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Abstract

In this thesis I study the problem of testing halfspaces under arbitrary probability distri-
butions, using only random samples. A halfspace, or linear threshold function, is a boolean
function f:R™ — {£1} defined as the sign of a linear function; that is,

f(x) = sign <Z WiT; — 9)

where we refer to w € R™ as a weight vector and 6 € R as a threshold. These functions
have been studied intensively since the middle of the 20*" century; they appear in many
places, including social choice theory (the theory of voting rules), circuit complexity theory,
machine learning theory, hardness of approximation, and the analysis of boolean functions.

The problem of testing halfspaces, in the sense of property testing, is to design an algorithm
that, with high probability, decides whether an unknown function f is a halfspace function
or far from a halfspace, using as few examples of labelled points (z, f(x)) as possible. In
this work I focus on the problem of testing halfspaces using only random examples drawn
from an arbitrary distribution, and the algorithm cannot choose the points it receives. This
is in contrast with previous work on the problem, where the algorithm can query points of
its choice, and the distribution was assumed to be uniform over the boolean hypercube.

Towards a solution to this problem I present an algorithm that works for rotationally
invariant probability distributions (under reasonable conditions), using roughly O (1/n)

random examples, which is close to the known lower bound of €2 <\/n/ log n) I further

develop the algorithm to work for mixtures of two such rotationally invariant distributions
and provide a partial analysis. I also survey related machine learning results, and conclude
with a survey of the theory of halfspaces over the boolean hypercube, which has recently
received much attention.
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Chapter 1

Introduction

Halfspaces are objects of fundamental importance in many areas of computer science. A
halfspace, or linear threshold function, is what you get when you take a linear function on
points x € R", say

Wo + wixy + -+ + WpTy

for some arbitrary weights wy, . .., w, € R, and label a set of points by whether the function
takes a positive or negative value; in other words, a halfspace is a function that “draws a
line” between two sets of points, like so:

Threshold

As you can see, halfspaces are arguably the simplest way of separating two sets of points:
all we must do is “draw a line” between the two groups. These functions have seen a
variety of uses in the past several decades: in fact they are such basic, simple, elementary
objects that this is nearly a vacuous claim, like the claim that drawing lines is important
for making pictures. Solving a system of linear equations, for example, is merely the act of
finding a point contained within the intersection of halfspaces. Less obviously, halfspaces



appear in such diverse fields as social choice theory, where one is interested in the properties
of woting schemes - ways to produce consensus from a population of voters. Recently the
study of boolean functions has had implications for both social choice theory and computer

science, for example the “Majority is Stablest” theorem [ | which was used by Khot
et al. [ ] to show the optimality of the famous Goemans-Williamson MAX-CuT
algorithm | | (assuming the Unique Games Conjecture).

In computer science, there are numerous uses of linear threshold functions. A lot of work
was done by electrical engineers towards understanding circuits with linear threshold gates:
one can imagine a circuit that produces 1 if the total input across several input wires exceeds
some threshold, and 0 otherwise (see for example | , ]). These circuits are
still commonly studied in complexity theory | , , ], and many important
problems remain open; in fact, understanding threshold circuits is considered a step towards
answering the famous P =7NP question | |. Linear threshold circuits are also of
interest in machine learning, since they are neural networks: linear threshold functions
are simple models of neurons and were introduced into the study of learning, both human
and machine, in the past century, beginning with Rosenblatt [ |. Halfspaces have
maintained their fundamental position in the field of machine learning, and the problem
of efficiently learning halfspaces in the many different models of machine is still an active
area of research (e.g. | , , , , , , , D).

The idea of machine learning is that we have an unknown classification of a population,
and we want to “learn” the rule for separating examples into their respective classes. We
see a series of classified (“labelled”) examples, drawn randomly from the population, and
we attempt to produce a rule that will (probably) work on future examples. However, it is
necessary to assume that our classification rule belongs to some “concept class”, a set of
possible classification rules; for our purposes we say that the concept class is the set of all
halfspaces. To learn the halfspace that classifies the population, we can just look at a large
number of examples and draw a line that separates them. But what if we don’t know that
our target classification is in fact a halfspace? This is a situation that occurs in practice:
halfspaces are nice, simple classification rules that are easy to use, but unfortunately real
data may not be linearly separable.

About the problem of finding a suitable halfspace for a set of examples, Blum et al. observe
that

...one could simply apply an LP solver to solve [it]. In practice, however, this
approach is rarely used in machine learning applications. One of the main
reasons is that the data often is not consistent with any vector w and one’s
goal is to simply do as well as one can | .



Doing as well as one can with data that may or may not be linearly separable is not
a particularly noble goal, and we might hope for a way to determine whether finding a
separator is even worth attempting. In other words, we want to answer the question,

Question: Given a small set of random examples from a population, can we
test whether there is a halfspace that (nearly) correctly classifies the population
as a whole?

Or, more formally,

Question: For a function [ : R" — {£1}, given a set of O (y/n) random,
labelled examples (x, f(x)) from an arbitrary probability distribution, can we
test if f is a halfspace?

I will explain the O (y/n) goal, and what I mean by test, in Chapter 3; first, let’s see why
the solution is not obvious. One might be tempted to follow the naive strategy: take your
sample and try to draw a line that separates the points — if you can, say “yes”, otherwise
say “no”. But this strategy will not work! When we have fewer than n 4 2 example points
in an n-dimensional space, we can always separate the points with a line; for example, in
2 dimensions we can get every partition of 3 points like this:

So we have to try something more complicated, which justifies the rest of this thesis.

This question lies in the framework of property testing, essentially a model of making
approximate decisions with incomplete information. Property testing and the analysis of
boolean functions is currently a lively field of research, and halfspaces play a key role in a
number of such works (e.g. | , , , , , , ).
Surprisingly, only a few works have tried to answer a similar question (| , :

, ]), and are concerned mostly with the boolean hypercube, while we are
interested in solving the more general problem. So, beyond the motivation from machine
learning, we hope that the study of testing halfspaces will expand our understanding of
halfspaces, boolean functions, and property testing.

In this thesis I present algorithms for testing halfspaces with O (y/n) random examples
in some restricted settings, namely rotationally invariant probability spaces (Chapter 4),



and mixtures of rotationally invariant spaces (Chapter 4), that satisfy a condition on their
“width” (defined in Chapter 4):

Theorem 4.7.1 (Informal): For any rotationally invariant distribution p over R" (satisfy-
ing some condition), there exists an algorithm that tests halfspaces using O (y/n) random
examples.

Theorem 5.3.1 (Informal): For any mixture of two rotationally invariant distributions
over R™ (satisfying some condition), there exists an algorithm that tests halfspaces using
O (y/n) random examples.

The main tool used in these theorems is the Gap Theorem (Theorem 4.4.1), which is
a simple structural theorem about the “centers of mass” of functions that has several
applications and simplifies a number of proofs in the existing literature:

Theorem 4.4.1 (Informal): Let f : R® — {+£1} and let h be a halfspace with the
same expected value E [h(x)] = E [f(z)] under some probability distribution p. Then the
distance between the “centers of mass” of f and h is at least P[h(z) # f(z)] multiplied by
the “width” of p (defined in Chapter 4).

As another application of the Gap Theorem, I will generalize an existing algorithm of De
et al. | | for the Chow Parameters Problem in Chapter 6.

Before presenting this work, I survey in Chapter 3 some related work from machine learning
theory to motivate the testing problem (Section 3.2). In Section 3.3 I show a few of the few
results on testing halfspaces. After presenting my own results, I survey several recent works
on the theory of halfspaces over the boolean hypercube in Chapter 7; a testing algorithm
for arbitrary probability distributions must apply to the hypercube as a special case, so
the rich theory of the hypercube will be important for the future work that I will outline in
Chapter 8. This thesis contains some partial results: the algorithms in Chapters 4 and 5
work for nice enough distributions, but there are some examples I give where more analysis
is needed. Thus the reader should consider this thesis a work in progress.



Chapter 2

Preliminaries and Centers of Mass

There are a number of standard mathematical tools used in the study of halfspaces, which
I will review. I will introduce specialized tools as necessary, but the following definitions
and facts are widely used in the literature and in this work.

2.1 Notation

For positive integers n I will write
[n] :={1,2,...,n}.

x ~ S will mean that = is drawn uniformly at random from the (finite) set S, unless
otherwise noted.

r=atbmeansa—-b<x<a-+b.

x ~ p will mean that  is drawn from the distribution p. For a distribution (i.e. probability
measure) p, I will abuse notation slightly by writing p(A) for the measure of set A and
p(x) for the density at point .

1 [X] denotes the indicator function

1[X]:=

1 if X is true
0 otherwise.



To denote the size of a set S, I will use either the notation |S| or #S, whichever is most
readable.

I will use (-,-) to denote the standard inner product, unless otherwise noted: for vectors
z,y € R",
i€[n]

The norms [|z||, will refer to the standard L, norms

RS

lzll, = | D lail?

i€[n]

and ||z|| without a subscript will refer to the 2-norm.
By “boolean value” I will mean a value in {£1} rather than the common {0, 1}.
For vectors x € R", coordinates i € [n], and values b € R, I will write

i<b .__
T = (%1,...,xifl,b,$i+1,...,Z’n)

as the vector where coordinate ¢ is set to b.
log will refer to the logarithm with base 2.

For derivatives I will use operator-style notation when it avoids confusion: for a function
f of n variables I will write

0

Dif(xy,...,2z,) = ax‘f(xl,...,xn).

In addition to standard O (() -) notation, I will use the tilde notation to hide polylogarithmic
factors:

O(f(x)) = O (f(x)log® (f(2)))

for some constant C, and

Q(f(ac)) = (f(x) logfc(f(:z))) )



2.2 Halfspaces

The object of study in this work is the halfspace, or linear threshold function, so named
because these functions take positive values when some linear function is above some
threshold, and negative values otherwise.

Definition 2.2.1 (Linear Threshold Function). A linear threshold function (LTF), or
halfspace, is any function of the form f : R®™ — {£1} where for some w € R", called the
normal of the halfspace, and for some threshold a € R, for all z € R",

f(z) = sign((w, x) — a)
where we say sign(0) = 1 for convenience. Here the inner product (u,v) is the standard

inner product Zie[n] u;v; for vectors u,v € R™.

An important special case is the balanced halfspace:

Definition 2.2.2 (Balanced Function). A balanced function f : R" — {£1}, and in
particular a balanced halfspace, is a function for which E [f] = 0.

2.3 Probability Theory and Concentration

The problems we are considering are of a fundamentally probabilistic nature, so we will
require some basic probability theory.

2.3.1 Basic Definitions

I will omit some elementary definitions (o-algebras, measures, measurable functions) that
can be found, for example, in | -

Definition 2.3.1 (Probability Space). A probability space is a triple (€2, X, u) where Q is
a set (called the set of ‘outcomes’), ¥ is a g-algebra on €2, and p is a measure on 3 such
that p(92) = 1.

Let (A, A) be another measurable space. Then an A-valued random variable X is a (X, A)-
measurable function X : Q@ — A.



Definition 2.3.2 (Expectation, Covariance, Variance). Let X : 2 — A be any random
variable such that addition makes sense on A (e.g. A = R" or another vector space). Then
we define the expected value of X as

E[X]:= / X(w)p(dw) .
Q
In the case of a discrete probability space, this is simply

E[X] =) X(w)P[w] .

For real-valued random variables, we can further define the covariance and variance; let
Y : Q — R be another random variable. Covariance is a measure of how well correlated
two random variables are:

Cov(X,)Y)=E[X - Y]-E[X]-E[Y].
Variance defines, in an intuitive sense, how far a variable is likely to differ from its mean:
VX =E[(X -E[X])?] =E[X?] -E[X]*.
Note that V [X] = Cov(X, X).

This thesis deals mostly with centered probability distributions:

Definition 2.3.3 (Centered Distribution). A distribution p is centered if X ~ p satisfies
E[X] = 0.

2.3.2 Concentration Inequalities
These standard inequalities can be found, for example, in | ].

Theorem 2.3.4 (Jensen’s Inequality). Let ¢ : R — R be any convex function and X a
real-valued random variable. Then

e(E[X]) < Ep(X)] .

Theorem 2.3.5 (Markov’s Inequality). Let X : 2 — [0,00) be any non-negative random
variable. Then

P[X>t]§¥.



Theorem 2.3.6 (Chebyshev’s Inequality). Let X be any random variable. Then
VIX]
12
Theorem 2.3.7 (Multiplicative Chernoff Bound). For each i € [n], let X; be a {0,1}-
valued random variable. Let X = Zie[n] X;. Then for0 <6 < 1,

P[IX —E[X]| > <

_ 2E[X]

e PIX>(1+0)E[X]|<e 3

_ S2E[X]

o P[X < (1-8)E[X]] < e

Theorem 2.3.8 (Hoeffding Bound). Let Xi, Xs,..., X, be independent random wvari-
ables such that, for values ay,b,...,a,,b,, each X; satisfies X; € la;,b;]. Then, for
S - Z?Zl Xi;

IS~ 1811 > d < 2000 (—sor = ) -

2.3.3 Gaussian Distribution

Perhaps the most important probability distribution for this work is the Gaussian distri-
bution, defined as follows:

Definition 2.3.9. Let m, 0% € R; then the 1-dimensional Gaussian distribution with mean
m and variance o2 is the distribution with density

1 22
o(z) = e 272 .
(@) V2mo?
The n-dimensional Gaussian distribution can be defined as the product distribution of n
1-dimensional Gaussians:

Definition 2.3.10. The n-dimensional standard Gaussian distribution over R" is the dis-

tribution with density
1 _ll=y?
¢($) = W@ 2

Lemma 2.3.11. Let X ~ N(0,1) be a standard Gaussian. Then

B(x) - Y2,

VT



Proof.

2 [ 2
= £ e *dz = £ (where z = t?/2, dz = tdt). O
v Jo VT
Lemma 2.3.12 (| ). Let z be drawn from the Gaussian distribution with mean 0
and variance o*. Then ,
P [¢>t]<e 22,
z~N(0,02)

2.3.4 Projections and Indiscrete Distributions

A step that will be frequently taken in this work is to project a probability distribution pu
over R" onto a 1-dimensional vector, producing a univariate distribution. We will use the
following notation:

Definition 2.3.13 (1-Dimensional Projection). Let p be any probability distribution over
R™, and let w € R™ be any vector with ||w| = 1. Then we define the measure 1, to be the
1-dimensional projection (i.e. the pushforward measure) of x onto w:

pw(A) == p{z € R": (w,z) € A} .

An important class of distributions over R" is the set of distributions p that are “con-
tinuous” in the sense that any 1-dimensional projection g, is continuous. Since these
themselves may not be continuous (meaning absolutely continuous with respect to the
Lebesgue measure on R”, see for example | 1), we will instead call them indiscrete:

Definition 2.3.14 (Indiscrete Distributions). Let u be a probability distribution over R™.
We say p is an indiscrete distribution if for all w € R™ with ||w| = 1, p, is a continuous
univariate distribution.

For example, the Gaussian distribution is both continuous and indiscrete, while the uniform
distribution p over the sphere is indiscrete but not continuous, since the surface of a sphere
has Lebesgue measure 0 but measure 1 under pu.

10



2.4 Spheres

When working with spheres and Gaussians, the Gamma function is unavoidable. This
function is is a generalization of the factorial:

Definition 2.4.1 (Gamma function). For all ¢ € R,
L(t) = / v le " dx .
0

A generalization of the factorial function to the real numbers, the Gamma function satisfies
some very well established properties:

Fact 2.4.2. The Gamma function satisfies the following:
LT () - VR
2. Foralln e Nt :T'(n) = (n—1)};
3. Forallte Rit>1:T(t)=0t—-1I'{t—-1).

4. ' 1s convex on positive reals.

The next property is a useful approximation to the Gamma function that greatly simplifies
quantities involving ratios of two Gamma functions, which often appear in the analysis of
Gaussians or spheres.

Theorem 2.4.3 (| |, see [ ], equation 2.8). Let x > 1 be a positive real and
0<e<1. Then
(x—1)T(x—¢€) <T'(x) <(z—e)T(x—c¢).

Now that we have defined the Gamma function, we can find the volume and surface area
of the high-dimensional sphere (for which the calculations are standard). For these calcu-
lations the following inequality, ubiquitous in computer science, will be useful:

Fact 2.4.4. Forallz e R,1+x < e€".
Proof. At x =0, we have 1+ =1=e". £(1+ ) =1 while Le” = ¢ which is greater

than 1 for £ > 0 and less than 1 for x < 0; thus e® grows faster than 1 + x for positive x
and shrinks slower than 1 + x for negative x. O

11



Definition 2.4.5 (Volume and Surface Area of the n-Sphere). Let A denote the Lebesgue
measure on R"™. Then the volume and surface are of the n-sphere with radius r are,
respectively,

2T 2T
Vo(r) =Xz e R": ||zf|, <7} and S,(r):= iV( )= /0 rdf, - “/o rdf,—1

where in the definition of S,, we have converted the integral

/{mn N / / (lzlly = r] Alday) - - Adws)

to polar coordinates. For notational simplicity, [ will write S,,_; to mean S,,_1(1).

Proposition 2.4.6. The volume and surface area of a sphere in n dimensions with radius
r are, respectively,

i Ly
m and  Sp_a(r) =7 @

Proof. First we integrate the exponential function over the whole space:

I, = /R ~lel* \(dz) / / / IN(dzy)A(dzs) - - - Mdzg)
/ et / e /00 “Tndpiday - - - dag
() - (E e -7

by the identity for the Gaussian error function fooo % e dt = 1. Now we express the

Vo(r)=1r"

12



integral in terms of the surface area of the sphere:

I, _// e 171" X (da) A (dr) / / A(dz)A(dr)
z€R™

[l || llzll=r

/ (/ rd&l/ rdfs - - / rdQn_1> dr

Sty [t
0

R 1
=5,1(1 / T et —dt t =12 dt = 2rdr
W [Cesea )
1

= Sn1(1)§A tgileitdt

(s

Combining these, we have S,,_;(1) = i‘(ﬁ) and, as noted earlier,

27 2T
= / ce / r”‘1d01 cee dtgn—l = Tn_lsn—1(1> .
0 0

To compute the volume, we integrate the surface area over the radius:

Vi(r) = /0 Su_1(t)dt = S,_1(1) /0 t"ldt = 5n1<1)% = n@) =5 (\ﬂ/ﬂ_:m

O

Using this proposition and the approximation of the Gamma function, we can get a good
approximation on the ratio between areas of spheres of different dimensions:

Proposition 2.4.7. Forn > 3,

n—2<5n,2<\/n—1 1 Snfg < \/§

and

< .
V2m T On—1 V27 V2r T A/m—25,1 " V2«7
Proof. We have

Sn—a _ T'(3) Vn =2l (*F) v/ —1T (*F})
Sy VA (D) € | Ve () Ve ()
by Theorem 2.4.3. The second part follows from —; < 2 forn > 3. O]

13



We now know the total surface area of the sphere, and it will also be important to know
approximately how much area is within a “spherical cap”, that is, what fraction of the
sphere is above some threshold in a given direction. This quantity is important since we
can use it in concentration inequalities after projecting the sphere into 1 dimension.

Proposition 2.4.8. Let v be any vector on the unit sphere in R"™ (where n > 3) and let

0 < a < 1 be any threshold. Suppose w is selected uniformly at random from the unit
sphere. Then

ay/m(n — 2)

1 (12 n— (l2 n—
P[(z,v) > a] < min {—6(22), \/56(22)} :

and if a > § we also have

V3
V2mn

Proof. By rotation invariance, we may assume without loss of generality that v = ey, the
first standard basis vector. Then P [(x,v) > a] = P[z; > a] and

]E’[(x,v) >al < (2cos™(a))" .

1 ' Sn—Z ! 9\ =2 Sn—2 1 _7"2(11—2)
Plz; 2 d] = 3 /Sn_z(\/l—TQ)dr:S /(1—7~)sz§ /62 dr
n—1 a n—1 a a

n—1

where we have used our favorite inequality in the rightmost step. To get the first bound:

1 7"2 n—2
/ oo Pt (t=r(n—2)/2,dt = \/(n — 2)/2dr)
a vn — (n—2) /2
N o

< —

T V/n—2 /,/n 2)/2 ay/(n — 2
1 / fo—t?

< — dt

“aln—2) J, (nf2)/2

1 _aQ(g—z)
= —¢€
a(n —2)

e dt (since t > ar/(n — 2)/2)

Now for the second bound, we make use of Lemma 2.3.12:

\V 2 a2 n—
=V2ro?2 P [z>a] < T~ 5
27ra z~N(0,02) vn—2

1
/ it dr—\/27r02/

14



/

Vo1 (ttan0) —
|

Figure 2.1: Overapproximation of a spherical cap.

where 02 = 1/(n — 2). Finally, we note that Theorem 2.4.3 implies

Sn-2 _ 2v/7n-1T (2 ) Vv —1T (%52) _Vn-1
Sei T(E) 2/ VAR (%Y) | Var

Note that since n > 3 we have \/EVZ:; < /2, which completes the proof of the first two
bounds.

Finally, we get the last bound from | |. Observe that

x:\\:£F|)|=1[<x7U> 2 a = @:||x H<1 {H | <|| I’ > ]

where in the second expression the random variable x is drawn from the unit ball rather
than the unit sphere, so we may bind the volume of this cone rather than the area of
the cap. The angle of the cone is § = cos™'(a) so for each t € [0,1] the radius of the
‘disk” is ttanf. We get an upper bound by stretching the cone out to radius 1, where
it overapproximates the area we are interested in (see Figure 2.4). The volume of this

15



overapproximation is

Vn 1 ! r (n_—&—2 !
—/ o1 (ttan@)dt = 7 / t"(tan 0)"tdt = Wgn_l)(tan@”_l/o t"dt
n 2
F n +

<

where we have used Theorem 2.4.3 in the second-last inequality, and the following two
facts in the final inequality:

i
i

, and for 6 < ’T

SO

2.5 Discrete Fourier Analysis

Recently, discrete Fourier analysis of boolean functions has led to a large number of results
in the study of these functions; see, for example, the recent book by Ryan O’Donnell
[ ]. Many of the results that I will review in this work make use of these techniques,
so I will give a brief introduction to the most important concepts, all of which can be found
in | ].

The main idea of Fourier analysis of boolean functions is that we can decompose all boolean
functions (i.e. functions {£1}" — R) into a linear combination of orthonormal “basis”
functions: the parity functions. The parity functions are those that multiply a subset of
coordinates:

Definition 2.5.1 (Parity Functions). For any € {£1}" and S C [n],

1=

€S
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Parity functions are orthonormal with respect to the following definition of an inner prod-
uct:

Definition 2.5.2 (Inner Product of Functions). Let f,¢: {£1}" — R. Then

(f.9) = E_ [f(x)g(z)]

x~{£1}"

where z is drawn uniformly at random from {£1}".

We can easily verify the orthonormality of these functions: for A, B C [n], A # B we have
some k that satisfies, without loss of generality, k € A\ B. Thus

Ha:ZHw] =E [z E H %H% =0

i€A JjEB 1€ A\{k} jeB

(xa,x8) = E [xa(z)xp(zx)] = E

since E [x;] = 0; here we have used the independence of w;,z; for all i # j. Therefore,
since the space of all functions {£1}" — R is of dimension 2" (each {£1}" vector is a
“coordinate”), this set of 2" orthonormal functions forms a basis. To find the Fourier
coefficients, we simply take the inner product of the function with each basis vector:

Definition 2.5.3 (Fourier coefficients). Let S C [n]. Then we write

f(S) = (xs, f)

and for the coefficients of sets S = {i} of size 1, we will write f(i) := f({i}). Thus we
have, for any f: {£1}" - R,
f= Z f(S)xs -

SC[n]

Some basic identities are Plancherel’s and Parseval’s identities:

Fact 2.5.4 (Plancherel’s Identity). Let f,g: {£1}" — R. Then

(f,9) =Elf(2)g@)] =Y F(9)i(5).
SCn]

This follows immediately from the orthonormality of the parity functions, and the next
fact follows immediately from this:
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Fact 2.5.5 (Parseval’s Identity). Let f: {+1}" — R. Then

(f.f)=E[f@)?] =) f(5)?
]

SCln
and if f+ (1) {£1}, 1= B[(s)] = ey F(S

The Fourier expansion lets us examine some important properties of boolean functions in
elegant ways. We will provide some of the basic ideas for analyzing boolean functions, and
will leave any more advanced concepts until they are necessary.

One essential question we might ask about a function is, How much does the output of the
function depend on each coordinate? We might have, for example, a function that depends
on only one coordinate, in which case we would say informally that the coordinate has a
very high “influence” on the function. On the other hand, a coordinate might not matter
very much to the output; maybe it is completely ignored, or maybe it is only influential
for a small number of inputs. We formalize this intuitive concept of influence as follows:

Definition 2.5.6 (Influence). For f: {£1}" — {£1}, the i® influence is

Infi(f) = P [f@ ) # f@ )]

x~{£1}"

The total influence of a function is

Inf(f) := Z Inf;(f).
i€[n]

For functions f : {£1}" — R, this definition no longer works very well. So we generalize
the above by defining a “derivative” for each coordinate:

f(xiel) _ f(l,iefl)
5 .

Dif(x) =
Note that D;f(z) = +1 for boolean-valued functions. Then we can define
Inf;(f) := E [(Dif(x))’]

which is the same as the above definition when f is boolean-valued. Intuitively, the influ-
ence of a coordinate is the average effect it has on the output.
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The stability of a function represents how robust the function is to noise: when we flip
coordinates independently with some probability, a stable function will be unlikely to
change values.

Definition 2.5.7 (Stability). For f : {£1}" — {+£1}, the stability of f under noise
pel-1,1]is
Stab,(f) == E [f(z)f(y)]

~pY

where z ~, y means that z is drawn uniformly at random from {£1}" and y is p-correlated
with z; i.e. y is the vector obtained from x by flipping each coordinate with probability

s(1=p).
A common characterization of the noise stability is the following:

Proposition 2.5.8. Let f: {£1}" — {£1} and p € [-1,1]. Then

Stab(f) = 3 o9 f(5)?

SC[n]

Proof. Consider the function 7,f(x) = E [f(y)]. The Fourier expansion is

> f(S) =Y f(5)E = > f(9) Tyxs(x).

y"’ z
" sCin SCn] SCn]

Considering only T,xs and using independence, we have

Hyz] I1.E, v :H( ;(1+p)—wz ) [T pzi = P¥xs(z).

~ x
L P icS icS i€s

Finally, we have Stab,(f) = m}l@px [f(2)f(y)] = IE?" [f(a:)yEx [f(y)]} =E[f(2)T,f(x)] =
<f7 TPf)

Complementary to noise stability is noise sensitivity, or, the probability that applying noise
to a function will change its value. That is, what is the probability, over all inputs, that

when we flip each coordinate with probability p the function value will change? We can
express this notion in terms of the sensitivity:
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Definition 2.5.9 (Noise Sensitivity). For f : {£1}" — {£1}, the noise sensitivity of f
under noise p € [0, 1] is

(]_ — Stab1 2p(f)) .

l\DI»—t

NS,(f) =

A well-known fact relevant to halfspaces is that, for unate functions, the influence is exactly
the corresponding first-degree Fourier coefficient for that coordinate:

Definition 2.5.10. Unate Function Let f : {£1}" — {£1}. fis unate if for all coordinates
i € [n], either Yz : f(211) < f(z1) or Vo : f(zi1) < fzieL).

Fact 2.5.11. Let f : {£1}" — {£1} be a unate function. Then
Wfi(f) = |76)]

Proof. Let i € [n] and suppose that f(z'<?1) > f(z'* 1) for all z. Then

Infi(f) =P [f(z) # f(a®)] =P [f(«"") > f(a"")] (monotonicity)
L[/ =1,/ = —1]]
E[L[f) =1 -1[f") =1]].

which is equal to the influence. For the other cases, a similar proof holds. O]

More specialized Fourier analysis will be described as necessary.
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Chapter 3

Problem Definition and Prior Work

3.1 Problem Definition

I will now define precisely what it means to test halfspaces in the property testing frame-
work. The idea of a property testing algorithm is to approximately solve a decision problem
using a small number of queries to the input object; any property testing problem must
have the following:

e A class of objects, say C'; for example, the set of undirected graphs, or in this case
the set of functions R” — {£1}.

e A “property” of the objects, that is, a subset P C (; in this case the set of linear
threshold functions.

e A distance metric dist : C' x C' — R that tells us “how far away” objects are from
each other; in this case the probability that two functions differ on a random point.
We also write

dist(f, P) := inf dist(f, g)

as the distance of a function to the set P. We say f is e—close to P if dist(f, P) < €
and e-far otherwise.

As mentioned in the introduction, property testing is a subfield of sublinear algorithms.
Sublinear algorithms are a class of hyper—efficient algorithms which are required to use
sublinear resources: either sublinear time or space. Sublinear-space algorithms, such as
streaming algorithms, are not allowed to store their input; sublinear-time algorithms are
not allowed to even look at their entire input. We give algorithms “oracle access” to their
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input, an element from the set C. By this we mean that the algorithm is given access to
an “oracle” that answers queries of a certain kind about the input object. For example,
an algorithm for testing graph properties might be provided an oracle that answers queries
of the form “Are vertices i, j connected by an edge?” For inputs that are functions, say
f A — B, the algorithm is given the oracle x — f(z), for points = € A, that answers the
question “What is the value of f at the point z?”

With a class of objects, a property, an oracle model, and a distance metric in hand, we
can define what we mean by a “testing algorithm”; since I am concerned with {+£1}-valued
functions in this work, I provide the specialized definition for this domain:

Definition 3.1.1 (Testing Algorithm). Let P be a property (set) of functions R* — {£1},

let ;1 be a probability measure on R", and let O be some oracle. For two function f,g :

R™ — {£1}, we define the distance between f, g as dist(f,g) = P [f(z) # g(x)], and the
a~p

distance of f to P as dist(f, P) = inf ep dist(f, g). A randomized algorithm A is an e-tester
for P under p (with oracle O) if and only if, given oracle access to f via O, and € as a
parameter, it satisfies:

1. Completeness: for all f € P, P[A(f,e) =1] > 2/3
2. Soundness: for all f ¢ P such that dist(f,P) > ¢, P[A(f,e) =1] < 1/3

where the probabilities are over the randomness of the algorithm A.

For this thesis I also want to restrict the algorithm to using only random samples. That is,
the oracle we give the the algorithm always produces a random point z ~ p and its label

f().

Definition 3.1.2 (Sampling Algorithm). A randomized algorithm A is a sampling algo-
rithm if it uses an oracle that provides only answers (x, f(z)) where x is selected indepen-
dently at random from some distribution .

However, we will allow the testing algorithm to know something about the distribution of
points. I will assume that the algorithm is capable of computing the density function pu(x)
for any point x € R"™, as well as the density of any 1-dimensional projection p,,(z), along
with the cumulative distribution function of u,, and its inverse.

The goal for this testing algorithm should be to use as few random samples as possible. In
particular, the algorithm should use much fewer than n samples when the input function
has domain R"™. In the next section I will summarize some of what is known about learning
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halfspaces, with the main lesson being that roughly n random samples is sufficient to
learn a halfspace. Obviously we want the testing algorithm to be much faster than the
learning algorithm. (In fact one may use a learning algorithm as a tester with some minor
modifications, see [ 1)

An idea that immediately pops into mind is to take a set of random samples and attempt
to construct a linear separator (say, by linear programming). If it can be done, return “yes”
and otherwise return “no”. In the introduction I hinted that this approach cannot work.
In this chapter I will define the VC dimension, which in particular describes the number
(labelled) points in an n-dimensional space that can always be separated by a hyperplane.
As it turns out, if we have fewer than n points, we can always find a linear separator! So
this strategy cannot beat the sample complexity of learning.

3.2 Learning Halfspaces

The models and definitions available in the machine learning literature are so numerous
that an innocent reader’s mind erupts in panic, sending tremors of fear into the depths of
his soul. Each learning paper introduces roughly one new model and one new headache;
nevertheless, let us conquer our fear along with a few of the most important definitions.

Foremost and most easily parsable of these models is that of Probably Approximately
Correct (PAC) learning, originating with the founding work of Valiant | |:

Definition 3.2.1 (PAC Learning). Let X be some domain set, C be a “concept” class of
functions, and H be a “hypothesis” class of functions X — {£1}. Let m : R*> — N and
A be any algorithm that takes as input any set @ of labelled samples @ = {(x;,¢;)} for
x; € X, l; € {£1} for each i, and produces as output a hypothesis function h € H. Then
A is an m(e, 0)-sample PAC-learning algorithm for C if for all € € (0,1),0 € (0,1/2), all
distributions D over X, and all functions f € C,

P [disto(A(Q. £(Q)). /) > € <

QN
where (@, f(Q)) = {4, f(%:) Ficm(es)-

From this basic definition, a number of generalizations and modifications are available. To
determine which models are the most appropriate matches for our property testing model,
we can answer the following questions (keep in mind the idea of using the testing algorithm
as a preprocessing step):
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Is the learner required to produce a function from the concept class? If not, so
C # H, the learner is called ”improper” and is allowed to return any function in C within
distance € of the target; otherwise the algorithm is proper (and C = H). The property
testing model implies nothing for this question.

Are the sample points and labels error-free, or is there some kind of noise in
the data? In this work, I am assuming that the points and labels are error-free.

What does the algorithm know about the distribution of samples? Is it com-
pletely known, does it belong to some known class, or is it completely unknown?
If the learner doesn’t know the distribution, it is called “distribution-free”. The original
definition of PAC learning assumes the learner is distribution-free, although it is common
to study more restricted learning algorithms. In this work, I assume the algorithm knows
the distribution. For learning halfspaces, standard distributions are the n-dimensional
Gaussian distribution and the uniform distribution over the either the m-sphere or the
boolean hypercube. Distribution-free testing has been studied (e.g. | |) but T am not
using this model in this work (I will say more about future work on distribution-free testing
in Section 8).

Does the learner get a label for each sample, or must it ask for labels for
specific sample points? If the learner automatically receives a label for each random
sample (and cannot make queries), it is a “passive” learner; otherwise it must request
labels for some of the samples and is called an “active” learner. For active learners,
there is another complexity measure: the number of labels it must request. These models
have their counterparts in property testing (“active testing” was defined and explored in
[ ]), but T am concerned with only the passive model.

Can the learner make arbitrary queries or must it wait for random samples?
Learning algorithms are usually (but not always) prohibited from making queries and
must wait for random samples; this is because a typical application of a learning algorithm
is to learn about some real-life phenomenon, and cannot construct its own examples (a
canonical example is the diagnosis of diseases; we cannot construct a new patient according
to parameters we choose and then check if they have the disease). However, the prior work
done on testing halfspaces has allowed arbitrary queries, and indeed most property testing
algorithms are granted this power; this is one motivation of the current work, since these
models do not match the standard learning models and there is a gap in our understanding.

Does the target function belong to the hypothesis class of the learner? In
other words, is the target function realizable? Here is where the idea of using the testing
algorithm as a preprocessing step to learning is important: if our testing algorithm accepts
a function, then we are only guaranteed that the target function is close to a halfspace
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Table 3.1: A brief summary of what we know about learning halfspaces. Here we are
treating ¢ as constant in the final two columns. A checkmark in the ‘exact’ column means
the algorithm is trying to achieve opt, otherwise an approximation ratio is given.

(with high probability). The learning algorithm cannot assume that the function is actually
a halfspace; this type of learning algorithm is known as agnostic, (see | | for the origin
of this definition).

The history of halfspaces and machine learning are closely intertwined, and the literature
on learning halfspaces is vast; to get a sense of this landscape, we will present a selection
of work from this literature, with special attention paid to those works that have the most
in common with our problem of testing halfspaces. Table 3.1 collects a few of the most
relevant results on learning theory.

Work on property testing is usually concerned with sample or query complexity, rather
than time complexity, so I will focus on what is known about the sample complexity of
learning. And, recalling the idea that a property testing algorithm may be used as a
preprocessing step for a learning algorithm, we will look at the models of learning that
most closely match up with the result of property testing algorithm, that is, one where
the input is guaranteed only to be close to the concept class (rather than within it). But
first, we will some of the basics of the field, starting with the linear programming and
Perceptron algorithms.
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3.2.1 The Linear Programming Solution

Ignoring for now the problem of producing a hypothesis that is probably approximately
correct, we will focus on the problem of finding a linear separator for a set of sample points,
under the guarantee that such a separator exists. We will see later that solving this simpler
problem suffices for the PAC learning problem as a whole.

Suppose Q¢ = {(x1,01),...,(Tm,lm)} is a set of points such that there exists a function
f(z) = sign({w,x)) satisfying f(x;) = ¢; for all i € [m]. We can write the sample points
as an m X n matrix

Al —

A:

7€mwm7

Then we simply want to find a vector w such that Aw > €l (we choose some € > 0 to
guarantee that no point x; will have (w, z;) = 0). Thus, using a dummy objective function,
we can use an LP solver to produce such a vector w when it is guaranteed to exist, giving
us a polynomial-time algorithm.

3.2.2 The Perceptron Algorithm

A perceptron is a formalization intended to be a simple model of a neuron: its introduction
in psychology by Rosenblatt was part of an attempt to understand better how humans
learn | ]. In this simplified model, the neuron receives a number of weighted signals
(through its dendrites), and if the total weighted sum of the signals is greater than some
threshold, it produces a signal (through the axon). In short, a neuron is modelled as a
linear threshold function! So one can see why they have become so important in machine
learning theory.

The Perceptron algorithm is a way to produce, given a number of examples, a normal
vector for a (balanced) halfspace that correctly classifies each example (assuming that
such a classification is possible). It works by going through the given examples, finding one
that is incorrectly classified by the intermediate hypothesis, and adjusting the hypothesis
accordingly, by adding or subtracting the misclassified point to the normal vector.

The following convergence property of the perceptron algorithm is well-known (see e.g.

[ D):

Theorem 3.2.2. Let Q; = ((x1,01), ..., (Tm, lm)) be a set of labelled points consistent with
a (balanced) linear threshold function f(z) = sign({(w,x)). Then the perceptron algorithm
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Algorithm 1 Perceptron Algorithm
Input: Q, = ((x1,61), ..., (Tm, €n)) such that the labels {¢;} are consistent with a linear
separator
1: function PERCEPTRON(Q),)
P wy + 0,t + 0
3: while Ji € [m] : ¢; (w, z;) <0 do
4
5

Wit — Wy + iz,

t—t+1
return w;

will produce a vector w such that sign({w,x;)) = {; for all i, after at most (r/s)?* itera-
tions, where r = max; ||z;|| is the “radius” of the set and s = min, |(w, x;)| is the smallest
separation between an example point and the separating hyperplane.

Proof. Let w* be a vector with Euclidean norm ||w*|| = 1 such that sign({w*, z;)) = ¢; for
all 7. We will show that the angle between w; and w* shrinks as the algorithm performs
more iterations.

Let k£ be the index of the vector x; on which the update is performed at iteration ¢.
First we show that the inner product between w*, w, grows at each iteration. The first
execution of the loop initializes wy < f;x; for some i, so as the base case we take t = 1.
Here (w*,wy) = € (w*, zx) = [(w*, )| since, by definition, ¢, = sign({w*, xx)). Then by
induction,

(w*, wy) = (W* w1 + lpxg) = (W wy_1) + g (W, xp)

= (w", we-1) + [(w", zx)| (3.1)
> tmin [(w*, x;)| =ts
Now that we know the inner product is growing, we need to know something about the
norm. In the base case we have ||w|* = ||zx|, and afterwards
Jwil|” = (we—1 + lpag, w—1 + Lpay)
= [Jwer|® + 6 llze]|* + 26k (w1, z) (3.2)
< tmax ||z;||* = tr?
where we have used the fact that, by definition, ¢4 (w;_1, ) < 0. Thefore, combining
equations (3.1) and (3.2), we get
(w*, wy) ts

>
lwdll -~ rv/2
27
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which implies ¢ < 5. O
Note that, in this version of the proof, the convergence rate of the algorithm is given in
terms of the parameter s = min,eq(|(w, z)|). This parameter is often called the “margin” of
the sample set | |; sample sets with large margins are intuitively easier to separate,
and with some margin guarantee the perceptron algorithm can be much faster than the LP
algorithm (such a guarantee holds for PAC learning on the sphere | ]). Unfortunately
the assumption of large margins is sometimes too much of a restriction on the model.

The Perceptron algorithm predates modern definitions of learning; its original purpose
was merely to find a separating hyperplane for a given set of points, with no concern for
which distribution they came from or how likely it is that the hypothesis correctly classifies
further points. Nevertheless, some fundamental results in learning theory prove that such
algorithms can work as PAC learning algorithms. Before we see these fundamental results,
we need some fundamental definitions.

3.2.3 Vapnik-Chervonenkis Dimension

The Vapnik-Chervonenkis Dimension, or VC Dimension, is a property of classes of functions
that has many deep connections to learning theory and other areas. It tells us exactly
when the above algorithms, which are examples of empirical risk minimizers, suffice for
PAC learning and how many samples they will need.

Essential to the definition of VC dimension is the idea of shattering: a set of points is
shattered by a concept class (a set of functions) if every possible labelling is induced by
some function in the class.

Definition 3.2.3 (Shattering). Let X be any domain set and C be any set of functions
X — {£1}. Let X C X be any finite set {z1,...,2,,}; then X is shattered by C if

{(h(x1), h(x2), ..., h(z)): h € C} = {£1}™

Or in other words, for every labelling of X there is a function h € C that produces that
labelling.

Definition 3.2.4 (VC Dimension). Let X be as above. Then the VC Dimension of C,
denoted VC (C), is
VC(C) :=max{|C|: C C X,C shatters C'}

If arbitrarily large sets C' C X can be shattered, we say VC (C) = cc.
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The importance of this definition is exemplified in the following theorem:

Theorem 3.2.5 (Fundamental Theorem of Statistical Learning [ ). Let X,C be as
above. Then the following are equivalent:

e C is (standard and agnostic) PAC learnable,
e C has finite VC' Dimension,

e Any empirical risk minimizer for C is a (standard and agnostic) PAC learning algo-
rithm.

Further, if VC(C) = d < oo, for all accuracy and confidence parameters €,4:

d+log(1/6) )
62

e C is agnostic PAC learnable with sample complexity © ( , and

e C is PAC learnable with sample complexity © (—dHOg 1/5))

The third statement has to do with empirical risk minimizers, which is what allows us to
use the Perceptron algorithm as a PAC learner. An empirical risk minimizer for C is an
algorithm which, given a set of examples X with labels generated by f, produces a function
h € C that minimizes the empirical error, defined as

disty (h, f) : |X|Z]1 (2)]

reX

Assuming C is the set of halfspaces and f € C, we can see that the Perceptron algorithm
is indeed an empirical risk minimizer, since it produces a halfspace whose error on the
examples is 0; thus the theorem proves that the Perceptron algorithm is a PAC learning
algorithm for halfspaces, with sample complexity

o (vc (C) + log(1 /5))

€

All that remains is to find the VC dimension of halfspaces, which is well-known to be n in
the balanced case, and n + 1 in the general case (see e.g. | ])-

Theorem 3.2.6. The VC dimension of the set of balanced halfspaces on the domain R™ is
n, and the VC dimension of (not necessarily balanced) halfspaces on R™ is n + 1.

To prove this, we have to show that halfspaces (respectively, balanced halfspaces) cannot
shatter any set of size n 4+ 2 (resp. n+ 1), and there exists a set of size n+ 1 (resp. n) that
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is shattered by C. We will in fact prove something a little bit stronger, namely, that all
sets of size n + 1 (resp. n) are shattered by C (provided the set is linearly independent).

Theorem 3.2.7. Balanced halfspaces over R"™ shatter a set X if and only if the points in
X are linearly independent.

General halfspaces over R™ shatter a set X if and only if the points in X are linearly
independent after embedding them in the n-dimensional affine subspace of R™™! defined by
the translation vector e, 1.

Proof. Let X = {z1,xs,...,2,} CR™ Define the m x n matrix A by using each point in
X as a row, and let ¢1,...,¢,, be a set of labels. There exists a balanced halfspace that
produces these labels if and only if there exists a normal vector w such that

b= Aw

satisfies sign(b;) = sign({x;, w)) = ¢; for all i € [m]. If each point (row) is linearly inde-
pendent then clearly we can achieve this labelling. On the other hand, if the points are
not linearly independent then for some point, say i, we have 1 = Y ., a;x; for some
coefficients {a;}. Assuming ¢, = 1, we have

n

0 <(w,z) = Zai (w, ;)

1=2

so clearly we cannot achieve the labelling ¢; = 1,¢; = —sign(a;), which would make the
sum negative; this concludes the case where the halfspaces are balanced.

If the halfspaces are not necessarily balanced, they are of the form h(z) = sign({(w, x) — )
for some w € R*,§ € R. For any x € R™ we define the embedding & € R"™! such that
&; = x; for i € [n] and Z,1 = 1. Then sign((w, z) — 0) = sign({(w — fe, 41, T)), so we are
now looking for a balanced halfspace in R™*!. Therefore a solution w, § exists if and only if
the points X = {#y,--- ,Z,,} are linearly independent in R""! by the previous claim. [J

3.2.4 The Sample Complexity of Learning

In 1994, Philip Long proved a lower bound of €2 (%n + %log (%)) independently random
samples required to learn a balanced halfspace on the uniform sphere | |. This was
significant because it matched an earlier lower bound given by Eurenfeucht et al. | ]

for the distribution-free model, where the algorithm does not know the distribution in
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advance; lower bounds for the distribution-free model must be larger than for any specific
distribution, since a lower bound for a specific distribution imply the distribution-free
bound as well. Thus, Long’s lower bound is significant since it shows that this number of
samples is required even when the distribution is very simple: a distribution-free bound is
allowed to depend on arbitrarily complex distributions.

Long later proved a matching upper bound on the sample complexity (although this is an
“information theoretic” bound, in the sense that no attention is paid to the time complexity
of the algorithm) | |. In this subsection I will summarize both these papers.

Lower Bound
The main theorem proven in | | is

Theorem 3.2.8 (| ). Let v be the uniform distribution over the unit sphere {x €
R™ : ||z|| = 1}, and let A be any algorithm such that, given a set of m labelled examples
{(@i, f(x:)) biepm) of a balanced halfspace function f : R™ — {£1}, produces a hypothesis
halfspace h. Then for any e € (0,1/2),6 € (0,1/2), and independently randomly distributed
{zi}iem), if

P [15 (h(z) # f(z)] < e} >1-4
where h = A({(xi, f(x:)) }icim)), then

m:Q <n+10g(1/5)>

€

I will follow the original proof, which has two parts: first, show that 2 (n/e) queries are
required, and second, show that €2 (log(1/d)/¢) are required. The first part is achieved
via the probabilistic method, and the second is achieved by a general argument using
“continuous hard pairs”.

The first part of the proof will use the following special case of a well-known lemma that
places a bound on the number of different ways a set of points can be labelled by balanced
halfspaces:

Lemma 3.2.9 (Sauer-Shelah-Perles lemma, see | 1). For any {x;}icpm) C R™ and
concept class H with VC dimension VC (H) = d,

(), f ) - f e MYl < (0
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In particular, for halfspaces we have d =n + 1 and for balanced halfspaces, d = n.

The first lemma that we will prove shows that we can bound the sample complexity from
below using the maximum number of mutually 2e-far halfspaces:

Lemma 3.2.10. Let pu be any distribution on R"™ (where n > 2). Let F' be any set of
balanced halfspaces such that Vf,g € F,dist,(f,g) > 2¢ for any e > 0. Then the number of
samples required to PAC learn balanced halfspaces under p with accuracy € and confidence

1/2 is at least
n (1YY
e\ 2

Proof. Let A be any deterministic learning algorithm such that for all balanced halfspaces
J and for a random set of m labelled samples Q@ = {(x;, f(;)) }icpm),

Pldist(A(Q), f) <€ >

DO | —

Now let F© C H be a set of balanced halfspaces such that for each distinct g1,g92 €
F,dist(g1, g2) > 2¢. For any sequence of samples Q = (x1,...,2,,) and function f, denote
by @y the labelled sequence ((z1, f(x1)), ..., (m, f(xn))). Note that for each halfspace f,

P [dist(A(Qy), f) < e] = E[1 [dist(A(Qy), f) <]

Then, taking the sum of this indicator over F', we have
E [T [di P —
Z ist(A Z [dist(A(Qy, f), f) < € > 5
fGF feF

On the other hand, we have

ZE 1 [dist(A(Qy), f Z]l [dist(A(Qy), f) < €]

fGF fer

Suppose that functions f,g € F produce the same labelling on @, i.e f(z;) = g(z;) for
each ¢ € [m]. Then Qf = Q, so A(Qs) = A(Qy,). Suppose that dist(A(Q), f) < €; then
dist(A(Qy),g) < esince A(Qf) = A(Q,), and therefore we must have f = g since otherwise
2¢ < dist(f,g) < dist(A(Qy), f) + dist(A(Q,),9) < 2e. Thus, each labelling arising from
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some function in f contributes at most 1 to the sum for each (). That means we can apply
the Sauer-Shelah-Perles Lemma 3.2.9 to get

|2ﬂ <E > 1 [dist(A(Qy), f) < d] < (@)n

feF

Rearranging to isolate m completes the proof. O

To complete the first part of the lower-bound, we must now show that a large enough set
F' of 2e-far balanced halfspaces exists when p is the uniform distribution over the sphere.
We achieve this with the probabilistic method.

Lemma 3.2.11 (| |, lemma 6). Let p be the uniform distribution over the unit sphere
in R". Let 0 < e < 1/2. Then there exists a set F' of balanced halfspaces such that for all

f,g € F,dist,(f,g) > 2¢ and
‘F‘ > \/_ﬁ L -1
2 2me

Proof. Let wy,...,w, be a sequence of vectors drawn independently and uniformly at
random from the unit sphere, and let hy,..., h, be the balanced halfspaces h;(x) =
sign((w;, z)) defined by these vectors. Using the notation Z(w;,w;) = arccos({w;, w;))
to denote the angle between unit vectors, the distance between any two distinct functions
hi, hj is
dist(h, hy) = Z10 %)
T
and the probability that two random unit vectors w;, w; have angle at most a is the area
of the spherical cap above the threshold cosa; in this case, we have
P [dist(h;, h;) <€l = P [Llw,w;) <mel= P [(w;,w;) > cos(me)]

Wi, W Wi, W Wi, W

V3 (3.3)

< (2me)™ ! (Proposition 2.4.8)

2mn

The expected number of pairs of halfspaces which are too close for our set is thus

E

Z 1 [d(hi,hj) < 6]] < \\;_3&(2%6)”_1 < %(27’[’6)”_1

oy 2mn
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so by the probabilistic method, there exists a set F” with at most this many conflicting
pairs. Removing one vector from each of these conflicting pairs gives us our set F' with
size
m2
m — —(2me)" !

NG

Optimizing the value of m gives us %; taking the floor of this value gives us the

result we want. O

Combining these two lemmas, we see that the number of samples we need is at least

_ 1/(n—1) _ 1/(n—1) _
n—1 (@) > n—1 (\/_ﬁ) 1 N 1
e

e 8 2me T 2mee

We now move on to the second part of the bound, using the idea of “continuous hard pairs”
to show that we must use at least (2 (% log (%)) samples.

Definition 3.2.12 (Continuous Hard Pairs). Let u be a probability distribution over R™
and let P be a class of functions R” — {#£1}. Then P has continuous hard pairs (with
respect to ) if for all 0 < e < 1, there exist f,g € P such that dist,(f,g) = €.

Example 3.2.13. This definition clearly applies to halfspaces on the uniform sphere: for
any (balanced) f with normal w, we can pick a v of the appropriate angle to w so that the
halfspace defined by v has exactly € distance to f.

We will prove our lower bound for all spaces and function classes that have continuous
hard pairs:

Theorem 3.2.14 (| ], Theorem 8). Let p be any distribution over R™ and let P be
any class of measurable functions R™ — {£1} that has continuous hard pairs with respect
to p. Let A be any deterministic (€,0)-PAC-learning algorithm for P. Then A requires at

least . .
Q-1 -
(e+(3))
labelled random samples to learn P.

Proof. Let f,g € P such that dist(f,g) = 2¢ and let @ = {x;}icjm) be a set of ran-
dom samples from p; define Qf = ((z1, f(21)),..., (Zm, f(zs))) and similarly Q, :=
((x1,9(z1)), ...y (Tm, f(xm))). Let MISS be the event that for all i € [m), f(z;) = g(z;), i.e.
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the event that )y = (),. Assuming this event occurs, the algorithm A cannot produce a
hypothesis that is e-close to both f and ¢ (by the triangle inequality), so for each set Q
the algorithm fails on either f or g with probability 1. Therefore

Pldist(A(Qp), f) 2 € | MISS] + B[dist(A(Q,).9) 2 ¢ | MISS] > 1

meaning that one of these probabilities is at least 1/2; assume without loss of generality it
is the first. The probability that MISS occurs is exactly (1 — 2¢)™ since dist(f, g) = 2¢, so

6 > Pldist(A(Qy), /) > ] > BMISS|P[dist(A(Qy). f) > ¢ | MISS]> 5 (12"

N | —

Taking the log of both sides, we have

In(2) _ In(20) 1 (1)

20

= —1In

e In(1 —2¢) — 2¢ 2¢

where we have used our favorite inequality In(1 — z) < —uz. O

Therefore, we need at least

n—1 11 1 >1 n—1+11 1 _q n+11 1
fnax 2mee ' 2¢ t 20 — 2 \ 27e 2 " 20 N € € n )

samples.

Upper Bound

Now we will prove the matching upper bound by giving an algorithm that uses only
O w> samples. In the construction of this algorithm, we will not be concerned
with time complexity, since the goal is only to minimize the number of random samples.
In fact, the first step of the algorithm will be to construct a (possibly exponentially large)
set G containing approximations for every possible halfspace: the existence of this set is

the main lemma of the paper | |:

Lemma 3.2.15 (| |, Lemma 5). Let H be the set of all balanced halfspaces in R™ and
let p be the uniform distribution over the unit sphere. There exists a universal constant C
such that, for all € € (0,1], there exists a set G C H satisfying, for all h € H.:

e dg € G, dist,(h,g) < §
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o Va > e #{g € G :dist(g,h) < a} < (Caje)" !

Proof. Let GG be a set obtained by repeatedly selecting vectors arbitrarily from the unit
sphere such that each new vector defines a (balanced) halfspace of distance at least €/4
from all previously selected vectors, until there are no more such vectors to be added; we
will show that this set satisfies the above properties.

The first property must be satisfied since otherwise there would be some h € H such that
dist(h, g) > €/4 for all g € G; by definition, if there was such a vector, it would have been
added to G.

Let a > e. By the Triangle Inequality, we know that the balls of radius ¢/8 around
each function ¢ € G must be disjoint, since each distinct functions ¢;,9, € G satisfy
dist(g1,92) > €/4. Then we have the inequality

' [g[dist(h,hw) <a+e/§
#{g € G :dist(g,h) < a} < Pldist(g ) <e/8]

w

(3.4)

which is achieved by the Triangle Inequality and inspection of the rightmost part of Figure
3.1: the numerator is the “volume” of the outer circle and the denominator is the volume
of the circle (of radius €/8) centered at g. Now, bounding the first and final terms of this
inequality will give us the property.

For both bounds, we need bounds on the volume of functions within distance r of a given
target; more formally, using the notation h,,(z) = sign({w, x)) for any unit vector w, given
an arbitrary halfspace and “radius” r, we want bounds on

P [dist(g, hw) <],

which we will achieve by bounding the volumes over- and under-approximating cones (see
Figure 3.1). As before (equation (3.3)), we have the upper-bound

P [dist(hy, hy) < 7] =P [{w,u) > cos(r)] < Vs

w w 2mn

(2r)" !

For the lower-bound we use

anl 1 cosT 1
(tanr)"™ / " dt
Vo 0

Vi [t”] o . Vi1 cos™(r)

1 cosTr
7 /0 Voo1(ttanr)dt =

- n—1

> T
= v

n Ve n
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—

Vn—l (t tan 9) ~|

{ ——

Figure 3.1: Left: estimates for the spherical cap. Right: bound on the number of functions.

For the inequality, we have used tanx > x for z € [0,1). From Proposition 2.4.6 and

Theorem 2.4.3 we have
Vi _ T(%2) _ Vm
V. T VA Ve

and for r < &, cos(r) > ‘/73 Therefore the lower-bound becomes

n—1 n—1
Vn_lr"_lcosn(T> > Vi3 Pl ﬁ = v3 —\/gr (3.5)
Va no T 2n/27 2 8mn \ 2 '
Putting these bounds into inequality 3.4, we get
, 32(a+e/8))”‘1 <36a>"‘1
€G:dist(g,h) <a} <2212 <2( =
# {9 (9,h) < a} ( 73e e
since € < q. O

Using this lemma, we can construct a learning algorithm that uses the optimal number of
samples.
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Algorithm 2 Sample-Efficient Learning Algorithm
Input: Qf = ((z1, f(21)), ..., (Tm, f(2n))),€ € (0,1)
1: function A(Qy,e¢)
2: Construct G as in Lemma 3.2.15.

3: Return argmin . # {(zi, f(2:)) € Qy : f(ws) # g(2:)}

Theorem 3.2.16. Let A be the above algorithm, let f be any balanced halfspace, and let
€ (0,1). Then for independently selected points Q drawn from the uniform distribution
on the unit sphere in R"™, where m = |Q| = Q (% + %log (%)),

P [dist(A(Q). /) > ] <

Proof. Let f be the input to the algorithm and denote by disty the distance measure
restricted to the samples ):

disto(f, g) : ’Q‘Z]l x)]

z€Q

We want to bound the probability that the algorithm fails on f. Let h € G be the function,
dependent on (), that is produced by the algorithm, i.e. the function that minimizes
disto(f,h). We can overestimate the probability by considering the events (1) that a
“bad” function g € G has small error on the sample, and (2) that all functions in G have
a large error on the sample.

Pldist(f,h) > ] <P [(Elg € G :dist(g, f) > ¢, distg(g, f) < %) v (distQ(h, N g)]
The probability of event (2) is easy to bound; from the first property of G in Lemma 3.2.15,

there is certainly some function g € G with dist(f, g) < €/4, so this function must make
twice as many errors on the sample as expected. The probability that this occurs is

— ) 1g( ()] > 2dist(f, )]

< exp (——mdisg(f’ g)) < exp (—%) :

where the inequality on the second line is due to the multiplicative Chernoff bound (Lemma
2.3.7). Binding the probability of event (1) is more complicated; we will use the second

B [dista(h, f) 2 5| < B [distg(0. ) 2 5] <B | =
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property of GG to split the “far” functions into levels, count the number of functions in each
level, and add up the probability that any one of them has small disty distance.

For 1 < i < [1/€], we will define the “i" level” to be G; := {g € G : ie < dist(g, f) <
(1 4+ 1)e}. For any g € G;, we therefore have €/2 < dist(g, f)/2i, so by the multiplicative
Chernoff bound (Theorem 2.3.7),

%Eﬁﬂmw%f@n<@%%ﬁlsmp(fl—ﬂ7mmwjv
z€Q

P [distog. ) < 5] <P

_LZ'
Semo<_££_%§gmf>,

Using the Union Bound and combining this expression with what we know about the
number of functions in each level from Lemma 3.2.15, we have, for each ¢ > 0,

2

P [Elg € G, :distg(g, f) < } <#1{ge G dist(g, f) < (i +1)e} -exp ( (1 - _é) ime)

1\2

< (C(i+1))"exp <—w> < C"lexp ( in — 1%)

where for the last inequality, we have used (1 +i)"~! < /™1 < e and 1 — 5 > 1/2.
Now we can add these all up to get

[1/€]
me

Ig[az',geGi:distQ(g,f)_E] <" 1ZeXp< ("__>>
:OwlewHWGUd+1Mn—%»_ﬁ>

1—exp(n—%)
11—exp((f1/e]+1) (n—%))—l—kl—exp(n—%)
1—exp(n—%)
ex p(n— m) _exp ((ln(C’)—l—l)n— ?)

<c"

1—exp(n—%)_ 1—exp(n—%)
where in the final inequality we have used the fact that C' > 1. Finally, substitute
m — 8(ln(6;)+1)n + 81n(2/6) to get
exp (In(6/2)) B d

1 —exp(In(6/2) —nIn(C))  2(1 —5C—™) =
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since 1 — 20" > 1/2. O

Both the upper and lower bound presented here have since been extended to hold for

all log-concave distributions as well. Balcan and Long | | prove the following two
theorems:
Theorem 3.2.17 (| | Theorem 6). Let p be a centered log-concave distribution over

R™. There exists a constant C' such that for all d > 4,5 > 0,0 < € < 1/4, any algorithm
which outputs a halfspace that is correct on a sample of size % (n+1log(1/6)) will output a
halfspace of error at most € with probability at least 1 — 6.

Theorem 3.2.18 (] ] Theorem 13). Let p be a log-concave distribution whose co-
variance matriz has full rank. Then any algorithm that learns centered halfspaces (in the
passive model) under pi requires a sample of size Q (X (n +log(1/4))).

Since the uniform distributions over any convex set, the uniform n-sphere, and the Gaussian
distribution are all log-concave, these results show that the general VC bounds on sample
complexity hold not only for the distribution-free case, that is, the worst-case distributions,
but also for the distributions we usually regard as “simple”.

3.2.5 L; Polynomial Regression

The Perceptron and linear programming methods for learning halfspaces, as well as the
sample complexity bounds from the previous subsection, work only in the most pristine
situations, where the points are labelled by a halfspace and there is no corruption of the
points. Modern methods of learning halfspaces try to deal with more realistic situations:
as I referred to in the introduction, it is often the case that we merely try to “do the best
we can” with the data we have | ]. This is the motivation for agnostic learning
[ |, where the labels are not guaranteed to be consistent with any function. Instead,
they are included in the input distribution, so rather than having a distribution D over R",
say, we have a distribution D over R™ x {£1}. In the distribution-free case, it is NP-hard
to solve this problem even approximately, so recent works focus on specific distributions.
We will review one such paper by Kalai et al. | ], which used an L; polynomial
regression algorithm (based on earlier low-degree Fourier algorithms on the hypercube, see

[ D).

First we will need the definition of agnostic learning (for the rest of this section I will use
2 to refer to the i*" point, while z; is the i*" coordinate of point z):
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Definition 3.2.19 (Agnostic Learning). For a domain set X, let D be a distribution over
X x {£1}, and let ‘H be a class of functions X — {£1}. Since we are comparing a
hypothesis function to a distribution, rather than a function, we will replace the usual dist
metric with

err(f) = P [f(x) #/]

zl~D
For a set of labelled samples Q, = {(z', (1), ..., (2™, {,,)} we define the empirical error
1 ;
errq,(f) = — > L[f(a') # 4]
i=1

There may not be a function in H that always accurately predicts the labels, so we define

t = mi
opt = min err(f)

Then we say an algorithm A agnostically learns H with respect to D, with sample com-
plexity m, accuracy € > 0, and confidence 1 — ¢ if

0, (€17 (A(Qe) > opt +¢] <

The Ly polynomial regression algorithm of Kalai et al. | | is a simple algorithm
that uses linear programming to find a low-degree polynomial that minimizes the L; error
on the random sample, and then optimizing the threshold. The algorithm will produce a
hypothesis with additive error at most € as long as there is some low-degree polynomial
with expected Ly error at most €2. Therefore there are two parts to the proof: first, we
must show that the algorithm is correct under the assumption of such a polynomial, and
second, we must show that there is a polynomial that approximates halfspaces. The L
polynomial regression algorithm is shown in algorithm 3. The first step can be expressed
as a linear program: we can map a point x to a vector of monomials of degree at most d:
&= (1,21,...,0,,23, 1179, ...). Therefore, for a vector of coefficients p, we can define the
polynomial p(x) = (p, ). So we must only solve for these coefficients p:

minimize Zuz
i=1
subject to: Vi € [m],u; > £; — <157 fl>
u; > — (6 — (p, ")) .
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Algorithm 3 L; Polynomial Regression
Input: Q, = ((z*,6,),...,(x™ {y) ~ D™ d >0
1: function A(Qy,e¢)
2: Find a polynomial p with deg(p) < d that minimizes

m

% Z |P($Z) - Ei‘

i=1
3:  Find ¢t € [-1, 1] minimizing
L3 fsientotat) — ) ¢4
M

return h(x) = sign(p(z) —t)

Theorem 3.2.20 (| ], Theorem 5). Let H be a class of functions R® — {£1} and
let D be a distribution over R™ x {£1} with marginal distribution Dx over R™. Suppose
that for all e > 0 there exists d such that, for all functions f € H, there is some polynomial
p with deg(p) < d that satisfies

x,b~D

Then, using O (nd/e3) labelled samples, the Ly polynomial regression algorithm produces a
hypothesis h (not necessarily in H) such that

- lerr(A(Qy, d))] < opt + €

Repeating the algorithm r = O <M> times to produce hy, ..., h, and then choosing h;

to minimize errp(h;) on an independent set of samples T of size O (% 10g(1/5)) produces a
hypothesis h such that
Plerr(h) > opt+¢] < ¢

Proof. Let f € H be a function achieving opt and let p* be the polynomial, assumed to
exist, such that
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Then

Elp'(a) - f@)) < \/E o) ~ TPl <
Let p be the polynomial produced by step 1 of the algorithm. Then

1 A 1 . 1 .
- Z |p(a71) —fz" < o Z p*(z") —fz‘| < o Z ‘f(xz) _gi‘ +
1€[m)|

i€[m) i€[m]

p(z') = f(a')|

where the first inequality is by definition of p and the last inequality is the triangle inequal-
ity. We want to show that the expectation is at most opt 4 € so we take the expectation of
this inequality:

IQEZ EiE[Zme(xl)—&’ ng Eie[zm}‘f($l)_€i‘+p(x)_f(x)l
=E[If(@) =] + E Ip"(2) - f(2)]
< 2opt+¢€

Finally, we examine step 2 of the algorithm. Assuming that we have chosen t ~ [—1,1]
uniformly at random, we have

E (1 fsign(p(e) ~ 1) # (] = P [sign(p(z) ~ 1) # ]

t,x,l

This event can only occur if ¢ is between p(x) and ¢, i.e. it occurs with probability
lp(z) — £ /2. So

E, [1 [sgn(p(e) — 1) £ 4] = 5 & [Ip(x) — (]

t,x,l

giving us, after optimizing ¢,
E [ert,(A(Qu, d)] < opt +¢/2
14

To conclude the first part of the theorem, we must show that the difference between the
empirical error and true error is at most €/2 (we will actually aim for €/4, which will be
important for the second part). We do this by an appeal to VC theory:

Theorem 3.2.21 (] ). Let H be a class of functions X — {£1} with VC dimension
d, and let D be a distribution over X x {£1}. Let Q, ~ D™ be a set of independent samples
from X. Then for all e > 0,

9 d
P [sup lerrg, (h) — err(R)| > e} < (ﬁ) emme
Qe | hen d
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Denote by A the difference |errg,(h) — err(h)|. Then we want

E[A]=PA<¢/SE[A | A<c/8]+P[A>¢/SIE[A | A> /8

€ €
< — —
<G tPA>e/8 <

so we want to show that the latter probability is at most €/8. We can accomplish this by
choosing an appropriate constant C' and setting

Ch _ 16h (2Ce)'/3 8 16h . (2Ce 8 16h . (2me 8
m=— > —3In m(-)=—h(=)h(-)>—In(=)In(-
€3 €2 € € €2 €3 € €2 h €

where the first inequality holds when C' > 3-16 - (2Ce)Y/%y/8 «—= (C% > (3-16)52¢8°,
because \/x > In(x). Applying the theorem with m and €/8 gives us

P[A > ¢/4] < e~ n®/9 = g

as desired. To show that m = poly(n?/e) we must show that the VC dimension is at most

n?; since we are producing a degree-d polynomial over n dimensions, this is the case.

What remains to be shown is the “boosting” step from a good expected error to a good
error with high probability. To accomplish this, we will run the above algorithm r =
O (In(1/0)/€) times to get hypotheses hy, ..., h,. Then we will use a fresh, independent set
R of O (In(1/6)/€*) samples and take the final hypothesis h to be argmin,g, errg(h;). By

Markov’s inequality, the probability that run i satisfies err(h;) > opt + ge is

P Vi € [r],err(h;) > opt—i—ge] < <thi—%)r . (1 - l%)r - g

for r = % In(2/6). Assume that this good event occurs, so there is some hypothesis, say
hiy, such that err(hy) < opt+ (7/8)e. Then the probability that we pick a bad hypothesis is

Jg[err(h) > opt + €] < Ig[errR(hl) > opt + (15/16)e A Ji > 1 : errg(h;) < opt + (15/16)¢]

<P[3i€[r]: [err(hi) — ermr(hi)| > ¢/16] < re 2R/ (16)*

where the last inequality is the union bound and Hoeffding’s inequality. Thus we need
|R| = 2In(2r/d) = O (1 In(1/4)). O

Now all that remains is to show that for the concept classes and distributions we are
interested in, a polynomial that approximates halfspaces exist. For the uniform distribution
over {£1}", this is known. We can simply take the Fourier polynomial:
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Fact 3.2.22 (| ). Let € >0 and f be a halfspace. Then for d = 46#, the polynomial

b= Z f(S)XS

ScCn]:|S|<d
satisfies E [(p(z) — f(x))?] < €

For the uniform n-sphere, we need to do some more work. We will assume the following
theorem, which relies on a construction of Hermite polynomials (for now it is not necessary
to define Hermite polynomials; I will define them in Subsection 3.3.1):

Theorem 3.2.23 (] ], Theorem 6). Let d > 0 and 6 € R. Then there exists a
polynomial p with deg(p) < d such that

/_Z(P(x)—sign(x_e))ze\/:deO <%)

Theorem 3.2.24. Let H be the set of halfspaces over the uniform n-sphere and let d =
O (1/€). For all functions f € H there exists a polynomial p of degree at most d such that

E [(pe) — f(2))] <

Proof. Let w,0 be such that f(z) = sign((w,z) — ), where ||w|| = 1. Suppose we set
p(z) = p({w,x)) for some polynomial p to be defined later. Projecting the probability
distribution onto the line w, we have

E [(p(z) = f(2))"] = / (p(z) — sign(z — 9))25712(5\:11_7) dz

-1

1
=222 [ - ) () —siga(z — )%z
n—1J-1
< gnj / 6_22(n_2)/2(ﬁ(z) _ sign(z — 9))2dz.

V=2 g — Y2,
2 0 2 :

Substituting t = z

C Sas 24T (e, 2t , 2t

C Seavn—2J_o \/7_T<p(\/n—2)_81gn(\/n—2
o o—t? oy . Vn—2

<2 [ (=) —sienlt - L )P

— 0))?dt
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where in the last inequality, we have multiplied the argument to sign by v/n — 2/2 which
doesn’t change the value, and used Proposition 2.4.7. Therefore, if we let ¢ be the poly-
nomial from the previous theorem, where we use 6 - \/n — 2/2 as the threshold, and define

p(z) = q (—“?21"), we can bound this by O (1/\/3) = €2 for the appropriate choice of
constant in d. O]

Combining this theorem with the L; polynomial regression algorithm, we see that the
number of random samples required to agnostically learn halfspaces over the uniform sphere

1S at most .
nO(l/e )
——log(1/9)

3.3 Testing Halfspaces

Now that we have seen some of the learning theory to give some context for the testing
problem, I will review a few of the recent results on testing halfspaces. There are very few
results on this problem; see Table 3.2 for a summary. The most important work done on
this problem is the work of Matulef et al. | |, which presents a testing algorithm
for the Gaussian and uniform hypercube distributions. This algorithm uses queries, rather
than samples, but some of the ideas are similar to what I will present in Chapter 4. In this
section I will review the algorithm for the Gaussian space (the “MORS algorithm”), and
briefly touch on more recent work of Balcan et al. | | that translates the MORS
Algorithm into the passive model. The MORS algorithm for the hypercube is a very long,
complex algorithm that requires advanced Fourier techniques; I will review some of these
techniques in Chapter 7.

3.3.1 The MORS Algorithm

The MORS algorithm for testing halfspaces over the Gaussian distribution is an elegant
solution powered by a pair of elementary observations. First, there is a function U that,
given the degree-0 Fourier coefficient E [f], tells us exactly what the 2-norm of the first-
degree Fourier coefficients ., E [z; f (2)]* would be if f were a halfspace. Second, if f

is far from being a halfspace, then -, E[z; f ()] is much smaller than the output of
UE[f])-

From these observations, a simple algorithm can be extracted: first, estimate the volume
E[f] and feed it to the function U. Then, estimate 3. . E[z;f(z)]* and compare it to

i€[n]
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Model | Distribution Lower Upper

passive | Gaussian | . <1o§n> ik [ || O (\/W) [ ]
active | Gaussian | Q. <1ogn> v [ ] | Oc (vnlogn) | ]
queries | Gaussian — poly (1) | ]
queries | Hypercube — poly (% [ ]
queries | Dist. free Q. ((k)gn) 1/5) [ ] -

Table 3.2: A summary of what we know about testing halfspaces.

the output of U. If it is too large, reject, otherwise accept. I will first prove these two
observations, and then show the query-based method that the authors use to estimate
the 2-norm of first-degree Fourier coefficients. Combining these results will give us the
correctness of algorithm 4.

Over the Gaussian space, the Fourier transform has a different meaning than for the boolean
hypercube (which is explained in the preliminaries). The concept is similar, but we must
select a different basis (the parity functions don’t work). We will use the Hermite poly-
nomials for this purpose. In fact, we will only explicitly require the degree-0 and degree-1
Hermite polynomials.

Definition 3.3.1 (Hermite Polynomials (See | ] §11.2.)). Let ¢ be the standard
Gaussian distribution over R™. For £k € N and z € R, write
SV

Hy(z) == m@dz)

For a multi-index S € N write, for each x € R,

HS(I‘) = H HSZ(I'Z)
ic[n]

For any distinct multi-indices S, T € N", Hg and Hr satisty
(Hs, Hr) = E [Hs(z)Hr(z)] =0,

so the polynomials are orthogonal (in fact, orthonormal). The degree-0 polynomial is

o(x;)
H@(x) = =1
ig} o(x:)

47



and for any i € [n],

1 d

For any function f : R” — R, we define the Fourier coefficients as

£(S) = (f,Hs) = E [f(z)Hs(z)]

Ty

H.,, =— Olz;) = —e 12 TR () = a;

for each S € N", so we can write the function f as

f="Y_ f(9)Hs

SeNn

Similar to the Fourier coefficients over the hypercube, we will write f(e;) = f(i).

The central idea of this paper is to relate the first-degree Fourier coefficients to the Gaussian
isoperimetric function:

Definition 3.3.2 (Gaussian Isoperimetric Function). Let v € (0,1) and write ¢(x) as the
density of the Gaussian function. Let ®(t) = ffoo ¢(z)dx be the cumulative distribution
function of the Gaussian with inverse ®~!. The Gaussian isoperimetric function is defined
as

Matulef et al. define the following function obtained from the isoperimetric function
[ J:
U(v) = (21(v))* = (26(27'(v)))*

A remarkable and perhaps surprising fact about this function is that it tells us exactly
how large the first-degree coefficients ought to be if f is a halfspace. We can prove this
using the rotation invariance of the Gaussian distribution; I will talk more about rotation
invariance in the next chapter.

Theorem 3.3.3 (| ], Proposition 25). Let f : R™ — {£1} be the halfspace f(x) =
sign((w,z) — 6) for some w € R",§ € R where ||w|| = 1. Let ¢ be the standard n-
dimensional Gaussian distribution. Let

c=¢(fIE[r | f(z) = 1]+ 6(f )Elz | fla)=—1]
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be the center of mass, and let v =¢(fT) — &(f~) =E[f]. Then

Proof. Let ¢ be the density of the one-dimensional standard Gaussian distribution and ®
be its cumulative distribution function. We know that ¢, w are parallel (Proposition 4.2.2)
so ¢ = ||c||w. By rotation invariance it suffices to show ||c|| = y/U(v) for w = e;. In this
case we have

c1 = E[zysign((w, z) — 0)] = E [z, signxy — 0]

and ¢; = 0 for all ¢ > 1. Since the n—dimensional Gaussian distribution is a product
distribution, we may replace x; with a 1-dimensional Gaussian z ~ N (0,1):

2
00 62/2

z dz
V2T
e tdt (t =22/2,dt = zdz)

lell = ler] = E [z sign(z — 6)] = 2

2
=22 9g(0) — 26(0 ) (v)

In the first equality we have used the fact that 0 = fio yo(dy) + [, yo(dy). O

Even better, we know that if f is not a halfspace, then this relationsip cannot hold, and
how far away the center of mass is from satisfying the equality will tell us how far away
the function is from being a halfspace.

Theorem 3.3.4 (| ], Theorem 26). Let f : R" — {1} satisfy [E[f]] < 1 —e.
Then, writing dist(f) := miny, dist(f, h) where h ranges over all halfspaces,

dlst VT U@) = |||
< VU@) = |le|| < N

Proof. Let
=¢(fE[x [ wefT]-o(fIE[z [ xef].

be the center of mass. Let h(x) := IICH Dicim [ f(i)x; — t where ¢ is the threshold such that

E[h] = E[f]. That is, h is the linear function with normal vector ¢/ ||c|| and threshold ¢.
We will first show that

E [h(sign(h) — f)] = VU(v) = e (3.6)
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We have
E [h(sign(h) — f)] = E[|A]] — E[hf]

and we will look at each of these terms individually. The first term is

E||h|] = ZW [|z —t] (rotational invariance)

=E [(z —t)sign(z — t)] = E [zsign(z — t)] — tE [sign(z — ?)]
=2¢(t) — tv

To compute the second term, note that for S € N™ with |S| > 1 we have

h(S) = (h, Hs) = e Z f(@) (i, Hs(x)) —t (1, Hg) = 0

i€[n]

since z; = H; and H;, Hg are orthonormal. And for |S| = 1 we have

R 1 -
h(i) = (h,x;) = Tel Zf [;24] —t(l,HS):wf(z')
jE€[n]
Finally, .
h(0) = (h,1) = el F) (i 1) =1 (1,1) = =t
i€[n]
Using these facts
E[h(z)f(z)] = > h(S)f(S)  (Plancherel’s Identity)
SeNn
= 1o 2 F + hO)f0) = e~
i€[n]

which proves equation (3.6). Now, note that

' _Jo if sign(h(x)) = f(x)
) Sgnlhie)) = 10 = {2 h@)| it sizn(h(@)) # (@)

SO
K [h(sign(h) — f)] = 2E[|h(2)| T [f(x) # sign(h(z))]]
which is clearly minimized when f disagrees with sign h on those points x nearest ¢ (where

h is smallest). In this case, look at the interval of length p = P [f(x) # sign(h(z))] centered
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at t; since the density function satisfies ¢(z) < 1/4/2m, the probability mass within this
interval is at most p/v/2m < p/2. Therefore there is at least p/2 mass outside this interval
where |h(x)| > p/2 and f(x) # sign(h(z)). This shows that

E(|h(2)| 1 [f(z) # sign(h(x))] > (p/2)?

so combining this with equation (3.6) we have
?
VU(@) = lle| = E [a(sign(h) = )] > 5 (3.7)

For the upper bound, we will use the inequality

a2—b2| \aQ—b2|
<

a+b b

(a—b)(a+b)=a®>—b = \a—b\:|

for positive a, b to get
2
|U(v)* = lell”]

VI = lell < =

Letting a = ®~*(v) and recalling that v < 1 — €, we have

e <P[lz] >a] <e/? (Lemma 2.3.12)
from which, taking the log of both sides, we conclude that
a® < 2In(1/e)

This gives us the bound since

Uv) =2¢(ar) > = —e. O

The last ingredient that the algorithm needs is a way for estimating the volume E [f]
and center of mass. The authors present a general way of estimating products of Fourier
coefficients that has since seen further applications (e.g. | ]). Although only special
cases of this theorem is required for now, I will present the general theorems since more
general uses will be seen in Chapter 7.

To estimate the product, we will first need the following generalization of the well-known
characterization of noise sensitivity (Proposition 2.5.8). This proof essentially copies the
proof of that fact:
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Lemma 3.3.5 (| ], Lemma 14). Let T € N" and p € [-1,1]. Let fi,....fp :
R™ — {£1} and let x1,..., 2,1 be a set of independent random variables, and define y

as a random variable chosen such that for i ¢ supp(T),P[y; = 1] = 1/2 and otherwise
Ply;=1]=1/2+ p/2. Then

E[fi(z1) - foa(mp ) foler @ mp 1 @ y)] = Y pA(S) . f(S)

sCT
where S C T if S; <T; for all i € [n] and ® denotes coordinate-wise multiplication.

Proof. We first write each function in the Fourier basis (of Hermite polynomials):

> fi(S) - fo(S))E [Hs, (1) -+ Hs,, (p1) - H, (21 @ - 2p 0y © )]

S1,....SpENP
= Z F(S) - fo(S)E [Hs(z1) - - Hs(wp1) - Hs(x1 © -2y 1 O y)]
scr
= ZP'S‘fl(S) fo(S)
scr

where the first inequality is due to the orthogonality of the Hermite polynomials as well
as the independence of each variable for coordinates i ¢ T', and the second inequality is a
property of the Hermite polynomials ([ ], §11.2). O

Theorem 3.3.6 (| ], Lemma 15). Let fi,..., f, : R* = {£1} and letn > 0,6 > 0.
Then for any T C [n| we can estimate

> i) (i)
ieT
to within +n with confidence 1 — § using O (plog(1/8)/n*) queries.

Proof. First we empirically estimate

E[fi(z1) - fp(zp)] and Elfi(z1) - fo1(zp) - fo(m1 © - O 751 © y)]

to within an additive n?, where y is defined as in the previous lemma. Each quantity can
be estimated using O (log(1/6)/n*) examples by the standard Hoeffding bound, and each
example requires p queries, for a total of O (plog(1/8)/n*) queries. By the previous lemma,
we can see that

~

E[fi(z1) - fplzp)] = f1(0) -+ f,(0)
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(by setting 7' = [n],p = 0) and

E[fi(21) - fpmr(@p1)  folwr @ O zyr ©y)] = D nUi(S) - f(S)

SCT

(setting p = n). Now we subtract the first from the second to get

Yo RS S = Y ah@) S+ Y 0TAS) - f(S)

SCT,|S|>0 i€supp(T) SCT,|S|>1
< D nh@ - L@+ DY AS) - f(S)
i€supp(T) SCT,|S|>1
< > nh@)-f6)
i€supp(T)

Since we have estimated this quantity to within 212, we can see that the total error is at
most 3n?. Dividing by 1 gives us an estimate to within +37n. Replacing n with 1/3 would
give us the theorem. O]

With these theorems, we can now prove the correctness of the following algorithm:

Algorithm 4 MORS Algorithm for the Gaussian Distribution
Input: € > 0, oracle access to f: R — {£1}
1: function A(e, f)
2: Let © be an empirical estimate of E [f] to within +¢?
3. Let j be an estimate of ||¢|* = > ich] £(i)? to within ¢,
4:  if p—U(0) < 2¢* then accept

Theorem 3.3.7. The above algorithm satisfies the following for all f and € > 0:
1. If f is a halfspace, A accepts with probability > 2/3,

2. If f is Ce-far from all halfspaces (for some constant C'), then A rejects with probability
>2/3,

3. A uses at most O (}6) queries.
Proof. Let € > 0 and consider the case where f is a halfspace, so in particular U (v)—||c||* =
0. Assume that the estimation steps succeeded (which occurs with high probability).

Then since [0 —v| < € and LU(v) < 1 we have |U(0) — U(v)| < €%, and we have also
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| — |le||?| < € so the total error of |¢ — U(9)] is at most 2€%. Since this value ought to be
0, its estimate is at most 2¢3 so the algorithm accepts.

Now suppose f is accepted by the algorithm. If |v| > 1 — € then f is e-close to a constant
function, so assume this is not the case. Then by Theorem 3.3.4 we have

dist(f)? < \/%W(U)e— [ell] < \/%W(@) - |l5||| + 2¢* < 4v/2me?

so dist(f) < 2(2m)"4e.

Theorem 3.3.6 gives us the required guarantees on the query complexity. O]

3.3.2 Active and Passive Testing | ]

To match the active learning model, Balcan et al. provide a model of active testing, in
which the tester may make queries, but only from a randomly selected set of possible points
[ |. While we are not concerned with this model for the current work, the paper
also gives a testing algorithm for halfspaces over the Gaussian distribution that uses only
passive queries and shows the first lower bound for this model.

In the previous subsection I presented the MORS algorithm of Matulef et al. | ],
which tested halfspaces over the Gaussian distribution using queries. An examination
of that algorithm reveals that queries were used only to estimate the 2-norm of Fourier

A

coefficients > i € [n]f(7)%. If this estimation was replaced by a sampling estimation, we
would get a sampling algorithm. This is the approach taken in | ]:

Proposition 3.3.8. Let f : R" — {£1}. Then

E [f(2)f(y) (x, )] = Y f(0)

x?y
i€[n]

where x,y are selected independently at random from the n-dimensional Gaussian distri-
bution.

Proof. By linearity of expectation followed by independence of x and v,

E[f(2)f(y) (x,0)] = D _Ef (@) f)aw] =D Elf(x)z] =D f(i)’ O
i€[n] i€[n]

i€[n]
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Thus we can use f(x)f(y) (z,y) as an unbiased estimator. Note also that this estimator
is symmetric in z,y; this is important because the analysis given by Balcan et al uses
facts about U-statistics, a class of statistics which are symmetric in their arguments and
therefore benefit from computing the statistic on every combination of samples. In this
case, we could take m independent samples and get m/2 independent pairs, on which we
compute the statistic and take the average. However, taking m samples we get (T;) pairs
which are not independent but which are still sufficient. I will omit the U-statistics analysis
since it is improved by the analysis of the algorithm in the next chapter. The other relevant
result from this work is the lower bound on passive testing:

Theorem 3.3.9 (Balcan et al, Theorem 6.8 | ). Let A be a ©(1)-tester for halfs-
paces under the Gaussian distribution. Then

1/2
1. If A is a passive tester, then A requires a sample of size §2 ((L> )

logn

logn

1/3
2. If A is an active tester, then A requires ) (( N ) ) labels.

3.4 Summary

Efficiently learning halfspaces in a variety of models is still an active area of research,
although classic VC dimension bounds show that a linear number of samples is required
for PAC learning; I surveyed some works showing that this tight bound holds even for the
easy case of the uniform sphere. From this we can conclude that a testing algorithm should
aim to have a sublinear sample complexity.

I have briefly described a number of learning models and identified agnostic learning as the
model which most closely matches our model of testing: it allows the target function to
differ from a halfspace by a small amount, as would be guaranteed by a testing algorithm.
For completeness, I surveyed a recent work that used L; polynomial regression to learn in
this model.

Finally, I reviewed the two recent works on testing halfspaces: the first of these, | ],
relies on queries and uses only a constant number of labelled examples. It depends on a nice
property of halfspace in the Gaussian space: the norm of their first-degree Fourier coeffi-
cients can be deduced exactly from their degree-0 coefficient. The algorithm of | ]
uses this principle but replaces the queries with samples. In the next chapter, I will continue
to develop this principle to design an algorithm that works for all rotationally invariant
spaces, with the Gaussian space following as a special case.
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Chapter 4

Testing Halfspaces in
Rotation-Invariant Spaces

In this chapter I will present the first of my own contributions, a sampling algorithm for
testing halfspaces over any rotationally invariant (RI) distribution. Rotation-invariant
distributions are distributions that are the same in every direction. These are important
spaces for two reasons: first, some common distributions such as the multivariate Gaussian
distribution and the uniform distribution over the sphere are rotationally invariant; second,
because these spaces have the special property that the norm of the center of mass of any
halfspace depends only on its volume and not on its orientation. This means they are the
simplest possible case for the algorithm that I will present, which relies heavily on this
property.

The MORS algorithm from Chapter 3 (| ]) relied on the elegant observation that
the sum of squares of first-degree Fourier coefficients, Zie[n] f ()%, satisfy a unique rela-
tionship to the volume E [f] when f is a halfspace, and that the farther a function f is
from satisfying this relationship, the farther it is from a halfspace. For our goal of finding
a tester for general distributions, we have to avoid Fourier techniques, since they may not
generalize to all spaces. Thus, in this chapter, I will present a geometric interpretation of
the first-degree Fourier coefficients as the centers of mass, and develop a Gap Theorem
(Theorem 4.4.1) that will expand upon the observations from the previous chapter.

I present an algorithm which tests the halfspace property under arbitrary (known) rotation-
invariant distribution that uses roughly y/n random queries in nice enough distributions.

This should be compared with the known 2 (\ /n/log n) lower bound of Balcan et al. for

the Gaussian distribution (which is “nice enough”, as we will see)| ]. The algorithm
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estimates the Fuclidean distance from the origin of the center of mass of the given function
f and compares it to what its “proper” value should be, if the function were a halfspace.
This approach works in the rotation-invariant setting because the “proper” distance is
determined by the total number of +1-labelled points: regardless of the direction in which
the halfspace points, this distance will be the same.

The basic idea behind the algorithm is simple and relies on finding a quantity (the center-
norm) that satisfies a few requirements:

1. it is maximized when f is a halfspace;

2. it is robust, in the sense that functions close to halfspaces are close to having the
maximum value (section 4.4);

3. for any function f, it can be computed from an easily-estimatable quantity (the
volume E [f], Sections 4.5 and 4.6).

From here, the algorithm (Section 4.7) is easy: estimate the volume E[f] and use it to
compute the center-norm; compare the center-norm to its maximum value and accept or
reject accordingly.

At the end of the chapter, I will discuss some shortcomings of the algorithm which arise
in spaces that are somehow unreasonable, namely, those whose “width” shrinks as the
dimension increases. Width, essentially the maximal concentration of a distribution, is a
definition I introduce in Section 4.3.

4.1 Centers of Mass

The main tool that I will use for dealing with halfspaces is the center of mass:

Definition 4.1.1 (Center of Mass). We will be working a lot with the “centers of mass”
of functions and set. For a probability measure p and a measurable set S C R of points,
we will define the “centers of mass” to be

Com (5) Z::BIE:M[.T | xES]zﬁ/gmu(dm).

Or, in other words, it is the average point in S. For a function f : R" — {41} we will use
the following notation:

fr=Aa fl@) =1} fo=Aa fle) = —1}
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so that Com (f*) = Com ({z : f(z) =1}),Com (f~) = Com ({z : f(x) = —1}). We will
say

Com (f) == E [z ()] = u(f*)Com (f*) — u(f~)Com (f7) .

I will refer to the norm ||Com (f)]|, as the center-norm of f.

Here is an oft-used property of centers of mass:

Proposition 4.1.2. Let j be any centered probability distribution over R™, i.e. E [z] = 0.

a~p
Then for any measurable subset S C R™ we have

WSE[x | z€S]=—uSE[x | z¢S5].

Proof.
0=Efz]=u(S)Elx | 2 €S| +uS)E[x | v¢S5]. O

The centers of mass have a few interesting connections with the Fourier spectrum: ob-
serve that for any boolean function, the center of mass is the vector of degree-1 Fourier
coefficients:

Fact 4.1.3. Let f : {£1}" — {£1} be any boolean function and let ¢ = Com (f) be its
center of mass. Then for all i € [n],

¢ = (ei, Elef(2)]) = E [z:f (x)] = f (i) -
Thus ||[Com (f)||* = > il f(i)%. And by Fact 2.5.11, we have

Fact 4.1.4. Let f : {£1}" — {£1} be any unate function (see Definition 2.5.10) with
center ¢ = Com (f). Then for all i € [n]

lci| =

f)| = ()
and as a consequence,

oo

f(f) = [[Com ()], and  maxInf;(f) = [|Com ()]

More advanced properties of the centers of mass will be explored in later chapters.
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4.2 Rotation Invariance

Rotationally invariant (RI) spaces are those whose density function depends only on the
Euclidean distance of a point from the center:

Definition 4.2.1 (Rotation-Invariant). A probability measure 1 on R™ is rotation—invariant
(RI) if a random variable x ~ p can be written as x = rv where v is a unit vector drawn

uniformly at random from the unit sphere and r ~ ug is a real number drawn indepen-

dently from some distribution ugr over R.g. That is, a distribution is RI if the orientation

and 2-norm of a random vector are independent.

For example, the standard n-dimensional Gaussian distribution is rotation invariant: a
2
point x has density ———-e~#I"/2 which depends only on its 2-norm. We will construct

@m"

an algorithm that, for any (known) RI space, will be able to test whether an unkown
function is a halfspace or far from all halfspaces.

The reason RI spaces are a good place to start is that there is a crucial equivalence between
centers of mass and weight vectors for halfspaces for these distributions:

Proposition 4.2.2. Let 1 be any RI distribution over R™ and let f(z) = sign({w, z) — 6)
be any halfspace. Then Com (f) is parallel to w.

Proof. This is easy to see if p is uniform over unit sphere: for any “ring” of points x such
that (w,x) =t for some —1 <t <1, we have E[z | (w,z) =t] = tw so

1 1

sign(t — H)Ig [ | (w,z) =t] pp(t) =w- / tsign(t — )y, (t)

-1

E [zsign({(w, z) — 0)] = /

-1

The integral depends only on 6 (see Proposition A.0.10 for the calculation of s, (t)) so we
can denote it by I(6) and the expectation is I(f) - w. Now for any RI distribution we have
by definition

E [zsign({(w,x) —0)] = E [rvsign({w,rv) —0)] = E [r : ]? [vsign({w,v) —0/r)]

Top PR, rRR
= E [r-1(0/)r) - wl= E [r-I(0/r)] w O
TR rRR

An important observation is that the relationship used by the prior testing algorithms
[ , ] does not immediately hold in RI spaces. As a simple example, we
can show that even a mixture of Gaussians with the same mean is no longer a Gaussian:
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Example 4.2.3 (Mixtures of Gaussians aren’t Gaussian). Let
¢1(t) = ¢ i Po(t) := ——¢ 203
be the densities of two Gaussians with mean 0 and variances o1, o9 respectively. We want

to find o such that for all x € R,

1 2 J \ 1 -
t) = e 202 = e 207 —+ 1 _
o) V2mo? 210? ( ) 203

Taking the natural log of both sides yields

o In(v2mo?) = e In(y/270%) — In(1/2703) + In(\) + In(1 — A).

207 207 202

Negating both sides and rearranging gives

2 /1 1 1 1 Arlolo?

—|=-=-5 = _In{ —22) —In(A(1—=X)).

2 (02 o2 ag) 2 ( 2mo? ) n(Al )
Only the left side depends on ¢ so this equality can only hold for all ¢ if both sides are 0,
i.e. 072 =0;%+ 0, Then, setting the right side to 0, we have

1
5 In (2r0io3(0y” + 05%) =In(A(1 = \)).

Thus we merely need to pick 01,09 and A appropriately to force a contradiction.

4.3 Width, Anticoncentration, and Margins

The main theorem that allows the tester to work relates the distance between two functions
to the width of a 1-dimensional projection. To develop the definition of the width, we will
introduce two other definitions that have appeared in recent work on halfspaces: the Lévy
anticoncentration function and the margin. These two definitions will not have immediate
application for RI probability distributions, but they will be important when we move
beyond these simple spaces to the hypercube (see Chapter 7).

The Lévy anticoncentration function tells us the greatest probability mass of a ball of given
radius r; in 1 dimension, this function is defined as follows:
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Definition 4.3.1 (Lévy Anticoncentration Function | ]). Let w € R™ be an arbitrary
weight vector and let » € R, be some radius. Let p be some probability distribution over
R™. (In this chapter, we will assume g is the uniform distribution over {+1}".) The Lévy
anticoncentration function of w at r is

pr(w) :==sup P [[{w,z) — 0] <r].
OER T~H

This function is related to anticoncentration inequalities and the Littlewood—Offord prob-
lem, the significance of which will be described in more detail in Chapter 7. A related
definition for halfspaces that appears, for example, in | |, is that of the margin of a
halfspace:

Definition 4.3.2 (Margin). Let w € R" be any vector satisfying ||w| = 1 and let 6 € R.
Let » > 0. The r-margin of the hyperplane defined by w, 6 is the set of all points within
distance r of the hyperplane:

margin, (w,0) := {z € R" : [{(w,z) — 0] <r}.
These are easily seen to be related by the identity

pr(w) = sup p(margin, (w, 6)) .
feR

Using these concepts, I will define the e-width of a 1-dimensional projection of a distribution
1 onto the vector w:

Definition 4.3.3 (Width). Let u be any probability distribution over R", w € R™ such
that ||w|| =1, and let € € (0,1]. We define the e-width of the distribution to be

W (w,€) :=sup{r > 0: p,(w) <e}.

When p is clear from context, we will drop the subscript u.

As an example of width, consider the n-dimensional Gaussian distribution. Because of
rotation invariance, the e-width for any unit vector w will be the same:

Proposition 4.3.4. Let w € R™ such that |[w| =1 and let 0 < € < 1. Suppose p is that
standard n-dimensional Gaussian distribution. Then

W(w,e) > V2r €.
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Proof. For any 6 € R and radius r, we have

1
margin_(w,0)) = p{x : [(w,z) — 0| <r} < T
pu(margin, ( ))M{|<>|}m
since i, is a 1-dimensional Gaussian. Thus for r = /27,
pr(w) = sup p(margin, (w, 0)) < ¢
0
so W(w,€) >r =27 -e. O

I will also define the variance of the 1-dimensional projection and the norm, which will be
important quantities upon which the sample complexity will depend:

Definition 4.3.5. Let p be any distribution on R™ and let w be any unit vector. Then we
write

V(w) = V [(w,z)] = E [(w,a)7],

T T

and

V= max V(w)

w:|w||=1

is the maximum variance over all 1-dimensional projections. For rotationally invariant
distributions, we have V' = V(w) for all unit vectors w.

Any rotationally invariant distribution can be thought of as a mixture of uniform distri-
butions over spheres of different radii, along with a distribution over radii. I will define R
to be the variance of this distribution over radii, which corresponds to the expected norm
squared for general distributions:

Definition 4.3.6. Let p be any distribution on R". We will write

R:=E [||:17||2} :

The relationship between the width, variance, and expected norm of RI distributions is
important. One interesting identity for RI distributions is the following:

Proposition 4.3.7. Let p be any rotationally invariant distribution on R", and let V* be
the variance of the 1-dimensional projection of the unit sphere. Then

V =RV*.

62



Proof. For the sphere of radius r, the 1-dimensional variance is V, = r?V* (Proposition
A.0.8). Then the 1-dimensional variance of y is

V=E[V]=E[*V'] =V'E[r] =V'E [|«]"]

T

where r is drawn from the distribution over radii defined by . O]

Since the sphere is the atomic building-block of RI distributions, I will calculate the width
and variance and compare them to width and variance of the Gaussian distribution. The
calculations can be found in Appendix A.

Example 4.3.8. The uniform sphere with radius r (respectively /n) satisfies the following:
L Ef|z|]] =7 (resp. /n);
2. R=7r%  (resp. n);

n(2+1
3.V =12 24 (resp. 51+1));

4. W(g):gz(@) (resp.  Q(e)).

r

Example 4.3.9. The standard Gaussian distribution satisfies the following:

L E{llz[]] = vn;

2. R=n;
3. V=1,
4. W(e) = Qe).

4.4 The GGap Theorem

The following theorem is the most important ingredient of the algorithm; it relates the
width, center-norm, and distance between two functions. It is phrased in such a way
as to be usable in non-rotation-invariant spaces as well, which we will see in Chapter 5.
The theorem itself was inspired by a result of Eldan (| ], Corollary 4) although its
proof differs significantly and it does not depend on the Gaussian distribution. Note also
the similarity to Theorem 3.3.4; that theorem relied upon Fourier analysis and Hermite
polynomials for its proof, which we are trying to avoid.
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Figure 4.1: Proof of the Gap Theorem

Theorem 4.4.1. Let pu be any probability measure on R™. Suppose f : R" — {1} is
any measurable function and h(x) = sign((w, x) — 0) is a halfspace such that ||w| =1 and
E[h| =E|[f]. Then

dist(f, h) dist(f, h)
|Com (h) — Com (f)|| > 3 cos(a) —W, <w, T)

where « is the angle between Com (h) — Com (f) and the normal vector w.

Proof. For simplicity, let 6 = dist(f, h). Taking the inner product with w, the difference is

[E [z(h(z) — f(@))]|
H ( Nf7)E 2z ‘xefﬁﬂf | = w(h~ N fHE [22 ’a:eh’ﬂfﬂ“

< (KN fOE[(w,z) | a€h™nf7] —ph™ N fHE [(w,z) |x€h*ﬂf+}>

COS (%
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Let m; be the median of (w,x), under the condition that z € h* N f~. Then

E[(w,z) | z€h™Nf]

:% [(w, ) ‘$€h+ﬂf_,(w,x)<m1]+;ﬂ3[ ) | zehrtnf (wx) > m]
1 1
§9+2m1
Similarly,

E[(w,z) | zeh Nft]< %9+%m2

where my is the median of (w,z) under the condition z € h~ N fT. Note also that
E[f] =E[h] and E[f] = 2u(f*) — 1,E[h] = 2u(h*) — 1, which implies

0 = ph™)—p(ff) = p™0f7)—uh™ nfr)

sou(h*Nf=)y=puh~Nf*r). Now d =dist(f,h) = u(h*Nf)+u(h~NfH)sopuhtNf) =
p(h™ N f*) =4§/2. Rewriting the difference gives us
1 ) )

cos() -1(0—0+m1—m2):

2 cos(a) (1 = m2).

Finally, note that since u(h*tNf~) = §/2 and m; is its median, the set {z : (w,x) € [0, m;]}
must have measure at least § /4. Similarly, the set {x : (w, z) € [ma,0)} must have measure
at least /4, so my —mg > W, (w, /2), which completes the proof. ]

As we will see later (Chapter 7), there are a few theorems for the hypercube that have
a similar flavor, but do not have the requirement that E[f] = E [h] and instead prove a
bound that depends on the difference E [f] — E [h].

Question 4.4.2. s there a version of the Gap Theorem that depends on E[f] — E[h]
instead of requiring that this difference is 07

4.5 Finding the Center from the Volume

To define the algorithm, we need to define a function ¢ that tells us what the center of
mass “ought to be”, given the volume; i.e. we want a function that looks like

£(v) = [|Com ()]l
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where h is a halfspace with volume E [h,] = v. The reason rotation-invariant distributions
are nice is that no matter which direction the normal vector is pointing, the value of
this function will be the same. This function ought to exist since for a halfspace f(z) =
sign({w, x) — @), E[f] is monotonically decreasing as the threshold € increases. Thus there
is an inverse function E[f] — 6, and from 6 one may compute the center-norm. T will
formalize this argument in this section.

Proposition 4.5.1. Let i be a rotationally invariant probability distribution with 1-dimensional
projection i, onto an arbitrary unit vector w, and let f(x) = sign({w, ) —0) be a halfspace
with volume v = E[f]. Then

% _ d% (2 /900 () dz — 1) = —2u,(6)

and therefore the mapping v — 6 is invertible on the support of ., ; we will call this inverse
function @1, s0 0 = &1 (v).

Proof. The equality holds because
v=E[f]=P[f(x) =1 -P[f(x) = -1] = 2P[f(x) = 1] - 1. O
Using this fact we can get our function:

Lemma 4.5.2. Let p be any rotationally invariant probability distribution over R™ with
1-dimensional projection j,, onto an arbitrary unit vector w. There exists a function &
such that for any halfspace f(x) = sign({w, x) — 6) with volume v =E[f],

EEL) =2 / " 2pul2)dz = | Com (£)]]

Furthermore, on the values v € (—1,1), \/€ has derivative

e =0,

Therefore ||Com (f)|| = /E(E[f]) is convex with respect to B [ f] with its maximum achieved
when the threshold satisfies = 0, i.e. when E[f] = 0.

Proof. The identity [|Com (f)|| = 2 [, 2t (2)dz holds due to rotation invariance:

|Com (/)] = (w, Com (£)) = 2 (w, u(f*)Com (£+)) = 2 / (w, z) ()

{a:(w,z) 26}

66



where the equalities are, respectively, the fact that w and Com (f) are parallel (Proposi-
tion 4.2.2), Proposition 4.1.2, and linearity of expectation. Now rearranging the integral
produces the identity.

That 2 [, zp,(2)dz is a function of E [f] is a consequence of the fact that § = &~ (E [f])
(Proposition 4.5.1).

For the derivative, since the mapping v — 6 is invertible, we have by Proposition 4.5.1

dii)v £(v) =2 (%>_ diﬁ /000 2y (2)dz = 2%(—9/%(9)) =46. O

To determine how accurately we must estimate E [f] to get a good estimation of ||[Com (f)]|,
we should know the derivative of the £ function. I will relate this derivative to the variance
of the 1-dimensional projection.

Lemma 4.5.3. Let p be a rotationally invariant probability distribution over R™, and let
¢ be the function from the previous lemma. Then

d

— < 2V.
dv

£(v)

Proof. First, by definition

Le(0) =+ (VEW) = 2VEW) 5 VD) = 2V/EE) 27 (0).

from Lemma 4.5.2. Expanding +/&(v),

o0

d [e.e] o0 [e.e]
%g(v) = 49/9 2l (2)dz < 4/9 22y (2)dz < 4/0 2y (2)dz = 2/ 221, (2)dz .

—0o0

This latter term is the variance of a 1-dimensional projection, which is at most 2V By
symmetry, if § < 0 (i.e. v > 0) then £¢(v) = —£¢(—v) > —2V by the above argument.
O

We can get some basic lower and upper bounds on ¢ with respect to the width and variance:

Proposition 4.5.4. Let p be a rotationally invariant probability distribution over R™ and
let 0 <e<1. Let f(x) = sign({w, z) — 0) be a halfspace with volume |E[f]| <1 —¢. Then

[Com (/)| = VEE[S]) = €- W,(1 —¢).
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Proof. Assume without loss of generality that E[f] > 0. Let v = 1 — e and vT =

1 —€/2,v” = €/2 so that Vo= v+ —v~. Since /{(v) is convex with its maximum
achieved at 0, we have \/&(v) > /&(v') because v < v'. Let 6 be the threshold such
that E[81gn(<w x)—0)] = (for any w since the space is rotationally invariant), i

=1 —¢)and vt = fe pw(2)dz. Note that v > 0 so 6 < 0; therefore

-0
/ pow(2)dz =1 —¢€
0

so 20 > W (1 —¢). Then
£(v) > 2/ 2 (2)dz > 26’/ pw(2)dz = 20 > eW (1 —€) . O
0 0

Proposition 4.5.5. Let p be any rotationally invariant distribution over R™ and let v €
(—=1,1). Then for any arbitrary unit vector w,

£(v) <E[[(w, )] < VV.

Proof. We know that /&(v) is maximized at v = 0, when the threshold 6 = 0, so we need
only consider this case. Taking the 1-dimensional projection ,, along any axis w gives us

VEO =2 [ enaledz = [ elnale)dz = B [el) =Bl ) |

0o w

The final inequality holds because for all centered random variables x,

E[jz) = VE[2]” < VE[2?] = V/V[z]

by Jensen’s inequality (Theorem 2.3.4). O

4.6 Estimating the Norm of the Centroid

Now we have the first two ingredients of the algorithm: the ¢ function and the Gap The-
orem. The final ingredient is a way of estimating ||Com (f)|| using only samples. There
are two observations that I use to develop the estimator. First is that for independent

zy ~ u, E[(zf(2),yf(y))] = (Com (f),Com (f)) = [[Com (f)|* by linearity of expecta-
tion, and second is that with a set of m random samples, we actually have (";) examples
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of (xf(x),yf(y)) instead of just m/2 (but these pairs are not all independent). I combine
this with Chebyshev’s inequality to show that we need only y/n samples.

To use Chebyshev’s inequality, we will need to compute the variance of the estimator. We
will calculate a general formula for the variance since we will reuse it in the next chapter:

Lemma 4.6.1. Let p be a probability distribution over R™, and let f : R — {£1} be
a measurable function with center ¢ = B[z f(x)]. Let {x1,za,...,2,} be independently
chosen random variables from p. Then

v (’;) > S () o)
m — 2 2 4 2 2 4
:4.m(E [(z,6)2] — |l )+m(E [, 9)7] = llell®)

Proof. Let M = (7;) for convenience. By definition:

\%

MUY f(wi)f(ag) <fcia%‘>] =M"E (Zf(fvi)f(ﬂfj) <%l’j>> ~lell* -

i<j i<j
Expanding the expectation, we get

0 Flw) ) ) f(e) (e wg) (o, ) (4.1)

1<j,k<t

which can be broken down into 3 cases: either i, j, k, ¢ are all distinct, or the 4 variables
take 3 distinct values, or they take only 2 distinct values.

The first case, in which ¢, 7, k, ¢ are all distinct, will occur (T) - 6 times in the sum, since
there are (T) choices of values, and 6 ways of ordering the variables, since i < 7 and k < £.

In this case, the expectation of the summand is

E [ (i) f () f (20) f (20) (is ;) (e )] = (e.0)® = |
by linearity of expectation.

The third case, in which ¢ = k, 7 = ¢, will occur (Tg) times in the sum, since we must choose
2 distinct values for 4, j. In this case,

E [f (o) f () f(wr) f(20) (i, 25) (wn, )] = B [f(2:)* f(25)° (i, )]
=F [(:Bi,xjf} )
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Finally, the second case, in which there are 3 distinct values taken by the indices, occurs
(m)2 — (’;) —6- (T) times, which is

(-G )

:l(m) (mZ—m—Q—m2+5m—6)

2\ 2

(G-

:2m(m—12)(m—2) 6. (2)

In this case, we may assume without loss of generality that ¢ = k, j # ¢. Then
E [f (i) f () f (o) (i, ) (wi, w0)] = B [(wi, 25f () (i, wef ()]
=E [(zi,0)"]

Putting these cases together, we get that the variance is

w2 (6 () el + 6 (5 e )+ (5 )E Lo >]) e
o (6 () @[] = el + () (= ) - 1))

where we have used the fact that 6( ) + 6( ) ( ) )2 Now writing out M, ( ) (TQ”)

in terms of m proves the lemma. n

o3

Lemma 4.6.2. Let p be any RI probability distribution over R™ and let f : R" — {x1}.
For all 0 < € < 1/2 and 0 < 6 < 1/2, independent of n, we can estimate ||Com (f)|

within e using at most
VRV
O
Vs

random samples, where R = E [HxHQ}

Proof. Let {x;}icm the set of independent random sample points drawn from g, where m

. . X 1 . S
is some number to be determined later. We will use () Dici (f(@)at, f(z?)a?) as our
estimator: note that

E [(f(z)x, f(y)y)] = E[f(2)a] ,E[f(y)y]) = (c;c) = ||e]”
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for ¢ = Com (f) = E[f(x)z]. Letting M = ("21) for simplicity, we will use Chebyshev’s
inequality to show that

P | M7 (Fah)al, f(a)al) — |le]|”

i<j

>77] <9

for an appropriate choice of m. From Lemma 4.6.1, we know the variance is

m— 2 2

4y B [0 = lel) + s (B[] = el

so we need only calculate E [(z, c)z} E [(z, y)2] Using rotational invariance, we may let
u be drawn uniformly randomly from the unit sphere, and write

E [(xi,xﬁz} =E [||xj||2 (xi,u>2] = RV . (4.2)

Again using rotational invariance, we can let u be drawn from the unit sphere and write

E [(@1,0*] = el E [{z, o/ ell?] = el V. (43)
The variance is then
m— 2 9 9 2 4
40— = _ = _
gy el (V= elP) s (B = el
m-—2 _, 2
~— m(m — l)v * m(m — 1)RV

since the first term is maximized when ||¢|* = V/2. Using the identity V = RV* (Propo-
sition 4.3.7), where V* is the 1-dimensional variance of the unit sphere, and the inequality
V* < ni—i-l (Proposition A.0.8), we get the upper bound

RV ) RV [3(m—2)
m(m — 1) ((m =2)V +Q)Sm(m—l) ( n+1 +2>

Note that the second term is bounded by a constant as long as m < O (n), so setting
m =0 <{£\2{> will suffice, as long as vV RV < O (n), since €, § are independent of n. Again

using the identities R = RV* and V* = © (1/n), we can rewrite this condition as £ < O (n)
or R <O (n?).
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Setting the constant in m = © (2% ) appropriately, using Chebyshev’s inequality gives

us
RV m— 2
P <—— (2+3 <$
[ >6]_m(m—1>62( N n+1)— ’

which completes the proof. n

MUY flaa) fag) (i) = el

1<j

Chebyshev’s inequality is quite basic and it is possible that more advanced concentration
inequalities could produce better results here. However, recall that there is a {2 (\ /n/log n)
lower bound for passive testing in the Gaussian space (| |, see Subsection 3.3.2)

while the above estimator uses roughly /n samples, so more advanced methods can only
significantly improve the dependence on €.

4.7 Algorithm

Mixing all the ingredients together, we finally get the algorithm for testing halfspaces in
RI distributions. Below I will write fi4, = max, i, (z) as the maximum density of the
1-dimensional projection of .

Algorithm 5 RI Tester
Input: f:R" — {£1},e € (0,1)
1: function pu-HALFSPACE TESTER(f, €)
2: Let ¢ 4u;az,
Let 0 be an empirical estimate of E[f] to within +5€3;

3
4:  Let & be an estimate of ||¢|* = ||E [« f(2)]||* to within +€?;
5 if £(0) — ¢® < 2€} then accept;

Theorem 4.7.1. Algorithm 5 satisfies the following properties: for any f and 0 < € < 1/2,
1. If f is a halfspace then A accepts with probability at least 2/3,
2. If [ is e-far from all halfspaces then A rejects with probability at least 2/3, and

3. A requires at most O ( . Rzg%“ + V2’£””) labelled samples.
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Proof. By Lemma 4.6.2, with O (\/EL?V) samples we can estimate ||¢||® to within 4€® (with
constant probability, say 5/6).

To estimate the volume E [f] we can use standard Hoeffding bounds. From Lemma 4.5.3
we know that -££(v) < 2V so to estimate &(v) within +€} we need to estimate v to within
+€3/2V. Then taking random samples 1, . .., z,, we have

1 mn?
P|— > <2 -
S )

which is at most 1/6 when

2 1 V2

Assume that both estimations are successful, which occurs with probability at least 1 —
(1/6 +1/6) = 2/3. Assume f is a halfspace. Then the total error in £(0) — é* is at most
2¢2, so the algorithm will accept.

f ()

Now suppose f is accepted by the algorithm, so £(0) — ¢ < 2¢e3. If |v| > 1 — 2¢ then either
vt <eorv” <eso fis eclose to a constant function and would be correctly accepted, so
we may assume |v| < 1 —2e. We may also assume, for contradiction, that dist(f,h) > e,
since otherwise the algorithm was correct to accept.

Suppose h is the halfspace whose center is parallel to the center of f with E[h] = E[f].
Let fimae = max, p,(2) denote the maximum density of the projection. From the Gap
Theorem and the inequality (a —b) < (a —b)(a+b)/b = (a* —b*)/b for a > b > 0, we have

§w) = llell” _ 6(0) & +2¢ _ 4
VEw) T Ve T W -2e)

where the final inequality is due to Proposition 4.5.4 and the assumption that |v| < 1— 2e.
Since dist(f, h) > € by assumption, we have W (dist(f, h)/2) > W (e/2) and we can write

4¢3
Wi(e/2) - W(1—2¢)’
We want to show a contradiction, which we get by setting

:—\/e (e/2) - W(1 — 2¢) >

where we have used the inequality W(a) > a/pmae: and the fact that 1 — 2e > 1/2 since
e<1/4. O

W (dist(f, h)/2)dist(f, h) <

dist(f, h) <

(4.4)

,Umax
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The dependence on fi,,.,; in the sample complexity is not ideal. For many rotationally
invariant spaces, such as the Gaussian space or the uniform sphere of radius ©(y/n), fmas
will be a constant along with the variance V. Unfortunately, this may not hold for all RI
spaces, as | will show in the next example.

Example 4.7.2. Let uq, 2 be the uniform distributions over spheres of respective radii
11,79, and for A € (0,1) let u be the mixture pu = Apg + (1 — A)puo. We want to restrict
this distribution so that it is comparable in scale to the Gaussian distribution, and we will
look at two ways to do this: first, dictating that V' = 1, and second, that E[||z|]] = v/n.

Suppose that 1 =V = AV} + (1 — \)V4. From Proposition A.0.9 we have
L=V*(Ar{+ (1= Mr3)

where V* = (2 £ 1)/(n + 1) is the variance for the unit sphere (Proposition A.0.8), so
Ar2 + (1 — A\)r5 ~ n. Now for any choice of r; (say, very small) and constant A, we
can choose 7o to satisfy (1 — A\)rZ ~ n — A\r?, say ry ~ /n (note that we cannot set
ry = w(y/n) unless A depends on n). Thus have constructed a distribution where at least
a constant A mass occurs within radius 7y, which is arbitrarily small; this implies that
W(e) < ry is arbitrarily small for any constant ¢ < A. This plays havoc with the Gap
Theorem so the accuracy we need in the algorithm explodes. In this example we also have
E[|lz]|]] = Ar1 + (1 = M2 = O(r2) = O(y/n) so as we would expect, the other restriction
has an identical weakness.

This example shows that a sample complexity of y/n is achieved for distributions whose
width satisfies W (e) > C - € (for any constant C' > 0), but those with sublinear width
will require further study. The relationship between the width, variance, center-norm and
sample complexity is an interesting topic for future work. Since we can still learn halfspaces
with roughly n samples on these extreme spaces, I expect to find a testing algorithm with
v/n sample complexity as well:

Question 4.7.3. How can we improve the algorithm to use fewer samples on spaces with
sublinear width?

4.7.1 Distance Metrics

There is a subtle observation that we can make about this tester: it is slightly stronger
than is required for the definition of property testing algorithms. The distance metric
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that we usually use for property testing is the L; metric, i.e. the distance between two
boolean-valued functions f, g is dist(f, g) = P [f(x) # g(x)]. However, as a consequence of
the Gap Theorem, a function f is correctly rejected by Algorithm 5 if it is e-far from the
halfspace h with the same volume — this is not necessarily the closest halfspace to f, so it
is possible that f is less than e-far from being a halfspace. Thus the algorithm correctly
rejects in some cases where acceptance is acceptable. So it is possible that the tester works
for some distance metrics that are more difficult than L.

Question 4.7.4. Does this testing algorithm work for other, more difficult distance met-
rics?

4.7.2 Easy Extensions

To conclude this chapter, I make the easy observation that the algorithm, with hardly
any modification, can be used for probability spaces that are linear transformations of
rotationally-invariant spaces. This is because any linear threshold function will remain
a linear threshold function after such a transformation, and our model assumes that the
algorithm knows the distribution; that is, we could tailor the algorithm to apply the inverse
of the transformation.

75



Chapter 5

Beyond Rotation-Invariance

The algorithm for rotationally invariant spaces relied on the fact that the center of mass
is always the same length, no matter which direction the weight vector is pointing. Aban-
doning rotational invariance means abandoning this nice property, so we need to adapt
our algorithm to this inconvenience. For RI distributions, we found a function ¢ such that
EE[f]) = ||Com (f)||*>. To adapt the algorithm to other spaces, we can try to find an
analogous function &(py, ps,...) = ||Com (f)|?, depending on some parameters p; that are
easy to estimate, that determines what the center-norm of the halfspace ought to be. The
number of parameters should be small: if we have more than n parameters we might as
well learn the function.

In this chapter I will look at mixtures of 2 rotationally invariant spaces p, po, and develop
a 2-parameter function depending on the volumes v; = E,, [f] and v, = E,,[f] due to each
component distribution. The algorithm can then work as before: estimate the parameters
v1,v9 and compute &(vy,v9) to find what the center-norm ought to be; then estimate and
compare the center-norm, with correctness guaranteed by the Gap Theorem. I will show
that a small modification of the previous algorithm will work for the mixture under the
condition that the components are not too far apart (at most n'/®) and that the derivatives
of the new ¢ function are not too large; fully understanding these restrictions is left for
future work.

As an example of why rotation variance can be troublesome, consider the simple statement
“The coordinate ¢ with the largest weight w; should have the largest influence on the func-
tion value”. This statement is quite intuitive and indeed it holds for many distributions,
including RI distributions and the uniform hypercube:
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Proposition 5.0.5. Let p be any probability distribution over R™ that is coordinate-wise
symmetric, i.e. whose density satisfies, for all v € R™ and i € [n], p(x"%) = p(z" ).
Suppose f(x) = sign((w, xz) — 0) is a halfspace with center of mass ¢ = Com (f). Then for
all i,j € [n], sign(w;) = sign(¢;), and if |w;| > |w;| then |c;| > |¢j|.

Proof. Without loss of generality, consider w; and assume w; > 0. Fix any a = Y 5 w;z;.
Note that for all z; such that |wyz;| < |@ — al, the point —z; has the same probability
and also satisfies this condition; therefore E [wyz,f(x) | |wizi| <10 —al] = 0. In the
opposite case, if wix; > |0 —al then z; > 0 and f(z) = 1 and if wyx; < |6 — a] then
1 <0 and f(x)=—1, so

Ewyzif(z) | |wize] > 10 —al] > 0.
This proves sign(w;) = sign(f(7)).

For the second part, assume without loss of generality that ¢ = 1,5 = 2, and w; > ws > 0.
Fix any o = 0 — >, w;z;. Consider

f(1) = f(2) = E[(x1 — z9) sign(wyz + waxs — )] .

Let x1, 29 be such that the term in the expectation is negative. We will show that the
mapping (z1,22) — (r2,71) is a one-to-one mapping from negative examples to positive
ones. Consider the expression

(wlxl + U)ng) — (’LUliL'Q + ’LU233'1) = (U]l — U)Q)(l'l — 1'2) .

There are two cases: first, if x1 < x5 and wixy + wexrs > «. Then this expression is
at most 0, so a < (wyxq + wery) < (wixg + woxy), and the new point is a positive
example. In the second case, x1 > x5 and w21 + wes < a, so the expression is at least 0,
a > (w1xy + wewa) > (w22 + wexy), and this is also a positive point. O

The requirement that the distribution be not only symmetric (i.e. pu(z) = p(—=x) for all x)
but coordinate-wise symmetric (pu(z* 1) = u(2* 1)) seems too strong; however, we can

easily construct an example distribution that is symmetric but for which the fact does not
hold:

Example 5.0.6. Let w = \/Li(l +¢,1 —¢) and consider the uniform distribution over the
ellipse #% + 4z3 < 1, illustrated in Figure 5.1:
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Figure 5.1: A symmetric distribution where the order of Com (f) coordinates differs from
the order of the w coordinates.

5.1 Mixtures of Rotationally Invariant Distributions

In this section I will extend the tools used for rotationally invariant distributions to mix-
tures of 2 rotationally invariant distributions; a good example to keep in mind is a mixture
of Gaussians.

Definition 5.1.1. In this chapter, we will be considering distributions p = %(ul + p2) over
R™ where p1, po are RI (and share the same o—algebra) and have means m, —m respectively;
I will usually write M := ||m||. It will be useful to consider the distributions fiy, fio which
are the centered copies of py and ps; formally, for all z,

A

fir(z) = pa(z +m), fiz(z) = po(x + —m).

I will write R; := E [||x||2} as the “radius” of each (centered) component, and V; =
T [

E [(w, £C>2] (where w is an arbitrary unit vector), as used in the previous chapter. I will

Trfig

also write &;,& to be the respective functions defined in Lemma 4.5.2. For simplicity, I

will write
E = (\/51(”1) + 52(112)) .

Keeping the same notation as in the previous chapter, I will also use, when considering a
function f: R™ — {£1},

As in the previous chapter, we shall write

Vii= sup V [(wa)]= E [(w,z)’]

wi||wl|j=1 T~ Teofl;
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where in the last expression w is an arbitrary unit vector, and equality holds due to
rotational invariance.

For a unit vector w, we can calculate the 1-dimensional variance along w by splitting it
into the component distributions:

Proposition 5.1.2. Let p be as in Definition 5.1.1, and let w € R™ be an arbitrary unit
vector. Then

VitV

Vu(w) 5

+ (m,w)* .

Proof. By definition,

V(w)= E [(:B,w>2} = % (wE [(x,w)ﬂ + E [(w,x)z]) :

~ T2

First considering x ~ p; and writing x = u + m where u ~ ji; is drawn from the centered
copy of p1, we have

E [(x,wﬂ = E [(u%—m,wﬂ

— E [((u, w) + (m, w))’]
=E [(u,w)” + 2 {u,w) (m,w) + {m,w)’]
=Vi+ (m,w>2

since E [u] = 0 in the final equality. Doing the same for 1o completes the proof. O
Following the same strategy, we can compute the value for R in terms of R; and Rj:

Proposition 5.1.3. In the same setting as the previous proposition,

R+ Ry

R 2
5 + [[m]]

Proof. Again by definition, we have

— 2 _l 2 2
R=E [Iol') =5 (&, [Ielf] + &, [IlF])
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First considering x ~ p; and writing = u + m for u ~ i1 drawn from the centered copy
of 1, we have

E [Hx\ﬂ = E [(u+m,u+m)

Tpn u~fiy
= E [(u,u) + 2 (u,m) + (m,m)]
= R+ |m]”
since I [u] = 0 in the final inequality. Doing the same for yy completes the proof. O

Now I construct the £ function that maps the separate volumes to the center-norm. Before
diving into the calculations, note that it seems natural for Com (f) to simply be $(& + é2),
the average of the centers due to the separate components. However, this turns out to be
incorrect since the the component distributions are not centered.

Lemma 5.1.4. Let p be as in Definition 5.1.1, and let f(x) = sign ((w,z) —6). Then
L _
Com (f) = 5 (Zw + (vy —v2)m) .
Proof. Let c= E [zf(x)] and ¢; = E [z f(x)], so ¢ = 2£2. Since iy, pip are rotationally
arp op;

invariant about their means, we may simplify their analysis by centering them. Denote by
& the point x —m,so E [Z] = E [x —m] = 0. We also define a function f such that

T T

f(#) = f(z). This function over the centered space has center

6= E [:i“f(i)] = E [(z—m)f(x)]=c1 —vim (5.1)

Ty T

Note that the volume of f over the centered distribution is E [f(:i’)} = E [f(z)] =v.
Tl

T
Since the distribution of Z is centered and rotation-invariant, we know that there exists a
function & such that & (vy) = ||é]°. Examining f, we see that for all z,

7(@) = f(x) = sign((w,z) — 0
= sign ((w, z) — (w,m) + (w, m) — 6)
= sign ((w,z —m) + (w,m) — 0)
= sign ((w, Z) + (w, m) — 0)
This means f is a halfspace whose center (with respect to the centered distribution) is
parallel to w. Thus ¢; = ||¢1]|w = /& (v1)w. Combining this with equation (5.1), we

know that
¢ =¢ +vm =& (v)w+vym.
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Performing a similar transformation on s we get
Co = 62 + Ug(—m) = fg(v2)w — VoM

with ||é&||* = &(vy). Thus
e =222 = 2 (VETw + vm+ Velw)w - vm)
= % <<\/§1(v1) + \/52(1)2)> w+ (v — vg)m) : O

Theorem 5.1.5. In the same setting as the previous lemma, there exists a function & :
R x R — R such that ||Com (f)||> = &(vy,v3), given by

§(v1,v2) i= (( &1(v1) + V&a(v2) )2
+(v1 — v2) (01 — 02) (\/51 V1) + \/52 (Vg ) (01 —U2)2M2> .

Proof. Let c,cq,co be as defined in Lemma 5.1.4. Then

(22 + 22(v1 — v2) (w,m) + (1 — va)? m[*) .

Ry

lel® = {e,c) =

This is clearly a function of vy, ve and (w, m), so all that remains is to show that (w,m) is
also a function of vy, vo. We do this by noting that the centered halfspaces have thresholds

01 = (w,m) — 6 and Oy = (w, —m) — 0 = — (w,m) — 6. Thus, since the centered spaces are
rotationally invariant, we can use the functions ®;' and ®,* to compute
91 (’Ul) 62 (Ug)

Finally, observe that
01— 6y = (w,m) — 0+ (w,m) + 0 =2 (w,m)
so dividing by 2 gives us what we want. O]

We have v; and v, as the parameters for £, which means v; and v, should be easily estimated
with samples. The next lemma shows how to do this:

Lemma 5.1.6. Let py,...,ux be probability distributions over R™ (with the same o—
algebras)', and let p = Zie[k] Aift; where Zie[k] Ai =1 and N\; > 0 for all i € [k]. Let
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Figure 5.2: The center of mass in a mixture of RI distributions.

f:R" = {£1} and define v; := E [f(x)] for each i. Then, writing u;(x) as the density
Teopug

of u; with respect to p,

Proof. Let S be the support of p = zie[k] Aift; (note that the support S; of u; satsifies
S; € S). Then

E[2850) = [ S jopantan = [ fopnn) —u. O

Recall that for the correctness of the RI algorithm, we made use of the fact that we could
pick a halfspace whose center was parallel to the center of f, and use this halfspace in the
Gap Theorem. This let us use the identity

|Com (h) — Com (f)| = [[Com (R)[| = [|Com (f)I| -

To establish the same identity for mixtures, I will first establish the continuity of the center
of mass as a function of the weight vector and volume:

1 A technical condition for this lemma is that the mixture should comprise distributions of the same
“type”; it wouldn’t, for example, make sense to mix discrete and continuous distributions (their o-algebras
would not match up).
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Lemma 5.1.7. Let p be as in Definition 5.1.1, and let h(w,v) = sign ((w, -) — 6,) be the
mapping from normal vectors w with ||w| = 1 and volumes v € [—1,1] to the halfspace
with normal w and volume v. Then:

1. For all v, w+— Com (h(w,v)) is continuous at w,

2. For all w, v — Com (h(w,v)) is continuous at v.

Proof. Fix v € [—1,1] and let w € R™ such that ||w|| = 1. From Lemma 5.1.4 we have

Com (haw, ) = 5 (V&) + V&) w+ (0 = va)m) |

and v; = feolo p1w(dx). py is indiscrete since it is rotationally invariant, meaning g, is
absolutely continuous with respect to the Lebesgue measure. Thus v; is continuous at
0, =0 — (w,m) = &, (v) — (w, m), which is itself a continuous function of w. The same
holds for wy. Thus Com (h(w,v)) is a composition of functions continuous at w, so it is
continuous.

Next fix w € R™ with ||w|| = 1. By a similar argument, we know vy, vy are continuous
functions of v since §; = ®~1(v) — (w,m) and ®,'(v) is continuous since p is indiscrete.
Thus Com (h(w,v)) is again a composition of functions continuous at v, so it is continuous.

]

Using continuity, we can show that for any vector ¢ € R™ and volume v, there exists a
halfspace with volume v whose center is parallel to c:

Lemma 5.1.8. Let u be as in Definition 5.1.1. Let ¢ € R™ such that ||c|| =1 and let v €
(—=1,1). Then there exists a halfspace h such that E[h] = v and (Com (h),c) = ||Com (h)||.

Proof. We first show that a halfspace with volume v exists whose center has the same angle
Com(h)
[[Com(n)||”

previous lemma, so

m> = (¢, m). This holds since w +— Com (h) is continuous by the

o (" i)

tom as ¢, i.e. <

is a composition of continuous functions of w. Setting w = m/ ||m|| we have <m M> =

" l[Com(R) ||
||m/|| while setting w = —m/ ||m|| gets us <m, ||22+E}13|\ = —||m||. Thus for some w the
inner product is (m,c) € [— ||m||, |[m||]] by the Intermediate Value Theorem.
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Now that we have a halfspace with the correct angle to m, we note that since pu is rota-
tionally invariant around the axis m, we merely need to rotate w about this axis to get the
correct normal vector. O]

I expect that this fact is true for general indiscrete spaces (but obviously not for finite
discrete spaces, in which there are only a finite number of possible halfspaces):

Conjecture 5.1.9. Let i be any indiscrete distribution over R™ and let ¢ € R™ be any
unit vector and v € (—1,1). Then there exists a halfspace h with volume v whose center is
parallel to c.

To estimate the center-norm to within, say, +n using approximations of v; and vy, we must
know how accurate our estimates of v; and v, should be.

Lemma 5.1.10. Let i be the mizture and & the function defined in Theorem 5.1.5. Suppose
that v = (v + v2)/2 and vy satisfies |v1] < 1 — €. Then the partial derivatives of & are
bounded by

’Dz’ﬁ(vmﬂso(MuMW*V V' ) |

_l’_
Vel )
where V' = max(Vy, V3).

Proof. Recall the definition of the function

g(’Ul, U2) = le (E2 + (U1 - Ug)E(@l - 02) + (Ul - U2)2M2> s

where 6; = (w,m) — 0,0y = (w, —m) — 0 = — (w, m) — 0. Also recall that the distributions
{1, [z are symmetric about their respective means, so the 1-dimensional projections uf, 3
are symmetric. In particular, this implies that the partial derivatives of ¢ with respect to
v1, vy are symmetric: Di&(vy,v9) = —D1&(—vy, v9). From Proposition 4.5.5 we get

E<VVi+V 1.

The last term has the easiest derivative,

%)
a—(vl +v9)2M? = 2M?(v; — vy) < 4AM? |
U1

which shows that the estimation will depend on the separation parameter.
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The derivative of the first term is

0 _ d d
(%1 (\/51 (v1) + v/ &(vg ) = d—vlfl(vl) + 2/ 52(?12)d—01\/§1(v1)
= 2‘_‘dil} \/ 51(1}1) = 2_401

by Lemma 4.5.2.
The second term’s derivative is

3?11 (v1 — vy (\/51 v1) + /& (va ) ) — @51 (v9))

1
2111 (61)

These two terms depend on the threshold #;. We can get a bound on #; using the assump-
tion that |v1| <1 —¢€, so

5(91 — 92) (Ul — ’U2>91(01 — (92) — (Ul — UQ)E

gzppzm] (5.2)
We can easily bound this with Chebyshev’s inequality:
e W
< =
2= B2

so 01 < \/2V;j/e. Thus we can bound the first and second terms in the derivative by

220, < 2(x/Vs + \/Va)/TVi e = (—mX\;V))
€

and

Vi+/Vo)M+4M\/2V; e+

m(y/2Vije) Ve p1(y/2Vi/e)

For the partial derivative with respect to ve, we cannot use equation (5.2), and instead must
use the fact that 6, < 0; +2M to get the same bound as above but with ps(1/2V1/e+2M)
in the final denominator. O]

VVi+ Vs —o(M max(Vi, Va) max(vl,m)

These basic bounds are, I expect, far from optimal. For one thing, this simplistic bound
does not take advantage of any cancellations that could occur (which may be intricate
in unbalanced cases where the component distributions are very dissimilar). Another
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immediate target for improvement is the use of Chebyshev’s inequality for equation (5.2).
In this equation, z is drawn from the projection of a 1-dimensional RI distribution so there
should be significantly more structure to exploit. Consider the Gaussian distribution for
example:

Example 5.1.11. We can use Lemma 2.3.12 to get

% =Pz > 6] < exp (—6°/2)

so 0 < +/21In(2/€). This gives

ol8) = —=exp (<2(2/0)/2) = /2]7e

In fact, the concentration bound in equation (5.2) appears to be most evasive in the same
situations that are tough for the RI algorithm; it will be interesting to learn more about
this.

Question 5.1.12. What is the best bound on these derivatives? Can we get much better
bounds when W (e) > C-¢ (for any constant C)? What happens when we restrict M < n'/8?

The n'/® question comes from the next section, where we will see that this restriction
naturally arises from the analysis of the center-norm estimator.

5.2 Estimating the Center—Norm

Now it is necessary to update the estimation guarantee, Lemma 4.6.2. All that is required
is to apply the formula Lemma 4.6.1 and compute the two expectations in that formula. In
this section I will use the notation ¢ = ¢/ ||c|| and m = m/ ||m||. Then we get the following
lemma:

Lemma 5.2.1. Let p be as in Definition 5.1.1, and let f : R™ — {1} be any measurable
function with center ¢ = Com (f). Let

_R1+R2"/i+‘/2
2 2

B + M?*(Vi + Vo + M?).
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Then the variance of the estimator (’;)71 >ici f(@i) f(x)) (xi, 2;5) for independent random
vectors Ty, ..., Ty ~ [L 18
1

k — 2 — 2
s el (@) = elP) + 2755

Proof. From Lemma 4.6.1, the total variance of the estimator (S) - Doici (@) fy) (w3, 25))

@ ) (6' <l§) (E [(z, )] = lle]l") + (S) (E [z, v)?] - ||c||4)> ,

so we need only compute E [<a:, y>2} and E [(a:, c>2}. Splitting the first expectation into its
components, we get
1 27, 1 27, 1 2
E |(z, 1= FE x, +- E x, +—- E x, )
Ty~ [< 2 } dzy~m [< ) ] Az y~po [< y) } 2zopn,y~pe [< v) }
We can focus on the more general third term. Write z = v + m,y = v — m where
u ~ [l1,v ~ [l are drawn from the centered copies of their respective distributions. Then

E  [{u+m,v— mﬂ =E [((u,v) — (u,m) + (v,m) — (m, m))z}

urfil, v~ iz
=E [{u,0)°* + (u,m)" + (v,m)" + (m,m)"]
=FE [HUH2 (u, 0)* + M? (u,m)* + M? (v, m)* + M*]
= RyVy + M?Vy + MV, + M*
= RiRV* + MPR\V* + MPR,V* + M*
where we have used E [u] = E[v] = 0 in the second equality to eliminate all cross-terms,

leaving only the squares. By setting p; = puo we can specialize this equation for the other
two cases:

E [(z,y)°] = RIV* + 2M*R, V" + M*

LY~

and similar for pus. Combining these gives us

E [(z,9)] = i (RIV* 4+ 2M° Ry V* + R3V* 4+ 2M* R, V* + 2M*)

Ty~p

1
+5 (RiRoV* + M*(Ry + Ro)V* + M*)

(RIV* + RV* + 2R RyV* + AM?(Ry + Ro)V* + 4M*)

R+ Ry
2

2
) Vi M? (Vi + Vo + M?) = B.

T~ =
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For the other expectation, we can plainly see

E (2.0 = lel”E [(@,97] = 1]’ Va(e).

Compare to the RI setting, where this was ||c 2V.) Thus the variance is
g

(5) (- (5) 1o v 1 + (5) )

— 12 2 (V@) — el + k(%

k(k _ 1) _ 1) (B - HCH4) : u

In the RI setting, we can set k = O (%) =0 (%) to get € accuracy with confidence

1 —¢ (Lemma 4.6.2), and we would like a similar result here. I will analyze the two terms
of the variance and show that we can get a similar result when we constrain the separation
parameter (we will require that M = O (nl/ 8).

The first observation is that we can get a simple worst—case bound on B:

Proposition 5.2.2. Let p be as in Definition 5.1.1 satisfying Ry = Ry =n. Then
B=06 (M4 + n) :

Proof. The condition Ry = Ry = n implies Vi + V2 = © (1) (Propositions 4.3.7 and A.0.8),

SO
_R1+R2'V1+V2

2 2

B

+ MP(Vi+ Vo+ M?) =0 (n+ M*+ M?) . O

Recall that we want the variance to be roughly €25 and m to have dependence y/n on n.
Then we should have B — ||¢[|* = O (v/n). We can assume that f is e-far from constant
but even in this case we can have ||c[| = 0, so we cannot make any assumption on ||c|.
Therefore, to get the sample complexity we want, we need the restriction M = O (nl/ 4),
and this is the best we can do with this estimator and analysis.

We must also check that this restriction is sufficient to bound the first term: recall that

this term is L_o
- 2 —\ 2 2
4m lell® (B [(z,8)°] = llel®)

or more simply, we can consider

1 2 —\ 2 2
=l (B [(,2)7] = llel®)
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Our goal is to have k = O (y/n), ignoring € and § factors. Thus we must have

lell* (E [z, &)°] — lleI”) = 0 (V) ;

recall that this holds for RI distributions, since V = E [(x, 6)2} was a constant. Unfortu-
nately, for mixtures, E [(:c, E}ﬂ is not constant so we need to do more work.

Proposition 5.2.3. In the same setting as Lemma 5.2.1,

lel* (B [z, &)°] — lle|*) = O (M) .

Proof. The 1-dimensional variance, from Proposition 5.1.2, is

Vi + Vs
V(@) =E [(z,8)?] = 2 > 24+ (Em)? =0 (M?)
since V; + V5 is a constant. The center—norm satisfies

T _ -
lel|* = 7 (B2 22(01 = vo) (w,m) + (01 = 02)°M?) = O (M?)
since 2 < Vi + V5 = O (1) (Propositions 4.5.5, 4.3.7 and A.0.8), so

lel* (E [(z,0)"] = lle]*) = O (M*) .

m
The following example shows that this is essentially tight: the term can be as large as
O (M*).

Example 5.2.4. We have ¢ = 1 (2w + (v1 — v2)M), and

1
2—_
el? = 5

(22 + 2E(v1 — v2) (w,m) + (v1 — v2)*M?) .

Pick any halfspace such that (v; —v2) = O (1), so ||c|| = © (M). Assume (w,m) > 0 and
v1 > vg, which is a consistent assumption. Then

- oy

el -0 () =ew

since v; — v9 is constant. Then V (¢) = © (M?).
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We can certainly pick w such that (w,m) = O (1/4/n) and (v;—vy) is bounded by a constant
(in fact (w,m) = 1/4/n works for a mixture of two spheres of radius y/n). Therefore this
example shows another important fact: even under the natural restriction that |(w,m)| =
O (1) (i.e. the volumes due to both components are bounded away from constant), we can
have [(¢,m)| = Q (M).

Now, since we have an example where

1 2 -\ 2 2 M4
HIelP 0] - ) =0 (%)

we see that, ignoring ¢ and J, we must set k = © (M*). Thus M* = \/n so M = n'/% is
asymptotically the largest separation parameter that the estimator can tolerate with this
analysis. I summarize the above discussion with the following lemma:

Lemma 5.2.5. Let u be as in Definition 5.1.1 satisfying ||m|| = n'/® and Ry = Ry = n.
Let f : R™ — {1} be any measurable function, and let 0 < €,6 < 1. Then we can estimate
|Com (f)||> to within +e with confidence 1 — & using at most

(%)

Proof. Let xq,xs,..., 2, ~ 1 be a set of independent random points. From Lemma 5.2.1
and Propositions 5.2.2 and 5.2.3, we know that the variance of the estimator

E = (l;) h > flw) fa) (i wg)

1<J

random samples.

1s at most

O (%M‘*Jr %(le-i-n)) =0 (% +%>

by the assumption M = n'/®. By Chebyshev’s inequality,

PJE -] > ] < :0(\/5+L> |

€2 ke2  k2¢e?

Setting k = © <‘/—E> with an appropriate constant bounds this probability by §, as we

€24
want. O
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5.3 Algorithm

Now that we have explored the relationship between the center of mass and the volume
in these mixture distributions, we can modify the algorithm to make use of these new
properties. We have extended the £ function from a function of 1 variable (the volume) to
a function of 2 variables (the volumes contributed by each distribution in the mixture) and
so the most important change to the algorithm is the estimation of two volume parameters
instead of 1.

Algorithm 6 Tester for RI Mixtures
Input: f:R" — {£1},e € (0,1)
1: function p-HALFSPACE TESTER(f, €)
2: Let e = 5/e- W 6/2 W (1 — 2e);
3: Let D < inf be the bound from Lemma 5.1.10;

V2 Dy 5(1 €,V2
4: Let ¥; be an empirical estlmate of E[f] to within £De3;
w1
5. Let ¥, be an empirical estimate of E [f] to within +De?;
w2
6: Let @ be an estimate of ||¢||* = ||E [zf(x)]||* to within +e3;

7. if £(01,09) — ¢* < 263 then accept

Theorem 5.3.1. Algorithm 6 satisfies the following properties: Let u be as in Definition
5.1.1 such that Ry = Ry = n and ||m|| < n'®. For alle > 0 and f satisfying |E[f]| < 1—¢,

1. If f is a halfspace then A accepts with probability at least 2/3,
2. If f is e-far from all halfspaces then A rejects with probability at least 2/3, and

3. A requires at most O (ﬁi‘j’“"“’ + D2f§”“"> labelled samples.
where D is the bound from Lemma 5.1.10.

Proof. This proof is essentially the same as the proof of Theorem 4.7.1. We first use Lemma
5.2.5: with O \6/—?) samples we can estimate ||¢||” to within &€® (with constant probability,
say 5/6).

To estimate the volumes v; = E [f] we can use standard Hoeffding bounds. From Lemma

i
5.1.10 we know that D&, Do& are bounded by D~!. Then to estimate &(vy,vy) within
+e we need to estimate vy, v, to within £De}. By Lemma 5.1.6 we may use %f as an

unbiased estimator. Since g = (u1 + p2)/2 we must have that py(x), ua(x) < 2u(z) so
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o) f(m)‘ < 2. Then taking random samples X = {xy,...,z} we have, for either v; or

1IN~ mal@) o
g[k EZ: () fla)

which is at most 1/12 when

16 1 D?
-0 (2)-o(2)

Running the same procedure (with a new set of samples) for vy gives us os.

Following the proof of Theorem 4.7.1, which we may do since we may choose a halfspace
h with the same volume and parallel center by Lemma 5.1.8 we have
4¢3

(€/2) - W (1 — 2¢)’

dist(f.h) <

if f is accepted by the algorithm, with the conclusion that we can set

O

€1 = %\/E'W(E/Q) W (1 —2¢) >

H'ma:c

As I noted in the previous chapter, this dependence on fi,,,, doesn’t seem ideal, but for
“reasonable” distributions, with parameters close to what we’d expect for properly scaled
spaces, our desired /n sample complexity is recovered. With stronger bounds on the
derivatives of &, the algorithm should achieve similar performance to the one for single RI
distributions, with similar caveats. These bounds might arise from the restriction M <
n'/®, especially under the condition that |v;],|vs] < 1 —¢; the derivatives become unwieldy
when this condition is not satisfied. Finally, we would like to remove the restriction that
M < n'/8; ideally, a separation of M = /n should be allowed:

Question 5.3.2. Can we improve this tester or its analysis to work when M = \/n?
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Chapter 6

The Chow Parameters Problem

This chapter takes a detour away from testing halfspace towards a related problem about
halfspaces, known as the Chow Parameters Problem, that was introduced in the 1960s. The
main purpose of this diversion is to show that the Gap Theorem is interesting independent
of its use in property testing, by applying it to another problem. I will review recent work
of De et al. | | that presents an efficient algorithm for solving the Chow Parameters
Problem on the hypercube. Afterwards, in Section 6.2, I will show that we can use the
Gap Theorem (Theorem 4.4.1) to generalize this algorithm, and in the process I show that
the Gap Theorem applies to bounded functions as well as +1-valued functions (Theorem
6.2.1). The generalization is a work in progress: with a more powerful version of the
Gap Theorem that tolerates small differences in the volume of the functions (see Question
4.4.2), we would get the full generalization.

The Chow Parameters Problem (CPP) is this: Given the center of mass ¢ and volume
v of a halfspace, can we efficiently find a weight vector w and threshold # that define a
halfspace with center ¢ and volume v? Recall that the center of mass and the normal
vector are always parallel in rotationally invariant spaces (Proposition 4.2.2), making the
problem trivial; on the other hand, we have seen that this fails when the space loses its
rotational invariance (recall Example 5.0.6). Thus the problem is an instance of a broader
question:

Question 6.0.3. What is the relationship between the normal vector of a halfspace and its
center of mass?

The motivation for the CPP is grounded in a very influential theorem about halfspaces. In
1961, Chao-Kong Chow | | showed that for linear threshold functions on the hyper-
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cube, the center of mass and volume (i.e. the degree 0 and 1 Fourier coefficients) uniquely
determine the function within the set of all boolean functions. That is, any function that
shares these values with a halfspace is itself that same halfspace. This fact is not unique
to the uniform distribution over the hypercube; it continues to hold for any probability
space, as we show below by a simple application of the Gap Lemma:

Theorem 6.0.4 (Chow’s Theorem (Informal')). Let u be any probability distribution over
R™ and let f : R™ — {£1} be the halfspace f(x) = sign({w,z) —0). Let g : R" — {1} be
any function such that Com (g) = Com (f) and E[g] = E[f]. Then P[f(x) # g(x)] = 0.

Proof. Since the volumes of f,g are the same and ||Com (h) — Com (f)|| = 0, Theorem
4.4.1 dictates that dist(f,g) = 0 as long as W (w,dist(f, g)/2) > 0. This holds for indis-
crete distributions, and for finite discrete distributions one may perturb w slightly without
affecting f to achieve the same. O

Chow’s paper posed the question of determining, from a given center ¢ and volume v,
whether there exists a halfspace with those parameters. The importance of this question is
perhaps best illustrated with a surprisingly natural application that arises in social choice
theory.

Suppose we are tasked with designing, for, say, a coalition of countries, a voting system
in which each country makes a vote that is weighted by its population. We can model
any voting system as a boolean function: the i® country makes the vote z; € {£1} and
the result is either a yes (+1) or a no (—1). We want each vote to influence the outcome
in a way that is proportional to the country’s population; for instance, a country with
a population of 10 million will have a greater influence on the result of the vote than a
country with a population of only 1 million. Recall that we already have a definition of
“influence” for boolean functions (definition 2.5.6): the probability that the country’s vote
will be the deciding vote, assuming that all possible votes are equally likely (the “impartial
culture assumption” | |). Finally, recall that these influences are exactly the first-
degree Fourier coefficients of the boolean function, when the function is monotone (as in
this case: more ‘yes’ votes cannot flip the outcome from ‘yes’ to 'no’). Then given the list
of influences of each country, we would want to find weights that would give rise to the
desired voting system: this is exactly the Chow Parameters Problem. Problems such as
this are surveyed in | .

IThis theorem is marked as informal since there may be technical analytic conditions on the distribution
excluding some pathological cases.
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Question 6.0.5 ((Inexact) Chow Parameters Problem). Let f be the linear threshold func-
tion with ¢ = Com (f) and v = p(f). Given approzimations ¢,0 such that |¢; —¢;| < 6
and |0 —v| < 6, can we (efficiently) compute a vector w and threshold 6 such that g(x) =
sign (w, x) — 0 satisfies dist(f,g) < €? Or, setting €,0 = 0, can we ezxactly compute a
function g such that dist(f, g) = 0 when given c,v?

Recently, a pair of papers have given efficient algorithms for the inexact version of this
problem; we will review the most recent of these.

6.1 A Solution for the Hypercube

Two recent papers have presented solutions to the approximate CPP on the boolean hy-
percube: an earlier work by O’Donnell and Servedio | | and a later work by De et
al. | | that offers an improvement; I will focus on the latter. The main theorem of
that work is:

Theorem 6.1.1 (| | Theorem 1). There exists a randomized algorithm A that, for
any halfspace f: {+1}"* — {£1} with Chow parameters
f=EULE[f@)],... .Ele.f()])
and any € > 0, satisfies the following:
1. Given o € R™"! such that Hf - ozH < k(e), A produces a halfspace h (defined by a
vector w and threshold 6) such that2dist(f, h) < e with probability at least 1 —§, and
2. A runs in time O (n® - poly 1/k(€)) - log(1/6)

where K(e) = 9-0(1es*(1/9))

This algorithm makes use of a fact that relates the Chow parameters to the distance
between two functions: this is essentially an analogue of the Gap Theorem for the special
case of the boolean hypercube; I will say more about theorems like this in Chapter 7.

Theorem 7.5.13: Let f : {£1}" — {£1} be a halfspace with Chow parameters f and let
g : {£1}" — {£1} be any function, with Chow parameters g. For all € > 0, if Hf - QH < e,
2
then
d|St(f, g) S Q—Q(logl/S(l/E)) )

The algorithm will work by constructing a linear bounded function as an intermediate step:
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Definition 6.1.2 (Linear Bounded Function). Define the truncation function as:
i if |z| > 1
trunc(z) := sign(z) 1 2l 2
T if |z] < 1.
Then a linear bounded function (LBF) is a function of the form
f(x) = trunc((w, z) — 0)
for some w € R, 0 € R.
In the proof below, we will frequently use the notation f = (E[f],E [z1f(z)], ... SE[znf(2)])
to refer to the (n+ 1)-dimensional vector of Chow parameters, and we will write f(i) to be

the i*" parameter. Since there are n + 1 Chow parameters but our points have dimension
n, we will use the slightly nonstandard notation

(J.2) = 1O+ Jte,
when z € R"™.

Theorem 6.1.3 (| |, Theorem 10). There exists a randomized algorithm CHOWRE-
CONSTRUCT that, for every function f : {£1}" — {£1}, every €¢,0 > 0, and every vector

a € R satisfying H& — fH < ¢, has the following properties:
1. CHOWRECONSTRUCT produces an LBF g such that, with probability at least 1 — 9,

2. the weight vector w € R defining g satisfies w = kv for some k € R and v is a
vector of integers with ||v|| = O (v/n/e),

3. CHOWRECONSTRUCT runs in time O (f—f) log(1/6) and uses
n? n+1
O|—1
(e (5))

The algorithm and its proof follow a simple intuition: we can start with the (approximate)
Chow parameters o € R"*! and use these as our initial weight vector. Since the center of

random samples.

96



mass and the normal vector are not necessarily parallel, this initial weight vector may not
give us the function we want. But we can try to iteratively improve our guess by adjusting
the weights using the difference between the current Chow parameter vector g, and the
target vector . We will show that this process will in fact converge to a suitably close

function. R )
E|u((f,e)+0)] = JO)E [zis] + Elev = 1)
Jjeln]
Our goal is to generalize the result to probability distributions other than the hypercube.
With this in mind, observe that the following proof of correctnes of the CHOWRECON-
STRUCT algorithm does not depend on the hypercube in any meaningful way.

For notational simplicity, if we have a 0-indexed weight vector w € R™! and a point
z € R", we will write (w,z) = >, wiz;, leaving the coordinate wy out of the sum.

Algorithm 7 CHOWRECONSTRUCT

Input: o € R*™! satisfying Hf - aH <e6e>0,0>0
1: function CHOWRECONSTRUCT(a, €, 0)
2: Define go(x) := 0, g, := 0.

3 for ¢ > 0 do

4 V0 < i < n, let g,(i) be an estimate of §,(i) with accuracy -t
5: and confidence 1 — C' - 4.

6: if ||g: — || < 4e then return g;.

7: else

8 Define hy(x) := (o — @), x).

9 Define g;,, := g, + $hs.

10: Define g¢41 := trunc(g;, ).

Proof. For simplicity, we will leave out the proof of part 2.

Termination: Suppose that CHOWRECONSTRUCT has terminated on some iteration t,
so ||g: — a| < 4e. Then

. B o €2
<||F = af| + 3 = all+ 13 = Gl < e+ 4¢ + \/<n+ DD S0

Hf—gt nt1)

Note that we are being somewhat inexact with the final inequality; this is because we have
ignored the requirement of finding an integer vector for part 2.
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Potential Function: Before defining the potential function that records our progress, we
will make an observation: if we assume that the parameters of our estimate g, are still,
say, e-far from the target parameters f, then

- ) (<f +zf )]

= (f(0) = §u(0))* + S (F(0) — gu(i))* =

i=1

is at least e. If we can define a potential function that depends on this, then we could show
that the potential decreases by roughtly € in each iteration, proving convergence. Using
our approximations instead, we will show the slightly worse inequality

EKf—%MJZp(p—ga (6.1)

where we define
p=lla—gl .

By linearity of expectation, we easily have

E((f — gi)h] = ZE () (s = Ge(i) )]
= ZE (i f () = wige(2)) (@i = Go(0))]

= Z(f(z) — Ge(i)) (i — e (7))

We want p to appear, so we need (o; — G:(7))? we get this by adding and subtracting
(ot — g+(7)) into the left factor:

(f(3) = Gu(i) + (i — Ge(4)) — (e — Gu(i))) (s — Gu())

\E

E [(f - gt)ht] =

I
—~
kkn
—~

~
N—
|
8
N—
—~
£

|
N}l
=
—~
N—
N—

+
—~
Nl
=
—~
S~—
pS]
—~
SN—
N—
—~
Ne)
o~
—~
N~—
N—
+
e
no
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We will use a trick with the Cauchy-Schwarz inequality. We start with an application of
the inequality on the negative of the term (note that the first term is negated):

n

> (o= fli)es = (D) < || f ~ a|- o= 3l < .

i=0
Then we can negate both sides to get

n

Z(f(l) —a;)(o; — gi(i)) > —ep.

i=0
Using the same trick on the second term gives us
n

S0 — ) = i) 2 ~ 13— dul - o — Gl = ~5

which gives us equation (6.1)

Recall hy = 2g;,, — 2g;. We want to define the potential such that the difference P(t +
1) — P(t) to satisfies the following:

1. P(t+1)—P(t) < —C for some C' > 0 independent of the dimension, i.e. the potential
decreases at each iteration,

2. P(t) > 0 for all ¢, and
3. P(0)=1,
which would prove that the algorithm terminates.

Property 1: (P(t+1) — P(t) < —C). To get this property, we can try to use equation
(6.1); we would want the potential difference P(t+ 1) — P(t) to include the (negative) term

—E[(f —g9)h] = —E [(f - 9t)(29£+1 - 292)] =E [—2f92+1 + 2f9£ + 29t9£+1 - Qgtgg]

but this cannot be split into separate (additive) parts for ¢t and ¢ + 1. We fix this by filling
out missing terms and eliminating the combined term 2g,g;, ;:

_2f9£+1 + 29t+192+1 + 2fg£ - 291&91,5 + 29t9£+1 - 291&91/&4—1

which separates into
—(f = 92011 — 29;) + 2941 (9e01 — 90) = 29141 (9o — [) — 294(9: — f)-
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Unfortunately our potential difference would now be

P(H’l)_P(t) =K [‘(f - gt)ht + 29£+1<9t+1 - gt)] =-E [(f - gt)ht]+2E [9£+1(gt+1 - gt)}

which may be larger than 0 when, say, |g; +1| is very large. We correct this by further
adding the term g7 — g7, ;. This gives us the potential difference

—2f 911 + 20041911 + 219, — 2009, + 201911 — 291911 + 9 — gt2+1 e
= —(f = 90 + 2911 (gr1 — 90) + (9e1 + 90) (911 — 9¢) (6.2)
=—(f =g ) + (29£+1 + Ger1 + 90)(Ger1 — 9¢)

which separates into

(f +9)(f = ges1) = 29001 (f — ges1) — (f +90)(f — 9¢) +29:(f — a1)
= (f = 9e)(f + 941 — 2911) — (f — 9)(f + 9: — 29;)

giving us the potential function

P(t) :==E[(f = 9)(f + 9 — 29})] (6.3)

Now we will show that this potential function decreases in each iteration. Assuming the
algorithm has not terminated, we know that p > 4e.

The change in the potential at each step is, from equation (6.2),

Pt+1) - P(t)=E [(f — 1) (f — 29541 + gt+1)] —E[(f —g9)(f — 29; + g1)]
We want to show the following inequality:

(gi1(z) — 9t($))(29£+1($) — g¢(7) = g (z)) < ht(gx)Q (6.4)

For this, we will use the following easily-verified inequalities for real numbers a, b:

[trunc(a) — trunc(b)| < |a — 0|
la — trunc(b)| < |a — b| when |[b] > 1 > |a| (6.5)
|a — trunc(a)| < |a — b| when |a|] > 1 > |b|

If |g, 1 ()|, |g;(z)| > 1 and have the same sign, the left term is 0. Suppose |g;.,(z)|, |gi(z)| >
1 with opposite signs, so gi1(x) — g:(x) = £2. Then

|29£+1(95) — grs1(x) — gt(a:)’ =2 ’9£+1(1’)} <2 ‘9£+1(1’) - 92(1’)‘ = |hy(x)|
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and
9001(2) — 9:(@)] = 2 < Jgfy(2) — (@) < 5 Il)

so the inequality holds for this case. Now we need to consider only the case where (1):
’g£+1(x)} < 1, or (2): |g;(x)| < 1. First observe that

|9e1(2) = ge(@)] = [trunc(g;, () — trunc(g;(2))| < [gi11(2) = gi(2)] = |hu()] /2
by equation 6.5
If both (1) and (2) occur, then

126141(2) = (%) = g2 (0)] = (2001 (%) = gi(2) = g1 (0)] = |91 (2) = 6i()| = 5 [e()]

so we are done. If only (1) occurs, then g,41(z) = g;,,(x) so

|29£+1(95) —gi(x) — gt+1($)’ = ‘9£+1($) - gt(ﬁ)‘ < ‘9£+1(x) - 9£($)| =3 |hi ()]

by equation (6.5). Finally, if only (2) occurs, then g:(x) = g;(x) so
120411(2) = 96(2) = gea(2)] < [g141(2) = gi(@)] + 9111 (%) — g1 (2)]
1
= 5 (@) + |91 () — gi(2)]
< |hu()]

by the triangle inequality and equation (6.5). This proves the inequality (6.4). Using this
inequality, we have

E [(ger1 — 90 (29141 — 9 — ge11)] < %E (7]
and
E [h] = Z (i) = G:())((§) = §e(5))E [wi] + ((0) — §,(0))* = Z(Oé(i) —g:/(i))* = p?

(where in first inequality we have used that E [z;] = E [z;] = 0 to isolate the term (a(0) —
9:(0))). We combine this inequality with the previous inequality (6.1) to get

2

3 p? 0?3 4 3 1 )
(t+1) (t) < P(P 2€>+2 2—1—206_ 2pe+2p6 5ep < 2 (6.6)
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since p > 4e by the termination condition, so the potential decreases by at least 2€2
every iteration.

Property 2: (P(t) > 0 for allt > 0). We must show that P(t) = E[(f — g:)(f — 29, + 9:)] >

]
0. This is easy since if |g;(x)| < 1 then (f(2)—g(2))(f(x)=2g(x)+g:(x)) = f(2)*~gj(x)* >
0, and otherwise either f(x) — g:(x) = 0 or sign(f(z) — g:(z)) = sign(g;).

Property 3: (P(0) <1). This is easy to verify since gg = 0 so
PO)=E[(f-0)(f+0)]=E[f*] =1.

Time and Sample Complexity: Combining property 3 with equation 6.6 and the prop-
erty that P(t) > 0 for all ¢, we can see that the algorithm will terminate after at most
(2¢%)~! iterations.

For each iteration, we must estimate n + 1 parameters to accuracy n = ﬁ, and the

failure probability for each estimate must be at most d-2¢%/(n+1) to ensure that the total
failure probability is at most § (by the union bound). For this we can use the Hoeffding

bound. With m samples X = {z;}icpm)
mmn?
>n| < 2exp 5 (6.7)

g

and this should be at most 26¢?/(n + 1), so we need

21 n+1 2(n—|—1)10 n+1
m = — log =——"
n? 0€? €2 5\ e

samples for each of the n + 1 parameters in each of the (2¢%)7! iterations. Evaluating a
linear threshold function at a point takes O (n) and it must be done m - (n+1)/(2¢*) times,

so the total time complexity is
n3 n—+1
O(—1 . O

It remains to show the main theorem:

Theorem 6.1.1. There exists a randomized algorithm A that, for any halfspace f :
{£1}" — {1} with Chow parameters f = (E[f].E[zi1f(2)],...,E[z,f(x)]), and any
€ > 0, satisfies the following:
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1. Given a € R™! such that Hf — aH < k(e), A produces a halfspace h (defined by a
2
vector w and threshold €) such that dist(f, h) < e with probability at least 1 — ¢, and

2. A runs in time O (n® - poly 1/x(e)) - log(1/0)

where k(e) = 90 (log?(1/9)),

Proof. Assume we have a halfspace f and a vector « satisfying the hypothesis, i.e. H f — aH <

k(€). Using the CHOWRECONSTRUCT algorithm with arguments « and x(¢), and Theorem
6.1.3, we obtain an LBF g(z) = trunc ((w, z)) for some w € R™*! such that:

1. Hf - gH < 6k(€), and
2. we have used O (%52)4) log(1/6) time steps.

By Theorem 7.5.13, since Hf — []H < 6k(€), we have

diSt(f, g) < 2*0(10g1/3(1/ﬁ(6))) < 6/2

where we have chosen the constant in k appropriately. Finally, let A = sign({w,z)) and
note that
F(2) — h(@)] = {!f(w) —g@) i fg(a) =1
<2|f(x) —g(x)] if [g(z)] <1

so dist(f, h) < 2dist(f,g) <e. ]

6.2 An Application of the Gap Theorem

The algorithm as presented by | ] works for the uniform distribution over the
boolean hypercube. But observe that the proof of correctness of the CHOWRECONSTRUCT
algorithm does not depend on this distribution in any meaningful way, so the algorithm’s
correctness is instantly generalized to any probability distribution over R™. All that re-
mains is to show an analogue of Theorem 6.1.1 by replacing Theorem 7.5.13 with a version
of the Gap Theorem that holds for linear bounded functions rather than linear threshold
functions. I do this next:
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Theorem 6.2.1. Let p be any indiscrete probability measure on R™. Suppose h : R" —
{£1} is a halfspace with normal vector w and threshold 6 such that ||w| = 1. If f: R" —
[—1,1] is any (measurable) bounded function satisfying E [h] = E[f], then

dist(f, h) dist(f, h)
|Com (h) — Com (f)|| > 3 cos(a) —W, (w, T) .

Proof. We will prove this theorem by defining a function g : R® — {£1} so that the proof
for f reduces to the proof for g. We first write

I Com (k) = Com (£) | = |E [e(h(x) ~ F@))l| = —— - (w,E [w(h(z) — £(z)))

cos o
1

- : <w,u(h+)IE (21— f(x)) | 2 €h™] = u(h)E[e(f(z) —1) | € ir}>

COS ¢

By continuity, we can define thresholds ay, as such that

1- f(z)

plestwz) € 0o} = | —
L+ f(x)

e (w.o) € @a0)) = [ (o)

Define the function

(2) 1 if ay < (w,x) <0 or a; < (w,x)
€Tr) =
J -1 if (w,z) <agor b < (w,z) <ay.

For the reduction to work, we must verify the following three properties:

1. E[|h(z) — g(x)|]] = E[|h(z) — f(2)|] (i.e. dist(f, h) = dist(g, h)), and
2. E[h] =E][g], and

3. (w, Efz(h(z) — f(2))]) = (w,E[x(h(x) — g(x))])

Property 1 is easy:

B([h(z) - 9(0)] = 2u(k* Ng7) + 2uh N ")
(/[ Wuux) v [ D )

/ @) = 1@ ) + [ Jhia) = )| o)
~E(jh(2) = /(0)]



From the definitions

unt 01g7) =5 [ (0= feutda) = 5u) =5 [ flantas)
u(h 019" = 5 [ 0 Fa)ntdn) = 5u00) + 5 [ Fata)

we get

f@uldr) = p(h™) =2p(h™ Ng™) = puh™ Ng") —pu(h* Ng~)
(6.8)
/ f@)u(dr) =2u(h™ N g") —pu(h™) = ph™ Ng") —puh™Ng")

Thus we get property 2, since:

E [g] —w(g7) =gt NRT) + (gt NhT) — pu(gT NAT) — (g~ Nh7)

/f

For property 3, we will look separately at A" and h~ and take the difference between the
two inner products:

u@ﬂ<wEhﬂ—f@D|xehﬂ> mw<mEpa—g@»\xehﬂ>

= /h+ (w,2) (1 — f(2))p(dz) — /h+ (w,z) (1 - g(x))

_ /hmg_ (w,z) (1 = f(x))p(dr) +/h+mg+ (w,z) (1 — f(x))p(dr) —/h+mg_2<w,x> p(dz)
Since 2 = (1 — f(z)) + (1 + f(x)) we have

[ 2w = [ wa) (- st + [ wa) (04 f@)atdn)

pi(dx)

and our expression becomes

[ ) = peptan - [ ) (1 f@)ptas)

> ([ 0= femin = [0+ )
—ar (u(h* g = it g - [ Fautan)
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which is 0 by equation (6.8). A similar proof shows the same for h~ using as. This proves
the theorem. O

To get the query complexity of the CHOWRECONSTRUCT algorithm, we need to know how
many queries are required to estimate the values f(i) = E [z, f(z)] for each i (as well as
E [f]). Since the class of indiscrete spaces is very general, it isn’t useful to prove a bound on
the query complexity for all these spaces at once. Instead, I will simply show a template,
into which more specific concentration inequalities can be inserted to get bounds on the
complexity:

Theorem 6.2.2. Let p be any indiscrete distribution over R™. The CHOWRECONSTRUCT
algorithm satisfies the following: for every function f : R" — {£1}, every ¢,6 > 0, and
every vector a € R™ satisfying Ha — fH < ¢, if the values E[f] and E [x;f(x)] can be
;z;timated to accuracy +i-t= and confidence O (¢/(n + 1)) using at most m(e, ) queries,
en:

1. CHOWRECONTSRUCT produces an LBF g such that, with probability at least 1 —
57 Hf_ QH S 667

2. CHOWRECONSTRUCT runs in time O (f—jm(e, 5)) and uses

0 (ﬁ e, 5))

€2

random samples.

Proof. The proof of Theorem 6.1.3 depends on the distribution only when providing guar-
antees for the estimates of §,. Thus we merely replace equation (6.7) with any suitable
concentration inequality, giving us a requirement of m(e, d) samples for each estimate by
assumption. ]

Using the Gap Theorem for bounded functions, Theorem 6.2.1, we can then make the final
step similar to | ]. The Gap Theorem applies to the distance between a function
and a halfspace with the same volume, so for now we have to restrict the result to balanced
functions on symmetric distributions, for which the threshold (0) and volume (0) are known:

Theorem 6.2.3. There exists a randomized algorithm A that, for any symmetric probabil-
ity distribution p over R™, any balanced halfspace f : {£1}" — {£1} with Chow parameters
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and any € > 0, satisfies the following:
1. Given o € R™ such that Hf — &HQ < k(€), A produces a halfspace h (defined by a
vector w and threshold 0) such that dist(f, h) < e with probability at least 1 —§, and
2. A runs in time O (% : m(&(e),&)) ,
where k() =€ W(e/2)/12.

Proof. Following the same reasoning as the proof of Theorem 6.1.1, we obtain from CHOWRE-

CONSTRUCT an LBF g satisfying Hf — QH < 6k(€). Set k(e) = € - % and assume for

contradiction that dist(f,g) > €/2. By the Gap Theorem, we have
W(e/2) - dist(f,g) < W (dist(f,9)/2) - dist(f.g) < |[f = 3] < 6n(e).

Dividing both sides by W (e/2) we get an upper bound of €/2, which is a contradiction, so
dist(f, g) < €¢/2. Following Theorem 6.1.1 we get a halfspace h with dist(f,h) < e. O

This theorem is essentially a preliminary theorem. With an improved Gap Theorem that
tolerates differences in volumes, we will be able to get the general version of this theorem
as well. This repeats Question 4.4.2: Is there a version of the Gap Theorem that depends
on E [f] — E [h] instead of requiring that this difference is 07
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Chapter 7

The Boolean Hypercube

Any algorithm for testing halfspaces on arbitrary distributions obviously must generalize
an algorithm for testing halfspaces on the boolean hypercube. Finding this generalization
is left, in this thesis, as future work. This future work might be helped along significantly
by the existing literature on halfspaces over the hypercube, which is the topic for this
chapter; I will survey several modern works on halfspaces with the purpose of identifying
facts and techniques that might be useful for designing a general halfspace tester.

A secondary purpose of this chapter is to show that, despite intensive study, halfspaces over
the hypercube lack a coherent theory: we know many facts, but the relationships between
these facts are known only at a very informal level, for example “Noise stable halfspaces
should be more regular than sensitive ones”. There are many questions to answer which
are valid directions for future work. Of particular interest are those related to the centers
of mass and the width, which would help us apply the Gap Theorem.

I will begin in Section 7.1 by exploring the idea of reqularity, a concept that is ubiquitous
in the literature, along with the related critical index method which has been the backbone
of many recent works. Section 7.2 covers work on noise sensitivity, such as the famous
“Majority is Stablest” theorem of | |. Next, Section 7.3 discusses some relationships
between halfspaces and juntas, a very important concept in the study of boolean functions.
In Section 7.4 1 briefly describe some work on approximating halfspaces using halfspaces
with integer weights. To conclude the chapter, in Section 7.5 I discuss some bounds on
the sum-of-squares of first-degree Fourier coefficients (interpreted as the center-norm), and
a few theorems with the same flavor as the Gap Theorem that relate the center-norm to
the distance between two functions. Finally, I briefly describe some initial relationships
between my concept of width (Definition 4.3.3) and the existing literature in Section 7.6.
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For this chapter, we will be considering functions of the form f : {£1}" — {£1}, and unless
otherwise noted, we assume the uniform distribution over {£1}" when we are talking about
a probability space. A few obvious differences between this setting and the continuous
settings we have been considering in the prior chapters are that there are now a finite
number of possible halfspaces, and that two different weight vectors might produce the
same function; these new properties provoke a few new questions that we will briefly touch
upon.

7.1 Regularity, Anticoncentration, and Critical Indices

Many recent papers on halfspaces have used the critical index method, a method for sepa-
rating halfspaces into different cases based on their regularity. The power of this method
comes from the use of central limit theorems and anticoncentration to simplify the analysis.

7.1.1 Regularity and Central Limit Theorems

The main tool used in recent advancements in the theory of the hypercube is reqularity.
Regularity is a property of vectors of real numbers:

Definition 7.1.1 (Regularity). Let w € R™ be any vector, and let 0 < 7 < 1. We say w
is T-regular if
jwi| <7+ Jwll,

for all i € [n].

Essentially, the idea is that we want a convenient way to distinguish between those vectors
that have a lot of variation in their entries and those that don’t. To get a sense for why
we would be interested in this, we can keep in mind the example of the weight vector
w for a halfspace: if there are a few large weights, then these weights will dominate the
value of the linear form (w,z) and nearly dictate the function value. For concreteness,
compare the two extreme cases: first, where w; = 1 and w; = 0 for all 4 > 1, which is
not 7-regular for any 7 < 1 and produces the dictator function f(x) = z7; second, the
case where w; = wy = ... w, = 1/4/n which is maximally regular (i.e. 1/y/n-regular) and
produces the majority function; for convenience, we will write

MAJ,(z) := sign (<\/Lﬁﬁ,x>)
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for the majority function.

There are two vectors of interest when talking about halfspaces: the weight vector and
the center of mass. Thus there are two notions of regularity that we must keep in mind:
regularity of the weight vector, which we call “weight-regularity”, and regularity of the
center of mass, which we call “Fourier-regularity” due to the equivalence between the
center of mass and the first-degree Fourier coefficients. Formally:

Definition 7.1.2 (Weight— and Fourier-regularity). Let f(z) = sign((w,z) — 0) and 7 €
[0,1]. We say f is 7-weight-regular if |w;| < 7 - ||w]| for all i € [n].

Now let f : {£1}" — {£1} be any boolean function. We say f is 7-Fourier-regular if
’f(z)) = |E[zf(z)]| < 7 for all i € [n]. (Note that we do not quite use the above definition
of regularity in this case, since it may not be the case that >, , f@)2=1)

We have arrived at the first new instance of Question 6.0.3:

Question 7.1.3. How closely related are the notions of weight— and Fourier—reqularity?

We will see some attempts to answer this question later (Theorems 7.1.8, 7.1.9), but first
I will give some reasons for why this definition of regularity is useful.

As we will see, regularity is important for the study of the hypercube because of its connec-
tion with the Central Limit Theorem; in particular, a few variations on the Berry-Esséen
theorem demonstrate the usefulness of regularity:

Theorem 7.1.4 (Berry-Esséen Theorem; | ] Theorem 2.7, | ] theorem 2.2). Let
X, ..., Xy be independent random variables satisfying E [X;] = 0 for alli, />, E[X7] =
o, and ) e, E [|XZ|3} =p. Write S = %Zie[n} X; and F(t) =P[S < t] as the cumulative

distribution function of S. Let ®(x) be the c.d.f of the standard Gaussian distribution.
Then for all t € R,

p
[F(t) - et) < C
where C' < 3 is a universal constant (see [ /).

Corollary 7.1.5 ([ ] Corollary 2.8, | | Fact 2.4). Let x = (x1,...,x,) be a
vector of independent random +1 variables and let w € R™. Suppose |w;| < 7 - ||w|| for all
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i € [n]. Then for any interval [a,b],

Pl(w,z) € pﬁ]}-@({ﬁ,ﬁm <or.

We can also bound the expected values of regular linear forms:

Theorem 7.1.6 (| ] Proposition 32). Let 0 < 7 and suppose w € R™ such that
lw;| < 1 foralli € [n]. For any 0 € R,
E —-0]= E X -0 £
LE lwa-ol= E (il X -6 £0@)

where X s a standard Gaussian.

Another consequence of Berry—Esséen is our first anticoncentration inequality:

Theorem 7.1.7 (| ] Theorem 30, | ] Theorem 2.2). Let w € R™ be T-regular,
and let X > 7. Then for any 0 € R,

P[[{w,z) = 0] < A] <6/ [lw] .

Note that the corollary and the anticoncentration inequality use the definition of regularity.
This theorem (or a slight variation) has been used often (for example, | , :

, , , ]), and we will see some of these applications, starting with
the promised theorems relating weight-regularity to Fourier-regularity; the first of these
theorems shows that weight-regularity implies Fourier-regularity with only a constant factor
loss.

Theorem 7.1.8 (| | Theorem 38). Let f(x) = sign({w, z) —0) be a halfspace with
|lw|| =1 that is T-weight-reqular. Then f is O (T)-Fourier-regular.
Proof. Assume without loss of generality that 7 = |wy| > |ws| > ... |w,|. We want

to find a bound on f(i) = E[zf(x)] for each i. We will use the fact that for unate
functions, ‘f(z)‘ = |Inf;(f)| (Fact 2.5.11). Consider Inf(f) = P[f(z'=71) # f(2'= ).

Since wy = 7, f(z' 1) # f(2' ) if and only if |37, wirs| < 7. Let w' = (wa, ..., w,)
with [[w'[ = V1 =72 Since [wz| < |un| < 7, we have [wp| < = lw'[, so w’ is
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7/v/1 — 72-regular. Then by corollary 7.1.5:

n
E W; T4

Ih(f) =P, <T] SQ([_¢1T—T2’\/1T—72D+2\/%
- < VT s T
T V1= 112

=0()

where in the second inequality, we have used the fact that the density of the Gaussian is
at most 1/4/27, and in the last equality we have used 7 < 1/2, since otherwise if 7 > 1/2
we easily have Inf;(f) <1 < 27. O

In the opposite direction we have the following theorem, which shows that poor weight-
regularity implies poor Fourier-regularity (in other words, large weights imply large Fourier
coefficients). In this direction, the loss depends also upon the bias of the function: this
dependence is necessary since we may have a function with very large weights but that is
nearly a constant function.

Theorem 7.1.9 ([ | Theorem 39, | | Proposition 8). Let f(x) = sign({w, x)—
0) be a halfspace with ||w|| =1 and let T = max; |w;|. Then
> Q (1e5log(1/e)).

~

1. Forall0<e<1, |E[f]| <1—e€. Then max; |f(i)

~

2. For |E[f]| = 0,max; | f(i)| > Q (7).

Proof. We will show the easy second case, since the first case is much more complicated.
In this case, assume that |wq| > --+ > |w,| (which implies ‘f(l)’ > > ’f(n)’) Let

wr = (wa, ..., wy),xy = (Ta,...,x,). Using the identities

|(0)] = mt(F) = B [ # "] = PllGwr, or)] < 7]

which hold because we may assume the threshold of f is 0, we can use Berry-Esséen on
the latter probability to get

]P)H(wTvxTH < 7—] :PHX| < 7’] + 0 (7’/\/1_77—2)

since wr Is —=-regular (|lwr]| = v/1—72). This probability is at least jTTTr’ which
completes the proof of the easy case.
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The authors predict that 7¢ may be the optimal bound for this theorem:

Question 7.1.10. Can we replace Q (1e%log(1/€)) with Q (7€) in the above theorem?

I will omit the full proof of this theorem since it occupies a substantial portion of the
substantial paper; however, I will note that this proof is the first example that we shall see
of the “critical index” method.

7.1.2 The Critical Index Method

The “critical index method” is a method of proof that was first used in [ ] and has
since appeared in many recent works | , , , , , ,

, |. The critical index of a vector is the first index for which the remainder
of the vector is regular:

Definition 7.1.11 (Critical Index). Let w € R™ be a vector such that |w| > |wy| > -+ >
|wy|, and let 0 < 7 < 1. The 7-critical index of w is the first index k such that

Proofs using the critical index usually have the same high-level structure: for some thresh-
old K (usually about K = O(1/7%)), examine the case where the 7-critical index k is
larger than K (the vector is “very irregular”), and the case where k is smaller than K
(the vector has a small number of exceptional coordinates). Typically the coordinates
are divided into the “head” coordinates H = {i : i < min(K, k)} and “tail” coordinates
T = {i: i > min(K,k)}; the advantage of separating the vectors into groups with either
large or small critical index is that, if the critical index is large, the tail must have a very
small 2-norm and thus a very small influence over the function value, and if the critical
index is small, then we can approximate the tail using a Gaussian variable. The next
fact shows formally that the 2-norm of the tail must shrink exponentially with the critical
index:

Fact 7.1.12 (| | Lemma 4.2, [ | Fact 22). Let w € R"™ such that |wy| > --- >
|wyl, let 0 < 7 <1, and let k be the T-critical index of w. Write o; = /> " w?. Then

J=ti 1

for any a < b € [k],
2\ b=a
o< (1—=7%)72 0o,
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and in particular, o, < (1 —72)"F ||w).

Proof. For b = 1, the conclusion clearly holds. For 1 < b < k we have, by definition
Wy =0y — 0y > T0p
which implies

ol <of  —10f =1 -1} < (1 —-1H(1 —7H) o2

by induction. O

To give an idea why K = O(1/ 72) is commonly used as a threshold, consider the example
where k = 1/7%2. Then we can set w; = wy = -+ = wy_; = 1/v/k—1 > 7, which
gives us a vector which satisfies |w;| > 7 > 70; for each i < k, so it is by definition
“irregular”, yet each nonzero coordinate is the same. Pushing the critical index larger
than 1/72 forces the coordinates to separate from each other. For a further strengthening
of this intuition, consider applying the Hoeffding bound (Theorem 2.3.8) to the tail: using
wr = (wy, ..., w,) to denote the vector of tail coordinates (and similar notation for x7),

2
Fllwrar)] > d < 200 ()
Thus with a large critical index, o4 will be very small and (wr, zr) will be very tightly
concentrated around 0. This means that its contribution to the function value will be
dominated by the head coordinates; we will formalize this intuition in the sections on junta
theorems and integer weights theorems. For now, we will introduce a few anticoncentration
inequalities that can be applied to the irregular head of the vector; this complements
the concentration of the tail for the following reason: suppose we truncate the function
f(x) = sign({(w,z) — 0) to the only the head variables, producing the function g(z)
sign (ZleH w;x; — 9). How close is g to f?
Writing f(z) = sign (ZleH WiTi + D e Willy — 0), we can see that if |ZZ€H W;T; — 9‘
>, wi;|, then the variables in T' do not contribute to the function value and g(z)
f(z). Thus, taking the contrapositive, we can get a bound on the probability that f(x)
g(x): for all n € R,

>

b

+P

i€H

<n

E wW;x;

€T

Plf(x) # g(x)] <P [

> 77] (7.1)

We have already seen that we can apply the Hoeffding bound to the second term, since it
has small 2-norm. But the head variables H are not regular, so we will need more versatile
anticoncentration inequalities to deal with this term.
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7.1.3 Anticoncentration Inequalities

First we recall the Lévy anticoncentration function, which I used in Chapter 4 to define
the width:

Definition 4.3.1: Let w € R" be an arbitrary weight vector and let » € R, be some
radius. Let p be some probability distribution over R™. (In this chapter, we will assume
is the uniform distribution over {£1}".) The Lévy anticoncetration function of w at r is

pr(w) :==sup P [[{w,z) — 0] <r].
OcR T~H

An anticoncentration inequality is an upper bound on this function. The problem of finding
bounds on this function (or a number of its generalizations) is called the “Littlewood—Offord
problem”; Diakonikolas and Servedio introduced such “Littlewood—Offord theorems” to the
critical index method in | |; in particular, they used the following two anticoncentration
theorems of Erdds and Haldsz; the first applies when all coordinates of the vector are large:

Theorem 7.1.13 (Erdés | ). Letw € R™ and r > 0 such that |w;| > r for alli € [n].

Then i ; ) L
p) % 55 ((n) =0 (75)

The second, stronger theorem applies when the gaps between each coordinate are large:

Theorem 7.1.14 (Haldsz | ). Let w € R™ and r > 0 such that for all i # j €
[n], |w; —w;| > 1. Then
1

We will explore the application of these theorems in more detail in the section on integer
weight theorems (see Theorems 7.4.3 and 7.4.4). Note, for now, that these theorems
cannot be applied to our case analysis of the critical index quite yet; we don’t have the
required guarantees on the structure of the head weights. To simplify the application of
these theorems, Diakonikolas and Servedio prove the following anticoncentration extension,
which will let us extract a subsequence of head variables that satisfies the requirements of
the anticoncentration inequalities:

Lemma 7.1.15 (] | Lemma 21). Let w € R™ and r € Ry. Suppose k < n and let
H=1k],T =[n]\ H. Then
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Proof. Fix any Zpy1,...,2, and let « = >

imky1 WiTi. Since each z; is independent, for
any # € R we have

Pl{wm, zm) + (wr,2r) — 0| <7r | (wr,27) =] = P {wm, zm) — (0 — )| < 7] <p.(wg).

T

Therefore,

P{|(w, z) = 0] <] Pl (wn, xa) + (wr,zr) =0 <7 | (wr, z7)]

-k
< E [pr(wr)] = pr(wp) -

Complementing Erdos’ theorem, there is a lemma of O’Donnell and Servedio which shows
that halfspaces can be adjusted slightly to get a lower-bound on the weights:

Lemma 7.1.16 (| | Lemma 5.1). Let f(z) = sign(wo+ w1+ - - - +w,xy,) and assume
lwy| > -+ > |wy|. Let 0 < e <1/2 and k € [n]. Write o, = /Y, wi. If op > 0, there
exist numbers vo, vy, ..., vg_1 such that |vi| > -+ > |vg_1| > |wyl,

g(x) =sign(vg + v1w1 + « -+ + Vp_1Tp_1 + Wk + - . . WL Ty)

is e-close to f and fori=0,...,k—1,
lui| < K*FTD/2.1/31n(2/e€) - oy, .

We get what we want by re-normalizing the weights:

Fact 7.1.17 (| | claim 23). Let f(z) = sign(wo+ (w, z)) be any halfspace, 0 < € < 1/2,
and let k € [n] such that 0 < oy 1= /Y ., w?. Then there exist numbers vo,v1,. .., v,
such that g(x) = sign(vy + (v, z)) satisfies dist(f,g) <,

1
|vg| >
3kk+21n(2/¢)
and 1 = |v| > -+ > |uy|.
Proof. Since o, > 0 we may apply the lemma to get a set of weights vy, ..., v} ; such that

[vi] < |vj| for all i € [k — 1] and

[0} < \/3EFH1In(2/€) - o4 < \/3kFHTIn(2/€) - [ kw?
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since w? < w} for i > k. Now we normalize the weights so that the largest weight is 1,
which means we divide each weight by |v|, giving us the new weight

|wy| |wi| 1

While I won’t go through the proof of the lemma in detail, I will mention that the idea is to
construct a linear program from f, with variables v;, whose solution is a set of weights that
satisfy all 2" constraints constructed from the requirement (v, z) + vy = (w, ) +w + 0 for
each point x; then relax all of the constraints for points where |(w, z) + wo| > 1/31n(2/€- 0.
Because of the relaxation, the resulting weights may produce a function g that differs
slightly from f, which is why the theorem allows g to merely approximate f.

In order to use the stronger theorem of Haldsz, Diakonikolas and Servedio prove an analogue
of the above lemma that lets us find gaps between the weights rather than just a lower-

bound:

Lemma 7.1.18 (| ] Lemma 26). Let f : {£1}" — {£1} be any linear threshold
function that depends on all of its variables. There exists a representation of f using
weights that (when sorted) satisfy 1 = |wy| > -+ > |wy,|, and, letting A; = |w;| — |wi1| for
i € [n— 2], the k™ largest A; is at least W

Since this lemma produces an exact representation and its proof also relies on the analysis
of a linear program (albeit a different one than the previous lemma), one might wonder if
a strengthening is possible when only an e-approximation function is required:

Question 7.1.19. Can this lemma be improved under the relaxation that the new function
be only e-close to f?

7.1.4 Estimating the Regularity

So far, our discussion of regularity has been limited to its utility in structural theorems.
But using regularity to divide a problem into a number of cases is also a fruitful algo-
rithmic technique that was used extensively by Matulef et al. in the prior work on testing
halfspaces with queries | |. To see this, observe that if an algorithm could find

~

|Com (f)||,, = max; |f(i)|, it would know exactly the Fourier-regularity of the function

f. Finding ||Com (f)

|, might be infeasible for an efficient algorithm, since estimating
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each first-degree Fourier coefficient and taking the maximum would require at least €2 (n)
samples (for constant accuracy); instead, we observe that we can approximately classify
the regularity using lower norms:

Fact 7.1.20. Let w € R™ be a 7-reqular vector with |w|, =1, and let p > 2. Then

1/p 1/p
Jholl, = (lem’) < <Tp‘22w3) — 712,

Now suppose w is not T-regular, so, without loss of generality, |w,| > 7. Then

1/p
1
[Jwll, = (Z |wz'|p> > ()P =7,

i

Thus with p > 1 we get close to the ability to distinguish 7-regular vectors from those
that are far from 7-regular. Combining this fact with the technique used by | | to
efficiently approximate p-norms of the first-degree Fourier coefficients (Theorem 3.3.6), an
algorithm can make case distinctions efficiently using queries. In | ], the algorithm
uses estimates the 4-norm for a number of random restrictions to f in order to check the
regularity of f on several sub-cubes. The pertinent structural fact is that, since the head
variables H dominate the tail variables T, most assignments of the variables in H produce
a very regular function on the variables in 7"

Fact 7.1.21 (] | Proposition 63). Let f(x) = sign({(w,z) — ) be a halfspace and
let H={i € [n]:Inf;(f) >7}. Let a € (0,1); then at least an « fraction of restrictions
p: H — {1} produce a function f, that is at least (T /c)-Fourier-reqular.

Proof. Without loss of generality, assume |wq| > ... > |w,| (so Infi(f) > ...Inf,(f) as
well, Proposition 5.0.5); this means H = [k — 1] where k is the 7-critical index of f. Note
that for any restriction p : H — {£1}, the function f,(z) = sign({(wr, x7) + (wg, p) — )
has weight vector wp with |wy| > ... > |wy|, so its maximum influence is max; Inf;(f,) =

Infy(f,). Then

reIf(f)= E ()= E [maxif(f,)]

so by Markov’s inequality,

a
pe{El}H [mzaxlnfi(fp) > 7'/0(:| < ;IE: [m?X Infi(fp)] <a. O
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7.2 Sensitivity and Stability

Recall the definitions of stability and noise sensitivity:

Definition 2.5.7: For f: {+1}" — {£1}, the stability of f under noise p € [—1,1] is

Staby(f) == E [f(2)f(y)]= P [f(z) =[] - P [f(x)# [(y)]

sy sy sy

where § = (1 — p) and = ~s y means that z is drawn uniformly at random from {+1}"
and y is 0-correlated with x; i.e. y is the vector obtained from x by flipping each coordinate
with probability 6 = (1 — p).

Definition 2.5.9: For f: {£1}" — {£1}, the noise sensitivity of f under noise p € [0, 1]
1s

(1 =Staby5,(f)) = P [f(x) # f(y)] -

~pY

N | —

NS, (f) :=
As a first example, we can easily compute the stability of the dictator function f(x) = z;:

NS (f) = P [f(z) # f(y)l = P [z1#wp]=0p

T~pY T~plY

by definition. Before computing the stability of the majority function to compare this with,
we will need another extension of the Berry-Esséen theorem that works for 2-dimensional
Gaussians:

Theorem 7.2.1 (| | Theorem 2.5, | | Theorem 68). Let 0 < 7 <1 and let
w € R™ be a T-reqular vector. Suppose x,y be drawn from {£1}" be picking x uniformly at
random and picking y be flipping each bit of x independently with probability p. Then for
any intervals Iy, 5 C R,

P [(w,x) € [1,<w,y) € IQ] :XEDY[X € [1,Y € IQ] ZEO(T)

T~y

where X, Y are p-correlated standard Gaussians.

Fact 7.2.2 ([ 1). Let p € (0,1). Then

2
Stab,(MAJ,) =1 — —arccos p+ o(1).
T
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Proof. Before proving the fact for the boolean function, we will prove it for a 1-dimensional
Gaussian instead. Let x,y be p-correlated standard Gaussian variables. For a fresh Gaus-
sian z, we can write y = pr + /1 — p?z; to see this, note that

Elzy] =E [pxz + ﬂxz] =p

since z, z are independent, and for v = (p, /1 — p?) we see that y = (v, (x, z)) which is
the 1-dimensional projection of a 2-dimensional Gaussian (z, z) onto the line v; thus y is
a standard Gaussian. By the same trick, we can see that © = (e, (z, 2)), so in fact =,y
are projections of a 2-dimensional Gaussian onto unit vectors with angle arccos (e, v) =
arccos p. Then iP; [sign({e1, (z, 2))) # sign((v, (x, 2)))] is the probability that (z,z) falls

within the shaded region in figure 7.2, which we can easily see is 2% = % arccos p (this
is known as Sheppard’s formula | ]). Returning to the boolean vectors z, y, the rest of

(o, VI =)
(1,0)

Figure 7.1: An illustration of Sheppard’s formula.

the proof follows because the inner products (w, z) , (w,y) behave like Gaussians for large
n; taking 7 = 1/4/n and using Theorem 7.2.1, we have

1
P s i = P [sign(X ign(Y) +0 | —
B, sen((w. o)) # sign({w.)] = (P sign(X) # sign()] £.0 () .
1 1 '
= — +0|—
— aIccos p ( \/ﬁ)
where X, Y are p-correlated Gaussians, which completes the proof. O]

As we will do several times, we will use these two examples as evidence that the majority
and dictator functions are the two extreme cases, and guess that as regularity decrease,
stability increases.

Looking at the above calculation, one can see that the same asymptotic behaviour is
exhibited by any function that is 7(n)-regular for some 7(n) = o(1) that shrinks with
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n. Khot et al., for their well-known proof that the Goemans—Williamson algorithm for
approximating MAX-CUT is optimal (under the Unique Games Conjecture) | ],
conjectured that this simple observation can be improved to depend on the regularity
parameter, giving a bound on the stability of a halfspace as a function of its regularity.
The conjecture was soon proved by Mossel et al. | ):

Theorem 7.2.3 (Majority is Stablest, | ], see [ ] section 11.7). Let p € (0,1)
and let f: {£1}" — [=1,1] be any bounded function with E[f] = 0 and max; Inf;(f) <7
for some 0 <17 < 1. Then

2
Stab,(f) <1 — —arccos p+ o,(1)
m

(where o-(1) is a function that is asymptotically 0 with respect to 7).

Keeping in mind that our goal is a theory of halfspaces for arbitrary distributions, it may
be worth noting that | | actually prove the above theorem for a much wider class
of discrete distributions than the uniform distribution over {£1}".

Returning to our intuition that the majority and dictator functions are the extreme cases,
one might be motivated to make the following conjecture (and maybe to give it a contra-
dictory name):

Conjecture 7.2.4 (Majority is Least Stable | ], see [ ). Let f: {£1}" — {1}
be any linear threshold function. Then for all p € [0, 1],

Stab,(f) > Stab,(MAJ,,) .

But intuition is wrong in this case! Recently Jain provided a counterexample (and referred
to prior unpublished counterexamples by Gopi and Kane):

Example 7.2.5 (] ]). Let f:{£1}> — {£1} be the function
f(z) = sign(2x; + 229 + x5 + x4 + 5) .

This function has ||[Com (f)|* = &1 while ||Com (Mag),||*> = 2. This serves as a counterex-
ample since

Stab,(f) = > _ A f(S)* =E[f] + p|[Com (£)|* + O ()

SC[n]

so Stab,(f) < Stab,(MAJs) for small enough p.
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However, this example is extreme in the sense that p is at the edge of its domain and the
difference in stability is only 1/64, leaving open the possibility that the conjecture is true
asymptotically, or in some other slightly weakened form. We will refer to this example
later, in the section on center of mass theorems (see Conjecture 7.5.2).

There are some positive results supporting the intuition that regular halfspaces should be
more sensitive to noise; Diakonikolas et al., using the critical index method in their proof
of a “junta theorem” that relates noise sensitivity to junta properties (see Theorem 7.3.8),
prove that very regular halfspaces cannot be too stable:

Theorem 7.2.6 (| ] Lemma 3.3). Let 0 < 7 < 1/2 and let f(x) = sign({w, z) — 0)
be a halfspace such that w is T-regular and |E[f]| <1 —46. Then

NS (f) = @ (677 Viog(1/8) - V7 ) = O (7).

This theorem is not too hard to see in the case that f is unbiased (i.e. § = 0). Here we
just observe that

NS.(f) = P_[sin({w,2)) # sign((w.y)] = P _[sign(X) # sign(¥)] £ O (7)

Ty ~r

! arccos(1 — 27) £ O (1)
T

as in equation (7.2) and note that arccos(a) > /(1 —a)? + (1 — a?) = 1/2(1 — a) for any
€ [-1,1].

7.3 Juntas

Juntas are objects of fundamental importance to the study of boolean functions. The
word “junta” means a small (military) group of people who rule a country (especially by
means of force). We use the name “dictator” for a function that depends only on a single
variable, and we will similarly apply “junta” to boolean functions that depend only on a
small number of variables:

Definition 7.3.1 (Junta). We will define juntas for the special case of boolean functions;
an analogous definition would hold in more general cases. Let f : {£1}" — {£1} be a
boolean function and let i € [n]. We will say f depends on coordinate i if there exists

r € {£1}" such that f(z* ') # f(z'*~'). Then f is a k-junta if there are at most k
coordinates upon which f depends.
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Juntas are important because the complexity of an algorithm operating on a function, say,
a property testing algorithm, often depends on the dimension; knowing we have a k-junta
can reduce the effective dimension from n to k. In fact, it is usually enough to say that a
function f is approximated by a junta: if f itself is not a junta but is very close to a junta
g, we can get good enough results by doing computations on (or proving theorems about)
g. Since small juntas are much easier to work with, one can see why the problem of testing
juntas has been so important to the study of sublinear algorithms; see | , ].

The definition of a junta can be rephrased in terms of the influence: if a coordinate ¢ does
not affect the function value for any point x, then Inf;(f) = 0; thus f is a k-junta when at
most k coordinates have nonzero influence. Consider some extreme examples: for a dictator
function, say f(x) = z1, only one coordinate has nonzero influence, and its influence is
E[z1f(z)] = E[2}] = 1, so the total influence Y, Inf;(f) = 1. In the other extreme, the
least “dictator-like” or “junta-like” function (that is to say, the most democratic function)
is the majority function, for which every coordinate has influence ©(1/y/n) (see Proposition
7.5.1) adding up to a total influence of ©(y/n) (which is in fact the greatest total influence
of all unate functions | ]). From these examples, one might suspect that functions
with smaller total influence are closer to juntas or dictatorships. This suspicion is confirmed
by the famous theorem of Friedgut:

Theorem 7.3.2 (Friedgut’s Junta Theorem | ], see | : D). Let f:{£1}" —
{1} be a boolean function with total influence Inf(f) =37, Infi(f), and let 0 < e < 1.

Then f is e-close to a 200N/ _jynta.

This theorem holds for all boolean functions, and it is interesting to consider special cases
of functions for which stronger “junta theorems” might hold. I will survey a few theorems
of this kind that pertain to linear threshold functions.

First we see that a direct improvement over Friedgut’s theorem can be obtained for halfs-
paces:

Theorem 7.3.3 (] | Theorem 1). Let f : {£1}* — {£1} be any linear threshold
function, and let 0 < € < 1. Then f is e-close to an Inf(f)?* - poly(1/¢)-junta.

This theorem is strengthened by the simple fact if a halfspace is close to a junta, the junta
is in fact a halfspace itself, as a consequence of the following well-known fact:

Proposition 7.3.4. Let f : {£1}" — {£1} and 0 < € < 1. Suppose f is e-close to a
k-junta on the coordinate H C [n]. Denote by (xy,yr) the string where coordinate i takes
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value x; if 1 € H and y; otherwise. Then f is e-close to the function

o) =sign (& [f(om )]

yr

which averages over the assignments to the variables in T

Proof. Assume without loss of generality that Inf;(f) > Infy(f) > --- > Inf,(f), let
H = [k], and suppose f is e-close to a junta g that depends on the variables J C [n], |J| = k.
If J # H, we will show that we get a closer approximation to f by replacing a coordinate
i € J\ H with any coordinate j € H \ J.

Let xy be any assignment to the coordinates H. If P [f(xy,zr) = 1] > P [f(zy,z7r) = —1]
xT T
then the probability that g(xy,x7) # f(xg,zr) is minimized when

glem, xr) =1 = sign(E [f(zg, 27)]);

rT

the same holds in the opposite case. O

Corollary 7.3.5. Let f(x) = sign({w, z) — 0) be a halfspace and suppose f is e-close to a
k-junta on the coordinates H. Then f is e-close to the function sign({(wy,zy) — 0).

Proof. From the above proposition, we have that f is e-close to the function

g(xy) = sign(E [sign((wy, zy) + (wr, x7) — 0)] .

T

For any xy € {&1}7, let a = (wy,zy) — 0. Suppose E [sign({(wr, z7) + )] > 0 so
xT

g(zy) =1. Then

P (wr,z7) > —a] > P [(wr, x7) < —af

xT T
so by symmetry it must be the case that —a < 0; thus @« > 0 and 1 = g(zy) =
sign((wg,xg) — 0). By a similar argument, the same holds in the opposite case, so

g(xy) = sign({wy, zy) — 0). O

The proof of Theorem 7.3.3 relies on a prior theorem that relates juntas to regularity.
Recall from the previous section on regularity that the majority function is as regular as
possible and the dictator function as irregular as possible, in terms of both weight-regularity
and Fourier-regularity, so like above one might suspect that more regular functions are
more democratic. And Fourier-regularity is tightly connected with influence since for a
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halfspace f, ’f(z)) = Inf;(f) so the total influence is Inf(f) = >, Inf;(f) = ||Com (f)||,, so

this further suggests a deep relationship between juntas and regularity. In the paper that
introduced the critical index method, Servedio proved something of this form:

Theorem 7.3.6 (] ], case Ila). Let 0 < € < 1/2. There is a threshold K = O (%)
such that if f is a halfspace with e-critical index k > K then f is e-close to a K-junta.

The next theorem of O’Donnell and Servedio nicely expands this relationship and works
towards answering the question of how closely related the center of mass and the weight
vector are:

Theorem 7.3.7 (] | Theorem 7.1). There is a polynomial T(¢) = poly(€) such for
every 0 < € < 1/2 and every halfspace f(x) = sign({(w, z) — 0), if we write H = {i € [n] :
f(z)) > 7(€)*} and T = [n] \ H, and assume w is normalized such that Y, ., w; = 1, then
either

1. f is e-close to a junta on the coordinates H, or

2. f 1is e-close to the halfspace

g(x) = sign <<wH, Ty) + Z sz - 9)

o
i€T
where 0% = 3", f(1)2.

In the previous section, we saw that regularity and noise sensitivity are related. In this
section we have seen that regularity is related to junta properties, so it makes sense to
look for a relationship between noise sensitivity and junta properties. Before seeing what
is known about this relationship, we can use informal reasoning to predict that since
irregular halfspaces are less democratic and are less noise-stable, we should see that less
noise-stable halfspaces are less democratic, i.e. closer to juntas. This was established by
Diakonikolas et al. :

Theorem 7.3.8 (| ] Theorem 1.3). Let f: {£1}" — {£1} be any halfspace and let
€,0 > 0 be sufficiently small (i.e. less than some universal constant). If

NS.(f) < Co= \/fe

then f is e-close to an O (% log(1/€)log(1/4))-junta.
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The proof of this theorem follows the critical index method, showing for each case that

either a contradiction occurs (see Theorem 7.2.6) or the function is close to a junta (see
Theorem 7.3.6).

Putting aside regularity for now, let’s consider the rest of the Fourier spectrum. We
have seen that halfspaces maximize the first-degree Fourier coefficients, which means they
minimize the contribution from the higher spectrum. Any k-junta f on the coordinates
H is going to have f(S) = 0 for any set S C [n] such that SN H # S, since for any
coordinate ¢ € S\ H we will have ]xE [2;b] = 0 for any value b = f(z)[];cq\ 4y #j- Thus

> 58|k f(S) = 0. Going in the opposite direction, there is the theorem of Nisan and
Szegedy:

Theorem 7.3.9 ([ | Theorem 1, see | ] Theorem 15). Let f : {£1}" — {£1} be
a function with maximum Fourier degree k. Then f is a k2F-junta.

This is improved for halfspaces by Diakonikolas and Servedio:

Fact 7.3.10 (| | Proposition 17). Let f : {£1}" — {£1} be a halfspace with mazimum
Fourier degree k. Then f is a (2k — 1)-junta.

Moving on to approximations by juntas, Bourgain showed that we can soften the condition
if we allow some error:

Theorem 7.3.11 (| |, see | ] Theorem 16). Let f : {£1}" — {£1} be a function
such that 3 g, -4 f(S)2 < %1/2_0(1) for some k. Then f is e-close to a 2° (k) - poly(1/e)-
Junta.

Since the restriction to halfspaces of Nisan and Szegedy’s theorem results in an exponential
improvement, Diakonikolas and Servedio conjecture that a similar exponential improve-
ment over Bourgain’s theorem can be achieved:

Conjecture 7.3.12 (| | Conjecture 2). If f is a halfspace with ZSMM f(5)2 <

%1/2_0(1), is [ e-close to a poly(k/e)-junta?
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7.4 Integer Weights

One way to simplify a halfspace is to reduce the number of variables that it depends
on, as we have seen in the previous section. In this section we will see another way to
simplify halfspaces, which is to restrict it to having bounded integer weights. This sort of
simplification is useful for questions that arise in the discrete setting, such as counting or
iteration (see | | for applications). These theorems are (probably) not as important
for our purposes as those in other sections, so I present them merely as examples of the
proof methods; in particular, the critical index method and anticoncentration were used
by Diakonikolas and Servedio to get a dramatically simplified proof of Theorem 7.4.3 and
subsequently to improve it to Theorem 7.4.4 | ].

The first theorems on this topic were concerned with exact representations of linear thresh-
old functions; in this case there are examples where the weights must be exponential, and
tight asymptotic bounds on the exponent is known:

Theorem 7.4.1 ([ : |, see [ ). There exist halfspaces f: {£1}" — {£1}
such that for any integer weights w, if w is a realization of f then max; |w;| = 29 len),

As we’ve seen before, it is possible to get much better bounds if we look for approximations
of f rather than trying to exactly represent f. Before we see the first of these theorems, I
will note that the work of Diakonikolas and Servedio on this problem rely on the following
lemma that connects anticoncentration to integer weights:

Lemma 7.4.2 (| ] Lemma 22). Let f(z) = sign({w, x) — 6) be any halfspace. For any
r >0 and 0 < e < 1/2, if the Lévy anticoncentration function (definition 4.5.1) satisfies
pr(w) < € then there exists a halfspace g satisfying dist(f,g) < 2€ with integer weights of

magnitude at most O (maxi lw;| - /nIn(1/€) - 7’).

Now we see the first theorem that bounds the integer weights of an approximator to f:

Theorem 7.4.3 (| | Theorem 1.1, see | | Theorem 24). Let f : {£1}" — {£1}
be any halfspace. For any 0 < € < 1 there exists a halfspace g(x) = sign({(w, x) — 0) with
integer weights w such that dist(f,g) < € and

w]3 < n - 200/

Proof. The original proof uses the critical index method; however, we will follow the simpli-
fied proof of | ] that uses anticoncentration. The first step is to use Fact 7.1.17 to get an
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_ i i i = >0 > i >_ 1
e-approximator g with (sorted) weights 1 = |wy| > -+ > |w,| satisfing |wy| > Wer=ToTEL

where k will be chosen later.

Next we set r = ————— and by Erd6s’ theorem (Theorem 7.1.13) and the extension
\/3kF+21n(2/e)’

lemma (Lemma 7.1.15) we have p,.(w) < O (1/\/%) which is at most € for £k = Q(1/€?)
(we will assume 1/€2 < n).

Finally, Lemma 7.4.2 implies that there is a representation with maximum weight

r

O (M> =0 (Wln(l/e)) =0 (ﬁ?élog(k)(kw) 1n(1/e)>

which is what we want since k = 1/€%. O

Combining the anticoncentration method with the critical index method, Diakonikolas and
Servedio improved the dependence on e:

Theorem 7.4.4 (| | Theorem 2). Let f : {£1}" — {£1} be any halfspace. For any
0 < € <1 there exists a halfspace g(x) = sign({w, x) — 0) with integer weights w such that
dist(f,g) < € and for all i € [n],

lw;| < n3?. 20<621/3) .

7.5 Centers of Mass and Distances

In rotationally-invariant spaces, we have an easy way to find what the center-norm is
supposed to be; in the hypercube, such an easy method is not readily apparent. This section
surveys some of what is known about the centers of mass of halfspaces over the hypercube.
Along with this, there have also been a number of theorems relating the difference between
Chow vectors (first-degree Fourier coefficients) to the difference between two functions,
along the same lines as the Gap Theorem.

7.5.1 Centers of Mass

First, to get some intuition for the centers of mass, we will look at balanced halfspaces
whose weight vector is in {0, £1}". I will show that for these special halfspaces, the center
norm rapidly approaches 1/2/7 as the weight ||w]|, increases:
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Proposition 7.5.1. Lef f(z) = sign({(w, x)) be a halfspace where w € {0,£1}" such that
1 < k=|w|, is odd. Then

2 k
< [|Com (f)|I* < .

k

3o

: : ~— . 2
Proof. Assume without loss of generality that w =1---10---0. We will compute ||Com (f)]|

since 1
Com (f) = 3 (Com (f*) — Com (f7)) = Com (f7) .
We compute the square:
[ele | 2er )| =SBl | ves =Y E[n | ze ]
i€[n] iclk]

In the second inequality we have used the fact that for i > k,Plz; =1 | (z,w) > 0] =

Plz; =—1 | (x,w) > 0], which we can see by the fact that (x,w) = (z/,w) where 2’ is x
with coordinate ¢ flipped. Fori € [k],E[z; | z € fT] = (p— (1 —p))? = (2p — 1)* where
p=Plz; =1 | x € fT], which is the same for each i. Therefore the norm is

HE[x | xefﬂ”2:k(2p—l)2

so what remains is to compute p.

We count the number of points for which z; = 1. We are only concerned with the first &
coordinates, so we ignore the last n—k coordinates (which would introduce a factor of 27"
in the size of each set, which cancel out when computing the probability). So there are 281
remaining points after fixing the first coordinate. Note that &k — 1 is even since k is odd; if
more than half of these £ — 1 coordinates are +1, the whole sum is positive and negating
these coordinates will make the whole sum negative. So there is a 1:1 correspondence
between the strings that are mostly positive and mostly negative, and we only have to
worry about the strings that are half positive and half negative, which is exactly ((k’:)l /2).
Therefore we take half of all 2! strings and add the evenly-weighted strings that were
left out:

1/k—1
P lp=#la =1 2,>0 :2’f—2+§(ﬂ)
ic[k] 2

129



Using the identity (n%) =

(Theorem 2.4.3), we have

<k}—1> B 2k—lI‘ (%) . \/5‘2’671 \/5‘2’671
VL (B Vrk rk—1)|

This gives us

2k‘—1p — 2k—2 +

V22T V2| e 1+£[L : }
Vrk U y/r(k = 1) VT VE VE=T] )

k(2p—1)2:k<1+%[%,\/%}—1)2:%/7{:[%,&}. O

Since all weight vectors are convex combinations of these special vectors, we might suspect
that, perhaps, all balanced halfspaces have centers with norm at least /2/m. Recall
example 7.2.5, which showed that for f(z) = sign(2z; + 222 + 23 + 4 + x5), ||Com (f)||5 =
44/64 while MAJ; has [|Com (MAJ,)||5 = 45/64; this showed that the corner vector 1 does
not always produce the halfspace with least center-norm; however 44/64 > 2/ so the
suspicion may still be true. This leads us to the following open problem, catalogued by
O’Donnell in | ], that extends the intuition to unbalanced halfspaces:

1
2

Finally,

Conjecture 7.5.2. Let f: {+1}" — {£1} be any halfspace. Then
A 2
E[fff+) >
i€[n]

The vectors {0, £1}" are the most regular weight vectors; using central limit theorems on
other regular vectors gets us a similar estimate as a function of the regularity:

Theorem 7.5.3 (Improvement on | ] Theorem 33). Let f(z) = sign({w,x)) be a
balanced, T-weight-reqular halfspace with |w|| = 1. Then ‘||Com (O — \/i%‘ < O(7) and
[[[Com (f)II* = 2| < O (7).

Proof. Let ¢ = ||Com (f)]| for simplicity. We start with the identity

c=p(fNE[w,2) | (w,z) >0]—pu(f)E[w,z) | (w,z) <0]=E[{w,z)[].
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Now we may use Theorem 7.1.6 to get
E[[{w,z)[] = E[|X]] £ O (7)

where X ~ N(0,1) is a standard Gaussian, and E[|X|] = v/2/7 (Lemma 2.3.11). Finally,
since )c - \/2/7r‘ < O(7) and ¢ < 1 we have

‘02—2/7T|:‘c—\/2/_7r‘ (c+v2/m) =0(r) . O

The goal is to compare these centers of mass to the centers of arbitrary functions. There
are a few results giving upper bounds on the centers of arbitrary boolean functions, going
back to Talagrand:

Theorem 7.5.4 (| |, see [ | Theorem 17). Let f : {£1}" — {£1} be any
boolean function with P[f(z) = 1] =p < 1/2. Then

ICom (f)II* < O (p*log(1/p)) -

Khot et al. provide several theorems of this type, in which the ubiquitous value 2/7 becomes
more prominent:

Theorem 7.5.5 (] | Theorem 6). Let f: {x1}" — [—1,1] be a bounded function
with max; Inf;(f) < 6. Then

[Com (DI < 2 + 2501~ /377).

Finally, recall the Gaussian isoperimetric function I(v) := ¢(®~*(v)).

Theorem 7.5.6 (] | Theorem 7). Let f: {x1}" — [—1,1] be a bounded function
with max; Inf;(f) < 0. Forv=1(1-E[f]),

ICom (/)I” < 4(1(v) +¢)?

where € = O (0) - max (1, |(I>*1(U)|).

Note that, ignoring the error term e that necessarily depends on the regularity, the right
side of this theorem is exactly the function U(v) = (21(v))? of Matulef et al. | ]
that gives the center-norm of a threshold function in Gaussian space.
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Matulef et al., in their paper on testing halfspaces, expand this relationship between the
isoperimetric function and the center-norm of regular halfspaces. To motivate the next the-
orem, observe that by taking a halfspace f(x) = sign (w, z) — 6 and applying two different
restrictions py, po : T — {£1} for some set of coordinates, say T = {k + 1,...,n}, gives
us two halfspaces with the same weight vector w’ = (wy, ..., wy) but different thresholds
O =60 =, wpi(i) and Oy = 6 — 37" wips(i). Keep in mind also the fact that
applying a restriction to coordinates with large weights is likely to produce a weight-regular
halfspace (Fact 7.1.21).

Theorem 7.5.7 (| ] Theorem 48). Let w € {£1}" be a weight vector, 0,05 €
R be thresholds, and let 0 < T be a sufficiently small regularity parameter. Suppose
fi(z) = sign({(w, x) — 0y), fo(x) = sign({w, ) — O3) are both T-Fourier-reqular halfspaces
(i.e. max; Inf;(f1), max; Inf;(f1) < 7). Then

[Com (f1) ~UE[A])] < 7V/°

and

7.5.2 Distance

The theorems in the last section were of the form “If f is a sufficiently regular halfspace,
then f has center-norm close to X (roughtly /2/7)”. A testing algorithm also needs to
use the converse of this type of theorem, that is, a theorem of the form “If f is sufficiently
regular and has center-norm close to X, then f is close to a halfspace”. These are the
theorems I will cover in this subsection.

Note that the template for theorems all have the condition that the functions are Fourier-
regular. There are two reasons for this: first, this condition makes the calculations easier,
because of the central limit theorems! And the second reason is that, for the purposes
of the testing algorithm in | ], it actually suffices to work with regular functions:
this is because the algorithm works on randomly constructed restrictions to the highly

influential coordinates, using the principle that these restrictions should be highly regular
(Fact 7.1.21).

The relevant theorems from MORS are the following, which establish the converse for
balanced halfspaces and then extend it to unbalanced ones:
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Theorem 7.5.8 (| ] Theorem 34). Let f: {£1}" — {£1} be any boolean function
that is T-Fourier-reqular (i.e. ‘f(z)’ < 7 for alli € [n]). Suppose |||Com (NI - 2/m| <.
Write ¢ = Com (f). Then the halfspace g(x) = sign({c, z)) satisfies dist(f, g) < O (/T +7).

Theorem 7.5.9 (| ] Theorem 49). Let 0 < 7 < 1 and suppose that f, g : {£1}" —
{£1} are boolean functions satisfying:

1. f is T-Fourier-reqular and |E[f]] <1 — 7%/,

2. || Com (NI = UE[fD] < 7,

5. | (£ foaw)” - vEl) - vE | <7,

4 F(Dg() > -7
Write ¢ = Com (f) and let ¢ = ¢/ ||c||. Then for some § € R, g is O (71/9)—61056 to the
halfspace sign({¢,x) — 0).

A number of works have achieved spiritually similar results in the case where the functions
are not necessarily regular. A theorem of Birkendorf et al. is our first example of such a
theorem, and is also an example of the application of integer weight theorems:

Theorem 7.5.10 (| |, see | | Theorem 6.1). Let f(x) = sign({w,z) — 6) for
some threshold § € R and integer weights w € R™ with sum W = """ |w;|. Suppose
g : {1} — {£1} is any boolean function such that, for all i = 0,1,...,n and any

0<e<,
€

< —.
- W

(i) — ()|
Then dist(f, g) < e.

Remember that, for some extreme examples, we might have W = 2%"1°¢7) (Theorem 7.4.1,
in which case the requirements for this theorem are very strong. Goldberg proved another
theorem of this type, with the same motivation, that does not depend on the integer
weights:

Theorem 7.5.11 (] | Theorem 4, see | ] Theorem 6.2). Let f: {£1}" — {£1}
be any halfspace and suppose g : {£1}" — {£1} is any boolean function such that, for any
O<e<landalli=0,1,...,n, satisfies

ol P €\ Ollog(n/e)log(1/€))
50 - 1)) < (%) .

n
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Then dist(f, g) < e.

Following the critical index method, Servedio shows a similar theorem (compare the bound
to the values from Theorem 7.4.3 of the same paper):

Theorem 7.5.12 (| ] Theorem 1.2). Let f : {£1}* — {£1} be any halfspace and
suppose g : {1} — {£1} is any boolean function that, for any 0 < € < 1 and all
1=0,1,...,n, satisfies

a(i) = i)

<1/ <n : 20(1/62)) .
Then dist(f, g) < e.

De et al., for the purpose of designing an algorithm for the Chow Parameters Prob-
lem, improve these bounds with their main structural theorem (recall the notation f =

(f(0), f(1),..., f(n))):

Theorem 7.5.13 (| | Theorem 7). Let f: {£1}" — {1} be any halfspace and let
g : {£1}" — [—1,1] be any bounded function such that, for any 0 < e <1,

f_ g < GO(logQ(l/e)) — 2*0(10g3(1/6)) .

Then dist(f, g) < e.

The proof of this theorem combines the strategy of Goldberg (Theorem 7.5.11) with the
critical index method. Writing the Gap Theorem in this manner yields the following: for
any halfspace f(z) = sign({(w,z) — ¢) and bounded function g satisfying E[g] = E|[f]

(i.e. f(0) = g(0)), if
f=g| =0 (W(w,e/z>)

then dist(f,g) < e. This shows that if we can find a good bound on the width of 1-
dimensional projections of the hypercube, we may be able to improve these results:

Question 7.5.14. Can we improve distance bounds for the hypercube using the Gap The-
orem and the 1-dimensional width?

For the Gaussian space, the Gap Theorem gives a bound of dist(f,g) < O (y/e) (since
Wi(e/2) > Q(€)); the authors of | ] show that no similar bound of €“ for any
constant C' > 0 can hold, although there is still room for improvement.
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7.6 Margins and Width

Recall the definition of width:

Definition 4.3.3: Let p be any probability distribution over R", w € R"™ such that
|lw|| =1, and let € € (0, 1]. The e-width of the distribution is

W, (w, €) = sup{r > 0: p,(w) < e}

To use the Gap Theorem for the hypercube, we would need to find bounds on the width.
As a first example, observe that the hypercube presents some difficulty that doesn’t occur
in continuous spaces: picking w = \/iﬁf for even n, we can see that (n72) points lie exactly
on the plane {x € {£1}" : (w,z) = 0}. Thus if € to smaller than this fraction of points,
picking any radius r > 0 gives p,(w) > (n7/‘2)2_” > ¢ so the width is 0. We need to avoid
these degenerate cases!

Two strategies from earlier in the chapter can be used to achieve this: first, for a halfspace
f, we can find alternative weight vectors that produce the same function but with better
width. Second, we can construct an approximator g that has better width, which should
give even stronger results.

Before delving into some theorems that might help us bound the width, consider the case
that the vector w is 7-regular. Then we can use central limit theorems to move to the
Gaussian distribution:

Fact 7.6.1. Let 0 < e <1 and 0 < 7 < ¢/2. Suppose w € R" is a T-reqular vector such
that ||w|| = 1. Then

W (w,€) > V2r(e — 27)
Proof. For any r > 0 and 6 € R, corollary 7.1.5 gives us
Pl(w,z) = 0| <r]=P[|X —0| <r|Lt2r
Therefore, by definition,
W(w,€e) =sup{r >0: SL;pIP’H(ww) —0] <r] <¢€}

>sup{r > 0:supP[|X —0| <r]<e—27}
0

where X is a standard Gaussian. This is the (e — 27)-width of the Gaussian, which is at
least v/2m(e — 27). O
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One reason why the definition of width is convenient is that anticoncentration inequalities
imply bounds: suppose we have p,.(w) < e for some r, e. Then we clearly have W (w,€) > r.
Together with the extension lemma (Lemma 7.1.15, we can find some subset H C [n] with
the bound p,(wy) < € and extend this to a width bound. Unfortunately, I note that simply
applying the anticoncentration inequalities along with the structural lemmas in section 7.1
does not give an improvement over the distance Theorem 7.5.13.

A few recent works have relied on margins for their proofs, and as a consequence have in-
cluded some bounds that relate to the width. O’Donnell and Servedio provide the following
two theorems:

Theorem 7.6.2 (] | Theorem 3.1). Let f : {£1}" — {£1} be any linear threshold
function and let r > 0 be sufficiently small. Then there is a linear threshold function
g(z) = sign((w, x) — 0) satisfying dist(f,g) < 27" such that

. 1
margin, (w,0)) < O | ——
p(margin, (w, 0)) < ( 10g(1/r))

Theorem 7.6.3 (| ] Theorem 4.2). Let0 <7 < 1/2 andt > 1, with K = [C 5 In(t/7)]
for some absolute constant C'. Suppose w € R™ is a vector with T-critical index k > K and

let o, = \/> . Then forr =+/t- oy,
pr(w) <O (279
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Chapter 8

Conclusions and Future Work

I have presented testing algorithms for rotationally invariant probability spaces and for
mixtures of two of these spaces; clearly there is a very large gap between my current
results and the ultimate goal of having efficient testing algorithms for arbitrary probability
distributions. There is a lot of work remaining; in this chapter I will summarize some of
the questions that I asked in earlier chapters, and suggest a few strategies that might yield
progress towards the ultimate goal.

Larger Mixtures

In Chapter 5 I presented an algorithm that works for mixtures of two rotationally invariant
distributions. An obvious direction to pursue is to extend the algorithm to work for arbi-
trary mixtures of k rotationally invariant distributions (where k is a constant independent
of the dimension). This would be a good step to take, since this would include mixtures
of Gaussians, which are commonly studied.

This extension would require:
1. Finding a general formula for £(vy, v, ..., v;) when there are k RI distributions.
2. Computing bounds on the number of samples required to estimate this quantity.

The Gap Theorem and the algorithmic template used for 2-mixtures would finish the job.
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Narrow Distributions

In Chapter 4, I gave an example of an RI distribution for which the width is sublinear,
i.e. for any constant C' > 0, there is a small enough e > 0 such that W(e) < C' -e. For
these “narrow” distributions, the sample complexity of the RI halfspace tester can be much
larger than the desired O (1/n), but they seem “unreasonable” since they are not “properly
scaled”, relative to the Gaussian distribution. Here I repeat the question posed in that
chapter:

Question 4.7.3: How can we improve the algorithm to use fewer samples on spaces with
sublinear width?

Extended Gap Theorem

The Gap Theorem (Theorem 4.4.1) compares the center-norms of a function and a halfspace
with the same measure. In Chapter 4, I asked:

Question 4.4.2: Is there a version of the Gap Theorem that depends on E[f] — E [A]
instead of requiring that this difference is 07

An extension of this theorem that tolerates differences of measure would yield results
for the Chow Parameters Problem (see Chapter 6). Moreover, several theorems about
the hypercube, such as in Section 7.5, have a similar flavor to the Gap Theorem while
tolerating these differences of measure. An improvement to the Gap Theorem along with
more accurate knowledge of the width of the hypercube might lead to simplifications of
this theory.

Hypercube and Regularity

In Chapter 7 we saw a number of questions and open problems about the structure of the
hypercube whose solutions may help find simpler testing algorithms and generalizations,
and are also of independent interest. In particular, the relationship between weight vec-
tors and centers of mass remains mysterious, as [ mentioned in the chapter on the Chow
Parameters Problem, which is part of this mystery:

Question 6.0.3: What is the relationship between the normal of a halfspace and its center?
Specifically,

1. How close must the two vectors be? This has consequences for the Gap Theorem.
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2. How closely related are weight— and Fourier—reqularity?
3. How small can the center-norm be? Is it at least \/2/m?

4. How can we compute the weights from the centers? This is the Chow Parameters
Problem.

How to apply the Gap Theorem in discrete spaces is a difficult problem, of which the
hypercube would provide a good special case:

Question 8.0.4. What is the tightest version of the Gap Theorem that holds for the hyper-
cube? This is related to anticoncentration inequalities and the Littlewood-Offord problem;
a thorough search of the literature on this problem might yield stronger tools.

Regularity is a concept that has been very useful for proving theorems about the hypercube,
especially combined with the critical index method. It might be interesting to explore dif-
ferent definitions of regularity to see if they are equally as powerful; for example, rewriting
the definition of 7-regularity, we see that a vector w € R" is 7-regular if

lwlle <7 flwlly -

This is a useful definition because it is closely related to central limit theorems which
depend on the 2-norm. However, it is the additive structure of w that determines its
anticoncentration properties; we can easily see, for example, that when we change the
weights w, the center of mass will stay the same until some point crosses the hyperplane:
this occurs when (w,z) = 6. That means changes in center occur exactly when we can
partition the weights {w;} into two sets P, N (positive and negative) such that )., w; —
Y ien wi = 0. This additive structure is more accurately described by the 1-norm of w
than the 2-norm, so we might consider the L; regularity, defined as

lwlle <7 flwlly

or more generally
||w||p S T ||w||q )

which gives us a whole spectrum of regularity properties to work with. From these regular-
ity definitions would follow analogous critical index methods, which might prove fruitful.

Distribution-Free Testing

The model I have used in this thesis lets the algorithm use knowledge of the distribution
(e.g. it can compute inverse cumulative distribution functions). This is quite a strict
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limitation on the use of the algorithms: from a practical perspective, it is easy to imagine
that one would not necessarily know what distribution their data came from. A more
practical model would be to hide the distribution from the algorithm: this is the model of
distribution-free testing (see e.g. [ ]). The general approach that I have used in this
work, estimating the center-norm and comparing it to its proper value, might not work
in this model: estimating the proper value might require too much information about the
distribution to yield a sublinear sample complexity.

Question 8.0.5. Is there a distribution-free tester for halfspaces with sublinear sample
complezxity?

Lower Bounds

I have not provided any new lower bounds for this problem; in Chapter 3 I catalogued a
few lower bounds related to the problem; in particular, there is a bound of 2 (x/n / log n)

from | ]. I'suspect that the logn factor is unnecessary (i.e. the dependence on n in
my algorithm is optimal).

Question 8.0.6. Fizing € to be a constant, is the sample complexity of testing halfspaces
©(yv/n) (for RI and mixtures of RI distributions)?

Further, this lower bound does not depend on €, and it may be interesting to find the
optimal dependence on e.

Even more interesting would be to determine if all probability spaces have a halfspace
tester; one can imagine that there might be spaces where, say, estimating the volume and
center-norm gives away enough information to learn the halfspace. In this case, a tester
would be useless since we could skip right to learning.

Question 8.0.7. Are there any probability spaces where testing and learning have (roughly)
the same sample complexity?

Iterative Methods

The classic perceptron algorithm (see section 3.2.2) works by iteratively improving a hy-
pothesis, represented by a weight vector: taking a labelled point, it checks whether the
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current hypothesis correctly labels the point, and udpates the hypothesis vector by adding
or subtracting the point if the classification is incorrect.

Later, I presented the CHOWRECONSTRUCT algorithm of | | for the Chow Param-
eters Problem (Chapter 6) which begins with the center of mass as a hypothetical weight
vector and updates this hypothesis in every iteration by adding to it the difference between
the current center of mass and target Chow parameters. I will call these two algorithms
examples of iterative methods, which start with some weight vector and repeatedly update
it to get closer to some target; these algorithmic methods might also yield iterative proof
techniques that could aid in the quest to establish a theory of halfspaces. For example,
analyzing CHOWRECONSTRUCT, one might be able to discover some facts about how close
the center of mass and weight vector must be to each other.

Another potential use of the iterative method would be to reduce a conjecture C, say for
example, the conjecture that E [f]+||Com (f)||5 > 2/ for all halfspaces (Conjecture 7.5.2),
to the following form: Is C' true for halfspaces that satisfy the termination conditions for
an algorithm A? and is C preserved at every iteration of A? A starting point would be an
algorithm that computes the center of mass, ¢, of a halfspace, and the uses ¢ as the weight
vector for the next iteration; we can then terminate on halfspaces whose weight vector and
center of mass are parallel. Experiments with this algorithm have revealed some promising
but elusive patterns.
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Appendix A

Width and Variance of Spheres and
Gaussians

Proposition A.0.8. Let i be the uniform distribution over the n-dimensional unit sphere,

where n > 3. Then
2 1

= +
n+1 n-+1

Proof. We can write the surface area S,,_; as the integral of S,,_» (\/ 1— 22) over the range
[—1,1]:

1

S_l 1 ! S_g n=2
1= = o (V1I—22)dz == 1—2%)"7 dz.
Sn—l Sn—l /1 S” 2 < © ) © Sn—l /1( : ) :

. . N . . ., Sno2(V1-22
The variance is V = E [2?] for z chosen from the distribution with density M, SO

1
V:Sn_2/ z2(1—z2)n7_2dz.
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Thus we can easily compute 1 — V:

1 1
1—V:S”‘2/ (1—22)(1—z2)”52dz25”‘2/ (1—22)5dz

Sn—l -1 Sn—l -1
So T (222
S 2ﬁ1‘* (n—2|-3)
w1 T (550)
. ” ol (2)*
Using Proposition 2.4.6: = 5
=D ()
which is between ) .
n(n — 2) and n(n —1)
(n+1)(n—1) (n+1)(n—1)
by Theorem 2.4.3. Then V is between
1 —1)— _
i @FD@-D-n-2) _ 3 .
n+1 (n+1)(n—1) n+1

Proposition A.0.9. Let p be the uniform distribution over the n—dimensional sphere with
radius v, where n > 3. Let V* be the projection variance for the unit sphere (from the
previous proposition). Then

V =rv*.
Proof.
Sn—a (Vr—22 Sn—2 r? — 22"
V:/ 22 dz— - /z ~ " dz
—1 Sn—l(r) Sn 1
_ Sno 2/ (r? —z 22
Sn 1
S 2/ 1—22/r) 7
dz
Sn 1
t:z/T::—S" 2/ (1 -3 T dt = 1r?V* O
Sn—l 1

Proposition A.0.10. Let p be the uniform distribution over the n-dimensional sphere
with radius r (where n > 3). Then for any unit vector w, the density pu, is

Sn—a (V1?2 — 22) _ Spa (1 22 /r2) e
Sn_l(T’> - Sn—l T

Nw<z> =
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which s within
Vn—2(1—22/r2)"s
\ 2T T \ 2T T ’

and has maximum (1,,(0) between Wv;;i and Wv;;i

Proposition A.0.11. For the n—dimensional standard Gaussian distribution, the width
satisfies

Va2r e <W(e) < 2111(12 )

— €

Proof. The lower bound is because the maximum density ¢,,q, of the projection is 1/v/27
and W (€) > €/dmaz. For the upper bound we can use Lemma 2.3.12:

2
1 —e=2P[z > W] < 2exp <—W7>

so W <+/2In(2/(1 —¢)). O

Proposition A.0.12. Let pu be the uniform distribution over the n-dimensional sphere
with radius r. Then the width satisfies

\/%. € SW(G)S 2r21n<\/§>

n —

—_
S
|

Proof. Same as above, but using Proposition 2.4.8. [
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