surface B, which we will need to understand the
conservation laws. The expressions we have introduced make reference to the coordinate
fields, especially to the “time” variable φ0 in the normalization of L. As explained in section
2.3, we thus cannot expect them to transform covariantly under diffeomorphisms. The non-
covariance is made precise by the anomaly, which acts on field-space scalars T , which may
be spacetime tensors of arbitrary rank, as ∆ξT = LξT−LξT . Here LξT = IξδT = δT

δgab
Lξgab

derives T according to its metric dependence, and Lξ is the ordinary Lie derivative, acting
according to the index structure of T .

The covariance of the covariant derivative is encoded as

∆ξ(∇aT ) = ∇a(∆ξT ) (4.2)

for any tensor T , which may have a non-vanishing anomaly. The identity may be checked
explicitly using the standard identity δΓabc = 1

2
(∇bδg

a
c+∇cδg

a
b−∇aδgbc). We make use of

this in appendix B.3 to derive the diffeomorphism transformations of extrinsic geometry.
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The anomaly of the null vector L can be understood as the source of all the anoma-
lous diffeomorphism transformations, and it will be instructive to calculate it here. The
anomaly stems from the normalization condition L[φ0] = 1, which introduces the field φ0

as background structure and thus breaks covariance.

Restricting attention to vector fields parallel to B, we have (LξL)a = ξb∂bL
a − Lb∂bξa.

However, viewing La as a function of the metric, we may write

La[gbc]
B
=
g1a

g10
. (4.3)

Using the Leibniz rule, we get

LξL
a =

1

g10
Lξg

1a − g1a

(g10)2
Lξg

10. (4.4)

Now use that the components of the inverse metric transform by the spacetime Lie deriva-
tive: Lξ(g

ab) = ξc∂cg
ab− gac∂cξb− gcb∂cξa. Parametrizing ξa = fLa + va with v ‖ S, we get

after a short calculation that LξL
a = [v, L]a, and hence, on B, the anomaly becomes

∆ξL
a = [v, L]a − [ξ, L]a = L[f ]La. (4.5)

The field space Lie derivatives of all the data we have defined so far are derived in the
appendix B.3, and we summarize the relevant results now. As before, let ξa = fLa + va

be a vector field on B, and let v ‖ S. In addition to the transformation of L, we will have
the following: The conformal metric transforms as

LξγAB = 2(fσAB + e−2ϕd<AvB>), (4.6)

where we recall that dA is the covariant derivative of qAB = e2ϕγAB, and we have written
T<AB> for the trace free part of a tensor. Note that e−2ϕd<AvB> is independent of ϕ,
and that the RHS is trace free as expected of derivatives of a unimodular matrix. The
conformal factor transforms as

Lξϕ = 1
D−2

(fθ + dAv
A). (4.7)

As argued earlier, the combination LaεB is covariant; it transforms under diffeomorphisms
of B as

Lξ(L
aεB) = Lξ(LaεB) =

(
[v, L]a + (θf + dBv

B)La
)
εB. (4.8)
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Here, the spacetime Lie derivative acts on LaεB as a vector valued top form, i.e., Lξ(LaεB) =
[ξ, L]aεB +Lad(ιξεB). The area (D− 2)-form is covariant, and by contracting the previous
equation we obtain

LξεS = LξεS = ιξdεS + dιξεS =
(
[v, L]aιaεB + (θf + dBv

B)
)
εS. (4.9)

Finally, we need the transformation of the spin-0 momentum, which is more subtle. Under
finite rescalings of the null generators L → gL (or equivalently under redefinition of the
coordinate φ0 with ∂φ0/∂φ0′ = g), the spin-0 momentum transforms as a connection and
goes to

µ→ µg := (L+ µ)[g]. (4.10)

The spin-0 momentum can thus be fixed to any value by controlling the “clock” φ0. We
will make use of that fact in section 4.4. Infinitesimally, the transformation involves a
second derivative of the vector field ξ, and reads:

Lξµ = v[µ] + L
[
(L+ µ)[f ]

]
. (4.11)

Note the appearance of the differential operator L+µ, which is a covariant derivative with
respect to local rescaling of the null generators1.

Two remarks are in order: Firstly, the transformations of (ϕ, γ, L, µ, η̄A, σ
AB) only

involve ξ as a vector field on B, and do not depend on how (and if) it is extended to
a vector field on M . This is not obvious looking at the coordinate expressions given in
section 3.3, and is an important and desirable feature of those variables. Secondly, note
that µ, L, εB and η̄A transform covariantly under diffeomorphisms v parallel to the cross-
sections S: Anomalies arise only for diffeomorphisms transverse to S.

We will also need the transformation of h, the logarithmic determinant of the metric in
directions normal to S. It depends on the extension of ξ, and we parametrize an arbitrary
extension as ξa = fLa + f̄ L̄a + va with f̄ vanishing on B. Using δh = LaL̄bδgab, we get

Lξh = (L+ κ)[f ] + (g−1(L̄) + κ̄)[f̄ ] + (ηA + η̄A)vA, (4.12)

where ηA = −qAa∇L̄La and κ̄ = La∇L̄L̄
a. Note that η and κ̄ are not part of the extrinsic

geometry of B, but rather part of the extrinsic geometry of S as embedded in M .

To summarize, the tensors that make up the intrinsic and extrinsic geometry of B can be
Lie-derived in two ways: The spacetime Lie derivative views them as tensors and Lie-derives

1Under L→ eαL holding fL fixed, we have f → e−αf and µ→ eα(µ+L[α]), so (L+µ)[f ] is invariant.
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them according to their index structure, and the field space Lie derivative views them as
functionals of the metric and derives them according to their metric dependence. The
difference between the two prescriptions is the anomaly ∆ξ. We have given the field space
Lie derivatives that we will need in the following; more transformations are in appendix
B.3.

4.2 Einstein Equations as Conservation Equations

Having completed the setup, let us turn to our central task of interpreting the Einstein
constraint equations as conservation equations. We are looking for a conservation equation
intrinsic to the null surface B which is of the form “Divergence of current = gravitational
flux + matter energy-momentum flux”. Both the current and the gravitational flux will
depend on a vector field ξ parallel to B. The conservation equation is an equality of
(D − 1)-forms, and can be integrated on portions of the null surface B.

The current on the LHS is the boundary current jaξ . It is a vector tangent to B and we
can associate with it a (D − 2)-form Jξ = ιjξεB. Jξ is a codimension one form on B and
the divergence of the current corresponds to dJξ. In the following we will interchangeably
use the denomination boundary current for jξ or Jξ even if the later is the dual boundary
form. The boundary current jξ can be expanded in terms of a time component, i.e., the
component along φ0, and a component tangential to the sphere. Its time component may
be thought of as the gravitational charge aspect, and the spatial components as the finite
boundary analogue of soft currents.

The Einstein equations we consider are the null Raychaudhuri equation [103] for GLL

and the Damour equation [104] for qa
bGLb.

They are derived, using our variables, in appendix B.2. This set of equations are the
null analogue of the ADM momentum constraint equations. Since we are looking for a
conservation law that can be integrated on the null surface B, and since the canonical
constraints are best thought of as densities on a hypersurface, we multiply them with the
density εB. The densitized expressions are

GLL εB = −LL(θεB) + (µθ − σbaσab)εB,
qa
bGLbεB = qa

bLL(η̄bεB)− (daµ+ dbσa
b) εB.

(4.13)

Note that densitizing with εB, and performing the trace-traceless split on θ and σa
b, natu-

rally leads to the appearance of the spin-0 momentum µ = κ+ D−3
D−2

θ in both equations.
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Let us analyze them as conservation equations on B, first when contracted with a
“constant” vector field, and then for a general vector field.

4.2.1 Conservation Law for “Constant” Vector Fields

To gain a first understanding, consider the Raychaudhuri and Damour equations smeared
with a vector field ξ = fL+ v parallel to B which is Lie dragged along L, i.e.,

[L, ξ] = 0. (4.14)

This simplifying assumption means that ξ is “constant in time” and implies L[f ] = 0 and
[L, v] = 0. It is sensitive to the choice of normalization of L, i.e., to a choice of clock. Let
us go on-shell and set Gab = Tab (in units where 8πG = 1). Contracting with ξ, we can
rewrite our two equations as

−LL(fθεB) = f
[
TLL − µθ + σb

aσa
b
]
εB, (4.15)

LL(vaη̄aεB) = va
[
TaL + (daµ− dbσa

b)
]
εB, (4.16)

where we used LL(gεS) = (L[g] + gθ)εB for any function g. Since LL(gεB) = d(gεS), the
LHSs of both equations are total derivatives.

Written in this manner the Raychaudhuri equation (4.15) can be understood as a con-
servation equation for an energy Ef := −

∫
S
fθdS. Indeed, by integrating the Raychaud-

huri equation on a portion of B delimited by Si and Sf , one gets the balance equation

∆Ef =
∫ Sf
Si
f(TLL + TGLL)εB, which expresses that the change in energy Ef is due to ex-

change of material and gravitational energy with the exterior. This allows us to identify
the gravitational energy momentum tensor

TGLL := (σb
aσa

b − µθ), (4.17)

which appears alongside the matter energy-momentum tensor and measures the amount
of gravitational energy that leaves the region enclosed by S per unit time and unit area,
according to the observer ξ. Part of the gravitational energy is carried out by the gravita-
tional waves or spin 2 components σb

aσa
b, but another part is carried out by the spin zero

component and measures the work done by the rescaling of the surface through the term
−µθ. Since θ is the rate of change of area, this naturally leads to the interpretation of µ
as a boundary pressure term.
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In the Damour equation (4.16), Pv :=
∫
S
(v · η̄)dS is interpreted as the super-momentum

enclosed by the region S. We can identify a gravitational momentum flux TGvL given by

TGvL = va(daµ− dbσa
b). (4.18)

This expression confirms the interpretation of µ as a pressure term, while the shear σ
appears as a viscous stress component. Integrating the Damour equation then gives the

balance equation ∆Pv =
∫ S′
S

(TLv + TGLv)εB.

4.2.2 The Boundary Current and its Conservation

We would now like to understand the conservation equations more covariantly and locally.
This requires that we use a general vector field ξ ∈ TB, and combine the Raychaudhuri
and Damour equations as components of one equation.

In order to decide which terms on the RHS of (4.13) should be seen as part of the
boundary current and which as part of the fluxes, let us recall the form of the energy-
momentum flux for a scalar field with Lagrangian Lscalar = 1

2
gab∂aφ∂bφ− V (φ). On a null

surface, the canonical momentum density P conjugate to φ is P = L[φ]εB, and the energy
momentum tensor becomes

TLLεB = L[φ]L[φ]εB, TLvεB = L[φ]v[φ]εB. (4.19)

Those components combine into TLξεB = L[φ]ξ[φ]εB for ξ ‖ B. For a scalar field, the flux
that controls the flow of energy and momenta through B thus has a natural canonical
expression given by the product of the momenta with the field transforms

TLξεB = PLξφ. (4.20)

We therefore expect the gravitational flux term to have a similar canonical form
∑

i PiLξQi.

In order to establish this we need to isolate terms that can be interpreted in a canonical
form PLξQ, from the equations (4.13). Lets first recall the action of diffeomorphisms on
our data (section 4.1.2): We have

LξγAB = 2
(
fσAB + e−2ϕd<AvB>

)
, LξεB = (fθ + dAv

A)εB,

LξL
a = [v, L]a, Lξµ = L[(L+ µ)[f ]] + v[µ]. (4.21)

We can now express the Raychaudhuri equation contracted with fLa as a canonical con-
servation law. Using again LL(gεB) = d(gεS) = (L[g] + θg)εB, we get

(fL)aGaLεB = − d(fθεS) + (fµ+ L[f ])dεS − fσabσbaεB. (4.22)
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The second term on the RHS is not of the canonical form PLξQ, so we integrate by parts
and use (dg) ∧ εS = L[g]εB to get

(fL)aGaLεB = d
(
− fθεS + (L+ µ)[f ]εS

)
− L[(L+ µ)[f ]]εB − fσabσbaεB (4.23)

= d
(
(L+ µ− θ)[f ]εS

)
− εB(LfLµ+ 1

2
σABLfLγAB). (4.24)

The RHS is now written as the sum of the differential of a (D− 2)-form and two canonical
flux terms. This is the form we want.

Let us turn to the densitized Damour equation (4.13). Contracting with va and using
dav

aεB = d(ιvεB), we can rewrite it as

vaGLaεB
B
= d
(
vaη̄aεS + (vaσa

b)ιbεB
)

+
(
η̄a[v, L]a − (vadaµ)− (e−2ϕσabdavb)

)
εB (4.25)

= d
(
vaη̄aεS + (vaσa

b)ιbεB
)
− εB(Lvµ− η̄aLvLa − 1

2
σABLξγAB). (4.26)

The RHS is also written as the sum of a differential plus three canonical flux terms.

We can now combine the Raychaudhuri and Damour equations and express the Einstein
equations GξL = TξL as a canonical conservation equation. Let us again parametrize
ξ = fL+ v, and define the boundary current jaξ as

jaξ :=
(
(L+ µ− θ)[f ] + vbη̄b

)
La + vbσb

a. (4.27)

The corresponding boundary current form is the (D − 2)-form Jξ := ιjξεB given by

Jξ = (L+ µ− θ)[f ]εS + vbη̄bεS + vbσb
aιaεB. (4.28)

Setting Gab = Tab, we can then write the Raychaudhuri and Damour equations as

dJξ
B
=
(
TξL + 1

2
σ̃ab(Lξγab)− η̄a(LξLa) + Lξµ

)
εB. (4.29)

In this expression the gravitational flux is now expressed in a canonical form. The equations
(4.28, 4.29) summarize the null gravitational constraint equations. The expression for the
boundary current Jξ is determined by this analysis up to a total differential Jξ → Jξ +dβξ.

The gravitational flux terms, which appear alongside the matter flux terms on the RHS
of (4.29), are of the canonical form PLξQ. The canonical pairs are usually identified using
the symplectic potential or related technology, but this analysis provides an alternative
route towards their identification. We see that the gravitational canonical pairs (P,Q)
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are the spin-2 pair (1
2
σ̃ABεB, γAB) of densitized shear and conformal metric, the spin-1

pair (−η̄aεB, La) consisting of the twist and the null directions, and the spin-0 pair (εB, µ)
consisting of the area form and spin-0 momentum.

Let us interpret the boundary current vector (4.27). In a given reference frame, the
time component of a current vector is interpreted as the charge density and the spatial
components as non-relativistic currents. In analogy, we may interpret the components
along L of jaξ as charge aspects. First, consider a vector field ξ = fL parallel to L, which
we interpret as a “null time” translation. The conserved charge of time translations is
energy, and we thus find the gravitational energy aspect

ef = (−θ + µ+ L)[f ]εS. (4.30)

It can be rewritten as ef = (κ− 1
D−2

θ + L)[f ]εS, and features the combination κ− 1
D−2

θ,
which also appears in the non-densitized Raychaudhuri equation. Note that the gravita-
tional energy aspect ef differs from the previous energy density −fθεB by the addition of a
pressure term µfεB with µf := fµ+L[f ]. We can therefore interpret −fθεB as an internal
energy of the sphere S while ef is its enthalpy.

The conserved charge for spatial vector fields is the momentum. We can thus identify
from (4.27) the momentum aspect

pv = vbη̄b εS. (4.31)

The term vbσb
a then finds interpretation as a spatial momentum current.

In (4.27), we have written the boundary current jξ using the split ξ → (f, v) and the
extrinsic geometry of B. It can also be written more covariantly and geometrically if we
recognize (see eq. 3.80) that

∇Lξ
a = −[v, L]a +

(
(κ+ L)[f ] + vbη̄b

)
La + vbθb

a, (4.32)

and use κ− 1
D−2

θ = µ− θ. We get

jaξ = ∇Lξ
a − 1

D−2
θξa + [v, L]a. (4.33)

The dependence on the extrinsic geometry of B is now captured by the spacetime covariant
derivative ∇Lξ

a.

To summarize, in (4.29) we have rewritten the null Raychaudhuri and the Damour
equations as a conservation law on the null surface B, equating the divergence of the gravity
boundary current (4.28) to the matter energy-momentum flux TξL plus a gravitational flux
of the canonical form

∑
i PiLξQi.
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4.3 Charges from Symplectic Potential

We will now give a more canonical derivation of the conservation equation, starting from
the explicit expression for the null gravity symplectic potential in terms of the intrinsic
and extrinsic geometry of B derived in chapter 3, and using technology from the covariant
Hamiltonian formalism.

In chapter 2, we saw that the Noether charge density satisfies (2.4),

Iξθ0 − ιξL=Cξ + dJ0
ξ . (4.34)

Here, we will write θ0 for the standard symplectic potential (4.38), whose pullback ΘB was
computed in chapter 3, and J0

ξ for the associated Noether charge aspect.

Pulling back onto B and contracting with a vector ξ tangential to B, the term ιξL
and the cosmological constant contribution to the constraints do not contribute, and if the
canonical and gravitational matter energy-momentum agree, we get

ξaGaLεB = ∗B(dJ0
ξ − IξΘB). (4.35)

Since the symplectic potential contains the terms Θ
B
= PδQ, we expect that IξΘ = PLξQ

reproduces the flux terms of the last section. Then, we can identify the pullback of the
Noether charge aspect ∗B(J0

ξ ) with the boundary current of the conservation law (4.29),
and (4.35) and (4.29) become the same canonical conservation equation.

4.3.1 Null Symplectic Potential and Intrinsic Symplectic Poten-
tial

The Einstein-Hilbert Lagrangian leads to the well-known standard symplectic potential
current

Θ̂[g, δg] = 1
2
∇b(δg

ab − gabδg)εa. (4.36)

The standard symplectic potential current is covariant in the sense that it does not make
reference to any background structure. Hence, its anomaly vanishes: ∆ξΘ̂ = 0 for all ξ.
We recall that the anomaly is defined on field-space forms such as Θ as

∆ξ = Lξ − Lξ − Iδξ, (4.37)
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and the field space Lie derivative acts on field space forms via the Cartan formula Lξ =
δIξ + Iξδ.

In chapter 3, we rewrote the pullback of θ0 onto the null surface B along the embedding
B : B ↪→M in terms of the intrinsic and extrinsic geometry of B. There we took the view
that the configuration variables should not contain derivatives of the metric. However,
in (4.29), the derivative Lξµ appears. Thus, in order to interpret the conservation law
canonically, we will change the polarization so that the symplectic potential contains δµ.
A further argument favoring that polarization is given in section 4.4.

In appendix B.1 we write the symplectic potential ΘB = ∗Bθ0 as the sum of a bulk and
a corner term:

ΘB = Θint − dαS (4.38)

The bulk term is

Θint =
(

1
2
δγabσ

ab − η̄aδLa + δµ
)
εB (4.39)

We recognize the canonical P s and Qs appearing in the flux terms of the conservation law
(4.29). The boundary contribution is

αS = 1
2

(δh εS + ıδLεB)− 1
D−2

δεS. (4.40)

Recall that eh is the scale of the normal metric, eh =
√
|g|/√q. The expression (4.38) is

valid for variations δgab of the metric that keep the surface B null, i.e. such that δβ
B
= 0

in the parametrization (3.10).

The boundary contribution can be rewritten as follows: using εS = ιLεB and δεB =
(D − 2)δϕεB we have δεS = ıδLεB + (D − 2)δϕεS, so

αS =
1

2
(δh− 2δϕ) εS + 1

2
D−4
D−2

ıδLεB. (4.41)

It is interesting that the combination h−2ϕ is invariant under local rescaling of the metric,
and that the extra contribution vanishes in dimension D = 4.

A further possible rewriting is

αS =

(
1

2
Laδgacg

bc + δLb
)
ιbεB − 1

D−2
δ(εS). (4.42)
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To pass from (4.40) to the last line, use that Laδgacg
bc = δ(Lc)g

bc−δ(Lb), and δ(Lc)
B
= δhLc.

As we have seen the symplectic potential current is defined up to the addition of a closed
form. That means that the corner term αS can be removed by exploiting the ambiguity.
We define the intrinsic symplectic potential current on B as

Θint := Θ̂B + dαS. (4.43)

Its explicit form is given in (4.39). This choice fixes the closed ambiguity in the symplectic
potential in such a way that the modified symplectic potential has no boundary pairs. Our
symplectic potential current contains only the intrinsic geometry {γab, La, ϕ} and extrinsic
geometry {σab, η̄a, µ} of B. This is in contrast to the usual expression (4.38) that also
contains δh, which fits in neither of these categories. We choose the name “intrinsic”
because as we saw in section 4.1.2, the transformation under diffeomorphisms of the data
contained in the intrinsic symplectic potential does not depend on how the diffeomorphism
is extended outside B. Again, h is not intrinsic in this sense.

Let us take a closer look at the three terms that appear in the boundary contribution
(4.40). Removing the first term −1

2
d(δhεS) from ΘB is central to our analysis, as we will

see in the next subsection. The second term −1
2
d(ιδLεB) does not enter the integral

∫
B

ΘB

if the boundaries ∂B are aligned with the foliation S, since δL is parallel to S. Its removal
thus does not influence the boundary current integrated on S, but rather modifies the parts
of the boundary current that vanish when pulled back to S. Lastly, the term d 1

D−2
δεS is

both a total derivative and a total variation, it could thus also be understood as arising
from a codimension two corner action proportional to the corner area. Removing it does
not change the symplectic form.

Having fixed the ambiguity of the symplectic potential current, we can now evaluate
the flux term IξΘ on the RHS of (4.35). It becomes

IξΘint =
(

1
2
σABLξγAB − η̄aLξLa + Lξµ

)
εB, (4.44)

which coincides with the flux term from the conservation equation (4.29).

4.3.2 Noether Charge and Conservation Law

Let us now turn to the boundary current term on the RHS of (4.35). To evaluate it, we
start from the boundary current J0

ξ of the standard symplectic potential (4.36). J0
ξ is the
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well-known Komar charge form [97], which is a (D − 2)-form on spacetime M , and given
by

J0
ξ = 1

2
∗ dg(ξ) = 1

2
εab∇aξb, (4.45)

where εab = ιaιbε. Pulling back onto S and parameterizing ξ = fL+ f̄ L̄+ v, one gets

i∗S(J0
ξ ) = 1

2
((L+ κ)[f ]− (L̄+ κ̄)[f̄ ] + (η̄a − ηa)va)dS, (4.46)

where as before ηa = −qab∇L̄Lb and κ̄ = La∇L̄L̄
a. The Komar charge form has the

advantage of being simple, and covariant under all diffeomorphisms. However, it possesses
two features that make it unsatisfactory for the analysis of conservation laws along a null
hypersurface B: It depends not only on ξ as a vector field on B, but on its extension
outside of B through the transverse derivative L̄[f̄ ]. Therefore even a vector field which
vanishes on B may have non-zero charge. We also see that in addition to the variables κ, η̄a
that form part of the extrinsic geometry of B as embedded in M , Ĵ involves the variables κ̄
and η, which cannot be interpreted in terms of the intrinsic or extrinsic geometry of B. In
trying to describe physics from the viewpoint of the null surface B, both of these features
are undesirable.

We now show directly that the Noether boundary J int
ξ associated with the intrinsic

symplectic potential Θint of (4.39) resolves both issues affecting the Komar boundary cur-
rent: The boundary current J int

ξ does not contain derivatives of ξ transverse to B, so it
vanishes if ξ vanishes on B. Furthermore, J int

ξ is entirely determined by the intrinsic and
extrinsic geometry of B. We also show that J int

ξ coincides, up to a total differential, with
the boundary current (4.28) which we found from analyzing the constraints.

By (2.5), the boundary current Jξ of the modified symplectic potential is related to the

Komar charge form Ĵξ as
J int
ξ = J0

ξ + IξαS. (4.47)

The core reason ensuring the properties of J int
ξ is that we removed δh from the symplectic

potential current. Using the transformation of h given in (4.12), we have

Iξ
(

1
2
δhdS

)
= 1

2

(
(L+ κ)[f ] + (L̄+ κ̄)[f̄ ] + (η̄a + ηa)v

a
)
dS. (4.48)

It is then clear that adding this term to (4.46) removes both the transverse derivative
acting on f̄ as well as the dependence on κ̄ and ηa.

In detail, J int
ξ is obtained as follows: As a form on B, the Komar charge form reads

∗B(J0
ξ ) = 1

2
La(∇aξb −∇bξa)ιbεB, (4.49)
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where we used ∗B(εab) = La(ιbεB)− Lb(ιaεB).

The expression IξαS is computed most efficiently from the form (4.42) for αS. Recall
from 4.1.2 that for ξ = fL+ v we have

IξδεS = LξεS = ιξ(θεB) + d(ιξεS)

IξδL
a = [v, L]a. (4.50)

Using also Iξδgab = ∇aξb +∇bξa, altogether we get

IξαS =
1

2
La(∇aξb +∇bξa)ιbεB + [v, L]aιaεB − 1

D−2
(ιξθεB + dιξεS). (4.51)

Adding (4.49) and (4.51) yields the Noether boundary current J int
ξ = J0

ξ + IξαS:

J int
ξ =

(
(∇Lξ

a) + [v, L]a
)
ιaεB − 1

D−2
ιξθεB − d( 1

D−2
ιξεS) (4.52)

As claimed, this coincides with the boundary current (4.28) that we found analyzing the
constraints, up to the total derivative term d( 1

D−2
ιξεS), which is within the ambiguity of

both prescriptions, since both Js are defined implicitly by specifying dJ , and vanishes
when integrated on any closed surface.

Let us reiterate the results of this section: The general identity (4.35) on B reads

GξLεB = dJξ − IξΘint. (4.53)

This equation coincides exactly with the conservation equation (4.29) for the edge mode
current — if we use the intrinsic symplectic potential current Θint of (4.39), which differs
from the standard one by a total derivative and has no corner pairs. The gravitational flux
terms are given by IξΘint and are of the same form as the canonical energy-momentum of
matter, i.e., PLξQ. The boundary current Jξ is (essentially) given by the Noether boundary
current of the intrinsic symplectic potential current Θint. As a further consequence of
modifying the symplectic potential current, everything is expressed in terms of the intrinsic
and extrinsic geometry of the null surface B, and independent of the extension of the vector
field ξ outside of B.

4.4 Hamiltonians

What makes conserved charges interesting, especially in the quantum theory, is that they
are the generators, i.e., the Hamiltonians, of symmetries. We now turn to the question how
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the charge
∫
∂B
Jξ is related to the Hamiltonian generating the infinitesimal transformation

ξ. See [105] for a related discussion. Some related results have also appeared in [69],
focusing mainly on isolated horizon boundary conditions.

We saw in section (2.4) that in our present situation with a non-covariant corner mod-
ification, the Hamiltonian and the Noether charge aspect are related as

−IξΩ=̂

∫
∂B

(
δ(Jξ)− Jδξ − ιξΘint −∆ξαS

)
. (4.54)

We will thus need the anomaly of the modification αS = 1
2
Laδg

abιbεB + δLaιaεB − 1
D−2

δεS.

The anomalies of δεS, of δgab and of LaεB vanish for ξ ‖ B, so we are left with

∆ξαS = (Lξ − Lξ − Iδξ)(δLaιaεB) (4.55)

= (∆ξδL
a)ιaεB + δLaιa(∆ξεB), (4.56)

where for the second line we have used that ∆ξ satisfies the Leibniz rule. Now use that
δ∆ξ = ∆ξδ + ∆δξ. Using the results ∆ξL

a = L[f ]La and ∆ξεB = −L[f ]εB, as well as
∆δξL

a = L[δf ]La, one obtains

∆ξαS = (δL)[f ]εS, (4.57)

where as before ξ = fL+ v with v ‖ S.

To proceed further, let us fix the metric dependence of ξ, and set ξ = fL + v with
δf = 0 and δv = 0, such that δξ = fδL. Intuitively this means that the direction of
ξ relative to the null generators is fixed, or from a fluid perspective that ξ is fixed in a
“co-moving” frame. As before, we also assume that the boundaries ∂B are aligned with
the cross-sections S. Using that i∗S(ιξεB) = fdS, the ingredients are2:

i∗Sδ(Jξ) = δ
(

dS
(
(−θ + µ)f + L[f ] + vaη̄a

))
−i∗S(Jδξ) = − fδLaη̄adS

−i∗S(ιξΘint) = − f
(

1

2
σabδγab − δLaη̄a + δµ

)
dS

−i∗S(∆ξαS) = − δL[f ]dS. (4.58)

Let us denote µf = fµ+L[f ]. µf can be understood as the spin-0 momentum in the frame
of the observer ξ. Noting δµf = fδµ + δL[f ] we get the following, remarkably compact

2Recall that dS is the induced volume element on a cross-section S of B.
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result:

−IξΩ = δ

(∫
∂B

Jξ

)
−
∫
∂B

(
1
2
fσabδγab + δµf

)
dS. (4.59)

The transformation Lξ is a Hamiltonian symmetry with Hamiltonian Hξ if and only if the
RHS is a total variation δHξ. Due to the presence of the second term we see that boundary
conditions are needed to ensure the existence of a Hamiltonian. The simple form of (4.59)
is a consequence of using the modified symplectic structure which has the corner pair (h, εS)
removed. Similar equations have also been given in [69], and from a first order perspective
in [47].

Let us analyze the result (4.59) for some different cases. First consider a “superrotation-
like” transformation, i.e., a vector field v which is parallel to the foliation S to first order
around ∂B. Then, no boundary conditions are needed, and the Hamiltonian is just the
charge:

Hv =

∫
∂B

Jv =

∫
∂B

vaη̄aεS. (4.60)

The charge, the momentum conjugate to the null directions L and the Hamiltonian co-
incide. This simple situation is a consequence of using the modified symplectic potential
without boundary pairs.

Next, consider null dilatations that “stretch” the null surface in the null direction at
its corners, i.e., ξ = fL with f = 0 at ∂B. We get δµf = (δL)[f ] = 0, since δL is parallel
to ∂B, so

HfL =

∫
∂B

L[f ]εS. (4.61)

The null dilatations are thus generated by the corner area element, they are Hamiltonian
symmetries even if no boundary conditions are fixed.

The case of null translations ξ = fL with f non-vanishing at the corners ∂B is more
subtle. Boundary conditions are needed to ensure the existence of a Hamiltonian. The
boundary conditions can be split up into conditions on the pair (σab, γab) and the pair
(εS, µf ). No boundary conditions are needed for the spin-1 pair (La, η̄a), this is because we
have chosen ξ to vary with L.

For the spin-2 pair (σab, γab), a possible boundary condition is fixing the shear σab = 0
at ∂B. That is done, e.g., at isolated, Killing and conformal Killing horizons, and in the far
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past and far future of future null infinity. More generally we can impose at the boundary
of B any relationship of the form σab = F (γab). Alternatively, one can fix the conformal
metric to be the conformal metric of the unit sphere such that δγab = 0. Note that in four
spacetime dimensions, ∂B is two-dimensional. If it has spherical topology, every metric
is diffeomorphic to a metric conformal to the unit sphere metric. Thus, fixing γab can be
interpreted as a condition on the coordinates, rather than on the metric degrees of freedom.
The residual transformations preserving the condition are the conformal Killing vectors of
the unit sphere.

For the spin-0 pair εSδµf , one possible boundary condition is fixing the area element
such that the term becomes the total variation δ(εSµf ). This leads to a Hamiltonian for
null translations

Harea
ξ = −

∫
∂B

θfεS. (4.62)

Under boundary conditions fixing the area element of the corner, the generator of trans-
lations along L is minus the expansion.3 See [106] for related results. Fixing the area
element can also be viewed as a condition on the location of the spheres ∂B, rather than
a condition on the metric, such as in Bondi gauge at null infinity. A null translation then
has to be accompanied by a radial diffeomorphism to restore the size of the spheres.

As a more general spin-0 boundary condition, one could provide a constitutive relation
linking εS and µf . This situation arises in black hole thermodynamics [67], where (4.59)
becomes the “Hamiltonian first law” of black hole thermodynamics.

As another spin-0 boundary condition, one can fix µf . We remind the reader that
µ = κ+ D−3

D−2
θ and µf = fµ+L[f ]. For an isolated horizon, where the expansion vanishes,

this conditions amounts to fixing the horizon “temperature” κ.

Since any value for µf can be reached by choice of the coordinate field φ0 or by choosing
the coefficient f , fixing µf can be interpreted as a condition on the clock φ0 or the vector
field ξ rather than on the metric degrees of freedom. The most obvious choice is fixing
µf = c with a fixed constant c. The residual transformations preserving this condition
satisfy L[f ]/f = −c. The null translation Hamiltonian for fixed µf becomes

Hξ =

∫
∂B

(µf − θf)εS. (4.63)

It coincides with the energy aspect (4.30), which we found by analyzing the constraints.

3However, ξ does not preserve this condition unless θ = 0. It is thus an outer symmetry.
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Since fixing µf gives a condition on how the coordinates are extended around the corners
∂B, while fixing the area element εS requires moving the corners, from the viewpoint of
a null surface at finite distance fixing µf seems a more natural condition than fixing εS.
It is well known that boundary conditions are linked to a choice of boundary action: the
symplectic potential of the full action should be made to vanish by the boundary conditions.
As we saw, the symplectic potential of the Einstein-Hilbert action contains δµεB, which
vanishes when µ is fixed. If a Gibbons-Hawking like null boundary action containing

∫
B
µεB

is added, the term in the symplectic potential becomes −(δεB)µ, which vanishes if dS is
fixed. From the perspective of a null hypersurface at finite distance, it thus seems more
natural to work with the pure Einstein-Hilbert Lagrangian, rather than adding a “null
Gibbons-Hawking” boundary action to switch to the metric polarization.

Different conditions on the spin-0 sector have appeared in the literature. The “time”
φ0 can be linked to the total area of the cross-section S at φ0 as in [56], which fixes the
expansion θ. One can use an affine parameter along the null geodesics, which fixes κ = 0.
As stated earlier, the combination κ − 1

D−2
θ = µ − θ can be set zero to simplify the

Raychaudhuri equation [53]. For a generic expanding null surface, the condition µf = 0 is
different from all of those.

To summarize, we asked for which symmetries ξ and under which boundary conditions
there exists a Hamiltonian generating the symmetry, using the intrinsic symplectic form.
For spatial transformations ξa = va, a Hamiltonian always exists and is given by the twist
field η̄a. Null dilatations are generated by the area element εS. For null translations, spin-2
and spin-0 boundary conditions are needed for the existence of a Hamiltonian. The most
natural spin-0 boundary condition seems to be fixing the spin-0 momentum µ, and the
resulting Hamiltonian is the energy aspect (4.30).
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Part II

Canonical Structure at Null Infinity
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Chapter 5

Asymptotic Renormalization of the
Canonical Structure of
Electromagnetism in Flat Space

In this chapter, we present a general scheme to remove the divergences in the radius of the
asymptotic symplectic potential (SP) and canonical charges of electromagnetism on flat
space in D ≥ 5 dimensions.

Section 5.1 contains the definitions of the conformally compactified spacetime, asymp-
totic simplicity and a radial vector field. The equations of motion are analyzed in general
terms in section 5.2. The SP is then renormalized in section 5.3, and the asymptotic
equations of motion are analyzed in detail in 5.4 to identify the free data. Section 5.5
goes towards writing the renormalized SP in terms of the free data. Finally, section 5.6
calculates the canonical generators, comments on their layer structure, and connects them
to previous work on soft theorems in higher dimensional electromagnetism.

5.1 Spacetime Structure

This section lays out the basic spacetime structures used in the remainder. We consider
vacuum Maxwell theory on Minkowski spacetime of spacetime dimension D ≥ 5.

63



We will find useful to work in an auxiliary spacetime, obtained through a conformal
compactification of Minkowski spacetime à la Penrose [107, 108, 109]. The key advantage
of this approach is that asymptotic infinity presents itself as a boundary at finite coordinate
distance in the unphysical spacetime. The structure of infinity is reflected in the behavior
of the conformally rescaled fields near this boundary. To avoid technicalities, we restrict
our analysis to a coordinate patch, that of retarded Bondi coordinates, which covers only
future null infinity.

The Minkowski metric in retarded Bondi coordinates, with u = t−r, reads ĝabdx
adxb =

−du2 − 2dudr + r2qABdxAdxB, qAB being the metric of a unit round (D − 2)-sphere. We
introduce the coordinate Ω = 1/r, and work in the conformally compactified spacetime
with the rescaled metric gab := Ω2ĝab and inverse gab = Ω−2ĝab:

gabdx
adxb =− Ω2du2 + 2dudΩ + qABdxAdxB (5.1a)

gab∂a∂b =Ω2∂2
Ω + 2∂Ω∂u + qAB∂A∂B. (5.1b)

All indices will be contracted with respect to this metric unless otherwise specified by the
use of hats, ·̂. Note that in these coordinates

√
|g| =

√
q = ΩD

√
ĝ. In these coordinates,

future null infinity I + ∼= SD−2 × R (we will drop the plus in the following) is located at
Ω = 0, corresponding to the limit at r → ∞ of the timelike level surfaces of r. We define
the conormal to the surfaces at Ω = const.,

Na = ∂aΩ. (5.2)

The normal Na becomes null in the unphysical metric g at Ω = 0. Note that Na is
the inward-pointing normal, this will lead to a sign in the Stokes theorem. Some of the
equations in the following will be simplified by the introduction of the normalized normal,
which has unit modulus with respect to the conformal metric gab:

na =
1

Ω
Na. (5.3)

Working with the coordinate Ω and the metric gab, rather than r and ĝab, is useful
because the components of gab in the coordinates (Ω, u, xA) are asymptotically finite. This
framework will also automatically provide natural fall-offs for the fields, and allow for a
systematic analysis of the finiteness of asymptotic canonical quantities.

The Bondi coordinates determine a coordinate vector field ∂Ω, which is defined through-
out the spacetime. This vector field will play a crucial role in the following. At I , ∂Ω can
be used to “take orders in 1/r” of tensors.
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Let xi = (u, xA) be the coordinates on Ω = const. surfaces. The retarded Bondi
coordinates (Ω, u, xA) determine a coordinate projector P i

a, which maps spacetime vectors
to vectors on Ω = const. by dropping their ∂Ω component. Vectors may then be decomposed
as

V a∂a = V i∂i + (NaV
a)∂Ω. (5.4)

We will suppress the projector in the notation. For example F ij = P i
aP

j
b g

aa′gbb
′
Fa′b′ is the

projection of the field strength with raised spacetime indices, and not the pulled back field
strength with indices raised by the inverse of the induced metric (which does not have a
finite limit since I is null in the conformal metric). Because guΩ = 1, F ij contains FΩ

j,
and depends not only on the pullback of the gauge potential Ai but also on AΩ and the
transverse derivatives of Ai. The projector commutes with coordinate derivatives, including
∂Ω.

We will focus on finite intervals in the retarded time u, and will not consider any possible
divergences in u. I = I(Ω = 0) ⊂ I will denote the limit of the following hypersurfaces
(with boundary)

I(ω) = {(u,Ω, xA) : Ω = ω, ui ≤ u ≤ uf} with ∂I(ω) = Si(ω) t Sf (ω), (5.5)

where Si(ω) (Sf (ω)) is a codimension-2 sphere obtained as the cut of the hypersurface
Ω = ω at u = ui, (u = uf ), respectively.

5.2 Equations of Motion: Asymptotic Simplicity and

the Conformal Current

Utilizing Penrose’s idea of asymptotic simplicity, we will assume that the components of
the gauge field Aa in the coordinates (u,Ω, xA) have finite values at I and admit an
expansion in powers and logarithms of Ω:

Aa =
∑
k=0

Aa(k)Ω
k +

∑
k=0,l=1

Aa(k,l)Ω
k(ln Ω)l. (5.6)

We will make further assumptions on the coefficients Aa(k,l) of the logarithmic terms as we
go along, and summarize them in subsection 5.3.4.
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The Lagrangian of vacuum electrodynamics is

L̂ := −1

4

√
ĝF̂ abF̂ab = Ω−(D−4)L, where L := −1

4

√
qF abFab. (5.7)

Since Aa ≡ Âa, we get F̂ab ≡ Fab = ∂aAb − ∂bAa and F̂ ab = ĝaa
′
ĝbb
′
Fa′b′ = Ω4F ab. We

assume that L has a finite limit onto I .

Varying L̂ with respect to Aa gives1

δL̂ = ÊaδAa + ∂aθ̂
a (5.8)

where θ̂a is the SP current density, which we will come back to shortly, and Ê
a

are the
equations of motion (EoM):

Ê
a

= ∂b(
√
ĝF̂ ba) (5.9a)

= Ω−(D−4)
(
∂b(
√
qF ba)− (D − 4)

1

Ω
NbF

ba
)
. (5.9b)

We assume that ∂b(
√
qF ba) has a finite limit at large r. Then, in D 6= 4, the dominant

asymptotic order of the equations of motion comes from the second term. The dominant
order of the equations of motion is hence solved by requiring that NbF

ba is of order Ω. We
call these the asymptotic Maxwell conditions

(D − 4)NbF
ba I

= 0, (5.10)

and will require that they are implemented as a restriction on the field space itself.

The asymptotic Maxwell conditions allow us to define what we call the conformal
current as

J a :=
1

Ω
NbF

ba ≡ F na, (5.11)

where we recall na = Ω−1Na = Ω−1∂aΩ. The conformal current is defined in a finite
neighbourhood of I , not just on I itself or order by order. By the antisymmetry of F ,
it is tangential to the level surfaces of Ω. By the asymptotic Maxwell conditions, it has a
finite limit onto I .

1We use boldface letters for forms and “hats” for unrescaled quantities referring to the physical space-
time. Hatted quantities can diverge in the limit Ω → 0, while bareheaded quantities are defined so that
they will not. Geometrically, Ea and θ̂a are codimension-1 forms, or current densities.
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We can then rescale the EoM to remove negative powers of Ω, obtaining

Ea := Ω(D−4)Ê
a

= ∂b(
√
qF ba)− (D − 4)

√
qJ a. (5.12)

In D ≥ 5, the vacuum EoM take the form of Maxwell equations in presence of an external
source: the conformal current.2 The origin of the conformal current is the fact that the EoM
transform inhomogeneously under the conformal rescaling of the metric, or alternatively,
that in the conformal frame the Lagrangian is non-minimally coupled to a background
scalar field Ω. The normal component of the EoM reads

En = −∂i(
√
qJ i), (5.13)

The conformal current is thus conserved on-shell. This concludes the analysis of the EoM
for now, we will come back to them in more explicit detail in section 5.4.

5.3 Renormalizing the Symplectic Potential

5.3.1 The Standard Symplectic Potential and its Ambiguities

The SP current density θ̂a determines the canonical structure of the theory. In the covariant
Hamiltonian formalism [110, 83, 111, 91], which we use here, it is related to the Lagrangian
through the equation (5.8), which is usually taken to imply

θ̂a = Ω−(D−4)θa where θa := −√qF abδAb. (5.14)

We refer to θ̂a as the standard SP. Its normal component, which determines the standard
symplectic form on I(Ω), is

θ̂Ω = Ω−(D−5)θn where θn = −√qJ iδAi. (5.15)

The symplectic form on the Ω = const. surfaces is the integral of the (antisymmetrized)
variation of θ̂Ω.3 Since Na is the inward facing normal, the integration comes with a sign.
Hence, the contribution to the symplectic form from an interval I(Ω) is

ω(Ω) := δΘ̂(Ω) (5.16)

2To avoid specifying further asymptotic properties, we neglect any matter contribution to the current.
It seems however natural to require that the conformal current is a well defined quantity at I even in
presence of matter.

3In the language of differential forms, of the pullback of θ̂ onto I(Ω).
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where

Θ̂(Ω) := −
∫
I(Ω)

θ̂Ω = −Ω−(D−5)

∫
I(Ω)

θn. (5.17)

Notice that since Ω has a double role as “canonical time” for the radial evolution and as
the conformal factor, the conformal current appears both as a source term in the EoM and
in the SP as the momentum canonically conjugate to the tangential connection Ai . θn

has a finite, non-zero limit onto I .

In D ≥ 6, the SP on the level surfaces of Ω diverges as Ω−(D−5) when approaching
I +. The divergence seems like bad news for the canonical theory, signifying potentially
infinite Hamiltonians, infinite charge generators and ill-defined Poisson brackets. However,
as is well known [93], the SP is ambiguous. Firstly, adding a boundary term to the action
adds a total variation to the SP (which does not change the symplectic form). Secondly,
since θ̂a is defined only implicitly through (5.8), it is ambiguous by the divergence of an
antisymmetric tensor. The ambiguities are

θ̂a 7→ θ̂a + ∂bα̂
ab + δβ̂a (5.18a)

and thus

θ̂Ω 7→ θ̂Ω + ∂iα̂
Ωi + δβ̂Ω. (5.18b)

Here, α̂ab = α̂[ab] is the corner counterterm. It is a (D − 2)-form and it modifies the
canonical expression of the charges. β̂a is a change of polarization coming from a choice
of boundary action, L̂ 7→ L̂ + ∂aβ̂

a.

We can now phrase the main idea behind our construction. In order to have a well
defined action on an asymptotically simple spacetime and a finite symplectic structure at
I , what really matters physically is that it is possible to reabsorb all the divergences of
θ̂a into a divergent boundary action and divergent corner terms. We now show that this
is exactly the case.

5.3.2 Radial Equation and its Solution

Splitting the divergence in the defining relation (5.8) for the SP, δL̂ = ÊaδAa + ∂aθ̂
a,

into a divergence on the Ω = const. surfaces and a transverse derivative by using the
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decomposition (5.4) of the identity, one obtains

δL̂ = δ(Ω−(D−4)L) = Ω−(D−4)EaδAa + Ω−(D−4)∂iθ
i + ∂Ω(Ω−(D−5)θn). (5.19)

Rearranging the terms and extracting the factor in Ω, one obtains[
(D − 5)− Ω∂Ω

]
θn = ∂iθ

i − δL + EaδAa. (5.20)

Up to EoM terms, the RHS contains only a total derivative and a total variation which are
part of the ambiguity in θ̂Ω. We call equations involving the operators (n − Ω∂Ω) radial
equations.

The radial equation (5.20) implies that θ̂Ω can be made finite on-shell by subtracting
counterterms that fall under the ambiguities (5.18b). As a first way to see it, if fields are
analytic, note that at each order of a Laurent series for θ̂Ω

θ̂Ω = Ω−(D−5)θn(0) + Ω−(D−6)θn(1) + ...+ Ω−1θn(D−6) + θn(D−5) + Ωθn(D−4) + ... (5.21)

the radial equation reads

(D − 5− k)θn(k) =̂ ∂iθ
i
(k) − δL(k), (5.22)

where =̂ denotes on-shell equality. The orders k < D − 5 of θn, which are the ones that
come with divergent prefactors in θ̂Ω, are fixed on-shell by the radial equation to be total
derivatives plus total variations, while θn(D−5), which gives the finite order of θ̂Ω, is not
determined. The remaining terms do not contribute in the asymptotic limit Ω→ 0. Thus,
it is clear that the divergences in θ̂Ω can be removed order by order in the Laurent series.

Rather than working order by order, we perform the counterterm subtraction at finite
distance and take the limit in the end. In this way we obtain the asymptotic SP as the
finite limit of a renormalized SP.

At any Ω, applying ∂kΩ to (5.20) gives

(D − 5− k)∂kΩθ
n − Ω∂k+1

Ω θn = ∂kΩR, (5.23)

where R is the RHS of (5.20), which is made up from EoM terms, and total variations and
derivatives which may be absorbed into the ambiguities of the SP. We can thus replace θn

by Ω∂Ωθ
n up to ambiguity terms, and then replace Ω∂Ωθ

n by Ω2∂2
Ωθ

n up to ambiguities,
and so forth until k = D − 6.
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To do this all at once, we act with the operator (D−5−(k+1))!
(D−5)!

Ωk∂kΩ on (5.20) to obtain:

(D − 5− k)!

(D − 5)!
Ωk∂kΩθ

n − (D − 5− (k + 1))!

(D − 5)!
Ωk+1∂k+1

Ω θn =
(D − 5− (k + 1))!

(D − 5)!
Ωk∂kΩR.

(5.24)
This relation holds for integers 0 ≤ k ≤ D − 6, with the convention 0! = 1. Taking the
sum

∑D−6
k=0 , the middle terms cancel and we are left with

θn =
1

(D − 5)!
ΩD−5∂D−5

Ω θn +
D−6∑
k=0

(D − 5− (k + 1))!

(D − 5)!
Ωk∂kΩR. (5.25)

Remembering that θ̂Ω = Ω−(D−5)θn, if we assume that ∂D−5
Ω θn has a finite limit, this

relation is enough to absorb the divergences in θ̂Ω into the ambiguities of the SP on-shell.

However, requiring ∂D−5
Ω θn to have a finite limit may be too restrictive: In terms of the

expansion (5.6), it would mean that θn(k,l) = 0 for k ≤ (D − 5). On the other hand, ∂D−5
Ω

of (5.20) gives:
Ω∂D−4

Ω θn = −∂D−5
Ω R. (5.26)

The condition θn(k,l) = 0 for k ≤ (D − 5) implies that Ω∂D−4
Ω θn limits to zero, and hence

that ∂D−5
Ω R limits to zero, which may be overly restrictive.

To allow a non-zero limit of ∂D−5
Ω R, we need to allow a term θn(D−5,1)Ω

D−5 ln Ω in θn.
That term is determined by the radial equation as

(D − 5)!θn(D−5,1)
I
= − ∂D−5

Ω R, (5.27)

so it is itself part of the ambiguity of the SP. It spoils the finiteness of ∂D−5
Ω θn, however,

instead we get
∂D−5

Ω θn = (D − 5)!θn(D−5,1) ln Ω + finite. (5.28)

The combination ∂D−5
Ω θn −Ω ln Ω∂D−4

Ω θn has a finite limit even when θn(D−5,1) is “on”. To
complete the renormalization of the SP, we can thus subtract this logarithmic piece. With
these arguments, we can then deduce from (5.20) that:

θn =
1

(D − 5)!
ΩD−5(∂D−5

Ω θn − Ω ln Ω∂D−4
Ω θn) +D(R), where

D(R) =
D−6∑
k=0

(D − 5− (k + 1))!

(D − 5)!
Ωk∂kΩR−

ΩD−5

(D − 5)!
ln Ω∂D−5

Ω R and

R = ∂iθ
i − δL + EaδAa. (5.29)
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We have introduced the operator D to summarize the radial derivatives.

Now, we can finally absorb the divergences of θ̂Ω into a boundary action and corner
counterterm: We set

θ̂aR := θ̂a + ∂bα̂
ab + δβ̂a, where (5.30)

α̂Ωi = −α̂iΩ = −Ω−(D−5)D(θi) and α̂ij = 0; (5.31)

β̂Ω = Ω−(D−5)D(L) and β̂i = 0. (5.32)

The choice α̂ij = 0 = β̂i is not unique, and can be modified without interfering with the
renormalization of the SP on I . Using the first (D − 5) orders of the EoM, the normal
component of the renormalized SP then becomes

θ̂Ω
R=̂

1

(D − 5)!

(
∂D−5

Ω θn − Ω ln Ω∂D−4
Ω θn

)
. (5.33)

This expression has a finite limit, even if there is a term θn(D−5,1)Ω
D−5 ln Ω in θn. Let us

reiterate that the counterterms are defined at any value of Ω, and are local in Ω.

5.3.3 Renormalization of the Action and Transverse Symplectic
Potential

The addition (5.30) of counterterms also modifies the transverse components θ̂i of the SP,
and the Lagrangian L̂: we get L̂R = L̂ + ∂Ωβ̂

Ω, and θ̂iR = θ̂i + ∂Ωα̂
iΩ. To understand the

effect of this modification, note that for any function F ,

∂Ω

(
Ω−(D−5)D(F )

)
= −Ω−(D−4)F − 1

(D − 5)!
ln Ω∂D−4

Ω F. (5.34)

The renormalized Lagrangian and transverse SP current thus become:

L̂R = − 1

(D − 5)!
ln Ω∂D−4

Ω L

θ̂iR = − 1

(D − 5)!
ln Ω∂D−4

Ω θi. (5.35)

We recall that L = ΩD−4L̂ and θi = ΩD−4θ̂i are rescaled to be asymptotically finite.
Let us assume that ∂D−4

Ω L and ∂D−4
Ω θi diverge at most as a power of (ln Ω). Then, since

limΩ→0

∫
ω=Ω

dω lnk(ω) is finite, the action and the integrated transverse SP are finite in

the limit. Our scheme to renormalize the SP θ̂Ω has thus automatically renormalized the
action and the remainder of the components of the SP too.
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5.3.4 Analyticity Requirements

Let us summarize which degree of analyticity is sufficient to obtain a finite SP in our
scheme. For θ̂Ω

R in (5.33) to have a finite limit, we must have:

θn =
∑
k≥0

Ωkθn(k) + θn(D−5,1)Ω
D−5 ln Ω +

∑
k≥(D−4), l≥1

θn(k,l)Ω
k(ln Ω)l. (5.36)

Let us work out sufficient conditions on the gauge fields A to make that true. We have
θn = − 1

Ω

√
qFΩiδAi. The most leading possible term involving ln Ω comes from FΩi, which

involves a ∂Ω–derivative. A sufficient condition, which implies the finiteness of θ̂Ω
R, is thus

Fab =
∑
k≥0

ΩkFab,(k) + ΩD−4 ln ΩFab,(D−4,1) +
∑

k≥(D−3), l≥1

Ωk(ln Ω)lFab,(k,l). (5.37)

Because Fab involves an Ω–derivative, the conditions on Aa need to be stricter. The fol-
lowing is sufficient:

Aa =
∑
k≥0

ΩkAa,(k) + ΩD−3 ln ΩAa,(D−3,1) +
∑

k≥(D−2), l≥1

Ωk(ln Ω)lAa,(k,l). (5.38)

The conditions on Fab and Aa also ensure that ∂D−4
Ω L and ∂D−4

Ω θi diverge at most as ln Ω,
which ensures the renormalized action and transverse SPs are finite.

In the remainder of this chapter, we will however discard all logarithmic terms, and
work in the fully analytic setting.

5.3.5 Layers

In the absence of any logarithms, in (5.33) the term Ω ln Ω∂D−4
Ω θn does not contribute in

the limit. We get, on I

θ̂Ω
R

I
= θn(D−5)

I
= −

D−5∑
k=0

√
qJ i

(D−5−k)δAi(k). (5.39)

We see that the renormalized SP coincides with the finite part in a Laurent series expansion
of the original SP θ̂Ω. Asymptotically, it is therefore correct to simply drop the divergent
orders of the SP.
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The SP splits into layers: The most leading gauge potential, which is affected by leading
gauge transformations, is conjugate to the (D − 5)th order of the conformal current. As
we will see in section 5.4, the constraints involve exactly that order. Intermediate gauge
potentials are conjugate to intermediate orders of the conformal current, and as we will
see from the analysis of the EoM, the radiative data for Minkowski space live primarily in
the pair J i

( (D−6)/2 )δAi((D−4)/2).

One may wonder why, instead of the expected D − 1 degrees of freedom (before gauge
fixing), we now have (D − 4) layers of (D − 1) degrees of freedom each. The answer is
that the quantities appearing at different layers are not independent: They are related
through equations of motion, and are not even independent off-shell – knowledge of some
components of Ai(k+1) and Ai(k+2) determines J i

(k).

The upshot of not using those relationships until now is the generality of the renormal-
ization scheme: So far, we have not used the explicit form of the metric (5.1a) at all, and
the scheme would work as well for other metrics, for example, on AdS space. To relate
to soft theorems, however, requires expressing the SP in terms of free radiative data, and
thus needs a detailed analysis of the equations of motion.

5.4 Asymptotic Equations of Motion

In this section, we give the complete set of relations between the quantities entering the
renormalized SP. Specifically, we will identify the free data needed to solve the EoM asymp-
totically. Computations are performed in general D ≥ 6 (even).

5.4.1 Asymptotic Expansion of the Equations of Motion

The first step is to split the EoM into their radial, retarded-time, and sphere components,
and to develop them in orders of Ω. We will write the equations in “radial-time” gauge4

AΩ ≡ 0. (5.40)

4Since I is null and transverse to ∂Ω, the radial gauge AΩ ≡ 0 shares there various features with the
usual time gauge At ≡ 0 fixed at a standard Cauchy surface Σt=const..
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The residual gauge transformations satisfy ∂Ωε = 0. The gauge fixing may be un-done by
setting

Ag.f.
a = Aa − ∂a

∫ Ω

0

dωAΩ, (5.41)

which satisfies Ag.f.
Ω = 0. Order by order, we have

Ag.f.
i(k) = Ai −

1

k
∂iAΩ(k−1). (5.42)

The equations of this section may then be regarded as equations for Ag.f.. Equations for
Aa itself may be derived by performing the replacement, and regarding all orders of AΩ as
free data.

Consider first the conformal current J a = Ω−1NbF
ba. We write the definitions of J u

as a radial evolution equation for Au and the definition of J A as a retarded time evolution
equation for AA:

∂ΩAu = −ΩJ u (5.43a)

∂uAA = ∂AAu + ΩJA − Ω2∂ΩAA. (5.43b)

The EoM, Ea = ∂b(
√
qF ba)− (D − 4)

√
qJ a, can be decomposed as:

En = − ∂u(
√
qJ u)− ∂A(

√
qJ A), (5.44a)

Eu = −
[
(D − 5)− Ω∂Ω

]
(
√
qJ u)− ∂A∂Ω(

√
qAA), (5.44b)

EA = −
[
(D − 5)− Ω∂Ω

]
(
√
qJ A) + ∂u∂Ω(

√
qAA) + ∂B(

√
qFBA) (5.44c)

= −
[
(D − 6)− 2Ω∂Ω

]
(
√
qJ A) + ∂B(

√
qFBA)−√q(1 + Ω∂Ω)(Ω∂ΩA

A)

− Ω
√
q∂AJ u, (5.44d)

where in the last line we have rewritten EA as a purely radial evolution equation, by
means of (5.43). Notice the factor of 2 which appeared in the radial derivative operator as
a consequence of this manipulation.

We now develop the equations in orders of Ω. First, consider the normal component of
the EoM,

En
(k) = − ∂u(

√
qJ u

(k))− ∂A(
√
qJ A

(k)). (5.45)
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Note that the identity ∂a∂b(
√
ĝF̂ ab) = 0 can be written as[

(D − 5)− Ω∂Ω

]
En = ∂uE

u + ∂AEA (5.46)

Asymptotically, this implies that the only independent information contained in En lies in
its k = (D− 5) order. The rest of its orders automatically vanish once the tangential EoM
are solved, and do not need to be considered separately. Thus we define

G := En
(D−5) = −∂u(

√
qJ u

(D−5))− ∂A(
√
qJ A

(D−5)). (5.47a)

As it will become clear shortly, this is the Gauss law on the Ω = const. slices. The orders
of the remainder EoM and the definitions of the conformal current are

Au(k+1) = − 1
(k+1)
J u

(k−1) (5.47b)

∂uAA(k) = ∂AAu(k) + JA(k−1) − (k − 1)AA(k−1) (5.47c)

Eu
(k) = − (D − 5− k)(

√
qJ u

(k))− (k + 1)∂A(
√
qAA(k+1)) (5.47d)

EA
(k) = − (D − 6− 2k)(

√
qJ A

(k)) + ∂B(
√
qFBA

(k) )−√qk(1 + k)AA(k) −
√
q∂AJ u

(k−1). (5.47e)

These equations hold for k ≥ 0 if we set negative orders of J and A to zero. The equations
(5.47) are the complete set of asymptotic EoM.

These equations contain the asymptotic Maxwell conditions NaF
ab I

= 0, which are
explicitly given by

Au(1) = 0, J u
(−1) = 0, ∂uAA(0) = ∂AAu(0). (5.48)

The last equation can be conveniently solved by introducing a Hodge decomposition of

AA(0) = εA
BC···∂BµC··· + ∂Aϕ =: αA(0) + ∂Aϕ. (5.49)

Then, equation (5.48) says that the purely magnetic part αA(0) must be u-independent and
that the purely electric part ϕ is related to Au(0) by

Au(0) = ∂uϕ. (5.50)

We call ϕ the soft potential.5

5Notice that ϕ in (5.50) is not fully determined by the Hodge decomposition of AA(0), but only up
to a time-dependent sphere-constant term. We will see that ϕ is in an appropriate sense canonically
conjugated to the local electric flux. Thus, since in absence of charged matter the total flux vanishes, this
sphere-constant term does not play much of a role, see section 5.5.
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5.4.2 Free Data

We are now going to analyze the asymptotic EoM to identify the asymptotic free data. As
before, we focus on a finite region I ⊂ I , with ui ≤ u ≤ uf . The boundary of I is the
union of two codimension-two spheres, denoted ∂I = Si t Sf , where Si (Sf ) is the cut of
I at u = ui (u = uf , respectively).

We define αA(k) := AA(k)(ui) which is a corner variable evaluating the value of AA at
the initial slice. The value of AA on a arbitrary time slice can then be obtained as

AA(k)(u) = αA (k) +

∫ u

ui

∂uAA(k)(u
′)du′. (5.51)

For later convenience we introduce the new symbol

` :=
D − 6

2
. (5.52)

Note the obvious relations D = 6 + 2` and D − 5 = 2`+ 1.

We will now show that the free canonical data which enter the renormalized SP are
given by {

ϕ, J A
(`)

}
on I ,

{
J u

(D−5), αA(0), · · · , αA(D−5)

}
on Si. (5.53)

We view the conformal current J i as an a priori independent variable from the gauge
field, such that the definition of J i in terms of components of the gauge field has the same
status as the EoM. The key to identifying the free data is that the factor (D − 5 − k) in
(5.47d) becomes zero for k = D − 5, and the factor (D − 6− 2k) in (5.47d) becomes zero
for k = D−6

2
.

We prove (5.53) by recurrence. We start the recurrence by assuming that we are given
the variables Au(0) (determined by ϕ) and αA(0). (5.48) then determines ∂uAA(0), and
together with αA(0) determines AA (0). To continue the recurrence it is convenient to lay
out the equation of motions as follows6

(D − 4− k)J u
(k−1) = −kDAA

A
(k), (5.54a)

(D − 6− 2k)J A
(k) = DBF

BA
(k) − [∂AJ u

(k−1) + k(k + 1)AA(k)], (5.54b)

∂uA
A
(k+1) = J A

(k) − 1
k+1

[∂AJ u
(k−1) + k(k + 1)AA(k)]. (5.54c)

6DA is the covariant derivative on the sphere S, so that e.g. ∂A(
√
qvA) =

√
qDAv

A.
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We now assume that AA(k) is known on I. The first equation allows to obtain J u
(k−1)

from AA(k), as long as k 6= (D−4). It does not determine J u
(D−5) = J u

(2`+1), which we assume

as given for now. The second equation allows to obtain J A
(k) from (AA(k),J u

(k−1)), as long

as k 6= `. The third equation determines ∂uA
A
(k+1) from (AA(k),J u

(k−1),J A
(k)). This in turns

determines AA(k+1) from αA(k+1) and (5.51) and we can start a new cycle of recurrence.7

This establishes that the free data is {ϕ,J A
(`),J u

(D−5)} on I and {αA(k)} on S. One can

then use the Gauss law (5.47a) to deduce the value of ∂uJ u
(D−5). This effectively reduces

the free part of J u
(D−5) to its initial value on Si.

Of course, knowledge of more subleading orders of αA,(k>D−5) would allow to solve the
equations of motion to higher orders into the bulk. These more subleading orders, however,
do not appear in the SP at I . Since a portion of I is not on its own a Cauchy surface, to
obtain a solution in the bulk the data at I has to be complemented by data on a spacelike
hypersurface, and there will be a contribution to the total SP from that hypersurface. The
subleading orders αA,(k>D−5) should thus be regarded as belonging to the free data on such
a spacelike hypersurface.

5.4.3 News, Charge Aspects, and Radiative Modes

As we have seen there are two pieces of data that are exceptional in the sense that they are
not determined recursively by the rest of the data. The first exception appears at order
k = ` = D−6

2
: the variable J A

(`) is not determined by (5.54b), contrarily to its other orders
which are algebraically determined. It is free data on all of I . We call it the Maxwell
news:

NA := J A
(`), (5.55)

for its role in the asymptotic EoM analogous to the Bondi news in 4D General Relativity.
It is the free radiative data. Let us further introduce, the radiative modes

AA := AA(`+1). (5.56)

7The knowledge of Au(k+1) for k > 1 is not explicitly required, one just deduce its value from Au(k) =
−Ju(k−1)/(k + 1)
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Using (5.54c), AA is determined by NA, up to an integration constant. Explicitly, we have

NA = ∂uAA + `

(
AA(`) −

∂A(DBA
B
(`))

(`+ 1)(`+ 2)

)
. (5.57)

In odd spacetime dimensions, all orders of J A
(k) are algebraically determined by (5.47e).

We thus see from an asymptotic perspective that in odd spacetime dimensions, solutions
that are analytic around I do not have free radiative data. This is why we restrict our
analysis to even dimensions. A similar statement has been made, albeit from a different
perspective, for gravity e.g. in [112, 42].

For the last exception, consider the order k = D − 5, where the factor in (5.47d)
vanishes. J u

(D−5) is hence not determined by (5.47d), unlike the other orders of J u
(k) which

are algebraically determined. The retarded time evolution is, however, determined by the
Gauss law (5.47a). We hence call

σ := J u
(D−5) (5.58)

the charge aspect, for its role analogous to the (Bondi) mass aspect in general relativity.
Note also that asymptotic Coulombic fields, such as the spherically symmetric Coulombic
field of a finite point charge in the interior of spacetime, fall off such that they contribute
to σ, but not to the more leading orders J u

(k<D−5).

The charge aspect conservation is controlled by the Gauss law (5.47a),

∂uσ +DAJ A
(D−5) = 0. (5.59)

This can be more explicitly expressed by using (5.54), and taking the divergence of (5.54b),
as

∂uσ =
D − 5

D − 4

(
DADA − (D − 4)

)
(DBA

B
(D−5)). (5.60)

In D = 6, this readily gives a relation between the conservation of the charge aspect
and the radiative modes:

∂uσ = 1
2

(
DADA − 2

)
(DBAB) (D = 6). (5.61)

However, in general AA(D−5) does not correspond to the radiative modes, and one might
wonder whether a relation analogous to this one still holds in general dimensions (this
relation is crucial for the derivation of the soft theorems, see [90]). Indeed, a similar
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relation exists, but it rather expresses the higher time derivatives ∂`+1
u σ in terms of higher

spatial derivatives of AA. This relation can be found by taking the divergences of equations
(5.54b) and (5.54c). To see this, it is convenient to rewrite equations (5.54) for k 6= 2`+ 2
as

J u
(k−1) = − k

(2`+2−k)
DAA

A
(k), (5.62a)

2(`− k)J A
(k) = DBF

BA
(k) + k

(2`+2−k)

[
DADB − c`kδAB

]
AB(k), (5.62b)

∂uA
A
(k+1) = J A

(k) + k
(k+1)(2`+2−k)

[
DADB − c`kδAB

]
AB(k). (5.62c)

where
c`k := (k + 1)(2`+ 2− k) (5.63)

is a symmetric coefficient under the exchange k ↔ D − 5− k.

Thus, the divergences of (5.54b) and (5.54c) readily give a recursion relation8 for
DAA

A
(k):

DAJ A
(k) = k

2(`−k)(2`+2−k)
∆`
k(DAA

A
(k)) (5.64a)

∂u(DAA
A
(k+1)) = k(2`+1−k)

2(`−k)(k+1)(2`+2−k)
∆`
k(DAA

A
(k)) (5.64b)

where we introduced the elliptic negative-definite differential operator

∆`
k :=

(
DAD

A − c`k
)
. (5.65)

Using the above recursion relation, we find

∂`+1
u σ = −∂`u(DAJ A

(2`+1)) = 2`+1
2(`+1)

∆`
2`+1∂

`
u(DAA

A
(2`+1))

= · · · = (−1)`

2(`+1)

1

(`+ 1)!

(
∆`

2`+1∆`
2` · · ·∆`

`+1

)
(DAAA). (5.66)

Thus, we see that in dimensions D > 6 (even), i.e. ` > 0, the radiative potential only
controls the higher time derivative ∂`+1σ of the charge aspect.

8With similar methods, a recursion relation can be found for FAB(k) by taking the antisymmetric deriva-

tive of equations (5.54b) and (5.54c), instead of their divergences.
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5.4.4 Consequences of Analyticity

Even though the equations EA
(D−6

2
)
≡ EA

(`) = 0 and Eu
(D−5) ≡ Eu

(2`+1) = 0 do not determine

the Maxwell news and the charge aspect, they of course still hold true. Their status is
similar to (5.26): assuming analyticity, they indirectly require their RHS to vanish. In order
to avoid that requirement, one would have to allow a logarithmic terms in the Maxwell
news and the charge aspect.

Eu
(D−5) gives

DAA
A
(D−4) = 0. (5.67)

Because only the values of the potential {AA(0), · · · , AA(D−5)} enter the SP at I , this con-
dition should be regarded as a condition on the data on a spacelike hypersurface, which
together with I forms a Cauchy surface.

The LHS of (5.54b) becomes zero at k = ` = D−6
2

. Its vanishing hence restricts AA(`).

Using that J u
(`−1) = − `

`+2
DBA

B
(`), one gets

DBF
AB
(`) + `

[
(`+ 1)AA(`) − 1

`+2
∂A(DBA

B
(`))
]

= 0. (5.68)

In D 6= 6, taking the divergence of this equation we get that [DAD
A − (` + 1)(` +

2)](DBA
B
(`)) = 0. The Laplacian on the sphere has non-positive eigenvalues so this equa-

tion implies DBA
B
(`) = 0 and DBF

AB
(`) = −`(` + 1)AA(`). Using the relation (5.54a), we can

translate the first condition into a restriction on J u
(`−1). Hence,(5.68) implies

J u
(`−1) = 0 and DBF

AB
(`) = − `(`+ 1)AA(`). (5.69)

In dimension D = 6, ` = 0 and the above manipulations fail. However, the two equations
(5.69) stay true: the first one degenerates with the asymptotic Maxwell condition (5.48),
while the second one simply means that DBF

AB
(`=0) = 0, compatible with (5.68). Thus

FAB as a form on the spheres is closed and co-closed, and must vanish since there are no
non-trivial harmonic forms on the sphere9.

FAB
(`=0) = 0 (D = 6), (5.70)

9In [90], the same condition is derived from a finite energy argument. Since we have here renormalized
the symplectic form, the generators of time translations, whose on-shell value is energy, are likewise
renormalized and their argument cannot be directly applied.
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an equation that holds only in D = 6. Furthermore, in all dimensions, (5.69) simplifies the
expression (5.57) for the news tensor, giving

NA = ∂uAA + `AA(`) = ∂uAA + 1
(`+1)

DBF
AB
(`) . (5.71)

5.5 Renormalized Symplectic Potential

With these results, we can now analyze the renormalized asymptotic SP in the case where
D ≥ 6 and even. We focus on the contribution from a subregion I ⊂ I with ui ≤ u ≤ uf .
As we have shown in section 5.3, the renormalized SP organized itself as a sum of different
layers (5.39). It is convenient to rearrange these layers as

Θ̂R = ΘC + Θrad +
∑̀
p=1

(
Θint

(p) + Θint
(−p)
)
, (5.72)

where

Θint
(p) :=

∫
I

√
q J i

(`+p)δAi(`+1−p) (5.73)

is the contribution of the “intermediate potentials” (present only when ` ≥ 1, i.e. D ≥ 8),
while ΘC and Θrad are the Coulombic and the radiative contributions respectively:

ΘC =

∫
I

√
q J i

(2`+1)δAi(0), Θrad =

∫
I

√
q J i

(`)δAi(`+1). (5.74)

The Coulombic and radiative contributions are common to all even dimensions D ≥ 6.

In order to express the radiative component of the SP, one has to remember that
analyticity requires 10 that Au(`+1) = −J u

(`−1)/(`+ 1) = 0. Therefore, the radiative compo-

nent is purely transverse and pairs the Maxwell news NA := J A
(`) to the radiative modes

AA := AA(`+1), hence its name:

Θrad =

∫
I

√
qNAδAA. (5.75)

10Recall also that in D = 6 the same condition follows from the asymptotic Maxwell conditions.
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The study of the Coulombic component is more subtle. Recalling our definitions of the
soft potential (5.50) and of the charge aspect, σ := J u

(2`+1), and making use of the Gauss

law (5.47a), the Coulombic component can be cast in the form

ΘC :=

∫
I

√
qJ i

(2`+1)δAi(0) =

∫
I

√
qJ A

(D−5)δαA(0) +

∫
I

√
qJ i

(D−5)∂iδϕ

=

∮
S

√
q〈J A

(D−5)〉δαA(0) +

∮
S

√
q [σδϕ]fi . (5.76)

Here, we used the notation [X]fi := X(uf )−X(ui), and introduced the Fourier zero-mode

〈X〉 :=

∫ uf

ui

√
q X(u)du. (5.77)

This shows that the charge aspect σi = σ(ui) (resp.σf = σ(uf )) is canonically conju-
gated to ϕi = ϕ(ui) (resp. ϕf = ϕ(uf )) while the zero-mode of the current 〈J A

(D−5)〉 is
conjugated to αA(0).

It is convenient to introduce the charge aspect (semi-)sum, σ+, and difference, σ−:

σ+ := 1
2
(σf + σi), σ− := σ(uf )− σ(ui), (5.78)

and similarly for the soft potential. Using∮
S

√
q [σδϕ]fi =

∮
S

√
q(σ+δϕ− + σ−δϕ+), (5.79)

the Coulombic part of the soft potential can be finally written as

ΘC =

∮
S

√
q
(
〈J A

(2`+1)〉δαA(0) + σ+δϕ− + σ−δϕ+
)
. (5.80)

What is interesting in this formulation is that αA(0), ϕ
+, and ϕ− have a clear meaning

in terms of the leading gauge potential Ai(0): the soft potential difference ϕ− is equal to

[ϕ]fi =
∫ uf
ui
Au(0); the sum ϕ+ is the electric component in the Hodge decomposition of

A+
A(0) and since this expression does not depend on the retarded time explicitly, it does not

enter Au(0). αA(0) is the magnetic component in the Hodge decomposition of AA(0), which
the asymptotic Maxwell conditions requires to be time independent (see (5.49)).
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5.5.1 D = 6

In D = 6, which means ` = 0, the SP contains only two layers. Moreover, while AA = AA(1)

is the radiative mode, the curvature FAB(0) vanishes by analyticity. We thus get that
αA(0) = 0, in this case. Hence, the Coulombic component simplifies further. We also have
in this case that the charge conservation is directly determined by the radiative zero modes,

σ− = 1
2

(
DAD

A − 2
)
DB〈AB〉. (5.81)

In six dimensions, the SP thus becomes

Θ̂R =

∫
I

(√
qNAδAA + σ+δϕ− + σ−δϕ+

)
(5.82)

The zero mode of A enters both the Coulombic part and the radiative part of the SP. Thus,
to find Poisson brackets, it is necessary to carefully disentangle the zero mode contribution
of A from its purely radiative component contained in ∂uA. For a study of this problem
in the case of four-dimensional gravity, see [20].

5.5.2 Coulombic Contribution in Higher Dimensions

Now, we briefly turn to the higher dimensional case, i.e. D ≥ 8 (even) or equivalently
` ≥ 1, and focus on the soft contribution to the renormalized symplectic structure. In this
case the key equation is (5.4.3), i.e.

∂`+1
u σ =

(−1)`

2(`+1)

1

(`+ 1)!

(
∆`

2`+1∆`
2` · · ·∆`

`+1

)
](DAAA). (5.83)

where we also recall that

∆`
k :=

(
DADA − (k + 1)(2`+ 2− k)

)
. (5.84)

From this, assuming DAαA(k) = 0 for k ∈ {` + 1, . . . , 2` + 1}, one finds that the soft
potential sum ϕ+ is conjugated to

σ− =

∫ uf

ui

du ∂uσ =
(−1)`

2(`+1)

1

(`+ 1)!

(
∆`

2`+1∆`
2` · · ·∆`

`+1

)
〈DAAA〉(`) (5.85)
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where the “generalized zero-mode” is defined as11

〈DAAA〉(`) =

∫ uf

ui

du`+1

∫ u`+1

ui

du` · · ·
∫ u2

ui

du1D
AAA(u1). (5.86)

Notice that the neglected contributions proportional to DAαA(k) contain powers of the
interval (uf − ui) and therefore require a more subtle analysis. Moreover, in these cases
where D ≥ 8, the intermediate potentials also contribute via Θint

(p). These contributions,
once fully unraveled in terms of the free data, end up “dressing” the different contributions
to the SP while also providing new terms involving δαA(k). We do not attempt a full
analysis here.

5.6 Generators and Connection to Soft Theorems

5.6.1 Generators

What is the physical role of the counterterms α̂ab and β̂a? Whereas the physical interpre-
tation of β̂a is clear—it renormalizes the action—the interpretation of α̂ab may seem more
mysterious. However, its role is physical and it renormalizes the symmetry generators,
associated with the (asymptotic) gauge symmetries. We now turn to the analysis of those
generators.

The asymptotic renormalized symplectic form is12

ω̂R := δΘ̂R =

∫
I

D−5∑
k=0

δJ i
(k) f δAi(D−5−k), (5.87)

where f denotes antisymmetrization of the δ’s. The generators of gauge transformations
ĤR
α are related to the symplectic form as

δĤR
ε = −Iεω̂R (5.88)

11Thus 〈·〉(0) = 〈·〉 of the previous section.
12Recall there is a sign because Na is the ingoing normal.
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where Iε is the action of a gauge transformation, i.e., Iεω̂R(δAa, δAa) = ω̂R(∂aε, δAa). The
action of a gauge transformation ε = ε(0) + Ωε(1) + ... on the variables is

IεδAi(k) = ∂iε(k), IεδAΩ(k) = (k + 1)ε(k+1), IεδJ i
(k) = 0. (5.89)

Using the conservation of the conformal current ∂i(
√
qJ i

(k)) = 0, we obtain for the asymp-
totic renormalized on-shell generators

ĤR
ε =

[
Q̂R
ε ]fi where Q̂R

ε =
D−5∑
k=0

∮
S

√
qJ u

(D−5−k)ε(k) (5.90)

and [X]fi := X(uf )−X(ui). This expression is manifestly finite, and should be contrasted
with the generators obtained from the standard symplectic form ω̂ = Ω−(D−5)

∫
I(Ω)

√
qδJ if

δAi, which read Ĥε = [Q̂ε]
f
i with

Q̂ε(Ω) = Ω−(D−5)

∮
S(Ω)

√
qJ uε (5.91)

and diverge in the asymptotic limit (unless one puts extra restrictions on the space of
asymptotic data).

Observe that just as the renormalized SP coincides asymptotically with the finite part
of the Laurent series of the standard SP, the renormalized generators are the finite part
of the standard generators. The “layering” structure also transfers from the SP to the
charges.

5.6.2 Extension Independent Symplectic Potential and Charges

From (5.90), one may wonder if the dependence of the charges on the radial derivatives of
the gauge parameter (or asymptotically, on its subleading orders) is an essential feature of
higher dimensions. If so, there would be not one, but (D− 5) “sphere’s-worth” of physical
symmetries.

But as we will see, the extension dependence of the charges can be removed by adding
further, finite corner counterterms involving δAΩ to the SP. In that sense, the extension
dependence is not essential. We call the resulting SP, with the extension dependence
removed, the total SP.

85



A corner term θ̂aR 7→ θ̂atot = θ̂aR + ∂bα
ab
tot modifies the Hamiltonians as

ĤR
ε 7→ Ĥtot

ε = ĤR
ε + Iεδ

∮
S

[α̂Ωu
tot]

f
i . (5.92)

Noting that for k ≥ 1 , ε(k) = 1
k
IεδAΩ(k−1), the extension dependence of the charges is

easily removed by setting

αΩi
tot

I
=

D−5∑
k=1

1

k
J i

(D−5−k)δAΩ(k−1), (5.93)

leaving the total Hamiltonian

Htot
ε

I
=

∮
S

√
q
[
J u

(D−5)ε(0)

]f
i
. (5.94)

Subleading gauge transformations are in the kernel of the total symplectic form, and should
thus be regarded as pure gauge transformations. Only one “sphere’s-worth” of physical
symmetries survive, which are generated by the charge aspect J u

(D−5) = σ.

Removing the extension dependence of the charges in this way relies on the gauge in-
variance of the current J i. The counterterms αΩi

tot can also easily be extended to spacetime-
local expressions, which cancel the dependence of Hamiltonians on ∂Ωε also at finite dis-
tance. Asymptotically and on-shell, the total SP may also be obtained by replacing, for
k ≥ 1, Ai(k) 7→ Ag.f.

i(k) = Ai − 1
k
∂iAΩ(k−1) in the expression (5.39) for the layers of the SP. It

is thus closely related to going to radial gauge.

5.6.3 Connecting to Soft Theorems

Let us compare the expression (5.94) for the symmetry Hamiltonian to the results of
[90]. There, starting from the QED soft theorem in dimensions D = 6 + 2`, the authors
derive the charge expression whose Ward identity encodes the soft theorem. They then
fix the classical Poisson brackets, or equivalently the symplectic form, by demanding that
the charge expression generate the correct gauge transformations of the gauge field AA(0).
Here, we took a different route. We determined the symplectic form using the covariant
Hamiltonian formalism and our renormalization procedure, and derived the charge from
the symplectic form rather than deriving the symplectic form from the charge.
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The charge expression of [90] coincides with our Ĥtot,R
ε , for ui → −∞, uf → +∞, and

under the assumption made in [90] that σ(uf ) = 0. That is, using (5.81), in D = 6 we find

Ĥtot,R
ε →

∮
S

√
q ε(0)σi = −1

2

∮
S

√
q ε(0)(D

ADA − 2)〈DAAA〉 (5.95)

In higher dimensions, the correct generalization is obtained through equations (5.85),
and also coincides with the results of [90]

Ĥtot,R
ε →

∮
S

√
q ε(0)σi

= −(−1)`

2(`+1)

1

(`+ 1)!

∮
S

√
q ε(0)

[
∆`

2`+1∆`
2` · · ·∆`

`+p · · ·∆`
`+1

]
〈DAAA〉(`) (5.96)

In particular, the “soft-theorem charge” is not the total radial electric field, which would
lead to divergent charges, but only the finite part of its Laurent series, which is the charge
aspect σ. The agreement of the charge obtained from the renormalization procedure with
the charge obtained from soft theorems supports the physical viability of the asymptotic
renormalization procedure in gauge theories.
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Chapter 6

Asymptotic Renormalization of the
Canonical Structure of General
Relativity

In this chapter, we renormalize the asymptotic symplectic potential (SP) and action of
metric general relativity on asymptotically simple spacetimes, using a scheme similar to
that of chapter 5. See page iv for acknowledgments.

Section 6.1 defines asymptotic simplicity and our variables, writes the Einstein equa-
tions in those variables, solves their two most divergent orders, and introduces background
structure we will need. The renormalization is carried out in section 6.2. In section 6.3, we
connect our results to the SP of [28], who work in a generalized Bondi gauge. In section
6.4, we connect to holographic renormalization in asymptotically AdS spacetimes, using
Fefferman-Graham coordinates in four and five spacetime dimensions. In section 6.5 we
give the diffeomorphism generators (if they exist) of the renormalized symplectic form.
Technical manipulations are in the appendices C.

88



6.1 Asymptotic Simplicity, Variables and Einstein

Equations

Following [43], by an asymptotically simple spacetime M̂ with metric ĝab we shall mean a
spacetime which satisfies the following:1

• There exists a manifold M with boundary I and metric gab, whose interior is confor-
mal to M̂ , with gab = Ω2ĝab.

• M and and gab are suitably regular in a neighbourhood of I.

• Ω = 0 on I := ∂M , ∇aΩ 6= 0 on I, and Ω is suitably regular in a neighborhood of I.

Asymptotic simplicity captures asymptotically de Sitter, anti-de Sitter as well as flat space-
times of any dimension. We will call ĝ the physical metric, refer to g as the conformal or
unphysical metric, and set 8πG = 1.

Let us first write the Einstein equations using the conformal metric gab: we get

2Êab = Ĝab − Λĝab

= Gab + Ω−1(D − 2)(∇aNb − gab∇cN
c) + Ω−2(Λgab +

1

2
(D − 1)(D − 2)NcN

cgab),

(6.1)

where Na = ∇aΩ is the unnormalized, inward pointing normal to the Ω = const. surfaces.
For the Einstein equations to be satisfied, in particular Ω2Êab must limit to zero on I:

Λgab +
1

2
(D − 1)(D − 2)NcN

cgab
I
= 0. (6.2)

We introduce the reduced cosmological constant λ = 1
(D−1)(D−2)

Λ. Then the last equation

may be solved by requiring 1
2
NcN

c + λ = O(Ω). We thus introduce

χ :=
1

Ω
(
1

2
NcN

c + λ), (6.3)

and require that it has a finite limit onto I. With that definition, the Einstein equations
become

2Êab = Gab + Ω−1(D − 2)
(
∇aNb − gab∇cN

c + (D − 1)gabχ
)
. (6.4)

1[43] also includes the global condition that every null geodesic on M has two endpoints on its boundary
I. Since we are working locally, we won’t need that condition.

89



The next order may then be implemented by requiring that

∇aNb − χgab
I
= 0. (6.5)

As before, we implement this by introducing:

Nab :=
1

Ω
(∇aNb − χgab), (6.6)

and require that Nab has a finite limit onto I. Because Na is an exact form on M , Nab is
symmetric. One may check that NaNab = ∂bχ. With those definitions and requirements,
the Einstein equations finally become

Êab =
1

2

(
Gab + (D − 2)(Nab − gabN )

)
, (6.7)

where N = gabNab. Let us comment that we view Na, χ and Nab as fields on the whole of
M , not just at I. We have not employed the Bondi condition on the conformal factor, i.e.,

we allow Ω∇aN
a
I
6= 0.

The combination Nab − gabN is conserved on-shell:

∇a(N a
b − δabN )=̂0. (6.8)

That can be seen by taking a divergence, with the unphysical derivative ∇a, of (6.7), and
using the Bianchi identity of Gab.

As in chapter 5, we will regard the conformal factor Ω and the vector field ∂Ω as fixed
background structures. We may then decompose vectors as

Xa∂a = NaX
a∂Ω +X i∂i, (6.9)

where i indexes coordinates on the Ω = const. surfaces. We will also write P i
a for the

coordinate projector onto the Ω = const. surfaces, i.e.

ξaP i
a∂i := ξa∂a −Nbξ

b∂Ω. (6.10)

6.2 Renormalization of Symplectic Potential and Ac-

tion

In this section, we will renormalize the normal component θ̂Ω of the SP such that it is
finite in Ω, and renormalize the transverse components θ̂i as well as the Lagrangian L̂ up
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to terms in ln Ω, such that their integrals are asymptotically finite. To do so, we will use
the ambiguities

θ̂a 7→ θ̂a + δβ̂a + ∂bα̂
ab, L̂ 7→ L̂+ ∂aβ̂

a, (6.11)

and construct counterterms β̂a and α̂ab = −α̂ba that are local in the metric and its
variations.

The renormalization proceeds in two steps: in the first step, we identify counterterms
that ensure θ̂Ω = O(Ω−(D−3)), θ̂i = O(Ω−(D−2)) and L̂ = O(Ω−(D−2)). In the second step,
the remainder of the negative orders in Ω are removed using a recursion.

The second step is exactly analogous to the procedure for electromagnetism in chapter
5. The first step does not have an analogue for electromagnetism, and becomes necessary
because of inhomogeneous transformations under conformal rescalings of the metric, which
lead to additional, higher divergences in the Lagrangian and SP.

6.2.1 First Step

The standard choice of SP for the Einstein–Hilbert action L̂ = 1
2

√
ĝ(R̂− 2Λ) reads:

θ̂Ω =
1

2

√
ĝNa(ĝ

bcδΓ̂abc − ĝabδΓ̂cbc). (6.12)

Let us translate this into the unphysical metric. δΓ̂ is related to δΓ as:

δΓ̂abc = δΓabc +
1

Ω
δ(Nagbc). (6.13)

Plugging that in, and replacing
√
ĝĝab = Ω−(D−2)√ggab, gives

θ̂Ω =
1

2
Ω−(D−1)

(√
gNag

bcδ(Nagbc)
)

+
1

2
Ω−(D−2)√gNa

(
gbcδΓabc − gabδΓcbc

)
. (6.14)

To treat the first line, we distribute the variation, and use that
√
ggbcδgbc = 2δ

√
g, and

NaN
a = 2Ωχ− 2λ. We will also need that

NaδN
a = δ(NaN

a) = 2Ωδχ, (6.15)
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which follows using (6.3) because Ω does not vary and hence Na does not vary, and λ is
constant as well. We get:

θ̂Ω = Ω−(D−1)
(
− 2λδ

√
g
)

+ Ω−(D−2)
(
D
√
gδχ+ 2χδ

√
g +

1

2

√
gNa

(
gbcδΓabc − gabδΓcbc

))
. (6.16)

We see that the most divergent piece of the standard SP goes as Ω−(D−1), and is absent
in asymptotically flat spacetimes. It is a total variation which can be absorbed into a
boundary action.

To continue, we focus on the piece which looks like the rescaled SP of the Einstein-
Hilbert action of the metric gab:

A :=
1

2

√
gNa

(
gbcδΓabc − gabδΓcbc

)
=

1

2

(√
gNa∇bδgab −

√
gNa∇aδg

)
, (6.17)

where δg = gabδgab. For the first term, we integrate by parts and “vary by parts”, giving

Na∇bδgab = ∇b(Naδgab)− (∇bNa)δgab = −∇aδN
a − (∇bNa)δgab. (6.18)

For the second term of (6.17), we use that

Na∇aδg = 2δ(∇aN
a)− 2∇aδN

a, (6.19)

which may be shown by noting
√
g∇aN

a = ∂a(
√
gNa) and varying both sides. Combining

the previous two equations yields

A =
1

2

√
g
(
∇aδN

a − (∇aN b)δgab − 2δ(∇aN
a)
)
. (6.20)

For the first term, let us split the divergence into parts tangential and transverse to Ω =
const. according to (6.9):

√
g∇aδN

a = ∂a(
√
gδNa) = ∂i(

√
gδN i) + ∂Ω(2Ω

√
gδχ)

= ∂i(
√
gδN i) + 2

√
gδχ+ 2Ω∂Ω(

√
gδχ), (6.21)

where we used (6.15) again. For the second and third term of (6.20), we use the definition
of Nab, which may be inverted as

∇aNb = ΩNab + χgab, ∇aN
a = ΩN +Dχ. (6.22)
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Together we get

A = (−D+1)
√
gδχ−χδ√g+

1

2
∂i(
√
gδN i)+Ω

(
−1

2

√
gN abδgab−

√
gδN+∂Ω(

√
gδχ)

)
. (6.23)

We change polarization in the term proportional to Ω, plug into (6.16), and combine
χδ
√
g +
√
gδχ = δ(

√
gχ) to give:

θ̂Ω = Ω−(D−1)
(
− 2λδ

√
g
)

+ Ω−(D−2)
(
δ(
√
gχ) +

1

2
∂i(
√
gδN i)

)
+ Ω−(D−3)θn, where

θn :=− 1

2

√
g(N ab − gabN )δgab + ∂Ω(

√
gδχ)− δ(√gN ). (6.24)

We see that the two most divergent orders of θ̂Ω may be absorbed into counterterms.
The remainder goes as Ω−(D−3) by virtue of the two most divergent orders of the Einstein
equations.

Let us turn to the transverse components θ̂i. Plugging in (6.13) as before, we get

θ̂i =
1

2

√
ĝ(ĝbcδΓ̂ibc − ĝibδΓ̂cbc)

=
1

2
Ω−(D−2)√g

(
gbcδΓibc − gibδΓcbc +

1

Ω

√
ggbcδ(N igbc)

)
. (6.25)

Distributing the variation in the last term gives

θ̂i = Ω−(D−1)(
D

2

√
gδN i +N iδ

√
g) + Ω−(D−2)θi

= − 1

2
∂Ω

(
Ω−(D−2)√gδN i

)
+ Ω−(D−1)δ(

√
gN i) + Ω−(D−2)

(
θi +

1

2
∂Ω(
√
gδN i)

)
. (6.26)

In the second line, we have extracted a total ∂Ω-derivative and a total variation. We have
abbreviated the SP of the Einstein-Hilbert action of the unphysical metric as

θi :=
1

2

√
g(gbcδΓibc − gibδΓcbc). (6.27)

We see that also the most divergent order of the transverse SP may be absorbed into
counterterms. To remove the most divergent orders, let us define the counterterms which
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will lead to the partially renormalized SP θ̂a1 : We set

θ̂a1 := θ̂a + ∂bα̂
ab
1 + δβ̂a1 , where

β̂Ω
1 = Ω−(D−1)(2λ

√
g) + Ω−(D−2)(−√gχ), β̂i1 = − Ω−(D−1)√gN i

α̂Ωi
1 = − α̂iΩ1 = −1

2
Ω−(D−2)√gδN i, α̂ij1 = 0. (6.28)

Using (6.24) and (6.26), the partially renormalized SP becomes

θ̂Ω
1 = Ω−(D−3)θn

θ̂i1 = Ω−(D−2)
(
θi +

1

2
∂Ω(
√
gδN i)

)
. (6.29)

Let us turn to the Lagrangian. By taking the trace of (6.7), we get that

L̂ =
√
g(R̂− 2Λ) = Ω−D · 2(D − 1)λ

√
g + Ω−(D−2) · √g

(1

2
R + (D − 1)N

)
. (6.30)

The Lagrangian will be modified by ∂aβ̂
a
1 . β̂1 may also be written as:

β̂a1 = −Ω−(D−1)√gNa + Ω−(D−2)√gχδaΩ. (6.31)

Its divergence then becomes, using the definitions of χ and of N :

∂aβ̂
a
1 = −2(D − 1)Ω−Dλ

√
g + Ω−(D−2)

(
−√gN + ∂Ω(

√
gχ)
)

(6.32)

The partially renormalized Lagrangian is thus

L̂1 = L̂+ ∂aβ̂
a
1 = Ω−(D−2)

(1

2

√
gR + (D − 2)

√
gN + ∂Ω(

√
gχ)
)
. (6.33)

To summarize, we have identified local counterterms α̂1, β̂1, which remove the most leading
divergences from the Lagrangian and SP. Asymptotic simplicity implies that the partially
renormalized transverse SP θ̂i1 and Lagrangian L̂1 go as Ω−(D−2), and the normal compo-
nent of the SP θ̂Ω goes as Ω−(D−3).

6.2.2 Second Step

We will now turn to removing the remaining divergences in the SP and action with a recur-
sive scheme, exactly along the lines of chapter 5 (with the replacement (D− 5) 7→ (D− 3),
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since electrodynamics is conformal in four dimensions and gravity in two). For self-
containedness, we briefly repeat the arguments here. The partially renormalized La-
grangian and SP are linked by

δL̂1 = −Êabδĝab + ∂aθ̂
a
1 . (6.34)

This follows from δL̂ = −Êabδĝab + ∂aθ̂
a, together with the definitions of L̂1 and θ̂a1 , and

from ∂a∂bα̂
ab
1 = 0 by antisymmetry of α̂1. Splitting the divergence in the last equations

gives

(D − 3− Ω∂Ω)θn=̂∂iθ
i
1 − δL1, (6.35)

where we have dropped EoM-terms and written

θi1 := ΩD−2θ̂i1 = θi +
1

2
∂Ω(
√
gδN i) and (6.36)

L1 := ΩD−2L̂1 =
1

2

√
gR + (D − 2)

√
gN + ∂Ω(

√
gχ) (6.37)

for the finite versions of θ̂i1 and L̂1. Recall that θ̂Ω
1 = Ω−(D−3)θn. We introduce the

operator

D =
D−4∑
k=0

(
D − 3− (k + 1)

)
!

(D − 3)!
Ωk∂Ω

k − ΩD−3

(D − 3)!
ln Ω∂Ω

D−3. (6.38)

Acting with it on (6.35) gives

θn − ΩD−3

(D − 3)!
(∂Ω

D−3 − Ω ln Ω∂Ω
D−2)θn=̂∂i(Dθi1)− δ(DL1). (6.39)

This holds on-shell and at any Ω, and allows the absorption of the remaining divergences
in θ̂Ω

1 into additional counterterms. The counterterms are

α̂Ωi
2 = − α̂iΩ2 = −Ω−(D−5)D(θi1), α̂ij2 = 0

β̂Ω
2 = Ω−(D−5)D(L1), β̂i2 = 0 (6.40)

The renormalized SP and Lagrangian become

θ̂Ω
R = θ̂Ω

1 + δβ̂Ω
2 ∂iα̂

Ωi
2 =̂

1

(D − 3)!
(∂Ω

D−3 − Ω ln Ω∂Ω
D−2)θn

θ̂iR = θ̂i1 + ∂Ωα̂
iΩ
2 = − 1

(D − 3)!
ln Ω∂Ω

D−2θi1

L̂R = L̂1 + ∂Ωβ̂
Ω
2 = − 1

(D − 3)!
ln Ω∂Ω

D−2L1. (6.41)
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For the second and third line, we have used that

∂Ω

(
Ω−(D−3)D

)
= −Ω−(D−2) − 1

(D − 3)!
ln Ω∂Ω

D−3. (6.42)

The component θ̂Ω
R, which determines the symplectic form at infinity, is finite in Ω assuming

sufficient analyticity. The analyticity requirement is that θn may have a term proportional
to ΩD−3 ln Ω, but any other logarithms must be accompanied by at least ΩD−2. While the
transverse components of the SP current θ̂iR and the Lagrangian L̂R still diverge as ln Ω,
their integrals in Ω are asymptotically finite.

Let us note that if one is only concerned with renormalizing θ̂Ω, and assumes analytic
field expansions, then the term in ln Ω may be safely dropped from D. In that case, the
renormalized SP becomes

θ̂Ω
no ln =

1

(D − 3)!
∂Ω

D−3θn. (6.43)

In subsection 6.4.3 we will see a case where the logarithmic term is necessary.

6.2.3 The Renormalized Symplectic Potential

We have thus completed the renormalization of the SP and action, by adding total variation
and total derivative counterterms local in the fields.

The renormalized SP we have given works for asymptotically AdS, dS, and flat space,
and is continuous in the cosmological constant. To achieve this, we needed to treat ∂Ω

and Na as separate objects, and make no condition on the norm of N . However, the
terms in the renormalized SP are not all independent. The structure of their dependencies
is different depending on the cosmological constant, but by staying sufficiently off-shell,
and not resolving these dependencies, the renormalized SP can be valid for any Λ. The
renormalized SP may thus be a useful tool in connecting asymptotic structures of asymp-
totically flat and AdS spaces - either by finding analogues of BMS and extended BMS
symmetries and conservation laws on (A)dS space (see, e.g., [113]) or by finding analogues
of holographic structures on flat space (see, e.g., [36]).

In addition to the ADM-like pair (N ab− gabN )δgab, and the term δ(
√
gN ) reminiscent

of the Gibbons-Hawking term, the SP θn contains the term ∂Ω(
√
gδχ), which is more

puzzling. Its role can be understood as follows: Consider a vector field ξi, parallel to the
level surfaces of Ω. The quantities χ, gab and Nab are covariant under such a vector field,
i.e., they transform by the Lie derivative. Hence we get

Iξθ
n = −√g(N ab − gabN )∇aξb + ∂Ω(

√
gξi∂iχ)− ∂i(

√
gNχi). (6.44)
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Now let us integrate by parts in the first term, and use ∇a(N ab −N gab)=̂0. Splitting the
resulting divergence −∂a(

√
g(N a

b − δabN )ξb) as usual, we get

Iξθ
n = − ∂i(

√
gN i

jξ
j)− ∂Ω(

√
gNΩ

iξ
i) + ∂Ω(

√
gξi∂iχ). (6.45)

Lastly, using that NΩ
i = NaNai = ∂iχ, the last two terms cancel and we are left with

Iξθ
n = −∂i(

√
gN i

jξ
j). This is a divergence on the Ω = const. surfaces.

The δχ -term in θn thus ensures that Iξθ
n leads to a conservation law intrinsic to

the level surfaces of Ω, equating the divergence of a boundary current to a flux. This is
analogous to the conservation laws on a finite distance null surface of chapter 4.

6.2.4 Laurent Expansions and Higher Divergences

One may wonder what the relationship of our renormalized SP with the Laurent expansion
of the standard SP is. Let us assume full analyticity, and expand the standard SP as

θ̂Ω =
∞∑

k=−D

θ̂Ω
(k)Ω

k. (6.46)

The partially renormalized SP differs from the standard SP by a corner term and a varia-
tion, see (6.28). Its orders are thus

θ̂Ω
1 =

∞∑
k=−(D−3)

(θ̂Ω
(k) + ∂iα̂

Ωi
1,(k) + δβ̂Ω

1,(k)). (6.47)

The orders (−D) to −(D−2) of θ̂Ω
1 vanish, by construction of the counterterms α̂1 and β̂1.

Finally, the asymptotic renormalized SP corresponds to the finite order of θ̂Ω
1 . This may be

seen from (6.41): The (Ω ln Ω)-term does not contribute in the limit assuming analyticity,
so we are left with

θ̂Ω
R
I
=

1

(D − 3)!
∂Ω

D−3(ΩD−3θ̂Ω
1 ), (6.48)

which picks out the finite order. To summarize, we have

θ̂Ω
R
I
= θ̂Ω

1,(0) = θ̂Ω
(0) + ∂iα̂

Ωi
1,(0) + δβΩ

1,(0). (6.49)

Assuming analyticity, the limit of the renormalized SP θ̂Ω
R agrees with the finite order of

the partially renormalized SP θ̂Ω
1 , and differs from the finite order of the standard SP θ̂Ω

by the finite orders of the counterterms α̂1 and β̂1.
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Let us also note that the renormalization can also be carried out when higher diver-
gences are present, as long as the metric admits a Laurent expansion around Ω = 0: If
the standard SP diverges as Ω−n, we can simply carry out the second step of the previous
section, using the operator

D(n) =
n−1∑
k=0

(
n− (k + 1)

)
!

n!
Ωk∂Ω

k − Ωn

n!
ln Ω∂Ω

n, (6.50)

instead of choosing n = D − 3 as above. Asymptotically, the renormalized SP is then still
the finite order of θ̂Ω

1 . This may be useful for considering spacetimes with metrics diverging
faster than is allowed by asymptotic simplicity.

6.3 Connecting to Generalized Bondi Gauge

In [28], Compere, Fiorucci and Ruzziconi, motivated by extending the symmetry algebra
of four-dimensional asymptotically flat spacetimes, work on a phase space in which the
Bondi gauge conditions are relaxed: In contrast to the BMS phase space, the leading order
of the sphere metric is not fixed, but may vary. Its determinant is fixed however, and it is
restricted to be independent of the retarded time u. This relaxation allows the inclusion
of arbitrary diffeomorphisms of the asymptotic spheres in the symmetry algebra.

On this phase space, the standard SP diverges. The authors give a renormalized SP, by
showing that the divergent orders become total variations and total derivatives on-shell. It
is instructive to make contact with that, by writing our SP out in their parameterization
of the metric, and comparing the results.

After identifying Ω = 1
r
, the unphysical metric and its inverse, in the parameters of

[28], become

gab = Ω2(ΩV )e2βdu2 + e2β(dudΩ + dΩdu) + qAB(dxA − UAdu)(dxB − UBdu),

gab∂a∂b = − e−2βΩ2(ΩV )∂Ω
2 + e−2β

(
(∂u + UA∂A)∂Ω + ∂Ω(∂u + UB∂B)

)
+ gAB∂A∂B.

(6.51)

Our sphere metric qAB is related to the sphere metric gCFRAB of [28] as qAB = Ω2gCFRAB . One
of the Bondi gauge conditions is that the determinant of (our) qAB is independent of Ω.
We have

√
g = e2β√q.
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The parameters in the metric have asymptotic expansions

ΩV = V̊ + 2ΩM + ...,

β = Ω2β̊ + ...,

gAB = QAB + ΩCAB + Ω2DAB...,

UA = Ω2ŮA + ..., (6.52)

where we have just given the orders that we need. We have written QAB for the leading
order of the sphere metric, whereas [28] write qAB, i.e. QAB = qCFRAB . The rest of the
parameters are the same. CAB is trace free (according to QAB) by the condition ∂Ω

√
q = 0.

We will also need the equation of motion

DAB =
1

4
QAB(CCDC

CD). (6.53)

Dropping the total variation, to arrive at a Gibbons-Hawking-like polarization, our renor-
malized SP becomes, in 4D:

θ̂Ω
R,GH = − 1

2

(√
g(N ab − gabN )

)
(0)
δg

(1)
ab −

1

2

(√
g(N ab − gabN )

)
(1)
δg

(0)
ab

+ 2
(√

g(2)δχ(0) +
√
g(1)δχ(1) +

√
g(0)δχ(2)

)
. (6.54)

Here, as before, the subscripts and superscripts (i) refer to the ith order in an asymptotic
expansion, i.e. X =

∑
X(i)Ω

i. The calculation is done in C.1 and the result reads:

θ̂Ω
R,GH = − 2δ(

√
QM) +

1

2
∂A(
√
QŮBδQ

AB)

− 1

2

(1

2

√
Q(∂uCAB)δCAB +

1

2
V̊ CABδQ

AB + ŮBDAδQ
AB
)
. (6.55)

The first term is a total variation, which does not contribute to the symplectic form and
Hamiltonians. It may be absorbed into a boundary action. The second term is a total
derivative, and vanishes when θ̂R,GH is integrated on a portion of I with boundaries at
spheres with u = const. The third line consists of terms that cannot be removed, and
coincides with the core piece Θ̄flux from [28] (up to a sign because Na is the ingoing normal).

The agreement with Θ̄flux supports the correctness of our renormalization scheme, and
shows that coordinate expressions, as they are commonly used at null infinity, can be
derived from it. It is also encouraging that there is no total ∂u–derivative in (6.55): For
regions of I with boundaries at constant u, our scheme and [28] fix the finite corner
ambiguity of the SP in the same way, which implies that the symplectic forms derived
from Θ̄flux and from θ̂Ω

R,GH , and hence also the Hamiltonians, agree.
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6.4 Connecting to Holographic Renormalization

In the holographic renormalization (HR) of pure Einstein gravity on asymptotically AdS
spacetimes (see e.g. [114]), the on-shell action is renormalized by the addition of counter-
terms, rendering it finite. The stress-energy tensor, which is obtained through the Brown-
York [33] prescription from the on-shell action, is likewise renormalized and finite. In our
case, the action is also renormalized, as is the symplectic potential. Since the Brown-York
tensor corresponds closely to the momenta conjugate to the leading-order metric, one may
suspect that the renormalized stress-energy tensor of HR coincides with our momenta.

HR starts from the action with a Gibbons-Hawking term, corresponding to Dirichlet
boundary conditions. Since the Gibbons-Hawking term effects a canonical transformation
among configuration and momentum variables, we can expect our momenta to agree with
the HR stress-energy tensor only once we add a Gibbons-Hawking term as well. In addition,
since HR proceeds largely on-shell, we can expect agreement between our momenta and
the HR stress-energy tensor only on-shell. We will focus on the standard case of HR in
Fefferman-Graham coordinates, where partial gauge conditions are chosen to fix the lapse
and shift of the radial foliation. Those conditions identify ∂Ω and Na up to a fixed factor,
while to address also the asymptotically flat case we kept ∂Ω and Na separate.

The HR prescription admits an ambiguity in odd spacetime dimensions, of adding
a multiple of the holographic anomaly to the renormalized action at finite order. The
holographic anomaly may be defined from the trace of the renormalized stress-energy
tensor, and enters the logarithmic counterterm to the action. This ambiguity, which goes
by the name of scheme dependence, also modifies the renormalized stress-energy tensor by
a trace-free piece.

Even on-shell, and in Fefferman-Graham coordinates, it is not obvious that there would
be agreement between our momenta and the stress-energy tensor: In HR it is important
that the counterterms, on-shell, can be written in a form that depends only on the leading-
order metric, and not on the free part of the stress-energy tensor. Here, we have made
no such requirement. While the divergent orders of the action counterterms must agree
on-shell because both actions are finite, it would be conceivable that the finite order of our
action counterterms is not part of the scheme dependence ambiguity of HR.

We will now explicitly show that the momenta of our renormalization scheme coin-
cide with the renormalized stress-energy tensors given in [114], in four and five spacetime
dimensions, up to scheme dependent terms.

In Fefferman-Graham coordinates, we have χ = 0 everywhere. In addition, we set
−2λ = 1, corresponding to unit AdS radius. That entails NaNbg

ab = 1. Since also the
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shift of the radial foliation is zero, we have Na∂a = ∂Ω.

6.4.1 Switching to Gibbons-Hawking Polarization

In Fefferman-Graham coordinates and with unit AdS radius, the lapse of the physical
metric isN̂ = 1

Ω
, and the normal, normalized w.r.t. the physical metric, is

n̂a =
1

N̂
ĝabNb = ΩNa. (6.56)

The Gibbons-Hawking term is√
ĥK̂ =

√
ĥ∇̂an̂

a =
1

N̂
∂a(
√
ĝn̂a) = Ω∂a(Ω

−(D−1)√gNa), (6.57)

where ĥ denotes the physical induced metric on constant radius surfaces. Writing that out
in our variables gives

Ω∂a(Ω
−(D−1)√gNa) = −(D − 1)Ω−(D−1)√g + Ω−(D−3)√gN . (6.58)

We can thus pass to the Gibbons-Hawking polarization by setting

L̂GH = L̂+ ∂aβ̂
a
GH , where

β̂Ω
GH = Ω∂a(Ω

−(D−1)√gNa), β̂iGH = 0, (6.59)

where we recall that i indexes coordinates on the level surfaces of Ω. Of course, one can
make the same modification of the action also in the case χ 6= 0, but in that case it is not
quite the Gibbons-Hawking term.

In any case, the Gibbons-Hawking term changes the coefficients of the most leading
divergences of the action. Thus we need to modify the counterterms of our first step to
account for them. Combining (6.58) and (6.28), and using that −2λ = 1, χ = 0, N i = 0,
the modified first step is

θ̂aGH,1 = θ̂a + δβaGH + δβaGH,1 where

βΩ
GH,1 = (D − 2)Ω−(D−1)√g, βiGH,1 = 0. (6.60)

The corner term α̂ab1 is eliminated because we have eliminated the shift N i. The partially
renormalized SP and Lagrangian become

θ̂Ω
GH,1 = Ω−(D−3)θnGH = Ω−(D−3)

(
1
2

√
g(Nij − gijN )δgij

)
L̂GH,1 = L̂+ ∂Ω(βΩ

GH + βΩ
GH,1) = Ω−(D−2)

(
1
2

√
gR + ∂Ω(Ω

√
gN )

)
. (6.61)
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For the first line, we have used that the lapse and shift do not vary, and thus δgab is
tangential to the constant-radius surfaces. For the second line we have used that in our
present setting, ∂Ω

√
g = Ω

√
gN .

The partially renormalized Gibbons-Hawking SP in the first line now involves only
variations of the inverse metric gab, in contrast to the previous expression (6.24), which
involves a total variation term. We have written the SP in terms of the inverse metric for
convenience below. Following the second step of our scheme, the renormalized Gibbons-
Hawking SP is then, on-shell,

θ̂Ω
R,GH=̂

1

(D − 3)!

(
∂Ω

D−3 − Ω ln Ω∂Ω
D−2
)
θnGH . (6.62)

We will need that Nab is related to gab as

Nij =
1

2Ω
(LNg)ij =

1

2Ω
∂Ωgij, NΩa = 0 = NΩa. (6.63)

We see that the asymptotic finiteness of Nij implies g(1),ij = 0.

6.4.2 Four Dimensions

In four (spacetime) dimensions, the asymptotic expansion of the unphysical metric used in
[114] reads

gij = g(0),ij + Ω2g(2),ij + Ω3g(3),ij +O(Ω4). (6.64)

There is no logarithmic term, and g(3) is trace-free and covariantly conserved. The only
term that contributes to the asymptotic limit of the renormalized SP becomes

θ̂RGH =
1

2
(
√
g(Nij − gijN ))(1)δg

ij
(0). (6.65)

Now using that g(1),ij = 0, thatN(1),ij = 3
2
g(3),ij, and that g(3) is traceless such thatN(1) = 0,

we get

θ̂RGH = −3

4

√
g(0)g

ij
(3)δg(0),ij, (6.66)

where the indices on g(3) are raised with g(0). The momentum −3
4

√
g

(0)
gij(3) is in agreement

with the results of [114] for the stress-energy tensor, remembering that we get a sign because
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Na is the ingoing normal, and the Brown-York stress tensor is enhanced by a factor of 2
compared to the gravitational momentum.

Our procedure thus agrees with HR in four dimensions. A symplectic form which, in
four dimensions, agrees with HR in asymptotically AdS space, and with the symplectic
form of [28] in flat space, has previously been given in [115].

6.4.3 Five Dimensions

In five spacetime dimensions, the situation is a little more complex. The expansion of the
metric now reads

gij = g(0),ij + Ω2g(2),ij + Ω4g(4),ij + 2Ω4 ln Ωh(4),ij +O(Ω5). (6.67)

It features a logarithmic piece, and h(4) is traceless and covariantly conserved. The trace
of g(4) is

gij(0)g(4),ij =
1

4
gij(2)g(2),ij =

1

4
trg2

(2). (6.68)

The nonzero contributions to the asymptotic SP are

θ̂Ω
R,GH =

1

4
(∂Ω

2 − Ω ln Ω∂Ω
3)
(√

g(Nij − gijgklNkl)δgij
)

(6.69)

I
=

1

4
δgij(0)

(√
g(0)(δ

k
i δ

l
j − g(0),ijg

kl
(0)) · (∂Ω

2 − Ω ln Ω∂Ω
3)Nkl

)
+

1

2
δgij(0)

(√
g(2)(N(0),ij − g(0),ijN(0))−

√
g(0)g(2),ijN(0) −

√
g(0)g(0),ij(g

kl)(2)N(0),kl

)
+

1

2
δ(gij)(2)(

√
g(0)N(0),ij − g(0),ijN ). (6.70)

We have used that the operator Ω ln Ω∂Ω
3 gives a non-zero limit only when acting on Nij,

because the most leading non-analytic term in the metric is at order Ω4 ln Ω. For the first
line of (6.70), using (6.63), we get that asymptotically

(∂Ω
2 − Ω ln Ω∂Ω

3)Nkl = 4g(4),kl + 14h(4),kl. (6.71)

The Ω ln Ω∂Ω
3 term is necessary to cancel the divergence in ln Ω arising from the ∂Ω

2 term.
The first line of (6.70) becomes

1

2

√
g(0)δg

ij
(0)

(
2g(4),ij + 7h(4),ij −

1

2
g(0),ijtrg

2
(2)

)
, (6.72)
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where we have also used (6.68) and that h(4) is traceless. For the second line of (6.70), we
use
√
g

(2)
= 1

2

√
g

(0)
gkl(0)g(2),kl and (gkl)(2) = −gkl(2), and we get

1

2

√
g(0)δg

ij
(0)

(
− 1

2
g(2),ijtrg(2) + g(0),ij(trg

2
(2) −

1

2
tr2g(2))

)
. (6.73)

The third line of (6.70) involves variations of a subleading order of the metric, which
we need to remove by extracting a total variation. Firstly, using N(0),ij = g(2),ij and

(gij)(2) = −gij(2), we have

1

2

√
g(0)δ(g

ij)(2)(N(0),ij − g(0),ijN(0)) = −1

2

√
g(0)δ(g

ij
(2))(g(2),ij − g(0),ijtrg(2)). (6.74)

We add and subtract the total variation

1

4
δ
(√

g(0)(trg
2
(2) − tr2g(2))

)
=

1

4
δ
(√

g(0)(g(0),ikg(0),jl − g(0),ijg(0),kl)(g
ij
(2)g

kl
(2))
)

=
1

2

√
g(0)δg

ij
(0)

(
g(2),ijtrg(2) − g(2),ikg

k
(2),j +

1

4
g(0),ij(tr

2g(2) − trg2
(2))
)

+
1

2

√
g(0)δ(g

ij
(2))
(
g(2),ij − g(0),ijtrg(2)

)
. (6.75)

The third line of (6.70) becomes

1

2

√
gδgij

(
g(2),ijtrg(2) − g(2),ikg

k
(2),l +

1

4
g(0),ij(tr

2g(2) − trg2
(2))
)
− 1

4
δ
(√

g(trg2
(2) − tr2g(2))

)
.

(6.76)

Adding all up gives

θ̂Ω
R,GH = −√gδg(0),ij

(
gij(4) +

1

4
gij(2)trg(2) −

1

2
(g(2) · g(2))

ij +
1

8
gij(0)(trg

2
(2) − tr2g(2))

)
− 7

2

√
gδg(0),ijh

ij
(4) −

1

4
δ
(√

g(0)(trg
2
(2) − tr2g(2))

)
. (6.77)

The momentum in the first line agrees with the stress-energy tensor given in [114], noting
again that there is a sign because Na is the ingoing normal and that the stress-energy
tensor has an extra factor of 2.

The second line contains terms which are scheme dependent: In five dimensions, the
conformal anomaly is 1

2
(trg2

(2) − tr2g(2)). [114] show that the stress-energy tensor of the

conformal anomaly is proportional to h(4), or in our language, that δ
(√

g
(0)

(trg2
(2)−tr2g(2))

)
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is proportional to
√
g

(0)
hij(4)δg(0),ij. Thus both terms on the second line combine into one

total variation, and can be absorbed into a finite boundary action proportional to the
conformal anomaly. Such a finite counterterm satisfies the requirements that HR puts on
the counterterms, and is part of the scheme dependence ambiguity of HR.

To summarize, we have specialized to Fefferman-Graham coordinates on asymptotically
AdS space in four and five spacetimes dimensions, and included a Gibbons-Hawking term in
our scheme. We obtained that the momenta, which in the renormalized SP are conjugate
to the leading order metric, are consistent with the results of HR for the renormalized
stress-energy tensor, up to terms which fall under the scheme-dependence ambiguity of
HR.

6.5 Hamiltonians

In this section, we find the Hamiltonians associated with θ̂Ω
R, in any gauge, for any Λ and

in any dimension, exploiting that our expressions are fairly covariant. The result may serve
as a starting point to derive Hamiltonians in various partial gauges.

The variation of the Hamiltonian (if it exists) is given by −Iξδθ̂Ω
R. We will use (6.41)

for θ̂Ω
R, and that Iξ commutes past the ∂Ω-derivatives. We have

− Iξδθ̂Ω
R = − 1

(D − 3)!
(∂Ω

D−3 − Ω ln Ω∂Ω
D−2)Iξδθ

n. (6.78)

Thus it is enough to evaluate −Iξδθn.

We parameterize the vector field as

ξa∂a = ξi∂i + Ωp∂Ω. (6.79)

This parameterization is motivated by the action of ξ on the unphysical metric gab, which
reads

Iξδgab = Lξgab −
2

Ω
Ncξ

cgab = Lξgab − 2pgab. (6.80)

To preserve the finiteness of the unphysical metric, it is thus sufficient (though not neces-
sary) that ξi and p are asymptotically finite. We will take the vector field to be field-space
constant, i.e. δξ = 0, but the dependence on δξ can be simply reinstated since the final
result −Iξδθ̂Ω

R should not depend on δξ.
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Calculating −Iξδθn directly is quite laborious, because the constituents Nab, gab, χ in-
volve background structure and hence do not transform straightforwardly under diffeomor-
phisms. Rather, we start from (6.24), which implies

Ω−(D−3)δθn = δθ̂Ω − 1

2
Ω−(D−2)∂iδ(

√
gδN i). (6.81)

The total variation terms from (6.24) drop because the δs are antisymmetrized. The
result of Iξδθ̂

Ω, written in the physical metric, may be obtained from the differential
version of (2.17). It involves the variation of the Komar charge, and symplectic flux terms
for diffeomorphisms that displace the codimension two surface where the Hamiltonian is
integrated.

To get the Hamiltonians, we need to translate Iξδθ̂
Ω to the unphysical metric g, and

evaluate Iξδ(
√
gδN i). The calculation is performed in appendix C.2. The result is

−Iξδθn = ∂i/δh
i
1, where

/δhi1 = δ
(
−√gN i

aξ
a +
√
ggia∂ap

)
+ pθi1 − ξiθn −

√
gδχ∂Ωξ

i − 1

2

√
gδgij∂jp, (6.82)

and θi1 = ΩD−2θ̂i1 is given in (6.29). Here tensors with indices i and j are projected onto the
level surfaces of Ω along ∂Ω, with the coordinate projector P i

a. δg
ij is the variation of the

projection of the inverse spacetime metric, not the inverse of the pulled-back metric. The
result is valid on-shell for on-shell variations. It holds at any Ω and for any cosmological
constant, and no gauge conditions have been chosen, beyond the conditions of asymptotic
simplicity.

As expected, the result for −Iξδθn is asymptotically finite for finite ξ and p, and on-shell
is a total derivative on the level surfaces of Ω. In addition to the integrable piece, there
are several non-integrable terms: symplectic flux terms associated with the displacement
of the codimension-two sphere, and also extra non-integrable terms involving derivatives
of the gauge parameters. The Hamiltonians, associated with a portion of an Ω = const.
surface with boundaries Si and Sf are then given by

/δHR =

∫ Sf

Si

1

(D − 3)!
(∂Ω

D−3 − Ω ln Ω∂Ω
D−2)siθ

i
1, (6.83)

where si is the normal of Si,f embedded into the Ω = const. surface.

In chapter 4, we used a counterterm involving δN i to remove the dependence of charges
on the extension of ξ outside the hypersurface considered. Here the sign of the counterterm
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is opposite, and the “would-be Hamiltonian” contains terms in ∂Ωξ. However, if we consider
the integral of the Hamiltonian on a sphere at constant u and Ω, and the level surfaces of
u are null (i.e., guu = 0 as in Bondi gauge), then the Hamiltonian does not depend on the
extension of the gauge parameters outside the u = const. surface. In Fefferman-Graham
coordinates, /δhi1 does not involve radial derivatives of the gauge parameters.

Since we have not fixed any gauge, there are no conditions on ξ. On the face of it, it
then seems that there would be a large number of non-zero charges, associated to orders up
to (D−1) of the gauge parameters. However, it seems likely that some of that dependence
can be removed by adding further finite corner counterterms, along the lines of section
5.6.2. Since not all the terms in the Hamiltonian are functionally independent, it is also
possible that there would be non-zero field-dependent vector fields in the kernel of the
symplectic form, reducing the dimension of the symmetry algebra.
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Chapter 7

Conclusions

In the first part of this thesis, we examined the canonical degrees of freedom and con-
servation laws of general relativity on generic null surfaces: In chapter 3, we understood
the canonical degrees of freedom in terms of the null geometry. In chapter 4, we wrote
the constraints in conservation law form, equating the divergence of a relativistic current
intrinsic to the null surface to a flux through the surface. The flux describes the passage
of gravitational energy and momentum through the surface, and is built from the degrees
of freedom. The current is closely related to the generators of diffeomorphisms.

A similar network of relationships between degrees of freedom, constraints, conserva-
tion laws and generators is an integral part of the “infrared triangle” at null infinity of
asymptotically flat spacetimes [18]. By working out similar relationships at generic null
surfaces, we took a step towards connecting the situations at null infinity and generic null
surfaces. The work in the first part also fits well with the interpretation in the membrane
paradigm of geometrical quantities on null surfaces as charges and fluxes, thereby providing
a canonical perspective on the membrane paradigm.

Let us mention some possible future avenues of investigation. Building on the work in
chapters 3 and 4, it would be interesting to apply the results to achieve a more detailed
canonical perspective on the thermodynamics of spacetime, generalizing black hole ther-
modynamics to more general situations [116]. It would also be interesting to extend the
analysis of constraints to include the null analogue of the Hamiltonian constraint.

In the second part of this thesis, the asymptotic canonical structure of general relativity
in D ≥ 3 and of electrodynamics in D ≥ 5 was addressed for asymptotically flat spacetimes.
In many situations, the symplectic potentials of those theories diverge with the radius as
the boundary at infinity is approached. For example, the divergence occurs for gravity in
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four dimensions, with relaxations of the Bondi gauge conditions which are relevant for the
study of spacetimes with asymptotic symmetry groups larger than the BMS group.

We proposed a general scheme to remove such divergences, absorbing them into coun-
terterms by exploiting the ambiguities of the symplectic potential. The scheme works in
any dimension, and requires no gauge choice; only the existence of a conformal compact-
ification of spacetime in the sense of Penrose and some degree of analyticity of the fields
around infinity are required.

We spelled out the scheme for electrodynamics, where we also removed the remaining
dependencies among the constituents of the renormalized symplectic potential by writing
everything in terms of free data, and showed agreement with earlier work which derived
canonical quantities using the connection to soft theorems [90]. In terms of the structure
of asymptotic divergences, electrodynamics in six dimensions was seen to be analogous
to gravity in four dimensions. It would be desirable to further develop and exploit that
analogy, for example regarding falloffs and matching at spatial infinity, or the role of
logarithmic terms in the expansions of the fields in the flat case.

The scheme was applied also to general relativity. We gave an expression for the
renormalized symplectic potential in terms of geometrical data, and connected to earlier
work considering divergences in a specific partial gauge [28]. The scheme, when applied to
asymptotically AdS spacetimes, bears some similarity to holographic renormalization, and
we connected the two explicitly.

Our work shows that an asymptotically finite asymptotic symplectic potential exists
for gravity under quite general conditions, and gives expressions which may be straight-
forwardly specialized to (partial) gauges for any cosmological constant. The results may
be applied to consider asymptotically flat phase spaces with weaker boundary conditions:
For example, one may attempt to turn on the time dependence of the leading order of the
metric, which was left as an open problem in [28].

We obtained the canonical structures of asymptotically flat spacetimes in Bondi gauge
and aAdS spacetimes in Fefferman-Graham coordinates as specializations of the same ex-
pression, thereby connecting the two (see [113, 117, 115] for prior work). Our expressions
thus forms a “canonical bridge” between asymptotically flat and aAdS spacetimes; they
may be used to consider holography at null infinity, or asymptotic symmetry groups of
aAdS spacetimes. It would also be interesting to relate to the Mann-Marolf counterterm
at spatial infinity of asymptotically flat spacetimes [36, 37]).

A limitation of the scheme as presented here is that we have not kept track of what
the counterterms depend on when written in terms of free data, nor of the precise status
of the equations of motion. For example, the renormalized Lagrangian as presented does
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not have the same equations of motion as the original Lagrangian. The on-shell symplectic
form, which forms the basis of much work on asymptotic symmetries, is not affected by
these questions. But in order to consider the Hamilton-Jacobi functional starting from
our scheme, or to interpret the counterterms more physically, or to connect to holographic
renormalization more tightly, more work is needed.

The renormalization scheme for gravity of chapter 6 leaves open the possibility of adding
finite counterterms. Such counterterms influence the charges and their algebra, including
the number of nonzero charges, which corresponds to the size of the asymptotic symme-
try algebra. It would be desirable to fix the ambiguity, for example with an “extension
independence” argument as in chapter 5; or at least to restrict the set of allowable finite
counterterms and understand their status, as in the “scheme dependence” ambiguity in
holographic renormalization. At a technical level, to do so for the gravitational case, it may
be useful to “dress” the full metric with a metric dependent diffeomorphism implementing,
e.g., Bondi gauge; doing so would mirror the correspondence of the extension independent
symplectic potential of chapter 5 with the symplectic potential of the “dressed” gauge field.
A calculation along the lines of [95] for the symplectic form in terms of the dressed metric
may be useful. u-falloffs may also ameliorate the corner ambiguities.

Once the finite corner ambiguity is fixed, one can pose the question whether any of
the diffeomorphisms implementing Bondi gauge have non-zero charges, and should be “up-
graded” to physical symmetries. In [28] it was already shown that the sphere diffeomor-
phisms which fix the leading order sphere metric to be that of the unit sphere correspond
to non-zero charges. A further candidate may be dilatations along the null generators of
I, which have non-zero generators at finite distance null surfaces as we saw in chapter 4 (a
similar result was obtained in [74]). Another candidate may be the radial diffeomorphisms
which implement the Bondi condition on the conformal factor.

Lastly, since the asymptotic gravitational symplectic potential of chapter 6 is the limit
of a local expression, it may be used to write down an explicit limit of the “edge modes”
construction, and see to which extent edge modes and associated structures coincide with
similar fields at null infinity.
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Appendix A

Appendices to Chapter 3

A.1 Extrinsic Geometry Expressed in Metric Param-

eters

We relate the extrinsic geometry to the derivatives of metric parameters. The versions of
these identities which hold true on B were used in section 3.2. We start with the normal
acceleration, which is the most involved expression:

γ = ¯̀a∇``b = ¯̀a(£``)a = ∇`α + eα−ᾱ∇¯̀β +
β̄

1 + ββ̄
∇`β

= e−ᾱ[(D0 + βD1)α +D1β] = e−ᾱ−α[D0e
α +D1(eαβ)]

B
= ∇`α + eα−ᾱ∇¯̀β. (A.1)

From this we can evaluate the surface gravity

κ := eᾱ(γ +∇`ᾱ) = (D0 + βD1)h+D1β. (A.2)

The tangential acceleration a, the twists (η, η̄) and normal connection ω are given by:

aa = qa
b∇``b = qa

b(£``)b = e−ᾱqa
b∇bβ

B
= 0

ηa + ωa = − qab∇ ¯̀̀ b + qa
b ¯̀c∇b`c = −qab(£ ¯̀̀ )c = qa

b(∇bα +
β̄

1 + ββ̄
∇bβ)

B
= qa

b∇bα

η̄a − ωa = − qab∇`
¯̀
b + qa

b`c∇`
¯̀
c = −qab(£`

¯̀)b = qa
b(∇bᾱ−

β̄

1 + ββ̄
∇aβ)

B
= qa

b∇bᾱ

ηa − η̄a = − qab∇ ¯̀̀ b + qa
b∇`

¯̀
b = qab[`, ¯̀]b = e−hqab[D0, D1]a. (A.3)

123



These identities are proven by inserting the parametrizations (3.9) and (3.12), and execut-
ing the Lie derivatives. Linear combinations of the last three identities yield

ηa + η̄a = qa
b∇bh,

η̄a =
1

2

(
qa
b∇bh− qabeh[D0, D1]b

)
. (A.4)

In section 3.2, we used the identity ∂a(
√
qDa

0) =
√
qθ. Let us prove it. First evaluate

∇aL
a = (qab + ¯̀a`b + `a ¯̀b)∇aLb = θL + ¯̀a∇`La = θ + κ. (A.5)

Let us evaluate the same object using now the relationship between covariant and regular
derivative and that La = D0 + βD1:

∇aL
a =

1√
|g|
∂a(
√
|g|La) =

e−h
√
q
∂a(
√
qeα+ᾱLa)

=
1
√
q
∂a(
√
qLa) +∇Lh

=
1
√
q
∂a(
√
q(Da

0 + βDa
1)) + κ−D1β

=
1
√
q
∂a(
√
qDa

0) +
β
√
q
∂a(
√
qDa

1) + κ. (A.6)

Comparing (A.6) and (A.5) gives what we wanted to show:

θ =
1
√
q
∂a(
√
qDa

0) +
β
√
q
∂a(
√
qDa

1)
B
=

1
√
q
∂a(
√
qDa

0). (A.7)

Lastly, the extrinsic curvature of L is given by

θAB = − 1
2
LLqAB = −1

2
∂0q

AB + 1
2

(
qAC∂CA

B
0 + qCB∂CA

A
0 − AC0 ∂CqAB)

= − 1
2
∂0q

AB + 1
2
(dAAB0 + dBAA0 ). (A.8)

The bulk momentum for the conformal metric γab is the conformal shear, which is related
to the traceless part of the extrinsic curvature:

σ̃AB = e2ϕθ<AB> = −1

2
∂0γ

AB + e2ϕd<AAB>0

= − 1

2
∂0γ

AB +
1

2

(
γAC∂CA

B
0 + γBC∂CA

A
0 − AC0 ∂CγAB

)
− 1

D − 2
∂CA

C
0 γ

AB. (A.9)
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A.2 Calculation of the Variation of the Surface Grav-

ity

Let us evaluate the total variation δκ that was used in 3.52. Using the coordinate expression

for κ given in the previous appendix and assuming δβ
B
= 0, we obtain

δκ
B
= δ
(
D0h+D1β

)
. (A.10)

We distribute the variation, and use that δβ
B
= 0, that the variations δDa

i = δAai are
purely tangential to S, that qa

b∇bh = ηa + η̄a and that qa
b∇bβ = 0:

δκ
B
= D0δh+ δAa0(ηa + η̄a) +D1δβ. (A.11)

Substituting δLa
B
= δAa0, `aδ`

a = eα−ᾱδβ and the coordinate expressions for L and ¯̀ yields

δκ
B
= ∇Lδh+ δLa(ηa + η̄a) +∇¯̀(eᾱ`aδ`

a). (A.12)

That is the expression we used.

A.3 Calculation of Integration by Parts

We prove identities that we used in section 3.2.2 to integrate by parts in ΘB, producing
boundary terms on ∂B. We first use that for any vector V

√
q∇aV

a =
√
|g|e−h∇aV

a = e−h∂a(
√
|g|V a) = e−h∂a(

√
qehV a)

= ∂a(
√
qV a) +

√
qV a∂ah. (A.13)

If V a = qabV
b is a tangential vector to S this means that

√
q∇aV

a = ∂a(
√
qV a) +

√
qV a(ηa + η̄a). (A.14)

If on the other hand we take V a = ρLa we obtain the identity

√
q∇Lρ =

√
qLa∇aρ

B
=
√
qDa

0∇aρ =
√
q∇a(D

a
0ρ)− ρ√q∇aD

a
0

]
= ∂a(

√
qDa

0ρ)− ρ∂a(
√
qDa

0)

= ∂a(
√
qDa

0ρ)−√qθ. (A.15)

where we used that La
B
= Da

0 and that ∂a(
√
qDa

0) =
√
qθ.
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Appendix B

Appendices to Chapter 4

B.1 Symplectic Potential

This appendix derives the form of the symplectic potential used in 4.3. From (3.61) we
read that ΘB = A+ dB where

A =
(

1
2
δqabθ

ab − η̄aδLa + δ(κ+ θ)
)
εB (B.1)

is the bulk symplectic potential and the boundary potential is given by

B = 1
2

[(
1
2
hLaδq + (h− 1)δLa

)
ıaεB − δ ([hLa]ıaεB)

]
. (B.2)

Let us perform a trace-traceless split in A, using

θab = e−2ϕ(σ̃ab + 1
D−2

γabθ), δqab = δ(e2ϕγab) = e2ϕ(2δϕγab + δγab), (B.3)

therefore

(1
2
δqabθ

ab)εB = (1
2
δγabσ̃

ab)εB + θδϕεB
= (1

2
δγabσ̃

ab)εB + 1
(D−2)

δ(εB)θ

= (1
2
δγabσ̃

ab)εB − 1
(D−2)

(δθ)εB + 1
(D−2)

δ(εBθ). (B.4)

Plugging in:
A =

(
1
2
δγabσ̃

ab − η̄aδLa + δ(κ+ D−3
D−2

θ)
)
εB + 1

(D−2)
δ(εBθ), (B.5)
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The boundary term can be rewritten, using that 1
2
δq ıaεB = δ(ıaεB) as

B =
1

2
((h− 1)δLa − δ[hLa]) ıaεB

= −1

2
(δhLa + δLa) ıaεB

= −1

2
(δhıLεB + ıδLεB) (B.6)

Noting also dεS = θεB and using the definition (3.77) of µ, we get the equation (4.38)
used in the main text:

ΘB = εB

(
1

2
σ̃ABδγAB − δLaωa + δµ

)
− d(

1

2
δhιLεB +

1

2
ιδLεB − 1

D−2
δεS). (B.7)

B.2 Derivation of Raychaudhuri and Damour equa-

tions

This appendix derives the densitized Damour equation

qa
bGLbεB = qa

bLL(ωbεB) + (dbσa
b − daµ)εB (B.8)

and the densitized null Raychaudhuri equation

GLLεB = −LL(θεB) + (µθ − σabσba)εB. (B.9)

We define

ηa := − qabL̄c∇cLb (B.10)

aa := qab∇LL
b (B.11)

θ̄ab := qa
a′qb

b′∇a′L̄b′ (B.12)

and recall η̄a := −qabLc∇cL̄b, while ωa = qa
bL̄c∇bL

c and µ = κ + D−3
D−2

θ. The tangential
acceleration aa vanishes on B since, L is geodesic on B.

For the Damour equation, we have

qa
bGLb = qa

bRLb = qa
c(∇b∇cL

b −∇c∇bL
b). (B.13)
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For the first term, use the decomposition of the identity δab = qa
b + LaL̄

b + L̄aL
b to obtain

∇aL
b = L̄aL

bκ− Laηb + ωaL
b + θa

b + L̄aa
b. (B.14)

Taking an additional derivative and projecting with q yields

qa
a′(∇b∇a′L

b) = qa
a′
(

(∇LL̄a′)κ− (∇bLa′)η
b + ωa′∇bL

b +∇Lωa′ +∇bθa′
b +∇bL̄a′a

b
)

= −η̄aκ− ηbθba + ωa(κ+ θ) + qa
a′∇Lωa′ + qa

a′∇bθa′
b + θ̄baa

b

= (ω − η̄)aκ+ qa
a′∇Lωa′ + θωa + dbθa

b + θa
bη̄b + θ̄a

bab, (B.15)

where for the second line we used ∇aL
a = κ + θ and for the third line we used ∇bθa

b =
dbθa

b + (η + η̄)bθa
b. The latter follows from

∇bv
b = qab∇avb + LaL̄b∇avb + LbL̄a∇avb

= dav
a −∇LL̄

bvb −∇L̄L
bvb (B.16)

for va = qabv
b. Using that aa = 0 and η̄a = ωa on B, and using that θa

b = (σa
b + 1

D−2
γa
bθ),

this gives

qa
c∇b∇cL

b B
= qa

c∇Lωc + θa
cωc + θωa + dbσa

b + 1
D−2

daθ (B.17)

= qa
b(LL + θ)ωb + dbσa

b + 1
D−2

daθ. (B.18)

For the second line, we used qa
bLLωb = qa

b∇Lωb + θa
cωc. The other term in qa

bRLb is
simply −qac∇c∇bL

b = −da(θ + κ), yielding

qa
bRLb = qa

b(LL + θ)η̄b + dbσa
b − da(κ+ D−3

D−2
θ). (B.19)

Finally, using LLεB = θεB, this may be written in the form

qa
bRLbεB = qa

bLL(η̄aεB) + dbσa
bεB − daµεB. (B.20)

Let us turn to the null Raychaudhuri equation. We have

GLL = RLL = La(∇b∇aL
b −∇a∇bL

b). (B.21)

For the first term, we use that

La∇b∇aL
b = ∇b(∇LL

b)− (∇bL
a)(∇aL

b)

= ∇b(L
bκ− ab)− (La(κL̄b + ωb) + θb

a + L̄ba
a)(Lb(κL̄a + ωa) + θa

b + L̄aa
b)

= L[κ] + κ∇aL
a −∇aa

a − [κ2 + 2ωba
b + θb

aθa
b]

= L[κ] + κθ − θbaθab − daa
a − (η + η̄ + 2ω)aa

a. (B.22)
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We used

∇aL
b = Lb(L̄aκ+ ωa) + θa

b + L̄aa
b − Laηb, (B.23)

and ∇aa
a = daa

a + (ηa + η̄a)a
a. The second term in GLL is simply L[κ+ θ] and taking the

difference gives

GLL = −L[θ] + κθ − θbaθab − daa
a − (η + η̄ + 2ω)aa

a. (B.24)

Using that a = 0 on B and splitting θab into trace and traceless part as before we get

GLL
B
= − L[θ] + κθ − σbaσab − 1

(D−2)
θ2 (B.25)

= − (L+ θ)[θ] + µθ − σbaσba. (B.26)

Using LLεB = θεB, we get

GLLεB = −LL(θεB) + µθεB − σbaσabεB. (B.27)

The form of this equation is sensitive to the normalization of the null normal L. Introducing
µf = fµ+L[f ] for an arbitrary function f on B, we can write the densitized Raychaudhuri
equation for an arbitrary normalization of L:

fLaGa
bLbεB = −LfL(θεB) + (µfθ − fσbaσba)εB. (B.28)

B.3 Diffeomorphism Actions

This appendix derives the field space Lie derivatives of intrinsic and extrinsic geometry
along a spacetime vector field ξ. Since we are interested in which pieces of geometry “talk
to” the extension of ξ outside of B, we fix ξ ‖ B at B but allow for an arbitrary extension
outside of B, setting ξa = fLa + f̄ L̄a + va with f̄ = 0 on B.

Intrinsic Geometry:

• LξL
a: We have −qabLcδgbc = −qab(δLb − gabδL

b) = δLa. We used that the φ0-
component of La is fixed: δL0 = 0, such that qabδL

b = δLb. We also used that
δLa = δhLa is normal to S. We get

LξL
a = IξδL

a = −qabLc(∇bξc +∇cξb)

= − qabLc(∇bvc +∇cvb)

= qab(v
c∇bLc − Lc∇cv

b)

= qab[v, L]b = [v, L]a. (B.29)
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We used that ∇aLb is symmetric when pulled back to S, and that [v, L]a is tangential
to S since L preserves the foliation S. Noting LξLa = −L(f)La + [v, L], we obtain
the anomaly ∆ξL

a = −[fL, L]a = L(f)La.

• Lξh: We have δh = δgabL
aL̄b, as may be checked explicitly in coordinates. Then

Lξh = (LaL̄b + L̄aLb)∇a(fLb + f̄ L̄b + vb)

= (L+ κ)[f ] + (L̄+ κ̄)[f̄ ] + (ηa + η̄a)v
a, (B.30)

where ηa = −qab∇L̄L
b and κ̄ = La∇L̄L̄

a. Since h contains the transverse derivative
L̄[f̄ ], it “talks to” the extension of ξ outside of B.

• LξqAB: We have δqAB = qA
aqB

bδgab, hence, also using that θAB = 1
2
qA

aqB
bLLgab,

LξqAB = 2fθAB + LvqAB. (B.31)

Similarly,

Lξq
AB = −2fθAB + LvqAB. (B.32)

• Lξϕ, εB and εS: We have ϕ = 1
D−2

ln
√
q, hence δϕ = 1

2
1

D−2
qABδqAB. Using the

previous we get

Lξϕ =
1

D − 2
qab∇a(fLb + f̄ L̄b + vb)

=
1

D − 2
(fθ + dAv

A). (B.33)

Using δεB = (D − 2)δϕεB, one gets

LξεB = (fθ + dAv
A). (B.34)

Using also LξεB = dιξεB = (fθ+L[f ]+dAv
A)εB, which may be checked in a coordinate

calculation, one gets

∆ξεB = − L[f ]εB. (B.35)

Using that ∆ satisfies the Leibniz rule, we get

∆ξ(L
aεB) = 0, (B.36)
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thus as we claimed LaεB is a density on B valued into vectors of B which is covariant
under diffeomorphisms of B. Putting together the previous results, we have

Lξ(L
aεB) = Lξ(LaεB) = [v, L]a + (fθ + dAv

A)LaεB. (B.37)

Since εS = LaιaεB, we also get

∆ξεS = 0

LξεS = LξεS = ι[v,L]εB + (fθ + dAv
A)εS. (B.38)

Using LξεS = ιξdεS + dιξεS, we have

ιξdεS = fθεS + θιvεB

dιξεS = dAv
AεS + ι[v,L]εB − θιvεB. (B.39)

• The derivative LξγAB may be derived using γAB = e−2ϕqAB and the chain and Leibniz
rules and reads

LξγAB = 2fσAB − 2e−2ϕd<AvB>. (B.40)

Extrinsic Geometry: The Weingarten map is the tensor ∇aL
b, which is a tensor on B

(i.e., the index a is pulled back onto B and the index b is tangential to B). Its transfor-
mation is easily worked out as

Lξ(∇aL
b)

B
= Lξ(∇aL

b) + ∆ξ(∇aL
b) = Lξ(∇aL

b) +∇a(∆ξL
b)

= Lξ(∇aL
b) +∇a(L(f)Lb). (B.41)

We used that the anomaly ∆ξ commutes with the covariant derivative ∇ as argued in
section 4.1.2, and plugged in the anomaly ∆ξL

a = L[f ]La. The Weingarten map is thus
non-covariant, but its transformation is independent of the extension of ξ. We will get the
transformations of extrinsic geometry by taking components of the transformation of the
Weingarten map. Recall that as a tensor on B,

∇aL
b = (ωa + L̄aκ)Lb + θa

b. (B.42)

• κ is the φ0-component of La∇aL
b, thus

Lξκ = L̄bLξ(L
a∇aL

b)

= L̄b[Lξ(La∇aL
b) + (∆ξL

a)∇aL
b + La∆ξ(∇aL

b)]

= v[κ] + L[(L+ κ)[f ]]. (B.43)
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• θ: We have that (κ+ θ) is the trace (on B) of the Weingarten map. Taking the trace
of B.41 gives:

Lξ(κ+ θ) = ξ[κ+ θ] + L[L[f ]] + L[f ](κ+ θ)

= v[κ+ θ] + L[(L+ κ+ θ)[f ]]. (B.44)

Then using the result for κ, θ transforms as

Lξθ = v[θ] + L[fθ]. (B.45)

We get that θεB is covariant, which can also be seen because εS is covariant and
θεB = dεS.

• µ: combining the previous two results, we get

Lξµ = v[µ] + L[[L+ µ]f ]. (B.46)

• We have θab = gbc∇aL
c (remember that everything is pulled back onto B), and using

that gab has vanishing anomaly and that g(L) vanishes when pulled back,

Lξθab = Lξθab + L[f ]θab = (fLL + L[f ])θab + Lvθab. (B.47)

Thus θabεB as a tensor on B is covariant. The transformation of the upstairs extrinsic
curvature and shear are obtained by combining with the transformation of qAB and
ϕ. The upstairs extrinsic curvature transforms as

Lξθ
AB = (f∂0 + fLU + L[f ])θAB + LvθAB. (B.48)

• ωA: Note that qA
b = ∂xb/∂σA is independent of the metric, such that LξqA

b = 0.
Also, L̄a = (dφ0)a as a tensor on B is independent of the metric, so LξL̄a = 0. With
that,

LξωA = Lξ(qA
aL̄b∇aL

b) = qA
aL̄bLξ∇aL

b)

= qA
aL̄b(Lξ∇aL

b +∇a(L[f ]Lb))

= qA
aL̄bLξ(ωaLb + κL̄aL

b + θa
b) + ∂AL[f ] + L[f ]ωA

= LvωA + fqA
aLLωa + ∂A(∂Lf) + κ∂Af − θAB∂Bf. (B.49)

The same transformation has been given in [65].
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Appendix C

Appendices to Chapter 6

C.1 Connecting to Bondi Gauge

We want to express (6.54) in the parameterization of [28].

C.1.1 Orders of the Metric and χ

For χ, we get:

χ =
1

2Ω
gΩΩ = −1

2
e−2βΩ(ΩV ), χ(0) = 0, χ(1) = −1

2
V̊ , χ(2) = −M. (C.1)

The determinant of qAB is fixed, and β starts only at second order, so we have:
√
g

(0)
=
√
Q

and
√
g

(1)
= 0. The only term that survives from the second line of (6.54) is thus:

2
√
g(0)δχ(2) = −2

√
QδM. (C.2)

It is a total variation and may thus be dropped.

The only components that vary at the leading and first subleading order of gab are:

g
(0)
AB = QAB and g

(1)
AB = CAB. (C.3)

To get the symplectic potential in this partial gauge, we thus need to compute the leading
and first subleading order of the sphere-sphere components of

√
g(NAB − qABN ). To do

so, we will need
Na∂a = e−2β(∂u + UA∂A − Ω2(ΩV )∂Ω). (C.4)
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C.1.2 Orders of Some Components of N

Let us start with the leading and first subleading orders of
√
gN : we have

Ω
√
gN = ∂a(

√
gNa)− 4

√
gχ = ∂u

√
q + ∂A(

√
qUA)−√qΩ2∂Ω(ΩV ). (C.5)

Now
√
q is independent of Ω, and UA starts only at second order. We get

(
√
gN )(0) = 0 (

√
gN )(1) =

√
Q(DAŮ

A − 2M), (C.6)

where D is the covariant derivative of Q.

Finding the orders of NAB is more involved. We start from

ΩN ab = ∇aN b − gabχ = −1

2
LNgab − gabχ =

1

2
(−N c∂cg

ab + gac∂cN
b + gbc∂cN

a)− gabχ.
(C.7)

The sphere-sphere components become

ΩNAB =
1

2

(
− e−2β∂uq

AB − e−2βUC∂Cq
AB + qAC∂C(e−2βUB) + qBC∂C(e−2βUA)

+ ∂Ω(e−4βUAUB) + e−2βΩ2(ΩV )∂Ωg
AB + e−2βΩ(ΩV )gAB

)
. (C.8)

The leading order is

NAB
(0) = ∂Ω(ΩNAB)|Ω=0 =

1

2
∂uC

AB +
1

2
V̊ QAB. (C.9)

We have used that ∂Ωq
AB|Ω=0 = −CAB where CAB = QAA′QBB′CA′B′ . The subleading

order is

NAB
(1) =

1

2
∂Ω

2(ΩNAB)|Ω=0 = −1

2
∂u(q

AB
(2) ) +

1

2
(DAUB +DBUA)− V̊ CAB +MQAB.

(C.10)

We have used that Q is independent of u, so that (∂Ω
2e−2β)∂uq

AB does not contribute.
qAB(2) = 1

2
∂Ω

2qAB|Ω=0 is the second order of the inverse sphere metric.
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C.1.3 Symplectic Potential in Generalized Bondi Gauge

Let us put these pieces together. For the first term in (6.54), we get

− 1

2

(√
g(N ab − gabN )

)
(0)
δg

(1)
ab = −1

4

√
Q(∂uC

AB + V(0)Q
AB)δCAB

=
1

4

(
− δ
(√

Q(∂uC
AB)CAB

)
+ ∂u(

√
QCABδC

AB)−
√
Q∂uCABδC

AB +
√
QV̊ CABδQ

AB
)
.

(C.11)

Here, δQAB is the variation of the inverse of QAB, and δCAB is the variation of CAB =
QAA′QBB′CA′B′ , which is the negative of the first order of qAB: CAB = −qAB(1) . For the

second line, we have integrated and varied by parts, using that ∂u
√
Q = δ

√
Q = QABCAB =

0.

For the second term, using that N(0) = 0, that
√
g

(1)
= 0, and that QABδQAB = 0, we

get:

− 1

2

(√
g(N ab − gabN )

)
(1)
δg

(0)
ab = −1

2

√
QNAB

(1) δQAB

=
1

2

√
Q
(
−DAŮB + V̊ CAB +

1

2
∂uq

AB
(2)

)
δQAB

=
1

2
∂A(
√
QŮBδQ

AB) +
1

2
∂u(

1

2

√
QqAB(2) δQAB)− 1

2
ŮBDAδQ

AB − 1

2
V̊ CABδQ

AB. (C.12)

For the last line, we have used δQAB = −QAA′QBB′δQ
A′B′ , and that Q is constant in u.

Altogether, we get

θ̂Ω
R,GH = δ

(
− 1

4

√
Q(∂uC

AB)CAB − 2
√
QM

)
+ ∂u

(1

4

√
QCABδC

AB +
1

4

√
QqAB(2) δQAB) + ∂A

(1

2

√
QŮBδQ

AB
)

− 1

2

(1

2

√
Q(∂uCAB)δCAB +

1

2
V̊ CABδQ

AB + ŮBDAδQ
AB
)
. (C.13)

In the first line, note that −1
4

√
Q(∂uC

AB)CAB = −1
8
∂u(
√
QCABC

AB). In the second line,
use that qAB(2) = −DAB + CACCB

C . By the equation of motion (6.53), DAB is proportional

to QAB and does not contribute since QABδQAB = 0. Using also that 1
8
δ(
√
QCABCAB) =

1
4

√
QCABδC

AB + 1
4

√
QCACCB

C δQAB, the ∂u-term in the second line becomes a total varia-

135



tion and cancels against the term in the first line. We are left with

θ̂Ω
R,GH = − 2δ(

√
QM) +

1

2
∂A(
√
QŮBδQ

AB)

− 1

2

(1

2

√
Q(∂uCAB)δCAB +

1

2
V̊ CABδQ

AB + ŮBDAδQ
AB
)
. (C.14)

C.2 Hamiltonians

We want to evaluate −Iξδθn. The starting point is

Ω−(D−3)δθn = δθ̂Ω − 1

2
Ω−(D−2)∂iδ(

√
gδN i). (C.15)

The expression for Iξδθ̂
Ω reads, translating (2.17) to our notation and dropping terms in

the constraint and its variation:

−Iξδθ̂Ω = ∂i/δĥ
i, where

/δĥi = NaP
i
b

(
1
2
δ
(√

ĝ(∇̂bξa − ∇̂aξb)
)

+ ξaθ̂b − ξbθ̂a
)
. (C.16)

It features the variation of the Komar charge, where the index on ∇̂ is raised with the phys-
ical metric. We have made the coordinate projector P i

b explicit, however, the expression
is automatically tangential to the level surfaces of Ω because of the antisymmetry of the
terms in parentheses. Geometrically, /δĥi is a (D−2)-form, pulled back onto an Ω = const.
surface.

The correction term can be written as

1

2
Ω−(D−2)Iξδ(

√
gδN i) =

1

2
NaP

i
bIξδ

(√
ĝδ(ĝab)

)
. (C.17)

We have used that Na and P i
b do not vary, and δ(ĝab) is the variation of the inverse metric.

The term
√
ĝδ(ĝab) is covariant, in the sense that the action Iξδ coincides with the spacetime

Lie derivative, since it involves no background structure. Using Lξ = δIξ + Iξδ, we get

1

2
NaP

i
bIξδ

(√
ĝδ(ĝab)

)
=

1

2
NaP

i
b (Lξ − δIξ)

(√
ĝδ(ĝab)

)
(C.18)

=
1

2
NaP

i
bδ
(√

ĝ(∇̂aξb + ∇̂bξa)
)

+
1

2
NaP

i
bLξ(

√
ĝδĝab). (C.19)
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Together, we get

−Ω−(D−3)Iξδθ
n = ∂i/δĥ

i
1, where

/δĥi1 = NaP
i
b

(
δ(
√
ĝ∇̂bξa) + ξaθ̂b − ξbθ̂a +

1

2
Lξ(
√
ĝδĝab)

)
. (C.20)

Let us now consider each of the pieces of (C.20) in turn. In the term NaP
i
b

√
ĝ∇̂bξa,

translating to the unphysical metric gives

NaP
i
b

√
ĝ∇̂bξa = Ω−(D−2)√gNaP

i
bg
bb′∇bξ

a + Ω−(D−1)√g(−2N iNaξ
a +NaNaξ

i). (C.21)

Now integrate by parts in the first term, and use∇bNa = ΩNab+χgab, as well as Naξ
a = Ωp

and NaN
a = 2Ωχ− 2λ. We get

NaP
i
b

√
ĝ∇̂bξa = − 2Ω−(D−1)√gξiλ+ Ω−(D−2)√g

(
χξi −N ip

)
+ Ω−(D−3)√g

(
−N i

aξ
a + P i

bg
bb′∇b′p

)
. (C.22)

Here N i = P i
bN

b, and N i
a = P i

bN b
a .

Using (6.26), the next term of (C.20) becomes

NaP
i
bξ
aθ̂b = Ωpθ̂i = −1

2
ΩpNaP

i
b∂Ω(

√
ĝδĝab) + Ω−(D−2)pδ(

√
gN i) + Ω−(D−3)pθi1. (C.23)

The next term of (C.20) is, using (6.24):

−NaP
i
bξ
bθ̂a = −ξiθ̂Ω = 2Ω−(D−1)ξiλδ

√
g + Ω−(D−2)

(
− ξiδ(√gχ)− 1

2
ξi∂j(

√
gδN j)

)
− Ω−(D−3)ξiθn. (C.24)

Lastly, the Lie derivative may be written as

1

2
NaP

i
bLξ(

√
ĝδĝab) =

1

2
NaP

i
b

(
∂c(
√
ĝδĝabξc)−

√
ĝδĝac∂cξ

b −
√
ĝδĝbc∂cξ

a
)
. (C.25)

Splitting the summation over c into tangential and transverse contributions in all three
terms, we get

1

2
NaP

i
bLξ(

√
ĝδĝab) =

1

2
NaP

i
b
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ĝP j

c δĝ
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ĝδĝbcP i
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√
ĝNcδĝ

bc∂Ωξ
a
)
. (C.26)
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Now, we use that
√
ĝδĝab = Ω−(D−2)√gδgab, that Na and P i

b commute with the coordinate

derivatives ∂i and ∂Ω, that Naδ
√
gab = δNa, and that NaδN

a = 2Ωδχ. Altogether, that
gives
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2
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i
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(
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. (C.27)

Putting the previous equations together gives

/δĥi1 =
1

2
Ω−(D−2)

(
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√
gξjδN i)−√gδN j∂jξ

i − ξi∂j(
√
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)
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δ
(
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)
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2

√
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)
.

(C.28)

The terms in the first line combine to ∂j(
√
gξjδN i−√gξiδN j). Since ultimately only ∂i/δĥ

i
1

is determined, and ∂i of the first line is zero, they may be dropped. We thus get

−Iξδθn = ∂i/δh
i
1, where

/δhi1 = δ
(
−√gN i

aξ
a +
√
ggia∂ap

)
+ pθa1 − ξiθn −

√
gδχ∂Ωξ

i − 1

2

√
gδgij∂jp. (C.29)

Here tensors with indices i and j are projected onto the level surfaces of Ω with the
coordinate projector along ∂Ω. gij is the projection of the inverse spacetime metric, not
the inverse of the pulled-back metric.

138


	List of Figures
	Introduction
	Background
	Outline and Main Results
	Part I: Canonical Structure at Finite Distance Null Surfaces
	Part II: Canonical Structure at Null Infinity


	The Covariant Hamiltonian Formalism
	Pre-symplectic Form and Potential
	Noether Charge Aspect
	Covariance
	Hamiltonians
	Expressions for General Relativity

	I Canonical Structure at Finite Distance Null Surfaces
	Gravity Degrees of Freedom on a Null Surface
	Setup
	Foliations, Normal Forms and Coordinates
	Decomposition of Metric Variations
	Extrinsic Geometry

	The Symplectic Potential on a Null Hypersurface
	Evaluation of Thetaâ l_a
	Splitting the Symplectic Potential into Bulk, Boundary and Total Variation

	Canonical Pairs
	Spin-2
	Spin-1
	Spin-0
	Geometrical Interpretation

	Lagrangian Boundary Terms

	Null Conservation Laws for Gravity
	Geometry
	Intrinsic and Extrinsic Geometry of a Null Surface
	Transformations of Intrinsic and Extrinsic Geometry under Diffeomorphisms

	Einstein Equations as Conservation Equations
	Conservation Law for ``Constant'' Vector Fields
	The Boundary Current and its Conservation

	Charges from Symplectic Potential
	Null Symplectic Potential and Intrinsic Symplectic Potential
	Noether Charge and Conservation Law

	Hamiltonians


	II Canonical Structure at Null Infinity
	Asymptotic Renormalization of the Canonical Structure of Electromagnetism in Flat Space
	Spacetime Structure
	Equations of Motion: Asymptotic Simplicity and the Conformal Current
	Renormalizing the Symplectic Potential
	The Standard Symplectic Potential and its Ambiguities
	Radial Equation and its Solution
	Renormalization of the Action and Transverse Symplectic Potential
	Analyticity Requirements
	Layers

	Asymptotic Equations of Motion
	Asymptotic Expansion of the Equations of Motion
	Free Data
	News, Charge Aspects, and Radiative Modes
	Consequences of Analyticity

	Renormalized Symplectic Potential
	D=6
	Coulombic Contribution in Higher Dimensions

	Generators and Connection to Soft Theorems
	Generators
	Extension Independent Symplectic Potential and Charges
	Connecting to Soft Theorems


	Asymptotic Renormalization of the Canonical Structure of General Relativity
	Asymptotic Simplicity, Variables and Einstein Equations
	Renormalization of Symplectic Potential and Action
	First Step
	Second Step
	The Renormalized Symplectic Potential
	Laurent Expansions and Higher Divergences

	Connecting to Generalized Bondi Gauge
	Connecting to Holographic Renormalization
	Switching to Gibbons-Hawking Polarization
	Four Dimensions
	Five Dimensions

	Hamiltonians

	Conclusions
	References
	APPENDICES
	Appendices to Chapter 3
	Extrinsic Geometry Expressed in Metric Parameters
	Calculation of the Variation of the Surface Gravity
	Calculation of Integration by Parts

	Appendices to Chapter 4
	Symplectic Potential
	Derivation of Raychaudhuri and Damour equations
	Diffeomorphism Actions

	Appendices to Chapter 6
	Connecting to Bondi Gauge
	Orders of the Metric and chi
	Orders of Some Components of N
	Symplectic Potential in Generalized Bondi Gauge

	Hamiltonians



