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Abstract

The gravitational decoherence field studies the suppression of coherence in quantum
systems caused by effects rooted in the gravitational interaction. This models are not just
important to yield interesting ideas about the search, in regimes others than the Planck
scale, for the interplay between quantum mechanics and general relativity, but also from
a theoretical point of view. The fact that the gravitational field can not be shielded
opens the question of how strong will the gravitational ‘environment’ decohere a quantum
system? and if this decoherence can somehow explain the absence of macroscopical super-
positions? This thesis studies in depth the ‘Classical Channel Gravity’ (CCG) model, a
recent proposal of gravitational decoherence that assumes that the gravitational interac-
tion is always accompanied with an intrinsic decoherence mechanism which ensures that
there is no transmission of quantum information between the parties involved. This model
can be understood a series of weak continuous quantum measurements accompanied with
a feedback term produced by some underlying hidden gravitational degrees of freedom. We
first study all the possible emergent dynamics from collisional Markovian dynamics; these
ones range from exact unitary to arbitrary fast decoherence (Zeno effect). The second part
of the thesis is devoted to study the Newtonian and post Newtonian limits of the CCG
model, with particular focus on the testability features of CCG. In particular, we apply this
model to coupled clocks and find that the amount of decoherence predicted by CCG is the
same as the decoherence that an ‘environment of clocks’ will imprint in a single clock in the
context of unitary evolution. On the other hand, we find that this effect is far from being
detectable with the current achieved time accuracy. However, CCG as a model for multi
partite systems and two systems with very different masses seems to yield an amount of
decoherence that is not only able to be detectable with current experiments but also seems
to indicate that this model is ruled out. Nevertheless, we also mention potential caveats
with our assumptions and discuss other physically motivated directions to further study
this result. Finally, we also explore the extension of CCG for the cosmological scenario. In
this context the scale factor is being decohered by test particles ‘sitting’ on spacetime. We
find that this decoherence will be seen by an observer unaware of the CCG fundamental
mechanism as an emergent form of dark energy filling the universe.
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Chapter 1

Introduction

1.1 Motivation

Quantum Mechanics (QM) and General Relativity (GR) are both successful theories in
their own domains, being able to explain a broad range of natural phenomena and tested
with high accuracy [9]. On the one hand, QM, and its relativistic extension to fields, un-
dergirds the explanation of most of the known forces of nature and the construction for
the standard model of particle physics. On the other hand, GR has passed several tests
over different mass scales ranging from the everyday (in its Newtonian limit) to the entire
universe, covering the recent discovery of gravitational waves for black holes and neutron
star mergers [10, 11, 12] (for a full characterization of the tests of GR on all scales refer to
[13]).

Despite their success, these theories present us with several open problems. Among
others, on the QM side we have the measurement problem and the lack of macroscopic
superposition whereas on the GR side we have the singularity problem and the dark energy
and dark matter problems. However, we should also mention the most ambitious of all
the open problems: to find a coherent unification between quantum physics and general
relativity. This is a conundrum that has intrigued physicists and philosophers for decades
and a journey from which we have learned plenty. To attack this task one has several
options:

• String theory [14] and loop quantum gravity [15]. The most challenging aspect of this
option is how far we are experimentally from reaching the Planck scale (lP = 10−35m,
tP = 10−44s, mP = 10−8kg) where effects of a quantum space-time will be significant.
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• Gravitize quantum mechanics [16].

• Construct a new framework with ingredients of both theories [17].

Ultimately, the contrast between the predictions of these models and experiments will
shed light on the correct theory. However, waiting for experiments to reach the Planck scale
is not an efficient short term idea and so far we are still left with many open questions. How
does quantum matter gravitate? How is the gravitational field of a quantum superposed
state? What is the correct GR approach/set of observables that should be quantized?
Nevertheless, because of advancements in technology, the regime where we can test the
interplay between QM and GR is becoming reachable phenomenologically. We’ll discuss
this in two main categories:

• quantum field theory (QFT) in curved space time and perturbative quantum gravity
and

• gravitational decoherence.1.

Perturbative quantum gravity and QFT in curved spacetime have provided a great
deal of insight regarding cosmology and has predicted interesting phenomena like black
hole radiation. With the discovery of the cosmic microwave (CMB) background physicists
were left with the questions of why the anisotropies of the CMB were correlated on scales
that were never in causal contact (the horizon problem) and why the universe seams to be
spatially flat (the flatness problem). Inflation plays a major role solving these problems
and moreover, inflation + ΛCDM (a universe with cosmological constant and cold dark
matter) explains, with only six parameters, the observable universe better than any other
model tested so far [18]. There is still the open problem of finding the right extension to
the standard model or a modified theory of gravity to consistently include and explain the
nature of dark matter and dark energy.

In addition, QFT in curved spacetime allowed the theoretical exploration of quantum
effects on a fixed classical background. Unruh [19] showed that a uniformly accelerated
observer in a flat background will see a thermal bath with temperature proportional to its
acceleration. A related effect is what we now know as Hawking radiation [20, 21], which

1There are models of gravitational decoherence that use QFT in curved spacetime techniques and
there are models of gravitational decoherence that can not be testable – or at least phenomenologically
constrained, but in this category we are including all those models that study the interplay between
quantum mechanics and general relativity that: 1) produce decoherence and 2) do not fit solely in the
other categories.
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is the prediction that a black hole will thermally radiate. When radiating, the black hole
will shrink, ultimately disappearing completely. The study and understanding of this final
state has led to the black hole information paradox (see [22] for a review): after complete
evaporation there will be only thermal radiation, even if the system that collapsed began a
pure state. This means that the system would have evolved from a pure state into a mixed
state, thus conflicting with quantum mechanics since this is something that is not allowed
by unitary evolution. Some of the possible resolutions of the paradox rely on abandoning
the classical and semi classical description of black hole horizons for more exotic ideas like
the fuzzball program [23, 24].

Until very recently these predictions did not leave the ‘theoretical bubble’ – at most we
have their confirmation in analogue setups [25]. However, the recent discovery of gravita-
tional waves [10, 11, 12] opened a new window into regimes to test this phenomenologically,
and we can barely imagine what the improvement of sensitivity, detectors and more events
will teach us about this unexplored regime. In fact Abedi and collaborators [26] have re-
cently discovered an ‘echo’ signature, with 2.5σ significance, in the black hole merger data
that is consistent with the predictions of the fuzzball program. In addition they have also
found echo signals with 4.5σ significance for the neutron star merger data [27]. Finally, the
Event Horizon Telescope initiative will observe black holes in the millimetre wavelength
scale where the accretion disks of blackholes become optically thin. In these frequencies
one is able resolve the shadows of the event horizon (or the photon unstable orbits)2. This
technique will not just be able to provide new tools to understand gravity in the strong
field regime, but it might also shed light about the interplay between gravitational physics
and quantum mechanics near the horizon [28, 29].

Let’s now switch gears to the other category to study the interplay between GR and
QM. Gravitational decoherence refers to those models that predict a loss of coherence of
quantum (matter or spacetime itself) fields that can be related to gravitational effects.
The aim of these models is to understand the interplay between quantum mechanics and
gravitational physics, which is a much less ambitious program than constructing a funda-
mental framework, but still interesting from the experimental point of view at low energy.
Of course, the real challenge is to build an experiment with masses large enough to detect
their gravitational interaction and small enough to prepare in a quantum state. This is
a 20 order-of-magnitude problem: the smallest mass for which we measure gravitational
interaction is of the order of 10−2 kg and it was achieved with a torsion balance experiment
[30], whereas the largest mass that has been put in superposition is 10−22 kg for organic
molecules [31, 32, 33]. The proposals to test these models range from optomechanical
experiments [34, 35], matter wave interferometry [36, 2, 37, 38], and torsion balance ex-

2eventhorizontelescope.org, Odyssey education.
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periments [39] (or a combination [40])– for a full description of the state of the art on the
phenomenological and experimental side of gravitational decoherence refer to the recent
review [41].

Under this broad description of gravitational decoherence many models fall in this cate-
gory. The goal of this thesis is to analyze consequences, from theoretical and experimental
perspectives, in both the Newtonian and cosmological regimes. Before we dive into the
revision of the specific model let’s briefly describe the state of the art in the gravitational
decoherence field.

1.2 Gravitational decoherence

Decoherence refers to the loss of coherence of a quantum state. The most basic example
is the interaction of the system with an environment; when the environmental degrees of
freedom are traced out, we are left with the off-diagonal terms of the density matrix being
exponentially suppressed.

Consider a system and an environment that is effectively measuring the system with
the interaction Hamiltonian

Hint =
∑
n

|n〉〈n | ⊗ Ân , (1.1)

where |n〉 are the states of the system that can be measured and Ân is the coupling
observable from the environment with the system, that can a priori be very general but
will depend on n. If the initial state of the system is |n〉 and the one for the environment
is |Φ0〉, the time evolution under the interacting Hamiltonian is

|n〉|Φ0〉
t−→ exp(−i tHint)|n〉|Φ0〉 = |n〉exp(−iÂnt)|Φ0〉 := |n〉|Φn(t)〉 . (1.2)

If we now consider that the system is in a state of superposition (
∑

n cn|n〉) then the
evolution is (∑

n

cn|n〉
)
|Φ0〉

t−→
∑
n

cn|n〉|Φn(t)〉 , (1.3)

and upon tracing the degrees of freedom of the environment we get the reduced density
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matrix of the system

ρS(0) =
∑
n,m

cnc
∗
m|n〉〈m |

t−→ Tr[ρ]E = Tr

[∑
n,m

cnc
∗
m|n〉〈m |Φn〉〈Φm |

]
E

=
∑
j

∑
n,m

〈Φj |cnc∗m|n〉〈m |Φn〉〈Φm |Φj〉

=
∑
j

|cj|2 | j〉〈j | , (1.4)

where we have used the fact that the states of the environment are orthogonal 〈Φn |Φm〉 =
δnm

3. This means that after interaction with the environment the off-diagonal terms of
the density matrix are zero, suppressing all the coherence present in the initial state and
giving a final state that is an ensemble with classical uncertainties, or, in other words, a
statistical mixture.

In this context gravitational decoherence encapsulates all those models where the co-
herence suppression is related to a gravitational process. This field is relatively young and
we still lack a unifying framework for all the proposed models. However, these models can
be separated into different categories4:

1. Models where quantum matter is interacting with a random gravitational field where
quantum or classical fluctuations of spacetime are the source of decoherence. In these
scenarios the fluctuations take the role of the environment that gets entangled, and
thus causing decoherence when these degrees of freedom are traced out. Examples of
this cover the effective Schrödinger equation in a fluctuating spacetime [42, 43, 44, 45],
producing a localization in energy for the matter fields, ultimately conserving the
expectation value of the Hamiltonian; stochastic semiclassical gravity [46], governed
by the Einstein-Langevin to produce corrections to semiclassical gravity; decoherence
arising from a thermal bath of gravitons [47]; generic fluctuations for gravitational
perturbations in the ADM formalism [48]; and fluctuations of the time parameter in
the Schrödinger equation [49, 50].

2. Spontaneous wave function collapse models have at their core the measurement prob-
lem (for a review on the status of collapse models see [51]). As we discussed above,

3In general this inner product is not zero but it asymptotes very rapidly to zero because of the many
degrees of freedom that the environment contains.

4Here we follow the characterization provided in [41] and we strongly encourage the reader to refer to
it for an extensive comparison.
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quantum mechanics has been able to pass many different kinds of experimental tests,
but it has not been able to consistently explain the most obvious of all tests: why in
everyday life we do not see superpositions of macroscopic systems?5. This is funda-
mentally even deeper: in quantum mechanics if you have two solutions ψ1, ψ2 of the
Schrödinger equation then ψ = ψ1 +ψ2 is also a solution (linearity of the Schrödinger
equation), whereas for classical systems two solutions cannot be added to give an-
other solution due to the fact that the Hamilton-Jacobi equations are non-linear.
The absence of macroscopic superpositions is also related to the measurement prob-
lem. Since in a measurement a quantum system gets entangled with a macroscopic
measurement device, the final state for the system-measurement device is a linear
superposition of states of the joint Hilbert space of the system and the measurement
device. If one evolves this state under the Schrödinger equation this linear super-
position is preserved. However after a measurement we see that the measurement
device is in a single macroscopic state, producing the collapse of the wave function
(under the measurement postulate). The determinism is broken and probabilities
emerge: after the measurement the quantum system is in one or another state with
certain probabilities given by the Born rule. Gravitational collapse models propose a
stochastic non-linear modification of the Schrödinger equation to produce the collapse
of the wave function for macroscopic enough systems due to gravitational effects. Ex-
amples of such models are the Diósi-Penrose model [52, 5, 53], which uses principles
of general relativity to limit the lifetime of spatial quantum superpositions and, as
a result, breaks the unitary evolution of the wavefunction. Other models include
Adler’s model [54], Károlyhaźy’s model [55], and the Schrödinger-Newton equation
[56, 57].

3. Finally, there are models of gravitational decoherence within a static spacetime such
as the recent proposal of universal decoherence from time dilation [58] and decoher-
ence in clocks due to the mass-energy equivalence [59]. Furthermore, there are models
of self decoherence in fields in the context of inflation and the cosmic background
[60, 61, 62, 63]. These models explore decoherence of different modes of fields with
others of different wavelength.

So far we have discussed the interplay between quantum mechanics and general rel-
ativity. However the possibility that gravity remains classical at a fundamental level is
considered viable or even necessary [55, 64, 65, 66, 52, 5, 67, 68, 16, 69], with a range
of arguments invoked to support such a position: the absence of direct observations of

5Linear superposition has been seen in molecules as massive as 10−22 kg and on the other hand the
absence of superposition (classical behaviour) holds for masses as low as 10−6 kg.
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quantum gravitational phenomena [70], anticipated pernicious tensions between the foun-
dational principles of quantum theory and general relativity [68, 16, 71] (see e.g. [72, 73]
for different views), and lack of a complete framework for quantum gravity [74].

From an information-theoretic perspective, classicality of an interaction is defined as the
inability of the resulting channel to increase entanglement. Thus, in order to verify whether
gravity is a quantum or a classical entity it has been proposed to test its entangling capacity
using a pair of masses in two close-by interferometers [75, 76, 77]. However, note that this
is still a source of debate among the community. Anastopoulos and Hu [78] pointed out
that such experiments might only be able to test the interplay between quantum mechanics
and gravity and will not yield evidence of the existence (or not) of quantum gravity.

Since a unitary interaction in general does increase entanglement, an interaction with
a known unitary part must be accompanied by decoherence in order for the resulting
channel to be entanglement non-increasing – a model-independent result shows that this
decoherence must be at least twice the interaction strength [79] (see [80, 81] for a broader
context of effective dynamics in a classical stochastic environment).

The presence of the unitary Newtonian term in the Schrödinger equation is experi-
mentally well established [82, 83, 1, 84, 85]. Therefore, for gravity to be a fundamentally
classical channel the unitary Newtonian term must be accompanied by certain minimal
decoherence – first shown in a series of works by Kafri, Taylor and Milburn [79, 8, 86].
The significance of this approach is that it provides a broad framework for understanding
how to describe gravitational interactions in an information-theoretic manner, and their
lower bound on decoherence distinguishes theories where low-energy particles can or cannot
develop entanglement through the Newtonian interaction.

This model is at the core of this thesis and for this reason we provide a detail explanation
of it in the next section.

1.3 A classical channel model for gravitational deco-

herence

All forces in the standard model are currently understood in terms of local quantum inter-
actions and long range forces emerge as fluctuations of underlying gauge fields in the low
energy limit, such as photons for the Coulomb force [87]. Interactions in quantum field
theory are described by quantum gauge fields that act as force carriers and, as they admit a
quantum description, they can carry quantum information. As we discussed above, gravity
cannot be consistently understood in these terms as of now. Recently, a new approach [8]
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suggested that gravity is fundamentally classical and therefore cannot carry quantum in-
formation [88]. This approach is motivated by the fact that gravity cannot be shielded and
therefore any observer can in principle gain information about the quantum state sourcing
gravity.

The process of gaining (partial) information about a quantum state is equivalent to
making weak measurements [89], and is consistent with the standard approach for describ-
ing open quantum systems [90]. For example, a test particle in a quantum potential will
become entangled with the source of the potential, and an observer who is not aware of
the test particle (i.e. who traces over the test particle degrees of freedom) will necessar-
ily see decoherence in the evolution of the source particle. This decoherence mechanism
is present for any quantum potential (for example the Coulomb interaction), and is not
limited to gravity. The distinction between the electric and gravitational potential is the
ability to, in principle, shield this effect: a superconducting shell around a source charge
eliminates the test-source interaction thereby shielding the decoherence; however there is
no such shield for gravity. This form of decoherence, perfectly compatible with the unitary
evolution of standard quantum mechanics, motivated consideration of a classical channel
model for gravitational interactions proposed by Kafri, Taylor and Milburn [8].

In the CCG model, the gravitational potential is assumed to be fundamentally classical
even though it can be sourced by quantum states. This quantum-classical interaction in-
duces unavoidable decoherence on the quantum systems [91, 92]. This form of decoherence
is not a consequence of tracing over an entangled state (as in the case of quantum poten-
tials) but is rather a modification of unitary evolution as a consequence of quantum-classical
interactions. The key premise of this model is that Newtonian gravity is a fundamentally
classical interaction that cannot increase entanglement between any two systems. This
premise is applicable to any non-relativistic system, though the original proposal consid-
ered a pair of harmonic oscillators for testing that idea.

The CCG framework is an application of pairwise continuous measurement with feed-
back [80, 81] to gravitational interactions. It can also be obtained from a quantum col-
lisional model, where the systems interact with a Markovian environment6 in a suitably
chosen parameter regime as we will discuss in ch. 2.

Before we dive into the specifics of the CCG model as originally discussed by [8], let’s
explore how decoherence appears from unitary evolution in quantum mechanics. We will
use angle brackets 〈·〉 to denote the expectation value of a quantum observable, and E(·) to
denote average over the classical noise. Consider two massive particles initially separated
by a mean distance d = 〈x̂1(0) − x̂2(0)〉, interacting under a Newtonian gravitational

6The enviroment is memoryless, in the sense that it gets freshly updated after each collision.
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potential. The potential can then be linearized about the mean separation

− Gm1m2

|x̂1 − x̂2|
≈ −Gm1m2

d

(
1− δx̂1 − δx̂2

d
+

(δx̂1 − δx̂2)2

d2

)
, (1.5)

where δx̂i is the fluctuation about the mean separation of the ith particle and has zero
mean. The cross term in the second order expansion is the first non-trivial quantum
interaction between the two particles. Therefore, the lowest order Newtonian interaction
is HI = Kx̂1x̂2

7 where K = 2Gm1m2/d
3, using the notation from ref. [8]. Note that in

general the interaction Hamiltonian HI may result in entanglement between the separated
particles. Working in the interaction picture and beginning with a separable, pure initial
state ρ̂(0) = ρ̂1 ⊗ ρ̂2, the joint system will unitarily evolve into

ρ̂(δt) = e−iHIδt/~ρ̂1 ⊗ ρ̂2e
−iHIδt/~ , (1.6)

after a time δt. The time δt is assumed to be short enough such that the linearization of
HI is valid over the full duration. This is standard unitary evolution, and the joint system
remains pure, Tr[(ρ̂(δt))2] = Tr[(ρ̂1 ⊗ ρ̂2)2] = 1. However, an observer who is unaware of
particle two will see decoherence in the reduced state of particle one, ρ̂1(δt) = Tr2[ρ̂(δt)].
In particular, note that even though the global evolution is non-dissipative, the observer
sees decoherence in the description of their local quantum state. The decoherence is thus a
consequence of thinking about the reduced evolution from the point of view of the observer,
and therefore necessarily requires the presence of an observer to make sense8.

In contrast, the key idea of the CCG model is to understand the interaction in terms
of a local operation and classical communication (LOCC) protocol — e.g. a measurement
and feedback process. Such a protocol is only able to exchange classical information, and
is consistent with the notion that gravity may be mediated by a fundamentally classical
force carrier. The LOCC protocol is modelled in the language of quantum measurement
and control. The position of each mass is continuously measured, and the measurement
result is used to apply a feedback on the other mass. For example, the first mass is weakly
measured with measurement result x̄1, where the bar denotes a classical measurement
value. This classical measurement result is then sent to the second mass and used to apply
a conditional feedback unitary Ufb = exp[−idtKx̄1x2/~]. The feedback Hamiltonian is
chosen so as to generate an x1x2-like coupling term. However the presence of the classical

7Note that although this Hamiltonian is unbounded from below, reaching this regime will imply breaking
the assumptions of small separations.

8We will further discuss this point in ch. 6, but for now we encourage the reader to refer to fig. 5.1
(top-left) for a cartoon explanation.
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estimate x̄1 in Ufb means there is no quantum coherence in the coupling. This process is
then symmetrized by measuring the second mass and applying feedback to mass one. We
emphasize that the non-unitary dynamics in CCG is fundamental and independent of the
existence of any observer.

In the Newtonian CCG the interaction Hamiltonian is replaced by a feedback control
Hamiltonian

HI = Kx̂1x̂2 → Hfb = Kx̄1x̂2 +Kx̄2x̂1 , (1.7)

where x̄i is the classical measurement outcome of a weak continuous measurement of x̂i.
The measurement itself alters the unitary dynamics of the joint density matrix (ρ̂) to the
stochastic master equation,

dρ̂c = −idt
~

[H, ρ̂]− Γ1dt

2~
[x̂2, [x̂1, ρ̂]]− Γ2dt

2~
[x̂2, [x̂2, ρ̂]]

+

√
Γ1

~
dW1H[x̂1]ρ̂c +

√
Γ2

~
dW2H[x̂2]ρ̂c , (1.8)

where dWi is a standard Wiener increment with E(dWi) = 0, E(dWidWj) = dtδij, and

H[Â]ρ̂ = Âρ̂+ ρ̂Â− 2〈Â〉 for any operator Â. The joint state of the system is conditioned
(subscript c) on the knowledge of the measurement outcome

x̄i = 〈x̂i〉c +
√

~/2Γi dWi/dt , (1.9)

and Γi describes the strength of the measurement. While the derivative dW/dt is not
formally defined, it can be understood as a white noise process: dW/dt = ξ(t) where
E [ξ(t)ξ(t′)] = δ(t − t′). This modification from unitary dynamics is from the postulate
that gravity is mediated by a classical information channel and has nothing to do with the
existence of an observer describing a reduced quantum state. After the instantaneous weak
measurement is made, the joint system evolves under a unitary generated by the feedback
Hamiltonian (1.7), Ufb = exp (−idtHfb/~), i.e.

ρ̂(t+ dt)c = Ufb[ρ̂(t) + dρ̂c]U
†
fb . (1.10)

The unconditional master equation (average over all possible measurement outcomes –
equivalent to an observer making an ensemble average of all possible measurement out-
comes, or simply being unaware that the measurement happened) is given by

dρ̂

dt
= − i

~
[Ĥ0 + ĤI , ρ]−

2∑
i

Γi
2~

[x̂i, [x̂i, ρ]]− K2

8~Γ1

[x̂2, [x̂2, ρ]]− K2

8~Γ2

[x̂1, [x̂1, ρ]] . (1.11)
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In the particular case where Γ1 = Γ2 = Γ we recover

dρ̂

dt
= − i

~
[Ĥ0 + ĤI , ρ]−

(
Γ

2~
+
K2

8~Γ

) 2∑
i

[x̂i, [x̂i, ρ]] . (1.12)

Note that the feedback introduces an extra decoherence term but also simulates the grav-
itational interaction.

As we mentioned before, the previous result can be (most easily) obtained from a
collisional model where a pair of particles interact with a set of ancillae (environment)9.
The assumptions are: a) particles interact with the ancillae but not with each other; b)
the interactions are local and any information transmitted through the ancillae is classical;
c) the unitary part of the channel reduces to the standard Newtonian pair-potential at
low energies. The ancillae can here be regarded as gravitational degrees of freedom and
they facilitate measurement-and-feedback scenario, equivalent to averaging over definite
but unknown measurement outcomes and correspondingly applied local feedback. The
framework thus defines a Local Operations and Classical Communication (LOCC) channel
[93] between the pair of masses.

A collisional model with a time-scale τ describes evolution of the state as ρs(t + τ) =
TrA{Û(τ)(ρs ⊗ ρa)Û †(τ)}, where ρs and ρa are the density matrices of the system and the
environment (ancillae), respectively, and Û(τ) describes their joint unitary evolution; the
trace is over the ancillae.

The original CCG model, as defined in ref. [8], considers a quasi one-dimensional setting
of two essentially point-like massive particles. At each step of the collisional dynamics the
massive particles interact with ancillae a1, a2 via two interaction terms: the “measurement”
interaction: x̂1 ⊗ p̂a1 + x̂2 ⊗ p̂a2 (where ancillae obtain information about the positions of
the particles) and the “feedback” interaction Kx̂1⊗ x̂a2 +Kx̂2⊗ x̂a1 (where ancillae induce
a force on the particles depending on the information about the position of the other mass,
acquired in the “measurement” step). Here x̂i, i = 1, 2 are the position operators of the ith

mass, and x̂aj , p̂aj , j = 1, 2 are position and momentum operators of the jth ancilla. For
the state of ancillae giving rise to finite effective dynamics (e.g Gaussian states with width
σ) and in the continuous-interaction limit of τ → 0 the following master equation results
[94, 80, 81]:

ρ̇s = − i
~

[Ĥ0 +Kx̂1x̂2, ρs]−
(

1

4D
+
K2D

4~2

)∑
i=1,2

[x̂i, [x̂i, ρs]],

9Chapter 2 is all devoted to characterize interactions of this type – for a full derivation of the following
result see app. A.3
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where D := limτ→0,σ→∞ τσ. This corresponds to a limit in which increasingly imprecise
measurements of broad width σ occur with increasing rapidity τ such that the product τσ
remains finite (as we will discuss further in ch. 2). Note that for the collisional model we
have used D instead of Γ; these two parameters are related by D = ~

2Γ
but they represent

different physical quantities.

The effective unitary interaction V0 = Kx̂1x̂2+ (local terms in x̂1, x̂2). ForK := 2Gm1m2

d3

this approximates the Newtonian potential between masses m1, m2 at a distance d+x1+x2;
i.e. V0 ≈ −G m1m2

|d+x1+x2| up to second order in xi, i = 1, 2. It is accompanied by non-
unitary terms, given by the double commutators, describing decoherence in the position
basis: For each particle, the magnitude of its off-diagonal elements xi, x

′
i decays at a rate

ΓCCG =
(

1
4D

+ K2D
4~2

)
∆x2, where ∆x = |xi − x′i| is the “superposition size” of the i-th

particle. Importantly, ΓCCG has a non-vanishing lower bound ∝ K
2~ , giving rise to the

master equation

ρ̇s = − i
~

[Ĥ0 +Kx̂1x̂2, ρs]−
K

2~
∑
i=1,2

[x̂i, [x̂i, ρs]] . (1.13)

The decoherence rate of each particle is thus fully characterised by the gradient of the
Newtonian force between the masses, K

2
= Gm1m2

d3 , and by the superposition size ∆x:

ΓminCCG =
K

2~
∆x2. (1.14)

The effective interaction is necessarily accompanied by decoherence of at least the same
strength since LOCC channels are entanglement non-increasing [93] (see also ch. 2 for a
discussion in this specific context). If the decoherence rate is smaller than ΓminCCG, the uni-
tary term V0 can increase entanglement between the particles [8] – this is independent of
the specific model for the channel or the ancilla. Any dynamical theory of gravity giving
rise to the same unitary term as in eq. (1.13) but with smaller decoherence can in principle
generate entanglement and is therefore not fundamentally classical (not compatible with
an LOCC channel).

1.4 Content and organization

The aim of this thesis is to explore different aspects of the Classical Channel model of
gravity: its fundamental construction, comparison with experiments and experimental
limitations and an extension to a cosmological setting. For this we have divided the work
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in three parts. Part I (based on [95]) studies in detail the different emergent dynamics of
a collisional model of repeated interactions between a system and a set of anicilae. We
show that, contingent on the model parameters, the resulting dynamics ranges from exact
unitarity to arbitrarily fast decoherence (quantum Zeno effect). For a series of measure-
ments the effective dynamics includes feedback-control, which for a composite system yields
effective interactions between the subsystems. We quantify the amount of decoherence ac-
companying such induced interactions, generalizing the lower bound of the gravitational
example. However, by allowing multipartite measurements, we show that interactions can
be induced with arbitrary low decoherence.

Part II explores two different set ups that can constrain or test CCG. Chapter 3 (based
on [96]) studies the dynamics of clocks (modelled as two level systems) that are gravita-
tionally coupled through the mass-energy equivalence in the CCG framework. We focus
on the decoherence rates and temporal resolution of arrays of N clocks showing how the
minimum dephasing rate scales with N , and the spatial configuration. Furthermore, we
consider the gravitational redshift between a clock and massive particle and show that a
classical channel model of gravity predicts a finite dephasing rate from the non-local inter-
action. We obtain a fundamental limitation on time accuracy that is intrinsic to each clock
and compare this with current experiments. On the other hand in Chapter 4 (based on
[97]) we show that single-atom interference experiments achieving large spatial superposi-
tions can rule out a specific realization of the CCG model. The experiments indicate that
if gravity does reduce to the pairwise Newtonian interaction with single strength between
atoms at the low energies, this interaction cannot arise from the exchange of just classical
information, and in principle has the capacity to create entanglement. We clarify that,
contrary to current belief, CCG differs from the model of Diosi and Penrose [52, 5, 68],
which is not constrained by the same data.

Finally, in Part III we present an application of CCG for cosmology in the context of
a quantized Friedman-Robertson-Walker (FRW) universe. In Chapter 6 (based on [98])
we describe the fundamental difference between our approach and other models and show
that it results in decoherence in the FRW state that manifests itself as a dark energy fluid
that fills the spacetime. An analysis of the resulting fluid shows that the equation of state
asymptotically oscillates around the value w = −1/3, regardless of the spatial curvature,
which provides the bound between accelerating and decelerating expanding FRW cosmolo-
gies. Motivated by quantum-classical interactions this model is yet another example of
theories with violation of energy-momentum conservation whose signature could have sig-
nificant consequences for the observable universe. In Chapter 7 (based on [99]) we extend
our analyses to a universe with primordial matter showing that its effect is always washed
off for late time evolution. Moreover, we discuss possible observational constraints for our
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model and show that – in its current formulation – eludes any meaningful constraints for
current observations.

Disclaimers:

1. We have included a discussion section in each chapter and outlook section at the end
of this thesis.

2. We adopt slightly different notation in each chapter; this is on purpose to be consis-
tent with similar results in the community. However, notation will be clear and well
explained in each chapter.
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Part I

Collisional model
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Chapter 2

Unitarity, Feedback, Interactions –
Dynamics Emergent from Repeated
Measurements

2.1 Introduction

Modern measurement theory dispenses with the description of a measurement as a pro-
jection onto one of the complete set of orthogonal eigensubspaces of a Hermitian operator
(an observable) with the results (the observable’s eigenvalues) distributed according to a
probability measure [100, 101]. Rather, the measurement is understood as an operation,
whereby the system’s final state is determined by an action of a completely positive trace
non-increasing map, corresponding to a given result, and the outcomes are described by
linear operators on the system, distributed according to a positive-operator valued measure
(POVM) [102]. This generalized description of a measurement allows achievement of tasks
that are impossible with projective measurements [93] and is in fact necessary in most
practical situations, where measurements are made with inefficient detectors, additional
noise, or provide limited information about the system [80, 81].

Of key importance is that the POVM approach unifies the theory of measurements with
a general description of dynamics, the theory of open quantum systems [103]. It follows
from Stinespring’s dilation theorem [104] that any POVM operator can be constructed from
a projective measurement on an enlarged Hilbert space: where the system of interest and
an additional ancilla evolve under a joint unitary and then the ancilla is measured. In the
context of measurement theory, the ancillae can be regarded as the measuring apparatus,
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whereas in the theory of open systems they can model the system’s environment. Engi-
neering a particular measurement and engineering a particular dynamics for the system are
thus two complementary aspects of the same conceptual framework. This correspondence
is directly applied in quantum simulations [105], quantum control [80], quantum computa-
tion [106, 107] – in all scenarios where a particular Hamiltonian for the system is desired,
or when an existing system-environment interaction needs to be suppressed [108].

Recently, a particular model was developed where repeated position measurements re-
sult in an effective long-range interaction between systems measured by common ancillae
[79]. The interactions arise with dissipation of just the right magnitude to render the re-
sulting dynamics classical – unable to increase entanglement. The picture of interactions
as mediated by quantum systems, [109], is still missing for the gravitational case, despite a
variety of efforts [74]. The above result is thus of high interest [8, 86, 67] for gravitational
quantum physics. So far, an approximately Newtonian interaction was constructed from
this model [8, 86], where decoherence does not only keep the resulting force classical, but
is also claimed equivalent [67, 8, 34] to the Diosi-Penrose decoherence model [110, 52].
However, it is also well known that any local dynamics can be efficiently simulated by
suitably chosen interactions with ancillae [93]. In particular, repeated interactions em-
ployed in the research described above correspond to a collisional model of an open system
[111, 112, 113, 114], which can reproduce any Markovian dynamics [113, 114] (including
recently revisited examples of effectively unitarity [115] as well as fully decoherent [116]
evolutions). The questions thus arise: What are the assumptions necessary to obtain any
particular type of dynamics from the continuous quantum measurement? Is it possible
to induce the interactions but with less decoherence? Is it possible to generate an exact
Newtonian, or even post-Newtonian, interaction from such a model?

Here we study what types of dynamics can in general emerge from a simple model of
repeated measurement, where refs. [79, 8, 86, 67] are a particular example. We show that
the interaction terms found in those studies, arise for a particular choice of the model
parameters. We discuss the necessary conditions and highlight all relevant assumptions
required for their emergence. Furthermore, we quantify the amount of decoherence arising
with the effective interactions. We provide a very simple proof that for bipartite measure-
ments dissipation accompanying effective interactions is indeed lower bounded, generalizing
the observation made in the gravitational example. However, we also show how effective
interactions can emerge with arbitrary low decoherence – if one allows for measurements
realized through, admittedly less appealing, multipartite system-ancillae interactions.

While our results are motivated by position measurements in the gravitational sector,
they also have applicability beyond these particular considerations. The very simple ap-
proach applied throughout this work shows which assumptions can be modified, and how,
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in oder to obtain larger class of effective evolutions, for example, it provides a means to
construct collisional models that would give Markovian master equations beyond the usual
Born-Markov approximation and suggests how these can be used to recover exact Newto-
nian (or post-Newtonian) interaction terms from the repeated measurements. By deriving
quantum filtering equations corresponding to all the different regimes of emergent dynam-
ics our work can also provide new connections between the stochastic calculus and other
approaches to open quantum systems. In this context we also note concurrent work [117]
investigating emergent open dynamics of a quantum system undergoing rapid repeated
unitary interactions with a sequence of ancillary systems. Our results, are commensurate
with these, though the work of ref. [117] is concerned with understanding how thermaliza-
tion, purification, and dephasing can emerge whereas our concern is with the continuum
limit and the nature of the emergent interactions arising in such models.

The structure of this chapter is as follows: in Sec. 2.2 we revise a general model of a
repeated interaction between a system and a set of independent ancillae. We show how –
contingent on the relationship between the strength and duration of the interaction and
the state of ancillae (moments of its probability distribution) – any type of system dy-
namics can emerge: from exact unitary evolution (related to “decoherence free subspaces”
[118]), effectively unitary evolution under an “external potential” recently re-investigated
in ref. [115] and decoherence, with the quantum Zeno effect (QZE) [119, 120, 116] in the
extreme case. In Sec. 2.3 we generalise the model to a sequence of repeated interactions.
In particular, we identify conditions under which coherent quantum feedback [121, 80, 81]
arises. In Sec. 2.4 we consider composite systems under sequences of interactions. We
identify conditions under which an effective interaction between two systems emerges and
quantify the accompanying decoherence. For a particular choice of measurements we re-
cover the emergence of a Newtonian gravitational interaction of ref. [8]. Finally, we discuss
the applied method, results and outlook in Sec. 2.5, where we also discuss the connection
to stochastic calculus.

2.2 Continuous Quantum Measurement

We consider a system S and a set of n identically prepared ancillae Mr, r = 1, ..., n.
Initially, the system is uncorrelated with the ancillae, couples to the first one for a time
τ , decouples, then couples to the second one for time τ , decouples, etc. This process
repeats n times, as illustrated in Figure 2.1. This is equivalent to a collisional model
[111, 112, 113, 114] of an open system, modelling interaction with a Markovian environment
which has relaxation time τ . During an rth cycle the joint system S ⊗Mr evolves under
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2 n

Figure 2.1: Quantum circuit illustrating time evolution of a system subject to repeated
interaction with n ancillae. ρs is the initial state of the system and ρmi , i = 1, ..., n – of the
ith ancillae. At each time step of duration τ the system interacts with one of the ancilla, the
latter decouples and is discarded. Such a scenario is equivalent to a repeated measurement
performed on the system by n “meters”. For identical ρmi , the ancillae are also equivalent to
a Markovian environment with relaxation time τ . In the limit τ → 0 the scenario describes
continuous quantum interaction/measurement, or a memoryless (collisional) model of the
system’s environment.

the Hamiltonian
Ĥsmr = Ĥ0 + g(t)ĤI = Ŝ0 + M̂0 + gr(t)Ŝ ⊗ M̂ , (2.1)

where Ŝ0 acts on the system only, M̂0 – on the ancilla and we thus call Ĥ0 := Ŝ0 + M̂0 the
total free Hamiltonian, HI := Ŝ⊗M̂ is the interaction Hamiltonian. The latter is identical
at each cycle: the same operators Ŝ and M̂ act on S andMr for each r and the interaction
strength satisfies gr(t) = gr+1(t + τ), where supp(gr) = (tr, tr+1) and tr+1 = tr + τ . After
the rth interaction the joint state of the system and the respective ancilla reads

ρsmr(tr+1) = Û r(τ)ρsmr(tr)Û
†
r(τ) , (2.2)

where

Û r(τ) = T exp

(
− i

~

∫ tr+τ

tr

Hsmr(t)dt

)
, (2.3)

For each interaction we assume the same initial state of the ancilla and as a result the
final state of the system is described by n iterations of a superoperator V(τ)[ρs] :=
TrM{Û(τ)(ρ̂s ⊗ ρ̂m)Û †(τ)}, where TrM denotes the partial trace over the ancilla degrees
of freedom, and ρm is the initial state of the ancillae. We are interested in the dynamics
of ρs in the limit of a continuous interaction, given by

n→∞, τ → 0, such that lim
n→∞,τ→0

nτ = T, (2.4)
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where T is a fixed (and finite) time interval. Given the initial state of the system ρs(0),
the state at time T is fully described by the map:

ρs(T ) = lim
n→∞

Vn
(
T

n

)
[ρs(0)] , (2.5)

which is completely positive and trace preserving, but in general not unitary. The result-
ing dynamics in the continuous limit gives rise to a Markovian master equation, which we
derive next.

If the interaction strength gr(t) is continuous and differentiable in the interval (tr, tr+τ),
the mean value theorem allows to obtain∫ tr+1

tr

Ĥsm dt = (Ĥ0 + ḡĤI)τ (2.6)

where ḡ= 1
τ

∫ tr+τ
tr

gr(t) dt and the Hamiltonian Ĥ := Ĥ0 + ḡĤI is time independent. Under
certain restrictions on the interaction strength gr(t), we can write the density matrix at a
time tr as

ρ̂s(tr) =

(
Î +

∞∑
m=1

Pm
)

[ρ̂s(tr−1)] , (2.7)

where Pm is the super-operator consisting of m commutators:

Pm[ρ̂s(tr)] =
1

m!

(
− iτ

~

)m
〈[Ĥ, [Ĥ, [..., [Ĥ, ρ̂s(tr−1)]]]]〉Mr (2.8)

where 〈A〉Mr denotes the trace over the degrees of freedom of the rth-ancilla. Note that
eq. (2.7) holds in particular for symmetric in time switching functions, e.g. modelling
constant in time interactions, and applies to typical scenarios involving photons, but also
to toy models of gravitons in the recent gravitational decoherence models [8, 86, 67] –
where we aim to apply results of this work. Using eq.(2.8) to expand (2.7) yields

ρs(tn) = ρs(tn−1)− i

~
τ [Ŝ0 + ḡ〈M̂〉Ŝ, ρs(tn−1)] +

iτ 2

2~2
ḡ〈i[M̂, M̂0]〉[Ŝ, ρs(tn−1)] +

− τ 2

2~2

(
[Ŝ0, [Ŝ0, ρs(tn−1)]] + ḡ〈M̂〉[Ŝ, [Ŝ0, ρs(tn−1)]] + ḡ〈M̂〉[Ŝ0, [Ŝ, ρs(tn−1)]]

)
+

− τ 2

2~2
ḡ2〈M̂2〉[Ŝ, [Ŝ, ρs(tn−1)]] + · · · (2.9)
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where 〈M̂k〉 ≡ TrM{M̂kρm} for k ∈ N. Note that i[M̂, M̂0] is a Hermitian operator
which can contribute to the effective unitary evolution of the system (see Sec. 2.2.3). The
equations of motion for the system at time T are finally obtained from

ρ̇s(T ) = lim
τ→0,n→∞

ρs(tn)− ρs(tn−1)

τ
. (2.10)

Equations (2.10) and (2.9) define a general quantum master equation that describes the
effect of a repeated interactions with ancillae on the reduced state of the system. While such
collisional models are well studied in the context of open quantum systems and decoherence
(see e.g. refs. [113, 114]), the scope of the present work is to analyze the types of unitary
contributions effectively arising in such models and to quantify their strength relative to
the noise.

Equivalently, a repeated interaction of the form ḡŜ⊗ M̂ describes a repeated measure-
ment of the observable Ŝ on the system made by the ancillae. The ancillae play the role of
“meters” (measuring apparatus) whose “pointer states” span a basis conjugate to the basis
of the eigenstates of M̂ . The limit in eq. (2.4) corresponds to a continuous measurement
made over time T . Note, that since we work with a collisional model, we shall not consider
measurement channels that have no short-time expansion.

The types of dynamics arising from such a continuous measurement in general depend
on the interaction strength g(t), the relation between the free and the interaction terms
in the total Hamiltonian eq. (2.1) and on the state of the ancillae. We shall discuss the
different possibilities in the following section.

2.2.1 Exact unitary evolution

For an arbitrary initial state of the system the evolution under the Hamiltonian (2.1) is
exactly unitary if and only if: (i) the initial state of the ancilla is supported on a linear
subspace HM of eigenstates of M̂ with a common eigenvalue and (ii) the subspace HM is
invariant under M̂0. This is an analogous condition to the one derived in the context of
decoherence free subspaces [118] or error correction [122], with the crucial difference that
here we present conditions on the state of the ancillae, rather then the system. The proof
is sketched in Appendix A.1.

The conditions above, and the proof, naturally extend to the most general case of
a bipartite interaction

∑L
i=1 giŜi ⊗ M̂ i. The evolution of the system is exactly unitary

if the joint state of the system and ancilla is supported on a subspace where the total
Hamiltonian can be written in block-diagonal form, where the system is in a joint eigenstate
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of a subset of operators Ŝj, with the corresponding eigenvalues sj, and the ancilla is in an

eigenstate of the operators M̂k in the remaining interaction terms, with eigenvalues mk.
The interaction then effectively reads

∑
j gjsjM̂ j +

∑
k gkmkŜk. One also further requires

that the free dynamics of the system and the ancilla preserve the above eigensubspaces.
This generalizes the results discussed in [118] to an arbitrary interaction. The case of a
general interaction, for a non-factorizable initial state, has also been studied in [123].

From the viewpoint of the measurement interpretation of interactions such a scenario
is somewhat unusual, since the allowed states of the system are constrained to a specific
subspace (with the exception of a single interaction term, when only the state of the ancilla
is constrained). The measurement interpretation can still be applied in the sense that time
evolution of the measurement apparatus (ancillae) depends on the state of the system –
it is given by a Hamiltonian ĥmM̂0 +

∑
j gjsjM̂ j. Analogously, the system evolves under

the Hamiltonian ĥs = Ŝ0 +
∑

k gkmkŜk. The system’s evolution is therefore on the one
hand “interaction-free” – exactly unitary – and on the other, it still depends on the state
of another system, through the eigenvalues mk.

2.2.2 Effective unitarity

Unitary evolution of a system interacting with some environment typically emerges only
as an approximate description – when one assumes finite precision of any measurements
made on the system to probe its dynamics. The quantitative condition for such an effective
unitarity is that the terms ∝ τ k for k ≥ 2 remain small compared to the first order ones,
which is the case if

lim
τ→0

τ kḡk〈M̂k〉
τ ḡ〈M̂〉

= 0 , k = 2, 3, · · · (2.11)

These conditions are not automatically satisfied because the quantities 〈M̂k〉 are moments
of an in principle arbitrary probability distribution over the eigenstates of M̂ defined by
the state of the ancilla1. If these conditions are met, from Eqs. (2.9), (2.10) the following
master equation is obtained2

ρ̇s = − i
~

[Ŝ0 + ΞŜ, ρs], (2.12)

1For finite-dimensional systems the number of independent moments is of course finite, as well as for
continuous variable systems in e.g. a Gaussian state, which yields distribution with only two independent
moments.

2Terms containing at least one M̂0 or Ŝ0 in eq. (2.9) automatically have the required limiting behaviour:
the expressions ∝ τk with ḡk

′
for k′ < k are small compared to lower order ones, ∝ τk

′
ḡk

′
, in the limit

τ → 0.
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where we defined
Ξ := lim

τ→0
ḡ〈M̂〉. (2.13)

The system is effectively subject to an external potential ΞŜ induced by the interactions
and evolves approximately unitarily under an effective Hamiltonain Ĥeff = Ŝ0 + ΞŜ. The
latter entails that in this regime the system-ancilla interaction is non-entangling.Similar
results have been found in the context of classical control theory of quantum systems [124],
where the system interacts with ancillae that are themselves an open quantum system. The
effective Hamiltonian Ĥeff and the Hamiltonian in the case of the exact unitary dynamics

ĥs, Sec. 2.2.1, have the same general structure but the key difference is that Ĥeff is valid

only approximately, while ĥ holds exactly but only for a particular state of ancillae.

From the viewpoint of the measurement interpretation, the regime of effective unitarity
is tantamount to a limiting case of a weak measurement (or unsharp measurement [80]) –
where the interaction between the system and the measuring apparatus is non-negligible
only to lowest order. Decoherence induced by such a measurement is vanishingly small, but
so is the information about the system that could be gained from the apparatus, since each
of the ancillae only evolves by a global phase – as expected from general complementarity
relations between information gain and state disturbance [125].

An effective unitary evolution is a generic feature of a weak interaction regime: for
limτ→0 τ ḡ = 0 and a generic state of the ancilla – with fixed but arbitrary moments 〈M̂k〉
– the reduced state of the system evolves according to eq. (2.12). In this regime higher
order corrections in τ ḡ can be made arbitrarily small by taking a suitably short time step
τ (and therefore can be neglected provided that all subsequent measurements have finite
resolution).

Importantly, effective unitarity can also emerge in the strong interaction regime – which
we model by taking limτ→0 τ ḡ = C with C = 1 for simplicity3 – for specific states of the
ancillae. The conditions in eq. (2.11) now reduce to limτ→0〈M̂k〉/〈M̂〉 → 0, and we also
need to ensure that Ξ stays finite. An example of a suitable ancillae state is a Gaussian
distribution over the eigenvalues of M̂ with mean ατ and variance βτ , where α, β are fixed
parameters. The effective potential arising from this example is αŜ.

2.2.3 Quantum Zeno effect

When at least one of the conditions in eq. (2.11) is not satisfied, the reduced dynamics
of the system is not unitary. This can arise both in weak or strong interaction regimes,

3For any value of τ a function gr satisfying limτ→0 τ ḡ = 1 can be obtained from any suitably normalised
family of functions that converge to a Dirac delta distribution.
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depending on the state of the ancillae. We first focus on the regime of strong interactions,
where non-unitarity will be shown to be a generic feature.

As in the section above, strong interaction regime is understood as limτ→0 τ ḡ = 1. We
consider a generic state of the ancillae, where the moments 〈M̂k〉 are in principle arbitrary
but fixed, independent of τ . The terms ∝ τ kḡk in eq. (2.9) will then dominate over all
others, and remain non-negligible in eq. (2.9) for arbitrary high k. Summing them all and
denoting the magnitude of an arbitrary matrix element of the system (in the basis of Ŝ)
by ρij := |〈si |ρ| sj〉|, where Ŝ| si〉 = si| si〉, yields

ρ̇ij = ρij lim
τ→0

1

τ

(
|〈e−i

∆sijM̂

~ 〉| − 1

)
, (2.14)

with ∆sij := si − sj. The right hand side remains finite only in two cases: for diagonal

elements of the system, ρii, or for the ancilla in an exact eigenstate of M̂ . For a generic
state of the ancilla the suppression of the off-diagonal elements of the system becomes

“infinitely” fast. More precisely, 〈e−i
∆sijM̂

~ 〉 is a characteristic function of the probability
distribution over the eigenvalues of M̂ defined by the state of ancilla and moments of this
distribution characterize the rate of decoherence. For a particular example of a Gaussian

distribution 〈e−i∆sM̂
~ 〉 = e−i

∆s〈M̂〉
~ e−

∆s2σ2

2~2 where we set ∆s ≡ ∆sij for simplicity, and where

σ =

√
〈M̂2〉 − 〈M̂〉2 is the variance of M̂ , an exact solution to eq. (2.14) reads

ρij(t) = ρij(0) lim
τ→0

e−
t
τ

(1−e−σ2∆s2/2~2
) (2.15)

for i 6= j. Approximating (2.15) yields

ρij(t) ≈ ρij(0) lim
τ→0

(1− σ2∆s2

2~2

t

τ
) (2.16)

to first non-vanishing order in σ. eq. (2.16) is a generic result at this order – valid for any
state of ancilla when keeping up to second moments of its distribution.

In this regime, the interaction ḡŜ ⊗ M̂ is diagonalizing the system in the eigenbasis
of Ŝ at an arbitrarily fast rate ωD ≈ limτ→0

σ2∆s2

2~2τ
. Unitary evolution, stemming from

typically leading order term ∝ 〈M̂〉[Ŝ, ρ], becomes irrelevant – it only acts non-trivially on
the off-diagonal elements, but these are “instantaneously” suppressed. From the viewpoint
of the measurement-interpretation, this “infinite” decoherence is simply the QZE effect:
the measurements become repeated infinitely often (τ → 0) and projective (interaction
strength diverges, ḡ ∝ 1/τ) and the system “freezes” in the measurement basis.
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Finally, note the reduced dynamics of the system is non-unitary – is discontinuous – even
for ancillae in an eigenstate of M̂ (with a non-zero eigenvalue), since ρ̇ is then divergent. If
only finite-precision measurements can be made on the system, decoherence and the QZE
will arise also in that a case. Superposition states of the system will accumulate a relative
phase at a divergent rate ∝ limτ→0〈M〉∆s/τ and thus any coarse-graining will entirely
suppress their coherence. Furthermore, assuming finite precision in the preparation of the
ancilla (any non-vanishing variance) decoherence will always be non-negligible in the strong
interaction case – and in this sense is a generic feature of the strong interaction regime.

QZE has been realized with continuous (as well as pulsed) measurements e.g. with Bose-
Einstein condensates [126] and has been theoretically studied in a number of contexts,
including freezing the evolution of a two-level Jaynes-Cummings atom interacting with
a resonant cavity mode [127], controlling decoherence [128] producing effective hard-core
repulsions in cold atomic gases [129, 130], preparing and stabilizing the Pfaffian state in
rotating harmonic traps loaded with cold bosonic atoms [131], and inducing topological
states of fermionic matter via suitably engineered dissipative dynamics [132].

2.2.4 Finite decoherence

We now consider conditions under which only terms up to second order remain relevant.
The model of repeated measurements reduces then to the usual Born-Markov master equa-
tion [103]. In analogy to Ξ defined in eq. (2.2.2) we introduce

Γ := lim
τ→0

τ ḡ2〈M̂2〉 , M̃ := lim
τ→0

ḡ〈i[M̂, M̂0]〉
2~

, (2.17)

and assume that all higher order terms vanish in the considered limit. This is indeed the
case e.g. (a) in a strong interaction regime (limτ→0 τ ḡ = 1) for ancillae in a Gaussian state
with mean Ξτ and variance σ =

√
Γτ − (Ξτ)2; (b) in a weak interaction regime (fixed ḡ)

and ancillae in a Gaussian state with fixed 〈M̂〉 and 〈M̂2〉 = Γ/τ . Importantly, both in
(a) and (b) the quantities Ξ, Γ remain finite in the limit τ → 0.

Eqs. (2.9), (2.10), (2.17) yield the following master equation

ρ̇(t) = − i
~

[Ŝ0 + (Ξ− M̃)Ŝ, ρ]− Γ

2~2
[Ŝ, [Ŝ, ρ]], (2.18)

which features two different second order contributions: The term M̃ contributes to the
unitary system dynamics, and simply adds to the effective potential already present in
eq. (2.12), and a non-unitary term − Γ

2~2 [Ŝ, [Ŝ, ρ]], which results in decoherence at a finite
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rate. For the example (a) above the off-diagonal elements of the system are suppressed
according to

ρij(t) ≈ ρij(0)(1− Γ∆s2

2~2

t

τ
), (2.19)

(neglecting Ŝ0 for simplicity) in agreement with eq. (2.16). Decoherence vanishes provided
that Γ = 0 (implying Ξ = 0) i.e. for an exact eigenstate of M̂ with the eigenvalue 0,
in agreement with the condition found in the QZE case (since the mean in the present
example vanishes faster than the variance, unless 〈M̂2〉 ≡ 0).

The regime where eq. (2.18) applies and finite decoherence is observed corresponds to
the typical case of continous weak measurements: the interactions between the system and
the measuring apparatus are finite but the contributions stemming from Γ are considered
non-negligible. In that context one often considers ancillae with trivial free evolution,
M̃ = 0. The ensuing system dynamics features finite decoherence, due to noise introduced
by the measurements, but with no modifications to the unitary part.

As an exemplary application of the above, for a strong interaction and a particular
choice of operators: M̂0 = 0, M̂ = p̂ (momentum operator of the ancillae), Ŝ = x̂ (posi-
tion operator of the system), and for a Gaussian state of the ancilla with 〈M̂〉 = 0 and
〈M̂2〉 = τ/D, where D is a fixed parameter, our eq. (2.18) reduces to a continuous position
measurement derived in ref. [94].

2.3 Continuous measurement of multiple observables

Here we generalize our discussion to the case when several observables are repeatedly
measured on the system. This situation can be accommodated by considering that each
interaction in Sec. 2.2 is composed of p sub-interactions, each of duration τ ′ = τ/p, as
shown in Figure 2.2. The total Hamiltonian in the rth cycle, eq. (2.1), now generalizes to

Ĥ
(p)

smr = Ĥ0 +

p∑
i=1

gi(t)Ĥ
I

i = Ŝ0 + M̂0 +

p∑
i=1

gi(t)Ŝi ⊗ M̂ i. (2.20)

The operators Ŝ0, Ŝi, i = 1, ..., p act only on S, and M̂0, M̂ i act on the rth ancillae, gi(t) is
the switching function, now supported in the ith sub-step (of length τ ′), continuous in the
interval where applied. The density matrix of the joint system at time tr+1 is given by

ρsm(tr+1) =
1∏
i=p

Û i(τ
′)ρsm(tr)

p∏
i=1

Û i(τ
′)† , (2.21)
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2 p

Figure 2.2: Quantum circuit illustrating time evolution of a system S during the first cycle
of a repeated interaction with the ancillae. During each cycle, the system is subject to a
sequence of p different interactions with the same meter. All the subsequent cycles have
the same structure.

where Ui(τ
′) = e−

i
~
∫ tr+τ ′
tr

(Ĥ0+gi(t)Ĥ
I
i )dt. We apply the mean value theorem, as in eq. (2.6),

and define ḡi = 1
τ ′

∫ τ ′
0
gi(t)dt. Expanding eq. (2.21) in powers of τ at time tn and tracing

over the ancillae degrees of freedom gives

ρ(tn) = ρ−
p∑
i=1

{
i

~
τ ′[Ŝ0 + ḡi〈M̂ i〉Ŝi, ρ] +

− τ ′2

2~2

i∑
j=1

(2− δij)
[
[Ŝ0, [Ŝ0, ρ]] + ḡj〈M̂ j〉[Ŝ0, [Ŝj, ρ]] + ḡi〈M̂ i〉[Ŝi, [Ŝ0, ρ]] + ḡi〈[M̂ i, M̂0]〉[Ŝi, ρ]

+
ḡiḡj

2

(
〈[M̂ i, M̂ j]〉[Ŝi, Ŝjρ+ ρŜj] + 〈{M̂ i, M̂ j}〉[Ŝi, [Ŝj, ρ]]

)]}
· · · , (2.22)

where {Â, B̂} := ÂB̂ + B̂Â and ρ ≡ ρ(tn−1). Equation (2.22) generalises eq. (2.9) to the
series of p repeated measurements. It introduces a new type of term

〈[M̂ i, M̂ j]〉[Ŝi, Ŝjρ+ ρŜj], (2.23)

which can contribute to the unitary part of the system dynamics. In particular, it can
allow for feedback control of the system, discussed in Sec. 2.3.3.

2.3.1 Exact and effective unitarity

The conditions for exact unitary evolution of the system under arbitrary bipartite inter-
action with an ancilla were discussed in Sec. 2.2.1 and they thus apply also to the present
case, where the different interactions are applied sequentially.
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The conditions for effective unitarity eq. (2.11) directly generalize to the series of in-
teractions. The resulting effective dynamics reads

ρ̇(t) = − i
~

[Ŝ0 +
1

p

p∑
i=1

ΞiŜi, ρ(t)], (2.24)

where
Ξi := lim

τ ′→0
ḡi〈M̂ i〉. (2.25)

This is a straightforward generalization of eq. (2.12). The examples of interaction strengths
and ancilla states discussed in Sec. 2.2.2 apply to the present case as well. Thus, for multiple
measurement/interactions effective unitary dynamics are also a generic feature of a weak
interaction regime, τ ḡi → 0 for i = 1, ..., p, but can also arise in the strong interaction
regime for τ -dependent preparation of the ancillae.

2.3.2 Generalized QZE

Here we consider the case when arbitrary high order terms contribute to the reduced dy-
namics of the system. Such situation arises in the regime of strong interactions, limτ→0 τ

′ḡi =
1, i = 1, 2, for a generic state of the ancilla. For clarity, below we restrict to p = 2 repeated
measurements.

In a full analogy to QZE disucssed in Sec. (2.2.3), the free evolution can be neglected
compared to the interaction terms. Thus, time evolution of the matrix elements of the
system reads

ρ̇ij = lim
τ→0

1

τ

(
|Trm{〈si |e−i

τ ′
~ ḡ2Ĥ

I
2e−i

τ ′
~ ḡ1Ĥ

I
1ρm ⊗ ρei

τ ′
~ ḡ1Ĥ

I
1ei

τ ′
~ ḡ2Ĥ

I
2 | sj〉}| − ρij

)
. (2.26)

As an illustrative example one can consider a repeated measurement of the same operator
on the system Ŝ2 = Ŝ1 ≡ Ŝ via two conjugate operators for the ancilla [M̂2, M̂1] = i~.
eq. (2.26) then reduces to

ρ̇ij = ρij lim
τ→0

1

τ

(
|〈e−i

∆sijM̂
′

~ 〉| − 1

)
(2.27)

which is just (2.14) for M̂ ′ := τ ′ḡ1M̂1 +τ ′ḡ2M̂2. Another simple example is when conjugate
observables are measured on the system (i.e. [Ŝ2, Ŝ1] = i~) via the same ancilla operator
M̂1 = M̂2 ≡ M̂ . eq. (2.26) then reads

ρ̇i′j′ = ρi′j′ lim
τ→0

1

τ

(
|〈e−i

∆s′ijM̂
~ 〉| − 1

)
, (2.28)
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where the off-diagonal elements are taken in the eigenbasis of Ŝ ′ := τ ′ḡ1Ŝ1+τ ′ḡ2Ŝ2, defining
ρi′j′ := 〈s′i |ρ| s′j〉 where Ŝ ′| s′i〉 = s′i| s′i〉 and ∆s′ij = s′i − s′j. In the most general case the
decoherence basis is established from the full expression

e−i
τ ′
~ ḡ2Ĥ

I
2e−i

τ ′
~ ḡ1Ĥ

I
1 = e−i

τ ′
~ (ḡ1Ĥ

I
1+ḡ2Ĥ

I
2)− 1

2
τ ′2
~2 ḡ1ḡ2[ĤI2,Ĥ

I
1]+··· .

Decoherence rates in this regime are again (cf. Sec. 2.2.3) formally divergent.

2.3.3 Feedback

Next we analyze conditions under which only up to second order terms contribute to
the system dynamics. At the end of this section we discuss sufficient conditions for the
emergence of feedback-control from the repeated measurement model.

To simplify the notation along with Ξi, eq. (2.25), we define

Γij := lim
τ ′→0

1

4
τ ′ḡiḡj〈{M̂ i, M̂ j}〉 M̃ij := lim

τ ′→0

1

4~
τ ′ḡiḡj〈i[M̂ i, M̂ j]〉 . (2.29)

From the Eqs. (2.10) and (2.22) (with τ = 2τ ′) we obtain a general master equation for a
system subject to two sequential measurements:

ρ̇(t) = − i
~

[Ŝ0 + (
1

2
Ξ1 − M̃10)Ŝ1 + (

1

2
Ξ2 − 3M̃20)Ŝ2, ρ] +

i

~
M̃12[Ŝ2, Ŝ1ρ+ ρŜ1] +

− 1

2~2

∑
i=1,2

Γii[Ŝi, [Ŝiρ]]− 1

~2
Γ12[Ŝ2, [Ŝ1, ρ]]), (2.30)

where in defining M̃10, M̃20 we introduced the convention ḡ0 ≡ 1.

We now discuss how coherent feedback can result from the terms ∝ M̃12. Note that
the first measurement Ŝi ⊗ M̂ i induces a translation of the state of the ancillae in the
basis complementary to the eigenbasis of M̂ i. The magnitude of this translation depends
on the state of the system (on its Ŝi-eigenvalue). The resulting state of the ancillae then
determines the effective potential which arises for the system from the next interaction
Ŝj ⊗ M̂ j. Thus, for a suitable choice of the interactions and the state of the ancillae,
an operation on the system is effectively performed that depends on its quantum state –
that is coherent feedback [121, 80, 133, 81]. This makes clear why a necessary condition
for feedback is [M̂ i, M̂ j] 6= 0. A sufficient condition is related with the question whether
feedback is possible without introducing some decoherence. The answer is negative in the
present model of ancillae. The reason is that the feedback term i

~M̃12[Ŝ2, Ŝ1ρ + ρŜ1] is
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at at most of the same order as the decoherence terms − 1
2~2

∑
i=1,2 Γii[Ŝi, [Ŝiρ]] – a direct

consequence of the inequality

〈(ḡ1M̂1 − iḡ2M̂2)(ḡ1M̂1 + iḡ2M̂2)〉 ≥ 0. (2.31)

Therefore, independently of the weak or strong interaction regime, the state of ancillae or
the repetition rate of the measurements, with the present model of ancillae-system inter-
actions, feedback-control of the system cannot be realized without introducing dissipation
lower bounded according to eq. (2.31). See also refs. [134, 135] for a comparison between
coherent quantum feedback and the measurement-based feedback.

An example of a feedback-enabled control of a quantum system is a restoring force
resulting from a quadratic potential ∝ Ŝ2

1 . It can be achieved by taking Ŝ2 ∝ Ŝ1 in
the model (2.30). More generally, feedback can take the form of a dissipative force, for
Ŝ2 ∝ Ŝ1 + βÔ for [Ô, Ŝ1] 6= 0. Taking canonically conjugate pair of ancillae operators
[M̂ i, M̂ j] ∝ iI, results in feedback-control that is independent of the state of the ancillae.

Eq. (2.30) is valid when the quantities Ξi, Γij, M̃ij remain finite in the limit τ ′ → 0,
while contributions from higher moments vanish. A particular example of the ancillae
state and operators that satisfy these conditions is a series of weak continuous position
measurements first given in ref. [94], see also Appendix A.2. In this case, a harmonic
potential arises as feedback and the accompanying decoherence keeps the momentum of
the system finite. Experimental realization of feedback-control has been achieved with
various systems, e.g. in cooling of optomechanical devices [136], trapped ions [137] or
single atoms [138].

Finally, a tacit assumption was made in the above: that only measurements that are
linear in the system operators can be realized by the ancillae. Relaxing this assump-
tion would allow for noise-free feedback in the following sense: If an arbitrary measure-
ment/interaction was allowed – of the form V̂ ⊗ M̂ , for arbitrary V̂ – one could induce an
arbitrary potential term ∝ 〈M̂〉V̂ already in the regime of effective unitarity, Sec. 2.3.1.
For example, a quadratic potential arising due to weak measurement of the system posi-
tion x̂ in ref. [94] could be implemented unitarily if the ancillae would measure directly
x̂2. We note, however, that many experimental schemes (including optical devices [139],
mechanical oscillators [140], atomic ensembles [141]) indeed allow only for such linear mea-
surements/interactions.
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2.4 Measurement-induced dynamics for composite sys-

tems

Here consider the scenario from a previous section, but for a composite system. We allow
that the different subsystems can have different interactions with the ancillae. In partic-
ular, we restrict our attention to a bipartite system subject to two continuously repeated
interactions/measurements.

For a system comprising subsystems s1, s2 the operator describing the system operator
describing ith interaction in eq. (2.20) most generally can be written as

Ŝi =
∑
j

cjŜ
s1
i,j ⊗ Ŝ

s2
i,j , (2.32)

with real coefficients cj, and where Ŝ
s1(2)

i,j is an operator acting on subsystem s1(2). As in
the previous section, we are looking for a continuous limit of a protocol whose one step
of duration τ is composed of two sub-steps, each of length τ ′ = τ/2. Thus, the master
equation for such a case can directly be obtained from eq. (2.22) for system operators given
in eq. (2.32), and where the density matrix describes the state of both subsystems.

The discussions in Sec. 2.3 of the various regimes: unitarity (exact and approximate),
QZE effect, finite decoherence, directly applies here. However, the physical meaning of
terms describing the induced potential, feedback, and decoherence is different: Since the
operators Ŝi connect different subsystems, in general they entail emergence of interactions
between them. Moreover, decoherence basis will in general not be a product of the bases of
the subsystems – they can decohere into correlated states. This follows from the discussion
of decoherence basis in the QZE case of eq. (2.28) for system operators given by eq. (2.32).

Below we focus on a particular case when only bipartite interactions involving the
ancillae are allowed – i.e. the ancillae only interact with one subsystem at a time. This
assumption has been made in the gravitational case studied in refs. [8, 86, 67] – and is
in fact crucial for the main results reported therein, as we will show at the end of this
section. Under the above assumption the system operators describing the interactions take
the form:

Ŝ1 = Ŝs11 ⊗ Î
s2
, Ŝ2 = Î

s1 ⊗ Ŝs22 , (2.33)

where Î
si

is the identity operator on the Hilbert space of subsystem si. Recall that Ŝ1

acts in the first sub-step and S2 in the second. For simplicity, below we take M̂0 = 0
(since M̂0 6= 0 would give terms analogous to those discussed in Sec. 2.3.2). The total
Hamiltonian acting during the entire rth interaction now reads

Ĥ
(p)

s1s2mr
= Ŝ0 + g1(t)Ŝ1

s1 ⊗ Î
s2 ⊗ M̂1 + g2(t)Î

s1 ⊗ Ŝ2
s2 ⊗ M̂2, (2.34)
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analogously to the case of a single system in eq. (2.20). Operators M̂i act on the ancillae
in the ith sub-step.

For the gravitational case it is natural to consider a symmetrized version of the above
scenario: a second ancillae is added, which interacts with s2 in the first sub-step and with
s1 in the second sub-step. However, since this only doubles the terms already resulting
from eq. (2.34) we defer the presentation of the symmetric case to the appendix A.3. In
general, we can visualize the resulting process through the circuit in Figure 2.3.

Figure 2.3: Composite system comprising subsystems s1, s2 prepared in the states ρs1 , ρs2

interacting with ancillae m1,m2, initially in the states ρm1 , ρm2 . If each ancillae inter-
acts with only one subsystem at a time, the resulting effective interaction between the
subsystems is always accompanied by decoherence.

From the Hamiltonian in eq. (2.34), and with Ξi,Γij, M̃ij defined in Eqs. (2.25),(2.29)
we obtain the master equation for a composite system under two consecutive continuous
measurements:

ρ̇s1,s2(T ) = − i
~

[Ŝ0 +
∑
i=1,2

1

2
ΞiŜ

si
i , ρ

s1,s2 ] +
i

~
M̃12[Ŝs22 , Ŝ

s1
1 ρ

s1,s2 + ρs1,s2Ŝs11 ] +

− 1

2~2

∑
i=1,2

Γii[Ŝ
s1
i , [Ŝ

si
i ρ

s1,s2 ]]− 1

~2
Γ12[Ŝs22 , [Ŝ

s1
1 , ρ

s1,s2 ]]), (2.35)

where ρs1,s2 is the joint state of s1, s2. Note, that this is a particular case of eq. (2.30) for
the system operators defined in eq. (2.33).

We find in eq. (A.10) terms that are similar to those in eq. (2.30) for the single-system
case. The terms ∝ Ξi describe effective potentials contributing to the unitary development
which can arise with negligible decoherence, see Sec.2.3.1. The terms ∝ Γii are decoherence
terms for each subsystem. The term ∝ Γ12 in eq. (A.10), analogous to the corresponding
term in eq. (2.30), expresses the fact that the decoherence basis in general is given by
some combination of the operators acting on the system in the different sub-steps. Note,

32



however, that for to the operators in eq. (2.33), the resulting decoherence basis is still of a
product form. The term ∝ M̃12, which more explicitly reads

∝ ḡ1ḡ2〈[M̂2, M̂1]〉[Ŝs22 , Ŝ
s1
1 ρ

s1,s2 + ρs1,s2Ŝs11 ] (2.36)

is analogous to the feedback term in eq. (2.23). However, the terms in eq. (2.36) connect
two subsystems and they thus introduce effective interactions that can generate forces
between them. The example of an approximately Newtonian interaction first derived in
ref. [8] is presented in the Appendix A.3.

For the bipartite system-ancillae measurements, eq. (2.33), the effective interactions
can only arise at the second (or higher) order. As a result, the interactions terms are not
larger then the decoherence terms arising from the double commutators, in a full analogy to
the case of feedback. The interactions are also lower-bounded by decoherence in the same
way as feedback, as a consequence of the same inequality (2.31). In fact, these effective
interactions can also be interpreted as feedback: the result of a measurement made by an
ancillae on one system determines the strength of the effective potential acting on another
system, which interacts with the same ancillae.

However, the conclusion about the necessary noise does not arise if one allows more
general measurements. A particular example is that of measurements realized simultane-
ously on both subsystems, described by system operators in eq. (2.32). In such a case
the potential terms in eq. (A.10) would read ∼ Ξi

∑
j cjŜ

s1
i,j ⊗ Ŝ

s2
i,j and could induce inter-

actions even entangling the two systems. With such measurements the interaction terms
could arise in the regime of effective unitarity, Sec. 2.3.1, and would thus differ from the
feedback schemes where the conditional state exhibits entanglement or where non-unitary
terms are present [80, 133, 142, 81, 143]. The above assumption regarding interactions,
and its role, is fully analogous to the linearity assumption in the case of feedback discussed
at the end of Sec. 2.3.3. Finally, we note that the above scheme differs from measurement-
induced entanglement generation, where quantum correlations are created between systems
interacting with a common environment by post-selecting on a particular state of the en-
vironment [144, 145, 146, 147]. (Here, the environment is assumed to be inaccessible and
is always averaged over.)

2.5 Discussion

The very simple approach we have applied highlights several key aspects of the formal-
ism. First, it stresses that a system subject to a repeated measurement/interaction with
an ancilla can still evolve unitarily or be subject to decoherence depending on the state
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of the ancilla, interaction strength and repetition rate (relaxation time of the environ-
ment). Second, in linear systems and under only bipartite system-ancillae interactions the
emergence of feedback-control and of induced interactions, respectively, is accompanied
by finite amount of decoherence, lower bounded by the magnitude of the induced unitary
terms. However, decoherence can be made arbitrary low if more general interactions with
the ancillae are permitted. For inducing interactions between different systems this would,
however, require non-local (multipartite) interactions.

Our approach has implications for generating gravitational interactions and gravita-
tional decoherence. It has recently been shown that decoherence terms first introduced
ad-hoc in gravity-inspired models such as [110] could be derived from repeated interac-
tions with the ancillae together with an approximately Newtonian interaction [8, 67]. The
intriguing aspect of this relation is that those two approaches are aimed at enforcing dis-
tinct notions of classicality. In decoherence models the desired classical regime is that
where large spatial superpositions of massive systems are suppressed. Whereas in recent
works, the notion of classicality is applied to interactions [79], the classical regime being un-
derstood as eliminating the ability of interactions to generate entanglement. The approach
of the present work can help clarifying to which extent these two notions of classicality
have common consequences.

It would be quite remarkable if the exact Newtonian or post-Newtonian interaction
could be reproduced from the repeated-measurements model. The resulting theory could
be seen as a toy-model for quantum gravitational degrees of freedom – constructed not by
quantizing their classical dynamics but by reconstructing the effective forces they generate.
To this end, one would need to retain higher order terms than just first and second mo-
ments of the ancillae distribution (see appendix A.2). Our approach suggests a viable route
in this direction: one can ask whether a physical state of the ancillae exists that will have
higher order non-vanishing moments such that the resulting unitary corrections to the sys-
tem dynamics would sum to the Newtonian potential4. As a further step one could extend
the present approach beyond Markovian processes [148, 149] by incorporating, for exam-
ple, initially correlated ancillae [150], interactions between the ancillae [151] or initially
correlated system-ancillae states [152] – particularly desirable for modelling gravitational
degrees of freedom. Finally, instead of constructing a classical channel from quantum de-
grees of freedom, one could ask if an entangling channel can arise from interactions with the
ancillae in a scenario where the reduced state of the ancillae can nevertheless be described
classically. The motivation here is that while the description of quantum states of matter

4For example, a skew Gaussian distributions have three independent moments. One can begin by asking
what dynamics emerges if ancillae are prepared in such a skew-Gaussian state? Can one reconstruct a
third-order approximation to the Newtonian potential within the measurement-based approach?
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in a general, even curved, space-time is well understood [153], the problem lies in giving a
consistent quantization of the latter.

If it is indeed possible to generate general-relativistic gravity as an effective interaction
with ancillae, the resulting toy-model of quantum-gravitational degrees of freedom could
shed new light on the pernicious problems associated with quantum gravity. The above
questions and in particular the practical question of detection of the interaction-induced
decoherence and its implications for precision tests of gravity remain interesting subjects
for further study and we will discuss dome of this aspects in the following chapters.

2.6 Conclusion

Repeated interactions in the continuum limit are equivalent to the formalism of continuous
weak measurements or collisional model of open systems. This property can be exploited
to describe a broad range of phenomena, including QZE, feedback control of a system,
emergence of effective potentials or of an effective interaction between two systems subject
to a measurement by the same apparatus/interacting with the same environment. Also
“interaction-free interactions” can emerge from such model – where evolution of a system
is exactly unitary but where parameters of its Hamiltonian still depend on the quantum
state of the ancillae with which it interacts.

The present approach provides a simple method for constructing collisional models of
open systems beyond the Born-Markov approximation – by considering ancillae states with
higher order contributing moments (as suggested above for recovery of the exact Newto-
nian interaction). To this end, the model considered here requires taking a probability
distribution with the desired number of independent moments. The resulting more general
effective interactions can be beneficial in devising novel protocols for quantum control or
error-correction and in new toy-models of gravitational degrees of freedom.
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Part II

Tests of CCG
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In this part of the thesis we present two different studies related to the limits and
testability of the CCG model. For this we consider the multiparticle extension of the
original formulation of CCG [8]. We do this with two different set-ups: The first one
(ch. 3) consider arrays of clocks interacting via the mass-energy equivalence and modelled
this interaction in the CCG framework. We compare our dephasing rates with ones produce
with other models and discuss the possible testability of this effect. The second one (ch. 4),
posits that CCG fundamental mechanisms are applied to the ‘fundamental’ components of
each particle interacting gravitationally. We compare our results with current experiments.

37



Chapter 3

Detecting gravitational decoherence
with clocks: Limits on temporal
resolution from a classical channel
model of gravity

3.1 Introduction

The interplay between quantum mechanics and general relativity becomes fundamental
when treating the nature of time operationally, specifically when considering how an ob-
server measures time in GR and QM. Operationally, a clock is a reference and the notion
of time emerges as a correlation between the clock and a system [154, 155]. Even with a
fundamental flow of time, any observer limited to only measurements of quantum systems
will not be able to access this fundamental flow [156] with zero uncertainty.

Recently, Castro et.al. [59] proposed a physically motivated quantum mechanism that
produces fundamental uncertainty in measurements of coupled two level systems (clocks).
The key idea in their model is that the mass-energy equivalence in quantum clocks leads
to a Newtonian coupling between them. This interaction entangles the clock states, and
therefore a measurement of any single clock necessarily decoheres distant clocks, limiting
the temporal resolution of distant observers. In this case the decoherence is entirely a conse-
quence of mass-energy equivalence with unitary quantum mechanics, similar to ref. [58]. In
this chapter we take a different approach by treating the gravitational interaction between
clocks in the context of CCG. In this context the unitary quantum interaction considered
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in ref. [59] is replaced by the master equation derived in ref. [8], resulting in non-unitary
dynamics for all particles that interact gravitationally. We will show that the key difference
between the two proposals resides in the ability of the gravitational interaction to entangle
the clocks: in ref. [59] the decoherence is a result of tracing out parts of an entangled state
generated by standard unitary quantum mechanics, whereas in our model the decoher-
ence is a consequence of the postulated quantum-classical interaction. Consequently, the
limited temporal resolution is fundamental to each clock and we will discuss this in the
context of operational time. There are several proposals to probe relativistic behaviour
of quantum mechanics in the lab [58, 157, 158, 159], which focus on including standard
principles of relativity within the framework of quantum mechanics. However, since CCG
is fundamentally a modification of the equations of motion for quantum systems interact-
ing gravitationally, we focus on potentially detectable deviations from standard quantum
mechanics [160, 161] in a post-Newtonian regime – by allowing energy-mass equivalence.

This chapter is organized as follows. Firstly we show that the master equation derived
in CCG results in a fundamental phase diffusion for spin 1

2
systems, and the coherence time

— inverse dephasing rate — is given by the gravitational interaction rate. We then extend
the model to consider multiple spin 1

2
systems, and characterize how the dephasing rate

depends on the number of clocks, as well as their geometric arrangement comparing our
results with current experiments. Finally we show that CCG implies a non-zero dephasing
in spin 1

2
clocks from earth’s gravitational field. We conclude with a discussion of the

implications of our model and its testability.

3.2 Coupled clocks

In the following we consider a clock with its spin processing around the z-axes of the Bloch
sphere [162]. The free clock Hamiltonian is H = ~ωσz where ω is the clock frequency and
σz is the Pauli-z matrix. From Einstein’s mass-energy equivalence the clock has an effective
mass m = m0 +H/c2 where m0 is the rest mass of the clock and c the speed of light. Note
that this mass operator does not violate Bargmann’s super selection rules [163, 164], and
is in a similar spirit to Refs. [165, 166]. From the quantum correction to the mass, two
clocks with rest masses m1 and m2, separated by a distance d12 experience a Newtonian
interaction

HI = −Gm1m2

d12

− G~
d12c2

(
m2ω1σ

(1)
z +m1ω2σ

(2)
z

)
−G~

2ω1ω2

d12c4
σ(1)
z σ(2)

z , (3.1)
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that couples their internal energy states. The first term in eq. (3.1) is a constant potential,
and the second term is the gravitational redshift on clock 1 (clock 2) from the rest mass
of clock 2 (clock 1) which can be absorbed into the frequencies ω1,(2) and therefore both
terms are neglected. The last term is a coherent quantum interaction between the clocks
that arises from the mass-energy equivalence. We now examine this non-local gravitational
interaction as if it were mediated by a classical information channel. The natural measure-
ment basis for the coupled clock system in CCG is the σz basis and following the derivation
in [8], we find the master equation that describes the interaction in eq. (3.1) in CCG is

ρ̇ = − i
~

[H0 + ~g12σ
(1)
z σ(2)

z , ρ]−
(

Γ1

2
+
g2

12

8Γ2

)
[σ(1)
z , [σ

(1)
z , ρ]]

−
(

Γ2

2
+
g2

12

8Γ1

)
[σ(2)
z , [σ(2)

z , ρ]] , (3.2)

where g12 = G~ω1ω2

d12c4
is the Newtonian interaction rate, Γi is the measurement rate of the

ith clock, and ρ is the density matrix. The factor g2
12 in the decoherence rate is due to

the feedback from clock 1 onto clock 2 (and visa versa), and is required to get the correct

magnitude of the σ
(1)
z σ

(2)
z interaction. The double commutator term in eq. (3.2) prevents

entanglement of the clocks thought the σz − σz interaction and leads to phase diffusion in
the σz basis at a rate 2g12 [80]. This phase diffusion induces a fundamental limit on the
time resolution of each clock that can not be avoided. Note that pure unitary evolution
under the Hamiltonian in eq. (3.1) will also result in apparent dephasing if only a single
clock is measured. Indeed this is exactly the type of decoherence considered in ref. [59].

For two clocks of equal frequency, where one would expect the measurement rates to be
equal by symmetry, the dephasing rate is minimized when Γ1 = Γ2 = g12/2; for petahertz
clocks (ω1 = ω2 = 2π × 1015 Hz) as used in [167, 168] separated by 300 nm, the dephasing
rate is g12/2 ≈ 10−42 Hz. Such a small rate would require a clock with fractional uncer-
tainty below 10−57 to observe, and therefore cannot be ruled out by current state of the art
atomic and ion clocks which have achieved a fractional uncertainty of 10−18 [167, 169, 170].

3.3 Multiparticle interaction

We now extend the analysis to N interacting clocks, and we investigate the enhancement
of the dephasing rate due to the multiple (order N2−N) interactions. Before preceding we
have to consider how information propagates in the classical channel model. There are two
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Figure 3.1: Different interpretations of the classical channel structure in CCG. We have
shown only the measurements of a single clock for simplicity, but it is understood that
each clock is treated equally. (left) A unique channel between each of the pairwise coupled
quantum degrees of freedo. (right) A single channel used for each particle used for global
feedback on all other particles.

possibilities of information propagation; pairwise measurement and feedback, fig.3.1(left),
or single measurement with global feedback, fig.3.1(right). Note that both of these models
are equivalent for N = 2 clocks and hence were not discussed in ref. [8]. The dissipative
evolution of the master equation for the pairwise measurement and feedback is

ρ̇ = −
∑
i

∑
j 6=i

(
Γij
2

+
g2
ij

8Γji

)
[σ(i)
z , [σ

(i)
z , ρ]] (3.3)

where gij = gji =
G~ωiωj
dijc4

is the interaction rate between clocks i and j and Γij > 0 is the

decoherence (dephasing) rate from the measurement of clock i to generate the interaction
between clocks i and j. Note that Γij is related to the measurement strength, with Γij = 0
corresponding to no measurement and Γij →∞ corresponding to projective measurement
of σz. For the moment each of the Γij’s are still free parameters; later we show that there is a
non-zero set of Γij’s that minimize the decoherence, and thus the minimum decoherence rate
has no free parameters. The decoherence terms in eq. (3.3) can be intuitively understood.
Each clock is measured N − 1 times, and each of these measurements are used to apply a
independent feedback on the other N−1 clocks in the system. The measurements therefore
contribute to a total dephasing rate of

∑
j 6=i Γij/2 on the ith clock. The

∑
j 6=i g

2
ij/8Γji term

for the ith clock is from the feedback of the N − 1 noisy measurements form each of the
other clocks in the system. Note that similar to the two clocks case, the presence of g2

ij in
the feedback term is necessary in order to recover the correct magnitude of the systematic
gravitational interaction.

In contrast to the pairwise measurement and feedback, the global feedback only requires
a single measurement of the ith clock (single dephasing rate Γi), and the single measurement
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SCENARIO SCALING

A.i Pairwise (1D) log(N)

Dpw
(i) = G~ω2

2c4

∑
j 6=i d

−1
ij (2D)

√
N

(3D) N2/3

A.ii Global (1D)
√

1− 2/N

Dgl
(i) = G~ω2

2c4

√∑
j 6=i d

−2
ij (2D)

√
log(N)

(3D) N1/6

B.i Pairwise (1D)
√
N

Gpw
(i) = G~ω2

√
N−1

2c4

√∑
j 6=i d

−2
ij (2D)

√
N log(N)

(3D) N2/3

Table 3.1: MINIMUM DEPHASING RATES. The first column presents our results on
minimization for the cases where Γij is pairwise defined (case A) and it is a fundamental
constant (case B) as outlined in the Appendix. The second column shows the scaling
with the number of clocks in the array for different dimensions, assuming N � 1 by using
eq. (B.7). The coefficient of the scaling is G~ω2/(2Lcc

4), where Lc is the characteristic
separation between adjacent clocks in the lattice.

result is used to apply feedback on each of the other N − 1 clocks. For global feedback,
the dissipative evolution is given by

ρ̇ = −
∑
i

(
Γi
2

+
∑
j 6=i

g2
ij

8Γj

)
[σ(i)
z , [σ

(i)
z , ρ]]. (3.4)

The dependence of gij (which in turn depends on dij) in the dephasing rate of eq. (3.3) and
eq. (3.4) means that the dephasing rate of the ith clock depends on the spatial arrangement
of the other N − 1 clocks.

We consider N � 1 clocks in 1, 2 and 3D lattice configurations with a lattice constant
Lc. In this case we can find the minimum dephasing rate on a single clock (see Appendix).
Our results are presented in the second column of Table 3.1. Note that there are two
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different scenarios we can consider for minimization. The first one (case A) is a pairwise
minimization: the rate Γij depends only on the separation between the clocks i and j, and
the minimization is taken before including it in the general master equation. The second
scenario (case B) minimizes the total noise in the master equation. One can estimate the
scaling of these rates by assuming that Lc is small compared to the macroscopic length
scale, R, of the lattice, Lc � R. In this case, the summations in Table 3.1 are well
approximated by an integral expression, eq. (B.7), for N � 1. Note that the integral
approach only differs from the analytical sum by a factor of order one. We show how the
dephasing rate depends on N in the last column of Table 3.1. With the current experiments
(N = 106, Lc ≈ 800 nm [171]) we compute a dephasing rate of order 10−40Hz (similar for
all arrangements). Note that in order to have a dephasing of the order of mHz, which can
be detected in the lab, we need to have either a large number of clocks or small separation
between them. For example, as considered in [59] taking N = 1023, Lc = 1 fm, and a 10
GeV clock transition (1026 Hz), results in a dephasing rate of order 1 Hz. Note however,
the ∼ 1 Hz dephasing rate here includes the spatial distribution of the clocks, whereas the
the dephasing rate quoted in [59] assumed a 1 fm distance between each of the 1023 clocks.
More realistically, we consider the Mössbauer effect in 109Ag [172] which has a transition
frequency of 8 × 105 THz and a linewidth of 10 mHz, with adjacent atoms separated by
≈ 1 Å. Using these parameters, CCG would predict a minimum γ-ray line width of 0.01
nHz per 100 g (1 mole) of 109mAg, far below current experimental precision. To observe
the linewidth at the order of mHz, would require N ≈ 1036 atoms, or 1012 kg of metallic
silver.

3.4 Clocks in Earth’s gravitational field

In the previous sections we were only concerned with energy-energy coupling between
spatially separated clocks. However, the gravitational redshift is a relativistic effect that
has been detected in quantum systems [169, 173], and therefore is a promising candidate to
study the decoherence effects predicted by CCG. Again from the mass-energy equivalence,
a trapped two level system with position operator x will interact with any nearby object
of mass m, and position operator X via the Newtonian interaction

HI = −~ Gmωσz
c2|X − x|

≈ −~Gmω
c2|d|

σz + ~
Gmω

c2d2
σz(δX − δx) (3.5)
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where δx and δX are deviations about the mean separation d between the clock and the
mass1. The first term is the mean redshift on the clock from the presence of the rest
mass, and the second term is the lowest order Newtonian interaction between the quantum
degrees of freedom. The σzδx is a local interaction between the external and internal
degrees of freedom of a single particle and therefore does not need to be mediated by a
classical information channel. The σzδX term however, is a non-local interaction and is
replaced by an effective measurement and feedback process in CCG. In the following we
consider the dephasing of a single clock from treating the nearby mass as both a composite
and simple particle, where the simple particle case is just the N = 1 limit of the composite
particle description. For the composite particle description, we treat each constituent atom
as individual point particle contributing to the redshift. The dissipative part of the CCG
evolution is

ρ̇diss = −
∑
i

(
Γi
2

+
g2
i

8Γz

)
[δXi, [δXi, ρ]]

−

(
Γz
2

+
∑
i

g2
i

8Γi

)
[σz, [σz, ρ]] (3.6)

where Γi is now the decoherence from the measurement of the position of the ith atom,
Γz is the decoherence due to measurement of the clock, and gi = Gmiω

c2d2
i

is the energy-

position interaction between the clock and the ith atom of mass mi and has units of in
Hz m−1. Here we have assumed the single measurement-global feedback interpretation of
the model - figure 3.1 (right) - which was shown previously to result in a lower bound for
the minimum decoherence rate. The double commutator in position leads to momentum
diffusion (heating) of each atom. This heating is not unique to CCG, and has been predicted
in continuous spontaneous localization models [174, 175, 161] and stochastic extensions to
the Schrodinger-Newton equation [176]. eq. (3.6) shows that CCG predicts a non-zero
dephasing rate that accompanies the redshift, and a finite heating rate to nearby massive
particles.
As gi scales as 1/d2, the dephasing due to the g2

i term in eq. (3.6) scales as 1/d4, meaning
that only the closest particles to the clock significantly contribute to the dephasing rate.
This is easily seen by considering a macroscopic homogenous body of N atoms of equal
mass mi = m (for example a single species atomic crystal) close to the clock. For such a
macroscopic object, one would expect by symmetry the measurement rate of each atom to
be identical, Γi = Γ. By considering gravitational interactions between neighboring atoms
we use the result of ref. [8] and find Γ = Gm2/~L3

c where Lc is now the characteristic

1Note that we have not included the δXδx term considered by ref. [8]. This term is present but appears
at sub-leading orders in this description.
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separation between adjacent atoms (e.g. lattice constant for a crystal). In this case we
can use eq. (B.7) to express the dephasing rate as an integral over the volume V of the
macroscopic object,

G~L3
cω

2

8c4

∑
i

1

d4
i

≈ G~L3
cω

2

8c4

∫
V

dV

L3
c |r − r0|4

(3.7)

where r0 is the mean location of the clock, and we have used Γ = Gm2/~L3
c . Note that the

integral must converge as the point r = r0 cannot be in V . This integral is non-trivial for
a spherical body, nevertheless there is some intuition to be gained by considering a shell
of mass centered around the clock even though there is no net redshift at the center of a
mass shell. For a shell with inner radius l, outer radius L, the dephasing rate due to the
redshift is given by

D =
Γz
2

+
πG~ω2

2c4
(l−1 − L−1). (3.8)

Form this expression we see that it is only close-by masses in a thick (L � l) shell that
significantly contribute to the dephasing rate. Thus in a laboratory experiment, the de-
phasing will be dominated by the immediate environment of the clock, even though all
particles contribute to the systematic redshift.

Alternatively, the macroscopic particle could be treated as a single degree of freedom;
the dephasing on the clock is then simply given by eq. (3.6) with a single term in the sum,

D =
Γz
2

+
G2M2ω2

8c4d4Γi
(3.9)

where M = Nm is the total mass of the macroscopic object with a single measurement rate
Γi. For M the mass of the earth and d as the mean separation between the earths and clocks
center of mass, we can use atomic clock experiments [170, 167] to bound Γi > 10 Hz m−2

and Γz < 0.1 mHz. These bounds are set as such experiments have not observed anomalous
dephasing. From this result we conclude that any dephasing from a classical channel model
of gravity would not be identifiable in any gravitational redshift measurements, and despite
their precision, quantum clocks are not a desirable system to observe consequences of CCG.

3.5 Discussions

In this chapter we have studied the consequences of the CCG model when treating time
operationally, that is by using two level systems as idealized clocks than an observer must
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use in order to define the rate of external dynamics. Two such clocks will couple gravita-
tionally and in the Newtonian limit this can be understood from mass-energy equivalence.
In this context we derive the rate at which they will decohere under CCG, and show that
the minimum rate is fixed by the post-Newtonian interaction. We have also extended this
analysis to optical lattice clocks in one, two and three spatial dimensions, computing how
the minimum dephasing rate scales as the number of independent two level systems in
the lattice. Finally we have studied a clock coupled to the earth’s gravitational field and
analyzed in detail the position-spin interaction in the context of the CCG model. However,
due to the asymmetry between the mass-clock system we were not able to meaningfully
minimize the dephasing rate. Nevertheless, we showed that the gravitational redshift must
be accompanied by some dephasing with the dominant contribution being due to close
by atoms. Although the model considered in this work for clocks predict dephasing, the
weakness of the gravitational interaction and the sub-linear scaling with the number of
particles (Table 3.1) give a prediction thirty-seven orders of magnitude away from the cur-
rent experiments. However, note that the dephasing rates computed in this work are the
minimum and it is not clear that nature will saturate this bound. This shows that despite
quantum clocks being the most precise measurement devices to date and therefore seem
like a natural candidate to look for deviations of standard quantum mechanics, these are
not the best devices to test the CCG model.

Let us emphasize that the dephasing present in our model is fundamental to each clock
and cannot be avoided as it is a consequence of reproducing the Newtonian force using
only classical information. In particular, the dephasing on one clock does not depend on
the quantum state of the surrounding clocks, which is consistent with the clocks being in
a separable state. Therefore, this decoherence is to be understood as a fundamental limit
to temporal resolution for any clock and cannot be reduced by including measurements
of other clocks. For unitary evolution of a system under the Newtonian potential, as
considered in ref. [59], the decoherence appears as a result of entanglement of a single
clock with a global system; if an observer has access to the full quantum system, there is
no decoherence and therefore no limit to the temporal resolution. In contrast, each clock
dephasing individually in CCG means that even access to the global quantum system is
not enough to resolve time with zero uncertainty.
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Chapter 4

Testing the Classical Channel model
of Gravity

4.1 Introduction

In this chapter we show that the information-theoretic notion of classicality of gravity1 is
incompatible with the results of recent atom interference experiments [2, 7], heavily con-
straining the possibility that gravity acts as pairwise classical channels effectively inducing
Newtonian force at low energies. While current experiments do not directly prove that
gravity does entangle massive particles, they provide a strong argument for the physical
relevance of gravity-mediated entanglement, and constrain the same model that would be
tested in experiments proposed in refs [75, 76, 77]. Furthermore, we show that decoher-
ence resulting from the CCG approach is conceptually and quantitatively different from
decoherence in the Diosi-Penrose (DP) and related models [52, 5, 68, 51, 67], not refuted
by the same experimental data.
While considering the CCG framework we are going to build a multiparticle extension in
the pairwise sense we discussed in ch. 3. While for the noise minimization we decide to
minimize decoherence rate2.

1We remind the reader that the notion of classicality we refer to is that it can not generate entanglement
– this is one of the ‘features’ of the CCG model.

2There are other options to proceed for the multiparticle extension and, on the other hand, noise
minimization for the 2 particle case, but we postpone we discussion to the Outlook chapter 8. In this sense
the aim of the chapter is not to show that the whole CCG framework is rule out, but rather a particular
extension/noise minimization.
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4.1.1 Composite systems

Having review the CCG model in chapter 1.3 we shall apply now the CCG approach
to a pair of systems comprising an atom in an interferometer and the Earth. We first
demonstrate that upon extending the CCG model to macroscopic systems the lower bound
on decoherence (1.14) remains unchanged up to a factor related to the geometry of the
bodies (see Appendix C.1).

Let s1, s2 be rigid bodies with total masses M1, M2, comprising N1, N2 elementary
constituents, respectively, with masses mi, i = 1, ..., N1 +N2. We take the minimum of the
decoherence rates, as in eq. (1.14), for each pair, whose evolution is described by eq. (1.13).
We consider s1 to be a test mass, in a superposition of different radial distances from the
body s2 which describes all the remaining matter (Earth, ∼ 500 kg of tungsten [1], etc)
and is thus considered initially well localised. The resulting dynamics of the centre-of-mass
(CM) of s1, in the radial direction, is described by

ρ̇s1 = − i
~

[Ĥ0 + V, ρs1 ]−Dmin[r̂1, [r̂1, ρs1 ]], (4.1)

where V ≈ −G M1M2

|d+r1+r2| , with rk the displacement of the CM of sk and

Dmin :=
1

2~

( ∑
i 6=j∈s1

|Kij|+
∑
i∈s1

∑
j∈s2

|Kij|

)
, (4.2)

where Kij is the Newtonian force gradient between the masses mi, mj in three dimensions.
The non-unitary term is simply the sum of pairwise contributions from all constituents of
the bodies. The corresponding minimal decoherence rate reads

Γ̃minCCG = Dmin∆x2. (4.3)

The sum of the unitary contributions approximates Newtonian interactions between all
constituents – which is the gravitational potential energy between two point massesM1,M2.
However, the decoherence rate (4.2) in general differs from that for two elementary masses:
first, it contains terms connecting constituents of s1 (first sum), and s1 with s2 (second
sum). Second, for non-convex bodies the rate (4.3) might be smaller than the rate given
by the original model, eq. (1.14) applied to the CMs of s1, s2 (e.g. when s2 is a spherical
shell of matter with s1 at the centre). For an elementary test mass m near the surface of a
homogeneous ball of mass M and radius R, the CCG decoherence rate is at least as large
as (see Appendix C.1)

ΓminCCG ≥Γ̃CCCG = C
GMm

~R3
∆x2, (4.4)
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with C ' 0.47 for this particular geometry. For C = 1 the above reduces to the original
CCG model applied directly to the CMs of the two systems.

Note that in general one cannot here approximate the mass distributions to be continu-
ous, since contributions from the body’s own constituents diverge and an explicit definition
of the fundamental constituents is needed. We propose that these should be the smallest
constituents between which the binding energy contribution to the total mass can be ne-
glected (since the total mass of the system is here the sum of the masses of its constituents).
We hereafter consider atoms as such fundamental constituents.

4.2 CCG vs Atomic Fountains

Atomic fountains send a cloud of atoms against the gravitational field of earth that sub-
sequently free fall. By using a sequence of interferometers, both in the up and down
trajectories, one can measure with good accuracy interference fringes that can be used to
test gravitational effects.
We now confront our extension to the CCG proposal against two interferometric tests with
atoms that use large momentum transfer (LMT) [2, 7] whitin atomic fountains. We treat
the interfering atom as a test mass s1 and Earth as the massive ball s2 in eq. (4.4).

In LMT interferometers a sequence of N π
2

laser pulses implements a beam splitter,
preparing the atoms in a superposition of wave packets with momentum difference 2N~k
in the vertical direction, where k is the laser wave-number. For time T the wave packets
propagate freely and thus spatially separate; then a sequence of π-pulses exchanges their
momenta and at time 2T the wave packets interfere at a final beam splitter (N π

2
-pulses).

For an atom of mass m the vertical separation between the wave packets is ∆x(t) =
2N~kt/m for t < T , it then symmetrically decreases until t = 2T . eq. (4.1) entails that
the magnitude of the off-diagonal elements of the atom V (t) := |〈r1 |ρs1| r2〉(t)| at the

end of the interferometric sequence reads V (2T ) = |〈r1 |ρs1 | r2〉(0)|e−
∫ 2T
0 dtDmin∆x2(t). Since

V (2T ) describes the visibility of the interference pattern attainable in the experiment, the
maximal visibility allowed by the classical channel framework for atom fountains on Earth

is estimated as e−2
∫ T
0 dt Γ̃CCCG , which for the above ∆x(t) reads:

V max
CCG = e

− 2
3
C
G~M⊕
mR3
⊕

(2Nk)2T 3

. (4.5)

In fig. 4.1 we compare this prediction for C = 1 (the original CCG model), C = 0.47 (our
multi particle correction), and C = 0.1 (arbitrary down-scaling of the decoherence rate)
against measured visibilities [2] and [7] (noting at this point the controversy [177] regarding
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Figure 4.1: Logarithm of the interferometric visibility as a function of the superposition
size (LMT order) reported in ref. [2] (black dots, left panel – including the reported error
bars) and in ref. [7] (black stars, right panel) vs the prediction of the CCG model eq. (4.5)
for C = 1 (red squares), its multi particle correction C = 0.47 (pink diamonds), reduced
CCG correction C = 0.1 (blue triangles). (The insets represent the same data in a linear
scale.) Both experiments used 87Rb; the reported superpositions were up to 8.2 cm in [7]
and 54cm in [2]. Both experiments contravene the CCG model (including its multi-particle
formulation).

ref. [2]). The values of the relevant parameters are M⊕ = 6 · 1024 kg; R⊕ = 6 · 103 km,
~k
m

= 5.8 mm
s

, m = 1.4 · 10−25 kg (87Rb); T = 1.15 s in ref. [7] and T = 1.04 s in ref. [2].

Both the CCG model (C = 1)3 and the multi particle correction (C = 0.47) predict
maximal visibilities that are well below the measured ones. Taking into account finite
duration of light-atom interactions would introduce a correction to the path separation. In
the insets of fig. 4.1 we show that even if this resulted in a reduction of the decoherence
rate to C = 0.1, the resulting visibilities would still be smaller than the measured ones by
factors ranging from ∼ 2.5 to ∼ 1018.

4.3 Comparison to the Diosi-Penrose model

The experiments refuting the classical-channel model of gravity do not constrain the DP
model, see Table 4.1. The key difference is that in the DP model decoherence is quantified

3We shall emphasize a crucial difference between the original CCG proposal and our comparison: the
two masses we use in our analysis have very different mass and it remains to construct a model which
takes this into consideration (see ch. 8).
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Table 4.1: Comparison of decoherence times 1/ΓDP and 1/ΓminCCG predicted by DP and CCG
models for matter-wave interference experiments [1, 2, 3, 4]. For all tests 1/ΓminCCG contains
the contribution from Earth M⊕ ∼ 6 × 1024 kg, R⊕ ∼ 6 × 103 km, and for experiment
[1] additionally from 24 bars of tungsten each with mass ∼ 21.5 kg, and 6 of each at
approximate distances of 107.6 mm, 177.6 mm, 279.5 mm and 313.1 mm from the atoms.
For ΓDP we took δ = 10−15. Labels denote: m – mass of the interfering particles; M –
“source” mass/masses; d – distance between the source and the test mass (both relevant
only for ΓCCG); ∆x – superposition size. For simplicity we treat all test masses as single
particles.

Experiment m [Kg] M [Kg] d [m] ∆x [m] 1/ΓDP [s] 1/ΓminCCG [s]

10 m atomic fountain with 87Rb [2] 1.4× 10−25 M⊕ R⊕ 0.54 3× 1010 2× 10−3

two atomic fountains with 87Rb [1] 1.4× 10−25 M⊕ R⊕ 1.86× 10−3 3× 1010 2× 101

(operating as gravity-gradiometer) 4× 129 0.11,

0.18,

0.28,

0.31

large-molecule interferometry [3] 1.6× 10−23 M⊕ R⊕ 2.7× 10−7 3× 106 6× 107

PcH2 diffraction on alga skeleton [4] 8.2× 10−25 M⊕ R⊕ 2× 10−7 1× 109 2× 109

essentially by a “self-interaction” between the superposed amplitudes of a system: for
a rigid body (and in particular for an elementary mass) ΓDP = 1

2~ [U(XX) + U(Y Y ) −
2U(XY )], where U(XY ) = −G

∫
d3r
∫
d3r′ fX(r)fY (r′)

|r−r′| is a gravitational energy between two
mass-distributions fX , fY which are here associated with two superposed configurations
X, Y of the same system [5]. By contrast, in the CCG approach decoherence depends
on the gravitational interaction between different systems. As a result, both frameworks
predict decoherence in the position basis, whose magnitude is related to gravity, but differ
both quantitatively (Table 4.1) and conceptually (Table 4.2) as follows:

For a point particle ΓDP diverges and requires a cut-off δ in the coherent spread of the
particle’s wave-function [5], whereas the CCG approach is well-defined for point particles.

A single elementary particle in an otherwise empty universe decoheres in the DP model,
but does not decohere in the CCG approach: if other systems are removed far from the
particle Γ̃minCCG → 0, Table 4.2 row (i). This is an important feature since for a single particle
in an otherwise empty universe the notion of “location” has no physical meaning. Thus,
arguing that the particle is – or is not – in a superposition of “two different locations” has
no physical meaning either – and the scenario cannot give rise to any physical effect.

51



Table 4.2: General form of the decoherence rates ΓDP (Diosi-Penrose) and Γ̃minCCG (Kafri-
Taylor-Milburn) (4.3) for spherical mass distributions [5, 6]. δ denotes the cut-off of the DP
model, and ∆x is the superposition size. Case (iii) considers decoherence of the CM of a
body comprising N1 constituents of mass m in the presence of another body comprising N2

masses m. Whereas Γ̃minCCG depends on the gravitational force gradients between different
particles, ΓDP depends on the self-interaction between superposed amplitudes of the same
particle.

Scenario: ΓDP Γ̃minCCG

(i) single particle Gm2∆x2

2δ3~ for δ � ∆x 0

mass m 2Gm2

δ~
(

6
5 −

δ
∆x

)
for δ � ∆x

(ii) two particles

masses m,M ; distance d same as (i) GmM∆x2

d3~ =

{
0, d→∞
mc2

~ (∆x
RS

)2, d→ RS := 2GM
c2

(iii) two composite bodies; N1
Gm2∆x2

2δ3~ ; δ � ∆x

masses N1m, N2m; dist. dij N1
2Gm2

δ~
(

6
5 −

δ
∆x

)
for δ � ∆x

∆x2

2~

 N1∑
i6=j=1

|Kij |+
N1∑
i=1

N1+N2∑
j=N1+1

|Kij |



CCG decoherence crucially depends on the distance d between the test particle and
other masses: For fixed M and ∆x: 0 < ΓminCCG < mc2

~ (∆x
RS

)2 where the lower bound holds

for d → ∞ and the upper for d = RS = 2GM/c2 (the Schwarzschild radius of M),
Table 4.2 row (ii). In contrast, ΓDP for a single particle is independent of its gravitational
environment.

The CCG “self interaction” terms – first sum in eq. (4.2), Table 4.2 row (iii) – are purely
classical: They connect different constituents of a composite system, not different points
of a single system wave-function.

The CCG proposal predicts vanishing decoherence when all force gradients Kij are neg-
ligible, i.e. the sum of the homogeneous field contributions is induced without decoherence.
It is thus compatible (to a limited extent) with the equivalence principle, as it does not
predict any decoherence in the above case as well as for an accelerating particle.
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4.4 Discussion

While we have shown that an LOCC gravity framework is strongly constrained by exper-
iments, our result depends on auxiliary assumptions. One such assumption concerns the
mass distribution of the earth; another is that all N laser pulses comprising each π and
π/2 atom-light interaction are applied effectively simultaneously. This could open poten-
tial “loopholes” that call for additional experimental scrutiny of classical channel gravity.
To improve on here presented analysis one could use an atom-fountain gravity-gradiometer
(two interferometers with vertical separation L) and a large mass M (in the plane of,
say, the lower interferometer), whose horizontal distance dh to the atoms can be varied
[1, 84, 85], cf. Table 4.1. A continuous mode of operation could be considered for improved
sensitivity [178]. The CCG proposal predicts a different phase noise in the two interfer-
ometers as a function of dh. With M = 252 kg and 0.25 < dh < 0.5 m, an experiment
at LMT order 10~k and T = 0.5 s would see the lower interferometer’s contrast varying
between 0.5—0.65, while the upper – between 0.62—0.64.

Thus far, tests of the CCG framework were suggested with optomechanical or tor-
sion balance setups. However, even including Earth into the analysis, as in the present
work, such tests would still face a formidable challenge. For an optomechanical experi-
ment, in order to detect CCG decoherence on top of the thermal noise, the mechanical
frequency Ω, quality factor Q and the temperature T of the mechanical oscillator must
satisfy TΩ/Q < G~M⊕/2kBR3

⊕ ∼ 10−18 K/s, where kB is the Boltzmann constant; a state
of the art setup [179] with Q = 2× 107, Ω/2π = 1 Hz, T = 4 K yields TΩ/Q ∼ 10−6 K/s.
For the original CCG model to be discernible from measurement noise, the measurement
frequency ω must satisfy ω2 < GM⊕/R

3
⊕ ∼ 10−6 Hz2, whereas the value considered in [179]

(at the standard quantum limit) gives ω2 ∼ 106 Hz2. Current optomechanical sensitivities
thus still need to be improved in order to test CCG assumptions. From a theoretical
perspective, an immediate question is how much entanglement (what channel capacity)
suffices to reproduce the experimental results. To address this question it would be desir-
able to first formulate a fully covariant, relativistic version of the classical channel gravity.
In this context, we note that the experimental constraints on the CCG proposal mean
that any “complete” dynamical theory that has Newtonian gravity as its low-energy limit
cannot be fundamentally classical, as this would require its Newtonian limit to be classical
as well, which contradicts experiments. Any relativistic version of the CCG framework
would correspondingly need to allow for some entanglement to be transmitted, at least in
the regime of small masses.
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4.5 Conclusion

Results of the recent atom interference experiments strongly constrain the worldview in
which gravity does reduce to the Newtonian pair potential at low energies and is also
fundamentally classical: mediated by LOCC channels acting pairwise between atoms. We
have further shown that – contrary to current belief – the CCG framework is not equivalent
to the DP model. It is noteworthy that the same experiments do not constrain other alter-
native models (gravity-related or not) including DP, continuous spontaneous localisation,
or Schrödinger-Newton theory [180, 181, 51]. This raises a question about the notion of
classicality of gravity in these models and their information-theoretic aspects.

Indeed, our understanding of the classical vs quantum properties of gravity is far
from clear [182] and needs further work. However, the fact that the CCG framework
can be empirically tested opens a novel route of investigation, one that focuses on a ro-
bust information-theoretic characterization of channels implied by alternative approaches
to quantizing (or not quantizing) gravity. From a broader perspective, our work demon-
strates that general frameworks as well as specific models for gravitational decoherence
previously thought to be out of reach can be experimentally tested.

Finally, we note that generalizations of classical channel gravity, resulting in an in-
creased channel capacity, can be constructed e.g. by relaxing the assumption of local
system-ancilla interactions or constraining the amount of energy introduced to the sys-
tem by the ancilla 3. Empirically constraining such models and understanding their ram-
ifications for the gravitationally induced entnaglement remains an interesting subject for
further investigation.
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Part III

CCG for cosmology
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Chapter 5

Fundamentals of CCG for cosmology

So far we have studied dynamic emergent form collisional markovian models and the CCG
model in the context of the Newtonian and post-Nextonian context. In this part we take
the first steps towards a CCG model in the relativistic regime. The question we want to
answer is how to apply the CCG model when one has quantum metric degrees of freedom,
and what are its consequences. We do this by considering a gravitational system with
the fewest number of degrees of freedom possible, namely a canonically quantized empty
Friedmann Robertson Walker (FRW) universe in ch. 6 and add primordial dust in ch. 7.

In the Newtonian case, the trajectory of a test particle depends on the masses and
configuration of the source, whereas in the GR description the dynamics are given solely
by the metric components, i.e. the scale factor in an FRW spacetime. In CCG, the source
necessarily experiences decoherence, and we will show that in the FRW context, CCG
introduces decoherence of the spacetime. We will show that for an observer in such a
universe this decoherence is manifested as a time dependent dark fluid.

The goal now is to describe in detail the relativistic description of CCG. We do this by
comparing unitary Newtonian gravity with the Wheeler de Witt equation, and show how
the CCG model fundamentally differs from unitary dynamics. In particular we explain
how the presence of a test particle in the Newtonian model of CCG results in decoherence
of any object that sources a (gravitational) potential for that test particle. We then argue
analogously that in relativistic CCG the presence of a test particle in an FRW universe
leads to decoherence in the scale factor, and therefore non-unitary evolution of the universe.

Unitary Newtonian Interaction. Consider a quantum Newtonian interaction between
a source and a test particle (fig. 5.1 top left). Under unitary evolution the two (perhaps
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Figure 5.1: GRAVITATIONAL MODELS. Cartoon of the four models. We describe
them by considering a source particle, a potential (top – Newtonian) or metric (bottom –
cosmological) and a test particle reacting to the potential or metric. The circles represent
quantum degrees of freedom whereas the squares represent classical degrees of freedom.
For the unitary cases (left) the joint system source-potential (metric)-test particle evolve
unitarily. In this case the source/test particle may become entangled and an observer
making measurements on the test particle results in a weak measurement (WM) of the
source, including the associated decohere. On the other hand, the CCG model (right)
assumes that the only way a test particle can respond to the source is through classical
information, which is mathematically equivalent to weak measurement and feedback con-
trol [8]. This process results in decoherence for the source and classical fluctuations on
the potential (metric) and therefore is fundamentally a non-unitary evolution for either
quantum systems.
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distant) particles may become entangled, where such entanglement implicitly assumes a
quantum “force carrier” (potential) — analogous to the photon in electrodynamics; i.e.
if the source particle is in a quantum superposition, the test particle will feel a coherent
superposition of potentials, and thus follow two trajectories in superposition. Any observer
who makes a projective measurement of the position of the test particle is effectively
making a weak measurement of the source particle, and this weak measurement induces
decoherence of the source particle [89, 183]. This is an example of how two fundamental
postulates of quantum mechanics (unitary evolution and the Born rule) lead to decoherence
of a quantum state. In particular a projective measurement, i.e. an observer, is required
for this type of decoherence and the fundamental evolution is unitary.

Newtonian Classical Channel Gravity. The CCG model postulates that there is no
quantum description for gravity and that the non-local interactions emerge from local
interactions between a quantum particle and a classical potential. In this case, the grav-
itational interaction between a source and a test particle is mediated by a classical (as
opposed to quantum) information channel (fig. 5.1 top right). The question is now how a
quantum particle can source a classical potential and how a test particle responds to it.
In ref. [8] it was shown that such a classical information channel is equivalent to an agent
performing weak measurements of the position of the source and using the measurement
outcome to control a potential for the test particle. Consequently the test particle does not
respond to a quantum potential generated by the source but rather to a classical estimate
of this potential. In CCG the existence of a test particle responding to the potential nec-
essarily results in decoherence and subsequent non-unitary evolution of the source, even
in the absence of an observer making any measurements of the test particle. Finally, we
mention that this model goes beyond the standard postulates of quantum mechanics.

The discussion so far has focused on the Newtonian description. Our goal is to under-
stand how this same procedure can be carried out in a relativistic context. In the following
we give a relativistic formulation of CCG in the cosmological context and compare it to
the Wheeler-DeWitt equation.

Wheeler-deWitt. The Wheeler-DeWitt equation, Ĥ|ψ〉 = 0 where Ĥ is the Hamilto-
nian operator of the spacetime including any matter and |ψ〉 is the quantum state of the
universe, is the standard approach to quantum cosmology. In general relativity the least
action principle always forces the classical Hamiltonian to vanish, and the Wheeler-DeWitt
equation is the quantum implementation of this constraint. We will restrict the following
discussion to an empty FRW universe so the only spacetime observables are the scale factor
â and its canonical conjugate momentum π̂. If we now consider a quantum test particle
moving in such a universe, we would expect the particle to become entangled with the state
of the universe, exactly analogous to how a test particle becomes entangled with a source
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particle in unitary quantum mechanics (fig. 5.1 bottom left). By test particle we mean a
particle whose contribution to the mass/energy of spacetime can be neglected, but is (in
principle) able to become entangled with the spacetime state. In this context, we can view
the scale factor as acting like a source that influences the dynamics of a test particle via
the metric. Analogous to the unitary Newtonian case, in this scenario the presence of an
observer making a measurement on the test particle is needed in order to get decoherence
in the quantum state of the universe, but othwerwise the evolution is entirely unitary. In
the following we will use the analogy: source → scale factor and potential → metric to
explain the main idea of this paper: the relativistic version of CCG.

Relativistic Classical Channel Gravity. So far we have shown the interpretational sim-
ilarity between unitary Newtonian gravity and the Wheeler-DeWitt equation: both are
mediated by a quantum potential (metric). We are interested in understanding how CCG
applies to the relativistic gravity: how a quantum spacetime can influence the dynamics of
a test particle via a classical metric (fig. 5.1 bottom right). Our interpretation in the empty
FRW case is to view the quantum scale factor as a ‘source’ of the classical metric, analo-
gous to the way that a quantum particle sources a classical potential in Newtonian CCG.
A test particle in an FRW spacetime will follow a trajectory that solely depends on the
scale factor, and thus the scale factor generates an effective potential for the test particle.
Therefore, in analogy with the Newtonian CCG description, the scale factor-test particle
interaction can be understood in terms of weak measurements and feedback control, and
therefore there must be intrinsically non-unitary evolution of the quantum state.

Using the same language of measurement and feedback from ref. [8] we posit that the
quantum state of the universe is subject to weak continuous measurement of the variable
â2. The measurement is of â2, as opposed to â, since classically it is the factor a2 that
appears in the metric function, and therefore the trajectory of any test particle can only
depend explicitly on a2. The measurement process forces the gravitational influence of
spacetime on the test particle to be mediated by classical information. In other words, the
test particle responds to a classical estimate of the scale factor (the measurement results)
analogous to the way that a test particle responds to the Newtonian potential in CCG.

The presence of the weak measurement on the quantum scale factor changes the evolu-
tion of the quantum state of the universe, resulting in a master equation for the ensemble
averaged state that we shall describe in detail in the next section. An observer who tries
to recover the dynamics of the scale factor, must measure the trajectories of many test
particles and so cannot distinguish which sequence of measurement histories took place
[156, 184]; hence they observe an ensemble averaged (i.e. averaged over all possible mea-
surement histories) spacetime.
We shall denote a2 as the classical scale factor experienced by any observer in the Universe.
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We will define the relationship between a2 and â2 shortly. In our model, the evolution of a
is different from the standard Friedmann evolution and we will show that this is consistent
with a dark energy fluid. Note that the effective measurement process avoids defining the
classical scale factor as 〈â〉2 or Tµν = 〈T̂µν〉 where the expectation value is calculated with
the quantum state given by the Wheeler-DeWitt equation.

We have described the relevant properties of unitary evolution in both the Newto-
nian regime and in the cosmological scenario. These two models share the feature that
interactions are mediated by quantum potentials that are able to entangle the interact-
ing constituents. On the other hand, CCG postulates that the gravitational interaction
should be mediated by a classical potential, i.e. the interacting constituents (assumed to be
quantum) will communicate with each other by exchanging classical information. Such an
interaction induces noise in the dynamics of the quantum constituents, and such noise can
be modelled by a measurement feedback channel. The fundamental distinction between
the unitary approach and CCG is studied in the next section for the cosmological case.

5.1 Model and strategy

In the next two chapters we are considering an empty universe and a universe filled with
dust ρp. Since the model is the same for both we are going to present a discussion for a
universe with dust and in ch. 6 we will set ρp = 0.

5.1.1 Hamiltonian density

We consider an homogeneous and isotropic universe filled with dust described by the FRW
metric:

ds2 = −n2dt2d + a2
p(td)

(
dr2

1− kr2
+ r2dΩ

)
, (5.1)

where N is the lapse function, ap(td) denotes the physical scale factor– from now on a
subscript p will denote a physical quantity, k = −1, 0, 1 is the spatial curvature, and td is
the proper time associated with a dust fluid filling the universe – here one a subscript d
denotes dust. The action Einstein-Hilbert for a spacetime filled with a pressureless perfect
fluid (or dust) is [185]:

S =

∫
d4x
√
−g

[
1

2κ
R− ρp

]
, (5.2)
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where g is the determinant of the metric gµν , R is the Ricci scalar, ρ the energy density of
the fluid and κ = 8πGc−4. The dust fluid is characterized by its energy momentum tensor

T abd = ρUa
dU

b
d , Ua

d =

(
∂

∂td

)a
, (5.3)

where Ua
d is the four velocity of the dust. The dynamics of the fluid are determined by the

conservation of the stress-energy
∇a T

ab
d = 0 . (5.4)

Eqs.(5.3) and (5.4) allow as to write the energy density as a function of the scale factor

ρ(td) =
ρ0p

ap(td)3
, (5.5)

where ρ0p is the energy density at a reference time t0 such that ap(t0) = 1 .
By rewriting the metric in conformal time

ds2 = a2
p[n

2(τ)dτ 2 +
dr2

√
1− kr2

+ r2dθ2 + r2 sin2(θ)dφ2] , (5.6)

we can compute the Lagrangian density

L =
3a2

pn(τ)k

κ
−

3a′2p
n(τ)κc2

− ρpa4
pn(τ) , (5.7)

where a′p denotes derivative with respect to the conformal time. In order to compute the
Hamiltonian density we define the momentum density as

π =
∂L
∂a′p

= −
6a′p

n(τ)κc2
, (5.8)

and we obtain

H = π a′p − L = −π
2κc2

12
− 3

a2
pk

κ
− ρpa4

p . (5.9)

Upon defining the physical momentum pp =
∫
πd3x we can compute the Hamiltonian for

the system

H = −
p2
pκc

2

12V0

− 3
a2
pkV0

κ
− ρpapV0 , (5.10)

where V0 =
∫
d3x is a fiducial volume which in the coordinates we have chosen is V0 =∫

r2
√

1−kr2 sin(θ)drdθdφ. We now rescale the scale factor and the momentum in the following
way

a =

√
3V0

κ
ap , p =

√
κ

3V0

pp . (5.11)
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Note that with this definitions a and p are still canonical conjugate variables since their
Poisson bracket is equal to one. Finally, we have also rescaled ρ0 = ρ0p

√
κV0/3 to find

H = −p
2c2

4
− ka2 + ρ0a

1 . (5.12)

The standard procedure in quantum cosmology is to canonically quantize the degrees of
freedom a and p and solve the Wheeler-deWitt equation ĤΨ(â, ρ) = 0 for the wave function
of the universe |Ψ(â, ρ)〉. This process is the quantum analog of imposing the classical
Hamiltonian constraint H = 0, which indeed reduces to the first Friedman equation. Note
that the Wheeler-deWitt equation can be reformulated in terms of the density matrix %̂
associated with the wave function |Ψ〉 as

d%̂

dτ
= − i

~
[Ĥ, %̂] . (5.13)

The Wheeler De-Witt equation, (5.13), can also be written in terms of the von-Neumann
equation for the quantum density matrix %̂ = |Ψ(a, ρ)〉〈Ψ(a, ρ)|

d%̂

dτ
= − i

~
[Ĥ, %̂] = 0 , (5.14)

where τ is the time flow used to define the operator π in the Legendre transformation.
Different interpretations of the meaning of |Ψ〉 lead either to single patch models (where
the whole universe is thought of as a collection of interacting homogeneous patches) or
to minisuperspace models (where the patch is the whole universe at early times when
no inhomogeneities had formed). Either approach leads to the well-known problems of
time and interpretation of the wavefunction in quantum cosmology [186], and efforts to
solve them have led to a range of different models [187, 188, 189, 190]. In either case one
then is left with the problem of both computing the wavefunction (or density matrix) of
the universe and of interpreting it in such a manner that admits a reasonable classical limit.

5.1.2 Master equation

We are now going to derive the master equations covering dynamics for CCG applied to
cosmology. At this point we diverge slightly from the discussion in ref. [8] and in Sec. 1.3,
and instead of treating each particle symmetrically, we consider x̂1 as a ‘source’ particle

1In the next chapters we will use c = 1.
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and x̂2 as a ‘test’ particle, although the distinction is made arbitrarily. Since we now have
a ‘test’ particle, we are not concerned with the back reaction from the test onto the source,
and therefore the effective feedback Hamiltonian to consider is Hfb = Kx̄1x̂2 to generate
the dynamics of the test particle. In this case Hfb does not affect the Hilbert space of the
source, and the measurement of the source (required for Hfb), does not affect the Hilbert
space of the test particle. Therefore if the joint state is initially separable, ρ̂0 = ρ̂1⊗ ρ̂2, and
there is no other interaction present, then the joint state will remain separable at all times,
ρ̂(t) = ρ̂1(t) ⊗ ρ̂2(t). However, the introduction of the measurement of the source implies
fundamental decoherence in its quantum state and is required by the simple existence of
the test particle (see fig. 5.1 top-right). In this asymmetric treatment between the two
particles, there is no way to minimize the decoherence rate, but we can conclude that
there must be a non-zero decoherence rate, Γ1 > 0, of the source particle to determine the
dynamics of the test particle.

This one sided description is analogous to what we consider in the cosmological case.
The dynamics of the test particle depends on classical information from the scale factor
state. We therefore suggest, that in CCG there is some fundamental, observer independent
decoherence. Since we do not consider the back reaction from the presence of a test particle
on the scale factor the decoherence rate cannot be minimized, and is left as a free, but
strictly positive parameter. Further exploration should include the back reaction and thus
introduce a noise minimization procedure.

Following Sec. 1.3 we derive the master equation for the cosmological system. We
propose that the state is subject to weak continuous measurement of the variable a2

p
2. The

way a test particle responds to the influence of the quantum scale factor through a classical
metric function is via the result of a weak measurement. In this case the metric function
is given by, ds2 = ā2(−dτ 2 + dx2) where ā2 = 〈â2

p〉c +
√

~
γ
dW/dτ , relabeling Γ → γ from

(1.9). This is analogous to the way a test particle responds to the Newtonian potential
though Hfb = Kx̄1x̂2. The presence of the weak measurement on the quantum scale factor
changes the evolution of the quantum state %̂, resulting in the stochastic master equation

d%̂c = − i
~

[Ĥ(ap, pp), %̂]dτ − γp
8~

[â2
p, [â

2
p, %̂]dτ −

√
2~dWH[â2

p]%̂c , (5.15)

where we have assumed a continuous Gaussian measurement of â2
p, and the subscript c refers

to fact that the change in %̂ is conditioned on the measurement result ā2
p. Any observer who

is unaware of the measurement outcome ā2
p, will describe the state as an ensemble average

over the measurement process, d%̂c → E(d%̂c) = d%̂, with the corresponding ensemble

2This is because (classically) it is exactly the factor a2
p that appears in the metric function, and therefore

the trajectory of any test particle explicitly can only depend on a2.
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averaged metric, ā2 → E(ā2) = 〈â2
p〉 ≡ a2

p . Consequently the corresponding dynamics are
given by

d%̂

dτ
= − i

~
[Ĥ(ap, pp), %̂]− γp

8~
[â2
p, [â

2
p, %̂]] , (5.16)

where γp is the decoherence parameter which has units of 1/T . Upon normalization of the
quantities we can write the master equation as

d%̂

dτ
= − i

~
[Ĥ(a, p), %̂]− γ

8~
[â2, [â2, %̂]] , (5.17)

where γ = γp
κ2

9V 2
0

. Eq. (5.17) is the master equation we employ in the next chapters. In

addition the spacetime dynamics are given by

ds2 = 〈â2
p(τ)〉[−dτ 2 +

1

1− kr2
dr2 + r2dΩ2] = a2

p(τ)[−dτ 2 +
1

1− kr2
dr2 + r2dΩ2] , (5.18)

where the evolution of 〈â2
p〉 is given by eq. (5.15) using 〈 ˙̂

A〉 = Tr[Â ˙̂%] for any operator Â.
The condition γ 6= 0 is required in order for the test particle to feel the presence of the
scale factor in the classical metric function, and γ ≥ 0 is required preserve the positivity
of ρ̂ [191, 80]. Therefore γ > 0 is a requirement for the model to be physical. Fluctuations
in the measurement record (of order dW

√
~/γ) induce fluctuations in the metric function.

However, any observer making multiple measurements would average over all fluctuations,
and only see the ensemble averaged dynamics [156], i.e. eq. (5.17) for the quantum system.
The latter term in (5.17) takes into account both the non-unitary evolution of the scale
factor due to the presence of test particle(s) and the ensemble average of an observer when
making measurements on multiple test particles. It can be derived from a collisional model
in which the quantum degrees of freedom are continuously interacting with the external test
particles as discussed in ch. 2. This process introduces a new fundamental constant γ that
emerges as a consequence of the interaction between the test particle and the scale factor
via the metric function. The form of equation (5.17) have been previously used in different
scenarios, in particular to account for modifications of quantum mechanics such as collapse
models [51] and with a focus on cosmological consequences of metric theories with non
conservation of energy momentum tensor [192]. Here we go a step further, and analyze the
consequences in the cosmological scenario of (5.17) when emergent form Quantum-classical
interactions as the master equation for observables measured by a classical observer.

We emphasize that the interpretation of this model is fundamentally different from that
of the standard Wheeler-DeWitt approach in (5.14). Here the evolution of the universe is
obtained by solving the master equation (5.17), for the time dependence of a2 = 〈â2(τ)〉 as
in equation (5.18). The resulting spacetime will behave very differently compared to that
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of an empty universe, particularly at early times. As we shall demonstrate, the universe
described by (5.18) will evolve as though there were a form of time-dependent dark energy
present. In the next chapters we shall present the solutions to these equations and analyze
the various resulting behaviours. However, before doing so, we first analyze the behaviour
of the Hamiltonian operator in our model. We find

d〈Ĥ〉
dτ

= −γ
4

(c~)2
〈
â2
〉
, (5.19)

which is only equal to zero if γ = 0. Note that the Wheeler-DeWitt equation will indeed
conserve the quantity 〈Ĥ〉 since the Hamiltonian operator commutes with itself at all times.
If 〈Ĥ〉 is regarded as a measure of the classical energy emergent from a quantum theory
of gravity, we see that CCG predicts the existence of additional energy. In this sense it
is another example of energy non-conservation theories as unimodular gravity (see [193]
and references therein) that might present interesting observable consequences [192]. We
emphasize that any observer unaware of the quantum nature of spacetime and describing
its dynamics via the Einstein equations will see this extra energy manifest as a dark energy
fluid.

5.2 Measured quantitates and notation

Before we move on to present the results let us clarify and organize our notation. As
discussed before the observed scale factor of an observer unaware of the underlying quantum
mechanism will be

ap ≡
√
〈â2
p〉 . (5.20)

On the other hand we will compute all quantities and show plots of quantities involving a
which is related with ap via eq. (5.11). This implies that is

a ≡
√
〈â2〉 =

√
3V0

κ
ap . (5.21)

Upon solving the system of equations (7.6)–(7.8) we will get an expression for a(τ) and we
will use the relation a(τ)dτ = dt to find the functional form of a(t). With this relations
we also find that the observed proper time is

tp ≡
∫

ap(τ)dτ =

√
κ

3V0

t . (5.22)
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Note that in the case where a(τ) ∝ exp(ωτ) (we find this behaviour for late times in
CCG regardless of the value of k) we have a(t) = ap(tp) with no explicit dependence in
V0 of the observed scale factor. Nonetheless, the time t̄ after which the behaviour of a

is well approximated by a linear function implies that the observed scale factor is well

approximated by the same linear function only for tp > t̄p =
√

κ
3V0
t̄.

Through the next chapters we use different notation to indicate the difference between
underlaying physical quantities, observed physical quantities and fiducial quantities (that
were defined after physical quantities for convenience):

Physical quantities: ap, pp, ρ0p.

Observed quantities: ap, γp, tp, Hp, ρCCG, wp,ΩCCG.

Fiducial quantities: a, p, ρ0, â, p̂, a, t, γ,Hu, ρ, w.

The relation between the fiducial quantities and the physical and observed quantities
is summarized in Table 5.1.
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Table 5.1: Relation between physical, observed and fiducial quantities where η =
√

κ
3V0

.

Note that the time derivatives denoted by an upper dot are with respect of tp/t if applied
to physical/fiducial quantities.

Name Description Definition Properties

ap underlying scale factor

pp canonical conjugate momentum {ap, pp} = 1

âp scale factor operator

π̂ momentum density operator

p̂p physical momentum operator p =
∫
dV π [âp, p̂p] = i~

γp physical decoherence parameter See (5.16)

ρ0p primordial dust

ap observed scale factor
√
〈â2
p〉

tp observed comoving time apdτ = dtp

Hp observed Hubble parameter ȧp
ap

H2
p + k

a2
p

= κ
3
ρccg

ρccg observed dark energy density ρccg = 3
κ
(
ȧ2
p+k

a2
p

)

wp observed equation of state Pccg = wpρccg wp = ρ̇ccg

3Hpρccg
− 1

Ωccg
ρccgκ

3H2
p

a fiducial scale factor ap/η

p fiducial momentum η pp {a, p} = 1

ρ0 fiducial primordial dust ρ0p η V0

â fiducial scale factor operator âp/η

p̂ fiducial momentum operator p̂p η [â, p̂] = i~
γ fiducial decoherence parameter γp η

4 See (5.17)

a fiducial observed scale factor ap/η
√
〈â2〉

t fiducial comoving time tp/η adτ = dt

Hu fiducial Hubble parameter η Hp
ȧ
a

ρ fiducial dark energy density η2ρccg ρ = 3
κ
( ȧ

2+k
a2 )

w fiducial equation of state w = wp wp = ρ̇
3Hρ
− 1

67



Chapter 6

Emergent dark energy via
decoherence in quantum interactions

6.1 Organization

In this chapter we study the effect of the model described above in an empty universe.
This chapter is organized as follows: we analyze the solutions of the equations of motion
in section 6.2 and compute the effective energy momentum tensor arising from this model.
We then analyze the effective form of dark energy that emerges and consider how it affects
the evolution of the spacetime. We close with some final remarks in section 6.3 and
discuss future directions for this approach. Through all this work we are considering units
G = 1 = c.

6.2 Dark Energy from Decoherence

The evolution of a2 is solved by using the master equation (5.17) and computing time
derivatives of the first and second order moments of the quantum operators (â, π̂). We
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need to solve the following coupled equations

d

dτ
〈â〉 = −〈π̂〉/2 , (6.1)

d

dτ
〈π̂〉 = 2k〈â〉 , (6.2)

d

dτ
〈â2〉 = −〈âπ̂ + π̂â〉/2 , (6.3)

d

dτ
〈π̂2〉 = 2k〈âπ̂ + π̂â〉+ γ〈â2〉 , (6.4)

d

dτ
〈âπ̂ + π̂â〉 = −〈π̂2〉+ 4k〈â2〉 . (6.5)

We see from equations (6.1)–(6.5) that only the second order moments are required to
obtain the evolution of (5.18). Solving for these yields the evolution of the spacetime
metric, and our subsequent task is to solve this set of equations for a variety of initial
conditions for different values of the curvature constant k. We find there is always one
exponentially growing mode, which makes the universe expand and two modes that either
yield exponential decay or decaying oscillation of the scale factor. A general solution is a
linear combination of these eigen-solutions, and so will in general asymptote to one that
grows exponentially with time.

We now proceed to interpret these solutions from the perspective of an observer who
only has access to to the trajectories of test particles to back out the metric (5.18).
As noted above, an observer can in principle determine the temporal evolution of the
observable a2. Having no direct access to the underlying quantum observables, this observer
can compute the Einstein tensor associated with the metric (5.18) and then use Einstein’s
equations to determine the effective stress-energy tensor governing the observed evolution
of spacetime.

The solution for a2(τ) depends on the six variables {τ, k, γ, a(2)
0 , π

(2)
0 , ζ0}, where τ is

the conformal time and {a(2)
0 , p

(2)
0 , ζ0} are the second order moments of the quantum state

{〈â2〉, 〈p̂2〉, 〈âp̂ + p̂â〉} at τ = 0. These quantities can be constrained using a variety of
physical criteria, as we shall discuss in the next section.

To see the general dependence of a2 on γ, we set a
(2)
0 = 1 + 1/4, π

(2)
0 = 1 , ζ0 = 0,

describing displaced ground state of the quantum state and plot the results in comoving
time in fig. 6.1 for each value of k. To better understand the dynamics of the scale factor,
and indeed the general physics of our model (anticipating a comparison with data), it is
useful to analyze relevant physical quantities in terms of the comoving time t

t(τ) =

∫ τ

0

a(τ ′)dτ ′ , (6.6)
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Figure 6.1: Scale factor behaviour for γ = 0.1 and different values of k as a function of
comoving time. The quantum is system initially in a coherent state centered at a0 = 1.
The relative behavior remains qualitatively the same as the decoherence parameter γ is
varied.

with τ being the conformal time. We see that in the case k > 0 for small γ the scale factor
undergoes damped oscillations. Furthermore, there exists a time scale that is half the e-
folding time associated with the positive root λ+, after which the scale factor grows linearly
in comoving time (exponentially in conformal time) without oscillations as noted above.
This growth, while present, is not visible for the most oscillatory curve in figure 6.1. For
the k ≤ 0 cases there is exponential growth but no oscillations for this choice of parameters.
We also note that the growth of the scale factor is faster for k > 0 and slower for k = 0.

From the point of view of an observers will infer from the motion of test particles the
metric (5.18), and describe the resultant spacetime dynamics with the Einstein equations

Gµν(a
2) = 8πTµν , (6.7)

where Gµν = Rµν − 1
2
Rgµν is the Einstein tensor. The Ricci tensor Rµν and Ricci scalar R

are constructed with second derivatives of the metric tensor gµν which is given by (5.18).
Such an observer will infer that the expansion is driven by a form of dark energy, whose
effective stress-energy is Tµν , and which we shall now compute.

The symmetries of the FRW metric (homogeneity and isotropy) tell us that the energy-
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Figure 6.2: Evolution of the scale factor in comoving time for initial thermal (top) and
coherent (bottom) states, for k = 1 (left), k = 0 (middle) and k = −1 (right). In each
case the steady state gradient is determined by γ. The oscillation in the k = 1 case can
be understood by considering the equations of motion (Eqs. (6.1)–(6.5)) as γ → 0. The
equations are then that of a Harmonic oscillator, with the amplitude of the oscillations
defined by the Euclidean sum of the coherent amplitude (a0, p0), where tan−1(a0/p0) defines
the initial phase.

momentum tensor must have the form of a perfect fluid

T νµ =


−ρ 0 0 0

0 P 0 0

0 0 P 0

0 0 0 P

 , (6.8)

where ρ and P are the energy density and pressure of our perfect fluid. The type of matter
is characterized by w in the equation of state P = wρ.

We must also choose the free parameters {a0, p0, a
(2)
0 , π

(2)
0 , ζ0, γ} where a0 and π0 are the

initial means of â and p̂ respectively. This is a
rather large parameter space, and constraining it to obtain useful information is a bit
of a challenge. We will consider two kinds of Gaussian states: coherent states saturating
the uncertainty inequality, characterized by their mean amplitude (a0, p0) (with ζ0 = a0π0),

and thermal states for which 4a
(2)
0 = π

(2)
0 with ζ0 = a0 = π0 = 0. Note that the spacetime
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only depends on a2 = 〈â2〉, which in turn is governed by equations (6.1)–(6.5). Conse-
quently, initial values of a0 = π0 = 0 result in a spacetime driven by noise from either a
quantum (for minimum uncertainty states), or quantum and statistical (for mixed states)
source. Additionally we can impose the following physical conditions on the spacetime

• Strong Energy Condition: ρ > 0 and w(t) > −1 .

• Weak Energy Condition: ρ > 0 and |w(t)| < 1 .

• A non-singular spacetime: K < ∞, where K is the Kretschmann scalar K =
RabcdRabcd.

Finally, a more sophisticated model would have to be observationally constrained by early-
universe data from the CMB, as well as from information on structure formation, but this
is beyond the scope of this toy model.

We now concentrate in the description of the perfect fluid and an analysis of singulari-
ties. We find that the Kretschmann scalar

K =
12

a4

[
(k + a′2)2 + a2a′′2

]
, (6.9)

does not diverge, since we must have a > 0 to have a physical quantum state. The
expression for the effective density is

ρ(t) =
3

8π

a′2 + k

a2
, (6.10)

and the equation of state is described by the function w(t), defined via

P (t) = w(t)ρ(t) , (6.11)

where we find

w(t) = −2

3

a′′a

a′2 + k
− 1

3
, (6.12)

where we have used Einstein equations (6.7) for a2 assuming a perfect fluid (6.8), and
where a′ = da

dt
.

We plot the behavior of the scale factor as a function of comoving time for different
parameters. The results are depicted in figure 6.2. We see that the cosmic evolution has
low sensitivity to the initial conditions indeed at late times, the different curves become
indistinguishable for all values of k. However there is rather high sensitivity to the choice
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Figure 6.3: Evolution of the scale factor for k = 1. The large initial amplitude causes
many oscillations before the transient behavior becomes dominated by the decoherence.
The initial coherent state begins with an amplitude of (3, 0) and is compared to a thermal

state of a
(2)
0 = 9. Without decoherence, the thermal state would remain constant in time.

of γ, particularly at early times, as is clear from figure 6.2. For small γ the coherent
behavior is resolvable for a longer time. This is clearly visible in the case of a large
coherent amplitude, shown in figure 6.3, where the large initial coherent amplitude causes
many visible oscillations before the spacetime is dominated by the decoherence.

The behaviour of the Hubble parameter H = a′

a
as a function of comoving time (not

plotted) displays considerable sensitivity for various choices of π and γ at early times,
but convergence at late times. We also find that the effective energy density ρ is always
positive, and that at early times its behavior can be quite oscillatory for small values γ
when k = +1, but for all values of k it tends to grow initially for various choices of π
and γ. At late times, regardless of these choices and values of k, the energy density is a
monotonically decreasing function of time.

An interesting feature of the model is that for large times, depicted in fig. 6.4, the
system asymptotes to the relation P (t) = −1

3
ρ(t). Although at early times the strong

energy condition is generally (but not always) violated, at late times it is satisfied, with
the equation of state settling down to the zero-acceleration case of w = −1/3. This is a
rather striking feature of our model that is robust to any changes in initial conditions as
long as γ > 0, and occurs for all values of k. It is a consequence of the existence of the
growing mode, which ensures at late conformal times exponential growth of the scale factor,
which translates into asymptotic linear growth in comoving time. From the Friedmann
equations, if w(t) > −1/3 then the universe undergoes an decelerating expansion whereas

73



Figure 6.4: Behaviour of the equation of state parameter in comoving time for thermal
initial states (top) and coherent initial states (bottom), for each value of k = 1 (left), k = 0
middle, k = −1 (right). In each case w(t) → −1/3 regardless of the initial conditions
or curvature. For late times t > 5 both the strong and weak energy conditions hold.
Furthermore in all case w(t) approaches the asymptote faster for large γ.

if w(t) < −1/3 we have an accelerated expansion which is a necessary condition for inflating
universes. A closer analysis of the behaviour of the different quantities involved in eq. (6.12)
shows that a′(t) asymptotes to a constant finite value and, as shown in fig. 6.2, the scale
factor as a function of comoving time grows linearly with time. We thus conclude that the
asymptotic behavior of the equation of state is governed by the acceleration a′′(t) which
goes to zero for large times. This crucially depends on the positivity of γ, whose effects
are most pronounced in the k = 1 case. In the limit γ → 0, this case becomes purely
oscillatory. Increasingly large values of γ both damp the oscillations and cause a more
rapid growth in the scale factor, which asymptotes to a linear function of conformal time
for all values of k. The fact that there are times for which the universe is expanding in an
accelerated fashion suggests that our model can be used as an alternative to inflationary
models, but the complete investigation of this aspect is beyond the scope of the present
work.
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6.3 Conclusions

We have explored the first implementation of CCG in a relativistic setting, showing how
it can be implemented in an FRW spacetime. We found that this yields an alternative
model for quantum cosmology, one in which the dynamical variables are quantum, and
source a classical metric that influences test particles. By construction the evolution of the
spacetime in the presence of such test particles is fundamentally non-unitary and results
in an unavoidable decoherence of the quantum system and an arrow of time. The non-
unitarity is required in order for a test particle to be influenced by the scale factor in
the CCG model. This results in an arrow of time and unavoidable decoherence of the
quantum system. Furthermore, the big-bang singularity is removed, since the scale factor
is now interpreted as the mean of a positive quantum variable which is constrained by the
uncertainty relations.

The net effect of this interaction is manifest in a form of time-dependent dark energy
as our subsequent investigation of the evolution of the metric (as seen by an observer that
measures the trajectories of test particles) indicated. For positive curvature k > 0 we
found that the cosmological evolution is generally characterized by oscillatory behaviour of
the scale factor (consistent with the Friedmann solutions) that is eventually dominated by
exponential growth in conformal time. Transforming to comoving coordinates, the equation
of state parameter w(t) initially undergoes oscillations that damp out, with this parameter
reaching the asymptotic value of −1/3 at late times. This condition, present for all values
of k, is robust to initial conditions and is a consequence of the aforementioned exponential
growth, which in turn is driven by the constraint of the decoherence rate of the quantum
system.

We have thus shown than an observer in the universe will see the presence of a dark
fluid as a consequence of test particles interacting with the metric. This form of fluid
is characterized by γ, the fundamental parameter in our model. However the energy
conditions are generically not satisfied at early times, with |w(t)| > 1, although two notable
exceptions are illustrated in the upper left of figure 6.4 (the solid and dashed curves) for
thermal initial states. This suggests that a more sophisticated model could generically
satisfy the energy conditions. Furthermore ρ > 0 for k ≤ 0. Of course the model we
have presented here is overly simplistic, ignoring matter contributions and possible spatial
inhomogeneities and anisotropies. A more realistic cosmology must take such factors into
account.

The model discussed in this chapter can be extended to consider perhaps more realistic
scenarios. In particular we are interested in how a matter source interacting with the
scale factor will modify the equations. In this scenario, there is no need to introduce the
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notion of a test particle to account for non unitary evolution. In fact, the CCG model
states that in order for two quantum systems to interact gravitationally (in this case scale
factor and matter) both subsystems need to continuously have knowledge of the other
subsystem properties, and this can be achieved by a classical communication channel or
weak measurements. This (effective) weak measurements will break unitary evolution and
an observer in that universe that measure the matter field in order to describe its dynamics
will induce decoherence on the joint system scale factor- matter therefore changing the
dynamics as of a universe that behaves according to the Wheeler-deWitt equation.

Let us comment on the covariance properties of the CCG model as presented in this
work. As formulated here, the model explicitly brakes unitary evolution in the frame where
the weak measurements performed by the test particles are held and therefore the master
equation for the scale factor was computed in the proper frame of the test particles. In this
exploratory work we decided to work in conformal time, and thus both the test particles
and the observers have the conformal time as their proper time. A more careful extension
of the model should have this feature taken into account. For example, when matter is
introduced one should look at its associated energy momentum tensor and in particular to
its proper time. The proper time of the matter is then the frame in which the matter will
interact with the metric and thus is in this frame where unitarity is broken. One should
in principle write the master equation as a function of a the proper time of the matter.
A similar description that we presented in this work will therefore hold for an observer
whose proper time is the proper time of matter. For any other observer, that does not
share the same proper time as the matter, one will need to perform a change of reference
to described the emergent dark fluid. We postpone this extension to the next chapter.
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Chapter 7

Emergent dark energy from quantum
interactions with matter

7.1 Introduction

If CCG is to be regarded as the fundamental description of classical gravity it is then also
fundamental in describing the interplay between gravity and matter. This work presented
in this chapter is the first attempt in investigating this aspect of CCG: we consider a
universe filled with dust, which serves as the effective stress-energy of some primordial
weakly interacting matter. Even though dust is not the most general matter source, this
chapter sheds light on the interplay of matter with a universe dominated by quantum
variables that is still fully classical for any observer. For the analysis, we choose to adopt
a model in which all the noise is in the scale factor (similar to the description presented in
the last chapter); the primordial dust acts as a spectator, modifying the initial Hamiltonian
governing the equations of motion of the scale factor. This is not the only option nor is
it the most general, and we will discuss other possibilities for how to treat the primordial
dust in the concluding section of our paper.

In this chapter we analyze the behaviour of both the emergent fluid and the primordial
perfect fluid focusing on the differences with respect to the empty universe model. Extend-
ing this study, we provide an improved description of the emergent dark fluid and find that
it can be characterized as emergent curvature in the universe. We organize our material as
follows. In Sec. 7.2 we derive the equations of motion for our system and give a discussion
about the conservation of the Hamiltonian. Section 7.3 is devoted to the results, where
we present the behaviour for the scale factor, the emergent fluid and the behaviour and
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consequences of the primordial dust. We conclude this work in sections 7.4 and 7.5, giving
a discussion about the observable consequences of CCG and future directions.

7.2 Equations of motion

In order to find the equations of motion we make use of the formula 〈Â〉 = Tr(Â%̂) together
with the master equation (5.17) to find:

d 〈â〉
dτ

= −〈p̂〉
2
c2 , (7.1)

d 〈p̂〉
dτ

= 2k 〈â〉 − ρ0 , (7.2)

d 〈â2〉
dτ

= −〈p̂â+ âp̂〉
2

c2 , (7.3)

d 〈p̂2〉
dτ

= 2k 〈p̂â+ âp̂〉+ γ ~2
〈
â2
〉
− 2ρ0 〈p̂〉 (7.4)

d 〈p̂â+ âp̂〉
dτ

= −c2
〈
p̂2
〉

+ 4k
〈
â2
〉
− 2ρ0 〈â〉 . (7.5)

These five equations form a closed coupled system of differential equations. By comparing
with the equations of motion found in the previous chapter we note that the presence of dust
in the background couples Eqs.(7.3)-(7.5) with Eqs.(7.1)-(7.2). Nevertheless, Eqs.(7.3)-
(7.5) decouple from each other at third order:

〈
â2
〉′′′

+ 4kc2
〈
â2
〉′
− γ~2c4

2

〈
â2
〉

= −3

2
c4ρ0 〈p̂〉 , (7.6)〈

p̂2
〉′′′

+ 4kc2
〈
p̂2
〉′
− γ~2c4

2

〈
p̂2
〉

= ρ0γ ~2c2 〈â〉 , (7.7)〈
Γ̂
〉′′′

+ 4kc2
〈

Γ̂
〉′
− γ~2c4

2

〈
Γ̂
〉

= 3c2ρ0(2k 〈â〉 − ρ0) , (7.8)

where we have renamed âp̂+ p̂â = Γ̂ and make use of the notation d/dτ = ′.

7.3 Results

In this section we present the result of our analysis, in particular for the scale factor and
the emergent dark energy fluid due to the modification of the Wheeler-DeWitt equation
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(5.17). To this end we are going to solve for the scale factor a =
√
〈a2〉 in conformal time

τ using the coupled system of equations (7.6)-(7.7) and convert to proper time t using the
relation a(τ)dτ = dt. Note that for ρ0 = 0 the solution for the scale factor can be written
as

a2 =
3∑
i=1

Ai exp(ωiτ) , (7.9)

where the coefficients Ai depend on the initial conditions, k and γ, and where the charac-
teristic equation

ω3
i + 4kc2ωi −

γ~2c4

2
= 0 (7.10)

yields the solution for ωi.

In our case, because the system of equations is inhomogeneous, our solution for the
scale factor will be the homogenous solution plus a particular solution of (7.6)

a2 =
3∑
i

A
(k)
i exp(ωiτ)

+

{
− 3
γ
ρ2

0τ + 3p0ρ0

γ
, k = 0

3Ã cos(
√
kτ)− B̃ 3√

k
sin(
√
kτ), k = ±1

(7.11)

where we have used units where c = ~ = 1 and

Ã =
ρ0

36k3 + γ2
(12k2a0 + γp0 − 6kρ0) , (7.12)

B̃ =
ρ0

36k3 + γ2
(6k2p0 − 2a0kγ + γρ0) . (7.13)

Here A
(k)
i = A

(k)
i [k, γ, a0, p0, ρ0, a20, p20,Γ0] is a function of the physical parameters and

initial conditions, where a0 = 〈â〉(0), p0 = 〈p̂〉(0), a20 = 〈â2〉(0), p20 = 〈p̂2〉(0) and Γ0 =
〈Γ̂〉(0). The initial conditions must be chosen in such a way that the uncertainty principle
holds (

〈â2〉 − 〈â〉2
)(
〈p̂2〉 − 〈p̂〉2

)
≥
(

1

2
〈Γ̂〉 − 〈â〉〈p̂〉

)2

+
1

4
. (7.14)

In the sequel we choose to work with a0 = p0 = γ0 = 0, p20 = 1 and choose a20 = 1/4
in order to saturate the uncertainty principle. This states are called coherent states with
minimum uncertainty.
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Figure 7.1: Evolution of the scale factor in comoving time for k = 0 (left), k = 1 (middle )
and k = −1 (right). We show results for coherent states with minimal uncertainty, varying
ρ0 (top) and γ (bottom). In all cases we find that the late time behaviour asymptotes to
linear growth; for k = 1 the universe is oscillatory at early times that are dominated by
small γ and/or large ρ0.

7.3.1 Scale Factor

In this section we present the results for the behaviour of the scale factor under the classical
channel gravity when varying γ and ρ0 for the three different values of k. In figure 7.1 we
depict the scale factor a as a function of proper time for fixed γ (first row) and ρ0 (second
row).

We find for k = 1 that the early time behaviour of the scale factor is dominated by
oscillations that become sharper for small γ or large ρ0. At late times, the scale factor
behaves linearly in t in all cases, suggesting an exponential expansion as a function of
conformal time. The characteristic equation (7.10) always admits a positive real root for
any positive value of γ and indeed the solution associated with this root dominates the
homogeneous solution. The behaviour of the three different frequencies as a function of
gamma is shown in Fig 7.2. Showing in solid lines the pure real root and in dashed the
real part of complex roots.

In addition, for k = 0 and k = 1 the inhomogeneous solution is subdominant at late
times since it grows either linearly or oscillates respectively. The case k = −1 is different:
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Figure 7.2: Behaviour of the roots of the characteristic equation (7.10) for the three different
values of k. For all cases the characteristic equation admits a positive real root (solid, blue
line). In dashed lines we show the real part of the imaginary solutions and for the cases
k = 0 and k = 1 it coincides for both roots ω1 and ω2 (dashed green line – Note that
the orange dashed curve is superposed). For the case k = −1 the characteristic equation
admits two negative real solutions for γ < 6. The fact that there always exists a positive
real solution means that for late time the scale factor will be dominated by this solution.

the inhomogeneous solution is exponential in conformal time ∼ exp τ . This inhomogeneous
solution competes with the exponential growth of the homogenous part. However, the
rightmost diagram in fig. 7.2 shows that the real root for k = −1 is always bigger than
2, which implies an exponential growth of at least ∼ exp 2τ . This analysis shows that for
all curvatures the homogenous part of the solution for the scale factor dominates the late
time behaviour and thus the late time universe predicted by the classical channel model
with matter will behave comparably to the previously studied empty case.

This translates into linear behaviour of the scale factor as a function of comoving time,
which in turn indicates a curvature dominated universe. Indeed, for k = 0 there exists one
positive real root of the characteristic equation (7.10) (ω1 shown in fig. 7.2 with solid lines)
while the other two are complex roots with real part negative (dashed lines). This means
that for late conformal times we can write

a2(τ) = A
(0)
1 exp(ω1τ) , (7.15)

which yields a scale factor in proper time

a(t) =
ω1

2
t , (7.16)

where ω1 = 0.793(γ~2c4)1/3. By use of the Friedmann equation H2 = κ
3
ρ(t), where H = ȧ/a

(and the dot denotes the derivative with respect to comoving time t), we realize that
ρ(t) ∝ a−2 which is equivalent to a universe dominated by a positive effective curvature
like fluid (Keff = ω2

1/4). From now on, when we refer to Keff we mean at the level of
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Friedmann equations — the topology of spacelike surfaces does not change and is fixed
by k. This also implies that for late times the equation of state parameter w, defined
as P = wρ, is w = −1/3. One can see this with use of the second Friedmann equation
ρ̇ + 3H(P + ρ) = 0 and the fact that ρ(t) ∝ a−2. We will make a deeper analysis of the
equation of state in the next section. Note that because of the exponential behaviour of
eq. (7.15) the expression (7.16) for the observed scale factor as a function of the observed
proper time tp is the same i.e. ap = ω1

2
tp.

7.3.2 Emergent Dark Fluid

For an classical observer unable to access the quantum nature of the scale factor, the
universe will be described by Einstein equations

Gab(ap) = κTab , (7.17)

where Gab is the Einstein tensor and Tab is the energy momentum tensor. As noted above,
because CCG does not break the homogenous and isotropic symmetries the effective metric
for the observer is still of the form (5.18) while the energy momentum tensor is the one
associated with a perfect fluid

T ab = (ρ+ P )UaU b + Pgab , (7.18)

where ρ is the energy density, P the pressure, Ua = ( ∂
∂t

)a the 4-velocity of the fluid and
gab the metric. On the other hand, a perfect fluid can be characterized by its equation
of state w defined as P = wρ. The Einstein equations guarantee the conservation of the
energy momentum tensor ∇aT

ab = 0 and reducing the the two Friedman equations

H2
u +

k

a2
=

κ

3
ρ , (7.19)

ρ̇− 3Hρ(1 + w) = 0 , (7.20)

where Hu = ȧ
a

is the fiducial Hubble parameter. The above equations can be solved to find

ρ(t) =
3

κ

(
ȧ2 + k

a2

)
, (7.21)

w(t) = −1

3

(
1 + 2

äa

ȧ2 + k

)
. (7.22)

Note that Eqs. (7.19)-(7.22) are for the fiducial quantities and the expression for the phys-
ical quantities can be read of Table 5.1. In particular we have that w = wp where wp is the
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physical observed equation of state. As previously advertised in the last section, for late
times the scale factor grows linearly with time, and so has ä = 0 and ȧ = α = constant,
reducing the above equations to

ρ =
3

κ

1

a2
(α2 + k) , w = −1

3
. (7.23)

We illustrate the behaviour of the equation of state as a function of comoving time for
all values of k and different values of ρ0 in fig. 7.3 (first row) where we see the late time
asymptote to w = −1/3 for all cases. This implies that the first Friedman equation (7.19)
can be written as

H2
u −

1

a2
(k + α2) = 0 , (7.24)

giving a universe dominated by curvature with an effective curvature constant Keff =
2k + α2.

We emphasize that this curvature domination is at the level of the Friedmann equations;
Keff does not change the topology of the universe. For k = 0 and k = 1 the effective
curvature is always positive. For k = −1 the universe could be hyperbolic if α2 < 2. In
the second row of fig. 7.3 we present Keff for the three different values of k as a function of
γ. As expected, Keff is insensitive to the value of ρ0 and it is consistent with the analysis
that at late times the homogenous part of the solution of the scale factor dominates.

Separation

As outlined in Sec. 7.3.2 the classical emergent fluid is composed of a purely emergent part
due to CCG and a part due to the primordial dust T abd . Here we outline the strategy for
analyzing the classical perfect fluid T ab and how the primordial dust T abd affects it.

To this end, note that in CCG the comoving time t is defined a posteriori once we have
solved eq. (5.17) for the scale factor a. Also note that t is in general different from the
proper time td of the primordial dust. These two coordinates are respectively defined as

a(τ)dτ = dt , a(τ)dτ = dtd , (7.25)

where a(τ) is the scale factor entering in eq. (5.5) and a(τ). With these definitions we can
write the energy-momentum tensor of the dust defined by eq. (5.3) in terms of the classical
scale factor a and its associated comoving time

T abd = ρUa
dU

b
d = ρ

a2

a2
UaU b = ρN U

aU b Ua =

(
∂

∂t

)a
, (7.26)
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Figure 7.3: Behaviour of the equation of state (top) and Keff (bottom) for the three different
topologies. For large times the equation of state converges to the value −1/3 making the
universe to be dominated by curvature. The value of the curvature parameter is shown in
the bottom part and it does not depend on the value of ρ0. This is because for late time
the scale factor is dominated by the homogenous solution that is where the effect of CCG
is much stronger than the initial matter content. The case k = −1 is the only case that
admits a change in sign of Keff , Keff = 0 (effectively flat - empty universe) can be fine
tuned for γ ∼ 25.
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where ρN = ρ a2

a2 and Ua is the four-velocity of the classical fluid T ab. We are now inter-
ested in whether the dust energy-momentum tensor defined with the previous equation is
conserved or not. The divergence of T abd in terms of the covariant derivative associated
with the metric (5.18) yields

∇aT
ab
d =

dρN
dt
− 3HuρN = ρ

a

a2

(
d a

d td
− da

dt

)
. (7.27)

The right-hand side of (7.27) is generically non-zero. Hence the original dust fluid T abd will
not be conserved in the classical observed spacetime.

In other words, CCG implies rather naturally a perfect fluid emergent from eq. (5.17)
that we denote by T ab (since it is the perfect fluid a classical observer will detect) and
that is conserved under the covariant derivative associated with the metric (5.18). This
emergent fluid has a component that is intrinsic to CCG and another contribution from
the primordial dust T abd . We have shown that we cannot treat T abd as a conserved disjoint
fluid but we can still describe its properties using

T ab = T abD + T abd , (7.28)

where T ab was studied in the previous section and T abd is defined by equation (7.26). By
use of this equation we can write the relation between energy densities and pressures

ρ = ρD + ρo , P = PD , (7.29)

where ρo denotes the energy density of the primordial dust in the new coordinates (7.26)

ρo = ρ0
a2

a5
. (7.30)

In the last expression all the quantities are functions of the new comoving time t. Note
that a(τ) as a function of conformal time is the solution to a Friedman universe filled with
dust and thus

a(τ) =
κ

3
ρ0


sin(τ/2)2, k = 1

τ 2/4, k = 0

sinh(τ/2)2, k = −1

(7.31)

Since an observer in the universe will only infer from measurement one conserved fluid,
he/she will not be able to distinguish between the parts (ρd , ρo) that form it. Nevertheless,
as shown in fig. 7.1 the presence of ρo imparts a quantitative difference to the evolution of
the universe as compared to the ρo = 0 case.
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7.4 Discussion

Perhaps, the most striking feature of our CCG model with matter is the fact that if the
primordial dust is treated as a classical fluid, its influence in the universe will be washed out
for late times – where the decoherence (dominated by γ) takes over. An observer at late
times will be unable to discern whether or not the universe had some primordial classical
matter. On the other hand, the primordial fluid does not have the same consequences as
dust has in classical General Relativity. As seen in fig. 7.2 (top), the primordial dust makes
the universe expand faster, contrary to the intuition one has from GR – the dust makes the
universe contract. In CCG there is an interplay between the value of the primordial dust
and the decoherence parameter γ conspiring to produce such an effect. Note, however,
that in the limit where γ = 0 (which in turns correspond to a fully classical description) we
recover the Friedman equations with dust. Nonetheless, this is not fully satisfactory, since
Friedman evolution has been very well constrained by data [18], questioning the necessity
to introduce CCG in the first place.

This leaves open the question of how to include matter in the model. Phenomeno-
logically, one could argue that the observed energy momentum tensor (7.18) is indeed
composed of cold dark matter and a cosmological constant plus a CCG contribution. The
first Friedman equation for the values today can be written as

1 = Ω0
b + Ω0

cdm + Ω0
rad + Ω0

Λ + Ω0
k + Ω0

CCG , (7.32)

where Ω0
i = ρi(t0)

ρ0
c

for the respective baryon, cold dark matter, radiation, vacuum, curvature,

and CCG contributions, with ρ0
c the value of the critical density today. Using the results

for the cosmological parameters given by Planck [18] we can constrain

0 ≤ Ω0
k + Ω0

CCG ≤ 0.001± 0.004 , (7.33)

In a universe where k = 0, since ap = ω1

2
tp for late times, this implies (upon use of

Friedmann equation) that ρCCG = 3ω2
1/(4κa

2
p), where ω1 = 0.7(~2c4γ)1/3. With this we

can write eq. (7.33) as

Ωccg =
ω2

1

4(a0
p)

2(H0
p )2

< 0.001 , (7.34)

where the superscript 0 denotes the values today. We finally find

γp < 0.1(a0
pH

0
p )3

(
V0

κ~c2

)2

∼ 1066

m6s
V 2

0 . (7.35)

Taking the fiducial volume to be the order of the Hubble volume, one finds that γp < 10266!!.
This implies that present cosmological observations are far from ruling out this model.
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Conversely, one could also conclude that the cosmological effects of the CCG model are of
negligible observational consequence.

Is this a game stopper? As discussed above there is still work to be done in trying to
understand how to include the presence of classical and quantum matter in CCG in a way
that i) is able to reproduce the strongly constrained behaviour of the ΛCDM model and ii)
gives a possible resolution to the unsolved problems of this standard model of cosmology.

7.5 Conclusion

We have studied the cosmological consequences of the CCG model in a universe containing
primordial dust. We found that for late times the homogenous solution dominates, meaning
that the fundamental CCG modification is stronger than that of a primordial perfect
fluid. Extending the analysis in the previous chapter, we have furthermore found that
the equation of state asymptotes to w = −1/3, yielding a universe that is curvature-
dominated, and computed the effective ‘curvature fluid’. This shows that the emergent
dark fluid behaves as a curvature parameter in the Einstein equations at late times.

More realistic extensions of this model would include incorporating both vacuum en-
ergy and primordial radiation, which should correspond to the effective stress energy of
the elementary particles of the standard model. More generally one could add a conserved
energy momentum tensor representing different matter components of the universe, ana-
lyzing the effect that each has on the evolution of the scale factor in the CCG context.
Constrained by current observations [18], the curvature of the observable universe is close
to zero suggesting that CCG modifications to Friedman equations must be small enough
to i) predict a vacuum-dominated universe and ii) give Ωk ∼ 0. Finally, it would be inter-
esting to study CCG in the context of theories of gravity that violate energy conservation
to better understand the observable consequences of CCG and construct a comparison
background of theories of modified gravity.
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Chapter 8

Outlook

8.1 Future directions

In this thesis we have studied in detail the Classical Channel Gravity (CCG) model that
posits that the gravitational interaction is fundamentally classical, in the sense that it can
not transmit quantum information. Starting from a deep analysis of collisional Markovian
interactions we have shown that many emergent dynamics can emerge as a result of short
weak interactions. Under certain circumstances the dynamics are equivalent to those pro-
posed by gravitational decoherence models. Since the reasearch field is relatively young we
are still to find out a fundamentally broad description of gravitational decoherence. Nev-
ertheless this seams a promising path to study the interplay between quantum mechanics
and gravity in limits that are (or are soon going to be) reachable. As we showed in this
thesis, there are available experiments that can test the predictions of CCG and it remains
as a theoretical task to produce a concrete, and physically motivated, extension of CCG
to particles of different masses.

Along these lines, with Jamie Breault we are investigating the possibility that instead
of minimizing the decoherence rate, one minimizes the heating rate when two particles of
different masses are involved in the interaction. Starting with the master equation for two
particles interacting under the CCG framework (1.11)

dρ̂

dt
= − i

~
[Ĥ0 + ĤI , ρ]−

(
1

4D2

+
K2D1

4~2

)
[x̂2, [x̂2, ρ]]−

(
1

4D1

+
K2D2

4~2

)
[x̂1, [x̂1, ρ]] , (8.1)

a crucial assumption we have made in ch. 4 is that D1 = D2 = D meaning that all the
measurement strengths for both particles are the same. Under this assumption the mini-
mization of the decoherence rate gives DDRmin = K

2~ for both particles. The DR superscript
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denotes decoherence rate. Physically, this means that the noise added to each of this
particles is the same regardless of their mass.

The heating rate Rh is defined as the average rate of change of the system’s kinetic
energy with respect to time due to energy being introduced into the system. The kinetic

energy of the system is described by Ĥ0 =
p̂2

1

2m1
+

p̂2
2

2m2
, the free Hamiltonian for the particles.

Using the master equation (8.1) we can compute the heating rate as

Rh = Tr[Ĥ0ρ̇] =
~2

m1

(
1

4D1

+
K2D2

4~2

)
+

~2

m2

(
1

4D2

+
K2D1

4~2

)
. (8.2)

Notice that minimizing heating rate wrt. D1 and D2 is equivalent to minimizing decoher-
ence rate, however, if D1 6= D2 we get

D1 =
~
K

√
m2

m1

& D2 =
~
K

√
m1

m2

, (8.3)

which yields a master equation

dρ̂

dt
= − i

~
[Ĥ0 + ĤI , ρ]− K

2~

[√
m2

m1

[x̂2, [x̂2, ρ]] +

√
m1

m2

[x̂1, [x̂1, ρ]]

]
. (8.4)

Note that if m1 = m2 minimizing heating rate yields the same result as minimizing deco-
herence rate. In addition, note that the most massive particle will decohere much faster
than its lighter counterpart, which, in our opinion, is a more physical mechanism for a
system with different masses. It remains to compare this with experiments and show that
this extension is still a classical channel; in the sense that it can not entangle the particles.

In this thesis we have also studied the cosmological extension of CCG and showed that
it predicts the emergence of a perfect fluid acting as a dark fluid filling the universe. We
have shown that current observations do not put tight constraints on the model, however
future efforts should be directed into trying to understand the testability of this model
with current cosmological observations such as the CMB and pulsar timing.

We now discuss a fun fact about our model. In chapters 6 and 7 we have studied
the master equation for a universe that has effectively its scale factor constantly being
measured by the test particles sitting on spacetime. Now we can ask the question of what
happens if the backreaction of these test particles is taken into account? Following the
same procedure as in sec. 1.3 and ch. 2 we can show that feedback on the same observable
that was measured (â2) with a strength α is

dρ̂ =
i

~
[H0 +

α

2
a4
p, ρ]dτ −

(
γ

8
+

α

2γ~2

)
[a2
p, [a

2
p, ρ]]dτ . (8.5)
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The decoherence is minimized by choosing γ = 2α
~ . By renaming

α = 2
V0

κ
Λp , (8.6)

the master equation is

dρ = − i
~

[H0 +
V0

κ
Λpa

4
p]dτ −

V0

κ~
Λp[a

2
p, [a

2
p, ρ]]dτ . (8.7)

Note that the feedback mechanism produces an extra unitary term of the form

V0

κ
Λpa

4
p , (8.8)

on top of the usual decoherence term. In a universe dominated by eq. 8.7 an observer will
not only see a dark fluid characterized by the decoherence term in (8.7), but will also see
a cosmological constant term produced by the extra unitary term. We see this since the
term V0

κ
Λpa

4
p is the same appearing in the Hamiltonian produced by the following action

S =
1

2κ

∫
d4x
√
−g[R− 2Λp] . (8.9)

Using κ = 8πGc−4, Λp = 1.1× 10−52m−2 and V0 = 3.58× 1080m3 to be the Hubble volume
we get γp ≈ 10105 which is very well within the constraint found in ch. 7, γp < 10226.

Finally we mention that a full extension of CCG for the the full GR construction is
missing. Following the ideas developed in this thesis, a possibility to extend to CCG is
explore the Hamiltonian of full GR with all its degrees of freedom coupled with matter and
think how this matter will decohere the spacetime. An option could be to implement CCG
decoherence to all those degrees of freedom that couple with matter degrees of freedom at
the level of the Hamiltonian1. However, this idea is still ‘under construction’, and there
is still no agreement in the community on how to include gravitational decoherence in the
full GR framework.

8.2 Final words

Congratulations! You’ve made it to the end of this thesis. Thank you very much for your
interest and for taking the time for reading this. If you have any comments, suggestions
or criticisms (constructive ones) feel free to reach me, I’ll be happy to hear them.

1With Kiran Khosla and Matthew Robbins we are exploring this area.
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Appendix A

Chapter II

A.1 Exact unitarity

Here we sketch the proof of the conditions that guarantee exact unitary evolution of a
system whose dynamics is given in eq. (2.9), discussed in Sec. 2.2.1. We repeat these
conditions here for the convenience of the reader: The evolution of the system is exactly
unitary if and only if (i) the initial state of the ancillae is supported on a linear subspace
HM of eigenstates of M̂ with a common eigenvalue and (ii) the subspace HM is invariant
under M̂0.

It follows from (i) that the total Hamiltonian (2.1) acting on the joint state of the
system and ancilla can effectively be written as the sum of a term Ĥs(M) = Ŝ0 + ḡMŜ
that acts only on the system (where M denotes the common eigenvalue of M̂ for states in
HM), and a term M̂0 that acts only on the ancilla. From (ii) we have that on the subspace
HM the operators M̂0, M̂ commute. The evolution of the system thus factors out from
the evolution of the ancilla, although it is described by an ancilla-dependent Hamiltonian
Ĥs(M).

The proof of the necessary condition can be obtained as follows: A system evolves
unitarily if its time evolution solves the Heisenberg equation

ρ̇ = − i
~

[ĥ, ρ] (A.1)

for some Hermitian operator ĥ. In particular, this means that to all orders in τ eq. (2.9)
must agree order by order with a corresponding expansion of an equation of the form
ρ(tn) = Ûh(τ)ρ(tn−1)Û †h(τ) with Ûh(τ) = exp(−iτ ĥ/~). For this to be the case we must
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have (a): ĥ = Ŝ0 + ḡ〈M̂〉Ŝ. Moreover, (b) for all k ∈ N we must have 〈M̂k〉 = 〈M̂〉k, which
is equivalent to (i) – the state of the ancilla must be in an eigensubspace of M̂ . Inspecting
terms of order τ 3, we obtain a further condition (c): Tr{(M̂M̂2

0−2M̂0M̂M̂0 +M̂2
0M̂)ρm} =

0. Using (i) and denoting by M the corresponding eigenvalue of M̂ , condition (c) is equiv-
alent to MTr{M̂0ρmM̂0} = Tr{M̂M̂0ρmM̂0}, that is M̂0 preserves HM . This completes
the argument.

A.2 Instantaneous position measurement and feedback-

control

In this appendix we provide an example of eq. (2.30) with specific operators satisfying the

limits (2.29). We take Ŝ0 = p̂2

2m
as the free Hamiltonian of the system and M̂0 = 0 (trivial

evolution of the meters). We take the first interaction to be effectively a measurement
performed by the meter over the system of some operator Ŝ1 for which we have M̂1 = p̂m
where p̂m is the momentum operator of the meter. For the second interaction we choose
M̂2 = x̂m where x̂m is the position operator of the meter. Finally, suppose we initially we
prepare each meter in a Gaussian state |ψ〉 such that

ψ(x) = 〈x̂ |ψ〉 =
1

(πσ)1/4
e−

x2

2σ , (A.2)

for which the density matrix is ρ̂m = |ψ〉〈ψ | and the various expectation values are

〈M̂0〉 = 0 ,

〈M̂2〉 = 〈x̂m〉 =

∫
dxm〈xm |x̂mρ̂m|xm〉=

∫
dxmxmψ(xm)2 = 0

〈{M̂1, M̂1}〉 = 〈{p̂m, p̂m}〉=2

∫
dxm〈xm |p̂2

mρ̂m|xm〉=2

∫
dxm

[(
i~

∂

∂xm

)2

ψ(xm)

]
ψ(xm)=

~2

σ

〈{M̂2, M̂2}〉 = 〈{x̂m, x̂m}〉=2

∫
dxm〈xm |x̂2

mρ̂m|xm〉=
∫
dxmx

2
mψ(xm)2 =σ

〈{M̂1, M̂2}〉 = 〈{x̂m, p̂m}〉 =

∫
dxm〈xm |(x̂mp̂m + p̂mx̂m)ρ̂m|xm〉 = 0

〈i[M̂1, M̂2]〉 = 〈i[x̂m, p̂m]〉 = −~ (A.3)
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With these expressions the limits (2.29) reduce to

Ξi = 0 ∀i , Γ11 = lim
τ ′→0

1

4
τ ′ḡ2

1

~2

σ
, Γ22 = lim

τ ′→0

1

4
τ ′ḡ2

2σ , M̃12 = − lim
τ ′→0

τ ′ḡ1ḡ2

4
.

(A.4)

Let’s now assume that the first interaction is an instantaneous measurement that can
be modelled by choosing its interaction strength ḡ1 = 1

τ ′
– which results in an interaction

of the form of a delta function in time. The strength of the second interaction is constant
over the interval τ ′ and finite. The above limits are thus

Γ11 =
1

4
lim
τ ′→0

~2

τ ′σ
, Γ22 =

1

4
lim
τ ′→0

ḡ2
2 τ
′σ , M̃12 = − ḡ2

4
. (A.5)

We notice that in order to have a well defined master equation (2.30) we need to take an
initial state for the meter such that σ goes to infinity in a way that limτ ′→0 στ

′ = D, where
D is a constant. This is equivalent to considering a measurement which is instantaneous
and “infinitely” strong but also “infinitely” inaccurate. Finally, the master equation (2.30)
for our example reads

ρ̇(t) = − i

~
[Ŝ0, ρ(t)]− i

~
ḡ2

4
[Ŝ2, Ŝ1ρ(t) + ρ(t)Ŝ1]

− 1

8D
[Ŝ1, [Ŝ1, ρ(t)]]− D

~2

ḡ2
2

8
[Ŝ2, [Ŝ2, ρ(t)]] .

(A.6)

Note that choosing Ŝ1 =
√

2x̂s to be the position operator of the system and ḡ2 =
√

2 the
last equation reduces to the unconditional master equation

ρ̇(t) = − i

~
[Ŝ0, ρ(t)]− i

2~
[Ŝ2, x̂sρ(t) + ρ(t)x̂s]

− 1

4D
[x̂s, [x̂s, ρ(t)]]− D

4~2
[Ŝ2, [Ŝ2, ρ(t)]] .

(A.7)

found by Milburn and Caves in ref. [94]. Those authors considered cycles of interaction,
in which after an instantaneous position measurement a feedback control operation was
introduced.

In general, feedback-control gates are applied to a system to control its behaviour after
a measurement was performed. In the quantum information processing community, in
the circuit framework, these are often approxiated as an instantaneous, non-infinitesimal
transformations of the system depending on the measurement outcome. It is important
to remark that contrary to this picture of feedback – where the state of the meter is not

111



modified – in the measurement/interaction approach applied here, the state of the meter
will naturally get modified. For the example above, it will have the net effect of shifting
the momentum of the meter. Finally notice that this will not affect the results of short
interactions in our regime since each ancillae is discarded after the measurement – but
it is an effect that needs to be taken into account when constructing measurement-based
feedback gates. For completeness, recall that if Ŝ2 = αŜ1, the second term in eq. (A.6)
becomes a quadratic potential in Ŝ1.

A.3 Emergent Newtonian-like interaction

Now we present a concrete application of Section 2.4 by introducing the gravitational
example of ref. [8]. We first genralize our model to the symmetric case, where the total
Hamiltonians during the first and the second sub-step correspondingly read

Ĥ
(1)

= g1(t)Ŝ1
s1 ⊗ M̂1

m1 ⊗ Î
s2 ⊗ Î

m2
+ g2(t)Î

s1 ⊗ Î
m1 ⊗ Ŝ2

s2 ⊗ M̂2
m2 (A.8)

Ĥ
(2)

= g3(t)Ŝ3
s1 ⊗ Î

m1 ⊗ Î
s2 ⊗ M̂3

m2 + g4(t)Î
s1 ⊗ M̂4

m1 ⊗ Ŝ4
s2 ⊗ Î

m2
(A.9)

Following the same derivation as in the previous sections we obtain the master equation

ρ̇ (T ) = − i
~

[Ŝ0, ρ] + lim
τ ′→0

− i

~

(
ḡ2〈M̂m2

2 〉[Ŝs22 , ρ] + ḡ4〈M̂m1
4 〉[Ŝs24 , ρ] + ḡ1〈M̂m1

1 〉[Ŝs11 , ρ] + ḡ3〈M̂m2
3 〉[Ŝs13 , ρ]

)
− lim

τ→0

τ

4~2

(
ḡ2

2〈M̂
m2
2

2
〉[Ŝs22 , [Ŝ

s2
2 , ρ]] + ḡ2

4〈M̂
m1
4

2
〉[Ŝs24 , [Ŝ

s2
4 , ρ]]

+ ḡ2
1〈M̂

m1
1

2
〉[Ŝs11 , [Ŝ

s1
1 , ρ]] + ḡ2

3〈M̂
m2
3

2
〉[Ŝs13 , [Ŝ

s1
3 , ρ]]

+ ḡ2ḡ3〈[M̂m2
3 , M̂m2

2 ]〉[Ŝs13 , Ŝ
s2
2 ρ+ ρŜs22 ] + ḡ1ḡ4〈[M̂m1

4 , M̂m1
1 ]〉[Ŝs24 , Ŝ

s1
1 ρ+ ρŜs11 ]

+ ḡ2ḡ3〈{M̂m2
3 , M̂m2

2 }〉[Ŝs13 , [Ŝ
s2
2 , ρ]] + ḡ1ḡ4〈{M̂m1

4 , M̂m1
1 }〉[Ŝs24 , [Ŝ

s1
1 , ρ]]

)
· · · (A.10)

where ρ denotes the state of both subsystems, Ŝ0 is the free part of the Hamiltonian, and
we have suppressed the identity operators.

Since our main aim was to keep the terms in (2.36), which induce an interaction be-

tween the systems, we need the commutators 〈[M̂4
m1
, M̂1

m1
]〉 and 〈[M̂3

m2
, M̂2

m2
]〉 to be

non vanishing. For simplicity, we choose:

M̂1

m1
= p̂m1 M̂2

m2
= p̂m2 M̂3

m2
= x̂m2 M̂4

m1
= x̂m1 (A.11)
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and we use the ancillae initially prepared in a Gaussian state centered at zero as in eq.
(A.2). Using Eqns. (A.3) and assuming instantaneous interactions for ḡ2 and ḡ1 (such that
ḡi = χi

τ
) and constant interactions for ḡ3 and ḡ4 (such that ḡ3 = ḡ4 = 1), then we get the

following master equation:

ρ̇ =− i

~
[Ŝ0, ρ]− i

4~

(
χ2[Ŝs13 , Ŝ

s2
2 ρ+ ρŜs22 ] + χ1[Ŝs24 , Ŝ

s1
1 ρ+ ρŜs11 ]

)
− D

8~2

(
[Ŝs13 , [Ŝ

s1
3 , ρ]] + [Ŝs24 , [Ŝ

s2
4 , ρ]]

)
− 1

8D

(
[Ŝs11 , [Ŝ

s1
1 , ρ]] + Ŝs22 , [Ŝ

s2
2 , ρ]]

) (A.12)

If we choose the operators Ŝski = x̂skk , and set χ1 = χ2 = K, then this equation becomes

ρ̇ =− i

~
[Ŝ0, ρ]− iK

4~
([x̂1, x̂2ρ+ ρx̂2] + [x̂2, x̂1ρ+ ρx̂1])

− D

8~2
([x̂1, [x̂1, ρ]] + [x̂2, [x̂2, ρ]])− 1

8D
([x̂1, [x̂1, ρ]] + [x̂2, [x̂2, ρ]])

=− i

~
[Ŝ0, ρ]− iK

2~
[x̂1x̂2, ρ]− D

8~2
([x̂1, [x̂1, ρ]] + [x̂2, [x̂2, ρ]])− 1

8D
([x̂1, [x̂1, ρ]] + [x̂2, [x̂2, ρ]])

which yields the quadratic potential for an induced gravitational interaction (with noise)
studied in [8], taking Ŝ0 to be the sum of harmonic oscillator Hamiltonians for each sub-
system.
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Appendix B

Chapter III

B.1 Dephasing Rate Minimization

The minimum dephasing rate for the multiparticle case cannot simply be obtained by
considering only a single clock. For example the dephasing of a single clock i in eq. (3.4)
can be zero for Γi → 0, and Γj 6=i → ∞. However, this would result in each of the other
j 6= i clocks dephasing to a maximally mixed state instantly. Therefore, the minimization
procedure must minimize each dephasing rate simultaneously to give a physically sensible
result. We therefore minimize the sum of dephasing rates with respect to each of the Γij’s
(or Γi’s),

d

dΓkl

∑
i

[∑
j 6=i

(
Γij
2

+
g2
ij

8Γji

)]
= 0 (B.1)

or
d

dΓk

∑
i

[
Γi
2

+
∑
j 6=i

g2
ij

8Γj

]
= 0. (B.2)

For the pairwise feedback, the decoherence is minimized when Γij = Γji = gij/2, while
for the global feedback the decoherence is minimized when Γ2

i =
∑

j 6=i g
2
ij/4 leading to

minimum dephasing rates of (assuming ωi = ωj = ω)

Dpw
(i) =

G~ω2

2c4

∑
j 6=i

1

dij
(B.3)

Dgl
(i) =

G~ω2

2c4

√∑
j 6=i

d−2
ij (B.4)
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for pairwise and global feedback respectively. Alternatively, the measurement rates Γij’s
could be considered as some fundamental measurement rate that does not depend on the
spatial distribution of the physical system. In this case, each of the Γ’s lose their ij (or j)
dependence. Nevertheless, there is still a dephasing on the clocks that can be bounded by
current experiments. For a fixed Γ, the minimum dephasing on the ith particle is

Gpw
(i) =

√
N − 1

G~ω2

2c4

√∑
j 6=i

d−2
ij (B.5)

Ggl
(i) =

G~ω2

2c4

√∑
j 6=i

d−2
ij . (B.6)

Although the dephasing from the measurement is assumed to be fixed, the total dephasing
rate still depends on the local environment of the clock due to the feedback from all other
clocks. For an arbitrary spatial distribution of clocks, the summations in Dpw

(i) and Dgl
(i) must

be computed. However, for regular arrays of clocks the summations are well approximated
by integrals and can be solved to find the dependence on the number of clocks N , and
spatial distribution. If we consider a regular array of N clocks with characteristic length
Lc between adjacent clocks, the sum can be written as,∑

j

1

dαij
≈ 1

LDc

∫
VD

dVD
rα

=
SD
LDc

∫ R

Lc

rD−1−αdr , (B.7)

for a clock in the center of a D-dimensional array, e.g. linear (1D), circular planar (2D),
or spherical (3D) lattices. The integral is over the macroscopic volume, (area in 2D or
line in 1D) of the array, and SD = 1, 2π, 4π for linear, planar and spherical geometries
respectively. The integral is explicitly an approximation to the sum for the ith clock in
the center of an array of radius R = N1/DLc. However, by using symmetry, clocks on the
sides/edge of an array would be expected to have the same scaling with N (which is fixed
by D− 1− α), and differ only by a constant factor of order unity. For linear arrays in 1D
consider the following example:∑

j 6=i

1

dij
≈

∫ −Lc
−NLLc

1

|x|
dx

a
+

∫ NRLc

Lc

1

|x|
dx

a

=
1

Lc
log(NLNR) (B.8)

where NL > 1 (NR > 1) are the number of clocks to the left (right) of the ith clock. As
NL +NR + 1 = N , the sum scales as log(N) regardless of the physical position of the clock
in the array.
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Appendix C

Chapter IV

C.1 CCG model for composite systems

Here we extend the CCG approach by constructing a model for composite systems in three
dimensions relevant for the matter wave experiments we analyze in the main text. We
consider two systems s1 and s2 respectively consisting of N1 and N2 elementary constituents
– chosen to be atoms – with masses mi, i = 1, ..., N1 +N2. Choosing atoms to be the basic
constituents of a body ensures that (unlike the case for subatomic particles) the total mass
of a body is equal to the sum of its individual constituents. Our aim is to describe the
behaviour of the centres of mass of two objects in the CCG model, thereby allowing a more
complete comparison between it and the Diosi-Penrose model. A multi-particle extension
of the CCG model could also be used directly (though perhaps more cumbersomely) and
the same final results would be obtained.

The classical gravitational potential energy between any two constituents i, j reads

Vij =
Gmimj

|~rij|
,

where ~rij is the vector joining the positions of the individual masses mi,mj. We write this

as ~rij = ~dij + ~xi + ~xj, where ~dij is the vector joining their positions at the initial time
and ~xi,j is the displacement of the CM of a given body. We consider the case where s1

and s2 are rigid. In applications of interest here, s1 will be a test mass (e.g. an atom in
an interferometer) and s2 will describe matter gravitationally interacting with s1, (e.g. the
Earth). We will thus assume that a) all constituents of a given body are in a superposition
of equally distant locations (rigidity); b) there is one distinguished direction defined by the
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superposition of the test mass (while the surrounding matter is well localised), see fig. C.1.

d
k
ij

d?ij

mj

mi

xi

s1

s2

~dij

Figure C.1: Test body s1 in a spatial superposition in the presence of a source mass s2. For
any pair of elementary masses (mi,mj) forming the bodies, the distance ~dij between them

can be decomposed into component d
‖
ij along the direction of the spatial superposition of

s1 and a perpendicular component d⊥ij. xi is the displacement from the initial position of
the mass mi, whose values span all locations between which the particle can be superposed.
Note that the assumption of rigidity implies that each constituent of s1 is displaced by the
same amount.

It is convenient to write ~dij = d
‖
ij ê + d⊥ij ê

⊥ where ~xi = xiê and thus ê is a unit vector

in the direction defined by the superposition and ê⊥ is a unit vector in an orthogonal
direction. With the above we can write

Vij =
−Gmimj√

(d
‖
ij + xi + xj)2 + (d⊥ij)

2

≈ −Gmimj × (C.1)

×

(
1

dij
−
d
‖
ij

d3
ij

(xi + xj) +
(d
‖
ij)

2 − 1
2
(d⊥ij)

2

d5
ij

(xi + xj)
2

)

where dij =
√

(d
‖
ij)

2 + (d⊥ij)
2.

For any pair (i, j) the “measurement” part of the interaction can thus be taken as
x̂i⊗ p̂mi + x̂j⊗ p̂mj and the “feedback” as Kijx̂i⊗ x̂mj +Kijx̂j⊗ x̂mi + Ŷ i ⊗ Îmj + Ŷ j ⊗ Îmi ,
where Ŷ i(j) acts only on mass mi(j). The following master equation for the pair

ρ̇ij ≈ −
i

~
[Ĥ0 + Ŷ i + Ŷ j +Kijx̂ix̂j, ρij]− Γij ([x̂i, [x̂i, ρij]] + [x̂j, [x̂j, ρij]])
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is thus obtained, where Γij ≡ 1
4D

+
K2
ijD

4~2 . Defining Kij := 2Gmimj
(d
‖
ij)

2− 1
2

(d⊥ij)
2

d5
ij

, Yi :=

−Gmimj(
1

2dij
− d

‖
ij

d3
ij
xi +

(d
‖
ij)

2− 1
2

(d⊥ij)
2

d5
ij

x2
i ) the master equation describes the induced (approx-

imate) Newtonian interaction between mi, mj (since Ŷ i + Ŷ j + Kijx̂ix̂j ≈ Vij, eq. (C.1))
with the decoherence term including a gradient of the Newtonian force between the pair
in three dimensions. Note that the x-axis is defined by the direction of the superposition;
that is why decoherence terms included in the model also act only in this direction. The
dynamics of all N1 +N2 constituents, described by ρtot, reads

ρ̇tot = − i
~

[Ĥ0 +

N1+N2∑
i<j

Vij, ρtot] −
N1+N2∑
i<j

Γij

(
[x̂i, [x̂i, ρtot]] + [x̂j, [x̂j, ρtot]]

)
. (C.2)

Introducing the displacement r1 (r2) of the CM of s1 (s2), and x̂′i as the displacement
relative to the CM, the displacement of any individual constituent can be described by
x̂i = r̂1+x̂′i for i < N1 (for constituents of s1) and x̂i = r̂2+x̂′i for i > N1 (for constituents of
s2). With the above [x̂i, [x̂i, ρtot]] = [r̂1, [r̂1, ρtot]]+[x̂′i, [x̂

′
i, ρtot]]+[r̂1, [x̂

′
i, ρtot]]+[x̂′i, [r̂1, ρtot]],

for i ≤ N1 and analogously (with r̂2 instead of r̂1) for i > N1. From the assumed rigidity
of the bodies it follows that relative degrees of freedom are uncorrelated with the CM and
their displacements remain negligible; see fig. C.2 for an illustration (i.e. a rigid body
whose CM is in a superposition of locations a and b is described by a correlated state
where all its constituents are at fixed distances relative to the CM position a and at the
same fixed distances relative to the CM position b).

Tracing over the relative degrees of freedom and keeping the CM positions of s1 and
s2 results in the following master equation (in performing the trace, for simplicity one can
assume that the CM of si coincides with the position of one of its particles)

ρ̇s1s2 =− i

~
[Ĥ0 + V, ρs1s2 ]− 2

N1∑
i<j=1

Γij[r̂1, [r̂1, ρs1s2 ]]− 2

N1+N2∑
N1<i<j

Γij[r̂2, [r̂2, ρs1s2 ]]

−
N1∑
i=1

N1+N2∑
j=N1+1

Γij

(
[r̂1, [r̂1, ρs1s2 ]] + [r̂2, [r̂2, ρs1s2 ]]

) (C.3)

where V =
∑N1+N2

i<j Vij ≈ −G M1M2

|d+r1+r2| ; M1 and M2 are correspondingly the total masses of
s1 and s2.

Finally, tracing over the degrees of freedom of s2 one obtains the master equation for
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xi

r1

mi

xi = r1

r1

mi

xi
x0

i

xi = r1 + x0
i

a) rigid body b) non-rigid body

r1

Figure C.2: Displacement xi of the ith constituent of a) rigid body, b) non-rigid body. For
a rigid body each constituent remains at the same distance (dashed arrow) from from the
centre mass (black diamond), and its displacement is the same as that of CM xi = r1. For
a non-rigid body, the displacement of a constituent can differ from that of the centre of
mass, xi = r1 + x′i. This work only considers case a).

the CM of s1:

ρ̇s1 = − i
~

[Ĥ0 + V, ρs1 ]−
(
2

N1∑
i<j=1

Γij +

N1∑
i=1

N1+N2∑
j=N1+1

Γij
)
[r̂1, [r̂1, ρs1 ]], (C.4)

We are particularly interested in the case when s1 is a single atom, N1 = 1, and s2 is
the entire Earth. Minimising the decoherence rate for each pair (1, j) gives Γmin1j =

K1j

2~
and the total decoherence rate is given by

∑
j∈earth

K1j

2~ . Note, that every constituent of
the Earth acts so as to increase the decoherence rate of s1. Here we seek to relate the
resulting decoherence to that given by the Earth’s CM, as in the original model. (For some
geometries, the multi-particle formulation of the model, and the original CCG prediction
for the CMs of the bodies give different results1.) Since K1j as a function of (d

‖
1j, d

⊥
1j) is

convex only for |d‖1j| < |d⊥1j|/
√

2 we consider only a portion C of the Earth’s mass, which
lies within the volume where K1j is convex, see fig. C.3.

The overall decoherence rate is greater than that stemming from particles in C, which
itself is greater than decoherence coming from the centre of mass of C. Since |d‖1j| <

1Let s2 to be a spherical shell of radius r comprising N particles of mass m, and s1 – an elementary
particle inside the shell. Sum over the constituents of the shell yields a finite decoherence rate, which can
be made arbitrarily small by increasing r → ∞. However, decoherence predicted by the model applied
directly to the CM of s2 is arbitrarily large for s1 arbitrarily close to the shell’s centre, independently of r.
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d?ij

s1

s2

~dij

7
6R

R

Figure C.3: Estimation of the decoherence effect on a single atom, s1, due to Earth: for
simplicity we consider only the portion of Earth for which the decoherence rate is always
greater than the effect stemming from matter concentrated at its centre of mass . This
portion of Earth’s mass is defined as all constituents (atoms) for which d⊥1j < d

‖
1j – inside

the cone-and-half-ball, shaded green in the figure. The total mass of the region is 3/4 of
the mass of Earth M , and its centre of mass is 7/6 of the Earth’s radius R.

|d⊥1j|/
√

2 < |d⊥1j|, the region C can be taken as a cone of height R and support of area πR2

together with a half ball of radius R. Assuming a constant density for body M2, the mass
of C is 3

4
M2 and its CM is at a distance 7

6
R from the top surface, as depicted in fig. C.3.

The quantity

ΓminM2;R =
3

4

(
6

7

)3

ΓCCG(M1,M2, R) = 0.47 ΓCCG(M1,M2, R)

where ΓCCG(M1,M2, R) = GM1M2

R3 is the lower bound on the decoherence rate of mass M1

due to the presence of the homogeneous ball of mass M2 and radius R. Note that in the
above the ΓCCG(M1,M2, R) is the decoherence rate as per the original CCG model for
elementary masses M1,M2 at a distance R.

Note that our overall result is lower bounded by the decoherence rate calculated as
if the entire body were concentrated in the centre of mass. Hence the predictions of the
CCG model for the experiments we analyze will not change if we choose constituents of
the Earth that are different from atoms.

We close this section by noting that in general there will be decoherence also in the
transverse directions. However the setup we analyze is not sensitive to any loss of coherence
in transverse directions. Furthermore, any such effects will further increase decoherence
rates, and thus will not affect our results.
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