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Abstract

Narrow urban vehicles are proposed to alleviate urban transportation challenges like
congestion, parking, fuel consumption, and pollution. They are designed to seat one or two
people in tandem, which saves space in road infrastructures as well as improves the fuel
efficiency. However, to overcome the high rollover tendency which comes as a consequence
of reduced track-width ratio, tilting systems for vehicle roll motion control are suggested.

Existing tilting solutions, which mechanically connect the wheel modules on both sides
for motion synchronization, are not space-friendly for the narrow vehicle footprint. The
mechanical linkages also add extra weight to those urban vehicles initially designed to be
light-weighted. A novel integrated suspension tilting system (ISTS) is proposed in this
thesis, which replaces rigid mechanical linkages with flexible hydraulic pipes and cylinders.
In addition, combining the suspension and tilting into an integrated system will result in
even more compact, light-weighted, and spacious urban vehicles.

The concept is examined, and the suspension mechanism for the tilting application is
proposed after examining various mechanisms for their complexity and space requirements.
Kinematic and dynamic properties of the tilting vehicle under large suspension strokes are
analyzed to optimize the mechanism design.

Control of the active tilting systems for vehicle roll stability improvement is then dis-
cussed. Rather than tilting the vehicle to entirely eliminate the lateral load transfer during
cornering, an integrated envelope approach considering both lateral and roll motion is
proposed to improve the energy efficiency while maintaining the vehicle stability. A re-
configurable integrated control structure is also developed for various vehicle configurations
as well as enhancing the system robustness against actuator failures.

The model predictive control (MPC) scheme is adopted considering the non-minimum
phase nature of active tilting systems. The predictive feature along with the proposed
roll envelope formulation provides a framework to balance the transient and steady-state
performances using the tilting actuators. The suggested controller is firstly demonstrated
on a vehicle roll model, and then applied to high-fidelity full vehicle models in CarSim
including a four-wheeled SUV as well as a three-wheeled narrow urban vehicle. The SUV
simulation results indicate the potential of using the developed envelope controller on
conventional vehicles with active suspensions, while the narrow urban vehicle simulations
demonstrate the feasibility of using the suggested ISTS on narrow tilting vehicles. By
adopting the integrated envelope control approach, actuation effort is reduced and the
vehicle handling, along with the stability in both lateral and roll, can be further improved.
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Chapter 1

Introduction

1.1 Motivation for Urban Vehicles

With the increasing number of vehicles, people in big cities have to face urban transporta-
tion issues like congestion, parking, and pollution. Research in the US shows the average
number of occupants per vehicle is 1.58 [5]. Conventional four-wheeled vehicles, which are
designed to accommodate four to six passengers comfortably as well as providing sufficient
space for their cargo, are considered unnecessarily large for their average passenger load in
normal city driving [6]. The surplus sizing of the vehicle takes more space when driving
on the road as well as parking, and the extra weight comes along with the increase in fuel
consumption.

Two-wheeled vehicles such as bicycles, mopeds, and motorcycles are considered space
saving and extremely fuel-efficient [7]. However, such vehicles can seat limited occupants
and provides small cargo space. Apart from this, passenger safety and weather protection
designs of such two-wheelers are not as good as their four-wheeled counterparts. Drivers
of two-wheelers also need to learn how to balance the vehicle as it is inherently unstable
at low speeds, which also limits its public acceptance.

Therefore, a need exists for vehicles which are designed to carry one or two passengers
with space and comfort offered by standard four-wheeled vehicles as well as significantly
improved fuel efficiency [7]. It is natural, therefore, to consider three or four-wheeled
narrow vehicles as a means to address these challenges. Such vehicles can be designed
to provide just the right space to seat two people in tandem for normal urban commuter
driving, and the reduced sizing requirement enables them to operate on reduced size lanes
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and park in compact spaces. Such designs are also more stable in rollover compared with
two-wheelers, and the enclosed cabin makes it possible to design a weatherproof interior
and a crash-worthy body structure.

1.2 Tilting Mechanism and Tilting Control for Nar-

row Vehicles

Because such narrow vehicles will be operated with ordinary vehicles on highways, they
still have to maintain the same height as conventional vehicles to provide good visibility
for drivers. This makes the track width ratio of such vehicles problematic [8]. Stability in
cornering is compromised as the reduced track width diminishes the vehicles resistance to
roll moment [6]. The static stability factor (SSF) which was used by new car assessment
program (NCAP) as the ratings for vehicle rollover resistance during 2001-2003 [9] is shown
in Figure 1.1. It measures vehicle roll stability by considering only the vehicle geometry
factors.

Figure 1.1: Vehicle Static Rollover and Static Stability Factor

To cause the inner wheel lifting off the ground which is regarded as the rollover, the

2



acceleration threshold ( a∗y ) is solved as Eq.(1.1),

a∗y =
Tw
2h
g

∆
= SSF · g (1.1)

Generally speaking, a narrow vehicle is defined as any vehicle with an SSF smaller than
0.6 [6]. Vehicles with high SSF cannot generate enough moment to cause rollover due to
tire force saturation, which works as a fail-safe system to prevent rollover. However, this
does not hold for narrow vehicles. Such vehicles can reach their tipping limit at lateral
accelerations less than 0.7g while the tires skidding limit is at around 0.6 to 0.8g [6].

The solution is again inspired by two-wheelers. If such tall and narrow vehicles can
lean into the curve during cornering, like bicycles and motorcycles, the rollover stability
can be significantly enhanced. Such tilting systems are thus crucial in the design of narrow
vehicles. Apart from this, the tilting system, in the ideal case, should be designed to
require no extra control efforts from human drivers, so that any driver who can operate a
conventional vehicle can quickly adapt to a narrow vehicle counterpart. This leads to the
need for an active tilting system that controls the tilting mechanism to ensure the stability
of the vehicle and the safety of the driver [10].

Vehicles equipped with the above-mentioned mechanical and control systems are re-
ferred to as Narrow Tilting Vehicles (NTV). Figure 1.2 summarizes the motivation for a
tilting three-wheeler.

Figure 1.2: Motivation for Three-wheeled Narrow Tilting Vehicles [1]
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1.3 Thesis Objectives

The objective of this thesis is to improve the design and control of narrow tilting vehicles.
A compact multi-functional integrated suspension tilting system (ISTS) is proposed for
narrow vehicle applications. This new design eliminates the mechanical linkages in con-
ventional tilting mechanisms and incorporates the suspension functionality into the titling
system, which results in lighter and more spacious urban vehicles. Integrated stability
control is proposed for both lateral and roll motions of tilting vehicles. The controller is
intended to be re-configurable to cover various wheel as well as actuators configurations
for narrow urban vehicles. A strategy to properly coordinate available actuators like active
steering, torque vectoring, differential braking and active tilting for integrated stability
enhancement is also developed and evaluated.

1.4 Thesis Outline

The rest of the thesis is composed of the followings. Literature review in Chapter 2 starts
with reviewing urban vehicles applications, their strengths, and weaknesses. Various tilting
and control solutions to increase the vehicle roll stability are reviewed and discussed. Chap-
ter 3 presents the proposed integrated suspension tilting system. The system is modeled,
and its functionalities are examined. Chapter 4 deals with the design and optimization of
the integrated suspension tilting system. Control of narrow tilting vehicles begins with the
study of the vehicle roll model in Chapter 5. A roll envelope based on the rollover index is
suggested, and a model predictive controller (MPC) is developed for the integrated control
of both lateral and roll stability. Chapter 6 summarizes the conclusions and discusses the
future work.
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Chapter 2

Literature Review

This chapter starts with reviewing urban vehicle applications and their various config-
urations. Then, existing tilting mechanisms for vehicle roll stability enhancement are
examined. Finally, active vehicle stability control systems are reviewed.

2.1 Urban Vehicles

To resolve the issues like congestion, parking, fuel consumption and pollution in urban
transportation systems, narrow tilting vehicles (NTV) are proposed as a solution [6, 11].
They are in many ways similar to ordinary street cars but are designed to be narrow to
seat one or two people in tandem. The reduced size in lateral direction saves the space and
thus proves to be more efficient in utilizing the current road infrastructure like lane space
and parking space. The reduced total mass as a consequence of compact size also helps to
improve fuel efficiency and cut the pollution.

The narrow cabin design seems to be the cure for many of the transportation problems,
but it also introduces a vital problem to such vehicles they can easily roll over without
proper control. To enable narrow vehicles to be operated with conventional vehicles on
street, their riding height needs to be similar to other vehicles, but the reduced track width
significantly decreased such vehicles capability to resist rollover. The track width ratio,
which is a rough measure of vehicle rollover stability, is almost doubled for narrow vehicles
compared with the regular width automobiles. Stability in cornering is compromised since
the reduced track width diminishes the vehicles resistance to roll moment [6].
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Such tilting cars have an actuator to tilt the vehicle into the inner bend of the curve, like
a motorcycle, to negotiate the curve at a higher speed for roll stability and also provides a
fun driving experience. Conceptual and mechanism designs have been proposed [12, 13, 14,
15, 16], and several models have been built, as shown in Figure 2.1. Their configurations
are summarized in Table 2.1.

Model
Wheel
Config

Steerable
Wheels

Driven
Wheels

Tilting
Parts

i-Road 2F1R1 Rear Front All
Carver 1F2R1 Front Rear Partial
Smera 2F2R2 Front Rear All

F-300 Life-jet 2F1R3 Front Rear All

Table 2.1: Comparison of Tilting Vehicle Configurations

Three wheelers, due to their simplicity and low cost [6], are ideal for narrow urban
vehicle applications. Tadpole and delta are commonly adopted configurations for three-
wheeled urban vehicles. The tadpole configuration refers to three-wheelers which have two
wheels at the front, while the delta refers to the configuration with two wheels in the back.
Dynamics analysis shows that tadpole configuration is more stable during braking while
delta configuration improves the stability in acceleration [7]. Since stability in braking is
more critical, and the magnitude of deceleration during emergency braking can be much
higher than acceleration in normal driving, the tadpole configuration is preferred.

Several prototypes of NTVs have been built by the automotive industry since 1950.
The Ford Gyron, which was a gyroscopically stabilized two-wheel vehicle with retractable
wheels pods. The gyroscope, which weighted 180lbs, stabilized the vehicle and allowed it
to travel at a lateral acceleration up to 1g while cornering [6], but the extra weight, at the
same time, also became a limitation of the vehicle.

Another try was made by General Motors in the 1970s, when a three-wheeler called
Lean Machine was fabricated. It was composed of a tilting cabin and a non-tilting engine
assembly with a motorcycle front end for steering [6]. The body can rotate up to 55deg
with respect to the non-tilting part. This movement was operated by the driver through
foot pedal, which requires extra control effort from riders.

1Tadpole configuration: 2 wheels at the front and 1 wheel at rear;
2Delta configuration: 1 wheel at the front and 2 wheels at rear axle;
3Conventional vehicle configuration: 2 wheels at both front and rear.
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(a) Ford Gyron [6] (b) GM Lean Machine [6]

(c) Mercedes-Benz F300 Life Jet [17] (d) Carver [18]

(e) Lumeneo Smera [19] (f) Toyota i-Road [20]

Figure 2.1: Examples of Narrow Tilting Vehicles
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In 1997, Mercedes-Benz unveiled their NTV concept called F-300 Life-jet [17]. The
vehicle was characterized by a two-wheeled front axle which can lean up to 30 degrees and
a single rear wheel with the trailing arm suspension. An Active Tilt Control system was
equipped, but the car was still designed to be almost as wide as a small conventional car
with a front track width of 1560mm.

Carver One and the CLEVER (compact low emission vehicle for urban transport) were
models developed in 2002 and 2003 respectively. Both of them had a single steerable front
wheel mounted on the tilting cabin and equipped with a non-tilting axle with two wheels at
the back. Their configuration was similar to that of the GM Lean Machine. They could tilt
up to 45 degrees under the control of a hydraulically actuated Direct Tilt Control (DTC)
system [18].

Smera [19] was a four-wheeled tilting vehicle developed by Lumeneo. This electric
vehicle was regulated as a car in Europe and had a maximum speed of 128.7 km/h with a
range of 145 kilometers on a single charge. The Direct Tilt Control (DTC) system installed
was able to tilt the vehicle by a maximum angle of 20 degrees.

One of the recent endeavors in NTV was the Toyota i-Road [20] released in 2013. The
three-wheeled electric vehicle was equipped with the active tiling system to balance the
vehicle automatically. The car was designed to travel at a top speed of 45 km/h with a
track width of 850mm.

2.2 Tilting Mechanisms

Even though various NTV models have been built, there are mainly three types of tilting
mechanism being used in current models. Figure 2.2 shows the schematic view of single
body tilting, chassis tilting and body separation tilting respectively.

Figure 2.2: Different Types of Tilting Mechanisms [2]
(a) Single Body Tilting; (b) Chassis Tiling; and (c) Body Separation Tilting
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2.2.1 Single Body Tilting

This type of tilting mechanism is shown in 2.2(a). Only the load along with the body shell
tilts, while the chassis still acts as a fixed base like a regular car. Such mechanisms have
been widely used in trains to tilt their heavy payload, and several tilting cars like GM Lean
Machine, Carver One and the CLEVER [2, 21, 22] adopt this idea for the design[23].

The schematic view of the main tilting components used in Carver is shown in Figure
2.3. The tilting cylinders are installed between the rear (non-tilting) and front (tilting)
part of the vehicle. Activation of these cylinders causes a tilting action of the passenger
compartment [1]. The torque applied to the steering wheel is measured and used to drive
the hydraulic pump to pressurize the hydraulic oil to one individual cylinder and withdraws
the oil from the counteracting cylinder [1], thus creating the tilting motion of the body.

Figure 2.3: Body Tilting System in Carver [1]

2.2.2 Chassis Tilting

For chassis tilting, as shown in 2.2(b), the chassis, along with the body lean into the
curve, and parallelogram mechanisms are the common designs to achieve this, as seen
on Mercedes-Benz F-300, as well as recent research prototypes [13, 4, 3]. Such design is
believed to be more compatible with light-weighted vehicles.

The leaning mechanism is extended from the four-bar linkage systems. The body frame,
upper arm, lower arm, and wheel assemblies form the primary links. The lengths of the
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arms are designed to guarantee that the wheels incline with the body. The angle between
the suspension control arms and the vehicle frame can be altered by using hydraulic or
electric actuators, which generates the tilting of the whole chassis as well as the camber
motion of the wheels. In Figure 2.4, configuration A shows the vehicle in tilting mode,
while configuration B shows the vehicle going over a bump while tilting [3].

Figure 2.4: Chassis Tilting System using Parallelogram Mechanism [3]

2.2.3 Body Separation Tilting

Body separation tilting is another version of chassis tilting but achieved with a different
approach. Its schematic drawing is shown in 2.2(c). The idea stems from the fact that if
the wheel assembly on both sides can move independently with regard to the body, the
vehicle can then lean as a whole by vertically by moving the left and right wheel assembly
in opposite directions.

The swing arm mechanism used by J. Edelmann et al.[4] is shown in Figure 2.5. The
suspension sub-frame and both wheel carriers are connected to the chassis by revolute
joints. Actuators are attached in-between to generate the desired tilting angle. A swing
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arm, along with the rods (br, bl, tr, tl) creates the coupling of motion between the wheel
carriers on the left and right sides. When one of the wheel carriers goes up, the swing
arm mechanism will cause the other wheel carrier to move downwards and thus generates
the tilting motion. However, when both wheel carriers move uniformly, the suspension
sub-frame will rotate relative to the chassis, and the suspension strut can thus absorb the
road excitation.

Figure 2.5: The Swing Arm Mechanism on Tilting Vehicles [4]

2.3 Vehicle Dynamics Control

In order to improve vehicle performance and enhance their stability, handling, and comfort,
active control systems are widely designed and implemented [24] since the late 1970s.
Generally, these systems are referred to as vehicle dynamics control (VDC) systems and
can be classified as following [25]:

1. Vertical control systems such as active suspension systems (ASS), semi-active sus-
pension systems, and active body control (ABC). They are developed for improvement in
vehicle riding comfort and to some extent for vehicle handling.

2. Longitudinal control systems that are related to braking and traction including

11



anti-lock brake systems (ABS), traction control systems (TCS), and electronic stability
program (ESP).

3. Lateral control systems that control yaw and lateral motions are developed for im-
provement of stability and handling of vehicles. They are used to prevent the vehicle from
skidding or spinning out, and to improve vehicle response in yaw and lateral motions. Elec-
tric power steering system (EPS), active front steering (AFS), active four-wheel steering
(4WS), differential braking, and differential traction are some examples of this category.

4. Roll control systems. Roll motion strongly affects handling and safety of vehicles, so
active roll control is considered for performance improvements. Active suspension systems
and active anti-roll bar are two examples of these control systems.

2.3.1 Lateral Stability Control

Lateral stability systems are designed to track the desired yaw rate of the vehicle. Yaw
control systems are categorized into two distinct groups [26]:

Direct Yaw Control (DYC): Yaw moment can be applied to the vehicle by an unequal
distribution of longitudinal forces on the left and right wheels. This method is called DYC
and can be performed by differential braking and traction. The most practical method for
development of DYC systems is differential braking that can be implemented by modifying
ABS systems.

Indirect Yaw Control (IDYC): Steering creates side-slip angles and generates lateral
force changes on tires. Such changes affect the yaw motion of the vehicle. This yaw control
carried out from vehicle steering is known as indirect yaw control systems.

2.3.2 Rollover Control

The vehicle rollover is known as a major cause of severe and fatal injuries in traffic accidents.
According to the research by the National Highway Traffic Safety Administration (NHTSA)
[27], rollover accidents are ranked as the second most dangerous form of accident in the
United States, after head-on collisions. Statistics also suggest that although a small portion
of all accidents involves rollover, they constitute a disproportionately large portion of fatal
ones [28].

Large vans and sport utility vehicles are prone to rollover accidents due to their high
CoG positions [29, 30], and vehicles with narrow track width can also have rollover problems
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before losing grip [6]. For vehicle rollover mitigation control, most of the existing researches
are on un-tripped rollovers [31, 32], which are caused by extreme maneuvers like excessive
speed cornering and obstacle avoidance maneuvers. The studies on tripped rollover are
relatively few although the statistics [33] suggests that tripped rollover is the majority
type of rollover accidents. Methods to improve vehicle rollover stability can be categorized
as:

1. The methods that directly influence the roll motion and rollover behavior such as
active suspensions, active anti-roll bars, and active stabilizers.

2. The methods that indirectly affect the roll motion by control of the vehicle yaw such
as differential braking systems and active steering methods.

In the approach of using active suspension for rollover prevention, lateral load transfer
is controlled to affect the rollover [28, 29] directly. The stability margin improved through
the suggested approach is limited. Also, the drawback of this approach is that it influences
the lateral stability of the vehicle and causes an over-steer characteristic [34].

The most common approach for indirect control of rollover is based on the reduction of
the lateral acceleration by decreasing the yaw rate. This approach is implemented through
differential braking and active front steering [35, 36]. The limitation of this approach is
the loss of maneuverability, which may cause another accident [34, 37]. Some studies have
been conducted to solve this problem for having both rollover prevention and good lateral
stability [38, 39].

2.3.3 Active Tilting Control

Different from bicycles and motorcycles, narrow tilting cars are expected to be operated
by drivers without sufficient skill and experience to lean the vehicle when cornering. The
increased net weight along with the enclosed passenger cabin for comfort and safety im-
provement makes the balancing control much more difficult, especially in emergency situ-
ations. Consequently, active tilting control systems have been developed to keep vehicles
in balance without the drivers direct intervention. These systems determine the desired
tilting angle and use appropriate actuators to provide safe and comfortable driving experi-
ences [1]. There are three different types of tilt control schemes for NTVs known as Direct
Tilt Control (DTC), Steering Tilt Control (STC) and a combination of Steering and Direct
Tilt Control (SDTC).
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Direct Tilting Control (DTC)

For DTC systems, there is a tilting actuator to rotate the body relative to the chassis, and
the steering system is used exclusively for lateral control [10]. The desired tilting angle
is firstly determined by considering the vehicle speed, the curve radius and states of the
vehicle. The lower-level controller then tracks the desired angle using the tilting actuator.
So, the way to determine an appropriate tilting angle is crucial for DTC system design.

The common method to calculate the desired tilting angle is based on balancing the
centrifugal force that occurs during steady state cornering [10]. This idea was adopted in
[6, 35, 36] for DTC system design. A more complicated model suggested by [10] takes the
vehicle lateral acceleration and gyroscopic moments of rotating wheels into consideration.
The author claimed that the incorporation of the gyroscopic term ensured that no tilting
torques were required from actuators in steady state.

Steering Tilting Control (STC)

For STC systems, there are no specific actuators for the tiling motion. Instead, the steering
effort is used to track the given trajectory as well as balance the vehicle.

Based on steady-state steering conditions and linear tire model assumptions, the steer-
ing angle can be written as a function of the desired tilting angle, running speed of the
vehicle and curve radius. However, calculating the desired tilting angle which can stabilize
the vehicle while track the road trajectory is no easy task. Opposite steering efforts are
required for curve negotiation and tilting [10].

To resolve this, the drivers turning intention interpreted from the steering wheel is
no longer fed to the steering system directly. Instead, it will first be sent to a feedback
controller for calculating the desired tilt angle. Then, the required steering angle to track
that tilt angle can be calculated from the steady-state steering conditions. As yaw rate
and tilting angle are related in steady-state conditions, by tracking a certain tilting angle
derived from driver intention, the desired yaw rate which tracks the desired trajectory is
also obtained.

Integrated Steering and Direct Tilting Control (SDTC)

DTC system is more stable at lower speeds compared to the STC system, while STC system
is more efficient at higher speed and requires less transient torque [40, 41, 42]. Thus, a
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combined system is proposed, in which DTC is more dominant at lower speeds and then
STC takes over at higher speeds.

A speed dependent approach was suggested by So and Karnopp in [43] to switch between
STC and DTC control. Snell [44] developed a combined SDTC control system where both
elements of the control strategy were active at all times and did not rely on switching in a
speed-dependent manner. Kidane et al. also developed an SDTC system with both DTC
and STC working and a sinusoidal weighting function was used to ensure a smooth switch
[10, 45].
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Chapter 3

Integrated Suspension Tilting
System: Conceptual Design

This chapter presents the proposed tilting system design for NTVs. Starting with the
analysis for the packaging size of existing tilting mechanisms, it is identified that a compact
and modularized tilting system is desired for narrow urban vehicles. A novel hydraulic-
driven tilting system is introduced in this section, which utilizes hydraulics to replace
mechanical connections for tilting motion generation. The system is integrated with an
interconnected hydro-pneumatic suspension to provide the desired vertical and roll stiffness
for the vehicle without introducing extra components. This further reduces the system
weight and packaging size. Apart from tilting, adoption of independent hydraulic actuators
enables the system to change the riding height of the vehicle. All the functionalities are
illustrated and examined based on a half-car model. A full vehicle simulation is also
presented to validate the feasibility of the proposed system for NTV applications, which
results in more functionalities at a lower complexity and less system weight.

3.1 Challenges in Tilting System Design for NTV Ap-

plications

The followings are regarded as essential aspects in a tilting system design for NTVs:

1. Effective tilting for vehicle safety improvement

As reviewed previously, compared with the full vehicle tilting schemes, partial tilting
solutions like single body tilting [1, 46, 47] are less useful for roll stability control. Since
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only a small portion of the whole vehicle mass is involved in the tilting, the system has the
limited potential for rollover mitigation. The tilting motion is applied mostly for improving
riding comfort and driving fun.

2. System packaging and modularity

The chassis tilting systems which tilt the whole vehicle are preferred due to their effec-
tiveness in resisting rollover for narrow urban vehicles. However, existing solutions generate
the tilting motion with mechanically connected linkages to form a parallelogram mecha-
nism [13, 16, 19, 3, 47]. The connection rods for motion synchronization add extra weight
to the light-weighted vehicle, occupy cabin space, and impose body design restrictions.

The modularity of the suspension system is also sacrificed by the mechanical connec-
tions. Much effort has been devoted to developing urban vehicles in a modularized manner
[48, 49, 50] to promote the subsystem re-usability. The broad adoption of X-by-wire tech-
nologies (e.g., steer-by-wire, drive-by-wire, brake-by-wire) removes the steering rod and
driving shafts which used to mechanically connect the wheel modules on both sides. Sim-
ilar technology is expected to simplify the tilting mechanisms.

3. Energy consumption and system operational costs

The tilting system as an auxiliary active safety system is not expected to significantly
increase the manufacturing cost of urban vehicles otherwise their public acceptance might
be affected. Existing solutions with added tilting mechanisms and actuators for active
safety will inevitably increase the system complexity and cost. A more cost-effective solu-
tion by using suspension components in a multi-functional manner is desired.

To achieve a low operational cost, activation of the active tilting control should also
be minimized, which is mostly dependent on the control algorithm to be discussed in
later chapters. However, a well-designed suspension system for the NTVs should provide
relatively high resistance to rollover without sacrificing the riding comfort.

To address these challenges, a novel Integrated Suspension Tilting System (ISTS) is
proposed in the next section.

3.2 Integrated Suspension Tilting System

The most significant feature distinguishes the proposed system is to adopt hydraulic con-
nections to replace the mechanical synchronizer for the tilting system. A direct benefit is
the reduction in system weight and complexity. Much space can be saved for passengers
and cargo, and the hydraulic pipelines can be positioned more easily in the cabin and
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chassis designs compared with the rigid linkages. To make the system even more compact
while achieving multi-functionalities, the traditional coil spring and shock absorber are re-
placed by a hydro-pneumatic suspension, which is a proven technology for the automotive
industry as seen in the Citrons Hydractive systems [51, 52].

The schematic drawing of the proposed system on a half-car model is shown in Figure
3.1. The double-acting hydraulic cylinders (4) with accumulators (5) attached to their
lower chambers serve as the spring component in conventional suspensions. Orifices, as
well as the connecting pipelines, provide the damping sources similar to shock absorbers
in conventional suspension systems. The cross inter-connection of the hydraulic cylinders
provides a preferable roll stiffness without introducing auxiliary anti-roll bars. Much space
and weight can be saved thanks to the simplified structure. The enhanced roll stiffness also
helps to reduce the energy consumption due to the less frequent activation of active tilting
controls. Finally, to actively tilt the vehicle, hydraulic pump modules (2) are connected to
the upper chambers to pump fluid into the system under the coordination of the controller
(3), which serves as the software implementation of mechanical constraints to achieve
synchronized wheel motions in existing tilting mechanism designs.

Figure 3.1: Overview of the Integrated Suspension Tilting System (ISTS)

The synchronization of wheel motions which used to be addressed by mechanical link-
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ages now has a software solution: designing a controller to properly coordinate pump
actuation and generate the desired motion. The adoption of separate pump modules also
bring an extra degree of freedom: apart from tilting, the system can also adjust the vehicle
riding height. If the piston on both sides travels in an asynchronous motion (same distance
but in reverse directions), the tilting motion of the full vehicle can be achieved as shown
in Figure 3.2(a). The tilting angle is determined by the piston displacement, which can be
regulated by the activation of hydraulic pumps. Through the control of flow rate in the
pumps, not only the tilting angle but also the tilting speed can be regulated to provide
passengers a responsive feel of tilting. If the pistons move in a synchronous mode (same
direction and same magnitude), vehicle height adjustment can be achieved as shown in
Figure 3.2(b).

Figure 3.2: ISTS in Tilting Mode (a); and Height Adjustment Mode (b)

Such height adjustment functionality has already been applied on buses [53] to lower
their floor to a kneeling position to ease entering and exiting the car, especially for the
elderly population. On conventional vehicles, it has been used to improve the handling
and aerodynamics, as well as to increase ground clearance for harsh environments [54].
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Figure 3.3: Actuator, Sensor, and Controller in ISTS

Although the idea of an integrated suspension tilting system is presented, the detailed
design of the actuation and sensing module is open for implementation. An example is
illustrated in Figure 3.3. The major components are: a fixed displacement pump which
can rotate in either direction; a solenoid valve which can disconnect the pump from the
hydraulic pipelines and eliminates the need for a motor brake; a flow meter to measure the
volume of the hydraulic fluid being pumped into the cylinder; and displacement sensors to
monitor the strut movements.

A typical working flow of the ISTS can be described as follows. When a tilting or height
adjustment requirement is determined by the vehicle controller, the solenoid valve is firstly
energized, and the fluid will be pumped into the cylinders to drive the piston to the desired
position. The process is monitored by the on-board sensing system. Once the desired strut
position is achieved, the solenoid valve will be closed. In that state, the cylinders and
the accumulators along with the connection pipelines form the hydraulic interconnected
suspension configuration [52] in a passive mode.

In summary, the proposed hydraulic-based ISTS can achieve the same tilting function-
ality as the existing linkage-based tilting mechanisms while it provides ride height adjust-
ment and suspension functionalities. The reduced packaging size, as well as the system
weight, can bring many benefits to the narrow urban vehicles. The system is also featured
by achieving a high roll stiffness without using an anti-roll bar. All these efforts help to
improve the fuel economy, safety, as well as dynamic performance in urban vehicles as a
small and light-weighted carrier.
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3.3 ISTS Modeling

To study the feasibility of the ISTS, the system is examined by the widely-adopted hy-
draulic and pneumatic equations [52, 55] in this section. The schematic diagram of the
proposed ISTS is shown in Figure 3.4.

The pressures in the chambers are denoted as Pi (i = 1..4), and the flow rates in the
connection pipelines are qi (i = 1..2) with their positive direction shown in the figure.
Flow rates contributed by the pumps are denoted as (qpl, qpr), while those from the accu-
mulators are recorded as (qal, qar). The air pressure and volume in the hydro-pneumatic
accumulators are denoted as Pi, Vi (i = 5..6). The strut movements are measured as
(zsl, zsr) respectively, while the wheel movements are (zul, zur). Finally, the suspension
forces generated by the ISTS are referred to as (Fsl, Fsr).

Figure 3.4: The Schematic Model of ISTS

The gas confined within the accumulator serves as the gas spring for providing the
suspension stiffness for the vehicle. The ideal gas adiabatic process [56] is assumed, and
the equation to relate the gas pressure (P5, P6) and volume (V5, V6) can be written as,
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P5V
γ

5 = P6V
γ

6 = P0V
γ

0 (3.1)

where, P0 and V0 are the nominal charge pressure and gas volume; γ is the isentropic
coefficient.

By assuming the fluid is in-compressible [57, 58], the volume change of the gas indicates
the fluid flow rate leaving the accumulator as,

V̇5 = qal, V̇6 = qar (3.2)

By linearizing Eq.(3.1) around the nominal charge pressure and gas volume, and sub-
stituting Eq.(3.2), the fluid flow rate leaving the accumulator can be related to the gas
pressure change as,

Ṗ5 = − 1

ca
qal, Ṗ6 = − 1

ca
qar (3.3)

where, ca = V0/(γP0) is the capacitance of the accumulator.

The orifice and the cross-connected hose serve as the damping source for the suspension
system. Assuming laminar fluid flow through the interconnecting pipes, and negligible
entry and exit losses [56], the flow rate through the connecting pipelines are governed by
the pressure difference of the connected chambers. Both of them are modeled as linear loss
coefficients (ro, rh). According to Poiseuilles law [59], the pressure drop across the orifices
and hose is proportional to the flow rate by the linear coefficient [57],

P5 = P1 + roqal, P6 = P2 + roqar

P3 = P2 + rhq1, P4 = P1 + rhq2

(3.4)

The cylinders serve as the boundary between the mechanical and hydraulic system. The
relationship between the piston motion and the generated force represents the equivalent
spring and damper of the ISTS. By assuming in-compressible fluid, the fluid volume in the
four chambers can only be affected by the piston movement, fluid transported from the
interconnected pipelines and the fluid from the accumulators or pumps. This leads to,

q1 = AU (żsl − żul)− qpl, q2 = AU (żsr − żur)− qpr
qal = AL (żsl − żul)− q2, qar = AL (żsr − żur)− q1

(3.5)
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where, (AL, AU) denotes the working area of head and rod side of the piston, respectively.

The strut force is generated by the pressure difference of upper and lower chambers.
Considering the working area difference of the piston at the head and rod side, the resultant
suspension force can be written as,

Fsl = (P1 − Pa)AL − (P3 − Pa)AU
Fsr = (P2 − Pa)AL − (P4 − Pa)AU

(3.6)

where, Pa is the atmospheric pressure.

In the rest of this chapter, the road is assumed to be flat with no disturbances. This
is a commonly-adopted assumption for un-tripped rollover studies [60, 61], in which the
unsprung mass displacements can be ignored. With this assumption, the equations of the
proposed ISTS can be written in the state-space form with pump flow rate as inputs, pump
volumetric displacements as augmented states and strut force as outputs, as,

Uho =
[
qpl qpr

]T
Yho =

[
Fsl Fsr

]T
Xho =

[
żsl żsr zsl zsr Qpl Qpr

]T (3.7)

The strut force produced by ISTS can be written in state space form as:

Yho = AhoXho +BhoUho + Fho (3.8)

where,

Aho =
[
Ads As Ap

]
,

Ads =

[
− (A2

L + A2
U) ro − A2

Urh 2ALAUro
2ALAUro − (A2

L + A2
U) ro − A2

Urh

]
,

As =

[
−(A2

L + A2
U)/Ca 2ALAU/Ca

2ALAU/Ca −(A2
L + A2

U)/Ca

]
,

Ap =

[
AU/Ca −AL/Ca
−AL/Ca AU/Ca

]
,

Bho =

[
(rh + ro)AU −ALro
−ALro (rh + ro)AU

]
, Fho =

[
(AU − AL)Pa
(AU − AL)Pa

]
(3.9)
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A simple vehicle roll model with no road disturbance inputs is also adopted for the
concept validation in this chapter. The half-car vehicle model which considers the vehicles
vertical and roll motions can be written as,

msz̈s = Fsl + Fsr −msg

Ixφ̈ = (Fsl − Fsr)Tw2 +msayh+msghφ
(3.10)

where, vertical displacement and roll angle of the cabin are denoted as zs and φ respectively,
ms is the cabin mass; h denotes the nominal CoG height; Tw stands for the track width;
and ay represents the measured vehicle lateral acceleration.

In the hydraulic derivations of ISTS, the strut displacements are more frequently used.
The linear transform from vehicle states to suspension deflections can be written as,[

zsl
zsr

]
=

[
1 +Tw/2
1 −Tw/2

] [
zs
φ

]
(3.11)

3.4 System Functionality Analysis

This section analyzes the feasibility of the proposed functionalities by examining the system
equations developed in Section 3.3. More concretely, the decoupling of roll and bump
stiffness in the passive suspension mode will be analyzed. In the active control mode, the
regulation of struts movements to adjust tilting angle and riding height is also discussed.

3.4.1 Decoupled Roll and Bump Stiffness

For conventional vehicles equipped with coil springs, their bump and roll stiffness are
coupled. Vehicle designers have to compromise between the handling and the riding comfort
performances, or incorporate the auxiliary anti-roll bars to enhance the vehicle roll stability.
However, with the proposed ISTS, the bump and roll stiffness can be separately designed
to meet the comfort as well as safety requirements, with no external components. To
demonstrate this, the half-car model illustrated in Figure 3.4 is adopted to analyze the
vehicles nominal stiffness in vertical and roll directions.

The gas volume in both accumulators, according to Eq.(3.2) and (3.5), can be written
as,

24



V5 = V0 +
∫ t

0
qaldt = V0 + ALzsl − AUzsr +Qpr

V6 = V0 +
∫ t

0
qardt = V0 + ALzsr − AUzsl +Qpl

(3.12)

The gas pressure can then be written as a function of vehicle states and pump inputs
by combining Eq.(3.1), (3.11) and (3.12), as,

{
P5 = P0V

γ
0

(
V0 + (AL − AU) zs + (AL + AU) Tw

2
φ+Qpr

)−γ
P6 = P0V

γ
0

(
V0 + (AL − AU) zs − (AL + AU) Tw

2
φ+Qpl

)−γ (3.13)

In suspension mode, the pumps are not activated (Qpl = Qpr = 0). By assuming a
quasi-static pressure condition (i.e. P1 = P4 = P5, P2 = P3 = P6), the net force and
moment developed by the suspension struts become:

ΣF = FL + FR = (P5 + P6 − 2Pa) (AL − AU)

ΣM = Tw
2

(FL − FR) = Tw
2

(P5 − P6) (AL + AU)
(3.14)

The bump and roll stiffness of the connected strut can then be determined by substi-
tuting Eq.(3.13) into (3.14), and taking derivatives around the nominal position, as:

KZ |zs=0,φ=0 = − ∂F
∂zs

∣∣∣
zs=0,φ=0

= 2γ P0

V0
(AL − AU)2

Kφ|zs=0,φ=0 = −∂M
∂φ

∣∣∣
zs=0,φ=0

= γ P0

V0

T 2
w

2
(AL + AU)2

(3.15)

The ratio between the roll and bump stiffness will become:

Kφ

KZ

∣∣∣∣
zs=0,φ=0

=
T 2
w

4

(AL + AU)2

(AL − AU)2 =
T 2
w

4
κ (3.16)

where, κ is amplification factor introduced by the interconnection of the hydraulic struts.

κ =

(
1 + AU/AL
1− AU/AL

)2

(3.17)

Compared with the conventional coil spring suspensions where κ ≡ 1, the interconnec-
tion offers the decoupled bump and roll stiffness by providing the design flexibility through
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this customizable amplification factor. The desired bump and roll stiffness are separately
specified and substituted into Eq.(3.16) to solve for the desired amplification factor . Then,
by solving Eq.(3.17), the ratio of working areas on head and rod sides are determined. Con-
sidering the vertical load balance as shown in Eq.(3.14), the head and rod side area can
then be designed.

3.4.2 Strut Position Control

As illustrated in Figure 3.2, control of the strut positions can directly affect the vehicle
pose and the riding height. However, due to the hydraulic interconnections, ISTS struts
need to be studied in pairs for their position control. This section examines the required
fluid to be pumped under steady-state assumptions to demonstrate the feasibility of ISTS
for vehicle motion control.

With the flat road assumption, Eq.(3.5) can be written as,

Q1 = AUzsl −Qpl, Q2 = AUzsr −Qpr

Q2 = ALzsl −Qal, Q1 = ALzsr −Qar

(3.18)

where, Q1, Q2, Qal, Qar are the fluid volume corresponding to flow rate q1, q2, qpl, qpr respec-
tively.

The piston movement can be represented as a function of fluid volume from the accu-
mulators and pumps as,

zsl =
AU(Qpl−Qar)+AL(Qpr−Qal)

A2
U−A

2
L

zsr =
AU (Qpr−Qal)+AL(Qpl−Qar)

A2
U−A

2
L

(3.19)

From Eq.(3.19), to generate a synchronous strut motion (zsl = zsr = sh), the required
volume changes in connected chambers are solved as,

Qpl −Qar = Qpr −Qal
∆
= Qh (3.20)

where, Qh denotes the volume change for height control, and is solved by,

Qh = − (AL − AU) sh (3.21)
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The negative sign in Eq.(3.21) also indicates that, to lift the cabin (sh > 0), the fluid
needs to be pumped into the system (Qh < 0).

To tilt the cabin, the asynchronous motions of the suspension struts are desired (zsl =
−zsr = sφ). According to Eq.(3.19), the piston movement and fluid volume change have
the relationship:

Qφ = (AU + AL) sφ (3.22)

For more general cases, the ISTS can produce the height adjustment (sh) and tilting
(sφ) simultaneously. To achieve that, the required strut displacement are solved as,

zsl = sh + sφ, zsr = sh − sφ (3.23)

The resultant fluid volume change can be determined as,

Qpl = Qh +Qφ +Qar, Qpr = Qh −Qφ +Qal (3.24)

where, Qh generates the in-phase motion of the pistons for height control, while Qφ gen-
erates the out-of-phase motion and sets the tilting angle of the vehicle, with their values
determined in Eq.(3.21) and (3.22) respectively.

The fluid volume change contributed by accumulators (Qar, Qal) can be calculated
from the gas volume change due to the load transfer in the struts. From Eq.(3.10), the
steady-state load transfer in the suspension struts due to tilting and lateral acceleration
are,

∆Fsl = − 1

Tw
[msgh sinφ+msayh cosφ] ,∆Fsr = −∆Fsl (3.25)

The load difference on struts has to be compensated by gas pressures in the correspond-
ing accumulators. By combining Eq.(3.25) and (3.6), the gas pressure changes are solved
as:

∆P5 =
∆Fsl

AU + AL
,∆P6 =

∆Fsr
AU + AL

(3.26)

Substituting Eq.(3.26) into (3.1), the gas volume change, as well as the change in
accumulator fluid volume are determined as:
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Qal = ∆V5 = V0

[(
P0

P0+∆P5

)1/γ

− 1

]
Qar = ∆V6 = V0

[(
P0

P0+∆P6

)1/γ

− 1

] (3.27)

By properly pumping fluid into both chambers according to Eq.(3.24) and (3.27), the
riding height adjustment, as well as tilting, can now be achieved.

3.5 Design Evaluation

Using the governing equations developed in Section 3.3, a mathematical model of a half
car with the proposed system is developed, and the feed-forward algorithm to determine
pumped fluid volume as shown in Section 3.4 based on desired riding height adjustment
and tilting angle is also implemented. To demonstrate the feasibility of the proposed
integrated suspension tilting system, the tilting and height adjustment functionalities are
first examined using the half-car model. After that, a multi-body model for a three-
wheeled tilting vehicle equipped with the proposed system is simulated in the MapleSim
environment [62]. The feed-forward tilting control is adopted to examine the vehicle system
behavior during a cornering maneuver. The parameters for the simulation are listed in
Table 3.1.
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Symbol Parameter Description Value Unit

m Vehicle mass 915 kg
I Roll inertia 210 kg ·m2

a Front axle to CoG distance 0.75 m
b Rear axle to CoG distance 1.75 m
Tw Vehicle track width 1.2 m
H0 Vehicle CoG height 0.55 m
P0 Initial charge pressure 0.8 MPa
V0 Initial gas volume 1.79 L
AU Area of the rod side of the piston 3.59 · 10−3 m2

AL Area of the head side of the piston 8.09 · 10−3 m2

γ Isentropic exponent 1.4 −
ρ Mass density of the fluid 900 km/m3

Cd Discharge coefficient 0.8 −
AO Area of the orifice 3.0 · 10−4 m2

µ Dynamic viscosity of the fluid 0.6 Pa · s
L Length of the pipe 1.5 kg
d Diameter of the connecting pipe 2.5 · 10−2 m

Table 3.1: Parameters for the ISTS model

3.5.1 Feed-forward Height and Tilting Control

The tilting and height adjustment scenarios analyzed in the previous section are simulated
using the half car model. The first scenario is to lower the vehicle CoG by 20 cm in 1
second. As shown in Figure 3.5, the system tracks the reference height and converges
quickly. The fluid volume to be pumped and the resultant struts movement are shown in
the figure.
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Figure 3.5: System Response for Height Adjustment

To evaluate the system capability for tilting the vehicle, the reference command is set
to tilt the vehicle by 0.3 rad ( 18 deg) in 0.5 seconds. The quick response of the system is
shown in Figure 3.6 along with the fluid being pumped and retrieved from both cylinders.
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Figure 3.6: System Response for Tilting Angle Adjustment

3.5.2 Vehicle Simulation with Tilting Control

In this session, a three-wheeled tilting vehicle is modeled in the multi-body package
MapleSim as shown in Figure 3.7 to demonstrate the feasibility of the proposed system on
a full vehicle model under tilting control.
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Figure 3.7: Modeling of a Three-wheeled NTV in MapleSim

The chassis is modeled as a rigid body with 6 DOFs, and the Magic Formula model
[63] is adopted for the tire behavior considering camber effects. Suspensions mechanisms
are simplified as a translational joint. The rear suspension is treated as a conventional
strut using the linearized stiffness and damping characteristics, while the front axle with
ISTS is modeled using the previously developed equations, which takes the motion states
as inputs to calculate the strut forces.

The model is simulated for a cornering maneuver at the speed of 10m/s with a turn-
ing radius of 25m, which is considered a scenario for city driving at the crossroad. The
trajectory of the vehicle and the steering wheel angle is shown in Figure 3.8.

(a) vehicle trajectory (b) steering angle

Figure 3.8: Steering Input and Vehicle Trajectory
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Feed-Forward control is implemented for the feasibility study in this section. Based
on the drivers steering signal, the steady-state lateral acceleration of the vehicle can be
estimated [64] by,

ayss =
u2

a+ b+Kusu2
δ (3.28)

where, u is the longitudinal speed of the vehicle; Kus is the vehicle under-steer gradient;
and δ is the steering angle on wheels.

As implemented in most tilting control algorithms [65][3], the desired tilting angle is
calculated to balance the lateral acceleration using gravity as,

φ = arctan (ayss/g) (3.29)

Combining Eq.(3.28) and (3.29), the desired tilting angle can be determined directly
from the drivers steering intention. Using the feed-forward tilting control algorithm dis-
cussed in Section 3.4.2, the required pump flow to track the desired tilting angle can then
be calculated. The results for the above-mentioned cornering scenario are illustrated in
Figure 3.9 and Figure 3.10.

Vehicle roll angle and rollover index [8] as performance measures are shown in Figure
3.9. It can be seen that, with the feed-forward controller, the vehicle tilts into the inner
bend of the curve by about 15 degrees, while for the uncontrolled case, it rolls in the reverse
direction. The uncontrolled case demonstrates a high rollover danger as indicated by the
rollover index during cornering, while the proposed system shows its great potential to
improve the rollover stability for the target vehicle. The maximum rollover index drops
from 0.58 to 0.2 for the cornering maneuver. The required pump flow rate is shown in
Figure 3.10.
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Figure 3.9: Vehicle Roll Angle and Rollover Index

Figure 3.10: Pump Flow Rate for the Cornering Scenario

3.6 Conclusions

In this chapter, a novel Integrated Suspension Tilting System (ISTS) was proposed for nar-
row urban vehicles. By the adoption of interconnected hydraulic cylinders with the pump
control, the system can achieve both functionalities of tilting and body height adjustments,
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while satisfying the suspension requirements for comfort and stability. The system com-
plexity, as well as the packaging size, was significantly reduced, which made it ideal for
compact urban commuter vehicle applications. The proposed system in each working mode
was illustrated, and its functionalities were explained with the operation of the valves and
pumps. Detailed analysis demonstrated how the sizing of the components could achieve
the desired bump and roll stiffness without introducing the anti-roll bar. The quasi-static
fluid volume to be pumped into or out of the system to achieve the desired riding height
and roll angle was also derived. Finally, a vehicle model equipped with the proposed ISTS
demonstrated the feasibility of height and tilting control. Along with the more advanced
controller to be developed in the following chapters, the system has the great potential to
be used in narrow urban vehicles.
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Chapter 4

Integrated Suspension Tilting
System: Mechanism Design

The previous chapter introduced the ISTS with the widely-adopted vehicle roll plane model,
in which the suspension mechanism is ignored, and struts are supposed to move vertically
with respect to the cabin. This chapter proposes a proper suspension mechanism to work
with the ISTS. After examining various automobile suspension mechanisms, the candidate
mechanism is first identified to meet the compact packaging size requirements for urban
titling cars. The kinematic and dynamic properties of the vehicle under large suspension
travels during tilting are investigated. Different from the previous half-car model which
neglects the longitudinal wheel movements, the full vehicle model with suspension mecha-
nisms provides insights into the mechanism design for vehicle performances.

4.1 Challenges in Mechanism Design for NTV Appli-

cations

To understand the challenges in the suspension mechanism design, the requirements for
suspension travel to fulfill the tilting task should be identified at the first place. Since the
titling cars are expected to have the capability to perfectly balance the lateral acceleration
[10, 66] during cornering, as shown in Figure 4.1(a).

tan(φx) =
ay
g

(4.1)
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If the cabin is then virtually rotated back to the upright position as shown in Figure
4.1(b), the required wheel travel ∆z from their nominal position to generate the tilting
angle φx can be solved as,

tan(φx) =
2∆z

Tw0

(4.2)

Figure 4.1: Suspension Travel and Tilting Angle

The relationship between the wheel travel and the acceleration balancing capacity of
the vehicle can be derived by combining Eq.(4.1) and (4.2), as,

∆z =
ay
g

Tw0

2
(4.3)

For an urban cornering scenario, assume the target vehicle is designed to perfectly
balance itself during cornering at the speed of u = 15km/h with a turning radius R = 30m,
the steady-state lateral acceleration can be calculated as ay = u2/R = 0.58g. Substitute
this value into Eq.(4.3) leads to the required tilting capability as φx = 30◦ and ∆z =
0.29m. Since the road excitation can introduce extra wheel bump motions, a more practical
requirement for the suspension mechanism design is to allow a vertical wheel displacement
of ∆z = 0.35m from their nominal position.

Conventional suspension mechanisms are not designed to meet such specifications, and
for narrow urban vehicle applications, the desired mechanism also have to remain compact
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to leave enough spaces for passengers and cargo. After identifying the candidate mech-
anisms with the packaging size constraints, the suspension kinematics under large wheel
bump motions will be analyzed in detail.

4.2 Suspension Mechanism for NTVs

This section starts examining proper suspension mechanisms for NTVs with the require-
ments on the system compactness in addition to the large suspension travel for tilting.

The independent suspensions that can generate pure translational motions are first
examined. Sliding pillar suspension [67] was one of the solutions, which could realize the
required suspension travel in a compact manner. However, the bending moment and the
resulting friction forces in the guidance rail made the manufacturing and maintenance
of such a mechanism very difficult. There are also linear mechanisms discussed in the
literature [68, 69, 70], which generate pure bump motion, but their drawbacks are the
system complexity (which requires 6 to 8 linkages), and size.

Apart from the mechanisms which generate a purely translational motion in the vertical
direction, the auto industry has widely adopted the wishbone-type and trailing-arm-type
mechanisms, which allows the unsprung mass to move laterally or longitudinally as it
bumps. Such mechanisms are much easier to be manufactured and maintained. The
multi-link [71] and double wishbone [72] mechanism, as examples of the wishbone-type
mechanisms, provide a better motion control at the cost of a complex structure. More
importantly, the lateral space required to generate the desired suspension stroke does not
fit in the limited lateral footprint of narrow vehicles. Trailing arm mechanism [67] seems
to provide a right balance between simplicity and performance. The structure is simple,
cost-effective, and easy to maintain compared to the above-mentioned mechanisms which
makes it quite suitable for narrow vehicle applications. Apart from that, the mechanism
only sits on the side of the narrow cabin which leaves more space for passengers and cargo.
The proposed ISTS can be mounted as the suspension strut connecting the trailing-arm
and the chassis.

The difficulty that could hinder the successful application of the trailing-arm mechanism
on NTVs is the longitudinal wheel movement during tilting. This effect has not been
well studied in conventional vehicles due to the small magnitudes of wheel longitudinal
movements on non-tilting vehicles. For example, the widely-adopted roll plane analysis as
shown in Figure 4.1 does not consider the wheel motion in the longitudinal plane.

A schematic drawing in Figure 4.2 illustrates the longitudinal wheel travel with a
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trailing-arm structure. The relationship between the longitudinal movement ∆x and ver-
tical movement of the wheel ∆z can be written as,

∆x = LArm −
√
LArm

2 −∆z2 (4.4)

where, LArm is the length of the trailing arm.

Figure 4.2: Longitudinal Movement of the Wheel

Several candidate lengths of the trailing arm are chosen to visualize Eq.(4.4) in Figure
4.2. The vertical line in red indicates the demand for vertical wheel movement as calculated
in Section 4.1. A short arm (e.g., LArm = 0.3m) is incapable of generating the required
suspension stoke, while a long arm (e.g., LArm = 0.8m) is restricted by the structural stiff-
ness and the vehicle wheelbase. According to Figure 4.2, a rough estimation of longitudinal
wheel movement is found to be around 0.10− 0.25m.

Conventional automobile suspension mechanisms will hardly see such longitudinal wheel
movements. Their impact on tilting vehicle performances will be analyzed in the next sec-
tion. The analytical results could be used towards the design of a trailing-arm mechanism
for tilting vehicle applications.
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4.3 Tilting Vehicles with Wheelbase Variation

4.3.1 Roll Angle Analysis

As illustrated in Figure 4.1, the asynchronous motion of the wheels can generate the
vehicle tilting motion. However, the previous analysis does not consider the character of
the suspension mechanism. More concretely, the longitudinal wheel movements shown in
Figure 4.2 as a consequence of wheel bump motion is ignored. In this section, a three-
dimensional vehicle model with suspension kinematics is adopted for tilting analysis.

A tadpole-configured NTV with the trailing arm mechanism is shown in Figure 4.3.
The idea demonstrated in Figure 4.1 is applied in this section for the three-dimensional roll
kinematics analysis. Instead of analyzing the vehicle in a tilted position as Figure 4.1(a),
it would be much easier to visualize the wheel movement with an upright cabin as shown
in Figure 4.1(b). The ground plane is then defined by the three contact points on wheels.
By comparing the normal direction of the contact plane and that of the horizontal ground
plane, the vehicle rotation as a consequence of wheel movement can then be analyzed.

Figure 4.3: Kinematic Analysis of the Trailing Arm Mechanism
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The global coordinate system OXY Z is fixed to the ground with OZ axis points up-
ward. The un-tilted pose of the vehicle can be defined with OXZ plane be the symmetrical
plane of the vehicle; OX axis points at the forward direction; OZ axis goes through the
vehicle center of gravity (CoG) and points upward. As described, the cabin pose remains
unchanged during the kinematic analysis; however, the wheels can move from their nomi-
nal position to generate the tilting. The contact points are assumed at the bottom of the
wheels. Points A, B, C denote the nominal contact points for the front-left, front-right,
and rear wheel, while A′, B′, C ′ denotes their new positions after the wheel movement.
The normal directions of the contact planes are denoted as n̂1 and n̂2 accordingly.

The position vectors of the nominal contact points in the global OXY Z system can be
written as,

−→
OA =

[
a +Tw0

2
0
]T

−−→
OB =

[
a −Tw0

2
0
]T

−→
OC =

[
−b 0 0

]T (4.5)

Since all contact points are located on the ground plane at their nominal position, the
normal direction n̂1 is,

n̂1 =
[

0 0 1
]T

(4.6)

For a general tilting scenario, ∆z1 and ∆z2 are applied respectively as the vertical
displacements of the two front wheels. Since the wheels are constrained by the trailing
arm mechanism, no lateral displacement is produced, but both wheels move ∆x1 and ∆x2

respectively in the longitudinal direction. The global position vectors of the new contact
points are written as,

−−→
OA′ =

−→
OA+

[
∆x1 0 ∆z1

]T
−−→
OB′ =

−−→
OB +

[
∆x2 0 ∆z2

]T
−−→
OC ′ =

−→
OC

(4.7)

The normal direction of the new contact plane A′B′C ′ as shown in Figure 4.3 can be
represented as,
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n̂2 =

−−→
C ′B′ ×

−−→
C ′A′

−−−→
|C ′B′|

−−−→
|C ′A′|

=
1√

n2
21 + n2

22 + n2
23

 n21

n22

n23

 (4.8)

where, n21, n22, n23 are the vector components of the cross product
−−→
C ′B′ ×

−−→
C ′A′ :

n21 = −Tw0

2
(∆z1 + ∆z2)

n22 = − (a+ b+ ∆x2) ∆z1 + (a+ b+ ∆x1) ∆z2

n23 = Tw0

2
(2a+ 2b+ ∆x1 + ∆x2)

(4.9)

The vehicle rotation φ, as demonstrated in Figure 4.1, is nothing but the angle between
normal vectors of the contact planes, which can be solved by referring Eq.(4.6) and (4.8):

φ = arccos (n̂1 · n̂2) = arctan

(√
n2

21 + n2
22

n2
23

)
(4.10)

The instantaneous rotation axis êr is determined by the cross product of the normal
vectors:

êr = n̂2 × n̂1 =
1√

n2
21 + n2

22 + n2
23

 n22

−n21

0

 (4.11)

It is shown in Eq.(4.11) that the rotation axis has zero component in the global coor-
dinate system, which indicates no yaw motion can be generated by arbitrary movement of
trailing arms. The projected rotation on the OX and OY axis can be interpreted as the
tilting motion and pitch motion respectively. To eliminate the undesired pitch, the term
n21 in Eq.(4.11) has to be zero. From Eq.(4.9), this leads to,

∆z1 + ∆z2 = 0 (4.12)

The condition shown in Eq.(4.12) suggests that to generate a pure tilting motion with-
out pitch, the two wheels should move in reversed directions but of the same magnitude
(asynchronous mode), just as shown in the 2D roll plane model in Figure 4.1. This also
agrees with the intuition that any synchronous wheel movements will change the cabin
height at the front axle and finally generate pitch motion of the vehicle.
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Substituting Eq.(4.9) into (4.10), the tilting angle φ can be written as:

φ = arctan


√√√√(Tw0

2

)2
(∆z1 + ∆z2)2 + ((a+ b) (∆z2 −∆z1) + ∆x1∆z2 −∆x2∆z1)2(

Tw0

2

)2
(2a+ 2b+ ∆x1 + ∆x2)2


(4.13)

If the pure tilting condition derived in Eq.(4.12) is considered, the tilting angle as a
particular case of Eq.(4.13) is solved by:

φx = φ|
∆z1 = +∆z
∆z2 = −∆z

= arctan

(
2∆z

Tw0

)
(4.14)

Under a pure-tilting condition, as suggested by Eq.(4.2) and (4.14), the longitudinal
movement of the wheels will not affect the tilting angle. Its value is the same as the one
calculated by using the 2D roll plane model, which neglects the longitudinal movement
of the wheels. However, once the no-pitch condition Eq.(4.12) does not hold, it has been
demonstrated that both tilting and pitch angle will be produced, and the general rotation
angle should be solved from Eq.(4.13). Under those circumstances, both longitudinal and
vertical movement of the wheels can affect the final tilting angle.

4.3.2 Rollover Index Analysis

Apart from changing the tilting angle of the vehicle, the longitudinal movements of the
wheels also affect the normal force distributions due to the contact patch movements, which
might degrade vehicle roll stability. In this section, the rollover index [73] as the stability
measure is adopted to analyze the impact of wheel movements on vehicle rollover stability.
The model for force analyze of a tadpole NTV is illustrated in Figure 4.4. The vehicle is
placed in the quasi-static position with a tilting angle φx and is assumed to be experiencing
positive longitudinal and lateral accelerations, with the inertia forces applied at CoG. To
balance the positive lateral acceleration, the vehicle needs to tilt to the left, so the left
wheel will be lifted while the right wheel should be lowered down as discussed.
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Figure 4.4: Force Analysis of the Vehicle in Tilting Motion

Using D’Alembert’s principle, the force balance equation considering tilting and longi-
tudinal wheel movements can be written as:


Fz1 + Fz2 + Fz3 = mg

mgh0 sin (φx) +mayh0 cos (φx) + (Fz1 − Fz2) Tw
2

= 0

maxh0 cos (φx) + Fz1 (a+ ∆x1) + Fz2 (a+ ∆x2)− Fz3 (b) = 0

(4.15)

The normal force on each tire in steady-state can then be solved from Eq.(4.15), as:


Fz1 = b

2l
mg − mh

2l
ax − l0+∆x2

l
mh
Tw0

aynb

Fz2 = b
2l
mg − mh

2l
ax + l0+∆x1

l
mh
Tw0

aynb

Fz3 = a+(∆x1+∆x2)/2
l

mg + mh
l
ax − ∆x1−∆x2

l
mh
Tw0

aynb

(4.16)

where,
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l is the wheelbase considering the longitudinal movement of the wheels, as:

l = l0 +
∆x1 + ∆x2

2
(4.17)

aynb is the unbalanced lateral acceleration by subtracting the gravity balanced terms:

aynb = ay cos (φx) + gsin (φx) (4.18)

It is confirmed in Eq.(4.16) that the normal force on each tire can be affected by lateral
and longitudinal accelerations, as well as wheel movements. The effects of ax and ay on
normal force changes are referred to as longitudinal and lateral load transfer, respectively
[8]. When either of the normal forces at the front axle reaches zero, it indicates the rollover
danger. Rollover index [8, 74] is adopted as a measure of the roll stability of the vehicle.
By considering the solved normal force expressions in Eq.(4.16), the rollover index (RI) for
a tadpole NTV with longitudinal wheel moves can be written as,

RI
∆
=
Fz1 − Fz2
Fz1 + Fz2

=
(∆x1 + ∆x2)/2 + l0
−(∆x1 −∆x2)/2 + p

(4.19)

where p is the parameter defined as:

p =
1

2

ax
g
h− b

aynb
g

h
Tw0

(4.20)

Compared with the definition of classical rollover index, the derived RI explicitly con-
siders the effect of longitudinal wheel movements on vehicle roll stability. The classical
rollover index expression can be treated as a special case of the derived form as shown in
Eq.(4.19) with ∆x1 = ∆x2 = 0.

By observing Eq.(4.18) and (4.20), for a vehicle that does not over-lean [74]:

sign (p) = −sign(ay) (4.21)

4.3.3 Preferred Longitudinal Wheel Motion

It can be seen from Eq.(4.19) that both the synchronous and asynchronous longitudinal
motion of the wheels can affect the vehicle roll stability. For a vehicle about to rollover,
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the absolute value of the rollover index is close to one. A practical bound of the parameter
p for non-tipping vehicles is |p| ≥ l0. Since magnitudes of wheel longitudinal movements
(∆x1, ∆x2) should be less than the nominal wheelbase l0, the signs of the nominator and
denominator for the rollover index in Eq.(4.19) are determined as,{

sign ((∆x1 + ∆x2)/2 + l0) = sign (l0) > 0

sign (−(∆x1 −∆x2)/2 + p) = sign (p) = −sign(ay)
(4.22)

By the above observation of the general rollover index expression with wheel longitudi-
nal movements, a necessary condition for ∆x1 and ∆x2 to improve the vehicle roll stability
by minimizing the magnitude of Eq.(4.19), is,{

∆x1 + ∆x2 ≤ 0

sign(ay) (∆x1 −∆x2) ≥ 0
(4.23)

Since ay always points towards the inner bend of the curve, if the front two wheels are
denoted as inner and outer wheels respectively, Eq.(4.23) can be simplified as,{

∆xin + ∆xout ≤ 0

∆xin −∆xout ≥ 0
⇔

{
∆xout ≤ 0

|∆xin| ≤ −∆xout
(4.24)

where, ∆xin and ∆xout denotes the wheel longitudinal movement on inner- and outer- side
respectively.

This necessary condition is also visualized in Figure 4.5. In order to realize the preferred
wheel longitudinal movement and improve the rollover stability during tilting, the outer-
wheel is expected to move backward, while the inner-wheel is free to move in both forward
and backward directions, with the magnitude bounded by that of the outer wheel.
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Figure 4.5: Preferred Wheel Longitudinal Motion for Vehicle Roll Stability Improvement

4.4 Design Example

From the kinematic and dynamic analysis in the previous section, it has been shown that
longitudinal displacements of the trailing arm mechanism can be beneficial to vehicle roll
stability, if the suspension arm is properly designed. This section demonstrates a design
example by utilizing the previous analytical results.

A schematic drawing of the mechanism at the nominal position is shown in Figure 4.6.
Point D represents the hinge of the trailing arm on the chassis and is chosen as the origin
of the local coordinate system for the mechanism design. The wheel is connected to the
trailing arm at Point G. Point E and F are the mounting points of the actuator on chassis
and arm respectively. All angles are measured in counter-clockwise directions. Since the
mechanism has only one degree of freedom, the generalized coordinate is chosen as the
actuator length lEF , and the resultant rotation of the arm is denoted as ϕ.
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Figure 4.6: Schematic Drawing of the Trailing Arm Mechanism

The design variables of the above mechanism are identified as:
1. lEF0 - the initial length of the actuator at the nominal position;
2. lED - the distance between the mounting point E and D on chassis;
3. lFD - the distance between the actuation point F and the hinge point D;
4. lGD - the distance between wheel connection point G and the hinge point D;
5. γ0 - the initial angle of Line FD with respect to the horizontal direction;
6. β0 - the initial angle of Line GD with respect to the horizontal direction.

From the geometry shown in Figure 4.6, the actuator length change can be solved as:

∆l = lEF − lEF0 =

√
lED

2 + lFD
2 − 2lEDlFDcos (α0 − ϕ)− lEF0 (4.25)

where, α0 is the angle between line ED and FD as shown at the nominal position:

cos (α0) =
lED

2 + lFD
2 − lEF0

2

2lEDlFD
(4.26)

The wheel center movement in the vertical direction can be solved as:

∆z = zG − zG0 = lGD sin (β0 + ϕ)− lGD sin β0 (4.27)

where, zG0 is the nominal vertical position of wheel center.

Combining Eq.(4.25) and (4.27), the relationship between vertical wheel displacement
and actuator length change can be written as:
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∆z = lGD cos (β0) sin
(
α0 − arccos lED

2+lFD
2−(∆l+lEF0)2

2lEDlFD

)
+

+ lGD sin (β0)
[
cos
(
α0 − arccos lED

2+lFD
2−(∆l+lEF0)2

2lEDlFD

)
− 1
] (4.28)

According to the desired tilting capability, the required wheel travel ∆zreq can be solved
from Eq.(4.14). Denote the wheel center positions under the limiting conditions as zmax
and zmin: {

zmax = zG0 + ∆zreq

zmin = zG0 −∆zreq

(4.29)

By adopting the monotonic relationship between ∆l and ϕ during the working range,
the actuator length changes at limiting positions are solved from Eq.(4.25) as:

 ∆lmax = ∆l|ϕ=ϕmin
=
√
lED

2 + lFD
2 − 2lEDlFD cos (α0 − ϕmin)− lEF0

∆lmin = ∆l|ϕ=ϕmax
=
√
lED

2 + lFD
2 − 2lEDlFD cos (α0 − ϕmax)− lEF0

(4.30)

where ϕmin, ϕmax are also solved by the monotonic relationship between ∆l and ϕ from
Eq.(4.27):  ϕmax = ϕ|z=zmax

= arcsin
(

+∆zreq
lGD

+ sinβ0

)
− β0

ϕmin = ϕ|z=zmin
= arcsin

(
−∆zreq

lGD
+ sinβ0

)
− β0

(4.31)

Since the motion of the wheel center is constrained by the trailing arm, the coordinate
xG is solved by:

xG =
√
l2GD − z2

G (4.32)

The inner wheel is lifted while the outer one is lowered during cornering. The longi-
tudinal displacements of the inner and outer wheels can be calculated by using Eq.(4.32),
as:
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 ∆xin =
√
l2GD − (zG0 + ∆z)2 −

√
l2GD − z2

G0

∆xout =
√
l2GD − (zG0 −∆z)2 −

√
l2GD − z2

G0

(4.33)

To form the optimization problem, the following constraints are considered:

1. A necessary condition for longitudinal wheel movement to be constructive is that
the Eq.(4.24) should be satisfied. By substituting Eq.(4.33) into (4.24) this leads to,

β0 ≤ 0 (4.34)

2. The mechanism should allow the wheel to travel vertically in both directions to
generate the desired tilting angle. At upper limits, Point F should avoid in line with ED
to circumvent the dead point; while at the lower limit position, Point G is expected to be
in the right half of the XZ plane.

ϕmax < α0 (4.35)

ϕmin + β0 > −
π

2
(4.36)

3. To make the system compact in the longitudinal direction, Point E is desired to be in
the right half of the XZ plane. For compactness in the lateral direction, the actuator and
the trailing-arm are expected to sit in the same plane to leave more space for the cabin.
To achieve this without interference, Point F should be placed above Line DG.

β0 ≤ γ0 ≤
π

2
− α0 (4.37)

4. The suspension ratio, which is defined as vertical wheel displacement ∆z over actu-
ator length increment ∆l, is specified at the nominal working position as,

Kdes − εK ≤ lim
∆l→0

∆z

∆l
≤ Kdes + εK (4.38)

where, Kdes is the desired suspension ratio [75]; εK is the tolerance for the ratio.

5. The stroke length of the actuator is limited by its minimum length, as,
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lEFmax − lEFmin ≤ lEFmin + εL (4.39)

where, lEFmax, lEFmin are the maximum and minimum length of the actuator which can
be solved from Eq.(4.30); εL is the required minimum length to assemble the actuator.

6. To avoid interference between the cabin and the ground during tilting, it requires,

zmax ≤ RW − εH (4.40)

where, RW is the radius of the wheel; εH is the height clearance.

7. The lower and upper bounds of the design variables are considered:

lED, lFD, lGD ∈ [100, 650] , lEF0 ∈ [300, 600]

γ0 ∈ [−90◦, 90◦] , β0 ∈ [−90◦, 0◦]
(4.41)

The following optimization targets are considered,

1. The length of the actuator, as well as the trailing arm, should be minimized to
reduce the system weight as well as improving the stiffness of the whole structure,

J1 = max(lFD, lGD) + lEF0 (4.42)

2. Although the suspension ratio around the nominal working point is formulated as
a constraint, it is still desired that, over the whole actuator stroke, the specified ratio is
maintained in a linear fashion, as,

J2 =

∆lmax∫
∆lmin

(∆z −Kdes∆l) dl (4.43)

According to the above description of the design variables, constraints, and the cost
functions, the optimal design problem can be formulated as,

min
v

: J (v) = wJ1 (v) + J2 (v)

s.t. fi (v) ≤ 0

v = [lEF0, lED, lFD, lGD, γ0, β0]T
(4.44)
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where, w is the weighting factor; J1 (v) and J2 (v) are the cost functions defined in Eq.(4.42)
and (4.43) respectively; fi (v) are the constraints given in Eq.(4.34)-(4.41).

The initial values for design variables and parameters are chosen as Table 4.1.

Parameter Description Value Unit

Kdes Desired suspension ratio 3.33 −
RW Wheel Radius 300 mm
εK Suspension ratio tolerance 0.15 −
εL Minimum actuator length for assembly 80 mm
εH Height clearance 100 mm
w Weighing factor 100 −

Table 4.1: Parameters for the Trailing Arm Mechanism

The interior-point method implemented in Matlab is adopted for solving the optimiza-
tion problem Eq.(4.44). The tolerance is set to be 1e-6, and the package returns the optimal
solution listed in Table 4.2 after 30 iterations.

Design Variable Initial Value Optimized Value Unit

lEF0 380 403 mm
lED 300 153 mm
lFD 500 368 mm
lGD 600 502 mm
γ0 50 -9.6 deg
β0 -10 -17.4 deg

Table 4.2: Design Variables for the for the Trailing Arm Mechanism

The designed mechanism with the vehicle frame is shown in Figure 4.7. It can be seen
that, due to the adoption of the trailing arm structure, much of the space in the front
trunk of the vehicle is saved for cargo and vehicle equipment. The vehicle in tilting mode
is also illustrated with the trailing arm mechanism in Figure 4.8.
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Figure 4.7: Designed NTV in Nominal Position

Figure 4.8: Designed NTV in Tilting Mode

4.5 Vehicle Simulation

To confirm the vehicle roll stability is not impaired by the trailing arm design, a tilt-
ing three-wheeled vehicle is simulated by using the MapleCar [76] toolbox developed in
MapleSim. The topology of the multi-body model of the full tilting vehicle is shown in
Figure 4.9. Two suspension mechanisms are considered for this comparison. One is the
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designed trailing-arm structure (Figure 4.9(a)), and the other is the sliding pillar mech-
anism (Figure 4.9(b)) with the same nominal track width. The trailing-arm mechanism
is expected to demonstrate the preferred wheel movement pattern as specified during the
optimization, while the sliding pillar one is known to generate pure vertical suspension
movement without introducing any longitudinal wheel movements.

All bodies in the model are assumed to be rigid, and the motorcycle Magic Formula tire
model [63] is adopted. The chassis of the vehicle has 6 degrees of freedom with respect to
the inertial system. The rear wheel is steerable and can spin relative to the chassis frame.
The front suspension with the sliding pillar mechanism is modeled using two translational
joints which can only move in the vertical direction, while the rotational angle of the trailing
arm mechanism is determined by changing the length of the actuator. Steering and driving
torques are applied so that the vehicle maintains the desired speed 15m/s while entering
a curve of 60m radius from a straight lane.

The vehicle rollover index performance under the same tilting angle but implemented
by different suspension mechanisms are shown in Figure 4.10. For the desired traveling
speed on the given circular track, the lateral acceleration in steady-state can be estimated,
and the tilting angle to eliminate the lateral load transfer can be calculated using Eq.(4.2)
as around 21.3 degrees. If the desired angle is successfully tracked, there will be no lateral
load transfer, and the rollover index will remain zero for any suspension mechanism de-
signs. However, if that cannot be achieved due to either tilting angle limitations or energy
consumption concerns, the benefits of the suggested design can be demonstrated. In Figure
4.10(a), the vehicle is only tilting for 10 degrees. It can be seen that the magnitude of the
rollover index is reduced using the proposed trailing-arm design. The same trend is shown
in Figure 4.10(b) when the applied tilting angle is 20 degrees. However, as the vehicle
is approaching the ideal angle with zero load transfer, there are less unbalanced lateral
accelerations. As a consequence, the proposed mechanism is not as effective as before for
roll stability enhancement.

The sliding pillar mechanism is chosen in this comparison because it is a fair represen-
tation of the widely-adopted vehicle roll model. The proposed trailing arm mechanism, by
properly utilizing the longitudinal movement of the wheels as a by-product of the vertical
suspension movement, is shown to improve the vehicle roll stability even further. This,
along with other benefits of adopting the trailing-arm mechanism, makes the proposed
system well suited for narrow tilting vehicles.
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Figure 4.9: Topology of the Multi-body Dynamics Models for Tilting Three-wheelers
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Figure 4.10: Rollover Index with Sliding Pillar and Trailing Arm Mechanisms

4.6 Conclusions

This chapter studied the suspension mechanism for implementing the suggested ISTS on
NTVs. The trailing arm mechanism, through comparison with other suspension mecha-
nisms for its compactness and the simplicity to produce the tilting motion, was identified
to be promising. The tilting vehicle characteristics by adopting the trailing arm mechanism
were studied in detail. The effect of longitudinal wheel movement on roll kinematics and
dynamics was investigated, and a preferred pattern of wheel longitudinal motion was pro-
posed to improve the roll stability of the vehicle. A trailing-arm mechanism was designed
for the target tilting vehicle by utilizing this effect while considering other practical con-
straints. A multi-body simulation of the proposed system showed that, if designed properly,
the longitudinal wheel motion could be used to further reduce the vehicle rollover index
while cornering.

56



Chapter 5

Envelope-based Vehicle Stability
Control for Tilting Vehicles

This chapter presents the controller design for the proposed tilting vehicle. The vehicle roll
model is first developed, followed by the derivation for lateral load transfer (LTR) which is
adopted as the measure of vehicle rollover tendency in this research. Safe roll envelope is
then suggested based on the LTR index. Instead of tracking the desired roll angle calculated
from zero LTR index in steady state, a more energy-efficient way is to activate the tilting
actuator only when the vehicle states are leaving the safe envelope. Non-minimum phase
nature of the active tilting control is revealed, and the MPC controller is suggested for the
envelope control of the vehicle roll motion.

An integrated controller considering both the lateral and roll motion is then proposed.
The stability requirements are formed as an integrated envelope control problem in both
directions. The re-configurable approach is adopted in the controller derivation, which pro-
vides the freedom to select various actuator combinations for the system without redesign-
ing the controller. The control effort, thanks to the integrated formulation of handling
and roll dynamics, are then optimally distributed to corresponding actuators to ensure the
feasibility as well as system robustness.

As an extension to the proposed integrated envelope controller, tilting actuator dynam-
ics is considered using the ISTS as an example. The hybrid model combing the mechanical
and hydraulic dynamics is derived and adopted in the model predictive controller. It is
shown in CarSim results that, with the proposed control approach, tilting control effort is
reduced and the vehicle handling, as well as stability in both lateral and roll motions, can
be improved.

57



5.1 Challenges in Controller Design for NTV Appli-

cations

The primary challenge in control of vehicles with tilting capabilities is determining how to
systematically integrate the tilting actuators with other control efforts. Previous work for
integrated vehicle control on conventional vehicles either ignore the roll dynamics [30, 31,
31] or separately control the roll dynamics from the lateral and longitudinal ones [25, 77].
The literature for the tilting vehicle control [21, 22, 23] suggests incorporating the steering
actuators for roll stability control using STC/SDTC methods. Vehicle roll dynamics control
via active steering is shown to be effective especially at high speeds. However, its impact
on vehicle lateral stability and handling are not systematically considered. The suggested
control structure in this chapter considers vehicle roll dynamics along with lateral ones
in an integrated fashion, and optimally distributes the control efforts by considering the
constraints systematically. Tilting effort can be reduced, benefiting from this integrated
approach compared with the separated roll controller design, and the lateral stability can
also be maintained within the safe envelope.

Apart from the control integration, the energy consumption is also regarded as a priority
issue. The original idea is to build compact and energy efficient cars for urban commuter
use. The active safety control is not expected to consume too much energy. Compared with
the conventional tilting control algorithms which try to perfectly balance the vehicle all the
time, the envelope-based roll stability control is proposed. The vehicle with track width by
nature can resist unbalanced lateral accelerations without causing rollover problems. The
envelope control based on rollover index threshold is thus proposed to tilt the vehicle in
an energy-efficient manner.

The third issue to be addressed is the non-minimum phase problem in active tilting
control. Applying the tilting moment can deteriorate the rollover index in transient, which
could be a potential issue of the proposed envelope approach. To address this, the controller
with the predictive feature (MPC) is adopted. The prediction can be used to detect the
possible envelope violation at an early stage to start applying the rollover mitigation control
and quantify the rollover index overshoot if it is unavoidable.

Another challenge in designing the controller for tilting cars is their various wheel and
actuator configurations, as shown in Table 2.1. A properly designed controller for one
specific configuration might not work for others. To address this, a re-configurable control
approach is demonstrated with the proposed MPC controller. The suggested framework
not only improves flexibility of the control system but also makes it more robust against
actuator failure since the control effort can be optimally redistributed online to react to
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the failures.

5.2 Roll Motion Control with Envelope-based Approach

The roll motion control is crucial to tilting vehicles. A proper control strategy which
efficiently tilts the vehicle while maintains the roll stability is studied in this section. Rather
than tracking roll angle or rollover index to be zero, the suggested envelope approach only
activates the tilting control when the rollover index reaches pre-defined thresholds.

This section starts with the derivation of the vehicle roll model and the rollover index
as a measure of the rollover tendency. The concept of roll envelope control is then proposed
based on the rollover index, and different implementations of the envelope constraints are
discussed. The non-minimum phase problem with tilting control is also investigated with
the vehicle roll model. An MPC controller is then developed to demonstrate its potential
for tilting vehicle control.

5.2.1 Vehicle Roll Model and Rollover Index

The vehicle roll model adopted in this section is illustrated in Figure 5.1. The sprung mass
(ms) is assumed to roll with regard to the un-sprung mass (mu) at the roll center (RC). The
suspension is modeled as an equivalent rotational spring (Kφ) and damper (Cφ). The lateral
acceleration (ay) is treated as a measurable disturbance, and the tilting actuator generates
the roll moment (Tx) between the sprung and un-sprung mass for rollover mitigation.
The normal forces at left and right side wheels are denoted as (Fzl, Fzr), and lateral tire
forces as (Fyl, Fyr). Geometrical parameters like sprung mass CoG to roll center distance
(hs), un-sprung mass center height (hu), roll center height (hrc), and track width (Tw) are
illustrated in the figure.
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Figure 5.1: Vehicle Roll Model with the Solid Axle

The roll dynamics equation can then be written as,

φ̈ =
1

Ix
Tx −

mshs cos (φ)

mIx
ay −

Kφφ−msghs sin(φ)

Ix
− Cφ
Ix
φ̇ (5.1)

By defining the roll rate and roll angle as the states ([Xr =
[
φ̇ φ

]T
), tilting moment

as the control input (Ur = [Tx]), and maneuver induced lateral acceleration as disturbance
(Wr = [ay]), the roll dynamics under the small angle assumption can be written in the
state space form as:

Ẋr = ArXr +BrUr + ErWr (5.2)

where,

Ar =

[
−Cφ

Ix

msghs−Kφ
Ix

1 0

]
, Br =

[
1
Ix

0

]
, Er =

[
−mshs

Ix

0

]
(5.3)
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For the rollover mitigation control, the lateral load transfer (LTR) [78, 73] ratio is
widely adopted as the evaluation metric for rollover tendency, especially for the transient
behavior. The vehicle rollover is defined as a situation when one of the wheels lifts off the
ground. In other words, it happens when the vertical force of one of the wheels reaches
zero. By definition, LTR can be written by vertical tire forces as,

LTR
∆
=
Fzl − Fzr
Fzl + Fzr

(5.4)

Since it is no easy to directly measure the vertical tire forces, it is desired to rewrite
the LTR in terms of measurable parameters and states, especially for the design of rollover
mitigation controllers [79, 80]. Adopting the vehicle roll model in Eq.(5.1) and taking the
roll moment around the midpoint of the contact points on the left and right tires gives,

Fzl − Fzr =
2

Tw

(
Ixφ̈+muhuay +msh

′
say −msghsφ

)
(5.5)

where, h′s = hs + hrc is the CoG height of the sprung mass.

Substituting the roll dynamics Eq.(5.1) into (5.5), and considering the sum of the tire
forces equals to gravity (FZL + FZR = (ms +mu) g) , the LTR index can be written as:

LTR
∆
=
Fzl − Fzr
Fzl + Fzr

=
2

Tw (ms +mu) g

(
Ixφ̈+muhuay +msh

′
say −msghsφ

)
(5.6)

Or equivalently, in state-space form as:

LTR = CrXr +DrUr + FrWr (5.7)

where,

Cr =
[

−2Cφ
(ms+mu)gTw

−2Kφ
(ms+mu)gTw

]
Dr = 2

(ms+mu)gTw
, Fr = 2(mshrc+muhu)

(ms+mu)gTw

(5.8)
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5.2.2 Roll Envelope

The rollover is a major threat to vehicle operational safety, especially for cars with small
track width and high center of gravity. On dry roads with high friction coefficients, the
rollover can happen before skidding. Under those circumstances, either of the vertical tire
force reaches zero or equivalently, the LTR index reaches ±1 [73]. Thus, it is desired to
avoid these situations by keeping the rollover index to smaller values. However, previous
studies for tilting vehicle control [10, 1, 78] attempt to regulate LTR by treating the tilting
vehicle as a motorcycle with zero track width, and the tilting controller tries to balance
the centrifugal force through active tilting all the time during the operation.

This seems to be unnecessary, as the existence of the vehicle track width can help to
endure some unbalanced lateral accelerations as illustrated in Figure 5.2. In that sense, the
tilting strategy which tries to eliminate the lateral load transfer might be too conservative.
Frequent activation of the tilting control system consumes too much energy and conflicts
with the original idea to build energy-efficient compact vehicles.

By accepting the rollover index is not necessarily kept at zero but only needs to be
bounded within a safe envelope defined by the threshold RIlim, the tilting actuator can be
inactive when the vehicle is driven with moderate maneuvers at lower speeds. For harsh
maneuvers, the tilting effort can also be reduced since the target is not to perfectly balance
the vehicle but only to bring the system back to the predefined safe envelope. Much control
effort can be saved when the vehicle is within the safe threshold (RIlim) as demonstrated
in [81], which improves the energy efficiency of the vehicle.
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Figure 5.2: Vehicle Model with Zero and Non-zero Track Width

Steady-State Roll Envelope

The first attempt to adopt the desired roll envelope is through re-design of the reference
tilting angle. Based on the described roll control envelope, the desired tilting angle can be
written as,

φdes =

{
mTw

2mshs
sign (ay)RIlim − mh0

mshsg
ay |ay| ≥ a∗y

φpassive otherwise
(5.9)

where, RIlim is the desired rollover index threshold; the lateral acceleration threshold a∗y
to activate the tilting control is solved as,

a∗y =
mTw

2mshs

(
mshs

Kφ−msghs
+ mh0

msghs

)RIlim (5.10)

It should be mentioned that by assuming a zero vehicle track width (Tw = 0), or setting
the desired rollover index to be zero (RIlim = 0), the proposed tilting angle reduces to the
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form of the conventional approach (φdes ≈ −ay/g). The general expression given in Eq.(5.9)
also considers the sprung and un-sprung mass distribution, which can be different for full
tilting and partial tilting vehicles as shown in Table 2.1. Equation (5.10) also reveals that,
smaller track-width, as well as a lower rollover index threshold, could activate the tilting
control at an earlier stage.

A major benefit of the proposed envelope approach for rollover index based control
is the energy saving on tilting control efforts. To demonstrate that, the resultant tilting
torque under a quasi-static process can be determined using the inverse roll dynamics from
Eq.(5.1) as,

Txq =

{
Kφφ−msghs sin(φ)−msayhs cos (φ) |ay| ≥ a∗y

0 otherwise
(5.11)

By combining Eq.(5.9)-(5.11), the energy consumption on tilting actuators (Jtilt) to
achieve the desired roll stability can be calculated. Figure 5.3 illustrates the desired tilting
angle and energy consumption for various rollover index thresholds. It can be seen that
the energy consumption increases quadratically as the increase of the lateral acceleration.
The energy saving with a higher threshold is majorly due to the delayed activation, which
applies control efforts only under more severe disturbances. The figure also shows that,
under severe driving scenarios, maintaining a zero rollover index could be challenging. The
suspension mechanism, as well as the actuator, needs to be properly designed to allow the
excessive roll motion.

The energy consumption as a result of the suggested roll envelope approach is very
dependent on the driving style. Adopting Eq.(3.28) which describes the steady-state lateral
acceleration as a function of steering angle and vehicle speed, the desired tilting angle shown
in Eq.(5.9) can be represented as a mapping dependent solely on vehicle longitudinal speed,
steering angle, and the rollover index threshold. The contour of the desired roll angle with
different RIlim thresholds is visualized in Figure 5.4.
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Figure 5.3: Desired Tilting Angle and Energy Consumption under a Quasi-static Process

The lighter color in the figure denotes smaller tilting angles, while the white area
represents the scenarios where the rollover index is below the threshold, and no active
tilting control is required. As the increase of the rollover index threshold, the area needs
no tilting control grows quickly; while the dark area, which denotes the situations with
maximum tilting angles, shrinks to the upper right corner. Compared with the conservative
case when the desired rollover index is zero (Figure 5.4a), and tilting actuators are activated
all the time, the tilting control based on the proposed envelope strategy (Figure 5.4b-d) is
only expected to deal with rollover tendency at higher speeds with harsher maneuvers.

Although a higher threshold value helps to improve the energy efficiency, determination
of a proper threshold also needs to consider conflicting factors like safety margin, riding
comfort, and driving sensations. The existing tilting approaches which track zero rollover
index react almost continuously to drivers maneuvers; however, the proposed envelope
approach will introduce an elongated delay as shown in Figure 5.3 on top of the existing
delays caused by signal processing and actuator dynamics [12, 41]. A lower threshold
setting leaves a responsive impression due to the frequent activation of the tilting; while
higher threshold setting generates a more calm and sluggish feeling, since the vehicle will
tilt less frequently and the magnitude of the tilting angle will be smaller. However, all
tuning for the threshold need to be validated by driving simulators [82] or real tests to
achieve a balanced solution. Drivers might also be allowed to adjust the settings from the
dashboard to meet their specific driving style and the fuel economy preferences.
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Figure 5.4: Contour Plot of Desired Tilting Angles with Various Rollover Thresholds
(lighter color denotes smaller angles)
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Roll Envelope as Constraints

The previous section demonstrates the possibility of implementing the threshold of roll
envelope as steady-state tilting angles. The desired tilting angle in the form of Eq.(5.9)
is a generalized expression considering the desired rollover index threshold as a tunable
parameter. By tracking the desired tilting angle, the design compromise between energy
consumption and safety margin improvement can be made [81].

However, since the desired angles are derived under the steady-state assumptions, the
transient behavior is not captured. To improve the roll control performances, a direct
control against the rollover index is desired.

With the LTR index written in the form of Eq.(5.7), the prediction of rollover tendency
is possible with available roll states estimations [83]. Furthermore, with given tilting mo-
ment inputs (Ur) and measured disturbances (Wr), the rollover index can be represented
as a linear combination of roll states (Xr). If plotted in the roll phase plane (φ − φ̇), the
contour of LTR indices is a set of sloped lines determined by the suspension properties.

Two sets of roll-index boundaries ( ±RIlim and ±1 ) are illustrated in Figure 5.5.
The sloped dash-dot lines stand for the desired rollover index boundary for roll safety
(RIlim = 0.5), while the dash lines represent the hard bound for the rollover situation
(RIlim = 1.0). To form a closed envelope, the roll rate limit for actuator restrictions is also
considered, which is illustrated as horizontal lines in the figure. Compared with roll control
approaches which track either zero roll angle (y-axis in the phase plane) or zero rollover
index (the contour line with (RIlim = 0.0) ), the envelope approach saves the control effort
by only maintaining the roll states within the envelope area to achieve the required level
of stability.

The equilibrium point for the roll dynamics can be solved from Eq.(5.2) as,

φss =
−mshsay + Tx
Kφ −msghs

(5.12)

When there are no lateral disturbance or control torques, the passive system should
converge to the origin with various initial states located on the rollover index boundaries,
as shown in Figure 5.5a. However, as the lateral acceleration increases, the equilibrium
point will move along the horizontal axis which makes the vehicle less stable as shown in
Figure 5.5b. Some trajectories cross the boundary for rollover index thresholds, with their
initial states located on it.
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(a) without disturbance (Ay=0) (b) with disturbance (Ay=0.5g)

Figure 5.5: Open Loop Vehicle Phase Portrait in Roll Plane

It should also be noted that, the static equilibrium point shown in Eq.(5.12) might not
be a good measure to determine whether to activate the roll control. As can be seen in
Figure 5.5b, although the static equilibrium point stays within the desired envelope, there
might be transient dynamics causing the states to leave the envelope. In that sense, the
model-based method which predicts the development of the rollover index during run-time
and activates the envelope control accordingly is a preferable approach.

Denoting the desired threshold for rollover index and roll rate as RIlim and φ̇lim, the
safe roll envelope defined above can be written as a constraint as,

MroX
(k)
r +NroU

(k)
r ≤ Lro (5.13)

where,

Mro =


+Cr
−Cr[

+1 0
][

−1 0
]
 , Nro =


+Dr

−Dr

O2×1

O2×1

Lro =


RIlim

RIlim

φ̇lim

φ̇lim

−


+Fr
−Fr

0
0

W (k)
r (5.14)
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5.2.3 Active Tilting as a Non-minimum Phase Control System

When the disturbance is big enough that even the static equilibrium point falls outside
the boundary, active control for rollover mitigation has to be applied. One approach is
to decrease the lateral acceleration at the cost of vehicle trajectory change and handling
performance degradation which will be examined in the lateral section using the integrated
vehicle control approach. In this section, the focus is to solely use tilting moment for roll
envelope control.

As shown in Eq.(5.7), the rollover index is dependent on the tilting moment as a control
input. The algebraic relationship indicates an instant shift of rollover index boundary when
the tilting moment is applied. This could cause problems as demonstrated below.

(a) without tilting torque (b) with tilting torque

Figure 5.6: Effects of Tilting Torque on the Roll Envelope

The uncontrolled roll dynamics under a high lateral acceleration is shown in Figure
5.6a. Two sets of boundaries for the rollover index ( ±RIlim and ±1 ) are plotted. Initial
states (denoted by dots) on the rollover index boundary converges to the equilibrium point
which locates outside of the safe envelope. Some transient dynamics even cross the hard
boundary which indicates a direct rollover.

As a comparison, the dynamics with a constant tilting torque is illustrated in Figure
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5.6b. Starting with the same initial states, the new state trajectories in blue are now con-
verging to the inner side of the original boundary compared with uncontrolled trajectories
in black. However, this does not guarantee better roll stability due to the boundary shift
with the applied torque. The new rollover index boundaries are plotted in pink. Since the
roll states transition takes time, at the instant when the torque is applied, the LTR index
gets even worse.

Combining Eq.(5.2) and (5.7), the transfer function from tilting moment to rollover
index is written as,

H (s) = Cr(sI − Ar)−1Br +Dr

=
2(Ixs2−mshsg)

(ms+mu)Twg(Ixs2+Cφs+Kφ−mshsg)

(5.15)

The zeros of the above transfer function can be solved as:

s = ±
√
mshsg/Ix (5.16)

which indicates there always exists an RHS zero. This is known as the non-minimum
phase system [84] and could cause troubles for the roll envelope control. There exists
a fundamental limitation between response time and system overshoot according to [85].
Higher tilting moment helps to change the roll dynamics quicker at the cost of more severe
rollover index overshoot. From a physical perspective, this can be explained by referring
to the force analysis in Figure 5.1, as,

1. To balance the lateral acceleration (ay) with gravity, a clockwise roll angle in steady
state is desired;

2. The tilting torque applied to the sprung mass needs to be in the clockwise direction,
so as the roll acceleration;

3. Treating the sprung and un-sprung mass as a whole, tilting moment as an internal
force does not change the load distribution directly, but the inertia moment due to the roll
acceleration makes the LTR index worse;

4. The fundamental limitation exists between the desired steady state roll angle and
the roll acceleration to achieve that angle.

This transient overshoot should be bounded to ensure it does not cause a direct rollover
when the tilting torque is applied, and a quick reaction time is also desired for rollover
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mitigation. To address this, an optimal controller based on the vehicle roll model is pro-
posed to compromise between these conflicting targets. The prediction capability in the
controller is considered quite beneficial, since it can foresee the arriving of the envelope
violation and applies the tilting moment at an early stage to minimize the overshoot. The
fact that lateral control can help the rollover index without such negative transient effects
also indicates that systematically integrate the handling stability with roll motion con-
trol can be promising, which leads to the idea of integrated vehicle stability control to be
discussed later.

5.2.4 Implementation of the Roll Envelope Control using MPC

To apply the above-mentioned safe envelope as state constraints in the controller design,
the model predictive control approach is adopted due to its straightforward implementation
of the constraints regarding the states and inputs in the form of Eq.(5.13). The predictive
feature of the controller also enables it to foresee the violation of the envelope and react
at an early stage.

As shown in Section 5.2.3, the non-minimum phase phenomenon in active tilting control
can pose a problem for the strict formulation of the rollover index constraint. A hard
constraint formulation can limit the use of tilting actuator since it always comes with the
side-effect of worse rollover index in transient. However, if such overshoot can be bounded
and only exists during the transient, perturbation of the states outside of the boundary
allows the system to react more quickly for emergency conditions [86]. The slack variable
is thus introduced to formulate a softened constraint by allowing constraint violations but
minimizing them in the cost function. For later discussions on MPC formulation, the
following format for the slack variables is adopted,

min
U,S

: J =
N∑
k=1

∥∥S(k)
∥∥Q
p

s.t. : X(k+1) = AX(k) +BU (k) + EW (0)

MX(k) +NU (k) ≤ L+ S(k)

S(k) ≥ 0

(5.17)

where, ‖ · ‖Qp denotes the norm-p of slack variables weighted by matrix Q.

The cost of the slack variable should be minimized to avoid constraint violation in both
the magnitude as well as the duration, which are competing objectives for non-minimum
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phase systems as described. The norm captures the worst-case constraint violation but does
not enforce the minimization of the violation time. It is also reported to have non-intuitive
parameter tuning issues as well as poor closed-loop performance [87]. The l∞ norm is
chosen for the slack variables for this research. Compared with the l1 norm which linearly
penalizes the constraint violation, the l2 norm better captures the demand to maintain the
vehicle away from the hard boundary for vehicle rollover conditions (RI = ±1). It should
be mentioned that the adoption of l1 or l2 norm increases the computational burden, but
it has been shown to be real-time tractable [88] with the current hardware limitations.

To study the feasibility of the MPC controller for the roll envelope control, the vehicle
roll model derived in Sec 5.2.1 is first examined. The control objective is to maintain the
vehicle within the safe boundary for roll stability as well as minimizing the control effort.
The control objectives can be written using the envelope approach as the following optimal
receding horizon control problem:

min
Ur,Sro

: J =
N∑
k=1

∥∥∥U (k)
r

∥∥∥Rro
2

+
N∑
k=1

∥∥∥S(k)
ro

∥∥∥Qro
2

s.t. : X
(k+1)
r = ArdX

(k)
r +BrdU

(k)
r + ErdW

(0)
r

MroX
(k) +NroU

(k) ≤ Lro + S
(k)
ro

0 ≤ S
(k)
ro ≤ Sro,max∣∣∣U (k)

r

∣∣∣ ≤ Umax∣∣∣U (k)
r − U (k−1)

r

∣∣∣ ≤ Uslew,max

(5.18)

where, S
(k)
ro ∈ R4 denotes slack variables for the roll envelope at the k− th prediction step.

The disturbance is assumed to remain unchanged during the control horizon as W (0). The
total cost to be minimized is the l2 norm of the control effort and slack variables, which
are weighted by Rro and Qro respectively.

The non-minimum-phase issue discussed in Sec.5.2.3 affects the choice of the prediction
horizon. To demonstrate this, the vehicle rollover index response under a step input of
tilting torque is shown below.
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Figure 5.7: Step Response of Rollover Index with Tilting Torque Input

It can be seen from Figure 5.7 that, the rollover index gets worse instantly as the torque
is applied, and no improvement on rollover index is seen till T0. If the prediction horizon
is not long enough, the optimizer can be fooled to abandon the use of tilting moment or
even apply it in the reverse direction before the ultimate improvement on rollover index
shows up in steady state. In such cases, as commented by [84], patience is a virtue. By
properly tuning the prediction horizon to correctly foresee systems longer-term reactions,
the model predictive controller is shown to work for the tilting control.

A ramp acceleration disturbance of 0.5g is applied to the system, the desired RI
threshold is set to be 0.5, and the results from MPC with various prediction horizon
settings are shown in Figure 5.8. If the horizon is chosen to be as small as 0.5 sec
(N = 10, ∆T = 50ms), the calculated tilting moment is shown to have the wrong sign
and end up with even worse rollover index of the controlled plant. The optimized solutions
start to converge after prediction horizon reaches 1sec. For computational efficiency, a
prediction horizon of 1sec is adopted for the control implementations in remaining sections
for the target vehicle.
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Figure 5.8: Roll Envelope Control with Different Prediction Horizons

It should also be noted that, the rollover index overshoot is still noticeable as shown
in Figure 5.8 using the tilting actuator only. To further improve the vehicle roll stability
during the transient, the lateral stability control effort should be incorporated, and an
integrated approach will be examined in the next section.

5.3 Integrated Envelope Control for Tilting Vehicles

The previous section demonstrates the use of tilting actuators for rollover envelope control
based on the model predictive approach. With the properly tuned MPC controller, the
rollover danger of the vehicle can be lowered to the desired level. However, due to the
non-minimum phase nature of the tilting system, the transient performance, when looking
at the rollover index, still has rooms for improvement. A possible way to alleviate the
non-minimum-phase problem is to use alternative actuators especially those for lateral
control.

To implement that, a vehicle model incorporating the lateral dynamics with a general
re-configurable approach is adopted. Based on the derived model, an integrated vehicle
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controller with various actuator configurations is demonstrated using the proposed envelope
control scheme for both lateral and roll stability. The controller performance, as well as
robustness, is shown to be further improved with the proposed integrated approach.

5.3.1 Vehicle Modelling

The double track vehicle handling model for lateral dynamics is adopted due to its gener-
ality. The schematic drawing is shown in Figure 5.9. It should be noted that three-wheeled
vehicle configurations can be handled by setting the track width at the front or rear axle
to be zero.

Figure 5.9: Double Track Vehicle Handling Model

The net tire forces in lateral and yaw directions are considered, which gives,

v̇ = 1
m
Fy − ur

ṙ = 1
Iz
Mz

(5.19)
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where, m is the total mass of the vehicle; Iz is the vehicles yaw inertia; u, v and r are
vehicle longitudinal, lateral speeds and yaw rate; the generalized external forces acting on
the vehicle are denoted as Fy, and Mz respectively.

Generalized forces Fy and Mz on the right-hand side of Eq.(5.19) are dependent on
the tire forces at each corner. To cover various wheel configurations, especially the three-
wheelers which are common in urban tilting vehicles, a general parameter for track width
Twj (j = left/right/center) and axle to CoG distance ai (i = front/rear) are introduced.
The generalized CoG forces can be calculated from individual longitudinal and lateral tire
forces as,

Fy =
∑
i,j

(Fxijsin (δij) + Fyijcos (δij))

Mz =
∑
i,j

Mzij =
∑
i,j

(
Twj

2
(Fxij cos (δij)− Fyijsin (δij))

+ai (Fxijsin (δij) + Fyijcos (δij))

) (5.20)

where, Fxij and Fyij are longitudinal and lateral forces at each tire. δij denotes the steering
angle on each wheel. Twj and ai are based on the vehicle configuration, as:

Twj =


+Tw j = right

0 j = center
−Tw j = left

(5.21)

ai =

{
a i = front
−b i = rear

(5.22)

The force produced by pneumatic tires has been studied both theoretically and exper-
imentally [63]. In general, the longitudinal and lateral tire forces can be written as,

Fxij = fx (αij, Sij, Fzij, γij)

Fyij = fy (αij, Sij, Fzij, γij)
(5.23)

where, αij, Sij, Fzij, γij represent the side slip angle, the slip ratio, the normal force and
the camber angle for each wheel ij respectively.

The side slip and camber angles are calculated by,

αij = δij −
v + air

u
(5.24)
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γij = Kγiφ (5.25)

where, Kγi is the camber-by-roll coefficient. For wheels assembled on the tilting parts of
the vehicle, Kγi is equal to 1. This enables tilting vehicles to generate extra lateral force
like a motorcycle for handling improvement.

For control practice, instead of adopting the tire force in nonlinear form as shown in
Eq.(5.23), it is common practice to use the linearized representation of the tire force model.
More specifically, the longitudinal force for the tire ij is assumed proportional to the driven
or braking torque for small slip ratio, and the longitudinal tire force can be represented as:

Fxij =
Qij

Rwij

(5.26)

where, Rwij is the effective rolling radius of the wheels, Qij is the torque applied on each
wheel.

The nonlinear lateral force model is also approximated with an affine tire model. The
lateral forces are linearized at the operation points of side-slip and camber angle by holding
the zeroth and first-order terms of the Taylor expansion [39, 89]. Denote the lateral tire
force, cornering and camber stiffness of tire ij at the operating point as F̄yij, C̃αi, and C̃γi
respectively, the affine tire model can be expressed as,

Fyij = F̄yij + C̃αij (αij − ᾱij) + C̃γij (γij − γ̄ij) (5.27)

The maximum longitudinal and lateral tire forces are dependent on the normal force
and the road friction condition, and for the combined slip situations, they also need to be
constrained by the friction ellipse as,

(
Fxij

Fxijmax

)2

+

(
Fyij

Fyijmax

)2

≤ 1 (5.28)

where,

Fxijmax = µxFzij

Fyijmax = µyFzij
(5.29)

with µx, µy be the longitudinal and lateral friction coefficient respectively.
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Combining Eq.(5.19) with the roll dynamics shown in Eq.(5.1), the equation for the
full vehicle system can be written in state-space form as:

Ẋ = AX +BRU + EW +G (5.30)

where, X =
[
v r φ̇ φ

]T
; U =

[
δcfl δcfr δcrl δcrr Qcfl Qcfr Qcrl Qcrr Tx

]T
;

W = δd; R = diag
([

Rδfl Rδfr Rδrl Rδrr RQfl RQfr RQrl RQrr RTx

])
is the con-

figuration matrix composed of boolean operators to denote the availability of each actuator
[24, 80]. The system matrices are:

A =



−
∑
i,j
C̃aij

(ms+mu)·u

−
∑
i,j
aiC̃aij

(ms+mu)·u − u 0

∑
i,j
KγiC̃γij

ms+mu

−a(C̃afl+C̃afr)+b(C̃arl+C̃arr)
Iz ·u

−
∑
i,j
a2i C̃aij

Iz ·u 0

∑
i,j
aiKγiC̃γij

Iz

−
mshs

∑
i,j
C̃aij

(ms+mu)·u·Ix

−mshs
∑
i,j
aiC̃aij

(ms+mu)·u·Ix −Cφ
Ix

mshs
∑
i,j
KγiC̃γij

(ms+mu)·Ix +
msghs−Kφ

Ix

0 0 1 0



B =


C̃afl

ms+mu

C̃afr
ms+mu

C̃arl
ms+mu

C̃arr
ms+mu

0 0 0 0 0

aC̃afl
Iz

aC̃afr
Iz

− bC̃arl
Iz

− bC̃arr
Iz

−1
2

Tw
RwflIz

1
2

Tw
RwfrIz

−1
2

Tw
RwrlIz

1
2

Tw
RwrrIz

0

mshsC̃afl
(ms+mu)·Ix

mshsC̃afr
(ms+mu)·Ix

mshsC̃arl
(ms+Mu)·Ix

mshsC̃arr
(ms+mu)·Ix 0 0 0 0 1

Ix

0 0 0 0 0 0 0 0 0



E =



C̃afl+C̃afr
ms+mu

a(C̃afl+C̃afr)
Iz

mshs(C̃afl+C̃afr)
(ms+mu)·Ix

0

 , G =



∑
i,j

(F̄yij−C̃αij ᾱij−C̃γij γ̄ij)

ms+mu∑
i,j
ai(F̄yij−C̃αij ᾱij−C̃γij γ̄ij)

Iz

mshs
∑
i,j

(F̄yij−C̃αij ᾱij−C̃γij γ̄ij)

(ms+mu)Iz

0


(5.31)

5.3.2 Integrated Stability Envelope

The stability envelope for roll motion control has been proposed and implemented in Sec-
tion 5.2. To incorporate the lateral stability, the stable handling envelope proposed by
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researchers [90, 91] is adopted. The thresholds for yaw rate (rmax) and the tire slip angle
at rear wheels (αr,sat) are used to define the boundary at each discretized control step k,

MshX
(k) ≤ Lsh (5.32)

where,

Msh =


+1 −b/u
−1 +b/u
0 +1
0 −1

O4×2

 , Lsh =


αr,sat
αr,sat
rmax

rmax

 (5.33)

Since the constraint is dependent only on vehicle states of lateral speed v and yaw rate
r. The handling envelope can be visualized in the phase plane as the boundaries shown
in Figure 5.10a. The horizontal boundaries stand for the yaw rate limit, and the sloped
lines represent the constraint for rear tire slip angle. For a less harsh maneuver shown in
blue, the state trajectory stays within the handling envelope, and no control intervention
is required, while for a harsher maneuver shown in red, the trajectory leaves the safe
envelope. In that case, active safety control needs to be applied once the system foresees
the approaching of envelope violations.

By combining the handling envelope with the proposed roll envelope, an integrated
envelope approach is suggested, which defines the state constraints for both lateral and roll
motions, as shown in the Figure 5.10. Compared with the conventional tracking approach
for stability control, the proposed integrated-envelope-based controller applies the control
effort only when the predicted vehicle states are leaving the safe envelopes, which reduce
the control intervention while still maintain the desired level of stability.
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(a) Handling envelope (b) Roll envelope

Figure 5.10: Effects of Tilting Torque on the Roll Envelope

5.3.3 MPC Formulation

The previously suggested integrated lateral and roll envelope control can be written as an
optimal receding horizon control problem:

min
U,Sro,Ssh

: J = 1
2

N∑
k=1

∥∥U (k)
∥∥RU

2
+ 1

2

N∑
k=1

∥∥r(k) − rdes
∥∥RX

2
+ ...

1
2

N∑
k=1

∥∥∥S(k)
ro

∥∥∥Qro
2

+ 1
2

N∑
k=1

∥∥∥S(k)
sh

∥∥∥Qsh
2

s.t. : X(k+1) = AdX
(k) +BdU

(k) + EdW
(0)

MshX
(k) ≤ Lsh + S

(k)
sh

S
(k)
sh ≥ 0

MroX
(k) +NroU

(k) ≤ Lro + S
(k)
ro

0 ≤ S
(k)
ro ≤ Sro,max∣∣U (k)
∣∣ ≤ Umax∣∣U (k) − U (k−1)

∣∣ ≤ Uslew,max

(5.34)
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where, Ad, Bd and Ed are discretized system matrices. S
(k)
sh ∈ R4 and S

(k)
ro ∈ R4 denotes

handling and roll envelope slack variables at the k − th prediction step. The disturbance
is assumed to remain unchanged during the control horizon as W (0). The total cost to be
minimized is composed of: the control effort, the yaw rate tracking error, and the slack
variable for the lateral and roll envelopes, which are weighted by RU , RX , Qro and Qsh

respectively.

Compared with the controller formulation for the roll model shown in Eq.(5.18), the
added cost terms are the yaw rate tracking errors for handling improvement and the norm
of the slack variables for stable handling weighted by Qsh.

The desired yaw rate [8], considering the road friction capacity, can be written as,

rdes = sign (δ) ·min

(∣∣∣∣ u

L+Kusu2
δ

∣∣∣∣ , µgu
)

(5.35)

where, µ denotes the road friction condition, which could be estimated by the algorithm
as suggested in [92, 93].

Using the batch formulation, the above objective function can be written in a quadratic
programming form, with the derivation shown below.

The state trajectory, by adopting the plant model, can be predicted as,

X̄ = SXX
(0) + SU0U

(0) + SW0W
(0) + SU Ū + SW W̄ (5.36)

where,
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X̄ =


X(1)

X(2)

...

...
X(N)

 , Ū =


U (1)

U (2)

...

...
U (N)

 , W̄ =


W (1)

W (2)

...

...
W (N)



SX =


A1
d

A2
d

...

...
ANd

 , SU0 =


B1
d

AdBd
...
...

AN−1
d Bd

 , SW0 =


E1
d

AdEd
...
...

AN−1
d Ed



SU =


O · · · · · · · · · O
Bd O · · · · · · O

AdBd Bd O · · · ...
...

...
. . . . . .

...
AN−2
d Bd AN−3

d Bd · · · Bd O



SW =


O · · · · · · · · · O
Ed O · · · · · · O

AdEd Ed O · · · ...
...

...
. . . . . .

...
AN−2
d Ed AN−3

d Ed · · · Ed O



(5.37)

The envelope constraints can also be written using the batch form. For example, the
roll envelope as,

MROX̄ +NROŪ ≤ LRO + S̄ro (5.38)

where,

MRO = BlockDiag
([

Mro Mro · · · · · · Mro

])
NRO = BlockDiag

([
Nro Nro · · · · · · Nro

])
LRO =

[
Lro Lro · · · · · · Lro

]T
S̄RO =

[
S

(1)
ro S

(2)
ro · · · · · · S

(N)
ro

]T (5.39)
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Combining Eq.(5.36) and (5.38) gives the design variables in the linear constraint form,

AROη ≤ bRO (5.40)

where,

η =
[
Ū S̄ro S̄sh

]T
ARO = BlockDiag

([
MROSU +NRO −I O

])
bRO = LRO −MRO

(
SXX

(0) + SU0U
(0) + SW0W

(0) + SW W̄
) (5.41)

Similarly, the handling envelope can be written as,

ASHη ≤ bSH (5.42)

with,

ASH = BlockDiag
([

MSHSU O −I
])

bSH = LSH −MSH

(
SXX

(0) + SU0U
(0) + SW0W

(0) + SW W̄
) (5.43)

Equation (5.40) and (5.42), along with the constraints on the design variables and
their slew rate, forms the linear constraint in the quadratic programming problem. The
objective function can be rewritten by considering Eq.(5.36) as,

J =
1

2
ηTHη + fη + Const. (5.44)

where,

H = BlockDiag
([ (

RU + STURXSU
)

Qro Qsh

])
f =

[ (
SXX

(0) + SU0U
(0) + SW0W

(0) + SW W̄ − X̄des

)T
RXSU O O

]T (5.45)

The quadratic programming can then be written in the form as,
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min
η

: J = 1
2
ηTHη + fη

s.t. :

[
ARO
ASH

]
η ≤

[
bRO
bSH

]
ηmin ≤ η ≤ ηmax∣∣η(k) − η(k−1)

∣∣ ≤ ηslew,max

(5.46)

5.3.4 Simulation Results

To evaluate the performance of the suggested controller, especially with the introduction of
the tilting actuators, simulation studies are implemented in CarSim, which is a well-known
simulation platform widely-used by automotive researchers. Conventional vehicles with
active suspensions or active anti-roll bars are considered to demonstrate the feasibility of
the proposed integrated envelope controller. Four-wheeled configuration is thus adopted
and the desired tilting moment is considered as the output of the upper-level controller for
a general case. A three-wheeler demonstration with the proposed ISTS actuator is shown
in the next section.

An SUV model with 15 mechanical degrees of freedom is adopted. The vehicle is
equipped with the trailing arm suspension, and its track width is intentionally reduced to
better demonstrate the tilting control performances [15]. A tire model based on look-up
tables is used, which considers the longitudinal force, lateral force, aligning moments and
overturning moments as functions of slip, load, and camber. The system diagram for the
simulation is shown in Figure 5.11, and the vehicle parameters are listed in Table 5.1.

To focus on the discussion of tilting control, the allocation on non-tilting forces is
simplified by assuming only active front steering (AFS) is available in the first two scenarios.
The benefit of the envelope control approach along with the integration of roll and lateral
stability control is demonstrated. The re-configurable model is then used to compare the
control performances with various actuator configurations. The robustness of the proposed
approach is also shown via the scenario considering the tilting actuator failure.
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Figure 5.11: Re-configurable Integrated Envelope Control

Symbol Parameter Description Value Unit

ms Sprung mass 1590 kg
m Vehicle mass 1830 kg
Ix Roll inertia 894.4 kg ·m2

Iz Yaw inertia 2687.1 kg ·m2

a Front axle to CoG distance 1.18 m
b Rear axle to CoG distance 1.77 m
hs CoG to roll center distance 0.72 m
hu Un-sprung mass CoG height 0.2 m
Tw Vehicle track width 1.2 m
Kφ Effective Roll Stiffness 81363 N ·m/rad
Cφ Effective Roll Damping 4432 N ·m/rad

Table 5.1: Parameters for the CarSim Vehicle Model
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Roll Envelope Control with Various Thresholds

To show the effectiveness of the envelope approach for roll stability control compared
with the conventional rollover index regulation, a ramp steering (δd = 3.8 deg) scenario is
simulated with the vehicle traveling at 60km/h. Weights on yaw rate tracking (Rx) are
intentionally set to be low to promote using active reverse steering for rollover prevention.
Different rollover index thresholds are adopted, and the results are shown in Figure 5.12.

Figure 5.12: Ramp Steer Maneuver with different RI Thresholds

For the uncontrolled baseline case, the rollover index can be as high as 0.8. All other
controlled case maintained the vehicle states within the stable handling envelope as well
as the roll stability envelope. Compared with the results using only the tilting actuator as
shown in Figure 5.8, the transient overshoot of the rollover index, in addition to the tilting
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effort, has been dramatically reduced by using the steering actuators.

Although the proposed controller can maintain the vehicle rollover index under various
thresholds, the control efforts to achieve the required level of stability are quite different.
This demonstrates the significance of the proposed integrated envelope approach for roll
stability control.

To maintain the rollover index around zero (RIlim = 0.0) during the whole operation
time, the tilting torque demand (Tx) is quite high compared with other two cases which
only regulates the roll motion when it is about to leave the pre-defined safe envelope. This
can also be verified by checking the roll angle (φ). The cabin rolls towards the outside
bend of the curve for the uncontrolled case, while the perfect balancing approach actively
tilts the cabin towards the reverse direction to use gravity for eliminating the lateral load
transfer. The proposed envelope approach, which accepts the tracked vehicle can endure
some lateral acceleration without rollover danger, only needs to reduce the roll angle to a
safe bound. This should alleviate the energy consumption for these narrow vehicles while
still maintain the vehicle roll stability.

It can also be seen from the active steering inputs (δc) that, to maintain the vehicle
under a smaller rollover index threshold, the active reverse steering needs to be activated
at an early stage along with more steady-state steering corrections. This can affect the
handling performance since the vehicle yaw rate (r) is altered to be less responsive to give
compromise to rollover stability.

Integrated Vehicle Control with Envelope Approach

In the previous scenario, it was shown that active steering is very effective in reducing the
vehicle rollover tendency at the cost of degraded handling performance. The integrated
control approach, by proper allotment of the control actions, is shown to coordinate dif-
ferent actuators to meet the conflicting objectives. The following simulations demonstrate
the vehicle performances with different turning maneuvers under the integrated control
framework.
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Figure 5.13: Performances under a Smooth Maneuver

The first case applies a smooth ramp steered wheel angle of 2deg/s at a speed of
60km/h, with the results shown in Figure 5.13. The roll stability envelope is defined
by the rollover index threshold of 0.6. It can be seen from the results that, since the
vehicle states are within the stability envelope, no tilting torque is applied, and the active
steering is used only for handling improvement by steering more aggressively to make the
vehicle more responsive. The difference (∆r) between the desired and measured yaw rate
is maintained at a low level.
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Figure 5.14: Performances under a Harsh Maneuver

As a comparison, a harsher ramp steering of 3.8deg is applied at the same speed with
the same roll envelope (RIlim = 0.6) as illustrated in Figure 5.14. The rollover index for the
uncontrolled vehicle is 0.8, and the roll envelope control will be activated at around 1.7sec.
Before activation of the envelope condition, the active steering acts as before for handling
improvement (same sign of δc and δd). However, once the predictive controller foresees the
violation of the rollover index threshold, the tilting torque (Tx) will be applied along with
the reverse steering (opposite sign of δc and δd) to give prior to rollover prevention. It is also
shown in the figure that, a higher weight (Rx) on handling improvement can successfully
reduce the yaw rate tracking error (∆r) and eliminate the use of reverse steering. As a
consequence of that, more tilting torque is required to maintain the vehicle within the safe
roll envelope at the steady-state. More severe overshoots of rollover index during transient
are expected.

Re-configurable Integrated Vehicle Control

In this scenario, the re-configurable feature of the suggested controller is demonstrated. The
ramp steering signal is applied to both front wheels at t = 1.0sec with vehicle longitudinal
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speed maintained at 60km/h. The following four actuator configurations are considered,

• Base - Four wheel torque vectoring, no roll control:
Rcase1 = diag

([
0 0 0 0 1 1 1 1 0

])
• AT+AFS - Front active steering + tilting:
Rcase2 = diag

([
1 1 0 0 0 0 0 0 0

])
• AT+TV Active tilting + four wheel torque vectoring:
Rcase3 = diag

([
0 0 0 0 1 1 1 1 1

])
• AT+AFS+TV - Front active steering + four wheel torque vectoring + Tilting:
Rcase4 = diag

([
1 1 0 0 1 1 1 1 1

])
Since the roll dynamics is very dependent on the lateral acceleration as the disturbance,

for a fair comparison, the vehicle equipped with torque vectoring (Case 1) for yaw rate
tracking is chosen as the baseline for the scenario. The active steering applied to the front
two tires are assumed to be of the same magnitude and the tilting moment is distributed to
the two axles proportionally to their roll stiffness. The desired rollover threshold is chosen
as 0.5 for to demonstrate the tracking performance for the roll control. Results are shown
in Figure 5.15. It can be seen that, compared with base case when no rollover control is
applied, all other configurations can mitigate the rollover danger by decreasing the rollover
index from more than 0.8 down to the desired threshold 0.5.

Compared with Case 2 (AT+AFS), which has been demonstrated in the last session for
integrated stability control, the Case 3 (AT+TV) is shown to offer similar performances by
replacing active steering actuators with torque vectoring ones. This extends the existing
STC or SDTC controller designs for tilting vehicles by incorporating more generalized lat-
eral control approaches. When all actuators (AT+AFS+TV) are available, much smoother
performance can be obtained. More reverse steering are applied to ease the tilting, while
the desired yaw rate is still maintained by the torque vectoring as shown in the figure.
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Figure 5.15: Various Actuator Configurations with the Integrated Envelope Control
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Robustness to Tilting Actuator Failure

To demonstrate the robustness of the proposed controller, especially under the situation of
tilting actuator failure, the vehicle with control configuration in Case 4 (i.e., AT+AFS+TV)
from the last session is adopted, and actuator failure is injected into the simulation model
by enforcing the tilting moment output to be zero. The failure is triggered at t = 4s and is
expected to be captured by the fault-diagnostic system, and the re-configurable structure
of the proposed controller can be updated in the form of,

Rcase4 = diag
([

1 1 0 0 1 1 1 1 RTx(t)
])

where, RTx(t) is the diagnosis of the actuator health condition which can be determined
by algorithms suggested in [38, 39, 1].

The torque vectoring case with no roll motion control is chosen as the baseline. Under
the fishhook maneuver with a travelling speed of 60km/h, the vehicle is approaching its
tipping limit. The rollover tendency can be greatly reduced with the suggested integrated
control when all actuators are working properly.

After the triggering of the tilting actuator fault, the suggested controller can be re-
constructed due to the re-configurable approach. The steering control will be more active
after tilting actuator failure. The torque vectoring will also compromise between rollover
mitigation and yaw rate tracking. As a consequence of this redistribution, the vehicle will
behave more under-steer compared with the normal case, but the rollover index of the
vehicle is successfully reduced to the pre-defined threshold, which gives driver enough time
to handle the situation.
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Figure 5.16: Integrated Envelope Control with Actuator Failure
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5.4 Integrated Envelope Control for Tilting Vehicles

with ISTS

The previous section demonstrates the performance of the integrated envelope controller.
For generality, a vehicle roll model with the solid axle is adopted, and the output of the
controller is the desired tilting moment which can be implemented on active/semi-active
suspension actuators. In this section, a detailed ISTS model is adopted for a three-wheeled
NTV to demonstrate the extension of the proposed general approach to incorporate specific
actuator designs. The feasibility of the ISTS for NTV is further studied.

5.4.1 Vehicle Modelling with ISTS

The solid axle roll model derived in Section 5.2.1 is widely adopted for rollover studies
of conventional vehicles. However, the lumped rotational spring-damper-actuator model
restricts its application for detailed suspension components studies, like the ISTS proposed
in this thesis. The vehicle roll model with independent suspensions is thus derived in this
section first, as shown in Figure 5.17.

Figure 5.17: Vehicle Roll Model with Independent Suspensions
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The vehicle unsprung mass is no longer treated as one single-piece but divided into
two, both of which allow the independent bump motion. The DOFs to be considered are:
sprung mass bump (zs) and roll (φ), and unsprung mass bump at both left (zul) and right
sides (zur). The road excitations are considered as disturbance inputs (zrl, zrr) applied
to unsprung mass though vertical tire stiffness (kt). To simplify the final equation for
the integrated ISTS, the vertical displacements of the connection points at left (zsl) and
right strut (zsr) are chosen as the states, which can be written as a linear transformation
of sprung mass bump (zs) and roll (φ) under the small angle assumption as shown in
Eq.(3.11).

The dynamics equations can be written as,

msz̈s = Fsl + Fsr −msg

muz̈ul = Fzl − Fsl −mug

muz̈ur = Fzr − Fsr −mug

Ixφ̈ = (Fsl − Fsr)Tw2 +msayh+msghφ

(5.47)

where, Ix denotes the roll moment of inertia; h is the CoG height; Fsl and Fsr stand for
the suspension strut forces (e.g., output forces of the ISTS as shown in Chapter 3); Fzl and
Fzr are the vertical tire forces calculated by,

Fzi = Kt (Zri − Zui) i = l, r (5.48)

where, Kt is the vertical stiffness of the tire.

The dynamic equations of the mechanical system can be derived by combining lateral
(Eq.(5.19)) and roll dynamics (Eq.(5.47)). With the active front steering (AFS) as an
additional control input for active safety improvement, the state-space equation can then
be written as,

˙Xme = AmeXme +BmeUme + EmeW +Gme +HmeUhf (5.49)

where the states, inputs, and disturbances are defined as,

Xme =
[
v r żsl żsr zsl zsr żul żur zul zur

]T
W =

[
δd zrl zrr

]T
, Ume = δc, Uhf =

[
Fsl Fsr

]T (5.50)
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The system matrices are,

Ame =


A1 O4×2 A2

O2×2 I2×2 O2×2
O6×4

O4×6
O2×2 − Kt

mu
· I2×2

I2×2 O2×2


Bme =

[
B1 O6×1

]T
, Eme =

[
BT

1 O4×2

O6×1 ET
1

]
Gme =

[
f1 f2 f3 f4 0 0 −g −g 0 0

]T
Hme =

[
O2×2 G1 O2×2

−1
mu
· I2×2 O2×2

]T
(5.51)

with,

A1 =



−2(C̃αf+C̃αr)
u(ms+2mu)

−2(aC̃αf−bC̃αr)
u(ms+2mu)

− u

−2(aC̃αf−bC̃αr)
u·Iz −2(a2C̃αf+b2C̃αr)

u·Iz

−(C̃αf+C̃αr)
u(ms+2mu)

mshTw
Ix

(−aC̃αf+bC̃αr)
u(ms+2mu)

mshTw
Ix

(−aC̃αf+bC̃αr)
u(ms+2mu)

mshTw
Ix

−(C̃αf+C̃αr)
u(ms+2mu)

mshTw
Ix


,

A2 =



2(C̃γfKγf+C̃γrKγr)
(ms+2mu)Tw

−2(C̃γfKγf+C̃γrKγr)
(ms+2mu)Tw

2(aC̃γfKγf−bC̃γrKγr)
IzTw

−2(aC̃γfKγf−bC̃γrKγr)
IzTw

msh(C̃γfKγf+C̃γrKγr)
(ms+2mu)Ix

+ msgh
2Ix

−msh(C̃γfKγf+C̃γrKγr)
(ms+2mu)Ix

− msgh
2Ix

−msh(C̃γfKγf+C̃γrKγr)
(ms+2mu)Ix

− msgh
2Ix

msh(C̃γfKγf+C̃γrKγr)
(ms+2mu)Ix

+ msgh
2Ix


B1 =

[
2C̃αf

ms+2mu

2C̃αfα

Iz

msC̃αfhTw
(ms+2mu)Ix

− msC̃αfhTw
(ms+2mu)Ix

]
E1 =

[
O2×2

Kt
mu
· I2×2 O2×2

]
, G1 =

[
1
ms

+ 1
4
T 2
w

Ix
1
ms
− 1

4
T 2
w

Ix

1
ms
− 1

4
T 2
w

Ix
1
ms

+ 1
4
T 2
w

Ix

]
f1 =

2(F̄yf−C̃αf ᾱf−C̃γf γ̄f)+2(F̄yr−C̃αrᾱr−C̃γr γ̄r)
ms+2mu

f2 =
2a(F̄yf−C̃αf ᾱf−C̃γf γ̄f)−2b(F̄yr−C̃αrᾱr−C̃γr γ̄r)

Iz

f3 = 1
2
mshTw
Ix

f1 − g, f4 = −1
2
mshTw
Ix

f1 − g

(5.52)
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To incorporate the actuator dynamics, the ISTS equations derived in Chapter 3 are
then incorporated with the above mechanical system equations to form a hybrid model.
The augmented states and control inputs are considered as,

X =

 Xme

QPL

QPR

 , U =

 Ume
qPL
qPR

 (5.53)

The state-space representation of the mechanical system (Eq.(5.49)) can then be re-
written as,

Ẋ = ÃmeX + B̃meUme + ẼmeW + G̃me + H̃meUhf (5.54)

where, (∗̃)me denotes the augmented system matrices.

The ISTS strut forces Eq.(3.8) can be rewritten with the new states definition as,

Uhf = AhyX +BhyU + Fhy (5.55)

where,

Ahy =
[
O2×2 Ads As −Ads −As Ap

]
Bhy =

[
0 (rh + ro)AU −ALro
0 −ALro (rh + ro)AU

]
, Fhy =

[
(AU − AL)Pa
(AU − AL)Pa

]
(5.56)

Substituting Eq.(5.55) into (5.54), the mechanical-hydraulic model can be written as,

Ẋ = AX +BU + EW + F (5.57)

where,

A = Ãme + H̃meAhy, B = B̃me + H̃meBhy,

E = Ẽme, F = F̃me + H̃meFhy
(5.58)
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5.4.2 Stability Envelope for Independent Suspensions

LTR for Models with Independent Suspensions

Due to the adoption of the ISTS model which considers the un-sprung mass at each corner,
the tire force can be written as the states (Zui) and disturbances (Zri). By substituting
Eq.(5.48) into Eq.(5.4), the rollover index can be derived as,

LTR =
Zrl − Zrr − Zul + Zur
Zrl + Zrr − Zul − Zur

(5.59)

For the use of the LTR index in control purposes, the above expression for LTR index
is linearized around the nominal position at,

Zrl0 = Zrl0 = 0, Zul0 = Zur0 = −1

2

(ms + 2mu) g

Kt

(5.60)

The rollover index in the linearized form can then be written as,

LTR = CX +GW (5.61)

where,

C =
[
O1×8

−Kt
(ms+2mu)g

Kt
(ms+2mu)g

O1×2

]
G =

[
0 Kt

(ms+2mu)g
−Kt

(ms+2mu)g

] (5.62)

It should be noted that, with the proposed ISTS, the suspension strut displacement
and force can be measured. Road disturbance information is assumed to be available via
estimation based on acceleration measurements [94, 95], and latest advancements in vision
and LIDAR sensors [96, 97]. Particularly, when road disturbances are zero (Zrl = Zrr = 0),
the model reduces to the one for un-tripped rollover studies on the flat road.

State Constraints on Independent Suspensions Model

Adopting the rollover index derived in linear form in Eq.(5.61), the safe region for rollover
index threshold can be visualized as a band in the Zul−Zur plane as shown in Figure 5.18.
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More specifically, at each discretized control step k, it can be represented as a constraint
in linear form as,

MroX
(k)
r ≤ Lro (5.63)

where,

Mro =

[
O4×2

O2×6 M1

M2 O2×6
O4×2

]
, Lro =


RIlim

RIlim

φ̇lim

φ̇lim

−


G
−G
O3×1

O3×1

W (k)

M1 = Kt
(Ms+2Mu)g

[
−1 1
1 −1

]
,M2 = 1

Tw

[
1 −1
−1 1

] (5.64)

(a) Handling envelope (b) Roll envelope

Figure 5.18: Integrated Stability Envelope with Independent Suspensions

It should be mentioned that leaving the pre-defined boundary does not mean the vehicle
will roll over instantly. Instead, according to the LTR definition, vehicle rollover is defined
as the situation when the rollover index reaches ±1. The LTR reserve between the defined
thresholds to the true rollover condition can be utilized to achieve a quicker system reaction
considering the non-minimum phase issue in active tilting control.
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5.4.3 MPC Formulation

Using the previously proposed integrated envelope control approach, the receding horizon
optimal control problem can be similarly implemented as shown in the Eq.(5.34). The
system matrices are substituted with the ones derived in Eq.(5.57), which considers the
actuator model of the ISTS. The state constraints for the roll envelope is also replaced
with the ones derived in Eq.(5.53).

Due to the incorporation of actuator dynamics, the discrete prediction step-size needs
to be adjusted accordingly. For the proposed ISTS on the target vehicle, a step-size bigger
than 0.002s is found to cause system divergence. This imposes a computational challenge
for the model predictive control approach, since a prediction horizon of 1sec can lead to a
prediction step N = 500. This scale of the optimization problem is too big to be solved in
a reasonable time.

It is also found to be unnecessary to calculate the control input and perform the envelope
constraint check at such a high sampling rate. A reduced formulation is proposed in
this section to deal with this problem. More specifically, it is desired to have a different
sampling rate for the control signal updates and the system behavior predictions. This can
be achieved with the reduction matrix as shown below,

Ū = URN ŪN (5.65)

where, Ū is the full control vector discretized at a small step-size with repetitions; ŪN is
the reduced design variables at a much lower sampling rate; URN is the reduction trans-
formation matrix which specifies the pattern of repetitions.

URN =



I O · · · O
... · · ·
I O · · · O
O I O · · · O

... · · · O
O I O · · · O

...
...

...
O · · · O I

O · · · O
...

O · · · O I



#ofrepeats = ∆Tc
∆T

(5.66)
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The same idea can be applied during the search for the slack variables which leads to
the reduction matrix SRN as,

S̄ro = SRN S̄roN

S̄sh = SRN S̄shN
(5.67)

Instead of searching for a fine boundary for the envelope violations, a rougher boundary
is explored in pursuit for a better computational performance. The envelope constraint
can be derived as before, with modifications to the constraint matrices as well as the final
quadratic terms, as below.

min
η

: J = 1
2
ηTHη + fη

s.t. :

[
ARO
ASH

]
η ≤

[
bRO
bSH

]
ηmin ≤ η ≤ ηmax∣∣η(k) − η(k−1)

∣∣ ≤ ηslew,max

(5.68)

where,

η =
[
ŪN S̄roN S̄shN

]T
H = BlockDiag

([ (
RU + UT

RNS
T
URXSUURN

)
Qro Qsh

])
f =

[ (
SXX

(0) + SU0U
(0) + SW0W

(0) + SW W̄ − X̄des

)T
RXSUURN O O

]T
ARO = BlockDiag

([
MROSUURN −SRN O

])
bRO = LRO −MRO

(
SXX

(0) + SU0U
(0) + SW0W

(0) + SW W̄
)

ASH = BlockDiag
([

MSHSUURN O −SRN
])

bSH = LSH −MSH

(
SXX

(0) + SU0U
(0) + SW0W

(0) + SW W̄
)

(5.69)

5.4.4 Simulation Results

The above MPC problem is implemented with the structure shown in Figure 5.19. Different
from the MPC controller in the last section which outputs the desired tilting moment, the
controller here considers the actuator dynamics and calculates the control actions of active
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steering angles and pump flow rates. The previously adopted SUV model is modified for
a three-wheeler with tadpole configuration. The hydraulic circuits of ISTS are modeled as
a co-simulation block using the equations derived in Chapter 3, and the suspension strut
forces are sent to CarSim as external forces applied at the front axle.

Figure 5.19: Integrated Envelope Controller with ISTS

Roll Envelope Control with ISTS

It has been shown in [98, 99] that the passive hydraulic interconnected suspension (HIS)
can improve the roll stability. The proposed ISTS, as an active version of the HIS system,
is expected to improve this roll stability even further. This section demonstrates the roll
envelope control with ISTS as the only actuator.

As shown in Figure 5.20, two ramp steering maneuvers are considered at the vehicle
speed of 60km/h to demonstrate the effectiveness of the envelope control: a harsher ma-
neuver with the passive RI = 0.7 and a smoother one with the passive RI = 0.4. The
rollover index threshold is chosen as RIlim = 0.5.
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Figure 5.20: Different Ramp Maneuvers and Resultant Rollover Index

The results are shown in Figure 5.21. It can be seen that, for the smooth maneuver,
due to the adoption of the envelope control, the tilting actuators are not activated since
the rollover index is within the safe boundary. This could save much of the control efforts
compared with the endeavors to entirely balance the vehicle [10, 38, 1], and is beneficial
for energy efficiency improvements. Such feature makes it quite attractive for NTV appli-
cations which need the tilting capability while having constraints on power consumption.

Figure 5.21: Un-tripped Rollover Mitigation with ISTS
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Another observation from Figure 5.21 is the non-minimum phase in direct roll control
with tilting actuators. Activation of the tilting actuators when the controller foresees the
violation of the roll envelope will inevitably worsen the rollover index in transient. Under
such circumstances, the soft RI boundary formulation enables the optimizer to explore a
better feasible solution with minimal transient violations.

Integrated Un-tripped Rollover Mitigation with ISTS

To overcome non-preferable transient rollover index overshot due to the activation of the
tilting actuator, the lateral control approaches can be an excellent complimentary, espe-
cially for transient rollover mitigation. Same maneuvers used in Section 5.4.4.1 are adopted,
and the results using the integrated controller are illustrated in Figure 5.22.

Figure 5.22: Integrated Vehicle Stability Envelope Control with ISTS
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For the smoother maneuvers, since the roll envelope boundary is not activated, the focus
of the integrated controller is on the handling improvement by steering more aggressively
in the direction of drivers steering, while still maintain the vehicle within the safe handling
envelope.

However, once the rollover boundary condition is activated, the tuning of the weights
gives priority to rollover mitigation. The tilting actuators start to tilt the vehicle into
the inner bend of the curve by activating the hydraulic pumps, and counter-steering is
also applied to reduce the lateral acceleration in transient to reduce the overshoot of the
rollover index. Handling performance is comprised but the vehicle roll stability is greatly
enhanced under the coordination of the active steering and the proposed ISTS.

Tripped Rollover Mitigation with ISTS

The proposed model with the independent suspension also enables the tripped rollover to
be studied. The scenario is to drive vehicle through a road bump on the left wheel side at
different speeds. Duration (∆T ) of the half-sine bump excitation is recorded as a measure
of the harshness of the disturbance.

Figure 5.23 demonstrates one of the simulated cases when the duration of the bump in
time-domain is 1.5s. For the uncontrolled scenario, the vehicle almost tips over as indicated
by the rollover index. With the proposed integrate controller, a quick steering correction
along with the pump actuation is applied for tripped rollover mitigation.
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Figure 5.23: Tripped Rollover Mitigation at ∆T = 1.5s

To demonstrate the significance of the proposed ISTS for tripped rollover mitigation,
this scenario is simulated with different excitation duration. For each case, three differ-
ent controller configurations are considered (i.e. uncontrolled, active steering only, and
integrated control with ISTS). The improvements on rollover index results are shown in
Figure 5.24. It can be seen that, with the proposed integrated suspension tilting system,
the rollover index can be further reduced compared with the situation using active steering
only. Such improvements are more distinguishable for harsher cases as the time duration
of the bump becomes smaller (vehicle travels at a higher speed).
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Figure 5.24: Tripped Rollover Mitigation with Integrated Envelope Control
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5.5 Conclusions

This chapter identified the challenges in controller design for NTVs and then proposed
an integrated envelope controller based on MPC scheme to address them. The idea of
the roll envelope control was first illustrated with a general solid-axle roll model. The
energy savings with the proposed envelope approach was discussed, and the non-minimum-
phase issue using active titling moment for roll control was studied. The MPC controller,
due to its predictive feature, was shown to be effective in addressing the tilting control
problem. The concept of roll envelope control was then expanded to include the vehicle
lateral motions to form an integrated vehicle stability controller. Combining the handling
envelope with the proposed roll envelope, an integrated stability envelope for both lateral
and roll motion was suggested. An MPC controller which coordinated re-configurable
control efforts for stability, as well as handling improvement, was studied. After that, the
actuator dynamics of the proposed ISTS was incorporated in the controller design. The
proposed controller demonstrated the ISTS could further improve the vehicle stability in
an energy efficient manner, which made it ideal for NTV applications.
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Chapter 6

Conclusion and Future Work

6.1 Conclusions

This study investigated the active tilting system for narrow tilting vehicles (NTVs) from
the conceptual, mechanism, to dynamics and control.

Existing tilting mechanisms were firstly reviewed, and the designs based on four-bar
mechanisms were found to take much of the lateral footprint on narrow vehicles. To leave
more space to the passengers and cargo, alternative methods to synchronize the wheel
motions without mechanical linkages were explored. A tilting concept named Integrated
Suspension Tilting System (ISTS) which used hydraulics to replace the mechanical parts
was proposed. The wheel synchronization problem which used to be enforced by mechan-
ical linkages were tackled by the coordination of hydraulic pumps via control algorithms.
Apart from regulating the desired vehicle roll motion, the proposed system could also
adjust the vehicle riding height, thanks to the feature of ISTS for generating both syn-
chronous and asynchronous wheel motions. To make the suggested system even more
compact, suspension functionalities were embedded in the design of tilting systems. By
using interconnected hydro-pneumatic accumulators, high roll stiffness could be achieved
without sacrificing the riding comfort, which enhanced the passive roll stability of NTVs
and reduced the tilting control effort accordingly. The proposed system was modeled and
simulated to demonstrate its feasibility.

To implement the ISTS on narrow vehicles, the suspension mechanism for NTVs was
also investigated. Different from those used on conventional cars, the major challenges
for the mechanisms on NTVs were identified as achieving a long suspension stoke in a

109



compact manner. The trailing arm mechanism was thus suggested as a promising solution
due to their simplicity as well as compactness in lateral footprint. The effect of suspension
kinematics on vehicle roll stability was then studied. The longitudinal wheel motions for
trailing arm mechanisms during tilting were modeled to study their impact on vehicle
roll angles as well as the rollover index, and a preferred pattern of wheel longitudinal
movement to improve vehicle roll stability was suggested. A design example of a trailing-
arm mechanism for NTV was proposed by utilizing the desired longitudinal move pattern
of the wheels, and the simulation evaluation confirmed that the suspension kinematics
could be utilized to improve the stability of NTVs even further.

The design of a controller to alleviate the energy consumption for tilting was also
investigated. An envelope approach based on rollover index was suggested to balance
the tilting energy consumption with improvements on the safety margin. Compared with
existing tilting strategies which tried to eliminate the lateral load transfer during vehicle
cornering, the proposed envelope approach was featured by less frequent activation of tilting
actuators and was shown to save the titling effort especially during the non-harsh urban
driving scenarios. Different implementations of the roll stability envelope were presented.
Instead of using steady-state roll angle, the constraint formulation captured the transient
behavior of the rollover index and was adopted for the envelope control.

The non-minimum-phase issue with the active tilting control was studied, and an MPC-
based approach was suggested. The predictive feature, along with the proposed envelope
formulation, was shown to ease the design compromise between transient and steady-state
performances.

By integrating the proposed roll envelope with the one for lateral stability in the lit-
erature, an integrated envelope control for vehicle stability was suggested. The integrated
framework not only synthesized the stability envelope constraints but also suggested sys-
tematic coordination of the actuators for performance improvement. The steering tilting
control (STC) in the literature could be regarded as a particular case of this generalized
approach. A re-configurable approach was also suggested on top of the integrated controller
to optimally distribute the required control efforts to available actuators. This enabled the
control algorithm to be easily adapted to various vehicle configurations, and enhance the
system robustness to actuator failures as well.

The proposed controller was demonstrated on a conventional SUV along with a three-
wheeled NTV in CarSim. The simulation results of the SUV indicated the potential of
the suggested controller to be used on conventional vehicles with active suspensions, while
the NTV case with the previously introduced ISTS further demonstrated the feasibility of
ISTS for rollover mitigation of tilting vehicles.
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6.2 Future Work

• Integrated height control for vehicle stability

One of the features in the proposed ISTS is its capability for height adjustment,
which is currently designed only to ease the entering and exiting when the vehicle
is not in motion. Vehicle CoG height is known as a key factor in vehicle roll and
pitch dynamics. The direct control of it during operation can help to stabilize the
vehicle. However, the energy consumption, its effectiveness on rollover mitigation
comparing with other actuators, and its impact on the riding comfort should be
carefully examined before incorporating the height control as a part of active safety
control scheme.

• Riding comfort improvement via ISTS

The suggested interconnected hydraulic suspensions enable the decoupled design for
bump and roll stiffness, which helps the riding comfort in passive mode. When the
pumps are activated, the suspension strut forces can be regulated by pump control
inputs. This indicates the possibility of using the proposed ISTS as an active suspen-
sion system for riding comfort improvement. However, the bandwidth and efficiency
of the proposed system should be analyzed in detail for the feasibility.

• Suspension force control via orifice control for ISTS

The proposed ISTS currently uses the hydraulic pump as the only source for strut
force generation. The energy consumption on the pumps might be alleviated by
introducing alternative ways for force regulation. Orifices in the hydraulic circuits
of ISTS can be utilized as seen on semi-active suspensions for luxury vehicles. The
effectiveness of the force regulation via the orifices as well as the control coordination
with existing actuators needs to be studied.

• Employment of nonlinear model predictive control

To overcome the computation burden with NMPC programming, the nonlinear vehi-
cle dynamics model is linearized around the operating point in this research to form
a tractable quadratic programming problem at each sampling time. Performance of
the proposed controller can be further improved by incorporating the nonlinear tire
model as well as the longitudinal dynamics.

• System prototyping and experiments

The urban vehicle currently being tested in the Mechatronics Vehicle Systems Lab-
oratory can be used as an evaluation platform for the suggested integrated envelope
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control algorithm. The integrated suspension tilting system should also be proto-
typed for further evaluations.
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