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Abstract

Mueller matrix polarimetry is the examination of how a sample transforms the polar-
ization state of light. This requires probing the sample with input light of a variety of
generated polarization states and analyzing the resulting output states, using a total of at
least sixteen irradiance measurements. This allows one to calculate the Mueller matrix,
which provides insight into the microstructure of the sample. In imaging applications this
can yield additional contrast between different types of materials. Examination of the
human retina has the potential to reveal not only ocular conditions, but also neurological
disorders due to the fact that the retina is made up of neural tissue. Deposits of amyloid-β
in the brain are a standard biomarker for Alzheimer’s disease. Similar deposits have been
identified in the retina. By studying ex vivo human retinae, members of Campbell Labs
have shown that these deposits can be imaged label-free using Mueller matrix polarimetry,
and that their number correlates with the severity of Alzheimer’s disease as assessed using
brain pathology post-mortem. Imaging these deposits in the living eye using in vivo retinal
polarimetry could provide an affordable and noninvasive biomarker for Alzheimer’s disease,
aiding in diagnosis.

This thesis uses a “double pass model” to describe in vivo retinal polarimetry: it is
assumed that light passes through the ocular tissue (i.e. the cornea, lens, and upper layers
of the retina) before reflecting within the retina, and traversing polarimetrically similar
tissue in the opposite direction. This model implies a particular mathematical structure
for the Mueller matrix in in vivo retinal polarimetry. This thesis proposes ways in which
this mathematical structure can be used advantageously when measuring and interpreting
double pass Mueller matrices. While other authors have used the double pass model for
in vivo retinal polarimetry, it is believed that this thesis is the first work to examine its
implications without also making assumptions about the polarimetric properties of the
ocular tissue.

Following other authors, this thesis first describes the reciprocity theorem which relates
a Mueller matrix for opposite paths through a sample, and uses it to apply the double pass
model to Mueller matrices. It is shown that double pass Mueller matrices have fewer degrees
of freedom than ordinary Mueller matrices. This allows double pass Mueller matrices to
be calculated from as few as ten irradiance measurements. Several designs are developed
for the generating and analyzing branches of a polarimeter, capable of measuring double
pass Mueller matrices in ten measurements while being optimized for the best possible error
performance. These are found using a novel extension of standard polarimeter optimization
techniques that allows them to take into account the aforementioned restrictions on double
pass Mueller matrices. These designs could be used to improve the speed of an in vivo
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retinal polarimeter used for Alzheimer’s disease diagnosis, reducing patient discomfort
and eye movement during the measurement. Next, the double pass Mueller matrix is
compared to the corresponding single pass Mueller matrix for transmission once through
the ocular tissue. New methods are found to calculate possible single pass polarimetric
properties from the double pass Mueller matrix. This may provide additional insight into
the microstructure of the sample and yield results that are more similar to the transmission
properties of retinal amyloid deposits previously measured ex vivo.

This thesis proposes new methods for measuring and interpreting Mueller matrices
measured in in vivo retinal polarimetry assuming the double pass model. These methods
could be applied in order to improve a future instrument for Alzheimer’s disease diagnosis
through observation of retinal amyloid deposits.
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Chapter 1

Introduction

Electromagnetic waves, including visible light, have a fundamental property known as
polarization [19]. The polarization state of light carries a lot of information, but is usually
imperceptible to the human eye1. Similar to how the colour of an object is determined by
how it reflects, transmits, or absorbs different wavelengths of visible light [58], objects can
also be classified by how they alter the polarization state of light. A Mueller Matrix (MM)
is a set of sixteen numbers that describes the effect an object has on the polarization state of
incident light. MM polarimetry is the measurement of MMs, by probing the object with a
variety of different polarization states and measuring the resulting output states [40]. This
requires at least sixteen irradiance measurements [40]. MMs can be interpreted in terms
of polarimetric properties such as retardance, diattenuation, and depolarization, which are
indicative of the microstructural features of the sample [57]. These properties have been
used successfully in biological studies to distinguish between normal and diseased tissue
[1, 50, 57, 101, 119].

Examination of the human retina is used for diagnosis of a wide range of different ocular
conditions [16, 122]. In addition, the retina is an embryological extension of the central
nervous system, that can be easily imaged due to the transparency of ocular tissue [92].
For this reason, there has been significant attention to the possibility of using the retina
to diagnose neurological diseases [84, 92]. Alzheimer’s Disease (AD) is a neurodegenera-
tive disease that is the most common form of dementia, and in the U.S. in 2019 it affected
approximately 5.8 million people [11]. It may be diagnosed based on cognitive tests and at-
tempts to rule out other causes of dementia, but this does not always reliably predict brain

1There are some rare situations in which humans can discern the difference between polarization states;
e.g. [111, 124, 135]
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pathology [11]. A biomarker is an objectively measurable “indicator of normal biological
processes, pathogenic processes or pharmacological response to a therapeutic intervention”
[12]. Biomarkers are important to provide a more reliable diagnosis for AD, and to allow
researchers to assess the effectiveness of drug trials [92]. Brain biomarkers of AD are well
established but expensive and invasive to assess in vivo [92].

A standard brain biomarker of AD, amyloid-β protein in the form of deposits, has
also been identified in the retina [35, 75]. In recent years, a project of Campbell Labs
(with which the author is affiliated) has been to study ex vivo retinae with matched brain
pathology [35, 43, 45, 67]. Deposits were discovered in the retinae that fluoresced when
stained with Thioflavin-S, an amyloid dye [35]. It was found that these could also be imaged
without dyes using MM polarimetry, and that their number correlated with the severity of
AD diagnosis from brain pathology [43, 45]. The primary cause of their visibility is linear
retardance, likely due to the fibrillar nature of amyloid, but there are also other significant
polarimetric signals [68]. Polarimetric data has been collected of over one thousand deposits
at Campbell Labs. These deposits are a promising candidate for a retinal biomarker of
AD. However, these were ex vivo retinal polarimetry measurements, studying the light that
was transmitted through isolated retinae. Future work is planned to be in vivo in order to
realize the diagnostic potential of this method. Due to the anatomy of the eye, in in vivo
retinal polarimetry light must pass through the cornea, pupil, lens, and upper layers of the
retina, before being reflected and traversing each of those structures again in the opposite
direction. This is a different measurement than past ex vivo images of retinal amyloid
deposits, not only due to the polarimetric effects of the cornea and lens [32, 30, 121], but
also because of the change from a transmission to a reflection geometry.

A number of instruments have been used in the past for in vivo retinal polarimetry. The
Carl Zeiss Meditec (formerly Laser Diagnostics) GDx and GDx-VCC were commercially
available instruments used for glaucoma diagnosis through assessment of the thickness
of the Retinal Nerve Fiber Layer (RNFL) [140, 143, 142]. They were also applied in
many different studies aimed at understanding how retinal structure changes in different
conditions (e.g. [51, 71, 99, 123]). These instruments were partial polarimeters, meaning
that they could not determine the full MM. Rather, they relied on the assumption that both
the anterior segment (consisting of the cornea and lens together) and the retina each acted
as a linear retarder, while also accounting for an isotropic depolarization term [73, 74, 142].
Additionally, they used what this thesis will define as the double pass model : that the beam
transmits through the ocular tissue before experiencing an idealized reflection within the
retina, after which it traverses polarimetrically similar tissue in the reverse direction [24, 64,
73, 74, 142]. There are two main advantages to this kind of partial polarimeter approach.
Firstly, it allows for a simpler polarimeter design due to not requiring measurement of the
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full MM. Secondly, under these assumptions the interpretation of the polarimetric results
is straightforward, and the linear retardance from a single pass through the RNFL can be
calculated and used to estimate its thickness [73, 74, 142].

However, this approach is unable to measure diattenuation or non-isotropic depolar-
ization, and will be in error when these polarimetric properties are present [25, 26, 126].
While diattenuation is usually small in the human eye [25, 28, 126], depolarization varies
and may increase in older eyes [22, 30, 26, 126]. Additionally, retinal amyloid deposits
measured ex vivo show some diattenuation and depolarization [68, 106]. Other research
groups have produced full MM in vivo retinal polarimeters which are able to measure any
combination of polarimetric properties [27, 21, 29, 49, 72, 79, 100, 126]. This comes at the
cost of increased complexity of the instrument and/or increased total measurement time.

This thesis proposes using the double pass model, without any other assumptions about
the polarimetric properties of the retina (or retinal amyloid deposits), as the basis for a new
type of partial in vivo retinal polarimetry. The double pass model alone implies a specific
mathematical structure for the MM that is measured in in vivo retinal polarimetry. It
will be shown that any double pass MM is restricted to have only ten degrees of freedom
rather than sixteen. While the term “double pass” is often used to describe measurements
in the eye (e.g. [7, 27, 21, 28, 108]), to the best of the author’s knowledge this thesis is the
first work to propose using the restrictions on the MM that are implied by the double pass
model for partial in vivo retinal polarimetry. This approach has several benefits for the
application of detecting retinal amyloid deposits in vivo as a biomarker for AD diagnosis.
A double pass MM can be determined from as few as ten measurements, while still being
sensitive to diattenuation and depolarization as well as retardance. This may decrease the
time required for each patient, reducing patient discomfort and the number of disruptions
such as blinks, involuntary eye movements [88], and tear film drying [62]. Additionally, the
double pass model relates the transmission properties of the retina and amyloid deposits,
which have been measured ex vivo by Campbell Labs, with the full in vivo MM. This aids
in the interpretation of the in vivo MM.

Chapter 2 outlines the important background concepts of polarization, Jones and
Mueller matrices, and polarimetry. Chapter 3 describes the double pass model and the
mathematical structure of double pass MMs. It is shown that double pass MMs have a
property called reciprocal invariance, which is due to the symmetry of the double pass
model upon switching the incident and reflected beam. As well, a polarization ray tracing
model is used to provide additional support for the claim that the MM measured in in vivo
retinal polarimetry should be Reciprocal Invariant (RI).

Chapter 4 shows how to choose which generating and analyzing polarization states to
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use for a partial polarimeter assuming the MM is RI. These states are optimized based
on the objective of reducing the impact of experimental errors on the measured MM.
The methodology used in this chapter is related to other author’s work in the field of
polarimeter optimization (e.g. [125, 130, 139]) but has novel elements. Several example
optimized polarimeter designs are found which can determine a double pass MM in as few
as ten measurements. A simulation is used to examine the performance of these designs
and compare them to a conventional full MM polarimeter design. These designs could be
used for faster measurement of double pass MMs in in vivo retinal polarimetry.

Chapter 5 examines the relationship between a double pass MM and its corresponding
single pass MM (that is, the MM for transmission once through the ocular tissue). It is
shown how to calculate possible single pass polarimetric properties from the double pass
MM. These may provide more direct information about the microstructural features of the
ocular tissue than the double pass polarimetric properties do. Chapter 5 also highlights
how some of the information in the single pass MM is inaccessible in double pass. This has
implications for studies of the transmission ex vivo retinal data currently being collected
by Campbell Labs.

This thesis demonstrates the potential advantages of partial in vivo retinal polarimetry
based on the double pass model without any assumptions about the polarimetric properties
of ocular tissue. As well, methodologies are developed for the practical tasks of optimizing
such a polarimeter and interpreting the resulting MMs. This work could be used by a
future instrument identifying retinal amyloid deposits in vivo for AD diagnosis.
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Chapter 2

Background

2.1 Polarization of Light

2.1.1 Electromagnetic Waves

In vacuum, Maxwell’s equations involving the electric (E) and magnetic (B) fields can be
used to derive the vector wave equations

∇2E− ε0µ0
∂2E

∂t2
= 0 (2.1)

∇2B− ε0µ0
∂2B

∂t2
= 0. (2.2)

where ε0 is the vacuum permittivity and µ0 is the vacuum permeability. Consider plane
wave solutions for E; i.e., those for which E is constant on every plane perpendicular to
some unit vector n̂. This implies that E can be written as a function of r · n̂ and t only.
Combining this assumption with that of separable time dependence,

E(r, t) = E0e
i(k·r−ωt) (2.3)

where E0 is a constant (generally complex) vector, ω is the frequency, and k ≡ n̂
√
µ0ε0ω.

Using the Maxwell equations it can be shown that E0 · k = 0, that is, harmonic plane
waves are transverse.

Define unit vectors t̂1 and t̂2 such that t̂1 × t̂2 = n̂. E0 can be described in terms of
its scalar projections onto t̂1 and t̂2:

E0 = Et̂1
t̂1 + Et̂2

t̂2 = a1e
iδ1 t̂1 + a2e

iδ2 t̂2 (2.4)
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where Et̂i
= E0 · t̂i, and ai and δi are real, for i = 1, 2.

Because of the Lorentz force equation

F = q(E + v ×B) [66],

where F is the force on a point charge, q is the charge, and v is the velocity, complex E
or B would imply complex forces, which would be unphysical. Due to the linearity of the
equations involved, one can always construct a real solution using Ereal ≡ 1

2
(E + E∗) =

<(E). However, during intermediate calculations it is often convenient to work with the
complex versions, understanding that Ereal can be produced at the end of the calculation
if needed.

2.1.2 The Polarization Ellipse

The vector nature of the complex amplitude E0 leads to a large variety of behaviour,
beyond what is possible for scalar waves. The orientation of E0 is time-independent, but
this is not true of <(E). Considering the final expression for the electric field

E = E0 e
i(k·r−ωt) = (a1e

iδ1 t̂1 + a2e
iδ2 t̂2)ei(k·r−ωt). (2.5)

The corresponding real electric field is given by

Ereal =
1

2
(a1 cos(k · r− ωt+ δ1)t̂1 + a2 cos(k · r− ωt+ δ2)t̂2). (2.6)

Defining the components of Ereal with respect to t̂1 and t̂2 as x = Ereal · t̂1 and
y = Ereal · t̂2, they are related through an ellipse equation:

a2
1a

2
2 sin2(δ2 − δ1) = a2

2x
2 + a2

1y
2 − 2a1a2xy cos(δ2 − δ1) [53]. (2.7)

This implies that the tip of the vector Ereal always lies on an ellipse, the shape of which
is determined by a1, a2, and δ2 − δ1. The exact position of Ereal on this ellipse depends
on the phase argument k · r− ωt. This is known as the polarization ellipse [19, 53, 58]. If
δ2 − δ1 = nπ for integer n, then it follows from equation 2.7 that

0 = (a2x− a1y)2 =⇒

y =
a2

a1

x

6



so the ellipse collapses into a straight line passing through the origin. In this case the wave
is said to be linearly polarized [19]. If δ2 − δ1 = nπ + π/2 and a1 = a2,

a2
1 = x2 + y2

so the ellipse reduces to a circle and the wave is said to be circularly polarized [19]. In all
other cases, the wave at r is said to be elliptically polarized [19]. For circular and elliptical
polarization, one can distinguish the direction in which Ereal traces out the ellipse. If,
with increasing t, Ereal traces the ellipse in anti-clockwise direction in the (t̂1, t̂2) plane the
polarization is called right handed; otherwise, it is called left handed [41].

The choice of t̂1 and t̂2 is not unique. However, with respect to a new basis t̂′1 and t̂′2
obeying t̂′1× t̂′2 = n̂, linear polarization will remain linear, circular polarization will remain
circular, and handedness will be preserved.

2.1.3 Jones Vectors and Stokes Vectors

The polarization state of a wave at a given point can be written as a 2× 1 vector

j ≡
[
a1e

iδ1

a2e
iδ2

]
(2.8)

known as a Jones vector [53]. Note that this definition assumes a particular choice of t̂1

and t̂2.

Jones vectors are a useful theoretical tool, but cannot be directly measured. This is
because the temporal frequencies of visible light are extremely rapid in comparison to the
response time of a typical detector [53, 58], meaning E is not measured directly. Detectors
instead measure the irradiance, which is the average energy deposited in the detector
per unit area per unit time [40, 58]. Typically, it is assumed that E is sufficiently close
to a plane wave that the irradiance is constant spatially across the relevant portion of
the detector. Then irradiance is proportional to 〈|E|2〉 [58], where 〈f(r, t)〉 represents
the average of f over the measurement time. The Stokes parameters represent a set of
irradiance measurements from which the polarization ellipse of a plane wave can be inferred.
These are

s0 ≡
〈
a2

1 + a2
2

〉
(2.9)

s1 ≡
〈
a2

1 − a2
2

〉
(2.10)

s2 ≡ 〈2a1a2 cos(δ2 − δ1)〉 (2.11)

s3 ≡ 〈2a1a2 sin(δ2 − δ1)〉 [66]. (2.12)
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The Stokes parameter s0 is the irradiance of the wave. The component s1 = ±1
for linearly polarized light aligned with the t̂1 or t̂1 directions respectively. The next
component s2 = ±1 for linearly polarized light aligned with the t̂1 + t̂2 or t̂1− t̂2 directions.
Lastly, s3 = ±1 for right or left-handed circularly polarized light. If a1, a2, and δ2− δ1 are
constant across the pixel size and measurement time, and these parameters obey

s2
0 = s2

1 + s2
2 + s2

3. (2.13)

The Stokes parameters can be arranged into a 4x1 Stokes vector

s ≡


s0

s1

s2

s3

 . (2.14)

Stokes vectors have the advantage of being directly measurable quantities (irradiances) and
can also describe partially polarized light, discussed in the next section. For every Jones
vector j, there is a corresponding Stokes vector s equal to

s = L 〈j⊗ j∗〉 [53] (2.15)

where

L =


1 0 0 1
1 0 0 −1
0 1 1 0
0 i −i 0

 ,
∗ is the complex conjugate, and ⊗ is the Kronecker product [60].

2.1.4 Unpolarized and Partially Polarized Light

The monochromatic plane waves treated so far exist at all points r in space and t in time.
This would not be the case for a real wave. For any physical wave, a source started emitting
the wave at some point in time and will stop emitting it at a later time, and so the wave
is actually a wave pulse [19, 58]. It can still be described by the sum of 2.5 for a range of
frequencies ω. For a long enough wave pulse, the range of frequencies will be narrow and
the wave is called quasimonochromatic [58].
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A nonlaser light source will in fact emit wave pulses at random, overlapping with one
another such that the light emission appears continuous [58, 131]. This leads to fluctuations
in time of the polarization parameters a1, a2, δ1, and δ2, causing the shape and handedness
of the polarization ellipse to vary with time. If it varies slowly enough to be constant
over the measurement time, then the Stokes parameters will still obey equation 2.13. If
however they are not constant during the measurement time, restriction 2.13 is no longer
true, although the Stokes parameters must always obey the inequality

s2
0 ≥ s2

1 + s2
2 + s2

3 [53]. (2.16)

If s2
1 + s2

2 + s2
3 = 0, the light is said to be unpolarized [58]. Fully polarized light on the

other hand is light for which s2
1 + s2

2 + s2
3 = s2

0, and partially polarized light lies between
these two extremes.

If a1/a2 and δ1 − δ2 stay constant in time, then the Jones vector can be written as a
scalar multiplied by a time independent vector:

j = a(t)eiδ(t)
[
ac1e

iδc1

ac2e
iδc2

]
. (2.17)

This wave is fully polarized despite the time dependence, because the associated Stokes
parameters obey 2.13. It can be shown that the shape and handedness of the polarization
ellipse are constant, although the amplitude and phase may fluctuate. However, the time
dependence will matter once again if two such waves are added together. Even if both
are of the form 2.17, the sum may or not be, depending on the relationships between the
two time dependent prefactors. The different possibilities are described by the concepts of
coherent and incoherent superposition of waves [53].

2.1.5 Coherence

Consider the sum of two plane waves Ereal and E′real: Ereal,sum ≡ Ereal+E′real = <(E+E′),
with their complex fields each described by 2.5 and having the same k and ω. The Jones
vector of the sum is

jsum ≡ j + j′ = a(t)eiδ(t)
([

ac1e
iδc1

ac2e
iδc2

]
+
a′(t)

a(t)
ei(δ

′(t)−δ(t))
[
a′c1e

iδ′c1

a′c2e
iδ′c2

])
. (2.18)

If the factor

a′(t)

a(t)
ei(δ

′(t)−δ(t))
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is constant over the measurement time, then jsum has the form of 2.17 and the wave is fully
polarized. The two waves are said to be coherent [58]. As an example, consider a single
wave that is split into two components that travel along different paths. The polarization
state of each wave will change in different ways along its path. If the two paths then come
back together and the waves are recombined, and if the total path length that each has
travelled is similar enough, then the two waves will add coherently.

If δ′i − δi is not constant over the measurement time, consider the Stokes parameter

s0,sum =
〈
a2

1 + a′21 + 2a1a
′
1 cos(δ′1 − δ1) + a2

2 + a′22 + 2a2a
′
2 cos(δ′2 − δ2)

〉
= s0 + s′0 + 〈2a1a

′
1 cos(δ′1 − δ1) + 2a2a

′
2 cos(δ′2 − δ2)〉 .

If δ′i − δi for i = 1, 2 varies at random during the measurement time then the interference
term

〈2a1a
′
1 cos(δ′1 − δ1) + 2a2a

′
2 cos(δ′2 − δ2)〉

averages to zero. In this case, the two waves are said to add incoherently [53]. By con-
sidering the other Stokes parameters, it can be shown that in this case the Stokes vector
ssum = s + s′. Therefore, while adding Jones vectors represents coherent sum of plane
waves, adding Stokes vectors represents incoherent sum [53]. In the intermediate case in
which δ′i − δi varies in time but the interference terms do not vanish, the two waves are
partially coherent. They can be split into fully coherent components that are added as
Jones vectors and fully incoherent components that are added as Stokes vectors [53].

2.2 Light in Matter

2.2.1 Electromagnetic Waves in Matter

The wave equations that were the starting point of the previous section were only strictly
valid in vacuum. In matter, the complicated distribution of charges within atoms and
molecules makes the microscopic Maxwell equations impractical to use [66]. The macro-
scopic Maxwell equations can be introduced by taking the spatial average over small vol-
umes (of the order ≈ 10−24m3 [66]), smoothing out these microscopic fluctuations. In
addition to the electric and magnetic fields, these equations involve the additional fields
D and H [19, 66]. Different types of materials are characterized by different constitutive
relations which identify the relationship between (D,H) and (E,B) [19]. These constitu-
tive relations lead to different behaviors of elecromagnetic waves in those materials. A few
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important examples of constitutive relations will be discussed in this section, to show how
these materials modify the polarization state of light.

In the case of a linear, nonmagnetic, isotropic material,

D = εE (2.19)

H =
1

µ0

B (2.20)

where ε is a scalar known as the dielectric constant [19]. Assuming that there are no
charges or currents, it can be shown that

∇2E− εµ0
∂2E

∂t2
= 0 [41]. (2.21)

This is identical to the wave equation in the previous section, with the substitution ε0 −→ ε.
Waves of the form of 2.3 propagate just as they would in the vacuum, but at a different
speed. An absorbing isotropic medium can be represented using a complex ε, which results
in an exponential decaying factor in the amplitude of the wave [19]. Light can propagate
through this type of material without altering the shape of its polarization ellipse [41].

A second important example is that of a linear, nonmagnetic, electrically anisotropic
material, for which

D = εE (2.22)

H =
1

µ0

B (2.23)

ε ≡ UT

 εx′ 0 0
0 εy′ 0
0 0 εz′

 U (2.24)

where ε is the 3×3 dielectric tensor, T means transpose, and U is a real orthogonal1 matrix
[19, 41]. In this form, the strength of the response of the material depends on the direction
of E [19]. U is a change-of-basis matrix into a new coordinate system x′, y′, z′, known
as the principle coordinates of the material [19]. Wave propagation in such a material is
significantly more complicated than in a vacuum. Assuming plane wave harmonic solutions
it can be shown that for a given wave normal n̂, the only plane waves that can propagate
in the medium are those that are linearly polarized along one of two orthogonal directions
[19, 41]. Each direction has a different effective dielectric constant, determining the speed

1That is, a matrix for which UT U = UUT = I, where I is the identity matrix.
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at which the wave travels and how much it is absorbed. The difference in speeds means
that at an interface, Snell’s law will cause the each wave to refract in different directions
[19]. As well, in general the waves are not transverse, that is, E is not perpendicular to n̂.
A consequence of this is that the energy of the wave proceeds in a different direction than
n̂ [19, 58]. This “ray vector” direction is also different between the two possible linearly
polarized waves [19].

Consider the situation in which a plane wave in vacuum passes through a slab of an
anisotropic material. Combining the requirements of Snell’s law for entry into the medium
with those of the Maxwell equations for propagation within the medium, there are in
general two linearly polarized states that are permissible [19]. The incident plane wave,
whatever its polarization, can be written as a coherent sum of these two states [53]. These
two waves propagate through the medium, and then upon exiting can in general be added
coherently to obtain again a single waves [53]. Within the medium, each travels at a
different speed and is absorbed at a different rate. The difference in speeds means that
there is a phase difference between the two waves that accumulates as they traverse the
slab. The total phase difference is known as linear retardance, and the polarization of the
wave that travelled fastest is known as the linear fast axis [39]. The amount of retardance
per unit thickness is known as the birefringence [19]. The phase difference affects the
degree to which the component waves add destructively or constructively upon exiting the
medium, and therefore changes the polarization ellipse of the output wave.

If the two component waves are absorbed at different rates, this is known as linear
dichroism. Linear diattenuation is a measure of the total difference between the absorp-
tion of the two waves, while the polarization that is absorbed less is known as the linear
diattenuation orientation [39]. Like retardance, this also changes the polarization ellipse
as the wave propagates through the medium. Reflections at the interface between two
materials can also cause retardance and diattenuation [53], even though the materials may
not be birefringent or dichroic.

Next, a chiral material can be described using the constitutive relations

D = ε(E + β∇× E) (2.25)

B = µ(H + β∇×H) [46, 77]. (2.26)

In this type of media, the permitted plane waves are those with left and right handed
circular polarization states [41, 77]. Similar to the effect anisotropic materials have on linear
polarization states, chiral materials can impose phase differences between left and right
handed circularly polarized light (circular birefringence) and/or absorb one preferentially
(circular dichroism) [39]. This will also have the effect of changing the polarization ellipse
as a wave propagates through the material.
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For each of these types of materials, the change in polarization ellipse due to propagation
can be represented using the Jones calculus [65]. If the incident wave is represented by
a Jones vector jIN , then transmission through the material has the effect of transforming
this into a different Jones vector jOUT . These can always be related to one another by a
complex 2× 2 Jones matrix :

jOUT = J jIN [41, 53, 58]. (2.27)

The Jones matrix can be used to predict the output Jones vector given any input Jones
vector. Any process in which the input and output fields are linearly related, and both
have a well defined Jones vector, can be represented using a Jones matrix [53]. The con-
cepts of retardance and diattenuation can be extended to describe the phase difference and
absorption difference between elliptical states of polarization. In fact, any 2 × 2 complex
matrix is a valid Jones matrix and its effects can always be understood as a combination
of retardance and diattenuation [8, 53]. While these concepts have been introduced by
considering transmission through birefringent and dichroic materials, retardance and di-
attenuation can be caused by other processes, such as the Fresnel equations for reflection
and transmission at an interface [66]. Jones matrices for various types of retarders and
diattenuators can be found in standard textbooks; e.g. [53, 58].

Linear diattenuation and linear retardance are indicators of the anisotropy of the sam-
ple. While they were defined by considering the dielectric tensor (indicating anisotropy
on the molecular level), they can also occur due to anisotropy on larger scales [70, 94].
For example, linear retardance and linear retardance fast axis have been used to visualize
the thickness and orientation of bundles of fibres in biological tissue [49, 50, 57, 70, 142].
Likewise, circular diattenuation and circular retardance are indicators of the chirality of
the sample. They can be used to test for the presence of chiral molecules, such as glucose
[18, 107].

2.2.2 Non-depolarizing Mueller Matrices

Similar to the Jones matrix, the Mueller matrix (MM) represents transformations between
input and output Stokes vectors. Starting from equation 2.27 and using equation 2.15 to
convert both Jones vectors to Stokes vectors, it can be shown that

sOUT = L(J⊗ J∗)L−1sIN [53].

The real 4× 4 matrix

MJ = L(J⊗ J∗)L−1 [53] (2.28)
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is a non-depolarizing MM. “Non-depolarizing” refers the the fact that given a fully polarized
sIN , the output Stokes vector sOUT will always also be fully polarized. In subsection 2.2.3,
it will be shown that MMs can also describe processes that introduce depolarization into
the output Stokes vector. This is not possible using Jones matrices, and is the reason why
MMs are often preferred for the study of biological tissues [1, 57] and particularly retinal
amyloid deposits [45, 106]. A product of MMs MJ2 MJ1 is equivalent to a system in which
light experiences first MJ1, and then MJ2 [53].

The concepts of diattenuation and retardance can also be represented using MMs. A
diattenuator MM, which has diattenuation but no retardance, can be written (using matrix
block notation) as

MD =
1

1 +D

[
1 DT

D mD

]
mD =

√
1−D2I +

1−
√

1−D2

D2
DDT

(2.29)

where D is a 3×1 vector known as the diattenuation vector 2 [39, 53, 83]. Lower case mD is
the lower right 3× 3 submatrix of MD. It is symmetric, and has the property mD D = D.
The matrix MD is specified entirely by the diattenuation vector D.

Any diattenuator has two eigenpolarizations for which the shape of the polarization
ellipse is unchanged by MD [83]. For an anisotropic material with the constitutive re-
lations 2.22, these are the two linear polarization states that are permitted inside the
material, as described in the previous subsection. The Stokes vectors of the two eigenpo-
larizations are given by [1, D̂]T and [1, −D̂]T respectively:

MD [1, D̂]T = Tmax[1, D̂]T (2.30)

MD [1, −D̂]T = Tmin[1, −D̂]T (2.31)

where Tmax and Tmin are scalars with Tmax > Tmin > 0, indicating that one eigenpolariza-
tion is transmitted more strongly than the other [39, 83]. The diattenuation magnitude
|D| = D is bounded by zero and one and is related to the difference in transmittance
between the eigenpolarizations:

D =
Tmax − Tmin
Tmax + Tmin

[39]. (2.32)

2D shares a symbol with the displacement vector in the macroscopic Maxwell equations. From this
point on in the thesis, D will always refer to diattenuation vector.
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Equation 2.29 is normalized such that Tmax = 1. The diattenuation vector D indicates
both the eigenpolarizations of the diattenuator and the difference in transmittance between
those eigenpolarizations.

D can be separated into three scalar components:

D =

 DH

D45

DC

 (2.33)

which represent horizontal diattenuation, forty-five degree diattenuation and circular di-
attenuation respectively [83]. The first two components can instead be represented by a
linear diattenuation magnitude,

DL =
√
D2
H +D2

45 [127] (2.34)

and linear diattenuation orientation3

Dθ = (1/2)arctan2(D45, DH) [127]. (2.35)

DL and Dθ are indicative of the strength and orientation of the optical anisotropy of the
sample respectively.

Note that diattenuators also exhibit polarizance, which is the property of turning inci-
dent unpolarized light into partially or fully polarized light [53]. The polarizance vector P
of any MM M is defined as

c′ [1, P]T ≡M[1, 0, 0, 0]T (2.36)

for some scalar c′. Any diattenuator MD has P = D. A polarizer (or partial polarizer)
with zero retardance is the same as a diattenuator, given by equation 2.29.

In turn, a retarder with zero diattenuation can be written

MR ≡
[

1 0T

0 mR

]
[53] (2.37)

where 0 is the 3×1 zero vector. Mathematically, mR is a 3D proper rotation matrix in the
space of the last three Stokes parameters [s1, s2, s3] [53]. In order to be a rotation matrix,
mR must obey

mR mT
R = I

det(mR) = +1.

3arctan2(Y,X) is the four quadrant arctangent function, which is equal to arctan(Y/X) if X is positive,
and arctan(Y/X) + π if it is negative [89].
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mR can be specified entirely by a rotation axis R̂ and an angular rotation distance R [53].
Together these make up the retardance vector R = RR̂ [83]. The 3×1 vector R completely
specifies MR. Physically speaking, the direction R̂ gives the two eigenpolarizations of MR,
[1, R̂]T and [1, −R̂]T . A wave with Stokes vector [1, R̂]T is advanced in phase relative to a
wave with Stokes vector [1, −R̂]T , hence R̂ is known as the fast axis [83]. The magnitude
of the retardance vector R is the retardance, i.e. the phase difference between the two
waves [83].

R can be written in terms of three components

R =

 RH

R45

RC

 [83]

which can be calculated using4

R = arccos

(
trace(mR)− 1

2

)
RH =

R

2 sinR
(mR(2, 3)−mR(3, 2))

R45 =
R

2 sinR
(mR(3, 1)−mR(1, 3))

RC =
R

2 sinR
(mR(1, 2)−mR(2, 1))

[83]. (2.38)

Similar to the diattenuation, these components represent horizontal, forty-five degree, and
circular retardance respectively. Define the linear retardance RL ≡

√
R2
H +R2

45 and linear
fast axis θ ≡ (1/2)arctan2(R45, RH) [127]. A linear retarder is a retarder for which RC = 0,
and can always be written as

MLR(RL, θ) =

[
1 0T

0 mLR(RL, θ)

]
mLR(RL, θ) =

 cos2(2θ) + cos(RL) sin2(2θ) (1− cos(RL)) cos(2θ) sin(2θ) − sin(RL) sin(2θ)
(1− cos(RL)) cos(2θ) sin(2θ) cos(RL) cos2(2θ) + sin2(2θ) cos(2θ) sin(RL)

sin(RL) sin(2θ) − cos(2θ) sin(RL) cos(RL)

 [39].

(2.39)

4Strictly speaking, equations 2.38 fail for R = 0 or R = π [53]. In the R = π case, other equations can
be derived to determine the three components RH , R45, and RC . If R = 0, then MR = I.
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Note that RC = 0 implies that the eigenpolarizations [1, R̂]T and [1, −R̂]T both represent
linearly polarized light.

A circular retarder on the other hand has circularly polarized eigenpolarizations. This
implies RL = 0, and

MCR(RC) =


1 0 0 0
0 cos(RC) sin(RC) 0
0 − sin(RC) cos(RC) 0
0 0 0 1

 [53]. (2.40)

A retarder with RL 6= 0 and RC 6= 0 is known as an elliptical retarder, and has elliptically
polarized eigenpolarizations.

Because of the periodic nature of waves, a retardance of 2π radians has no effect on
the polarization state of a wave. This leads to an ambiguity in the retardance vector: the
vectors

R = RR̂ −→ (R + 2πn)R̂ (2.41)

n ∈ Z

all give the same MM MR [39]. Equations 2.38 return the unique retardance vector for
which 0 < R < π.

Any non-depolarizing MM can constructed (up to a scalar constant) by multiplying
together MD and MR [53, 83]. Non-depolarizing MMs are always equivalent to a Jones
matrix [53]. They are more convenient than Jones matrices for some types of analyses due
to their connection with Stokes vectors, which are more directly measurable than Jones
vectors [40]. However, one can also consider depolarizing MMs, which may output partially
or unpolarized Stokes vectors even given fully polarized input. This type of process cannot
be represented with Jones matrices [53].

2.2.3 Depolarizing Mueller Matrices

Depolarizing MMs are those that can output partially polarized or unpolarized light for
fully polarized input light [53]. This occurs when the beam that is recorded at the detector
is made up of two or more incoherent components sOUT,i that have experienced different po-
larimetric effects [53]. These components could be contributions from different light paths
through the optical system, due to scattering, multiple reflections, or spatial heterogeneity
of the sample [53]. For polychromatic light, they could be different spectral components
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that experience different polarimetric effects as a consequence of dispersion [53]. The total
Stokes vector at the detector can be written

sOUT =
∑
i

ρisOUT,i

sOUT,i = MJi sIN [53].

where ρi are scalar values indicating the strength of the contribution sOUT,i, and MJi are
non-depolarizing MMs that represent the polarimetric effects experienced by that compo-
nent of the beam. Then the total output Stokes vector is related to the input Stokes vector
via

sOUT =
∑
i

ρiMJisIN =⇒

M =
∑
i

ρiMJi [53]. (2.42)

M defined by equation 2.42 has in general sixteen degrees of freedom, and can cause
retardance, diattenuation, and polarizance in addition to depolarization. This equation
defines what it means to be a MM: every valid MM is either non-depolarizing or is equal
to a weighted sum of non-depolarizing MMs [42, 53], as in equation 2.42. 4 × 4 matrices
that cannot be written in this form are not MMs at all [42, 53].

An example of a MM that contains only depolarization is the diagonal matrix

M∆ =


1 0 0 0
0 e1 0 0
0 0 e2 0
0 0 0 e3

 [83] (2.43)

0 ≤ e1, e2, e3 ≤ 1. (2.44)

If e1 = e2 = e3 = 0, then M∆ is a total depolarizer and always outputs unpolarized light
regardless of the input polarization.

The strength of a depolarizer can be assessed using its depolarization power ∆:

∆ = 1− trace(abs(M∆))− 1

3
[83]. (2.45)

∆ ranges from zero for nondepolarizing MMs to one for a total depolarizer.
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2.3 Polarimetry

2.3.1 Mueller Matrix-Measuring Devices

MM polarimetry (usually shortened to “polarimetry” in this thesis) is the process of mea-
suring the MM of a sample. Once the MM is determined, it is known how the sample will
transform any Stokes vector. The MM provides detailed information about the sample that
can be used for testing optical elements [138], determining the dielectric tensor under some
assumptions [13, 14], and improving contrast between different types of samples, including
biological tissue [29, 41, 57].

The operation of a MM polarimeter is governed by the polarimetric measurement equa-
tion, which will be derived in this section, following the derivation by by Chipman [40].
Other approaches for calculating the MM exist (e.g. [29, 128, 137]) but are less general.

A MM polarimeter must be equipped with both a Polarization State Generator (PSG)
and a Polarization State Analyzer (PSA). These are sequences of optical elements with
the ability to modulate their polarimetric properties. One simple PSG design consists of a
horizontal linear polarizer (equation 2.29 with D = [1, 0, 0]T ) followed by a Quarter Wave
Plate (QWP) (equation 2.39 with RL = π/2) [4, 29]. The linear fast axis direction θG
can be varied by rotating the QWP. The MMs of these two components can be multiplied
together to obtain the net MM of the PSG:

MPSG,i =
1

2


1 1 0 0

cos2(2θG,i) cos2(2θG,i) 0 0
cos(2θG,i) sin(2θG,i) cos(2θG,i) sin(2θG,i) 0 0

sin(2θG,i) sin(2θG,i) 0 0

 .
The subscript i has been introduced to represent the fact that θG,i may change for each of
i irradiance measurements. The same optical elements in the reverse order can be used for
the PSA [29], giving

MPSA,i =
1

2


1 cos2(2θA,i) cos(2θA,i) sin(2θA,i) − sin(2θA,i)
1 cos2(2θA,i) cos(2θA,i) sin(2θA,i) − sin(2θA,i)
0 0 0 0
0 0 0 0

 .
The PSG is situated before the sample, while the PSA is placed after the sample. The

net MM of the entire polarimeter during measurement i is therefore MPSA,i M MPSG,i,
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where M is the MM of the sample itself. Then, the ith irradiance measurement Ii is given
by

Ii = c [1, 0, 0, 0] MPSA,i M MPSG,i [1, 0, 0, 0]T

= c sTA,i M sG,i (2.46)

where, in the case of the rotating QWP design,

sG,i ≡ (1/2) [1, cos2(2θG,i), cos(2θG,i) sin(2θG,i), sin(2θG,i)]
T (2.47)

sA,i ≡ (1/2) [1, cos2(2θA,i), cos(2θA,i) sin(2θA,i), − sin(2θA,i)]
T . (2.48)

Equation 2.46 assumes that that the light generated by the source, prior to reaching the
PSG, is unpolarized. Likewise, it assumes that after the PSA, the detector measures irra-
diance without any polarization bias. These assumptions may not be completely accurate,
but it can be shown that equation 2.46 holds regardless if the first element of the PSG and
the last element of the PSA are both polarizers. The scalar constant c depends on many
factors such as the intensity of illumination, sensitivity of the detector, losses within the
instrument, and so on. Equation 2.46 can be rewritten in the form

Ii = WT
i
~M [40] (2.49)

where

Wi ≡ c(sA,i ⊗ sG,i) (2.50)

is known as the ith measurement vector and ~M is the Mueller vector consisting of rows of
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M stacked into a 16× 1 vector; i.e.

~M ≡



M(1, 1)
M(1, 2)
M(1, 3)
M(1, 4)
M(2, 1)
M(2, 2)
M(2, 3)
M(2, 4)
M(3, 1)
M(3, 2)
M(3, 3)
M(3, 4)
M(4, 1)
M(4, 2)
M(4, 3)
M(4, 4)



. (2.51)

Equation 2.49 relates an irradiance measurement to a linear combination of Mueller
matrix elements, with coefficients that are given by Wi. If n irradiance measurements are
made, these can be grouped into a single matrix equation

~I = W ~M [40] (2.52)

~I ≡ [I1, I2, ..., In]T (2.53)

W ≡ [W1, W2, ..., Wn]T . (2.54)

W has dimensions n×16 and is known as the measurement matrix. It can be constructed
if the MMs of the PSG and PSA are known for all n measurements. The constant c is
not usually known, and furthermore is a dimensionful quantity with the same units as ~I.
The final MM is usually normalized to remove the influence of c [53]. Equation 2.52 is the
polarimetric measurement equation [40, 125] and is useful for understanding many different
aspects of MM polarimetry. Primarily, it is used for the purpose of calculating the MM,
by solving the equation

~IEST = W ~MEST (2.55)

for ~MEST [40]. ~IEST is the estimated irradiance; it differs from the idealized irradiance ~I
due to errors in the PSG, PSA, and detector. This leads to an estimated Mueller vector
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~MEST that may differ from the true Mueller vector of the sample. Calculating ~MEST

requires that W is invertible. If n < 16, then no inverse exists and there are an infinite
number of possible ~MEST that can satisfy equation 2.52. If n = 16, then W is square so
unless it is singular it has an inverse and a unique ~MEST can be calculated. If n > 16,
then the system of equations is overdetermined. Due to the error in ~IEST , it is very likely
that the system will be inconsistent- that is, there will be no ~MEST that perfectly satisfies
equation 2.55. In this case, the pseudoinverse of W given by

W−1 = (WT W)−1 WT (2.56)

is used in place of the regular inverse [40, 102]. The pseudoinverse has the property that

the Mueller vector estimate ~MEST = W−1~IEST = (WT W)−1 WT ~IEST minimizes the
quantity

‖~IEST −W ~MEST‖2

where ‖ · ‖2 is the Euclidean vector norm:

‖~x‖2 = (
n∑
i=1

x(i)2)1/2 = ~xT ~x (2.57)

for any n× 1 vector ~x [102].

In conclusion, at least sixteen measurements are necessary in order to fully determine
the MM. Each of these measurements is described by a PSG state sG,i and a PSA state
sA,i. The PSG and the PSA each have a range of states available to it, depending on the
optical elements it consists of and their modulation method. Polarimeter optimization (e.g.
[4, 81, 125, 128, 139]) is the process of choosing the n PSG and PSA state combinations
to use for the n irradiance measurements, in order to decrease the error M − MEST .
For a rotating QWP polarimeter design, this amounts to choosing the angles (θG,i, θA,i).
Optimization guarantees firstly that WT W is nonsingular, allowing calculation of the
pseudoinverse or inverse. Additionally, it maximizes the resilience of the polarimeter to
experimental errors. This topic will be discussed in more detail in chapter 4.

2.3.2 Interpretation of Mueller Matrices

Once a MM is measured, a number of different techniques exist for calculating polarimetric
properties such as diattenuation, retardance, and depolarization. These give insight into
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the physical structure of the sample, and in imaging applications can provide additional
contrast, such as between retinal amyloid deposits and the background retina [68].

One method of extracting these properties that is popular for the study of many mate-
rials including biological tissues (e.g. [43, 50, 101, 119]) is the Lu-Chipman decomposition
[83]. This is an example of a serial decomposition [53], meaning that it interprets the
sample as a sequence of discrete elements, each of which have easy to understand polari-
metric properties. The Lu-Chipman decomposition writes the MM as the product of a
diattenuator, a retarder, and a depolarizer:

M = c′M∆P MR MD [83]. (2.58)

The scalar c′ is usually ignored due to M being normalized. While M∆P is generally
referred to as a depolarizer MM, it contains both depolarization and polarizance. It has
the form

M∆P =

[
1 0T

P∆P m∆P

]
(2.59)

where m∆P is a 3 × 3 symmetric matrix, and P∆P is the depolarizer-polarizance vector
[83].

Combining the expressions for the three component matrices 2.29, 2.37, and 2.59,

M = cM∆P MR MD (2.60)

=
c

1 +D

[
1 DT

P m

]
P ≡ P∆P + m∆P mR D

m ≡ P∆P DT + m∆P mR mD.
(2.61)

The diattenuation D can be read directly off the first row of M, allowing one to calculate
mD using 2.29. Likewise, the P and m can be read from M. Lu and Chipman developed
an algorithm for using equations 2.61 and D, mD, P, and m in order to determine the
remaining unknowns P∆P , m∆P , and mR [83]. These components can be assembled using
equations 2.29, 2.37, and 2.59 in order to obtain the matrices MD, MR, and M∆P such that
M = c′M∆P MR MD. The retardance R is then calculated by applying equations 2.38 to
MR, and the depolarization power ∆ is calculated applying equation 2.45 to M∆P . This
technique results in two different but related polarizance vectors P and P∆P .
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Chapter 3

Reciprocal Invariance and In Vivo
Retinal Polarimetry

3.1 Introduction

In in vivo retinal polarimetry, incident light passes through the cornea, pupil, and lens prior
to reaching the retina. Light reflects at some depth in the retina before passing through
those same structures in the reverse direction and reaching the detector. Some previous
authors have used a double pass model to describe the interaction of the eye with polarized
light, so called because the beam must pass twice through ocular tissue [24, 26, 64, 74, 100].
This model assigns a specific mathematical structure to the MM, namely, that it is the
product (right to left) of individual MMs of the cornea, lens, and upper layers of the retina,
followed by the MM of the reflection, followed by the MMs of the upper retina, lens, and
cornea for light traversing in the opposite direction. To the best of the author’s knowledge,
this has always been combined with the assumption that each of the cornea, lens, and
retina is either polarimetrically inert, acts as a linear retarder, or acts as a linear retarder
times an isotropic depolarizer1.

While the retinal amyloid deposits studied by Campbell Labs have strong linear retar-
dance [68, 106], for future in vivo measurements it is preferred not to ignore their other
polarimetric properties. However, it was observed that even without assuming that the
retina (or retinal deposit) acts as a linear retarder, the double pass model implies a set of
restrictions on the total MM. These restrictions stem from the fact that if the direction of

1That is, a depolarizer of the form Mi∆ ≡ diag(1, e, e, e) for 0 < e ≤ 1.
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light propagation is reversed (or equivalently, if the source and detector are switched) then
the beam will pass through the same structures in the same order as before. A MM that
is unchanged upon reversal of the direction of light propagation is known in this thesis as
reciprocal invariant. The purpose of this chapter is to define the double pass model and
reciprocal invariance in terms of MMs, and to justify why these concepts are applicable to
in vivo retinal polarimetry.

Section 3.2 discusses the Helmholtz reciprocity theorem, its representation using Jones
and Mueller matrices, and the concept of reciprocal invariance. These concepts are not
novel, but are helpful for understanding the remainder of this thesis. Section 3.3 applies
them to in vivo retinal polarimetry. The reciprocity theorem is used to write an expression
for a double pass MM in terms of the single pass MM for transmission once through ocular
tissue, similar to previous work by Bueno [24]. It is observed that regardless of the form
of the single pass MM, the double pass MM must be RI. In addition to the double pass
model, a new ray tracing model is used to reinforce the claim that the MM measured by
in vivo retinal polarimetry should be RI, and to identify some of the conditions necessary
for this claim to be accurate. The idea that the MM should be RI, and the relationship
between single and double pass polarimetry properties implied by the double pass model,
are fundamental to subsequent chapters of this thesis.

3.2 The Reciprocity Theorem

The Helmholtz reciprocity theorem describes how an optical system behaves when the
direction of light propagation through the system is reversed. The original statement of the
reciprocity theorem for vector waves was given by Helmholtz in 1867 (English translation
by J. P. C. Southall):

Suppose light proceeds by any path whatever from a point A to another point
B, undergoing any number of reflections or refractions en route.... Now suppose
that a certain amount of light J leaving the point A in the given direction is
polarised in the plane a1, and that of this light the amount K arrives at the
point B polarised in the plane b1; then it can be proved that, when the light
returns over the same path, and the quantity of light J polarised in the plane
b1 proceeds from the point B, the amount of this light that arrives at the point
A polarised in the plane a1 will be equal to K.

Apparently the above proposition is true no matter what happens to the light
in the way of single or double refraction, reflection, absorption, ordinary dis-
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persion, and diffraction, provided there is no change of its refrangibility, and
provided it does not traverse any magnetic medium that affects the position of
the plane of polarisation, as Faraday found to be the case. [134]

As an example, imagine that between points A and B there is a slab of an isotropic,
absorbing material. The reciprocity theorem states that light will be attenuated by an equal
amount if it travels from A to B as if it travels from B to A. Note that the reciprocity
theorem is different from the concept of time reversal [6, 104]: the time reversed wave
travelling from B to A would be amplified, not absorbed, which is unphysical. When the
polarization state changes between A and B, the behaviour implied by the reciprocity
theorem is more complicated. Later in this section, it will be seen that the reciprocity
theorem leads to a relationship between the Jones and Mueller matrices for propagation
from A to B and those for propagation from B to A.

Helmholtz stated his theorem without giving any proof2 [134]. A less general reciprocity
theorem has been shown rigorously in scattering theory by Saxon [114] and de Hoop [44],
and appears in light scattering textbooks (e.g. [46, 76]). To summarize their result,
suppose that there is an object embedded in an otherwise uniform, isotropic, nonabsorbing
medium. A plane wave propagating through the medium will be disturbed or scattered
by the object or scatterer. It can be shown that far enough away from the scatterer, the
total wave is given by the sum of the original plane wave with a spherical wave emitting
from the scatterer [66, 76]. Let A and B be two points that are both a large distance
R from the scatterer. Let EA be a plane wave of arbitrary polarization that approaches
the scatterer from the direction of point A, evaluated at point A. Let EB be the resulting
scattered spherical wave evaluated at point B. Likewise, let E′B be a plane wave of arbitrary
polarization that approaches the scatterer from the direction of point B evaluated at point
B, and E′A be the resulting scattered spherical wave evaluated at point A. Saxon [114] and
de Hoop [44] use Maxwell’s equations to derive

EA · E′A = EB · E′B. (3.1)

Equation 3.1 is a mathematical statement of Helmholtz’s reciprocity theorem, with the
following modifications: equation 3.1 implies also that the phase accumulated for the trip
from A to B is the same as that for the trip from B to A, it allows the incident plane
waves to be elliptically polarized, and it is so far restricted to single scattering. The proof of

2In fact, he claimed that “anybody who is at all familiar with the laws of optics can easily prove it for
himself” [134]. Proofs that the author has found (e.g. [54, 114]) seem fairly involved and are less general
than Helmholtz’s original statement, so it is unclear what proof Helmholtz had in mind.
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equation 3.1 requires several assumptions about the constitutive relations of the scatterer
(see section 2.2) [76, 114]. These assumptions apply to the linear isotropic, anisotropic,
and chiral materials described in section 2.2 [41]. They fail for nonlinear materials and
gyrotropic materials in the presence of an external magnetic field [41, 44]. It will be
assumed in this thesis that matter in the eye obeys the necessary conditions.

Next, equation 3.1 can be written in terms of Jones matrices. The result is well known
[53, 131, 116], but the details of the derivation are provided here in order to make explicit
the coordinate system choices involved. EA is a plane wave travelling in the k̂ direction,
where k̂ is a unit vector pointing from point A towards the scatterer. Let (t̂1, t̂2, k̂) be a
righthanded orthonormal set of unit vectors, so that one can write3 EA = EA, t̂1 t̂1+EA, t̂2

t̂2,
and express its polarization state using the Jones vector

jA =

[
EA, t̂1
EA, t̂2

]
.

At point A, the spherical wave E′A is approximated by a plane wave traveling in the −k̂
direction. If one wishes to always write Jones vectors in terms of right handed coordinate
systems, it is necessary to write E′A in terms of a different basis than EA. A convenient

choice is to use (t̂1, −t̂2, −k̂). Then E′A can be written in terms of the components E′A =
E ′
A, t̂1

t̂1 + E ′
A,−t̂2

(−t̂2). The Jones vector of E′A with respect to this basis is

j′A =

[
E ′
A, t̂1

E ′
A,−t̂2

]
.

Using these Jones vectors, the left side of equation 3.1 can be rewritten as

EA · E′A = (EA, t̂1 t̂1 + EA, t̂2
t̂2) · (E ′

A, t̂1
t̂1 + E ′

A,−t̂2
(−t̂2))

= EA, t̂1 E
′
A, t̂1
− EA, t̂2

E ′
A,−t̂2

=
[
EA, t̂1

EA, t̂2

] [ E ′
A, t̂1

−E ′
A,−t̂2

]

= jTA

[
1 0
0 −1

]
j′A. (3.2)

3A time dependent phase term ei(kR−ωt) has been dropped for simplicity, because these terms cancel
from equation 3.1.
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The same coordinate convention can be applied at point B to describe the plane wave
E′B and the spherical wave EB, resulting in the equation

EB · E′B = jTB

[
1 0
0 −1

]
j′B. (3.3)

Finally, because the scatterer is linear, incident and scattered Jones vectors can be
related to one another using Jones matrices:

jB = JA→B jA (3.4)

j′A = JB→A j′B. (3.5)

JA→B and JB→A depend on the makeup and orientation of the scatterer, as well as the rel-
ative positions of A and B. They could have any amounts of retardance and diattenuation,
but it will be shown that they must be related to each other in a specific way. Assembling
equations 3.1, 3.2, 3.3, 3.4, and 3.5,

jTA

[
1 0
0 −1

]
JB→A j′B = jTA JTA→B

[
1 0
0 −1

]
j′B. (3.6)

The polarization states of the two plane waves are arbitrary, so equation 3.6 holds for any
combination of complex vectors jA and j′B. Therefore, it follows that[

1 0
0 −1

]
JB→A = JTA→B

[
1 0
0 −1

]
JB→A =

[
1 0
0 −1

]
JTA→B

[
1 0
0 −1

]
. (3.7)

The final result 3.7 is the reciprocity theorem for Jones matrices [53, 116, 131]. It can
be extended to non-depolarizing MMs using equation 2.28, resulting in

MJ,B→A = XMT
J,A→BX (3.8)

X ≡


1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 1

 [53, 115, 116]. (3.9)

Equations 3.7 and 3.8 depend on the convention used to represent Jones vectors of
waves travelling in opposite directions. If a wave travelling in the k̂ direction uses the basis
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(t̂1, t̂2, k̂), then it was chosen to use (t̂1, −t̂2, −k̂) for a wave travelling in the −k̂ direc-
tion. It can be shown that the choice (−t̂1, t̂2, −k̂) leads to the same Mueller reciprocity
equation 3.8. Another option is to use the left-handed basis (t̂1, t̂2, −k̂) for the second
wave, representing both waves using the same coordinate frame. This leads to a different
form of the Jones and Mueller reciprocity equations, used by some authors:

JB→A = JTA→B [69, 132]

MJ,B→A = QMT
J,A→BQ [24]

Q ≡


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 −1

 . (3.10)

The difference in coordinate system choices has no impact of the physical meaning of
reciprocity, but can be a source of confusion. This topic is discussed further in Appendix C.

Equations 3.7 and 3.8 are commonly used in situations other than single scattering
(e.g. [15, 24, 20, 65, 104]). Schönhofer and Kuball have derived equation 3.8 directly using
the language of quantum mechanics, with minimal assumptions about the optical system
[115]. As well, many types of light-matter interactions can be described using the coherent
sum, incoherent sum, or product of single scattering matrices. Accordingly, Greffet and
Nieto-Vesperinas have proven the reciprocity theorem for reflections from flat surfaces
[54]. Chandrasekhar has shown the reciprocity of diffuse reflections and transmission [36].
For a wave that propagates from A to B through an optical system while experiencing
any sequence of reflection, transmission, or scattering, the total MM is the product of
individual MMs representing each process. By applying the reciprocity theorem to each
MM in the product, the MM for propagation from B to A is

MB→A = X MT
A→B X. (3.11)

Likewise, as described in section 2.2.3, any MM is the weighted sum of nondepolarizing
MMs. Applying 3.11 to each of these component matrices, it follows that 3.11 holds true
for all MMs, even those that contain depolarization [53].

These reciprocity equations describe how the Jones or Mueller matrix changes when
the direction of light propagation is reversed, which will be referred to as motion reversal.
Equivalently, if the MM is measured using a source at point A and a detector at point
B, they allow one to calculate the MM that would be measured if the locations of the
source and the detector were switched. Some optical systems are symmetric upon motion
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reversal. This is the case if the system is symmetric upon reflection through the plane that
bisects the line between A and B [131]. It follows that for such a system,

MB→A = MA→B = M

M = X MT X [41, 131, 118]. (3.12)

MMs that obey equation 3.12 will be referred to in this thesis as reciprocal invariant4 (RI).
Unlike time reversal symmetry, this does not preclude the existence of absorption in M.
It states that a wave generated at A and detected at B will experience the same MM as
a wave generated at B and detected at A5. The simplest example of this is when point
A and B coincide, and the output light returns along the same path as the incident light.
The MM in this case is known as a backscattering MM [41, 91, 118].

Equation 3.12 is equivalent to six linear relationships between the off diagonal elements
of M:

0 = M(2, 1)−M(1, 2)

0 = M(3, 1) +M(1, 3)

0 = M(4, 1)−M(1, 4)

0 = M(3, 2) +M(2, 3)

0 = M(4, 2)−M(2, 4)

0 = M(4, 3) +M(3, 4)

. (3.13)

Suppose M is written as the sum of non-depolarizing component MMs (perhaps repre-
senting different paths through the system, multiple scattering, etc.). If each of these
components individually satisfies equation 3.12, then it can be shown that the total MM
will obey not only the six restrictions 3.13, but also the trace condition

0 = M(1, 1)−M(2, 2) +M(3, 3)−M(4, 4) [41, 91]. (3.14)

MMs that obey only equations 3.13 will be called ten parameter RI MMs, while those that
also obey equation 3.14 will be called nine parameter RI MMs. Many of the results in this
thesis apply to both types, and in these contexts “RI MM” will be used without specifying
nine or ten parameter.

4To clarify this terminology, an optical system for which any MM and its motion reversed version are
related by equation 3.11 is known as reciprocal [76]. A MM that is equal to its motion reversed version,
and for which the optical system is reciprocal, is reciprocal invariant.

5Time reversal symmetry would instead state that the two are inverses, which is impossible if the
medium is absorbing, or when the energy of the incident wave is split into more than one output wave.
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3.3 Modelling In Vivo Retinal Polarimetry

The reciprocity theorem and the concept of reciprocal invariance are useful for modelling in
vivo retinal polarimetry. It will be assumed that the instrument used for this is a Confocal
Scanning Laser Opthalmoscope (cSLO) [136] equipped with a PSG and PSA (e.g. [29]). In
this imaging modality, light of a known polarization state is focused by the optics of the eye
onto a finite spot on the retina. This light is reflected, scattered, or absorbed by structures
within the eye. Some of it exits through the pupil, passes through the PSA and reaches
the detector. In order to reduce the amount of multiply scattered light, the detector only
accepts light that originated from a small part of the retina, which should overlap with
the illumination spot [136]. Then both the illumination spot and the detected spot are
scanned over the retina in order to generate a 2D image. This process is then repeated
with different PSG and PSA configurations, until enough images have been collected to
calculate a pixel-by-pixel MM for each point on the retina.

The double pass model is based on the observation that the beam transmits through the
cornea, lens, and the upper layers of the retina, before reflecting and passing through the
same layers of the retina, the lens, and the cornea in the opposite direction. It is assumed
either that the input and output cones of light coincide in space, or that polarimetric
properties of the ocular tissue vary slowly enough spatially that any difference between the
two can be ignored. The total MM is then assumed to be the product of MMs representing
each of these stages, resulting in

M = X MT
SP X Mref MSP

MSP ≡Mretina Mlens Mcornea.

The reciprocity theorem has been used to write the MM of the second pass through ocular
structures on the way out of the eye. This sort of model has been used commonly in in vivo
retinal polarimetry [24, 26, 64, 74, 100]. However, to the author’s knowledge, it has always
been used in conjunction with additional assumptions about the polarimetric properties
of the retina. In the present analysis, MSP is instead permitted to be any MM. Following
these previous authors (i.e. [24, 26, 64, 74, 100]), assume that the reflection matrix Mref

acts as a perfect reflector, which in the current coordinate system conventions is given by

Mref = Y ≡


1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1

 [39, 53]. (3.15)
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Using this expression,

M = X MT
SP X Y MSP . (3.16)

Equation 3.16 is the double pass model. Observe that

X MT X = X (X MT
SP X Y MSP )T X

= X MT
SP YT XT MSP XT X

= X MT
SP X Y MSP = M.

Therefore, the double pass model implies that6 M = X MT X is ten parameter RI (it
does not guarantee that M obeys the trace condition 3.14, so M may or may not be nine
parameter RI). This result is due to the fact that the double pass model has motion-
reversal symmetry: it was assumed that the input and output beams traverse identical
tissue, therefore they can be switched without changing the MM.

The same result can be obtained by modelling the total irradiance at the detector as
the sum (coherent or incoherent) of a finite number of individual rays that have returned
from the eye. Each ray is assumed to have a well-defined Jones vector that is transformed
as it traverses different optical elements and ocular structures. This technique is inspired
by the polarization ray tracing that has been used to study polarization aberrations of
optical systems [37, 38, 90], as well as backscattering from large particles [20]. It also bears
similarity to a much more detailed model used by Huang and Knighton [63] to examine
scattering from the RNFL. The current section ignores important effects such as diffraction
and the optical aberrations of the human eye [47, 103]. Despite these shortcomings, this
polarization ray tracing approach provides a useful picture of how reciprocal invariance
may manifest in in vivo retinal polarimetry, complementary to the double pass model.

Figure 3.1 shows a schematic of the human eye, illuminated by the cSLO at a fixed
scanning position. The central ray in the diagram is exactly backscattered, returning
along exactly the same path as it came down. However another ray path is shown, which
approaches the retina in the direction n̂, is scattered or reflected in the retina at position x,
and travels away from the retina in the direction −n̂′. The example ray is singly scattered,
but the arguments presented in this section apply to multiple scattering as well. Even
for a fixed scanning position there are a collection of nearby locations x that contribute

6Note that the exact expression depends on the relationship between the coordinates used to express the
input and output Stokes vectors, as discussed in the previous section. If the same coordinates are used for
both input and output Stokes vectors, then the double pass model has the form M = QMT

SP QMSP . This
is the expression used by Bueno [24]. This version of the double pass model implies that M = QMT Q.
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Figure 3.1: The human eye and a possible ray path for an in vivo retinal polarimetry
experiment.

to the measurement. The directions n̂ and −n̂′ are not necessarily related by the law
of reflection, and for a fixed n̂ and x there are permitted to be many different output
rays that represent the field scattered in all directions. For example, there is also a ray
that approaches the retina in the n̂ direction but returns along the central ray path. The
Jones vector associated with each ray is transformed as it transmits through different
structures in the eye, and scatters at the location x. This can be represented by a Jones
matrix7 J(−n̂′, x, n̂). This Jones matrix accounts for the polarimetric effects on the ray
of transmitting through the cornea, lens, and upper retina, as well as scattering at x. The
scalar amplitude and phase of this matrix are important- for example, if the retina only
scatters a small amount of light in the −n̂′ direction, the associated Jones matrix will
have small entries. It is assumed that prior to entering the eye, each ray has the same
Jones vector jin up to a scalar multiplier. Label this scalar multiplier as aG(x, n̂) which
specifies the amplitude of the input ray segment uniquely defined by coordinates (x, n̂),
prior to it entering the eye. This function accounts for the size of the entrance pupil and
any variations in amplitude across the entrance pupil. Additionally, introduce the function
aA(−n̂′, x), which represents the sensitivity of the detector to the output ray segment
uniquely defined by (−n̂′, x). This function accounts for the size of the exit pupil, the size
and angular acceptance of the detector, and any variation in detector response for off-axis
rays.

7Multiply scattered rays could be notated as J(−n̂′, xn, ...,x0 n̂) for any number of scattering locations
x0, ...,xn. The argument in the following paragraph applies to these paths but single scattering is used as
the example for simplicity.
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The effective Jones vector at the PSA due to any individual ray is equal to

jout(−n̂′, x, n̂) = aG(x, n̂) aA(−n̂′, x) J(−n̂′, x, n̂) jin.

Consider the sum of this ray with the ray that travels in the opposite path, approaching the
retina in the n̂′ direction and leaving it in the −n̂ direction. The Jones matrix experienced
by this ray can be related to the Jones matrix of the original ray using the reciprocity
theorem 3.7:

J(−n̂, x, n̂′) =

[
1 0
0 −1

]
J(−n̂′, x, n̂)T

[
1 0
0 −1

]
.

Under the current approximations, it will be shown that the total MM is RI if the instru-
ment measures each ray and its opposite ray with equal sensitivity. This requirement can
be expressed mathematically as aA(−n̂, x) = aG(x, n̂). This assumption requires symme-
try between the illumination and detection branches of the instrument. It implies that the
entrance and exit pupils are equal, and also that if there is nonuniform illumination over
the entrance pupil, then the rays passing through the exit pupil are also detected with a
matching nonuniform sensitivity.

A ray and its opposite have identical total path length, and so are expected to add
coherently. Then the sum of their Jones vectors at the PSA is given by

jout(n̂←→ n̂′,x) ≡ jout(−n̂′, x, n̂) + jout(−n̂, x, n̂′)

=
(
aG(x, n̂) aA(−n̂′, x) J(−n̂′, x, n̂) + ...

aG(x, n̂′) aA(−n̂, x) J(−n̂, x, n̂′)
)

jin. (3.17)

Using the assumption of the last paragraph, aG(x, n̂) aA(−n̂′, x) = aG(x, n̂′) aA(−n̂, x).
From equation 3.17, it can be seen that the two Jones vectors jin and jout(n̂←→ n̂′,x) are
related through the Jones matrix

J(n̂←→ n̂′,x) ≡ aG(x, n̂) aA(−n̂′,x)
(
J(−n̂′,x, n̂) +

[
1 0
0 −1

]
J(−n̂′,x, n̂)T

[
1 0
0 −1

])
.

It can be observed that

J(n̂←→ n̂′,x) =

[
1 0
0 −1

]
J(n̂←→ n̂′,x)T

[
1 0
0 −1

]
.

This shows that J(n̂ ←→ n̂′,x) is an RI Jones matrix, that is, the non-depolarizing MM
calculated from J(n̂ ←→ n̂′,x) using equation 2.28 is RI. It was implicitly assumed that
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n̂ 6= n̂′, because otherwise equation 3.17 is double counting the same ray. However, rays
for which n̂ = n̂′ are exactly backscattered rays and so are also described by RI Jones
matrices.

At the detector, some rays are expected to add coherently, such as those due to single
scattering from the same location x, or multiple scattering paths of the same path length.
This means that they add as Jones vectors. The Jones matrix relating jin to the total
Jones vector for such a collection of rays is the sum of the effective Jones matrices for each
ray [53]. This sum can be grouped into backscattering rays for which n̂ = n̂′, which are
RI, and path plus opposite path pairs, which are together also RI as found in the previous
paragraph. Therefore, the total Jones matrix for that collection of rays is the sum of RI
Jones matrices and it follows that it must be RI itself. This Jones matrix can then be
written as a RI MM using equation 2.28.

These collections of rays will be then assumed to add incoherently with one another,
such as single scattering from different locations and multiple scattering paths of different
path lengths. Therefore, they add rather as Stokes vectors. The MM relating sin to the
total Stokes vector is the sum of the MMs for each Stokes vector in the sum. These
individual MMs are all non-depolarizing and RI, because each is associated with a single
RI Jones matrix. It follows that the total MM, which may be depolarizing, is also RI.
Unlike the double pass model 3.16, this model also implies that the MM should obey the
trace condition 3.14 because every component non-depolarizing MM is RI (see section 3.2).
Future chapters will therefore consider both the possibilities that the MM does or does not
obey the trace condition.

The reciprocal invariance of the MM in this ray tracing model is the result not only of
the presence of backscattered rays that return exactly along their incident path, but also of
the balance between every non-backscattered ray and its opposite path ray. It was required
to assume that the illumination and detection branches of the instrument are symmetric,
or mathematically speaking aA(−n̂, x) = aG(x, n̂). Additionally, it was assumed that
the rays could be grouped into collections of rays that were completely mutually coherent
(adding as Jones matrices), and completely incoherent with all other rays outside the group
(adding as MMs). This is an approximation, and describing complicated partial coherence
behaviour is beyond the scope of this thesis. Lastly, this polarization ray tracing approach
is also of limited validity, especially within the eye where the effects of diffraction are
significant [47]. However, it shows some of the conditions under which the total MM from
in vivo retinal polarimetry is RI.

Past experimental in vivo retinal polarimetry measurements were examined to see if
the resulting MM was RI as predicted by the current section. For many publications
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this was impossible to tell because of assumptions made in that paper about the MM
(e.g. [34, 48, 142], or because not enough of the MM was included in the paper (e.g.
[26, 33, 31, 28, 49, 72, 100]). Bueno has reported a numerical 3 × 3 MM submatrix
measured using a partial in vivo retinal polarimeter [25]. The result is consistent within
the reported errors with M = Q MT Q, which is the expression for reciprocal invariance if
the input and output Stokes vectors are represented in the same coordinate system. Note
that a MM obeying M = Q MT Q has the general form

M =


M(1, 1) M(1, 2) M(1, 3) M(1, 4)
M(1, 2) M(2, 2) M(2, 3) M(2, 4)
M(1, 3) M(2, 3) M(3, 3) M(3, 4)
−M(1, 4) −M(2, 4) −M(3, 4) M(4, 4)

 .
Bueno [21, 22, 23] and Bueno and Artal [27] have published sets of sixteen MM images of
the eye. The instrument used in each paper did not scan the incident beam, but instead had
a CCD camera array that captured an image for a fixed beam location. This design may
have less symmetry between the illumination and detection branches of the instrument than
the scanning design modelled in this section. While it is difficult to tell from MM images,
their results seem to be approximately RI with M = Q MT Q. However a noticeable
deviation from reciprocal invariance can be observed in the M(4, 1) element, which is not
similar to −M(1, 4). Bueno noted that the results from this instrument were not “totally
symmetric”, by which it was meant that M(i, j)2 6= M(j, i)2 [23]. Lastly, Twietmeyer
[127] and Twietmeyer et al. [126] have also published full sets of sixteen MM images,
measured using a scanning in vivo retinal polarimeter. Several off-diagonal elements show
the expected RI relationships, but others, specifically M(4, 1) and M(3, 2), do not.

There could be several reasons for the disagreement between these published MMs and
the prediction of reciprocal invariance. One possibility is the presence of experimental
errors, which may obscure the underlying RI behaviour of the MM. More likely however is
that the discrepancies are due to a lack of symmetry between the illumination and detection
branches of these instruments, leading to non-RI components of the measured MM. For a
future in vivo retinal polarimeter for detecting amyloid deposits, it may be beneficial to
maximize this symmetry so that the MM is more exactly RI. The advantages of this are
that it allows the MM to be calculated from a reduced number of measurements, as will be
explained in chapter 4. As well, it means that the MM can be interpreted through the lens
of the double pass model, which will be explored in chapter 5. Future work should test
this idea experimentally to confirm if it is beneficial for the purpose of identifying retinal
amyloid deposits.
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3.4 Conclusion

This chapter has introduced and explained two important ideas about the mathematical
structure of the MM that is measured in in vivo retinal polarimetry. The first is that the
MM should be RI, obeying a set of linear relationships between MM elements. As will be
seen in Chapter 4, this has major implications for how to most efficiently measure these
MMs. The second is the double pass model, which relates the MM to the single pass MM
for transmission through the structures of the eye. This idea aids in the interpretation of
the MM, and is the baseline for the discussions of Chapter 5.
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Chapter 4

Measurement of Reciprocal Invariant
Mueller Matrices

4.1 Introduction

As described in section 2.3.1, determining a general MM requires at least sixteen indepen-
dent irradiance measurements [40]. In a real polarimeter, these are subject to experimental
error. The way in which error propagates into the final MM estimate strongly depends on
the choice of PSG and PSA states for each measurement [125]. Polarimeter optimization
(e.g. [4, 81, 120, 125, 129, 133, 139]), is the process of choosing which PSG and PSA states
to use, usually on the basis of making the estimated MM more resistant to error. Error
performance can be further improved by increasing the number of measurements [120, 125],
but this increases the total time required to determine the MM.

Partial MM polarimeters are those that cannot determine a general MM [40, 112,
130]. These may provide enough information to completely determine some polarimetry
properties of the sample, or to determine the entire MM if it is assumed to have a particular
form [25, 40, 73, 82, 113]. Partial MM polarimeters may have simpler PSG and PSA designs
than full MM polarimeters, and/or use fewer than sixteen total measurements [25, 112, 130].
Additionally, if the form of the MM is well known, restricting the measured MM to fit that
form may remove deviations due to error.

For in vivo retinal polarimetry, speed is a priority in order to reduce discomfort for the
patient as well as disruptions such as blinks, involuntary eye movements [88], and tear film
drying [62]. Based on section 3.3, this chapter proposes novel partial polarimeter designs

38



that utilize the assumption of reciprocal invariance1 in order to determine all sixteen MM
elements from as few as nine or ten measurements.

To accomplish this, the first objective is to efficiently solve the linear system of equa-
tions consisting of the RI symmetry restrictions 3.13 (and possibly 3.14) combined with
the polarimetric measurement equation 2.52. This problem has been considered for nine
parameter RI MMs by Arteaga and Ossikovski [9, 96]. Their approach assumes a po-
larimeter that completely determines either nine [96] or twelve [9] MM elements. Tyo et
al. state that symmetry restrictions on an MM (such as equations 3.13) can be treated
in the same way as additional measurements [130], however it is shown in section 4.2 that
this can lead to a non-RI MM estimate if the system is overdetermined. In section 4.2, a
method is demonstrated that allows for the calculation of the MM using any number of
measurements (over the minimum of nine or ten) and any kind of polarimeter. Late in
the development of this thesis, it was observed that an equivalent method has been used
before by Hayman et al. for polarimetric lidar [55].

The second objective is to decide which PSG and PSA states to use for measuring
RI MMs. Section 4.3 shows derivations for polarimeter optimization metrics used for full
polarimeters, based especially on the work of Twietmeyer and Chipman [125] and Zallat
et al. [139]. Then, a novel extension of these metrics to partial polarimeters is shown. The
new metrics can be minimized in order to choose the PSG and PSA states that will give
the best error performance for determining RI MMs.

This method was developed based on existing methods for full MM polarimeters [81,
125, 139]. A few other works have treated the optimization of partial MM polarimeters.
Savenkov [112, 113] has discussed the optimization of polarimeters that fully determine
some number of rows or columns of the MM. Tyo et al. [130] and Anna et al. [5] have
described techniques for optimizing a partial polarimeter for a specific classification or dis-
crimination task. Alenin and Tyo [2, 3] have extensively analyzed the design of some types
of partial polarimeters. The method in this chapter, which was developed independently of
these references, has the advantages of simplicity and applicability to any type of PSG and
PSA. Additionally, it is based on reducing the total error in the RI MM, rather than having
to define a specific classification or discrimination task. Finally, the suggestion by Tyo et
al. [130] that symmetry relations are treated as if they were additional measurements is
considered in section 4.3, but is found to create ambiguities in the optimization metrics
used in this chapter.

Sections 4.4 and 4.5 apply the methods of section 4.3 to find several rotating QWP par-

1Both nine and ten parameter RI MMs are considered throughout. Separate designs are shown for each
case.
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tial polarimeter designs capable of measuring RI MMs in fewer than sixteen measurements.
Each design consists of a sequence of angles for both QWPs in the polarimeter. These are
chosen based both on error performance and on other practical considerations for in vivo
retinal polarimetry, such as the time required to rotate the QWPs. A simulation is used to
compare the performance of each design in the presence of errors, using standard sixteen
measurement full polarimeter QWP designs as a baseline.

The sets of QWP angles obtained in this chapter, and the equations developed in
section 4.2, can be used directly to measure RI MMs in as few as nine or ten measurements.
For a future in vivo retinal polarimeter intended to detect amyloid-β in the retina, it may
be decided to use other modulating elements than rotating QWPs, or a different number
of measurements. In that case, the methodology exhibited in this chapter should serve as
a template for how to choose the PSG and PSA states for each measurement.

4.2 The Polarimetric Measurement Equation and Re-

ciprocal Invariance

As derived in section 2.3.1, typical Mueller matrix measuring devices involving n measure-
ments are governed by the polarimetric measurement equation

~I = W ~M (4.1)

where ~I is a n× 1 vector containing the measured irradiance data, ~M is the MM reshaped
into a 16 × 1 Mueller vector (equation 2.51), and W is a n × 16 matrix relating the two
[40]. Arrows have been added to vectors in order to prevent confusion between matrix and
vector forms of I and M. Each row of W is constructed from the elements of the MMs of
the PSG and PSA during the corresponding measurement (equation 2.50). Vector equation
4.1 is the same as n scalar equations, all of which are linear in elements of M. For M to
be determined, n must be at least 16. The reciprocal invariance restrictions 3.13 and 3.14
are likewise scalar equations and are linear in elements of M. They can be represented by
a matrix equation analogous to equation 2.52:

~0 = Wr
~M (4.2)

where Wr is a matrix encoding the restrictions on RI MMs. Wr is of dimension a × 16
where a = 7 or a = 6 for nine or ten parameter RI MMs respectively. This is because for ten
parameter RI MMs there are six linear relationships between MM elements (equations 3.13)
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while nine parameter RI MMs obey also a seventh restriction (equation 3.14). By inspection
of equations 3.13 and 3.14, an expression for Wr in the nine parameter case can be obtained:

Wr ≡



1 0 0 0 0 −1 0 0 0 0 1 0 0 0 0 −1
0 1 0 0 −1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 −1 0 0 0
0 0 0 0 0 0 1 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 −1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0


. (4.3)

The ten parameter case can be obtained by dropping the first row of Wr, which corresponds
to the trace condition 3.14. However, in either case, Wr is not unique. The matrix
W′

r ≡ BWr, where B is any nonsingular a × a matrix, imposes the same restrictions on
~M.

One way to incorporate this symmetry information into the measurement equation 4.1
is by appending the rows of Wr to W, and correspondingly the zero vector ~0 to ~I:[

~I
~0

]
=

[
W

BWr

]
~M. (4.4)

This scheme treats the restrictions on RI MMs as though they were additional mea-
surements, which is what was suggested by Tyo et al. [130]. The estimated Mueller vector
can be reconstructed using

~MEST =

[
W

B Wr

]−1 [ ~IEST
~0

]
. (4.5)

The elements of W are dimensionful quantities, and as seen in section 2.3.1 contain the
unknown scalar factor c. This causes a problem regarding the relative scaling of W and
Wr. If an experiment uses exactly the minimum number of measurements (i.e. n+a = 16),

then this problem has no effect on the calculation of ~MEST (although it will be seen in
section 4.3 that it causes ambiguities in the optimization of the polarimeter). However,

if n + a > 16 the pseudoinverse must be used to calculate ~MEST [40], as discussed in
section 2.3.1. The system of equations is overdetermined in this case, and it will usually be
inconsistent due to errors in ~IEST . In general there will be no ~MEST that perfectly satisfies
equation 4.4, but the use of the pseudoinverse returns ~MEST that minimizes the quantity

‖
[
~IEST
~0

]
−
[

W
BWr

]
~MEST‖2 [102] (4.6)
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where ‖·‖2 is the Euclidean vector norm defined in equation 2.57. Minimizing this quantity

does not guarantee that Wr
~MEST = ~0, that is, the estimated Mueller vector may not be

perfectly RI. Furthermore, ~MEST will depend on the choice of B.

A different approach will be proposed that always returns the same estimate ~MEST ,
and guarantees that ~MEST is always RI. This method rewrites equation 4.1 in terms of
the nine (or ten) dimensional space of RI MMs, rather than the sixteen dimensional space

of general MMs. The null space of Wr is the set of vectors ~M that satisfy equation 4.2
[61], meaning it is the space of RI Mueller vectors. Because equations 3.13 and 3.14 are
linearly independent, the dimension of the row space of Wr is a and so the dimension of
the null space is b ≡ 16 − a [61]. Therefore any vector in the null space of Wr, i.e. any

RI ~M, can be built from a linear combination of b basis vectors. This is expressed by the
equation ~M = z~R, where ~R is an arbitrary real b× 1 vector2 and z is a 16× b matrix, the
columns of which are a set of basis vectors for the null space of Wr. In Matlab, z can
be calculated using the built-in command z = null(Wr) [89]. ~R is a reparameterization

of ~M under the assumption of reciprocal invariance, with z being the set of instructions
on how to return from ~R to MM elements. Combining this with equation 4.1,

~I = W ~M

= W z ~R

= WRI
~R (4.7)

where WRI ≡W z is the n× b reciprocal invariant measurement matrix. To obtain ~MEST ,
first calculate ~REST ≡W−1

RI
~IEST , using the pseudoinverse3 W−1

RI ≡ (zT WT Wz)−1 zT WT

(see equation 2.56). Due to the reduced dimensions of WRI compared to W, this requires

a minimum of nine or ten measurements instead of sixteen. Then take ~MEST = z ~REST .
This estimate is RI, because by definition, Wr z = 0:

Wr
~MEST = Wr z ~REST

= ~0

Like Wr, the matrix z is not unique. The matrix z′ ≡ zC, where C is any b ×
b nonsingular matrix, is an equally valid representation of the null space of Wr. The

2This ~R is unrelated to the retardance vector R defined in section 2.2.2.
3If WRI is square (n = b), then this expression is the same as normal inverse.
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estimated Mueller vector calculated using z′ instead of z is given by

~M′
EST = z′ ~R′EST

= z′W′−1
RI
~IEST

= z′ (z′T WT W z′)−1 z′T WT ~IEST

= z C (CT zT WT W z C)−1 CT zT WT ~IEST

= z C C−1 (zT WT W z)−1 (CT )−1 CT zT WT ~IEST

= z (zT WT Wz)−1 zT WT ~IEST

= zW−1
RI
~IEST

= ~MEST .

Therefore, all possible versions of z give the same reconstructed MM.

4.3 Polarimeter Optimization Metrics

As introduced in section 2.3.1, the performance of a polarimeter in the presence of errors
can be improved through polarimeter optimization (e.g. [4, 81, 125, 129, 139]). Typically,
the measurement matrix W(ψ) is written as a function of some number of parameters ψ =
[ψ1, ψ2, ...ψm] which represent modifiable aspects the PSG and PSA [139]. For example, in
the rotating QWP polarimeter described in section 2.3.1, these could be the QWP angles
θG,i and θA,i for each of the n measurements. Polarimeter optimization metrics are scalar
functions of W that characterize how resistant the polarimeter is to error. The parameters
ψ are chosen in such a way as to maximize or minimize an optimization metric. This
section will provide a mathematical treatment of errors in polarimetry, and derive a few
optimization metrics, mostly following the work of Twietmeyer and Chipman [125]. Then,
these results will be extended for the first time to the modified polarimetric measurement
equation 4.7.

Error in a polarimetry experiment can arise due to errors in the PSG and PSA, and
errors in the irradiance measurements4. Suppose that the MMs of the PSG and PSA are
differ slightly from their idealized values during some or all of the n measurements, such
that the true measurement matrix of the polarimeter is W + δW. Let the nonsubscripted

4It will be assumed that computational errors due to calculating the inverse or pseudoinverse are small
relative to these sources of error.
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symbols ~I = W ~M represent the idealized system in the presence of zero errors. The true
irradiance that reaches the detector differs from ~I because of the error δW:

~IDetector = (W + δW) ~M (4.8)

= ~I + δW ~M. (4.9)

The detector does not perfectly record ~IDetector, but is assumed to contain an additive error
δ~I:

~IEST = ~IDetector + δ~I (4.10)

= W ~M + δW ~M + δ~I. (4.11)

The experimenter only has access to~IEST and the idealized measurement matrix W. These
are used to calculate the Mueller vector estimate, given by

~MEST = W−1~IEST (4.12)

= ~M + W−1 (δW ~M + δ~I) =⇒ (4.13)

δ ~M = W−1 (δW ~M + δ~I), (4.14)

where δ ~M ≡ ~MEST − ~M is the error in the estimated Mueller vector. This is the same
expression found by Twietmeyer and Chipman [125], but it differs from that of Zallat et al.

[139], who used ~MEST = (W + δW)−1~IEST instead of equation 4.12. This assumes that

(W + δW)−1 is known by the experimenter (and hence can be used to calculate ~MEST ),
while in the above analysis it was assumed that only W is known. The assumption of
Zallat et al. is appropriate if calibration is performed to obtain (W + δW), and/or if δW
is due primarily to computational errors when calculating the inverse or pseudoinverse of
W [61].

The single value decomposition of W can be used to understand how errors propagate
into δ ~M [110, 125]. Any W can be decomposed into the product W = USVT , where U
and V are orthogonal n×n and 16×16 matrices respectively, while S is n×16 and has the
property S(i, j) = 0 for i 6= j [61]. The diagonal entries S(i, i) are known as the singular
values of W [61]. Inserting this decomposition into the idealized equation 4.1,

UT~I = SVT ~M =⇒
~I′ = S ~M′ =⇒

~I ′(i) = S(i, i) ~M ′(i)
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where i ≤ min(n, 16), and~I′ ≡ UT~I and ~M′ ≡ VT ~M are the irradiance and Mueller vectors

expressed in new bases. As noted by Twietmeyer and Chipman [125], elements ~M′(i) for
which S(i, i) = 0 or i > n represent linear combinations of MM elements to which the
polarimeter is “blind”. The reconstructed MM is undetermined, because any amount of
~M′(i) could be added to or subtracted from the estimated Mueller vector to find a new
estimate that also obeys equation 2.55. Therefore, to determine the full MM, W must
have sixteen nonzero singular values. If S(i, i) is small, then the corresponding irradiance

signal ~I ′(i) will be small relative to the error terms in 4.11. This suggests that the best
error performance can be found by maximizing the sizes of the singular values of W.

This simple argument aids in the understanding of several optimization metrics based
on the singular values of W:

κ2 ≡
max{S(i, i) : i ≤ df}
min{S(i, i) : i ≤ df}

[61, 125] (4.15)

ξ ≡

(
df∑
i=1

1

(S(i, i))2

)1/2

[109, 139]. (4.16)

where df = 16 is the number of degrees of freedom of ~M. Each of these optimization metrics
is intended to be minimized to guarantee good error performance of the polarimeter. It can
be shown that multiplying W by a positive scalar has no impact on κ2, but the new ξ is
divided by that scalar. This does not change the locations of minima of ξ, so the resulting
optimized designs are unaffected.

κ2 is known as the condition number based on the L2 matrix norm5

|||A|||2 = max {‖A~x‖2 : ‖~x‖2 = 1} [52] (4.17)

for any i× j matrix A. Using equation 4.14 and the properties of the L2 matrix norm [52],
it can be shown that

κ2 =
∣∣∣∣∣∣W−1

∣∣∣∣∣∣
2
|||W|||2 [125] (4.18)

‖δ ~M‖2

‖ ~M‖2

≤ κ2

(
|||δW|||2
|||W|||2

+
‖δ~I‖2

‖~I‖2

)
. (4.19)

5Notice the distinction between the vector norm ‖ · ‖2 and the matrix norm |||·|||2.
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A similar upper bound involving κ2 was found by Zallat et al. [139], which differs trivially
from relation 4.19 due to the different assumptions discussed above. In either case, min-
imizing κ2 lowers an upper bound on the relative error in the Mueller vector, compared
to the experimental errors δW and δ~I. Considering equation 4.15, minimizing κ2 requires
maximizing the lowest singular value. Therefore, κ2 is representative of the “worst case
scenario” error in the polarimeter. It is not however the best indicator of average error.
For example, increasing the largest singular value improves the error performance of the
polarimeter overall, but results in a higher or “worse” value of κ2.

On the other hand, ξ considers all of the singular values of W. It is related to the equally
weighted variance as defined by Sabatke et al. [110] and Zallat et al. [139]. A concrete
justification for ξ as an optimization metric (following Sabatke et al. [110]) can be given

under the assumptions that δW is negligible and the expected value is E(δ~I δ~IT ) = σ2I
[110]. This is the case if the irradiance error δ~I is uncorrelated between measurements and

has variance σ for every measurement [110, 130]. Then, the expected value of ‖δ ~M‖2
2 is

given by

E(‖δ ~M‖2
2) = E(δ~IT (W−1)T W−1 δ~I) (4.20)

= trace((W−1)T W−1E(δ~I δ~IT ))

= σ2trace((W−1)T W−1),

using the cyclical property of the trace. It can be shown that

trace((W−1)T W−1) = ξ2 [110] (4.21)

so

E(‖δ ~M‖2
2) = σ2ξ2. (4.22)

Under these conditions, ξ is proportional to the expected value of the normed error in
~MEST . Compared to κ2, which indicates worst case error, minimizing ξ reduces the average
error in the experiment.

A polarimeter design that is optimal for measuring general MMs is not necessarily
optimal for measuring RI MMs. Additionally, both κ2 and ξ approach∞ for a polarimeter
using fewer than sixteen measurements. In order to incorporate symmetry information
into these optimization metrics, the symmetry restrictions Wr could be treated as if they
were additional measurements, by calculating the singular values of[

W
BWr

]
(4.23)
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instead of those of W. Then, new versions of κ2 and ξ could be calculated. However, these
singular values depend on the relative scaling between W and Wr. This is an unphysical
ambiguity that would lead to multiple different “optimized” designs, as there is no clear
way to know how to choose B.

A better alternative is to use the modified measurement equation 4.7, and apply the
singular value decomposition to WRI = URI SRI VT

RI instead of W. The metrics κ2,RI ,
ξRI can be calculated using

κ2,RI ≡
max{SRI(i, i) : i ≤ df}
min{SRI(i, i) : i ≤ df}

(4.24)

ξRI ≡

(
df∑
i=1

1

(SRI(i, i))2

)1/2

(4.25)

where df = 9 or df = 10 for nine or ten parameter MMs respectively. Because of the
parallelism between equations 4.7 and 4.1, the above error analysis can all be repeated
while replacing W with WRI and ~M with ~R. This assumes that the true Mueller vector
is RI; that is, that it can be written ~M = z ~R for some ~R. In the presence of errors δ~I and
δWRI (≡ δW z), it can be shown that

δ~R = W−1
RI (δWRI

~R + δ~I) (4.26)

using an identical proof as that leading to equation 4.14. Similarly, it follows that

‖δ~R‖2

‖~R‖2

≤ κ2,RI

(
|||δWRI |||2
|||WRI |||2

+
‖δ~I‖2

‖~I‖2

)
(4.27)

E(‖δ~R‖2
2) = σ2ξ2

RI (4.28)

where equation 4.28 is true under the same assumptions as equation 4.22.

Equations 4.27 and 4.28 both involve the error in ~R, not ~M. However,

~MEST = z ~REST =⇒
~M + δ ~M = z ~R + z δ~R =⇒ (4.29)

δ ~M = z δ~R. (4.30)

The Euclidean norm of δ ~M is given by

‖δ ~M‖2 =
√
δ ~MT δ ~M (4.31)

=
√
δ~RT zT z δ~R. (4.32)
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Recall that z is not uniquely defined, but its columns must form a basis for the space of
RI MMs (section 4.2). If it is now required that the columns form an orthonormal basis,

then zT z = I and ‖δ ~M‖2 = ‖δ~R‖2. Such a choice must be possible because z is full
rank [61]. This is favorable because it means that the optimization metrics κ2,RI and ξRI
guarantee the best error performance not just of ~R but also of ~M. Additionally, it implies
that |||WRI |||2 = |||W|||2 and |||δWRI |||2 = |||δW|||2. Using these results in equations 4.27
and 4.28,

‖δ ~M‖2

‖ ~M‖2

≤ κ2,RI

(
|||δW|||2
|||W|||2

+
‖δ~I‖2

‖~I‖2

)
(4.33)

E(‖δ ~M‖2
2) = σ2ξ2

RI (4.34)

assuming the true Mueller vector is RI, and where equation 4.34 as before assumes that
δW = 0 and E(δ~I δ~IT ) = I.

There is more than one orthonormal basis z that could be used. For a given z, all other
options can be written z′ = z C where C is an orthogonal matrix. However, this choice
has no impact on the final optimized designs. This can be seen by considering

W′
RI = WRI C

= URI SRI VT
RI C

= URI SRI V′TRI ,

because the product of two orthogonal matrices is itself orthogonal. The last line of this
is a valid singular value decomposition of W′

RI , and the singular values of any matrix are
unique [61]. Therefore the singular values of W′

RI are the same as those of WRI . κ2,RI and
ξRI are both calculated from the singular values of the RI measurement matrix, so they
will be the same regardless of which orthonormal basis is used for z. In summary, κ2,RI

and ξRI are both measures of the amount of error in a RI Mueller vector, when calculated
using the approach described in section 4.2.

The methodology described in this chapter so far is applicable not only to RI MMs,
but also in any situation in which there are constraints on the MM that can be written as

~0 = Wr
~M (4.35)

for some Wr. For example, for independent scattering from a cloud of particles which have
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a plane of symmetry and are randomly oriented, the MM has the form
a1 b1 0 0
b1 a2 0 0
0 0 a3 b2

0 0 −b2 a4

 (4.36)

for parameters a1, a2, a3, a4, b1, and b2 [131]. Every such MM obeys equation 4.35 with

Wr ≡



0 1 0 0 −1 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0


. (4.37)

This matrix can be used to calculate a 16 × 6 orthonormal basis z and a modified mea-
surement matrix analogous to WRI .

4.4 Methods

The procedure of sections 4.2 and 4.3 was applied in order to find optimized PSG and PSA
designs for determination of RI MMs with a rotating QWP polarimeter (section 2.3.1).
These designs are applicable to in vivo retinal polarimetry assuming the double pass
model. Optimization amounts to choosing the angles of the QWPs for each irradiance
measurement. However, depending on the type of motors used to rotate the QWPs, the
scanning method used to image the retina, the detector, and the data collection procedure,
there may be many other practical considerations beyond sheer error performance (see e.g.
[33, 126, 136]). These design elements may differ between different instruments, and a de-
tailed analysis of them is beyond the scope of this thesis. For the purposes of this chapter,
it was assumed that the time required to rotate the QWPs between each measurement is a
non-negligible contribution to the total data acquisition time. Additionally, it was assumed
that it would be favorable for the QWPs to rotate in one direction only. This reduces the
potential for backlash in some motor systems. Finally, some designs were made under the
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assumption that only one QWP should rotate at a time. This simplifies the control of the
motors and minimizes the total number of rotations necessary during data acquisition. All
three of these assumptions are true of the ex vivo retinal polarimeter currently used by
Campbell Labs. Sections 4.4.1 and 4.4.2 show how these restrictions can be incorporated
into the optimization process. Section 4.4.3 describes the numerical optimization itself,
while section 4.4.4 describes simulations used to test the final designs.

For a future in vivo retinal polarimeter, there may be other practical considerations
that are unforeseen by this chapter. As well, the PSG and PSA may consist of different
optical elements than a rotating QWP and fixed linear polarizer. The methodology of
this section could be adapted to choose PSG and PSA states that are practical while also
having good error performance.

4.4.1 Parameterization of the Reciprocal Invariant Measurement
Matrix

First, it is necessary to write WRI as a function of the QWP angles. As described in
subsection 2.3.1, the regular measurement matrix W consists of n rows each having the
form

Wi ≡ c(sA,i ⊗ sG,i). (2.50)

It was chosen to set c = 1. In general, sA,i and sG,i could take unique values for every
measurement i. For a rotating QWP polarimeter design,

sG,i ≡ (1/2) [1, cos2(2θG,i), cos(2θG,i) sin(2θG,i), sin(2θG,i)]
T (2.47)

sA,i ≡ (1/2) [1, cos2(2θA,i), cos(2θA,i) sin(2θA,i), − sin(2θA,i)]
T . (2.48)

Define the vectors

θG ≡ [θG,1, θG,2, ...θG,n] (4.38)

θA ≡ [θA,1, θA,2, ...θA,n], (4.39)

which characterize the sequence of n positions for each QWP. It is assumed for simplicity
that the irradiance measurements are taken in increasing order in i. The most general
choice is to assign a unique parameter to every angle:

θG = [ψ1, ψ2, ...ψn]

θA = [ψn+1, ψn+2, ...ψ2n],
(4.40)
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resulting in 2n total parameters. The RI measurement matrix can be constructed as a
function of ψ:

WRI(ψ) = W(ψ)z. (4.41)

This “2n” design is the most general parameterization of the QWP angles, because it allows
every angle to be chosen independently without restriction.

Other designs were obtained using different parameterizations of the angles θG and θA.
For example, consider a ten measurement “alternating” design with

ψ′ = [sort(ψ(1 : 5), sort(ψ(6 : 11)]

θG = [ψ′1, ψ
′
1, ψ

′
2, ψ

′
2, ψ

′
3, ψ

′
3, ψ

′
4, ψ

′
4, ψ

′
5, ψ

′
5]

θA = [ψ′6, ψ
′
7, ψ

′
7, ψ

′
8, ψ

′
8, ψ

′
9, ψ

′
9, ψ

′
10, ψ

′
10, ψ

′
11],

(4.42)

where the sort function places its arguments in ascending order. This parameterization
has the properties that both QWPs only rotate in the positive theta direction, and that
only one of them rotates at a time. These restrictions mean that the optimization metrics
may be higher for this design than for a “2n” design with the same number of measure-
ments. However, they may make it preferable for a real in vivo retinal polarimeter. Similar
“alternating” parameterizations were used for n = 9, 12 and will be written explicitly in
section 4.5.

A common pattern in MM polarimetry is for the PSG to have q unique states while
the PSA has p different states, and then to measure the irradiance for all pq combinations
of states [29, 81, 128, 129, 139]. This will be referred to in this thesis as a “p by q” design.
For a sixteen measurement polarimeter with p = q = 4, this can be expressed through the
parameterization

θG = [ψ1, ψ1, ψ1, ψ1, ψ2, ψ2, ψ2, ψ2, ψ3, ψ3, ψ3, ψ3, ψ4, ψ4, ψ4, ψ4]

θA = [ψ1, ψ2, ψ3, ψ4, ψ4, ψ3, ψ2, ψ1, ψ1, ψ2, ψ3, ψ4, ψ4, ψ3, ψ2, ψ1].
(4.43)

When optimizing the ordinary measurement matrix W, this type of design has several
advantages, including that it allows the PSG and PSA to be optimized separately [125].
However, Appendix A demonstrates that this property does not extend to WRI . Ad-
ditionally, it shows that no “p by q” design is capable of measuring an RI MM in the
minimum number of measurements. Therefore, designs of other, more complicated forms
are necessary, such as 4.40 and 4.42.

When the results are presented in section 4.5, each design will be labelled explicitly
with the parameterization of θG and θA that was used.
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4.4.2 Additional Optimization Objectives

The distance the QWPs must rotate between each measurement contributes to the total
time necessary to determine the MM. It was observed that when optimizing using ξRI
alone, there could be many sets of angles that gave similar minima. A secondary metric
that characterizes the distance the QWPs must rotate was used to steer the result towards
designs that are faster to operate in practice. When both wave plates move simultaneously
(such as for the “2n” design 4.40), it is expected that the larger movement is the rate
limiting factor. Therefore, a metric w was calculated as the sum of the largest angular
distance in radians moved between each irradiance measurement. When faster designs were
desired, a hybrid metric ξRI + αw was minimized. The weighting factor α is somewhat
arbitrary, but a small value α = 0.25 was chosen such that the contribution from ξRI is
strongly emphasized. ξRI tended to be 6− 10× larger than 0.25w for the designs that will
be shown in section 4.5.

As mentioned before, blinks and involuntary eye movements [88, 126] can disrupt in
vivo retinal polarimetry. Twietmeyer et al. reported having to occasionally drop individual
irradiance measurements from consideration due to these factors [126]. In practice, it may
be possible for the instrument operator to check for these defects in the measured data
immediately, so that the affected images can be retaken. However, a valuable degree of
flexibility would be provided by a design that performs well even if an individual irradiance
measurement is unusable. This requires that the polarimeter uses more than the minimum
number of measurements.

Dropping a measurement from consideration amounts to removing a row from WRI .
All of the optimization metrics that have been considered can be applied to the reduced
WRI , although their values will depend on which row was removed. Therefore a new metric
ξRI(−1) was calculated by taking the average ξRI for the n different ways of dropping one
row from WRI . Similarly, ξRI(−2) is the average over the n(n−1)/2 ways of dropping two
measurements from WRI , and so on. κ2(i) were defined in the same way. These metrics
characterize the resilience of the polarimeter to discarded irradiance measurements. To
generate designs that had good performance when a single measurement is dropped, the
hybrid metric ξRI + 0.25ξRI(−1) + 0.25w was used as the optimization objective. The
weighting factor 0.25 was chosen semi-arbitrarily, but in the future it could be fine-tuned
based on how frequently dropped measurements occur in practice.

In section 4.5, each design will be labeled with the metric that was optimized. Op-
timization using different metrics results in designs that reflect different combinations of
priorities.
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4.4.3 Numerical Optimization

Optimization of WRI was performed in Matlab [89]. For each design, W(ψ) was con-
structed using equations 2.50, 2.47, 2.48, and a specific parameterization of the QWP
angles (e.g. equations 4.40, 4.42, 4.43). For nine parameter6 RI MMs, the matrix Wr given
by definition 4.3 was used. For ten parameter RI MMs, the first row of Wr (corresponding
to the trace condition 3.14) was dropped. A matrix z obeying zTz = I was obtained using
the command z = null(Wr) [89]. This allowed WRI(ψ) = W(ψ) z to be written as a
function of the parameters ψ. A function was written to calculate the optimization metric
for each design, whether it was κ2,RI , ξRI , or a hybrid metric involving w or ξRI(−1). The
Matlab function lsqnonlin [89] was used to find a local minimum of the optimization
metric, with each parameter ψ having a randomized starting point. The function was run
between 103 and 104 times (depending on the design) with new randomized starting points
for each trial. The set of parameters corresponding to the lowest minimum among all trials
was chosen. The exact settings varied between designs, and were adjusted based on the
feedback provided by lsqnonlin to ensure that local minima were being reached.

4.4.4 Simulation

Lastly, simulations were used to compare the performance of these PSG and PSA designs
in the presence of experimental errors. A set of 30 000 nine parameter RI MMs, and a
second set of the same number of ten parameter RI MMs, were randomly generated using
the method described in Appendix B.2. For each polarimeter design WRI and for each
MM in the relevant set, the “true” measurement matrix W + δW was generated assuming
a small amount of random rotational error in the QWPs. Each position θG and θG was
taken to have an error term δθ taken from a zero mean normal distribution with standard
deviation 0.5◦. When the angle of a QWP remained fixed between two measurements, δθ
remained fixed as well.

The resulting measurement matrix was used to calculate the simulated irradiance at
the detector ~IDetector using equation 4.9. Because of the scaling of the set of MMs (Ap-
pendix B.2), the irradiance values all lay between zero and one half. Then each element of

the irradiance error δ~I was taken independently from a normal distribution with zero mean
and standard deviation 0.005. The reconstructed Mueller vectors ~MEST were calculated

6“Nine parameter” refers to the number of degrees of freedom of this type of RI MMs, not to the
number of parameters ψ in the design.
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using

~MEST = z W−1
RI
~IEST . (4.44)

As well, a standard filtering procedure was applied to check if each ~MEST was a valid
Mueller vector, and replace unphysical ~MEST with a nearby physical version (see [40, 42,
53] for more details on this process). It can be shown that this preserves the reciprocal

invariance of an MM (including the trace condition 3.14) so the final ~MEST was always

perfectly RI. For each ~M, the relative error

‖δ ~M‖2

‖ ~M‖2

=
‖ ~MEST − ~M‖2

‖ ~M‖2

(4.45)

was recorded. This value was then averaged across across all 3×104 MMs in the simulation.

For designs using more than the minimum number of measurements, additional values of
mean{‖δ ~M‖2/‖ ~M‖2} were simulated in the case that one, two, or three of the irradiance
measurements prove to be unusable. This was done for each MM in the simulation by
randomly discarding the appropriate number of elements from ~IEST , and discarding the
associated rows of W before calculating WRI .

The value of mean{‖δ ~M‖2/‖ ~M‖2} depends significantly on the amount and types of

errors included in W and ~I, as well as the properties of the set of MMs (Appendix B.2).
The simulations in this chapter are intended as a mode of comparison between different
sets of angles for the PSG and PSA, and not as an absolute predictor of the level of error in
a real in vivo retinal polarimeter. The resulting values of mean{‖δ ~M‖2/‖ ~M‖2} are similar
to those found to identity matrix images taken by the ex vivo retinal polarimeter used
currently by Campbell Labs.

4.5 Results

To provide a point of comparison for the novel designs that will be shown in this section,
a full sixteen measurement “4 by 4” design was optimized without assuming reciprocal
invariance. To accomplish this, W was optimized instead of WRI , using ξ as the objective
metric. Additionally, a simulation was performed as described in section 4.4.4, but the
ordinary measurement equation 4.12 was used to generate the MM estimate instead of
RI equation 4.44. The resulting metrics and the QWP angles are shown in Table 4.1,
under “Four by Four Design 1”. Sets of angles for rotating wave plate polarimeters have
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already been reported by several authors [4, 109, 128, 133, 139]. The optimized design is in
agreement with the result of Zallat et al. [139], and is close to designs listed by Ambirajan
and Look [4] and Vaughn and Hoover [133]. Very similar angles have been found for wave
plates with higher than quarter wave retardance by Sabatke et al. [109] and Tyo [128].
This provides a validation of the optimization code used by the present author, and will
also be used for comparison with the RI designs optimized later in this section. A second
design (“Four by Four Design 2”), proposed by Ambirajan and Look [4], is also shown in
Table 4.1 alongside its optimization metrics and simulation results. This set of angles was
not obtained by the optimization procedure, but was analyzed for comparison because it
is the angle set currently used by Campbell Labs for ex vivo retinal polarimetry.

For clarity, the parameters ψ = [ψ1, ψ2, ψ3, ψ4] are written using only their numeral
subscripts in Table 4.1. The metric w gives the total angular distance that both QWPs
must move during the sequence of positions specified by θG and θA. The simulation was
performed for both nine parameter and ten parameter MM data sets. The nine parameter
sample group consistently gave lower relative error mean{‖δ ~M‖2/‖ ~M‖2} throughout this
section. This difference is indicative only of the different statistical properties of the two
generated sets of matrices, due to the fact that different methods are necessary to randomly
generate nine and ten parameter RI MMs (see Appendix B.2).

Next, table 4.2 shows two designs that use the assumption that the sample MMs are ten
parameter RI to determine them in ten measurements. For the first of these, labelled “2n
Design Ascending, Fast” each QWP angle for each measurement was chosen independently,
resulting in twenty parameters. However, the angles were constrained such that each QWP
could only rotate in the positive θ direction. Additionally, it was optimized by minimizing
the objective function ξRI + 0.25w, in order to reduce the distance the QWPs must rotate.
Recall that when both QWPs move between two measurements, w only counts the larger
movement. Another “2n Design” (not shown) was optimized without these constraints, and
achieved only marginally better error performance at the cost of requiring large back and
forth movements for both QWPs, which could significantly increase the total measurement
time. This demonstrates that the inclusion of a secondary objective such as w can result
in much more practical optimized designs.

A second design, labelled “Alternating Design”, used these constraints in addition to
the requirement that only one QWP move at a time. As can be seen in table 4.2, this
comes at a modest cost to the error performance of the polarimeter, as well as an increase
in the metric w. Therefore the first design can be expected to perform better in terms of
both speed and accuracy, if the polarimeter is capable of rotating both QWPs at the same
time.
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Design Properties

Four by
Four
Design 1

Assumptions None
Measurements 16

Objective ξ
ψ {1-4} = {-51.8◦, -14.4◦, 14.4◦, 51.8◦}
θG {1, 1, 1, 1, 2, 2, 2, 2, 3, 3, 3, 3, 4, 4, 4, 4}
θA {1, 2, 3, 4, 4, 3, 2, 1, 1, 2, 3, 4, 4, 3, 2, 1}
κ2 11.17
ξ 20.60
w 9.04 rad (= 518.0◦)

Nine Param. RI Sample Ten Param. RI Sample

mean{‖δ ~M‖2/‖ ~M‖2} 0.096 0.102

Four by
Four
Design 2

Assumptions None
Measurements 16

ψ {1-4} = {-45◦, 0◦, 30◦, 60◦}
θG {1, 1, 1, 1, 2, 2, 2, 2, 3, 3, 3, 3, 4, 4, 4, 4}
θA {1, 2, 3, 4, 4, 3, 2, 1, 1, 2, 3, 4, 4, 3, 2, 1}
κ2 13.15
ξ 21.65
w 9.16 rad (= 525.0◦)

Nine Param. RI Sample Ten Param. RI Sample

mean{‖δ ~M‖2/‖ ~M‖2} 0.100 0.106

Table 4.1: Examples of sixteen measurement polarimeter designs and their corresponding
metrics.
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When applied to the ten parameter RI MM sample set, the ten measurement designs
have a simulated relative error mean{‖δ ~M‖2/‖ ~M‖2} = 0.103 and 0.109, while the sixteen
measurement designs in table 4.1 have 0.102 and 0.106 respectively. Therefore, the designs
shown in table 4.2 are capable of measuring ten parameter RI MMs with comparable
accuracy to standard sixteen measurement designs, despite only having ten measurements.
The reasons for this are twofold. Firstly, they were optimized using ξRI instead of ξ, which
means that the found angles are specialized for covering the space of RI MMs. Secondly,
the reconstructed MMs was generated using equation 4.7 instead of equation 4.1, which
forces them to be RI and thus removes non-RI errors. Therefore, this result relies on the
sample MMs being RI. Naturally, a sixteen measurement design that uses the assumption
of reciprocal invariance could achieve better error performance in these simulations that
any of the designs in tables 4.1 and 4.2.

Finally, the total angular distance w is significantly lower for the ten measurement
designs than for the sixteen measurement designs, reflecting a decrease in the waiting time
between measurements. This is in addition to the time savings due to only capturing ten
images instead of sixteen.

Table 4.3 shows the same two types of designs, this time optimized to measure nine
parameter RI MMs in nine measurements. The resulting designs similarly outperform the
standard sixteen measurement designs when applied to nine parameter RI MMs, having
lower relative error mean{‖δ ~M‖2/‖ ~M‖2} and total movement distance w.

Lastly, other designs were tested that use more than the minimum number of measure-
ments. This improves the error performance of the polarimeter, and it also means that
it is possible to calculate the MM even if a measurement has to be discarded due to eye
movement or blinking.

Two twelve measurement designs are presented in table 4.4, for nine and ten parameter
RI designs respectively. The expected values of all metrics are given when zero, one, two,
and three measurements are dropped. These designs were optimized under the constraints
that each QWP rotate only in the positive theta direction, and that only one QWP rotates
at a time. The objective ξRI + 0.25ξRI(−1) + 0.25w was minimized so that the polarimeter
would perform well even if one measurement is dropped. If more images are unusable
however, the accuracy falls drastically. For ten parameter RI MMs, the -3 column is
indeterminate due to having fewer than the minimum number of measurements. The -3
column of the nine parameter design highlights the importance of polarimeter optimization:
the WRI used to calculate this column involve the same number of measurements as the
designs in table 4.3, but perform dramatically worse in the presence of error.

There are far more designs that can be obtained involving different numbers of measure-
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Design Properties

2n Design
Ascending,
Fast

Assumptions Ten Parameter Reciprocal Invariance
Measurements 10

Objective ξRI + 0.25w
ψ {1-20} = {-154.1◦, -120.1◦, -77.7◦, -64.1◦, -

58.8◦, -45.0◦, -40.1◦, -7.1◦, 45.2◦, 86.7◦, -155.1◦,
-148.3◦, -102.3◦, -70.3◦, -33.7◦, 45.0◦, 84.9◦,
100.3◦, 134.8◦, 136.6◦}

θG {1, 2, 3, 4, 5, 6, 7, 8, 9, 10}
θA {11, 12, 13, 14, 15, 16, 17, 18, 19, 20}

κ2,RI 11.57
ξRI 20.89
w 6.87 rad (= 393.9◦)

Ten Param. RI Sample

mean{‖δ ~M‖2/‖ ~M‖2} 0.103

Alternating
Design

Assumptions Ten Parameter Reciprocal Invariance
Measurements 10

Objective ξRI + 0.25w
ψ {1-11} = {-56.5◦, 47.7◦, 110.0◦, 141.9◦, 167.4◦,

-117.8◦, -49.3◦, -9.8◦, 24.0◦, 96.0◦, 144.7◦}
θG {1, 1, 2, 2, 3, 3, 4, 4, 5, 5}
θA {6, 7, 7, 8, 8, 9, 9, 10, 10, 11}

κ2,RI 13.13
ξRI 22.47
w 8.49 rad (= 486.3◦)

Ten Param. RI Sample

mean{‖δ ~M‖2/‖ ~M‖2} 0.109

Table 4.2: Optimized designs for ten measurement determination of ten parameter RI
MMs.
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Design Properties

2n Design
Ascending,
Fast

Assumptions Nine Parameter Reciprocal Invariance
Measurements 9

Objective ξRI + 0.25w
ψ {1-18} = {-140.8◦, -140.0◦, -140.0◦, -101.9◦, -

101.9◦, -74.6◦, -35.3◦, 5.4◦, 49.5◦, -138.3◦, -98.9◦,
-37.6◦, 7.0◦, 42.6◦, 45.3◦, 45.3◦, 80.4◦, 112.5◦‘}

θG {1, 2, 3, 4, 5, 6, 7, 8, 9}
θA {10, 11, 12, 13, 14, 15, 16, 17, 18}

κ2,RI 10.43
ξRI 19.55
w 5.80 rad (= 332.4◦)

Nine Param. RI Sample

mean{‖δ ~M‖2/‖ ~M‖2} 0.095

Alternating
Design

Assumptions Nine Parameter Reciprocal Invariance
Measurements 9

Objective ξRI + 0.25w
ψ {1-10} = {-117.9◦, -87.2◦, -44.1◦, 45.0◦, 129.7◦,

-89.5◦, -33.3◦, -1.5◦, 26.0◦, 57.1◦}
θG {1, 1, 2, 2, 3, 3, 4, 4, 5}
θA {6, 7, 7, 8, 8, 9, 9, 10, 10}

κ2,RI 10.73
ξRI 20.47
w 6.88 rad (= 394.2◦)

Nine Param. RI Sample

mean{‖δ ~M‖2/‖ ~M‖2} 0.098

Table 4.3: Optimized designs for nine measurement determination of nine parameter RI
MMs.
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Design Properties

Extra
Measure-
ments Ten
Parameter

Assumptions Ten Parameter Reciprocal Invariance
Measurements 12

ψ {1-13} = {-128.6◦, -73.4◦, -42.7◦, -3.9◦, 122.0◦,
157.3◦, -230.2◦, -195.2◦, -140.9◦, -86.4◦, -38.0◦,
111.7◦, 153.3◦}

θG {1, 1, 2, 2, 3, 3, 4, 4, 5, 5, 6, 6}
θA {7, 8, 8, 9, 9, 10, 10, 11, 11, 12, 12, 13}
w 11.68 rad (= 669.4◦)

(0) (-1) (-2) (-3)
κ2 11.22 18.33 50.70 ∞
ξ 19.07 24.81 58.29 ∞

Ten Param. RI Sample

mean{‖δ ~M‖2/‖ ~M‖2} 0.092 0.118 0.239 n/a

Extra
Measure-
ments
Nine
Parameter

Assumptions Nine Parameter Reciprocal Invariance
Measurements 12

ψ {1-13} = {-134.0◦, -48.7◦, -6.0◦, -44.7◦, -95.6◦,
138.2◦, -145.1◦, -121.4◦, -84.0◦, -58.4◦, -31.9◦, -
7.0◦, 28.9◦}

θG {1, 1, 2, 2, 3, 3, 4, 4, 5, 5, 6, 6}
θA {7, 8, 8, 9, 9, 10, 10, 11, 11, 12, 12, 13}
w 7.79 rad (= 446.1◦)

(0) (-1) (-2) (-3)
κ2,RI 10.64 13.65 71.19 1242.2
ξRI 17.01 20.04 81.39 1359.2

Nine Param. RI Sample

mean{‖δ ~M‖2/‖ ~M‖2} 0.081 0.094 0.282 3.244

Table 4.4: Optimized designs for twelve measurement determination of reciprocal invariant
Mueller matrices, considering the possibility of dropped measurements.
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ments, different parameterization of wave plate angles, and different weighting of optimiza-
tion objectives. The presented designs were chosen to represent an assortment of possible
priorities for in vivo retinal polarimeter design, and demonstrate how those priorities may
be incorporated into the optimization process.

4.6 Conclusion

In this section, optimal sets of angles have been reported for a rotating QWP partial po-
larimeter that measures RI MMs. These designs could be of practical use for a polarimeter
making in vivo measurements of the human retina. Using simulations, it has been shown
that if the sample is truly RI, a nine or ten measurement partial polarimeter can obtain
similar error performance to a sixteen measurement full polarimeter that does not use the
assumption of reciprocal invariance.

The analysis was based on a novel extension of existing full polarimeter optimization
methods to partial polarimeters in the presence of symmetries. The methodology used in
this chapter could be applied when the PSG and PSA consist of different optical elements
than linear polarizers and QWPs, and for different symmetries than reciprocal invariance.
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Chapter 5

Interpretation of Double Pass
Mueller Matrices

5.1 Introduction

Once a set of MMs have been measured in an in vivo retinal polarimetry experiment, they
must be interpreted in order to give insight into the nature of the sample. The double pass
model described in chapter 3 writes the MM as a product

MDP = X MT
SP X Y MSP (3.16)

where MSP is the single pass MM, and X ≡ diag(1, 1, −1, 1) and Y ≡ diag(1, 1, −1, −1)
as defined in chapter 31. It will be assumed that the MM measured in in vivo retinal
polarimetry has this form, which is a stronger assumption than simply taking the MM to
be RI as in the previous chapter. In the model, MSP is representative of the properties of
the cornea, lens, and retina in transmission2. MDP is called the double pass MM, because
it arises from two passes through the structures of the eye. MDP can be interpreted by

1diag(a, b, c, d) refers to the 4× 4 matrix with elements a, b, c, and d along the diagonal, and with all
other entries equal to zero.

2A few methods exist for isolating the MM of the retina, known as anterior segment compensation
[74, 100, 142, 141]. These methods assume that the cornea and lens together act as a linear retarder
which is uniform with scanning position, and also require an assumption about the MM of part of the
retinal image. In the idealized case of perfect anterior segment compensation, MSP in equation 3.16 would
represent the retina alone. More realistically, MSP is always influenced by the cornea and lens, but this
influence may be decreased using anterior segment compensation.
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using the Lu-Chipman decomposition to extract polarimetric properties such as retardance,
diattenuation, and depolarization [83] (see section 2.3.2). However, these properties are
influenced by the reflection geometry of the model. Double pass polarimetry values are
not equal to what would be measured for the same ocular structures in transmission. For
example, it is possible for the double pass MM to have nonzero circular retardance even
if the single pass MM contains no circular retardance, and vice versa. Therefore, it is
important to understand the relationship between the single pass polarimetric properties,
obtained from MSP , and the double pass properties obtained from MDP . This is especially
relevant to the AD diagnosis project of Campbell Labs, because polarimetric data for
retinal amyloid deposits has so far been collected in single pass transmission ex vivo retinal
measurements, while future in vivo measurements will be double pass.

A number of authors have analyzed the properties of some MMs in double pass. In
the field of in vivo retinal polarimetry, Hunter et al. [64], Bueno [24], and Knighton et al.
[74] have each described cases in which MSP is a sequence of linear retarders. Bueno also
examined linear diattenuators in double pass, as well as the combination of a horizontal
linear polarizer followed by a QWP oriented at 45◦ (which is essentially a circular polarizer)
[24]. The behaviour of a circular polarizer in double pass was also shown by Azzam [13].
Lara discussed features of linear polarizers, circular retarders, and depolarization produced
by scattering in double pass [80]. Vansteenkiste et al. and Wolfe and Chipman have
described what happens to an elliptical retarder in double pass [132, 138]. Schönhofer and
Kuball discussed samples with weak, non-depolarizing polarimetric properties in double
pass [115]. Sheppard et al. derived equations relating the “c-vectors” of non-depolarizing
single and double pass MMs, which contain information about retardance and diattenuation
[117].

This chapter endeavors to show the relationship between single and double pass polari-
metric properties as assessed using the Lu-Chipman decomposition, for general MSP con-
taining any amounts of retardance, diattenuation, and depolarization. This is attempted
first algebraically and later using simulated MDP . A particular focus is placed on the
inverse problem of inferring MSP from MDP (the forwards problem of calculating MDP

from MSP is trivial using equation 3.16). However MDP is RI and so has fewer degrees of
freedom than MSP , meaning some of the polarimetry information in MSP must “cancel
out” and become unavailable in double pass. There is therefore more than one single pass
MM MSP that corresponds to any given MDP . This chapter shows how to calculate a full
or partial set of solutions for MSP in some conditions, and considers the range of single
pass polarimetric properties that can lead to the same MDP . This aids in the interpreta-
tion of MDP and also identifies which single pass polarimetric properties can be reliably
inferred from MDP . Compared to the work of previous authors, these efforts are believed
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to be unique in their focus on the inverse problem of inferring the Lu-Chipman form of
MSP from MDP .

Subsections 5.2.1 and 5.2.2 treat the relationship between MDP and MSP when MSP is
a retarder or is non-depolarizing (i.e. may contain both retardance and diattenuation but
no depolarization) respectively. While the goal of this chapter is to address this relationship
for general MSP with any combination of polarimetric properties, these simpler cases are
more tractable and lead to conclusions that can be extended to general MSP . It is shown
in both situations how to calculate all possible MSP that correspond to a given double pass
MM. Sets of polarimetric properties that lead to the same double pass MM are visualized
in 3D space. This study shows the ambiguity in MSP and specifies which information
“cancels out” in double pass. In contrast to the work of Sheppard et al. [117], this is
done using polarimetric properties as given by Lu-Chipman decomposition, rather than
c-vectors. The derivation in subsection 5.2.2 is independent of the results of Sheppard
et al. [117], and provides a different perspective on the relationship between single and
double pass non-depolarizing MMs. Most importantly, using the Lu-Chipman approach
facilitates the extension of the results to the case of general, depolarizing MSP . This is
done in subsection 5.2.3, showing that several of the conclusions of subsections 5.2.1 and
5.2.2 apply even when depolarization is present.

The relationship between single and double pass MMs in the presence of depolarization
is more complex, and it was not found how to calculate all possible MSP for a given MDP .
Section 5.3 and Appendix E instead develop a “double pass decomposition” that finds a
set of possible MSP , by assuming that the depolarization matrix is diagonal. Ossikovski et
al. have stated that many important types of depolarizing media can be written in terms
of diagonal depolarization matrices [97]. This new decomposition is an adaptation of the
symmetric decomposition of Ossikovski [95]. This provides a novel way of interpreting a
depolarizing MDP by calculating possible single pass polarimetric properties.

The double pass decomposition can be applied to any RI MM, not only to double pass
MMs. The measurement equations described in chapter 4 are guaranteed to return RI
MMs. It is conceivable that, due to experimental errors or a failure of the double pass model
to represent the sample, the experimental RI MM may not be mathematically consistent
with the double pass model. The double pass decomposition algorithm can detect such
cases. Applied to experimental RI MMs obtained from in vivo retinal polarimetry, it could
be used as a test of the validity of the double pass model 3.16.

Finally, in section 5.4 simulations are used to compare single and double pass polari-
metric properties, as assessed using Lu-Chipman decomposition. These simulations are
also used to test methods of predicting single pass properties from the double pass MM.
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The work of this chapter has several applications to the work of the Campbell Labs
Alzheimer’s diagnosis project. It highlights which single pass polarimetry properties can
be reliably inferred from MDP , and which cannot. This is important for other lab members
analyzing ex vivo retinal MMs in transmission (e.g. [106]), so that their work can be based
on polarimetric properties that are accessible to in vivo retinal polarimetry. Applied to a RI
MM measured in in vivo retinal polarimetry, the novel double pass decomposition can test
if it is mathematically consistent with the double pass model, and provide possible single
pass polarimetric properties. This may be used alongside or instead of the Lu-Chipman
decomposition of MDP to better understand the results of in vivo retinal polarimetry.

5.2 Algebraic Relationships Between Single and Dou-

ble Pass Mueller Matrices

This section explores algebraically the relationship between the Lu-Chipman decomposed
forms of the double pass and single pass MMs. However, the double pass MM defined by
equation 3.16 uses a different coordinate frame for the input and output Stokes vectors
as a consequence of the conventions used in section 3.2. Several authors suggest that in
reflection-type measurements, the same coordinate frame should be used for both input
and output Stokes vectors [24, 78, 105]. This choice does not appear to be universal (see
e.g. [17] and its use as an example in [53]). Representing the input and output Stokes
vectors in the same coordinate frame gives a new MM

MDP = Y MDP . (5.1)

MDP and MDP in general have very different Lu-Chipman properties. Appendix C provides
an explicit argument for why the Lu-Chipman decomposition of MDP is expected to provide
more physically meaningful values than that of MDP .

Incorporating this coordinate change into the double pass model,

MDP ≡ X MT
SP X Y MSP =⇒

MDP ≡ Y X MT
SP X Y MSP

= Q MT
SP Q MSP . (5.2)

In this section, the relationship between the polarimetric properties of MSP and MDP is
investigated algebraically. This is done for three types of single pass MMs of increasing
generality. Subsection 5.2.1 is focused on retarders. Several of the results are well known
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in the literature [24, 41, 132, 138], but to the author’s knowledge it has not been shown
explicitly before how to calculate all possible retarder MSP that give the same MDP .

This result is applied in subsection 5.2.2 (augmented by Appendix D), which finds every
possible non-depolarizing MSP corresponding to a non-depolarizing MDP . This is done
while applying the Lu-Chipman decomposition to both MSP and MDP . The set of possible
single pass polarimetric properties that lead to the same MDP are visualized in 3D space.
The results can be summarized as a set of transformations of MSP that can be performed
without altering MDP .

These results are partially extended to general MSP (including any amounts of retar-
dance, diattenuation, and depolarization) in subsection 5.2.3. However, the problem of
finding all possible MSP in this case is too complex for this thesis. Sections 5.3 and 5.4
will further address the relationship between single and double pass MMs in the presence
of depolarization using other methods.

5.2.1 Retarder Mueller Matrices in Double Pass

It is well known that if the sample is a linear retarder, its retardance doubles in double pass
[24, 49, 74, 78, 138]. Mathematically, this can be seen by inserting MSP = MLR(RL, θ)
(equation 2.39) into equation 5.2, from which it follows that MDP = MLR(2RL, θ). On the
other hand, an ordinary3 circular retarder cancels itself out in double pass [41, 80, 138].
The reflection MM Y reverses the handedness of incident light, and so the effects of the first
pass are reversed by the second. Accordingly, using MSP = MCR(RC), equation 5.2 results
in MDP = I. Lastly, as noted by Vansteenkiste et al. [132], any half wave linear retarder
will contribute a full wave of retardance in double pass. A full wave of retardance has no
effect on an input Stokes vector: MDP = MLR(2π, θ) = I. Mathematically speaking, a
half wave linear retarder will cancel itself out in double pass, just like a circular retarder.

In the most general case, if MSP is an elliptical retarder, then it is always possible to
write it as the product of a linear retarder and a circular retarder:

MSP = MR(RH , R45, RC)

= MCR(R′C)MLR(R′L, θ
′) [86, 65].

3Faraday rotation is circular retardance that occurs in gyrotropic media in an external magnetic field
[41, 87]. Faraday rotators disobey the reciprocity theorem 3.11 and so have different properties in double
pass than other types of circular retarders, such as a medium consisting of chiral molecules [41]. In this
thesis it is assumed that all single pass MMs are related to their direction-reversed versions by equation 3.11.
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The inner circular retarder will cancel in double pass, resulting in MDP = MLR(2R′L, θ
′).

Therefore, regardless of the amount of circular retardance in MSP , MDP will be a linear
retarder. However, generally RL 6= R′L, θ 6= θ′, and RC 6= R′C . Instead, they are related by
the set of equations4

R′L = 2 arccos

(√
R2
C

R2
sin2(R/2) + cos2(R/2)

)
[86]

R′C = sign(RC) arccos

(
2 cos2(R/2)

cos2(R′L/2)
− 1

)
θ′ = θ +

R′C
4

(5.3)

where as usual

R =
√
R2
L +R2

C .

In the following sections it will be important to distinguish between the retardance param-
eters that treat MR as a single elliptical retarder (equations 2.38), and those that treat
it as a compound retarder consisting of a linear retarder followed by a circular retarder
(equations 5.3). Primed R′L, θ′, and R′C will always refer to the compound version, while
the unprimed versions are the ordinary retardance parameters.

Recall from section 2.2 that there are multiple values of retardance that can give the
same retardance matrix. Equations 2.38 always return a value that is in the range 0 < R <
π. Likewise, equation 5.3 implies that R′L < π, so the true double pass retardance is 2R′L <
2π. However, the retardance RL,DP that is calculated from MDP using equations 2.38 is
always in the range 0 < RL,DP < π. It can be shown that the single pass (R′L, θ

′) and
double pass (RL,DP , θDP ) are related by

R′L < π/2 =⇒ RL,DP = 2R′L and θDP = θ′

R′L > π/2 =⇒ RL,DP = 2π − 2R′L and θDP = θ′ − π/2.
(5.4)

These results can be used to find all possible retarder MSP given a retarder MDP . It
has already been shown that MDP must be a linear retarder. Inverting the inequalities 5.4,

4The expressions for R′C and θ′ given here have been altered from those found in [86]. The expression
for R′C is equivalent apart from the addition of the sign function, which assures the correct handedness.
The correctness of equations 5.3 was confirmed algebraically and numerically using Matlab.
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all possible retarder MSP can be written

MSP = MCR(R′C) MLR(RL,DP/2, θDP ) (5.5)

or

MSP = MCR(R′C) MLR(π −RL,DP/2, θDP + π/2) (5.6)

for 0 < R′C < π.

Because a circular retarder cancels itself out in double pass, any MSP can be left
multiplied by any circular retarder without changing MDP . For a MSP of the form of
equation 5.5, clearly all other MSP obeying equation 5.5 can be calculated through left
multiplication by a circular retarder. A halfwave linear retarder MHLR also cancels itself
out in double pass. A halfwave linear retarder with azimuth α can be written

MHLR(α) =


1 0 0 0
0 cos 4α sin 4α 0
0 sin 4α − cos 4α 0
0 0 0 −1

 [39] (5.7)

=


1 0 0 0
0 cos 4α − sin 4α 0
0 sin 4α cos 4α 0
0 0 0 1




1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1

 (5.8)

= MCR(4α) Y. (5.9)

The action of the Y on a linear retarder was analyzed algebraically using Matlab, and it
was found that

MHLR(α) MCR(R′C) MLR(RL,DP/2, θDP )

=MCR(4α) Y MCR(R′C) MLR(RL,DP/2, θDP )

=MCR(4α) Y MCR(R′C) (Y Y) MLR(RL,DP/2, θDP )

=MCR(4α) MCR(−R′C) MCR(4θ) MLR(π −RL, θ + π/2)

=MCR(4α−R′C + 4θ) MLR(π −RL, θ + π/2).

That is, left multiplying equation 5.5 by a half wave linear retarder gives a new MSP

with a form equivalent to equation 5.6. Similarly, it can be shown that left multiplying
equation 5.6 by a half wave linear retarder gives a new MSP with a form equivalent to
equation 5.5. Therefore, given any retarder MSP , all other possible single pass retarders
that lead to the same MDP are related to MSP through left multiplication by either a
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circular retarder or a half wave linear retarder. Therefore equations 5.5 and 5.6 can be
summarized as

MSP = MCR/HLR MLR(RL,DP/2, θDP ) (5.10)

where MCR/HLR is any circular retarder or half wave linear retarder. Explicitly,

Q MT
SP Q MSP = Q MLR(RL,DP/2, θDP )T MT

CR/HLRQ MCR/HLR MLR(RL,DP/2, θDP )

= Q MLR(RL,DP/2, θDP )T Q(Q MT
CR/HLRQ MCR/HLR)MLR(RL,DP/2, θDP )

= Q MLR(RL,DP/2, θDP )T Q MLR(RL,DP/2, θDP )

= MLR(RL,DP , θDP ) = MDP .

When MSP is treated as a general or elliptical retarder, the solutions 5.10 permit a
wide range of possible retardance vectors R. For example, figure 5.1 shows every possible
R corresponding to the randomly generated double pass retarder MM

MDP =


1 0 0 0
0 0.9489 0.1405 0.2825
0 0.1405 0.6136 −0.7770
0 −0.2825 0.7770 0.5625

 . (5.11)

The red line in figure 5.1 is the set of solutions following equation 5.5, while the blue line
is the set following equation 5.6. Equation 5.5 with R′C = 0 gives the minimum retardance
possible in order to explain MDP , while the maximum retardance is always π.

5.2.2 Non-depolarizing Mueller Matrices in Double Pass

Next, allow MSP and MDP to have some diattenuation as well as retardance, but no
depolarization. As in subsection 5.2.1, there will be multiple possible solutions for the
single pass MM. The Lu-Chipman decomposition of any non-depolarizing MM is

M = cMRMD

where c is a scalar constant with 0 ≤ c ≤ 1 [83]. Starting with equation 5.2 and decom-
posing both MDP and MSP in this way,5

cDPMR,DP M, DDP = c2Q MT
D MT

R Q MR MD. (5.12)

5It is possible for a depolarizing single pass matrix MSP to lead to a non-depolarizing MDP . Such
cases are ignored for simplicity.
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Figure 5.1: Possible locations of the single pass retardance vector R for the randomly
generated double pass retarder MM 5.11, with a reference sphere of radius π.
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Using equations 2.37 and 2.29,

MDP =
cDP

1 +DDP

[
1 DT

DP

mR,DP DDP mR,DP mD,DP

]
(5.13)

=
c2

(1 +D)2

[
1 + DT mq D DT + DT mq mD

q D + q mT
D mq D q D DT + q mT

D mq mD

]
(5.14)

mq ≡mT
R q mR. (5.15)

Because q is a diagonal matrix and mT
R = m−1

R , equation 5.15 provides an eigen decom-
position of mq [60]. Therefore, mq has two distinct eigenvalues, ±1. The −1 eigenvalue
has a multiplicity of one, and the associated eigenvector v̂ is given by the last row of mR:
v̂ ≡ mT

R [0, 0, 1]T . The +1 eigenvalue has a multiplicity of two, and so is associated with
a two dimensional eigenspace. Because mR is orthogonal, this eigenspace is the plane or-
thogonal to v̂. Consider first the case in which D is parallel to v̂. Then, mq D = −D.
Applying this to equation 5.14, it follows that

MDP =
c2(1−D)

(1 +D)

[
1 0T

0 q mT
R qmR

]
(5.16)

that is, the diattenuation only affects the overall transmission of the double pass matrix,
which is otherwise the same as a retarder in double pass. Generally, c is not known and
may be influenced by the illumination and gain settings of the polarimeter (see section 2.3),
so it is not feasible to use the overall transmission to calculate D. Equation 5.16 also shows
that the assumption that D is parallel to v̂ is inconsistent unless DDP = 0.

If the single pass MSP has zero retardance, then D is parallel to v̂ if and only if MSP

is a circular diattenuator. Therefore, equation 5.16 shows that a circular diattenuator,
multiplied by a scalar, will cancel itself out in double pass:

I = Q (

√
1 + |DC |
1− |DC |

MT
CD) Q (

√
1 + |DC |
1− |DC |

MCD) (5.17)

MCD(DC) ≡ 1

1 + |DC |


1 0 0 DC

0
√

1−D2
C 0 0

0 0
√

1−D2
C 0

DC 0 0 1

 .
If instead D is perpendicular to v̂, then mqD = +D. It will be shown that this

assumption uniquely determines the diattenuation vector, which will be called the principal
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diattenuation vector and labelled Dp. Later it will be proved that Dp is related in a simple
way to the double pass diattenuation vector, and Dp is the minimum possible single pass
diattenuation, hence the name principal. Likewise c = cp is uniquely determined, but the
retardance can take a range of possible values. Inserting mqDp = +Dp into equation 5.14,

MDP =
c2
p

(1 +Dp)2

[
1 +D2

p 2DT
p

2q Dp q mq ((1−D2
p)I + 2Dp DT

p )

]
(5.18)

Comparing the (1, 1) element of 5.18 with equation 5.13,

cDP
1 +DDP

=
c2
p(1 +D2

p)

(1 +Dp)2
. (5.19)

Comparing (1, 2 : 4) elements of equations 5.18 and 5.13 and applying equation 5.19,

cDP
1 +DDP

DDP =
2c2
p

(1 +Dp)2
Dp =⇒

DDP =
2

1 +D2
p

Dp. (5.20)

Equation 5.20 shows how single and double pass diattenuation, as calculated using the Lu-
Chipman decomposition, may be related to each other. For a weak single pass diattenuator
(D2

p ≈ 0), the diattenuation magnitude is approximately doubled in double pass. For a
strong single pass diattenuator (D2

p ≈ 1), the diattenuation magnitudes are approximately
the same. However, this is only strictly true under the assumption that Dp is perpendicular
to v̂.

Equation 5.20 shows that DDP and Dp are parallel, and are related by a positive scalar.
In order to obtain Dp as a function of DDP , write Dp = aDDP for a yet unknown positive
scalar a. Squaring both sides of equation 5.20 and plugging this in,

D2
DP =

4a2D2
DP

(1 + a2D2
DP )2

=⇒

0 = D4
DPa

4 + (2D2
DP − 4)a2 + 1 =⇒

a2 =
2−D2

DP ± 2
√

1−D2
DP

D4
DP

(5.21)

where the quadratic equation has been used to solve for a2. The magnitude of the diatten-
uation vector must always be between zero and one, so 1 ≥ D2

p = a2D2
DP and 1 ≥ D2

DP .
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Therefore,

1 ≥ a2D2
DP =⇒

1 ≥
2−D2

DP ± 2
√

1−D2
DP

D2
DP

=⇒

D2
DP ≥ 1±

√
1−D2

DP =⇒

1 ≥ D2
DP ≥ 1±

√
1−D2

DP

This inequality can only be satisfied by taking the negative-signed solution for a. Finally,
it follows that

a2 =
2−D2

DP − 2
√

1−D2
DP

D4
DP

=
(1−

√
1−D2

DP )2

D4
DP

=⇒

a =
1−

√
1−D2

DP

D2
DP

(5.22)

Dp =
1−

√
1−D2

DP

D2
DP

DDP (5.23)

The positive square root was taken because equation 5.20 implies that a is positive. a is
uniquely determined by 5.22 and so Dp is uniquely determined. a is exactly the factor that

appears in the definition of the diattenuation matrix (equation 2.29): mDP =
√

1−D2
DP I+

aDDPDT
DP .

Considering equation 5.19 and using Dp = aDDP , it can be shown that cp =
√
cDP .

Next, using the principal diattenuation vector and comparing equations 5.13 and 5.18, the
lower right 3× 3 submatrix of MDP is given by

cDP
1 +DDP

mR,DP mD,DP =
c2
p

(1 +Dp)2
q mq ((1−D2

p)I + 2Dp DT
p ) =⇒

(1 +D2
p)mR,DP mD,DP = q mq ((1−D2

p)I + 2Dp DT
p ) =⇒

(1 + a2D2
DP )mR,DP mD,DP = q mq ((1− a2D2

DP )I + 2a2DDP DT
DP ) =⇒

(2a)mR,DP mD,DP = q mq (2a
√

1−D2
DP I + 2a2DDP DT

DP ) =⇒

mR,DP mD,DP = q mq mDDP
(5.24)
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where the identities 1 + a2D2
DP = 2a and 1− a2D2

DP = 2a
√

1−D2
DP can be proved using

equation 5.22. Assuming DDP 6= 1, mD,DP is invertible, and

mR,DP = q mq

= q mT
R q mR.

This is the 3 × 3 submatrix of a retarder in double pass, which was analyzed in subsec-
tion 5.2.1. This permits a range of different mR. Let the principle retardance matrix mRp

be the version with the minimum possible retardance, which is obtained by simply halving
the retardance of mR,DP . It also follows from subsection 5.2.1 that mR,DP has zero circular
retardance. This is a conclusion about MDP itself that is independent of the assumption
that D is perpendicular to v̂: all nondepolarizing, double pass MMs have zero circular
retardance.

If DDP = 1, then it follows from 5.23 that Dp = DDP . Equation 5.24 reduces to

q DDP = q mq DDP . (5.25)

This does not uniquely define mq. The Lu-Chipman decomposition of MDP also relies on
mD,DP being invertible [53, 83]. If DDP = 1, then any mR,DP such that mR,DP DDP =
q DDP is valid6. This equation is identical in form to equation 5.25, with q mq replaced
by mR,DP , and both matrices must be orthogonal with a determinant of +1. Therefore,
mR,DP and q mq are both constrained to the same range of possible values. One can
optionally choose them to be equal, in continuity with the DDP 6= 1 case described above.
When DDP = 1, Lu and Chipman have shown how to find mR,DP having the minimum
possible retardance [83]. This retardance, which must be linear, can then be halved to
obtain the minimum possible single pass retardance Rp.

Given any non-depolarizing MDP , these results can be used to calculate a possible
single pass matrix Mp. First, perform the Lu-Chipman decomposition of MDP to obtain
cDP , DDP , and RDP . Then, let the single pass vectors be given by Dp = aDDP (or Dp = 0
if DDP = 0) and Rp = RDP/2, and take cp =

√
cDP . Then Mp = cpMRp MDp is a valid

single pass matrix obeying MDP = Q MT
p Q Mp. Mp has the unique property that its

diattenuation and retardance vectors are both parallel to the corresponding double pass
diattenuation and retardance vectors.

Now that one possible single pass MM can be determined, others may be found by
left multiplying it by a MM that cancels out in double pass. It has been shown that the

6Assuming, as always in this subsection, that MDP is non-depolarizing.
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matrices MCR/HLR and (1 + |D′C |)/(1− |D′C |)MCD(D′C) all have this property. Therefore,
the MM

MSP = cp
1 + |D′C |
1− |D′C |

MCR/HLR MCD(D′C) MRp MDp (5.26)

for −1 < D′C < 1 also obeys MDP = Q MT
SP Q MSP . Equation 5.26 can be rewritten as

MSP = cp
1 + |D′C |
1− |D′C |

MCR/HLR MRp (MT
Rp

MCD(D′C) MRp) MDp

= cp
1 + |D′C |
1− |D′C |

MCR/HLR MRp (cB MRB
MDB)

= cMR MD

c = cB cp
1 + |D′C |
1− |D′C |

(5.27)

MR = MCR/HLR MRp MRB
(5.28)

MD = MDB

where the Lu-Chipman decomposition has been used to rewrite

MB ≡ (MT
Rp

MCD(D′C) MRp) MDp (5.29)

= cB MRB
MDB

.

MR and MD give the retardance and diattenuation of the new single pass MM. MR differs
from MRp both by the usual left multiplication by MCR/HLR and by right multiplication
by MRB

. It is possible to obtain an expression for MRB
in terms of D′C , Rp, and Dp, but

this is not necessary or particularly illuminating. On the other hand, it is simple to show
that the new diattenuation is

D = D′C

√
1−D2

pv̂p + Dp (5.30)

where v̂p ≡ mT
Rp

[0, 0, 1]T . Because MR 6= MRp , it can be the case that v̂p 6= v̂ so the
subscript is necessary. Note that Dp is perpendicular to v̂p by definition. Rewriting this
in terms of a new parameter d ≡ D′C

√
1−D2

p,

D = dv̂p + Dp (5.31)

−
√

1−D2
p < d <

√
1−D2

p.
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This derivation assumes that MSP has the particular form of 5.26. In Appendix D it
is shown that every possible MSP can be written in this way. Therefore equation 5.31
gives all possible single pass diattenuation vectors such that MDP = Q MT

SP Q MSP . The
parameter d can be freely chosen as long as it obeys the inequality, so there is one de-
gree of freedom in selecting D. This result expresses D as the sum of two perpendicular
components: one of which (Dp) is parallel to the double pass diattenuation DDP , and
the other of which (dv̂p) cancels out and has no impact on MDP . Equation 5.31 is the
equation of a straight line, in the direction v̂p and passing through the point Dp. Also,
D2 = d2 + D2

p ≥ D2
p, proving that the principal diattenuation vector gives the minimum

possible value of diattenuation.

The work of this subsection can be applied as a simple algorithm capable of finding
every possible non-depolarizing single pass MM corresponding to a given non-depolarizing
double pass MM. Then use the Lu-Chipman decomposition of MDP to calculate DDP as
well as MR,DP . Calculate the principal single pass retardance matrix MRp by halving the
retardance of MR,DP . Use this to find v̂p = mT

Rp
[0, 0, 1]T . Calculate the principal single

pass diattenuation vector Dp = aDDP , and then calculate D using 5.31, selecting any value
of d that obeys the inequality. Calculate

Ma ≡ Q M−1
D Q MDP M−1

D .

It can be shown using 5.13 that Ma = c2Q MT
R Q MR and c =

√
Ma(1, 1). Therefore the

matrix Ma/c
2 is a double pass retarder, so the linear retardance RLa and fast axis θa can

be calculated using 2.38. Finally, the single pass retarder MM can be calculated as either
MR = MCR(R′C) MLR(RLa/2, θa) or as MR = MCR(R′C) MLR(π − RLa/2, θa + π/2), for
any 0 ≤ R′C ≤ 2π. Then MSP = cMR MD is a valid single pass MM corresponding to
MDP .

As an example, 20 000 possible non-depolarizing MSP were found for the randomly
generated non-depolarizing double pass MM

MDP =


0.4813 0.3025 −0.1233 −0.3383
0.3025 0.1898 −0.1564 −0.2036
−0.1233 −0.1564 0.0046 0.0338
0.3383 0.2036 −0.0338 −0.2868

 . (5.32)

This was done by randomly selecting 10 000 d and R′C , and calculating two possible MSP

for each using MR = MCR(R′C) MLR(π−RLa/2, θa +π/2) and MR = MCR(R′C) MLR(π−
RLa/2, θa + π/2). It was confirmed that all of the resulting MSP gave the same double
pass MM 5.32 when inserted into equation 5.2. Figure 5.2 shows the resulting single pass
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Figure 5.2: Possible D and the principal diattenuation vector Dp for the randomly gener-
ated nondepolarizing double pass MM 5.32 shown with a reference unit sphere.

diattenuation vectors D represented as points in 3D space, alongside a unit sphere. These
points are represented by a blue color gradient, where the darkest part of the gradient
corresponds to d→ −

√
1−D2

p while the lightest part corresponds to d→ +
√

1−D2
p. At

either of these extremes, |DC | → 1 and so according to equation 5.27, c → ∞. Therefore
while these values provide valid MSP , for real experimental data it values of D closer to
the center are more likely. Shown in red is the principal diattenuation vector Dp, which
corresponds to d = 0 and lies exactly in the middle of the line.

Figure 5.3a shows the set of possible single pass retardance vectors R in a reference
sphere of radius π. Two branches are shown depending on if it was chosen that (R′L, θ

′) =
(RLa/2, θa) or (R′L, θ

′) = (π − RLa/2, θa + π/2). Once again, each is represented by a
color gradient where the darkest part of the gradient corresponds to d→ −

√
1−D2

p while

the lightest part corresponds to d → +
√

1−D2
p. The principal retardance vector Rp is

also shown in red. Right multiplication by MRB
(equation 5.28) leads to a wider range of
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possible R than were present in figure 5.1 for the case of a retarder MDP .

Figure 5.3b shows the linear retardance parameters (RL, 2θ) of each single pass MM
in a polar plot, where the conventions are the same as in 5.3a. Geometrically, this is the
projection of the points in figure 5.3a onto the equatorial plane. It can be seen that a large
range of values of RL and θ are possible, some of which are very different from the principal
retardance Rp (in red) which was calculated by halving the double pass linear retardance.
Figure 5.3c shows instead the compound linear retardance parameters (R′L, 2θ′) of each
single pass MM, calculated using equations 5.3. This is the same as the set of R such
that R′C = RC = 0. Geometrically, this is the intersection of the shape in figure 5.3a with
the equatorial plane. The range of possible values is reduced compared to the ordinary
retardance parameters RL and θ, but there is still a variety of possibilities. It can also be
seen clearly on this plot that Rp does not necessarily give the minimum possible retardance
magnitude, because there are other points that come nearer to the origin.

This same procedure was run for several other randomly generated non-depolarizing
RI MMs. The possible diattenuation vectors were observed to be qualitatively very similar
to those shown in figure 5.2. The retardance vectors however showed a variety of different
qualitative behaviours. Figures 5.4a, 5.4b and 5.4c show an example for which the mag-
nitude of the double pass retardance was small, while the double pass diattenuation was
significant. The corresponding single pass retardance values have an especially large range
of possibilities.

Figures 5.5a, 5.5b, and 5.5c show the result if the magnitude of the double pass diat-
tenuation is small. R′L and θ′ are confined to a narrow range of values, which are similar
to the case of a double pass retarder as discussed in subsection 5.2.1.

These results give insight into how single and double pass MMs are related when zero
depolarization is present. The double pass MM is insufficient to fully determine the single
pass polarimetry properties of the sample. Uncertainty in the single pass MM arises due
to three sources: firstly, circular retardance R′C that cancels out in double pass; secondly, a
diattenuation component bv̂p that cancels out in double pass (equation 5.31); and thirdly,
the two options (R′L, θ

′) and (π − R′L, θ′ + π/2) depending on if the physical double pass
retardance exceeds π. These ambiguities are summarized by the statement that given one
possible non-depolarizing MSP , all other non-depolarizing M′

SP are given by

M′
SP =

1 + |D′C |
1− |D′C |

MCR/HLR MCD MSP (5.33)

where MCR/HLR is a circular retarder or half wave linear retarder, while MCD is a circular
diattenuator with diattenuation D′C . While a given non-depolarizing double pass MM
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(a) Possible R shown in 3D space.

(b) Polar plot of possible (RL, 2θ) pairs. (c) Polar plot of possible (R′L, 2θ′) pairs.

Figure 5.3: Range of single pass retardance values R, RL, θ, R′L, and θ′ that are possible
for the randomly generated nondepolarizing double pass MM 5.32. The legend applies to
all three figures.
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(a) Possible R shown in 3D space.

(b) Polar plot of possible (RL, 2θ) pairs. (c) Polar plot of possible (R′L, 2θ′) pairs.

Figure 5.4: Range of single pass retardance values R, RL, θ, R′L, and θ′ that are possi-
ble for a randomly generated nondepolarizing double pass matrix with small double pass
retardance and significant double pass diattenuation.
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(a) Possible R shown in 3D space.

(b) Polar plot of possible (RL, 2θ) pairs. (c) Polar plot of possible (R′L, 2θ′) pairs.

Figure 5.5: Range of single pass retardance values R, RL, θ, R′L, and θ′ that are possi-
ble for a randomly generated nondepolarizing double pass matrix with small double pass
diattenuation.
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could have a large variety of possible single pass properties, many of these options may
be unlikely for the physical sample. For example, if the sample is known to contain only
small amounts of diattenuation and circular retardance, then the true single pass D and
R will be close to the principal values Dp and Rp. The same result can be shown if there
are significant amounts of diattenuation but D and R are linear and parallel, as is the case
for a linear anisotropic material governed by the constitutive relation 2.22. For these types
of samples, the Lu-Chipman decomposition of the double pass MM gives results that are
consistent with the single pass polarization properties of the sample. This is because of
the close relationship between the principal vectors Dp and Rp and the double pass vectors
DDP and RDP calculated from MDP .

Sheppard et al. have presented equations relating the double pass and single pass c-
vector elements [117]. These elements contain information corresponding to diattenuation
and retardance, while treating the sample as a uniform medium. They discuss assumptions
about the single pass c-vectors that allow these equations to be solved. They find that if
one c-vector element is assumed to be zero, the other three can be determined. As well,
they show that if the medium is known to have low retardance and low diattenuation, then
the linear components of both properties can be calculated, while the circular components
are indeterminate. These assumptions are different than the ones discussed in the previous
paragraph. Writing the single and double pass MMs using the Lu-Chipman decomposition
has led to a simple interpretation of which polarimetric properties cancel out in double pass,
and allowed for the visualization of possible single pass properties in the figures presented
in this subsection. As well, it allows for the results to be partially extended to depolarizing
double pass MMs, which will be discussed in the following subsection.

5.2.3 General Mueller Matrices in Double Pass

Finally, consider the case in which the single pass MM is allowed to have any combination
of properties, including depolarization. Using the Lu-Chipman decomposition, any MM
can be written

MSP = cM∆P MR MD (2.58)

as discussed in section 2.3.2 [83]. MSP can be left multiplied by a circular retarder, half
wave linear retarder, or circular diattenuator without altering MDP . Considering the
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retarders,

M′
SP = MCR/HLR MSP = cMCR/HLR M∆P MR MD

= c (MCR/HLR M∆P MT
CR/HLR) MCR/HLR MR MD

= cM′
∆P (MCR/HLR MR) MD. (5.34)

M′
∆P ≡MCR/HLR M∆P MT

CR/HLR is a depolarization matrix with the same depolarization
power as M∆P , so equation 5.34 is the Lu-Chipman decomposition of M′

SP . The new
retardance matrix MCR/HLR MR can have a range of retardance vectors, such as those
visualized previously in figure 5.1. This shows that the results of subsection 5.2.1 are
relevant to general MMs in double pass as well. In particular, it means that the compound
circular retardance R′C of MR cannot be determined from MDP regardless of the amount
of diattenuation and depolarization present in MSP , and the compound linear retardance
(R′L, θ

′) is always indistinguishable from (π − R′L, θ
′ + π/2). However, there are two

important ways in which the findings of subsection 5.2.1 do not generalize. Firstly, the
relationship between MR and MR,DP may differ from what it was in subsection 5.2.1-
that is, linear retardance may not be exactly doubled in double pass. Secondly, there
are other possible single pass retardance matrices besides MCR/HLR MR, because of left
multiplication by MCD and other unknown ambiguities.

The effects of left multiplication by MCD can be understood most easily by considering
the “reverse decomposition” of MSP , which was developed by Ossikovski [97]:

MSP = cMP MRrev M∆D [53, 97] (5.35)

M∆D =

[
1 DT

∆D

0 m∆D

]
[53, 97] (5.36)

MP =
1

1 + P

[
1 PT

P
√

1− P 2I + 1−
√

1−P 2

P 2 PPT

]
[53, 97]. (5.37)

MP is a diattenuator matrix, but using the polarizance vector of MSP , P = MSP (2 : 4, 1)
rather than the diattenuation vector DT = MSP (1, 2 : 4) (equation 2.61). M∆D has zero
retardance and zero polarizance, but may include nonzero diattenuation D∆D [53]. Its
submatrix m∆D is symmetric [53]. The retardance matrix MRrev is not exactly equal
to the Lu-Chipman retardance MR [R. Ossikovski, personal communication, September
7 2020]. The difference between the two matrices approaches zero in the limit of zero
depolarization in MSP .

The product

c
1 + |D′C |
1− |D′C |

MCD(D′C) MP MRrev
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is a non-depolarizing MM that can be “reverse decomposed” as c′M′
P M′

Rrev
. Therefore

the effect of left multiplication by a circular diattenuator is

M′
SP = c

1 + |D′C |
1− |D′C |

MP MRrev M∆D

= c′M′
P M′

Rrev
M∆D.

It can be shown that writing P = [PH , P45, PC ]T ,

P′ =
1

1 +D′CPC
[
√

1−D′2CPH ,
√

1−D′2CP45, (D′C + PC)]T . (5.38)

P′ = M ′
SP (2 : 4, 1) is the polarizance vector of M′

SP , so equation 5.38 shows how polarizance
can be altered without changing the double pass MM. This requires also replacing the
reverse retardance MRrev with a new retarder M′

Rrev
, which has an impact on the Lu-

Chipman retardance matrix MR.

In this section, it has been shown how to find multiple single pass MMs that corre-
spond to the same double pass MM. For non-depolarizing MMs, it was possible to find all
corresponding single pass MMs. This has highlighted how some single pass polarimetric
properties, particularly circular retardance and polarizance, can be altered significantly
without changing the double pass MM. This implies that these properties cannot be in-
ferred reliably from the double pass MM.

5.3 Double Pass Decomposition

The problem of finding every possible MSP corresponding to a general MDP is complex,
and is left as an avenue for future work. Instead, a novel method is developed for finding
a subset of all MSP . The starting point of this analysis is the symmetric decomposition
developed by Ossikovski [95, 53]. Using their algorithm, any MM (whether it is RI or not)
can be written as the product

M = MD2 MR2 M∆I/II MR1 MD1 (5.39)

where M∆I/II has one of two different forms, depending on if M is a so-called “type I” MM
or “type II” MM [53]. Equation 5.39 resembles the double pass model, with the depolarizer
M∆I/II taking the place of the reflection matrix. A simpler algorithm developed by Otsuki
[98] assumes that MR1 = MR2 is a horizontal linear retarder, while MD1 = MD2 is a
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horizontal linear diattenuator. However, not all double pass MMs can be decomposed
using Otsuki’s method, while Ossikovski’s algorithm can be applied to any MM.

In Appendix E it is shown that if M is RI and type I, the algorithm of Ossikovski can
be modified to give

M = (X MT
SP X) (X Z) MSP (5.40)

MSP = M∆ MR MD

where M∆ is diagonal and where Z has the form Z = diag(1, ±1, ±1, ±1). This decom-
position replaces the mirror matrix Y with X Z. The details of the algorithm are provided
in Appendix E, and there are found to be twenty-four different pairs (MSP , Z) that can
satisfy equation 5.40. It has been assumed that M is type I, according to the definitions
in [53]. Type II MMs are rare and only occur when the length of an auxiliary vector is
exactly equal to one (see Appendix E).

There are several features of 5.40 that need to be discussed. Firstly, the algorithm
described in Appendix E has been designed to start with M, and not M. This is an
arbitrary choice; it could be modified to allow starting with M instead, and the single
pass matrix MSP would be the same in either case. Secondly, this method fails if M is
non-depolarizing. In that case, the single pass matrix can be determined as described in
section 5.2.2. Thirdly, this approach finds single pass matrices under the assumption that
M∆ is diagonal. There could be other possible single pass matrices with non-diagonal M∆P

of the form 2.59, so only a subset of possible MSP is found using this method. Ossikovski
et al. have stated that “a number of important depolarizing media seem to be expressible
in terms of diagonal depolarization matrices” [97], so this subset may be especially likely
to match the true physical single pass MM.

Finally, the decomposition 5.40 only matches the regular double pass model 3.16 if
X Z = Y. This requires that Z = diag(1, +1, +1, −1). In Appendix E, it is shown that
for any M, in all twenty-four different pairs (MSP , Z) that satisfy equation 5.40, Z must
have the same number of negative entries on the diagonal. Therefore, there are four distinct
cases depending on if Z contains zero, one, two, or three negative entries.

If Z has one negative entry, it can be shown that eight out of the twenty-four possible de-
compositions will have the correct form such that X Z = Y. This means that there are eight
possible single pass MMs MSP that obey the double pass model M = X MT

SP X Y MSP .
Using the results of Appendix E, it can be shown that all eight possible diattenuation
matrices MD are the same. All eight depolarization matrices M∆ have the same diagonal
entries, but permuted in different ways. Depolarization power ∆ is invariant to the order
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of the diagonal elements of M∆:

∆ = 1− trace(M∆)− 1

3
[83]. (2.45)

Therefore all eight MSP have the same ∆. The eight retardance matrices MR differ by
permuting their middle two rows, or by inverting the sign of any of the last three rows, while
maintaining det(MR) = +1 (see Appendix E). They will have very different retardance
vectors. However, it can be shown that they are all related to one another through left
multiplication by a circular retarder or by a half wave linear retarder. These are the
same single pass retarder ambiguities that were discussed in subsection 5.2.1. Based on
the results of that section, if equations 5.3 are used to calculate the compound linear
retardance (R′L, θ

′) for one of the possible MR, then all of the other possibilities must
either have compound linear retardance of (R′L, θ

′) or (π − R′L, θ
′ + π/2). Therefore, if

Z has exactly one negative entry, then this algorithm can be used to calculate uniquely
defined values of single pass diattenuation, depolarization power, and two complementary
values of compound linear retardance.

If however M is type II, or if it is found that Z contains zero, two, or three negative
entries, then this algorithm fails to find any single pass MMs that fit the double pass
model M = X MT

SP X Y MSP . There are two potential explanations for this. The first
is that every possible single pass MM MSP satisfying this equation has a non-diagonal
M∆P . In simulations that will be described in the following section, 60 000 double pass
MMs were calculated using randomly generated single pass MMs with non-diagonal M∆P .
For all 60 000 double pass MMs, the double pass decomposition was successful in finding
MSP with diagonal depolarization matrices. In other words, every double pass MM in the
simulation proved to be type I and had Z with exactly one negative entry. This suggests
that in most if not all cases, MDP can be written using a single pass MM MSP with a
diagonal depolarization matrix. An algebraic proof is necessary to determine if this is true
of all double pass MMs, which is left to future work.

The second potential explanation is that there are no matrices MSP satisfying M =
X MT

SP X Y MSP ; that is, M is not a double pass MM. It is easy to show that there are RI
MMs that cannot be written as double pass MMs; for example the double pass model 3.16
implies that det(MDP ) > 0, but it is possible to find examples of RI MMs that have
negative determinant. Additionally, there are some positive determinant RI MMs that are
also not mathematically consistent with the double pass model. This latter type may be
difficult to identify. The double pass decomposition could be therefore used as a test of the
validity of the double pass model for describing M. If a large number of pixel-by-pixel MMs
measured by in vivo retinal polarimetry prove to have Z with zero, two, or three negative
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entries, it would suggest that the double pass model is inaccurate for that measurement.
In principle this deviation from the double pass model could be caused by experimental
errors such as detector noise. However, there is reason to think that experimental errors
should be unlikely to change the number of negative entries of Z. As part of the algorithm
described in Appendix E, three scalar values −1 ≤ a1, a2, a3 ≤ 1 are calculated from M.
These are used to calculate Z and M∆ using

M∆ ≡


1 0 0 0

0
√
|a1| 0 0

0 0
√
|a2| 0

0 0 0
√
|a3|

 (E.5)

Z ≡


1 0 0 0
0 sign(a1) 0 0
0 0 sign(a2) 0
0 0 0 sign(a3)

 . (E.6)

Unless the single pass depolarization is very high, a1, a2, and a3 must also be far from
zero (whether positive or negative). So, assuming that a small experimental error in M
leads also to small errors in a1, a2, and a3, it is unlikely that one of them will change sign.
Therefore the number of negative entries of Z is a strong indicator whether a RI MM is
consistent with the double pass model.

Finally, if the experimental MM is inconsistent with the double pass model, it might
be explainable using a modified double pass model. For example, Qi et al suggest that if
a sample is made up of scatterers with sizes on the order of the wavelength of the incident
light or larger, the reflection matrix will take a form similar to X instead of Y [105]. If this
is the case for the reflection that occurs deep in the retina in in vivo retinal polarimetry,
then Z would have zero diagonal entries. The double pass decomposition could then be
used to calculate single pass MMs within a modified double pass model with X replacing
Y. Therefore the double pass decomposition described in this section and in Appendix E
may be able to probe the nature of the reflection that occurs in the retina.

5.4 Simulations

In subsection 5.2.2, the relationship between single and double pass polarimetric properties
of non-depolarizing MMs was fully explored algebraically. Subsection 5.2.3 showed several
ways in which depolarizing single pass MMs can be altered without affecting the double
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pass MM, but did not explicitly show the connection between single and double pass
values. To supplement this, this section uses simulations to compare single and double pass
properties calculated by the Lu-Chipman decomposition in the presence of depolarization.
Then, the same simulations will be used to assess different strategies of inferring single
pass Lu-Chipman properties from the double pass MM. In particular, the “double pass
decomposition” will be compared to methods that start instead with the Lu-Chipman
decomposition of the double pass MM.

A set of 30 000 single pass MMs MSP were randomly generated, as described in Ap-
pendix B.1. This was done in such a way that the diattenuation and retardance vectors
D and R had nearly uniformly distributed magnitudes (in the ranges (0, 1) and (0, π)
respectively), and uniformly distributed orientations in 3D space. Depolarization power
∆ of this set was approximately normally distributed with mean 0.42 and standard de-
viation 0.15 (see figure B.1). The depolarization matrices of the single pass MMs were
non-diagonal, having the form of M∆P (equation 2.59). Then, the double pass matrices
MDP were calculated using equation 5.2. The Lu-Chipman decomposition was applied to
both MSP and MDP .

Figure 5.6 shows six scatter plots depicting the diattenuation vector D and polar-
izance vector P (equation 2.61). In each plot, the horizontal axis is the single pass value,
while the vertical axis is the double pass value. The left column contains a plot each for
the linear diattenuation, circular diattenuation, and linear diattenuation orientation (see
equations 2.33, 2.34 and 2.35), which together completely determine D. In each case there
is an approximately linear relationship between the single and double pass values, with a
slope close to one. The right column shows analogous plots for the polarizance P, i.e.

P =

 PH
P45

PC


PL =

√
P 2
H + P 2

45

Pθ = (1/2)arctan2(P45, PH).

The single and double pass polarizance are evidently much less similar to one another than
the diattenuation. In particular, circular polarizance is nearly uncorrelated between the
two MMs. This is in agreement with the equation 5.38 found in section 5.2.3, which shows
how the single pass polarizance can be altered without changing the double pass MM.

Figure 5.7 shows scatter plots relating the single and double pass retardance and de-
polarization power. Figure 5.7a shows the ordinary linear retardance RL, as well as the
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(a) (b)

(c) (d)

(e) (f)

Figure 5.6: Relationship between and single and double pass diattenuation and polarizance
as calculated using Lu-Chipman direction.
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(a) (b)

(c) (d)

Figure 5.7: Relationship between and single and double pass retardance and depolarization
power as calculated using Lu-Chipman direction.

line

y = 2x, 0 ≤ x ≤ π/2

y = 2π − 2x, π/2 < x ≤ π.
(5.41)

Equation 5.41 is the relationship between single and double pass RL if MSP is a linear
retarder (subsection 5.2.1). In these simulations, which include the effects of circular
retardance, diattenuation, and depolarization in addition to linear retardance, a general
behaviour similar to 5.41 is still discernible. In contrast to the non-depolarizing case, a
depolarizing MDP can have a small amount of circular retardance, as shown by figure 5.7b.
However, this circular retardance appears to be unrelated to the single pass value. This
is in agreement with section 5.2.3, which showed that R′C cannot be inferred from MDP .
Lastly, figure 5.7d shows that the double pass depolarization power is frequently much
larger than the single pass value.

Next, these simulations can describe a situation (such as in vivo retinal polarimetry)
in which one wishes to predict single pass Lu-Chipman properties from the measured
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double pass MM. One approach is to start with the double pass Lu-Chipman properties.
Based on figures 5.6a, 5.6c, and 5.6e, DL,DP , DC,DP , and θD,DP each approximate their
corresponding single pass values7. Polarizance and circular retardance are excluded from
this discussion, because of the lack of a clear relationship between single and double pass
values in figures 5.6b, 5.6d, 5.6f, and 5.7b. In many studies, single pass linear retardance
RL is estimated by dividing the double pass linear retardance by two [49, 74, 78, 138].
Figure 5.7a shows that for some samples this may be inaccurate, particularly if RL > π/2.
As discussed in section 5.2.3, the single pass retardance matrix can be left multiplied by
any circular retarder or halfwave linear retarder without altering MDP , making RL and θ
difficult to predict. However, a different measure of single pass linear retardance can be
defined as follows:

(R′L<, θ
′
<) ≡

{
(R′L, θ

′) if R′L < π/2

(π −R′L, θ′ + π/2) if R′L > π/2
(5.42)

where R′L and θ′ are the compound linear retardance and linear retardance fast axis defined
in equations 5.3. It follows from section 5.2.1 that R′L< and θ′< are unaffected by left
multiplication by any circular retarder or halfwave linear retarder. Therefore, (R′L<, θ

′
<)

can be predicted much more reliably from the double pass model than (RL, θ), and will be
used instead for the remaining comparisons. It will be found that (RDP/2, θDP ) is a better
predictor of this modified single pass linear retardance definition than it is of (RL, θ).

Lastly, figure 5.7d shows that single and double pass depolarization power are dissim-
ilar. Typically, the double pass depolarization power ∆DP is calculated using the three
eigenvalues (e1, e2, e3) of the depolarizing submatrix m∆DPP :

∆DP = 1− e1 + e2 + e3

3
. (5.43)

It was observed that for a diagonal depolarizer MSP = M∆,

MDP = M∆,DP = Q MT
∆ Q M∆ = M2

∆. (5.44)

Based on this squared relationship, it was postulated that the modified depolarization
power

∆′DP ≡ 1−
√
e1 +

√
e2 +

√
e3

3
(5.45)

7One could generate linear (or higher order) fits for each of figures 5.6a, 5.6c, and 5.6e, using the
resulting parameters in order to optimally predict D from DDP . However this would risk overfitting, and
the results may depend on the properties of the MMs used in the simulation. The line y = x is used
instead for simplicity, because it evidently provides a reasonable fit for each of figures 5.6a, 5.6c, and 5.6e.
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should show a more linear correspondence to the single pass depolarization power than
∆DP .

In addition, the double pass decomposition algorithm described in Appendix E was
applied to MDP to extract a new set of predicted single pass polarimetric properties, la-
belled with the subscript SYM (in reference to the double pass decomposition algorithm
being based on the symmetric decomposition of Ossikovski [95]). This returns a possible
MSP,SYM under the condition that M∆,SY M is diagonal, which may differ from the “true”
single pass MSP . DSYM and ∆SYM were calculated as normal from the MD,SYM and
M∆,SY M provided by the decomposition. Linear retardance and linear fast axis were cal-
culated from MR,SYM in the same way as for the true single pass values, in order to make
them invariant to left multiplication by a circular retarder or linear half wave retarder.
The resulting values are labelled (R′L<,SYM , θ

′
<,SYM).

The same set of 30 000 single pass and corresponding double pass MMs was used to
compare the true single pass polarimetric properties with values calculated from MDP . The
right column of figure 5.8 shows scatter plots relating DSYM to the true single pass values
D. The left column shows for comparison the same plots with the Lu-Chipman calculated
vector DDP instead of DSYM (identical to figures 5.6a, 5.6c, and 5.6e). A more quantitative
analysis of these results will be presented later in this section, but from figure 5.8, it is
clear that DSYM tends to correspond more closely with the “true” single pass values D
than DDP . This is especially the case for larger diattenuation magnitudes.

Figure 5.9 shows the same type of comparison for linear retardance, linear retardance
fast axis, and depolarization power. Figures 5.9a and 5.9c show that (RL,DP/2, θDP ) are
more similar to the modified linear retardance values (R′L<, θ

′
<) than they are to (RL, θ)

(compare to figures 5.7a and 5.7c). Figures 5.9b and 5.9d show that the values extracted
using the double pass decomposition, (R′L<,SYM , θ

′
<,SYM), are slightly better predictors of

the true single pass value than (RL,DP/2, θDP ). This will be confirmed quantitatively in
the following paragraph. Finally, figure 5.9e compares the modified depolarization power
∆′DP with the single pass value ∆. Compared to figure 5.7d which used the ordinary double
pass depolarization power ∆DP , this modification has brought points closer to the y = x
line. However, ∆′DP still tends to overestimate the true single pass ∆. Figure 5.9f on the
other hand shows that using the double pass decomposition allows for a more accurate
prediction of ∆, with the majority of points lying close to the line y = x.

The twelve plots in figures 5.8 and 5.9 were assessed quantitatively based on their
similarity to the line y = x. For each point (xi, yi), the vertical distance from the line
y = x was calculated as δi = yi − xi. This is the difference between the true single pass
value (xi) of that polarimetric property and the value calculated from MDP (yi). For each
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(a) (b)

(c) (d)

(e) (f)

Figure 5.8: Comparison of the true single pass diattenuation with that calculated from
MDP using the Lu-Chipman decomposition and double pass decomposition.
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(a) (b)

(c) (d)

(e) (f)

Figure 5.9: Comparison of the true single pass linear retardance, linear retardance fast
axis, and depolarization power with that predicted from MDP using the Lu-Chipman
decomposition and double pass decomposition.
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Polarimetric Properties δ δ̂
Single Pass DP SYM DP SYM DP SYM

DL DL,DP DL,SYM 0.0431 0.0062 0.0870 0.0405
DC DC,DP DC,SYM 0.0004 0.0002 0.0861 0.0514
θD θD,DP θD,SYM -0.0006 -0.0012 0.2396 0.2138
R′L< RL,DP/2 R′L<,SYM 0.0018 0.0015 0.0544 0.0407
θ′< θDP θ′<,SYM 0.0010 0.0008 0.2131 0.1763
∆ ∆′DP ∆SYM 0.0856 0.0058 0.1285 0.0170

Table 5.1: Table showing the similarities between polarimetric properties calculated from
general single pass and corresponding double pass MMs.

plot, two metrics were calculated:

δ =
∑
i

δi
N

(5.46)

δ̂ =

√∑
i

δ2
i

N
. (5.47)

δ is the mean of δ; while δ̂ is the square root of the variance about 0 [56]. δ indicates how
much yi tends to over or underestimate xi, while δ̃ is characteristic of the size of the error.
Table 5.1 shows the results for all twelve of the plots in figures 5.8 and 5.9. Columns labelled
DP are for polarimetric properties calculated from MDP using Lu-Chipman decomposition,
with the modifications described earlier in this section. Columns labelled SYM are for
polarimetric properties calculated using the double pass decomposition. Note that θD,
R′L<, θ′<, and the properties they are compared to are all recorded in radians. θD and θ′<
are both π periodic, which was taken into account by calculating δi using

δi = mod(yi − xi + π/2, π)− π/2

in order to give values of δi in the range (−π/2, π/2).

Generally, table 5.1 confirms that for this set of single pass MMs, polarimetric properties
calculated using the double pass decomposition are better predictors of the true single
pass values than those calculated using the Lu-Chipman decomposition of MDP . The
difference between the two is most dramatic for depolarization power ∆, which tends to
be overestimated by ∆′DP .

However, this result is dependent on the statistical properties of the set of single pass
MMs. The set used in these simulations so far was designed to have a wide range of
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Polarimetric Properties δ δ̂
Single Pass DP SYM DP SYM DP SYM

DL DL,DP DL,SYM 0.0286 0.0191 0.0502 0.0510
DC DC,DP DC,SYM -0.0001 -0.0004 0.0456 0.0588
θD θD,DP θD,SYM -0.0028 0.0001 0.4337 0.4496
R′L< RL,DP/2 R′L<,SYM 0.0010 0.0010 0.0332 0.0333
θ′< θDP θ′<,SYM 0.0010 0.0010 0.1479 0.1490
∆ ∆′DP ∆SYM 0.0085 0.0053 0.0139 0.0129

Table 5.2: Table showing the similarities between polarimetric properties calculated from
weakly diattenuating and polarizing single pass and corresponding double pass MMs.

polarimetric properties (see Appendix B), and not necessarily to be realistic to single
pass MMs of the retina and amyloid deposits. It can be observed from figure 5.8 that
the double pass decomposition performs best for large values of diattenuation. However,
retinal amyloid deposits measured ex vivo are typically weakly diattenuating [68] and
previous in vivo ocular measurements have shown low (but non-negligible) amounts of
diattenuation [28, 126]. Therefore, as described in Appendix B, a second set of 30 000
single pass MMs was randomly generated, this time restricting the magnitudes of the single
pass diattenuation D and depolarizer-polarizance P∆P to be in the range [0, 0.2] (while in
the original set they were in the range [0, 1]). The results of this simulation are shown in
table 5.2. Under these conditions, the Lu-Chipman decomposition of MDP and the double
pass decomposition have very similar results for linear retardance, linear retardance fast
axis, and depolarization power. As a corollary, this indicates that the tendency of ∆′DP to
overestimate ∆ in the first simulation (see figure 5.9e and table 5.1) was due to the presence
of high amounts of diattenuation. Neither approach provides a good estimate of the single
pass diattenuation, but the Lu-Chipman decomposition of MDP performs slightly better.

These simulations compare the interpretive power of the Lu-Chipman decomposition
of MDP and the double pass decomposition developed in section 5.3, as assessed by how
closely the polarimetric properties they extract resemble the true single pass values. The
double pass decomposition has large advantages when the sample may be strongly diat-
tenuating, but these disappear under conditions that are more realistic for in vivo retinal
polarimetry. Still, the double pass decomposition is appealing for its ability to explicitly
extract a possible single pass MM from MDP , and as discussed in section 5.3 it can test
whether an experimental MM is consistent with the double pass model. As well, it may
be useful for other non-retinal samples that fit a double pass model (e.g. [13, 41, 138]).
A next step would be to compare the results of the two decompositions when applied to
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experimental results from in vivo retinal polarimetry.

5.5 Conclusion

This chapter has explored the relationship between single and double pass polarimetric
properties. In section 5.2, it was demonstrated that a single pass MM can be left multiplied
by the MM of a circular retarder, half wave linear retarder, or a scaled circular diattenuator
without altering the double pass MM. When no depolarization is present, it was shown how
to calculate the “principal” single pass MM from the Lu-Chipman decomposition of the
double pass MM, which has the property that single pass retardance and diattenuation are
parallel to double pass retardance and diattenuation. All other possible single pass non-
depolarizing MMs can be determined through transformations of the principal MM. Sets of
single pass retardance and diattenuation vectors that corresponded to the same double pass
MM were visualized in 3D space, showing the plurality of possible single pass properties.
The effects of these transformations on depolarizing MMs were also considered, leading
to results which show the ambiguity of the single pass circular polarizance and circular
retardance.

The “double pass decomposition” was developed in section 5.3, which allows a single
pass MM to be inferred from the double pass MM even when depolarization is present.
Applied to experimental RI MMs measured in in vivo retinal polarimetry, this method
could also be a test of the validity of the double pass model, and probe the nature of the
reflection occurring in the retina. Section 5.4 used simulations to test the similarity of single
and double pass polarimetric properties. These confirmed the lack of a correlation between
single and double pass values of circular polarizance and circular retardance. Simulations
were also used to compare the relative merits of the double pass decomposition and the Lu-
Chipman decomposition as methods of interpreting the double pass MM. The double pass
decomposition was found to have major advantages when it was possible for the sample to
have large amounts of diattenuation. These results are useful both for the current ex vivo
work of Campbell Labs, in order to identify polarimetric properties that are accessible in
double pass, and for future in vivo work, in order to interpret double pass MMs.
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Chapter 6

Discussion

This thesis has proposed a partial polarimetry approach to in vivo measurements of the
human retina, which could be used for AD diagnosis. This approach is based on the double
pass model without additional assumptions about the polarimetric properties of the retina
or of retinal amyloid deposits. It has been shown how to use the mathematical structure
implied by the double pass model advantageously for measuring and interpreting double
pass MMs.

Chapter 3, following the work of previous authors, described the reciprocity theorem
and used it to express the double pass model in terms of MMs. This provided two results:
firstly, it indicated that double pass MMs are RI, meaning they obey a set of linear restric-
tions between MM elements. Secondly, it explicitly relates single pass MMs and double
pass MMs. Additionally, a polarization ray tracing model was introduced in order to pro-
vide additional support for the notion that the MM measured in in vivo retinal polarimetry
should be RI. It was noted that past MMs measured by full in vivo retinal polarimeters
were partially non-RI. This was postulated to be due to a lack of symmetry between the
input and output branches of those instruments, meaning that the strict applicability of
the double pass model might vary between instruments.

Chapter 4 made use of the fact that RI MMs have fewer degrees of freedom than or-
dinary MMs. This reduces the minimum number of measurements necessary to determine
the MM from sixteen to nine or ten, depending on the type of reciprocal invariance. It was
shown how to incorporate the restrictions on RI MMs into the polarimetric measurement
equation. This approach can be used to reconstruct a RI MM from a set of only nine or
ten irradiance measurements. Additionally, a novel technique was developed for optimizing
the error performance of a partial polarimeter for measuring RI MMs. The technique was
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demonstrated by finding several designs for a PSG and PSA that each consisted of a linear
polarizer and rotating QWP, using as few as nine or ten measurements. Using a simula-
tion, these designs were shown to have comparable error performance to a standard sixteen
measurement full polarimeter design. The reduction in the number of necessary measure-
ments can allow for faster determination of the MM, which is particularly important for
the application of finding retinal amyloid in vivo. These designs were also able to account
for practical considerations like the time required to rotate the QWPs, and the possibility
of dropped measurements due to blinks or eye movement. In total, six new PSG and PSA
designs were listed, which used different numbers of measurements or prioritized different
objectives. These designs could be used for faster measurement of double pass MMs in
the retina in vivo. The methodology demonstrated in chapter 4 could also be applied for
optimizing PSGs and PSAs made up of different optical components than a linear polarizer
and rotating QWP. As well, it could be used to optimize partial polarimeters for measuring
MMs with other symmetries besides reciprocal invariance, which could be useful outside
the field of in vivo retinal polarimetry.

Chapter 5 has considered the relationship between single and double pass polarimetric
properties. It was shown that for a given double pass MM, there is a large set of possible
corresponding single pass MMs. In the case where no depolarization is present, an algo-
rithm was developed that can find every possible single pass MM. Several transformations
were found that can be performed on the single pass MM without altering the double pass
MM: left multiplication by a circular retarder, linear half-wave retarder, or scaled circular
diattenuator. By applying these transformations to depolarizing single pass MMs, it was
shown that single pass circular retardance and circular polarizance can take a wide range of
values for any individual double pass MM. Next, the double pass decomposition algorithm
was developed, which is a novel adaptation of the existing symmetric decomposition of Os-
sikovski [95]. This algorithm returns possible single pass polarimetric properties for double
pass MMs that contain depolarization. Using a simulation, the double pass decomposition
was compared to the Lu-Chipman decomposition in terms of their ability to predict the
true single pass polarimetric properties from a double pass MM. For MMs with significant
amounts of diattenuation, it was found that the double pass decomposition returned val-
ues of linear retardance, diattenuation, and depolarization that were more similar to the
true single pass values than those based on the Lu-Chipman decomposition. The double
pass decomposition provides a new way of interpreting double pass MMs which may give
additional insight into the microstructural features of the sample.

These ideas could be applied in a future in vivo retinal polarimeter imaging retinal
amyloid deposits for the purpose of AD diagnosis.
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Appendix A

Kronecker Factorization of the
Measurement Matrix

Section 4.3 described how in order to optimize the PSG and PSA, it is necessary first to
write the measurement matrix W = W(ψ) as a function of parameters ψ that describe
how the PSG and PSA can be modified. Subsection 4.4.1 defined a “p by q” polarimeter
design as one for which the PSG has q unique states while the PSA has p different states,
and the irradiance is measured for all pq combinations of states [29, 81, 128, 129, 139].
This greatly reduces the number of parameters that need to be optimized in W. Under
these conditions, the measurement matrix itself can be written as the Kronecker product

W = GT ⊗A (A.1)

where G and A are 4 × q and p × 4 matrices respectively [125]. G depends only on the
PSG states, while A depends only on the PSA states [125]. Due to the properties of the
Kronecker product, the measurement equation 4.1 can be simplified into the form

I = AMG, (A.2)

where I is the irradiance vector ~I reshaped into a matrix of dimension p × q [60]. This
expression is widely used and has several popular advantages over the more general equa-
tion 4.1 [29, 81, 128, 129, 139]. It can be shown that

κ2(W) = κ2(G)κ2(A) [125] (A.3)

where κ2(G) and κ2(A) are obtained by using the singular values of G or A instead of
those of W in equation 4.15, and using df = 4. Similarly, using the properties of the

115



Kronecker product and singular value decomposition [60]

ξ(W) = ξ(G) ξ(A). (A.4)

Therefore, minimizing the optimization metrics of G and A separately will give the same
results as minimizing the optimization metrics of W. This simplifies the optimization
process. Equation A.2 is fundamental to the eigenvalue calibration method [85] as well as
a geometrical interpretation of optimization results [81, 125]. Despite how frequently this
form is used, it is still an assumption: for n measurements, the PSG and PSA could each
have n unique states, and then W may not be Kronecker factorizable. However, in the
case of the full polarimeter rotating QWP design with n = 16, the author has found that
optimizing all 2n = 32 angles separately using ξ gives the same result as optimizing while
assuming a four by four design.

Next, it was considered if similar simplifications could be found for the modified mea-
surement equation 4.7. To the best of the author’s knowledge, this analysis is novel. In
general, even if W is Kronecker factorizable (equation A.1), WRI may not be. The Kro-
necker factorizability of WRI would be guaranteed if the matrix z can be written in the
form z = E⊗ F where E and F are matrices of appropriate dimensions:

WRI = Wz

= (GT ⊗A)(E⊗ F) (A.5)

= (GTE)⊗ (AF) [60]. (A.6)

This last equation would allow for the PSG and PSA to be optimized separately, and po-
tentially for the eigenvalue calibration method to be extended to RI MMs. However, it was
found that no such decomposition exists for any of the possible versions of z (even without
the requirement that zTz = I). Equation A.6 requires that E and F are multiplication
compatible with GT and A, which implies that they are of dimension 4 × r and 4 × s
respectively for whole numbers r and s. As well, recall that z is 16 × a and rank(z) = a
where a = 9, 10 for nine and ten parameter RI MMs. The equation z = E ⊗ F requires
that rs = a and rank(E)rank(F) = a [60]. The rank of a matrix cannot be larger than its
smallest dimension [61], so additionally rank(E) ≤ min{4, r} and rank(F) ≤ min{4, s}.

For ten parameter RI MMs, it can be shown by exhaustion that there are no whole
numbers r and s that can simultaneously satisfy all of these restrictions. This means that
z is not Kronecker factorizable and WRI cannot be written as in equation A.6. For nine
parameter RI MMs, the restrictions can be satisfied if E and F are both 4× 3. However, a
proof by contradiction was found that shows that z is still not Kronecker factorizable: take
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a known z with zTz = I. Every other possible version of z can be written as z′ = zC with
det(C) 6= 0. Suppose there exist 4 × 3 matrices E, F and C such that E ⊗ F = z′ = zC.
Then zT (E ⊗ F) = C. This matrix was analyzed algebraically using Matlab, using
twenty-four independent variables to represent the entries of E and F. It was found that
det(zT (E ⊗ F)) = 0 for all 4 × 3 matrices E and F. Therefore C is singular, which is a
contradiction. This implies that no version of z is Kronecker factorizable1. As a result,
there is no analog to equation A.2 for RI MMs, and the PSG and PSA must be optimized
simultaneously.

The same arguments lead to the conclusion that no “p by q” polarimeter can possibly
measure RI MMs using the minimum number of measurements. For ten parameter RI MMs,
it can be shown that five by two and ten by one designs lead to an WRI of insufficient
rank, so it will not have an inverse. For nine parameter RI MMs, the only option is a three
by three design. In the previous paragraph, it was shown that det(zT (E⊗ F)) = 0 for all
4× 3 matrices E and F. This implies that

det(WRI) = det((GT ⊗A)z) (A.7)

= det(zT (AT ⊗G)) (A.8)

= 0 (A.9)

because for a three by three design, AT and G are both 4× 3 matrices. Therefore, for any
three by three design WRI has no inverse and cannot be used to determine ~M.

While “p by q” designs are convenient options for full polarimeters because of the fact
that they allow the PSG and PSA to be optimized separately, it has been shown that this
feature does not extend to WRI . As well, it has been shown that “p by q” designs cannot
determine RI MMs in the minimum number of measurements. Therefore, the designs found
in chapter 4 use different parameterizations of W(ψ).

1Thanks to Dr. Ignacio Ojeda for an interesting correspondence that contributed to the development
of this proof by contradiction.
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Appendix B

Random Generation of Mueller
Matrices

At several points in this thesis, simulations have been performed using example MMs. The
results of these tests naturally depend on the properties of the example set. It was decided
to use randomly generated MMs in order to be able to easily adjust the distributions of
polarimetric properties of the set.

One method that has been used by Noble and Chipman [93] is to simply randomly
generate real 4 × 4 matrices and throw out those that are not valid MMs (the criterion
for a matrix to be a valid MM (also called a physical or physically realizable MM) can be
found in [42, 53]). The odds can be improved somewhat by setting M(1, 1) = 1 and forcing
the other fifteen elements to be in the range [−1, 1]. This method is computationally
costly: Noble and Chipman found that of a set of 109 matrices generated in this way,
only 76,336 were physical MMs [93]. The methods used in this thesis are based instead
on the idea of inverting one of the decompositions described in section 2.3.2. This can
be far less computationally expensive, and also allows one to control the distributions of
some polarimetric properties of the generated MMs. After these methods were developed,
Heinrich et al. published a paper that used randomly generated MMs produced by inverting
the Lu-Chipman decomposition, similar to what is done in Appendix B.1.
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B.1 Methodology for Section 5.4

In section 5.4, MMs were generated using a method based on the Lu-Chipman decompo-
sition

M = cM∆P MR MD. (2.58)

Unit vectors with arbitrary orientation can be generated using

D̂ = [2 cos(2πx1)
√
x2(1− x2), 2 sin(2πx1)

√
x2(1− x2), 2x2 − 1]T (B.1)

where x1 and x2 are random variables each taken from a uniform distribution over the
interval [0, 1] [10]. A set of D̂ generated in this way will be uniformly distributed over
the surface of the unit sphere [10]. The diattenuation magnitude D was also taken from a
uniform distribution over the interval [0, 1]. The resulting diattenuation vector D = DD̂
was not uniformly distributed by volume, which would have required higher values of D to
be produced more often. It was considered to be preferable to have a uniformly distributed
diattenuation magnitude D. MD can be calculated from D using equation 2.29.

The retardance fast axis R̂ was generated the exact same way as D̂. The retardance
magnitude R was taken from a uniform distribution over [0, π], after which MR could be
calculated from R = RR̂ using expressions found in [39].

In the depolarizer matrix

M∆P =

[
1 0T

P∆P m∆P

]
, (2.59)

P∆P is a polarizance vector and so must have P∆P ≤ 1, while m∆P must be symmetric
[83]. These constraints are not enough to guarantee that M∆P is physically realizable.
Therefore it will be necessary to throw out some of the MMs that are generated using this
method, keeping only those that are physical.

Because m∆P is symmetric, it has an eigendecomposition of the form

m∆P = mT
R∆

diag(e1, e2, e3) mR∆

where mR∆
is a real-valued matrix with mR∆

mT
R∆

= I3 and det(mR∆
) = +1 [61]. mR∆

is nothing other than a retarder matrix, so R∆ and mR∆
can be generated in exactly the

same way as R and mR.

There is a subtlety related to the signs of the three eigenvalues (e1, e2, e3). If M
has positive determinant, the polar decomposition always returns m∆P having all positive
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eigenvalues [83]. However, there is a very small proportion of depolarizing MMs that
have negative determinant [39], which implies that one (or all three) of the eigenvalues of
m∆P must be negative. Different authors suggest different procedures in this case [53, 83],
and it has been suggested that the Lu-Chipman decomposition should not be used at all
for negative determinant MMs [39]. While it would have been possible to generate these
MMs, it was unknown in what proportion to include them relative to positive determinant
MMs. Because of their rarity it was expected that they would have very little impact
on the averages that were reported in section 5.4. Therefore, only positive determinant
MMs were generated. The recent paper by Heinrich et al. [59] uses a similar approach to
generating MMs but includes those with negative determinant.

The orientation of the depolarizer-polarizance vector, P̂∆P , was generated in the same
way as the diattenuation and retardance orientations. The only remaining parameters
necessary to determine the MM are e1, e2, e3, and P∆P . These were generated using

ei = yλi , i = 1, 2, 3 (B.2)

P∆P = y
1/λ
4 (B.3)

where y1, y2, y3, and y4 are random variables each taken from a uniform distribution over
the interval [0, 1]. The extra parameter λ > 0 was introduced as a convenient way to adjust
the average amount of depolarization in the generated matrices. Initially with λ = 1, it
was found that depolarization power ∆ (equation 2.45) tended to be very high for physical
MMs that were generated. Figure B.1 shows the histograms for ∆ when two different
values of λ were used. Based on these observations, λ = 0.5 was used for the matrices
generated in section 5.4.

The resulting M∆P , MR, and MD were multiplied together to obtain the single pass
MSP . The scalar constant c would have had no impact on any of the results in section 5.4,
so it was set equal to one. A set of 2 × 105 MSP were generated this way. Then, these
were checked using Cloude’s criterion [42, 53] and all unphysical matrices were discared.
This resulted in a set of ≈ 35 000 physical MMs, of which 30 000 were selected at random.
These MMs had nearly uniformly distributed D and R, uniformly oriented D̂ and R̂, and
∆ distributed as in the red curve in figure B.1.

Later in section 5.4, a second set was generated with the goal of showing behaviour for
a weakly diattenuating sample. The same procedure was used as above, except for that
the variables D and P∆ were uniformly distributed on the interval [0, 0.2].
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Figure B.1: Histograms of ∆ for randomly generated MMs using two different values of
the parameter λ.

B.2 Methodology for Section 4.4

The simulations described in section 4.4 required the random generation of both nine and
ten parameter RI MMs. Similar to how general MMs can be generated by inverting the Lu-
Chipman decomposition, this can be done by inverting the “double pass decomposition”
developed in section 5.3 and Appendix E. Using the results of those sections, it can be
shown that most RI MMs can be written in the form

M = X (MR MD)T B MR MD

where

B =


1 0 0 0
0 b1 0 0
0 0 b2 0
0 0 0 b3

 ,
with −1 ≤ bi ≤ 1 and X = diag(1, 1, −1, 1) as defined in section 3.2. A class of MMs
known as “type II” MMs [53, 95] cannot be decomposed this way, even if they are RI.
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However, these matrices are expected to be rare and therefore their omission should not
significantly effect the simulation results (see Appendix E).

The retarder and diattenuator MMs MR and MD were generated in the same way as in
Appendix B.1. For ten parameter RI MMs, the three eigenvalues b1, b2, and b3 were each
selected independently from a uniform distribution on the interval [−1, 1]. The resulting
matrix was not guaranteed to be a physical MM. Similar to in Appendix B.1, the coherency
matrix was calculated for every M and only physical MMs were kept. Out of the randomly
generated set of 105 matrices, 33 434 were physical MMs. To keep a consistent number of
MMs between the nine parameter and ten parameter sets, 30 000 of these were chosen at
random. Finally, each MM was multiplied by the scalar factor

1

M(1, 1) (1 +
√
M(1, 2)2 +M(1, 3)2 +M(1, 4)2)

. (B.4)

This re-scaling guarantees that for an input Stokes vector having sIN,0 = 1/2, the output
irradiance sOUT,0 ≤ 1/2 [53].

Nine parameter RI MMs must also obey the trace condition 3.14. Using the matrix
G = diag(1, −1, −1, −1), the trace condition is equivalent to

0 = M1,1 −M2,2 +M3,3 −M4,4 (B.5)

= trace(G X M)

= trace(G X X (MR MD)T B MR MD)

= trace(MR B MR MD G MT
D)

= (1−D2)trace(B MR G MT
R)

= (1−D2)trace(B G) =⇒
0 = 1− b1 − b2 − b3 (B.6)

where the identities MD G MT
D = (1−D2)G and MR G MT

R = G follow from the definitions
of MD (equation 2.29) and MR (equation 2.37), and the cyclical property of the trace has
been used several times. To guarantee that expression B.6 was fulfilled, first three random
variables b′1, b′2, and b′3 were each selected independently from a uniform distribution on
the interval [−1, 1]. Then the true eigenvalues were given by

bi = b′i +
1− b′1 − b′2 − b′3

3
(B.7)

for i = 1, 2, 3 which guarantees that they satisfy 1 − b1 − b2 − b3 = 0. Unphysical resul-
tant matrices were dropped, and the matrices were re-scaled, in the same way as for ten
parameter RI MMs. Out of 105 generated matrices, 74 950 were physical, but 30 000 were
randomly selected for use in the simulations of section 4.5.
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Appendix C

Reflections and Coordinate Systems

In sections 5.2 and 5.4, the Lu-Chipman decomposition was applied to the double pass ma-
trix MDP after a change of coordinates. This appendix explains and justifies the coordinate
system convention used.

In general, a MM depends on the coordinate systems that are used for both the input
and output waves. Suppose a wave enters the eye while travelling in the direction n̂ while
the (detected) wave exits in the opposite direction −n̂. In order to maintain right-handed
coordinate systems for both, if the input Jones and Stokes vectors are defined with respect
to the coordinates (t̂1, t̂2), the output vectors can be defined relative to (t̂1, -t̂2). This
was the choice made during chapter 3, and it underlies both the definition of reciprocal
invariance (equation 3.14 and 3.13) and the double pass model (equation 3.16). Let the
MM with respect to these coordinates be written M.

While this convention was convenient during chapter 3, several authors suggest using
the same coordinate system (t̂1, t̂2) for both the input and output waves [24, 78, 105].
It can be shown that changing the coordinates of the output beam from (t̂1, -t̂2) to (t̂1,
t̂2) is equivalent to left multiplying the MM by the mirror matrix Y = diag(1, 1, −1, −1)
[78, 105, 138].

Therefore, the new MM1 in these coordinates is

M ≡ Y M. (5.1)

M can be calculated in one of two ways. If the PSA is defined relative to the (t̂1, -
t̂2) coordinates, then M will be measured directly (this is the assumption in chapter 4).

1The results of this section are applicable to any reflection MM, not just double pass matrices. There-
fore, the subscript DP is dropped.

123



Note however that the beam path might include several mirrors or beamsplitters before
reaching the PSA (e.g. [33, 126, 136]), so the effects of each of these must be accounted
for to ensure the correct coordinate system is used. Then M can be calculated using
equation 5.1. Alternatively, expression 2.46 for an individual irradiance measurement can
be written as

Ii = cA cG[1 0 0 0] MPSA,i M MPSG,i [1 0 0 0]T

= cA cG[1 0 0 0] MPSA,i (YY) M MPSG,i [1 0 0 0]T

= cA cG[1 0 0 0] (YMPSA,iY) M MPSG,i [1 0 0 0]T ,

because YY = I and [1 0 0 0] = [1 0 0 0] Y. YMPSA,iY is the PSA expressed in the (t̂1,
t̂2) coordinates. By examining the product YMPSA,iY, it can be shown that if a PSA
component is represented by an azimuthal angle θ measured relative to (t̂1, −t̂2)), it
must be replaced by −θ. Additionally, if the PSA contains any components with circular
retardance or diattenuation, the sign of these must be inverted due to (t̂1, t̂2, −n̂) being
left handed. If the PSA is represented in this way, then M is measured directly instead of
M.

When analyzed using the Lu-Chipman decomposition, M and M have different polari-
metric properties. This begs the question of which set of properties to use. It will be shown
that the polarimetric properties of M behave in an inconsistent way under rotations of the
coordinates (t̂1, t̂2). For an ordinary transmission measurement (both input and output
waves defined relative to the same coordinates (t̂1, t̂2)), a rotation of (t̂1, t̂2) by angle θ
about n̂ transforms the MM MTra according to

MTra,Rot ≡ R(θ)T MTra R(θ) [39] (C.1)

where

R(θ) ≡


1 0 0 0
0 cos 2θ − sin 2θ 0
0 sin 2θ cos2θ 0
0 0 0 1

 [39].

It can be shown that MTra,Rot and MTra have identical linear and circular diattenuation
(equation 2.29), linear and circular retardance (equation 2.38), and depolarization power
(equation 2.45). However, for the reflection matrix M, the input and output coordinates
are not the same and so C.1 is not the correct transformation. Instead, a rotation of (t̂1,
t̂2) has the effect

Mrot = R(θ) M R(θ) [39]. (C.2)
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The polarimetric properties mentioned above are not invariant upon transformation C.2. If
the Lu-Chipman decomposition is used to interpret M, quantities such as linear retardance
will change with a rotation of the coordinate axes (t̂1, t̂2). This problem is alleviated by
analyzing M instead of M:

Mrot ≡ R(θ) M R(θ) =⇒
(Y Mrot) = (Y R(θ) Y) (Y M) R(θ) =⇒

Mrot = R(θ)T M R(θ)

which is the same transformation as equation C.1. Therefore, the aforementioned polari-
metric properties of M are invariant with a coordinate system rotation. This justifies why
the Lu-Chipman decomposition was applied to MDP instead of MDP throughout chapter 5.
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Appendix D

Derivation of All Possible Single Pass
Mueller Matrices For
Non-depolarizing Double Pass
Mueller Matrices

In subsection 5.2.2, the relationship between the single and double pass properties of non-
depolarizing MMs was considered. Applying the Lu-Chipman decomposition to both,

cDPMR,DP MD,DP = c2Q MT
D MT

R Q MR MD. (5.12)

Assuming that cDP , MR,DP , and MD,DP are known, this Appendix will derive all possible
MSP . Using equations for the MMs of retarders and diattenuators (2.37 and 2.29), the left
and right side of equation 5.12 are expanded as

MDP =
cDP

1 +DDP

[
1 DT

DP

mR,DP DDP mR,DP mD,DP

]
(5.13)

=
c2

(1 +D)2

[
1 + DT mq D DT + DT mq mD

q D + q mT
D mq D q D DT + q mT

D mq mD

]
(5.14)

mq ≡mT
R q mR. (5.15)

In subsection 5.2.2, the eigenvector of mq given by v̂ ≡ mT
R [0, 0, 1]T was defined.

Two cases were considered: first if D is parallel (or antiparallel) to v̂, and second if D is
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perpendicular to v̂. Assuming D is perpendicular to v̂, it was shown that it must have the
uniquely determined value

Dp =
1−

√
1−D2

DP

D2
DP

DDP . (5.23)

Continuing with this assumption, it was shown how to calculate the principal single pass
MM

Mp = cp MRp MDp

which obeys MDP = Q MT
p Q Mp and has the property that Dp ⊥ v̂p where v̂p ≡

mT
Rp

[0, 0, 1]T .

Suppose there is a second single pass matrix MSP which gives the same double pass
MM as Mp. Then,

Q MT
p Q Mp = Q MT

SP Q MSP =⇒
MT

p Q Mp = MT
SP Q MSP =⇒

Q = (MT
p )−1 MT

SP Q MSP M−1
p =⇒

I = Q MT
A Q MA (D.1)

MA ≡MSP M−1
p . (D.2)

It has been assumed that Mp is invertible, which is the true as long as D2
p 6= 1. The D2

p = 1
case will be treated later. Products and inverses of non-depolarizing MMs are always non-
depolarizing MMs [53], therefore MA is a non-depolarizing MM. Equation D.1 shows that
MA must “cancel out” in double pass. Therefore, using equation D.2 and assuming D2

p 6= 1,
all possible MSP can be obtained by left multiplying Mp by a non-depolarizing MM that
cancels out in double pass:

MSP = MA Mp. (D.3)

Next, it is necessary to find every MA that obeys equation D.1. Because it is non-
depolarizing, MA = cA MRA

MDA
using the Lu-Chipman decomposition. Define mqA ≡

mT
RA

q mRA
and v̂A ≡mT

RA
[0, 0, 1]T where mRA

is the lower right 3×3 submatrix of MRA
.

Any 3D vector DA can be written as the sum of components parallel and perpendicular to
v̂A: DA = D‖ + D⊥. This implies that mqAD‖ = −D‖, mqAD⊥ = D⊥, and DT

‖D⊥ = 0.
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Writing for convenience F ≡ Q MT
A Q MA, equation 5.14 becomes

F (1, 1) =
c2
A

(1 +
√
D2
⊥ +D2

‖)
2
(1 +D2

⊥ −D2
‖) (D.4)

F (1, 2 : 4) =
c2
A

(1 +
√
D2
⊥ +D2

‖)
2
(DT
⊥ + DT

‖ + (DT
⊥ −DT

‖ )mDA
) (D.5)

F (2 : 4, 1) = qF (1, 2 : 4)T

F (2 : 4, 2 : 4) =
c2
A

(1 +
√
D2
⊥ +D2

‖)
2
(q (D⊥ + D‖)(D

T
⊥ + DT

‖ ) + q mDA
mqA mDA

). (D.6)

Using the definition of a diattenuator matrix (equation 2.29), mDA
is given by

mDA
=
√

1−D2
AI + aADA DT

A

aA ≡
1−

√
1−D2

A

D2
A

.

Equation D.1 requires that F = I. Starting with equation D.5, this implies that

0 = DT
⊥ + DT

‖ + (DT
⊥ −DT

‖ )mDA

= DT
⊥ + DT

‖ + (DT
⊥ −DT

‖ )
√

1−D2
A + aA (D2

⊥ −D2
‖) (DT

⊥ + DT
‖ )

= b⊥DT
⊥ + b‖D

T
‖ (D.7)

b⊥ ≡ (1 +
√

1−D2
A + aA (D2

⊥ −D2
‖))

b‖ ≡ (1−
√

1−D2
A + aA (D2

⊥ −D2
‖)).

D⊥ and D‖ are by definition perpendicular, so equation D.7 implies both b⊥DT
⊥ = 0
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and b‖D
T
‖ = 0. Assume D‖ 6= 0. Then

0 = b‖D
T
‖ =⇒

0 = b‖

= 1−
√

1−D2
A +

1−
√

1−D2
A

D2
⊥ +D2

‖
(D2
⊥ −D2

‖)

=
2D2
⊥(1−

√
1−D2

A)

D2
A

=⇒

0 = D2
⊥

because D‖ 6= 0 =⇒ D2
A 6= 0 =⇒ (1−

√
1−D2

A) 6= 0. If on the other hand D‖ = 0,

b⊥ = 1 +
√

1−D2
⊥ +

1−
√

1−D2
⊥

D2
⊥

(D2
⊥)

= 2 6= 0 ∴

b⊥DT
⊥ = 0 =⇒

D⊥ = 0.

Therefore, in all cases D⊥ = 0. Next, using equation D.4

1 =
c2
A

(1 + |D‖|)2
(1−D2

‖) =⇒

cA =
1 + |D‖|
1− |D‖|

.

Lastly, with some algebra equation D.6 reduces to

I =
c2
A

(1 + |D‖|)2
((1−D2

‖)q mqA +
(

1− 2aA
√

1−D2
‖ − a

2
AD

2
‖

)
D‖D

T
‖ )

= q mqA

= q mT
RA

q mRA
. (D.8)

The expression in large brackets vanishes, so the result is independent of DA. Subsec-
tion 5.2.1 shows that equation D.8 can only be satisfied if mRA

is a circular retarder or
half wave linear retarder. For all such matrices,

v̂A = mT
RA

[0, 0, 1]T

= mT
CR/HLR [0, 0, 1]T

= [0, 0, ±1]T .
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DA = D‖ must be parallel or antiparallel to v̂A, so in all cases DA = [0, 0, D′C ]T for
−1 < D′C < 1. Collecting these results, it follows that

MA =
1 + |D′C |
1− |D′C |

MCR/HLR MCD(D′C)

and finally

MSP =
1 + |D′C |
1− |D′C |

MCR/HLR MCD(D′C) Mp (D.9)

for all possible single pass MMs MSP .

It was assumed above that D2
p 6= 1. If Dp = 1, then it follows from equation 5.20 that

DDP =
2

1 +D2
p

Dp = Dp.

Then using equations 5.13 and 5.14 while writing D = D‖+D⊥ as the sum of components
parallel and perpendicular to v̂, it can be shown that D = DDP = Dp. Therefore, the
principal diattenuation vector Dp is the only possible diattenuation vector.

130



Appendix E

Symmetric Decomposition of
Reciprocal Invariant MMs

As discussed in 2.3.2, the decomposition of a MM into additive or multiplicative factors
is a tool designed to aid in the physical interpretation of that MM. One multiplicative
decomposition other than that due to Lu and Chipman [83] is known as the symmetric
decomposition, and expresses a given MM in the form

M = MD2 MR2 M∆I/II MR1 MD1

where MDi for i = 1, 2 represent diattenuator matrices, MRi represent retarder matrices,
and M∆ represents a depolarizer matrix that may have one of two different forms [53, 95].
It was attempted to use the symmetric decomposition as a starting point to obtain a
“double pass decomposition” of the form

M = (X MT
SP X) Y MSP (E.1)

MSP = M∆ MR MD,

which interprets M in view of the double pass model described in section 3.3.

Take M to be a RI MM satisfying M = X MT X (it may also obey the trace con-
dition 3.14, but this is not necessary for any of the following results). The first step of
the regular symmetric decomposition algorithm is to find the two diattenuation vectors
belonging to MD1 and MD2 by solving

(MT G M G)sD1 = a2sD1

(M G MT G)sD2 = a2sD2

(E.2)
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where G = diag(1, −1, −1, −1), sDi = (1, Di)T , Di are the two diattenuation vectors,
and a2 is the largest shared eigenvalue between MT G M G and M G MT G [53]. Using
the double pass restriction, it follows that

(MT G M G)sD1 = a2sD1 =⇒
(X M X G M X2 G)sD1 = a2sD1 =⇒

(X M G X M X G X)sD1 = a2sD1 =⇒
(M G MT G)(X sD1) = a2(X sD1)

and so sD2 = X sD1. Using the expressions 2.29 to construct MDi from the diattenuation
vectors Di, it can be shown that they must obey MD2 = X MT

D1X. That is, MD2 is
nothing other than the direction reversed version of MD1. If MT G M G = I, then the
MM is nondepolarizing [53] and Di are not uniquely defined. In this instance, every single
pass MM can be calculated as described in section 5.2.2 must be used instead. For the
moment, it will also be assumed that MT G M G 6= 0 and |D1| 6= 1. Note that |D1| 6= 1
implies that |D2| = |x D1| 6= 1, and also that MD2 and MD1 are both invertible.

Once the two diattenuator matrices are known, one can compute M′ = M−1
D2 M M−1

D1 =
MR2 M∆ MR1. M′ will always have the form

M′ = M ′
11

[
1 0T

0 m′

]
= M ′

11

[
1 0T

0 mR2 m∆ mR1

]
[53] (E.3)

where m′, mRi, and m∆ are each the 3× 3 submatrices of the corresponding full matrices
M′, MRi, and M∆. In the original symmetric decomposition, the singular value decompo-
sition of M′ is used in order to determine MR1 and M∆ [53]. However, in order to obtain
the desired form E.1, a modification is necessary. First, using the reciprocal invariance
restriction 3.13,

132



M = X MT X =⇒
MD2 M′MD1 = X MT

D1 M′T MT
D2 X =⇒

MD2 M′MD1 = X MT
D1 X2 M′T X2 MT

D2 X =⇒
MD2 M′MD1 = MD2 X M′T X MD1 =⇒

M′ = X M′T X =⇒
(X M′) = (X M′)T =⇒
(x m′) = (x m′)T .

Because x m′ is a real symmetric matrix, it must have an eigen decomposition of the form
x m′ = UT A U where U is a real orthogonal matrix and A is a real diagonal matrix [60].
Manipulating this expression by using the fact that x2 = I,

x m′ = UT x2 A U =⇒
m′ = (x UT x) (x A) U. (E.4)

The eigen decomposition of a matrix is not fully unique however. Assuming there are
three unique, nonzero eigenvalues, then one can obtain a new decomposition by either:
multiplying any of the rows of U by -1, or by permuting the rows of U while at the same
time permuting the diagonal entries of A in the same way. This is the same ambiguity
that exists in the original symmetric decomposition [53]. There are 23 = 8 possible sign
combinations and six possible permutations, resulting in forty-eight different (U,A) pairs.
Comparing equations E.3 and E.4, it would be favorable to take mR1 = U and mR2 =
x UT x. Recall that a retarder mR must be a proper rotation matrix, that is, it must have
mR mT

R = I and det(mR) = +1. U has the first property, but can have det(U) = ±1.
Each of the transformations of U (i.e. swapping two rows or inverting the sign of a row)
also switches the sign of det(U), so it follows that twenty-four of the forty-eight possible
(U,A) pairs have det(U) = +1.

Equation E.3 also suggests taking x A = m∆. However, to make the final decomposition
correspond more closely to the double pass model E.1, take

x A = x

 a1 0 0
0 a2 0
0 0 a3


= m∆SP

x z m∆SP
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where

m∆SP
≡


√
|a1| 0 0

0
√
|a2| 0

0 0
√
|a3|

 (E.5)

z ≡

 sign(a1) 0 0
0 sign(a2) 0
0 0 sign(a3)

 . (E.6)

This is not the same z as was introduced in chapter 4. Note that because it is diagonal,

m∆SP
= mT

∆SP

= mT
∆SP

x2

= x mT
∆SP

x

Converting back to full 4× 4 Mueller matrices,

MR1 ≡
[

1 0T

0 mR1

]
M∆SP

≡
[

1 0T

0 m∆SP

]
Z ≡

[
1 0T

0 z

]
.

Putting all of this together,

M = MD2 MR2 M∆ MR1 MD1

= X MT
D1 X X MT

R1 X X MT
∆SP

X X Z M∆SP
MR1 MD1

= X MT
SP X (X Z) MSP

MSP ≡M∆SP
MR1 MD1.

This expression matches the double pass model E.1 except for the replacement of Y
with X Z. The implications of this replacement are considered in section 5.2.3.

The original symmetric decomposition algorithm [53], applied to a RI MM, would
naturally have obtained D2 = x D1. However, prior knowledge of this identity allows one
to significantly simplify the algorithm. The original would in general not have obtained
retarders obeying MR2 = X MT

R1 X. This is due to the fact that it used the singular value
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decomposition of m′, while the new method uses the eigen decomposition of x m′ instead.
Singular values are always positive, while eigenvalues can be negative. The sign differences
between the two result in sign differences between the retarders MRi that are obtained by
each method.

There are a few edge cases that should be considered. If MT G M G = 0 (and M 6= 0),
it follows that |D1| = |D2| = 1 [53]. M must be non-depolarizing, and can be handled
using the method of section 5.2.2. It is also possible that |D1| = |D2| = 1 and yet
MT G M G 6= 0. In this case, M is known as a “type II” MM, while MMs that do not
have this property are “type I”. Type II MMs can still be decomposed in the form

M = MD2II MR2 M∆II MR1 MD1II

where the central depolarizer now has the peculiar form

M∆II =


a0 + a −a 0 0
a a0 − a 0 0
0 0 a2 0
0 0 0 a2


(0 ≤ a2 ≤ a0, 0 < a) [53].

The diattenuation vectors (D1II,D2II) are not equal to the vectors (D1,D2) which were
obtained by solving E.2. Instead, a different, more complicated algorithm is necessary
to find each diattenuation, retardance, and depolarization matrix [53]. Moreover, M∆II

can never be RI because of the requirement that a > 0. Suppose one was able to find
a way of modifying this process for a RI M in order to obtain a decomposition with
MD2II = X MT

D1II X and MR2 = X MT
R1 X, as was done above for type I MMs. Then

M = X MT
D1II MT

R1 X M∆II MR1 MD1II =⇒
M∆II = X ((MR1 MD1II)

−1)T X M (MR1 MD1II)
−1

which implies

X MT
∆II X = X ((MR1 MD1II)

−1)T MT X (MR1 MD1II)
−1 X X

= X ((MR1 MD1II)
−1)T X M X X (MR1 MD1II)

−1

= M∆II

using the fact that MT = X M X because M is RI. However, this implies that M∆II is RI,
which is impossible. Therefore, it must not be possible to decompose a type II matrix in
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such a way that MD2II = X MT
D1II X and MR2 = X MT

R1 X. Therefore type II RI MMs
are incompatible with the double pass model.

It is possible for a RI MM to be type II; for example,

M =


a0 + a −a 0 0
−a −a0 + a 0 0
0 0 −a2 0
0 0 0 a2


(0 ≤ a2 ≤ a0, 0 < a)

=


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 1

M∆II

which obeys 3.13 and 3.14 if a0 = a2, is physical due to being the product of physical
MMs, and also is type II. However, type II MMs appear to be rare, occurring only in the
happenstance that |D1| is exactly equal to one. Because of this, it was postulated that they
are an edge case of limited practical importance. This idea was further validated by the
simulations that were performed in section 5.4, in which no type II MMs were encountered.

Finally, if any of the eigenvalues of x m′ are equal to zero, or if any two are equal to one
another, then there are many more possible U (and therefore many possible mR1). The
twenty-four solutions that are found by the algorithm described above will still be valid.

Assume that M avoids all of these edge cases and also has the property that Z has
exactly one negative element (it is believed on account of section 5.4 that this will be true
for most if not all double pass MMs). Then, the double pass decomposition algorithm
would proceed as follows: first, calculate the largest eigenvalue and associated eigenvector
sD1 of MT G M G. This can be done in Matlab using the eig function. D1 is equal to the
last three elements of sD1. Then use equation 2.29 to calculate MD1, which can be used
to calculate

M′ = X M−1
D1 X M M−1

D1.

The eigenvalue decomposition of M′ (which can again be performed using eig) gives U
and A. If it is found that Z (and therefore A) has one negative element, rearrange the
entries of A such that it has the general form diag(+,+,−). Rearrange the rows of U
in exactly the same way. Finally, if U has negative determinant, multiply any one row
of U by minus one. The depolarization matrix M∆SP can be calculated using E.5, while
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the retardance matrix is determined by mR1 = U. The full single pass MM is given by
MSP = M∆SP MR1 MD1.

This gives only one out of the eight possible values of MSP . Section 5.2.3 discusses how
the polarimetric properties of these eight are related.
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