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We consider a queueing system in which a single server attends to N priority
classes of customers. Upon arrival to the system, a customer begins to accumulate
priority linearly at a rate which is distinct to the class to which it belongs. Cus-
tomers with greater accumulated priority levels are given preferential treatment in
the sense that at every service selection instant, the customer with the greatest ac-
cumulated priority level is selected next for servicing. Furthermore, the system is
preemptive so that the servicing of a customer is interrupted for customers with
greater accumulated priority levels. The main objective of the paper is to charac-
terize the waiting time distributions of each class. Numerical examples are also
provided which exemplify the true benefit of incorporating an accumulating priori-

tization structure, namely the ability to control waiting times.
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1 Introduction

Within a priority queueing discipline, every customer is assigned a priority level, which
determines its position inside the queue. Concerning the assignment of priorities to customers,
there are generally two kinds of priority disciplines. The first has come to be known as the static
(or fixed) priority discipline, wherein a customer’s priority level determines the class to which
it belongs and is constant with respect to its time spent in the system. These static priority
disciplines have been extensively studied in the literature (e.g., see the reference texts by Con-
way et al. 1967, Jaiswal 1968, and Takagi 1991). The second kind of priority discipline is one
in which a customer’s priority depends on both its class specification and its time spent in the
system. Although many real life systems would permit the usage of a static priority discipline,
there are situations where the priority of a customer may change throughout its sojourn in the
system (e.g., in a hospital emergency room, the condition of a patient may worsen while waiting
to see a physician).

Consider a priority queueing system consisting of NV distinct classes of customers, labelled
1,2,...,N. Throughout the paper, we use the symbol C; which should be read as “class-
customer”. In general, a C; is prioritized over a C; whenever ¢ < j. To describe the priority
levels of customers, we make use of priority functions. Let the priority function for a Cj, at time

t be denoted by ¢ (t). A priority discipline such that g, (t) is constant with respect to ¢ for all

k=1,2,..., N is known as a static priority discipline, satisfying
qk(t):ak, /{321,2...,]\], (1)
where {a; fil are real constants such that a; > ay > --- > ay. In addition, within a given

class, we assume that customers are served on a first-come-first-serve (FCFS) basis.
Priority disciplines in which g, () is dependent on ¢ have been more or less termed in the

literature as dynamic priority disciplines. If 7 is the arrival time of a Cy, then a dynamic priority
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discipline can be characterized (as in Netterman and Adiri, 1979) as having priority functions
given by
qk(t):¢k(t—Tk), tZTk, k:1,2,...,N, (2)

where {¢;(z)}Y, is a sequence of functions satisfying

$1(0) > ¢2(0) > --- > ¢n(0), (3)

and

() > @h(x) =+ > ¢y(2) 20 forallz > 0. @)

For ¢ < 7, note that Eq. (3) infers that a C; arrives to the system with an initial priority level
which is at least as great as the initial priority level of a C;. Similarly, Eq. (4) implies that a C;
earns priority at least as fast as a C; does. The general priority service guideline imposes that
at each service completion instant, the customer with the greatest accumulated priority level be
selected next for service. Hence, for dynamic priority queues employing this guideline, Eq. (3)
and Eq. (4) imply that, within a given class, service is administered based on the order of arrival
(as in the case of the static priority discipline). To our knowledge, all of the dynamic priority
queues which have been previously analyzed in the literature employ the general priority service
guideline. We provide a brief history of the literature next.

Jackson (1960, 1961, 1962) was the first to implement a dynamic priority discipline into a

discrete-time queueing system. In these articles, he considered priority functions of the form
@ (t) = ap + (¢ —7k), > )

where the initial priority levels were arranged such that a3 > as > --- > ay. He derived
bounds for the mean waiting time of a Cy, and in Jackson (1962), he obtained an approximation

for the waiting time distribution.



The first to consider a dynamic priority discipline under a continuous-time framework was
Kleinrock (1964), who developed a recursion for calculating average waiting times for a system

with exponential interarrival and service times using priority functions of the form

q(t) =bp - (t —7), t=>m, (6)

where the accumulating priority rates {b;}\, were arranged so that b; > by--- > by >
0. Kleinrock termed this specific dynamic priority discipline as the delay dependent priority
discipline. Kleinrock and Finkelstein (1967) then extended this work by considering the same

M /M /1-type priority system with priority functions of the form
a(t) =bp - (t—m)", t>m,

with 7 > 0. A few years later, Holtzman (1971) considered an M /G /1-type priority system
characterized by Eq. (5) for which he derived both upper and lower bounds for the marginal
expected waiting times of each class.

Netterman and Adiri (1979) subsequently analyzed an M /G /1-type priority system with a
more general priority function in that the only requirement was that ¢ (z) be concave. In their
paper, they obtained an integral recursive function for the expected class-k waiting time. There,
the authors pointed out that, in general, the extraction of expected waiting times via their recur-
sive function is quite difficult. Thus, they also obtained upper and lower bounds for the expected
waiting times of each class. Others have also found expressions and corresponding bounds of
steady-state expected waiting times for more general linearly increasing priority functions (e.g.,
see Bagchi and Sullivan 1985 and Sharma and Sharma 1994).

Systems where priority levels are decreasing rather than increasing have been studied in the
papers by Hsu (1970) and Bagchi (1984). Following along the lines of Kleinrock (1964), these
authors considered priority functions as in Eq. (6) with the exception that the rates {b;}, were

arranged such that 0 > b; > by --- > by (i.e., the priority level of a C; decreases at a slower
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rate compared to that of a C; whenever ¢ < j). They derived recursions for the mean waiting
times!. Kanet (1982) later considered an M /G /1-type priority system for which the classes of
customers were divided into two sets: one set of classes whose customers accumulate priority,
and the other whose customers’ priority levels dissipate throughout time. Specifically, Kanet

(1982) considered priority functions as in Eq. (6) with accumulating priority rates

by > 2>b;>0>biy > > by

for some 7 = 1,2,..., N. He obtained a recursion for the steady-state expected waiting times
for such a model.

From the mid-1980s to the end of the twentieth century, the literature on dynamic priority
queues was nearly non-existent, with the only published work in this area being the paper by
Sharma and Sharma (1994). Furthermore, it is clear that the analysis of such priority queues had
been essentially focused on deriving expressions or bounds for the steady-state mean waiting
times of each class. We believe that the overall complexity of these models is what deterred
researchers from determining the distributions of steady-state waiting times.

In a recent paper, almost two decades removed from the last recorded work on the subject,
Stanford et al. (2014) revisited the delay dependent priority discipline (i.e., Eq. (6)) and ap-
plied it to an M /G /1-type priority system. With a newly defined stochastic process, called the
maximal priority process, the authors shed new light on the speficic structuralization of such
a dynamic priority queue. Ultimately, by virtue of the maximal priority process, they derived
the Laplace-Stieltjes transform (LST) of the steady-state class-k waiting time distribution. In
their paper, they renamed the discipline as the accumulating priority queue on the basis that the
term “delay dependent” (or “time dependent”) had since gained several other meanings in the

queueing literature.

'Bagchi (1984) points out two errors in Hsu’s (1970) derivation of mean waiting times.



Unlike its counterpart (i.e., static priority queues), the existing literature on dynamic priority
queueing systems is predominantly non-preemptive in nature. With the exception of Kleinrock
(1964) and Kleinrock and Finkelstein (1967), where the authors find expressions for steady-state
mean waiting times under the preemptive resume discipline?, all of the aforementioned works
have dealt with non-preemptive systems. It seems that for the preemptive variant, the only other
notable publication is that of Trivedi et al. (1984), who considered the resume discipline in
Kanet’s (1982) mixed model. Once again, the analysis therein focused on finding the steady-
state expected waiting times of each class.

In this paper, we adopt the same methodology of Stanford et al. (2014) to obtain the LSTs
of the steady-state waiting time distributions associated with the dynamic preemptive priority
queueing model defined by the priority functions of Eq. (6). The rest of the paper is organized
as follows. In the next section, we present some notation and introduce the fundamental service-
structure elements. Section 3 is devoted to the introduction of the maximal priority process for
our dynamic preemptive priority queueing model. In Section 4, we first present the notion of
a pseudo-interruption period and subsequently derive its LST. Residence periods and gross-
service times are studied in Section 5. The marginal waiting time LSTs are established in
Section 6. Two numerical examples are provided in Section 7, which exemplify the real benefit
of implementing an accumulating prioritization scheme, namely the ability to control waiting

times. Finally, in Section 8, we offer some concluding remarks.

2 Model description and preliminaries

A single-server dynamic priority queueing system with N distinct classes is considered.

It is assumed that the arrivals of customers for the individual classes form independent Pois-

2However, non-preemptive systems were still the main focus of Kleinrock (1964) and Kleinrock and Finkelstein
(1967).



son streams at rates Aj, Ao, ..., Ay. The service times of customers are mutually indepen-
dent, where the class-k service time is distributed identically to X *) with distribution function
(df) BW(z) = P(X® < z) and corresponding LST B®(s) = J e**dB®)(z). The as-
signment of priority to customers is done according to the priority functions of Eq. (6) with
by > by > --- > by > 0. In other words, upon arriving to the system, a customer begins
to accumulate priority linearly at a rate that is distinct to the class to which it belongs. It is
important to note that customers accumulate priority throughout their entire stay in the system.
At a service selection instant (i.e., a departure instant of a customer), the system employs the
general priority service guideline.

In addition, our current system is preemptive in nature, meaning that the service of a cus-
tomer is interrupted for any customer with a greater priority level. Since priority is assigned
via Eq. (6), this implies that a preemption does not necessarily occur at the arrival instant of
a higher priority customer, but rather at the instant in time that the higher priority customer
accumulates a priority level which is equal to that of the customer currently in service. Note
that the former situation describes the case of the classical static preemptive priority queue (i.e.,
interruptions always occur whenever a higher priority customer arrives). It is important to re-
alize that a preemption instant is not considered to be a service selection instant. We review
the three traditional preemption disciplines, which specify the nature of the servicing when an

interrupted Cj, re-enters service:
(i) Resume: service of the C, continues from where it was interrupted.

(i) Repeat-different: all previous work is lost and a new service time is independently sam-

pled from B®)(z).

(i11)) Repeat-identical: all previous work is lost and service is restarted with the originally sam-

pled service time.



We next define the class-k waiting time, W®*)  as the total elapsed time from a Cy’s arrival to
the first time this customer goes into service. We also define the class-k flow time, F*), as the
total time spent in the system for a C.. The main objective of this paper is to establish the LST
corresponding to the steady-state distribution of W*), which we denote as W(k)(s), for the
three preemption disciplines above. We are also concerned with identifying the distributions
of other key random variables, which we refer to as the service-structure elements. In fact,
the LSTs of these random variables are required in order to obtain W(k)(s). We define these

service-structure elements with respect to a Cj, as follows:

Residence period R®) = The time elapsed between first entry
to service of a Cy and its departure.
The total amount of time that the
server spends servicing a Cy, before its
departure from the system.

The time between a preemption in-
stant and the instant in which the in-
terrupted C; next returns to service.

Gross service time G*)

Interruption period A¥)

With these definitions in place, the stability condition of our priority queueing model is

known to be
N N
U=) p=> AEGY) <1, (7)
i=1 i=1

where U is known as the utilization factor. The stability condition given by Eq. (7) is assumed
throughout the paper. We also remark that some important relationships do exist amongst the
service-structure elements. For example, we note that R*) is comprised of G*) and possibly
several interruption periods A*). As in the classical static preemptive priority queue, these
interruption periods are independent and identically distributed (iid) regardless of the specific
preemption discipline in place. Furthermore, due to independence, the LST of F'®) can be
expressed as

F® () = WH® (s)R®(s). (8)
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Fig. 1 illustrates the relationships between the service-structure elements.
We end this section with two more items pertaining to our adopted notation and one final
remark on the name we give to our priority queueing model. First of all, unless otherwise

specified, we denote the LST of a given random variable Y by Y (s) = E(e~*Y)

. Secondly, we
point out that only those customers who belong to class i forany i € {1,2,...,k—1} can cause
a preemption to a C. Thus, for convenience, we adopt the convention of Conway et al. (1967)

by referring to the aggregation of classes {1,2, ...,k — 1} as class a, whose aggregated arrival

rate we denote by A, = Zif:ll ;.

Remark 2.1 Our current model represents the preemptive version of the model considered by
Stanford et al. (2014). As mentioned in the introduction, Stanford et al. (2014) coined their
model as the accumulating priority queue. In this paper, we refer to their model as the non-
preemptive accumulating priority queue (NPAPQ). Similarly, we refer to our model as the pre-

emptive accumulating priority queue (PAPQ).

. Service  preemptions . AK) Ak AR Service completes
Cy arrives starts
time
c®
wk

R

gk

Figure 1: Depiction of the service-structure elements for a preemptive priority queue

3 The maximal priority process

In this section, we define an upper bound M (t) for the accumulated priority level of any

Cr. potentially present in the system at time ¢ > 0. We say potentially present since for b, >
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0, this upper bound has the virtue of always being positive during busy periods, even in the
absence of Cis. The collection of these upper bounds (i.e., one for each class, so /V in total)
is what Stanford et al. (2014) referred to as the maximal priority process, which in general, is
an /N-dimensional stochastic process. Later in this section, we show that these upper bounds
form the least upper bounds to the accumulated priority levels of customers when given only
(certain) partial information to the system. Nevertheless, the real importance of this process is
that it provides a useful structuralization for both the busy periods and the customers serviced
within them. In terms of the PAPQ, the maximal priority process allows us to analyze the
service-structure elements described in the previous section, and ultimately provides a means
of obtaining the LST of the class-k waiting time distribution.

As the PAPQ allows for the preemption of customers, the maximal priority process defined
here is slightly different than the one given by Stanford et al. (2014) for the NPAPQ. We define
Qi(t) to be the priority level of the oldest C; at time ¢. Note that our definition of );(¢) is such
that Q);(t) < 0 means that there are no C;s present in the system at time ¢, and that the next C;
arrives to the system at time ¢ + ;(t)/b;. Moreover, let x(¢) and Q) (¢) indicate the class and
priority level, respectively, of the customer in service at time ¢. Clearly, for any ¢ during a busy

period, we have that

x(t) = argmax{Q;(t)} and Q.(t) = max {Q;(¢)}.

1<i<N 1<i<N
For any ¢ during an idle period, we further define x(¢) = Q. (t) = 0. Our definition of the

maximal priority process for the PAPQ now follows.

Definition 3.1 The maximal priority process is a N-dimensional stochastic process M(t) =

{(My(t), Ma(t),..., Mn(t)),t > 0}, satisfying the following conditions:

1. The sample path of My(t) for each k = 1,2,..., N is continuous with respect to t except

possibly when t corresponds to a service selection instant.
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2. M(t) =(0,0,...,0) for all t corresponding to idle periods.

3. For all t during the service of any class of customer,

dM; (1)
dt

= min{bk, bX(t)}'

4. At the sequence of service selection instants {6;}2,:
My (6;7) = min{My(6;7), Qu(6;")},

where My (t7) = lim._,q My (t — €), My(t") = lim._o My (t + €), and

Qut™) =lime 0 Qu(t + ).

In what follows, let us also (artificially) define b3 = 0 and My () = O for all ¢ >
0. Definition 3.1 simply states that during busy periods M, (¢) increases linearly at the rate
corresponding to the smallest of b, and b, (), and down-jumps at some of the service selection
instants (i.e., customer departure instants). Fig. 2 illustrates a typical sample path of M(t) for
a 3-class PAPQ, where the bold thick lines represent the components of M(¢) and the thin lines
represent the actual priority levels of the customers. Furthermore, the intersects between the
thin lines and the ¢-axis represent the times customers enter the queue with priority level zero.

We next make the following observations about M(t):

(i) Observe that M, (t) = Q(t) for all t > 0, and, just as Q) (¢) does, M, (t) down-jumps at

every service selection instant.

(if) Once a C,, commences service, its priority level is represented by M (¢) up until its depar-

ture from the system.

(iii) The periods between successive down-jumps of My (t) partition the general busy period.
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Figure 2: M(t) in a typical busy period of the PAPQ for N = 3

Observation (i) explains why M;(t) yields a least upper bound for class-1 priority levels
at time ¢. In other words, all class-1 priority levels must be less than the priority level of the
customer currently in service; a situation where a C;’s priority level is greater than Q. (t) for
some time ¢ is impossible as it would imply the occurence of a prior violation of the service
discipline (i.e., either through a preemption that should have occurred before time ¢ or an in-
correct customer selection at a previous service selection instant). We proceed next to describe
the type of least upper bounds that the other components provide for their respective classes’
priority levels. First of all, we stress that one is able to (progressively) draw M(t) given only

the following pieces of information:
(a) the sequence of busy period commencement times {7 }5°;

(b) the sequence of service selection instants {0;}°;, and for each of these, the priority level

of the incoming service u; = Q. (d;");

(c) the sequence of preemption instants {x;}°;; and
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(d) the class of the customer entering (or re-entering) service (i.e., x(77), x(d;), and x(r;) for

alli =1,2,...).

In particular, M (t) represents the collection of least upper bounds to the accumulated priorities
of each class given only the partial information (a)—(d). Of course, to draw these sample paths,
one must also keep in mind the fundamental characteristics of the system, namely: customers
accumulate priority according to Eq. (6), customers arrive with an initial priority level of zero,
and preemptions occur whenever a higher priority customer’s priority level matches that of the
customer currently in service. Note that the resulting My (t) provides the least upper bound of
class-k accumulated priority levels which would not lead to a violation of the service discipline
similar to that described for M (t) above. For example, one is able to reproduce the sample
path in Fig. 2 given only the information found in Table 1. Finally, we emphasize that My(t)
generally does not represent the priority level of the oldest Cy, at time ¢, QQx(t) — it only does so

for ¢ corresponding to a class-£ residence period.

Table 1: Partial information (a)—(d) required to recreate M (t) of Fig. 2

T& 51 52 K1 (53 (54 K9 K3 (55 56 57
t 3 8 12 15 21 23 27 31 34 37 41
Qut) 0 45 5 - 1175 6 - - 1285 11.6 0
& 1 1 2 1 2 32 1 2 30

3.1 Structuralization of the general busy period and its customers

Following the convention of Stanford et al. (2014), we make the following definitions. First
of all, we say that a waiting C; (for j < k) is at level-k accreditation at time t if its priority level
lies within the interval [M}1(t), My (t)). Since priority is earned linearly throughout time, it
must be that the graph representing the priority level of customers at level-£ accreditation at

time ¢ must have intersected My 1(-) at instants in time occurring before t. We refer to these
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instants in time as level-k accreditation instants. Lastly, suppose at service selection instant o
that a C; (for j < k) enters into service for the first time. Then, Q. (d7) (i.e., the priority level
of this C; immediately prior to entering service for the first time) must lie within one of the

following intervals:

[07 MN((Si))v [MN(éi)ﬂ MNfl((si))a T

oy [Mia (67), Mi(67)), - - [Mj44(67), M;(67)).
Furthermore, we say that this C; is served at level-m accreditation if
Qu(dT) € [My1(07), My, (67)) for m=j,7+1,...,N.

In this paper, we use the symbol C(%“™ to denote a customer who is served at level-m ac-
creditation. Note that a C(*°“™) must belong to class i for some i € {1,2,..., m}, and that when
necessary, we use the symbol Ci(acczm) to refer to a C; who is served at level-m accreditation. For
example, the service selection instants 01, 02, and d, of Fig. 2 represent the service commence-
ments of a C(accl) g Clace:2) and g Clace3) respectively. The following result is crucial to our

analysis of the PAPQ.

Lemma 3.1 Suppose that at service selection instant 6, a C\*“™) enters into service with pri-
ority level Q\/(6"). Then, the magnitude of the down-jump of M,,(t) occurring at time ¢ has an

exponential distribution with rate " | \; /b

Proof. From Definition 3.1, M,,(t) will down-jump at 0 to the level corresponding to the

greatest priority level. In particular, the magnitude of the down-jump is given by

min {M,,(67) — Qi(67)}-

1<i<m
The result follows since M,,(6~) — Q;(6~) has an exponential distribution with rate \;/b; for
alli =1,2,...,m, which is independent of M,,(67) — @Q,;(0) for j # i. O
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Remark 3.2 Since a C\%“™ can only belong to one class in the set {1,2, ..., m}, this implies
that one C'\*“™) may accumulate priority linearly at a rate which is different to another C(%<¢™)
(i.e., if they belong to different classes). However, the result in Lemma 3.1 holds true regardless

of the specific class to which the C“““™) belongs.

The previous definition and Lemma 1 pertain to a C; who is selected for service at a depar-
ture instant of another customer. However, it is also possible for a C; to enter into service by
preempting a C; (for ¢ > j) out of service. Specifically, suppose that a C; enters into service at
time k, corresponding to a preemption instant of a C,;. Then, from Definition 3.1, we have

that the priority level of the interrupting C; upon entry into service is such that
\/Oé = kJrl/i: k/{ — ... = j/ﬁ; — . = IH
Qu(a™) = My (k) = My(r) M; (k) My (k)

We call such a C; who preempts a C, (for £ > j) out of service as a class-{ interrupting customer,
denoted by C(™9). Therefore, a C; who arrives during a busy period must either be a C(*“% for
some ¢ > j or a C"*) for some ¢ > j. The next result specifies the rate at which a preemption

occurs.

(h

Lemma 3.3 The rate of preemption for the servicing of a Cy is A,(i)l = Zf;l A, where

AP = Xi(1 = be/by).

Proof. Suppose that at time ¢, a C;, enters into service with a priority level of © > 0. Hence,
there can be no C; (for i € a, where a is the aggregation of classes {1,2, ...,k — 1}, as defined
earlier) with a priority level equal to w at time ¢. Next, define 7; to be the time, starting from ¢,
until the first C; accumulates a priority level of w. It follows from the memoryless property that
T; has an exponential distribution with rate )\;. Furthermore, let Y; represent the time, starting
from ¢, until the priority level of the C; first matches that of the Cj, in service. It is then quite

straightforward to show that Y; = T;(1 — by /b;) 7. O
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In addition to providing the above classifications of customers, the maximal priority pro-
cess also produces special subperiods of the overall busy period, which we refer to as level-k

accreditation intervals. In general, a level-k accreditation interval starts in one of three ways:

(i) at the moment when a Cj, or a C, arrives to an empty system, thereby initiating a busy

period;

(ii) whenaC ]iacc;e) or a C\"““ for £ > k enters into service for the first time; or

int:l)

(iii) at the moment when a C,i ora C((lmt:g) preempts a Cy (for ¢ > k) out of service.

Regardless of how it starts, a level-£ accreditation interval always ends once the system becomes
clear of the initial customer and all C(®*“9s for i = 1,2,...,k (i.e., all customers who have
become level £ or more accredited). Let uy denote the priority level of the initial customer of
a level-k accreditation interval. Then, uy is strictly positive for level-k accreditation intervals
starting according to (ii) and (iii), and uy = 0 otherwise. We note that the distribution of the
length of an accreditation interval depends only on the class to which the intial customer belongs
and not on the specific value of v, (see Stanford et al., 2014, Lemma 4.3). A recursive scheme
for the LST corresponding to the distribution of the duration of a level-k accreditation interval
is provided in the next section, but before that, we end this section with one final important
result.

It follows from Definition 3.1 that a level-£ accreditation interval has the virtue that through-
out the entire interval, M 1(t) and My(t) increase with rates by 1 and by, respectively. More-
over, a level-£ accreditation interval is partitioned by subperiods which are defined by the suc-
cessive down-jumps of M (t). Except for the final one, these down-jumps correspond to the
service selection instants of a C(?°“*); the final down-jump represents either the end of a busy
period, the commencement of service of a C(%“‘), or the re-entry into service of an interrupted

Cy for some ¢ > k. For a level-k accreditation interval with an initial priority level of uy, we say
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that a C; for ¢ < k arrives-to-the-interval if its priority level becomes equal to ug before the end
of the interval. Fig. 3 illustrates a level-% accreditation interval with four class-i arrivals-to-the-

interval.

Lemma 3.4 The steady-state proportion of C;s (for i < k) that arrive-to-the-interval and are

served at level-k accreditation is (b — bg11)/b;.

Proof. Consider a level-k accreditation interval with an initial priority level of ug. Suppose
that the accreditation interval has an overall duration of 7" and that it has n subperiods defined
by the successive down-jumps of M (t). Let {T;,5 = 1,2,...,n} denote the duration of
these subperiods (e.g., see Fig. 3). Now, observe first that the proportion of 7" for which a C;
arrives-to-the-interval and fails to become level-£ accredited is given by by 1/b;. For example,
the fourth C; to arrive-to-the-interval in Fig. 3 arrives within this proportion, and thus is not
serviced in this interval. Secondly, we observe that there are disjoint time periods of length
T;(1 — by /b;) for each j = 1,2,...,n, such that a C; arrival-to-the-interval during any one of
these time periods would lead to a level-(k — 1) accreditation for the arriving customer. As a
result, the proportion of 7" for which a C; arrives-to-the-interval and fails to become level-(k—1)
accredited is given by by, /b;. Therefore, the proportion of 7" for which a C; arrives-to-the-interval
and fails to become level-(k — 1) accredited but yet succeeds in becoming level-k accredited
is (b — bxy1)/b;. Note that a C; such as the one previously described is precisely one that is
serviced at level-k accreditation (e.g., see the second C; who arrives-to-the-interval in Fig. 3).
The result follows because the above proportions and the fact that the class-: arrivals-to-the-

interval form a Poisson process with rate \; hold true for every level-£ accreditation interval. [J
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Figure 3: Supplemental illustration of a level-k accreditation interval for the proof of Lemma
3. Note that 7T} is initiated by a C(*““*) not belonging to class 1.

4 Interruption periods and pseudo-interruption periods

We begin with the class-(k + 1) interruption period A%*+1)_ Tt is clear that only a climtk )

ora C,imt:kﬂ) can initiate a class-(k + 1) interruption period, and further that such a period ends
as soon as the system is clear of all higher priority customers whose priority level exceeds that
of the interrupted C;,,. From the previous section, such customers are referred to as C(%¢?)s
for some ¢ < k. Furthermore, from the previous section, we acknowledge that AG+D) g merely
a level-k accreditation interval of type (iii).

To establish a recursive scheme for g(k“)(s), recall that a level-£ accreditation interval is
partitioned by subperiods which are defined by the successive down-jumps of M (t). It turns
out that these time periods are either themselves level-(k — 1) accreditation intervals or class-k
residence periods. For example, if the initial customer is a C (which from Lemma 3.3 occurs

k+1)/AI(€k+l

with probability )\,(c )), then the initial subperiod is merely a class-k residence period

R™)_ On the other hand, if the initial customer is a C, (which from Lemma 3.3 occurs with

probability Ag“fll)/ Affﬂ)), then the initial subperiod is indeed a level-(k — 1) accreditation
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interval of type (iii). This level-(k — 1) accreditation interval has all of the same characteristics
as a class-k interruption period A®) (i.e., it is initiated by a C, and terminates once the system
is clear of all C(*=V)s for i < k), with the exception that a C;, has not actually been preempted
(i.e., in this case, a Cy, 1 is being preempted). As a result, we define our first kind of pseudo-
intermption period :

pk +1 (form < k+1) = A class-m pseudo-interruption period initiating
with the preemption of a class-(k + 1) customer.

We stress that A;’,j?jl is a level-(m — 1) accreditation interval of type (iii). Thus, if the initial
customer is a C,, then the initial subperiod is AI(,]ZL.

For the subsequent subperiods of A1) we understand from the previous section that they

acc:k) acc:k)

can only be initiated by either a c! ora C acck) " Similar to the initial subperiod, if a C

enters into service (which from Lemma 3.1 occurs with probability (A /by)/ S2F i1 \i/b;), then

acc:k)

the ensuing subperiod is R®). On the contrary, if the initial customer is a C\"“*), then the

subperiod is a level-(k — 1) accreditation interval. Again, it turns out that this level-(k — 1) ac-
creditation interval bears all the same characteristics as A*) with the exception that no customer

is actually being preempted. This leads us to our second kind of pseudo-interruption period:

Aﬁf;?) (form =1,2,...,N) = A class-m pseudo-interruption period not initiating

at a preemption instant, but instead at the

acc:l)

commencement of service of a C for 1<m

and any ¢/ > m.

k)
(acek) onters

We stress that AS;?) is a level-(m — 1) accreditation interval of type (ii). Thus, if a C,
into service, then a subperiod Anp ensues.
Our previous observations suggest that A*+1) may be viewed as a delay busy period which

services two kinds of customers (i.e., C,iacczk)s and Cém:k)s), whose respective initial delay and

service time LSTs are given by

B hol\(kt) )\(k—i-l
k _ i k k)
V;?(H)l(s) - Z A(k+1) Az(vk-)ﬂ(s) + A (k+1) R( ( ) ©)
i=1 k
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and

k-1

L\ b ~ A /be ~
T /b —Zk'“/ —RO(s). (10)
Zi:l /\l/bl i=1 )‘z/bz

In order to show this, we make an important connection between (M, (t), My.1(t)) during level-

D(s) = (s) +

k accreditation intervals and the maximal priority process of the M /G /1 queue with accumu-
lating priority and blocking introduced by Fajardo and Drekic (2015). This model represents a
FCFS M /G/1 queue, whose customers, upon arrival to the system, accumulate priority linearly
at rate & > 0. The blocking of customers occurs near the end of a busy period of the queue. In
particular, at the beginning of each busy period, an accreditation threshold increases linearly at
rate &, where & > & > 0, so that only those customers whose priority levels surpass this ac-
creditation threshold are serviced; customers who fail to surpass this threshold depart the system
without ever being serviced. The maximal priority process for this model is a two-dimensional
stochastic process (M (), O(t)), where M (t) provides the least upper bound of accumulated
priorities similar to M () defined in Definition 3.1 and ©(¢) gives the value of the accreditation

threshold at time ¢. Two important observations follow.

Important Observation 1 A level-k accreditation interval is partitioned by subperiods de-
fined by the successive down-jumps of M (t). The down-jumps of My(t) during a level-k
accreditation interval are exponentially distributed with rate Zle Ai/b;. The time from the
start of the interval to the first time that M (¢) down-jumps, which we denote by V', depends
on the initial customer of interval. Furthermore, the distribution of V' may differ from that of
the times between one down-jump of My(t) to the next, which always has LST ®(s). Lastly,
if 6 represents the end of a subperiod, then ¢ also represents the end of the level-k accreditation
interval if
min {M(07) — Qi(67)} > Mp(67) — My41(07).

1<i<k
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Important Observation 2 It follows from Important Observation 1 that the evolution of
(My(t), Mg11(t)) throughout a level-k accreditation interval is equivalent to that of the maximal
priority process (M (t), ©(t)) during busy periods of the FCFS M /G/1 queue with accumulat-

ing priority and blocking having the following characteristics:
(i) initial delay LST of V(s);
(i) service time LST of ®(s);
(iii) arrival rate of v, = Zle Ai(br/bi);
(iv) accumulating priority rate of &; = by; and
(v) accreditation threshold rate of £, = by ;.

We exploit the connection outlined in Important Observation 2 to obtain two fundamental
results: the distribution of the duration of a level-k accreditation interval and the distribution of
the accumulated priority earned by a C(*“*) during a level-k accreditation interval. In partic-
ular, it follows from Important Observation 2 that the distribution of the duration of a level-%

accreditation interval has corresponding LST (see Fajardo and Drekic, 2015, Theorem 3.1)

.Zk(s) = .Zk(s; V) = ‘7(5 + v,ikﬂ)(l — nk(s))), (11)
where
b —b
W = (1 = b /br) = ; )\i%,
and 7 (s) satisfies
() = i (s + 9 (1= me(s)). (12)

Our previous arguments show that for this specific level-k accreditation interval, the dis-

tribution of V' has LST ‘7};@1(3) as given by Eq. (9). Moreover, from Eq. (11), we observe

21



that

A’(kzﬂ)(s) _ Z(kﬂ)(s) _ Ak(s v (k) ). (13)

Pk+1 7 U Pk+1

Eq. (13) also leads to the following recursive scheme which starts with g](gal (s) = 1 and holds

forallm=1,2,... k:

(k+1)
A(m+1 m—1 m m+1
AP () = S AL (5 + 0 = ()
Y
+ T B s+ (L = n(s)). (14)
The above recursion requires that both R*) and A%) form = 1,2, ..., k be priorly estab-

k+1

lished. The former is the subject of the next section. Consider A% which represents a level-k

accreditation interval which begins with the service of a C,(qacaK or C"““") for some ¢ > k. It fol-
lows from Lemma 3.1 that the initial subperiod is A'%) with probability (5 /b)) /(05 N /by,
and is R with probability (\/bx)/ (Zi:l Ai/b;). In other words, for the level-k accreditation
interval A'%™ V has LST V;{} (s) = ®k(s). Therefore, we have that

AR (5) = Ay (s VE) = (s), (15)

which again yields a recursive scheme starting with g,(llp) (s) = 1.

The recursive schemes of Eqgs. (13) and (15) establish the LSTs of level-k accreditation
intervals of types (iii) and (ii), respectively. Hence, all that remains is to establish a recursion
for a level-k accreditation interval of type (i). This leads us to our final pseudo-interruption

period:

Ag(?) (form =1,2,...,N) = A class-m pseudo-interruption period not initiating
at a preemption instant, but instead at the
arrival of a C; for ¢ < m to an empty system.

We consider A,(fffl) and remark that the initial subperiod is either R*) with probability A /Ay

or AI(,]Z) with probability Ay_;/Ax. Hence, for this level-k accreditation interval, the initial
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subperiod V' has LST
~ A ~ Arq ~
V) (5) = ZERW) (5) 4 2L AW (),

Po Ak Ak y 4
Thus,
AED () = Ay (s; V), (16)

Po ? " Ppo

and starting with ZI(,? (s) = 1, arecursive representation for gé’?” (s) is given by

_ M

g(k—&—l)(s) 0
k

Po

AW (s + 45 (1 = me(s)))

Ay ~
+ A_';Rw) (s + 751 = me(s)). (7

class—3 pseudo—interruption period
v R? ]

t

Figure 4: General structure of a class-3 pseudo-interruption period

For illustrative purposes, Fig. 4 depicts the general structure of a class-3 pseudo-interruption
period as described above. Also, expressions for both the first and second moments of each of
the pseudo-interruption periods can be found in the Appendix.

We next present three useful identities pertaining to the first moments of each of the pseudo-

interruption periods. The proofs of these identities are omitted, but are readily verified by
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—(k+1)

induction. Let U; = °7_, p; and U, I AMIRGEO), Fork =1,2,...,N — 1, we
therefore have ®
k ; 77 77k
\ b /b )E(G® U, —U
%E(Angl)) _ Zz ( k/(k_?_l ( ) _ k _(ki;)la (18)
and
Uy,
AEAEDYy = (19)
PO 1_ U,(;H_l)
Also, for each above value of k&, we have
U(’Hl)
(k+1) (m+1) m _
Ay IE(Apk+1 ) = —1 - U(mH) , m=12,... k. 20)

We end this section with a remark on the existence of pseudo-interruption periods in the

classical static preemptive priority queue.

Remark 4.1 The pseudo-interruption periods, Afp’;) and A§,’j> for all 5 > k, are also inherent
in the classical static preemptive priority queue. However, since priority is assigned via Eq.
(1) in this model, these pseudo-interruption periods are equivalently distributed to an actual

interruption period A™®).

S5 Residence periods and gross service times

In this section, we derive the LSTs of R*) and G*). We begin with a general observation
concerning the composition of a class-k residence period in the PAPQ. Specifically, it is possi-
ble that a C;, may suffer from several iid interruption periods (each having LST AW (s)) between
the moment of its first entry into service up until its eventual departure from the system. It is
important to note that this general observation also holds true for the class-£ residence period
in the classical static preemptive priority queue. In fact, the only difference in the general com-
positions of the class-£ residence period in the PAPQ and that in the classical static preemptive

priority queue is the preemption rate during a class-£ service. Thus, in order to obtain the LSTs
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of R*) and G® for the PAPQ, we simply apply the same analysis used in Conway et al. (1967)
except here we use the preemption rate supplied by Lemma 3.3.

As a result, the LSTs of R*) and G®) for each of the three preemption disciplines are as

follows:
Resume:
R®(s) = B® (s + AP (1 — AW (s))) 21)
G®(s) = B¥(s). (22)

Repeat-different:

(s+A) B® (s + Al

B9(s) = k k) = % (23)
s+ A,(c_)l - A;(g_)lA(’f)(s) <1 — B®W (s + A;E;_)1)>
Ak (s A1) BOGs + A%
s+ AP B® (s 1+ AP )
Repeat-identical:
R®(s) = E[E(e*"" | X ®)]
= ) | ~(s+A® )z
— (S + Ak_l)e (s+A,71) dB(k)(x) (25)
-0 A(k) . A(k) g(k) 1— —(s+A,§’“j1)m
r=085 4 Ny ho1 (s)(1—e )
é(k)(s) = E[E(6_5G<k) | X )]
00 )\ —(sA® g
:/ (5 +Ak_1)€ (s+A;20) dB(k)(x) (26)
k .
2=0 5 + AW — AP (1 — e~y

The first two moments of R*) and G*) for each preemption discipline can be found in

the Appendix. We next present a similar result to Lemma 3.4. Suppose that a class-(k + 1)
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residence period begins with an initial priority level of wg. Then, as similarly done for level-
k accreditation intervals, we define the arrivals-to-the-residence-period to be the time epochs
(during a class-(k + 1) residence period) for which a C; for i € {1,2,...,k} accumulates a

priority level equal to the initial level wuy.

Lemma 5.1 In the long run, the proportion of C;s for i € {1,2,...,k} who arrive-to-the-

residence-period and become level-k accredited is 1 — byy1/b;.

Proof. We omit the details, but state that one can use similar arguments as those in the proof of

Lemma 3.4 to prove this particular result. 0

6 Waiting time distributions

In this section, we derive the marginal waiting time LSTs. It is clear that C;s who arrive
to the system during an idle period enter into service immediately, and thus do not incur any
amount of wait. Let Wg‘; be the waiting time incurred by a C;, who arrives to the system during

a busy period. Therefore, we have

—~

W® (s) = mo + (1 — m0)WE(s), 27)

where my = 1 — U is the steady-state probability of the system being empty. We next define
ng to be the accumulated priority (immediately prior to entering service for the first time) of
a C;,, who arrives to the system during a busy period. Given that priority is assigned via Eq. (6),
it follows that
Wip(s) = Pyp(s/b): (28)
Hence, to find W ®*) (s), we first find }Njgjl(s) and subsequently apply Eqs. (27) and (28).
Recall that a C;, who arrives to the system during a busy period can only either be a C (@)

int:L)

for some ¢ > k or a C( for some ¢ > k. Let us denote a C;, of the former kind by C,gacc),
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and that of the latter kind by C lim). Furthermore, let ﬁa(cc)( ) and pk )( ) denote the LSTs of the

wnt

accumulated priority of a C,(:CC) and C ,gint), respectively. Then,

o 1 ace) int)
Pp(s) = 7—— | m 7 Bls) + o™ B (5)] 29)
— o
where W(GCC) and akmt) represent the steady-state probabilities that a Cj, arrives during a busy

period and is a C,(fcC or C,(:"t), respectively.

(lCC

6.1 The distribution of accumulated priority of a C

We present here a recursion for ]3553(3) First of all, let P( ;. denote the accumulated

priority of a C acch) Let P denote the accumulated priority of a C,gacaz for some ¢ > k.

unacc:k
Then,
1
P#)(s) = —W@[ P4 (s) Z T P )}, (30)
Ty, (=k+1

where ’/T](Cj ) is the steady-state probability that a C,, arrives to a busy period and is serviced at
level-j accreditation. Now, it follows from Lemma 3.1 and Remark 3.2 that the distribution
of accumulated priority of a C(*“% is the same regardless of the specific class to which the
customer belongs. This previous argument, coupled with the fact that W]ie) = (bgs1/ bk)ﬂ,(ﬁl
for £ > k (as shown in Section 6.3), ultimately leads to the following recursive scheme for the

desired LST:
P(k)( ) 1 (k)P(k)

acc (acc) acc:k
k

acc

(5) + 2L P s) . 3D
k

In order to find P( )

acc:k

(s), we first note that a C(***) (for any 1 < k < N) is always served in
a level-k accreditation interval. Now, suppose that a level-£ accreditation interval starts with an
initial priority level of uo. Then, the accumulated priorities of all C(*““*)s serviced in this inter-
val must have an accumulated priority which is greater than . In other words, the accumulated
priority of a C(®**) is decomposed into two parts: 1 and the additional accumulated priority

after having accumulated priority level u, which we denote by P(@°*) Tt is important to note
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that the distribution of P(@*) is independent of the specific value of uj (i.e., this independence
is similar to the one between W) and R™*)).

We next make our second use of the connection between the PAPQ and the M/G/1 queue
with accumulating priority and blocking, as outlined in Important Observation 2. In particular, it
follows from Important Observation 2 that the distribution of P(*¥) associated with an initial
delay V (i.e., the initial delay of the level-k accreditation interval), is given by (see Fajardo and
Drekic, 2015, Eq. (58))

(1= 7 1) (A (brr18) — V(bes))
E(V) (1 — bk+1/bk) (ka — Yk + 7,€<I>k(bks)) ’

where ﬂk(s) is given by Eq. (11) and pu; is the i-th moment of the random variable whose

j)v(acc:k) (S) = j)v(acc:k) (S; V) _

(32)

distribution has LST ®,(s). Note that the result in Eq. (32) was first derived by Stanford et al.
(2014) for the NPAPQ. Upon differentiation and after some algebra, we obtain the first moment

of Placck) ag

E(V?) br11/br
E P(acc k) by +
( ) <2E(V) 1— ”Y]E;kJrl)Mk,l

2
Vi lbk 2 bk+1/bk
0y P\, ) ) G
(1 — Yiept) L=y e

We must consider all of the level-k accreditation intervals in which a C(““*) can be serviced.
From the previous sections, we know that there are only three types of level-k accreditation
intervals, all of which correspond to a specific kind of pseudo-interruption period. In particular,
a Clecck) must be serviced within A(kJrl , Ag}H), or A(k+ ) for some j > k. Now, it follows
from independence that the LST of the accumulated priorities of C(*“*)s serviced in each of
these pseudo-interruption periods is simply a product of the LST of the initial priority level and
the LST of the additional accumulated priority P(¢¢k),

The initial priority level for a level-£ accreditation interval of type (i) is clearly zero. There-

fore, the accumulated priority of a C(2°**) serviced in A,,O smlply has LST Place R (s; V},O )
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acc:l) (acc:t)

A pseudo-interruption period An,, is initiated whenever a C; oraC, for ¢ > k enters

into service. Hence, the accumulated priority of a C(%°“*) serviced in A,(ZZH) and initiated by

a C\% or a Cacce has LST PY

acc:l

(s)Plaek) (s Vi)Y for all £ > k. Lastly, recall that the
pseudo-interruption period Ap,Z ) for ¢ > k initiates whenever a C, or a Cj, preempts a C, out
of service. Letting Pj,;., be the accumulated priority of a customer who preempts a C, out of

(int:0)

service, the accumulated priority of a C(*“*) serviced in AI(,,Z and initiated by a ct or a

CU™ ) has LST Pie(s) PR (5: Vi) for all € > k.
Next, we define the following steady-state probabilities:

(k:)

7, ~ = probability that a C is serviced at level-k accredita-
o i AU,
ioninan Ay ’;

W,(gk:”:z) = probability that a C, is serviced at level-k accredita-
tion in an A% which is initiated by a C{***” or a
clet for ¢ ks

ﬂ,(gk:m:z) = probability that a Cy, is serviced at level-k accredita-

tion in an ASTY which is initiated by a CY"*" or a

ci™ for £ > k.

Therefore, we have that

N
1 kz (acc:k) kil acc:k) k
— [P (s V) D OB (s PO (5, V)
Tk t=k+1

Sk
Pagcgzk(s) =

N
+ ) A P ()Pt (s, VD) | (34)

Pe
l=k+1

mt

6.2 The distribution of accumulated priority of a C

Let P*) be the accumulated priority of a C\""*"

) for £ > k. Similar to the decomposition in
the previous subsection, we have Pz(nt 0 = Up+ Pnt) where g is the initial priority level of the
class-¢ residence period R®) and P is the additional accumulated priority earned by the

interrupting customer after having accumulated priority level u. It is important to note that the
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distribution of P is independent of the value w,, which is equal to zero if the interrupted
Cy arrived to an empty system and is greater than zero otherwise (i.e., assuming that b, > 0).
Clearly, u, represents the accumulated priority of the C, immediately prior to the first time it

enters service, so that

" al(g()if)ﬁ(mtzf) (S) + Oé;(gl:f) ]ng)a (S)']S(int:ﬁ) (S)

k
Pot(s) = - , (35)
A
where:
a,(f) = probability that a C,, interrupts a C, (for ¢ > k) out of

service;

a}({o:z) = probability that a Cy, interrupts a C, (for ¢ > k), who
arrived to an empty system, out of service;

a,gl:z) = probability that a Cy, interrupts a C, (for ¢ > k), who
arrived to the system during a busy period, out of ser-
vice.

(0:0)

) /%@ = o and agm)/a@ = 1 — m for all

)

We show in the next subsection that «
i€ {l,...,k,...,£ — 1}. This implies that the distribution of the accumulated priority of
an interrupting customer is independent of the actual class to which the interrupting customer

belongs. Therefore, we can re-write Eq. (35) as

Fipe(8) = Para(s) = moP 0 (s) + (1 = mo) Pyip () PU9(s). (36)
Note that in the second equality above, we drop the superscript in the notation to indicate that
this distribution does not depend on the class of the interrupting customer. Furthermore, Eq.
(36) is used in Eq. (34). Itis also clear that a Cy, can interrupt any C; fori € {k+1,k+2,..., N}.

Therefore,
_ 1 & 05
k
Pl (s) = gy 2 i Pnse(s). (37)
O p=k+1

int:k)

To conclude this subsection, we establish P! for each of three preemption disciplines.
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Resume: Under this strategy, we can find ﬁ(i”t:k)(s) by conditioning on the partially com-

pleted service time, x &)

past» and the number of preemptions N encountered during that time. In

particular,
E(eisp(mt:k) ‘Xél;it — o N = n) — o5k [Av(k)(ka)}

By Lemma 3.3, given that X %) — z, N is Poisson distributed with rate A,(i)lx. Removing the

past
conditional statements, we readily obtain

_1- E(k)(Sbk + Al(c’i)l _ A,(i)lﬁ(k)(bks))

js(int:k) S _ ’ (38)
) B0 b+ AP, — A AO b))
with corresponding first moment
nt: E[(X®)?]
(int:k)\ _ (k) (k)
E(P ) = by ( SE(X®) (1+ A7, E(A™)) ). (39)

Repeat-different: Under this strategy, we can view each time a Cj enters into service as a

Bernoulli experiment, where a successful outcome is defined as service going to completion,
which happens with probability B® (A" ). Following the convention of Conway et al. (1967,
pp. 171-172), we denote the wasted service time random variable as xP (i.e., an interrupted

service attempt) whose LST is given by

k = k
A (L= BW (s + A7)
(s + 42)) (1= BOA))

Considering only the times when a class-£ residence period is in progress, define the system to

P(s) =

be in state m at a particular instant if the number of previous interruptions (not including the
current interruption period, if applicable) suffered by the oldest Cj is m. Suppose now that a
C, preempts a C; when the system is in state . This implies that, at the time our marked C,
begins service, the ongoing residence period is already comprised of m independent pairs of
x4 A®)followed by another independent X ™ Note that these 2m + 1 random variables

are all independent, and so

E(e=*P""" |state m) = [S((k)(bks)] " [A(k)(bks)] "

w
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If we define P, to be the steady-state probability that the system is in state m (i.e., P, =
IP(state m | R¥) in progress)), then the probability of a C, becoming accredited during a class-k
residence period while the system is in state m is also P, by virtue of the PASTA property (e.g.,

see Wolff, 1982). Therefore,

[e.9]

E(e=*P""™") me [X 5 (s }MH [ﬁ(k)(bks)}m.

Using results from semi-Markov theory and discrete-time Markov chains, it can be shown that

P, = E(k)(A,@l)[l — B® (A,E;k_)l)]m, thereby leading to

1 — B® (s + AP)

Plintik) gy — \ _ . (40)
(5) E(G®) (bys + AP | — AP A® (brs) (1 — B® (bs + AP))))
with corresponding first moment
E(P0) =, (W + AP E(AMEGD) ) . (41)

Repeat-identical: The derivation of ﬁ(i"t:k)(s) under the repeat-identical strategy is similar

to the repeat-different case; however, it is now necessary to condition on the originally drawn

service time of the Cy. Specifically, the desired LST under this discipline works out to be

~,. 00 (1 o 6—(Sbk+Ak_)1);U)
’P(mt:k)(s) = / k = - dB(k)(x) (42)
v=0 B(G®) (bys + AL, — AW AW (by5) (1 — e~ oM7)

In addition, we can express the corresponding first moment as

int: > JE(GW)?IXW = 4]
(int:k)y _

AP ARV E[GR | XE® = z])2
L D )]é(ﬁk))| ) }dB('“)(x). (43)

The first and second conditional moments of G*) found in the integrand of Eq. (43) are given

in the Appendix.
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6.3 Steady-state probabilities

We next derive formulas for the steady-state probabilities introduced in the previous sub-
sections. Clearly, 7\°? = SN 7% and o{™ = SN " o). The following proposition

provides the forms of the steady-state probabilities ﬂ,(f) and oz,(f).

Proposition 6.1 The probability that a C;, arrives to a busy period and is serviced at level-{
accreditation is

7 = TUy(by — by) /b, for > k. (44)

Furthermore, the probability that a C;, arrives to a busy period and preempts a C,; out of service
is

o\ = p(1 = by/by) forl >k (45)

Proof. We consider first the case for / = N. Note that a busy period is a level-/V accreditation
interval. Thus, from our previous arguments, we observe that a busy period is partitioned by
subperiods which can only either be level-(N — 1) accreditation intervals (i.e., class-N pseudo-
interruption periods) or class-/NV residence periods. Following the logic used in the proofs of
Lemmas 3.4 and 5.1, the proportion of a busy period which would lead to an eventual level-
(N — 1) accreditation of a Cy, is always 1 — by /by.. Therefore, by virtue of the PASTA property,
we have that 7T](§N) = Uby /by. Now, some of those Cys who earn level-(N — 1) accreditation
will enter into service by preempting a Cy out of service. In other words, these are the Cys
who become level-(/N — 1) accredited during the servicing of a Cy. The long-run proportion
of the busy period dedicated to the servicing of a Cy is py/Uy. It therefore follows that
o™ = pn(1 = bx/by).

The remaining proportion of Cxs who become level-(N — 1) accredited will do so during

the servicing of a C; for ¢ < N. This implies that these Cs are serviced in a class-N pseudo-

interruption period (or equivalently, in a level-(/V — 1) accreditation interval). Recall that a
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level-(N — 1) accreditation interval is again decomposed into subperiods which can only either
be a level-(N — 2) accreditation interval or a class-(/N — 1) residence period. Once again, the
same logic applied above establishes that the proportion of level-(N — 1) accredited Cys who
also become level-(N — 2) accredited is (1 — by_1/bg)/(1 — bx/by). Therefore, we have that
(N V_7 ~N-1(bn—1 — by)/by. Furthermore, since py_ /UN_l represents the conditional

probability that a Cy_; is in service given that some customer belonging to one of classes
{1,2,..., N — 1} is in service, it follows that a,(ngl) = pn-1(1 —by_1/b).

By continuing along in this fashion, we eventually establish the remaining probabilities. [

To find w,(ck”'), W,(Ck:iizz), and W,(gk:iiize) for ¢ > k, we first need to find the long-run proportion of
time that all of these level-k accreditation intervals are in progress. It follows from Lemma 3 that
the desired probabilities are found by multiplying the previous proportions by (by — bg11)/bk.
In particular, the long-run proportion of time that an ApO )is in progress is given by

U
1 UkkJrl)’

ToAE(ASH) = mg

where the equality holds by Eq. (19). Therefore, we have that

(ki) Uy, (bk - bk+1)
T, = 7r0 . (46)
B U,ikﬂ bi

We similarly obtain the following results for ¢ > k:

(kiiizt) Uyr, pi((be = bes1) /b:) | [ by — b 47
Tk - (k+1) b ) (47)
1-T' K
and ©
—(
ki pU b, — b1
ikttt - ( ; ) . (48)
1- TV k
One can easily verify that 7" = 7" 4 S I a0 T 7F n addition, we
readily obtain from Lemma 4 that
oy = mope(1 — be/by), (49)
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and

oz,(gl:g) (1 — 7o) pe(1 — by/by). (50)
6.4 Connections between the PAPQ and other queueing models

We begin with a remark concerning the LST of the waiting time distribution of the lowest

(acc

priority class, W )(s). Note that since by = 0, it follows that ) = U. Furthermore, it is
clear that Cys can never preempt another customer out of service, and thus it is readily observed

from Egs. (29) and (34) that

(N+1) T (N)
~ - 1— 1- VM0
Pg]\?(s) — P(acc:N)(S, V(N)) _ ( TN NN,l)( Po ( NS)) (51)

o E(Vi) (bns — v +InvPr(bys)) .

The waiting time LST of the lowest priority class is readily obtained via Eqs. (27) and (28).

Moreover, Eq. (51) serves as the starting point for the recursive scheme to establish the remain-
ing LSTs Py, (s), PO (s), ..., PY)(s) given in Egs. (29), (31), (34), (35), and (37).
Under a preemptive resume service discipline, Eq. (51) yields after some algebra the fol-

lowing expression for the class-/V waiting time LST:

(N) U
WM (s) = (s + Ay (1 —¥w-a(s)(1 = T) , (52)

s = Yoy Milb/bi) (1= BO (s + AGY, (1= vn_i(9))))

where
N-1 () Y
Un-1(s) = Z A(ZN) B9 (s + AR (1 - Un-1(s))). (53)
=1 N-1

We remark that Eq. (52) is identical to the waiting time LST of the lowest priority class in the
NPAPQ (see Stanford et al., 2014, Eq. (65)). This relationship is well understood due to the fact
that the non-preemptive and preemptive resume service disciplines are both work-conserving
disciplines. We note that the same relationship holds in the case of the static non-preemptive
and preemptive resume priority queueing models (e.g., see Takagi, 1991).

We end Section 6 with two limiting cases of the PAPQ involving the ratio by /b; which

must lie in the interval [0,1]. On the one hand, suppose that by 1 /b, ~ 1 forallk =1,2,... , N—
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1. Under this setting, it is quite difficult for customers of higher priority to preempt cus-
tomers of lower priority. Hence, as the ratio by /b, approaches one, the PAPQ approaches
the FCFS M/G/1 queue whose arrival rate is Ay and service time LST is given by E(s) =
(1/An) X, MBO(s).

On the other hand, suppose that by 1 /b;, ~ 0 forall k = 1,2,..., N — 1. In contrast to the
previous situation, it is now easier for higher priority customers to preempt lower priority ones
out of service (i.e., preemptions essentially occur at higher priority customer arrival instants).
Therefore, as by 1/bx gets closer to zero, the PAPQ approaches the static preemptive priority
model. These limiting cases illustrate a potential benefit in that the PAPQ can be useful to sys-
tem managers of FCFS queueing systems who wish to implement a static prioritization scheme,
but feel that the resulting congestion would still be too great. In such situations, the PAPQ is
a viable alternative as it could provide the desired balance between the two extremes of FCFS

and static preemptive priority.

7 Numerical examples

In this section, we present two numerical examples which illustrate the versatility of the
PAPQ. It is well understood that the main advantage of the PAPQ (and other dynamic priority
queues of the like) is the ability to control waiting times through the selection of the accumu-
lating priority rates {b;,}2_,. For our first example, we consider a 3-class PAPQ with class
arrival rates Ay = 0.25, A\ = 0.2, and A3 = 0.14. Furthermore, we assume that X0 ~
Gam(0.25,0.25), X® ~ Gam(2,1.6), and X©® ~ Gam(3,2), where “Gam(c,3)” denotes the
gamma distribution with LST B(s) = (1 + s/)~®. This example was first considered by Dre-
kic (2003, p. 69) in which a static priority queue under a hybrid-based preemption discipline

(called the preemptive resume with expiry time discipline) was analyzed. The accumulating
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priority rates are arranged as follows:
biy=1, by=¢€¢% and by=e2® forsomex > 0. (54)

We conduct a mean value analysis for this particular PAPQ by tabulating, over a range of
values for z, the expected values of W*) and F*), k = 1,2, 3, under all three preemption dis-
ciplines. The results are reported to 4 decimal places of accuracy in Tables 2 and 3. Moreover,
if we define N*) as the steady-state number of Cs waiting in the queue, then it immediately
follows via the distributional form of Little’s Law (e.g., see Keilson and Servi, 1990) that the
z-transform of N'¥) is given by

~

N®(2) = B(zNY) = W® (1 = 2)). (55)

Table 4 reports to 4 decimal places of accuracy the expected values of N*), k = 1,2, 3, over
the same range of values for x.

Note that as x — 0o, Eq. (54) implies that by 1 /b, — 0 for k = 1, 2, and the PAPQ becomes
equivalent to the static preemptive priority model. Hence, when = = 100 (corresponding to the
first row of Tables 2—4), we expect the results to be fairly close to the static preemptive priority
model (see Drekic, 2003, Tables 1 and 2). This is indeed the case. Conversely, we observe that
bpr1/br — Llasx — 0 for k = 1,2. As we move down the rows in Tables 2—4, the results are
approaching those of the limiting FCFS M /G /1 queue (as described in Section 6.4), and these
results are consistent under all three preemption disciplines.

Our second example takes inspiration from the 2-class static priority queue analyzed in
Conway et al. (1967, p. 177) for which both class-1 and class-2 service times are assumed to
be exponentially distributed with mean one. Conway et al. (1967) analyzed the overall mean
flow time (i.e., (M E(FM) 4+ ME(F®))/A,) of this system across several different values of
A1 and \o. Their results illustrated the generally accepted assertion which states that the repeat-

identical discipline suffers most from congestion than the other two preemption disciplines.
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Table 2: Expected waiting times for three preemption disciplines in Example 1

Resume Repeat-Different Repeat-Identical
v E(W(l)) E(W(Q)) IE(W(3>) E(W(l)) IE(W(Q)) E(W(S)) E(W(l)) E(W(Q)) IE(W(3>)
100.0000 | 0.8333 2.2917 7.3750 | 0.8333 2.5798 12.8610 | 0.8333 4.1539 101.6713
10.0000 | 0.8334 2.2918 7.3748 | 0.8334 2.5802 12.8604 | 0.8335 4.1579 101.6498
7.5000 | 0.8340 2.2934 7.3730 | 0.8341 2.5841 12.8542 | 0.8350 4.2033 101.4103
5.0000 | 0.8414 2.3130 7.3501 | 0.8436 2.6311 12.7792 | 0.8578 4.7368 98.5466
2.5000 | 0.9531 2.5401 7.0614 | 1.0031 3.1496 11.8632 | 1.4872 9.0468 70.4359
1.0000 | 1.6460 3.1987 5.8924 | 2.0340 4.2534 8.5789 | 4.1032 9.8782 23.1396
0.7500 | 1.9670 3.3600 5.4721 | 2.4439 4.3695 7.5254 | 4.4425 8.6005 16.1676
0.5000 | 2.4029 3.5121 4.9590 | 29137 4.3541 6.3174 | 45066 6.9804 10.5447
0.2500 |2.9742 3.6310 4.3570 | 3.3717 4.1415 5.0067 | 4.2389 5.2549 6.4186
0.1000 | 3.3856 3.6743 3.9613 | 3.5887 3.8988 4.2086 | 3.9343 4.2807 4.6284
0.0100 | 3.6564 3.6868 3.7151 | 3.6797 3.7103 3.7389 | 3.7134 3.7444  3.7733
0.0010 | 3.6844 3.6874 3.6903 | 3.6867 3.6898 3.6926 | 3.6901 3.6932  3.6960
0.0001 | 3.6872 3.6875 3.6878 | 3.6874 3.6877 3.6880 | 3.6878 3.6881 3.6884
0.0000 | 3.6875 3.6875 3.6875 | 3.6875 3.6875 3.6875 | 3.6875 3.6875  3.6875
Table 3: Expected flow times for three preemption disciplines in Example 1
Resume Repeat-Different Repeat-Identical
v IE(F(1>) IE(F(2)) IE(F(3>) E(F(l)) IE(F(Q)) IE(F(3)) E(F(l)) ]E(F(2>) IE(F(3))
100.0000 | 1.8333 3.9583 10.3750 | 1.8333 4.3767 16.7380 | 1.8333 6.3121 107.6576
10.0000 | 1.8334 3.9585 10.3748 | 1.8334 4.3770 16.7374 | 1.8335 6.3161 107.6358
7.5000 | 1.8340 3.9598 10.3721 | 1.8341 4.3805 16.7298 | 1.8350 6.3607 107.3924
5.0000 | 1.8414 3.9759 10.3399 | 1.8436 4.4231 16.6381 | 1.8578 6.8860 104.4824
2.5000 | 1.9531 4.1624 9.9338 | 2.0031 4.8882 15.5157 | 2.4872 11.0992 75.8297
1.0000 | 2.6460 4.6833 8.2893 | 3.0340 5.8114 11.4456 |5.1032 11.6157 26.8298
0.7500 | 2.9670 4.7999 7.6980 | 3.4439 5.8688 10.1226 | 5.4425 10.2404 19.3615
0.5000 | 3.4029 4.8985 6.9762 | 39137 5.7831 8.5921 | 5.5066 8.5060  13.1888
0.2500 |3.9742 49542 6.1294 | 4.3717 5.4875 6.9106 | 5.2389 6.6500 8.4846
0.1000 | 4.3856 4.9547 5.5726 | 4.5887 5.1888 5.8727 | 4.9343 5.5903 6.3503
0.0100 | 4.6564 49399 52264 | 4.6797 49644 52554 | 477134 5.0004  5.2951
0.0010 | 4.6844 49377 5.1914 | 4.6867 4.9402 5.1943 | 4.6901 4.9438 5.1982
0.0001 | 4.6872 49375 5.1879 | 4.6874 4.9378 5.1882 | 4.6878 4.9381 5.1886
0.0000 | 4.6875 49375 5.1875 | 4.6875 4.9375 5.1875 | 4.6875 4.9375 5.1875
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Table 4: Expected number of waiting customers for three preemption disciplines in Example 1

Resume Repeat-Different Repeat-Identical
t E(ND)  E(N®)  E(NG®) [ ENOD)  EN®) EWN®) | EWD)  EN®)  ENO)
100.0000 | 0.2083 0.4583 1.0325 | 0.2083 0.5160 1.8005 | 0.2083 0.8308 14.2340
10.0000 | 0.2083 0.4584 1.0325 | 0.2084 0.5160 1.8005 | 0.2084 0.8316 14.2310
7.5000 | 0.2085 0.4587 1.0322 | 0.2085 0.5168 1.7996 | 0.2088 0.8407 14.1974
5.0000 | 0.2104 0.4626 1.0290 | 0.2109 0.5262 1.7891 | 0.2144 0.9474 13.7965

2.5000 | 0.2383 0.5080 0.9886 | 0.2508 0.6299 1.6608 | 0.3718 1.8094 9.8610
1.0000 | 0.4115 0.6397 0.8249 | 0.5085 0.8507 1.2011 | 1.0258 1.9756 3.2395
0.7500 | 0.4918 0.6720 0.7661 | 0.6110 0.8739 1.0536 | 1.1106 1.7201  2.2635
0.5000 | 0.6007 0.7024 0.6943 | 0.7284 0.8708 0.8844 | 1.1266 1.3961 1.4763
0.2500 | 0.7435 0.7262 0.6100 | 0.8429 0.8283 0.7009 | 1.0597 1.0510 0.8986
0.1000 | 0.8464 0.7349 0.5546 | 0.8972 0.7798 0.5892 | 0.9836 0.8561 0.6480
0.0100 | 09141 0.7374 0.5201 | 0.9199 0.7421 0.5234 | 0.9283 0.7489 0.5283
0.0010 | 0.9211 0.7375 0.5166 | 0.9217 0.7380 0.5170 | 0.9225 0.7386 0.5174
0.0001 | 0.9218 0.7375 0.5163 | 0.9219 0.7375 0.5163 | 0.9219 0.7376 0.5164
0.0000 |0.9219 0.7375 0.5163 | 0.9219 0.7375 0.5163 | 0.9219 0.7375 0.5163

In our investigation, we consider the same model as Conway et al. (1967) with the exception
that priority is assigned according to Eq. (6). The accumulating priority rates are such that
by = 1 and 0 < by < 1. Furthermore, we assume that A\; = 0.4 and Ay, = 0.3. Our study focuses
on the marginal waiting time distributions across several values of b,. In particular, we compute
waiting time probabilities for both classes via numerical inversion of the LST given by Eq.
(27). To conduct the numerical inversion, we employ the two methods outlined in Abate and
Whitt (1995). Both methods (referred to as EULER and POST-WIDDER) are used to confirm
the accuracy of the overall numerical inversion. For our example, we employed the EULER
and POST-WIDDER methods using the authors’ suggested parameter settings (see Abate and
Whitt, 1995, Section 3) and found that the two methods produced equivalent results.

It is important to note that, in this example, the resume and repeat-different (RD) disciplines
yield the exact same results. This is due to the memoryless property of the class-2 service

time distribution. Figs. 5 and 6 plot the waiting time dfs of both classes (for various values
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of by) under the resume/RD and repeat-identical (RI) disciplines, respectively. Furthermore,
in Table 5, we calculate to 2 decimal places of accuracy several quantiles of the waiting time
distributions under the resume/RD and RI disciplines, where w(gk) denotes the g-th quantile of
W®*) satisfying P(W*) < wék)) = ¢. In addition, in Table 6 we compare the corresponding
medians and expected values of W *) for k = 1, 2.

We observe that the PAPQ approaches a FCFS queue as b, approaches one. However, the
convergence appears to be slower under the RI discipline than it is in the resume/RD case. The
benefit of the PAPQ here, as evidenced by Tables 5 and 6, is the ability to control waiting time

distributions, allowing one to select the appropriate value of b, to satisfy a certain performance

metric.

Class-1 waiting time df (RESUME/RD) Class-2 waiting time df (RESUME/RD)

1.0 1.0

e — b,=001 — — b, =0.01
09l — b, =025 09l — b, =025
— b, =050 — b, =050
— b, =0.75 — b, =0.75
0.8 — b, =099 0.8y — b, =0.99|]
= 0.7 = 0.7
Vi Vi
<06 % 0.6}
0.5 0.5}
0.4 “ 0.4
0.3 0.3
0 5 10 15 20 25 0 10 20 30 40
t t
(a) Class-1 waiting time df (b) Class-2 waiting time df

Figure 5: Marginal waiting time dfs for various values of b, (under RESUME/RD) in Example
2
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(a) Class-1 waiting time df (b) Class-2 waiting time df

Figure 6: Marginal waiting time dfs for various values of b, (under RI) in Example 2

Table 5: Some quantiles of W) (k = 1, 2) for various values of b, in Example 2

Resume/Repeat-Different

1) (2) 1) (2) (1) (2) (1) 2) 1) (2)
by w((mo Wo.70 w((J.SO Wo.g0 | Wooo  Wo.90 Wo.05 w(().95 w((J.QQ Wo.99

001 | 051 412 | 1.18 6.63 | 234 11.24 | 350 16.08 | 6.18 27.75
025|152 371 | 228 582 | 357 9.60 | 483 1349 | 7.70 22.69
0.50 | 2.08 336 | 308 5.16 | 476 830 | 643 11.49 | 10.25 18.97
075|249 307 | 369 462 | 572 729 | 774 998 | 1244 16.23
099 | 281 283 | 416 419 | 646  6.52 876 884 | 14.10 14.23

Repeat-Identical

1 2 1 2 1 2 1 2 1 2
by w(().go w(();o w(().zgo w(().go wt(),sgo w(().go w(().35 w(()'9)5 w(().gg w(().sgg

001 | 1.49 61.06 | 222 96.87 | 3.54 172.01 | 495 26894 | 892 654.36
025 | 490 16.79 | 7.34 26.67 | 12.19 46.36 | 17.98 69.65 | 36.24 14291
050 | 412 737 | 6.19 1151 | 10.10 19.41 | 1448 28.21 | 26.50 52.32
075 | 336 421 | 502 642 | 801 1041 |11.16 14.62 | 19.02 25.12
099 | 284 286 | 420 424 | 6.54  6.60 888 896 | 1432 1446
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Table 6: Comparison of the median and mean of W®) (k = 1,2) for various values of b, in
Example 2

Resume/Repeat-Different Repeat-Identical
by | whsy wio | EWY) EW®) | whsy wysy | EW®Y) EW®)
0.01 | 0.05 1.36 0.69 3.86 0.65 24.39 1.41 74.99
0.25| 057 1.29 1.26 3.33 220 642 4.83 17.62
0.50 | 0.82 1.23 1.71 2.92 1.75 2.83 3.79 7.08
0.75 | 099 1.17 2.06 2.59 1.38  1.66 2.92 3.75
099 | 1.12 1.12 2.32 2.34 1.13  1.14 2.35 2.37

8 Conclusions

In this paper, we presented the PAPQ and obtained the steady-state waiting time distributions
of each class. Our method of analysis used the maximal priority process of the PAPQ and related
it to the maximal priority process of the FCFS M /G /1 queue with accumulating priority and
blocking, as introduced by Fajardo and Drekic (2015). We stress that this approach mimics
that used for the analysis of static preemptive priority models where one relates the virtual wait
process in those models to the virtual wait process of the classical FCFS M /G/1 queue (e.g.,
see Brill, 2008).

As evidenced by our two numerical examples, the main benefit of incorporating the PAPQ
is the ability to control waiting times. The ability to control waiting times has served as the pri-
mary motivation for researchers studying dynamic priority queues in the past. While this control
has mainly been administered through the expected waiting times, our paper also enables one to
control waiting times via other performance measures such as their quantiles. By appropriately
selecting the parameters {b;}2 |, a system manager can fine-tune its system so as to satisfy a
wide variety of performance metrics. We have also demonstrated that the static priority queue is
a limiting case of the PAPQ. We further believe that several other previously analyzed static pri-
ority queueing models can be generalized by incorporating a similar accumulating prioritization

structure.
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Appendix

It is well-known that the first two moments of a random variable can be obtained from evalu-
ating the first and second derivatives of the corresponding LST at s = 0. We use the LSTs given
in Egs. (13), (15), (16), and (21)—(26) to obtain the first two moments of the service-structure
elements. Omitting the straightforward but tedious algebraic details, we simply present these
formulas below:

AMTVEARY,) + M TVE(RO)

E(AMHD) =
A+ (1 _ o /\ibm—bzzmﬂ E(A™) )\WH)E(R(m)))

Pk+1

., m=12 ...k
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Yo (A(kﬂ)E(AéTfl) + Aq(v’i“)E(R(m)))

m—1
E((4310)7) = 3
Pk+ A%—I—l) (1 . Z;i—ll )\z bm—blzm+1 ]E(A,(f;)) _ /\1(7271+1)]E(R(m)>>
(1= 3D ) (ASDE((AF)2) + AE VR ((ROV)2) ) o
T, m=12...,
As’;—l—l) (1 i Z:’i—ll )\z bm_bl:erl E(A%T;)) _ )\S’Ln-i-l)E(R(m)))
=1\ b AR) (k)
E(Ag;fl)) _ Zi:l Ai biE(Anp) ‘Z/\kE(Rk 1)
(1= T AR - AVERS))
(o412 ST AEE((AY)) + ME((R)?)
E((A"p F) = k=1 \ bp—b () (k+1) o) 2
Tk (1 — i )‘i%E(AnN — A E(R ))>
(k)
]E(AZ()k—i-l)) — Ax1E(Ap) + Ak]E(R(k))k
0 - —Uk41
A (1= SIS AR E(AR) — APE(R®))
E((A%)?) Vs (Mt ECA) + ME(RD))
0 = 3
p A (1= DI AEERE(AR) - AVR(R®))
(1= ) (A E((AR)2) + ME((R©)?) )
+ 3
Ay (1= S AR EAR) - ATVE(R®))
Resume:
E(R®) = (1+ A E(AM))E(X™W)
E((RM)?) = (1+ A7, E(AW))"E((XW)?) + A E(XP)E((AM)?)
E(GH) =E(X®)
E((GM)?) =E((x™)?)
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Repeat-different:

E(RY) = (1+ A2 EA)EGY)
B((RW)?) = (1+ A EAO)E((GV)?) + AL E((AW)?)EG)

+ 200 B(AW) (1 4+ AP B(AW)) (E(GW))*

9 _
E((GM)?) = . (1 — BWA® ) - A;’?IE(X<k>e—Aé’?1X<k>))

Repeat-identical:

E(RM) = (1+ AP E(AM)EG®)

E((R™)?) = (1+ AL E(AD)E((GP)) + A2 E((AY)*)EG®)
k (k) k
n 2R (A )>(1 + A2 E(AC )>)E((6A,§’“)1X(k> B 1)2)

k
Ve
AP x®) B® (-Af) -1
Y 1 s
E(G®) =E[E(GW|XW)] = E R !
A(k) A(k)
k—1 k—1

E((G*)?) =E[E((G®)2| X ®)]

k-1
2 /s k ~ k k (k) X (k)
T A®? (BO(=20)) = BO(=AL,) - AP E(X0MDXD))
k-1
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