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Abstract

In this thesis I map out two approaches that are foundational to studying black hole
thermodynamics in de Sitter spacetime. The first is to understand the “thermodynamic
volume” of cosmological horizons in isolation. Fortunately a broad class of exact solutions
having only a cosmological horizon exists: Eguchi-Hanson de Sitter solitons. I carried
out the first study of thermodynamic volume associated with the cosmological horizon for
Eguchi-Hanson de Sitter solitons in general dimensions. This work illustrated that the
cosmological volume is a well-defined concept, and that cosmological horizons indeed have
meaningful thermodynamic properties.

The second approach is to move on and include black hole horizons. My first step
along this path is to understand the phase transitions of thermalons: objects that describe
a transition from a black hole in Anti de Sitter spacetime to one in de Sitter spacetime. This
indicated that asymptotically de Sitter black holes do have phase transitions which inspired
my second project where I exploit a class of exact hairy black hole solutions to Einstein
gravity with conformally coupled scalar fields to overcome the two-horizon problem. By
adding hair to the black hole, the thermodynamic equilibrium could be maintained between
the two horizons. These solutions make it possible to explore a range of black hole phase
transitions in de Sitter spacetime. I found that this hairy charge black hole system, and
the de Sitter space surrounding it, undergo a “Reverse” Hawking-Page phase transition
within the grand-canonical ensemble. This is the first approach that successfully addressed
the two-horizon problem whilst including all contributions of energy from every part of the
system.
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Chapter 1

Introduction

Over the past forty years a great number of studies found evidence of an important rela-
tionship between quantum theory, gravity and thermodynamics. This evidence is manifest
in the behaviour of black holes and their connections to quantum physics.

Black holes, however, are peculiar objects. Classically, it is easy to compare them to
‘monstrous’ sponges: they swallow everything, not even light can escape them, but emit
nothing. Yet from the perspective of an observer outside the horizon, when taking quantum
mechanical effects into account, they seem strangely ordinary: they obey, like any regular
matter system, a set of thermodynamics laws [1] governed by an entropy S, a temperature
T and an energy E proportional respectively to the horizon’s area A, its surface gravity κ,
and its mass M .

The progress made in understanding the precise way black hole thermodynamics works
generated a whole new set of techniques for analysing the behaviour of black holes. Some of
those techniques came from better understanding the classical theory of general relativity;
others are rooted to how quantum field theory behaves on a black hole background. Other
studies led to one of the most puzzling dilemmas in physics: how the process of black
hole radiation results in a loss of information. In other words, physical information can
permanently be lost in a black hole, which contradicts a fundamental concept of quantum
theory: Unitarity [2, 3]. The latter implies that information is conserved in the sense
that the value of a wave function, whose evolution is determined by a unitary operator,
of a physical system at one point in time should be enough to determine its value at any
other point in time. This is known as the information paradox [4]. This problem has
yet to be resolved [5, 6, 7]. It was proved that black hole entropy is the Noether charge
associated with diffeomorphism symmetry [8] and that gravitational laws appear to have
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a deep connection with thermodynamics laws [9, 10]. Additionally, it was found that the
negative cosmological constant induces a black hole phase behaviour [11], later leading to
exploiting black holes as holographic systems dual to systems in conformal field theories
[12, 13, 14], quantum chromodynamics [15], and condensed matter physics [16, 17].

In recent years, the subject of black hole thermodynamics rose to the spotlight with
the reconsideration of the role of the cosmological constant, Λ, leading to the introduction
of pressure, and thus a new notion of volume for a black hole. Black hole phase behaviour,
similar to that of everyday physical systems, was unveiled. Some manifestations included
triple point phase behaviour analogous to that in water, while others exhibited Van der
Waals fluid-type phase transitions. Subsequent work indicated that black holes could be
treated as heat engines. This subfield has come to be known as black hole chemistry [18, 19].

In this context, our knowledge of the thermodynamic behaviour of asymptotically de
Sitter (dS) black holes, for which Λ > 0, is significantly more sparse [20, 21, 22, 23, 24,
25, 26] than our knowledge of their AdS cousins. Yet their importance to cosmology and
to a posited duality between gravity in de Sitter space and conformal field theory [27]
make them important objects of investigation. However this is a complex problem, since
the absence of a Killing vector that is everywhere timelike outside the black hole horizon
renders a good notion of the asymptotic mass questionable. Furthermore, the presence of
both a black hole and a cosmological horizon yields two distinct temperatures, suggesting
that the system is in a non-equilibrium state.

The thermodynamics of black holes in asymptotically de Sitter spacetime will be the
general topic of this thesis. The purpose of this chapter is to provide a general introduction
and summarize some key concepts, some of which will be thoroughly studied in later chap-
ters. As some of the work done employs Lovelock theory of gravity, I start this chapter by
briefly introducing these theories and their importance to gravitational physics. Further-
more, all of the work done in this thesis concerns asymptotically de Sitter spacetimes, the
main reason why I will give an overview of the geometry of de Sitter spacetime and discuss
some of its key concepts with regards to black holes and cosmology. I will then give an
outline to the approaches taken in this thesis.

1.1 A Gravity Overview: from Einstein to Lovelock

One of the most inspiring scientific accomplishments in the 20th century was Einstein’s
theory of general relativity [28]. It was a result of the urgent need to harmonize the relation
between Newton’s laws of gravitational interaction and the theory of special relativity
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[29]. It was simultaneously, yet independently, studied by both Albert Einstein and David
Hilbert; hence the name of its Einstein-Hilbert action.

The Einstein-Hilbert (EH) action of a spacetime with cosmological constant1 Λ coupled
to matter reads

Id=4 =
1

16πG

∫
d4x
√
−g (R− 2Λ) + Imat . (1.1)

It gives rise to the field equations

Gµν(gαβ, gαβ,γ, gαβ,γλ) = 8πTµν , (1.2)

where the tensor on the left hand side, namely the Einstein tensor, is symmetric and
conserved

Gµν;ν = 0 . (1.3)

However, the right hand side tensor, namely the stress-energy tensor, is symmetric.

In his famous work in 1971, Lovelock [31] generalized Einstein theory of relativity in
higher dimensions. He obtained the most general formal expression of Gµν in terms of pow-
ers of the the Riemann curvature tensor while maintaining its symmetric and conserved
properties. Miraculously, this tensor is quasi-linear in the second derivatives of the met-
ric without any higher derivatives. Additionally, in four dimensions (or less), these field
equations coincide with the Einstein field equations

Rµν −
1

2
gµνR + Λgµν = 8πGTµν , (1.4)

with the constant of proportionality being carefully chosen to reproduce the Newtonian
limit.

The phenomenological relevance of the Lovelock class of gravity theories is debatable
as they only exist in higher dimensions. However they provide an intriguing framework
from the theoretical perspective for multiple reasons: as the higher dimensional “siblings”
to Einstein’s general relativity “family”, they permit the exploration in higher dimensions
of very interesting objects such as Black holes , gravitational collapse and even cosmology.
Lovelock gravity theories provide many useful and unique perspectives for studying black
holes: their formation, their existence, their thermodynamics, and much more.

1The cosmological constant was first introduced by Einstein [30] to describe a stationary universe.
Thereafter, he described it as his “greatest blunder” when the expansion of the universe was proven with
the observation of the Hubble redshift. The concept of the cosmological constant was later revived when
numerous observations, such as the discovery of the cosmic acceleration, proved that it is greater than
zero.
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Lovelock theories of gravity are the most general gravitational theories in higher-
dimensional spacetimes that have field equations of second order. The action for Lovelock
gravity in d dimensions can be written in terms of bulk and boundary terms2 as

I =
1

16πG

kmax∑
k=0

ck
d− 2k

(∫
M
Lk −

∫
∂M
Qk
)
, (1.5)

where the {ck} are coupling constants,

Lk = εa1···adR
a1a2 ∧ · · · ∧Ra2k−1a2k ∧ ea2k+1 ∧ · · · ∧ ead , (1.6)

with ∧ the standard wedge product for differential forms and

Qk = k

∫ 1

0

dξεa1···adθ
a1a2 ∧ Fa3a4 ∧ · · · ∧ Fa2k−1a2k ∧ ea2k+1 ∧ · · · ∧ ead . (1.7)

Here ea = eaµdx
µ is the vielbein 1-form, Rab = dωab + ωac ∧ ωcb is the curvature 2-form

(ωab being the torsionless Levi-Civita spin connection), and Fab = Rab + (ξ2 − 1)θac ∧ θcb
with θab being the second fundamental form related to the extrinsic curvature via θab =
(naKb

c − nbKb
c)e

c and ξ is the parameter of integration of ranging between 0 and 1 [33].

Note that G is the Newton constant in d spacetime dimensions and {ck} is a set of
coupling constants with length dimensions `2(k−1), ` being a length scale related to the
cosmological constant, with k being a positive integer given by

k ≤ kmax =

[
d− 1

2

]
. (1.8)

The zeroth, first, second and third terms in (1.5) correspond, respectively, to the cos-
mological term, the Einstein-Hilbert action, the Gauss-Bonnet gravity and the third order
(cubic) Lovelock gravity. The coupling constants are chosen so that c0 = `−2 and c1 = 1
correspond to the usual normalization of the zeroth and first terms with the cosmological
constant costumed to satisfy 2Λ = −(d − 1)(d − 2)/`2. Λ is also easily incorporated with
either a negative (c0 = −`−2), a vanishing (c0 = 0) or a positive (c0 = `−2). The Gauss
Bonnet term governed by c2 = λ`2 gives rise to the first non-trivial Lovelock term that
contributes just for d > 4 with λ being the Gauss-Bonnet coupling constant.

A simple example is the cubic Lovelock theory . Its action is

I =
1

16πG

∫
ddx
√
−g

[
R− 2Λ +

(d− 5)!

(d− 3)!
λ `2 L2 +

(d− 7)!

(d− 3)!

µ

3
`4 L3

]
, (1.9)

2Here I follow the notation of [32] for consistency with the work done in chapter 4
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where the quadratic lagrangian, defined only for d > 4, and the cubic lagrangian, defined
only for d > 6, are

L2 =R2 − 4RµνR
µν +RµνρσR

µνρσ , (1.10)

L3 =R3 + 3RRµναβRαβµν − 12RRµνRµν + 24RµναβRαµRβν + 16RµνRναR
α
µ

+ 24RµναβRαβνρR
ρ
µ + 8Rµν

αρR
αβ
νσR

ρσ
µβ + 2RαβρσR

µναβRρσ
µν . (1.11)

In some parts of this thesis I will make use of these phenomenal gravity theories mainly
in the context of de Sitter spacetime. I shall introduce this framework in the next section.

1.2 A promenade in de Sitter Land

Usually in general relativity, one doesn’t need to (and maybe even can’t) define manifolds
and curvature by embedding them in higher dimentional spacetime, but rather simply
define them intrinsically. However, de Sitter spacetime , a maximally symmetric spacetime
of constant positive cosmological constant, can intuitively and easily be embedded. Its
embedding can be presented as follows: a d dimensional de Sitter spacetime is equivalent
to an hyperbola embedded in a d + 1 dimensional Minkowski spacetime. Its embedding
space metric reads

ds2
embedded = −dX2

0 + dX2
1 + ...+ dX2

d . (1.12)

One can simply view de Sitter space of length ` as a hypersurface defined by

XµX
µ = `2. (1.13)

The induced metric of this surface can be written as

ds2 = −
(

1− r2

`2

)
dt2 +

dr2(
1− r2

`2

) + r2dΩ2
d−2, (1.14)

when using the following coordinates:

X0 =
√
`2 − r2 sinh

(
t

`

)
, X1 =

√
`2 − r2 cosh

(
t

`

)
, Xj = rµ̂j . (1.15)

Note that dΩ2
d−2 denotes the line element on a (d − 2)-dimensional sphere and µ̂j, while

satisfying
∑

j µ̂
2
j = 1, represents the angular coordinates of the sphere such that, for

example,

µ̂1 = sin θ sinφ1 sinφ2... sinφd−3 , µ̂2 = sin θ sinφ1 sinφ2... cosφd−3 . (1.16)
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Recently, de Sitter spacetime became of high interest to the study of our universe.
First, as a spacetime having positive cosmological constant, de Sitter space is of great
importance to cosmology. For example, its importance is manifested in the early universe
during cosmic inflation as many inflationary models are approximately de Sitter space. In
other words, it is simpler to conduct some analysis on the early universe’s inflation era
in de Sitter space rather than a more realistic inflationary universe. Second, given the
proposal for holographic duality between de Sitter space and conformal field theory has
been suggested [27], there is further reason to study black hole thermodynamics in de Sitter
(dS) spacetime. This proposal “conjectured that a fully quantum theory, including gravity,
in pure de Sitter space with a fixed cosmological constant has a certain dual representation
as a conformally invariant Euclidean field theory on the boundary of de Sitter space” [34].

Motivated by the above, I shall study the thermodynamics of black holes in asymptoti-
cally de Sitter spacetime. These black holes, however, are burdened with problems that are
absent for their AdS cousins: first, an asymptotically de Sitter black hole has two-horizons,
an event horizon and a cosmological horizon, which created a non-equilibrium state for any
observer living between the horizons. Second, concept of mass for this system is somewhat
blurry due to the lack of a global timelike Killing vector outside the black hole. Third,
isolated de Sitter black holes evaporate due to Hawking radiation which makes them, un-
like their AdS cousins where reflecting boundary conditions at∞ ensure thermal stability,
thermally “unstable”. These are the main reason why de Sitter spacetime remains not well
understood despite its resemblance to our universe.

In this thesis I shall present an ensemble of studies to this end that are outlined as
follows:

In chapter 2, I review some of the recent developments of black hole thermodynamics in
the phase space where the cosmological constant is regarded as a thermodynamic variable
equivalent to pressure, also known as the extended thermodynamic phase space. I start by
giving an overview on the standard approaches to study the thermodynamics of black holes.
Then I review the black hole thermodynamics in extended thermodynamic phase space and
discuss the “thermodynamic volume” . The latter is the thermodynamic conjugate to the
pressure. This discussion will be followed by an introduction to the reverse isoperimetric
inequality and its importance. Furthermore, I will summarize the developments of black
hole thermodynamics in extended phase space. I will then conclude by discussing the of
black holes in de Sitter space and comment on the approaches proposed to understand
black holes in this context.

In chapter 3, I study the thermodynamic volume of cosmological horizons in the context
of Eguchi-Henson (EH) solitons.. I start by introduce the EH Solitons in odd dimensions.
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Then I briefly discuss general considerations of their thermodynamics. Next, I make use
of the first law and Smarr relation to compute the mass and thermodynamic volume of
these solutions inside and outside the cosmological horizon of dS space . Finally, I show
that explicit expressions for the two parameters can be found in general odd dimensions.

In chapter 4, I study thermalon mediated phase transitions in Gauss-Bonnet gravity.
I start by briefly reviewing the basics and the essentials of the thermalon mechanism in
Lovelock gravity. Then I specialize to the case of Gauss-Bonnet gravity where I study the
stability, extended phase space thermodynamics, and phase structure of the thermalons.
When considering the phase behaviour of these systems, I employ the extended thermody-
namic phase space formalism to exhaustively study how these transitions depend on the
pressure (cosmological constant). In the context of AdS → dS + black hole thermalon
mediated phase transitions I recover the results of [35]. Furthermore, by analyzing the
behaviour of the free energy near the Nariai limit, I find that for a fixed value of the
Gauss-Bonnet coupling, there is a minimum pressure below which thermalon mediated
phase transitions are not possible. I find that in the case where the pressure is vanishing,
a phase transition between thermal AdS space and an asymptotically flat geometry with
a black hole is possible for any range of temperature. In the last section we comment on
the similarities and differences between the thermalon mediated phase transition and the
Hawking-Page transition in the regime of positive pressures.

In chapter 5, I study the thermodynamics of charged de Sitter hairy black holes. I start
by briefly reviewing the basics of conformally coupling scalar fields to gravity and their
resultant hairy black holes solutions. Then I specialize to the case of charged hairy black
holes in de Sitter spacetime. When considering the phase behaviour of these systems, I
employ the extended thermodynamic phase space formalism to study how their thermo-
dynamic parameters behave at constant pressure (cosmological constant) and at constant
chemical potential. Furthermore, in a search of possible phase transitions, I study the
behaviour of the free energy in different ensembles. I find that a system of a charged hairy
black hole in de Sitter will undergo a Reverse Hawking-Page phase transition if studied in
the grand-canonical ensemble, but will not undergo any phase transitions if studied in the
canonical ensemble. The latter is due to a violation of the conservation of charge.

I will conclude my work in Chapter 6 where I will summarize the work conducted in
this thesis and suggest few approaches to better understand asymptotically de Sitter black
holes. This chapter will be followed by an ensemble of appendices of relevant mathematical
derivations.

7



Chapter 2

Black Hole Chemistry in a Nutshell

Understanding the relationship between thermodynamics, gravitation and quantum theory
has been a subject of great interest in last fifty years due to the rising evidence suggesting
that such a relationship indeed exists. This evidence is embedded in the relation between
black holes and quantum physics, the subject known as black hole thermodynamics. Clas-
sically, this relationship is counter-intuitive [36] due to the black hole’s classical nature: it
absorbs all forms of matter but emits nothing. Hence it has no entropy or temperature and
it is only defined by its mass, angular momentum and the charge if possible [37]. However
the explorations of quantum field theory in curved spacetime affirmed this relationship
through a series of famous results: the first result, found by Bekenstein, introduced the
idea that the area of a black hole corresponds to its entropy[38]. This relationship was
then confirmed by Hawking’s result that the black hole’s surface gravity corresponds to its
temperature [39]. These results opened the door to a new way of understanding black holes
as objects that, similar to black bodies, emit radiation. And so was born the sub-discipline
of black hole thermodynamics.

2.1 Standard Black Hole Thermodynamics: Overview

Hawking’s area theorem [40] states that the area of the event horizon of a black hole can
never decrease. This was the first indication that black holes, then known only as classi-
cal solutions to Einstein’s equations, can manifest thermodynamic behaviour1. Thereafter

1Hawking’s proof applies to black hole spacetimes that satisfy the following assumptions:

• The spacetime on and outside the future event horizon is a regular predictable space.
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Bekenstein noticed the similarity between this area law and the second law of thermody-
namics. Pursuing this thought, he proposed [41] that each black hole should be assigned
an entropy proportional to the area of its event horizon. Following this analogy further,
Bardeen, Carter, and Hawking formulated their now famous account the “four laws of
black hole mechanics” [1] under the assumption that the event horizon of the black hole is
a Killing horizon2. The four laws are:

1. The surface gravity κ of a stationary black hole is constant over the event horizon.

2. As the system including a black hole shifts from one stationary state to another, the
mass of the system changes as follows

δM =
κ

8πG
δA+ ΩδJ + ΦδQ , (2.1)

where κ is the black hole’s surface gravity, A is the area of the event horizon, J its
angular momentum, Q its the electric charge, Ω = Ω+−Ω∞ its angular velocity and
Φ = Φ+ − Φ∞ its electric potential. Here Φ+ and Φ∞ correspond respectively to
the potential at the event horizon and the potential at infinity. The quantity Ω∞
corresponds to the angular velocity of the (possibly) rotating frame at infinity.

3. In a classical process δA ≥ 0, i.e. the area A of a black hole’s event horizon does not
decrease.

4. It is impossible to create an extremal black hole, i.e. reduce the surface gravity κ to
zero, in a finite number of steps.

In the presence of a Killing horizon, the surface gravity κ reads

ξa∇aξ
b = κξb, (2.2)

for a suitably normalized Killing vector ξa that generates the horizon. The surface gravity
can be thought of as the force exerted at infinity that is required to suspend an object of
unit mass at the horizon of a static black hole [42] (for example the Schwarzschild black
hole).

• The stress-energy tensor satisfies the null energy condition, Tabk
akb ≥ 0, for arbitrary null vector

ka.

2This a null hypersurface generated by a corresponding Killing vector field
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From the classical perspective, these black hole laws present a simple analogy between
black hole mechanics and ordinary thermodynamics, where the first law of ordinary ther-
modynamics3 reads

δU = TδS − PδV +
∑
i

µiδNi + ΦδQ. (2.3)

This analogy relates the surface gravity κ to temperature and the event horizon area to
the entropy of the black hole. In fact classical black holes, just like sponges, never emit
anything and they have zero temperature.

In 1974, Hawking carried out the original formalism developed by Parker [43] for com-
puting particle production in curved spacetimes. He discovered that when taking into
account the quantum mechanical effects [39] of scalar fields, a black hole emits radiation
at a characteristic temperature

kBT =
~κ
2πc

, (2.4)

where kB is Boltzmann’s constant, c is the speed of light , and ~ is Planck’s constant. The
comparison between the TδS term in the first law of thermodynamics with the κδA term
for black holes, later confirmed by Gibbons using the Euclidean path integral approach
[44], suggests that the entropy is directly related to the area by

S =
Ac3

4~G
. (2.5)

The presence of ~ accentuates the quantum mechanical nature of black holes. They are
no longer classical solutions – instead they are physical objects that have thermodynamic
properties.

All the above introduces an explicit first law of black hole thermodynamics that, when
setting4 G = c = kB = 1 reads:

δM = TδS + ΩδJ + ΦδQ, (2.6)

for a black hole of mass M , charge Q, and angular momentum J . Keeping this in mind,
I shall henceforth suppress the explicit appearance of these quantities, restoring them on
an as-needed basis.

3 In the first law or ordinary thermodynamics, δNi is the changing number of particles of a given species
and µi is its corresponding chemical potential. Similarly the term ΦδQ presents the variable electrostatic
energy.

4 This convention implies that ~ has units of [length]2and that, in d dimensions, the gravitational
constant Gd has units of [length]d−4
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The thermodynamic parameters, as simple as they seem, communicate the behaviour
of the black hole. They are related by Smarr relation[45], which (in four dimensions) reads

M = 2(TS + ΩJ) + ΦQ . (2.7)

It displays the relationship between the extensive (M,J,Q) and intensive (T,Ω,Φ) ther-
modynamic variables.

2.2 Thermodynamics with Λ

When analyzing the first law (2.6), one cannot help but wonder about the pressure-volume
term PδV . As there has been no mention of pressure or volume that could be associated
with a black hole, this term remained poorly understood. Several years ago a new idea
was proposed. It suggested that the pressure of a black hole could be associated with the
negative cosmological constant Λ. In other words a black hole in a negative cosmological
constant environment has corresponding positive pressure that is equal in magnitude to
the negative energy density of the environment. This set up describes an asymptotically
anti de Sitter black hole 5.

In d spacetime dimensions, given the AdS length `, the corresponding negative cosmo-
logical constant reads

Λ = −(d− 1)(d− 2)

2`2
< 0 . (2.8)

Proposed by Teitelboim and Brown [46, 47], the idea of considering Λ as dynamical variable
was adopted, which incorporated formally[48] a Pressure-Volume term into the first law of
black hole mechanics 6, and further explored from several perspectives afterwards [49, 50].

Remaining unchanged, the area of the black hole event horizon is A = 4S where S is
its entropy and the temperature is T = κ/2π with κ its surface gravity.

The generalization of black hole mechanics when including a non zero cosmological
constant, Λ 6= 0, set a solid foundation for association of the pressure with Λ and its ther-
modynamic conjugate with volume [51]. A simple derivation, fully described in AppendixA,
leads to the generalized first law of black hole mechanics:

δM = TδS + V δP + ΩδJ + ΦδQ . (2.9)

5This class of black holes is a solution to the Einstein equations Rab − 1
2gabR + Λgab = 8πTab , where

Tab is the matter stress-energy tensor.
6Here, no interpretation of the conjugate variable to the cosmological constant was considered.

11



Interpreting P as the thermodynamic pressure and V as its thermodynamic conjugate
[52, 53], they both read

P = − Λ

8π
=

(d− 1)(d− 2)

16πl2
(2.10)

and

V ≡
(
∂M

∂P

)
S,Q,J

. (2.11)

The interpretation of this thermodynamic volume will be carried out in the next section.
Note that M is the conserved charge associated with the time-translation Killing vector of
the spacetime and J is the conserved charge associated with a rotational Killing vector of
the spacetime.

Comparing (2.9) with (2.3), it is logical to think of interpreting M as a gravitational
version of chemical enthalpy [51]. In other words, no longer being interpreted as the
internal energy, the mass can be thought of as the total energy of the system including
both its internal energy E and the energy PV required to displace the vacuum energy of
the spacetime. Relating the two quantities through a Legendre transformation the mass
reads

M = E + PV . (2.12)

Jokingly, one could regard this as being the amount of energy needed to create a black
hole and place it in its environment ruled by a negative cosmological constant. If only I
had that superpower.

By including Λ, a fundamental constant of the theory, as a thermodynamic variable,
the generalized first law of black hole thermodynamics recovers the V δP term in ordinary
thermodynamics and reads [51, 53, 54, 55]

δM = TδS +
N∑
j

ΩiδJ i +V δP +
∑
j

ΦjδQj , (2.13)

where the Φj = Φj
+−Φj

∞ are the conjugate potentials of the electric and magnetic charges
of the U(1) symmetry group. They permit a non-trivial potential on the horizon Φj

+ and
another at infinity Φj

∞. the quantities Ωi
∞, arising from Ωi = Ωi

+ − Ωi
∞ , allow for the

possibility of a rotating frame at infinity [56]. Here, the subscript “+” corresponds to the
event horizon.

Taking into consideration the crucial PV term, the generalized Smarr formula to AdS
spacetimes in d-dimensions now reads

d− 3

d− 2
M = TS +

∑
i

ΩiJ i − 2

d− 2
PV +

d− 3

d− 2

∑
j

ΦjQj . (2.14)

12



2.3 Black Hole Volume Dilemma

Understanding the geometry of horizons and their general properties remains incomplete.
A study, inspired by cosmic censorship 7 and Thorne’s hoop conjecture 8 [57], describes
the relation between the area of the horizon (an intrinsic horizon property) and dynamical
quantities such as the angular momentum or the total energy of the black hole, giving
rise to the “ Penrose (isoperimetric) inequalities”. As this work is done in extended phase
space, it is inevitable to define the thermodynamic volume as a new intrinsic quantity
associated with the (black hole) horizon.

This section is dedicated to study the physical meaning and characteristic properties of
the thermodynamic volume and to clarify the meaning and use of the reverse isoperimetric
inequality.

2.3.1 Thermodynamic Volume

The thermodynamic volume of a black hole, derived entirely from thermodynamic argu-
ments rather than geometric ones, has dimensions of [Length]d−1. In other words, it is a
“spatial” volume that characterizes a black hole in a d dimensional spacetime.

For example, in asymptotically AdS black hole spacetime, the thermodynamic volume
is the thermodynamic conjugate to pressure P defined in (2.11) by

V ≡
(
∂M

∂P

)
S,Q,J,...

. (2.15)

At first, Kastor, Traschen and Ray [51] interpreted the thermodynamic volume as a
“...... finite, effective volume for the region outside the AdS black hole horizon”. However
it was clarified later that it is different than the naive geometric volume [52] for most black
holes [53]. Hence it remained a thermodynamic volume. For example, for a four-dimentional
Schwarzschild (charged) AdS solution, the thermodynamic volume (2.15) reads

V =
4

3
πr3

+ , (2.16)

7Introduced by Pensrose in 1969, the “weak” cosmic censorship states that there are no naked singu-
larities in the universe other than the big bang singularity

8Introduced by Thorne in 1971, this conjecture states that horizons form when and only when a mass
M gets compacted onto a region whose circumference in every direction is C ≤ 4πM
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where r+ is the black hole horizon radius, a result that is identical for the case of a Euclidean
ball of the same radius.

The simplicity of the thermodynamic volume is too good to be true. When includ-
ing any additional thermodynamic parameters such as angular momentum or charge, this
quantity becomes very complicated. However, many results have been found over the years
for this thermodynamic quantity in a variety of black holes for which the thermodynamics
has now been well established. These include charged black holes of various supergravities
[53], higher-dimensional rotating black holes [53], superentropic black holes [58, 59], ‘ul-
traspinning black rings’ obtained in the blackfold approximation [55, 60] and accelerated
black holes [61, 62].

As an example, the metric corresponding to d-dimensional Kerr-AdS black hole space-
times [63, 64] reads 9

ds2 = −Wρ2

l2
dτ 2 +

2m

U

(
Wdτ −

N∑
i=1

aiµ
2
i dϕi
Ξi

)2

+
Udr2

F − 2m

+
N∑
i=1

r2 + a2
i

Ξi

µ2
i dϕ

2
i +

N+ε∑
i=1

r2 + a2
i

Ξi

dµ2
i −

1

Wρ2

(N+ε∑
i=1

r2 + a2
i

Ξi

µidµi

)2

, (2.17)

where ρ2 = r2 + l2 , d = 2N + 1 + ε and

W =
N+ε∑
i=1

µ2
i

Ξi

, U = rε
N+ε∑
i=1

µ2
i

r2 + a2
i

N∏
j

(r2 + a2
j) ,

F = rε−2ρ
2

l2

N∏
i=1

(r2 + a2
i ) , Ξi = 1− a2

i

l2
. (2.18)

Gibbons was the first to compute the thermodynamic parameter of Kerr-AdS black holes in
general dimensions [56]. The mass M , the angular velocities Ωi and the angular momenta
Ji are given by

M =
mωd−2

4π(
∏

j Ξj)

( N∑
i=1

1

Ξi

− 1− ε
2

)
, Ji =

aimωd−2

4πΞi(
∏

j Ξj)
, Ωi =

ai(1 +
r2
+

l2
)

r2
+ + a2

i

. (2.19)

9The metric is written in Boyer–Lindquist coordinates
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Thus the corresponding temperature T and entropy S read

T =
1

2π

[
r+

(r2
+

l2
+ 1
) N∑
i=1

1

a2
i + r2

+

− 1

r+

(1

2
−
r2

+

2l2

)ε ]
,

S =
A

4
=
ωd−2

r1−ε
+

N∏
i=1

a2
i + r2

+

4Ξi

, (2.20)

where ωd is given by (2.24). Using all of the above, the thermodynamic volume, previously
defined via (2.15), then reads [53]

V =
r+A

d− 1

(
1 +

1 + r2
+/l

2

(d− 2)r2
+

∑
i

a2
i

Ξi

)
=

r+A

d− 1
+

8π

(d− 1)(d− 2)

∑
i

aiJi . (2.21)

Note that Ji are the associated angular momenta, ai are various (up to [(d−1)/2]) rotation
parameters, and A is the horizon area given by

A =
ωd−2

r1−ε
+

∏ a2
i + r2

+

Ξi

, Ξi = 1− a2
i

l2
. (2.22)

The latter simply proves that a volume V of simplistic form and with intuitive geometrical
meaning doesn’t hold. It is only reasonable to wonder if there are any properties that the
volume V (2.15) obeys and are related in any way with the volume of the black hole.

A famous characteristic property for the volume of a connected domain in Euclidean
space is that it obeys an isoperimetric inequality. The next section investigates this prop-
erty in context of black holes.

2.3.2 Reverse Isoperimetric Inequality

For a closed surface of enclosed volume V and surface area A in Euclidean space Ed−1, the
isoperimetric inequality states that the ratio

R =
((d− 1)V

ωd−2

) 1
d−1
(ωd−2

A

) 1
d−2

(2.23)

always satisfies R ≤ 1 where the volume of the unit d-sphere reads

ωd =
2π

d+1
2

Γ
(
d+1

2

) . (2.24)
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Note that R = 1 holds if and only if the domain is a standard round ball.

Tha applicability of the isoperimetric inequality was first considered by the authors of
[53] for a variety of static and rotating black holes. They conjectured, using the thermo-
dynamic volume and the area of horizon cross sections, that R doesn’t obey the isotropic
inequality R ≤ 1 but rather its reverse. Hence the name reverse isoperimetric inequality

R ≥ 1 . (2.25)

This reverse inequality was conjectured to hold for any asymptotically AdS black hole
of horizon area A and thermodynamic volume V . At fixed thermodynamic volume the
entropy of the black hole is maximized for the Schwarzschild-AdS spacetime10, or in other
words, the bound is saturated for this class of solutions.

To test this conjecture (2.25), one can take the example of Kerr-AdS black holes. The
first step is to introduce a new parameter

z =
1 + r2

+/l
2

r2
+

∑
i

a2
i

Ξi

. (2.26)

Following the authors’ path in [53], one can use (2.21), (2.22) and the arithmetic/geometric
(AG) inequality (

∏
i xi)

1/N ≤ (1/N)
∑

i xi to get

Rd−1 =
[
1 +

z

d− 2

][∏
i

r2
+ + a2

i

r2
+Ξi

]− 1
d−2 ≥

[
1 +

z

d− 2

][ 2

d− 2

(∑
i

1

Ξi

+
∑
i

a2
i

r2
+Ξi

)]−1/2

=
[
1 +

z

d− 2

][
1 +

2z

d− 2

]−1/2

≡ G(z) . (2.27)

It is then easy to employ G(0) = 1 and d logG(z)/dz ≥ 0 to see that the reverse isoperi-
metric inequality (2.25) holds.

This conjecture has been proven valid for a large ensemble of charged and/or rotating
spherical black holes [53], as well as ultraspinning black rings with toroidal horizon topology
[55]. For other classes of more complicated black holes, (2.25) was confirmed numerically.
However a class of black holes was subsequently found that violates this conjecture [58,
65], necessitating further investigation of the role and meaning of the volume [25]. The
relationship of V to other proposed notions of volume [60, 66] is an ongoing subject of
investigation.

This conclude the basic methods formulated to investigate understand the thermody-
namics of black holes. The next section will discuss the implications of introducing new
thermodynamic parameters for the critical behaviour of black holes.

10The same inequality can be extended to all black holes, where ωd is replaced by the corresponding
unit volume of the space transverse to the event horizon.
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2.4 Black Hole Chemistry

Having thermodynamic volume and pressure in hand permits the study of black hole ther-
modynamics in the context of extended thermodynamic phase space. This is known as
Black Hole Chemistry [18]. Looking into black holes from this lens, it is inevitable to see
the remarkable resemblance between a set of “everyday” thermodynamic phenomena, such
as Van der Waals behaviour, solid/liquid phase transitions, triple points, reentrant phase
transitions, etc. and the thermodynamic behaviour of black holes. This section summa-
rizes these similarities using the following methodology. First, one starts by studying the
thermodynamics of charged and/or rotating AdS black holes in a canonical (fixed Q or J)
ensemble, relating the “fluid’ thermodynamics by comparing the corresponding physical
quantity (for example the thermodynamic volume and the physical volume of the fluid
etc.). In this set up, the thermodynamic potential and the local thermodynamic stability
of a black hole correspond respectively to the Gibbs free energy G and the positivity of
the specific heat CP given by

G = M − TS = G(P, T, J1, . . . , JN , Q1, . . . , Qn) (2.28)

and

CP ≡ CP,J1,...,JN ,Q1,...,Qn = T
(∂S
∂T

)
P,J1,...,JN ,Q1,...,Qn

. (2.29)

The goal of this section is to review the famous results of this machinery and build the
foundation for the accomplishments discussed later in this thesis.

2.4.1 Hawking-Page Phase Transition

This section discusses the first and simplest black hole phase transition. Consider a four-
dimensional spherically symmetric ansatz

ds2 = −fdt2 +
dr2

f
+ r2dΩ2

k , (2.30)

with a metric function

f = k − 2M

r
+
r2

l2
, (2.31)

where k is {+1, 0, -1} corresponding respectively to {spherical, planar, hyperbolic} horizon
geometries. The thermodynamic quantities for this Schwarzschild-AdS black hole read

M =
r+Ak

8

(
k +

r2
+

l2

)
, S =

πAk
4
r2

+ , T =
kl2 + 3r2

+

4πl2r+

, P =
3

8πl2
, V =

πAk
3
r3

+ ,

(2.32)
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where the area of the constant-curvature space is given by11 πAk.

Figure 2.1: Hawking–Page phase transition. A plot of the Gibbs free energy of a
Schwarzschild-AdS black hole as a function of temperature for fixed pressure P = 1/(96π).

Using those key thermodynamic parameters in the spherical case, for which k = 1,
the Gibbs free energy is computed and displayed in Figure 2.1: at T = THP = 1/(πl)−1 a
discontinuity in the first derivative of the Gibbs free energy , indicating a first order phase
transition between a radiation state and a black hole state, now known as a Hawking-
Page phase transition [11]. By analysing the specific heat, as indicated in the mechanism
described at the beginning of this section, the upper branch, describing a small black
hole with horizon r+ < l/

√
3, is thermodynamically unstable due to the negativity of its

specific heat CP . However the lower branch, corresponding to the large black hole, has
positive specific heat. Hence it is the stable branch. In addition, the large black hole has

11The simplest way to think of Ak is for the following cases: for a sphere, Ak=1 = 4; for a torus,
Ak=0 = XY , with X and Y being the sides of the torus. Unfortunately, there’s no simple example for
Ak=−1.
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negative Gibbs free energy, for T > THP or r+ > rHP = l, which makes it the most preferred
thermodynamic state for the system at a given temperature.

A simple observation that can be made is that, for G = 0, a coexistence line between
thermal radiation and the large black hole phase can be deduced. Relating temperature
to pressure in this case, this coexistence line reads

P |coexistence =
3π

8
T 2 . (2.33)

Radiation

Large BH
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Figure 2.2: The Hawking-Page phase transition coexistence diagram: A plot dis-
playing a P − T coexistence line of the thermal radiation/large black hole state.

Figure 2.2 displays this coexistence line of radiation/black hole phases. It shows the
resemblance to the solid/liquid phase transition with thermal radiation being analogous to
the solid and the large black hole being analogous to the liquid [18].
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2.4.2 Other AdS black hole phase transitions

In this sub-section I briefly review some of the interesting phase transitions of anti de Sitter
black holes.

2.4.2.1 Van der Waals phase transitions

Van de Waals –like phase transitions were first seen when analysing the thermodynamics
of charged black holes [67, 68].

For d = 4, consider the ansatz

ds2 = −f(r)dt2 +
dr2

f(r)
+ r2dΩ2 , (2.34)

for which the metric function reads

f = 1− 2M

r
+
Q2

r2
+
r2

l2
, (2.35)

providing an exact solution to the Einstein–Maxwell–AdS equations.

The corresponding thermodynamic quantities for this Reissner–Nordstrom black hole
are [69, 68]

T =
l2(r2

+ −Q2) + 3r4
+

4πr3
+l

2
, S = πr2

+ , V =
4

3
πr3

+ , Φ =
Q

r+

, (2.36)

with pressure remaining unchanged from the case of Schwarzschild-AdS black hole.

Using these thermodynamic variables, the Gibbs free energy within the canonical en-
semble is

G = M − TS =
l2r2

+ − r4
+ + 3Q2l2

4l2r+

. (2.37)

Plotted as a function of temperature T , this parameter exhibits a first order phase transition
between a small and a large black hole [67, 70, 71, 72, 73]. This phase transition, shown
in Figure 2.3, resembles in many ways the van de Waals phase transition between a liquid
state and the gas state of a non-ideal fluid , also known as swallowtail behaviour. A brief
review of the Van der Waals fluids is available in appendix B.
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Figure 2.3: Swallowtail behaviour of RN–AdS black hole A plot of the Gibbs free
energy of a Reissner–Nordstrom-AdS black hole at a fixed charge Q = 1.

The swallowtail appears only when P < Pc, where Pc is the pressure at critical point12.
The latter is characterized by the following thermodynamic parameters that, for a Reissner–
Nordstrom black hole, read

Pc =
1

96πQ2
, vc = 2

√
6Q , Tc =

√
6

18πQ
. (2.38)

12As shown in the P − T phase diagram in Figure 2.4, the critical point terminates the coexistence
line where the phase transition is of second order. In the RN-AdS black hole case, it is characterized by
standard mean theory exponents {α, β, γ, δ} [68] where

α = 0 , β =
1

2
, γ = 1 , δ = 3 .

These exponents are interpreted as follows: α dictates the behaviour of the specific heat for a constant
volume, β determines the behaviour of the difference of volume between the large and small black hole
states, γ governs the behaviour of the isothermal compressibility and δ controls the behaviour of |P−Pc| ∝
|V − Vc|δ on the critical isotherm
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Figure 2.4: Coexistence line of RN–AdS black hole A plot of the P−T phase diagram
illustrating the small/large black hole phase transition.

At this “special” point, the phase transition becomes second order. The swallowtail only
appears for pressures strictly less than the critical pressure. When looking into the coex-
istence diagram, resultant equation of state is

P =
T

v
− 1

2πv2
+

2Q2

πv4
. (2.39)

The second order phase transition at the critical point can easily be seen, as displayed in
coexistence line Figure 2.4. Surprisingly, identical to a Van der Waals fluid, the critical
ratio for a Reisner–Nordstom–AdS black hole Pcvc/Tc = 3/8 remains the same13.

13The ratio is independent of the black hole charge Q due to dimensional arguments. However this
independence vanishes for d > 4 [74].
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2.4.2.2 Reentrant phase transitions

Another interesting black hole phase transition is a reentrant phase transition. This was
first seen for a four dimensional black hole in the context of Born-Infeld theory [74]. There-
after, this behaviour was found in singly spinning Kerr–AdS black holes in higher dimen-
sions [75], subject of discussion of this sub-section. This phenomenon was seen in further
studies of some classes of black holes in higher dimensions [76, 55, 77] and also in higher
curvatures [78, 79, 80, 81, 65]

0.23 0.24 0.25

LARGE BH

SMALL BH

LARGE BH

Figure 2.5: Reentrant phase transition diagram A plot of the Gibbs free energy of
a singly spinning Kerr-AdS black hole in d = 6. The arrows in this figure indicate the
increasing size of the event horizon r+.

Investigating its Gibbs free energy, shown in Figure 2.5, a singly spinning Kerr-AdS
black hole in 6 dimensions illustrates a phenomenal behaviour: as temperature decreases,
the system is at a stable state of large black hole until it reaches T = T1 where a first
order phase transition occurs making a transition from a large to a small black hole state.
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Continuing to decrease the temperature the Gibbs free energy curve becomes discontinuous
at T = T0. At this point another zeroth order phase transition occurs passing from a
small to a large black hole as the temperature continues to decrease. To recapitulate, as
temperature continues to decrease, a reentrant large/small/large black hole phase transition
occurs.

This phase transition is similar to the water/nicotine reentrant phase transition : the
first phase transition of it kind to ever be observed. It was discovered in 1904 by Hudson
[82]. The transition for the water/nicotine mixture is as follows. Water and the nicotine
begin in a mixed state at high temperature. As temperature decreases, the two substances
separate at some medium temperature. This separated state remains upon further de-
creasing the temperature until at some low temperature another phase transition occurs,
taking the system back to its original mixed state. In making a comparison with the reen-
trant phase transition of the singly spinning Kerr–AdS black hole, the large black hole
corresponds to the mixed state and the small black hole to the water/nicotine state.

Further investigation of the singly-spinning Kerr-AdS black hole revealed that for a
region of parameters P − T , there are no black holes as seen in Figure 2.6. There’s also a
large black hole region and a small black hole region. The large/small black hole coexistence
line is divided into two pieces: the first, shown in black in the figure, corresponds to the first
order phase transition and eventually terminates at a critical point. The second, shown in
red in the figure, displays the zeroth-order phase transition.

2.4.2.3 Triple points: a solid/liquid/gas phase transition

When studying doubly spinning Kerr–AdS black holes at six dimensions, another interest-
ing phase transition relating black hole thermodynamics to everyday physics was unveiled
: the triple point [76]. This phase transition is famously observed for water, having a phase
transition between solid, liquid and gas state. As shown in Figure 2.7, for an appropriate
angular momenta ratio, the black hole transitions between three states: large, intermediate
and a small black hole. The three states meet at a triple point where the three of them
coexist. The main difference with the solid/liquid/gas phase transition is that the coexis-
tence line between small/intermediate black hole, unlike the solid/liquid line, doesn’t reach
infinity, but rater reaches a critical point, identical to the liquid/gas critical point. Other
classes of black hole in higher order gravity theories exhibit this same phase transition
behaviour [79, 78, 80].
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Figure 2.6: Coexistence line of singly spinning Kerr–AdS black hole A plot of the
P − T phase diagram of a singly spinning rotating black hole.

2.4.3 Thermodynamics of asymptotically de Sitter black holes

As they are much more complex systems, asymptotically de Sitter (dS) black holes were not
well explored thermodynamically for two basic reasons. First, having two horizons, an event
horizon that corresponds to the black hole and a cosmological horizon that corresponds to
the “boundary” beyond which information can’t be retrieved, means that the system is not
in thermodynamic equilibrium. In other words, an observer located between the event and
the cosmological horizons is in a thermodynamic system characterized by two temperatures;
hence they are in a non-equilibrium state. Second, at sufficiently large distances, outside
the cosmological horizon, there is no timelike Killing vector. This prevents a clear meaning
of asymptotic mass.

Due to these difficulties, despite their importance to cosmology, there have been only few
investigations of the thermodynamics black holes with variable Λ in cosmological contexts
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Figure 2.7: Coexistence line of doubly spinning Kerr–AdS black hole A plot of the
P − T phase diagram in d = 6 for a doubly-spinning Kerr-AdS black hole at fixed angular
momenta ratio J2/J1 = 0.05. The diagram displays a triple-critical point where the three
states could coexist.

[22, 23, 24, 83]. This section will review the few interesting results of black hole chemistry
in de Sitter spacetime.

2.4.3.1 Multiple Horizons: First laws and Smarr Formulae

An interesting method of how to study the thermodynamics of black holes with multi-
horizons environments is to formulate multiple independent thermodynamic first laws, one
for each horizon. For example, in d-dimensions, a general rotating de Sitter black hole with
multiple U(1) charges usually admits three real and positive horizons that are solutions to
the horizon condition 14. They are as follows:

14For example, for a metric (2.30), the horizon condition is when f = 0
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• The cosmological horizon rc corresponds to the largest positive root.

• The black hole outer horizon rb is located at the second largest positive root

• The inner horizon ri is located at to the third largest positive root if it exists.

Recapitulating the argumets from Appendix A for Λ > 0 [54], the first laws correspond-
ing to the different horizons read

δM = TbδSb +
∑
k

Ωk
bδJ

k +
∑
j

Φj
bδQ

j +VbδP , (2.40)

δM = −TcδSc +
∑
k

Ωk
cδJ

k +
∑
j

Φj
cδQ

j +VcδP , (2.41)

δM = −TiδSi +
∑
k

Ωk
i δJ

k +
∑
j

Φj
iδQ

j +ViδP . (2.42)

Here, M is a quantity that is equivalent to the ADM mass in the asymptotically AdS
and flat cases15. However, the temperatures of the different horizons Tb, Tc and Ti are each
proportional to its corresponding surface gravity and each of them is positive. Note that
Sb, Sc and Si are the horizons’ entropies, the Ω’s are their corresponding angular velocities,
the Φ’s correspond to their electric potentials. The Q’s stand for the charges for each , the
J ’s denote the angular momenta, and the quantity P is the “pressure”. The latter relates
to the positive cosmological constant Λ via the same equation (2.10) used in the AdS case

P = − Λ

8π
= −(d− 1)(d− 2)

16πl2
< 0 . (2.43)

As P is negative in this set up, it is perhaps reasonable to think of it as “tension” in-
stead of pressure. However, in this thesis, I will continue to refer to it as pressure. The
thermodynamic conjugates to the pressure corresponding to the three horizons are defined
by

Vc =
(∂M
∂P

)
Sc,J1,Q1...

, Vb =
(∂M
∂P

)
Sb,J1,Q1...

, Vi =
(∂M
∂P

)
Si,J1,Q1...

. (2.44)

For an observer situated between two of the horizons, for example the cosmological
and the event horizons, it is only reasonable to introduce a subtracted first law that can
describe the situation yielding

0 = TbδSb + TcδSc +
∑
i

(Ωi
b − Ωi

c)δJ
i +
∑
j

(Φj
b − Φj

c)δQ
j − V δP , (2.45)

15Au-contraire to those cases, this quantity, M , is conserved in space rather than in time in the de Sitter
case. This is due to that fact that the Killing field ∂t in the region near infinity is spacelike [84].
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with
V = Vc − Vb ≥ 0 . (2.46)

Here, V is the net volume of the observable universe, which can be the naive geometric
volume for ordinary cases [54].

Each corresponding Smarr relation for each of the three horizons, derived from the
corresponding first laws (2.40)–(2.42) via the dimensional scaling argument [51], reads

d− 3

d− 2
M = TbSb +

d− 3

d− 2

∑
j

Φj
bQ

j +
∑
k

Ωk
bJ

k − 2

d− 2
VbP , (2.47)

d− 3

d− 2
M = −TcSc +

d− 3

d− 2

∑
j

Φj
cQ

j +
∑
k

Ωk
cJ

k − 2

d− 2
VcP , (2.48)

d− 3

d− 2
M = −TiSi +

d− 3

d− 2

∑
j

Φj
iQ

j +
∑
k

Ωk
i J

k − 2

d− 2
ViP . (2.49)

2.4.3.2 Multiple Horizons: Effective thermodynamics

Using the first laws and the Smarr formulae presented in the previous section, a few
proposals were presented to address the thermodynamic non-equilibrium. A discussion of
some of these proposals will take place in this section.

The simplest of these proposals is to study the thermodynamics of the three dS horizons
[25] independently. In other words, one can treat each horizon as a thermodynamic system
that is described by its own temperature and has its own thermodynamic behaviour. In
this case, the behaviour of all horizons is captured by a single thermodynamic potential.
The latter is in a way equivalent to the Gibbs free energy of asymptotically AdS black holes
with a negative pressure16 and temperatures17. Hence if any phase transition is observed
for any of the horizons, it is interpreted to be a phase transition for the asymptotically de
Sitter black hole. Following this logic, a reentrant phase transition [25], similar to the AdS
case, was found for a doubly spinning rotating de Sitter black hole in six dimensions.

Another slightly more complicated approach is to focus on an observer standing some-
where between the black hole and the cosmological horizons. The temperature of the
system is posited to correspond to an “effective temperature” Teff that the observer, in an

16As mentioned earlier, the negativity of the pressure is cause by the positive cosmological constant.
17The only negative temperatures are the ones corresponding to the inner horizon and the cosmological

horizon.

28



“observable” part of the universe anywhere between the two horizons, sees. This temper-
ature is not universal. This justifies the need for a new effective thermodynamic first law.
Multiple versions of this effective method have been considered, each based on a different
interpretation of the mass parameter M and each introducing a different Teff.

First introduced by Urano et al. [85] and further analysed in [86, 87, 88, 89, 90, 91], the
first version of the effective method suggested that the parameter of mass M is regarded
as the system’s internal energy E. The other thermodynamic parameters of the system
are determined as follows: the effective volume V is equal to the volume of the observable
universe 18 and reads

S = Sb + Sc , V = Vc − Vb , E = M . (2.50)

The entropy, however, is a ‘total entropy’ S., and it is the sum of the entropies the black
hole horizon and the cosmological horizon [92, 93]. Using (2.40) and (2.41), the effective
first law reads

δE = TeffδS − PeffδV +
∑
i

Ωi
effδJ

i +
∑
j

Φj
effδQ

j . (2.51)

Here, Ωi
eff and Φj

eff are respectively the thermodynamic conjugates of J i and Qj. For the
case Schwarzschild dS black holes, this method leads to a phase transition analogous to
the Hawking-Page phase transition seen for Schwarzschild AdS black holes.

The second version of this approach treats the mass parameter M as the gravitational
enthalpy [94]. This analogy is the same as for the AdS case. Hence, the effective thermo-
dynamic first law is given by

δH = TeffδS + VeffδP +
∑
i

Ωi
effδJ

i +
∑
j

Φj
effδQ

j , (2.52)

with H = −M , P = −P and V = Vc − Vb. Here, the actual volume of the system is Veff.
Similar to the previous version of this effective approach, an effective first law (2.52) is
deduced from (2.40) and (2.41). As the entropy S of the effective system is simply given
by the sum of the entropies S = Sc + Sb [94], the effective temperature reads

Teff =
( 1

Tc
− 1

Tb

)−1

. (2.53)

This temperature is not necessarily always positive which can lead to unphysical behaviour
for the system. An improvised solution to this issue is to define the effective entropy as

18Here, the observable universe corresponds to the region of the universe between the black hole horizon
and the cosmological horizon
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S = Sc−Sb ≥ 0 .19 Then, the thermodynamic quantities computed using the effective first
law (2.52) read

Teff =
( 1

Tc
+

1

Tb

)−1

≥ 0 , Veff = Teff

(Vc
Tc

+
Vb
Tb

)
≥ 0 ,

Ωi
eff = −Teff

(Ωi
b

Tb
+

Ωi
c

Tc

)
, Φj

eff = −Teff

(Φj
b

Tb
+

Φj
c

Tc

)
. (2.54)

Despite the attempts to establish a general approach to understand the thermodynamics
of asymptotically de Sitter black holes, non of the previously discussed could fully describe
dS black hole thermodynamics independently of whether or not the cosmological constant
is permitted to vary. The two-horizon problem (i.e. existence of two horizons) prevents the
spacetime from being in thermal equilibrium state, requiring either adopting an effective
temperature approach or considering each horizon as a separate thermodynamic system,
as discussed above. However, isolated de Sitter black holes evaporate due to Hawking
radiation, unlike their AdS cousins where reflecting boundary conditions at ∞ ensure
thermal stability, making dS black hole thermally “unstable”. In section 5 of this thesis, a
new approach will be thoroughly discussed to this end and overcome some of these issues.

The following chapters of this manuscript are dedicated to study the thermodynamics
of asymptotically de Sitter of black holes. I shall take two foundational paths to this end:
The first path will shed the light on the thermodynamic volume, previously introduced,
in the context of cosmological horizons. This notion is not at all understood as, whenever
studied, is accompanied by the presence of the event horizon. I shall present an approach
to study the thermodynamic volume of cosmological horizons in isolation. The second path
will focus on the studying black hole phase transitions in the context of de Sitter space for
thermalons and for hairy black holes.

19This method would ensure the positivity of both effective temperature Teff and effective volume Veff
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Part I

Cosmological Horizons
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Chapter 3

Thermodynamic Volume of
Cosmological Solitons

The presence of both a black hole horizon and a cosmological horizon yields two distinct
temperatures, suggesting that the system is in a non-equilibrium state. This in turn leads
to some ambiguity in interpreting the thermodynamic volume, since distinct volumes can
be associated with each horizon. In all known examples the reverse isoperimetric inequality
R ≥ 1 holds separately for each; however if the volume is taken to be the naive geometric
volume in between these horizons then the isoperimetric inequality R ≤ 1 holds [54].

It would be preferable to study the ‘chemistry’ of cosmological horizons in isolation.
For this one needs a class of solutions that are not of constant curvature and that have only
a cosmological horizon. Fortunately a broad class of such solutions exists: Eguchi-Hanson
de Sitter solitons [95].

The Eguchi-Hanson (EH) metric is a self-dual solution of the four-dimensional vac-
uum Euclidean Einstein equations [96]. It has odd-dimensional generalizations that were
discovered few years ago [95] in Einstein gravity with a cosmological constant. They are
referred to as the Eguchi-Hanson solitons. For Λ < 0 they are horizonless solutions that
in five dimensions are asymptotic to AdS5/Zp (p ≥ 3) and have Lorentzian signature,
yielding a non-simply connected background manifold for the CFT boundary theory [97].
Solutions in higher dimensions have a more complicated asymptotic geometry. For Λ > 0
these solutions in any odd dimension have a single cosmological horizon, by which I mean
that they have a Killing vector ∂/∂t that becomes spacelike at sufficiently large distance
from the origin. Upon taking the mass to be the conserved quantity associated with this
Killing vector at future infinity, and computing it using the counterterm method [84], these
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solutions all satisfy a maximal mass conjecture [98], whose implication is that they all have
mass less than that of pure de Sitter spacetime with the same asymptotics.

In this chapter I will study the Eguchi-Hanson de Sitter (EHdS) solitons in the context
of extended phase space thermodynamics. In this framework where Λ > 0, as discussed in
section 2.4.3.1, the cosmological constant is considered a thermodynamic variable equiva-
lent to the pressure in the first law (2.43) and reads

P = − Λ

8πG
. (3.1)

The thermodynamic conjuguate to the pressure is the volume V and is defined from geo-
metric arguments [54]. It ensures the validity of the extended first law (2.40)

δM + TδS − V δP = 0, (3.2)

and (consistent with Eulerian scaling) renders the Smarr formula (2.47) valid

(D − 2)M + (D − 1)TS + 2V P = 0, (3.3)

where d = (D + 1) is the spacetime dimension.

Motivated by the above, I use the Eguchi-Hanson solitons in de Sitter space to inves-
tigate their thermodynamics and cosmological volume in the context of extended phase
space. The particular advantage afforded by these solutions is that, unlike the situation
with de Sitter black holes, thermodynamic equilibrium is satisfied. I find explicit expres-
sions for the thermodynamic volume inside and outside the cosmological horizon. For
the inner case, the reverse isoperimetric inequality is satisfied only for a small range of
a >

√
3/4` when a regularity condition for the soliton is not satisfied. For the outer case,

an important role is played by a Casimir-like term that appears as an arbitrary constant
in the first law and Smarr relation. I compare my results to those obtained using the
counterterm method [95] and I find that they match. Note that for this case the mass is
always smaller than maximal mass given by the Casimir term and that the thermodynamic
volume is always positive if the regularity condition is applied.

The outline of this chapter is as follows: in the next section I introduce the EH Solitons
in odd dimensions. General considerations of their thermodynamics will be discussed in
section 3.2 . The first law and Smarr relation will be used to compute the mass and
thermodynamic volume of these solutions inside and outside the cosmological horizon of
dS space . I will show that explicit expressions for the two parameters can be found in
general odd dimensions. A briefly summarize the results in a the discussion section.
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3.1 EHdS solitons

EHdS solitons [95, 97] in general odd (D+1) dimensions are exact solutions to the Einstein
equations with Λ > 0, and have metrics , derived in Appendix C , of the form

ds2 = −g(r)dt2 +

(
2r

D

)2

f(r)

[
dψ +

k∑
i=1

cos(θi)dφi

]2

+
dr2

g(r)f(r)
+
r2

D

k∑
i=1

dΣ2
2(i) (3.4)

in D = 2k + 2 dimensions, where the metric functions are given by

g(r) = 1− r2

`2
, f(r) = 1−

(a
r

)D
, (3.5)

with
dΣ2

2(i) = dθ2
i + sin2(θi)dφ

2
i , (3.6)

and

Λ = +
D(D − 1)

2`2
, (3.7)

parametrizing the positive cosmological constant.

The radial coordinate is given by r ≥ a; for r < a the metric changes signature,
indicative of its solitonic character. There is a cosmological horizon at r = `. Constant (t, r)
sections consist of the fibration of a circle over a product of k 2-spheres. Generalizations
to Gauss-Bonnet gravity [99] and to spacetimes with more general base spaces [100] exist
but I will not consider these solutions here.

For `→∞, the metric (3.4) becomes

ds2 =

(
2r

D

)2(
1−

(a
r

)D)[
dψ +

k∑
i=1

cos(θi)dφi

]2

+
dr2

1−
(
a
r

)D +
r2

D

k∑
i=1

dΣ2
2(i), (3.8)

for a constant t hypersurface. This class of metrics can be regarded as d-dimensional
generalizations of the original [96] D = 4 Eguchi-Hanson metric.

In general, the metric (3.4) will not be regular unless some conditions are imposed to
eliminate the singularities. Noting that a constant (t, r) section has the form

ds2 = F (r)

[
dψ +

k∑
i=1

cos(θi)dφi

]2

+
dr2

G(r)
, (3.9)

34



where F (r) =
(

2r
D

)2
f(r) and G(r) = f(r)g(r), regularity requires the absence of conical

singularities. This implies that the periodicity of ψ at infinity must be an integer multiple
of its periodicity as r → a. Consequently

4π√
|F ′G′|

∣∣∣∣∣
r=a

=
4π

p
, (3.10)

where p is an integer. Note that r = r+ is the simultaneous root of F and G and that

F ′+G
′
+ = 4

(
1− a2

`2

)
.

The implications of the regularity condition vary depending on the following three cases:
a2 < `2, a2 > `2 and a2 = `2. If a2 < `2, the regularity condition yields p = 1 and thus
a2 = 3

4
`2. If a2 > `2, when ` < r < a, the metric has closed timelike curves. If a = ` the

metric is not static for r > a. I will not consider these latter two cases in this work.

In the sequel I shall investigate the thermodynamic behaviour of the metric (3.4) for
general values of a < `, imposing the regularity condition a2 = 3

4
`2 at the end of the

calculation. This will allow us to explore the thermodynamics of a cosmological horizon
in thermodynamic equilibrium under rather general conditions without any complicating
features due to the presence of a black hole.

3.2 Soliton Thermodynamics

Since the Killing vector ∂/∂t is not everywhere timelike, I cannot compute the mass M
of the soliton unambiguously. As a consequence I cannot directly compute the thermody-
namic volume V = ∂M

∂P
without additional assumptions. I shall assume the validity of the

first law (3.2) and the Smarr relation (3.3) to compute their mass and the volume. This
approach is analogous to that taken for asymptotically Lifshitz black holes [101], for which
computation of the mass is also fraught with ambiguity in certain cases. I shall then relate
our computation of the mass to that obtained in other procedures.

In (D+1) spacetime dimensions, the entropy of the EHdS soliton follows from the area
law

S = K`(D−1)

√
1−

(a
`

)D
, (3.11)

with standard arguments implying the temperature at the cosmological horizon is

T =

√
1−

(
a
`

)D
2π`

, (3.12)
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where K = 1
2p

(
4π
D

)D
2 is one-quarter of the area of the cosmological horizon when a = 0.

Before proceeding, it is worth noting that (3.2) and (3.3) determine the mass and
volume for any solution to the field equations only up to an additive term that depends on
`. Using (3.1) and (3.7) it is straightforward to compute this contribution

M∆ = αD`
D−2, V∆ =

|Λ|
Λ

8π(D − 2)

D(D − 1)
αD`

D, (3.13)

for both the AdS and dS cases, where αD is an arbitrary constant. Note that the respective
contributions to the mass and volume have opposite signs in the AdS case but the same
sign in the de Sitter case.

These additional terms depend only on `, suggesting they be considered as Casimir 1

contributions to the mass and volume. However this interpretation is fraught with problems
in the AdS case for several reasons. First, they are present in any spacetime dimension,
whereas Casimir contributions to the mass occur only for odd spacetime dimensions (even
d), and so this interpretation is inapplicable for odd D. Second, they alternate in sign:
for D = 4, 6, 8 it has been shown that αD = 3π/32,−5π2/128, 35π3/3072 respectively
[103]. This necessarily yields a negative contribution to the volume for D = 4n where n
is an integer, and these contributions can make the overall volume of a sufficiently small
Schwarzschild Anti de Sitter black hole negative. Finally, there is no sensible Λ → 0 (or
` → ∞) limit of these contributions unless αD = 0. For these reasons the constant αD is
generally set to zero for asymptotically AdS solutions.

However in the de Sitter case, (3.2) and (3.3) imply that M∆ and V∆ have the same
sign, and it is not clear that such contributions should be set to zero. For the soliton
solutions that are considered here, D is always even and so it is reasonable to expect
a Casimir contribution to the cosmological volume. Indeed I shall see that a variety of
interpretations for this additional term exist, and I shall explore a number of distinct
possibilities.

I solve the first law and Smarr relation for the conserved mass and the cosmological
volume of EHdS solitons in both cases: inside and outside the cosmological horizon. On
dimensional grounds I expand the mass M and the cosmological volume Vc in powers of a
and `

M =

D
2∑

k=0

mka
D−2k`2k−2, (3.14)

1 This comes from the suggestive argument in [102] that the AdS/CFT correspondence predicts the
existence of extra light states. This means that the boundary energy of pure AdS5 is identical to the
Casimir energy of N = 4 super U(N) Yang-Mills theory on S3.
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and

V =

D
2∑

k=0

vka
D−2k`2k, (3.15)

which are the most general expansions admitting a solution that satisfies both (3.2) and
(3.3). In fact it is more than needed – noting that the `-dependent term in the mass is
divergent in the limit Λ → 0 suggests that I should consider excluding it. However since
there is no soliton in this limit, this term was retained. I shall investigate the implications
of identifying it with the Casimir energy [84] in the dS/CFT correspondence conjecture
[27].

3.2.1 Inside the cosmological horizon

The Smarr relation (3.3) and the first law (3.2) are valid for a black hole horizon. For a
cosmological horizon these equations are modified in (2.41), (2.48) to read [54]

δMin + TdS − VinδP = 0, (3.16)

(D − 2)Min + (D − 1)TS + 2VinP = 0, (3.17)

from the perspective of an observer in a region where ∂/∂t is timelike, and where the
plus signs in the second terms of these equations arises because the surface gravity of
the de Sitter horizon is negative, while the corresponding temperature T > 0 since it is
proportional to the magnitude of the surface gravity.

Using (3.11) and (3.12), I found that most terms in both (3.14) and (3.15) vanish and
obtain

Min =
KaD

4π`2
+mD

2
`D−2, Vin =

−2K

D − 1
aD +

(
8(D − 2)

D(D − 1)
πmD

2
+

4K

D

)
`D, (3.18)

for the mass and volume respectively, where I have relabeled αD → mD
2

.

If one imposes the requirement that the mass remain finite as Λ → 0, then mD
2

= 0

and

Min =

(
4π
D

)D
2 aD

8pπ`2

Λ→0−→Msol =
1

8π

(
3π

D

)D/2
`D−2, (3.19)

Vin =
2
(

4π
D

)D
2

pD
`D
(

1− D

2(D − 1)

aD

`D

)
Λ→0−→ Vsol =

2`D
(

4π
D

)D
2

D

(
1− D

2(D − 1)

(
3

4

)D
2

)
,

(3.20)
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where the latter relations follow from imposing the regularity condition (3.10).

Suspending the regularity condition, it becomes clear that for any value of a < `
the mass Min and cosmological volume Vin in (3.18) are both positive for vanishing mD

2
.

However the volume Vin does not vanish in the Λ → 0 limit, and so one might consider a
variety of choices of mD

2
that will yield various desired outcomes. These I depict in tables

1 and 2. In table 1 I have not imposed the regularity condition (3.10), and indicate the
choices of mD

2
such that the rows correspond to finite mass as ` → ∞ (case 1), vanishing

mass (case 2), vanishing volume (case 3), and requiring the volume to depend only on the
soliton parameter a (case 4). In table 2 the regularity condition is imposed, the rows in
this table corresponding to those in table 1 for the respective choices of mD

2
.

Figure 3.1: Plots of the isoperimetric ratio R (for a representative dimension D = 6) as
a function of the parameter y = a

`
. The plots, from left to right, correspond respectively

to case 1, case 2, and case 4 discussed in Table 3.1. The dashed line corresponds to the
regularity condition y =

√
3/4 .

Since the soliton is not a black hole, the premises of the Reverse Isoperimetric Inequality
Conjecture [53] does not apply. In a d = D + 1 dimensions, the isoperimetric factor reads

R =

(
(d− 1)V

ωd−2

) 1
d−1 (ωd−2

A

) 1
d−2

=

(
DV

ωD−1

) 1
D (ωD−1

A

) 1
D−1

. (3.21)

However the parameter R provides a useful measure of the relationship between volume
and entropy, and so I indicate in each table a computation of the isoperimetric ratio R in
(3.21) . I find that R is always less than unity if the regularity condition is imposed, as
indicated in table 2 and illustrated in figures 3.1 and 3.2. If the regularity condition is not
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Figure 3.2: A plot of the isoperimetric factor R for the cases 1, 2 and 4 of the cosmological
volume as a function of the spatial dimension D when the regularity condition is imposed
(see Table 3.2). The first case is (blue), the second is in (red) and the fourth is in (green).

imposed then for a small range of values of a >
√

3/4` one can obtain R > 1, as shown in
figure 3.1.

3.2.2 Outside the cosmological horizon

In this section I consider the thermodynamics of EH-dS solitons outside of the cosmological
horizon, where r > `. This problem (without taking thermodynamic volume into account)
has been previously considered in the context of the proposed dS/CFT correspondence
[27], which entails computing quantities at past/future infinity. As its name indicates, this
method suggests an information correlation regarding Euclidean CFT of asymptotically de
Sitter (a)dS spacetimes. Some calculation for conserved charges for pure and asymptot-
ically de Sitter were performed inside the cosmological horizon where the Killing vector
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ξ = ∂/∂t is timelike [104] .

Nevertheless outside the horizon, the spacetime boundaries at past/future infinity are
Euclidean surfaces. So one can use a different set of coordinates [98] to turn the timelike
Killing vector to a spacelike Killing vector. Hence its associated conserved charge can be
calculated using the relationship

M = Qξ =

∮
Σ

DD−1SaξbT eff
ab , (3.22)

where T eff
ab is stress-energy on the boundary Σ of the manifold, determined from varying

the Einstein-dS action with counter-terms. Full expansions for this quantity have been
previously computed [84]. Using (3.22) the maximal mass conjecture — any asymptotically
dS spacetime with mass greater than dS has a cosmological singularity — was proposed
[98]. A straightforward evaluation of (3.22) at future infinity for the Schwarzschild de
Sitter solution whose metric functions in the ansatz (3.4) are g(r) = 1 − r2/`2 − 2m/r2,
f(r) = 1 for D = 4 yields M = −m [105], which is sign-reversed from the quantity
employed in (3.16) and (3.17). This is a general property of computing the mass outside
of a cosmological horizon using (3.22) [105].

Hence in order to apply this approach, one can make use of the Smarr relation (3.17)
and the first law (3.16) with M → −M to solve for the outer mass and the cosmological
volume. The net effect of this is to recover the relations (3.3) and (3.2) but with V → −V :

δMout − TdS + VoutδP = 0, (3.23)

(D − 2)Mout − (D − 1)TS − 2VoutP = 0, (3.24)

and I shall solve these for Mout and Vout using (3.11) and (3.12).

The calculation is very similar to the inside case yielding

Mout = −Ka
D

4π`2
+mD

2
`D−2, (3.25)

and

Vout = − 2K

D − 1
aD −

(
8(D − 2)

D(D − 1)
πmD

2
− 4K

D

)
`D, (3.26)

as the general solutions to (3.3) and (3.2). One can see that in general the contribution
proportional to mD

2
is now of opposite sign for the mass and volume.
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One can compare these results in D = 4 to a direct computation of the mass. The
EHdS metric reads in this case

ds2 = −g(r)dt2 +
r2

p2
f(r)

[
dΨ +

p

2
cos θdΦ

]2

+
1

f(r)g(r)
dr2 +

r2

4
dΩ2

2, (3.27)

where the counter-term method [84] yields

M =
π (3`4 − 4a4)

32p`2
, (3.28)

for the conserved mass using (3.22) [95]. The action can likewise be directly computed in
this approach and is

I =
βπ (4a4 − 5`4)

32p`2
, (3.29)

yielding the entropy

S =
βπ (`4 − a4)

4p`2
, (3.30)

via the Gibbs-Duhem relation S = βM − I, where

β =
2π`3

√
`4 − a4

, (3.31)

is the period of the Euclidean time τ that ensures regularity in the (τ, r) section of the
Euclidean solution. Note that the regularity condition has not been applied.

Clearly for D = 4, β = 1/T from (3.12), and the entropy (3.30) agrees with (3.11).
Requiring that these quantities along with the mass (3.28) satisfy both the first law (3.2)
and Smarr relation (3.3) yields

Vout =
π2

24p

(
9`4 − 8a4

)
, (3.32)

for the thermodynamic volume of the EHdS soliton, where from (3.1) the pressure is

P = − Λ

8πG
= − 3

4π`2
. (3.33)

By imposing the regularity condition p = 1, I obtain

Mout =
3π`2

128
, Vout =

3π2`2

16
, (3.34)
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Dimension mD
2

Mout Vout

D = 4 3π
32

3π
128
`2 3π2

16
`4

D = 6 5π2

128
3π2

128
`2 13π3

405
`6

D = 8 35π3

3072
877π3

98304
`2 87π4

28672
`8

Table 3.3: Mass and Volume computed
outside the cosmological horizon. The
constant mD

2
is chosen to yield the mass

of de Sitter spacetime when a = 0.

which is in agreement with both the mass (3.25) and the cosmological volume (3.26) if
I set m2 = 3π

32
(and noting that K = π2/2p for D = 4). Note from (3.34) that Mout <

MdS = 3π`2

32
, in accord with the maximal mass conjecture [98, 105, 106], and that this

yields a positive thermodynamic volume. If one chooses Mout = MdS, then m2 = 21π
128

,
and the volume is still positive. A negative volume requires m2 >

15π
64

, which then yields

Mout = 21π`2

128
> MdS, in violation of the conjecture.

Similar arguments for D > 4 can be made. It is always possible to choose the constant
mD

2
to yield Mout = MdS when a = 0, and it is clear from (3.34) that the maximal mass

conjecture will necessarily be satisfied. As shown in table 3.3, one finds for all values that
have been calculated for MdS [84] that the volume Vout > 0. I expect that this is a general
feature for any (odd) dimension.

3.3 Discussion

In this work, general expressions for the thermodynamic volume inside and outside the
cosmological horizon for EH solitons in any odd dimension were found. These quantities
are calculable and well-defined regardless of whether or not the regularity condition for the
soliton is satisfied. They illustrate that cosmological volume is a well-defined concept, and
that cosmological horizons indeed have meaningful thermodynamic properties.

For observers within the cosmological horizon, the mass and volume can be defined
using the first law and Smarr relations. I have shown that for this case that the reverse
isoperimetric inequality [53] is not satisfied for general values of the soliton parameter a
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(including the value satisfying the regularity condition), though it is satisfied for a narrow
range of values of this parameter. This situation stands in contrast to that for the class of
Kerr de Sitter spacetimes, for which R ≥ 1 holds for cosmological horizons [54]. That R is
less than unity even when the soliton regularity condition is satisfied hints at a relationship
between the degrees of freedom of cosmological horizons and their entropy that is distinct
from that of black holes.

For the outer case I exploited the definition (3.22) of conserved mass to obtain the
unique result (3.32) for the cosmological volume in 5 dimensions (or alternatively (3.34)
when the regularity condition holds). The mass Mout satisfies the maximal mass conjecture
and the volume is positive. By computing Mout to yield the mass (3.22) for de Sitter
space when a = 0, I find that the associated cosmological volume is always positive in all
dimensions for which (3.22) has been computed. I expect this to be a general feature for
all spacetimes satisifying the maximal mass conjecture.

The thermodynamics of these objects remains to be explored. The equation of state for
the (non-regular) soliton will, from (3.12), be a highly non-linear relationship between the
pressure, volume, and temperature, and whether or not any interesting phase behaviour can
result remains to be determined. Generalizations of these solutions to Lovelock gravity exist
[99], and it is quite possible that these objects may also exhibit interesting thermodynamic
behaviour.
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Part II

Black Hole Chemistry in de Sitter
Spacetime
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Chapter 4

Thermalons

Phase transitions in gravitational physics have been a subject of interest for the last few
decades. More than 35 years ago, Coleman and de Luccia discussed gravitational in-
stantons, showing that coupling a scalar field to a dynamical metric can lead to phase
transitions between two competing vacua with different cosmological constants [107, 108].
These transitions proceed via the nucleation of expanding bubbles of true vacuum within
the false vacuum when the free energy of the true vacuum becomes smaller than that of
the false vacuum. Mechanisms of this kind have been utilized in various proposed solutions
to the cosmological constant problem [109, 47]. Another classic example of a gravitational
phase transition is the Hawking-Page transition [11], which has significance in various pro-
posed gauge/gravity dualities. This phenomenon is a first order phase transition between
thermal Anti de Sitter (AdS) space and the Schwarzschild-AdS black hole, with the latter
becoming thermodynamically preferred (i.e. lower in free energy) above a certain critical
temperature.

A number of recent studies have focused on thermalon mediated phase transitions in
higher curvature gravity [32, 35, 110]. These phase transitions proceed via the nucleation
of spherical shells, called thermalons, that separate spacetime into two regions described
by different branches of the solution, hosting a black hole in the interior. Above a certain
critical temperature the thermalon configuration is thermodynamically preferred to finite
temperature AdS space . The thermalon, once formed, is dynamically unstable and expands
to fill all space in finite time, effectively changing the asymptotic structure of the spacetime.
In a study focusing on a fixed value of the cosmological constant, it has been shown
[35, 111] that thermal AdS space can undergo a thermalon-mediated phase transition to
an asymptotically dS black hole geometry—in some sense a generalized version of the
Hawking-Page transition.
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In this chapter, I will be studying thermalon mediated phase transitions in the context
of extended phase space thermodynamics. In this framework, the relationship between the
cosmological constant and the thermodynamic pressure is

P = − Λ

8πG
= −2Λ, (4.1)

where the last equality follows since I employ the normalization 16πG = 1 for consistency
with ref.[32]. The corresponding conjugate quantity is the thermodynamic volume which
is defined to ensure the validity of the extended first law (2.13) a result which follows from
geometric arguments [51], and which renders the Smarr relation (2.14) consistent with
Eulerian scaling. A natural consequence of the extended phase space paradigm is that
it allows us to understand mass as the gravitational analogue of the enthalpy of a black
hole rather than the total energy of the system, which has far-reaching consequences. My
motivation for using this framework comes from the fact that it is particularly well suited
for an exhaustive study of the thermodynamic phase space as discussed in chapter 2. As
a result, I will be able to explore the properties of these phase transitions as the pressure
varies.

The organization of this chapter is as follows: In the next section I briefly review
the basics and the essentials of the thermalon mechanism in Lovelock gravity. In section
4.2 I specialize to the case of Gauss-Bonnet gravity where I study the stability, extended
phase space thermodynamics, and phase structure of the thermalons. When considering
the phase behaviour of these systems, I employ the extended thermodynamic phase space
formalism to exhaustively study how these transitions depend on the pressure (cosmological
constant). In the context of AdS→ dS + black hole thermalon mediated phase transitions
I recover the results of [35]. Furthermore, by analysing the behaviour of the free energy
near the Nariai limit, I find that for a fixed value of the Gauss-Bonnet coupling, there is a
minimum pressure below which thermalon mediated phase transitions are not possible. I
find that in the case where the pressure is vanishing, a phase transition between thermal
AdS space and an asymptotically flat geometry with a black hole is possible for any range
of temperature. In the last section I comment on the similarities and differences between
the thermalon mediated phase transition and the Hawking-Page transition in the regime
of positive pressures.

4.1 Thermalons in Lovelock gravity

It is generally expected that in any attempt to perturbatively quantize gravity one will find
that the standard Einstein-Hilbert action is modified by the addition of higher curvature
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terms. Natural candidates for the higher curvature corrections are provided by Lovelock
gravities, which are the unique theories that give rise to generally covariant field equations
containing at most second order derivatives of the metric [112].

One can obtain spherically symmetric solutions to the field equations of this theory,
described via the boundary and bulk action in (1.5), of the form

ds2 = −f(r)dt2 +
dr2

f(r)
+ r2dΩ2

(σ)d−2, (4.2)

with dΩ2
(σ)d−2 denoting the line element on a (d−2)-dimensional compact space of constant

curvature (σ = 1, 0,−1 denoting spherical, flat and hyperbolic topologies, respectively).
Making use of the notation g = (σ − f)/r2, the field equations are solved provided, the
characteristic polynomial satisfies

Υ[g] =
K∑
k=0

ckg
k =

M

rd−1
, (4.3)

where M is a constant of integration identified as the mass parameter1 of the solution.
Note that here I have suppressed, for convenience, a factor proportional to the volume of
the unit radius manifold whose metric is given by dΩ2

(σ)d−2.

This chapter is concerned with thermalon-mediated phase transitions. These transitions
proceed via the production of a thermodynamically favoured but dynamically unstable
spherical shell, called the thermalon, which divides spacetime into two regions. The case of
interest is when the spacetime metric is continuous but not differentiable at the junction,
a condition which, in Einstein gravity, would require the junction shell to possess stress-
energy but does not have such a requirement in higher curvature gravity—one can think of
the higher curvature terms themselves as providing the matter source. Since the thermalon
is dynamically unstable, once formed it expands rapidly, reaching spatial infinity in finite
time and therefore changing the asymptotic structure of the spacetime. In this way, the
thermalon can be considered to mediate a phase transition between two vacua with different
asymptotic structure.

I now turn our attention to a brief recapitulation of the junction conditions and ther-
malon properties as discussed in [32]. Here I am interested in the case where a timelike
junction surface separates an inner region and an outer region, which is denoted with a
“ − ” and “ + ”, respectively. In particular, I will be interested in the scenario where the

1Here, the mass is related to the standard definition via M̃ = 16πG

(d−2)Σ
(σ)
d−2

M .
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metric function describing the inner geometry, f−(r), is different from the metric function
describing the outer geometry, f+(r). To this end, I decompose the spacetime manifold:
M = M− ∪ (Σ × ξ) ∪M+ where Σ is the junction hypersurface and ξ ∈ [0, 1] is a real
parameter used to interpolate both regions.

Since the thermalon is a finite temperature instanton 2, I take the Euclidean metric to
be

ds2 = f±(r)dt2 +
dr2

f±(r)
+ r2dΩ2

(σ)d−2 , (4.4)

and describe the junction with the parametric equations

r = a(τ), t± = T±(τ), (4.5)

and induced metric
ds2 = dτ 2 + a(τ)2dΩ2

(σ)d−2 . (4.6)

Note that writing the hypersurface metric in the form of (4.6) assumes that the condition

f±Ṫ
2
± +

ȧ2

f±(a)
= 1 (4.7)

is satisfied for all τ (a dot representing a τ derivative). In the case of the thermalon,
which is characterized by the static configuration ȧ = ä = 0, i.e. a(τ) = a?, this condition
amounts to the physical statement that the temperature of the bubble is the same as seen
from both sides √

f−(a?)β− =
√
f+(a?)β+ = β0, (4.8)

where β− is the inverse Hawking temperature of the inner black hole and β+ is the inverse
temperature seen by an observer at infinity.

As discussed in detail in [32], the junction conditions for this set up (without matter)
amount to the continuity of the canonical momenta across the hypersurface Σ

π+
ab = π−ab, (4.9)

where the canonical momenta are computed via the variation of the boundary terms at
the junction surface [114]

δI∂ = −
∫
∂M

dd−1xπabδhab . (4.10)

2Instantons are particle-like solutions to the equations of motion of classical field theories in Euclidean
space [113]. It carries out a description of quantum tunneling.
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However, for the case just described, the canonical momenta have only diagonal compo-
nents, which are themselves all related by the constraint

d

dτ

(
ad−2π±ττ

)
= (d− 2)a2ȧπ±ϕiϕi

, (4.11)

where ϕi represent the angular coordinates on Σ. Due to the Bianchi identity, only the ττ
component of the canonical momenta matters. A detailed calculation of π±ττ is provided in
Appendix D.

In the following section I shall specialize to the case of Gauss-Bonnet (GB) gravity.

4.2 Gauss-Bonnet case

Gauss-Bonnet gravity is the simplest extension of the Einstein-Hilbert action to include
higher curvature Lovelock terms (1.5). In the following I shall adopt for the normalization
of the Lovelock couplings as discussed in the introduction

c0 =
−2Λd

(d− 1)(d− 2)
= −2Λ , c1 = 1 , c2 = λ. (4.12)

Note that here our definitions differ from those in refs. [32, 35, 110] in two ways. First,
I have not assumed a particular sign for the cosmological term and I have written it in
terms of the radius of curvature, L. This decision is simply for convenience when I will
later identify the cosmological constant as a pressure. Note also here our introduction of
the terminology “Λd” where the dimension-dependent factors have been absorbed to make
a more convenient shorthand. Secondly, I have not rescaled the GB coupling by a power of
Λ to make it dimensionless, since doing so would introduce extra and unnecessary factors
of the pressure, thereby complicating the analysis.

The characteristic polynomial (4.3) now reads

Υ[g±] = −2Λ + g± + λg2
± =

M±
rd−1

. (4.13)

Explicitly solving this for g±(r) yields

g±(r) = − 1

2λ

[
1±

√
1 + 4λ

(
2Λ +

M±
rd−1

)]
, (4.14)
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and so

f±(r) = σ +
r2

2λ

[
1±

√
1 + 4λ

(
2Λ +

M±
rd−1

)]
. (4.15)

A point of particular interest is that for each branch of the solution there is an effective
cosmological constant given by

Λeff
± = −1±

√
1 + 8λΛ

2λ
, (4.16)

and so the two branches describe two asymptotically distinct solutions. The effective
cosmological constants are generally different, being equal only when λ = −1/(8Λ), a case
that corresponds to Chern-Simons theory [115].

Expressing the junction condition Π̃ = 0 in the more convenient form ȧ2 − 2V (a) = 0
yields

V (a) =
ad+1

24λ(M+ −M−)

[
g+(3 + 2λg+)2 − g−(3 + 2λg−)2

]
+
σ

2
, (4.17)

for the thermalon potential. Making use of (4.13), I can put V into a more useful form by
reducing the order in g±. The result is

V (a) =
ad+1

24λ(M+ −M−)

[
(1 + 8λΛ)g + (2 + λg)

4M

ad−1

] ∣∣∣∣∣
+

−

+
σ

2
. (4.18)

Note that in the above, the factor 1 + 8λΛ can be written as

1 + 8λΛ = λ2
(
Λeff
− − Λeff

+

)2
, (4.19)

where the term in parentheses could be interpreted as proportional to the difference between
“effective pressures” inside and outside the bubble. Working further with this potential, I
can obtain expressions for its a derivatives, the first of which reads

V ′(a) =
ad

24λ(M+ −M−)

[
(d+ 1)(1 + 8λΛ)g − [d− 17 + 2λ(d− 5)g]

M

ad−1

] ∣∣∣∣∣
+

−

. (4.20)

In obtaining (4.20) I have utilized the characteristic polynomial and its derivative to remove
expressions involving g′±(a). Expressions for higher derivatives of the potential can be
obtained in the same manner, but for our analysis I shall need only the potential and its
first derivative, since solving for consistent thermalon configurations amounts to the static
condition V (a?) = V ′(a?) = 0.
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4.2.1 Stability

Before moving on to the analysis of the thermodynamics of these systems, I pause to
comment on the stability of thermalon configurations in GB gravity. As was outlined in
[32], there are two primary stability concerns: the dynamical instability of the thermalon
solution and the possibility of the bubble escaping to infinity. By expanding the junction
condition about the thermalon solution a = a?, to leading order it takes the form (cf. eq.
(4.32) from [32])

ȧ2

2
+

1

2
k(a− a?)2 = 0, (4.21)

where k is given by

k =
a2
?

2

(
∂Π̃

∂H

)
∂2Π̃

∂a2

∣∣∣∣∣
a=a?

, (4.22)

which can be thought of as an effective Hooke’s constant. The sign of k determines the
stability of the thermalon configuration – if it is positive, the thermalon is stable (the bubble
can oscillate about a = a? or remain fixed there) while a negative value of k indicates that
the thermalon is unstable (the bubble can expand, causing a phase transition).3 Since I
am interested in thermalon mediated phase transitions, I am interested only in cases where
k < 0. In the case at hand, k is proportional to the second derivative of the thermalon
potential V . The particular expression for k (or, equivalently, V ′′) is quite messy, but I
have confirmed numerically that k < 0 here, provided λ > 0, for all physically relevant
values of Λ.

The second condition I am interested in is the possibility of the bubble escaping to
infinity. To this end, it is of interest to see how the speed of the bubble (ȧ) behaves in the
limit of large a. A consistent solution of the junction conditions in this limit yields

H ≈ ad−1

2(M+ −M−)

∫ Λeff
+

Λeff
−

dxΥ[x] , (4.23)

where H = (σ + ȧ2)/a2 is related to the velocity of the bubble and approaches infinity as
the bubble expands to infinity (for more details see Appendix D). In the case considered
here this expression has the simple form

H ≈ ad−1

2(M+ −M−)

(1 + 8λΛ)
3
2

6λ2
=

ad−1λ

12(M+ −M−)

(
Λeff
− − Λeff

+

)3
. (4.24)

3The possibility of collapsing bubbles was discussed at length in [32].
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The limit H → ∞ is consistent with the bubble expanding to infinity (a → ∞) provided
that I have M+ > M−, λ > 0 and Λ > −1/(8λ). Looking at the last term I see that
H ∼ ∆P 3

eff. This result fits well with our thermodynamic intuition: the bubble will be able
to expand to infinity provided there is a positive difference between the effective pressures
inside and outside of the bubble, which is the situation here.

4.2.2 Thermodynamic picture

In this section I wish to develop the extended phase space thermodynamics of the system
under study. In particular, I am interested in the case where the outer solution describes
an asymptotically AdS spacetime, while the inner solution is asymptotically dS. First, I
consider the location of the bubble relative to the black hole horizon and the de Sitter
horizon. Recall that the thermalon corresponds to the static solution V (a?) = V ′(a?) = 0.
I can then solve eqs. (4.17) and (4.20) to obtain M± as functions of g± and a?. By
substituting these results into the characteristic polynomial (4.13) I arrive at a system of
two quadratic equations which can be solved for g±(a?). The solution can be obtained
analytically; however it is important to mention criteria used in determining which root is
correct. First, I cannot have g+(a?) = g−(a?), since in this case I would not be considering
jump metrics and so no phase transition would occur. Second, g+(a?) must be strictly
negative, so that the metric function f+(r) is positive and properly describes an AdS
spacetime outside the bubble.

Having solved for g±(a?), an explicit expression for M−(a?,Λ) can be obtained via the
characteristic polynomial (4.13). One can then compare a? with the event and cosmological
horizon radii by solving f−(rh) = f−(rc) = 0 for rh and rc as functions of M−(a?,Λ). It
is easy to find that for all well-defined parameters the thermalon radius is larger than the
event horizon radius, but smaller than the radius of the cosmological horizon up until the
Nariai limit, at which all three occur at the same value. The result is highlighted for the
specific case d = 5, Λ = 0.5, λ = 0.1 and σ = 1 in Figure 4.1. One consequence of this
is that the cosmological horizon is not part of the spacetime, since outside the bubble the
solution is given by the AdS branch. One has, therefore, a Killing field which is timelike
everywhere outside the event horizon allowing us to form a well-defined thermodynamic
picture, free of the usual issues that plague dS spacetimes.

I now focus on a development of the extended first law and Smarr formulae for this set
up. Since λ here is dimensionful, I must consider it as a thermodynamic variable in the
first law with a conjugate potential Ψ. Recalling that the pressure is given by eq. (4.1)
and using this, along with the various properties of the inner black hole solution, it is
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Figure 4.1: A plot of rh (blue), rc (red) and a? (green) as functions of a? for d = 5,
λ = 0.1, Λ = 0.5, σ = 1. I see that the bubble location, a?, is always found between
the event horizon and the cosmological horizon until all three meet at the Nariai bound,
a? = 1/

√
4Λ. The plot is qualitatively the same for d > 5.

straightforward to show that the extended first law [54, 116]

dM− = T−dS + V−dP + Ψ−dλ , (4.25)

is satisfied provided I identify
V− = rd−1

h , (4.26)

as the thermodynamic volume4 and

Ψ− = σrd−5
h

(
σ − 8πrhT−

d− 4

)
, (4.27)

4 The absence of a prefactor of the form 2π2 follows from the conventions employed throughout this
work.
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for the potential conjugate to λ. Note that here the Hawking temperature of the black
hole is obtained in the standard way by requiring the absence of conical singularities in
the Euclidean section (t→ −itE)

T− =
f ′−(r)

4π

∣∣∣∣∣
r=rh

, (4.28)

while the entropy in this normalization is given by [32]

S = 4πrd−2
h

(
1

d− 2
+

2σλ

r2
h(d− 4)

)
. (4.29)

These thermodynamic quantities satisfy the Smarr relation for the black hole

(d− 3)M− = (d− 2)T−S − 2V−P + 2Ψ−λ, (4.30)

as derived from scaling.

I now wish to develop the first law and Smarr relation for the quantities outside the
bubble. The outer first law and Smarr formula are given by

dM+ = T+dS + V+dP + Ψ+dλ ,

(d− 3)M+ = (d− 2)T+S − 2V+P + 2Ψ+λ , (4.31)

which the thermodynamic quantities must satisfy. As mentioned earlier, when the condi-
tions for the existence of the thermalon are enforced (i.e. V (a?) = V ′(a?) = 0), I obtain
expressions for M+ and M− in terms of a? and Λ, the latter of which equivalently means I
obtain an implicit relationship between rh, a?, and Λ

M−(a?,Λ) = rd−1
h Υ

[
σ

r2
h

]
. (4.32)

This relationship gives us the freedom to write down thermodynamic expressions in terms
of either a? or rh. In the outer first law it is be easier to work directly with the former,
since I have explicitly M+(a?,Λ). For the temperature, from the matching condition at
the bubble I know that

T+ =

√
f+(a?)

f−(a?)
T− . (4.33)

The entropy that appears in the outer first law is simply that given in (4.29) for the black
hole, since the bubble does not contribute to the entropy.
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It is only practical to compute the expressions of the quantities in (4.31) analytically
in d = 5, but even then they are particularly messy—especially V+ and Ψ+. For these
reasons I have verified a consistent solution of (4.31) numerically. In general, V+ is not
independent of P , which is (at least in part) due to the relationship (4.32) including P as
the zeroth order contribution in Υ [σ/r2

h].

4.2.3 Criticality & phase phenomena

With the tools developed in the previous sections I am now situated to perform the ex-
tended phase space analysis for these transitions. I focus on the case σ = 1 and d = 5. The
thermodynamically preferred state at a given temperature and pressure is that which min-
imizes the Gibbs free energy. In [32] the Euclidean action for the thermalon configuration
was shown to be

I = β+M+ − S . (4.34)

In general, the Euclidean action of the thermalon configuration is divergent; however, it
can be suitably regularized by subtracting the (infinite) contribution of thermal AdS space
yielding the result above. It is then the case that the Gibbs free energy is given by

G = M+ − T+S . (4.35)

Here I will be comparing the free energy of the thermalon configuration to that of
pure AdS space, the latter being identically zero due to the fact that it was used in
the background subtraction. Despite the naive impression that there are six independent
parameters (M±, β±, a? and P ), there are in fact only two, T+ and P , since there are four
equations relating the six quantities: V (a?) = V ′(a?) = 0, the Hawking condition for the
inner black hole, and the matching of thermal circles (4.33) imposed at the junction. In
general it is difficult or impossible to write M+ and S as explicit functions of T+ and P ,
therefore I studied the behaviour of G numerically.

4.2.3.1 Negative pressure: thermal AdS to dS black hole transitions

I begin by considering the situation in which the thermalon separates spacetime into regions
with AdS asymptotics outside and dS asymptotics inside. I build upon the approach of
[35] by performing an exhaustive analysis of the pressure parameter space.

I first consider the parameter range over which I can obtain a sensible solution of the
four equations governing the thermalon. A representative plot is shown in Figure 4.2 which
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Figure 4.2: A plot displaying a? (black), the cosmological horizon (cyan), the event horizon
(red) and the mass parameter M− (purple) as functions of a?, in units of the Planck length.
The Nariai limit corresponds to the point where the black, cyan, and red curves meet.
This plot corresponds to P = −0.1 and λ = 1.35; plots for other parameter values are
qualitatively similar.

highlights the salient features. I see that for some range of a? there is a consistent solution
where the inner de Sitter space has a cosmological horizon, an event horizon and the mass
parameter M− is positive. Outside of this region (values of a? that lie beyond the edges of
the red curve) there is no consistent solution and bubbles of these sizes cannot form. To the
right of the Nariai limit, the conditions V (a?) = V ′(a?) = 0 are satisfied. However in this
region Π+ = −Π−, and so the junction conditions cannot be satisfied without the addition
of a shell of stress-energy. Furthermore, it can be shown that Π+ < 0 for a? > aNariai,
since the only zero of Π+ occurs at the Nariai limit and its slope as a function of a is
negative there. Consequently any such shell must be composed of exotic matter, since
ρ ∼ Π+ − Π− = 2Π+ < 0.

The behaviour of the Gibbs free energy is very interesting and is influenced by both the
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Figure 4.3: AdS to dS transition: pressure effects: λ = 1.35. The red curves
correspond to P = −0.1 while the blue curves correspond to P = −1. Upper left: A plot
of the free energy vs. T+. For P = −0.1 a thermalon mediated phase transition is possible
over a range of temperature, while it is not possible for P = −1. In each case the thin upper
branch is unphysical, corresponding to Π+ = −Π−. The dotted black line corresponds to
the Gibbs free energy for the Nariai limit as a function of pressure. Upper right: A plot
of the temperature, T+ vs. a? n both the blue and red curve, the cusp corresponds to the
Nariai limit. Bottom: A plot showing the Gibbs free energy as a function of a? with the
cusps again corresponding to the Nariai limit. All quantities are measured in units of the
Planck length. The thick lines correspond to the physical curves.
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pressure and the Gauss-Bonnet coupling. First let us consider the effect the pressure has
on the Gibbs free energy. Figure 4.3 shows free energy and temperature plots for λ = 1.35
with the red and blue curves corresponding to P = −0.1 and P = −1, respectively. These
plots illustrate a general feature: for a given fixed λ, thermalon mediated phase transitions
are possible for values of P near zero, while for P increasingly negative there is a point
after which the free energy is strictly positive, and no phase transitions can occur—in
Figure 4.3 this happens for pressures near P = −1. As the pressure becomes closer to
zero, the range of temperatures over which the thermalon mediated phase transitions can
occur becomes larger. This suggests the possibility of observing AdS → Minkowski space
phase transitions in the limit where P = 0, which I explore in the following section.

From Figure 4.3 it appears as through the free energy is double valued, with the pos-
sibility of small and large bubbles for each value of temperature. However, this is not the
case. The large bubble branch turns out to be unphysical (or would require exotic matter):
while it satisfies V (a?) = V ′(a?) = 0 it does not satisfy Π+ = Π−. The same is true for
the branches to the right of the cusp in Figure 4.4. The cusp in the Gibbs free energy vs.
temperature curve corresponds to parameter values that yield the Nariai limit.

The next feature I examine is how the free energy depends on λ, with representative
results shown in Figure 4.4. From these plots I see that for various ranges of temperatures
the free energy is negative, indicating the possibility of thermalon mediated phase tran-
sitions. I note that the range of temperatures over which these transitions are possible
increases as λ is made smaller.

I can attain further insight by considering these phase transitions in the P − T -plane,
as shown in Figure 4.5 for λ = 0.1. Here, the red curve marks the parameter values for
which the free energy of the thermalon is identically zero. Within the region bounded by
the left-most part of the red curve and the Nariai temperature (the cusp of the red curve),
the free energy of the thermalon is negative and a phase transition can occur. Outside of
this region, either the free energy of the thermalon is positive or no physical thermalon
solution exists, and thus the thermal AdS space will not undergo a thermalon mediated
phase transition. The piece of the red curve to the right of the cusp corresponds to the
zeros of the unphysical (or exotic matter) branch.

I pause here to make a cautionary remark. While Figure 4.5 is similar to coexistence
plots, it is important to distinguish these thermalon mediated phase transitions from the
type of phase transitions I normally study using the tools of extended phase space thermo-
dynamics. Typically one compares a number of configurations all of which are in thermal
equilibrium. The key difference for the thermalon is that it is unstable—once it forms it
rapidly expands to infinity, changing the asymptotics of the spacetime. Furthermore, there
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Figure 4.4: AdS to dS transition: λ effects: P = −0.1. The above plots show the free
energy vs temperature (T+) for λ = 0.05, 0.1, 0.2, 1.35 (from right to left) with the right
plot being just a zoomed-in version of the left. Thermalon mediated phase transitions are
possible over a wider range of temperatures for larger values of λ. The physical parts of
the curves are the thick ones to the left of the cusps. The dotted black line corresponds to
the Nariai limit as a function of λ. Quantities are measured in units of the Planck length.
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Figure 4.5: AdS to dS transition: P − T plane: λ = 0.1. For parameter values inside
the red curve a thermalon mediated phase transition is permitted, while parameters outside
of this wedge correspond to thermal AdS space—no phase transition is possible. The cusp
corresponds to the Nariai limit; the physical curve is the thick one at the left.

is no regular thermalon solution with dS asymptotics outside and AdS asymptotics inside.
In other words, this phase transition can only proceed in the direction of thermal AdS to
a de Sitter black hole; the reverse process is not possible. The consequence is this: if one
wishes to read Figure 4.5 in a manner similar to how a coexistence plot would be read,
it must be kept in mind that the only physical interpretations correspond to adjusting
parameters so that the state of the system enters the region bounded by the red curve,
and never exits it. In other words, it would be incorrect to say that the plot physically
describes a AdS → dS + BH → AdS re-entrant phase transition for a single spacetime.
Rather, in the context of an ensemble of spacetimes, as temperature is monotonically in-
creased, I go from stable thermal AdS, to unstable AdS in which a black hole forms in a
de Sitter environment, and then back to stable thermal AdS.

Although the discussion above focused on the specific case λ = 0.1, the ideas are quite
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Figure 4.6: AdS to dS transition: Nariai Gibbs free energy. The dotted lines
display the Gibbs free energy at the Nariai limit for λ = 0.1, 0.2, 0.4, 0.8, 1.35 (right to left,
respectively). The solid black curve displays the locus of points corresponding the limit
P → −∞ of the Nariai Gibbs free energy. The quantities are measured in units of the
Planck length.

general, and results are qualitatively identical for all λ > 0, as I shall now discuss. For
example, one universal feature is that, for all λ > 0, there is a pressure beyond which
no phase transition will occur or alternatively, for which the Gibbs free energy is always
positive. To see this, I can study the Gibbs energy in the Nariai limit which I denote
G̃ = M̃+ − T̃+S̃, where the tilde represents the quantities are evaluated in this extremal
limit. This will be helpful since, as I saw in the earlier discussion, the (physical) Gibbs free
energy terminates at the Nariai limit, and this point corresponds to the minimum of the
Gibbs free energy. Note that, even though T− is zero in this limit, T+ remains finite since

T̃+ =

√
f+(rh)

f−(rh)
T−, (4.36)
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and T− and
√
f−(rh) approach zero at the same rate. The expression for G̃ takes the form

G̃ =
192P 2λ2 + 9− 84Pλ− (4− 48λP )

√
9− 24λP

48λP 2
, (4.37)

and

T̃+ =
1

8πλ

√
48λP − 18

P
. (4.38)

For a given fixed value of λ, as P → 0−, I have T̃+ → ∞ and G̃ → −∞, so the Gibbs
free energy will always be negative for negative pressures sufficiently close to zero. On the
other hand, as P → −∞ I have

T̃+ →
1

2π

√
3

λ
, G̃ = 4λ+O

(√
T
)
, (4.39)

meaning the Gibbs energy at the Nariai limit will be positive for sufficiently large negative
pressures. What I glean from these two cases is that, regardless of the value of λ (so long
as it is positive), the plot of G̃(T ) will always resemble the dotted lines of Figure 4.6: it
will be positive for large negative pressures and negative for sufficiently small pressures.
For the pressures that satisfy G̃ > 0, there will be no phase transitions. In other words,
for any given λ there will exist a minimum pressure P0 such that for all P < P0 the free
energy of the thermalon is always positive, and no phase transitions take place.

4.2.3.2 Vanishing pressure: thermal AdS to asymptotically flat black hole
transitions

The analysis above hinted towards the possibility of observing transitions between thermal
AdS space and an asymptotically flat black hole when P = 0. The junction conditions
discussed earlier are in no way changed by specializing to the specific case P = 0, and so
I can proceed as before. Note that, for P = 0, the effective cosmological constants are

Λeff
± = −1± 1

2λ
, (4.40)

or in other words Λeff
+ = −1/λ and Λeff

− = 0. The Gibbs energy remains G = M+ − T+S,
and Figure 4.7 shows representative plots of G vs. T for various values of λ.

Since the “ − ” branch describes an asymptotically flat black hole, I do not face the
complications associated with the Nariai limit here. In Figure 4.7 this amounts to the
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Figure 4.7: AdS to flat space transition: Left: G vs. T plot for P = 0 showing
λ = 0.1, 0.2, 0.4, 0.8, 1.35 (bottom to top in y-intercept). For each value of λ there is
a temperature above which the thermalon-mediated transition can occur. Right: The
coexistence plot in λ − T space for the AdS to asymptotically flat black hole transition.
Below the red line, the thermodynamically preferred state is thermal AdS space, while
above the red line an asymptotically black hole is thermodynamically preferred. The
coexistence plot can only be read from left to right, and not from right to left, since the
thermalon is dynamically unstable.
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fact that the Gibbs free energy does not terminate at a particular temperature, but is
well-defined for all positive temperatures. This feature is highlighted in the right plot of
Figure 4.7, which shows a λ− T coexistence plot for P = 0. One must keep in mind that,
because the thermalon is not an equilibrium configuration, the coexistence plot can only
be read from left to right—an asymptotically flat black hole will not spontaneously decay
to AdS space by this mechanism. As a consequence of this, I see that regardless the value
of λ > 0, there will always be a temperature above which it becomes thermodynamically
favourable for the thermal AdS vacuum to decay to an asymptotically flat black hole.

One might be concerned about this transition from the point of view of energy: ther-
mal AdS space is decaying into a spacetime containing an asymptotically flat black hole.
However, it is important to keep in mind that the “true” cosmological constant, c0 in the
characteristic polynomial, is zero here. The asymptotically AdS structure of the outer
branch is a result of the non-zero Gauss-Bonnet coupling, as observed in eq. (4.40). The
equivalent transition could not occur in Einstein gravity.

4.2.3.3 Positive pressures: thermal AdS to AdS black hole transitions

Considering the stability constraints discussed earlier, there is a small range of positive
pressures for which the thermalon mediated phase transitions can occur. Specifically,
our constraints were found earlier to be Λ > −1/(8λ), which in terms of pressure reads
P < 1/(4λ). For pressures in the range 0 < P < 1/(4λ) both branches of the GB solution
admit AdS asymptotics, and the thermalon then describes a transition between thermal
AdS space and an AdS black hole, in some ways analogous to the Hawking-Page transition.
The behaviour of the free energy in this case is qualitatively identical to that shown in
Figure 4.7, and so I do not replicate the plot again here. Due to the similarities, one
may wonder whether there is some competition between the Hawking-Page and thermalon
mechanisms.

As it turns out, such a situation does not arise. In the case of the Hawking-Page
transition, one finds that an AdS black hole is thermodynamically favoured to thermal
AdS space above a certain critical temperature. In order to make sense of this transition,
the thermal AdS space and AdS black hole should have the same asymptotic structure, i.e.
the same (effective) cosmological constant. In the case of the thermalon mediated phase
transitions, one is again considering a transition between thermal AdS space and an AdS
black hole; however the difference in this case is that the effective cosmological constants
of the thermal AdS space and the AdS black hole are different.

This makes the comparison between the two transitions a questionable one for the fol-
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lowing reasons. Given values for Λ and λ, these correspond to some Λeff
± . If I am interested

in considering a thermalon mediated phase transition, then I consider the thermal AdS
vacuum to have cosmological constant Λeff

+ , which then decays to a black hole with cosmo-
logical constant Λeff

− . However, this poses a problem for the Hawking-Page transition, since
for thermal AdS space with Λ and λ corresponding to Λeff

+ , the theory does not permit a
black hole solution which has the same cosmological constant and coupling constants Λ
and λ. In other words, the branch of the Gauss-Bonnet solution that is asymptotically
described by Λeff

+ does not describe a black hole, and so the Hawking-Page transition would
not occur for it. In order to describe a Hawking-Page transition for thermal AdS space with
cosmological constant Λeff

+ , one would have to consider a theory with different values of Λ

and λ such that Λeff
+ (Λ, λ) = Λeff

− (Λ̃, λ̃). To summarize, it does not seem sensible to talk
about a comparison between the Hawking-Page and thermalon mediated phase transitions
for a given theory specified by value of Λ and λ.

4.3 Discussion

I have performed an analysis of thermalon mediated phase transitions in extended thermo-
dynamic phase space. In addition to showing the results previously studied in [32, 114, 35]
are consistent with the extended phase space paradigm, I have found a number of new
and interesting features of these transitions. In terms of the effect of the thermodynamic
pressure, I have shown that for any given value of the Gauss-Bonnet coupling, for large
enough negative pressures (i.e. large, positive cosmological constants) the phase transitions
are not possible.

In addition to considering thermalon phase transitions in the case where the inner
solution is de Sitter, I have also considered the possibility where the inner solution is
asymptotically flat. Here I have found that thermal AdS space can undergo a thermalon
mediated phase transition to an asymptotically flat black hole spacetime. In contrast
to the de Sitter case, where the phase transitions are only possible over a small range
of temperatures, in the asymptotically flat case, a thermalon transition is possible at
arbitrarily large temperatures.

The results found in chapter indicate that asymptotically de Sitter black holes do have
phase transitions, and so the next chapter will focus on establishing a complete approach
that overcomes the two-horizon problem in de Sitter spacetime and successfully studies its
black hole chemistry using a class of exact hairy black hole solutions to Einstein gravity
with conformally coupled scalar fields.
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Chapter 5

Hairy Black Holes

In this chapter we present a new approach that overcomes the two-horizon problem in de
Sitter spacetime and successfully studies its black hole chemistry. By adding hair to the
black hole, the thermodynamic equilibrium between the two horizons can be maintained.
Other conserved quantities (such as charge) can be added to the black hole and it becomes
possible to explore a range of black hole phase transitions in de Sitter spacetime. I find
considerably different behaviour for charged hairy de Sitter black holes than I do for their
Anti de Sitter (AdS) counterparts [117, 118, 119]. In specific terms, I find that the system
can undergo a phase transition that resembles the Hawking-Page phase transition, but I
do not find any swallowtail structure in the free-energy, signatory of a first order phase
transition from large to small black holes. Our results are commensurate with studies
of de Sitter black holes in a cavity [120, 121], though significant details differ once the
thermodynamic phase space is extended to include pressure [122].

This chapter is organized as follows. In the next section I briefly review the basics of
conformally coupled scalar field to gravity and their resultant hairy black holes solutions. In
section 5.2 I specialize to the case of charged hairy black holes in de Sitter spacetime. When
considering the phase behaviour of these systems, I employ the extended thermodynamic
phase space formalism to study how their thermodynamic parameters behave at constant
pressure (cosmological constant) and at constant “chemical” potential. Furthermore, in a
search of possible phase transitions, I study the behaviour of the free energy in different
ensembles. I find that a system of a charged hairy black hole in de Sitter will undergo
a Reverse Hawking-Page phase transition if studied in the grand-canonical ensemble, but
will not undergo any phase transitions if studied in the canonical ensemble since otherwise
there would be violation of the conservation of charge.
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5.1 Conformal Scalar Coupling and Hairy Black Hole

Thermodynamics

Although in this chapter I am only interested in Einstein gravity, I shall set our investigation
in the context of Lovelock gravity minimally coupled to a Maxwell field. The scalar hair
is conformally coupled to gravity via the dimensionally extended Euler densities in terms
of the rank four tensor [123]

Sµν
γδ = φ2Rµν

γδ − 2δ
[γ
[µδ

δ]
ν]∇ρφ∇ρφ− 4φδ

[γ
[µ∇ν]∇δ]φ+ 8δ

[γ
[µ∇ν]φ∇δ]φ , (5.1)

where φ is the scalar field. Under a conformal transformation gµν → Ω2gµν and φ→ Ω−1φ
the tensor Sµν

γδ → Ω4Sµν
γδ. The action is

I =
1

16πG

∫
ddx
√
−g

(
kmax∑
k=0

L(k) − 4πGFµνF
µν

)
, (5.2)

where

L(k) =
1

2k
δ(k)

(
ak

k∏
r

Rαrβr
µrνr +bkφ

d−4k

k∏
r

Sαrβr
µrνr

)
, (5.3)

with δ(k) = δα1β1···αkβk
µ1ν1···µkνk the generalized Kronecker tensor, ak and bk are coupling constants,

and kmax ≤ (d− 1)/2.

The corresponding spherically symmetric topological black hole solutions to the metric
of this theory are called Hairy Black Holes [118]. In a d dimensional spacetime, this metric
is of the form

ds2 = −fdt2 + f−1dr2 + r2dΣ2
σ(d−2), (5.4)

where dΣ2
σ(d−2) is the line element on a hypersurface of constant scalar curvature that

corresponds to the flat, spherical and hyperbolic horizon geometries for σ = 0,+1,−1,
respectively. The volume of this submanifold, ω

(+1)
(d−2) = 2π(d−1)/2/Γ

(
d−1

2

)
, is simply the

volume of a sphere for σ = +1. The field equations of this theory of gravity give a solution
provided f solves the following polynomial equation [118]

kmax∑
k=0

αk

(
σ − f
r2

)k
=

16πGM

(d− 2)ω
(σ)
(d−2)r

d−1
+
H

rd
− 8πG

(d− 2)(d− 3)

Q2

r2d−4
, (5.5)
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where M , H and Q are the mass, hair parameter and charge respectively, and

α0 =
a0

(d− 1)(d− 2)
, α1 = a1, αk = ak

2k∏
n=3

(d− n) for k ≥ 2 . (5.6)

For consistency with [118], I shall set α1 = a1 = 1 and a0 = −2Λ < 0 to recover general
relativity at the limit αk → 0 for k > 1 and I also set G = 1. I also have

φ =
N

r
, H =

kmax∑
k=0

(d− 3)!

(d− 2(k + 1))!
bkσ

kNd−2k , (5.7)

the respective scalar field and “hair parameter”. To satisfy the equations of motion the
integration constant N must satisfy the following constraints

kmax∑
k=1

kbk
(d− 1)!

(d− 2k − 1)!
σk−1N2−2k = 0,

kmax∑
k=0

bk
(d− 1)!(d(d− 1) + 4k2)

(d− 2k − 1)!
σkN−2k = 0. (5.8)

Since N is the only unknown in (5.8), then one of these equations plays the role of a
constraint on the permitted coupling constants .

For asymptotically de Sitter solutions a0 < 0, and a black hole solution for f from (5.5)
will have at least two horizons: a cosmological horizon at r = rc and a black hole horizon
at r = r+.

To investigate the thermodynamics of these black holes I need to compute their temper-
ature and entropy. For the latter, as shown in [118], I use Wald’s method 1 [8], obtaining

Sh =
Σσ
d−2

4G

[
kmax∑
k=1

(d− 2)kσk−1αkr
d−2k
h

d− 2k
− dH

2σ(d− 4)

]
, (5.9)

where rh ∈ {rc, r+} is the horizon size and I have set bk = 0 ∀ k > 2 for simplicity.

Recalling that temperature Th =
∣∣∣f ′(rh)

4π

∣∣∣, it is straightforward to verify that both the

1Wald’s method of computing entropy consists of considering the black hole entropy as the Noether
charge associated with diffeomorphism invariance of the Lagrangian. This came from an attempt to
understand how corrections to the area law are computed when transitioning from general relativity,
where the entropy is the proportional to the area of the horizon, to higher curvature theories of gravity
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(extended) first law of thermodynamics and the Smarr relation hold at both horizons [54].
For the black hole these read respectively

δM+ = T+δS+ + V+δP+ + Φ+δQ+ κδH, (5.10)

(d− 3)M+ = (d− 2)T+S+ − 2V+P+ + (d− 3)Φ+Q+ (d− 2)κH, (5.11)

where the subscript ‘+’ refers to the black hole. Similarly, but not identically, the extended
first law and the Smarr relation corresponding to the cosmological horizon are respectively

δMc = −TcδSc + VcδPc + ΦcδQ+ κδH, (5.12)

(d− 3)Mc = −(d− 2)TcSc − 2VcPc + (d− 3)ΦcQ+ (d− 2)κH, (5.13)

where the subscript ‘c’ refers to the cosmological horizon.

The idea of fixing the two-horizon problem for black holes in de Sitter space is not new.
A few studies have investigated “lukewarm” black holes [124, 125, 126], which are black
hole solutions in which the temperature is fixed to match that of the de Sitter background.
However these solutions don’t have enough parameters to manipulate the system and see
if it undergoes any phase transitions. The key feature that I will exploit in examining the
thermodynamics of these black holes is that the additional degree of freedom from the hair
parameter provides an additional ‘control parameter’ while still allowing us to require that
the temperatures at both horizons be equal

T+ =

∣∣∣∣f ′(r+)

4π

∣∣∣∣ =

∣∣∣∣f ′(rc)4π

∣∣∣∣ = Tc = T, (5.14)

equilibrating the particle flux at both horizons. This ensures thermodynamic equilibrium
whilst retaining the same numbers of thermodynamic degrees of freedom present in the
Reissner-Nordstrom AdS black hole. In the sequel I shall consider the thermodynamics of
these charged hairy black holes in Einstein gravity.

5.2 Asymptotically de Sitter Hairy black holes

With the tools developed in the previous sections, I am now situated to perform the
extended phase space analysis for these systems. As I want to see if there are any hidden
phase transitions that either the black hole or the full system undergo, I will not study the
thermodynamic behaviour of each and every parameter, but rather focus on analyzing the
Gibbs free energy, with the equilibrium state being the global minimum of this quantity.
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The latter can be considered in the grand-canonical ensemble, in which the charge is
considered as variable and the potential is fixed. Alternatively I can consider the canonical
ensemble in which charge is the parameter that is fixed.

In what follows I shall study asymptotically de Sitter charged hairy black holes in both
the canonical and grand-canonical ensembles.

5.2.1 Setup

Naively, one would start the analysis of the chosen black holes at d = 4. But since I am
coupling the scalar field to the Gauss-Bonnet term, the latter makes no contribution to
the field equations at d = 4. In other words, the metric function only receives a “hairy”
contribution when d > 4. All the expressions for the entropy in the previous section (5.9)
were derived assuming d > 4.

Therefore I specify to d = 5 Einstein gravity and I set a0 = −2Λ < 0, a1 = 1, ak>1 = 0
and G = 1 , obtaining

f(r) = −1

6
r2Λ + 1− H

r3
− 8

3

M

πr2
+

4

3

πQ2

r4
, (5.15)

from (5.5). At each horizon I have

− 1

6
Λ +

1

r2
h

− H

r5
h

− 8

3

M

πr4
h

+
4

3

πQ2

r6
h

= 0, (5.16)

and solve this polynomial equation, at both the event horizon rh = r+ and the cosmological
horizon rh = rc, for the mass and the hair parameters. Both can be regarded as functions
of {rc, r+, Q, Λ} and so the metric function f now depends on these parameters. Since
I am working in extended phase space, I use the relationship between the cosmological
constant and the pressure Λ = −8πP (which, since P < 0, is actually a tension) and then
solve (5.14) for the cosmological horizon parameter rc where

T+ = − 1

12

Λr+

π
− 4

3

Q2

r5
+

+
3

4

H

πr4
+

+
4

3
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,
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1

12

Λrc
π

+
4

3

Q2

r5
c

− 3

4

H

πr4
c

− 4

3

M

π2r3
c

. (5.17)

.
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Figure 5.1: The thermodynamic parameters of the charged hairy asymptotically
de Sitter black holes: for P = −0.0001. The {red, blue, green, purple} curves corre-
spond to the potential Φ+ = {0.1, 1, 2, 3} respectively .The dotted line represents the Nariai
limit.
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Figure 5.2: The thermodynamic parameters of the charged hairy asymp-
totically de Sitter black holes for fixed potential: the case of Φ+ = 0.1.
The {red, blue, green, purple} curves correspond respectively to the pressure P =
{−0.0001,−0.0003,−0.0005,−0.0008}. The dotted line represents the Nariai limit.
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The resultant equation has nine different roots but only one of them is a physical
solution. The net result is that all thermodynamic parameters – mass M , entropy S,
temperature T , and hair H – are now functions of {r+, Q, P}. This makes the analy-
sis analogous to that of charged AdS black holes [68], and our setup can be understood
and studied in several ways. The most relevant involves trying to understand this sys-
tem’s thermodynamics in the contexts of the canonical ensemble and the grand-canonical
ensemble.

5.2.2 The Grand Canonical Ensemble: Thermodynamics with
Fixed Potential

The grand canonical ensemble is defined as the process that couples the energy and charge
reservoirs of the system in question while holding the temperature and the potential fixed
[67, 70]. Its corresponding thermodynamic potential is the known Gibbs free energy.

The first question presented by our de Sitter black holes is that of which Gibbs free
energy should I consider? There are three possibilities: that of the black hole, that of
the cosmological horizon or that of the total system that includes the black hole and the
cosmological horizon. These respectively read

G+ = M − TS+ − Φ+Q,

Gc = M − TSc − ΦcQ, (5.18)

GTotal = M − T (S+ + Sc)− (Φ+ − Φc)Q,

where S+ is the entropy of the black hole and Sc is the entropy at the cosmological horizon.
Note that I regard the black hole as a thermodynamic system in equilibrium with the de
Sitter vacuum. I plot M , T , and S of the black hole as a function of r+ in figures 5.1 and
5.2. I consider only those values of r+ for which these quantities are positive, and ensure
that r+ < rc, so that I do not attain the Nariai limit.

Plotting the Gibbs free energy for the different cases in figure 5.3 I see that the black
hole and the cosmological horizons cannot undergo any phase transitions if isolated from
each other: the red curve is the Gibbs free energy of the black hole when isolated from
the cosmological horizon. On its own, it cannot undergo a phase transition as the curve
does not cross the plane of GTotal = 0. Nonetheless, the blue curve that represents the free
energy of the cosmological horizon does. Yet it cannot undergo a phase transition since the
cosmological horizon cannot be decoupled from the black hole (i.e. I use the mass of the
black hole to compute the free energy of the cosmological horizon) and so has no physical
meaning; the curve is plotted for reference.
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Figure 5.3: Gibbs Free Energy with fixed potential. The green curve represents
G+, corresponding only to the black hole, as a function of temperature. The blue curve
represents Gc as measured at the cosmological horizon rc and the red curve is that of GTotal

for the total system i.e. of the black hole in a the de Sitter heat bath. All curves are plotted
for P = −0.0001 and Φ+ = 0.1.

However,the full system undergoes a phase transition that resembles the Hawking-Page
phase transition: at low temperatures, the equilibrium state of the system is de Sitter space
with scalar radiation, and not a black hole. As the temperature increases, the system can
undergo a first order phase transition to a new equilibrium state of a black hole with scalar
hair. The black hole would be of large size and would keep shrinking down as the system
heats up. But at high temperatures, unlike the Schwarzschild black holes which have a
negative specific heat and are unstable, the charged and hairy de Sitter black holes have
a positive specific heat as shown in figure 5.4 and are stable – as the small (high-T) black
hole radiates, the cosmological horizon will restore the particle flux to ensure equilibrium.

The arrows in the plot 5.3 indicate how the equilibrium state of the system changes
from a state of scalar radiation in de Sitter spacetime to a charged hairy black hole. Along
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the black hole branch the arrows correspond to decreasing values of the radius of the black
hole event horizon. This is quite unlike the corresponding situation in anti de Sitter space
[11], as well as for de Sitter black holes in cavities [120, 121, 122], in which large black
holes are at higher temperature. I call this a Reverse Hawking-Page phase transition.

Figure 5.4: Specific Heat. This curve represents CP , the specific heat of the system, as
a function of the temperature. It is plotted for P = −0.0001 and Φ+ = 0.1 .

The behaviour of the total Gibbs free energy GTotal for a variety of tensions and poten-
tials, as seen in figure 5.5, shows that the system is sensitive to each. These two parameters
have different effects as to the temperature at the phase transition can actually happen.
The transition temperature of the system is almost indifferent to the choice of fixed po-
tential of the system but is highly sensitive to its tension. This is understandable as the
effect of the charge located at the centre of the black hole should not be significant, unlike
the tension that is applied on the black hole by the de Sitter spacetime that affects the
critical temperature dramatically.
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Figure 5.5: Total Gibbs Free Energy GTotal. Left: GTotal at P = −0.0001 where the
{red, blue, green, purple} curves correspond to the potential Φ+ = {0.1, 1, 2, 3} respectively
. Right: GTotal at Φ+ = 0.1 where the {red, blue, green, purple} curves correspond to the
pressure P = {−0.0001,−0.0003,−0.0005,−0.0008} respectively .

5.2.3 Canonical Ensemble: Thermodynamics with Fixed Charge

The canonical ensemble, unlike the grand canonical ensemble, holds the charge fixed instead
of the potential [67, 70]. However unlike these investigations, since the mass M as the
enthalpy in the extended phase space, I consider minimization of the Gibbs free energy
F and not the Helmholtz free energy. Once again I consider the multiple scenarios: the
free energy of the black hole, of the cosmological horizon, and of the total system. They
respectively read :

F+ = M − TS+,

Fc = M − TS+, (5.19)

FTotal = M − T (S+ + Sc).

As in the previous section, I start by studying the different scenarios of different Gibbs
free energies: The free energy of the black hole versus the free energy of the total system.
I see in figure 5.6 the behaviour of all three is respectively analogous to that found in the
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grand canonical ensemble. However due to the conservation of charge, the total system
will not undergo a phase transition at FTotal = 0 – there will always be an equilibrium
state consisting of a charged hairy black hole in de Sitter space. This system is always be
stable, as its specific heat is always positive (the plot of the specific heat for this case is
similar to that in figure 5.4).

Figure 5.6: Canonical Gibbs Free Energy (CGFE): the green curve represents the
CGFE corresponding only to the black hole, the blue curve represents the CGFE as mea-
sured at the cosmological horizon rc, the red curve is of the CGFE of the total system i.e.
of the black hole in a the de Sitter heat bath . All curves are plotted for P = −0.0001 and
Q = 1.

The behaviour of the total Gibbs free energy FTotal for a variety of tensions and charges
showed similar results to 5.5. These two parameters have different effects on the free energy.
But as there is no phase transition possible this sensitivity is of marginal interest.
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5.3 Discussion

I have for the first time studied the thermodynamics of a black hole with two horizons
with thermodynamic equilibrium imposed and with a control parameter. This study is
possible because this class of black holes has an additional degree of freedom given by a
hair parameter that allows us to impose thermodynamic equilibrium.

In addition of thoroughly studying the thermodynamic parameters of these black holes
in de Sitter, I have analyzed the free energy of these systems in different ensembles. I have
found that the system can undergo a phase transition that resembles the Hawking-Page
phase transition in the grand-canonical ensemble, a result that is consistent with results
previously found for de Sitter black holes isolated inside a cavity with thermodynamic
equilibrium externally imposed [120]. However a key difference in our result is that at
high-T the small black hole remains stable as it radiates, the cosmological horizon restoring
the particle flux; for this reason I call it a “Reverse Hawking-Page” phase transition. As
the black hole radiates, the hair parameter will adjust itself to preserve the thermodynamic
equilibrium. I also found that these systems cannot undergo any phase transition in the
canonical ensemble as such a transition violates the conservation of charge.

The situation here also stands in notable contrast to a recent study of the behaviour
of charged de Sitter black holes in a cavity that takes into account pressure (tension) and
volume [122]. In this case the cavity is used to ensure equilibrium, and one finds not only
a standard Hawking Page transition but also a Van der Waals transition that exists only
for a finite range of non-zero pressure, described by a “swallowtube” structure in a plot of
free energy vs. pressure and temperature. However we find that this structure does not
appear when scalar hair is used to ensure equilibrium, and only a reverse Hawking-Page
transition is possible.

Mine is an exceptional setup that allows to uncover the thermodynamic properties
and phase transitions that can give more insight to de Sitter space. It is certainly very
important to further study these classes of black holes in higher dimensions and in other
higher-curvature theories of gravity to see what other interesting phase behavior might be
present.
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Chapter 6

General Conclusions

The study of Black Holes as thermodynamic systems has been an increasingly active area of
research in the last couple of decades. Investigations of asymptotically anti de-Sitter (AdS)
black holes have been at the forefront in advancing our understanding of this subject. A key
finding that has emerged from a rather large body of work is that their thermodynamic
behaviour has been found to be analogous to everyday life thermodynamic systems, a
subject known as Black Hole Chemistry.

However, our knowledge of the thermodynamic behaviour of asymptotically de Sitter
(dS) black holes is significantly more sparse.Unfortunately this is a complex problem, since
the absence of a Killing vector that is everywhere timelike outside the black hole horizon
renders a good notion of the asymptotic mass questionable. Furthermore, the presence
of both a black hole horizon and a cosmological horizon yields two distinct temperatures,
suggesting that the system is in a non-equilibrium state. Yet their importance to cosmology
and to a posited duality between gravity in de Sitter space and conformal field theory make
them important objects of investigation.

In this thesis I used a variety of classes of solutions that allowed me to map out two
approaches that are foundational to understanding black hole thermodynamics in de Sitter
spacetime. The first approach is to understand the “thermodynamic volume” of cosmo-
logical horizons in isolation, without the additional complication of a black hole horizon.
Fortunately a broad class of exact solutions having only a cosmological horizon exists:
Eguchi-Hanson de Sitter solitons. I carried out the first study of thermodynamic volume
associated with the cosmological horizon for Eguchi-Hanson de Sitter solitons in general di-
mensions. These results have shown that these quantities are calculable inside and outside
the cosmological horizon in any odd dimension whether or not the regularity condition for
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the soliton is imposed. This illustrates that cosmological volume is a well-defined concept,
and that cosmological horizons indeed have meaningful thermodynamic properties.

The second approach entailed including black hole horizons. My first step along this
path was to understand the phase transitions of thermalons – objects that describe a
transition from a black hole in Anti de Sitter spacetime to one in de Sitter spacetime. This
indicated that Thermalons can be be understood in black holes chemistry terms and that
asymptotically de Sitter black holes do have phase transitions.

I then focused on establishing a more complete approach that overcomes the two-
horizon problem in de Sitter spacetime and successfully studies its black hole chemistry.
Again, I exploited a class of exact hairy black hole solutions to Einstein gravity with
conformally coupled scalar fields to this end . By adding hair to the black hole I found
that thermodynamic equilibrium could be maintained between the two horizons. These
solutions retain the same numbers of thermodynamic degrees of freedom present in the
Reissner-Nordstrom AdS black hole, making it possible to explore a range of black hole
phase transitions in de Sitter spacetime. I found that the this hairy charge black hole
system, and the de Sitter space surrounding it, undergo a ‘Reverse’ Hawking-Page phase
transition within the grand-canonical ensemble. This is the first approach that addressed
the two-horizon problem whilst including all contributions of energy from every part of the
system and without invoking additional artifacts such as cavities.

Many steps are yet to be taken to firmly establish black hole thermodynamics in de
Sitter spacetime. I shall list several approaches to this end.

The first is to study the thermodynamics of isolated cosmological horizons. The method
here will be to broaden the range of exact (and approximate) solutions having non-trivial
curvature and a single cosmological horizon. This can be done by finding exact solitonic
solutions to higher-curvature theories of gravity. It has been established in AdS spacetime
that such higher curvature black holes exhibit a rich and interesting phase behaviour, and
there is good reason to expect interesting behaviour to likewise occur in the de Sitter case.
Among other things, this approach will allow to better understand the physical significance
of thermodynamic volume and more generally the “chemistry” of cosmological horizons.
Another study along these lines is to investigate the thermodynamic volume of de Sitter
cosmological wormhole solutions [127], instead of the solitonic solutions. A study of ther-
modynamics of these systems is also possible as the thermodynamic equilibrium condition
can be satisfied between the cosmological horizon and the wormhole throat. These stud-
ies, in combination, will provide a much better understanding of the thermodynamics of
cosmological horizons.

The second direction is to broaden the class of de Sitter black holes whose temperatures
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at both horizons are the same so that thermodynamic equilibrium is maintained. Again,
an obvious place to look is in higher curvature theories of gravity, such as Lovelock gravity,
and its more general quasi-topological counterparts. It is straightforward to add scalar
hair to these solutions, whose key advantage is that the parameter space is much larger,
allowing a lot more flexibility in requiring thermodynamic equilibrium between the two
horizons. Some results are known for their AdS counterparts, and one can exploit this
in investigating the de Sitter case to see what other interesting phase behaviour might be
present. Moving beyond this, one can then consider thermodynamics of de Sitter black hole
solutions with general base manifolds in Lovelock gravity. Recently constructed by Ray
[128], these ‘exotic’ black hole solutions have the interesting property that their horizons
do not have constant curvature. This introduces a new set of geometric and topological
parameters that offer new possibilities for achieving thermodynamic equilibrium and for
finding new kinds of phase transitions.

The long-run aim is to establish a general approach to de Sitter black hole thermo-
dynamics. It is generally expected that the knowledge of black hole thermodynamics is
key to understanding quantum gravity, and so it is of crucial importance to establish firm
and reliable knowledge as to what happens in de Sitter space. Such a study is of more
than academic interest – de Sitter spacetime is the closest model to our own accelerating
universe. By studying it, the hope is to answer questions that have yet to be explored,
that are relevant to the understanding of the universe, and that perhaps can be tested
experimentally.
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Appendix A

Generalized first law of black hole
mechanics

This appendix briefly summerizes the Hamiltonian derivation of the extended first law
(2.9) of balck hole mechanics[51].

Consider a black hole with a killing field, solution to Einstein’s field equations in d
dimensional spacetime. The corresponding metric reads

gab = hab − nanb , (A.1)

where na is the unit timelike normal (n · n = −1) to a hypersurface Σ. The latter has
an induced metric1 hab that obeys ha

bnb = 0. In the presence of such hypersurfaces, the
system evolves along the vector field

ξa = Nna +Na, (A.2)

where N = −ξ ·n is the lapse function while Na is the shift vector (that is always tangential
to Σ).

The full gravitational Hamiltonian reads

H = NH +NaHa , (A.3)

1 The dynamical parameters in the phase space consist of the metric hab and its conjugate momentum
πab = −

√
h(Kab −Khab), with Kab = ha

c∇cnb being the extrinsic curvature of Σ. Note that K = Ka
a

and π = πaa are the traces of these respective tensors. However h is the determinant of the metric hab
restricted to Σ.
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with

H ≡ −2Gabn
anb = −R(d−1) +

1

|h|

( π2

d− 2
− πabπab

)
,

Hb ≡ −2Gacn
ahcb = −2Da(|h|−

1
2πab) , (A.4)

where Da is the covariant derivative operator associated to hab on Σ and R(d−1) the corre-
sponding scalar curvature of Σ. A special situation rises when considering 8πT ab = −Λgab ,
which yields the following constraints equations:

H = −2Λ , Hb = 0 . (A.5)

Assuming that gab is a solution of the field equations with Killing vector ξa and cos-
mological constant Λ, its infinitesimally close solution that does not necessarily admit any
Killing vector reads

g̃ab = gab + δgab, (A.6)

where the corresponding Λ̃ = Λ + δΛ, h̃ab = hab + γab and π̃ab = πab + pab. Note that
γab = δhab , pab = δπab and that hab and πab are correspond to the original solution gab.
Taking all of this into account, (A.5) becomes [129, 130, 131, 51]

Da(B
a − 2δΛωabnb) = 0 , (A.7)

with N = −ξana = −Dc(ω
cbnb). Here Ba behaves as follows

Ba[ξ] = N(Daγcc−Dbγ
ab)− γccDaN + γabDbN + |h|−

1
2N b

(
πcdγcdh

a
b−2πacγbc−2pab

)
, (A.8)

and ωab = −ωba obeys [132, 51]:
∇cω

cb = ξb , (A.9)

where ωab is a non-unique tensor and is only defined up to a divergence-less term.

A Gauss’ law relation is displayed in (A.7) that can be integrated over a volume V̂
contained in Σ yielding∫

∂V̂out

dSrc
(
Bc[ξ]− 2δΛωcbnb

)
=

∫
∂V̂in

dSrc
(
Bc[ξ]− 2δΛωcbnb

)
. (A.10)

Note that rc is the unitary normal vector pointing into the inner boundary ∂V̂in, and out

of the outer boundary of ∂V̂out of V̂ .
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Using ωcb = ωcb − ωcbAdS + ωcbAdS for the ∂V̂out part of the intergral, (A.10) becomes∫
∂V̂out

dSrc
(
Bc[ξ]− 2δΛωcbAdSnb

)
=

∫
∂V̂out

dSrc
(
2δΛ(ωcb − ωcbAdS)nb

)
+

∫
∂V̂in

dSrc
(
Bc[ξ]− 2δΛωcbnb

)
, (A.11)

with ωabAdS being the Killing co-potential of the background AdS spacetime.

The variations in the total mass M and angular momentum J of the space-time , when
setting the outer boundary at spatial infinity and respectively setting the time translation
and rotations as ξa = (∂t)

a and ξa = (∂ϕ)a, are given by

16πδM = −
∫
∞
dSrc

(
Bc[∂t]− 2δΛωcbAdSnb

)
, (A.12)

16πδJ =

∫
∞
dSrcBc[∂ϕ] . (A.13)

The ωcbAdS term guarantees that δM is finite [51]. Let H be the event horizon of a black hole
induced by the Killing vector ξa = (∂t + Ω∂ϕ)a. Given that A is the area of the bifurcate
Killing horizon H where ξ vanishes, its variation reads

2κδA = −
∫
H

dSrcBc[∂t + Ω∂ϕ] , (A.14)

here, κ =
√
−1

2
∇aξb∇aξb

∣∣
r=r+

is the surface gravity at this event horizon.

Since the variation of the cosmological constant δΛ is spacetime-independent, the vol-
ume can be defined by

V =

∫
∞
dSrcnb

(
ωcb − ωcbAdS

)
−
∫
H

dSrcnbωcb . (A.15)

Hence, the remaining terms in (A.11) can be interpreted as V δP 2. Combining all these
terms, the first law of black hole thermodynamics is reproduced

δM = TδS + V δP + ΩδJ , (A.16)

which is in total agreement with (2.9).

2 Here, V is finite due to the presence of the ωcbAdS term.
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Appendix B

Van de Waals Fluids: A brief review

This appendix will review the Van de Waals phase transition for fluids.

The liquid/gas transition of a non-ideal fluid is described by the Van der Waals equation
od state (B.1) that reads (

P +
a

v2

)
(v − b) = T , (B.1)

where P is the pressure, v = V/N is the volume, T is the temperature and the parameter
a > 0 and b respectively measure the attraction between particles and the volume of “fluid
particles” [133]. As the nonzero size of the molecules of a given fluid is taken into account
in the constant b > 0, The attraction between them is measured by the constant a > 0.
Similarly, one can write this equation as a cubic equation for v yielding

Pv3 − (kT + bP )v2 + av − ab = 0 . (B.2)

From the qualitative behaviour of isotherms, it is easy to see that a critical point takes
place when P = P (v) has an inflection point, i.e. at the critical isotherm T = Tc yielding

∂P

∂v
= 0 ,

∂2P

∂v2
= 0 . (B.3)

One can write (B.2) in the form Pc(v − vc)3 = 0 , then compare the coefficients to get

kTc =
8a

27b
, vc = 3b , Pc =

a

27b2
. (B.4)

Note that Pcvc
kTc

= 3
8

is a universal number anticipated for all fluids independently of the
choice a and b.
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One can set

p =
P

Pc
, ν =

v

vc
, τ =

T

Tc
, (B.5)

to obtain the universal law of corresponding states. It is valid for more general conjectures
other than that of the Van der Waals equation. It reads

8τ = (3ν − 1)

(
p+

3

ν2

)
. (B.6)

The system undergoes a liquid–gas phase transition when T < Tc. The latter can be
described by substituting the oscillating part of the isotherm by an isobar, as states in
Maxwell’s equal area law that reads ∮

vdP = 0 . (B.7)

The phase transition can be understood by analysing the (specific) Gibbs free energy,
G = G(P, T ). For a fixed number of particles, one can integrate

dG = −SdT + vdP , (B.8)

while using the Van der Waals equation. Comparing the outcome with (statistical) G of
the ideal gas to determine the integration function, the specific Gibbs free energy reads

G = G(T, P ) = −kT
(

1 + ln

[
(v − b)T 3/2

Φ

])
− a

v
+ Pv . (B.9)

The parameter v here is analyzed using P and T , via the Van der Waals equation (B.1),
and Φ is a characteristic constant of the gas and it has dimensionality.

One can analyse the coexistence line of two phases, along which these two phases are
in equilibrium. It takes place whenever two surfaces of G cross paths. It is dictated by the
Clausius–Clapeyron equation

dP

dT

∣∣∣
coexistence

=
Sg − Sl
vg − vl

, (B.10)

where Sg, Sl, and vg, vl, correspond to the specific entropy and specific volume of the gas
and liquid phase, respectively. Otherwise, this coexistence curve can be established using
Maxwell’s law (B.7), or by finding a line in the (P, T )-plane for which the Gibbs free energy
and the Van der Waals temperature coincide for two different volumes vl and vg.
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Appendix C

Eguchi-Hanson Solitons

In this Appendix I review the derivation of the Eguchi-Henson metric (3.4).
For this one has to use the five-dimensional generalization [134] of the Taub-NUT metric,

ds2 = −ρ2dt2 + 4n2F (ρ) [dψ + cos(θ)dφ]2 +
dρ2

F (ρ)
+ (ρ2 − n2)(dθ2 + sin(θ)2dφ2), (C.1)

with the U(1)-fibration being a partial fibration over a two-dimensional subspace the D = 3
base space. Here, the function F (ρ) is

F (ρ) =
ρ4 + 4m`2 − 2n2ρ2

`2(ρ2 − n2)
. (C.2)

The condition n = `
2

must hold for this to satisfy the d = 5 Einstein equations with
cosmological constant Λ = − 6

`2
.

Setting the NUT charge, equivalent to Λ, to zero renders a degenerate metric which
causes the spacetime to be non trivial. Hence one must use an ensemble of transformations
yielding this “non trivial” metric in the zero cosmological constant limit, i.e. l→∞. These
transformations are

ρ2 = r2 + n2, m =
`2

64
− a4

64`2
. (C.3)
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Thereafter, one must set r → r/2, t→ 2t/` and obtain

ds2 = −g(r)dt2 +
r2f(r)

4
[dψ + cos(θ)dφ]2 +

dr2

f(r)g(r)

+
r2

4
(dθ2 + sin(θ)2dφ2), (C.4)

g(r) = 1 +
r2

`2
, f(r) = 1− a4

r4
.

One can easily see that (C.4) solves Einstein’s equations with negative cosmological con-
stant Λ = −6/`2. Hence, one can demand ` → i` transforming (C.4) into a metric that
solves Einstein’s equations Λ > 0.

The metric transformation (C.1) → (C.4) yields a new way of obtaining the Eguchi-
Hanson metric in d = 4. When imposing the limit ` → ∞ on (C.4), one obtains the
Eguchi-Hanson metric

ds2 =
r2

4
f(r) [dψ + cos(θ)dφ]2 +

dr2

f(r)
+
r2

4
(dθ2 + sin(θ)2dφ2), (C.5)

as a constant t hypersurface. These steps yield a degenerate metric.

By setting D = 2k + 2, the metric (C.4) can be generalized to any odd dimension
(D + 1) where D > 4 must hold. This resultant set of metric then read

ds2 = −g(r)dt2 +

(
2r

D

)2

f(r)

[
dψ +

k∑
i=1

cos(θi)dφi

]2

+
dr2

g(r)f(r)
+
r2

D

k∑
i=1

dΣ2
2(i), (C.6)

where
dΣ2

2(i) = dθ2
i + sin2(θi)dφ

2
i , (C.7)

and the metric functions are given by

g(r) = 1∓ r2

`2
, f(r) = 1−

(a
r

)
,D (C.8)

satisfy the (D+ 1)-dimensional Einstein equations for both a positive and negative cosmo-
logical constant Λ = ±D(D − 1)/(2`2).
This is in total agreement with (3.4).
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Appendix D

Themalons

In this Appendix I derive π±ττ as discussed in [32] and I comment on the thermalon’s fate
at infinity.

One can start by using (4.11)

d

dτ

(
ad−2 π±ττ

)
= (d− 2) a2ȧ π±ϕiϕi

, ∀i , (D.1)

such that when π±ττ satisfies the junction condition, all the other components automatically
follow. Hence, one just need to calculate Π± ≡ π±ττ (This notation Π± is simply chosen to
avoid the use of indices). This only includes the angular parts of both the intrinsic and
extrinsic curvatures; the expression then becomes

Π± =

√
ȧ2 + f±(a)

a

∫ 1

0

dξ Υ′
[
σ − ξ2 f±(a) + (1− ξ2) ȧ2

a2

]
. (D.2)

One should impose Π+ = Π− when not including matter which is the case here. The
polynomial Υ is , as always, playing a key rôle in this computation.

Introducing Π̃ ≡ Π+ − Π−, the junction condition and Bianchi identity (D.1) yield

Π̃ = dΠ̃
dτ

= 0. One can easily see that this expression is miraculously independent of the
spacetime dimensionality. One can introduce

g± ≡ g±(a) =
σ − f±(a)

a2
, and H ≡ H(a, ȧ) =

σ + ȧ2

a2
. (D.3)

Hence, (D.2) becomes

Π± [g±, H] =
√
H − g±

∫ 1

0

dξ Υ′
[
ξ2 g± + (1− ξ2)H

]
. (D.4)
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This leads to concluding that the information about the branches of the solution is hiding
in g±.

One can rewrite the difference in canonical momenta Π̃ as

Π̃ =
(√

H − g+ −
√
H − g−

)∫ 1

0

dξ Υ′
[
H −

(
ξ
√
H − g+ + (1− ξ)

√
H − g−

)2
]
.

(D.5)
A simple change of integration variable results in

Π̃ =

∫ √H−g+

√
H−g−

dx Υ′[H − x2] , (D.6)

where H = (σ + ȧ2)/a2.

As the size of the bubble grows and approaches infinity, the parameter H must be com-
puted via power law. In the limit of large bubble speed, equation (D.5) can be computed
using

H −
(
ξ
√
H − g+ + (1− ξ)

√
H − g−

)2

≈ ξg+ + (1− ξ)g− +
1

4H
ξ(1− ξ) (g+ − g−)2 ,

(√
H − g+ −

√
H − g−

)
≈ 1

2
√
H

(g− − g+)

(
1 +

1

4H
(g− + g+)

)
,

One can make sure, up to an order of 1/H , that

Π̃ ≈ − 1

2
√
H

[
Υ[g+]−Υ[g−]− 1

2H

(∫ g+

g−

dx Υ[x]− (g+Υ[g+]− g−Υ[g−])

)]
. (D.7)

One needs the following variable substitution x = ξg+ + (1− ξ)g− to solve for

H ≈ 1

2(M+ −M−)

[
ad−1

∫ g+

g−

dx Υ[x]− (g+M+ − g−M−)

]
. (D.8)

One can get the predictable equation of H at the lightlike limit (H → ∞) wherever
M+ → M−. The same happens if a→∞ and H ∼ ad−1. The asymptotic behavior of the
potential in the latter case is given by

H ≈ ad−1

2(M+ −M−)

∫ Λ+

Λ−

dx Υ[x] , (D.9)

where H is a solution of Π̃ = 0.
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