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Abstract

A general procedure integrating the finite element method with multibody system dy-

namics using symbolic computation is presented. It takes advantage of both the nodal

formulation and the graph-theoretical approach, so it avoids the tedious modal analysis

and can automatically reduce the number of system equations. The validity and expected

performance are demonstrated mathematically and philosophically, which are tested by

several general examples.

A flexible beam is created with a finite element formulation, which is derived according to

the classical Bernoulli-Euler beam theory. A comprehensive procedure of deriving kinetic

and kinematic equations for the flexible beam is provided, which starts from inspecting

the diversity of shape functions to the generalization of inertia and elastic terms. The

geometrical nonlinear formulation is revisited and specifically developed for the symbolic

integration, and explicit expressions that are rare in existing publications for geometrical

nonlinearity are derived for three-dimensional applications.

A detailed process is described for the transformation of the equations of motion of the

finite-element flexible beam to a form required by the graph-theoretical approach. The

beam model is implemented in MapleSim (a multi-physics simulation environment based

on symbolic computation and graph theory) and made compatible with other multibody

components in its library. Example problems are shown to validate the functionality of the

implemented model. The dynamic stiffening effect due to geometrical nonlinearity is ex-

plicitly explained with its significance especially in fast and large overall-motion problems.

Comparison results also show that the nodal approach shows great potential using the

symbolic computation, which runs 70% faster and is more convenient to manipulate than

the modal approach. The general procedure of the finite element formulation for the flexi-

ble beam can be followed to derive proper formulations of plate and solid elements if using

appropriate displacement field assumptions, and the transformation to graph-theoretical

equations is also similar.
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1 Introduction

With computer-aided engineering (CAE) software now widely used to solve computational

mechanics problems, engineering design has become more accurate and efficient. Multi-

body system dynamics is one of the typical applications of computational mechanics. It

can be found in various fields of applications, such as robotics, automotive, and aerospace.

A considerable extension of the classic multibody systems dynamics is one wherein rigid

and flexible bodies are interconnected with each other. For this important branch, vast

effort has been spent on combining the continuum mechanics techniques with the equations

describing the interconnected gross motion. Numerous approaches have been developed

to model the flexibility, and all of them follow the same basic framework underlying each

formulation. Due to the fact that a deformable body has infinite degrees of freedom, a

physical discretization method should be used to reduce the infinite number to a finite

number. One of the discretization approaches, which is widely used, is the finite element

method (FEM). The finite element method shows strong ability to construct approximat-

ing deformation functions for flexible bodies with arbitrary shapes.

Realizing the integration of multibody system dynamics with the finite element method to

predict the dynamics of flexible multibody systems has taken decades of work in engineer-

ing and mathematical fields, but there still remain several knotty problems to be tackled.

Certain software packages have already commercialized the integration [2] and made great

contributions to engineering development; however, its potential is highly restrained by nu-

merical computation. Inconvenience in the modelling subroutines and long computational

time are the most critical factors that result in low efficiency and high cost of engineering

design and analysis. The advent of symbolic programming enables faster simulation code,

via which the development of flexible multibody system dynamics has made predominant

achievements [3, 4, 5] that show better performance over numerically-based simulations.

Currently, the development using symbolic programming to integrate multibody system

dynamics with the finite element method is at the initial stages, and publications in this

area are scarce. Even though certain researchers have shown simple integration examples
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using the Modelica symbolic programming language [6], the detailed process of the imple-

mentation is not provided.

The method described in this thesis is a general integration of the finite element method

with multibody system dynamics, using symbolic computation technology (Maple/MapleSim

[7]). The dynamic equations of a finite-element flexible beam based on a nodal formulation

[1] are explicitly derived in symbolic form first, which are modified specifically to realize

the integration. Newly-defined explicit expressions regarding the geometric stiffening non-

linearity are derived from the classic Bernoulli-Euler beam theory, which is specific for the

nodal formulation. In addition, the graph-theoretical approach [4] is used to construct the

flexible multibody system equations. With this approach, highly-optimized equations of

motion are generated. The development of the symbolic finite-element beam is considered

as the first step; further extensions to plates and even arbitrarily-shaped deformable bodies

can be created in the future by following the same routine. The integration is expected to

become a powerful and efficient simulation tool in the future.

Six chapters are covered in this thesis. A brief literature review is presented in Chapter 2

focusing on the connection of flexible multibody system dynamics and the finite element

method and the advantages of using symbolic computation as the programming basis.

In Chapter 3, the detailed formulation of the finite-element beam element based on the

Bernoulli-Euler theory is constructed using a nodal approach. The steps of derivation are

general so that they can be used to derive the formulation of plate or shell elements when

given the corresponding theoretical assumptions. A specific nodal formulation regarding

the geometric stiffening nonlinearity is built following the classical beam formulation. Af-

ter that, in Chapter 4, a general approach of integrating the multibody system dynamics

with the finite element method is discussed. Following that, a recent approach based on

graph theory, which is directly built on the symbolic computation technique, is briefly

introduced. A general procedure showing how to tailor and transfer the finite-element

equations to the graph-theoretical system equations is proposed. An illustrative example

displaying the details of the proposed implementing procedure is provided at the end of the
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chapter. In Chapter 5, the functionality of the implemented three-dimensional symbolic

finite-element beam is tested. The results obtained are compared with those recorded in

the literature or from models built with numerically-based commercial software packages.

Accuracy, CPU time, and user-friendliness are some of the key factors concerned in the

comparison of symbolically-based and numerically-based models. Several conclusions are

drawn in Chapter 6, and future related work is identified.
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2 Literature Review

2.1 Approaches in Flexible Multibody System Dynamics

There are two main approaches, which differ in the selection of coordinate systems, used

to formulate the dynamic equations of motion of deformable bodies in flexible multibody

system dynamics: the floating frame of reference method [8] and the absolute nodal coor-

dinate method [9]. Even though both approaches can be used to construct equations of

motion for the same multibody systems, the forms of the equations are entirely different

from each other and possess respective merits and defects.

The floating frame of reference (FFR) method is currently the mainstream approach

adopted by most commercial software packages dealing with flexible multibody dynam-

ics problems. This method defines the configuration of the flexible body in terms of two

sets of coordinates: reference coordinates and elastic coordinates. Reference coordinates

define the location and orientation of a selected body-fixed frame. Elastic coordinates de-

scribe the body deformation with respect to the body-fixed frame. The potential energy

defined using these local elastic coordinates yields a simple expression based on the as-

sumption of small strains. The expression of the kinetic energy as well as the virtual work

of the forces, however, are highly nonlinear since they are written in terms of the coupled

sets of reference and elastic coordinates. As a result, the floating frame of reference method

will generate a simple, and usually constant, stiffness matrix but a deformation-dependent

mass matrix and other nonlinear inertia force terms. Despite the defects mentioned above,

one of the main reasons for this method to be popular is because conventional discretiza-

tion and coordinate-reduction methods can be easily applied [1]. This approach is widely

used and has proved efficient in modelling flexible bodies with large overall motion while

undergoing small deformation.

The absolute nodal coordinate formulation (ANCF) method, according to its name, uses

coordinates with respect to the inertial frame directly to define all the configuration of the
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deformable body. Its conceptual difference in the formulation makes it effective in mod-

elling deformable bodies with large deformation since it uses no infinitesimal rotations as

deformable coordinates. The difference also comes with the fact that due to the elimination

of the coupling of reference and elastic coordinates, the mass matrix becomes constant,

which no longer depends on the deformation of the body. However, using absolute coor-

dinates will bring complexity into the formulation of continuum mechanics because the

stiffness matrix turns out to be nonlinear even in the case of a linear elastic body with

small deformation.

A number of test problems have been developed to compare these two methods [10, 11, 12].

Most of the cases show a good agreement between the two approaches, and some cases also

indicate that a divergence of results emerge when the deformation or vibration of the

deformable body is large to some extent [10]. Although the absolute nodal coordinate

method has been used by many researchers to analyze flexible multibody problems, cer-

tain researchers still doubt the theoretical correctness of its formulation [13], which is one

of the reasons to limit its broad application.

Having defined the coordinates of deformable bodies in multibody system dynamics, one

needs to follow a specific approach to construct the system-level governing equations of

motion. A conventional method that has been widely applied in commercial software

packages uses all of the coordinates corresponding to all rigid and deformable bodies to

assemble the entire system equations of motion, which is referred to as absolute coordi-

nate formulation [14]. Notice that this method should be differentiated from the absolute

nodal coordinate formulation used to define flexible bodies even though their names are

similar. The system equations developed by the absolute coordinate formulation will be in

the form of differential-algebraic equations (DAEs), and all joint reaction forces and mo-

ments will appear as Lagrange multipliers [15] inside the equations. This method is very

straight forward and thus easy to be manipulated and implemented in computer systems.

The main disadvantage of this method is that it always generates the whole number of

DAEs including all of the reactions even though some of them are not desired, resulting in
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unnecessary time cost.

With the advent of the graph-theoretical approach for flexible multibody systems, the

way of assembling the system equations of motion becomes more intelligent. The graph-

theoretical approach was initiated by Andrews and Kesavan [16] only to deal with uncon-

strained particles in a three-dimensional system. Later on, it was extended by McPhee

[17] and pushed forward by other researchers (Andrews, Richard, Anderson [18]) to treat

general two- and three-dimensional rigid multibody systems. Forces and moments are used

as through variables and displacements and rotations are used as across variables. It was

not until Shi [4] who used virtual work of the flexible body as a through variable that

the graph-theoretical approach was used to analyze flexible multibody system dynamics.

Following a specific spanning-tree selection scheme explored by McPhee [19], the graph-

theoretical approach can produce fewer system equations by eliminating undesired joint

coordinates to save simulation time.

Shi [20] specifically formulated the terminal equations of a flexible beam with geometrically

nonlinearity based on the floating frame of reference method and used one of the classical

variational methods [21], the Rayleigh-Ritz method, to discretize the deformation variables

into generalized elastic coordinates over the entire length of the beam. The shape functions

relating the generalized coordinates and the deformation variables are sets of polynomials

with appropriate orders. This formulation is easy to obtain the inertia and elastic forces,

which are extracted from the integration of the virtual work of a generic cross-section along

the entire length. However, as pointed out by [22], the generalized coordinates from the

Rayleigh-Ritz variation lack physical meanings as they only serve to reduce the infinite

number of degrees of freedom to a calculable finite number. In addition, the classical vari-

ational methods unavoidably possess the disadvantage of difficulty of properly constructing

the approximating functions for arbitrarily-shaped deformable bodies, which limits their

usage when modelling more complex flexible components.
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2.2 Finite Element Method

Having been developed for more than six decades, the finite element method is proved ca-

pable of constructing approximate functions for arbitrary domains, which has been applied

in various fields of engineering application and analysis. Among one of the applications,

its massive use in modelling flexible components in multibody system dynamics has been

commercialized as different CAE software packages to solve complex engineering prob-

lems. The basic process of integrating the finite element method with multibody system

dynamics is introduced in [1]. The finite element method can be viewed as a special case

of the Rayleigh-Ritz method wherein the deformable body is divided into small regions

called elements. The deformable body is separated into a number of finite elements that

are interconnected at nodal points on their boundaries. The deformation variables are

primarily the displacements of the selected nodal points. The displacement field of the

element is adequately described by using interpolating polynomials on specific types of

deformation, which are used to derive the shape functions associated with the element.

Therefore, the undesired features of the Rayleigh-Ritz method pointed out in the previous

section can be avoided by the finite element method using nodal coordinates to directly de-

scribe the displacements and rotations at the selected nodal points on the deformable body.

The types of classical finite elements that are used in the static and dynamic analysis of

deformable bodies can generally be divided into two categories: isoparametric elements

and non-isoparametric elements. As defined in [23], an isoparametric element has a shape

function which can interpolate both the location and deformation of the generic points of

the element. The isoparametric element uses only nodal displacements as coordinates and

does not employ rotations or slopes as nodal coordinates. Examples of these elements are

the rectangular, triangular, solid, and tetrahedral elements. The non-isoparametric ele-

ment, on the other hand, uses infinitesimal rotations as nodal coordinates. These elements

include beam, plate, and shell elements. The non-isoparametric element is widely used

to develop computational procedures for the large rotation and deformation problems.

Among these non-isoparametric elements, the beam element, which includes several de-
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rived versions with various complexity of formulations, is the fundamental one that is used

massively to model mechanisms with deformable links such as robotic arms, connecting

rods, propellers, and so forth.

2.2.1 Beam Element Types

The beam element types are differentiated mainly by the different beam theories used to

create the element formulation associated with the theoretical assumptions. Sometimes

special nonlinear terms are added to the formulation of a selected type of element in order

to capture specific physical behaviour.

The simplest classical beam theory is known as Bernoulli-Euler beam theory [24]. The key

assumption under this theory is the plane sections of the beam initially perpendicular to

the centroid axis will remain plane and perpendicular to the axis after deformation. This

assumption necessarily implies that the shear strain and stress associated with the shear

force is zero. As pointed out in [24], this formulation ignoring shear stresses can be used for

load cases wherein stresses due to bending moment are the most significant; it is, however,

acceptable only for long slender beams as errors incurred in displacements by ignoring

shear effects are of the order of H/L2, where H is the depth of the beam and L is the

length. Another critical assumption of the Bernoulli-Euler beam theory states that accu-

rate description of the beam deformation will only be guaranteed under small deformation

with small strains. Based on empirical data, it is estimated that the Bernoulli-Euler beam

theory allows the maximum deformation ratio of the tip deformation over the beam length

to be 10%, and errors will become intolerable if beyond this limit. A simplified version

of the Bernoulli-Euler beam element used in certain applications assumes that the plane

sections remain in plane but perpendicular to the undeformed centroid axis, in which the

rotary inertia of the cross-sections is neglected. This simplified version further reduces the

complexity of the mass and stiffness matrices so that it saves time when used to model

thin beams of which the rotary inertia of the cross section is negligible.

In cases where the beam is relatively short or deep, shear effects can not be negligible. An
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analytical beam theory with shear effects included is the Timoshenko beam theory [25].

The assumption that the plane section remains plane and perpendicular to the neutral

axis is relaxed to allow plane sections to undergo a shear strain. The rotation of the cross-

section described by the Bernoulli-Euler beam theory is reduced by an amount of the shear

strain. Initiated from the Timoshenko beam theory, several derivatives with improvements

in different aspects have been developed by numerous researchers [26, 27].

Regarding flexible multibody dynamics, the Bernoulli-Euler beam element is usually the

first choice considering that the deformable components in multibody systems are often

slender links. However, certain cases involving large and fast rigid-body motion of the

flexible body lead to the inexact modelling of the deformation by using the conventional

Bernoulli-Euler beam formulation. Theoretically, the assumption of small strains omits

higher order terms in the full strain energy expression [28]. This hypothesis decouples

different types of deformation (bending, axial, and torsion) in reality, and the uncoupled

bending and axial deformation result in the failure of modelling the dynamic stiffening

effect. This effect, usually referred to as geometric elastic nonlinearity [29], is critical in

flexible multibody dynamics with the deformable components undergoing large and fast

rigid-body motions, which can also be described as the foreshortening effect [30].

A benchmark problem concerning this effect was initiated by Kane, Ryan, and Banerjee

[30] who developed a planar spin-up flexible beam to analyze the significance of the geo-

metric elastic nonlinearity. A number of mathematical modifications based on the original

Bernoulli-Euler beam formulation have been developed to cover geometric elastic nonlin-

earity. Bakr and Shabana [31] expanded the original formulation by adding the classical

geometric stiffness matrix [32] to the traditionally constant stiffness matrix. Afterwards,

Mayo et al. [29] improved the formulation by developing a new geometric stiffness matrix

and a vector of nonlinear elastic forces with more general formulations than that of Bakr

and Shabana. However, all these methods suffer from computational inefficiency due to

the necessity to include many axial deformation modes to approximate the displacement

field. An alternative formulation derived later on by Mayo and Dominguez [33] manu-

9



ally added a foreshortening term in the expression of the axial displacement field. This

approach distinguished the shortening-induced and strain-induced displacements, and will

yield the traditionally constant stiffness matrix. The nonlinearity was moved from the

elastic forces to inertia, external, and reactive forces. This approach is proved more com-

putationally efficient [34] and widely used in numerous examples [35, 36] to approximate

the foreshortening effect.

2.2.2 Nodal and Modal Approaches

The nodal approach, also referred to as transient analysis in some commercial software

packages, generates the system equations of motion of the flexible multibody dynamics

which contain the entire set of the elastic nodal coordinates of the flexible body. The

results provide the exact values of the nodal displacements after solving the system equa-

tions. It may require a significant number of nodal coordinates to obtain an adequate

representation of large-scale nonlinear mechanical systems. If using the nodal approach,

the large computational cost could be a serious issue. For this reason, it is necessary to

reduce the number of coordinates to obtain a solution with a reasonable amount of com-

puter time. The modal transformation approach has been used extensively in structural

dynamics [37, 38] to reduce the problem dimensionality.

Most researchers as well as commercial software packages utilize the modal approach as the

primary selection to solve flexible multibody dynamics problems, but the modal approach

has its disadvantages. It unavoidably requires the user to spend time on mode shape anal-

ysis [39] or modal analysis. References about modal analysis always state that the mode

shapes should be selected in a way that a good approximation for the displaced shape

can be obtained, but none of them has given a gold-standard selection method for general

problems. Therefore, efficient selection of the appropriate mode shapes often requires suf-

ficient empirical knowledge. Even so, when faced with a new problem, a number of trials

of selections are still necessary to refine the approximation of the displaced shape before

reaching convergence. Additionally, for optimization problems where the geometrical and

material parameters of the flexible body are frequently changed, using the modal approach
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seems to be time-consuming due to the fact that changing parameters always results in a

new set of mode shapes to be numerically calculated and manually selected.

With the advent of symbolic computation whose features are introduced in the following

section, the integration of finite element method with flexible multibody dynamics using

the nodal approach shows great potential on several aspects. It tackles the problem of

redundant creation of new flexible bodies when the parameters are changed. It eliminates

numerical errors associated with the mode-shape approximation. As the modal approach

often requires a large number of elements to obtain a set of exact mode shapes, the nodal

approach only needs a small number since it fully utilizes the shape function which directly

describes the deformation of the material points. These facts will be presented in this thesis.

2.3 Symbolic Computation

Since the 1970s, many multibody systems programs based on numerical programming have

been developed to assist a wide range of applications in a given modelling and analysis

field. Although each of them was said to be a general purpose multibody software package,

they are all restricted by numerical programming on both modelling and analysis. It was

emphasized by Samin and Fisette [3] of the distinction between modelling and analysis

of multibody systems. The modelling phase is a process which, once and for all, derives

the entire system equations of motion describing a multibody application for a given set

of system parameters and generalized coordinates. This phase can be based on analytical,

numerical, or symbolical approaches. Once the system equations have been set up, they

can repeatedly be used by the subsequent process, which is called the analysis phase, to

generate desired results. The conventional way of implementing these two phases in a

computer program is via a purely numerical manner. Since the analysis phase generally

involves time integration of the complicated multibody systems equations where a closed-

form solution can hardly be obtained, numerical solvers become mandatory for this step.

However, the modelling phase does not necessarily rely on the numerical approaches.
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Essentially based on symbolic computation, symbolic programming subtly avoids common

shortcomings that normally belong to numerical computation. As described by Samin and

Fisette, symbolic computation takes advantage of both the numerical and manual tech-

niques. The manual derivation of system equations, using a pen or some general purpose

programs, was a natural way before the computer era. It always plays an enlightening role

for one to learn the process of deriving system equations. Although the manual generation

is limited to very simple systems and always subject to human error, it has the strength

to yield optimized mathematical equations in terms of arithmetical and trigonometrical

expressions. If based on numerical generation, the modelling phase requires numerous

calls of subroutines. Each subroutine is used to build some specific parts of the equa-

tions or specific vector/tensor operations. However, the multiple calls sometimes become

annoying when parameters of the system should frequently be changed. Many excessive

zero-value quantities, for large systems, are taken into account and treated equally with

the non-zero ones. A manual generation would eliminate all the unnecessary arithmeti-

cal operations beforehand so that an optimal form of system questions can be generated.

Symbolic programs manipulate only arithmetical operators (+, −, ∗, /, etc.) as well as

strings of alphanumeric characters (cos θ, dij , π, etc.) to produce the equations in an

analytical form. From the modelling point of view, the symbolic generation is performed

only once, and it is not necessary to assign values to the symbolic parameters throughout

the calculation unless and until a numeric approximation is needed. For instance, π/4 can

remain as π/4 throughout the modelling phase, resulting in an exact result by eliminating

accumulated round-off errors.

Also, the symbolic simplification of expressions enables higher efficiency and makes it easy

to sweep parameters, optimize values, and study the behaviour of the system. If only

considering the simulation time, comparison tests [40] shows that a symbolic multibody

model performs a time simulation about five to ten times faster than a purely numerical

one with all other things being equal. Many other features of the symbolic computation

in different applications can be found in [41].
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2.4 Symbolic Flexible Multibody Systems using Finite Element Method

Although symbolic computation has already become a mature technology used in flexible

multibody simulation programs [42], the integration with the finite element method is still

rare.

There are two ways preferred by symbolic multibody programs for modelling the flexible

body: a finite segment approach in which the beam is replaced by a sequence of rigid

segments interconnected by equivalent springs [43, 44], or an assumed displacement field

method using polynomials up to different orders (same as the Rayleigh-Ritz variation used

in [45, 46]) to directly describe the displacement field corresponding to different types of

deformation. Both methods agree nicely with the symbolic technique because they allow

symbolic expressions of the deformation equations associated with the deformable bodies

to be directly generated. However, neither of the two methods can be easily extended to

model arbitrarily-shaped deformable bodies. Anther applicable method uses the input of a

set of assumed mode shapes resulting from a preprocessed modal analysis [47], which fol-

lows the same procedure as employed in numerical programs and cannot avoid the tedious

mode-shape selection step.

Ferretti [48] modelled a three-dimensional finite-element thin beam with the classical

Bernoulli-Euler beam formulation using Dymola based on the Modelica programming lan-

guage [49]. It displays the advantage of using symbolic programming to build up the finite

element equations. It is known that crafting finite-element models involves encoding a

number of large and complex matrices, such as the mass and stiffness matrices. For in-

stance, developers can use symbolic programming to just correctly write out the symbolic

expression of the position vector of an arbitrary point on the flexible body and let it inte-

grate symbolically with other symbols representing the density and cross-sectional area to

obtain the whole inertia term. Even though using the nodal approach, the comparison re-

sults show that the symbolic finite-element models created in Dymola are 100 times faster

than the same model simulated in ANSYS. However, the content focuses mainly on the
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finite-element matrices and generalized forces referred from [1] while the actual process of

the implementation of the finite element method into the system is ambiguously described.

As mentioned in the preceding section, Shi [4] used the graph-theoretical approach and the

Rayleigh-Ritz method to create a library consisting of multibody system components and

an analytical flexible beam, which is based on symbolic computation as well. The library

has now been modified and integrated into MapleSim [7]. Shi [50] also pointed out the

possibility of using the finite element method for the discretization of the flexible body.

With the benefit of the graph-theoretical approach, this technique can be used to construct

even more complex flexible multibody systems with the finite element method.
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3 Finite Element Modelling of Flexible Beams

The theory of Bernoulli-Euler beam is applied to obtain the inertia and stiffness terms of

the flexible beam. In the beginning, it is necessary to highlight what is meant by the clas-

sical Bernoulli-Euler beam. The deformation patterns of the Bernoulli-Euler beam stays

in between those of the slender prismatic bar and Timoshenko beam. Three principal

assumptions are made for the Bernoulli-Euler beam according to Astley [24]. First, the

classical Bernoulli-Euler beam model assumes that the internal energy of the beam is en-

tirely due to bending strains and stresses, so it neglects transverse shear deformations. In

this case, the cross-sections remain plane and will always be perpendicular to the reference

axis during deformation. Second, for small deformations, axial deformation, bending, and

twist can be decoupled and looked at separately. The last one is that the twist is regarded

independent, and the Saint-Venant method [22] is used to establish the torsional stiffness.

The Bernoulli-Euler beam can be adequately modelled by using the finite element method.

The finite element method can be viewed as a special case of discretization where the

deformable body is divided into small regions called elements. The deformable body is

separated by imaginary lines into a number of finite elements that are assumed to be in-

terconnected at nodal points on their boundaries. The displacements of the selected nodal

points are the basic unknowns of the problem, which are also referred to as the deformation

degrees of freedom (DoFs).

Generally, a spatial finite beam element, which is used the most widely, has one node lo-

cated at each tip-end. Sometimes, however, a beam element can have more than two nodes

to obtain greater accuracy with higher computational cost. For any three-dimensional

beam elements with an arbitrary number of nodes, there are always six deformation de-

grees of freedom (three displacements and three infinitesimal rotations) engaged with each

node in a Cartesian coordinate system. A beam distributed by two elements is shown in

Figure 3.1, and the body-fixed frame of reference is located at the left tip-end with the

x-axis pointing along the neutral axis to the right. At Node 1, there are three displacement
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vectors denoted by u1, u2, u3 and three rotation vectors denoted by u4, u5, u6 respectively.

It is identical for the other nodes, and the same routine will apply if more beam elements

are used.

Figure 3.1: DoFs of a 3D beam with 2 elements in body-fixed frame.

Classical deformations of an arbitrary node are shown in Figure 3.2, and they are cor-

responding to axial deformation, torsion, two lateral bending translations and rotations.

The deformation degrees of freedom of one node can be clearly observed from the six de-

formation figures.

(a) axial (b) bending translation y (c) bending translation z

(d) twist (e) bending rotation y (f) bending rotation z

Figure 3.2: Deformation figures of a node. (a), (b), and (c) indicate displacements along
x-, y-, and z-axis directions. (d), (e), and (f) indicate infinitesimal rotations about x-, y-,

and z-axis directions.
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Summing up all of the statements above, some key assumptions can be generalized when

using the conventional Bernoulli-Euler beam element:

1. The beam is applicable in any arbitrary overall motion with small deformation.

2. There is no coupling between axial deformation, lateral bendings, and twist.

3. Shear due to bending or warping due to torsion are ignored.

The classical Bernoulli-Euler beam can be modelled by using the conventional finite ele-

ment method formulation. However, certain cases where the overall motion of the beam is

not only large but also fast will result in a physical effect called dynamic stiffening. This

phenomenon happens even when the motion is slow if the beam is not stiff enough. The

physical behaviour of dynamic stiffening is that a beam will become harder to bend dur-

ing spinning since the axial deformation caused by centripetal force is counteracting the

bending. This effect can not be correctly modelled by using the conventional formulation

that completely decouples bending and axial deformation, so it brings the need to adopt a

modified formulation. Several nonlinear formulations can be used to capture the dynamic

stiffening effect, of which the most efficient one is to add an additional foreshortening term

in the displacement field [33]. The foreshortening term can be interpreted as that bending

can cause axial shortening due to the inextensibility of the beam. By properly adding the

foreshortening term, the beam becomes geometrically nonlinear which leads to generating

highly nonlinear inertia terms. The conventional finite element and the geometrically non-

linear formulations will be presented in Section 3.1 and 3.2, respectively.

3.1 Conventional Finite Element Formulation

3.1.1 Displacement Field and Element Shape Functions

In the standard finite element formulation for non-isoparametric elements, nodal coordi-

nates at each selected node are used to describe displacements and infinitesimal rotations.

Between these selected points the displacement field within the element can be adequately
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described by using interpolating polynomials. Shape functions are derived from these poly-

nomials after several transformation steps.

The concept of interpolation is to select a function f(x) from a given class of functions in

such a way that the function passes through the given data points, which in this case are

the nodal points. Therefore, exact and interpolated curves match at the endpoints (the

nodes) but may differ elsewhere.

Classical procedures of the derivation of the shape functions can be found in many finite

element textbooks and papers, which are derived from Lagrange polynomials with varying

orders to describe axial deformation, twist, and bending [51]. However, the classical way

makes it hard to comprehend the meaning of orders of deformations for new finite element

users. Another method provided by Shabana [1] derives the identical shape functions as

used by Lagrange polynomials, but it follows a more straightforward path by deriving them

from Taylor polynomials.

In Shabana [1], a simple example of deriving the shape functions for a two-dimensional

beam is given. Let us consider a more complex one, and take the three-dimensional beam

element shown in Figure 3.3 for example.

Figure 3.3: A 3D beam element with nodal DoFs

In this beam element, there are two nodal points A and B each with six degrees of freedom:

three translational coordinates in X, Y , and Z directions (XY Z is the body-fixed frame),

two infinitesimal rotational coordinates describing the slope at the nodal point, and the

other one defining the twist angle. The total number of coordinates for this element is 12,

denoted as e1, e2, ..., e12. One may describe the displacement field w in three-dimensional
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space plus torsion within the element by the following deformations described by Taylor

polynomials:

w1 = u = a0 + a1x

w2 = vy = a2 + a3x+ a4(x)2 + a5(x)3

w3 = vz = a6 + a7x+ a8(x)2 + a9(x)3

w4 = φ = a10 + a11x


(3.1)

where u and φ are the axial deformation and twist about X direction, respectively, and

vy and vz are the transverse deformation in Y and Z directions. A linear interpolation is

used to describe the axial deformation and twist, while a cubic function is used to describe

the transverse deformation. x is the distance from the nodal point A to an arbitrary point

on the X-axis. The coefficients a0, a1, ..., a11 are to be determined by applying boundary

conditions.

Eq. (3.1) can be written in a matrix form

w = Xa (3.2)

where X is the matrix

X =



1 x 0 0 0 0 0 0 0 0 0 0

0 0 1 x x2 x3 0 0 0 0 0 0

0 0 0 0 0 0 1 x x2 x3 0 0

0 0 0 0 0 0 0 0 0 0 1 x


(3.3)

and a is the time-dependent vector whose components are given by

a =
[
a0 a1 a2 a3 a4 a5 a6 a7 a8 a9 a10 a11

]T
(3.4)

It is important to notice that a is a constant vector in static analysis, while it is a function

of time in dynamic analysis.

If the length of the beam element is l, then the nodal point A is located at x = 0, and
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nodal point B is located at x = l. We can also write all of the coordinates in a vector form

as

e =
[
e1 e2 e3 e4 e5 e6 e7 e8 e9 e10 e11 e12

]T
(3.5)

where e1, e2, e3, e7, e8, e9 are the translational coordinates as shown in Figure 3.3, e5,

e6, e9, e11 are the slopes (rotational coordinates) at the nodal points, and e4, e10 are the

torsional coordinates at the nodal points A and B, respectively. Notice that e is time-

variant in dynamic analysis. To determine the coefficients ai, i = 0, 1..11 in Eq. (3.1), we

impose the following boundary conditions:

w1(0) = e1, w2(0) = e2, w3(0) = e3, φ(0) = e4, w
′
2(0) = e5, w

′
3(0) = e6

w1(l) = e7, w2(l) = e8, w3(l) = e9, φ(l) = e10, w
′
2(l) = e11, w

′
3(l) = e12

 (3.6)

where (′) denotes partial differentiation with respect to the spatial coordinate x.

Using the representation of Eq. (3.2) and the boundary conditions of Eq. (3.6), one can

write

e = X̄a (3.7)
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where the 12×12 matrix X̄ is defined as

X̄ =



1 0 0 0 0 0 0 0 0 0 0 0

0 0 1 0 0 0 0 0 0 0 0 0

0 0 0 0 0 0 1 0 0 0 0 0

0 0 0 0 0 0 0 0 0 0 1 0

0 0 0 1 0 0 0 0 0 0 0 0

0 0 0 0 0 0 0 1 0 0 0 0

1 l 0 0 0 0 0 0 0 0 0 0

0 0 1 l l2 l3 0 0 0 0 0 0

0 0 0 0 0 0 1 l l2 l3 0 0

0 0 0 0 0 0 0 0 0 0 1 l

0 0 0 1 2l 3l2 0 0 0 0 0 0

0 0 0 0 0 0 0 1 2l 3l2 0 0



(3.8)

Therefore, the vector of the coefficients a can be determined in terms of the nodal coordi-

nates e as

a = X̄−1e (3.9)

where X̄−1 is the inverse of X̄. Using Eqs. (3.2) and (3.9), the displacement field of the

beam element can be written in terms of the nodal coordinates as w = XX̄−1e, or

w =
_

Se (3.10)

where
_

S is widely known as the element shape function matrix and defined as XX̄−1. Using
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Eq. (3.8), the space-dependent shape function matrix of the beam element is derived as

_

S =



1−ξ 0 0 0

0 1 − 3(ξ)2 + 2(ξ)3 0 0

0 0 1 − 3(ξ)2 + 2(ξ)3 0

0 0 0 1−ξ

0 0 [−ξ + 2(ξ)2 − (ξ)3]l 0

0 [ξ − 2(ξ)2 + (ξ)3]l 0 0

ξ 0 0 0

0 3(ξ)2 − 2(ξ)3 0 0

0 0 3(ξ)2 − 2(ξ)3 0

0 0 0 ξ

0 0 [(ξ)2 − (ξ)3]l 0

0 [−(ξ)2 + (ξ)3]l 0 0



T

(3.11)

in which ξ = x/l. Note that at x = 0, the elements of the shape function matrix associated

with the coordinates of the second node are equal to zero, while at x = l, the elements of

the shape function matrix associated with the coordinates of the first node are equal to zero.

The shape function matrix given in Eq. (3.11) works for any basic Bernoulli-Euler beam

element if the beam is considered very thin and thus the rotary inertia of cross-section is

neglected. The displacement fields defined in Eq. (3.1), which is used to derive the shape

function matrix in Eq. (3.11), only describe the displacement for an arbitrary point C

located on the neutral axis of the beam shown in Figure 3.4. However, it is not able to

describe the displacement for a generic point P of the beam that offsets from the neutral

axis. For this reason, any energy associated with the tilted cross-section of the beam will be

lost, and the rotary inertia of the cross-section is ignored as a result. Therefore, if a beam

has a small slenderness ratio, additional terms need to be added into the displacement

fields defined in Eq. (3.1).

Generally, the rotary angle of the cross-section is approximated as the partial derivative
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Figure 3.4: Tilted cross-section

of the transverse displacement wb with respect to the longitudinal spatial coordinate x

shown in Figure 3.4, which is the slope for small deformation assumption [51]. Using this

definition, a modified displacement field which defines the displacement for a generic point

P within the beam element can be written as

w1 = u− yv′y − zv′z

w2 = vy − zφ

w3 = vz + yφ

w4 = φ


(3.12)

where u, vy, vz, and φ are defined in Eq. (3.1), and y and z are the other two spatial

coordinates along Y and Z directions shown in Figure 3.3. Several terms have been added

into the displacement field compared with Eq. (3.1). Notice that the additional terms

added in the axial displacement w1 is the foreshortening movement of P in axial direction

due to the rotation of cross-section, but it is not the foreshortening term introduced later in

Section 3.2 due to geometrical nonlinearity. Following the same steps as described above,
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a modified shape function matrix can be generated as

_

S =



1−ξ 0 0 0

6[ξ − (ξ)2]η 1 − 3(ξ)2 + 2(ξ)3 0 0

6[ξ − (ξ)2]δ 0 1 − 3(ξ)2 + 2(ξ)3 0

0 −(1 − ξ)lδ (1 − ξ)lη 1−ξ

[1 − 4ξ + 3(ξ)2]lδ 0 [−ξ + 2(ξ)2 − (ξ)3]l 0

[−1 + 4ξ − 3(ξ)2]lη [ξ − 2(ξ)2 + (ξ)3]l 0 0

ξ 0 0 0

6[−ξ + (ξ)2]η 3(ξ)2 − 2(ξ)3 0 0

6[−ξ + (ξ)2]δ 0 3(ξ)2 − 2(ξ)3 0

0 −lξδ lξη ξ

[−2ξ + 3(ξ)2]lδ 0 [(ξ)2 − (ξ)3]l 0

[2ξ − 3(ξ)2]lη [−(ξ)2 + (ξ)3]l 0 0



T

(3.13)

where ξ = x/l, η = y/l, and δ = z/l. This modified shape function matrix will be used

to generate terms including the mass matrix, stiffness matrix, and force vectors of the

Bernoulli-Euler beam element later in Section 3.1.3 - 3.1.10. Actually, users can choose

either the form in Eq. (3.11) or the full expression in Eq. (3.13) according to different

applications considering whether the rotary inertia of the cross-section is significant to the

result.

Note the procedure outlined above for writing the displacement field in terms of the nodal

coordinates of the element is general and can be used for any type of element with any

type of nodal coordinates. This procedure also applies for planar analysis as well as spatial

analysis.

3.1.2 Coordinate Systems

The coordinate system selection according to the floating frame of reference method defined

by Shabana [1] is presented in this section. For a flexible body, Eq. (3.10) that indicates the
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relation between the displacement field w and nodal coordinates e is defined with respect

to any coordinate system that is initially parallel to the element coordinate system. Given

a general finite-element body in the global coordinate system XiYiZi shown in Figure 3.5,

for instance, xiyizi is the element coordinate system that translates and rotates with the

element; that is, the origin of this coordinate system is rigidly attached to a point on the

element. The XY Z system is a selected body coordinate system that need not be rigidly

attached to a point on the body (floating frame of reference) [52]. For the beam shown in

Figure 3.1, the body coordinate system is often attached to the tip end with the X axis

initially parallel to the beam, which is referred to as the body-fixed frame. The XiY iZi

system is an intermediate element coordinate system whose origin is rigidly attached to the

origin of the body coordinate system XY Z. The coordinates system XiY iZi is assumed to

have a fixed orientation with respect to the body coordinate system; that is, the XiY iZi

coordinate system translates and rotates with the body coordinate system. Moreover, it

is assumed that the orientations of the axes XiY iZi are selected in such a manner that

they are initially parallel to the axes of the element coordinate system xiyizi. Therefore,

Eq. (3.10) can be defined with respect to the XiY iZi coordinate system. In general, each

element has a unique intermediate element coordinate system associated with it.

Figure 3.5: Finite-element coordinate systems for general problems defined by Shabana [1]
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Using the coordinate system specification described above, the finite-element beam coordi-

nate systems are selected in a simplified way in which the intermediate element coordinate

system is parallel to the body-fixed frame (body coordinate system) shown in Figure 3.6.

In this figure, P is an arbitrary point on the beam, and P ′ locates the position of P after

deformation. uif is the local displacement vector, and ui is the local position vector used to

locate an arbitrary point on the beam with respect to the intermediate element coordinate

system. R defines the translations of the body-fixed frame XY Z, and ri is the global po-

sition vector of an arbitrary point on the beam. All these quantities are defined in Section

3.1.3-3.1.6. It will be shown that by setting the intermediate element coordinate system

parallel to the body-fixed frame, one can simplify the equations of these quantities.

Figure 3.6: Selection of finite-element beam coordinate systems

3.1.3 Position Vector to Arbitrary Point

Since all of the nodal coordinates have their initial value when the body is in the unde-

formed state with respect to the body-fixed frame of reference, it is important to re-write

the nodal coordinate vector e in Eq. (3.4) as

e = e0 + ef (3.14)
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where e0 represents the values of the coordinates in the undeformed state and ef represents

the vector of the elastic nodal coordinates associated with the deformation of the element.

When using finite elements, a deformable body is generally divided into more than one

element. For an arbitrary element, a notation is often used to distinguish it from the others

to avoid any confusion. Therefore, for an element i in a deformable body Eq. (3.14) is

often written as

ei = ei0 + eif (3.15)

where the superscript i refers to the element number in the finite element discretization of

the deformable body.

For a general coordinate systems selection in which the intermediate element coordinate

system is not parallel to the body-fixed frame, one needs to transfer the generalized nodal

coordinates defined in the body-fixed frame to the nodal coordinates defined in the inter-

mediate element coordinate system first:

ei = C̄iqin (3.16)

where C̄ is an orthogonal constant transformation matrix and qin is the vector of generalized

nodal coordinates of the element i. The local position vector of an arbitrary point on the

beam ui shown in Figure 3.6 can be determined in the body-fixed frame using Eq. (3.10)

as

ui = Ciwi
i 1..3 = Ci

_

S
i

1..3e
i
i = CiSieii (3.17)

where Ci is a 3 × 3 transformation matrix that transforms the displacement field defined

within the intermediate element coordinate system to the body-fixed coordinate system.

Note that the shape function Si in Eq. (3.17) without the curved hat contains only the

first three rows of
_

S detailed in Eq. (3.13).

Substituting Eq. (3.16) into Eq. (3.17) yields

ui = CiSiC̄iqin (3.18)
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Using this equation, one can define the position of an arbitrary point on the finite element

with respect to the origin of the body coordinate system. The local position vector is

expressed in terms of the set of nodal coordinates defined in the body-fixed frame. If

setting the beam intermediate element coordinate system parallel to the body-fixed frame,

both the constant transformation matrices Ci and C̄i become identity matrices. In this

case, Eq. (3.18) can be simplified as

ui = Siqin (3.19)

where Ci and C̄i are neglected. This simplified expression of the displacement vector will

be used in subsequent sections when deriving energy terms and yield fundamental matrices.

In addition to the local position vector, we must also introduce a set of absolute Carte-

sian and rotational coordinates that, respectively, describe the location of the origin and

orientation of the body-fixed frame in order to locate an arbitrary point in the flexible

body with respect to the global coordinate system. Such coordinates can be referred to as

reference coordinates of the body-fixed frame, and are expressed as

qr = [ RT θT ]T (3.20)

where R (shown in Figure 3.6) and θ contain three absolute Cartesian and three rotational

coordinates, respectively. Then one can uniquely define the global position vector of an

arbitrary point on the ith element of the flexible body with respect to the global coordinate

system shown in Figure 3.6 as

ri = R + A(θ)ui (3.21)

where A is the conventional frame transformation matrix from the body-fixed frame to the

global frame, which is a function of the rotational coordinates.
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3.1.4 Connectivity and Boundary Condition Matrices

If a beam is discretized into n beam elements, following the manner given in Figure 3.1

that each element has two nodes and six degrees of freedom for every node, the beam

will have n + 1 nodes and 6(n + 1) deformation degrees of freedom. Generally, a nodal

coordinate vector qn will be defined right after setting the number of elements, and this

vector contains all of the 6(n + 1) deformation degrees of freedom of the flexible body.

Since we will write equations for each single element, we need to extract the corresponding

element nodal coordinates qin from the total coordinates qn. Then the vector of element

nodal coordinates can be written in terms of the total coordinates as

qin = Bi
1qn (3.22)

where Bi
1 is a constant Boolean transformation matrix, whose elements are either zeros or

ones, which serves to express the connectivity of the element. Let us consider the example

shown in Figure 3.1 where the two beam elements are rigidly connected at node 2. In this

case, the vector qin contains 12 components representing the 12 nodal coordinates for each

element, that is,

q1
n = [u1..12]

T , q2
n = [u7..18]

T (3.23)

which have the shared nodal coordinates u7..12. However, the total coordinate vector qn

defined for the assembled body is

qn = [u1..18]
T (3.24)

Therefore, the Boolean transformation of Eq. (3.22) can be recognized for the first and

second element as

B1
1 =

[
I1212 0

]18
12
, B2

1 =
[

0 I1212

]18
12

(3.25)

where the digits 12 and 18 on the right of the brackets indicate the number of rows and

columns, respectively. Then the local position vector of the ith element of Eq. (3.19) can
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be written in terms of the total nodal coordinate vector using Eq. (3.22) as

ui = SiBi
1qn (3.26)

However, this representation contains six rigid body modes using the shape function Si

defined previously, and accordingly the rigid body motion of the elements with respect to

the body reference is allowed. For instance, if u1, u7, and u13 in Figure 3.1 had the same

value, the beam could have a longitudinal motion toward the positive x-direction with

respect to the body-fixed frame. These rigid body modes should be eliminated by setting

appropriate boundary conditions.

In rigid body analysis, it is often preferred to rigidly attach the origin of the body ref-

erence to the centre of mass. For a flexible body, its origin can be set very flexibly due

to many factors in different cases. In the case of a flexible beam, the origin is generally

fixed to one of the tip ends. Although many boundary conditions (e.g. simply supported

beam, etc.) are considered when integrating the flexible body with different multibody

systems via varying joint connections in conventional cases, we are primarily focusing on

the condition where one of the tip ends of the beam is assumed to be fixed to the origin

of the body reference (fixed-free). The main reason why we are interested in only the

fixed-free boundary condition is because, within the computer implementation, we have

various predefined joint connectors that can be used to integrate the flexible body to other

multibody components.

In the finite element analysis, following the same derivation of Eq. (3.15), the total nodal

coordinate vector of the flexible body can be written as

qn = q0 + q̄f (3.27)

where q0 is the vector of nodal coordinates in the undeformed state, and q̄f is the vector

of nodal deformations defined as

q̄f = B2qf (3.28)
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where we introduce a linear transformation B2 that arises from imposing the boundary

conditions, and qf contains all of the nodal deformation coordinates. For the beam with

two elements and fixed-free condition, B2 is defined as

B2 =

 06
6 012

6

06
12 I1212

 (3.29)

where the digits on the bottom and top right of the entries indicate the number of rows

and columns, respectively. One can easily notice that by multiplying qf with B2, the first

6 deformation coordinates are forced to be zeros, which reflects the fixed-free boundary

condition. B2 varies if different boundary conditions are considered.

Substituting Eqs. (3.28), (3.27), and (3.26) into Eq. (3.21), the expanded expression of

the global position vector is obtained as

ri = R + Aui = R + ASiBi
1qn = R + ASiBi

1(q0 + B2qf ) (3.30)

where the position vector ri is written in terms of the reference and elastic coordinates of

the flexible body.

3.1.5 Mass Matrix

One way to derive the mass matrix is to extract it from the expression of the kinetic energy

of the elements. Developing the kinetic energy of the elements leads to the definition of

the nonlinear terms that represent the inertia coupling between the reference motion of the

body and the elastic deformation of the elements. All of the terms can be easily generated

by using the definition of kinetic energy and the velocity vector from differentiating the

position vector we have developed in the previous chapter. Differentiating the position

vector of Eq. (3.30) with respect to time yields

ṙi = Ṙ + A(ω × ui) + ASiBi
1(B2q̇f ) (3.31)
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where ω is the angular velocity vector defined in the local coordinate system. If using the

function of skew-symmetric matrix, we can write

ω × ui = −ũiω (3.32)

where ũ indicates the skew-symmetric matrix generated from u. The angular velocity vec-

tor ω can be written in terms of the time derivatives of the reference rotational coordinates

of the body as

ω = Ḡθ̇ (3.33)

where the Euler angles [α, θ, β]T with a sequence of 1-2-3 about the body-fixed frame can

be used as the rotational coordinates in the rotational coordinates vector θ (or Euler angle

vector); the angular velocity vector transformation matrix Ḡ is defined, in terms of the

Euler angles, as

Ḡ =


cos θ cosβ sinβ 0

− cos θ sinβ cosβ 0

sin θ 0 1

 (3.34)

Notice that, in reality, the rotational coordinates vector θ can have different sequence of

Euler angles, which causes shifts of entries related to body rotation in mass matrix and

inertia forces. The sequence of 1-2-3 about the body-fixed frame is used in this article as

an example. After the substitution of Eq. (3.32) and (3.33) into Eq. (3.31), the velocity

vector can be re-written as

ṙi = Ṙ − AũiḠθ̇ + ASiBi
1(B2q̇f ) (3.35)

or in a partitioned form as

ṙi =
[

I −AũiḠ ASiBi
1B2

]


Ṙ

θ̇

q̇f

 (3.36)
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where I is the 3 × 3 identity matrix.

Conventionally, the kinetic energy of the ith element can be defined as

T i =
1

2

∫
V i

ρiṙiT ṙidV i =
1

2

∫ li

0
ρiṙiT ṙiAidx (3.37)

where ρi and V i are the mass density and volume, and Ai and li are the cross-section area

and length of the ith element, respectively. Note that the cross-section area Ai can vary

and be a function of x in general cases.

Substituting Eq. (3.36) into Eq. (3.37) yields

T i =
1

2
q̇iTMiq̇i (3.38)

where q is the total vector of generalized coordinates of the body defined as

q = [ qTr qTf ]T =
[

RT θT qTf

]
(3.39)

and Mi is the mass matrix of the ith element, which can be written in the partitioned form

as

Mi =

∫ li

0
ρi


I −AũiḠ ASiBi

1B2

Ḡ
T
ũi

T
ũiḠ Ḡ

T
ũiSiBi

1B2

sym BT
2 (SiBi

1)
T
SiBi

1B2

Aidx (3.40)

where the orthogonality of the rotation matrix, ATA = I, is used and omitted in the

partitioned form. The mass matrix can also be simplified as

Mi =


mi
rr mi

rθ mi
rf

mi
θθ mi

θf

sym mi
ff

 (3.41)

where the subscripts r, θ, and f refer to the reference translation, reference rotation,

and deformation of the body, respectively. The detailed derivation of each of the sub m-
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matrices of constant cross-section area Ai can be found in Appendix A.1.

After obtaining the mass matrix of an element, the total mass matrix of the body can be

determined by summing up all of the element mass matrices defined as

M =
n∑
i=1

Mi (3.42)

where n is the number of elements and M is the total mass matrix of the flexible body.

3.1.6 Stiffness Matrix

The normal strain energy of the ith element can be written as

U =
1

2

∫
V i

σiT εidV =
1

2

∫ li

0
σiT εiAidx (3.43)

where σi and εi are the stress and strain vectors, respectively. Since the assumptions of

Bernoulli-Euler beam is used, different deformations are looked at separately. Therefore,

the strain can be categorized into three main classes: strain due to axial deformation,

strain due to bending, and strain due to torsion. In this manner, the stress can also be

derived accordingly by using proper constitutive equations.

3.1.6.1 Axial Deformation

For the axial deformation, the strain-displacement relationship for element i can be defined

as

εixx =
duifx
dx

(3.44)

where uifx is the x-component of the local displacement vector uif shown in Figure 3.6

defined using Eqs. (3.26)-(3.28) as

uif = SiBi
1B2qf (3.45)
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For a slender flexible beam, the transverse strain due to the Poisson effect is neglected.

Therefore, the constitutive relation for the axial deformation is defined as

σixx = Eεixx (3.46)

where E is the Young’s modulus. Using Eq. (3.43), (3.44), and (3.46), the strain energy

of element i due to axial deformation can be written as

U ia =
1

2

∫ li

0
EAi uifx

′
uifx
′
dx (3.47)

where the subscript a indicates axial deformation, and the prime symbol ′ means the

differentiation with respect to x. Since uifx is the x-component of the displacement vector

uif , it can be expanded as

uifx = Sik=1B
i
1B2qf (3.48)

where Sik=1 is the 1st row of the shape function matrix Si defined in Eq. (3.17), or in a

compact form as

uifx = Nxqf (3.49)

where Nx is defined as

Nx = Sik=1B
i
1B2 (3.50)

Substituting Eq. (3.49) into Eq. (3.47) leads to

U ia =
1

2
qTf (

∫ li

0
EAi NT

x
′
Nx
′dx) qf (3.51)

which can also be simplified as

U ia =
1

2
qTf Ki

faqf (3.52)

where Ki
fa is the element stiffness matrix of the element i due to axial deformation defined

as

Ki
fa =

∫ li

0
EAi NT

x
′
Nx
′dx (3.53)
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3.1.6.2 Bending Deformation

Recall that the conventional Bernoulli-Euler beam assumes small deformation, so only the

normal bending strain εxx is considered while the shear strain and transverse strain are

assumed trivial which lead to zero stresses. Note that this is not true but comes out of

simplifying a 3D problem to 2D while maintaining sufficient accuracy. This means that

one can derive the stiffness matrices for the bending deformation about the y- and z-

axis, respectively. Taking the bending deformation about z-axis for instance, the normal

bending strain can be defined as

εixx,b = −yκi (3.54)

where y is the distance from the neutral axis that can be either positive or negative, and

κi is the reciprocal of the radius of curvature of the element defined as

κi =
1

ρr
=
dθi

ds
(3.55)

where the radius of curvature ρr, incremental angle of rotation dθi, and infinitesimal de-

flected length ds are shown in Figure 3.7. The uify in Figure 3.7 is the y-component of the

Figure 3.7: Bending curvature

displacement vector uif in Eq. (3.45), which indicates the bending displacement of an arbi-

trary point in the element along y direction. If the angle of rotation θi is subtle according

to the small-deformation assumption of the Bernoulli-Euler beam, it can be approximated
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by the slope of the bending defined as

θi = tan θi =
duify
dx

(3.56)

Furthermore, the infinitesimal deflected length ds is approximately equal to the original

infinitesimal length dx, thus

ds = dx (3.57)

Using Eqs. (3.54)-(3.57), one can derive the normal bending strain as

εixx,b = −y
d2uify
dx2

(3.58)

The constitutive relation defined in Eq. (3.46) is still valid for the normal bending strain

and stress, so substituting Eq. (3.58) and Eq. (3.46) into Eq. (3.43) yields the strain

energy of bending about z-axis as

U ibz =
1

2

∫
V i

∫
E uify

′′
uify
′′
y2dV =

1

2

∫ li

0

∫
E uify

′′
uify
′′
y2dAdx (3.59)

which can be simplified as

U ibz =
1

2

∫ li

0
EIy u

i
fy
′′
uify
′′
dx (3.60)

where Iy is the second moment of area about y-axis defined as

Iy =

∫
y2dA (3.61)

Following the same manner of Eq. (3.49)-(3.53), the stiffness matrix corresponding to the

bending deformation about z-axis can be generalized as

Ki
fb,z =

∫ li

0
EIy NT

y
′′
Ny
′′dx (3.62)

where Ny is defined as

Ny = Sik=2B
i
1B2 (3.63)
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where Sik=2 is the 2nd row of the shape function matrix Si defined in Eq. (3.17). Similarly,

following the same routine, the stiffness matrix corresponding to the bending deformation

about y-axis can be derived as

Ki
fb,y =

∫ li

0
EIz NT

z
′′
Nz
′′dx (3.64)

where Nz is defined as

Ni
z = Sik=3B

i
1B2 (3.65)

where Sik=3 is the 3rd row of the shape function matrix Si defined in Eq. (3.17).

3.1.6.3 Torsional Deformation

When defining the torsional strain energy, it is generally more precise to rewrite the strain

energy defined in Eq. (3.43) as

U it =
1

2

∫
V i

τ iγidV (3.66)

where τ i and γi are the torsional stress and strain of the ith element, respectively. The

relation of the torsional stress and strain is defined as

τ i = Gγi (3.67)

where G is the shear modulus. If assuming small strain, the torsional strain γi is generally

expressed in terms of the twist angle as

γi = rφi
′

(3.68)

where r and φi
′

are, respectively, the distance from the neutral axis within a cross-section

of the beam and the derivative of the twist angle φi with respect to the x coordinate, which

are shown in Figure 3.8. Therefore, the torsional strain energy in Eq. (3.66) can be written

as

U it =
1

2

∫
V i

∫
Gφi

′
φi
′
r2dV =

1

2

∫ li

0

∫
Gφi

′
φi
′
r2dAdx (3.69)
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Figure 3.8: Twist angle (note R is the radius of the cross-section)

which can be simplified as

U it =
1

2

∫ li

0
GIx φ

i′ φi
′
dx (3.70)

where the way of defining the second moment of area about x-axis is used as follows

Ix =

∫
r2dA =

∫
(z2 + y2)dA = Iy + Iz (3.71)

Similar to the other types of deformation, the twist angle can be written in terms of the

nodal coordinates as

φi = Nφqf (3.72)

where Nφ is defined as

Nφ = Sik=4B
i
1B2 (3.73)

where Sik=4 is the 4th row of the shape function matrix Si defined in Eq. (3.17). Following

the same steps of Eq. (3.49)-(3.53), the stiffness matrix corresponding to the torsional

deformation is obtained as

Ki
φ =

∫ li

0
GIx NT

φ
′
Nφ
′dx (3.74)

3.1.6.4 Superposition

The stiffness matrix for the ith element can be generalized by simply summing up all the

stiffness matrices corresponding to the different types of deformation as

Ki
f = Ki

fa + Ki
fb,y + Ki

fb,z + Ki
φ (3.75)
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and the total stiffness matrix of the entire beam can be determined by summing up all of

the element stiffness matrices defined as

Kf =

n∑
i=1

Ki (3.76)

where n is the number of elements and Kf is the total stiffness matrix of the flexible beam.

3.1.7 Examination of the Linear Stiffness Matrix

If using the general nonlinear strain-displacement relations [28], the normal strain of the

ith element in the X direction can be written as

εixx =
∂wi1
∂x

+
1

2

[(
∂wi1
∂x

)2

+

(
∂wi2
∂x

)2

+

(
∂wi3
∂x

)2
]

(3.77)

where wi1..3 are the first three translational components of the displacement field defined

in Eq. (3.12). Substituting the whole terms of wi1..3 into εixx yields

εixx = u′ − yv′′y − zv′′z +
1

2
[u′ − yv′′y − zv′′z]

2 +
1

2
[v′y − zφ′]2 +

1

2
[v′z + zφ′]2 (3.78)

where the prime ′ indicates differentiation with respect to x and the superscript i of each

deformation variable is neglected for convenience. Neglecting terms higher in order than

second due to their insignificance, Eq. (3.78) is then reduced to

εixx = u′ − yv′′y − zv′′z +
1

2
(u′

2
+ v′y

2
+ v′z

2
) (3.79)

where the term 1
2u
′2 is actually trivial, which is often neglected, since the axial deformation

of a slender beam is small compared with bending deformations. Therefore, Eq. (3.79) is

further reduced to

εixx = u′ − yv′′y − zv′′z +
1

2
(v′y

2
+ v′z

2
) (3.80)
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Substituting Eq. (3.80) into the strain energy defined in Eq. (3.44) yields

U i = −1

2

∫
V
Eεixx

2
dV

= −1

2

∫
V
E(u′v′y

2
+ u′v′z

2
+

1

2
v′y

2
v′z

2
+ 2yzv′′yv

′′
z

+
1

4
v′y

4
+

1

4
v′z

4 − zv′′zv
′
y
2 − 2zu′v′′z − yv′′yv

′
y
2

+ u′
2

+ y2v′′y
2

+ z2v′′z
2 − yv′′yv

′
z
2 − 2yu′v′′y − zv′′zv

′
z
2
)dV

= −1

2

∫
V
E(u′v′y

2
+ u′v′z

2
+

1

2
v′y

2
v′z

2
+

1

4
v′y

4

+
1

4
v′z

4
+ u′

2
+ y2v′′y

2
+ z2v′′z

2
)dV

(3.81)

where certain terms vanish because
∫
V ydV ,

∫
V zdV , and

∫
V yzdV are equal to zero if the

x-axis is coincident with the neutral axis of the element.

If looking at the types of deformation separately, as stated by the assumption of Bernoulli-

Euler beam theory, the total linear normal strain energy of an element obtained in Chapter

3.1.6 can be generalized as

U i = −1

2

∫
V
E(u′

2
+ y2v′′y

2
+ z2v′′z

2
)dV (3.82)

which consists of the strain energy associated with axial and bending deformations that

are taken separately to derive the corresponding stiffness matrices.

Therefore, comparing Eq. (3.82) and Eq. (3.81), it is noticed that the Bernoulli-Euler

normal strain energy, by only keeping the underlined terms in Eq. (3.81), neglects all the

coupled terms as well as some high-order terms.

3.1.8 Quadratic Velocity Force Vector

The quadratic velocity force vector is part of the inertia force that becomes significant

when rotational rigid-body motion exists, and it consists of gyroscopic and Coriolis forces.

The derivation of the quadratic velocity force vector is presented in this section by using

virtual work of the inertia force of the deformable body. The virtual work of the inertia
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force of the ith element is defined as

δW i =

∫
V i

ρδrTi r̈idV (3.83)

where ri is the position vector defined in Eq. (3.30), and its virtual change can be written

as

δri = δR − Aũiδω + ASiBi
1B2δqf (3.84)

where ũi is the skew symmetric matrix of ui. The acceleration vector r̈i, which is the

derivative of the velocity vector defined in Eq. (3.35), is written as

r̈i = R̈ − Aũiω̇ + Aω̃2ui + 2Aω̃(SiBi
1B2q̇f ) + A(SiBi

1B2q̈f ) (3.85)

Note that only the underlined parts of the acceleration vector are involved in deriving the

quadratic velocity force vector, as the other terms are related to the kinetic energy that

has been used to derive the mass matrix in Eq. (3.40). Therefore, using the virtual work of

the inertia force and the underlined terms of the acceleration vector, the quadratic velocity

force vector of the ith element can be written as

Qv =


Qvr

Qvθ

Qvf

 =

∫
V i

ρ


I

−ũiTAT

BT
2 BiT

1 SiTAT

 [Aω̃2ui + 2Aω̃(SiBi
1B2q̇f )

]
dV (3.86)

or as

Qv =


Qvr

Qvθ

Qvf

 =

∫ li

0
ρAi


Aω̃2ui + 2Aω̃(SiBi

1B2q̇f )

−ũiT ω̃2ui − 2ũiT ω̃(SiBi
1B2q̇f )

BT
2 BiT

1 SiT
[
ω̃2ui + 2ω̃(SiBi

1B2q̇f )
]
 dl (3.87)

The quadratic velocity force vector is a complex term that takes dramatically extra compu-

tational time to be integrated symbolically. Futhermore, it leads to little difference of the

beam deformation and motion results if the overall rigid-body motion exists only to a small

extent or the beam is stiff. Some cases are illustrated in Section 5 to clearly identify the
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importance of the quadratic velocity vector under difference circumstances, and sometimes

it can be deactivated to save computational time.

3.1.9 Generalized Gravitational Force Vector

The generalized gravitational force vector is derived in this section by using the virtual

work formulation. The virtual work due to gravity can be expressed as

δW i
g =

∫
V i

ρgT δridV (3.88)

where g is the gravity vector, which determines both the value and direction of the gravity.

If the direction of the gravity is determined to be along the −y axis, for example, then the

gravity vector is defined as

gy =
[

0 −g 0

]T
(3.89)

where g is the gravity value. Substituting the virtual change of the position vector δri

defined in Eq. (3.84) into Eq. (3.88), it leads to

δW i
g =

∫ li

0
ρAi

[
gT −gTAũi gTASiBi

1B2

]
dx


δR

δω

δqf

 (3.90)

or in a compact form as

δW i
g = FT

g


δR

δω

δqf

 (3.91)

where the Fg is the generalized gravitational force vector defined as

Fg =
[

Qgr Qgθ Qgf

]T
=

∫ li

0
ρAi
[

gT −gTAũi gTASiBi
1B2

]T
dx (3.92)
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3.1.10 Generalized External Force Vector

In general, the external force applied on a body can either be a point load or a distributed

load. If the load is distributed, the derivation of the generalized external force vector will

be similar as that of obtaining the generalized gravitational force vector discussed in the

previous section as the gravity is a typical distributed load. Complex distributed loads are

beyond the scope of the research, so it is not covered in this article. A general approach

of applying distributed loads on a flexible beam can be referred to [53]. In most cases

of multibody system analysis, the external force is caused by one or several point loads.

The derivation of the generalized external force vector resulting from a single point load

is presented in this section. The force vector has three components, which are defined in

the global coordinate system, that is,

P =
[
P1 P2 P3

]T
(3.93)

The virtual work of the force P is defined as

δWe = PT δrp (3.94)

where δrp is the virtual change of the global position vector of the point P where the load

is acting on. Assuming the point P is on the pth element, for example, then δrp is written

in a partitioned form as

δrp =
[

I −Aũp ASpBp
1B2

]

δR

δω

δqf

 (3.95)
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where the superscript p indicates the unique terms defined at the point P in the pth element.

Substituting Eq. (3.95) into Eq. (3.94) yields

δWe = FT
e ·


δR

δω

δqf

 = PT
[

I −Aũp ASpBp
1B2

]

δR

δω

δqf

 (3.96)

where Fe is the generalized external force vector written as

Fe =
[

PT −PTAũp PTASpBp
1B2

]T
(3.97)

or, equivalently, one can write it as

Fe =
[

Qer Qeθ Qef

]T
(3.98)

One may notice that the rotational component of the generalized external force vector Qeθ

is the generalized moment caused by the point load. If there is any additionally applied mo-

ment on the body, it can be directly applied on the rigid body and the corresponding node.

3.2 Geometrically Nonlinear Finite Element Formulation

As more and more requirements on simulation speed and accuracy have been brought

forward, the conventional finite element method shows inadequacy to model rigid-flexible

coupling dynamic systems. It is mentioned in Chapter 2.2 that several nonlinear formula-

tion techniques have been invented to provide the flexible beam undergoing large overall

motion with more accuracy, and revealing the dynamical stiffening effect is considered

the core duty of these nonlinear terms. Among these formulations, the one that uses the

addition of geometrically foreshortening term to include geometric stiffness terms in the

equation of motion is regarded as the most efficient method. The biggest advantage of this

formulation is that the stiffness matrices are linear, thus making it computationally effi-

cient. The detailed formulation of the foreshortening method is structured in this chapter
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based on the conventional finite-element-method terms defined in Chapter 3.1.

3.2.1 Global Position Vector with Foreshortening

During the derivation of the conventional finite element formulation based on the Bernoulli-

Euler beam theory, the displacements corresponding to different types of deformation are

looked at separately. The longitudinal displacement is only produced by the actual axial

forces. The foreshortening, which is the shortened longitudinal displacement of a beam

due to its in-extensibility undergoing bending deflection shown in Figure 3.9, cannot be

captured by the conventional linear formulation. Considering the foreshortening effect, the

Figure 3.9: Shortened longitudinal displacement caused by bending deflection

longitudinal displacement of any point at the neutral axis, ua, should be divided into the

axial deformation produced by the actual axial forces, ufx, and the shortening produced

by the deflection us,

ua = ufx + us (3.99)

The foreshortening of an infinitesimal curve dl can be approximated, as shown by a 2-D

case in Figure 3.10, by projecting the difference of dl − dx onto the undeformed neutral
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axis,

ds = (dl − dx) cosα

= (dl − dx)
dx

dl

= (1 − dx

dl
)dx

= (1 − dx√
du2fy + dx2

)dx

= (1 − 1√
u′fy

2 + 1
)dx

(3.100)

Assuming small values of u′fy and using a set of Taylor series up to the second order, the

Figure 3.10: Foreshortening of an infinitesimal curve

expression of ds in Eq. (3.100) can be simplified as

ds =
1

2
u′fy

2dx (3.101)

The total shortening accumulated from a reference point x0 is obtained by integration as

us = −1

2

∫ x

x0

u′fy
2dx (3.102)

If one wants to know the shortening amount of an entire beam modelled with only a single

element, for instance, one only needs to integrate us along the whole length as

us = −1

2

∫ L

0
qTf N1T

y
′
N1
y
′
qfdx (3.103)
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where N1
y is defined in Eq. (3.63) with i = 1. To calculate the total foreshortening of a

beam discretized by more than one finite element, however, some critical factors must be

considered ahead and modifications made correspondingly. When the beam has several

finite elements each with a length of l, the foreshortening of the ith element is written as

ueis = −1

2

∫ l

0
qTf NiT

y
′
Ni
y
′
qfdx (3.104)

where ueis only represents the shortened amount produced in that element by its own

deflection instead of the whole amount with respect to the base frame. Even though the

nodal deformation coordinates, qf , represents the actual nodal deformation with respect to

the base frame, the integration along a finite length l makes ueis only able to represent a local

shortening of a single element. Another attention should be paid to the integration of ueis ,

as it cannot be integrated along the entire length L when using the finite element method.

The shape function matrix of each element uses its own nodal deformation to estimate the

deformation of an arbitrary point within that element, and it must be integrated within the

same element. If integrating it along the entire beam length, it will yield completely wrong

results. Actually, the total shortening accumulated by the finite elements located between

the base frame and the ith element should be calculated by the sum of the shortenings of

the i−1 elements plus that of itself shown in Figure 3.11. Therefore, the actual shortening

Figure 3.11: Accumulated shortenings of the elements

of an arbitrary point on the neutral axis of the ith element is defined as

uis =
∑i−1

i=1
ueis + ueis,x = Bi

sqf (3.105)
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where the matrix Bi
s is defined as

Bi
s = −qTf Hi (3.106)

where Hi is a symmetric matrix and a function of the spatial coordinates defined as

Hi = −1

2
(
∑i−1

n=1

∫ l

0
NnT
y
′
Nn
y
′dx+

∫ x

0
NiT
y
′
Ni
y
′
dx) (3.107)

Considering three-dimensional cases with bending deflection existing in both y and z di-

rections, the matrix Hi in Eq. (3.107) is modified for three-dimensional beams as

Hi = −1

2

[∑i−1

n=1

∫ l

0
(NnT

y
′
Nn
y
′ + NnT

z
′
Nn
z
′)dx+

∫ x

0
(NiT

y
′
Ni
y
′
+ NiT

z
′
Ni
z
′
)dx

]
(3.108)

where Ni
z is defined in Eq. (3.65). After obtaining the general foreshortening equation,

the modified version of the displacement vector defined in Eq. (3.26) can be calculated as

follows

ui = SiBi
1qn +


uis

0

0


= SiBi

1(q0 + B2qf ) +


Bi
sqf

0

0


= SiBi

1q0 + (Ni + Bi
H)qf

(3.109)

where Bi
H is defined as

Bi
H =

[
Bi
s 0 0

]T
(3.110)

which has the same dimension of Ni defined as

Ni =
[

Ni
x Ni

y Ni
z

]T
(3.111)
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where Ni
x is defined in Eq. (3.50).

Having the modified displacement vector, the global position vector of an arbitrary point

of the flexible beam defined in Eq. (3.30) is re-defined as

ri = R + Aui = R + A
[
SiBi

1q0 + (Ni + Bi
H)qf

]
(3.112)

Notice that the matrix Bi
H is highly nonlinear, which is different from Ni that is only

dependent on the time-invariant spatial coordinates, because it is a function of both spatial

coordinates and the time-variant nodal deformation coordinates qf .

3.2.2 Modifications of the Mass Matrix and Force Vectors

The steps to derive the mass matrix, stiffness matrix, and other necessary force vectors are

identical as those of the conventional linear formulation developed in the previous chapters;

one only needs to correctly write the modified global velocity vector ṙi, acceleration vector

r̈i, and the virtual change of the global position vector ∂ri first.

The modified global velocity vector can be obtained by differentiating the global position

vector defined in Eq. (3.112) with respect to time as

ṙi = R − Aũiω + A(Ni + 2Bi
H)q̇f (3.113)

where ũi is the skew symmetric matrix of the local displacement vector defined in Eq.

(3.112). The symmetry of the matrix Hi is used during the differentiation of Bi
Hqf with
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respect to time as follows:

d(Bi
Hqf )

dt
= Ḃi

Hqf + Bi
H q̇f

=
[

Ḃi
sqf 0 0

]T
+ Bi

H q̇f

=
[
−q̇Tf Hiqf 0 0

]T
+ Bi

H q̇f

=
[
−(q̇Tf Hiqf )

T
0 0

]T
+ Bi

H q̇f

=
[
−qTf Hiq̇f 0 0

]T
+ Bi

H q̇f

= 2Bi
H q̇f

(3.114)

The global acceleration vector can be derived by differentiating the global velocity vector

defined in Eq. (3.114) as

r̈i = R̈ − Aũiω̇ + Aω̃2ui + 2Aω̃(Ni + 2Bi
H)q̇f + AḂ

i
H q̇f + A(Ni + 2Bi

H)q̈f (3.115)

where the underlined parts are used to derive the quadratic velocity force vector with the

same reason explained for Eq. (3.85), and Ḃi
H is calculated as

Ḃi
H =

[
q̇Tf Hi 0 0

]T
(3.116)

The virtual change of the position vector is similar to the global velocity vector, which is

defined as

δri = δR − Aũiδω + A(Ni + 2Bi
H)δqf (3.117)

Using the way to derive the mass matrix described in Chapter 3.1.5 by defining the kinetic

energy, all sub-terms in the mass matrix defined in Eq. (3.40) are changed except for mi
rr.

The geometrically nonlinear mass matrix is defined as

Mi
GN =

∫ li

0
ρi


I −Aũi ANi

GN

ũi
T
ũi ũiNi

GN

sym NiT
GNNi

GN

Aidx (3.118)
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where the subscript GN refers to geometrically nonlinear formulation and Ni
GN is defined

as

Ni
GN = Ni + 2Bi

H (3.119)

Although some of the sub-terms in Mi
GN , which are only dependent on the displacement

vector ui, maintain the same forms as the linear ones, one must pay attention that the

newly-defined nonlinear displacement vector in Eq. (3.112) makes them internally different

from before.

Following the same steps to derive the quadratic velocity force, generalized gravitational

force, and generalized external force vectors described through Chapter 3.1.8-3.1.10, re-

spectively, these force vectors are modified as

Qv,NG =

∫ li

0
ρAi


Aω̃2ui + 2Aω̃Ni

NGq̇f + AḂ
i
H q̇f

−ũiT ω̃2ui − 2ũiT ω̃Ni
NGq̇f − ũiT Ḃi

H q̇f

NiT
GN (ω̃2ui + 2ω̃Ni

NGq̇f + Ḃi
H q̇f )

 dx (3.120)

Fg,NG =

∫ li

0
ρAi
[

gT −gTAũi gTANi
NG

]T
dx (3.121)

Fe,NG =
[

PT −PTAũp PTANi,P
NG

]T
(3.122)

Among these force vectors, the additional terms inside the quadratic velocity force vector

are the most significant to let the beam show exact dynamic stiffening effect. It means that

even if the mass matrix and other force vectors maintain their linear forms, only making

the quadratic velocity force vector geometrically nonlinear would still lead to an accurate

dynamic stiffening result. Discussion about the significance of these terms is provided in

the example problems in Chapter 5.

3.2.3 Unchanged Stiffness Matrix

The benefit of the foreshortening method is the unchanged stiffness matrix even though

the nonlinear global position vector has brought complexity into the mass matrix and force
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vectors. It is proved in this section by checking whether the strain energy defined in Eq.

(3.81) keeps the same form. As the longitudinal deformation is added by a foreshortening

term shown in Eq. (3.99), the differentiation of the deformation variables defined in Eq.

(3.1) with respect to x are modified as

u′foreshort = u′ − 1
2(v′y

2 + v′z
2)

v′y = v′y

v′z = v′z

 (3.123)

where the differentiation of the bending deformation variables is not changed. Substituting

Eq. (3.123) into the strain energy defined in Eq. (3.81), which is just replacing u′ with

u′foreshort, one can show that the coupled and high-order terms are cancelled out with each

other during derivation and the final form is calculated as

U iforeshorten = −1

2

∫
V
E(u′

2
+ y2v′′y

2
+ z2v′′z

2
)dV (3.124)

It is evident that the updated strain energy keeps exactly the same form as the linear one

in Eq. (3.82). Therefore, the stiffness matrix defined for the conventional Bernoulli-Euler

beam in Eq. (3.75) can still be used for the geometrically nonlinear beam without causing

any trouble. One must understand that the nonlinear stiffness matrix derived from Eq.

(3.124), though it has the same form as the linear one defined in Eq. (3.82), cannot be seen

as obtained from linear superposition because the coupled and high-order terms in the full

strain energy expression of Eq. (3.81) are cancelled out themselves instead of intentionally

truncated during the derivation presented in Section 3.1.7. Moreover, since there is no

intentional truncation, the stiffness matrix generated from Eq. (3.124) should have exact

accuracy. This advantage will also help to save computational time during both equation

preparation and calculation stages.
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4 Finite Element Model in Symbolic Multibody System Dy-

namics

In this chapter, the formulation of a finite set of governing dynamic equations of motion

of multibody systems that contain interconnected deformable and rigid bodies will be pre-

sented. Generally, the dynamic equations of motion of rigid bodies in multibody systems

can be defined in terms of the mass of the body, the inertia tensor, and the generalized

forces acting on the body. However, the dynamic equations of motion of structural systems

require the definitions of the system mass and inertia matrices, stiffness matrices, as well

as the vectors of generalized forces. In Chapter 3, these quantities for a flexible beam

are developed by using the finite element method, and they will be used to construct the

dynamic governing equations of deformable beams that undergo large translational and

rotational motions.

The classical way of simulating multibody system dynamics in a computer program is to

generate and solve the system dynamic governing equations in a purely numerical manner,

as opposed to a symbolic computation of multibody system dynamics. The generation and

solution of the governing equations can be regarded as the modelling and analysis phases

described in Section 2.3. What really sets the symbolic computation apart is that it makes

the modelling phase much more convenient even though its analysis phase unavoidably

relies on numerical solvers. Unlike numerical computation that requires rebuilding of the

model to obtain a new set of governing equations at each timestep, or when the system

changes one or a few features such as body geometries or connections, symbolic compu-

tation is able to recall the equations pre-defined for each body and joint from the library

and combine them automatically for every specifically-defined multibody system during

the modelling phase. There is no need, for example, to go back to the modelling phase and

re-construct a flexible body if its parameters have changed, since the equations of motion

contain only the symbols of the parameters that can be given any numerical value before

the analysis phase.
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In order to integrate the finite-element flexible body with symbolic multibody system dy-

namics, one only needs to know how to convert the finite-element terms into the equations

that can be called to configure any related systems and save them in the symbolic multi-

body systems library. The conversion will be introduced after a discussion of the general

governing equations of motion.

4.1 Governing Equations of Motion

The kinematic constraints that describe mechanical joints as well as specified motions of

a body can be formulated by using a set of nonlinear algebraic constraint equations

C(q, t) =
[
C1 C2 ... Cnc

]T
= 0 (4.1)

where Ci are the linearly independent constraint equations, t is time, and q =
[

qr qf

]T
,

of which the subscripts r and f refer, respectively, to the rigid and flexible coordinates.

Having determined the constraint equations, the kinetic energy of the flexible beam, and

the virtual work of the internal and external forces, one can use Lagrange’s equation [1] to

write the equations of motion of the flexible body in the multibody system. To this end,

the virtual work of the forces acting on the flexible beam is

δW = δWi + δWe (4.2)

where δW is the total virtual work of all forces, δWi is the virtual work of the elastic

forces resulting from the deformation of the beam, and δWe is the virtual work due to

the externally applied forces, which may have various types of external loads and gravity

effect depending on specific circumstances. Using the stiffness matrix Kf defined in the

preceding chapter, the virtual work of the elastic forces can be written as

δWi = −qTKδq (4.3)
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where K is defined as

K =

 0 0

0 Kf

 (4.4)

In general, the virtual work of the externally applied forces can be written as

δWe = Ftδq (4.5)

where Ft is the vector of the total generalized externally applied forces consisting of the

generalized external force vector Fe and the generalized gravitational force vector Fg de-

fined previously. Combining Eq. (4.2)-(4.5) leads to

δW = δq(−Kq + Ft) (4.6)

For a flexible body in the multibody system, Lagrange’s equation takes the form

d

dt

(
∂T

∂q̇

)T
−
(
∂T

∂q

)T
+ CT

qλ = −Kq + Ft (4.7)

where T is the kinetic energy of the body, Cq is the constraint Jacobian matrix, and λ is

the vector of Lagrange multipliers. Using the definition of the kinetic energy of Eq. (3.38),

the first two terms on the left-hand side of Eq. (4.7) yield

d

dt

(
∂T

∂q̇

)T
−
(
∂T

∂q

)T
= Mq̈ + Ṁq̇ −

[
∂

∂q
(
1

2
q̇TMq̇)

]T
(4.8)

where M is the mass matrix defined in the preceding chapter. One can prove the equiva-

lence [1]

Qv = Ṁq̇ −
[
∂

∂q
(
1

2
q̇TMq̇)

]T
(4.9)

where Qv is the quadratic velocity force vector derived in the preceding chapter using the

virtual work method. Using Eq. (4.7)-(4.9), the Lagrange’s equation yields

Mq̈ + CT
qλ = −Kq + Ft + Qv (4.10)
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For a flexible beam with q =
[

R θ qf

]T
, Eq. (4.10) can be written in a partitioned

matrix form as 
mrr mrθ mrf

mθθ mθf

sym mff




R̈

ω̇

q̈f

+


CT

R

CT
θ

CT
qf

λ

=


0 0 0

0 0

sym −Kf




R

θ

qf

+


(Ft)r

(Ft)θ

(Ft)f

+


(Qv)r

(Qv)θ

(Qv)f


(4.11)

where R is the global position vector pointing from the inertia frame of reference to the

body frame of reference, and ω is the angular velocity vector defined with respect to the

body frame of reference. All of the force terms on the right-hand side of Eq. (4.11) can be

generalized as a combined force vector with a symbol Q.

Eq. (4.10) is a set of second-order differential equations whose solution has to satisfy the

algebraic constraint equations of Eq. (4.1). Both sets of equations are combined to become

a set of differential algebraic equations that have to be solved simultaneously. In large-scale

multibody systems, a closed-form solution of such set of equations becomes hard to obtain,

so it is necessary to rely on numerical solvers.

For a general multibody system consisting of interconnected rigid and deformable compo-

nents shown in Fig. 4.1, each of which satisfies the equations of motion of Eq. (4.10) except

that rigid bodies do not have the stiffness term, the construction of the entire set of govern-

ing differential algebraic equations follows a basic assembly of all of the component-level
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Figure 4.1: Multibody systems of interconnected rigid and flexible bodies (RB and FB
refer to rigid body and flexible body). Note: the body frame of reference of a rigid body

is located on the centre of mass.)

equations of motion as


M1 0 0 CT

q1

0
. . . 0

...

0 0 Mn CT
qn





q̈1

...

q̈n

λ


=


Q1

...

Qn


C(q, t) = 0


(4.12)

where Mi, Qi, and qi (i = 1, 2, ..., n) represent the mass matrix, generalized combined

force vector, and the coordinates of the ith body. Notice that Qi of rigid bodies do not

have the elastic force vector, and CT
qi is the global Jacobian matrix partially differentiated

from the global constraint equations C(q, t). Eq. (4.12) can be written in a simplified

form as

M∗q̈ + CT
qλ = Q∗

C(q, t) = 0

 (4.13)

where the star superscript means system-level matrix and vector.

The global position vector, r = R + Au, of an arbitrary point on a flexible beam defined in

the preceding chapter is used with the position vectors of rigid bodies to derive the global
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constraint equations C(q, t). The centre of mass of a rigid body is often where the body

frame of reference is located while a flexible body will follow the rule of floating frame of

reference [1], as shown in Fig. 4.1, and the inertia is defined with respect to it. For a

flexible beam, the body frame of reference is often fixed to one of its tip-end with x-axis

in-line with the neutral axis of the beam.

4.2 Implementation into Library of Symbolic Multibody Systems

The implementation of the finite element flexible body into the symbolic multibody system

dynamics is achieved by using MapleSim, which is a multi-domain physical modelling envi-

ronment built on Maple’s technology that provides users with a general-purpose symbolic

computation environment. The implemented finite-element beam model in MapleSim is

referred to as “MapleSim FEM” in Chapter 5. Having been integrated with DynaFlex

Pro [54], MapleSim has its own multibody systems dynamics library from where users can

select different types of multibody components (bodies, drivers, joints, etc.) and configure

all kinds of open- or closed-loop mechanisms. The modelling phase, which is mentioned in

the preceding section, of multibody systems inside MapleSim is based on the technology of

graph theory that adopts virtual work [4] to generate the global constraint equations and

system governing equations of motion. In applying the graph-theory method to a system,

each multibody component is mathematically modelled separately, which is independent

of other system components, in the form of one or more terminal equations. The terminal

equations basically contain the virtual work, generalized force and torque, and position

vectors of the component. Moreover, each component is graphically represented by one or

more graph edges between certain vertices or points of the interconnection of the compo-

nent to other system components. Using graph theory, the result is a linear graph that

can generate equations to describe the interconnection of all the system components. The

terminal equations and graph edges associated with each component are used together to

generate system equations in a manner similar to applying the principle of virtual work to

flexible multibody system dynamics and formulating constraint equations, which is equiv-

alent to traditional kinematic summations from a vector polygon.
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For a flexible body component in multibody systems, what needs to be formulated are

two sets of terminal equations with terminal edges associated with each. The first one is

referred to as the body element that defines the virtual work and generalized forces and

torques, and the second one is referred to as an “arm” that serves to locate any arbitrary

point on the body where an imparted load (external load, joint reaction, etc.) is applied

with respect to the body-fixed frame of reference. Following graph theory, the two sets of

terminal equations and edges associated with the finite element flexible beam are presented

by manipulating its definitions stated in the preceding chapter as follows.

4.2.1 Finite-element Beam Body Element

In practice, when defining the terminal equations for the body element of a flexible compo-

nent, they are separated into two parts which are, respectively, corresponding to rigid-body

mode and flexible-body mode since the total coordinates associated with a flexible body

are divided as q =
[

qr qf

]T
. Whether the coordinates are used in the system equa-

tions depends on the tree and co-tree selection technique [19] used by the graph-theoretical

approach. Dependent coordinates at joints can be eliminated using appropriate tree se-

lection unless certain reaction results are needed. The Lagrange multipliers in the kinetic

equations (4.13) depend on the co-tree selection. This will be discussed further in Section

4.3. The extreme condition is that there is no Lagrange multiplier in the kinetic equations,

and the system governing equations have the form:

M∗q̈ = Q∗ (4.14)

where the total coordinates q are independent, and there is no constraint equation.

Terminal Equations:

- Rigid-body Mode:

Frb = −(mrrR̈ + mrθω̇ + mrf q̈f ) + Qgr + Qvr (4.15)
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Trb = −(mθrR̈ + mθθω̇ + mθf q̈f ) + Qgθ + Qvθ (4.16)

δWrb = FT
rbδR + TT

rbδθ (4.17)

where the subscript rb refers to rigid-body mode, the m terms are the sub-mass matrices of

Eq. (4.11), and the Qg and Qv terms are, respectively, the components of the gravitational

force vector of Eq. (3.92) and the quadratic velocity force vector of Eq. (3.87). Notice

that the virtual work of the rigid-body mode does not include any virtual work caused by

imparted loads to the body because it is taken care of by the existing force drivers and the

dependent virtual work element [50].

- Flexible-body Mode:

In the virtual work of the flexible-body mode, however, the virtual work of imparted

loads must be taken into account; otherwise, there is no existing element able to transfer

the corresponding forces and torques into the generalized ones in terms of the flexible

coordinates qf . The virtual work associated with the flexible-body mode is written as

δWfb = −δRTmfrR̈ + δθTmfθω̇+ δqTf (−mff q̈f −Kfqf + Qgf + Qvf + Qef ) (4.18)

where the subscript fb refers to flexible-body mode and all the other terms are defined in

the preceding chapter. The terminal equation of the generalized force can be written as

Ffb = −(mfrR̈ + mfθω̇ + mff q̈f ) − Kfqf + Qgf + Qvf + Qef (4.19)

Notice that the force P defined in Eq. (3.94) that was used to derive Qef can be either

the external loads or reaction forces, which is automatically assigned by the force drivers

and the dependent virtual work element.

Terminal Graph: same definition of the flexible body element [50], which is represented

by the rigid-body coordinates R in vector form.
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4.2.2 Finite-element Beam Arm

Terminal Equations:

rP = u (4.20)

ṙP = ω × u + Niq̇f (4.21)

δrP = δθ × u + Niδqf (4.22)

r̈P = ω̇ × u + ω × ω × u + 2ω × Niq̇f + Niq̈f (4.23)

AP : rotation matrix by 1-2-3 sequence of θP=Ni′qf (4.24)

ωP=Ni′q̇f (4.25)

ω̇P=Ni′q̈f (4.26)

δθP = Ni′δqf (4.27)

where the subscript P refers to the distal point P where the imparted action is located;

u is the local position vector of the point P defined by either Eq. (3.26) or Eq. (3.112)

depending on whether the formulation is linear or nonlinear, which is used, for example,

to represent u2 and u3 in Figure 4.1; ω is the angular velocity vector with respect to the

body-fixed frame; Ni is defined in Eq. (3.111) or Eq. (3.119) depending on the formulation

selection; AP is the rotation transformation matrix of the frame of reference whose origin

is at the distal point P with respect to the body-fixed frame; ωP and ω̇P are, respectively,

the corresponding angular velocity and angular acceleration of the reference frame at the

distal point P relative to the body-fixed frame. Since the deformation has been assumed

small, the slopes of point P , estimated by θP , are used as Euler angles to evaluate the ro-

tation matrix AP . For more accuracy, high-fidelity approaches of calculating the rotation

matrix should be used [20].

Terminal Graph: same definition of the flexible arm element [50], which is represented

by rP in vector form.
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4.3 Illustrative Example Problem

To better understand the procedure of using the terminal equations defined for each com-

ponent to assemble the system equations of motion, a simple example is presented in this

section. Shown in Fig. 4.2 is a flexible beam rigidly attached to a revolute joint on the

ground, and a point mass with negligible moment of inertia is rigidly attached to the free

tip-end of the beam.

Figure 4.2: Pendulum flexible beam with tip point mass

As shown in Fig. 4.3, the linear graph of the system is drawn first, where edges h4 and w5

represent, respectively, the revolute joint and weld joint between the correspondingly con-

nected components. Edge m1 represents the beam body element in the rigid-body mode,

and edge r3 represents it in the flexible-body mode. Edge m2 represents the point mass at

the tip. A set of system equations, which are called “cutset” and “circuit” equations [19] in

graph theory, will be derived into which the terminal equations are called and substituted.

Figure 4.3: Linear graph of the pendulum flexible beam with tip point mass
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The cutset equation can be simply looked at as the summation of the total virtual work

of a component (or a “cutset”) being equal to zero, which also means that, cancelling

the virtual change of coordinates δq, the summations of the total forces and torques on a

component are, respectively, equal to zero. Graph theory defines this step as projecting

the equations onto the motion space, which is introduced later in this section. If edges m1,

r3, and m2 are selected in the tree (bold lines in Figure 4.3), the “cutset” equation for the

flexible beam corresponding to the “cutset” for m1 drawn in the graph can be written in

terms of pre-defined forces and torques as

Fh4 + Fm1 − Fw5 = 0 (4.28)

Th4 + Tm1 − Tw5 = 0 (4.29)

where the arrow pointing to the “cutset” leads to positive work and pointing out leads to

negative work. Similarly, the “cutset” equation for the point mass corresponding to the

“cutset” for m2 can be written as

Fw5 + Fm2 = 0 (4.30)

Notice that the point mass without moment of inertia does not have any torques associated

with it. What is left is to call the terminal equations defined for the forces and torques

and substitute them in Eq. (4.28)-(4.30). The Fm1 and Tm1 are defined in Eq. (4.15) &

(4.16) for the flexible beam in the rigid-body mode. According to graph theory, the other

terms are defined as follows:

Fh4 =
[
Fhx Fhy Fhz

]T
Fw5 =

[
Fwx Fwy Fwz

]T
Th4 =

[
Thx Thz

]T
Fm2 = −ms(R̈m2 − g)

Tm2 = −Ims · ω̇m2 − ωm2 × Ims · ωm2 − rm2 × Fm2

Tw5 = −Tm2

(4.31)
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where the components in Fh4 and Fw5 are the reaction forces at the corresponding joints;

Th4 contains the reaction torques at the revolute joint about X and Z axes shown in Figure

4.2; ms is the mass of the point mass; R̈m2 is the global acceleration vector of the point

mass; Ims represents the moment of inertia of the point mass, which is equal to zero; ωm2

is the angular velocity of the point mass; g is the gravity vector; rm2 is the global position

vector that starts from the inertia frame to the the weld joint and can be written, using

the “circuit” equation, as

rm2 = Rm1 + Ab/ir3 (4.32)

where Rm1 is the global position vector of the body-fixed frame of the flexible beam which

is a null vector in this case, and Ab/i is the rotation matrix defined by using θx, θy, and θz

as Euler angles in a 1-2-3 sequence (θx, θy, and θz are the rotations about the X, Y , and

Z axes in Figure 4.2); r3 is the arm terminal equation defined in Eq. (4.20) for the point

P located at the beam tip end connecting the point mass shown in Figure 4.3. If one uses

one element and adopts the conventional finite-element formulation to model the flexible

beam, then the arm r3 and the nodal deformation coordinates qf are, respectively, defined

as

r3 = Ni(q0 + B2qf ) (4.33)

qf =
[
qf1 . . . qf12

]
(4.34)

where q0 is defined in Eq. (3.27).

Substituting all of the terminal equations along with their derivations of Eq. (4.31)-(4.34)

into the “cutset” equations of Eq. (4.28)-(4.30) and assembling with the flexible-mode

terminal equation of Eq. (4.19) equal to zero (Ffb = 0), the dynamic equations can be

obtained in matrix form as identical to the first equation of Eq. (4.13) whose key terms

are defined as follows:

M∗ =



mrr mrθ mrf 0

mθr mθθ mθf 0

mfr mfθ mff 0

0 0 0 msI


(4.35)
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q =
[

Rm1 θ qf Rm2

]T
(4.36)

Q =


06
6 0 03

6

0 −Kf 0

06
3 0 03

3

q +

 Qg

01
3

+

 Qv

01
3

+


01
6

Qef

01
3

 (4.37)

λ =
[

Fh4 Th4 Fw5

]
(4.38)

where 21 differential equations and 29 unknowns (DoFs) indicated in both q and λ are

combined; I is 3 × 3 identity matrix; the subscripts and superscripts of the zero matrices

indicate, respectively, the row and column dimensions. The elements of the Jacobian ma-

trix Cq can be found in Appendix A.2. Notice that, using the graph-theoretical approach,

there is no additional step to differentiate the global constraint equations C(q, t) with re-

spect to q to get Cq since the term Cqλ automatically appears in the dynamic equation

after substitution of terminal equations. The co-tree selection, which consists of edges h4

and w5, results in the reactions in Eq. (4.38) associated with the revolute and weld joints

appearing in the system equations.

Figure 4.4: Axes of a revolute joint

There is one more step to use the “circuit” equation and the terminal equations of the

finite-element arm to obtain C(q, t) and assemble the whole system equations of motion.

By graph-theoretical definition, the constraint equations are obtained by projecting the

“circuit” equations of the co-tree joints, h3 and w5 in this problem, onto their reaction

space [19]. The reaction space can be seen as the restricted translational and rotational

directions of motion by the corresponding joint, and the other unrestricted motion direc-
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tions compose the motion space. Taking the revolute joint in Figure 4.4 for example, its

translational reaction space is defined by the translations along the joint axis û, about

which the joint rotates, and the two orthogonal axes n̂1 and n̂2; its rotational reaction

space is defined by the restricted rotations about the two orthogonal axes n̂1 and n̂2. In

short, the “circuit” equation is similar to the traditional kinematic summations from vector

polygon (multiplication of rotation matrices for three-dimensional rotations) to construct

the constraint equations. The “circuit” equations for the h3 and w5 joints can be written

as

rh = −rm1

Ah = AT
m1

rw = −r3 − rm1 + rm2

 (4.39)

Substituting the terminal equations defined for each term in Eq (4.39) yields

rh4 = −Rm1

Ah = AT
b/i

rw5 = −r3 − Rm1 + Rm2

 (4.40)

where r3 is defined in Eq. (4.33). By projecting each equation in Eq.(4.40) onto the

reaction space of the corresponding joint, the 8 constraint equations C(q, t) are obtained

with the final expression:

C(q, t) =



R

θx

θz

Rms − Ab/iN
i(q0 + B2qf )


(4.41)

According to the selection of expected results by the user, the implemented graph-theory

technology can choose a different set of edges in the tree to eliminate unnecessary equations

associated with dependent joint coordinates in the system equations. For this example

problem, if the user does not expect any reactions to be shown in the results, MapleSim

will select h4, r3, and w5 in the tree and leave no joint edges in the co-tree. In this way,

all coordinates in the system equations are independent and there is also no reaction λ.
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Therefore, the whole system equations will be in an ODE form as Eq. (4.14), which saves

computational time.
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5 Example Problems

In this chapter, a few example problems solved by the finite-element beam implemented

in MapleSim are presented to validate the model. These examples include both planar

and spatial multibody systems with flexible beam components. The results are compared

with results from either the literature or with other codes or models. In addition, the

performance of the finite-element models using symbolic computation is compared with

that using numerical computation in terms of CPU time as well as complexity of practical

manipulation, to further discuss the benefits of the symbolic computation. At the end,

comparison of different features of the implemented finite-element beam and the built-in

analytical beam in MapleSim is briefly described.

5.1 Cantilever Tapered Beam

In this section, the way of modelling a basic tapered beam and its deformation under

cantilever condition is presented. The basic tapered beam has a tapered cross-sectional

area and correspondingly varying second moment of area, but the material properties are

assumed homogeneous along the entire beam. Therefore, modelling the tapered beam in-

volves integrating the inertia and stiffness terms for each element with the cross-sectional

area Ai and second moment of area Iiy/z to be a function of x instead of constant values.

Generally, if modelling a tapered cylindrical beam, for instance, it is the radius that is

assumed to be linearly decreasing (or increasing) along the length of the beam, and thus

the radius can be written as

r = a1 + a2x (5.1)

where the radius r is represented by a linear polynomial function with coefficients ai (i =

1, 2), which is dependent on the spatial coordinate x. Using circular area and radius

relationship, the cross-sectional area can be represented by a second-order polynomial
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function written as

A = πr2 = a3 + a4x+ a5x
2 (5.2)

In the same manner, the second moment of area about y− and z−axis can be expressed

by a fourth-order polynomial function as

Iy = Iz =
πr4

4
= a6 + a7x+ a8x

2 + a9x
3 + a10x

4 (5.3)

Since all of these variables become functions of x, they can take part in the integrations

along x. However, the integrations described in Chapter 3 are all element-level calculation,

which integrates a term along an element length. This restricts the functions of (5.1)-(5.3)

to be used directly since these functions are defined with respect to the entire beam. Only a

minor modification is needed to allow these functions to be used directly in the integration

on the element level, and the corresponding functions of the ith element can be generally

defined as

f i(xi) = f(x+ Li−1) (5.4)

where f(x) represents all the functions of Eq. (5.1)-(5.3), and Li−1 is the length accumu-

lated from the first element to the element before the current one. If the beam is distributed

by elements with equivalent length l, Li−1 can be defined as

Li−1 = l · (i− 1) (5.5)

A tapered beam with cross-sectional area varying from 0.005m2 to 0.001m2 is modelled,

of which the radius is linearly decreasing along the beam. Accordingly, the cross-sectional

area and the second moment of area defined with respect to the entire beam are written

as follows:

r = 0.03984 − 0.007351x

A = 0.005 − 1.8426 · 10−3x+ 1.6976 · 10−4x2

Iy = Iz = 1.9894 · 10−6 − 1.4663 · 10−6x+ 4.0528 · 10−7x2

−4.9785 · 10−8x3 + 2.2934 · 10−9x4


(5.6)
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Substituting the modified equations using Eq. (5.4) of Eq. (5.6) into the inertia, force, and

stiffness integrals defined in Chapter 3 will yield the mass and stiffness matrices and force

vectors defined for the tapered beam. The beam is subject to the cantilever condition under

a constant 1000N force toward −z direction shown in Figure 5.1. The other properties

are: length L = 3m, mass density ρ = 3000kg/m3, Young’s modulus E = 7 × 1010N/m2,

and shear modulus G = 2.7× 1010N/m2. There is no gravity associated with the beam, so

the only focus is the deflection change due to the tapered section under the constant load.

Figure 5.1: Cantilever tapered cylindrical beam

Five elements, which have been tested to satisfy convergence for this problem, are used

to model both the tapered and uniform (A = 0.005m2) beams in MapleSim FEM. The

tapered beam deflection result is validated by using ADAMS/Nastran. The deflection

results compared with each other are shown in Figure 5.2.

The tapered beam deflection predicted by MapleSim FEM is almost exactly the same as

the one predicted by ADAMS/Nastran with a root-mean-square error of 0.603%. One can

notice that the tapered beam is so much softer than the uniform beam that leads to larger

deflection, and the natural frequency has also changed due to different mass distribution.

The latter one is critical in dynamic analysis, although static analysis often neglects this.
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Figure 5.2: Tip deflections of the tapered and uniform beams

5.2 Spin-Up Beam

The planar rotating flexible beam is a benchmark problem for testing dynamic analysis

of flexible bodies under large overall motion [30]. The very basic planar rotating beam

problem is shown in Figure 5.3. The beam is rigidly attached to a rotating hub which is

driven with an angular displacement θ(t) about the Y axis, and the gravity is assumed

zero. The focus is the transverse deformation of the tip in the beam’s body-fixed frame.

Figure 5.3: Planar spin-up beam

The geometric and material properties for the flexible beam are: length L = 10m, cross-

sectional area A = 0.0004m2, mass density ρ = 3000kg/m3, second moment of area Iy =

Iz = 2 × 10−7m4, Young’s modulus E = 7 × 1010N/m2, and shear modulus G = 2.7 ×
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1010N/m2, which are also used by [30]. The prescribed motion of the hub is also the same:

θ(t) =


ωs
Ts

[
t2

2 + (Ts2π )
2
(cos(2πtTs ) − 1)

]
t < Ts

ωs(t− Ts
2 ) t ≥ Ts

(5.7)

where ωs is set to 6.0 rad/s, and Ts to 15 s. Differentiating the prescribed angular dis-

placement with respect to time, the angular speed is obtained and plotted in Figure 5.4.

The rotation of the hub speeds up at the beginning and slows down until reaching steady

motion after Ts, and then spins at the constant angular speed ωs.

Figure 5.4: Angular speed corresponding to the prescribed angular motion in Eq. (5.7)

Five elements are used to model the beam in MapleSim FEM, and both conventional and

geometrically nonlinear formulation are used separately to predict the deformation. The

results are validated by using the analytical beam model implemented in MapleSim, which

uses the nonlinear formulation presented in Shi et al. [20]. Using the classical variational

method, the analytical beam uses taylor polynomials as defined by Eq. (3.1) directly to

derive the inertia and stiffness equations. The order of the polynomials for different types

of deformation can be predefined by setting the “elastic coordinates”. Taking axial de-

formation for example, using one elastic coordinate indicates that the power is zero. The

derivation of the analytical beam’s equations also involves order truncation, which aims
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at eliminating high-order terms in the inertia and stiffness equations. In this example

problem, the elastic coordinates used for axial, bending about two lateral directions, and

twist are, respectively 1, 3, 3, 1; any term with order higher than two is truncated. The tip

transverse deflection of the beam predicted by the three formulations is shown in Figure 5.5.

Figure 5.5: Tip deflection of the spin-up beam

The peak deflection magnitude of the nonlinear FEM (geometrically nonlinear formulation)

is 0.573m, and the result is almost exactly the same as predicted by the analytical beam

and the result from [33] with a root-mean-square error of around 0.05%. However, the

linear FEM (conventional formulation) fails to predict the correct deformation after about

t = 4 s. The reason for this is because the lack of nonlinearity inside the conventional

FEM is unable to capture the dynamic stiffening effect [30] when the beam spins with a

relatively fast angular speed.

For structural analysis in a steady state, or dynamic analysis with small and slow overall

motion, or with stiffer flexible bodies, the dynamic stiffening that is largely associated with

centrifugal and Coriolis effects is negligible. In this case, the linear functions inside the

conventional formulation are sufficient to model the deformation of the body. The expla-

nation can be verified by applying another set of properties to the beam, which makes the
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beam stiffer while the motion is kept the same. The stiffer properties are: length L = 3m,

cross-sectional area A = 0.005m2, mass density ρ = 3000kg/m3, second moment of area

Iy = Iz = 1.989 × 10−6m4, Young’s modulus E = 7 × 1010N/m2, and shear modulus

G = 2.7 × 1010N/m2. The tip transverse deflection of the stiffer beam predicted by the

three formulations is shown in Figure 5.6.

Figure 5.6: Tip deflection of the spin-up stiffer beam

Although slight differences exist between the linear FEM and the other two, they converge

to each other very well since the dynamic stiffening effect becomes negligible for the stiffer

beam.

In order to visualize the dynamic stiffening effect more clearly and extend the tradi-

tional benchmark spin-up beam example, another test of the spin-up beam has been

set up by applying a different set of properties and prescribed angular motion while

taking gravity into account. The newly defined properties are: length L = 1m, cross-

sectional area A = 7.853 × 10−5m2, mass density ρ = 2700kg/m3, second moment of

area Iy/Iz = 4.909 × 10−10m4, Young’s modulus E = 7.2 × 1010N/m2, shear modulus

G = 2.7 × 1010N/m2, and gravity g = 9.81m/s2. The prescribed angular motion is de-

scribed in terms of angular speed shown in Figure 5.7. The beam is initially undeformed.
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Figure 5.7: Newly-defined prescribed angular motion

The tip transverse deflection under the newly defined parameters and condition predicted

by the three formulations is shown in Figure 5.8 and Figure 5.9. The former figure shows

the horizontal deflection (in the plane of spinning), and the latter one shows the vertical

deflection (out of the plane of spinning) along the direction of gravity. Looking at both

figures, the deformation predicted by the three models starts to diverge at about t = 2s,

and this is when the dynamic stiffening effect becomes significant as the angular speed

reaches a critical value. It is mainly the Coriolis force that causes the horizontal deflection

during spinning, and the Coriolis force gets larger when the angular speed increases. It can

be clearly seen, from Figure 5.8, that the nonlinear beam models are able to resist bending

by the increasing Coriolis force since the beam turns to be stiffer in practice during fast

rotation. On the other hand, the deformation of the linear beam model subject to the

Coriolis force is increasingly bigger until the angular speed becomes a constant value at

t = 4s. Even after the angular speed becomes constant, the linear beam still has larger

deformation than the other two “stiffer” nonlinear beams.
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Figure 5.8: Tip in-plane deflection of the newly-defined spin-up beam

From Figure 5.9 one can see how the nonlinear beams resist gravity during fast spinning,

which matches the physical behaviour in reality. Since the conventional formulation as-

sumes decoupled deformation as stated in Chapter 3, its out-of-plane deformation is only

caused by gravity so that it is always in the same pattern however the beam spins within

the plane perpendicular to the gravity. The result is that the resistance to gravity due

to the centrifugal effect, which is shown by the nonlinear beams, does not appear on the

linear beam.

The CPU time of 4000 time steps corresponding to different number of elements is also

recorded for the re-defined spin-up beam case. The CPU time can be divided into two cat-

egories, of which the first one is the time used for setting up the system equations (analysis

time), and the second one is used for numerical time-integration (simulation time). The

CPU time have been recorded for using 1 to 5 elements, which are shown in Table 5.1.

The RMS errors of being compared with results of using 5 elements are given in the table.

It is obvious that the computational cost associated with the nonlinear FEM increases

dramatically with the number of elements while the cost with the linear FEM increases

gently. However, the convergence for both FEM models in this case is reached at using 3

elements. Although one can use more than 3 elements to refine the results, it is efficient
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Figure 5.9: Tip out-of-plane deflection of the newly-defined spin-up beam

to use 2-3 elements to quickly get numerical results which are quite accurate. More CPU

time information will be provided in the next few example problems for reference.

Table 5.1: CPU time corresponding to number of elements

1 2 3 4 5

Linear FEM (1.3; 0.55) (2.9; 2.1) (6.3; 7.1) (10.5; 15.1) (18; 30.1)

Nonlinear FEM (6.1; 1.25) (41; 7.2) (105; 45.7) (190; 146.3) (308; 362)

RMS Error 0.21% 0.043% 0.039% 0.028% -

Note: Values in the parentheses indicate (analysis time (s); simulation time (s))

5.3 Planar Slider-crank Mechanism with Flexible Crankshaft and Con-

necting Rod

This slider-crank mechanism example is used to test the functionality of the finite-element

flexible beam with a closed-loop mechanism and to help further demonstrate the usage of

the conventionally linear and the geometrically nonlinear formulations. This mechanism is

taken from [10] as shown in Figure 5.10. The flexible crankshaft has a length of 0.152m,

a cross-sectional area of 7.854 × 10−5m2, a second moment of area of 4.909 × 10−10m4, a

mass density of 2770 kg/m3, and a Yonge’s modulus of 1.0 × 109N/m2. The connecting
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rod has a length of 0.304m, and has the same dimensions and material properties as the

crankshaft with the exception of the Yonge’s modulus, which is 0.5×108N/m2. The slider

is assumed massless. The crankshaft of the system is assumed to be driven by the following

torque expressed in N/m:

M(t) =

 0.01(1 − e
−t/0.167) t < 0.70s

0 t ≥ 0.70s
(5.8)

The crankshaft is modelled using one element, and the connecting rod is modelled using

Figure 5.10: Slider-crank mechanism

two elements. Figure 5.11 shows the midpoint deformation results of the connecting rod

measured with respect to its body-fixed frame obtained by using the two FEM formulations

along with the result recorded in [10]. It is seen that the three sets of results agree well with

each other. The nonlinear FEM generates a very small difference of the deformation be-

cause the connecting rod is quite short so that the centrifugal and Coriolis effects discussed

in the preceding section are negligible. In addition, the difference between the result in [10]

and the others is probably due to that the beam model in the reference adopts a modal

approach. This difference will be discussed particularly in the next example problem.

The position of the slider block is plotted in Figure 5.12. It is shown that the influence of

the slight difference of the deformation to the position of the slider block is trivial.
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Figure 5.11: Deformation of the midpoint of the connecting rod

Figure 5.12: Position of the slider block
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5.4 Spatial Flexible Manipulator

In this section, a spatial manipulator with a flexible link, shown in Figure 5.13, is modelled

by the MapleSim nonlinear FEM and validated by the analytical beam model in MapleSim.

The results are compared with that generated by ADAMS/Nastran which is based on a

numerical modal approach. This example is used to present a comprehensive comparison

in various aspects between the symbolic FEM (with nodal approach) and the numerical

FEM with modal approach.

Figure 5.13: Schematic of the spatial manipulator with a flexible link

The mechanism shows that the flexible beam is attached to a hub that can rotate about a

vertical Y axis. The beam can also rotate about its body-fixed horizontal zb axis. There is

also a tip mass attached to the beam which adds additional inertia and weight. The spatial

motion of the manipulator can be prescribed as: when t < 1s there is no rotation so that

the beam is static which is the same as a cantilever beam under gravity; when 1s ≤ t < 2s

the beam is spinning only about the Y axis like a planar spinning beam; when 2s ≤ t < 3s

the beam has spatial motion of rotating about both Y and zb axis. The prescribed angular

motions in both directions can be defined in terms of angular velocity as

θ̇ =

 0, t < 1 s

ωθ, 1s ≤ t < 3 s
β̇ =

 0, t < 2 s

ωβ, 2s ≤ t < 3 s
(5.9)

where ωθ is set to π rad/s, and ωβ is set to π/2 rad/s. The parameters of the flexible beam

are: length L = 3m, cross-sectional area A = 0.005m2, mass density ρ = 3000 kg/m3, sec-

ond moment of area Iy = Iz = 1.989 × 10−6m4, Young’s modulus E = 7.0 × 1010N/m2,
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shear modulus G = 2.7 × 1010N/m2, and gravity g = 9.81m/s2. The rigid hub has a

radius of 0.5m, and the tip mass has a mass of 30 kg.

The “CBEAM” formulation and nonlinear element formulation “LAGR” embedded in Nas-

tran are selected, respectively, to construct the beam properties and element equations, and

10 elements are used to generate the mode shapes of the flexible beam before assembling

the mechanism in ADAMS. On the other hand, two elements are used for the MapleSim

FEM. Both results are validated by the analytical model mentioned before. The tip deflec-

tion magnitudes predicted by the three models are plotted in Figure 5.14. The results of

all three models are converged with small difference observed between ADAMS/Nastran

and the other two after t = 2.5 s with a root-mean-square error of 0.23%.

Figure 5.14: Tip deformation magnitudes

This negligible difference can be explained by the different values of axial foreshortening

predicted by ADAMS/Nastran and the other two models shown in Figure 5.15, as the

tip transverse deflections from three models are converged exactly shown in Figure 5.16.

Different approaches of nonlinear formulation between Nastran and MapleSim FEM and

the fact that Nastran forces the selection of lumped mass distribution when generating

the mode shapes could both result in the small divergence of the axial deformation. Since

the nonlinear formulation embedded in the analytical model uses the same foreshortening
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approach as the MapleSim FEM, they generate the same foreshortening value. However,

this tiny difference will not lead to any obvious divergence of the overall deformation.

Figure 5.15: Tip axial deformation about the xb axis (Analytical and MapleSim FEM
results converge)

Figure 5.16: Tip transverse deformation about the local yb and zb axis (all results
converge)

Although the modal approach (Nastran) and the nodal approach (MapleSim FEM) both

display comparable accuracy when modelling this example, a large difference exists be-

tween them in terms of ability to converge. For such an example where low-frequency

flexible modes are dominating, only one element is sufficient for the MapleSim FEM to

reach convergence shown in Figure 5.17. This is because the displacement field of an ele-

ment described by the shape functions defined in Chapter 3 is accurate enough to directly
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predict the actual deformation of the flexible body under simple conditions.

Figure 5.17: Tip transverse deformation for different numbers of elements (MapleSim
FEM)

Unlike the nodal approach, the modal approach usually relies on a larger number of el-

ements in order to generate accurate mode shapes. The ability to reach convergence for

Nastran is shown in Figure 5.18. It is obvious that using the mode shapes generated by 3

elements is insufficient to predict accurate deformation results, so at least 6 elements are

usually used at the beginning to obtain a rough estimation. Even 10 or more elements

have to be selected in order to refine the results afterwards.

Associated with the larger number of elements and selection of mode shapes is always a

higher cost. When considering only the CPU time, it will take less than 10 s for MapleSim

FEM to finish one round of calculation when using one element for this example, which

includes both equation set-up and time integration. However, it will take about 2.6 min-

utes for ADAMS just to finish the time integration when using 6 elements for this example.

Other than that, if the user wants to change the number of elements in MapleSim FEM, he

or she can just type a different number before each run without doing anything else when

using the nodal approach. The modal approach needs the user to redefine the flexible body
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Figure 5.18: Tip transverse deformation for different numbers of elements
(ADAMS/Nastran)

in Nastran and generate a new set of mode shapes, which has to go through many manual

operations. The convenience of manipulation can be hardly compared only based on time.

Moreover, since the symbolic computation is able to generate the equations of motion as

a pre-processor, parameters other than the number of elements, such as dimensional and

material properties, can be easily changed afterwards. For this example, if using the sym-

bolic approach, the user can modify the beam density, length, cross-sectional area, Young’s

modulus and so forth very conveniently. This allows the user to have more time to analyze

many different results associated with varying parameters, which will benefit control and

design engineers to a great extent.

5.5 Comparison of the current Finite-element Beam and the Analytical

Beam Models in MapleSim

Compared with the well-developed analytical beam model in MapleSim, the currently im-

plemented finite-element beam model has less fidelity due to the classical beam theory used

to create the finite-element formulation, which neglects higher-order terms or assumes lin-
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earity in the equations.

Recalling that the finite-element beam model is formulated based on the classical Bernoulli-

Euler beam theory, which uses the traditional displacement field approach, twist is regarded

free and decoupled from axial and bending deformations. The orientation of an arbitrary

cross-section with respect to the body-fixed frame is indicated by using the twist angle

and bending slopes as Euler angles. However, the equations of the analytical beam in-

clude the coupling between different deformations by using the complete 2nd order (O(2))

displacement field approach [20] that yields a full elastic rotation matrix indicating the

orientation of a cross-section with respect to the body-fixed frame. The difference of the

assumed displacement fields and elastic rotation matrices between the two implemented

beam models leads to different kinematic and elastic equations. An example in [20], which

models a three-dimensional spin-up beam with an offset tip mass, shows the importance of

the O(2) terms in coupled bending and twist scenarios. In practice, when modelling a beam

for which the coupling between bending and twist is significant, the finite-element beam

model is insufficient to predict the orientation of one tip end with respect to the other,

even though the bending and axial deformations are predicted correctly. Modelling of a golf

shaft, for instance, requires a high-fidelity model that can accurately predict both the de-

formation and orientation of the golf head with respect to the grip. This is because a small

difference of the golf head orientation will result in a large change of the golf ball trajectory.

The finite-element beam is expected to have some advantages over the analytical beam in

certain cases. As stated in Chapter 2, the generalized coordinates from the Rayleigh-Ritz

variation used by the analytical beam model lack physical meaning. Unlike the nodal

coordinates of the finite-element model, these Rayleigh-Ritz coordinates cannot represent

physical displacements by themselves. Since the nodal coordinates of the finite-element

model are able to represent physical displacements, nodal strains and stresses can be cal-

culated conveniently. In addition, the classical variational methods unavoidably possess

the disadvantage of difficulty in properly constructing the approximating functions for

arbitrarily-shaped deformable bodies, which limits their usage when modelling more com-
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plex flexible components. Using the coordinate systems described in Section 3.1.2, for

example, the finite-element beam model can be extended to model curved beams con-

veniently since the orientations of all elements are not necessarily co-linear by using the

intermediate element coordinate system.
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6 Conclusions and Future Work

6.1 Overview of the Current Development

The objective of integrating the finite element method with multibody system dynamics

using symbolic computation has been successfully completed using the nodal formulation

and a graph-theoretical approach. It takes advantage of both the nodal formulation over

a modal formulation, and the graph-theoretical approach over the conventional absolute

coordinate formulation. The former gets rid of the tedious modal analysis, and the lat-

ter helps to reduce the number of system equations to ensure the efficiency of the nodal

approach. The validity and expected performance are explained mathematically and philo-

sophically, which are also backed up by tests through several general examples.

The finite element method used for a flexible beam model, due to its simplicity and rel-

atively wide application in multibody system dynamics, has been developed first. The

classical Bernoulli-Euler beam theory is used to construct the finite-element formulation.

Considering the critical influence of the geometrical stiffening nonlinearity under fast and

large motion problems, an upgraded version simply referred to as the nonlinear formu-

lation is developed with the addition of a foreshortening term to the displacement field.

The nonlinear formulation is specifically and explicitly derived for the nodal finite-element

formulation, which is rarely found in publications. A systematic procedure for formulating

the flexible beam equations is presented for the linear and nonlinear versions. Starting

from deriving the element shape function matrix based on assumed displacement fields,

the position vector of an arbitrary point on the deformable body is generated. The position

vector plays the key to deriving the other critical terms relating the inertia and stiffness

of the deformable body that are used to build the system dynamic equations. This gen-

eral procedure can be followed to derive formulations of plate and solid elements if using

appropriate displacement field assumptions.

The equations of motion of the finite-element flexible beam are transferred to a form re-

88



quired by the graph-theoretical approach, and then the beam model is implemented in

MapleSim and made compatible with other multibody system components in the default

library. A general procedure is developed for the transformation. Since the transformation

is based on the original equations of motion of the flexible beam, which are similar for any

type of elements, the procedure can be followed later to create other types of elements.

Example problems validate the functionality of the finite-element beam model imple-

mented. The deformation results for simple load conditions and closed-loop mechanisms

and the results regarding the geometrical stiffening are convergent with the results recorded

from the literature and obtained from other models. The dynamic stiffening effect is explic-

itly explained with its significance in fast and large motion problems. Comparison results

show that the nodal approach is well-suited to symbolic computation, which runs faster

and is more convenient to manipulate than the numerical modal approach.

6.2 Future Development and Extensions

The implementation of a basic symbolic finite-element beam in MapleSim is the initial

stage. The future work can be divided into two categories. The first one is to improve the

current finite-element beam model in various aspects, and the second one is to extend the

presented method to other types of elements.

For improving the finite-element beam, increasing the complexity of the assumed dis-

placement field described in Section 3.1.1 could be the next step. Since the coupling of

deformations and the full expression of the elastic rotation matrix become necessary when

accuracy is required to obtain the orientation of one tip end with respect to the other, the

method in [20] can be used to modify the formulation. Futhermore, the function of mod-

elling tapered beams with continuous cross-sectional areas should be upgraded to model

beams with discrete cross-sectional areas. For example, the cross-sectional area and second

moment of area can be defined by piecewise functions. The material quantities also need

to allow inputs of functions for the purpose of modelling non-homogeneous materials. If

shear is needed to model thick beams, Timoshenko beam theory can be used to modify
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the formulation.

Considering the benefits of the graph-theoretical approach and symbolic computation,

the extension from the beam element to those with more complex geometries in the fu-

ture seems promising. The code of a finite-element plate can be incorporated first. It is

expected that the additional effort will be spent on defining the boundary conditions. Dif-

ferent from a beam which is often connected at its tip ends or sometimes at points on the

longitudinal axis, the connections of a plate are more flexible and user-defined most of the

time. The ultimate object is to develop solid elements used to model flexible bodies with

arbitrary shapes. The formulation is expected to be easier since most of the solid elements

are isoparametric types described in Section 2.2 and do not have coordinates incorporated

with nodal rotations. However, the total number of degrees of freedom generated by the

nodal approach is an outstanding issue to be resolved. It can be worthwhile to develop a

specific modal analysis or any coordinate reduction techniques, such as nodal condensation

or subtraction approaches, which fully take the advantages of the symbolic computation.
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A Appendix

A.1 Inertia Shape Integrals

The mass matrices derived from the conventional formulation in Eq. (3.40) and the ge-

ometrically nonlinear formulation in Eq. (3.118) are different from each other, but the

derivation steps are similar. The general method is presented in this appendix to derive

the mass matrix of the geometrically nonlinear formulation, and, at the end, it will be

shown that by disabling a single term before the derivation will yield the mass matrix of

the conventional formulation. Using symbolic computation, all expressions derived in this

section can be pre-calculated and saved as symbolic equations.

The first submatrix mi
rrGN

in Eq. (3.118) is defined as

mi
rrGN

=

∫ li

0
ρiIAidx = miI (A.1)

where mi is the mass of the ith element and I is 3 × 3 identity matrix.

The submatrix mi
rθGN

, which represents the inertia coupling between the translation and

rotation of the body-fixed frame, is defined as

mi
rθGN

= −
∫ li

0
ρiAũiAidx = −A

˜(∫ li

0
ρiuiAidx

)
(A.2)

where˜transfers the entire integration term in the parenthesis to its skew symmetric matrix,

and the term inside the parenthesis can be derived, using the definition of u in Eq. (3.109),

as ∫ li

0
ρiuiAidx = [S̄i](q0 + B2qf ) + [B̄i

H ]B2qf (A.3)

where S̄i and B̄i
H are the inertia shape integrals defined as

[
S̄i
]

=

∫ li

0
ρiSiB1A

idx (A.4)
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[
B̄i
H

]
=

∫ li

0
ρiBi

HA
idx (A.5)

in which S and BH are defined, respectively, in Eq. (3.17) and Eq. (3.110). These shape

integrals are also required for deriving the submatrix mi
rfGN

, which represents the inertia

coupling between the translation of the body-fixed frame and the elastic deformation of

the element. The mi
rfGN

can be written as

mi
rfGN

=

∫ li

0
ρiANi

GNA
idx = A

(∫ li

0
ρi(Ni + 2Bi

H)Aidx

)
(A.6)

in which Ni is defined in Eq. 3.111. Using the shape integrals S and BH , the term inside

the parenthesis can be written as

∫ li

0
ρi(Ni + 2Bi

H)Aidx = [S̄i]B2 + 2 · [B̄i
H ] (A.7)

The central term in the mass matrix, mi
θθGN

, represents the symmetric inertia tensor of

the ith element with respect to the body-fixed frame, which is written in a more explicit

form as

mi
θθGN

=

∫ li

0
ρiũi

T
ũiAidx =


i11 i12 i13

i22 i23

sym i33

 (A.8)

where the elements ijk (j, k = 1, 2, 3) are defined by carrying out the matrix multiplication

of the skew-symmetric matrices, which can be defined as follows:

i11 =
∫ li
0 ρi

[(
ui2
)2

+
(
ui3
)2]

Aidx , i12 = −
∫ li
0 ρiui2u

i
1A

idx

i13 = −
∫ li
0 ρiui3u

i
1A

idx , i22 =
∫ li
0 ρi

[(
ui3
)2

+
(
ui1
)2]

Aidx

i23 = −
∫ li
0 ρiui3u

i
2A

idx , i33 =
∫ li
0 ρi

[(
ui1
)2

+
(
ui2
)2]

Aidx

 (A.9)

where uij (j = 1, 2, 3) are the components of ūi. Therefore, these elements can be written
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in terms of shape integrals as

i11 = qTn
([

S̄i2,2
]

+
[
S̄i3,3

])
qn

i12 = −qTn
[
S̄i1,2

]T
qn − qTn

[
S̄i2,Bs

]
B2qf

i13 = −qTn
[
S̄i1,3

]T
qn − qTn

[
S̄i3,Bs

]
B2qf

i22 = qTn
([

S̄i1,1
]

+
[
S̄i3,3

])
qn + qTn

[
S̄i1,Bs

]
B2qf

+(B2qf )T
[
S̄i1,Bs

]T
qn + (B2qf )T

[
S̄iBs,Bs

]
B2qf

i23 = −qTn
[
S̄i2,3

]T
qn

i33 = qTn
([

S̄i1,1
]

+
[
S̄i2,2

])
qn + qTn

[
S̄i1,Bs

]
B2qf

+(B2qf )T
[
S̄i1,Bs

]T
qn + (B2qf )T

[
S̄iBs,Bs

]
B2qf



(A.10)

in which the shape integrals are defined as follows:

[
S̄ij,k

]
=

∫ li

0
ρiNi

j
TNi

kA
idx , j, k = 1, 2, 3 (A.11)

[
S̄ij,Bs

]
=

∫ li

0
ρiNi

j
TBi

sA
idx , j = 1, 2, 3 (A.12)

[
S̄iBs,Bs

]
=

∫ li

0
ρiBi

s
TBi

sA
idx (A.13)

where Ni
j (j = 1, 2, 3) is the jth row of the matrix Ni, and Bi

s is defined in Eq. (3.106).

These shape integrals, which depend on the nodal deformations, are also required to eval-

uate the matrix mi
θfGN

that describes the inertia coupling between the rotation of the

body-fixed frame and the deformation of the element. This can be demonstrated by writ-

ing mi
θfGN

in the partitioned form as

mi
θfGN

=

∫ li

0
ρi˜̄u

i
Ni
GNA

idx =

∫ li

0
ρi


ui2N

i
GN,3 − ui3N

i
GN,2

ui3N
i
GN,1 − ui1N

i
GN,3

ui1N
i
GN,2 − ui2N

i
GN,1

Aidx (A.14)

where Ni
GN,j (j = 1, 2, 3) is the jth row of the matrix Ni

GN . Substituting the derivations

99



of the uij (j = 1, 2, 3) yields

mi
θfGN

=


qTn

([
S̄i2,3

]
−
[
S̄i2,3

]T)
−qTn

([
S̄i1,3

]
−
[
S̄i1,3

]T)
+ 2qTn

[
S̄i3,Bs

]
− (B2qf )T

[
S̄i3,Bs

]T
qTn

([
S̄i1,2

]
−
[
S̄i1,2

]T)− 2qTn

[
S̄i2,Bs

]
+ (B2qf )T

[
S̄i2,Bs

]T
 (A.15)

The last term mi
ffGN

is a constant matrix and can be written as

mi
ffGN

=

∫ li

0
ρiNiT

GNNi
GNA

idx (A.16)

Substituting for Ni
GN , one obtains

mi
ffGN

= BT
2

([
S̄iS,S

]
+ 2

[
S̄iS,BH

]
+ 2
[
S̄iS,BH

]T
+ 4

[
S̄iBH ,BH

])
B2 (A.17)

in which the shape integrals are defined as follows:

[
S̄iS,S

]
=

∫ li

0
ρiNiTNiAidx (A.18)

[
S̄iS,BH

]
=

∫ li

0
ρiNiTBi

HA
idx (A.19)

[
S̄iBH ,BH

]
=

∫ li

0
ρiBi

H
TBi

HA
idx (A.20)

where Bi
H is defined in Eq. (3.110).

Even though the mass matrix depends on the rotation of the body-fixed frame and the

elastic deformation of the body, and thus time-variant, it is clear that building all the

shape integrals highlighted in the brackets first will make the calculation of the mass ma-

trix become just basic multiplications and summations between the shape integrals and

the nodal coordinates. This is saving much effort, and the same manner can be applied

when deriving the generalized force vectors as well, especially the quadratic velocity force

vector Qv and the generalized gravitational force vector Fg.
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One may also notice that the mass matrix derived from the geometrically nonlinear for-

mulation shown above contains the shape integrals related to the foreshortening correction

term BH (or Bs). Apparently, it leads to an easy way to generate the mass matrix of the

conventional formulation by just disabling all the shape integrals related to the foreshort-

ening correction. In practice, this can be done, for example, by setting Bs as a null matrix

with the same size.

A.2 Jacobian Matrix for the Illustrative Example Problem

The Jacobian matrix associated with the 8 reaction forces and torques in Eq. (4.38) can

be written as

Cq =



1 0 0 0 0 −1 0 0

0 1 0 0 0 0 −1 0

0 0 1 0 0 0 0 −1

0 0 0 −1 0 0 0 0

0 0 0 0 0 C1 0 C2

0 0 0 0 −1 0 0 0

01
6 01

6 01
6 01

6 01
6 01

6 01
6 01

6

0 0 0 0 0 C3 0 C4

0 0 0 0 0 0 1 0

0 0 0 0 0 C5 0 C6

01
3 01

3 01
3 01

3 01
3 01

3 01
3 01

3

0 0 0 0 0 −1 0 0

0 0 0 0 0 0 −1 0

0 0 0 0 0 0 0 −1



T

(A.21)
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where the subscript and superscript of the bold zeros indicate, respectively, the row and

column dimensions, and Cj (j = 1..6) are defined as

C1 = (l + qf7) sin θy − qf9 cos θy

C2 = (l + qf7) cos θy + qf9 sin θy

C3 = cos θy

C4 = sin θy

C5 = − sin θy

C6 = cos θy



(A.22)

where l is the beam length, and qf7 and qf9 are two nodal deformation coordinates.
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