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Abstract

There are many cases where the elastic modulus of a structural member will vary longitudinally,
such as when a steel column is heated by fire. In such a case, the fire can compromise the
integrity of the structural frame. It is therefore necessary in stability analysis to accurately
analyze members with longitudinally varying elastic modulus. A new analytical method is
derived to evaluate the stability of an unbraced steel frame containing members that each consist
of up to three segments of differing elastic modulus. The method is presented in the form of a
lateral stiffness equation, which characterises the loss of stability in a frame when its lateral
stiffness diminishes to zero. The proposed method is also demonstrated via a numerical example
by analyzing the case of a post-blast explosion fire whereby the insulation along a segment of
any member is damaged. A scenario analysis was also conducted to identify the most vulnerable
location in a frame, whereby the damage to insulation resulting from a blast causes the greatest
reduction to the fire resistance. From a design standpoint, the most vulnerable locations can be
identified and further protected to improve safety. The proposed method provides more accurate
assessments of frame stability in cases where elastic modulus vary longitudinally in members,

and is validated via finite element analysis.

Keywords: fire; stability; steel frame; unbraced; storey-based; segment; stepped; temperature

distributions; semi-rigid; insulation damage
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1. INTRODUCTION
It is not uncommon for fires to occur in large buildings, especially those containing steel frames.
As a result, the effect of fires on structural steel frames has frequently been modeled numerically
in the past few decades [1-4]. However, due to the variable and unpredictable nature of fire,
assumptions will always be necessary in numerical models. Very often, these assumptions
include uniform member temperatures, such as in the cases of [1,5-6]. However, Xu and Zhuang
[3] demonstrated that the stability calculations of a steel frame can be significantly affected when
a two-stepped temperature distribution is modeled in its columns, rather than assuming uniform
temperature. The reason for using two-stepped columns is that room fires exhibit higher
temperatures near ceilings and lower temperatures near floors [3]. As such, the assumption of
two-stepped members is a progressive step towards realistic modelling of non-linear temperature
distributions in columns. Presented in this paper is a new methodology that evaluates the storey-
based lateral stability of an unbraced steel frame and extends the use of stepped members
towards applications where both columns and beams in a frame contain up to three segments of
differing temperatures. The presence of multiple segments of varying temperatures in members
of a frame can result from various fire scenarios, such as when fires initiate closer to one side of
a compartment, or when insulation is damaged during a post-earthquake or explosion fire.
Furthermore, an approach is presented for determining the individual buckling load three-stepped
column, which is the upper limit for the applicability of the lateral stiffness equation [7]. The
proposed method is demonstrated via numerical example whereby the damage to insulation due
to a blast explosion is modelled as a segment along any members of a frame. The heating of the
frame in fire until failure under various blast explosion scenarios is modelled to determine the

location in the frame whereby the blast results in the highest reduction to its fire resistance.
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2. BACKGROUND
The proposed method is in the form of a storey-based stability problem. The concept of storey-
based stability was initiated by Yura [8], who noted the fact that lateral instability could only
occur with all columns in the frame buckling simultaneously, and that structural frames perform
better when considered in whole over its individual members. Subsequently, LeMessurier [9],
Lui [10] and Avristizabal-Ochoa [11] have developed matrix methods for the storey stability
analysis of steel frames. Xu [12] later derived the lateral stiffness equation for a frame subjected
to axial loading with considering P-A effects. Recently, Xu and Zhuang [3] extended Xu’s
method [12] to include members with elevated temperatures under fire, including columns
containing two temperature zones along their lengths. However, the method proposed by Xu and
Zhuang [3] does not apply for more complicated thermal distributions in the frame members,
such as in the case of a large compartment containing a localized fire or travelling fire [4], or
when considering the effects of insulation delamination at plastic hinges caused by seismic
loading [13-16]. To account for all of these considerations, the proposed method is in the form of
a lateral stiffness equation for a storey frame with members containing up to three segments of
uniform temperatures. Note that the purpose of this paper is not to detail the modelling process
for any specific fire scenario, but to propose a method for assessing the lateral stability assuming
that the temperatures in each segment of each member have been determined via other analyses.
A variety of analysis approaches are already available to determine the temperatures and
deformation of steel members in fire, such as the use of finite element modelling [14] or other

numerical procedures such as [5,17-18].
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3. PROPOSED MODEL
Consider the 2D storey frame with n bays shown in Fig. 1. All frame members consist of three
segments with different temperatures, assumed to be uniform within the segments. For columns,
the lower, middle, and upper segments are denoted by the primary subscripts I, m, and u,
respectively. For beams, the left, middle, and right segments are denoted by the primary
subscripts L, M, and R, respectively. The beams and bays are numbered with primary subscripts

from 1 to n, and columns are numbered with secondary subscripts from 1 to n+1.
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Figure 1 — Schematic of unbraced storey frame with three-segmented members

The temperatures and lengths of each member are denoted in Fig. 1 by the variables T and L,
respectively. Let the subscripts i and j correspond to the primary subscript of the columns and
beams in the frame, respectively. I¢; and I, are the moments of inertia of column i and beam j,
respectively. The moment of inertia is assumed to be constant over the entire length of each
member. Let L¢i = Lyi+ Lm,i + Lij be the height of column i, and Lyj; = Lij + Lwm;j + Lgj be the
length of beam j. The frame is subjected to prescribed gravity loads, G;. The Eurocode 3 [19]

method was adopted to model the degradation of the members due to elevated temperature, and
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considers the tangent modulus of elasticity as a function of the axial load, P, and temperature, T,

given in Eq. (1).

L E.(T) , o< f,(T)
E(P.T) =By iy = (b/a)(e, (T) - &)[a° - (£,(T) - £)°T°°, f,(T) < o < f,(T) 1)
0 0 . o= f,(T)

Where Ej is the elastic modulus of the segment at ambient temperature and x is the degradation
factor for the elastic modulus. ¢ and € are the stress and strain in the segment, respectively, and a
and b are coefficients defined in Euroocde 3 [19]. E,, f, and f, are the modulus in the linear
elastic range, proportional limit and yield stress, respectively, also defined in Eurocode 3 [19]
and are functions of the temperature. Note that the proposed methodology can be extended to
account for non-fire scenarios, where Eq can be any reference elastic modulus, and x can be
directly specified based on the relative elastic modulus in each segment.

3.1  End Fixity Factors for Three-Segment Members

All connections in the frame are generalized as semi-rigid connections. The end fixity factor
concept established by Monforton and Wu [20] was employed to model the rotational stiffness of
these connections. The end fixity factor, r, is defined as the ratio between the rotation at the end

of the member, o, and the combined rotation, ¢, of the member and the connection due to a unit

end-moment, as shown in Fig. 2.

Figure 2 — Definition of End-fixity Factor

Let the upper and lower end fixity factors of column i be denoted r,; and r;, respectively.

Similarly, let the end fixity factors at the corresponding ends of beam j be r_j and rgj;,
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respectively. The end fixity factors for members with three segments of constant elastic modulus
are derived in Appendix C and are given in Egs. (2a) and (2b), respectively, for the columns and

beams in the frame.

1 1
RS S R (2a)
g 14 3Bl o 14 3Bl
LRy LeRyizy,i
1 1
P S S (2b)
L B 3Eply,; R 3Eply,;
LeRL 7L LcRR j7R,j

Where R is the rotational stiffness of the connection at the corresponding end subjected to
elevated temperature and 7 is an adjustment factor given in Egs. (4) to account for the different
temperatures in the segments. Note that for semi-rigid connections subjected to elevated

temperature, R can be adjusted via a reduction factor, kg, in Egs. (3) [21].
R(TR) = kRRO (3&)

kg =1- T, >0 (3b)
RO

Where Ry is the rotational stiffness of the connection at ambient temperature and Tr is the
elevated temperature of the connection. For the purpose of simplicity, Tr may be taken as the
temperature of the nearest member segment. The value of kg can be obtained by correlations
based on the experimental data in Al-Jabri et al. [22], whereby it is shown for various types of
connections that the rotational stiffness parameter in the Ramberg-Osgood [23] rotational
stiffness is linearly correlated with temperature. Based on the experimental results, the linear
stiffness reduction slope factor, m, ranges between 1x10* and 6x10* Nm/°C [22]. Note that for
idealized connections (R = 0 or R = oo, corresponding to r = 0 or r = 1), the rotational stiffness is

unaffected by temperature when using Eg. (3).
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The end fixity factors in Egs. (2) differ from those derived by Monforton and Wu [20] in that
they consider members with three segments via a z factor, which accounts for the differences in
temperatures in each segment and is defined in Egs. (4a) and (4b) for columns and beams,

respectively.
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Where u is the degradation factor accounting for the effect of elevated temperatures on the
elastic modulus in the corresponding segment of the member, obtained from Eqg. (1). Note that
Egs. (4) extend the case of two-segmented members derived by Xu and Zhuang [3] to include
three-segmented members. Therefore, the value of the end fixity factor varies based on the
temperature of the segments of the members, as well as the axial load if the segment is in the
non-linear elastic range. Note that R = 0 for an idealized pinned connection, and R = o for a
fixed connection. Similarly, r = 0 for a pinned connection, and r = 1 for a fixed connection.
Where multiple beams are connected to the end of column, R is given as the sum of contributions

from the beams in Eq. (5).

Rui = ZuRi,ju; R ZZIRi,j, ®)

ju=t =l
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Where Ry i and R;; are the rotational stiffness of the upper and lower end connections,
respectively. m, and m, are the number of beams connected to the upper and lower ends of
column i, respectively. The rotational resistance provided by beam j to column i at the
corresponding end, R;;, can be calculated using Eq. (6), with the corresponding derivation shown

in Appendix D.

o 6Eolb, i | 20 44 pi r (L= T ) + 220N PE + AngTEVnE (6)
" Ly bap +TyAg + e e —IyTedp

§
In which the subscript N refers to the near end of beam j connected to column i, and the subscript
F refers to the far end of beam j connected to column i. These subscripts are to be replaced by
the subscripts L and R as necessary. The values of uy, um, and ue for the corresponding segments
are obtained from Eq. (1), and vng is the ratio between the near end and far end connection
rotations and corresponds to the buckling shape which needs to be assumed in advance in order
to simplify the problem for analytical solutions [24]. It was demonstrated by Xu & Liu [24] that
assuming vne = 1 gives accurate estimations of results and corresponds to the asymmetric
buckling mode. The coefficients Aa, 48, Ac, and Ap are given in Egs. (7a) through (7d) and are
defined such at 1 = Ap = 1 and Ag = Ac = 0 in the case of a single segment beam with uniform
ambient temperature (un = um = ur = 1). The coefficients Axy and Ang depend on the temperatures

and lengths of each segment of the member, given in Egs. (7e) and (7f).

Ap = HL v HRTNTE (72)
Ag =47k (KN — TN M v M) (7b)
Ac =4zy (KF “TRHNHwm ,UF) (7c)
Ao = Alrery + e — ryre iy i pte |- 3L 5 (Lo e | oy + Uy s e | iy + U g iy i+
ALy e + ALy + 4Ly Bt + 4Ly By + AL 3 gy + AL By pay + ... (7d)
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Where the coefficients xy and k¢ also depend on the temperatures and lengths of each segment of
the member and affect the coefficients g, Ac and Ap, given in Egs. (8).

Ky = Léi[(l-wm e + Ly i e + Lo gy )+
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Note that for single segment beams under uniform ambient temperature conditions (un = um = (e
=1), Eq. (6) converges to the equation for R;; derived by Monforton and Wu [20]. Where no
other members contribute to the rotational rigidity of the end connection of a member, the end
fixity factor at the corresponding end may be calculated using Egs. (3). Expressing this in terms

of the end fixity factor at ambient temperature gives Eq. (9) below.
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Where ris the end fixity factor at the condition-specified end, z is the corresponding factor in Egs.
(4), and ry is the end fixity factor of the corresponding end under ambient temperature conditions.
Note that in the cases of pinned connections (ro = 0) and fixed connections (ro = 1) at ambient
temperatures, the resulting end fixity factors at elevated temperatures remain unchanged (r = ro).
3.2 Thermal Restraints

The total axial load of column i experiencing elevated temperatures can be expressed as P; = G;

+ H;, with G; being the applied gravity load and H; being the additional axial load induced by
restraint against thermal strains. H; can be taken as zero where there are no physical restraints
against thermal strains, or calculated using the procedure in Appendix A for restrained columns.
3.3  Storey-based Lateral Stiffness

In the proposed method, the storey-based lateral stiffness of the frame in Fig. 1 is calculated to
evaluate the frame’s stability. The lateral stiffness of the frame is its ability to resist lateral
deformation under given loading conditions, and is defined as the lateral force required to cause

a unit lateral displacement of the storey. The frame becomes unstable when the lateral stiffness

of the storey reaches zero [3,12].

In order to evaluate the lateral stiffness of an unbraced frame with three-segmented members, the
lateral stiffness of a single three-segmented column illustrated in Fig. 3 must first be derived. For
purposes of clarity, the subscript i is removed from Fig. 3 and subsequent equations referring to
the variables and properties of this individual column. In order to account for P-A effects, the

axial load P is also applied to the column.
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Figure 3 — Single Three-Segment Column subjected to Second Order Effects

A lateral load, Y, is assumed to act at each end of the column. The transverse deflection
coordinates yi(x) ym(x), and y,(x) apply to the corresponding segments of the member. The
rotational springs at each end of the column produce end moments M, and M, as per Egs. (10).

M, =R,6, (10a)
M, =R,6, (10b)

Where the rotational stiffnesses of the upper and lower connections, R, and Ry, respectively, can
be obtained from Egs. (3). Based on external equilibrium, Eq. (11) must be satisfied.

M, +M, =YL, + PA (11)
Based on internal equilibrium via the method of sections, the internal bending moments in the

three segments of the column are given in Egs. (12).

10



185

186

187

188

189

190
191
192
193
194
195
196
197

198

199

200

201

202

203

204

205
206
207
208
209

E,ICdX—ZzM,—P(y,(x))—Yx; 0<x<L (12a)
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e=p2 ~ 1~ Ym(X))=YX L <x<L +Ly

d*y, ; <x< (12¢c)
Ellcdx—zle_P(yu(X))_YXa L +Ly=x<L

The system of differential equations in Egs. (12) can be solved by applying the eight boundary

and compatibility conditions in Egs. (13), in addition to the external moment equation in Eq. (10).

y1(0)=0 (13a)

Yu (Lc) =A (l3b)

' 0)=6 (13c)

y'u (Lc) = eu (13d)

Vi) =Ym(L) (13e)

ym(LI +Lm):yu (LI +Lm) (13f)
Vi) =Ymn(L) (1309)

ylm (LI + Lm) = ylu (LI + Lm) (13h)

Egs. (13a) through (13d) are boundary conditions at the ends of the column, whereas Egs. (13e)
through (13h) are compatibility conditions that define deformation continuity between each
segment of the column. Based on the solution to the system of differential equations in Egs. (12),

the lateral stiffness of the column is equal to Y /A, which is expressed in Egs. (14).

Y #Eolg( 1

AL (l// —J (142)
_ orynas —3¢°[n (1-r,)z, +1, (1-1)7 g (14b)

#*ri7, (-1)(A-1,)a +9r, 13, —3¢2[r (1-1,)r a5 +1, (L-1)713, ]

Where the coefficients a; through as are given in Egs. (15).

a =¢§]S|Sm5u _¢| P$nCiCinSu =Py SICimCy, _¢I $.C1SmCy (158‘)
3, = ¢ndySICnCy + 4 #2buCiSuCy + & IndiCICnSy —# b. Si1SmS,y (15b)
a3 = ¢’ PnSICmSuy + B S5Ci1SmSu + 88y S1SmCu — & Fmbu C1CmCL (15c)
a, = $2C,SmSy +Bn#ZS1CimSy +B2bu S1SmCu — & P C1CmCu (15d)
as =ag +ay + 2¢| ¢m¢u (159)

11
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in which the modified loading coefficients ¢4, 4, and ¢, are related to the axial load factor of the
column, ¢, and modified by the degradation factor x of the corresponding segment due to

elevated temperature. S;, Sy, Su, Ci, Cry and C, are all trigonometric functions of the
corresponding modified load coefficients associated with each segment of the member. These

functions are given in Egs. (16).

P . ¢ . ¢ . ¢
p=|—L; h="F=: On= ;= (163.)
EOIC ! \//J_l \/Z \/Z
S, :sin[¢' al ]; Si, :sin(@} S, :sin(qju L“J (16b)
L L L
C = co{qjI L j; Cn= co{%} C, = CO’{MJ (16¢)
LC LC LC

Assuming that all of the columns of the storey experience the same deflection, the lateral
stiffness of a storey in the frame is the sum of the contributions of the individual columns, given

in Eq. (17).

zszf%zfvitis‘w [ﬁﬂ (17)

i=1 i=1

This assumption is valid where rigid floor systems are provided to render the beams inextensible.
Eq. (17) is applicable as long as P; is positive and does not exceed the critical load of the
individual column, P,;, at which yielding of the section or rotational buckling occurs, shown in
Eqg. (18).

0<P <PR,; =min{R,;,P,;} (18)
Where Py is the yielding load of the column equal to the product of the section area and the
lowest yield stress in the column, and Py ; is the rotational buckling load determined via

Appendix B.

12
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Note that the proposed method applies to one-storey frames. However, it can be extended for use
in multi-storey frames either via the storey decomposition method proposed by Liu and Xu [25],
whereby a multi-storey frame can be decomposed into individual stories for analysis using the
storey-based stability approach. The equivalent rotational stiffness of the column connections
can be computed at each storey level, and instability is defined to occur when the product sum of

the lateral stiffness in each storey diminishes to zero.

3.4 Modelling of Nonlinear Temperature Distribution

The proposed model using three-segment members can be applied towards different structural
engineering applications. Most generally, if non-linear temperature distributions occur in the
members, such temperature distributions can be represented using three segments in the
proposed method, each with their own average temperatures. Non-linear temperature
distributions may result from localized fires, such as when a fire is located in a corner of a room,
causing heating at ends of beams. Also, since warm air rises, vertical gradients of temperatures
are commonly observed in room fires [3]. Finally, yielding can occur near connections during
seismic loading, causing localized loss of fire protection [14-16] and resulting in higher
temperatures in the cross sections located in these areas during a post-earthquake fire. In the
proposed method, the lateral stiffness of the frame can be calculated if the temperatures of every
segment in each member are directly specified. This can be accomplished using any thermal
analysis methods, such as the incremental time step method proposed by Pettersson et al. [17], or
from finite element analysis. For example, Arablouei and Kodur [14] simulated the effects of
localized insulation damage on temperatures in members segments by determining the relative
temperatures between insulated and exposed steel obtained from finite element analysis.

Relationships between the temperatures of different segments within the frame can therefore be

13



253  predicted with respect to the fire or reference temperature. In other words, the temperature of a
254 given segment may be taken as a function of either a reference temperature or the duration of fire.
255 3.5  Computational Procedure

256 A summary of the procedure that can be followed to analyze the storey-based stability of frames
257  with three-segmented members subjected to fire conditions using the proposed method is

258  provided below.

259 1. Specify the lengths of the segments in each member (L, L, Ly, L1, Ly, Lg). Determine
260 other member properties (I, I,) and specify vyg = 1 as necessary.

261 2. Input the temperatures, Ty, of each segment in each member

262 3. Input the specified gravity loads, G; and calculate the thermal restraint forces, H;, where
263 applicable according to the procedure in Appendix A.

264 4. Calculate the resulting degradation factors and elastic modulus (« and E) using the

265 Eurocode 3 [19] method in Eq. (1). Alternatively, Eo and « can be specified manually.
266 5. Calculate the end fixity factors for all ends of all members (ry, 1y, ry, re) using Egs. (3).
267 Note that for member ends not dependent on the rotational resistance of other members, r
268 must be adjusted due to elevated temperature according to Eq. (9).

269 6. Ensure that the values of P; do not exceed P, ; in Eq. (18). If P, ; is exceeded then the

270 column has failed locally via rotational buckling or yielding.

271 7. Calculate lateral stiffness contribution, S;, for each column. The lateral stiffness, XS, is
272 the summation of the lateral stiffness contribution from all columns in the storey frame in
273 Eq. (17). If £S > 0 then the frame is stable. Instability analysis can also be performed by
274 increasing either the applied gravity loads or temperatures of the members until

275 instability occurs (XS = 0).

14
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4. NUMERICAL EXAMPLE
A numerical example is provided to demonstrate the use of the proposed method towards a frame
with three-segmented members in post-explosion fire scenarios. Explosions in buildings can
cause local damages to insulation on members, and the lengths of the regions of damage can be
modelled as segments of the members [14]. Moreover, explosions can ignite nearby fuel and
cause room fires. Consider the two-bay frame shown in Fig. 4, where the sensitivity of the frame

lateral stiffness to the location of insulation damage due to explosion blasts is analyzed.

750 kN 1.125 kN 1.125 kN
_ 7315mm
7 (TYP) 7 [
2 3 b [ 9 10 11 127 14
' i W410x67 W410x67 i
3 Ba)‘ 1 o Ba}, 2 S
4877 mm|,| & z z
2| & 8| = 4 <
TYP) || = KX A
‘ = = =
! 1 7] 13
Column 3

Figure 4 — Example two-bay unbraced storey frame subjected to post-explosion fire

In each scenario, a blast is assumed to cause local delamination to a 1.0 m long segment at either
an end or the middle of a member, followed by an ASTM E119 [26] fire, assumed to occur
uniformly throughout the entire frame. The member subjected to insulation damage at an end or
in the middle can conveniently be modelled as a two- or three-segment member, respectively.

Note that single- and two-segment members are modelled as three-segment members with
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identical properties in adjacent segments. The blast locations are numbered in Fig. 4 for each
scenario (1 to 15). The scenarios are also compared to the case of a completely undamaged frame.
The original thickness of insulation required to provide a nominal fire resistance of Ry = 120

minutes based on the prescriptive approach in Eq. (19) is applied on each member [27].

__ 254Ry (19)
P 1.03W/D+42

Where t, is the thickness of the protective insulation (mm) required to provide the desired fire
resistance rating, R (min), for a steel member with unit weight W (kg/m) and heated perimeter D
(m). The density, thermal conductivity and heat capacity of insulation are assumed to be 400

kg/m®, 0.12 W/mK and 1,500 J/kgK, respectively. The section properties are tabulated in Table 1.

Table 1 — Member section properties in two-bay frame example

Property I A D W tp

W200x36  34.1x10°mm* 4,570 mm* 1.05m 36kg/m 39.4 mm
W310x60  129x10°mm* 7,610 mm* 1.40m 60kg/m 35.4 mm
WA410x67  245x10°mm* 8,580 mm* 1.52m 67 kg/m 34.9 mm

The time-temperature relationships for the segments in each member subjected to the ASTM fire
were computed using a 2D heat transfer finite element model in ABAQUS. The gas temperature
is assumed to be uniform throughout the frame. Within the 1.0 m delamination length in each
scenario, the insulation on one flange of the section is assumed to be removed. The density,
thermal conductivity and heat capacity of steel are assumed to be 7,850 kg/m?, 40 W/mK and
600 J/kgK, respectively. A convective heat transfer coefficient of h = 25 W/m?K and emissivity
of 0.9 was assumed for all exposed surfaces. Quadratic heat transfer elements were used in the
section meshes. As the blast damage can occur on any one of segment of the members in the
frame, all of the sections in Table 1 are illustrated in Fig. 5 as protected with either damaged

insulation (DI) and undamaged insulation (Ul).
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312 Figure 5 — Cross-sections of segments with damaged insulation (DI) and undamaged insulation (Ul)

313  The cross-sectional temperatures in the member segments under the these cases are plotted

314  versus the duration and gas temperature of the ASTM E119 [26] fire in Fig. 6.
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316 Figure 6 — Time-temperature results from finite element analysis of segment cross-sections

317  From Fig. (6), it is observed that when any section is subjected to damaged insulation its

318  temperature is increased by up to 255°C over the course of the fire event compared to when it is
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not damaged. The frame in Fig. 4 is subjected to the prescribed gravity loads shown, which are
constant in the analysis. However, the columns are thermally restrained, and the additional axial
forces in columns due to thermal expansion will be calculated according to Appendix A. As such,
the internal axial forces, Pj, in the columns increase as the temperatures increase. Column 3 is
rigidly connected to the ground (r, 3 = 1) while the other columns are pinned to the ground (r; =
r2 = 0). The ambient modulus of elasticity is E; = 200 GPa. All beam-to-column connections are
assumed to be semi-rigid end plate connections, with ryo=rgo = 0.493 for all beams in Eq. (8),
which corresponds to ambient rotational stiffnesses of Ry = 19.56x10° Nm. The linear stiffness
reduction slope factor is taken as m = 2.88x10* Nm/°C. The R, and m parameters were selected
based on a linear regression analysis of the results of Al-Jabri et al. [22] for Group 2 end plate
connections. The coefficient of determination for fitting the experimental data with the selected
parameters was R? = 0.97. As the duration of fire is increased, the lateral stiffness of the frame
subjected to blast damages diminishes. The duration of fire at which lateral instability failure of
the frame occurs, along with the maximum value of P;/P,; at the time of failure, is listed for each
of the scenarios in Table 2, where Py is the rotational buckling load that varies with temperature.
The failure times corresponding to two analyses are reported in Table 2: (1) with assuming
asymmetrical buckling (vne = 1) as necessary in the proposed method, and (2) with values of vy
calibrated at each beam-to-column connection based on an eigenvalue buckling analysis

conducted in ABAQUS.

Table 2 — Failure durations of fire in scenario analysis of frame subjected to post-explosion fires

Failure Time  Failure Time (PIP.)
(Wwe=1) (vne calibrated) 1 wmax
U Undamaged frame 138.8 min 136.2 min P,/P,2> = 0.90
Column 1, lowerend  136.7 min 134.9 min P,/P,,=0.89

Column 1, middle 129.9 min 128.8 min P,/P,;=0.85
Column 1, upperend  131.8 min 130.2 min P,/P,;=0.86
Beam 1, left end 134.7 min 132.5 min P,/P,,=0.87

Scenario  Damaged Location

A wWw NP
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5 Beam 1, middle 138.8 min 135.9 min P,/P,, = 0.90
6 Beam 1, right end 138.4 min 136.3 min P./Py > =0.90
7 Column 2, lowerend  101.4 min 101.0 min P./Py,=0.99
8 Column 2, middle 107.0 min 104.6 min P./Py, =0.97
9 Column 2, upperend  109.7 min 109.7 min P,/P,, = 1.00*

10 Beam 2, left end 138.1 min 136.5 min P,/P,, = 0.90
11 Beam 2, middle 138.8 min 135.8 min P,/P,, = 0.90
12 Beam 2, right end 130.6 min 128.6 min P,/P,,=0.85
13 Column 3, lowerend  107.6 min 103.7 min P3/P,3=0.78
14 Column 3, middle 121.0 min 120.4 min P3/P,3=0.98

15 Column 3, upperend  120.9 min 120.7 min P3/P,3=0.98
* Denotes a value that is slightly below but rounds to unity

To obtain the calibrated values for each scenario, the frame in Fig. 4 was modelled in ABAQUS
by using B23 cubic Euler-Bernoulli (non-shear-deformable) wireframe elements in all members.
The semi-rigid connections were also modelled using linear-elastic “Join + Rotation” connector
section features, with temperature-dependent values of R. In the eigenvalue buckling analysis,
the loads were proportionally assigned. The thermal restraints were considered by applying an
additional factor to the gravity loads equal to the proportional increase in axial load experienced
by the column due to the thermal restraints as calculated via the procedure in Appendix A. The
time of failure corresponding to the calibrated vgy values in Table 2 were obtained via trial and
error in changing the elastic modulus of the segments based on Eq. (1) and repeating the
eigenvalue buckling analysis in ABAQUS until the critical applied gravity load factor of the
frame corresponded exactly to the given applied loads. The calibrated values of vyg were then
retrieved from the FEA model based on the rotational displacements from the buckled shape of
the frame at the time of failure in ABAQUS. These values were inputted to the proposed method
for re-analysis, and the failure times as determined using the proposed method with the
calibrated values are presented in the corresponding column of Table 2. The resulting time of
failure differed by at most only 0.02 minutes (0.015%) between the proposed method and the

FEA model out of all the scenarios. Further to this, the time of failure obtained using the
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calibrated vy values in the proposed method were inputted into ABAQUS whereby the resulting
critical load factor was calculated. The proportional load factors applied in ABAQUS were 1, 1
and 1.5, corresponding to Columns 1, 2 and 3, respectively. As such, a critical load factor of 750
kN would correspond to zero error between the FEA model and the proposed method. Out of all

of the scenarios, the largest error in the critical load factor calculated in ABAQUS was only

0.909 kN, and corresponded to a critical load factor of 749.091 kN. This difference of only 0.12%
is negligible and may have resulted from interpolations used by ABAQUS on the temperatures
located at nodes between adjacent segments, and/or truncation errors in the input form for the
applied loads. Figs. 7 through 10 illustrate the buckled shapes of the frame in Scenarios U, 2, 7

and 13, as obtained from the FEA model, respectively. Scenarios 2, 7 and 13 correspond to the

minimum time of failure resulting from blast damage applied to any segment on Columns 1, 2

[

Figure 7 — Buckled shapes of frames in Scenario U (no damage to insulation)

) )

Figure 8 — Buckled shapes of frames in Scenario 2 (worst case delamination in Column 1)

and 3, respectively.
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Figure 9 — Buckled shapes of frames in Scenario 7 (worst case delamination in Column 2)

, T 7

|

Figure 10 — Buckled shapes of frames in Scenario 13 (worst case delamination in Column 3)

From observing the buckled shapes in Figs. 7 to 10, it can be observed that a configuration
similar to symmetric buckling exists in the beams. In fact, 27 of the 32 calibrated values of vey
obtained from the 16 scenarios (one for each beam) were negative. As such, vgy = -1 may have
been a more appropriate assumption in producing the un-calibrated results, although the resulting
failure times only differ by 3.6% even with assuming vey = 1. As such, the effect of vy on the
results of the failure time are not very significant in this example. Also, the column with the
highest P/P,, ratio in Table 2 appears to experience the most curvature in the buckled shape for
each scenario, and the curvature becomes more severe as the corresponding P/P, ratio
approaches unity. The implications of the P/P, ratio are further explained in the following

paragraph.

In the un-calibrated analysis, the frame has a fire resistance of 138.8 min in the undamaged
scenario. From Table 2, it can also be seen that damage to the insulation on the beams (Scenarios
4 through 6 and 10 through 12) has the least effect on the fire resistance of the frame. The fire

resistance is affected to a greater extent if delamination of the fire protection occurs at the ends
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of the beams as opposed to in the middle, since the rotational rigidity of the beam-to-column
connections is reduced more quickly in these cases. Nevertheless, this reduction is not very
significant (up to 5.9% reduction for Scenario 12). Note that in the table, values of Pi/P; greater
than 0.9 indicate that individual column buckling is imminent, and that the lateral stiffness of the
frame is decreasing very quickly at the time of failure. However, it is noted that individual
column buckling cannot theoretically occur for non-lean-on columns as the lateral stiffness of the
individual column approaches negative infinity as P approaches P,. As such, the frame will
always buckle globally prior to the achievement of individual buckling load. Such is the case
when the insulation on any part of Column 2 is damaged (Scenarios 7 through 9), resulting in
failure as quickly as 101.4 min. The damage to the insulation on the lower end of Column 2
(Scenario 7) is the worst scenario and represents a 26.9% decrease to the fire resistance of the
frame when compared with the undamaged case. It is also worth noting that damage to the
insulation near the fixed support (Scenario 13) also significantly reduces the fire resistance of the
frame to just 107.6 min (a 22.5% reduction). Overall, the results indicate that insulation damage
to Column 2 has the greatest reduction to the failure time of the frame, and it is clear that the
effect of blast damage to insulation can significantly reduce the fire resistance of a frame. From a
design standpoint, the results of the scenario analysis can be used to identify the most vulnerable
locations of a frame and increase the fire resistance in these locations by either strengthening the

members or providing more insulation.

5. CONCLUSION
Presented in this paper is a new method for computing the lateral stiffness of an unbraced semi-
rigid steel storey frame with three-segmented members, where the three segments in each

member can be set to have different input temperatures, or manually prescribed elastic modulus.
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The resulting lateral stiffness of the unbraced frame can then be computed. When the lateral
stiffness reaches zero, the frame becomes unstable. The proposed methodology can be applied
towards many modelling problems where non-linear or piece-wise temperature gradients occur
longitudinally in members. A numerical example is presented in which the effects of blast
damage to insulation during an ASTM E119 fire event are modelled via a member segment
containing delaminated insulation. The proposed method was also validated via finite element
analysis as it produces results that are virtually exact to the eigenvalue buckling analysis
approach when the value of vyg corresponding to the buckling mode is calibrated. Based on the
results of the numerical example, the location of the blast explosion can significantly influence
the fire resistance of a frame. The failure mode of the frame can also be changed between
individual column buckling depending on the location of fire or blast damage, which reinforces

the importance of considering different fire scenarios when analyzing structures.
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Appendix A Thermal Restraints

For fully restrained columns, the additional axial force H; may be calculated via Egs. (A.1). Egs.
(A.1) extend a similar derivation for two-segmented beams in Xu and Zhuang [3] to consider
three segments, and the tangent modulus theory from the Eurocode 3 [19] is also applied. In
utilizing Eq. (A.1) it is assumed that the differences in axial deformations among columns in the

same storey of the frame are ignored [3].

Hi =R -G (A.l1a)
G +ki(¥r +¥m (R))
P = TkiLciM (Alb)
1+ :
Ao

Tii Tin,i Tu,i
W =Ly Ia(l’)dT L, Ia(l’)dT T Ly Ja(T)dT (A.1c)

TO TO TO
Yr(R)=Liem1i(P) +Lyiemmi(B)+ Lyiemui(P) (A-ld)

Where A.; is the cross-sectional area of column i and ey (P;) is the mechanical strain in the
segment as obtained from the Eurocode 3 stress-strain curve in Eq. (A.2) [19]. The terms ¥ and

Pu refer to the thermal and mechanical deformations, respectively.

VACE ;VAC <for
em (P)=1&y1 —(a/b)\/b2 _(VAC +c— fvajz o <7AC < fiy (A.2)

00 ’VAC > fiy

Where a, b, and c are the parameters defined in Eurocode 3 [19], and f, r and f, 1 are the
proportional limit and yield stress tabulated in Eurocode 3 [19]. As the material may not always
be linearly elastic, solving Eq. (A.1a) requires an iteration procedure of computing P; and
converges readily if it is assumed that P; = G; on the right-hand side of Eq. (A.1a) in the first

iteration. In the numerical example, H; converges to within only 1.0 N within only four iterations.
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a is the coefficient of thermal expansion given in Eq. (A.3) [3] and Ty is the ambient temperature

and may be taken as 20°C.

o(T) = (0.004T + 12) x10° °C™*

(A.3)

ki is the spring stiffness of the column restraint against axial strains, which may be taken as the

total lateral stiffness of the connecting beams. The lateral stiffness of a connecting beam with

index j is shown in Eqg. (A.4), and is the same as the lateral stiffness of a column rotated on its

side, without imperfections or axial loads.

Kk . = 12E,l, T HN v M
b Ly> 1270 — 24y + 6173 = Oy T 774

(A4)

Where the subscripts N, M and F correspond to the near, middle and far segments of the beam

and the coefficients 7o through #,4 are given in Egs. (A.5).

1o = tnTr (=N ) A= T ) oy pina 1E

m =3rg (A—ry)ry +3ry A-rg )7

Iy e (L_N+L_M+L_FJ
L Ui v e

y=m+

1
s =—4{L3N(2Lb—LN)M+L3M (2L —Ly) FEEE 4 15 (2L — L) FUEM 4
Ly M oy U

2Ly Lyt + Ly L + Ly Lt + L Ly + Le Ly + Ll ) + .

6(L "L 2t + Ly "Lt + L “Le ") + .
6(Ln "L Lr (e + 225) + Ly "Ly L (i + ) + Le "Ly L (g + )

Where the A coefficients are given in Egs. (A.6).

o =i?[|_3N Hwlle 3 ANHE 13 ANV L 61 Ly, L pgy) + ...
Ly H Hy HE

3(L Lt + L "L g + L "Lt + L "L oy + Le "Lyt + Le "Ly )
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AN = _z[l-%\l/uM/uF + L st i+ L i g+ 2(Lyy L g st + Ly L g 1 + L LF,UN,UF)]
L
1

Ar :E[LilﬂMﬂF + LR st e+ L i g+ 2(Lyy Ly i e + Ly L iy i + Ly L iy g )]

1
AN = F(L?\l:uM:uF + L st + G i g + ..
b

3Ly L aan st + 3Ly L oy iy + 3Ly LR g i+ -
3Le Ly aan st +3Le LR e gy + 3L L iy g + -
6Ly L LF#N,UF)

(A.6b)

(A.6c)

(A.6d)

Note that since H; is a function of the elastic modulus, which can be a function of the axial load,

an iterative solution is required to determine the axial load of the column. However, since H; is

relatively small compared to G;, the elastic modulus may be taken as a function of just the

gravity load rather than the total axial load without introducing significant errors. Doing this

prevents the need for an iterative solution, and simplifies the procedure of the time stability

assessment.
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Appendix B Rotational Buckling

The rotational buckling load of a column, Py, can be determined by solving for the buckling
condition implicitly using the approach outlined by Hoblit [28]. Consider the buckled shape of
column i in Fig. B.1. Once again, the subscript i is removed from Fig. B.1 and subsequent

equations referring to the variables and properties of this individual column.

Lm
X Ll
V—>@& "}
(e
P

Figure B.1 — Buckled Geometry of a Three-Segment Column
The internal moment in each of the three sections of the column are given in Egs. (B.1).

2

d
E,chTzzz—sz(x)+M| VX 0<x<L (B.1a)
2
Emlc%z—Pb(z(x)—z(L,))+ M(L)+Vx L <x<L, +L, (B.1b)
X
2
E,l, %:—Pb(z(x) —2(L + L)+ M(L + L) +Vx L+ L, <x<Ly (B.1c)
X

By solving the differential equations in Egs. (B.1), the bending moment, angle and deflection of
the column can be obtained at the upper and lower ends of the column, as well as the points

between adjacent segments. Thus, for buckling to occur, Egs. (B.2) must be satisfied.
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549 (L) =20+ MO _MO o ZO=VIF o VL (B.2b)
P P HlL. P

550 2(L, + L) =z(L) + ML) M("')cm L2 L) VIR, S 1 Yhm (B.2c)

Pb Pb ¢m / Lc Pb
551 z(L)=z(L, + L)+ M L) MG+ L) C, + ACRL Y AL S, Lt (B.2d)
I:)b I:)b ¢u /Lc Pb

552 z(L,)=0 (B.2e)

553 2(L)=MO (¢—'Jsl @O -VIR)C, +~ (B.2f)
P, \L P,

554 Z'(Ly + L) =M(¢—szm +(z'(L)-VIP,)C, X (B.29)
P, (L P,

555 z'(LJ:M(qj—“jSu +(Z (L +L,) -V /R, )C, +— (B.2h)

P L Py
556 M (0) = +R,z'(0) (B.2i)
557 M(L)=M(0)C, —(z'(0) -V /R,) P;LC S, (B.2))
1

558 ML, +Ly) =M(L)Cy — (2 (L) -V 1Ry) e s (B.2K)

559 M(L)=M(L, +L,)C, —(Z' (L +Ly) -V /R,) P;LC S, (B.2I)

560 M(L.)=-R z'(L,) (B.2m)

561 v, = ~Z(OR S + LRy S) (B.2n)

LcﬂS

562  Where the coefficients 1, > and S5 are given in Egs. (23).

563 ﬂl :¢I ¢m¢u (1_CICmCu) + ¢I2¢uslsmcu +¢I2¢mslcmsu + ¢I¢r$\clsmsu (B3a)

564 )82 :¢I¢mCICmSu +¢I¢u CISmCu +¢m¢uslcmcu _¢n218ISmSu (Bsb)

565 ﬂS =¢I¢m¢u +¢r%SISmSu _¢| ¢mCICmSu _¢I¢u CISmCu _¢m¢uSICmCu (B3C)

566  Where 4, 4., ¢,, S, Sm, Su, Ci, Cy and C,, are all shown in Eqgs. (16). The lowest value of Py
567 that satisfies Egs. (B.2) may be taken as the final value Py for column i. The minimum value of
568 Py satisfying the system of fourteen equations in Eqgs. (B.2) can be obtained by using root-finding
569 algorithms, such as the Newton-Raphson method [29].
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Appendix C End Fixity Factors for Three-Segment Members

The end fixity factor for two-segmented members was previously derived by Zhuang [30]. A
new, similar derivation is presented in following for the end fixity factors of three-segment
members. Note that the derivation applies for both beams and columns. The end fixity factor is
defined as the ratio between the rotation at the end of the member, a, and the combined rotation,

¢, of the member and connection due to a unit end-moment, as shown in Fig. C.1.

Figure C.1 — Definition of end fixity factor for a three-segmented member

Based on this relation, Zhuang [30] showed that the end fixity factor can be derived by
determining the end rotation of an equivalent simply-supported member, Rss, subjected to a unit

end moment at the same end and substituting the result into Eqg. (C.1).

__R (C.1)

=
¢ R+Rg

Where R is the rotational rigidity of the semi-rigid connection. For a member with uniform cross-
section, Rss may be taken as 3E1/L* which results in the end fixity factors derived in [20].
Zhuang [30] showed that Rss for a two-segment member can be derived using the principle of
virtual work. Using the same methodology, the principle of virtual work is henceforth applied

towards three-segment members. Consider the simply supported member in Fig. C.2.
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Figure C.2 — Equivalent simply-supported three-segment member subjected to unit end moment

The virtual work principle is applied at the location of the end moment, M, on end A of the
member in Eqg. (C.2).

L+L, 2

L )
1x9:J' 'Z'X dx+ J'
) L%E,I

L 2
+ AL (C.2)

| L L2E,l
The value of the end rotation @ at A is therefore obtained via integration in Eq. (C.2). The value
of Rss can then be obtained by dividing the moment M by @ and substituting the elastic modulus

degradation factors from Eqg. (1) to obtain Eq. (C.3).

3E,I
Rss=%= LO (%j (C.3)

Where 1 is an adjustment factor that accounts for the non-uniformity of the elastic modulus in the
member, and is expressed in Egs. (4) based on end moments being applied on the corresponding
ends of the members. Thus, substituting Eq. (C.3) into Eq. (C.1) yields the end fixity factor

equation in Egs. (3).
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Appendix D Equivalent Rotational Stiffness of Connecting Beams

The rotational rigidity of a beam being connected to the end of a column is derived in this
appendix by utilizing the slope-deflection and conjugate-beam methods, similar to the approach
demonstrated in [20] but extended for three-segmented members. Consider first the deformation

of the beam shown in Fig. D.1.

—>x q(x)
N By Eul | Bl T
¥ Ly Ly ~ L 7

Figure D.1 — Generalized three-segment beam subjected to end moments

The near and far ends of the beam in Fig. D.1 are denoted as N and F, respectively. The subscript
M denotes the middle segment of the beam. The displacement symbols 'y, ¢, 6 and Q correspond
to the end deflection, rotation of the connection, net rotation between the member end and
connection, and chord rotation, respectively. The force symbols Y, g and M correspond to the
transverse reaction, transverse load function and end moments, respectively. Then the internal

moment can be expressed in Eq. D.1.
M (x) =“.q(x)dx2 +C;x+C, (D.1)
00

Where C; and C; are integration constants. The boundary conditions for Eq. (D.1) are given in
Egs. (D.2).

M(0) =M (D.2a)
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M(L)=-M¢ (D.2b)
Substituting the boundary conditions into Eq. (D.1) to solve for the constants results in the

internal moment equation in Eq. (D.3).

X X LL
M (X) ='(|).'(|;q(x)dx2 My (1—%} M F(%)—%!!q(x)dxz (D.3)

Traditionally in stability analysis, loads are assumed to be directly applied to the columns and the
only effect of the connected beam being considered is the rotational restraint [12]. As such, it is
assumed that no transverse loads are applied on the beam between the ends (q(x) = 0). Then let

C(x) be obtained by dividing M(x) by E(x)I, resulting in Eq. (D.4).

c(x) = M(l—lj +£(1j (D.4)

EM)I L) EMI\L
Due to the piece-wise nature of E(x) in the three-segment beam, c(x) is piece-wise and can be
split into individual functions of the local coordinates in each segment. Let the local coordinates

Xn, Xm and xg correspond to the near, middle and far segments, given in Egs. (D.5).

Xy =X 0<xy <Ly (D.5a)
Xe =X—(Ly +Ly); 0<xe <Lg (D.5¢)

Then the corresponding local functions c are given in Egs. (D.6).

_ My (poxn ) Me (xy D.6
o On) ,UNEOI(l LJ /L‘NEOI(L) (D-62)
_ My (o o Xm) o Me (L Xw D.6b
Cpm (Xm) ﬂMEOI[l 3 Lj yMEOI(LJr Lj (D.6b)
My (b bw o) Me (Ly bw X D.6
Ce (Xg) ﬂFEOI(l L Lj uFEol(L ot Lj (D.6c)

Let An, Am and Ar be the areas under the curves cy, cv and cg over their corresponding domains,

respectively, expressed in Eq. (D.7).

Ly
Ay = ICN (X )dXy (D.7a)
0
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Cu (Xp ) dXy (D.7b)
Cn (X )dXy (D.7¢)

The total area under c(x) is therefore A = Ay + Ay + Ag, and the centroid, x, of c(x) can be

expressed in Eq. (D.8).

XA+ X An + Xe A (D.8)
A .

)_(:

Where %, ,%, and x. are the global x coordinates of the centroids in each of the functions cy, cy

and c, respectively, and given in Egs. (D.9).

Ly

XnAy = IXNCN(XN)dXN (D.9a)
Ly i
XmAm = I(XM + Ly Jom On )dxy (D.9b)
Le i
Xp Ap = I(XF + Ly + L Jer (xe )dxe (D.9c)
0

By the conjugate beam method, the rotations of the beam ends are related to ¢ by Egs. (D.10).

O — by —Q = A(l—%} (D.10a)

O — —Q = -AGJ (D.10b)

Assume that Q = 0, since the columns in the frame are not expected to experience significant

differential axial deformations. Also, since the ends of the beam are semi-rigidly connected, ¢

can be expressed in terms of the end moments and rotational rigidities according to Eq. (D.11).

dy =My /Ry (D.11a)
de = Mg /R (D.11b)

Where R can be obtained by rearranging Egs. (3). Thus, substituting Egs. (D.11) into Egs. (D.10)

and solving explicitly for My yields the end moments given in Egs. (D.12).
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_ 6Eglry

2t puy i R (L= T )On + 24N TEOn + AneTeOF

L

|

AAp + IyAg + T Ae —IyTeAdp

|

(D.12)

Note that swapping the coefficients N and F in the terms of Eq. (12) yields Mg. Finally, the beam

rotational stiffness contribution to the end of the connected column, R;; in Eq. (6), is obtained by

dividing Eq. (D.12) by 6.
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