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Abstract

The study of spectral expansion of graphs and expander graphs has been an extremely
fruitful line of research in Mathematics and Computer Science, with applications ranging
from random walks and fast sampling to optimization. In this dissertation, we study high
dimensional local spectral expansion, which is a generalization of the theory of spectral
expansion of graphs, to simplicial complexes.

We study two random walks on simplicial complexes, which we call the down-up walk,
which captures a wide array of natural random walks which can be used to sample random
combinatorial objects via the so-called heat-bath dynamics, and the swap walk, which can
be thought as a random walk on a sparse version of the Kneser graph.

First, we give a sharp bound for the spectral gap of the down-up walks in terms of
the local spectral expansion. Using this bound, we argue that the natural Markov chains
for (i) sampling a random independent of fixed size s of a graph G = (V, E) is rapidly
A|L+|n — where A is the maximum degree of any vertex in G, and n
is the magnitude of the least eigenvalue of the adjacency matrix of G; and (ii) sampling a
common independent set from two partition matroids of fixed size s is rapidly mixing, so
long as s < £ — where r is the maximum size of any common independent set contained in

both partition matroids.

mixing, so long as s <

Next, we study the spectrum of the swap walks, and show that using local spectral
expansion we can relate the spectrum of the swap walk on any simplicial complex to
the spectrum of the Kneser graph. We will mention applications of this result in (i)
approximating constraint satisfaction problems (CSPs) on instances where the constraint
hypergraph is a high dimensional local spectral expander; and in (ii) the construction of
new families of list decodable codes based on (sparse) Ramanujan complexes of Lubotzky,
Samuels, and Vishne.
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Chapter 1

Introduction

1.1 Higher Order Random Walks and Local Spectral
Expansion: A Bird’s Eye View

1.1.1 Higher Order Random Walks

Consider the following random walks [KM17, DK17, KO18, DDFH18, AJT19, DD19] de-
fined! on a simplicial complex X . Initially, the random walk starts from an arbitrary face
o« of dimension k in X.

e DOWN-UP WALK: In each step t > 1, we choose a uniform random element ¢ € oy
and delete ¢ from a4, and set a;11 to be a uniform random face of dimension k£ in X
that contains oy \ {i}. This is called the k-th down-up walk of X, and its transition
matrix is denoted by P}.

e UP-DOWN WALK: In each step t > 1, we choose a uniform random face 8 of dimen-
sion k41 in X that contains oy, and choose a uniform random element i € 5 and set

LAll the definitions in the introduction will be formally defined again in a more general setting in

Chapter 2.



a1 = B\ {¢}. This is called the k-th up-down walk of X, and its transition matrix
is denoted by PkA.

e SWAP-WALK: In each step t > 1, we choose a uniform random face 3 of cardinality
2|ay| in X that contains oy, and set a1 = B\ o¢. This is called the k-th swap walk
of X, and its transition matrix is denoted by S.

The questions that we study in this thesis are the expansion and mixing time of these
random walks, i.e. the second eigenvalue Ao(M) where M € {PkA, PY, Sk} and the number

of steps t required for the distribution of «; to be close to the stationary distribution
of these random walks, which happens to be the uniform distribution on faces in X of
dimension k.

A graph is a simplicial complex of dimension 1. The transition matrix of the lazy random
walk on a graph is POA . Similarly, for a graph the swap-walk Sy precisely describes the
non-lazy random walk.

Fundamental results in spectral graph theory state the equivalence between following re-
sults, (i) the second eigenvalue of a random walk matrix M being small, (ii) the graph
described by M approximately behaving like a sparse copy of the complete graph?, (iii) the
random walk described by M rapidly mixing.® See [HLWO06, WLP09] for surveys on this
topic.

Since the theory of expander graphs has many applications, there are various motivations
in generalizing these results for graphs to simplicial complexes. Several definitions of high-
dimensional expanders have been studied in the literature (e.g. [LM06, Grol0, PRT16,
DKW16, KM17, Opp18]), and these results have found interesting applications in discrete
geometry, complexity theory, coding theory, and property testing (e.g. [LM06, MWO09,
FGL"11, KL14, EK16, KM16, KKL16, DK17, DHK™19]).

2In particular, the operator norm difference between the random walk matrices of a clique with self-loops

and a spectral expander is small.
3Formally one needs the second singular value being small, but this is not a problem for us since in

all the settings where we want to use this equivalence the second singular value will equal the second

eigenvalue.



1.1.2 Local Spectral Expansion

In this thesis, we consider the definition of y-local spectral expansion developed in [KM17,
DK17, KO18, Oppl8, DDFH18| for studying random walks on simplicial complexes. The
local structures of a simplicial complex are described by its links. The link X, of a face
a € X is defined as the simplicial complex X, = {#\a : § € X, D a}. The graph
Go = (Vi E,) of the link X, is defined as follows: (i) each vertex ¢ in V,, corresponds to
a singleton {i} in X,, (ii) two vertices i, j € V,, have an edge in E,, if and only if {i,j} is
contained in some face of X,, (iii) the weight w;; of an edge ij € E, is proportional to the
number of maximal faces in X, that contains {4, j}.

Informally, a simplicial complex X is a 7-local-spectral expander if G, is an expander
graph for every a € X. In the following, we say X is a pure simplicial complex if every
maximal face of X is of the same dimension, and we call this the dimension of X.

Definition 1.1.1 (y-local-spectral expansion [Oppl8, KO18]). A d-dimensional pure sim-
plicial complex X is a ~-local-spectral expander if \o(G,) < v for every face o € X of
dimension up to d — 2, where A\2(G,) denotes the second largest eigenvalue of the random

walk matrix of G, (where the transition probabilities are proportional to the edge weights).

Similarly, we say that X is a two-sided ~-local spectral expander if 09(G,) < ~ for every
face v of dimension up to d — 2, where 05(G,,) denotes the second largest singular value of
the random walk matrix of G,, (where the transition probabilities are proportional to the

edge weights).

Below, we will survey some highlights from the study of local spectral expansion that will
be closely related to the results presented in this thesis,

Kaufman-Oppenheim Theorem

Kaufman and Oppenheim [KO18] proved that the k-th down-up walk and the (k — 1)-
th up-down walk have a non-trivial spectral gap as long as the simplicial complex is a
y-local-spectral expander for v < 2/k%.



Theorem 1.1.2 ([KO18|). Let X be a pure d-dimensional simplicial complex. Suppose X
is a y-local-spectral expander. Then, for every 0 < k < d,
1 k~

Ao(PY) = Xo(Pily) < 1 — PR

Theorem 1.1.2 states that the spectral gap of P} is at least g := 1 — X\y(PY) > k—}rl — k—;—,

which implies by a standard argument (see Theorem 2.2.7) that the mixing time of these
walks is at most O(%;Og(”))

v < 0, then the mixing time of P is at most O(k?log(n)).

where n is the size of the ground set of X. For example, if

Oppenheim’s Trickling Down Theorem

Kaufman-Oppenheim Theorem 1.1.2 provides a way to bound the mixing time of the down-
up walks and up-down walks. To apply the theorem, however, one needs to check that
Ao(Gy) < 7y for every face a € X of dimension at most d — 2. This is not an easy task.
There are too many graphs G, to check, and these graphs are defined implicitly where
computing the edge weights involve non-trivial counting problems. A very useful result by
Oppenheim [Opp18] makes this task easier, by relating the second eigenvalue of the graph
of a lower-dimensional link to that of a higher-dimensional link.

Theorem 1.1.3 (|Oppl8|). Let X be a pure d-dimensional simplicial complex. Suppose
A (Gp) < v < % for every face B of dimension k, and G is connected for every face a of
dimension k — 1. Then, for every face o of dimension k — 1, it holds that
Y
A (Gy) < ——.
O

Applying this theorem inductively, we can reduce the problem of bounding A:(G,) for
every a to bounding A\o(Gp) for only those faces 5 of highest dimension.
Corollary 1.1.4 (|Oppl8|). Let X be a pure d-dimensional simplicial complex. Suppose
Xa(Gp) < v < é for every face B of dimension d — 2, and G, is connected for every face

a. Then, for every k < d — 2, and for every face o of dimension k, it holds that

y
Aa(Ca) < 77 (d—2—k)y

4



Corollary 1.1.4 is useful for two reasons: First, note that the weight of every edge in G
for face 8 of dimension d — 2 is either zero or one, which makes the task of bounding its
second eigenvalue more tractable. Second, if one can prove that Ao(Gs) = O() for every
face (8 of dimension d — 2 and G, is connected for every face «, then one can conclude
that X\o(Ga) = O(5) for every face o and hence the simplicial complex is a O()-local-
spectral expander. So, the reduction of Oppenheim is basically lossless in the regime where
Kaufman-Oppenheim’s Theorem 1.1.2 applies.

Dikstein-Dinur-Filmus-Harsha Theorem

Dikstein, Dinur, Filmus, and Harsha [DDFHI18| proved that the k-th up-down walk PkA
and the k-th down-up walk P} satisfy a certain approximate commutativity relationship
when X is a two-sided ~v-local spectral expander. In particular, they proved

Theorem 1.1.5 (|[DDFH18|). Let X be a pure d-dimensional simplicial complex. Suppose
X is a two-sided y-local spectral expander. Then, for 0 < k < d — 1 there exists a vectors
g, 7 e RO sych that,

|PE = 7Py = 0,1

<O(y) forall k=0,...,d—1
P

O

where we have used the notation ||e||o, for the operator norm of e.

For the complete complex A,, 4 = ( Jﬁrl), it is a classical result ([Sta88|) that there actually

does exists vectors ji, 5 € RI%1 such that
P2 — 5,PY — ol = 0, (sequential differentiability)

for all £k = 0,...,d — 1. Indeed, the existence of the vector [i satisfying the sequential
differentiability criterion can be used to determine the entire spectrum of the operator
PkA (see, e.g. [GM15]). In this light, Theorem 1.1.5 can be seen as a way of seeing two-
sided ~y-local spectral expanders as an approximate version of the complete complex A, 4,
quite similar to the standard results in spectral graph theory that suggest that expander
graphs can be seen as approximate versions of the complete graph. Indeed, using this idea,
it is shown in [DDFHI18| that for small enough + one can give an approzimate spectral
decomposition of the operator P,gA on a two-sided ~v-local spectral expander X in which
both the eigenvalues and the eigenvectors are approzimately what they would be in the



case of the complete complex A, ;. This is a particularly interesting connection, since
the complex A, 4 contains O(n?) faces and there exists constructions of two-sided ~-local
spectral expanders which can have as little as O, (n) many edges based on the Ramanujan
complex constructions of Lubotzky, Samuels, and Vishne (|[LSV05, DK17]).

Analyzing Mixing Times of Markov Chains

Recently, Anari, Liu, Oveis Gharan, and Vinzant [ALOV19| found a striking application of
Theorem 1.1.2 and Corollary 1.1.4 in proving the matroid expansion conjecture of Mihail
and Vazirani [MV87|, answering a long standing open question in Markov Chain Monte
Carlo methods.

To illustrate their result, consider the special case of sampling a random spanning tree
from a graph G = (V,E). Let X be the simplicial complex where the ground set is F
and each acyclic subgraph of GG is a face of X. Then X is a pure d-dimensional simplicial
complex, where d = |V| — 2 and the spanning trees of G are the maximal faces of X. Note
that P} in X is exactly the natural Markov chain on the spanning trees of G, where in
each step we delete a uniformly random edge e from the current spanning tree 7" and add a
uniformly random edge f so that T'— e + f is a spanning tree. So, the problem of proving
the Markov chain on spanning trees is fast mixing is equivalent to upper bounding Ay (PY)
of the simplicial complex X.

Using the nice structures of matroids, Anari, Liu, Oveis Gharan, and Vinzant [ALOV19]
showed that the graph G is a complete multi-partite graph for every face 8 of dimension
d—2, and this implies that A\s(G,) < 0 for every face 8 of dimension d — 2. Thus, it follows
from Oppenheim’s Corollary 1.1.4 that \y(G,) < 0 for every face a.? Then Kaufman-
Oppenheim’s Theorem 1.1.2 implies that A\y(PY) < 1 — #, and thus the mixing time of
the Markov chain of sampling matroid bases is at most O(d? logn). This provides the first
FPRAS for counting the number of matroid bases, and also proves that the basis exchange

graph of a matroid is an expander graph.

The proof of the matroid expansion conjecture shows that the techniques developed in
higher order random walks provide a new simplicial complex approach to analyze mixing
times of Markov chains. It is thus natural to investigate whether this approach can be
extended to other problems. Here we would like to discuss some limitations of the current
techniques. It can be shown that A\y(Gs) < 0 only if G is a complete multi-partite

4The result that every matroid complex is a 0-local-spectral expander was also proved by Huh and

Wang [HW17], using techniques from Hodge theory for matroids [AHK18] instead of Oppenheim’s theorem.



graph [God|] and more generally a 0-local-expander is a weighted matroid complex [BH19],
and so the same analysis as in [ALOV19| only works for matroids. Note that Kaufman-
Oppenheim Theorem 1.1.2 only applies when \y(G,) < O(d%) for every face a up to
dimension d — 2. For many problems of natural interest, it does not hold that A:(Gg) <
O() even when restricted to faces 3 of dimension d — 2.

Agreement Tests and Coding Theory

In agreement testing, one is given a collection of local functions {f, : o« — {—1,+1} }seq,
where each o € Q is a subset of [n] of size k — i.e. Q C ([Z]) — and would like to decide
the existence of a global function g : [n] — {—1,1} that agrees with the majority of local

functions f, i.e.

deciding whether there exists some g such that Pr[f, =gl >1—¢.

Here the draw of the probability is over the uniform random choice of a € Q, g|,° is the
restriction of g on «a, and € € (0,1) is a very small number. This is a very important
task for PCP constructions. In [DK17|, using a precursor of Theorem 1.1.2, Dinur and
Kaufman showed that two-sided 7-local spectral expanders can be used to design explicit
agreement testers. Though, explicit agreement tests were known, the application of [DK17]
is significant since by using the sparse constructions of Ramanujan complexes of Lubotzky,
Samuels, and Vishne [LSV05], it implies the existence of an explicit construction with size
Og4(n), whereas the previously known constructions [GS00, IKW12] required size O(n).
As a consequence of their result, Dinur and Kaufman already show that one can boost the
distance of an error-correcting code without suffering too much in terms of rate by taking
the direct product of a code-word along the faces of a two-sided local spectral expander,
i.e. by re-encoding a codeword w € {—1,1}" as
Q
(L1} 3w (W), € ({—1, +1}k) ,

where we wrote ) for the collection of k-dimensional faces of X.

Their results were later improved by Dinur, Harsha, Kaufman, Navon, and Ta-Shma
[DHK 19| to show that the code resulting after this re-encoding is actually also list decod-
able.

5

gla(x) = g(x) for all x € a.



1.2 Main Results

Now, we present the main contributions of this thesis.

1.2.1 Up-Down and Down-Up Walks

Our first result, extends the local-spectral-extension approach to analyze the mixing times
of more general Markov chains by bounding the second eigenvalue for higher order random
walks which initially appeared in [AL20], in joint work with Lap Chi Lau,

Theorem 1.2.1 ([AL20]). Let X be a pure d-dimensional simplicial complex. Define
v; = max{A(G,) : @« € X and « is of dimension j},

For any 0 < k <d,

M(PT) = M(PE ) <1 - T[ (- ).

F+1 1L

The following are some remarks about Theorem 1.2.1.

1. A basic result is that a simplicial complex X is gallery connected (i.e. A2(P}) < 1)
if G, is connected (i.e. A2(G,) < 1) for every face a of dimension up to d — 2.
Theorem 1.2.1 provides a quantitative generalization of this result.

2. A corollary of Theorem 1.2.1 is that the spectral gap 1 — \o(P)Y) of the k-th down-up
walk is at least Q(1/k) if X is a O(3)-local-spectral expander. This is an improvement
of Theorem 1.1.2 where it requires the simplicial complex X to be a O(k%)—local—

spectral expander to conclude that P}’ has a non-zero spectral gap.

3. It can be shown that the spectral gap 1 —Xo(P)) of the k-th down-up walk is at most
O(%) for any simplicial complex (see Proposition 3.1.3), so Theorem 1.2.1 shows that
any O(%)—local—spectral expander has the optimal spectral gap for the k-th down-up
walk up to a constant factor.

4. The refinement of having a different bound ~; for links of different dimension is very
useful for analyzing Markov chains. We will discuss some applications in Section 3.2.

8



5. Theorem 1.2.1 can be used to provide a tighter bound on the spectral gap of certain
“longer” random walks (see Corollary 1.3.6) which were utilized by [DK17, DHK*19]
for their applications in coding theory and agreement testing (see Section 1.3.5).

Combined with Oppenheim’s Theorem 1.1.3, Theorem 1.2.1 provides the following bound
for the second eigenvalue of higher order random walks in a black box fashion. See Sec-
tion 3.1 for the proof.

Corollary 1.2.2. Let X be a pure d-dimensional simplicial complex. For any 0 < k < d,

suppose Yi_o < k%l and G, is connected for every face o up to dimension k — 2, then

1

Aa(PY) = Xa(Pyy) < 1— CEE

This provides a convenient way to bound the mixing time of Markov chains. Recall that
the edge weights in G for face 8 of dimension d — 2 are either zero or one, and so it is
easier to bound their second eigenvalue. Corollary 1.2.2 states that as long as we can prove
X2(Gp) < 1/(d+ 1) for these unweighted graphs in the highest dimension, then we can

conclude that PY is fast mixing.

1.2.2 Swap Walks

Our second result shows that for two-sided simplicial complexes, the swap walk matrices
Sk have bounded second singular value. This result initially appeared in [AJT19], in joint
work with Fernando Granha Jeronimo, and Madhur Tulsiani.
Theorem 1.2.3 (|[AJT19]). Let X be a pure d-dimensional simplicial complex. Define,

v :=max{o2(G,) : @ € X and « is a face of dimension up to d — 2}.
If v < e- (64 - d+*23442)=1 where e € (0,1), then

09(Sk) < e.

Our proof of this result can be seen as a generalization of the previously mentioned results
of [DDFH18| about the approximate spectral decomposition of PkA using the approximate
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version of the sequential differentiability criterion (Theorem 1.1.5). Whereas they show
that in their decomposition, the random walk PkA over a y-local spectral expander X has
approximate eigenvectors and eigenvalues acting similarly to what they would be in the case
of the complete complex A, 4, we show that Sy over a two-sided 7-local spectral expander
X has an approximate spectral decomposition where the approzimate eigenvectors and
eigenvalues act similarly to how they would do on the complete complex A, 4. This result
can be seen as further proof that the notion of local spectral expansion captures behaving
approzimately like the complete complex, for random walk operator not limited to the
up-down walk P,f.

It is quite important that we can control the second singular value of S to be arbitrarily
close to 0. Though, the assumption we make on the parameter v for Theorem 1.2.3 is
very demanding, this will not hinder us from using this theorem: In Section 1.3.6, we will
discuss several applications of this result in approximating constraint satisfaction problems
and in coding theory. In both cases, we will think of the dimension d as being a constant.

This result was improved by Dikstein and Dinur [DD19],
Theorem 1.2.4. Let X be a pure d-dimensional simplicial complex. Define,
v :=max{o2(G,) : a« € X and « is a face of dimension up to d — 2}.
If v < e- k=2 where e € (0,1), then
o9(Sk) < e.

We provide a proof sketch for this result in Appendix A.

1.3 Applications

We present several applications of Theorem 1.2.1 and Corollary 1.2.2; in analyzing mixing
times of Markov chains (Section 1.3.1, Section 1.3.2, Section 1.3.3), in analyzing construc-
tions of high-dimensional expanders (Section 1.3.4), and in analyzing longer random walks
(Section 1.3.5).

We will also discuss applications of Theorem 1.2.3 in approximating constraint satisfaction
problems and coding theory (Section 1.3.6)

10



1.3.1 Sampling Independent Sets of Fixed Size

One of the most natural simplicial complexes to consider is the independent set complex
of a graph [Mes01, AB06]. Let G = (V, E) be a graph. The independent set complex I
has the vertex set V' as the ground set, and a subset S C V is a face in X if and only if .S
is an independent set in G with |S] < k.

We are interested in bounding Ay(P)” ;) for this simplicial complex X. The (k — 1)-th
down-up walk corresponds to a natural Markov chain on sampling independent sets of size
k. Initially, the random walk starts from an arbitrary independent set S} of size k. In each
step t > 1, we choose a uniform random vertex u € S; and delete it from S;, and we choose
a uniform random vertex v so that S; — u + v is still an independent set of size k and set
Str1 := St — u +v. This Markov chain is known to mix in polynomial time for k& < JALJLI
where A is the maximum degree of G, by using the path coupling technique [BD97, MUO05|.

In [AL20], we proved the following more refined result,

Theorem 1.3.1. Let G = (V,E) be a graph with mazimum degree A. Let P,/ | be the
(k — 1)-th down-up walk on the simplicial complex I k. Let A be the adjacency matriz of

G.
4 1
, th (PY ) <1 ——.
A+ DomAg) hen AP <

It k<

It is well-known that [Anin(Ag)| < A for a graph with maximum degree A, and so The-
orem 1.3.1 recovers the previous result that the Markov chain is fast mixing if £ < %.
There are various graph classes with |Ayin(Ag)| smaller than A, and Theorem 1.3.1 allows
us to sample larger independent sets. For example, it is known that |Apin(Ag)| < O(\/Z)
for planar graphs and more generally for graphs with bounded arboricity [Hay06], and also

for random graphs and more generally for two-sided expander graphs [HLWO0G6].

1.3.2 Sampling Common Independent Sets in Two Partition Ma-

troids

A matroid M = (E,Z) on the ground set E with the set of independent sets Z C 2F is a
combinatorial object satisfying the following properties:

e (containment property) if S € Z and T' C S, then T € Z,

11



e (extension property) if S, 7" € Z such that |S| > |T'| then there is some z € S\T such
that {z} UT € T.

A partition matroid is the special case where the ground set E is partitioned into disjoint
blocks By, ..., B; C E with parameters 0 < d; < |B;| for 1 <14 <, and a subset S is in Z
if and only if [SN B;| < d; for 1 <i <.

The intersection of two matroids My = (E,Z;) and My = (E,Z) over the same ground set F
can be used to formulate various interesting combinatorial optimization problems [Sch03].
We are interested in the problem of sampling a uniform random common independent set
of size k, i.e. a random subset F' € 7, NZ, with |F| = k.

Matroids naturally correspond to simplicial complexes. We let Chy, ar, x be the matroid
intersection complex with ground set E, where a subset F' C E is a face in Cyy, a, x if and
only if F € ZyNZ5 and |F| < k. The (k — 1)-th down-up walk of this complex corresponds
to a natural Markov chain on sampling common independent sets of M; and Ms of size k.
We show that this Markov chain is fast mixing for k£ up to one third the size of a maximum
common independent set, when M; and M, are partition matroids and there are no two
elements belonging to the same block in both matroids (i.e. there are no two elements x, y
such that = and y are in the same block in M; and also in the same block in M,).

In [AL20], we proved,

Theorem 1.3.2. Let My = (E,Zy) and My = (E,Zs) be two given partition matroids with
a common independent set of size r and no two elements belonging to the same block in

both matroids. If k < r/3, then

1
)\2<ka—1) < 1 - ﬁ:

where PY | is the (k — 1)-th down-up walk on the matroid intersection complex Cyr, vy k-

Sampling a common independent set of two partition matroids can be reduced to sampling
a random matching in a bipartite graph. In this regime, stronger results are known to exist
[JS89, JSV04] whose analysis is based on the canonical paths method while our analysis
provides an alternative approach using a spectral method.

The proof of Theorem 1.3.2 reveals an interesting property of the links of the simplicial
complex Chy, ar, k- For any face 8 of dimension k — 3, we show that the graph G is the
complement of the line graph of a bipartite graph. We note that this holds for any two
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matroids, not just for partition matroids. By the additional assumptions that the two
matroids are partition matroids and there are no two elements in the same block in both
matroids, the graph Gj is the line graph of a simple bipartite graph. Using the fact that
the adjacency matrix of the line graph of a simple graph has minimum eigenvalue at least
—2, we prove that \o(Gg) < 1 as long as k < 2. We can then use Corollary 1.2.2 to

k
conclude Theorem 1.3.2.

1.3.3 Sampling from the Gibbs Distributions of Spin Systems

Recently, Anari, Liu, and Oveis Gharan [ALO20| have used Theorem 1.2.1 to prove a
strong result about sampling independent sets from the hardcore distribution. Given a
graph G = (V, F) and a parameter A > 0, the problem is to sample an independent set S
with probability % where Zg(A) = D gv.9 independent A5lis the partition function. An
important work of Weitz [Wei06] gave a deterministic fully polynomial time approximation
scheme to estimate Zg(A) for A up to the “uniqueness threshold”, but the exponent of
the runtime depends on the maximum degree A of GG. It is conjectured that the natural
Markov chain for sampling independent sets mixes in polynomial time up to the uniqueness
threshold. Anari, Liu, and Oveis Gharan prove this conjecture and obtain a polynomial
time algorithm to estimate Z5(\) up to the uniqueness threshold for any graph (even with
unbounded maximum degree). They consider a pure n-dimensional simplicial complex for
sampling independent sets, and prove that ~; = @(ﬁ) for 0 < j < n — 2 by using the
techniques from correlation decay. Then it follows from Theorem 1.2.1 that the Markov
chain is fast mixing. Note that it is crucial to have a different bound ~; for links of different
dimension in Theorem 1.2.1, so even when ~,_o = ©(1) it is still possible to conclude fast
mixing.

The Markov chain considered by [ALO20], is indeed a particular case of a very general
random walk model on spin systems: Let a graph G = (V| FE) and a number ¢ > 1 be
given. One is interested in sampling over assignments a : V' — [gq] from the so-called
Gibbs distribution IT of the system which assigns measure I1(«) to an assignment a based
on the interactions between the spins a(u) and «a(v) for all adjacent vertices u,v € V.
This sampling problem is also captured by the random walk P|Y/| where the random walk
corresponds to the so-called heat bath dynamics. Very recently, Chen, Liu, and Vigoda
[CLV20] extended the results of [ALO20] to show, that for the case where ¢ = 2, in the
so-called correlation decay regime — where spins of vertices far from each other in the graph
have little correlation — Theorem 1.2.1 can again be used to show that these more general
random walks mix rapidly as well.
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Inspired by these results, in independent works Chen, Galanis, Stefankovié, and Vigoda
[CGSV20] and Feng, Guo, Yin, and Zhang [FGYZ20] have considered the problem of
sampling uniformly random g-colourings of a graph, which is yet another sampling problem
that can be tackled by the heat bath dynamics. They have shown that in the correlation
decay regime — where colours of vertices distant from each other in the graph have little
correlation — Theorem 1.2.1 again suffices to show rapid mixing.

1.3.4 Combinatorial Constructions of High Dimensional Expanders

Recently, Liu, Mohanty, and Yang [LMY19] presented an interesting combinatorial con-
struction of a sparse simplicial complex where all higher order random walks have a constant
spectral gap. Their construction is by taking a certain tensor product of a graph G on n
vertices and a small H-dimensional complete simplicial complex A i on s vertices.

Theorem 1.3.3 (|[LMY19]). Let G be a T-regular triangle free graph on n vertices. There
is an explicit family (X(S’H’G))HELQHH of stmplicial complexes, satisfying the following

properties:

1. X&HG) 4s g pure H-dimensional simplicial complex with ©(n) maximal faces.

s,H,G)

2. The spectral gap of the graphs of j dimensional links of the complex X satisfies

3 ifj €0, H—2],
(4 = sy ) (L = 2(G) i =1,

where 09(G) is the second largest eigenvalue of the normalized adjacency matriz of

G.

3. Forany —1 < j< H —2,

M(PY ) = M(P2) <1 Q<T2 | 1 — 03(G) )

Pl
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The main technical part of their proof is in establishing Item (3) in Theorem 1.3.3. They use
the special structures of their construction and the decomposition technique from [JSTV04|
to bound the spectral gap of the higher order random walks. The authors ask the question
whether the spectral property in Item (2) alone is enough to prove the fast mixing result in
Item (3). Note that Kaufman-Oppenheim’s Theorem 1.1.2 does not apply in this regime.

Using Theorem 1.2.1, we answer their question affirmatively, by deriving Item (3) from
Item (2) in a black box fashion. This slightly improves their bound and considerably
simplifies their analysis.

Corollary 1.3.4 (JAL20]). Let X := X&) be a complex from Theorem 1.3.3 satisfying
Item (2). For any -1 <j < H —2,

Aa(PYiy) = Xa(PS) < 1— Q(LQ(G))

j+l g2

1.3.5 Longer Random Walks and Other Applications

Consider the following generalization of the up-down walk where we take “longer” steps.
Initially, the random walk starts from an arbitrary a; face of dimension ¢ in X. In each
step t > 1, we sample a uniformly random face 3 of dimension a + h that contains oy, and
set ay11 to be a uniformly random subset of 5 of dimension a. We call this the up-down
walk on X (a)-th with height h and write P{".

The k-th up-down walk defined before is the special case P,(:) = PkA. Dinur and Kauf-
man [DK17] derived the following result about PaA’b from the result about the ordinary
up-down walks.

Corollary 1.3.5 ([DK17]). Let X be a d-dimensional pure simplicial complex. If X is a
v-local-spectral expander, then for any 0 <a <b<d—1,

)< a+1

Ao (PW) < ————
2( “a+h+1

a

+ O(ah - 7).

Using Theorem 1.2.1, in |[AL20] we proved the following result. See Section 3.1 for the
proof.

15



Corollary 1.3.6. Let X be a d-dimensional pure simplicial complex. If X s a ~y-local-
spectral expander, then for any a,h > 0 such that a + h < d we have,

a+1

R(P) < W'

In particular, if v < ¢ for some 0 < e <1, then Ag(Pgh)) < ef- ai—;il

Whereas the bound from Corollary 1.3.5 requires 7 = O( ) to give a nontrivial

1
(a+h+1)-h
upper bound on the second eigenvalue of Pgh), Corollary 1.3.6 only requires v < O(%) to
give a comparable bound.

Corollary 1.3.5 has found applications in agreement testing and coding theory [DK17,
DHK™19, AJQ"20]. We believe that Corollary 1.3.6 can be of independent interest because
of those applications. One potential application would be in constructing double samplers
from Ramanujan complexes under a weaker expansion assumption [DK17].

1.3.6 Constraint Satisfaction Problems and Coding Theory

An important application of the expansion of the swap-walk S; (Theorem 1.2.3) is in
approximating constraint satisfaction problems. In [AJT19], in joint work with Fernando
Granha Jeronimo and Madhur Tulsiani, we have shown that a k-CSP instance admits
an efficient approximation algorithm based on the Sum-of-Squares hierarchy when the
constraint complex is a two-sided local spectral expander. We recall: A k-CSP instance
J = (H,C) with alphabet size ¢, consists of a k-uniform constraint hypergraph H and a
set of constraints C = {C, : n € H} for each hyperedge n € H — we will call the simplicial
complex X that is obtained from H by taking a downward closure, the constraint complex
of 3. The objective is to find an assignment a : [n] — [g] to the n vertices of H, that satisfy
as many of the constraints C, as possible. It is known by the work of [BRS11, GS11]| that
2-CSP instances admit an efficient approximation algorithm when their constraint graph
G is an expander graph.

Sparse, explicit, and hard instances of k-CSPs are of great importance in hardness re-
ductions. As local-spectral expanders can be sparse, a hardness result for k-CSPs would
have been really exciting. In our work, we have showed that the results for approximating
2-CSPs with expanding constraint graphs, generalize to all k-CSPs (where k is a constant)
whose constraint complex is a strong enough two-sided local spectral expander. The expan-
sion of the swap-walks is a crucial ingredient in our proof. This work is also the first result
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in the literature that makes use of expansion in approximating k-CSPs for k£ > 2. Since
high-dimensional expanders can be really sparse [LSV05, DK17|, our work also is useful
in the sparse regime where there are as few as O(n) constraints. This was a limitation of
previous work, which only considered dense instances.

In a follow up paper to [AJT19], together with Dylan Quintana and Shashank Srivastava
[AJQT20] we have shown that our approximation algorithm for CSPs can be used for the
list decoding of direct-sum codes obtained from a linear code C C {—1,1}" by XOR-ing the
coordinates of a codeword w € C along the faces of a high-dimensional expander X. This
already suggests that an approximation routine for k-XOR is useful decoding the resulting
code. It can be argued that the resulting code will have better distance than C. Further
using the Ramanujan complexes of Lubotzky, Samuels, and Vishne [LSV05| as X — which
are sparse — it is possible to argue that the relative rate of the resulting code will not
suffer too much. Most of our techincal work for establishing this result is in showing that
it is possible to list-decode direct-sum codes efficiently by using a Sum-of-Squares SDP
relaxation. Because, the Sum-of-Squares SDP hierarchy is beyond the scope of this thesis,
we do not present these results here.

1.4 Related Work

Our work follows a sequence of works [KM17, DK17, Oppl18, KO18, DDFH18] which use
the spectral properties of the links of simplical complexes to analyze higher order ran-
dom walks. Higher order random walks on simplicial complexes were first introduced by
Kaufman and Mass [KM17|. They formulated related but more combinatorial notions of
skeleton expansion and colorful expansion to establish fast mixing of higher order random
walks. Dinur and Kaufman [DK17| introduced the definition of two-sided 7-local-spectral
expanders, which is similar to Definition 1.1.1 but requires all but the first eigenvalue to
have absolute value at most 7 (i.e. it also controls the negative eigenvalues). They used
this stronger assumption to prove a similar theorem as in Theorem 1.1.2, and applied it
to construct efficient agreement tester with applications to PCP constructions. The one-
sided 7-local-expander in Definition 1.1.1 was first studied by Oppenheim [Oppl8|, where
he proved Theorem 1.1.3. Then, Kaufman and Oppenheim [KO18| strengthened the result
in [DK17] and prove Theorem 1.1.2.

Dikstein, Dinur, Filmus and Harsha [DDFH18| studied an alternative definition of high
dimensional expanders, based on the operator norm of the difference between the (non-
lazy) up-down and down-up operators. Using this definition, they show that it is possible
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to approximately characterize all the eigenvalues and eigenvectors of higher order random
walks. Their techniques were used in [AJT19] to analyze the “swap walks” on high di-
mensional expanders, with applications in designing good approximation algorithms for
solving constraint satisfaction problems on high-dimensional expanders. Independently,
the same “swap walks” were also studied by [DD19| under the name “complement walks”,
where applications in agreement testing were given.

The results in higher order random walks have also found applications in coding theory.
The double samplers in [DK17] are used in [DHK'19] to design an efficient algorithm to
decode direct product codes over high dimensional expanders. The swap walks in [AJT19]
were also independently studied by Dikstein and Dinur in [DD19], where they proved an
improvement over Theorem 1.2.3 and used this improvement to obtain sparser agreement
testers.

Analyzing Mixing Times of Markov Chains

Mixing time of Markov chains is an extensively studied topic with various applications
(see e.g. [WLP09, MT05]). There are several well-developed approaches to bound the
mixing time of a Markov chain. Perhaps the most widely used approach is the cou-
pling method (e.g. [Ald83, BD97|), which has applications in sampling graph colorings
(e.g. |Jer95, Vig00|) and many other problems (see [WLP09]). The canonical path (or
more generally multicommodity flow) method developed in [JS89, Sin92, Sin93| was used
in the important problem of sampling perfect matchings in bipartite graphs [JS89, JSV04]
and other problems including sampling matroid bases [FM92]|. Geometric methods are
used in the important problem of sampling a random point in a convex body [DFK91,
LV06]. Analytical methods such as (modified) log-Sobolev inequalities and Nash inequal-
ities [DSCT96, BT06] are useful in proving sharp bounds on mixing time, e.g. a recent
paper [CGM19| used a modified log-Sobolev inequality to prove optimal mixing time of
the natural Markov chain on sampling matroid bases.

The simplicial complex approach studied in this thesis is quite different from the above
approaches. It is linear algebraic and designed to bound the second eigenvalue directly using
ideas from simplicial complexes. On the other hand, the coupling method is probabilistic
and designed to compare two random processes, while the canonical path method and the
geometric method are designed to bound the underlying expansion of the graph or the
geometric object. The analytical methods are more diffcult to apply and are not as widely
applicable, but when they work they could be used to prove very sharp results.
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1.5 Organization

We discuss the relevant definitions and mathematical foundations that will be used in this
thesis in Chapter 2.

Our results about the down-up walk will be presented in Chapter 3. These results include
the eigenvalue bounds Theorem 1.2.1, Corollary 1.2.2 for the up-down and down-up walks
PkA, PY; the eigenvalue bound Corollary 1.3.6 for the longer random walks P,ih); and the
sampling applications Theorem 1.3.1 and Theorem 1.3.2.

Our result about the swap walk (Theorem 1.2.3) will be presented in Chapter 4.

Finally, in Chapter 5 we will discuss some future directions.
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Chapter 2

Preliminaries

2.1 Linear Algebra

2.1.1 Vectors and Inner-Products

Throughout this thesis, bold faces will be used for scalar functions/vectors, i.e. f € RV,
For i € V, the notation 1; € RV will be reserved for the indicator vector of i, i.e. 1;(i) = 1
and 1;(j) = 0 for all j # ¢; and similarly for S C V, we will write 1¢ = ), ¢ 1; for the
indicator vector of S. The notation 1y will be used for the vector of all ones, when V' is
clear from context we will simply write 1 € RY in place of 1y.

We use IT € RY to denote various probability distributions, i.e. Y i, II(z) = 1 and
II(z) > 0 for all z € V — we will adopt the convention that whenever y & V', II(y) = 0.

Given f,g € RV, and a distribution IT on V such that II(z) > 0 for all z € V, we use the
notations (f, g)ir and || f||n to denote the inner-product and the norm with respect to the
distribution II, i.e.

(fogn=F"-diagIl)-g =) H(@)f(z)g(x) and |flf= (f. fm, (2.1)

zeV

where given v € RV the notation diag(v) is used for the diagonal matrix that satisfies
[diag(v)](z,z) = v(z) for all x € V and [diag(v)|(x,y) = 0 whenever x # y. We reserve
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(f,g) = >, f(z)g(x) for the standard inner-product. Given f € RY, we write ||flls, =
Y wev |f(x)] for its £1-norm, and || e, = (3 ,cy f(z)?)z for its fo-norm.

We recall the famous Cauchy-Schwarz inequality, which allows us to bound the inner-
product {f,g)n of two vectors f,g € RV by the product of the norms || f|; and || f |-

Fact 2.1.1 (Cauchy-Schwarz Inequality). Let f,g € RY be vectors and suppose the vec-
torspace RY is equipped with the inner-product defined by the distribution II. Then, we

have

(£ @l <[ Flln- gl

Proof. The statement is trivial when g = 0, thus assume g # 0. Write,

<fug>l'[ .

h=1- (9,9)n

We have,

0 < (h,h)y = ZH(m) -h(z)?

B F.9% o g
=St gy 99 T gy (el
_ _(f.9h

= Fin (g,9)n

Rewriting the last inequality and taking square roots yields,

(F.90 <{f Hu-(g.9u=[{f.9ul <V{f FHiu-V{g.g)n

The statement follows since for any vector @ € RV one has, v/{(a, a)q = ||a||n. O

2.1.2 Matrices and Eigenvalues

In this section, we will recall some results concerning eigenvalues and eigenvectors.
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We will use serif faces for matrices, i.e. A, B € RVXV. The adjoint of the operator B € RV*V
with respect to the inner-products defined by the distributions II;; and Iy, on U and V/, is
the operator B* € RV*Y such that

(f,Bg)m, = (B*f,g)m, forall fcRY gecRY.

If U =V and Il = IIy, the operator B is called self-adjoint if B* = B. It is well known
that the operator B* € RV*V is uniquely determined by the choice of B € RV*" and the
inner-products defined by IT;; and IIy (see e.g. [SCI7, p. 318]),

Proposition 2.1.2. Let B € RV*V be arbitrary. We write B* for the adjoint operator to
B with respect to the inner-products defined by the distributions Iy and I1y,. Then,

Iy (y)
HU(.CE)

B*(z,y) = B(y, z) - forall x € U,yeV.

Proof. We obtain by applying Eq. (2.1) repeatedly,

1 1 Iy (y)
B*(z,y) =1,B*1, = —— - (1,,B*1 = -(B1,,1,) = 1)B"1,.
(z.9) VS ) Ve = oy Bl ) = ) y
The proposition follows by noting 1]B"1, = B(y, x). O

When the vector spaces RV and R" are equipped with the counting measure, i.e. when we
have the standard inner-products on RY and RY, the adjoint matrix corresponds to the
transpose, i.e. B* = BT. Further, in this case when B € RV*V is a square matrix, it is easy
to see that B is self-adjoint, i.e. B = B*, if and only if B is symmetric, i.e. BT = B.

Let W € RV*Y be a square operator. A vector v € CV \ {0} is called an eigenvector of
W if there exists a A € C such that, Wo = Av. We now recall the spectral theorem (see,
e.g. [HJ12])

Theorem 2.1.3 (Spectral Theorem). Let W € RV be a self-adjoint operator with respect
to the inner-product defined by I1. Then, all the eigenvalues Ay (W), ..., Ay (W) are real.

Further, W has an orthonormal collection of real eigenvectors wy, ..., wyy| € RY such that,

\4
— ; cw;w;  and {(w;, w;)n =0 whenever i | an wi|n = 1,
W=>"X(W) - waw; and (w;,w;)n =0 wh #3j and |lwilln =1

=1

where w;(v) = w;(v) - (v) for allv e V.
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For self-adjoint operators W we adopt the convention of taking A;(W) to be the i-th largest
eigenvalue of W, i.e. we have A\{(W) > --- > Xy |(W). We will also write Apin(W) for the
least eigenvalue Ap (W) of W. We recall the following fundamental theorem from linear
algebra (see, e.g. [Bhal3]),

Theorem 2.1.4 (Courant-Fischer-Weyl Minimax Principle). Let W € RYV*V be a self-
adjoint operator with respect to the measure I1. Then,
A (W) = max min (f,Wf)n

XCRV, JeX,
dimx=;5 Ifl=1

where the minimum runs over all subspaces U of RV of dimension k. Further, the maxi-

mizer X is spanned by the top j eigenvectors of W, i.e. there exists fy,..., f; such that

W:span{fl,...,fj}
such that (f, fi)m = 0 whenever k # 1, || fllx = 1 for all k, and Wf, = A\, (W) f.

Similarly,

AWy = min  max (f, Wf)n
dimyen—j+1 IFlm=1

Further, the minimizer Y is the subspace that is orthogonal to the top j — 1 eigenvectors of

W, i.e. there exists fy,..., f;_y such that

Y= span{fl,...,fj_l}L ={gecR: (g, f)u=0 for allk € [j — 1]}
and (f, fi)n = 0 whenever k # 1, || fllx = 1 for all k, and Wf, = M\e(W) F.

A self-adjoint operator A € RY*V with respect to inner-product defined by II is called
positive semi-definite, denoted by A =y 0, if it satisfies (f,Af)y > 0 for all f € RY.
This condition is equivalent to the condition that Ay, (A) > 0. For self-adjoint operators
A € RV*V and B € RV*Y with respect to the same inner-product defined by II, we will
write A < B if

(f,Af)u < (f,Bfin forall fecRY.

This is equivalent to A — B being positive-semidefinite, i.e. A — B > 0. If II is just the
standard inner-product, we will drop the subscript II.
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Given an operator B € RV*Y we will write o;(B) for the i-th largest singular of B, i.e. we

have 0;(B) = y/A;(B*B). This expression is well-defined since B*B is positive-semi definite,
(f.B'Bf)n, = (Bf.Bf)n, =IBfIfi, >0,

and therefore \;(B*B) > 0. If B € RV*V is a self-adjoint square operator by the Spectral
Theorem 2.1.3 we can pick an orthonormal basis of eigenvectors {w}l of B that satisfy,

Vi Vi
B*B = Z/\ B){w;, w;)w;w;} —Z)\ ) 2w w?,
3,j=1 7j=1
where we have used that wiw; = (w;,w;)n = 0 whenever ¢ # j and (w;, w;)n = 1.

Using this, observation we obtain the following simple corollary from Courant-Fischer-
Weyl Theorem 2.1.4

Corollary 2.1.5. Let B € RV*V be a self-adjoint operator with respect to the inner-product
defined by the distribution I1. There is a bijective mapping between the eigenvalues of \;(B)
of B and the eigenvalues \;(B*B) of B*B, where

\j(B*B) = j-th largest of all |\;(B)|? for all i =1,...,|V]|.
In particular, since 0;(B) = \/\;(B*B) we have,
0;(B) = j-th largest of all |\;(B)| foralli=1,...,|V].
We will use the following results about eigenvalues in Chapter 3; see e.g. [Bhal3].

Fact 2.1.6. Let A € RV*Y and let A* be the adjoint of A with respect to the inner-products
on Iy on RY and Iy on RY. Then, the non-zero spectrum of AA* coincides with that of

BA with the same multiplicity.

Proof. Let f € CY be an eigenvector of AB corresponding to the eigenvalue A # 0,
i.e. ABf = Af. Then, we note that Bf € CV is an eigenvector of BA of eigenvalue A,

since

BA(Bf) = B(ABf) = B(Af) = ABF.
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As we can run the same argument for eigenpairs (A, g) of AB to show that (A, Ag) is an
eigenpair of BA, we know that the matrices AB and BA are going to have the same set of

non-zero eigenvalues.

Now, we show that (geometric) multiplicities are preserved. Let f,,...,f, € RY be an

orthogonal collection of eigenvectors of AB corresponding to the same eigenvalue \ €

C\{0}, i.e.
(fi ;) =0 and (AB)f; = \f; foralli,j=1,...,r wherei # j.

We want to show that g; = Bf, for j = 1,...,r also constitute an orthogonal collection

of eigenvectors of BA corresponding to the eigenvalue A. To this end, we note O]

Remark 2.1.7. In the proof above we have used geometric multiplicities, i.e. the number of
linearly independent eigenvectors corresponding to an eigenvalue. The same statement also
holds for the algebraic multiplicities, i.e. the multiplicity of A as a root of the characteristic
polynomial. As we will only use this fact when B = A*, we will only be dealing with
self-adjoint matrices AB and BA, for which both notions of multiplicity coincide. Thus, for

simplicity we omit the proof for algebraic multiplicities.

Fact 2.1.8. Let A,B € RV*V be two self-adjoint matrices with respect to the inner-product
defined by 11 satisfying A <y B. Then, \;(A) < \;(B) for all 1 <i < |V]|.

Proof. Let i € [1,]|V]|] be arbitrary. Suppose X* is the subspace that maximizes the
maximin formula in the Courant-Fischer-Weyl Theorem 2.1.4. We know since A <1 B, we

have

(f,Af)u < (f,Bf)n forall fcRY.

In particular,

A(A) = min (f.Af)n < min (f.Bf)n.
liFlp=1 I Flg=1
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fex, : RV, fEX,
lil=1 li#l=1 dimx=k IFlg=1
where we have invoked the Courant-Fischer-Weyl Theorem 2.1.4. O

Theorem 2.1.9 (Cauchy Interlacing Theorem). Let A € RV*V be a symmetric matriz and

B € RV*V be a principal submatriz of A. Let n = |V| and m = |U|. For any 0 < j <m,
AA) = A1(B) = Aoy (A).

Proof. The inequality, A\;(A) > X;(B) follows by noticing that every subspace U C RY of

dimension dim%f = j is also a subspace of RV of dimension j. In particular,

M(B) = max pn (F.85) = max g (F.AF) < max win (FAS) = 4(A)
dimu=; Ifll=1 dimu=; IIflI=1 dim x=j [IflI=1

Now, from the side of the inequality that we have proven, we can infer that
—An—j+1(A) = Xj(=A) = X;(=B) = = A1 (B).

Thus, we have \,_;(A) < A,,—;(A), and the inequality A,_,,1;(A) < A;(B) follows an index
change. O

Theorem 2.1.10 (Weyl Interlacing Theorem). Let A,B € RV*V be two symmetric matri-
ces. For anyi,j > 1 such thati+j <|V|—1,

Niti—1(A+B) < X\(A) + X;(B).

Proof. Let Y) = span{a, ..., ai_l}L be the subspace that is perpendicular to orthonormal

collection consisting of the first (i — 1) eigenvectors of A, i.e. the ay satisfy |lai|| = 1 for
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all k € [i — 1], (ax,a;) = 0 whenever k # [ and Aay = A.(A) - ax. We know by the
Courant-Fischer-Weyl Theorem 2.1.4 that,

(f,Af) < Ni(A) for all £ € Y, such that || || = 1. (2.2)

Similarly, let Y, = span{b, ..., bj_l}L be the subspace that is perpendicular to the or-
thonormal collection consisting of the first (j — 1) eigenvectors of B, i.e. the by satisfy
|b|| = 1 for all k € [j — 1], (bx, b)) = 0 whenever k # [ and Bby, = A\x(B) - by. We know by
the Courant-Fischer-Weyl Theorem 2.1.4 that,

(f,Bf) < \;(B) forall f e )ssuch that || f|| = 1. (2.3)
Now, note that

VnY, = {feRY:(fia,)=0forall k€ [i —1] and (f,b) =0 for all ] € [j — 1]}.

€
= Span{al, .. -aaifhbla c. 7bj,1} .

In particular, dim()) N Ys) > n — i — j + 2, since Yy N ) is the orthogonal subspace to a

subspace of dimension at most ¢ + 7 — 2. Now, note that

(fi (A+B)f) = (£, AF) + (F,BF) < Ai(A) + A;(B) for all f € 1 ND% such that |[f[| =1

where we have used Y; N Y, C ); and Eq. (2.2) for bounding the first term and Yy N Y, C
YV, and Eq. (2.3) for bounding the second term. Thus, using the Courant-Fischer-Weyl

Theorem 2.1.4 we obtain

Aigg-1(A+B) = min  max(f, (A+B)f) < max (f (A+B)f) < Xi(A)+N(B),
dim Yen—i_jt2 IF1=1 =1

where we have assumed that dim(); N J)s) = n — i — j + 2 if this is not the case, we can

just take any subspace of V) N ), of dimension n — ¢ — 7 4+ 2 and the theorem follows. [
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Let RV, RY be a vector space equipped with the inner-products with respect to the measures
[y, y. We define operator norm of ||Al|m,m, of a matrix A € RV*V as the following
quantity,

1Ay 1, = max{[|Af ], « f € RY, || £lln, =1},

A
= max{@ cf#£0,f € RV}. (operator norm)
[l
When A € RV*V is a square operator, we will adopt the convention ||Al/m, m, = ||Allm, -

We recall the following elementary results about the operator norm that will be of use to
us in Chapter 4,

Fact 2.1.11. Let the vector spaces RV and RV be equipped with inner-products with respect

to the measures Iy and Iy and suppose A € RVXV. Then,
[Allny -y = VAL (A*A) = a1(A).
Proof. Recall that |Af||7, = (Af,Af)u,. In particular,

IAfIE, = (Af, Af)n, = (f A"Af)n, .

By Courant-Fischer-Weyl Theorem 2.1.4, we know that this expression is maximized pre-
cisely when f € RY is the top-eigenvector of A*A with the value A\;(A*A), which concludes
the proof for the claim [|Al|m, i, = 1/AM(A*A). The latter equality follows from Corol-
lary 2.1.5. [

Fact 2.1.12 (Submultiplicativity of the Operator Norm). Let A € RV*V and B € RV*W
be given and suppose the vector spaces RV, RV, RW are equipped with inner-products with

respect to the measures Iy, Iy, and Iy respectively. Then,

||AB||Hw—>HU < ||A||Hv—>HU ' ||B||HW—>HV‘
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Proof. We have,

AB
1AB1y 11, = max{m fERY f# 0},
1 F Ml
Bf
S max{||A||Hv—>HU : w : f € RW:f 7& 0}7
w

= [[Allny—ny - [1Bllmy -y,
where we have used the definition of the operator norm to get the last two (in)equalities. [

Fact 2.1.13 (Triangle Inequality). Let A,B € RY*Y be given pair of operators, and sup-
pose the vector spaces RY and RY are equipped with the inner-product with respect to the

measures 1I;; and 1Iy,. Then,
||A + B||Hv—>HU < ||A||Hv—>HU + ||B||HV—>HU'
Proof. We first show that for all f,g € RY we have

1f + gl < 1 f oy + gl - (2.4)

One has,
Hf—i_gHIZ_IU = <f+g7 f+g>HU = <f7 f>HU+<g>g>HU+2<fag>HU = Hf‘|2HU+HgH%TU+2<fag>HU
By the Cauchy-Schwarz Inequality (Fact 2.1.1) this implies,

If +gllf, < 1FIT, + lglf, +2- 1 £l lgln, = (1F i, + gl )*

Thus, Eq. (2.4) follows by taking square root of the above inequality.

To prove Fact 2.1.13, we use the definition of the operator norm, and observe

1A+ Bllny 1, = max{[|(A+B)flln, : f € R", [ flln, =1},
< max{||Aflm,m, + [1BF oy my « f €RY ([ fllmy, =1},

< Ay -y + 1Bl 1
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2.2 Graphs, Random Walks, and Eigenvalues

In this section, we will recall some basic results concerning the eigenvalues of self-adjoint
row-stochastic matrices M € RV*Y and their connection to mixing times of random walks
and graph isoperimetry.

2.2.1 Random Walk Operators
An operator M € RV*V is called row-stochastic every non-zero entry M(7, ;) of M is non-
negative and every row-sum is 1, i.e. M1. Let G = (V, E, w) be an edge-weighted undirected
graph with a weight w, > 0 on each edge e € E. The (weighted) adjacency matrix of G is
denoted by Ag € RV*V with Ag(u,v) = wy, for uv € E and Ag(u,v) = 0 for uv ¢ E. The
diagonal degree matrix of G is denoted by D¢ where Dg(v,v) = deg(v) = Y. .vep Wuo for
v € V. The random walk matrix of G is denoted by Mg = DglAg. Note that Mg is a
row-stochastic matrix.

If M € RV*V is a row-stochastic self-adjoint operator with respect to the distribution II,
then the random walk described by M is called reversible. It turns out that whenever

M is self-adjoint with respect to a distribution II, II is the stationary measure of M (see
e.g. |[AF95, p. 57]),

Proposition 2.2.1. Let M € RY*Y be a row-stochastic matriz that is self-adjoint with

respect to the distribution I1, then Il is stationary for M, i.e. II'TM =1IIT.

We note that when M € RV*Y describes the random walk in the undirected edge-weighted
graph G = (V, E, w), it is self-adjoint with respect to the distribution IT = Dg1/2 )", . p Wuo
as,

De1 )T -1 1 T -1
—— ) Do Ag = ——1 DD A
(2 ZuveE Way “ 2 ZquE’ Wy ¢

1
= — 1"A¢
2Zuv€Ewu’U

~ 1'Dg _( Dl )T
2 ZquE Wy 2 ZquE Wy '
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Proof of Proposition 2.2.1. As M is self-adjoint, one has (Mf, g)nn = (f,Mg)n for all f,g €

RY. In particular, one has for all i € V
[MI"M](i) = I"M1; = (1,M1;); = (M1, 1) = (1, 1)1,
where we have used the row-stochasticity of M in the equality. Now, note that for all i € V'
(1,1;)y = 1-T1(4) = T1(s) and therefore [I1"M](i) = I1(3).
Thus, II"TM =117 O

Remark 2.2.2. From now on we will refer to self-adjoint row-stochastic matrices M € RV*V
with respect to the inner-product defined by the distribution II, as reversible random walks
with stationary distribution II. While there might be many distributions that are stationary
for M, we will call I the stationary distribution. Our abuse of nomenclature is very mild as
we will later show that under the assumption of irreducibility (which we will soon discuss),
IT is indeed the unique stationary distribution of M (see Corollary 2.2.5). Also, notice that
in Section 2.1, we have adopted the convention of defining inner-products (e, e); only for
distributions IT € RY with TI(x) > 0 for all z € V. So, whenever we say M is a reversible

random walk with the stationary distribution II, we will also assume that II(z) > 0.

From the definition of row-stochasticity, it is clear that a row-stochastic operator M € RV*V
has 1 as an eigenvalue, and the eigenvector corresponding to it is 1. We first show that, 1
is actually the largest eigenvalue of M in absolute value (see e.g. [WLP09, Lemma 12.1]),

Proposition 2.2.3. Let M € RY*Y be a reversible random walk matriz with stationary

distribution I1. Then,
AM(M) =1 and |Apn(M)] < 1.

Proof. Let f € RY \ {0} be an eigenvector of M corresponding to the value A € R,
ie. Mf = Af. We write i* = arg max;ey | f(¢)|. Then,

AL [£()] = IIMFIE] = D M@ 5) - £()

JEV

< SOMG )] < 1£6)

JjeV
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where we have used that M(:*,e) is a probability distribution in the last inequality. In
particular, this implies |A\| < 1 and thus, \{(M) < 1 and |[Apin(M)| < 1. The statement
A1(M) =1 follows since M1 =1, i.e. 1 is an eigenvalue of M. O

We will call a reversible random walk matrix M € RV*V with stationary measure II ir-
reducible if there exists a time point ¢;; > 0 for every pair of vertices {i,j} such that
Mt (4, 5) > 0, i.e. in t;; discrete time-steps one can reach from i € V to j € V with non-
zero probability. Any reversible random walk matrix M € RY*V with stationary measure
I, can be thought as describing a random walk on the edge-weighted graph G = (V, E, w)
where

E={ij:i,j €V and M(i,j) >0}
and every edge ij € E is assigned the weight w;; = 2I1(7) - M(4, 7).
Indeed, we have now

ijeE jev

where we have used the row-stochasticity of M in the last equality. Using this, it is easy to
see that Mg (i, j) = w;;/Da(i,i) = M(4, j). Now, it is easy to see that for a row-stochastic
self-adjoint matrix M € RY*V irreducibility is equivalent to the connectivity of the graph
G, over which M represents a random walk.

Under the assumption of irreducibility, we can show that 1 is (up to scaling) the only
eigenvector of M corresponding to the eigenvalue 1 (see e.g. [WLP09, Lemma 12.1]).

Theorem 2.2.4 (Perron-Frobenius). Let M € RY*Y be a reversible random walk matriz
with stationary distribution I1. M is irreducible if and only if \o(M) < 1. Equivalently, for
an edge-weighted undirected graph G = (V, E,w), Ao(Mg) < 1 if and only if G is connected.

Proof. The equivalence follows from the discussion above. Suppose and edge-weighted
graph G = (V, E,w) is disconnected, i.e. there exists two sets A, B C V such that ANB =
@, AUB =V, ,and E(A,B) ={ij € E:i€ A,j € B} = @. Then, since there are no

edges between A and B, we note that we can write

Mo 0
0 Mgy

Mg =
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where G[A] (resp. G[B]) is the induced subgraph of G on A (resp. B). Now, we note that 14
and 1pg are eigenvectors M since the row-stochasticity of M induces the row-stochasticity of
M¢ra) and Mgpg). Since (14, 1) = 0, we have by the Courant-Fischer-Weyl Theorem 2.1.4
Xo(Mg) = 1.

Suppose now that G is connected, and suppose f € RY \ {0} is an eigenvector to 1,
ie. Mg f = f. Write, i* = argmax;cy f(7). Then, note that

F(*) = Maf](i*) = > Ma(i*, 1) £(5),

jujerE

and in particular for every vertex j € V adjacent to ¢*, we have that f(j) = f(i*), where
we have used that Mg(i*, j) > 0 if and only if *j € E and that ), Mg(i*,j) = 1 by
row-stochasticity. Using the connectivity of G, we can extend this argument for every
j € V by induction on distance from i*, and show that we have f(j) = f(i*) for all j € V.
Indeed this means that f and 1 are co-linear. Since every eigenvector f to 1 is necessarily
co-linear to 1 (and not orthogonal) by the Courant-Fischer-Weyl Theorem 2.1.4 we obtain
that A\2(Mg) < 1. O

A nice consequence of the Perron-Frobenius Theorem 2.2.4 is the uniqueness of the sta-
tionary measure for reversible Markov chains,

Corollary 2.2.5. Let M € RV*V be a reversible Markov chain with stationary distribution
II € RY. If M is irreducible, then 11 is the unique stationary distribution of I1.

Proof. The Perron-Frobenius Theorem 2.2.4 tells us that the irreducible random walk
matrix M has the eigenvalue 1 with multiplicity 1. By the Spectral Theorem 2.1.3 this
means that any f € RY that satisfies (f,Mf)y = 1 and ||f||x = 1 is necessarily co-

linear to 1. Suppose the distribution Il is stationary for M, i.e. IIJM = II] and we

write II5(i) = FIITO(%) Notice that Iy is well-defined as IIy(i) > 0 for all ¢ € V' as per our

conventions (see Remark 2.2.2). We notice that Ilj is co-linear to 1 if and only if Iy = II.
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We note first that,
Mo (5)?
I1(7)

(115, M) = (1) - diag(IT) - MIT; = I MIL; = I TI; = )
Jjev

And also,

— L To(5)? 115 (4)

<HO>HO>H:ZH(]) H( ) :Z o N

jev J jev

Hence, Hnnﬁ must be co-linear to 1, however this is only possible if Iy = II, however this
0

is only possible if I1y = II. Thus, II is the unique stationary distribution of M. O

2.2.2 Graphs and Isoperimetry

Let G = (V, E,w) be an edge-weighted undirected graph where w;; > 0 for all ij € E.
Given a set S C V, the conductance ®¢(S) of S in G is defined by,

w(E(S,S))

D (S) = Tol(S)

where we recall that w(E(S,S)) = >ijen(ss) Wiy and vol(S) = 37, s deg(i) where deg(i)
is the weighted degree of the vertex S. We define the conductance of the graph G as

O(G) = ISIél‘gl O (9).
0<vol(S)<vol(V)/2
Now, writing (X;);>o for the state of the random walk starting from X, € V' we can observe
1g, (I — Mg)1
(Ls, ( a)ls)n =Pr[X; €S| Xo€S] and ®(G) = min DPu(S), (2.5)

||1S||2H 0<HS(§)V§’1/2

D (S) =

where I = Dg1/(2 ), wi;) is the stationary distribution of M. Based on the observa-
tion above, we will write & (.S) := P¢(S) and (M) := ®(G) from now on.

Now, we recall the easy direction of the Cheeger inequality, which can be used to lower
bound A3(M¢)

Theorem 2.2.6 (|[AMS5]). Let M € RV*V be a row-stochastic self-adjoint matriz with
stationary distribution I1 € RY. Then

L) gy
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Proof. Let S C V be the set attaining the minimum conductance, i.e. (M) = &y (.S) and
0 <II(S) < 1/2. We write fg =15 — (1,15)1- 1 = 15 —II(S) - 1 € RV and note that 1
and fg are orthogonal in the inner-product defined by II, i.e.

1, foin=1,1s—(1,15)n-1)p=(1,15)n — (1,15)n- (1, 1)y =0

where we have used the observation (1,1); = ) ., I(v) = 1 since II is a probability

distribution.

Further, since fg(i) =1 —1II(S) when i € S and fq(j) = —II(S) when j & S, we have

HfSH%I = <fS>fS>H7
= ) (1-TI(S))* - TI(3) + Z I1(S)? - T1(5),

€S Jgs

— T(S) - (1 - 11(S))? + TI(S)TI(S),
= T(S) - (1-T(S)? +I(S? - (1-T(S)),  (I(5) =1 —TI(S))
= () - (1-11(8) < 1, (2.6)

where we have used II(S) < 1/2 to obtain the last inequality. Now, by the Courant-
Fischer-Weyl Theorem 2.1.4 we have
. 1
MMg) > min (f,Mcf)n >

fespan{l. £}, —IFsIP

(fs:Mafs)m,

where we have used (fg, 1) = 0 and Proposition 2.2.3 to get the last inequality, i.e. with-
out loss of generality we can assume that the minimizer will be colinear to fg since the

vector 1 attains the largest eigenvalue 1. Thus, we have

X (Ma) - I fslI* = (£, Maf s (2.7)
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Now, we observe

(fs:Mafs)m = (1s —1II(S) - 1,Mg(1s — II(S) - 1))y,
= (1g,Mgls)g — 2I1(S) - (15, Mg1)y + T1(S)? - (1, M1,
= (15,Mgls)g — 2I1(S){1g, 1) + I1(S)?, (Mgl =1)
= (1g,Mglg)y — I1(S)? (2.8)

where we have used (1g, 1)y = II(.S) to obtain Eq. (2.8).

Thus, we have

IFsI2(1 = X2(Mg)) < (fs (I = Ma) Fs)u, (
= [[fsl* = (1s,Mals)n +TI(S)?,  (by Eq. (2.8))
= II(S) — (15,M¢gls)n (
= (1g,15)m — (15,Mglg)n (
= (1g,(I = Mg)1g)m,
= Pu(S) - 1]l = TI(S) - Pm(S) (by Eq. (2.5))
Thus, £l
sl

The theorem follows from Eq. (2.6). O

< Pm(9).

2.2.3 Mixing Times

The mixing time T'(e, P) of the random walk operator P € RV*V is defined to be the least
time step where the distribution of the random walk is e-close to the stationary distribution
II of P in the ¢, distance, i.e. II® for the distribution of the random walk after t-steps, we

have
T(e,P) = min{t € Nxq : |1V —1I||,, < €}.
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We will write A(z, ®) for the z-th row of the matrix A. Recalling that the distribution of
the random walk P starting from  after ¢ steps is given by II) = P!(z,e), we formally
define

T(e,P) = min{t € Nxg : [|P*(z,0) = II"||;, < c forallz € V}. (mixing time)

For our applications in sampling in Section 3.2, we will use the following well known relation
between the mixing time of the random walk and the spectral gap of its transition matrix.
The proof we present will follow the exposition in [MTO05, Proposition 1.12].

Theorem 2.2.7 (Spectral Mixing Time Bound). Let P € RV*Y be a reversible random

walk matriz with stationary distribution I1. One has,

1 | 1
. O s
1 —09(P) & € - /mingey II(z)

T(e,P) <
where 05(P) is the second largest singular value of P.

Proof. Let x € V be an arbitrary vertex. For ¢t > 0, we define:

P'(z, y)
pg(ct)(y> = H(y) — 1.
Note that we have,
E [pY(0)] = 3 1) - [P w)] = 3P ) = )| = [P0 =117l
y~V y~V

Our plan is now bounding E, 1 |p§f) (y)| for all z to get a bound for the mixing time T'(g, P).

(t)

The function p,’ satisfies two useful properties. Firstly, it is orthogonal to the constant

function, i.e. the eigenvector corresponding to 1

w0 n = Yne)- (el <),

= > Pl(z,y) —Ti(y),
- (Z Pt(:c,y)) — <Z H(y)> =1-1=0, (2.9)
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since II is a probability distribution and P! is a row-stochastic matrix. Second, we have
(t=1) (t)

Pp, ' = ps’ since
() = o (P
[P pI](y) ;P(y,) ( ) 1),
_ P1(z, 2) .
— ZEZV P(y,z)w> -1, (row-stochasticity)

I(z) Pz, z2) .
= P(z,y) - . — 1, (by Proposition 2.1.2 and P = P*
2 PEY ) T ( )

1 t—1
— mZp(z,y)-P (x,z))—l.

A

t
_ Py e
I(y)

Now, the goal is to appeal to the eigenvalues of P to bound ||P*(z,e) —II"|,, = E,.n |pg(f)|.

(v) (2.10)

To this end we use Jensen’s inequality,
2
P (o) =17, = (B, Ip01) < B, D0 = 10
y~I1 y~11
By Eq. (2.10), we can write

Ip“I% = [IP - p" V7 = (Pp!, Pp "))y = (p~ 1, Ppl )y,

Now, note that P? has non-negative entries only and further, P?1 =P -P-1 = 1. Now, by
Corollary 2.1.5, Courant-Fischer-Weyl Theorem 2.1.4, and Eq. (2.9) we have

[p1 < 0o(PY - [ V[ and inductively [[p@ % < o2(P)* PO (2.11)

Since p©(y) = II(Iz(,yy)) — 1, we have that the y-th entry is —1 when = # y and 1/TI(z) — 1

when x = y. Thus,

yev,
yF#x
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Plugging this in Eq. (2.11), we have

1
IP*(x, @) = ITT[I7, < [[PV[Ify < 02(P)* - M)’
By solving a5(P)* - H(lz) < €%, we see that
log(1/(e- /11
t> og(l/(e () ensures ||P'(z, o) —II" ||, <e.

log(1/03(P))
The expression in the Theorem is obtained (i) by taking the maximum for all starting

points € V, and (ii) using the first order approximation log(1/02(P)) > (1 — 03(P)). O

2.3 Simplicial Complexes

A simplicial complex X is a collection of subsets that is downward closed, i.e. if § € X
and « C [ then @ € X. The elements «, § in X are called faces/simplices of X. The
dimension of a face « is defined as || — 1, e.g. an edge is of dimension 1, a vertex/singleton
is of dimension 0, the empty set is of dimension —1. The collection of faces of dimension
j is denoted by X (j). The dimension of a simplicial complex is defined as the maximum
dimension of its faces. A d-dimensional simplicial complex is called pure if every maximal
face is of dimension d. All simplicial complexes we will consider in this thesis are pure.

2.3.1 Weighted Simplicial Complexes

A simplicial complex X can be equipped with a weighted function which assigns a positive
weight to each face of X. We follow the formalism of [DDFH18| where the weight function is
a probability distribution IT on the faces of the same dimension. Let X be a d-dimensional
simplicial complex. Given a probability distribution II := II; with support X (d), we can
inductively obtain probability distributions II; supported on X(j) for all j € [-1,d — 1]
by considering the marginal distributions, i.e.

M) = — 3 (8. (2.12)

BEX(+1),
BDa
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Equivalently, we can understand 11, as the probability distribution of the following random
process: Sample a random face 5 € X(d) using the probability distribution I1;, and then
sample a uniformly random subset of 5 in X(j). The pair (X,II) will be referred as
a weighted simplicial complex. We write (X,II) simply as X when II is the uniform
distribution.

We will prove the following useful consequence of Eq. (2.12),
Proposition 2.3.1. Let (X,1II) be a d-dimensional weighted simplicial complex. For all
—1<j<k<d, and for all « € X(j) one has,

ﬁ PRI

Jj+1 BDa,
BeX (k)

I(a) =

Proof. When k = j + 1, the proposition is true by definition (Eq. (2.12)). We proceed by
induction, suppose there exists some k € [j,d — 1] such that for every o € X ()

1
(o) = o5 Z I (5). (induction hypothesis)
) g,

With this we calulate,

1
@) = 7 Y (),
(j+1) ﬂﬁéio&,c)
1 1
- (1;+1) k12 Z i1 (8') (by Eq. (2.12))
TH pexth o X (k)

Now, we note that for each 5’ € X(k + 1) such that f’ O «a is summed in the RHS
|6’ — |a] = k — 7 + 1 many times, each corresponding to a unique 5 C (' such that

f € X (k) and 5 D « is obtained by removing an element in ' not contained in a.

Thus,
1 k—7+1
Hj<a) = (]g‘+1) ) k+2 ) Z Hk+1(ﬁl)7
o e
1
= m Z [0 (8").
i B’GBXD(I‘:J’A)
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]

Remark 2.3.2. Whenever 8 D «, there exists a unique 7 € X(|5] — |a| — 1) satistying
[ = a U 7. For our applications, it will often be more convenient to have the index in the
summation in Eq. (2.12) and Proposition 2.3.1 to run over 7 € X,(|8| — |a| — 1), than for
8D a.

2.3.2 Links and Link Graphs

Let (X, II) be a pure d-dimensional weighted simplicial complex. The link X, of a face «
is the simplicial complex defined as

Xo:={f\a|pfeX,(BDa}.

The probability distributions Ily,...,II; on X can naturally be used to define the proba-
bility distributions 11§, ..., II7 |, on X, using conditional probability. Suppose a € X (7).
For 7 € X,(1), we define

OY(r) = Pr [f=aUT|FDAq]

BTl
i1 (U T)
foa Hj+l+1(5)7

BEX(j+1+1)
I1; U
- Jualauy) 213
( I+1 ) -1(a)

where Eq. (2.13) is obtained from Proposition 2.3.1.

Remark 2.3.3. Tt is a crucial observation that the measures II§ satisfy Eq. (2.12) as well.

For a € X(j), and 7 € X,(l), one has,
1 (aUT)

1+2
s o, or jpe(aUT)
_ T 6;:3(4?21) (by Eq. (2.12) and Remark 2.3.2),
( I+1 )Hj(a)

_ 1 Z Hj+l+2(04 L T,)
[+2 < (T (@)
T'DT,

+2
T'e€Xq (l+1)
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where in the last equality we have used the identity,
. JHI+2 JgHI+3
[+2 = (142 :
o0 0en( L
In particular, by using Eq. (2.13) and Remark 2.3.2 again,
o 1
M- Y e

/DT,
T'e€Xa(l+1)

As Proposition 2.3.1 is a simple consequence of Eq. (2.12), the conclusion of Proposi-

tion 2.3.1 is also satisfied by the measures I1$ for all j = —1,...,d — |a|.

We will prove the following useful decomposition rule,

Proposition 2.3.4. Let (X,II) be a d-dimensioal weighted simplicial complex. For all
—1<k<d-1, and for all « € X(k) one has

Y p(2) - I (@) = ().

2€Xa(0)

Proof. By Eq. (2.12) and Remark 2.3.2, we have

Mo)= s O Menl®) =15 3 Mealal{z}).

kt+2 = zeXa(O)

BEX (k+1)

Using Eq. (2.13), we can write
M (@ U{z}) = (k+2) - Tlo(2) - T ().
The proposition follows by plugging this into the first equality. ]

Remark 2.3.5. It will often be more convenient to define H,{:}(a) = 0 whenever z € « or

a ¢ X.)(a). Using this convention, we can write

M Mo(2) - 17 (@) = i (o).

z€X(0)
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2.3.3 Local Spectral Expansion

Given a link X, the graph G, = (X,(0), X(1),11¢) is defined as the 1-skeleton of X,.
More explicitly, each singleton {v} in X, is a vertex v in G, each pair {u,v} in X, is an
edge uv in G, and the weight of uv in G, is equal to II¢({u,v}). A simple observation is
that if X is a pure d-dimensional simplicial complex and II is the uniform distribution on
X(d), then for any o € X (d — 2) the weighting II on the edges of G, is uniform. We will
use this observation in Section 3.2.

The definition of local spectral expanders will be based on the random walk matrix of
G,. Let A, be the adjacency matrix of G. Let D, be the diagonal degree matrix where
Do(z,2) = >, Aa(z,y) = 211§ (x) where the last equality is by Eq. (2.12). The random
walk matrix M, of G,, is defined as M, := DA, with

_ §(z,y)

Mg (z,y) = () for all {z,y} € X,(1) (2.14)

The distribution IIf is the stationary distribution of M,, as
(I§) "M = (I15) 'D;'A, = 1TA, = (II5) .
The matrix M, is self-adjoint with respect to the inner-product defined by IIf, as

(f:Mag)ng = (£, D, 'Aug)iig = (f,Aug) = (Auf,g) = (D' Auf, gy = (Mo f, @)z

So, M., have only real eigenvalues, and an orthonormal basis of eigenvectors with respect
to the inner-product defined by II§. The largest eigenvalue of M, is 1, as M,1 = 1 and
M, is row-stochastic.

We also note, for all f,g € R« we have

(f Maghiy = > T ({z,9}) - fF(2)g(y). (2.15)

z,y€Xa(0),
z#y

Given a vector f, we will be interested in writing it as f = f* + f**, so that f! = ¢l for
71>l'[

(f Dme
some scalar ¢ and (f*, fﬂ)ng = 0. It follows that ¢ = W = (f, g = Epang [f(2)].

We write J, = 1(II) " as the operator to map f to f*, so that

Jof = (AMNHNf=(f,15)-1= E [f(z)]-1=f". (projector to constant functions)

z~1IE
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Oppenheim’s Theorem

Let (X, II) be a pure d-dimensional weighted simplicial complex. For all j = —1,...,d —2
we define,

=i (X, 1) = min Apin (Mg d v :=v(X,1I) = Ao (M,,).
vj = v;(X, 1) nin (M) and 75 := 7;(X, II) nax, 2(Ma)

We say X is a y-local-spectral expander if v; < v for —1 <7 < d—2. We say X is a two-
sided ~y-local expander if max{y;, ||} <~ for all —1 < i < d — 2. We note that two-sided
v-local spectral expansion of the complex X implies 09(M,) < 7 for all a« € X(< d — 2).

We will now recall Oppenheim’s Theorem |[Oppl8|, which relates the second eigenvalue of
the graph of a lower-dimensional link to that of a higher-dimensional link.

Theorem 2.3.6 (Oppenheim’s Theorem). Let (X, II) be a pure d-dimenisonal weighted
simplicial complex. For any 0 < j < d—2, if G, is connected for every o € X(j — 1), then

via 2 v+ (1 =) viy and v <+ (1—=) -7

In particular, we have

Vi Z ~ .
—Vj 1=

Theorem 2.3.6 is proven through the so-called Garland method, which goes back to [Gar73|.
The main idea is that by using Proposition 2.3.4 one can decompose an expectation over
the distribution II§ for @« € X(< d — 1) into an expectation of expectations over the

distributions IISV% for z € X,(0).

Proof of Theorem 2.3.6. We first assume j = 0 and prove v_; < 7o + (1 — 7y0) - v%,. We

will then explain how this implies the general case.
Throughout this proof, we will write M := Mg and for z € X(0), M, := My, and J, = J.

Let f € RX®M be a unit eigenvector of M to the eigenvalue A := A\y(M), i.e.

Mf =Xf and [|f|f, =1 and therefore (f,Mf)=A. (assumptions)
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We have by Eq. (2.15),

(FMF)m, = Y I({z,y}) - (=) (). (2.16)
z,y€X(0),
Ty
We will now do calculations to show that we can think of the quadratic form over My as

an expectation of quadratic forms over M, for z € X(0).

Thus, we can write

<f7 Mf>H0 = Z Hl({xvy}> ) f(SC)f(y),

z,y€X(0),
zF#y

= > }: o (2) - I ({z,y}) - f(2)F(y), (by Proposition 2.3.4)

=,y€X(0), 2€ X (0
Ay

- ij@)gjnﬁqnw%ﬂ@ﬂw

z€X(0) z,y€X(0),
zF#y

= E | Y 0 {xyh) - f@)f)],

z~1lg
z,y€X(0),
zF#Y

= E (fiM:f)ye (by Eq. (2.15)).

z~1lg

For z € X(0), we will write V., = X,(0). We recall that M, are row-stochastic matrices
whose top eigenvector is 1y, € R"*. The projector to the top-eigenspace of M, is given by
J, = 1\/2(1'152})T for all z € X(0), and the projector to the eigenspace orthogonal to 1y, is
given by |y, — J,.

With this we can now write,

<-f’ Mf)Ho = z~n0<‘f M f>H{ 2},
= zNHO[U FML ) e + (e = J) F M (I, —Jz)f>néz}]
= B[l (e = 3£ Mallv, = )8 o] (using M.J. = J.)
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Since |y, — J, is the orthogonal projection to the functions to 1y, i.e. the top eigenvector

of M, we have,

F M, < E [Dof e + XM - . = L) £ |

= Z{%JIIJJHQH#} + 70 - [|(1 = Jz)f||2néz}] (2.17)

where we have used vy = max..x(0) A2(M.).

We would like the analyze the terms in the expectation in Eq. (2.17). We recall that by

the definition of the projector to constant functions,
Lf= ()= E_f@)) -1
xNH({)Z}
By Eq. (2.13) and Eq. (2.14) from the preceding section we obtain

- ILi(z, 2)

i (z) = VN = M(z, ). (2.18)

Thus,

F@)] = MF)(z) and therefore B[ Fl3g] = M.

xNH({Jz}

From the above (since Mf = A\f, and f is a unit eigenvector) we obtain

EIM-FIE] = Il = X% (11, = X (2.19)

This settles the first term in the RHS of Eq. (2.17). Now, we proceed to investigate the

second term: Since J, is an orthogonal projector, we have

E0-1)flge = B [IF120 - 1A20] = E [IFI5a] -2 @20
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Now, we note

zl%o[”.fun({)z}} = Z y(2) - Z H({)Z}(x)-f(a:)Q,

z€X(0) IGX{Z}(O)

- Y Y mEnte) - s,

ZEX(O) CCEX{Z} (0)

= > Y M) M) f(e)’, (2.21)

mGX(O) ZEX{x}(O)

= Z y(z) - f(z)?, (by Proposition 2.3.4)
z€X(0)
= |l =1 (as f is a unit vector)

where we have used the equivalence x € X,1(0) <= {z,2} € X(1) <= 2z € X(;3(0) for
Eq. (2.21). Using this Eq. (2.20) becomes

E (1= ) f g = 1- X2

We can plug this in Eq. (2.17) together with Eq. (2.19) to obtain,
<.f7Mf>H0 S)‘Z_F’yo (1_)\2) :70+(1_70))\2

As f is a unit eigenvector of A (see our assumptions) corresponding to the eigenvalue
A = Xo(M) we have
(F M), = A <0+ (1—70) - A%

Noticing that A = A2(Mg) = v_1 concludes, we have now proven
o1 <o+ (1 =) -2

The second expression in the theorem statement can be obtained by solving the inequality
for v_; assuming vy < 1/2. This assumption can be made without loss of generality as
we have 79/(1 — 7) > 1 when vy > 1/2, and thus by Proposition 2.2.3, the inequality
v-1 <1 </(1—0) follows trivially.
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Suppose now, j > 0 and a € X(j). By repeating the same arguments in the link
(Xa, g ,)) we can get an upperbound on A(M,) as MX (the link graph of o in X)
and M2* (the link graph of @ in X,) are identical. By taking a maximum over all o we

prove the analogous statement for general ;.

As the analogous inequality for v; follows identically, we omit the proof. O]
An inductive argument proves the following corollary, which we will use in Section 3.2.

Corollary 2.3.7 (Oppenheim’s Corollary). Let (X,II) be a pure d-dimenisonal weighted
simplicial complex. If G, is connected for every o € X (k) and every k < d — 2, then

Yd—2
ST (d-2-)) s
Remark 2.3.8. To get a non-trivial bound on ~_; using Oppenheim’s Corollary 2.3.7, i.e. to

QIS

ensure y_; < 1 using this line of arguments, we need to assume v4_o < 1/(d — 1).

2.4 Higher Order Random Walks

2.4.1 Up and Down Operators

Let (X,II) be a pure d-dimensional weighted simplicial complex. In the following defini-
tions, o € X(k), B € X(k+1), f € R¥0) g c RX*+D and j € [-1,d — 1].

The j-th up operator U; : RX0U) 5 RXU+D ig defined as

[U; £1(8) Zf A\{z}) = Z j+2 (up operator)

c aCp,
aeh a€X(j)

The (j + 1)-st down operator D;,; : R¥U+D — RX0U) is defined as

[Dj+1g](e) = ; | 1??5%;;2? -g(aU{z}) = Z rgj—(f))ﬂjz(&ﬁ)) (down operator)

BDa,
BEX(j+1)

It is known [KO18, DDFH18| that U; and D;; are adjoints of each other, i.e.
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Proposition 2.4.1. Let (X,II) be a pure d-dimensional weighted simplicial complex. Sup-
pose j € [=1,d — 1]. Then,

(9, U; firn,., = (Djag. fim, forallgc RYXUHD £ e RXO), (adjointness)

Equivalently, the operators U; and D;4, are adjoints of each other with respect to the inner-

products over 1l and l;14, t.e. U} = Djyq and D}, = U;.

Proof. We appeal to Proposition 2.1.2. By the definition of the up operator, for 5 €
X(j+1)and a € X(j)

U)(a) = UL, = U9 - Y el e
z€ep

and similarly by the definition of the down operator

M31(8) 1s(a Ufe}) _ Tn(8)-1[8 > a]

Dji1(e, 8) = 14Dj4115 = [Dj115](cr) = xeXZa(O) (G+2) ) — (G+2) e

It is clear that the equation in Proposition 2.1.2 is satisfied, and thus
D;k-Jrl = U] and U; = Dj+1.
O

Remark 2.4.2. We have stayed consistent with the notations in [DDFH18|, and named U;
and D;;; up and down operators with their right-action on functions (or vectors) in mind.
However, in terms of random walks, U; describes a random down-movement from X (j+1)
to X (j), whereas D,;;; describes a random up-movement from X (j) to X (j + 1), since the

action of the probability distribution is from the left.

We now remark that when viewed as random walk operators U; and D; respectively, com-
pose really nicely each other: Let X be a d-dimensional simplicial complex and let k, h > 0
be such that k + h < d. For a face o € X (k), we introduce the notation

P = (Diy1 - Dign) ' 1
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for the probability vector of the random movement that starts from o € X (k) and moves

to X (k + h) as described by the operators Dy ; for j =1,..., k. We adopt the convention

that the empty product of matrices is the identity and thus, p&) =1,. We prove that p ()

describes a probability distribution on the faces g € X (k+ h) that contain o which assigns
them measure proportional to Il 4 (5).

Proposition 2.4.3. Let X be a d-dimensional simplicial complex and k,h > 0 such that
k+h <d. Fora € X (k) and p € X(k+ h) one has,

p((lh) (B)=1[Dal- (k+ilz+1> ) H&:?éf)

= II;_, (B\a).

Proof. Notice that for h = 0, the statement holds trivially. We proceed by induction:
Assume that there exists some h > 0 that satisfies the induction hypothesis

1 iypaa(B)
(WA IR CY)

p(B) =1[8Dq]- (induction hypothesis)

for all 8 € X(k+h).

For 8" € X(k + (h+ 1)) one has by the definition of the down operator

p"(B) = [Di P8,
- lﬂ’ ) (Dk:-i-h-i-lp((x ))7

= (Dpynials) pW,

_ 1 5 Hewn(f) e
SRR ey P D

Plugging in the induction hypothesis, this implies

ht1) an 1 Iy ni1(8) , 1 I yn(8"\{})
P = G S D <1W W= el T )
B 1 1 , My ni1(8)
- (k+h+2) ’ (k+z+1) ';1[5 \{z} D a]- T(a)-
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From the preceding, it is clear that pgl)(ﬁ’) = 01if f/ 2 «a. Suppose therefore f' €
X(k+ h+1) is such that §/ D «. Since there are precisely h + 1 indices whose deletion

still preserves the containment of o, we can write

(h+1) h + 1 1 Hk+h+1 (ﬁ/)

pa” (@) = 1[5"Da]- '
kE+h-+2 (k—i-z-i-l) Hk(CY)
1 Witn41(8)
= 1]’ D o] - : :
() Ta(e)
The statement p&h)(ﬁ) = I1¢ ,(B\«) is a consequence of Eq. (2.13). O

Similarly, for § € X(k + h) and « € X(k), we introduce the notation q(ﬂh), as

g5 (@) = (Upsn-1-+-Up) "1,
for the probability vector of the random movement starting from 5 € X (k+h) and moving

to X (k) as described by Ujip—; for j = 1,..., h. Using Proposition 2.4.3, and the fact

that (Ugyu_1-+-Ur)" = Dpyy - - Diy1 we can see that qu) is the uniform distribution of all

subsets of § contained in X (k)

Corollary 2.4.4. Let X (< d) be a simplicial complex, and k, h > 0 be parameters satisfying
k+h <d. For f € X(k+h) and o € X(k), one has

gy (0) = ﬁ -1[8 D al.

2.4.2 Down-Up Walk, Up-Down Walk, and Non-Lazy Up-Down
Walk

We use the up and down operators to define three random walk operators on X (j). The
j-th down-up walk Pjv and the j-th up-down walk PjA are defined as

PY =U; 1D; and PjA =D;1U;. (down-up walk, up-down walk)

As Uf = D;qy, it is easy to observe that these operators are positive semi-definite. One
useful property of PjA and Pjv is that they have the same non-zero spectrum with the same
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multiplicity by Fact 2.1.6, and in particular )\Q(PJ-A) = Xa(PY). Also, we define the j-th
non-lazy up-down walk as

J+2( A 1
P} ="—(P; — —l 1 d Ik

J j+1<] j+2)’ (non-lazy up-down walk)
which is the up-down walk conditioned on not looping. It follows from the adjointness of
U; and D,y; that all Pjv, PJ.A, and PJA are self-adjoint with respect to the inner-product
defined by II;, e.g. given any f,, f, € RX),

<.f1a P]'Af2>nj = <f17 Dj+1Ujf2>Hj = <Ujf17 Ujf2>Hj+l = <Dj+1Ujf17 f2>Hj = <P]Af1a f2>Hj'

This implies that II; is the stationary distribution for all these random walks Pjv, P]-A, and
P% by Proposition 2.2.1.

Combinatorial Interpretation: We can understand the higher order random walks as
a random walk on a bipartite graph between X (j) and X (j + 1) as explained in [ALOV19,
DK17|. Consider the bipartite graph H = (X (j), X(j+1), E) in which a face « € X(j) and
a face § € X(j + 1) are connected if and only if @ C 8. The edge {«, 8} € H is assigned
the weight ]ﬁ 1I;11(58). Using Eq. (2.12), it can be seen that the weighted degree of any
a € X(j)is (). And the weighted degree of any 8 € X (j+1) is exactly I1,41(3). Thus,
the graph H has the (weighted) random walk matrix

_( 0 U
MH_(DJ+1 0)'

One step of the down-up walk PjVJrl can be thought as a two step random walk in Mg:
starting from some 5 € X(j + 1), the random walk will go down from 5 € X(j + 1) to
a € X(j) by dropping an element of 3, which is chosen uniformly at random as prescribed
by U;, and then the random walk will go up from o € X(j) to a random face §’ € X(j+1)
which contains « as prescribed by D;,;. Similarly, one step of the up-down walk PjA can be
thought as a two step random walk in My starting from some o € X (). More precisely,

v _ (UiDist 0 _(PYa 0.
H 0 Dj+1Uj 0 0 Pj

It is instructive to check that when the distribution II of the simplicial complex is the
uniform distribution, then the down-up walks and the up-down walks are as described as
in the introduction.
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Remark 2.4.5 (Johson Graphs). If X is the Boolean slice of size k + 1, i.e. X = ([”]),

<k

then the non-lazy down-up walk P)” corresponds to a lazy random walk over the Johnson

graph J(n,k+ 1) = (V, E) where V = (k[i}l) and there is an edge {a, o'} € E whenever

laNa’| = |a| —2. The random walk matrix of the Johnson graph is known to have
eigenvalues bounded away from 1 [GM15]. In Chapter 3 we will prove that the down-up
walks are expanding and our proof for this can be thought as a more robust version of

the proof of the eigenvalue bound for the Johnson graph — indeed, when X = ( <Eﬂl) the

eigenvalue bound we give will be tight.

The down- and up- operators we have introduced can also be studied in the more general
setting of partially ordered sets. We refer the interested readers to [BRIS|.

2.4.3 Longer Random Walks

Suppose now X is a d-dimensional simplicial complex and ai,as,h > 0 are such that
a; > ap and a; + h < d. We define the up-down walk between X (a;) and X (az) through
X(ay + h) to be

h
Pgu?az = Da1+1 T Da1+h ’ Ua1+h—1 T Uaz'

We will often refer to the parameter h as the height of the random walk. Similar to the
intuition that was presented about the up-down and the down-up walks, we can think of
Pgﬁ?m(ao, aq) as describing the following random process: Starting from some oy € X (ay)
we first sample a face 5 € X(a; + h) that contains o with probability pgz,)(ﬁ), and then
pick a uniformly random subset a; € X(ay) of S.

We will introduce the notation P((lh) = ngg, for the case where a; = as = a.

2.4.4 Swap Operator

Let (X, II) be a d-dimensional weighted simplicial complex and suppose k, [, h > 0 satisfy
k> 1 and k+ j < d. We consider the following random movement from X (k) to X (l):
Starting from from some oy € X (k) first sample a random face 8 € X (k + h) containing
oy with probability pg? (8), and then pick a uniformly random face oy € X (/) among all

the subsets of § that satisfy |a; \ ap| = h. We will call this random process a step of
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the h-swapping walk from X (k) to X (l),as this random walk swaps h uniformly random
elements of ap with 5\ ap. We will write S,(ill) for the operator describing the random process

we have written above, i.e. ngl)(ao, ay) = Pra; | ap). We have,

Proposition 2.4.6. Suppose X is a d-dimensional simplicial complex. Suppose, k,l, h > 0
are given such that k <1 and k+h < d. Let ag € X (k), oy € X(I), then
g L[Jai\ao| = A ) Iy yn(ao U ay)

Kl (ao,al) = ( k+1 ) ] (k+h+1) Hk(ozo)
I+1-h h

Proof. We first notice that the process we have describes above lands on oy € X(I) from
some 5 € X(k + h) containing ag such that |ay\ag| = h if and only if 5 = a3 U ap.
This happens with probability pgh) (o U ar1). Conditioned on picking f = ag U oy the
probability of picking a; as the uniformly random set such that |a;\ap| = h is, @ as

this corresponds to picking [ + 1 — h random elements from the set a; of cardinality k 4+ 1.

By law of conditional probability,

S,(:l)(ozo,ozl) = Pr[ag | agl,
= PI'[Oél ’ B =g U Oél] . pgg)(Oéo U Oél),
_ L[Jar\ao| = h] (h)

( E+1 ) 2
l+1—h

(CKO U 051)

Using Proposition 2.4.3, we obtain

Lon\ao| = h]  Tlppn(oo U o)

Sl(chl)(a() al) = 7k
, ) +1 k+h+1 ,
(l+1fh) : ( h ) [T ()
which was to be demonstrated. O

We remark that S,(c}fl) can be thought as the random walk ngl) that is conditioned on having
|ag\ao| = h. This observation will be useful in Chapter 4. The important special cases

for us will be when h =1+ 1, i.e. where ag N a; = @. To simplify notation, we will write
Sk =Sy and Sy = ST,
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Remark 2.4.7 (Kneser Graphs). If X is the complete complex A, 4, i.e. X = (<d£ﬂ+h),
then the swap walk S, corresponds to the simple random walk over the Kneser_ graph,
K(n,k+1) = (V, E) where the set of vertices is V' = (,ji]l), and there is an edge between
every two disjoint pair of sets in V', i.e. £ = {{a,a'} : a,a’ € V,anNna' = @}. The random
walk matrix of the Kneser graph is known to have eigenvalues that are small [GM15]. In
Chapter 4 we will prove that the swap walks are expanding and our proof for this can

be thought as a more robust version of the proof of the eigenvalue bound for the Kneser

graphs.
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Chapter 3

Down-Up Walks and Applications

3.1 Eigenvalue Bounds for Higher Order Random Walks

Our main result in this chapter is a quantitative generalization of the basic fact that a
pure d-dimensional simplicial complex X is gallery connected (i.e. A\o(PY) < 1) if and only
if the graph G, is connected for every av € X up to dimension d — 2 (i.e. \y(M,) < 1 for
all o € X (k) and -1 <j <d—2).

For simplicity of presentation, given a d-dimensional pure simplicial complex X, we will

adopt the convention of writing

= A2(M,, d v;:= min Auin(Ma),
% = max A(Ma) and v;:= min Awin(Ma)

where —1 < 5 <d— 2.

Theorem 3.1.1. Let (X, 1II) be a pure d-dimensional weighted simplicial complex. For any

0<k<d,
1 k—2
Ma(PY) = Xa(Pp ) <1—— [ (1 =)

Fr1 1l

Using an inductive argument as in [ALOV19, Theorem 3.3], we can prove a more general
statement about the entire range of eigenvalues.
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Theorem 3.1.2. Let (X,II) be a pure d-dimensional weighted simplicial complex. Then,
for any 0 < k < d—1 and for any —2 < r < k, the matriz P, has at most |X(r)]

ergenvalues with value strictly greater than

H —'YJ

where we adopt the conventions that X(—~2) = & and ;- (1 —;) = 1.

Note that Theorem 3.1.1 is a special case of Theorem 3.1.2 where r = —1 (recall that
X(— ) {0} and so |X(—1)| = 1). Further, Theorem 3.1.1 can only prove that A\y(P}) <
1— m We observe that this bound is almost tight.

Proposition 3.1.3. Let X be a d-dimensional sz’mplz’cz’al complex. Letn = |X(0)|. Suppose

2(d+1) <n. Then X\(P)) = )\2(PdA ) =>1- d+1

Before we prove Theorem 3.1.1 and Theorem 3.1.2, we present two corollaries of Theo-
rem 3.1.1.

Combining with Oppenheim’s Corollary 2.3.7, Theorem 3.1.1 provides a bound on the
second eigenvalue of the d-th down-up walk based only on the maximum second eigenvalue
of the graphs in dimension d — 2. This will be useful in Section 3.2.

Corollary 3.1.4. Let (X, H) be a pure d-dimensional weighted simplicial complex. For

any 0 < k <d, suppose v, < 15 and v; <1 for =1 < j <k —2, then
1
A
/\Q(ka) = >\2<Pk—1) S 1-— m

Proof. Since o < % and 7; < 1 for =1 < 5 < k — 2, it follows from Oppenheim’s

k+
Corollary 2.3.7 that for any —1 < j < k — 3,

Vh—2 [ 1
< - = — .
%_1_(k_2—j)'7k72_1—kﬁ? J+3
Therefore, by Theorem 3.1.1,
1 J+2 1
Ao (PY <1—— (1-— 1—— —_—.
(P&) k+ H ) < k+1Hy+3 (k4 1)2

]—71
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Theorem 3.1.1 implies the following result for longer random walks on local-spectral ex-
panders.

Corollary 3.1.5. Let (X,II) be a pure d-dimensional weighted simplicial complex. Let
0 < a,h be such that a + h < d. If X s a ~v-local-spectral expander, then

a+1

Ao(PI) < (14 9)" et h 1

The rest of this section is organized as follows. We will first prove Theorem 3.1.1 in
Section 3.1.1, then Theorem 3.1.2 in Section 3.1.4, then Corollary 3.1.5 in Section 3.1.5,
and finally Proposition 3.1.3 in Section 3.1.6.

3.1.1 Spectral Bound: Proof of Theorem 3.1.1

In this section, we will provide a proof for Theorem 3.1.1,

Theorem 3.1.1. Let (X, 1II) be a pure d-dimensional weighted simplicial complex. For any

0<k<d,

1

Ma(PY) = Xo(Pp ) <1— Pl H (L =)

Jj=-1

The key lemma in proving Theorem 3.1.1 is the following result that quantifies a spectral
bound on the difference of the k-th non-lazy up-down walk and the k-th down-up walk in
terms of the second eigenvalue of the links at dimension £ — 1.

Lemma 3.1.6. Let (X,11) be a pure d-dimensional weighted simplicial complex. For any
0<k<d—1,
vy (1= PY) Zn, PR = PY =, 3 (1= PY).
The proof of Lemma 3.1.6, will closely follow the proof of [DDFH18, Theorem 5.5|, where
they prove the weaker inequality
vt -1 =, Pp — PY =m, 1 - 1. (3.1)
We remark that a similar statement was also used in [KO18| for proving Theorem 1.1.2.

We will first show how Lemma 3.1.6 implies Theorem 3.1.1 by an inductive argument.

o8



Proof of Theorem 3.1.1 from Lemma 3.1.6. We prove Theorem 3.1.1 by induction on k.
The base case is when k = 0, where Py = 111} is a rank one matrix and so Ay(Py) < 0,

and hence Theorem 3.1.1 trivially holds.

For the induction step, suppose we have

1
)\Z(ijH) - )\Q(PJ-A) <1-— m H (1—). (induction hypothesis)
i=—1

Since P]VH =U,;D;;; and PjA = D;;1U; have the same non-zero eigenvalues with the same
multiplicity by Fact 2.1.6, we only need to prove the statement for PjAH. By Lemma 3.1.6,
P§\+1 jHj+1 Vi | + (1 - ’Yj)Pjvqtl

It follows from Fact 2.1.8 that
Ao(Piy) <+ (1 =) - Ma(PYy) <1——= || (1 =),

where the last equality is by plugging in the induction hypothesis. The theorem now follows

from the definition of non-lazy up-down walk, i.e.

P —]+3<PA ! |) e P, =12 o 1y

= T\ T LT3 T 43
Therefore,
j+2 1 1
X(PR) == M(Ph)+——=<1—-——= [0 —),
and this proves the induction step. O]

3.1.2 Relation Between Up-Down and Down-Up Walks: Proof of
Lemma 3.1.6

The proof of Lemma 3.1.6 will rest on few useful identities established in [KO18, DDFH1§|,
which can be obtained through the “Garland Method”, which decomposes the higher order
random walk matrices into the random walk matrices of the links.
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In the following, given f € RX® and a € X (k — 1), we use f, to denote the restriction of
f to the entries in {aU {z} | x € X,(0)}. And recall that J, is the projector to constant
functions defined in Section 2.3.3
Lemma 3.1.7. Let (X,II) be a pure d-dimensional weighted simplicial complez. For all
f € RXU) the following hold,

1. <.f7 |f>Hj = EaNH]’A ||f04H12'Ig = EO&NHJ‘A <fa7 fa)Hg:

2. {£.PY fin; = Eonn,  [HaFolliy = Banry s (Far Jaf o,

3. <f, Pg\f>1_[] = ]EaNHj71<fa7 MOCfOl>H8'

We will provide a proof of Lemma 3.1.7 in Section 3.1.3 for completeness. We are ready to
prove Lemma 3.1.6.

Proof of Lemma 3.1.6. Let f € R¥() be arbitrary. By Items (2) and (3) in Lemma 3.1.7,

we write

(f,(PF =PI fhmy = B [{far (Ma = Ja) fadms]-

aNHj_l
Notice that since M,, is a row-stochastic matrix (with top eigenvector 1) and the matrix J,
is the projector to its top eigenspace. Since both M, and J, are self-adjoint with respect

to the inner-product defined by II§ (see Section 2.3.3), it follows that
Mo — Jo =g A2(Ma) - 1.

Moreover, since the matrix M, — J, is only supported on the subspace perpendicular to 1,

writing fi‘l for the component of f, that is perpendicular to 1, we have

<-f067 (MO‘ - Ja).fa>l'[8‘ = <fi17 (Ma - Ja)filh'[g.

As J, is the projector to constant functions we have, fi* = (I — J,)f,, and thus
(ForMa = Ja)Fo) < M(Ma—Jo) - [IF57M Ry < Xo(Ma) - [[(1 = Jo) Fullfiy.  (3:2)
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where the first inequality is by the Courant-Fischer-Weyl Theorem 2.1.4. Therefore,

(f, (Pg\ — Pjv)f>nj = N% [(fa, (Mg — Ja)fa>1__[8]a (by Items (2) and (3) in Lemma 3.1.7)
< LB M) N0 - J0)fallg ] (b B (3:2)

< o1 B [I0-Ja)fallg ).

QNHj_l

= Yj-1- aNIr%,l [(for 1 =Ja)Faimz], by JaFardafalng = (FarJaFalng)
= -, (1 =P ) f)m, (by Ttems (1) and (2) in Lemma 3.1.7).
This proves P} — PY =<p, 7;_1(1 = PY).
To prove P} — PY »=y1, v4—1 - (I = PY/), we observe

Ma - Joc Z )\min(Ma) : la

as J, is the projector to the top-eigenspace of the matrix M,. The proof, then follows

analogously. O

3.1.3 Garland Method: Proof of Lemma 3.1.7

Here we provide a proof of Lemma 3.1.7 for completeness. These arguments are from

[KO18, DDFHI1S].

First, we recall

Lemma 3.1.7. Let (X,11) be a pure d-dimensional weighted simplicial complez. For all

f € RXU) the following hold,

1. <fa |-f>Hj = EGNijl ||fa||12'13 = EOCNijl <fa7 fa)HS‘f
2. <f7 P]vf>ﬂj - EaNnj—1 HJCVfOcHIQ_[S‘ - IEO&NHJ'—1 <.fom Ja.fa>H8‘7
3. <f7 P;\ >Hj = ]EaNHj71<.fa7 Ma-fa>H8"

61



Proof. Ttem (1) can be proven from the identity

me =y Bt s ) ),

a€X(j—1),z€X(0), a€X(j—1),2€X(0),
alz=p3 aUz=/3

where the last equality is by Eq. (2.13) that II§(x) = % Then,
i

(FfHin, = > IL(B)- f(B)

peX(4)

=YY L) B £

6€X )aGX(] 1),z€X(0),

alUz=4
= > () Y () - fole)
aeX(j—1) x€Xa(0)
= B o famg

Item (2) follows by appealing to the definition of the down-up walk that F’jv = U,_1Dj,

and so
<f7 P]V >Hj = <-f7 Uj—lef>Hj = <Djf7 Djf>H-,1

By the definition of the down operator and II§(x) = (]+1()+Jj{g?(a) from Eq. (2.13), it follows

that [D;£)(a) = Xyex. o) 1) - F(aU {a}) = E,orrg £o(x) and thus

(FP finy = Y Hiala (xi[%gfa(@): it (wg%sf“(x))T

aeX(j-1) ol
Observing that Jof, = 1 - Eeung f,(z) by the definition of the projector to constant

functions and therefore ||J, fa||1218 = (Epnmg fa(x))2 Hence, Item (2) follows as

<f’PJv >Hj :a E ||Joéfa||12_[a = E <fano¢.fa>H8‘,

NHj_l 0 awl'[j_l

where we used that J, is an orthogonal projection and so (Jof,, Jafo)ns = (fo, Jafo)mg
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For Item (3), by the definition of PjA = D;;1U; and the definition of up operator,

(F.PY i, = (Uif UiPn,, = Y. () Y

BeEX(j+1) z,y€eB

\5l2 F(B\z) F(B\y).

Now, by the definition of non-lazy up-down walk, we see that

(P, = T <f,Pff>n.—#<f,f>n.,

1
= > HM Zfﬁ\x ﬁ\y——z fla),
BeX(3+1) z,yep X (j)
where we got the second inequality using |3| = j+ 2. Now, notice that sampling o ~ II; is

the same as first sampling § ~ II,;; and then sampling x ~ 3 uniformly and considering
B\z, so we can get by Eq. (2.12) that

FPm = Y i1l ) - e S (e S LA

1 2
BEX (j+1) z.yER (181 = ) G+ )BeX(j—f—l) = J+
1

= Y ma® Y - FBWFBW)

. (7
BEX(5+1) {z,y}ep \ 2

where we have obtained the last inequality by using |3| = j 4 2 and noticing that the sum

kills the diagonal terms. Using 7 = S\ {z, y} and the identity H"'(T[}‘()B) =1L, (7) -7 ({z,y})
2

from Eq. (2.13), we can rewrite it as

(FP ), = D D M({z,y}) - Ma(r) - f(rUz)f(TUy)

BeX(j+1) {=,y}tep

= Y L Y Mzl frua)fruy).

TEX(j-1) {z.y}eX-(1)

On the other hand, using the equation

(F Mg = > () flz)- M flx) = Y Fl@)fy) T(z,y).

zeX,(0) {z,y}eX-(1)
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where we use M, (z,y) = gﬁ%ﬁf}

from Section 2.3.3, we can also write

E [(fr M fomg] = D (). Y. O({zy}) f.(2) £, (),

T~ -
TeEX(j-1) {z,y}eX-(1)

and this proves <f7 P?.f)l_[] = IE7'~1_Ij71 [(f‘rv MTa f‘r>H6} : U

3.1.4 Bounds for the Entire Spectrum: Proof of Theorem 3.1.2

We will prove Theorem 3.1.2 about the entire spectrum of the higher order random walks.

Theorem 3.1.2. Let (X,II) be a pure d-dimensional weighted simplicial complezx. Then,
for any 0 < k < d—1 and for any —2 < r < k, the matriz Pk,A has at most | X (r)|
ergenvalues with value strictly greater than

k—1

r+2

j=r

where we adopt the conventions that X (—2) = & and H;;;(l — ;) =1

A1 1

Proof. We prove by induction on k. The base case is when k = 0, where P
For r = —2, the claim states that we have at most | X (—2)| = 0 eigenvalues that are strictly
greater than 1, which is true since POA is a stochastic matrix. For r = —1, the claim tells us
that that there are at most | X (—1)| = 1 eigenvalues which are strictly larger than 1 + %52,
which is true by the definition of v_; = A\y(My) and that since P§ is of rank | X (0)]. For
r = 0, the claim tells us that there are at most | X (0)| eigenvalues that are greater than 0,

which is true since this is the rank of | X(0)].

For the induction step, suppose that there exists some j > 1 such that the claim of the

theorem is true for all —1 < r < j. By Fact 2.1.6, Pjv+1 and PjA have the same non-zero
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eigenvalues. By Lemma 3.1.6, P}, <., vl + (1 — fyj)PjV, and thus for —1 < r < j the

matrix P}, ; has at most | X (r)| eigenvalues with value greater than
- ;
r+29 r+2
7+ (1 =) ( j+2£y 70 j+2£y ”)

Using the definition of the non-lazy up-down walk, Eq. (non-lazy up-down walk), we have

that for —1 <r < j, PjA_H has at most | X (r)| eigenvalues with value greater than

Jj+2 r+2 1 r+2 o
JTefy [[0-7) ) +——=1-""=T[a-.
j+3( Jt2 ( 7)+g+3 13 (1=)

i=r i=r

For r = j + 1, the claim is trivial since the PjA_H is of rank | X (5 + 1)|. O

3.1.5 Longer Random Walks: Proof of Corollary 3.1.5

Corollary 3.1.5. Let (X,II) be a pure d-dimensional weighted simplicial complex. Let
0 < a,h be such that a + h < d. If X is a ~y-local-spectral expander, then

a—+1

A(PP) < (14 4)" PR

We will use two basic facts in the proof.

Fact 3.1.8. Let M; € RV*Y and My € RYV*W be two row-stochastic matrices. Then, we

have O'Q(Ml . MQ) S O'2(M1> . O'Q(MQ).

Fact 3.1.9 (Bernoulli’s Inequality). Let x > —1 and r > 1 be real numbers. Then,
1+x)">147r-=x.

Proof. Recall that P((Lh) = Dgi1-- Dasn - Uggn—1--- Uy As Uf = D;4q, it can be observed
that PV is positive semi-definite and therefore, ag(Pgh)) = AQ(PEZ’)). By Fact 3.1.8,

A2(PU) = 03 (PP) < 09(Dut1) - 09(Dan) - 09 (Ugn1) - - 02 (Uy).
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Notice that as P2

= D;41U; and D;—&-l = U;, we have )\Q(P]'A)

by rearranging we obtain,

S H )\2(Pf+j)7

T

A
=

i a+j+2
i 1—(a+j+1)-
. a+j+2

J

b a+j+1
= 14+7v)————|.

0<( 7>a+]+2>

<.

By cancellations in the telescoping product, we have

a+1

Ap(PW) < (14 4) ——
o e

In this section, we will prove Proposition 3.1.3, i.e.

d+1°

1

n
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Ug(U]’) . O'Q(Dj+1). Thus,

(by Theorem 3.1.1)

(by Fact 3.1.9)

3.1.6 Lower Bound for the Expansion: Proof of Proposition 3.1.3

Proposition 3.1.3. Let X be a d-dimensional simplicial complez. Letn = | X (0)]. Suppose
2(d+1) <n. Then \(PY) = \(P5 ) >1— 2

The proof will be based on the easy side of Cheeger’s inequality, Theorem 2.2.6.

Proof of Proposition 3.1.3. It is clear that there should exist a vertex v € X (0) such that



We consider the set A, C X(d) consisting of all faces in X (d) containing the vertex v,
ie. A, ={p € X(d) : v € B}. Note that,

[My(A,) = (d+1)-Tp(v), (by using Eq. (2.12) repeatedly),

d+1 1

< + : (by using IIy(v) < —),

n n

1

< 3 (by using 2(d + 1) < n)

By Theorem 2.2.6,
1 —(Py)

| SN
5 S g, 9) < 2(A)

We recall that the random-walk P} starting from a face 8 € X (d) first picks an index i ~ (3
uniformly at random, and then picks some face 8 O (f\i) with probability proportional
to I14(p’). If p € A, the only way we leave A, in a single step is when the index i we pick
from (3 is v, which happens with probability 1/|8] = 1/(d + 1).

Writing (X;):>o for the state of the random walk, this means for any § € A, we have

1

Pr[X; ¢ A, | Xo = ] < AR

It follows that

1-\y(PY) a () 1
— L I P(A,)) = g Pr(Xi €A, | Xo=0] < PriX; €A, | Xo=08] < —.
Solving the expression for Ay(PY) proves the proposition. ]

3.2 Analyzing Mixing Times of Markov Chains

In this section, we will use Corollary 3.1.4 to analyze Markov chains for sampling indepen-
dent sets of a graph of fixed size and sampling common independent sets of two partition
matroids.
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3.2.1 Sampling Independent Sets

Let G = (V, F) be a graph. A subset of vertices S C V is called an independent set if
uv ¢ E for every pair u,v € S. We are interested in the problem of sampling a uniformly
random independent set of size k. We will analyze a natural Markov chain for the problem
by analyzing the down-up walk of a corresponding simplicial complex.

Define the (k — 1)-dimensional simplicial complex I of G = (V, E) as
I ={S CV:|S| <kandS is independent},

the complex consisting of all independent sets in G of cardinality at most k. We endow
I with the uniform distribution II;_ on Igx(k — 1), i.e. the set of independent sets of
size k. We simply write I, for the weighted simplicial complex (I, [Ix_1).

The (k — 1)-th down-up walk P , on Ig; corresponds to a natural Markov chain to
sample independent sets of size k. It is known that this Markov chain is fast mixing when
k< 2211 using coupling techniques [BD97, MUO05]. The main result in this subsection is
the following improved bound using higher order random walks on simplicial complexes.

Theorem 3.2.1. Let G = (V,E) be a graph with mazimum degree A. Let P,/ | be the
(k —1)-th down-up walk on the simplicial complex I . Let Ag be the adjacency matriz of

G.
VI 1
, th X(PY ) <1 ——.
A + ‘)\mm(AG)‘ en 2( k:—l) =

If k<

It is well-known that [Auin(Ag)| < A for a graph with maximum degree A, and so The-
orem 3.2.1 recovers the previous result that the Markov chain is fast mixing if £ < %.
There are various graph classes with |Apmin(Ag)| smaller than A, and Theorem 3.2.1 allows
us to sample larger independent sets. For example, it is known that |Amin(Ag)| < O(VA)
for planar graphs and more generally for graphs with bounded arboricity [Hay06], and also

for random graphs and more generally for two-sided expander graphs [HLWO06].

Using the simple bound mingey,, , (k-1 1 (S) > n~" as II;_; is the uniform distribution,
the following mixing time result follows from Theorem 2.2.7.

Corollary 3.2.2. Let G = (V, E) be a graph with mazximum degree A and let Ag be the
adjacency matriz of G. For any k < n/(A + |[Auin(Ag)|), the down-up walk P | on the

simplicial complex I, samples a random independent set of G of size k whose distribution
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is e-close to the uniform distribution on all independent sets of size k in the total variation

distance in
1
T(e,PY ) < E* - (log(g) + k-log n)

many time steps.

This implies a polynomial time algorithm to approximately sample a uniform random
independent set and also a FPRAS for approximately counting the number of independent

. ___n
set of size k for k < A+|Amin(Ac)|

Proof of Theorem 3.2.1

The plan is to use Corollary 3.1.4 to prove Theorem 3.2.1. To apply Corollary 3.1.4, we
need to prove that:

1. Igy is a pure simplicial complex. It is a simple exercise that this complex is pure
when k < ALH'

2. For each S € Iy with |S| < k — 2, the random walk matrix Mg of the graph Gg of
the link (/g x)s satisfies A3(Mg) < 1. This is proved in Lemma 3.2.3.

3. For each S € Iy with |S| = k — 2, the random walk matrix Mg of the graph Gg
satisfies \o(Mg) < 1/k. This is proved in Lemma 3.2.4.

Assuming the three items are proven, Theorem 3.2.1 follows immediately from Corol-
lary 3.1.4. We will prove the second item in Section 3.2.1 and the third item in Section 3.2.1.

Proof of Lemma 3.2.3

Let Hg = (Vs, Eg) be the underlying support graph of Gg of the link (Ig4)s, ie. Gg
without edge weights. Let Mg be the random walk matrix of Gg as defined in Section 2.3.3.
Note that A\o(Mg) < 1 if and only if Hg is connected.

We introduce some notation to describe Hg. We write Ng[S] as the union of S and the
set of vertices which are connected to a vertex in S in G, i.e.

N¢[S] = S U {v : there exists some uv € E(G) such that u € S}.
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For a subset of vertices S C V(G), we write S = V(G) \ S for the complement of S in
G, and G|S] for the induced subgraph of G on S. For a graph H, we write H for the
complement graph of H.

Recall that a vertex v is in Vg if and only if S U {v} is an independent set in G of size
|S| + 1, and so Vg is exactly V — Ng[S] = Ng[S]. Two vertices u,v € Vg have an edge in
Hg if and only if S U {u, v} is an independent set in G of size |S| + 2, and so uv € Eg if
and only if uv ¢ E(G). Therefore, we see that

Hg = G[Vs] = G[N[9]].
With the description of Hg, we are ready to prove the second item in Section 3.2.1.

14
A+1°

For any S € Ig ) with |S| < k —2, the random walk matriz Mg of the graph Gs of the link
(Igk)s satisfies A2(Mg) < 1.

Lemma 3.2.3. Let G = (V, E) be a graph with mazimum degree A. Suppose k <

Proof. Note that A\y(Mg) < 1 if and only if the underlying support graph Hg of Gg is
connected, so we focus on proving the latter. To prove that Hg is connected, we prove
the stronger claim that every two vertices u,v € Hg has a path of length at most two.
If uv is an edge in Hg, then there is a path of length one. Suppose uv is not an edge
in Hg. Then wv is an edge in G. Since G is of maximum degree A, it implies that

INg[{u, v}]| < (degg(u) + 1) + (degs(v) + 1) — 2 < 2A, and also

Vs| = |V| — [Na[S]| > |[V] = |S] - (A +1) > 2A +2,

V]
A+1

must be some vertex w such that w € Vg \ Ng[{u,v}]. This implies that wu ¢ E(G) and
wv ¢ E(G), and thus wu € F(Hg) and wv € E(Hg) and so there is a path of length two

where we use the assumptions that |S| <k —2 < — 2 in the last inequality. So, there

connecting u and v in Hg. O]

Proof of Lemma 3.2.4

We observe that Gg is an unweighted graph for S with |S| = k — 2 when the distribution
on I (k — 1) is the uniform distribution. Therefore, Gg is simply a scaled version of Hg,
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and the random walk matrix Mg of Gg is the same as the random walk matrix of Hg. To
bound the second eigenvalue, we will use some simple interlacing arguments. We need the

stronger assumption that k < % in the proof of the following lemma. (Note that

for any unweighted graph G, we have [Ayin(Ag)| > 1.)

Lemma 3.2.4. Let G = (V, E) be a graph with mazimum degree A. Suppose k < |V|/(A+
[Amin(Ac)|). For any S € Igy with |S| = k — 2, the random walk matriz Mg of the graph
Gg of the link (Igx)s satisfies Aa(Mg) < %

Proof of Lemma 3.2.4. Recall that for S with |S| = k — 2, the random walk matrix Mg of
(g is the same as the random walk matrix of Hg, and so we will focus on the latter. Let
Dy be diagonal degree matrix of Hg. As argued above, the random walk matrix Mg of Gg
is equal to Mg = D;'Ay. We can write the adjacency matrix Ay of Hg as

.
Ap =117 — 1= A,

where A 77g is the adjacency matrix of G [N[S]]. By Weyl’s interlacing theorem,

A2(Mg) < Xo(D*117D,Y%) + M (D2 (—Agrg — DD5),  (by Theorem 2.1.10)
= A(DY 2(—A e — WDE"?), (D;'/*117D,;"/? is of rank 1)
< |IDF| - A Ao — D (by Theorem 2.1.4)
(3.3)
< [IP5 ||+ (Pmin(Agpsy) | = 1, (A(—Agmm) = —Amin(Acmps))
< |IDF - (Amin (Ac)| — 1), (by Theorem 2.1.9)

For Eq. (3.3), we have used the consequence of the Courant-Fischer-Weyl Theorem 2.1.4
M(W) = max{(f,Wf): f €eR",||f|| =1} in the following way: Let W = —A — | and
g be an unit top-eigenvecor of D;/ZWD;/Q, ie. |lg|l = 1 and (g,D;Il/QWD;/zm =
A1 (D*WD;'/?). Then,

1/2 1/2 —1/2 0~ —1/2 —1/2nn—1/2
A (W) > < DHleQ DH1;29 > _ M (Dy / xZDH/ ) > M (Dy / VYDH/ )
IDL gl D5 gl 1Dy 117 1Dl

71



It remains to bound [[Dy'[| = (min, degy (v))~". As Hg = G[N[S]] = G[V — N[5]],
degpy(v) = [V = [N[S]| = (deggppgy (v) +1) = [V = (A + 1)(|S] + 1),

where the last inequality uses that [N[S]] < [S]- (A +1) and deg gy (v) < degg(v) < A
Therefore, using our bound As(Mg) < ||D'|| - (|Amin(Ag)| — 1), we obtain

[ Amin(Ag)| — 1 B [ Amin(Ag)| — 1
Ms) S AT ) (ST D T VAT D ko1

where we use |S| = k — 2. Finally, plugging in the assumption

V]
k< —  A(Mg) <
- A + |/\min(AG>| 2< S> -

| =

3.2.2 Sampling Matroid Intersection

A matroid M = (E,Z) on the ground set E with the set of independent sets Z C 2% is a
combinatorial object satisfying the following properties:

e (containment property) if S € Z and T' C S, then T' € Z,

e (extension property) if S, T" € Z such that |S| > |T'| then there is some z € S\T such
that {x} UT € Z.

A partition matroid is the special case where the ground set E is partitioned into disjoint
blocks By, ..., B; C E with parameters 0 < d; < |B;| for 1 < ¢ <, and a subset S is in Z
if and only if [S N B;| < d; for 1 <i <.

The intersection of two matroids M; = (E,Z;) and My = (E, ) over the same ground set F
can be used to formulate various interesting combinatorial optimization problems [Sch03].
We are interested in the problem of sampling a uniform random common independent
set of size k, i.e. a random subset F' € 7, NZ, with |F| = k. We will analyze a natural
Markov chain for the problem by analyzing the down-up walk of a corresponding simplicial
complex.
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Define the (k — 1)-dimensional matroid intersection complex Ciy, ap, 1 of My = (E,Z;) and
M, = (E,7,) as
CMl,Mg,k = {S eI {NZy: |S| < /{3},

the complex consisting of all common independent sets of both matroids containing at
most k elements. We endow Chy, ap, x(k — 1) with the uniform distribution II;_; on the
common independent sets S € Z; NZ, with |S| = k. We write Cay, a0 for the weighted
simplicial complex (Chsy ay ke, Hi—1)-

The (k—1)-th down-up walk P,” , on Cyy, as, 4 corresponds to the following natural Markov
chain to sample common independent sets of size k. Initially, the random walk starts from
a common independent set S of size k. In each step ¢ > 1, we choose a uniform random
element ¢ € S; and delete i from S;, and set S;;; to be a uniform random common
independent set of size k that contains S; \ {i}. The stationary distribution of P}’ , is the
uniform distribution II;_;; see Section 2.4 and Proposition 2.2.1.

The main result in this subsection is the following upper bound on the second eigenvalue
of PY ..

Theorem 3.2.5. Let My = (E,Zy) and My = (E,I,) be two given partition matroids with
a common independent set of size v and no two elements belonging to the same block in

both matroids. If k <r/3, then

/\Q(kafl) <1- ﬁ)

where P, is the (k — 1)-th down-up walk on the matroid intersection complex Cyr, ay k-
Using the simple bound mingec,,, ,, (k-1 I1;_1(S) > n=* as II;_; is the uniform distribu-
tion, the following mixing time result follows from Theorem 2.2.7.

Corollary 3.2.6. Let M, = (FE,Z;) and My = (E,Z,) be two given partition matroids with
a common independent set of size v and no two elements belonging to the same block in
both matroids. For any k < r/3 the down-up walk P,’ | on the simplicial complex Cyp, ar, k
samples a random common independent set of My and My of size k whose distribution is
e-close to the uniform distribution on all common independent sets of size k in the total

variation distance in

1
T(e,PY ) < K*- (log(g) +k- 1ogn)
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many time steps.

This implies a polynomial time algorithm to approximately sample a uniform random
common independent set of two partition matroids M; and M, of size k and also a FPRAS
for approximately counting the number of independent set of size k given k < %

Proof of Theorem 3.2.5

The plan is to use Corollary 3.1.4 to prove Theorem 3.2.5. To apply Corollary 3.1.4, we
need to prove that:

1. Cwy i is a pure simplicial complex. This is a simple proof in Claim 3.2.7.

2. For each S € Cyy, . with |S] < k—2, the random walk matrix Mg of the graph Gg
of the link (Cy, a, 1) s satisfies Ay(Mg) < 1. This is proved in Lemma 3.2.8, showing
that the underlying graph of Gg is the complement of the line graph of a bipartite
graph.

3. For each S € Cy, a1 With |S| = k£ — 2, the random walk matrix Mg of the graph
G satisfies Ao(Mg) < 1/k. This is proved in Lemma 3.2.11, using the fact that the
minimum eigenvalue of the adjacency matrix of the line graph of a simple graph is
at least —2.

Assuming the three items are proven, Theorem 3.2.5 follows immediately from Corol-
lary 3.1.4.

It remains to prove the three items. We will prove the second item in Section 3.2.2 and the
third item in Section 3.2.2. We note that the first two items hold for any two matroids,
and we only use the additional assumptions for the third item. The following is a simple
proof for the first item.

Claim 3.2.7. Let My, = (E,Z;) and My = (E,Z3) be two matroids with a common inde-
pendent set T' € Ty NZy of size |T| = r. Any common independent set S € T, NIy with
|S| < r/2 is contained in a larger common independent set. In particular, this implies that

the simplicial complex Cyr, ppy ke @5 a pure simplicial complex as long as k < r/2.
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Proof. By the extension property of matroids, there is a subset 77 C T' with |T1] > r — ||
such that S U {z} is an independent set in Z; for any x € T;. Similarly, there is a subset
Ty C T with |T3| > r — | S| such that S U {y} is an independent set in Z, for any y € Ts.
As |S| < r/2, this implies that T3 NTy # 0, and S U {z} is a larger independent set that
contains S for any z € T} N'T5. O

Proof of Lemma 3.2.8

Let Hg = (Eg, Fs) be the underlying support graph of Gg of the link (Chs, ar,.k)s, that is,
Hs is Gg without edge weights. The vertex set of Hg is Es = {z € E | SU{z} € Z1 N Z5}
and the edge set of Hg is Fis = {{z,y} | z,y € E and SU{z,y} € Z1 NZs}. Let Mg be the
random walk matrix of Gg as defined in Section 2.3.3. It is a basic fact in spectral graph
theory that A\y(Mg) < 1 if and only if Hg is connected.

We will see that Hg is the complement of the line graph of a bipartite graph B. To define the
bipartite graph B, we first introduce the matroid partition property (see e.g. [ALOV19)]).
The matroid partition property says that there is a partition P := {P,..., P,} of the
vertex set Eg (ie. |JI_, P, = Eg and P,N P; = () for i # j) with the property that for any
r,y € Eg,

Su{z,yt¢Z, <= x,y€ P, forsomel <i<np.

In words, there is a partition P of the vertex set Eg such that two elements z,y in Fg
can be added to S to form an independent set in the first matroid M, if and only if
x,y do not belong to the same class of the partition P. Similarly, there is a partition
Q :={Q1,...,Q,} of the vertex set Eg such that for any two elements =,y € Eg, we have
SU{x,y} ¢ Z, if and only if z,y € Q; for some 1 <7 <g.

We use the partitions P and O to define the bipartite graph B as follows. The vertex set
of B is P U (), where we create a vertex ¢ € P in B for each P; in P, and we create a
vertex j € () in B for each @); in Q. Each edge in B corresponds to an element in Eg. For
each element x € Eg, we create the edge e, = ¢j in B if and only if z € P, and 2 € @);.
Note that the edge e, for z € Eg is well-defined by the matroid partition property. By
construction, it should be clear that the bipartite graph B satisfies the following important

property:

e, and e, do not share a vertex in B <=  SU{z,y} € 1 NZ, <<= {z,y} € Fs.
(3.4)
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Recall that the line graph L(B) of a graph B is defined as follows: the vertex set of L(B)
is the edge set of B, and two vertices in L(B) have an edge if and only if the corresponding
edges in B share an endpoint. Let L(B) be the complement of L(B) where L(B) and
L(B) have the same vertex set and two vertices in L(B) have an edge if and only if the

corresponding vertices in L(B) do not have an edge. Then, we see from Eq. (3.4) that

Hg = L(B). (3.5)

Using the bipartite graph B, it is easy to show the second item in Section 3.2.2.

Lemma 3.2.8. Let M, = (E,Zy) and My = (E,Zs) be two matroids with a common
independent set T' € Ty NIy of size |T| = r. Suppose k < r/2 —1. For any S € C, ap
with |S| < k — 2, the random walk matriz Mg of the graph Gg of the link (Cy ank)s
satisfies Ay(Mg) < 1.

Proof. 1t is well known that A\o(Mg) < 1 if and only if the underlying support graph Hg of
G is connected, so we focus on proving the latter. Since |S| < k—2 < r/2 — 3, it follows
from Claim 3.2.7 that there are four elements a,b,c,d € E such that S U {a,b,c,d} €
Z1NZ;y. In the bipartite graph B in Eq. (3.5), the four elements a,b, ¢, d correspond to
four vertex-disjoint edges e, €y, €., €4 in B by Eq. (3.4). To prove that Hg is connected,
we prove the stronger claim that every two vertices u,v € Hg has a path of length at most
two. If uv is an edge in Hg, then there is a path of length one. Suppose uv is not an edge
in Hg. Then e, and e, shares a vertex in B and so they span at most three vertices in B.
This implies that e, U e, cannot intersect all four (vertex-disjoint) edges e,, €y, €., €4. SO
there must be an edge, say e,, which is vertex-disjoint from both e, and e,. Then u-a-v is

path of length two in Hg by Eq. (3.4), which completes the proof. O

Proof of Lemma 3.2.11

For the third term, we need to prove that for each S € Cyp ap,x With [S| = k — 2, the
random walk matrix Mg of the graph Gg satisfies Ao(Mg) < We use the additional
assumptions for the following property.

1
-
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Claim 3.2.9. If My and Ms are two partition matroids and there are no two elements
x,y such that x,y belongs to the same block in M, and also the same block in M, then

FEq. (3.5) holds with the property that the bipartite graph B is a simple graph.

Observe that G is an unweighted graph for S with |S| = k& — 2 when the distribution on
Choiy My (k—1) is the uniform distribution (i.e. the distribution on the common independent
sets of size k is the uniform distribution). This is because when |S| = k—2, for any 2,y € E,
either SU{z, y} is contained in exactly one or zero set of size k in Ciy, arp, k. and each set of
size k is assigned the same weight in the uniform distribution (more formally see Eq. (2.13)
for the definition of the weight). Therefore, G is simply a scaled version of Hg, and the
random walk matrix Mg of Gg is the same as the random walk matrix of Hg.

Fact 3.2.10. Let G = (V, E) be any simple graph and Ay be the adjacency matriz of the
line graph of G. It holds that Amin(Arcy) > —2.

Proof. Define B € RE*V to be the edge-vertex incidence matrix of G = (V, E), i.e. B(e,v) =
1[v € ¢]. Observe that

20+ALe =BB" = Auin (21+AL@) = Amin (BBT) >0,
as BB' is a positive semidefinite matrix. This implies that Ay, (A @) = —2. O

We are ready to bound the second eigenvalue of Mg. We need the stronger assumption
that & < £ in the proof of the following lemma.

Lemma 3.2.11. Let My = (E,Zy) and My = (E,Zs) be two partition matroids with
a common independent set T € Iy NIy of size |T| = r and there are no two elements
belonging to the same block in both matroids. Suppose k < r/3. For any S € Cupy a,x With
|S| = k — 2, the random walk matriz Mg of the graph Gg of the link (Cup i k)s Satisfies
Aa(Mg) < 1/k.

Proof. Recall that for S with |S| = k — 2, the random walk matrix Mg of Gg is the same

as the random walk matrix of Hg, and so we will focus on the latter. By Claim 3.2.9, Hg
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is the complement of the line graph of a simple graph, and so we can write the adjacency
matrix Ay of Hg as

Ay =11"T —1—A;,
where Ay is the adjacency matrix of the line graph L(B) in Eq. (3.5). Let Dy be diagonal
degree matrix of Hg. As argued above, the random walk matrix Mg of Gg is equal to
Mg = D;'Ag. Using that D' and DI_{l/ QAHD;/ ? are similar matrices and have the same
spectrum, we have
Ma(Ms) = Xa(Dy*AuDL?),
= M(D,?(11T — A, — DD,
= %o(D*117D, " + D, A (-AL — 1D, ).

Using the Weyl Interlacing Theorem 2.1.10,

A2(Mg) < Ao(D5*117D,%) + A (D2 (AL — 1)D,/?),  (by Theorem 2.1.10)
= M (D, (AL —)D?), (D;/*117D;"/? is of rank 1)
< |[DF]] - A (=AL = 1), (by Theorem 2.1.4) (3.6)
< IDFH] - (Amin(AL)] = 1), (by using A1 (—AL) = —Amin(AL))
= ||IDZ']- (by Fact 3.2.10) (3.7)

For Eq. (3.6), we have used the implication of Theorem 2.1.4,

M (W) = max{(F.WF) : f € BV, |£] = 1}

in the following way: Let W = —A; — | and g be an unit top-eigenvector of D;/2WDI_{1/2,
ie. |lg|| =1 and (g, D;/*WD}"?g) = /\I(D;II/QWD_W). Then,

— — - — —1
ID 1/29|| ID ”qu ||DH1/2g||2 1D

It remains to bound ||D3'|| = (min, degy, (x))~*. By the definition of Hg, the degree
degy (z) of ¥ € E is equal to the number of elements y € E \ (S U {z}) such that
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SU{z,y} € Ty NZy. By our assumption, there is a common independent set T' € Z; NZ,
of size r. Since |SU{z}| = k — 1, by the extension property of the first matroid M, there
are at least r — k + 1 elements y € T such that SU{x,y} € Z;. Similarly, there are at least
r—k+1 elements y € T such that SU{x,y} € Z,. Therefore, there are at least r — 2k +2
elements y € T such that S U {z,y} € Z; NZ,. This implies that for any x € V(Hyg),

1
degy(v) >r—2k+2>k = X(Ms) <[ID'| < 1,

where we use the assumption that k& < Z.
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Chapter 4

Expansion Swap Walks

4.1 Statement of Results

Swap walks Sj; arise naturally in several applications ranging from approximation al-
gorithms for A-CSPs [AJT19], to list decoding of codes [AJQT20], to agreement testing
[DD19]. For these applications, one typically thinks of k& being constant or independent of
n := |X(0)| — the size of the ground set. For this reason, we analyze the spectra of swap
walks. We show that swap walks Sy ; over simplicial complexes (X, II) which are two-sided
~-local spectral expanders are indeed expanding for ~ sufficiently small.

Due to technical reasons, we study the case of square swap walks S;, := Sy, and rectangular
swap walks S, (where k # [) independently.

For the square case we prove,

Theorem 4.1.1. Let (X,II) be a pure d-dimensional two-sided ~y local spectral expander
such that v < € (64kk+423k+2)_1 where € € (0,1) and k > 0 some parameter such that
d > 2k + 1. Then the second largest singular value oo(Si) of the swap walk Sy on X (k) is

09(Sk) < e

For the rectangular case we prove,
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Theorem 4.1.2. Let (X, 1) be a pure d-dimensional two-sided ~y-local spectral expander.
Suppose k,l > 0 are parameters such that d > k+1+1. If vy < 2. (128 - k2. [I+424142k+6) =1
for some € € (0,1), then the second singular value of the operator Si; can be bounded from
above

0'2(51971) < e

In Appendix A, we will sketch a proof for the following improvement to Theorem 4.1.2 due
to Dikstein and Dinur [DD19].
Theorem 4.1.3. Let (X,1I) be a pure d-dimensional two-sided ~y-local spectral expander.
Let k,1 > 0 be parameters such that d > k+141. Then, writing Sk, for the swap operator
on the complex (X, 1) we have

02(Sky) < (B+1)-(1+1) 7.

For simplicity, we base our exposition on the square case — the rectangular case will follow
similarly (and is handled in Section 4.3.3). We prove Theorem 4.1.1 by connecting the
spectral structure of Sy on a general two-sided 7-local spectral expander to the well behaved

case of complete simplicial complexes, A, 4 = ( Jﬁrl) equipped with the uniform measure

on the d-dimensional faces ( d[z]l). To distinguish these two cases we denote by SkA};’d for

the swap-walk on the complete complex A, ; and Sy for the swap-walk on the concrete

simplicial complex (X, II) that we care about. We recall that SkA"’d is the random walk
operator of the well known Kneser graph K(n,k + 1).

Definition 4.1.4 (Kneser Graph K(n,k) [GM15]|). Let n,k > 1 be parameters such
that n > 2k. The Kneser graph K(n, k) is the graph G = (V| E) where V = ([Z}) and
E={{a,d} | and =o}.

We recall that the spectrum of the Kneser graphs are well-understood.

Fact 4.1.5 (Kneser Graph [GM15]). Let n,k > 1 be parameters such that n > 2k. The

singular values of the unnormalized adjacency matriz of the Kneser graph K(n, k) are
n—k—z1
k—i )’
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This means that 2(Sg;,) = Ox(1/n) as shown in Claim 4.1.6.

Claim 4.1.6. Let d > 2k + 1. The second largest singular value Ug(SﬁZ’d) of the swap

A
operator Sy

A, k41
23 = T

provided n > M, where My € N only depends on k.

Proof. First note that for the complete complex A, 4, the operator SkAZ‘d is the random

walk matrix of the Kneser graph K(n,k + 1). Since the degree of K(n,k) is ("::1), the

result follows from Fact 4.1.5. OJ

Therefore, if we could claim that o(Sy) of the swap walk Sy over an arbitrary two-sided

~v-local spectral expander is close to Ug(SkA”’d) for small enough v, we would conclude
that the swap walks S; have bounded second singular value 05(Sy) for strong two-sided
local-spectral expanders. A priori there is no reason why this claim should hold since
a general d-dimensional two-sided ~-local spectral expander may have much fewer faces
(O4(n) versus Z?:o (J.L) in the complete complex A, ;). Fortunately, it turns out that
this claim is indeed true (up to Ok(7) errors).

To prove Theorem 4.1.1 we employ the machinery developed in [DDFH18|. Before we delve
into the full technical analysis, it might be instructive to see how Theorem 4.1.1 is obtained
from understanding the quadratic form (S f, f), for f € RX(®).

First we informally recall the decomposition of R¥*) into subspaces @f:_l Plka) — RX(*)
from [DDFHI18| where the vectorspaces V) are approximately orthogonal with each
other and V®*? can be thought of as the subspace of approximate eigenvectors of RX*)
(the precise definitions are deferred to Section 4.3.1). In this decomposition, V*~1 is
defined as the space of constant functions in R¥®*) and all the other vector spaces V%)
for 1 # —1 are (actually) orthogonal to it. It will turn out that for small enough ~, the
decomposition @F__, V9 will be proper, i.e. every f € R¥®) can be uniquely written as

f= Z?:,l f, where f, € V&),

Equipped with this machinery, we prove the stronger result that for small enough ~, the
swap operators Sy of any two-sided «-local spectral expander has an approximate spectrum
that only depends on k. Formally,
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Lemma 4.1.7. Let (X,II) be a pure d-dimensional two-sided ~y-local spectral expander
where v < € (64]1"“*423’”2)_1 for some e € (0,1). If d > 2k + 1, there exists constants )\2’;
for alli = — k only depending on k and i (and not on (X,I1)) such that, for any
Ff € RX%) with ||f||Hk = 1 we have

(Stef. Fiu, ZA (Fi Fom, =+

where f = Zf:_l f. is the unique decomposition satisfying f; € V)

Roughly, Lemma 4.1.7 suggests that the vector spaces V% can be thought as the space
of approximate eigenvectors of V%9 associated with the value /\ . Given Lemma 4.1.7,
one might be led into believing that this is all one needs to show O'Q(Sk) is indeed small,
since the approximate eigenvalues A\ ; only depend on k and ¢. However, giving an explicit
expression for these approximate eigenvalues proves to be a challenge. For this reason, we
rely on the singular values of Kneser graphs, as we will elaborate later.

To aid with our proof of Lemma 4.1.7, we introduce the notion of balanced operators which
in particular captures longer- (Pfch)) and (as we will soon discuss) swap walks (Sg). We
show that the quadratic form expression of Lemma 4.1.7 is a particular case of a general
result for (Bf, f)i, where B € RX®)*X(*) is a balanced operator. A balanced operator
B € R¥®)*X(k) is any operator that can be obtained as linear combination of pure balanced
operators, the later being operators that are a formal product of an equal number of up
(U.) and down (D,) operators. The following result will be proven in Section 4.3.

Lemma 4.1.8. Let (X, I1) be a d-dimensional two-sided y-local spectral expander such that
v < e (16KF22 570y, |on|)_l, for some € € (0,1). Let Y C {Y | Y € R¥F)xX(:)1 pe ¢
collection of formal operators that are product of an equal number of at most | up and down
operators (i.e., pure balanced operators). Let B =3, a¥Y where a¥ € R for allY € ).
Then, there exists constants )\Zﬂ- only depending on k and i (and not on (X,1I1)), such that

for any f € RX®) with || f|lu, = 1 we have

(Bf. fin, = Z (ZaYA ) (fi Fim,

i=—1 \Ye)y

where f = Zf:q f; is the unique decomposition where f; € V*9 for alli = —1,... k.
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The above result is very useful to understand the swap-operators Sy, as we will see that
they are balanced operators. We will prove the following general result in Section 4.2,

Corollary 4.1.9. Let (X,1II) be a d-dimensional simplicial complez, and let k,l,h > 0 be
parameters satisfying k > 1> h and, k+ h < d. Then,

E+1 e Z“ g (K1Y (MY oo
= S O . . PV

J=0

In particular, this implies that we have

k+1 4
Sk = Z(—Ukﬂ_j : (k * 1 +j) : <k + 1) : Pi(cj)7

g j j

where we recall that the longer random walk operators P,(Cj) = Diy1- - DigjUpgjor - - Ug
consist of an equal number of up- and down-operators.

With all these above mentioned facts, finally we have what it takes to prove Theorem 4.1.1.
For convenience we restate it below,

Theorem 4.1.1. Let (X,II) be a pure d-dimensional two-sided ~y local spectral expander
such that v < € (64kk+423k+2)_1 where € € (0,1) and k > 0 some parameter such that
d > 2k + 1. Then the second largest singular value oo(Si) of the swap walk Sy on X (k) is

Uz(sk) S €.

Proof. First we show that for ¢ € [0, k] the approximate eigenvalue /\2’; (from Lemma 4.1.7)
of the swap operator Sy, is actually zero. Note that for i € [0, k] the space V*? is a non-
trivial vectorspace (i.e., V%% is not the space of constant functions). Let SkA’Z’d be the swap
operator of the complete complex A, ;. On one hand Claim 4.1.6 gives

O'2<Sk,An’d) = max{‘(f,SkAf)Hk‘ : _f € RX(k), <f, ]‘>Hk = 0, ||f||nk = 1} = Ok <1) .

n
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On the other hand since the complete complex A, 4 is a two-sided y2-local spectral ex-

pander where y» = O (1/n), if n is sufficiently large we have v» < ~ and thus Lemma 4.1.8

e

where we have also used that V%% is orthogonal to 1 for i > 0. Since n is arbitrary and

and Corollary 4.1.9 can be applied to give

02(51?”@) > ma’x{<.fi’skAfi>Hk fi€ V(k;i)a 1fillm, = 1} = ‘)‘Zkz

i depends only on £ and 7, we obtain )\2‘“2 = 0 as claimed. Now we apply Lemma 4.1.8
to the swap operator Sy of the two-sided 7-local spectral expander (X, II). Let f be any
vector that is orthogonal to 1. Since V*#% are all orthogonal to the subspace spanned by

1 (i.e. V&) except for i = —1, we have f = Zf:o f;. Thus, by Lemma 4.1.7

k
|<Sk.f7f>ﬂk| < Z)‘kﬂ ’ <-fz7fz>Hk T e,
i=0
= €. (since )\2’1 =0)
And therefore,

JQ(Sk) = max{](f,SkﬂHk] fe RX(k)? <f7 ]‘>Hk =0, Hf”Hk = 1}’
<e€

4.2 Swap Walks and Longer Random Walks

The goal of this section will be to prove the following formula for the swap walks S,(C]?l) in

terms of the longer random walks P,(jl) for j=0,...,h,

Corollary 4.1.9. Let (X,1I) be a d-dimensional simplicial complez, and let k,l1,h > 0 be
parameters satisfying k > 1> h and, k + h < d. Then,

k+1 (h) - hei k—l—l—i-j h ()
=3 (=1 (") Y.
(z+ 1- h)s’“’l 2 (-1 [+1 i)

=0
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We will prove this statement in Section 4.2.1.

Our approach for proving this result will rely on first establishing a formula for the longer
(h) (4)
random walks P/ in terms of the swap walks Sy},

Lemma 4.2.1. Let u,l,k,d > 0 be given satisfying k > 1 > h, and k + h < d. Then, we

have the following formula for the PXLZ) on any d-dimensional simplicial compler X

(h) " (h> (z k1+1 ) ()
+1— j
Pri = E : ](k+h+1)j 'Sk],l'
I+1

We will prove this result in Section 4.2.3. The main observation the proof of Lemma 4.2.1
hinge on the following alternative characterization of the swap-walks:

We recall that S,g}?l) can be thought as describing the same process as P,(;fl), where we con-
dition the transitions between o and o/ on having a difference of fixed size: Starting from
a face a € X (k), first we sample a face 5 € X (k + h) from the distribution p (see Sec-
tion 2.4.1 and Section 2.4.4), and then we sample a uniformly random subset o € X (I) of

among all the subsets that satisfy |a/\a| = h. In particular, we have Sf:l)(a, o) =Pr[d | af.

It will be convenient for us to give an alternative description of S,(:l): We describe the process
which we will call the j-swapping walk of height & which we will represent by the stochastic
operator S,(fl” ). Starting from a face a € X (k), first we sample a face § € X (k + h) from

the distribution p((xh), and then we sample a uniformly random subset o/ € X({) of f among

all the subsets that satisfy |o'\a| = j, i.e. Sg?l;j)(a, o) = Pr[d/ | . It turns out that when
h > 7, the walks Sg l) and the walks ngl’j ) follow the same law. Formally,

Lemma 4.2.2. Let (X,II) be a d-dimensional simplicial complex for d > 0, and suppose
k,l,h,7 >0 are parameters satisfying k > 1> h > 7, and k+ h < d. Then,

s = il

We will prove this result in Section 4.2.2.

Finally, we will use binomial inversion to obtain Corollary 4.1.9 from Lemma 4.2.1. The
following result is well-known (see e.g. [BS02])
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Fact 4.2.3. Let (an), 50, (bn),5o be arbitrary sequences. Suppose for allm > 0 we have,

J
Then, we also have

ay, = Xn: (’;) (=1)7 - b,

Jj=0

For completeness, we will provide a proof of this in Section 4.2.4

4.2.1 Swap Walks in Terms of Longer Random Walks: Proof of
Corollary 4.1.9

Assuming all the statements we have mentioned in the previous section, we now provide a
proof for Corollary 4.1.9. We recall,

Corollary 4.1.9. Let (X,II) be a d-dimensional simplicial complez, and let k,l,h > 0 be
parameters satisfying k > 1> h and, k+ h < d. Then,

k+1 (h) - h—j k+1+j h (J)
= - : : - P
(L+1—h>sw ?;( D [+1 j) e

Proof. Fix faces a € X (k) and o € X(I) and set for all j =0,...,h
k+1 , ;
o = < N ) (1) - S9)(a, o).

I+1—j
Notice that we have by Lemma 4.2.1
h h
k+1+h) M (0 of h : h k+1 W,
'sz(a7a)zz < '(_1)]'%’:2 ] ~ 'Sk,z(%a)‘
( [+1 =\ = \J [+1—

In particular, setting for all j =0,...,h

k+1+j :
b= (M) e,

87



we can apply Fact 4.2.3 to obtain

ko ,
(l+1—h) (-1 5 () =

(5} v,

- (h) - <k+1+j) (=1 - PU)(a, o).

J [+1

Il
<. Q
> IIMv =
IS 3

J=0

Dividing both sides of this equation by (—1)" yields the desired result. O

4.2.2 Swap Walks are Height Independent: Proof of Lemma 4.2.2

The main result we will prove in this section, will be that the j-swapping walks S,(jl;j ) are
independent of the parameter h, so long as the parameter h is large enough, i.e. h > j,

Lemma 4.2.2. Let (X,II) be a d-dimensional simplicial complex for d > 0, and suppose
k,l,h,7 > 0 are parameters satisfying k > 1> h > j, and k+ h < d. Then,

{77 = s

Proof. We fix some o € X (k) and o/ € X({), and show that S,(;’Ll;j)(&, o) = SEj} (o, ). Tt is
clear that the claim is true when |o/\«a| # j, as both quantities equal 0 in this case. Thus,

we assume |o'\«a| = j. By Proposition 2.4.6, we know

; 1 iy (U )
Skjl) (047 O/) = TR+ (ki ’ (4'1)
| () (57 Thile)
Thus, it remains to show
y 1 iy i(aUa’)
SV e, a) = e - (4.2)
| () (57 Thile)

The process S,(:l;j ) first samples a face § € X (k + h) from the distribution p,(lh) and then
resamples a uniformly random face o"?) € X (I) among all the subsets ® € X (I) of 3 that
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satisfy | @ \a| = j. It is clear, that a9 = o/ is only possible when 8 D a U o’ which

happens with probability,

Pr[foaua] = ) plB),
B~Pa BEX (k+h),

BDaUa’

= Z Iy (7), (by Proposition 2.4.3)

T€Xq(h—1),
Do\

h
= (j)H?_l(O/\Oz), (by Proposition 2.3.1 and |o/\«a| = j)

B (?) . Hiyj(aUa)

= <k+§'+1) Hk(a)

(by Eq. (2.13) and |o/\«| = j)

Then, we note that conditioning on picking some 8 D a U o/, we sample o/ from [ with

probability
1

(%) - ()

since (lj:“_l]) : (?) is the number of subsets @ € X (1) of § such that | e \o| = j.

Prja™) =o' | D aUd] =

Thus, by law of conditional probability we have established Eq. (4.2), as
Skt (a,) = Prla®) = o],

=Pr[a™) =o' | D aUd]- Plzh)[ﬁ D aUd],
B~pa
B 1 (e Ua’)

= (k+j+1)( k+1 ) Hk(a)

J I+1—j

4.2.3 Longer Random Walks in Terms of the Swap Walks: Proof
of Lemma 4.2.1

We show that the longer random walks P,(fl) are given by an average of swap walks S,(c] l)
with respect to the hypergeometric distribution.
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Lemma 4.2.1. Let u,l,k,d > 0 be given satisfying k > 1 > h, and k+ h < d. Then, we
have the following formula for the P,(;Ll) on any d-dimensional simplicial compler X

w00 )
ARG

§=0 41

Proof. Our proof will rely on the observation that starting from a the processes ngl) and
S,(jl;j ) can be factorized into two steps: (i) picking some 8 € X (k+ h) with respect to p&h),
(ii) picking a face o/ € X (I) such that o’ C §. It is only step (ii) that these processes differ.
Our idea will be conditioning both processes on picking the same (3, and then conditioning
the first process |5\ |

We introduce some notation: starting from a we will write a® for the random face that P,(fl)

picks at step (ii), and a7 for the random face that S,(jl;j ) picks, i.e. we have P,(;Ll)(a, o) =
Prja® = o] and S,(:;j)(a,o/) = Pr[a) = o/]. Let 8 € X(k) be an arbitrary face.
We condition both processes on picking f in step (i). We write &£;(3) for the event that

the uniformly random set a® € X(I) we pick satisfies [a N B| = j. By elementary

Pr[£(5) | 6] = (()(_))

a(h) cB,
aMex ) I+1

combinatorics,

where the draw of the probability is uniform over the subsets a®) € X (1) of 8 € X (k+h).

By definition (Section 2.4.3 and Section 4.2.2), we have for all o/ € X (I),
Pra) = o/ | 8] = Pr[a™ =o' | § and &;(B)] (4.3)

since a"7) conditioned on f3 is distributed uniformly among all subsets of 5 in X () that
have difference of size j with «, and a® conditioned on 3 is distributed uniformly among

all the subsets of 5 in X(I).
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Now, by the law of total probability we have

Z > P Prl&;(8) | ] - Prla™ =o' | B and &(6)],

j=0 BeX (k+h)

(?)(zfiy) E [Pr| " —o| d &(B)]]

I+1
(ML) y
). K Pr a(h’J):o/|B
2wy B Pl |

where we used Eq. (4.3) to get the last equality. Another application of the law of total

Il
.Mb

7=0

> |l

probability gives us

E Prla (hsd) = o | 8] = Prla (hid) = o] = S,(Cl .
Bp

This allows us to write,
by ([ k
3 O

(a, ).
=0

The statement follows using the height independence of the swap walks S h] ) = S(J for all
7 =0,...,h,ie. Lemma 4.2.2 O

4.2.4 Binomial Inversion: Proof of Fact 4.2.3

In this section, we prove provide the proof for the binomial inversion result we have used
to obtain Corollary 4.1.9. We recall the following well-known result (see e.g. [BS02|)

Fact 4.2.3. Let (an), 50, (bn), o be arbitrary sequences. Suppose for alln > 0 we have,

Then, we also have



Proof. Suppose we have,
b, = (n> (1) - a4 (assumption)

for all n > 0. Then,

ZZ; (?) (—1) by = no (?) S(=1) - ;0 (Z) (=1)'-a, (by assumption)

I
3
o
iM-
o
YR
< 3
N——
VR
. o,
N——
T
—
.
Tt
8

) i" :) (nl—i)(_l)l> _ (T;) s, (= —1i)

where to get the last inequality we also used (—1)/~% = (—1)’**. Now, we conclude by the

[e=]

binomial theorem,

0 otherwise.

And therefore,
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4.3 Decompositions of R¥*) and Balanced Operators

We state the definitions used in our technical proofs starting with v~-HDX from [DDFH18].
A d-dimensional simplicial complex X is called v-HDX provided that we have

P} —PY|

II; S v (V_HDX)

for every i =0, ...,d.

We observe that from Lemma 3.1.6, it trivially follows that any two-sided 7-local spectral
expander is a v-HDX.

Corollary 4.3.1. Let (X, II) be a d-dimensional simplicial complezx. For allj =0,...,d—1
we have

A v
vi-1-1 2, Py =Py =y v L

In particular, if (X, 1) is a pure two-sided ~y-local spectral expander, i.e. max{~;,|v;|} <~
forallj=—1,---,d—2 we have
<

‘ 11,

forall j=0,...,d—1 and thus (X,1I) is also a y-HDX.

A \
PA — P}

Proof. By Lemma 3.1.6, we know
ijl . (I — Pjv) jl_[j P;\ — Pjv jl_[j 'ijl . (I — P]V)

since Pjv is positive semi-definite, i.e. Pjv =1, 0 and v;_; < 0.

The second claim about the operator norm, follows immediately from the definition of the

positive semi-definite order =1, and the definition of the operator norm. O]

Naturally the complete complex A, ; is a 7-HDX with as it is also a two-sided 7-local
spectral expander. Moreover, in this particular case v vanishes as n grows.

Lemma 4.3.2 (From [DDFHI8|). The complete complex A, 4 is a v-HDX with v =
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Proof. 1t is easy to verify that when a € A, 4(j) for j = —1,...,d — 2, the random walk
matrix M, of the link describes the random walk on a complete graph on n — (j + 1)

vertices. Thus, 03(M,) < 1/(n— (5 +1)). O

4.3.1 Decompositions of R¥*)

We first introduce some notation: Let (X,II) be a d-dimensional simplicial complex, for
0 <1 < d we write . .
HD :=kerD; = {f e R : D, f =0}

for the linear subspace of RX® on which D; vanishes. We set, H(=) = R. We write V3
for the linear subspace of R¥X(*) that consists of lifts of functions from H®, i.e. for all i > k,

VED = Up_y - UHD = {Up_y - Uih - h e HO ),

When, i = k we set V&) = HO_ For convenience, we also introduce the shorthand
" e RX(k+h)xX(k) for the operator,

notation, U,g
uh — I if h =0,
g Uppnot--- Uy if A > 1.

With our new notation, V%) = ngfi) ker(D;).

We first show that if X the least eigenvalue A\yin(M,,) of the links a € X (< d — 2) is large
enough, then the vector spaces V% yield a decomposition of the vector space R¥*) i.e.

Theorem 4.3.3 ([DDFH18|). Let X be a d-dimensional simplicial complex such that |v;| <

z‘%z forall=—1,...,d —2. Then, we have the decomposition,

RX®) — P(kik) D Pkik—1) DD Plki=1)
forallk=0,...,d.

In particular, every function f € RX®) has a unique decomposition f = Zf:_l f,; such

that £, € VG for all i = —1,... k.

Further, for all £; € V*) and i > 0 we have (f;, 1), = 0.
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Before we go on proving this theorem, we make a simple observation,

Corollary 4.3.4. Let (X,II) be a d-dimensional simplicial complex. For 0 <1 <d—1 we

have,
>1+U+1yw4'

Proof. By Lemma 3.1.6, we know
PP =m vl + (1 — v21)P)Y.

Using the definition of the non-lazy up-down walk P}, this implies

1+ (+ 1)y, [+1 1L+ (+ 1y,

PA - A+ ——(1—y_y)-PY = N

LS T T mwe) Pl —— ’

where we have used v;_; <0 and Plv =1, 0. The claim now follows from Fact 2.1.8. ]

Proof of Theorem 4.3.3. We first prove the claim about uniqueness of the decomposition:

1

We note that assuming the bound |v;| < 73, We can show that every up-down walk PiA

fori=0,...,k—1 on X is positive definite by Corollary 4.3.4. Since in this case,

1 I[+1) y_
/\min(PlA): +( l+—|—2) ] >0

forall [ =0,...,d—1.

We now, prove the decomposition theorem by induction on k. The induction basis is
the case when k = —1, where the statement is trivially true, since R¥-Y = R and
Y1) = (1) = R. Thus, we suppose that the statement of the theorem holds for some
(k—1) h.

k > —1, i.e. every function from f € R¥®) has a unique decomposition f = Zf:q U, i
where h; € H®. By applying the rank-nullity theorem to the operator Dy ; we can obtain
that RX* D) = ker(Dy41) @ im(Dj,,) = ker(Dj41) @ im(Uy), i.e. every g € R¥*+D can be
written uniquely such that g = hy 1 + g’ where g’ € im(Uy). In particular, there exists

some f € R¥® such that g = hj,1 + U,f. As we have shown above, by our assumption
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P2 = Dyy1Uy, is positive-definite, i.e. ker(P%) = ker(Uy) is trivial, which means that the
map Uy is injective. Thus, the unique choice of g’ determines the choice of f uniquely,
i.e. there exists a unique hy; € H**Y and a unique f € R¥® such that g = hyq + Ui f.
L k=i)p,

Now, by our induction assumption we have a unique decomposition g = > .7 U, i

such that h; € H®.

Now, we proceed to show the orthogonality claim: For k > i > 0, let f, € V&9 be
arbitrary, i.e. f, = ng_i)hi. Then, we have

(fi D, = (Ug—1 - Ushi, 1), = (hi, Digy - - D), = (hy, D),

where we have used the definition of the down operator to obtain D, ---Dy1 = 1. Now,
the statement follows from the rank-nullity theorem: Since 1 € im(D}) = im(U;_1) and
h; € ker(D;) we have (h;, 1), = 0. O
For convenience set & € R such that & = 1/(i +2) for i = 0,...,d — 1. It will be
convenient to work with the following equivalent definition of of y-HDX

 + 1
Z+2-7 forall i=0,...,d—1. (v-HDX)

IDis1Ui — (1 = 6;)U; 1D = dilll;, <

Towards our goal of understanding quadratic forms of swap operators we study the approx-
imate spectrum of operators of the form Y = Y, ---Y; € RX®)*X(®) where each Y; is either
an up or down operator. We regard the expression Y, ...Y; defining Y as a formal product.
When we say that the spectrum of Y depends on Y we mean that it depends on £ and on
the formal expression Y, ...Y; (i.e. the pattern of the up- and down-operators occurring in
Y). By definition, the random walks PkA = Dy 11U and ka = U,_1Dy, are pure balanced op-

erators where [ = 1. Similarly, the random walk operator Plgh) = Dgy1- - DeapUgan—1--- Ug
is also a pure balanced operator where [ = 2h.

Taking linear combinations of pure balanced operators leads to the notion of balanced
operators. Formally, we call B € RX®)*X(¥) g balanced operator provided there exists a
set of pure balanced operators ) such that

B= > a"V,

Yey
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where the scalars o for Y € Y satisfy o” € R.

The following observation is why we consider the notion of balanced operators,

Observation 4.3.5. Let (X, 1) be a d-dimensional simplicial complex. Corollary 4.1.9
establishes that all swap walks S,(;fl) are balanced operators so long as they are well-defined.

In particular, the operators Sy, and Sy are balanced operators as well.

It turns out that at a more crude level the behavior of Y is governed by how the number
of up operators compares to the number of down operators. For this reason, for a pure
balanced operator Y € RX*)*X(*) we define the notations, define

U(Y)=1{Y; | Y, is an up operator} and D(Y)={Y; | Y, is a down operator}.
When Y is clear in the context we use Y = U(Y) and D = D(Y).

Henceforth we adopt the convention of always assuming h; € H” = ker (D;), f;, € V&9
and g € RX®)_ This convention will make the statements of the technical results of Sec-
tion 4.3.2 cleaner.

4.3.2 Quadratic Forms over Balanced Operators

Now we establish all the technical results leading to and including the analysis of quadratic
forms over balanced operators. Our main result is Lemma 4.1.8 which can be thought of
as a result about the approximate spectrum and approximate eigenvectors of balanced
operators. This can be seen as a generalization of the results of [DDFH18|, which proves
the analogous result for the case of the up-down operators PiA. To establish our result, we
need to make the error parameters in their analysis explicit. We first recall Lemma 4.1.8,
Lemma 4.1.8. Let (X, II) be a d-dimensional two-sided y-local spectral expander such that
v < e (L6EM202 50y, |aW|)71, for some € € (0,1). Let Y C {Y | Y € R¥XF)*xX()1 pe ¢
collection of formal operators that are product of an equal number of at most | up and down
operators (i.e., pure balanced operators). Let B =) ., a Y where a¥ € R for allY € .
Then, there exists constants )\);i only depending on k and i (and not on (X,II)), such that

for any f € RX® with || £||n, = 1 we have

k
<B-f7 f>Hk = Z (Z aY)\z,i> ’ <f17 fz)l_[k + €,

i=—1 \Ye)Y
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where f = Zf:q f; is the unique decomposition where f; € V*9 for alli = —1,... k.
Since swap walks are balanced operators, this will directly imply the following,

Lemma 4.1.7. Let (X,1I) be a pure d-dimensional two-sided ~y-local spectral expander
where v < € (64kk+423k+2)_1 for some € € (0,1). If d > 2k + 1, there exists constants )\2’;
for alli = —1,... k only depending on k and i (and not on (X,II)) such that, for any
Ff € RY®) with || fln, = 1 we have

(Skf, Fu ZA (fir Fidmy

where f = Zf:_l f. is the unique decomposition satisfying f; € V)

The next result, Lemma 4.3.6, (implicit in [DDFH18]) will be key in establishing that the
spectral structure of balanced operators on a 7-HDX is fully determined by the parameters
iné provided v is small enough. Note that the condition of being a v-HDX provides a
“calculus” for rearranging a single pair of up and down D,;U; operators. The next result
treats the more general case of Dj 11U, - - - U; where j > i.

Lemma 4.3.6 (Structure Lemma). Let (X,II) be a pure d-dimensional simplicial com-
plex that is a two-sided v-local spectral expander (in particular, a y-HDX). Suppose, Y =
(Ye---Yy) € RXGHE=2XXG) s an operator such that each Y; is either an up- or down-
operator and |[D(Y)| = 1. Let Y. € D be the unique down operator in Y =Y,...Y1. Then,
for any operator A € RXW*XEH=2 with ||Alln,,, ,om, < 1 and for all vectors h; € HY
and g € RX®) we have we have,

0 iff=1lorc=1
<AY£---Y1hi,g>Hk =

—

Qei(8) - (AU P hy @), £ (¢ —1) -+ |hilln

otherwise,

where Q.;(®) is a polynomial in the variables 5 (from the v-HDX definition) depending on
¢, such that Q. (0 ) < 1.
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Proof. The statement is trivial when ¢ = 1 or ¢ = 1, since in both cases Y is of the form
Y = (Y;---Y3)D; and in particular, Yh; = 0, since h; € H). We proceed by induction on
c¢: Assume that for any pure balanced operator Y/ =Y/ ---Y] such that Y._, is the unique

down operator, we have

w gl (1H)

(AY) - Y ki, g, < Qe_1.4(8) - (AU PRy ghpr, + (¢ —2) -y - || bl

We observe now, that since Y, is the unique down operator in Y we must have Y, = D,
for ¢ =i+ j — 2, and in particular Y.Y._; = D;11U;. Note that since (X, II) is a y-HDX,
we have ‘

IDj1U; = (1 = 6;) - U;-aD; = Gl < % e
In particular, there exists an operator Q € RXU>*X0) such that ||Q[n, < (j+1)/(j +2) -7
that satisfies,

We substitute this, in place on Y,.Y. 1,

</-\Yhi79>nk = <AYZ o 'Yc+1(Dj+1Uj)Yc—2 o 'Y1hi,g>nk7
= (AYp - Y1 (Q+ (1 — 53') -U;_1D; + 5j|)ch2 --Y1hi, g)n, -

By expanding the above,

(AYp- - Yer1(Q+ (1= 65) - U;-4Dj + 0;)Yea - - Y1k, g)m,
= (AY; Y1 QYoo - Yihi, g)m,
+(1—=6;) - (AYy---Ye U, D;Yo o Yihy, g)n,
+ 05 (AYp - YeulYe o g)m, (4.4)

The first term on the RHS can be bound by the Cauchy-Schwarz-Inequality (Fact 2.1.1)

99



and the submultiplicativity of the operator norm (Fact 2.1.12)

(AYe"'YcHQYcJ o 'Ylhiag>l'[k = = HAchz o 'YIH : th‘ I - HQHHM
j+1
= + —— v ||l - ,
L5 Il g,
= £ 7 [[hillm, - llglim,- (4.5)

The second term on the RHS can be bounded by the induction hypothesis (IH) since the
only down-operator on the expression Y;---Y.1U;—1D; - Ye_o---Y; is on the (¢ — 1)-st

spot, i.e.

(AY - - “Yer1U;m1D;Y g - 'Ylhiag>Hk
< Qe14(0) - (AU PRy g)n, % (e —2) -y - |||

The third term can be seen to be equal to §; - (AUZ@_Q)hi, g)m, since the only down operator
among Y; is Y. which is not present there. Plugging this, Eq. (4.5), and Eq. (4.6) into
Eq. (4.4), we obtain

(AYh;, g)r, < (1—=6;)- Qer4(8) - (AU PRy, gy,

I1;
+ - Rl | gl

— —

Setting Q.i(6) = (1 — §;)Qc—1,:(6) + ¢; yields the result. O
With Lemma 4.3.6 we are close to recover the approximate spectrum of Dy 1 Uy, from [DDFH18].

However, in our application we will need to analyze more general operators, namely, pure
balanced and balanced operators.

Lemma 4.3.7 (Refinement of [DDFH18|). Let (X,II) be a two-sided y-local spectral ex-
pander and let k,l,2 > 0 be parameters such that d > k+ 1 and | > k > 1. Then for
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any f; € V*) such that f, = ng_i)hi and for any operator A € RXW*XK) sych that

A, —m, < 1, we have

yaN
(APLF. g) = A* - (Afig) & (k—i+1)-v- [k,

g||Hi7

=

A
where )\ip’“ = Qr—it2,i(0) with Q. ,(e) being defined as in Lemma 4.5.0.
Proof. Recall that PkA = Dgy1Ug. The statement follows from Lemma 4.3.6 by setting
Y = Dy U, O
We also show that the powers of PkA = Dg41Ug behave as expected,

Lemma 4.3.8 (Exponentiation Lemma). Let (X,II) be a pure d-dimensional two-sided
~v-local spectral expander and let k,i > 0 be parameters such that d > k+ 1 and k > 1.
Then for any f, € V¥ such that f; = ngfi)hi

s pa” ,
(O’ fu i, = () IR0, = s+ i1 T £,
A
where )\ipk is defined as in Lemma 4.3.7.
Proof. Follows immediately from the foregoing and the fact that ||P% ||r, = 1. O

Let again let Y = (Y, ---Y;) € R¥®)*X( he a product of up and down operators. In the
case |D(Y)| > |U(Y)|, we show that Y is an operator whose kernel approzimately contains
HO) = ker(D;).

Lemma 4.3.9 (Refinement of [DDFH18|). Let (X,II) be a pure d-dimensional simplicial
complex that is a two-sided ~y-local spectral expander (in particular, a v-HDX). Suppose,
Y = (Yoo Yy) € RXOXXD s g product of up- and down- operators such that |D(Y)| >
U(Y)|. Then, for any operator A € RX®*XW) with ||Aln,n, < 1 and for all vectors
h; € HD and g € RX®) we have

<AYhi79>Hk = £/ Y th|

1 |1gllm, -
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Proof. Let ¢ € [{] be the smallest index for which Y, is a down operator. Observe that
¢ < £/2 since |D| > |U|. We perform induction on m = |D|. If £ = 1 or ¢ = 1, then the
claim holds trivially since Yh; = (Y;---Y2)D;h; = 0. Hence, we assume ¢, m > 1 and that

we have

<AY/hi,9>Hk = +0. v th\

n, - gl (IH)

for every product Y’ =Y/ --- Y] of up- and down-operators satisfying the condition m—1 >

IDY)| > [UY)]-
In our case, W.W,._; = D;;.U; 1. Thus, applying Lemma 4.3.6 we obtain
(AYhi, g, = ((AYe... Y1) DigeUiie UV by, gh,,

o . /
= Qui(®) - (AYe... Yer) U Vhig)n, + 5y |[h

1I; gHHka

14
glln, £ 5 -hillnllglln,, — (by TH)

— £ Qu(0)- (L —2)* - | 5

= Ry

Hi Hi

1, 19|,

-

where in the last step we used @).;(6) < 1 and in our application of Lemma 4.3.6 we have

used that ||AY; -+ Yei1|

I c— 11k <1 L

We now consider an important particular case of product operators Y = Y,---Y; €
RX )X k) where |D(Y)| = [U(Y)|, namely, the random walk operators

P;(fh) = Dig1+  DegnUpgn—1 -+ Up.

We show that Plgh) is approximately a polynomial in the operator PkA = Dy1Ug. As a warm

up consider the case P,(f) = Dy 11DgioUg1Ug. Using the inequality from the definition -

HDX, we get

P,(f) ~ (1 —=0k41) - Drt1UkDiiaUp + 6ir - Dya Ug,
= (1= 0ks1) - (Drs1Up)® + Gpy1 - DryaUp,

2
= (1= 0p41) - <PkA> + Opp - PL
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Inspecting this polynomial more carefully we see that that its coefficients form a probability
distribution. This property holds in general as the following Lemma 4.3.10 shows. This
gives an alternative (approximate) random walk interpretation of P,gh) as the walk that first
selects the the length s according to the distribution encoded in the polynomial and takes

s steps of the random walk PkA, as dictated by (PkA)S.

Lemma 4.3.10 (Canonical Polynomials). Let (X, II) be a d-dimensional two-sided ~y-local
spectral expander (in particular, a v-HDX). For k,h > 0 such that d > k + h there exists

a degree h univariate polynomial F, , s depending only on h, k, 5 such that

h A
HPl(c )~ Fu,k,§<Pk )‘

Moreover, the coefficients of this polynomial form a probability distribution, i.e., F, , s(x) =

S et where S ei =1 and ¢; >0 fori=0,... h.

< (h=1)%-7.

I,

Proof. For h = 0, P’ = | and the lemma follows. Similarly, if h = 1, P") = P2 and the

lemma follows. Now suppose h > 2. Set Y = P,ih), ie.,

Y - Dk+1 e (Dk+hUk+h_1) e Uk

For convenience, we let 5 = k + h — 1. Using the condition for being a y-HDX, and
the submultiplicativity of the operator norm (Fact 2.1.12 )we can replace D;;1U; in Y by

(1 —6;)U;_1D; + 6l incurring an error of v (in operator norm) and yielding

<7

— )
k

PO = (=6 -y + 5PV

where Y’ was obtained from Y by moving the rightmost occurrence of a down operator (in
this case D;11) one position to right. We continue this process of moving the rightmost
occurrence of a down operator until the resulting operator is up to (h—1) -+ error, i.e. until

we obtain

PV — [ a P (DeaUi) + B-PY V[ <(h-1)7,

/

~—
_plh=1) pA
—ph=1.ps I,
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where o = [[_ o1 (1 —0;) and 8 = S 1 0 [T jp1 (1 —0;). Since 0; = 6; > 0, o, 3 are

non-negative and satisfy a + 5 = 1. Now the result follows from the induction hypothesis

applied to P,(Ch_l), Le. setting I, s(x) =a -z F,_,  5(x)+ 8 F,_,, 5x). O

Remark 4.3.11. Having a polynomial expression Fu’k’g(PkA) ~ P,(Ch) and knowing that Sy can
be written as linear combination of longer walks P,ih) (Corollary 4.1.9), we could deduce
that S, is also approximately a polynomial in Dg,;U;. Using an error refined version
of the Lemma 4.3.8 (showing that exponentiation of Dy;U; behaves naturally), we could
deduce the approximate spectrum of S;. We avoid this approach since it analysis introduces
tedious error terms and we can understand quadratic forms of pure balanced operators

directly.

Remark 4.3.12. The canonical polynomial F , g(PkA) will later be used in the error analysis

(Lemma 4.3.15).

Now we consider the case of balanced operators Y € RX0)*X(*) where |D| = U] in full
generality. We show how the quadratic form of Y behaves in terms of the approximate
eigenspace decomposition RX*) = @F Pk,

Lemma 4.3.13 (Pure Balanced Walks). Let (X,II) be a pure d-dimensional two-sided
~y-local spectral expander (in particular, a v-HDX). Suppose Y = Y,...Y; € RXKE)XX(E) g
a product of an equal number of up and down operators, i.e., |D(Y)| = [U(Y)|. Then for
fie vk

YFofom, = N (FoFom, £ - (B + L0k —i—1)|hin

where \Y ; is a constant depending only on Y, k and i (and not (X,11)), and h; € HD is

Z

such that f;, = ng_i)hl-.

Proof. We perform induction on even ¢. For ¢ = 0, the result trivially follows so assume

¢ > 2. For the induction step, we assume that for every I’ < [ and Y = ?l/ . -?1 consisting
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of an equal number of up- and down- operators, we have
Yfo Fome = N (Fo Fme £ - (P + (k=i — V)| hillu | Filln,,  (TH)

Let ¢ € [¢] be the smallest index of a down operator. Set A = Y,...Y.; and let Y/ =
Ye.o..Y1 =Dgie1Ugico... Ug. Observe that

(YFi Fine = (AY'Fi Fidn, = (ADkeert U V(U hi). fidm, = (ADsera U Vi, £,
Applying Lemma 4.3.6 to the RHS above gives

(ADk+c—1U§k+0717i)hi, iy = Qrie—io14(0) - (AU h fom £ (c+k—i—1) -+ |[hllm | £l
= Qrremii AU o Fmme £ (e + k=i — 1) -y - Vsl | il -

Applying the induction hypothesis (IH) to Y = AU,(CCQ) in the above RHS yields

Qc—l-l-k—i,i(g) ’ /\Z,/z/ ' <fm fZ>Hk

+ Qeorrksa(0) -7+ (0 =27 + (€= 2)(k — i = D) [l | F:llme
£ (c+k—i=2) -y [[hillmll £;llm,
= N (o Fme £ 7 (G + Lk — i = 1)l Rl | £ .

=

where we have defined \Y; := Qc—14x—,:(9) /\XY;/. The last inequality follows from Qc—l—&-k—i,i(g) <
1 and ¢ < /. O

To understand all errors in the analysis in Lemma 4.3.13 we need to derive the approximate
orthogonality of the vectors f, € V*%) and f; € VD) for 4 # § from [DDFH18| in more
detail. We start with the following bound in terms of h;, h;.

Lemma 4.3.14 (Refinement of [DDFH18|). Let (X,1I) be a pure d-dimensional two-sided

~-local spectral expander (in particular, a v-HDX). Let k,i,j be parameters, such that
k>1i,5 and i # j. Then, we have

(fi £idme = £ @k —i—3)" 7 [hiln

where h;, h; satisfy ngﬂ')hi = f, and Ug-k*j)hj = fj.

thHj'

7
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Proof. Without loss of generality suppose ¢ > j. We have
k—i k—j
(Fi £0me = U R, U hy)n, = (Yha, by,

where Y = Dj g - DgUg_q1---U;. Since k — 7 > k — i, i.e. |D(Y)| > U(Y)], the statement

follows from Lemma 4.3.9. ]

To give a bound for Lemma 4.3.14 only in terms of the approximate eigenvector norms
| £:llm, and not in terms of ||h;||1,, we need to understand how the norms of h; and f, are
related.

Lemma 4.3.15 (Refinement of [DDFH18|). Let (X, II) be a pure d-dimensional two-sided
v-local spectral expander (in particular, a v-HDX). Suppose we are given parameters k,i >
0 such that d >k >i. We define, ni.; := (k —4)* + 1 and let 3; := \/’kai,i,g(éi) + il
where Fk_i,k’
Fi. € V&) we have,

5 15 a canonical polynomial of degree k — i from Lemma 4.3.10. Then, for all

<.fi7 fz>Hk - 612 : <h17 hi)l_[ia
where h; € HY satisfies f; = ng_i)hi and f; = ng_j)hj. Furthermore, defining 0, =
(i +2)" " if v < 1/(2 i - k), then By > 55—

Proof. For i = k the result trivially follows so we assume k > 7. First consider the case

k =1+ 1. We have
(Uihi, Uihi)n,., = (DigiUshi b)) = 0, - (hi, hy)n, £ - (hy, hy)n,. (4.7)
This follows from the condition of being v-HDX, i.e. we have
DiiU;i=Q+ (1 —-6)U;1D; +6; - |,
for some operator Q € RXM>*X() with ||Q|y, < v annd thus

(Dit1Uihi, hi)r, = (Qhy, by, + 6; - ||y, byl

I1;
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where we have used that U;_1D;h; = 0. Now Eq. (4.7) follows from the Cauchy-Schwarz
Inequality (Fact 2.1.1).

For general k > i we have,

(fir Fom, = <U§k_i)hi, U,Ek_i)hi>ni = (Dit1---DgUp_1 -+ - Ushy, hi)ni = <P§k_i)hi, hi)m,.

(k—i)

Applying Lemma 4.3.10 to P; together with Cauchy-Schwarz Inequality (Fact 2.1.1)

yields
(P hishi) = (F5(PR) - hihi) £y (k—i=1)%

Combining Eq. (4.7) and Lemma 4.3.8 gives

(Fy 5P, £ 7 (k—i—1)° = <Fk_i7i7g(5i)hi,hi>n oy (k=024 1).

i

Since Fk]\i (@) = Zf:_é c;z' where the coefficients ¢; form a probability distribution, we

get

1 k—1
FN  (§;) > o = .
kfz,z,é( ) - (Z + 2)

O
Now, we can state the approximate orthogonality Lemma 4.3.16 in terms of the eigenvector
norms.
Lemma 4.3.16 (Approximate Orthogonality (refinement of [DDFH18|)). Let (X,1II) be a
pure d-dimensional two-sided ~y-local spectral expander (in particular, a v-HDX). Suppose
we are given parameters k,i,5 > 0 such that d >k >, j. Let ny s, ks, Bs for s € {i,j} be
given as in Lemma 4.3.15. If ¢ # j and B;, B; > 0, then for all f; € pk:), f;€ Yk,
V- (2k —i—j)
BiB;
Furthermore, if v <min (1/(2 - e - Ori), 1/(2 - iy - Ok ), then By, B; > 0 and

2
(fi fjm, = + 1 il 1L -

(ForFu, = £7- 00 (2k —i— )% Fillm |1 fl,-
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Proof. The statement follows directly from Lemma 4.3.15.

We will need this direct consequence of Lemma 4.3.16,

Corollary 4.3.17. Let (X,1II) be a pure d-dimensional two-sided ~y-local spectral expander
(in particular, a v-HDX). Suppose k > 0 is such that d > k. Let f € RX®) be given with

f=3F | f with f; € V&) for everyi = —1,... k. Ifvy < e- ((k+2)% - 4k?)

some € € (0,1) we have,

£l = (1 =¢) (lefllnk>

i=—1

Proof. Since || f||f, = (f, f)m,, we have

k k
IFIE, = DA+ D (Fi Fim,
1=—1 1,j=—1,

i#]

By Lemma 4.3.16, we have

k k
1FIG = D NFl? £ D0 7Ok Ory - K[l - 115l

i=—1 ij=—1,
i#£]

By using the AM-GM inequality on the RHS

k

k
1FIE, = D OIFIP £ > 7O Oy - 26 (IFill, + I1F50,)
i=—1 ij=—1,i#j
k

k
=D AP £ v ke 20 Y (Ifillfy, +IF508,), (Bra Oy <

i=—1 i,j=—1,i#j
k k
= Y AP £ v (k+2)% -4 |1 £,5,.
1=—1 1=—1

= (1£7-(k+2)%* 4k?) - ZHfHHk

i=—1

The statement now follows by our choice of ~.
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Now we finally prove Lemma 4.1.8 for bounding quadratic forms of general balanced oper-
ators. We will do this by generalizing the above analysis for pure balanced operators. We
restate again for convenience,

Lemma 4.1.8. Let (X, I1) be a d-dimensional two-sided y-local spectral expander such that
v < e (L6KF202 37 0y, |on|)_1, for some € € (0,1). Let Y C {Y | Y € RXF)*xX(k)1 pe ¢
collection of formal operators that are product of an equal number of at most | up and down
operators (i.e., pure balanced operators). Let B =3} a¥Y where a¥ € R for allY € ).
Then, there exists constants A ; only depending on k and i (and not on (X,II)), such that
for any f € RX® with || f|lu, =1 we have

B = S (zw) o Fon

i=—1 \Yey

where f = Zf:_l £, is the unique decomposition where f; € V*9 for alli = —1,... k.

Proof. The statement follows from Lemma 4.3.13, the assumption on ~, and the following

computation,

k

(Bf, fin, = Z <sz'>fj>1_lk7

ij=—1
k
= Z Z&Y'<Yfiafj>nk>
ij—leGJJ
:ZZOC )\ fz:.f>nk)7
2—71Y€y
+ ZZa (4L k) ),
z—leEJ/
+ Z Do (Yfif i,

hi=—1, YEY
i#]
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where we have used Lemma 4.3.13 to obtain the expression on the last equality by rewriting

the diagonal terms (Y f,, f,)m,. Next, we note that for our choice of v we have,

k

£33 At (Bl Filln) = £7 D (Fu Fin = %5,

i=—1YeY b
where we have used Lemma 4.3.15 and Corollary 4.3.17. Next we note that we can bound

the cross-terms (Y f;, f;)u,. Suppose, i > j then,
YFfi fim, = <YU§k7i)hi> Ug'kij)hﬂﬂk = <A\7hi7hj>ﬂj’

where we wrote Y = Di--DipYUp_y---U; and A = Djy1---Djpq. Since Y contains

o1, < 1 as A is row-stochastic, by

Lemma 4.3.9

IL; - ”h’jHHk?
B+ IRl ).

where we have used the AM-GM inequality for the last step.

Yfifim, = £ ((+2k+1)%
+ (£+2k—|—1)2.7<|

In particular, by our choice of ~,

S S VB - & (2 (zw)-k-zuhiua,

nohYeY Yey i=—1

k
€
= £ S

i=—1
I
2

where we have used where we have used Lemma 4.3.15 and Corollary 4.3.17. ]

We instantiate Lemma 4.3.16 for swap walks with their specific parameters. First, we
introduce some notation. Using Corollary 4.1.9, (and Sg = S,(f; 1)) we have

k+1 .
(ki1 [k+1
Sk: _ Z(_l)k-i—lj.( . )( j ) Za] 7

J=0
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where a; = (—1)*177. (kﬁ:ﬂ) ' (kjl)

Finally, we have all the pieces to prove Lemma 4.1.7 restated below.

Lemma 4.1.7. Let (X,II) be a pure d-dimensional two-sided ~y-local spectral expander
where v < € (64kk+423k+2)_1 for some € € (0,1). If d > 2k + 1, there exists constants )\2’;
for all i = —1,... k only depending on k and i (and not on (X,I1)) such that, for any
Ff € RX®) with || flln, =1 we have

(Stf. F)u ZA (Fo Fom, =+

where f = Ef:q f. is the unique decomposition satisfying f; € V)

Proof. First note that Lemma 4.3.13 establishes the existence of approxmlate eigenvalues
p()

Al of P(j corresponding to space V¥ for 1= — , k such that )\k’; depends only
on k, ¢ and j. We have, )\2’“Z = Z;ﬁé aj)\k’; where o = (—1)k+1_] : (kzﬁ”) : (kjl) Now,

to apply Lemma 4.1.8 and conclude the lemma (with Corollary 4.1.9) we only we need to
bound Zf:o |a;]. Since

k41 k+1 . k

kf—|—j—|—1 k+1 k41 k+k+1 3k+2
Z'%':Z(Hl)'(ﬁl)gz 2 -
=0

J=0 J=0

where we have used (kjl) < 2F+1 for eliminating the first term. O]

4.3.3 Rectangular Swap Walks Sy

We turn to the spectral analysis of rectangular swap walks, i.e., Si; where k # [. Recall
that to bound o5(Sg) in Theorem 4.1.1 we proved that the second sigular value of Sy on
a two-sided v-local spectral expander (X, II) is close to the second singular value of SkA”’d
using the analysis of quadratic forms over balanced operators from Section 4.3.2. Then we
appealed to the fact that S,i;;’d is expanding since it is the walk operator of the well known
Kneser graph. In this rectangular case, we do not have a classical result establishing that
SkAJ"’d is expanding, however one can still prove the following result Lemma 4.3.18.
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Lemma 4.3.18 ([AJT19]). Let parameters d,k,l > 0 be given such that d > k + 1+ 1.

The second largest singular value JQ(S,ff’l‘le) of the swap operator S,f‘j’d on Ay q 1S

N k+1 [+1
' <
EICHDIRS max(n—k:—l’n—l—l ’

provided n > My, where My, € N only depends on k and .

Lemma 4.3.18 can be proven by studying a generalization of Kneser graphs which we call
bipartite Kneser graphs. We write K(n,k,l) = (L, R, F) for the bipartite graph with the
bipartition (L, R) such that

L:(@),R:(@) and E={{a,8}:acl,BcRanp=a)

We then note that the normalized-adjacency matrix W1 ;41 of the bipartite Kneser graph
K(n,k+ 1,1+ 1) can be written as,

0 Sppe
Wiiii41 = <SAW)* N
ol

where we have introduced the notation SkA,l"'d for the swap operator on the complete com-
plex. We observe,
sona (S 0
0 (ser) e
By Fact 2.1.6, the upper-left and bottom-right principal submatrices of W, , have

the same singular values. In particular, as a consequence of the Courant-Fischer-Weyl
Theorem 2.1.4 and Corollary 2.1.5 we have

02 <5kA,7’d> = A2 (Wi?;+1,z+1) = 02(Wii1,41)- (4.8)

With this it is apparent that understanding the singular values of Wy, ;1; is useful for

2 —
Wk+1,l+1 -

understanding the singular values of SkA’?’d — which is the operator which we actually care
about.

It turns out, one can still establish the entire spectrum of these graphs,
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Lemma 4.3.19 ([AJT19]). The non-zero eigenvalues of the normalized walk matriz of
Wy, of K(n, k1) are
n—k—i\ (n—1l—1i
(") (L)
n—k\ (n—I )
(")
fori=0,... min(k,I).

In particular, by Corollary 2.1.5 the singular values of Wy, are
(") ()
("))

fori=0,... min(k,I).

In [AJT19], the above lemma was proven by the observation that the precise set of eigen-
vectors for Wy, is known (see, [Fil16]) as Wy, is closely related to operators in the Johnson
scheme (see, [GM15]). However, we omit this computation as it requires introducing some
representation theory, which is beyond the scope of this thesis.

Now the proof follows a similar strategy to the one we have employed to prove Theo-
rem 4.1.1, by analyzing quadratic forms over S Sy using the results from Section 4.3.2
since by Corollary 4.1.9, the operator Sj ;S ; balanced. Formally,

Corollary 4.3.20. Let (X,II) be a d-dimensional simplicial complex. Let k,1 > 0 be
parameters such that d > k > 1. The operator gk,l = SZ’ZSM e RXOxXW) s palanced and
satisfies the following equality,
I+1 . .
~ (k1 4+ 9\ (E+1+0\ (I+1\[l+1 AN\ * (i
S, — _1)it <P(J)> P(Z)_
w= e ()R O () e e
Proof. The formula follows directly from Corollary 4.1.9. We only verify that the terms

(P,(jg) P,&il are pure balanced operators, i.e. contain an equal number of up- and down-

operators. We have,

(P,@) P,(;)l = (Dis1- DrgjUryj1---U)) Drgr - DyiUpgion - - - Uy,
= Dis1 DrjUkj—1 - UpDgy1 -+ DigiUpgia - - Uy,

and thus each (P;ﬂ) Pg)l is a product of k+j—1[41i up- and k+j—[+i down operators. [
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Lemma 4.3.21. Let (X,II) be a pure d-dimensional two-sided ~y-local expander (in par-
ticular, a v-HDX) such that v < € - (128 - -k? . [F424+2k+6) =L for some e € (0,1). Let k, 1
be parameters such thatd > k+1+1 and k > 1. For any f = Zi:_l £, € R¥O sych that
£, €V foralli=—1,...,1 and || f|lu, = 1, we have

(Suit 1), =S f

i=—1

where )\22’1 are constants only depending on k,l,i (and not on (X,11))

Proof. The proof will be analogous to that of Lemma 4.1.7. By Corollary 4.3.20, we have
5m==§ZQM'<Pg>'PgL

1,j=0

where «;; = (—1)"" (kHH) (kHH) (lﬂ) (lzl). Similarwly to what we did in the proof of

l—tl I+1 7
Lemma 4.1.7, we set set )\i’;’l = Zf,j:o Qi Aiﬁ’l (where Aii’l are obtained from Lemma 4.3.13).
Now to apply Lemma 4.1.8, all we need to do is bound Zﬁl:o lv; ;.
§| | ’i <k:+j+1) <z+1) (k+i+1> <z+1)
= = [+1 7 [+1 7
I+1 . +1 .
k+j+1 k4i+1
< 22l+2 . . < 24l+2k+6
=2 U ))& )) =
]:O =0
we are done. u

Next, we show the analogous statement to Theorem 4.1.1 for §k7l which states that the
random walk Sy; on a two-sided 7-local spectral expander has very small second singular

value.
Lemma 4.3.22. Let (X,II) be a pure d-dimensional two-sided ~y-local spectral expander.
Suppose k,1 > 0 are parameters such that d > k+1+1. If v < €+ (128 k2. [FH44+2k+6)~1
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for some € € (0,1), then the second singular value of the operator ’SVM can be bounded from

above

UQ(AS/M) < 62.

Proof. Using Lemma 4.3.18, and the same argument as the one used to prove Theorem 4.1.1
we can conclude that )\Sk ‘ = 0 for all « > 0. Then, the proof follows analogously to

Theorem 4.1.1. O

Now the proof of Theorem 4.1.2 follows directly, as we have by the definition of singular

values
UQ(Sk,l) = \/)\2 Sklskl \/)\2 Skl \/0'2<§k,l);

where for the last step we have used that since SM is positive semi-definite, i.e. gm =m0
we have Ug(Sk,Z) = )\2(5]4’1).

Thus, we obtain Theorem 4.1.2, restated below for convenience

Theorem 4.1.2. Let (X,II) be a pure d-dimensional two-sided ~y-local spectral expander.
Suppose k,l > 0 are parameters such that d > k+1+1. If vy < 2. (128 - k2. [I+424142k+6) 1
for some € € (0,1), then the second singular value of the operator Sg,; can be bounded from

above

O—Q(Skl) < €.
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Chapter 5

Future Directions

Finally, in this chapter we will discuss some interesting future directions.

Sampling Applications. The spectral bound from Theorem 3.1.1 for the down-up walk
PkA, provides a natural framework for studying the rapid mixing of many natural chains of
interest. What are other settings we can apply this machinery to establish rapid mixing?
Can we use this machinery to show that the natural Markov chain for sampling a uniformly
random A + o(A) coloring of a graph of maximum degree A is rapidly mixing? This is a
very important open question in the area of Markov chains. Currently, it is only known
that this Markov chain mixes rapidly when the number of colors is at least (11/6 — n)A
where 7 is some fixed constant [CDM™19].

Improving Oppenheim’s Theorem. Oppenheim’s Theorem 2.3.6 is a very powerful tool
for establishing local spectral expansion, as it reduces the problem of studying the spectra
of the links of any dimension, to studying the spectra of links of maximal dimension.
However, a shortcoming of Oppenheim’s Theorem 2.3.6 is the very strong assumption it
makes on the expansion of the top-level links: In a d-dimensional complex (X,II), to
have a non-trivial implication of Theorem 2.3.6, one needs to assume ;-2 = O(1/d). This
assumption is not always met, i.e. when the top level links are graphs on a constant number
of vertices, in general, one cannot hope for anything better than v, o = (1). A natural
question here is whether one can improve Theorem 2.3.6, to work with weaker priors. A
very ambitious (but extremely useful) goal would be trying to understand what priors the
simplicial complex (X, IT) needs to satisfy such that assuming only the connectivity of the
links and y4_2 = (1) we can show v; = O(1/(d — j)) for j = —1,...,d — 2.
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More General Random Walk Models. Though the higher order random walk frame-
work is powerful, unfortunately it does not cover all random walks of interest. One example
is the Markov chains for sampling perfect or near perfect matchings [JS89, JSV04|. Can
we use local spectral techniques for establishing rapid mixing of a wider array of natural
Markov chains? One particular interesting example is the Markov Chain used for perfect
or near perfect matchings. This approach might also allow an angle to attack the general
problem of sampling matroid intersection, of which matchings are a special case. Presently,
this problem is wide open.

Modified Log-Sobolev Inequalities. Our result Theorem 3.1.1 for bounding the second
eigenvalue of the down-up walk PkA is useful in arguing rapid mixing, because it could
be used to bound the spectral gap which quantifies the multiplicative decrease in the
lo-distance between the distribution of the random walk and the stationary distribution
after taking a step of the random walk (Theorem 2.2.7). For sharper estimates on the
mixing time, one can consider the modified log-Sobolev constant which roughly quantifies
the multiplicative decrease in the distance between the distribution of the random walk
and the stationary distribution in relative entropy after taking a step of the random walk.
Recently, Cryan, Guo, and Mousa [CGM19| have shown that the natural Markov chain
described by P) for sampling matroid bases satisfies a modified log-Sobolev inequality and
established that this natural chain has optimal mixing time O(rlogr). Do their result
generalize to all high-dimensional expanders? More generally, is there a property of the
local graphs G, that would allow us to bound the (modified) log-Sobolev constant of the
corresponding chain as opposed to the spectral gap? This would give a more systematic
way of studying the (modified) log-Sobolev constants of many interesting Markov chains,
which in practice is known to be a challenging task.
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Appendix A

Improved Bound on the Second

Singular Value of 5

A.1 Improved Bound on o9(S;;)

To avoid introducing additional notation, we only provide a sketch for the proof of the
improved bound on the second singular value of the swap walk S;; on two-sided ~-local
spectral expanders due to [DD19].

Theorem 4.1.3. Let (X,1I) be a pure d-dimensional two-sided ~y-local spectral expander.
Let k,1 > 0 be parameters such that d > k+141. Then, writing Sk, for the swap operator
on the complex (X, I1) we have

02(Sky) < (k+1)-(1+1) 7.

To prove this result, we need to introduce the concept of partite complexes: Let (X, II) be
a d-dimensional simplicial complex. We call (X, II) partite, if there exists a partition of
X(0) = Ujill Vi such that V; N'V; = & for all i # j and

lanV;| =1 forall a € X(d), i=1,...,d+ 1.

126



We observe that a bipartite graph G = (L, R, F) is a one-dimensional partite simplicial
complex and thus partiteness can be seen as a generalization of bipartiteness for graphs to
simplicial complexes.

We now introduce the main lemma we will use to obtain Theorem 4.1.3.

Lemma A.1.1. Let (Y,1I) be a 2-dimensional partite complex with parts Y (0) = V; U
Vo U Vs, Let MY2 MY3 ) and M?3 denote the random walk matrices of the bipartite graphs
G2 = Ga[Vi U Wy, G153 = Gu[Vi U V5] and Ga3 = Gz[Va U V3] — where we have written
Gy for the empty link in'Y, and in every one of these random walks transitions between
vertices i and j are taken with probability proportional to 111({i,7}). If for every v € V7,
the adjacency matriz of the link graph M, satisfies 02(M,) <1, then

73 (M*?) <+ 02(MP2) - 0y (M*2),

Proof Sketch. By abuse of notation, we will take M% € RY"*'i to be the upper right
submatrix of the random walk matrix of G| ;, i.e.

0 M
Mz, 0

Me, . =

¥

Notice that o3(Mg, ;) = 02(M*™/).
Suppose f,g € RV be unit vectors such that f,g L 1.

We then note that by analogous arguments to those we have used used for proving Oppen-

heim’s Theorem 2.3.6, one can prove for any f € RY* and g € R"2, we have

(M*2f.9) = E [(M.f,.9.)]; (A1)

where we have again abused notation to write M, for the upper-right submatrix of the
bipartite graph G, with parts L and R confined into V, and V3 (since v € V; and Y
is partite). We again follow the proof strategy of Theorem 2.3.6, and decompose f, =
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fr4 fitand g, = gt + g, where f! and g} are the parts of f, and g, that are

11

parallel to the constant function 1, and fr* and g' are the parts of f, and g, that are

perpendicular to 1. Since M, is row-stochastic M, f,U is also parallel to 1, and M, f,ﬁl is

also perpendicular to 1. Thus,

(M*f.g) = E [(Mofig0) + (Mof " 00,
= B [Mfl g0+ E [(Mf.hg.h)],

For bounding the second term, we note that

E [(Mf g, < B [ooM)IF- g,

IA

1 . .
E {oaM) S (IF +11g,I) |, (by AM-GM inequality)

1
<p.- 2 2
<n-5 E [IFIF+ 19,07

Where the last step follows from a similar argument to how we have proved Eyr || f, |7, =

| £I|f, in the proof of Theorem 2.3.6 and the fact that f and g are unit vectors.

To bound the first term, E,.y, (M, lej, gl), we notice that analogously to have we shown,

M, f! = [Mgf](v) - 1 in the proof of Theorem 2.3.6, we can show,

1 — E _ M173 -1 d 1 — E _ M1’2 1.
g = L E ,9W=M?g@) 1 and f1= E - f@)=MF@©)

Now, notice that since M, is an averaging operator, we have

E (MfL0%) = E [M2£)(0) - [M'g]] = (M'2F, M15g) < 0(M"2) - 0y (M19),

veV]

Then, we observe

<M1’3f>9> <N+ ga(MH?) . 02(M173)~

Since this holds for arbitrary unit vectors f, g such that f,g L 1 the statement follows. [
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We can now proceed to sketch a proof for Theorem 4.1.3,

Proof Sketch for Theorem 4.1.5. We will proceed by induction on k£ + [. Suppose that
kE+1=0,ie. k=1=0. Then, Sj; is just the empty link My, and by the two-sided

~-local spectral expansion criterion, the statement follows.

We suppose now that there exists an NV such that for all k£,1 > 0 with £+ < N we have
02(Sky) <v-(B+1)-(I+1).
Suppose now, k + [ = N. We want to show, that we have
02(Skr10) <v- (kK +2)- (L+1).
To this end, we describe a 2-dimensional partite simplicial complex Y with parts,
Y(0)=Xk)UX(k+1)UX().

And insert a 2-dimensional face {1, @z, a3} into Y for a; € X(k), ay € X(k+ 1), and
as € X (1) whenever ay C ag, as Naz = & and ay U ag € X. The weight associated with

face {ay, a9, a3} is proportional to Iy, yio(as L ag).

We want to apply Lemma A.1.1 to conclude the theorem. We note that for all oy € X (k),
and the link graph G,, of Y,, corresponds to the swap walk So; on the link of X,,, and
by the inductive assumption o9(Mg,) < (I +1) - .

The bipartite graph between X (k) and X(I) (G153 in Lemma A.1.1) is precisely the swap
walk Sj; on the complex X, and by assumption satisfies 02(Sx;) < (k+1)- (I +1) - 7.

And the bipartite graph between X(k + 1) and X (I + 1) (G** from Lemma A.1.1) is

precisely the swap walk Sjq ;.

Thus, by Lemma A.1.1 we obtain
03(Ske12) < (L+ 1)y + (B + 1)L+ 1)y - 02(M),

129



where M2 is the random walk matrix of the bipartite graph between X (k) and X (k +
1) (G12 in Lemma A.1.1). Since M'? is row-stochastic, we have oo(M'?) < 1 and the

statement follows. O
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