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Abstract

The main technical problem with background independent approaches to
quantum gravity is inapplicability of standard quantum field theory methods.
New methods are needed which would be adapted to the basic principles of
General Relativity. Topological field theory is a model which provides natural
tools for background independent quantum gravity. It is exactly soluble and,
at the same time, diffeomorphism invariant. Applications of topological field
theory to quantum gravity include description of boundary states of quantum
General Relativity, formulation of quantum gravity as a constrained topolog-
ical field theory, and a new perturbation theory which uses topological field
theory as a starting point. The later is the central theme of the thesis. Unlike
the traditional perturbation theory it does not require splitting metric into a
background and fluctuations, it is exactly diffeomorphism invariant order by
order, and the coupling constant of this theory is dimensionless. We describe
the basic ideas and techniques of this perturbation theory as well as inclusion
of matter particles, boundary states, and other necessary tools for studying
scattering problem in background independent quantum gravity.

iii



Acknowledgements
I would like to thank Lee Smolin for an example of his unique way of doing

science and for encouragement and support in all my efforts.
I would like to thank Laurent Freidel for collaboration on the project which is

central to this thesis and for his help in learning math and techniques necessary for
it.

I would like to thank Achim Kempf, Ray Laflamme, Jurek Lewandowski, Rob
Mann, and Rob Myers for careful reading the thesis and for helpful comments on
the draft.

I would like to thank all the people of Perimeter Institute, both residents and
visitors, for many interesting and useful discussions.

iv



Contents

1 Introduction 1

2 Gravity as a gauge theory 5
2.1 2+1 gravity: BF and Chern-Simons formulation . . . . . . . . . . . . 5
2.2 3+1 gravity: MacDowell-Mansouri formulation . . . . . . . . . . . . . 8
2.3 General Relativity with a topological phase . . . . . . . . . . . . . . . 9

2.3.1 Action principle . . . . . . . . . . . . . . . . . . . . . . . . . . 10
2.3.2 Solutions and phases . . . . . . . . . . . . . . . . . . . . . . . 11
2.3.3 Conditions on a phase boundary . . . . . . . . . . . . . . . . . 13

3 Topological field theory with point sources 15
3.1 Point particles in 2+1 gravity . . . . . . . . . . . . . . . . . . . . . . 15
3.2 Point particles in 3+1 gravity . . . . . . . . . . . . . . . . . . . . . . 17
3.3 Point particles in 3+1 dimensional BF theory . . . . . . . . . . . . . 20

4 Boundary observables of General Relativity and topological field
theory 27
4.1 Canonical General Relativity, fixed boundary . . . . . . . . . . . . . . 27

4.1.1 Boundary terms in the action . . . . . . . . . . . . . . . . . . 27
4.1.2 Quasilocal quantities and the algebra of boundary observables 30
4.1.3 Einstein’s equations as a local conservation law . . . . . . . . 34

4.2 BF theory, movable boundary . . . . . . . . . . . . . . . . . . . . . . 36

5 Perturbative General Relativity from topological field theory 39
5.1 MacDowell-Mansouri type BF-theory: How non-linear is 4 dimen-

sional General Relativity? . . . . . . . . . . . . . . . . . . . . . . . . 39
5.1.1 Introducing the Immirzi Parameter . . . . . . . . . . . . . . . 42

5.2 Formal setup for perturbation theory . . . . . . . . . . . . . . . . . . 45
5.2.1 Computing the generating functional . . . . . . . . . . . . . . 46

5.3 Topological effective action . . . . . . . . . . . . . . . . . . . . . . . . 48
5.3.1 Spontaneous symmetry breaking . . . . . . . . . . . . . . . . . 49
5.3.2 Gravity as a non local topological theory . . . . . . . . . . . . 51

6 Spinfoam quantization of topological field theories 55
6.1 Basics of spinfoam . . . . . . . . . . . . . . . . . . . . . . . . . . . . 56
6.2 Regulating bubble divergences . . . . . . . . . . . . . . . . . . . . . . 57

6.2.1 Bubble divergences and gauge fixing . . . . . . . . . . . . . . 57
6.2.2 Bubble divergences and compactification of the translation

group . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 60
6.3 Spinfoam perturbation theory (outline) . . . . . . . . . . . . . . . . . 61

v



6.3.1 Generating functional on a lattice . . . . . . . . . . . . . . . . 61
6.3.2 The basics of the diagram technique of perturbation theory . . 67

7 Discussion 71

A SO(5) conventions 73

B Delta function identity 75

C Regularization of delta functions and q-deformation (abelian group) 77

vi



List of illustrations
1. Spinfoam representation of the perturbative vacuum of quantum gravity.
2. The dual of the simplest possible triangulation of a 4-sphere
3. The simplest possible triangulation of a four manifold with a boundary
4. The triangulation of a 4-ball after 1→ 5 Pachner move
5. Atypical chord diagram

vii



1 Introduction

One of the major challenges of today’s theoretical physics is to find a theory of
quantum gravity, the theory that will unify Einstein’s General Relativity and Quan-
tum Mechanics. The standard perturbative quantization which has proved to be
successful for all other interactions has failed for gravity. The Feynmann diagrams
for graviton modes, which are small excitations around a flat spacetime background,
contain ultraviolet divergences which cannot be canceled via renormalization. Differ-
ent possible interpretations of the origin of this problem lead to different approaches
to quantum gravity.

The traditional perturbative approach to quantum gravity starts with fixing a
background metric g0ab and defining excitations around it

gab = g0ab + hab. (1)

The constraints of General Relativity generating four dimensional diffeomorphisms
are then linearized in hab, which makes them look very much like those of abelian
gauge theory. This constraints can easily be solved and as a result one obtains
ordinary local field theory with two degrees of freedom per point. This is used as
the zero order approximation for perturbation theory. The only apparent difference
between this theory and local field theories for other interactions is the presence
of extra derivatives in the interaction term. As a result, the role of the coupling
constant is played by Newton’s constant, G, which is dimensionful. This can be
interpreted as that the theory becomes strongly coupled in the ultraviolet regime
and breaks down at the Plank scale lpl ∼

√
G.

To solve this problem, String Theory [1] suggests keeping the above perturbation
theory unaltered at the scales much larger than lpl, and modify it by replacing local
excitations (gravitons) with excitations of a finite size (strings) at the scales of the
order of lpl. This reduces the number of degrees of freedom of the theory at short
distances, thus improving ultraviolet behavior. Such approach has an advantage
that existing field theory techniques can still be used, and it is easy to make a
connection to known physics above the Plank scale which is described by some local
field theory. On the other hand, measuring distances at which the theory has to
be modified requires a metric. To this end one generally takes the metric g0ab,
which defines the expansion (1). So an auxiliary structure, which physics must be
independent of, enters the very definition of the theory. To solve this problem it has
been suggested that there exists a theory which unifies all different string theories
in various backgrounds, called M-theory. To find this theory, one needs a better
understanding of non-perturbative physics.

One can however notice, that taking into account non-perturbative effects, even
for ordinary General Relativity, leads to a picture that is very different from the
traditional approach to quantum gravity which uses a local field theory limit. First,
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as follows from diffeomorphism invariance, the degrees of freedom of General Rela-
tivity must be relational, i.e. can only be associated to points labeled by some actual
physical events. Second, from the equivalence principle it follows that the degrees of
freedom of GR must be non-local (or quasilocal), i.e. could be restricted to a finite
region, but not to a point. This features are not seen in the local field theory limit,
which approximates the diffeomorphism transformations with linearized ones. As
a result the traditional perturbative approach leads to overcounting the degrees of
freedom of the theory. This suggests that the ultraviolet problem could be solved
simply by recovering the correct counting of the degrees of freedom of General Rel-
ativity, without any modification. For this one has to restore the original non-linear
diffeomorphism invariance of the theory. In perturbation theory, however, it would
take infinitely many steps, and the theory would break down before it is achieved.
This also suggests that a non-perturbative quantization is needed.

Non-perturbative quantization of General Relativity is known as Loop Quantum
Gravity [2]. It includes a canonical version [3] as well as a path integral (or spin-
foam) version [4]. The advantage of this approach is that it is explicitly background
independent: no fixed metric enters the definition of the theory. The existence of
a minimum possible length directly follow from both versions of this approach [5],
thus supporting the idea that gravity, when treated non-perturbatively, can regu-
late its ultraviolet behavior itself. The main problem with Loop Quantum Gravity
is that doing physics non-perturbatively is always hard, as it requires solving the
theory exactly. But General Relativity is too complicated to give a comprehensive
classifications of all its exact solutions. In particular, it is not clear what solutions
should be taken and in what combination to reproduce an ordinary semiclassical
spacetime. This problem is known as the problem of the classical limit [6].

The above problems are technical in essence, and to address them one needs
to have some mathematical tools which are adapted to the structure of General
Relativity. To do this one can take any model that is exactly soluble and at the
same time invariant with respect to all the basic symmetries of General Relativity.
An example of such models is provided by a class of theories known as Topological
Field Theories.

A Topological Field Theory (TFT) [7] is a theory that has exactly as many local
symmetries as fields. This allows one to gauge away all the local degrees of freedom.
The number of remaining degrees of freedom is finite and is related to the topology
of the manifold. This makes such a theory exactly soluble. On the other hand
topological field theory has some basic features of General Relativity that the local
field theory limit of GR misses. These are exact diffeomorphism invariance, positive
degree form structure of the theory, and non-locality of its fundamental excitations.

Solving TFT exactly requires some specific methods, which are very different
from the methods of standard quantum field theory. These methods involve ex-
plicit identification of the non-local degrees of freedom of the theory, and applying
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quantization rules, which could be both canonical or path integral based, to the
corresponding variables. This provides well defined results in all the known cases.
On the other hand application of standard quantum field theory methods to TFT
often leads to inconsistent results.

A well known example of TFT is General Relativity in 2+1 dimensions. Ein-
stein’s Equations in 2+1 dimensions imply that the Riemann curvature tensor van-
ishes locally. The theory therefore doesn’t have local degrees of freedom. It can be
quantized non-perturbatively and was shown to be exactly soluble [8]. On the other
hand the traditional perturbation theory for 2+1 dimensional gravity based on the
expansion (1) fails exactly the same way as in 3+1 dimensions, even though 2+1
dimensional graviton doesn’t have “propagating modes”.

In dimensions higher than three General Relativity is not a topological field
theory, as it has infinitely many degrees of freedom. However, TFT can be considered
as an approximation to General Relativity in which all the local degrees of freedom
are frozen. This limit is in a way opposite to the local field theory limit which has too
many degrees of freedom, and some of them have to be removed to recover General
Relativity. On the other hand every degree of freedom of TFT is also a degree of
freedom of General Relativity and to recover the later one has to reintroduce the
missing local degrees of freedom back in the theory. One therefore may argue that
TFT could be a useful tool for studying various aspects of quantum gravity, even
though it doesn’t provide a complete solution for the full theory by itself.

Topological field theory may be relevant to General Relativity in different ways
[9]. It may provide a theory describing the dynamics of boundary observables of
General Relativity in a closed form [10, 11]. It may give rise to a state sum model
which, via imposing some constraints, can be converted in a state sum model for
quantum gravity [12]. Finally, it may provide a staring point for a perturbation
theory of quantum General Relativity, when the local physical degrees of freedom
are made from gauge degrees of freedom via symmetry breaking [13]. All these
possibilities will be touched upon in the present paper.

In section 2 we review how to reformulate 2+1 and 3+1 dimensional gravity as
gauge theories. This reformulation is essential for establishing the relation between
General Relativity and topological field theory. We also consider a generalized ac-
tion, which contains General Relativity and a certain topological field theory as
different sectors. These results are based on paper [?].

In section 3 we review how to describe propagating point particles in 2+1 and
3+1 dimensional TFT. This allows one to introduce matter degrees of freedom into
the theory without loosing its exact solubility. 3+1 dimensional results are based
on paper [49].

In section 4 we describe how the global conserved quantities of General Relativity
can be related to local charges of a certain topological field theory induced on a
boundary. This provides a specific point of view on how to describe propagating
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excitations of non-perturbative General Relativity. This results are based on paper
[59]

In section 5 we provide the basic ideas of a new perturbation theory for quantum
gravity which uses a topological field theory as a starting point. It is exactly dif-
feomorphism invariant order by order and has a very small dimensionless coupling
constant, thus avoiding the main problems of the traditional perturbative approach.
This results are based on paper [13]

In section 6 we review the basic techniques necessary for making explicit calcu-
lations in this perturbation theory. This includes construction of spinfoam models
for TFT coupled to particles, different approaches to removing divergences from the
theory, and a setup of the scattering problem of matter particles due to quantum
gravity effects, and its diagram techniques. An argument for renormalizibility of this
perturbation theory is given. This is based on a forthcoming paper [56] The results
are based on an unfinished work and are incomplete. However, they can provide
a first concise picture of background independent perturbation theory for quantum
gravity.
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2 Gravity as a gauge theory

2.1 2+1 gravity: BF and Chern-Simons formulation

In this part we recall briefly the properties of 3 dimensional Euclidean gravity in
the first order formalism and fix some notations.

We consider the first order formalism for 3d gravity. The field variables are the
triad frame field eiµ (i = 1, 2, 3) and the spin connection ωiµ. The metric is recon-
structed as usual from the triad gµν = eiµηije

j
ν where η = (+,+,+) for Euclidean

gravity. In the following, we will denote by ei, ωi the one-forms eiµdx
µ, ωiµdx

µ. We
also introduce the SU(2) Lie algebra generator Ji, taken to be i times the Pauli
matrices, satisfying

[Ji, Jj] = −2εijk η
klJl, (2)

where εijk is the antisymmetric tensor. The trace is such that tr(JiJj) = −2δij. One
defines the Lie algebra valued one-forms e = eiJi and ω = ωiJi. The action is

S[e, ω] = − 1

8πG

∫

M

εijk( e
i∧F jk(ω)+

Λ

3
ei∧ej∧ek) =

1

16πG

∫

M

tr(e∧F (ω)+
Λ

3
e∧e∧e),

(3)
where ∧ is the antisymmetric product of forms and F (ω) = dω + ω ∧ ω is the
curvature of ω, and Λ is a cosmological constant. The equations of motion of this
theory are

dωe = 0, (4)

F (ω) + Λe ∧ e = 0, (5)

where dω = d + [ω, ·] denotes the covariant derivative. If M possess some bound-
aries ∂M , the variation of the action is not zero on-shell but contains a boundary
contribution

δS =
1

16πG

∫

∂M

tr(e ∧ δω). (6)

This boundary term vanishes if one fixes the value of the connection on ∂M . The
gauge symmetries of the continuum action (3) are the Lorentz gauge symmetry

ω → g−1dg + g−1ωg, (7)

e → g−1eg, (8)

locally parameterized by a group element g, and the translational symmetry locally
parameterized by a Lie algebra element φ

ω → ω + Λ[e, φ], (9)

e → e+ dωφ, (10)
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which holds due to the Bianchi identity. identity dωF = 0. This supposes that φ = 0
on ∂M . The infinitesimal diffeomorphism symmetry is equivalent on-shell to this
symmetry when we restrict to non-degenerate configurations det(e) 6= 0. The action
of an infinitesimal diffeomorphism generated by a vector field ξµ can be expressed
as the combination of an infinitesimal Lorentz transformation with parameter ωµξ

µ

and a translational symmetry with parameter eµξ
µ.

The conjugate phase space variables are the pull-back of (ω, e) on a two dimen-
sional spacelike surface, their Poisson brackets being

{ωiµ, ejν} = δijεµν . (11)

The generator of the translational gauge symmetry is given by the pull-back of the
curvature on the two dimensional slice, whereas the pull-back of the torsion generates
the Lorentz gauge symmetry.

The first order formalism for 3d gravity provides an example of a topological
field theory which is called BF-theory. BF-theory can be defined in any dimension
d of spacetime and for arbitrary local gauge group G. Its basic variables are 1-form
connection field A and d− 2-form field B, both taking the values in the Lie algebra
of G. The action principle for BF-theory is

S =

∫

M

tr(B ∧ F (A)), (12)

where F (A) = dA+A ∧A is the curvature of the connection. One of the equations
of motion of this theory

F (A) = 0 (13)

means that the connection is locally flat everywhere. This is the reason why the
theory doesn’t have local degrees of freedom, and could be exactly solved in any
dimension.

The action (3) for Λ = 0 is an example of the action (12), where the dimension
of space is three and the role of B-field is played by the vierbein.

There is another possibility write down the action for 3-dimensional gravity in
a BF form, which is much more similar to the approach which we will be using in
4 dimensions. This approach, however, requires a non-zero cosmological constant.
For example for positive cosmological constant one could extend the gauge group
from SO(3) to SO(4). In addition to the tree rotation generators (2) it will include
three “translation” generators Pi, satisfying the following commutation relations

[Ji, Jj] = −2εijk η
klJl (14)

[Pi, Pj] = −2εijk η
klJl (15)

[Pi, Jj] = −2εijk η
klPl (16)

6



We can define the SO(4)-connection to be composed of the SO(3)-connection and
the vierbein,

A =
1

l
eiPi + ωiJi, (17)

where the parameter of the dimension of length l = 1/
√

Λ is needed for matching
dimensions. The curvature of this connection has a form

F (A) =
1

l
dωe

iPi + (F ij(ω) +
1

l2
ei ∧ ej)εijkJk, (18)

i.e. it contains information on both curvature and torsion.
It is easy to see that an action principle of the form (12) for connection (17) and

curvature (18), where trace is defined either by

tr(J iJ j) = 2δij, tr(P iP j) = 2δij, tr(J iP j) = 0 (19)

or by
tr(J iJ j) = 0, tr(P iP j) = 0, tr(J iP j) = 2δij (20)

results in the same equations of motion (4,5) for connection and vierbein as the
action (3). It also contains an equation for auxiliary B-field

dAB = 0. (21)

Therefore, one can say that such an action is classically equivalent to the action
(3). On the other hand the Poisson bracket structure of this action is different from
(11). The SO(3) connection and the vierbein are no longer canonically conjugate,
they commute with each other. Therefore the quantization of the action (12) will
be different from quantization of the action (3).

Another possible reformulation of 3-dimensional gravity is Chern-Simons theory.
This is a 3d topological field theory which has as its only variable a connection for
an arbitrary gauge group G. Its action principle is

S =
κ

8π

∫

M

tr(A ∧ dA+
2

3
A ∧ A ∧ A), (22)

where κ is a dimensionless coupling constant. Similar to BF-theory, its equation of
motion is the local flatness condition for A, F (A) = 0.

One can show [14] that if in the action (22) we choose the connection (17) for the
SO(4) gauge group and κ = 1/(G

√
Λ) for the coupling constant, and also define the

trace by (20) we recover the action (3) for 3d gravity. It has the same equations of
motion (4,5) and the same simplectic form (11). Therefore, this action is equivalent
to first order General Relativity even at quantum level, provided the we do not
impose the condition of invertibility of the vierbein.
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Another possibility is to use the definition of trace in (19) instead of (20). The
resulting action is

S =
1

16πG
√

Λ

∫

M

tr(ω ∧ dω +
2

3
ω ∧ ω ∧ ω + Λedωe), (23)

where the trace is now defined the same way as in (3). It results in the same
equations of motion (4,5) as ordinary 3d gravity, but has a different simplectic form.
Also, unlike ordinary 3d gravity, it does not allow limit Λ → 0. So for studying
this action it is essential to have a nonzero cosmological constant. In section 4 we
will see that the action of the form (23) describes in a natural way the dynamics of
boundary observables of four dimensional General Relativity. There we will consider
such an action in more detail.

2.2 3+1 gravity: MacDowell-Mansouri formulation

In this section we review the construction of [20], which allows to reformulate four
dimensional General Relativity as a gauge theory. Most of the results of the thesis
involve this formulation.

Macdowell-Mansouri action is a gauge theory for the SO(5) gauge group. We
consider a Euclidian theory with positive cosmological constant; however in the
classical theory everything can be directly generalized to a Lorentzian signature.
For writing down the action it is convenient to use γ-matrices (See Appendix A):

γA = γA†, {γA, γB} = 2δAB, (24)

where A,B = 1, 2...5, and {., .}means anticommutator. The ten generators of SO(5)
group can then be represented as

TAB = TAB†, JAB =
i

4
[γA, γB]. (25)

The 15 matrices γA and JAB form a basis in the space of 4× 4 hermitian traceless
matrices.

The only variable in the theory is an so(5)-valued gauge field AAB . In a back-
ground independent theory, the action cannot involve any fixed metric. So, the only
form of the action possible in four dimensions is

SFF =
1

α

∫
FAB ∧ FCDtrγAγBγCγD. (26)

Here
FAB = dAAB + AAC ∧ ACB (27)
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is the curvature of the SO(5)-connection AAB. The equations of motion following
from the action (26)

dAF
AB = 0 (28)

are trivially satisfied due to the Bianci identity ∇ ∧ FAB = 0 and, therefore, the
theory (26) is topological.

By a small modification, however, which is a breaking of the SO(5) symmetry
down to the SO(4) the action (26) can be turned into that of General Relativity.
For example one can insert a γ5 in the trace in (26)

SGR =
1

α

∫
FAB ∧ FCDTrγAγBγCγDγ5, (29)

where 5 labels some preferred direction. To see that the action (29) is indeed the
action of General Relativity let us rewrite it in terms of 4 + 1-decomposed indices
A = (i, 5), i = 1, 2..4:

SGR =
1

α

∫
(F ij ∧ F klεijkl5). (30)

Also we can decompose the SO(5)-connection

Aij = ωij, Ai5 =
1

l
ei, (31)

where ωij is an SO(4)-connection, ei is a tetrad, and l is a constant of dimension of
length. Equation (31) leads to the following decomposition of SO(5)-curvature

Fij = dωij + ωik ∧ ωkj +
1

l2
ei ∧ ej = F (ω)ij +

1

l2
ei ∧ ej

Fi5 =
1

l
∇ ∧ ei = Ti. (32)

Here F (ω)ij is an SO(4)-curvature and Ti is a torsion. The action (30) can then be
rewritten as

SGR =
1

2GΛ

∫
(F (ω)ij + Λei ∧ ej) ∧ (F (ω)kl + Λek ∧ el)εijkl, (33)

where Λ = 1
l2

is the cosmological constant and G = α/Λ is the Newton constant.
The action (33) is the action of General Relativity.

2.3 General Relativity with a topological phase

The connection with topological field theory naturally raises the question of whether
there might be dynamical transitions between a low energy phase in which gravity
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is approximately described by general relativity, and a high energy phase, which is
topological. Indeed, speculations in this direction have been made for some time. For
example, in 1988 Witten proposed that the Hagedorn temperature might represent
a transition to a topological phase in which the metric vanishes[16]. This kind of
conjecture has recently gained attention again in the context of spin foam models[15].

It has also been noticed that in certain first order action principles for GR and
supergravity there are degenerate phases in which the determinate of the metric
vanishes[17]. In [18] phase boundaries were studied between regions in which the
metric is degenerate and non-degenerate, and were found to be null.

However, to describe a transition between a topological and a gravitational phase
dynamically, both must be solutions to the same theory. In [19] it was proposed
that this could be done by making the constraints that reduce the gauge symmetry
of a TQFT dynamical. In this paper we would like to describe one way in which
this can be done.

In the next section we review the basic idea of gravity as a constrained topological
field theory and describe a new action principle from which the constraints arise
dynamically. In section 3 we describe solutions to those constraints and show how
four different theories are recovered. These are two TQFT ’s: F ∧ F theory and
BF theory for SO(5) and two versions of general relativity: the action of Palatini
and the action principle for the Ashtekar-Sen variables. In section 4 we study the
boundary between a topological and gravitational phase and find that it resembles
the conditions imposed on an horizon.

2.3.1 Action principle

It is possible to consider a theory in which the symmetry breaking in MacDowell-
Mansouri formalism is not introduced from the beginning but instead induced by
the theory itself. This is possible if e.g. the fixed quantity γ5 in (29) is replaced by
a dynamical variable.

Let us consider the following action

S ′GR =

∫
BAB ∧FCDTrγAγBγCγD−

α

2

∫
BAB ∧BCDTrγAγBγCγDΓ +

∫
λ(Γ2− 1),

(34)
where we introduced u(4)-valued (hermitian, but not necessarily traceless) matrices
λ and Γ. For general covariance Γ should be a 0-form (scalar) and λ should be a
4-form (scalar density).

Let us first solve the equation for Γ resulting from the variation of the action
(34) with respect to λ:

Γ2 = 1. (35)

As an hermitian 4× 4 matrix Γ can be represented as

Γ = u1 + vAγ
A + wABi[γ

A, γB], (36)
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where u, vA, and wAB are 16 arbitrary real numbers. By substituting (36) into (35)
and using the anticommutation relations for γ-matrices (24) and

{i[γA, γB], γC} = εABCDEi[γD, γE]

{i[γA, γB], i[γC , γD]} =
1

2
(δACδBD − δADδBC)1 + εABCDEγE (37)

one finds

(u2+vAv
A+wABw

AB)1+(uvE+εABCDEwABwCD)γE+(uwDE+εABCDEwABvC)i[γD, γE] = 1
(38)

This leads to the following set of equations for u, vA, and wAB

u2 + vAv
A + wABw

AB = 1

uvE + εABCDEwABwCD = 0

uwDE + εABCDEwABvC = 0 (39)

2.3.2 Solutions and phases

In the absence of the general solution to the equations (39) below we will give several
examples. As eq. (39) is 16 non-linear equations for 16 parameters it is natural to
expect that different solutions to them are disconnected from each other, i.e. cannot
be transformed into each other by a continuous change of parameters. The examples
are:

1. u = 1, vA = 0, wAB = 0, which means that

Γ = 1, (40)

i.e. 4× 4 unity matrix,
2. u = 0, wAB = 0, and vA is an arbitrary 5-dimensional vector such that

vAv
A = 1, i.e.

Γ = γAvA, (41)

3. u = 0, vA = 0, and wAB is an antisymmetric tensor 5 × 5 such that all the
nonzero components of it share one common index and wABw

AB = 1, which results
in

Γ = i[γA, γB]wAB , (42)

4. u = 1/2, v5 = −1/2, w12 = w34 = 1/2, all the other components being zero,
i.e.

Γ =
1

2
(1− γ5 + i[γ1, γ2] + i[γ3, γ4]) (43)

11



Let us now see what kind of theories the above solutions result in. If we plug the
solution (40) into the action (34) then solve the equation for BAB and substitute it
back into the action we will obtain the F ∧ F theory for SO(5) group.

S ′1 =
1

2α

∫
FAB ∧ FCDTrγAγBγCγD. (44)

Due to the Bianchi identity the bulk equations of motion of this theory are trivial,
and therefore the theory is topological.

If we use the solution (41) in the action (34) we will get the following result

S ′2 =

∫
BAB ∧ FAB −

α

2

∫
BAB ∧BCDεABCDEv

E. (45)

This action is very similar to the action (30) except that it includes an additional
arbitrary parameter vA. The appearance of this parameter is an additional gauge
freedom in the action. This freedom can be fixed by aligning the vector vA along
some preferred direction. Then the analysis (30-33) can be repeated and the resulting
action will be the action of General Relativity. This is the ordinary Palatini action for
General Relativity which involves both left-handed and right-handed connections.

We also have the solution (42). After plugging it into (34) the second term in
the action will read

iα

2

∫
BAC ∧BB

CwAB. (46)

As wAB is antisymmetric and the tensor it is contracted with is symmetric the
contribution (46) to the action disappears. The resulting action

S ′3 =

∫
BAB ∧ FAB (47)

is the action of BF-theory for the SO(5)-group. The equations of motion of this
theory mean that SO(5) curvature of the connection AA

B is zero. So although it is
also a topological field theory, it is slightly different from the theory (44).

Finally, let us consider the solution (43). The result will be a sum of the results
(44) and (45):

S ′4 =
1

2α

∫
FAB ∧ FAB +

1

2α

∫
FAB ∧ FCDεABCD5. (48)

This action is the self-dual part of the action of General Relativity, which leads
to the Ashtekar canonical formulation with the Immirzi parameter equal to 1 (in
the Euclidian theory Ashtekar’s variables are real). In the bulk the actions (45)
and (48) are equivalent as they differ from each other by canonical transformation.
However they may lead to inequivalent field equations on the boundary. It is also
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interesting to notice that this formalism doesn’t seem to lead to any value of the
Immirzi parameter other than 1.

These three solutions are disconnected from each other, so a possible phase
transition between them must be a first order phase transition.

2.3.3 Conditions on a phase boundary

As it was mentioned the phase transition between different solutions of the above
theory is of the first order. Such transition generally occurs via formation of bubbles
of a phase B within a medium of a phase A. For two phases to coexist some boundary
conditions on a boundary between two phases must be satisfied.

Consider a two-phase mixture of the above model one of which is General Rela-
tivity (34) and the other is the Donaldson theory (44). Let the phase boundary be
located at x1 = 0. We don’t specify whether the direction x1 is spacelike or null.
With the traces of γ-functions calculated its action principle reads

S2phase =
1

2α

∫
FAB ∧ FCDΓABCD, (49)

where
ΓABCD(x1) = δACδBDθ(x1) + εABCD5θ(−x1), (50)

where θx1 is the step θ-function. The variation of the action (49) will give the
equations of GR in the region x1 < 0, the equations of F ∧ F theory (which are
trivially satisfied) in x1 > 0 region and the singular contribution to the variation at
x1 = 0 resulting from differentiation of θ-functions

δS2phase = ...+
1

α

∫
FAB∧n1∧δACDδ(x1)∆ABCD = ...+

1

α

∫

x1=0

FAB∧δACD∆ABCD.

(51)
Here ... stays for the bulk regular terms, n1 is unit vector in x1-direction and

∆ABCD = δACδBD − εABCD5. (52)

For the variational principle to be well defined the singular term (51) in the
variation must vanish. For this the condition FAB = 0 must be satisfied on a phase
boundary, and, according to the 4+1-decomposition (32) this means

fαβ + Λeα ∧ eβ = 0

Tα = 0. (53)

The second of the equations (53) (zero torsion) is always satisfied in GR, while the
first equation is a specific type of isolated horizons boundary conditions. This may
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suggest that after a suitable generalization the dynamics of the formation of a new
phase will be governed by the dynamics of isolated horizons.

As an example of a further generalization of the theory given by (34) one can
consider the following action

S ′GR =

∫
TrBABγAγB∧(FCDTγCγD+βdΓ∧dΓ)−α

2

∫
BAB∧BCDTrγAγBγCγD(Γ−1

3
Γ3).

(54)
It is obvious that all the solutions of the theory (34) with constant Γ considered
above are also solutions of the theory (54). (54) may have other solutions, but they
would be difficult to analyze as that would require to consider situations in which
the equation of motion for Γ is not ’decoupled’ from those for other variables. In the
case of solutions in which Γ is varying in spacetime the term containing derivatives
of Γ in (54) would define the shape of the boundaries between domains of different
phases.
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3 Topological field theory with point sources

Generally coupling a topological field theory with matter, for example with a scalar
field, spoils its exact solubility. It also spoils the positive degree form structure
of the theory, since in writing down a field theory action one needs to invert the
metric. However there is a specific kind of matter, incorporation of which does
not require inverting a metric, and when included keeps the topological field theory
exactly soluble. These are point particles represented as topological defects that
were first introduced in 2+1 dimensional gravity by Deser, Jackew, and ’t Hooft
[21]. It can be considered as a form of geometrization of matter, as it doesn’t
require introducing any new degrees of freedom. The particle degrees of freedom
are made from gravitational gauge degrees of freedom which are transformed into
physical degrees of freedom by symmetry breaking. In this section we will review
the construction of [21], show how to extend it to 3+1 dimensional topological field
theory, and find a relation of this construction to the formalism of Balachandran
[22] for describing point particles coupled to 3+1 dimensional gravity.

3.1 Point particles in 2+1 gravity

Here we review the construction of [21]. The presentation will closely follow that of
[23] and [24]. For simplicity we will consider Euclidian gravity

As suggested in [21] the metric associated with a spinning particle of mass m
and spin s coupled to 3 dimensional gravity is a spinning cone

ds2 = (dt+ 4Gsdϕ)2 + dr2 + (1− 4Gm)2r2dϕ2, (55)

where m is the mass of the particle, s is its spin, t is the Euclidian time coordinate, r
is a radial coordinate, and ϕ is an angular coordinate with identification ϕ→ ϕ+2π.
The space described by this metric is locally flat. When 4Gm < 1 it can be identified
with a portion of Minkowski space. The spinning cone is obtained by cutting out of
the Minkowski space a wedge 0 < ϕ < 2π(1− 4Gm), and then identifying the two
faces of this wedge by a translation along the t axis of length 8πGs. Around r = 0,
which is the location of the particle there is a deficit angle of 8πGm and a time
offset of length 8πGs. The mass of the particle then has to be bounded by 1/4G, as
the deficit angle cannot exceed 2π. A frame field for this geometry can be given by

e = J0dt + (cosϕJ1 + sinϕJ2)dr + ((1− 4Gm)r(cosϕJ2 − sinϕJ1) + 4GsJ0) dϕ,
(56)

and the spin connection by
ω = 2GmJ0dϕ. (57)

The torsion and the curvature have a distributional contribution at the location of
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the particle1

dωe = 8πGsJ0δ
2(x)d2x, (58)

F (ω) = 4πGmJ0δ
2(x)d2x, (59)

where the delta function is along the plane t = const. Since the torsion is the
generator of Lorentz gauge symmetry we see that having a spin means that this
symmetry is broken at the location of the particle, also the mass is breaking the
translational symmetry at the location of the particle. We can explicitly see that
this is the case if we perform a Lorentz transformation labeled by g−1 and then a
translation labeled by −φ, the equations (58) then become

dωe = 4πGδ2(x)d2x, (60)

F (ω) = 4πGpδ2(x)d2x. (61)

where , p are the following Lie algebra elements

p = mgJ0g
−1, (62)

 = 2sgJ0g
−1 −m[gJ0g

−1, φ]. (63)

p is the momentum of the particle and  the total angular momentum, they satisfy
the constraints

−1

2
trp2 = m2; −1

2
tr(pj) = 2ms. (64)

From the canonical point of view these constraints are first class [23]. The mass
constraint generates time reparameterization and the spin constraints generate U(1)
gauge transformation g → gh. Due to the breaking of symmetry at the location
of the particle the gauge degrees of freedom g, φ become dynamical (modulo the
remnant reparameterization and U(1) gauge symmetry): g describes the Lorentz
frame of the particle, φ describes the position of the particle. Moreover knowledge of
p,  is enough to reconstruct g, φ modulo the remnant gauge symmetries. Indeed gH
is determined by (62). If we denote by xa⊥ the position of the particle perpendicular

to the momenta, φ = (p·φ)
m2 p+ x⊥, then x⊥ = 1

m2 [, p], also 2 = s2 +m2x2
⊥.

We can easily understand the canonical commutation relations of p,  from the
equations (60,61). Since the LHS of (60) is the generator of Lorentz transformations
and the LHS of (61) is the generator of translational symmetry, these constraints
are first class and from their canonical algebra we can easily deduce that the Poisson
algebra of p,  is given by

{a, b} = −2εabcc, {a, pb} = −2εabcpc, {pa, pb} = 0. (65)

1we use the distributional identity ddϕ = 2πδ2(~x)dxdy.
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This analysis shows that, instead of treating the gravity degrees of freedom and
the particle degrees of freedom as separate entities, we can reverse the logic and
consider that the equations (58,59) are defining equations for a spinning particle.
This allows us to describe a particle as a singular configuration of the gravitational
field giving a realization of matter from geometry. The ‘would-be gauge’ degrees of
freedom [27] are promoted to dynamical degrees of freedom at the location of the
particle. This is the point of view we are going to take in this thesis. In order to
get equations (58,59) from an action principle we have to add to the gravity action
(3) the following terms

SPm,s(e, ω) = −1

2

∫
dt tr[(met + 2sωt)J0], (66)

where the integral is along the worldline of the particle. This action describes
a ‘frozen’ particle without degrees of freedom. We have seen in (60,61) that the
particle degrees of freedom are encoded in the former gauge degrees of freedom. To
incorporate the dynamics of the particle we perform the transformation

ω → ω̃ = g−1ωg + g−1dg, e→ ẽ = g−1(e+ dωφ)g (67)

the action (66) becomes

SPm,s(ẽ, ω̃) = −1

2

∫
dt tr[etp+ ωt] + SPm,s(g, φ) (68)

where the first term describes the interaction between the particle degree of freedom
and gravity. The second term

SPm,s(g, φ) = −1

2
m

∫
dttr(g−1φ̇gJ0)− s

∫
dttr(g−1ġJ0), (69)

is the action for a relativistic spinning particle in a form first described by Sousa
Gerbert [23]. One sees again that the original gauge degrees of freedom are now
promoted to dynamical degrees of freedom describing the propagation of a particle.

A similar procedure could be applied for describing particles coupled to the action
(12) of three dimensional gravity. It will be analogous to introducing particles in
four dimensional BF theory. This will be described in section 3.3.

3.2 Point particles in 3+1 gravity

We now present the formalism developed by Balanchandran et al. [22] which allow
to describe the motion of spinning particles coupled to gravity. As we will see, in
this formalism the degrees of freedom of the particle – Lorentz frame and position
– are identified with the gauge parameters of gravity: local Lorentz transformations
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and diffeomorphism invariance. The particle is breaking the symmetry of General
relativity and the gauge degree of freedom becomes dynamical at the location of the
particle. This is similar to what happens in three dimensions.

The gravitational field is encoded in a SO(4, 1) connection

Aµ =

(
1

2
eµ
a γaγ5 +

1

4
ωµ

ab γab

)
(70)

where the index a run from 0 to 3 ( see appendix A for notation). The 4-dimensional
de Sitter group acts by conjugation on its Lie algebra, the orbits of this action are
labeled by two numbers (m, s), which are the mass and spin of the particle. For
each orbit we choose a fixed representative element of the 4-dimensional de Sitter
Lie algebra J0 ≡ mγ1γ5/2 + sγ2γ3/4.

The Lorentz Lie algebra so(3, 1) is identified with the subalgebra of so(4, 1) gen-
erated by γab. The Lagrangian of a single particle propagating in a gravitational field
is characterized by an embedding of its worldline z(τ) and a function g(τ) valued
in the Lorentz group g = exp(αab γab

4
). Let us denote by Ag = g−1Ag + g−1dg the

gauge transformation of A. The lagrangian takes the simple form

L(z, h) = tr
(
J0A

h
τ (τ)

)
S =

∫
dτ L, (71)

where τ parameterizes the world line and Aτ (τ) ≡ Aµ(z(τ)) żµ. Consider now the
equations of motion that follow from the Lagrangian (71). The variation over h
gives (ignoring total derivatives)

δL = tr
(
h−1δh([J0, A

h])
)
, (72)

= tr
(
δhh−1(DτJ)

)
, (73)

where we introduced the SO(4, 1) covariant derivative along the world line of the
particle

Dτ ≡
d

dτ
+ [Aτ , ·], (74)

and we defined
J ≡ g J0 g

−1. (75)

The components of J can be expressed in terms of the particle’s momenta pa and
spin sab

J =
1

2
pa γ

aγ5 +
1

4
sab γ

ab. (76)

Since h is restricted to be in the Lorentz subgroup of SO(4, 1) the equations (72)
constrain only the spin part of J and give the spin precession equation

DτJ
ab = ∇τs

ab + eaτp
b − ebτpa = 0, (77)
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with ∇τ ≡ d
dτ

+ [ωτ , ·] the Lorentz connection and eaτ = eaµż
µ. Note that by con-

struction the momenta and spin satisfy the orthogonality condition

sabpb = 0 (78)

The variation over z gives

δL

δzµ
= − d

dτ
tr(JAµ) + tr(J∂µAν)ż

ν , (79)

= −tr (DτJAµ) + tr (JFµν(A)) żν , (80)

where

Fµν(A) ≡ ∂µAν − ∂νAµ + [Aµ, Aν], (81)

= T aµνγaγ5/2 + (Rab
µν(ω)− eaµebν)γab/4. (82)

T a = dea + ωab ∧ eb is the torsion, and Rab = dω + [ω, ω]/2 the Lorentz curvature.
If one uses the equation (72), equation (80) written in components reads

∇τpµ =
1

2
sabR

ab
µν ż

ν + paT
a
µν ż

ν . (83)

This is the Mathiasson-Papapetrou equations describing the dynamics of a spinning
particle in the presence of torsion2 When the torsion is zero we recover the usual
Mathiasson-Papapetrou equation. When the spin is also zero we recover the usual
geodesic equation.

The difference with the coupling of particles in 3 dimensional gravity described
in the previous section is that in three dimensions information about propagation
is encoded in the local translation group and the particle action is invariant with
respect to diffeomorphisms. In four dimensions, on the other hand information
about the position of the particle is encoded in the diffeomorphism group, the action
depends on the embedding of the worldline of a particle in a manifold, and there is
no analog of the local translation group. As the particle moves in curved spacetime
where the curvature changes from point to point, the state of the particle changes,
too.

The absence of an analog of the local translation group in four dimensional
gravity is the main obstacle in describing quantum particles in curved spacetime [25].

2We can write this equation in the usual form if we introduce the affine connection Γµν
ρ, which

is related to the spin connection ωabµ by the identity ∂µe
a
ν +ωµ

a
be
b
ν = Γνµ

ρeaρ. It can be written in

terms of the Christofel symbol Γ as Γµνρ = Γµνρ + Tρ{µν} − 1
2Tµνρ and the MP equation reads

∇τψµ =
1

2
sabR

ab
µν ż

ν , (84)

where pµ ≡ paeaµ and ∇µpν ≡ ∂µpν − Γρµνpρ.
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The source of the problem is maybe inconsistency between a quantum mechanical
description of particles and a classical description of spacetime geometry. One of
the basic ideas of Loop Quantum Gravity, and one of the main topics of this thesis
(see section 6) is that in quantum theory it is more natural to describe curvature
of spacetime not as a continuous field but as a dynamical system of sources of a
certain topological field theory. The corresponding description of particles that is
compatible with this picture is based on topological field theory. This is what the
next section is devoted to.

3.3 Point particles in 3+1 dimensional BF theory

In this section we consider how to introduce matter particles as extrinsic sources in
four dimensional topological field theory. It is much more analogous with particles
in 3d gravity (section 3.1) than with particle in four dimensional gravity (introduced
in the previous section). In particular it has all the advantages of the presence of
local translational symmetry in the theory. So the constructions of this section
will basically repeat those of section 3.1, with some modifications which we will
emphasize along the way.

We start with four dimensional BF -theory for the SO(5) gauge group whose
action in very similar to the action (12)

S =

∫
BIJ ∧ FIJ(A) =

∫
tr(B ∧ F (A)), (85)

with the difference that the B-field is now a two form. Here B = BIJTIJ and
A = AIJTIJ , where

TIJ =
1

4
[γI , γJ ] (86)

are so(5)-generators in the fundamental representation and γI are γ-matrices satis-
fying {γI , γJ} = 2δIJ . And the equations of motion are

dAB = 0, F (A) = 0. (87)

The gauge symmetry of the action (85) includes local SO(5)-symmetry

A → g−1dg + g−1Ag

B → g−1Bg, (88)

where g is an SO(5)-valued scalar field and some 10-dimensional translational sym-
metry (10 is the number of generators of so(5))

A → A

B → B + dAφ, (89)

20



where φ is an so(5)-valued 1-form field.
The general solution to equations (87) can be written as

A = g−1dg, B = g−1dφg, (90)

where g and φ are arbitrary due to the above gauge freedom.
We will study the above theory with extrinsic sources added. We will be pri-

mary interested in distributional sources that transform covariantly with respect to
diffeomorphisms. These can be defined by adding lower dimensional integrals to the
action (85):

S ′ =

∫

M

tr(B ∧ F (A)) +

∫

S

tr(P0B) +

∫

L

tr(J0A), (91)

where S is some 2-dimensional submanifold of M (worldsheet of a string) and L is
some 1-dimensional submanifold of M(worldline of a particle), P0 and J0 are some
fixed elements of so(5). The equations of motion then become

dAB = J0δ
3(x)d3x

F (A) = P0δ
2(x)d2x, (92)

where δ3(x) is concentrated on L and δ2(x) is concentrated on S. Since P0 and
J0 are fixed the gauge symmetry on S and L is broken. By performing a gauge
transformation equations (92) turn into

dAB = Jδ3(x)d3x

F (A) = Pδ2(x)d2x, (93)

where

P = gP0g
−1

J = gJ0g
−1 − [gP0g

−1, φ∗L∧S], (94)

where φ∗L∧S means that the component of φ is taken in the direction which together
with the basis in S and the basis in L forms a basis in M .

In this section we consider a special case with no stringy extrinsic sources, which
means that P0 = 0 in (91) and all the subsequent formulas. We consider only local
particle sources which carry charges of so(5)-symmetry that is the symmetry of the
vacuum solution of (Euclidian) General Relativity. This must give us a description
of particles propagating in the vacuum spacetime with gravity effects ignored.

The third term in the action (91) when L is timelike

S̄P (A) =

∫

L

tr(J0A) =

∫

L

dttr(J0At) (95)
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describes a point charge of SO(5)-group (or particle). Dynamics of the particle
comes from the gauge degrees of freedom. To incorporate them explicitly we can
perform a gauge transformation,

A→ Ã = g−1Ag + g−1dg (96)

and the action (95) then becomes

S̄P (Ã) =

∫

L

dttr(JAt) + SP (g) (97)

where the first term with J given by (94) describes the covariant coupling between
the particle and BF theory and the second term

SP = 2

∫

L

dttr(g−1ġJ0), (98)

describes the dynamics of the particle.
This action is analogous to the spin part of the action (69) for a particle in three

dimensional gravity. The difference is that the gauge group is now SO(5) which
has two Casimirs (mass and spin) and the information about the two Casimirs is
encoded in the extrinsic source J0. It is convenient to take

J0 ≡ mγ1γ5/2 + sγ2γ3/4 (99)

as in the previous section.
To put (97) in a more conventional form let us rewrite it explicitly, distinguishing

the rotation transformations generated by Tij, i, j = 1, ..4 and translation transfor-
mations generated by Tµ5. By introducing the scalars J IJ = tr(JT IJ), J = JIJTIJ
and recalling that A5i =

√
Λei and also introducing the ’momentum’ P i =

√
ΛJ5i

we can rewrite (97) as

S̄P (Ã) =

∫

L

dt(AIJt JIJ) + SP (g) =

∫

L

dteitPi +

∫

L

dtωijt Jij + SP (g) (100)

JIJ in the above equations must satisfy the constraints

JIJJIJ = C2 (101)

and
JIJJKLεIJKLMε

MABCDJABJCD = C4, (102)

where C2 and C4 are the quadratic and fourth power Casimir operators of the so(5)
algebra.
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To see the physical meaning of C2 and C4, let us rewrite equations (101) and
(102) using notation as in (100). Below we will also assume that the cosmological
constant Λ is small and consider the leading order in Λ. Thus

C2 = J ijJij + J5iJ5i = J ijJij +
1

Λ
P iPi ≈

1

Λ
P iPi (103)

and

C4 = (J ijJklεijkl)
2 + J ijJ5kεijklε

lmnpJ5mJnp

= (J ijJklεijkl)
2 +

1

Λ
J ijP kεijklε

lmnpPmJnp ≈
1

Λ
J ijP kεijklε

lmnpPmJnp (104)

From the way the particles are coupled to the connection in (100) it is clear that
Pµ in the above equations is space-time momentum and Jµν is angular momentum.
From (103) one can see the Casimir C2 gives rise to the mass of the particle:

m2 = ΛC2. (105)

The last equation for the mass relates two well-known problems in particle physics.
Explaining why the cosmological constant is small would also help to explain why
masses of elementary particles are small. In the non-relativistic limit, when P µ ≈
(m, 0, 0, 0), the casimir C4 in (104) can be rewritten as

C4 =
m2

Λ
Jabεabcε

cdeJde = C2s
asa, (106)

where a, b = 1, 2, 3-SO(3)-indices and sa = εabcJbc is the spin in the rest frame of
the particle. Thus we have the expression for the spin

s2 =
C4

C2
. (107)

This Casimirs are directly related to mass and spin in (99)
A general SO(5) transformation g = exp(αIJTIJ),where αIJ are real numbers,

can be represented as a composition of pure SO(4) rotation and pure translation

g = gtgr. (108)

Here gt = exp(αi5Ti5) are translations and gt = exp(αijTij) are pure rotations. We
consider the limit in which all translations gt commute with each other thereby form-
ing an abelian subgroup. This limit corresponds to the limit of small cosmological
constant.
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We can plug (108) into (98) to get

SP = 2

∫

L

dttr(g−1
r g−1

t (ġtgr + gtġr)J0) = 2

∫

L

dttr(g−1
r α̇tgrJ0) + 2

∫

L

dttr(g−1
r ġrJ0).

(109)
Or recalling the definition of momentum and angular momentum entering (100) one
gets

SP = 2

∫

L

dtα̇iP
i + 2

∫

L

dttr(g−1
r ġrT

ij)Jij (110)

with the constraints on Pi and Jij given by (103) and (104). It is clear that the
first term in (110) is the action of a spinless relativistic particle propagating in four-
dimensional spacetime and the second term in (110) describes the dynamics of spin.
We should notice that for (110) to describe the most general particle the algebraic
element J0 in (109) must be a linear combination of both translation and rotation as
in (99). If J0 is a pure translation (110) gives the description of a spinless particle,
if J0 is a pure rotation (110) gives the description of a particle having only spin and
no energy-momentum.

Now one has to point out the difference between equations of motion following
from the action (109) and equations (83) and (77) derived in the previous section.
The equation (77) is the same for BF-theory, provided that using the local flatness
condition we can put all the components of the connection, including the vierbein
to zero. Instead of equation (83) for gravity, which follows from the variation of the
worldline of the particle, we have the following equation

∇τpa = sabe
b
τ . (111)

following from the variation with respect to local translation. The two equations
are identical if the following equation holds along the particle worldline

sabe
b
τe
a
µ =

1

2
sabR

ab
µν ż

ν + paT
a
µν ż

ν . (112)

In the case of BF theory where curvature is locally zero this equation is automatically
satisfied.

We also need to describe the effect of inclusion particles on the fields of BF-theory.
As we can see from equations (93) in the presence of point sources only, P0 = 0,
the curvature of spacetime is still zero everywhere, so unlike in three dimensional
gravity inclusion of point particles doesn’t change geometry of spacetime. It does
however change the solution for the B-field, the equation for which is now

? dAB = J

∫
dtδ4(x− z(t)) ż (113)
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The general solution for the connection is the same as in (90), while the solution for
B-field can be written as

B = g−1
(
dφ+ B̃

)
g (114)

where B̃ is a particular solution of the equation (in components)

εµνρσ ∂ν B̃ρσ = J̃ δ(x− z(t)) żµ, J̃ = gJg−1 (115)

By a coordinate transformation we can always make the vector żµ equal (1, 0, 0, 0)
so that we find.

εijk ∂i B̃jk = J̃ δ3(x− z) (116)

The most natural form of the particular solution to this equation is the Wilson line
solution. If we choose an arbitrary spacelike curve γi(s) , where s ∈ (0,∞) is a
parameter of the curve, which begins at the location of the particle, γ i(0) = zi, and
ends at spatial infinity, then the following expression will be a solution to equation
(116)

B̃jk(x) = J̃εijk

∫

γ

ds
dγi

ds
δ3(x− γ). (117)

More generally, the solution (117) can be rewritten as

g−1B̃jk(x)g = Bjk = W−1
γ,m,s(A)εijk

δ

δAi(x)
Wγ,m,s(A), (118)

where

Wγ,m,s(A) = P exp(

∫

γ

A
(m,s)
i (x(γ)))dxi (119)

is a Wilson line along γ taken in a representation labeled by mass m and spin s. This
solution will be used in further constructions, in particular in taking into account
the back reaction of B field on geometry of spacetime, when we incorporate the
terms that turn BF-theory into General Relativity.
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4 Boundary observables of General Relativity and

topological field theory

4.1 Canonical General Relativity, fixed boundary

4.1.1 Boundary terms in the action

In general the variation of an action for General Relativity in a bounded region
contains a surface term, which must vanish for the variational principle to be well
defined. This can be achieved by imposing some boundary conditions plus adding
a surface term to the action.

There are many possible choices of the surface term in the action. Different
boundary conditions require different surface terms. But they do not determine
them completely. The surface term also depends on the choice of canonical variables.
When we perform a canonical transformation in the theory, this is equivalent to the
addition of a total derivative term to the Lagrangian. This term doesn’t change the
equations of motion in the bulk, but it may have a nontrivial effect in the boundary.
This is another piece of ambiguity in the choice of the surface term.

Here we will follow the proposal of Smolin [10, 11] relating quantum gravity in
the bulk region with topological quantum field theory on the boundary. The self-
dual boundary conditions considered there were shown to be satisfied on black hole
horizons [36] and therefore were extremely useful for studying black hole mechanics.
However they are not very suitable for our purposes. They do not allow us to
define energy and momentum and as a consequence the boundary theory does not
completely capture the symmetry of the vacuum.

Therefore we choose another set of boundary conditions. To have a sensible
definition of energy and momentum we need to fix the metric on the boundary.
We must also choose what canonical variables to use and this is motivated by our
interest in the Kodama state. First, we must choose the Ashtekar variables in their
original form, with the Immirzi parameter equal to i, since only for these variables
the constraints take a simple form of which the Kodama state is a solution. Second,
it is well known that General relativity can be obtained from breaking SO(4, 1)-
symmetry in topological field theory down to SO(3, 1) [20]. The resulting form of
the GR action has definite implications as to what the boundary theory should be.
Given that SO(4, 1) is the symmetry of the Kodama state it is natural to choose
this form of the boundary action.

Here it is worth reviewing how a breaking of SO(4, 1) symmetry in TQFT leads
to General Relativity, and what kind of action it results in. For convenience, we
will use spinorial notation. Our starting point will be a topological field theory for
Sp(4) group which is locally isomorphic to SO(4, 1). The action depends on the
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Sp(4)-connection Aβ
α, where α, β = 0, ..3.

S =
1

8πGΛ

∫
TrF α

β P
β
γ ∧ F γ

δ P
δ
α. (120)

Here F α
β = dAαβ +Aαγ ∧Aγβ is the Sp(4)-curvature 2-form and P α

β is a fixed symmetry
breaking 0-form matrix.

Sp(4) quantities can be decomposed by using SL(2, C) index notation A = 0, 1,
A′ = 0, 1. The Sp(4) connection can be represented as

Aβα =

(
ABA

1
l
eB
′

A
1
l
eBA′ AB

′
A′

)
, (121)

where ABA and AB
′

A′ are left-handed and right-handed SL(2, C)-connections respec-
tively, eBA′ is a tetrad and l is a fixed parameter having dimension of length. Similarly
one can decompose Sp(4)-curvature

F β
α =

(
FB
A FB′

A

FB
A′ FB′

A′

)
. (122)

Here

FB
A = fBA +

1

l2
eA
′

A ∧ eBA′ , (123)

where fBA is SU(2)L-curvature of the connection AB
A, and

FB
A′ = ∇∧ eBA′ (124)

is the torsion.
To get an action (the canonical form of which is Ashtekar’s) one has to restrict

to a purely self-dual SL(2, C)-connection, which means that we should choose P α
β

in (120) to be

P β
α =

(
δBA 0
0 0

)
. (125)

The resulting bulk action is then

SBulk =
1

8πGΛ

∫
(fBA + ΛeA

′
A ∧ eBA′) ∧ (fAB + ΛeA

′
B ∧ eAA′), (126)

where Λ = 1
l2

is the cosmological constant. This will be the basic bulk action for
the rest of the paper.

As we mentioned before in order to be able to define energy and momentum we
choose to fix the metric on the boundary

δeAA′
∣∣∣
S

= 0. (127)
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We can now calculate the variation of the action (176) subject to this condition.

δSBulk =
1

4πGΛ

∫
(fBA + ΛeA

′
A ∧ eBA′) ∧ eB

′
B ∧ δeAB′ −

1

4πGΛ

∫
∇∧ (fBA + ΛeA

′
A ∧ eBA′) ∧ δAAB

+
1

4πGΛ

∫

S

(fBA + ΛeA
′

A ∧ eBA′) ∧ δAAB. (128)

For the variational principle to be well defined the boundary term in (128) has to
vanish, which can be achieved by adding a boundary term to the action (126):

S = SBulk + SS, (129)

where

SS =
1

6πGΛ
SCS[A] +

1

4πG

∫

S

eA
′

A ∧ AAB ∧ eBA′ + S[e], (130)

where SCS[A] is the Chern-Simons action of the connection A and S[e] is a sur-
face action, which depends purely on the metric. It can be checked that the the
variation of the action (129) subject to the condition (127) has no surface term for
arbitrary choices of S[e] in (130). The later can be fixed by the requirement that
the total action (129) be covariant, i.e. that the gauge and diffeomorphism invari-
ance at the boundary be broken by the boundary conditions and not by the action
itself. However diffeomorphism and gauge symmetries are partially broken due to
the presence of the boundary. We can keep only invariance with respect to diffeo-
morphisms tangent to the boundary and with respect to rotations in the tangent
space of the boundary. To be explicit let us introduce an arbitrary unit vector field
on the boundary sµ and its spinorial representation sAA′ = sµeAµA′ , s

A
A′s

A′
B = δAB. By

using it one can parametrize the self-dual part of the tetrad eAA′ ∧ eA
′

B by a traceless
triad σAB = eAA′s

A′
B − 1/2eCA′s

A′
C δ

A
B:

eAA′ ∧ eA
′

B = σAC ∧ σCB + s ∧ σAB. (131)

The second term in the r.h.s. of (130) can then be rewritten in the form

∫

S

eA
′

A ∧ AAB ∧ eBA′ =

∫

S

σBA ∧ AAC ∧ σCB +

∫

S

s ∧ AAB ∧ σBA . (132)

The second term in the r.h.s of (132) does not admit a covariant extension and has
to be removed. This can be done by choosing the vector field s on the boundary
to be the unit normal to this boundary, which makes the above term disappear
automatically. This means that the triad σAB is chosen to be the projection of the
tetrad eAA′ on the surface S. The remaining term in the r.h.s of (132) by a specific
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choice of S[e] can be completed to the term with a covariant derivative of σ. The
covariant form of the boundary action is thus

SS =
1

6πGΛ
SCS[A] +

1

4πG

∫

S

σBA ∧ ∇ ∧ σAB (133)

In [11] two possible sets of boundary conditions dual to each other were studied.

One could either fix connection on the boundary δAB
A

∣∣∣∣
S

= 0 or choose self-dual

boundary conditions FB
A − ΛeA

′
A ∧ eBA′ and leave the connection loose. Similarly,

instead of fixing the metric on the boundary, the action principle (129) can be made
consistent by imposing the following set of conditions

∇∧ σAB
∣∣∣∣
S

= 0 (134)

As in the case of free varying lapse and shift functions we cannot define energy and
momentum; the condition (134) must imply that energy and momentum is zero. In
the next section we will see that this is indeed the case.

4.1.2 Quasilocal quantities and the algebra of boundary observables

In this section we will study the boundary theory defined by the action (133) in more
detail and relate its observables with the quasilocal energy, momenta, and angular
momenta of the bulk theory.

A theory of the form (133) was considered by Witten [37] along with the action
of 2+1 gravity. It can be rewritten as a Chern -Simons action

SS =
1

6πGΛ
SCS(a) (135)

for SO(3,1)-connection

a = AiJ i +
√

ΛσiP i, (136)

where
[J i,J j] = εijkJk, [J i,Pj] = εijkPk, [P i,Pj] = εijkJk (137)

are the generators of the SO(3,1) group. This means that the constraints of the
theory (133) form an SO(3,1) algebra with respect to the boundary simplectic form.
In this the theory is similar to 2+1 dimensional gravity. Also its constraints have
the same form

CA
B = εαβ(FA

αβB + ΛσAαCσ
C
βB)

HA
B = εαβ∇ασ

A
βB, (138)
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where the indices α, β = 1, 2 are two-dimensional spatial manifold indices and εαβ

is the completely antisymmetric tensor. It differs however form (2+1) gravity by
the fact that the gauge and the diffeomorphism constraints have traded places. Also
different are the canonical commutation relations between basic variables. Now they
are

{AAαB , ACβD} = 3πGΛεαβ(δADδ
C
B + εACεBD)

{σAαB , σCβD} = 2πGεαβ(δADδ
C
B + εACεBD)

{AAαB , σCβD} = 0. (139)

It is known that the consistent quantization of the Chern-Simons theory require
the quantum deformation of the gauge group. So the fact that the boundary theory is
a Chern-Simons theory for SO(3,1) group with the coupling constant κ = 6π

GΛ~ means
that the symmetry group of the vacuum is now q-deformed with q = exp( 1

κ
). This

means that particles inserted in punctures of the boundary theory will propagate in
q-deformed spacetime.

In the rest of this section we will relate the constraints (138) with quasilocal
observables of the bulk theory. This relation will involve projection of spinors on
surfaces which may be spacelike or timelike. For this some useful notations are
introduced below.

Let Σ be an arbitrary surface, which may be spacelike or timelike. Let na be
the unit normal vector to this surface, nan

a = ±1, and nAA′ = naeAaA′ its spinorial
representation. nAA′ can be considered as an Hermitian metric for spinors on Σ,
which allows us to introduce an operation of Hermitian conjugation for such spinors

µ†A = nA
′

A µ̄A′, (140)

where bar means complex conjugation. This operation is involutive (µ†A)† = ±µA,
where + stands for a timelike surface and - for a spacelike one.

The operation of Hermition conjugation allows one to define a new type of con-
nection on the surface Σ. In four dimensions the only relevant completely covariant
connection is the torsion free one. We will denote it simply by ∇:

∇∧ eA′A = deA
′

A + A−BA ∧ eA′B − eB
′

A ∧ A+A′
B′ = 0. (141)

Here A−BA and A+A′
B′ are anti-self-dual and self-dual parts of the torsion-free con-

nection which act on unprimed (left-handed) and primed (right-handed) spinors
respectively. They are related to each other by complex conjugation:

A+A′
B′ = Ā−A

′
B′ . (142)

Along with the torsion-free covariant derivative one can define define purely anti-
self-dual and purely self-dual covariant derivatives. Let µAA

′
be an arbitrary spinor
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with one primed and one unprimed indices. Then we define

∇−a µAA
′

= ∂aµ
AA′ + A−AaB µ

BA′

∇+
a µ

AA′ = ∂aµ
AA′ + A+A′

aB′ µ
AB′ . (143)

These “covariant” derivatives are not completely covariant. The first of them re-
stricts the gauge covariance to anti-self dual transformations and the second to
self-dual. However they may give rise to fully covariant derivatives when projected
on the surface.

Below, unless otherwise stated, Σ is a spacelike slice of spacetime, nA′B is
the spinorial representation of timelike unit normal vector and eAB = eAA

′
nA′B −

1
2
eCA

′
nA′Cδ

A
B is the triad on Σ.

Let us first show that the torsion of the (anti)self-dual connection defined by
(143) projected on a timelike surface S is ADM energy-momentum (generally S is
supposed to be taken to infinity although it doesn’t necessarily have to). Let us
consider the second term on the r.h.s of (130), which is the only term dependent
on metric needed for consistency of the action principle if we don’t care about
covariance. If we take a spatial slice Σ and make a 3+1 decomposition this action
will read

SS = ...+

∫
dt

∫
eA
′

tA ∧ AAB ∧ eBA′. (144)

The ADM energy and momentum are the coefficients in front of lapse and shift
functions in the above integral, and given that eA

′
tAn

A′
A = N and eA

′
tAe

A′
iA = Ni they are

EADM =
1

4πG

∫

S∩Σ

eAB ∧ ABA

(PADM)AB =
1

4πG

∫

S∩Σ

(eAC ∧ ACB −
1

2
eCD ∧ ADC δAB), (145)

where the symmetric pare of spinorial indices A,B labels 3 spacelike directions. The
same expressions written in Ashtekar canonical variables can be found e.g. in [38].
Now taking into account that the total connection is torsion-free it is easy to see that
the expressions entering the first and the second integral in (145) are components
of the torsion of the connection (143), ∇+ ∧ eA′A , projected on nA

′
A and orthogonal to

nA
′

A respectively.
The above expressions for energy and momenta are simple and have been proved

to be zero in the vacuum, however they are not covariant and do not form any
algebraic structure from the point of view of boundary theory. Below we consider
covariant expressions for energy and momenta given by the boundary constraints
(138).
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First, let us notice that the constraints from the first line in (138) define the
quasilocal angular momenta of the bulk theory.

JAB =
1

4πG

∫

Σ∩S

( 1

Λ
FA
B + σAC ∧ σCB

)
(146)

Indeed CA
B in (138) are boundary terms resulting from the variation of the Gaussian

constraints of the bulk theory, generating local Lorentz transformations. One can fix
a tetrad on the boundary so that it includes a gauge condition aligning the intrinsic
Lorentz frame with the global basis of boundary spacetime. So the intrinsic Lorentz
transformations are identified with global ones and the operator generating them
becomes the angular momentum of the theory.

The rest of the constraints (138) are components of the torsion of the purely
self-dual connection, the triad σAB which is the tetrad eAA

′
projected on S. The

connection entering this torsion can be equally understood as the four-dimensional
torsion-free connection:

∇− ∧ σAB = ∇∧ σAB. (147)

From the fact that the four-dimensional covariant derivative annihilates the space-
time tetrad eAA

′
it follows that only the derivative of the normal vector nA′B con-

tributes to the torsion (147). This means that the torsion(147) is related to the
extrinsic curvature of Σ.

∇∧ σAB = ∇(nA′B) ∧ eAA′ = (dnA′B + A−CB nA′C − A+C′
A′ nC′B)nA

′
D ∧ σAD

= (A+A
C − A−AC ) ∧ σCB (148)

In the last line we introduced a self-dual connection acting on left-handed spinors

A+A
B = nAA′dn

A′
B − nAB′A+B′

A′ n
A′
C = nAA′∇+nA

′
B (149)

There are some simple relations between self-dual and anti-self-dual connections
acting on spinors of the same chirality. First, it follows from (148) that

A+A
B − A−AC = iKA

B , (150)

where KA
B is the tensor of extrinsic curvature of Σ. On the other hand the usual

reality condition for Ashtekar variables means that

A+A
B + A−AC = ΓAB, (151)

where ΓAB is the connection which is torsion-free on Σ:

∇Γ ∧ σAB = 0. (152)
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Similarly one can introduce an anti-self-dual connection acting on right-handed
spinors

A−A
′

B′ = nA
′

A ∇−nAB′ . (153)

Now we should relate HA
B in (138) to energy and momenta. Let τBµA, µ = 0, 1, 2

be 3 generator of SL(2,R) group, which is the restriction of SL(2,C) on timelike slice
µ = 0, corresponding to rotation, and µ = 1, 2 corresponding to boosts. By using
(148) and (150) it is easy to show that

iτB0A ∗ (∇∧ σAB)
∣∣
Σ∩S = τB0A ∗ (KA

C ∧ σCB)
∣∣
Σ∩S = det(σ

∣∣
Σ∩S)Kα

α (154)

iτBiA ∗ (∇∧ σAB)
∣∣
Σ∩S = τBiA ∗ (KA

C ∧ σCB)
∣∣
Σ∩S = det(σ

∣∣
Σ∩S)Ki

t ,

where * denotes hodge dual with respect to the volume form on Σ∩ S. In the r.h.s.
of the first line of (155) we recognize the density which when integrated over Σ ∩ S
gives rise to the Brown-York quasilocal energy [39] and in the second line we find
quasilocal momentum. Thus we can write down the relation between the constraints
HA
B from (138) and the quasilocal energy-momentum as follows

E = iτB0A
1

4πG

∫
∇ ∧ σAB,

Pi = iτBiA
1

4πG

∫
∇∧ σAB. (155)

The expressions are not simply related to the basic canonical variables of the bulk
theory and they do not vanish in the vacuum. However they can be related to simple
ADM expressions (145) by using a reference spacetime [39]

EADM = E − Eref
(PADM)ABτ

B
iA = Pi − (Pi)ref , (156)

where the subscript ref means calculated in a reference spacetime. This simple
form can be restored at the cost of covariance. The advantage of this form is
that quantities with subscript ref are non-dynamical (they are c-numbers), and
we can calculate bulk commutators of quasilocal quantities by using simple ADM
expressions. A more detailed description of Brown-York energy in Ashtekar variables
can be found in the paper of Lau [40].

4.1.3 Einstein’s equations as a local conservation law

It is interesting to notice that the torsion of the connection (143) with the spacetime
tetrad

TA
′

A = ∇− ∧ eA′A (157)
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(the projection of which on a boundary defines the ADM energy) is a locally con-
served quantity in a covariant sense. Indeed the covariant divergence of T A′

A vanishes
due to Einstein’s equations:

∇∧ TA′A = ∇∧∇− ∧ eA′A = F−BA ∧ eA′B = 0. (158)

Here F−BA is the curvature of the self-dual connection. The quantities CA
B from (138)

(which define quasilocal angular momentum when projected on the boundary) are
also locally conserved due to the total connection being torsion-free:

∇∧ CA
B = ∇∧

( 1

Λ
FA
B + σAC ∧ σCB

)
= ∇∧ (eAA′ ∧ eA

′
B ) = 0. (159)

From (158,159) it follows that the complete set of equations of GR is simply equiv-
alent to the condition of conservation of TA

′
A and CA

B . Therefore all of Einstein’s
equations can be put in the form of a local conservation law.

One of the conserved quantities, TA
′

A , is not a tensor (it does not transform covari-
antly with respect to right-handed gauge transformations). This is like reexpressing
the divergence-free condition of the stress-energy tensor as a genuine conservation
law for some pseudotensor. In the present situation we can however rewrite all the
equations as the conservation of covariant quantities. This can be done on an ar-
bitrary slice of spacetime. To each such slice one can associate a triad σAB which
is the projection of the tetrad eAA′ on it. The torsion of σAB, HA

B = ∇ ∧ σAB, is a
covariant quantity. In particular, if the slice is timelike this is a constraint (138)
of the boundary theory (133). The covariant divergence of HA

B is equivalent to a
subset of Einstein’s equations:

∇∧HA
B = ∇∧∇ ∧ σAB = FA

C ∧ σCB = 0 (160)

These equations are not necessarily defined on a single slice. One can consider a one
parameter family of slices or foliation of the whole spacetime to define it everywhere.
One foliation is however not enough to recover the whole set of Einstein’s equations
(equations with components normal to the foliation are still missing). At least two
foliations which are different everywhere are required.

Equations (158,159) pulled back on a spatial slice Σ form the complete set of con-
straints of GR. Formally all the constraints are now Gaussian – they say that the elec-
tric field CA

B and some other field TA
′

A are divergence-free. Quantum-mechanically
this form of constraints is very difficult to treat because of complicated dependence
of HA

B and even TA
′

A on the basic canonical variables. However it provides us with
some intuition about what generic solutions of the bulk theory must look like. If
we introduce a perturbation on the boundary that has a certain energy and mo-
mentum it has to be continued into the bulk as a certain flux of energy-momentum.
Constraint equations simply mean that the lines of such fluxes must be continuous.
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4.2 BF theory, movable boundary

In the previous section we propose a specific way of describing propagating modes of
non-perturbative General Relativity. They can be defined on a surface on which cer-
tain boundary conditions are fixed and represented as local charges of a topological
field theory described on this surface.

However this definition has a certain drawback. The gauge group of a resulting
topological field theory is SO(3, 1), which is only a subgroup of the symmetry needed
to describe all possible propagations. This is a consequence of fixing the boundary
conditions on a certain surface. This surface cannot be moved, as fixing boundary
conditions on a different surface would mean changing the physical system under
consideration. As a result, topological field theory defined on this surface cannot
incorporate a symmetry with respect to translations and rotations transverse to it.

To be able to describe excitations propagating in all possible directions one needs
either to define the excitations in the bulk of spacetime or define them on a boundary
that is movable in a transverse direction.

The first possibility is often impossible in a gravitational context. This is because
the conserved charges describing propagation of particles, such as mass and spin,
cannot be defined in the bulk. An exception is a BF theory of the type (12), where
charges can be defined in the bulk as in section 3.3 due to the local flatness condition
(87).

In this section we consider BF theory with a cosmological term. As we will see
in section 5 this term is necessary to regulate a partition function in a physical way.
The action of such BF theory reads

S =

∫

M

(BIJ ∧ FIJ +
β

2
BIJ ∧ BIJ), (161)

and its equations of motion are

FIJ + βBIJ = 0

dAB
IJ = 0. (162)

Notice that due to the Bianchi identity the first equation (162) implies the second.
One can say that the β-term in (161) can mimic the back reaction of the B-field on
geometry, which occurs in General Relativity, but in a very simplified way.

If we want to incorporate point charges representing propagating particles into
this theory, we will immediately find that this is impossible in the bulk of spacetime.
The reason behind this is the relation between the two equations (162). When we
introduce a point extrinsic charge to the action (161)

Sparticle = S +

∫
dttr(J0At) (163)
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the equations (162) become

FIJ + βBIJ = 0

dAB
IJ = JIJ0 δ(x− z(t)). (164)

From this two equations and the Bianchi identity it follows that J0 = 0, so a non-
trivial charge cannot be introduced.

There is however a possibility to put a point charge on a boundary of the system.
If we consider a variation of the action (161) in the presence of a boundary there
will be an additional contribution on the boundary

δS = δSbulk +

∫

∂M

BIJδA
IJ . (165)

Now if the worldline of the particle in (163) completely belongs to the boundary of
M then instead of equations (164) we have

FIJ + βBIJ = 0

dAB
IJ = 0

BIJ
∣∣∣
∂M

= JIJ0 δ(x− z(t)). (166)

This is equivalent to equation

1

β
F IJ = JIJ0 δ(x− z(t)). (167)

on the boundary. This equation doesn’t force the charge J0 to be zero and so allows
us to introduce a particle.

One can see that equation (167) is the equation of SO(4, 1) Chern-Simons theory
with extrinsic charges. This is a consequence of the equivalence of the theory (161)
with a Chern-Simons thery. This Chern-Simons theory could be used to cancel the
boundary contribution to the variation (165) similar to what was done in section
4.1, thus making the bulk theory self-contained. Indeed, if we modify the action
(161) by adding a Chern-Simons term

S ′ = S +
1

β

∫

∂M

YCS(A) (168)

Then the boundary contribution to the variation of this action vanishes identically
due to the first of the bulk equations of motion (166), and the theory becomes a
purely bulk theory. Notice that we didn’t have to impose any condition on the
field on the boundary, it is enough that the bulk equations of motion are satisfied.
This means that the boundary could be moved arbitrarily without changing the
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properties of the physical system considered. The sources on the surface can now
be considered as the sources for the Chern-Simons theory for SO(4, 1) gauge group.

The main difference from the result of section 4.1 is that the possible motion
of the particles is no longer constrained to any subspace in the deSitter spacetime;
they can move in all directions. This is seen from the fact that the gauge group now
is SO(4, 1), which describes all the possible motions of de Sitter spacetime.

This is possible because the surface on which the Chern-Simons theory is de-
fined is no longer fixed. One can picture it the following way. Let us introduce
coordinates {xi} parameterizing the deSitter spacetime. We can choose one of these
coordinates x1 and define a one parameter family of surfaces Σx1 which slices the
deSitter spacetime across this coordinate. On these surfaces we can define a family
of Chern-Simons theories with extrinsic SO(4, 1) charges

J = g−1
x1
J0gx1, (169)

where J0 is a charge defined on some selected reference surface, for example x1 = 0,
and

gx1 = ex1T 15

, (170)

where T 15 is the translation generator in x1 direction. Clearly all such Chern-
Simons theories are equivalent and can be identified, because the transformations of
the charge (169) are included in the gauge transformations of the theory.

So all the motions in the four dimensional deSitter spacetime can be described
by three dimensional Chern-Simons theory. It is well known that a consistent quan-
tization of the Cern-Simons theory requires the quantum deformation of the gauge
group. So for β 6= 0 the propagation of particles in BF-theory will be described not
by Special Relativity, but by Doubly Special Relativity [45], with the deformation
parameter related to β. What role is played by β in quantum General Relativity
will be clear in the next section.
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5 Perturbative General Relativity from topologi-

cal field theory

In a famous paper [8] Witten has shown that in 2+1 dimensional gravity, if we don’t
do the expansion (1), if we treat the whole geometry quantum mechanically, thus
keeping the theory generally covariant, we can avoid the ultraviolet problem. One
can even show that the theory exactly soluble.

The natural question that arises, which is also addressed in [8], is whether we
can do the same in 3+1 dimensions. The immediate problem then is the following.
If we look at the action of 2+1 dimensional General Relativity in the triad-Palatini
representation

S =

∫
tr(e ∧ dA+ e ∧ A ∧ A) (171)

we see that the lowest order term in it is quadratic. Thus the theory is nearly
linear and we can apply standard quantum field theory techniques to it. On the
other hand the action of 3+1 dimensional General Relativity in the tetrad-Palatini
representation looks like

S =

∫
tr(e ∧ e ∧ dA+ e ∧ e ∧ A ∧ A). (172)

The lowest order term in it is cubic. Standard quantum field theory techniques are
not applicable anymore. The only way out seems to be to get a quadratic term in
the action via the expansion (1), which leads to a non-renormalizible theory. The
conclusion of [8] is that 3+1 dimensional General Relativity is non-renormalizible
because it is too non-linear.

One of the questions that we address in this paper is: how non-linear is 3+1
dimensional General Relativity?

Below, to avoid complications with using a non-compact group we will consider
Euclidian gravity with positive cosmological constant.

5.1 MacDowell-Mansouri type BF-theory: How non-linear

is 4 dimensional General Relativity?

There are several formulations of 4 dimensional general relativity known which do
contain a quadratic term in the action [46]. They are based on BF -theory plus a
term which breaks topological symmetry. A well known example is the so called
Plebanski action3:

S =

∫
(Bµν ∧ Fµν(ω) + φµναβBµν ∧Bαβ) (173)

3A similar formulation of gravity works in any dimension [47]
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The first term in (173) is a BF -theory, which is an exactly soluble theory. One
could think that we can use it as a free field theory and treat the remaining term
as a perturbation. There is a problem with such a perturbation theory. This is
the fact that the second term actually imposes some constraints on Bµν , as φµναβ

is a Lagrangian multiplier. In a path integral this term becomes a delta function of
the constraints, and to treat it as a perturbation we would have to expand a delta
function in a power series around zero. But such an expansion doesn’t exist. What
we would need for a perturbation theory is an action principle in which General Rel-
ativity would be represented as an exactly soluble theory plus a regular interaction
term. Such a formulation does exist and this is the McDowell-Mansouri formulation
of General Relativity [20] rewritten as a BF -theory. This kind of action principle
was also considered in [48].

Our starting point will be the BF -theory for the SO(5) group. Let T IJ = −T JI
be ten generators of so(5) Lie algebra, where I, J = 1, ..., 5 (see appendix A for our
conventions and physical interpretation of other gauge groups). The basic dynamical
variables are an so(5)-connection AIJ and an so(5)-valued 2-form field BIJ . The
action principle is then

S =

∫
BIJ ∧ FIJ . (174)

Here FIJ = dAIJ + AKI ∧ AKJ is the so(5) curvature.
The equations of motion following from the action (174)

FIJ = 0

dABIJ = 0 (175)

mean that the connection AIJ is flat.
Now the statement is that if we break the SO(5) symmetry in the theory (174)

down to SO(4) we get the action of General Relativity.
We add an extra term to the action (174) which depends only on B-field and

contains a fixed SO(5) vector vA pointing in some preferred direction.

S1 =

∫
(BIJ ∧ FIJ −

1

2
BIJ ∧BKLεIJKLMv

M). (176)

The SO(5) symmetry is not a symmetry of the action (176). It is broken down to
SO(4), the subgroup of SO(5) rotations that leave vI immovable. For simplicity we
choose vI = (0, 0, 0, 0, α/2), where α is a fixed dimensionless constant. The action
(176) then becomes

S1 =

∫
(BIJ ∧ FIJ −

α

4
BIJ ∧ BKLε

IJKL5), (177)

To show that (177) is the action of General Relativity we introduce the following
notation for 4+1-decomposition. Let i, j = 1, 2, ..4 be four dimensional indices such
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that εijkl = εijkl5. Then we can introduce an so(4)-connection ωij = Aij and its
curvature Rij(ω) = dωij + ωik ∧ ωkj. Also, we can introduce a frame field ei = lAi5,
where l is a constant with dimensions of length, giving rise to a four-dimensional
metric gµν = eiµeνi.

In the above notation we have the following decomposition of so(5)-curvature:

F ij(A) = Rij(ω)− 1

l2
ei ∧ ej

F i5(A) =
1

l
dωe

i. (178)

The equations of motion of (177) for B5i impose the torsion to vanish dωe
i = 0.

This determines uniquely the connection ω to be the spin connection. Since the
action is quadratic in the fields Bij we can solve the equations of motion for Bij and
substituting them back into action, we find

S1 =
1

4α

∫
F ij ∧ F klεijkl, (179)

where we used the notations introduced above. Finally, using (178) one can rewrite
(179) as

S1 =
1

4α

∫
(Rij − 1

l2
ei ∧ ej) ∧ (Rkl − 1

l2
ek ∧ el)εijkl

= SP +
1

4α

∫
Rij(ω) ∧Rkl(ω)εijkl (180)

Here

SP = − 1

2G

∫
(Rij(ω) ∧ ek ∧ el − Λ

6
ei ∧ ej ∧ ek ∧ el)εijkl (181)

is the Palatini action4 of General Relativity with nonzero cosmological constant. The
role of the Newton constant5 is played by G = αl2 and the cosmological constant is
Λ = 3/l2. The constant α in (179) is the square of the ratio of the Planck length
over the cosmological radius, α = GΛ/3 ∼ 10−120. It is dimensionless and extremely
small which makes it a good parameter for perturbative expansion.

The second term in the r.h.s. of (180) is the integral of the Euler class. It is
topological and its variation vanishes identically due to Bianchi identity. Thus the
action (176) indeed describes General Relativity.

4The normalizations are such that when written in the metric variables the Palatini action is
of the usual form

SP = − 1

G

∫ √
g(R− 2Λ), (182)

R being the scalar curvature.
5We work in units where c and 16π~ = 1, so G means 16πG~ = lp which is the Planck length.
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The main result of this section is that General Relativity in four dimensions
admits an action principle (177) that is just slightly non-linear, exactly as non-
linear as that of 3 dimensional gravity. Also, (177) has a form of exactly soluble
theory plus a small correction. The correction is so small that even if we neglect
it we should give a good approximation to the observed reality. And indeed we
do, because the equations of motion in this case are (175) which in the case of
SO(4, 1) gauge group have the only solution which is the deSitter spacetime, which
is very close to what we see. This formulation of gravity is strikingly similar to a
formulation of QCD in terms of the Lagrangian tr(B∧F+g2B∧?B). The difference
comes from having a quadratic form contracting the B fields that is strictly positive
and background dependent.

Despite the smallness of α, however, there are many situations in which the
second term in the action (177) leads to noticeable effects. This happens when some
of the components of B-field are large. Then the second term in (177) which is
quadratic in B cannot be neglected as compared to the first term which is linear
in B, even though multiplied by a tiny constant. In classical theory the B field
becomes large, for example, when we couple gravity to massive matter sources [49].

In quantum theory we have to take into account large fluctuations of B-field,
thus including the regime in which the theory becomes strongly coupled. This may
lead to a breakdown of perturbation theory. Most visible is the contribution from
the components of B that form the orbit of the translational gauge group of the
free field theory, B = dAφ, which is broken by the interaction term. To avoid this
problem we need to find a way to suppress large fluctuations of the B-field in a path
integral. This can be done by a very natural modification of the action principle
considered in the next section.

5.1.1 Introducing the Immirzi Parameter

In the previous section we have described gravity in terms of a symmetry breaking
perturbation of topologicalBF theory. In this section we generalize this construction
to the case where the topological field theory is BF with a ‘cosmological term’. As
we will see this is necessary in order to regulate in a physical way our perturbative
expansion. We will also see that at the classical level this allows us to introduce
naturally another dimensionless parameter that appears in 4D gravity, the so called
Barbero-Immirzi parameter.

The action principle for SO(5) BF theory with a cosmological term is [50]

S =

∫
BIJ ∧ FIJ −

β

2
BIJ ∧BIJ . (183)
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The equations of motion following from this action are

FIJ = βBIJ ,

dABIJ = 0. (184)

Note that the first equation implies the second one. This theory is invariant under
local SO(5) transformations, it is topological due to the additional ‘translational’
symmetry labeled by a one form ΦIJ valued in the Lie algebra6

δAIJ = βΦIJ , δBIJ = dAΦIJ . (187)

The gauge invariant observables of this theory are therefore gauge invariant functions
of BIJ−F IJ/β. As before, we add an extra term to the action that breaks the gauge
symmetry down to SO(4) and also breaks translational symmetry. Our proposal for
a gravity action is

S2 =

∫
(BIJ ∧ FIJ −

β

2
BIJ ∧ BIJ −

α

4
BIJ ∧ BKLε

IJKL5). (188)

We can solve the equations of motion7 for BIJ

Bij =
1

α2 − β2
(
α

2
εijklFkl − βF ij), (189)

B5i =
1

β
F 5i, (190)

and substituting them back into the action (188), we get

S2 =

∫ (
α

4(α2 − β2)
F ij ∧ F klεijkl −

β

2(α2 − β2)
F ij ∧ Fij +

1

β
F 5i ∧ F5i

)
. (191)

Using (178) and introducing the Nieh-Yan class C = dωe
i ∧ dωei−Rij ∧ ei ∧ ej [51],

we can rewrite this action in terms of gravity variables

S2 = S̃P+

∫ (
α

4(α2 − β2)
Rij(ω) ∧Rkl(ω)εijkl −

β

2(α2 − β2)
Rij(ω) ∧ Rij(ω) +

1

β
C

)
.

(192)

6The non linear transformations corresponding to this infinitesimal symmetry are given by

A → A+ βφ, (185)

B → B + dAφ+
β

2
[φ, φ] = B +

F (A+ βφ)− F (A)

β
. (186)

7We restrict to the case α2 6= β2. Considering this case will lead to a self dual formulation of
gravity.
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The last term is an integral of a linear combination of the Euler class, the Pontryagin
class and the Nieh-Yan class. These are integer valued topological invariants with
trivial local variation. The first term of action (192)

S̃P = − 1

2G

∫ (
Rij(ω) ∧ ek ∧ elεijkl −

Λ

6
ei ∧ ej ∧ ek ∧ elεijkl −

2

γ
Rij(ω) ∧ ei ∧ ej

)

(193)
is the Cartan-Weyl action of General Relativity with nonzero cosmological constant
and a nonzero Immirzi parameter γ, which is dimensionless [52]. The initial param-
eters α, β, l are related to the physical parameters as follows

1

l2
=

Λ

3
, α =

GΛ

3(1− γ2)
, β =

γGΛ

3(1− γ2)
. (194)

This are not all the terms that could be included in the action: the constants in
front of topological terms could be varied independently. However topological terms
do not affect the dynamics of the local degrees of freedom of the theory, so we
do not need a control over them. The term proportional to γ is not topological
(its variation is non zero), it doesn’t affect the classical equation of motion when
γ2 6= 1. It plays no role in the classical theory of gravity and it is therefore not
constrained experimentally. It is important to note however that this term, similarly
to the theta term in non abelian gauge theory, breaks CP symmetry. Since this fact
seems to have been unnoticed let us explain it in more detail. Suppose that we
perform an orientation reversing diffeomorphism of our spacetime, lets call it a C-
transformation. All the terms in the action change signs since they are 4-forms, so
C is not a symmetry of our gravity action. Lets now consider the discrete Lorentz
transformations gij = diag(− + ++) or gij = diag(+ − −−), that we respectively
called T or P transformation. The T transformation changes only the sign of e0 and
ω0i leaving all the other fields invariant. The first two terms in the action change sign
under P or T since they contain one epsilon tensor contracting the Lorentz indices
but the last term does not. The action is not invariant under P or T but if we now
consider CP (or CT) we see that the first two terms in the action are left invariant
whereas the last one changes sign. In other word CP does not affect G or Λ but
changes the sign of the Immirzi parameter. The CP symmetry is therefore realized
only if γ = 0 or ∞. When γ = 0, which is the case studied previously, we recover
the case of usual metric gravity, where the torsion is identically 0. When γ =∞ we
recover the usual Cartan-Weyl gravity where the torsion is free to fluctuate. Any
other value of γ leads to a CP violation mechanism in quantum gravity that is worth
exploring.

Even if it doesn’t affect the classical theory the Immirzi parameter deeply affects
the quantum theory and labels inequivalent quantizations in the context of kine-
matical loop quantum gravity. Indeed it is known for a long time (see [53] for a

44



review) that this parameter modifies the symplectic structure and this modification
is not unitarily implementable at the quantum level. It affects the prediction of
the spectra of geometrical operators and plays a key role in the black hole entropy
calculation [54]. This calculation suggests that γ and 1− γ2 are of order unity. One
should keep in mind however, that the above conclusions are based on kinematical
considerations, i.e. before Hamiltonian constraint is applied. And one open prob-
lem in this context is to understand whether the Immirzi parameter really leads to
inequivalent quantization once the dynamics is fully taken into account or whether
it can just be reabsorbed into a redefinition of the Newton constant. This point has
already been raised at the kinematical level in [55] where a seemingly more covariant
approach to loop gravity leads to a geometrical spectra independent of the Immirzi
parameter.

A more direct way to understand why the Immirzi parameter should affect quan-
tization is to notice that 2/γ is proportional to the torsion square since

∫
Rij ∧ ei ∧

ej =
∫
dωe

i ∧ dωei up to a boundary term. γ therefore controls the width of fluctu-
ation of the torsion at the quantum level. We have already remarked that if γ = 0,
which is the case of metric gravity studied in the previous section, the torsion is not
allowed to fluctuate. The mean value of the torsion is always equal to 0 irrespective
of γ; this is why it doesn’t affect classical gravity. However a naive semiclassical
calculation shows that one should expect the two point function of the torsion to
be proportional to γ. Therefore γ controls how strongly we suppress (or not) the
torsion fluctuations in the path integral.

In our context the Immirzi parameter appears to act as a physical regulator.
The role of the Immirzi parameter in this theory and its relevance to the physical
predictions will be explored in more detail in our next paper [56].

There is not yet any preferred experimental value for γ, whether it is 0, ∞ or
the value suggested by loop quantum gravity. Anyway, in all these cases8 α and β
are at most of the order GΛ, which is a tiny number.

5.2 Formal setup for perturbation theory

We first concentrate on the case β = 0. Let us rewrite the action (177) in an index
free form

SGR =

∫
tr(B ∧ F (A)− α

4
B ∧ Bγ5). (195)

Here B = BIJTIJ/2 and A = AIJTIJ/2, where

TIJ =
1

4
[γI , γJ ] (196)

8if γ →∞ both α and β are sent to zero while the ratio β2/α tends to a finite value GΛ/3
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are so(5)-generators in the fundamental representation and γI are γ-matrices satis-
fying {γI, γJ} = 2δIJ . The insertion of γ5 in the second term of (195) breaks SO(5)
symmetry down to SO(4).

We will be calculating the path integral for the action (195)

ZGR =

∫
DADB exp(iSGR). (197)

Following [57] we will treat the BF term in (195) as free field theory and the second
term as a perturbation. Define the generating functional which is the path integral
for the BF theory with an extrinsic source as

Z(J) =

∫
DADB exp

(
i

∫
tr(B ∧ F (A)− B ∧ J)

)
, (198)

where J is an so(5)-valued 2-form field. Then the path integral for General Relativity
can be obtained by including the interaction by differentiating with respect to the
sources.

ZGR = exp
(
i

∫
tr(
α

4

δ

δJ
∧ δ

δJ
γ5)
)
Z(J)

∣∣∣∣
J=0

. (199)

The perturbation theory can be obtained by expanding the exponent in (199) in a
power series

ZGR =
∑

n

1

n!

(
i

∫
tr(
α

4

δ

δJ
∧ δ

δJ
γ5)
)n
Z(J)

∣∣∣∣
J=0

. (200)

As α� 1 we expect the sum to be dominated by the lowest order terms.

5.2.1 Computing the generating functional

We know show that the generating BF functional can be exactly evaluated. We
start with

Z(J) =

∫
DADB exp

(
i

∫
tr(B ∧ F (A)− β

2
B ∧B −B ∧ J)

)
. (201)

Since the action is quadratic in the B field we can integrate it out by replacing it
by its classical value

βBIJ = F IJ(A)− JIJ , (202)

and so the action becomes

SJ =
1

2β

∫
tr
(
(F (A)− J) ∧ (F (A)− J)

)
. (203)
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Its equations of motion are
dAJ = 0, (204)

and we denote by MJ the solution space. In order to solve these equations lets
introduce a linear operator mapping Lie algebra valued 1-forms to Lie algebra valued
three forms

LJ : Ω1(G) → Ω3(G) (205)

A → [J,A]. (206)

The space of three forms Lµνρ ∈ Ω3(G) is isomorphic to the space of densitized
vectors L̃α = 1/2εαµνρLµνρ. LJ is a square matrix whose matrix elements can be
explicitly written as

L̃
(νAB)
J

(µ
CD

)
= εαβµνJ

[A
αβ[Cδ

B]
D]. (207)

For a generic J we expect LJ to be invertible. In this case there is a unique connec-
tion solution of (204)

aJ = L−1
J (dJ) (208)

We expand A = aJ + a and the action around this solution

2βSJ =

∫

M

tr
(
(F (aJ)− J) ∧ (F (aJ)− J) + 2(daJa+

1

2
[a, a]) ∧ (F (aJ)− J) (209)

+(daJa+
1

2
[a, a]) ∧ (daJa +

1

2
[a, a]).

)
(210)

This expansion can be drastically simplified. First we can integrate by part the
second term in the action using the equation of motion and the Bianchi identity
daJJ = daJF (aJ) = 0. We can also integrate by parts the third term in the action
by introducing the Chern-Simons functional

CSJ(a) = tr
(
a ∧ daJa +

1

3
a ∧ [a,a]

)
, (211)

its derivative is given by

dCSJ(a) = tr
(
(daJa+

1

2
[a, a]) ∧ (daJa +

1

2
[a, a]) + [a, a] ∧ F (aJ)

)
. (212)

The action (209) can then be written as a sum of a boundary term
∫

∂M

CSJ(a) + 2tr
(
a ∧ (F (aJ)− J)

)
(213)

and a bulk action that remarkably is quadratic

2βSJ =

∫

M

tr
(
(F (aJ)− J) ∧ (F (aJ)− J) + a ∧ [J, a]

)
. (214)
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We can then get an exact expression for the generating functional

Z(J) =
exp

(
i

2β

∫
M

tr(F (aJ)− J) ∧ (F (aJ)− J)
)

√
detLJ

. (215)

In the denominator we have the determinant of the operator LJ(x, y) ≡ LJ(x)δ(x, y).
If J is such that LJ is not invertible we can still carry out the computation. In

this caseMJ , the space of solutions of (204), is an affine space of non zero dimension,
its tangent space is the kernel of LJ . The action (203) now possess an extra gauge
invariance

δA = a, with a ∈ ker(LJ). (216)

We denote by aJ any solution of (204), and expand as before A = aJ + a, we still
get the quadratic action (214). The integration over a now gives

Z(J) =

∫

MJ/GJ

daJ
exp

(
i

2β

∫
M

tr(F (aJ)− J) ∧ (F (aJ)− J)
)

√
det′LJ

. (217)

where det′ denotes the determinant of LJ acting on a orthogonal subspace ofKer(LJ),
GJ = {g/gJg−1 = J} is the subgroup preserving J , and MJ/GJ is the space of so-
lutions modulo gauge transformation.

5.3 Topological effective action

We now want to study further the path integral and the effect of the gauge symmetry-
breaking term. We suppose in the following that β = 0. The gauge parameters are
pairs g, φ where g ∈ SO(5) and φ is a Lie-algebra-valued one form. The BF action
SBF (B,A) is invariant under the transformation

A → gA = gAg−1 + gdg−1, (218)

B → g(B − dAφ)g−1. (219)

We can split the integration over A,B into an integration over the gauge equivalence
class [A], [B] of the BF symmetry and an integration over the gauge parameters g, φ.

The integration measure decomposes, by the standard Faddev-Popov argument
as DADB = D[A]D[B]DgDφ and the path integral becomes

Z =

∫
D[A]D[B]eSBF (B,A)+s(A,B). (220)

where s(A,B) is an effective action obtained by integration over the gauge degrees
of freedom, explicitly

eis(A,B) =

∫
DgDφe−α4

R
d4xtr(|B−dAφ|γ(g)) (221)
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where we define γ(g) ≡ g−1γ5g which is a unit vector9 in R5 and for every SO(5)
valued 2 form B we define the vector density |B|(x) = |B|M(x)γM by10

tr(B ∧BγM) = |B|Md4x (223)

In order to understand the form of this effective action we will look at the partial
effective action obtained by integrating only g and only φ. As we will see each partial
integration is one loop exact, which means that it localizes on its classical solutions
and that its evaluation is given by its stationary phase evaluation (see [58] for a
discussion of localization in QFT). This is clear for the integration over φ since the
action is quadratic in φ but it also happens for the integration over g.

5.3.1 Spontaneous symmetry breaking

The action
∫

tr(|B−dAφ|γ(g)) is ultralocal for g and it doesn’t contain any derivative
acting on g. We can therefore understand the localization property of the path
integral by looking at the final dimensional analog

∫

SO(4)

dgeitr(|B|γ(g)) =
ei||B||

2||B|| −
e−i||B||

2||B|| . (224)

The RHS of this expression is the semi classical evaluation of the integral. This is
clear since the equation of motion of tr(|B|γ(g)) gives [γ(g), |B|] = 0. The solutions
when ||B||2 ≡ |B|M |B|M 6= 0 are given by

γ(g) = ± |B|||B|| . (225)

The action evaluated on this solution is ±||B|| which reproduces the terms in the ex-
ponential. The denominator comes from the evaluation of the quadratic fluctuations
around the solution.

Similarly, the equations of motion of the continuum action
∫

tr(|B|γ(g)) (sup-
posing φ = 0 for simplicity) are [γ(g), |B|] = 0. The solutions when ||B||2 ≡
|B|M |B|M 6= 0 are given by

γ(g)(x) = ± |B|(x)

||B||(x)
. (226)

9γ5 is left invariant by an SO(4) subgroup so γ(g) determines a point in S4 = SO(5)/SO(4)
10If we spell out the indices this reads

|B| = γMεIJKLMε
µνρσBIJµνB

KL
ρσ (222)
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The sign is a priori x dependent, but if we restrict to continuous solutions for g we
have only two solutions11.

The localization property of the integral therefore suggests that the gravity ef-
fective action obtained by integration over g is (if we keep one branch)

SGR =

∫
tr(B ∧ F (A))− α

4
||B||(x)d4x. (227)

This action is now SO(5) invariant whereas gravity is only SO(4) invariant. It
sounds therefore strange at first that we can recover gravity from this action. In
order to understand this let us first check that the equations of motion for this action
are equivalent to Einstein’s equations.

The action is defined for all B. However it is differentiable only when ||B||(x) 6= 0
which we now suppose holds true. The equations of motion are given by

F IJ =
α

2
εIJKLMBKLnM , (228)

dAB
IJ = 0. (229)

where we denote nM ≡ |B|M
||B|| . Given this unit vector we define

eI ≡ dAn
I = dnI + AIJnJ , ωIJ ≡ AIJ + nIeJ − nJeI , (230)

bI ≡ BIJnJ , bIJ ≡ BIJ + nIbJ − nJbI . (231)

We denote by F IJ (respectively RIJ) the curvature of the connection A (respectively
ω). We have the following identities

F IJnJ = dAe
I = dωe

I , (232)

RIJ − 2e[I ∧ eJ ] = F IJ − 2dωe
[InJ ], (233)

where the bracket denotes antisymetrisation. From these identities it is clear that
RIJnJ = 0, also dωnI = 0, so ω is an SO(4) connection preserving the direction nI .
In terms of the variables (230, 231) the equations of motion read

dωe
I = 0, (234)

1

2α
εIJKLM(RIJ − 2eI ∧ eJ)nM = bKL, (235)

dAB
IJnJ = dωb

I − bIJ ∧ eJ = 0, (236)

dωb
IJ + 2e[I ∧ bJ ] = 0. (237)

11This problem disappears when we consider a negative cosmological constant. In this case γ(g)
belongs to an hyperboloid and there is only one solution to the equation [γ(g), |B|] = 0.
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The first equation tells us that ω is the spin connection if the frame field e is
invertible. If we take the derivative dω of (235) we obtain that dωbKL = 0 since
dωR

IJ = 0 by the Bianchi identity, dωe
I = 0 by the torsion free equation and

dωnI = 0 by construction. Equation (237) then implies that bI = 0 when eI is
invertible. This means that bIJ ∧ eJ = 0 by equation (236) which is equivalent, due
to (235), to the Einstein equation

εijkl(R
ij − 2ei ∧ el) ∧ ek = 0, (238)

where the indices i, j, k label vectors orthogonal to n.
One sees that the equations of motion of the SO(5) invariant theory are equiv-

alent to the Einstein equations when e is invertible. Even if the action is invariant
under SO(5) gauge symmetry the solutions of this action spontaneously breaks this
symmetry by choosing a preferred direction in the internal space proportional to
|B|. The same results apply for β 6= 0.

On shell we have that ||B|| = 1
α2 |εijklF ij ∧ F kl|. Any SO(4) bivector Bij can

be decomposed into self dual and anti self dual parts B = B+ + B−. Using this
decomposition for spatial and internal indices of F ij

µν = we can write decompose F

as F = W+ +W−+φ+φ0 where W ij
− is a symmetric traceless tensor labeling the five

self dual components of the Weyl tensor, φij a traceless tensor labeling the trace free
part of the Ricci tensor and φ0 is the scalar curvature. In term of these components
we have ||B|| = 4!det(e)/α2((W+)2 + (W−)2 + (φ0)2 − (φ)2) The components φ, φ0

are zero by the Einstein equation. Thus ||B|| is zero if and only if the Weyl tensor
vanish that is only if F = 0 and our spacetime is spherical12 . We therefore see that
the presence of a spontaneous symmetry breaking is equivalent in the Euclidean case
to the existence of a non trivial gravitational field.

5.3.2 Gravity as a non local topological theory

We now consider the construction of the effective action coming from the integration
of the translational symmetry parameter for g fixed. We discuss the case β = 0.

eis(A,B)=

∫
Dφeiα4

R
d4xtr(|B−dAφ|γ5). (239)

This integral being quadratic localizes on the classical solution if it exists. The
equation of motion are given by

dA{B, γ5} = ∆Aφ, (240)

where ∆A is the differential operator ∆Aφ = dA{dAφ, γ5}. Using the 4 + 1 de-
composition AIJ = (ωij, ei) and φIJ = (φij, φi) we can write these equations in

12In the Lorentzian case the condition is less restrictive since W± are complex conjugates
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components.

dωB
ij = dw(dωφ

ij − 2e[i ∧ φj]) (241)

εijklB
ij ∧ ek = εijkl(dωφ

ij − 2ei ∧ φj) ∧ ek. (242)

If ∆A is invertible we can uniquely solve this equation. Lets denote ϕ ≡ ∆−1
A (dA{B, γ5})

a solution of these equations and define

B̄ = B − dAϕ. (243)

By construction B̄ is a solution of dA{B̄, γ5} = 0. If we insert the previous decom-
position in the integral (239) we can factorize B̄ out of the integral

eis(A,B) = ei
α
4

R
tr(B̄∧B̄γ5)

∫
Dφe−α4

R
d4xtr(|dAφ|γ5) =

ei
α
4

R
tr(B̄∧B̄γ5)

√
det(∆A)

(244)

where ∆A is the differential operator ∆Aφ = dA{dAφ, γ5}.
One sees that the integration over the gauge modes produces for us an effective

action

s̃(A,B) =
α

4

∫
tr(B̄ ∧ B̄γ5) =

α

4

∫
tr
(

(B ∧Bγ5) +
1

2
(dA{B, γ5}∆−1

A dA{B, γ5})
)
.

(245)
This action is invariant under the translational gauge symmetry of BF theory which
is the symmetry that makes BF theory topological. By construction its partition
function is the one of gravity. BF theory does not carry local degrees of freedom
whereas gravity does. The catch is that the effective action is a non local observable
for BF theory since it involves the propagator of ∆A. It is important to remark
that this action is still quadratic in B since ∆A is a linear operator. It is not clear
however, whether we can explicitly do the g integration of the action (245).

In the derivation of the effective action we have assumed that ∆A is an invertible
operator, or alternatively there is no non trivial solution to the equation

dA{dAφ, γ5} = 0. (246)

We expect it to be true for a generic choice of A (as long as e = dAγ5 is invertible).
We are now going to give an argument in favor of this claim, keeping in mind that
it will be interesting to have a proper characterization of the connections for which
it holds.

Before doing so, let us first study a particular case where on the contrary ∆A

is not invertible. We will now show that if A is a flat SO(5) connection, then the
gravitational waves around this connection are in one to one correspondence with
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the kernel of ∆A. If we start from a Cartan Weyl formulation of gravity (181), with
Λ = 3, the equation of motions are

dω(Rij − e[i ∧ ej]) = 0, εijkl(R
ij − ei ∧ ej) ∧ ek = 0. (247)

In the first equation which comes from variation with respect to ωij we have added
for convenience a term trivial by Bianchi identity. These equations can be written
in a compact form

dA{F (A), γ5} = 0, (248)

using the notation of eq.(178). Given a gravity solution A = (ωij, ei) we can look for
‘graviton solutions’, i-e infinitesimal perturbation δA such that A+ δA is a solution
of the Einstein equations to first order. The equation for the perturbation is

∆AδA = [{F (A), γ5}, δA]. (249)

Therefore, if the original space time is a four sphere (F (A) = 0), and δA is a graviton
solution, then φ = δA is in the kernel of ∆A. Even in Euclidean space where there is
no graviton ∆A is not invertible around a flat SO(5) connection since infinitesimal
diffeomorphisms δA = LξA are in the kernel of ∆A. Away from a spherical space
this is no longer true: the graviton Laplacian is now ∆̃A = ∆A + [{F (A), γ5}, ·],
infinitesimal diffeomorphisms δA = LξA are in the kernel of ∆̃A but not of ∆A.
This can be easily understood from the fact that the action S(A, φ) =

∫
tr(dAφ

ij ∧
dAφ

kl)εijkl is not invariant under diffeomorphisms or SO(4) gauge transformations
acting on φ alone unless A is chosen to be fixed by a combination of diffeomorphism
and gauge transformations. This is the case for a flat connection since we have in
this case LξA − dA(iξA) = iξ(F (A)) = 0, with ξ a four vector and iξ denotes the
interior product13. In general ∆A being non invertible means that S(A, φ) possesses
some gauge invariance. We expect all possible gauge invariance of such an action
to come from a restriction of the diffeomorphism group times the local rotation
group. Only some special connection will have such an invariant subgroup like the
flat connection as well as connections of some special holonomy. For a generic A
there is no such invariance and therefore we expect ∆A to be invertible.

13In the case of Flat SO(5) connection this action is clearly invariant under the transformation
δφ = dAψ
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6 Spinfoam quantization of topological field the-

ories

Now we need to make sense of the path integral in (200). In our perturbative
approach the free field theory is a topological field theory. In ordinary QFT the
free field theory is Gaussian and the total partition function can be represented
as an infinite series of Gaussian integrals with the number of insertions growing
with the order. Similarly, in our approach the partition function is an infinite
series of topological path integrals with the complexity of moduli space growing
with the order. We will see that it is these moduli spaces where the propagating
degrees of freedom of General Relativity emerge. The integrals in the series are
no longer Gaussian, so we need another method for calculating them. But because
they are all topological any method that has proved successful for a topological field
theory could be used as a basis for our perturbation theory. Here we will use the
spinfoam approach to calculating these path integrals, which is based on discretizing
(triangulating) the manifold and then restricting the integration variables to the
given triangulation. This definition of the path integral is meaningful because the
result is independent of the choice of triangulation due to underlying topological
symmetry (provided that the triangulation is complex enough to cover all the moduli
spaces of the given topological field theory).

When we try to apply the spinfoam approach to General Relativity directly, the
main problem comes from the fact that the amplitude usually proposed depends on
the chosen triangulation and some extra work is needed in order to either understand
the refinement limit of the model or sum over triangulations by realizing this sum as
a perturbative expansion of an auxiliary Field theory [62]. This problem is generally
referred to as the continuum limit problem.

The spin foam quantization we are proposing is free of this problem and we want
to argue that it leads to an expansion that is triangulation independent. The main
idea is that at each order in the perturbation theory the model still carries part of
the original BF symmetry. This symmetry allows us to identify triangulations that
are identical away from the insertion of the perturbation operator and when properly
gauged fixed lead to a triangulation-independent amplitude. The complexity of the
minimal triangulation needed for the computation grows with the expansion order.
For example in 0-th order our perturbative vacua corresponding to de Sitter space
is described by a spin foam with one dual vertex.

We will first consider BF -theory where β (and hence the Immirzi parameter) is 0.
It contains infinities, so called bubble divergences, that result from the topological
gauge symmetry behind the triangulation independence. We describe the gauge
fixing procedure of [61] that removes those divergences. In perturbation theory,
however, some of those gauge degrees of freedom are sent to the physical sector,
so we cannot fix them any longer and some other treatment of the corresponding
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divergences is needed. This can be done in the case β 6= 0 which is much more
regular. Indeed it has been conjectured for a long time that the computation of the
partition function of the BF model with non-zero ‘cosmological term’ is realized by a
state sum model built on a quantum group with q = exp(iβ) roots of unity. This was
proved recently by Barrett et al [65] for the case of the group SU(2). Presumably
this results holds for any compact group which we will assume in the following. The
gauge fixing procedure of [61] can also be extended to this case wherever the gauge
symmetry is unbroken, and where it is broken no infinities arise.

6.1 Basics of spinfoam

Fix a triangulation ∆ of M and its dual ∆∗. As usual, the connection field A is
replaced by group elements ge∗ representing the holonomy of A along the dual edges
e∗ of ∆∗. The B-field is replaced by Lie algebra elements Xf associated to the faces
f of ∆ and representing the integration of B over these faces. The curvature 2-form
is represented as a group element Gf living on the faces f (or dual faces f ∗), and is
obtained as the ordered product of the group elements ge∗ for dual edges e∗ ⊂ f ∗,
upon the choice of a starting dual vertex on the dual face. The discretized action
for BF -theory with an extrinsic sources Jf , which are associated to the dual faces,
can then be defined to be

S∆(J) =
∑

f

[tr(XfP (Gfe
Jf ))], (250)

where P (g) is a projection of a group element on a Lie algebra defined in Appendix
B. The generating functional (198) then becomes

Z(J) =

(∏

e∗

∫

SO(5)

dge∗

)(∏

f

∫

so(5)

dXf

)
exp

[
iS∆(J)

]
. (251)

The integration wrt Xf can then be explicitly performed (as shown in Appendix B),
yielding

Z(J) =

(∏

e∗

∫

SO(5)

dge∗

)∏

f

δ(Gfe
Jf ) (252)

In the zeroth order of perturbation theory the partition function is just the
generating functional at J = 0. By using the Peter-Weyl decomposition for delta
functions in (252) and performing integration over the group elements it can be
reexpressed in the form of the Ooguri model [63]

Z(0) =
∑

jf

∑

jt

∏

f

dim(jf)
∏

t

dim(jt)
∏

s

(15j)s, (253)
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where jf jt label representations associated to the faces and tetrahedra respectively
and 15j-symbols are associated to the four simplices s.

The model (253) is generally divergent, the rate of divergence being proportional
to the number of closed three-dimensional regions (bubbles) in the dual triangula-
tion. The reason for these divergences is easier to see in the expression (252) at
J = 0. It contains a product of delta functions of holonomies around all the faces.
Not all such holonomies are independent. For each 3-bubble of ∆∗ or, equivalently,
for each edge e of ∆ there is an identity relating the holonomies around the faces
forming this bubble. ∏

f⊃e
(kef)

−1G
ε(f,e)
f kef = Id. (254)

Here Gf is a holonomy around the face f ∗ of ∆∗ dual to f , kef is a group element
connecting the starting point of the 3-bubble b∗ of ∆∗ dual to e and the starting
point of f ∗, and ε(f, e) is a sign chosen so that {f ∗ ⊂ b∗} = ∂b∗. Eq. (254) is a
discretized version of the Bianchi identity dAF = 0, which is a condition on a 3-form
field. This is why it involves 3-dimensional objects (bubbles).

It has been shown [61] that these divergences come from the gauge symmetry
of the model and result from integration over the orbit of the gauge group. There
are two possible ways to deal with these divergences: either we remove the integrals
over the gauge group by gauge fixing [61] or we modify the model so that the orbit
of the gauge group becomes finite, so that the integral over it converges.

6.2 Regulating bubble divergences

6.2.1 Bubble divergences and gauge fixing

In this section we briefly review the gauge fixing procedure of [61] and evaluate
the partition function of pure BF theory, which is in turn the partition function
of quantum gravity to 0-th order of perturbation theory. This allows us to give a
spinfoam representation of the perturbative vacuum of quantum gravity.

The free theory is the pure BF -theory

S =

∫
tr(B ∧ F (A)). (255)

The gauge symmetry of the action (255) includes local SO(5)-summetry

A → g−1dg + g−1Ag

B → g−1Bg, (256)

where g is an SO(5)-valued scalar field, and 10-dimensional translational symmetry
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(10 is the number of generators of so(5))

A → A

B → B + dAφ, (257)

where φ is an so(5)-valued 1-form field. This is a very simple gauge group and it
has a simple analog in the discretized action.

The 0-th order part of the expansion is just the generating functional (251) with
all the sources set to zero, J = 0:

Z0 =

(∏

e∗

∫

SO(5)

dge∗

)(∏

f

∫

so(5)

dXf

)
exp

[
i
∑

f

[tr(XfGf )

]
. (258)

Before performing the integration we should remove the variables of which the
integrand in independent. The existence of such variables is the consequence of the
gauge symmetries (256,257) [61].

The discrete analog the symmetry (256) is parameterized by group elements kv∗

living at the dual vertices of the triangulation. It acts as

ge∗ → k−1
te∗ge∗kse∗

Gf → k−1
stf
Gfkstf

Xf → k−1
stf
Xfkstf (259)

where se∗ and te∗ denote the dual vertices that are source and target of e∗ stf denotes
the dual vertex, which is the starting point for computing curvature on the dual face
f ∗ ∼ f .

The translational symmetry (257) acts on the B-field as

B → B + dφ+ [A, φ]. (260)

It is naturally integrated over the faces of the triangulation, Xf =
∫
f
B. The 1-form

φ is naturally discretized at the edges of the triangulation in terms of a collection
of Lie algebra elements Φe. Therefore, the discrete transformation should be of the
form

δXf =
∑

e⊂f
(Φe + [Ωe,Φe]) (261)

where the orientation of the edges e ⊂ f is chosen so that {e ⊂ f} = ∂f and Ωe is
a certain functional of the connection which can be found as in [61].

The reason behind the translational symmetry (261) is the discrete Bianchi iden-
tity (254). We now can employ it to isolate the components of Xf of which the
partition function is independent.
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Figure 1: Spinfoam representation of the perturbative vacuum of quantum gravity.
It consists of a single dual vertex v0 with several closed loops gI attached to it.

Eq. (254) allows us to rewrite a factor in the path integral (258) related to one
bubble as

(∏

f⊃e

∫

so(5)

dXf

)
exp

[
i
∑

f⊃e
[tr(XfGf )

]
=
∏

f⊃e
δ(Gf)

=

( ∏

{f⊃e}\f0

∫

so(5)

dXf

)
exp

[
i
∑

{f⊃e}\f0

∫

so(5)

[tr(XfGf)]

] ∫

so(5)

dXf0 exp[itr(Xf0Id)](262)

Clearly in the last expression the integrand does not depend on Xf0 and the in-
tegration w.r.t to it has to be removed. This should be done for every bubble in
∆∗.

The symmetry (259) results in the fact that the integrand in (258) does not
depend on the group elements connecting any two invariant vertices. The integration
w.r.t. such group elements must also be removed.

Generally we choose a maximum tree in a 1-skeleton of ∆∗, T ∗ ⊂ ∆∗, and remove
every integral w.r.t. the holonomies along the dual edges e∗ ⊂ T ∗. Also we fix a
maximum tree in the 2-skeleton of ∆, T ⊂ ∆, and remove every integral w.r.t. Xf

such that f ⊂ T . We also should take into account the Faddeev-Popov determinant
which was proved to be unity in [61]. For trivial topology the partition function is
thus equal to 1.

At the end we get a triangulation containing only one edge and only one dual
vertex. This simple spinfoam describes the perturbative vacuum. This is because
with no matter and no gravitational excitations there is no physical way to distin-
guish different points of spacetime. (Fig. 1) There is one copy of SO(5) associated
with this vertex. It can be understood as the global SO(5) symmetry of the vacuum.

In the generating functional (251) the gauge symmetry described in this section
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is broken. Therefore, instead of infinities coming from the integration over the gauge
group and which can be represented as δ(0) we will have delta functions expressing
the conservation of current J at every bubble.

Z(J) ∼
∏

b

δ(
∏

f⊂b
k−1
fb e

Jfkfb), (263)

where kfb is a group element connecting the starting point of a face and a starting
point of a bubble. The corresponding Xf degrees of freedom become physical. Then
we have to apply derivatives to (263) and take a limit J → 0. But because of the
distributional character of the expression (263) such a limit is ill defined. We have
to regularize the expression for the generating functional. This is done in the next
section.

6.2.2 Bubble divergences and compactification of the translation group

There is another way to treat the bubble divergences which can be extended beyond
free field theory. While for pure BF theory the problem comes from integration
over (the translational part of) the gauge group, in perturbation theory it can be
interpreted as a strong coupling regime. Indeed, if we look at the action (195) for
β = 0, we see that the free theory (pure BF ) is linear in B, while the interaction
term is quadratic in B. Thus, even though the coupling constant α is very small,
for sufficiently large fluctuations of B-field the interaction term becomes large as
compared to free field term and the perturbation theory breaks down. Clearly, the
later problem is an artifact of the perturbative expansion, as the interaction term,
if treated non-perturbatively, would suppress the large fluctuations of B-field due
to its strong oscilatory behavior. But exactly the same could be done by adding
the term β 6= 0 to the free field theory. This modification keeps the free field
theory topologically invariant and exactly soluble. Now we can make a perturbative
expansion in terms of α. Because the large fluctuations of B-field are now suppressed
by the β-term, perturbation theory does not break down, and later in this paper we
will argue that it is finite in all orders.

The first step will be the quantization of BF -theory with a ‘cosmological’ term
(183). The basic difference between the translational gauge symmetry of pure BF
theory (255) and that of (183) is that (257) just shifts some components of B-field,
while as it follows from (6) for β 6= 0 the translational symmetry acts on B-field
non-linearly

δB = dAφ+ [φ,∧φ]. (264)

By analogy with gravity in 2+1 dimensions the this can be interpreted as a de-
formation of the coalgebra to the gauge group. So, it has been conjectured that
the computation of the partition function of BF model with non zero ‘cosmological
term’ is realized by a state sum model built on a quantum group with q = exp(iβ)
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roots of unity. The model is known as the Crane-Yetter model [64], and it is obtained
from the Ooguri model (253) by replacing the representations and intertwiners with
q-deformed ones:

ZCY =

(√
β(q1/2 − q−1/2)

i
√

2

)−2(Nv+Ne)∑

jf

∑

jt

∏

f

dimq(jf)
∏

t

dimq(jt)
∏

s

((15j)q)s,

(265)
where Nv and Ne are numbers of vertices and edges of the triangulation respectively.
Recently [65] this conjecture was proven along with triangulation independence of
the model.

It is important that the model (265) has no bubble divergences in it, instead
it contains a factor of 1/

√
beta per bubble. This can be interpreted as a result of

compactification of the translation group after which it acquired a finite volume
1/
√
beta.

Below, in the absence of differential calculus on a quantum group, we will be
working directly with the action principle (183) and corresponding generating func-
tional. We will use the conjecture of [64] in the discussion on triangulation indepen-
dence.

6.3 Spinfoam perturbation theory (outline)

In this section we illustrate the basics of spinfoam perturbation theory techniques.
We will describe all the possible diagrams relevant to the vacuum-vacuum transiton
amplitude to the second order in α. For this we will first need to derive the expression
for the generating functional evaluated at the simplest possible triangulation of a
4-sphere.

The simplest possible triangulation of a 4-sphere consists of two 4-simplices glued
to each other along five tetrahedra. The dual triangulation consists of two vertices
dual to the two 4-simplices and five links connecting them, which are dual to the five
tetrahedra. The two dual vertices allow a description of all the possible arrangements
of two derivative terms acting on the generating functional. Therefore, the simplest
possible triangulation allows to calculate the partition function to the second order
of perturbation theory. Higher order contributions would require a more complex
triangulation to be calculated.

6.3.1 Generating functional on a lattice

We begin with evaluation of the partition function on the simplest possible triangu-
lation of a 4-manifold, having a boundary that is a 3-sphere. Such triangulation con-
sists of a single dual vertex in the bulk and five dual vertices on the boundary, Fig.3.
The bulk vertex v is connected to the boundary vertices by holonomies gI, I = 1..5,
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Figure 2: The dual of the simplest possible triangulation of a 4-sphere. Two dual
vertices v1 and v2 connected with five dual links gI

and the boundary vertices are interconnected with each other by holonomies hIJ .
The holonomies hIJ comprise a triangulation of the boundary, which is different
from the simplest possible triangulation by one 1 → 4 Pachner move, i.e. a change
of the triangulation in which one dual vertex is replaces by four dual vertices..

The picture in Fig.3 can also be considered as a part of larger triangulation
restricted to one 4-simplex with the dual faces cut in wedges. The vertex v is the
vertex dual to that simplex, the holonomies gI are parts of dual edges belonging to
the simplex, and the holonomies hIJ are those cutting the dual faces into wedges.
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Figure 3: The simplest possible triangulation of a four manifold with a boundary.
The holonomies gI lie inside the bulk while the holonomies hIJ are on the boundary.

We consider the regularized action with a non-zero Immirzi parameter β 6= 0. To
make the formalism more convenient for generalization to an arbitrary triangulation
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we will use the same generating functional technique as before. First, we calculate
the generating functional for β = 0. Then we convert the term containing β into a
derivative term acting on the generating functional. Finally, we calculate the result
of applying the derivative term to the generating functional non-perturbatively, so
that no bubble divergences appear in the intermediate calculation.

We assume the boundary triangulation fixed, so the expression for the generating
functional reads

Z0(J, h) =

∫ ( ∏

I=1...5

dgI

)(∏

J<I

dXIJ

)
eiS0(J,g,h,X) (266)

Here we introduced algebra elements X1,2
IJ corresponding to the B-field smeared

along the wedges. The holonomy around a wedge can then be written as GIJ =
gIhIJ(gJ)−1. All the charges JIJ originate at the vertex v in the center of the given
four simplex and are associated with ten wedges wIJ . By Z0 and S0 in (266) we
mean at β = 0.

In our calculations we will use the following δ-function identity described in the
appendix ∫

dXeitr(XP (g)) = δ(g), (267)

where X is an algebra element, g is a group element, and P (g) is a projection of a
group element on the Lie algebra described in the appendix.

Then we can write the discretized action as

S0(J, g, h,X) =
∑

J<I

tr(XIJP (gIhIJ(gJ)−1eJIJ )). (268)

The path integral (266) is now easy to evaluate by performing integration over
XIJ and gI . This can be done by using the identity (267) and the composition of
delta functions. One of the integrations over gI has to be left out however, and we
choose it to be g5, and we can put g5 = g. The resulting expression contains six
δ-functions corresponding to six independent bubbles in the model

Z0(J, h) =

∫
dg
∏

i<j

δ(eJ5ieJijeJj5gh5jhjihi5g
−1). (269)

This is the expression to be used for further calculations.
The term containing β in the action can be discretized as

Sβ(X) =
β

2

∑

I,J,K,L,M=1...5

εIJKLMtr(XJKXLM). (270)
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This is the discretization of B ∧B term on one simplex. Notice that εIJKLM factor
in this expression has nothing to do with the symmetry breaking ε from the previous
sections. This is the five dimensional ’ε’ needed to define a 4-simplex.

So, the generating functional for non-zero β can be rewritten as

Zβ(J, h) = exp

[
i
β

2

∑

I,J,K,L,M=1...5

εIJKLMtr(
∂

∂JJK

∂

∂JLM
)

]
Z0(J, h) (271)

For non-perturbative evaluation of this expression we use the following identity.
For arbitrary non-degenerate quadratic form A and a vector variable x

ei∂xA∂x =
1

det(A)

∫
dkei(k∂x−kA

−1k) (272)

and then we can use the fact that the differential operator in the r.h.s. of this
expression is a shift operator. In fact, this is the same as a direct evaluation of the
path integral containing both terms (268) and (268). However, as we will see, for a
complex triangulation the above method is much more convenient, as it allows us
to compose all the delta functions first.

First of all, one should notice that the quadratic form in (270) to be inverted is
degenerate, so one should extract the non-degenerate part of it. The degeneracy of
this quadratic form is easy to see if one introduces the following variables:

X∗JK =
∑

I=1...5

εIJKLMXLM . (273)

One can notice that they are not all linearly independent. There are four obvious
relations between them ∑

I

X∗IJ = 0, (274)

Only six of the ten X∗IJ are independent, and we can take them for the basis
X∗ij , i, j = 1...4. By using these variables the quadratic form in (270) then can be
rewritten as

∑

I,J,K,L,M=1...5

εIJKLMtr(XJKXLM) =
∑

J,K=1...5

tr(X∗JKXJK)

=
∑

i,j,k,l=1...4

tr(X∗ijX∗kl)εijkl. (275)

To get the last line in this equation we used the relation (274) to express X ∗I5 in
terms of X∗ij. Thus the quadratic form in (270) can be written as a form depending
purely on X∗ij, which are independent variables.

64



For the rest of this section we will consider the example of an abelian group.
This will allow us to illustrate the basic structure of the generating functional on
a simple example. Many of the results obtained here could be generalized for a
non-abelian group. So, let gI ,hIJ , and JIJ all be elements of U(1). We can use the
identity (272) to apply the differential operator in a form of the last line of (275) to
the generating functional (269). The shift operator

T (K∗) = e
iK∗ij

∂
∂J∗
ij = e

iK∗ij(
P

I=1...5
εIijKL ∂

∂JKL
)

(276)

acting on the generating functional (269) yields

T (K∗)Z0(J, h) =
∫
dg
∏

i<j

δ(
∏

m=1..4

eε
ipqmK∗pqeεijklK

∗
kl

∏

m=1..4

eε
jpqmK∗pqeJ5ieJijeJj5gh5jhjihi5g

−1) (277)

In an abelian theory the group elements g in the delta functions and integration
with respect to g can be neglected. The expression for the regularized generating
functional

Zβ(J, h) =

∫
d6K∗ei

β
2
εijklK∗ijK

∗
klT (K∗)Z0(J, h), (278)

where the action of the shift operator T (K∗) is given by (277), can be evaluated
using the formula (333) from appendix C for regularized delta functions defined on
quantum U(1) with q = eiβ:

Zβ(J, h) =
∏

i,j,k,l

εijklδβ(eJ5ieJijeJj5h5jhjihi5, e
J5keJkleJl5h5khklhl5) (279)

These regularized delta functions express conservation of charges J in the bubbles.
The expression (279) describes the generating functional for the simplest possible

triangulation of a 4-sphere. The natural question is then: what happens if we
use another, more complex triangulation for evaluating the generating functional
and its derivative. Because zeroth order of perturbation theory is topologically
invariant it is natural to expect that the result is independent of the triangulation,
the partition function changes by a factor. The basic idea of the present perturbative
approach is that a large part of topological symmetry is preserved in higher orders of
perturbation theory. At a finite order of perturbation theory topological symmetry is
broken only at a finite number of places (finite number of vertices were the derivative
terms act). Because of this we expect that the result must also be independent of
triangulation provided that the tringulation is complex enough to describe all the
possible symmetry breaking configurations at a given order of perturbation theory.

To see whether this is actually the case we need an expression for generating
functional for an arbitrary triangulation. Any two triangulations of arbitrary mani-
fold can be related to each other by a sequence of Pachner moves. In four dimensions
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Figure 4: The triangulation of a 4-ball Fig. 3 after a 1 → 5 Pachner move, solid
lines gIJ denote the edges of the dual triangulation, dashed lines hIJK denotes the
boundaries of each new simplex (not all of them are depicted), the edges hIIK can
be thought of as belonging to the boundary of the ball.

there are 1→ 5, 2→ 4 and 3→ 3 moves which split one dual vertex into five which
replace two dual vertices with four vertices, and which replaces three with three oth-
ers respectively. We will prove the invariance of the partition function with respect
to one type of Pachner move, 1→ 5.

Let us consider a triangulation which can be obtained from that on Fig. 3 by
1 → 5 Pachner move, see Fig. 4. It consists of five copies of triangulations Fig.
3 glued together. We will label group elements and charges corresponding to each
dual vertex on Fig. 4 with a superscript I = 1...5. Let Zβ(JI , hI) is a generating
functional corresponding to a part of triangulation around a dual vertex I, and let
Z ′β(J, h) is the generating functional for the whole triangulation depicted on Fig. 4.
The later can be expressed through the former by

Z ′β(J, h) =

∫ (∏

I

∏

J<K 6=I
dhIJK

)(∏

I

Zβ(JI , hI)

)( ∏

I<J<K

δ(hIJKh
K
IJh

J
KI)

)
. (280)

Because of the quantum deformation the group elements J and h take on a discrete
set of values. Therefore, by integration in (280) we mean a discrete summation and
by a delta function – the Kronecker delta symbol, (see appendix C). The later is
introduced to describe the gluing of the five simplices into one complex.
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The integration in (280) can be explicitly performed to yield

Z ′β(J, h) =
1

β2
Zβ(J̃ , h̃)

∏

i=1..4

δ

(∏

M

εiMJKLeJ
J
KL

)
. (281)

Here h̃IJ = hIIJh
J
IJ , J̃IJ = JIIJ+JJIJ , Zβ(J, h) is the partition function for one simplex

(279), and the delta function is the Kronecker delta as in appendix C.
From (281) it directly follows that

Z ′β(J, h)

∣∣∣∣
J=0

=
1

β2
Zβ(J̃ , h̃)

∣∣∣∣
J̃=0

. (282)

which proves the triangulation independence (up to a finite factor) of the partition
function in zeroth order of perturbation theory.

To consider higher orders of perturbation theory, one can apply the interaction
term with derivatives to generating functionals evaluated at different triangulations
and compare the results. By a direct computation one can check that

∑

IJKLMN=1..5

εJKLMN

(
∂

∂JIKL

∂

∂JIMN

)
Z ′β(J, h)

∣∣∣∣
J=0

=
1

β2

∑

JKLMN=1..5

εJKLMN

(
∂

∂J̃KL

∂

∂J̃MN

)
Zβ(J̃ , h̃)

∣∣∣∣
J̃=0

. (283)

which proves the triangulation independence to the next order.

6.3.2 The basics of the diagram technique of perturbation theory

In this section we will describe schematically the perturbative expansion considering
all the orders which could be based on the simplest possible triangulation of a four
sphere. As we will argue this will allow us to see perturbation series up to the second
order.

In the previous section we have derived the generating functional for an abelian
group. This have illustrated why the perturbative expansion must be triangulation
independent. However in an abelian theory we cannot describe one important feature
of the present perturbative approach. This is a gauge symmetry breaking by the
interaction term and sending some of of the gauge degrees of freedom to the physical
sector. For this we need to consider a non-abelian theory.

We do not have an explicit expression for a generating functional for non-abelian
theory so far, and it is expected to be much more complicated than abelian. However
there is a way of making calculations in this case by employing some results already
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existing in literature. One can recall a formal expression for the generating functional
from section 5.2.1

ZJ =

∫
DA exp

(
i

1

2β

∫
tr
(
(F (A)− J) ∧ (F (A)− J)

))
. (284)

If we discretize the manifold in (284) and associate the extrinsic charges J to
the dual faces, than application of derivatives to the generating functional (284) will
yield

∂

∂JABa
....

∂

∂JCDb
Z(J)

∣∣∣∣
J=0

=

∫
DA ln(GAB

a ).... ln(GCD
b ) exp

(
i

1

2β

∫
tr
(
F (A) ∧ F (A)

))
(285)

Here the little indices a, b label the dual faces to which the charges JAB are asso-
ciated. Capital A,B are SO(5) indices. GAB

a is a holonomy of the connection AAB

around a dual face a, i.e. Wilson line. The evaluation of expectation values of Wilson
lines with a F ∧F action already exists in literature (see [65] and refrences therein).
It is related to certain knot invariants formed by those Wilson lines and uses the
quantum group techniques with q = eiβ, analogously to the previous section. In this
paper we will not focus on knot structure of (285), but we will mostly be interested
in the tensorial structure of this expression, because this is where the ”local” degrees
of freedom of General Relativity should appear. Generally an expression (285) is a
knot invariant of the holonomies GAB

a , ... times some invariant tensor containing the
indices A,B, ....

The perturbative expantion can be obtained by applying the derivatives from the
interaction term to (284). The explicit expression for the interaction term reduced
to the triangulation Fig. 2 is (indices 1 and 2 stay for the two dual verices of this
triangulation)

SInt = α
∑

I

εIJKLMtr(γ5
∂

∂J1
JK

∂

∂J1
LM

)− α
∑

I

εIJKLMtr(γ5
∂

∂J2
JK

∂

∂J2
LM

). (286)

Because we consider perturbative expansion to the second order and the inter-
action term is the of second order in derivatives, we will be needing the expressions
of the derivatives of ZJ up to the fourth order evaluated atJ = 0.

Thus the derivatives of Z(J) that we need are:

∂

∂J1
AB

Z(J)
∣∣∣
J=0

= a1(β)tr(TAB) = 0 (287)

∂

∂J1
AB

∂

∂J1
CD

Z(J)
∣∣∣
J=0

= a2(β)tr(TABTCD) (288)
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∂

∂J1
AB

∂

∂J2
CD

Z(J)
∣∣∣
J=0

= a′2

∫
dgtr(TABgTCDg−1) (289)

∂

∂J1
AB

∂

∂J1
CD

∂

∂J1
EF

∂

∂J1
GH

Z(J)
∣∣∣
J=0

= a4(β)tr(TABTCDTEFTGH) (290)

∂

∂J1
AB

∂

∂J1
CD

∂

∂J2
EF

∂

∂J2
GH

Z(J)
∣∣∣
J=0

= a′4(β)

∫
dgtr(TABTCDgTEFTGHg−1) (291)

where a1(β), a2(β), a′2(β), a4(β), a′4(β) are some knot invariants. The intependece
of these invariants on the triangulation has also been demonstrated in [65] The
integrals over g, the group element connecting the two dual vertices, appears when
the two derivatives are acting at two different points. This is an integral of a regular
expression over a compact space. So, we can notice that all the above expressions
are finite, and the same could be said about the derivatives of Z(J) of any order.
On the other hand at β = 0 these expressions diverge. So, one can say that the
parameter β renormalizes the coupling constant of the perturbation theory.

Now we will try to give an expression for perturbative expansion of the partition
function of GR up to the second order

Z = Z0 + Z1 + Z2 + ... (292)

Zero order contribution is simply

Z0 = Zβ(J)
∣∣∣
J=0

=
1

β3
. (293)

The first order contribution appears to be zero. Indeed

a2εABCD5tr(TABTCD) = 0 (294)

because it contains a contraction of a symmetric tensor with antisymmetric. So

Z1 = 0 (295)

The first non-trivial order in this expansion is the second order. We will describe
it schematically without numerical evaluation. At this stage it is important to
demonstrate where the ”local” degrees of freedom of General Relativity come into
play.

In the expression
Z2 = S2

IntZβ(J) (296)

There are two types of terms. One is when all four derivatives in the squared
interaction term act at the same vertex and the other is when two derivatives act on
one vertex and two others act on the other vertex. Here we describe the second, the
most interesting contribution. We list the terms relevant for this contribution except
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those which are zero as they contain lnBa and those which could be reduced to the
first order contributions applied twice and are therefore zero, too. These includes

∫
dgεABCD5εEFGH5tr(T

ABTEFgTCDTGHg−1) (297)

∫
dgεABCD5εEFGH5tr(TABgTEFg−1)tr(TCDgTGHg−1) (298)

and ∫
dgεABCD5εEFGH5tr(TABgTGHg−1)tr(TCDgTEFg−1) (299)

One can show that due to SO(4) invariance of the last three expressions the
integrand does not depend on the SO(4) subgroup of SO(5). The integration is
thus actually taken over the coset SO(5)/SO(4). This is where the physical degrees
of freedom of General Relativity show up. They are elements of the SO(5)/SO(4)
coset which are sent from gauge sector to physical sector by symmetry breaking.

The terms appearing in such a perturbation theory can be expressed in terms of
chord diagrams with interchord connections. A typical second order chord diagram
is depicted on Fig. 5. The main difference between such chord diagram and a chord
diagrams that appear in the theory of Vassiliev invariants [57] is the presence of
inrterchord connections described on the diagram as a dotted line. This is precisely
the point where the perturbation theory described becomes different from that for
topological quantum field theory. Interchord connections encode information of the
“local” physical degrees of freedom of General Relativity. To each such connection
is associate an element of SO(5)/SO(4) coset and an integration over it.

We will not study the higher orders of perturbation here, but we can notice that
the expression (284) for the generating functional is infinitely differentiable at J = 0
for β 6= 0. This follows from explicit calculations of the expectation values of the
Wilson lines. So, for β 6= 0 the expressions for the vacuum loops must be finite to
all orders. One can say that a single counterterm related to the Immirzi parameter
controls all the divergences appearing in the vacuum loop diagrams.
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Figure 5: A typical chord diagram. A solid line denotes a flux of extrinsic current
J . It should be closed as the current is conserved (a regularized delta function
expresses the conservation of the current). A chord, the dashed line, denotes a pare
of derivative in the interaction term acting on a functional of extrinsic current at
two different places. Each chord has a point of origin. The origins of each two pares
of chords are related to each other by a holonomy g. The integral with respect to g
is denoted by a dotted line connecting two chords.

7 Discussion

The central part of this thesis is a new background independent perturbation theory
for quantum General Relativity. It is very different from the traditional pertuirba-
tion theory, which is based on splitting the metric into a background and fluctuations
(1). So there are two natural questions to ask. First, is the new perturbation theory
behaves any better in the ultraviolet regime than the traditional one? Second, is
there any regime in which the results of two different perturbation theories reproduce
each other?

While at the present stage we cannot give a final answer on either of these
questions, there are several indications as to what the answer should be.

The main reason behind the non-renormalazibility of the traditional perturba-
tive quantum gravity is the dimensionality of coupling constant. The actual di-
mensionless coupling is proportional to energy squared and therefore the theory
becomes strongly coupled in the ultraviolet regime producing infinitely many type
of divergent diagrams. One needs infinitely many counterterms to control all these
divergences.

On the other hand the coupling constant of the perturbation theory for quantum
gravity proposed here is dimensionless. The only divergences appearing in this
theory are very similar to bubble divergences in the Ponzano-Regge model. The
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difference is that the divergences in the Ponzano-Regge model are infrared, while in
the model proposed here they are infrared and ultraviolet at the same time. One
may expect that there is some mechanism relating ultraviolet and infrared physics
in this theory. We have argued that at least at the level of vacuum loops all the
divergences appearing in the theory are controlled by a single counterterm which is
related to the Immirzi parameter. This is already very different from the results of
the traditional perturbative approach where one needs infinitely many counterterms
to remove all the divergences.

This is not yet a proof of renormalizibility, because one has to show that the
divergences can be removed from all the possible diagrams, not only from vacuum
loops. This has to do with scattering problem which is also related to the second
question.

To address the second question, one could think of setting up the problem of
graviton-graviton scattering. In attempting this we encounter the main difference
between the traditional perturbative approach and the present one. In the tradi-
tional approach as a result of linearization of the diffeomorphism transformations
graviton can be described as a point particle. So, the ordinary scattering problem
for particles can be directly generalized for gravity.

In the present perturbative approach, however, the theory is kept exactly dif-
feomorphism invariant order by order. As a result the generic non-locality of the
basic excitations of the gravitational field appears already at the perturbative level.
So, the conventional approach to scattering can no longer be directly applied, some
revision of the scattering problem is needed.

However, there is a simpler way to address a scattering problem. Matter fields
have local excitations even in a diffeomorphism invariant context. So, we can try to
calculate scattering of matter particles, such as Deser Jackew ’t Hooft like particles
described in this thesis due to quantum gravity effect. In the approach developed
we have all the necessary tools to address this problem. This will be a subject of
further investigations.
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A SO(5) conventions

TIJ = −TJI with I = 1, · · · , 5 are the ten generators of so(5). They satisfy the
algebra

[TIJ , TKL] = ηJKTIL − ηIKTJL + ηILTJK − ηJLTIK, (300)

where ηIJ = δIJ in the case of so(5). The corresponding theory of gravity is Eu-
clidean with a positive cosmological constant, i-e ‘spherical gravity’. This is the one
we focus on in the main text. If we want to describe Lorentzian gravity and/or
other sign of cosmological constant one should consider metric of different signa-
tures, the cases of interest for gravity are: SO(4, 1), where η = diag(+ + + + −)
which describes Euclidean gravity with a negative cosmological constant (i-e ‘hy-
perbolic gravity’). SO(1, 4) where η = diag(−+ + + +) which describes Lorentzian
gravity with a positive cosmological constant, i-e ‘de Sitter gravity’. SO(3, 2) where
η = diag(−+ + +−) which describes Lorentzian gravity with a negative cosmolog-
ical constant, i-e ‘AdS gravity’. One can split the generators of in terms of so(4)
generators Tij, i = 1, · · · , 4 and ‘translation’ generators Pi = T5i/l, where l is a
length scale (cosmological length scale in our context). The algebra reads

[Tij, Tkl] = ηjkTil + · · · , (301)

[Tij, Pk] = ηikPj − ηjkPi, (302)

[Pi, Pj] = −η55

l2
Tij. (303)

The so(5) can be represented in terms of γ matrix

TIJ =
1

4
[γI , γJ ] (304)

where γI are γ-matrices satisfying {γI, γJ} = 2ηIJ .
In this spinorial representation we can easily write the root system and Cartan

basis of the Lie algebra of SO(N). Lets consider SO(2n + 1) and SO(2n) and lets
define

γ±j =
1

2
(γ2j−1 ± iγ2j), (305)

which satisfy
{γ±i , γ±i } = 0, {γεii , γ

εj
j } = 0, {γ+

i , γ
−
i } = 1. (306)

We define the Cartan subalgebra to be generated by

hi ≡
1

2
[γ+
i , γ

−
i ]. (307)

which satisfy h2
i = 1/4. The adjoint action of his are diagonalized by the roots

generators

Eεiei+εjej ≡
1

2
[γεii , γ

εj
j ] = γεii γ

εj
j (308)
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where i < j and we denote by ei the dual basis of the Cartan subalgebra ei(hj) =
tr(hihj) = δij. One can easily check that if h is any Cartan element we have:

[h,Eεiei+εjej ] = (εiei(h) + εjej(h))Eεiei+εjej . (309)

In the case of SO(2n) this generators gives a basis of the Lie algebra and ±ei +
±ej , i < j ∈ [1, · · ·n] are all the roots. The positive roots are ei + ej, ei − ej, i < j
and the simple roots are {e1−e2, · · · , en−1−en, en−1 +en}. The Weyl is of dimension
2n−1n! and consists of the group of permutation of and even sign change of ei.

In the case of SO(2n+ 1) we consider

γ = (2H1) · · · (2Hn) = (−i)nγ1 · · ·γ2n, (310)

which clearly commutes with the Cartan generators, and define

Eεiei = γεii γ. (311)

For SO(2n+ 1), ±ei and ±ei +±ej, i < j ∈ [1, · · ·n] are all the roots. The positive
roots are ei, ei+ej, ei−ej, i < j and the simple roots are {e1−e2, · · · , en−1−en, en}.
The Weyl is of dimension 2nn! and consists of the group of permutation of and sign
change of ei.

We now look at representations of SO(5), the roots are ±e1 ± e2, e1, e2. The
fundamental weights are given by

λ1 = e1, λ2 =
e1 + e2

2
(312)

the representations are labeled by one integers and one half integer (m, s) = me1 +
se2 = (m− s)λ1 + 2sλ2 which physically correspond to mass and spin. They satisfy
the restriction m ≥ s. The vectorial representation corresponds to (1, 0) the spinorial
to (0, 1/2) and the adjoint to (1, 1). The Casimirs are given by the quadratic casimir
C1 =

∑
IJ XIJX

IJ and C2 = W IWI , with W I = 1
8
εIJKLMXJKXLM . The action of

this casimir on the representation (m, s) is diagonal and given by

C1 = (m +
3

2
)2 + (

s+ 1

2
)2 − 5

2
, C2 = ms(ms + c). (313)

where c is a integer which can be evaluated in the adjoint representation.
The character of this representation is given by

χ(m,s)(e
yihi) =

sin[(m + 3
2
)y1] sin[(s + 1

2
)y2]− sin[(s+ 1

2
)y1] sin[(m + 3

2
)y2]

sin(3
2
y1) sin(1

2
y2) sin

(
y1−y2

2

)
sin
(
y1+y2

2

) (314)

and the dimension is given by

d(m,s) =
1

3
(2m + 3)(2s+ 1)(m+ s+ 2)(m− s+ 1). (315)
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B Delta function identity

Lets consider the orthogonal group G = SO(N) and denote G its Lie algebra and ZG
its center. We define P : G→ G the following map from the group to the Lie algebra:
P is such that P (gHg−1) = gP (H)g−1. Using this property it is enough to define
it on the Cartan subgroup of SO(N). Lets denote y = yihi ∈ H an element in the
Cartan subalgebra with hi the basis (307) of the Cartan Lie algebra and exp(iy) ∈ H
an element of the Cartan subgroup. In the spinorial representation of SO(N) we
have exp(iy) =

∏
i(cos(yi/2)+i sin(yi/2)hi). We define P (exp(iy)) =

∑
i sin(yi/2)hi.

This projects all center elements on 0.
We want to establish the following identity

∫

G
dXetr(XP (G)) = ∆2

G(2ρ)
∑

z∈ZG
εzδ(Gz). (316)

ρ = 1/2
∑

α>0 α and we denote ∆G(X) ≡ ∏α>0(α|X) the product being over all
positive roots.14 The trace is taken in the spinorial representation of SO(N), it is
normalized by tr(hihj) = δij, δ(G) is the delta function on the group associated with
the normalized Haar measure, the sum is over all center elements and εz = (−1)n

for SO(2n), εz =
∏n

i (−1)(ni+1) for SO(2n+ 1) and z = eiy, yi = 2πni. The measure
on the Lie algebra is normalized to be

∫

G
dXe−tr(X2) =

∫

H

n∏

i

dXi∆
2
G(X)e−

P
iX

2
i

where the integral on the RHS is over the Cartan subalgebra and we denote ∆G(X) ≡∏
α>0(α|X) the product being over all positive roots.15 This identity is a consequence

of Harish-Chandra-Itzykson-Zuber formula [66]. Lets consider X = X ihi, Y =
Y ihi ∈ H two elements in the Cartan subalgebra. We have the identity

I(X, Y ) ≡
∫

G/H

dUetr(XUY U−1) = ∆G(ρ)

∑
w εwe

XiYw(i)

∆G(X)∆G(Y )
. (317)

dU is the normalised invariant measure, the sum is over the Weyl group, εw = ±1
and ρ = 1/2

∑
α>0 α.

One of the simplest proof of this formula uses the fact that the integral satisfies
the Duistermaat and Heckman hypothesis and is therefore equal to its sationary
phase evaluation. The stationary points of S = tr(XUY U−1) are given by dS =
tr(U−1dU [Y, UXU−1]) = 0. This implies that U is an element of the Weyl group
U = w. If one expands the action around such a solution U = exp(φ)w one finds

S = tr(XwGw−1)− 1

2
tr([φ,X][φ, wY w−1]) + · · · . (318)

14this is equal to
∏n
i=1 Xi

∏
i<j(X

2
i −X2

j ) for SO(2n+ 1), and to
∏
i<j(X

2
i −X2

j ) for SO(2n).
15this is equal to

∏n
i=1 Xi

∏
i<j(X

2
i −X2

j ) for SO(2n+ 1), and to
∏
i<j(X

2
i −X2

j ) for SO(2n).
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Expanding φ =
∑

α φαEα in the Cartan basis and computing the trace one finds

S = tr(XwGw−1) +
1

2

∑

α

φαφ−α(α|X)(α|Y ). (319)

The stationary phase approximation of the integral is, up to a normalization factor,
then given by the RHS of (??). The normalisation factor is obtained with the help
of the Weyl identity ∑

w

εwe
P
iXiρε(i) = ∆G(eX) (320)

by considering Y = ρ, X = εx and letting ε go to 0.
In order to prove the delta function identity lets take f an invariant function on

the group and consider

I =

∫

G

dGf(G)

∫

G
dXeitr(XP (G)), (321)

where dG is the normalized Haar measure. Lets define ∆G(ey) ≡∏α>0

(
e

(α|y)
2 − e− (α|y)

2

)
,

the product being over all positive roots. We can split both integrals over G and
X as integral over the Cartan subgroup and integrals over the corresponding orbits,
one gets

I =
1

|W |

∫

H

dy∆2
G(eiy)f(eiy)

∫

H
dX∆2

G(X)

∫

G
dUeitr(XUP (G)U−1). (322)

The integral over H is over yi ∈ [0, 4π], dy ≡ ∏i
dyi
4π

denotes the normalized measure
and |W | is the volume of the Weyl group. We can use the integral formula (317)
with Y = iP (eiy) to obtain

I =
∆G(ρ)

|W |
∑

w

εw

∫

H

dy
∆2
G(eiy)f(eiy)

∆G(iP (eiy))

∫

H

∏

i

dXi∆G(X)ei
P
iXi sin(yw(i)/2). (323)

The factor ∆G(X) can be obtained by acting recursively with derivative of yi/2. If
we denote Yi = sin(yw(i)/2), then

I =
∆G(4ρ)

|W |
∑

w

εw

∫

H

dy
∆2
G(eiy)f(eiy)

∆G(iP (eiy))
∆G

(
∂

i∂Yw(i)

)∫

H
dXei

P
iXi sin(yw(i)/2). (324)

We can reabsorb the sign εw in the differential operator and perform the sum over
the Weyl group. We are left with

I = ∆G(ρ)

∫

H

dy
∆G(eiy)f(eiy)

∆G(iP (eiy))
∆G

(
∂

i∂Yi

)∫

H
dXei

P
iXi sin(yi/2). (325)
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The integral over Xi can be performed easily, giving rise to a factor
∏

i 2πδ(sin(yw(i)/2)).
This product is equal to (4π)n

∏
i(δ(yi) + δ(yi − 2π)). We can then integrate out

this delta function, thus

I = ∆G(ρ)

1∑

{ni=0}
∆G(i

∂

∂Yi
)

[
∆2
G(eiy)f(eiy)

∆G(iP (eiy))

]
|yi=2πni (326)

= ∆G(ρ)
1∑

{ni=0}
∆G(i

∂

∂Yi
)
[
∆G(eiy)

] f(eiy)∆G(eiy)

∆G(iP (eiy))
|yi=2πni . (327)

where we have used that all the derivative should act on ∆G(eiy) in order to get a
non zero result. The derivative action on ∆G(eiy) can be calculated with the Weyl
identity (320), when evaluated at yi = 2πni it gives an additional factor ∆G(−2ρ) =
(−1)n∆G(2ρ) for SO(2n) and ∆G(2ρ)

∏
i(−1)ni+1 for SO(2n) + 1. Finally the ratio

∆G(eiy)/∆G(iP (eiy)) is equal to 2r where r is the number of positive roots. Overall
this gives

∆2
G(2ρ)

∑

z∈ZG
εzf(z). (328)

where εz = (−1)n for SO(2n), εz =
∏n

i (−1)(ni−1) for SO(2n + 1) and z = eiy, yi =
2πni.

C Regularization of delta functions and q-deformation

(abelian group)

In this section we consider how to regularize a delta function defined in a previous
section using q-deformation. We restrict our consideration to the simplest example
which is U(1) group.

For a group element g = eix, the delta function is defined as in the previous
section

δ(g) =

∫
dXeXP (g) = δ(sin x) =

∑

n

(−1)nδ(x + πn) (329)

We define
δβ(g1, g2) = e

iβ ∂
∂x1

∂
∂x2 δ(g1)δ(g2) (330)

Such expressions naturally show up in the partition function for BF theory with
’cosmological’ term β.

(330) can be explicitly calculated by using a formula for the gaussian integral
and finite translation operator and the result is a series of gaussian functions of
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x1, x2:

δβ(g1, g2) =
1

β

∞∑

m,n=−∞
(−1)m+ne

i
β

(x1+πm)(x2+πn) (331)

This expression however is ill defined and one needs to find a way to regularize the
infinite sum in it.

One can suggest the following regularization scheme. Choose an integer N � 1.
As generally β � 1 we can choose β = π

2N
. One can evaluate the sum in (331) at

x1 = 2πβk1, x2 = 2πβk2, (332)

where k1 and k2 are integers. As β � 1, any value of x1 and x2 can be well
approximated by a value form a subset (332). By restricting the summation in
(331) to {−M,M} one obtains

δβ(g1, g2) =
1

β

M∑

m,n=−M
(−1)m+ne

i2N
π

(πk1/N+πm)(πk2/N+πn) =
1

β
e
i2π
N
k1k2 (333)

Because the right hand side of (333) does not depend on M the limit M → ∞ is
well defined.

This expression for the regularized delta function is regular (with infinitely many
regular derivatives) and periodic

δβ(g1e
i2πn, g2e

i2πm) = δβ(g1, g2) (334)

and
lim
β→0

δβ(g1, g2) = δ(g1)δ(g2). (335)

This construction can be thought of as a quantum deformation of the U(1) group
with q = eiβ. The non-commutativity of the coalgebra, the algebra of functions on
the group, follows from the definition of non-commutative product in (330).

Differential and integral calculus on this group can be defined as

∂

∂x
→ q

∂
∂x − q− ∂

∂x

q − q−1
(336)

and ∫
dgf(g)→ β

N∑

k=−N
f(ei2πβk). (337)

It is easy to derive the following relations for regularized delta functions
∫
dg1δβ(g−1g2, g3)δβ(g1, g4) = δβ(g2, g3)δk2,k4 (338)
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∫
dg1dg4δβ(g−1g2, g3)δβ(g1, g4)δβ(g5g

−1
4 , g6) = δβ(g2, g3)δβ(g5g

−1
2 , g6) (339)

These relations are essential for the prove of topological invariance of the quantum
deformed state sum model. At the same time all the relations are about regular
functions and no divergences appear in the calculations.
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