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We study the linear elastic response of multiblock copolymer melts in the lamellar phase, where the
molecules are composed of tethered symmetric AB diblock copolymers. We use a self-consistent
ﬁeld theory method, and introduce a real space approach to calculate the tensile and shear moduli
as a function of block number. The former is found to be in qualitative agreement with experiment.
We ﬁnd that the increase in bridging fraction with block number, that follows the increase in
modulus, is not responsible for the increase in modulus. It is demonstrated that the change in
modulus is due to an increase in mixing of repulsive A and B monomers. Under extension, this
increase originates from a widening of the interface, and more molecules pulled free of the interface.
Under compression, only the second of these two processes acts to increase the modulus. © 2004
American Institute of Physics. [DOI: 10.1063/1.1643899]

I. INTRODUCTION

elastic response of the lamellar phase of multiblock copolymer melts. Attention is limited to AB symmetric diblock copolymers tethered together to form multiblocks. Also, we
consider only the melt state so that SCFT is applicable.
Small distortions where linear elasticity theory can be applied are examined, and only quasi-equilibrium distortions
are applied. If melt samples are distorted too quickly, the
material will be in a nonequilibrium state, and the SCFT
method would be inappropriate (typical SCFT is a theory for
equilibrium and metastable states only). On the other hand, if
samples are distorted too slowly, they will undergo nonlocal
monomer redistribution, reaching the equilibrium period
size. Thus, we would ﬁnd zero moduli for all deformations.
The intermediate time regime where we have quasiequilibrium structures is actually quite large, and corresponds to many realistic situations.3 We, therefore, apply the
current approach with expectations of at least qualitative
agreement with experiments.
Qualitative agreement is found with the experimental results of Spontak and Smith11 for the increase of tensile
modulus of multiblock copolymers with increasing block
numbers. Such increases in moduli are usually associated
with an increase in the bridging fraction of intermediate
blocks.8 –11 Although there exists a corresponding increase of
bridging fraction in multiblock copolymers with block
number,10 our results indicate that it is not the cause of the
increase in tensile modulus. Rather, the increase of modulus
with block number is shown to be due to an increase of
mixing between repulsive A and B monomers upon deformation. Under extension, this increase is due to a widening of
the interface with more molecules pulled free of the interface. This means there will be more monomers of the ‘‘incorrect’’ type present in the bulk regions (away from the
interfaces) of the lamellar structures. In compression, there is
no signiﬁcant change in the interfacial width. However, there
is an increase of A/B monomers in the B/A regions.

Deducing the macroscopic mechanical properties of a
material from a knowledge of the microscopic structure is a
standard objective of material science.1 While this objective
has been largely realized in some subﬁelds of material science, the theoretical study of block copolymer structure–
property relationships is somewhat less developed. This is a
serious gap in knowledge, given the rich variety of structures
possible through the nanoscale self-assembly of block copolymers. Efforts have been made to understand the elastic
properties of diblock copolymers in the lamellar phase using
a variety of methods.2,3 Progress has also been made by Tyler
and Morse4 using a method proposed by Kossuth, Morse,
and Bates5 for obtaining the linear elastic properties of the
cubic phases of diblock copolymers. They study the gyroid
and body-centered-cubic phases of diblocks using standard
linear elasticity theory6 and self-consistent ﬁeld theory
(SCFT).7
Studies of diblock copolymers alone avoids an important
feature affecting the mechanical properties of block copolymers. The ability of intermediate blocks of multiblock copolymers to bridge between different chemical domains
means that pseudo-‘‘cross links’’ can form, which may be
expected to have a profound effect on the elastic moduli.8,9
SCFT calculations have shown that the fraction of blocks
that bridge between domains increases as a function of the
number of blocks in a multiblock.10 Experimentally, increases in the elastic moduli as a function of block number
have also been found in multiblock systems.11 It is natural to
assume that the increased bridging, or ‘‘cross linking,’’ is
responsible for the increase in moduli.
In this article, we demonstrate that this is not the case.
Using the approach of Tyler and Morse,4 a real space method
for calculating the elastic moduli for block copolymers is
presented. We apply our real space method to ﬁnd the linear
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FIG. 1. Schematic of a lamellar material. The shaded band shows a lamellar
stripe. Extensions in either the x or y directions will not change the periodicity of the structure, and therefore should have no effect on the free energy.

II. THEORY

We use the standard theory of linear elasticity6 and write
the elastic free energy as
1
2

(1)

F el= K i jkl u i j u kl ,

where summation over repeated indices is implied. In Eq.
(1), the strain tensor u i j is given by
ui j=

(

)

1 aui au j
+
,
2 ax j axi

(2)

where u i are the components of the displacement vector.
From Eq. (1), the components of the elastic modulus tensor
can be calculated as
K i jkl =

a 2F
a u i j a u kl

,

(3)

u=0

where u=0 denotes a strain tensor with zero components.
We are particularly interested in lamellar materials with one
preferred axis. For tetragonal symmetry with a preferred z
axis, Eq. (1) simpliﬁes to
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FIG. 2. Schematic of the material undergoing an extension along the z axis.
Each side of the cube has length l before deformation (solid lines), but the
z dimension of the object has a length l+e after deformation (dashed lines).
The shaded lamellar stripe is shown only before the distortion. The amount
of deformation has been exaggerated.

along the z axis as shown in Fig. 2, we preserve neither
volume nor shape. However, in this case only the u zz component of the strain tensor is nonzero; it will have a value of
e/l, where e is the absolute extension, and l is the length of
the material in the z direction before extension. Equation (5)
for the elastic free energy reduces to F el= 21 K 33E 2 , where E is
the relative extension, e/l, and K 33 is obtained from the second derivative. The modulus K 44 is obtained by shearing the
object along a plane perpendicular to the y axis, as shown in
Fig. 3. The cubic object becomes a parallelepiped, with the
xz face at y=l shifted by an amount e in the +z direction,
while the face at y=0 remains stationary. The only nonzero
strain tensor component for such a deformation is u yz
=e/2l. Thus, the second derivative of the lamellar elastic
free energy (5) yields K 44 .
The free energy for a multiblock copolymer melt can be
written in the context of SCFT as10

F el= 12 [ K 11( u 2xx +u 2y y ) +2K 12u xx u y y +2 ( K 11-K 12) u 2xy
2
2
+K 33u zz
+4K 44( u 2yz +u xz
) +2K 13( u xx +u y y ) u zz ] ,

(4)
where K lm are the elastic constants in the Voigt notation. As
pointed out by Tyler and Morse, the moduli of interest are
measures of the ‘‘change in free energy caused by an isotropic change in the crystal domain spacing at constant polymer
density, and not the (moduli) of the polymer melt, which is
treated as incompressible.’’ 4 As such, it is clear that an extension along either the x or y directions (directions in the xy
plane parallel to the lamellae, see Fig. 1) would have no
effect on the free energy. Therefore, the elastic free energy
for a lamellar block copolymer reduces to
2
+4K 44( u 2yz +u 2xz )] ,
F el= 12 [ K 33u zz

(5)

FIG. 3. Schematic of a material undergoing a shear. The cubic shape is
distorted into a parallelepiped. Each side of the cube has length l before
where K 33 and K 44 are the extensional and shear moduli,
deformation (solid lines), as does each side of the parallelepiped after derespectively. These may be calculated by distorting the maformation (dashed lines). The shaded lamellar stripe is shown only before
terial in the relevant directions. By stretching the material
the distortion. The amount of deformation has been exaggerated.
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dr{ x N ' A ( r) ' B ( r)

-w A ( r) ' A ( r) -w B ( r) ' B ( r)
- t ( r)[ 1- ' A ( r) - ' B ( r)] } ,

(6)

where ' A (r) and ' B (r) are the local volume fractions of A
and B segments, respectively, w A (r) and w B (r) are the conjugate ﬁelds, and t(r) is a pressure ﬁeld enforcing incompressibility. The parameters x and N refer to the segregation
in a Flory–Huggins context, and the total number of segments in a multiblock, respectively, while k B and T are Boltzmann’s constant and temperature, respectively. V is the volume of the system and n is the number of molecules in the
volume V. More details on SCFT can be found elsewhere.7
For this article, we assume a multiblock that is symmetric
(AB) n so that A and B have the same volume fractions and
x N=20n. The statistical segment lengths a A and a B are assumed to be equal. Details of the numerics can be found in
Refs. 12 and 13. In order to determine the elastic moduli K 33
and K 44 , we need to know the second derivative of the free
energy with respect to the appropriate deformation E. We can
use Eq. (6) to numerically calculate the equilibrium free energy of a multiblock melt, as described in Refs. 12, 13. One
can also calculate the free energy as a function of distortion
E by varying the size and shape of the SCFT calculation box
according to Figs. 2 and 3. In principle, the system in the
calculation box would rearrange itself so as to relieve the
strain and revert to the equilibrium free energy for any distortion. However, we are using the numerical algorithm ﬁrst
introduced by Drolet and Fredrickson8,14 which searches for
either equilibrium or metastable states. Thus, if the deformations are not too large, then the nearest numerical solution
will, in fact, be the metastable strained state, and we can
construct free energy versus E curves. These curves may be
veriﬁed to be parabolic for small deformations, and the curvature at E =0 would give the elastic moduli.
Speciﬁcally, extensions (Fig. 2) can be examined by
computing the free energy of the lamellar system in the equilibrium box size, and then extending the box in a direction
perpendicular to the lamellae by small increments E, and recalculating the free energy at each increment. To examine
shear is somewhat more involved. Again, we compute the
equilibrium free energy in the natural box size, and then we
shear the box by small increments as depicted in Fig. 3. The
problem is that our numerical implementation assumes our
evaluation points are arranged on a regular rectilinear grid, as
shown in Fig. 4(a). In order to shear this sample, we must
have a more general nonorthogonal spacing between evaluation points, as in Fig. 4(b). We can most easily accomplish
this if we work in a nonorthogonal coordinate system. Then,
the evaluation is the same except for places in the computation where nonlocal operations are performed, such as integrations or differentiations. In fact, after simpliﬁcation, only
one change needs to be made to the computation. Let us
consider the coordinate transformation

FIG. 4. (a) A rectilinear grid of evaluation points for numerical SCFT. For
simplicity, only two dimensions are shown. (b) A more general nonorthogonal grid which results after a shear. The angle e gives the amount of shear;
if it is taken to be 90°, then we recover the rectangular grid. The amount of
deformation has been exaggerated.

x ' =x,
y '=

y
,
sin e

(7)

z ' =z-y cot e ,
where the primed coordinates are the nonorthogonal coordinates, the unprimed coordinates are the rectilinear coordinates, and e is the angle describing the degree to which we
are shearing our system. Thus, E =cot e. For e = ' /2, we
regain a rectilinear system. To use such a nonorthogonal coordinate system, all integrals must be subjected to a change
of variables, for which we will ﬁnd a Jacobian determinant
of sin e. However, from the SCFT free energy (6), and the
resulting mean ﬁeld equations,10 the reader may verify that
everywhere an integral appears, it is normalized by a volume. This volume must also be subjected to a factor sin e,
meaning that in the numerical implementation, no changes
are required to use the nonorthogonal coordinate system, at
least as far as integrals are concerned. Indeed, the only
change that needs to be made is the use of a nonorthogonal
Laplacian in the diffusion equation. (The diffusion equation
has not been explicitly presented in this work, but is central
to SCFT, see for example Matsen’s review.7) Under the
transformation (7), the Laplacian becomes
v 2=
=

a2
a2
a2
2+
2+
ax
ay
az2

(

1
a2
a2
a2
a a
+
+
2
2
2
2 -2 cos e
ax'
az'
ay' az'
sin e a y '

=v ' 2 .

)
(8)

We are using an improved version of the algorithm of Drolet
and Fredrickson8,14 based on the Fourier transform between
real space and reciprocal space.12,13 Writing the Laplacian (8)
in reciprocal space, where it is solved gives
v ' 2 =-k 'x 2 -

1
( k ' 2 +k z' 2 -2k 'y k z' cos e ) .
sin2 e y

(9)

It can be proven by substitution that the k' wave vector is the
wave vector that results from the application of a standard
Fourier transform. In summary, if we perform a standard
Fourier transform, use the Laplacian for our sheared system
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F
U
-S E
-S C
a2
a2
a2
nk B T
nk B T
nk B
nk B
=
+
+
.
2
2
2
aE
aE
aE
aE2
(15)

This allows us to write
S

S

tot
U
K 33
=K 33
+K 33E +K 33C ,

FIG. 5. Schematic of a multiblock copolymer (A n B n ) p , in this case, two
joined diblocks, thus p=2. The A blocks are shown as solid curves, and the
B blocks as dashed curves. The copolymer is parametrized along its length
to run from s=0 to s=1, with the junction points labeled as f i and marked
with black dots. Thus, f 0 =0 and f 2 p =1.

as given by Eq. (9), and perform a standard inverse Fourier
transform, then we will be calculating the diffusion equation
for a nonorthogonal coordinate system, that is, a sheared
system.
Our intention is to apply the above method to compare
the elastic moduli for lamellae consisting of different order
multiblock copolymers. This will provide insight into the
effects of the increased block number on the mechanical
properties. It will not tell us the physical origin of the effects.
For this, we can analyze the components of the free energy as
was originally suggested by Matsen and Bates.15 The free
energy for a multiblock copolymer as depicted in Fig. 5 can
be written as

(

)

SC
F
U
SE
=
-T
.
+
nk B T nk B T
nk B T nk B T

U
xN
=
nk B T
V
-S E 1
=
nk B V

I

1
-S C
=V
nk B

I

dr' A ( r) ' B ( r) ,

dr� E ( r) ln � E ( r) ,

I

(11)

(12)

(13)

where

� E ( r) =

V
q ( r,1) .
Q

S

B=

K 33
,
18

(17)

G=

1
( K +6K 44) .
30 33

(18)

We are not aware of experiments on multiblock copolymers
that measure these two moduli as a function of diblock number. However, Spontak and Smith11 have measured the tensile modulus of multiblock copolymers as a function of
diblock number. Using a standard deﬁnition of the tensile
(Young’s) modulus, E, in terms of the bulk and shear
moduli,6 we ﬁnd
E=

K 33( K 33+6K 44)
.
12( K 33+K 44)

(19)

Expression (19) can be directly compared with the experimental results of Spontak and Smith.11
III. RESULTS AND DISCUSSION

dr[ � E ( r) ln q ( r,1) +w A ( r) ' A ( r)

+w B ( r) ' B ( r)] ,

S

U
, K 33E , and K 33C are identiﬁed with
where the components K 33
the derivatives in Eq. (15). A similar decomposition can be
carried out for the modulus K 44 .
In addition to observing and explaining multiblock copolymer elastic behavior from a purely theoretical point of
view, it is useful to compare the theoretical results to experiment. The calculated elastic moduli K 33 and K 44 are not
quantities that will be directly measured by experiments.
They are for lamellar structures pertaining to a single crystal.
Actual macroscopic specimens will likely be polycrystalline
substances, with many lamellar domains oriented in random
directions. This makes the sample a ‘‘quasi-isotropic’’ material, in that on macroscopic length scales, we expect it to
have elastic properties that are the same in every direction.
By taking the average over orientations of the lamellar domains according to the Voigt and Reuss averaging schemes,
and in turn averaging these according to the prescription of
Hill,16 the bulk modulus and shear modulus for the quasiisotropic sample are found to be

(10)

In Eq. (10), the entropy of the endpoint of a molecule (s
=1) is denoted by S E , whereas the conformational entropy
of a molecule is given by S C . The internal energy of the melt
is given by U.
Let us consider only multiblocks comprised of tethered
diblocks as shown in Fig. 5. The number of diblocks tethered
together will denote the order p of our multiblock. The components of the free energy of such a system can be written as

(16)

(14)

Alternatively, one may think in terms of the components of
the moduli K 33 and K 44 . Equation (10) may be twice differentiated to give

In order to compute the tensile modulus (19), we ﬁrst
need to calculate K 33 and K 44 for various multiblock copolymers. Figure 6 shows the free energy of a tetrablock copolymer (p=2) as a function of relative extension E for both a
regular extension (black dots) and a shear (black diamonds).
As expected, these have parabolic shapes for small distortions. We therefore ﬁt them with parabolas, and calculate the
elastic moduli K 33 and K 44 . The results for different diblock
numbers p are shown in Fig. 7. We note that the variation in
the shear modulus K 44 is much less signiﬁcant than K 33 . It
should also be noted that there exists a large error on the K 33
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FIG. 6. Plot of free energy vs relative distortion E for a tetrablock (p=2)
copolymer. The points are the values calculated from SCFT with the black
dots denoting an extension and the black diamonds indicating shear. The
curves are parabolic ﬁts to the data with the solid line ﬁtting the extension
data and the dashed line, the shear. For the extension data, negative values
of deformation denote compressions whereas positive values denote extensions. All units are dimensionless.

and K 44 values due to numerical accuracy limitations of the
SCFT implementation and the arbitrariness of the parabolic
ﬁt. Since the linear elasticity theory is valid only for small
extensions, the ﬁrst few data points around equilibrium in
Fig. 6 are the most important. Thus, only the ﬁrst few points
should be included in the ﬁt. The cutoff is arbitrary though,
and can affect the value of the moduli. This is particularly
signiﬁcant for the K 44 modulus, which increases in value
quickly with additional data points. The parabolic ﬁt becomes poor however, so we omit the additional points, and
ﬁnd a small value of K 44 with respect to K 33 . Indeed, K 44 is
sufﬁciently small that it can be ignored in calculations of the
tensile modulus E. The lack of variation of K 44 is perhaps
not altogether surprising, given that a number of polymer
properties, such as in viscoelastic phase separation, are in-

Thompson, Rasmussen, and Lookman

FIG. 8. Plot of the dimensionless tensile (Young’s) modulus vs diblock
number p. The black dots are the data points while the solid line is an
exponential regression. The data is plotted on a semilog scale.

sensitive to changes in K 44 . 17,18 Neglecting K 44 in Eq. (19)
gives a tensile modulus that is directly proportional to K 33 . A
plot of E versus the diblock number p is shown in Fig. 8.
Figure 8 shows that the tensile modulus increases with
diblock number p, which is qualitatively consistent with
experiment.11 We have chosen to plot the data on a semilog
scale, and so the line is an exponential ﬁt.
With the qualitative agreement with experiment in mind,
we can analyze the source of the increase of modulus with
diblock number p. Table I gives the modulus K 33 and its
components as a function of p, according to Eq. (16). According to the bridging hypothesis for the strengthening of
multiblock copolymers, the conformational entropy contribution to the free energy of the system should increase as the
bridging blocks stretch,8 –10 and so we should have a positive
curvature. In Table I, the reverse is seen. For multiblocks, the
total conﬁgurational entropy contribution seems to want to
help in contracting or extending the substance. Table I shows
that it is the internal energy that severely increases the curvature enough to cause the increase in the modulus despite
the conformational entropy. This surprising result can be examined further. The free energy plot of Fig. 6 can be decomposed as shown in Fig. 9. The panel in Fig. 9(a) is the internal energy given by Eq. (11), and the panel in Fig. 9(b) is the
sum of Eqs. (12) and (13), and gives the total entropy conTABLE I. Various components of the K 33 modulus for different diblock
SC
SE
U
numbers p. K tot
33 is the total modulus, and is the sum of K 33 , K 33 , and K 33 ,
the internal energy, translational entropy, and conﬁgurational entropy contributions to the modulus, respectively.
p

K tot
33

K U33

K 33E

S

K 33C

1
2
3
4
5
6

4.1
14.9
17.1
24.3
55.9
59.8

3.52
38.32
46.47
71.36
110.36
119.26

-0.58
-1.94
-1.12
-1.38
-2.57
-2.16

1.18
-21.47
-28.25
-45.73
-51.92
-57.33

S

FIG. 7. Plot of the dimensionless elastic moduli vs diblock number p. K 33
is denoted by black dots and K 44 by black diamonds. The solid lines are
guides for the eye.
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FIG. 9. Plot of the internal energy (a) and the total entropy (b) contributions
to the free energy for a tetrablock copolymer. The data points are shown as
black dots and the solid lines are guides for the eye. All units are dimensionless.

tribution to the free energy of the system. The example in
Fig. 9 is for a tetrablock ( p=2) copolymer. It again shows
that the internal energy is solely responsible for the increase
in energy around the equilibrium, and that the entropy contribution is actually near a local maximum. Thus, it appears
that although the bridging fraction and modulus both increase with p, 10,11 the increased bridging fraction does not
cause the increase in modulus, at least for quasi-equilibrium
melt distortions in the linear regime, such as are studied here.
This is perhaps not as surprising as it may seem. Matsen has
pointed out the similarity between the equilibrium phase diagrams of AB diblocks and homologous ABA triblocks.9 For
the latter system, he suggests that the bridging B blocks are
quite relaxed away from the AB interfaces. Thus, upon
‘‘snipping’’ the triblocks to create diblocks, the system
changes little, since the bridges are not ‘‘under tension.’’ A
similar situation can be assumed to occur here in multiblock
systems, such that small distortions close to equilibrium
would have little impact on the elastic modulus, again since
the bridges would not be under tension. Rather, the increase
in modulus is caused by the internal energy, that is, an increase in mixing of A and B monomers upon distortion of
the sample.
The mixing of A and B monomers upon distortion can
be understood by examining Fig. 10, where we present a
slice of the three-dimensional SCFT calculations for the density proﬁles of a tetrablock (p=2) system. The B segment
proﬁle for the system undergoing a tension is shown by the
dotted–dashed curve. The equilibrium conﬁguration for this
system is shown by the solid curve. One can see that the
interfacial width is greater for the extended structure than for
the equilibrium one. Also, the density of monomers away
from the interface is lower for the extended sample than for

Elastic moduli of multiblock copolymers
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FIG. 10. Plot of the dimensionless B segment densities of a tetrablock
copolymer (p=2) as a function of position. The black line shows the equilibrium conﬁguration, the dashed line shows the system undergoing a compression, and the dotted–dashed line shows the results of an extension. The
proﬁles are shifted so that the right-hand side most interface of each overlap.
The z axis is in units of R g , the radius of gyration of the polymer.

the equilibrium sample. Both of these features mean there
are more AB contacts in the stretched system than the equilibrium system. The second feature corresponds to an increase of segments of the wrong type in each of the A/B
domains. In other words, more molecules are free of the
interfaces and are located within the bulk areas. The dashed
line shows the B segment proﬁle for a compressed system.
The interfacial width is slightly narrower in this case, meaning there are fewer AB contacts. The density of monomers
away from the interface is lower however, just as in the
extended case. This will more than compensate for the narrower interfacial width, giving an overall increase in AB
contacts, and thus in internal energy.

IV. CONCLUSIONS

We have studied the linear elastic properties of multiblock copolymer melts with molecules composed of tethered
symmetric AB diblock copolymers. We have found a qualitative agreement with the experimental results of Spontak
and Smith11 for an increase in tensile modulus as a function
of diblock number p. We have demonstrated that the conformational entropy contribution to the free energy does not
increase with p, and thus discount the increase in bridging
fraction10 as the cause for the increase in tensile modulus.
We demonstrate instead that an increase in internal energy as
a function of p is the cause of the increased modulus. The
increased mixing of A and B segments which is responsible
for the increase in internal energy is shown to be due to a
greater number of molecules being pulled out of the interface
to populate the ‘‘bulk’’ regions of the lamellar structure. This
mechanism is present for both compressions and extensions.
For extensions, a widening of the interface also plays a role.
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