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Abstract

The capacitated vehicle routing problem with stochastic demands (CVRPSD) is a vari-
ant of the deterministic capacitated vehicle routing problem (CVRP). The CVRP consists
of planning routes for vehicles with a given capacity to deliver goods to a set of customers
with known demands, with the goal being to find the cheapest such set of routes. In the
CVRPSD, rather than being deterministic, customer demands are random variables from
a given probability distribution. This creates the possibility of route failures, where the
realized demand on a route is greater than the vehicle capacity. In this event, a recourse
action following a pre-determined strategy must be taken. The goal is then to minimize
the expected cost of the routes, i.e. the sum of the deterministic route lengths and expected
additional costs incurred by recourse actions.

A common approach when solving the CVRPSD is to formulate it as a 2-stage stochastic
programming problem. In this framework, the first stage is planning a set of routes,
while the second stage is computing the expected cost of route failures. While edge-
based formulations were the dominant approach originally, the success of set-partitioning
formulations for related problems such as the CVRP and the vehicle routing problem with
time windows led to research into developing similar formulations for the CVRPSD. These
formulations contain an exponential number of variables, necessitating the use of column
generation to solve them. In column generation, an additional optimization problem known
as the pricing problem needs to be repeatedly solved when solving the current LP relaxation
through the branch-and-bound tree.

The pricing problem for the deterministic CVRP is strongly NP-hard, and so to ob-
tain tractable algorithms a relaxed version of the pricing problem which can be solved in
pseudo-polynomial time is typically used. Similar methods for relaxing the pricing problem
have been explored for the CVRPSD, but these make use of some simplifying assumptions
for computing the expected cost of route failures, which needs to be done frequently when
solving the pricing problem. In this thesis, we show that using these assumptions results in
an “approximate” pricing rather than “exact” pricing, and present results on the hardness
of performing exact pricing for set-partitioning formulations for the CVRPSD. Specifically,
we show that when customer demands are given by a finite set of demand scenarios, exactly
solving the pricing problem for the CVRPSD is strongly NP-hard. Additionally, we show
that when customer demands are independent normal, under some assumptions there is a
reduction from the Hamiltonian cycle problem to the pricing problem for the CVRPSD.
This does not constitute a proof of strong NP-hardness due to the aforementioned assump-
tions required, but does suggest that even in this case the pricing problem may be harder
than currently thought.
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Chapter 1

Introduction

The capacitated vehicle routing problem (CVRP) is a classic problem in combinatorial
optimization, first studied by Dantzig and Ramser in 1959 [11]. It is a generalization of the
travelling salesman problem, which is one of the most well-studied discrete optimization
problems. The CVRP consists of routing a fleet of vehicles, all starting and ending at a
central depot, to service a set of customers, with the goal being to find a set of routes
which minimizes the total distance travelled by all of the vehicles. The motivation for
this problem is in delivering goods to customers, and as such it is also often assumed
that each vehicle in the fleet has a given capacity for how many goods it can carry, with
each customer having a demand for goods. This results in an additional constraint on the
vehicles’ routes: the sum of customer demands along the route must be at most the vehicle
capacity, as otherwise some customers will not have their demands met. A comprehensive
overview of the CVRP can be found in the book The Vehicle Routing Problem by Toth
and Vigo [38], as well as the survey by Cordeau, Laporte, Savelsbergh and Vigo [10].

Many real-world applications have more restrictions or different goals than those de-
scribed in the CVRP. Different variants of the problem accounting for these additional
aspects have been developed, such as the vehicle routing problem with time windows
[9, 7, 1], where customers have time windows in which they must be serviced, and the ve-
hicle routing problem with pickup and delivery, where customers may have both demands
for goods to pickup and goods to deliver rather than one or the other. Both of these
are covered by Toth and Vigo [38]. Another major class of variants are stochastic vehi-
cle routing problems [10]. These are vehicle routing problems where part of the problem
data is stochastic rather than being deterministic. This means that the data is described
by a random variable from a given probability distribution instead of having a specific
value known ahead of time. Examples of this include stochastic travel times along edges,
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modelling uncertain travel times of vehicles due to traffic or other physical issues [1], or
stochastic customer demands, modelling cases where the demands of customers are not
known before routes must be planned [6, 22, 24, 8, 21]. In this thesis, we will focus on
the case where the customer demands are stochastic. This problem is known as the ca-
pacitated vehicle routing problems with stochastic demands, or CVRPSD. These types of
mathematical programming problems involving random variables are known as stochastic
programming problems. Closely related to these are robust optimization problems, where
rather than being specified by a probability distribution some of the data lies within a
given uncertainty set U . In this paradigm a solution is feasible if and only if it satisfies
the constraints of the problem for all given realizations of data in U , with the goal being
to optimize the “worst-case” scenario [3].

The introduction of stochastic demands creates new problems when looking to solve
a vehicle routing problem. Depending on the distribution of demands, it may no longer
be possible to create routes where the cumulative realized demand is less than the vehicle
capacity, introducing the possibility of route failures. In the case of a route failure, a
recourse action must be taken. The strategy used to handle route failures and perform
recourse actions is known as a recourse strategy. The simplest recourse strategy, first
introduced by Dror and Trudeau [14], is to make a round trip to the depot whenever a
route failure occurs, and continue the route as planned from the customer at which the route
failed. Due to its computational simplicity, this strategy is commonly used in the literature,
such as in Gendreau, Laporte, and Séguin [22], Hjorring and Holt [24], Christiansen and
Lysgaard [8], and Gauvin, Desaulniers and Gendreau [21]. Another available recourse
strategy is known as optimal restocking. As each customer is visited, this strategy takes
into consideration the current remaining vehicle capacity and expected future demand on
the route, and computes whether to continue the route or make a preemptive return trip to
the depot to empty the vehicle capacity. Yee and Golden [41] were the first to develop this
method and provided a dynamic programming algorithm to solve it. Heuristic solutions
for formulations with an optimal restocking policy can be found in the papers by Yang,
Mathur, and Ballou [40] and Bianchi et al. [16], while more recently Salavanti-Khoshghalb,
Gendreau, Jabali and Rei [36] exactly solved such a formulation.

Within the literature, different simplifying assumptions on the distribution of customer
demands have been made when developing algorithms. Some common assumptions are
that customer demands are independent and that customer demands are drawn from a
well-known distribution such as the normal or Poisson distributions [22, 24, 8, 21]. While
often necessary for computationally tractable algorithms, these types of assumptions are
undesirable, as they may not be suitable in many practical applications. For example,
the same factors causing increased demand at one customer may also affect the demands
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of other customers in the same area, and the true distribution of customer demands may
be unknown. For this reason, it is preferable to also be able to solve instances where
the distribution of customer demands is specified by a finite set of demand realization
scenarios, which may be generated through historical data on customer demands. Using
a large number of these scenarios allows one to approximate the true distribution of data
with the empirical distribution given by the samples, a technique known as sample average
approximation [4, 39].

In addition to the choices of how to handle recourse actions and model the randomness
of customer demands, when solving stochastic vehicle routing problems there is also a
decision to make regarding whether to explicitly model the cost of route failures. For the
CVRPSD, there are two main branches of research: modelling the problem as a 2-stage
stochastic program, or modelling the problem as a chance-constrained stochastic program.
To distinguish between the two, we will use the term CVRPSD to refer only to models
as a 2-stage stochastic program, and use the term CCVRP to refer to chance-constrained
models. In 2-stage stochastic programs, the expected cost of recourse of a solution x is
explicitly modelled and a solution is found which minimizes the sum of the route lengths
and expected recourse cost. In chance-constrained models, the cost of recourse is not
explicitly modelled. Instead there is a constraint on the probability of a route failure
occurring, with routes failing with probability less than 1− ε for some small parameter ε.
The effect that failures may have on the expected costs of routes is ignored.

Stewart and Golden [37] solved a chance-constrained model via a reduction to a deter-
ministic VRP under the assumptions of independent demands, and that the cumulative
demand on routes has the same distribution as the individual customer demands. They
note this is satisfied by many common distributions, such as normal, Poisson, binomial,
and chi-squared. They additionally provided heuristics for solving a chance-constrained
model with correlated demands. Laporte, Louveaux and Mercure [28] were the first to
exactly solve a chance-constrained model using a branch-and-cut algorithm, but required
demands to be both independent and normal. More recently, Dinh, Fukasawa and Luedtke
[12] exactly solved a chance-constrained model for both joint normal demands and demands
given by scenarios with a branch-cut-and-price algorithm.

More work has been devoted to formulations of the CVRPSD as a 2-stage stochastic pro-
gram with recourse. The first to study this type of formulation was Bertsimas in his Ph.D.
thesis [5], which covered stochastic versions of the travelling salesman problem, minimum
spanning tree, and vehicle routing problem. For the vehicle routing problem specifically, he
provided closed-form expressions and methods to compute the expected cost of a route and
heuristics for solving the CVRPSD, as well as asymptotically optimal algorithms. These
results were improved further in [6], where he derived upper and lower bounds on the opti-

3



mal value of the CVRPSD. Gendreau, Laporte and Séguin [22] were the first to successfully
solve the CVRPSD as a 2-stage stochastic program exactly. They achieved this by way
of the Integer L-shaped algorithm, a branch-and-cut algorithm first developed by Laporte
and Louveaux [27] as a general framework for solving stochastic programs with complete
recourse. This algorithm models the expected cost of recourse with an additional variable
θ, and the sum of the deterministic route costs and θ is minimized. Hjorring and Holt [24]
found new optimality cuts for this method for the case of a single vehicle and independent
demands. In addition to these, the recent work by Salavanti-Khoshghalb, Gendreau, Ja-
bali and Rei [36] which solves the CVRPSD with optimal recourse also uses the L-shaped
algorithm.

While approaches based on the L-shaped algorithm have been widely used for exactly
solving the CVRPSD, there are other promising methods, specifically set-partitioning for-
mulations solved via branch-and-price algorithms. In other vehicle routing problems, such
as the deterministic CVRP and the vehicle routing problem with time windows (VRPTW),
branch-and-price or branch-and-price-and-cut algorithms using set-partitioning formula-
tions are the current state-of-the-art techniques [9, 20]. In these types of formulations,
there is a decision variable for each possible route that may be included in a solution,
leading to an exponential number of variables in the problem. To solve these, a restricted
subset of the variables is initially optimized over, with additional variables being dynami-
cally added over time. This technique is known as column generation, and the problem of
choosing which variable to add next is known as the pricing problem. The pricing problem
for these branch-and-price algorithms are NP-hard, but due to pseudo-polynomial time
algorithms for pricing they can still be solved efficiently. These algorithms are especially
effective in the case of restrictive capacity constraints, a class of problems with which the
L-shaped algorithm struggles [8]. Set-partitioning formulations additionally have applica-
tions in the design of approximation algorithms for vehicle routing problems, for example
in the works by Post and Swamy [33] and Friggstad and Swamy [19], where they are known
as configuration LPs.

The efficacy of branch-and-price algorithms in those cases motivated study into whether
they could similarly be applied to the CVRPSD, with Christiansen and Lysgaard [8] being
the first to develop a branch-and-price algorithm for the CVRPSD using a set partitioning
formulation. While this method was not able to solve problems containing as many vertices
as the L-shaped method, their results showed it was more effective when problem instances
had a higher number of vehicles. This method was further improved by Gauvin, Desaulniers
and Gendreau [21]. However, these algorithms rely on the assumption that customer
demands are independent.

A core component of branch-and-price algorithms is the efficient solution of the column
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generation subproblem. We will refer to this subproblem for the CVRPSD as the mini-
mum cost 2-stage q-route problem. This consists of finding the q-route, or walk starting
and ending at the depot, with minimum expected cost that satisfies capacity constraints.
The primary contributions in this thesis are two proofs on the hardness of the minimum
cost 2-stage q-route problem. First we prove that solving this problem in the case of dis-
tributions specified by a finite set of scenarios is strongly NP-hard. This indicates that
this problem is very hard in general, and cannot be simply extended to instances with
dependent customers demands. Secondly we prove that under some assumptions, namely
O(1) elementary operations and computability of the expected number of route failures in
polynomial time, there is a reduction from the Hamiltonian cycle problem to the minimum
cost 2-stage q-route problem with independent normal demands, even when the means and
variances are polynomially bounded in n. This suggests that exactly pricing the 2-stage
cost of q-routes may not be feasible in pseudopolynomial time. However this does not
constitute a proof of strong NP-hardness, due to the required assumptions and large edge
costs in the construction. Additionally, this result is not in contradiction with the results
of Christiansen and Lysgaard [8], as they use an alternate pricing method which makes
some simplifying assumptions about the probability of route failures.

This thesis is organized as follows. Chapter 2 describes how set-partitioning formu-
lations are applied to the CVRP, the necessity of column generation for this formulation
and the structure of the column generation subproblem, and how this subproblem may
be solved in pseudopolynomial time via dynamic programming. In Chapter 3, we cover a
problem definition and formulation for the CVRPSD which generalizes the one proposed
by Christiansen and Lysgaard [8], allowing for probability distributions which may be de-
pendent or specified by a finite set of scenarios. We then examine the differences between
the pricing problem for the CVRP and CVRPSD, and take a closer look at the difficul-
ties introduced by stochastic demands. In addition, we contrast our approach to pricing
with that taken by Christiansen and Lysgaard [8], and cover the details distinguishing the
“approximate” pricing method they used from the “exact” pricing we wish to study. In
Chapter 4, we present the results on the hardness of the pricing problem for the CVRPSD
for the two cases of finite scenario demands and independent normal demands. Finally, in
Chapter 5 we present concluding remarks.
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Chapter 2

The deterministic capacitated vehicle
routing problem

2.1 Problem Definition

The CVRP is defined on an undirected graph G = (V,E) with vertices V = {0, 1, . . . , n},
which may be assumed to be complete. Vertex 0 represents the depot, and V+ = {1, ..., n}
represents the set of customers. For each edge ij ∈ E there is an associated deterministic
and metric travel cost `ij. Each customer i ∈ V+ has an associated demand di > 0. There
is a fleet of m identical vehicles, each with capacity Q. The goal is to find a set of m routes
for the vehicles minimizing the total distance travelled, i.e. the sum of the travel costs `ij
along each route, such that the total demand on each route does not exceed the vehicle
capacity and each customer is visited exactly once. Intuitively, this is because there is no
need to re-visit a customer after their demand has been satisfied, and as the edge costs are
metric there is no way to find a shorter path between two vertices u, v ∈ V by re-visiting
a previously visited customer. We will define what exactly we mean by a “route” in the
following section.

2.1.1 An initial formulation

In this section, we’ll be looking at constructing a set-partitioning formulation for the CVRP.
This type of formulation requires exponentially many variables, but can give much tighter
lower bounds than more compact formulations and may still be solved efficiently through
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column generation [2]. We will first look at a naive formulation, which will turn out to
be too hard to be of practical use, in order to help develop some intuition behind the
construction of a standard formulation in the literature which is used in current state-of-
the-art exact algorithms for the CVRP. Before this, we first need to define what a route is
in the context of vehicle routing.

Definition 2.1.1 (Elementary route). An elementary route is a sequence of vertices
(0, v1, ..., vk, 0) such that k > 0 and vi 6= vj for all i 6= j, 1 ≤ i, j ≤ k, vi ∈ V+ and∑k

i=1 di ≤ Q.

As we are primarily concerned with elementary routes, from here on we use the term
“route” to refer only to elementary routes, unless otherwise specified. Let R denote the
set of routes. For a route r = (v0 = 0, v1, v2, ..., vk, vk+1 = 0) ∈ R and vertex i ∈ V+ let αir
be a parameter defined by:

αir =

{
1 if i ∈ r
0 otherwise

And let:

cr =
k∑
i=0

`vi,vi+1

denote the travel cost associated with r. For each r ∈ R, let:

xr =

{
1 if route r is used by a vehicle

0 otherwise

We can then formulate the CVRP via the following set-partitioning formulation P :

(P )

min
∑
r∈R

crxr

s.t.
∑
r∈R

αirxr = 1 ∀i ∈ V+∑
r∈R

xr = m

xr ∈ {0, 1} ∀r ∈ R

(2.1a)

(2.1b)

(2.1c)

(2.1d)

The objective function (2.1a) minimizes the total distance travelled by the set of routes
chosen. Constraints (2.1b) enforce that each vertex i ∈ V+ is visited exactly once by the
routes chosen. The constraint (2.1c) enforces that we use m vehicles. Finally, the binary
constraints (2.1d) enforce that each route is either used or unused.
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2.2 Solving the set-partitioning formulation

Difficulties arise when we try to solve the formulation P with a standard IP solving algo-
rithm such as branch-and-bound. To use such an algorithm, we need to be able to solve the
LP relaxation of P , denoted hereafter by PLP . As there are exponentially many possible
routes in the set R, there is an exponential number of variables in the problem, which
poses a problem even when just solving PLP . To pivot between basic feasible solutions in
the simplex algorithm, we need to be able to enumerate all the variables, but this is not
feasible to do for PLP due to the cardinality of R.

Instead, a separate optimization problem known as the pricing problem is solved to
compute the next variable which should enter the basis, without requiring the enumeration
of all possibilities. This is a technique known as column generation, where columns of
the constraint matrix of the LP are generated dynamically during the solving procedure
instead of being available from the start. In this section, we will give a description of
column generation algorithms using the LP relaxation of the CVRP as an example.

Since we cannot solve PLP directly due to the aforementioned issues with the huge
number of variables, we instead consider a problem with a restricted feasible region. This
is known as the restricted master problem, which we denote PRM . Using our example of
the CVRP, PRM has the constraints of PLP , with the set of variables restricted to a small
subset R ⊂ R, with |R| � |R|.

(
PRM

)
min

∑
r∈R

crxr

s.t.
∑
r∈R

αirxr = 1 ∀i ∈ V+∑
r∈R

xr = m

0 ≤ xr ∀r ∈ R

(2.2a)

(2.2b)

(2.2c)

(2.2d)

Note that an upper bound on the variables x is not needed, as constraint (2.2b) provides
an implicit upper bound of 1 on xr for all r ∈ R.

Depending on the choice of R, PRM may not be feasible. To get around this problem,
similarly to the two-phase simplex method we can add artificial variables si to the formula-
tion to ensure we have a feasible solution to start with. These artificial variables are given
a large weight M in the objective function such that M � max{cr : r ∈ R}, to ensure
that they will be eliminated as further routes are added to R. To simplify the following,
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we will assume that we have already identified a set R such that PRM is feasible without
the need for artificial variables.

Let x∗ be the optimal solution to PRM . Observe that x∗ can be easily extended to a
feasible solution to the original relaxation PLP by setting x∗r = 0 for all r ∈ R \R. The
question now is whether x∗ is optimal not only for PRM , but also for PLP . Answering this
is achieved by solving the pricing problem.

2.2.1 The pricing problem for PRM

Consider the dual DLP for PLP :

(
DLP

) max
∑
i∈V+

πi +mπ0

s.t.
∑
i∈V+

αirπi + π0 ≤ cr ∀r ∈ R

(2.3a)

(2.3b)

The dual variables πi, i ∈ V+ correspond to constraints (2.1b), while the variable π0
corresponds to the constraint (2.1c). Observe that we can rearrange constraint (2.3b) in
the following way:

cr −
∑
i∈V+

αirπi − π0 ≥ 0. (2.4)

Let DRM denote the dual to PRM . This problem is exactly the same as DLP , except there
are constraints (2.3b) for all r ∈ R instead of R. Furthermore, let π∗ be the optimal dual
solution to DRM corresponding to x∗. Then the reduced cost of a route r for the solution
x∗ is:

c̄r := cr −
∑
i∈V+

αirπ
∗
i − π∗0. (2.5)

Note that this is the left-hand side of (2.4) with π∗ substituted in. This means that the
reduced cost of a route can be interpreted as a dual feasibility check for the solution π∗.
If c̄r ≥ 0 for all r ∈ R, then π∗ is feasible for DLP , and since x∗ is feasible for PLP and∑

r∈R crx
∗
r =

∑
i∈V+ π

∗
i + mπ∗0 by construction, x∗ must be optimal for PLP by strong

duality.

We can now state the definition of the pricing problem in more formal terms. The
pricing problem consists of identifying the route r∗ with minimum reduced cost, or in
other words solving the problem:

r∗ := argmin{c̄r : r ∈ R}. (2.6)
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If c̄r∗ ≥ 0, then clearly c̄r ≥ 0 for all r ∈ R. Therefore by the argument above, the current
optimal solution to PRM is also optimal for the LP relaxation of P . On the other hand, if
c̄r∗ < 0, then the corresponding dual solution π∗ is infeasible for DLP . However, since π∗

is feasible for DRM , c̄r ≥ 0 for all r ∈ R and so it must be case that r∗ ∈ R \R. We then
set R = R∪{r∗}, adding the route r∗ to our restricted route set, and re-solve PRM . Since
R contains a finite number of elements, this algorithm necessarily terminates.

2.2.2 Formulating the pricing problem as an SPPRC

To solve the pricing problem for the CVRP, we will reformulate it as another combinatorial
optimization problem, the shortest path problem with resource constraints (SPPRC).

The SPPRC is defined on a graph G = (V,E). Each vertex v ∈ V has an associated
resource bv. Despite the name of the problem suggesting otherwise, the objective is to
find the shortest walk, rather than path, with respect to a set of edge weights h ∈ R|E|
from an origin vertex s ∈ V to a destination t ∈ V such that the resources picked up
along the walk does not exceed a given budget β. This walk may repeat vertices and have
edges with negative weights. The SPPRC is known to be NP-hard, but there are pseudo-
polynomial time algorithms for solving it when the resources bv and budget β are bounded
by a polynomial in n [25].

For the pricing problem for the CVRP, the resources bv at each vertex are the customer
demands dv, and the budget β is the vehicle capacity Q. The underlying graph is the same
as the graph for the corresponding CVRP instance, with the exception of an additional
vertex t0 which is a copy of the depot. The depot vertex 0 and the copy of the depot t0
are then used as the origin s and destination t respectively. The last item required is to
determine what the edge weights should be. We want to choose edge weights such that
the sum of the edge weights along a route r is equal to the reduced cost of that route c̄r.
In this next section, we will explore how to compute a set of edge weights satisfying this
condition.

Let qer be a parameter denoting the number of times edge e occurs on route r. Observe
that the following equality holds:

αir =
∑
e∈δ(i)

qer
2

By substituting this into (2.5), we can work towards expressing the reduced cost of a route
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as a sum over the set of edges:

c̄r = cr −
∑
i∈V+

αirπ
∗
i − π∗0

=
∑
e∈E

`eq
e
r −

∑
i∈V+

∑
e∈δ(i)

qer
2
π∗i −

∑
e∈δ(0)

qer
2
π∗0

=
∑
e∈E

`eq
e
r −

∑
i∈V

∑
e∈δ(i)

qer
2
π∗i

Note that the sum
∑

i∈V
∑

e∈δ(i)
qer
2
π∗i counts each edge e = uv twice, once for the vertex u

and once for the vertex v. We can therefore rewrite this as:

c̄r =
∑

e=uv∈E

(
`e −

π∗u
2
− π∗v

2

)
qer

Define the edge weights:

he := `e −
π∗u
2
− π∗v

2
, ∀e = uv ∈ E (2.7)

We can now restate the pricing problem (2.6) as finding the route of minimum cost with
respect to the edge weights h ∈ R|E|:

min

{∑
e∈E

heq
e
r : r ∈ R

}
(2.8)

Note that due to the incorporation of the dual variables π, we cannot add any assumptions
on the weights h such as non-negativity, or respecting the triangle inequality. Although it
may be possible to develop an algorithm for solving (2.8) by using the facts that in equation
(2.7) the edge costs `e are metric and the dual variables π are an extreme point solution to
DRM , we are not aware of any such algorithm in the literature. We will therefore focus on
the hardness of solving (2.8) for arbitrary edge costs he. Solving this problem efficiently
is at the core of column generation, as it must be done at every iteration of the simplex
algorithm.

Since the routes in the set R are elementary, the problem (2.8) is more specifically an
elementary shortest path problem with resource constraints (ESPPRC). However, there
is one fatal flaw with this: solving the ESPPRC is strongly NP-hard [13]. Thus to solve
PLP via column generation, we would need to solve a strongly NP-hard problem at every
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simplex iteration. There are two approaches which can be taken here. One is to solve
the ESPPRC, which gives tighter lower bounds in the branch-and-bound tree, but is much
harder to solve and requires more computational tricks. This approach has been taken by
several authors, for example Chabrier [7], Feillet, Dejax, Gendreau, and Gueguen [17], and
Rousseau, Focacci, Gendreau, and Pesant [35]. Another approach is to relax the set of
routes to allow walks with repeated vertices, or q-routes, which means the pricing problem
is an SPPRC rather than an ESPPRC.

Definition 2.2.1. (q-route) A q-route is a sequence of vertices (v0 = 0, v1, ..., vk, vk+1 = 0)
with k > 0, such that vi 6= vi+1 and vi ∈ V+ for 1 ≤ i ≤ k, and satisfying

∑k
i=1 di ≤ Q.

Note that while the primary difference between q-routes and elementary routes is that q-
routes allow for repeated vertices, another implicit difference is that in an elementary route
a customer’s demand is counted at most once, whereas in a q-route a customer’s demand
is counted as many times as it is visited. This may seem undesirable, as in practice a
customer would no longer have any demand after being visited, but without this property
the pricing problem for q-routes would remain strongly NP-hard.

Using q-routes provides weaker lower bounds, but the resulting SPPRC can be solved
in pseudo-polynomial time, which will be shown in a further section. This second approach
of relaxing the feasible region to simplify the problem is the one we will be using.

We denote the set of all q-routes Rq. Note that R ⊆ Rq, as every elementary route is
also a q-route. Incorporating all of these routes results in a new formulation Pq:

(
Pq
)

min
∑
r∈Rq

crxr

s.t.
∑
r∈Rq

αirxr = 1 ∀v ∈ V+∑
r∈Rq

xr = m

xr ∈ {0, 1} ∀r ∈ Rq

(2.9a)

(2.9b)

(2.9c)

(2.9d)

Observe that even though we have relaxed the feasible region of the problem, due to
constraint (2.9b) the optimal solution to P and Pq will still be the same. With this
change, our pricing problem becomes:

min

{∑
e∈E

heq
e
r : r ∈ Rq

}
(2.10)
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This pricing problem can be modelled as an SPPRC rather than an ESPPRC, as there is
no longer a restriction for vertices to only appear once on each route.

2.2.3 Solving the SPPRC

While the SPPRC is still NP-hard, it can be solved in pseudo-polynomial time via a
dynamic programming algorithm [25], so an efficient solution to the pricing problem is in
our grasp. However, this algorithm does require the further restriction that the resources
bv ∈ Z for all v ∈ V . Furthermore, we assumed that the budget β is an upper bound for
bv for all v ∈ V , as otherwise that vertex cannot be visited without violating the resource
consumption constraints.

The particular algorithm used is known as a labelling algorithm. It represents q-routes
and partially completed q-routes of minimum cost with respect to the cost of resources by
objects called labels.

Definition 2.2.2. (partial q-route) A partial q-route is a sequence of vertices (v0 =
0, v1, ..., vk) such that (v0 = 0, v1, ..., vk, vk+1 = 0) is a q-route.

A label L = (u, γ) is a tuple where u is the final vertex in the partial q-route and γ ≥ 0
is the cumulative resource consumption along the partial q-route. The minimum cost with
respect to the edge weights h of a partial q-route corresponding to label L is denoted by
h(L). Let Π(L) denote the set of predecessor labels that may be extended to L:

Π(L) := {L′ = (u′, γ′) : γ′ + γu = d, uu′ ∈ E}. (2.11)

To compute h(L), we apply the following dynamic programming recursion:

h(L) := min{h(L′) + huu′ : L′ = (u′, γ′) ∈ Π(L)}. (2.12)

The base case for this recursion is c̄(L0) = 0, where L0 = (0, 0). Let:

L := {L = (u, γ) : u = 0, 0 < γ ≤ β}. (2.13)

Observe any label in L corresponds to a complete q-route, as it ends at vertex 0 and
has consumed a positive quantity of resources. Therefore the SPPRC can be solved by
computing the minimum cost label L∗ = min{L : L ∈ L}. This can done in O(n2β) time,
as there are n possible ending vertices for labels, and β possible values for the cumulative
resource consumption γ, and therefore n × β possible labels to be computed through
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dynamic programming, while each label can itself be computed in O(n) time as the set
Π(L) has cardinality at most n.

Therefore we can use this algorithm to solve the pricing problem in O(n2Q) time by
using the edge weights h as defined in (2.7), the customer demands d for resources, and
the vehicle capacity Q for the budget.

Now that we have described the algorithm used to solve the SPPRC, we can elaborate
on why we defined q-routes as in Definition 2.2.1, rather than ignoring the demands of
customers which have previously been visited. If we ignored the demands of already visited
customers, we would have an exponential number of labels, as instead of only needing to
track the final vertex visited and the cumulative resource consumption we would also need
to track which vertices had been previously visited. This is exactly what is required when
pricing elementary routes, and so with such a definition we would not simplify the pricing
problem in any way.

For further details about the SPPRC, the ESPPRC and related variants and algorithms,
see Righini and Salani [34] or Irnich and Desaulniers [25].

2.2.4 The final restricted master problem

We will now summarize the modifications to the formulation for the CVRP introduced in
this section and give a brief recap of how column generation is used. Since we have modified
the formulation to use q-routes in order to simplify the pricing problem, the restricted
master problem must also be modified accordingly. Let Rq ⊂ Rq with |Rq| � |Rq|. We
use this in the new restricted master problem PRM

q :

(
PRM
q

)
min

∑
r∈Rq

crxr

s.t.
∑
r∈Rq

αirxr = 1 ∀i ∈ V+

∑
r∈Rq

xr = m

0 ≤ xr ≤ 1 ∀r ∈ Rq

(2.14a)

(2.14b)

(2.14c)

(2.14d)

Similarly to PRM , artificial variables may be introduced to ensure feasibility of PRM
q . This

formulation is solved via the simplex method to obtain an optimal solution x∗ and dual
optimal solution π∗. The dual solution π∗ is used to compute the edge weights he as per
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(2.7), and then the pricing problem (2.10) is solved. If the optimal value of (2.10) is
negative, then the corresponding q-route is added to the set Rq, P

RM
q is re-solved, and the

process is repeated. On the other hand, if the optimal value of (2.10) is non-negative, then
x∗ is optimal for PLP

q and column generation ends. This technique is then applied at every
node in the branch-and-bound tree for Pq.
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Chapter 3

The capacitated vehicle routing
problem with stochastic demands

In this section, we will define the capacitated vehicle routing problem with stochastic
demands, and look at the complexities that arise from having stochastic demands instead
of deterministic demands.

3.1 Problem Definition & Model Formulation

Most of the definitions for the CVRPSD are shared with the CVRP, the only difference
being how the demands are specified. The CVRPSD is defined on an undirected graph
G = (V,E), where V = {0, ..., n}. Vertex 0 represents the depot, and V+ = {1, ..., n}
represents the set of customers. For each edge ij ∈ E there is an associated travel cost
`ij. There are m vehicles to be routed, each with capacity Q. Each customer i ∈ V+ has
an associated random variable ξi for their demand, with expected value E[ξi] and variance
V [ξi]. These form a customer demand vector ξ. Furthermore, we assume that E[ξi] ≤ Q
for all i ∈ V+.

Similar to the CVRP, we will have a decision variable in the formulation for each
feasible q-route. However, as customer demands are no longer deterministic, the feasibility
characteristic for q-routes is changed. Instead of the sum of demands being less than the
vehicle capacity, we require the sum of the expected demands on the q-route to be less than
the vehicle capacity.
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Definition 3.1.1 (Feasible q-route, CVRPSD). A q-route r = (0, v1, ..., vk, 0) is feasible
for a CVRPSD instance if

∑k
i=1 E[ξi] ≤ Q.

As before, q-routes are assumed to be feasible unless specified otherwise. Let Rq be the
set of q-routes. We consider the following set partitioning formulation:

(SP )

min
∑
r∈Rq

crxr

s.t.
∑
r∈Rq

αirxr = 1 ∀i ∈ V+∑
r∈Rq

xr = m

xr ∈ {0, 1} ∀r ∈ Rq

(3.1a)

(3.1b)

(3.1c)

(3.1d)

The coefficients cr denotes the expected cost of r, the computation of which is described
below; and αir is a parameter which counts the number of times a q-route r visits vertex
i. The objective function (3.1a) minimizes the expected cost of the q-routes. Constraints
(3.1b) ensure that each customer is visited exactly once by some q-route, and constraint
(3.1c) enforces that exactly m q-routes are used.

To compute the expected cost cr for a q-route r = (v0 = 0, v1, ..., vk, vk+1 = 0), we
divide it into two quantities: ĉr, the deterministic cost of travelling along the q-route, and
c̃r, the expected cost incurred by failures along the q-route, with cr = ĉr + c̃r. The value
of ĉr is equal to the sum of the edge costs along the q-route:

ĉr =
k∑
i=0

`i,i+1.

We use the simple recourse strategy of making a round-trip to the depot and back if a cus-
tomer’s demand exceeds the vehicle capacity before continuing the q-route as planned. This
allows us to compute the expected cost of recourse c̃r by summing the expected failure cost
at each customer vi along the q-route. Given a q-route r = (0, v1, ..., vk, 0), let Ψr,vi denote
the probability distribution of the cumulative demand of r at vertex vi, and let ψr,vi de-
note a Ψr,vi-distributed random variable. The expected number of failures at customer vi,
FAILvi(r), is then computed by the following:

FAILvi(r) =
∞∑
u=1

[
P{ψr,vi−1

≤ uQ} − P{ψr,vi ≤ uQ}
]

(3.2)
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where P{E} denotes the probability of event E occurring. Thus P{ψr,vi−1
≤ uQ} is the

probability that the uth failure has not occurred before visiting customer i, and P{ψr,i ≤
uQ} is the probability that the uth failure has still not occurred after visiting customer i.
Therefore the difference:

P{ψr,i−1 ≤ uQ} − P{ψr,i ≤ uQ}
is the probability of the uth failure occurring exactly at customer i. The expected failure
cost at customer vi EFCvi(r) can then by computed by multiplying this by the distance
travelled when a failure occurs:

EFCvi(r) = 2`0vi FAILvi(r). (3.3)

Thus:

c̃r =
k∑
i=1

EFCvi(r). (3.4)

3.1.1 The pricing problem for the CVRPSD

Just as with the set-partitioning formulations for the CVRP described in the previous
chapter, SP contains an exponential number of variables with respect to the number of
customers, and so column generation will be required to solve it. This requires us to
construct the restricted master problem SPRM , where the feasible region is restricted to
a small set of q-routes Rq ⊂ Rq, and then iteratively add new q-routes to Rq as they are
identified to be useful via column generation.

We refer to the column generation subproblem of finding the q-route with minimum
expected reduced cost as the minimum 2-stage cost q-route problem to distinguish it from
the deterministic version of the problem described in the previous chapter.

Let DSPLP denote the dual of the LP relaxation of SP :

(
DSPLP

) max
∑
i∈V+

πi +mπ0

s.t.
∑
i∈V+

αirπi + π0 ≤ ĉr + c̃r ∀r ∈ R

(3.5a)

(3.5b)

Here the expected q-route cost cr has been split into its deterministic and stochastic com-
ponents. Similarly to the CVRP, the reduced cost of r is defined to be:

c̄r := ĉr + c̃r −
∑
i∈V+

αirπ
∗
i − π∗0 (3.6)
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Where π∗ is the optimal solution of the dual to the current restricted master problem.
Then the pricing problem is:

min{c̄r : r ∈ Rq} (3.7)

However, unlike in the CVRP, due to the stochastic element c̃r in c̄r we can’t transform
this problem in one only involving edge prices. This is because in our formulation, the
distribution of a partial q-route’s cumulative demand is dependent on both the q-route
and vertex, meaning that two partial q-routes which end at the same vertex and have the
same expected cumulative demand may not have the same distribution. Thus, although
the deterministic component of c̄r may be decomposed into a sum of weights on the edges,
the stochastic component cannot be.

Despite this, for the later proofs it will still be useful to have this problem formulated
as one in which the deterministic component of c̄r is expressed as a sum of edge weights.
This is achieved similarly to our reformulation of the pricing problem for the CVRP: define
the parameter qer to denote the number of times an edge e ∈ E appears on the q-route r,
and define:

he := `e −
π∗u
2
− π∗v

2
, ∀e = uv ∈ E (3.8)

Note again that do cannot have any assumptions on he such as non-negativity or integrality.
Then (3.7) can be restated as the following formal definition for the minimum cost q-route
problem.

Definition 3.1.2. Consider an instance of the CVRPSD on a graph G = (V,E). Given
an arbitrary set of edge weights we ∈ R, the minimum cost q-route problem is:

min

{∑
e∈E

weq
e
r + c̃r : r ∈ Rq

}
(3.9)

Where c̃r is computed according to (3.4).

3.1.2 Difference between pricing q-routes for CVRP and CVRPSD

As discussed earlier on, q-routes can be priced in pseudo-polynomial time via dynamic
programming in the CVRP. The reason this can be done in the deterministic case is because
if two q-routes r1 and r2 end at the same vertex u and have the same cumulative demand
d, they are functionally equivalent with respect to the recursive structure in the pricing
problem. By this, we mean that any valid extension that may be made to r1 may also be
made to r2, and vice versa.
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It is clear how dependent customer demands make the CVRPSD very challenging, as in
this case it is not necessarily even clear how to evaluate c̃r. When customer demands are
independent, there is more hope for finding a good solution, as the only difference between
pricing q-routes for independent stochastic demands and deterministic demands is the
addition of variance. However, even this is still more complex than in the deterministic
case. This is because in the case of q-routes the demands of vertices at different points along
the route will be correlated if the route contains repeated vertices, even if the demands
between different customers are independent. Suppose r = (0, v1, ..., vk, 0) is a q-route such
that vi = vj for i 6= j, 1 ≤ i, j,≤ k. Then vi and vj have perfectly correlated demand.

One problem stemming from this core issue is that the cumulative variance of a q-route
is not necessarily additive, a property which is assumed in previous approaches to this
problem [8, 21]. If the q-route is elementary, then the cumulative variance is additive, but
if the q-route is not elementary then the cumulative variance is also not additive. Consider
having k copies of a random variable ξ with expected value E[ξ] and variance V [ξ]. By
linearity of expectation, the expected value of kξ is:

E[kξ] = E

[
k∑
i=1

ξ

]
= kE[ξ]

However variance is not linear. Using the definition V [X] = E[X2]−E[X]2, we can compute
the variance of kξ to be:

V [kξ] = E[(kξ)2]− E[kξ]2

= E[k2ξ2]− (kE[ξ])2

= k2E[ξ2]− k2E[ξ]2

= k2(E[ξ2]− E[ξ]2)

= k2V [ξ]

Thus if a customer i is repeated k times in a q-route, it should contribute k2V [ξi]
to the total variance of the q-route, rather than kV [ξi]. This means that given a path
P = (u1, ..., uh) and a vertex v, to calculate the cumulative variance of the augmented
path P ′ = (u1, ..., uh, v) we need to know how many times v has already been visited by
P , not simply the cumulative variance of P and the variance of v. This is the core issue
that differentiates pricing q-routes for the deterministic CVRP and the CVRPSD with
independent demands.

To illustrate this, we present the following example. Consider a CVRPSD instance
consisting of three customer nodes 1, 2, 3, each represented by independent normally dis-
tributed random variables with expected demand µi = 100 and variance σ2

i = 100 for
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i = 1, 2, 3. Let the vehicle capacity be Q = 305. Consider the two q-routes r1 = (0, 1, 2, 3, 0)
and r2 = (0, 1, 2, 1, 0) (section 3.1.2).

0

1

2

3

Figure 3.1: Route r1 = (0, 1, 2, 3, 0).

0

1

2

3

Figure 3.2: Route r2 = (0, 1, 2, 1, 0).

The expected number of failures on the elementary q-route r1 is then:

FAIL1(100, 100) + FAIL2(200, 200) + FAIL1(300, 300) = 0.386

And the expected number of failures on the non-elementary q-route r2 is:

FAIL1(100, 100) + FAIL2(200, 200) + FAIL1(300, 600) = 0.419

Thus the non-elementary q-route r2 has a failure rate significantly higher than that of r1,
even though each q-route visits a total of 3 vertices with each vertex having identical mean
and variance.

We additionally computed the expected number of failures empirically by generating
1,000,000 samples of normal demands on such a q-route and checking the number of failures
in each sample. This gave us an expected number of failures of 0.412, indicating that
increasing the variance when revisiting a node on a q-route more accurately estimates the
number of failures than not increasing the variance. Running the same test on q-route r1

yielded an expected number of failures of 0.386.

Another issue that arises from this is that the distribution of a q-route’s cumulative
demand can diverge from that of the customers. Consider the case of an instance with
n identical Poisson distributed demands, with expected demand and variance λ. Let r =
(0, v1, v2, ..., vh, 0) be a non-elementary q-route, with vi = vj, 1 ≤ i < j ≤ k. For each
vertex vk, k < j along this q-route, the cumulative expected demand and variance will be
kλ, and the random variable for the cumulative demand will remain Poisson. But at vj
the cumulative expected demand will be jλ while the variance will be (j + 3)λ, implying
that the random variable for the cumulative demand at vj is no longer Poisson, along with
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the random variables for cumulative demand at all nodes following vj. It is then no longer
obvious how to even evaluate the expected failure cost of the q-route at each of these nodes.

This fact that we need to know information about the number of times a vertex has
occurred so far on the q-route suggests that this problem may be similarly hard as the
elementary q-route pricing problem, which is known to be strongly NP-Hard.

3.1.3 Contrast with previous approaches

Previous approaches to this problem such as by Christiansen and Lysgaard [8] and Gauvin
et al. [21] solved a very similar formulation with a modified objective function for a
restricted family of distributions.

Christiansen and Lysgaard [8] focus on the case where the underlying probability distri-
bution Ψ of the demands is additive, meaning that the sum of independent Ψ-distributed
random variables is also Ψ-distributed. This means that there is no need to keep track
of different distributions Ψr,i for each q-route and vertex, which greatly simplifies the cal-
culation of FAILi and EFCi. This property holds for many commonly used distributions,
including normal and Poisson distributions [30].

In this case, given a walk with non-repeated vertices (0, v1, ..., vi) with cumulative ex-
pected mean µ and variance σ2, the expected number of failures at vi, FAILvi(µ, σ

2) is
computed by the following:

FAILvi(µ, σ
2) =

∞∑
u=1

[
P{Ψ(µ− E[ξvi ], σ

2 − V [ξvi ]) ≤ uQ} − P{Ψ(µ, σ2) ≤ uQ}
]

Instead of evaluating the expected cost of q-routes exactly, they computed an approxi-
mate value obtained by assuming all customer demands on a q-route are independent even
if the same customer is repeated. Essentially this means that the demand at a customer
is realized once for each time they are visited, rather than once overall. Using this re-
laxation of the expected cost of q-routes meant that pricing routes could still be done in
pseudo-polynomial time using a modified version of the dynamic programming algorithm
for pricing q-routes in the CVRP.

Using this approximation of the expected cost still results in an exact solution, as at an
integral solution with all elementary q-routes the approximate expected cost and expected
cost would coincide. However this method would result in weaker LP bounds throughout
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the branch-and-price tree than one which exactly prices non-elementary q-routes, while ex-
actly pricing q-routes would give stronger bounds, as the approximate method will under-
estimate the variance of q-routes, especially those containing many cycles, and by extension
their second stage costs. Therefore we want to explore whether it is possible to exactly
price routes without significantly increasing the difficulty of solving the pricing problem.
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Chapter 4

Complexity of solving the minimum
cost 2-stage q-route problem

We now present our results on the complexity of solving the minimum cost 2-stage q-route
problem. We first show that in the finite scenario case, pricing q-routes when including
the 2-stage costs is strongly NP-hard. Secondly, we show that while it is not necessar-
ily strongly NP-hard in the case of independent normal demands, under the assumption
that elementary operations are O(1) and the computability of a function Rfail(µ, σ2) in
polynomial-time, there is a reduction from the Hamiltonian cycle problem to the minimum
cost 2-stage q-route problem. This holds even when demands are variances are polyno-
mially bounded in n. While this would seem to imply strong NP-hardness, due to the
aforementioned assumptions required, this cannot be concluded. However, it does suggest
that this problem may be harder than it is currently thought to be, and that further study
of its complexity is warranted.

4.1 Finite Scenarios

In the finite scenario case, we are solving (3.9) with the distribution of customer demands
being given as a finite set of sample scenarios sj, 1 ≤ j ≤ S. Each scenario sj has a
probability pj, 1 ≤ j ≤ S of being realized, with

∑S
j=1 pj = 1. This means that the

customer demand vector ξ takes on the value sj with probability pj.

Let G = (V+ ∪ {0}, E) be a graph, V+ = {1, 2, ..., n}, n ≥ 3. Consider the following
instance of the minimum cost 2-stage q-route problem. Let G′ = (V+ ∪ {0}, E ′) be the
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complete graph on the same vertex set as G, and assign edge costs as follows:

h0i = n3 ∀0i ∈ E
h0i = n3 + 1 ∀0i 6∈ E
hij = −1 ∀ij ∈ E
hij = 0 ∀ij 6∈ E

Let the capacity Q = 2n − 1. Construct n scenarios sv, one for each vertex v ∈ V+ with
vertex v having demand n and all other vertices having demand 1. As in the previous
chapter, c̃r denotes the expected failure cost of a q-route. In the following lemma, we will
show that elementary q-routes in G′, i.e. q-routes with non-repeated vertices, will never
cause a route failure and therefore have no expected failure cost, while non-elementary
q-routes will cause route failures and therefore have a high expected failure cost.

Lemma 4.1.1. If r is an elementary q-route in G′ then c̃r = 0. If r is non-elementary,
then c̃r ≥ n2.

Proof. If r is elementary, then the total demand on r in any scenario is at most 2n − 1.
Therefore r will never fail, and so c̃r = 0.

If r is non-elementary, then there exists some vertex v ∈ V+ which is visited twice.
Therefore r fails in scenario sv, implying that c̃r ≥ 1

n
n3 = n2.

Using the fact that non-elementary q-routes have a high failure cost while elementary
q-routes do not, we can now show that this positive failure cost will dominate the negative
cost of the edges, implying that minimum cost q-route must be elementary.

Lemma 4.1.2. The minimum cost q-route in G′ is elementary.

Proof. For any vertex v ∈ V+, the elementary q-route (0, v, 0) has cost ≤ 2n3+2. Therefore
the minimum cost route must have cost less than or equal to 2n3 + 2.

If r is a non-elementary q-route, then by Lemma 4.1.1 c̃r ≥ n2 and so we have cr ≥
2n3 + c̃r ≥ 2n3 +n2. Since the expected demand at each vertex is 2n−1

n
, any q-route feasible

for the capacity constraints can visit at most n nodes, as otherwise the expected demand
on the q-route would be greater than the capacity of 2n − 1. Thus any non-elementary
q-route can have its cost reduced by at most n by travelling along negative edges, and so:

cr ≥ 2n3 + n2 − n

Note that for all n ≥ 3, 2n3 +n2−n > 2n3 + 2. Thus any non-elementary q-route r cannot
be a minimum cost route.
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We can now prove the hardness result for the finite scenario case.

Theorem 4.1.3. When demands are given as a finite set of scenarios, solving the minimum
cost 2-stage q-route problem is strongly NP-Hard.

Proof. By Lemma 4.1.2, solving the minimum cost 2-stage q-route problem is equivalent to
finding a minimum cost elementary q-route, and G has a Hamiltonian cycle if the minimum
cost elementary q-route in G′ has cost 2n3 − n. All of the parameters for the minimum
cost 2-stage q-route problem instance constructed above, such as the vehicle capacity, edge
weights, number of scenarios, and demands in each scenario, are polynomial in n. Therefore
as the Hamiltonian cycle problem is strongly NP-hard, the minimum cost 2-stage q-route
problem is strongly NP-hard.

4.2 Independent Normal Demands

For the independent normal case we are again solving (3.9) with each customer demand
ξi ∼ N (µi, σ

2
i ), i.e. the demand at each customer is independent and normally distributed

with known means µi and variances σ2
i , 1 ≤ i ≤ n.

In our approach for proving a reduction from the Hamiltonian cycle problem to the
minimum cost 2-stage q-route problem, we need to use the intuitive fact that if the cu-
mulative expected demand or cumulative variance of a route is higher, then the route has
a higher likelihood of failing, and by extension a higher cost of failure. However, while
intuitively true, proving that this is the case using the definitions of FAIL (3.2) and EFC
(3.3) is very challenging, as they compute the expected failure rate and failure cost at each
vertex independently. While overall the expected failure rate should go up with higher
cumulative demand and variance, the expected failure rate at a specific vertex may either
increase or decrease. This is because a higher chance to fail at an earlier vertex could
decrease the chance of failing at a later vertex, as there would be a higher probability of
the vehicle being less full due to the earlier failure emptying all the goods carried by the
vehicle.

We therefore first need to define a new function Rfail, which counts the total expected
number of failures on a route. We will first state its definition before explaining how the
given expression for Rfail was derived.

Definition 4.2.1 (Route Fail). Rfail(µ, σ2) counts the expected number of failures on a
q-route with a cumulative demand of µ and cumulative variance of σ2, and can be computed
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by:

Rfail(µ, σ2) =
1√
2π

∞∑
u=1

∫ ∞
uQ−µ
σ

e−
t2

2 dt

Note that as this function contains an infinite sum, where each term is itself an improper
integral. It is therefore not immediately clear that this function is even well-defined. Before
proving that it is actually well-defined, we will first explain the logic behind how this
function counts the expected number of failures of a q-route.

It is beneficial to consider the case of computing the probability that a route r will
fail exactly u times. Let Xr ∼ N (µ, σ2) be a random variable representing the cumulative
demand of a route r with cumulative mean µ and cumulative variance σ2. As a route
experiences a failure whenever the cumulative demand exceeds the vehicle capacity Q, the
probability that a route fails exactly u times is the probability:

P{uQ < Xr ≤ (u+ 1)Q}

It can be seen that this is equal to:

P{Xr > uQ} − P{Xr > (u+ 1)Q}

As this is the probability that r fails exactly u times, to count the expected number of
failures contributed by r failing exactly u times we simply multiply this quantity by u.
Therefore the total expected number of failures of r can be computed by the following
infinite series:

∞∑
u=1

u[P{Xr > uQ} − P{Xr > (u+ 1)Q}] (4.1)

Observe that as we expand the sum (4.1), the uth term subtracts u · P{Xr > (u + 1)Q},
while the (u + 1)th term adds (u + 1) · P{Xr > (u + 1)Q}. We can use this to cancel out
the subtracted term, obtaining the significantly simpler series:

∞∑
u=1

P{Xr > uQ} (4.2)

Let Φ(x) denote the cumulative distribution function of the standard normal distribution.
Given X ∼ N (0, 1), this is the probability P{X ≤ x}. Recall that this is defined to be the
integral:

Φ(x) =
1√
2π

∫ x

−∞
e−

t2

2 dt (4.3)
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Furthermore, let Φc(x) denote the corresponding complementary cumulative distribution
function, which gives the probability P{X > x}. This is equal to:

Φc(x) = 1− Φ(x) =
1√
2π

∫ ∞
x

e−
t2

2 dt (4.4)

Recalling that Xr ∼ N (µ, σ2), (4.2) may be expressed as:

∞∑
u=1

Φc

(
uQ− µ

σ

)
=

1√
2π

∞∑
u=1

∫ ∞
uQ−µ
σ

e−
t2

2 dt (4.5)

Which is the expression used in the definition for Rfail.

We can now begin proving of the properties required to use Rfail for our complexity
results. However, before doing this we first require an upper bound on Φc(x).

Lemma 4.2.2 (Upper bound on Φc(x)). The following is an upper bound on the value of
Φc(x):

Φc(t) <
1√
2π

∫ ∞
x

t

x
e−

t2

2 dt. (4.6)

Proof.

Φc(t) =
1√
2π

∫ ∞
x

e−
t2

2 dt

<
1√
2π

∫ ∞
x

t

x
e−

t2

2 dt

=
1√
2π

1

t
e−

t2

2 .

Using this upper bound, we will now show that the summation 1√
2π

∑∞
u=1

∫∞
uQ−µ
σ

e−
t2

2 dt

converges to a finite value, which in turn implies that Rfail is well-defined.

Lemma 4.2.3. 1√
2π

∑∞
u=1

∫∞
uQ−µ
σ

e−
t2

2 dt converges to a finite value.
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Proof.
1√
2π

∞∑
u=1

∫ ∞
uQ−µ
σ

e−
t2

2 dt =
∞∑
u=1

Φc

(
uQ− µ

σ

)
<

∞∑
u=1

1√
2π

1(
uQ−µ
σ

)e− (uQ−µ)2

2σ2

=
∞∑
u=1

σ√
2π(uQ− µ)

e−
(uQ−µ)2

2σ2 .

We will show this series converges by applying the ratio test. This is a criterion for

convergence of a series
∑∞

n=1 an, where the value of the limit L = limn→∞

∣∣∣ an
an+1

∣∣∣ to test

convergence. Particularly, if L < 1, then the series
∑∞

n=1 an converges absolutely.

lim
u→∞

∣∣∣∣∣∣∣
σ√

2π((u+1)Q−µ)e
− ((u+1)Q−µ)2

2σ2

σ√
2π(uQ−µ)e

− (uQ−µ)2
2σ2

∣∣∣∣∣∣∣ = lim
u→∞

∣∣∣∣∣∣(uQ− µ)e−
u2Q2+2uQ2+Q2−2uQµ−2Qµ+µ2

2σ2

(uQ+Q− µ)e−
u2Q2−2uQµ+µ2

2σ2

∣∣∣∣∣∣
= lim

u→∞

∣∣∣∣ uQ− µ
uQ+Q− µ

e−
2uQ2+Q2−2Qµ

2σ2

∣∣∣∣
= 0

< 1.

Therefore 1√
2π

∑∞
u=1

∫∞
uQ−µ
σ

e−
t2

2 dt converges, and by extension Rfail(µ, σ2) is well-defined.

Now that we have shown that this expression for Rfail is well-defined, we can use it
to prove the intuitive property discussed at the start of this section, namely that when the
cumulative expected demand or cumulative variance of a route is increased, the route has
a higher likelihood of failing.

Lemma 4.2.4. Rfail(µ, σ2) is strictly increasing in µ, and strictly increasing in σ2 when
µ ≤ Q.
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Proof. First we will show Rfail is strictly increasing in µ. Let ε > 0.

Rfail(µ+ ε, σ2)−Rfail(µ, σ2) =
1√
2π

∞∑
u=1

∫ ∞
uQ−µ−ε

σ

e−
t2

2 dt− 1√
2π

∞∑
u=1

∫ ∞
uQ−µ
σ

e−
t2

2 dt

=
1√
2π

∞∑
u=1

(∫ ∞
uQ−µ−ε

σ

e−
t2

2 dt−
∫ ∞
uQ−µ
σ

e−
t2

2 dt

)

=
1√
2π

∞∑
u=1

∫ uQ−µ
σ

uQ−µ−ε
σ

e−
t2

2 dt

And for all u ∈ Z, u ≥ 1:

uQ− µ
σ

>
uQ− µ− ε

σ
=⇒

∫ uQ−µ
σ

uQ−µ−ε
σ

e−
t2

2 dt > 0 =⇒ 1√
2π

∞∑
u=1

∫ uQ−µ
σ

uQ−µ−ε
σ

e−
t2

2 dt > 0.

Thus Rfail(µ, σ2) is strictly increasing in µ.

Now suppose that µ ≤ Q, and again let ε > 0.

Rfail(µ, σ2 + ε)−Rfail(µ, σ2) =
1√
2π

∞∑
u=1

∫ ∞
uQ−µ√
σ2+ε

e−
t2

2 dt− 1√
2π

∞∑
u=1

∫ ∞
uQ−µ
σ

e−
t2

2 dt

=
1√
2π

∞∑
u=1

∫ ∞
uQ−µ√
σ2+ε

e−
t2

2 dt−
∫ ∞
uQ−µ
σ

e−
t2

2 dt


=

1√
2π

∞∑
u=1

∫ uQ−µ
σ

uQ−µ√
σ2+ε

e−
t2

2 dt

Since µ ≤ Q, for u = 1: ∫ uQ−µ
σ

uQ−µ√
σ2+ε

e−
t2

2 dt ≥ 0

And for all u ∈ Z, u ≥ 2: ∫ uQ−µ
σ

uQ−µ√
σ2+ε

e−
t2

2 dt > 0

Thus 1√
2π

∑∞
u=1

∫ uQ−µ
σ

uQ−µ√
σ2+ε

e−
t2

2 dt > 0, and so Rfail(µ, σ2) is strictly increasing in σ2 when

µ ≤ Q.
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With these properties, we are now ready to prove the main theorem on the complexity
of the 2-stage route pricing problem with independent normal demands. We will first give
an informal overview of how we will approach this proof. Similar to the previous proof in
the case of finite scenarios, we want to show that there exists a graph such that solving
the minimum cost 2-stage q-route problem on that graph gives you a Hamiltonian cycle.
Again we construct the graph such that all edges leaving the depot have a high cost, while
edges not incident to the depot have a negative cost, in order to force the minimum cost
route to be long. We additionally want to use the second stage costs of routes to penalize
non-elementary q-routes, in order to force the minimum cost route to be elementary. As
the only thing differentiating the second stage costs of elementary and non-elementary
q-routes is the slightly increased variance of non-elementary q-routes, this implies that the
edge weights we choose must be extremely large. The bulk of the proof is simply showing
that the edge weights chosen do result in a distinction between the prices of elementary
and non-elementary q-routes.

While most of the assumptions used in the statement of this theorem are standard, we
do currently also require a more questionable assumption that the function Rfail(µ, σ2) is
computable in polynomial time in n. This is because we need a very precise measurement
of the value of Rfail for many of the inequalities throughout the proof, and by doing this
we may be accidentally shifting the complexity in the problem away from the combinatorial
aspects and onto precisely computing this function. To develop a stronger theorem, this
assumption could be replaced by finding good upper and lower bounds to Rfail, then
altering the theorem to use these bounds instead. However, at this time we were not
successful in performing these modifications due to the complexity added to the arguments
when using bounds on Rfail.

Theorem 4.2.5. Suppose there exists an algorithm to solve the minimum cost 2-stage
q-route problem under the following assumptions:

1. Demands are independent and identically distributed normal with mean µ and vari-
ance σ2.

2. µ and σ are constant integers which do not grow in n.

3. The capacity is polynomially bounded in n.

4. All elementary operations (+,−,×,÷,assignment,comparison) require O(1) time.

5. Rfail(µ, σ2) is computable in polynomial time in n.
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Then there exists an algorithm using polynomially many elementary operations that solves
the Hamiltonian cycle problem with polynomially many calls to the algorithm solving the
minimum cost 2-stage q-route problem.

Proof. Consider an instance of the CVRPSD on the graph G = (V+ ∪ {0}, E), V+ =
{1, ..., n}, with n ≥ 3. Let µi = 1 and σ2

i = 1 for all i ∈ V+, and let Q = n + 1
2
.

Furthermore choose some ε > 0, and let:

Mn =
Rfail(n, n+ 3) + ε

Rfail(n, n+ 3)−Rfail(n, n)

By Lemma 4.2.4 Rfail(n, n+ 3) > Rfail(n, n) so Mn is well-defined. Additionally, let:

αi = 2(Mn − 1)[Rfail(i, i)−Rfail(i− 1, i− 1)] ∀i = 2, ..., n

βi = 2(Mn − 1)[Rfail(i, i+ 3)−Rfail(i− 1, i+ 2)] ∀i = 3, ..., n

γ = 2Mn[Rfail(n, n)−Rfail(n− 1, n− 1)] + 2 ·Rfail(n− 1, n− 1)

And let:
Wn = max({γ} ∪ {αi : 2 ≤ i ≤ n} ∪ {βi : 3 ≤ i ≤ n}) + ε

Define edge costs as follows:

h0i = Mn − 1 ∀0i ∈ E
h0i = Mn ∀0i 6∈ E
hij = −Wn ∀ij ∈ E
hij = nWn ∀ij 6∈ E

To prove the theorem, we will first show that the minimum cost route must only contain
edges in G. We will then derive an upper bound UBH on the cost of a route which is a
Hamiltionian cycle in G, along with lower bounds LBE and LBQ on the costs of routes
which are elementary (but not Hamiltonian in G) and routes which are non-elementary.
We will then show that UBH < LBE and UBH < LBQ.

We can use the function Rfail to provide bounds on EFC in the following man-
ner. Since Rfail counts the total expected number of failures on the route, we have
Rfail(µk, σ

2
k) =

∑k
i=1 FAILi(µi, σ

2
i ). Letting h+ = max{h0i : 1 ≤ i ≤ k} and h− =
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min{d0i : 1 ≤ i ≤ k}, we obtain the following bounds for EFC(r) using Rfail:

EFC(r) =
k∑
i=1

EFCi(µi, σ
i
k)

=
k∑
i=1

2h0i FAILi(µi, σ
2
i )

≤
k∑
i=1

2h+ FAILi(µi, σ
2
i )

= 2h+
k∑
i=1

FAILi(µi, σ
2
i )

= 2h+Rfail(µk, σ
2
k)

By a similar argument, EFC(r) ≥ 2h−Rfail(µk, σ
2
k) as well. Thus:

2h−Rfail(µk, σ
2
k) ≤ EFC(r) ≤ 2h+Rfail(µk, σ

2
k).

Let v be a vertex such that 0v ∈ E, and consider the route rv = (0, v, 0). This route
has cost:

crv = 2(Mn − 1) + 2(Mn − 1)Rfail(1, 1).

Now consider a route ru = (0, u1, u2, ..., uk, 0) such that uiui+1 /∈ E for some 1 ≤ i ≤ k− 1.
Since the capacity Q = n + 1

2
, we may assume k ≤ n, as otherwise the route will not be

feasible with respect to the capacity constraints. The cost of ru is:

cru = h0u1 + h0uk +
k−1∑
i=1

huiui+1
+ EFC(Ru)

≥ 2(Mn − 1) + (n− (k − 2))Wn + 2(Mn − 1)Rfail(k, k)

> 2(Mn − 1) + 2(Mn − 1)Rfail(1, 1)

= crv

Therefore we may restrict our attention to routes only containing edges in G.

Next we derive an upper bound on the cost of a route which is a Hamiltonian cycle in
G. The cost of a route rH which is a Hamiltonian cycle in G is:

crH = 2(Mn − 1)− (n− 1)Wn︸ ︷︷ ︸
deterministic travel cost

+ EFC(rH)︸ ︷︷ ︸
recourse cost
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As the maximum cost of any edge 0i, 1 ≤ i ≤ n, is Mn, we have 2MnRfail(n, n) ≥
EFC(rH). Thus:

UBH = 2(Mn − 1)− (n− 1)Wn + 2MnRfail(n, n)

is an upper bound for cRH .

Next we will obtain a lower bound LBE on the cost of an elementary route which is
not a Hamiltonian cycle in G. We will show that an elementary route containing n − 1
non-depot vertices provides the worst-case lower bound by induction.

Let rEk = (0, v1, v2, ..., vk, 0), 1 ≤ k < n−1, be an elementary route. The cost of rEk is:

crEk = h0v1 + h0vk +
k−1∑
i=1

hvivi+1
+ EFC(rE1)

≥ 2(Mn − 1)− (k − 1)Wn + 2(Mn − 1)Rfail(k, k)

Let LBEk be this lower bound on crEk . Now consider a second elementary route rEk+1
=

(0, u1, ..., uk+1, 0). The cost of rEk+1
is:

c(rEk+1
) = h0u1 + h0uk+1

+
k∑
i=1

huiui+1
+ EFC(rE2)

≥ 2(Mn − 1)− kWn + 2(Mn − 1)Rfail(k + 1, k + 1)

Let LBEk+1
be the above lower bound on crEk+1

. Then:

LBEk+1
− LBEk = 2(Mn − 1)[Rfail(k + 1, k + 1)−Rfail(k, k)]−Wn

= αk+1 −Wn

< 0.

Therefore LBEk+1
< LBEk , and so rEk+1

provides the worst-case lower bound. By induction,
rE = (0, v1, ..., vn−1, 0) is the non-Hamiltonian elementary route providing the strongest
lower bound. Thus we set:

LBE = 2(Mn − 1)− (n− 2)Wn + 2(Mn − 1)Rfail(n− 1, n− 1).

Next we consider non-elementary routes. Similar to the elementary case, we will prove
by induction that a non-elementary route with n non-depot vertices provides the worst-
case lower bound on the cost of non-elementary routes. We will consider routes rQk =
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(0, v1, v2, ..., vk, 0), 3 ≤ k < n, and rQk+1
= (0, u1, u2, ..., uk+1, 0). Note that k ≥ 3, as if

k = 1 or 2 it is impossible for rQk to be non-elementary. These have the lower bounds:

LBQk = 2(Mn − 1)− (k − 1)Wn + 2(Mn − 1)Rfail(k, k + 3)

LBQk+1
= 2(Mn − 1)− kWn + 2(Mn − 1)Rfail(k + 1, k + 4)

Again we have LBQk+1
< LBQk :

LBQk+1
− LBQk = 2(Mn − 1)[Rfail(k + 1, k + 4)−Rfail(k, k + 3)]−Wn

= βk+1 −Wn

< 0.

Thus LBQk+1
< LBQk , and so by induction the worst-case lower bound is obtained from a

non-elementary route with n non-depot vertices, with corresponding lower bound:

LBQ = 2(Mn − 1)− (n− 1)Wn + 2(Mn − 1)Rfail(n, n+ 3)

Finally we will show that UBH < LBE and UBH < LBQ. We will first look at the
elementary case:

UBH − LBE = 2(Mn − 1)− (n− 1)Wn + 2MnRfail(n, n)− 2(Mn − 1)

+ (n− 2)Wn − 2(Mn − 1)Rfail(n− 1, n− 1)

= 2Mn[Rfail(n, n)−Rfail(n− 1, n− 1)] + 2 ·Rfail(n− 1, n− 1)−Wn

= γ −Wn

≤ −ε < 0.

Therefore UBH < LBE. Next we consider the non-elementary case:

UBH − LBQ = 2(Mn − 1)− (n− 1)Wn + 2MnRfail(n, n)− 2(Mn − 1)

+ (n− 1)Wn − 2(Mn − 1)Rfail(n, n+ 3)

= 2Mn[Rfail(n, n)−Rfail(n, n+ 3)] + 2 ·Rfail(n, n+ 3)

= 2

(
Rfail(n, n+ 3) + ε

Rfail(n, n+ 3)−Rfail(n, n)

)
(−1)[Rfail(n, n+ 3)−Rfail(n, n)]

+ 2 ·Rfail(n, n+ 3)

= −2ε

< 0.

Therefore UBH < LBQ.

Thus one can solve the Hamiltonian cycle problem in G by solving the minimum 2-
stage feasible q-route problem in G′ and checking whether the output solution has cost
≤ UBH .
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Chapter 5

Concluding Remarks

In this thesis we identified some difficulties that stochastic demands introduce to the pricing
problem in set partitioning formulations for the CVRPSD. Specifically, we show that even
when customer demands are independent, vertices along q-routes may still have correlated
demands. One issue that this introduces is the cumulative variance of a q-route may not
be the sum of the variances of all the customers on the q-route. This in turn means that
we cannot as easily reuse the dynamic programming algorithm for pricing q-routes in the
CVRP if we wish to exactly price q-routes in the CVRPSD. However, the pricing algorithm
for the CVRP still suffices if we only wish to perform approximate route pricing such as
in the approach by Christiansen and Lysgaard [8], where the price of a q-route during
column generation is not computed exactly, but with a heuristic approach which assumes
the demand of repeated vertices is re-evaluated independently of previous visits along the
q-route.

In addition, we proved that when the distribution is specified as a finite set of scenarios,
solving the minimum 2-stage cost q-route pricing problem is strongly NP-hard. We also
provide a proof that, under the assumptions that elementary operations can be performed
in O(1) time and the expected number of failures of q-routes can be computed in polynomial
time with respect to the number of vertices n, there is a reduction from the minimum 2-
stage cost q-route problem to the Hamiltonian cycle problem, and that this reduction is
valid even when demands and variances are bounded by a constant. While this does not
constitute a proof of strong NP-hardness, both due to the aforementioned assumptions as
well as the construction in the proof requiring extremely large edge costs, it does suggest
that pricing q-routes for the CVRPSD may be harder than for the CVRP.

Further questions on this topic would first be whether the minimum cost 2-stage q-
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route pricing problem is strongly NP-hard in the case of independent normal demands.
While our results suggest this may be case, further work needs to be done for a complete
proof. To eliminate the need to compute Rfail(µ, σ2), one approach could be to find
easily computable upper and lower bounds for this function and alter the proof to use
those. However there are challenges here both in finding bounds as well as in reworking
the proof, due to the dependence of many of the parameters on Rfail. Since this would
still not eliminate all of the issues, such as the huge edge weights Mn and Wn, it may be
more productive to try to find a completely different approach to proving this complexity
result. Furthermore, while the pricing problem we considered may prove to be hard, it
may still be possible to develop efficient algorithms for pricing by exploiting the additional
structure to the edge weights, as they are derived from the dual variables to a specific LP,
and are not actually arbitrary real numbers.

Secondly, given that pricing is strongly NP-hard in the scenarios case, other avenues
must be explored to solve this class of problems. One possibility is the use of Monte Carlo
methods to verify route feasibility, an idea very recently applied to the vehicle routing
with stochastic demands and probabilistic duration constraints by Florio, Hartl, Minner,
and Salazar-González [18]. For that application, they also could not simplify the pricing
problem by relaxing the feasible region, and this technique allowed them to efficiently price
elementary routes. This could solve the similar issue for the CVRPSD where relaxing the
feasible region does not necessarily simplify the pricing problem.

Another possibility worth exploring is combining the set-partitioning formulation for
the CVRPSD with an edge-based formulation such as in Dinh et al. [12], where they
combined edge-based and set partitioning formulations for the chance-constrained vehicle
routing problem (CCVRP). Pricing q-routes for the CCVRP is also strongly NP-hard,
which they addressed by further relaxing the constraints involved in defining the set. The
constraints of edge-based formulations guide the solutions away from containing many cy-
cles in the routes, but on the other hand struggle more with capacity constraints and finding
strong lower bounds on the expected failure cost of routes. In contrast, set-partitioning
formulations can incorporate the expected failure cost of routes directly in the objective
function coefficients for variables, but the q-routes generated will tend to have more cycles
due to the structure of the pricing problem. The two formulations therefore complement
each other well when combined, each addressing the weaknesses of the other.
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