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Abstract

This research thesis investigates the capability of predicting the elasto-visco-plastic
material response and failure of a unidirectional composite material. A constitutive frame-
work is developed to incorporate the elastic, plastic and rate sensitive response of composite
materials to enhance the simulation capabilities of composite materials for industrial use.
Numerical simulations are paramount to facilitating component design at a large scale.
In this thesis, a multiscale model is developed from a micromechanics basis in order to
predict the macroscopic material behaviour. This model is implemented in an LS-DYNA
user-defined material model and incorporates a stress-based failure criteria created for com-
posites. The simulated material response is compared to multiple cases of experimental
data from literature, and shows strong agreement with the results. It is recommended that
damage and temperature dependence be incorporated into this model in future work.
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Chapter 1

Introduction

Since the use of composite materials is becoming more common, industry is looking for
inexpensive ways to develop their materials. Composite materials are becoming more
attractive due to their inherent ability to have properties tailored for a specific application.
In addition, they have the added benefit of being lightweight, and having higher specific
strengths and stiffness when compared to metals [9]. However, since there is such a range of
variation of properties in composite materials, it is difficult to create a component without
extensive testing to know how each combination would perform under a given set of loading
conditions.

Rather than spending time and money to manufacture and test a composite, more
and more companies are turning to computer-aided modelling to generate some knowledge
of material behaviour prior to manufacturing. Use of this approach drastically reduces
composite development time and costs. In order for modelling tools to become more
prevalent in industrial use, more accurate models need to be developed.

1.1 Research Objectives

This work aims to improve upon the accuracy of existing modelling capability of compos-
ite materials. The advances and limitations of existing research are addressed in order to
develop a new constitutive framework for modelling failure in a composite material. This
new model incorporates micromechanics with phenomenological elasto-visco-plasticity, ef-
fectively creating a multi-scale model.
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The model is an advancement from several existing models in that it has a small number
of inputs, and that it primarily contains physically-based parameters. Elasto-visco-plastic
experimental data from literature is used to validate the accuracy of the new multi-scale
model in tension, compression and shear for two materials. The rate sensitivity of the
model is also examined and compared against literature. A parametric study of some of
the micromechanics pairing parameters adds to the understanding of the overall model.

The ultimate end result of this research is that a new phenomenological material model
will be generated - one which will be used to model the behaviour in complex part geome-
tries, as well as to determine the mode of failure.

1.2 Thesis Outline

The structure of this thesis is as follows:

Chapter 2 provides the background and motivation for this research. It develops
the conventional axis directions for a composite material and the typical failure modes.
Throughout this chapter, the relevant literature is discussed relating to unidirectional
materials, the development of micromechanics and representative volume elements, and
multi-scale models. The importance of plasticity and strain rate effects are considered,
and the homogenization scheme is presented. An overview of composite failure and sev-
eral of the most common failure criteria are presented in order to provide the reader with
some background. Last, the existing finite element models which are implemented in the
LS-DYNA software are discussed for thoroughness.

In Chapter 3, the constitutive framework for the overall model is put forward. The
model first began as a purely elastic model, before developing into an elasto-visco-plastic
model. Mathematics pertaining to strain-rates, flow rules, yield criteria, and hardening are
presented. In addition, the potential limitations of this model are examined.

The results of this model are presented in Chapter 4. In order for any reader to
reproduce the work, the input model parameters are provided for the elastic and the
elastic-visco-plastic cases for several different materials. A parametric study is performed
to show the effects of the pairing parameters in the elasto-visco-plastic model. Stress-strain
curves are given for comparison between the experimental data, existing models and this
new model.

Chapter 5 gives a summary of the rest of this thesis. Conclusions as to the usefulness
and validity of the model are provided. Future suggestions for extension of this work are
given in Chapter 6.
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Chapter 2

Background and Motivation

A composite material (or composite, for short) is a material that is made up of two or
more constituents. These materials are designed with the aim that the final product has
better properties than the individual components for a given application. In general, for
structural components, there are two types of composite materials; multiphase and lami-
nated. Multiphase composites contain spherical or cylindrical inclusions within a matrix,
and can be randomly distributed or uniformly aligned. Laminated composites consist of
multiple layers of multiphase composites which are bonded together.

For a composite material, the conventional material directions are used. The longitu-
dinal or axial direction is along the fibre direction, whereas the transverse direction is at
90◦ to the fibres. The normal direction is orthogonal to the plane between the axial and
the transverse directions. This coordinate frame is illustrated in Figure 2.1.

Figure 2.1: Material directions
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A composite can fail in several ways, as shown in Figure 2.2. There is fibre breakage
or fibre pull-out if tension is applied in the longitudinal direction. If the toughness of
the interface (strength of the bond holding fibre and matrix together) between the fibre
and matrix is low, then fibre-matrix debonding occurs instead of fibre breakage [40]. In
compression of the overall material, the fibres are compressed, creating fibre micro-buckling.
In the transverse direction, there is matrix cracking or splitting. Depending on the loading,
shear stresses can also split the matrix material. A composite laminate can also fail through
delamination, though this failure phenomenon is outside the scope of this thesis.

Figure 2.2: Modes of composite material failure through a) fibre breakage b) fibre pull-out
c) fibre micro-buckling d) matrix cracking e) shear

2.1 Unidirectional Composites

At a micro scale, if a material is considered non-homogeneous, the stress and strain through-
out the composite material differs due to the proximity to inclusions in the material. Es-
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helby developed equations that explained the effects of an inclusion on the overall material
[22]. As a material is strained, stress tractions are introduced around the inclusion in
order to maintain the bond between the inclusion and the surrounding material. Using
Eshelby’s work, the stress and strain just outside the inclusion is calculated, along with
the far-field effects [22, 23]. The relation between the constrained strain and the stress-free
strain is given by Eshelby’s inclusion tensor, discussed further in Chapter 3. This inclusion
tensor changes based on the inclusion shape [22] - be it spherical, ellipsoidal or cylindrical.
However, Eshelby’s work idealizes the bond between the inclusion and the surrounding
material as being perfectly bonded. Qu extended this work by developing a modification
to the Eshelby tensor when the bond in the composite is imperfect [65].

To model the mechanics of the overall material, Tsai developed analytical relations
between material parameters of the constituents and the overall unidirectional composite
material coefficients [79]. Tsai’s equations allow constituent material properties to be
tailored in order to design a composite to accurately meet a specific overall property. From
there, Tsai went on to state that the strength of a unidirectional composite is governed by
its strengths in the transverse, axial and shear directions [80]. This work was extended by
Adams and Tsai, where they suggested that the fibre packing in a multiphase composite
affected the strengths and stiffness [3]. Hsu et al. confirmed this hypothesis by showing
a comparison of stress-strain curves for different packing sequences [38]. However, the
equations developed by Tsai to predict material properties held regardless of fibre packing
sequence.

Hill created a self-consistent method for estimating the elastic modulus based on the
work of Eshelby. He reasoned that Eshelby’s work is valid if the volume fraction of inclu-
sions is sufficiently small within the matrix material [32]. These findings were important
in that they provided a basis for unit cell modelling and representative volume elements.
The overall behaviour of a composite material is able to be predicted through the microme-
chanics work by Aboudi [1]. Through this, the response and failure curves of many types
of composites are predicted.

2.2 Micromechanics

By examining a composite material at a small scale, it is clear that there are interactions
between the fibre and the matrix components. One key approach is used to extend the
behaviour of the material at the microscopic scale to the material as a whole. Represen-
tative volume elements (RVE) are used to generalize how the composite acts, and are the
smallest element that can be made of any repeating microstructure [63]. In a typical RVE,
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there are two main fibre packing methods, as shown in Figure 2.3, where both hexagonal
and square packing sequences are shown.

Figure 2.3: Fibre packing methods a) Hexagonal b) Square [5]

The interaction between the fibre and the matrix at a micro scale is shown in different
ways. Some models use cohesive zones to model the area between the fibre and the matrix
and uses finite element analysis (FEA) software in this region. The fibre and the matrix
are meshed individually and the interaction between these two materials is modelled using
a layer of cohesive elements. Other methods use constitutive framework to mathematically
model the physical interface between the fibre and matrix.

Cohesive zones are used primarily in FEA where a layer of elements surround the fibre
where the fibre and matrix have separate properties. Research suggests that modelling
the bond between the fibre and the matrix with this zone is important as the strength
of the bond influences damage microscopically [58]. Others argue that the effect of the
interface between the fibre and the matrix material is negligible [12]. Regardless of the
exact impact of this interface, some micromechanics methods do model the zone between
the fibre and matrix. However, modelling these cohesive zone elements is computationally
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expensive, as the fibres have to be modelled at their correct size using a fine mesh [46]. In
addition, contact algorithms which capture interactions between components also add to
the computation time.

Another method of modelling the interaction between the fibre and matrix is to gen-
eralize their interaction through use of an interphase. An interphase is a region between
the fibre and matrix that has its own material properties. The bond between the fibre
and matrix is often characterized as being perfect, and continuity is enforced to model
this connection [22]. In reality, this isn’t the case. There are imperfections in the bond
which could be caused by phenomena such as an improper coating of the fibres, or by
fibre roughness, and as such, the region between the constituents needs to be modelled
by an interphase. The effect of imperfect interfaces was investigated by Benveniste, and
Achenbach and Zhu [2, 7].

Work by Sabiston et al. used an interphase approach to model this imperfect interface
by using a functionally graded interphase zone [68, 69]. One benefit of using this interface
approach is that it is able to address the benefits of both the cohesive zones and the
interphase approach. This work took the square representative volume element shown in
Figure 2.3 and built upon that model, as detailed in Section 2.2.1.

2.2.1 Sabiston Model

Since much of the work in this thesis is developed based on the work by Sabiston et
al. [68, 69], it is advantageous to expand on this model. The Sabiston model takes the
concept of a perfectly-bonded unit cell, and extends it, such that the fibre within the cell is
a representation of a number of fibres within the material. The radius of this representative
fibre is calculated as a function of the fibre volume fraction.

Rather than physically examining the interface between the fibre and matrix, this
model uses a numerical functionally-graded interphase zone. The bounds of this zone are
constitutively modelled using a function of the distance from the fibre as a function of the
fibre radius. The initial model is capable of finding the overall elastic material response
based on the constituent properties [69]. From there, the model is extended to find the
elasto-visco-plastic response, where strain-rate effects have been incorporated [68].
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2.3 Multi-Scale Models

In practice, people wish to use composite materials to build parts for a specific application.
It is useful to know the properties of the constituents, but it is more useful to be able to
know the properties of the overall material. By having knowledge of the role that the con-
stituent properties play is important in constructing constitutive laws for the composite.
This type of multi-scale model is gaining popularity after several decades of strong de-
velopments in micromechanics [63]. Hashin developed equations to calculate the effective
moduli and Poisson’s ratios for an anisotropic composite material regardless of the fibre
packing sequence, based on the relation between an isotropic and transversely isotropic
phase [29].

2.3.1 Homogenization

Homogenization schemes are used to generalize the response of a heterogeneous material,
like a composite, which allows for the approximation of the material response. Mean field
theories use the averages of the constituent response within a material to find the overall
response [62]. These are rather useful since they use the concept of the RVE rather than
physically modelling an RVE, which can be computationally expensive. The mean field
methods of homogenization of most relevance are the self-consistent scheme and the Mori-
Tanaka scheme. One shortcoming of many micromechanics models is their inability to
separate the overall stress into the components acting on the fibre and the matrix [69], but
because it is desirable to separate the stresses, homogenization schemes are used.

The Self-Consistent Scheme

The self-consistent scheme is used to calculate the stress or strain tensors in the inclusion
(i.e. a fibre) from the macroscopic moduli based on the solution developed by Eshelby
[63]. It was adapted for unidirectional composites by Hill through the assumption that the
average strain in the inclusion is the strain in all inclusions, which is correct in some cases,
but not all [63].

The scheme approximates the effective mechanical properties of the material, but one
shortcoming is that it is unable to explicitly take into account the matrix phase. It works
based on the premise that each inclusion in an infinite matrix behaves as if there were no
other inclusions around. In this way, no other inclusions have any effect on the original
inclusion [21]. This body then is operated upon by a remote strain, and the strain in the
inclusion is found.
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The Mori-Tanaka Scheme

The Mori-Tanaka approach to homogenization calculates the average stress in the matrix
from the Eshelby solution and was proposed by Mori and Tanaka [54]. The average strain
in the fibre is related to the strain in the matrix through a strain concentration matrix
[63], which is given as T in this thesis.

Unlike the self-consistent scheme, the average contributions of the matrix phase are
taken into account, which can lead to an over-estimation of the material response in some
loading cases. A shortcoming of the Mori-Tanaka scheme is that the symmetry of the
stiffness matrix can be lost under certain loads [63].

The method in which this scheme calculates the stiffness matrices allows for a great
deal of variation in terms of the shape of inclusion in the composite. Much like in the self-
consistent scheme, the inclusion behaves as if it were alone in an infinite matrix. However,
in this scheme, the body is acted upon by an average matrix strain, at which point the
strain in the inclusion can again be found [21].

2.3.2 Plasticity

It is known that the fibre materials, such as carbon fibre or glass fibre, behave in an elastic
manner. They are capable of stretching until they reach their failure strength and break,
all within the elastic regime. The surrounding polymer matrix material, such as epoxy, is
known to behave elasto-visco-plastically, so both plasticity and rate-dependency must be
taken into account in the constitutive models.

In the axial direction, the composite material behaviour is dominated primarily by the
elastic response of the fibres. The transverse and shear stress-strain curves are dominated
by the matrix material response [11, 37, 47]. However, composites do have a limited ability
to undergo plastic deformation before failure [9]. The plastic formulation for this model is
given in Section 3.2.

Hill extended the Von Mises model for the orthotropic case in metals, though this still
had limitations when it came to materials that used J2 terms [10, 33]. Anisotropic yield
functions were proposed by authors such as Budiansky and Barlat [10]. From this point,
plastic models which were specifically developed for composite materials were required.

Sun and Chen developed two simple plane stress models for orthotropic plasticity in
unidirectional composites based on Hill’s plasticity theory, as well as a three-dimensional
orthotropic model [15, 74, 75]. The first model capitalizes on the elasticity of the fibres and

9



uses one parameter to describe plasticity, but only in the transverse direction [74]. The
second model uses J2 flow theory to model the elasto-plasticity of a metal-matrix material
through a rudimentary quarter-symmetry RVE [75].

The three-dimensional Chen and Sun model assumes anisotropic composite properties.
As with the previous Sun and Chen models, J2 flow theory is used, and an RVE model is
developed with a coarse mesh to model the elasto-plastic behaviour of the composite [15],
because using a coarse mesh reduces numerical computational time. However, most input
fitting parameters in this models have no physical basis, though one parameter in the last
model is based on elastic properties.

Xie and Adams created a three-dimensional plastic FEA model for testing stress dis-
tributions [85]. A plastic associative flow rule is used along with a quadratic yield function
in order to develop the plastic stress-strain relationship. This model provides good re-
sults, but uses multiple fitting parameters which have no apparent physical basis and are
determined through trial and error [85].

2.3.3 Strain Rate

The response of a composite material varies with changing strain rate, as fracture strain
is shown to decrease with increasing strain rate, as shown by Reis et al. [66]. In tension,
whether the strain rate has an effect on material behaviour is still under discussion. Several
studies have shown that strain rate has an effect [20, 31, 57, 59, 78], but an overall consensus
is not clear due to studies to the contrary [19, 60, 61, 72].

However, in compression, strain rate is shown to play a strong role, as an epoxy-type
matrix material has strong rate effects [48, 57]. Some fibres, like carbon, are not rate
sensitive, but glass fibres do show rate dependency [9, 26]. Stress/strain plots by Lindholm
show that the epoxy material behaves elasto-visco-plastically as recovery is observed [48,
82]. The matrix material hardens as strain increases, which provides support for the fibres.
Research done by Yuan et al. shows that compressive strength increases as strain rate
increases in composites with glass fibres [86].

A constitutive model of this rate-dependent behaviour by Karim and Hoo Fatt uses
stress relaxation equations for the matrix material [43]. Little other research has been
conducted into developing constitutive equations with rate-dependency for composite ma-
terials due to difficulties in dealing with an anisotropic material [43]. In addition, there is
still difficulty with higher strain rate testing to get material data [37]. Instead of relaxing
equations, two different scaling rules are applied to the effective stress/plastic strain curve
in the works by Weeks and Sun, and Kallimanis and Kontou [42, 84].
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2.4 Failure

In addition to knowing how a unidirectional composite behaves, it is pertinent to know
when the material fails, since most fail in a brittle way. For glass fibre reinforced composites,
failure is ductile at low volume fractions (<30-40%), but brittle at higher volume fractions
[86]. Failure occurs when a material is no longer able to perform its function [34], and
often occurs suddenly [41]. Multiple failure criteria have been developed for composite
materials, but there is still a lack of confidence in being able to accurately predict failure
in a given material for any loading path. Most failure criteria tend to be conservative [34].

There are a few overarching theories which model failure and damage. Continuum
Damage Mechanics (CDM) analyzes damage, fracture and failure of a material from the
point of view of continuum mechanics, as the name suggests [56]. The aim of CDM is
to model the initiation and progression of damages to a material at the macroscopic or
mesoscopic levels. As important as it is to know how damage progresses through a material,
this problem is outside the scope of this thesis.

Classical Lamination Theory (CLT) is used to model the behaviour of stacks of unidirec-
tional composite layers. The biggest mode of failure for laminates is through delamination,
and CLT is able to aid in the prediction of first ply failure and in buckling[70, 73]. Since
this thesis focuses on a unidirectional material, laminated material failure is outside the
scope.

Azzi and Tsai began much of the work on composite failure theories based on Hill’s
work for anisotropic metals [4]. This was one of the first works which began referring
to the yield stress of composite materials as the strengths in a respective direction [76].
Hoffman implied that failure in a composite was brittle [35], though this isn’t the case for
all materials in all failure modes. The benefit of this work is that Hoffman began assigning
different strengths for different directions in materials, though he acknowledged that a
limitation of his work was its inability to predict the mode of failure [35, 76].

Tsai and Wu continued the initial work of Hoffman for creating scalar functions to
describe an ellipsoidal failure surface in terms of the strength parameters [81], the equations
for which are given in Section 2.4.1. Since there are multiple ways to calculate the shear
strength, Hashin noted that the Tsai-Wu failure criteria produced a failure surface which
was not applicable in all cases [76]. He suggested that a piecewise smooth failure surface be
used instead of the ellipsoidal surface [30]. Hashin also separated failure into the individual
failure modes. At this point, it was clear that failure in composite mechanics needed to be
based on the mechanisms of how the materials failed.
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As part of the World Wide Failure Exercise spanning from 1998 through to 2004, Hinton
and Soden generated a comprehensive analysis of several emerging failure theories for fibre-
reinforced composite materials [73]. As mentioned before, having a method of discerning
between modes of failure is a useful characteristic to have in a model, as it allows the
designer to more accurately predict the material behaviour. Of the theories examined in
this failure exercise, the theories by Chamis, Edge, Hart-Smith, McCartney, Puck, Rotem,
Sun, Tsai, Wolfe, and Zinoviev are able to differentiate between failure modes [73].

Several theories also use micromechanics-based formulations [73]. The theory by Chamis
uses the constituent properties to predict the properties of each lamina [24]. The Hart-
Smith theory develops failure strain limits from the fibre and matrix properties [27, 28].
After failure is initiated, Tsai’s theory uses micromechanics to predict the development of
the failure [49]. To calculate the failure criterion for the matrix material, the theory by
Rotem requires the matrix properties [67]. Puck’s theory uses fibre properties to generate
failure envelopes [64]. However, these theories use micromechanics for failure prediction
rather than as part of constitutive laws for the overall material. In addition, correctly
predicting failure of a material based on micromechanics requires the ability to predict
micro-failure in the material, which is often challenging [30].

Alternatively, failure of a composite material can be predicted based on the average
stress or strain in the overall material on a macroscale level. Hashin introduced failure
criterion based on this [30]. Much of Hashin’s work was extended by Yamada and Sun,
which was later extended into the Chang and Chang criteria.

In many composite laminates, failure does not occur at the point when the first failure
is detected in a ply. Due to the laminate stacking sequence, a ply may fail in one direction,
while the surrounding plies may still be able to carry the load. At this point, the overall
strength of the material is reduced, but the overall material has not failed. To model this
phenomenon, material properties are degraded to simulate the weakening of the material
overall, such as seen in the work by Barbero et al., Lopes et al., Moure et al., Maimi et al.,
Liu and Zheng, and Cheng and Binienda [6, 16, 50, 51, 53, 55].
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2.4.1 Failure Criteria

Some of the more prominent failure criteria are mentioned in order to highlight equations.

Maximum Stress Criterion

In the maximum stress theory (also called the Rankine criterion), failure occurs if stress
in any direction is greater than the corresponding strength in that direction. This is
illustrated by the conditions shown in Eqs. 2.1, 2.2 or 2.3. This criterion is adequate for
brittle materials, since they fail by fracture, but is inadequate for ductile materials [8, 44].
F1t and F1c are the longitudinal strength in tension and compression, and F2t and F2c are
the transverse strength in tension and compression, respectively. F12 is the strength in
shear. σ1, σ2 and σ12 are the stresses in the longitudinal, transverse and shear directions.

σ1 < F1t or |σ1| < F1c (2.1)

σ2 < F2t or |σ2| < F2c (2.2)

|σ12| < F12 (2.3)

Maximum Strain Criterion

Maximum strain theory (or St. Venant’s criterion) is similar to the maximum stress theory
shown above. Failure occurs if the strains along each axis are greater than the allowable
strain, shown by Eqs. 2.4, 2.5 or 2.6 [8, 44]. εu1t and εu1c are the longitudinal ultimate strain
in tension and compression, and εu2t and εu2c are the transverse ultimate strain in tension
and compression, respectively. γu12 is the ultimate strain in shear. ε1, ε2 and γ12 are the
strains in the longitudinal, transverse and shear directions.

ε1 < εu1t or |ε1| < εu1c (2.4)

ε2 < εu2t or |ε2| < εu2c (2.5)

|γ12| < γu12 (2.6)
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Tsai-Hill Criterion

The Tsai-Hill theory was based on the distortion energy failure theory from the Von Mises
yield criterion, which was then developed for composite materials by Azzi and Tsai [4, 44].
Failure is said to occur in this theory if Eq. 2.7 is greater than one. The terms in the
Tsai-Hill criterion are the same as in the Maximum Stress criterion.(

σ1
F1t

)2

−
(
σ1
F1t

)(
σ2
F1t

)
+

(
σ2
F2t

)2

+

(
σ12
F12

)2

< 1 (2.7)

It is clear that this equation mostly has tensile strengths in it. As such, the following
modifications should be made depending on the load case. If σ1 <1 then F1t should be
replaced with F1c in the first two terms, and if σ2 <1 then F1t should be replaced with F1c

in the second portion of the second term. If σ2 <1 then F2t should be replaced with F2c in
the third term.

Tsai-Wu Criterion

For anisotropic materials, the general Tsai-Wu failure criterion is defined as seen in Eq. 2.8,
where Fi and Fij are second and fourth order strength tensors [81]. This was derived from
the total strain energy failure theory by Beltrami [44]. The Tsai-Wu criterion improves
upon the Tsai-Hill criterion, as it is able to differentiate between the tensile and compressive
strengths.

Fiσi + Fijσiσj < 1 (2.8)

For a plane stress condition, Eq. 2.8 can be written as in Eq. 2.9.

F1σ1 + F2σ2 + F11σ
2
1 + F22σ

2
2 + F66τ

2
12 + 2F12σ1σ2 < 1 (2.9)

The coefficients are given as in Eqs. 2.10, 2.11 and 2.12, where i varies between 1 and
3, and where N+

i and N−i are the tensile and compressive strengths, and S6 is the shear
strength.

Fii =
1

N+
i N

−
i

(2.10)

Fi =
1

N+
i

− 1

N−i
(2.11)

F66 =
1

S2
6

(2.12)
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Hashin Criterion

Quadratic failure criterion were developed by Hashin to distinguish between failure modes
for a composite lamina based on the stresses in the overall material [30], since the above
theories do not take the failure mode into account. The fibre and matrix each have two
modes of failure, tension and compression. For the fibre, the tension and compression
failure criteria are given in Eqs. 2.13 and 2.14. σ+

A is the tensile failure stress in the fibre
direction, and σ−A is the compressive failure stress in the fibre direction. Similarly, σ+

T and
σ−T are the transverse failure stresses in tension and compression, respectively. τA and τT
are the axial and transverse failure shear stresses.

(
σ11
σ+
A

)2

+
1

τ 2A
(σ2

12 + σ2
13) = 1 (2.13)

σ11 = −σ−A (2.14)

For the matrix material, the tension and compression failure criteria are given in Eqs.
2.15 and 2.16, respectively.

1

σ+2
T

(σ22 + σ33)
2 +

1

τ 2T
(σ2

23 + σ22σ33) +
1

τ 2A
(σ2

12 + σ2
13) = 1 (2.15)

1

σ−T

[(
σ−T
2τT

)2

−1

]
(σ22+σ33)+

1

4τ 2T
(σ22+σ33)

2+
1

τ 2T
(σ2

23+σ22σ33)+
1

τ 2A
(σ2

12+σ2
13) = 1 (2.16)

Chang and Chang Failure Criterion

The Chang and Chang failure criterion is an extension of the Yamada Sun model, which
itself is based on the Hashin-Rotem criterion [13, 14]. This model is capable of predicting
failure in three modes: matrix failure, fibre failure, and compression. After failure, the
mechanical properties are reduced based on a property degradation model.

Matrix failure (Eq. 2.17) occurs if em ≥ 1, where σ22 is the stress in the transverse
direction, Yt is the tensile strength in the transverse direction, and G12 is the shear stress.
Sc is the shear strength, and α is a fitting parameter defined from shear stress-strain
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measurements [25]. If matrix failure occurs, then the constitutive properties Eft, Gf , νft
and νfta are reduced to zero [25].(

σ22
Yt

)2

+

(σ12)2

2G12
+ 3

4
α(σ12)

4

(Sc)2

2G12
+ 3

4
α(Sc)4

= e2m (2.17)

Fibre failure occurs if ef ≥ 1, where σ11 is the stress in the axial direction and Xt is
the tensile strength in the axial direction (Eq. 2.18). If fibre failure occurs, then Efa, Eft,
Gf , νft and νfta are reduced to zero [25].(

σ11
Xt

)2

+

(σ12)2

2G12
+ 3

4
α(σ12)

4

(Sc)2

2G12
+ 3

4
α(Sc)4

= e2f (2.18)

Compressive failure occurs if ec ≥ 1, where Yc is the compressive strength in the trans-
verse direction, as in Eq. 2.19. If compressive failure occurs, then Eft, νft and νfta are
reduced to zero [25].(

σ22
2Sc

)2

+

[(
Yc
2Sc

)2

− 1

]
σ22
Yc

+

(σ12)2

2G12
+ 3

4
α(σ12)

4

(Sc)2

2G12
+ 3

4
α(Sc)4

= e2c (2.19)

2.5 Current LS-DYNA Composite Material Models

The constitutive equations of Chapter 3 need to be solved through a numerical solver.
LS-DYNA is a simulation software which is used to run a finite element analysis. This
software has multiple built-in material models, as well as the capability to run user defined
material models (UMAT). This model has been implemented into one of these UMATs.

LS-DYNA contains seven composite models in the general license, but most are intended
for use with laminated materials. MAT 022 is a composite damage model for orthotropic
materials [52]. This model has the option for brittle failure and laminate theory, and
uses the Chang and Chang failure criterion [13, 14]. MAT 022 is extended in MAT 054
and MAT 055 for thin shell elements, where the MAT 055 model uses the Tsai-Wu failure
criterion [52, 81]. MAT 054 allows the user to model anisotropic, linear elastic material
for any initially undamaged material. From that point, nonlinearity is introduced by
degradation of material properties through the damage criteria [71].
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MAT 058 is a laminated composite fabric model intended for plane stress conditions,
with additional strain rate effects incorporated into MAT 158 [52]. The elastic parameters
in MAT 058 are modified using a damage model which assumes microcracks and cavities
develop due to deformation [71]. An elasto-plastic composite failure model was provided
in MAT 059 [52]. Both models MAT 054 and MAT 059 have the capability to perform
element erosion upon failure [71].

The composite layup material model, MAT 116, is useful for modelling a composite
with an arbitrary number of layers, without using laminate shell theory [52]. This is useful
if a large number of layers are to be run. MAT 117 and MAT 118 are used for modelling the
elastic response of a uniform thickness composite where rather than material properties,
the stiffness coefficients are provided for the material and element coordinate systems [52].

In addition to the aforementioned models, there are a few proprietary models requiring
additional licensing. MAT 161 can be used to model progressive failure for unidirectional
and woven fabrics based off work by Hashin [30, 52]. MAT 162 is an extension on the
previous model which allows a damage mechanics approach for softening behaviour [52].
A sub-laminate-based continuum damage model, MAT 219 was also developed for fibre
reinforced composite laminates, where the stiffness matrix is reduced based off reduction
coefficients [52].

It is seen that the existing models are useful for modelling a laminated material, but
may have difficulty incorporating the entire elasto-visco-plastic behaviour that is known
to occur in composite materials. In addition, many of these models are used with shell
elements, and cannot be run with solid brick elements. Currently, there does not appear
to be a readily available model for modelling these unidirectional materials with solid
elements, which would allow for three-dimensional information.

2.6 Motivation

For several decades, work has been conducted to improve composite models, both in terms
of mechanical behaviour and in failure prediction. Micromechanics models based on rep-
resentative volume elements provide sound information about the underlying microscopic
behaviour of the material. These models continue to get more accurate over time, but
need improvement in predicting the overall composite material behaviour on their own.
Homogenization schemes have been developed in order to generalize composite behaviour
based off the micromechanics models.
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There is currently a need to develop a model that is capable of tying together the mi-
cromechanics based models with the phenomenological plasticity constitutive laws through
an efficient and applicable homogenization scheme. This model should have input param-
eters that are primarily physically based, which would be directly available from testing
or through calculation, in order to improve upon some of the existing models. It should
also be based on the interphase approach to modelling the interaction between the fibre
and the matrix, as it is less expensive computationally to use the interphase zone approach
opposed to using cohesive zone elements.

The new model should also have the capability to capture the rate dependence of
the composite behaviour, as loading in a practical application would likely be done using
multiple rates. Lastly, this model should incorporate composite failure because knowing
the way the composite material fails allows material designers to tailor the properties to
provide the best material for an application.

Industry has need of a model such as the one described. The aim of this research work
is to provide companies with this model to allow for better predictive capabilities.
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Chapter 3

Model Development

This multi-scale model has been developed for unidirectional long-fibre composite mate-
rials. Microscale constitutive laws have been developed to model the interaction between
the fibre and matrix. These laws are then homogenized over the bulk material to create a
phenomenological model.

The micromechanics approach uses a functionally graded interphase zone to model the
stress transfer between the fibre and the matrix, and how the fibre and matrix interact. By
modelling this interaction mathematically, a representative volume element is used which
contains one fibre and the matrix material. Compared to a cohesive zone approach, this
approach is more efficient to solve numerically.

Both plasticity and rate-dependency are added to the basic elastic constitutive frame-
work to produce a comprehensive model. Physically-based parameters are used as input,
which allows the user to more fully understand the model.

In the following section, the framework for the elastic constitutive laws is developed.
Section 3.2 extends the elastic formulation to include a flow rule, hardening, and strain
rate sensitivity. Homogenization is performed using the Mori-Tanaka approach in Section
3.3 and the Chang and Chang failure criteria are implemented in Section 3.4.

3.1 Elastic Constitutive Formulation

The strain in the fibre is found by partitioning the overall strain with a fourth-order strain
transformation tensor, T, (containing Eshelby’s solution for long-fibres), as shown in Eq.
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3.1 [69], such that εf is the strain in the fibre and ε is the total strain applied to the unit
cell.

εf = Tε (3.1)

Stress and strain in the fibre are related through an elastic constitutive law as shown in
Eq. 3.2, where σf is the stress in the fibre and Cf is the transversely isotropic constitutive
law for the fibre [45].

σf = Cfεf (3.2)

At this point, Eq. 3.1 can be substituted into Eq. 3.2 to produce Eq. 3.3.

σf = CfTε (3.3)

3.1.1 Strain Partitioning

Through strain partitioning, it is known that the total strain is related to the effective
volume fraction of the fibres (Vfe) and the matrix (Vme), as shown in Eq. 3.4.

G = GgfVfe +GgmVme (3.4)

The fibre displacement gradient, Ggf , is approximately taken to be εf due to the small
strain assumption in the fibre before failure, as in Eq. 3.5.

Ggf = εf (3.5)

Performing substitution of Eq. 3.1 into Eq. 3.4 gives Eq. 3.6.

G = TεVfe +GgmVme (3.6)

Rearranging, an equation for the displacement gradient of the matrix (Ggm) as a func-
tion of strain can be derived. Ggm can be approximately taken to be the matrix strain,
εm, assuming small elastic deformation, as seen in Eq. 3.7

G(1− TVfe)
Vme

= Ggm (3.7)

The total displacement gradient, G, is related to the total deformation gradient through
the identity tensor, I, (Eq. 3.8).

G = F − I (3.8)
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Therefore, it follows that Eq. 3.8 can be rewritten for the matrix material as Eq. 3.9.

Fm = Ggm + I (3.9)

The strain in the matrix material is then given through Green’s strain equation as in Eq.
3.10.

εm =
1

2
(F T

mFm − I) (3.10)

3.1.2 Stress

For this elastic formulation, it is assumed that the matrix material behaves as an elastic
material, which has been shown in the previous chapter to be an inaccurate assumption.
This will be developed into an elasto-visco-plastic formulation in Section 3.2. Eq. 3.11
illustrates the stress-strain relation for the matrix.

σm = Cmεm (3.11)

Eq. 3.7 can be substituted into Eq. 3.11, which gives Eq. 3.12

σm = Cmε

(
1

Vme
− T Vfe

Vme

)
(3.12)

It can be seen that the overall stress, σ, is related to the stress of both constituents as
seen in Eq. 3.13

σ = σmVme + σfVfe (3.13)

where Vme can be given as in Eq. 3.14.

Vme = 1− Vfe (3.14)

Substituting εm and εf into Eq. 3.13 gives Eq. 3.15

σ = Cmε(1− TVfe) + CfεTVfe (3.15)

Factoring Eq. 3.15 gives a stress-strain constitutive relation (Eq. 3.16).

σ = [Cm(1− TVfe) + CfTVfe]ε (3.16)
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Simply, Eq. 3.16 can be rewritten as Eq. 3.17

σ = Qε (3.17)

where
Q = Cm(1− TVfe) + CfTVfe (3.18)

3.1.3 Determining Constitutive Components

In order to use this stress-strain relation, the components of Q need to be developed. The
effective fibre volume fraction is given as seen in Eq. 3.19 and was developed by Sabiston
[69].

Vfe =
π

4
(rim)2 (3.19)

The representative interface radius of the interphase zone, rim, is given as shown in Eq.
3.20, where m is a material pairing constant which is bounded between 0 and 1 [69].

rim =
1

30

√
480m((rif )2 − (ris)2) + 30(rif )2 + 360rifris + 510(ris)2 (3.20)

From there, rif and ris are given as Eq. 3.21, where Vf is the fibre volume fraction,
and k and l are other material pairing constants [69]. These pairing constants describe
the inner and outer radii of a functionally graded interphase zone between the fibre and
matrix material.

ris = k

√
4Vf
π

rif = l

√
4Vf
π

(3.21)

As such, k is bounded between 0 and 1, and l is bounded as seen in Eq. 3.22.

1 < l <

√
π

4Vf
(3.22)

After substituting Eq. 3.21 into Eq. 3.20, Vfe can be shown as in Eq. 3.23.

Vfe =
π

3600

[
480m

(
l2

4Vf
π
− k24Vf

π

)
+ 30l2

4Vf
π

+ 360kl
4Vf
π

+ 510k2
4Vf
π

]
(3.23)

Condensing and simplifying provides Eq. 3.24.

Vfe =
Vf
900

[
480m

(
l2 − k2

)
+ 30l2 + 360kl + 510k2

]
(3.24)
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Constitutive Matrices

Since the matrix material is elastic and isotropic, the Cm matrix is given as shown in Eq.
3.25, where Em is the Young’s modulus for the matrix material, and νm is the Poisson’s
ratio for the matrix material.

Cm= Em
(1+νm)(1−2νm)



1−νm νm νm 0 0 0

νm 1−νm νm 0 0 0

νm νm 1−νm 0 0 0

0 0 0 1−2νm
2

0 0

0 0 0 0 1−2νm
2

0

0 0 0 0 0 1−2νm
2


(3.25)

The constitutive matrix for the fibre material, Cf , is transversely isotropic, and is given
in Eq. 3.26.

Cf=



C11 C12 C12 0 0 0

C12 C22 C23 0 0 0

C12 C23 C22 0 0 0

0 0 0 C44 0 0

0 0 0 0 C44 0

0 0 0 0 0 C66


(3.26)

where the components of Cf are given as

C11 =
Efa(1− νft)(

1− νft − 2
(Eft
Efa

)
ν2fta
)

C12 =
Eftνfta(

1− νft − 2
(Eft
Efa

)
ν2fta
)

C22 =
Eft
(
1−

(Eft
Efa

)
ν2fta
)(

1− νft − 2
(Eft
Efa

)
ν2fta
)(

1 + νft
)

C23 =
Eft
(
νft +

(Eft
Efa

)
ν2fta
)(

1− νft − 2
(Eft
Efa

)
ν2fta
)(

1 + νft
)

C44 =Gf

C66 =
Eft

2(1 + νft)
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and Efa and Eft are the axial and transverse Young’s modulus for the fibre, νfta and νft
are the transverse axial and transverse Poisson’s ratios for the fibre, and Gf is the shear
modulus.

In elasticity, the strain transformation tensor is a constant matrix dependant on the
separate material parameters as mentioned above. This matrix is given in Eq. 3.27.

T=



t1111 0 0 0 0 0

t2211 t2222 t2233 0 0 0

t2211 t2233 t2222 0 0 0

0 0 0 t1212 0 0

0 0 0 0 t1212 0

0 0 0 0 0 t2323



−1

(3.27)

where the six parameters in the transformation tensor are

t1111 =1

t2211 =
−Eftνmνfta(2Emνfta − Efa)− Efaνm(−2Eftνmνfta + Emνft − Em)− EfaEftνfta
Em[2Eftν2fta(2νm − 1) + (νft − 1)(2Efaνm − Efa)]− EfaEft(2ν2m + νm − 1)

t2222 =

−
[
(νm − 1)Em

(
2EmEft(2νmνft(2ν

2
fta + 3νft)− 3ν2fta(νft − 1))

R

+EftEfa(−νmνft − 3νm − νft + 5) + 2E2
ftν

2
fta(ν

2
m − 1) + EfaEm(−3ν2ft − 4νm + 3)

)]
R

t2233 =

(νm − 1)Em

[
(νm + 1)

(
2ν2ftaEmEft(4νm − 1)− EfaEft(8νmνft − 5νft + 1)

S

−2E2
ftν

2
fta(4νm − 3)

)
+ EmEfa(4νm − 1)(ν2ft − 1)

]
S

t1212 =
4Em

2Gfνm + 3Em + 2Gf

t2323 =
8(νm − 1)Em(1 + νft)

4Emνmνft + 4Eftν2m + 4Emνm − 5Emνft + Eftνm − 5Em − 3Eft
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where

R = 2EfaEmEft(νm(−4ν2mνft + 4ν2m − 2νm + 3νft − 4)− 2(νft + 1))

+ 2ν2ftaE
2
mEft(2νmνft + 2νm − 2νft − 1)

+ (2νm − 1)

(
(νm + 1)

(
− 8ν2ftaEmE

2
ft(νm − 3) + EfaE

2
ft(4νm − 3)

)
+ EfaE

2
m(ν2ft − 1)

)
and

S = 2EfaEmEft(2νm − 1)(νm + 1)
[
2(νm − 1)− νft(2νm − 1)

]
+ 4EmEftνmν

2
fta

+ (4νm − 3)(2νm − 1)(νm + 1)
[
− 2ν2ftaEmE

2
ft + EfaE

2
ft(νm + 1)

]
+ 2ν2ftaE

2
mEft

[
(2νm − 1)νft − 1

]
+ EfaE

2
m(νm − 1)(νft − 1)(νft + 1)

3.2 Elasto-Visco-Plastic Constitutive Formulation

In general, it is known that fibres primarily behave elastically. However, the matrix material
behaves elasto-visco-plastically, which means that it also exhibits rate-dependent plastic
behaviour. In order to take this into account, visco-plasticity is incorporated into the
constitutive laws. The strain rate for the matrix material, ε̇m, is now given as in Eq. 3.28,
as it is important to be able to determine the strain in the fibre and the matrix in order
to correctly implement plasticity. ε̇elm and ε̇plm are the elastic and plastic portions of the
strain-rate for the matrix material.

ε̇m = ε̇elm + ε̇plm (3.28)

The constitutive matrix for the matrix material is modified through a plastic corrector
term, λ̇, given in Eq. 3.29. Cm is the elastic constitutive law for the matrix material (Eq.
3.25), δF

δσ
is the rate of change of the flow rule as given in Eq. 3.35 and h′ is the hardening

as given in Eq. 3.37.

λ̇ =
( δF
δσ

: Cm) : ( δF
δσ

: Cm)
δF
δσ

: (Cm : δF
δσ

) + h′
(3.29)

The change in the stress in the matrix is related to the elasto-visco-plastic constitutive
law, Cmep , as given as in Eq. 3.30.

4σm = Cmep4εm (3.30)
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where Cmep is given as Eq. 3.31.

Cmep = Cm − λ̇ (3.31)

3.2.1 Drucker-Prager Flow Rule and Yield Criterion

In order to determine whether the matrix material has yielded, or behaved plastically, a
yield criterion is used. The Drucker-Prager flow rule used in this formulation was based
on the generalized Von Mises flow rule. Von Mises yield can be defined as in Eq. 3.32.

F = σy =

√(
1

2

)[
(σ11 − σ22)2 + (σ22 − σ33)2 + (σ33 − σ11)2 − 6(σ2

12 + σ2
23 + σ2

31)

]
(3.32)

The Drucker-Prager yield criterion modifies the Von Mises criterion by adding a pressure
sensitivity term, and is given in Eq. 3.33, where αm is the pressure sensitivity of the matrix.

F = F + αmI1 (3.33)

where, in tensor notation, I1 is the first invariant of stress, as seen in Eq. 3.34

I1 = σkk (3.34)

The partial derivatives of F are shown in Eq. 3.35.

δF

δσ11
=2(σ11 − σ22)− 2(σ33 − σ11) + αm (3.35a)

δF

δσ22
=2(σ22 − σ33)− 2(σ11 − σ22) + αm (3.35b)

δF

δσ33
=2(σ33 − σ11)− 2(σ22 − σ33) + αm (3.35c)

δF

δσ12
=12σ12 (3.35d)

δF

δσ23
=12σ23 (3.35e)

δF

δσ31
=12σ31 (3.35f)
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3.2.2 Ludwik Hardening Law

Hardening is given by the Ludwik equation, given in Eq. 3.36. σym is the yield stress of
the matrix, Km is the matrix hardening modulus, εplm is the plastic strain in the matrix
material and Nm is the matrix hardening exponent.

h′ = σym +Km(εplm)Nm (3.36)

Strain-Rate Sensitivity

As discussed in Section 2.3.3, the matrix has strain-rate sensitivity, so the rate effects were
incorporated, as seen in Eq. 3.37. ε̇m is the strain rate of the matrix material, ε̇o is a
reference strain rate, and hm is the strain rate exponent. This approach of using these
hardening and strain-rate laws is also investigated in research by Hsu et al. [39].

h′ = (σym +Km(εplm)Nm)

(
ε̇m
ε̇o

)hm
(3.37)

3.3 Homogenization

Homogenization is necessary to generalize the behaviour of a heterogeneous material, as
mentioned in Section 2.3.1. The Mori-Tanaka approach [54] is implemented based on the
general formulation given in the work by Perdahcioglu and Geijselaers [62]. This work
is more mathematical than physical, though it still provides a good solution [17]. The
formulation for the forward strain concentration tensor, T, is given in Eq. 3.38, where I is
the identity matrix, and Cf and Cm are the constitutive matrices for the fibre and matrix
respectively, as given in Eqs. 3.26 and 3.25.

−→
T =

[
I + S

[
C−1mep(Cf − Cmep)

]]−1
(3.38)

S in this thesis is the Eshelby tensor for long fibres, and is given in Eq. 3.39, where it
is a function of the Poisson’s ratio for the matrix material.

S=



0 0 0 0 0 0

νm
2−2νm

5−4νm
8−8νm

4νm−1
8−8νm

0 0 0

νm
2−2νm

4νm−1
8−8νm

5−4νm
8−8νm

0 0 0

0 0 0 1
4

0 0

0 0 0 0 3−4νm
8−8νm

0

0 0 0 0 0 1
4


(3.39)
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This solution is most applicable for materials where there is a low volume fraction of
fibres within the matrix. Oppositely, this solution is applied for high volume fractions if
the backwards concentration tensor is calculated, as seen in Eq. 3.40.

←−
T =

[
I + S

[
C−1f (Cmep − Cf )

]]−1
(3.40)

These two solutions are used together through the Lielens interpolation method [62],
which allows the Mori-Tanaka homogenization scheme to be applied for materials with
intermediate volume fractions. To do this, a Mori-Tanaka constant is introduced as input
and is denoted as MTc. This MTc constant is input to the simulation as a matrix where
the constant is applied on the terms 1 through 3, as shown in Eq. 3.41.

MTc=



MTc MTc MTc 0 0 0

MTc MTc MTc 0 0 0

MTc MTc MTc 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0


(3.41)

Rather than calculating the fibre strain through T as in Eq. 3.1, the strain is interpo-
lated through the forward and backward Mori-Tanaka approach as in Eq. 3.42.

εf = Aε (3.42)

where A is as shown in Eq. 3.43.

A =

[
(1−MTc)

←−
T−1 +MTc

−→
T−1

]−1
(3.43)

3.4 Failure Criterion

The implementation of failure in this model uses the Chang and Chang Failure Criteria,
as mentioned in Ch. 2.4.1, which is a stress-based criteria. Once the partitioned stresses
are found for the fibre and matrix material, the overall stresses for the composite material
are calculated. These stresses are compared against the strength of the material using the
Chang and Chang criteria. If any criteria is met, then the material is said to have failed
in that direction.
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3.5 UMAT Algorithm

The equations given within Chapter 3 needed to be implemented in a user-defined material
model in order to be solved numerically. The algorithm that the numerical solver follows
is outlined below.

1. Initialize all variables

2. Load any stored variables, such as previous stress and strain increments

3. Calculate Cf and Cm matrices

4. Calculate Eshelby tensor S (Eq. 3.39)

5. Perform Mori-Tanaka algorithm and return stress (Sect. 3.5.1)

6. Calculate failure criteria (Eq. 2.17, Eq. 2.18 and Eq. 2.19)

7. Compare stress to failure criteria and fail material as needed

8. Save variables, such as all stress and strain increments

3.5.1 Mori-Tanaka Algorithm

In the above sections, the constitutive equations were given for the total stresses and strains.
When implemented in the numerical simulation, the incremental stresses and strains were
used. The steps in the Mori-Tanaka algorithm are as follows.

1. Set T = 0

2. Calculate initial Forward and Backward Mori-Tanaka tensors
−→
T ,
←−
T (Eq. 3.38, Eq.

3.40) and A (Eq. 3.43)

−→
T =

[
I + S

[
C−1mep(Cf − Cmep)

]]−1
←−
T =

[
I + S

[
C−1f (Cmep − Cf )

]]−1
A =

[
(1−MTc)

←−
T−1 +MTc

−→
T−1

]−1
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3. Strain partitioning

(a) Modify volume fraction (Eq. 3.24)

Vfe =
Vf
900

[
480m

(
l2 − k2

)
+ 30l2 + 360kl + 510k2

]
(b) Calculate incremental fibre strain (Eq. 3.42)

4ε(t)f = 4ε(t−1)f +A4ε(t)

(c) Calculate incremental matrix strain (Eq. 3.7)

4ε(t)m = 4ε(t) −
4ε(t)f (Vfe)

1− Vfe

4. Stress Calculation

(a) Calculate incremental fibre stress (Eq. 3.2)

4σ(t)
f = 4σ(t−1)

f + Cf4ε(t)f

(b) Calculate incremental matrix stress (Eq. 3.11)

i. Calculate initial trial stress

4σ(t)
m = 4σ(t−1)

m + Cmε
(t)
m

σ
(t)
mt = σ(t)

m +4σ(t)
m

ii. Calculate trial matrix strain rate

ε̇(t)m =

√
2
3
(ε

(t)
m )(ε

(t)
m )

4t

iii. Calculate yield and hardening (Eq. 3.33, Eq. 3.37)

F = F + αmI1

h′ = (σym +Km(εplm)Nm)

(
ε̇m
ε̇o

)hm
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iv. Check for plasticity. If plastic deformation occurs

A. Calculate tangent modifier

λ̇ =
( δF
δσ

: Cm) : ( δF
δσ

: Cm)
δF
δσ

: (Cm : δF
δσ

) + h′

B. Calculate the temporary stress in the matrix

σ
(t)
mt = σ

(t)
mt − λ̇Cm

dF

dσ

C. Calculate yield and hardening (Eq. 3.33, Eq. 3.37)

F = F + αmI1

h′ = (σym +Km(εplm)Nm)

(
ε̇m
ε̇o

)hm
D. Return to 4(b)iv until plastic step < tolerance

v. Calculate final tangent modifier

λ̇ =
( δF
δσ

: Cm) : ( δF
δσ

: Cm)
δF
δσ

: (Cm : δF
δσ

) + h′

vi. Calculate the plastic matrix

Cmep = Cm − λ̇

vii. Calculate stress increment for current iteration

4σ(t)
m = Cmep4ε(t)m

viii. Recalculate initial Forward and Backward Mori-Tanaka tensors
−→
T ,
←−
T (Eq.

3.38, Eq. 3.40) and A (Eq. 3.43)

(c) Calculate error

ε
(t)
temp = ε

(t)
temp +A−14ε(t)f

RESID = RESID +

√
(ε(t) − ε(t)temp)(ε(t) − ε

(t)
temp)

(d) Return to 3 until RESID < tolerance
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5. Average stress

(a) Calculate stress in fibre
σf = σf +4σf

(b) Calculate stress in matrix
σm = σm +4σm

(c) Calculate strain in fibre
εf = εf +4εf

(d) Calculate strain in matrix
εm = εm +4εm

(e) Calculate homogenized total stress

Cavg = Vfe(Cf − Cmep)A+ Cmep

σ = σ + Cavgε

3.6 Limitations

One limitation of this model is that the strain concentration tensor, T, is only able to
be calculated based on the work by Eshelby for a composite with only two phases since
the inclusion theory was developed for the case of one inclusion being imbedded in an
infinite matrix material [62]. However, research is being done in this field to further extend
Eshelby’s model.

The Mori-Tanaka approach has some limitation when used for large deformations due
to the averaging principle, but if it is implemented in an incremental approach, as was done
in this UMAT, then the results are approximately correct [62]. As well, the Mori-Tanaka
homogenization scheme does not take into account fibre-fibre interactions, the effect of
which is more prominent with higher volume fraction materials.
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Chapter 4

Results

This chapter provides and discusses the simulated results in comparison with experimental
data from literature. Two sets of data are provided to validate the model’s performance for
plasticity. Experimental data showing the strain rate dependency of the overall composite
is compared against simulation results. A parametric study shows the effect of the k, l
and m pairing parameters from the micromechanics formulation, as well as the calibration
parameters for the plasticity model.

4.1 Simulation and UMAT Setup

The constitutive laws given in Section 3 are implemented into a user-defined material model
(UMAT), MAT 042 in LS-DYNA. As input, the material parameters provided in Tables
4.2 and 4.3 are used for two different carbon fibre/epoxy models.

A single brick element, shown in Figure 4.1, is used, where each side is 20 mm long. The
boundary card *BOUNDARY SPC SET is used to set boundary conditions on the element
in order to perform tension, compression and shear tests. Tension and compression tests
are performed in the x-direction (axial) and the y-direction (transverse) as the material
is transversely isotropic. The *BOUNDARY SPC SET fixed translation and rotation on
a face for a given loading case. The *BOUNDARY PRESCRIBED MOTION SET allows
the user to input a load curve with which a velocity is prescribed to pull or compress the
element as needed.
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Figure 4.1: Single solid element

4.2 Elastic Results

In order to determine the accuracy of this model, it was compared with tensile and com-
pressive data from Kyriakides et al. [47]. This work examines the failure mechanisms of
unidirectional fibre composites under compression with a APC-2/AS4 composite. APC-2
is a PEEK thermoplastic and AS4 is a high strength and high strain carbon fibre.

As input to the model, the material data for the fibre and the matrix is used, as well
as the overall strengths of the composite material. The constituent properties were taken
from Kyriakides et al.[47], where the strengths were taken from Carlile et al. [11], and
corroborated with online data sheets [18].

Table 4.1 shows the material data, where Em and νm are the elastic constant and the
Poisson’s ratio for the matrix. Efa and Eft are the elastic modulus for the fibre in the
axial and transverse direction, respectively. In addition, νfta and νft are the Poisson’s
ratio for the fibre in the transverse axial and transverse direction. Vf is the fibre volume
fraction and Gf is the shear modulus for the fibre. k, l and m are pairing constants which
determine the bounds on the interphase zone.
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To determine failure in the material, Xt, Xc, Yt, Yc, Sc and α are used. Xt and Xc are
the longitudinal strengths in tension and compression, and Yt and Yc are the transverse
strengths in tension and compression. Sc is the shear strength, and α is an experimentally
determined parameter.

Table 4.1: Elastic Material and Calibration Data for APC-2/AS4 Composite [11, 18, 47]

Em νm Efa Eft νfta νft Gf Vf α
(GPa) (GPa) (GPa) (GPa)

4.10 0.356 214.0 26.0 0.28 0.445 112.0 0.6 0.3

Xt Xc Yt Yc Sc k l m
(GPa) (GPa) (GPa) (GPa) (GPa)

1.37 1.2 0.079 0.214 0.136 0.9 1.15 0.4

The experimental and simulated results in elasticity are shown in Figure 4.2. It is seen
that the simulation of longitudinal tension is in very good agreement with the experimen-
tal data. Since fibres primarily behave elastically, this follows from theory. In transverse
tension, the simulation deviates from the experimental data slightly, while simulated com-
pression in the axial direction begins to differ from the experimental data after 0.3%. In
the transverse direction, the deviation becomes quite pronounced after about 1.6% strain.

It is clear in compression, and in the transverse directions, that plasticity of the matrix
material does indeed play a strong role. In order to be able to accurately predict composite
behaviour, plasticity must be implemented.
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Figure 4.2: Elastic Experimental vs. Simulated Results for a) longitudinal tension b)
longitudinal compression c) transverse tension d) transverse compression [45]

4.3 AS4/APC-2 Plastic Results

The same set of data from Kyriakides et al. [47] is used again once visco-plasticity is
implemented in the model. Table 4.2 shows the input material parameters for the visco-
plastic formulation. In this table, Km is the matrix hardening modulus, Nm is the matrix
hardening exponent, and σym is the yield stress of the matrix. αm is the pressure sensitivity
of the matrix, and hm and ε̇o are the rate sensitivity parameters for the matrix material.
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Table 4.2: Plastic Material and Calibration Data for APC-2/AS4 Composite [11, 18, 38, 47]

Em νm Efa Eft νfta νft Gf Vf α
(GPa) (GPa) (GPa) (GPa)

4.10 0.356 214.0 26.0 0.28 0.445 112.0 0.6 0.3

Xt Xc Yt Yc Sc k l m MTc
(GPa) (GPa) (GPa) (GPa) (GPa)

1.37 1.2 0.079 0.214 0.136 0.8 1.15 0.45 0.77

Km Nm σym αm hm ε̇o
(GPa) (GPa)

137.0 0.1 5.0 0.1415 0.02 6e-7

The transverse compression direction is used to calibrate the model against the exper-
imental data. Figure 4.3 shows the results from the quasi-static simulation compared to
experimental data. The experimental data from the Kyriakides paper gives the transverse
strain up to 4%. The hardening modulus, exponent and yield stress of the matrix are
modified, along with the interphase pairing parameters in order to produce a good fit to
the experimental data along the entire length of the curve.

It is seen that the simulated curve underpredicts the experimental results until about
1.7% strain, whereas the agreement following that strain value is good until the material
fails. As well, the experimental data is fairly linear in behaviour below 1% strain. The
simulated results are able to capture this behaviour, although they deviate slightly from
the exact experimental results. The simulated model underpredicts the stress by about 7%.
As well, the elastic stress-strain curve shown in part d of Figure 4.2 are compared against
the elasto-visco-plastic results, since this loading case shows the greatest deviation from the
experimental results. It is clear that incorporating the elasto-visco-plastic framework into
the constitutive model allows for a more accurate prediction of the experimental results.
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Figure 4.3: Transverse compression calibration simulation compared with experimental
data and elastic simulation [47]

Once the transverse compression curve is calibrated, tension and compression simula-
tions are run in both the transverse and longitudinal directions to predict the material
response. These graphs are shown in Figures 4.4, 4.5, 4.6 and 4.7.
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The simulated result in Figure 4.4 also shows very good agreement with the experi-
mental data. At 0.8% strain, the simulation underpredicts by 5%. Progressive interface
debonding plays a role in damage, especially when a unidirectional material is loaded in
transverse tension [77]. To date, this behaviour is not captured in the simulated model,
which results in a linear behaviour. Failure occurs at a slightly higher strain in the simu-
lation than it does in this set of experimental data.

Figure 4.4: Transverse tension simulation compared with experimental data [47]
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In longitudinal compression, the simulation shows strong agreement to the experimental
data, as seen in Figure 4.5, though the model overpredicts after 0.5% strain. The simulated
results fail at a lower strain and higher stress than the experimental data. This is likely due
to the fact that fibre imperfections play a role in the compressive strength and behaviour
[47], and there is consequently a large spread in the overall strenght values. Unidirectional
materials fail in longitudinal compression due in part to the development of kink bands in
the material [47], which is illustrated in the softening of the experimental curve, and this
phenomenon is not yet captured by the simulated model. The difference in failure strain
in the simulation is 10% and the difference in failure stress is 4%, or 52 MPa.

Figure 4.5: Longitudinal compression simulation compared with experimental data [47]
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In longitudinal tension, the simulation underpredicts by about 6%, as the simulated
results are purely elastic. In reality, these fibres are slightly non-linear and stiffen slightly
in longitudinal tension due to their lamellar microstructure [47]. As with the behaviour in
the longitudinal compression, this micromechanics behaviour is not yet caputured in this
model. Failure occurs at 1% strain, though the simulated material response fails at a stress
value of 1.23 GPa, whereas the experimental results show failure occuring at a stress of
1.31 GPa, which is still within a range of values for the strength of the material [47].

Figure 4.6: Longitudinal tension simulation compared with experimental data [47]

41



The shear response in the XY-plane is highly non-linear, and this response proved
more difficult to accurately capture. The simulated response up to 3.5% strain is shown
in Figure 4.7. Experimental results for a unidirectional composite made from AS4/APC-2
are not found, so no comparison is performed with experimental results. It is seen that the
simulated response appears linear until about 1.2% strain, then behaves plastically beyond
this strain value.

Figure 4.7: XY shear simulation
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4.4 IM6G/3501-6 Plastic Results

Elasto-visco-plastic simulations are compared against data from Hsiao and Daniel [36]
for the compressive stress-strain curves of a prepreg material, IM6G/3501-6 carbon/epoxy.
Because this is a prepreg, it is very difficult to find the fibre properties on their own. Prepreg
refers to a special resin matrix system where a number of fibres are already introduced. The
strengths of the overall material were taken from Hsiao and Daniel [36], but the constituent
properties were taken from elsewhere in literature [43], and are shown in Table 4.3. Eft
was taken to be equal to Efa as was done in literature.

Table 4.3: Plastic Material and Calibration Data for IM6G/3501-6 Composite [36, 43]

Em νm Efa Eft νfta νft Gf Vf α
(GPa) (GPa) (GPa) (GPa)

2.31 0.356 279.0 279.0 0.3 0.445 109.0 0.66 0.3

Xt Xc Yt Yc Sc k l m MTc
(GPa) (GPa) (GPa) (GPa) (GPa)

2.236 1.682 0.0462 0.213 0.0728 0.7 1.15 0.45 0.68

Km Nm σym αm hm ε̇o
(GPa) (GPa)

90.0 0.05 5.0 0.1415 0.02 6e-7
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Stress-strain curves from Hsiao and Daniel are given in Figures 4.8, 4.9 and 4.10. Using
the same calibration parameters as in the Kyriakides section, the simulated results in
Figure 4.8 are calibrated to provide good fit with the experimental data. The results
from the Sabiston model are also provided. It is seen that the stress between 1.5% and
2.5% is overpredicted by the simulation, whereas the Sabiston model shows very good
agreement. Once strain increases beyond 2%, the Sabiston model begins to deviate from
the experimental data, whereas the simulation is able to capture plastic behaviour of the
material. Failure in the transverse compression loading case occured at approximately the
same stress and strain values for both the experimental data and in the simulation.

Figure 4.8: Transverse compression calibration simulation compared with experimental
data and model from literature [36, 69]
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In longitudinal compression, both the simulation and the Sabiston model underpredict
strain below 0.8%. After 0.9%, both models overpredict the experimental stress, by a
difference of about 3-4%. Failure in the simulation occurs at the same stress as in the
experimental results, though the strain values differed by 5%.

Figure 4.9: Longitudinal compression simulation compared with experimental data and
model from literature [36, 69]
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As with the XY shear material response in the previous section, the shear response in
this material is also highly non-linear. The simulation is able to capture the response of
the material though there is underprediction in stress below 1% strain, and overprection
of stress above that strain value. The underprediction of a nominal value of 5 MPa, which
still lends to good capabilities in response precition. The Sabiston model performs better
than the simulated response in this loading case, as it is able to more closely match the
experimental data between 0.7% and 1.5%.

Figure 4.10: XY shear simulation compared with experimental data and model from liter-
ature [36, 69]

Overall, these results show that this macroscale model is able to predict the stress-strain
response in a similar range of accuracy as the microscale model developed by Sabiston.
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4.5 Strain Rate Results

To validate the strain rate prediction of this model, rate dependent experimental data in
the transverse compression loading case for the AS4/APC-2 material is used from the pair
of papers by Vogler and Kyriakides, and Hsu et al. [38, 83]. The material parameters are
as given in 4.2 for low strain rates. However, at high strain rates, k is taken to be 0.9.

A comparison between the experimental results and the numerical simulation is seen
in Figure 4.11. A variety of strain rates are run between quasi-static loading (1.5 x 10−5

/s) through to 1.5 x 100 /s. It is seen that for each of the four strain rates, the simulated
stress-strain curves provide an accurate prediction of the experimental results.

Figure 4.11: Strain rate simulated results compared with experimental results [38, 83]
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4.6 Multiple Elements

A specimen with multiple elements is also used to verify that this formulation is able to
predict the same results as with a single element, as this is more representative of a full
part simulation. A flat coupon is created with dimensions of 196 mm long, 10.26 mm wide
and 2.54 mm thick. It is meshed as seen in Figure 4.12 with 50 elements along its length,
4 along its width and 2 in the through-thickness direction, with the fibre direction running
along the x-direction.

Figure 4.12: Specimen with multiple elements

Figure 4.13 shows a comparison between single and multiple element results for pre-
dicted stress-strain graphs in longitudinal tension and transverse compression. In both
graphs, the predicted results are identical for both simulations, showing that this formula-
tion is able to perform predicitons with multiple elements.
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Figure 4.13: Comparison of simulated results between single and multiple elements in
longitudinal tension and transverse compression

4.7 Parametric Study

It is imperative to know the effects that the addition of the interphase zone and the
corresponding material pairing constants, k, l and m, have on the stress-strain response of
the material. Consequently, a parametric study has been performed to investigate these
parameters. In addition, having knowledge of how the matrix hardening modulus, Km, the
matrix hardening exponent, Nm and the yield stress of the matrix, σym effect the stress-
strain response allows the user to more efficiently calibrate the curve for a given material.
Lastly, the effect of the Mori-Tanaka constant is discussed.

Figure 4.14 shows the effect of the pairing constant k. This constant effects the inner
radius of the interphase zone as seen in Eq. 3.21. It is clear to see the trend that as k
increases, the slope of the elastic stress-strain curve increases. This is because the radius
of the inner interphase zone increases, tending the material response more toward the fibre
behaviour. By varying k between 0 and 1, the stress has the potential to vary by about 50
MPa.
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Figure 4.14: Parametric study of k

The effect of the pairing constant l is shown in Figure 4.15. This constant effects the
outer radius of the interphase zone, as in Eq. 3.21. Because of the bounds on l shown
in Eq. 3.22, there is a much smaller effect on the stress-strain response. For a material
with a 60% volume fraction, as with the materials investigated in this thesis, l is bounded
between 1 and 1.15. l varies slightly as its value is changed at lower strains, but this effect
becomes less pronounced as strain increases above 2.5%. In general, as l increases, the
response of the material also increases.

The pairing constant m is used in the calculation of the effective volume fraction,
Vfe, as seen in Eq. 3.23. Like k, m varies between 0 and 1. Figure 4.16 shows that
as m increases in the linear regime, the response of the material also increases. In
this region (below 1.5% strain), the stress varies up to about 15 MPa. However, as
strain constinues to increase, the effect of m on the material response changes. After
about 2% strain, it can be seen that as m increases, the material response decreases.
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Figure 4.15: Parametric study of l

Figure 4.16: Parametric study of m
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Km is the matrix hardening modulus and is used as seen in Eq. 3.36. It can be seen in
Figure 4.17 that as Km increases, both the magnitude of the stress value and the slope of
the hardening curve increases. Changing the value of Km between 10 and 150 results in a
change of stress of 190 MPa at 3% strain.

Figure 4.17: Parametric study of Km

Variation ofNm, the matrix hardening exponent, also changes the stress-strain response.
It is seen in Figure 4.18 that increasing Nm decreases the point where the response begins
to deviate from the elastic response. Nm was varied between 0.01 and 0.15, and the stress
varies by 100 MPa at 3% strain depending on the value of Nm.

The variation of the yield stress of the matrix, σym, is shown in Figure 4.19. Increasing
σym increases the response of the stress-strain curve, which is opposite to that of Nm. σym
effectively scales the yield point of the matrix material.
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Figure 4.18: Parametric study of Nm

Figure 4.19: Parametric study of σym

53



The Mori-Tanaka parameter modifies how the partioning is performed in the homog-
enization steps. A Mori-Tanaka term of 1 biases the averaging towards the forwards
averaging scheme, as seen in Eq. 3.38. In the forward scheme, more of the material
response is dominated by the matrix behaviour, whereas a bias toward the backwards
scheme (a lower Mori-Tanaka value) tends the behaviour towards the linear fibre behaviour.

Figure 4.20: Parametric study of MTc
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Chapter 5

Conclusion

The framework developed in this thesis is able to accurately simulate the stress-strain
response of unidirectional composite materials. A model such as this is used by industrial
partners to model the behaviour and failure of a part before it is made for production,
saving time and money.

The predicted stress-strain response of a unidirectional material from this model shows
good agreement with the experimental results. Both the elastoplastic Sabiston model and
the simulation show good agreement with the Hsiao experimental data. A small number
of inputs are used in this model, and it primarily contains physically-based parameters.

Elastic and elasto-plastic constitutive models are run to generate predictive stress-strain
curves. In the longitudinal and transverse tension, there is very good agreement between
the simulated results and the experimental data of an AS4/APC-2 material. However,
in both the longitudinal and transverse compression, the simulation deviates from the
experimental results, though the effect is more pronounced in the transverse direction.

After incorporating plasticity, the simulation is able to accurately predict the stress-
strain results in the longitudinal and transverse tension and compression, as well as shear.
This includes failure of the material in each load case for the same AS4/APC-2 material.
The longitudinal and transverse compression and shear results are also accurately predicted
for an IM6G/3501-6 material as well.

Strain rate experimental data for the AS4/APC-2 material are compared against sim-
ulated results. The model is able to predict the rate-dependent behaviour of the material
at multiple strain rates.
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Through parametric studies, it is possible to know the effect that the pairing parame-
ters and the hardening parameters have on the stress-strain response. Increasing k and l
increases the slope of the curve, whereas increasing m can increase or decrease the curve
depending on the strain. Increasing the hardening modulus, Km, increases the magnitude
and hardening slope of the curve, whereas increasing Nm decreases the magnitude of the
curve. Increasing σym increases the yield point of the matrix material, and consequently
impacts the yield point of the overall material, and increasing MTc biases the overall
response toward the fibrous response.

To conclude, an elasto-visco-plastic constitutive model has been developed for unidirec-
tional composite materials. The predictive capabilities of this model allow the stress-strain
curve for a given material to be simulated. This type of model is useful for the automotive
and aerospace industry as it allows for a part to be simulated and loaded to failure, instead
of manufacturing the part to be physically tested. These simulations can reduce the cost
of and time for product development, which ultimately can allow for more composite parts
being introduced into working vehicles.
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Chapter 6

Future Recommendations

As this model does provide good agreement with experimental data, these recommenda-
tions are intended as suggestions to extend the predictive behaviour to a wider variety of
applications.

Because glass fibres do display strain-rate dependency, investigating how these effects
could be integrated into this model would allow for accurate prediction for both glass and
carbon-fibre strain-rates. Further work needs to be done to incorporate these effects.

Although failure of the material has been modelled, damage of the material still impacts
the overall behaviour. Failure only shows the point where the material is no longer able
to perform its function. In a unidirectional material, this is the overall failure of the
material. In a laminate, this would correspond to a failure of a ply, though the overall
material would still be capable of carrying load. Before failure, damage is accumulated in
the material. In addition to mechanical softening, damage in a composite material could
account for some of the reduction in stress shown in a stress-strain curve. Incorporating
damage into a material could also allow for simulations involving the generation of cracks
or other microscopic failure methods. Having both damage and failure in a model would
extend its applicability.

Another recommendation would be to consider giving the user the option of which
failure criteria to use. The Chang and Chang criteria is implemented in the current failure
model but there are many different failure criteria available in literature. Implementing
more than one failure criteria with input flags would allow the user to choose which criteria
to use for a given simulation, which would change how conservative a simulated model
would be. As well, the Chang and Chang failure criteria is a stress-based criteria. Because
the stress-strain curves of the tested materials do not plateau, there is a unique point
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on each graph where a strain gives a specific stress. However, for other materials, there
could be a plateau on stress. In this case, it would be more advantageous to implement a
strain-based criteria, as the stress-based criteria would not be useful.

In addition to mechanical loads that many parts undergo, thermal stresses play a role
in loading. For instance, heating of a thermoplastic matrix will change the behaviour of the
composite. Therefore, it is recommended that temperature dependence be incorporated
into the constitutive behaviour of the model.
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