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Abstract
This thesis has two goals. The primary goal is to communicate two results within
the framework of black hole chemistry, while the secondary goal is concerned with higher
curvature theories of gravity.
Super-entropic black holes will be introduced and discussed. These are new rotating
black hole solutions that are asymptotically (locally) anti de Sitter with horizons that are
topologically spheres with punctures at the north and south poles. The basic properties
of the solutions are discussed, including an analysis of the geometry, geodesics, and black
hole thermodynamics. It is found that these are the first black hole solutions to violate
the reverse isoperimetric inequality, which was conjectured to bound the entropy of anti
de Sitter black holes in terms of the thermodynamic volume. Implications of this result
for the inequality are discussed.
The second main result is a new phase transition in black hole thermodynamics: the
λ-line. This is a line of second order (continuous) phase transitions with no associated first
order phase transition. The result is illustrated for black holes in higher curvature gravity
— cubic Lovelock theory coupled to real scalar fields. The properties of the black holes
exhibiting the transition are discussed and it is shown that there are no obvious pathologies
associated with the solutions. The features of the theory that allow for the transition are
analyzed and then applied to obtain a further example in cubic quasi-topological gravity.
The secondary goal of the thesis is to discuss higher curvature theories of gravity. This
serves as a transition between the discussion of super-entropic black holes and λ-lines but
also provides an opportunity to discuss recent work in the area. Higher curvature theories
are introduced through a study of general theories on static and spherically symmetric
spacetimes. It is found that there are three classes of theories that have a single independent field equation under this restriction: Lovelock gravity, quasi-topological gravity, and
generalized quasi-topological gravity, the latter being previously unknown. These theories
admit natural generalizations of the Schwarzschild solution, a feature that turns out to be
equivalent to a number of other remarkable properties of the field equations and their black
hole solutions. The properties of these theories are discussed and their applicability as toy
models in gravity and holography is suggested, with emphasis on the previously unknown
generalized quasi-topological theories.
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Notation and conventions
• Throughout this thesis, we will use a mostly plus metric signature. Our convention
for the curvature is Rα βµν = Γα βν,µ + · · · with Rαβ = Rµ αµβ .
• We will work in units such that c = ~ = kB = 1. We will typically keep Newton’s
constant in expressions unless otherwise indicated.
• The following symbols are used commonly throughout the thesis:
D
Spacetime dimension
L
AdS length
GN
Newton’s constant
Ωk,n
Volume of n-dimensional space of constant curvature k
S, R, . . .
Used to denote topological spaces
α, β, µ, ν, . . .
Spacetime indices
1
T[µν] = 2 (Tµν − Tνµ ) Anti-symmetric part of tensor
T(µν) = 21 (Tµν + Tνµ ) Symmetric part of tensor
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Chapter 1
Introduction
Understanding the quantum nature of the gravitational field remains one of the most
profound questions in theoretical physics. While the problem of quantum gravity has
its roots in the 19th century attempts to unify electromagnetism and gravitation, there
remains today no fully satisfactory or accepted resolution of the problem.
Arguably our best insight into the quantum nature of gravity comes from the thermodynamics of black holes. Quantum effects cause black holes to emit radiation with a
temperature proportional to the surface gravity, and lead one to assign to them an entropy
proportional to the horizon area. Black holes exhibit incredibly rich thermal structure,
and it is even possible to describe phase transitions between different geometries. Studying the thermodynamic aspects of gravity provides important clues about quantum gravity
— such a theory should be able to provide a microscopic origin for the black hole entropy,
for example. The thermal properties of gravity take on a whole new meaning in light
of powerful gauge/gravity dualities that relate gravitational theories to strongly coupled
gauge theories.
Black hole thermodynamics is the overarching topic of this thesis. The purpose of
this chapter is to provide a high-level introduction and overview of some essential ideas,
some of which will be made more concrete in later chapters. The majority of results in
this thesis concern asymptotically anti de Sitter spacetimes, and so this chapter begins
with a somewhat technical introduction to the anti de Sitter geometry. This is followed
by a discussion of black hole thermodynamics in anti de Sitter space, and black hole
chemistry is introduced. Black hole chemistry, which forms the context of this thesis,
considers the implications of treating the cosmological constant as a pressure in black
hole thermodynamics. Next, we provide some motivation for why anti de Sitter space is
1

relevant in physics, highlighting its importance in understanding thermodynamic aspects
of black holes, its appearance in many derivations of black hole entropy, and discussing
the AdS/CFT correspondence, which provides the strongest motivation for the study of
anti de Sitter spaces. With this background material discussed, a final section outlines the
structure of the remainder of the thesis.

1.1

Welcome to anti de Sitter space

The geometry of anti de Sitter space is most easily appreciated via the embedding space.
Consider a (D + 1)-dimensional flat spacetime with two time directions. The metric on
this space would read
2
ds2 = −dT12 − dT22 + dX12 + · · · + dXD−1
.

(1.1)

In the same sense that a sphere or hyperboloid can be embedded in Euclidean space, here
we can study the D-dimensional surface given by the following constraint [22]
2
− T12 − T22 + X12 + · · · + XD−1
= −L2 .

(1.2)

The parameter L above has units of length and will be referred to as the AdS length.
The induced metric on this surface can be conveniently written in terms of the following
coordinates
√
√
(1.3)
T1 = r2 + L2 cos(t/L) , T2 = r2 + L2 sin(t/L) , Xi = rµ̂i ,
P
where µ̂i satisfy i µ̂2i = 1 and represent the angular coordinates on a sphere. For example,
in the standard angular representation we would have
µ̂1 = sin θ sin φ1 · · · sin φD−3 ,

µ̂2 = sin θ sin φ1 · · · cos φD−3 ,

and so on. In terms of these coordinates, the induced metric becomes



−1
r2
r2
2
2
ds = − 1 + 2 dt + 1 + 2
dr2 + r2 dΩ2D−2 ,
L
L

(1.4)

(1.5)

where dΩ2D−2 is the standard line element on the (D − 2)-dimensional unit sphere. The
line element (1.5) is AdS written in familiar global coordinates. Strictly speaking, this
embedding requires that the coordinate t is periodic with period t ∼ t + 2πL, and so AdS
has closed timelike curves — the topology is S1 × RD−1 . However, as is more common in
2

the literature, throughout this thesis we will use the term “AdS” to refer to the universal
cover of this space obtained by “unwrapping” the S1 time coordinate and letting it take
on all values on the real line.
The anti de Sitter spacetime is maximally symmetric with D(D + 1)/2 Killing vectors
that generate the group SO(2, D − 1). It is a space of constant negative curvature and
solves the vacuum Einstein equations with cosmological constant,
(D − 1)(D − 2)
.
(1.6)
Λ=−
2L2
Anti de Sitter space has a conformal boundary located at spatial infinity, i.e. r → ∞, that
is topologically R × SD−2 and timelike. A consequence of the timelike boundary is that
AdS is not a globally hyperbolic spacetime. A manifestation of this is that fields living in
AdS require boundary conditions specified at infinity [23].
Finally, it is instructive to consider geodesic motion in AdS. It is easy to show that
radial timelike geodesics satisfy
2

r(τ )2
dr(τ )
− E2 + 1 +
= 0,
(1.7)
dτ
L2
where E is the conserved energy associated with the Killing vector ∂t . Differentiating the
equation we see that
1
d2 r(τ )
+ 2 r(τ ) = 0 ,
(1.8)
2
dτ
L
indicating that test particles following these timelike worldlines execute simple harmonic
motion with period 2πL.1 This allows one to interpret the gravitational potential in AdS as
a “confining” potential — particles displaced from the “origin” experience a restoring force.
A number of physically interesting phenomena result from the gravitational potential in
AdS, and we will describe some below.

1.2

Black hole thermodynamics in anti de Sitter space

When supplemented by a negative cosmological constant, the Einstein equations admit
black hole solutions that are asymptotically AdS. The simplest such solution is the spherically symmetric Schwarzschild AdS black hole
ds2 = −f (r)dt2 + f −1 (r)dr2 + r2 dΩ2D−2 ,
1

(1.9)

Note the period 2πL is the same as the period for t in the embedding of AdS in higher dimensional flat
space. Despite the absence of CTCs in the universal cover, this simple harmonic motion can be considered
a ‘relic’ of the CTCs in the original space.

3

Figure 1.1: Causal structure of black holes. Left: The causal structure of the maximally extended asymptotically flat Schwarzschild black hole. Right: The causal structure
of the maximally extended asymptotically AdS Schwarzschild black hole. The dotted lines
represent curvature singularities, while the solid diagonal blue lines mark the event horizon.
with

r2
.
(1.10)
rD−3 L2
The metric describes a black hole with event horizon located at r = r+ where f (r+ ) = 0.
The parameter m is related to the mass of the black hole, in a way that will be made
precise in the following chapter. The causal structure of the black hole is depicted in
figure 1.1, where it is compared with the the asymptotically flat case. Some aspects of
the causal structure are similar, for example, in both cases the event horizon represents a
causal boundary in the spacetime and there is a central singularity located at r = 0 where
curvature invariants diverge. There are also a number of differences, for example in the
AdS case the metric on the conformal boundary is
m

f (r) = 1 −

+

ds2bdry = −dt2 + L2 dΩ2D−2

(1.11)

which is obtained by first rescaling by L2 /r2 and then sending r → ∞. The boundary is
timelike and topologically R × SD−2 .
The thermal properties of black holes in AdS differ significantly compared to their
asymptotically flat cousins. We will give a more precise discussion of black hole thermodynamics in the following chapter, but here we will simply quote some results. The
temperature of a Schwarzschild AdS black hole is given by
T =

(D − 3) (D − 1)r+
+
,
4πr+
4πL2
4

(1.12)

where the first term above corresponds to the temperature of the ordinary, asymptotically
flat black hole, while the second part is the AdS correction. The implications of the
AdS correction are significant. Note that for r+ large compared to L, the temperature
is proportional to the horizon radius (and therefore grows with the mass) rather than
inversely proportional. This means that large black holes are thermally stable, i.e. have
positive specific heat. The thermal stability is a consequence of the gravitational potential
of AdS, which effectively corresponds to putting the black hole in a “reflecting box”. With
positive specific heat, it is possible for the AdS black hole to come to thermal equilibrium
with radiation, in constrast to the asymptotically flat case where this equilibrium would
be in general unstable [24].
An even more remarkable observation was made by Hawking and Page in 1983 [25]. It
is possible, as we will discuss in the following chapter, to assign free energy to black holes,
F = M − T S where M is the mass of the black hole, T is the temperature, and S is the
entropy. The free energy is measured relative to some specified ground state, which in this
case is anti de Sitter space at finite temperature — thermal AdS. What Hawking and Page
observed is that, at sufficiently high temperatures, the black hole has lower free energy
than the thermal AdS space, while the reverse is true at sufficiently low temperatures.
Basic thermodynamics reveals that there will be a phase transition between thermal AdS
and a large AdS black hole at the temperature where the free energies are equal. This has
come to be known as the Hawking-Page transition and is quintessential example of a phase
transition in black hole thermodynamics.
The discovery of the AdS/CFT correspondence signaled a boom in studies of the thermodynamics of AdS black holes, e.g. [26, 27, 28, 29, 30, 31, 32, 33, 34, 35, 36]. This was
motivated by possibility of understanding the phase structure of strongly coupled quantum
field theories via comparatively simple studies of AdS black holes. A particularly interesting result to emerge during this time was due to Chamblin, Emparan, Johnson, and
Myers [30, 31]. These authors studied the thermodynamics of electrically charged AdS
black holes. As we will discuss in greater detail in the following chapter, when electric
charge is included there exist up to three black holes for a given electric charge and temperature, distinguished by their size. Of these three, two have positive specific heat while
the third is thermally unstable. Remarkably, it was found that the thermal behaviour of
charged AdS black holes is analogous to the van der Waals model for the liquid-gas system. In the black hole case, the two phases correspond to the large and small thermally
stable black holes. These phases are separated by a line of first order phase transitions
that terminates at a critical point, where the phase transition is second order. The order
parameter, which characterizes the difference between the two phases, is the difference in
large
small
size of the black holes, η = r+
− r+
. As the critical point is approached, the order
5

parameter vanishes and various thermodynamic potentials diverge in power law fashion.
The exponents governing the approach to criticality were found to be precisely the mean
field theory critical exponents.
More recently, there has been a renewed interest in the thermodynamics and phase
structure of black holes. Motivated by basic thermodynamic scaling arguments, it has been
realized that when describing AdS black holes, the cosmological constant should be treated
as a thermodynamic black hole parameter [37, 38]. The cosmological constant is naturally
interpreted as a pressure P = −Λ/(8πGN ), and its conjugate quantity is known as the
thermodynamic volume, V . It was found that within this framework, the critical behaviour
of the charged AdS black hole studied in [30] becomes a physical analogy with the van der
Waals fluid, with the analog of the liquid/gas transition being a small/large black hole phase
transition [39]. Numerous other results have since been obtained, including triple points
like that of water and re-entrant phase transitions like those that occur in nicotine/water
mixtures [40, 41, 42]. The thermodynamics of black holes in higher curvature gravity has
proven particularly fruitful, including examples of multiple re-entrant phase transitions [43],
isolated critical points [43, 44, 16] and most recently a black hole λ-line — an analog
of a superfluid phase transition [13]. These results and their analogy with the thermal
behaviour of everyday substances has resulted in the moniker black hole chemistry for
the field [45]. This programme goes beyond critical behaviour with studies developing
entropy inequalities for AdS black holes [46, 1], discussing the notion of holographic heat
engines [47], and investigations of holographic implications [48, 49, 50, 51].

1.3

The role of anti de Sitter space in physics

While the best evidence suggests that the cosmological constant in our universe is not
negative, studies of gravitation with a negative cosmological constant comprise a large
fraction of the literature. There exist many important areas of physics where AdS appears,
so let us illustrate several examples.
When quantizing a field theory, a maximally symmetric space is often chosen to be the
ground state and the behaviour of perturbations away from the ground state are analyzed.
Minkowski, de Sitter, and anti de Sitter spaces exhaust the list of maximally symmetric
spaces. Anti de Sitter space appears naturally as the ground state in supergravity and
string theories [52].
It is hard to overemphasize the importance of anti de Sitter space in our understanding
of black holes and their quantum mechanics. It is often the case that black holes in AdS
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are thermally stable, in contrast with asymptotically flat black holes that are thermally
unstable. Due to this, AdS provides a rich playground for understanding features of black
hole thermodynamics. In the most famous example, Hawking and Page demonstrated [25]
the existence of a phase transition between thermal AdS and a large AdS black hole, as was
described above. In the everyday world, phase transitions and critical behaviour reflect the
organization of the microscopic constituents of matter. Applying this same insight in the
realm of gravity means that by studying the thermal properties of gravity we are learning,
in some limited sense, about its microscopic degrees of freedom — whatever those may be.
The simplest possible black hole solution — the BTZ solution, named for its discoverers,
Bañados, Teitelboim, and Zanelli [53, 54] — is a three dimensional black hole obtained by
geometric identifications of anti de Sitter space. The solution exhibits many of the features
of higher dimensional black holes, including an event horizon, an ergosphere in the rotating
case, and black hole thermodynamics. Due to the simplicity of the solution, it has featured
prominently in many investigations of the quantum properties of black holes. It has played
a key role in the understanding of the microscopic origin of black hole entropy. Strominger
was able to reproduce the entropy of the BTZ black hole by building on the work of Brown
and Henneaux [55] which demonstrated that the asymptotic symmetry group of three
dimensional AdS gravity is generated by two copies of the Virasoro algebra with equal
central charges. Application of Cardy’s formula [56] then yielded the Bekenstein-Hawking
entropy. See [57] and references therein for a review of this argument and its limitations.
Strominger’s argument goes beyond the particular example of the three dimensional
black hole. In higher dimensions, many black hole solutions exhibit enhanced symmetry
in the vicinity of the horizon. For example, the near horizon limit of near extremal static
black holes factorizes into two dimensional AdS times spheres. In some cases, the near
horizon metric factorizes into a product geometry involving AdS3 as one of the factors. In
these cases, Strominger’s argument has been successfully applied to reproduce the entropy
of higher dimensional AdS black holes via conformal field theory arguments, e.g. [58, 59,
60, 61].
Perhaps the most remarkable role played by AdS in physics is through the anti de Sitter/conformal field theory (AdS/CFT) correspondence discovered by Maldacena in 1997 [62,
63, 26]. The AdS/CFT correspondence conjectures that gravitational theories in D dimensions are equivalent to quantum field theories in D − 1 dimensions. The most well-known
(and well-tested [64]) example of this duality equates the dynamics of type IIB string theory on AdS5 × S5 to N = 4 super Yang-Mills theory with gauge group SU (N ). While it
is often not possible to work within a concrete example of the duality, it is expected to
be generally true. Moreover, in instances where the field theory is strongly coupled and
has a large number of degrees of freedom, i.e. when N → ∞, classical gravitation in AdS
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is expected to provide a meaningful description. In this way, general relativity and its
higher curvature extensions have been fruitfully used to better understand the properties
of strongly coupled field theories [65, 66, 67, 68, 69]. For example, the dual theory can
be probed at finite temperature by considering the behaviour of black objects in the bulk.
In this context, Witten interpreted the Hawking-Page transition for AdS black holes as a
confinement/deconfinement transition in gauge theory [26, 27]. On the other hand, since
AdS/CFT is a two-way street, it offers the possibility of understanding the resolution to
some of the deepest problems in physics, e.g. the black hole information paradox [70, 71]
via an understanding of quantum field theory.

1.4

Plan of the thesis

The main goal of this thesis is to present what I regard to be my two most significant
contributions to black hole chemistry. Along the way, I will also review some of my more
recent work in higher curvature theories of gravity. I have done my best to keep the
presentation of the results as concise as possible.
To achieve these goals, this thesis is organized as follows. Chapter 2 deals with the
foundations of black hole chemistry. After a more thorough account of the laws of black
hole thermodynamics, the thermodynamic status of the cosmological constant is motivated
via scaling and geometric derivations of integral mass formulas, i.e. Smarr relations, for
black holes. A derivation of the first law of black hole mechanics is presented including
variations of the cosmological constant. The remainder of chapter 2 goes into more depth
on two important topics in black hole chemistry. First, we review the reverse isoperimetric
inequality, which is an inequality between the entropy and thermodynamic volume which
was conjectured to constrain the entropy of AdS black holes. Second, we review the
critical behaviour and van der Waals analogy for the charged AdS black hole, introducing
important thermodynamic machinery along the way.
Chapter 3 presents a new class of rotating, asymptotically (locally) AdS black holes
known as super-entropic black holes. The notion of an ultra-spinning limit is reviewed
and then applied to the four-dimensional Kerr-AdS black hole to obtain the super-entropic
black hole. The basic properties of the solution are discussed, the horizons of these black
holes are topologically punctured spheres and approach Lobachevsky space near the axis.
A study of geodesics in the spacetime shows that the symmetry axis is excised from the
geometry. The procedure used to obtain the four dimensional solution can be generalized
to higher dimensions, and this is demonstrated for a singly spinning Kerr-AdS black hole
in all dimensions. Finally, the thermodynamic properties of the solutions are discussed
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and it is shown that the conjectured reverse isoperimetric inequality is violated — these
are the first and so far only AdS black holes in Einstein gravity that violate the conjecture.
Chapter 4 has two purposes. First, it serves as a bridge between chapter 3 and chapter 5,
introducing higher curvature theories of gravity, explaining some of their basic properties,
and providing details on black hole thermodynamics in higher curvature theories. The
path taken to introduce the higher curvature theories is not standard, but it chosen so that
some of my recent work on these theories can be highlighted — this is the second purpose.
To this effect, certain examples of higher curvature theories are presented based on an
exploratory analysis of spherically symmetric solutions. Specifically, it shown that there
are three natural classes of higher curvature theories under these symmetry restrictions,
including the well-known Lovelock class of theories, quasi-topological gravities, and the
recently discovered generalized quasi-topological theories. These classes are distinguished
by the fact that they admit natural extensions of the Schwarzschild solution to general
relativity. It turns out that this simple fact is unexpectedly equivalent to a number of
other properties. For example, all of these theories propagate only the usual massless, spin2 graviton on constant curvature spaces. The field equations are always total derivatives,
when integrated involve at most second derivatives of the metric, and admit vacuum black
hole solutions characterized only by their mass. Despite the lack of analytical black hole
solutions in some cases, it is always possible to study the thermodynamics of the black
holes exactly. These properties make these theories excellent toy models for exploring
questions in black hole physics and holography. The properties are demonstrated in detail
in the simplest cases, with comments on the general trends.
Chapter 5 returns to the main theme of the thesis and studies the critical behaviour
of black holes in higher curvature gravity coupled to scalar fields. It is demonstrated that
the black holes in cubic (or higher) order Lovelock gravity exhibit a black hole “λ-line”.
This is a line of second order (continuous) phase transitions and the example presented in
this chapter represents, to the best of our knowledge, the first such example in black hole
thermodynamics. The second part of this chapter is dedicated to analyzing the properties of
the black holes exhibiting this phase transition, finding no fundamental pathologies. The
chapter concludes by presenting a necessary condition for the λ-line required in certain
classes of gravity theories, and is applied to find a further example in quasi-topological
gravity.
Finally, chapter 6 presents some summarizing thoughts on the research presented in
this thesis. A number of appendices collect useful results.
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Chapter 2
The foundations of black hole
chemistry
The purpose of this chapter is to provide a basic introduction to the foundations of black
hole chemistry. To start, we will review fundamental aspects of black hole thermodynamics,
and discuss Smarr relations for asymptotically flat and asymptotically AdS black holes.
We then motivate the inclusion of the cosmological constant in the first law of black hole
mechanics, followed by a derivation. The remainder of the chapter is devoted to discussing
topics from black hole chemistry and introducing concepts that are relevant later in the
thesis, specifically the reverse isoperimetric inequality and critical behaviour of black holes.

2.1

Black holes and thermodynamics

More than forty years ago, Bardeen, Carter, and Hawking published their now famous
account of the laws of black hole mechanics [72], which can be stated succinctly as follows [73].
Zeroth law The surface gravity κ of a stationary black hole is constant everywhere on the
surface of the event horizon.
First law When the system incorporating a black hole switches from one stationary state
to another, the mass of the system changes as
δM =

κδA
+ ΩH δJ + ΦH δQ + δq .
8πGN
10

(2.1)

where δJ and δQ are the changes in total angular momentum and electric charge
of the black hole, while δq represents the change in mass due to stationary matter
surrounding the black hole.
Second law In any classical process, the area of a black hole A does not decrease.
Third law An extremal black hole cannot be created in a finite number of steps.2
The obvious connection with the laws of ordinary classical thermodynamics was not
lost on the authors, but they emphasized that this similarity is superficial. It was to
be understood that these are the mechanical laws obeyed by black holes, governing their
response to the accretion of matter or the extraction of energy, e.g. via the Penrose
process [74]. However, as we now know, the laws of black hole mechanics are precisely
the laws of thermodynamics applied to black holes. Establishing this connection was the
result of the pioneering work of Hawking and Bekenstein [75, 76]. Based on the area
theorem, Bekenstein argued that black holes should possess an entropy proportional to the
area of the event horizon. The constant of proportionality was only fixed after Hawking
demonstrated, via a quantum field theory in curved spacetime calculation, that a black
hole can radiate. If the black hole is able to radiate, then it can be sensibly assigned a
temperature, which turns out to be equal to T = κ/(2π). In this way, κ is related to the
true, physical temperature of the black hole and A/(4GN ) is the entropy.
There are now many different approaches to calculate the temperature of the Hawking
radiation showing that it is simply T = κ/(2π), see e.g. [76, 77, 78, 79]. Perhaps the
most practical is the Euclidean method [80, 81], which we illustrate in more detail for a
static and spherically symmetric black hole. The most general line element for a static and
spherically symmetric black hole can be cast in the form
ds2 = −N (r)2 f (r)dt2 +

dr2
+ r2 dΩ2D−2
f (r)

(2.2)

where D is the spacetime dimension and dΩ2D−2 is the standard line element on a (D − 2)dimensional sphere.3 We consider the situation where this metric describes a black hole
whose horizon radius r+ is determined as the largest root of f (r) = 0. We then Wick
2

A more complicated but also more technically correct statement of the third law would be: A nonextremal black hole cannot become extremal at finite advanced time in any continuous process in which
the stress-energy tensor of accreated matter stays bounded and satisfies the weak energy condition in the
neighborhood of the outer apparent horizon [73].
3
More generally, this could be the line element on any (D−2)-dimensional surface of constant curvature
k = −1, 0, +1.

11

rotate the time coordinate t → −itE such that the metric now has a Euclidean signature
and expand f (r) near r = r+ . Explicitly, the (tE , r) sector becomes
ds2E = N (r+ )2 f 0 (r+ )(r − r+ )dt2E +

dr2
.
f 0 (r+ )(r − r+ )

(2.3)

Now, defining a new coordinate by
dρ2 =

dr2
f 0 (r+ )(r − r+ )

(2.4)

the (tE , r) sector can be recast as
ds2E

N (r+ )f 0 (r+ )
= dρ +
2
2



2

ρ2 dt2E .

(2.5)

In this form, we recognize that the (tE , ρ) sector is just the metric on R2 , written in polar
coordinates with the horizon located at the origin. As we know from basic geometry, the
azimuthal coordinate must have a period of 2π to avoid conical singularities. So in order
for the near horizon metric to be regular, the Euclidean time must be periodically identified
as tE ∼ tE + 4π/ (N (r+ )f 0 (r+ )). Translating back to Lorentzian signature, what we have
shown is that regularity has imposed that the time coordinate is periodic in the imaginary
direction
4π
.
(2.6)
t∼t+i
N (r+ )f 0 (r+ )
Now, recalling from quantum field theory that thermal states are defined via the KuboMartin-Schwinger (KMS) condition4 [82, 83, 84] which demands that the thermal Green’s
functions are periodic in imaginary time
Gβ (t, x; t0 , x0 ) = Gβ (t + iβ, x; t0 , x0 ) ,

(2.7)

with T = 1/β. Since regularity of the underlying spacetime enforces the imaginary time periodicity, quantum fields placed on the spacetime inherit this periodicity [85]. We conclude
that the black hole has a temperature defined by
N (r+ )f 0 (r+ )
κ
=
.
T =
4π
2π

(2.8)

4
The KMS condition can be thought of as the appropriate generalization of a standard Gibbs state to
quantum field theory.

12

This temperature immediately fixes the entropy of the black hole to be
S=

kB c3 A
A
=
.
4GN
4GN ~

(2.9)

In the second equality above we have included the relevant constants just to illustrate how
many different areas of physics come together in this one simple formula.
Black hole radiance and the resulting black hole thermodynamics is a quantum gravity
phenomenon. We can go further and define other thermodynamic potentials for black
holes, such as the free energy. An elegant method for doing so was introduced by Gibbons
and Hawking [80] and begins with a consideration of the partition function
Z
Z = D[gµν , φ]e−SE [gµν ,φ] .
(2.10)
Here gµν is the metric while φ stands for the collection of all matter fields on spacetime.
In the case of general relativity, the Euclidean action is defined by
Z
Z
√
1
1
D √
d x g [R − 2Λ] −
dD−1 x h K ,
(2.11)
SE = −
16πGN M
8πGN ∂M
where R is the Ricci scalar, K is the extrinsic curvature, and h is the determinant of
the induced metric on the boundary. By the standard statistical mechanics argument, we
identify the Helmholtz free energy
F = −T log Z .

(2.12)

The standard tools of thermodynamics then allow one to compute thermodynamic potentials
∂
M = hEi = −
log Z , S = β hEi + log Z .
(2.13)
∂β
In the absence of chemical potentials like electric charge or angular momentum, we have
F = M − TS .

(2.14)

Note that the temperature cannot be determined from the partition function — for a black
hole it is determined as described above, by demanding Euclidean regularity. Lastly, we
note that in the limit of macroscropic objects, the dominant contribution to the partition
function will come from stationary points of the action, i.e. the solutions to the classical

13

theory. Within this saddle point approximation the partition function can be estimated as
coming from the metric with the least action
cl
log Z ≈ −SE [gµν
].

(2.15)

In most cases, the Euclidean action will actually be divergent due to an infinite volume
contribution. In those cases, the standard procedure is to subtract off the contribution
of empty space. For black holes that are asymptotically AdS, more specialized methods
exist such as holographic renormalization which includes the use of counterterms in the
action [67, 86].

2.2

Smarr relations for black holes

As we have just discussed, the mechanical laws of black holes were first derived by Bardeen,
Carter, and Hawking. A key element in their derivation was the integral mass formula for
black holes, which was first discussed by Smarr [87] in the context of Kerr-Newman black
holes. Smarr’s observation was that the differential mass formula for the Kerr black hole5
dM = T dA + ΩdJ + ΦdQ ,

(2.16)

can be directly integrated to give
M = 2T S + 2ΩJ + ΦQ .

(2.17)

The integration is possible because M is a homogeneous function of the variables (A, J, Q)
and proceeds via Euler’s homogeneous function theorem, to be described below. The
integral mass formula, also widely known as the Smarr formula, is closely analogous to the
Gibbs-Duhem relation from ordinary thermodynamics. In that case, one regards the energy
as a function of the extensive thermodynamic variables, then by definition the energy must
be a homogeneous function of those parameters, and the integration can be performed.
Smarr derived the mass formula for a particular black hole solution, but what Bardeen,
Carter, and Hawking demonstrated is that the relationship is in fact general and has its
roots in the basic geometry of black holes. The Smarr formula is also not a fluke of four
dimensions — it was further established by Myers and Perry [88] that it holds also for
higher dimensional black holes:
X
(D − 3)M = (D − 2)T S + (D − 2)
Ωi Ji ,
(2.18)
i
5

Smarr interpreted the quantity T to be an effective surface tension for the black hole.
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where the coefficients are consistent with the dimensional scaling of the mass, entropy and
angular momenta. However, all of these examples involve black holes that are asymptotically flat. The generalization of Smarr’s formula to general asymptotically maximally
symmetric spaces is more subtle, and it will be the goal to this section to show how the
derivation proceeds. We begin by studying in detail that Smarr formula for asymptotically
flat black holes, from both a scaling argument and a geometric construction, and then
consider how it works for black holes that are asymptotically AdS.

2.2.1

Smarr formula for asymptotically flat black holes

The focus in this subsection will be vacuum, asymptotically flat black holes solutions. Our
objective will be to establish the Smarr formula via two methods. First, we will present a
simple scaling argument that follows from dimensional analysis and Euler’s homogeneous
function theorem. Second, we will show that this simple scaling argument gives the same
conclusion as a more rigorous geometric derivation based on Komar integrals.
For concreteness and simplicity, let us consider a stationary black hole in D spacetime
dimensions with a single angular momentum. Let us consider the mass to be a function of
the entropy and angular momentum
M = M (S, J) .

(2.19)

From simple dimensional analysis, the parameters have the following length dimensions
M ∝ [`]D−3

S ∝ [`]D−2 ,

J ∝ [`]D−2 ,

(2.20)

where ` is just some length scale, not to be confused with the cosmological constant. Now,
consider a scale transformation acting on the system, ` → α`, which results in the following
transformation law
M → αD−3 M ,

S → αD−2 S ,

J → αD−2 J ,

and so the relationship M (S, J) transforms in the following way

αD−3 M = M αD−2 S, αD−2 J .

(2.21)

(2.22)

Now, we differentiate this with respect to the transformation parameter, α:
(D − 3)αD−4 M = (D − 2)

∂M
∂M
αD−3 S + (D − 2)
αD−3 J
D−2
∂(α
S)
∂(αD−2 J)
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(2.23)

upon setting α = 1 we obtain Smarr’s formula,
(D − 3)M = (D − 2)T S + (D − 2)ΩJ ,

(2.24)

where we have recognized that
T =

∂M
∂S

and Ω =

∂M
.
∂J

(2.25)

The method of obtaining the relationship between a function and its arguments by
studying the transformation under scaling is a particular instance of Euler’s homogeneous
function theorem. In the context of ordinary thermodynamics, the relationship analogous
to (2.24) is often called the “Euler integral” of the internal energy.
Let us now establish the relationship (2.24) via a geometric argument. By assumption,
we will take the black hole solution to be stationary and axis-symmetric, and so it admits
at least two Killing vectors which we will call tα and φα . The combination
ξ α = tα + Ωφα

(2.26)

is null on the event horizon, with Ω defining the angular velocity of the black hole. On the
horizon, ξ α satisfies
ξβ ξ α;β = κξ α
(2.27)
where κ — the surface gravity — is constant over the entire horizon.
Now, we consider a spatial slice Σ, with future-directed normal nα , that extends from
the horizon to spatial infinity — a schematic picture is shown in figure 2.1. Over this slice,
we integrate
Z
dΣα ∇β ∇β ξ α .

I=

(2.28)

Σ

We perform this integral in two ways. First, by virtue of the fact that ξ α is a Killing vector,
we can use that ∇β ∇β ξ α = −Rα β ξ β which gives
Z
Z
β α
dΣα ∇β ∇ ξ = − dΣα Rα β ξ β = 0 ,
(2.29)
Σ

Σ

where the last equality follows since we are assuming the vacuum Einstein equations hold.
The second method of evaluating the integral makes use of Stokes’ theorem, which for an
anti-symmetric tensor B αβ reads [89]
I
Z
1
αβ
dSαβ B αβ .
(2.30)
dAα ∇β B =
2
∂Σ
Σ
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Figure 2.1: Spacelike hypersurface for asymptotically flat black holes. A depiction
of a spacelike hypersurface Σ extending from a cross-section of the horizon to spatial
infinity. While in this diagram the causal structure is particularized to the Schwarzschild
black hole, the construction in the text is general.
The boundary of Σ consists of a (D − 2)-dimensional surface at spatial infinity that we will
denote as S∞ , and a (D − 2)-dimensional cross-section of the horizon which we refer to as
H . Combining the two results we have
I
I
α β
dSαβ ∇α ξ β .
(2.31)
dSαβ ∇ ξ −
0=
H

S∞

To evaluate the component at infinity, we use the fact that since we are assuming a vacuum
solution in D dimensions, the total mass and angular momentum of the spacetime are given
by the following Komar integrals [89]

I
1
D−2
M =−
dSαβ ∇α tβ ,
16πGN D − 3
S∞
I
1
J=
dSαβ ∇α φβ
(2.32)
16πGN S∞
where S∞ is a (D − 2) dimensional sphere at spacelike infinity. In the Komar integrals, the
dimension dependent factors appear so that the conserved energy coincides with the ADM
mass when appropriate. Using these definitions for the mass and angular momentum, we
17

recognize that the second integral at S∞ is
 


I
D−3
α β
M ,
dSαβ ∇ ξ = 16π ΩH J −
D−2
S∞

(2.33)

leaving √
only the integral on the horizon to evaluate. On the horizon, we note that dSαβ =
D−2
2ξ[α N
x where N β is a null vector normalized so that ξα N α = −1 on the horizon
√β] σd
and σ is the square root of the determinant of the induced metric on the horizon. Then,
we have
I
I
√ D−2
α β
dSαβ ∇ ξ = 2
σd
xξα Nβ ∇α ξ β
H
H
I
√ D−2
σd
xNβ ξ β
= 2κ
H

= −2κA .

(2.34)

Above, we first made use of the fact that ξ α is a Killing vector, so ∇α ξ β = −∇β ξ α , to
simplify the contraction with the surface element. Then we used that ξα ∇α ξ β = κξ β on
the horizon, with κ a constant on the horizon. Finally, we used that Nβ ξ β = −1 along
with the fact that the integral evaluates to simply the area of the horizon cross-section.
Rearranging the above results we obtain
(D − 3)M = (D − 2)

κA
+ (D − 2)ΩH J
8π

(2.35)

which, upon recognizing that T = κ/(2π) and S = A/4, gives the same Smarr formula
that was derived above via a scaling argument.

2.2.2

Smarr formula for AdS black holes

In the previous subsection, we established the Smarr relation for asymptotically flat black
holes via two methods: first via a scaling argument, and then by a geometric argument.
The geometric argument, in particular the step in eq. (2.29), made important use of the
vacuum Einstein equations with vanishing cosmological constant, suggesting that issues
may arise.
To illustrate the difference, let us start by taking a concrete example of the four dimensional Schwarzschild-AdS black hole. The metric is simply
ds2 = −f (r)dt2 +
18

dr2
+ r2 dΩ2 ,
f (r)

(2.36)

with

r2
m
3
+ 2, Λ=− 2.
(2.37)
r
L
L
The solution describes a black hole in AdS with event horizon located at r = r+ where
f (r+ ) = 0. The temperature and entropy of the black hole are easily calculated:


2
3r+
1
2
,
(2.38)
T =
1 + 2 , S = πr+
4πr+
L
f (r) = 1 −

but the mass merits more detailed consideration.
The vector tα = δtα is a Killing vector that approaches the natural time translation at
the boundary. We would expect the conserved quantity associated with tα to be the mass,
but there is a subtlety. To compute the conserved charge, we can easily verify that the
only non-vanishing components of ∇α tβ are
∇t tr = −∇r tt = −

r
m
− 2.
2
2r
L

Now, using the definition of the Komar energy, we run into a problem:


I
I
1
1
R0
m
α β
2
M =−
dSαβ ∇ t =
lim
R
+
sin θdθdφ → ∞ ,
8π S∞
4π R0 →∞ SR0 0 2R02 L2

(2.39)

(2.40)

the mass diverges as R03 . Of course, the source of the problem is easy to identify, and it is
simply due to the non-zero cosmological constant which contributes an infinite amount to
the energy. A simple solution is to perform the integral up to some finite cutoff, subtract
the m = 0 contribution, and then take the cutoff to infinity.6 This procedure reveals that
M=

m
.
2

(2.41)

Having now expressions for the mass, temperature, and entropy, we can see if the Smarr
formula derived in the last section holds. A simple calculation,
M − 2T S = −

3
r+
6= 0 ,
L2

(2.42)

shows conclusively that it does not.
6

Let us quickly note that there are sometime subtleties with background subtraction techniques. One
has to be careful to correctly match points in the solution of interest and the background. Also, sometimes
it is difficult to determine the appropriate background for subtraction — see, e.g., [28]. However, there
are no such subtleties in the present case.
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The failure of the Smarr formula can be understood with some dimensional analysis.
The AdS length has entered into the thermodynamic description of the black holes —
this is a new, dimensionful parameter that was not accounted for in the derivation of the
Smarr formula via scaling. Repeating the same steps in the scaling argument as in the last
section, but now also including the cosmological constant, we can arrive at an ‘extended’
Smarr formula that applies in the presence of a cosmological constant:
(D − 3)M = (D − 2)T S + (D − 2)ΩJ − 2V P

(2.43)

where we have defined

Λ
,
(2.44)
8π
which would be the pressure associated with Λ if viewed as stress-energy. The scaling
argument introduces a new quantity
P =−

V :=

∂M
,
∂P

(2.45)

which we refer to as the thermodynamic volume due to it having length dimension (D − 1)
— the same as a spatial volume. Referring back now to the four-dimensional SchwarzschildAdS black hole, we can confirm that the new Smarr formula holds. Indeed, in that case
we have
4π 3
3
, V =
r
(2.46)
P =
2
8πL
3 +
so that
M = 2T S − 2P V .
(2.47)
In the flat space limit, P → 0 and we recover the usual Smarr relation.7
It seems that the first group to realize the necessity of including a cosmological term
in the Smarr formula was Calderelli, Cognola, and Klemm in early work on rotating AdS
black holes in the context of the AdS/CFT correspondence [32]. In similar fashion to
Smarr, those authors verified the ‘extended’ Smarr formula for the Kerr-Newman solution,
motivated by scaling arguments. However, it then motivates one to ask if the extended
Smarr formula also enjoys a geometric foundation of greater generality. The answer is yes,
and the key ingredient in the geometric construction is the Killing potential introduced by
7

There are other interesting limits that one can consider. For example, in the limit of large black holes
(i.e. high temperature), it turns out that −2P V → −4/3T S, in which case the Smarr formula becomes,
M = 2/3T S. This result is precisely that for a three dimensional CFT at finite temperature, and here we
can see that the extended Smarr formula naturally reproduces this result in the appropriate limit.
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Kastor [37] and then used by Kastor, Ray, and Traschen [38] to derive the extended Smarr
formula for AdS black holes.
Our focus will now turn to reviewing the derivation of the extended Smarr formula
presented in [38], and for concreteness and simplicity we will consider only static black
holes. First, let us note that since ∇α ξ α = 0 for a Killing vector ξ α , the Poincaré lemma
implies that, at least locally, ξ α can be written as
ξ α = ∇β ω βα ,

(2.48)

where ω αβ = ω [αβ] is the Killing potential.8 If one then considers the following integral over
the boundary of some codimension-1 hypersurface Σ:


Z
2
αβ
α β
Λω
= 0,
(2.49)
dSαβ ∇ ξ +
D−2
∂Σ
where the equality is straightforward to show using the definition of the Killing potential
and the (vacuum) Einstein equations. We can then apply the same geometric argument
that was used in the previous section — considering the boundary to consist of a crosssection of the black hole horizon, H and a sphere at infinity, S∞ .
To evaluate the integral at infinity, we need to understand the asymptotic behaviour of
the metric there. The falloff conditions for asymptotically AdS spacetimes were discussed
in detail by Henneaux and Teitelboim [90] — see also [91, 92]. Here we are considering
only static black holes, and so the asymptotic form of the metric must be



(D − 1)(D − 2)cr
1
ct  2
2
1−
dr2
ds = −f0 + D−3 dt +
r
f0
2ΛrD−1


cθ
2Λ
+ 1+
r2 dΩ2D−2
(2.50)
(D − 1)(D − 2) rD−1
where
f0 = 1 −

2Λ
r2 .
(D − 1)(D − 2)

(2.51)

For solutions of Einstein’s equations with negative cosmological constant and (possibly)
localized stress energy sources with vanishing angular momentum, the constants in the
8

Note that the Killing potential is not unique — one can always add to it some divergenceless antisymmetric 2-tensor, ω αβ → ω αβ + η αβ where η αβ = η [αβ] and ∇α η αβ = 0. In practice, this gauge freedom
will not affect any of the results presented in this or the following sections — terms dependent on the
gauge choice will cancel between the integrals at the horizon and infinity [38].

21

above metric will satisfy ct = cr = m and cθ = 0, and the large-r behaviour follows the
standard Schwarzschild AdS form [38]
ds2 = −f (r)dt2 + f (r)−1 dr2 + r2 dΩD−2 ,
with
f (r) = 1 −

m
rD−3

−

2Λr2
.
(D − 1)(D − 2)

(2.52)

(2.53)

With this asymptotic form of the metric, at large r the Killing potential has components
rt
tr
= −ωr→∞
=
ωr→∞

while
∇r ξ t = −∇t ξ r =

r
,
D−1

2Λr
(D − 3)m
−
.
D−2
2r
(D − 1)(D − 2)

(2.54)

(2.55)

Evaluating the integral at infinity, we see that the term involving the Killing potential
cancels the divergence and we are left with a term proportional to the mass


Z
2
D−3
α β
αβ
dSαβ ∇ ξ +
Λω
= −16π
M,
(2.56)
D−2
D−2
S∞
while the integral at the horizon gives



Z
Z
2
2Λ
αβ
αβ
α β
dSαβ ∇ ξ +
dSαβ ω
,
Λω
= −2κA +
D−2
D−2
H
H

(2.57)

where the first part of the above integral proceeds exactly as in the asymptotically flat
case. Combining the expressions, we find the following Smarr formula:
(D − 3)M = (D − 2)T S − 2P V
where

Λ
P =−
,
8πGN

1
V =−
2

Z
H

dSαβ ω αβ ,

(2.58)

(2.59)

define the pressure (as before), and the thermodynamic volume V in terms of an integral
of the Killing potential over the horizon. Although we have considered only a static black
hole in this setup, the results can be generalized straightforwardly to include angular
momentum, giving the same result as the scaling argument above [46].
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2.3
2.3.1

The first law with δΛ; mass as spacetime enthalpy
Varying the cosmological constant?

The scaling argument from which we derived the Smarr formula for AdS black holes places
the cosmological constant on equal footing with other thermodynamic properties of the
black hole, suggesting that the cosmological constant should be considered as a thermodynamic black hole parameter. A bit of thought suggests that this is fundamentally different
than the variations of quantities like mass and angular momentum that usually appear
in the first law. The distinction arises because while the mass and angular momentum
correspond to integration constants characterizing the solution, the cosmological constant
is a parameter in the action that characterizes the theory. One way to reconcile this is
simply to argue that different Λ do correspond to wholly different theories and variations
δΛ corresponds to moving through this ‘theory space’.
While mathematically well defined, viewing variations in Λ as motions in a theory space
is somewhat unsatisfying, since in doing so one is giving up on any hope of understanding
the phenomena due to variable Λ as physical processes. Luckily, there are alternative
ways to view this procedure, and there is a large literature concerned with understanding
mechanisms by which the cosmological constant can vary. In this subsection we will briefly
review some of the literature on mechanisms of a dynamical cosmological constant.
A simple model for generating a cosmological constant is with scalar fields. Consider
the action


Z
1
R
µ
D
S= d x
− ∂µ φ∂ φ − V (φ) ,
(2.60)
16πGN
2
which upon variation gives the following field equations for the scalar field and the metric

Rµν


√
1
√ ∂µ −gg µν ∂ν φ − V 0 (φ) = 0 ,
−g


R
1
σ
− gµν = 8πGN ∂µ φ∂ν φ − gµν ∂σ φ∂ φ − gµν V (φ) .
2
2

(2.61)

At fixed points of the potential, i.e. where V 0 (φ) = 0, the scalar field equations admit
the simple solution φ = constant. It is easy to see that for these configurations the stress
energy is precisely that one would associate with a cosmological constant:
Tµν = −V (φ)gµν = −
23

Λ
gµν .
8πGN

(2.62)

Understanding (contributions to) the cosmological constant as arising from scalar fields
is quite natural in the context of string and supergravity inspired black holes. Here, the
effective cosmological constant depends on the asymptotic values of massless scalar fields
(the moduli fields). The contributions of these terms to the first law of black hole thermodynamics was first investigated in [93]. A cosmological constant arising from scalar fields
is also quite natural in the context of the AdS/CFT correspondence. In this case, one
considers Einstein gravity coupled to scalars with potentials; the fixed points of the potentials correspond to AdS geometries. For AdS/CFT, an interesting situation to consider is
when the scalars smoothly interpolate between two such fixed points, which corresponds to
a holographic representation of renormalization group flow, and gives rise to holographic
versions of the c-theorem [94, 95, 96]. As described so far, scalar fields can only lead to
discrete values for Λ. For example, in the case where the potential has two fixed points,
then there are two possible values for the cosmological constant. For any dynamics that
interpolates between these two values, the spacetime would not be asymptotically AdS
during the intermediate phases. However, provided that the scalars vary slowly enough
so that one is always “approximately” at a fixed point, it is conceivable that the black
hole chemistry framework could be understood from this RG flow perspective — it seems
likely that Johnson had this in mind when he introduced the notion of holographic heat
engines [47]. Precisely this setup, but for the case of positive cosmological constant has
recently been considered [97, 98]. In these papers, the scalar fields drive the expansion of
the universe, i.e. as in inflation. By studying a setup where a scalar field is always approximately at a fixed point, so that the solutions are always approximately asymptotically
de Sitter, it was possible to study the dynamics of black hole and cosmological horizons,
finding agreement with the black hole chemistry approach.
Let us now discuss a mechanism that allows us to directly interpret the cosmological
constant as a constant of integration, rather than a fundamental constant of nature. The
method we review here was first seriously studied by Brown and Teitelboim as a proposed solution to the cosmological constant problem [99, 100]. The idea is motivated by
supergravity considerations where the inclusion of p-form gauge fields can give rise to a
cosmological constant [101]. We consider (D − 1)-form gauge fields, Aµ1 ...µD−1 , from which
a D-form field strength can be directly constructed
Fµ1 ...µD = (D + 1)∂[µ1 Aµ2 ...µD ] .
Now, consider the following action:


Z
√
4∇µ (Aµ2 ...µD F µµ2 ...µD )
1
D
2
d x −g R ∓ F ±
,
S=
16πGN
(D − 1)!
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(2.63)

(2.64)

which consists of Einstein gravity, the obvious kinetic term for the gauge field, and a
boundary term that will be explained in a moment. Since the field strength is totally
anti-symmetric with D indices, it must be proportional to the Levi-Civita tensor. Further,
the equations of motion for the gauge field read,
∇µ F µµ2 ...µD = 0 ,
which fix the proportionality to be a constant, i.e.
√
Fµ1 ...µD = c −gµ1 ...µD .
The stress energy tensor associated with the gauge field is computed to be


1
1
ρ2 ...ρD
2
Tµν = ±
Fµρ2 ...ρD Fν
−
gµν F
.
4πGN (D − 1)!
2D

(2.65)

(2.66)

(2.67)

When we substitute the on-shell value of the field strength into the stress energy tensor,
we see that it reduces to
8πGN Tµν = ∓c2 gµν ,
(2.68)
which is precisely the stress energy associated with a cosmological constant Λ = ±c2 .
Going further, if we substitute the on-shell solution for the field strength into the action,
thanks to the boundary term, the Lagrangian reduces precisely to Einstein gravity with
a cosmological constant! Note the distinction here though: considering D-forms in the
action, the cosmological constant is now understood to arise as a constant of integration
from the equations of motion of the gauge field, rather than a fundamental constant in
the Lagrangian. Since Einstein gravity with a cosmological constant is indistinguishable
from Einstein gravity plus a (D − 1)-form gauge field, there are no conceptual issues with
including variations of the cosmological constant in the first law. In the same sense that one
could imagine throwing charged matter into a black hole to increase or decrease its electric
charge, one could imagine throwing (D − 2)-dimensional p-form “charged” membranes into
the black hole to perturb the cosmological constant.
Generating the cosmological constant (and its dynamics) from (D −1)-form gauge fields
was first investigated as a possible solution to the cosmological constant problem [102, 99,
100, 103]. The first investigations of the implications for black hole thermodynamics seems
to have been by Teitelboim [104], and also by Creighton and Mann [105]. The connection
between (D − 1)-form gauge fields and the ‘standard’ approach to black hole chemistry
was recently discussed in [106], where it was shown that the cosmological constant is the
conserved charge associated with the gauge invariance of the (D−1)-form, while the volume
arises as its conjugate potential, analogous to how the electric potential arises for Maxwell
charged black holes.
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2.3.2

The first law

We have now seen that for AdS black holes, one is required to include the cosmological constant as a thermodyanmic parameter in order to derive a Smarr relation that is consistent
with scaling. Now, following the work of Kastor, Ray and Traschen [38], we will review how
the cosmological constant appears in the first law of black hole mechanics. We will consider
only Einstein gravity with a cosmological constant for simplicity and clarity, though the
method can be generalized to include other sources of stress energy. Our method will be
similar to that of Wald and Sudarsky [107], and we will consider the variation of the bulk
Hamiltonian under a perturbation, showing its variation can be related to a surface term
whose integral gives the first law.
We start by foliating spacetime with a family of hypersurfaces Σ that have a unit
timelike normal nα . The completeness relation for the metric reads
gαβ = −nα nβ + hαβ

(2.69)

and we have
nα nα = −1 ,

nα hαβ = 0 .

(2.70)

If we consider the Hamiltonian formulation of general relativity, then the dynamical variables are the spatial metric hαβ and its conjugate momentum παβ . A solution of general
relativity must satisfy the following constraint equations:
H = −16πGN Tαβ nα nβ ,

Hα = −16πGN Tσβ nσ hβ α

(2.71)

where H = −2Gαβ nα nβ and Hα = −2Gσβ nσ hβ α . In what follows, we will consider the
cosmological constant to be the only source of stress energy, which gives H = −2Λ and
Hα = 0 for the constraint equations.
If we have a vector field ξ α = N nα + N α , where nα N α = 0, then the Hamiltonian
density that generates evolution along ξ α is given by [89]
√
H = h [N (H + 2Λ) + N α Hα ] .
(2.72)
Clearly, varying H with respect to N and N α produces the constraint equations quoted
above; a variation with respect of hαβ and π αβ produces the evolution equations for −π̇ αβ
and ḣαβ , respectively, where the overdot denotes Lie differentiation along the vector field
ξα.
(0)

(0)

αβ
αβ
Now, let us consider perturbing a solution hαβ → hαβ +sαβ and π(0)
→ π(0)
+pαβ and also
Λ(0) → Λ(0) + δΛ. It is assumed that the zeroth order fields satisfy the Einstein equations,
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while no such assumption is required at this point for the perturbations. Requiring that
ξ α be a Killing vector, Hamilton’s equations for the zeroth order spacetime demand that
−π̇ αβ = 0 and ḣαβ = 0, from which it follows after some calculation that the perturbations
satisfy
N δH + N α δHα = −Dα B α
(2.73)
where Dα is the covariant derivative operator on Σ that is compatible with hαβ . The term
B α reads


1
σρ
ασ
sσρ h(0)αβ − 2π(0)
sβσ − 2pαβ ,
B α = N (Dα s − Dβ sαβ ) − sDα N + sαβ Dβ N + √ N β π(0)
h
(2.74)
for arbitrary perturbations sαβ , pαβ and δΛ with s = hαβ sαβ . However, if the perturbations
are taken as solutions to the linearized Einstein equations, then they must satisfy the
constraint equations and we obtain
2N δΛ = Dα B α .

(2.75)

The part of this expression involving the cosmological constant can be written
as a total

derivative by noting that N = −nα ξ α = −nα ∇β ω βα = −Dβ nα ω βα where the last
equality can be proven using the completeness relation in the form δαβ = −nα nβ + hβα along
with the anti-symmetry of ω αβ . One then has
I


α
αβ
Dα B + 2ω nβ δΛ = 0 ⇒ I :=
dAα B α + 2ω αβ nβ δΛ = 0 .
(2.76)
∂Σ

We are interested in evaluating this integral in the case where ∂Σ has two components: one
corresponding to a black hole horizon, and the other at infinity, as shown schematically
in figure 2.2. We will show that this produces the first law of black hole mechanics. As
in the case of the extended Smarr relation, for simplicity we will focus on the case where
the perturbation is between two static solutions, so that the asymptotic behaviour is again
given by (2.50). We suppose that we have a black hole solution with a bifurcation surface.
The Killing vector responsible for the Hamiltonian evolution above will be chosen to be the
generator of the horizon and we will assume that ξ α approaches (∂/∂t)α in the asymptotic
coordinate system. We consider a hypersurface Σ extending from the bifurcation sphere
to infinity. The boundary of Σ consists of two components: the bifurcation sphere of the
black hole horizon, B, and a surface at infinity S∞ chosen so that the unit normal is
nα = −N ∇α t at infinity.
First, we consider the integral at infinity,
I
I∞ =
dAα B α .
S∞
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(2.77)

Figure 2.2: Spacelike surface for AdS black hole. A schematic picture of the spacelike
hypersurface and its boundary for the AdS case. The hypersurface Σ extends from the
bifurcation surface to a sphere at spatial infinity. While this figure displays the causal structure of the static AdS black hole, this is just to serve as an illustration — the construction
in the text is more general.
Near infinity, the surface element√is directed in the r direction, and we need only the r
component of B α . We have N = f and the metric perturbation


1
2r2 δΛ
δm
srr = − 2
−
,
(2.78)
f
rD−1 (D − 1)(D − 2)
which is true to first order in the perturbations δm and δΛ; we neglect all higher order
terms. Since the Killing vector approaches (∂/∂t) at infinity, the terms involving the shift
vector vanish sufficiently rapidly that they do not contribute to the boundary term [38].
A direct computation then gives

 D−1
I
2r
ΩD−2
α
δΛ
dAα B = −(D − 2)ΩD−2 δm − lim
r→∞
D−1
S∞

 D−1
2r
ΩD−2
= −16πGN δM − lim
δΛ ,
(2.79)
r→∞
D−1
while

I



αβ

dAα (2ω nβ δΛ) = lim
S∞

r→∞
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2rD−1 ΩD−2
D−1


δΛ .

(2.80)

Combining these results, we see that the term involving the Killing potential precisely
cancels the divergence due to the variation in Λ.
The other component of the boundary is the bifurcation sphere. On this surface, the
integral of the boundary term B α can be shown to be (see appendix A)
I
dAα B α = −2κδA ,
(2.81)
B

where A is the area of the horizon. The best we can do with the term involving the Killing
potential is to just re-write it slightly:

I
I
αβ
αβ
dAα ω nβ δΛ .
(2.82)
dAα (2ω nβ δΛ) = 2
B

B

Putting all of the results together we have
δM =

κ δA
+ V δP = T δS + V δP ,
2π 4

(2.83)

where we have defined
Λ
,
P =−
8πGN

I
V =−

dAα ω αβ nβ ,

(2.84)

B

with V the thermodymamic volume; this quantity coincides with that introduced earlier
in the construction of the Smarr relation.
Our final result in eq. (2.83) is the first law of black hole mechanics if variations of the
cosmological constant are allowed. Though we have considered only static black holes, the
generalization to the stationary case can be straightforwardly performed [46]. A similar
result can be derived for de Sitter black holes, though in that case the integration is
performed between the event and cosmological horizons [108].
Recall that in classical thermodynamics, the internal energy satisfies δE = T δS − P δV
while the enthalpy H = E + P V satisfies δH = T δS + V δP . If we compare with the
expression for the first law (2.83), we realize that it is telling us that the mass should
be considered the enthalpy of spacetime rather than the internal energy! In classical
thermodynamics, the enthalpy is the energy of the system plus the amount of work required
to place the system in its environment, H = E + P V . This is a somewhat intuitive picture
for AdS black holes. Loosely speaking, one can consider the P − V terms appearing in the
first law and Smarr formula to be the amount of work one would have to do to place a
black hole in an otherwise empty AdS spacetime.
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The construction of the Smarr relation and first law in spacetimes with a non-zero
cosmological constant has introduced two new thermodynamic parameters: the pressure
and the thermodynamic volume. The study of the implications of these terms for black
hole thermodynamics has been a topic of quite considerable interest for nearly a decade
now. In the remainder of this introduction, we will consider in detail two results that arise
from this new picture. First, we will discuss the reverse isoperimetric inequality, and then
discuss P − V criticality of charged AdS black holes.

2.4

The reverse isoperimetric inequality

The volume that was defined in the previous sections was referred to as a ‘thermodynamic
volume’ since it was introduced for thermodynamic rather than geometric reasons. However, a tantalizing geometric interpretation seems to exist. Indeed, we saw that in the
case of the four-dimensional Schwarzschild AdS solution that the thermodynamic volume
is given by [see eq. (2.46) above]
4π 3
r ,
(2.85)
V =
3 +
which is the volume of a Euclidean ball of radius r+ . In fact, this result extends in a simple
way to the higher dimensional Schwarzschild-AdS black holes, as we will now demonstrate.
In D-dimensions, the Schwarzschild-AdS solution metric is of the form
dr2
ds = −f (r)dt +
+ r2 dΩ2D−2
f (r)
2

where

2

(2.86)

2Λr2
.
(2.87)
rD−3 (D − 1)(D − 2)
The timelike Killing vector ξ α = δtα has an associated Killing potential ωαβ with components
r
ω rt = −ω tr =
.
(2.88)
(D − 1)
the integral for the thermodynamic volume then becomes
I
I
D−1
√ D−2
ΩD−2 r+
1
r+
r+ A
αβ
V =−
dSαβ ω =
σd
θ=
=
.
(2.89)
2 H
(D − 1) B
(D − 1)
D−1
f (r) = 1 −

m

−

We see that the thermodynamic volume for the D-dimensional Schwarzschild solution
coincides with the volume of a (D − 1)-sphere in Euclidean space.
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The suggestive fact that the volume of static black holes coincides with the volume of
Euclidean spheres motivates the idea that we may expect some geometric properties of
the thermodynamic volume after all. A characteristic feature of Euclidean volumes is the
isoperimetic inequality. For a closed surface with surface area A and enclosed volume V ,
the isoperimetric inequality states that the ratio
 1 
 1

(D − 1)V D−1 ΩD−2 D−2
,
(2.90)
R :=
ΩD−2
A
always satisfies
R≤1

(2.91)

where saturation of the inequality occurs for spheres. The authors of [46] considered the
applicability of the isoperimetric inequality for a variety of both static and rotating black
holes arising as solutions of Einstein gravity and gauged supergravity theories in four and
higher dimensions. Using the thermdynamic volume and the area of horizon cross-sections
in R, it was found that the thermodynamic volume satisfies not the isoperimetric inequality
but rather the reverse of it!
As an example to illustrate the point, we consider the extension to higher dimensional
rotating black holes. We will have a more detailed discussion of the properties of these
solutions in the following chapter, here let us note that the area and thermodynamic volume
of higher dimensional Kerr-AdS black holes are given by [109]
"
#
2
2
+ a2i
(1 + r+
/L2 ) X a2i
r+ A
ΩD−2 Y r+
, V =
1+
(2.92)
A= 
2
r+ i
Ξi
D−1
(D − 2)r+
Ξi
i
where Ξi = 1 − a2i /L2 and ai with i = 1, . . . , b(D − 2)/2c labeling the spin parameters,
and  is equal to zero if the spacetime dimension is even, and unity otherwise. The general
expression is complicated, but for insight let us just look at the slow rotation limit of the
singly spinning black holes
R=1+

2
(r+
+ L2 )2 4
(D − 3)
a + O(a6 ) .
4 4
2(D − 1)(D − 2)2 r+
L

(2.93)

We see that the correction to the static result is always positive and so R > 1. The same
conclusion holds in the general case [46].
Essentially, the result comes from the fact that rotating black holes have less “area per
volume” than the static case, explaining why the opposite behaviour is observed. Similar
behaviour was observed for all of the black holes studied in [46], which led the authors to
conjecture:
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Conjecture (Reverse Isoperimetric Inequality). For an asymptotically AdS black hole solution of general relativity with thermodynamic volume V and horizon area A, the following
inequality will be obeyed:
 1 
 1

(D − 1)V D−1 ΩD−2 D−2
≥ 1,
(2.94)
R :=
ΩD−2
A
with saturation occurring for the Schwarzschild-AdS black hole. In other words, the entropy
inside of a horizon of thermodynamic volume V is maximized for the Schwarzschild-AdS
solution.
Since the initial work in [46], there have been a number of studies focusing on the
validity and implications of the reverse isopermetric inequality. While no general proof
or list of necessary conditions has been found, there have been some general indications
of important features for the validity of the inequality. For example, it seems that the
topology of the horizon plays a crucial role. Feng and Lu determined that, for planar black
holes, the reverse isoperimetric inequality is equivalent to the null energy condition [110].
Hennigar, Kubiznak, and Mann determined that a class of black holes whose horizons
are topologically spheres with two punctures can actually violate the reverse isoperimetric
inequality. More details about these solutions — named super-entropic black holes — will
be presented in the following chapter. To date, these are the only black hole solutions that
provide a plausible counter-example to the conjectured reverse isoperimetric inequality.
While the reverse isoperimetric inequality was formulated for black holes with AdS
asymptotics, there has been some exploration of its applicability beyond this realm with
limited success. The case of de Sitter black holes was first studied in [108]. In that case,
it is possible to define a thermodynamic volume for both the black hole horizon and the
cosmological horizon. It was found that for a wide class of de Sitter black holes, the reverse
isoperimetric inequality holds for both the black hole and cosmological thermodynamic
volumes, while a true isoperimetric inequality holds for the thermodynamic volume between
the black hole and cosmological horizons. More recent explorations of the validity of the
inequality in the context of dS solitons have found the inequality not applicable [111]. The
work considered in [112] studied the applicability of the reverse isoperimetric inequality
to black holes that are asymptotically Lifshitz spaces, finding that there are violations in
many cases. However, again it should be noted that there is no agreed upon definition for
mass in these spacetimes, which is problematic for defining the thermodynamic volume.
Going beyond Einstein gravity and including higher curvature corrections in the gravitational action, the reverse isoperimetric inequality in the form (2.94) loses the nice interpretation as an entropy inequality. This is because the entropy of a black hole in a
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higher curvature theory of gravity is no longer simply the area of the horizon, but is rather
given by the integral of a geometric quantity defined on the horizon [113, 114, 115]. As
a result, it is unclear whether the reverse isoperimetric inequality should be extended to
higher curvature theories of gravity in the form (2.94), or in the form of an entropy inequality. Nonetheless, some results are known. Static black holes in Lovelock [116] and
quasi-topological [117, 118] gravity saturate the reverse isoperimetric inequality in the form
presented in (2.94), but would generically violate the inequality in the form of an entropy
inequality.9 Static black holes in Einsteinian cubic gravity [121, 4] can violate the inequality
in both forms, provided the spacetime dimension is five or larger.

2.5

P − V criticality

Let us now consider the implications of the new thermodynamic parameters for the critical
behaviour of black holes. With notions of pressure and volume for black holes, it is natural
to explore questions related to thermodynamic phase transitions within this parameter
space. In this section, we will review the initial study of P − V criticality by Kubiznak and
Mann [39]. This review will also serve to introduce the standard thermodynamic machinery
used in the study of phase transitions, as will appear in the second half of this thesis.

2.5.1

Thermodynamics, equation of state, and specific volume

The starting point is the four dimensional charged AdS black hole which has line element
ds2 = −f (r)dt2 +

dr2
+ r2 dΩ2
f (r)

(2.95)

where dΩ2 is the standard line element on a two dimensional unit sphere and
f (r) = 1 −

r2
2M
Q2
+ 2 + 2.
r
r
L

(2.96)

The (real and positive) zeros of f (r) determine the horizons in this spacetime, with the
largest root corresponding to the event horizon and denoted by r+ .
9
This assumes that the Lovelock couplings can be arbitrary, which is not strictly true. It would be
interesting to fully explore the entropy form of the reverse isoperimetric inequality in higher curvature
theories when constraints, such as those arising from holography [119, 120], are taken into account.
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It is a straightforward matter to compute the thermodynamic parameters associated
with this black hole. The results are,


2
3r+
Q
1
4 3
Q2
f 0 (r+ )
2
, Φ=
=
1 + 2 − 2 , S = πr+
, V = πr+
(2.97)
T =
4π
4πr+
L
r+
r+
3
and they satisfy the extended first law of thermodynamics
dM = T dS + V dP + ΦdQ

(2.98)

and the associated Smarr relation
M = 2T S − 2V P + ΦQ .

(2.99)

We note this this is the Smarr formula consistent with Eulerian scaling for this fourdimensional black hole.
To study the thermodynamic structure of the black hole we require the equation of
state. This is obtained very easily by rearranging the expression for the temperature given
in eq. (2.97) and isolating for the pressure
P =

1
T
Q2
−
+
.
2
4
2r+ 8πr+
8πr+

(2.100)

The first term appearing in the equation of state is reminiscent of the ideal gas law P ∼ T /v.
This motivates identifying
 1/3
3V
(2.101)
v = 2r+ = 2
4π
as the specific volume. In general, the specific volume will be identified as some function
of the thermodynamic volume such that, in the appropriate limit, the equation of state
takes the form of an ideal gas. In situations where it is possible to do so, it is often more
convenient to work with the specific volume than the full thermodynamic volume. Some
comments below will be directed at when doing so is — or is not — appropriate. Finally,
in terms of the specific volume, the equation of state now reads
P =

1
2Q2
T
+
.
−
v
2πv 2
πv 4

(2.102)

There are two further points worth mentioning about the specific volume at this stage.
First, it might seem offensive to refer to v as a volume since it appears to have dimensions
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of length, rather than dimensions of volume. However, we have been working in geometric
units where ~ = c = GN = 1 and temporarily restoring these constants is insightful. In
terms of the ‘geometric’ pressure and temperature, we would have
Pressure =

~c
P
`2P

and Temperature =

~c
T,
k

(2.103)

where `2P = ~Gc3N is the Planck length. Then, the leading behaviour of the equation of state
is seen to be
kTemperature
+ ··· .
(2.104)
Pressure =
2`2P r+
This reveals the ‘missing’ dimensionful factors in the specific volume is just `2P , which is
just unity in geometric units.
Second, it is interesting to note that the specific volume identified by these naive considerations can also be thought of as a ratio of thermodynamic volume per degrees of
freedom [109]. That is, we can write
v=
where
Ndof =

V
Ndof

D−2 A
D − 1 4`D−2
P

(2.105)

(2.106)

with A the area of the horizon and `P the Planck length. While an interesting observation,
this result is actually only true in a limited sense and does not hold, for example, for
rotating black holes or in higher curvature gravity.
It is instructive to consider the behaviour of the equation of state in the P − v plane.
Representative isotherms are shown in figure 2.3, where curves of higher opacity correspond
to isotherms of higher temperature. For high temperatures, the pressure follows ideal gas
law type behaviour and the black hole solutions are unique. That is, for a given pressure
there √is only a single possibility for v. As the temperature decreases, there is a point
T = 6/(18πQ) (black curve) after which the isotherms exhibit an inflection point and
uniqueness of the solution is lost. In this regime, for a given pressure there can be up to
three possible values for v. It is in this regime that phase transitions can occur between
the various possible black holes, as we will discuss below. Decreasing
√ the temperature
further, there is another distinguished isotherm corresponding to T = 3/(18πQ) (orange
curve). For temperatures below this, the isotherms are no longer completely positive,
with regions of negative pressure appearing. Note that negative pressure corresponds to
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Figure 2.3: Equation of state for charged AdS black hole. Here we plot various
isotherms for the charged AdS black hole, the curves of higher opacity are isotherms of
higher temperature.
positive cosmological constant, these regions must be excised as the whole structure changes
dramatically for P < 0.
The isotherm which marks the onset of the ‘non-uniqueness’ of the solutions is very
special and actually corresponds to a critical point. Recall that a necessary condition for
an equation of state to admit a critical point is that
∂P
∂ 2P
=
= 0,
∂V
∂V 2

(2.107)

where the derivatives are computed at fixed temperature. In circumstances where the thermodynamic volume is a simple function of the specific volume, this condition is equivalent
to
∂P
∂ 2P
=
= 0.
(2.108)
∂v
∂v 2
Note that if the thermodynamic volume was a generic function of v and P , then the two
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statements above would not be equivalent.
The charged black hole admits the following solution to these equations
√
√
6
1
,
, vc = 2 6Q , Tc =
Pc =
2
96πQ
18πQ

(2.109)

where the subscript c denotes ‘critical’. The isotherm in figure 2.3 that is shown as a black
line corresponds to this critical isotherm.
Our analysis can be summarized in the following way. For temperatures higher than
the critical isotherm, there is a unique black hole solution for a given charge and pressure.
For temperatures below the critical temperature, there can be up to three possible black
hole solutions for a given pressure and charge. Of these possible solutions, the one that is
realized in nature will be that which minimizes the free energy. Let us now analyze the
free energy.

2.5.2

Free energy and phase structure

The free energy is identified with (regularized) Euclidean action. In the fixed charge
ensemble this (complete with boundary terms) is given by
Z
Z
√
1
1
4 √
µν
d x g (R − 2Λ − Fµν F ) −
d3 x hK
IE = −
16πGN M
8πGN ∂M
Z
√
1
d3 x hnα F αβ Aβ + Ict ,
−
(2.110)
4πGN ∂M
where Ict represent the counterterms added to remove the divergences inherent in the
action. Specifically, after computing the value of this action, one obtains the free energy


IE
1
8π 3
3Q2
G = M − TS =
=
r+ −
P r+ +
.
(2.111)
β
4
3
r+
Here we have denoted the free energy by G to make clear that for AdS black holes, the
interpretation is that this is the Gibbs free energy.
The state of the physical system is determined by requiring that the Gibbs free energy
is minimized at fixed temperature and pressure. The Gibbs free energy can be re-expressed
as a function of temperature and pressure alone by solving the equation of state for the
specific volume. Since the volume as a function of pressure and temperature is multivalued, this indicates there will be multiple branches of the free energy, which in turn
represent the various possible ‘phases’ of black hole.
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Figure 2.4: Gibbs free energy for the charged AdS black hole. Top left: A single plot
showing various isobars of the Gibbs free energy. The opacity of the blue lines is related
to the value of the pressure on the isobar, with higher opacity corresponding to higher
pressure. The single black, dashed curve corresponds to the critical pressure. For pressures
larger than the critical pressure, the free energy is a smooth single-valued function. At
the critical pressure, there is a cusp where the second derivative of the free energy is
discontinuous. Below the critical pressure, the free energy exhibits ‘swallowtail’ behaviour,
and is generically multi-valued. In this regime, points where two branches of the free
energy intersect corresponds to points where a first order phase transition occurs. Top
right: Behaviour for P = 1.1Pc . Bottom left: Behaviour for P = Pc . Bottom right:
Behaviour for P = 0.25Pc ; the dotted black line shows the location of the first order phase
transition.
In the case of the charged AdS black hole, inverting the equation of state for v = v(P, T )
can be done analytically. However, the result is the solution of a depressed quartic equation,
and is therefore quite messy and not particularly illuminating. The general prescription
which we will use here and in more complicated scenarios to follow will be to solve the
equation of state for T rather than v, and then plot G(T, P ) as a parametric function of
38

v. Doing so, we show in figure 2.4 representative constant pressure slices of G(T, P ).
The behaviour can be understood in the following way. For pressures larger than the
critical pressure, the free energy is a smooth, single-valued function (see top right plot).
At the critical pressure, a cusp appears in the free energy located at T = Tc . This cusp
reveals a discontinuity in the second derivative of the free energy, and therefore represents
a second order phase transition (see bottom left plot). Below the critical pressure, the
free energy exhibits ‘swallowtail’ behaviour and for a certain range of temperatures, there
can be up to three possible black hole solutions, with the one minimizing the free energy
being the physically preferred state. Referring to the bottom right plot of figure 2.4, we
can see the presence of a first order phase transition. Indeed, if a black hole starts with
temperature T > 0.04/Q on this isobar and radiates, cooling down as it does so, then
there will be a point (marked with the vertical, dotted line in this plot) where the minimal
branch of the Gibbs free energy changes, marking a first order phase transition.10
10

Note that the configurations with positive free energy are possible due to conservation of charge. That
is, there is no analog of the Hawking-Page transition between thermal AdS and the charged black hole
because such a transition would violate conservation of charge.
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Figure 2.5: Phase diagram for the charged AdS black hole. The solid black line
denotes the line of coexistence; along this line the small and large black hole phases have
the same free energy. Crossing the coexistence line indicates a first order phase transition
between the small and large black hole phases. The coexistence curve terminates at the
critical point, which is the only point in this parameter space for which a second order
(continuous) phase transition occurs. Beyond the critical point, there are no distinguished
phases.
The information revealed in the structure of the Gibbs free energy is nicely captured
in a phase diagram, which is shown in figure 2.5. Here we see a line which marks the first
order phase transition between small and large black holes. At any point along this line,
there are two black holes with different volumes that have the same free energy. The line
originates at (T, P ) = (0, 0) and terminates at the critical point, denoted here by the solid
red circle. Beyond the critical point, there are no distinguished phases.

2.5.3

Critical points and universality

The presence of the critical point results in several examples of universal behaviour, which
we will now describe. The first and simplest observation of universality is that the critical
ratio
3
Pc vc
= ,
(2.112)
Tc
8
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is independent of the specific details (i.e. the charge) of the black hole. This situation
is similar to what is observed for the van der Waals fluid, where one obtains exactly the
same value for the ratio of critical values. So, this ratio is the same for the charged AdS
black hole and for any fluid for which the van der Waals equation is a good approximate
description.
The second example of universal behaviour is the law of corresponding states. We can
introduce the following new variables
τ̂ =

T
,
Tc

ν̂ =

v
,
vc

p̂ =

P
.
Pc

(2.113)

In terms of these variables, the equation of state can be recast into the following form
p̂ =

8τ̂
2
1
− 2+ 4.
3ν̂ ν̂
3ν̂

(2.114)

This ‘law of corresponding states’ applies for black holes of any charge. In other words,
written down in these rescaled variables, the behaviour is independent of the specific details
of the particular black hole.
The third example of universal behavior (and the one most important for this thesis) is
captured by critical exponents. Near the critical point, various thermodynamic potentials
and susceptibilities diverge in a power law fashion. The exponents characterizing the
divergence is known as the universality class of the critical point. If two substances share
the same universality class, then near the critical point the physical description of both
substances will be identical.
To calculate the critical exponents of the charged AdS black hole, we proceed by first
performing an expansion of the equation of state near the critical point in terms of the
following parameters
ρ=

P − Pc
,
Pc

τ=

T − Tc
,
Tc

ω=

V − Vc
,
Vc

(2.115)

where we note that the thermodynamic volume V has been used in the definition of ω
rather than the specific volume. Then, near-critical equation of state is given by
8
8
4
ρ = τ − τ ω − ω 3 + O(τ ω 2 , ω 4 ) .
3
9
81

(2.116)

Here terms of order O(τ ω 2 ) can be dropped as their contributions are sub-leading in the
determination of the critical exponents.
Now, let us discuss briefly the critical exponents that we are interested in here.
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• The exponent α governs the behaviour of the specific heat capacity at constant
volume
 
∂S
∝ |τ |−α .
(2.117)
CV = T
∂T V
• The exponent β governs the difference in volume between the two phases along an
isotherm, a quantity known as the order parameter η. That is
η = V1 − V2 ∝ |τ |β

(2.118)

where the subscripts 1 and 2 denote the individual phases.
• The exponent γ governs the behaviour of the isothermal compressibility


1 ∂V
κT = −
∝ |τ |−γ .
V ∂P T

(2.119)

• Lastly, the exponent δ governs the behaviour of the pressure along the critical
isotherm T = Tc :
|P − Pc | ∝ |V − Vc |δ .
(2.120)
In general, the critical exponents are not independent and obey scaling laws (or more
generally, scaling inequalities). The scaling relations follow from the homogeneous scaling
of extensive thermodynamic potentials. Two examples of scaling relations are the Widom
relation
γ = β(δ − 1) ,
(2.121)
and the Rushbrooke inequality
α + 2β + γ ≥ 2 .

(2.122)

Now, let us calculate the critical exponents for the charged AdS black hole. First, we
note that the entropy is independent of temperature. As a result, the specific heat at
constant volume vanishes identically. Thus, there is no temperature dependence and we
therefore conclude that α = 0. The exponent δ can be computed with similar ease. Along
the critical isotherm we have τ = 0 and there immediately conclude from eq. (2.116) that
δ = 3.
Next, we compute β making use of the fact that, during the phase transition, the
pressure remains constant and Maxwell’s equal area law holds. We denote the volume of
the large black hole phase by VL and use VS to denote the small black hole phase. In terms
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of the dimensionless quantity ω these translate to ωL and ωS , respectively. We then have
the following two equations:
8
4
8
8
4
8
1 + τ − τ ωL − ωL3 = 1 + τ − τ ωS − ωS3 ,
3
9
81
9
81
Z ωL3


0=
ω 6τ + ω 2 dω ,

(2.123)

ωS

where the first equation is due to the constancy
R of the pressure at the phase transition and
the second is Maxwell’s equal area law, 0 = (dP/dV )dV . These equations have a unique
non-trivial solution,
√
ωL = −ωS = 3 −2τ ,
(2.124)
which imply that

√
η = Vc (ωL − ωS ) = 6Vc −2τ ⇒ β = 1/2 .

(2.125)

Finally, we compute γ by first noting that the derivative required in the isothermal
compressibility is given by
∂V
9Vc 1
+ O(ω) .
(2.126)
=−
∂P T
8Pc τ
Thus, near criticality, the isothermal compressibility is
κT = −

1 ∂V
V ∂P

∝
T

9 1
⇒ γ = 1.
8Pc τ

(2.127)

We have now computed the critical exponents associated with the critical point of the
charged AdS black hole. Collecting them in one place, they are
α = 0,

β=

1
,
2

γ = 1,

δ = 3.

(2.128)

These critical exponents are exactly those expected from mean field theory. Mean field
theory critical exponents are remarkably robust for second order phase transitions in gravitational theory. To the best of the author’s knowledge, the only examples of critical
exponents that are not the mean field theory values occur for black holes in certain highly
constrained higher curvature theories [44, 16].
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Chapter 3
Super-entropic black holes
The purpose of this chapter is to introduce and study the properties of the four dimensional super-entropic black hole and its singly-spinning generalization to D-dimensions.
These metrics represent new rotating solutions in Einstein gravity that are asymptotically
locally AdS. We will present an analysis of the basic properties of the solutions and their
thermodynamics.
The super-entropic solutions are interesting for at least two reasons. First, black holes
in general relativity are highly constrained objects and so solutions that present novel
features are useful in understanding general properties of black holes. A fundamental result
in the study of black holes is Hawking’s theorem concerning the topology of black hole
horizons [122]. Hawking showed that the two-dimensional event horizon cross sections of
four-dimensional asymptotically flat stationary black holes satisfying the dominant energy
condition necessarily have topology S2 . More interesting black objects are permitted in
four and higher dimensions if one relaxes some of the assumptions going into Hawking’s
theorem. For example, since Hawking’s argument relies on the Gauss–Bonnet theorem, it
does not directly extend to higher dimensions. It is then not so surprising that higherdimensional spacetimes permit a much richer variety of black hole topologies. The most
famous example of this type is the black ring solution of Emparan and Reall which has
horizon topology S2 × S1 [123]. Another possibility is to relax asymptotic flatness. For
example, in four-dimensions with a negative cosmological constant, the Einstein equations
admit black hole solutions with the horizons being Riemann surfaces of any genus g [124,
125, 126, 127, 128]. Higher-dimensional asymptotically AdS spacetimes are also known
to yield interesting horizon topologies, for example, black rings with horizon topology
S1 ×SD−3 [129] and rotating black hyperboloid membranes with horizon topology H2 ×SD−4
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[130]. More generally, event horizons which are Einstein manifolds of positive, zero, or
negative curvature are possible in D-dimensional asymptotically AdS space [125, 131].
The super-entropic black hole solutions, which exist in any dimension D ≥ 4, have
horizons that are topologically spheres with two punctures. These analytical spacetimes
therefore provide further examples of black holes with interesting topological features, and
may provide valuable testing grounds for various gauge/gravity calculations — indeed, in
many cases they already have, e.g. [132, 133, 134, 135].
A second reason why super-entropic black holes are interesting is because they provide the first — and so far only — plausible counter-example to the reverse isoperimetric
inequality. As we will discuss below, despite some subtleties in understanding the thermodynamics of the solutions, these black holes have more entropy per “unit thermodynamic
volume” than the reverse isoperimetric inequality would suggest possible. It is from this
property that these solutions derive their name.
The organization of this chapter is as follows. First, we review the Kerr-Myers-Perry
solutions in four and higher dimensions before introducing the Kerr-AdS class of metrics.
A key point in this discussion is the notion of an ‘ultra-spinning limit’, since it is through
this type of procedure that the super-entropic black hole is derived. The four-dimensional
super-entropic black hole is then introduced, followed by a general analysis of its properties.
We then perform a short study of geodesics in this spacetime, concluding that the axis
of symmetry is in fact excised from the geometry. Finally, we present singly-spinning Ddimensional generalization of the super-entropic black hole and discuss the thermodynamics
of the solutions. We conclude with some summarizing remarks.

3.1

Kerr-AdS black holes and ultra-spinning limits

Our goal in this section will be to introduce some examples of rotating AdS black holes and
highlight relevant properties for understanding the super-entropic limit that will follow. In
particular, we will motivate the notion of an ‘ultra-spinning’ limit for rotating black holes.
The study of rotating black holes has a long history, with the first solution describing a
four-dimensional asymptotically flat rotating black hole found by Kerr in 1963 [136]. Let
us begin by recalling the four-dimensional asymptotically flat Kerr solution. The metric
reads
ds2 = −dt2 +

2
2mr
ρ2a 2
2
dt
+
a
sin
θdφ
+
dr + ρ2a dθ2 + (r2 + a2 ) sin2 θdφ2
ρ2a
∆a
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(3.1)

with
ρ2a = r2 + a2 cos2 θ ,

∆a = r2 − 2M r + a2 .

(3.2)

The solution has two horizons: an event horizon located at the largest root of ∆, and an
inner Cauchy horizon located at the smaller root. It is instructive to consider the explicit
expressions for the location of the horizons:
√
(3.3)
r ± = M ± M 2 − a2 .
Now we can note an interesting property of the four-dimensional Kerr metric: there is
a maximum spin parameter that is consistent with the metric describing a black hole.
Equivalently, this can be stated in terms of the angular momentum of the Kerr solution.
Here, let us just note that the mass and angular momentum are given simply by the
parameters M and J = M a. For the Kerr solution to represent a black hole, we must have
J 2 ≤ M 4 , otherwise the solution would represent a naked singularity.
The “Kerr bound” limiting the angular momentum of the four-dimensional rotating
black hole hole does not extend generally to higher dimensions. Higher dimensional generalizations were obtained in 1983 by Myers and Perry [88]. In higher dimensions, rotating black holes are complicated beasts, and in D spacetime dimensions can have up to
b(D − 1)/2c independent angular momenta.11 Rather than considering the most general
Myers-Perry solution, let us just focus on the case of an asymptotically flat black hole in
D dimensions with a single spin parameter. In this restricted case, the metric is given by
2 Σa 2
2mr5−D
dr + Σa dθ2
dt + a sin2 θdφ +
2
ρa
∆a
+ (r2 + a2 ) sin2 θdφ2 + r2 cos2 θdΩ2D−4 ,

ds2 = −dt2 +

(3.4)

where
∆a = r2 + a2 − 2mr5−D ,

(3.5)

and ρ2a is the same as in the Kerr case. The mass and angular momentum can be computed
to be
(D − 2)ΩD−2 m
2
M=
, J=
Ma ,
(3.6)
8πGN
D−2
11

This is a consequence of the fact that the rotation group SO(D − 1) has rank r = b(D − 1)/2c, which
is equal to the number of independent Casimir invariants. These group invariants are naturally associated
with the conserved charges. Another way to see this same fact is to note that the number of independent
angular momenta is equal to the number of independent spatial 2-planes.
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the second relationship above is sometimes referred to as the ‘chirality condition’. The
location of the event horizon is again determined by the largest root of ∆. It is not hard
to see that for both D = 4 and D = 5, extremality places an upper-bound on a. However,
for D ≥ 6 we can see that there is no upper-bound on a. Note that, for D ≥ 6, at small r
the −2m term dominates and ∆ is negative, while at large r the r2 term dominates and
∆ is positive. Simple calculus then implies that ∆ has a single positive root, independent
of the value of a. So, Myers-Perry black holes in D ≥ 6 can (in principle) have arbitrarily
large angular momentum.
There is, however, a limit on the angular momentum of Myers-Perry black holes that is
imposed by physical considerations. Emparan and Myers [137] considered the geometry of
a higher dimensional black hole with arbitrarily large angular momentum relative to the
mass, which they termed the ‘ultra-spinning’ limit. Roughly speaking, the idea is to keep
the mass finite while taking the angular momentum to be infinite. Mathematically, this
corresponds to taking a → ∞ while holding m̂ = m/a2 fixed. In this limit, the geometry
limits to a black membrane,


−1

2m̂
2m̂
2
2
dr2 + r2 dΩ2D−4 + dσ 2 + σ 2 dφ2 .
(3.7)
ds = − 1 − D−5 dt + 1 − D−5
r
r
Due to the work of Gregory and Laflamme [138], black branes are known to be unstable.
Therefore it is expected that at some sufficiently large angular momentum, an instability
will present itself, and an effective “Kerr Bound” will be imposed dynamically.
Besides revealing an instability of higher dimensional black holes with large angular
momentum, the ultra-spinning limit is interesting for another reason. Note that the topology of the horizon of the Myers-Perry black hole (3.4) is SD−2 , while the black membrane
has topology R2 × SD−4 . Generating black objects with novel horizon topology is quite
generally true for ultra-spinning limits.
Let us now turn to a discussion of Kerr-AdS black holes and their properties, since these
asymptotically AdS solutions will feature prominently in the following sections. The four
dimensional version of this solution was found by Carter [139] just five years after Kerr’s
discovery of the asymptotically flat case. Motivated by the AdS/CFT correspondence, in
1999 Hawking, Hunter and Taylor-Robinson constructed the five dimensional Kerr-AdS
solution, and also provided an example of a singly-spinning solution in all dimensions [29].
The most general solution with cosmological constant was obtained by Gibbons, Lu, Page
and Pope in 2004 [140]. For our purposes, it will suffice to consider a singly-spinning
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Kerr-AdS black hole in general dimensions. The metric reads
i2
a
ρ2
ρ2
∆a h
2
2
ds = − 2 dt − sin θdφ + a dr2 + a dθ2
ρa
Ξ
∆a
Sa

2
2
2
2
Sa sin θ
r +a
+
adt
−
dφ + r2 cos2 θdΩ2D−4 ,
2
ρa
Ξ

(3.8)

where


r2
∆a = (r + a ) 1 + 2 − 2mr5−D ,
L
2

2

a2
Sa = 1 − 2 cos2 θ ,
L

a2
Ξ=1− 2 ,
L

(3.9)

and ρ2a is the same as in the asymptotically flat cases. With m non-zero the solution
describes a black hole with horizon located at the largest root of ∆. The solution with
m = 0 is simply AdS, but written in non-standard coordinates. If the following change of
coordinates is used,
Ξr̂2 sin2 θ̂ = (r2 + a2 ) sin2 θ ,
a
φ̂ = φ + 2 t ,
(3.10)
L
with the other coordinates remaining the same, the relationship to AdS in global coordinates is manifest. This change of coordinates, when applied to the spacetime with m 6= 0
has the effect of bringing the solution into a frame that does not rotate at infinity.
A full list of the thermodynamic quantities for the singly-spinning AdS black hole can
be found in [109], here let us just record a couple of the more relevant results for the
discussion:


ΩD−2 ma
ΩD−2 m
(D − 4)Ξ
, J=
,
M=
1+
2
4π Ξ
2
4π Ξ2
 D−4


2
2
a2 + r+
r+
/L2
r+ A
a2 1 + r+
, V =
1+
.
(3.11)
A = 4S = ΩD−2
2
Ξ
D−1
Ξ (D − 2)r+
From the above, we can draw a few important conclusions. First, it follows that these black
holes satisfy the reverse isoperimetric inequality with R > 1 for any non-zero a — equality
only occurs when a = 0, i.e. when the solution is static. Second, unlike the asymptotically
flat Myers-Perry solution, here there is not a simple proportionality between the angular
momentum and the mass. Further, since the term Ξ enters into the definitions of the
physical mass and angular momentum, both these quantities blow up in the limit a → L
while satisfying
J ≤ ML
(3.12)
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which is reminiscent of the “Kerr bound” for asymptotically flat black holes. In this sense,
Caldarelli, Emparan, and Rodrı́guez argued that the limit a → L can be thought of as the
AdS analog of the ultra-spinning limit studied in the asymptotically flat case.
For AdS solutions, there are a number of ways in which the ultra-spinning limit can be
taken, with each yielding new and interesting examples of black objects with various horizon
topologies. Caldarelli, Emparan, and Rodrı́guez [130] studied the black brane limit wherein
the physical mass is held fixed and the a → L limit is taken while simultaneously zooming in
to the pole. This limit is sensible only in D ≥ 6 and yields a static, asymptotically flat black
brane. For this reason, the procedure is analogous to the limit first studied by Emparan
and Myers. While ref. [130] considered only the singly-spinning Kerr-AdS geometry, the
limit was generalized to the full multi-spinning Kerr-AdS solution in the appendix of [2]. In
the same work, and again in a more recent paper [141], Caldarelli and collaborators studied
a different approach to the a → L limit that we will call the hyperboloid membrane limit.
In this case, the horizon radius, r+ , is held fixed while zooming in to the pole and taking
a → L. The limit, valid for any D ≥ 4, yields a rotating AdS hyperboloid membrane with
horizon topology H2 × SD−4 . These ultra-spinning limits are reviewed in appendix B.
The super-entropic black hole corresponds to another example of an ultra-spinning limit
for the Kerr-AdS black hole. The procedure consists of the following steps. i) We start
from a given rotating AdS black hole and, to eliminate any possible divergent terms in the
metric that would prevent us from taking the a → L limit, recast it in a rotating-at-infinity
coordinate system that allows one to introduce a rescaled azimuthal coordinate. ii) We
then take the a → L limit, effectively ‘boosting’ the asymptotic rotation to the speed of
light. iii) Finally, we compactify the corresponding azimuthal direction. In so doing we
qualitatively change the structure of the spacetime since it is no longer possible to return
to a frame that does not rotate at infinity. The obtained black holes have non-compact
horizons that are topologically spheres with two punctures.
The four-dimensional super-entropic black hole was first discovered by Klemm [142, 143]
in the course of classifying various rotating solutions of four-dimensional Fayet-Iliopoulos
gauged supergravities. His approach takes the Carter-Plebański solution as a starting point,
and then constrains the possible roots of the angular structure function — this construction
is reviewed in appendix C. Since there is no known higher dimensional analog of the CarterPlebański solution, our approach has the advantage of being directly applicable to any
rotating black hole geometry, allowing us to obtain generalizations of Klemm’s solution in
higher dimensions, and for multi-spinning black holes.
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3.2

The super-entropic limit

We begin our discussion of super-entropic black holes by considering the simplest possible
example in D = 4. Let us first demonstrate this procedure on the Kerr–Newman-AdS
black hole in four dimensions [139]. We write the metric and electromagnetic 1-form A in
the ‘standard Boyer–Lindquist form’ [29]

2
∆a
a sin2 θ
Σa 2 Σa 2
2
ds = −
dt −
dφ +
dr +
dθ
Σa
Ξ
∆a
S

2
r 2 + a2
S sin2 θ
adt −
+
dφ ,
Σa
Ξ


a sin2 θ
qr
dφ ,
(3.13)
dt −
A = −
Σa
Ξ
where
a2
a2
Σa = r2 + a2 cos2 θ , Ξ = 1 − 2 , S = 1 − 2 cos2 θ ,
L
L

2
r
∆a = (r2 + a2 ) 1 + 2 − 2mr + q 2 ,
(3.14)
L
with the horizon rh defined by ∆a (rh ) = 0. As written, the coordinate system rotates at
infinity with an angular velocity Ω∞ = −a/L2 and the azimuthal coordinate φ is a compact
coordinate with range 0 to 2π. The choice of coordinates (3.13), while convenient, is not
necessary to obtain the metric (3.15) below, as we demonstrate in the following subsection.
We now want to take the limit a → L. To avoid a singular metric in this limit, we
need only define a new azimuthal coordinate ψ = φ/Ξ (the metric is already written in
coordinates that rotate at infinity) and identify it with period 2π/Ξ to prevent a conical
singularity. After this coordinate transformation the a → L limit can be straightforwardly
taken and we get the following solution:
2 Σ
Σ
∆
dt − L sin2 θdψ + dr2 +
dθ2
ds2 = −
Σ
∆
sin2 θ
2
sin4 θ 
+
Ldt − (r2 + L2 )dψ ,
Σ

qr
A = −
dt − L sin2 θdψ ,
(3.15)
Σ
where

r 2 2
Σ = r2 + L2 cos2 θ , ∆ = L +
− 2mr + q 2 .
(3.16)
L
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Note that coordinate ψ is now a noncompact azimuthal coordinate, which we now choose
to compactify by requiring that ψ ∼ ψ +µ. The result is equivalent to the metric presented
by Klemm in [143] for the case of vanishing magnetic and NUT charges, as can be seen
directly using the following coordinate transformation:
τ = t,

p = L cos θ ,

σ = −ψ/L ,

LKlemm = µ/L .

(3.17)

Originally, this solution was found as a limit of the Carter–Plebański solution and corresponds to the case where the angular quartic structure function has two double roots
[142, 143]. Klemm’s construction is reviewed in appendix C. The advantage of our construction is that it immediately generalizes to the entire class of rotating AdS black holes.

3.2.1

Properties of the rotating frame

The super-entropic limit employed above required that the Kerr-AdS metric be written in
a form that rotates at infinity. Here we explore that requirement in more detail, understanding exactly what the restrictions on the rotating frame are and how the results relate
to the super-entropic solution presented just above.
Let us begin with the Kerr-AdS solution written in the standard Boyer–Lindquist form,
given by (3.13), (3.14) above. In this form, the metric is already written in ‘rotating coordinates’, characterized by Ω∞ = −a/L2 . The fact that these coordinates are ‘rotating’
is crucial for the super-entropic limit—working in non-rotating coordinates leads to a singular limit, as we will see. We can ask, though, what restrictions (if any) are there on the
rotating coordinates we use? That is, are there other frames besides that characterized by
Ω∞ = −a/L2 in which it is possible to perform the super-entropic limit? Let us begin to
answer this question by writing the metric in ‘non-rotating coordinates’ by transforming
Φ=φ+

a
t,
L2

(3.18)

where Φ is the non-rotating coordinate. We find


2
∆a
a2 sin2 θ
a sin2 θ
Σa 2 Σa 2
2
dt −
ds = −
1+
dΦ +
dr +
dθ
2
Σa
LΞ
Ξ
∆a
S


2
S sin2 θ
a r 2 + a2
r 2 + a2
+
a+ 2
dt −
dΦ .
Σa
L
Ξ
Ξ
It is now clear that the limit cannot be directly taken in the non-rotating coordinates: the
gtt and gtΦ components of the metric are singular in the a → L limit and cannot be made
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finite through our rescaling of φ. There appears to be two possible ways to fix this. First,
one could simply re-scale t as t → Ξt while simultaneously taking φ → Ξφ. The second
possibility (which was the one implemented in the previous section) involves transforming
to a rotating frame and then taking φ → Ξφ. It turns out that the first method does not
work (it leads to a singular metric) and so transforming to a rotating frame is essential.
Now, starting from the non-rotating metric let us transform to an arbitrary rotating
frame via the transformation
a
(3.19)
ϕ = Φ − x 2t,
L
where x is (for now) an arbitrary parameter. Note that with the choice x = 1 eq. (3.13) is
recovered. We then have for the metric in rotating-at-infinity coordinates,


2
∆a
a2 sin2 θ
a sin2 θ
2
ds = −
1+
(1 − x) dt −
dϕ
Σa
L2 Ξ
Ξ

2

S sin2 θ
r 2 + a2
r 2 + a2
+
(1 − x) adt −
dϕ
1+
Σa
L2 Ξ
Ξ
Σa 2 Σa 2
+
dr +
dθ .
(3.20)
∆a
S
Considering this metric we see that the gtt and gtϕ metric components can be made finite
with the choice
x = 1 + yΞ + o(Ξ) ,
(3.21)
where y is a constant with y = 0 yielding the coordinates we have used earlier, and o(Ξ)
denotes terms of higher order in Ξ. We then have, in these coordinates,
Ω∞ = −

a
(1 + Ξy) .
L2

(3.22)

This result tells us that we do face some restrictions in our choice of coordinates. For
example, it is not possible to perform the super-entropic limit if one begins in coordinates
that rotate at infinity with Ω∞ = −2a/L2 since this would require y = 1/Ξ, which is not
valid. Now we must ask: when we perform the super-entropic limit in coordinates with an
arbitrary (but valid) choice of y, how is the result related to our standard choice of y = 0?
The answer is that different values of y correspond simply to coordinate transformations
of the solutions discussed earlier – there is nothing qualitatively different about the solution.
To see this consider the transformation we made to the rotating frame
ϕ=Φ−x

a
a
a
t
=
Φ
−
t
−
yΞ
t.
L2
L2
L2
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(3.23)

Now recall that, at this point, when taking the super-entropic limit, we rescale ϕ via
ϕ = Ξψ and then take a → L. So, with a non-vanishing y we have:
Φ − La2 t
a a→L
ϕ
y
− y 2 t = ψSE − t ,
(3.24)
ψ= =
Ξ
Ξ
L
L
where ψSE denotes the azimuthal coordinate from the super-entropic solutions. So beginning in other rotating-coordinate systems just turn out to yield a simple coordinate
transformation applied to the solution we have already obtained.
We need to move to a rotating coordinate system because otherwise we will have a
divergence in gtt and gtφ . While there is some freedom in the choice of starting frame,
we cannot perform the super-entropic limit from any rotating frame whatsoever. When
an appropriate coordinate system is chosen, however, we always recover the ‘standard’
super-entropic solution, up to a simple coordinate transformation.

3.3

Basic properties

In this section we will explore some of the basic properties of the super-entropic black hole.
We note that some of the results presented here were also considered by Klemm [143]; here
the treatment follows the more detailed account given in [2].
First, let us note that the m = q = 0 form of the metric is a space of constant negative
curvature with curvature scale L. For non-zero m, q we find that the metric (3.15) describes
a black hole, with horizon at r = r+ — the largest root of ∆(r+ ) = 0.
We first note that there is a minimum value of the mass required for horizons to exist.
Examining the roots of ∆ in eq. (3.16) we find

 r2
0
(3.25)
m ≥ m0 ≡ 2r0 2 + 1 ,
L
where
"

1 #
2
2 2
L
3q
r02 ≡
−1 + 4 + 2
.
(3.26)
3
L
For m > m0 horizons exist while for m < m0 there is a naked singularity. When m = m0
the two roots of ∆ coincide and the black hole is extremal.
To gain a deeper understanding of the spacetime, let us consider the geometry of constant (t, r) surfaces. The induced metric on such a surface reads
ds2 =

r2 + L2 cos2 θ 2 L2 sin4 θ(2mr − q 2 ) 2
dψ .
dθ +
r2 + L2 cos2 θ
sin2 θ
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(3.27)

Since


L4 sin4 θ
(3.28)
2mr − q 2 ,
2
2
2
L cos θ + r
it follows (using m > m0 and r+ > r0 ) that gψψ is strictly positive outside the horizon,
indicating that the spacetime is free of closed timelike curves.
gψψ =

The metric (3.27) appears to be ill-defined for θ = 0, π. To ensure there is nothing
pathological occurring near these points let us examine the metric in the small θ limit (due
to symmetry, the θ = π limit will be identical). We introduce the change of variables
κ = L(1 − cos θ) ,
and examine the metric for small κ. This yields
 2

dκ
4(2mr − q 2 ) 2 2
2
2
2
ds = (r + L )
+
κ dψ ,
4κ2
(r2 + L2 )2

(3.29)

(3.30)

and the associated curvature tensor is just
Rµν ρσ = −

L2

4
[ρ σ]
δ[µ δν] .
2
+r

(3.31)

So the metric on these slices is nothing but a metric of constant negative curvature on the
hyperbolic space H2 . This implies that the t, r = const. slices are non-compact manifolds
and that the space is free from pathologies near the poles.12 In particular, this analysis
applies to the case of the black hole horizon, for which
 2

dκ
4κ2 2
2
2
2
dsh = (r+ + L )
+ 2 dψ ,
(3.32)
4κ2
L
showing that the horizon is non-compact.
The above argument has allowed us to conclude that, near the poles, the spacetime
is free of pathologies. However, using this argument alone we cannot conclude anything
definitive about what happens precisely at θ = 0, π. In the next section, we will consider
the motion of test particles in the spacetime and argue that the symmetry axis is actually
excised from the spacetime.
12

The statement that these surfaces are non-compact should not be confused with the idea that they
extend to r = ∞: they are, after all, a surface at r = const.. The notion is better understood as meaning
that there is infinite proper distance between any fixed θ ∈ (0, π) and either pole.
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To visualize the geometry of the horizon, we embed it in Euclidean 3-space. The induced
metric on the horizon is
.
(3.33)
ds2h = gψψ dψ 2 + gθθ dθ2
r=r+

We identify this line element with the line element in cylindrical coordinates
ds23 = dz 2 + dR2 + R2 dφ2 ,
yielding
µ
R2 (θ) =
gψψ ,
2π

2

2
dz(θ)
dR(θ)
= gθθ −
,
dθ
dθ

(3.34)
(3.35)

where the prefactor in eq. (3.34) comes from the manner in which we have compactified
ψ. Unfortunately, the resulting equations cannot be solved analytically. However it is
straightforward to integrate them numerically for various values of r+ , L and q, as shown
in figure 3.1. We stress that the reader should not confuse the fact that z(θ) extends to
±∞ at the poles with the horizon extending to spatial infinity in the bulk spacetime — it
is just that the transverse sections are non-compact.
The ergosphere is the region for which the Killing vector ∂t is no longer timelike, given
by
∆ − L2 sin4 θ ≤ 0 ,

(3.36)

with equality corresponding to its outer boundary. Although at θ = 0, π the ergosphere
appears to touch the horizon, this does not take place since this axis is excised from the
spacetime as we shall see.
On the conformal boundary the metric (3.15) takes the following form (the conformal
factor being given by L2 /r2 )
ds2bdry = −dt2 − 2L sin2 θdtdψ +

L2
dθ2 ,
sin2 θ

(3.37)

and we see that ψ becomes a null coordinate there. Writing again κ = L(1 − cos θ), the
small κ limit gives
L2 2
dκ ,
2
4κ

dκ2 4κ2 2
2
2
= −(dt + 2κdψ) + L
+ 2 dψ
.
4κ2
L

ds2bdry = −dt2 − 4κdψdt +
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(3.38)

Figure 3.1: Horizon embedding. The horizon geometry of a 4D super-entropic black
√
hole is embedded in E3 for the following choice of parameters: q = 0, L = 1, r+ = 10
and µ = 2π.
As the second expression makes manifest, the boundary is AdS3 written as a Hopf-like
fibration over H2 . Due to the symmetry of the metric, an identical result holds for θ = π.
The structure of the conformal boundary reveals why the spacetime is asymptotically locally
AdS. In somewhat formal treatments, the terminology ‘asymptotically AdS’ is reserved for
solutions that approach a constant negative curvature space that is topologically R × SD−2 .
Here, due to the punctures along the symmetry axis (see also next section), these solutions
do not meet this topological criterion.
Lastly, let us make an interesting remark about the full spacetime geometry considered
in the vicinity of the symmetry axis. Taking (for simplicity) q = 0 and implementing
the following coordinate transformation [143] [again after taking the limit κ → 0 with
κ = L(1 − cos(θ))]:
r = 2ρ ,

σ
4κ/L(ψ − i) + i
= eiφ tanh ,
4κ/L(ψ + i) + i
2
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2t = τ + iL ln

eiφ tanh σ2 − 1
,
e−iφ tanh σ2 + 1

(3.39)

the metric is cast into the form
h

σ i2
dρ2
+ (ρ2 + L2 /4) dσ 2 + sinh2 σdφ2
ds2 = −V (ρ) dt2 + 2L sinh2 dφ +
2
V (ρ)

(3.40)

with

L4 − 4ρ(m − 2ρ)L2 + 16ρ2
.
(3.41)
16L2
This is a (Lorentzian) AdS Taub-NUT geometry with an H2 base space and the NUT
parameter equal to n = L/2. See, e.g., [28, 144, 145] for a discussion of these solutions.
Note that for the case where the base space is H2 the fibration is trivial — there are no
Misner strings [146], and as a result no periodicity is enforced on t.
V (ρ) =

3.4

Geodesics and the symmetry axis

In order to understand the role of the symmetry axis θ = 0, π, we shall now study the
geodesics. The geometry admits a closed conformal Killing–Yano 2-form, h = db,
b = (L2 cos2 θ − r2 )dt − L(L2 cos2 θ − r2 sin2 θ)dψ ,

(3.42)

inherited from the Kerr-AdS spacetime. Such an object guarantees separability of the
Hamilton–Jacobi, Klein–Gordon, and Dirac equations in this background. In particular,
it generates a Killing tensor kαβ = (∗h)αµ (∗h)µ β , ∇(α kβµ) = 0, whose existence implies a
Carter constant of motion [147], kαβ uα uβ , rendering geodesic motion (with 4-velocity uα )
completely integrable.
The fastest way to obtain the explicit expressions for the 4-velocity is to separate the
Hamilton–Jacobi equation [147]
∂S ∂S
∂S
+ g αβ α β = 0 ,
∂λ
∂x ∂x

(3.43)

where the inverse metric to (3.15) reads
∂s2

2 ∆ 2 sin2 θ 2
1  2
2
= −
(r + L )∂t + L∂ψ + ∂r +
∂
Σ∆
Σ
Σ θ
2
1 
2
+
L
sin
θ∂
+
∂
t
ψ
Σ sin4 θ

(3.44)

and where one can identify ∂S with the momentum 1-form u
∂a S = ua .
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(3.45)

We seek an additive separated solution (with the constants E, h, σ = −u2 corresponding
to explicit symmetries)
S = σλ − Et + hψ + R(r) + Λ(θ) ,
(3.46)
giving from (3.43)
2 ∆
sin2 θ 02
1 
−(r2 + L2 )E + Lh + R02 +
Λ
Σ∆
Σ
Σ
2
1 
+
h − L sin2 θE = 0 ,
4
Σ sin θ
σ−

(3.47)

where R0 = dR/dr and Λ0 = dΛ/dθ. Multiplying by Σ and reshuffling the terms, we obtain
2
1 
−(r2 + L2 )E + Lh − ∆R02
∆
2
1 
h − L sin2 θE ,
= sin2 θΛ02 + σL2 cos2 θ +
4
sin θ

C = −σr2 +

(3.48)

where C is Carter’s constant, the additional (hidden) integral of geodesic motion.
Hence the geodesic 4-velocity (ut = −E, uψ = h) is given by
ṫ =
ψ̇ =
ṙ =
θ̇ =


E(2mr − q 2 )L2 Lh ∆ − sin2 θ(r2 + L2 )
+
,
Σ∆
Σ∆ sin2 θ


LE ∆ − sin2 θ(r2 + L2 )
h ∆ − sin4 θL2
−
,
Σ∆ sin4 θ
Σ∆ sin2 θ
q
σr
[Lh − (r2 + L2 )E]2 −∆C − σ∆r2 ,
Σ
r
2
σθ sin θ
1 
2
C−
h
−
L
sin
θE
− σL2 cos2 θ ,
Σ
sin4 θ

(3.49)

where σr = ± and σθ = ± are independent signs.
We do not provide a complete analysis of the geodesics, leaving an analysis similar
to [148] for future study. In what follows we limit ourselves to presenting an argument
showing that the symmetry axis θ = 0, π cannot be reached by null geodesics (σ = 0)
emanating from the bulk in a finite affine parameter. This indicates that the axis is some
kind of a ‘boundary’ that is to be excised from the spacetime.
Let us probe the behavior close to θ = 0 (the discussion for θ = π is due to the symmetry
analogous). Consider ‘ingoing’ null geodesics for which θ decreases. For any finite value of
C, it is obvious from the expression underneath the square root in the last equation (3.49)
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that when h 6= 0, θ = 0 cannot be reached (the term [h − lE sin2 θ]2 / sin4 θ dominates for
small θ driving the square root imaginary).
Consider next h = 0, then we have
sin θ √
C − L2 E 2 .
(3.50)
Σ
It is straightforward to show from the third equation in (3.49) that there exists a constant
C = C∗ > 0 and r = r∗ > r+ such that ṙ(r∗ ) = 0; or in other words there exists a constantr surface along which such photons are confined. Such geodesics
will spiral towards θ = 0
√
2
with ψ̇ 6= 0. For small θ we obtain θ̇/θ ≈ −b = − C∗ − L2 E 2 /r∗2 = constant, i.e.,
2
θ → e−b τ . Photons moving on constant r = r∗ surfaces spiral toward θ = 0 in infinite
affine parameter. Moreover, using the first equation (3.49) together with (3.50), we have
√
dθ
∆∗ C∗ − L2 E 2
= −k sin θ , k =
> 0.
(3.51)
dt
EL2 (2mr∗ − q 2 )
θ̇ = −

Hence, starting from some finite θ0 , we have
Z
1
dθ
1 
θ
t=−
= − ln tan
+ const.
k
sin θ
k
2

(3.52)

Evidently, as θ approaches zero, t ∝ − k1 ln θ → ∞; the axis is reached in infinite coordinate
time t. Hence photons of this type can never reach the symmetry axis.13
The final possibility is that (while h = 0) the coordinate r changes as the photon
approaches θ = 0. Dividing the last two equation in (3.49) and introducing the following
dimensionless quantities:
x=

r
,
l

A=

2m
> 0,
L(1 − L2 E 2 /C)

B=

q2
,
2mL

(3.54)

we find that
Z



Z
dθ
θ
dx
= ln tan
= −σr p
,
sin θ
2
P (x)

13

(3.55)

For comparison, let us review here the behavior of radial geodesics in AdS space. Writing the metric
in static coordinates, ds2 = −f dt2 + dr2 /f , f = 1 + r2 /L2 , we have 2 constants of motion u2 = −σ and
ut = −, giving
p

(3.53)
ṫ = , ṙ = ± 2 − σf .
f
Specifically, radial null geodesics (σ = 0) starting from r = 0 reach the AdS boundary situated at r = ∞
in infinite affine parameter, τ = r/ → ∞, but (integrating dr/dt = f ) at finite coordinate time t =
L arctan(r/L) = πL/2.
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where P (x) is the fourth-order polynomial given by
P (x) = A(x − B) − (1 + x2 )2 .

(3.56)

It is easy to see that P (x) can have at most 2 positive roots 0 < x1 < x2 and that geodesic
motion occurs for r = xL obeying x1 ≤ x ≤ x2 . The case x1 = x2 corresponds to motion
on fixed r = r∗ discussed in the previous paragraph. To reach θ = 0, the l.h.s. of eq. (3.55)
diverges as ln θ. However, in the region of allowed motion, the r.h.s. of (3.55) remains
finite (as only simple roots of P (x) occur). This excludes the final possibility that the axis
θ = 0 can be reached by null geodesics emanating from some finite θ0 in the bulk.
Finally, a much simpler argument, based on studying null geodesics on the conformal
boundary, indicates that the axis of symmetry is in fact removed from the spacetime.
Writing sin θ = e−y , the metric on the conformal boundary reads
ds2 = −dt2 + L2 dy 2 + 2Le−2y dtdψ .

(3.57)

The geodesic motion on this space admits 3 constants of motion u2 = −σ, ut = −E and
uψ = h, giving the following 3 equations for null geodesics:
e4y
h 2y
e , ψ̇ = 2 (h − ELe−2y ) ,
L
L
2y p
e
ẏ = ± 2 h(2ELe−2y − h) .
L
ṫ =

(3.58)

From the last equation it is obvious that no null geodesic emanating from finite y0 can
reach the pole y = ∞ (θ = 0) on the conformal boundary.
To summarize, the above arguments clearly demonstrate that the symmetry axis θ =
0, π is actually not part of the spacetime and represents instead some kind of a boundary.
It is an interesting question as to whether such a boundary has similar properties to those
of the boundary of AdS space.

3.5

Singly spinning super-entropic black holes in all
dimensions

As was commented at the beginning of this chapter, the super-entropic limit generalizes to
higher dimensional rotating black holes. The general solution for rotating AdS black holes
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is very complicated [140], and so here we simply present the generalization to a singlyspinning AdS black hole — the full generalization for the Kerr-AdS black holes, as well as
charged and rotating black holes of 5D minimal gauged supergravity, can be found in [2].
To generalize the super-entropic black hole solution to higher dimensions, we start from
the singly spinning D-dimensional Kerr-AdS geometry [29]
i2
∆a h
a
ρ2a 2 ρ2a 2
2
dt
−
sin
θdφ
+
dr +
dθ
ρ2a
Ξ
∆a
Σa
2

Σa sin2 θ
r 2 + a2
dφ + r2 cos2 θdΩ2D−4 ,
+
adt −
ρ2
Ξ

ds2 = −

(3.59)

where
r2
a2
5−D
∆a = (r + a )(1 + 2 ) − 2mr
, Σa = 1 − 2 cos2 θ ,
L
L
a2
Ξ = 1 − 2 , ρ2a = r2 + a2 cos2 θ .
L
2

2

(3.60)

Replacing φ = ψΞ everywhere and then taking the limit a → L we obtain
∆
ρ2 2
ρ2
2
2
(dt
−
L
sin
θdψ)
+
dr
+
dθ2
ρ2
∆
sin2 θ
sin4 θ
+
[Ldt − (r2 +L2 )dψ]2 +r2 cos2 θdΩ2D−4 ,
ρ2

ds2 = −

(3.61)

where

r 2 2
− 2mr5−D , ρ2 = r2 + L2 cos2 θ .
∆ = L+
L

(3.62)

As before, ψ is a noncompact coordinate, which we now compactify via ψ ∼ ψ + µ. It
is straightforward to show that the metric (3.61) satisfies the Einstein-AdS equations.
Horizons exist in any dimension D > 5 provided m > 0 and in D = 5 provided m > L2 /2.
Similar to the 4-dimensional case, the solution inherits a closed conformal Killing–Yano
2-form from the Kerr-AdS geometry, h = db, where
b = (L2 cos2 θ − r2 )dt − L(L2 cos2 θ − r2 sin2 θ)dψ .

(3.63)

This object guarantees complete integrability of geodesic motion as well as separability of
the Hamilton–Jacobi, Klein–Gordon, and Dirac equations in this background; see [149] for
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analogous results in the Kerr-AdS case. In particular, the geodesics can be discussed in a
way analogous to the previous subsection.
The arguments concerning the behavior near the symmetry axis at θ = 0, π for the
4-dimensional case can be repeated here. The induced metric on the horizon is
ds2h

2
2
+ L2 )2 2
r+
+ L2 cos2 θ 2 sin4 θ(r+
dψ
dθ + 2
=
2
L cos2 θ + r+
sin2 θ
2
cos2 θdΩ2D−4 ,
+ r+

and introducing as before κ = L(1 − cos θ) we find
 2

dκ
4κ2 2
2
2
2
2
dsh = (r+ + L )
+ 2 dψ + r+
dΩ2D−4 .
4κ2
L

(3.64)

(3.65)

This is a product geometry H2 × SD−4 of two constant curvature spaces; the horizons
of these black holes are non-compact and have finite horizon area. Similar to the fourdimensional case, they have topology of a cylinder as the actual axis is excised from the
spacetime.

3.6

Thermodynamics and the reverse isoperimetric
inequality

Let us now directly consider the thermodynamics of the super-entropic black hole. We
present detailed calculations for the four-dimensional solution, and quote the results in the
higher dimensional setting.
As written, ∂t and ∂ψ are Killing vectors for the metric. The linear combination
ξ = ∂t + Ω∂ψ

(3.66)

is the null generator of the horizon with
Ω=

2
r+

L
.
+ L2

The surface gravity can be obtained through the identity
r
1
κ = lim − ξ α;β ξα;β
r→r+
2
62

(3.67)

(3.68)

which yields

 2
r+
1
q2
.
3 −1− 2
κ=
2r+ L2
r+ + L2

(3.69)

The temperature is then given directly by T = κ/(2π).
The conserved mass associated with the Killing vector ∂t can be computed via a variety
of techniques. Here we will provide an explicit calculation using the conformal method
of Ashtekar, Magnon, and Das [91, 92, 150], which has the advantage of requiring no
background subtraction. To facilitate the calculation of the mass, we note the leading
order behaviour of the Weyl tensor component
C

t

2L2 m
=
+ ···
r5

rtr

(3.70)

at large distance. We then obtain the electric component Ē t t via a conformal rescaling to
be
2m
(3.71)
Ē t t = 3 .
L
The volume element of a t = constant hypersurface lying in the boundary is given by
dΣ̄t = L2 sin θdθdψ .

(3.72)

Thus we obtain for the mass
L
M = Q[∂t ] =
8π

I

 µm
Ē t t L2 sin θdθdψ =
.
2π
Σ

(3.73)

We note that this result for the mass also follows from the Komar definition of the
mass (2.32), using a naive background subtraction of the m = 0 solution.
The angular momentum can be computed unambiguously via a number of methods,
with no need for background subtraction, and we will perform the calculation with a Komar
integration. The surface element is given by
√
dSαβ = −2r[α nβ] σdθdψ ,
(3.74)
where σ is the determinant of the induced metric on the surfaces of constant t and r, rα
is a unit normal vector in the radial direction, and nβ is the unit normal to the surface of
constant t

−1/2 

2
gtψ
gtψ α
α
α
n = −gtt + 2
− gtψ
δt −
δ .
(3.75)
gψψ
gψψ ψ
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A direct computation then yields
1
J=
16π

I

dSαβ ∇α φβ =

S∞

µmL
.
2π

(3.76)

The thermodynamic quantities
µm
M=
, J = ML ,
2π
A
µ
2
)= ,
S = (L2 + r+
2
4

L
Ω= 2
,
r+ + L2
qr+
Φ= 2
,
r+ + L2

 2

r+
1
q2
T =
3 2 −1− 2
,
4πr+
L
L + r2

r+ A
2
µq
2
, V =
= µr+ r+
+ l2 (3.77)
Q=
2π
3
3

satisfy the relation
δM = T δS + ΩδJ + V δP + ΦδQ .

(3.78)

However, note that this cannot be the correct first law for these black holes. The reason
is that, due to the chirality condition J = M L, the relation (3.78) is not of the correct
cohomogeneity.14 As a result, eq. (3.78) does not correctly define the conjugate quantities
because it is not possible to hold constant all of the parameters (M, S, J, P, Q) independently. A correct approach requires implementing the chirality condition at the level of
the first law. Doing so, treating (S, J, P, Q) as the independent variables15 we obtain
0 = Ω0 δJ + V 0 δP + ΦδQ
where
Ω0 = Ω − 1/L ,

V0 =

2
+ L2 )
ωD−2 (r+ − L)(r+ + L)(r+
.
6r+

(3.79)

(3.80)

The Smarr relation that follows from scaling holds,
0 = 2Ω0 J − 2V 0 P + ΦQ .

(3.81)

Note that this reduction of the thermodynamic phase space can be viewed equivalently as
transforming to a frame in which the mass vanishes (see below).
14

This problem was noted in [1], but was not fully appreciated until the writing of this thesis.
One could also choose (M, S, P, Q) as the independent variables, and while this would lead to a
different answer for the thermodynamic volume, the conclusions would be the same. This possibility was
considered in [1]; it has the unpleasing feature that the mass is no longer a homogeneous function of the
other variables. The remaining option would be to use (M, S, J, Q) as the independent variables, in which
case the thermodynamic volume would not even be defined. This option is also unpalatable, since again
the mass would not be a homogeneous function of the remaining parameters.
15
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Note that the thermodynamic volume V 0 is not always positive — similar results have
also been observed for AdS Taub-NUT and bolt solutions by Johnson [151]. The thermodynamic volume will be positive provided that r+ > L. Restricting to this parameter region,
it is easy to see that the reverse isoperimetric inequality is always violated. Bearing in
mind that our space is compactified according to ψ ∼ ψ + µ, the orthogonal 2-dimensional
surface area takes the form ω2 = 2µ. Consequently, the isoperimetric ratio reads (with
x = r+ /L)
1/6
 0 1/3  1/2 
2µ
(x2 − 1)2
3V
=
< 1.
(3.82)
R=
2µ
A
4x2 (x2 + 1)
Hence these black holes have more entropy ‘per unit thermodynamic volume’ than the
Schwarzschild AdS solution, and so are super-entropic.
This result stands in contrast to the ‘usual’ ultra-spinning limit of Kerr-AdS black holes
in which, as a → L, the isoperimetric ratio approaches infinity, maximally satisfying the
reverse isoperimetric inequality. The distinction arises because of the nature of the ultraspinning limit we are taking. Rather than keeping M fixed and letting the horizon area
approach zero as a → L [137, 109], here we require this limit be taken whilst demanding
the horizon area remain finite.
Unfortunately this class of charged black holes does not have interesting phase behaviour or critical phenomena. This is clear since solving the equation defining the temperature for r+ produces only a single real branch for r+ .
The thermodynamic considerations above can be extended straightforwardly to the
higher dimensional generalizations of the super-entropic black hole. In the singly spinning
case presented above, the thermodynamic quantities now read
2
L
ωD−2
(D − 2) m , J =
ML , Ω = 2
,
8π
D−2
r+ + L2
i
1 h
2
2
(D
−
5)L
+
r
(D
−
1)
,
T =
+
4πr+ L2
ωD−2 2
A
r+ A
D−4
2
S =
)r+
= , V =
(L + r+
,
4
4
D−1

M =

where ωD given by

(3.83)

D−1

µπ 2

ωD =
Γ D+1
2

(3.84)

is the volume of the D-dimensional unit ‘sphere’. Here Ω is the angular velocity of the
horizon and J and M have been computed via the method of conformal completion as the
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conserved quantities associated with the ∂ψ and ∂t Killing vectors, respectively. Note also
that the chirality condition relating the mass and angular momentum here is reminiscent
of that for the singly-spinning Myers-Perry solution (3.6).
Again, the thermodynamic quantities satisfy the ‘naive’ extended first law, but due to
the chirality condition J = 2M L/(D − 2) the quantities are not independent. As a result,
we repeat the procedure illustrated in the four-dimensional case, treating (J, P, S) as the
independent quantities. We find that the following first law holds
0 = T δS + Ω0 δJ + V 0 δP
with
D−2
,
Ω =Ω−
2L
0


D−1
4
r+
1 − L4 /r+
V = ωD−2
.
2(D − 1)
0

(3.85)

(3.86)

These quantities satisfy the Smarr relation that follows directly from scaling
0 = (D − 2)T S + (D − 2)Ω0 J − 2P V 0 .

(3.87)

Restricting to the cases where r+ > L so that the volume is positive, the isoperimetric
ratio for these black holes reads (defining x = r+ /L)
1
 D−1
ω
 1
D−2 D−2
R =
A
1

 (D−1)(D−2)
(x4 − 1)D−2
=
.
2D−2 x2D−6 (x2 + 1)D−1



(D − 1)V 0
ωD−2

(3.88)

The ratio is clearly monotonic in x, and so the maximum value occurs in the limit x → ∞.
Thus we see that, the isoperimetric ratio is bounded above by
 1/(D−1)
1
R<
,
2

(3.89)

and so, similar to their 4-dimensional cousins, these black holes are also super-entropic.

3.6.1

Subtleties in defining the conserved charges

Let us close the discussion of the thermodynamics by noting a subtlety in the definition of
the conserved mass and angular momentum that arises for the super-entropic black hole.
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This was only noticed in the preparation of this chapter, and certainly merits further study.
The subtlety arises from the chirality condition and also the non-trivial topology of the
spacetime. It is clear that the operations defining the conserved quantities are linear, and
so if K1 and K2 are Killing vectors, then
Q[c1 K1 + c2 K2 ] = c1 Q[K1 ] + c2 Q[K2 ] .

(3.90)

As a result there is always a freedom to shift a conserved quantity by some amount proportional to another conserved quantity. For example, we can define a new conserved mass
by adding to ∂t some multiple of ∂ψ which would yield
Mnew = M + Ω0 J ,

(3.91)

for some (possibly L-dependent) constant Ω0 . Physically, this can be viewed as a coordinate
transformation that mixes the Killing coordinates (t, φ).
In general, this ambiguity should be fixed by choosing some privileged observer at
infinity. In the context of rotating AdS black holes, this point is subtle. Indeed, the
expressions given by Hawking, Hunter and Taylor-Robinson in [29] for the Kerr-AdS black
hole do not even satisfy the first law. In that case, the correct answer can be obtained by
transforming the Kerr-AdS solution to coordinates that do not rotate at infinity and then
calculating the conserved quantities. The appropriate transformation — which ensures
that the Killing coordinates coincide with the standard generators of the AdS group —
was first presented in [90] for the four dimensional Kerr-AdS black hole. The case for
general dimensions was discussed in [152].
In the case of the super-entropic black hole, the situation is more subtle, but the resolution of the problem would be useful for deciding which set of thermodynamic parameters
[(M, S, P ) vs. (J, S, P )] are the appropriate choices in the first law and, therefore, the correct thermodynamic volume. In the previous section, the choice (J, S, P ) was motivated
since it respects the homogeneity of the Smarr relation, though in either case the black hole
is super-entropic. Unsurprisingly, the super-entropic limit renders singular the coordinate
transformation that brings the Kerr-AdS solution into global AdS form, and so this approach cannot be used. In the absence of a simpler alternative, it may be that the only way
to fix this ambiguity for the super-entropic black hole would be to determine the algebra
generated by the Killing vectors of the m = 0 solution and determine which combination t
and ψ lead to the ‘standard’ commutation relations, similar to what was done in [90]. We
hope to return to this problem in the future.
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3.7

Summary remarks

In this chapter, we have described the super-entropic limit and applied it to singly-spinning
AdS black holes in all dimensions. The resulting metrics describe rotating black holes whose
horizons are topologically spheres with two punctures. The thermodynamic analysis implies
that these black holes violate the conjectured reverse isoperimetric inequality, providing
the first plausible counter-example to this conjecture. Let us close by remarking on some
further properties and problems for future study.
While the discussion in this chapter focused on singly-spinning black holes, the procedure generalizes in the natural way to multi-spinning black holes — see [2] for the details.
However, let us note that in the multi-spinning case it is only ever possible to take a single
ai → L using the super-entropic limit. If one tries to take the limit for multiple ai , a
degenerate metric is obtained. A consequence of this is that it is not possible to apply
this limit to higher dimensional Kerr-AdS black holes with equal rotation parameters, i.e.
ai = a. Naively, one would expect that if, for example, a ‘double super-entropic limit’
could be taken, the resulting black hole would have a horizon topologically a sphere with
four punctures. Attempts to construct black holes with horizons with multiple punctures
starting from the more general Kerr-NUT-AdS class of solutions [153] was attempted but
was not successful, suggesting that there is possibly some topological obstruction to their
existence.
Another point not addressed here but considered in [2, 3] is the notion of taking ultraspinning limits of the super-entropic black holes themselves. For example, since the superentropic limit can only ever be applied in a single direction, one could imagine taking the
super-entropic limit for one rotation parameter and a different type of ultra-spinning limit
for the remaining parameters. The answer is that the super-entropic limit can be combined
with the hyperboloid membrane limit described in the first section of this chapter and in
appendix B, but is not compatible with the black brane limit. The reason seems to be
that while the hyperboloid membrane limit maintains the asymptotically AdS properties
of the spacetime, the black brane limit produces an asymptotically flat solution. This
latter point is in tension with the fact that the super-entropic black hole appears to have
no simple asymptotically flat limit — similar to the AdS black holes constructed in [154]
via an S4 reduction of 11D supergravity. Further, an interesting observation was made
in [3] regarding the combination of the super-entropic and hyperboloid membrane limits.
If one starts with a rotating black hole with N rotation parameters, takes the superentropic limit for one of these parameters and then the hyperboloid membrane limit for
the remaining N − 1, the final solution has no punctures. That is, taking the maximum
number of hyperboloid membrane limits ‘removes’ the punctures that the super-entropic
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limit introduced.
Let us note some directions that may merit further investigation in the future. First,
the subtleties in defining the conserved charges should be addressed — this is an important
point for understanding what is the ‘true’ mass of the super-entropic black hole. Second,
the Euclidean version of these solutions should be scrutinized — naively, it seems that no
(positive definite) Euclidean sector exists. The reason is that the standard Wick rotation
trick for rotating black holes requires not only t → −itE but also a wick rotation of the
rotation parameters. Here, the rotation parameter is the AdS length, and Wick rotation
of L would change not only the structure of the metric, but would also correspond to
changing both the field equations and asymptotic structure. The situation is somewhat
analogous to the Eguchi-Hanson metrics [155], for which a Euclidean sector exists, but no
clear Lorentzian sector does. In fact, it seems that in this same sense it should be possible
to construct topologically non-trivial asymptotically dS instantons via a super-entropic
limit applied to the Euclidean Kerr-dS solutions.
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Chapter 4
Generalized theories of gravity
In this chapter, we will introduce higher curvature theories of gravity and study some of
their basic properties. Higher curvature theories in the context of black hole chemistry will
appear in the following chapter, and this chapter is to serve as an introduction to these
theories through the lens of the author’s recent work. After providing a brief introduction
to some general features of higher curvature theories, the focus will shift to studying these
theories for the case of static and spherically symmetric black hole solutions, as in [5, 6].
The idea will be to study which theories of gravity admit ‘nice’ field equations under the
restriction to spherically symmetric metrics. It turns out there are three such classes:
Lovelock gravity [116], quasi-topological gravity [118], and generalized quasi-topological
gravity [5]. The latter class of theories was recently discovered by the author and their
properties have been developed in a series of papers by the author and also Bueno and
Cano, e.g. [156]. All of these theories possess a number of interesting — and surprising
— properties that make them excellent toy models for exploring questions in black hole
thermodynamics and holography. The primary references for this chapter are [4, 157, 6,
158, 7, 12, 11, 9, 10], including some unpublished work.

4.1

Higher curvature theories: an overview

Here we will discuss some basic properties of higher curvature theories. The literature on
this subject is vast, and we do not attempt to offer a complete picture here. Rather, the
goal will be to motivate the study of higher curvature theories in general, and then discuss
the propagating degrees of freedom and black hole thermodynamics.
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4.1.1

Introduction and motivation

There can be no doubt that general relativity is a tremendously successful physical theory,
having been vindicated in all experimental tests to date [159]. However, despite this success,
there are good reasons for studying theories of gravity beyond general relativity. One class
of modifications is higher curvature gravity, where one supplements the Einstein-Hilbert
action by terms that are higher-order in the curvature tensor.
Perhaps the most prominient reason for interest in higher curvature theories in modern
times comes from quantum gravity. It is generally expected that in a quantum theory
of gravity the Einstein-Hilbert action will be modified by the addition of higher curvature
terms. This follows from an effective field theory type argument, and can already been seen
from the renormalization of quantum fields on curved spacetime [160]. It is also possible,
via the addition of terms quadratic in curvature, to construct renormalizable theories of
quantum gravity [161]. However, this brings with it other problems, such as the existence
of ghosts in the spectrum, as will be discussed further below. Within the context of string
theory, higher curvature corrections appear in the low energy effective action. However,
the precise terms that appear in the four-dimensional world depend on the string theory
under consideration and the compactification [162, 163, 164, 165].
The discovery of the AdS/CFT correspondence [62, 26, 63] around 20 years ago gives
rise to new motivations for the study of higher curvature theories. In Einstein gravity, the
only scales are the AdS length L and the Planck length `P , and so the only dimensionless
ratio is L/`P . Higher curvature theories introduce new scales via their couplings, providing
additional parameters that can appear in the results of holographic calculations. In this
way, degeneracy is broken and one is able to make contact with a wider class of CFTs. This
has been used with great success in uncovering holographic results which are particular
to theories with Einstein gravity duals and results that are universal. For example, the
Kovtun–Son–Starinets (KSS) bound on the viscosity/entropy density ratio [68] was conjectured to be a lower bound for all theories in nature, but it was later found that CFTs
dual to higher curvature theories can in fact violate this bound [166]. Another example
would be the contribution to the entanglement entropy that arises from a sharp corner in
the entangling surface. In this case, the contribution depends on a function of the corner
opening angle, whose ratio with the central charge is effectively universal for a wide class
of holographic theories [167, 168, 169].
Perhaps the simplest reason for interest in higher curvature theories is simply to understand which features of general relativity are special and which are robust. For example,
black holes in general relativity obey the laws of black hole thermodynamics. A huge success of work on black holes in higher curvature theories was in showing that this is not a
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fluke — black hole solutions in any diffeomorphism invariant theory will obey the laws of
black hole thermodynamics [170, 113, 114, 171, 115]. This is an incredibly profound result,
not only in terms of the implications for higher curvature corrections to black holes in
nature, but also because of the deep connections it suggests between geometry, thermodynamics, and information theory. However, it should be noted that there are differences in
the black hole thermodynamics: for example, the black hole entropy in a higher curvature
theory is no longer simply proportional to the area, as we will discuss in more detail below.
These differences often lead to interesting consequences for black hole thermodynamics.
In the context of black hole chemistry, studies of higher curvature theories have provided
examples of triple points, (multiple) re-entrant phase transitions, and even an example of
a λ-line for black holes [172, 173, 174, 175, 176, 177, 178, 179, 180, 43, 44, 181, 182, 183,
184, 16, 185, 186, 187, 188, 189, 190, 191, 4, 43, 13].
Having motivated the study of higher curvature theories, we now turn to discuss the
linearization of general higher-order gravities, and their black hole thermodynamics.

4.1.2

Linear spectrum of higher curvature theories

Now let us consider the linearized spectrum of higher curvature theories. Our interest here
will be to review the equations of motion for a metric perturbation hµν from a maximally
symmetric geometry. In doing this, it is possible to identify the propagating degrees of
freedom in the theory of gravity. Since a general higher curvature theory can propagate
additional pathological degrees of freedom, it will be important to identify when these
problematic modes are — or are not — present will be important in the study of these
models. The primary references for this section are [192, 193, 194, 195].
We will consider a general theory of gravity that has a Lagrangian built from contractions of the Riemann tensor,
Z
1
dD xL (gαβ , Rαβµν ) .
(4.1)
S=
16πGN
Here, and in the remainder of the chapter, we will focus on the specific case where the
Lagrangian density is a polynomial in the curvature tensor. The field equations (derived
in appendix D) that follow from the action are most conveniently written as [196]
1
Eαβ = Pα σρδ Rβσρδ − gαβ L − 2∇ρ ∇σ Pαρσβ = 8πGN Tαβ
2
where
P αβρσ :=

∂L
,
∂Rαβρσ
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(4.2)

(4.3)

will sometimes be referred to as the ‘entropy tensor’ and inherits the symmetries of the
Riemann tensor. Note that due to diffeomorphism invariance of the action, the generalized
Einstein tensor Eαβ obeys the Bianchi identity,
∇α Eαβ = 0 .

(4.4)

Now we will consider a maximally symmetric space with metric ḡαβ that solves the field
equations. For a maximally symmetric space, the Riemann tensor has the following simple
form
R̄αβµν = 2K ḡα[µ ḡν]β ,
(4.5)
where K is a constant of length dimension −2. In this case, the equations of motion
greatly simplify — since the background is maximally symmetric, the derivatives of the
entropy tensor that appear in the equations of motion vanish. Further, since the only
objects available are ḡαβ , ḡ αβ and δαβ , the form of the entropy tensor is completely fixed by
symmetry to be
P̄ µαβν = 2eḡ µ[β ḡ ν]α ,
(4.6)
where e is some theory-dependent constant. Using this, and the background Riemann
tensor, we can show that the trace of the field equations reduces to
L̄[K] = 4(D − 1)eK ,

(4.7)

where we write L̄[K] to clarify that this is the Lagrangian density evaluated on the background spacetime ḡαβ and will be some polynomial in K. At the same time, we also
have
¯

dL[K]
= P̄ αβµν 2ḡα[µ ḡν]β = 2eD(D − 1) ,
(4.8)
dK
which when combined with the previous result yields the following algebraic equation:
DL̄[K] − 2K

dL̄[K]
= 0,
dK

(4.9)

which determines the maximally symmetric vacua of the theory. That is, this equation will
be some polynomial in K, and will depend on the couplings of the theory. The solutions
will determine how the curvature scales of the maximally symmetric vacua depend on the
coupling constants of the theory and the cosmological constant length scale. Note that
theories having up to n powers of curvature in the Lagrangian will have up to n different
maximally symmetric vacua.
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Without getting into too much detail, we note that to study the equations of motion for
perturbations away from a maximally symmetric background requires introducing another
tensor
∂ 2L
σρλη
.
(4.10)
Cµαβν
:= gµξ gαδ gβγ gνχ
∂Rσρλη Rξδγχ
For a maximally symmetric background, symmetry completely fixes this object up to three
theory-dependent constants [195]
h
i


σρλη
[σ ρ] [λ η]
[λ η] [σ ρ]
Cµαβν = a δµ δα δβ δν + δµ δα δβ δν + b [ḡµβ ḡαν − ḡµν ḡαβ ] ḡ σλ ḡ ρη − ḡ ση ḡ ρλ
[σ

η]

τ

+ 4cδ(τ ḡ ρ][λ δ) δ[µ
ḡα][β δν]
.

(4.11)

In general computing this tensor for a theory of gravity is a laborious task. However, there
are efficient mechanisms for computing the constants directly from the Lagrangian [121]
or using computer algebra software like Mathematica [197], but we will not discuss those
techniques here.
Now, given the above, one can show that on general grounds a perturbation away from
a maximally symmetric solution,
gµν = ḡµν + hµν ,

(4.12)

will satisfy the following equation at linear order [195],




L
¯ µ∇
¯ ν RL
¯ GLµν + 2 [a + 2b + c] ḡµν 
¯ −∇
Eµν
= 2 e − 2K (a(D − 1) + c) + (2a + c)
L
− 2K [a(D − 3) − 2b(D − 1) − c] ḡµν RL = 8πGN Tµν
,

(4.13)

where a, b, c and e are constants that depend on the theory under consideration and also
the spacetime dimension, and are fixed by the structure of the tensors defined above. The
terms with superscript “L” correspond to the following:
¯ µ∇
¯ ν hµν − h
¯ − (D − 1)Kh ,
RL = ∇
L
¯ µ∇
¯ ν h + DKhµν − Khḡµν ,
¯ (µ| ∇
¯ σ hσ − 1 h
¯ µν − 1 ∇
Rµν
=∇
|ν)
2
2
1
L
GLµν = Rµν
− ḡµν RL − (D − 1)Khµν .
2

(4.14)

For a general theory of gravity, the linearized equations of motion are fourth order,
which is related to the fact that theories propagate additional modes as well. Beyond the
usual massless graviton, there is also an additional scalar mode and massive graviton. In
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general, the coupling of the massive graviton to matter has the wrong sign, indicating that
this term is a ghost. The masses of the scalar and ghost-like graviton can be given directly
in terms of the same parameters appearing in the linearized equations [195],
e(D − 2) − 4K(a + bD(D − 1) + c(D − 1))
,
2a + Dc + 4b(D − 1)
−e + 2K(D − 3)a
m2g =
.
2a + c
m2s =

(4.15)

Now, if we want the spectrum of the theory to contain only the usual massless graviton
(which will ensure the absence of the Boulware-Deser ghost instability [198]), then we must
require that the masses of the scalar and ghost-like graviton are infinite. Doing so places
the following constraints on the parameters:
2a + c = 0 ,

4b + c = 0 .

(4.16)

Note that these two conditions are also sufficient to remove all of the four derivative terms
that appear in the linear equations of motion. The conclusion is that if the linearized
equations are second order, then the theory will not possess the extra scalar or ghost-like
graviton modes. Further, note that when these conditions are imposed, the (now secondorder) linearized equations reduce to
L
L
Eµν
= 2 [e − 2Ka(D − 3)] GLµν = 8πGN Tµν
,

(4.17)

and we see that the higher curvature corrections have resulted in an effective renormalization of Newton’s constant
GN
.
(4.18)
GN eff =
2e − 4K(D − 3)a

4.1.3

Black hole thermodynamics

As was mentioned in the motivation, the fact that black holes obey the laws of thermodynamics is not a peculiarity of general relativity — it is a generic result for black objects
derived from a diffeomorphism invariant Lagrangian. However, there are differences in the
quantities that appear in the first law. There is a great deal that could be said about the
thermodynamics of black holes in higher curvature theories, but here we will just focus on
defining entropy and conserved charges for black holes in a higher curvature theory, and
mention how these results extend to black hole chemistry at the end of the section.
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Black hole entropy in general relativity is simply proportional to the area of horizon
cross-sections. In higher curvature theories of gravity, the area law receives corrections.
Wald provided a derivation of black hole entropy in an arbitrary theory of gravity [114, 115]
that gives a simple recipe for calculating the corrections. The derivation, which we will not
present here, is in the same spirit as the Hamiltonian method described in the introduction
for general relativity. The result is that black hole entropy is the Noether charge associated
with the diffeomorphism invariance of the Lagrangian. Explicitly, one can directly calculate
the entropy in the following way:16
I
√
2π
(4.19)
dD−2 x −σP αβµν ε̂αβ ε̂µν ,
S=−
GN B
which explains why we have referred to P αβµν as the ‘entropy tensor’. Here the integral is
performed over a cross-section of the horizon, and ε̂µν is the horizon binormal, normalized
so that ε̂µν ε̂µν = −2; for a static black hole we will just have ε̂µν = 2r[µ nν] with nν the unit
timelike normal to the horizon and rµ the unit spacelike normal to the horizon.
The problem of conserved charges in generic higher curvatures theories was nicely addressed by Deser and Tekin [199] and Sentürk, Şişman, and Tekin [200]. The approach
takes advantage of the results of [199] which addresses the problem of conserved charges
in gravity theories involving up to quadratic powers of curvature. To define the conserved
charges in higher-order theories, the following fact is used. When the action of an arbitrary
higher-order theory is expanded to second order in a metric perturbation, the theory can be
mapped into an equivalent action that involves only up to quadratic powers of curvature.
The quadratic theory is taken to have an action
Z

√ 
S = dD x −g λ(R − 2Λ0 ) + αR2 + βRµν Rµν + γ Rµναβ Rµναβ − 4Rµν Rµν + R2 ,
(4.20)
and the couplings in this action can be matched directly to the constants that characterize
an arbitrary higher curvature theory at the linear level [195]
λ = 2e − 4K [a + bD(D − 1) + c(D − 1)] ,

α = 2b − a ,

β = 4a + 2c ,

γ = a . (4.21)

If QEin [ξ] is a conserved charge in Einstein gravity, then the conserved charge in the
higher-order gravity will be given by
QL [ξ] = (λ + 2D(D − 1)Kα + 2(D − 1)Kβ + 2(D − 3)(D − 4)Kγ) QEin [ξ] ,
16

(4.22)

Note that while, for a given Lagrangian, the Wald entropy assigns a unique entropy to a black hole,
there would be ambiguities applying it more generally. For example, any term added to the Wald entropy
proportional to the extrinsic curvature would yield the same black hole entropy (the extrinsic curvature
of the horizon vanishes), but would differ elsewhere.
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where K is the curvature length scale of a maximally symmetric vacuum in the higher
curvature theory determined by the polynomial (4.9). In the case where the theory propagates neither the scalar mode nor the massive, ghost-like graviton, then the relationship
between the charges becomes quite simple:
QL [ξ] =

GN
QEin [ξ] .
GN eff

(4.23)

In other words, essentially the only change is that Newton’s constant is replaced with the
effective Newton’s constant for the theory.
With the appropriately defined conserved charges, black holes in a higher curvature
theory will satisfy the first law of black hole mechanics. The temperature that appears
in the first law can be obtained in the same way as before: either by identifying it as the
surface gravity divided by 2π, or, equivalently, obtaining it via regularity of the Euclidean
sector. Smarr formulae can also be defined for higher curvature theories, but there are
differences. Since the coupling constants of the higher curvature terms are dimensionful,
a consistent scaling relation demands they must appear in the Smarr formula. This ‘black
hole chemistry’ approach for a higher-order gravity results in a first law and Smarr formula
of the following schematic form:
XX
δM = T δS + V δP +
Ψn(i) δλ(i)
n ,
n

i

(D − 3)M = (D − 2)T S − 2P V +

XX
(i)
(2n − 2)λ(i)
n Ψn ,
n

(i)

(4.24)

i
(i)

where λn are the coupling constants for terms of order n in the curvature, and Ψn are
the conjugate potentials. In the same sense as the thermodynamic volume, the quantities
that are conjugate to the couplings can be understood as arising from higher-order Komar
potentials [37, 201].

4.2

Classification of theories: spherical symmetry

Having provided some essential background material, in this section we are going to address
a simple question: when does a theory of gravity admit solutions that are natural extensions
of the Schwarzschild solution? We will see that the answer leads naturally to gravitational
theories that are particularly well-suited as toy models for addressing questions about
black hole physics, thermodynamics and holography. Unless otherwise indicated, for the
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remainder of this chapter, it should be assumed that we are always discussing spherically
symmetric metrics, as described below.
First, let us clarify what is meant by ‘natural extensions of the Schwarzschild solution’.
We are interested in vacuum, static and spherically symmetric solutions. The most general
static, spherically symmetric spacetime can be cast in the form17
ds2 = −N 2 (r)f (r)dt2 +

dr2
+ r2 dΣ2k,D−2
f (r)

(4.25)

where dΣ2k,D−2 is the metric on a (D − 2)-dimensional space of constant curvature k.18 The
Schwarzschild solution has the property that one is free to set N (r) = 1. Mathematically,
this freedom can be traced back to Einstein gravity having a single independent field
equation under the constraint of spherical symmetry [202]. So a more mathematically
precise phrasing of the question is: “What theories of gravity have a single independent
field equation for a static, spherically symmetric vacuum?” Further, we will restrict our
attention to theories that reduce to Einstein gravity as some parameter in the action is
sent to zero.
The question as now posed eliminates certain examples that spring to mind. For example, it is well-known that the standard Schwarzschild solution can be embedded in f (R)
and Weyl2 gravity. However, neither of these theories meet our criteria. In the case of f (R)
gravity, there are two independent field equations in the most general case — it is only after
one places some constraints on the metric function that the N = 1 solution is permitted.
Second, in the case of Weyl2 , the field equations for pure Weyl2 gravity do admit the single
metric function solution in general [203]. However, in this case the property is spoiled by
demanding an Einstein gravity limit, i.e. by adding the Ricci scalar to the Lagrangian.
However, this does not mean that, for example, Weyl2 gravity is a theory of type we
are looking for. This theory has two independent field equations, and moreover does not
reduce to Einstein gravity in any limit.
17
Let us clarify a minor technicality regarding spherically symmetric spacetimes. The metric on a
spherically symmetric spacetime can always be decomposed as

ds2 = dγ 2 + r2 dΩ2D−2
where dΩ2D−2 is a metric on a (D − 2) dimensional sphere and dγ 2 is a metric on a two-dimensional
manifold. The parameter r that appears multiplying the metric of the sphere is a scalar function on the
two-dimensional manifold with metric dγ 2 . Provided r is a good coordinate, i.e. that ∇r 6= 0, the metric
on dγ 2 can be decomposed as described. We will assume that this is possible throughout this chapter.
18
This is an abuse of language that is often used in the literature — referring to this type of metric as
‘spherically symmetric’ even when the transverse geometry is not a sphere.
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To address the question, we consider a theory of gravity that is built from the metric
and Riemann tensor with bulk action
Z
1
dD xL (gµν , Rµνρσ ) ,
(4.26)
S=
16πGN
where we allow for the possibility of matter contributions but do not write them explicitly.
We will refer to the explicit field equations on several occasions below, but let us note
that there is a much more efficient method for obtaining field equations under certain
symmetry restrictions. This method, which is sometimes referred to as the ‘Weyl method’
in the literature, involves evaluating the action for a specific choice of metric and then
varying the action with respect to the metric functions to obtain the field equations [204,
205]. Substituting the ansatz (4.25) into the action, it is possible to integrate over the
transverse directions giving the following schematic result
Z
Ωk,D−2
dtdrrD−2 N L [f, N ]
(4.27)
S=
16πGN
where the Lagrangian density is now identified as a functional of f and N , and we have
suppressed their r-dependence for convenience. The field equations can be obtained simply
by varying the action with respect to N and f . The results are
δS
Ωk,D−2 rD−2 2Ett
=
,
δN
16πGN f N 2

δS
Ωk,D−2 rD−2 E t t − N E r r
=
.
δf
16πGN
f

(4.28)

The second variation above gives a simple criteria for when the theory has a single independent field equation: If δS/(δf ) = 0 upon setting N = 1 there is only single independent
field equation. To concretely illustrate the idea, let us now apply this procedure to theories
up to cubic order in curvature. We will do this in an ‘exploratory’ manner, mentioning the
various theories that result as we go along. At the end, we will summarize and provide
greater detail on the particular theories that have resulted.
The first interesting case is quadratic gravity, where there are three invariants that can
be combined to build an action
Q1 = R2 ,

Q2 = Rαβ Rαβ ,

Q3 = Rαβσρ Rαβσρ .

(4.29)

The Lagrangian density of the quadratic part of the theory would then be given by
Lquad = c1 Q1 + c2 Q2 + c3 Q3 ,
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(4.30)

for some constants c1 , c2 and c3 . To implement the procedure just described, we need these
invariants in the case where N = 1. They are quite easily computed to be
2

2(D − 2)f 0 (D − 2)(D − 3)(k − f )
00
−
Q1 = f +
,
r
r2

2
 0
2
1
(D − 2)f 0
f
(D − 3)(k − f )
00
Q2 =
f +
+ (D − 2) − +
,
2
r
r
r2
 0 2

2
f
k−f
00 2
Q3 = (f ) + 2(D − 2)
+ 2(D − 2)(D − 3)
.
(4.31)
r
r2
We now must compute the Euler-Lagrange derivatives of rD−2 Qi , with the results,


δf rD−2 Q1 = rD−6 2r4 f (4) + (D − 2) 4r3 f (3) + 2r2 (D − 7)f 00 − 8r(D − 4)f 0
−12(D − 3)(k − f ))] ,


δf rD−2 Q2 = rD−6 r4 f (4) + (D − 2) 2r3 f (3) + r2 (D − 6)f 00 − 3r(D − 4)f 0
−4(D − 3)(k − f ))] ,


D−2
δf r
Q3 = rD−6 2r4 f (4) + (D − 2) 4r3 f (3) + 2r2 (D − 5)f 00 − 4r(D − 4)f 0
−4(D − 3)(k − f ))] .
(4.32)
To ensure that the theory possesses a single independent field equation, we must demand
that

δf rD−2 [c1 Q1 + c2 Q2 + c3 Q3 ] = 0
(4.33)
for all possible choices of f . Explicitly, this constraint takes the form
0 = − 4(D − 2)(D − 3) (3c1 + c2 + c3 ) (k − f ) − (D − 2)(D − 4) (8c1 + 3c2 + 4c3 ) rf 0


1
+ 2(D − 2) (D − 7)c1 + (D − 6)c2 + (D − 5)c3 r2 f 00
2
+ 2(D − 2)(2c1 + c2 + 2c3 )r3 f (3) + (2c1 + c2 + 2c3 )r4 f (4) .

(4.34)

Demanding that the coefficients of each term in the above vanishes, we see that there are
two possible solutions:
{c1 = c3 , c2 = −4c3 }

{D = 2 , c2 = −2(c1 + c3 )} .

and

(4.35)

The first solution, which has a single free parameter c3 , is valid in all dimensions and
gives (unsurprisingly) the Gauss-Bonnet density, QGB = Rαβµν Rαβµν − 4Rµν Rµν + R2 . The
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second solution is valid only in D = 2, and it corresponds to a ‘trivial theory’ that vanishes
identically for the static spherically symmetric ansatz. While uninteresting, the second
solution highlights the fact that in general we can expect the results to depend on the
particular spacetime dimension.
Having determined the constraints on the constants appearing in the Lagrangian density, we can now go back and compute the field equations. To obtain the non-trivial
field equation, we need the curvature tensors with N explicitly included. These are a bit
messier, and so we do not explicitly present them. Adding back in the Einstein-Hilbert
term, so that the Lagrangian density reads L = −2Λ + R + c3 (Q1 − 4Q2 + Q3 ), we find
the following,



 D−2
(D − 2) D−1
−2Λ
(k − f )
r
NL
=
r
+
δN
N
=1
16πGN
16πGN
(D − 1)(D − 2)
r2

2 0
k−f
+ c3 (D − 3)(D − 4)
,
(4.36)
r2
where the prime denotes a derivative with respect to r. The fact that the field equation is
a total derivative is not an accident — as we will discuss below, this is one of the properties
that are generic to this class of gravity theories.
The quadratic theory is the only one for which it is useful to discuss the construction
explicitly — at higher orders in the curvature, the expressions are much messier and very
little insight can be gained from the intermediate steps. So let us now consider this construction at cubic order in curvature, presenting only the most relevant details. At cubic
order, there are eight possible independent invariants that can be constructed from the
metric and Riemann tensor, given by [206]
C1 = Rα σ β ρ Rσ µ ρ ν Rµ α ν β , C2 = Rαβ σρ Rσρ µν Rµν αβ , C3 = Rαβσρ Rαβσ µ Rρµ ,
C4 = Rαβσρ Rαβσρ R , C5 = Rαβσρ Rασ Rβρ , C6 = Rα β Rβ σ Rσ α ,
C7 = Rα β Rβ α R , C8 = R3 .
(4.37)
These curvature invariants can be computed in arbitrary dimensions,19 which we do first
with N = 1. We consider the following cubic Lagrangian density
Lcubic =

8
X

ci C i ,

i=1
19

Efficient techniques for doing this computation by hand are given in [207].
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(4.38)

and perform the variation with respect to f , yielding the constraint equations to enforce
a single independent field equation. The number of parameters fixed by the constraint
equations depends on the spacetime dimension. Specifically, the situation differs depending
on whether D > 4 or D ≤ 4. Here we will discuss the four-dimensional case, and then
proceed to the more general case in higher dimensions.
In four dimensions there is the following four-parameter family of solutions
3c1 + 48c2 + 14c3
3c1 − 36c2 − 14c3
, c5 = −
,
56
7
6c1 + 96c2 + 14c3 − 21c6
−3c1 − 20c2 + 7c6
=
, c8 =
.
28
56

c4 =
c7

(4.39)

What this means is that there is a four-parameter family of gravitational theories that
admit single metric function solutions; we now chose a convenient ‘basis’ for this ‘theory
space’. We find that the choice
c1 = −8 ,

c2 = 4 ,

c3 = −24 ,

c6 = 16

(4.40)

gives the six-dimensional Euler density (i.e. the cubic Lovelock density), which vanishes
identically in D < 6 due to the Schouten identities. The remaining three interactions are
given by the following convenient choices of coefficients:
P:
T1 :
T2 :

c1 = 12 , c2 = 1 ,
c1 = 0 , c2 = 0 ,
c1 = 0 , c2 = 0 ,

c3 = 0 , c6 = 8 .
c3 = 1 , c6 = 0 .
c3 = 0 , c6 = 1 .

(4.41)

Here the various terms are given by the following cubic densities:
µν σρ αβ
Rµν Rσρ − 12Rαβµν Rαµ Rβν + 8Rαβ Rβµ Rµα ,
P = 12Rα β µ ν Rβ σ ν ρ Rσ α ρ µ + Rαβ

T1 =
T2 =

1
R β Rβ α R − 2Rαµ Rβν Rαβµν − 41 RRαβµν Rαβµν
2 α
Rα β Rβ µ Rµ α − 43 Rα β Rβ α R + 81 R3 .

+ Rνσ Rαβµν Rαβµ σ ,
(4.42)

Here T1 and T2 are two ‘trivial theories’, in the sense that they produce vanishing field
equations under the constraint of spherical symmetry. The P term is quite interesting —
it coincides with the Einsteinian Cubic Gravity (ECG) term that was recently constructed
by Bueno and Cano [121] by completely different methods.20 While the Lagrangian density
20

In that work, Bueno and Cano were constructing the most general theory of gravity that propagates
only the usual massless spin-2 graviton on the vacuum and has dimension independent coefficients in the
Lagrangian. The fact that it admits four-dimensional single metric function solutions under the constraint
of spherical symmetry was only noticed afterward [4, 157]
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for ECG is the same in all dimensions, it is only in four dimensions that the theory admits
single metric function solutions, as was noticed in [4, 157]. In four-dimensions, ECG can
be considered the most general (non-trivial) cubic theory that has this property, and it is
also the simplest — we will have more to say about ECG below.
As mentioned, the situation is different for D ≥ 4. We find that only three couplings
ci are independent; we choose these to be c1 , c2 and c3 , while the others are constrained in
the following way:
c4 =
c5 =
c6 =
c7 =
c8 =

6 + 6D − 3D2
1 + 2D − D2
3
c1 +
c2 +
c3 ,
8(2D − 1)
2(D − 2)(2D − 1)
2(D − 2)(2D − 1)
−3
−48 + 36D − 12D2
4(3 − 3D + D2 )
c1 +
c2 + −
c3 ,
(2D − 1)
(D − 2) (2 D − 1)
(D − 2) (2 D − 1)
8(8 − 5 D)
2(18 − 7 D − 2 D2 )
4
c1 +
c2 +
c3 ,
2D − 1
(D − 2) (2 D − 1)
3 (D − 2) (2 D − 1)
−3
2(D2 + 6D − 12)
2(D2 − 2)
c1 +
c2 +
c3 ,
2 (2 D − 1)
(D − 2) (2 D − 1)
(D − 2) (2 D − 1)
1
6 − 6 D − D2
(D − 1) (D + 3)
c1 +
c2 −
c3 .
8(2D − 1)
2 (D − 2) (2 D − 1)
6 (D − 2) (2 D − 1)

(4.43)

Since there are three free parameters, {c1 , c2 , c3 }, the resulting theory is a linear combination of three independent cubic densities, for which we now seek a convenient basis. We
find that choosing
c1 = −8 , c2 = 4 , c3 = −24
(4.44)
produces the six-dimensional Euler density, X6 , which is topological in six dimensions and
vanishes identically for D ≤ 5. Meanwhile choosing
c1 = 1 ,

c2 = 0 ,

c3 = −

3(D − 2)
,
(2D − 3)(D − 4)

(4.45)

produces the quasi-topological density
ZD =

Rα β µ ν Rβ σ ν ρ Rσ α ρ µ

 3(3D − 8)
1
+
Rαβµν Rαβµν R
(2D − 3)(D − 4)
8

3(3D − 4) µ α
Rα Rµ R − 3(D − 2)Rαµβν Rαµβ σ Rνσ + 3DRαµβν Rαβ Rµν
2
3D 3 
+6(D − 2)Rα µ Rµ β Rβ α +
R .
(4.46)
8

−
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The gravitational theory described by this term was discovered independently by Oliva and
Ray [117] and Myers and Robinson [118]. We will discuss some of its properties below.21
Since there is an extra free parameter, we obtain an additional independent cubic
density which shares the property of permitting a solution with a single metric function.
The new term could be obtained by setting c3 = 1 and c1 = c2 = 0, but a more convenient
choice (motivated by the Einsteinian theory in four dimensions) is
c1 = 14 ,

c2 = 0 ,

c3 = 2 ,

(4.49)

which selects the following Lagrangian density,
4(66 − 35D + 2D2 ) µ αβ
Rα R Rβµ
3(D − 2)(2D − 1)
2(−30 + 9D + 4D2 ) αβ µν
(38 − 29D + 4D2 )
−
R R Rαµβν −
RRαβµν Rαβµν
(D − 2)(2D − 1)
4(D − 2)(2D − 1)
(34 − 21D + 4D2 )
(30 − 13D + 4D2 ) 3
+
Rαβ Rαβ R −
R .
(4.50)
(D − 2)(2D − 1)
12(D − 2)(2D − 1)

SD = 14Rα σ µ ρ Rαβµν Rβσνρ + 2Rαβ Rα µνσ Rβµνσ −

The choices (4.49) lead to the following relationship in four dimensions:
1
S4 + X6 + 4T1 = P .
4

(4.51)

Since X6 vanishes identically in four dimensions and T1 makes no contribution to the field
equations, we see that in four dimensions the theory given by the Lagrangian density SD
(4.50) yields the same field equations as Einsteinian Cubic Gravity. However, we note that
there is no choice of c1 , c2 and c3 such that the theory reduces precisely to ECG in four
dimensions — mathematically, this is related to the fact that the constraint equations are
fundamentally different in structure in four compared to higher dimensions.
The discussion of the cubic theory provides all the additional insight required to make
some general comments. In general we can expect three types of theory to appear in this
21

0
Note that the expression ZD
from [118] can be obtained by choosing

c1 = 0 ,

c2 = 1 ,

c3 = −

12(D2 − 5D + 5)
.
(2D − 3)(D − 4)

(4.47)

However, this term is not independent from the quasi-topological term and the six-dimensional Euler
density, but rather [118]
0
X6 = 4ZD
− 8ZD ,
(4.48)
0
and so ZD
does not provide the third independent invariant we are searching for here.
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construction: the Lovelock class of theories, quasi-topological gravities, and a new class of
Lagrangians that generalize some of the nice properties that Lovelock and quasi-topological
gravities share — we will call these generalized quasi-topological gravities. While we have
only presented the analysis for the quadratic and cubic class of theories, this classification
seems general. It was shown to be true for quartic theories in arbitrary dimension in [6]
and (at least) up to tenth order in curvature in four dimensions in [158]. In forthcoming
work, examples up to tenth order in curvature are presented in five dimensions [11]. In
the following subsections we will discuss at more length the three classes of theories, along
with their field equations and general properties.

4.2.1

Lovelock gravity

We have seen that in both the quadratic and cubic cases, one class of objects selected by
the single metric function criterion is the Euler densities. These objects comprise Lovelock
gravity [116], which is the most well-known and well-studied higher curvature theory of
gravity. In some ways, Lovelock gravity can be considered the natural generalization of
Einstein gravity to higher dimensions. As we will describe, Lovelock theory is constructed
from the Euler densities. The nth Euler density involves n powers of curvature and integrates to the Euler characteristic of 2n-dimensional manifolds. In this sense, nth Euler
density is a topological term in D = 2n and does not contribute to the equations of motion.
However, if we dimensionally continue the Euler density, and include it in the action for
D > 2n then it contributes non-trivially to the dynamics.
In D dimensions, the Lovelock action will include terms up to b(D − 1)/2c in curvature.
Since the Ricci scalar is the Euler density for two-dimensional manifolds, in four dimensions
the Lovelock action reduces to the Einstein-Hilbert action with a cosmological constant,
while in higher dimensions it will include additional terms. A particularly nice feature of
Lovelock gravity is that the equations of motion are always second order for any metric.
In fact, Lovelock theory is the unique theory that has this property for any metric. It is
in these aspects that Lovelock theory can be considered the natural extension of general
relativity to higher dimensions. Let us consider spherically symmetric solutions of the
theory in more detail.
The bulk action of Lovelock gravity is given by
Z
p
1
dD x |g|L
S=
16πGN M
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(4.52)

where LLovelock is the Lovelock Lagrangian density [116],


b(D−1)/2c
X
(D − 1)(D − 2)
(D − 2n − 1)!
n
(−1) X2n
L=
+R+
λn
L2
(D − 3)!
n=2

(4.53)

where the λn are coupling constants with length dimension 2n − 2. The Euler densities
X2n are given by
1
ν2n
...µ2n ν1 ν2
,
(4.54)
Rµ1 µ2 . . . Rµν2n−1
X2n = n δνµ11...ν
2n−1 µ2n
2n
2
with the generalized Kronecker symbol given as
...µr
δνµ11νµ22...ν
= r!δν[µ11 δνµ22 . . . δνµrr ] .
r

(4.55)

Vacuum spherically symmetric black holes in Lovelock gravity, first studied by Wheeler,
are now well-known, see for example [208, 209, 43], and in general the solution takes the
form
ds2 = −f (r)dt2 +

dr2
+ r2 dΣ2k,D−2 ,
f (r)

(4.56)

i.e. is characterized by a single metric function. There is a single independent field equation
and it is a total derivative,

 2
0
L (f (r) − k)
D−1
r
h
= 0,
(4.57)
r2
which can be directly integrated. A remarkable fact about Lovelock gravity is that, after
integrating the field equation, the function f satisfies an algebraic rather than differential
equation,
 2

L (f (r) − k)
ω D−3 L2
=
,
(4.58)
h
r2
rD−1
with h(x) given by the polynomial function
b(D−1)/2c

X

h(x) = 1 − x +

n=2

λn n
x
2n−2
L

.

(4.59)

In these expressions, ω is an integration constant related to the conserved mass M
ω D−3 =

16πGN M
(D − 2)Ωk,D−2
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(4.60)

where Ωk,D−2 is the (dimensionless) volume of the transverse space. Note that since the
field equations are algebraic and the mass is the only constant of integration, Lovelock
black holes are characterized only by their mass.
An immediate consequence of the fact that the field equations are second order for any
metric is that Lovelock gravity matches Einstein gravity at the linearized level. For example, the equations of motion for a perturbation about a maximally symmetric background
take the form,
1
L
(4.61)
Eαβ
= h0 (f∞ )GLαβ
2
where GLαβ is the Einstein tensor linearized on a space of constant curvature, while h0 (f∞ )
√
is the derivative of the polynomial h(x) evaluated for a space of curvature radius L/ f∞ .
The metric function for such a space, at large r, reads
f (r) ∼ f∞

r2
.
L2

(4.62)

Since the higher derivative contributions to the linearized equations vanish, we conclude
that Lovelock theory propagates only the usual massless graviton.
A nice aspect of Lovelock gravity is that we have an expression for the Lagrangian
density in arbitrary dimensions. However, it is useful to think for a moment of how one
could ‘discover’ Lovelock gravity if this expression was not known. Recalling the general
structure of the field equations for a generalized theory of gravity,
1
Eαβ = Pα σρδ Rβσρδ − gαβ L − 2∇ρ ∇σ Pαρσβ = 8πGN Tαβ ,
2

(4.63)

the Lovelock theories could be constructed in the following way. Since these theories have
second order equations of motion for any metric, it must be the case that ∇ρ ∇σ Pαρσβ = 0.
In fact, it turns out that Lovelock theories satisfy the condition that Pαρσβ is divergenceless
on any index, and imposing the slightly weaker condition involving second derivatives leads
to nothing new [210]. We will apply some of this insight for quasi-topological gravity in
the next section.

4.2.2

Quasi-topological gravity

Another class of theories that have been selected by the single metric function condition
is quasi-topological gravity. Cubic quasi-topological gravity was discovered independently
by Oliva and Ray [211] and Myers and Robinson [118]. The theory as presented by Myers
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and Robinson is non-trivial in D = 5 and also in D ≥ 7; in six dimensions, the theory is
trivial.22 A quartic generalization was provided shortly after [212], and more recently a
quintic theory valid in D = 5 was presented [213].23
The advantage of quasi-topological gravity is that theories of any order in curvature
exist in D = 5 and have second order equations of motion for spherical geometries. Contrast
this with Lovelock gravity, where to have curvature of order n the spacetime dimension must
be at least 2n+1. As a result, the quasi-topological theories provide simple theories to study
the effects of higher curvature corrections in five dimensions. Of course, nothing comes for
free and the tradeoff here is that if the assumption of spherical symmetry is relaxed, then
the field equations will generically be fourth order. Nonetheless, quasi-topological gravity
has been used successfully as a toy model in holography and beyond [214, 96, 16].
Let us consider the properties of cubic quasi-topological gravity before making some
general remarks. The action for cubic quasi-topological gravity is


Z
p
8(2D − 3)
(D − 1)(D − 2)
1
D
+R−
µZD ,
d x |g|
S=
16πGN
L2
(D − 6)(D − 3)(3D2 − 15D + 16)
(4.64)
with ZD given by eq. (4.46) above. The field equations are most easily computed by
substituting a general spherically symmetric metric ansatz and varying the action with
respect to N . This produces the following equation of motion:
"
 2
3 !#0
2
µ
L
(f
−
k)
L
(f
−
k)
+ 4
= 0, .
(4.65)
rD−1 1 −
r2
L
r2
The field equation can be directly integrated, giving
 2

L (f − k)
ω D−3 L2
.
h̃
=
r2
rD−1

(4.66)

where we have defined

µ 3
x ,
L4
and ω is an integration constant related to the mass:
h̃(x) = 1 − x +

ω D−3 =

16πGN M
.
(D − 2)Ωk,D−2

22

(4.67)

(4.68)

It is for this reason that the theory was called ‘quasi-topological’ gravity, since in six dimensions it
behaves like a topological invariant for certain metrics. Of course, it is not actually a topological invariant,
and does not vanish for sufficiently complicated six dimensional geometries.
23
Examples of quasi-topological theories up to 10th order in curvature in five dimensions have been
found in unpublished work by the author [11].
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The most remarkable property of the field equation is that it is identical to the equivalent equation in cubic Lovelock gravity, but here it is also valid in D = 5. As a consequence,
we see that similar properties to the Lovelock case carry over: the black holes are described
entirely by their mass.
An unexpected and non-trivial property of quasi-topological gravity that was noted
in [118] is that the linearized equations of motion for graviton perturbations about a
maximally symmetric space are second order. This is quite remarkable since the theory
itself generically has fourth order equations. Explicitly, the linearized equations of motion
are of the same form as in Lovelock gravity,

where f∞

1
L
Eαβ
= h̃0 (f∞ )GLαβ ,
2
satisfies the embedding equation
µ 3
1 − f∞ + 4 f∞
= 0.
L

(4.69)

(4.70)

Our discussion has focused on the field equations of cubic quasi-topological gravity,
but the similarities with Lovelock theory generalizes. In all known examples of quasitopological theories, the metric function satisfies a polynomial equation identical to the
Lovelock polynomial of the same order. Quasi-topological theories linearized about a
maximally symmetric background give rise to second order equations of motion for the
perturbation, and so propagate only the usual massless graviton.
Unfortunately, unlike Lovelock theory, very little is known about the general form of
quasi-topological Lagrangians. For example, it is known that the density

1
1
...µ2n
ν1 ν2
ν2n−1 ν2n
ν1 ν2
ν2n−1 ν2n
δνµ11...ν
QT n = n
C
.
.
.
C
−
R
.
.
.
R
µ
µ
µ
µ
µ
µ
µ
µ
2n
1 2
2n−1 2n
1 2
2n−1 2n
2 D − 2n + 1
µn νn µ1 ν1
µn−1 νn−1
− αn Cµ1 ν1 Cµ2 ν2 · · · Cµn νn
(4.71)
where
(D − 4)! n(n − 2)D(D − 3) + n(n + 1)(D − 3) + (D − 2n)(D − 2n − 1)
(D − 2k + 1)!
(D − 3)n−1 (D − 2)n−1 + 2n−1 − 2(3 − D)n−1
(4.72)
is a quasi-topological theory in D = 2n − 1 [211]. However, beyond this no general closed
form expressions are known. Some progress can be made by noting the following. All examples of quasi-topological theories presented to date satisfy the condition ∇α P αβµν = 0
for a spherically symmetric metric. This condition is identical to that which defines Lovelock gravity, but restricted to spherically symmetric metrics. This motivates the following
definition for quasi-topological theories:
αn =
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Definition.
R D p A theory of gravity with Lagrangian density L = L (gαβ , Rαβµν ) and action
S = d x |g|L belongs to the quasi-topological class if it is not a Lovelock theory and it
satisfies both:
δS
δf

∇α P αβµν = 0

=0

(4.73)

N =1

for a spherically symmetric metric.
Using the definition, there is a simple check that one can do to see if a theory is
quasi-topological: evaluate the action for a black brane (i.e. k = 0), and verify that
(D − 2) ∂L
1 ∂L
∂ ∂L
+
−
,
00
00
∂r ∂f
r
∂f
2 ∂f 0

 

∂ f ∂L
(D − 1)f
f 0 ∂L 2f ∂L
0=
+
−
−
∂r r ∂f 0
r2
r ∂f 0
r ∂f

0=

(4.74)

which are just the trt and xi rxi components of ∇α P αβµν (the other components vanish
identically) written in terms of direct variations of the on-shell Lagrangian. Note that
in deriving these equations we have implicitly used the condition δS/(δf )|N =1 = 0 to
justify setting N = 1. The constraints in eq. (4.74) can be used to efficiently derive quasitopological theories, and may be useful in determining a closed form expression for the
quasi-topological Lagrangians.

4.2.3

Generalized quasi-topological gravity

In our construction of the most general cubic theory of gravity that satisfied the single metric function criterion, we found in addition to the Lovelock and quasi-topological theories
a new Lagrangian density which we called SD . While this was just one example, carrying
out the same procedure at higher order in curvature yields new Lagrangian densities that
share a number of properties with SD , suggesting that these theories form a class of their
own. We shall refer to these theories as ‘generalized quasi-topological gravities’ since they
share a number of the same surprising properties of quasi-topological gravity, but are a
bit more complicated. A particularly nice property of the generalized quasi-topological
theories is that they are non-trivial even in D = 4, and as we will see, they are in some
sense the ‘nicest’ higher curvature theories in four-dimensions. Going forward, we will use
the following definition:
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Definition.
R D p A theory of gravity with Lagrangian density L = L (gαβ , Rαβµν ) and action
S = d x |g|L is a generalized quasi-topological gravity if it satisfies
δS
δf

= 0,

(4.75)

N =1

for a static, spherically symmetric metric and has non-trivial field equations, but is not a
Lovelock or quasi-topological theory.
Next, let us consider the field equations for the cubic generalized quasi-topological
theory. The action is
Z

√ 
12λ(D − 2)(2D − 1)
1
,
dD x −g R − 2Λ +
S
S=
D
16πGN
(D − 3)(184 − 514D + 291D2 − 49D3 + 4D4 )
(4.76)
which when varied with respect to N yields a field equation of the form
F0 = 0 ,

(4.77)

where F is a functional of f and its first two derivatives,
h

r2 
12λ(D − 2)
F = (D − 2)rD−3 k − f + 2 −
(D2 + 5D − 15)
L
(184 − 514D + 291D2 − 49D3 + 4D4 )
4

rf 0
× rD−4 f 03 − 8rD−5 f f 00
+ k − f − 2rD−5 ((D − 4)f − 2k)f 02
3
2
+8(D − 5)rD−6 f f 0 (f − k)


1
261 2
57
D−7
2
− (D − 4)r
(k − f ) −D4 + D3 −
D + 312D − 489 f
3
4
4
i
357 2 57 3
4
+k 129 − 192D +
D − D +D
.
(4.78)
4
4
The field equation can be directly integrated, giving
F = (D − 2)ω D−3

(4.79)

where ω is again a constant of integration that is related to mass in the following way:
ω D−3 =

16πGN M
.
(D − 2)Ωk,D−2
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(4.80)

Despite the very complicated structure of the field equations, let us note two remarkable
properties. First, it is a total derivative that can be integrated once for free giving a
constant of integration related to the mass. Second, the field equations are no longer
algebraic: they reduce (after integration) to a non-linear second-order differential equation
for the metric function f .
As mentioned, the theory defined by SD shares a number of properties with the quasitopological and Lovelock theories, including being ghost free, having black hole solutions
characterized only by mass, field equations that can be directly integrated, and nonperturbative black hole thermodynamics. In the following section, we will show in detail
that these properties, that are somewhat trivially true for Lovelock and quasi-topological
gravity, are indeed true for the generalized quasi-topological class as well.

4.3

Properties of the theories

We will now turn to a discussion of some basic properties of these theories. In particular,
we will discuss how the theories selected by the single field equation criterion are (perturbatively) ghost free, the field equations reduce to (at most) second-order differential
equations, black holes are described only by their mass, and black hole thermodynamics
can be studied non-perturbatively in the higher curvature couplings. Since these properties have been solidly established for Lovelock and quasi-topological gravity, in these
subsections the focus will be showing these properties are valid also for the generalized
quasi-topological models as well.

4.3.1

No ghosts

Theories that have a single independent field equation for spherically symmetric metrics
are (perturbatively) ghost free about a maximally symmetric background. By ‘ghost-free’
we actually mean something slightly stronger: that the theory propagates only the usual
massless spin-2 graviton. In fact, one can view the single metric function property as a
sufficient condition for a theory to propagate only the massless graviton. However, it is
not a necessary condition — there exist (perturbatively) ghost free theories that do not
admit single metric function solutions. A simple example is ECG in dimensions larger than
four [4]. This can be summarized in the following theorem:
Theorem. If a theory of gravity with Lagrangian density Lgrav = L (gαβ , Rαβµν ) has a
single independent field equation under the constraint of a vacuum static and spherically
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symmetric metric, then the theory propagates only the usual massless spin-2 graviton on a
maximally symmetric background.
In exploring cubic and quartic theories, this result was first conjectured in [5], and then
was subsequently proven in [156]. We will demonstrate its validity for the new term SD
that was presented above, and then sketch how the general proof works. Recall that the
action is
Z

√ 
12λ(D − 2)(2D − 1)
1
dD x −g R − 2Λ +
S
S=
D ,
16πGN
(D − 3)(184 − 514D + 291D2 − 49D3 + 4D4 )
(4.81)
and we parameterize the cosmological constant in the standard way as
Λ=−

(D − 1)(D − 2)
.
2L2

(4.82)

To linearize the theory, let us first seek the appropriate vacuum background. It is easy
to verify that the Minkowski background provides a vacuum for the theory with Λ = 0.
Slightly more generally, considering a nontrivial Λ and imposing the maximal symmetry
condition
2f∞
(4.83)
R̄αβσρ = − 2 ḡα[σ ḡρ]β
L
upon evaluating the field equations for this choice of background, we find the following
constraint:
λ 3
h(f∞ ) := 1 − f∞ + (D − 6) 4 f∞
= 0,
(4.84)
L
which determines f∞ . This in turn is related to the effective cosmological constant of the
theory
(D − 1)(D − 2)f∞
Λeff = −
.
(4.85)
2L2
Due to the cubic nature of this condition, the theory will generically have three distinct
vacua, with one having a smooth limit to the Einstein case as λ → 0.
Next we consider a perturbation around the obtained maximally symmetric backgrounds
gαβ = ḡαβ + hαβ .
(4.86)
The linear equations of motion can be efficiently obtained using the method introduced
in [121, 195]—they are given by
1
L
Eαβ
= − h0 (f∞ )GLab ,
2
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(4.87)

where the prime denotes differentiation with respect to f∞ and GLαβ is the Einstein tensor
linearized on the background (4.83). The remarkable fact that the linearized equations
of motion coincide with the linearized Einstein equations indicates that the massive and
scalar modes are suppressed (i.e. they are infinitely heavy) and the theory propagates the
same transverse massless graviton as Einstein’s gravity.
The fact that the theory matches Einstein gravity at the linear level is not a fluke —
as summarized at the beginning of this section, it is a general property of the theories
that admit single metric function solutions. The fact that this happens at the cubic and
quartic levels [6] in curvature, motivated the conjecture presented in [5]. A proof of this
was first provided by Bueno and Cano in [156]. Their proof proceeds in the following way.
First, a perturbative solution for the metric outside of a static and spherically symmetric
mass distribution is obtained. In this solution, the masses of the ghost-like graviton and
scalar mode appear, and it is found that only when both m2s = m2g = ∞ is the solution
characterized by a single metric function.

4.3.2

Second-order integrated field equations

A remarkable property of all of the theories defined by the single metric function condition
is that the field equations for a spherically symmetric metric is always a total derivative and
can be integrated to yield a differential equation that is at most a second-order differential
equation for the metric function. Using the same argument, it is possible to prove that
when the theory is either Lovelock or quasi-topological, then the equations are algebraic.
(Note that part of this proof is inspired by [156], though the approach here is somewhat
different and closer to the understanding developed in [5]).
As mentioned near the start of this chapter, a general theory of gravity built from
contractions of Riemann tensors will give rise to fourth-order equations of motion. Under
the constraint of spherical symmetry, the number of independent field equations is reduced
to two. These correspond to the Et t and Er r components, while the Bianchi identity relates
the remaining components of the field equations (which are all equal when written with one
index down and one index up). For theories that admit single metric function solutions,
the Bianchi identity reduces the order of the single independent field equation by one. To
see this, note that for these theories the r-component of the Bianchi identity reads (for
arbitrary k)
dEr r (D − 2) r (D − 2) i
+
Er −
Ei = 0 ,
(4.88)
dr
r
r
where Ei i stands for one of the transverse components of the field equations (they are all
the same), and no summation is implied. Since any component of the Eα β contains at
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most four derivatives of f (r), we can conclude that Er r contains at most three derivatives
of f (r), i.e. the Bianchi identity reduces its order by one.
To see that the field equations are actually total derivatives and can be integrated once
more, we turn to a more in-depth discussion of the on-shell action for these theories. The
defining condition of the single metric function theories is that
δS
δf

= 0,

(4.89)

N =1

which is equivalent to demanding that the Lagrangian, when evaluated on a spherically
symmetric metric with N = 1, is a total derivative. More generally, the on-shell action
will have the general structure [5]
p
|g|L = N F10 + N 0 F2 + N 00 F3 + terms non-linear in derivatives of N
(4.90)
where Fi are functionals of f and its first two derivatives. The schematic structure of
the terms involving non-linear derivatives of the lapse is completely fixed by the time
reparameterization invariance of the theory, as noted in [156]. That is, since t → αt is
equivalent to N → αN , the Lagrangian must be a homogeneous function of N of degree 1.
This means the only possible non-linear contributions come in the form N 02 /N , N 0 N 00 /N ,
and so on. As noted in [5], such terms cannot be eliminated using integration by parts.
As a result, successive integration by parts can reduce the action to the following form:
p
0
|g|L = N [F1 − F2 + F30 ] + terms non-linear in derivatives of N .
(4.91)
A variation with respect to N then setting N = 1 yields the only independent field equation:
0

Er r = F 0 = [F1 − F2 + F30 ] ,

(4.92)

which we now directly see must be a total derivative. In vacuum (or in the presence of
suitable matter), this equation can be integrated for free, yielding an equation that is at
most second-order determining the metric function.
Now, let us restrict to Lovelock and quasi-topological theories, where we can actually
do better than the above argument. As defined in the previous section, these theories both
satisfy ∇α P αβµν = 0 for a spherically symmetric metric. As a result, the field equations
for these theories take the simplified form
1
Eαβ = Rασµν Pβ σµν − gαβ L .
2
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(4.93)

Note that because the terms involving derivatives of the entropy tensor vanish, these equations contain at most second order derivatives of the metric. Now, by the same argument
above the Bianchi identity implies that Er r contains at most a single derivative of the metric
function, and then the fact that Er r = F 0 reveals that the integrated field equations must
be algebraic in f (r). Thus, we have proven that Lovelock and quasi-topological theories
will always have field equations that can be integrated to give a polynomial determining
the metric function f (r).

4.3.3

Black holes have no hair

It has been rigorously established that single metric function theories do not propagate
ghosts and have second order integrated field equations. The remaining two properties
seem to hold completely generally, but at this point we do not have rigorous proofs of
them for the generalized quasi-topological theories.
The next interesting property that we will discuss for these theories is that black hole
solutions have no higher derivative hair [215]. Spherically symmetric vacuum solutions in
general relativity are characterized by mass alone. This property also extends to Lovelock
and quasi-topological gravity. Here we will argue that it is true for the entire family
of single metric function theories by studying the generalized quasi-topological class of
theories. For simplicity of presentation, we will focus on asymptotically flat black holes in
four-dimensional ECG, but note that this property extends generally to higher dimensions
and different maximally symmetric asymptotics [4, 157, 6, 158, 7, 12, 11].
In general, a differential equation of order n requires n constants of integration. For
black hole solutions, additional constants of integration that arise in this way are often
called ‘higher derivative hair’. It is obvious that spherically symmetric vacuum black holes
in Lovelock and quasi-topological gravity have no higher derivative hair, since in these
cases the field equations are algebraic and the only constant of integration is the mass. In
the generalized quasi-topological case, however, after integrating the field equations once,
the field equation is still a (non-linear) second order differential equation. Thus, in general,
one would expect the black hole solutions in these theories to be characterized by three
integration constants — the mass, and two additional parameters. However, by fixing the
asymptotic structure of the solution and demanding a regular horizon, there appear to be
no such terms.
To illustrate this in a concrete fashion, we will focus on four-dimensional vacuum black
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holes in ECG. The action for ECG reads


Z
√
λ
1
4
d x −g R − P ,
S=
16π
6

(4.94)

where R is the usual Ricci scalar and
µν σρ αβ
P = 12Rα β µ ν Rβ σ ν ρ Rσ α ρ µ + Rαβ
Rµν Rσρ − 12Rαβµν Rαµ Rβν + 8Rαβ Rβµ Rµα ,

(4.95)

is the ECG Lagrangian density. Note that throughout this subsection we will set GN = 1 to
simplify the equations. We restrict ourselves to asymptotically flat, static and spherically
symmetric vacuum black holes. In this case, the only independent field equation is
 03

f
1 02
2
1 00 0
0
− (f − 1)r − λ
+ f − 2 f (f − 1)f − f f (rf − 2(f − 1)) = 2M,
(4.96)
3
r
r
r
where a prime denotes differentiation with respect to r. The quantity M appearing on
the right-hand side of the equation is the ADM mass of the black hole [157, 5], and we
will assume λ > 0 in what follows. Unfortunately the field equations cannot be solved
analytically (except in certain special cases [216]), and either numerical or approximate
solutions (or some combination) must be computed to make progress. We will review the
construction of a numerical solution.
We begin by solving the field equations via a series expansion near the horizon using
the ansatz
X
an (r − r+ )n ,
(4.97)
fnh (r) = 4πT (r − r+ ) +
n=2

which ensures that the metric function vanishes linearly at the horizon (r = r+ ), and
T = f 0 (r+ )/4π is the Hawking temperature. Substituting this ansatz into the field equations (4.96) allows one to solve for the temperature and mass in terms of r+ and the
coupling λ:


q
3
r+
6
4
4
r + (2λ − r+ ) r+ + 4λ ,
M=
12λ2 +
q

r+
2
4
T =
r+ + 4λ − r+ .
(4.98)
8πλ
One then finds that a2 is left undetermined by the field equations, while all an for n > 2
are determined by messy expressions involving T , M , r+ , and a2 .
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We now consider an expansion of the solution in the large-r asymptotic region. To
obtain this, we linearize the field equations about the Schwarzschild background:
fasymp = 1 −

2M
+ h(r),
r

(4.99)

where h(r) is to be determined by the field equations, and we linearize the differential
equation by keeping terms only to order , before setting  = 1. The resulting differential
equation for h(r) takes the form
h00 + γ(r)h0 − ω(r)2 h = g(r),

(4.100)

where
2(M − r)
r6 + 56M 2 λ − 12M rλ
, ω 2 (r) =
,
(2M − r)r
6M r2 (r − 2M )λ
2M (46M − 27r)
g(r) = −
.
9(2M − r)r3

γ(r) = −

(4.101)

In the large r limit, the homogeneous equation reads
2
r3
h00h − hh −
hh = 0 ,
r
6M λ
and can be solved exactly in terms of modified Bessel functions:





2r5/2
2r5/2
3/2
√
√
hh = r
ÃI− 3
+ B̃K 3
,
5
5
5 6M λ
5 6M λ

(4.102)

(4.103)

where Iν (x) and Kν (x) are the modified Bessel functions of the first and second kinds,
respectively. To leading order in large r, this can be expanded as




−2r5/2
2r5/2
1/4
1/4
hh (r) ≈ Ar exp √
+ Br exp √
(4.104)
5 6M λ
5 6M λ
where we have absorbed various constants into the definitions of A and B (compared to Ã
and B̃). Thus, the homogeneous solution consists of a growing mode and a decaying mode.
Asymptotic flatness demands that we set A = 0, while the second term decays superexponentially and can therefore be neglected.24 In this way, one of the possible integration
constants has been uniquely fixed by the boundary conditions.
24

This assumes that M λ > 0. In cases where M λ < 0, the homogeneous solution contains oscillating
terms that spoil the asymptotic flatness. The only viable solution in this case is to set the homogenous
solution to zero.
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The particular solution, which reads
36λM 2 184 λM 3
hp = −
+
+O
r6
3 r7



M 3 λ2
r11


,

(4.105)

clearly dominates over the super-exponentially decaying homogenous solution at large r,
thereby giving
2M
+ hp .
(4.106)
f (r) ≈ 1 −
r
Neither the near horizon approximation nor the asymptotic solution is valid in the
entire spacetime outside of the horizon. One means to bridge this gap is to numerically
solve the equations of motion in the intermediate regime. The idea is quite simple: For a
given choice of M and λ, pick a value for the free parameter a2 . Use these values in the
near horizon expansion to obtain initial data for the differential equation just outside the
horizon:
f (r+ + ) = 4πT  + a2 2 ,
f 0 (r+ + ) = 4πT + 2a2  ,

(4.107)

where  is some small, positive quantity. A generic choice of a2 will excite the exponentially
growing mode in (4.104). Thus, a2 must be chosen extremely carefully and with high
precision to obtain the asymptotically flat solution. A satisfactory solution will be obtained
if for some value of r that is large (compared with the other scales in the problem), the
numeric solution agrees with the asymptotic expansion to a high degree of precision. In
practice, we find that there is a unique value of a2 for which this occurs. Of course, since
the differential equation is very stiff, the numerical scheme will ultimately fail at some
radius, rmax . The point at which this failure occurs can be pushed to larger distance by
choosing a2 more precisely and increasing the working precision, but this comes at the
cost of increased computation time.25 In this way, we fix two integration constants via
boundary conditions — the only remaining constant is the mass, and so it seems these
black holes have no higher derivative hair.
25
A solution for r < r+ can be obtained by choosing  to be small and negative in (4.107). The numerical
scheme encounters no issues in this case.
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Figure 4.1: Numerical scheme. Top: Numerical solution for λ/M 4 = 10 and a shooting
parameter a?2 = −0.022853992336918507. The solid, red curve is the Schwarzschild solution
of Einstein gravity. The black, dotted curve is the near horizon approximation, including
terms up to order (r − r+ )8 . The dashed, black curve is the asymptotic solution, including
terms up to order r−12 . The solid black line is the numeric solution. Bottom left: A plot
of rmax (where the numerical solution breaks down) vs. a2 for the case λ = 1. The peak
corresponds to the value of a2 that gives an asymptotically flat solution. Bottom right: A
plot of the value of a2 giving an asymptotically flat solution vs. λ. Note that in the limit
λ → 0 we have a2 M 2 → −1/4, which coincides with the Einstein gravity result. In all
cases,  = 10−6 was used in eq. (4.107) to obtain the initial data.
In figure 4.1 we highlight some representative numerical results. The bottom left plot
displays rmax vs. a2 , revealing a prominent peak at a point a?2 . The peak coincides with
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the value of a2 that produces the asymptotically flat solution. If a2 is chosen different
from this value, it results in the excitation of the growing mode and the solution is not
asymptotically flat. In the bottom right plot, we show the value of a?2 plotted against the
coupling, λ. Notably, a?2 limits to the Schwarzschild value of a?2 M 2 = −1/4 when λ → 0.
While we have not been able to deduce a functional form for a?2 from first principles, it is
possible to perform a fit of the numeric results giving

1 1 + 2.1347x + 0.0109172x2
a?2 x = λ/M 4 ≈ − 2
,
M 4 + 15.5284x + 8.03479x2

(4.108)

which is accurate to three decimal places or better on the interval λ/M 4 ∈ [0, 5].
In the top plot of figure 4.1 we show a numerical solution for λ/M 4 = 10 and compare
it with the Schwarzschild solution, as well as the near horizon and asymptotic approximate
solutions. For the same physical mass, the ECG black hole has a larger horizon radius
than the Schwarzschild solution. Note that the near horizon solution provides an accurate
approximation from r = 0 to about r = 5M , but then rapidly diverges to f → −∞. The
numeric solution begins to rapidly converge to the asymptotic solution near r = 4M , but
near r = 10M it breaks down: the stiff system causes the integrated solution to rapidly
diverge to f → +∞. This is just a consequence of not choosing a?2 to high enough precision
in the numeric method, and the exponentially growing mode has been excited. Before the
numeric solution breaks down, the asymptotic solution (dashed line) is accurate to better
than 1 part in 1,000 and so it can be used to continue the solution to infinity.
The numerical results suggest that there is a unique value of a2 such that the solution
is asymptotically flat. We can provide further evidence for this by considering the field
equations near the horizon and demanding that the solution limits to the Einstein gravity
result as the ECG coupling is set to zero. Recall that, near the horizon, the metric function
is expanded as
X
fnh (r) = 4πT (r − r+ ) + a?2 (r − r+ )2 +
ai (a?2 )(r − r+ )i ,
(4.109)
i=3

where the constants an with n > 2 are determined by the field equations in terms of the
parameter a?2 and M , T and r+ . We will demand that this expansion has a smooth λ → 0
limit. It turns out that this constraint is also enough to ensure that the near horizon
expansion limits to that for the Schwarzschild solution
Ein
fnh
=

X
(r − r+ )i
.
(−1)i−1
i
r
+
i=1
101

(4.110)

We proceed by writing a?2 = a?2 (λ) and expand each of an (a?2 ) to lowest order in λ. For
example, the expansion for the first two terms is
2
4
3
6 0
− 14
+ 34a2 (0)r+
+ r+ 3r+
a2 (0) − 6a2 (0)2 r+
a2 (0)r+
+ O(λ) ,
+
3
9λ
27r+
4
2
6
4
6 0
+ 68
+ r+
+ 89a2 (0)r+
a2 (0)r+
a2 (0) − 60a2 (0)2 r+
3r+
a4 (a?2 ) = +
+
2
216λ
648λ
2
4
6
8 0
10 00
− 278
+ 1040a2 (0)r+
(89a02 (0) + 72a2 (0)3 ) − 968a2 (0)2 r+
a2 (0) + 2r+
a2 (0) − 240a2 (0)r+
3r+
+
4
1296r+
+ O(λ).
(4.111)

a3 (a?2 ) =

Clearly, for a3 to have a smooth λ → 0 limit, we must take
a?2 (0) = −

1
,
2
r+

(4.112)

which also cures the λ−2 divergence in a4 . Then, for a4 to have a smooth λ → 0 limit, we
must take
27
a?2 0 (0) = 6 .
(4.113)
r+
Interestingly, this choice for a?2 0 (0) also ensures that
a3 (a?2 ) =

1
+ O(λ),
3
r+

(4.114)

which is precisely the value expected from the Schwarzschild solution. This procedure
continues in the obvious way: The expansion of an for small λ fixes a?2 (n−3) (0), which in
turn guarantees that the term an−1 limits to the Schwarzschild value from (4.110).
It is straight-forward, but computationally costly, to do this to arbitrary order. We
have computed a?2 (n) (0) up to n = 15, finding the results presented in table 4.1. While
4n+2
, we were not able to deduce the dependence of the coefficients of a?2 (n) (0)
a?2 (n) (0) ∝ 1/r+
on n. The fact that these coefficients grow unboundedly indicates that a Taylor series
expansion of a?2 (λ) has a small or vanishing radius of convergence. Thus the function is
not analytic, and the Taylor series cannot be expected to provide a good approximation.
However, rather than a Taylor series we can use a Padé approximant to reconstruct the
form of a?2 (λ), and we show this in figure 4.2. The basic conclusion is that, as more terms
are included in the Padé approximant, the form of a?2 (λ) converges to the results of our
numerical scheme presented in figure 4.1. While the convergence is fast for small λ, more
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n

4n+2 ? (n)
(−1)n+1 r+
a2 (0)

0
1
2
3

1
27
3384
1320534

4
5
6
7

1151833248
1875967406160
5107532147380800
21544624968666695280

8
9
10
11

133135416924677418585600
1154324990320626883159054080
13568049825205878205542081792000
210227289858470130670513367566041600

12
13
14
15

4194920428540096167815139429105212006400
105700177837430847101072792547386798551142400
3306987976911675043248786217918581692121564979200
126609498143560198473638841716966388468374445902592000

Table 4.1: Series coefficients for ECG shooting parameter. Here we display the first
fifteen derivatives of the shooting ECG parameter a?2 computed by demanding that the
near horizon solution limits smoothly to the Einstein gravity result.
terms are required to obtain good convergence for larger λ. With the fifteen derivatives
presented in table 4.1, it is not possible to accurately match a?2 over the full domain of λ,
and the fit to the numerical data (4.108) is more accurate for larger λ. If the functional
dependence of a?2 (n) (0) on n could be deduced, then this would allow a?2 to be determined
to arbitrary precision.
Let us summarize: the existence of a numerical asymptotically flat solution seems to
fix the value of a2 uniquely. Further, we have also seen that demanding that the near
horizon solution limits smoothly to the Einstein gravity result uniquely determines all of
the derivatives of a2 when regarded as a function of λ. Further, these two methods seem
to agree on what the value of a2 should be: by fitting the derivatives of a2 to a Padé
approximant, the derivative expansion appears to converge to the same value required by
the numerical scheme as more terms are included in the series expansion. Now, let us
note that while we have presented this discussion for four-dimensional ECG, the same
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Figure 4.2: Analytical approach for shooting parameter. Here the solid black line
denotes the value of a?2 as determined through the numerical scheme. The remaining curves
denote Padé approximants built from the derivatives presented in table 4.1. Specifically, the
dotted, blue curve corresponds to a [2, 2]-order Padé approximant, the dashed, green curve
corresponds to a [4, 4] order Padé approximant and the dot-dashed, red curve corresponds
to a [7, 7] order Padé approximant. For λ/M 4 < 1 convergence to the numerical result is
rapid, but convergence for larger values would require more derivatives than we were able
to reasonably compute.
thing happens for the higher dimensional theories and also when the asymptotics are dS
or AdS. Therefore, we have strong evidence that the vacuum black holes in generalized
quasi-topological gravity are characterized simply by their mass, and there is no higher
derivative hair that is often present in generic higher-order theories [217, 215].

4.3.4

Non-perturbative thermodynamics

In the case of Lovelock and quasi-topological black holes, the temperature, entropy and
mass can be obtained for arbitrary couplings. It appears that this extends to the entire
class of theories defined by the single metric function condition. This is in contrast to an
arbitrary theory of gravity, where the best one could hope to do would be to work perturbatively in the couplings to obtain corrections [193]. While the result is again somewhat
trivially true for Lovelock and quasi-topological gravity, it is not obviously true for the
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generalized quasi-topological class. In these theories, we do not have an analytical expression for f (r), and so it is somewhat surprising that, for example, an expression for the
black hole temperature can be obtained analytically. Our focus here will be to show how
this plays out for four-dimensional asymptotically flat black holes in ECG, and comment
on how the result generalizes [4, 157, 6, 158, 7, 12, 11].
Again, the action for ECG (with GN = 1) reads


Z
√
λ
1
4
d x −g R − P ,
S=
16π
6
and we will be interested in the near-horizon expansion of the field equations,
X
fnh (r) = 4πT (r − r+ ) +
an (r − r+ )n .

(4.115)

(4.116)

n=2

The lowest order field equations take the form:



4πT
4πT r+
2M − r+ + 4πT λ
+ 1 = 0,
r+
3

2
4πT
1 − 4πT r+ − λ
= 0,
r+

(4.117)

while at the next order a3 and a2 appear, and so on. It is a remarkable fact that the two
lowest order terms do not involve the undetermined constant a2 . This allows us to exactly
determine the temperature and mass simply by solving a system of polynomial equations,
even though we lack an analytical solution for f (r). The correct choice of branch is that
which limits smoothly to the Einstein gravity result when λ → 0,


q
3
r+
6
4
4
+ 4λ ,
r + (2λ − r+ ) r+
M=
12λ2 +
q

r+
2
4
T =
r+ + 4λ − r+ .
(4.118)
8πλ
Using Wald’s formula, one can show that the entropy of the black holes is given by
"

2 
#
√
4πT
1
1
2
S = πr+
1 − 2λ
+
+ 4π λ ,
(4.119)
r+
2 2πT r+
where the last term ensures that S → 0 as M → 0. Identifying the coupling potential
Ψ=

8π 2 T 2 (3 + 2πr+ T ) 2πT
− √ ,
3r+
λ
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(4.120)

the first law and extended Smarr formula hold:26
δM = T δS + Ψδλ ,
M = 2T S + 4λΨ .

(4.121)

Einsteinian Cubic Gravity is the simplest example of the generalized quasi-topological
theories, but it highlights all of the essential points. In more general cases, one proceeds in
the same way. Expanding the field equations near a black hole horizon, it is found that the
first two equations determine the mass and temperature as solutions of (often complicated)
polynomial equations. No perturbative expansions in the coupling are required, and as a
result these theories provide excellent toy models whenever thermodynamics is important.
Because the field equations depend on second derivatives of the metric, it is in principle
possible that the ‘arbitrary’ parameter a2 could appear in these lowest order equations,
and this would spoil the property. However, it seems that the theories selected by the
single metric function criterion have field equations with a structure that gives a precise
cancellation of these possible terms. It would be desirable to better understand how this
is connected with the single metric function condition.

4.4

Summary remarks

In this chapter we have introduced and studied higher curvature theories of gravity, focusing
on the case of static and spherically symmetric metrics. We found that in this case, the
theories decouple into three groups — Lovelock, quasi-topological, and generalized quasitopological gravities — distinguished by the structure of their field equations and the
dimensions in which the theory is non-trivial. The Lovelock and quasi-topological theories
have been known for some time [116, 118], while the generalized quasi-topological theories
are relatively new [5]. The theories are united in that they share certain desirable and
somewhat unexpected properties: they are ghost-free on constant curvature backgrounds,
the integrated field equations are at most second order differential equations, and they
admit black hole solutions characterized by mass alone with thermodynamics that can be
studied exactly.
The properties of these theories make them excellent toy models for exploring questions
in black hole thermodynamics and holography [218, 219, 120, 214, 43, 16]. The generalized quasi-topological theories are particularly interesting in this regard, since they are
26

Note that, for small black holes we have 4λΨ ≈ −4T S/3 and the extended Smarr formula reduces
to M = 2T S/3, which coincides with what one would expect for a three-dimensional CFT at finite
temperature. This intriguing limit was first noted in [158] via a different approach.
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non-trivial in all dimensions D ≥ 4, they allow for the holographic studies in four and
six dimensions, in which both (cubic) Lovelock and quasi-topological gravity are trivial.
To date, a number of interesting results have been found through studies of these theories. It was found that in four dimensions, small asymptotically flat black holes become
thermally stable [158]. Studies of AdS solutions revealed examples of critical behaviour in
the phase space of electrically charged black branes, a result that is observed in neither
Lovelock nor quasi-topological theories [7]. In the context of holography, it is interesting
to note that simply by demanding that the black hole solutions are well-behaved asymptotically the KSS bound [68] on the ratio of shear viscosity to entropy density is enforced
in both four [220] and higher dimensions [12]. In ongoing work, it has been found that
the generalized quasi-topological theories admit NUT charged solutions in four and higher
dimensions. In addition to providing the first examples of higher curvature theories admitting NUT solutions in four dimensions, this study has allowed for the identification
of simple and universal results for the free energy of holographic CFTs defined on odd
dimensional squashed spheres [9, 10].
Of course, there remains much about these theories to study. One obvious problem to
attack would be the dynamical stability of black holes. While the theories are free from
ghosts on constant curvature spaces, since the field equations for all but the Lovelock class
of theories are higher-order for a generic metric, we do expect that at least some solutions
of the theories will be unstable.27 Determining if and for what metrics the solutions are
unstable would be an important step, especially if one wished to use the four-dimensional
theories for more than just toy models [158]. However, this is in general a very complicated
problem, and there is still lots of work to be done even in the simplest case of Lovelock
theory [223, 224, 225].

27

Note that higher order equations of motion are not always fatal for black hole stability — see, e.g. [221,

222].
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Chapter 5
Black hole λ-lines
Having introduced higher curvature gravity models in the previous chapter, we now consider their relevance in black hole chemistry. In particular, here we will focus on a class of
exact, spherically symmetric black holes in Lovelock gravity coupled to real scalar fields.
Black hole chemistry was first studied for this model in [17] in the case where the gravitational sector consisted only of Einstein gravity. In [13, 14], the study was generalized
to higher-order Lovelock theories. The most interesting result to come from those investigations is that, in third and higher order Lovelock gravity, there are examples of black
hole ‘λ-lines’. These are lines of second order phase transitions in the thermal phase space,
and the example presented in [13] represents, to the best of our knowledge, the first such
example in black hole physics.
The purpose of this chapter will be to explain this result in greater detail. We begin by
providing a brief overview of the theory, the motivation for it, and the black hole solutions.
After presenting the thermodynamic quantities, the existence of a black hole λ-line is
demonstrated. The remainder of the chapter is spent discussing the necessary conditions
for this phenomena, and any possible pathological behaviour of the black holes exhibiting
it. Our discussion will mostly follow [13].

5.1

Lovelock black holes with scalar fields

Recently, Oliva and Ray have constructed a simple recipe that allows for the conformal
coupling of a scalar field to higher curvature terms [226]. The field equations of the theory
are second order for both the metric and the scalar field and admit exact black hole
108

solutions with the scalar field is regular everywhere outside of — and on — the horizon
and the back-reaction of the scalar field onto the metric is captured analytically [227, 228,
229, 229, 230, 231]. This work provided the first example of black holes with conformal
scalar hair in D > 4 where no-go results had been reported previously [232]. The obtained
solutions are valid for positive, negative and vanishing cosmological constant; however, the
AdS case has received the most attention due to hopeful applications in the AdS/CFT
correspondence.
The model we consider consists of Lovelock gravity, a Maxwell field, and a real scalar
field coupled conformally to the dimensionally extended Euler densities,
!
Z
n
max
X
√
1
L(n) − 4πGN Fµν F µν
(5.1)
dD x −g
I=
16πGN
k=0
where
n

L

(n)

n

Y
Y
1
= n δ (n) an
Rµαrrνβrr +bn φD−4n
Sµαrrνβrr
2
r
r

!
(5.2)

···αn βn
the generalized Kronecker tensor, an and bn are coupling constants,
with δ (n) = δµα11νβ11···µ
n νn
and nmax ≤ (D − 1)/2. Here the tensor Sµν γδ describes how the scalar field couples to
gravity:
[γ

[γ δ]

[γ

Sµν γδ =φ2 Rµν γδ − 2δ[µ δν] ∇ρ φ∇ρ φ − 4φδ[µ ∇ν] ∇δ] φ + 8δ[µ ∇ν] φ∇δ] φ ,

(5.3)

and transforms homogeneously under the conformal transformation, gµν → Ω2 gµν and
φ → Ω−1 φ as Sµν γδ → Ω−4 Sµν γδ .
The theory has stress-energy associated with both the scalar and Maxwell fields, with
the former given by
(T1 )νµ

=

n
max
X
n=0

bn D−4n νλ1 ···λ2n ρ1 ρ2
ρ
ρ
φ
δµρ1 ···ρ2n S λ1 λ2 · · · S 2k−1 2nλ2n−1 λ2n
n+1
2

(5.4)

and the latter,
(T2 )νµ



1
νρ
λρ ν
= Fµρ F − Fλρ F δµ .
4

(5.5)

The gravitational field equations then read
Eµν = (T1 )µν + 8πGN (T2 )µν ,
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(5.6)

where
Eµν

=−

n
max
X
n=0

an νλ1 ···λ2n ρ1 ρ2
ρ
ρ
δµρ1 ···ρ2n R λ1 λ2 · · · R 2n−1 2n λ2n−1 λ2n .
n+1
2

(5.7)

is the generalized Einstein tensor.
By varying the action with respect to the scalar field, one can show that the scalar field
must obey the following equation of motion:
n
max
X
n=0

(D − 2n)bn D−4n−1 (n) (n)
φ
δ S = 0.
2n

(5.8)

Note that the above equation of motion ensures that the trace of the stress-energy tensor
of the scalar field vanishes on shell, as expected for this conformally invariant theory.
Similarly, varying the action with respect to the Maxwell gauge field Aµ , we obtain the
Maxwell equations
∇µ F µν = 0 .
(5.9)
We take a line element of the form
ds2 = −f dt2 + f −1 dr2 + r2 dΣ2k,D−2

(5.10)

where dΣ2k,D−2 (its volume denoted Ωk,D−2 ) is the line element on a surface of constant
curvature k with k = +1, 0, −1 corresponding to spherical, flat and hyperbolic geometries;
in the latter cases, the space is compact via identification [128]. For this ansatz, the field
equations for the metric reduce to
n
max
X
n=0


αn

k−f
r2

n
=

16πGN M
(D − 2)Ωk,D−2 rD−1
+

8πGN
Q2
H
−
rD (D − 2)(D − 3) r2D−4

(5.11)

where
1
a0
=
, α1 = a1 ,
2
L
(D − 1)(D − 2)
2n
Y
αn = an (D − j) for n ≥ 2 ,
α0 =

j=3
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(5.12)

and
H=

n
max
X
n=0

(D − 3)!
bn k n N D−2n
(D − 2(n + 1))!

(5.13)

is the “hair parameter”. For this configuration, the electromagnetic field strength is given
by
Q
F = D−2 dt ∧ dr
(5.14)
r
where Q is the conserved electric charge. The scalar field takes the form
φ=

N
r

(5.15)

and its equations of motion reduce to the following constraints:
n
max
X
n=1
n
max
X
n=0

bn

nbn

(D − 1)!
k n−1 N 2−2n = 0 ,
(D − 2k − 1)!

(D − 1)! (D(D − 1) + 4n2 ) n −2n
k N
= 0.
(d − 2n − 1)!

(5.16)

These equations also ensure that the trace of the scalar field stress energy tensor vanishes.
Since these are two equations in a single unknown (N ), one equation enforces a constraint
on the allowed coupling constants, bn . Further, these equations can only be solved in the
cases k = ±1, otherwise the only solution is N = 0. This means that the scalar field
configuration is completely fixed in terms of the coupling constants of the theory, and for a
given set of couplings, there are only a finite number of possible values for N corresponding
to the various roots of a polynomial. Because of this, the black holes are not technically
‘hairy’ since that would require there to be an additional, free constant of integration
appearing in the equations of motion.
Asymptotically, the field equations reduce to the following embedding equation:
h(f∞ ) = 1 − f∞ +

n
max
X
n=2

n
αn f∞
= 0,
L2n−2

(5.17)

where f∞ is defined such that the leading order behaviour of the metric at large r is
f (r) ∼ f∞
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r2
.
L2

(5.18)

This equation determines the maximally symmetric vacua of the theory, characterized by
the curvature
2f∞ [µ ν]
Rαβ µν = − 2 δ[α δβ] .
(5.19)
L
For the space to be asymptotically AdS, we require that f∞ > 0. Further, since the
derivative of (5.17) with respect to f∞ appears as a prefactor in the linearized equations
of motion for graviton perturbations about the vacuum, we also require that
h0 (f∞ ) < 0

(5.20)

to ensure that the graviton is not a ghost or, equivalently, that Newton’s constant has the
correct sign.
The thermodynamics of the black holes can be studied using the standard methods.
Computing the temperature by requiring the absence of conical singularities in the Euclidean sector and the entropy using the Iyer-Wald formalism [115], we find the thermodynamic quantities for this solution are
nmax
(D − 2)Ωk,D−2 H
Ωk,D−2 Q2
(D − 2)Ωk,D−2 X
D−2n−1
αn k n r+
−
+
M=
D−3
16πGN
16πGN r+
2(D − 3)r+
n=0
#
"
 n−1
X
1
H
8πGN Q2
k
f 0 (r+ )
=
kαn (D − 2n − 1) 2
T =
+ D−2 −
2(D−3)
4π
4πr+ D(r+ ) n
r+
r+
(D − 2)r+
"n
#
max
Ωk,D−2 X
D
(D − 2)nk n−1 αn D−2n
S=
r+
−
H
if bn = 0 ∀n > 2.
(5.21)
4GN
D − 2n
2k(D − 4)
n=1
P max
−2 n−1
nαn (kr+
) . Employing the extended first law
In the above, D(r+ ) = nn=1
X
X
δM = T δS + ΦδQ +
Ψ(n) δαn +
K(n) δbn
(5.22)
k

n

we find it is satisfied provided
(n)

Ψ

K(n)



Ωk,D−2 (D − 2) n−1 D−2n k
4πnT
=
k r+
−
,
16πGN
r+ D − 2n


Ωk,D−2 (D − 2)! n−1 D−2n
k
4πnT
=−
k N
+
16πGN
(D − 2(n + 1))!r+ (D − 2n)!

(5.23)

and the Smarr relation which follows from scaling
X
X
(D − 3)M = (D − 2)T S + (D − 3)ΦQ +
2(n − 1)Ψ(n) αn + (D − 2)
K(n) bn , (5.24)
n
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n

also holds. We point out that in the situation when black hole solutions are considered,
the couplings bk are not all independent, but are constrained by eq. (5.16). As a result, in
these cases, one must keep in mind that the variations of bk in the first law above are not
all independent. Henceforth we shall set α1 = 1 so that we recover general relativity in the
limit αk → 0 for k > 1 and we will also set GN = 1.
This completes the basic set-up of black holes in this theory, our focus will now turn
to understanding the phase structure.

5.2

Black hole λ-line

An exhaustive analysis of the thermodynamics of these black holes was performed in [14],
where it was found that the black holes exhibit a rich thermodynamic structure, including
examples of van der Waals behaviour, re-entrant phase transitions, and triple points in
their thermal phase space. Here we will focus on the most interesting result to come from
that work (also reported in [13]) — an example of a black hole λ-line.
To present the simplest possible example, in what follows we consider αn = 0 ∀n > 3
and bn = 0 ∀n > 2. This last condition is for simplicity: the falloff in the metric function
is the same for all bn and the contribution to the entropy is always just a constant; so only
the first three bn ’s are required to see all the physics of the scalar hair.
Introducing the dimensionless parameters
−1/4

r+ =

1/4
vα3

,

tα
,
T = 3
D−2

q D−3
Q = √ α3 4 ,
2

m=

4πh D−2
α 4
D−2 3
16πM
H=

D−3

(D − 2)ΣkD−2 α3 4
√
α0 (D − 1)(D − 2) α3
α2
p=
, α= √ ,
4π
α3
(D−3)
4

G = M − T S = α3

Ωk,D−2 g

(5.25)

the dimensionless equation of state (obtained by solving the expression for the temperature
in eq. (5.21) for the pressure) reads
t
σ(D − 3)(D − 2) 2αkt α(D − 2)(D − 5) 3t
p= −
+ 3 −
+ 5
v
4πv 2
v
4πv 4
v
k(D − 7)(D − 2)
q2
h
−
+ 2(D−2) − D
4πv 6
v
v
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(5.26)

where the quantity p represents the pressure and g the dimensionless Gibbs free energy.
At equilibrium, the state of the system is that which minimizes the Gibbs free energy.
Let us now consider the behaviour of this equation of state. Noting that the conditions
for a critical point are
∂ 2p
∂p
= 2 =0
(5.27)
∂v
∂v
p
we find that for α = 5/3 if h and q are set to
h=

4(2D − 5)(D − 2)2 vcD−6 2 2(D − 1)(D − 2)vc2D−10
, q =
,
πD(D − 4)
π(D − 4)

and k = −1, eq. (5.27) will be satisfied by vc = 151/4 and
√


3
8
15(11D − 40)(D − 1)(D − 2)
pc =
(15) 4 tc +
225
900πD

(5.28)

(5.29)

for all temperatures tc ! In other words, this system exhibits infinitely many critical points
with critical volume vc = 151/4 . In the p − v plane, every isotherm is a critical isotherm,
i.e. has an inflection point at v = 151/4 . In the variables (t, p) there is no first order
phase transition but rather a line of second order phase transitions, characterized by a
diverging specific heat cp = −t ∂ 2 g/∂t2 at the critical values. We show representative
thermodynamic behaviour in figure 5.1 for D = 7. We note in passing that the line of
second order transitions given in (5.29) exhibits dimension dependence only in the zero
temperature intercept — the slope is the same in all dimensions.
Let us pause for a moment to discuss where, in condensed matter systems, similar
lines of second order phase transitions occur. In that context, lines of second order phase
transitions correspond to, for example, fluid/superfluid transitions [233], the onset of superconductivity [234], and paramagentism/ferromagnetism transitions [235]. In these cases,
lines of second order phase transitions are often called ‘λ-lines’ since the divergence of the
specific heat across the phase transition resembles the Greek letter ‘λ’ (see below).
To the best of our knowledge, this is the first example of a of a λ transition in black
hole thermodynamics. Building on the black hole/van der Waals fluid analogy [39], the
natural interpretation here is that this second order phase transition between small/large
black holes is analogous to a fluid/superfluid type transition. The resemblance to the
fluid/superfluid λ-line transition of 4 He (c.f. figure 2 in [13]) is striking. In each case, a
line of critical points separates the two phases of ‘fluid’ where specific heat takes on the same
qualitative “λ” structure. The phase diagram for helium is more complicated, including
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solid and gaseous states. This is to be expected since helium is a complicated system, while
these hairy black hole solutions are comparatively simple being characterized by only four
numbers: v, h, q and α. However, it is remarkable that with so few parameters the essence
of the λ-line can be captured. Most of the interesting properties of a superfluid are either
dynamical or require a full quantum description to understand (see, e.g. [236, 237] for
an introduction and review). Since we do not have access to a model of the underlying
quantum degrees of freedom it is not possible to explore the black hole analogues of these
properties at a deeper level. However, an interesting direction for future investigation
would be to compute transport properties in the holographically dual theories and see if
they exhibit any interesting behaviour near the λ-line.

5.3

Further properties and a necessary condition

While the specific heat is positive — indicating thermal stability — it is natural to wonder
if there is any pathological behaviour hiding behind the scenes here. We will consider
several possibilities below, in most cases particularized to the case of d = 7 for the purpose
of clarity.
First, we consider the Kretschmann scalar evaluated on the horizon:
#
"
2
 2
2
2(D
−
2)(D
−
3)
2(D
−
2)
df
d
f
+
+
K = Rabcd Rabcd =
dr2
r2
dr
r4

.

(5.30)

r=r+

The first derivative of f is clearly finite for any finite temperature, so we need only consider
f 00 . For simplicity we consider the case D = 7 where the λ-line solution was first observed.
Expanding near vc , pc we see that
√


1/4
172π(15)
129π
172
15π
f 00 (vc +dv, pc +dp) = 200π 2 t2c +
tc + 750(15)1/4 π 2 tc +
dp−
tc dv .
75
2
75
(5.31)
This is completely finite at the horizon both at the critical point and near it; there are no
curvature singularities associated with this thermodynamic behaviour. For thoroughness,
we have also examined the explicit solution to the field equations in detail. Outside the
horizon the metric function is well-behaved and the Kretschmann scalar is everywhere
finite. There is a curvature singularity that occurs within the horizon and before r = 0,
but this type of behaviour is nothing new —similar behaviour occurs for both neutral and
electrically charged black holes in Gauss-Bonnet and cubic Lovelock black holes [170, 43].
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Figure 5.1: Thermodynamic behaviour near λ transition. Top left: the p−v diagram
for various temperatures. Note that all the isotherms here are critical isotherms with an
inflection point. Top right: A plot of the Gibbs free energy vs. temperature for three
distinct pressures chosen so that critical temperatures are tc = 3, 5, 7 corresponding to
the red, blue and black curves. The dotted lines highlight the points where the second
derivative of the Gibbs free energy diverges. Bottom left: A plot of the specific heat
2
cp = −t ∂∂t2g for the case tc = 3. Bottom right: p–t parameter space. The black line shows
the locus of critical points, i.e. a line of second-order phase transitions known as the
‘lambda’ line in the context of superfluidity. These plots are for D = 7.
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Next, we note that the couplings are such that the vacuum is free of ghosts. It can be
verified that, along the λ-line, the conditions are such that h0 (f∞ ) < 0 for all temperatures.
Indeed, it can be shown that in any dimension, the maximum value of h0 (f∞ ) is −4/9 which
occurs at the temperature
(16D3 + 87D2 − 373D + 270)157/4
,
t=
108πD

(5.32)

which is positive in all cases of interest. Therefore, theses choices of couplings correspond
to vacua with a positive Newton constant. Further, since the only constraint is that
α3 = (3/5)α22 it seems that the black holes satisfy known constraints arising from the
physicality conditions imposed on the dual CFT, e.g. positivity of energy flux and causality
constraints [218]. These checks suggest that there is nothing obviously wrong with the black
hole solutions exhibiting these transitions. A more thorough analysis (e.g. a study of the
dynamics of perturbations) would be required to make conclusive statements about the
stability.
The λ-line is a line of critical points, and it would be desirable to determine the critical exponents along this line. The standard method of computing the critical exponents
ultimately fails in this case, as we will now explicitly highlight. To see this, suppose we
proceed to calculate the critical exponents in the naive way (we do this for D = 7 for
concreteness). We can expand the equation of state near any one of the infinitely many
critical points to obtain
p
280(15)1/4 πtc
140(85 + 2π(15)1/4 tc ) 3
112(15)1/4 πtc
3
τ
−
τ
ω
−
ω .
=1+
pc
112(15)1/4 πtc + 555
112(15)1/4 πtc + 555
112(15)1/4 πtc + 555
(5.33)
Proceeding naively, we find that α = 0 governs the behaviour of the specific heat at constant
volume near the critical point and δ = 3 governs the behaviour of |p − pc | ∝ |v − vc |δ along
any critical isotherm. For β, we evaluate the following expressions:
Z ω2
p
p
d(p/pc )
=
0=
ω
(5.34)
pc ω=ω1
pc ω=ω2
dω
ω1
These equations can only be solved by the trivial solution, ω1 = ω2 , or if τ is constrained
to be
i
151/4 h √
τ =−
85 15 + 2π(15)3/4 tc
(5.35)
30πtc
with ω1 and ω2 free. This latter case is not a sensible solution since in the limit of τ → 0, we
are left with a negative tc , while for the trivial solution we have that the order parameter,
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η = vc (ω2 − ω1 ) vanishes, suggesting that β = 0. This result is unchanged by the inclusion
of higher order terms in the expansion of the equation of state. The exponent γ governs
the behaviour of the isothermal compressibility near criticality
κT = −

1 ∂v
v ∂P

∝ |τ |−γ .

(5.36)

T

Computing this for the above expansion we find


112π(15)1/4 tc + 555
1
κT =
420ω 2 2π(15)1/4 tc τ + 2π(15)1/4 tc + 85

(5.37)

which in the limit of the critical point is independent of τ , suggesting that γ = 0. Therefore,
by this argument, it seems that each critical point on this line of criticality is characterized
by the critical exponents
α = 0,

β = 0,

γ = 0,

δ = 3.

(5.38)

These critical exponents trivially satisfy the Widom relation
γ = β(δ − 1) ,

(5.39)

α + 2β + γ 6≥ 2 .

(5.40)

but violate the Rushbrooke inequality

While these are manifestly ‘non-standard’ critical exponents, these bizarre results signal
that something has gone wrong in the approach. The problem lies in the assumption that
the pressure is still the ordering field. Here, this is not the case—changing the pressure
merely changes the temperature at which the second order phase transition occurs. Thus,
pressure is no longer the appropriate ordering field, a situation similar to that in liquid
He4 at the λ line [233].
If one wishes to assign critical exponents to the λ-line, the thermodynamic parameter
space must be enlarged. That is, we must choose an additional parameter such that, in the
larger phase space, the λ-line is approached along a first order coexistence curve. There
are three choices here for the ordering field, Θ, and they are q, h or α. It turns out that the
obtained critical exponents are the same regardless of which choice is made, but the electric
charge q is in some sense the most natural choice since it is easy to imagine adjusting q
by throwing charged material into the black hole. To calculate the critical exponents, we
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proceed as usual, expanding the ordering field near any of the critical points in terms of τ
and ω. We find
Θ
= 1 − Aτ + Bτ ω − Cω 3 + O(τ ω 2 , ω 4 ) ,
(5.41)
Θc
where the values of A, B, C depend on both the pressure, p, and will be different (but
non-zero) depending on which choice is made for the ordering field. This expansion yields
the following critical exponents
α̃ = 0 ,

β̃ =

1
,
2

γ̃ = 1 ,

δ̃ = 3 ,

(5.42)

which govern the behaviour of the specific heat at constant volume, CV ∝ |τ |−α̃ , the order
parameter ω ∝ |τ |β̃ , the susceptibility/compressibility (∂ω/∂Θ)|τ ∝ |τ |−γ̃ and the ordering
field |Θ − Θc | ∝ |ω|δ near a critical point. These results coincide with the mean field theory
values, which agree with those for a superfluid in a D > 5 (cf. Table I of [233]), though this
is not particularly insightful since essentially all critical phenomena in black hole physics
falls into this universality class.
One way to visualize this result is that the line of critical points in the p − t plane
represents a line where a surface of first order phase transitions terminates in some larger
space (p, t, Θ). Our calculation of critical exponents then represents the behaviour of the
system as the line of criticality is approached, not in (p, t) space, but rather in this larger
space. We highlight this in figure 5.2 for the case (p, t, q 2 ).
The λ-line is an interesting new result in the thermodynamics of black holes, and it
would be desirable to find further examples where it occurs. With some hindsight, we can
return to the Lovelock case and see if anything general can be learned. The necessary
feature of our result is that the conditions for a critical point are satisfied irrespective of
the temperature. Thus, consider a general black hole equation of state of the form
P = a1 (r+ , ϕi )T + a2 (r+ , ϕi )

(5.43)

where ϕi represent additional constants in the equation of state (here they would correspond to α, q and h), and the equation of state is linear in these parameters. The equation
of state considered above is of this form, and it is more generally true for a wide class of
higher curvature theories. Given this equation of state, a λ-line will occur provided that
the following system of equations is satisfied:
∂a1
= 0,
∂r+

∂ 2 a1
= 0,
2
∂r+

∂a2
= 0,
∂r+
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∂ 2 a2
= 0,
2
∂r+

(5.44)

Figure 5.2: Line of criticality in (p, t, q) space. If the space of thermodynamic parameters is enlarged, the line of critical points in the p − t plane (the bold red line here) can be
thought of as the critical line at which a surface of first order phase transitions terminates.
For each constant p slice, this is a first order small/large black hole phase transition as
temperature increases.
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with both a1 and a2 non-trivial. From this perspective, it makes sense that we found
the behaviour that we did: here we have four equations, and in the case considered here
there are a total of four variables. It is natural then to wonder if other systems exhibit
this behaviour. We have checked this for the rotating black hole of 5D minimal gauged
super-gravity [238] which has four parameters, but have found that no solution to the
above equations exist. Furthermore, in the case of higher order Lovelock gravity with
electric charge (but not hair) solving the four equations forces a1 = 0. Hence such a line of
critical points does not occur (or, if something similar does, it happens under a different
configuration).

5.3.1

An example in quasi-topological gravity

As an example, we can apply condition eq. 5.44 in quasi-topological gravity coupled to
scalar fields in the same manner described above. The details of this calculation were
presented in [15], and here we simply quote some results for the purposes of illustration.
Since quasi-topological gravity is non-trivial in D = 5, this provides a means of constructing
the λ-line in fewer than seven dimensions.
The equation of state for cubic quasi-topological black holes with scalar hair takes the
form [15]
3k
2αkt
3k 2 t
3k 3
q2
h
t
+
+

+

+
− 5,
(5.45)
p= −
2
3
5
6
6
v 2πv
v
v
2πv
v
v
where  represents the sign of the quasi-topological coupling, and the various lower-case
quantities correspond to dimensionless thermodynamic parameters in the same way as
above. Notice that with  = +1 this is identical to the equation of state presented for the
Lovelock black holes with D = 5. The equation of state has the form of eq. (5.43) with
3k 2
3k
3k 3
h
q2
1 2αk
+ 3 +  5 , a2 = −
+

−
+
.
v
v
v
2πv 2
2πv 6 v 5 v 6
The condition for a black hole λ-line is given by the simultaneous solution of
a1 =

(5.46)

∂ai
∂ 2 ai
= 0,
= 0 for i = 1, 2
(5.47)
∂v
∂v 2
which amounts to solving the conditions for a critical point without placing any restrictions
on what tc should be. Here we find that a solution to this system exists, but only for the
following parameters:
r
5
12(15)3/4
24
 = +1 , k = −1 , α =
, vc = 151/4 , h =
, q2 =
.
(5.48)
3
5π
π
121

The value of α above agrees with the result obtained by setting D = 5 in the expressions
from the Lovelock case above, but the values of q and h are different. This is simply
because there is an additional term in a2 for the equation of state when D > 5.
For the above parameter values we have a line of critical points with the critical values
√
15
8(15)3/4
1/4
tc +
, tc ∈ R+ .
(5.49)
vc = 15 , pc =
225
25π
We emphasize that there is no first order phase transition associated with this line of
critical points: there is simply a line of second order (continuous) phase transitions. The
entropy of the black holes which possess this superfluid-like transition is positive. Once
again, by enlarging the phase space, one can show that the critical exponents are the mean
field theory values.

5.4

Summary remarks

In this chapter, we have presented the first example of a λ-line in black hole thermodynamics. This line of second order phase transitions was observed in a class of Lovelock
black holes coupled to scalar fields in seven and higher dimensions. The λ-line resembles
those that occur in various condensed matter models such as, for example, superfluidity.
An analysis of the black hole solutions was given indicating they are free of any obvious pathologies. Reflecting on the structure of the equation of state that permitted this
solution, it was possible to determine a necessary condition for λ-line transitions to occur.
This was successfully used to identify a second example of a λ-line in quasi-topological
gravity, also coupled to scalar fields. Going forward, it would be desirable to understand
what properties distinguish the black holes across the λ-line. In the case of a first order phase transition, the order parameter is simply the difference in size between the two
phases of black holes. However, since this is a second order phase transition, the size
varies continuously across the phase transition. It is possible some insight could be gained
from holography, e.g. by studying the behaviour of transport properties in the dual theory
across the λ transition.
It may be helpful in this endeavor to find further examples of the black hole λ-line
beyond the Lovelock and quasi-topological gravity examples presented here. One possibility for this would be to explore black holes that have an equation of state that is not
linear in temperature. In this direction, there has been a recent example found in Horǎva
gravity [239, 240] for four-dimensional black holes with spherical horizon topology.
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Chapter 6
Final thoughts
The primary purpose of this thesis was to present two novel results in black hole chemistry:
super-entropic black holes and black hole λ-lines. The secondary purpose was to highlight
recent work on higher curvature theories of gravity that have particularly nice properties
when restricted to spherically symmetric metrics. Before concluding the thesis, let us
reflect on the results presented here, what they have taught us, and what meaning they
may hold for future directions.
Super-entropic black holes are rotating, asymptotically (locally) AdS solutions of the
Einstein equations. The horizons of these black holes are topologically spheres with punctures at the north and sole poles. This result is interesting in part because black holes
in general relativity are highly constrained objects, and the topology of the event horizon
is no exception. This is especially true in the four-dimensional, asymptotically flat case
where horizon must have spherical topology, provided the dominant energy condition is satisfied. The super-entropic black holes therefore provide new examples, in four and higher
dimensions, of the possibilities for event horizon topology when a cosmological constant
is included. While intrinsically interesting for this reason in the context of gravity, the
solutions are further valuable since they are asymptotically AdS and so can be studied in
the AdS/CFT correspondence.
As was discussed, the super-entropic black holes also violate the conjectured reverse
isoperimetric inequality. This inequality (which is the “opposite” of the standard reverse isoperimetric inequality) suggests that the entropy of asymptotically AdS black holes
should be bounded from above in a way that depends on the thermodynamic volume. So
far, the super-entropic black holes provide the only examples of black holes in Einstein gravity that violate the conjecture. The necessary and sufficient conditions for the inequality
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are at present unknown, but the fact that the super-entropic black hole violates the inequality may provide some insight. For example, two non-trivial aspects of these solutions
is their non-compact horizon and their asymptotic structure — the super-entropic black
holes are only locally asymptotically AdS since the boundary metric is not topologically
R × SD−2 . Perhaps, then, the reverse isoperimetric inequality requires that the horizon be
compact and/or that the black hole be asymptotically AdS in the strictest sense.
The second key result concerned phase transitions of black hole spacetimes. Since the
discovery of the AdS/CFT correspondence, there has been considerable effort dedicated to
the investigation of the phase transitions of AdS black holes since this thermal behaviour
can in some sense be mapped to that of the dual theory. When the advent of black hole
chemistry, research on black hole critical behaviour has further intensified, and numerous
new and interesting results have been obtained. For example, van der Waals behaviour,
triple points, and (multiple) re-entrant phase transitions have been found for black holes
involving various matter fields, and also in various theories of gravity. In this thesis, we have
discussed a new addition to this list — the black hole λ-line. In contrast to more ordinary
van der Waals behaviour where a line of first order phase transitions terminates at a critical
point (which corresponds to a second-order phase transition), λ-lines are lines of second
order phase transitions. That is, the conditions for a critical point are satisfied at infinitely
many points in the thermodynamic parameter space and there is no associated first-order
phase transition. In some sense, this could be viewed as a second-order (or continuous)
analog of the Hawking-Page transition. While this result is intrinsically interesting insofar
as it deepens our understanding of the types of thermal behaviour accessible to AdS black
holes, it would be desirable to better understand the ‘microscopics’ of the λ-transition
or its implications for holographic field theories. In the gravitational picture outlined
in this thesis, it was not possible to know precisely what this underlying description is.
In ordinary thermal systems, λ-lines can represent fluid/superfluid transitions, mark the
onset of superconductivity, or mark paramagnetism/ferromagnetism transitions. Perhaps
a future investigation involving holography could help to shed light on whether any of these
descriptions provide a decent picture for what this phase transition could be describing.
In the context of higher curvature theories of gravity we discussed how, under the
restriction to spherically symmetric metrics, there are three particularly natural classes
of gravitational theories, one of which — generalized quasi-topological gravity — was
previously unknown. When constructing the theories, we posed an intentionally naive
question: “what theories of gravity have a single independent field equation for spherically
symmetric metrics?” However, it turns out that this property — which is true for Einstein
gravity and Lovelock gravity, but often taken for granted — implies a number of interesting
and unexpected results for the gravity theories that possess it. We saw that theories
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meeting this single field equation criterion have second-order linearized equations of motion
on constant curvature spaces, and so do not propagate ghost modes. For a spherically
symmetric metric, the single independent field equation is a total derivative and so can be
integrated to give an equation that is at most a second-order differential equation for the
metric function. Further, black hole solutions of the theories seem to be characterized by
mass alone, and the thermodynamics of black holes can be studied exactly despite the lack
of an analytical form for the metric function.
It is the hope that this class of theories will provide useful toy models in the context
of black hole thermodynamics and holography. One promising direction that is currently
under investigation is Taub-NUT type metrics [9, 10]. In that work, we demonstrate
that the generalized quasi-topological theories allow for Taub-NUT and Bolt solutions
characterized by a single metric function in four and six dimensions (and almost certainly
in higher dimensions) for a variety of base spaces. This work represents, to the best of our
knowledge, the first example of four-dimensional Taub-NUT metrics in a higher curvature
theory of gravity. Further, the higher curvature terms have allowed us to identify what
appear to be universal results for the energy and free energy of these solutions in terms
of the embedding equation and the Lagrangian evaluated on an AdS space. Since TaubNUT metrics with complex projective spaces as the base describe holographic theories on
squashed spheres, these results have allowed us to identify a universal structure in how the
free energy of CFTs on squashed spheres behaves for small squashings. As this is a work
in progress, further scrutiny will be required before a conclusive statement can be made.
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Appendix A
Derivation of Eq. (2.81)
Here we provide some additional calculations that are important to establishing the first
law via the Wald-Sudarsky argument. Namely, we provide a derivation of eq. (2.81). We
closely follow [241].
We consider a black hole spacetime with bifurcate Killing horizon. As in the main
text, we denote the bifurcation surface as B; the Killing field ξ α vanishes on B. We are
considering Hamiltonian evolution along ξ α we have ξ α = N nα + N α where nα is the unit
timelike normal to the family of hypersurfaces that foliate spacetime. To evaluate the
integral appearing in eq. (2.81), we consider B to be approached as a limit within a slice
Σ.
First, note that since ξ α vanishes on B it follows by taking projections of ξ α that both
N and N α vanish on B. As a result, the boundary terms proportional to the lapse and
shift vanish and we need only consider those that are proportional to the derivative of the
lapse. Our goal now is to evaluate
lim Dα N
(A.1)
where lim denotes the limit where B is approached from within Σ. The calculation is
somewhat subtle, but the final result will be that this derivative is proportional to the
surface gravity, and so that is where we begin.
Let us note that the surface gravity can be defined by [242]
s
p
(ξ α ∇α ξ β ) (ξ λ ∇λ ξβ )
= lim ∇α |ξ|∇α |ξ| ,
κ = lim
σ
−ξσ ξ
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(A.2)

√
where in the second equality we defined the quantity |ξ| := −ξ α ξα . Therefore, to determine the surface gravity, we must work out the components of ∇α |ξ|.
We decompose the metric on Σ as
hαβ = rα rβ + σαβ

(A.3)

where rα rα = 1 and rα σ αβ = 0. In the limit where we approach B, σαβ will be the induced
metric on B and rα will be the spacelike normal of B pointing into Σ. It is easy to see that
lim σαβ ∇α |ξ| = 0 ,
since this represents the derivative of |ξ| along B, it vanishes because |ξ| =
√
N 2 − Nα N α = 0 on B. Our second observation is that

(A.4)
√ α
−ξ ξα =

lim ξ α ∇α |ξ| = 0 .

(A.5)

ξ α ξ λ ∇[α ξλ]
ξ α ξ λ ∇α ξλ
√
= √ σ
=0
ξ ∇α |ξ| =
−ξ σ ξσ
−ξ ξσ

(A.6)

This result follows because
α

where the third inequality makes use of the fact that ξ α is a Killing vector, i.e. ∇(α ξβ) = 0.
Combining these two observations, we conclude that any non-vanishing component of ∇α |ξ|
must be in the rα direction. Further, since the surface gravity of a bifurcate Killing horizon
does not vanish, we conclude that rα ∇α |ξ| =
6 0. Our goal now is to determine an expression
for that component.
First we produce a result that will be useful below. We consider
lim

Nα
,
|ξ|

(A.7)

which is an indeterminant form of the type 0/0, and so we can determine the limit using
l’Hopital’s rule. We perform some straightforward manipulations:

rα ∇α N β = rα ∇α hβσ ξ σ
= rα ξ σ ∇α hβσ + rα hβσ ∇α ξ σ


= rα ξ σ ∇α gσβ + nβ nσ + rα hβσ ∇α ξ σ
= rα ξ σ nσ ∇α nβ + rα ξ σ nβ ∇α nσ + rα hβσ ∇α ξ σ


= −N rα Kαβ + nβ rα N σ Kασ + rα σ βσ + rβ rσ ∇α ξσ
= −N rα Kαβ + nβ rα N σ Kασ − rα σ βσ ∇σ ξα
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(A.8)

We made use of the fact ξ α is a Killing vector and that rα ∇α nσ = rβ hαβ ∇α nσ = rα Kασ since
rα lies entirely within Σ and nα nα = −1 always. From the last line, we can conclude that
lim rα ∇α N β = 0 ,

(A.9)

since the lapse and shift (not to mention also the extrinsic curvature) vanish at B, and
lim rα σ βσ ∇σ ξα = 0 since the projection ensures the derivative is acting only on B where ξ
is a constant (namely zero). This ensures that
lim

Nα
= 0,
|ξ|

(A.10)

and as a byproduct we also see that,
0 = lim

Nα
1
Nα
Nα
√
= lim
= 0.
⇒
lim
|ξ|
N 1 − N −2 Nσ N σ
N

(A.11)

Finally, let us consider lim ∇α |ξ|. By direct computation we have
∇α |ξ| = ∇α

p
N ∇α N
Nσ ∇α N σ
N 2 − Nσ N σ =
−
.
|ξ|
|ξ|

(A.12)

The second term above vanishes under the limit because of (A.11). Then we have,
N ∇α N
∇α N
=q
σ
|ξ|
σN
1 − NN
2
so that
lim ∇α |ξ| = lim

(A.13)

N ∇α N
= lim ∇α N ,
|ξ|

(A.14)

again by eq. (A.11). Going back again to the expression for the surface gravity we can now
see that
κ = lim |rα ∇α N | .
(A.15)
Taking the minus sign (to ensure an outward pointing normal) we then have
lim ∇α N = − lim κrα ⇒ Dα N = −κrα

on B.

(A.16)

This important result will be crucial to showing eq. (2.81). To proceed, let us note
that, on B, the integral (2.81) can be recast into the following form:
I
I


α
dAα B =
dAα Dβ N hασ hβλ − hαβ hσλ δhσλ .
(A.17)
B

B
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√
The surface element on B is given by, dSα = −rα σdD−2 θ where θα are the coordinates
on B and σ = det σ αβ is the determinant of the induced metric. Substituting our result
above for the derivative of the lapse and noting that the surface gravity is constant over
the horizon, we can re-express the above in the following manner:
I
I



 ασ βλ
√ D−2
αβ σλ
σd
θrα rβ hασ hβλ − hαβ hσλ δhσλ .
dAα Dβ N h h − h h δhσλ = κ
B

B

(A.18)
Now performing some simple manipulations on the integral:
I
I


 ασ βλ

√ D−2
√ D−2
αβ σλ
σd
θrα rβ h h − h h δhσλ =
σd
θrα rβ hασ hβλ − hαβ hσλ δhσλ
B
IB

√ D−2  σ λ
=
σd
θ r r − hσλ δhσλ
BI
√ D−2 σλ
=−
σd
θσ δhσλ
B
I
√ D−2 σλ
=−
σd
θσ δσσλ
BI
√ D−2
= −2δ
σd
θ
B

= −2δA .

(A.19)

In this derivation we have used the completeness relation for hαβ , as well as the fact that
σ αβ projects the variations into B, i.e. σ αβ δhαβ = σ αβ δ (rα rβ + σαβ ) = σ σλ δσσλ , and
finally the formula for the variation of the metric determinant δσ = σσ ρλ δσρλ . This result
establishes eq. (2.81).
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Appendix B
Review of ultra-spinning limits for
AdS black holes
In this appendix, we discuss the ultra-spinning limits of rotating AdS black holes. Specifically, we discuss the black brane limit and the hyperboloid membrane limit. In each case,
we illustrate the idea of the limit for a single rotation parameter — additional details can
be found in [2, 3].

B.1

Black brane limit

Ultraspinning black holes were first studied by Emparan and Myers [137] in an analysis
focusing on the stability of Myers–Perry black holes [88] in the limit of large angular momentum. For AdS black holes several physically distinct ultraspinning limits are possible.
In this appendix we review the first type—the black brane ultraspinning limit—first studied by Caldarelli et al. [130] for Kerr-AdS black holes. The procedure consists of taking
a limit where one or more rotation parameters, ai , approach the AdS radius, L, ai → L,
keeping the physical mass M of the black hole spacetime fixed while simultaneously zooming in to the pole. This limit is sensible only for D ≥ 6 and yields a vacuum solution
of Einstein equations (with zero cosmological constant) describing a static black brane.
Armas and Obers later showed that the same solution can be obtained by taking a → ∞
while keeping the ratio a/L fixed, their approach having the advantage of being directly
applicable to dS solutions as well [243].
In this appendix we follow the original reference [130] and demonstrate the procedure
for the multiply spinning Kerr-AdS black hole spacetimes discussed in section. We also
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comment on an (im)possibility of taking the black brane limit starting from the newly
constructed super-entropic black holes.
First, let us introduce the general Kerr-AdS metrics. In the generalized Boyer–Lindquist
coordinates the metric takes the following form:
ds2 = dγ 2 +

U dr2
2m 2
ω +
+ dΩ2 ,
U
F − 2m

(B.1)

where we have defined
N

dγ

2

X r 2 + a2
W ρ2
i 2
µi dφ2i ,
= − 2 dt2 +
L
Ξ
i
i=1

dΩ2 =

N
+ε
X
i=1

N +ε

2
r2 + a2i 2
1  X r2 + a2i
dµi −
µ
dµ
,
i
i
Ξi
W ρ2 i=1 Ξi

ω = W dt −

N
X
ai µ2 dφi
i

i=1

Ξi

,

(B.2)

and, as usual ρ2 = r2 + L2 , while
W =

N
+ε
X
i=1

F =

r

µ2i
,
Ξi

U =r

ε

N
+ε
X
i=1

N
ε−2 2 Y

ρ

L2

(r2 + a2i ) ,

N
µ2i Y 2
(r + a2j ) ,
r2 + a2i j

Ξi = 1 −

i=1

a2i
.
L2

(B.3)

To treat even (ε = 1) odd (ε = 0) spacetime dimensionality D simultaneously, we have
parametrized
D = 2N + 1 + ε
(B.4)
and in even dimensions set for convenience aN +1 = 0. The coordinates µi are not independent, but obey the following constraint:
N
+ε
X

µ2i = 1 .

(B.5)

i=1

In general the spacetime admits N independent angular momenta Ji , described by N
rotation parameters ai . Namely, the mass M , the angular momenta Ji , and the angular
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velocities of the horizon Ωi read [152]
N
1 − ε
mωD−2 X 1
Q
−
,
M =
4π( j Ξj ) i=1 Ξi
2

Ji

ai mωD−2
Q
,
=
4πΞi ( j Ξj )

r2

ai (1 + L+2 )
,
Ωi = 2
r+ + a2i

(B.6)

Let us first discuss how to take the black brane limit in one direction, associated with
the j 2-plane. Starting from the Kerr-AdS metric (B.1) we perform the following scaling:
t = 2 t̂ ,

r = 2 r̂ ,

where

µj = 

D−1
2

σ/L ,

(B.7)

1

 = ΞjD−5 → 0 as aj → L .

(B.8)

Since we want to keep the physical mass M and angular momenta Ji finite for all i, we
have to have m ∼ 2(D−5) . Namely, we set
m → 2(D−5) m̂L2 ,

(B.9)

where the factor L2 was chosen to cancel a factor of L2 in U after the rescaling. For the
limit to work, we must have also keep m/U finite. Using the scalings (B.7),
U = r

ε

N
+ε
X
i=1

2ε ε

=  r̂

N
µ2i Y 2
(r + a2k )
r2 + a2i k

 σ2
L2

D−1



N
+ε
X

+

i6=j

(B.10)

N
µ2i (4 r̂2 + a2j )  Y
(4 r̂2 + a2k ) .
4 r̂2 + a2i
k6=j

We see from this that we will not have U ∼ 2(D−5) Û unless we rescale the ai ’s so that
ai → 2 âi

for i 6= j .

(B.11)

Let us define the following two functions for future reference:
Û = r̂

ε

+ε
N
X
i6=j

F̂ = r̂ε−2

N
Y

N

µ2i  Y 2
(r̂ + â2k ) ,
2
2
r̂ + âi k6=j
(r̂2 + â2i ) .

i6=j
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(B.12)

Then we find
4N−8+2ε ε

U = 

r̂

 σ2
l2

D+3



N
+ε
X

+

i6=j

N
µ2i (4 r̂2 +a2j )  Y
(r̂2 +â2k )
r̂2 + â2i
k6=j

= 2(D−5) a2j Û + O(2D−6 ) ,

(B.13)

giving (in the limit  → 0)
m̂
2(D−5) m̂L2
m
→
∼
.
2
U
2(D−5) aj Û
Û

(B.14)

Also the limits of W and F are now easy to take
F = r

ε−2

µ2i
µ2i
σ2 X
= 4 2 +
Ξi
L
(1−4 â2i /L2 )
i6=j

i=1
N
+ε
X

=

N

r2  Y 2 2
(r +ai ) = 2(D−5) a2j F̂ + O(2D−6 ) ,
1+ 2
L i=1
N +ε

N
+ε
X

W =



µ2i + O(4 ) = 1 + O(4 ) .

(B.15)

i6=j

Hence we get the correct scaling of F to keep U/(F − 2m) finite. We also have
N
X
ai µ2 dφi
i

Ξi

i=1
2

=

N
X

N

= 4

aj σ 2 dφj X 2 âi µ2i dφi
+
L2
(1 − 4 â2i /L2 )
i6=j

âi µ2i dφi + O(4 ) ,

i6=j
N
X
r 2 + a2
i

i=1

Ξi

µ2i dφ2i

N
X
8 r2 + 4 a2j 2 2
r̂2 + â2i
4
+

=
σ
dφ
µ2i dφ2i
j
2
2
4
2
L
(1 −  âi /L )
i6=j

= 4

N
X
a2j 2 2
4
σ
dφ
+

(r̂2 + â2i )µ2i dφ2i + O(8 ) ,
j
L2
i6=j
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(B.16)

and the dµi terms give
N +ε
r +a2i 2 8 r̂2 +4 a2j 2 4 X r̂2 + â2i
dµi =
dµ2i
dσ +
2
4 â2 /L2 )
Ξ
L
(1−
i
i
i=1
i6=j

N
+ε 2
X

N
+ε
X
a2j 2
4
=  2 dσ + 
(r̂2 + â2i )dµ2i + O(8 ) ,
L
i6=j
4

+ε 2
N
X
r + a2
i

Ξi

i=1

=

µi dµi

 8 r̂2 + 4 a2
j

L2

2

σdσ + 4

N
+ε
X
i6=j

2
r̂2 + â2i
µ
dµ
i
i
(1 − 4 â2i /L2 )

8

= O( ) .

(B.17)

Now that we know how all the components of the metric scale at lowest order as we take
the black brane ultraspinning limit, we can set φj = ϕ, and rescale the metric by a constant
conformal factor, s = 2 ŝ. There are no components of order less than 4 in the rescaled
metric, so we may cancel the 4 and complete the limit aj → L.
The obtained metric is a vacuum solution of Einstein equations with zero cosmological
constant that describes a (static in the original 2-plane) black brane
dŝ

2

2

= −dt̂ +
2

2m̂ 
Û
2

dt̂ −

N
X

âi µ2i dφi

2

i6=j
2

+ dσ + σ dϕ +

N
+ε
X

+

Û dr̂2
F̂ − 2m̂

(r̂2 + â2i )dµ2i

i6=j

+

N
X

(r̂2 + â2i )µ2i dφ2i .

(B.18)

i6=j

Here, the metric functions F̂ and Û are given by (B.12), and the coordinates µi are bound
to satisfy the following constraint:
N
+ε
X
µ2i = 1 .
(B.19)
i6=j

Note that in the process of taking the black brane limit we have ‘lost’ the AdS radius L
and no longer have an asymptotically AdS space. This is in contrast to the super-entropic
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and hyperboloid membrane limits which retain their asymptotic AdS structure. Another
difference is that the black brane limit can be simultaneously taken in several directions28 ,
whereas this is impossible for the super-entropic limit.

B.2

Hyperboloid membrane limit

In this appendix, we examine another type of the ultraspinning limit—the hyperboloid
membrane limit. The hyperboloid membrane limit was first studied in [130, 141], where
it was found applicable to the Kerr-AdS spacetime for D ≥ 4. In this limit, one lets the
rotation parameter a approach the AdS radius L, a → L, while scaling the polar angle
θ → 0 in a way so that the coordinate σ defined by
√
(B.20)
sin θ = Ξ sinh(σ/2)
remains fixed. Contrary to the super-entropic limit, this limit does not require any special rotating frame. We shall now demonstrate how this works for black holes in four
dimensions.
In four dimensions, applying the coordinate transformation (B.20) to the Kerr–NewmanAdS metric (3.13) and taking the limit a → L, we find
ds2 = −f dt − L sinh2 (σ/2) dφ
+

2

+

dr2
f


ρ2
dσ 2 + sinh2 σdφ2 ,
4

where
f =1−

2mr
r2
+
,
ρ2
L2

ρ2 = r2 + L2 .

(B.21)

(B.22)

Note that whereas the black brane limit discussed previously yield asymptotically flat
metrics, this limit retains the asymptotically AdS structure of the spacetime.

28

Since the result of the black brane limit is no longer AdS it is not possible to take several such limits
successively.
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Appendix C
Klemm’s construction of the
super-entropic black hole
In this appendix, we review Klemm’s construction of the super-entropic black hole in four
dimensions [143]. Klemm begins with the Carter-Plebański solution of Einstein-Maxwell-Λ
theory, which has the following metric and field strength:
ds2 = −

F =

y 2 + x2 2 y 2 + x2 2
Y (y)
X(x)
2
2
(dτ
−
y
dσ)
+
dq
+
dy
+
(dτ + x2 dσ)2 , (C.1)
p2 + q 2
X(x)
Y (y)
y 2 + x2

P (y 2 − x2 ) − 2Qxy
Q(y 2 − x2 ) + 2P xy
2
dx
∧
(dτ
−
y
dσ)
+
dy ∧ (dτ + q 2 dσ) . (C.2)
(y 2 + x2 )2
(p2 + q 2 )2

The Einstein-Maxwell equations demand that the functions X(x) and Y (y) are quartic
polynomials with the following forms:
X(x) = α + Q2 − 2mx + εx2 + (−Λ/3)x4 ,
Y (y) = α − P 2 + 2ny − εy 2 + (−Λ/3)y 4 .

(C.3)

Here, Q, P and n denote the electric, magnetic and NUT-charge respectively, m is the
mass parameter, while α and ε are additional non-dynamical constants. Also, Λ is the
cosmological constant, which we take to be negative, Λ = −3/L2 .
The solution possesses a scaling symmetry
y
α
m

→ λy , x → λx , τ → τ /λ , σ → σ/λ3 ,
→ λ4 α , P → λ2 P , Q → λ2 Q ,
→ λ3 m , n → λ3 n , ε → λ2 ε .
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(C.4)

that leaves (C.1) and (C.2) invariant. This scaling symmetry can be used at leisure to adjust
the non-dynamical constants α and ε. From now on will we assume that the magnetic and
NUT charges vanish, P = n = 0.
The Carter-Plebański solution reduces to various more familiar solutions upon assuming
certain explicit forms for the polynomials X(x) and Y (y). For the case of black hole
solutions, roughly speaking, we can think of the roots of X(x) as determining the locations
of horizons, while the roots of Y (y) determine the transverse geometry; the range of y
should be constrained to regions where Y (y) is positive to ensure the absence of closed
timelike curves and proper signature.
A particularly interesting case arises when multiple roots of Y (y) coincide — this yields
the super-entropic black hole. Under the constraint
L2 ε2 = 4α ,

(C.5)

the polynomial Y (y) has two double roots at
y = ±ya :=

εL2
.
2

(C.6)

Because of the scaling symmetry, without loss of generality we can set ε = 2 yielding
ya = L. In this case, the polynomials read

2
x2
X(x) = L +
+ Q2 − 2mx ,
L

(C.7)

and the metric describes the super-entropic black hole, with the largest root of X(x) giving
the location of the horizon.
The equivalence between Klemm’s solution and the four-dimensional super-entropic
black hole presented in chapter 3 is observed after performing the coordinate transformation
given in eq. (3.17).
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Appendix D
Field equations in a general theory of
gravity
In this appendix, we provide a derivation of the field equations in a higher curvature theory
of gravity. The primary reference for this appendix is [196].
We consider a Lagrangian of the form
√
L = −gL(gαβ , Rαβµν )

(D.1)

and vary the action to produce the field equations and isolate the boundary term. Here we
do not consider the possibility that the Lagrangian depends on derivatives of the Riemann
tensor.
We have
δL =

√


−g

∂L
1
δgαβ + Lg αβ δgαβ + P αβµν δRαβµν
∂gαβ
2


(D.2)

where we have defined

∂L
,
(D.3)
∂Rαβµν
which, by definition, has the same symmetries as the Riemann tensor. We will now focus
on the two “non-trivial” terms in the variation.
P αβµν :=

First, we focus on the variation of the Riemann term. Using Rα βµν = g ασ Rσβµν we have
δ (g ασ Rσβµν ) = g ασ δRσβµν + Rσβµν δg ασ = δRα βµν


⇒ g ασ δRσβµν = ∇µ δΓαβν − ∇ν δΓαβµ − Rσβµν δg ασ


⇒ δRαβµν = gαρ ∇µ δΓρβν − gαρ ∇ν δΓρβµ + g ρσ Rσβµν δgαρ
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(D.4)

Now, we simplify the contraction with P αβµν :


P αβµν δRαβµν = P αβµν Rρ βµν δgαρ + P αβµν gαρ ∇µ δΓρβν − P αβµν gαρ ∇ν δΓρβµ

= P αβµν Rρ βµν δgαρ + 2P αβµν gαρ ∇µ δΓρβν


= P αβµν Rρ βµν δgαρ + 2∇µ P αβµν gαρ δΓρβν + 2∇β ∇ν P αβµν δgαµ
+ 2∇β ∇µ P αβµν δgαν

(D.5)

In going from the second line to the third line, we used
1
δΓµαβ = g µν (∇α δgβν + ∇β δgαν − ∇ν gαβ )
2

(D.6)

and made plenty of use of the symmetries of P αβµν .
To compute
∂L
(D.7)
∂gαβ
we will study how the Lagrangian changes under diffeomorphisms xα → xα + ξ α in two
different ways. First, since L is a function of the metric and Riemann tensor we have
∂L
Lξ gαβ + P αβµν Lξ Rαβµν
∂gαβ
∂L
=2
∇α ξβ + P αβµν ξ σ ∇σ Rαβµν + 4P αβµν Rσ βµν ∇α ξσ
∂gαβ

δL =

(D.8)

To go from the first line to the second line, we exploited the symmetry of P αβµν .
Second, since L is a scalar, we have:
δL = Lξ L
= ξ σ ∇σ L


∂L
αβµν
σ
∇σ gαβ + P
∇σ Rαβµν
=ξ
∂gαβ
= P αβµν ξ σ ∇σ Rαβµν

(D.9)

Now, putting the two together we have:
∂L
∇α ξβ + P αβµν ξ σ ∇σ Rαβµν + 4P αβµν Rσ βµν ∇α ξσ = P αβµν ξ σ ∇σ Rαβµν
∂gαβ
∂L
⇒
= −2P ασµν Rβ σµν
(D.10)
∂gαβ
2
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where the last implication follows because this must be true for any vector ξ α .
Combining the various results above, we have


√
1 αβ
∂L
αβµν
δgαβ + Lg δgαβ + P
δRαβµν
δL = −g
∂gαβ
2


√
1 αβ
ασµν β
ασµν β
ασµβ
= −g −2P
δgαβ
R σµν + g L + P
R σµν + 2∇σ ∇µ P
2

√
+ 2 −g∇µ P αβµν gαρ δΓρβν + ∇ν P αµσν δgασ


√
1 αβ
ασµν β
ασµβ
δgαβ
R σµν + g L + 2∇σ ∇µ P
= −g −P
2
 √

+ ∂µ 2 −g P αβµν gαρ δΓρβν + ∇ν P αµσν δgασ
(D.11)
From the above, we can read off the generalized Einstein tensor:
1
E αβ = −P ασµν Rβ σµν + g αβ L + 2∇σ ∇µ P ασµβ
2

(D.12)

with indices up, or (noting that δgσρ = −gασ gβρ δg αβ )
1
Eαβ = Pα σµν Rβσµν − gαβ L − 2∇σ ∇µ Pασµβ
2

(D.13)

with indices down. By definition
Tαβ

√
2 δ( −gLM )
= −√
−g
δg αβ

(D.14)

so the full field equations read
Eαβ = κTαβ .

(D.15)

Written in the action form, we see that:
Z
I
√
d
αβ
δS =
d x −gEαβ δg +
V

dΣµ δ̄v µ

(D.16)

∂V

where

δ̄v µ = 2 P αβµν gαρ δΓρβν + ∇ν P αµσν δgασ .

(D.17)

If Dirichlet boundary conditions are enforced on the metric, then the term involving the
variation of the metric above will vanish, giving
δ̄v µ = 2P αβµν gαρ δΓρβν .
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(D.18)

This term should be recast in terms of extrinsic and intrinsic curvatures of the boundary
giving generalizations of the Gibbons-Hawking-York term for Einstein gravity. In the
case of Lovelock theory, these terms were worked out independently by Myers [244] and
Teitelboim and Zanelli [245].
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