
Armitage Lecture 2011:
The Design and Analysis of Life History Studies

JERALD F. LAWLESS
Department of Statistics and Actuarial Science,

University of Waterloo, Waterloo, ON, N2L 3G1, Canada

E-mail: jlawless@uwaterloo.ca

Summary

Life history studies collect information on events and other outcomes during people’s lifetimes. For
example, these may be related to childhood development, education, fertility, health, or employment.
Such longitudinal studies have constraints on the selection of study members, the duration and fre-
quency of follow-up, and the accuracy and completeness of information obtained. These constraints,
along with factors associated with the definition and measurement of certain outcomes, affect our
ability to understand, model, and analyze life history processes. My objective here is to discuss and
illustrate some issues associated with the design and analysis of life history studies.
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1 INTRODUCTION

Information about events and other outcomes in people’s lives is collected in many contexts, and well-
planned studies are important in understanding life history processes and factors that influence them.
Examples include studies related to employment [1], health [2, 3], and aging [4, 5]. I use the term life
history studies to describe such initiatives. Objectives of life history analysis include enhancing our
understanding of individual processes and of variation across individuals, groups, or populations; iden-
tifying relationships between processes and covariates; identifying risk factors associated with adverse
outcomes; assessing the effects of individual-level or population-level interventions; and providing pre-
dictive models for activities such as planning, resource allocation, or patient management. The extent to
which objectives can be realized depends on the representativeness of the panel members, on the events
and other variables that are measured, and on the completeness and accuracy of data collection. Time,
cost, and other constraints lead to a range of study designs, from ones where a randomly selected panel of
individuals is followed over a designated period to observational studies based on administrative records.

http://onlinelibrary.wiley.com/doi/10.1002/sim.5754/full
http://olabout.wiley.com/WileyCDA/Section/id-828039.html
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Various statistical challenges arise with life history studies, and my objective is to discuss issues asso-
ciated with their design and analysis. Before outlining some issues to be addressed, I introduce three
studies that serve to illustrate various points.

Example 1.1 (Complications from Type 1 Diabetes)

The Diabetes Control and Complications Trial (DCCT) was a randomized study involving subjects with
type 1 diabetes, which ran from 1983 to 1993. The study randomized subjects in two cohorts to a program
of intensive diabetes therapy designed to achieve near-normal glucose levels or to conventional therapy
designed to prevent hyperglycemic symptoms [3]. The two cohorts were a primary prevention cohort,
consisting of individuals who had no retinopathy at the time of study entry, and a secondary intervention
cohort, whose members had some degree of retinopathy. Upon completion, the trial showed that the
intensive therapy led to a significant reduction in the onset and progression of diabetic retinopathy and
nephropathy. After the DCCT was terminated, most subjects (1375 of 1441) joined the observational
Epidemiology of Diabetes Interventions and Complications (EDIC) Study, which has been ongoing since
1994. Its objectives are to study complications from diabetes, and biological and genetic factors asso-
ciated with progression. Those conducting the study took eye and kidney measurements approximately
every 6 months during the DCCT, but only every 2-4 years during EDIC. They expressed the degree of
retinopathy (ranging from none to severe) on the ordinal Early Treatment Diabetic Retinopathy Study
(ETDRS) scale [6]. Measurements on renal function included urinary albumin excretion rate, and we can
base disease states on this [7].

Numerous covariates were measured at entry to the DCCT and at the start of EDIC, and several time-
varying covariates were measured at the intermittent visits. The most important of these is glycosylated
hemoglobin, which measures average blood glucose over 3-4 months preceding the measurement. A high
glycosylated hemoglobin value indicates poor control of blood glucose and is associated with diabetic
complications. The DCCT Research Group [3, 8, 9], Al-Kateb et al. [7], and Cook and Lawless [10]
described some analyses of DCCT and EDIC data.

Example 1.2 (The Canadian Longitudinal Study on Aging)

The Canadian Longitudinal Study on Aging (CLSA) is a national longitudinal study of adult development
and aging, with an initial stratified random sample of 50,000 persons ages 45-85 years. Recruitment be-
gan in 2009, and individuals are to be followed for at least 20 years or to death, with formal assessments
scheduled every 3 years. The broad objectives of the CLSA are to foster research into ‘understanding
how biological, physical, psychological, social, and environmental factors individually, and in combina-
tion, influence the health and well-being of aging individuals’ [5]. Information on demographic, social,
physical/clinical factors and on health service utilization are to be collected on all panel members. In
addition, 30,000 members will be asked to provide physical and biological measurements at scheduled
visits, but they may refuse to provide the biological specimens (blood and urine). The website for the
study is at www.clsa-elcv.ca.

Example 1.3 (Canadian Observational Cohort on HIV)

The Canadian Observational Cohort on HIV (CANOC) is composed of several observational Canadian
cohorts of HIV-positive individuals who initiated combination antiretroviral therapy (cART) since Jan-
uary 1, 2000 [11]. Biomarkers that are measured at follow-up visits (approximately every 3 months) for
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each individual include viral load, CD4 and CD8 cell counts and other measures such as blood lipid lev-
els. Clinical events that are recorded include AIDS-defining illnesses, death, and other events related to
heart disease and cancer. I will restrict discussion here to the British Columbia cohort of CANOC, con-
sisting of 2325 individuals with an average follow-up time of 3.6 years. The broad objectives of CANOC
are to study disease processes of HIV-positive individuals and their relationship to risk factors and cART
treatment.

These three studies represent a range of objectives and background conditions, but in all cases, in-
formation on the study individuals is collected intermittently, at visits ranging from 3 months to 3 years
apart. This affects design and analysis in important ways, including the following: (i) decisions concern-
ing which variables and events to record and whether the times of events occurring between successive
visits can be (accurately) ascertained; (ii) decisions concerning the frequency and duration of followup;
(iii) consideration of ways to avoid bias resulting from selection effects or nonignorable losses to follow-
up (LTFs); and (iv) consideration of statistical models for planning, analysis, and prediction that can
deal with partially observed life histories. At the planning stage, consideration must also be given to the
method of cohort formation and to the level of baseline information to be obtained. In particular, this
may include life history information prior to an individual’s admission to the study. Some studies are
purely retrospective, and the full data on individuals exist at the time they are selected. I will focus here
on prospective studies. For convenience, I refer to the study group as a cohort or panel. Inclusion in the
study sample may depend on observed covariates or prior life history for an individual, but conditional on
such factors, the process data during the study’s follow-up period are assumed independent of selection.

My objective is to discuss and comment on these issues. I organized the remainder of the paper as
follows. Section 2 describes a statistical framework for life history analyses. Because of their importance
and for reasons of brevity, I will focus on multistate models for life history events, along with concomitant
variables. Section 3 contains some general discussion of the preceding issues of design and analysis, and
Section 4 provides some technical development and illustrations. Section 5 contains some concluding
remarks.

2 STATISTICAL FRAMEWORK

2.1 MODELS FOR LIFE HISTORY ANALYSIS

Several types of variables arise in life history contexts. We can broadly categorize outcomes of interest
as follows:

(i) Events that, at least in theory, occur at a specific instant in time, for example, giving birth, getting
a job, or being diagnosed with a disease. We can use counting process notation for such events:
assuming that an individual i can experience a specified event beginning at a time origin t = 0,
we let Ni(t) denote the number of events experienced up to time t. The process {Ni(t), t ≥ 0} is
called a counting process [12]. This deals with events that can occur repeatedly or just once and is
extended to deal with R ≥ 2 types of events by letting Nir(t) denote the number of events of type
r (r = 1, 2, . . . , R).

(ii) Categorical variables Yi(t) that denote the status of an individual at time t; for example, a woman
may have given birth to y children (y = 0, 1, 2, . . .) by age t, or she may have attained any one
of a number of educational levels. A multistate framework can be used in such cases, with Yi(t)
allowed to take values in a set {1, 2, . . . , a} of distinct states. This framework is closely connected
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to counting processes since a transition from one specified state to another can be considered a type
of event.

(iii) Fixed variables such as birth year, sex, genotype. I will use (vectors) xi or zi to denote such features
for individual i.

(iv) Time-varying variables, denoted by Xi(t). These can be specific to an individual, for example,
internal biological variables such as blood pressure, weight, viral loads or blood cell counts, medi-
cation, or external factors such as air quality measures.

Data on panel members are typically collected intermittently. In many studies, this occurs at sched-
uled visits whose frequency and spacing may vary both within and between individuals; I denote the
data collection times for a generic individual as t0, t1, . . . , tk. Baseline conditions and covariates are ob-
tained at t0, and at tj (j = 1, . . . , k), information Dj pertaining to the time interval (tj−1, tj] is obtained.
Time-varying covariates are typically measured only at the times tj , but the occurrence times of events in
(tj−1, tj] can sometimes be retrospectively ascertained at tj . A design issue discussed later is whether to
ascertain such times when doing so is subject to errors of measurement. In some studies, the exact times
of certain events such as death may also be ascertainable in some other way. Other forms of incomplete or
inaccurate information can also arise, and panel members may be lost to follow-up before the designated
end of the study.

I will treat event histories and multistate paths as the processes of interest, with fixed and time-varying
variables as explanatory factors. However, events or states are often defined according to a processXi(t).
For example, we could define a ‘viral rebound’ (VR) event for HIV-positive individuals as occurring
when the viral load of an individual moves from a nondetectable level to a specified level such as 103

copies per milliliter [13]. Models that accurately represent the determinants and dynamics of processes
{Ni(t), t ≥ 0} or {Yi(t), t ≥ 0} are of great interest, but developing such models is difficult, given the
complexity of such processes, limitations on the thoroughness and frequency of data collection, and the
possibility of bias in cohort selection and follow-up. Nevertheless, stochastic models that capture certain
process dynamics can be developed and can help to improve understanding, prediction and decision-
making. For the comparison of randomized interventions, on the other hand, marginal process features
such as expected numbers of events or average time in a state are used (e.g., Section 8.4 in [14, 15]).
Stochastic modelling of life history processes has a long history, perhaps beginning with Halley’s models
for life tables and mortality (e.g., [16]) but with rapid expansion from the 1950s (e.g., [17–19]). Statistical
analysis based on such models has developed rapidly following seminal work on parametric, nonpara-
metric, and semiparametric methods. Andersen et al. [12] gave a comprehensive survey up to about 1993,
and [20] and [14] survey more recent work.

I consider continuous-time models that begin at some time origin t = 0, but discrete-time models are
sometimes appealing. The times of events are denoted by T1 < T2 < · · · and the gap times between
events by Wj = Tj − Tj−1 (j = 1, 2, . . .), where T0 = 0. We can express full models in terms of process
intensity functions. For a univariate counting process {Ni(t), t ≥ 0}, these take the form

λ (t|Hi(t)) = lim
∆t↓0

Pr {Ni(t−, t+ ∆t−) = 1|Hi(t)}
∆t

, (1)

where N(s, t) = N(t) − N(s) and Hi(t) is individual i’s event history up to time t−. External time-
varying or fixed covariates can be dealt with by incorporating them into Hi(t). Books on point processes
(e.g., [21, 22]) and on event history analysis (e.g., [12, 14, 20]) discuss many types of models. The two
most familiar are Poisson processes, for which λ(t|Hi(t)) = ρ(t) for some nonnegative function ρ(·),
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and semi-Markov processes, for which λ(t|Hi(t)), Ni(t−) = j) = hj(Bi(t)) for nonnegative functions
hj(w), with Bi(t) = t− TNi(t−) the time since the most recent event.

2.2 MULTISTATE MODELS

I will focus here on multistate models with states {1, 2, . . . , a} which have transition intensity functions

λrs (t|Hi(t)) = lim
∆t↓0

Pr {Yi(t+ ∆t−) = s|Hi(t), Yi(t−) = r}
∆t

, r 6= s. (2)

Markov models have λrs(t|Hi(t), Yi(t−) = r) = αrs(t); semi-Markov models have λrs(t|Hi(t), Yi(t−) =
r) = αrs(Bi(t)), where Bi(t) is the elapsed time since entry to the current state (r).

Under mild conditions and assuming that two or more events cannot occur simultaneously, the inten-
sities provide a full specification of the process in question. A broad discussion of models is beyond my
scope here, and I will mainly consider multistate models with intensities of modulated Markov form

λrs (t|Hi(t), Yi(t−) = r) = λ0
rs(t) exp (β′Zi(t)) , r 6= s , (3)

where the λ0
rs(t) are baseline intensity functions and Zi(t) is a vector that may include selected aspects

of previous life history along with fixed or time-varying covariates. These allow flexible modelling
of life history dynamics, and we can fit models with the λ0

rs(t) unspecified using Cox model survival
analysis software when complete data on life history paths and covariates are available (e.g., [12, 14]).
Unfortunately, this is rarely the case for the types of studies discussed here, and challenges arise when
trying to model such processes with incomplete data; Sections 3 and 4 discuss this issue.

2.3 AN ILLUSTRATION

Figure 1 shows a model that is used in settings where individuals can experience potentially recurring
episodes of some kind. For example, state 1 may represent good health; state 2 a state of illness, disability,
or hospitalization; and state 3 death. In some contexts, for example where state 2 represents hospitaliza-
tion, the exact times of transitions from one state to another are ascertainable even when an individual
is formally seen intermittently. In this case, models of the form (3) can readily include features of past
episodes (e.g., the number of visits to state 2 or their durations) in the covariate terms. However, if state 2
represents a condition that can be confirmed only through a diagnostic test (e.g., detectable viral load in a
person with HIV), then exact transition times cannot be observed in the case of intermittent observation.
In this case, the duration of sojourns in state 2 and even the exact number of visits are unknown. This
limits the models that it is feasible to fit and affects the precision of estimation and the possibilities for
model checking.

3 SOME DESIGN AND ANALYSIS ISSUES

3.1 DEFINITIONS OF STATES AND EVENTS

States and events sometimes have relatively unambiguous definitions (e.g., in or out of hospital and
giving birth), but often there is a degree of arbitrariness. For example, in the DCCT studies of Example
1.1, severity of retinopathy is measured on a 22-point ordinal ETDRS scale, which itself is based on
photographs of the eye [6]; other categorizations based on photographs also exist. I will consider here
five states of retinopathy based on the ETDRS measurements: 1 - ETDRS = 1 (no retinopathy); 2 -
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Figure 1: A model for recurrent episodes

ETDRS = 2 or 3; 3 - ETDRS = 4, 5, or 6; 4 - ETDRS = 7, 8, or 9; 5 - ETDRS ≥ 10 (severe retinopathy).
However, other sets of states could be used. Definitions of the ‘progression’ of retinopathy also vary; two
that have been used are the following: (i) first entry to state 3 and (ii) first occasion on which an individual
is observed to be in state 3 or higher at two consecutive observation times. Definition (ii) depends on the
observation schedule for an individual but has been used (e.g., [3]) because there is measurement error as
well as substantial short-term variability in ETDRS scores [10]. Events defined by a prolonged sojourn
in a state are used in many other areas (e.g., [23, 24]). The specification of states based on discrete
or continuous measurements, along with the decision to use states rather than the raw measurements,
depends on the context and objectives of analysis. States and events should be clinically meaningful and,
ideally, subject to reasonably accurate measurement. It is desirable to retain the information on which
individuals’ states are based in order to facilitate alternative analyses and to allow comparison of analyses
based on different sets of states. Section 4.1 considers some models for diabetic retinopathy.

3.2 MEASUREMENT ERROR

Errors of measurement can occur for states, events and covariates. Dealing properly with such errors can
be difficult, and the best approach is to minimize them by careful selection and measurement of variables.
To consider misclassification of states, for example, one can consider measurement error in the underlying
variables on which states are based. We must also make decisions about whether to measure event times
precisely. For example, if the time of an event that occurred between two successive observation points
can in principle be ascertained, then we must weigh potential gains from doing this against the possibility
and effects of measurement error. In longitudinal surveys, the ‘seam’ effect is well known: persons giving
an event time based on recall tend to place it closer to data collection times than it actually is [25]. The
use of the state or status at the time of measurement rather than retrospectively ascertained event times is
common in many areas (e.g., [26]), and the effect on estimation of time-to-event distributions has been
studied, but there has not been much investigation in the event history context. Covariate measurement
error is beyond my present scope. Prentice [27] and Prentice and Huang [28] gave valuable discussion
and references in the context of women’s health studies.

3.3 FOLLOW-UP OF PANEL MEMBERS

The resources available for a study constrain the frequency and length of follow-up. If the visit times
t1, . . . , tk for an individual are far enough apart that multiple events or state changes between successive
visits are likely, then estimation of state duration distributions and other detailed life history features is
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difficult in the case where only the Y (tj) (j = 1, 2, . . . , k) are observed. However, there may be adequate
information about aspects such as the incidence or prevalence of specific conditions. For example, the
CLSA in Example 1.2 collects information every three years over a long period for persons age 45 years
and older. Useful information on features such as the onset and progression of cognitive impairment
(CI) as a function of age and other factors can be obtained, but detailed information on the duration of
hospitalization spells or the use of community health services may not be ascertainable from the basic
data collection. The incorporation of auxiliary information from administrative records or from more
intensive follow-up of a selective subsample of the panel is an important area that is receiving increasing
attention but, so far, limited formal development.

Premature LTFs naturally decrease the information available, but a potentially greater concern is the
possibility of bias when LTF is related to an individual’s life history. If LTF is independent of future life
history (after LTF), given previously observed life history, then we can avoid bias through appropriate
conditioning on prior history. However, when successive visits are far apart, it is often likely that the
probability of becoming LTF at time tj depends on outcomes over the interval (tj−1, tj]. In studies where
heavy LTF is expected, there may be a strong argument for a budget that allows some tracing of persons
who are LTF (e.g., [29]). Section 4.3 provides a few details on these issues.

In observational studies, there may be a relationship between the visit times for an individual and their
life history since the last visit, as when healthier individuals postpone or forego visits. Models to address
this have been considered (e.g., [30, 31]), but they are often difficult to check or rely on uncheckable
assumptions. In addition, labeling a person as LTF, and specification of an LTF date, is problematic when
an individual’s last visit was a long time before the study’s administrative end date. It is important for
reliable analysis to try for adherence to a visit schedule. This can allow the scheduled time for the next
visit to depend on data collected up to the current visit (Section 4.3).

3.4 PANEL SELECTION AND INITIAL CONDITIONS

The collection of baseline information on individuals is crucial, regardless of whether the panel is a
random sample from some population or a group defined by certain characteristics. One reason is that
dynamic modelling and analysis uses previous life history (Section 2.2). Specification of models for
outcomes over a follow-up period from t0 to tk typically relies on relevant history H(t0) before time
t0. In economics, these are referred to as initial conditions. Failure to collect relevant information may
contribute to misleading conclusions or make it necessary to rely on uncheckable assumptions. Interest-
ing examples arise when the current duration of a condition is not recorded or modeled in an analysis.
Prentice et al. [2] and Prentice [27] discussed discrepancies in observational and randomized studies on
the effect of post-menopausal hormone therapy (HT) on coronary heart disease in women. These were
largely due to the fact that the effects were time dependent and that women in the randomized studies
were followed from the initiation of HT, whereas many in the observational studies were not. If insuf-
ficient attention is given to the duration of prior HT usage, misleading inferences might be drawn from
the observational studies. Glymour [32] discussed similar issues in longitudinal studies on aging and
cognitive impairment. Section 4.4 gives some additional discussion of initial conditions.

In studies where panel members are randomly selected, problems can still arise because of refusals
to participate. In the CLSA, it was estimated that 152,000 people would have to be approached to ob-
tain a panel of 50,000 [5]. A concern is that those agreeing to join differ in significant ways from those
who refuse. This can sometimes be addressed by the collection of relevant baseline information on both
joiners and refusers. In an empirical study on employment histories, Pyy-Martikainen and Rendtel [33]
demonstrated the biases that initial refusals and dependent LTF can produce by comparing analyses of
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European longitudinal survey data with complete administrative data on the panel members and refusers.
They found significant biases in survey-based estimates related to unemployment. There is a large litera-
ture on refusals and non-response in certain areas, including survey sampling (e.g., [34]) and case-control
studies (e.g., [35]).

4 SOME TECHNICAL ISSUES

4.1 MODELS FITTING AND ANALYSIS

Suppose that individual i in a study is observed at times ti0 < ti1 < · · · < tiki . At time tij infor-
mation Di(tij) on events and Xi(tij) on external covariates over the time interval (ti,j−1, tij] is ob-
tained (j = 1, 2, . . . , ki); baseline information is given by Di(ti0) and Xi(ti0). Under conditional
independence assumptions concerning the tij and LTF (Section 4.3), the probability distribution of
{Di(ti1), . . . , Di(tiki)} given the tij , Di(ti0) and external covariates is proportional to

ki∏
j=1

Pr
{
Di(tij)|D̄i(ti,j−1), X̄i(tij)

}
. (4)

In (4) and henceforth, ‘Pr’ denotes a probability density or mass function, and D̄i(tij) = {Di(ti0), . . . , Di(tij)}
and X̄i(tij) = {Xi(ti0), . . . , Xi(tij)} denote observed event and covariate histories. The times tij are
treated as fixed in (4), although they are allowed to depend on previous observations (Section 2.2 in [10]).
Detailed modelling of transition intensities as functions of previous event history and time-varying co-
variates is feasible only if sufficiently detailed information is collected. On the other hand, a common
situation is where Di(tij) consists only of event counts over (ti,j−1, tij] or, in the case of multistate mod-
els, only of the state Yi(tij) occupied at tij . In the latter case, (4) becomes

ki∏
j=1

Pr
{
Yi(ti,j−1)|Ȳi(ti,j−1), X̄i(tij)

}
. (5)

The timescale in (4) could be calendar time or, more commonly, an individual-specific scale such as
age or time in study. The key challenge is to specify models, such as (3), that represent the life history
process adequately but allow computation of (4), so as to serve as a basis for estimation. Cook and
Lawless (Section 3 in [10]) discussed models in some detail, and I summarize a few salient points needed
for later developments. Markov models dominate statistical practice, in part due to their tractability.
When all covariates are fixed, so that transition intensities λrs(t|H(t), x) in (2) are of the form qrs(t;x),
the terms in (5) are transition probabilities

Prs (ti,j−1, tij;x) = Pr {Yi(tij) = s|Yi(ti,j−1) = r, x} . (6)

For time-homogeneous models for which qrs(t;x) = qrs(x), the a × a transition probability matrix
P (u, u+ t;x) = (Prs(u, u+ t;x)) is given by the matrix exponential function [36],

P (u, u+ t;x) = P (t;x) = exp {tQ(x)} , (7)

where Q(x) is the a× a matrix with entries qrs(x) for r 6= s and qrr(x) = −
∑

s 6=r qrs(x). Nonhomoge-
neous models are harder to handle, but refer to Section 3.2 in [10] and [37] for computational methods.
The msm package in R [38] provides convenient software for fitting time-homogeneous models and will
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also handle models for which the intensities qrs(t;x) are piecewise constant. It should be noted that,
except for the case of time-homogeneous models, the specification of the time origin (t = 0) is of critical
importance in Markov modeling.

Models with time-varying covariates observed only at visit times require assumptions for tractability.
If inter-observation times are reasonably similar, we often assume Xi(t) = Xi(ti,j−1) over the time
interval (ti,j−1, tij). This may not reflect the full effect ofXi(t) on transition probabilities, but it is a good
way to specify models for which history up to time ti,j−1 is used to predict outcomes at tij . When times
between visits vary substantially, a preferable approach is to model the covariate process jointly with the
Yi(t); refer to Sections 3.6 and 5 in [10] and [39] for discussion and illustrations.

Sojourn times in states or waiting times until entry to a given state are often of interest, for example
the length of a spell in which an individual is disabled. We can obtain distributions for such variables
from Markov models. However, models such as qrs(t;x) = q0

rs(t)e
β′x, where covariates have a simple

effect on transition intensities, do not translate into simple covariate effects for sojourns or waiting times.
An alternative is to use models for which sojourn times play a central role, as with semi-Markov models.
However, such models are hard to fit when observation is intermittent except in simple cases, even when
there are no covariates (e.g., [37]). If a specific distribution is of interest, it is often preferable to model it
directly in terms of covariates. Andersen et al. [40] considered linking this to a multistate model.

In some situations, the observed life histories of individuals are more heterogeneous than can be
accounted for by observed covariates within a specific process. For discussion of unobserved random-
effects and mixture models that can address this, refer to Section 3 in [10]. Goodness of fit for Markov
models is usually checked by comparing observed and expected (model-based) transitions among states.
The R package msm provides a number of options for doing this. However, the frequency of observation
and incompleteness of the data often constrain model checking, and comprehensive validation of a model
is often impossible. Titman and Sharples [41] gave an excellent discussion of model checking, and
Section 4.2 makes some additional remarks.

Example 4.1 (Progression of diabetic retinopathy)

As an illustration of Markov multistate modelling and the choice of states, I consider some analyses
of diabetic retinopathy discussed by Cook and Lawless (Section 5.2 in [10]) and based on the DCCT
trial introduced in Example 1.1. I focus on the conventional therapy group within the primary prevention
cohort and on the white subjects, all of whom had no retinopathy (ETDRS = 1) and had diabetes durations
of 5 years or less at enrolment. Two models, each with five states as defined in Section 3.1, are considered,
with t representing time since enrolment. Figure 2 shows the state diagrams, and the models are denoted
as

M1: all transitions to adjacent states are allowed, giving the set of transition intensities
{q12(t), q21(t), q23(t), q32(t), q34(t), q43(t), q45(t), q54(t)},

M2: only transitions to adjacent higher states are allowed, giving the set of transition
intensities {q12(t), q23(t), q34(t), q45(t)} .

Model M2 is, as stated, inconsistent with the observed data as many individuals experience downward
transitions over successive observation times, which are approximately 6 months apart; Table 1 gives the
total transitions of each type for model M1, across all subjects and pairs of successive observation times.
For M2, we therefore use an operational definition of state occupancy; an individual is considered to
never revisit a state that they have left. For example, if the actual observed states over times t0 = 0, t1, t2,
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t3 for an individual were 1, 2, 1, and 3, then for model M2, the sequence of states would be amended to 1,
2, 2, and 3. This has the undesirable features of tying the definition of states to the observation times and
being inconsistent with the observed data on state occupancy. However, it can be considered a reasonable
way to model progression of retinopathy in the DCCT and is one of the ways this was carried out in the
DCCT Research Group [3]. A second approach in that paper assumed that progression to a higher state
occurred only if it was sustained over two successive observation times. Table 2 shows the total numbers
of transitions for this ‘sustained progression’ model M3.

(b)

1 2 3 4 5

(a)

1 2 3 4 5

Figure 2: Two models for diabetic retinopathy: (a) M1, (b) M2

Table 1: Observed transition counts for five-state model M1 of retinopathy, conventional treatment

To state
1 2 3 4 5

1 1764 464 52 0 0
2 260 743 169 1 2

From state 3 16 108 199 11 3
4 0 0 6 6 0
5 1 0 1 1 3

Section 5.2 in [10] presents detailed analysis of these models, with transition intensities taken to be
piecewise constant. Several clinical papers have used entry to state 3 in models M2 and M3 as ‘progres-
sion of retinopathy’ outcomes and based treatment comparisons on them. M2 and M3 estimate 5-year
progression (i.e. the probability of entry to state 3 by 5 years) as about 0.34 (M2) and 0.28 (M3) for the
treatment group considered here. Model M1 estimates the probability of first entry to state 3 by 5 years
as 0.50, however. The discrepancy with models M2 and M3 is due to the fact that transitions into state
3 (and other states) under M2 or M3 include only a portion of the actual transitions. For example, an
individual who is observed in state 2 on two consecutive 6-monthly visits may have moved to state 3 and
then back to state 2 between visits. The higher estimates of progression to state 3 under M1 are because it
allows this possibility, whereas M2 and M3 do not. This discrepancy would become small if observation
times were close together. Treatment effects based on M1-M3 are a bit less discrepant. For example,
odds ratios (experimental over conventional treatment) for 5-year progression in this primary prevention
cohort are 0.51, 0.41, 0.47 for models M1, M2, and M3, respectively.
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Table 2: Observed transition counts for five-state ‘sustained’ progressive model of retinopathy, conven-
tional treatment

To state
1 2 3 4 5

1 1790 263 26 0 0
2 0 1153 96 0 1

From state 3 0 0 447 7 2
4 0 0 0 5 0
5 0 0 0 0 20

These models reflect the distinction between modeling the dynamics of a disease process and making
simple treatment comparisons. Model M1 represents the actual observed longitudinal retinopathy mea-
sures well (although it can be improved through the inclusion of covariates and biomarkers) but is less
satisfying for comparing the two treatment groups. In clinical studies, simpler progressive models like
M2 and M3 or just models for the time to some event are usually used for comparisons, even though
they may contradict certain features of the observed data. This, however, may inject an extra degree of
measurement error into the treatment comparison.

4.2 EFFECTS OF INTERMITTENT OBSERVATION IN MARKOV MODELS

4.2.1 Precision of estimation

The lengths of time between visits affects the precision of parameter estimates and the possibilities for
model assessment. Kalbfleisch and Lawless [36] provided some general discussion, and Hwang and
Brookmeyer [42] presented a limited numerical study of a progressive three-state, time-homogeneous
Markov model. Aside from this, rather little seems available, and in particular, results for bi-directional
multistate models. I consider here some simple calculations for time-homogeneous Markov models; a
more detailed study will appear in [43].

We can gain insight from two-state models M1 (q12 > 0, q21 > 0) and M2 (q12 > 0, q21 = 0). Model
M1 is bi-directional and M2 corresponds to an exponential survival distribution for the duration of a spell
in state 1. For model M1, it can be found that (Section 4 in [36])

P (s, s+ t) = P (t) =

(
1− π (1− e−αt) π (1− e−αt)

(1− π) (1− e−αt) π + (1− π)e−αt

)
, (8)

where α = q12 + q21 and π = q12α
−1. As t increases, both rows of (8) approach the limiting distribution

(1 − π, π) and it follows that if inter-visit times ∆t are sufficiently large, we may be able to estimate
π precisely but not q12 or q21. Table 3(a) shows ratios of the asymptotic standard deviations for panel
observation with designated ∆t divided by those for continuous observation (∆t = 0), for q̂12, q̂21,
P̂11(1) and P̂11(4), for the case where q12 = q21 = 1. Individuals are seen at times 0,∆t, 2∆t, . . . , 4, with
all individuals in state 1 at t = 0. The asymptotic standard deviations are based on Fisher information,
whose calculation for panel data is described in Section 3 in [36].

Table 3 shows that estimation of q12 and q21 in M1 is very imprecise as ∆t becomes larger than about
the average sojourn time in states 1 or 2 (q−1

12 = q−1
21 = 1). However, estimation of transition probabilities
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Table 3: Ratios of asymptotic standard deviations for estimators of transition intensities and probabilities
in two-state Markov models with (a) q12 = q21 = 1 (M1) (b) q12 = 1, q21 = 0 (M2)

∆t qa12 q21 P11(1) P11(4)

(a) M1 0.5 2.07 1.30 1.64 1.56
1 3.73 4.07 2.00 1.63
2 18.6 18.7 7.64 1.94

(b) M2 0.5 1.01 - 1.01 1.01
1 1.04 - 1.04 1.04
2 1.86 - 1.86 1.86

Values of P11(t) in (a) are P11(1) = 0.568, P11(4) = 0.500 and in (b) P11(1) = 0.368, P11(4) = 0.018.
a Values for each parameter θ are SD(θ̂) based on panel data with the given ∆t divided by SD(θ̂) based
on continuous observation.

P11(t) (which for large t are almost equal to 1−π, as is P21(t)) is much less affected. A caveat is that the
estimates depend on the validity of the assumed Markov model. Table 3(b) shows ratios of asymptotic
standard deviations for model M2; estimation of q12 is much less affected by larger ∆t.

Bi-directional models are important for describing (repeatable) transient spells that may occur in life
history processes, for example, periods of unemployment, disability or hospitalization. Our ability to
estimate transition intensities and other features such as sojourn time distributions is limited in studies
with widely spaced follow-up times, unless (partial or full) information on transition times can be retro-
spectively determined at each visit. However, as for progressive models, we can estimate the marginal
probabilities of being in specific states reasonably well; this is valuable for predicting population-level
outcomes and associated costs. Qualitatively similar results apply to more complex models [43].

4.2.2 Robustness and model assessment

When transition times are fully observed or right-censored, Markov nonparametric (Aalen-Johansen)
estimates also provide consistent estimation of state occupancy probabilities under non-Markov condi-
tions [44,45], provided LTF is independent of the multistate process. Datta and Satten [46] extended this
to cover state-dependent LTF through the use of inverse probability of censoring weights (Section 4.3).
These results do not hold when state occupancy is observed only intermittently, but a similar result holds
for discrete-time Markov chains, which can be employed when individuals are all (potentially) seen at a
common set of visit times. I will sketch a derivation and then discuss its implications for the application
of Markov models.

Assume that no covariates are under consideration, and suppose that a cohort ofm individuals have as-
signed observation times t = 0, 1, . . . , T ; the derivation is easily modified if observations are at arbitrary
times t0 < t1 < . . . , tT . Let pr(t) = Pr{Y (t) = r} and prs(t, t + 1) = Pr{Y (t + 1) = s|Y (t) = r} de-
note prevalence probabilities and one-step transition probabilities, respectively, where t = 0, 1, . . . , T −1
and r, s range over states 1, 2, . . . , a. Let Ri(t) equal 1 if individual i is seen at time t and 0 otherwise,
and assume that {Ri(t), t = 0, 1, . . . , T} is independent of {Yi(t), t = 0, 1, . . . , T}. Define



Lawless JF 13

nrs(t, t+ 1) =
m∑
i=1

Ri(t)Ri(t+ 1)I (Yi(t) = r, Yi(t+ 1) = s) (9)

and nr+(t, t+ 1) =
a∑
s=1

nrs(t, t+ 1). A nonparametric estimate of prs(t, t+ 1) is then given by

p̂rs(t, t+ 1) =
nrs(t, t+ 1)

nr+(t, t+ 1)
r, s = 1, . . . , a (10)

and it is easily seen that this estimate is consistent regardless of whether the process {Y (t), t = 0, 1, . . . , T}
is Markov or not. Further, robust estimates of the pr(t) are obtained from the relationship

ps(t+ 1) =
a∑
r=1

pr(t)prs(t, t+ 1) (11)

by starting with the robust estimates

p̂r(0) =
m∑
i=1

Ri(0)I (Yi(0) = r)

/ m∑
i=1

Ri(0) (12)

and applying (11) recursively. For example, if subjects in the DCCT in Example 4.1 were seen exactly
every half-year, this approach could be used to estimate the probability an individual in a given treatment
group is in each specific state at times 0.5, 1.0, 1.5 years, and so on after randomization.

We can also obtain consistent estimates if individuals are followed from times that are independent
of their life history and if LTF depends only on previously observed life history. This requires modeling
of LTF, and is sketched in the Appendix. Markov models can thus provide robust estimates of expected
state occupancy for individuals or populations, provided care is taken to allow flexible time-independent
transition intensities. Although the approach outlined here applies when individuals are seen at common
times, it is plausible that flexible continuous-time models based on more general intermittent observations
would also give fairly robust estimates. This has implications as well for the assessment of such Markov
models as model-based state occupancy probabilities will tend to agree with empirical (nonparametric)
estimates, as will transition probabilities for short time intervals (t, t+ δ). Thus, although we can assess
the need for time-dependent Markov transition intensities, for example through likelihood ratio tests for
nested models, assessment of the Markov assumption itself is more difficult. Evidence against Markov
models is best assessed by comparison with alternative models. However, comparison with non-Markov
models is more difficult because they are harder to fit. For example, refer to [47] and [48] concerning
semi-Markov models and intermittent observation. When covariates are present, we can likewise compare
different Markov models, but examination of non-Markov models is difficult.

Example 4.2 (Prediction of viral rebounds)

For HIV-positive individuals who have achieved viral suppression (reduction of the virus to non-detectable
levels) through cART (see Example 1.3), the time to a VR, and factors related to it, is of interest. One
approach is to use a survival model with suitably chosen covariates. In [13], a Cox model is used, and it
is noted that the occurrence of viral ‘blips’ is associated with shorter times to VR; a blip is defined as the
occurrence of a detectable viral load at a visit, preceded and followed by non-detectable viral load at ad-
jacent visits. One difficulty with this approach is in assessing the effect of variable times between visits.
An alternative approach is to use a multistate model in which VR is represented as an absorbing state.
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In [49], a model is considered in which state 1 represents non-detectable viral load, states 2, ..., a−1 rep-
resent detectable viral load ranges, and state a represents a VR state (e.g., viral load over 1000 copies per
milliliter). The multistate model allows more detailed modelling of the viral load process, and Markov
models readily deal with variable times between viral load measurements. Modulated Markov models
in which transition intensities depend on previous observed history, such as the occurrence of temporary
increases in viral load, can also be handled. Such models provide estimates of P1a(t), the probability of
a VR by time t.

4.3 LOSSES TO FOLLOW-UP

Letting Ri(tij) indicate whether individual i is seen at scheduled visit time tij , we assume in this section
that an individual is LTF at the first time tij for which Ri(tij) = 0. Intermittent missingness, where an
individual is absent at one visit but present at a later one, is harder to handle and is discussed briefly
in Section 5. If Ri(tij) is conditionally independent of observed life and covariate history D̄i(t) for
t > ti,j−1 given D̄i(ti,j−1), then we can use the (partial) likelihoods (4) and (5) for estimation, with
ki = maxj(Ri(tij) = 1). If this ‘sequential missing at random’ (SMAR) condition [50] does not hold
but there exists a vector xci(ti,j−1) of observed variables such that Ri(tij) is conditionally independent
of {D̄i(t), t > ti,j−1} given xci(ti,j−1) and D̄i(ti,j−1), then we can use inverse probability of censoring
weights to adjust the log likelihoods or estimating functions on the basis of (4) or (5) [1, 51]. The main
application of inverse probability of censoring weights is in fitting models with limited individual-level
covariates or process history contained in Di(tij); such models are typically used when interest lies in
simple treatment comparisons or population level inferences (e.g., [1, 15]).

When observation times tij are widely spaced, the SMAR assumption is often violated, with the
probability individual i is LTF at tij depending on life or covariate history over (ti,j−1, tij]. Several
authors have proposed not SMAR (NSMAR) models whereRi(tij) depends on bothHi(ti,j−1) and Yi(tij)
(e.g., [30, 31, 50]). They contain assumptions that cannot be checked with the observed data but in some
cases may be useful for sensitivity analysis. Multistate models that include an LTF state can be used for
this purpose, but first, let us consider their use for estimation with intermittent observation.

1

LTF

3

2

λ(t)

α2(t)α1(t)

Figure 3: A model incorporating loss to follow-up (LTF)

Consider the model in Figure 3, where the transition intensity λ(t) from state 1 to 2 is of interest. If
the transition intensities α1(t) and α2(t) into the LTF state differ, then the SMAR condition is violated
under intermittent observation. By modeling LTF, we can, however, adjust for this in the estimation of
λ(t). Note that in this model λ(t) is the transition intensity at time t given that Ri(t) = 1 and that we
cannot estimate the intensity for an individual who is LTF (Ri(t) = 0). For illustration, suppose that
all individuals begin in state 1 (S1) and that if a transition into state 2 (S2) occurs in (tj−1, tj), then if
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Ri(tj) = 1, we can ascertain the transition time t; the exact times of transitions into state 3 (S3) are
not ascertainable. There are then four types of observation for an individual who is in (S1) at t0 and is
observed at times 0 = t0 < t1 < · · · < tk, where tk is the LTF time: they are as follows: (i) still in S1 at tk;
(ii) transition to S2 at time t in (tj−1, tj] and still in S2 at tk; (iii) transition from S1 to S3 in (tk−1, tk]; (iv)
transition to S2 at time t in (tj−1, tj] and then transition to S3 in (tk−1, tk]. The likelihood contributions
from the four outcomes are (i) P11(0, tk); (ii) P11(0, t−)λ(t)P22(t, tk); (iii) P11(0, tk−1)P13(tk−1, tk); (iv)
P11(0, t−)λ(t)P22(t, tk−1)P23(tk−1, tk). We can estimate all the intensities λ(t), α1(t), and α2(t) for this
model. Because exact entry times to S3 are not known, it is best to use (flexible) parametric models for
α1(t) and α2(t). We should note that what makes this approach work is that we follow individuals after
they enter S2.

We can also use this model if exact entry times to S2 are not ascertainable. Moreover, we can use it to
assess the effect of naively considering LTF to be ignorable (SMAR). If a transition into S2 is observed
(at time tj) to have occurred at time t in (tj−1, tj], then we do not estimate λ(t), but

λ∗(t) = λ(t)

{
P22(t, tj)

P11(t, tj) + P12(t, tj)

}
tj−1 < t ≤ tj. (13)

When α1(t) = α2(t), we can see that λ∗(t) = λ(t), but otherwise, estimation of λ(t) is biased. For
example, if λ(t) = λ, α1(t) = α1 and α2(t) = α2, then

λ∗(t) =
λ (λ+ α1 − α2)

λ+ (α1 − α2) exp {− (λ+ α1 − α2) (tj − t)}
. (14)

The bias is positive (λ∗(t) > λ) if α1 > α2, negative if α1 < α2, and is maximal when t = tj−1.
The preceding model does not consider the transition intensity from S1 to S2 in the absence of LTF,

except under the SMAR assumption. Authors such as Barrett et al. [4] considered NSMAR models in
which sensitivity analysis can be undertaken. In the context here, for example, we could consider the
model in Figure 4. We cannot estimate all the four intensities from intermittent observations, and we do
not know if someone entering S2 did so from S1 or S3, and in some cases, whether a person is in S3 or
S4. Note that state 2 and λ(t) in Figure 4 are the same as in Figure 3 but that λ′(t) 6= λ(t) in general.
If we assume that λ′(t) = rλ(t) with r known, then we can estimate λ(t) and examine sensitivity to the
value of r. This, however, makes estimation of λ(t) dependent on r, unlike the model in Figure 3. The
main advantage, and importance, of the model in Figure 4 is in situations where some individuals who
are LTF can be traced, so we can determine whether they entered S3 or S4 and the time of entry to S2 if
that occurred. This allows us to assess whether λ′(t) and λ(t) differ.

4.4 INITIAL CONDITIONS AND HETEROGENEITY

In many studies, some of the panel members have begun a life history process of interest prior to en-
rolment and the start of follow-up. For example, in the CLSA (Example 1.2), one process of interest is
cognitive decline and impairment, and a person may already have some degree of impairment at enrol-
ment. Suppose for discussion that a process begins at age a0 for a specific individual and that they are
enrolled for follow-up at age t0 > a0. The study provides information {D̄(t), t > t0} on the process
history {H(t), t > t0}, along with baseline process and covariate information D(t0). A prospective like-
lihood function for inference purposes in the case of intermittent followup is given by (4). It has been
noted previously that calculation of (5) can be challenging for many models if crucial information in
H(t0) or {H(t), t > t0} is missing from D(t0) and {D̄(t), t > t0}. In this case, model assumptions that
are not fully verifiable may be needed to make progress.
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Figure 4: A model with two LTF states

A much-studied example concerns the distribution of time W from the onset of some condition (e.g.,
HIV infection) to a subsequent event (e.g., an AIDS-defining illness); see for example [52]. This may
be described (ignoring mortality for convenience) as a three-state progressive model with states 1, 2, 3
representing absence of the condition, presence of the condition only, and presence of the condition plus
the subsequent event; W is the sojourn duration in state 2. Suppose the conditional distribution of W
given the time a0 of entry to state 2 is of interest and that enrolment in a study is at time t0 > a0 for
a certain individual. If a0 is known, we can fit models with density f(w|a0; θ) via the left-truncated
likelihood based on f(w|a0; θ)/S(t0− a0|a0; θ), where S(w|a0) = Pr(W ≥ w|a0). However, if a0 is not
part of the initial information D(t0), we would instead have to base a likelihood on

Pr (entry to state 3 at time a0 + w|Y (t0) = 2 ) =

∫ t0
0
f1(a0)f(w|a0; θ)da0∫ t0

0
f1(a0)S(t0 − a0|a0; θ)da0

,

where f1(a) is the density for the time of entry to state 2. If the study includes individuals who are in
state 1 at enrolment, this can support modelling of f1(a0); we need otherwise external information.

Additional complications arise if random effects are considered (e.g., [10, 53]). In particular, if ui is
a random effect associated with the ith individual, then ui would in general be related to Di(ti0), and so
the distribution of ui at ti0 should be conditional on Di(ti0) [54]. Failure to allow for this can lead to
estimation biases; the following example provides an illustration.

Example 4.3 (Cognitive impairment)

The development and progression of CI as people age has received much attention (e.g., [4, 32, 55, 56]).
It is apparent that there is considerable heterogeneity in both the age of onset and the progression of
CI, only some of which is currently explainable by known risk factors. Consequently, we need to be
careful care in the modeling and analysis of data on CI. For illustration, consider the rather simple model
in Figure 5, in which state 1 represents no CI, state 2 represents mild CI, and state 3 represents severe
CI. An individual is often assigned a state at any given time on the basis of their response to a test, for
example, the Mini Mental State Examination. It is possible for a person’s score to improve over two
consecutive observations, but for simplicity I consider here a progressive model.
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1 2: MCI

DEAD

3: SCI

Figure 5: A simple model of cognitive impairment and death. MCI, mild cognitive impairment; SCI,
severe cognitive impairment

For the sake of discussion, consider a conditional Markov model in which t represents age, x repre-
sents known risk factors, and u represents unobservable random effects; the transition intensities I shall
focus on are from states 1 to 2 and 2 to 3. Multiplicative models might specify these as

λ12(t|u, x) = u12λ
0
12(t)eβ12x and λ23(t|u, x) = u23λ

0
23(t)eβ23x.

Suppose that an individual in a cohort study such as the CLSA (Example 1.2) is observed from age a0, at
which time they are in state 2. In addition, suppose that the (approximate) age t1 at which they entered
state 2 can be ascertained. With t2 defined as the minimum of the age of entry to state 3 and the age
of the individual at death or the last follow-up time, the prospective likelihood function is based on the
observed data {Y (t), t > a0}, and initial conditions (baseline information) are that Y (a0) = 2 and that
entry to state 2 was at age t1 < a0. This gives the likelihood

L =

∫ ∞
0

Pr (t2, δ2|u, x, t1, Y (a0) = 2) g (u|t1, t2 > a0) du, (15)

where δ2 indicates whether t2 is the observed age of entry to state 3 (δ2 = 1) or the age at death or end of
follow-up (δ2 = 0) and g(u|t1, t2 > a0) is the density of u = (u12, u23) given the initial conditions.

The likelihood (15) avoids left-truncation bias, assuming the adequacy of the models for u and for the
process. Within this framework, it is necessary to model the effect of u on both λ12(t|u, x) and λ23(t|u, x).
If a naive analysis were carried out in which the fact that Y (a0) = 2 was included but the corresponding
selection effect on u was not, then bias would be incurred in the estimation of baseline transition rates
and the effects of risk factors. For example, consider the simple model where there are no covariates x,
λ0

12(t) = λ12, λ0
23(t) = λ23, u12 = u23 = u, and u has a gamma distribution in the population with mean

= 1 and variance v = φ−1. Then, assuming that u does not affect the death intensities in Figure 5, the
expected value of u given that t2 > a0 and t1(< a0) is

E (u|t2 > a0, t1) =
1 + φ

λ12t1 + λ23(a0 − t1) + φ
. (16)

When φ is very large (that is, there is little variability in u), (16) is close to the population average u-
value 1. However, if u varies substantially in the population, then persons with larger value of t1 or larger
values of a0 − t1 are associated with smaller values of u. Conversely, for a given value of a0 − t1 or t1,
persons with larger values of u are underrepresented.

Random-effects modeling gives ‘observable’ intensity functions λ23(t|H(t), x) that depend on the
age t1 of entry to state 2. We can also consider such models without resorting to random effects. For
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example, the preceding model has transition intensity

λ23(t|H(t), Y (t) = 2) =
(1 + φ)λ23

λ12t1 + λ23(t− t1) + φ
.

The crucial point is that delayed observation of an individual’s sojourn in state 2 (i.e., entry to state 2
occurred prior to a0) necessitates modeling the sojourn in state 1, as well as mortality. In studies such
as the CLSA, many individuals are in state 1 upon entry to the study, and there are data to support such
modeling. In studies where this is not the case, we must rely on external information in order to model
λ12(t|H(t)) and mortality from state 1. Finally, studies in which individuals are randomized at some
point to alternative treatment interventions give balance across treatment groups with respect to initial
conditions, thus facilitating the use of simple outcomes for treatment comparisons. However, a detailed
understanding of treatment effects may require joint consideration of initial conditions and treatment.

5 CONCLUDING REMARKS

I have emphasized multistage models here, but the issues considered arise for other models and for most
studies of life history processes. In particular, data collected at intermittent times typically provide partial
information on processes of interest, and this constrains the models and questions that can realistically
be examined. Fairly accurate occurrence times for events or transitions are in principle feasible for
outcomes that are readily observed and recorded (for example, disability spells, hospitalization episodes
or diagnosis of disease), but outcomes related to biological variables, tests or questionnaires are usually
observable only when an individual is seen and so process history between visit times is missing. Well-
designed studies that use non-invasive measurement technology for biological variables, diaries and other
ways to obtain more detailed data may become more common. In addition, linkage of life history study
data to administrative data bases is increasingly common. This facilitates more detailed modeling and
analysis but also raises methodological issues concerning the comparison and combination of data from
different sources.

Multistate models have become very widely used for modeling and analysis in many areas of medicine
and public health. They are useful when dealing with both time-varying markers and clinical events and
facilitate investigation of LTF. They are also the basis for many microsimulation models that are used
for planning and policy making (e.g., [55]). As discussed here, Markov models are most easily fitted
to incomplete data, and they possess robustness properties (Section 4.2.2) where the prediction of state
occupancy at different time points is concerned. In addition, costs or utilities can be associated with
different states, thus allowing assessment of cumulative health costs, quality-of-life measures, and so
on [57].

There are many methodological issues that I have not discussed in any detail. One is measurement
error (Section 3.2). A second is nonignorable process-dependent selection of individuals for a study.
A selection plan is ignorable if the selection of an individual is conditionally independent of their life
history, given baseline information. Nonignorable plans require careful analysis (e.g., [10], Section 6.2)
and this area has received rather limited attention. A third issue concerns process-dependent subsampling
or measurement of specific variables ( [10], Section 6.3). This has received considerable attention in the
case of single event times (e.g., [58]) but has received rather little formal study for more general processes,
although selective subsampling of cohort members for the measurement of expensive variables is often
based on prior process information (e.g., [59]).

A final issue concerns situations where ‘intermittent’ missing data can occur. The simplest case is
when a study involves scheduled visits (e.g., annual), but an individual may miss one or more visits
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and then be seen later. If visits are SMAR, then the methods considered here apply to the observed life
history data. However, if whether or not an individual is seen at time tj is not conditionally independent
of process history following the preceding visit, then the only recourse is to use NSMAR models with
uncheckable assumptions (e.g., [30, 31]) or to seek supplementary data, for example through tracing
individuals or administrative records [29]. Another difficult situation is where individuals appear for
visits in a random fashion. Models that use a point process for the observation times {tij, j = 1, 2, . . .}
for an individual, which is related in some way to the life history process of interest, have been proposed
in special settings (e.g., [60]). Once again, these models involve uncheckable assumptions in cases where
the observation time process is non-ignorable.

Appendix A. Robust Estimation of One-Step Transition and State Occupancy Probabilities

To estimate the pr,s(t, t + 1) and pr(t) of Section 4.2.2 under state-dependent LTF, we assume that a
model for

πi(t+ 1) = Pr
{
Ri(t+ 1) = 1|Ȳi(t)

}
can be specified and fitted and that Ri(t + 1) is independent of {Yi(s), s ≥ t + 1}, given Ȳi(t). The
estimating equation

m∑
i=1

Ri(t+ 1)

πi(t+ 1)
I (Yi(t) = r) {I (Yi(t+ 1) = s)− prs(t, t+ 1)} (17)

is seen to have expected value zero for all r, s and t by first taking the expectation with respect toRi(t+1)
given Ȳi(t) and then the expectation with respect to Yi(t+ 1) given Yi(t). This is the Inverse Probability
of Censoring approach of Robins et al. [51]. For consistent estimation of prs(t, t + 1), we require a
consistent estimate π̂i(t+ 1) of πi(t+ 1); refer to Hajducek and Lawless [1] for discussion of this. Then,
we estimate prs(t, t+ 1) by replacing nrs(t, t+ 1) in (10) with

ñrs(t, t+ 1) =
m∑
i=1

Ri(t+ 1)

π̂i(t+ 1)
I (Yi(t) = r, Yi(t+ 1) = s) (18)

and defining ñr+(t, t+ 1) accordingly.
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