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Abstract

We consider the convex parametric quadratic programming problem when the end of the para-
metric interval is caused by a multiplicity of possibilities (“ties”). In such cases, there is no clear
way for the proper active set to be determined for the parametric analysis to continue. In this
thesis, we show that the proper active set may be determined in general by solving a certain non-
parametric quadratic programming problem. We simplify the parametric quadratic programming
problem with a parameter both in the linear part of the objective function and in the right-hand
side of the constraints to a quadratic programming without a parameter. We break the analysis
into three parts. We first study the parametric quadratic programming problem with a parame-
ter only in the linear part of the objective function, and then a parameter only in the right-hand
side of the constraints. Each of these special cases is transformed into a quadratic programming
problem having no parameters. A similar approach is then applied to the parametric quadratic
programming problem having a parameter both in the linear part of the objective function and in

the right-hand side of the constraints.
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Chapter 1

Introduction

The general parametric quadratic programming (PQP) problem is
. oo L
mln{(c—l—tq)x—i—§x Czx | Az < b+ tp}, (1.1)

where ¢ and ¢ are given n-vectors, b and p are given m-vectors, C is a given (n, n) symmetric

"is a given (m, n) matrix, where a; is an n-vector,

positive semi-definite matrix, A = [aq, ..., Q]
i=1,...,m, and z is an n-vector whose optimal value is to be determined. Throughout this thesis,
prime( /) denotes transposition. All vectors are column vectors unless primed. For quick reading,

the end of a proof will be denoted by a hollow box (O) and the end of an example will be denoted

by a diamond (<).

The optimality conditions [1] for (1.1) are

Az < b+ tp, (1.2)
—(c+tq) — Cx = Au, u>0, (1.3)
u'(Az — b —tp) = 0. (1.4)
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We refer to (1.2), (1.3) and (1.4) as primal feasibility, dual feasibility and complementary slackness,
respectively. For a convex parametric QP problem, these conditions are necessary and sufficient

for optimality.

It is known [1] that both the optimal solution and the associated multiplier vector for (1.1) are
piecewise linear functions of ¢ in a finite set of intervals tg <t <ty, t1 <t <tg,..., ty_1 <t < ty,
and tg < t1 < ty < ... < t,. Each interval corresponds to a different set of the active constraints.
At the end of each interval, either some previously inactive constraints become active, or some
previously active constraints become inactive, or both. Each ¢; corresponds to a “corner” point.

The optimal solution and the associated multiplier vector are of the form

p

hig + thag 0<t<ty

hi1 + thoi t1 <t <ts
z(t) =

hij + tha; t; <t <tj

hiv—1+thap—1 ty—1 <t < ty,

and
u1g + tugg 0<t<ty
w11 + tugy t1 <t <ty
u(t) =
u1j + tug; tj <t <tju

Ul p—1 + tu?,v—l ty—1 <t < ty,

where hij and ho; (j =0,...,v — 1) are n-vectors, ui; and ug; (j =0,...,v — 1) are m-vectors.

In each interval j, x(t) and u(t) must satisfy the primal and dual feasibility. The first restriction
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that x(t) is feasible implies ¢j41 < fj+1, where
~ bi - a’-hlj
tixy = min{——+—
! {CLQ 25 — Pi ’
bl — afhlj

; .
ahaj — py

all + =1,...,m with a;hgj > i},
(1.5)

The second restriction that u(t) is non-negative implies ¢;41 < fjH, where

—(u1;);

tisn = min{m |all i = 1,...,m with (ug;), < 0},
5 )i
= Uk (1.6)

We have used (u1;), to denote the i-th component of u1;, and (ug;), to denote the i-th component
of ug;. We use the convention fj+1 = 400 to mean that ajhg; < p; for all i = 1,...,m. These two

restrictions above give the upperbound of the interval; i.e., t;11 = min{fjH, fj+1}.

Definition 1.1

(a) The problem (1.1) has primal ties at the corner point tji1, if tj+1 < tj+1 and the mini-
mum in (1.5) is obtained for at least two distinct indices.

(b) The problem (1.1) has dual ties at the corner point tji1, if tjr1 < tj4+1 and the minimum in
(1.6) is obtained for at least two distinct indices.

(¢) The problem (1.1) has primal-dual ties at the corner point tj 1 if tjr1 =tj41.

(d) The problem has ties at the corner point tji1 if it has primal ties, dual ties or primal-dual ties.

If there are no ties at all the corner points, the PQP problem (1.1) can be solved by using Best’s
method [2].

For the remainder of this chapter, we will present some basic properties of the PQP plus a
number of examples which illustrate the types of problems which can arise when ties do occur. We

begin with an example of a PQP which has no ties at the corner point.
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Example 1.1

minimize : (=2 +t)z; — 2w9 + 27 + %x%

subject to: <1, (1)
2 < 1, (2)

x1 >0, (3)

xg > 0. (4)

For every ¢ with ¢ < 0, the optimal solution is z(t) = (1, 1)’. There are no ties at t = 0.

The first two constraints are active at t = 0. The first constraint becomes inactive and the second

constraint remains active when ¢ increases a small amount from 0. The optimal solution is

_ 1
x(t) = [1 "’t],
1

for every t with 0 <t < 2.

x2

D=

Figure 1.1: An example of no ties with ¢ in the linear part of the objective function.

The geometry of this example is illustrated in Figure 1.1, where the feasible region is shaded.
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The objective function is an ellipse, its center moves along the line x9 = 2 from the point (1,2)" to
the point (0,2)’, as ¢ increases from 0 to 2. The optimal solution moves along the line xo = 1 from

the point (1,1)" to the point (0,1). For every t with ¢ > 2, the optimal solution is (0,1)". <&

Best [2] solves the PQP problem under the assumption that ties do not occur at the corner
points. He gives an algorithm which requires solving linear equations with the coefficient matrix

!/

c¢ A

H; =
T4 0

where A;- is the matrix of gradients of all the constraints active at iteration j.

Best proves one of the properties of H(A) as follows [2]:
c A

A
is nonsingular only if s'C's > 0 for all non-zero s such that As = 0.

Let H(A) = , where A is any (m, n) matrix. Suppose A has full row rank. Then H(A)

Suppose (1.1) has an optimal solution z(t;) for ¢t = t;. Suppose A;- is the matrix of gradients
of all the constraints active at z(¢;); b; and p; are vectors whose components are associated with

the rows of A;, respectively. Assume A; has full row rank and s'C's > 0 for all s # 0 with A;s = 0.
c A
Then, H; = T s non-singular. The optimality conditions assert that the optimal solution
A; 0
J
x(t;) and the associated multiplier vector v(¢;) are uniquely determined by the linear equations

[x(tj)] [—c —q]
H; = :
U(t]’) bj bj

The full (m-dimensional) vector of multipliers, u(t;), is obtained from v(t;) by assigning zero to

+t

those components of u(t;) associated with constraints inactive at z(¢;), and the appropriately

indexed components of v(t;), otherwise.

Now suppose t increases from t¢;. Let z(t) denote the optimal solution and v(t) denote the
multiplier vector whose components are associated with the active constraints as functions of the

parameter t. Provided there are no changes in the active set, z(¢) and v(t) are uniquely determined
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NN
H; = +t .
v(t) bj | Dj

The solution can conveniently be obtained by solving two sets of linear equations:

by the linear equations

hlj —C
H; - : (1.7)
Lo | L by
o] Ta]
H; - , (1.8)
Lvaj | LDy

which both have the coefficient matrix H;. Having solved these for hij, hoj, v1; and vgj, the
optimal solution for (1.1) is

l‘(t) = hlj + thzj, (1.9)

and the associated multiplier vector is
'U(t) =wv1; + t'UQj. (1.10)

The full vector of multipliers u(¢) may be obtained from v(¢) and the set of the constraints inactive
at x(t;). We write u(t) as

u(t) =u1; + t’U,Qj. (111)
We set tj41 = min{tj41, tj+1}, where

. . by —alhy;
fjy1 = min{—" |

a;n2; — Pi
bl — a;hlj

7 )
ahaj — py

all e =1,...,m with a;th > i},

(1.12)

- - —(u1y)

tiv1 = mm{ﬁ |all i = 1,...,m with (ug;), < 0},
)4

_ () (1.13)

(u2)y,
Then the optimal solution is given by (1.9) and the associated multiplier vector is given by (1.11),

for every t with ¢; <t <t;41.
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The algorithm leaves a specified method by which the linear equations (1.7) and (1.8) are solved.
Possible ways of solving them are factorizations of H;, submatrices of H;, or partitions of H i L
It shows updating formulae for the new factors when A; is modified by the addition, deletion,
or exchange of a row. At the end of each parametric interval, the active set changes by either
adding, deleting or exchanging a constraint, with the assumption that no ties occur. The method
terminates when either the optimal solution has been obtained for all values of the parameter, or,
a further increase in the parameter results in either the feasible region being null or the objective
function being unbounded from below. It uses the linear equation solving method associated with
a particular quadratic programming algorithm to provide a natural extension of that method for

the solution of the PQP problem (1.1).

Ritter [2] gives a more general method for the PQP problem with ties. In his method, he solves
the similar linear equations with the same coefficient matrix H; in each iteration j. If at a corner
point ¢;, there are ties, then the method chooses an € > 0 sufficiently small, and solves the problem
from ¢t =t; + e < t;11, which has no ties. The difficulty of this approach is that ¢;4; is not known
before we determined the optimal solution for the interval j. Therefore we do not know how small

to make € such that ¢t <+¢;,4.

Perold [4] does not consider the possibility of “ties” when describing a parametric algorithm for

large-scale mean-variance portfolio optimization problems.

In practice, PQP problems can be quite large. For example, portfolio optimization problems
may have many thousands of variables. There may exist ties at the corner points. If there are ties,
it is not easy to decide which constraints become active and which constraints become inactive in

the next interval of ¢.

Suppose t = t; is a corner point, and assume that there are ties at ¢;. There may be many
subsets of linearly independent gradients of the active constraints, and it is hard to find which

subset will remain active when ¢ increases a small amount from ¢;.



CHAPTER 1. INTRODUCTION 8

Arseneau [5] develops an PQP algorithm in which “ties” may occur. The algorithm solves
a convex quadratic programming problem where both the objective function and the constraints
involve a small and positive scalar ¢ if the corner point ¢; has “ties”. However, ¢ is only used to
symbolically determine the current active set. A numerical value for ¢ is never used. The algorithm
is modified from algorithm in [2]. This modified QP algorithm give an efficient way to solve the

PQP problem with ”ties”, however, it is complex and needs several assumptions.

Berkelaar, Roos and Terlaky [8] introduce an algorithm for solving a parametric QP with
the perturbation either in the linear part of the objective function or in the right-hand side of
the constraints. They use the optimal set and optimal partition approach to solve the problem
when degeneracy occurs. It is an algorithm using primal and dual optimal solutions. Terlaky
and his students Hadigheh, Romanko [9] extended the algorithm for solving the convex quadratic
optimization with the perturbation with in the linear part of the objective function and in the

right-hand side of the constraints.

The convex parametric quadratic programming problem can also be solved by a different method
of solving a parametric LCP (linear complementarity programming) problem [10]. In order to solve

the parametric PQP problem of the following form:
minimize :  (c+ Ac*)'z + 22/ Dx
subject to: A x > b+ b,
z > 0,

where D is a symmetric positive semi-definite matrix and A\ is the parameter, we can solve a
parametric LCP problem

w—Mz = g+ A,

E
N
%
=

where
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Since M is a positive semi-definite matrix, this parametric LCP can be solved by the algorithm

given in Murty’s book [10].

The contribution of this thesis is to provide solutions for (1.1) in the presence of ties, by
simplifying the parametric QP problem into a related QP problem without the parameter. The
results depend on a number of special cases which will be analyzed separately. In the rest of this

chapter, we will give a series of numerical examples which will illustrate the nature of the problem.

The following is an example of a PQP problem having a tie at the corner point with the
parameter ¢ only in the linear part of the objective function. The problem will be solved in Section

2.1 by the method proposed in this thesis.

Example 1.2
minimize :  — %xl + (-% +t)xo + %x% + 2

subject to: x1 + 2z < 2, (1)

2¢1 + m < 2, (2)
. + a2 < 3 (3)
x1 > 0, (4)

xg > 0. (5)

When —% < t <0, the optimal solution is xg = (%, %)’ , the first three constraints are active at
xo and their gradients are linearly dependent. The multiplier vector for the first three constraints

is

U1 —t
u= |uz| = % +t|,
us —t
for every t with —% <t < 0. When t increases from negative to zero, u; and us become zero

simultaneously, therefore, there are dual ties at the corner point ¢ = 0. When ¢ increases a small
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amount from zero, both the first and the third constraints become inactive and only the second

constraint remains active. The optimal solution is

2, 2
3+ gt
o(t) = 2 4|’
3~ gt
for every t with 0 <t < %
X2
[
[
[
[
[
[
[
[
[
[
[
[
\ |
[
z1-9)% | (r2—3)°
ot =1 :
[
[
[
[
[
1 1
3

Figure 1.2: An example of a tie with ¢ in the linear part of the objective function.

The geometry of this example is illustrated in Figure 1.2, where the feasible region is shaded.
The objective function is an ellipse, its center moves down the line z1 = 13—0 from the point (%, %)’ ,
as t increases from 0. The optimal solution moves along the line 2z1 4+ x2 = 2 from the point %, %)’
to the point (1,0)" as ¢ increases from 0 to % For every t with ¢t > %, the optimal solution is (1,0)’,

and is a constant. O

The following example is a special case of several constraints becoming active simultaneously

(ties). This problem will be solved in Section 2.3 by the method proposed in this thesis.



CHAPTER 1. INTRODUCTION 11

Example 1.3
min{tq'x | Az < b}. (1.14)

Assume the feasible region for (1.14) is non-null. The geometry of this type of problem is illustrated

in Figure 1.3, where the feasible region is shaded. When ¢ = 0, (1.14) becomes
min{0 | Az < b}.

The phenomenon being illustrated here is alternate optimal solutions. When ¢ = 0, any feasible
solution is also optimal. Let y~ denote the optimal solution for (1.14) when ¢ < 0, and let y™
denote the optimal solution for (1.14) when ¢ > 0. Let xo be an interior point in the feasible region,

then xg is optimal for (1.14) for ¢ = 0.

T2

Figure 1.3: A special case of parametric programming problem.

In this example, when ¢ < 0, constraints (1) and (4) in Figure 1.3 are active at the optimal
solution y~; when t = 0, there are no constraints active at the optimal solution xg; when t > 0,
constraints (2) and (3) are active at the optimal solution y*. There are ties at the corner point
t = 0 because when t increases from negative to zero, the multipliers corresponding to constraints
(1) and (4) become zero simultaneously. This example also illustrates that zp and y cannot be

connected with a linear function of t. O
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The following is an example of a PQP problem having a tie at a corner point with the parameter
t only in the right-hand side of the constraints. The problem will be solved in Section 3.1 by the

method proposed in this thesis.

Example 1.4
minimize :  — 221 — 220 + 227 + 23
subject to: < 1, (1)
To < 1, (2)

IN
[N}
|
\.@#
—~
w
~~—

T + T2

r1 + 2x9 < 3*%75, (4)

vV
o
~—~

ot
S~—

I

v
o
—
=
SN—

Z2

When t < 0, the optimal solution is z(¢) = (1, 1)’. The first two constraints are active at xg
when ¢ < 0. The third and the fourth constraints become active simultaneously when ¢ = 0, so
there are primal ties at t = 0. When t increases a small amount from zero, the second and the
fourth constraints become inactive, and both the first and the third constraints remain active. The

optimal solution is

: 1
for every t with 0 <t < 5

The geometry of this example is illustrated in Figure 1.4, where the feasible region for t = 0
is shaded. The objective function is an ellipse. The optimal solution moves along the line 1 = 1

from the point (1,1)" to the point (1, %)’, as t increases from 0 to %

(2-1)
For every ¢ with % < t < 2, the optimal solution is z(t) = ! . For every t with ¢ > 2,
(2-1)

the problem is infeasible. &

Wl Wi
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\
\
\
AN / \
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1 AN (2122 | (221 _ 1
DEERESERN 2 72
L N,
ERIRINEY o
_______________ <
................. \
................. \k/
L N
0 N
0 1

Figure 1.4: An example of a tie with ¢ in the right-hand side of the constraints.

The following is an example of a PQP problem having a tie at a corner point with the parameter

t both in the linear part of the objective function and in the right-hand side of the constraints. The

problem will be solved in Section 4.1 by the method proposed in this thesis.

Example 1.5
minimize :

subject to :

— 231 + (=2 + t)zo + 327 + 23

x1

€2
r1 + X2
1 4+ 2x9
x1

€2

<

<

IA

v

v

1—1t,
1,
2 —t,
31
0,
0.
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For every t with —% <t <0, the optimal solution is (t) = (1 —¢, 1+ t)". The first and the
fourth constraints are active when —% < t < 0. The second and the third constraints become active
simultaneously when ¢ = 0, so there are primal ties at £ = 0. When ¢ increases a small amount
from zero, the second, the third and the fourth constraints all become inactive and only the first

constraint remains active. The optimal solution is

1—t
z(t) = [1—%75]7

for every ¢t with 0 <t < 1.

The geometry of this example is illustrated in Figure 1.5, where the feasible region for t = 0 is
shaded. The objective function is an ellipse, its center moves down along the line z; = 2 from the
point (2,1), as ¢ increases from zero. The optimal solution moves along the line z1 — 2x9 = —1

from the point (1,1)’ to the point (0,1)’, as ¢ increases from 0 to 1. When ¢ > 1, the problem is

infeasible. %
T2
\
\
\
\
\
\
N \
N \
N \
<\ \
AN
AR\

1 A (@22 | (@-1? 1
............. N 2 1 2
T
N g
.............. I \

I B \\ N
'''''''''''''' - N
.............. I \ AN

0 * I

0 1

Figure 1.5: An example of a tie with ¢ both in linear part of the objective function and in the

right-hand side of the constraints.
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In the following part, some definitions, notations and lemmas will be introduced. They will be

used in the later chapters.

Notation 1.1 Let z¢ be an optimal solution and ug be an associated multiplier vector for (1.1)
fort =0. Let A{, be the matriz of gradients of all the constraints active at xo, let by be the vector

whose components are those b; associated with the rows of Ag; i.e., Agxg = bg.

Definition 1.2 The optimal solution for (1.1) for some t > 0, x(t), is a diminishment of z( if
the set of the constraints active at x(t) is a subset of or equals to the set of those constraints active

at xg.

The following result shows that the optimal solution and the associated multiplier vector for
a general parametric QP problem are linear functions of the parameter provided that the active

constraints remain unchanged.

Lemma 1.1 Let x1 and x2 be optimal solutions for (1.1) for t = t1 and t = ta, respectively,
and suppose t1 < to. Let w1 and us be associated multiplier vectors for x1 and s, respectively.
Assume that x1 and xa have the same active constraints. Let A{y be the matriz of gradients of
all the constraints active at x1, let by and py be the vectors whose components are those b; and p;

associated with the rows of Ay, respectively. So, Agx1 = by + t1po, Aoxe = by + topg. Then

for every t with t1 <t < ts.
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Proof

Since u; and ug are multiplier vectors, we have u; > 0, ug > 0. It is easy to see that u*(¢) > 0 for
every t with ¢; <t < to. Let A} be the matrix of gradients of all the constraints inactive at 1,
and let b and p; be the vectors whose components are those b; and p; associated with the rows of

Aq. Then Ai1x1 < by + t1p1, A1xo < by + top1. We have

t—t to —t t—t

on*(t) = Agzy + Ao({L‘Q — 1'1) ! Agry 2 + Apxo ! _ bo + tpg, (1.15)
to — 11 to — 11 to — 11
t—t to —t t—t

Alx*(t) = Az + Al(xg — $1) ! _ Az 2 + Aixo L < b1 + tp1. (1.16)
to — 1 to — 11 to — 11

So Aj is the matrix of gradients of all the constraints active at z*(t), for every ¢t with t; <t < ts.

For t = t; and t = t9, the optimality conditions for (1.1) assert that

—c—t1q— Cxy = Ajuy, (1.17)
—c —taq — Cxg = Ajus. (1.18)
Subtract (1.17) from (1.18), then multiply both sides by tt;%,
t—1 t—1
— (t—t1)g — L (g — 1) = —— Al (ug — uy). (1.19)
to — 11 to —t1
Add (1.17) to (1.19),
t—t t—t
—c—tqg—Cxq — ! Clxg — x1) = Ajuy + ! Af(ug — up).
to — 11 to — 11

That is,

—c—tq — Cx*(t) = Ayu*(t).

From (1.15) and (1.16),
Az*(t) < b+ tp,

for every t with t1 <t < t9. Thus,
Az*(t) < b+ tp,

—c—tqg— Cz*(t) = Aju*(t), u*(t) >0,

AQJJ*(t) = b() + tp(].
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So, z*(t) and u*(t) satisfy the optimality conditions for (1.1). Therefore, z*(¢) is an optimal solu-

tion for (1.1) and w*(t) is an associated multiplier vector, for every ¢ with ¢; <t < t,. O

From Lemma 1.1, we know that if the active constraints for the optimal solutions for some ¢
and t9 are coincident, the optimal solution is a linear function of t, for every ¢ with ¢; <t <ts. In
fact, when ¢ changes a small amount, the active constraints of the optimal solutions may not remain
coincident. When ¢ increases, sometimes there are originally inactive constraints becoming active;
sometimes all the inactive constraints remains inactive and there may be some active constraints
becoming inactive. In this chapter, we mainly study the latter case: there are no inactive constraints
becoming active, but there may be some active constraints becoming inactive. In this case, the

optimal solution (when ¢ only increases a small amount) is also a linear function of t.

Instead of studying ¢ from ¢; to t;41, in this thesis, we always let ¢ begin from tp = 0. We can

do that because at each interval t; <t <t;,1, we can let t =t —t;, then t begins from zero.

For t beginning at 0, we have an n-vector hg such that z(t) = zo + tho is an optimal solution

for (1.1), for every t with 0 <t < ¢, for some ¢ > 0.

Lemma 1.2 Let x(t) = xo + thy be an optimal solution for (1.1) and u(t) = ug + tu; be an
associated multiplier vector, for every t with 0 < t < t, where t is some positive number. Suppose
that x(t) is a diminishment of xo, for every t with 0 < t < t. Then g s an associated multiplier

vector for xg for (1.1).

Proof
Let t¥ satisfy 0 < t9 < .

When t = 1%, 2(t) = 29 + t°hg, u(t®) = @g + t%u;, from the optimality conditions,

—C — toq —Cxy — tOCho = 6’1_1,0 + t0A6U1. (120)
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When t = % <t, x(%) =0+ %ho, u(%) =g + %ul, from the optimality conditions,

t0 t0 t0
—c— —q—Cxg— =Chg = 6@0 + —A6U1 (121)
2 2 2
Multiply (1.21) by 2,
—2¢ — 1% — 2020 — t°Chg = 2A}10 + t° Aju;. (1.22)

Subtracting (1.20) from (1.22) gives
—c — Cxo = Ajp.

Since u(t) = @y + tug > 0, for every ¢t with 0 < ¢ < ¢, we have @y > 0. Thus,
A

A‘TO < b7

—c—Cxg = AE)’L_L(), ug > 0,

Ao.%'() = b().

Thus, @ is an associated multiplier vector for xg for (1.1) as required. O

From the above analysis, we can introduce the following notation.

Notation 1.2 Let z(t) = xo+thg denote an optimal solution for (1.1) with an associated multiplier
vector u(t) = ug + tuy, for every t with 0 < t < t, where xq is an optimal solution for (1.1) for

to =0, and ug is an associated multiplier vector for xg.

Lemma 1.3 Assume that (1.1) has optimal solutions, for every t with 0 <t < t. There exists an
optimal solution x(t) = xg + thy for (1.1) being a diminishment of xq, for every t with 0 < t < t,

where 0 < t < t.

Proof

Let H be the set of all the indices of the gradients of the constraints inactive at xy. For every
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i € H, alzg < b;. If alhg < p;, for every t with 0 <t <,
aix(t) = ai(wo + tho) = alwo + ta,hg < b; + tp;.

If alho > p;, let ¢; = b; — alxg > 0, there always exists a t; > 0 such that ¢;(ajho — p;) < ¢;, then

for every t with 0 <t < min{#;, £},
/ !/ / z /! !/
a;x(t) = a;(zo + tho) < a;zo + tiazho = b; — ¢; + tazhy < b + tp;.

Let £ = min{#, min{#; | atho > 0}} > 0. Then for every ¢ with 0 <t < # and every i € H, we have

alxz(t) < b; + tp;, and this completes the proof. O

Definition 1.3 We call (ho, t) an optimal continuation of zo for (1.1), where t > 0, if z(t) =
xo + thy is optimal for (1.1) with an associated multiplier vector u(t) = ug + tuy for every t with

0<t<t.

Remark 1.1 An optimal continuation depends on a specified active set. For some active sets, an

optimal continuation may not exist.

From Best’s algorithm, £ = min{#, ¢}, where

. b; — a’
a;ho — pi
b — a)xg
a;no — pi
- —(uo);

t = min{ (),

_ (W) (1.24)
uy)

| all i = 1,...,m with ajhg > p;},

|all 2 =1,...,m with (u1), < 0},

—~

—~

B

Remark 1.2 Fort =1, x(t) = xg + tho is also an optimal solution for (1.1). However, we do not
consider it in the optimal continuation because z(t) is not a diminishment of xo. In the proofs of

this thesis, we mainly base on the “diminishment”.
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Many proofs in the next three chapters involve the following property of the convex quadratic

programming problem.

Lemma 1.4 If the convex quadratic programming problem
: / 1 /
min{c'z + 3% Cz | Az < b} (1.25)

is unbounded from below, then for any feasible solution x1 for (1.25), there exists a vector s such

that x1 — os is feasible for (1.25), for every positive scalar o, and s'Cs =0, ¢'s > 0.

Proof
Since (1.25) is unbounded from below, for any feasible solution x1, there exists a vector s such that

x1 — os is also feasible for (1.25), for every positive scalar o, and
/ ]‘ /
d(x1 —os)+ 5(371 —08)'C(x1 —08) = —00, as 0 — +00.
The objective function for (1.25) for x; — os is
/ ]‘ / / ]‘ / / / ]‘ 2./
¢ (1 —os)+ 5(%1 —0s)C(x1 —os) =z + 53310901 —ocs—oxiCs+ 308 Cs. (1.26)

If 'Cs # 0, then s'C's > 0, since C' is positive semidefinite. Then (1.26) is bounded from below, for
o > 0, which is a contradiction. Therefore, s'C's = 0, and this implies C's = 0 since C' is positive
semidefinite. So the right-hand side of (1.26) becomes

1
dxy + §m’10x1 —od's.

Since this must decrease to negative infinity as o increases to positive infinity. Thus, ¢’s > 0, and

it completes the proof. O



Chapter 2

A Parameter only in the Objective

Function

Before studying (1.1), we analyze a simpler case in which the parameter is only in the linear part

of the objective function. We solve it by solving a related QP problem which has no parameter.

2.1 Solution of the PQP Problem with a Parameter in the Lin-
ear Part of the Objective Function by Solving a Related QP

Problem without the Parameter

Consider the following PQP problem
. o L
min{(c+tq)'z + % Cz | Az < b}. (2.1)

Assumption 2.1 There exists a t > 0 such that (2.1) has an optimal solution for every t with

21
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0<t<t.
Before introducing the theorems, we need the following lemma first.

Lemma 2.1 If there is aty > 0 such that (2.1) has no optimal solution, for every t with 0 <t < ty,

then (2.1) is unbounded from below, for every t with t > 0.

Proof

Since the feasible region of (2.1) doesn’t change as t changes, (2.1) is always feasible. Since (2.1)
has no optimal solution for every ¢ with 0 < ¢ < t1, (2.1) is unbounded from below for every ¢ with
0 <t <t Let fi(x) denote the objective function of (2.1) with the subscript ¢ denoting explicit
dependence on ¢t. Then for a feasible solution x; for (2.1), there exists an n-vector s such that

x1 — os is feasible for (2.1), for every positive scalar o, and the objective function f;(z) satisfies
fi(x1 —08) — —00, as 0 — +00,

for every ¢t with 0 < t < t1. Therefore, s satisfies (¢ + t1¢)’s > 0 and s'C's = 0. Combining these

with the feasibility restriction, s needs to satisfy
As >0, s'Cs =0, t1q's > —'s.

Since (2.1) has an optimal solution for ¢ = 0, we have ¢’s < 0. So, t1¢'s > —¢’s > 0. Then for
every t with t > t1, we have A(x1 —0s) <b, Cs =0 and (c¢+tq)’'s > 0, for every positive scalar o.

Therefore,
/ 1 !/ / 1 / !/
(c+tq) (x1—0os)+ §(z1 —0s)C(x1—o0s) = (c+tq)z1+ 59510561 —o(c+tq)'s — —o0, as 0 — +00.

Thus, (2.1) is unbounded from below, for every ¢t with ¢ > 0. O

Remark 2.1 If there are alternate optimal solutions for (2.1) when t = 0, then xo may have no

optimal continuation.
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In order to illustrate Remark 2.1 , recall (1.14) in Example 1.3 that we introduced in Chapter 1.
In (1.14), zo is an optimal solution for ¢ = 0, the optimal solution “jumps” to y* from zg as t
increases from zero to positive, and xy and y* cannot be connected with a linear function of ¢.
Thus, zo has no optimal continuation in this case. However, there does exist an optimal solution

for t = 0 for which there is an optimal continuation, namely y*.

The following two theorems show how to get hf in the optimal continuation of xy for (2.1).

Theorem 2.1 Let Assumption 2.1 be satisfied. Suppose (h§, t) is an optimal continuation of x
for (2.1). In addition, suppose the optimal solution x(t) = xo + th{ is a diminishment of xo, for

every t with 0 <t < t. Then h{ is an optimal solution for

1
min{q/ho + §h60h0 | Aghg <0, (C + Cﬂ?o)/ho = 0} (2.2)

Proof

The optimality conditions for (2.1) when ¢ = 0 assert that

Apzo = by, (2.3)
—c— Cxo = Ajug, ug >0,

where ug is a multiplier vector for xy whose components are associated with the rows of Ag. The

optimality conditions when 0 < t < ¢ assert that

—c—tq—Cuzx(t) = Au, u>0, (2.4)
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Since the optimal solution z(t) is a diminishment of g, for every t with 0 < ¢ < ¢, the matrix of

gradients of all the constraints active at x(t) is a submatrix of Aj,. We can simplify (2.4) to
Apz(t) < bo,
—c—tq—Cz(t) = Ayu, u>0, (2.5)

u’(Aoa:(t) — bo) = 0,

where u = u(t) is a multiplier vector for x(t) whose components are those w; associated with the
rows of Ap. Some components of © may be zero corresponding to constraints active at xo but

inactive at x(t). Substitute x(t) = xo + th§ and u = ug + tu; into (2.5), and with (2.3), we have

tha <0, (C + Cl‘o),hs =0,

—c—tq— Cxo —tChy = Afju, u >0, (2.6)

' Aphy = 0.

The optimality conditions for the problem
t
min{(c + C$0)/h0 + tq,ho + §h60h0 | tho < 0, (C =+ C.Io),ho = 0} (27)

are

A(]h() < 0, (C + O.I‘())’h(] = 0,

—c—tq— Cxo —tChy = Ajv + (¢ + Czp)w, v >0, (2.8)

’U,th() =0.

/

Define hg = h§, v = u, and w = 0. Then from (2.6), ho, v and w satisfy (2.8). So, hg = hj is
optimal for (2.7). Using the primal constraint (¢ + Cxo)'hg = 0, the objective function for (2.7)

can be simplified. Thus hg = h is also optimal for
t
min{tq/ho + §h60h0 ’ Aghg <0, (C + C.%'O),ho = O}.
For t > 0, we have shown that hg = h{ is optimal for

1
min{q'ho + §h60h0 | Aoho <0, (c+ Cwo)/h() = 0}
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as required. O

The importance of the optimal problem (2.2) is illustrated in the following theorem.

Theorem 2.2 Let Assumption 2.1 be satisfied. Suppose hf is an optimal solution for (2.2), and
suppose that wy and we are multipliers associated with the constraints Agho < 0 and (¢c+Czg)'hg =0
in (2.2), respectively. Then (h§, t) is an optimal continuation of xo for (2.1), and v(t) = uy +
t(w1 — waug) is a multiplier vector for x(t) = xo + th whose components are associated with the
rows of Ag, for every t with 0 <t < t, where t = min{t, £} > 0, and

bi — a;wo
/7,%
a;hg

—(uo);

(w1 — wau);

t = min{ | all i =1,...,m with a;hi > 0}, (2.9)

t = min{ | alli=1,...,m with (w1 — waug); < 0}. (2.10)

The full (m-dimensional) vector of multipliers, u(t), is obtained from wv(t) by assigning zero to
those components of u(t) associated with constraints inactive at xy and the appropriately indexed

components of v(t), otherwise.

Proof
Let A} be the matrix of gradients of all the constraints inactive at xq, let by be the vector whose
components are those b; associated with the rows of Aq; i.e., A1xg < by. Similar to the proof of

Lemma 1.3, there exists a t; > 0 such that A;(zg + th{) < by, for every ¢ with 0 < ¢ < ;.

Since h{ is optimal for (2.2), hf and the associated multipliers w; and wsq satisfy the optimality

conditions
Aohly <0, (c+ Czo)'hy =0, (2.11)

—q— Ch = Ajwy + (¢ + Cxo)wsz, wy >0, (2.12)

wh Aghs =0, (2.13)
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where wy is a scalar. For ¢ > 0, (2.12) can also be written as
—tq — tChy = Ay(twr) + (¢ + Cxo)(tws), twy >0, (2.14)

or

—c— Cxo —tq — tCh = A (twr) + (¢ + Cxo) (twe — 1), twy > 0. 2.15
0 0

Since x( is an optimal solution for (2.1) for ¢ = 0 and A}, is the matrix of gradients of all the
constraints active at xg, there exists an multiplier vector ug whose components are associated with

the constraints active at zq, satisfying
—c — Czg = Ajug, ug > 0. (2.16)
From (2.15) and (2.16),

—(c+ Cxg) —tq—tChy = Ay(twy) — (twy — 1) Afuyg,

= Ai)[twl — (tw2 - 1)’[1,0] (217)

There exists a to > 0 such that twy < 1; d.e., tws — 1 < 0, for every ¢ with 0 < ¢t < f5. Since

(twy) >0, up > 0 and twy — 1 < 0, then for every ¢ with 0 < t < to,
twy — (twg — 1)ug > 0. (2.18)
From (2.16) and the second constraint in (2.2), we have
upAohly = —(c+ Cxo)'h§ = 0,
together with (2.13), it follows
[twy — (twa — 1)ug)’ Aphy = 0. (2.19)
Then from (2.17), (2.18) and (2.19), we have

—c— Czg — tq — tCh¥ = A{[twy — (two — 1)ug], twy — (twg — 1)ug > 0,
o (2.20)

(tw1 — (twg - 1)UO),A0}Z8 =0.
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Let v = tw; — (twa — 1)ug, combine (2.11) and (2.20),

Aghi <0,

—c—tq— C(zo + thy) = Ayv, v >0, (2.21)

’U/(Aotha) = 0.
Let ¢ = min{¢1, t2} > 0. Since Agzo = by and Aj(zo + thy) < by, for every t with 0 < ¢t < 1, it
follows that for every ¢t with 0 < t < ¢,

A(xo + thg) < b,

—c—tq— C(zo + thy) = Ayv, v >0, (2.22)

v'(Ao(xo + th) — bo) = 0.
Thus, x(t) = xo + th{ and the multiplier vector v = wy + t(w; — woup) whose components are
associated with the rows of Ay satisfy the optimality conditions for (2.1), for every ¢ with 0 < ¢ < ¢.
So z(t) = xo + th{ is optimal for (2.1), for every ¢ with 0 < ¢ < ¢. Therefore, (h{, t) is an optimal

continuation of z( for (2.1) as required.

Since z(t) = xo + th{ is an optimal solution for (2.1), if ajh§ > 0, then ajz¢ < b;. From (2.9),
t > 0. Since v = ug + t(wy — waug) > 0, if (w1 — waug); < 0, then (ug); > 0. Thus, from (2.10),

t > 0. Therefore, £ = min{z, #} > 0. O

Note: If the constraint aiz < b; active at zo remains active at x(t) for every ¢t with 0 < t < ¢,

then ajhg = 0.

We illustrate Theorems 2.1 and 2.2 by applying them to Example 1.2. In Example 1.2, ¢ =
0

(—1?0, —g)’, qg= (0, 1), C = , To = (%, 2y and ¢ + Cxg = (—%, —%)’. Since the first

3
1 2
three constraints are active at g, we have A9 = | 2 1 [. The optimal problem (2.2), in this case

1 1
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becomes

minimize :
subject to : h1
2hy
hy
— %hl

The optimal solution for (2.23) is

h*:[

_l’_

+

ha + 3h3 + h3

2hy < 0,
hy <0,
hy <0,
3he =0

28

(2.23)

The geometry of the problem (2.23) is shown in Figure 2.1. The half-line beginning at o and

going towards [ is the feasible region of (2.23). The level sets of the objective function are ellipses

centered at (0, —1)'.

L2

1.0

0.5

201 +x2 =0

Figure 2.1: The related QP problem for Example 1.2.
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Let wq = (wy1, w2, wiz)’ be a multiplier vector for the first three constraints, and ws be a

multiplier for the fourth constraint in (2.23). Then, we have
wi = wig =0,

and wio, wo satisfy

4 1
Wi — —wWy = ——
12 = 3W2 9
Since ug = (0, %, 0)’, it follows that
0
_ 1
wy —ugwz = | —5 |
0
thus
0 0
v(t)= 3| +t]| -3
0 0
From Theorem 2.2,
2+2
x(t) = o + thy = y 4
3~ gt

is an optimal solution for the problem in Example 1.2, for every ¢t with 0 < t < ¢, where ¢ is solved

as following by applying (2.9) and (2.10):

R 2 3
tl - min{_a Ty Ty Ty %} = §a
9
_4
t; = min{—, —?, - —,—} =12
9

from which
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One might wonder in (2.2) if the constraint (¢ + Czo)’h = 0 is really necessary. If we remove it

from the previous problem, (2.23) becomes

minimize : ho + %h% + h%
subject to : hi + 2hy < 0,
(2.24)
2h1y + he < 0,
hi + hit >0
The optimal solution is
0
e — [

_1
2

Because the objective function for the problem in Example 1.2 is strictly convex, the optimal
solution for it is uniquely determined. Then hf for the present problem is different from what
obtained from (2.23), and is therefore incorrect. Thus, the constraint (¢ + Czg)'h = 0 is essential

in (2.2). o

2.2 The Boundedness of the Problem (2.2) in Theorem 2.1

It is possible that when ¢ = 0 the optimal solutions for (2.1) are not unique. In this case, if we
cannot choose a proper xg, the problem (2.2) may be unbounded from below. (The problem (2.2)
is always feasible because hy = 0 is its feasible solution.) Refer back to the discussion and Figure

1.3 following Example 1.3.

What is the implication of (2.2) being unbounded from below? Theorem 2.3 below will give the

answer. Before introducing the theorem, we first need two lemmas.

Lemma 2.2 If (2.2) is unbounded from below, then the following problem

min{—¢'s | Cs =0, s =0, Ags > 0} (2.25)
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is unbounded from below.

Proof

Since (2.2) is unbounded from below, then for a feasible solution hy for (2.2), there exists an s such
that hq — os is also feasible for (2.2), for any positive scalar o, and s satisfies ¢'s > 0 and s'C's = 0.
From the feasibility of hy — os, we can get Ags > 0 and (¢ + Cxp)’s = 0. Because C' is positive
semi-definite, s'C's = 0 implies C's = 0. Furthermore, C's = 0 and (¢ + Cz)’s = 0 imply /s = 0.

Thus, s satisfies —¢’s < 0, Cs =0, s =0, Ags > 0.

Therefore, s is feasible for (2.25) and —¢’s < 0. For every positive scalar o, os is also feasible
for (2.25), and

—q¢'(0s) — —o00, as ¢ — +oo0.

Thus (2.25) is unbounded from below. O

Lemma 2.3 If (2.25) has an optimal solution s* = 0, then (2.2) is bounded from below and thus

has an optimal solution.

Proof
Assume on the contrary that (2.2) is unbounded from below. Then from Lemma 2.2, (2.25) is
also unbounded from below. This contradicts that (2.25) has an optimal solution s* = 0. This

contradiction establishes that (2.2) is indeed bounded from below. O

Consider the problem
min{—¢'s | s =0, Cs =0, Ags >0, As > Az — b}. (2.26)

It is feasible, because s = 0 is its feasible solution.
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Theorem 2.3 Assume (2.2) is unbounded from below. Assume (2.26) is bounded from below and
has an optimal solution s. Then, s # 0. Let x1 = xo — s. Let A} be the matriz of gradients of
all the constraints active at x1 in (2.1), and let by be the vector whose components are those b;
associated with the rows of Ay; i.e., Ajxy = bi. Then xy is also optimal for (2.1) for t =0, and

moreover, the problem
1
Imnm%1+§hxmq\Amlgo,@+cug%1:o} (2.27)

has a finite optimal solution.

Proof

We first show that if (2.26) has an optimal solution s, then
s #0. (2.28)
Otherwise, if s = 0 is an optimal solution for (2.26), the optimality conditions assert
q = cuy + Cug — Ayusz — A'ug, uz,ug >0, (2.29)
uy(Axg — b) = 0. (2.30)

Since A{ is the matrix of gradients of all the constraints active at xg, (2.29) and (2.30) can be

simplified to
q = cui + Cug — A6U3 — A6ﬂ4 = cui + Cug — A{)(U:J, + uy4), us,ug >0, (2.31)

Aoxzo — by =0, (2.32)
where 14 is the multiplier vector whose components are those (u4); associated with the rows of Ag.
Then s = 0, u1, ug and us + a4 satisfy the optimality conditions for (2.25), which are

Cs=0, ds=0, Ags > 0,
q = cuy + Cug — Ap(uz + ts), uz + g4 >0,

(U3 + ﬁ4)1A08 = 0.
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Thus, s = 0 being an optimal solution for (2.25), together with Lemma 2.3, contradicts that (2.2)
is unbounded from below. Thus, if (2.26) has an optimal solution s, then s # 0, which verifies

(2.28).

Now we will prove that x; is also optimal for (2.1) for ¢ = 0, and (2.27) has a finite optimal

solution. From the fourth constraint of (2.26), As > Axy — b, we have
A(zg — s) < b,

which means

A$1 S b.

From the first and second constraints of (2.26), ¢’s = 0, C's = 0, the objective function for z =
is
1

1 1
dry + 51"10;1:1 = (x9—8) + 5(330 —5)'C(xg — 8) = c'wg + §$601‘0.

Thus, 2 is also an optimal solution for (2.1) for ¢t = 0.

Since s is an optimal solution for (2.26), the optimality conditions give us

q=Cu+cv— Ajwy — A'wy, wo, w1 >0,
(2.33)

whAps =0, wi(Azg —b— As) = 0.
Since A; is the matrix of gradients of all the constraints active at x1, Ajxy = by; i.e., A1(xo—s) = by,
(2.33) can be simplified to

q=Cu+ cv— Ajwy — A}y, wo,w; > 0,
(2.34)

whAos =0, Ays = Ajzg — by,

where w; is the multiplier vector whose components are those (w1); associated with the rows of A;.
From w(Aps = 0, we know that if als = (Aps); # 0, then (wg); = 0. Let A, be the matrix of all

the a; in Ap satisfying a}s = 0; i.e., Aas = 0. Let by be the vector whose components are those b;
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associated with the rows of Ag. Since A is a submatrix of Ay, Aaxg = be. We have As(xg—s) = by;
i.e., Asx1 = ba. Thus, Ay is also a submatrix of A;. So, (2.34) is equivalent to

q=Cu+cv— Aywy — Alwy = Cu+ cv — Ajw, wp, w1, w >0,

Ass =0, Ays = Ajxg — by,

where w is a vector whose components are associated with the rows of A;. Therefore, s; = 0 and
u, v, w satisfy

081:0, 0/81:0, A1$1 20,
qg=Cu+cv— Aw, w>0,

w’A131 = 0,

which are precisely the optimality conditions for
min{—¢'s | Cs =0, s =0, A;s > 0}. (2.35)

Thus, s; = 0 is optimal for (2.35). Therefore from Lemma 2.3, (2.27) has a finite optimal solution. O

Theorem 2.4 If (2.26) is unbounded from below, then (2.1) is also unbounded from below, for

every t with t > 0.

Proof
If (2.26) is unbounded from below, then for a feasible solution s for (2.26), there exists a vector
d such that s — od is feasible for (2.26), for every positive scalar o, and ¢’d < 0. That is, ¢'d <
0, dd=0, Cd=0, and Ad < 0.
Then, zg + od satisfies

A(xg + od) = Axg+ 0 Ad < b,

and

1 1
(c+tq) (o + od) + 5(:1:0 +0d) C(zg + od) = (c+ tq) = + 5:660:170 + otq'd — —o0, as o — +00,



CHAPTER 2. A PARAMETER ONLY IN THE OBJECTIVE FUNCTION 35

for every ¢ with ¢ > 0. Thus, (2.1) is unbounded from below, for every ¢ with ¢ > 0. O

2.3 Example 1.3 Continued

Consider (1.14) in Example 1.3. If we begin with ¢ = 0 and an interior point optimal solution xg,

(2.2) in this problem becomes
min{q'ho | ho has no constraints}.
It is unbounded if ¢ # 0. Then we consider (2.26), which in this problem is
min{—q's | As > Axy — b}. (2.36)
Its optimal solution is same as
min{q(zo — 5) | A(zo — s) < b}.

Suppose sg is an optimal solution for (2.36), and let x; = g — sg. Then, z1 = ¢ — s¢ is optimal
for

min{q'z; | Az < b}. (2.37)

So for every t with ¢t > 0, x; is also optimal for
min{tq'x1 | Ary < b},

which is precisely (1.14), and z; is precisely the point y* in Figure 1.3.

Assume A is the matrix of the gradients of all the constraints active at x;. From the optimality

conditions for (2.37), we have —q = Ajuy, u; > 0. In this example, (2.27) becomes

min{q’hl | A1h1 S O} (238)
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Since —q = Ajuy and uy > 0, it follows that hy = 0 satisfies the optimality conditions for (2.38),

which are

Alhl < 07

—q = Aluy, u1 >0,

ujAihy = 0.
Thus, hy = 0 is an optimal solution for (2.38), the multiplier vector u; satisfies —q = Ajuy.
When ¢t = 0, the multiplier for 1 = xg — sg is ug = 0. When t > 0, x1 and tu; satisfy —q =
Al (tuy), (tup) > 0. Thus, v(t) = ug + tug = tuy is the multiplier for x(t) = z1, for every ¢ with

t>0. <&



Chapter 3

A Parameter only in the Constraints

In this chapter, we will study another simple case — the PQP problem with the parameter ¢ only

in the right-hand side of the constraints.

Consider the following PQP problem

1
min{c'x + ix’Cx | Az < b+ tp}. (3.1)

From the QP duality, the dual of (3.1) is
1
max{cx + 533,056 +u/(Az —b—tp) | Cx + A'u = —c, u > 0}. (3.2)

It is a PQP problem with the parameter ¢ only in the linear part of the objective function, thus
we could solve it using the method introduced in Chapter 2. Assume (2*(t), u*(¢))’ is an optimal
solution for (3.2), for every ¢ with ¢t € G, where G is the region of ¢t on which (3.2) has optimal
solutions. If C' is positive definite, then (3.1) is strictly convex. From Strict Converse Duality
Theorem[1], z*(¢) is an optimal solution for (3.1), for every ¢ with ¢ € G. However, if C' is positive
semi-definite, that is, (3.1) is not strictly convex, then z*(¢) may not be an optimal solution for

(3.1), and it is hard to find an optimal solution for (3.1) from its dual.

37



CHAPTER 3. A PARAMETER ONLY IN THE CONSTRAINTS 38

In this chapter, we will develop another way to solve the PQP problem with the parameter only

in the right-hand side of the constraints, with C' being positive semi-definite.

3.1 Solution of the PQP Problem with a Parameter in the Right-

Hand Side of the Constraints by Solving a Related QP Prob-

lem without the Parameter

Assumption 3.1 There exists a t > 0 such that (3.1) has an optimal solution for every t with

0<t<t.

To determine the feasibility of (3.1) for ¢ > 0, we can solve the (n + 1)-variable linear program-
ming problem

max{t | Az —tp < b}, (3.3)

where both = and t are variables in the LP. If the optimal solution for (3.3) is zero, then there
exists no t > 0 such that Ax < b+ tp has a solution, therefore, (3.1) is infeasible for every t with
t > 0. If (3.3) has an optimal solution £ > 0, then (3.1) is feasible for every t with 0 < ¢ < #, and
infeasible for every t with ¢ > . If (3.3) is unbounded from above, then (3.1) is feasible for every ¢

with ¢ > 0.
The following two theorems show how to obtain h§ in the optimal continuation of zq for (3.1).

Recall the notation in Chapter 1. x( is an optimal solution for (3.1) for ¢t = 0. Aj, is the matrix
of gradients of all the constraints active at xg. Let pg be the vector whose components are those p;

associated with the rows of Ap.

Theorem 3.1 Let Assumption 3.1 be satisfied. Suppose (hy, t) is an optimal continuation of x
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for (3.1). In addition, suppose the optimal solution x(t) = xo + th{ for (3.1) is a diminishment of
ho

x0, for every t with 0 <t < t. Then there exists a vector uy such that [
u

] 1s an optimal solution

for the problem

1
min{—p6uo + §h60h0 ‘ AQhQ < Po, (C + C.T())/ho +p6u0 == 0, —C — CQZ() = A6U0, (%) > O} (34)

Proof
ho

The outline of the proof is as follows. We first prove that is an optimal solution for (3.10) (see
Ug

below). Then we change (3.10) to its equivalent form (3.12) (see below), and using the optimality

ho

conditions for (3.12), prove that [ ] is an optimal solution for (3.4).

uo

Since (h§, t) is an optimal continuation of xy for (3.1); i.e., x(t) = zo + th{ is an optimal

solution for (3.1), for every ¢ with 0 < ¢ < ¢. The optimality conditions for (3.1) assert

A(zo + thf) < b+ tp,

—c—C(zo+thf) = Au, u>0,

u/[A(zo + thi) — (b + tp)] = 0,

Vs

where u = u(t). These are equivalent to
A(xo +thg) < b+ tp,
—c—Cxo—tChly = A'u, u>0, (3.5)

W' [(Azg — b) + t(Ah§ — p)] = 0.

Since z(t) is a diminishment of x¢, for every ¢ with 0 < ¢ < ¢, all the constraints active at z(t) are
also active at zp. Consequently, the matrix of the gradients of all the constraints active at x(t) is
a submatrix of Aj. Thus, (3.5) can be simplified to
thg S Do,
—¢— Cuaxo — tChi = Ayu, u >0, (3.6)

u/<A0h(>§ - pO) = 07
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where u = ug + tuq is a multiplier vector whose components are associated with the rows of Ay,
and wug is a multiplier vector for xg whose components are associated with the rows of Ag, so ug

satisfies the optimality conditions for ¢ = 0,
—c — Czo = Ajug, ug > 0. (3.7)
Since (ug + tu1) (Aohfy — po) = 0, for every t with 0 < t < ¢, ug must satisfy
uh(Aohis — po) = 0. (3.8)
Because —c — Czg = Ajyuo, uj(Aohfy — po) = 0 can also be written as
(¢ + Cxo)'h + phuo = 0. (3.9)
Combining (3.6), (3.7) and (3.9), we get

Aohl < po, (c+ Cxo)'hi+ pyug =0, —c — Cxog = Afug, up > 0,

—c— Cxo — tChl = Aju, u >0,

u/(thE‘) — po) = 0.

ho
Therefore,

] is an optimal solution for the problem
Up

1
min{(c + CIL‘o),ho + §th60h0 | tho < po, (C + CZL‘o),ho +p6u0 = O, —C — CSL‘O = AE)U(), ug > 0},

(3.10)
ho hi
Ug - Uuo

Aoho < po, (c+ Cxo) ho + pyuo =0, —c — Czg = Afuo, ug >0,
*(C + CCCQ) —tChy A6 c+ Czg 0

because and v; = u, v9,vs,vq = 0 satisfy the optimality conditions

0

v + Vo + v3 +

] Vg, V1,04 > 0,

0
v} (Aoho — po) =0,

Do Ao

vjug = 0. )
(3.11)
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From the constraint (¢ 4+ Czg)'ho + pyuo = 0 in (3.10), (3.10) is equivalent to

41

1
min{—p6u0 + EthE)ChU | tho < Po, (C+ C:Eo),h() +pf)uo = 0, —C — C:L'O = AE)’LLO, uo > 0}. (3.12)

The optimality conditions for (3.12) are

A()ho S Po, (C+ Cxo),h() —l—p{ﬂm = 0, —C — CJJO = A6U07 uQp Z 0,
—tChyg A} c+ Cxg 0 0
= w1 + wo + ws + wy, wi,wys > 0,
Po 0 Po Ao - (3.13)
wh (Aohg — po) =0,
whug = 0.
Fwy e
h() ha w2 1 ha
From (3.11), it follows that = and w = = satisfy (3.13). Therefore,
uo ug w3 0 Ug
L W4 | L 0 i
satisfies
—Chj Ayl W c+Cxo] 1 0 0
= ? ; + a1 + a9,
Po 0 Do Ag -1
where
1 *
a1 = (1 - _)h07
t
and

1
az = (1 - +)(Aohg — po).

Since Aghf < po, and for every ¢t with 0 <t <1, 1— % < 0, thus,
1 *
az = (1 - )(Aohg —po) = 0.

Since u > 0, t > 0,

Sl
v
o

Since u/(Aph{y — po) = 0, it follows that

() (Aoh§ —po) = 0.
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Since we have u((Aoh§ — po) = 0 from (3.8),

1 .
ahup = (1 — ;)(tho —po)'up = 0.

ho
Thus,

h*
0 .
= [ and wlz%,wgz%, w3 = a, wg = o satisfy

Up Uuo

tho S Po, (C + Cl‘o),ho —l—p6U0 = 0, —C — CSUQ = AB“O: UuQ Z 0,

—Chg Aj c+ Cxg 0 0

w1 + wo + ws +

] wy, wi,wyq = 0,

Pbo 0 AO

w) (Aoho — po) =0,

Po

whug = 0,

ho
which are precisely the optimality conditions for (3.4). Thus, we have [ ] is an optimal solution
Uug

for (3.4) as required. O

The importance of the optimal problem (3.4) is illustrated in the following theorem.

"
Theorem 3.2 Let Assumption 3.1 be satisfied. Suppose " is an optimal solution for (3.4),
and suppose that wy, ws, wsy and wy are multipliers associzged with the constraints Agho < po,
(c+ Cxo)'ho + pyuo = 0, —c — Cxg = Ajug and ug > 0, respectively. Then (h§, t) is an optimal
continuation of xo for (3.1), and v(t) = ug + t(w1 — waug) is an associated multiplier vector for

x(t) = xo + thy, for every t with 0 <t < t, where t = min{t, ¢} > 0, and

t= min{m | alli=1,...,m with a,hf > p;} (3.14)
= pr— =1,.., th > pi}, .
- —(uo)i . .
t = min{ - alli=1,...,m with (w1 —waup); < 0}. (3.15)

(w1 — waug);

The full (m-dimensional) vector of multipliers, u(t), is obtained from wv(t) by assigning zero to
those components of u(t) associated with constraints inactive at xo and the appropriately indexed

components of v(t), otherwise.
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Proof
Let A} be the matrix of the gradients of all the constraints inactive at o for (3.1), let by be the
vector whose components are those b; associated with the rows of A;. Then Ajxzg < b;. Similar

to the proof of Lemma 1.3, there is a ¢; > 0, such that A;(zo + th{) < by + tp1 for every t with

0<t< t_l.
ho
Since is an optimal solution for (3.4), the optimality conditions assert that
U
—Chy Aj c+ Cuxg 0 0
= w1 + wo + w3 + wy, wi,wq > 0, (3.16)
Po 0 Po Ao -
wi(Aohg — po) = 0. (3.17)
Multiplying both sides of (3.16) and (3.17) by ¢ gives
—tCh} A c+ Cuxg 0 0
= (tw1)+ (twg)—i- (tw3)+ (tw4), (twl), (tw4) >0, (318)
tpo 0 Po Ay i
(twl)’(thS - po) =0. (3.19)

From (3.18), it follows
—tChl = Ay(twy) + (¢ + Cxo)(tws),

and this is equivalent to
—(c+ Cxg) — tCh{ = Ay(twy) + (¢ + Cxo)(tws — 1).
From the optimality conditions for (3.1) when ¢t =0, —(c + Cxy) = Afjuo, so
—(c+ Cxg) — tChy = Ay(twy — (twe — 1)up).
The second and the third constraints of (3.4) give
up(Aohg — po) =0,
together with (3.19), we have

(tw1 — (tw2 — 1)UO)/(A0h8 — po) =0.
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Let v(t) = twy — (twa — 1)ug. For t3 > 0 given small enough, twe < 1; i.e., twy — 1 < 0, for every ¢
with 0 < ¢ < 3. Thus, v(t) > 0 since wy,up > 0. Since Agzy = by, we have

tAOhEk) < tp07

—c — C(zo + thy) = Ayv(t), v(t) >0,

U(t)/((AofL'o - b()) + t(AhS — po)) = O,

and since A;(xg + th{) < by + tp1, it follows

A(xg + thg) < b+ tp,

—c — C(z + thy) = Ayv(t), v(t) >0,

v(t)'(Ao(zo + thy) — (bo + tpo)) = 0.

Let ¢t = min{¢;, ¢2} > 0. Then z(t) = zo+th{ and the associated multiplier v(t) = ug+t(w1 —wauo)
satisfy the optimality conditions for (3.1), for every ¢t with 0 < ¢ < ¢. Thus x(t) = zo+th{ is optimal
for (3.1), for every ¢ with 0 < ¢ < ¢. Therefore, (h;, t) is an optimal continuation of z( for (3.1) as

required.

Since x(t) = zo + th{, is an optimal solution for (3.1), if a,h{ > p;, then azo < b;. From (3.14),
t > 0. Since v = ug + t(w1 — waug) > 0, if (w1 — waug); < 0, then (ug); > 0. From (3.15), £ > 0.

Therefore, t = min{#, £} > 0. O

Recall Example 1.4 in Chapter 1. The first four constraints are active at g = (1, 1). Let
ug = (v1,v2,v3,v4)" be an multiplier vector for xy whose components are associated with the first

hi
four constraints. Then we can get an optimal continuation hl = [ ] of zg by solving (3.4), which
2
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in this problem is

minimize : %h% +h3 +v3 + %v4
subject to: hp < 0,
ha < 0,
hi  + he < -1,
hi + 2hy < -3
—hy — vy — tu =0,
U1 + vy + wvg =1,

vo + w3 + 2v4 = 0,

U1

v
o

Y
o

U2

v
L

U3

v
o

V4

The optimal solution is

and
R -1
()] 0
uO: =
(OR} 0
L v4 L0

From Theorem 3.2, the optimal solution for the problem of Example 1.4 is

1
x(t) = zothy = ,
1-1¢

45
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with the multiplier vector

-1 - on
0 0

v(t) = ug + t(wy — waug) = +t )
0 2
L0 L 0

whose components are associated with the first four constraints, for every ¢ with 0 < ¢ < ¢.

Again from Theorem 3.2, the upper limit ¢ is determined by applying (3.14) and (3.15):

A 1
t, = min{_7 T Ty Ty T I} = ]-a
) 1 1
t1 = Hlln{——,—,—,— = 57
from which
t=min{l, =} ==

Therefore,

is optimal for the problem, for every ¢ with 0 < ¢ < %, in agreement with our geometric determina-

tion of the optimal solution in Example 1.4. <&

3.2 Reduction of Theorem 3.2 to the “No Ties” Case

In this section, we will show that (3.4) can be simplified to known results for the “no ties” case.
Consider the problem
1
min{cx + im/Cx | Az < b+ tp}. (3.20)

Let o be an optimal solution for (3.20) for ¢ = 0, let Af; be the matrix of gradients of all the

constraints active at xg, and let by and py be the vectors whose components are those b; and p;
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associated with the rows of Ag, respectively. Suppose that there exists a ¢ > 0 such that an optimal
solution x(t) = xo + th{ for (3.20) has the same active constraints as those for xg, for every ¢ with

0 <t<t, and u = ug + tuy is an associated multiplier vector. Assume Ag has full row rank and
C A

Hy = is nonsingular. Then, s'C's > 0 for all s # 0, Ags = 0.

Ag O

From the optimality conditions for (3.20) for ¢t = 0,

i) —C
] - [ ] | (3o
() b()

From the optimality conditions for (3.20) for ¢ > 0, we have

C A

Ay O

AO(SL'O + thS) = by + tpy = tha = po,

and

—c — C(xg + thy) = Al (up + tuy). (3.22)

From (3.21), we have —c — C'zg = Ajug. Thus (3.22) implies —Ch{ = Ajui. So we get

C Aj][h§ 0
- . (3.23)
Ao 0 | [w Po
C A6 hEk) o
Since is nonsingular, and are uniquely determined by (3.23) and (3.21).
Ay 0 U1 ug

Indeed, this is the identical solution obtained by Best in the “no ties” case.

Under the same “no ties” assumption, (3.4) can be simplified. Since A has full row rank, which
means that the active constraints at zq are linear independent, we know that ug is unique. So we can
take out the third and the fourth constraints without changing the problem. The second constraint
(¢ + Czo)'ho + uipo = 0 can be written as uj(Aoho — po) = 0. Also because of the uniqueness of
ug, the term —pfug in the objective function is a constant. Thus, the optimal solution hf for (3.4)
is also optimal for

o1
m1n{§h60h0 | Aoho < po, ug(Aoho — po) = 0}. (3.24)
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From the optimality conditions, the optimal solution hf for (3.24) satisfies
—Ch§ = Ayv1 + Ajugva, vi >0,

U/1 (thg — po) = 0,

where vy is a scalar. Let v = v1 4+ voug. Since uf(Aohf — po) = 0, we have

—Chj = A, (3.25)
U,(thg - po) =0. (326)
C 4 ho
Since is nonsingular, we can get a unique solution from
AO 0 v
C Aj] [ho 0
= . (3.27)
Ag 0 v Po

ho
The solution for (3.27) satisfies (3.25) and (3.26), so it is an optimal solution for (3.24). Thus
v
the optimal solution that has same active constraints as ¢ is uniquely determined by (3.27). This
verifies that we will get the correct optimal solution using the result in Theorem 3.2 in Section 3.1

for the “no ties” case.

3.3 Feasibility and Boundedness of the Problem (3.4) in Theorem

3.1

Assume (3.1) is feasible for every ¢ with 0 < ¢ < ¢ throughout this section. The critical problem
(3.4) may in general be infeasible, feasible and bounded, or feasible and unbounded. In this section,

we will show that it is always feasible and bounded.

Consider the feasible region of (3.4), namely

ho
SE{[

Up

| Aoho < po, (c+ Cxo) ho + pyuo =0, —c — Czg = Ajug, uo > 0},
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ho
| Aoho < po, up(Aoho — po) =0, —c — Czg = Ajug, ug > 0}.

=1

Uo

The optimality conditions for the problem
min{(c + Cxo)/ho | Aghg < po}, (3.28)

imply that if (3.28) has an optimal solution, then the set S is not empty.

Lemma 3.1 (3.28) is feasible.

Proof
We know that z is optimal for min{c'z + %I'IC{L‘ | Az < b} and Agzg = bg. Assumption 3.1 implies
that (3.1) is feasible for every ¢ with 0 < ¢ < ¢. Then, there exists an x1 such that Agx1 < by + tpo,

for some t( satisfying 0 < ¢y < t. Then,

Ag(x1 — o) < by + topo — bo,

= Ao(z1 — x0) < topo,

Tr1 — X0
lo

Thus, #* is a feasible solution for (3.28). So (3.28) is feasible. O

= Ay < po.

Lemma 3.2 (3.28) is bounded.

Proof
Assume on the contrary that (3.28) is unbounded. Then for a feasible solution h; for (3.28), there

exists an s; such that h; — os; is feasible, for every positive scalar o, and

(c+ Cxzp) (hy — 0s1) — —00, as o — +o0.
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So we have

(c+ Cxp)'s1 >0,

(3.29)
A()Sl Z 0.
From the optimality conditions for the original problem (3.1), when ¢ = 0, we have
—c — Czg = Ajyug, ug > 0.
Together with (3.29), it follows
(c+ Cxp)'s1 = —(Aguo)'s1 = —ug(Ags1) < 0.
This is in contradiction to (¢ + Czp)'s1 > 0. So, (3.28) is bounded. O

Theorem 3.3 (5.4) is feasible.

From Lemma 3.1 and Lemma 3.2, (3.28) is feasible and bounded, which means (3.28) has an optimal

solution. So the set S is not empty. Therefore, (3.4) is feasible.
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To study the boundedness of (3.4), we rewrite (3.4) as

minimize : [0 —p{] + % [hoy  up)
Uuo 0 0 Uuo
o]
subject to: [Ag O] < po,
L %o
o]
[0 Aj] = —c — Cuxy, (3.30)
L U0

Theorem 3.4 (3.30); i.e., (3.4) is bounded.

Proof
ho
Assume on the contrary that (3.30) is unbounded. Then for a feasible solution for (3.30),
U
S1
such that there exists a vector , satisfying
52
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ho

S1

and -0 is feasible, for every positive scalar . Thus we have

uo 52

—phs2 > 0,

s1Cs1 = 0= Cs; =0,

Ags1 > 0,

Afsa =0,

(c+ Cxg)'s1 +pys2 =0 = s1 +pys2 =0,

SQSO.

From —pfjs2 > 0 and ¢s1 + pysa = 0, we get sy > 0. Since Ags; > 0, A(xg — os1) < b, for o small
and positive. we have
d(xo —os1) + %(xo —051)'C(xg — 051)
=z + %xéC’xo —ocdsy < dxg+ %xaC:Eo.
This is in contradiction to xo being an optimal solution for (3.1) for ¢ = 0. Therefore, (3.30) is

bounded. O

3.4 The Boundedness of the Original Problem (3.1)

Lemma 3.3 If (3.1) has an optimal solution xo when t = 0, and it is feasible for every t with

t > 0, then it is also bounded from below for every t with t > 0.

Proof
Assume on the contrary that (3.1) is unbounded for some ¢ = ¢; > 0. Then for a feasible solution

x1 for t = t1, there exists a vector s such that x1 — os is feasible for (3.1) for ¢ = ¢;, for every



CHAPTER 3. A PARAMETER ONLY IN THE CONSTRAINTS 93

positive scalar o, and ¢’s > 0, s'C's = 0. From the feasibility of z; and 1 — os, we have As > 0.

Let x2(0) = zo — 0s. Then x2(0) is feasible for (3.1) for t = 0, for every positive o. The objective

function

1 1
dxo(o) + ixg(a)’ng(a) =dxo+ 5.%’60.7}0 —ods— —o00, as 0 — +00.

This contradicts that (3.1) has an optimal solution xg when ¢ = 0. Thus we get the result as

required. O



Chapter 4

The General Parametric QP Problem

In this chapter, we will study the general parametric QP problem with a parameter both in the

linear part of the objective function and in the right-hand side of the constraints.

4.1 Solution of the General PQP Problem by Solving a Related

QP Problem without the Parameter

Consider the following PQP problem

1
min{(c + tq)'z + §x’C’:B | Ax < b+ tp}. (4.1)

Assumption 4.1 There exists a t > 0 such that (4.1) has an optimal solution for every t with

0<t<t.

Recall the notation in Chapter 1. zp is an optimal solution for (4.1) for ¢ = 0. Aj is the matrix

of the gradients of all the constraints active at zg. Let pg be the vector whose components are

o4
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those p; associated with the rows of Ay.

Theorem 4.1 Let Assumption 4.1 be satisfied. Suppose (h§, t) is an optimal continuation of xg

for (4.1). In addition, suppose the optimal solution x(t) = xo + th{ is a diminishment of o, for
ho
every t with 0 < t < t. Then there exists a vector ug such that

s an optimal solution for the
up
problem

1
min{—p6u0+q/ho+§h60ho ‘ tho < Po, (C+C$0),h0+p6UQ = 0, —C—C.Z'() = A()“O, (%) > O}. (4.2)

The proof of the theorem is similar to the proof of Theorem 3.1.

Proof
Since (hg, t) is an optimal continuation of xy for (4.1), z(t) = o + th{ is an optimal solution for

(4.1), for every t with 0 < ¢t < ¢. The optimality conditions for (4.1) assert,

A(xg + thg) < b+ tp,

—c—tq—C(xo+thy) = Au, u>0,

W' [A(zo + th§) — (b+tp)] =0,

where u = u(t). These are equivalent to

A(xo + thy) < b+ tp,

—c—tq—Cxo —tChy = A'u, u>0, (4.3)

u'[(Azg — b) + t(Ah§ — p)] = 0.

Y

Since z(t) is a diminishment of x¢, for every ¢ with 0 < ¢ < ¢, all the constraints active at z(t) are

also active at xg. So the matrix of the gradients of all the constraints active at z(t) is a submatrix
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of Aj. Thus, (4.3) can be simplified to
AOhS < Do,
—c—Cxg —tq —tChy = Aju, u >0, (4.4)

u/(AOhEk) - pO) = 07

7

where u = ug + tu; is a multiplier vector for z(t) whose components are associated with the rows
of Apy, and ug is a multiplier vector for zo whose components are also associated with the rows of

Ap. So ug satisfies the optimality conditions for ¢ = 0, which are
—c — Czg = Ajug, ug > 0. (4.5)
From (4.5), it follows that
(¢ + Cxo) h§ + pyuo = 0. (4.6)
Combining (4.4), (4.5) and (4.6), we get
Aoh§ < po, (¢ + Cxo)'hl+ piug =0, —c — Cxog = Afug, ug > 0,

—c— Cxo —tq — tChly = Ajyu, u >0,

u’(thE; — p()) = 0.

hg

Therefore, [ ] is an optimal solution for the problem

Up

1
min{(c+C:L'0)'h0—|—tq’ho+§th60ho | Aoho < po, (c+Cxzo) ho+phug = 0, —c—Cxo = Ayug, up > 0},
ho
uQ a

tho < Do, (C + C:Eo)lho —|—p6u0 = 0, —C — Cl‘o = A6UO, ug > 0,
—(c+ Cxp) — t(qg + Chy) Aj c+ Cxzg 0

0
v (Aoho — po) = 0,

(4.7)
hg
because

] and v] = u, ve,vs,v4 = 0 satisfy the optimality conditions for (4.7), which
U
are

.

0

v+ vg + v3 +

Do A

] V4, V1,04 > 0,

vyug = 0.
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From the second constraint of (4.7), (4.7) is equivalent to

1
min{—p6uo + tq/ho =+ §th60h0 | tho < po, (C + C.Ct‘o)/ho —|—p6u0 = 0, —C — CI’O = A()UO, ug > O}.

(4.9)
The optimality conditions for (4.9) are
Aoho < po, (c+ Cxp)'ho + pyug = 0, —c — Cwg = Ajug, ug > 0,
—t(q + Chy) A6 c+ Cxg 0 0
= w1 + wo + w3 + wy, wi,wy > 0,
Po 0 Po Ao - (4.10)
w} (Aoho — po) = 0,
whug = 0.
Fwy -
ho hz—; w9 1
From (4.8), it follows that = and w = = satisfy (4.10).
uQ UuQ w3 0
L W4 | L0
ho
Therefore, satisfies
Up
—q— Ch§ Ao W c+Cxo 1 0 0
= ; E + a1 + 2,
Po 0 Po Ao -1
where
1 *
a1 = (1 - _)h0>
t
and

1
az = (1 = 2)(Aohg = po)-

Since Agh < po, and for every ¢ with 0 <t <1, 1 — % < 0. Thus,
1 *
az = (1— z)(AOho —po) >0,

and

|
AV
o
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Since u/(Aphf — po) = 0,
u
()" (Aohg = po) = 0.
Since u = up+tuy, we can write the third equation in (4.4), u/(Aohy—po) = 0, as (uo+tuy) (Aohl—

po) = 0, for every ¢ with 0 < t < ¢. It follows that uy(Aohy — po) = 0. So we have

1 .
abug = (1 — ;)(tho —po)'up = 0.

ho h
= and wy = ¥, wy =

Up Uo

Thus, , W3 =, wy = ag satisfy

=

Aoho < po, (c+ Cxg) ho + pyuo =0, —c — Czg = Ajug, uog >0,
—q— Chy Aj c+ Cxg 0 0

w1 + wo + ws +

] wy, wi,wy > 0,

Pbo 0 AO

w) (Apho — po) =0,

Po

whug = 0,
hg
which are precisely the optimality conditions for (4.2). Thus, is an optimal solution for (4.2)
uo
as required. O

The importance of the optimal problem (4.2) is illustrated in the following theorem.

ho

Theorem 4.2 Let Assumption 4.1 be satisfied. Suppose is an optimal solution for (4.2),
U

and suppose that wy, we, wsg and wy are multipliers associated with the constraints Aghg < po,

(c+ Cxo)'ho + pyuo = 0, —c — Cxg = Ajug and ug > 0, respectively. Then (h§, t) is an optimal
continuation of xg for (4.1), and v(t) = ug + t(w1 — waup) is an associated multiplier vector for
x(t) = zo + thi, for every t with 0 <t < t, where t = min{t, t} > 0, and

. b; — al
t= min{llialmo | all i =1,...,m with a,hl > p;}, (4.11)
a;hg — pi

—(uo);

m | alli=1,...,m with (w1 — waug); < 0}. (4.12)

t= min{
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The full (m-dimensional) vector of multipliers, u(t), is obtained from wv(t) by assigning zero to
those components of u(t) associated with constraints inactive at xp and the appropriately indexed

components of v(t), otherwise.

Proof
Let A} be the matrix of the gradients of all the constraints inactive at o for (4.1), let by be the
vector whose components are those b; associated with the rows of A;. Then A1xy < b1. Similar to

the proof of Lemma 1.3, there exists a 1 > 0, such that A;(zg + thy) < by + tp1, for every ¢ with

0<t< El.
hg
Since is an optimal solution for (4.2), the optimality conditions assert that
U
—q— Chg A} c+ Cxg 0 0
= w1 + wy + ws + wy, wi,wy > 0, (4.13)
Do Po Ao -
wh (Aohis — po) = 0. (4.14)
Multiply both sides of (4.13) and (4.14) by ¢,
—tq — tChy Aj c+ Cxg 0 0
= (twr) + (tws) + (tws) + (twa), (twr), (tws) =0,
tpo 0 Po Ao -
(4.15)
(twl)'(th(’; - po) =0. (416)

From (4.15), we have

—tq — tCh{y = A\ (twy) + (c + Czo) (tws),

and this is equivalent to
—(c+ Cxg) — t(q + Chy) = Ajtwy + (¢ + Cxo)(twe — 1).
From the optimality conditions for (4.1) when ¢ = 0,

_(C+ CI’O) = A/Ou()a ug = 07
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we have,

—(c+ Cxg) — t(qg + Chf) = Aj(twy — up(twe — 1)).
The second and the third constraints of (4.2) give
up(Aohg — po) = 0,
together with (4.16), we have
(twy — (twy — 1)ug)'(Aohy — po) = 0.

Let v(t) = twy — up(twy — 1). For t is given small enough, we have twy < 1; i.e., twy — 1 <0, for

every t with 0 <t <t3. Thus, v(t) > 0. Since Agxg = by, it follows from above that

tAohg < tpo,

—c—tq — C(zo + thy) = Ayv(t), v(t) >0,

U(t)/(<A0$0 — bo) + t(AhS — po)) = 0.

/

Furthermore, since Ay (zo + th{) < by + tp1, for every ¢ with 0 <t < ¢;, we have

A(zo +thy) < b+tp,

—c—tq — C(zog + thy) = Ayv(t), v(t) >0,

U(t)/(Ao(:Uo + th6> — (bo + tp[))) =0.

7
Let ¢ = min{¢;, ¢2} > 0. Then z(t) = zo+th{ and the associated multiplier v(t) = ug+t(w1 —waup)
satisfy the optimality conditions for (4.1), for every ¢ with 0 < ¢t < ¢. Thus, x(t) = zo + th{ is
optimal for (4.1), for every ¢ with 0 < ¢ < ¢. Therefore, we have (h{, t) is an optimal continuation

of z¢ for (4.1) as required.

Since x(t) = xo + th{ is an optimal solution for (4.1), if a,h{§ > p;, then azo < b;. From (4.11),
t > 0. Since v = ug + t(w; — woug) > 0, if (w1 — waug); < 0, then (ug); > 0. From (4.12), £ > 0.

Therefore, £ = min{t, t} > 0. O
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Recall Example 1.5 in Chapter 1. In the problem of Example 1.5, the first four constraints are
active at xop = (1, 1)". Let ug = (v1, va, v3, v4) be an associated multiplier vector for xy whose
components are associated with the first four constraints. Then, we can get an optimal continuation

hi
h = [ ] of zp by solving (4.2), which in this problem is
ha

minimize : kg + $h+ h3+vi +vs + doy
subject to:  hy < -1,
ho < 0,
hi 4+ he < -1,
hy  + 2h < -3
—h - U — vz — jug = 0,
U1 + vy + wvg =1,

v2 4+ vz + 2uy = 0,

v
o

U1

v
L

U2

v
o

U3

v
o

V4

The optimal solution is

and
roy -1
V2 0
ug = =
U3 0
L Vg _O_

From Theorem 4.2, the optimal solution for the problem of Example 1.5 is

1—1¢
—%t
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with the multiplier vector

~ 1 ~ 1
0 0

’U(t) = ug + t(w1 — wQUQ) = +1 s
0 0
L0 LO

whose components are associated with the first four constraints, for every ¢t with 0 < ¢t < t. From

Theorem 4.2, the upper limit ¢ is determined by applying (4.11) and (4.12):

from which

t = min{l, +oo} = 1.

1—1¢
x(t) =
" L;J

is optimal for the problem, for every ¢t with 0 < ¢ < 1, in agreement with our geometric determina-

Therefore,

tion of the optimal solution in Example 1.5. <&

4.2 Feasibility of the Problem (4.2) in Theorem 4.1

In this section, we will show that the critical problem (4.2) is feasible. Let S be the feasible region

of (4.2), namely,

ho
S=/{
Ug
ho
={
Uup

The optimality conditions for the problem

| tho S Po, (C + Cl‘o),ho —l—p6U0 = 0, —C — CSUQ = A{)’LLO, UuQ Z 0},

| Aoho < po, up(Aoho —po) =0, —c — Czg = Ajug, ug > 0}.

min{(c + Cﬁo),ho | tho S po}, (417)
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imply that if (4.17) has an optimal solution, then the set S is not empty.

Theorem 4.3 Assume that (4.1) is feasible for every t with 0 < ¢t < t. Then S is not empty. So
(4.2) is feasible.

Proof
From the analysis of above, we only need to show that (4.17) has an optimal solution, that is, (4.17)

is feasible and bounded.

We know that z is optimal for min{cd'z + %m’C’J: | Az < b} and Agzg = by. Assumption 4.1
implies that (4.1) is feasible, for every ¢ with 0 < t < £. Let 27 be a feasible solution for (4.1) for

t = to, where tg satisfies 0 < to < t. Then, Aoz < by + topo. It follows that
Ag(x1 — x0) < b + topo — bo,
= Ag(z1 — 20) < topo,

1 — T
to

= Ay < po-

Thus, #.-% is a feasible solution for (4.17), so (4.17) is feasible.

Assume on the contrary that (4.17) is unbounded. Then for a feasible solution h; for (4.17),

there exists an s such that hy — os; is feasible, for every positive scalar o, and
(c+ Cxp)'(hy — 081) — —00, as 0 — +oc.

Thus, we have

(c+ Cxp)'s1 >0,
(4.18)
A081 Z 0.

In the original problem (4.1), when ¢ = 0, the optimality conditions assert that

—c — Czo = Ajug, ug > 0,
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Together with (4.18), it follows that
(c+ Cxp)'s1 = —(Ayuo)'s1 = —ugH(Aps1) <0

This contradicts (¢ + Czg)'s1 > 0. So, (4.17) is bounded.

Therefore, (4.17) is feasible and bounded, thus has an optimal solution, then we have (4.2) is

feasible as required. O

4.3 The Boundedness of the Problem (4.2) in Theorem 4.1

The problem (4.2) maybe unbounded and have no optimal solution, which means that xy has no
optimal continuation. Then we want to find another optimal solution x; for (4.1) for ¢ = 0, such

that z; has an optimal continuation.

In this section, we show how to decide whether (4.2) unbounded or not, and prove that such z;

above always exists if Assumption 4.1 satisfies, and also give a way to find x;.

The following theorem gives to a way to check the boundedness of (4.2) by checking a simpler

optimal problem.

Theorem 4.4 Let Assumption 4.1 be satisfied. Then, (4.2) is unbounded if and only if the problem
min{—¢'s; | Cs; =0, sy =0, Ags; >0} (4.19)

1s unbounded from below.

Proof

Rewrite (4.2) as
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ho C 0 h’O
minimize :  [¢ —pj] + % [ho ug]
Ug 0 uo
o]
subject to: [Ag O] < po,
L Yo
o
[0 Aj] = —c — Cuxy, (4.20)
L Yo

S1

If (4.2) is unbounded, then there exists a vector ! , such that

52

0 0

51
=0,
52
ho 81
and -0 is feasible, for every positive scalar o. Thus, we have
Uug 82
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q's1 — pys2 > 0,

s$1Cs1 = 0= Cs; =0,
Aps1 >0,

Afjs2 =0,

(C + Cxo)’sl + p682 =0= 0/81 —|—p6$2 =0,

82§0.

Vs
The optimal conditions for (4.1) when ¢t = 0 assert that —c — Czg = Ajug, ug > 0. Together

with Agsy > 0, Csy = 0, we have

's1 = (c+ Cmo)'s1 = (= Aguo)'s1 = —up(Aos1) <0

That is, ¢’s; < 0.

If sy < 0, from /sy + pjs2 = 0, we have p{s2 > 0. Since Assumption 4.1 satisfies, (4.1) has
optimal solutions when 0 < t < t. Let z(ty) = xo + toho be an optimal solution for (4.1), for
t =ty with 0 < ty < £, then z(tg) = zo + toho is also an feasible solution for (4.1) for t = tg;
i.e., Ag(xo + toho) < by + topo. So Agxro = by implies Aphg < pg. Furthermore, since so < 0, we
have

hoAbs2 > pysa > 0. (4.21)
But since Ajysp = 0, the left-hand side of (4.21) equals to zero. It is a contradiction. Thus, we have

ds1 =0 and pjsy = 0.

Since pjse = 0 and ¢'s1 — pis2 > 0, it follows that ¢'s; > 0; i.e., —¢'s; < 0. Since s; satisfies
Csy =0, ds;y =0, Aps1 > 0 and —¢'s; < 0. For every positive scalar o, os; also satisfies

C(os1) =0, d(0s1) =0, Ag(osy) >0, and
—q'(081) — —00, as 0 — +00.

Thus (4.19) is unbounded.
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On the other hand, if (4.19) is unbounded from below, then there exists an s; such that
q’sl >0, Cs1 =0, s = 0, Ags1 > 0.

Then let so = 0, and deserve that

and
cC 0

S1
= 0.
52
h() S1
Furthermore, -0 is feasible, for every positive scalar o > 0. Thus, (4.2) is unbounded

uo 52
from below. O

0 0

From the theorem above, it is straightforward to deduce the following lemma.

Lemma 4.1 If (4.19) has an optimal solution s; = 0, then (4.2) is bounded and thus has an

optimal solution.

Consider the problem
min{—¢'s | /s =0, Cs =0, Ags >0, As > Axy — b}. (4.22)

It is feasible since sg = 0 is a feasible solution.

Theorem 4.5 Suppose that (4.2) is unbounded from below. Assume (4.22) has an optimal solution
s. Then s #0. Let x1 = xg—s. Let A} be the matriz of gradients of all the constraints active at 1,
let by be the vector whose components are those b; associated with the rows of Ay; i.e., Ajxy1 = by.
Let py be the vector whose components are those p; associated with the rows of A1. Then x1 is also

an optimal solution for problem (4.1) when t =0, and moreover, the problem

1
min{—p’luo+q’hg+§h6C’ho | A1ho < p1, (c+Cx0) ho+piuo =0, —c—Cxy = Ajug, up > 0} (4.23)
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has a finite optimal solution.

Proof

We first show that if (4.22) has an optimal solution s, then
s # 0. (4.24)
Otherwise, if s = 0 is an optimal solution for (4.22), the optimality conditions assert that
q = cuy + Cug — Ajug — A'ug, ug,ug >0, (4.25)

and

uy(Axg —b) =0, (4.26)

Since A{ is the matrix of gradients of all the constraints active at xg, (4.25) and (4.26) can be

simplified to
q = cuy + Cug — AE)U:J, — A6U4 =cu1 + Cuy — AG(U:J, + Z_L4), usz, g > 0, (4.27)
Agxrg — by = 0, (4.28)

where 4 is the multiplier vector whose components are those (u4); associated with the rows of Ay.

Then s = 0, uy, ug and us + 4y satisfy the optimality conditions for (4.19), which are
Cs=0, ds=0, Ags >0,

q = cuy + Cug — A (ug + a4), ug + g4 > 0,

(us + ﬁ4)/A08 = 0.
7
Thus, s = 0 being an optimal solution for (4.19), together with Lemma 4.1, contradicts that (4.2)
is unbounded from below. Thus, if (4.22) has an optimal solution s, then s # 0, which verifies

(4.24).

Now we will prove that x; is also optimal for (4.1) for ¢ = 0, and (4.23) has a finite optimal

solution. From the fourth constraint of (4.22), As > Axg — b, we have A(xg — s) < b, which means

ACL‘l S b.
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From the first and second constraints of (4.22), ¢’s =0, C's = 0, the objective function for z is

1 1 1
dxi + 51‘,10.1’1 =d(xg—38)+ 5(.’/60 —58)'C(x0 —8) =g + 53:6(3%0.

Thus, z; is also optimal for (4.1) for ¢ = 0.

Since s is an optimal solution for (4.22), the optimality conditions give us:

q=Cu+ cv— Aywy — A'wy, wo, w1 >0,
(4.29)

wAps =0, wi(Azg —b— As) = 0.

Since A; is the matrix of gradients of all the constraints active at x1, Ayxy = by; i.e., Ai(xg—s) = by,

(4.29) can be simplified to

q=Cu+cv— Ajwy — Ajwy, wo,w; >0,

’w(/)A()S = 0, A18 = Al:lio - bl,
where w; is a multiplier vector whose components are associated with the rows of A;. From
wAps = 0, we know that if als = (Aps); # 0, then (wp); = 0. Let A} be the matrix of all
the a; in Ap such that als = 0; i.e., Ass = 0. Let by be the vector whose components are

associated with the rows of As. Since Ay is a submatrix of Ay, we have Asxg = ba. Then,

Ag(xg — 8) = bo; i.e., Agxy = be. Thus, Ay is also a submatrix of A;. So,
q=Cu+ cv— Aywg — Ajwy = Cu+ cu — Ajw, wo, w1, w >0,
AQS = 0, A18 = A11’0 - bl,

where w is a vector whose components are associated with the rows of A;. Therefore, s; = 0 and
w satisfy
CSl = 0, 0/81 = 0, A1$1 2 O,
qg=Cu+cv— Aw, w>0,

w’A131 = 0,
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which are the optimality conditions for
min{—¢'s; | Cs; =0, ¢’s; =0, Ays; > 0}. (4.30)

So s1 = 0 is optimal for (4.30).

Then, from Lemma 4.1, (4.23) has a finite optimal solution. O

Theorem 4.6 If (4.22) is unbounded from below, then (4.1) is either infeasible or unbounded from

below, for every t with t > 0.

Proof
If (4.22) is unbounded from below, then for a feasible solution s for (4.22), there exists a vector d

such that s — od feasible for (4.22), for every positive scalar o, and ¢’d < 0. So d satisfies

¢dd <0, dd=0, Cd=0, Ad <0.

If for at > 0, (4.1) is feasible. Let Z(t) be a feasible solution for it. Then Az (t) < b+ tp. Since
Ad <0, we have

A(z(t) + od) = AZ(t) + 0 Ad < b+ tp.

Furthermore,
1 1
(c+tq)’(§:(t)+ad)—|—§(i(t)+ad)’0(:i(t)+ad) = (c+tq)’:i(t)+§£(t)’0£(t)+atq’d — —00, as 0 — +00,

since ¢'d < 0. Thus, (4.2) is either infeasible or unbounded from below for every ¢t with ¢ > 0. O



Chapter 5

Concluding Remarks

We want to solve the general parametric quadratic programming problem (4.1). Assume it has
an optimal solution xg for ¢ = 0. First we study the feasibility of (4.1) for ¢ > 0 by checking the
optimal solution for (3.3). If (3.3) has an optimal solution £ > 0, then (4.1) is feasible for every ¢
with 0 < ¢t < t. Then we solve a non-parametric quadratic programming problem (4.2). We prove
that (4.2) is feasible. If (4.2) is bounded and thus has an optimal solution hj, then x(t) = zo + thj
is an optimal solution for (4.1), for every ¢ with 0 < ¢ < ¢, where ¢ can be solved from (4.11) and
(4.12), and ¢ is a “corner” point for the parametric QP. If (4.2) is unbounded from below, then we
consider the LP problem (4.22). If (4.22) has an optimal solution s, then let 1 = z¢ — s, and solve
(4.23) for h§. Then x(t) = x1 + th{; is an optimal solution for (4.1), for every 0 < ¢ < ¢. If (4.22) is

unbounded from below, then (4.1) is unbounded from below, for every ¢ with 0 < ¢ < £.

71
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Appendix

Throughout this thesis, we have shown that difficulties arising from ties in a PQP can be resolved
by solving an appropriate QP. It is possible that the resulting QP may have degenerate points, thus
creating further difficulties. However, we argue here that such degenerate points are a consequence
of the linear constraints in the model problem and can be resolved by solving an LP. The use of
Bland’s rules in solving the LP [11] guarantees that the LP and thus the QP can be solved in a

finite number of steps.

Consider general convex QP problem
: / 1 /
min{c'z + 2% Cz | Az < b}. (1)

Let f(z) = ¢ J;—l—%x’C’x. Suppose xg is a quasi-stationary point determined by an algorithm. Suppose
that x( is degenerate; i.e., the gradients of those constraints active at xg are linearly dependent.
Let Aj, be the matrix of gradients of all the constraints active at xy and let by be the vector whose

components are those b; associated with the rows of Ag. We can consider the following LP problem

min{—(c + Cxg)'so | Aoso > 0}. (2)

Theorem 1 The problem (2) either has an optimal solution sy = 0 or is unbounded from below.
If (2) has an optimal solution then xq is optimal for the original QP problem. If (2) is unbounded

from below, let sy be a feasible solution such that (¢ + Cxy)'sg > 0 and let

6 = max{o | A(zg — osp) < b},
) (55Cs0) " t(c+ Cxp)'sp, s4Cso >0,
g =

+OO, 86050 = 07

Then o > 0. If 0 = +o0, then (1) is unbounded from below. If o < 400, then xo — osq is feasible

for (1) and f(zo — oso) < f(x0).
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Proof
The problem (2) is feasible since sop = 0 is a feasible solution. If (2) has an optimal solution,
then the optimal solution is sy = 0, otherwise (2) is unbounded from below. From the optimality

conditions for (2), there exists a ug > 0 such that ¢ + Cxy = —Afso, thus z( is optimal for (1).

If (2) is unbounded from below, then there exist a feasible solution sy such that (c+Czg)’sg > 0.

If 6 = +o00, and s,Csp = 0; i.e., C'sy =0, then ¢’syp > 0. Thus,

1 1
flzo—0s¢) = ' (xg—050) + 5(;1:0 —0380) C(xg—080) = d'zo+ 51‘60;&] —ocdsyg — —00, as 0 — +00.

If 6 < 400 and 6 = +o0, then
f(zo — os0) — f(z0) = —ac'sg < 0.

If 6 < 400, then

2

f(l’o—o‘So)—f(xo) = —U(C—FC:C())S()-F%S/OCSO < —U(C—FC.%'())/S-F%(C-FCxQ)/SO = —%(c—i-ng)/so < 0.

Therefore, f(xg — oso) < f(xo). O

Theorem 1 shows that when a degenerate quasi stationary point is determined by an active set
QP algorithm, solving the indicated LP using Bland’s rules will determine in a finite number of
steps that either the current point is optimal or will construct a search direction which will give a

strict decrease in the objective function.

Theorem 1 is apparently well known and was communicated to the author by M. J. Best [1].
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