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Abstract

We study the ability of qubit detectors to i) extract correlations from, and ii) transmit
quantum information through, a quantum field.

We start by perturbatively studying the harvesting of correlations from thermal and
squeezed coherent field states. We find that an increase in field temperature is detrimental
to entanglement harvesting, but beneficial to mutual information harvesting. We also show
that entanglement harvesting is independent of the field’s coherent amplitude — which we
relate to fundamental results regarding the entanglement structure of coherent field states
— but strongly dependent on the field’s squeezing amplitude. We conclude by analyzing
the practical feasibility of entangling qubits using squeezed field states.

We then go on to study, non-perturbatively, the entanglement extraction by targets
A and B from a quantum source S. After proving a general no-go theorem which applies
for any A, B and S, we apply this theorem to the entanglement harvesting setup to prove
that a wide class of i) degenerate, or ii) point-in-time coupled, detectors cannot harvest
entanglement from any field state. We also discuss the role of communication in the process
of entanglement extraction, and we end the chapter by presenting the simplest successful
example of a non-perturbative entanglement harvesting protocol.

We conclude by studying the ability of flat spacetime observers Alice and Bob to trans-
mit quantum information through a quantum field. We construct a perfect, field-mediated
quantum channel, each use of which allows Alice to transmit a full qubit of information to
Bob. This construction provides us with an understanding of how quantum information
propagates through a relativistic field, which we find to be consistent with our understand-
ing of the strong Huygens principle. Lastly, we analyze the possibility of simultaneously
broadcasting a quantum message through a quantum field to multiple receivers, and dis-
cover severe fundamental limitations to such a setup.
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Chapter 1

Introduction

1.1 Harvesting entanglement from quantum fields

A critical distinction between classical and quantum systems is the existence of entangle-
ment in the latter. Mathematically, a bipartite quantum system described by a state ρ̂ in
the Hilbert space Ha ⊗Hb is said to be separable with respect to the partition A-B if the
density matrix ρ̂ can be expressed as

ρ̂ =
∑
i

pi ρ̂
a
i ⊗ ρ̂bi , (1.1)

where pi are positive numbers that sum up to 1 (i.e. probabilities), while ρ̂ai and ρ̂bi are
density matrices on Ha and Hb, respectively. A state on Ha ⊗Hb that is not separable is
said to be entangled.

To gain some intuition on the distinction between entangled and separable states, it is
beneficial to consider the simplest type of separable state, a product of two pure states:
|ψ〉a⊗|ψ〉b. This state simply tells us that when we consider system A on its own (i.e. if we
are ignorant of system B/we trace out system B), its state is given by |ψ〉a, and similarly
for system B. Since the state of A is a pure state following the partial trace of system B,
this tells us that our ignorance of B in no way induces a lack of knowledge of the state of
A. In other words, A and B are completely uncorrelated.

While the product state |ψ〉a ⊗ |ψ〉b is the simplest example of a separable state, it
is important to note that not every separable state (1.1) can be written in this form by
a change of basis. However, if two parties, Alice and Bob, start with a joint quantum
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state of the form |ψ〉a ⊗ |ψ〉b, then it is possible for them to transform it into any generic
separable state of the form (1.1) simply by performing local operations and employing a
classical communication channel (LOCC) [3]. Since the initial state |ψ〉a⊗|ψ〉b contains no
correlations between A and B, and since we expect a classical communication channel to
only be able to classically correlate the two systems, this tells us that a generic separable
state (1.1) contains no quantum correlations. Meanwhile, a non-separable (i.e. entangled)
state cannot be obtained from |ψ〉a ⊗ |ψ〉b via LOCC, and hence in this sense we say that
an entangled state contains non-classical (i.e. quantum) correlations.1

Besides being an interesting mathematical feature unique to quantum systems, entan-
glement is also an extremely important physical resource that can be used for quantum
information processing purposes, and which is in large part responsible for the significant
advantages that quantum computers have over their classical counterparts. For instance,
a shared entangled state between Alice and Bob is necessary for implementing a quan-
tum teleportation protocol, which allows Alice to use a classical communication channel to
transmit a quantum state to Bob [5], as well as a superdense coding protocol [6], in which
Alice can transmit two classical bits of information by only physically sending one quantum
bit. Both of these protocols are critical, for example, in the study of quantum cryptog-
raphy in general, and quantum key distribution (QKD) in particular, the development of
which is imperative to the security of our communication channels in the not-too-distant
future [7].

With this understanding of the significance of entanglement for quantum information
tasks, an important question arises: How can we entangle two quantum systems, A and B?
As we already discussed, entanglement is a form of non-local quantum correlations between
A and B. One way to introduce such non-local correlations into an initially separable state
of A-B is to apply a global unitary onto the joint Hilbert space of Ha⊗Hb. While unitaries
Ûa or Ûb acting on Ha or Ha will never succeed in entangling A and B, a unitary Ûab on the
product spaceHa⊗Hb will in general be entangling. However, from a practical perspective,
if A and B are quantum systems separated by a large distance, then implementing such a
global unitary could be very difficult. For instance, if an experimenter wants to entangle
a qubit in Europe with a qubit in China for use in a QKD experiment, it is inconceivable
that the experimenter could have direct control of both qubits simultaneously.

In this case, where we would like to generate an entangled bipartite system with the two
halves separated by a large distance, there are in general two ways to proceed. The first
method, which is more direct, simply amounts to creating the bipartite entangled system

1There also exist states which contain non-classical correlations that are not entangled. For more detail
on quantum correlations that are not necessarily in the form of entanglement see, e.g. Ref. [4].
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locally (e.g. in a single lab) and then sending the two halves to their respective final
destinations. In fact, this is the method of entanglement generation commonly employed
in QKD experiments, in which the currently held record for the largest separation between
two entangled qubits is over one thousand kilometres [8]. Transmitting qubits over such
large distances requires being able to transmit quantum information through free space,
which will be the subject of Chapter 4, and will be introduced in the next section.

There is however, a second method of entangling distant quantum systems A and B
that does not require a transmission of quantum information over large distances. In this
approach, A and B become entangled with one another by locally coupling to a spatially
extended third quantum system F. Clearly however, the success of this method relies
upon the existence of a spatially extended quantum system F, which contains preexisting
entanglement between Fa, the part of F located near A, and Fb, the part of F located
near B, such that A and B can extract this preexisting entanglement onto themselves. The
simplest example of such an entanglement extraction protocol is if A and B are qubits that
each have access to one half of a Bell pair (a maximally entangled qubit pair). Then, A
can swap its quantum state with its half of the Bell pair, and B can do the same, resulting
in a maximally entangled state between A and B.

Of course, the natural objection one might have to this second method of entangling
A and B is the necessity of preexisting entanglement in F. After all, if our objective is to
entangle spatially separated systems A and B, it seems to be a cheap trick to assume that
there already exists entanglement between equally separated systems Fa and Fb. However,
the presence of quantum fields precisely allows for the employment of such a cheap trick.
Namely, an arbitrary state of a quantum field in general contains entanglement between two
regions of spacetime, even if they are spacelike separated. Hence, two spacetime observers,
Alice and Bob, that are located in these regions can become entangled with one another
simply by interacting locally with the quantum field. We say that Alice and Bob harvest
entanglement from the quantum field.

Before we review the extensive literature on entanglement harvesting, it is beneficial
to take a moment to gain some intuition about why two regions of a quantum field are
generally entangled. While we will discuss quantum fields much more technically in a latter
section, for the present purpose it is most advantageous to simply think of a quantum field
as a lattice of locally coupled quantum harmonic oscillators distributed throughout all of
space, and existing for all time. Because the oscillators are locally coupled, their global
ground state (i.e. the lowest energy state of the entire collection of oscillators; i.e. the
global vacuum state) is not simply a tensor product of the free oscillator ground states,
but rather is entangled with respect to the local modes. In other words, if the field is in
its ground state and we take two oscillators of the lattice at a given time t, the reduced
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state of the two oscillators will be entangled. The same is also true for excited states.

Let us also note that, while we have motivated the concept of entanglement in quan-
tum field theory from a practical perspective — i.e. by considering the useful quantum
information tasks that can be achieved with the entanglement extracted from a quantum
field — this is also an important and widely studied concept from more fundamental per-
spectives. For example, in condensed matter physics, the dynamics of a system near a
quantum phase transition can be better understood by studying the entanglement entropy
of the conformal field theory state describing the system [9,10]. On the other hand, while
no fully satisfactory resolution to the black hole information loss paradox exists as of yet,
the possible entanglement between internal and external field degrees of freedom has been
used in various proposed solutions [11–16].

The entanglement in quantum field states, particularly vacuum and thermal states, is
also a very important concept in testing the AdS-CFT correspondence [17]. Namely, the
correspondence allows, via the famous Ryu-Takayanagi conjecture [18], the computation
of the entanglement entropy of certain conformal field states from the perspective of the
gravitational theory that is holographically dual to the boundary CFT. These predictions
have been shown to be in agreement with direct quantum field theoretic computations
(see, e.g. Ref. [19] for a review), thus providing an encouraging positive test for the
validity of the AdS-CFT conjecture. In fact, it has been proposed, initially by Mark Van
Raamsdonk, that this connection between gravity and entanglement goes even deeper, and
that the spacetime dynamics of the bulk theory can be directly understood by studying
the entanglement of the boundary theory [20]. It is hoped that these developments can
perhaps provide some insights towards a better understanding of quantum gravity.

Let us now turn our attention back to the study of entanglement harvesting from
quantum field states, which, along with giving us a novel means of producing entangled
pairs of qubits, which could be useful for quantum information purposes, may ultimately
also provide us with more fundamental insights into the role of entanglement in quantum
field theory.

The pioneering works on entanglement harvesting were by Valentini [21], and later
Reznik et. al. [22, 23], where it was shown that it is possible for particle detectors (e.g.
qubits) A and B to become entangled through local interactions with the field vacuum,
even if the detectors are spacelike separated.2 Since spacelike separated detectors cannot
communicate with one another, this provided a simple operational proof of the fundamental
fact that the field vacuum contains entanglement with respect to local modes.

2We will discuss in detail the model used to describe particle detectors interacting with the quantum
field in Sec. 1.4
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Following these initial works, the entanglement harvesting protocol has been studied
in much further detail. For instance it has been shown that it is possible (albeit more
difficult) to harvest entanglement from thermal states in a (1 + 1)-dimensional cavity [24],
from coherent scalar field states in free space [2], as well as from the electromagnetic field
vacuum using fully featured hydrogen-like atoms [25]. The sensitivities of the protocol
to the properties [26] and trajectories [27] of the detectors, boundary conditions of the
field [28,29], nature of the detector-field couplings [30], as well as the geometry [31–34] and
topology [35] of the background spacetime have also been investigated.

Besides their fundamental significance, the above studies are important in determining
the optimal conditions for an experimental realization of an entanglement harvesting pro-
tocol. On a positive note, it has been suggested that such a protocol may be within reach
using current atomic and superconducting setups [36–38], and in principle could provide a
constant supply of Bell pairs which could later be used for quantum information purposes
in entanglement farming protocols [39]. However, many aspects, in particular with respect
to potential implementations, still need to be explored; for instance one important question
is the energetic cost of entanglement harvesting, which could be particularly high in a low
number of spatial dimensions, as recently addressed in Ref. [40].

With this motivation in mind, in Chapters 2 and 3 of this thesis we will discuss several
novel results which will further improve our understanding of the optimal detector and
field properties required for entanglement harvesting. These results have been published in
Refs. [1,2]. First, in Chapter 2, we will discuss entanglement harvesting from thermal and
squeezed coherent field states. While, to our knowledge, this is the first study of squeezed
state entanglement harvesting, we note that our study of thermal state harvesting differs
in several crucial regards to the previous work in [24]. In [24] it was shown that for a pair of
pointlike oscillator detectors interacting with a massless field in a one-dimensional cavity,
the amount of entanglement extracted decays rapidly with the temperature. In contrast,
i) we consider spatially smeared qubit detectors interacting with a field of any mass in a
spacetime of any dimensionality, rather than pointlike oscillator detectors interacting with
a massless field in (1+1)-dimensions, ii) we look at the continuum free space case rather
than considering a cavity, and hence we are not forced to introduce any UV cutoffs to
handle numerical sums, and iii) we directly compute the evolved detectors’ density matrix
from the field’s one and two-point functions, rather than using the significantly different
formalism of Gaussian quantum mechanics (see, e.g. [41]).

Despite these differences between our approach and that in [24], we will find that, for
thermal states, our results are in qualitative agreement with the general conclusions of [24],
i.e. that temperature is detrimental to entanglement harvesting. However, since we obtain
analytical expressions for entanglement measures, rather than being restricted to numerical
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calculations, we are able to provide an explicit proof that the amount of entanglement
that (qubit) detectors can harvest from the field rapidly decays with its temperature. In
particular, we will show that the optimal thermal state for harvesting entanglement from
the field is the vacuum. On the other hand, we will see that this is not the case for the
harvesting of mutual information, which is a measure of the total (quantum and classical)
correlations of the detector pair. In fact we will see that for high field temperatures T
(while still in the perturbative regime) the mutual information harvested by the detectors
increases proportionally with T .

We will then consider the case of squeezed coherent states [42], where, to our knowledge,
no previous literature exists. We will first prove that the statement “entanglement har-
vesting is independent of the field’s coherent amplitude” is true not only for non-squeezed
coherent states, as was shown in [43], but also for arbitrarily squeezed coherent states.
On the other hand we will show that, unlike the coherent amplitude, the choice of field’s
squeezing amplitude ζ(k) does in fact affect the ability of UDW detectors to become entan-
gled, and moreover the Fourier transform of ζ(k) directly gives the locations in space near
which entanglement harvesting is optimal. Perhaps surprisingly, we will also find that for
highly and uniformly squeezed field states, the amount of entanglement that the detectors
can harvest is independent of their spatial separation, and is often much higher than the
amount obtainable from the vacuum. We will also analyze whether this advantage carries
over to more experimentally attainable field configurations where states are squeezed across
a narrow frequency range of field modes.

Whereas much of the previous literature focused on perturbative analyses of entangle-
ment harvesting, the interaction between particle detectors and relativistic fields can be
analyzed non-perturbatively in certain particular setups. For example, significant work has
been done to develop tools that allow for the non-perturbative study of harmonic oscillator
detectors in diverse contexts (see, e.g. [44–46]). On the other hand, for finite-dimensional
detectors, non-perturbative time-evolution can be computed when the detector’s Hamilto-
nian is completely degenerate (i.e. all detector states have identical energies [47–49]), or
when the detector interacts with the field at a finite number of discrete instants in time
(i.e via a finite sum of Dirac-δ couplings) [50, 51]. In particular, using these approaches,
the following no-go entanglement harvesting theorems were proved: i) Perturbatively, it is
not possible to harvest spacelike vacuum entanglement with zero-gap detectors [52], and
ii) non-perturbatively it is not possible to harvest any kind of entanglement (timelike,
lightlike, or spacelike) from a coherent field state using single δ-coupled detectors [2].

In Chapter 3, by making use of the above non-perturbative approaches to detector-field
interactions, we will prove a general non-perturbative result that applies to any scenario
of two target quantum systems A and B attempting to extract entanglement from a third
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quantum system F. We will first present this result in the form of an entanglement extrac-
tion no-go theorem, which states that for certain types of interaction unitaries describing
the coupling of A and B to F, it is impossible for A and B to become entangled. Then, by
applying this general theorem to the particular setup where A and B are detectors and F
is a quantum field, we will immediately be able prove that the results i) and ii) stated in
the above paragraph, which have only been shown to hold for very particular field states,
in fact happen to be valid for any field state.

Finally, with this understanding of which detector-field interactions cannot harvest
entanglement, we will construct the simplest possible coupling which can. Thus we will
provide, to our knowledge, the first non-perturbative study of an entanglement harvesting
protocol. Perhaps surprisingly, and in stark contrast with previous perturbative studies,
we find that for detector-field couplings in the non-perturbative regime, an increase in
coupling strength leads to a decrease in the amount of harvested entanglement. We will
provide a physical explanation for this seemingly unintuitive phenomenon.

1.2 Communication via quantum fields

In the previous section we have discussed how a quantum field can be used as a resource
of entanglement for a pair of observers Alice and Bob who want to become entangled
themselves. In particular, we emphasized one of the most striking results in the study of
entanglement harvesting: it is possible for Alice and Bob to become entangled with one
another even if they are in spacelike separation. While this result may appear to indicate
that Alice can send a superluminal signal to Bob, thus violating one of the fundamental
postulates of special relativity, we stress that this is not the case. Indeed, while Alice and
Bob can become entangled while in spacelike separation, there is no way for them to use
this newly formed entanglement to send information between each other.

As we would expect however, the situation becomes drastically different if Bob is in
the causal future of Alice. Then, special relativity does not preclude Alice from sending a
signal to Bob, and we would expect that just as a quantum field can be used as a tool from
which Alice and Bob can extract entanglement, it can also be used as a medium through
which information can be transmitted between the two observers. Indeed, this information
can in general be of two different forms: classical information and quantum information.

We are most familiar, from everyday experience, with the free-space transmission of
classical information through the electromagnetic field, such as, e.g., when we make a
phone call to the other side of the world. There has also been significant theoretical work in
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trying to understand the fundamental mechanism by which classical information is encoded
in, transmitted through, and decoded from a quantum field (such as the electromagnetic
field).

In the study of these fundamental classical communication protocols, the setup is quite
similar to the entanglement harvesting setup discussed in the previous section. Namely,
one considers two observers, Alice and Bob, who are allowed to interact with a quantum
field by coupling a quantum detector (e.g. a qubit) to it. For concreteness, let us suppose
that Alice would like to send a classical message to a Bob, who is in (or on) her future
light cone. The simple communication protocol that has been studied in the literature is
the following [53]: Alice chooses to encode the classical bit “1” in the field by coupling her
detector to the field, or the bit “0” by not coupling. Then, in an attempt to receive Alice’s
message, Bob couples his detector (say a qubit) to the field. Following this coupling, Bob
measures the quantum state of his detector in the energy eigenbasis. If he measures his
qubit detector to be in the ground state, he records the bit “0”, and if he measures the
excited state he records “1”. The efficiency of this classical communication protocol is then
measured by computing its classical channel capacity, i.e. the number of bits per use of
the channel that Alice can send to Bob.

With this setup in mind, an interesting question arises: Where in spacetime can Bob
be located in order for the capacity of his classical communication channel with Alice to
be non-zero? This question has been considered for various different spacetimes leading to
some very interesting results (see Refs. [53–56]), which we will now summarize.

In all of the aforementioned literature on classical communication through a quantum
field, the quantum field under consideration is taken to be massless. This is, of course,
the most relevant case for our practical purposes, whether it be from the perspective of
wireless telecommunication or from the hope of observing the early Universe through the
electromagnetic field. Naively, since we are aware that massless field quanta propagate at
the speed of light, we might expect that the classical channel capacity between Alice and
Bob is non-zero only when the two observers are in lightlike separation. However, as was
shown in [53], this intuition turns out to be incorrect for most spacetimes. Indeed, it was
found that if Alice and Bob’s detectors are initialized to coherent superpositions of ground
and excited eigenstates, a timelike signaling protocol, i.e. one in which Bob is located
strictly inside Alice’s lightcone, can be established in most spacetimes. Furthermore, this
protocol allows for the possibility of broadcasting a message to an arbitrary number of
timelike receivers, with the energy cost of transmitting the message being paid for by the
receivers themselves. Because of this, this protocol received the name quantum collect
calling.
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Despite the fact that slower-than-light communication through a massless field may
at first seem physically unintuitive, from a fundamental perspective it should actually
not come as too much of a surprise that it is indeed possible. The reason for this is
that in considering the feasibility of information transmission through a quantum field, a
necessary (but not sufficient) condition for communication is that the expectation value of
the field commutator (i.e. the classical radiation Green’s function) between the spacetime
events of sending and receiving the message, does not vanish [57–59]. And while in (3+1)-
dimensional flat spacetime it is indeed the case that a massless field’s radiation Green’s
function only has support for lightlike separated events — this is known as the Strong
Huygens principle [60] — in general spacetimes this is not the case. For instance, it is
well known that the strong Huygens is violated in (1 + 1)- and (2n + 1)-dimensional flat
spacetimes, as well as in general curved spacetimes [53,55,60–66].

Following the initial work on quantum collect calling [53], there have been several papers
studying this phenomenon in more detail for curved spacetimes, in particular Friedmann-
Robertson-Walker (FRW) expanding cosmologies [54–56]. This set of spacetimes is physi-
cally relevant since it can provide a good model of our Universe on large scales, and thus
we can imagine the quantum collect calling setup as us (the observer Bob) attempting to
receive signals from some emitter Alice in our timelike past. Interestingly, it was shown
that in an FRW universe sourced by pressureless matter, which is a polynomially expand-
ing cosmology in the comoving time parameter, the communication channel capacity is
independent of the spatial separation between Alice and Bob [54, 55]. Meanwhile, and
perhaps even more surprisingly, in a cosmological constant dominated FRW cosmology,
which is exponentially expanding, the channel capacity is independent of the observers’
separations in time, and furthermore, actually increases with the rate of cosmic expansion.
In other words, it would be easier for us to detect timelike signals from an event further in
our past compared to a more recent one, and it would be easier to detect this signal in a
more rapidly exponentially expanding universe than a slower expanding one.

The works that we have discussed so far have all focused on the transmission of classical
information through quantum fields. However, as we mentioned in the previous section,
over the last two decades there have been several experiments which — in the context of
establishing entangled pairs between distant receivers for the purposes of quantum key dis-
tribution — have successfully transmitted quantum information with high fidelity through
the electromagnetic field [8,67–72]. However, with the notable exception of Ref. [73], which
we discuss below, there has been a lack of research on the fundamental mechanism by which
observers can encode, transmit, and decode quantum information via a quantum field.

Indeed we expect there to be significant differences in the transmission of quantum
information compared to the transmission of classical information. For instance, while it

9



was shown in [53] that classical information can be broadcast to multiple identical receivers,
we might suspect from the no-cloning theorem [74] that such a phenomenon is not possible
with quantum information. This was proven to be the case, at least for identical receivers,
in Ref. [73]. In this paper the authors also constructed the first example of a field-mediated
quantum channel, and they showed how it can be used to transmit a qubit of information
from Alice to Bob with arbitrarily low signal loss. However, a major limitation of this work
is that it is particularized to (1+1)-dimensional Minkowski space, in which case there are
only two directions that a signal can propagate, and is thus a significant simplification to
the more relevant (3+1)-dimensional case.

In Chapter 4 of this thesis, we will generalize the work in Ref. [73] by constructing the
simplest possible, field-mediated, perfect quantum channel between two observers Alice and
Bob living in a flat spacetime of any dimension. We will make use of couplings between the
observers and the field which are pointlike in time, and as such allow for a non-perturbative
approach to the problem. In fact we will find that a non-perturbative (i.e. strong) coupling
between detectors and field is necessary in order to achieve a maximal quantum channel
capacity, i.e. in order to construct a perfect quantum channel.

Following the mathematical construction of our perfect quantum channel, we will ex-
plore what its physical implications are. In particular, given the location in spacetime at
which Alice imprints her quantum message into the field, our construction will be able to
tell us precisely where in spacetime Bob needs to be located in order to recover Alice’s
message. While, as discussed above, for a Bob looking to receive classical information it is
enough to be located anywhere on Alice’s lightcone (or even inside the lightcone in certain
spacetimes), the situation is not nearly as straightforward in the case where Bob would
like to receive quantum information.

In fact, if Bob would like to receive quantum information from Alice, we will show
that he needs to be spatially extended in such a way that he covers a large fraction of
the spacetime region into which Alice’s message has propagated. Intuitively, the reason
for this is that, unlike with the classical information, if there remains a large portion of
spacetime in which the field still contains Alice’s message (i.e. a region in which Bob has
not extracted the message out of the field), then by a no-cloning type of intuition Bob
cannot also have knowledge of Alice’s state.

To provide a concrete example of this phenomenon, we first consider the case of (3+1)-
dimensional Minkowski space, where Alice’s message propagates at the speed of light.
We then find that Bob needs to be covering at least half of Alice’s lightcone in order to
receive her quantum message. On the other hand, in the strong Huygens violating (2+1)-
dimensional flat spacetime, we will see that Bob not only needs to be covering Alice’s
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lightcone, but that he also needs to be covering a significant portion of its interior as well.
In other words, the subluminal propagation of information in this spacetime actually makes
it more difficult for Bob to recover Alice’s message.

Finally, to conclude Chapter 4, we will attempt to overcome the limitations of broad-
casting quantum information to multiple detectors discussed in [73] by considering the case
of non-identical detectors, which is not studied in this previous work. However, we will
find numerical evidence which suggests that it is not possible to broadcast any amount of
quantum information, no matter how small, to a pair of disjoint observers, even if they
happen to be non-identical. Nevertheless, this numerical study will allow us to clearly ob-
serve the relationship between the amount of information that Bob can receive from Alice,
and the amount of space that he needs to cover in order to do so.

1.3 The Klein-Gordon field in flat spacetime

As discussed in the previous two sections, the major theme of this thesis will be the
interaction of particle detectors with a quantum field. In particular we will focus on the
Klein-Gordon field, which offers us simplicity while maintaining most of the qualitative
features of more complicated fields, such as the electromagnetic field. To that end, in this
section we will introduce the Klein-Gordon field and derive its mode expansion in terms of
creation and annihilation operators, an expression that we will be using throughout this
thesis. The derivations in this section are partially inspired by the lecture notes [75].

We begin by defining the Klein-Gordon action Skg for a classical field φ(x, t) of mass
m in (d+ 1)-dimensional Minkowski spacetime. The action reads

Skg[φ] =

∫
ddxL(x, t)

:=
1

2

∫
ddx

(
ηµνφ,µφ,ν +m2φ2

)
, (1.2)

where L(x, t) is the Lagrangian of the theory and ηµν is the Minkowski metric in the mostly
positive signature. Furthermore, we use the notation φ,ν := ∂νφ. The equation of motion
for the field is then the Euler-Lagrange equation of the action, which is simply the wave
equation, (

�+m2
)
φ(x, t) = 0, (1.3)

where � := −ηµν∂µ∂ν is the d’Alembertian operator in (d+ 1)-dimensions. The advantage
of starting with the action for the theory is that it allows us to straightforwardly define the
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conjugate momentum field π(x, t) by functionally differentiating the Lagrangian L[φ] :=∫
ddxL(x, t) with respect to φ̇ := φ,0. Thus we obtain

π(x, t) :=
δL[φ]

δφ̇

= φ̇(x, t). (1.4)

We would now like to upgrade the classical, number-valued fields φ and π to quantum,
operator valued fields φ̂ and π̂. First, let us note that the Klein-Gordon equation (1.3) does
not couple the real and imaginary parts of φ. Therefore, for convenience, we will assume
that φ is real-valued. Hence, the corresponding condition for the quantum fields is that
they are self-adjoint,

φ̂†(x, t) = φ̂(x, t), (1.5)

π̂†(x, t) = π̂(x, t), (1.6)

since then the spectral theorem ensures that all expectation values (i.e. possible outcomes
of experiments involving the quantum field) are real.

As it stands, φ̂ and π̂ are simply operator valued classical fields. To promote them to
quantum fields we must impose non-trivial commutation relations between them. These
canonical commutation relations read

[φ̂(x, t), π̂(x′, t)] = iδ3(x− x′), (1.7)

[φ̂(x, t), φ̂(x′, t)] = 0, (1.8)

[π̂(x, t), π̂(x′, t)] = 0, (1.9)

and they ensure the quantum nature of the theory.

The equations of motion, (1.3) and (1.4), the self-adjointness conditions, (1.5) and (1.6),
and the canonical commutation relations, (1.7)-(1.9), fully define the quantum field theory.
We will now use these three defining components of the field theory to derive a different
form for the operator valued fields φ̂ and π̂, which is essentially a decomposition of these
fields into their Fourier modes.

To that end, we define the spatial Fourier transform of the field φ̂(x, t) as

φ̂k(t) :=
1√

(2π)d

∫
ddx φ̂(x, t)e−ik·x, (1.10)
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and hence the inverse Fourier transform reads

φ̂(x, t) =
1√

(2π)d

∫
ddk φ̂k(t)eik·x. (1.11)

We will use this convention for the Fourier transform throughout the thesis. Note that
the self-adjointness condition φ̂† = φ̂ implies that φ̂†k = φ̂−k. Substituting the expression

Eq. (1.11) for the field φ̂(x, t) into the equation of motion, Eq. (1.3), we obtain

1

(2π)d

∫
ddk

(
¨̂
φk(t) + ω2

kφ̂k(t)

)
eik·x = 0, (1.12)

where we have defined ωk :=
√
|k|2 +m2. Multiplying the above expression by e−ik′·x

and making use of the integral representation of a delta function, i.e. δ(k − k′) =
(2π)−d

∫
ddx ei(k−k′)·x, results in the expression

¨̂
φk(t) + ω2

kφ̂k(t) = 0 for all k. (1.13)

Hence for all momenta k, the Fourier mode φ̂k(t) obeys the equation of motion for a simple
harmonic oscillator, which can readily be solved to give

φ̂k(t) =
âk√
2ωk

e−iωkt +
b̂k√
2ωk

eiωkt. (1.14)

Here, for later convenience, we have written the prefactors 1/
√

2ωk in front of both terms.
Meanwhile âk and b̂k are operator valued integration constants that can be fixed if the
initial conditions for φ̂ and π̂ are given for some time t = t0. Note however that âk and
b̂k are not independent: the requirement that φ̂†k = φ̂−k implies that b̂k = â†−k, and hence

φ̂k(t) reads

φ̂k(t) =
âk√
2ωk

e−iωkt +
â†−k√
2ωk

eiωkt. (1.15)

Substituting this into Eq. (1.11), and redefining the integration variable k → −k in the
second term of the integrand, results in the expression

φ̂(x, t) =

∫
ddk√

2(2π)dωk

(
âke

−i(ωkt−k·x) + h.c.
)
, (1.16)

which is the familiar expansion of the scalar field into its plane wave modes. Differentiating
with respect to time then gives the expression for the momentum field:

π̂(x, t) =

∫
ddk√

2(2π)d|k|

(
i|k|â†ke

i(|k|t−k·x) + h.c.
)
. (1.17)
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Having obtained the plane wave expansions of φ̂ and π̂, all that is left before we can
make use of these expressions is to determine the commutation relations for the operators
âk and their adjoints. The first step towards this is to use the commutation relations (1.7)-

(1.9) for the fields φ̂(x, t) and π̂(x, t) :=
˙̂
φ(x, t) to obtain the commutation relations for

the modes φ̂k(t) and
˙̂
φk(t). To that end, from the Fourier transform (1.10) we obtain[

φ̂k(t),
˙̂
φk′(t)

]
=

1

(2π)d

∫
ddx

∫
ddx′

[
φ̂(x, t),

˙̂
φ(x′, t)

]
e−ik·xe−ik′·x′

=
1

(2π)d

∫
ddx e−i(k+k′)·x

= iδ(k + k′), (1.18)

where for the second equality we used the commutation relation in Eq. (1.7), and for the
last equality we used the integral representation of the delta function. Using analogous
calculations we also find [

φ̂k(t), φ̂k′(t)
]

=
[

˙̂
φk(t),

˙̂
φk′(t)

]
= 0. (1.19)

Next, by inverting the expression (1.15) for φ̂k(t), we can straightforwardly express the
operators âk and â†k as

âk =
ωk

2

(
φ̂k(t)− 1

iωk

˙̂
φk(t)

)
, (1.20)

â†k =
ωk

2

(
φ̂−k(t) +

1

iωk

˙̂
φ−k(t)

)
. (1.21)

Finally, using the commutators (1.18) and (1.19), we obtain the canonical commutation
relations for the operators âk and â†k:[

âk, â
†
k′

]
= δ(k − k′), (1.22)[

âk, âk′
]

= 0, (1.23)[
â†k, â

†
k′

]
= 0. (1.24)

(1.25)

We see that these are the commutation relations satisfied by the creation and annihilation
operators of a family of decoupled harmonic oscillators labeled by the continuous parameter
k. We will hence from here on refer to â†k and âk as the creation and annihilation operators
for the field mode k, respectively. In analogy with the ground state of a harmonic oscillator,
we define the ground or vacuum state of the field, denoted |0〉, by the condition âk|0〉 = 0
for all momenta k ∈ Rd.
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1.4 Coupling detectors to quantum fields: the Unruh-

DeWitt model

Having introduced in the previous section the Klein-Gordon field, let us now review the
Unruh-DeWitt (UDW) formalism [76], which is commonly used to study the interaction
of a quantum field with first quantized systems. While this model is a simplification of
the interaction between an atom and the full electromagnetic field, it has nevertheless
been shown to produce the same qualitative predictions as the latter, at least in situations
where the angular momentum exchange between light and matter can be ignored [25, 77].
Throughout this thesis we will make use of this model to study the interactions of spacetime
observers, Alice and Bob, with the quantum field.

In the UDW formalism we allow Alice and Bob to each locally couple a two-level
quantum system (which we refer to as a detector) to a scalar quantum field φ̂(x, t). We
take the free Hamiltonian of qubit ν ∈ {A,B} to be Ĥν = Ωνσz, with Ων the energy gap
and σz the Pauli z-operator. We denote the excited and ground states of Ĥν as |±z〉, with
eigenvalues ±Ων , respectively3. Meanwhile, the field φ̂(x, t) and π̂(x, t) are given in terms
of the creation and annihilation operators âk and â†k via their plane wave expansions (1.16)
and (1.17).

We can describe the interaction between a detector ν and the field by specifying a local
interaction Hamiltonian, Ĥi,ν(t). Working in the interaction picture of time evolution, we
will consider interaction Hamiltonians of the form

Ĥi,ν(t) = λχ(t)m̂ν(t)⊗ Φ̂(t). (1.26)

Here λ is a coupling strength, χ(t) is an explicitly time-dependent switching function, and
m̂ν(t) and Φ̂(t) are qubit and field observables which contain an implicit time dependence
coming from the fact that we are working in the interaction picture. For instance if the
qubit couples through its σx observable, then m̂ν(t) is referred to as the monopole-moment
operator, and reads

m̂ν(t) = |+z〉〈−z|eiΩνt + |−z〉〈+z|e−iΩνt. (1.27)

On the other hand, in order to ensure that the coupling between the observer ν and the
field is physical, we must ensure that the field observable Φ̂(t) entering the interaction
Hamiltonian (1.26) is an observable that is local in spacetime to the region where observer

3Throughout this thesis we will use the notation |±s〉 for the eigenstates of σs, s ∈ {x, y, z}, with
eigenvalues of ±1. We will alternatively sometimes denote |+z〉 as |e〉 and |−z〉 as |g〉, when we want to
emphasize that these are the ground and excited states of the free detector Hamiltonian.
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ν is located. The two simplest examples of such local observables are the smeared φ and
π observables, defined as

φ̂[F ](t) :=

∫
ddxF (x)φ̂(x, t), (1.28)

π̂[F ](t) :=

∫
ddxF (x)π̂(x, t), (1.29)

where the smearing function F (x) has strong support in the region of space near the ob-
server ν. Physically, the smearing function characterizes the shape of the detector coupling
to the field (if we are modeling the interaction of an atom with the electromagnetic field
then F (x) is related to the wavefunction of the atom). Mathematically, it is necessary to
smear the field observables that enter the interaction Hamiltonian in order to avoid diver-
gences that occur with non-smeared observables. More complicated (i.e. non-linear) local
field observables Φ̂(t) can also be considered, although these often lead to further diver-
gences that cannot be removed by simply smearing the observable in space (see, e.g. [30]).

Following a specification of a qubit-field interaction Hamiltonian Ĥi,ν(t) as in Eq. (1.26),

we can formally write down the time-evolution unitary Û generated by this Hamiltonian
as

Û = T exp

[
−i

∫ ∞
−∞

dt Ĥi,ν(t)

]
, (1.30)

where the T denotes the time-ordering operation. For general detector switching func-
tions χ(t), the need for time-ordering makes an explicit evaluation of time-evolved states
impossible, instead allowing only for a perturbative approach to the problem. Of course,
such a perturbative approach can only be taken when the coupling λ between qubit and
field is small with respect to the other scales of the problem. In this case the detector-field
interaction unitary Û can be expanded in powers of λ, with the first few terms given by

Û = 1− i

∫ ∞
−∞

dtĤi,ν(t)−
∫ ∞
−∞

dt

∫ t

−∞
dt′Ĥi,ν(t)Ĥi,ν(t

′) +O(λ3). (1.31)

We will make use of such a perturbative calculation in Chapter 2 to compute the amount of
entanglement harvested by two detectors from thermal and squeezed states of the quantum
field.

If instead a strong-coupling result between detectors and a field is sought after, as will be
the case in Chapters 3 and 4, there are couple of ways to bypass the problems arising from
the time-ordering present in the interaction unitary (1.30). In the more direct approach, we
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note that if we simply take the detector switching function to be χ(t) =
∑n

i=1 δ(t− ti) with
ti ≤ ti+1, i.e. we require that the detector only interacts with the field at discrete instant
in time, then we can rewrite the time evolution unitary in Eq. (1.30) as Û = ÛnÛn−1 . . . Û1,
where Ûi is defined as

Ûi = exp
[
−iλm̂ν(ti)⊗ Φ̂(ti)

]
. (1.32)

The derivation of this result is shown in Appendix A. Notice that the time-ordering op-
eration T appearing in Eq. (1.30) has served its purpose by ensuring the unitaries Ûi act
in order of increasing time, and thereafter T no longer appears in the expression for Û .
Therefore an exact analytical expression for the time evolved state of the detector-field
system can be obtained.

Another special case which allows for a non-perturbative study of detector-field in-
teractions can be understood if we write the unitary Û in Eq. (1.30) using the Magnus
expansion [78],

Û = exp

(
∞∑
n=1

Ω̂n

)
, (1.33)

where the lowest order terms read

Ω̂1 = −i

∫ ∞
−∞

dt Ĥi(t), (1.34)

Ω̂2 = −1

2

∫ ∞
−∞

dt

∫ t

−∞
dt′ [Ĥi(t), Ĥi(t

′)], (1.35)

and the higher-order terms, which are obtained recursively, contain commutators of the
commutators of the interaction Hamiltonian Ĥi(t) at increasing orders.

However, as studied in detail in [47–49, 52], in the special case of a degenerate Unruh-
DeWitt detector ν (i.e. if Ων = 0) these higher order terms all vanish4. To see this,
first note that a degenerate detector has a free Hamiltonian which is proportional to the
identity, and hence m̂ν(t), the interaction picture detector observable appearing in Ĥi,ν(t),
has no time-dependence. Hence we write m̂ν(t) = m̂ν and obtain

Ĥi,ν(t) = λχ(t)m̂ν ⊗ Φ̂(t). (1.36)

Because the commutator of the field with itself is proportional to the identity, we have
that [Ĥi,ν(t), Ĥi,ν(t

′)] ∝ m̂ν⊗1φ, and hence all higher order commutators of Ĥi,ν with itself

4The energy gap Ων of detector ν should not be confused with the Magnus expansion terms Ω̂i.
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at different times vanish. Hence Ω̂k is identically zero for all k > 2 and we can write the
interaction unitary Û in Eq. (1.33) as

Û = exp
(

Ω̂1 + Ω̂2

)
. (1.37)

Thus, as in the case of delta coupled detectors, degenerate detectors allow us to write
an explicit closed-form expression for the detector-field interaction unitary which is free
of the time-ordering operation, and hence allows us to proceed with a non-perturbative
calculation of evolved detector-field states.
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Chapter 2

Harvesting correlations from thermal
and squeezed field states

2.1 Correlation harvesting setup

In this chapter we will study the harvesting of correlations (in particular entanglement and
mutual information) by a pair of UDW detectors from thermal and squeezed states of a
quantum field. We begin by reviewing the general correlation harvesting setup that can
be found in extensive literature [2, 21–35,39,43,79–82].

To that end, let us suppose that the the tripartite system consisting of Alice, the field
and Bob is initially in the separable state ρ̂0,a⊗ ρ̂0,φ⊗ ρ̂0,b. We allow this system to interact

according to the interaction picture interaction Hamiltonian, Ĥi(t) = Ĥi,a(t) + Ĥi,b(t),

where Ĥi,ν(t) is of the general form given by Eq. (1.26). For concreteness we will take

Ĥi,ν(t) = λνχν(t)m̂ν(t)

∫
ddxFν(x− xν)φ̂(x, t). (2.1)

As in Eq. (1.26), here λν is the coupling strength of detector ν to the field, χν(t) is the
time-dependent switching function which models the duration of the interaction and how
the detector ν is turned on and off, and the m̂ν(t) are monopole moment operators given
by Eq. (1.27). Notice that we suppress the identity operator 1b acting on subsystem B in
Ĥi,a, and similarly for Ĥi,b.

Since we would like to determine how correlated the detectors are following their inter-
actions with the field, we first need to compute the time-evolved two-detector state ρ̂ab.

19



We obtain
ρ̂ab := Trφ

[
Û
(
ρ̂0,a ⊗ ρ̂0,φ ⊗ ρ̂0,b

)
Û †
]
, (2.2)

where, as in Eq. (1.30) the time-evolution unitary Û is formally given by

Û = T exp

[
−i

∫ ∞
−∞

dt Ĥi(t)

]
. (2.3)

By assuming that the detector-field coupling constants λν — which have units of L(d−3)/2

in (d+1)-dimensional spacetime — are small compared to other scales with the same units
in the setup, we can expand Û in a Dyson series in powers of λν ,

Û = 1−i

∫ ∞
−∞

dtĤi(t)︸ ︷︷ ︸
Û(1)

−
∫ ∞
−∞

dt

∫ t

−∞
dt′Ĥi(t)Ĥi(t

′)︸ ︷︷ ︸
Û(2)

+O(λ3
ν). (2.4)

Substituting this series expansion into Eq. (2.2) allows us to perturbatively express the
time-evolved two-detector state ρ̂ab as

ρ̂ab = ρ̂
(0)
ab + ρ̂

(1)
ab + ρ̂

(2)
ab +O(λ3

ν), (2.5)

where

ρ̂
(0)
ab := ρ̂0,a ⊗ ρ̂0,φ ⊗ ρ̂0,b, (2.6)

ρ̂
(1)
ab := Trφ

(
Û (1)ρ̂

(0)
ab + ρ̂

(0)
ab Û

(1)†
)
, (2.7)

ρ̂
(2)
ab := Trφ

(
Û (2)ρ̂

(0)
ab + Û (1)ρ̂

(0)
ab Û

(1)† + ρ̂
(0)
ab Û

(2)†
)
. (2.8)

By using the definitions of Û (1) and Û (2) in Eq. (2.4) and the expression for Ĥi(t) given by

Eq. (2.1), it is straightforward to show that ρ̂
(1)
ab and ρ̂

(2)
ab take the forms

ρ̂
(1)
ab = i

∑
ν∈{A,B}

λν

∫ ∞
−∞

dtχν(t)[ρ̂
(0)
ab , m̂ν(t)]V (xν , t), (2.9)

ρ̂
(2)
ab =

∑
ν,η∈{A,B}

λνλη

[∫ ∞
−∞

dt

∫ ∞
−∞

dt′χν(t
′)χη(t)m̂ν(t

′)ρ̂
(0)
ab m̂η(t)W (xη, t,xν , t

′)

−
∫ ∞
−∞

dt

∫ t

−∞
dt′χν(t)χη(t

′)m̂ν(t)m̂η(t
′)ρ̂

(0)
abW (xν , t,xη, t

′)

−
∫ ∞
−∞

dt

∫ t

−∞
dt′χν(t)χη(t

′)ρ̂
(0)
ab m̂η(t

′)m̂ν(t)W (xη, t
′,xν , t)

]
. (2.10)
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Here, V (xν , t) and W (xη, t,xν , t
′) are given by

V (xν , t) :=

∫
ddxFν(x− xν)v(x, t), (2.11)

W (xη, t,xν , t
′) :=

∫
ddx

∫
ddx′ Fη(x− xη)Fν(x

′ − xν)w(x, t,x′, t′), (2.12)

while the one- and two-point correlation functions, v(x, t) and w(x, t,x′, t′), of the field in
the state ρ̂φ, are defined as

v(x, t) := Trφ

[
φ̂(x, t)ρ̂φ

]
, (2.13)

w(x, t,x′, t′) := Trφ

[
φ̂(x, t)φ̂(x′, t′)ρ̂φ

]
. (2.14)

After computing the evolved two-detector state ρ̂ab using Eq. (2.5), we can use it to
compute the amount of correlations present between the detectors A and B following their
interactions with the field. We will focus on two types of correlations: entanglement and
mutual information.

More precisely, we will quantify the entanglement that the detectors A and B harvest
from the field by computing the negativity N , which, for a state ρ̂ab on the Hilbert space
Ha ⊗Hb, is defined as [9]

N [ρ̂ab] :=
∑
i

max
(

0,−Eta
ab,i

)
, (2.15)

where the Eta
ab,i are the eigenvalues of the partially transposed matrix ρ̂taab. It is well known

that the negativity of a two-qubit system is an entanglement monotone that vanishes if
and only if the two-qubit state is separable [83, 84]. Hence the negativity is often used as
a measure of entanglement in harvesting scenarios, and it is the measure that we will use.

It is also possible for Alice and Bob to be classically correlated via their interactions
with the field. We will quantify the total amount of correlations (quantum and classical)
between them by computing the mutual information, I, which is defined as

I[ρ̂ab] := S[ρ̂a] + S[ρ̂b]− S[ρ̂ab], (2.16)

where S[ρ̂] := −Tr(ρ̂ log ρ̂) is the von Neumann entropy of the state ρ̂, while ρ̂a := Trb(ρ̂ab)
and ρ̂b := Tra(ρ̂ab) are the reduced states of detectors A and B following the detector-field
interactions. In particular, if entanglement is zero and the mutual information is not, the
correlations have to be either classical correlations or quantum discord [85,86].

21



2.2 Thermal field state

Let us suppose now that the two Unruh-DeWitt detectors are initially in their ground
states, ρ̂ν = |gν〉〈gν |, and that the field is in a thermal state ρ̂

β
of inverse temperature β.

It will be sufficient for our purposes to formally define ρ̂
β

as a Gibbs state in the usual
way. Namely we write

ρ̂
β

:=
exp(−βĤφ)

Z
, (2.17)

where Z := Tr[exp(−βĤφ)] is the partition function of the free field. Here Ĥφ is the
Schrödinger picture free field Hamiltonian, which, after subtracting off an infinite zero-
point energy (which does not affect any observable dynamics), takes the form

Ĥφ =

∫
ddk ωkâ

†
kâk. (2.18)

We would like to emphasize that, strictly speaking, the Gibbs definition of ρ̂
β

in

Eq. (2.17) is not well defined when Ĥφ is the Hamiltonian of a field in free space, since then

Ĥφ is an operator acting on a Hilbert space of uncountably many dimensions, and certain
technical issues arise in with performing its exponentiation and trace. We could proceed
rigorously by instead considering our field to be in a large box of length L, such that its
Hilbert space is of countable dimension, and then in the end taking the limit L→∞. Al-
ternatively we could formalize our treatment by making use of the Kubo-Martin-Schwinger
(KMS) definition of a thermal state, which is rigorously defined even for continuous vari-
able systems [87, 88]. In this case the definition of ρ̂

β
would correspond to a KMS state

of KMS parameter β with respect to the time t proper to both detectors. However we
will shortly see that, for our limited purposes, these more rigorous definitions of ρ̂

β
are

unnecessary in the sense that formal calculations using the Gibbs definition in Eq. (2.17)
yield the same results. This can be checked by comparing the results we will obtain with,
e.g., the calculations in Ref. [89].

To see this concretely, from the definition (2.17) of ρ̂
β

and the canonical commutation
relations (CCRs) in Eqs. (1.22)-(1.24), we can straightforwardly calculate the one- and
two-point correlation functions defined in (2.13) and (2.14). Because the field is composed
of a linear superposition of âk and â†k operators, we first perform the following useful
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calculation:

Trφ

(
ρ̂
β
âk

)
=

1

Z
Trφ

(
e−βĤφ âk

)
=

1

Z
Trφ

(
e−βĤφ âke

βĤφe−βĤφ
)

=
eβωk

Z
Trφ

(
âke

−βĤφ
)

= eβωk Trφ

(
âkρ̂β

)
= eβωk Trφ

(
ρ̂
β
âk

)
(2.19)

where in the third line we made use of the identity e−βĤφ âke
βĤφ = eβωk âk, which can be

easily proved using the Zassenhaus formula and the CCRs. Then, comparing the first and

last lines of Eq. (2.19), we conclude that Trφ

(
ρ̂
β
âk

)
= 0. Similarly Trφ(ρ̂

β
â†k) = 0, and

therefore the one-point function v(x, t) = 0. Then, from Eqs. (2.9) and (2.11), we conclude

that the first order contribution ρ̂
(1)
ab to ρ̂ab is identically zero for a thermal field state.

To calculate the two-point function w(x, t,x′, t′) we first compute:

Trφ

(
ρ̂
β
âkâ

†
k′

)
=

1

Z
Trφ

(
e−βĤφ âkâ

†
k′

)
(2.20)

=
1

Z
Trφ

(
e−βĤφ âke

βĤφe−βĤφ â†k′

)
=
eβωk

Z
Trφ

(
âke

−βĤφ â†k′

)
= eβωk Trφ

(
ρ̂
β
â†k′ âk

)
= eβωk

[
Trφ

(
ρ̂
β
âkâ

†
k′

)
+ δ(k − k′)

]
,

where in the last step we again made use of the CCRs. Comparing the first and last lines
of this expression gives the result

Tr(ρ̂
β
âkâ

†
k′) =

eβωk

eβωk − 1
δ3(k − k′). (2.21)
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Similarly we obtain the identities

Tr(ρ̂
β
â†kâk′) =

1

eβωk − 1
δ3(k − k′), (2.22)

Tr(ρ̂
β
âkâk′) = 0, (2.23)

Tr(ρ̂
β
â†kâ

†
k′) = 0. (2.24)

Notice that, as alluded to above, the calculations in Eqs. (2.19) and (2.20) would turn
out the same if we rigorously considered the field in a box and then took the L→∞ limit
in the end. In particular the only difference would be that the CCRs contain a Kronecker
delta, which in the limit of free space becomes a Dirac delta, thus recovering our results in
a more rigorous fashion. Furthermore, our final expressions in Eqs. (2.21)-(2.24) are equal
to those obtained using the KMS definition of ρ̂

β
(see equation 14.3 in [89]). Hence our

formal use of the Gibbs definition of ρ̂
β

in Eq. (2.17) is justified.

We can now use the identities in Eqs. (2.21)-(2.24) to write the two-point function of
the field, defined by w(x, t,x′, t′) := Tr[ρ̂

β
φ̂(x, t)φ̂(x′, t′)], as

w(x, t,x′, t′) = wvac(x, t,x′, t′) + wth
β (x, t,x′, t′). (2.25)

Here wvac(x, t,x′, t′) and wth
β (x, t,x′, t′) are the vacuum (β-independent) two-point function

and the thermal (β-dependent) contribution, respectively, and are explicitly given by

wvac(x, t,x′, t′) =

∫
ddk

2(2π)nωk

e−iωk(t−t′)eik·(x−x′), (2.26)

wth
β (x, t,x′, t′) =

∫ ddk
[
eiωk(t−t′)e−ik·(x−x′) + c.c

]
2(2π)nωk

(
eβωk − 1

) . (2.27)

Before we proceed to use the two-point function to calculate the time-evolved two-
detector density matrix ρ̂ab, it should be noted that in the literature one often finds a
very different looking expression for the two-point function of a thermal field state. For
instance, in [90], the thermal two-point function for a massless field in (3 + 1)-dimensions
is shown to be

w(x, t,x′, t′) =
1

8π∆xβ

[
coth

(
π(∆x+ ∆t)

β

)
+ coth

(
π(∆x−∆t)

β

)]
+

i

8π∆x

[
δ(3)(∆x+ ∆t)− δ(3)(∆x−∆t)

]
, (2.28)
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where ∆x := |x − x′| and ∆t := t − t′. The advantage of this expression over the one in
Eq. (2.25) is that there are no integrals over momentum space that have to be evaluated.
The disadvantage is that it is restrictive to the massless (3 + 1)-dimensional case. Further-
more the method used in [90] to obtain Eq. (2.28) is much less direct than the method we
employed in obtaining Eq. (2.25). In any case, as a consistency check in Appendix B we
show that the expression in Eq. (2.28) is indeed a specific case of Eq. (2.25) when m = 0
and n = 3.

We now come back to our main objective: use the two-point function w(x, t,x′, t′) in
Eq. (2.25) to compute the density matrix ρ̂ab in (2.2). Substituting (2.25) into (2.10) we
obtain, to second order in the coupling strength λ,

ρ̂ab =


1− Laa(β)− Lbb(β) 0 0 M∗(β)

0 Lbb(β) L∗ab(β) 0
0 Lab(β) Laa(β) 0

M(β) 0 0 0

 , (2.29)

where we work in the basis {|ga〉|gb〉, |ga〉|eb〉, |ea〉|gb〉, |ea〉|eb〉}. The terms Lνη(β) and
M(β) are defined to be

Lνη(β) = Lvac
νη + 2πλνλη

∫
ddk F̃ ∗ν (k)F̃η(k)eik·(xη−xν)

2ωk

(
eβωk − 1

)
×
[
χ̃∗ν(ωk − Ων)χ̃η(ωk − Ωη) + χ̃ν(ωk + Ων)χ̃

∗
η(ωk + Ωη)

]
, (2.30)

M(β) =Mvac − 2πλaλb

∫
ddk F̃a(k)F̃ ∗b (k)eik·(xa−xb)

2ωk

(
eβωk − 1

)
×
[
χ̃∗a(ωk − Ωa)χ̃b(ωk + Ωb) + χ̃a(ωk + Ωa)χ̃∗b(ωk − Ωb)

]
. (2.31)

Here we define the Fourier transform g̃ : Rd → C of a function g : Rd → R as

g̃(k) :=
1√

(2π)d

∫
ddx g(x)eik·x, (2.32)

and as always we use the superscript “vac” to denote quantities that do not depend on the
inverse temperature β, i.e. those terms which arise from the “vacuum” part wvac of the
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two-point function. The vacuum terms Lvac
νη and Mvac are explicitly given by

Lvac
νη = 2πλνλη

∫
ddk

2ωk

F̃ ∗ν (k)F̃η(k)e−ik·(xν−xη)χ̃ν(ωk + Ων)χ̃
∗
η(ωk + Ωη), (2.33)

Mvac = −λaλb
∫

ddk

2ωk

∫ ∞
−∞

dt

∫ t

−∞
dt′e−iωk(t−t′) (2.34)

×
[
F̃a(k)F̃ ∗b (k)eik·(xa−xb)χ̃a(t)χ̃b(t′)ei(Ωat+Ωbt′) + (A↔ B)

]
.

2.2.1 Harvesting entanglement

Having computed the time-evolved density matrix ρ̂ab of the Unruh-DeWitt detector pair,
we can now compute the negativity of this state and thus quantify the amount of entan-
glement the detectors harvest from the thermal field state. Using the expression (2.29)
for ρ̂ab, we find that in the same computational basis, to O(λ2) the partially transposed
matrix ρ̂taab takes the form

ρ̂taab =


1− Laa(β)− Lbb(β) 0 0 L∗ab(β)

0 Lbb(β) M∗(β) 0
0 M(β) Laa(β) 0

Lab(β) 0 0 0

 . (2.35)

As discussed in [26], at O(λ2) a matrix of this form has only one potentially negative
eigenvalue:

Eta
ab,1 =

1

2

(
Laa(β) + Lbb(β)−

√
(Laa(β)− Lbb(β))2 + 4|M(β)|2

)
.

Hence we find that the negativity N , defined in Eq. (2.15), can be written as

N [ρ̂ab] = max
(

0,−Eta
ab,1

)
. (2.36)

Now suppose that the detectors A and B are identical. That is, they have the same
shapes F (x) = Fν(x), the same proper energy gaps Ω = Ων , the same coupling constants
λ = λν , and the same switching profiles χ(t− tν) = χν(t). Note that we are still allowing
for the detectors to couple to the field at potentially different spacetime locations (ta,xa)
and (tb,xb). However, since the local terms Lνν are translationally invariant, we find that
Laa(β) = Lbb(β), and the negativity can be written more simply as

N = max
[
0, |M(β)| − Lνν(β)

]
. (2.37)
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As acknowledged in [26], this form for the negativity makes evident the competition be-
tween the non-local term |M(β)|, which increases the negativity, and the local term Lνν(β),
which decreases it. We note however, that although this interpretation of Eq. (2.37) is
pleasantly consistent with the intuition that entanglement is a non-local phenomenon, it
should not be taken too literally. For instance, in [2,43] it was shown that a detector pair
interacting with a coherent field state extracts the exact same amount of entanglement as
it would from a vacuum state, despite the fact that inherently local terms of O(λ) appear
in ρ̂ab for the former but not the latter case.

Having obtained an expression in (2.37) for the negativity N of two identical Unruh-
DeWitt detectors following their interactions with a thermal field state, we would now like
to determine the temperature dependence of N . In other words, we want to answer the
question, “What is the optimal field temperature for Unruh-DeWitt detectors to harvest
entanglement?”

To answer this question, let us first particularize the terms Lνη(β) and M(β) in
Eqs. (2.30) and (2.31) for identical detectors. We obtain

Lνη(β) = Lvac
νη + πλ2

∫
ddk |F̃ (k)|2

ωk

(
eβωk − 1

)eik·(xη−xν)

×
(
|χ̃(ωk − Ω)|2ei(ωk−Ω)tηe−i(ωk−Ω)tν + |χ̃(ωk + Ω)|2e−i(ωk+Ω)tηei(ωk+Ω)tν

)
, (2.38)

M(β) =Mvac − 2πλ2

∫
ddk |F̃ (k)|2eiΩ(ta+tb)eik·(xa−xb)

ωk

(
eβωk − 1

)
× χ̃∗(ωk − Ω)χ̃(ωk + Ω) cos[ωk(ta − tb)]. (2.39)

Now, let us consider two temperatures, β−1
1 < β−1

2 . Then, defining

h(k) :=
1

eβ2ωk − 1
− 1

eβ1ωk − 1
, (2.40)

which is strictly greater than zero, we can rewrite Lνν(β) and M(β) to read

Lνν(β2) = Lνν(β1) + πλ2

∫
ddk h(k)|F̃ (k)|2

ωk

(
|χ̃(ωk − Ω)|2 + |χ̃(ωk + Ω)|2

)
, (2.41)

M(β2) =M(β1)− 2πλ2

∫
ddk h(k)|F̃ (k)|2

ωk

eiΩ(ta+tb)eik·(xa−xb) cos[ωk(ta − tb)]

× χ̃∗(ωk − Ω)χ̃(ωk + Ω). (2.42)

27



Taking the magnitude of the latter expression, by the triangle inequality we obtain

|M(β2)| ≤ |M(β1)|+ 2πλ2

∣∣∣∣∣
∫

ddk h(k)|F̃ (k)|2

ωk

eiΩ(ta+tb)eik·(xa−xb) cos[ωk(ta − tb)]

× χ̃∗(ωk − Ω)χ̃(ωk + Ω)

∣∣∣∣∣
≤ |M(β1)|+ 2πλ2

∫
ddk h(k)|F̃ (k)|2

ωk

|χ̃∗(ωk − Ω)||χ̃(ωk + Ω)|, (2.43)

Finally, combining Eqs. (2.41) and (2.43) we find

|M(β2)| − Lνν(β2) ≤ |M(β1)| − Lνν(β1)− πλ2

∫
ddk h(k)D(k)

ωk

≤ |M(β1)| − Lνν(β1), (2.44)

where D(k) := |F̃ (k)|2(|χ̃(ωk−Ω)|−|χ̃(ωk + Ω)|)2 is a non-negative function characterized
by the switching, smearing, and energy gap of the detectors. Hence, using the definition
(2.37) of the negativity, Eq. (2.44) proves our first result: the amount of entanglement
that two identical UDW detectors can harvest from a thermal field state decreases with
the temperature β−1. This is true regardless of the dimensionality of spacetime, the mass
of the field, and the properties (spatial smearing, temporal switching, energy gap) of the
detectors.

In fact, we can obtain a somewhat stronger statement about the negativity of a pair of
detectors interacting with a thermal field state. First, notice from Eq. (2.40) that for given
values of β1 and k, the value of the function h(k) can be increased arbitrarily by choosing a
small enough value of β2. Therefore, from Eq. (2.44), as long asD(k) is not identically equal
to zero, we find that the value of |M(β2)|−Lνν(β2) can be made negative by taking a large
enough temperature β−1

2 . Hence, not only does the amount of entanglement harvested by
a UDW detector pair decrease monotonically with the temperature, but also by increasing
the temperature of the field to a high enough value we can always (as long as D(k) is
not identically zero) ensure that the thermal noise prevents the detectors from becoming
entangled at all. This is true regardless the mass of the field, spacetime dimensionality
and the detector properties.

Knowing that the negativity N of a detector pair decreases with the temperature of
the field, we can ask what is the rate of this decrease. We can straightforwardly obtain a
bound on dN / dβ from Eq. (2.44). First, writing Eta

ab,1(β) = Lνν(β)−|M(β)| for identical
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detectors, the second line of Eq. (2.44) can be expressed as

Eta
ab,1(β1)− Eta

ab,1(β2) ≤ −πλ2

∫
ddk h(k)D(k)

ωk

. (2.45)

Dividing both sides of this expression by β1 − β2, taking the limit β1 → β2, and using the
fact that

lim
β1→β2

h(k)

β1 − β2

= − d

dβ1

(
1

eβ1ωk − 1

)
=

ωke
β1ωk(

eβ1ωk − 1
)2 , (2.46)

we find the rate of change of the eigenvalue Eta
ab,1(β) with respect to the inverse temperature

β to be bounded from below according to

d

dβ
Eta

ab,1(β) ≤ −πλ2

∫
ddkD(k)

eβωk(
eβωk − 1

)2 . (2.47)

Therefore in regions where the negativity N (β) is non-zero, we have that

dN
dβ
≥ πλ2

∫
ddkD(k)

eβωk(
eβωk − 1

)2 . (2.48)

This puts a lower bound on how fast N must grow with the inverse temperature β, in
regions where N is non-zero. Of course if N is zero, then increasing β will only result in
N remaining zero.

Having proven the general result that temperature is always detrimental to entan-
glement harvesting (at least for identical detectors), let us now consider some particular
parameters for the detectors A and B, so that we may explicitly see the manifestation of
this phenomenon. To that end, let us suppose that the two detectors are located in (3 + 1)
dimensional spacetime, that they have Gaussian spatial profiles of width σ,

F (x) =
1

(
√
πσ)3

e−
|x|2

σ2 , (2.49)

and that their temporal switching functions are also Gaussians (of width τ),

χ(t) = e−
t2

τ2 . (2.50)
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Figure 2.1: Negativity of identical detectors as a function of field temperature, for different
spatial separations d of their centers of mass. The detectors are coupled to the field at the
same time according to a Gaussian switching function of width τ, their spatial profiles are
Gaussians of width σ = τ, and their energy gap is Ω = 3/τ.

Then it is straightforward to show that the terms Mth, Lth
ab and Lth

νν , which make up the
thermal contributions to the density matrix ρ̂ab, evaluate to

Mth = − λ̄
2e−

1
2

Ω̄2
eiΩ̄∆̄+

4πd̄

∫ ∞
0

dk̄
e−

1
2
k̄2(1+σ̄2)

eβ̄k̄ − 1
sin(d̄k̄) cos(∆̄−k̄), (2.51)

Lth
ab =

λ̄2e−
1
2

Ω̄2
e−iΩ̄∆̄−

2πd̄

∫ ∞
0

dk̄
e−

1
2
k̄2(1+σ̄2)

eβ̄k̄ − 1
sin(d̄k̄) cosh[(Ω̄ + i∆̄−)k̄], (2.52)

Lth
νν =

λ̄2e−
1
2

Ω̄2

2π

∫ ∞
0

dk̄
k̄e−

1
2
k̄2(1+σ̄2)

eβ̄k̄ − 1
cosh(Ω̄k̄). (2.53)

Here, every quantity with a bar is a dimensionless expression of the scales of the problem
in units of τ (e.g. Ω̄ := Ωτ, β̄ := β/τ), and we have defined d̄ := |xa − xb|/τ and
∆̄± := (tb ± ta)/τ. Meanwhile the terms Mvac and Lvac

νη , which give the vacuum (β
independent) contributions to ρ̂ab, can be found in equations 29-31 in [26].

Assuming these detector spatial profiles and switching functions, in Fig. 2.1 we show
the dependence of the negativity of the detector pair on the temperature T = β−1 of the
field. We see that, in accordance with our general discussion above, the negativity is a
monotonically decreasing function of T , and that it is identically zero after a certain finite
temperature. These findings are qualitatively the same as what was found in [24], namely
that harmonic oscillator detectors in a (1+1)D cavity harvest less entanglement as the field
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Figure 2.2: Negativity of identical detectors as a function of their energy gap, for different
field temperatures T . The detectors are coupled to the field at the same time according to
a Gaussian switching function of width τ, and they have Gaussian spatial profiles of width
σ = τ, the centers of which are separated in space by d = 2τ.

temperature increases. This is, of course, all in agreement with our intuition that “thermal
noise” is detrimental to the detectors obtaining non-local correlations. We will soon see
however, that this seemingly reasonable intuition does not apply when we quantify the
correlations using the mutual information rather than the negativity. In particular we will
show that the mutual information between the detector pair can increase with the field
temperature.

To conclude this section, let us briefly investigate how the negativity of the detectors
varies with their energy gap Ω. These results are summarized in Fig. 2.2. Notice that, for
a given field temperature T , the detectors cannot become entangled if their energy gap is
below some finite value Ωmin(T ). We also notice that Ωmin(T ) is a monotonically increasing
function of temperature. This tells us that if we have a way to control the energy gap of the
detectors, then by measuring the amount of entanglement that this detector pair harvests
from the field we have, in principle, a quantum thermometer capable of measuring the field
temperature.

2.2.2 Harvesting mutual information

Having shown that the amount of entanglement harvested by two Unruh-DeWitt detectors
decreases with the temperature of the field with which they interact, we can ask what
happens to other types of correlations. As mentioned above, the mutual information I[ρ̂ab],
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defined in Eq. (2.16), quantifies the total correlations (quantum and classical) present
between the two detectors. Using the time-evolved density matrix ρ̂ab in Eq. (2.29) for the
two detectors, we find that I[ρ̂ab] takes the form

I[ρ̂ab] =L+ log(L+) + L− log(L−)− Laa log(Laa)− Lbb log(Lbb) +O(λ4),

where L± are defined as

L± =
1

2

(
Laa + Lbb ±

√
(Laa − Lbb)2 + 4|Lab|2

)
. (2.54)

Although the general dependence of I[ρ̂ab] on the temperature β−1 is highly non-trivial,
from Eq. (2.54) it is straightforward to derive the asymptotic behaviour as β−1 → ∞.
Defining L± := βL± and Lνη := βLνη, we notice from Eq. (2.30) that L± and Lνη are
independent of β in the limit β−1 → ∞. Then from Eq. (2.54) it is easy to show that in
the β−1 →∞ limit the mutual information goes as

I[ρ̂ab] ∼ 1

β

(
L+ log L+ + L− log L− −Laa log Laa −Lbb log Lbb

)
. (2.55)

Combining this with the fact that the mutual information is always non-negative, we
conclude that in the large temperature limit (of course with a coupling constant small
enough so that we are still within the perturbative regime) the total correlations that the
detectors harvest from the field grow proportionally to the temperature β−1.

To see explicitly the dependence of I[ρ̂ab] on the temperature, let us once again par-
ticularize to the case of identical detectors with Gaussian spatial smearings (2.49) and
Gaussian switching functions (2.50). These results are plotted in Fig. 2.3. We see that for
low T = β−1 the mutual information approaches a constant finite value, which corresponds
to the correlations that the detectors would obtain if they interacted with the field vacuum.
For intermediate field temperatures, we find that the mutual information has a non-trivial
dependence on T , and in fact, unlike the negativity, I[ρ̂ab] does not always increase with T .
However, as we showed for the case of arbitrary detectors above, in the asymptotic limit
T → ∞ the mutual information is proportional to T . It should be emphasized that in
a full, non-perturbative calculation, this upwards trend of I[ρ̂ab] with temperature would
not continue indefinitely for the simple reason that for a two qubit system the mutual
information is bounded from above by 2 log 2. Nevertheless it is interesting that, at least
in the perturbative regime (i.e. if for a given temperature we consider a small enough cou-
pling strength), the amount of entanglement harvested from the field by an Unruh-DeWitt
detector pair is hindered by high field temperatures, whereas the total correlations in fact
grow with T .
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Figure 2.3: Mutual information of identical detectors as a function of field temperature,
for different spatial separations d of their centers of mass. The detectors are coupled to the
field at the same time according to a Gaussian switching function of width τ, their spatial
profiles are Gaussians of width σ = τ, and their energy gap is Ω = 3/τ.

2.3 Squeezed coherent field state

Again let us suppose that each Unruh-DeWitt detector is in its ground state, and that now
the field is in an arbitrary, multimode, squeezed coherent state. The physical relevance of
squeezed coherent states is that they are the most general set of states that saturate the
Heisenberg uncertainty principle. The most general multimode squeezed coherent state is
given by |α(k), ζ(k,k′)〉 := D̂αŜζ |0〉, where the displacement operator D̂α and the squeezing

operator Ŝζ are unitary operators defined by [42]

D̂α := exp

[∫
ddk

(
α(k)â†k − H.c.

)]
, (2.56)

Ŝζ := exp

[
1

2

∫
ddk

∫
ddk′

(
ζ∗(k,k′)âkâk′ − H.c.

)]
. (2.57)

We call the complex valued distributions α(k) and ζ(k,k′) the coherent amplitude and
squeezing amplitude of the state |α(k), ζ(k,k′)〉, respectively. Through the integrals in the
definitions of D̂α and Ŝζ , these distributions generalize the familiar notion of a squeezed
coherent state of a single harmonic oscillator to the case where we have an uncountably
infinite number of field mode oscillators that can be pairwise two-mode squeezed with each
other.

In order to calculate the one and two-point functions of the field in a squeezed coherent
state, we will make use of the intertwining identities governing the action of D̂α and Ŝζ
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on the creation and annihilation operators. Namely, by using the canonical commutation
relations and the Baker-Campbell-Hausdorff lemma it is straightforward to show that

D̂†αâkD̂α = âk + α(k)1. (2.58)

On the other hand, we are not aware of a similarly convenient closed-form expression for
Ŝ†ζ âkŜζ in the case of an arbitrary, continuous, multimode squeezing. However, since Ŝζ

is the exponential of terms quadratic in âk and â†k, by expanding out the exponentials in

Ŝ†ζ âkŜζ it is not difficult to prove that this expression takes the form of a linear superposition

of âk and â†k operators, i.e.

Ŝ†ζ âkŜζ =

∫
ddk′

[
K1(k,k′)âk′ +K2(k,k′)â†k′

]
, (2.59)

for some bi-distributions K1 and K2. In particular this implies that

〈α(k), ζ(k,k′)|âk′′ |α(k), ζ(k,k′)〉 = 〈0|Ŝ†ζ [âk′′ + α(k′′)]Ŝζ |0〉
= α(k′′), (2.60)

and hence, using the mode expansion (1.16) of the field operator, the one-point func-
tion (2.13) of the field in the state |α(k), ζ(k,k′)〉 is

v(x, t) =

∫
ddk√

2(2π)nωk

(
α(k)e−i(ωkt−k·x) + c.c

)
. (2.61)

Thus we see that the one-point function is independent of the squeezing amplitude ζ(k,k′).
Similarly we can show that the two-point function (2.14) in the state |α(k), ζ(k,k′)〉 is of
the form

w(x, t,x′, t′) = wind(x, t,x′, t′) + wcoh(x, t,x′, t′), (2.62)

where wind is independent of the coherent amplitude α(k), while wcoh is given by a product
of one-point functions,

wcoh(x, t,x′, t′) = v(x, t)v(x′, t′), (2.63)

and vanishes if α(k) = 0 for all k.

Thus we have shown that the α(k)-dependent contribution wcoh to the two-point func-
tion is the product of two one-point functions. In [2] it was shown that when this is the case,
then the α(k)-dependent contributions of ρ̂ab arising from the one-point function exactly
cancel the contributions from the two-point function, so that the eigenvalues of ρ̂ab and
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ρ̂taab — and therefore the negativity N [ρ̂ab] as well — are completely independent of α(k).
This result was used in [2] to prove that the entanglement harvested by an Unruh-DeWitt
detector pair is independent of the coherent amplitude of a (non-squeezed) coherent state.
Since this is a general consequence of the special relationship between the α(k)-dependent
parts of the one and two-point functions, we conclude that this result is true even in the
presence of squeezing. Namely, to O(λ2), the negativity of a detector pair interacting with
a general squeezed coherent state |α(k), ζ(k,k′)〉 is independent of the coherent amplitude
distribution α(k). In other words, entanglement harvesting from a squeezed coherent state
is insensitive to the coherent amplitude.

It is interesting to compare this result — i.e. that entanglement harvesting is insensitive
to the coherent amplitude of the field — to the fact that the entanglement entropy between
two regions of a spatial slice of a free field is also insensitive to the field’s coherent amplitude.
This later result is briefly mentioned (without proof) in Ref. [91], where the authors’ interest
in entanglement entropies arises out of their interest in the Ads-CFT conjecture [17]. While
we are confident that a proof of such a fundamental result — i.e. that entanglement
entropies are independent of the field’s coherent amplitude — already exists in the literature
(although we could not find it), for the sake of completeness we will now present our own
proof of this result.

To that end, we note that the displacement operator D̂α appearing in the definition
|α(k), ζ(k,k′)〉 := D̂αŜζ |0〉 for a general squeezed coherent state can be alternatively writ-
ten as

D̂α = exp

[
i

∫
ddx

(
Fφ(x)φ̂(x, 0) + Fπ(x)π̂(x, 0)

)]
, (2.64)

where the smearing functions Fφ(x) and Fπ(x) are defined in terms of their Fourier trans-
forms F̃φ(k) and F̃π(k) as

F̃φ(k) := i

√
ωk

2

[
α∗(−k)− α(k)

]
, (2.65)

F̃π(k) :=
1√
2ωk

[
α∗(−k) + α(k)

]
, (2.66)

and where α(k) is the coherent amplitude distribution of D̂α. This result can be straight-
forwardly proven by substituting Eqs. (2.65) and (2.66) into Eq. (2.64) and verifying that
the defining expression for D̂α, given by (2.56), is recovered. Furthermore, note that
the Fourier transforms F̃φ(k) and F̃π(k) were defined such that F̃φ(−k) = F̃ ∗φ(k) and

F̃π(−k) = F̃ ∗π (k), and therefore the smearing functions Fφ(x) and Fπ(x) are real.
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Next, notice from Eq. (2.64) that D̂α = exp[i
∫

dd Ô(x)], where

Ô(x) := Fφ(x)φ̂(x, 0) + Fπ(x)π̂(x, 0), (2.67)

are field observables on the t = 0 spatial hypersurface, and hence commute with one
another, i.e. [Ô(x), Ô(x′)] = 0 for all x,x′ ∈ Rd. Suppose now that we are given two
disjoint spatial regions A and B of the t = 0 time slice of the (flat) manifold in which our
free field lives. Also, let C be the complement of A ∪ B on the t = 0 time slice. Then,
because of the above commutation property, we can express D̂α as a product of three
commuting unitaries, namely

D̂α = exp

[
i

∫
A

dd Ô(x)

]
exp

[
i

∫
B

dd Ô(x)

]
exp

[
i

∫
C

dd Ô(x)

]
. (2.68)

Hence we see that the displacement operator D̂α can be implemented by applying local
unitaries to the regions A, B and C, and hence it cannot change the entanglement structure
(as quantified by the entanglement entropy) between, for example, A and B. In other words,
we have proven that a free field’s entanglement entropy between disjoint spatial regions A
and B is independent of the field’s coherent amplitude.

Hence we can now easily see the relationship between the entanglement entropy of a
quantum field state and the amount of entanglement which a detector pair can harvest
from that field state. Namely, since the entanglement entropy between two spacelike sep-
arated spatial regions A and B is independent of the field’s coherent amplitude α(k), it is
completely unsurprising, and indeed expected, that the amount of entanglement harvested
by detectors locally coupling to these regions is also insensitive to α(k). Of course, as we
have shown, entanglement harvesting is independent of α(k) even if the detectors are not
in spacelike separation; however the connection with the entanglement entropy can only be
made in the spacelike case, since entanglement entropies are typically computed between
spatial regions located on some spacelike hypersurface.

Having observed the direct connection between entanglement entropy and entangle-
ment harvesting, let us come back to our main problem, which is to study entanglement
harvesting from squeezed coherent states.

Since we have discovered that entanglement harvesting is independent of the coherent
amplitude α(k) of the field, we can, without loss of generality, restrict our attention only
to squeezed vacuum states (i.e. we can set α(k) to be identically zero). Additionally,
for mathematical simplicity—i.e. in order to obtain an explicit expression for Ŝ†ζ âkŜζ
in Eq. (2.59)—from here on we will consider only squeezed coherent states in which the
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squeezing is not “mixed” between modes, i.e. such that the squeezing amplitude is of the
form ζ(k,k′) = ζ(k)δ(k − k′). In this case we find that Ŝζ simplifies to

Ŝζ = exp

[
1

2

∫
ddk

(
ζ∗(k)â2

k − H.c.
)]
, (2.69)

and that Ŝ†ζ âkŜζ can be conveniently expressed as

Ŝ†ζ âkŜζ = cosh[r(k)]âk − eiθ(k) sinh[r(k)]â†k, (2.70)

where we have written ζ(k) = r(k)eiθ(k) in polar form. The two-point function (2.14) of
the state Ŝζ |0〉, with Ŝζ in the above form, can be written as

w(x, t,x′, t′) = wvac(x, t,x′, t′) + wsq(x, t,x′, t′), (2.71)

where wvac is the vacuum two-point function given in Eq. (2.26), while wsq is the contri-
bution that depends on ζ(k) and vanishes if ζ(k) = 0 for all k. Explicitly wsq(x, t,x′, t′)
is given by

wsq(x, t,x′, t′) =

∫
ddk

2(2π)nωk

sinh[r(k)]
(
− eiθ(k) cosh[r(k)]e−iωk(t+t′)eik·(x+x′)

+ sinh[r(k)]e−iωk(t−t′)eik·(x−x′)
)

+ c.c, (2.72)

Notice that, unlike Eq. (2.25) for a thermal field state, the two-point function for a squeezed
coherent state is not invariant with respect to spacetime translations. As we will see, a
physical consequence of this is that the negativity harvested by a pair of UDW detectors
from a squeezed coherent state depends not only on the spacetime interval between the
detectors, but also on where in the spacetime they are centered.

With the expression (2.71) for the two-point function of a squeezed vacuum field state,
and with the vanishing one-point function (2.61), we can proceed to calculate the evolved
state ρ̂ab of the two UDW detectors following their interactions with this field. From (2.10),
to second order in the coupling strength λ, we obtain

ρ̂ab =


1− Laa[ζ]− Lbb[ζ] 0 0 M∗[ζ]

0 Lbb[ζ] L∗ab[ζ] 0
0 Lab[ζ] Laa[ζ] 0
M[ζ] 0 0 0

 , (2.73)
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where we work in the basis {|ga〉|gb〉, |ga〉|eb〉, |ea〉|gb〉, |ea〉|eb〉}. The matrix terms Lνη[ζ]
and M[ζ] are now functionals of the squeezing distribution ζ(k), and they take the forms

Lνη[ζ] = Lvac
νη + Lsq

νη[ζ], (2.74)

M[ζ] =Mvac +Msq[ζ]. (2.75)

As before, the vacuum terms Lvac
νη andMvac are given by Eqs. (2.33) and (2.34), while the

ζ(k) dependent terms read

Lsq
νη[ζ] = πλνλη

∫
ddk

ωk

(2.76)

×
(

sinh2[r(k)]F̄ν(k)F̄ ∗η (k)χ̄∗ν(ωk − Ων)χ̄η(ωk − Ωη)e
ik·(xν−xη)

+ sinh2[r(k)]F̄ ∗ν (k)F̄η(k)χ̄ν(ωk + Ων)χ̄
∗
η(ωk + Ωη)e

−ik·(xν−xη)

− e−iθ(k) sinh[r(k)] cosh[r(k)]F̄ ∗ν (k)F̄ ∗η (k)χ̄ν(ωk + Ων)χ̄η(ωk − Ωη)e
−ik·(xν+xη)

− eiθ(k) sinh[r(k)] cosh[r(k)]F̄ν(k)F̄η(k)χ̄∗ν(ωk − Ων)χ̄
∗
η(ωk + Ωη)e

ik·(xν+xη)
)
,

Msq[ζ] = 2πλaλb

∫
ddk

ωk

(2.77)

×
(
e−iθ(k) sinh[r(k)] cosh[r(k)]F̄ ∗a (k)F̄ ∗b (k)χ̄a(ωk + Ωa)χ̄b(ωk + Ωb)e−ik·(xa+xb)

+ eiθ(k) sinh[r(k)] cosh[r(k)]F̄a(k)F̄b(k)χ̄∗a(ωk − Ωa)χ̄∗b(ωk − Ωb)eik·(xa+xb)

− sinh2[r(k)]F̄ ∗a (k)F̄b(k)χ̄a(ωk + Ωa)χ̄∗b(ωk − Ωb)e−ik·(xa−xb)

− sinh2[r(k)]F̄a(k)F̄ ∗b (k)χ̄∗a(ωk − Ωa)χ̄b(ωk + Ωb)eik·(xa−xb)
)
.

2.3.1 Harvesting entanglement

In order to study the dependence of field squeezing on the ability of detectors to harvest
entanglement, let us once again particularize to the case of a massless field in (3 + 1)-
dimensions and identical UDW detectors with Gaussian spatial profiles of width σ, given
by Eq. (2.49), and Gaussian temporal switching functions of width τ, as in Eq. (2.50).

38



Then the matrix elements Lsq
νη[ζ] and Msq[ζ] given by Eqs. (2.76) and (2.77) become

Lsq
νη[ζ] =

λ̄2e−
1
2

Ω̄2

16π2

∫
d3k̄

|k̄|
e−

1
2
|k̄|2(1+σ̄2)

(
sinh2[r(k)]e|k̄|Ω̄e−i|k̄|(t̄ν−t̄η)eik̄·(x̄ν−x̄η) (2.78)

+ sinh2[r(k)]e−|k̄|Ω̄ei|k̄|(t̄ν−t̄η)e−ik̄·(x̄ν−x̄η)

− e−iθ(k) sinh[r(k)] cosh[r(k)]ei|k̄|(t̄ν+t̄η)e−ik̄·(x̄ν+x̄η)

− eiθ(k) sinh[r(k)] cosh[r(k)]e−i|k̄|(t̄ν+t̄η)eik̄·(x̄ν+x̄η)
)
,

Msq[ζ] = − λ̄
2e−

1
2

Ω̄2

16π2

∫
d3k̄

|k̄|
e−

1
2
|k̄|2(1+σ̄2)

(
sinh2[r(k)]e−i|k̄|(t̄a−t̄b)eik̄·(x̄a−x̄b) (2.79)

+ sinh2[r(k)]ei|k̄|(t̄a−t̄b)e−ik̄·(x̄a−x̄b)

− e−iθ(k) sinh[r(k)] cosh[r(k)]e−|k̄|Ω̄ei|k̄|(t̄a+t̄b)e−ik̄·(x̄a+x̄b)

− eiθ(k) sinh[r(k)] cosh[r(k)]e|k̄|Ω̄e−i|k̄|(t̄a+t̄b)eik̄·(x̄a+x̄b)
)
,

where, as before, we denote by a bar any quantity referred to the scale τ (e.g., Ω̄ = Ωτ,
σ̄ = σ/τ, etc.). With these explicit expressions for the matrix elements of ρ̂ab at hand, we
can now readily compute the negativity N = max

(
0, |M[ζ]| − Lνν [ζ]

)
, and thus quantify

the amount of entanglement that the two detectors harvest from the field.

Uniform squeezing

Let us begin by considering the simplest possible type of squeezing: that in which all field
modes are squeezed equally. To that end we take ζ(k) = r, where we also assume that r
is real and positive. (We will shortly see what the effect is of r having a complex phase.)

In Fig. 2.4, for different values of r, we plot the negativity of the detectors following
their interactions with the field as a function of their joint center of mass. We see that—as
we anticipated already from the two-point function—a squeezed field state is in general
not translationally invariant, and as such the entanglement harvesting ability of a pair of
detectors from such a state is not translationally invariant either. In particular we find
that if the detectors’ center of mass is near the spatial origin of the coordinate system, then
the detectors can harvest more entanglement from a uniformly squeezed field state than
from the vacuum. On the other hand if the detectors are far enough away from the origin,
then, regardless of the amount of squeezing, they are unable to extract entanglement. The
proximity to the origin that is necessary for squeezing to be beneficial for entanglement
harvesting is dictated by the amount of squeezing r: for a highly squeezed field state the
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Figure 2.4: Negativity of identical detectors as a function of their center of mass position,
for different values of the squeezing parameter r = |ζ(k)|. Here the squeezing is uniform
across all field modes. The detectors are coupled to the field through Gaussian switching
functions of width τ centered at t = 0, and their energy gaps are Ω = τ−1. The detectors
are centered at (xcom ± τ, 0, 0) and have Gaussian spatial profiles of width σ = τ.

detectors can harvest a lot more entanglement, but they have to be highly centered near
the origin; for a less squeezed state the improvement in harvesting is not as noticeable, but
the detectors do not need to be so precisely centered.

Let us now attempt to better understand the non-translation-invariance of squeezed
field states in general, and in particular the consequences of this for entanglement harvest-
ing from these states. Concretely, with regards to the plots in Fig. 2.4, it is natural to ask
why is the spatial origin of our chosen coordinate system the preferred location of UDW
detectors that hope to harvest entanglement? First, let us note once again that, as can
be seen in Fig 2.4, in the absence of squeezing the translation-invariance of entanglement
harvesting is restored. Therefore, the picking out of a preferred point in space near which
entanglement harvesting is maximized (in this case the origin of the coordinate system)
must be a direct consequence of the squeezing amplitude ζ(k) that we choose for the field.
In fact, we notice that the Fourier transform of the uniform amplitude ζ(k) = r is propor-
tional to δ(x), and therefore the origin x = 0 is clearly a special point in this case. As we
will now show, this relationship between the Fourier transform of the squeezing amplitude
and the preferred location of detectors trying to harvest entanglement is valid in general.

To that end, let us consider an arbitrary squeezing amplitude ζ(k). With this choice of
squeezing, there will be some preferred points in space near which it is easier for detectors
to harvest entanglement, and others near which it is more difficult. Suppose now that we
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change the squeezing by a local phase ζ(k)→ ζ ′(k) = eik·x0ζ(k). How do the positions of
the preferred points change?

To answer this question, let us recall from Eq. (2.2) that the state ρ̂ab of the two
detectors following their interactions with a squeezed field state with amplitude ζ ′ is given
by

ρ̂ab = Trφ

[
Û ′
(
ρ̂a ⊗ ρ̂b ⊗ Ŝ†ζ′ |0〉〈0|Ŝζ′

)
Û ′†
]
, (2.80)

where Û ′ is the time-evolution unitary

Û ′ = T exp
[
− i

∫
dt
∑
ν

λνχν(t)µ̂ν(t)

∫
ddxFν(x− xν)φ̂(x, t)

]
. (2.81)

Now let us define the field momentum operator to be P̂ :=
∫

d3k kâ†kâk. Then, using the
identity

eiP̂ ·x0 âke
−iP̂ ·x0 = âke

ik·x0 , (2.82)

we find that we can write Ŝζ′ = e−iP̂ ·x0/2Ŝζe
iP̂ ·x0/2. Making use of the cyclicity of the

partial trace with respect to the subsystem being traced over, we find that ρ̂ab can be
expressed as

ρ̂ab = Trφ

[
Û
(
ρ̂a ⊗ ρ̂b ⊗ Ŝ†ζ |0〉〈0|Ŝζ

)
Û †
]
, (2.83)

where Û := eiP̂ ·x0/2Û ′e−iP̂ ·x0/2. Using (2.82) we readily obtain

Û = T exp
[
− i

∫
dt
∑
ν

λνχν(t)µ̂ν(t)

∫
ddxFν

(
x− xν −

x0

2

)
φ̂(x, t)

]
. (2.84)

Hence changing the field’s squeezing amplitude by a local phase ζ → eik·x0ζ is equivalent
to shifting the detectors in space by an amount x0/2. In other words, a local phase change
of the squeezing amplitude effects a translation of the points in space near which it is easier
for the detectors to harvest entanglement. However, such a local phase change of ζ also
effects a translation of its Fourier transform: namely ζ̄(x) → ζ̄(x − x0). Note that the
discrepancy by a factor of 2 between the amount that the preferred points are translated
(x0/2) and the amount that the Fourier transform ζ̄ is shifted by (x0) can be removed
by choosing a different convention for the exponent in the definition (2.32) of a Fourier
transform. Therefore we conclude that (up to a potential re-scaling) the Fourier transform
of the field’s squeezing amplitude ζ directly tells us where in space the UDW detectors
should be centered if they want to harvest more entanglement from the squeezed field
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Figure 2.5: Negativity of identical detectors as a function of the squeezing parameter
r = |ζ(k)|, for different values of their spatial separation d and energy gaps Ω. Here the
squeezing is uniform across all field modes. The detectors are coupled to the field through
Gaussian switching functions of width τ centered at t = 0; they are centered at (±d/2, 0, 0)
and have Gaussian spatial profiles of width σ = τ.

state. These preferred locations are commensurate with where the fluctuations of the field
amplitude, and the stress energy density, are localized in space.

Having understood the dependence of the detectors’ center of mass on their ability to
harvest entanglement from a squeezed field state, and having related this to the local phase
of the squeezing amplitude, let us now turn to the question of how the magnitude of the
squeezing amplitude affects the detector’s abilities to harvest entanglement.

In Fig. 2.5 we plot the negativity of a UDW detector pair as a function of ζ(k) = r,
which we once again assume to be uniform across all field modes. We notice several
interesting features from these plots.

Interestingly, high squeezing can remove the dependence of entanglement harvesting on
the distance between the detectors. Indeed, we find that while at low squeezing amplitude
the amount of entanglement that the detectors can harvest depends on their spatial sepa-
ration d := |xa−xb|, at high squeezing this is not the case. In other words, in the limit of
large uniform squeezing of the field, a detector pair separated by a large spatial distance
will harvest the same amount of entanglement as if they were at the same location in space.
A similar effect of removal of the distance scale in a setup where vacuum entanglement is
relevant was seen in [92] where quantum energy teleportation could be made independent
of separation between sender and receiver if one uses squeezed field states.

Furthermore, from Fig. 2.5, we find that the amount of entanglement that the detectors
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harvest is also independent of the squeezing parameter ζ(k) = r in the limit as r →
∞. Hence although squeezing the field modes often increases the amount of harvestable
entanglement from that allowed by the field vacuum, this trend of increasing negativity
does not continue indefinitely, but rather plateaus to a constant asymptotic value at large
r.

Bandlimited squeezing

To an experimentalist looking to make an entanglement harvesting measurement in the
lab, perhaps the most interesting results of the previous section are that i) the amount of
entanglement harvested by a pair of UDW detectors from a highly (uniformly) squeezed
field state is independent of the spatial separation of the detectors, and ii) if the detectors
are centered near the “preferred” locations in space (as determined by the Fourier transform
of the squeezing function ζ(k)), then the amount of entanglement that they harvest could
be much higher than in the case of a vacuum field state.

However such an experimentalist would be quick to note that there is an obvious dif-
ficulty with attempting to translate the theoretical results of the previous section into an
actual experiment in the lab. Namely, in the previous section we assumed the field to be
uniformly squeezed across all field modes, while squeezed states in experimental quantum
optics [93] and superconducting setups [94] are generally bandlimited to a very narrow
range of field modes. We expect that in this case, where only a narrow frequency range of
modes are squeezed, the field state will behave more similarly to the vacuum state, in which
case squeezing might not give much of an advantage in terms of entanglement harvesting.
The key question is then: what range of field modes must be squeezed in order to produce
a significant entanglement harvesting advantage over the vacuum state?

To answer this question, let us now assume that only the field modes near some mo-
mentum k are uniformly squeezed, while all other modes are in their vacuum states. More
precisely, we set

ζ(k′) =

{
r if |k′i − ki| < ε

2
for i ∈ {x, y, z}

0 otherwise
, (2.85)

where k′ = (k′x, k
′
y, k
′
z), k = (kx, ky, kz), and ε parametrizes the bandwidth of the squeezing.

With this choice of squeezing amplitude, and assuming again that the spatial and tem-
poral profiles of the detectors are Gaussians given by Eqs. (2.49) and (2.50), the matrix
elements Lsq

νη[ζ] andMsq[ζ] of the evolved two detector density matrix ρ̂ab are again given
by the expressions in Eqs. (2.78) and (2.79), except that now the limits of momentum
space integration are such that |k′i − ki| < ε/2. With the use of these expressions we can
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compute the negativity N = max
(
0, |M[ζ]| − Lνν [ζ]

)
, and thus observe how the amount

of entanglement that the detectors can harvest depends on the bandwidth ε of the field’s
squeezing amplitude.

However before showing plots of N versus ε, since we are in this section trying to
upgrade our theoretical findings to the realm of what is experimentally feasible, it is im-
portant that we also discuss what values of squeezing amplitude r we can expect to obtain
in our bandlimited frequency range. As far as we are aware, the highest experimentally
attained squeezed state of the electromagnetic field resulted in a squeezed quadrature noise
reduction of 15 dB below the vacuum level [95]. Using the conversion formula [96]

∆Noise (in dB) = 10 log10

(
2〈∆X̂2〉

)
, (2.86)

between the reduction in noise of the squeezed quadrature X̂ and the variance 〈∆X̂2〉 :=
〈X̂2〉 − 〈X̂〉2 of that quadrature in the squeezed state |ζ(k)〉, as well as the expression

〈∆X̂2〉 =
1

2
e−2r, (2.87)

between 〈∆X̂2〉 and r, we find that

∆Noise (in dB) = −20 log10(e)r. (2.88)

Hence a noise reduction of 15 dB corresponds to a squeezing amplitude of r ≈ 1.7. To be
on the safe side with respect to experimental feasibility, we will for the below discussion
set r = 1 (corresponding to a noise reduction of ∼ 8.7 dB).

In Fig. 2.6 we plot the dependence of the negativity that two UDW detectors can
harvest from the field, as a function of the bandwidth ε of field modes that are squeezed
(we assume the squeezed modes to be centered around some wavevector k). In the first
plot of this figure, we suppose that the detectors are near enough in space such that they
are able to harvest entanglement from the field vacuum (ε = 0). Perhaps unintuitively, we
find that as we start squeezing around the mode k (i.e. we increase ε), the negativity of the
detectors initially begins to decrease. That is, for a small bandwidth ε of field squeezing,
regardless of the mode k around which the squeezing is being performed, the amount of
entanglement that the detectors can harvest from the field is actually less than what they
could harvest from the vacuum. Eventually however, as the bandwidth is increased further,
the amount of entanglement that the detectors can harvest from the field becomes higher
than in the vacuum case.

Meanwhile, detectors with a large spatial separation (second plot in Fig. 2.6) are unable
to harvest entanglement from the vacuum (ε = 0), as was already shown in Ref. [26]. In this
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Figure 2.6: Negativity of identical detectors as a function of the bandwidth ε of modes
squeezed, centered around a mode k. The squeezing inside the bandlimited range is of
uniform amplitude r = 1, and outside is zero. The detectors are coupled to the field
through Gaussian switching functions of width τ centered at t = 0, they are centered at
(±d/2, 0, 0) and have Gaussian spatial profiles of width σ = τ, and their energy gaps are
Ω = τ−1.

case increasing the squeezing bandwidth allows the detectors to harvest some entanglement,
but this only occurs for ε larger than some critical value εc. Hence, regardless of separation,
the ability of a pair of UDW detectors to harvest more entanglement from a squeezed field
state than from the vacuum is dependent on whether a large enough frequency interval of
field modes is squeezed, i.e. if the bandwidth ε is larger than some critical value εc.

We notice from the plots in Fig. 2.6 that the critical bandwidth εc necessary to achieve
an improvement in entanglement harvesting over the vacuum is at least of the order |k|,
where k is the wavevector of the mode around which we squeeze. Hence for instance if
we wanted to use a 300 THz squeezed laser source to entangle a pair of atomic detectors,
we would need to squeeze all the modes up to 600 THz with wavevectors pointing in the
direction of the laser, as well a wide range of field modes pointing in other directions. As
far as we are aware, current experimental setups featuring squeezed electromagnetic field
states do not squeeze such large bandwidths of field modes. Hence, in order to make use
of the benefits of squeezed field states with respect to entanglement harvesting, it may be
necessary to increase the experimentally achievable squeezing bandwidth. Alternatively,
it might still be possible to obtain high levels of harvestable entanglement with narrowly
bandlimited squeezed states, but for which the squeezing amplitude ζ(k) is non-uniform
in the bandlimited range. This remains to be investigated in future work.
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2.4 Conclusions

In this chapter we studied the ability of a pair of Unruh-DeWitt particle detectors to
harvest quantum and classical correlations from thermal and squeezed states of a scalar
field with which they interact. Let us now summarize our results:

We started by proving that the amount of entanglement that a pair of identical detec-
tors (with arbitrary spatial profiles and time-dependent switching functions) can harvest
from a thermal state of the field decreases monotonically with temperature. Additionally,
we obtained a lower bound on this rate of decrease, and hence showed that for tempera-
tures higher than a certain threshold the detectors are unable to harvest any entanglement
from the field. With these findings we also extended the main results in [24], where it was
numerically shown (using the very different formalism of Gaussian quantum mechanics)
that temperature is detrimental to entanglement harvesting by harmonic oscillator detec-
tors from a massless field in 1+1 dimensional spacetime. Indeed, we proved that this is
also the case for qubit detectors of arbitrary shape and switching interacting with a field
of any mass in any dimensionality of spacetime.

On the other hand, we found that unlike the negativity, the mutual information —
which is a measure of the total (quantum and classical) correlations — that the detectors
harvest from the field actually increases linearly with the field temperature (again extending
the numerical findings of [24] to qubit detectors). Hence, while thermal noise hinders the
ability of UDW detectors to harvest entanglement, it is beneficial in the harvesting of
non-entanglement correlations.

Moving on to squeezed field states, we showed that, at least to leading perturbative
order, the amount of entanglement that a UDW detector pair can harvest from a squeezed
coherent state is independent of its coherent amplitude. This greatly generalizes the result
of Ref. [43], which considered only unsqueezed coherent states, to hold for all general
squeezed coherent states.

Moreover, this finding is fundamentally related to the fact — which we prove — that
the entanglement entropy of a free field between disjoint spatial regions on some time slice
is independent of the coherent amplitude of the field. Therefore, this concretely illustrates
that entanglement harvesting is not merely an interesting protocol with potential practical
implications, but that it also may be used as an operational tool to better understand
the fundamental entanglement structure of quantum fields, and hence perhaps to better
understand certain fundamental ideas which have deep relationships with the entangle-
ment structure of spacetime, such as the Ads-CFT conjecture [17, 18] or the black hole
information loss paradox [11–16].
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We also showed that, unlike the coherent amplitude, the field’s squeezing amplitude
ζ(k) does affect the amount of entanglement that the detectors can harvest from the field.
In particular, we found that the amount of entanglement that detectors centered at a
spatial point x0 can harvest is directly related to the amplitude of the Fourier transform of
ζ(k) evaluated at x0. Hence, contrary to vacuum [26], coherent [43], and thermal states,
harvesting entanglement from general squeezed states is generally not a translationally
invariant process.

However, and perhaps surprisingly, we found that for detectors centered at a particular
location x0, the amount of entanglement harvested from a highly and uniformly squeezed
state is independent of the spatial separation of the detectors. Moreover, this amount of
entanglement is often much larger than detectors at the same separation would be able
to harvest from the vacuum, raising the idea of the possibility of using squeezed states
to experimentally test entanglement harvesting. This result is commensurate with the
finding that squeezed states can remove the distance decay of protocols that rely on field
entanglement such as quantum energy teleportation [92].

Finally, we have also studied how entanglement harvesting is modified when we allow
for squeezing only in a finite frequency bandwidth of field modes. We found that if we
restrict the modes of the field that are squeezed to a narrow bandwidth (namely, when
the bandwidth is below the order of the frequency being squeezed), then squeezing states
give no noticeable advantage over vacuum entanglement harvesting, at least for uniform
squeezing. It remains to be seen whether a more general squeezing amplitude (e.g. with
continuously varying magnitude and phase) can provide the necessary advantages in en-
tanglement harvesting that we have found here for uniform squeezing, while at the same
time being implementable in a lab setting. This is an important direction for future re-
search, since such a squeezed field state could overcome the main experimental limitation
of entanglement harvesting: the fast decay with detector separation.
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Chapter 3

Non-perturbative entanglement
extraction

In this chapter we study, in a non-perturbative setting, the ability of a pair of quantum
systems A and B, which we call the targets, to extract entanglement from a source, S.
Sec. 3.1 will focus on general results that can be applied to any quantum systems A, B and
S. The main result of this section will be an entanglement extraction no-go theorem, which
will provide a general condition on the interactions between the targets and the source
which is necessary for the targets to become entangled. We will then, in Sec. 3.3, study
the consequences of this general result to the setting of entanglement harvesting, where the
targets are qubit detectors and the source is a quantum field.

3.1 Entanglement extraction in a general setting

The general entanglement extraction setup considers two parties, A and B, who would like
to entangle their local quantum systems (the targets) by extracting correlations that are
originally contained in a third quantum system (the source, S). For instance, the source
might be a spatially extended quantum system such as a quantum many-body system or
a quantum field. A and B couple to separate parts of S, the latter being in a state that
contains entanglement between spatially separated degrees of freedom. Examples of such
states include the ground states of interacting lattice theories or the vacuum state of a
quantum field.
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The total Hilbert space of the two targets and the source is the tensor product

H = Ha ⊗Hs ⊗Hb, (3.1)

of the Hilbert space of the source Hs, and of the two targets Ha and Hb. We will assume
that the target Hilbert spaces are finite-dimensional, while we allow Hs to be of any (finite
or infinite) dimension. Additionally, we suppose that initially, before any interactions take
place, the three subsystems start out in a product state

ρ̂0 = ρ̂0,a ⊗ ρ̂0,s ⊗ ρ̂0,b, (3.2)

and the free dynamics of the system are generated by the sum of the three free Hamiltonians

Ĥ0 = Ĥa + Ĥs + Ĥb, (3.3)

where Ĥs is shorthand for 1a ⊗ Ĥs ⊗ 1b, etc.

We suppose that Alice and Bob each only have access to a limited part of the source.
For example, if the source is a relativistic quantum field, Alice and Bob would each only
have access to the field in the region of spacetime which they occupy. Their goal is to swap
entanglement that is present in the state ρ̂0,s between their respective regions of access,
onto their local target systems. To achieve this the two targets A and B locally couple
to the source through time-dependent interaction Hamiltonians Ĥi,a(t) and Ĥi,b(t), such

that the total interaction Hamiltonian is Ĥi(t) := Ĥi,a(t) + Ĥi,b(t). Note that no direct
interaction Hamiltonian between the two targets is allowed, and that we do not assume
any classical communication between the parties.

3.2 Entanglement extraction no-go theorem

Following a specification of the interaction Hamiltonians Ĥi,ν(t), we can, as introduced in

Sec. 1.4 and used extensively in Chapter 2, write down the interaction unitary Û which
evolves the initial state of the system in time. Suppose now that the interaction unitary
Û can be factored as

Û = ÛbsÛas, (3.4)

where Ûbs is a unitary acting on the Hilbert space of B and S, and similarly for Ûas. In
this case, we can state a powerful claim regarding the ability of the targets A and B to
become entangled via their interactions with the source. We start with a definition:
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Definition 1. A unitary Ûxy acting on the Hilbert space Hx ⊗ Hy is said to be simply-
generated if it is the exponential of a Schmidt rank 1 operator, i.e. if

Û = exp
(
−iX̂ ⊗ Ŷ

)
, (3.5)

with X̂ and Ŷ observables on Hx and Hy, respectively.

We can now state the following theorem, which is the central result of this chapter:

Theorem 1. Suppose that the initial state ρ̂0 = ρ̂0,a ⊗ ρ̂0,s ⊗ ρ̂0,b of the tripartite system

A-S-B is evolved according to Û = ÛbsÛas, where Ûbs is a simply-generated unitary. Then,
the evolved state ρ̂ab of the targets is necessarily separable.

To prove this claim, let us begin with a standard definition from the quantum informa-
tion literature.

Definition 2. A quantum channel ξ taking states in Hy to states in Hz is said to be entan-
glement breaking if for any state ρ̂xy on the product space Hx ⊗Hy the state (1⊗ ξ)(ρ̂xy)
in Hx ⊗Hz is separable.

Physically, entanglement breaking channels are characterized by the property that when
they receive only a part of a larger system as input, which may be entangled with other
degrees of freedom, then the output of the channel is always in a separable state with the
rest of the larger system. That is, any entanglement between the input and the environment
is broken and the output is not entangled with the environment [97].

Let us proceed now to write down the time-evolved state ρ̂ab of the targets A and B
following their interactions with the source S. This state is obtained by acting on the initial
state of the system in Eq. (3.2) with the interaction unitary Û in Eq. (3.4), and then tracing
out the source. Because of our assumption that Û can be written as Û = ÛbsÛas, we can
first evolve the system by Ûas to obtain the state ρ̂as⊗ ρ̂0,b, where ρ̂as := Ûas(ρ̂0,a⊗ ρ̂0,s)Û

†
as

is some state of the bipartite system A-S. Note that, in general, the state ρ̂as may contain
entanglement between A and S.

The remaining steps to obtaining the time-evolved state ρ̂ab are to i) evolve the state
ρ̂as ⊗ ρ̂0,b according to the unitary Ûbs, and ii) trace out the source degrees of freedom. It
is useful to combine these two steps in one, and write the final result for ρ̂ab in terms of a
quantum channel ξ. Namely, we can write ρ̂ab as

ρ̂ab = (1a ⊗ ξ) (ρ̂as) , (3.6)
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where the channel ξ, which acts on states ρ̂s in Hs and produces states ρ̂b in Hb, is defined
by

ξ : ρ̂s 7→ ρ̂b = Trs

[
Ûbs

(
ρ̂s ⊗ ρ̂0,b

)
Û †bs

]
. (3.7)

Note that the fixed state ρ̂0,b, which is the initial state of target B, is part of the definition
of the channel ξ. We claim that ρ̂ab in Eq. (3.6) is separable because the channel ξ is
entanglement breaking.

Hence, all that remains in proving the theorem is to show that ξ, as defined by Eq. (3.7),
is an entanglement breaking channel. To see that this is indeed the case, let us first note
that since Ûbs is a simply-generated unitary, by definition it can be written in the form

Ûbs = exp
(
−i m̂⊗ X̂

)
, (3.8)

where m̂ is an observable of the system B, and X̂ is a source system observable. Since we
know that X̂ is self-adjoint, the spectral theorem tells us that it can be diagonalized. In
particular, if X̂ is also a compact (and hence bounded) operator, its spectrum is discrete and
we can write X̂ =

∑
k xk |xk〉〈xk| with xk ∈ R. In this case, we can use this decomposition

to recast Ûbs in the form of a controlled unitary, namely

Ûbs =
∑
k

exp (−ixkm̂)⊗ |xk〉〈xk| , (3.9)

Note that the more general case of a non-bounded X̂ — which is indeed the case if X̂ is
a smeared field operator acting on the Hilbert space of a quantum field — can be treated
in an analogous but more mathematically demanding fashion. This fully general case is
considered in detail in Appendix C, while in this section we will assume that X̂ is discrete
and thus that the expression (3.9) is valid.

Writing Ûbs in the form of Eq. (3.9) allows us to understand the action of Ûbs as acting
with the unitary exp (−ixkm̂) on the target system B, conditional on the source S being
in the state |xk〉. In this sense, it can even be understood as a measurement of observable
X̂ on the source carried out by the target system. Then, from Eq. (3.7), we see that the
output ρ̂b to the channel ξ acting on a state ρ̂s is

ρ̂b =
∑
k

〈xk|ρ̂s|xk〉 exp (−ixkm̂) ρ̂0,b exp (ixkm̂) . (3.10)

As shown in Refs. [97, 98], since the output of the channel ξ is of this form, the channel
ξ itself must be entanglement breaking. Hence, by definition of entanglement breaking
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channel, this proves that the time-evolved density matrix ρ̂ab of the two targets, as given
in Eq. (3.6), is a separable state.

In fact, we see that ρ̂ab is separable by a direct computation, without resorting to the
results of Refs. [97,98]. Namely, substituting Ûbs in the form (3.9) into the expression (3.6)
for ρ̂ab, we obtain

ρ̂ab =
∑
k,k′

Trs
[
|xk〉〈xk|ρ̂as|xk′〉〈xk′ |

]
⊗ e−ixkm̂ρ̂0,be

−ixk′m̂, (3.11)

where we suppress writing the identity operator on system A. Then, using the cyclicity of
the partial trace with respect to the system being traced over, we can cycle the |xk〉 to
appear to the right of the 〈xk′ |, thus producing a Kronecker delta, δk,k′ . Hence the above
expression for ρ̂ab becomes

ρ̂ab =
∑
k

〈xk|ρ̂as|xk〉 ⊗ e−ixkm̂ρ̂0,be
−ixkm̂. (3.12)

We now make the following definitions

pk := Tra
[
〈xk|ρ̂as|xk〉

]
, (3.13)

ρ̂
(k)
a :=

1

pk
〈xk|ρ̂as|xk〉, (3.14)

ρ̂
(k)
b := e−ixkm̂ρ̂0,be

−ixkm̂, (3.15)

so that the state ρ̂ab can be written as

ρ̂ab =
∑
k

pk ρ̂
(k)
a ⊗ ρ̂(k)

b . (3.16)

Furthermore, from their definitions we clearly see that ρ̂a and ρ̂b are density matrices on
the Hilbert spaces Ha and Hb, respectively. Additionally, since ρ̂as is a density matrix
and hence positive definite and self-adjoint, we find that pk must be a non-negative real
number. Lastly,

∑
k pk = Tr(ρ̂as) = 1, and hence we find that ρ̂ab in Eq. (3.16) is manifestly

separable by the definition of separable state given in Eq. (1.1).

3.2.1 Circumventing the no-go theorem

As we have seen in the previous section, if the targets A and B couple to S through a
unitary of the form Û = ÛbsÛas, and Ûbs is a simple-generated unitary, then A and B
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cannot extract entanglement from S. Note that this is true regardless of the form of Ûas;
in particular, it is true if Ûas is also a simple-generated unitary, in which case the coupling
Û of the targets to the source is in a sense the simplest possible coupling.

Having seen that the simplest possible unitary Û (comprised of a product of two simple-
generated unitaries) which couples A and B to S is not sufficient to entangle the two targets,
the natural question to ask is whether it is possible to entangle the targets by combining
more than two simple-generated interactions? In the following we show that it is indeed
possible to get the two targets entangled by coupling one of them once and the second one
twice to the source through simple-generated interactions, under certain conditions.

To that end, let us suppose that target A couples to S twice, according to the simple-
generated unitaries Ûa1 and Ûa2 given by

Ûa1 = exp
(
−im̂a1 ⊗ X̂a1

)
, (3.17)

Ûa2 = exp
(
−im̂a2 ⊗ X̂a2

)
, (3.18)

and that target B couples to S once through the simple-generated unitary Ûb1 defined as

Ûb1 = exp
(
−im̂b1 ⊗ X̂b1

)
. (3.19)

Then it follows from the previous section that if the interaction Ûb1 takes place last the
targets A and B always end up in a separable space. Hence, A and B can only get entangled
if the coupling between B and S, given by the unitary Ûb1 , takes place before at least one
of A’s couplings.

When target B is coupled to the source first followed by the two couplings of A, the
product of the two couplings Ûa1Ûa2 must not yield an entanglement breaking channel from
the field to target A, otherwise A and B would once again end up in a separable state. In
order for this not to occur it is necessary that the two observables X̂a1 and X̂a2 do not
commute.

To see this, suppose instead that [X̂a1 , X̂a2 ] = 0. Then, the two observables X̂a1 and
X̂a2 can be simultaneously diagonalized as

X̂a1 =
∑
k

a
(1)
k

∣∣xa,k〉〈xa,k∣∣ , (3.20)

X̂a2 =
∑
k

a
(2)
k

∣∣xa,k〉〈xa,k∣∣ . (3.21)
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Therefore the product Ûa1Ûa2 of the unitaries governing the interactions between A and S
can be expressed as

Ûa1Ûa2 =
∑
k

exp
(
−ia

(1)
k m̂a1

)
exp
(
−ia

(2)
k m̂a2

)
⊗
∣∣xa,k〉〈xa,k∣∣, (3.22)

which again has the form of a controlled unitary gate (performing a unitary on the target
system conditional on the source system’s state) and, therefore, gives rise to an entangle-
ment breaking channel from the source to target A.

This observation, together with the fact that it is necessary to have [X̂b1 , X̂an ] 6= 0 in
order to obtain [Ûb1 , Ûan ] 6= 0, leads to the conclusion that if more than one of the three
commutators [X̂a1 , X̂a2 ], [X̂b1 , X̂a1 ] and [X̂b1 , X̂a2 ] vanish, then, regardless of the order in
which they interact with the source S, the targets A and B always end up in a separable
state. This is simply because if two of these commutators vanish then it is always possible
to rearrange the product of unitaries Ûb1Ûa1Ûa2 (or Ûa1Ûb1Ûa2) such that it ends with an
entanglement breaking coupling from the system to the corresponding target.

To demonstrate that entangling two targets via three simple-generated interactions is
possible if one satisfies the above described necessary condition, we can construct simple
toy models where both targets as well the source are modelled by single qubits. In this case
we can use the CNOT-gate between two qubits as a simple-generated interaction between
target and source. To explicitly see that the CNOT-gate is simple-generated, note that
the unitary which implements it can be written as

ÛCNOT = exp
[
−iπ

(
2 |−z〉〈−z|+ |+z〉〈+z|

)
⊗
(
2 |+x〉〈+x|+ 3 |−x〉〈−x|

)]
. (3.23)

Here, we will allow either the target or the source to play the role of the control system
in the CNOT. Fig. 3.1 shows examples of circuits that achieve entanglement between the
target qubits through an interaction with a single source qubit. In each of the three cases
a different commutator [Ûb1 , Ûa1 ], [Ûb1 , Ûa2 ], or [Ûa1 , Ûa2 ] vanishes.

Arguably however, the toy models of Fig. 3.1 do not technically represent entangle-
ment extraction from the source, since the very notion of entanglement extraction from a
single qubit onto two qubits does not make sense. Rather, the toy models are showing a
mechanism of entangling the targets through communication via the source.

In fact, the finding above that at most one pair out of X̂b1 , X̂a1 , X̂a2 may commute for
entanglement extraction to be possible, implies that three simple-generated interactions
can only entangle the target systems if they could alternatively be used to implement a
communication channel from A to B or vice versa. This is because if a commutator of the
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|−z〉a •

|−z〉s •
|+x〉b •

|−z〉a •

|+x〉s • •

|−z〉b

|−z〉a
|+x〉s • •
|+x〉b •

Figure 3.1: Qubit toy models for protocols that entangle the target systems A and B using
three CNOT gates with the source S, which are examples of simple-generated interactions.
From the top to the bottom the commutators [Ûb1 , Ûa2 ], [Ûb1 , Ûa1 ] and [Ûa1 , Ûa2 ] vanish
respectively. The first two examples yield the final state 1√

2

(
|+z〉a|+z〉b + |−z〉a|−z〉b

)
|−z〉s

whereas the last one yields 1√
2

(
|+z〉a|+z〉b + |−z〉a|−z〉b

)
|+x〉s.
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form [X̂b1 , X̂a1 ] is non-vanishing, then the corresponding pair of interactions could also be
used to send information from target A to target B [99,100].

There is another observation which suggests that entangling two target systems with
three simple-generated interactions really corresponds to correlating them through com-
munication rather than extracting entanglement from the source. This is the fact that it is
not possible to genuinely extract entanglement from a source consisting of a pair of qubits
with only three simple-generated interactions.

To see this, we assume that the source is given by a pair of qubits in some entangled
state. Let B be the target system that couples only once, and hence only interacts with
one of the source qubits. Then, in order for A and B to have any chance of extracting pre-
existing entanglement from S, the target A needs to use its two interactions to couple to
each of the two source qubits once, since otherwise the pre-existing entanglement between
the source qubits would not be of any significance to the protocol.

Now, operators that act on only one source qubit commute with operators that act
on the other source qubit. This implies that the interaction of B with one source qubit
commutes with the interaction of A with the other source qubit. However, both interactions
of A with the source also commute with each other because they act on different source
qubits. This means that two out of the three possible pairings of observables generating
the interactions, X̂b1 , X̂a1 , X̂a2 , commute. Thus by the argument above the targets end up
in a separable state.

The only possible way to get the two targets to become entangled is to use all three
couplings to interact with only one of the source’s qubits. Clearly, such a protocol does not
access the pre-existing entanglement in the source at all. In fact, entanglement between
the accessed source qubit and the other source qubit impedes, rather than facilitates, the
entanglement of the two target systems.

In summary, it is possible to achieve entanglement between two target systems with
three simple-generated couplings. However, in these scenarios the couplings need to be such
that they could also be used to send information from one of the targets to the other (not
necessarily in both directions). In other words, the source system needs to play the role of
a communication medium which serves to correlate the two targets. Genuine extraction of
pre-existing entanglement from the source system, e.g., by spacelike separated observers,
seems to require at least four simple-generated couplings. A toy model example of this is
shown in Fig. 3.2.
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|Φ+〉

|−z〉b •

Figure 3.2: Qubit toy model demonstrating that four simple-generated interactions (here
CNOT gates) can extract pre-existing entanglement from a source, which is modeled as
a pair of qubits in the maximally entangled state |Φ+〉s = 1√

2

(
|+z〉|+z〉+ |−z〉|−z〉

)
. The

circuits swaps the entanglement onto the targets. The final state of the four qubit system
reads 1√

2

(
|+z〉a|+z〉b + |−z〉a|−z〉b

)
|−z〉|−z〉.

3.3 Applications to entanglement harvesting

A frequently studied physical system to which we will now apply our general results is the
entanglement harvesting setup, studied in detail in Chapter 2, in which two qubits (the
targets) attempt to become entangled by interacting with a quantum field (the source).
This will allow us, in Sec. 3.3.1, to generalize previous no-go entanglement harvesting
results, as well as provide a unified explanation for why they hold. Then in Sec. 3.3.2
we will non-perturbatively explore the simplest coupling scenario between qubits and field
which allows for the qubits to harvest field entanglement. In particular, and in contrast
to perturbative results, we will show that the amount of extracted entanglement decreases
above a certain optimal value for the coupling strength.

As in Chapter 2, we consider a free massless scalar field φ̂(x, t) in (d+ 1)-dimensional
flat spacetime, with mode expansion given by Eq. (1.16), along with two qubit detectors A
and B which interact with the field. We suppose that the initial state of the system starts
out in the separable state

ρ̂ = ρ̂a ⊗ ρ̂φ ⊗ ρ̂b, (3.24)

in the Hilbert space Ha ⊗ Hφ ⊗ Hb. As before, we will assume that the detectors are
at rest at positions xν (in the (x, t) coordinate system in which we performed the field
quantization), and we let Fν(x) be real-valued distributions (with dimensions of L−d)
describing the detectors’ spatial profiles. We allow detector ν to interact with the quantum
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field through the interaction Hamiltonian (in the interaction picture)

Ĥi,ν(t) = λνχν(t)m̂ν(t)⊗
∫

ddxFν(x− xν)φ̂(x, t). (3.25)

Once again λν is a coupling strength (dimension L(d−3)/2), χν(t) is a dimensionless switching
function that describes how the detector is turned on and off, and m̂ν is the monopole
moment of detector ν, given by Eq. (1.27).

The result that follows in Sec. 3.3.1 can straightforwardly be extended to detectors
with arbitrary trajectories, but in this case care must be taken to specify each detector’s
parameters (energy gap, switching function, smearing function) in the detector’s own rest
frame, and then perform appropriate coordinate transformations in order to get the inter-
action Hamiltonian in the lab frame (x, t) [101]. In order to avoid going into these details
and obscuring our main objective, we will consider only stationary detectors.

3.3.1 Null result for entanglement harvesting

Suppose now that the full interaction Hamiltonian Ĥi(t) := Ĥi,a(t) + Ĥi,b(t) between the

detectors and the field, with Ĥi,ν defined in Eq. (3.25), is such that the time-evolution

unitary of the system is of the form Û = ÛbφÛaφ where Ûνφ is a unitary on the Hilbert

space Hν⊗Hφ. Note that this form for Û is achieved, for instance, if detectors A and B are
spacelike separated during the times of their interactions with the field, or, alternatively,
if detector A is finished coupling to the field before detector B couples, i.e. if suppχa(t) ⊆
(−∞, t̃ ] and suppχb(t) ⊆ [t̃,∞) for some t̃ ∈ R. Then, we know from our general no-go
theorem in Sec. 3.2 that Alice and Bob are unable to extract harvest entanglement from
the field if Ûbφ is of the simple-generated form (3.5).

We will now show examples of two classes of Unruh-DeWitt interactions for which
Ûbφ is precisely of the simple-generated form. These two classes of interactions are i) the
case of degenerate detectors [47–49, 52], and ii) the case of detectors that couple to the
field at one instant in time (i.e., through a Dirac-δ switching function) [2]. Importantly,
both i) and ii) are prevalent interactions considered in the literature, due to their physical
significance as well as the fact that they allow for non-perturbative studies of detector-field
interactions [2, 49], something that is difficult to achieve in other regimes.
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Degenerate detector

Recall from Sec. 1.4 that the unitary Ûbφ can be expressed in the Magnus form (1.33) as

Ûbφ = exp

(
∞∑
n=1

Ω̂n

)
, (3.26)

where the lowest order terms read

Ω̂1 = −i

∫ ∞
−∞

dt Ĥi(t), (3.27)

Ω̂2 = −1

2

∫ ∞
−∞

dt

∫ t

−∞
dt′ [Ĥi(t), Ĥi(t

′)], (3.28)

and the higher-order terms Ω̂k with k > 2 all vanish if detector B is degenerate. A nice
feature of this special case is that the unitary Ûbφ can be written in closed-form using only

the terms Ω̂1 and Ω̂2, and can thus allow for a non-perturbative analysis of the interaction
between detector B and the field. Explicitly, Ûbφ is given by

Ûbφ = exp
(
−im̂b ⊗ X̂

)
, (3.29)

where m̂b = m̂b(t) is time independent due to a lack of free evolution by the degenerate
detector B, and the field observable X̂ is defined by

X̂ :=

∫ ∞
−∞

dt λbχb(t)Φ̂(t) +
i

2

∫ ∞
−∞

dt

∫ t

−∞
dt′ λ2

bχb(t)χb(t′)[Φ̂(t), Φ̂(t′)], (3.30)

where Φ̂(t) :=
∫

dnxFb(x− xb)φ̂(x, t) is the smeared field operator. Hence, by writing it

in the Magnus form, we find that the unitary Ûbφ corresponding to a degenerate detector
is manifestly simple-generated.

We therefore arrive at the following conclusion: Suppose that two UDW detectors A and
B interact with the field such that i) they are spacelike separated, or ii) detector A interacts
with the field strictly before detector B. Then, if detector B is degenerate, the detectors
cannot harvest any entanglement from the field. This is a generalization of the perturbative
result found in [52], where it was shown that identical, degenerate detectors that satisfy
the condition i) or ii), cannot harvest entanglement from the field vacuum. Here, just
by investigating the commutator structure of the detector-field interaction Hamiltonian
(i.e. without any lengthy calculations), we have shown that this is indeed true in the
non-perturbative regime, for non-identical detectors, and for any field state.
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Delta-coupled detector

Let us now consider another special case which allows for a non-perturbative analysis of the
detector-field interaction. Namely, let us suppose that the switching function for detector
B (which may now be non-degenerate) is a delta function,

χb(t) = ηbδ(t− tb). (3.31)

Here ηb has dimensions of L and it characterizes the strength of detector B’s coupling to
the field. Since this is the same as the role played by the coupling strength λb, we will
from here on combine the two by redefining λbηb → λb. Hence we are now particularizing
our discussion to interactions where detector B interacts with the field at only one instant
in time, tb, but with an infinite intensity, such that the total energy exchanged between
detector and field is still finite. Such interactions, which we will refer to as δ-couplings,
can be viewed physically as idealized limits of highly intense interactions occurring over
short time intervals (see [2] for a more detailed discussion).

Assuming a switching function of the form (3.31), by substituting the interaction Hamil-
tonian Ĥi,b(t) into the Dyson expansion (1.31), we find that the associated interaction

unitary Û is given by

Ûbφ = exp
(
−im̂b ⊗ X̂

)
, (3.32)

where now m̂b := m̂(tb) and X̂b is defined as

X̂b := λb

∫
dnxFb(x− xb)φ̂(x, tb). (3.33)

Hence, as in the case of a degenerate detector B, a point-in-time coupling also leads to a
simple-generated interaction unitary Ûbs between the detector and the source S.

Applying our general no-go theorem for entanglement extraction, we therefore arrive
at the following conclusion: Suppose that two UDW detectors A and B interact with the
field such that i) they are spacelike separated, or ii) detector A interacts with the field
strictly before detector B. Then, if detector B interacts with the field at only one instant in
time (i.e. through a δ-function, then the detectors cannot harvest any entanglement from
the field. This is a generalization of the result obtained in [2], where it was shown that
detectors that each couple to the field once cannot harvest entanglement from any coherent
state of the field. Here, just by investigating the commutator structure of the detector-field
interaction Hamiltonian (i.e. without any lengthy calculations), we have shown that this is
indeed true for a much more general class of coupling setups, and for any (not necessarily
coherent) state of the field.
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3.3.2 Simplest possible setup for entanglement harvesting

The case of Alice and Bob each δ-coupling once to the field has already been studied in
Ref. [2]. The results of [2] are a particular example of the general result that we discussed
in the previous section: two detectors that each δ-couple to the field once cannot become
entangled with one another. In this section we will show the simplest example where the
detectors can become entangled: Alice (A) coupling twice and Bob (B) once. The three
possible coupling schemes for this to occur are AAB (A first coupling twice, then B once),
ABA, and BAA. From our discussion in Sec. 3.3.1 we know that the first of these schemes
(AAB coupling) is incapable of harvesting entanglement, while the harvesting abilities of
detectors in the remaining two coupling setups (ABA and BAA) are constrained by the
commutator structure of the observables generating the interaction unitaries. We will now
explore these constraints in more detail.

For simplicity, let us work in (3 + 1)-dimensions and suppose the detectors and field
are each in their free ground states, so that the initial state of the system, |ψ0〉, reads

|ψ0〉 = |ga〉 ⊗ |gb〉 ⊗ |0〉 ∈ Ha ⊗Hb ⊗Hφ. (3.34)

Furthermore we suppose the detectors are stationary in the inertial frame in which we
performed the field quantization, and that their centers of mass are located at xa = xb = 0.
We allow the detectors and field to interact according to the Hamiltonian

Ĥi(t) = Ĥ
(1)
i,a (t) + Ĥ

(2)
i,a (t) + Ĥ

(1)
i,b (t), (3.35)

where the Ĥ
(i)
i,ν (t) is defined as

Ĥ
(i)
i,ν (t) = λνδ(t− tνi)m̂ν(t)⊗

∫
d3xFν(x)φ̂(x, t). (3.36)

We will take λa = λb/2 = λ so that detector A (which couples twice to the field) and detec-
tor B (which couples once) interact with the field with the same overall “total strength”.
The time-evolution unitary Û generated by the interaction Hamiltonian (3.35) is given by

Û =


Ûb1Ûa2Ûa1 if ta1 ≤ ta2 ≤ tb1 ,

Ûa2Ûb1Ûa1 if ta1 ≤ tb1 ≤ ta2 ,

Ûa2Ûa1Ûb1 if tb1 ≤ ta1 ≤ ta2 ,

(3.37)

where Ûνi is the unitary generated by Ĥ
(i)
i,ν (t).
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We will set the detector smearing function Fν(x) to be

Fν(x) =
3

4πσ3
Θ

(
1− |x|

σ

)
, (3.38)

where Θ is the Heaviside theta function, σ is the spatial width of the detector, and the
prefactor 3/4π is chosen so that

∫
d3xF (x) = 1. Notice that the support of Fν is the

sphere of radius σ centered at x = 0. Hence if detectors A and B interact with the
field through unitaries Ûa and Ûb at times ta and tb, then the detectors are fully timelike
separated during their interactions if and only if |ta − tb| > 2σ. Note also that in (3+1)D
flat spacetime [φ̂(x), φ̂(x′)] 6= 0 if and only if x and x′ are null separated. Therefore for our
choice of detector smearing, if |ta − tb| > 2σ then Ûa and Ûb necessarily commute, and by
the results of the previous section they cannot harvest entanglement. We will now show
to what extent the detectors can get entangled when they are able to signal to each other
(i.e. when they are not completely timelike nor spacelike separated).

The time-evolved state of the two detectors after their interactions with the field, de-
noted ρ̂ab, is obtained by applying the unitary Û in Eq. (3.37) to the initial state |ψ0〉 in
Eq. (3.34) and tracing out the field, i.e.

ρ̂ab = Trφ

(
Û |ψ0〉〈ψ0|Û †

)
. (3.39)

Evaluating this expression is straightforward but rather tedious, and so we relegate the
calculation to Appendix D. We find that, in the basis {|ga〉|gb〉, |ga〉|eb〉, |ea〉|gb〉, |ea〉|eb〉},
the density matrix ρ̂ab reads

ρ̂ab =


ρ11 0 0 ρ14

0 ρ22 ρ23 0
0 ρ32 ρ33 0
ρ41 0 0 ρ44

 , (3.40)

where the entries ρij are dependent on the choice of unitary in Eq. (3.37), and are given
in Appendix D.

As in Chapter 2, we will quantify the entanglement of ρ̂ab using the negativity N ,
which is an entanglement monotone that vanishes only for separable states [83,84]. Recall
that the negativity is defined as N := −

∑
i min(Ei, 0), where Ei are the eigenvalues of the

partial transpose of ρ̂ab (with respect to either system A or B). From Eq. (3.40), we find

62



the Ei to be

E1 =
1

2

(
ρ22 + ρ33 +

√
(ρ22 − ρ33)2 + 4|ρ23|2

)
, (3.41)

E2 =
1

2

(
ρ22 + ρ33 −

√
(ρ22 − ρ33)2 + 4|ρ23|2

)
, (3.42)

E3 =
1

2

(
ρ11 + ρ44 +

√
(ρ11 − ρ44)2 + 4|ρ14|2

)
, (3.43)

E4 =
1

2

(
ρ11 + ρ44 −

√
(ρ11 − ρ44)2 + 4|ρ14|2

)
. (3.44)

The eigenvalues Ei of the partial transpose of ρ̂ab, and hence the negativity N , are
functions of the following parameters: the times ta1 , ta2 , and tb1 at which the detectors
couple to the field, the strength λ with which the detectors couple to the field, as well as
the energy gaps Ωa and Ωb of the detectors. We investigate each of these dependencies
below. For simplicity we will set the units of length to be σ, which is half the spatial width
of a detector. Hence the units of energy and λ (in 3+1 dimensions) are σ−1.

First suppose that ta1 ≤ ta2 ≤ tb1 . With these constraints, we are not able to find any
parameter values which give a non-zero negativity. This is, of course, expected from our
result in Sec. 3.3.1: the single coupling between detector B and the field is entanglement
breaking, and hence if B couples last, regardless of the way A couples the final state of A
and B will be separable.

What happens if we constrain the coupling times by tb1 ≤ ta1 ≤ ta2? In this case, we do
find parameter values for which the negativity is non-vanishing, as is shown in Fig. 3.3. In
this plot we see that the negativity is a periodic function of the energy gap Ωa of detector
A, with period Ω0 = 2π/(ta2 − ta1). This is due to the fact that detector A evolves freely
for a time interval ta2 − ta1 between its two couplings with the field. Adding a multiple of
Ω0 to the detector’s free frequency Ωa will not alter the phase it picks up during its free
evolution.

Notice also from Fig. 3.3 that if the phase difference Ωa(ta2 − ta1) is a multiple of 2π
(i.e. Ωa ∈ 4πZ for the solid curve, and Ωa ∈ 2πZ for the dashed curve), then the detectors
cannot harvest entanglement. This comes about because such a phase difference ensures
that Alice’s two couplings to the field are through the same detector observable, and hence
they result in a unitary that is the exponential of a Schmidt rank 1 operator, which, as we
have shown, results in an entanglement breaking channel. Reassuringly, we also find the
negativity to be independent of Ωb. This is as expected: since detector B interacts with
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Figure 3.3: Negativity N of a two qubit system as a function of the energy gap Ωa of qubit
A. Here the coupling scheme is BAA, tb1 = 0, ta1 = 0.5, λ = 0.1, and recall that σ is the
spatial width of the detectors. The plot is the same for all values of Ωb since detector B
only couples once. We plot the results for two values of ta2 . Notice that N is periodic in
Ωa with period 2π/(ta2 − ta1).

the field at only one instant in time, any observable phenomenon (like the negativity) is
independent of its free evolution, and thus its frequency Ωb.

These findings allow us to strongly weigh in on the discussion presented in Ref. [2],
where the authors found that two detectors that each δ-couple to the field cannot extract
any entanglement. Two possible physical explanations were suggested: i) that the sudden
δ-couplings induced too much local noise, which is known to have adverse effects on the
amount of harvestable entanglement [23,26], or ii) that the lack of harvestable entanglement
was a result of each detector not experiencing any non-trivial free dynamics, due to the fact
that it only couples to the field at one instant in time. The second explanation is nicely
complemented by the perturbative result that degenerate detectors, which also experience a
lack of free dynamics, cannot harvest entanglement from the vacuum at leading order [52].
We now see that this intuition in ii) seems to be correct. Namely, we have shown that it
is indeed possible to harvest entanglement by δ-coupling to the field (therefore the noisy
nature of δ-couplings cannot be a critical constraint), but it is necessary for at least one of
the detectors to couple more than once to the field (and hence experience non-trivial free
evolution).

Let us now explore the dependence of the negativity on the coupling strength λ of the
detectors to the field. In Fig. 3.4, we notice that in the weak-coupling regime λ � 1 (in
units of σ−1), N scales as λ2. This is a familiar result from perturbative studies [26, 43],
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Figure 3.4: Square root of negativityN as a function of the strength λ with which detectors
couple to the field. Here the coupling scheme is BAA, tb1 = 0, ta1 = 0.5, ta2 = 1, Ωa = 3,
and recall that σ is the spatial width of the detectors. The plot is the same for all values
of Ωb since detector B only couples once. As expected, N ∼ λ2 for λ � 1. Interestingly
the dependence is drastically different in the non-perturbative (λ & 1) regime.

where it has been shown that the leading order contribution to N is of O(λ2). Notice
however, that this trend does not continue into the non-perturbative (λ & 1) regime. In
fact, remarkably, N reaches a maximum and then rapidly drops to zero at a finite value of
λ, remaining zero thereafter. That is, in the strong coupling regime, increasing the coupling
strength seems to be detrimental to entanglement harvesting, at least for delta-couplings.
It is possible that this phenomenon is due to the “noisy” nature of δ-couplings becoming
significant in this regime, but more work needs to be done to confirm this.

To conclude this section, let us consider how the times at which the detectors couple
to the field affect whether they can become entangled. Concretely, let us again consider
the BAA coupling scheme, where we set tb1 = 0. From Fig. 3.5, we see that there is only
a finite region in the ta1 − ta2 plane in which the detectors, by appropriately tuning the
energy gap Ωa, could become entangled. This can be contrasted with the result in [26],
where it was shown that (spacelike separated) detectors with Gaussian switching profiles
can always harvest entanglement by increasing their energy gaps, regardless of separation
distance.

Our result for δ-coupled detectors can be understood by our result in Sec. 3.2.1: in
order for two detectors δ-coupling to the field three times in total to become entangled,
the values of ta1 and ta2 (with tb1 fixed) must be such that at least two of the three unitary
commutators [Ûb1 , Ûa1 ], [Ûb1 , Ûa2 ], and [Ûa1 , Ûa2 ] are non-vanishing. (Recall that in 3+1D
flat spacetime, unitaries Ûa and Ûb at times ta and tb commute iff the detectors at these
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Figure 3.5: The shaded region indicates values of ta1 and ta2 for which detectors A and B
can become entangled (N > 0) with an appropriate choice of Ωa. Note that in the entire
shaded region [Ûb1 , Ûa1 ] and [Ûa1 , Ûa2 ] are non-zero, while the inset shows that N > 0 is
possible even if [Ûb1 , Ûa2 ] = 0, i.e., if ta2 > 2. The point at (ta1 , ta2) = (0.2, 1.9) shows that
N could be zero even if none of the three commutators vanish. Here the coupling scheme
is BAA, tb1 = 0, λ � 1 such that N ∼ λ2, and Ωa is arbitrary. The dashed line in the
main plot shows ta1 = ta2 .

times are not in null contact.) Indeed, the shaded region in Fig. 3.5 corresponds to values
of ta1 and ta2 that satisfy this property. We notice however that this commutator condition
on entanglement extraction is necessary but not sufficient: there exist values of ta1 and
ta2 (for example ta1 = 0.2, ta2 = 1.9) for which at least two unitary commutators are
non-vanishing, yet for which entanglement harvesting is not possible.

3.4 Conclusions

In this chapter we have investigated the reasons why, in the analysis of entanglement
harvesting from quantum fields, there were known regimes where entanglement harvesting
was not possible. Prompted by these no-go results, we have studied the more general
problem of entangling a bipartite separable system through bi-local interactions with a
bipartite entangled source.

Concretely, we have considered the general setup of a separable target system A-B
interacting locally with an entangled source S. Assuming knowledge of the Hamiltonian
governing the time evolution of the system, we addressed the pertinent question: under
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what conditions does the target system A-B become entangled following the interaction?

For a general class of interaction Hamiltonians Ĥi(t) that are frequently considered in
the literature, we found a necessary condition that Ĥi(t) must obey in order for A and B
to be able to extract entanglement from the source. Namely, we showed that if the time-
evolution unitary Û generated by Ĥi(t) is of the form Û = ÛbsÛas (i.e target A interacts
with the source before target B), and Ûbs is the exponential of a Schmidt rank 1 operator,
then A and B cannot become entangled via their interactions with the source.

With this result we have generalized all previously known no-go theorems for entan-
glement harvesting [2, 52]. The significance of this result arises from the fact that Hamil-
tonians satisfying the above conditions are commonly used in non-perturbative studies of
first quantized systems interacting with quantum fields [2, 49]. Hence the criterion stated
above can be used to prove non-perturbative results for these systems.

For instance, our general result generalizes one of the main results of Ref. [52]. There
it was shown that, to leading order in perturbation theory, identical and degenerate UDW
detectors with non-overlapping switching functions cannot harvest any entanglement from
the field vacuum in a flat spacetime of any dimensionality. In Ref. [52] it is also shown that
for degenerate detectors with overlapping switchings, and spherically symmetric smearings,
entanglement harvesting is only possible in timelike separation. Our result extends this
claim to the non-perturbative regime, for not necessarily identical detectors of any shape,
and for any arbitrary field state.

Similarly, we were able to generalize the main result from Ref. [2], where it was shown
that two UDW detectors (not necessarily degenerate), each interacting with the quantum
field through a single Dirac-δ switching function, cannot harvest any entanglement from a
coherent field state. Namely, using our general no-go theorem for entanglement extraction
we found that this is the case for any arbitrary field state.

It should be stressed that there is an important advantage to the method we used
here to achieve these generalizations of previous entanglement harvesting results. Namely,
the conclusions followed from a direct inspection of the system’s Hamiltonian without the
need to first explicitly evaluate the final state of the detectors, which, as can be seen in
Appendix D, is often a very tedious task.

Finally, having seen that two δ-couplings are not enough to entangle a pair of UDW
detectors, we showed the simplest example of a coupling scheme in which the detectors do
become entangled through δ-interactions. For detectors that are able to communicate, i.e.
are non-spacelike separated, three δ-couplings are sufficient (two for detector A, one for
detector B), while for spacelike separated detectors four δ-couplings are required (two per
detector).
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For the case of three couplings, because our analysis was non-perturbative, we could
answer the question, “What happens to entanglement harvesting in the strong coupling
regime?”. We found, first of all, that when the coupling strength λ between the detectors
and the field is small (compared to other scales with the same dimensions), then the amount
of entanglement harvested by the detectors grows as λ2. This was expected from previous
perturbative studies [26]. However, as λ exits the perturbative regime this trend reverses
itself: the extracted entanglement begins to decrease, and for λ larger than some finite
critical value the detectors are not able to extract any entanglement from the field at all.
We conjecture that this is due to the “noisy” nature of the sharp and intense δ-couplings,
which may manifest itself only in the non-perturbative, strong coupling regime.

The results of this chapter give rise to new questions in the context of entanglement
extraction, in general, and entanglement harvesting from quantum fields, in particular. For
instance, our results reveal that it may be necessary to distinguish between the genuine
extraction of pre-existing entanglement from a source, and the generation of entanglement
between the targets through communication-assisted correlation via the source. This was
illustrated by the qubit toy models which demonstrated how two target systems can become
entangled by three simple generated interaction unitaries. There, pre-existing entanglement
in the source system was not required, and would in fact be a hindrance to achieving
entanglement between the targets. Furthermore we showed that, in full generality, when
no communication between A and B is possible, i.e., when their couplings to the source
commute with each other, then at least two simple generated interactions per target are
necessary to achieve genuine entanglement extraction from the source.

It is particularly interesting to apply these considerations to entanglement harvesting
from relativistic fields, where the ability to communicate between the targets is determined
by their separation being spacelike, null or timelike. Here, our earlier discussion implies
that δ-coupled detectors that are spacelike separated need at least four interactions to
extract entanglement from the field. Protocols that only use three δ-couplings in total,
meanwhile, can only succeed in extracting entanglement if the detectors are located such
that they can communicate via the field. All these factors together suggest that the triple
δ-coupling protocols, while entangling the targets through detector-field coupling, may not
be an example of genuine harvesting of entanglement from the field. Instead, one would
need to use at least four δ-coupling to truly harvest pre-existing entanglement from the
field’s degrees of freedom onto the target detectors.

As a final remark, another direction in which these results could be extended is to
investigate how close to a simple generated interaction a target-source interaction can be
in order for it to allow for entanglement extraction. It is likely that there is a larger
class of interactions, containing the simple generated interactions, for which entanglement
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extraction still is not possible. A concept that may be useful to achieve this generalization is
the class of entanglement-annihilating channels [102–104].1 In particular, the entanglement
breaking channels that we considered in this article are a strict subset of the 2-locally
entanglement-annihilating channels [102]. However, bipartite (or more generally k-partite)
entanglement extraction is impossible already if the source-target interaction yields a 2-
locally (or generally k-locally) entanglement-annihilating quantum channel from the initial
state of the source to the final individual partial states of the targets.

1As defined in [102], a channel χ mapping states onHa⊗Hb to states onHa⊗Hb is called entanglement-
annihilating if χ(ρ̂ab) is separable on Ha ⊗Hb for any input state ρ̂ab. Note the subtle difference between
entanglement-annihilating and entanglement breaking channels, the latter being defined in Definition 2.
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Chapter 4

Quantum information transmission
through quantum fields

While Chapters 2 and 3 studied the ability of a pair of UDW detectors to extract correla-
tions from a quantum field, in the present chapter we study the ability of a pair of UDW
detectors to communicate through a quantum field. As reviewed in Sec. 1.2, there has been
significant work done on the classical communication ability of two UDW detectors. To
complement this existing literature, we will here instead focus on purely quantum commu-
nication, which, besides the notable work done in Ref. [73], has to our knowledge not been
previously studied from a fundamental light-matter interaction perspective. Furthermore,
while Ref. [73] focused on the ability of a UDW detector pair to transmit quantum infor-
mation in (1 + 1)-dimensions — which is the simplest possible case owing to the fact that
with one spatial dimension there are only two directions in which quantum information
can propagate — we will here generalize these results to an arbitrary number of spatial
dimensions.

In particular, our results in this chapter will be presented in a very constructive manner.
We will begin by constructing what is, in a certain sense that will be made clear later, the
“simplest possible” perfect quantum channel from an observer Alice to an observer Bob in
(d+1)-dimensional flat spacetime, which the observers themselves can physically implement
by coupling their detectors to local field observables. In performing this construction we
will naturally be led to answering the following pertinent question: if Alice couples locally
to the field at time ta and Bob couples to the field at time tb > ta, where in space does Bob
need to be located in order to fully recover the quantum information that Alice encoded
in the field?
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We will find that the answer to this question has both interesting similarities as well as
differences with the case of classical information transmission.

On the one hand we will find that, as is well-known for classical information, quantum
information can also travel slower than light through a massless field in certain spacetimes,
thus illustrating the consequences of strong Huygens principle violations [60].

On the other hand however, we will find that while sending classical information is
relatively straightforward from the perspective of the observers Alice and Bob — in the
sense that Bob can be located anywhere on Alice’s light cone (or even inside the light cone
in strong Huygens violating spacetimes) and still recover her message — we will find that
the same is not true when we consider quantum information transmission. Namely, we
will find in this latter case that in order for Bob to optimally recover Alice’s message at
a time tb, he needs to be spatially delocalized everywhere in space where Alice’s message
has propagated to at this time. In particular, if Alice broadcasts her message isotropically
via a massless field, then Bob needs to be smeared to cover the entirety of Alice’s future
light cone, as well as the interior of the light cone in strong Huygens violating spacetimes,
in order to recover her quantum message. This analysis will therefore highlight, from a
novel fundamental perspective, the important particular challenges that must be overcome
in order to transmit quantum information through a quantum field.

4.1 Setup

As we have done throughout this thesis, we will in this chapter continue to model Alice and
Bob’s detectors as two-level quantum systems, which couple to the quantum field through
interaction Hamiltonians of the familiar form (1.26), namely

Ĥi,ν(t) = λχ(t)m̂(t)⊗ Φ̂(t), (4.1)

where ν ∈ {A,B} labels which detector we are considering. As always, λ is a coupling
strength, χ(t) is an explicitly time-dependent switching function, and m̂(t) and Φ̂(t) are
qubit and field observables which contain an implicit time dependence coming from the
fact that we are working in the interaction picture. In particular, in order to ensure that
the coupling between the observer ν and the field is physical, we must ensure that the
field observable Φ̂(t) entering the interaction Hamiltonian is an observable that is local
in spacetime to the region where the observer is located. To that end, for an observer
coupling to the field at time t, we will allow the field observables Φ̂(t) to be of the general
form

Φ̂(t) = φ̂[F1](t) + π̂[F2](t), (4.2)
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Input: ρ̂a,0
Ûa|0〉

Ûb
ρ̂b,0 Output

Figure 4.1: Quantum channel Ξ from Alice to Bob via a quantum field which starts in its
ground state.

where for any local field operator Ô(x, t) we defined the smeared operator Ô[F ](t) as

Ô[F ](t) :=

∫
ddxF (x)Ô(x, t). (4.3)

In order for Φ̂(t) in Eq. (4.2) to indeed be a local observable for the observer in question,
the smearing functions F1 and F2 need to have support in the region of space at time t
where the observer is located. Note however that we do not require the observer to couple
with the exact same smearing to the φ̂ and π̂ fields; from a physical perspective of the
full light-matter interaction this is analogous to an extended observer coupling his spatial
profile differently to the electric and magnetic fields, a feat which is certainly possible.

Having motivated the physically reasonable interactions which we will allow between
the observers Alice and Bob and the quantum field, let us now concretely formulate the
main question that will guide us throughout this chapter.

First, let us suppose that the field starts in its vacuum state |0〉 and that qubit B is
initially in some predefined state ρ̂b,0. We define a quantum channel Ξ from Alice to Bob
as a map which takes as input a state ρ̂a,0 on Alice’s Hilbert space Ha and outputs a state
Ξ[ρ̂a,0] on Bob’s Hilbert space Hb. Concretely, we write this channel as

Ξ[ρ̂a,0] := Traφ

[
ÛbÛa

(
ρ̂a,0|0〉〈0|ρ̂b,0

)
Û †aÛ

†
b

]
, (4.4)

where Ûν is a unitary between qubit ν and the field. Note that we are requiring qubit A
to interact with the field prior to qubit B. A circuit diagram of the channel Ξ is shown in
Fig. 4.1

The problem which we are interested in can now be formulated as follows: Suppose
that qubit A has access to the field in some region of spacetime centered at (xa, ta) and
that qubit B couples to the field at some later time tb > ta. We ask:
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1. Can we construct local unitaries Ûa and Ûb such that the channel Ξ is able to transmit
quantum information from A to B?

2. Is it possible for Ξ to transmit quantum information perfectly? If so, where in space
does qubit B have to be located?

Answering these two questions is the main aim of this chapter. However, before we can
proceed with this, we must clarify what is meant by a channel being able to transmit
quantum information, both perfectly and imperfectly. This is done in the following section.

4.1.1 Quantum channel capacity and coherent information

Suppose that we have a channel Ξ mapping the states of some Hilbert space Ha to the
states of Hilbert space Hb. We will later focus on the channel Ξ described in the previous
subsection, but here we keep Ξ completely general. The ability of Ξ to transmit quantum
information is quantified by its quantum channel capacity, denoted Q(Ξ) which, analogous
to its classical counterpart, is defined as the number of qubits that can be transmitted
from sender A to receiver B per use of the channel (see, e.g., Ref [105] for a review of the
quantum channel capacity).

An important result in quantum information theory states that the quantum channel
capacity Q(Ξ) of a quantum channel Ξ is bounded from below by the maximal coherent
information of the channel, denoted Imax(Ξ) [106,107]. Namely

Q(Ξ) ≥ Imax(Ξ) := max
ρ̂a,0

Ic(ρ̂a,0,Ξ), (4.5)

where Ic(ρ̂a,0,Ξ) is the coherent information of the channel Ξ and an input state ρ̂a,0.

There are a few equivalent ways to define the coherent information Ic(ρ̂a,0,Ξ). We
define it as follows: Let ρ̂a,0 be a state on the input Hilbert space Ha. Then it is always
possible to define a “purifying” Hilbert space Hc and a pure state |ψ〉 on the product space
Hc⊗Ha such that ρ̂a,0 = Trc |ψ〉〈ψ|. In other words, any generally mixed state ρ̂a,0 can be
thought of as a pure state of a larger system, where our lack of knowledge of the subsystem
C results in the mixed nature of the partial state of A.

Next, we define the state ρ̂cb to be the output of state |ψ〉 when we do nothing to
subsystem C and act with channel Ξ on subsystem A. Namely

ρ̂cb := (1c ⊗ Ξ) (|ψ〉〈ψ|), (4.6)
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where 1c is the identity operator on Hc. Finally, the coherent information Ic(ρ̂a,0,Ξ) is
defined as [105]

Ic(ρ̂a,0,Ξ) := S(ρ̂b)− S(ρ̂cb), (4.7)

where ρ̂b := Ξ(ρ̂a,0) is the output of the channel Ξ and S(ρ̂) := −Tr ρ̂ log2 ρ̂ is the von
Neumann entropy of the state ρ̂.

Although this definition of the coherent information is somewhat involved, it offers a
very intuitive physical interpretation of its meaning. To see this, first note that before
we put it through the channel Ξ, the system A was initially only entangled with the
purifying system C. The coherent information Ic(ρ̂a,0,Ξ) then quantifies how much of that
entanglement between A and C is transferred to B and C. We can see this directly from
Eq. (4.7): the first term S(ρ̂b), being the entropy of system B, quantifies how entangled B
is with the rest of the universe (i.e. with C as well as any additional “channel environment”
implicit in the definition of the channel Ξ), while the second term, S(ρ̂cb), is a measure
of the entanglement of B and C with the channel environment. Hence the difference
Ic(ρ̂a,0,Ξ) = S(ρ̂b)− S(ρ̂cb), analogous to the classical mutual information, quantifies the
amount of correlations (in this case in the form of entanglement) between B and C. In
particular, as we prove in Appendix E, Ic(ρ̂a,0,Ξ) > 0 only if ρ̂cb is an entangled state on
Hc ⊗Hb.

While the coherent information for a given channel Ξ is relatively easy to compute by
means of Eq. (4.7), the same cannot be said for the quantum channel capacity Q(Ξ). In
particular it is possible to express the quantum channel capacity in terms of the maximal
coherent information as [105]

Q(Ξ) = lim
n→∞

1

n
Imax(Ξ⊗n). (4.8)

While this formula gives the intuitive interpretation of the quantum capacity as being the
maximal coherent information of many copies of the channel being allowed to work in
parallel, it is generally not possible to evaluate this expression to obtain a value for Q(Ξ).
For this reason, in what follows we will quantify the ability of our quantum field mediated
channel Ξ to transmit quantum information from Alice to Bob by computing its coherent
information. Although this is only a lower bound on the full channel capacity Q(Ξ), we will
show that we can construct the channel Ξ so that it has a coherent information arbitrarily
close to 1 with respect to the maximally mixed input state ρ̂a,0 = 1

2
1a. Since our channel

takes as input a single qubit state, we also know that Q(Ξ) ≤ 1, i.e. the number of qubits
that can be sent per use of the channel cannot be larger than 1. Hence we will show how to
construct a channel transmitting qubits through a quantum field with a quantum channel
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capacity that is arbitrarily close to its maximal value; i.e. we will construct a perfect
quantum channel.

4.2 Constructing a perfect quantum channel

Let us now proceed to construct a quantum channel Ξ of the form in Eq. (4.4), which
allows a sender Alice to transmit a qubit of information through a quantum field to some
future receiver Bob. To that end, let us suppose that Alice is located in a region of space
characterized by the smearing function Fa(x), and that she wishes to encode her message
into the field around some time ta. Then we would like to answer the following questions:
where in space should Bob be located at time tb > ta, and what should the unitaries Ûa

and Ûb be, in order for Bob to recover the entirety of Alice’s message?

Before we proceed to answering these questions, let us remind ourselves that our ul-
timate goal is not to simply construct a perfect quantum channel between two spacetime
observers — indeed high capacity free space channels have already been realized exper-
imentally over distances as large as 1000+ km, typically in the context of establishing
entangled pairs between distant receivers for the purposes of implementing quantum key
distribution protocols [8, 67–72]. Rather our goal is to understand, from a fundamental
relativistic quantum information perspective, exactly how quantum information is encoded
into, propagated through, and decoded out of, a quantum field. To that end, let us attempt
to construct the channel Ξ to be as simple as possible, so that we may try to understand
its essential features without being distracted by the unessential ones.

With this additional requirement of simplicity for our channel Ξ, let us attempt to
generate the time-evolution unitaries Ûa and Ûb defining the channel out of the simplest
possible type of interaction Hamiltonians: those which couple the qubits A and B to
the field only at discrete instants of time. Conveniently, as discussed in Sec. 1.4, by
constructing our channel out of these simple couplings, we have the additional advantage
that our analysis will be fully non-perturbative.

In fact, the ability to study our problem non-perturbatively is not merely a nice conve-
nience that arises out of using simple-generated interaction unitaries. More crucially, as we
will now prove, if we want the quantum channel Ξ from Alice to Bob to be a perfect quan-
tum channel (i.e. to have a maximum possible quantum channel capacity Q(Ξ) = 1), then
it is necessary that the channel is constructed out of non-perturbative couplings between
Alice and Bob’s qubits and the field.

The proof of this claim is rather trivial. Let us suppose that the coupling between
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qubits and field is quantified by some coupling strength λ, and let us consider the quantum
channel capacity Q(Ξ) as a power series in λ. Clearly if λ = 0, the qubits A and B do not
couple to the field, and hence we would have Q(Ξ) = 0. Hence we can write

Q(Ξ) = 0 +O(λ), (4.9)

and thus we see that if the coupling λ is weak — i.e. λ� 1 in units set by the other scales
in the problem — then Q(Ξ) would, at best, only differ by a small amount (i.e. an amount
much less than one) from zero. Hence if we want to have Q(Ξ) ≈ 1, we must consider
couplings λ in the non-perturbative regime.

4.2.1 Simple-generated couplings

The simplest possible unitaries Ûa and Ûb coupling the qubits A and B to the field are of
the form

Ûν = exp
(

iλνm̂ν ⊗ Φ̂ν

)
, (4.10)

where ν ∈ {A,B} and we abbreviate m̂ν := m̂(tν) for the qubit observables and Φ̂ν := Φ̂(tν)
for the field observables. As in Chapter 3, we will call unitaries of this form “simple-
generated” or “rank-1 unitaries” because they are the exponential of a simple rank-1
tensor product of qubit-field observables. We claim that if either Ûa or Ûb are of the
simple-generated form, then the channel Ξ in Eq. (4.4) is not able to transmit quantum
information.

To prove this claim, let us first decompose the channel Ξ from A to B in Eq. (4.4) to
read Ξ = Ξb ◦ Ξa, where Ξa is a channel from A to the field defined by

Ξa(ρ̂a) := Tra

[
Ûa

(
ρ̂a ⊗ |0〉〈0|

)
Û †a

]
, (4.11)

while Ξb is a channel from the field to B defined by

Ξb(ρ̂φ) := Trφ

[
Ûb

(
ρ̂φ ⊗ ρ̂b,0

)
Û †b

]
. (4.12)

Next, we recall the important result that we proved in Chapter 3, which states that unitaries
of the simple-generated form necessarily give rise to entanglement breaking channels.1 Thus
we find that if Ûν is simply-generated, then Ξν is an entanglement breaking channel.

1Recall that a channel σ from states on Ha to states on Hb is said to be entanglement breaking if for
any state ρ̂ac on Ha ⊗Hc the state (σ ⊗ 1c)(ρ̂ac) on Hb ⊗Hc is separable.
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However, we previously noted that the coherent information in Eq. (4.7) is greater than
zero only if entanglement can be transferred through the channel. Hence we find that if
either Ûa or Ûb are of the simple-generated form then the maximal coherent information
Ic(Ξ) of the channel Ξ is zero.

Notice however, that this does not yet prove that the quantum capacity Q(Ξ) of the
channel Ξ is itself zero, since Ic(Ξ) is only a lower bound on Q(Ξ). Let us now show that
it is indeed the case that Q(Ξ) = 0 if either Ûa or Ûb are simply-generated unitaries.

The proof of this stronger claim starts with the expression Eq. (4.8) for the quantum
channel capacity of Ξ in terms of the maximal coherent information of Ξ⊗n for large n.
Using the fact that Ξ⊗n = Ξ⊗nb ◦ Ξ⊗na we note that if either of the Ξ⊗nν are entanglement
breaking then Ξ⊗n will have a maximal coherent information of zero (as discussed above),
and hence Q(Ξ) = 0. To that end, let us start by proving that Ξ⊗na is entanglement
breaking.

To prove that Ξ⊗na is entanglement breaking, we need to show that for any Hilbert
space Hc, the state (1c ⊗ Ξ⊗na )(ρ̂c,an) is separable on the product space Hc ⊗ H⊗nφ . We
thus compute

(1c ⊗ Ξ⊗na )(ρ̂c,an) = Tran
[
Ûa1 . . . Ûan

(
ρ̂c,an ⊗

(
|0〉〈0|

)⊗n)
Û †an . . . Û

†
a1

]
. (4.13)

To proceed we note by the spectral theorem that we can express any qubit observable m̂a

as
m̂a =

∑
s∈{±}

sP̂s, (4.14)

where P̂± := |±z〉〈±z| are projectors onto the ± eigenstates of σz. With this decomposition
of m̂a, we can write Ûa from Eq. (4.10) as

Ûa =
∑
s∈{±}

P̂s ⊗ Ûs, (4.15)

where Ûs := exp(isλΦ̂a). Note that, when written in this way, it is manifest that a
simple-generated unitary Ûa can be viewed a controlled unitary, where the state |sz〉 of the
qubit controls the unitary operation Ûs performed on the field.2 Inserting Eq. (4.15) into

2This can be contrasted to what was done in Chapter 3, where we applied the spectral theorem to the
field observable, thus viewing the unitary to be a controlled unitary from the field to the qubit, rather
than vice-versa.
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Eq. (4.13) we obtain

(1c ⊗ Ξ⊗na )(ρ̂c,an) =
∑
si,s′i

Tran
[
P̂s1 . . . P̂sn

(
ρ̂c,anÛs1|0〉〈0|Û

†
s′1
. . . Ûsn|0〉〈0|Û

†
s′n

)
P̂s′n . . . P̂s′1

]
,

(4.16)

where the sub-index i runs from 1 to n. Using the cyclicity of the partial trace with respect
to the system being traced over, and the fact that P̂siP̂s′i = P̂siδsis′i since P̂si are projectors,
Eq. (4.16) simplifies to

(1c ⊗ Ξ⊗na )(ρ̂c,an) =
∑
si

Tran
[
P̂s1 . . . P̂sn

(
ρ̂c,anÛs1|0〉〈0|Û †s1 . . . Ûsn|0〉〈0|Û

†
sn

)]
. (4.17)

Finally, defining

p(s1, . . . , sn) := Tr
[
P̂s1 . . . P̂sn ρ̂c,an

]
, (4.18)

ρ̂c(s1, . . . , sn) :=
1

psi
Tran

[
P̂s1 . . . P̂sn ρ̂c,an

]
, (4.19)

ρ̂φn(s1, . . . , sn) := Ûs1 |0〉〈0|Û †s1 . . . Ûsn|0〉〈0|Û
†
sn , (4.20)

where ρ̂c(s1, . . . , sn) is a density matrix on Hc, ρ̂φn(s1, . . . , sn) is a density matrix on H⊗nφ ,
and p(s1, . . . , sn) ≥ 0 with

∑
si
p(s1, . . . , sn) = 1, we can write Eq. (4.17) as

(1c ⊗ Ξ⊗na )(ρ̂c,an) =
∑
si

p(s1, . . . , sn) ρ̂c(s1, . . . , sn)⊗ ρ̂φn(s1, . . . , sn), (4.21)

which is a manifestly separable state on Hc ⊗ H⊗nφ . Hence the n-qubit channel Ξ⊗na is
entanglement breaking for all integers n > 0.

In an analogous fashion, we can prove that the channel Ξb from the field to B is
entanglement breaking. The only subtlety with this proof compared to the one we just
presented for Ξa, is that, because we are now considering a channel from the field to a
qubit, rather than vice-versa, we have to perform a spectral decomposition of the field
observable, rather than the qubit observable. To perform this decomposition rigorously is
not trivial since the field observables acts on an uncountably infinite dimensional Hilbert
space. Nevertheless, as is shown in full detail in Appendix C, since the field observables
are self-adjoint operators it is possible to apply the spectral theorem to them, and hence
obtain such a spectral decomposition. In this manner, we can show that a simple-generated
unitary between a qubit and a field can not only be written as a controlled unitary from
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the qubit to the field, as in Eq. (3.9), but also as a controlled unitary from the field to
the qubit (see also footnote 2). In this way, the same argument that was used above to
show that Ξa is an entanglement breaking channel can also be used to arrive at the same
conclusion for Ξb.

In conclusion we have shown that if either of the unitaries Ûa or Ûb used to define
the channel Ξ are of the simple-generated form, then the quantum channel capacity of Ξ
is necessarily zero. In other words, simple-generated couplings between Alice and Bob’s
qubits to the field are too simple for the purposes of transmitting quantum information
through the field. Thus in order to achieve quantum information transmission, we will
need to consider more complicated couplings.

4.2.2 Encoding a qubit into a field

In our attempt to construct a channel Ξ that allows a spacetime emitter A to send a qubit
through a quantum field to a receiver B, we have come to the important conclusion that
such a channel is not possible if either of the observers couple to the field through simple-
generated unitaries Ûν = exp(iλνm̂ν ⊗ Φ̂ν). The natural way to proceed with constructing
Ξ is to consider the next simplest types of interaction unitaries Ûν , composed of two rank-1
unitaries performed one after the other, i.e.

Ûν = exp
(

iλν2m̂ν2 ⊗ Φ̂ν2

)
exp

(
iλν1m̂ν2 ⊗ Φ̂ν1

)
, (4.22)

where the λνi are coupling constants, the m̂νi are qubit observables and the Φ̂νi are field
observables. As we will now show, we can indeed find unitaries of this form which ensure
that the quantum capacity of the channel Ξ is not only non-zero, but is in fact arbitrarily
close to its theoretically maximal value of 1.

To understand this construction of the unitaries Ûa and Ûb, it will be instructive to
first consider a simple example of a quantum channel that we know has perfect quantum
capacity. To that end, let us consider the setup in which Alice and Bob would like to
transmit a qubit of information by encoding and decoding their message into and out of a
third qubit, F, rather than into and out of the quantum field. In this case, we know that
the channel shown in Fig. 4.2, which simply swaps qubit A with F, and then F with B, is
clearly able to perfectly transfer qubit A to qubit B.

The key question thus becomes: Is it possible to construct a channel analogous to the
one in Fig. 4.2 if we take the intermediary system to be a quantum field φ̂ rather than
a single qubit F? Indeed, our expectation is that it should be possible, if only from the
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Input: ρ̂a,0
SWAP

ρ̂f,0
SWAP

ρ̂b,0 Output

Figure 4.2: Perfect quantum channel from Alice to Bob via a third qubit, F.

Input: ρ̂a,0
ENCODE

|0〉
DECODE

ρ̂b,0 Output

Figure 4.3: Perfect quantum channel from Alice to Bob via a quantum field, φ̂.

perspective that we could exclusively couple the qubits to a two-dimensional subspace of
the field’s Hilbert space, which is effectively equivalent to coupling to a third qubit F.
However there is one important distinction between this field mediated channel and the
qubit mediated channel in Fig. 4.2. Namely, while in the latter case it makes sense to
construct the channel out of SWAP gates, it does not make sense to talk about a SWAP
gate between a qubit and a field, since their Hilbert spaces have different dimensions and
are thus not isomorphic as vector spaces. To belabour this point we will call the gate
which encodes a qubit into a field an ENCODE gate, rather than a SWAP gate: indeed it
should be possible to encode the two-dimensional Hilbert space of the qubit in the infinite
dimensional Hilbert space of the field. Thus the field-mediated quantum channel which we
are trying to construct is shown in Fig. 4.3.

Our question therefore becomes the following: How can an observer Alice, coupling to
the field at time ta and with a spatial extent Fa(x), encode the state of her qubit into the
field?

Let us suppose that Alice’s qubit is in some arbitrary pure state c1|+z〉 + c2|−z〉 and
that the field is initially in the vacuum state |0〉. Consider the qubit-field unitary Ûa given
by

Ûa = exp
(
iσxπ̂a

)
exp

(
iσzφ̂a

)
, (4.23)
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where φ̂a and π̂a are field observables defined as

φ̂a := λφ

∫
ddxFa(x)φ̂(x, ta), (4.24)

π̂a := λπ

∫
ddxFa(x)π̂(x, ta). (4.25)

Note that the coupling constants have dimensions of [λφ] = L
d−1

2 and [λπ] = L
d+1

2 . Also

note that the unitary Ûa is generated by the interaction Hamiltonian

Ĥi,a(t) = λφδ(t− t−a )m̂z
a(t)⊗

∫
ddxFa(x)φ̂(x, t) + λπδ(t− t+a )m̂x

a(t)⊗
∫

ddxFa(x)π̂(x, t),

(4.26)
where m̂z

a(t) is the σz operator in the interaction picture (so m̂z
a(t) = σz for all t since σz is

proportional to the detector’s free Hamiltonian), m̂x
a(t) is the σx operator in the interaction

picture (i.e. it is the monopole moment operator from Eq. (1.27)), and the times t±a ≈ ta
are such that t−a is just slightly less than t+a .3

We now claim that the unitary Ûa in Eq. (4.23) effectively encodes the state of the
qubit in the state of the field, as long as the following two conditions are satisfied:(

λφ

∫
ddk

∣∣F̃a(k)
∣∣2)2

� 1

2

∫
ddk ωk

∣∣F̃a(k)
∣∣2, (4.27)

γa := λφλπ

∫
ddk

∣∣F̃a(k)
∣∣2 ≡ π

4
mod 2π. (4.28)

Recall that F̃a(k) is the d-dimensional Fourier transform of the function Fa(x), as defined
in Eq. (2.32).

This claim is straightforwardly proven by direct calculation. Acting on the initial state(
c1|+z〉+ c2|−z〉

)
|0〉 with the rightmost exponential in Ûa results in the state

c1|+z〉|+αa〉+ c2|−z〉|−αa〉, (4.29)

where |±αa〉 are coherent field states defined by4

|±αa〉 := exp
(
± iφ̂a

)
|0〉. (4.30)

3Physically this amounts to saying that t+a = t−a + |ε| where |ε| � Ω−1, with Ω being the free frequency
of the detector.

4For a comprehensive overview of coherent states of a scalar field, see Refs. [2, 43]
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It can be shown that the magnitude of the overlap between the two coherent states |+αa〉
and |−αa〉 is (see Appendix A of [2])

∣∣〈+αa| − αa〉
∣∣ = exp

[
−
(
λφ
)2
∫

ddk

2ωk

∣∣F̃a(k)
∣∣2] . (4.31)

Hence we see that if λφ � 1 in units of the characteristic length scale set by Fa(x), then
the field states |+αa〉 and |−αa〉 are almost orthogonal, and if |c1| = |c2| = 1/

√
2 the state

in Eq. (4.30) is almost maximally entangled. In other words, a stronger coupling between
the qubit and the field results in a more correlated (i.e. entangled) state of the two systems.

The final step in evaluating the action of the unitary Ûa on the initial state of the
qubit-field system

(
c1|+z〉+ c2|−z〉

)
|0〉 is to apply the unitary exp(iσxπ̂a) to the entangled

state c1|+z〉|+αa〉+c2|−z〉|−αa〉. To perform this calculation, let us first apply the field ob-
servable π̂a to the coherent state |±αa〉. To that end, using the Baker-Campbell-Hausdorff
lemma we can straightforwardly prove the identity

exp
(
± iπ̂a

)
âk exp

(
∓ iπ̂a

)
= âk + αa(k)1, (4.32)

where the coherent amplitude αν(k) is defined as

αν(k) =
λφν√
2ωk

F̃ ∗ν (k)eiωktν , (4.33)

and hence we find that

π̂a|±αa〉 = ±γa|±αa〉+ exp
(
± iπ̂a

)
π̂a|0〉, (4.34)

where γa is defined in Eq. (4.28). Hence we see from Eq. (4.34) that π̂a|±αa〉 is the sum
of two terms, and in particular we find that if γ2

a � 〈0|π̂2
a|0〉 then

π̂a|±αa〉 ≈ ±γa|±αa〉. (4.35)

In other words, if γ2
a � 〈0|π̂2

a|0〉 (which is exactly equivalent to the condition (4.27) which
we are assuming to hold), then the field coherent states |±αa〉 are eigenvalues of the
observable π̂a with eigenvalues ±γa. If additionally condition (4.28) is satisfied, then we
find

Ûa

(
c1|+z〉+ c2|−z〉

)
|0〉 = exp

(
iσxπ̂a

) (
c1|+z〉|+αa〉+ c2|−z〉|−αa〉

)
≈ c1 exp

(
+i
π

4
σx

)
|+z〉|+αa〉+ c2 exp

(
−i
π

4
σx

)
|−z〉|−αa〉

= |+y〉
(
c1|+αa〉 − ic2|−αa〉

)
. (4.36)
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Note that in the second line we have used the identities exp(+iπ
4
σx)|+z〉 = |+y〉 and

exp(−iπ
4
σx)|+z〉 = −i|−y〉, which simply state that we can perform Bloch sphere rotations

of the eigenstates of σz into the positive eigenstate |+y〉 of σy by applying rotation uni-

taries generated by σx. Hence the unitary Ûa has succeeded in encoding the orthogonal
qubit superposition c1|+z〉+c2|−z〉 into a orthogonal superposition of field coherent states,
c1|+αa〉 − ic2|−αa〉. The local phase of −i appearing in the second term does not affect
the orthogonality of the first and second terms.

The results of this section can be summarized as follows. An observer Alice coupling
locally to a quantum field at a time ta can effectively encode her qubit into the field by
implementing the unitary Ûa = exp

(
iσxπ̂a

)
exp

(
iσzφ̂a

)
, as long as the conditions (4.27)

and (4.28) are satisfied. For instance, if Alice’s qubit starts in the equally weighted su-
perposition 1√

2
(|+z〉+ |−z〉), then, as long as (4.27) is satisfied, the rightmost exponential

in Ûa will maximally entangle Alice’s qubit with the field. Following this, and assuming
that (4.28) is satisfied, the leftmost exponential in Ûa will then use the state of the field to
perform a controlled rotation in the Bloch sphere of the qubit, thus leaving the field in an
equally weighted, orthogonal superposition of coherent states. In other words, the unitary
Ûa succeeds, through local operations, in encoding Alice’s qubit into the field.

4.2.3 Decoding a qubit out of a field

Having understood how Alice can ENCODE her qubit of information into the field, the final
step in constructing the field-mediated quantum channel from Alice to Bob, as depicted
in Fig. 4.3, is to construct the DECODE gate that allows Bob to recover Alice’s message
from the field. The most straightforward way to proceed is to note that the DECODE
gate should simply be the inverse of the ENCODE gate. Thus, since we know the unitary
Ûa = exp

(
iσxπ̂a

)
exp

(
iσzφ̂a

)
implementing the encode gate, we also know that the inverse

unitary Û−1
a = Û †a = exp

(
− iσzφ̂a

)
exp

(
− iσxπ̂a

)
will implement the DECODE gate. We

can now simply set the unitary Ûb in Fig. 4.1, which acts on detector B and the field, to
be the unitary Û †a with the understanding that the qubit observables σx and σz now act
on the Hilbert space Hb rather than Ha.

Note however that there is a problem with this construction of the decoding unitary
Ûb. Namely, while we have modified the qubit observables in Ûb from the ones in Û †a so
that now they act on Hb rather than Ha, the field observables φ̂a and π̂a appearing in
Ûb are still defined at the time ta (c.f. Eqs. (4.24) and (4.25)). But in order for Bob to
implement Ûb at a later time tb, he needs to couple his qubit to field observables defined
at the time tb, not at ta.
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We will now solve this problem by proving a mathematical result which expresses the
field observables φ̂a and π̂a as observables at time tb. Fundamentally, this result arises due
to the fact that, as discussed in Sec. 1.3, the field φ̂(x, t) is by definition a solution to the
wave equation, which, being a hyperbolic PDE, has a well defined initial value formulation
that allows solutions at time ta to be propagated to solutions at time tb. More concretely:

Theorem 2. Let φ̂(x, t) be a free field in any spacetime dimension with mode expansion
given by Eq. (1.16). Let π̂(x, t) be the conjugate momentum field, and let F (x) be any
smearing function. Then

φ̂[F ](ta) = φ̂[F2](tb) + π̂[F1](tb), (4.37)

π̂[F ](ta) = φ̂[F3](tb) + π̂[F2](tb), (4.38)

where the Fi(x) are related to F (x) via their Fourier transforms as

F̃1(k) = F̃ (k) sinc(∆ωk)(−∆), (4.39)

F̃2(k) = F̃ (k) cos(∆ωk), (4.40)

F̃3(k) = F̃ (k) sin(∆ωk)ωk, (4.41)

and where ∆ := tb − ta.

Proof. We will prove Eq. (4.37), while Eq. (4.38) is proven analogously. Starting from the
mode expansion for φ̂(x, t) given in Eq. (1.16) we get:

φ̂[F ](ta) =

∫
ddxF (x)

∫
ddk√

2(2π)dωk

(
âke

−i(ωkta−k·x) + h.c.
)

=

∫
ddk√
2ωk

(
F̃ (k)âke

−iωkta + h.c.
)
, (4.42)

with F̃ (k) the Fourier transform of F (x) as defined in Eq. (2.32). Then, using ∆ := tb− ta
we obtain

φ̂[F ](ta) =

∫
ddk√
2ωk

(
F̃ (k)âke

iωk∆e−iωktb + h.c.
)

=

∫
ddk√
2ωk

(
F̃ (k)

[
cos(ωk∆) + i sin(ωk∆)

]
âke

−iωktb + h.c.
)
. (4.43)
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By introducing the Fourier transforms F̃1(k) and F̃2(k) as defined in Eqs. (4.39) and (4.40),
we can write this expression as

φ̂[F ](ta) =

∫
ddk√
2ωk

(
F̃2(k)âke

−iωktb + h.c.
)

+

∫
ddk√
2ωk

(
−iωkF̃1(k)âke

−iωktb + h.c.
)

=

∫
ddxF2(x)

∫
ddk√

2(2π)dωk

(
âke

−i(ωktb−k·x) + h.c.
)

+

∫
ddxF1(x)

∫
ddk√

2(2π)dωk

(
−iωkâke

−i(ωktb−k·x) + h.c.
)

= φ̂[F2](tb) + π̂[F1](tb), (4.44)

which proves Eq. (4.37).

With this mathematical result at hand, we can now write the unitary Ûb in Fig. 4.1 —
which decodes Alice’s qubit out of the field and onto Bob’s detector — in terms of field
observables at the time tb. Namely, the theorem allows us to write the field observables φ̂a

and π̂a defined in Eqs. (4.24) and (4.25) as

φ̂a = λφφ̂[Fb2](tb) + λφπ̂[Fb1](tb),

π̂a = λπφ̂[Fb3](tb) + λππ̂[Fb2](tb), (4.45)

where Bob’s smearing functions Fbi(x) are defined in terms of Alice’s smearing Fa through
their Fourier transforms,

F̃b1(k) = F̃a(k) sinc(∆ωk)(−∆), (4.46)

F̃b2(k) = F̃a(k) cos(∆ωk), (4.47)

F̃b3(k) = F̃a(k) sin(∆ωk)ωk. (4.48)

Hence the unitary Ûb, defined by

Ûb = exp
(
− iσzφ̂a

)
exp

(
− iσxπ̂a

)
, (4.49)

can now be alternatively defined in terms of field observables at time tb, namely

Ûb = exp

[
−iλφσz

(
φ̂[Fb2](tb) + π̂[Fb1](tb)

)]
exp

[
−iλπσx

(
φ̂[Fb3](tb) + π̂[Fb2](tb)

)]
.

(4.50)

In summary, we have succeeded in constructing the quantum channel shown in Fig. 4.1,
which allows Alice to perfectly transmit a qubit through a quantum field to Bob. The
quantum channel consists of two steps:
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1. First, at time t = ta, Alice encodes her qubit state in a spatial region of the field
characterized by Fa(x) by implementing the unitary Ûa given in Eq. (4.23).

2. Then, at a later time t = tb, Bob decodes the qubit from the field by coupling with
the unitary Ûb given in Eq. (4.50). In order for Bob to be able to implement this
unitary, his detector must be smeared in a spatial region that contains the supports
of the functions Fb1(x), Fb2(x), and Fb3(x) defined by Eqs. (4.46)-(4.48).

Additionally, in order for the channel to succeed, the conditions (4.27) and (4.28) on
the coupling strengths λφ and λπ must be satisfied. Physically, Eq. (4.27) is a strong-
coupling condition which ensures that Alice’s qubit first gets maximally entangled with
orthogonal coherent field states, while Eq. (4.28) is a fine-tuning condition which ensures
that Alice’s qubit is then rotated by the right amount in the Bloch sphere so that it
gets completely unentangled from the field. Together, these conditions ensure that the
encoding gate (and hence the decoding gate, which is just the inverse encoding gate) are
implemented successfully. In particular we note that, as was discussed above, a strong
(i.e. non-perturbative) coupling of detectors to the field is necessary in order for the field-
mediated quantum channel from Alice to Bob to have maximal quantum channel capacity.

Despite our successes so far however, there still remain two pertinent issues that must
be addressed before one can be fully satisfied with our construction of a perfect, field-
mediated quantum channel from Alice to Bob. First, it should be verified, without the
use of any approximations (such as the one in Eq. (4.35)), that our supposedly perfect
quantum channel Ξ indeed has a maximal quantum channel capacity of Q(Ξ) = 1. And
second, the smearing function Fbi(x) are defined in terms of their Fourier transforms, and
hence it is presently not clear where in space Bob needs to be located in order to receive
Alice’s quantum message. We will successively address these two remaining issues in the
following two sections, Sec. 4.3 and Sec. 4.4.

4.3 Numerical test of the perfect quantum channel

Let us verify that the channel Ξ which we constructed in the previous section — shown in
Fig. 4.1 with Ûa and Ûb given by Eqs. (4.23) and (4.50) — can indeed perfectly transmit
quantum information from Alice to Bob. For convenience we will assume that Bob’s initial
state is |+y〉, and that Alice’s initial state (i.e. the input to the channel), is the maximally
mixed state, ρ̂a,0 = 1

2
1. As discussed in Sec. 4.1, we will compute a lower bound on the

quantum channel capacity Q(Ξ) by computing the coherent information Ic(ρ̂a,0,Ξ) of the
channel Ξ and the input state ρ̂a,0.
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Recall that to compute Ic(ρ̂a,0,Ξ), we must first purify the input to the channel, i.e.
the maximally mixed state ρ̂a,0. To that end, we suppose that the initial state of Alice is
entangled with some third qubit C, and that the joint state of C and Alice is given by the
maximally entangled pure state |ψca〉 = 1√

2
(|−z〉|+z〉+ |+z〉|−z〉)ca. Indeed, we can verify

that this is a purification by noting that if we trace out system C the resulting state of
Alice is ρ̂a,0.

Next, in order to compute Ic(ρ̂a,0,Ξ), we must compute the state

ρ̂cb := (1c ⊗ Ξ)
(
|ψca〉〈ψca|

)
, (4.51)

on Hc ⊗ Hb. Following this we can easily determine the coherent information through
Eq. (4.7), i.e. as Ic(ρ̂a,0,Ξ) := S(ρ̂b) − S(ρ̂cb). To that end, writing Ξ in terms of the

unitaries Ûa and Ûb, we obtain

ρ̂cb = Traφ

[
Û †bÛ

†
a

(
|ψca〉〈ψca| ⊗ |0〉〈0| ⊗ |+y〉〈+y|

)
Û †aÛ

†
b

]
. (4.52)

The simplest way to proceed to compute this density matrix is to decompose the unitaries
Ûa and Ûb into products of controlled unitaries from the qubits A and B onto the field.
Namely, for Ûa we write

Ûa = exp
(
iσxπ̂a

)
exp

(
iσzφ̂a

)
=

∑
x,z∈{±}

P̂xP̂z ⊗ eixπ̂aeizφ̂a , (4.53)

where P̂x and P̂z are the projectors onto the eigenstates of σx and σz (note that to simplify
notation we are using the dummy summation index x or z on the P̂ to denote what operator
the projector is associated with). Written in this form we see that the action of Ûa is to
unitarily evolve the field state with a unitary that is dependent on the outcome of a σz
measurement of the qubit A, and then to do the same thing for a σx measurement. In
other words Ûa is a product of two controlled unitaries, from A to the field.

We can perform the same kind of decomposition for the unitary Ûb by starting with
the expression Eq. (4.50). However, it is more convenient to write Ûb in the way it was
initially defined, i.e. as Û−1

a = Û †a with the understanding that the qubit observables are
now observables on Hb rather than Ha. Hence, from Eq. (4.53) we directly obtain

Ûb =
∑

x,z∈{±}

P̂zP̂x ⊗ e−izφ̂ae−ixπ̂a , (4.54)
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where the projectors P̂x and P̂z are associated with the Pauli operators σx and σz on Hb.

Substituting Eqs. (4.53) and (4.54) for Ûa and Ûb into Eq. (4.52) for ρ̂cb, and writing
|ψca〉 = 1√

2

∑
j |−jz〉|jz〉 with j ∈ {±}, we get

ρ̂cb =
1

2

∑
j,k,xi,zi

〈0|e−iz1φ̂ae−ix1π̂aeix2π̂aeiz2φ̂ae−iz3φ̂ae−ix3π̂aeix4π̂aeiz4φ̂a|0〉

× 〈kz|P̂z1P̂x1P̂x4P̂z4|jz〉a|−jz〉c〈−kz| ⊗ P̂z3P̂x3 |+y〉b〈+y|P̂x2P̂z2 , (4.55)

where xi stands for x1, x2, x3, x4, and similarly for zi, and where all of the summation
variables run over the set {+1,−1}, such that there are 210 terms in the entire sum. This
expression can straightforwardly be evaluated by a computer as long as we can first simplify
the field expectation value 〈0| . . . |0〉. In order to do so, let us first redefine the summation
indices by x1 7→ −x1, z1 7→ −z1, x3 7→ −x3 and z3 7→ −z3, such that the expression for ρ̂cb
reads

ρ̂cb =
1

2

∑
j,k,xi,zi

〈0|eiz1φ̂aeix1π̂aeix2π̂aeiz2φ̂aeiz3φ̂aeix3π̂aeix4π̂aeiz4φ̂a|0〉

× 〈kz|P̂−z1P̂−x1P̂x4P̂z4|jz〉a|−jz〉c〈−kz| ⊗ P̂−z3P̂−x3 |+y〉b〈+y|P̂x2P̂z2 . (4.56)

Using the Baker-Campbell-Hausdorff formula we can write [108]

eiziφ̂aeixiπ̂a = exiziCeiÔi , (4.57)

where Ôi := xiπ̂a + ziφ̂a, and C is defined by

C := −1

2
〈[φ̂a, π̂a]〉

= − iλφλπ
2

∫
ddk |F̃a(k)|2. (4.58)

Here the expectation value in the first line can be taken with respect to any field state,
since the field commutator is a c-number. Then, ρ̂cb can be written as

ρ̂cb =
1

2

∑
j,k,xi,zi

ex1z1Ce−x2z2Cex3z3Ce−x4z4C〈0|eiÔ1eiÔ2eiÔ3eiÔ4 |0〉

× 〈kz|P̂−z1P̂−x1P̂x4P̂z4|jz〉a|−jz〉c〈−kz| ⊗ P̂−z3P̂−x3|+y〉b〈+y|P̂x2P̂z2 . (4.59)
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Next, let us make use of the identity

〈0|
n∏
l=1

eiÔj |0〉 =
n∏

l<m

e−Wlm

n∏
l=1

e−
1
2
Wll , (4.60)

where Wlm := 〈0|ÔlÔm|0〉. This identity holds for any operators Ôj which are linear in
the field creation and annihilation operators, and it can straightforwardly be proven using
Wick’s theorem [109]. Then ρ̂cb becomes

ρ̂cb =
1

2

∑
j,k,xi,zi

ex1z1C1e−x2z2C2ex3z3C3e−x4z4C4

4∏
l<m

e−Wlm

4∏
l=1

e−
1
2
Wll

× 〈kz|P̂−z1P̂−x1P̂x4P̂z4|jz〉a|−jz〉c〈−kz| ⊗ P̂−z3P̂−x3 |+y〉b〈+y|P̂x2P̂z2 , (4.61)

and Wlm evaluates to

Wlm =

∫
ddk

2|k|
|F̃a(k)|2

(
zlλφ − i|k|xlλπ

) (
zmλφ − i|k|xmλπ

)
. (4.62)

Hence we now see that if we specify the coupling constants λφ and λπ, as well as the smear-

ing function F̂a(x), we can straightforwardly compute C and Wlm (at least numerically),
and hence obtain a (numerical) result for the density matrix ρ̂cb.

4.3.1 Gaussian detector smearing

In order to numerically compute the coherent information of our quantum channel, let us
now particularize our discussion to (3+1)-dimensions, and let us set the smearing function
of Alice’s detector to be a Gaussian of width σ, i.e.

Fa(x) =
1

(
√
πσ)3

exp

(
−|x|

2

σ2

)
, (4.63)

which has a Fourier transform that is given by

F̃a(k) =
1√

(2π)3
exp

(
−1

4
|k|2σ2

)
. (4.64)
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Figure 4.4: Plot of the coherent information Ic(ρ̂a,0,Ξ) of the maximally mixed state
ρ̂a,0 = 1

2
1 and the channel Ξ versus the ratio of the coupling strength λφ to the size

of Alice’s detector, σ. Notice that for λφ � σ, the coherent information approaches its
maximum possible value of 1, thus confirming that in this limit Ξ is a perfect quantum
channel.

Then, the conditions (4.27) and (4.28) on the coupling strengths λφ and λπ, which we
require in order to have a perfect quantum channel, simplify to

λφ � σ, and (4.65)

λφλπ√
(2π)3σ3

≡ π

4
mod 2π. (4.66)

In particular, recalling that the strong-coupling condition (4.27) is a requirement in order
for Alice’s qubit to become maximally entangled with the field, we find that this is only
possible if the coupling strength λφ of the detector is much larger than its size. Finally,
using Eqs. (4.58) and (4.62), we can also readily compute C and Wlm, obtaining

C =
−iλφλπ

2
√

(2π)3σ3
, (4.67)

Wlm =
4xlxmλ

2
π + 2zlzmσ

2λ2
φ + i
√

2πσλφλπ (xmzl − xlzm)

8π2σ4
. (4.68)

We now have all of the necessary components to compute ρ̂cb via Eq. (4.61), and hence to
compute the coherent information Ic(ρ̂a,0,Ξ) of the channel Ξ and the input state ρ̂a,0.

In Fig. 4.4 we plot Ic(ρ̂a,0,Ξ) versus λφ/σ, and we find, as expected that for λφ/σ →∞,
the coherent information Ic(ρ̂a,0,Ξ) approaches its maximum value of 1. Additionally, since
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we know that the quantum channel capacity Q(Ξ) is lower bounded by Ic(ρ̂a,0,Ξ), and since
we also know that Q(Ξ) ≤ 1 (i.e. a single use of the channel can transmit at most one
qubit), we thus conclude that in the limit λφ/σ →∞, the quantum channel capacity Q(Ξ)
approaches its maximum value of 1. In other words, we have numerically verified, without
the use of any approximations, that the field-mediated quantum channel from Alice to Bob
is indeed a perfect quantum channel if the conditions (4.27) and (4.28) are satisfied.

4.4 Where does the quantum information propagate?

While we have mathematically verified that the quantum channel Ξ from Alice to Bob is a
perfect quantum channel, we still have some work to do in order to understand the physics
of quantum information propagation through a relativistic quantum field. In particular,
we have yet to discuss where in space Bob needs to be located at time tb in order to receive
Alice’s message, which she encoded in the field at an earlier time ta. Let us now attempt
to better understand this issue.

Recall from Theorem 2 that if Alice couples to the field at time ta with a spatial smearing
Fa(x), then in order for Bob to perfectly recover Alice’s message at a time tb he needs to
be able to couple his detector to the field φ̂ and the conjugate field π̂ with three different
smearing functions Fbi(x), which are related to Fa(x) via their Fourier transforms,

F̃b1(k) = F̃a(k) sinc(∆ωk)(−∆), (4.69)

F̃b2(k) = F̃a(k) cos(∆ωk), (4.70)

F̃b3(k) = F̃a(k) sin(∆ωk)ωk, (4.71)

where ∆ := tb− ta. Also recall that this result is valid in a flat spacetime of any dimension,
and for any field mass. However, because the inverse Fourier transform is different in
different spacetime dimensions, we expect the coordinate space functions Fbi(x) to have
significantly different forms in different spacetimes. To see that this is indeed the case,
let us now consider the (3 + 1) and (2 + 1) dimensional cases, both with a massless field.
We will find that quantum information propagates very differently through the relativistic
field in these two spacetimes.

4.4.1 (3+1)-dimensions

In (3+1)-dimensions we are fortunate enough that we can obtain very simple and intuitive
expressions for Bob’s smearing functions Fbi(x), which are related to Alice’s smearing
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function Fa(x) via their Fourier transforms via Eqs. (4.69)-(4.71).

To obtain these expressions for Fbi(x), let us first recall the d-dimensional convolution
theorem, which states that for two functions f, g ∈ L1(Rd),

F−1
[
F [f ]F [g]

]
(x) =

1√
(2π)d

(f ∗ g) (x)

:=
1√

(2π)d

∫
ddx′ f(x′)g(x− x′), (4.72)

where F denotes the d-dimensional Fourier transform defined by Eq. (2.32), F−1 denotes
the inverse Fourier transform, and (f ∗ g)(x) is the convolution product between f(x) and
g(x), which is defined in the second line.

Applying the convolution theorem to Eqs. (4.69)-(4.71), we obtain

Fb1(x) =
1√

(2π)d

∫
ddx′ Fa(x′)F−1[−∆ sinc(∆|k|)](x− x′), (4.73)

Fb2(x) =
1√

(2π)d

∫
ddx′ Fa(x′)F−1[cos(∆|k|)](x− x′), (4.74)

Fb3(x) =
1√

(2π)d

∫
ddx′ Fa(x′)F−1[|k| sin(∆|k|)](x− x′), (4.75)

where we note that ωk = |k| since we are setting the field mass m equal to zero. Note that
the above expressions are valid for any spatial dimension d of the flat spacetime. In order
to proceed to calculate Fbi(x) via Eqs. (4.73)-(4.75), we must compute the inverse Fourier
transforms of the functions −∆ sinc(∆|k|), cos(∆|k|), and |k| sin(∆|k|).

Let us now particularize to d = 3, in which case obtaining explicit (distributional)
expressions for these inverse Fourier transforms is possible. Namely we find

F−1
d=3[−∆ sinc(∆|k|)](x) = −

√
(2π)3

δ(r −∆)

4πr
, (4.76)

F−1
d=3[cos(∆|k|)](x) = −

√
(2π)3

δ′(r −∆)

4πr
, (4.77)

F−1
d=3[|k| sin(∆|k|)](x) = −

√
(2π)3

δ′′(r −∆)

4πr
, (4.78)

with r := |x| and where we are explicitly indicating that these are 3-dimensional inverse
Fourier transforms. Here, δ′(x) and δ′′(x) denote the first and second derivatives of the
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delta function. It is easiest to verify these results by taking the Fourier transform of the
right-hand sides and checking that we get the expected answer. For example, let us verify
Eq. (4.77) in this way. We find

Fd=3

[
−
√

(2π)3
δ′(r −∆)

4πr

]
(k) = −

∫
d3x

δ′(r −∆)

4πr
e−ik·x

= −4π

∫ ∞
0

dr r2 δ
′(r −∆)

4πr

sin(r|k|)
r|k|

,

= − 1

|k|

∫ ∞
0

dr δ′(r −∆) sin(r|k|), (4.79)

where in the first line we used the definition (2.32) of the Fourier transform, and in the
second line we performed the angular integrals. Finally, by performing an integration by
parts we can transfer the derivative from the Dirac delta function onto the sin(r|k|). Then,
as long as 0 < r < ∞, we can discard the boundary terms since δ(r −∆) vanishes at the
boundaries r = 0 and r =∞. Hence we obtain

Fd=3

[
−
√

(2π)3
δ′(r −∆)

4πr

]
(k) =

1

|k|

∫ ∞
0

dr δ(r −∆) cos(r|k|)|k|,

= cos(∆|k|), (4.80)

which proves Eq. (4.77). Eqs. (4.76) and (4.78) can be proven analogously.

Substituting Eqs. (4.76)-(4.78) into Eqs. (4.73)-(4.75), we find that in (3+1)-dimensions
Bob’s smearing functions Fbi(x) are given in terms of Alice’s smearing Fa(x) as

Fb1(x) = −
∫

ddx′ Fa(x′)
δ(|x− x′| −∆)

4π|x− x′|
, (4.81)

Fb2(x) = −
∫

ddx′ Fa(x′)
δ′(|x− x′| −∆)

4π|x− x′|
, (4.82)

Fb3(x) = −
∫

ddx′ Fa(x′)
δ′′(|x− x′| −∆)

4π|x− x′|
. (4.83)

Hence, since the δ, δ′ and δ′′ above only have support if |x − x′| = ∆, we find that in
(3 + 1)-dimensions Bob’s smearing functions Fbi(x) on the time-slice t = tb = ta + ∆ only
have support if they are in lightlike separation from Alice’s smearing Fa(x) on the time-
slice t = ta. Therefore, in order for Bob to fully receive Alice’s quantum message through
our field-mediated quantum channel in (3 + 1)-dimensions, he needs to be able to couple
his detector on the entirety of Alice’s lightcone. In other words, quantum information in
(3 + 1)-dimensions propagates through a massless field precisely at the speed of light.
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Figure 4.5: (3 + 1)-dimensions. Left: Location at which Alice couples to the massless field
at time ta, given by Eq. (4.84), with σ = 1 and where r = |x| is measured in units of σ.
Right: Bob’s smearing functions, which dictate where in space Bob needs to couple to the
field at time tb = ta + ∆ in order to receive Alice’s message (we set ∆ = 10).

To conclude this section, let us illustrate the above result by considering a particular
smearing Fa(x) for Alice, namely the Gaussian function considered in Sec. 4.3.1,

Fa(x) =
1

(
√
πσ)3

exp

(
−|x|

2

σ2

)
. (4.84)

We plot Fa(x) and the resulting smearing functions Fbi(x) for Bob’s detector in Fig. 4.5.
Notice that, as expected, at time tb = ta + ∆ Bob needs to couple to the field only near
|x| = ∆ (i.e. on Alice’s lightcone) in order to be able to fully recover her quantum message.

The main result of this section — i.e. that Bob needs to be lightlike separated from Alice
in (3+1)-dimensions in order to receive her quantum message — is fundamentally related to
the strong Huygens principle, which we recall from Sec. 1.2 holds in (3+1)-dimensional flat
spacetime. Namely, recall that the strong Huygens principle states that the massless field
commutator (and hence the radiation Green’s function) only has support between lightlike
separated events [60], and hence communication between observers via this quantum field is
only possible if they are in null separation. While this has been previously studied in great
detail for classical communication protocols (see, e.g., Refs. [53–56]), the work presented
here is the first time that, to our knowledge, the effects of the strong Huygens principle
have been studied in the context of quantum communication.
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4.4.2 (2+1)-dimensions

Let us now attempt to repeat the analysis of the previous section, but this time in (2 + 1)-
dimensional Minkowski space. We expect to find significant differences to the (3 + 1)D
case, due to the violations of the strong Huygens principle that occur in the former but
not the latter spacetime.

Recall that the key expressions directly relating Bob’s smearing functions Fbi(x) in
terms of Alice’s smearing function Fa(x) are Eqs. (4.73)-(4.75). As in the (3+1)-dimensional
case, in order to gain insight into the propagation of quantum information from these
equations, we must first compute the Fourier transforms of the functions −∆ sinc(∆|k|),
cos(∆|k|), and |k| sin(∆|k|). Unfortunately however, we are only aware of a closed form
expression for the first of these Fourier transforms, which reads

F−1
d=2[−∆ sinc(∆|k|)](x) =

{
1

∆
√

∆2−r2 r < ∆,

0 r ≥ ∆,
(4.85)

where once again r := |x|. Nevertheless, from this equation alone we can see an interesting
feature of the propagation of quantum information in (2 + 1)-dimensions. Namely, unlike
the 3D Fourier transforms given by Eqs. (4.76)-(4.78), which only had support for r = ∆,
the 2D Fourier transform of sinc(∆|k|) has support inside the light cone, i.e. for r < ∆.
Hence, after inserting this Fourier transfrom into Eq. (4.73), we find that in (2 + 1)D the
first of Bob’s smearing functions, Fb1(x), is given by

Fb1(x) =
1

2π

∫
B∆(x)

d2x′
Fa(x′)

∆
√

∆2 − |x− x′|2
, (4.86)

whereB∆(x) is the ball of radius ∆ centered at x. Thus we see that Fb1(x) has support even
if |x− x′| < ∆, and hence we conclude that if Bob wants to receive quantum information
from Alice in (2+1)-dimensions, then he needs to have access not only to Alice’s lightcone,
but also to the interior of the lightcone. In other words, quantum information in (2 + 1)-
dimensions propagates slower than light via a massless field. This is in agreement with the
violations of the strong Huygens principle that occur in (2 + 1)D Minkowski spacetime.

While we have come to this conclusion just by focusing on the smearing function Fb1(x)
— since it is the only one out of the Fbi(x) for which we could obtain an integral expression
of the form (4.86) with a closed-form integrand — let us, for the sake of completeness, now
verify numerically that the smearing functions Fb2(x) and Fb3(x) also have support inside
of the light cone, i.e. for r < ∆.
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Figure 4.6: (2 + 1)-dimensions. Left: Location at which Alice couples to the massless field
at time ta, given by Eq. (4.87), with σ = 1 and where r = |x| is measured in units of σ.
Right: Bob’s smearing functions, which dictate where in space Bob needs to couple to the
field at time tb = ta + ∆ in order to receive Alice’s message (we set ∆ = 10). Note that all
three of Bob’s smearing functions have support inside of the light cone, i.e. they are only
polynomially, rather than exponentially, suppressed for r � ∆.

To that end, analogous to the 3D case, let us suppose that Alice’s smearing function
Fa(x) is given by the Gaussian

Fa(x) =
1

(
√
πσ)2

exp

(
−|x|

2

σ2

)
. (4.87)

Then, in Fig. 4.6 we indeed find that all three that Bob’s smearing functions Fbi(x) have
support for r < ∆, and hence, as already stated above, we conclude that in order to recover
Alice’s quantum message in (2 + 1)-dimensional flat spacetime, Bob must couple to the
massless field inside of Alice’s future light cone.

4.5 Broadcasting quantum information

In the previous section we have obtained a better understanding of how quantum informa-
tion propagates through a quantum field by answering the question: Where in space does
Bob need to be located if he wants to receive the quantum message that Alice broadcast
through the quantum field? Indeed, we found that the answer depends on the spacetime
in which Alice and Bob are located. For instance, in (3 + 1)D Minkowski spacetime, Bob
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needs to be smeared across Alice’s entire light cone, while in (2 + 1)D flat spacetime he
also needs to cover the interior of the light cone. In particular, note that in both space-
times Alice’s message is broadcast isotropically in all spatial directions, which is, of course,
simply a consequence of the fact that Alice’s coupling to the field was fully isotropic.

Let us now consider the relevant case of (3+1)D Minkowski spacetime. Then, although
we are fortunate that in (3 + 1)D Bob does not need to cover the interior of Alice’s light
cone in order to receive her full signal, from a practical perspective it is still very restrictive
to require that Bob covers the entire lightcone itself (i.e. without the interior), as we found
is required in order for him to receive the entirety of Alice’s quantum message.

A natural question then arises: Is Alice able to transmit quantum information to Bob
if he only covers a part of her light cone? This question is relevant, for instance, if Alice
wants to broadcast her information to multiple disjoint receivers, each located in a different
spatial direction relative to Alice.5 In fact, this question was partially answered in Ref. [73],
where the authors showed that, in a flat spacetime of any dimension, it is not possible for
Alice to send any amount of quantum information to multiple identical Bobs.6 In this
section we will attempt to circumvent this result by considering non-identical Bobs.

More concretely, let us consider the setup shown in Fig. 4.7, in which two Bobs are trying
to recover the message which Alice broadcast into the field. Both Bobs are spherically
symmetric, with Bob B1 covering the region of space given by r < r0, and Bob B2 covering
the region r > r0. We consider this setup both for its computational simplicity (owing to
the fact that spherical symmetry is preserved), as well as the fact that the Bobs in this
setup are not identical, thus allowing us to potentially overcome the limitations imposed
upon identical Bobs [73], as discussed above. Despite the simplicity of the setup however,
it will nevertheless provide us with interesting insights into the broadcasting of quantum
information through a relativistic quantum field.

To proceed, let us start by setting the initial state for both Bobs B1 and B2 to be |+y〉,
and Alice’s initial state to be the maximally mixed state, ρ̂a,0 = 1

2
1. We set the smearing

5If Alice instead wanted to send her quantum message to a single Bob localized in some specified solid
angle Ω < 4π relative to her, it would be much more prudent for her to change the way in which she
couples to the field, so that it is not isotropic, but rather so that she only couples to those field modes
with wavevectors pointing in Bob’s direction. In this way the quantum information that Alice encodes in
the field would only travel towards Bob and not in all directions, and Bob would be able to recover the
full quantum message, rather than only a fraction. We leave the study of such non-isotropic couplings for
a future work.

6Of course, from the no-cloning theorem [74] it is clear that Alice cannot perfectly send quantum
information to multiple identical Bobs, since this would amount to her quantum state being cloned. The
importance of the result in [73] is that it showed this to be true for any amount of quantum information,
no matter how small.
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r0

B1 B2

Alice

Figure 4.7: (3+1)-dimensional quantum information broadcasting setup considered in this
section: Alice attempts to send quantum information to two spherically symmetric Bobs,
B1 and B2, separated by the radius r = r0.

Fa(x) of Alice’s detector to be a Gaussian of width σ, given by Eq. (4.84). Then, as we
saw in Sec. 4.3, if Bob wants to recover the entirety of Alice’s message, he needs to be able
to couple to the field (and its conjugate momentum) via three different smearing functions,
Fbi(x), given by Eqs. (4.81)-(4.83). Namely,

Fb1(x) = −
∫

ddx′ Fa(x− x′)
δ(|x′| −∆)

4π|x′|
, (4.88)

Fb2(x) = −
∫

ddx′ Fa(x− x′)
δ′(|x′| −∆)

4π|x′|
, (4.89)

Fb3(x) = −
∫

ddx′ Fa(x− x′)
δ′′(|x′| −∆)

4π|x′|
. (4.90)

This is the ideal case however, where Bob has access to the entirety of Alice’s lightcone.
We now want to consider the less-than-ideal case of two Bobs, B1 and B2, that only have
access to spatial regions r < r0 and r > r0, respectively. Hence, let us set the smearing
functions for Bob B1 to be

F
(1)
b1 (x) = −

∫
ddx′ Fa(x− x′)

δ(|x′| −∆)

4π|x′|
Θ(r0 − |x′|), (4.91)

F
(1)
b2 (x) = −

∫
ddx′ Fa(x− x′)

δ′(|x′| −∆)

4π|x′|
Θ(r0 − |x′|), (4.92)

F
(1)
b3 (x) = −

∫
ddx′ Fa(x− x′)

δ′′(|x′| −∆)

4π|x′|
Θ(r0 − |x′|), (4.93)
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where the subscript (1) indicates Bob B1, and the Θ functions ensure that these smearings
are only non-zero in the ball r < r0 centered on Alice. Similarly, for Bob B2 we set the
smearings to be

F
(2)
b1 (x) = −

∫
ddx′ Fa(x− x′)

δ(|x′| −∆)

4π|x′|
Θ(|x′| − r0), (4.94)

F
(2)
b2 (x) = −

∫
ddx′ Fa(x− x′)

δ′(|x′| −∆)

4π|x′|
Θ(|x′| − r0), (4.95)

F
(2)
b3 (x) = −

∫
ddx′ Fa(x− x′)

δ′′(|x′| −∆)

4π|x′|
Θ(|x′| − r0), (4.96)

which only have support in the spatial region r > r0. Additionally, we will keep the
condition

λφλπ√
(2π)3σ3

= π
4

relating the coupling constants λφ and λπ to the size of the detector

σ, which we recall was necessary in order for Alice to be able to perfectly transmit her
quantum message to (a single) Bob.

Having specified the initial quantum states as well as the smearing functions of Alice
and both Bobs, we can now proceed to numerically compute the density matrices ρ̂cb1 and
ρ̂cb2 associated with each Bob, as given by Eq. (4.61). Then, via Eq. (4.7), we can compute
the coherent information associated with the channel from Alice to Bob B1, and similarly
for Bob B2. The results are shown in Fig. 4.8 for two choices of parameters: λφ/σ = 10
and λφ/σ = 1000.

There are a few interesting points to note regarding Fig. 4.8. First, notice that for
small enough r0, Alice can send quantum information to Bob B2 (but not B1). This makes
sense, since, as can be seen in Fig. 4.7, a small enough value of r0 means that Bob B2 has
access to the entire lightcone of Alice, and thus he can recover the full quantum message
(which, in (3 + 1)D propagates on the lightcone). Similarly, for large enough r0 Alice can
send quantum information to Bob B1, but not B2.

However, for either of the parameter ratios λφ/σ, it is not possible for Alice to simul-
taneously broadcast her quantum message to both Bobs, regardless of the value we take
for the radius r0 which defines the separation of B1 and B2. In fact we numerically ver-
ified that there is no choice of ratio λφ/σ which allows Alice to simultaneously broadcast
coherent information to both Bobs. This therefore extends the no-quantum-broadcasting
result proven in Ref. [73] for identical detectors to the case of spherically symmetric, non-
identical detectors, and it therefore gives supporting evidence to the conjecture that it is
not possible to send quantum information through a quantum field to multiple disjoint
detectors, identical or not.
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Figure 4.8: Coherent information versus r0 (the radial separation between Bob B1 and
B2) with λφ = 10 (left) and λφ = 1000 (right). We set σ = 1 for both plots. Notice
that for both choices of parameters, and for any choice of r0, it is not possible for Alice to
simultaneously send coherent information to both Bobs.

Another interesting feature to note in Fig. 4.8 is the effect that increasing the ratio
λφ/σ from 10 to 1000 has on the coherent information Ic(ρ̂a,0,Ξ) that Alice can transmit
to the two Bobs. Namely, we see that for the smaller value of λφ/σ Alice can transmit
coherent information to both Bobs for a larger range of values of r0, but for either Bob
Ic(ρ̂a,0,Ξ) never exceeds 0.6. On the other hand, if the coupling strength λφ is increased
relative to σ, then there is a smaller range of r0 values for which either Bob can receive
coherent information, but in the best case scenario (large r0 in the case of Bob B1 and small
r0 in the case of Bob B2) the Bobs can receive the maximum value of coherent information,
Ic(ρ̂a,0,Ξ) = 1. In other words, there is a “rich-get-richer, poor-get-poorer” type of trade-off
associated with increasing the ratio λφ/σ: large Bobs will be able to receive more quantum
information, at the expense of smaller Bobs not being able to receive any.

We can understand this trade-off on physical grounds, as follows. First of all, we know
from our discussion in Sec. 4.2 that in order for Alice to perfectly transmit her quantum
information to a single Bob the strong coupling condition (4.27) must be satisfied, which
in (3+1)D is given by Eq. (4.65): λφ � σ. Hence it is not surprising that if the ratio λφ/σ
is increased, then a large Bob B1 or B2 — who would approximate the single, ideal Bob
considered in the previous sections — would be able to receive more coherent information
from Alice.

Furthermore, it also makes intuitive sense that a larger coupling λφ would make it more
difficult for smaller, less-than-ideal Bobs to receive quantum information from Alice.
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To understand this, first recall from Sec. 4.2 the physics of our perfect quantum channel
from Alice to Bob. The first step to the quantum channel consists of Alice encoding her
qubit into coherent states of the field, which, for larger values of λφ are increasingly more
and more orthogonal to one another. Then, Bob attempts to recover the message by
performing the DECODE gate between his qubit and the field, as shown schematically in
Fig. 4.1. The DECODE gate, defined as the inverse to the ENCODE gate, first entangles
Bob’s qubit with the coherent field states, and then attempts to disentangle the field
so that Alice’s qubit state is coherently transmitted to Bob. However, in order for this
final disentangling step to be performed successfully, Bob must have access to the entire
quantum message sent out by Alice — i.e. Bob must have access to the entirety of Alice’s
lightcone in (3 + 1)D.

However, in this section we are manifestly considering the scenario where a less-than-
ideal Bob (B1 or B2) does not have access to the entirety of Alice’s lightcone, and hence
in his decoding process he will not be able to completely disentangle his qubit from the
field. Hence, following the decoding procedure the field carries partial knowledge of Bob’s
state, i.e. Alice’s state, which she hoped to transmit to Bob. In other words, a portion of
Alice’s message will remain in the field, and hence, by a no-cloning type of intuition, the
full message cannot get transmitted to this Bob. And since this effect of Bob remaining
entangled with the field is more pronounced if the coherent field states entangled with
Bob’s state are more mutually orthogonal, we therefore now understand physically why a
larger value of the coupling λφ, which ensures greater orthogonality between the coherent
field states, requires Bob to cover a larger portion of Alice’s light cone in order to receive
her quantum message.

4.6 Conclusions

In this final chapter we have studied how a relativistic quantum field can be used to
transmit quantum information between spacetime observers Alice and Bob, who couple
to the field via Unruh-DeWitt detectors. Our analysis is applicable to flat spacetimes of
any dimension, and in this sense is a generalization to Ref. [73], where a similar setup was
studied in simplest case of (1 + 1)-dimensions.

We began by constructing a perfect field-mediated quantum channel from Alice to Bob,
i.e. one for which the quantum channel capacity is the theoretically maximum value. The
channel can be implemented by Alice first coupling to the field via a local unitary Ûa,
which serves to encode Alice’s qubit into the field, followed by Bob coupling to the field
via a local unitary Ûb, which decodes the qubit from the field and onto Bob’s detector.
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The unitaries Ûa and Ûb defining our quantum channel are each generated by interaction
Hamiltonians that couple Alice and Bob’s detectors to the field only at discrete instants in
time, and hence allow for a non-perturbative approach to the problem of time-evolution.
Indeed, such a non-perturbative approach is necessary, since, as we showed, the field-
mediated quantum channel from Alice to Bob can only be a perfect quantum channel if
the observers are strongly (i.e. non-perturbatively) coupled to the field.

In particular, the unitaries Ûa and Ûb in our construction each take the form of a
product of two simple-generated (i.e. rank-1 generated) unitaries. Moreover, we show that
these are the simplest possible unitaries leading to a quantum channel with a non-zero
quantum capacity. That is, if either Ûa or Ûb consists of a single rank-1 unitary, then
the channel from Alice to Bob necessarily has zero quantum capacity. In this sense, the
channel which we construct is the simplest possible field-mediated quantum channel from
Alice to Bob with a non-zero quantum capacity.

Following our mathematical construction of the simplest possible perfect quantum chan-
nel, we attempted to use it to better understand how quantum information propagates
through a relativistic quantum field. In particular, we asked the following question: If
Alice encodes a quantum message into a quantum field at time ta by coupling to the field
in a spatial region characterized by the smearing function Fa(x), then where in space does
Bob have to be located at time tb > ta in order to fully receive Alice’s message?

Conveniently, the work we performed in constructing our quantum channel directly
provided an answer to this question. Namely, we showed that if Bob wants to fully receive
Alice’s quantum message, then he must have access to the region of space containing the
supports of a set of smearing functions Fbi(x), for i ∈ {1, 2, 3}. These smearing functions
are defined in terms of Alice’s smearing Fa(x) and the time difference ∆ = tb − ta, and
they completely characterize the spacetime flow of quantum information through a Klein-
Gordon field of arbitrary mass m in a flat spacetime of arbitrary dimension.

To better understand this highly general result, we then considered the particular
cases of quantum information propagation through massless fields in (2 + 1)- and (3 + 1)-
dimensional flat spacetimes. In (3 + 1)-dimensions we found that Bob can fully recover
Alice’s quantum message if he has access to her future light cone, which allowed us to con-
clude that in this spacetime quantum information propagates at the speed of light through
the massless field. On the other hand, in the (2 + 1)-dimensional case we found that Bob
additionally must have access to the full interior of Alice’s lightcone in order to recover
the entire message. Hence, in (2 + 1)-dimensional flat spacetime quantum information
propagates subluminally through a massless field, despite the fact that the field quanta
travel at the speed of light.
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While this latter result may at first seem surprising, it can be simply understood by
studying the validity of the strong Huygens principle, which states that the radiation
Green’s function of a massless field only has support for lightlike separated events. In-
deed, as is well known, the strong Huygens principle does not hold in most spacetimes —
including even dimensional Minkowski spaces — and in principle information can propa-
gate slower than light in these spacetimes [60]. While this has previously been extensively
investigated for classical information transmission [53–56], our work presented here is,
to our knowledge, the first study of the effects of strong Huygens violation on quantum
information transmission.

Having understood where in space an ideal Bob needs to be located in order to perfectly
receive the quantum message that Alice sends through the field, we considered the less-
than-ideal situation where Bob only covers a part of the spacetime region in which Alice’s
message lives. This situation is interesting from the perspective of quantum information
broadcasting, a setup in which Alice hopes to simultaneously transmit at least a part of her
quantum message to multiple disjoint Bobs. While the no-cloning theorem [74] precludes a
perfect transmission of quantum information to multiple receivers, there appears, a priori,
no reason to suspect that at least a small amount of quantum information could not be
recovered by each of the Bobs.

However, as was shown in Ref. [73], it is in fact impossible for Alice to broadcast any
amount of quantum information to multiple identical Bobs, a result that was proven for
any spacetime dimension by noting that the quantum channel from Alice to any such Bob
is anti-degradable [110]. Nevertheless this still leaves open the possibility for broadcasting
quantum information to multiple, non-identical, disjoint Bobs, which we proceeded to
study.

More concretely, we considered the case of two spherically symmetric Bobs, B1 and B2,
covering the regions of (3 + 1)-dimensional space given by |x| < r0 and |x| ≥ r0 (with r0

some fixed radius), attempting to recover the quantum information sent out via a massless
quantum field by an emitter Alice located at x = 0. (The setup is depicted in Fig. 4.7.) We
found that, regardless of the choice of setup parameters — such as the separation radius
r0 and the field coupling strength λφ of the detectors to the quantum field — it is not
possible for Alice to simultaneously broadcast a non-zero amount of coherent information
(a lower bound on the quantum information) to both Bobs. This gives support to the
conjecture that it is not possible for Alice to broadcast quantum information to multiple
disjoint Bobs, identical or not.

Finally, our study of quantum information broadcasting also led to an interesting result
relating the coupling strength λφ of the observers to the quantum field, to the minimum
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size that a given Bob must be in order to receive a non-zero portion of Alice’s quantum
message. Namely, we showed that there is a “rich-get-richer, poor-get-poorer” type of
trade-off associated with increasing the coupling strength λφ, whereby very large Bobs are
able to receive more quantum information from Alice, at the cost of smaller Bobs not being
able to receive any.

Physically, this trade-off arises due to the fact that an increased coupling λφ ensures
that Alice’s qubit is stored more coherently in the field, and hence a receiver Bob who
has access to the entire portion of the field containing the qubit can better recover the
qubit using his own detector. The downside of such a highly coherent encoding of Alice’s
qubit into the field however, is that if Bob is not able to fully access the region of the field
containing the qubit, then a significant portion of Alice’s message will remain in the field
after Bob attempts to recover it. And since the no-cloning theorem makes it impossible
for Alice’s state to be simultaneously encoded in both the field and Bob’s detector, we can
thus understand intuitively why a spatially limited Bob would struggle to receive quantum
information from Alice if λφ is large.
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Appendix A

Interaction unitaries arising from
delta couplings

This appendix is based on Appendix C of Ref. [2]. Let us suppose that the detector
switching function entering the interaction Hamiltonian (1.26) is given by χ(t) = δ(t−t1)+
δ(t−t2) with t1 ≤ t2. (The more general case χ(t) =

∑n
i=1 δ(t−ti) follows straightforwardly

by induction.) Then, the interaction unitary Û given in (1.30) becomes

Û = T exp

(
−i
[
Ĥ1 + Ĥ2

])
, (A.1)

where Ĥi := λm̂ν(ti)⊗ Φ̂(ti). Expanding the exponential as a power series, one obtains

Û =
∞∑
n=0

1

n!
T
(
−iĤ1 − iĤ2

)n
. (A.2)

Recalling that we assumed t1 ≤ t2 and making use of the binomial theorem, this becomes

Û =
∞∑
n=0

1

n!

n∑
m=0

(
n

m

)(
−iĤ2

)m (
−iĤ1

)n−m
=
∞∑
n=0

n∑
m=0

1

m!(n−m)!

(
−iĤ2

)m (
−iĤ1

)n−m
. (A.3)

Next we define the sets S1 and S2 to be

S1 := {(x, y) ∈ IR2|0 ≤ y ≤ x}, (A.4)

S2 := {(x, y) ∈ IR2|0 ≤ x, 0 ≤ y}, (A.5)
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and we define the map f : S1 → S2 by

f(x, y) := (x− y, y). (A.6)

It is straightforward to show that f is a bijection. Hence defining new summation indices
k and l by (k, l) := f(n,m) allows us to write Û as

Û2 =
∑

(n,m)∈S1

1

m!(n−m)!

(
−iĤ2

)m (
−iĤ1

)n−m
=

∑
(k,l)∈S2

1

l! k!

(
−iĤ2

)l (
−iĤ1

)k
=
∞∑
l=0

∞∑
k=0

1

l! k!

(
−iĤ2

)l (
−iĤ1

)k
= exp

(
−iĤ2

)
exp

(
−iĤ2

)
, (A.7)

which proves the claim that Û = Û2Û1, where Ûi is defined in Eq. (1.32).
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Appendix B

Thermal two-point function

We will show that our expression for the thermal two-point function in Eq. (2.25) evaluates
to the special case in Eq. (2.28) when m = 0 and n = 3.

Let us first evaluate the second term in Eq. (2.25), wβ(x, t,x′, t′), which is given in
Eq. (2.27). Working in polar coordinates, with k := |k|, we straightforwardly obtain

wβ(x, t,x′, t′) =
1

2π2r

∫ ∞
0

dk

eβk − 1
sin(k∆x) cos(k∆t)

= P

(
− 1

4π2(∆x2 −∆t2)
(B.1)

+
1

8π∆xβ

[
coth

(
π(∆x+ ∆t)

β

)
+ coth

(
π(∆x−∆t)

β

)])
,

where P denotes the principal value of the integral (i.e. the expression above only has
meaning as a distribution over a space of sufficiently well-behaved test functions). Inter-
estingly, notice that the first term does not depend on the temperature.

We can similarly calculate the first term in Eq. (2.25), w0(x, t,x′, t′), which is given in
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Eq. (2.26). We obtain

w0(x, t,x′, t′) =
1

8π2i∆x

∫ ∞
0

dk
(
e−ik(∆t−∆x) − e−ik(∆t+∆x)

)
=

1

8π2i∆x
lim
s→∞

∫ s

0

dk
(
e−ik(∆t−∆x) − e−ik(∆t+∆x)

)
= P

(
1

4π2(∆x2 −∆t2)

)
+ lim

s→∞

1

8π2∆x

[
i sin

(
s(∆x+ ∆t)

)
∆x+ ∆t

−
i sin

(
s(∆x−∆t)

)
∆x−∆t

−
cos
(
s(∆x+ ∆t)

)
∆x+ ∆t

−
cos
(
s(∆x−∆t)

)
∆x−∆t

]
. (B.2)

Notice that although these limits do not converge as real functions, they do converge as
distributions on test functions. Namely we have

lim
s→∞

sin(sx)

πx
= δ(x), (B.3)

lim
s→∞

cos(sx)

πx
= 0 = the zero distribution. (B.4)

Hence Eq. (B.2) simplifies to

w0(x, t,x′, t′) =P
(

1

4π2(∆x2 −∆t2)

)
+

i

8π∆x

[
δ(3)(∆x+ ∆t)− δ(3)(∆x−∆t)]

]
, (B.5)

where it should again be emphasized that the principal value and the delta functions only
make sense as distributions. Finally, combining Eqs. (B.1) and (B.5), we find that for a
massless field in (3 + 1)-dimensions our expression for the two-point function, Eq. (2.25),
reduces to the distribution in Eq. (2.28), which was obtained in [90] by a completely
different method.
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Appendix C

No-go theorem with unbounded
operators

In this appendix we will prove that our no-go theorem for entanglement extraction also
holds when the source system S is a continuous variable system, and hence the observable X̂
appearing in Eq. (3.8) is in general an unbounded, self-adjoint operator. This proof requires
using the most general form of the spectral theorem, which first requires developing some
preliminary functional analytic results.

To that end, let X be a set, M a σ-algebra of subsets of X, H a Hilbert space, and
µ̂ a B(H)-valued measure on σ. Let |φ〉 ∈ H. Then it is straightforward to show that
µφ : M → R+ defined by µφ(B) := 〈φ|µ̂(B)|φ〉 is a positive measure on M .

Lemma 1. Let ρ̂ ∈ B(H) be a density matrix on H. Then µρ : M → R+ defined by
µρ(B) := Tr(µ(B)ρ̂) is a positive measure on M .

Proof. Write ρ̂ =
∑∞

i=1 αi|φi〉〈φi| with |φi〉 an orthonormal basis of H, αi ≥ 0, and
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∑
αi < +∞. Then

µρ(B) := Tr(µ(B)ρ̂)

=
∞∑
j=1

〈φj|µ̂(B)ρ̂|φj〉

=
∞∑
j=1

〈φj|µ̂(B)
∞∑
i=1

αi|φi〉〈φi|φj〉

=
∞∑
i=1

αi〈φi|µ̂(B)|φi〉

=
∞∑
i=1

αiµφi(B). (C.1)

Hence µρ(B) ≥ 0 for all B ∈ M and µ(∅) = 0 since αi ≥ 0 and since µφi is a positive
measure for all |φi〉. Also

µρ

 ∞⋃
k=1

Bk

 =
∞∑
i=1

αiµφi

 ∞⋃
k=1

Bk


=
∞∑
i=1

αi

∞∑
k=1

µφi (Bk) , (C.2)

where in the last step we use the fact that µφ is a measure. Since, additionally, µφ is
positive, we can commute the two summations. Hence

µρ

 ∞⋃
k=1

Bk

 =
∞∑
k=1

∞∑
i=1

αiµφi (Bk)

=
∞∑
k=1

µρ (Bk) . (C.3)

Hence µρ is a positive measure.

Lemma 2. Let f : X → C be a bounded, measurable function. Then Tr(
∫
X
f dµ̂ρ̂) =∫

X
f dµρ.
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Proof. Write ρ̂ =
∑∞

i=1 αi|φi〉〈φi| with |φi〉 an orthonormal basis of H, αi ≥ 0, and∑
αi < +∞. Then

Tr

(∫
X

f dµ̂ρ̂

)
=
∞∑
i=1

αi〈φi|
∫
X

f dµ̂|φi〉

=
∞∑
i=1

αi

∫
X

f dµφi

=

∫
X

f dµρ, (C.4)

where in the second equality we used the definition of an operator-valued integral (see,
e.g., Ref. [111] for details), and in the last equality we made use of Eq. (C.1).

Suppose now that Hb is a Hilbert space of dimension 2, and Hs is a Hilbert space of any
dimension (in particular it could be countably or even uncountably infinite dimensional).
Note that the argument presented here is straightforwardly extended for any finite value
of dimHb. Consider a unitary Û on Hb ⊗Hs given by

Û = exp(−im̂⊗ X̂), (C.5)

where both m̂ and X̂ are self-adjoint operators in their respective Hilbert spaces. Since m̂
is self-adjoint, by the spectral theorem its eigenvalues span Hb, and in this basis m̂ can be
expressed as

m̂ =

(
m11 0

0 m22

)
. (C.6)

Since X̂ is self-adjoint, by the most general form of the spectral theorem (see, e.g. [111])
it can be expressed as

X̂ =

∫
λ dµ̂(λ), (C.7)

where µ̂ is an operator-valued measure on the Borel σ-algebra of subsets of the spectrum
of X̂. For any measurable function f we define f(X̂) to be the operator

f(X̂) :=

∫
f(λ) dµ̂(λ). (C.8)
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Expanding Û in Eq. (C.5) in a power series gives

Û =
∞∑
n=0

1

n!
(−i)nm̂nX̂n

=
∞∑
n=0

1

n!
(−i)n

(
mn

11X̂
n 0

0 mn
22X̂

n

)

=
∞∑
n=0

1

n!
(−i)n

(
mn

11

∫
λn dµ̂(λ) 0

0 mn
22

∫̂
λn dµ̂(λ)

)
, (C.9)

where in the second equality we are representing vectors in Hb in the eigenbasis of m̂, and
in the third equality we have made use of Eq. (C.8). By linearity of integration this can
be written as

Û =


∫ ∞∑
n=0

1
n!

(−im11λ)n dµ̂(λ) 0

0
∫ ∞∑
n=0

1
n!

(−im22λ)n dµ̂(λ)


=

(∫
e−im11λ dµ̂(λ) 0

0
∫
e−im22λ dµ̂(λ)

)
. (C.10)

Similarly, the adjoint of Û , denoted Û †, can be expressed as

Û † =

(∫
eim11λ dµ̂(λ) 0

0
∫
eim22λ dµ̂(λ)

)
. (C.11)

Consider now the channel ξ which takes states (density matrices) on Hs into states on
Hb and is given by

ξ(ρ̂s) := Trs

[
Û (ρ̂b ⊗ ρ̂s) Û †

]
, (C.12)

where ρ̂b is a fixed density matrix on Hb. We can represent ρ̂b in the eigenbasis of m̂ as

ρ̂b =

(
b11 b12

b∗12 b22

)
. (C.13)
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Also in this basis, the expression for ξ(ρ̂s) takes the form

ξ(ρ̂s) = Trs

[(∫
e−im11λ dµ̂(λ) 0

0
∫
e−im22λ dµ̂(λ)

)(
b11ρ̂s b12ρ̂s
b∗12ρ̂s b22ρ̂s

)

×

(∫
eim11λ′ dµ̂(λ′) 0

0
∫
eim22λ′ dµ̂(λ′)

)]

= Trs

(∫
e−im11λ dµ̂(λ)b11ρ̂s

∫
eim11λ′ dµ̂(λ′)

∫
e−im11λ dµ̂(λ)b12ρ̂s

∫
eim22λ′ dµ̂(λ′)∫

e−im22λ dµ̂(λ)b∗12ρ̂s
∫
eim11λ′ dµ̂(λ′)

∫
e−im22λ dµ̂(λ)b22ρ̂s

∫
eim22λ′ dµ̂(λ′)

)

=

(
Tr
∫
e−im11λ dµ̂(λ)b11ρ̂s

∫
eim11λ′ dµ̂(λ′) Tr

∫
e−im11λ dµ̂(λ)b12ρ̂s

∫
eim22λ′ dµ̂(λ′)

Tr
∫
e−im22λ dµ̂(λ)b∗12ρ̂s

∫
eim11λ′ dµ̂(λ′) Tr

∫
e−im22λ dµ̂(λ)b22ρ̂s

∫
eim22λ′ dµ̂(λ′

)
.

(C.14)

Note that integrals with respect to projection-valued measures have the multiplicative
property [111] ∫

f(λ) dµ̂(λ)

∫
g(λ′) dµ̂(λ′) =

∫
f(λ)g(λ) dµ̂(λ). (C.15)

Together with the cyclicity of the trace this simplifies Eq. (C.14) to read

ξ(ρ̂s) =

(
Tr
∫
b11 dµ̂(λ)ρ̂s Tr

∫
b12e

−i(m11−m22)λ dµ̂(λ)ρ̂s

Tr
∫
b∗12e

i(m11−m22)λ dµ̂(λ)ρ̂s Tr
∫
b22 dµ̂(λ)ρ̂s

)

=

( ∫
b11 dν(λ)

∫
b12e

−i(m11−m22)λ dν(λ)∫
b∗12e

i(m11−m22)λ dν(λ)
∫
b22 dν(λ)

)
, (C.16)

where in the last step we have defined the real-valued measure ν by ν(·) := Tr(dµ̂(·)ρ̂s)
and made use of Lemma 2. Let us now define the B(Hb)-valued function ρ̂b(λ) so that in
the eigenbasis of m̂ it reads

ρ̂b(λ) =

(
b11 b12e

−i(m11−m22)λ

b∗12e
i(m11−m22)λ b22

)
. (C.17)

Then Eq. (C.16) can be written in a basis independent manner as

ξ(ρ̂s) =

∫
ρ̂b(λ)ν(λ). (C.18)

Finally, by Theorem 2 in [98], we see that the channel ξ is entanglement breaking.
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Appendix D

Explicit calculation of
simple-generated time evolution

Here we will show the procedure for calculating the expression for the density matrix ρ̂ab
for each of the three coupling setups that we consider: AAB (first Alice couples twice then
Bob once), BAA, and ABA. Notice that the first two scenarios are just limiting cases of
the coupling scheme AABB (up to a relabeling of A↔B). Similarly the coupling ABA is a
limiting case of the four delta-coupling ABBA, where we take the two B couplings to be at
the same time. We will work out the details for the AABB coupling, with the calculations
for the ABBA setup performed analogously.

Let us therefore consider the case where A and B each delta-couple to the field twice,
at times ta1 ≤ ta2 ≤ tb1 ≤ tb2 , with coupling strengths λa = λb = λ/2. The interaction
Hamiltonian is

Ĥi(t) = Ĥ
(1)
i,a (t) + Ĥ

(2)
i,a (t) + Ĥ

(1)
i,b (t) + Ĥ

(2)
i,b (t), (D.1)

with Ĥ
(i)
i,ν (t) defined in Eq. (3.36). This Hamiltonian generates the time-evolution unitary

Û = Ûb2Ûb1Ûa2Ûa1 , with the Ûνi given by (see [2] for details)

Ûai = 1a ⊗ 1b ⊗ ŷ+
ai + m̂ai ⊗ 1b ⊗ ŷ−ai, (D.2)

Ûbi = 1a ⊗ 1b ⊗ ŷ+
ai + 1a ⊗ m̂bi ⊗ ŷ−ai, (D.3)

where m̂νi := m̂ν(tνi), ŷ
+
νi := cosh(Ŷνi), ŷ

−
νi := sinh(Ŷνi), and we define the field observable

Ŷνi := −i(λ/2)
∫

dnxFν(x)φ̂(x, tνi). The unitary Û evolves the initial state |ψ0〉 given in
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Eq. (3.34) into the state

Û |ψ0〉 =|ga〉 ⊗ |gb〉 ⊗
(
ŷ+
a2ŷ

+
a1ŷ

+
a2ŷ

+
a1 + e−iΩa(ta2−ta1 )ŷ+

a2ŷ
+
a1ŷ
−
a2ŷ
−
a1

+ e−iΩb(tb2−tb1 )ŷ−a2ŷ
−
a1ŷ

+
a2ŷ

+
a1 + e−iΩa(ta2−ta1 )e−iΩb(tb2−tb1 )ŷ−a2ŷ

−
a1ŷ
−
a2ŷ
−
a1

)
|0〉

+|ga〉 ⊗ |eb〉 ⊗
(
eiΩbtb1 ŷ+

a2ŷ
−
a1ŷ

+
a2ŷ

+
a1 + e−iΩa(ta2−ta1 )eiΩbtb1 ŷ+

a2ŷ
−
a1ŷ
−
a2ŷ
−
a1

+ eiΩbtb2 ŷ−a2ŷ
+
a1ŷ

+
a2ŷ

+
a1 + e−iΩa(ta2−ta1 )eiΩbtb2 ŷ−a2ŷ

+
a1ŷ
−
a2ŷ
−
a1

)
|0〉

+|ea〉 ⊗ |gb〉 ⊗
(
eiΩbta1 ŷ+

a2ŷ
+
a1ŷ

+
a2ŷ
−
a1 + eiΩata2 ŷ+

a2ŷ
+
a1ŷ
−
a2ŷ

+
a1

+ eiΩbta1e−iΩb(tb2−tb1 )ŷ−a2ŷ
−
a1ŷ

+
a2ŷ
−
a1 + eiΩata2e−iΩb(tb2−tb1 )ŷ−a2ŷ

−
a1ŷ
−
a2ŷ

+
a1

)
|0〉

+|ea〉 ⊗ |eb〉 ⊗
(
eiΩata1eiΩbtb1 ŷ+

a2ŷ
−
a1ŷ

+
a2ŷ
−
a1 + eiΩata2eiΩbtb1 ŷ+

a2ŷ
−
a1ŷ
−
a2ŷ

+
a1

+ eiΩata1eiΩbtb2 ŷ−a2ŷ
+
a1ŷ

+
a2ŷ
−
a1 + eiΩata2eiΩbtb2 ŷ−a2ŷ

+
a1ŷ
−
a2ŷ

+
a1

)
|0〉. (D.4)

Using this expression we can calculate the time-evolved density matrix of the two detectors
as ρ̂ab := Trφ(Û |ψ0〉〈ψ0|Û †). For example, in the basis {|ga〉|gb〉, |ga〉|eb〉, |ea〉|gb〉, |ea〉|eb〉},
the (1,1) component of ρ̂ab, denoted ρ11, reads

ρ11 = h(+ + + + + + ++) + h(+ + + + + +−−)e−iΩa(ta2−ta1 )+

+ h(+ + + +−−++)e−iΩb(tb2−tb1 ) + h(+ + + +−−−−)e−iΩa(ta2−ta1 )e−iΩb(tb2−tb1 )+

+ h(−−+ + + + ++)eiΩa(ta2−ta1 ) + h(−−+ + + +−−)+

+ h(−−+ +−−++)eiΩa(ta2−ta1 )e−iΩb(tb2−tb1 ) + h(−−+ +−−−−)e−iΩb(tb2−tb1 )+

+ h(+ +−−+ + ++)eiΩb(tb2−tb1 ) + h(+ +−−+ +−−)e−iΩa(ta2−ta1 )eiΩb(tb2−tb1 )+

+ h(+ +−−−−++) + h(+ +−−−−−−)e−iΩa(ta2−ta1 )+

+ h(−−−−+ + ++)eiΩa(ta2−ta1 )eiΩb(tb2−tb1 ) + h(−−−−+ +−−)eiΩb(tb2−tb1 )+

+ h(−−−−−−++)eiΩa(ta2−ta1 ) + h(−−−−−−−−). (D.5)

Here h(l1, l2, l3, l4, l5, l6, l7, l8) := 〈0|ŷl1a1
ŷl2a2

ŷl3b1
ŷl4b2
ŷl5b2
ŷl6b1
ŷl7a2

ŷl8a1
|0〉 for li = ±1. In order to

evaluate h, it is useful write ŷ±νi = [exp(Ŷνi) ± exp(−Ŷνi)]/2. The expression for h then
becomes

h(l1, l2, l3, l4, l5, l6, l7, l8) =
1

28

∑
pj=±1

8∏
i=1

f(li, pi)K(p1, p2, p3, p4, p5, p6, p7, p8), (D.6)

whereK(p1, p2, p3, p4, p5, p6, p7, p8) := 〈0|ep1Ŷa1ep2Ŷa2ep3Ŷb1ep4Ŷb2ep5Ŷb2ep6Ŷb1ep7Ŷa2ep8Ŷa1 |0〉, and
f(li, pi) equals −1 if li = pi = −1 and 0 otherwise. Next we define the commutators
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iθν1φ := [Ŷν2, Ŷν1] and iθij1φ := [Ŷbi, Ŷaj], which evaluate to

θν = i

∫
d3k

(
αa1(k)α∗a2

(k)− c.c
)
, (D.7)

θij = i

∫
d3k

(
αaj(k)α∗bi(k)− c.c

)
, (D.8)

where ανi(k) is defined by

ανi(k) := − iλ

2
√

2|k|
F̃ ∗ν (k)ei|k|tνi . (D.9)

F̃ν(k) is the Fourier transform of the smearing function Fν(x), given in Eq. (3.38). Calcu-
lating F̃ν(k) we obtain

F̃ν(k) :=
1√

(2π)3

∫
d3xFν(x)eik·x

=

√
2

π

sin(σ|k|)− σ|k| cos(σ|k|)
(σ|k|)3

. (D.10)

The expressions for θν and θij then work out to be

θν =
9λ2

4π2
Is(tν2 − tν1), (D.11)

θij =
9λ2

4π2
Is(tbi − taj), (D.12)

where the function Is(x) is given by

Is(x) :=

∫ ∞
0

dk
(sin(k)− k cos k)2

k5
sin(kx)

=
π

96
x(2− |x|)2(4 + |x|)Θ(2− |x|). (D.13)

Using the Baker-Campbell-Hausdorff formula the expression for K becomes

K(p1, p2, p3, p4, p5, p6, p7, p8)

= 〈0|D̂α|0〉 exp
[
− i

2

(
(p1 − p8)(p3 + p6)θ11 + (p2 − p7)(p3 + p6)θ12

+ (p1 − p8)(p4 + p5)θ21 + (p2 − p7)(p4 + p5)θ22

+ (p1 − p8)(p2 + p7)θa + (p3 − p6)(p4 + p5)θb
)]
, (D.14)
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where D̂α is a field displacement operator given by

D̂α := exp

[∫
d3k

(
α(k)a†k − α(k)∗ak

)]
, (D.15)

and where the coherent amplitude α is

α(k) := (p1 + p8)αa1(k) + (p2 + p7)αa2(k) + (p3 + p6)αb1(k) + (p4 + p5)αb2(k). (D.16)

Note that D̂α acts on the vacuum state |0〉 to create a coherent state of amplitude α,
which we denote |α〉. Thus the factor 〈0|D̂α|0〉 is simply the inner product between |0〉 (the
coherent state of amplitude 0) and |α〉. In Appendix A of [2] it is shown how to calculate
the inner product of two field coherent states. The result is, as might be expected from a
knowledge of coherent states of a simple harmonic oscillator,

〈0|D̂α|0〉 = exp

(
−1

2

∫
d3k |α(k)|2

)
. (D.17)

Using the definition of α(k) in Eq. (D.16), this simplifies to

〈0|D̂α|0〉 = exp

[
− 9λ2

16π2

(
1

4

(
(p1 + p8)2 + (p2 + p7)2 + (p3 + p6)2 + (p4 + p5)2

)
(D.18)

+ 2(p1 + p8)(p2 + p7)Ic(ta2 − ta1) + 2(p1 + p8)(p3 + p6)Ic(tb1 − ta1)

+ 2(p1 + p8)(p4 + p5)Ic(tb2 − ta1) + 2(p2 + p7)(p3 + p6)Ic(tb1 − ta2)

+ 2(p2 + p7)(p4 + p5)Ic(tb2 − ta2) + 2(p3 + p6)(p4 + p5)Ic(tb2 − tb1)

]
,

where Ic(x) is defined to be

Ic(x) :=

∫ ∞
0

dk
(sin(k)− k cos k)2

k5
cos(kx)

=



1
4

if x = 0,
1
12

(5− 8 ln 2) if x = ±2,
1
96

[
24 + 4x2 − 2x2(x2 − 12) ln |x| − 16|x| ln(2 + |x|)− 12x2 ln(2 + |x|)

+x4 ln(2 + |x|) + |x|(|x| − 2)2(4 + |x|) ln ||x| − 2|
]

otherwise.

(D.19)
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Substituting Eqs. (D.11) and (D.18) into Eq. (D.14) gives us an expression for K, which
we can then substitute into Eq. (D.6) to get a concrete expression for h. Therefore we can
get an expression for the matrix element ρ11, which is expressed in terms of h in Eq. (D.5).
The remaining elements of the two detector density matrix ρ̂ab are calculated analogously.
From the symmetries of the arguments of h in Eq. (2.40) and of K in Eq. (D.14), we can
see that if h has an odd number of “−” arguments then it vanishes. This is the reason why
half of the matrix elements of ρ̂ab in Eq. (3.40) are zero.
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Appendix E

Some technical quantum information
results

Here we prove some technical results from quantum information theory, which we make
use of throughout the main text.

Definition 3. Let ρ̂cb be a state on Hc⊗Hb. The conditional quantum entropy S(C|B)ρ̂cb
is defined as

S(C|B)ρ̂cb := S(ρ̂cb)− S(ρ̂b), (E.1)

where S(·) denotes the von Neumann entropy and ρ̂b := Trc ρ̂cb.

Note that, with this definition, the coherent information Ic(ρ̂a,0,Ξ) of a quantum chan-
nel Ξ from A to B and the input state ρ̂a,0, as defined by Eq. (4.7), can be written as

Ic(ρ̂a,0,Ξ) = −S(C|B)ρ̂cb , (E.2)

where, recall, ρ̂cb is the output of the channel 1c ⊗ Ξ acting on a purification of ρ̂a,0.

Lemma 3. The function taking the input ρ̂cb and producing the output S(C|B)ρ̂cb is a
concave function, i.e.

S(C|B)λρ̂1+(1−λ)ρ̂2 ≥ λS(C|B)ρ̂1 + (1− λ)S(C|B)ρ̂2 , (E.3)

for any 0 ≤ λ ≤ 1 and states ρ̂1 and ρ̂2 on Hc ⊗Hb.
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Proof. The proof presented here is inspired by the sketch of the proof in [112]. We start
by considering the state ρ̂cbe on Hc ⊗Hb ⊗He defined by

ρ̂cbe := λρ̂1 ⊗ |0〉〈0|+ (1− λ)ρ̂2 ⊗ |0〉〈0|, (E.4)

where {|0〉, |1〉} forms an orthonormal basis of the auxiliary qubit space He. Then, the
strong subadditivity of the von Neumann entropy reads [113]

S(ρ̂cbe) + S(ρ̂b) ≤ S(ρ̂cb) + S(ρ̂be), (E.5)

where ρ̂b := Trce ρ̂cbe, ρ̂cb := Tre ρ̂cbe and ρ̂be := Trc ρ̂cbe. Then, noting that ρ̂cb =
λρ̂1 + (1− λ)ρ̂2 and making use of the definition (E.1) for S(C|B)ρ̂cb we find

S(C|B)λρ̂1+(1−λ)ρ̂2 ≥ S(ρ̂cbe)− S(ρ̂be). (E.6)

Let us now evaluate S(ρ̂cbe). We obtain

S(ρ̂cbe) := −Tr ρ̂cbe log2 ρ̂cbe

= −Tr ρ̂cbe
(
log2(λρ̂1)⊗ |0〉〈0|+ log2((1− λ)ρ̂2)⊗ |1〉〈1|

)
= −Tr

(
λρ̂1 log2(λρ̂1)⊗ |0〉〈0|+ (1− λ)ρ̂2 log2((1− λ)ρ̂2 ⊗ |1〉〈1|

)
= −Trλρ̂1 log2(λρ̂1)− Tr(1− λ)ρ̂2 log2((1− λ)ρ̂2)

= S(λρ̂1) + S((1− λ)ρ̂2). (E.7)

By an analogous calculation we find

S(ρ̂be) = S(λTrc ρ̂1) + S((1− λ) Trc ρ̂2). (E.8)

Then, combining Eqs. (E.6)-(E.8) we obtain

S(C|B)λρ̂1+(1−λ)ρ̂2 ≥ S(λρ̂1) + S((1− λ)ρ̂2)− S(λTrc ρ̂1)− S((1− λ) Trc ρ̂2). (E.9)

Using the identity S(λρ̂) = λ log2 λ+ λS(ρ̂), which is straightforwardly proven by working
in the eigenbasis of ρ̂, the above expression simplifies to

S(C|B)λρ̂1+(1−λ)ρ̂2 ≥ λ
[
S(ρ̂1)− S(Trc ρ̂1)

]
+ (1− λ)

[
S(ρ̂2)− S(Trc ρ̂2)

]
. (E.10)

Finally, using the definition (E.1) for the conditional entropy S(C|B)ρ̂ we find

S(C|B)λρ̂1+(1−λ)ρ̂2 ≥ λS(C|B)ρ̂1 + (1− λ)S(C|B)ρ̂2 , (E.11)

which completes the proof.
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We can now prove a useful result regarding the coherent information Ic(ρ̂a,0,Ξ).

Lemma 4. Let Ξ be a quantum channel from states on Ha to states on Hb, let ρ̂a,0 be a
state on Ha, and let ρ̂cb be the output of the channel 1c ⊗ Ξ applied on the purification of
ρ̂a,0. Then, Ic(ρ̂a,0,Ξ) ≤ 0 if ρ̂cb is separable.

Proof. Assume ρ̂cb is separable. Then, it is possible to find pure states |bi〉 ∈ Hb and
|ci〉 ∈ Hc along with real numbers pi > 0 such that

ρ̂cb =
∑
i

pi|ci〉〈ci| ⊗ |bi〉〈bi|. (E.12)

From Eq. (E.2) we have Ic(ρ̂a,0,Ξ) = −S(C|B)ρ̂cb and hence from Lemma 3 we find

−Ic(ρ̂a,0,Ξ) ≥
∑
i

piS(C|B)|cibi〉〈cibi|, (E.13)

where |cibi〉 := |ci〉⊗|bi〉 are pure, separable states onHc⊗Hb. Since S(|cibi〉) = S(|bi〉) = 0
we see from Eq. (E.1) that S(C|B)|cibi〉〈cibi| = 0, and hence Eq. (E.13) reads

−Ic(ρ̂a,0,Ξ) ≥ 0, (E.14)

which completes the proof.
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