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Abstract
Investigations relating the emergence of the radial direction in the holography, solvable
irrelevant deformations of conformal field theories and holographic entanglement entropy
are reported. Emphasis is laid on how diffeomorphism invariance in the bulk emerges, in
both the classical and quantum regimes. The computation of von Neumann entanglement
and Renyi entropies in T T̄ deformed conformal field theories and their bulk dual quantities
are presented. Further, the peculiar properties of the deformed theory that these quantities
point to, are discussed. Finally, the connections between T T̄ deformed partition functions
and solutions to the radial Wheeler de Witt equation in three spacetime dimensions is
presented.

v

Acknowledgements
I would like to start by thanking my supervisor Lee Smolin for his guidance, patience,
and wisdom which were essential for carrying me through my PhD. I would then like to
thank Sung-Sik Lee and Laurent Freidel for imparting their to me their unique styles of
scientific inquiry. I would like to thank Bianca Dittrich for the many illuminating and
educational lunch discussions. I would also like to thank Rob Myers for his advice and
guidance at the crucial juncture of my PhD.
I have also had the good fortune of being mentored by Yasha Neiman, Henrique Gomes,
Will Donnelly, Aldo Riello, Flavio Mercati, Marc Geiller, Sylvain Carozza, Antony Speranza, and Wolfgang Wieland. These are people from whom there wasn’t a scientific question to which I couldn’t have gotten a reasonably satisfactory answer. I would also like to
thank my collaborators Pawel Caputa, Shouvik Datta, Aurora Ireland, Edward Mazenc,
Ronak Soni, Gabriel Herczeg, and Trevor Rempel.
I then want to thank my peers Barak Shoshany, David Svoboda, Faroogh Moosavian,
Miroslav Rapcak, Juan Cayuso, Fiona McCarthy, Barbara Soda, Anna Golubeva, Andres
Schlief, Ryszard Kostecki, Florian Hopfmuller, Raeez Lorgat and Surya Raghavendran for
the many adventures, both scientific and otherwise, which I wouldn’t have embarked on if
not for knowing them.
Finally, I would like to thank my family for being a strong pillar of support during
difficult times.

vi

Dedication
To my many mentors.

vii

Table of Contents
List of Figures

xii

1 Introduction

1

1.1

Overview . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

1

1.2

Themes and motivations . . . . . . . . . . . . . . . . . . . . . . . . . . . .

3

1.2.1

Gravity and Effective Field theory . . . . . . . . . . . . . . . . . . .

3

1.2.2

Quantum Theory in the Bulk . . . . . . . . . . . . . . . . . . . . .

7

1.2.3

Holographic entanglement entropy with finite boundaries . . . . . .

7

Plan of the Thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

8

1.3

2 Emergent Bulk diffeomorphism invariance

9

2.1

The Local RG Flow . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

9

2.2

Mapping RG flow equations to Hamilton’s equations . . . . . . . . . . . .

10

2.3

Quantum RG . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

12

2.3.1

Quantum RG applied to large N Matrix field theory . . . . . . . .

13

2.3.2

Emergent gravity from QRG . . . . . . . . . . . . . . . . . . . . . .

18

Wess–Zumino consistency condition . . . . . . . . . . . . . . . . . . . . . .

20

2.4

2.4.1
2.4.2

The Wess–Zumino consistency condition as the holographic dual to
the Hypersurface deformation algebra . . . . . . . . . . . . . . . . .

21

The Kinetic term . . . . . . . . . . . . . . . . . . . . . . . . . . . .

25

viii

2.4.3
2.4.4
2.5

Gradient flow formula for the metric beta function and canonical
transformations . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

27

The realm of possibilities . . . . . . . . . . . . . . . . . . . . . . . .

30

. . . . . . . . . . . . . . . . . . . . . . . . .

31

2.5.1

The Dilatation Operator . . . . . . . . . . . . . . . . . . . . . . . .

32

2.5.2

The Conformal Algebra . . . . . . . . . . . . . . . . . . . . . . . .

33

2.5.3

Hamilton–Jacobi Equations . . . . . . . . . . . . . . . . . . . . . .

34

2.5.4

Solving the Hamilton–Jacobi Equations . . . . . . . . . . . . . . . .

34

2.5.5

Renormalized Trace Ward Identity and the Anomaly . . . . . . . .

36

3 Flows satisfying the Holographic Wess–Zumino consistency conditions

38

3.1

Holographic Renormalization

QRG meets T T̄ deformed CFT2 . . . . . . . . . . . . . . . . . . . . . . . .

38

3.1.1

2D conformal field theories on curved backgrounds

. . . . . . . . .

39

3.1.2

The deforming operator T T̄ . . . . . . . . . . . . . . . . . . . . . .

40

3.1.3

The local renormalization group equation . . . . . . . . . . . . . . .

43

3.1.4

What to aim at: The holographic interpretation of the local CallanSymanzik equation . . . . . . . . . . . . . . . . . . . . . . . . . . .

45

Constructing the Bulk theory . . . . . . . . . . . . . . . . . . . . . . . . .

46

3.2.1

The dual theory . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

46

3.2.2

Leveraging the consistency conditions . . . . . . . . . . . . . . . . .

49

3.2.3

The Hamilton–Jacobi Equation . . . . . . . . . . . . . . . . . . . .

50

3.2.4

The cosmological constant . . . . . . . . . . . . . . . . . . . . . . .

51

3.3

Epilogue . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

51

3.4

Higher dimensional Examples . . . . . . . . . . . . . . . . . . . . . . . . .

52

3.4.1

Pure gravity in the bulk . . . . . . . . . . . . . . . . . . . . . . . .

55

3.4.2

Including the scalar matter . . . . . . . . . . . . . . . . . . . . . . .

57

3.4.3

Closure and Cancellation . . . . . . . . . . . . . . . . . . . . . . . .

60

Generalized gradient flows and holography . . . . . . . . . . . . . . . . . .

62

3.2

3.5

ix

3.6

3.5.1

How gradient flows lead to smearing . . . . . . . . . . . . . . . . .

63

3.5.2

Gradient flows for the induced boundary gravity theory . . . . . . .

64

Getting from the local CS equation to the Hamiltonian constraint in d = 3, 4, 5 65

4 Entanglement Entropy and the T T̄ deformation
4.1

4.2

4.3

4.4

4.5

69

Entanglement entropy . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

69

4.1.1

The Hartle-Hawking state . . . . . . . . . . . . . . . . . . . . . . .

70

4.1.2

The replica trick . . . . . . . . . . . . . . . . . . . . . . . . . . . .

71

4.1.3

The sphere trick . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

72

Large c von Neumann and Conical Entropy

. . . . . . . . . . . . . . . . .

73

4.2.1

Conical entropy . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

75

4.2.2

Comparison with holography . . . . . . . . . . . . . . . . . . . . . .

78

Finite c von Neumann Entropy . . . . . . . . . . . . . . . . . . . . . . . .

81

4.3.1

Finite c Flow equation and the Wheeler-DeWitt equation . . . . . .

83

4.3.2

Phase space reduction for S 2 radial slices . . . . . . . . . . . . . . .

83

4.3.3

Symmetry reduced action and Wheeler-DeWitt equation . . . . . .

85

4.3.4

Emergent diffeomorphism invariance . . . . . . . . . . . . . . . . .

87

Sphere partition function . . . . . . . . . . . . . . . . . . . . . . . . . . . .

88

4.4.1

WKB approximation . . . . . . . . . . . . . . . . . . . . . . . . . .

89

4.4.2

Exact solution . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

90

4.4.3

Path integral representation . . . . . . . . . . . . . . . . . . . . . .

91

Entanglement Entropy . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

96

4.5.1

Entropy for antipodal points on the sphere . . . . . . . . . . . . . .

98

4.5.2

Loop expansion of the entropy . . . . . . . . . . . . . . . . . . . . .

99

4.5.3

Finite radius FLM corrections . . . . . . . . . . . . . . . . . . . . .

99

x

5 T T̄ partition functions as solutions to the Wheeler de Witt equation

102

5.1

The Integral Kernel and the Flow equation . . . . . . . . . . . . . . . . . . 102

5.2

Annular Path Integral . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105

5.3

Reduced kernel and the S 2 partition function . . . . . . . . . . . . . . . . . 109
5.3.1

The reduced Kernel . . . . . . . . . . . . . . . . . . . . . . . . . . . 109

6 Concluding Remarks

112

References

115

APPENDICES

127

A Details about the D + 1 split

128

A.1 Gauss and Codazzi relations . . . . . . . . . . . . . . . . . . . . . . . . . . 128
A.2 D + 1 split of the Action and the Hamiltonian formalism . . . . . . . . . . 129
A.2.1 2+1 Decomposition in First-Order Formalism . . . . . . . . . . . . 131
B Heat Kernel Calculation

133

B.1 Generalities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133
B.2 Generating R in the flow equation . . . . . . . . . . . . . . . . . . . . . . . 134

xi

List of Figures
4.1

At fixed n, the entropy S̃n is a smoothly increasing function of r. . . . . . .

79

4.2

At fixed r, S̃n is a decreasing function of n, with a kink at n = 1. . . . . .

80

4.3

Embedded surfaces with r = ` = 1 in Euclidean AdS3 . For this graph,
4d~
x2
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Chapter 1
Introduction
1.1

Overview

The focus of this thesis is understanding the holographic principle as it applies to spacetime
regions of finite volume. The principle states that the description of gravitational physics
in some region of space is encoded entirely on the lower-dimensional boundary of the region
[88],[146]. Among the original motivations for proposing this principle were to explain why
a black hole’s entropy is proportional to the area of its horizon. Similarly, one could hope
to explain this way why the cosmological horizon surrounding any observer in a space with
positive cosmological constant too has an entropy that scales with its area.
In either the case of black holes in the physical universe or in case of the cosmological horizon, what isn’t understood is the precise mechanism behind how the degrees of
freedom are localized to the boundary of the relevant spacetime regions, and what the
dynamics of these degrees of freedom are. The so-called Anti-de Sitter(AdS)/Conformal
Field theory(CFT) correspondence [111] is, however, a setting where such a mechanism
is very well understood. This correspondence or duality equates gravitational physics in
a space of negative cosmological constant and a quantum field theory that enjoys conformal symmetry living on a one lower-dimensional, asymptotic boundary of this space. The
correspondence comes with a dictionary [74], [154] between observables on either side of
the duality, and therefore quantities computed in one setting can be translated into dual
quantities in the other. The hope is that an understanding of the robust features of the
duality in the AdS/CFT setting will carry over into those of physical relevance mentioned
above.

1

This thesis deals in particular with the matter of whether this duality is robust towards
a change in the asymptotic structure of the bulk spacetime. In particular, the setting of
interest is the situation where the boundary of the anti-de Sitter space is not infinitely
distant from points in the interior. Instead, a finite boundary truncates the AdS space,
and on it are imposed Dirichlet boundary conditions for any fields in the bulk. This is then
a region of finite spacetime volume, just like the interior of a black hole behind its event
horizon or the region behind a cosmological horizon in de Sitter space. Therefore studying
holography in this context is a step in the direction of applying it to the physically relevant
settings mentioned above.
The theory that lives on the boundary of this finite volume region involves deforming
the conformal field theory that would have inhabited the asymptotic boundary by a special
class of irrelevant operators. In particular, these will be the T T̄ deformation [143],[32] of
two dimensional conformal field theory and it’s higher-dimensional cousins, which will be
referred to as T 2 deformation [147],[80].
These deformed theories possess many interesting properties of pure quantum field
theoretic interest as well. On the space of quantum field theories, the deforming operators
trigger a flow away from the conformal fixed point but are still contained in the critical
surface on which the fixed point lies. This is due to their irrelevant nature. Following them
away the fixed point leads us to theories that have very different locality properties. In
this thesis, some of these field-theoretic questions will also be investigated.
Returning to holography, we note that the AdS/CFT correspondence points towards an
identification between the direction normal to the boundary (also called the radial direction) and the energy scale associated with the renormalization group flow of the quantum
field theory living on the boundary. Then the renormalization group flow should map to
development along the radial direction. This is a bulk counterpart of the flow triggered by
the irrelevant deformations mentioned in the previous paragraph. Although holographic
RG flows [40] have been studied extensively in the past, it wasn’t quite understood how to
introduce breaking of conformal invariance in the field theory that mirrors the effect of a
sharp bulk radial cutoff surface.
On the theme of probing the locality properties of these quantum field theories, we will
also focus on the study of entanglement entropy. An important lesson the AdS/CFT correspondence has taught us is the surprising connection between quantum information theory
and spacetime physics, which started with the study of a quantity known as holographic
entanglement entropy [137]. In the vein of learning broader lessons of holography, one can
ask whether these connections persist in the less idealized setting of finite spacetime regions
and the corresponding quantum theories on their boundaries. In so doing, the peculiar and
2

distinctive features of the quantum field theories inhabiting these finite boundaries will be
uncovered.

1.2

Themes and motivations

In this section, we will provide a cursory description of some of the broad questions that
the thesis deals with. These descriptions will contain very few technical details, but they
will appear in the coming chapters.

1.2.1

Gravity and Effective Field theory

General Relativity is our most successful attempt at describing gravitational physics on
a variety of scales. It has received and continues to receive experimental validation in a
variety of experiments and observations. An interesting question to ponder is what picks
out general relativity among other theories of a dynamical metric. Lovelock’s theorem
[109] answers this question. The statement of the theorem is the only possible second-order
Euler-Lagrange equation obtainable in a four-dimensional space from a scalar density of
the form L(h) is


1 AB
AB
AB
(1.1)
E = α R − g R + λhAB = 0,
2
where α and λ are constants. In dimensions higher than four, there are so called quasitopological theories whose actions are given by:
Z

√  ···A2d B1 B2
B2d−1 B2D
S = dd x g δBA11···B
R
·
·
·
R
(1.2)
A1 A2
A2d−1 A2d
2d
where
···A2d
A1
2d
δBA11···B
= (2d)!δ[B
· · · δBA2d
].
2d
1

(1.3)

The equations of motion obtained from these actions are also second order in derivatives.
So in a general number of dimensions, the requirement of general covariance, specifying
that the metric is the only dynamical field, and restricting our attention to actions that
generate equations of motion that are second order in derivatives doesn’t suffice to pick
out general relativity.
By seeking a parallel theorem in the Hamiltonian framework, this ambiguity can be
circumvented. Whenever we ask about a Hamiltonian formalism, we need to introduce
3

a foliation of spacetime by codimension one surfaces. For general relativity too, as first
addressed in [11], this is indeed the procedure. For further details regarding the D + 1 split
and the Hamiltonian formalism, see appendix A.2.1. The phase space variables here are
the metric induced on the codimension one slices
gµν = hµν ± nµ nν ,

(1.4)

where nµ is the one form dual to the normal vector to the hypersurfaces. Say the hypersurfaces are level sets of a function r, then the normal vector is related to the vector
field
(∂r )A = N nA + ξ A
(1.5)
where N is called the lapse function and ξ A is the shift vector. The latter has components
only tangential to the leaves of the foliation.
We also have its momentum conjugate π µν which is related to the extrinsic curvature
of the surface in the following manner:
2N
K µν = √ (π µν − g µν trπ) .
g
The Hamiltonian is a sum of constraints:
Z
HT ot. = dD x (N (x)H(g, π) + ξ µ Hµ (g, π)) .

(1.6)

(1.7)

Before discussing the explicit form of the constraints H(g, π) and Hµ (g, π) in general relativity. Introducing the notation
Z
H(N ) = dD xN (x)H(g, π)
(1.8)
µ

Hµ (ξ ) =

Z

dD xξ µ (x)Hµ (g, π).

(1.9)

Before looking at the form of the functions H(g, π) and Hµ (g, π), let’s ask- what could their
forms possibly be given that we are describing the dynamics of hypersurfaces covariantly
embedded in an ambient spacetime. The criterion for the embeddibility is encoded in
the Poisson algebra of these constraints, and the reason for this will be explained in the
following chapter. This Poisson algebra is given by:
{H(σ), H(σ 0 )} = −Hµ (f µ (σ, σ 0 )), {Hµ (ξ µ ), H(σ)} = H(ξ µ ∂µ σ),
4

{Hµ (ξ µ ), Hν (ζ ν )} = Hµ ([ξ, ζ]µ ).

(1.10)

The interesting result due to Hojman, Kuchar and Teitelboim [138] is that this form of
the Poisson algebra, given the phase space variables directly implies that the constraints
must be those of general relativity, found by Arnowitt, Deser and Misner:




Z
1
1
√
D
µν
2
πµν π −
trπ − g(Λ − R)
(1.11)
H(N ) = d xN (x) √
g
D−1
Z
µ
(1.12)
Hµ (ξ ) = dD xξ µ ∇ρ πµρ .
More will be made of this theorem and it’s implications in the coming chapters, but for
now, we see that the Hamiltonian of general relativity, which contains as much information
as the Einstein equations, were picked out uniquely by specifying the phase space and the
gauge invariance in the form of the Poisson algebra of constraints.
That the phase space variables are just the metric and the momentum conjugate mirrors
the statement that there are at most two derivatives of the metric in the action. However,
this statement can only be made precise for the derivatives of the metric w.r.t r.
The reason the quasi topological theories aren’t picked out is that we implicitly restrict
our attention to single-valued Hamiltonian flows. In the quasi topological case, the fact
that the relationship between the r derivatives of the metric induced on the hypersurface
and the momentum is not invertible, so in trying to find a Hamiltonian, it will inevitably
lead to a flow on phase space that branches.
In summary, if we pose the question: what theory of evolving D dimensional geometries
describe a theory of spacetime? then general relativity is the unique answer.
What it means for a direction of space to emerge: Let’s focus on the setting where
the theory in the bulk is classical. The holographic dictionary identifies bulk fields with
boundary sources, and this in turn implies that the equations of motion of the bulk are
in correspondence with the renormalization group equations of the boundary theory. The
variant of the renormalization group which can capture these dynamics is the so-called
local renormalization group [126]. This will be described in the coming chapter. Here,
sources are introduced for the composite operators of interest in the field theory and their
scale evolution is captured by equations of the form
d I
J (x, z) = −β I (J).
dz
5

(1.13)

Here β I (J) are the local analogs of the beta functions. Similarly, one can track the scale
evolution of the expectation value of the operators to which these sources couple:
d
hOI i = ΓJI hOJ i + · · ·
dz

(1.14)

Here, ΓIJ are analogous to the anomalous dimensions. These equations will further be
explained in the coming chapter, but we already see what the puzzles might be if one is
interested in theories whose local RG equations can mimic bulk equations of motion.
First, the question to ask is whether these equations can replicate second-order equations of motion, that we are most accustomed to dealing with in theories of gravity coupled
to various fields. The answer to this is will lie in noting that the above equations resemble
Hamilton’s equations more than they do Euler Lagrange equations, and should be cast as
such. Furthermore, how a Hamiltonian that has the right number of momenta to replicate
that of a theory whose Euler Lagrange equations are second-order will be addressed by the
use of the quantum renormalization group. For the present discussion. Say we are granted
such a Hamiltonian. Then, what remains is to ensure that the Hamiltonian so obtained
is formed from constraints, and that the Poisson algebra mirrors that of general relativity.
Note that this is a radial Hamiltonian describing evolution along a space-like direction.
We will also mostly be interested in Euclidean field theories in the bulk.
Now, restricting our attention to the metric as a source, we see that we are in the
situation where a phase space is granted to us, and a Hamiltonian whose form we do
not know. However, if we demand that the Poisson algebra of constraints mimics that of
general relativity, then by the HKT theorem, we are guaranteed general relativity emerges
in the bulk. In other words, here too we see that we are to choose from theories of
evolving geometries and ask which ones describe a covariant theory in spacetime. The
renormalization group equivalent to the statement of the Poisson algebra will be a central
focus of this thesis and will be shown explicitly in the coming chapter. This renormalization
group parallel to the Poisson algebra will be a particular way in which the Wess–Zumino
consistency conditions need be satisfied. It will be called the Holographic Wess–Zumino
consistency condition. Its implications will echo throughout the thesis.
To put very plainly, we are interested in how a holographic theory must respond to
scale transformations so that the scale direction that emerges is treated on equal footing
as the other spatial directions. Thus, to answer the question posed in the title of this
subsection, for a direction of space to emerge, it must happen in a way that respects the
diffeomorphism invariance in the bulk. A way to see what is happening here is that the
freedom to choose local frames of reference in the bulk translates to the freedom to specify
6

local rates of coarse-graining and choose different coordinate systems when considering the
coarse-grained theory.

1.2.2

Quantum Theory in the Bulk

One of the opportunities that holography affords us is a look at what could take over
from general covariance at the quantum level. If general relativity is to emerge, then all
we can say about diffeomorphism invariance is that it ought to be instated in the regime
where classical general relativity is valid, but beyond that, whatever is to become of it
depends crucially on what takes over from the theory of general relativity at the quantum
level. In particular, there isn’t any reason to believe that the invariance itself will remain
intact in the quantum theory. In the setup at hand, we shall have a renormalization group
parallel to the statement of general covariance at hand. This dual condition is identified
in the regime where the bulk theory is classical. Then, we need only consider the regime
of the quantum field theory in which the bulk dual is not classical. Since the consistency
condition of the renormalization group can still be phrased in this regime, it will tell us
how diffeomorphism invariance manifests at the quantum level.
In the final chapter of this thesis, we will consider quantum gravity in three dimensions
with a negative cosmological constant. The dual theory is the T T̄ deformation of a twodimensional conformal field theory, and as such, the flow equation defining that theory holds
at a finite central charge and mimics the Wheeler de Witt equation. In this situation, the
consistency conditions that are dual to the commutator algebra of the constraints are of
the same form as in the classical regime. (This is, provided we replace Poisson brackets
with commutators)

1.2.3

Holographic entanglement entropy with finite boundaries

In holographic entanglement entropy calculations in conventional AdS/CFT, the leading
divergences in the entanglement entropy in the CFT are matched by the divergent volumes
of the codimension two surfaces anchored to the entangling surface at the asymptotic
boundary. If we consider the finite volume regions of interest here, were we to imagine that
the volume of co-dimension two surfaces anchored to the boundary, it will always remain
finite. The question then is, whether such a quantity is dual to entanglement entropy in
the deformed theory living on the boundary at finite radius. This question is answered
in the affirmative in the third chapter of this thesis. This finiteness of the entanglement
entropy is an indicator that perhaps the theory at hand is somehow equivalent to a quantum
7

system with a finite-dimensional Hilbert space. Further, in the final chapter, we investigate
whether these calculations can be carried out when the bulk theory is no longer classical
as well.

1.3

Plan of the Thesis

In chapter 2, the aforementioned issue of how bulk diffeomorphism invariance emerges
will be addressed. The discussion starts with introducing the quantum renormalization
group, and within this context, the requirement of bulk covariance is seen to lead to
the Holographic Wess–Zumino consistency conditions. Connections are made to some
conventional results in holographic renormalization. In chapter 3, flows that satisfy the
holographic WZ conditions are discussed. The chapter begins with applying QRG to
two-dimensional holographic CFTs deformed by the T T̄ to construct the bulk Einstein
gravity theory in AdS3 . Then, higher dimensional T 2 deformations, and the connections
between the flows they trigger and the generalized gradient flow is discussed, and here too,
some connections to conventional holographic renormalization are made. Then chapter
4 addresses the computation of von Neumann and Renyi entanglement entropy in T T̄
deformed CFTs at large central charge. It is shown that the holographic entanglement
entropy conjectures generalize to the case where the bulk is cutoff at a finite radius. Finally,
in chapter 5, the connections between the partition function of T T̄ deformed CFTs at any
finite charge and the solutions to the radial Wheeler de Witt equation is described. The
computation of von Neumann entropy at a finite central charge in the T T̄ deformed theory
is also presented.
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Chapter 2
Emergent Bulk diffeomorphism
invariance
As described in the previous chapter, a key feature of the holographic duality is the identification between the radial direction in the bulk and the energy scale of the quantum field
theory on the boundary. If the bulk theory is generally covariant, then it must be that the
energy scale and the directions of space on which the field theory lives must be treated on
equal footing. In other words, full bulk diffeomorphism invariance must be encoded in the
renormalization group flow of the holographic field theory. This is encoded in a particular
form of the Wess–Zumino consistency condition that the local renormalization group must
satisfy.
In this chapter, these conditions will be presented in the context of the quantum renormalization group(QRG). This is a constructive prescription for deriving bulk theories from
re-organizing the RG flow of certain quantum field theories.

2.1

The Local RG Flow

The most general notion of coarse-graining available in real space which remains meaningful even on arbitrary backgrounds is the one given by local Weyl transformations of
the background metric. The renormalization group flow can be seen as the response of
the generating functional under such a change. This perspective is known as the local
renormalization group. It is a continuum generalization of Kadanoff’s idea of block spin
transformations. This approach was pioneered by Osborn in [126].
9

The usual re-scaling transformations associated to the scale evolution can be seen as
Weyl transformations with a constant Weyl factor:
Z
δlnZ
∂lnZ
√
= dD x gg µν µν
,
∂τ
δg (x)
and that more generally, one can have transformations with an arbitrary Weyl parameter:
Z
δ
δσ = σ(x)g µν µν ,
δg
x
and then, ask how the generating function responds:
Z
δlnZ
√
δσ lnZ = dD x gσ(x)β α̃ (J) α̃ .
δJ (x)

(2.1)

Here, the index set {α̃} includes the identity operator and the metric. Thus, the term
U (J) also appears on the right hand side.
One can then change scheme to include a term proportional to g µν in the definition of
the metric beta function, i.e. β µν → β µν + g µν , and in the new scheme, the above equation
reads
Z
δlnZ
√
(2.2)
∆σ lnZ ≡ dD x gσ(x)β 0α̃ α̃ = 0.
δJ
The beta functions β 0α̃ are those that include the metric as per the aforementioned scheme
change. This is known as the local Callan–Symanzik equation.

2.2

Mapping RG flow equations to Hamilton’s equations

A very useful insight to this thesis is that of Dolan in [43], which is that RG flow equations
can be mapped to Hamilton’s equations. The phase space variables are identified as follows.
The source J(x) is taken to be the configuration variable, and its canonical conjugate
momentum is the one-point function of the corresponding operator:
hOα (x)iJ =

δlnZ
.
δJ α (x)

Note that this one point function is computed in presence of a general source.
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(2.3)

The symplectic form on this phase space reads
Z
√
Ω = dD x gδhOα (x)i ∧ δJ α (x).

(2.4)

The generating functional W [J α (x), gµν (x)] = lnZ[J α (x), gµν (x)] plays the role of Hamilton’s principal function, or the on shell action. Hence, the symplectic form evaluated on
shell vanishes:
Ω|hOi= δW = 0.
δJ

For notational convenience, henceforth we introduce the notation, Pα (x) ≡ hOα (x)i. In
the case of the renormalised theory, these identifications were first made by Dolan in [43].
This identification for the regularised theory was also made in [130].
The simplest demand one can make of the Hamiltonian which generates scale evolution
and hence drives the renormalization group flow is that Hamilton’s equations are the flow
equations:
∂J α
= β α (J),
(2.5)
∂τ
∂U (J)
∂Pα ∂β σ
+
Pσ = −
.
α
∂τ
∂J
∂J α

(2.6)

The first equation is the renormalization group flow equation describing the scale evolution of the sources, whereas the second equation is the equation describing the flow of the
one-point functions in the presence of sources. The function U (J) in the latter equation
encodes the flow of the coupling of the identity operator, which is also necessary to include.
Upon inspection, one sees that the Hamiltonian which satisfies these demands takes
the form
Z
√
(2.7)
H[J, P ] = dD x g(β α (J)Pα − U (J)).
The relationship between this Hamiltonian and the generating functional reads
H=

∂
lnZ = 0.
∂τ

(2.8)

This is the usual statement regarding the RG invariance of the generating functional.
This fact implies that the Hamiltonian is zero and hence we are dealing with a completely
constrained system. In particular, this is reminiscent of a re-parameterization invariant
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system. Such systems are invariant under the relabelling τ → f (τ ). It is of value to
introduce a lapse function σ(τ ) which compensates for such changes so that σdτ remains
invariant. This means that under the re-parameterization transformation σ → f 0 (τ )−1 σ. It
appears in the action as the Lagrange multiplier enforcing the vanishing of the Hamiltonian
constraint. It will be convenient to define
Z
√
(2.9)
H(σ) = dD x gσ(β α (J)Pα − U (J)).
Since we are interested in the local Renormalization group, we generalize this setup so
that our Hamiltonian constraint is:
Z
√
(2.10)
H(σ) = dD x gσ(x, τ )β 0α̃ (J(x, τ ))Pα̃ (x, τ ).
This is a re-writing of equation (2.2), which, as mentioned before is a statement of local
RG invariance of the generating functional. It will be convenient though to separate the
term corresponding to the flow of the coupling of the identity operator:
Z

√
H(σ) = dD x gσ(x, τ ) β α̃ (J(x, τ ))Pα̃ (x, τ ) − U (J) .
Notice that this Hamiltonian is linear in the momenta, and so it follows that Hamilton’s equations are first order. To mimic nontrivial equations of motion of some bulk
theory, we would like second or higher-order equations of motion. This will require that
the Hamiltonian have a kinetic term that’s at least quadratic in momenta. The quantum renormalization group applied to large N matrix field theories provides us with such
Hamiltonians, as we shall see.

2.3

Quantum RG

The Quantum Renormalization group (QRG) due to Sung-Sik Lee [103], [102], is a constructive coarse-graining prescription used for finding holographic dual descriptions of quantum
field theories. This mechanism will be explained in this thesis through the example of large
N matrix field theories.
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2.3.1

Quantum RG applied to large N Matrix field theory

The fundamental fields are Hermitian N × N matrix fields Φ(x) (we will suppress the
matrix indices for notational ease). Assume also that the matrix model is gauge under
some gauge group (U (N ) for instance), this means that gauge invariant operators in the
action are necessarily sums and products of traces of monomials of the matrix fields and
their derivatives. Note that this was first worked out in [102] and similar results were
derived in [3] and in [18] under the name of the ‘planar Polchinski equation’.
The simplest gauge invariance operators are the so called single trace operators that
are of the form:

1√ 
q
q
1
1
gtr Φ(∇µ1 · · · ∇µp1 Φ) · · · (∇µ1 · · · ∇µpq Φ) ,
(2.11)
O{m} =
N
where the multi index set {µipi } is used to denote the fact that there can be varying number
of derivatives and arbitrary permutations of indices thereof in each term of the product of
derivatives in the above operator. For brevity, we will use just a single latin letter index m
to encapsulate the multi-index set above. Multi-trace operators are formed from products
and derivatives of products of single trace operators. The sources for single trace operators
will be denoted as J m and for multi trace operators as J m . These sources have arbitrarily
many indices and in particular, the source for the term in the action with two derivatives
can be chosen to be the background metric.
The action reads:

S = So [Φ(x)] + N

2

XZ
m

3

√

m

d x g J (x)Om +
| {z }
Single−T race

XZ
m

√
d3 x g Vm [Om , J m ].
|
{z
}

(2.12)

M ulti−T race

For reasons which will be made clear in the remainder of this sub-section, it will be of
interest to study the renormalization group trajectories starting from the sub space of
single trace operators. The generating functional for a theory on this sub space is given by
m

Z[J ] =

Z

DΦ exp i{S[Om (Φ); J m ]}.

(2.13)

Wilsonian RG describes how the sources(/couplings) change when the UV cutoff Λ is
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lowered by a factor1 σ(x) ≡ α(x)δz:
Λ → eα(x)δz Λ,
through the equations defining beta functions β m for sources J m (x). Solutions to those
first-order ODE’s will determine a path in the space of sources/couplings. As mentioned
before, when the theory is strongly coupled, there are, in general, infinitely many such
sources. In that case, solving all RG flow equations becomes intractable.
Now, in the limit as N → ∞, the quantum corrections to the single trace action under
one step of RG (Λ → Λ − Λδzα(x)) take the form2 :
n

δS[On , J ] = N

2

Z

√
dD x gα(x)δz(LC (J n (x)) − β m (J n (x))Om +

Gmn{µ}{ν} (J n (x))
∇{µ} Om ∇{ν} On ) + O(δz 2 )
2

(2.14)

Here, the term LC (J n (x)) isR the integrand within the anomaly term denoted in the
√
previous subsection as Aσ , i.e. dD x gδzα(x)(LC (J n (x)) ≡ Aσ=α(x)δz .
The value of applying quantum RG to the matrix field theory will become apparent here
because it cleverly re-organizes the renormalization of this theory without having to ever
leave the subspace of single trace operators. The honest fixed point of the flow cannot be
projected down to this subspace because multi-trace operators are generated by quantum
corrections. QRG is a method to nevertheless restrict the RG trajectory to this subspace
and thereby project down the fixed point, by paying the price of promoting the sources in
this subspace to fluctuating quantum fields. This is why it is apt to call this technique the
quantum renormalization group. What is meant by the above statement will be fleshed
out schematically in what follows.
The most important thing to notice about the quantum corrections to the single trace
action is that to linear order in δz, only double trace operators are generated.
1
This infinitesimal ‘RG time step’ δz is introduced to keep track of how many iterations of infinitesimal
local RG transformations one performs.
2
the indices in braces such as {µ} , {ν} etc. of differential operators and tensors denote multi index sets
distinct from those incorporated into the indices m, n and will be used solely inP
situations where a differenkm
tial operator of arbitrarily high order is involved. For instance, Am{µ} ∇{µ} ≡ k=0
Amµ1 ···µk ∇µ1 · · · ∇µk ,
and km could in principle be infinity.
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Toy integral example
Making precise the statement about the single trace sources being promoted to dynamical
fields lies in the observation that the multi-trace operators (double trace in the planar
limit) can be removed by paying the price of functional integration over auxiliary fields.
To schematically describe this, we will take the example of an ordinary (as opposed to
functional) integral over a single variable for simplicity. The main idea will carry through
into the case of interest. Let the toy integrand to be transformed be of the following
exponential form:
Z
Z
2
iJO
(2.15)
dϕe
= Z(J) = dϕ ei{JO(ϕ)+αδz(β(J)O(ϕ)+G(J)O (ϕ)+lC )}
Notice that each of these terms is analogous to the functional integrand of the single trace
planar matrix field theory. The variable ϕ now plays the role of the fundamental field
and the source for single trace operators O(ϕ) is the variable J. The first term in the
exponential is analogous to the single trace action, the second term is analogous to the
single trace beta function term and the third to the double trace term. The latter two terms
are generated by quantum corrections in one step of RG, in addition to the renormalization
of the coupling of the identity or the ‘cosmological constant’ term lC , and hence a factor
of αδz is retained as a reminder of this fact.
The goal is to remove the quadratic term in the exponent in the integrand at the cost
of introducing integration over a new ‘field’ p(1) :
Z
(1)
(1)
(1)
(1)
i{JO(ϕ)+αδz(β(J)O(ϕ)+G(J)O2 (ϕ)+lC )}
e
= dp(1) δ(p(1) − O)ei{−Jp −αδz(β(J)p −p G(J)p +lC )} .
(2.16)
The delta function itself can be represented in integral form over another variable j (1) :
Z
(1)
(1)
(1)
(1)
dp(1) δ(p(1) − O)ei{−Jp −αδz(β(J)p −p G(J)p +lC )}
Z
(1)
(1)
(1)
(1)
(1)
(1)
= dp(1) dj (1) ei(p −O)j ei{−Jp −αδz(β(J)p −p G(J)p +lC )}
Z
(1)
(1)
(1)
(1) (1)
(1)
= dp(1) dj (1) eip (j −J) ei(j O) ei{−αδz(β(J)p −p G(J)p +lC )} ,
(2.17)
and if the p(1) integral were now performed, one would see that the above expression is
hiding a delta function δ(j (1) − J), which becomes apparent if the above expression is
written as:
Z
(1)
(1)
(1)
(1) (1)
(1)
dp(1) dj (1) eip (j −J) ei(j O) ei{−αδz(β(J)p −p G(J)p +lC )} .
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The fields j (1) and p(1) are denoted in a manner which suggests tentatively that they shall
be related to the fluctuating sources and their conjugate vacuum expectation values on the
RG phase space. The nature of this relation will be made explicit in what follows.
So now the ‘partition function’ can be written as
Z
(1)
(1)
(1)
(1) (1)
Z(J) = dp(1) dj (1) eip (j −J) ei{−αδz(β(J)p −p G(J)p +lC )} Z(j (1) ),

(2.18)

R
where Z(j (1) ) = dϕ exp i {jO}, and is thus the same as Z(J) except that J is replaced by
j (1) . The RG transformations still involve coarse graining with respect to the fundamental
fields ϕ and so since the quantum corrections have all been factored out into the integral
in front of Z(j (1) ), the second step of RG will proceed exactly the way the first step did
except that J is now replaced by the source j (1) . Given this guarantee of maintenance of
the form of the quantum corrections, one once again may choose to integrate in auxiliary
fields (p(2) , j (2) ) to obtain a result similar to the one above, i.e.
Z
(2)
(1) (2)
(2)
(1) (2)
(2) (2)
(1)
(1)
Z(j ) = dp(2) dj (2) eip (j −j ) ei{−α δz(β(j )p −p G(j )p +lC )} Z(j (2) ).
(2.19)
Here, α(2) is the analogue of the Weyl factor chose at the second step of RG, which is
free to be chosen to be different from α. Thus a pattern emerges, and if so the result of
iterating this procedure for k RG steps can be written as:
Z Y
k
Z(J) =
[dα(i) dp(i) dj (i) ]×
i=0
i

e

Pk

i=0



 
p(i) (j (i) −j (i−1) )
−α(i) (β(j (i−1) )p(i) +p(i) G(j (i−1) )p(i) +lC )
k δz
δz

!
|(j (0) ,p(0) )=(J,O) Z(j (k) ).

(2.20)
Note that the different Weyl factors at each step of RG denoted α are also integrated over
in order to ‘average’ over all possible RG paths. The consequences of the path independence
of this RG procedure will play a very important role in the remainder of this chapter.
(i)

The continuum limit of the above product of integrals can the be defined by sending δz → 0, and defining z =  exp (kδz) as the so called ‘radial’ time.
Here,  de
notes a short distance cutoff. The integration variables then become: α(i) , j (i) , p(i) →
{α(z), j(z), p(z))}. The latter two parameterise the dynamical phase space alluded to
in earlier discussions. Then the set of integrals over all RG steps can be recast as the
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functional integral:
Z
R z=z∗
dj(z)
Z(J) = Dα(z)Dj(z)Dp(z)ei z=0 dz(p(z) dz −α(z)HQRG ) |(j(0),p(0))=(J,O) Z(j(z∗ ))

(2.21)

These ‘fields’ now gaining additional dependence on the RG time is the signature of the
emergence of a new directions of space, or in other words, of holography. The field theory
of these sources is holographically dual to the original theory of the ϕ fields. The bound
on the integral z∗ denotes where the RG transformations are truncated, which needn’t
necessarily be infinity. The function HQRG is then give by
HQRG = β(j(z))p(z) + p(z)G(j(z))p(z) + lC .

(2.22)

As promised, the Hamiltonian is now quadratic in the ‘momenta’ p(z) that are conjugate
to the dynamical source variables j(z).

Back to the Matrix Field Theory
Similarly, in the planar matrix field theory case, the Quantum Renormalization promotes the sources J m (x) and the vacuum expectation values of the single trace operators
hOm (Φ(x))i to the dynamical fields (j m (x, z), pm (x, z)). In the large N limit, these single
trace operators are equal to their vacuum expectation values. These fact that they are
labeled by the RG time z in addition to the labels x is the precise sense in which they live
in one dimension higher to the planar matrix fields. The Hamiltonian in that case reads:
Z
m
Z[J ] = Dα(x, z)Dj m (x, z)Dpm (x, z)×
iN 2

R


√ 
dj m (x,z)
−α(x,z)HQRG (j m (x,z),pm (x,z))
dD xdz g pm (x,z)
dz

|(j m (x,z=0),pm (x,z=0))=(J m (x),hOm (x)i) Z[j m ].
(2.23)
2
−1
The factor of N out in front of the integral in the exponent plays the role of ~ for the
partition function on the space of sources.
×e

The large N limit is the same as taking the semiclassical limit of the bulk theory which
in other words, allows the functional integral to be performed in the saddle
R point approximation. This saddle point corresponds to extremising the action SB = dD xdz (pm j̇ m −
α(x)HQRG ). The Hamiltonian density takes the form:
HQRG (j m (x, z), pm (x, z)) =
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β m (j m (x, z))pm (x, z) + Gmn{µ}{ν} j m (x, z) ∇{µ} pm (x, z)∇{ν} pn (x, z) + LC (j m (x, z)).
(2.24)
The truncation to the single trace subspace is what leads to the quadratic term in the
momenta and thus the truncation itself is responsible for the non trivial dynamics of these
fields. The potential for the bulk fields is given by the generalisation of the term which
renormalizes the coupling of the identity operator: LC (j m (x, z)).
To conclude, the classical phase space in which QRG flow takes place is thus parameterised by the conjugate pairs (j m (x, z), pm (x, z)). This means that they satisfy the fundamental Poisson bracket relation
{j m (x, z), pn (y, z)} = δnm δ(x, y).

(2.25)

The Hamiltonian generating this QRG flow is HQRG (j m (x, z), pm (x, z)) given by (2.24).
The phase space is thus a subspace (that of single race operators) of the one identified in the
previous section, but the Hamiltonian now contains a term quadratic in the momentum.

2.3.2

Emergent gravity from QRG

The QRG procedure in the context of the matrix field theory will also promote the source
of the single trace energy-momentum tensor, i.e. the metric to a dynamical field. As
mentioned before, to study the pure gravity limit in the bulk, a limit where the energymomentum tensor is the only operator in the theory with a finite scaling dimension needs to
be considered. This can happen if all operators acquire large anomalous dimensions but the
energy-momentum tensor is protected by its Ward Identity. This implicitly also requires
the strong coupling on the planar matrix field theory’s side, although the classicality of
the bulk still requires the large N limit. It must also be assumed that there are no other
conserved higher spin currents in the theory.
The phase space variables in this case will be the metric and the vacuum expectation
value of the energy momentum tensor (πµν (x, z), g µν (x, z)), satisfying fundamental Poisson
bracket relation

πµν (x, z), g αβ (y, z) = δµ(α δνβ) δ(x, y).
(2.26)
The bulk RG Hamiltonian then takes the form
Z
√
d3 x g (α(x, z)H(πµν , g µν ) + ξ µ (x, z)Hµ (πµν , g µν )) =
Z



Gµναβ{η}{ρ} (g)
µν
d x gα(x, z) V (g) +
∇{η} πµν ∇{ρ} παβ + β (g)πµν +
2
3

√
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Z
+

√
d3 x gξ µ (x, z) (∇ν πµν ) .

(2.27)

The first term is the RG Hamiltonian described in the previous section, and it generates
local RG transformations. The Hamiltonian itself, (as opposed to the density) will be
denoted as
Z
√
H(α) = d3 x gα(x, z)H(πµν , g µν ),
(2.28)
and for reasons mentioned in the previous paragraph, this is a constraint with the function
α is the corresponding Lagrange multiplier. Diffeomorphism invariance of the matrix field
theory arising due to being coupled to an arbitrary background also needs to be taken into
account. This is captured by the Ward Identity:
h∇µ Tµν i = 0,

(2.29)

that is imposed in the QRG as a constraint:
Z
√
µ
Hµ (ξ ) = d3 x gξ µ (∇ν πµν ) = 0,

(2.30)

where the the shift vector ξ µ is the Lagrange multiplier enforcing this constraint.
Thus the phase space of the bulk theory is that of general relativity in the Hamiltonian
formalism (discovered by Arnowitt–Deser and Misner in [11]). Of course, the algebraic
form of the scalar constraint is not quite that of general relativity. The question that will
be addressed in the remainder of the chapter is under what circumstances the QRG scalar
constraint becomes that of general relativity.
The functions V (g) , β µν (g) and Gµναβ{η}{ρ} (g) are not just functions of the metric but
also its derivatives (i.e. curvature tensors) to arbitrarily high orders, but they admit a
derivative expansion where the leading order terms are:

V (g) = −c0 + c1 R + · · · , β µν (g) = βg µν + · · · , Gµναβ{η}{ρ} (g) =

γ µναβ
+ · · ·(2.31)
.
G
g λ

Here, Gµναβ
= g µα g νβ + g µβ g να − λg µν g αβ .
λ
If one entertains the possibility of tuning the constants in the gradient expansion then
it is conceivable that the ADM scalar constraint can be obtained through the following
steps. The term linear in the momentum needs to be removed somehow to even match the
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terms in the ADM scalar constraint. Assuming this is done if the action were re-written
by truncating to the first few orders in the derivative expansions shown, or in other words,
the constants multiplying the higher-order terms are all set to zero. Further, if the relevant
constants are tuned take the values λ = 1 = γ = c1 , c0 = Λcc ,3 then the bulk Hamiltonian
will be a sum of the Hamiltonian and diffeomorphism constraints of general relativity. i.e.
H(πµν , g µν ) =

√

1
g(−Λcc + R) + √ Gµναβ
πµν παβ + · · · .
g λ=1
|
{z
}

(2.32)

HADM (πµν ,g µν )

The diffeomorphism constraint is the same as that of general relativity. Note that including
any of the terms with spatial derivatives of a higher order than those included above in the
Hamiltonian will lead to a breakdown of the general covariance of the theory. The reason
for this breakdown lies in the mismatch between the number of radial gradients hiding in
the two powers of the momenta in the kinetic term, and the spatial gradients. One simple
way to see why the ADM Hamiltonian has just the right number of these derivatives is to
perform the Legendre transform to find that the Lagrangian thus obtained can be written
as a scalar density of weight one formed from the spacetime metric ([11]).
There isn’t any reason a priori to believe that the aforementioned truncations follow
from any of the limits already imposed on the matrix field theory. What would be more
satisfying would be to find some additional criteria that the coarse-graining mechanism
needs to satisfy from which the ADM form for the constraints follows.

2.4

Wess–Zumino consistency condition

The geometrization of the renormalization group lies in identifying the radial evolution of
a constant ‘RG time’ hypersurface into the bulk with the local quantum renormalization
group flow of the boundary theory. This is only strictly true, however, if the evolution is
generated by normal deformations of this hypersurface which satisfy a certain commutator
or Poisson bracket algebra. This algebra can be seen as a consistency condition for the
Hamiltonian evolution because satisfying this condition is necessary for the Hamiltonian
flow to not stray away from the subspace of phase space where the constraints are satisfied.
And through QRG, it will also reflect the consistency of the local renormalization group
flow, in that it dictates how LRG transformations are composed consistently.
3

Here, Λcc denotes the Cosmological constant, and shouldn’t be confused with the UV cut-off Λ.
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The specific form of the structure functions of this algebra is dictated by the diffeomorphism invariance of the D + 1 dimensional target space into which this hypersurface
is embedded. In other words, the property of the generators of the deformations of hypersurfaces forming a certain commutator or Poisson bracket algebra is a sign that these
hypersurfaces are embedded into a one higher dimensional (here Euclidean) spacetime.
This algebra is known as the hypersurface deformation algebra or the Dirac algebra. This
is because it mirrors the Lie bracket algebra of components of spacetime vector fields
decomposed tangentially and orthogonally to an embedded hypersurface [148].
In this section, the consequences of imposing the Dirac algebra through the Wess–
Zumino consistency condition for the Quantum renormalization group will be investigated.
From the field theory perspective, this will amount to relating the anomalous Ward identity
for broken Weyl/scale invariance to the Ward identity corresponding to diffeomorphism
invariance of the boundary theory coupled its background metric at every scale. This
relation between said Ward Identities will then impose restrictions on the algebraic form
of the RG Hamiltonian, which is nothing but the Hamiltonian of the dual gravity theory
and constrain it to be that of general relativity.
The guarantee that the only representation of this algebra on the gravitational phase
space being the ADM constraints follows from a theorem of Hojman, Kuchar, and Teitelboim [138]. Furthermore, the gradient formula for the metric beta function can also be
shown to follow from this demand that the constraint algebra close in a specific form. The
key result of interest form which this fact shall follow was first proven by Kuchar in [101].

2.4.1

The Wess–Zumino consistency condition as the holographic
dual to the Hypersurface deformation algebra

The Wess–Zumino consistency condition for the local renormalization group is simply a
statement of the fact that Weyl transformations commute. This means that when two local
RG transformations are composed, it doesn’t matter which of these transformations are
performed first, and which is performed second. Consider the the generating functional
and focus on its dependence on the metric: W [gµν ] ≡ lnZ[gµν ]. The statement of the
commutativity of the local RG transformations reads
[∆α(x)δz , ∆α0 (x)δz ]W [gµν (x)] = 0.

(2.33)

Even for a conformal field theory on a curved background, this condition imposes non
trivial constraints on the form of the conformal anomaly:
[∆σ(x) , ∆σ0 (x) ]WCF T [gµν ] = ∆σ Aσ0 − ∆σ0 Aσ = 0.
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(2.34)

Away from the fixed point, when conformal invariance is broken, these consistency conditions necessarily also lead to non trivial relations the beta functions needs to satisfy, in
addition to the anomaly terms.
In the QRG, the beta functions are coded into terms in the Hamiltonian, so the non
trivial relations the consistency conditions impose on the beta functions will thus translate
into restrictions on the form of the Hamiltonian. In order to see this more concretely, the
evaluation of the left hand side of the Wess–Zumino conditions in the QRG context reads:
[∆σ , ∆σ0 ]W [gµν ] = h[H(σ), H(σ 0 )]i → h{H(σ), H(σ 0 )}i,
N →∞

(2.35)

the vanishing of this, is how the Wess–Zumino consistency conditions are encoded in the
QRG. The diffeomorphism Ward identity does however allow for the possibility that the
right-hand side of the action of the commutator of the generators of Weyl transformations
to vanish as a consequence of being proportional to the covariant divergence of the energymomentum tensor. From the QRG perspective, this means that the right-hand side of
the bracket between H(σ) and itself (smeared with a different lapse multiplier) can in
principle be proportional to the constraint Hµ with some smearing perhaps containing the
derivatives of the lapse multipliers. This means that the Poisson algebra of the constraints,
particularly a specific form of said algebra is the holographic dual to the Wess–Zumino
consistency conditions.
We conjecture that the anomalous Ward identity corresponding to the broken Weyl or
scale invariance of the theory which the Wess–Zumino consistency conditions pertain is, in
a specific way, related to the Ward identity corresponding to the diffeomorphism invariance
of the theory.4 This means that the relationship between these Ward identities imply a
specific form of the Poisson algebra of the corresponding dual constraints. This form of
the Poisson algebra, given other assumptions we will further mention, will be sufficiently
strong to fix the algebraic form of the scalar Hamiltonian constraint to be identical to that
of general relativity.

Kinematics of Hypersurface Deformations
To start, it will help to describe the hypersurface deformation algebra at the kinematical
level. Consider an infinitesimal spacetime diffeomorphism generated by the vector field
4

The mathematical statement of which is the covariant conservation of the energy momentum tensor’s
vacuum expectation value.
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v A5 , i.e. y A → y A + v A , it can be decomposed into components tangential and orthogonal
to any given hypersurface as
(2.36)
v A = σnA + vkA ,
where σ = nA vA , and vkA = −(nC vC )nA + v A . Note that this vector is purely tangential
to the hypersurface, because nA vkA = 0, so we will denote it as vkµ in what follows. The
vector nA is the normal to a co-dimension one hypersurface Σ. The deformation of the
hypersurface generated by the vector field v A is given through the action of the operator
Z
δ
√
(2.37)
X(v) =
dD x gv A A ,
δy
Σ
which satisfies the commutation relations
[X(v), X(w)] = X([v, w]).

(2.38)

Here [v, w] is the Lie bracket of the vector fields v A , wA . Then a foliation dependent
decomposition of the above operator can be introduced as follows:
Z
δ
√
(2.39)
Nσ =
dD x gσnA A ,
δy
Σ
Z
δ
√
Tvk =
dD x gvkµ ∂µ y A A .
(2.40)
δy
Σ
The algebra of these deformations is given by
[Nσ , Nσ0 ] = −Tf (σ,σ0 ) , [Tvk , Nσ ] = −Nvkµ ∂µ σ , [Tvk , Twk ] = T[vk ,wk ] .

(2.41)

Here f ν (σ, σ 0 ) = g µν (σ 0 ∂µ σ − σ∂µ σ 0 ).
It is interesting to see that the above Lie bracket algebra is not a Lie algebra because the
analog of the structure constants is now replaced by phase space-dependent functions, i.e.
the vector f ν (σ, σ 0 ). It is still analogous to a Lie algebra in the sense that the commutator
of these deformations generators closes to other deformation generators. Also, the structure
functions of the above deformation algebra are fixed by the demand that when the normal
and tangential deformations are combined to form the overall deformation X(v), it satisfied
the algebra of spacetime diffeomorphisms (2.37). In other words, the specific form of the
structure functions of this algebra is fixed by the demand for full diffeomorphism invariance
of the spacetime into which the hypersurface is embedded. This algebra must be mirrored
by the Poisson algebra of the constraints on the phase space of any dynamical theory which
respects full diffeomorphism invariance. This fact that spacetime structure is reflected in
the algebra of constraints was described in [148].
5

we will use uppercase latin letters such as A, B, ... for D + 1 dimensional spacetime tensors, which will
run form 0 to D.
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Implications for gravity
The result of key importance in the context of the phase space of general relativity is that
of Hojman, Kuchar and Teitelboim (HKT) in [138]. They prove that the unique representation of the algebra of hypersurface deformations (2.41) on the phase space spanned
by the metric on a hypersurface and its conjugate momentum is given by the following
constraints:




Z
1
1
√
D
µν
2
d xσ(x) √
πµν π −
trπ − g(Λcc − R) ,
Nσ →
g
D−1
Σ
Z
√
dD x gvkν (x)(∇µ πνµ ).
Tvk →
(2.42)
Σ

The Poisson algebra of these constraints mirrors the algebra of hypersurface deformations. These constraint functions are easily recognised as the ADM scalar and diffeomorphism constraints where the lapse Lagrange multiplier is identified with σ(x) and the shift
multiplier is identified with vkµ (x). Thus the following Poisson algebra being satisfied by
the constraints:
{H(σ), H(σ 0 )} = −Hµ (f µ (σ, σ 0 )), {Hµ (ξ µ ), H(σ)} = H(ξ µ ∂µ σ),
{Hµ (ξ µ ), Hν (ζ ν )} = Hµ ([ξ, ζ]µ ).

(2.43)

is a necessary and sufficient condition for these constraints to take the ADM form.
The third of the above Poisson bracket relations is a representation of the algebra of
spatial diffeomorphism algebra. The second bracket is entirely a consequence of the fact
that the scalar constraint density is a tensor density of weight one. In a sense, these
brackets pertain to just kinematics, as far as QRG is concerned. This is because the
diffeomorphism constraint in the total QRG Hamiltonian is already of the same algebraic
form as the diffeomorphism constraint of GR, and hence necessarily satisfies the same
Poisson algebra. Also, the tentative scalar constraint density being a tensor density of
√
weight one only instructs where factors of g ought to appear in each of its terms, but
it doesn’t fix the functional dependence of the functions themselves on the phase space
variables. The first Poisson bracket relation however does indeed pertain to dynamics. For
it to be satisfied, the form of various functions in the scalar constraint is fixed.
Going back to the quantum renormalization group, there is now potential to impose
a condition on the very coarse graining scheme itself, the satisfaction of which will force

24

the RG Hamiltonian to take the ADM form. This condition is the holographic dual to the
hypersurface deformation algebra. It is given by:
Z
√
(2.44)
[∆σ , ∆σ0 ]W [gµν ] = d3 x gf µ (σ, σ 0 )h∇ρ Tµρ i,
which, as mentioned before is but a particular manner in which the Wess Zumino consistency condition is satisfied (because h∇ρ Tµρ i = 0).
We will now describe how the functions in the QRG Hamiltonian can be fixed by
demanding this particular form of the consistency condition, starting with the kinetic
term.

2.4.2

The Kinetic term

The tentative kinetic term is one which is quadratic in the momentum, but only the first
term in the gradient expansion is ultra local in the metric and momenta. The QRG scalar
constraint in this case takes the form




Z
1
1
√
D
µν
2
µν
πµν π −
trπ + F (g, π) − βµν (g)π + gV (g) .
d xα(x, z) √
H(σ) =
g
D−1
Σ
(2.45)
The function F (g, π) stands for the rest of the terms in the gradient expansion of the
quadratic in momentum term. This is a function which consists of an arbitrary number of
derivatives of the metric and the two powers of momenta. The key Poisson bracket relation
to use in order to fix the form of the remaining functions in this constraint is the bracket
between two scalar constraints, i.e.
{H(α), H(α0 )} = Hµ (f µ (α, α0 )),

(2.46)

where leaving aside the specific form of f µ (α, α0 ), a lot can be gained from just noticing the
fact that the right hand side of the above bracket is linear in the momentum. In order to
exploit this feature, it is useful first to recall that the Poisson brackets between two phase
space functions reduce the total polynomial order in the momenta by one and maintain
the order of spatial derivatives. The bracket between two scalar constraints breaks up into
a sum of several terms which can be ordered based on the total polynomial order of the
momenta. The highest order term from this counting would be the bracket between the
kinetic term and itself:

 Z

Z

1 µναβ
1 µναβ
D
D
0
πµν παβ + F (g, π) , d yα (y, z) √ G
πµν παβ + F (g, π)
d xα(x, z) √ G
g
g
Σ
Σ
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− (α ↔ α0 ),
This will split up again into three terms, the first being

Z
Z
0
D α (y, z) µναβ
D α(x, z) µναβ
πµν παβ , d y √ G
πµν παβ − (α ↔ α0 )
d x √ G
g
g
Σ
Σ

(2.47)

(2.48)

which vanishes because of the ultra locality of the resulting expression and subsequent
anti-symmetrisation of the smearing functions. The second and third terms of the form
Z

Z
D
D α(x, z) µναβ
0
πµν παβ , d yα (y, z)F (g, π) − (α ↔ α0 ),
(2.49)
d x √ G
g
Σ
Σ

Z
Z
D
D
0
(2.50)
d xα(x, z)F (g, π), d yα (y, z)F (g, π) − (α ↔ α0 ),
Σ

Σ

don’t however identically vanish due to the presence of spatial gradients, and thus leads
to a set of terms genuinely cubic in the momenta. These terms vanish if and only if
F (g, π) = 0. The study of such terms is the subject of [140]. In that work, the demand
that the structure functions be independent of the momenta even is not imposed, but still,
the constraint algebra doesn’t remain first class under a wide class of such modifications
of the kinetic term. This eliminates the potentially cubic term in the result of this Poisson
bracket relation.
Thus from just positing this holographic version of the Wess–Zumino consistency condition, it follows that
1
1
Gµναβ{η}{ρ} → √ Gµναβ = √ (g µ(α g β)ν − g µν g αβ ).
g
g

(2.51)

Thus the double trace beta function is an ultra local function of the metric known as the
de-Witt super metric. This also implies that the kinetic term of the Hamiltonian is ultra
local in both the metric and the momenta. This is a canonically normalised kinetic term,
akin to that which is encountered in most field theories.
The super metric is a metric on the space of metrics is used to define an inner product
on field space, which in turn is necessary to define the functional integral over geometries in
the quantum theory. Paraphrasing from a discussion in [119], allowing this inner product
to be taken with respect to a super metric containing derivatives of the metric would have
the effect of defining a different set of dynamical fields in the theory. So the specification of
an ultra-local super metric can also be seen as a manifestation of the fact that the metric
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is taken to be the fundamental field variable and that the presence of derivatives of it in
the action is the cause for dynamics.
Furthermore, the ultra locality of the kinetic term in both the metric and the momenta
will ensure the invertibility of the relationship between the canonical momenta and the
extrinsic curvature tensor. The extrinsic curvature tensor is defined as
1
Kµν = − Ln gµν ,
2

(2.52)

where nµ is the vector normal to the hypersurface. The relationship between this tensor
and the canonical momentum given the ultra-local kinetic term is


1
1
Kµν = √
trπgµν .
πµν −
(2.53)
g
D−1
The simple algebraic nature of the relationship between the canonical momenta and the
extrinsic curvature is one of the many necessary conditions to find a Lagrangian that can
be rewritten in the form of the Einstein Hilbert action which is manifestly covariant in
D + 1 dimensions after performing the Legendre transform.
The HKT result also seems to demand that the metric beta function ought to simply
vanish for the algebra of constraints to be satisfied, and also, the potential term should be
truncated to just the first two terms in its derivative expansion. There is a subtlety here
regarding the fate of the term linear in the momentum and the potential term and it will
be elucidated and addressed in the subsection to follow.

2.4.3

Gradient flow formula for the metric beta function and
canonical transformations

The constraint algebra enforced through the holographic Wess–Zumino consistency conditions also has implications for the form of the beta function and potential term in the RG
Hamiltonian.
In the last section, it was deduced that the kinetic term should be ultra-local in both
the metric and the momenta to satisfy the hypersurface deformation algebra. Assuming
only this, the scalar constraint is given by




Z
1
1
√
D
µν
2
µν
πµν π −
trπ − βµν (g)π + gV (g) . (2.54)
H(α) =
d xα(x, z) √
g
D−1
Σ
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We will now sketch the derivation of the result showing that the demand that the hypersurface deformation algebra is satisfied will translate into the so-called ‘gradient formula’
for the metric beta function. For more detailed computations proceeding along this line of
reasoning to derive this result, see [140]. The original derivation of this result came from
an effort to formulate the HKT theorem in the Lagrangian framework by Kuchar in [101].
Given that the vanishing of the cubic resulting from the Poisson brackets has been established, the next to higher order term will be a quadratic in momentum expression which
comes from the bracket between the kinetic term and the term linear in the momentum:

Z
Z
D
D α(x, z) µναβ
0
µν
− (α ↔ α0 ).
(2.55)
πµν παβ , d yα (y, z)βµν (g)π
d x √ G
g
Σ
Σ
The function β µν (g) depends on the metric and its momenta, and the above expression will
not identically vanish despite the anti-symmetrisation of the smearing functions. In order
to satisfy the hypersurface deformation algebra however, this expression must strongly
vanish, by virtue of the fact that there is no term on the right hand side of (2.46) that is
quadratic in the momenta.
It can be shown
imply that

6

that the vanishing of the above quadratic in momentum term will
δ(Gαγµν βαγ )(x) δ(Gδκρη βδκ )(y)
−
= 0.
δgρη (y)
δgµν (x)

(2.56)

Following similar logic, a term generated by the Poisson bracket calculation that is momentum independent should also vanish. The relevant piece of the bracket here will be

Z
Z
D √
D
µν
0
d xα(x, z)βµν (g)π , d y gα (y, z)V (g) − (α ↔ α0 ),
(2.57)
Σ

Σ

which produces a term that is independent of the momenta and can be split up into a
sum of terms ordered by the number of spatial gradients. The first non-trivial order of
derivatives will be the second order, the vanishing of which is
∇γ (Gαγµν βµν ) = 0.

(2.58)

The conditions (2.56) and (2.58) then imply that the function βµν (g)7 has to take the form
βµν (g) = Gµνρη
6
7

δc[g]
,
δgρη

See section 5 of [140]
for a sketch of the proof of this statement, see [101] and references therein
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(2.59)

where c[g] is a functional of the metric and its derivatives.
From the quantum field theory perspective, the equation (2.59) is the so-called gradient
formula for the metric beta function. This result was arrived at solely through considerations of the (‘holographic’) Wess–Zumino consistency conditions much akin to how such
a formula is derived in the traditional local RG literature, for instance in [?], [?]. Such
a formula was also derived from considerations of entanglement entropy in holographic
theories in [94], in the case where c[g] takes the form of the Einstein Hilbert action.
Coming back to the dual gravitational theory, consider just the kinetic term and the
term linear in the momentum, the sum of which can be manipulated as follows
δc[g] µν
1
π
√ Gµνρη π µν π ρη − Gµνρη
g
δgρη



δc[g] δc[g]
1
1 δc[g]
1 δc[g]
1
µν
ρη
= √ Gµνρη π −
π −
− Gµνρη
.
g
2 δgµν
2 δgρη
4
δgµν δgρη

(2.60)

This manipulation makes the possibility for the following canonical transformation
π µν → π µν −

1 δc[g]
,
2 δgµν

apparent. This is a canonical transformation because it preserves the canonical Poisson
brackets of the theory and subsequently comes at the cost of adding a total derivative term
to the action. The role of such canonical transformations in holographic RG was discussed
in detail in [128]. It follows from this canonical transformation that
Z
Z
Z
Z
Z
Z
√ 1 δc[g]
D √
D √
µν
µν
ġµν
dz d x gπ ġµν → dz d x gπ ġµν + dz dD x g
2 δgµν
Σ
Σ
Σ
Z
Z
√
∗
=> dz dD x gπ µν ġµν + c[g]|z=z
(2.61)
z=0 .
Σ

This is just the statement of the fact that c[g] is the generating functional of the aforementioned canonical transformation.
This effectively removes the linear term in the scalar constraint, leaving only the ultralocal, canonical kinetic term. The last term in the Hamiltonian constraint whose form
hasn’t yet been fixed in the above discussion from the demand of satisfaction of the hypersurface deformation algebra is the momentum independent potential term. It too gets
modified as a consequence of the canonical transformation mentioned above, i.e.
1
V (g) → V (g) − Gµνρη β µν (g)β ρη (g) ≡ U (g).
4
29

(2.62)

Now, the form of the Hamiltonian constraint density after the canonical transformation
is:

1
√ Gµνρη π µν π ρη + U (g),
g

and the HKT result will lead to the condition
1
√
U (g) = V (g) − Gµνρη β µν (g)β ρη (g) = g(−Λcc + R).
4

(2.63)

This difference between the potential term and the square of the beta function being exactly the potential term in the ADM Hamiltonian constraint is also related to the
vanishing of the difference between the a and c anomaly coefficients in AdS/CFT as was
discussed in [123].8
We wish to emphasize that the above subsection provides a derivation of the gradient
condition for the metric beta function which was so far assumed in discussions relating to
the quantum renormalization group. The additional input however was the holographic
Wess–Zumino consistency conditions. On the gravity side of the duality, these conditions
translate into the closure of the constraint algebra in a very specific manner, which is a
stronger condition than just the demand for closure of the constraint algebra which was
already presented in [102].

2.4.4

The realm of possibilities

Despite the many arguments made in the previous sections to justify the conjectured form
of the Wess–Zumino consistency conditions, one can nevertheless ask what other consistent
choices could have been made on the gravity side for these conditions to be satisfied. A
consistent choice of how the Wess–Zumino conditions are satisfied translates through the
duality into a manner in which the Poisson algebra of constraints can close. Then, the
most general condition one can impose on the bracket between two scalar constraints is
just closure i.e. to require
{H(σ), H(σ 0 )} ≈ 0.
(2.64)
The symbol ≈ denotes “weak equality” which means equality when the constraints are
satisfied. That would leave the possibility for the Poisson brackets to result in terms proportional to both the scalar and vector constraint with arbitrary structure functions, whose
phase space dependence is made explicit with the notation f˜µ (g, π; σ, σ 0 ), h̃(g, π; σ, σ 0 ):
{H(σ), H(σ 0 )} = H(h̃(g, π; σ, σ 0 )) + Hµ (f˜µ (g, π; σ, σ 0 )).
8

(2.65)

It should be noted that conventions to do with factors of 2 differ between this chapter and [123].
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Before proceeding further in this discussion, it will help to first take a step back and
recall some basic notions in the theory of constrained Hamiltonian systems. The fact
that the Poisson algebra of the constraints results in terms proportional to the constraints
themselves implies that the constraint algebra is first class. The first-class nature of the
D + 1 constraints in the general relativity context is the manifestation of the fact that
true degrees of freedom of the gravitational field.
there are (D+1)(D−2)
2
Now, going back to the situation of interest, one can ask what class of gravitational
theories (i.e. theories defined on the phase space of GR) exist that possess spatial (i.e.
in the field theory’s space directions) diffeomorphism invariance and a local quadratic
in momentum Hamiltonian constraint which is first class and hence propagate the same
number of degrees of freedom as general relativity. No such theory has been found so far,
although a complete proof of the statement that no such theory could be found doesn’t
exist at the moment. Nevertheless, if additional restrictions such as the demand that the
kinetic term is ultra-local are imposed, then the mere demand for closure of the constraint
algebra will force the ‘tentative’ constraints to take the form of those of general relativity,
as was shown in [56]. This remains true if the kinetic term is also modified by the addition
of an arbitrary local, but quadratic in momentum term, see [70]. If the demand that the
modifications no longer remain quadratic in momenta is relaxed, then perhaps there is a
wide range of generalizations of the hypersurface deformation algebra that are admissible,
such as those described in [21].
If no such theory exists, then what one would conclude is that the only realization of a
first-class scalar constraint in otherwise spatially covariant theory of gravity is necessarily
the ADM Hamiltonian constraint of general relativity. In that case, the only demand that
one need impose is for the Wess–Zumino conditions to somehow be satisfied, i.e. that the
algebra of constraint simply be first class and the only consistent manner in which such
closure can be achieved is if the constraints are those of general relativity. Here, there will
be no need to make any conjecture about the specific manner in which the Wess–Zumino
consistency conditions are satisfied, and the covariance of the dual theory will follow solely
from the abelian nature of the group of local Weyl transformations.

2.5

Holographic Renormalization

The previous sections dealt with aspects of the renormalization group flow which in principle will hold even if the theory under consideration is an effective field theory with a
finite UV cutoff. This means that any solution to the flow equations cannot be extended
to infinite flow time. The step of renormalization is to find a set of flows emanating from
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an ultraviolet fixed point so that the flow time can be taken to infinity. Corresponding to
that there is a chart on the theory space with well-defined transition maps corresponding
to the renormalized sources. This perspective is emphasized in [108].
To define renormalized correlation functions and other such observables, one need only
renormalize the generating functional. In the Hamiltonian system the flow gets mapped to,
this corresponds to finding the on-shell action defined with boundary conditions at large
flow times. The on-shell action is equal to Hamilton’s principle functional, so to study
renormalization of the boundary theory, we need to solve the Hamilton–Jacobi equation
with large (radial) time asymptotics. This procedure is known as holographic renormalization (see for instance [40]). The approach followed henceforth is that of Skenderis,
Papadimitriou et. al. (see for instance[128], [130], [131] and references therein) and is
known as the Hamiltonian approach to holographic renormalization. First, it will help to
clarify the role of the dilatation operator.

2.5.1

The Dilatation Operator

To describe a theory at the UV fixed point, one need recover the conformal Ward identities
at infinite flow time (from the perspective of the Hamiltonian system). As τ → ∞, we
need
Z
δ
∂τ ∼ 2g µν µν ≡ δσ(x)=1 ,
δg
x
for later convenience, we denote δσ(x)=1 = δg
The Hamiltonian approach to Holographic renormalization is based on expanding Hamilton’s principal functional in eigenvalues of this operator.
This identification corresponds to an asymptotic fixing of the Lagrange multipliers to
(σ, ξ µ ) = (1, 0). Also, from the relation
τ →∞

ġµν ∼ δg gµν = 2gµν ,

(2.66)

one can read off the asymptotic limit of the metric gµν |τ →∞ = e2τ g(0)µν . So we see that the
action of the Hamiltonian and that of the dilatation operator at infinity is thus identified
simply.
This type of behavior hints at asymptotic boundary conditions of the Anti-de Sitter
type (assuming the radial direction is Euclidean). To see clearly why the holographic UV
conformal field theory is dual to asymptotically AdS spacetime, will illustrate how to solve
the Hamilton–Jacobi equations, but in summary, it has to do with the dilatation being
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identified with radial evolution at infinity. Therefore, the holographic counterpart to the
renormalization procedure is to characterize asymptotic infinity which is seen as the limit
as the radial coordinate is taken to infinity. The construction of the requisite counterterms
needed to define the on-shell action thus coincide with those required to renormalize the
dual quantum field theory, as both the infrared divergence in the former as well as the
ultraviolet divergence in the latter arise in the τ → ∞ limit.
Now we will demonstrate more explicitly how the conformal algebra emerges at the
fixed point

2.5.2

The Conformal Algebra

In the previous section, we see that when considering the U.V. fixed point of the theory the
background metric takes the form gµν = e2τ g(0)µν where τ → ∞. In this section, we will
utilise this and focus on the case where g(0)µν = ηµν , i.e. when the metric is conformally
flat. Also, if we choose the the diffeomorphism transformations to be generated by
ξ µ = aµ + ωνµ xν + λxµ + 2(b · x)xµ − x2 bµ ,
and the Weyl factor given by

(2.67)

∂·ξ
,
D

σ(x) =

∂·ξ
= λ + 2b · x.
D

(2.68)

It then follows that the local RG transformations and diffeomorphisms generated by
H(λ) + Hµ (λxµ ) = D(λ) , H(2b · x) + H(2b · xxµ − x2 bµ ) = K (b) ,

Hµ (aµ ) = P (a) , Hµ (ωνµ xν ) = J (ω) .
Then, it follows from the constraint algebra that these generators satisfy the following
algebra:
 (b) (λ)


K ,D
= −K (λb) , P (a) , D(λ) = P (λa) , K (b) , P (a) = −D(a·b) + J (a×b) , (2.69)
n
o
 (ω) (b)

0
0
J ,K
= K (ω·b) , J (ω) , P (a) = P (ω·a) , J (ω) , J (ω ) = J (ω·ω ) .
Here a × b ≡ a[µ bν] , ω · a ≡ ωνµ aν , ω · b ≡ ωνµ bν and ω · ω 0 ≡ ωνµ ωρ0ν . This is the conformal
algebra that emerges as the residual symmetry group of the background geometry that
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arises at the UV fixed point. Note that in order to derive the above algebra, it is crucial
that to note that the background given by the conformally flat metric with the infinite
Weyl factor, the Hamiltonian constraint commutes strongly. This is because the structure
µν
function vanishes e−2τ g(0)
(σ∂ν σ 0 − σ 0 ∂ν σ) → 0 as τ → ∞. This is consistent with the fact
that Weyl transformations commute.

2.5.3

Hamilton–Jacobi Equations

The Hamilton–Jacobi equation is obtained from setting the momenta equal to derivatives
of Hamilton’s principal functional:
δS
(2.70)
π µν =
δgµν
This is nothing but a restatement of (2.3) making the identification of the generating
functional with Hamilton’s principal functional. The Hamilton–Jacobi equations then take
the form
Gµνρσ

δS δS
√
− g(R − 2Λ) = 0,
δgµν δgρσ
δS
=0
∇ν
δgµν

(2.71)
(2.72)

These are nothing but a restatement of the local renormalization group equations satisfying
the holographic Wess–Zumino consistency conditions.
The Hamilton–Jacobi equations can also be seen as a canonical transformation away
from zero momenta. From this perspective, the beta functions are given by the gradient
formula where C is replaced by S. To study the fixed point, it will suffice to consider pure
gravity, as all other beta functions would vanish here.

2.5.4

Solving the Hamilton–Jacobi Equations

The approach followed in this subsection and the next summarises what is described in
detail in [128], [130], and introduced in [131].
The Hamiltonian approach to Holographic renormalization is based on expanding Hamilton’s principal functional in eigenfunctions of δg :
Z
√
(2.73)
S = S(0) + S(1) + S(2) + · · · , S(k) = dD x gL(k) .
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These functions satisfy
δg S(k) = (D − k)S(k) .

(2.74)

The momenta thus also admit an expansion of the form
µν
µν
µν
π µν = π(0)
+ π(1)
+ π(2)
+ ···

(2.75)

So the relation (2.74) can be written through the momenta as
trπ(k) = (D − k)L(k) ,

(2.76)

and this relation will be useful in the discussion to follow. The case of interest is to take
τ → ∞ and pick out the divergent terms to cancel with counter-terms. This relation can be
used to iteratively solve the Hamilton–Jacobi equations but this procedure can be followed
only up to S(D) due to poles. Given that the potential counter-terms of interest are all
pertinent to operators of dimension D or lower, this expansion will suffice to construct the
counterterms and compute the anomaly. These counterterms can be identified as
Sct = −

D
X

S(k) .

(2.77)

k=0

The anomaly stems from the logarithmically divergent terms which appear for example
1
, that is converted through dimensional regularisation
in four dimensions with the pole D−4
−2τ
into −ln(e )/2. These must be summed together to obtain the logarithmically divergent
term L̃(D) . The renormalized action is defined as
Z
√
(2.78)
Sren = lim (S + Sct ) = lim
dD x gL(D) .
τ →∞

τ →∞

To start with, begin with the zeroth order Hamilton–Jacobi equation:
δS(0) δS(0) √
− gΛ = 0,
(2.79)
δgµν δgρσ
R√
√
which admits the solution S(0) =
gc1 , where c1 ∝ −Λ, and in appropriate units of the
cosmological length scale, this can be set to one. We will specialise to D = 4 for simplicity.
To second order, the Hamilton–Jacobi equation reads
Gµνρσ

−

δS(2) √
2
gµν
+ gR = 0,
D−1
δgµν
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(2.80)

which admits a solution S(2) =

R

√
dD x gc2 R, where c2 =

(D−2)
.
(D−1)

Finally, the fourth order HJE in D = 4 reads
gµν

δS(4)
µν ρσ
+ Gµνρσ π(2)
π(2) = 0,
δgµν

(2.81)

and from knowing S(2) , we see that the right hands side reads


2 2
√
µν ρσ
µν
Gµνρσ π(2) π(2) = g
R − 2R Rµν .
3
This leads to the counter term action:




Z
1 2
√
µν
−2τ
Sct =
R − R Rµν
.
g 1 + 2 R − ln(e )
3

(2.82)

The fourth order equation has another interpretation as the renormalised trace Ward–
Identity.

2.5.5

Renormalized Trace Ward Identity and the Anomaly

Recall the relation
trπ(4) = (D − 4)L(4) ,
which as D = 4 is ill defined. To cure this, dimensional regularisation is employed, as
1
mentioned before to set τ0 = D−4
, and then one defines
L(4) |τ0 = −2τ0 L̃(4) |τ0 ,
so that

1
L̃(4) = − trπ(4) .
(2.83)
2
This is finite as τ → ∞ and in that limit this defines the trace Ward identity, again from
recalling the relation limτ →∞ trπ(4) = hTµµ iren . So, the interpretation is that this is the
expression for the anomaly at the fixed point:


1 2
µ
µν
hTµ iren = Ah =
R − R Rµν .
(2.84)
3
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This is known as the Holographic anomaly, which is one of the celebrated results of
the AdS/CFT correspondence: [85], [92]. Comparing this to the general expression for the
anomaly in conformal field theories in four dimensions, i.e.

c
− a R2 + (−2c + 4a)Rµν Rµν + (a − c)Rµνρσ Rµνρσ ,
A=
3
we see that the relation a = c between the anomaly coefficients is implied by the above
expression.
From the fact that the asymptotic generator of radial translations is equated with the
generator of dilatations, as is expressed in (2.66), we see that the renormalized Hamiltonian
should, therefore, be equated with trπ(4) at τ → ∞. Thus the renormalized Hamiltonian
is equal to the holographic anomaly:
Hren = −hTµµ iren = Ah .

(2.85)

Another way to see how the a = c condition arises in the local holographic RG was
demonstrated by Nakayama in [123].
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Chapter 3
Flows satisfying the Holographic
Wess–Zumino consistency conditions
In the previous chapter, we discussed the Holographic Wess–Zumino consistency condition
and how it reflects the commutator or Poisson bracket algebra of the generators of deformations of a hypersurface embedded in a one higher dimensional space time. Since it is a
re-writing of the bulk space-time diffeomorphism algebra, the asymptotic conformal symmetry algebra arises from this algebra at the boundary of an asymptotically AdS space.
The limit of approaching the boundary of the AdS space mirrors the limit of taking the
cutoff to zero in the theory on the boundary. What is missing in this story is and identification of the effective field theory that inhabits the surface at some finite radial slice.
Examples of such theories will be the focus of this chapter.
The paradigmatic example will be the T T̄ deformation of large c holographic, two
dimensional conformal field theories.

3.1

QRG meets T T̄ deformed CFT2

In this section, we will discuss applying the QRG procedure to the T T̄ flow of large c twodimensional conformal field theories, and how this leads to general relativity in AdS3 . Most
importantly, this flow satisfies the Holographic Wess–Zumino consistency condition, and in
fact, the structure of the flow equation is protected by this condition. In other words, the
flow equations receiving no corrections involving gradients or other operators formed from
higher powers of the stress tensor is a consequence of the consistency conditions. To set
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this all up, it will help to set some conventions for two-dimensional conformal field theories
on general backgrounds and their deformations.

3.1.1

2D conformal field theories on curved backgrounds

The conformal field theories under consideration are those living in two-dimensional spacetime. For our purposes, we will work with Euclidean conformal field theories. We will
denote the action of the conformal field theory as SCF T and the partition function reads
Z
ZCF T [g] = DΦe−SCF T [Φ;g] .
(3.1)
Here gµν denotes the metric tensor on the two-dimensional space on which the conformal
field theory lives. The Φs refer to fundamental fields of arbitrary spin in principle. They
needn’t be specific for the rest of the discussion.
Putting the theory on an arbitrary curved background with metric gµν means that
conformal symmetry will be anomalous. The anomaly itself is the sole source of scale
dependence in this theory, and hence it will be useful to isolate said scale dependence. It
will be useful to note that the metric can be decomposed as follows:
gµν = e2ϕ(x) ĝµν ,
where ϕ(x) is referred to as the Liouville field. The partition function reflects this decomposition in the following manner:
∗
ZCF T [g = e2ϕ ĝ] = eSP [ϕ;ĝ] ZCF
T [ĝ].

(3.2)

The scale dependence rests in the Polyakov action
Z
p

SP [ϕ; ĝ] = d2 x ĝ ϕϕ − ϕR̄(ĝ) .
The Ricci scalar R for g and that of ĝ (denoted R̄(ĝ)) are related in the following manner:
R(g = ĝe2ϕ(x) ) = e2ϕ (R̄(ĝ) + 2ϕ)
The defining property of the conformal field theory is the Ward identity corresponding to
Weyl invariance which reads:


δ
c −2ϕ
−
e R(g) ZCF T [g] = 0.
(3.3)
δϕ 24π
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Here, c denotes the central charge.
The purpose of isolating the ϕ dependence is to highlight the fact that the Polyakov
action is solely responsible for the scale anomaly:
c −2ϕ
δSp [ϕ; ĝ]
=−
e R(g),
δϕ
24π

(3.4)

∗
where as ZCF
T [ĝ] remains completely Weyl invariant.

Despite the Weyl anomaly, the aforementioned ward identity will still be referred to as
the conformal Ward identity. The breaking of conformal symmetry which results from RG
flows being triggered will alter the form of this Ward identity, and the form the identity
then takes will define an exact RG flow equation.

3.1.2

The deforming operator T T̄

The form of the deforming operator O (which was referred to previously as T T̄ , and shall
continue to use these two notations interchangeably) on flat space with complex coordinates
(z, z̄) is
1
O = T T̄ − Θ2 ,
4
where T, T̄ , Θ stand for the holomorphic, antiholomorphic components and trace of the
energy-momentum tensor of the theory. In the limit where the theory is indeed conformal,
O = T T̄ . Zamalodchikov in [143],[157] proved that this deformation is integrable. This
means that it is one of an infinite number of mutually commuting conserved charges. It
was also shown that in the flat space limit for a wide class of slowly varying, translation
invariant states, the following factorization property holds for the expectation value of this
operator:
hOi = hT ihT̄ i − hΘi2 .
(3.5)
This will be useful in constructing the bulk dual to this theory. Clearly, this operator
is irrelevant, and as the above factorization property suggests, it is of dimension four.
Thus the coupling of this operator in the action of the perturbed field theory is of mass
dimension -2. It was shown in [51] that deforming a two dimensional quantum field theory
by this operator on flat space is equivalent to coupling the theory to Jackiw–Teitelboim
gravity. This is a very interesting observation but for the purposes of this chapter, i.e. to
construct the off shell Einstein-Hilbert action in the holographically dual bulk theory, it
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will be necessary to put the theory we are interested in on an arbitrary curved background.
In that case, O in a more covariant form is given by
O=−


1
Tµν T µν − (Tαα )2 ,
8

(3.6)

it can also be rewritten by noting that
µν ρσ
Tµν T µν − (Tαα )2 = GdW
µνρσ T T ,

where the de Witt super metric is defined as
GdW
µνρσ = (gµ(ρ gσ)ν − gµν gρσ ).

(3.7)

The desired factorization property (3.5) will now take the form
µν ρσ
dW
µν
ρσ
hGdW
µνρσ T T i = Gµνρσ hT ihT i.

And in order for the dual theory to indeed be general relativity in three dimensions, we will
see that the above property has to be exact in addition to the fact that no operator other
than O is generated to leading order in the coupling in front of it in conformal perturbation
theory. In the next section, we will show that there is a natural consistency condition that
the quantum field theory must satisfy in order for these hopes to be realized. The Energy
Spectrum Here, we will briefly review the calculation of the energy spectrum of a T T̄
deformed CFT on a cylinder. This is one of the first quantities that was computed in the
literature ([?], [32]) in the deformed theory, and it sheds light on some very fascinating
features of the deformation.
Given that the T T deformation preserves space and time translation invariance, a
natural basis of states to consider in the theory is that of the Hamiltonian and momentum
operators’ simultaneous eigenstates. They are denoted as:
H|ni = En |ni, P |ni =

2πJn
|ni.
L

(3.8)

Here L is the circumference of the spatial circle. In the deformed theory, the Hamiltonian
satisfies the flow equation:
Z
∂µ hHi = dxhOi
(3.9)

41

which follows form a similar flow equation that the partition function of the theory on a
general background satisfies. The expectation value on the right hand side is computed in
the energy eigenbasis, and the left hand side too can be expanded in said basis:
X
X
∂µ E n =
Lhn|O|ni.
n

n

Therefore, we see that term by term we have
∂µ En = hn|O|ni.

(3.10)

Thanks to the factorization result, which we know holds on translation invariance backgrounds, this expectation value can be rewritten as

hn|O|ni = hn|T |nihn|T̄ |ni − (hn|Θ|ni)2

1
hn|Ttt |nihn|Txx |ni − (hn|Ttx |ni)2 .
(3.11)
4
On the cylinder, we know what the individual components of the energy momentum tensor
are in terms of energy, pressure and momentum:
=−

hn|Ttt |ni =

2πiJn
En
, hn|Txx |ni = ∂L En , hn|Txt |ni =
.
L
L2

(3.12)

The flow equation therefore becomes the following equation for the energy levels:


1
Pn2
∂µ En = −
En ∂L En + 2 .
(3.13)
4
L
This equation resembles the Burgers equation from hydrodynamics but without a viscosity
like term. The solution to this equation, in the case where a CFT is being deformed is
given by
!
r
 π 2 µ2
2L2
2πµ 
c
¯n −
¯ n )2 .
En (µ, L) =
1 − 1 ∓ 2 ∆n + ∆
+ 4 (∆n − ∆
(3.14)
µ
L
12
L
¯ n − c and the momentum eigenvalues
Here the undeformed energy is given by Eo = ∆n + ∆
24π
are the same in the deformed and undeformed theories.
Note that there are two solutions, corresponding to the two signs to choose from. To
match with calculations of quantities in AdS3 , it turns out that we have to choose the
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solution with a positive sign for µ. Indeed, this solution isn’t real-valued for all values of
n if we fix µ and it sees a square root singularity as a function of n. This level is to be
interpreted as demarcating a cutoff, which is the interpretation that the authors of [114]
proposed.
Moving beyond this paradigmatic example, and back to the task of applying QRG to
a large c CFT on general backgrounds, it will help to first introduce the Callan–Symanzik
equation for the deformed theory. This is needed since the definition involving the flow of
the Hamiltonian works only when there is a time-like killing vector on the background.

3.1.3

The local renormalization group equation

The theory of interest in the discussion to follow has the following action
Z
µ
√
µν αβ
,
d2 x gGdW
S[Φ; g, µ] = SCF T [Φ; g] +
µναβ T T
16

(3.15)

where µ is kept infinitesimal for the rest of the discussion. This theory is no longer conformal, but depends on an additional scale through µ. The geometerization of the renormalization group flow this operator generates will entail said flow being mapped to Einstein’s
equation in a three dimensional (Euclidean) spacetime.
The aim here is to write down a Callan–Symanzik like equation describing the response
of the generating functional to local Weyl transformations. These Weyl transformations
are to be seen as a continuum generalization of the blocking transformations of Kadanoff,
so they encode coarse-graining but in a space-dependent manner.
To begin, the partition function of the deformed field theory takes the form
µ

ZQF T [g, µ] = ZCF T [g]he− 2

R

√
µν T ρσ
d2 x gGdW
µνρσ T

iCF T .

(3.16)

The key results of this subsection shall all follow from the above expression where µ is
considered to be small. It will thus be very important to state the assumptions that go
behind this expression.
The most important one is that the only scale in the quantum field theory is µ. This
implicitly assumes that no operators of higher dimensions suppressed by other scales enter
into the RG flow of the quantum field theory. We assume that the theory possesses a
large central charge c. Given that the energy-momentum tensor and its derivatives, i.e.
the descendants of the identity operator close under the operator product expansion with
each other, the higher dimension operators possibly entering with scales other than µ
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are all composite operators of the energy-momentum tensor. In the next section, we will
describe what the necessary condition is in order to protect the theory of interest from
such corrections while retaining only O. For the time being, we will continue with more
the more stringent assumption that µ is in fact the only scale available in the quantum
field theory, and also that gµν (x) to vary slowly with x.
We will start by introducing the Liouville field:
µ

SP [ĝ,ϕ] − 2
∗
he
ZQF T [g, µ] = ZCF
T [ĝ]e

R

√
µν T ρσ
d2 x ĝe−2ϕ GdW
µνρσ T

iCF T .

The modified scale Ward identity that takes into account the breaking of conformal invariance by the deformation−

c
µ
e−2ϕ δlnZQF T [g, µ]
= hTαα i = −
R(ϕ, ĝ) − hGdW
(ϕ, ĝ)T µν T ρσ i,
4
δϕ
96π
2 µνρσ

which shows how in addition to the anomaly, how the operator O drive the RG flow, at
least to the lowest order in µ. Another use for the Liouville field is to act as a compensator
for Weyl transformations- where transformations of the form gαβ → e2σ gαβ , this can be
compensated through ϕ → ϕ − σ. Thus the above equation can be written as
Z
Z
 c
µ dW µν ρσ 
2 √
2 √
α
R(g) − hGµνρσ T T i ,
(3.17)
δσ lnZ = d x gσhTα i = d x gσ −
96π
2
R
√
where δσ := d2 x gσgµν δgδµν . Notice that despite the split between the Liouville field
and the metric ĝµν the right-hand side of the above equation only sees ϕ and ĝµν in
their combination gµν . This is an equation which describes the response of the generating
functional to the change of local scale encoded in the Weyl transformation gµν → e−2σ(x) gµν .
This Weyl transformation can be seen as a generalization of the blocking transformation
Kadanoff introduced on the lattice. In principle, if other sources were considered, then
functional derivatives with respect to such sources will result in correlation functions of
the operators to which they couple. The response of such correlation functions under
the aforementioned coarse-graining transformations corresponds to inserting the trace of
the energy-momentum tensor into said correlates which one can deduce from the above
equation. Thus this equation is the local Callan–Symanzik equation.
Now, in the large c limit and taking ĝµν = ηµν , the factorisation property of Zamalodchikov can be utilised:

c
µ
hΘi = −
R(ϕ) −
ηµ(ρ ησ)ν − ηµν ηρσ hT µν ihT ρσ i.
(3.18)
96π
2
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Notice that

1
2


ηµ(ρ ησ)ν − ηµν ηρσ hT µν ihT ρσ i = hT ihT̄ i − hΘi2 in the (z, z̄) co-ordinates.

The local RG equation (3.18) can be seen as the defining property that the quantum field
theory perturbed by O needs to satisfy. But we must remember that several assumptions
were made to derive this equation, and the aim of the next section will be to present
a consistency condition which will allow one to relax a few of these assumptions and
also to allow the construction of the Einstein-Hilbert action of the holographically dual
bulk theory. In other words, this consistency condition too must be included in the very
definition of the theory we are interested in.
The last subsection to follow will describe why (3.18) would ensure that it is indeed
general relativity operating in the bulk theory.

3.1.4

What to aim at: The holographic interpretation of the local
Callan-Symanzik equation

If the field theory under consideration were to possess a holographic dual, then the generating function can be equated, at large c to the on shell classical Einstein–Hilbert action
for gravity in 2 + 1 dimensions (denoted Sc ),
lnZQF T [g; µ] = −

c
Sc [g, µ]
24π

The local Callan–Symanzik equation for such a theory takes the form

2 !
δSc
cµ
δS
δS
1
δS
c
c
c
= e−2ϕ R(ϕ, ĝ) −
−
.
δϕ
24π δĝµν δĝρσ 2 δϕ

(3.19)

(3.20)

This is nothing but the Einstein-Hamilton-Jacobi equation for pure (Euclidean) general
relativity in 2 + 1 dimensions provided one sets µ = 24π
. This observation was made
c
in [114], where the above expression first appeared. Notice however that in contrast to
(3.18), the above equation holds away from ĝµν = ηµν , and beyond the leading order in the
gradient expansion. It is instructive to rewrite the above equation in terms of the metric
gµν :
δSc δSc
δSc
gµν
= −R(g) − GdW
.
(3.21)
µνρσ
δgµν
δgµν δgρσ
δSc
Recalling that δg
= hT µν i, and comparing the above form of the local Callan–Symanzik
µν
equation with the general form (3.17), we see that the factorisation condition
µν ρσ
dW
µν
ρσ
hGdW
µνρσ T T i = Gµνρσ hT ihT i
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holds for these theories that possess holographic duals. This is what we meant earlier when
it was mentioned that such a factorisation property will be crucial importance.
The remainder of this chapter is dedicated to deriving the above result (3.19) starting
from the T T̄ deformed boundary CFT by reorganizing the RG flow. Such efforts to construct the bulk theory from the RG flow of the boundary theory go under the heading of
the ‘quantum renormalization group’ (QRG) [103], [102]. An intended by-product of such
an effort will be to clearly understand what criteria the theories which possess holographic
bulk duals should possess.

3.2

Constructing the Bulk theory

In this section, we wish to start only from the two-dimensional field theory deformed by
the operator O and construct from that the off-shell, Einstein Hilbert action in three
dimensions. We’ll show that the criterion for such a construction to work will hinge on a
very particular composition property of the coarse-graining transformations.
In other words, we wish to show what criterion needs be met in order for the O deformed quantum field theory to remain protected under corrections involving operators of
higher dimensions including gradients, etc. at least in the large c limit and in conformal
perturbation theory. In other words, many of the assumptions from the previous section
can be dropped provided that this criterion is met.
The idea behind the holographic duality is that the evolving bulk fields (are a subset of)
the sources of the boundary operators somehow granted dynamics. More specifically, the
radial evolution of the bulk fields is equated with the renormalization group flow. In the
case of interest here, the conformal invariance is broken by a composite operator involving
solely the energy-momentum tensor, whose source is the metric. On the other side of the
duality, the only evolving field will thus be the metric, and so one can expect pure gravity
to be the theory at play in the bulk. In the first subsection, we describe how to grant
dynamics to sources of composite operators in the theory. In the case of interest, we have
just the metric and that couples to the energy-momentum tensor.

3.2.1

The dual theory

The end result of the QRG procedure applied to the theory we are interested in, which is
a two dimensional conformal field theory with large central charge c deformed by the T T̄
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operator. The path integral manifestation of the anomalous Ward identity is that it allows
us to answer the question of how the functional integral responds to the infinitesimal Weyl
(0)
transformations gµν → eσ (x)δz gµν , where δz is an infinitesimal constant. This is given by
Z
R (0)
µ
c
α
dW
µν ρη
Z[gµν ] = DΦe−SQF T [Φ]−δz x σ (x)(Tα − 16 Gµνρη T T − 24π R+··· ) ,
(3.22)
and the (· · · ) stands for the potential corrections coming from potential higher dimension
operators that might arise. This was the possibility alluded to in the previous section.
In order to show how the consistency conditions we will later impose protect the form
of the local Callan–Symanzik equation that can be interpreted as the Einstein Hamilton
Jacobi equations, we will begin by assuming that higher order corrections too can in principle appear but all but the lowest order term corresponding to O will not satisfy the
aforementioned criterion. To begin however, let f (T µν , gµν ) encode all these corrections
i.e.
c
µ
µν ρη
−
R + ···
f (T µν , gµν ) := GdW
µνρη T T
16
24π
Now in order to grant the metric dynamics, we use the following trick:
Z
R (0)
(0)
α
µν
(0)
(0)
DΦDgµν
δ(gµν
− gµν )e−SQF T [Φ;g]−δz x σ (x)(Tα −f (T , gµν )) .
It will also be useful to write think of T µν as a normalised functional derivative with respect
to the metric acting on the generating functional:
!!)
(
Z
Z
24π δ
24π (0) δ
(0)
(0)
(0)
(0)
DΦDgµν
, gµν
δ(gµν
gµν (0) − f
)
e−SQF T [Φ;g ] .
−gµν ) exp −δz σ (0) (x)
(0)
c
c δgµν
δgµν
x
and then we exponentiate the delta function
Z
c
(0)µν (g (0) −g
(0)
µν )
µν
DΦDgµν
Dπ (0)µν e− 24π π
×
(

Z

exp −δz

(0)

σ (x)
x

24π (0) δ
−f
g
(0)
c µν δgµν

24π δ
(0)
, gµν
(0)
c δgµν

!!)
e−SQF T [Φ;g

(0) ]

.

At this stage, we can also make note of the fact that the theory coupled to an arbi(0)
trary background geometry gµν should be invariant under diffeomorphism transformations
(0)
(0)
(0)
gµν → gµν +δz(∇(µ ξν) ). This invariance manifests itself through the diffeomorphism Ward
identity which in the path integral appears as:
Z
c
(0)µν (g (0) −g
(0)
µν )
µν
×
DΦDgµν
Dπ (0)µν e− 24π π
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(

Z

exp −δz

(0)

σ (x)
x

24π (0) δ
g
−f
(0)
c µν δgµν

24π δ
(0)
, gµν
(0)
c δgµν

!!

24π
δ
(0)
+
(∇(µ ξν) ) (0)
c
δgµν

)
e−SQF T [Φ;g

(0) ]

We can then functionally integrate by parts so that the functional derivatives with respect
(0)
to the metric gµν get replaced by π (0)µν , and we find
Z
c
(0)µν (g (0) −g
(0)
µν )
µν
DΦDgµν
Dπ (0)µν e− 24π π
×

 c Z

(0)
(0)
(0)
(0)µν
(0)µν
(0)
(0) (0)µν
e−SQF T [Φ;g ] .
−f π
, gµν + (∇(µ ξν) )π
exp −δz
σ (x) gµν π
24π x


We see that the partition function of the original quantum field theory can be recollected
(0)
although the theory now lives on the geometry described by metric gµν :
Z
c
(0)µν (g (0) −g
(0)
µν )
µν
Dgµν
Dπ (0)µν e− 24π π
×


 c Z

(0)
(0)
(0) (0)µν
(0)µν
(0)
(0)µν
σ (x) gµν π
−f π
, gµν + (∇(µ ξν) )π
exp −δz
ZQF T [g (0) ].
24π x
Now this process of performing infinitesimal Weyl transformations can be iterated say
k times until we find
Z Y
k

c
(i)
Dgµν
Dπ (i)µν e− 24π kδz

Pk

i=0

π (i)µν

(i)
(i−1)
(gµν −gµν
)
δz

×

i=0


k 
 c Z
X

(i)
(i)µν
(i)
(i) (i)µν
(i)µν
(i)
exp
−δz
σ (x) gµν π
−f π
, gµν + (∇(µ ξν) )π
ZQF T [g (k) ].
24π
x
i=0
Rz
P
The continuum limit can now be taken where δz → 0, kδz ki=0 := ∗ dz, and the
(i)
collections of fields (gµν (x), π (i)µν (x), σ (i) (x), ξ (i)µ (x)) now are replaced by fields with z
dependence (gµν (x, z), π µν (x, z), σ(x, z), ξ µ (x, z)). Then we find the emergence of a ‘bulk
theory’ with action SB :
Z
c
µν
µ
Dgµν (x, z)Dπ µν (x, z)Dσ(x, z)Dξµ (x, z)e− 24π SB [gµν(x,z) ,π (x,z),α(x,z),ξ (x,z)] ZQF T [g(x, z = z∗ )].
Here, the σ(x, z) and ξ(x, z) are also integrated over because they appear only linearly in
the action and are thus Lagrange multipliers.
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The form of the bulk action is given by
Z
√
SB = d2 xdz g (π µν (x, z)ġµν (x, z) − HB (π µν , gµν , σ, ξ µ )) .

(3.23)

We see that the normalisation of the functional derivatives that get traded for the momenta
and thus the overall normalisation of the action is chosen such that the large c limit of
this theory does indeed give the semiclassical limit where the partition function can be
evaluated in the saddle point approximation. Now, the bulk Hamiltonian reads
HB (π µν , gµν , σ, ξ µ ) = σ(x, z)H(π µν , gµν ) + ξ µ (x, z)Hµ (π µν , gµν ),
which is a sum of just constraints. These constraints are the dual versions of the anomalous
Ward identity for broken Weyl invariance and for diffeomorphism invariance on the side of
the quantum field theory.
H(π µν , gµν ) = trπ − f (π µν , gµν ),

(3.24)

Hµ (π µν , gµν ) = −2∇ρ πµρ .

(3.25)

The question then is what form the function f (π µν , gµν ) can take, and what dictates it’s
structure. In the following subsection, we will show how the demand that the Poisson
algebra of these constraints agrees with that of general relativity fixes completely the form
of this function and when translated back to the field theory, this will correspond exactly
to the desirable form of the anomalous Ward Identity.

3.2.2

Leveraging the consistency conditions

Note that the Holographic Wess–Zumino (WZ) consistency conditions:
Z
√
0 = [∆σ , ∆σ0 ]lnZQF T [g]|c→∞ = d2 x gg µν (σ∂ν σ 0 − σ 0 ∂ν σ)h∇κ Tνκ i.

(3.26)

applied to the present context implies that we must have:
1
√
µν ρσ
f (π µν , gµν ) = √ GdW
− gR.
µνρσ π π
g

(3.27)

As a reminder, the reason for this is that demanding the Poisson bracket algebra of the
smeared constraints takes the form
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{Hµ (ξ µ ), Hµ (χµ )} = Hµ ([ξ, χ]µ )
µ

µ

{H(σ), Hµ (ξ )} = H(ξ ∇µ σ)
0

µν

0

0

{H(σ), H(σ )} = Hµ (g (σ∂ν σ − σ ∂ν σ)),

(3.28)
(3.29)
(3.30)

will fix the form of the total Hamiltonian, and consequently of both H and Hµ to be of
the form
1
√
µν ρσ
− gR + trπ
(3.31)
H = √ GdW
µνρσ π π
g
Hµ = −2∇ν πµν .
(3.32)
When these conditions are satisfied, they ensure that the form of the exact RG equation
that corresponds to the Hamilton–Jacobi equation in the bulk gravitational theory.

3.2.3

The Hamilton–Jacobi Equation

Given the normalization of the bulk action that has been chosen, we see that the role of
~ in the bulk theory is played by 1c . In the large c limit, this is small and the functional
integral can be evaluated in the saddle point approximation. In other words, the bulk
theory is in its semiclassical limit. This implies that the relationship
c o.s.
lim lnZQF T [g] ∝
S ,
(3.33)
c→∞
24π B
holds, where o.s. superscript denotes that the bulk action is taken on- shell. The Hamiltonian constraint then takes the form of the Einstein-Hamilton-Jacobi equation
δS o.s
δSBo.s δSBo.s
.
gµν B = −R(g) − GdW
µνρσ
δgµν
δgµν δgρσ
Which is simply the Hamiltonian constraint re-written with the identification π µν =
being made. Given the identification (3.33), this implies that:

o.s
δSB
δgµν

24π δ
lnZQF T [g] = hT µν i.
c→∞ c δgµν

π µν = lim

As promised, this is nothing but the factorised exact RG equation
µν
ρσ
hTαα i = −R(g) − GdW
µνρσ hT ihT i,

(3.34)

with no corrections.
In the following subsection, we will describe where the cosmological constant lies in this
construction.
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3.2.4

The cosmological constant

In order to bring the Hamiltonian constraint to a more standard form, it is necessary
to eliminate the term linear in the momentum. This will require performing a canonical
transformation:
δC[g]
,
(3.35)
π µν → π µν −
δgµν
R 2 √
with generating functional C[g] = 24π
d x g proportional to the volume. The price of
c
performing this canonical transformation is that the momentum independent part of the
scalar constraint is modified as follows:
√

gR(g) →

√

1
δC[g] δC[g] √
g (R(g)) − √ Gd.W
= g(R(g) − 2).
µναβ
2 g
δgµν δgαβ

(3.36)

Thus we see that the net effect of the canonical transformation is to add a cosmological
constant to the theory (in units where it has been set to 1). The overall normalisation of
the action is thus consistent with the identification c ∝ Gl .
Also note that the momenta π µν can now be integrated out in the bulk partition function, which in the saddle point approximation is nothing but the Legendre transform. We
then find that
Z
c
√
d3 x ((3) R(γ) − 2) γ.
SB =
(3.37)
24π
which is nothing but the Einstein–Hilbert action for the three dimensional metric γab on
the bulk space with negative cosmological constant set to 1.

3.3

Epilogue

In this section, we showed the HWZ conditions can be used as a criterion to select deformed
CFTS which can be mapped to the dual of a bulk theory cutoff at a finite radial slice. This
is provided we restrict our attention to the identity module of two-dimensional CFTs picks
out the T T̄ deformation at large c.
However, the form of the T T̄ deformed flow equation mirroring that of the Hamiltonian
constraint at large c is but a limiting case of how this flow equation even at finite c
is an exact re-writing of the Wheeler de Witt equation, which is a quantization of the
Hamiltonian constraint. This mapping will be described in one of the sections to follow.
It somehow turns out that the T T̄ flow satisfies the HWZ conditions even away from the
limit where the bulk theory is described by classical gravity.
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3.4

Higher dimensional Examples

In this section, we will describe higher-dimensional generalizations of the T T̄ deformation
that play the role of the dual theories to gravity (and coupled matter) in AdS space, cutoff
at some finite radial slice. In particular, we will look once again at AdS5 . Furthermore, we
will connect these deformations to earlier results of holographic RG, and to the so-called
generalized gradient flow.
The first attempt at such a generalization was done in [80], where the authors define
the effective field theory’s generating functional through the following flow equation (in
two, three or four dimensions):
Z
∂lnZef f
√
= − dD x gX,
(3.38)
∂λ
!

2

2
D
1
r
R̃
X = Tµν + aD rcD−2 C̃µν −
T µ + ad rcD−2 C̃νν − c
− aD C̃µµ .
t̃µ −
D−1 µ
Dλ µ 16πG
(3.39)
Here, Tµν denotes the energy momentum tensor, the quantity C̃µν depends on the curvature
tensors of the background geometry with metric gµν . The constant rc denotes the radius
1
in the bulk corresponding to the cutoff surface, and the constant aD stands for 8πG(D−2)
.
The re-scaled Ricci scalar is denoted R̃ = rcD−2 R and the tensor t̃µν is a function of sources
other than the metric that are also turned on.
A brief explanation for why the scale associated with these double trace deformations
can also be seen as a cutoff in energy for the deformed holographic quantum field theory
is necessary at this point. Following the authors of [80], consider the theory defined on
a simple geometry, namely a square torus of length L, and let us momentarily turn off
sources other than the metric.1 Also assume that there is no momentum carried in the
state in which the energy-momentum tensor’s expectation values are evaluated. In this
situation, the energy density is given by the expectation value of one of the components
of the energy-momentum tensor. This can be integrated up to find the energy E(L, λ) of
the system and it is found to be
s
!
D−1
(D − 1)L
4DλEo (L)
1− 1−
,
(3.40)
E(L, λ) =
2Dλ
(D − 1)LD−1
1

This can be done more generally, as the authors of [80] show, however, for the purpose of illustrating
the role of λ as a cutoff scale, this setting is sufficient
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where Eo (L) denotes the energy of the undeformed CFT. This function hits a square root
D−1
, after which the energies take imaginary values. The idea is
singularity at E ∗ = (D−1)L
4Dλ
to discard all energies above E ∗ and treat this value of the energy as a cutoff. In fact, this
D−1
which clarifies its role as a cutoff scale.
equation could also be used to write λ as (D−1)L
4DE ∗
This expression arises from taking the radial bulk Hamiltonian constraint in AdS space
and identifying the metric on a constant radius hypersurface in the bulk with rc2 gµν , the
√
momentum conjugate to this metric with g((rc2−D T µν − (D − 1)g µν (x, r = 0)) + ad C̃ µν ),
and the parameter λ identified as
4πG
.
(3.41)
λ=
rc D
∂
in terms of the derivative ∂r∂ c in the left hand
This allows us to rewrite the derivative ∂λ
side of (3.38). For the full list of identifications, see [80]. The above equation is guaranteed
to give rise to the right kind of bulk physics although it is unclear what the underlying
coarse graining mechanism is that gives rise to such a flow.

However, we will present an alternative prescription to the one above, through which
flow equations similar to the one above are derived for four dimensional, large N , holographic conformal field theories. The advantage of our approach is that the functions of
background fields appearing in (3.38) are shown to arise from certain cancellations rather
than being posited in the definition of the effective field theory. The route taken is to start
from the definition of a conformal field theory deformed by certain double trace operators:
Z

κ
∂lnZ
√ 
= d4 x g −µhT T i − hOOi − A[g, φ],
(3.42)
∂λ
2
where gµν (x) and φ(x) are sources for the operator T µν and O(x) respectively. The functional A[g, φ] is the integrated conformal anomaly. The reason why it appears here is that
when the deformation parameters µ and κ are set to zero, the flow equation reduces to the
statement that the conformal field theory in the presence of arbitrary background fields
is anomalous under scale transformations. The scalar double trace deformation is formed
from the single trace scalar operator O(x) which couples to source φ(x), and its expectation
value is denoted by hOOi. Similarly, hT T i denotes the expectation value of the following
operator:
T T (x) ≡ (Gµνρσ T µν T ρσ ) (x),
(3.43)
where Gµνρσ = gµ(ρ gσ)ν − 13 gµν gρσ is the de Witt supermetric in four dimensions.2
2

We assume tentatively that an appropriate regularization prescription has been chosen to define these
double trace operators but this will not feature in anything to follow because we will be using large N
factorization to make sense of the expectation values of the operators in the above flow equation.
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The operator (3.43) is the same as the one proposed by Taylor in [147] as the higher
dimensional generalizations of the two dimensional T T̄ deformation introduced in [143],
[32].
In the large N limit, the expectation value of the double trace operators factorizes:
hT T i = Gµνρσ hT µν ihT ρσ i, hOOi = hOi2 ,
and so the equation that we will use reads
Z

κ
∂lnZ[g, φ]
√ 
= − d4 x g µGµνρσ hT µν ihT ρσ i + hOi2 − A[g, φ].
∂λ
2
The left hand side can be rewritten as follows


Z
∂lnZ[g, φ]
δ
δ
4 √
= d x g βµν (g, φ)
+ βφ (g, φ)
lnZ[g, φ].
∂λ
δgµν
δφ

(3.44)

(3.45)

(3.46)

where the flow functions are defined as:
βµν (g, φ) =

∂φ
∂gµν
, βφ (g, φ) =
.
∂λ
∂λ

(3.47)

Similar flow functions are defined in [128] although the beta functions there also depend
on the expectation values of the deforming operators, and lead in a different manner to RG
flow equations that can be mapped into the bulk Hamiltonian and momentum constraints.
Going back to our flow equation (3.46), the exercise now is to find an appropriate
change of variables so that the equation


Z
δ
δ
4 √
d x g βµν (g, φ)
+ βφ (g, φ)
lnZ[g, φ] =
δgµν
δφ
Z

κ
√ 
(3.48)
− d4 x g µGµνρσ hT µν ihT ρσ i + hOi2 − A[g, φ],
2
can be rewritten as the radial Hamiltonian of a gravitational theory in one higher dimension. This will require identifying the right change of variables, and furthermore, we will
find that the flow functions (3.47) must take a very particular form.
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3.4.1

Pure gravity in the bulk

Lets start by turning off the sources for the scalar operator. In this case, the flow equation
(3.48) reads
Z
Z
δlnZ[g]
√
4 √
= d4 x gσ(x)βµν (g)hT µν i =
d x gβµν (g)
δgµν
Z
√
= d4 x g (−µGµνρσ hT µν ihT ρσ i) − A[g].
(3.49)
The aim is to convert this into the radial Hamiltonian constraint of general relativity
operating in one higher dimension. The idea is to identify the theory’s background metric
with the metric induced on a constant radius hypersurface and relate the one-point function
of the energy-momentum tensor in a general background to the momentum conjugate to
this metric.
The latter is what we will pay attention to here. The discrepency between the energy
momentum tensor’s one point function and the momentum is captured by the ambiguity
in adding local counterterms. By counterterms here, we are referring to local functionals of
the source, here the metric, and its derivatives that are added to the generating functional.
These aren’t added in order to cancel any divergences although in the limit where the
regularization is removed, this would be their purpose. In other words:
√

ghT µν i = π µν +

δS[g]
.
δgµν

(3.50)

Plugging this into the flow equation leads to the following equation:


Z
δS[g]
4 √
µν
d x g βµν π + βµν
=
δgµν


Z
µ
δS[g] δS[g]
4 √
µν ρσ
µν δS[g]
= d x g − √ Gµνρσ π π + 2µGµνρσ π
− µGµνρσ
− A(g).
g
δgµν
δgµν δgρσ
(3.51)
First, we require the cancellation of the term linear in the momentum. This gives us the
following gradient condition:
βµν (g) = 2µGµνρσ

δS[g]
.
δgρσ

(3.52)

The first term on the left hand side cancels against the second term on the right hand side.
Then, we also see that the second term on the left hand side reads
βµν

δS[g] δS[g]
δS[g]
= 2µGµνρσ
.
δgµν
δgµν δgρσ
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(3.53)

And, the flow equation then reduces to


Z
µ
δS[g] δS[g]
4 √
µν ρσ
− A(g) = 0.
d x g − √ Gµνρσ π π + µGµνρσ
g
δgµν δgρσ

(3.54)

The integrated Weyl anomaly for four dimensional conformal field theories takes the
form:
Z

√ c
− a R2 + (−2c + 4a)Rµν Rµν + (c − a)Rµνρσ Rµνρσ ,
(3.55)
A[g] = d4 x g
3
Then, recalling that the theory we are dealing with is holographically dual to general
relativity, requires a = c, as discovered in [85]. So, we have


Z
1 2
4 √
µν
A[g] = d x g2a R Rµν − R ≡ aA(a=c) [g].
(3.56)
3
For the function S[g], if we take the Holographic counterterm of [14], i.e.3

Z

3
`2 R
4 √
S[g] =
d x g 1+
,
`
6
then we find that first, the anomaly term cancels against the following term:
R 4 √  R 4 √ 
Z
d x gR δ d x gR
δ
√
,
A(a=c) = d4 x gGµνρσ
δgµν
δgρσ

(3.57)

(3.58)

2

if the identification µ`4 = a is made. This form of the a = c anomaly also appeared in
2 3
[129]. Recalling that a = π8G` , for supergravity in AdS5 × S 5 which is dual to N = 4 Super
2
Yang-Mills theory at large N , the relation found here implies that µ = π2G` .
A caveat is in order at this point: note that the correct counter-term to use at asymptotic infinity is the one presented in [20] that involves in addition to what is above a
logarithmically divergent (as the asymptotic boundary is approached) term that multiplies
a fourth derivative term arising from the anomaly itself. Thus an additional canonical
transformation that involves the addition of that counter term must be performed before
taking the asymptotic limit of quantities defined in the setup considered here in order to
avoid divergences that would otherwise arise in the action on-shell.
3

Again, this is just a local function that has the same form as the Holographic couterterm, but it isn’t
added with the intention to cancel any divergences, because at a finite radius boundary, there aren’t any.
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Then, the remaining terms in (3.54) organise themselves into



Z
12
Gµνρσ π µν π ρσ √
4
− g R+ 2
= 0.
H=− d x
√
g
`

(3.59)

This is nothing but the Hamiltonian constraint of five dimensional general relativity with
a negative cosmological constant, smeared against unit lapse. We also have the vector
constraint density:
∇µ πνµ = 0,
(3.60)
that follows from the covariant conservation of the stress tensor, and can be integrated
against an arbitrary shift vector field to obtain the constraint.
The flow function now reveals that the boundary metric satisfies a generalized Ricci
flow equation:



1
`
1
βµν (g) = µ
gµν +
Rµν − Rgµν
.
(3.61)
`
2
6
This is similar to what was found in [94] and [123].

3.4.2

Including the scalar matter

In this section, the effect of adding a double trace scalar operator deformation to the above
setup is considered. The effect of adding this deformation in the bulk is similar to that of
the stress tensor double trace deformation in that it regulates the theory on the boundary
in a way that corresponds to pulling the boundary to a finite radius.
First, note that the source φ(x) of the single trace scalar deformation is also space
dependent and hence it contributes towards the anomaly, and for holographic theories it
reads:4

Z
4 √
A[g, φ] = d x g α(φ)Rµν Rµν − γ(φ)R2 + ζ(φ)∂µ φ∂ µ R + η(φ)R(∂ µ φ∂µ φ)+
µ

ν



+ ξ(φ)∂ φ∂ φ Rµν

1
− Rgµν
2




+ λ(φ)∇ φ∇ φ + χ(g, φ)µνρσ ∂ φ∂ φ∂ φ∂ φ .
2

2

µ

ν

ρ

σ

(3.62)

Then the various functions are found in terms of those that go into the definition of the
function S[g, φ] that specifies the canonical transformation relating the one-point function
of O to the momentum pφ conjugate to the source φ in the bulk Hamiltonian.
4

See [?] the form of the scalar source and metric dependent anomaly in general CFTs
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Recall that the flow equation now looks like:


Z
δ
δ
4 √
+ βφ (g, φ)
lnZ[g, φ] =
− d x g βµν (g, φ)
δgµν
δφ
Z


κ
4 √
µν
ρσ
2
= − d x g µGµνρσ hT ihT i + hOi + A[g, φ].
2
Like in the pure gravity case, we make the identification
√

ghOi = pφ −

(3.63)

δS[g, φ]
,
δφ

(3.64)

in addition to the identification made of the momentum conjugate to the metric made in
the previous section.
The flow equation then becomes





Z
δS[g, φ]
δS[g, φ]
4
µν
d x βµν (g, φ) π −
+ βφ (g, φ) pφ −
=
δgµν
δφ




2 !
δS[g,
φ]
δS[g,
φ]
κ
δS[g,
φ]
π µν −
π ρσ −
− √
pφ −
−A[g, φ].
δgµν
δgρσ
2 g
δφ
(3.65)
then, like in the gravity case, we set:
Z

Gµνρσ
d4 x −µ √
g

βφ (g, φ) = κ

δS[g, φ]
.
δφ

(3.66)

Then, the final expression for the bulk Hamiltonian reads


Z
p2φ
Gµνρσ µν ρσ
4
d x −µ √ π π − κ √
=
g
2 g
Z
− A[g, φ] +

δS[g, φ] δS[g, φ] κ
d4 x µGµνρσ
+
δgµν
δgρσ
2



δS[g, φ]
δφ

2 !
.

(3.67)

Given that the scalar field (like any matter field) couples to gravity with a strength set by
Newton’s constant which has been set to unity, and that there is no other scale involved in
this coupling requires µ = κ. Then we divide throughout by µ and absorb the remaining
factor of it in the denominator of the term involving A[g, φ] by redefining the as yet
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undetermined functions in its definition. This equality is significant, as it implies that
there is just one scale associated to the total double trace deformation. More will be said
about this condition in the discussion.
In order for
the momentum independent
part of the above constraint equation to be of

√  (∂µ φ∂ µ φ)
+ R + V (φ) , the potential S[g, φ] can have two derivatives of the
the form g − 2
sources at most.
The ansatz made is
Z
S[g, φ] =

√
d4 x g (X(φ) + U (φ)R + P (φ)(∂ µ φ∂µ φ)) .

(3.68)

If we require the cancellation between the anomaly and the square of the derivatives of
this functional present in the momentum independent terms of (3.67), then the flow equation now reads as the Hamiltonian constraint for the five dimensional bulk gravity- scalar
system:





Z
p2φ
1
1
√
4
µν ρσ
µ
Gµνρσ π π +
− g
∂µ φ∂ φ + R + V (φ)
= 0,
(3.69)
d x −√
g
2
2
provided the following superpotential like relations are satisfied:



 02
X
X2
UX
0
0 0
−
= V,
UX −
= 1, (P X 0 ) − P X = 1.
2
3
3

(3.70)

As promised before, the functions in the anomaly are related to the functions in the defintion of S, i.e.

U2
χ(g, φ)µνρσ = P 2 gµ(ρ gσ)ν − gµν gρσ , α(φ) =
2
 2

U
U 02
, ζ(φ) = P U 0
γ(φ) =
−
3
2
P2
η(φ) = (P U 0 )0 , ξ(φ) = P U, λ(φ) =
.
2

(3.71)
(3.72)
(3.73)

This analysis reproduces a part of the results obtained in [129] where a completely generic
scalar coupled to AdS gravity was first considered. In all these expressions, the prime
denotes partial differentiation with respect to φ, i.e. ()0 ≡ ∂φ (). Note that in deriving these
conditions, many integrations by parts have been carried out and boundary terms have
been discarded.
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Some of these relations are identical to those derived previously in the context of holographic renormalization (in say, [98]). The flow function for the scalar field can also be
interpreted as the beta function for the renormalization group flow triggered by the addition of the deformation. To leading order in perturbation theory, the beta function takes
the form
βφ (g, φ) ∝ (4 − ∆)φ + · · · ,
(3.74)
where ∆ is the conformal dimension of the operator O. This implies that the function
X(φ) is given to leading order by:
1
6
(3.75)
X(φ) = − − (4 − ∆)φ2 + · · ·
` 2`
The reason for the specific numerical factor in the φ independent part and the factors of `
being where they are is to ensure that the bulk potential computed through the relation:
12 1 ∆(∆ − 4)φ2
X 02 X 2
−
= 2 −
+ ···
(3.76)
2
3
`
2
`2
becomes the appropriate cosmological constant in the pure gravity Hamiltonian constraint
when φ → 0.
V =

Also, note that the mass-conformal dimension relationship
∆(∆ − 4)
,
(3.77)
m2 =
`2
has been recovered. So, for example, when ∆ = 4, i.e. when O is marginal, the bulk scalar
field is massless and minimally coupled.
The expression of diffeomorphism invariance tangential to the hypersurfaces in this
coupled system, takes the form:
∇ν π µν + pφ ∇µ φ = 0,

(3.78)

which is the vector constraint in the bulk, whose form follows again from the Ward identity
associated to diffeomorphism invariance of the holographic theory coupled to the metric
and scalar sources.

3.4.3

Closure and Cancellation

Now we see that the key feature of the holographic anomaly which allows us to convert
the flow equation (3.48) into the constraint equation (3.31) is the following property:

2 !
Z
δS[g,
φ]
δS[g,
φ]
1
δS[g,
φ]
+
=
A[g, φ] − d4 x Gµνρσ
δgµν
δgρσ
2
δφ
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Z
=



1 µ
d x g − (∂ φ∂µ φ) + R + V .
2
4

√

(3.79)

This holds, provided the relations (3.70)-(3.73) all hold. In fact, these relations were derived
above by requiring (3.79) to hold, which in turn came from wanting to transform the flow
equation (3.48) into the constraint (3.31).
We could however have chosen to derive this relation from an alternative, yet equivalent
demand. Namely, starting from (3.48) and making the appropriate change of variables, we
are led to (3.67), which we reproduce here:

Z
p2φ
Gµνρσ
4
H = d xN (x) − µ √ π µν π ρσ − κ √ +
g
2 g

2 ! 
δS[g, φ] δS[g, φ] κ δS[g, φ]
+ A[g, φ] − µGµνρσ
−
= 0.
(3.80)
δgµν
δgρσ
2
δφ
Note that independently of this equation, we are granted the vector constraint (3.78), which
simply follows form the diffeomorphism Ward identity of the energy momentum tensor and
the scalar source.
Without assuming that the final expression for the scalar constraint should take any
particular form, but simply that its Poisson algebra closes, i.e. that
{H(N ), H(M )} ≈ 0,

(3.81)

where the symbol ≈ here denotes equality on the sub-space of phase space where the
constraints are satisfied 5 , implies that the relation (3.79) must hold. This is guaranteed
by a theorem proven in [56] and strengthened further in [?]. The assumptions that go
behind the theorem are simply that the vector constraint holds and that the momentum
dependent part of the scalar constraint is quadratic and ultralocal. Although it was proven
there for the pure gravity case, it is not hard to see that for the case at hand, where the
p2
scalar field’s kinetic term in the Hamiltonian takes the form 2√φg , the potential term has to
contain a derivative independent potential V (φ) in addition to the term − (∂µ φ∂
2
to close at all.

µ φ)

in order

Note that the closure condition (3.81) is in fact weaker than the statement of the Poisson
algebra. There, the specific combination of constraints that vanish on the right-hand side of
5

The right-hand side of (3.81) is, in general, some combination of the constraints H(N ) and the vector
constraint, and so it vanishes when they are satisfied. In the language of constrained Hamiltonian dynamics,
satisfying this closure property qualifies constraints to be ‘first-class’.
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(3.81) and the corresponding structure functions (as opposed to constants due to the field
dependence) are also known. Thus, the condition (3.81) is not quite the same as demanding
the emergence of bulk diffeomorphism invariance which is what is encoded in the Poisson
algebra. It is the non-linear generalization of the requirement that five-dimensional general
relativity only propagates the spin two modes of the graviton in addition to the coupled
scalar field.
That being said, the uniqueness of the form of the constraint functions that satisfy
(3.81) given (3.78) implies that the only way to satisfy the closure condition is in the
manner general relativity does. In other words, there is something unique about how
the diffeomorphism invariance tangential to an embedded hypersurface gets promoted to
the full diffeomorphism invariance of the ambient spacetime, at least at the level of the
constraints that generate the corresponding transformations on phase space.
The requirement that the momentum dependent ‘kinetic term’ in the constraint equation be quadratic and ultralocal, i.e. of the form
−

p2φ
Gµνρσ π µν π ρσ
−√ ,
√
g
g

(3.82)

is equivalent to the statement that the radial velocities in the bulk of the fields gµν and φ
are at most linear in the momenta. In other words:

1
√
√
g βµν (g, φ) − ∇(µ ξν) = πµν − gµν πρρ ,
g(βφ (g, φ) − ξ ν ∇ν φ) = pφ .
(3.83)
2
This feature of the flow was also noted in [80], and follows directly from the structure
of the double trace deformations being added, and is not sensitive to the background fields
organizing themselves into any particular form, which is what (3.79) reflects. We see here
however that these two features are intimately related through the closure condition.
In the rest of this chapter, βφ (g, φ), βµν (g, φ) are interpreted not just as beta functions
for the holographic quantum field theory, but also as the flow functions of the gradient
flow regularization applied to the induced gravity theory obtained from integrating out the
fields of this quantum field theory.

3.5

Generalized gradient flows and holography

One way to think of the holographic duality is that it operates between quantum field
theories in D dimensions and gravitational theories in D + 1 dimensions. However, when
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arbitrary background sources are turned on in the quantum field theory, there is an alternative statement of the duality which is seemingly more mundane but perhaps still
illuminating. First, one interprets the generating functional of the quantum field theory in
the presence of said sources, metric included, as a non-local induced gravity theory. Then,
the holographic duality implies that this D dimensional non-local induced gravity theory
and the D + 1 dimensional theory, i.e. general relativity coupled to matter fields with
negative cosmological constant, are equivalent to each other. This way of thinking about
the duality was emphasized in [107].
This section aims to explain how this duality manifests when the boundary is at a
finite radius. The key mechanism behind this version of the duality will be the generalized
gradient flow, which will be discussed briefly in what follows.
The gradient flow ([110], [8]) is a method to regulate the correlation functions of composite operators of various quantum field theories in the coincidence limit. The idea is to
append an additional dimension to the space on which the quantum field theory lives, and
declare that the dependence of the fields of the theory on this additional dimension are
dictated by gradient flow conditions. It was introduced in the context of Yang-Mills theory
but can be applied to more general quantum field theories as well.

3.5.1

How gradient flows lead to smearing

To illustrate the idea, consider the simple example of applying it to the O(N ) non-linear
sigma model in two dimensions.6 . The action for the theory reads
Z

1
(3.84)
S[σ] = 2 d2 x hab (σ) ∂µ σ a ∂ µ σ b ,
2g
where the fields σ a (x) are multi component scalars and the metric hab (σ) is given by the
inverse of
hab (σ) = δ ab − σ a σ b .
(3.85)
The generalized gradient flow method for regularizing the divergences in correlators of
composite operators in the contact limit starts by appending an additional dimension to
the two dimensional space on which the field theory lives with an additional scale dimension
λ: σ a (x) → σ a (x, λ). Then, the dependence of the fields along this dimension is dictated
by the flow equation
δS[σ(x, λ)]
∂σ a (x, λ)
|σa (x)→σa (x,λ) .
= −hab (σ(x, λ))
∂λ
δσ b
6

The explanations here closely follow those in [8]
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(3.86)

The |σa (x)→σa (x,λ) denotes the boundary condition σ a (x, λ = 0) = σ a (x) at the boundary of
the three dimensional space. The potential driving this flow, S[σ(x, λ)] is the non-linear
sigma model action where the fields σ a (x) are extended to the ‘flowed’ fields σ a (x, λ).
Explicitly, the flow equation reads:
∂σ a (x, λ)
σ a (∂ µ σ b )(∂µ σb )
= ∂µ ∂ µ σ a + σ a (∂µ σ b ∂ µ σb ) +
,
∂λ
4(1 − σ c σc )

(3.87)

where the indices of the internal vector components are contracted with the metric hab (σ).
For simplicity, consider the linearization of the above equation. This takes the form of a
heat equation with the role of time being played by the flow parameter λ. The solution to
the linearized equation then implies that to leading order in λ, the dependence of σ a (x, λ)
on the flow time is given by smearing the original fields σ a (x) with the heat kernel:

σ a (x, λ) = exp λ ∂ 2 σ a (x) + · · ·
(3.88)
The non locality associated to this smearing is what renders the correlators of composite
operators built out of σ a (x, λ) finite.

3.5.2

Gradient flows for the induced boundary gravity theory

The similarity between this general procedure and the holographic duality leads one to
wonder whether they coincide when applied to theories expected to possess holographic
duals. This was the focus of [5], [6], [9], [10] and [7], where the generalized gradient flow is
applied to the O(N ) vector model, and various aspects of the holographic duality having to
do with reconstructing the bulk metric, understanding the effects of diffeomorphisms in the
bulk and even computing 1/N corrections to the cosmological constant were considered.
Here the aim is more modest, unlike the work mentioned in the previous paragraph
which aims to understand the duality constructively through implementing the gradient
flow, here we just notice there are gradient flows hiding in holography at a finite radius
as implemented through the double trace deformations described in the previous sections.
First, it would help to identify which theory this procedure is being applied to. The
equations
δS[g, φ] 1 ∂φ
δS[φ, g]
1 ∂gµν
= Gµνρσ
,
=
,
(3.89)
µ ∂λ
δgρσ
µ ∂λ
δφ
certainly seem to have the structure of the generalized gradient flow equations barring the
fact that they are not describing the flow of the fundamental fields of the theory itself
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but of its sources. This motivated Jackson et. al. in [94] to call equations such as these
‘geometric RG flow’ equations. However, if one considers the induced gravity theory in
four dimensions that arises from integrating out the fundamental fields of the CFT. It is
obtained by computing the generating functional as a function of the sources:
lnZ[g, φ] = S ind [g, φ],

(3.90)

and interpret the resulting, non-local function of the metric and the other sources as
the effective action for a four-dimensional gravitational theory. The holographic duality
appears to really coincide with applying the gradient flow regularization to this induced
gravity theory, where the dependence of its fields gµν and φ on the additional dimension
parameterized by λ is given by the equations (3.52) and (3.66).
The statement of the holographic correspondence in terms of this induced theory is
fairly straightforward at least at large N . It is just the statement that the effective action S ind [g, φ] satisfies the Hamilton–Jacobi equations of general relativity in one higher
dimension:



2 !
1
δS ind δS ind 1 δS ind
(∂µ φ∂ µ φ)
∂S ind [g, φ]
√
= −√
Gµνρσ
+
− g −
+ R + V (φ) = 0,
∂λ
g
δgµν δgρσ
2
δφ
2
(3.91)
and therefore should be identified with the on shell action for the bulk theory. This
was noticed first by Liu and Tseytlin in [107], where checks at the level of the linearized
theory in the bulk were performed. The only novel insight here has to do with the radial
development of the induced theory leading to gradient flow conditions for the theory’s
fundamental fields.

3.6

Getting from the local CS equation to the Hamiltonian constraint in d = 3, 4, 5

We’ve mostly concentrated in the previous sections on boundary dimensions 2 and 5.
However, even in dimensions between 2 and 5, the large N local CS equation coming
from the deformation of CFTs by the T 2 deformation can be mapped to the Hamiltonian
constraint equation in one higher dimension.
In dimensions higher than 2, the deforming operator O(x) is defined as


1
1
κ
Tµν (x) −
Tκ (x)gµν (x) T µν (y).
O(x) = lim
y→x 4
D−1
65

(3.92)

It helps to introduce the de Witt super metric in any number of dimensions:


1
gµν (x)gρσ (x) ,
Gµνρσ (x) = gµ(ρ (x)gσ)ν (x) −
D−1

(3.93)

so that

1
T κ (x)gµν (x) = Gµνρσ (x)T ρσ (x).
D−1 κ
From the definition of the energy momentum tensor, we have
Tµν (x) −

1

hO(x)iZ[g] = lim Gµνρσ (x)

δ

1

δZ[g]
p
g(y) δgρσ (y)

p
g(x) δgµν (x)

y→x

(3.94)

!!
.

(3.95)

In order to generate the R term in the Hamiltonian constraint, we will implement the
coincidence limit through the heat kernel. This method is similar to the one of [93] although
the context is quite different. The heat kernel K(x, y; ), satisfies the property
lim K(x, y; ) = δ(x, y).

(3.96)

→0

This property should be thought of as an initial condition for the heat equation
∂ K(x, y; ) = (∇2(x) + ξR(x) )K(x, y; ).

(3.97)

We can now implement the point splitting regularization as follows


Z
1
δ
1
δZ[g]
D
µν
ρσ
lim Gµνρσ hT (x)T (y)iZ[g] = lim d yK(x, y; )Gµνρσ (x) √
.
√
y→x
→0
g(x) δgµν (x)
g(y) δgρσ (y)
(3.98)
We also exploit the fact that we can add to the effective action terms involving local
functions of the metric
Z[g] → eC[g] Z[g],
(3.99)
where C[g] is chosen to be
C[g] = α0



D
−1
2

Z

D

(D2 − 3) 2
dD x γ +
D(D − 1)
√

Z

!
√
dD x γR .

(3.100)

Here, α0 is a constant given by
α0 =

αd
λ

D+2
2



D−2
2D2 κ(D)
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,

(3.101)

where

(D2 − 3)(D(D(9D − 11) − 28) + 42)
.
(3.102)
12D(D − 1)2
With this choice of  scaling in the improvement term C[g], one can show (as we do in
appendix ??) that the deforming operator becomes
Z
hO(x)i = lim dD yK(x, y, )Gµνρσ (x)hT µν (x)T ρσ (y)i + α0 R(x)
(3.103)
κ(D) =

→0

which we then subject to the large N limit to obtain
R
hO(x)i|N →∞ = lim→0 dD yK(x, y; )Gµνρσ (x)hT µν (x)ihT ρσ (y)i + α0 R(x) (3.104)
= Gµνρσ (x)hT µν (x)ihT ρσ (x)i + α0 R(x).
(3.105)
Here we have used the fact that the large N factorized two point function does not suffer
any coincidence divergences so the limit can be taken to turn the heat kernel into a delta
function, and the y integral can be performed. We can plug this back into the local CS
equation (??), which now reads, at large N
Tνν = −DλGµνρσ T µν T ρσ −

(D − 2)αD
2λ

D−2
2

R − A(γ).

(3.106)

In d = 3 and d = 5, the anomaly A(γ) = 0. Here we immediately obtain (??) provided we
make the choice T̂ ij = T ij . In d = 4, the holographic anomaly is given by


α42
1 ν 2
µν
A = − 2 Gµν G − (Gν ) ,
(3.107)
λ
3
where Gµν = Rµν − 21 Rgµν is the Einstein tensor, and a is the anomaly coefficient. This
can be absorbed into an improvement of the energy momentum tensor, which is subsumed
in the definition of the bare energy momentum tensor
α4
(3.108)
T̂ µν = T µν + Gµν .
λ
In other words, the equation
Tκκ = −4λ(T µν Tµν −

1
α4
(Tκκ )2 ) − R − A(γ)
D−1
λ

becomes
Tκκ




α4 κ
α4 µν  
α4
1  κ α4 κ 2
α4
µν
+ Gκ = −4λ T + G
Tµν + Gµν −
Tκ + Gκ
− R.
λ
λ
λ
d−1
λ
λ
(3.109)
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Limitations of this method
One can ask what justifies the specific choices such as the powers of  appearing in the
definition of C[g], and the choice of ξ(D) that appears in the appendix ??. For now, we
can only offer a post facto justification, in that these choices lead to the form of the flow
equation. It would be interesting to find an intrinsically field-theoretic justification for this
scheme.
Also, in odd dimensions, the information about the counterterms one can add to the
energy-momentum tensor cannot be divined from transforming the flow equation to reveal
an anomaly term, as one can in four dimensions.
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Chapter 4
Entanglement Entropy and the T T̄
deformation
In this chapter, we will pivot towards questions relating to quantum information theory and
finite cutoff holography. In particular, we will describe the computation of the holographic
entanglement entropy, which is both sensitive to the ultraviolet physics of the theory on
the boundary and probes the bulk geometry. We will first describe how this quantity can
be computed at large c, where the bulk geometry is classical and then we will describe
how 1/c corrections can be accounted for. Such corrections will correspond to quantum
corrections in the bulk.
To set the stage, we will introduce notions of entanglement entropy and the Hartle–
Hawking state, which we will focus on in this chapter.

4.1

Entanglement entropy

Here is a brief review of entanglement entropy and its calculation in field theory. A nice
introductory reference is chapter 3 of [145].
In quantum field theory, we can adopt the functional Schrodinger picture where we
view the state as a functional of the fields at a given time. So a state is a wavefunctional
ψ[Φ] where Φ(x) : x ∈ Σ is the field at on a given time slice Σ. We can denote the Hilbert
space of all such functionals HΣ .
If we divide Σ into two disjoint pieces Σ = A ∪ B, A ∩ B = ∅ then we can consider
restricting the field separately to A and B, and view the field as a pair of functions Φ =
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(ΦA , ΦB ). The wavefunctional is now a functional of two arguments, ψ(Φ) = ψ(ΦA , ΦB ).
Thus we can view it as a state in a tensor product Hilbert space,1
ψ ∈ HΣ = HA ⊗ HB .

(4.1)

Given such a state, we can consider the reduced density matrices
ρA =HB (ψψ),

ρB =HA (ψψ).

(4.2)

Here ρA tells us all we need to know if we make measurements confined to region A.
To quantify the amount of entanglement between regions A and B we use entanglement
entropy, defined as
S = −(ρA log ρA ) = −(ρB log ρB ).
(4.3)
More generally, given a reduced density matrix ρA , we define the modular Hamiltonian
HA = − log(ρA ). The spectrum of HA is called the entanglement spectrum and contains a
lot more information than just the entanglement entropy. Note that as we have defined it
HA is dimensionless, unlike a usual Hamiltonian which has dimensions of energy.
Unfortunately, we hardly ever calculate entanglement entropy this way. The issue is
that to calculate log(ρA ) we should first diagonalize ρA , and in general this is hard to do.2
Instead, we use the following trick.

4.1.1

The Hartle-Hawking state

The main method used to calculate entanglement entropy in field theory uses the Euclidean
path integral. Let us consider a state that is prepared by the Euclidean path integral. The
simplest example is the ground state, but we will be interested in the Hartle-Hawking state
in 1+1 de Sitter space [95].
Recall that the metric of 1+1 de Sitter space dS2 is
ds2 = r2 (−dτ 2 + cosh(τ )2 dφ2 ).
1

(4.4)

We have skimmed over a lot of details here, really one should be very careful about exactly which
functionals one is allowing, etc. When we do this, we find that the tensor product decomposition is not
quite true, basically, the states in HA and HB are too singular to really exist. We can make all of this
precise by introducing a regulator such as a lattice, but the price we pay is that the quantities we wish to
define will diverge when we take the lattice spacing to zero. Our strategy will be to boldly forge ahead
ignoring these issues, but we should be careful in interpreting the results we get.
2
However, there are exceptions: see [144], where an explicit calculation is done for a free scalar field
with a lattice regulator.
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To define the Hartle-Hawking state we Wick rotate τ = iθ and we find
ds2 = r2 (dθ2 + cos(θ)2 dφ2 )

(4.5)

which we recognize as the metric of the 2-sphere of radius r.
The Hartle-Hawking state is defined as a wave functional on the θ = 0 slice of dS2 . We
integrate over all field configurations in the “lower hemisphere” θ < 0 with fixed boundary
conditions on the equator:
Z
ψHH [Φ0 ] =
[DΦ] e−I[Φ] .
(4.6)
Φ(θ=0,φ)=Φ0 (φ)

Here we’re using I[φ] for the Euclidean action since we already used S for the entropy.
To get a Hamiltonian description of this process, we can slice up the path integral; this
is just the usual way we define the path integral from the Hamiltonian formulation but in
reverse. We will be interested in the entanglement between two halves of the equator. It
will be useful to rotate our coordinate system so that the boundary separating systems A
and B consists of the two poles at θ = ±π/2. Let K be the generator of rotations in φ,
which fixes those two points. By inserting resolutions of identity along the angular slicing
we find
ψHH (φA , φB ) = hφA |e−πK |φB i.
(4.7)
In the original Lorentzian spacetime, K generates “de Sitter boosts” which are symmetries
that preserve a single observer’s static patch.
Now to obtain the reduced density matrix, we put two path integrals together and trace
along the opposite region. The result is:
hφ0A |ρA |φA i = hφ0A |e−2πK |φA i.

(4.8)

In other words, the modular Hamiltonian is HA = 2πK. So the entanglement spectrum
can be determined from the spectrum of the de Sitter boost K.

4.1.2

The replica trick

To find the entropy, it is useful to be able to vary the temperature. In our case, the
“energy” HA is dimensionless, and so the temperature is too. The partition function at
temperature 1/n is
Z = e−nHA
(4.9)
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which corresponds to a Euclidean path integral on a sphere where the range of the azimuthal
angle is changed from [0, 2π) to [0, 2πn). The resulting manifold is not smooth, it has
conical singularities at two points.
Knowing Z as a function of n is equivalent to knowing the full entanglement spectrum;
(4.9) is the Laplace transform of the entanglement spectrum, so we “just” have to invert
the Laplace transform.
To extract the entropy at temperature 1/n, we use an identity from thermodynamics:


d
log Z.
(4.10)
S = 1−n
dn
To get the entanglement entropy, we evaluate this expression at n = 1.

4.1.3

The sphere trick

The replica trick is useful, but it requires us to consider manifolds with conical singularities.
In the de Sitter case, there is a further simplification that makes use of the rotational
symmetry [49]. Unfortunately, it only gives us the entanglement entropy, not the full
spectrum.
At n = 1, the entropy is given by
S = log Z − hKi.
The generator K is given in terms of the stress tensor by
Z π/2
2
K=r
dθ cos(θ)Tφφ .

(4.11)

(4.12)

−π/2

And the expectation value is taken in the Hartle-Hawking state of the sphere.
Now we make use of the spherical symmetry: the stress tensor must be proportional
to the metric hTµν i = αgµν . This means we
R can√relate K directly to the trace of the stress
tensor, Tφφ = 21 Tµµ , and hence hKi = 21 d2 x ghTµµ i. Using the definition of the stress
tensor, we find


r d
S = 1−
log Z.
(4.13)
2 dr
Thus to find the entanglement entropy of the Hartle-Hawking state, we only need to know
the partition function of the sphere, which is a huge simplification.
Now, we can apply the sphere trick to the T T̄ deformed CFT at large c.
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4.2

Large c von Neumann and Conical Entropy

We first calculate the sphere partition function in the T T -deformed CFT. We will see that
this is sufficient to calculate the entanglement entropy when the entangling surface is two
antipodal points on the sphere.
To find the sphere partition function, we consider the metric ds2 = r2 (dθ2 + sin(θ)2 dφ2 )
and vary the radius r:
Z
1
d
√
log Z = −
(4.14)
d2 x g hTµµ i.
dr
r
By symmetry, the stress tensor takes the form Tµν = αgµν , where α is determined by the
large c flow equation:

c
µ
hTµµ i = −
R−
hT µν ihTµν i − hTµµ i2 .
(4.15)
24π
4
which becomes a quadratic equation for α. The solution is:
r


cµ
2
1− 1+
.
α=
µ
24πr2

(4.16)

In solving the quadratic equation we have chosen the branch that gives the CFT trace
anomaly in the limit µ → 0. This yields a differential equation for the partition function
as a function of radius
r

16π
cµ
d log Z
2
=
r +
−r .
(4.17)
dr
µ
24π
p cµ
This can be integrated with the help of the substitution r =
sinh(x), giving the
24π
sphere partition function



1
c
−2x
x+
1−e
log Z =
(4.18)
3
2
r

 r

c
24π
8π
cµ
−1
2
2
= sinh
r +
r
+r −r
(4.19)
3
cµ
µ
24π
Note that we have chosen the boundary condition log Z = 0 at r = 0; this would not have
been possible in a CFT, where the partition function continues to change as a function of
scale at arbitrarily short distances. Here we see that the flow equation is consistent with
a trivial theory in the UV.
The Euclidean path integral on S 2 corresponds to the de Sitter vacuum. We will
consider the entanglement entropy of this state across an entangling surface consisting
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of two antipodal points. This entropy can be obtained directly from the sphere partition
function as follows.3 To calculate the entanglement entropy by the replica trick, we consider
the n-sheeted cover of the sphere:
ds2 = r2 (dθ2 + n2 sin(θ)2 dφ2 ).
The entropy is then obtained from the partition function as:


d
S = 1−n
log Z
.
dn
n=1

(4.20)

(4.21)

In the absence of rotational symmetry, this formula requires analytic continuation in n,
but in the case of antipodal points we can continuously vary n.
Under a change of n, the partition function changes as
Z
d log Z
√ φ
=−
g Tφ .
dn n=1

(4.22)

Since the stress tensor on the sphere is isotropic, Tφφ = 21 Taa . From (4.14) we conclude that
the entropy can be expressed in terms of the sphere partition function as


r

r d
c
24π
−1
S = 1−
log Z = sinh
r .
(4.23)
2 dr
3
cµ
√
For r  µc we see that this formula reproduces the well-known CFT result [87, 24] with
subleading corrections
r


96π
c2 µ
c
2
S = log
r +
+
O
µ
.
(4.24)
3
cµ
288πr2
The corrections to the logarithmic term in the entanglement entropy are polynomial in
µ starting from order one. In the UV limit, r → 0 the entanglement entropy vanishes,
indicating that the theory flows to a trivial theory.
We can also compare this result with the holographic proposal of [114]. The metric of
Euclidean AdS3 in global coordinates is

(4.25)
ds2 = `2 dρ2 + sinh(ρ)2 (dθ2 + sin(θ)2 dφ2 ) .
3

We thank Aron Wall for teaching us this trick.
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The sphere of radius r embeds into this geometry as a surface ρ = ρ0 , where ρ0 is defined
by r = ` sinh(ρ0 ). According to the conjecture of [114], the T T deformed theory is dual to
quantum gravity in the region ρ < ρ0 . According to the Ryu-Takayanagi formula [137], the
holographic entanglement entropy is given by L/(4G) where L is the length of a minimal
geodesic connecting the points of the entangling surface. In the case of antipodal points,
the geodesic passes through the center and has length L = 2`ρ0 . Thus the Ryu-Takayanagi
formula yields:
r
`
L
=
sinh−1
,
(4.26)
S=
4G
2G
`
which agrees precisely with (4.23) with the identifications (??).

4.2.1

Conical entropy

The entanglement entropy is just one measure of entanglement. More information about
the spectrum of the reduced density matrix is encoded in the conical entropy 4 :


d
S̃n = 1 − n
log Zn ,
(4.28)
dn
which reduces to the entanglement entropy when n = 1. In the case of two antipodal
points on the sphere, S̃n is the de Sitter entropy at a temperature ∼ 1/n. By varying n
we probe the density of states at different energy scales.
To calculate S̃n via the replica trick, we consider the partition function of the theory
on the conical sphere (4.20). We will assume rotational symmetry in φ, so that we can
parametrize the stress tensor in terms of two nonzero components Tθθ (θ) and Tφφ (θ). The
problem simplifies if we consider the variables u = µ2 Tθθ − 1 and v = µ2 Tφφ − 1, in terms of
these variables stress tensor conservation and the flow equation are
du
= cot(θ)(v − u),
dθ
This has the solution
u2 = 1 +
4

uv = 1 +

cµ
cn
+
,
24πr2 sin(θ)2

The conical entropy S̃n is related to the Rényi entropy Sn as


n−1
2
S̃n = n ∂n
Sn .
n
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cµ
.
24πr2

(4.29)

(4.30)

(4.27)

where cn is independent of θ. The value of cn is determined by the coupling of the theory
to the conical singularity at θ = 0, π.
Boundary conditions We will define the theory on a surface with a conical singularity
via a limiting procedure similar to Ref. [64]. We first define a family of smoothed replica
geometries in which a small neighborhood of the conical singularity is replaced by a smooth
“cap”. We will take this cap to be a portion of maximally symmetric space; for n < 1 this
is a sphere, and for n > 1 a hyperbolic space.
Near the conical singularity, the geometry is approximately a flat cone ds2 = dτ 2 +
τ n dφ2 , from which we cut out the region τ < . For n > 1 we attach this to a cap which
is the region σ < σc of the hyperbolic space with metric ds2 = `2c (dσ 2 + sinh(σ)2 dφ2 ), which
has constant negative curvature R = −2/`2c . Matching the intrinsic and extrinsic geometry
of the circle determines
n
,
σc = cosh−1 (n).
(4.31)
`c = √
2
n −1
2 2

The nonsingular solution on the cap takes the form Tab = µ2 (u + 1) where
cµ
u =1+
24π2
2




1
−1 .
n2

(4.32)

However, (4.32) has no real solutions for small  which prevents us from taking the limit
 → 0.5 In terms of bulk variables, there are no solutions when `c < `: this corresponds
to the fact that we cannot embed a hypersurface with more negative curvature than the
ambient space without breaking rotational symmetry.
In the spherically symmetric case, we can instead analytically continue from n < 1; a
similar strategy has been employed for calculating entanglement in string theory [37, 36,
82, 116, 117, 132]. For n < 1, we can replace a neighborhood of the conical singularity
with a spherical cap consisting of the region θ < θc of the sphere with radius rc :
ds2 = rc2 (dθ2 + sin(θ)2 dφ2 ).

(4.33)

Matching the length and extrinsic curvature determines
rc = √
5

n
,
1 − n2

θc = cos−1 (n).

In the CFT limit this issue does not arise, because we take µ → 0 prior to taking  → 0.

76

(4.34)

The equation for the stress tensor is given by (4.32) just as in the hyperbolic case, except
that for n < 1 it always has real solutions.
We can now use this solution to determine the constant in (4.30). Stress tensor conservation implies that u should be continuous, which fixes the singular part of u:


1
cµ
cµ
2
+
−1 .
(4.35)
u =1+
24πr2 24πr2 sin(θ)2 n2
This equation determines the stress tensor
s
!


cµ
1
1
2
cµ
,
+
−1
Tθθ =
1− 1+
µ
24πr2 24πr2 n2
sin(θ)2


cµ
1 + 24πr2
2
Tφφ = 1 − q
 1 .
1
µ
1 + cµ + cµ
−1
24πr2

24πr2

n2

sin(θ)2

The sign of u in (4.35) has been chosen so that the CFT limit µ → 0 is finite. In this limit,
the stress tensor agrees with the result obtained from the Schwarzian transformation law
of the stress tensor [87].
Computing the Conical Entropy Having found an appropriate boundary condition
for the stress tensor, we can now proceed to calculate the entropy S̃n for n < 1. To find
the partition function at fixed n, we vary the radius to obtain:
Z


d log Z
φ
θ
= −2πnr dθ sin(θ) Tθ + Tφ
(4.36)
dr
 2

Z
cµ
2r + 24π
+ α2
4πn
√
=
dθ sin(θ)
−r
(4.37)
µ
r 2 + α2
where we have defined
cµ
α =
24π
2





1
1
1+
−1
.
n2
sin(θ)2

This can be integrated in r to obtain
Z
h
 
i
√
n
−1 r
2
2
2
2
log Z =
dθ sin(θ) ` sinh
+r α +r −r .
4G`
α
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(4.38)

(4.39)

For n = 1, this reduces to (4.18).
From (4.39) we obtain the entropy


d log Z
S̃n = −n
dn
n

Z
cµ 
1 − 24πα
rc
1
2
√
=
dθ
2
6n
sin(θ)
α + r2

cµ 
2
c (1 − n2 )
2 r + 24π
= p cµ
Π n 2
.
cµ
3 24πr2 + n2
r + 24πn
2
2

Π is the complete elliptic integral of the third kind:
Z π/2
dθ
p
.
Π(η|m) :=
2
(1 − η sin(θ) ) 1 − m sin(θ)2
0

(4.40)
(4.41)
(4.42)

(4.43)

This function has a branch cut for n ≥ 1, corresponding to a pole in the integral (4.43).
However, we can take the principal value of this integral, which is real for all n > 0. This
function is displayed in figure 4.2.
The limit n → 0 gives the logarithm of the rank of the reduced density matrix:
r
2πc
πr
(4.44)
S̃0 =
3µ
which scales with the length, πr, of the boundary. This is suggestive
of a lattice
theory in
q

2πc
which an interval of length L has a Hilbert space of dimension exp
L .
3µ

4.2.2

Comparison with holography

We now compare our result (4.42) with the prediction from holography. According to
the proposal of Ref. [44], S̃n is given by L/4G, where L is the length of a cosmic string
whose tension induces an angle 2π
in the bulk. By rescaling φ, this is equivalent to finding
n
the length of a geodesic in a smooth geometry with induced boundary metric given by
(4.20). Finding this solution is equivalent to finding an embedding of the metric (4.20)
into Euclidean AdS3 .
This embedding problem is most easily solved in the coordinates:
ds2 = `2 (dϕ2 + e−2ϕ (dρ2 + ρ2 dφ2 )).
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(4.45)

n=0

G
` S̃n (r)

2

1

n=

1
4

n=

1
2

n=1

n=2
n=4

0

r/`
0

1

2

3

Figure 4.1: At fixed n, the entropy S̃n is a smoothly increasing function of r.
We will assume the embedding preserves rotational symmetry, so that the φ coordinate on
the boundary is the same as the φ coordinate of the bulk. The embedding is then defined
by two functions ϕ(θ) and ρ(θ). Demanding that the embedding be isometric leads to the
equations
 2
 2
r2
dϕ
dρ
ϕr
−2ϕ
=
ρ = e n sin(θ),
+e
.
(4.46)
2
`
`
dθ
dθ
This can be rewritten as a single differential equation for ϕ,
 2
 
2
dϕ
dϕ
r2
n2 r2
=
+ 2
sin(θ) + cos(θ) ,
`2
dθ
`
dθ
which can be solved algebraically for
shown in figure 4.3.

dϕ
.
dθ

(4.47)

The resulting embedding in global coordinates is

The length of the geodesic connecting the point θ = 0 and θ = π in the metric (4.45)
is given by
Z π
dϕ
L = `(ϕ(π) − ϕ(0)) = `
dθ
.
(4.48)
dθ
0
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G
` S̃n (r)

2
r = 2`
r=`
r = 12 `

1

r = 14 `

0

n
0

1

2

3

Figure 4.2: At fixed r, S̃n is a decreasing function of n, with a kink at n = 1.
To find the total entropy, we integrate

dϕ
dθ



r
1
1
L
1 + r2
√
=
K(m) − 2 Π(η|m) ,
4G
2G 1 + r2 n2
r2
r

(4.49)

where K(m) = Π(0|m) is the complete elliptic integral of the first kind and
m=

n2 (1 + r2 )
,
1 + n2 r 2

η=

r 2 n2
.
1 + r 2 n2

(4.50)

Using an identity of elliptic integrals6 , this agrees with our expression (4.42) for the entropy,
with the identification of µ and c given in (??).
6

(m − η)Π(η|m) + (m − η 0 )Π(η 0 |m) = mK(m) where (1 − η)(1 − η 0 ) = 1 − m [42, Eq. 19.7.9].
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n=1
n = 34
n=

1
2

n=

1
4

n=0

Figure 4.3: Embedded surfaces with r = ` = 1 in Euclidean AdS3 . For this graph, we
4d~
x2
have used Poincaré disk coordinates in which the metric is ds2 = (1−~
with the third
x2 )2
coordinate suppressed. The AdS boundary is the outer circle. At n = 1, the embedding
is a circle. As n is decreased the embeddings have an increasingly elongated “football”
shape. At n = 0, the embedding degenerates to a line.

4.3

Finite c von Neumann Entropy

At finite c, we take the operator T T̄ to be defined as the coincidence limit of the bilocal
operator
T T̄ (x) = 8 Gµνρσ (x) lim (T µν (x) T ρσ (y)) .
(4.51)
y→x

This is in keeping with the definition of the T 2 operators in higher dimensions
Assume that the only deforming operator is O = T T̄ , with coupling constant µ. Then,
there is only one dimensionful scale in the theory: it is defined by µ, which has dimensions
of length squared. This means that the expectation value of this operator can be obtained
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by taking a derivative with respect to µ:
1
∂µ log Z =
4

Z
hT T̄ (x)i.

(4.52)

We will promote the deformation parameter µ to a function µλ(x) and ask what happens
when we compute the trace of the stress tensor. In other words, that the equation (4.52)
can be upgraded to
µ
δ log Z
= hT T̄ (x)i.
(4.53)
δλ(x)
4
Recalling that the trace of the stress tensor encodes the response of the partition function
under the change of every length scale present in the theory:
gαβ

δ log Z
c
δ log Z
−
R(x),
= hTµµ (x)i = −µ
δgαβ
δλ(x)
24π

(4.54)

we obtain the flow equation:
µ
c
hT µµ (x)i = − hT T̄ (x)i −
R(x).
4
24π

(4.55)

We assume that no other scale is generated, and hence that we can extrapolate (4.55) to
finite µ.
Recall that the partition function, viewed as a functional of the metric, is a generating
functional for stress-tensor correlation functions:
!
!
1
−2
−2
δ
δ
p
··· p
Z[g]. (4.56)
hT µν (x1 ) · · · T ρσ (xn )i =
Z[g]
g(x1 ) δgµν (x1 )
g(xn ) δgρσ (xn )
Substituting (4.56) into the flow equation (4.55) yields a functional differential equation
for the partition function Z[γ]:
2
δZ[g]
µ Gµνρσ (x)
δ 2 Z[g]
c
p
−p
gµν (x)
= − lim p
−
R(x) Z[g].
y→x
δgµν (x)
γ(x)
g(x) g(y) δgµν (x)δgρσ (y) 24π

(4.57)

This is a linear second-order functional differential equation for Z[g], a functional of the
two-dimensional metric g.
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4.3.1

Finite c Flow equation and the Wheeler-DeWitt equation

At generic values of c, the bulk equation that the T T̄ flow equation gets mapped to is the
Wheeler de Witt equation.
It will help to introduce a change of variables to eliminate the linear term in (4.57).
This is given by
R 2 √
2
(4.58)
Ψ[g] = e µ d x g Z[g].
(4.57) then becomes the following equation for Ψ[g]:
16πG
δ 2 Ψ[g]
1
G
(x)
lim
:
:+
√
√
µνρσ
x→y δgµν (x)δgρσ (y)
g(x) g(y)
16πG



2
R+ 2
`


Ψ[g] = 0.

(4.59)

This equation is the radial Wheeler-DeWitt equation in a space with negative cosmological
constant provided we identify bulk constants as in (??). Eq. (4.59) can be obtained from the
classical constraint equation (3.31) by replacing the momenta with functional derivatives
with respect to γij (x). Conversely, the classical constraint equation (3.31) can be obtained
from the Wheeler-DeWitt equation (4.59) in the leading-order WKB approximation, as we
will see in detail in the following section.
The symbol : (· · · ) : denotes a procedure for regularizing the functional derivative at
coincident points, which we will leave unspecified as it is unnecessary for the purposes of
this work. This is because we will not attempt to solve the above second-order functional
differential equation. Instead, we will specialize to the case where the constant radius slices
are spheres and consider the quantization of the Hamiltonian constraint (3.31) after phase
space reduction.

4.3.2

Phase space reduction for S 2 radial slices

From the point of view of quantizing the bulk theory, it is natural to introduce a gauge
fixing for the Hamiltonian constraint. We choose the constant mean curvature gauge
πµµ
√ = τ,
g

(4.60)

where τ is constant. We then decompose the momentum conjugate to the metric as follows:

√
π µν = 12 τ gg µν + σ µν ,
(4.61)
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where σ µν is traceless. Imposing the constancy of τ implies additionally that
∇µ σ µν = 0,

(4.62)

and therefore σ µν is transverse and tracefree. On the sphere, such tensors must vanish
identically, so σ µν = 0. We can then do a conformal decomposition of the metric
gµν = e2λ(x) hµν ,

(4.63)

where hµν is the standard round metric on the unit 2-sphere, with R[h] = 2. The Ricci
scalar of g is R[g] = e−2λ (R[h]−2∇2 λ). Having fixed the gauge as in (4.63) the Hamiltonian
constraint for sphere radial slices becomes an equation for the conformal factor λ:


1
(16πG)2 τ 2
R[h]
2λ
−e
− 2 .
(4.64)
∆λ =
2
4
`
This equation has a unique solution up to a zero mode, which was shown in [118, 63]
(although for a different combination of signs). All two-dimensional spherical geometries
are conformal to the round sphere and solutions to (4.64) give us the factor with which
to perform the Weyl transformation between the given metric and the round two-sphere
metric. Only the global part of the Hamiltonian constraint remains unfixed. This is
obtained by integrating the above equation over the sphere


2
2 2
(4.65)
V (16πG) τ − 2 − 4π = 0,
`
√
R
where V = d2 x h eλ(x) is the volume.
York’s method involves taking the mean curvature τ to be ‘time’ and treating the
volume as a true Hamiltonian
V (τ ) =

4π
(16πG)2 τ 2 −

2
`2

.

(4.66)

This is the well-known deparameterization of the Hamiltonian constraint in terms of York
time. However, it is not convenient for our purposes, since we are interested in the wavefunction of a spherical geometry as a function of radius. In this representation, the volume
is a function of the configuration variable r, V = 4πr2 . The mean curvature τ is the
conjugate momentum to the volume, which is related to the momentum conjugate to r as
pV =

pr
.
8πr
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(4.67)

With these variables, the classical constraint equation (4.66) becomes


r2
2 2
G pr − 1 + 2 = 0.
`

(4.68)

The quantization of the above constraint equation is therefore a time-independent Schrödinger
equation, and the phase space reduction necessitates limiting our attention to the global
modes of the geometry. We choose to parameterize these modes through the radius r and
its conjugate momentum pr .

4.3.3

Symmetry reduced action and Wheeler-DeWitt equation

In this section, we give an alternative derivation of the Wheeler-DeWitt equation (4.77) by
symmetry reduction of the action for AdS3 gravity, c.f. [27]. This will be useful in order
to make contact with the Euclidean path integral formalism in section 4.4.
The action for general relativity with a negative cosmological constant including the
counterterm [14] takes the form SGR = SEH + SGHY + SCT where the various terms are
given by:


Z
2
1
3 √
d x γ R+ 2 ,
(4.69)
SEH = −
16πG
`
I
1
√
(4.70)
d2 x g K
SGHY =
8πG
I
1
√
SCT =
(4.71)
d2 x g.
8πG`
Note that the counterterm is precisely the factor appearing in (4.58) that relates the
deformed CFT partition function and the bulk gravity wavefunction:
Ψ[g] = eSCT Z[g].

(4.72)

The context, however, is slightly different from Ref. [14]. There, the counterterm was
required to obtain a finite partition function in the limit where γ is large. Here it appears
as a generating function in a canonical transformation that eliminates the first derivative
term from the flow equation (4.57).
We wish then to pass to the Hamiltonian formalism, which first requires foliating the
spacetime by hypersurfaces. We will assume spherical symmetry, under which a general
metric takes the form
ds2 = N 2 (ρ) dρ2 + r2 (ρ) dΩ2 .
(4.73)
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This form is quite familiar from studies of homogeneous and isotropic cosmology: the
function r(ρ) controls the size of the sphere of fixed ρ and is analogous to the scale factor
in the Friedman-Robertson-Walker metric. The function N (ρ) is analogous to the lapse,
the difference being that in the metric (4.73) the normal to the surfaces of constant ρ is
spacelike.
The action, not including the counterterm then becomes:
SEH + SGHY

1
=−
2G



Z
dρ N (ρ)

1+

r0 (ρ)
N (ρ)

2

r(ρ)2
+ 2
`

!
.

(4.74)

We note that the Euclidean action is both negative and unbounded below. The fact that the
action is negative is an important feature — we will see that it is precisely this feature that
leads to the positivity of the entropy, and consistency with the Ryu-Takayanagi formula
when evaluated on the classical solution. The fact that the fluctuations around the classical
solution also have negative Euclidean action is a serious problem since the integral of e−S
will diverge. This is the famous conformal mode problem, which we will be forced to revisit
in section 4.4.
The derivation of the Wheeler-DeWitt equation from the symmetry reduced action is
standard. We first identify the conjugate momenta to r and N :
pr = −

r0
,
GN

pN = 0.

(4.75)

The latter is a constraint, and its preservation leads directly to the Hamiltonian constraint


r2
2 2
(4.76)
G pr − 1 + 2 = 0.
`
This agrees with the result (4.68) derived from gauge-fixing in the hamiltonian formalism.
The classical limit in the bulk theory is one where G  `, which in terms of the
field theory implies that c  1. In that limit, the T T flow equation becomes the radial
Hamiltonian constraint in the bulk. In the minisuperspace approximation, i.e. when we
truncate to the symmetry reduced sector, this constraint reduces to (4.68). When we
quantize this theory, we obtain an equation valid when G and ` are comparable, which
translates into c remaining O(1). This is why the arbitrary c flow equation in the symmetry
reduced T T̄ theory should be identified with the minisuperspace Hamiltonian constraint.
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4.3.4

Emergent diffeomorphism invariance

The phase space reduction presented in 4.3.2 shows us how the large c flow equation is
written purely in terms of variations with respect to the global geometrical modes. From
the intrinsically two dimensional point of view, this is to be expected given that the flow
equation is written in terms of only one point functions of the stress tensor which are
themselves given purely in terms of the derivatives of the partition function with respect
to the radius.
However, the fact that the RG flow equation even at finite c involves only derivatives
with respect to the global modes of the metric is nontrivial. This happens for the T T̄
flow equation (in [50], [28]) on T2 as well, except for very different reasons 7 . There,
the localization of the flow equation on to the zero-mode sector is due to the separation
independence of the contracted two-point function of stress tensors whose coincidence limit
defines the T T̄ operator [99].
In our case, however, it is crucially important that the flow equation that arises from
deforming a conformal field theory with T T̄ can be rewritten as the Wheeler-DeWitt
equation. The Wheeler-DeWitt equation and the Ward identity ∇i hT ij i = 0 encode the
invariance of the wave function Ψ[g] under normal and tangential deformations of the
hypersurface on which it is evaluated. In quantum gravity, these deformations describe the
action of diffeomorphisms of the bulk space-time into which the hypersurface is embedded.
One could ask how important it was to deform a holographic CFT in order to exploit
bulk diffeomorphism invariance. We argue that in fact, it isn’t important since all we have
done is to make a change of variables and identified constants in a certain manner. When
we are considering pure gravity in the bulk, this agrees with a finite cutoff generalization of
the conventional AdS/CFT dictionary. However, when other matter fields are involved in
the bulk, in order to maintain the identifications as dictated by the AdS/CFT dictionary,
this mapping is inadequate [100] and other double trace deformations involving operators
other than the stress tensor must be included in the boundary theory [80].
Given the expectation that correlation functions of local operators are expected to
be smeared or delocalized by the T T̄ deformation [29], even if the standard dictionary is
maintained unless other double-trace deformations are included, the bulk theory likely also
involves nonlocal matter fields.
7

The T T̄ flow equation is the one that reads ∂µ Z = hT T̄ (x)iZ, and it tells us how the quantum field
theory responds under the change of one scale in the problem, i.e. the one associated to the T T̄ operator.
The RG flow equation or Callan–Symanzik equation on the other hand tells us how the theory responds
to a local change of scale
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However, one can also consider the stress tensor sector of a general CFT at finite c,
which isn’t expected to possess a classical bulk dual. In such a theory, we can apply the
T T̄ deformation and find that the local RG flow equation will take the form (4.57). After
making some simple identification of the constants and by redefining the partition function
in terms of Ψ[g], this flow equation takes the form of the Wheeler-DeWitt equation (4.59),
irrespective of whether or not it has a semiclassical bulk dual. 8
In this chapter, we are interested in computing the sphere partition function in a T T̄
deformed CFT with some arbitrary, finite central charge. Although the method involves
exploiting the emergent bulk diffeomorphism invariance in order to turn our problem into
an effectively quantum mechanical one, we do not require the theory we are deforming to
possess a holographically dual description in terms of string theory on AdS3 .

4.4

Sphere partition function

The quantization of the reduced phase space Hamiltonian constraint leads to the following
spherically symmetric Wheeler-DeWitt equation:



 2
2b − 1 d
r2
d
2
+
ψ(r) = 1 + 2 ψ(r),
(4.77)
G
dr2
r dr
`
where ψ(r) = Ψ[γS 2 ] is the wavefunctional evaluated on a sphere of radius r. The constant
b appears due to the ordering ambiguity for the kinetic term. Then, if we recall the relationship between the partition function and the solution to the Wheeler-DeWitt equation
(4.58), the sphere partition function of the T T̄ deformed CFT is given by
r2

Z(r) = e− 2G` ψ(r).

(4.78)

It will be convenient to work in terms of gravitational units and set ` = 1. In these
units, G becomes a dimensionless parameter, the ratio of the Planck length to the AdS
radius, which is small in the classical limit. Although the equation admits an exact solution
in terms of special functions, it will be instructive to first study the solution semiclassically.
8

We acknowledge that Aitor Lewkowycz independently realized this perspective on T T̄ deformed theories
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4.4.1

WKB approximation

When G is small, the equation (4.77) can be treated by the WKB approximation. It will
be convenient to define ψ = eW , where W = log Z + SCT is the effective action, up to the
counterterm. We then expand in powers of G,
W =

1
W0 + W1 + GW2 + . . . .
G

In terms of the effective action, equation (4.77) becomes


2b − 1 0
2
00
0 2
G W + (W ) +
W = (1 + r2 ).
r
where 0 denotes

(4.79)

(4.80)

d
.
dr

For a second-order equation, there are two classical solutions W0± . We can then consider
the expansion around each of these solutions, and a general solution is given by:
1

+

ψ(r) = α+ e G W0

+W1+ +...

1

−

+ α− e G W 0

+W1− +...

(4.81)

The negative solution W0− is suppressed relative to the positive solution by the exponential
of the classical action. This is non perturbatively small when r is larger than the Planck
scale. For now, we focus on corrections around the dominant saddle point.
Classical solution At leading order in the G expansion we have two solutions for W0 ,
√
(4.82)
W00 (r) = ± r2 + 1.
The positive solution is given by
√
1
W0+ (r) = (sinh−1 (r) + r r2 + 1).
2

(4.83)

This solution corresponds to the Euclidean action (without the holographic counterterm)
evaluated on the classical saddle point, which in this case is a region of Euclidean AdS
space bounded by a sphere of radius r. Restoring ` and the counterterm, this corresponds
to a classical solution
!!
 r  r r r2
2
`
r
Z(r) ∼ exp
sinh−1
+
+1− 2
(4.84)
2G
`
` `2
`
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This agrees with the evaluation of the classical action for a region of Euclidean AdS3
bounded by a sphere of radius r [49].
The other classical solution W0− (r) corresponds to the opposite sign of (4.83). This
yields a saddle point whose contribution to the partition function is exponentially suppressed when r  G.
One-loop correction The WKB expansion also allows us to find subleading corrections
in the loop expansion. Substituting the leading-order WKB solution into the first order
equation yields


1 2b − 1 W000 (r)
0
.
(4.85)
+ 0
W1 (r) = −
2
r
W0 (r)
The one-loop correction is given by
W1 (r) = − 21 (2b − 1) log(r) − 14 log(1 + r2 ).

(4.86)

Note that the one-loop correction is the same around both classical solutions W0± , since
(4.85) is unaffected by flipping the sign of W0 .
Note also that the corrections become large as r → 0, while the leading term W0 (r) vanishes in that limit. This indicates that the WKB approximation breaks down at distances
approaching the Planck scale.
From this result, we can infer the leading order quantum corrected partition function
in the bulk:
!
!


 r  r r r2
r
2
2
r
r
1
`
sinh−1
+
+ 1 − 2 + log 2
.
− b log
Z(r) ∼ exp
2G
`
` `2
`
4
r + `2
`
(4.87)
There are two important caveats with this solution: we have neglected the contribution of
the subdominant saddle point, and we have not fixed the constant in front of the solution.
To appropriately resolve this issue we require boundary conditions as r → 0. Since the
point r = 0 is outside the regime of validity of the WKB approximation, we have to use
other methods to determine the solution in that regime.

4.4.2

Exact solution

Equation (4.77) admits an exact solution. Changing to the independent variable to z =
r2 /G and rescaling ψ to g as
√
(4.88)
g(z) = ez/2 ψ( Gz),
90

(4.77) becomes Kummer’s equation ([42], §13)
zg 00 (z) + (b − z)g 0 (z) − ag(z) = 0,

(4.89)

1
where a = 4G
+ 2b . When b ∈
/ Z, the general solution of (4.89) is given by a linear
combination of the confluent hypergeometric functions U (a, b, z) and M (a, b, z).9 For b ∈ Z
the expansion for z → 0 is more complicated and so we will assume the generic case b ∈
/Z
from here on.

In the limit z → 0, the solution is parameterized by
g(z) = c1 M (a, b, z) + c2 z 1−b M (a − b + 1, 2 − b, z).

(4.90)

g(z) = c1 (1 + O(z)) + c2 z 1−b (1 + O(z)).

(4.91)

As z → 0,
The constants c1 , c2 are determined from the boundary conditions as z → 0. In the classical
solution (4.83), we only need a single boundary condition since the leading order WKB
equation is first-order. However, the Wheeler-DeWitt equation is second-order and so we
require a second boundary condition to fully specify the solution. This additional boundary
condition determines the contribution from the subdominant saddle point.
The boundary condition chosen in Ref.[49] was to take Z = 1 + O(r2 ) as r → 0. The
simplest choice which achieves this is c1 = 1, c2 = 0. This leads to a partition function
that coincides with that of a trivial theory in the ultraviolet, and we will see in section 4.5
that this makes the entanglement entropy vanish as r → 0 as might be expected if the T T
deformation acts as an effective ultraviolet cutoff.10

4.4.3

Path integral representation

The preceding results can also be obtained from a Euclidean path integral. This will be
useful in the following section in comparing the entanglement entropy with the bulk length.
We first deparametrize the system by introducing a parameter L be the diameter of
the bulk, i.e. twice the proper distance from the center to a sphere of fixed radius r.
The wavefunction ψ(r) is replaced with a wavefunction ψ(r, L) in which L plays the rôle
9

M (a, b, z) is sometimes denoted 1 F1 (a; b; z).
An alternative prescription [71] is to start from the conformal field theory in the limit r → ∞. In this
limit, the partition function has an undetermined constant coming from the cutoff scale.
10
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of a Euclidean time coordinate. The Wheeler-DeWitt equation is then replaced with the
Euclidean Schrödinger equation:




2b − 1
2
2
2
∂r + r + 1 ψ(r, L) = 0.
(4.92)
−4G∂L − G ∂r +
r
The solution of the Wheeler-DeWitt equation will be obtained by integration,
Z
ψ(r) = µL dL ψ(r, L).

(4.93)

The measure factor µL is required by dimensional analysis and has units of inverse length.
We also leave the contour of integration unspecified; provided ψ(r, L) solves (4.92), then
the integral (4.93) will solve the Wheeler-DeWitt equation if the contour is chosen such
that the contribution from the endpoints vanishes.
2

We can solve this with an ansatz ψ(r, L) = eα(L)+β(L)r , which leads to a pair of equations
d
β + 4G2 β 2 − 1 = 0
dL
d
4G α + 4bG2 β − 1 = 0.
dL
4G

(4.94)
(4.95)

These equations are easily integrated, but two constants of integration must be specified.
One constant can be absorbed into a redefinition of L (and hence in a shift of the contour
used in integrating L). The second constant can be absorbed into the measure factor µL .
Having made these choices, the solution is given by:
 
1
L
β=
coth
(4.96)
2G
2
 
L
L
α=
− b log sinh
.
(4.97)
4G
2
Which yields
 −b

 
L
L
r2
L
ψ(r, L) = sinh
exp
+
coth
.
2
4G 2G
2

(4.98)

Before carrying out the path integral, we first look at the classical solutions. The
exponential has two real saddle points ±L0 , where
sinh(L0 /2) = r.
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(4.99)

The positive saddle point at L = L0 corresponds to Euclidean AdS3 with line element
ds2 = dρ2 + sinh(ρ)2 dΩ2
which has r = sinh(ρ) and L = 2ρ. Evaluating ψ(r, L) at this point yields


√
1 
−1
−b
2
ψ(r, L0 ) = r exp
sinh (r) + r r + 1
2G

(4.100)

(4.101)

The quantity in the exponential is precisely the classical solution W0+ given by the WKB
method (4.83). The saddle point at L = −L0 gives the exponentially suppressed WKB
solution W0− . 11
We now turn to carry out the Euclidean path integral, and the choice of contour for L.
The conformal mode problem: Since L is a Euclidean length, it would seem natural
to integrate over positive real L. However, the result (4.98) diverges as eL for large L, and
as e1/L for small L. This is a manifestation of the conformal mode problem.
The Euclidean Einstein–Hilbert action is not bounded from below on the space of real
metrics. In perturbation theory, when the action is expanded around a flat background, we
find that the scalar mode corresponding to the fluctuations of the conformal mode comes
with the wrong sign in its kinetic term. In particular, if we can find a gauge where the
metric can be decomposed as:
gab = eφ ḡab
(4.102)
where ḡab is a metric with fixed determinant, then the offending mode in the perturbative
analysis is the fluctuation field ϕ:
φ = φo + ϕ,
(4.103)
where φo is the background value of the conformal factor, which on flat space is zero.
In minisuperspace, the only dynamical field is the zero mode of φ, in other words, the
scale factor. Therefore, we expect to face the full brunt of the conformal mode problem
when we study the quantum theory. And indeed, the action isn’t bounded from below, even
at the fully nonlinear level. This in turn prevents us from carrying out straight forward
path integral quantization of this system.
11

There are an infinite number of complex saddle points at L = ±L0 + 2πin for n ∈ Z. Shifting the
πin
imaginary part of L → L + 2πin shifts the integrand as ψ(r, L + 2πin) = ψ(r, L)e 2G , so the complex
contours and saddle points differ from their real counterparts by a phase.

93

One way to remedy this problem would be to analytically continue to complex metrics,
which on minisuperspace just means that we should analytically continue to complex values
of the scale factor. Then, to perform the path integral over the complexified scale factor,
a contour of integration has to be chosen. It must be such that at the very least, the
partition function converges.
There is not however a single agreed-upon prescription for carrying out gravitational
path integrals of this type; but a list of desired criteria were outlined in Ref. [78].
There are other remedies for this issue in the literature in the context of performing the
full Euclidean path integral (i.e. beyond symmetry reduction in d > 3). One such prescription is to perform a Wick rotation in a ‘proper time gauge’ of the metric fluctuations, as
discussed in [38]. Another way to circumvent the issue involves a nonlocal field redefinition
[113]. In both of these contexts, a Jacobian arising from the path integral measure cancels
the divergence of the Euclidean action.
We know that on general grounds, whatever contour we choose to integrate (4.93),
it should be deformable to a combination of steepest descent contours which will pass
through some set of saddle points. In order to match with the expected classical behavior,
this set of saddle points must include the positive saddle L0 . We will also demand that the
solution ψ(r) is real: the original Euclidean integral we want to deform, though divergent,
is formally real, and we will see in section 4.5 that complex solutions for ψ(r) lead to
complex entropy.
The steepest descent curves passing through the real saddle points have a stationary
phase, which means the quantity in the exponential of (4.98) is real. Letting L = x + iy,
these curves are solutions of
y + 2r2

sin(y)
=0
cos(y) − cosh(x)

(4.104)

The solutions, displayed in figure 4.4, consist of the real line, together with a loop encircling
the origin. Starting from the positive saddle L0 , the steepest descent contour leaves the
real axis along the loop and intersects the negative saddle −L0 . Starting from −L0 the
steepest descent contour covers the negative real axis.
To carry out the integral defined by (4.93) we introduce a substitution w = coth(L/2).
Under this substitution we obtain
Z
1
b
1
b
r2
ψ(r) = −2µL dw(w + 1) 4G + 2 −1 (w − 1)− 4G + 2 −1 e 2G w .
(4.105)
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Im(L)

L−
0

L+
0 Re(L)

Figure 4.4: Steepest descent contours for the evaluation of the integral of ψ(r, L). The thick
lines denote values for which ψ(r, L) is real; here we have set r = 1, but the qualitative
behavior is independent of r. The direction of the arrows denotes the direction in which
the integrand is decreasing. The cross at the origin denotes an essential singularity of the
integrand.
p
The saddle points at ±L0 are mapped to the points ±w0 where w0 = 1 + 1/r2 . The
positive L-axis is mapped to w > 1, while the negative L axis is mapped to w < −1.
These two lines are separated by a branch cut for −1 < w < 1; crossing the branch cut
shifts the imaginary part of L.
We can carry out the integral along either steepest descent contour using known integral
representations of the confluent hypergeometric functions ([42], §13.4)
Z −∞
z
I1 :=
dw (w + 1)a−1 (w − 1)−a+b−1 e 2 w = −Γ(a) 2b−1 e−z/2 U (a, b, z),
(4.106)
−1
I
z
Γ(a)
I2 := dw (w + 1)a−1 (w − 1)−a+b−1 e 2 w = 2πi
2b−1 e−z/2 M(a, b, z). (4.107)
Γ(1 + a − b)
γ
We have reintroduced the variables a, z from subsection 4.4.2. The curve γ encircles the
interval (−1, 1) clockwise. We see that these integrals give solutions to the Wheeler-DeWitt
equation, as required. I1 is real, while I2 is imaginary.
The simplest solution to the conformal mode problem is simply to rotate the contour
to the negative real axis, resulting in a convergent integral [66]. In [17], it was shown how
conformal bootstrap can be used to resolve the ambiguities associated with the analytic
continuation of the integration over the Weyl mode in two space-time dimensions. However,
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we see here that the contour does not pass through the saddle point at L0 , so gives a
partition function that is exponentially suppressed. The resulting entropy is negative: it is
given by −L0 /4G in the classical limit. Thus the naive resolution to the conformal mode
problem gives an unphysical result in our application.
Instead, we can consider a contour passing through the saddle point at L0 . This contour
terminates on another saddle point, the one at −L0 . In cases such as this when the steepest
descent curve intersects another saddle point, the saddle point is said to be on a Stokes
line. We must decide how to extend the contour past the other saddle point. The standard
method to deal with this case is to analytically continue the parameters of the problem to
complex numbers: for example, by giving G a small imaginary part, G → G ± i. When we
do this, the steepest descent contour passing through L0 slightly misses the saddle point at
−L0 and continues close to the negative real axis. As we take  → 0 the contour becomes
a union of the loop encircling the origin and the negative real axis.
However, depending on the sign of the imaginary part of G, the contour will traverse
(−∞, 0) in either the positive or negative direction. Thus the real part of ψ(r) will be
discontinuous as a function of the complexified G. A natural prescription, in this case,
is to take the average of the two results [4]. This cancels out the contribution from the
negative real axis, and the result is proportional to the loop integral (4.107). While this
gives a purely imaginary integral, the result for ψ(r) can be made real by choosing an
imaginary value for the measure factor µL .
We can further choose the measure factor µL so that the partition function satisfies
Z(r) → 0 as r → 0. The result is


b
r2
1
−r2 /2G
+ , b,
.
(4.108)
ψ(r) = e
M
4G 2 2G
This is the same as the exact solution obtained in section 4.4.2.
We note that other choices of the contour are possible. which could also include contributions from complex saddle points. Each of these contributions comes with a nontrivial
phase, but they can be summed over to give a real result. We note, for example, that by
choosing the Pochhammer contour in carrying out the integral (4.105), we obtain a result
proportional to M (a, b, z) c.f. ([42], 13.4.11).

4.5

Entanglement Entropy

We now consider entanglement entropy in the T T -deformed theory. Specifically, we will
consider the setup of Ref. [49], where the conformal field theory lives on a sphere and the
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entangling surface consists of two antipodal points. This corresponds to the entanglement
entropy of the Hartle-Hawking state of the CFT, viewed as a state on a circle divided into
two semicircles. Equivalently, it is the de Sitter entropy of the CFT.
This calculation was carried out in Ref. [49] in the strict large c limit. This corresponds
to the classical limit of the bulk gravity theory, and in this limit, the result reproduces the
Ryu-Takayanagi formula [137].
However, our result also includes 1/c corrections, which correspond to quantum corrections in the bulk. These corrections to the entanglement entropy are conjectured to
capture entanglement of the bulk fields across the minimal surface [57]:
S=

hLi
+ Sbulk + O(1/c).
4G

(4.109)

In the present case, the bulk theory is pure gravity and has no local degrees of freedom, so
it is not clear exactly what bulk degrees of freedom could be responsible for Sbulk .
Higher-order corrections in the 1/c expansion generically are expected to deform the
location of the extremal surface to a quantum extremal surface [54]. In our case, the
location of the bulk surface is fixed by rotational symmetry, so the quantum extremal
surface coincides with the extremal surface at all orders: a geodesic through the center
of the bulk. In this case, the higher-order corrections to the entanglement entropy of the
boundary are higher-order corrections in the semiclassical expansion of hLi
+ Sbulk about
4G
the classical minimal surface.
Even when a theory has no local degrees of freedom, it still has an entanglement entropy.
The best-known example is Chern-Simons theory, where the entanglement comes from edge
modes localized on the entangling surface [151, 59, 156]. Since 3D gravity is closely related
to Chern-Simons theory [153], we might expect that the bulk entanglement entropy has a
similar description in terms of edge modes.
To precisely describe entanglement entropy in terms of bulk gravity, we need a description of the gravitational edge modes and their multiplicities. It is not known how to
do this for general relativity, but some aspects of the problem at the classical level were
worked out in Ref. [49]. In 3D gravity there are a number of more specific proposals ,
see e.g. [115, 65, 152]. We expect the area to play a preferred role in the edge modes for
gravity, based on the algebra and generators and also an analogy with the Ryu-Takayanagi
formula [79, 106]. In 3D gravity, the total length is the only invariant of the intrinsic
geometry of the entangling surface. Moreover, calculations in holography [45, 2] show that
the entanglement spectrum is flat for fixed area states, at least to leading order in the 1/N
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expansion. This suggests that the gravitational edge modes in 3D
 are labeled by the length
L
of the entangling surface, with a multiplicity given by exp 4G in the classical limit.
We will find some evidence for this picture, namely that the corrections to the entropy
of the boundary theory capture fluctuations of the length of the bulk geodesic. However,
this interpretation relies on choosing a real contour for the gravitational path integral.
The interpretation of the entropy as fluctuations of the bulk length operator is obscured
when the length is continued to complex values. We will comment on this further in the
discussion.

4.5.1

Entropy for antipodal points on the sphere

We first briefly review the calculation of the entanglement entropy in the special case
of antipodal points, and its relation to the sphere partition function. We are essentially
repeating the argument of Ref. [49].
The entropy is computed through the replica trick, which first involves evaluating the
partition function on an n-sheeted branched cover of the sphere, where the branch points
are at the entangling surface. The line element on such a space is:
ds2 = r2 [dθ2 + n2 sin2 (θ)dφ2 ].

(4.110)

The entanglement entropy is then given by the formula:
S = (1 − n∂n ) log Z|n=1 .

(4.111)

In the absence of rotational symmetry, the partition function must be analytically continued
to a neighbourhood of n = 1. In the present situation, rotational symmetry allows us to
vary n continuously.
Under infinitesimal variations of n, the generating functional responds as follows:
Z
d log Z
√
|n=1 .
(4.112)
− d2 x γhT φφ i =
dn
In the limit n → 1, the full spherical symmetry is re-instated, so the one point function of
the energy momentum tensor is isotropic hT µν i = α(r)g µν . This in particular tells us that
hT φφ i = 21 hT µµ i. This means that the von Neumann entropy in the situation at hand can
be computed through the formula:


r d
S = 1−
log Z.
(4.113)
2 dr
98

Here Z is the sphere partition function without a conical singularity.
Thus we can obtain the entanglement entropy directly from the sphere partition function. The formula (4.113) is the usual thermodynamic formula for the entropy in terms
of the partition function but with r2 playing the role of inverse temperature β. We will
return to this point shortly.
Note that the counterterm introduces a shift in the partition function of the form
log Z → log Z + αr2 where α is constant. This shift of the partition function does not
change the entanglement entropy (4.113), so the counterterm drops out of the calculation
of the entropy.

4.5.2

Loop expansion of the entropy

It is straightforward to apply this formula to the partition function in the WKB approximation, yielding
S=

r 1
1
2b − 1 1 r
1
sinh−1
− (2b − 1) log(r) − log(1 + r2 ) +
+
.
2G
`
2
4
4
4 1 + r2

(4.114)

L0
The first term, propotional to 1/G, is the classical term 4G
. The remaining terms are a
one-loop quantum correction. We recall that this solution is ambiguous up to the addition
of a constant, which can be fixed by the choice of boundary conditions.

Another limit of interest is one where r  `. In the large r limit, we find


c

`
0
S=
− b log r + O(r ) =
− b log(r) + O(r0 ).
2G
3

(4.115)

This gives a correction to the CFT result, which is small if we hold b fixed in the large c
limit.

4.5.3

Finite radius FLM corrections

We recall that the partition function takes the form
Z
Z(r) =

 −b

 
L
L
r2
L
µL dL sinh
exp
+
coth
,
2
4G 2G
2

99

(4.116)

up to a counterterm which does not affect the entropy. Provisionally, we will treat (4.116)
as though it were a convergent real integral, returning to the issues of the conformal mode
in due course.
We note that (4.116) resembles a canonical thermal partition function in which the
states are labelled by L, with density of states dn and energy E,
Z
Z = dn(L)e−βE(L) .
(4.117)
In this equation we identify r2 with the inverse temperature β; this is consistent with the
formula (4.113) for the entropy. The density of states and energy can be read off from
(4.116) as:
 
 −b
L
L
exp
,
dn(L) = µL dL sinh
2
4G
 
1
L
E(L) = −
coth
.
2G
2

(4.118)
(4.119)

Including the counterterm simply shifts E(L) by a constant.
We can now relate the entropy calculated by the sphere trick to fluctuations of the
length L. The distribution over lengths implied by this canonical distribution is given by
the measure
1
(4.120)
dρ(L) = e−βE(L) dn(L).
Z
Since L is a continuous parameter, the entropy of the distribution dρ is not invariant under
reparametrizations of L. Instead, one should consider the relative entropy S(ρkσ) where
σ is a reference distribution:


Z
dρ(L)
S(ρkσ) = dρ(L) log
.
(4.121)
dσ(L)
This quantity is invariant under reparametrizations when both dρ and dσ transform as
measures.
Note that the sign is opposite from the one appearing in the entropy, S =
P
− p log p.
Having put the partition function into the canonical form, we can straightforwardly
calculate the entropy. It takes the suggestive form
S=

hLi
− S(ρkσ),
4G
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(4.122)

where hLi denotes the expectation value in the distribution ρ. The reference distribution
σ is defined by
 −b
L
.
(4.123)
dσ(L) = µL dL sinh
2
This suggests an interpretation in which the gravitational edge modes are labelled by the
length L of the bulk geodesic. The number of distinct eigenvalues of L is given by the
measure dσ(L), while the degeneracy of the eigenvalues is given by eL/4G . This would
appear to give a realization of the Faulkner-Lewkowycz-Maldacena proposal [57] in which
the bulk entanglement entropy can be understood as arising from gravitational edge modes
labeled by the length.
Unfortunately, such a nice interpretation seems to be precluded by the conformal mode
problem. When the contour for the L integral is complex, the interpretation of the states
being labeled by a real geometric length is not available. We do not know whether there
is any interpretation of the entropy analogous to (4.122) when L is allowed to be complex.
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Chapter 5
T T̄ partition functions as solutions to
the Wheeler de Witt equation
In this section, we will see how the partition function of a T T̄ deformed quantum field
theory can directly be obtained by a functional integral transformation of the undeformed
theory’s partition function. The integral will be over the frame fields of the geometry on
which the theory lives, weighted by a Gaussian kernel. As such, this definition circumvents
the need to solve a flow equation in order to obtain the partition function, although we
will indeed see that the flow equation does follow from this alternative definition. When
considering the deformation of conformal field theories, we will in fact see that the Callan–
Symanzik equation that the partition function solves can be rewritten as the Wheeler de
Witt equation in three dimensions.

5.1

The Integral Kernel and the Flow equation

The integral transformation referred to in the paragraph above is given by


Z
Z
1
αβ
a
b
Z[f ] = De exp −
 ab (e − f )α (e − f )β Z0 [e] .
µ

(5.1)

Here, eaµ denotes the zweibein on the space where the field theory lives, and fµa denotes
the one on the space on which the deformed theory lives. In the appendix [], basic relationships between the objects in the first order and metric variables will be summarised.
Z0 [e] denotes the undeformed theory’s partition function.
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For notational convenience, we introduce:
Z
1
Kµ (e, f ) = −
αβ ab (e − f )aα (e − f )bβ
µ

(5.2)

To see that this defines the partition function of the T T̄ deformed theory, we take the
derivative with respect to µ:


Z
1 ab
δ
δ
2
∂µ Z[f ] = d x
ε εµν : a
: Z[f ],
(5.3)
2
δfµ (x) δfνb (x)
where the ‘normal ordering’ is defined not by a coincident limit of any sort but simply as
1
2
1 ab
ε εµν : δfµa (x) δfνa (x) := εab εµν δfµa (x) δfνa (x) + δ (2) (0).
2
2
λ

(5.4)

This is all the normal ordering one needs to do to get the flow equation (5.3) to work; if it
turns out that there are more divergences on the RHS, they also drive this flow.
Before proving the equation, let us define the one- and two-point functions of the stress
tensor. The one-point function is defined by
hTaµ (x)i = −(det f (x))−1
which means that

Z
δ(− log Z) =

1
δ
Z[f ],
Z[f ] δfµa (x)

(det f )δfµa hTaµ i.

(5.5)

(5.6)

Similarly, the two-point function is defined as
hTaµ (x)Tbν (y)i =

1
1
δf a (x) δfνb (y) Z[f ],
Z[f ] det f (x) det f (y) µ

(5.7)

where the det f factors are outside so that the change in the free energy is a double
integral of the two-point function. With this definition, the RHS of (5.3) (up to the
normal ordering) is 1
Z
Z
1
2
ab
δfµa δfνb Z = Z d2 x det f εab µν hTaµ Tbν i
(5.8)
d x(det f (x)) ε µν
2
(det f (x))
1

Recall that  is a tensor density. ε on the other hand is simply the Levi-Civita symbol. Hence,
µν = det(f )εµν .
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Thus, it appears a sensible generalisation of the T T̄ operator.
Moving on to prove the kernel satisfies the flow equation, we see the left hand side of
(5.3) becomes simply


Z
Z
1
a
b
εab (f − a) ∧ (f − e) e−Kµ Z0 [e].
(5.9)
∂µ Z[f ] = De
2µ2
Let us first work out the right hand side, without the normal-ordering, keeping any
new contact terms which may arise:


Z
Z
Z
1
δ
δ
δ
1
2
ab
νρ
c
2
ab
Z[f ] = d x ε εµν a
d x ε εµν a
De − εbc ε (f − e)ρ (x) e−Kµ Z0 [e]
2
δfµ (x) δfνb (x)
δfµ (x)
µ
Z



Z
Z
1
2
2
a
b
= − δ(0)
d x Z + De
εab (f − a) ∧ (f − e) e−Kµ Z0 [e].
2
µ
2µ
(5.10)
We thus define the normal-ordering by subtracting out the piece proportional to δ(0).
Note this term exists equally well in flat space. With this prescription, the flow equation(5.3) holds rather trivially:
 Z

1
a
b
∂µ log Z[f ] =
(f − e) ∧ (f − e)
(5.11)
µ2
Z
1
δ δ
1
d2 xεab εµν : a b : Z[f ].
(5.12)
=
Z[f ]
2 δfµ δfν
In fact, the weight in the exponent Kµ (e, f ) is itself the action of ghost-free massive
gravity in two dimensions. This connection was highlighted in [].
The equation (5.1) was introduced in [61], but towards a different end. There, it was
shown that when this integral transformation is applied to a conformal field theory partition
function satisfies:
n
o
c
fµa (x)δfµa (x) −
(det f )R[f ](x) Z0 [f ] = 0,
(5.13)
24π
then the deformed partition function satisfies:


δ
δ
δ
c − 24
a
ab
fµ (x) a
+ µε εµν : a
:−
det(f )R[f ](x) Z[f ] = 0.
(5.14)
δfµ (x)
δfµ (x) δfνb (x)
24π
This is the three dimensional Wheeler de Witt equation.
This definition justifies the assumption made in the previous chapter where the local
Callan–Symanzik equation of the deformed theory is identified with three dimensional the
Wheeler de Witt equation.
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5.2

Annular Path Integral

The wavefunction Z[f ], being a functional of the vielbein f on the 2d slice, is expressed in
the analog of the position basis 2
Z[f ] = hf |Ψi

(5.15)

Satisfying Ĉα |Ψi = 0, the state |Ψi resides in the physical Hilbert space. It is also
convenient to write it in the analog of the momentum basis
Z
|Ψi =

Z

Z
Dπ Ψ[π]|πi =

R

De e

Dπ

µ ab
a
Σ 2 ε πa ∧πb −πa ∧e


Z0 [e] |πi

(5.16)

a

R

where we used the overlap hπ|ei = e− Σ πa ∧e .
R
We stress the state |βi = DeZ0 [e]|ei, built purely from the CFT partition function,
does not solve the second-order Wheeler-de Witt equation (but rather ”only” the first-order
conformal anomaly equation). This makes clear that even an infinitesimal deformation
radically alters the nature of the state.
An annular path integral corresponds to a transition amplitude. The two sets of boundary conditions on either side encode the initial and final state data. In 3d gravity, transition
amplitudes involving at least one physical state reduce to an overlap. Indeed, since the
total Hamiltonian is simply the sum of constraints Cα , which annihilate any physical state,
we have
hφ|e−sĤtot |Ψphys i = hφ|e−s

P

α

Cˆα

|Ψphys i = hφ|Ψphys i

(5.17)

We may thus equally view the partition function Z[f ] as a transition amplitude between
the state f , corresponding to fixing the vielbein on one of the 2d boundaries, and the state
|Ψλ i on the other.
Let us spell out the connection to the 3d gravity path integral and the choice of boundary conditions a bit further. We will show how a semi-classical treatment of our asymptotic
boundary state connects to the boundary conditions discussed in [76]. Inserting a resolution
of the identity, we can write
2

Dirichlet boundary conditions in quantum gravity are notoriously tricky. We will mostly gloss over
those subtleties in this discussion.
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Z

Dehf |e−sĤtot |eiΨλ [e]
Z

Z
R
−sĤtot
− πa ∧ea + λ
εab πa ∧πb −log Z0 [e]
2
= Dehf |e
|ei
Dπe

Z[f ] =

(5.18)

The 3d gravity path integral of interest is schematically then:
Z
Z[f ] =

Z

E|∞ =e

DE e−SGR (E)

DeΨ[e]

(5.19)

E|rc =f

Here SGR (E) is the action for three-dimensional gravity in first-order variables with
a negative cosmological constant along with the appropriate boundary terms needed for
finiteness and for a well-posed variational principle. The integration variable E is the bulk
vielbein and we gauge fix to the n = 0 gauge. The boundary values are related to the
vielbeins e and f that feature in the kernel.
In the classical limit, we may evaluate Zλ [f ] via a steepest descent approximation:
Z[f ] → e−

R

π̄a ∧ēa − µ
εab π̄a ∧π̄b −S0 [ē]
2

(5.20)

where π̄ and ē satisfy the saddle-point equations
ēaµ − µεab π̄b,µ = 0 π̄a,µ + εµν det(ē)hTaν i0 = 0

(5.21)

where, in this limit,
hTaν i0 = − det(ē)−1

δS0 [e]
|e=ē
δeaµ

(5.22)

becomes the on-shell stress tensor of the undeformed theory.
As for the asymptotic boundary conditions, we echo the insight of [76]. They argued
that T T̄ should be treated like any other double trace deformation in holography which
leads to a change of boundary conditions at infinity (see [?]). In particular, the fixed dyad
boundary conditions at infinity in the undeformed setting should turn into mixed boundary
conditions that involve both the dyad and its radial derivative or its conjugate momentum
when the deformation is turned on.
How this works is that at large c (or N in dimensions greater than two) the action of
the deformed theory reads
Z

Sdef = So + µ
T T̄ .
(5.23)
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We then take a variation of this action to find
Z
Z
µ
a
δSdef = T(o)a δeµ + µδ



Z

T T̄ =

µ
T(µ)a
δẽaµ ,

(5.24)

µ
where, T(o)a
is the stress tensor of the seed theory which couples to its source, the dyad ea .
µ
Similarly, T(µ)a is the deformed theory’s stress tensor, which couples to a new source ẽa .
As was shown in [76], the latter is given by
ν
ẽaµ = eaµ − µab µν T(µ)b
.

(5.25)

Note that by having to hold ẽa fixed, the above variation vanishes. In the bulk, this
is equivalent to the statement that the bulk action that Sdef is on shell and, through the
holographic dictionary, also a function of solely the boundary data. In particular, the
variation of the action on shell with an appropriate boundary term corresponding to the
T T̄ deformation added is given by the symplectic potential:
Z
δSo.s. ∝ πaµ ∧ δẽaµ ,
(5.26)
where the RHS is integrated over the boundary, and πaµ is the momentum conjugate to the
dyad ẽaµ induced on the boundary. The canonical transformation needed to get from the
phase space parameterized by (ea , πa ) to the (ẽa , πa ) is given by:
ẽa = ea −
where

δW (π)
,
δπa

Z
W (π) = 2µ

ab πa ∧ πb .

(5.27)

(5.28)

This is indeed the boundary term in the three dimensional gravity theory that corresponds
to the T T̄ deformation.
The specification of fixed ẽa boundary conditions, therefore, corresponds to finding
some subspace of phase space on which the symplectic form computed from this potential
vanishes, i.e. to a Lagrangian submanifold.
Translating the condition (5.25) into bulk language, we see that the mixed boundary
condition that the T T̄ deformation leads to is one where
ẽaµ = eaµ − µab µν πbν ,
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(5.29)

is fixed at the boundary. Again, we see that the radial momentum is playing the role of
the stress tensor. The function F in the path integral (5.19) is therefore ẽ written as a
function of radial derivatives of the dyad instead of the momenta.
As mentioned before, since the state |Ψi satisfies the Wheeler de Witt equation, it can
be computed from a radial slice arbitrarily close to the r = rc surface. Thus, schematically,
we compute the path integral between these two surfaces as:
Z

E (o) |∞ =(e−∗π)

Z
DE exp (−S3d (E)) =

E|ro =f

DπDe
bc

Z



Z
Fro −

exp

a

πa ∧ ė

F∞ exp


.

(5.30)

AdS3

Σr=∞

Σr=rc

Z

Here bc stands for the boundary conditions at the r = rc surface and the surface at
infinity brought to its vicinity. The functions Frc and F∞ are the boundary terms at the
r = rc surface and infinity respectively. In first-order variables, the first term is zero, and
the second term is a combination of the CFT generating functional, and the term W (π (∞) )
that generates the canonical transformation corresponding to the T T̄ deformation discussed
above. The vanishing
of the Hamiltonian means that the phase space action involves only
R
the kinetic term πa ∧ ėa .
Then, noting that the two surfaces are arbitrarily close to each other, we can decompose
(r )
(∞)
the path integral over the fields (ea (r, x), π a (r, x)) into ((e(rc )a (x), e(∞)a (x)), (πa c (x), πa (x))):
Z
=

Dπ

(rc )

(rc )

De

Dπ

(∞)

De

(∞)

 Z

(rc )
(rc )
a
exp − πa ∧ (e − f ) ×


 Z


Z

µ
(∞)
ab (∞)
CF T (∞)
(∞)
(∞)
(rc ) a
 πa ∧ πb − W
[e ] .
exp − πa ∧ e
−e
exp −
2

(5.31)

The integral over the fields at r = rc can be performed straightforwardly to obtain

 Z
Z
Z
µ
ab
a
 πa ∧ πb ZCF T [e] =
DπDe exp − πa (e − f ) −
2
Z
R
1
a
b
De e− 2µ εab (f −e) ∧(f −e) Z0 [e] = Z[f ].
(5.32)
where we dropped the (∞) superscript for brevity.
We, therefore, recover the Freidel kernel formula for the T T̄ deformed partition function.
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5.3

Reduced kernel and the S 2 partition function

The prescription described in this section to define the T T̄ deformed partition function can
be applied to the case of the S 2 partition function. In the previous chapter, we described
how this calculation can be done by solving the reduced Wheeler de Witt equation- which
reduces to a Schrodinger like equation. It would, therefore, be overkill to use the general
kernel to compute this quantity.
It will be more convenient to write this equation in terms of the variable r = eΩ where
Ω is the conformal factor:




k+1
1 r2
G2N
2
∂r +
∂r Z(r) +
+ 1 Z(r) = 0.
(5.33)
−
2
r
2 `2
This is identical to the equation that was solved in [48], and also discussed earlier in [26],
[27]. Introducing z = r2 /GN , and re-scaling Z to g as:
g(z) =

ez/2 p
Z( GN z),
2

we find that the reduced WdW equation (5.33) becomes Kummer’s equation:


k
2
z∂z g +
+ 1 − z ∂z g − ag(z) = 0,
2

where a = 4G1N + k+2
. The general solution to this equation reads
4




k
k
k
− k2
g(z) = c1 1 F1 a, + 1, z + c2 z 1 F1 a − , 1 − , z .
2
2
2

(5.34)

(5.35)

(5.36)

Boundary conditions must be chosen in order to fix c1 and c2 , but having done that we will
have a one parameter family of radial wave-functions. It turns out that for a special value
of k, there is in fact a way to both indirectly obtain the solution to this equation and fix
the boundary conditions.

5.3.1

The reduced Kernel

For the purposes of this subsection, let us choose k = −1, and so the equation we want to
solve is


G2N 2
1 r2
∂ Z(r) +
+ 1 Z(r) = 0.
(5.37)
−
2 r
2 `2
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Given that we want solutions to this equation with AdS asymptotics, we need that at large
r, up to a counter term, Zλ (r) ∼ ZCF T (r) where the CFT partition function solves the
Weyl anomaly condition on S 2 :
c
R∂R ZCF T (R) = ZCF T (R).
3

(5.38)

It turns out that we can in fact write the solution to the differential equation (5.37) as an
integral transformation of the CFT partition function satisfying (5.38), which takes the
form:
2πr 2 Z
 b
4π
2
R
e µ
dR
e− µ (R−r) ZCF T (R),
(5.39)
Zλ (r) =
2

where b parameterizes our ignorance of the measure factors that might have entered due
to, for example ratios of determinants that the gauge fixing porcedure leads to. For our
purposes, we will just assume that it is an arbitrary real parameter. The solution to (5.38)
is given by
  3c
R
,
(5.40)
ZCF T (R) =

and so in all, we have
1 r2
Zλ (r) = e λ
2

Z
dRe

2
−µ
(R−r)2

  3c +b
R
.


(5.41)

We note that this integral can be thought of as the following Mellin transformation 3 :
Z(r) =

e

2πr 2
µ

2



MR e

(R−r)2
− 4π
µ


c
,b + + 1 .
3

(5.42)

Which gives us:
− 2b − 6c −3 − 2πr
µ

Z(r) = 2

e

2





 µ  16 (3b+c) 
1
1
3 4πr2
4rΓ
(3b + c + 6) 1 F1
(3b + c + 6); ;
+
2π
6
6
2 µ

r




√
µ
1
1
1 4πr2
+ 2
Γ
(3b + c + 3) 1 F1
(3b + c + 3); ;
.
2π
6
6
2 µ
3

Here we take the definition of the Mellin transformation to be Mt (f (t), s) =
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1
2

R∞
0

dtts−1 f (t)

(5.43)

This function solves the equation
πr2
1
µ 2
∂r Z(r) +
Z(r) +
−
16π
µ
4



2c
1 + 2b +
Zµ (r) = 0,
3

which is identical to (5.37) if we make the identifications:


2c
µ
µ
2
 = GN ,
1 + 2b +
= l2 .
8π
3
8π 1 + 2b + 2c
3
Like in the full kernel, if we demand that at the reduced level
 2

r
lim e 4GN ` Z(r) = ZCF T (r),
λ→0

(5.44)

(5.45)

then we find that we have to set b = 0.
Now we can ask what values for c1 and c2 the above solution picks, and we find:
 µ c/6+1/2  c + 3 
 µ c/6 √  c

c
5
− 6c − 25
c1 = 2
Γ
, c2 = 2− 6 − 2
2 2Γ
+1 .
(5.46)
2π
6
2π
6
This connects back to the results from the previous chapter, except the choice of boundary conditions at r = ∞ are different here.
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Chapter 6
Concluding Remarks
Let us summarise what’s been done in this thesis: We started by considering the quantum
renormalization group, which is a very general recipe to construct bulk duals from reorganizing the renormalization group flow of a given quantum field theory. We looked at
the case where it is applied towards the construction of pure general relativity in the bulk,
which led us to the question of how general covariance is encoded in QRG. This question
is answered in the form of the holographic Wess–Zumino consistency condition, which
posits a relationship between the anomalous Weyl Ward identity and the diffeomorphism
Ward identity. This condition fixes the form of the flow equation that the theory living
on the cutoff radial slice needs satisfy and therefore the bulk Hamilton-Jacobi equations
as well. Then, when considering the limit as the cutoff is taken to infinity, we saw how
we can recover the classic results pertaining to the holographic anomaly. In particular, in
four-dimensional holographic CFTs, the a and c holographic anomaly coefficients must be
equated.
Then we looked for what flows satisfy this consistency condition. There, we saw that
for large c theories in D = 2 and for large N matrix field theories in higher dimensions, the
consistency conditions picked out the T T̄ , and more generally the T 2 + OO deformation
of holographic CFTs. It was also shown how the superpotential relations for holographic
RG flows in D = 4 were picked out as a consequence of covariance.
Then we looked at the computation of holographic entanglement entropy in two-dimensional
holographic CFTs deformed by the T T̄ operator. There, we saw how the holographic entropy conjectures of Ryu and Takayanagi and also that of Dong for Conical entropies held
even int he finite cutoff setting.
Finally, we went beyond the regime of classical gravity in the bulk and looked at how
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the partition functions of T T̄ deformed CFTs at some finite central charge furnish solutions
to the three dimensional Wheeler de Witt equation.
We saw how the conformal mode problem affects the calculation of the bulk dual to
the entanglement entropy at finite c. We propose a particular analytic continuation of
the fields to circumvent this problem in minisuperspace, but the question is whether there
is a nonperturbative way to implement such an analytic continuation. Also, what is the
meaning of such a continuation from the quantum field theory’s perspective? Analytic
continuation in the space of couplings has been extensively applied in resummation techniques. It would be fascinating to see whether there is a Borel like resummation calculation
on the field theory side which mirrors the analytic continuation we performed.
There are of course many questions pertaining to other topics in this thesis that remain
to be answered. Some of them are listed below.
Although the emphasis here is on the emergence of a direction of space that plays a
dual role to the RG scale of the holographic field theory, an important and deep question to
ponder is whether time can emerge in such a manner. In one version of de Sitter holography,
this is indeed the hypothesis: the quantum field theory now inhabits a spacelike boundary
of dS space and the energy scale associated with this theory becomes the time like direction
in the bulk. Although these models are fascinating, since the bulk theories that have so far
been studied typically involve an infinite tower of massless fields interacting non locally at
the cosmological scale (e.g. Vasiliev’s higher spin gravity), it is hard to straight-forwardly
probe the phenomenon of the emergence of the time direction. The opportunity that
the deformations described in this thesis provide is an alternate mechanism that might
instantiate a version of de Sitter holography with space-like boundaries.
As for the bulk Wheeler de Witt equation, we clearly see that the situation in dimensions
greater than two is substantially more complicated away form large N . It is entirely unclear
whether the T 2 deformation can be unambiguously defined, which is dual to the problem of
finding a suitable regularization of the kinetic term in the WdW equation which involves
coincident functional variations with respect to the metric. One route to progress may
lie in following [27], where the authors find that minsuperspace calculations of the wavefunction in AdS4 mirror the calculation of sphere partition functions in ABJM theory that
are normally obtained through supersymmetric localization. This mysterious fact warrants
more attention and the connection between supersymmetric localization on the boundary
and minisuperspace localization in the bulk must be more thoroughly studied. Perhaps in
so doing, there might be some way of ‘defining’ the T 2 operator in D = 3 for this very
particular setting.
Given that the T T OPE in D > 2 does not close on to the energy-momentum sector, the
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worry might be that there is no hope of defining a proper WdW equation via holography
in D > 2. However, this fact might just be a way forward, beyond canonical quantum
gravity where new degrees of freedom are inevitable if one wants to define solutions of the
WdW equation through holography. The question then is, what ought to replace the WdW
equation? Perhaps it is some version of a Schrodinger equation for string fields. What kind
of bulk symmetry does the Wess–Zumino consistency condition for the generator of local
RG transformations in these deformed theories capture?
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Appendix A
Details about the D + 1 split
A.1

Gauss and Codazzi relations

In this section, we will provide some useful formulae for the D + 1 decomposition of the
Riemann curvature tensor and its various contractions. These will be needed for the
Hamiltonian formulation of General Relativity. For more detailed derivations of these
formulae, see for instance [72]. First, we will need the orthogonal projector:
γBA = δBA − nA nB ,

(A.1)

which will allow us to project tensors in d = D + 1 dimensions to its tangential components
along the D dimensional slices:
···En
n
= γEA11 γFB11 · · · γEAnn γFBnn TFE11···F
T||AB1 ···A
n
1 ···Bn

(A.2)

Applying this to vectors, we see a very straightforward relationship:
v||A = γBA v B = v A − nA (v B nB ).

(A.3)

This straightforwardly generalizes to covariant derivatives of tensors as well:
···En
J
n
∇|| K T||AB1 ···A
= γEA11 γFB11 · · · γEAnn γFBnn γK
∇J TFE11···F
.
n
1 ···Bn

(A.4)

Then, we also note that the extrinsic curvature tensor can be defined in relation to the
normal:
∇B nA = KAB + aA nB ,
(A.5)
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where aA ≡ nC ∇C nA , and so
(∇B nA )|| = KAB .

(A.6)

This allows us to write the covariant derivatives of vector fields for instance as:
∇A vB = ∇|| A v|| B + KAC v C nB

(A.7)

With these relations, we can obtain the following projection formula for the Riemann
tensor, noting that it can be obtained from the commutator between covariant derivatives
and applying the projection relations:
H E
A
γEA γBF γCG γD
RF GH = R||ABCD − KCA KBD + KD
KBC .

(A.8)

This is known as the Gauss relation. Form this relation, we can obtain a contracted Gauss
relation:
γAE γBF REF − γAE nB γBP nQ RFAP Q = R||AB − KKAB + KAC KBC ,
(A.9)
which can further be contracted till we obtain
R − 2RAB nA nB = R|| − K 2 + K AB KAB .

(A.10)

Further, we can look at other contractions between the Riemann tensor and the normal
vectors:
A
γAC nB γEI γFJ RBIJ
= ∇F KEC − ∇E KFC .
(A.11)
This is known as the Codazzi relation.

A.2

D + 1 split of the Action and the Hamiltonian
formalism

Now we consider the decomposition of the Einstein–Hilbert action
Z
√
S = dd x gR(g).

(A.12)

Then, using the decompositions described above, and the relation
√
√
g = N g||
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(A.13)

where, due to the lack of indices, the notation of the parallel symbol is used to denote the
determinant of the metric induced on the hypersurface. Then, noting that in fact, the contracted Gauss relation written solely in terms of qunatities tangential to the hypersurface
reads
1
(A.14)
R = R|| − K 2 + K µν Kµν + Ln K + ∇µ ∇µ N,
N
and that the total derivatives under the integral can be dropped (here we assume that
there are no boundaries of the spacetime region under consideration), the action can now
be written in D + 1 split form:
Z
Z

√
(A.15)
S = dr dD xN g R + K 2 − Kij K ij .
Here, the subscript || has been dropped since all the quantities are understood to be
tangential to the hypersurfaces. From here, the Legendre transform can be performed.
The relationship between the extrinsic curvature and the ‘velocity’ with respect to the
metric reads
Kµν = Ln gµν = ġµν − Lξ gµν ,
(A.16)
where ξ µ denotes the shift vector. Then, we define the momentum conjugate to the metric
induced on the hypersurface
πµν =

1
∂L
= (Kµν − gµν K).
∂ ġµν
N

(A.17)

Then, the Hamiltonian can be defined through the Legendre transform
Htot = π µν ġµν − L,
This gives us the following expressions:
Z
√
Htot = − dD x gN H + ξ µ Hµ ,
where:

(A.18)

(A.19)

Gµνρσ
√
H(g, π) = − √ π µν π ρσ − gR
g

(A.20)

Hµ (g, π) = −2∇ρ πµρ .

(A.21)
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A.2.1

2+1 Decomposition in First-Order Formalism

This section of the appendix summarises an application of the ideas in the rest of the
appendix to the first-order formalism in 2+1 spacetime dimensions.
We can write the 3d metric in terms of the vielbeins via the standard relation
gAB (x) = δij EAi (x)EBj (x)

(A.22)

The spin connection is defined as
dE i + ω i j ∧ E j = 0

(A.23)

A peculiarity of 3d is that we may define a one indexed spin connection using the LeviCivita symbol ω i = εijk ωjk . In terms of these variables, the Einstein Hilbert action for a
3d spacetime with negative cosmological constant reads (after a rescaling of the vielbeins):
Z
1
l
Ei ∧ R(ω)i − εijk E i ∧ E j ∧ E k , Ri ≡ dω i + εijk ωj ∧ ωk , (A.24)
S3d =
16πGN M3
6
where GN is Newton’s constant and l is the AdS3 radius of curvature.
Consider now a foliation of the 3d geometry by 2d submanifolds, M3 = Σ × R. Using
a locally adapted coordinate system with normal direction labeled by a coordinate r and
coordinates xµ on the 2d slice, we decompose the vielbeins and spin connections as:
E 0 = Er0 dr + nµ dxµ
ω 0 = ωr0 dr + ωµ dxµ
E a = Era dr + fµa dxµ
ω a = ωra dr + πµa dxµ .

(A.25)

In terms of these, the action becomes


Z
Z

1
l
a
a
b
a
b
dr
n ∧ ω̇ + f ∧ π̇a + Er,0 dω + εab π ∧ π − f ∧ f
S3d =
16πGN
2
Σ


a
+ Er dπa − εab ω ∧ π b − n ∧ f b

+ ωr0 dn − εab π a ∧ f b


(A.26)
+ ωra df a + εab ω ∧ f b − π b ∧ n .
where the dot denotes the partial derivative with respect to the radial coordinate. We
may view this as a Hamiltonian system with canonically conjugate variables {nµ , εµν ων }
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and {fµa , εµν πa,ν }. agree with this def of momentum here? because of the wedge The
radial components of the vielbeins and of 3d spin connection serve as Lagrange multipliers
enforcing constraints. From this form of the action, we see the Hamiltonian consists solely
of these constraints Cα , which we label as

1
H = dω + εab π a ∧ π b − f a ∧ f b
2
Pa = dπa − εab (ω ∧ π b − n ∧ f b )
G = dn − εab π a ∧ f b
Ga = dfa + εab (ω ∧ f b + n ∧ π b ).

(A.27)

Note these constraints Cα are local and hold pointwise on Σ. The H constraint encodes
invariance under re-foliations. Its quantization leads to the Wheeler-de-Witt equation.
The two Pa constraints correspond to diffeomorphisms tangential to the 2d surface while
G generates local Lorentz rotations.
As can be seen from (A.25), the induced metric on Σ is

ds2|| = δab fµa fνb + nµ nν dxµ dxν

(A.28)

. To make contact with the second-order formalism, we can use the Ga constraints to set
the redundant variable nµ to zero; this amounts to orienting the local tangent spaces to
agree with the foliation. Following [61], we call this ‘radial’ gauge. In this gauge the Ga
constraints just become the torsionlessness constraint setting ω to be a function of the
vielbeins.
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Appendix B
Heat Kernel Calculation
B.1

Generalities

The heat kernel K(x, y; ), satisfies the property
lim K(x, y; ) = δ(x, y).
→0

(B.1)

This property should be thought of as an initial condition for the heat equation
∂ K(x, y; ) = (∇2(x) + ξR(x) )K(x, y; ).

(B.2)

This object admits an expansion in small :
exp
K(x, y; ) =



− gµν4(x) −

Rµν (x)
24




(x − y)µ (x − y)ν 
1+
3

(4π) 2

(B.3)


a1 (g; ξ) −  a2 (g; ξ) + O( ) ,
2

where:

3




1
a1 (g; ξ) = ξ −
R(x),
6



2
1
1
1
1
1
1 2
2
ξ−
∇ R(x) +
ξ−
R2 (x) + Rµν Rµν (x) −
a2 (g, ξ) =
R (x).
6
5
2
6
60
180
These are known as the Seeley–de Witt coefficients.
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(B.4)
(B.5)

B.2

Generating R in the flow equation

The specific  scaling of the coefficients in the expression (3.100) are chosen such that in
the limit  → 0, the following terms vanish1
δC[g]
.
→0 δgµν

(B.6)

lim C[g] = 0 = lim
→0

The second functional derivative however will remain finite, provided we smear it against
the heat kernel. This means that if we distribute the limit, we have


R
δ(eC[g] Z[g])
1
δ
√1
lim→0 dD yK(x, y, )Gµνρσ (x) √g(x)
(B.7)
δgµν (x)
g(y) δgρσ (y)


R
δZ[g]
1
δ
√1
=
lim→0 dD yK(x, y, )Gµνρσ (x) √g(x)
(B.8)
δgµν (x)
g(y) δgρσ (y)



R
δC[g]
δ
1
√1
Z[g].
(B.9)
+ lim→0 dD yK(x, y, )Gµνρσ (x) √g(x)
δgµν (x)
g(y) δgρσ (y)
We then take a closer look at the term on the second line of the RHS in the expression
above



R
δC[g]
δ
1
√1
lim→0 dD yK(x, y, )Gµνρσ (x) √g(x)
Z[g],
(B.10)
δgµν (x)
g(y) δgρσ (y)


 D

D 
D(D2 −3)  2 −1
2 2
2
+
ξR
K(x,
x;
)
Z[g].(B.11)
∇
= −α0 lim→0
K(x,
x;
)
+
(x)
(x)
(D−1)
4
D
Here


ξ=−

3D3 − 4D2 − 9D + 14
2D(D − 1)


.

Then, the heat equation implies that we can write

 D


D 
D(D2 −3)  2 −1
2 2
2
K(x,
x;
)
+
∇
+
ξR
K(x,
x;
)
lim→0 α0
(x)
(x)
(D−1)
4
d



D
D
D(D2 −3)  2 −1
2 2
= α0 lim→0
K(x,
x;
)
+
∂
K(x,
x;
)
= α0 R(x).

(D−1)
4
D

1

(B.12)

(B.13)
(B.14)

Note that the order of limits here is to first take  → 0 with N fixed and then taking N → ∞ at the
end.
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