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Abstract

Guaranteed Minimum Withdrawal Benefits (GMWB) have become popular riders on
variable annuities. The pricing of a GMWB contract was originally formulated as a singular
stochastic control problem which results in a Hamilton Jacobi Bellman (HJB) Variational
Inequality (VI). A penalty method method can then be used to solve the HJB VI. We
present a rigorous proof of convergence of the penalty method to the viscosity solution of
the HJB VI assuming the underlying asset follows a Geometric Brownian Motion. A direct
control method is an alternative formulation for the HJB VI. We also extend the HJB VI

to the case of where the underlying asset follows a Poisson jump diffusion.

The HJB VI is normally solved numerically by an implicit method, which gives rise
to highly nonlinear discretized algebraic equations. The classic policy iteration approach
works well for the Geometric Brownian Motion case. However it is not efficient in some
circumstances such as when the underlying asset follows a Poisson jump diffusion process.
We develop a combined fixed point policy iteration scheme which significantly increases the
efficiency of solving the discretized equations. Sufficient conditions to ensure the conver-
gence of the combined fixed point policy iteration scheme are derived both for the penalty

method and direct control method.

The GMWRB formulated as a singular control problem has a special structure which re-
sults in a block matrix fixed point policy iteration converging about one order of magnitude
faster than a full matrix fixed point policy iteration. Sufficient conditions for convergence
of the block matrix fixed point policy iteration are derived. Estimates for bounds on the
penalty parameter (penalty method) and scaling parameter (direct control method) are
obtained so that convergence of the iteration can be expected in the presence of round-off

error.
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Chapter 1

Introduction

In this chapter we give an overview of the scope of this thesis followed by our major

contributions. Then we outline the organization of the thesis.

1.1 Overview

The main purpose of this thesis is to study numerical methods for pricing a Guaranteed
Minimum Withdrawal Benefit (GMWB), a popular rider on variable annuities, as a singular
control problem. In this section, we first introduce background information about GMWB
contracts. Then we discuss the previous research on pricing GMWBs with a focus on the
singular control formulation of the pricing problem. This results in a Hamilton Jacobi
Bellman (HJB) Variational Inequality (VI). The HJB VI under investigation is a non-
linear partial differential equation (PDE) for the case where the underlying asset follows a
standard Geometric Brownian Motion and a non-linear partial integro-differential equation
(PIDE) for the case where the underlying asset follows a Poisson jump diffusion process

[39, 15]. Finally we discuss iterative methods for solving the resulting non-linear system



of discretized algebraic equations.

1.1.1 The Guaranteed Minimum Withdrawal Benefit (GMWB)

It is conventional wisdom that the long term investor is better off investing in equities as
opposed to risk free bonds, hence the advice to retirees to invest a significant portion of
their savings in equities. However, as discussed in [40], investing in equities can be very
risky, once retirees begin to draw down their savings. This is because the order of random
returns in this case becomes significant. Losses during the early years of retirement, coupled
with withdrawals, will have a very different end result compared with losses which occur

during the later years of retirement.

In order to mitigate this risk, insurance companies have developed guaranteed minimum
withdrawal benefit (GMWB) guarantees. This contract consists of a lump sum payment to
an insurance company. This initial sum is invested in risky assets. The holder can withdraw
a specified amount each year of the contract, regardless of the performance of the risky
asset. The holder can also withdraw more than the contract amount, subject to a penalty.
At expiry of the contract, the holder is entitled to the value of the investment amount
remaining. This contract allows the holder to participate in market gains, while providing a
certain minimum cash flow. In return for providing this guarantee, the insurance company
receives a proportional fee. Pricing and hedging these contracts is a problem of much
practical interest. For example, the total assets under management for variable annuity
accounts at the end of 2009 reached $1.35 trillion in the U.S. market alone [32]. In the
GMWB survey by Towers Watson, companies responded that an average of 67% of new
variable annuity policies (by premium) contained a GMWB rider [25] The total sales of
variable annuities with a guaranteed retirement income rose 8% to $102.8 billion through

September 30 2010 from a year earlier in the U.S. market [48].



1.1.2 Pricing GMWRB as a Singular Control Problems

There has been limited academic research in the pricing of GMWBs. Milevsky and Sal-
isbury were among the first to create two frameworks for pricing GMWBs [40]. The first
framework is a static approach where the policy holders statically withdraw the contract
amount each year. The annuity with a GMWB can then be decomposed into a Quanto
Asian Put plus a generic term-certain annuity. A similar decomposition approach is dis-
cussed in [36]. The second framework is a dynamic approach where policy holders are fully
rational and lapse the product when it is to their economic advantage. The pricing of a
GMWRB guarantee is then formally formulated as a singular stochastic control problem in
[18]. In [11], a method is developed to solve an impulse control formulation of this problem.

Methods for cases where withdrawals are only allowed at discrete times are given in [0]

and [13].

Historically, it has been argued that the dynamic approach assumes optimal behavior of
consumers, which is unlikely in practice. The authors in [40] claimed that the true value of
the GMWRB lies somewhere between the prices obtained by static and dynamic approaches.
However, it is now considered prudent to price these contracts assuming optimal behavior,
so that a worst case hedge can be constructed [16]. For an extension of these models to

cases involving sub-optimal consumer behavior, see [13].

In this thesis, we focus on the singular control formulation of the GMWB pricing
problem, which leads to an Hamilton Jacobi Bellman (HJB) Variational Inequality (VI).
Stochastic control problems arise in many financial applications [42]. When the set of
possible admissible controls becomes unbounded, the control problem is said to be singular.
A classical singular control problem in finance concerns optimal investment, where an
infinite control corresponds to an instantaneous reallocation between a risky and risk-free

asset [52]. In the context of GMWB pricing problem, the infinite control corresponds to



an instantaneous withdrawal of a finite amount.

In general, the solutions of singular stochastic control problems in finance are not
smooth [42]. Hence, we seek the viscosity solution of such problems [17, 3, [5], well-known
to represent the financially relevant solution (the dynamic programming formulation). A
survey of numerical methods for stochastic control is given in [35] and [43]. Recently, a
penalty method has been suggested in [18] for solution of the HIB VT for pricing a GMWB
formulated as a singular control problem, assuming standard Geometric Brownian Motion.
This method is a generalization of the penalty method used for American options [27].
The penalty method has also been applied to a singular stochastic control formulation of
the continuous time portfolio selection problem [19]. In [I8] [19], numerical examples were
given by the authors to show the convergence of the proposed penalty method. However

no formal proof of convergence was given.

The penalty method is extremely simple to implement, and hence merits thorough anal-
ysis. We conduct a rigorous proof of the convergence of the penalty method discretization
to the viscosity solution of the HJB VI. For a discussion of the advantages of the penalty
method compared with other numerical methods for singular control problems, we refer

the reader to [I§] and [19].

As an alternative, a direct control method was suggested for solving American option
type problems in [31], 9]. We also apply this idea to the singular control formulation of
pricing GMWB problem. It is straight forward to extend the proof of convergence to the

viscosity solution for the direct control formulation.

We further extend both the penalty method and the direct control method to the case
where the underlying asset follows a Poisson jump diffusion process [39, [15], which is a
more realistic model of the real world risky asset stochastic process [24], compared with

the Geometric Brownian Motion.



1.1.3 Iterative Methods for Solving HJB PIDEs

Both the penalty method and direct control method for pricing the GMWB formulated as a
singular control problem lead to nonlinear Partial Integro-Differential Equations (PIDEs).
This is often the case for problems which arise in the context of optimal stochastic control
[35], 42], [43], in which case the nonlinear PDEs and PIDEs are typically Hamilton Jacobi
Bellman (HJB) equations. Other examples include natural gas storage [10, 12, 51], asset

allocation [52] [19] [56], and optimal trade execution [I, [37].

Solutions to such equations are not necessarily unique and one must take care to pro-
vide numerical procedures which ensure convergence to the viscosity solution. In order to
ensure both numerical stability and convergence, implicit methods are typically chosen over
explicit methods. Unfortunately implicit methods result in a nonlinear system of algebraic
equations at each timestep. Solving these nonlinear equations is often the computational

bottleneck.

One popular approach for solving the nonlinear equations resulting from a fully implicit
discretization of HJB equations is based on the idea of policy iteration [35] 26l @]. Policy
iteration proceeds by solving a linear system at every step and then finding the control
which gives the best local solution. The control which gives the optimal value is then used
for the next linear system and the iteration is repeated. Policy iteration is particularly

effective when the linear system is sparse or well structured and hence easy to solve.

When the underlying asset follows a Geometric Brownian Motion, the resulting iteration
matrix is sparse but highly structured. Policy iteration works efficiently in this case.
However, when we want to consider more sophisticated models for the underlying assets
that are more consistent with market data, such as jump diffusion process [39, [15], the
policy iteration matrix would be dense [2I]. Hence the use of a direct solution of each

linear system is prohibitive in terms of cost. Difficulties also arise when the underlying



stochastic process is modeled using regime switching, another model that better fits the
market data [29, [12]. In this case the associated linear system at each iteration is sparse
but the sparsity pattern has lost its structure. Using a direct solution method (even with

a good ordering technique) turns out to be no longer efficient.

We develop an efficient iteration scheme which we call a fized point policy iteration
scheme for solving the nonlinear discretized equations which arise from fully implicit dis-
cretization of HJB equations. We show that our approach converges and that the method
is considerably more efficient than making use of a full policy iteration in the case that
the underlying risky asset follows a jump diffusion process. We show how this fixed point
policy iteration can be used to solve the discretized equations resulting from both penalty
and direct control methods in the case where the the underlying risky asset follows a jump
diffusion process [39, 15]. We refer the reader to [31] for another example of the use of
fixed point policy iteration method, in the case of an American option written on an asset

which follows a regime switching process [34].

The singular control formulation of the GMWB problem has a special structure that
makes a block matrix fixed point policy iteration about one order of magnitude faster than
a full matrix fixed point policy iteration. We derive sufficient conditions of the convergence
of the block matrix fixed point policy iteration and verify that both the penalty method
and the direct control method discretized equations can be solved by using the block matrix

fixed point policy iteration.

In some cases, we observe that the fixed point policy iteration method does not converge
even if theoretical conditions are satisfied. This can be explained by an analysis of the
effects of inexact floating point arithmetic. We derive bounds on the penalty parameter
(penalty method) and the scaling parameter (direct control method) so that convergence

is expected in the presence of inexact arithmetic.



1.2 Contributions

The main contributions of this thesis are

e We review the formulation of the pricing GMWB as a singular control problem and
extend it to the case where the underlying asset follows a Poisson jump diffusion
process [39, [I5]. This results in a HJB variational inequality, which is normally

solved numerically after discretizing the original equation.

e We formulate the discretized HJB variational inequality resulting from pricing a
GMWRB as a singular control problem using both a penalty method [30] and a direct
control method [31]. We use the method described in [55], where central differencing
is used as much as possible, yet still results in a monotone scheme. This results in
noticeably faster convergence (as the mesh is refined) compared to the use of pure

upwinding schemes.

e We carry out a rigorous analysis of the penalty method in the context of the GMWDB
HJB variational inequality when the underlying asset follows a standard Geometric
Brownian Motion. Assuming that the GMWB problem satisfies a strong comparison
principle, we verify that the penalty method is consistent, stable and monotone.
Hence from the results in [B, B8] we deduce convergence to the viscosity solution of
the GMWB HJB variational inequality. The analysis can be easily extended to both
the penalty method and the direct control method when the underlying asset follows

a Poisson jump diffusion process.

e We develop a fixed point policy iteration scheme that is more efficient than the
classical policy iteration in order to solve the algebraic equations resulting from a

class of implicitly discretized HJB PDEs arising in finance. The singular control



formulation of the GMWB problem has a special structure that makes a block matrix
fixed point policy iteration about one order of magnitude more efficient than a full
matrix fixed point policy iteration. We derive sufficient conditions which ensure
convergence of the fixed point policy iteration and verify the conditions required for

convergence of both the full matrix and the block matrix fixed point policy iterations.

e Both the penalty method and the direct control method require specification of a
parameter, which may affect solution accuracy and convergence of the iteration. We
carry out an analysis of this parameter for both formulations. We estimate bounds
for the size of this parameter so that convergence can be expected taking into account
floating point errors. Numerical tests show that the solution is insensitive to the value

of the parameter over several orders of magnitude within the estimated bounds.

e We discuss the advantages and disadvantages, from a computational point of view,
of the singular control formulation compared to the impulse control formulation of

this problem.

e Although in this thesis we specifically consider the GMWB pricing problem, the
methods we analyze here can be easily applied to many other singular stochastic

control problems in finance.

e [t appears that the direct control formulation has some advantages compared to the

penalty formulation. We recommend the use of the direct control formulation.

1.3 Outline

The rest of this thesis is organized as follows. In Chapter 2| the GMWB pricing problem

is formulated as a singular control problem with the assumption that the underlying asset



follows a standard Geometric Brownian Motion. This leads to an HIB PDE/VI. In Chapter
a penalty method is introduced to solve the resulting PDE. The discretization of the PDE
by standard finite differences with maximal use of central differencing is discussed. The
proof of convergence of the discretization is then described. Chapter [4] introduces a direct
control method to solve the PDE and the discretization. In Chapter [5] we describe how
to extend the HJB PDE to the case where the underlying asset follows a Poisson jump
diffusion process for both the penalty method and the direct control method. The resulting
equation is an HJB PIDE/VI. Chapter @ focuses on the iterative methods for solving the
discretized algebraic equations. We review various techniques and present the fized point
policy iteration scheme. Sufficient conditions are derived to ensure the convergence of the
fixed point policy iteration. A full matrix and a block matrix fixed point policy iterations
are introduced for both the penalty method and the direct control method. Chapter
presents numerical results of fixed point policy iteration scheme. In Chapter [ we discuss
floating point roundoff error considerations in the context of the fixed point policy iteration,
both for the penalty method and the direct control method. Numerical results are presented
to demonstrate the effect of the floating point error on the iteration. We draw conclusions

in Chapter [9



Chapter 2

Singular Control GMWB Pricing
Problem

In this chapter we formulate the pricing of a GMWB guarantee as a singular control prob-
lem assuming that the underlying asset follows a standard Geometric Brownian Motion.
In Section 2.1} the GMWB pricing problem is posed as an HJIB PDE/VI. In Section
boundary conditions are discussed. In Section the formal definition of the GMWB
as a singular control problem is given and viscosity solutions are briefly discussed. We

summarize the main results of this chapter in Section

2.1 Formulation of HJB VI

This section briefly reviews the singular control formulation of pricing a GMWB guarantee
in [I§] and introduces the notation to be used in the rest of this thesis. We use W =
W (t) to denote the amount in the variable annuity account and A = A(t) to represent

the guarantee account balance. We assume that the risky asset S which underlies the

10



variable annuity account (before the deduction of any proportional fees) follows a standard
Geometric Brownian Motion under the risk neutral measure. To be more precise, S satisfies

the following stochastic differential equation
dS =rSdt+ oSdZ, (2.1)

with r the risk free rate, dZ an increment of a standard Gauss-Wiener process, and o the

volatility associated with dZ.

The major feature of the GMWB is the guarantee on the return of the entire premium
via withdrawal. The insurance company charges the policy holder a proportional annual
insurance fee 7, in return for providing this guarantee. Consequently, we have the following

stochastic differential equation for W:

(r—mWdt+ocWdZ +dA ifW >0,
dw = (2.2)

0 it W =0.

Let v = «(t) denote the withdrawal rate at time ¢ and assume v € [0,00). An infinite
withdrawal rate corresponds to an instantaneous withdrawal of a finite amount. The policy
guarantees that the sum of withdrawals throughout the policy’s life is equal to the premium

paid up front, which is denoted by wy. As a result, we have A(0) = wp, and
t
A(#) = wo — / (w)du, A(t) >0 . (2.3)
0

In addition, almost all policies with a GMWB have a cap on the maximum allowed
withdrawal rate without penalty. Let G be such a contractual withdrawal rate, and x < 1

be the proportional penalty charge applied on the portion of the withdrawal exceeding G.

11



The net withdrawal rate f(7) received by the policy holder is then

¥ 0<v<G,
f(v) = (2.4)
G+(1-r)(v=-G) v>G.

Let V(W, A,t) be the value of the variable annuity with a GMWB. The no-arbitrage
value V(W, A, t) of the variable annuity with a GMWB is therefore given by [1§]

V(W, A t) = 72[1[%2{0) E, e MY max((1 — k) A(T), W(T)) + /tT e f(y(u))du|
(2.5)
where T is the policy maturity time and the expectation F; is taken under the risk neutral
measure. The withdrawal rate 7 is the control variable chosen to maximize the value of
V(W, A, t). Equation represents the expected, discounted risk neutral cash flows from

the guarantee, as discussed in [18].

With an abuse of notation, we now (and in the rest of this thesis) let V =V (W, A, 7 =
T —t). It is shown in [I§] that the variable annuity value V (W, A, ) is given by the
following Hamilton-Jacobi-Bellman (HJB) Variational Inequality (VI)

min |V, — LGV — Gmax(FV,0), k—FV | =0. (2.6)
where the operators Lg and F are defined as

2
LoV = %WQVWWJr(r—n)WVW—rV,

FV = 1-Vy—Vy. (2.7)
Equation (2.6 or the equivalent form ([2.5) are commonly used by insurance firms to

12



determine the no-arbitrage value of the GMWB contract. The solution is also used to

determine a hedging strategy for the contract [40, [6] T3], 28] 25].

2.2 Boundary Conditions

2.2.1 Localization

The original GMWB problem is posed on the domain 2>
(W, A, 1) € [0,00) x [0,wp] x [0,T] . (2.8)

For computational purposes, we define the GMWB problem on a finite computational
domain, as in [1§],

Q" = [0, Winax) X [0,wo] x [0,T] . (2.9)

We will analyze the convergence of the numerical scheme to the problem defined on QF.
Later, we will show that by solving the GMWB problem on successively larger domains,
we converge to a unique limiting solution as Wy, — 0o. We will also confirm this from

some numerical experiments.
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2.2.2 The Terminal and Boundary Conditions

Define the following sets of points (W, A, 1) € QF

Qo = [0, Whax] X [0,wo] x {0},
Qw, = {0} x (0,wp] x (0,T]

QWmax = {Wmax} X [07(4)0] X (O7T]

Qa, = [0, Whax) x {0} x (0,7]
Qin = QL\QTO\QWO\QWmax\QAO
00, = Qo U, U UQu . (2.10)

For (W, A, 1) € Q4,,, we solve

min |V, — LGV — Gmax(FV,0), k —FV| = 0

(W,A,7) € Qi - (2.11)

As discussed in [I8], at maturity, the policy holder takes the remaining guarantee with-
drawal net of penalty charge or the remaining balance of the personal account, whichever

is greater. Therefore at 7 = 0, the terminal condition is

V(W,A,r=0) = max [W, (1- H)A}

(W, A,7) € Qo . (2.12)
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As W — 0, Viy — 0 [I8] (since W must be nonnegative). Thus, at W = 0, equation ([2.6))

becomes

min [V, —rV — Gmax(1 — V4,0),k — (1 =V4)| = 0

(W, A, 7)€ Q. (2.13)

As W — oo, according to [I8], the withdrawal guarantee becomes insignificant for W
sufficiently large. More precisely, a straightforward financial argument shows that the

exact boundary condition at Wi, is

1
V(WmaX7 A7T) - e_nTWmax<1 +0 <W )) ) Wmax — 0. (214>
Therefore as in [I8, 23], we impose the following condition at Wi,ax

V(WmaX7A7T) - e_nTWmaxy

(W, A,7) € Q. . (2.15)

As A — 0, no withdrawal is possible, so the variational inequality becomes the following

linear PDE [11]

V. = LgV

(W, A, 1) € Qy, . (2.16)

Note that as discussed in [I§], no boundary condition is required at A = wy due to
hyperbolic nature of the variable A. Since equations (2.13)), (2.16] can be solved without

any knowledge of the solution in the interior of QF, they are essentially Dirichlet conditions.
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2.3 Compact Representation

We now write the GMWB problem in a compact form, which includes the terminal and

boundary conditions as a single equation. Define vector x = (W, A, 7), and let DV (x) =

(Viy, Va, V) and D?*V (x) = Viyw, and the equation

ForV = F(D*V(x), DV (x),V(x),x) = 0,x € QF,

where operator FrV is defined by

FQLV -

with operators

(

FnV = Fu(D?V (x), DV (x), V(x),x),
Fa,V = Fa (D?V(x), DV (x), V (%), x),
Fw,V = Fw (DV (x), V(x),%),
FWaV = o (V (%), %),

FV = F(V(x),%),

X € Qs
x € Qy,,
x € Qw,,
X € Qw,urs

x €,

F,,V =min [V, — LGV — Gmax(FV,0), k — FV],

FaV =V, — LgV,

Fw,V =min [V, +rV — Gmax(1 — V4,0), k — 1+ V4],

Fw,.V=V—-—eTW,

F.oV =V —max [W, (1—-kr)A].

(2.17)

(2.18)

[\]
]
)

—~ —~ —~ —~ —~
[\ [\
[\ —

~— ~— ~— ~— ~—

Definition 2.3.1 (Singular Control GMWB Pricing Problem). The pricing problem for
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the GMWB guarantee using a singular control formulation is defined as

For(D*V(x), DV (x),V(x),x) =0 . (2.24)

Clearly, For satisfies the ellipticity condition
For(D*V(x) + 6, DV (x),V(x),%) < Fo(D*V(x), DV (x),V(x),x) ; Y6>0 (2.25)

since the coefficient of D*V (x) in Fye is non-positive. Note that Fy,: is discontinuous [5] 3],
since we include the boundary equations in Fqr, which are in general not the limit of the

equations from the interior.

In the following, let u* (u.) denote the upper (lower) semi-continuous envelope of the

function u : X — R, where X is a closed subset of R, such that

u'(2) = limsup u(z), UL () = lilﬂrgn_)iélfu(x). (2.26)
i?z,zzc_ég( z,xeX

In general, the solution to a singular stochastic control problem is non-smooth, and we

seek the viscosity solution.

Definition 2.3.2 (Viscosity Solution). A locally bounded function V : QF — R is a
viscosity subsolution (respectively supersolution) of (2.24) if and only if for all smooth test
functions ¢(x) € C?, and for all mazimum (respectively minimum) points x of V* — ¢

(respectively V, — ¢), one has

(For)«(D?$(x), D(x), V*(x),x) < 0

( respectively — (Fou)*(D*¢(x), Dp(x), Vi(x),x) > 0) . (2.27)
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A locally bounded function V' is a viscosity solution if it is both a viscosity subsolution and

a viscosity supersolution.

In [49], it is shown that an impulse control formulation of the GMWB pricing problem
(under a jump diffusion) satisfies a strong comparison principle. However, there does not
seem to be a proof of this result for the singular control formulation of this problem. [I§]
states but does not prove the comparison principle for equation . Let I' C 090;,. We

make the following assumption.

Assumption 2.3.1 (Strong Comparison). The GMWB singular control problem as given
in Definition[2.3.1] satisfies a strong comparison result in $;, UT', I' C 082;,, hence a unique

continuous viscosity solution exists in 2, UT.

Remark 2.3.1. We cannot in general hope for a continuous solution over the whole of
QOF. It is possible that loss of boundary data can occur over parts of O,. For example, for
points near Q. ., if it is optimal to withdraw a finite amount instantaneously, then the
HJB equation degenerates to a first order equation, with outgoing characteristics. Hence
the boundary condition at some points in Q.. may be irrelevant, in the sense that the

boundary condition at these points does not influence the interior solution.

[42] discusses another case where singular control problems cannot be continuous over
the entire closed solution domain. It may be the case that the terminal condition at Q0 is
not compatible with the control problem in the sense that it may be optimal to immediately
make a transaction the instant after T = 0. This would result in a discontinuity in the
solution as T — 0, from points in Q¥\Q,o. However, this does not occur in our case, since

it 1s never optimal to make an instantaneous withdrawal at T = 0T, with the particular
wnitial condition .

All these issues need to be addressed in proving a strong comparison property, in order

to define precisely those regions in I' we can expect a continuous, unique viscosity solution.
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However, the location of I' has little impact on the computational algorithm. The bound-
ary data 1s either used or irrelevant. In all cases we can consider the computed solution as

the limiting value approaching 0$2;, from the interior.

Remark 2.3.2. Note that in the case that an asymptotic form of the solution as Wiax — 00
is not available, it is possible to impose an arbitrary boundary condition (satisfying certain
growth conditions) and take the limit as Wiy — 00. This will converge to the viscosity

solution in the unbounded domain, as shown in [])].

2.4 Summary

The main results of this chapter are as follows:

e We formulate the pricing of GMWB as a singular control problem which results in
an HJB PDE/VI with the assumption that the underlying asset follows a standard

Geometric Brownian Motion.
e We discuss boundary conditions of the resulting PDE.

e We formally define the GMWB as a singular control problem in a compact represen-

tation and discuss viscosity solutions.
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Chapter 3

Penalty Method

This chapter discusses the numerical scheme for solving equations by using a penalty
method. Section [3.1]informally derives the equation to give some intuition for penalty
method numerical scheme. Section discusses the finite difference discretization and how
to use central differences as much as possible for the penalty method. In Section we use
a matrix form to represent the discrete penalized equations. In Section a rigorous proof
is given to show that the discrete penalized equations converge to the viscosity solution of

the problem in Definition [2.3.2] Section summarizes the main results of this chapter.

3.1 Informal Derivation of HJB VI and the Penalized

Form

We repeat here the informal derivation of equation (2.6]) given in [18] to give some intuition
for the formulation of the penalized HJB PDE/VI. Suppose that we restrict the maximum
withdrawal range to be in v € [0,9] with ¢ > G finite. Let ¥ = 1/e. Then it is shown in

[18] that the variable annuity value parameterized by e, denoted by Ve(W, A, ) is given
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from the solution to the following HJB equation

Ve = LgV®+ max h(v), (3.1)

~v€[0,9]

where Lg is given in (2.7) and h(7y) is given by

h(v) = f(v) —vViy — Vi

(1-Vi5 —V5)y if 0 <~y <G,
— v (3.2)

(1-Vy = Vi —k)y+ kG ify>G.

An informal derivation of equation (3.1)) using a hedging argument is given in Appendix
The function h(7) is piecewise linear, so its maximum value is achieved when v is 0, G,

or Y. Assuming v > G, we then have

.

0 it FVe <0,

max h(y) = ¢ GFVe if0 < FVE < g, (3.3)
'76[0779}

k7L9(.7-"V6 — k) + kG i FVE > k.

The first two cases for m[zg%] h(y) in (3.3) are identical to G max(0, FV¢). Substituting
v€10,
(3.3) into (3.1), we obtain (with ¥ = 1/¢)

— VE 4+ LGV 4+ max |G max(0, FVF), @ + KG] =0. (3.4)
The value function Ve(W, A, 7) is then the solution of
_ FVe
min |V: — LGV — Gmax(0, FV®),V: — L5V — kG + %] =0. (3.5)
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We can rewrite (3.5)) (since ¢ > 0) equivalently
min {Vf — LgV® — Gmax(0, FV®),k — FV 4+ (VF — LgV°© — nG)] =0. (3.6)

Taking the limit ¢ — 0 (which corresponds to an instantaneous withdrawal of a finite

amount) gives the following HJB variational inequality
min[VT — LgV — Gmax(FV,0), H—fV] =0. (3.7)

Consequently, we can see, at least intuitively, that

e—0

lim{Vf — LgV*® — max {G max (0, FV*), @ + /{G} } -0 (3.8)

is equivalent to equation (2.6). Keeping ¢ finite, we can rewrite equation (3.8) in control

form

Vi = LgV© + max
©€{0,1},9€{0,1}
Pp=0

eGFVE + (@ + nG)] : (3.9)

The basic idea of the penalty method is to discretize equation , and let ¢ — 0 as
the mesh and timestep size tend to zero. In Section [3.4] we will give a rigorous proof that
this algorithm converges to the viscosity solution of equation , provided that equation
satisfies a strong comparison principle.
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3.2 Discretized Equation

3.2.1 Penalty Form

We will discretize the penalty form of the equations (3.9) and show that the discrete
equations converge to the viscosity solution of the problem in Definition [2.3.2] Using the
notation DywV = Viyw, DwV = Vi and DAV = Vy, in (W, A, 7) € Q4 U Qy, we will

discretize
VE = LoVEE max | @GFVE 44 (w n KG)
©€{0,1},1€{0,1} €
»p=0
(W, A7) € Qi UQy, . (3.10)
where
o2
EgVE = ?VVQ'D[/VW‘/€ + (T - H)W'DV[/VE —rVe, (3.11)
FVE = 1 —-Dy Ve —-DyVe . (3.12)

and we understand that ¢ =1 = 0in Qu,. At W =0, we discretize

1—-DyVeE —
Ve = —rVe+ max [ng(l —DAVE) + (( AVE = K) + HG)]
©e{0,1},4€{0,1} €
pp=0
(W, A, T) € Quy, - (3.13)

3.2.2 Discretization of the Penalized Equations

We will discretize equation (3.10) and equation (3.13)) in the domain i, U Q4 U Q.
We use an unequally spaced grid in the W direction, given by {W4y,... W, ..., W, . }.
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The nodes in the A direction are denoted by {A4;,..., A
Wiiow = Winax and A,

Tmax ]max

We will always assume that W, > A

max Jmax *

j,...,

A ..}, where Wy = A; =0,

Jmax

= wy. We denote the n'* time-step by 7 = nAr, with N = T/Ar.

Denote the approximate solution at (W;, A;,7") by V. We use a standard three point

finite difference method to approximate the Dy V' derivative.

This approximation is

second order for smoothly varying grid spacing. The D4V derivative is approximated by

a first order backward differencing method. The Dy V' derivative is approximated by a

second order central differencing or a first order forward/backward differencing. Let D%,

D}, and Dy (defined in Appendix [B.1)) denote the discretized first and second order

partial differential operators. The discretized Lg and F operators can then be written as

- CW2EDy Vi + (r — m)WiDh Vi — Vi,
LeViy =
_rvln],
1 — Dy Vi = DRV, (Wi, Ay 1) € Qi
F'VE = 41— DLV, (Wi, Aj, ) € Qg
0, (I/ViijaTn) S QAO

\

(VV’L'7 A]7 Tn) € Q’Ln U QA
(3.14)

(VVi? AJ’? Tn) € QWo

(3.15)

Using fully implicit time-stepping, equation (3.10]) has the following discretized form

Y+l _ oy (FhyH — k)
J Eh 'nfi-l G‘;E'hvn-i—l ,] G
AT i 0e{0 r1I}1,{C}jé{o 1} [SO o T € T
pp=0
=12, imax— 1, J=1,2,. .., Jmax, n =0,1,...
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or equivalently

—+1
Vi v
_— = max
AT 0e{0,1},pe{0,1}
Pp=0

Fhyrat — g
LEVIT + oGFM VI 4y (—( - i I€G>

=12, imax— 1, 7= 1,2, ..., Jmax, n:071a7N_1?(317)

and finally (by expanding the £, F" and D" operators)

1
Vit -
_— = max
AT 0e{0,1},9€{0,1}
pp=0

A(pwvn-i-l n+1(907,¢)vn+1 + q"ﬂ(g&,@/))] ’

i=2,3, . imax— 1, 5 =23, jmae, n=0,1,...,N—1,  (3.18)

where operator Ag,w is defined as

AL Vi = al (0, 0) Dl Vi + b7 (0, 0) DR Vi — ¢ (0, ) Vi (3.19)
and
o n G+¥
aﬁg(%ib) - TWE ’ pz,]<307¢) = (wA;fE) )
(e, ) = (r=mWi—(eG+Y), ¢y(p,¥) = oG+v(EE+kG),  (3.20)
A (o) = 74 O AAT = A, — A,
Wi\ Y= AL ;o= A - A

Remark 3.2.1. We have written the coefficient a; ; = a; ; (¢, 1) although there is no explicit

dependence on (p, 1)) in this case in order to keep the result more general.

Let

(erj0) = argmax | AL V400, )V + ¢ (e, 0)| . (3.21)
»e{0,1},9€{0,1}
pyp=0
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Equation ({3.18]) becomes

n+1 _ n
AT el

=23, imax— 1, 7=2,3,. . Jmax, n=0,1,...,N—1. (3.22)

we VT i (O VIS + 6l e i

Z7]

The discretized D{}VVZ’; term in Ag’wViZ can be obtained by applying central, forward,
or backward differencing to the Dy, V® term. A few steps of algebra show that the Ang

operator can also be written equivalently as

AZ@V{E = O‘Zj(gpaw)v;ﬁl,j ( (SO ¥) + (‘P V) +ng(90 ¢))Vn + (90 V) ﬁﬂ,ja
1=2,3, . yimax — 1, J=2,3, . Jmax, n=1,2,..., N —1. (3.23)

The af;(p, %) and B7;(¢,9) in (3.23) are determined by the differencing method used in
W direction, af; € {07 cents O forppack t> Big € {Bjcents Bii forjback }» Which are defined
in Appendix B.2l We use central differencing as much as possible in the W direction to
ensure that the positive coefficient condition is satisfied (see [44])

a; . >0 ; >0. (3.24)

aj_

Because ¢; ; > 0 always holds, condition (3.24)) is a sufficient condition to ensure a positive
coefficient discretization scheme. Note that different nodes may use different differencing

schemes.

By applying forward or backward differencing to Dy V¢ in the equation (3.10), the
positive coefficient condition is guaranteed. In [I8], central differencing is used on Dy V®
term in LgV*® and backward differencing is used on Dy, V' term in FV¢. This requires a grid

spacing condition in order to satisfy the positive coefficient condition. Because backward
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differencing in FV¢ gives a first order truncation error in the W direction, whereas central
differencing is second order correct (for smooth functions), we would like to use central
differencing as much as possible on the Dy, V¢ term both in L5V¢ and FV*. However,
we must ensure that the positive coefficient condition (|3.24]) is satisfied. To use central
differencing on the Dy, V¢ term and maintain a positive coefficient condition at the same

time, we require

1 (r—n) - Y o)
W
W W o2, ’ (3.25)
( ﬂ+lc+£)
1 (r—1) —
T b (3.26)
Wigqn =W — a2W; ' '

In [55], the authors discussed maximal use of central differencing for HJB PDEs. Note
that the differencing method to be used at a given node depends on the value of control
parameters. At a given node, for a given control parameter value, we first try to discretize
the Dy, V¢ term by using central differencing. If this gives positive coefficients as described
in , central differencing will be used for the node for this given control parameter
value. Otherwise, either forward or backward differencing will be used for the node given
this control parameter value. In our case, since we have three possible control parameter
values, at each node we determine the differencing method for each one of the three control
parameter values. The local optimization criterion in (3.21)) subsequently determines which
control parameter value is the optimal value. The differencing method corresponding to
this optimal control parameter value is then chosen to discretize the equation for the given
node. Note that it is shown in Appendix that at least one of central, forward or

backward differencing must result in a positive coefficient scheme.

Equation (3.22) holds for (W;, A;, 7") € Q;,. The discrete forms of equations (2.12)),

27



(2.15)), (2.16) and (3.13) are as follows. For (W;, A;, 7""') € Q.0, (7" = 0) we have simply

V;Oj = max|[W;, (1 — k)A;] . (3.27)

In the region (W;, A;,7"™) € Qu, condition (3.13) is imposed by using equation (3.22))
with

a/?jj_l = 5?3_1 = 07] = 27 37 e ajmax- (328)

For (W;, A;, 7"™1) € Q4,, condition ([2.16)) is imposed by using equation (3.22)) with

et = Mt =0 i =12, imax — L.
it = pift=0; i=1. (3.29)
At W =W,,..,or (W, A;, 7") € Qu,.., we have (from equation (2.15))
n+1 AT n
Vi ettt =vr (3.30)

assuming V;?nax = Whax- By setting

J

n+1l _ . n+tl _ omn+1 . n+l  _ nt+l .
g = 1 Q5 = Bi i = P = Vi = 05 (3.31)
j:1727"'7jmax7
in equation ((3.22)) we obtain
1 n+1 1 n
(= tnVii = A—T‘/Qmax,j (3.32)

AT

which is a locally second order approximation to equation (3.30)). Consequently, at all
points (W;, A;, 7)€ Q\Q,0, an equation of the form (3.22) holds, if we define V' =
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n+1 . n+l __
v, =Vt =0,

tmax+1,J

3.3 Matrix Form of the Discretized Equations

It is convenient to use a matrix form to represent the discretized equations. In this section
we define a number of matrices and vectors to represent the discretized PDE in (3.22)).

Define vectors

!/
vl = ( s Vays o Mfﬁax,j)
vt o= ((U:,l)l7 (U:ﬁ)l? M) (U:,jmax)/)/ : (333>

Define an 4, X timax tridiagonal matrix AJT‘ so that the entry on the i"* row and £ column

is defined as

_aZj ifk:i_laiZQw"vimax
-6 fhk=i+11=1,... 0pa — 1
[A}‘]i,k: ’ (3.34)
~ ol AL fk=di=1,. . ina
0 otherwise .

\

Define an 4, X imax diagonal matrix PJTL so that entries on the diagonal are defined as

P A < i — 1,
Prlii=1¢ " (3.35)

0 ifi =iy
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Let vectors ¢ ; and q" be defined by

@ = (@55 1,0)
qn = ((q?,l)/’ (q:,Q),7 R (q:,jma,(),)/ : (336)

We can write equation (3.22)) as

n+1 n+1 n+1 n+1 o
A Usj P *j—1 7 Ar *J

+ gt (3.37)

*7]
where

{902;-17 n+1} —

arg max [ﬁI—A?H(SO 0)]ort! —|—P”H(g0 D+ @ (g, w) . (3.38)
LpE{O,lq}j;wg{O,l}
=

For notational completeness, we adopt the convention that v§* = 0. Note that AJT‘“ =
n+1 n+1 __ n+1 n+l _  n+1 I .

A (p, ), P =PI (0, 0), ¢ = ¢} (p, ¥), through the local optimization problem

- An exception occurs at j = 1, where P1"*! is a zero matrix and ¢/7" is a zero

vector. Aj no longer depends on the value of the control variables {¢, v} or time nA7

due to the boundary condition at A = 0. The matrix form of the degenerate equations

becomes

Aot = —of, (3.39)

on the boundary j =1 (i.e. A=0).
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Define matrix Z" such that

A 0 0 0 0
~PZ AL 0 0 0
| 0 “Pi Ap 0 0 (3.40)
0O 0 0 . A' ., 0
o 0 0 .- -P A}

We can write equation (3.22)) as

1
7yt = gttt (3.41)
AT
where
{oi i = argmax =127 (o, ) [vi T + g e, )| . (3.42)
»€{0,1},5€{0,1} i
Pp=0

Remark 3.3.1. The matriz Z"™ is an M matrix, for it is strictly diagonally dominant with

non-positive off-diagonal entries [53].

Remark 3.3.2. We remind the reader that a matrix A is an M matrix if the offdiagonals
are nonpositive, A is nonsingular, and A=* > 0. A sufficient condition for a matriz to be
an M matrix s that the offdiagonals are nonpositive, and each row sum is strictly positive

(i.e. strictly diagonally dominant) [535].
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3.4 Convergence of the Penalized PDE Discretization

From [B, [3] we find that any scheme which is monotone, consistent (in the viscosity sense)
and [, stable converges to the viscosity solution. In the following sections, we will verify

each of these properties in turn for the penalty scheme.

It will be convenient at this point to introduce the following definitions

AI/Vrnax = maX(VViJrl - Wz) AI/Vmin = min(WiJrl - Wz)

AAnax = max(A; — Ay) AApin = min(Aj1 — Aj).
J J

3.4.1 Stability

The stability of scheme ({3.22)), (3.27)-(3.32)), is a direct result of the following Lemma:

Lemma 3.4.1 (Stability). If the discretized equation (3.22)) satisfies the positive coefficient
condition (3.24)), then scheme (3.22), (3.27)-(3.32), satisfies

eTW S VIS W+ Ay (3.43)
for0<n < N as A1 — 0, AWyin — 0, AAL;, — 0.

Proof. Define a discrete bounding function B}'; such that

Bgfj =W+ A;. (3.44)
Define vectors

b= (BY, By, ... Binag) 5 b= (0000, b ) (3.45)
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Then, some straightforward (but lengthy) algebra shows that

1

Z' (bt vty = A—T[b” — V"] + W (v (3.46)

where

n+1
(1] WWi 1A + (PTG + 2 ) (1= 80) + U7 R (1/e = G) i < s > 1,
ij =
n(W; + A;) otherwise ,

(3.47)

where §; ; is the Kronecker delta. Since 1/e > G, then h"™' > 0. Assume b" — v" > 0,
then, since Z"*! is an M matrix, b"™! — v"*1 > 0. Note from the initial condition (3.27)),

we have b? — v > 0. Hence

V< Wit Ay, Vn, (3.48)

YR

For the lower bound, define the lower bounding grid function

Ly =t 4
W (T4 AT)" (3.49)

Following a similar approach as used for the upper bound, we find that

Wi o e, (3.50)

n

vt > —
W= (14 nAT)
[

Remark 3.4.1. For a given finite domain QF, bound clearly implies that ||V"||s
is bounded. However, note that for fixzed (W, A, 1), bound 15 1ndependent of Wiax,
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which is an tmportant property if we solve the problem in Definition on a sequence

of larger domains.

3.4.2 Consistency

This section shows that the discretization scheme ([3.22)), (3.27))-(3.30) is consistent with

the singular control GMWB pricing problem as defined in Definition |2.3.2

Consider the discretized equation (3.22)), and the associated discretized boundary con-
ditions (3.27)-(3.32). We make the following assumption regarding the mesh/time-step

size.
Assumption 3.4.1. There exists a mesh/time-step size parameter h such that

P AW A AT e
G G G Oy

where C; (i =1,2,3,4) are positive constants independent of h.

Equation (3.22)) is equivalent to equation ({3.16]), which can be re-written as

'n'+1 _un ( h ‘n"'rl _
1, ?, h n+1 h n+l
—[JT Vi _ LBV — maX<Gmax(f Vo),

or equivalently

Vi —yn 1
%) A o £g‘/zz+1 — kG = g(fh‘/iZJrl _ KJ),

min

Yyt _yn
1, 1,) hyrn+1 hy n+1 _
LY A — EQVM+ — G max(F VZ»J-Jr ,O)] =0.
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(3.51)

+K) + IiG) —0, (352)

(3.53)



Equation (3.53|) implies that one of the following holds with equality:

2, %, hyn+1 hy n+1
# — LEVIH — kG — 5(7: Vi — k) >0, (3.54)
n+1 n
Vigm = Vii LAyl — G max(F MV 0) >0 (3.55)
AT g 1,] 2V} ! - ) ’

Since € > 0, equation ({3.54)) is equivalent to

(P E S k) ¢ (= PV 20 (3.56)

As a result, equations (3.55)) and (3.56)) can be combined to give

n+l _qm+1 n+1 n+1 . n
Hij =Hi; (h Vi AV s ”)

» Y,
J or b#j

yrtl _yn . Y
7‘) 27] n 1 n 1
JT — EQVJ — G max(F V;f ,0), (3.57)

=min

=0,

e (JA—T] — LGV — RG) + (k= FV

where {Va”;“l a#i 18 the set of values Va”;rl, a=1,2,.. igaxand b=1,2 ... jnax, (a,b) #
’ or b#j ’
(i,7). We can re-formulate the discretization scheme (3.22)), (3.27)-(3.32)) at node (W;, A;, 7")

into one equation:

n+1 n+1 n+1 . n
Gig | Vi ,{Va,b azi 5 Vij
or b#j

(

Hn{rl (Wu Aj7 Tn+1) S Qin U QWo U QAO?

2%

Wi, A.77_n+1 S QW
Vi max

17] )

— n+1 n
VIR (14 nAT) =V

\VZ;H —max [W;, (1 — r)4,], (Wi, 4;,7") € Q.

0. (3.58)

35



We follow here the definition of consistency in the viscosity sense [3]. For an excellent

overview of this topic, we refer the reader to [33].

Definition 3.4.1 (Consistency). For any smooth test function ¢(W, A, 1) with gzﬁ”“ =
d(W;, Ay, 7)) having bounded derivatives of all orders with respect to W, A, and T,

assuming the mesh/time-step size parameter h satisfies Assumption the numerical

scheme g;g“( AR Ll ,{¢Zj}) is consistent if Vx = (W, A,7) € QL vxf! =
or b#£j

l] ?

(Wi, Aj, 7)€ QF, the following two inequalities hold.

hmsupgn“(h OB Y e {0 +h}) <(Fo)'(6®),  (359)

n+1 A
X,L- j —X

7h—>0
h—0

lim inf G (h G+ h, {ontt + h} o {or; + h}> >(For).(6(X)). (3.60)
—% b#j

n+1
Xij

h—0
h—0
where (Fqr)* and (Fqr ), are the upper and lower semicontinuous envelopes of Fqr. Before

proving consistency, we shall need an intermediate result, which is given in the following

Lemma.

Lemma 3.4.2 (Local consistency). Suppose the mesh size and the time-step parameter
satisfy Assumption m then for any smooth function ¢(W, A, 7) having bounded deriva-
tives of all orders in (W, A, 1) € QL with gb”“ d(Wi, Aj, 7, and for by h sufficiently
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small, we have that

gt (h O+ h {olt + 1} a#,{cb +h}>

FudfT'+O0(h) +O(h) , (Wi, A, 7" ) € Qu
Fio ¢! '+ O(h) + O(h) ., (W, Ay, ") € Quy,
= ocb"“ +O(h)+0(h), (Wi, A, 7" ) € Qu, | (3.61)

Fitu 1T+ O(h) + O(R) , (Wi, Ay, 7Y € Qu,

\ Fro¢itt 4+ O(h) (Wi, Aj, 7)) € Qo
n+1

where h is a constant independent of X7

Proof. Before proving the Lemma, we first define the following notations for the operators

applied to test functions, evaluated at node (W, A;, 7"*1).

Lodlf" = Loo(IWi, Ay r) Fou = Fo(W,, Apr)
(¢W)n+l ¢W(VV17 A]’ Tn+1) ; (¢A)n+l (bA(Wla AJ7 Tn+l) )
(¢T)n+1 = ¢T(VV27 A]a 7_n+1) .

By definitions of discrete operators £ and F" in ([3.15), it can be easily verified that

LT+ h) = LESIT —rh (3.62)
Fh (@i +h) = fhcb?jl - (3.63)
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From Taylor series expansions and the last two equations above, we have that

LA + h) = LooM! — rhi+ O(AWina), (3.64)
Fr o + k) = Fort + O(AWhax) + O(AApax), (3.65)
ntl _ gn
Lt = (¢ )+ O(AT). (3.66)
AT

By using equation (3.57)) together with the discretization error estimation in the last
three equations above, and the inequality | min(z,y) — min(a, b)| < max(|z — al, |y — b|),

we can see for nodes (W;, A;, 7"1) € Qyy:

gznj—t-l (h ¢n+1 +h {¢n+1 —f-h} af;,a{ﬁj +h}) . 1n¢n+1
or b#j

ntl _gn

< max % — L@ + h) — Gmax [F (¢} + h),0]

- (00ns" - £t~ s 7] |

¢n+1

h n+1 o
| < A — Lg(oi; +h) KG)

(F¢n+1 :/t'h( Z;—l —f-h))|

S max O(AT) + O(AWmax) + rh + G‘fh(gb?’j_l + h) F¢n+1

O(AWpax) + O(AApax)

L gn
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= max

O(AT) + O(AWhax) + O(AWhax + AApax) + 7R

I

O(AWax) + O(AApnax) (3.67)

27‘7

+e((¢r)i" = Eggb?’jl +rh— kG + O(AT)) + O(AWax)) “ .

By Assumption and the inequality (3.67]), we obtain
gt <ha P e hY e {07+ h}) = FuglT +0(h) + O(h).  (3.68)
’ or b#j ’ ’

This proves the first equation in (3.61]). The rest of the equations in (3.61]) are proved by

following similar arguments. O

Lemma 3.4.3 (Consistency). Assume that all conditions in Lemma are satisfied,
then scheme (3.58)) is consistent according to Definition m

Remark 3.4.2 (Consistency in the viscosity sense). Given the local consistency result in
Lemma it is straightforward to show that scheme s consistent in the sense
of Definition [3.4.1. We will include these steps here for the convenience of the reader,
although this is mainly an exercise in notational manipulation. In general, however, we
may not be able to get local consistency everywhere. As an example, in [11)], there are nodes
in strips near the domain boundaries where local consistency is not achieved. In this case,
the more relazed definition of consistency in the viscosity sense is particularly useful, and

the final steps required to prove consistency are non-trivial.

Proof. First we prove that the inequality (3.59)) holds. From the definition of lim sup, there
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exists sequences iy, ji, Nk, ir and hy such that

as k — oo, X::“;rl — X, by — 0, hy — 0, (3.69)
and
s 02 (e 05+ e {00551 ) g {0+ ) )
_hmsupg"“( o+ h, {on}! +h} o A7 +h}) (3.70)
xn'!' —X j
ii—>0
h—0

From Lemma [3.4.2] we have for k sufficiently large, there exist positive constants C7, Cy

independent of k£ such that

n ng+1 ng+1 ne+1
g@;‘rl (hk’ (blkk,;: + hk’ {(éalljj;k + hk} apFiy {¢1k Jk + hk} ) - FQLQbZkk,;;

Oor Ok 7#Jk

< Cyhgp + Coly, 5 (W Aj

iy “ 3k

ruthy e Qb (3.71)

Remark 3.4.3. Suppose, for example, that X € Qu,. Note that for k sufficiently large,

Xﬂk-ﬁ-l

i can be in either Qwy, or Q. However, in each case, from Lemma we have

that inequality holds. This is a consequence of the definition of Fqr.
From equations (3.70)) and (3.71]), we obtain

lim sup anj“ (h, P 4h, { ml 4 h} a;éz K {07, + h})

n+1

X; ;i —X

h—>0
hA—0

<limsup Fqe qﬁzck;cl + lim sup [C1 hg, + Cohig]
k—oo k—o0

<(For)"(4(%)) - (3.72)
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Similarly,

lim inf G/'1* <h A h} ol {or; + h})

n+1 PN
X, T —X
7

h—0
h—0

> lim inf Forg*tt + lim inf [—Cihy — Calir]

>(For).(¢(%)). (3.73)

3.4.3 Monotonicity

Definition 3.4.2 (Monotonicity). The numerical scheme GJ';™ (h, VI VI s V”)
or b#£j
in (3.58) is monotone if for all Y7, > X':, Vi, j,n

Zj’
gn-H (h, V;T;—H {Y;’z;-l a#;é‘ ’ ”) < gn—i—l (h, ‘/173—&-1 {Xn—H ‘l?é;é. ,Xn ) ) (374)
or b#j

Lemma 3.4.4 (Monotonicity). If scheme satisfies the positive coefficient condition
then it is monotone according to Definition[3.4.3

Proof. This is easily done using the same steps as in [26]. O]

3.4.4 Convergence in QF

Theorem 3.4.1 (Convergence to the viscosity solution). Assume that scheme sat-

isfies all the conditions required for Lemmas|3.4.1), [3.4.5, and|3.4.4, and that Assumption

holds, then the scheme converges to the unique, continuous viscosity solution
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of the GMWB problem given in Deﬁnition at any point in S, UL (see Definition of
I' in Assumption m)

Proof. Since the scheme is monotone, consistent and pointwise stable, this follows from

the results in [5]. O

Remark 3.4.4. Note that since we have assumed that strong comparison holds only in

Qin UL, then we can guarantee uniqueness and continuity only in 2, UT.

3.4.5 Convergence in (*

The asymptotic form of the solution for W — oo is given in [18], which we impose at finite
Winax through boundary condition (2.15)). This, of course, causes an error due to finite
Winax (see equation (2.14))).

Consider a sequence of converged viscosity solutions (V (W, A, 7))*, which satisfy Defini-

tion on the sequence of grids ()%, k — oo, with WE__ > WF-1 Tn [4], the limiting
problem of convergence to the viscosity solution on unbounded domains with quadratic
growth in the solution is discussed. It is possible to appeal to the results in [4] to show

convergence as (Q)F — Q°°. However we can use a simpler approach for problem at hand.

For simplicity, and to avoid notational complexity, we consider only points in (Q,)* in

the following, since from Theorem [3.4.1| we are ensured of convergence at least to points
We will use the following elementary Lemmas.

Lemma 3.4.5 (Bounds on solution on (£;,)%). The converged viscosity solution on each

domain (Qn)* has the bounds

WS (VIW,AT))F<W 4+ A . (3.75)
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Proof. Since the discrete solution satisfies the bounds in Lemma [3.4.1] independent of A,
Winax, we take the limit as h — 0, and hence the viscosity solution satisfies these same

bounds. n

Lemma 3.4.6. The following bound holds
VW, A, ) > (VW A ) (W A7) € (Qn)F . (3.76)

Proof. We can regard (V (W, A,7))*" on domain (QF)*, as the solution to the GMWB

pricing problem on (QL)*, but with a known boundary condition at W = W __  which in

max’

general is not the same boundary condition as used for V (W, A, 7))*. From Lemma [3.4.5]

we have that

(V(Wwk

max’

A77_))k+1 > efnfwk

max

= (V(W,

max’

A, T))F (3.77)

Hence (V/(WE

max’

A, 7)) and (V(WFE

max’

A, 7))* are solutions to the same PDE and bound-

ary conditions, with the exception of the boundary condition at W = W which satisfies

max’

equation . Consider two discrete solutions (V/(W, A, 7))k, (V(W, A, 7)), defined
on the same set of nodes in (), and assume that the discretization satisfies all the
conditions required for Theorem [3.4.1 Then, from Theorem 5.2 in [26], we have that
(V(W, A, 7))t > (V(W, A, 7))F at all the nodes. Take the limit as h — 0, and noting
that (V(W, A, 7))t — (V(W, A, 7))+ and (V(W, A, 7)) — V(W, A, 7))*, we obtain
result (3.76)).

O

Theorem 3.4.2 (Convergence in Q). Consider the sequence of grids (QF)*, with WFF! >

max
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Wk and

max

lim (QX)F = Q. (3.78)

k—o0

For any fized point (W, A, 7) € () we have that the sequence (V (W, A, 7))¥ converges

to a unique value (V(W, A, 7)) as k — oo.

Proof. Given a fixed point (W, A, 7), from Lemma we have that the solution is a non-
decreasing function of the domain index k. But from Lemma [3.4.5] the solution is locally
upper bounded independent of the domain index k. Hence the sequence (V (W, A, 7))*, k —
oo is bounded and non-decreasing, and thus converges to a limit (V' (W, A, 7))*. Consider

another set of increasing domains (QL ). Suppose this set of domains converges to a value
(VW A, 7)* > (V(W, A7) (3.79)

But, applying Lemma m to subsequences of (L) and (QL)’“ leads to a contradiction,
hence the limit (V (W, A, 7))* is unique. O

Remark 3.4.5. We apply scheme to a sequence of problems with smaller h, for fixed
Winax- We then increase Wi and repeat the process. Since we use unequally spaced grids,
it s computationally inexpensive to choose a large Wiy, hence the process of determining

the limit Wi — 00 s rapidly convergent, in practice.

3.5 Summary

This chapter focuses on using a penalty method to discretize the HJB PDEs resulting from

pricing GMWB as a singular control problem. The main results are
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We informally derive the HJB PDE of (2.6, which gives some intuition for the

penalty method numerical scheme.

The derivative terms are discretized by using standard three point finite difference
with maximal use of central differencing on the first derivative term while maintaining

a positive coefficient condition [44].

We give a rigorous proof that on a finite domain, the discretization is monotone,
consistent and stable, hence assuming that a strong comparison property holds, we
can guarantee the convergence to the viscosity solution as the mesh size parameter

h — 0.

We show that as Wi.x — 00, at any fixed point (W, A, 7), the discretization converges

to a unique limit. This proof makes use of the tight stability bounds in Lemma |3.4.1]
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Chapter 4

Direct Control Method

This chapter discusses a direct control method for solving the HJB PDE in . Section
introduces the scaled direct control form of the GMWB pricing problem. Section
presents the discretized scaled direct control form of the equation. Section presents
the matrix form of the discrete equation. In Section [4.4] we discuss the convergence of
the numerical scheme and prove the stability of the direct control method. We finally

summarize the main results of this chapter in Section

4.1 The Scaled Direct Control Form

A direct control technique was previously suggested for solving American option type
problems in [9, [3T]. Similarly, for the GMWB problem, one can simply discretize the

control form of equation ([2.6]

min Yk —=FV)+ (1 =)V, = LV —GFV)| =0. (4.1)

»€{0,1},9€{0,1}
=0
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Observe that the term k — FV is dimensionless whereas V, — L5V — G max(FV,0) has
dimensions of currency/time. Hence equation compares quantities having different
units. Of course, in exact arithmetic, this is not an issue of importance. However, an
iterative procedure for solution of the discretized equations will involve a test comparing
two (in general) non-zero quantities. Hence scaling becomes important. Consequently, we

introduce a scaling factor IT > 0 into equation (4.1))

min IT - FV 1—P) (V.= LV —pGFV)| =0. 4.2
_omin T = FV) 4 (1= 0)(V; — LoV~ ¢GFV) (42)
pyp=0
Remark 4.1.1 (Scaling Factor). By introducing a scaling factor with dimension of cur-
rency/time, we ensure the comparison is conducted on two items with the same units. Of
course, this still leaves the size of the scaling factor as arbitrary. We will exploit this fact

to ensure the convergence of an iterative method in Chapter[f] with a suitable choice for I1.

4.2 Discretized Equation

We will discretize equation (4.2) in the domain i, U4, UQyy,. We use the same unequally
spaced mesh and notations as defined in Section for the penalty method discretization.
If we define V't = Vit o = Vit = 0, then equation (4.2) can be written in the

Zmax+17]

following discrete form

( ¢n+1)< Vn+1 £gvn+1 Zj—lG(DIi/lV‘/;ZJrl + DAvn+1))
—|—H wn—i—l( VZ;‘-H + DAVn—H)

n 1 n n n n
= (1 — =V + T (1 — k) + (1 — i Deria

>AT
(Wi,Aj,TnJrl) € Qin U QAO U QWO y (43)
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where

VTL“F]- —_Vn
it o) = e |STpe- PV - (1) (S
’ pe{0,1},4€{0,1} ’ AT
pp=0

—(ﬁé%@+l+wafhmz+l>) WAL Y e Q. (1)

i

(902;_17 @Zjn—’—l) = (O, 0) ’ (I/sz Aja Tn+1) S QAO ) (4’5)

DUV = 0, (W A7) € Qg (46)

n+1
i,J

A=0. At W =0, we have Dy V = Vjy = 0.

and we understand that go"“ = = 0 in Q4, because no withdrawal is possible when

When w’”l = 1, only first derivative terms appear in the equation. We use backward

differencing on both D}, and D operators and solve the following equation:

n+1 ( 1 + 1
g AW’ SLTRAWS T AAS AA* w1

M =1, 0=2 . imax— 1, 5 =2,.., fmax, (4.7)

2¥)

n+1 _ n+1
)‘/;,j+ - ¢+H< Kj)7

When @Z)”H 0, the D% operator is still discretized by using backward difference.
However since the diffusion term appears in the equation, this allows us to use a central
difference for the D}, operator in the equation as long as we maintain the positive coefficient
condition in . Using a similar approach as in Section for the penalty method, we

can write equation (4.3 . for @D"H = 0 case (by expanding L, F" operators and backward
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differencing the D% operator) in the following form

(Vn+l ‘/zZ)

n+1
(1—=97) Ar
n n n G n n
= (1 - ,QZ) +1) ”',H‘/;',j—’—l + ngj_lAA_V +1 + SO +1G
Pt =0, 0i=2,. imax— 1, =2, .. max, n=0,...,N—=1,  (4.8)

and operator Bh has a similar form as the operator A" » 88 1n equation (3

BV = aii(9)Diw Vil + b (0) Dy Vil — el () Vi

AN
= O‘Zj(SO)Vz‘Z‘ - (aZj(SO) + 73(90) + C?g(%"))v/; + Zj(@)‘/i:b-l,j

but with different coefficients as follows

n _ g 2 n _ 7 —
ai,j(‘P) = 7Wz ) bz‘,j(‘P) =(r—nW;— oG , Cz‘,j(SO) = ( AAJ-_) ) (4.9)
and of; and G}, are computed by using the coefficient defined in (4.9). For maximal

use of central differencing, we discretize the term D{}VV” in BZV[; to ensure the positive

coefficient condition in (3.24). A more detailed description is given in Appendix .

Equation (4.7) and (4.8) hold for (W;, A;, 7""!) € Q. For (W, A;, 7") € 0%, the
results are the same as those in penalty method. We refer readers to equations ((3.28)) -
(3.32)) in Section for a detailed derivation and only present results here.

e For (W;, A;, 7)€ Qo,

VY =max[W;, (1—r)A;] . (4.10)
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e For (W;, A;, 7"t1) € Qu,

ag‘l?_;l = Ilyj—l = 07 j = 27 3’ tt 7jmax . (4.11)

e For (W;, A;, 7""1) € Qyu,

(‘OZTI = Q/JZTHH = 07 Z = 17 27 cee ,imax—l . (412)

afft=ppt =0, i=1. (4.13)

e For (W;, A;, 7"*) € Qu,...

n+1 . n+1l __ on+l n-+1 :wn—i-l 207 (414)

imaxd 0 Qo = Pimaxd — Pimaxd imax,]

j:172a"'7jmax-

Consequently, for all nodes (W;, A;, 7""1) € QF\Q,0, an equation of the forms (4.7) and
(4.8) holds and we remind the reader that for notational completeness we define Vb”;r s

n+1 _ n+1l __
‘/;'max'i']wj - 7’70 - O‘

4.3 Matrix Form of the Discretized Equations

We use a matrix form to represent the discretized equations in (4.3]), which consists of

equations (4.7) and (4.8)), and the associated boundary conditions in (4.11))-(4.14]). Define

an imax X Imax tridiagonal matrix D? so that the entry on the " row and k* column is
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defined as

—P. AW, — (1 —=9f)ai ifthk=i—1,i=2,...,
—(1=4i)B ifk=i+1,i=0,...,
[Dgl]zk: e
v (AW, )—l—(l— )(AT—Fa + 8t +cry) fk=di=1... inax
0 otherwise .
\
(4.15)

Define an imax X imar diagonal matrix Lj so that entries on the diagonal are defined as

P+ (1 -
[Lilii = o4

0 i 5 = 4.

Pl -G i i < e — 1,
5J 5J AAJ (416)

Define an iyax length column vector A} ; such that the entry on the i'" row is defined as

Pl = T =R+ (L ) (Vi + 66 (117
We can then write equation (4.3)) as
Dyttt — Lt = Rl (4.18)
where
{goalz;A? n+1 _
argmax | =D (o, )l T+ LI (@, 0ol + R (e w) | L (419)
¢€{0,1}1€{0,1} i

pp=0

o1
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Similarly as for the matrix form of the discretized equations for the penalty method,
for notational completeness, we adopt the convention that v} = 0. Note that DJTLH =
DI (i, ), LT = Lt (1), hlht = Wit (g, 4), through the local optimization problem
1} An exception occurs at j = 1, where L]t is a zero matrix and h"Jrl AL vy ;. The
matrix D; no longer depends on the value of the control variables {p, 1} or time nA7

due to the boundary condition at A = 0. The matrix form of the degenerate equations

becomes
n 1 n
D1U = EU*’l (420)
on the boundary j =1 (i.e. A=0).
Let
0 o - 0 0
D, O 0
Lz 0 - 0 0
0 D .- 0
: : 0
o 0 - Dr
O 0 U _L.’glmax 0
and
Z"=D"+L". (4.22)
Let vector h™ be
n n n n /
h = ((h2,), (hLo)s - (RE)) (4.23)
Using the the v" notation as defined in , we can write equation (4.3) as
Z" vy tt = h (4.24)
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where

{Pih ity = argmax | =Z"(p,)viH b (g, 0) | (4.25)
’ ’ 0e{0,1},€{0,1} ;
Pp=0

Remark 4.3.1. It is easy to verify that matrix Z"™ has non-positive off-diagonal entries.
However, because when v; ; = 1, the corresponding row sum of [Z”]M equals zero. This
makes matrix Z™ no longer diagonally dominant. Hence it is not obvious that Z™ is an
M matriz. In order to see that Z™ is an M matriz, we split the Z™ into the sum of a
block diagonal matriz D™ and a lower triangular matriz L™ as defined in . The row
sums of D™ are strictly positive and the off -diagonals are non-positive due to a positive
coefficient discretization. Hence D™ consists of diagonal blocks, each of which is a strictly
diagonally dominant M matriz. Since —L" is non-positive, a straightforward computation
shows that Z" is non-singular and that (Z™)~* > 0. The matriz Z" is therefore an M
matriz. Appendix@ uses a 3 X 3 block Z"™ as an example to show (Z™)~! exists and is non-
negative. Continuing in this way, it can be shown that (Z™)~' exists and is non-negative

n general.

4.4 Convergence

For the proof of the convergence of the discretization scheme in , and associated
terminal boundary conditions - , consistency and monotonicity are relatively
straightforward. The stability proof is more involved. By taking a similar approach as
used to prove stability of the penalty method as in Section [3.4.1, we obtain the following

results.

Lemma 4.4.1 (Stability: Direct Control Method). If the discretized equations in (4.7) and
(4.8) satisfy the positive coefficient condition (3.24)), then scheme (4.7), (4.8)), (4.10))-(4.14),
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satisfies

e S VIS W+ A, (4.26)
for0<n <N as A1 — 0, AWyin — 0, AA;, — 0.
Proof. We use the same discrete upper bounding functions B}'; = W; + A; as defined in

(3.44]) and the vector b™ as defined in (3.45). Then, some straightforward (but lengthy)
algebra shows that

n n n 1 n n mn
[Zm (" = v = (1= ¢i,j)E[b — v+ (8" iy (4.27)
where
] (L= Wi+ 74 + (P G(L = b)) + 9 TR i <, J > 1
i
n(W; + A;) otherwise ,
(4.28)

where 9, ; is the Kronecker delta. Assume b™ —v™ > 0, then, (1 — w;f;?l)[b” —v";; >0.

Since g™ > 0, then Z" ™ (b —v"*1) > 0. Because Z""! is an M matrix, b" ™! —y7*l >
0. Note from the initial condition (3.27), we have b’ — v® > 0. Hence

Vi< Wit Ay, Yn. (4.29)

For the lower bound, following a similar approach as used for the upper bound, by using

the lower bounding function L; = W;/(1 +nA7)" as in (3.49), we find that

W' n
TA P LR Q8 VA 4.30
W= T paryr ~ © (4:30)
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4.5 Summary

This chapter focuses on a direct control method to solve the GMWB pricing equation. The

main results of this chapter are

e We introduce a scaled direct control method to solve the HIB VI in ({2.6)).
e We describe the discretization of the scaled direct control form of equations.

e We prove the stability of the discretization. Together with consistency and mono-
tonicity (which can be proven using the same steps as in Chapter [3), and the as-
sumption of the strong comparison principle, the scaled direct control discretization

converges to the viscosity solution.
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Chapter 5

Jump Diffusion

In this chapter, we extend the GMWB pricing problem by assuming the underlying asset
follows a Poisson jump diffusion process. Section formulates the GMWB pricing prob-
lem for the case of jump diffusion, which results in an HJB PIDE/VI. The resulting PIDE
is then written both in a penalized form and scaled direct control form. Boundary condi-
tions are discussed in Section Section describes the discretization of the resulting
PIDE. Section briefly sketches the proof of convergence of numerical schemes. Section

summarizes the main results of this chapter.

5.1 GMWRB Pricing Problem with Jump Diffusion

5.1.1 Formulation of HJB PIDE

Increasing empirical evidence shows that the standard Geometric Brownian Motion is not
consistent with market data [24]. A Poisson jump diffusion process [39] [15] is one of the

popular and more realistic models of the risky asset stochastic process. Assuming that the
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risky asset S which underlies the variable annuity account (before the deduction of any
proportional fees) follows a Poisson jump diffusion process as in [39], the risk neutral paths

followed by S then satisfy the following stochastic differential equation

d
g = (r — Ap)dt + odZ + (J — 1)dY, (5.1)

with r the risk free rate, dZ an increment of a standard Gauss-Wiener process, and o the
volatility associated with dZ. In the above, dY is an independent Poisson process and A

is the jump intensity representing the mean arrival rate of the Poisson process:

0 with probability 1 — A\dt
dy = , (5.2)

1 with probability Adt

with J a random variable representing the jump size of S. We assume that J follows a

log-normal distribution p(J) given by

__1 (_<log(J)—V>2
V2rCJ P 2¢?

p(J) )| (5.3)

with parameters ¢ and v, p = E[J — 1], where E[-] is the expectation, and E[J] = exp(v +
(?/2) given the distribution function p(.J) in (5.3)).

Generalizing the formulation in [40, 18|, B0] to the case with stochastic process (|5.1)),
the value of the guarantee V (W, A, 7) is given from the solution to the following Hamilton-

Jacobi-Bellman (HJB) Variational Inequality (VI)

min|V, — LV — ATV — Gmax(FV,0), k — FV| =0. (5.4)
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where the operators £, F and J are defined as

2
LV = %WQVWW+(r—n—)\p)WVW—(r+)\)V

02

= ?WQDWWV +(r—=n—=Ap)WDyV —(r+ NV
FV = 1-Vw—=Va=1-DyV —DuV

TV = / VWAl dJ (5.5)

while Dy, Dy and Dy w denote the usual partial derivative operators.

5.1.2 Penalized Form

By extending the idea in Section equation (5.4 can be reformulated in penalized form

as

Ve = LVEHATVE + max
©€{0,1},9€{0,1}
pp=0

CGFVE + (@ + nG)] . (5.6)

5.1.3 Scaled Direct Control Form

By extending the idea in Section [4.1] one can simply discretize the control form of equation

(5.4), as in [9],

| - - LV ATV — —0. .
<p€{0,{§:,lwn€{0,1} Y(k=—FV)+ Q=) (V: = LV = ATV —GFV)| =0 (5.7)
=0
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Equivalently, with the scaling factor IT > 0 applied to equation ({5.7), we obtain the fol-

lowing scaled direct control form of equation

' Tk — 1— LV — _ —0. .
we{O,{r};,lw%{O,l} Yk —=FV)+ A=)V =LV = ATV —GFV)| =0 (5.8)
=

5.2 Boundary Conditions

5.2.1 Localization

The original problem ([5.4), or equivalently, (5.6) or (5.8) is posed on the domain Q> =
[0, 00] % [0,wp] x [0,T] as in (2.8). For computational purposes, we localize these equations

on the finite computational domain of QF = [0, Wiy X [0,wo] % [0, 7] as in ([2.9).

5.2.2 Terminal and Boundary Conditions

Define the following sets of points (W, A, 1) € QF

Qo = [0, Wiax) % [0,wp] x {0},
Qe = {0} x (0,wq] x (0,T]

Qw. = {Wiax} x [0,w0] x (0,7

Qa, = [0, Whax) x {0} x (0,7
O = Qo UQu, UQy, UQy,
Qi = [Winaxs Winax) % [0,wo] x (0, 7]
Qin, = Q\O\ Qi
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For (W, A, 1) € Q,,, we solve

min |V, — LV = ATV — Gmax(FV,0), k= FV| = 0

(W, A, T) c Qma . (510)

The integral term in the equations are computed by transforming it to a correlation integral
which then can be computed efficiently by FFT. In [20], the author describes how to
determine the value of W, based on Wmax so that FFT wrap-around effects are less than

a user specified tolerance.

At expiry time 7 = 0 and when W — 0, the terminal and boundary conditions are the

same as those for the standard Geometric Brownian Motion case.

V(W,A,7=0) = max [VV, (1— /{)A}
(W, A, 1) € Q0 ; (5.11)
min V;—?“V—GIH&X(l—VA,O),K—(1—VA)1 =0

(W, A, 7)€y, . (5.12)

As W — oo, we make the common assumption that Viyy ~ 0 as in [23]. We assume
that for W > Wi, V is linear and Viyy = 0. Consequently, for (W, A, 7) € Q;y, the
PIDE reduces to the Black-Scholes PDE [8] 38, 20]. Effectively, assuming Viyw = 0,
that is equivalent to setting A = 0 in equation and we solve

min |V, — LGV — Gmax(FV,0), k —FV| = 0

(W, A, 7)€ Qny . (5.13)

According to [I8], the withdrawal guarantee becomes insignificant for W sufficiently
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large, so we use the same boundary condition as for the no jump case discussed in Section

2.2] The exact boundary condition at Wi,y is

V(Whax, A, 7) = e"TWmaX<1 +0 < )) : Wnax — 00 (5.14)

Wrnax

Therefore as in [I8, 23], we impose the following condition at Wi,

V(WmaxaAaT) = einTWmaxa

(W, A, T) € Que - (5.15)

Note that the integral term in equation ({5.10)) requires information for W > W... Based

on equations ([5.14]) and (5.15)), we assume that
VW, A, 1) =e W ;5 W > Whax , (5.16)
so that the integral term can be written as as

TV(W, A7) = /oo V(JW, A, 7)p(J) dJ

Wmax/W 0o
_ / VW, A, )pl]) dJ + / TWp(J) dJ
0 Winax/W

Wnax/W oo
= / V(JW, A, T)p(J) dJ +e W p(J) dJ (5.17)
0 Winax /W

Note that JV is non-zero only for W < Winax. As described in [23], we can select W

Wiax SO that
/ p(J)dJ < €, (5.18)

Wmax/Wmax

where €, is any desired tolerance. In the following, we assume that we have selected ¢;
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sufficiently small so that the integral term in (5.18)) can be ignored, so that

OWmaX/W V(JVV; A’ T)p(J)dJ if W < I/i/vmatx )

0 W > Wi -

TV(W, A, 1) ~ (5.19)

As A — 0, no withdrawal is possible, so the variational inequality becomes the following

PIDE

V. = LVA+ANTV
(W, A, 1) € Qu, . (5.20)

Note that as discussed in [I§], no boundary condition is required at A = wy due to

hyperbolic nature of the variable A.

5.3 Discretized PIDE

5.3.1 Discretized Integral Term J"V

Aside from discretizing the PDE part, we need to further discretize the integral term JV
in equations and . We use J"V to denote the discretized integral term. The
discretization technique is to transform the integral term into a correlation integral com-
bined with a use of the midpoint rule as described in detail in [23] 22} [54]. No information

is needed outside the domain (i.e. W > Wy,.x) since we assume equation ((5.19)) holds.

62



5.3.2 Discretization: Penalty Method

As discussed in Section with ¢ = C'A7 and The final discretized form of (5.6 becomes

1 ’L

Evi’r;grl _ LhVZ;H + g[J;'«JG(DAVWA + ph Vn+1) ] (DAanrl +ph Vn+1)
1-—

= NIV iy 015G+ iy RG) + A—VL’Z , (5.21)

where
(90;:]’7 ¢Zj) = argmax | G(1 — DAVT“rl DWV”+1)
»€{0,1},9€{0,1}
eY=0
1 —Dh Vn+1 Dh Vn+1

+p(—— L " kG| . (5.22)

3

%

We can also rewrite equation ((5.21)) in an equivalent form (using a backward difference for
D})

1 n+1 hy n+1 * "H'l n+1 Z* ”+1 n+1
ot n . D D
AT‘/’LJ E V;,] + SOZ,]G(AA + WV ) e (AA— + WV )
. . .1 1
= )‘[jhv H]ij + SOi,jG + %]( )+ EV”
TN
(SO’L]G_‘_ J)AA_‘/;]+11 : (523)
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5.3.3 Discretization: Direct Control Method

Equation ([5.8) can be written in the following discrete form

* ]' n n * mn
(1~ ,) (Evm“ — LUV 4 o GDR VT + Diavi,j“))

+IL 7 (D Vi + DRV

* 1 n * % n "
= (L= vi) 57 Vi + (L= m) + (1= 0i) (Mjhv iy + %-,JG> . (5.24)
where
yrtl _yn
;ﬁ‘a : = arg max 11 /{—fh‘/i”f"l —(1— ( %, 1,
(¢ J 77Z),J) goe{o,lg},we{o,l} W( g ) —( V) —x
pp=0

_()Chv;z—l-l_}_)\[jhvn-l-l]id_}_SOGJ:h‘/Z}—H))]

(5.25)

We can also rewrite equation (5.24]) in an equivalent form (using a backward difference for
D})

n+1 n+1
0w (G = T O PRV ) TG + DR
L Vit
= (L=oi) Vi + i (L =+ 20)
anij-l
+(1 = 97;) (A[jhvnﬂ]m + go;ijG(A“i; + 1)) . (5.26)
J
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5.4 Convergence: Jump Diffusion Case

Using the methods in Chapter [3] we can show that discretizations (5.23)) and (5.26]) are
monotone, consistent and stable. The details are algebraically tedious and not particularly
illuminating given the results in Section [3.4] hence we give only a brief sketch of how this

can be done. We assume that J"V is discretized as in [23].

Monotonicity

The discretization in [23] uses the midpoint rule, hence the coefficients of Vi’:frl in [J"V] ?]H

are non-negative and sum to less than or equal to unity [23]. Hence the additional discrete

n+1 . .. . . . .
term [j hVL.j results in a positive coefficient discretization.

Consistency

Since the midpoint rule is O(h?) for smooth functions, this easily follows.

Stability

We can use the same method as used in Section [3.4.5, The easiest way to do this is to

alter the definition of the mean relative jump size p slightly. Recall that
p=FE[J-1=E[J—-1. (5.27)

Instead of using the exact expression for E[J], we evaluate this using the same quadrature
rule used to evaluate the [j hV}, i.e. E"[J]. This is obviously a consistent approximation.
Then when we substitute the bounding function into the discretization or
, all the discrete jump terms cancel and we can proceed exactly as before. The lower
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bound proceeds in the same way by substituting the bounding function (3.49) into the

discretization.

5.5 Summary

This chapter describes how to extend the GMWB pricing equation to the case where the

underlying asset follows a jump diffusion process. The main results are

e The GMWB pricing equation is an HJB VI/PIDE for the jump diffusion case.

e Both the penalty method and the direct control method can be used to solve the
resulting PIDE.

e We use a slight modification to the Geometric Brownian Motion case for boundary
conditions. The region €2, is further divided into 2;,,, and €2;,,, with the assumption

of linear behavior for nodes in €2, .

e Using the technique of transforming the integral term into a correlation integral
combined with a use of the midpoint rule [23] [54] and the standard three point finite
difference for derivative terms, we discretize both the penalized form and the scaled

direct control form of the resulting PIDE.

e We briefly sketch how to extend the proof of convergence to the viscosity solution for

the standard Geometric Brownian Motion case to the jump diffusion case.
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Chapter 6

Fixed Point Policy Iteration

In this chapter we discuss a fized point policy iteration scheme for solution of the discretized
equations for the singular control formulation of the GMWB pricing problem. Section
discusses existing iterative methods and presents the fixed point policy iteration scheme.
Section derives sufficient conditions for the fixed point policy iteration to converge.
Section discusses a full matrix fixed point policy iteration for solving the discretized
HJB PIDEs. Both the penalty method and the direct control method are discussed. Section
presents a block matrix fixed point policy iteration for solving the same problem with
a significant improvement of efficiency. We finally summarize main results of this chapter

in Section [6.5]

6.1 Methods for Solving Algebraic Equations

In [26] a number of problems in financial modeling were presented in a general form as
nonlinear HJB problems. These problems were then solved by implicitly discretizing the

resulting PDE and then solving the resulting discrete algebraic equations. For the appli-
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cations addressed in [26] an efficient method for solving the associated algebraic systems

made use of a (Newton-like) policy iteration scheme. The equations (5.21)), (5.23)), (5.24)

and resulting from the GMWB pricing problem can also be written in such a gen-
eral form. However, when the risky assets follow a Poisson jump diffusion process, the
policy iteration has significant efficiency drawbacks. In this section we describe a new
procedure, called fixed point policy iteration which provides a method for overcoming these

computational bottlenecks. This method is a generalization of the method in [23].

6.1.1 Matrix and Vector Notations

It is convenient to use a matrix form to represent the discretized equations. Let N =
Imax X Jmax D€ the size of the W x A plane grid. We use the following notation for 7.y

length and N length vectors

_ !
Vg = (V15025 s Vipanrj)

Vo= () (0e2)s o (00 (6.1)

where v, ; is of length in. and v is of length N. Similarly, we can write the controls as

vectors
X5 — (Xl,j7 X255+ - 7Ximax,j)/ s
X = ((Xe1) (=2)'s s (Kojma) )5
Xij € X ={(p,¥) | ¢€{0,1},9 €{0,1}, 00 =0} . (6.2)
Let
=14 (j — 1)imax with 1 <7 <ipa and 1 < 5 < jinax, (6.3)
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then

[vejl, = vij
g ’UZ

C=i+ (5 — 1imax - (6.4)

As a result, we will sometimes refer to the same entry in the N-length vector v as v, or v, ;,
which will be clear from the context. It is convenient to represent the algebraic equations
by matrix notation. In this thesis we use boldface capital letter T to represent an N x N

matrix with entries [T, = Ty,. We will also refer to the G G max X imax subblock of T

using the notation T;. These subblocks will be defined in Section

6.1.2 Discretized Equations in Matrix Form

At each timestep, we solve for the unknowns Vizﬂ in equations (5.21) and ([5.24). Letting
[Vs5]i = VZ}H, the algebraic equations at each timestep can be represented in the following

general form as suggested in [20].

sup{ ~T(U¥ + 600} =0, (6.5)

XEX

with T a square matrix, c, x vectors and where X is a set of controls. Equation (6.5]) is

interpreted as

with x; = argmax[—T(X)v%—c(X)} . (6.6)
xeeX ¢
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Thus the problem has a potentially different control for each row of the linear system. Note

that equation (6.5 is highly nonlinear.

Remark 6.1.1. [t is important to note that due to the nature of the discretized HJB
equations [26)], [T(x)]eu and [c(x)]e depend only on xe, and we restrict our attention to

matrices and vectors having this property throughout the remainder of this thesis.

The set of admissible controls X for our problems can be finite or infinite [55, [56], and

the local objective function

0oV + c<x>L (6.7)

can be a discontinuous function of the control x [55]. We make the following assumptions:

Assumption 6.1.1. Either

(a) The set of controls X is finite; or

(b) the set of controls X is compact, and the local objective function 1S an upper

semi-continuous function of the controls.

Assumption [6.1.1] ensures that there always exists a x* such that

—T(X)v+elx’) = sup {—T(X)V + C(x)}

Xe€EX

— max{—T(X)v + c(X)} . (6.8)

xe€X

Note that this statement holds for each row. We remark that the assumption that the local
objective function is upper semi-continuous is not strictly necessary. However removing

this assumption results in tedious notational complication [55].
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6.1.3 Policy Iteration

Policy iteration is an iterative procedure which constructs a new solution v from an initial

approximation v° by first finding a policy (i.e. an admissible control) which maximizes our

objective function and then solving a linear system to determine the next candidate. More

precisely, let v¥ denote the k™" estimate for v (starting at v%). Then the policy iteration

approach for solution of equation is given in Algorithm [6.1.1}

Algorithm 6.1.1 Policy Iteration

1: vF = (v)¥ with v? = Initial solution vector of size N

2: for £ =0,1,2,... until converge do
3:  Determine

=00k )

X} < arg max {—T(X)Vk + C(X)‘|
xe€X ¢
4:  Solve the linear system

TV = e(x¥)

|Ue _Uﬂ

5. if £ > 0 and max < tolerance then

max [scale, véf“]
6: break from the iteration
7. end if
8: end for

The term scale in Algorithm is used to ensure that unrealistic levels of accuracy

are not required when the value is very small. Typically, scale = 1 for options priced in

dollars.

There are several possibilities for solving the linear system in the policy iteration

method. For example, if T is sparse, then direct or iterative methods (such as precon-

ditioned GMRES [46]) can be used.
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6.1.4 Splitting Methods

Unfortunately it is not always the case that one can easily solve the policy iteration matrix
T(x*) at each iteration. Indeed it is possible to spend a great deal of effort in solving
T(x*) at each iteration. In this thesis we isolate the part of the iteration matrix which
prevents efficient linear solution. At the same time there will need to be enough conditions
to ensure that any new iteration scheme still converges to the correct solution. Thus our

algebraic equations will now be written as

[AX) =B v = c(x)
with x; = argmax|—[A(x) —B(x)]v+c(x)| . (6.9)
xeeX ¢

We assume that this splitting is such that any linear system having A () as its coefficient

matrix is easy to solve.

Remark 6.1.2. We remind the reader that [A(x) —B(x)]eu and [c(x)]e depend only on X,
as in Remark|6.1.1. In other words, given v, then the optimal control xj can be determined
by examining only the (" row of — [A(X) — B(X)]v +c(x)-

6.1.5 Simple Iteration

Using the above notation, then at each step of full policy iteration, we solve

[A") =BV =c(xY) . (6.10)

However, as discussed above, it may be very costly to solve equation (6.10]) using a direct

method. An obvious alternative is to use an iterative method. If (vF*1)™ is the m'*
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k+1

estimate for v*' then simple iteration for solution of linear system (|6.10)) is

ALK (V)™ = BOK) (V)™ e (6.11)

6.1.6 Fixed Point-Policy Iteration

Instead of solving the linear system to convergence using simple iteration, it is natural to
ask whether it suffices to use only a single simple iteration at each nonlinear iteration. In

this case we replace Policy Iteration with what we refer to as Fixed Point Policy Iteration.

Algorithm 6.1.2 Fixed Point Policy Iteration

1: vF = (v)* with v? = Initial solution vector of size N

2: for £k =0,1,2,... until converge do
3:  Determine

X =g xg k)

X; < argmax {— [A(x) = B(x)]v" +¢c(x)
xe€X 1
4:  Solve the linear system
ANV =BOF)VE +e(xF)
Jog ™ — v

5. if k£ > 0 and max < tolerance then

¢ max [scale, vf“]
6: break from the iteration
7. end if
8: end for

The above method requires only the solution of the sparse matrix A(x*) and a matrix-

vector multiply B(x*)v* at each nonlinear iteration.

6.2 Convergence of the Fixed Point-Policy Iteration

In [21], the convergence of an iterative scheme for a penalty formulation for American

options under a jump diffusion process was proven. This same idea was generalized for
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other HJB problems in [14]. While it is possible to use this approach to prove convergence
of iteration scheme in Algorithm these proofs are algebraically complex. In the
following, we will present a simpler and more general method which proves convergence of

the iteration scheme in Algorithm |6.1.2]

In order to ensure convergence of our scheme we need to make some basic assumptions

which hold for the applications that are of interest.

Condition 6.2.1. The matrices A(x),B(x) and vector c(x) satisfy:

(1) The matrices A(x) and A(x) — B(x) are M matrices.

(ii) The matrices A(x),B(x), the vector c¢(x), and ||A™ (x)||e are bounded, independent

of x.

(111) There is a constant Cy < 1 such that
AT MBI lloe < €1 and AT (F)B(XH) [l < Ci. (6.12)

Remark 6.2.1. We remind the reader that a sufficient condition for a matriz to be an M
matriz is that the offdiagonals are nonpositive, and each row sum is strictly positive [53].
We will use this condition in the following. See Remark [3.3.9 for the definition of an M

matriz.

Remark 6.2.2. In order to ensure convergence, the discretizations of our financial prob-
lems as in need to be monotone, consistent and (o, stable. This requires a positive
coefficient discretization resulting in the M matrices of (i) and bounded matrices A(y),
B(x) and vector c(x) of (ii). Property (iii) states that the B component is small (perhaps

using scaling) in comparison to A in order to ensure convergence of the discrete scheme.
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Before proving the main result of this section, it will be helpful to note the following

Proposition and Lemmas.

Proposition 6.2.1 (Convergent Sequence). Given a bounded infinite sequence (v,,), such

that
Vi1 > v — o, (6.13)

where « is a constant independent of k, and |3| < 1, then the sequence converges.

Proof. An immediate consequence of property (6.13)) is that, Ve > 0,3N; such that Vk >
kK > N

Up 2> Upr — % - (6.14)

Let s = limsupwv,. Recall the properties of the lim sup,

Ve > 0,dN,, s.t. Vk > Ny, v, < s+ € (6.15)
Ve>0,YN,3j > N, st. v; > s — % . (6.16)

Choose N, such that equation (6.15]) holds. Choose N3 = max(Ny, Ny), so that Vk > k' >
N3

Ue > v — % From (G.14) (6.17)

v < S+ € From (/6.15) (6.18)
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Choose k' > Nj, such that (from (6.16))

Vg > s — g . (6.19)

From equations (6.17) and (6.19)), we have

Ve > 0,Vk >k vy >s—€. (6.20)

From equations (6.18) and (6.20]) we have

Ve > 0,3k s.t. Vk > K |u, — s| < €. (6.21)

]

Lemma 6.2.1 (Bounded Iterates). Let matrices A(x),B(x) and the vector c(x) satisfy
Condition[6.2.1, Then ||v¥||« is bounded independent of k.

Proof. From Algorithm we have

IV e < AT OO BOE) ool VF[loo + TAT (M) e (X ) loe
< CvFlee + Co
(6.22)
for some constant Cy independent of k. Iterating equation (6.22)) gives
k
IV e < CFF IVl + C2 Y
i=0
&
< N + , 6.23
< Vet o (0:23
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which follows since C < 1. O

Lemma 6.2.2 (Uniqueness of Solution). Assume that the set of controls satisfy Assumption
6.1.1 and that A(x), B(x), and c(x) satisfy Condition [6.2.1] If the iterative scheme in
Algorithm converges, then it converges to the unique solution of equation .

Proof. Manipulation of the method in Algorithm |6.1.2] results in

ARV =) = —ALF)VE+BOF)IVF + e(xF)

= max{ —A(x B(x)v* —i—c(x)} : (6.24)

Xe€EX

Suppose limy_,oo V¥ = v* . Then

lim A(X*)(vFT —vF) =0 (6.25)

k—o0

since A(x) is bounded. Consequently

0 = lim max{—A(X)vk + B(x)vF + c(X)}

k—oo xp€X

= max{—A(X)V* +B(x)v* + C(X)} , (6.26)

xe€X

since max(-) is a continuous function of v* D , and hence v* is a solution of equation .
As for uniqueness, suppose there are two solutions u, v, such that

(") — BO)u = e(x*) ; 1 = argmax {—Amu L B(u+ c<x>] (6.27)

Xe€X Y

(A — BOO)Y = e(x") ; x¢ = argmax [—Amv BV + c<x>} - (6.29)

XeEX L

!The proof of the continuity of max(-) is in Appendix
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Manipulate equation ([6.28]) to obtain

Subtract equation (6.29) from equation (6.27)) to obtain

(A(X") —=B(x")(u—-v) = —AX")v+BX")v+c(x")

— (—AX")v+BX")v +c(x")) - (6.30)

But x* maximizes (—A(x")v + B(x")v + c(x")), hence the rhs of equation (6.30)) is non-
positive. Since (A(x*) — B(x")) is an M matrix, then (u — v) < 0. Interchange u and v

to obtain (v —u) <0, hence u = v. O

Theorem 6.2.1 (Convergence of Scheme). If the matrices A(x),B(x) and vector c(x)
satisfy Condition then the iteration scheme in Algorithm converges to the
unique solution of equation , for any initial iterate v*.

Proof. Algorithm [6.1.2] can be written as

A =) = BTV =V = APV +BOF)VF +e(x)

— (AT EBOETOVE (X TY) (6.31)

Since x* maximizes (—A(x)v* + B(x)v* + c(x)) we have
— AWV BOEIV +e(x) = (FAGFTHVF BT VR +e(x* ) 2 0. (6.32)
Equations and combined with the fact that A(x*) is an M matrix then implies

VkJrl _ Vk > (Afl(Xk)B(kal)) (Vk _ Vk71> ) (633)



From Condition [6.2.1]
AT (F)BOE e <C1 < 1 (6.34)
and so we have
(VT —vh) > —CF|v! = VY| (6.35)
where e = (1,1,...,1). Let C3 = ||[v! — vY||. Then, in component form we have
Ve > VM- CFCs (6.36)

From Lemma [6.2.1] the sequence [v**!], is bounded, hence the iteration converges from

Proposition In the limit, the iteration converges to the unique solution of equation
from Lemma m =

Remark 6.2.3 (Monotone Convergence). We can eliminate condition if we require
that (vl —v°) >0, and B(x) > 0, since then the iteration will generate a monotone non-
decreasing sequence from equation . Often, it is straightforward to enforce (vi—vY) >
0 by specifying v° = 0 [21], and in many cases B(x) > 0. However, a natural choice for
vV in time-dependent problems is the solution from the previous timestep, hence the choice
of v% = 0 is a poor initial estimate. In fact, tests in [21] show that enforcing monotone
convergence using a special choice for the first iterate converges more slowly than using
the natural choice of the solution from the previous step, as one might expect. In addition,
numerical experiments indicate that floating point errors are amplified if condition

k

is violated, and hence the sequence v* may not be non-decreasing (in inexact arithmetic)

even if (v —v%) > 0.
Remark 6.2.4 (Previous Work). Various forms of modified policy iteration have been
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suggested in the context of infinite horizon Markov chain problems [35]. However, conver-
gence results in [{3] require that the initial iterate be selected so as to enforce monotone
convergence (as in Remark[6.2.5). Moreover, we do not require that A(x),B(x),c(x) be

continuous functions of the control x [25].

Condition [6.2.1] involves bounding a matrix norm of the form

A~'B
IATBl, = maxyol DY

where Ax = By (6.37)

with A an M matrix. The following lemma will be useful in this regard.

Lemma 6.2.3. Suppose A is a strictly diagonally dominant M matriz and B > 0. We

have

_ Row_Sum 4, (B)
AT'B|, < :
| loo < ™ Row_Sum ¢ (A) (6.38)

Proof. Suppose Ax = By with A a strictly diagonally dominant M matrix and B > 0.
Then for any ¢ such that |z, = ||x|| ., by using the same type of maximum analysis as in

[21], we have

Aﬁ7£xﬁ = = Z Aﬁ,umu + Z Bg,uyu- (639)
uF#L u

Taking absolute values on both sides and using the fact that A, is nonpositive whenever

u # ¢ we have that

Agdlrel < = Av) Xl + Q- B 19l (6.40)

uF#l
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Since |z, = ||x]|,, we obtain

QO Al < O Bea)lyllo: (6.41)

Consequently
A~'B
”A—IBHOO — max || Y||oo — max ||X||oo
y70 [yl v [yl
> uBiu Row_Sum , (B)
max == = max -
- > A ¢ Row_Sum, (A)

Row_Sum , (B)
. A4
7 Row_Sum ¢ (A) (6.42)

IA

6.3 Full Matrix Fixed Point-Policy Iteration

In this section, we write equations ((5.21)) and (5.24)) in the general matrix form as in ([6.9).
Then we show the fixed point policy iteration scheme in Algorithm [6.1.2] converges to the
unique solution of by verifying Condition for both equations.

6.3.1 Full Matrix Iteration: Penalty Method

We can represent the linear relationships given in equation ([5.21)) in matrix form as follows.

Let vector u be an N — length vector. Define square N x N matrices A, B and vector c
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of size N by

A ], = [AM]y = w— AL ug + @fG[Dlug + Diyyug At

k
—l—%[DZuz + Diug AT
[B(x")u], =B, = AA7[T"u],
1—
[C(Xk)]g = & = SGAT 4+ Yf [( 5 ) + HG} AT+ V) (6.43)
with controls
Xi = (¢, 97) =  argmax {—A(Wﬂe)uk + B(pr, Yo)u” +clpn o) | - (6.44)
WG{OJ},WG{OJ} V4
pee=0
The discretized equations (|5.21)) become
sup {—A(X)V"Jrl +B)v" + c(x)} =0. (6.45)
xe€X

Remark 6.3.1. We have written the matriz B = B* although there is no explicit depen-

dence on (¢}, VF) in this case in order to use the general form of the previous section.

Remark 6.3.2. Note that the separation of A(x) and B(x) in this case is carried out
by placing the discretization of the jump diffusion term entirely in B(x). The case when
B(x) =0 (and A = 0) corresponds to the underlying asset following Geometric Brownian
Motion. Consequently, A(x) is easily seen to be a sparse, strictly diagonally dominant
M -matriz. In this case policy iteration is quite efficient. When there is a jump diffusion
term, difficulties arise since the discretization at any node is linked to all the other nodes

resulting in a dense system.

Remark 6.3.3. The discretization of the jump term JV as in [23] results in a

dense matriz B. However the method of discretization used in that paper implies that
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vector product Bv"™ can be computed efficiently in O(N log N) operations using an FFT.

Recall that in order to ensure convergence to the viscosity solution of equation ([5.4)),
the discretization must be monotone, consistent and [, stable [5]. A positive coefficient
discretization guarantees monotonicity [26]. The positive coefficient condition and the

discretization of the jump term as in [23] give the following result.

Proposition 6.3.1. Suppose a positive coefficient discretization [26)] is used and the jump
operator J" is discretized using the method in [23] with linear behavior assumed for i > i

[23,[54)]. Then

(a) B(x*) >0,

(b) Suppose row £ corresponds to grid node (i,j) as in . Then the (" row sums for
A(x®) and B(x*) are

(

1+ (r+MAT 2<i<i
Row Sum ¢ (A(X")) = {1+rAr =1, .. imax— 1 ori=1
1 Z':Z-max

AT 2<i<i
Row_Sum ; ( B(x*) )

IN

(6.46)

\O T =1, .., lmax — 1 0T 72 =1

(c) The matrices A(x) — B(x) and A(x) in equation are strictly diagonally dom-

mant M matrices.

Proof. The construction of B(x*) using the discretization of JV as detailed in [23] implies
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that

> [TMew < Land [T > 0. (6.47)

u

This holds since p(J) in (5.5)) is a probability density function. When the grid node (3, j)
satisfies i = 1 or i > i then the £*" row of B(x*)is identically zero. This gives (a) and the

second part of (b).

In order to prove the remaining part of (b) we note that the row sum is the same as
[A(x*)e], with e = (1, ..., 1)". Since D}y, 1 = D1 = D1 = 0 we see that £"1 = —(r+ ).
Thus [A(x*)e]; = 1+ (r+A\)Ar for 2 < i < 4. A similar argument shows that [A(x*)e], =
14+rAT fori <i< imax OF © = 1. When ¢ = i, then the corresponding row is just the ¢

identity row (since it is just a boundary assignment) and hence its row sum is just unity.

(c) follows since the off-diagonals of A(y) — B(x) and A(x) are non-positive (since the

discretization is monotone [26]) and from (b), the row sums are strictly positive. O

Lemma 6.3.1. If the discretization for the GMWB problem satisfies the conditions required
for Proposition then the discretization satisfies Condition [6.2.1]

Proof. Because B(x*) is independent of x*, we need only show that
A ()BOM) e < Gy (6.48)

for some constant C'; < 1. Lemma [6.2.3| combined with Proposition [6.3.1] implies that

AAT
“Lyk k < ) )
AT CBOG e < A < ! (6.49)

To prove that ||A™'(x)||e is bounded independent of x, we repeat the above argument

setting B to the identity matrix. O]
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Remark 6.3.4. The method in [23] uses the following technique to avoid FFT wrap-
around effects. Suppose the original computational domain is W € |0, Wmax]. The domain
18 extended to Wiax > Wmax and the solution in [Wmax, Winax| s assumed to be linear in
W. This is essentially the same philosophy as used in equation where the integral is
evaluated for W > Wmax by assuming linearity. Note that in [Wmax, Winax|, the assumption
of linearity causes the jump terms to cancel, leading to a standard Black-Scholes equation

[8, [38]. This makes this technique simple to implement.

6.3.2 Full Matrix Iteration: Direct Control Method

We define the full matrices and vectors used in Algorithm (assuming discretization

(5.24))). Let y = (y1,¥2,-..,yn) be a vector of size N, and let

AGYE = (A% = (0= o) (5o o+ GOl + D))
+I1 45 (Diyye + Diye)
= [Abyl+[ALy]e

[Abyle = (1 —v)) (—?Jé L'+ ofG (D{}vye + ))

AA;
AA )

Ayl =~ - uhete (Y A) 1o (Y )
By, = [BY], =( —U0)AT"Y]e
0] = (= )V + TR = n) (6.0)

+11 ¢ (Dh

Proposition 6.3.2. Suppose a positive coefficient discretization [26)] is used and the jump

operator J" is discretized using the method in [23] with linear behavior assumed for i > 1

[23,[54)]. Then discretization satisfies
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(a) B(x) >0,

(b) The ("™ row sum for B(x¥) is

Row_Sum , ( B(x) ) < (6.51)
0 i =1y, i OT 0 = 1
(c) The ("™ row sum for Ap(x*) is
Row_Sum ; ( Ap(x*¥))
(
(L—9f) (2 + (r + N +efGLl) + bl i<
J J
= (=) (a0 +7+¢iGr=) + Yil= i=1,. . imax— L o=
k é +1n ? = lmax
(6.52)

(d) The matrices A(x) — B(x) and A(x) in equation are M matrices.

Proof. To prove (a) and (b), we follow the same argument as in the proof of Proposition

0.0, 11

In order to prove (c), first observe the following

Dhwl=0; Di1=0; DiyA;=0; Di1=0; DiA; =1
—(r+X\) 2<i<i
£h = (6.53)

—r 1 <1 <1lmax OT 7 =1

The row sum of Ap is [Ap(x*)e]; with e = (1,...,1), and consequently (c) follows using
results (6.53)), for i < ipmax. When i = iy, then from the boundary assignment of equation
(3.32)), the row sum is just (1/A7 + 7).
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To prove (d), consider that A(y) = Ap(x)+AL(x). Note that Ap(x) is block diagonal,
and A (x) is lower triangular. From (c), the row sums of Ap(x) are strictly positive, and
off-diagonals are non-positive since a positive coefficient discretization is used. Hence
Ap(x) consists of diagonal blocks, each of which is a strictly diagonally dominant M
matrix. Since Ap(x) is non-positive, a straightforward computation shows that A(y) is
non-singular and that A~*(y) > 0. Noting that A—B = A(I— A~'B), a similar argument
shows that A(y) — B(x) is also an M matrix. O

Lemma 6.3.2. If the discretization for the GMWDB penalty method satisfies the conditions
required for Proposition and in addition

+ (r+ NAT

1
II > A
14+ rATr

, (6.54)

then the matrices A, B satisfy Condition and hence from Theorem Algorithm
[6.1.9 converges.

Proof. We need to show that there is a constant C; such that

AT () Bl < Ci (6.55)

where p = k, k — 1. Consider an arbitrary vector z, and a vector y such that

A"y = B(X")z, (6.56)

then condition (6.55]) is equivalent to requiring that

[N2IES

2] oo

<C <1. (6.57)

From equation 1} we can see that [Ae], = 0; i < 1, ¥ = 1, hence we are obliged to
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use a different method from that in Section to prove this result.

First, note that

[ACM)Y], = BOMz], 5 (=i+ (G~ Dimax; 2<i <1 (6.58)

[AM)y], = 0 =04 (j — Vimax ; i >t 0ri=1 (6.59)
due to the linear behavior assumed for i > 7 (see equation(6.51))) [23]. Define a bounding

grid function y

. Z|| o AAT Z|| 0o A , ‘ ,
¥l = 1ﬂ<[+A>AT+Aj|| % s =14 (§ — 1imax - (6.60)

Noting properties (6.53)), and substituting equation into equation ((6.50]) gives

[ACMS], = llzlleor; 2<i<i (6.61)
[A(Xk)yh > 0 ci>dori=1 (6.62)

Subtracting equation (6.58]) from equation (6.61]) yields (noting properties (a) and (b) of
B in Proposition [6.3.2)

v

[ANY) (¥ = ¥)], 2]l A = [B(X")2],

2] 00 A = (|2 [|ocA

v

0 C2<i<i . (6.63)

Similarly, subtract equation (6.59) from equation (6.62) to give

[ACM) 3 —-)],20; i>tori=1 . (6.64)
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Hence in all cases

AN (F-y) =0 . (6.65)

Since A(x*) is an M matrix, we have that y < §. Similar arguments give y > —3. Hence

2] AAT 1] o0 A
oo < Amax : 6.66
1l < 1—|—(7‘—|—)\)AT+ II ( )
If we require that ||y|loc < [|2]|c, We obtain the condition on II
1+ (r+ AAT
IT > ApaxA 6.67
1+ rAT (6.67)
[

6.4 Efficient Block Matrix Implementation

Let v, ; = V*”f ! and let (v*,j)’g be the k" iterate for v, ;. From the boundary condition
(2.16)), we can observe that v, ; can be computed without any knowledge of interior nodes
in the computational domain. To ensure a positive coefficient discretization, the D% op-
erator is always backward differenced, hence v, ; depends only on v, ;_; for j > 1. This

special structure of the system makes the iteration more efficient when we solve v, ; before

proceeding to solve v, j+1. We write the full matrix system in (6.50]) as an equivalent block
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matrix linear system as follows

Al 0 e 0 Vs 1
0 AZ(X*,Z) e 0 U*,Q
0 0 e A‘jmax (X*yjmax) U*,jmax
B, 0 T 0 Ux,1 Cx1
B 0 Ba(x.2) - 0 Ux,2 " C2 (X2, Vs 1))
0 0 e Bjmax (X*,jmax) U*,jmax c*;jmax (X*,jmax? U*;jmaxfl)
(6.68)
with
Xij = ArgMax | —Aj(Xu;)Vnj + Bi(nj) Vs + Coj(Xogs Vg1 | - (6.69)
Xi,j € )

Note that Aq,B1, ¢, are independent of x. Each smaller block matrix system Ajv, ; =
Bjv, ; + ¢, ; is then resolved by using a fixed point policy iteration as in Algorithm [6.1.2]

with the previous computed v, ;_; appearing only in ¢, ;. The detailed procedure is given

in Algorithm [6.4.1]

Algorithm 6.4.1 Block Matrix Fixed Point Policy Iteration
1: Solve v, ; from Aqv, 1 = Bvag + ¢
2: for 7 =2,3,..., Jmax dO
3:  With initial solution (v, ;)° = i, use Algorithm to solve v, ; from
A (X)) 0xj = Bj(Xej) Vs g + o (Xs g Usjo1)
4: end for
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6.4.1 Block Implementation: Penalty Method

Recall in Section m, equation ([5.21)) is written equivalently as equation ([5.23|) assuming
that the first derivative in the A direction is always backward differenced. We can then
represent the linear relationships given in discretized equations and in block
matrix form. Let u = ((us1), (us2)’, ..., (U juae)’) be an N length vector. The ipmax X imax

square matrices A;, B; and the vector c, ; of size imax are given by

1 1
[Aj(le,j)u*,jL = [Ajku*,j]i = Eui’j — Ehui’j + (‘OﬁjG[Eui’j -+ ’ngui,j]
j
ko1 N
+?’”[A—Aj_ui,j + Dy ]
[Bi(x2 ;o uss], = [Bifu.yli = AT uli
(1 - K’) 1 n
e ueglly = eyl = i, G+ [——=+rGl + Vi
. k. 1
e LU 6.70
+ sz,] + c AAJ_U J—1 ( )
with controls
(xig)* = (e 0f;) = argmax [—Aj(%,jvw*,j)u*,j
@6{071}7¢6{071}
p=0
+B; (g5 Ve j )t + Coj(Pajy Yujir s j1) | 5 (6.71)

)

where jjh is the subblock of J" which operates on Uy j, where u, 1 = 0. The discretized

equations (5.21)) become a set of equations as follows:

— Ajuw- + Bjum- + C*,j = O s ] =1

i = AG(Xe ) Ui+ Bt + o j(Xogr Unj1) | =0, G= 2,3,..., jmax(6.72)
Xi,j €
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Remark 6.4.1. We have written the matriz B; = Bjk although there is no explicit depen-

k

1) in this case in order to use the general form of the previous section.

dence on (¢f ;,

Recall that in order to ensure convergence to the viscosity solution of equation (12.6)),
the discretization must be monotone, consistent and ., stable [5]. A positive coefficient
discretization guarantees monotonicity [26]. The positive coefficient condition and the

discretization of the jump term as in [23] give the following result.

Proposition 6.4.1. Suppose a positive coefficient discretization [26]] is used and the jump
operator Jj" is discretized using the method in [23] with linear behavior assumed for i > i

[23,[54)]. Then

(a) Bj(x«;) 20,

(b) The @™ row sums for Aj(x% ;) and Bj(x.,;k) are

(
L . A
A+ N+ (PG + g 2<i<i
k ~
Row_Sum ; (Aj(Xf}j) ) = ﬁ+r+(¢ﬁjG+¢;j)A}4, i =1,... 0max — 1 0or1=1
i
L a; +7 § = fmax
( A
A 2<Zi<g
Row_Sum ; ( Bj(x%;)) < (6.73)
0 z':%, , max OT & =

(¢) The matrices Aj(xs;) —Bj(xs;) and Aj(x«;) in equation are diagonally dom-

mant M matrices.

Proof. (a) and the second part of (b) follow in similar fashion as in the proof of Proposition

0.0, 11
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In order to prove the remaining part of (b) we note that the row sum is the same

as [Aj(x};)el; with e = (1,...,1)’. Noting properties (6.53), we see that [A;(x};)el; =

k A~
~+(r+A)+(eF,G+ %)ﬁ for 2 <i <. A similar argument shows that [A;(x% ;)e]; =

k .
G+ %)ﬁ for i < i < ipax ori = 1. When i = i,,,, then from the boundary
J

assignment of equation (3.32), its row sum is just (1/A7 + 7).

~+r+(pf

To prove (c), note that A; and (A;—B;) have non-positive off-diagonals (since a positive
coeflicient discretization is used [26]). From (b), the row sums of (A; —B;j), A; are strictly

positive. Hence A; and (A; — Bj) are M matrices [53]. O

We can now state the convergence result for the block matrix method, using the penalty

formulation.

Lemma 6.4.1. If the discretization for the GMWB penalty method satisfies the conditions
required for Proposition then the matrices A;, B; satisfy Condition and hence
from Theorem[06.2.1], Algorithm[6.4.1] converges.

Proof. Because BJ-(XI;; ;) is independent of Xfyj, we only need to show that
1A OB (oo < G (6.74)

for some constant C; < 1. From Lemma [6.2.3| and Proposition [6.4.1] it implies that

. A
1A~ (B (x| < max <1 (6.75)

— ¥y
’ ALT+(7~+A)+(¢§].G+TJ)¢

k

*7j

By setting B; = I, we obtain immediately that Aj_l(X ) is bounded independent of xy. [
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6.4.2 Block Implementation: Direct Control

To use block matrix form to represent the discretized direct control equation, we use equa-
tion ([5.26)), which is equivalent as equation ([5.24]) with the first derivative in A direction
backward differenced. We represent the discretization (5.26)) in terms of matrices A;, B;

and vector cj, given by

1
[A; (8 gl = [Afuyl = (1 —9f)) (A_u” — LM 5 + %JG(AA Wuz,]))
I G(AA + Dpui ;)
[Bi(xt ], = [Bifuusli = (1—4f;)A [«7}“*4]2‘
1 n G n
[C*J(Xf:,j?u*,jfl)]i = [C*J]f = (1 - )A V ( zg)gng AA— uz,;_ll
k n 1
+7 (1 = k) + "GD AA* J 1 (6.76)

with controls

(Xi,j)k = (@ﬁp@bij) arg max _Aj(SO*,ja @b*,j)u*,j
0€{0,1},1p€{0,1}
=0

FB; (g V) j + Coj (P ji Vujy Usjo1) | - (6.77)

7

If we write control as in the form of (6.2)), then the discretized equations (5.26) become a

set of equations as follows:

— Aju*J + Bjuw + C*jj =0 s j =1

SUP | = A5 (00 )b g + B0 )ty + €00y )| =0 5=2 Jimax(6.78)
Xi,j€ i

Proposition 6.4.2. Suppose a positive coefficient discretization [26)] is used and the jump
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operator J" is discretized using the method in [23] and linear behavior is assumed fori > i

[23,[54)]. Then

(a) Bj(X]»f,j) > 0,

(b) The i™ row sums for Aj(x% ;) and Bj(x% ;) are

Row_Sum ; ( Aj(x%,))
(

k 1 k 1 k 1 LA
(1~ m‘)(A_T +(r+A)+ Qpi,jGE) + wmﬂm 2<i<i

=q01- gfj)(§+r+gpﬁjGA—ij_)+¢;fjH¢ i =1 imax — L ori=1

1 =1
\ AT + n ¢ fmax (6'79)
Row_Sum ; ( Bj(X]:,j) )

k . o

0 T=1,..., max

(¢) The matrices Aj(x+;)—Bj(x+, ) and Aj(x«;) in equation are strictly diagonally

dominant M matrices.
Proof. The proof follows using similar arguments as in the proof of Proposition [6.4.1, [

Define AA,,x = max;[A; — A,;_1]. The following Lemma gives the conditions under

which Algorithm [6.4.1] converges.

Lemma 6.4.2. If the discretization for the GMWRB direct control method satisfies the
conditions required for Proposition and 1T > AAA.x , then the matrices Aj, B;

defined in equation (6.78) satisfy Condition hence Algorithm converges from
Theorem [6.2.1
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Proof. Suppose
Row_Sum ; (B;)
Row_Sum ; (A1)

J

If 2 <p<i,and w]’;j = 0, then Lemma and Proposition implies

arg max
i

=p. (6.80)

_ A
1A; OB (X5 )l < — <1 (6.81)
1 Pp,i &
Ar + (7” + )\) + AAJ’

When p > 7 or p = 1, or Y =1, Row_Sum ; (Bj(x};)) = 0. In either case bound
(6.81]) holds.

If2<p<i, ¢f'=0and ¢, =1

_ _ A AAT
1A OB e < i < - <1 (6.82)
AAJ_ max

In all other cases, [[A; 7' (x* )Bj(xi;")[l« < C1 < 1 unconditionally. Repeating the above
argument setting Bj(. ;) to the identity shows that ||A; ' (Y. ;)| is bounded independent
of x. O]

Remark 6.4.2. Choosing a scaling factor which satisfies condition (iii) in Conditionm
means that this same scaling factor must be used in the optimization step in line 3 of
Algorithm[06.1.9. Consequently, choosing different scaling factors will result, in general, in

different choices for control at each iteration.

6.5 Summary

The main results of this chapter are as follows

e The conventional policy iteration suffers from computational inefficiency when solving
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discretized controlled HJB PIDEs in general. A modified policy iteration, fixed point
policy iteration, is developed by using a splitting method. This method permits

efficient solution of the discretized equations.

Condition [6.2.1]is a sufficient condition for the fixed point policy iteration to converge.
This condition normally is easy to satisfy when a positive coefficient discretization is

used.

Both the penalty discretization and the direct control discretization can be verified
to satisfy Condition [6.2.1], hence the discrete equations can be solved by using a fixed

point policy iteration each timestep.

A block matrix fixed point policy iteration is more efficient since it takes advantage
of the special structure of the singular control formulation of the GMWB pricing

matrix.
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Chapter 7

Fixed Point Policy Iteration:

Numerical Results

In this chapter, several fixed point policy iteration numerical examples are presented. We
price an example GMWB contract used in [13]. The contract parameters are given in Table
[7.1] The jump diffusion parameters are given in Table [7.2] which are typical market data
[2]. Table gives the mesh size and timestep parameters. In the localized computational
domain, we set Wi, = 1000wq. Section presents our numerical results. Section

summarizes the main results of this chapter.

7.1 Results

7.1.1 No-arbitrage fee

Using the efficient block matrix fixed point policy as described in Algorithm [6.4.1] Table

[7.4 presents the fair insurance fee 1 charged by the insurance company computed by solving
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Parameter Value

Expiry time T 10.0 years
Interest rate r 0.05
Maximum no penalty withdrawal rate G 10/year
Withdrawal penalty 0.10
Initial lump-sum premium wy 100
Initial guarantee account balance A(0) 100

Initial personal annuity account balance W (0) 100

Table 7.1: A sample GMWB contract parameters used in the numerical experiments.

Parameter Value

¢ 45
v -9
A 1

Table 7.2: Jump diffusion parameters.

Refine Level W Nodes A Nodes Time steps

1 125 111 120
2 249 221 240
3 497 441 480
4 993 881 960
5 1985 1761 1920

Table 7.3: Grid and timestep data for convergence experiments. At each refinement, new
fine grid nodes are introduced between each two coarse grid nodes, and the timesteps are

halved.
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the following equation [30]
Vi W =wo, A=wo, 7=T) = wp (7.1)

with the nonlinear convergence tolerance for the fixed point-policy iteration set to

K+l _ ok
max Ve UZ,JH < 107%. (7.2)
¢ max(scale, |v;, )

Newton iteration is used to solve the equation with the convergence tolerance

[t — )

max(n™mt, nm)

<1078, (7.3)

where 7" is the m/'th iterate.

The results show that with jump diffusion assumptions, the fair insurance fee is notice-

ably higher than with the standard Geometric Brownian Motion assumption.

7.1.2 Full Matrix Iteration vs Block Matrix Iteration

Table presents the convergence results for the GMWB for the penalty method and the
direct control method. Both the full matrix fixed point policy iteration scheme as described
in Algorithm and the block matrix fixed point policy iteration scheme as described
in Algorithm [6.4.1] are used.

The penalty parameter was set to 1/ = 10%w/A7. Some intuition may be useful at
this point to justify the choice of €. Recall from equation (3.1]) that 1/ = 1, which is the
maximum rate of withdrawal. Hence 1/e should have units of dollars/time. If

-, (7.4)

1 [O%
3
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Refine oc=0.2 oc=20.3
Level Fair Fee Ratio Fair Fee Ratio
Jump Diffusion Case

1 0.034427 N/A 0.046890 N/A
2 0.032854 N/A 0.045789 N/A
3 0.032439 3.79 0.045536 4.34
4 0.032329 3.78 0.045471 3.91
5 0.032297 3.37 0.045452  3.35
No Jump Diffusion Case
1 0.018705 N/A 0.033899 N/A
2 0.015245 N/A 0.031904 N/A
3 0.014245 3.19 0.031431 4.22
4 0.013961 3.38 0.031319 4.22
5 0.013886  3.80 0.031286 3.43

Table 7.4: Convergence study for the fair insurance fee n value with and without jump
diffusions. Contract parameters are given in Table [7.I] Jump diffusion parameters are
given in Table Ratio is the ratio of successive changes in the solution as the mesh is
refined.

then the entire initial investment can be withdrawn in a single timestep, which would be
(effectively) an infinite rate. However, from equation (3.6)), we can see that it is desirable
to make ¢ small at any finite grid size so that the term ¢(VF — L5V — k@) is small. Hence

we choose 1/e = 10%w,/AT.

The scaling factor parameter is set to II = 103 in Algorithm which satisfies the
condition (6.67) and IT = 1 in Algorithm [6.4.1) which satisfies the condition in Lemma
6.4.2. The nonlinear convergence tolerance for the fixed point-policy iteration is given by

k+1 _ ok
max [V WIJH < 107°%. (7.5)
¢ max(scale, [v; )

The results show that both the penalty method and the direct control method converge
and the computed results from both methods agree to seven digits. The number of itera-

tions for the full matrix fixed point policy iteration scheme is an order magnitude larger
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Refinement Penalty Method Direct Control Method

Level Value Itns/step Ratio Value Itns/step Ratio
Algorithm |6.4.1| Block Matrix Iteration
0 101.19905 428 N/A 101.19906 413 N/A
1 100.33789 416 N/A 100.33789 4.09 N/A
2 100.08441 4.03  3.40 100.08441 3.98 340
3 100.02144 3.89  4.03 100.02145 3.93  4.03
4 100.00498 3.89  3.82 100.00498 3.89  3.82
5 100.00003 3.88  3.33 100.00003 3.87  3.33

Algorithm |6.1.2| Full Matrix Iteration
100.19905 83.90 N/A 101.19906 57.63 N/A
100.33789 189.72 N/A 100.33789 100.83 N/A

— O

Table 7.5: Convergence experiments for the GMWB guarantee value at ¢ = 0 and W =
A = wy = 100 using penalty method (1/e = 10%wy/A7) and direct control method (IT = 1).
Contract parameters are given in Table [7.1] Volatility o = 0.3 and fair insurance fee n =
0.045452043 are imposed. Itns/step refers to the average number of iterations per timestep
for the lines 2—4 in Algorithm and lines 2 —8 in Algorithm respectively. Ratio is
the ratio of successive changes in the solution as the mesh/timesteps are refined. Since the
no-arbitrage fee is imposed, the numerical solution should converge to Value = wy = 100.
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than the number of iterations for the block matrix fixed point policy iteration scheme.

This is because the full matrix iteration does not take advantage of the special structure

n+1
*,7—1"

n+1

iy The ratio of computational cost

of the matrix by computing vt before computing v
for these two methods is approximately equal to the ratio of iterations per timestep. In

the rest of the numerical examples, we will consider only the block matrix scheme.

7.1.3 Fixed Point Policy Iteration vs Full Policy Iteration

Using fully implicit timestepping, Table[7.6] presents the convergence results for the GMWB
value with respect to two volatility values, assuming the no-arbitrage insurance fee is
imposed. We compared the block matrix fixed point-policy in Algorithm with the
block matrix implementation of full policy iteration in Algorithm E| A simple iteration
(6.11)) method was used to solve the full policy iteration matrix equations. The nonlinear
convergence tolerance for the policy and fixed point-policy iteration is set to 1078 A relative

update tolerance of 10~® was also used for the simple iteration in Algorithm m

These two schemes show no difference in computed values to seven digits. However
the fixed point-policy scheme requires less than half the iterations that is required by the
full policy iteration. The computational cost for these methods is dominated by the FFT's
required to carry out the dense matrix-vector multiply, hence the CPU time is proportional
to the number of iterations. The results show that the fixed point-policy iteration scheme

requires significantly smaller computational cost compared to the full policy scheme.

1 Using the block matrix definitions in Section it is straight forward to implement the block matrix
full policy iteration scheme.
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Refine | Value Total Itns/Step Outer Itns/Step | Ratio
Level Fixed Pt Policy \ Full Policy Full Policy
o =0.2,n7=0.032297
1 100.6090 4.67 10.16 3.88 | N/A
2 100.1775 4.57 9.32 3.92 | N/A
3 100.0471 4.33 9.08 3.98 | 3.31
4 100.0108 4.21 8.64 4.02 | 3.59
) 99.9999 4.08 8.04 4.05 | 3.32
o =0.3,n7 = 0.045452
1 100.3375 491 10.94 418 | N/A
2 100.0842 4.84 10.19 432 | N/A
3 100.0213 4.64 9.89 438 | 4.03
4 100.0049 4.65 9.47 4.45 | 3.83
) 100.0000 4.44 8.81 4.42 |1 3.34

Table 7.6: Iteration and convergence experiments for the GMWB guarantee value at ¢t = 0
and W = A = wy = 100 using the fixed point-policy and full policy schemes. Contract
parameters are given in Table[7.1] Jump diffusion parameters are given in Table Total
Itns/step refers to the average number of iterations per timestep to solve the equation.
Outer Itns/Step refers to the average number of outer iterations in the full policy iteration
scheme. Ratio is the ratio of successive changes in the solution as the mesh/timesteps are
refined. Since the fair insurance fee is imposed, the numerical solution should converge
to Value = wy = 100. All methods used the same number of timesteps. Fully implicit
timestepping is used.
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7.1.4 Effect of Maximal Use of Central Differencing on Vj term

Table [7.7| presents the convergence results for the GMWB value with respect to two volatil-
ity values, assuming the no-arbitrage insurance fee is imposed and there is no jump diffusion
process (i.e. A =0). In this case, the matrix B = 0, so the fixed point policy iteration de-

generates to conventional policy iteration. The penalty method is used in the experiment.

Aside from fully implicit timestepping, we have also carried out some tests using Crank
Nicolson timestepping, using an obvious modification of equation . Note that conver-
gence has only been proven for the fully implicit method since Crank Nicolson timestepping
is not monotone in general. The differencing method for the Vi term, which uses central
differencing as much as possible, is also compared with forward or backward differencing

only for the Vi term.

The Itns/step column in Table [7.7] shows the average number of iterations in each
timestep required for lines 2 — 4 in Algorithm [6.4.1, About 3 — 4 non-linear iterations
per timestep are required for the o = .2 case, and about 4 — 5 iterations per timestep are
required in the o = .3 case. The convergence ratio in the table is the ratio of successive

changes in the solution, as the timestep and mesh size are reduced by a factor of two.

The number of iterations per timestep appears to be fairly insensitive to the grid size
in Table [7.7] Note that since the timestep is reduced as the grid spacing is reduced, we
have an excellent initial solution estimate at each timestep. This is consistent with the
results for time dependent problems as reported in [9]. For steady state problems, [47] and

[9] report grid dependent number of iterations for policy iteration.

It can be seen that using central differencing as much as possible for the Vi term leads
to more rapid convergence (as the mesh is refined) compared to pure forward or backward
differencing for this term. Rather unexpectedly, the convergence ratios for both Crank

Nicolson and fully implicit timestepping are similar. Figure shows a plot of V}; versus
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Refinement Central Differencing First For /Backward Differencing Only

Level Value Itns/step Ratio Value Itns/step Ratio
o =0.2,17=0.013886 Fully Implicit Method
1 101.3114 3.51 N/A 101.6030 3.47 N/A
2 100.4488 3.62 N/A 100.6914 3.55 N/A
3 100.1267 3.70  2.68 100.2816 3.66 2.22
4 100.0270 3.77  3.23 100.1082 3.74 2.36
5 99.9999 3.89  3.69 100.0346 3.88 2.36
o =0.2,7=0.013886 Crank Nicolson Method
1 101.3085 3.39 N/A 101.6017 3.35 N/A
2 100.4474 3.49 N/A 100.6909 3.42 N/A
3 100.1261 3.55  2.68 100.2815 3.52 2.22
4 100.0262 3.55  3.22 100.1082 3.52 2.36
5 99.9995 3.57  3.75 100.0343 3.5 2.35
o =0.3,7=0.031286 Fully Implicit Method
1 100.5946 419 N/A 100.8998 4.10 N/A
2 100.1488 431 N/A 100.3363 4.26 N/A
3 100.0357 433 3.94 100.1173 4.32 2.57
4 100.0081 439  4.09 100.0435 4.38 2.97
5 100.0000 438  3.40 100.0167 4.37 2.76
o =0.3,7=0.031286 Crank Nicolson Method
1 100.5882 4.01 N/A 100.8949 3.93 N/A
2 100.1448 412 N/A 100.3342 4.08 N/A
3 100.0338 416  4.00 100.1154 4.14 2.56
4 100.0072 418  4.17 100.0426 4.17 3.00
5 99.9996 4.17  3.48 100.0163 4.16 2.78

Table 7.7: Convergence experiments for the GMWB guarantee valueat t = 0and W = A =
wo = 100 using a fully implicit method and Crank Nicolson method . The penalty method
is used. Contract parameters are given in Table [7.1} The column “Central Differencing
First” uses central differencing as much as possible for the Vi term in the equation. The
column “For/Backward Differencing Only” uses forward or backward differencing for the
Vi term in the equation. Itns/step refers to the average number of iterations per timestep
for the lines 2—4 in Algorithm [6.4.1] Ratio is the ratio of successive changes in the solution
as the mesh/timesteps are refined. Since the no-arbitrage fee is imposed, the numerical
solution should converge to Value = wy = 100.
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Figure 7.1: Vj; versus t for node (W = 100, A = 100). ¢ = 0.3. Fair insurance fee (i.e.
n = 0.031286) is imposed. Contract parameters are given in Table .

(forward) time, at the node (W = 100,A = 100). At ¢t = 0 (1 = T), we can see that
Vit >~ 0, which would result in similar time truncation error for both Crank Nicolson and
fully implicit timestepping. We also computed the error norms at each level for all the nodes
in the W direction. The ratio of successive changes in the error norm then is computed as
the mesh/timesteps are refined. Table shows the error norm convergence ratio results
for different volatilities when central differencing is used as much as possible. The fully
implicit method and the Crank Nicolson method appear to have a similar convergence

ratio.

Although the first column in Table [7.7] uses central differencing as much as possible,
there are large regions in the solution domain where the optimal strategy is to withdraw
a finite amount (an infinite rate), as shown in Figure [7.2] In these regions, forward or
backward differencing is used in both the W and A directions, which should result in first
order errors. However, in the finite withdrawal amount (infinite withdrawal rate) regions,

we essentially solve the PDE

1= Viy—Va=x. (7.6)
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Refinement [ error norm ratio l5 error norm ratio l error norm ratio

Level Fully Imp. CN Fully Imp. CN Fully Imp. CN
o =0.2,7=0.031286

3 3.70  3.62 2.71 2.68 2.00 2.00
4 3.87  3.84 278 277 2.00 2.00
5 3.95 394 2.81 2.81 2.00 2.00
o =0.3,7=0.013886

3 3.67  3.61 2.69  2.66 2.00 2.00
4 3.84 381 276 2.75 2.00 2.00
5 3.92 348 280 280 2.00 2.00

Table 7.8: Error norm convergence ratio experiments for the GMWB guarantee value at
t=0and A = wy = 100 using a fully implicit method and Crank Nicolson method. The
column “Fully Imp.” uses the fully implicit method. The column “CN” uses the Crank
Nicolson method. Error norms are computed at each refinement level. The error norm ratio
is the ratio of successive changes in the error norm as the mesh/timesteps are refined. The
penalty method is used. Contract parameters are given in Table Central differencing
is used as much as possible for the Vj; term in the equation.

Noting that V is linear in A at W = 0, and linear in W as W — oo, then the solution of
this PDE in the finite withdrawal region (assuming that this region is connected to W = 0
or W — o0) will be a linear function of (W, A), hence the use of forward or backward

differencing is exact.

It is also interesting to see a region labeled Withdrawal at rate G or no withdrawal.

Recall that in the finite withdrawal region, the solution satisfies

Ve =LV 1 -V —Va)l| . 7.7
" Ve ) "

The solution in this region appears to converge to a value having (1 — Viyy — V4) ~ 0. This
suggests that the optimal control is a finite rate, but not unique, since either a rate of zero
or (G is optimal. The value function is, however, unique. This is consistent with the results

in [11].
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Figure 7.2: The contour plot of optimal withdrawal strategy of the GMWB at t = A7 in
the (W,A)-plane. o = 0.3. Fair fee n = .031286 is imposed. Jump diffusion is removed
from the underlying assets. Contract parameters are given in Table[7.1] This plot is similar
to the results in [11].

Since it appears (at least for this example) that fully implicit timestepping converges
at a similar rate compared to Crank Nicolson, and that convergence can only be proven for
fully implicit timestepping, it would appear that fully implicit timestepping is preferable

to Crank Nicolson.

7.1.5 Optimal Withdrawal Strategy

A GMWRB contract holder is perhaps more interested in the optimal withdrawal strategy.
Figure[7.3|shows contour plots of the optimal withdrawal strategy at various times assuming
jump diffusion process. The top two plots in Figure [7.3| are generated by both the penalty
and direct control methods. It can be observed that these contour plots are very similar.
The differences are due to small differences in the computed values, which are amplified

by the contouring algorithm.

The other plots in Figure are generated by the penalty method. It is interesting to
observe that the top left corner infinite withdrawal region is almost time-invariant, except

when the contract is close to expiration. The no withdrawal region widens as time moves

109



forward. These results are consistent with the discrete withdrawal computations in [13].

7.1.6 Nodes Around Boundaries

It is also interesting to study the convergence of the singular control formulation for nodes
near (or at) the finite withdrawal boundary. Figure[7.4]shows the location of the withdrawal
boundaries at A = 100 versus ¢, when no insurance fee (7 = 0) is imposed. Note that the
node (100, 100) is very near (or at) the boundary between a finite withdrawal rate and no

withdrawal at t =T

Examination of the solution near maturity (which is near the start of the numerical
solution since we solve backwards in time) shows that the numerical solution changes
between being in the region of withdrawal at rate G to being in a region of zero withdrawal
at refinement level 4 and above. This occurs when central differencing is used as much as
possible. Table gives the convergence results for this case (n = 0). We have proven
that this method is convergent, but clearly convergence can be erratic at some exceptional
nodes. Convergence (at this node) is smoother if the Vi term is discretized using a forward

or backward differencing only.

7.1.7 Comparison: Singular Control and Impulse Control

As outlined in [57], it is almost always possible to formulate a singular control problem
as an impulse control problem, with arbitrarily small error. It is therefore interesting to

consider the computational issues for both formulations.

If h is the discretization parameter (as in Assumption [3.4.1]), then the computational
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Figure 7.3: Contour plot of the optimal withdrawal strategy for the GMWB guarantee at
different times in the (W, A) -plane. o = 0.2. A fair insurance fee of n = 0.032296686 is
imposed. Contract parameters are given in Table [7.1] and jump diffusion parameters are
given in Table The penalty parameter is set to 1/e = 10%wy/A7 and the scaling factor
is set to II = 1. The iteration convergence tolerance is set to 1075.
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Figure 7.4: The contour plot for the withdrawal boundary versus time t at A = 100,
o = 0.3. No insurance fee (i.e. 7 = 0) is imposed. Contract parameters are given in Table
[7.I] Maximal use of central differencing on Vjy term is applied.

Fully Implicit Method

Refinement Central Differencing First For/Backward Differencing Only

Value Itns/step Ratio Value Itns/step Ratio
1 116.0354 288 N/A 116.2730 2.88 N/A
2 115.9134 289 N/A 116.0339 2.91 N/A
3 115.8879 297 478 115.9477 3.00 2.77
4 115.8845 3.10  7.52 115.9143 3.12 2.59
d 115.8859 3.25  -2.40 115.9008 3.26 247
6 115.8876 3.38  0.86 115.8950 3.39 2.33
extrapolated value from [11] 115.8897

Table 7.9: Convergence experiments for the GMWB guarantee value att = 0and W = A =
wo = 100 by using the fully implicit method. o = 0.3. No insurance fee (7 = 0) is imposed.
Contract parameters are given in Table [7.1] The column “Central Differencing First” use
central differencing as much as possible for the Vj term. The column “For/Backward
Differencing Only” uses forward or backward differencing for the Viy, term. Itns/step refers
to the average number of iterations per timestep for the lines 2 — 4 in Algorithm [6.4.1]
Ratio is the ratio of successive changes in the solution as the refinement is increased.
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complexity of the penalty method, singular control formulation is

Complexity: Penalty method = C'h™ (7.8)

where C' is the average number of iterations per step. Since it appears that C’ is inde-
pendent of h, then for the block matrix iteration method, the complexity of the singular
control method is O(h™3). Note that for the full matrix iteration, the number of iterations

does appear to increase as h — 0.

In the impulse control formulation, the numerical method described in [I1] has a com-
plexity of O(h™*). This is due to the linear search required in the local optimization step
of the algorithm in [I1]. The linear search guarantees location of the global maximum with

O(h) error for smooth test functions.

On the basis of complexity, it would appear that the singular control method is a clear
winner. However, as noted in [I1], it is trivial to handle discrete withdrawal times and
complex contract features using an impulse control formulation. These generalizations may
be very difficult to handle with a singular control formulation. [57] suggests that an impulse
control formulation is preferred in general. In addition, the experimental convergence
rate in [11] is smooth as the mesh is refined. This contrasts with the sometimes erratic
convergence of the singular control method for nodes near the withdrawal boundaries. As
well, the impulse control formulation does not require an estimate of the constant for the
penalty parameter (for the penalty method) or the scaling factor (for the direct control
method). There also appears to be a limit on the solution accuracy, due to numerical
precision problems, with the singular control formulation. However, this limit is probably

at a level of accuracy which is far beyond what would be required in practice.
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7.2 Summary

e Numerical results show that the block matrix fixed point policy iteration is convergent
and efficient. It is superior to the full matrix fixed point policy iteration or the block

matrix simple iteration.

e Maximal use of central differencing leads to faster convergence in general, though
the nodes around withdrawal boundaries have a smoother convergence ratio if we

use forward or backward differencing for the Vy term.

e The singular control formulation is computationally less expensive than the impulse
control formulation, but with loss of generality. A limit on the solution accuracy also
appears with the singular control formulation, though at a level which is far beyond

what would be required in practice.
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Chapter 8

Floating Point Considerations

In this chapter we discuss floating point issues in the fixed point policy iteration. The
discussion focuses on the block matrix fixed point policy implementation. Section
presents general results describing how roundoff errors affect convergence of the iteration.
Section discusses the effect of roundoft error for the penalty method and estimates a
bound for the penalty parameter . Section focuses on the effect of floating point error
for the direct control method. Bounds for the scaling parameter II are estimated. Section

presents numerical results. Section [8.5] summarizes the main results of this chapter.

8.1 Floating Point Considerations: General Results

During the course of our numerical experiments, we observed that, even if the conditions
required by Theorem were satisfied, the fixed point policy iteration in Algorithm
sometimes failed to converge for certain values of the penalty parameter or the direct
control scaling factor. This non-convergence was a result of the oscillatory behavior of the

iterates. These oscillations were above the level of the convergence tolerance, hence the
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scheme did not terminate.

Testing Algorithm [6.4.1]with B = 0 was revealing. In this case, we can see that in exact
arithmetic, equations show that the iterates are monotone non-decreasing, i.e.
oscillations cannot occur. However, in floating point arithmetic, equation (6.32) is not
always true. When there is no jump diffusion, this problem can be ameliorated by forcing
the right hand side of equation to be always non-negative. However, we cannot use
this approach here, when B # 0.

Let fl(x) be the floating point representation of a real number x. Define error vector

Ae! which is generated by the unit roundoff 6.

Aey = fL(=ANMIVF+BOOV +e(xh)

— [AGK)IVE+BOEVE + e(xM)] (8.1)

The floating point error in the fixed point policy iteration is dominated by the computa-
tion in equation ({8.1]), since the computation of these terms involves computing numerical
derivatives of v¥. Numerical experiments showed that this source of error far outweighed

any other source of floating point error (e.g. the linear equation solve).

Note that in [7, 41], the effect of propagation of errors in policy iteration is discussed.
However, the error bound in [7, [41] depends on the effective discount rate. In our context,
the effective discount rate tends to unity as the mesh is refined, hence the upper bound for

the accumulated error in [7, [41] becomes infinite in this limit.

Consequently, we will adopt a somewhat informal, but instructive approach to analyze
these errors in the following. Suppose that in exact arithmetic Algorithm [6.1.2] would

k+1

terminate at step £+ 1. Let v*, v¥*! be the iterates computed in exact arithmetic, and let

Av? be the floating point error in v¥*! generated by Ae} at step k. Then, from equations
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’ 7
AGP) [P =) + Avs] = [FAE)VE+BOO)IY +e(XM)] + Aef . (82)

which gives Av¥ = A~1(x*)Ae%. Clearly, problems will arise if

[(Av5)l

max(scale, [vh

) > tolerance (8.3)

since, even if |[(vFT! —v¥)] | is small, the iteration will not converge according to the
criteria in Algorithm [6.1.2

Consequently, we can estimate bounds for parameters that will minimize the effect of

floating point errors by requiring that

AvE] T [ AT 6 Ak,

< tolerance . 8.4
¢ [max(|v§+1\,scale) max(\vf“],scale)} (8.4)

A rigorous bound for condition ({8.4)) is too pessimistic to be useful. We make the following

approximation
A1l k A k A1 k - A k
max{ [ (g(ﬂ) e;le ] maX[H (x ;1” | e5|z]’ (5.5)
¢ |max(|v, |, scale) ¢ max(|v/], scale)
so that bound (8.4)) is estimated as
AL () ||| A
H X 2“ A < tolerance . (8.6)
] max(|v/], scale)
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8.2 Penalty Method Floating Point Considerations

For the penalty method, the floating point error of each iteration is dominated by compu-

tation of the following term in equation (8.1

(1 -k — (Dhol; + Diyk))) (8.7)

m | =

The worst case roundoff error for this term occurs in the area where the grid is fine, where
we subtract two nearly equal numbers. This error is then magnified by dividing by the

grid spacing and by . In Appendix , we obtain the following result (equation (F.20])),

46 1 1
‘[Aelg]i’j < ?(AWmin + AAmin)maXﬂvﬁj],scale) : (8.8)

where
AAmin == mlH(A] — Aj—l) 3 AWmin = ITllIl(VVZ - I/Vi_l). (89)
J i

From Lemma [6.2.3, and Proposition [6.4.1], and setting B; = I, we obtain

1
1A ()l < max < A7 . (8.10)

ok =
A+ (r+A) + (oF,G+ —’J)A;j,

&g
Consequently, from equations (8.8) and equation (8.10]) we obtain

46A 1 1
0AT + )max(|v;-fj|,scale). (8.11)

—1/ k k
1A 7 ()l Al < — (AWmm AAmin

Now substitute equations (8.11]) into equation to obtain

40T 1

. (AW A ) < tolerance . (8.12)
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In order to ensure that the penalty method is consistent with the original HJB vari-
ational inequality, we require that the penalty parameter ¢ = CAr for any constant
C > 0 [30]. Intuitively, 1/¢ is the maximum withdrawal rate, so that it has dimensions of

dollars/time.

Define a dimensionless constant C* such that

% Wo

1
—=C"—.
€ AT

(8.13)

Substituting equation ({8.13]) into equation (8.12))
1 ([ tolerance\ [ AWy 1
Cr < - — . 8.14
4( 0 ><wo )(H%) (514

8.3 Direct Control Method Floating Point Consider-

ations

For the Direct Control approach, the worst case floating point error in equation ({8.1)) (for

IT large) will be generated by the term
I (1 -k — (Dfvf; + Dyot,)) - (8.15)

We can estimate the upper bound for II, using the same approach as in Section 8.2 and we
can deduce the bound by setting II = 1/e in equation (8.12]) to obtain (where we consider

IT — oo when estimating [|A;7||)

1 ,tolerance, , AW, iin 1
e g (B ). 816)
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Conversely, if Il is small, then the worst case floating point error will be generated by
the term $02W2Djyy,, V%! in equation (5.24), since this term involves a numerical second

derivative. (See the definition of £ in equation (5.5)). From the result in Appendix [F]
equation (F.21]), we have

a?W?

L max(scale, |vi|) , (8.17)

(Aef); | < 45m

where (AWpin) = min(W; — W;, W; — W;_;). From Lemma [6.2.3] (setting Bj = I), using
Proposition [6.4.2] and considering the case where II — 0, we obtain

AApax

-1/ k
N

(8.18)

where AA .« = max;(A; — A;_1). Substituting equations (8.17)) and (8.18) into equation
to obtain

I > 402AA W J .10
- - (AWmin)g tolerance / ’ (8.19)
where
| W2
) = i _ 5
ml-aX((AWmin)Z?) (AWin)? (8.20)

Combining equation Lemma [6.4.2| and (8.19) we obtain

1T M Ay, 402AA Wi 0 (8.21)
> max» max — . .
fax ? (AWhin)7 ) \ tolerance
Unlike the penalty method, the discretized direct control method does not require the
existence of a constant C' such that 1/II = C'A7 to achieve the consistency. Recall from
Remark [4.1.1} that IT has dimensions of dollars/time. However, in order to compare the

direct control method with the penalty method, we also introduce a dimensionless constant
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C*
% W0

M=C" (8.22)

The upper and lower bounds of C* for the direct control method are then (from equations

(816), (8-21), (8:22)),

. MALAT 02 A A AT w2 b
“ - max( wo A wo )((AWmm)g) (tolerance))
. 1 tolerance, , AW 1
¢ LS e v MHW)' (8.23)

8.4 Numerical Results

In previous sections, we discussed expressing the penalty parameter € in terms of a dimen-
sionless parameter C* as in . We also expressed the scaling factor II also in terms of
C* as in in order to compare the direct control method with the penalty method.
Note that the direct control method does not require the existence of a constant C' such
that 1/I1 = CA7. Writing II = C*wy/AT is only for the purpose of comparing direct

control method with the penalty method.

We refer to the bound on C* imposed by effect of floating point arithmetic as a Type
I bound. The bound on C* imposed by requiring that [[A~1(x*)B(x* )|l < 1, will be

refereed to as a Type II bound.

Table compares the GMWB value priced by both penalty method and direct control
method when C* € [107%,10°]. The left two columns show the estimated bounds of C*
from equations and . The finest grids are around node (W = 100, A = 100),
so we set W; = 100, in the estimate of the floating point errors in equation . We take
double precision machine epsilon to be § = 1.11 x 10716, The “N/A” entries in the table

indicate that the iterative scheme did not satisfy the convergence criteria in Algorithm
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[6.1.2] after 6000 iterations.

For the entries where the computed values have asterisks, although the convergence
criterion in line 3 of Algorithm [6.1.2] was satisfied, we view these results as unreliable.
Note that the convergence criterion in Algorithm is not able to clearly distinguish
between very slowly diverging sequences and truly converging sequences. We remind the
reader that the Type Il bound from Lemma [6.4.2]is a sufficient condition for convergence

in exact arithmetic, from Condition [6.2.1]

However, choosing a C* smaller than the estimated lower bound of C* from bound ([8.23)
produces questionable results. It is obvious the values with asterisks deviate somewhat from

the other values.

As discussed previously, the direct control method does not require Il to be scaled by
AT, whereas the penalty parameter ¢ is required to be scaled by 1/A7 for consistency
purposes [30]. In order to compare the direct control method with the penalty method,
we present Table where both ¢ and II are not scaled by A7. The other computational

parameters are the same as those used to compute Table |8.1L The values in the column

“Bound” are computed according to bounds (8.21)) and ({8.16]).

In the previous numerical examples, the lower bound for the scaling factor II is dom-
inated by a Type II bound. To see the effect of Type I lower bound in isolation, we
remove the jump diffusion from the underlying asset model (e.g. A = 0). Consequently,
JATT()B(* |l < 1 always holds since Vk,B(x*) = 0, hence the Type II bound

disappears.

Table shows the GMWB values priced at refinement level 5 (A = 0). Without
the presence of Type II bound, we can further decrease the scaling factor by three or-
ders of magnitude. The estimated Type I lower bound for C* is remarkably close to the

experimental result.
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tolerance = 107° Direct Control Penalty Method

Type Bound IT or 1/e Value [tns/step Value Itns/step

I 0.67x10%0/AT 10 %wy/AT N/A N/A
107 8wo /AT 99.999992*  4.03
10~ we /AT 99.999992*  3.97

IT 0.33 x 107 %wy /A7 1075we/AT 100.00003  3.94
1075we /AT 100.00003  3.89
1074w /AT 100.00003  3.84
1073we/A7 100.00003  3.31
10 2we /AT 100.00003  3.80

10~ we/AT 100.00003  3.82 99.969172 3.83

10°%0/A7  100.00003  3.83 99.996899 3.85

10'wo /AT 100.00003  3.87 99.999715 3.87

10%wo /AT 100.00003  3.88 99.999998  3.88

103w /AT 100.00003  3.88 100.00002  3.88

10wy /AT 100.00003  3.88 100.00003  3.88

10°wo /AT 100.00003  3.88 100.00003  3.88

I 0.35 x 108wy /AT 10we/AT 100.00003  3.88 100.00002  3.88
107wy/AT N/A N/A N/A N/A

Table 8.1: The effect of the scaling factor II and penalty parameter 1/¢ in terms of C* on
pricing the GMWB guarantee at refinement level 5. ¢ = 0.3, /W = A = 100 and ¢t = 0. Fair
insurance fee (i.e. n = 0.045452043) is imposed. Fully implicit method is used. Tolerance
for iteration is set to 1076. Contract parameters are given in Table [7.1] Jump diffusion
parameters are given in Table . Itns/step refers to the average number of iterations per
timestep for the lines 2 — 4 in Algorithm [6.4.1 Type I bounds refer to bounds based on
floating point considerations. Type II bounds refer to sufficient conditions for convergence
in exact arithmetic, from Condition [6.2.1}
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tolerance = 107° Direct Control Penalty Method

Type Bound 1/e or II Value [tns/step Value Itns/step
I 013x10° 10° NJ/A N/A
1075 N/A N/A

107% 99.999908* 4.13

1073 99.999930* 3.98

I 0.63x1072 1072 100.00003  3.94
1071 100.00003  3.90

10° 100.00003  3.87

101 100.00003  3.02 06.209487  3.00
102 100.00003  3.78 99.472632 3.83
10 100.00003  3.82 99.941407 3.82
101 100.00003  3.82 99.994038  3.83
105 100.00003  3.86 09.999426  3.86
105 100.00003  3.88 99.999969 3.8
107 100.00003  3.88 100.00003 3.8
10 100.00003 3.8 100.00003 3.8
10 100.00003 3.8 100.00003 3.8
I 0.68x 10 101 100.00003 3.8 100.00003 3.8
101 N/A N/A N/A N/A

Table 8.2: The effect of the scaling factor 1/e and penalty parameter ¢ on pricing the
GMWB guarantee at refinement level 5. ¢ = 0.3,W = A = 100 and ¢ = 0. Fair insurance
fee (i.e. n = 0.045452043) is imposed. Fully implicit method is used. Tolerance for iteration
is set to 107%. Contract parameters are given in Table . Jump diffusion parameters are
given in Table . Itns/step refers to the average number of iterations per timestep for
the lines 2 — 4 in Algorithm [6.4.1] Type I bounds refer to bounds based on floating point
considerations. Type Il bounds refer to sufficient conditions for convergence in exact
arithmetic.
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Remark 8.4.1 (Range of Values). These examples clearly show that the range of useful
values of the scaling parameter for the direct control method is much larger than the range

of useful values for the penalty parameter in the penalty method.

min? max] )

] the computed GMWB

We also carried out an experiment to determine the order of magnitude of [C},,, Cs
as a function of convergence tolerance, such that vC* € [C,,, Cs

values agree to (n + 1) digit, where tolerance = 10~". Table compares the computed

order of magnitude of C?, and C?

i ¥ in With the estimated C* upper and lower bounds from

equation (8.23)).
A similar experiment was also conducted to seek the order of magnitude of the range
[inin, Himax], as a function of iteration tolerance, such that V II € [y, [Tmax] the computed

GMWB values agree to (n + 1) digit, where tolerance = 10™™. Table compares the

computed order of magnitude of Il,.« and Il,;, with the estimated IT upper and lower

bounds from equations (8.16)) and (8.21)).

8.5 Summary

The main results of this chapter are as follows.

e Condition [6.2.1] is a sufficient condition for fixed point policy iteration to converge
under exact arithmetic. In practice, a floating point system is used and additional
conditions are required so that convergence can be expected in the presence of inexact

arithmetic.

e By Condition together with an estimation of local optimization roundoff error,

we estimate bounds for the penalty parameter in the penalty method and the scaling
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tolerance = 1079

Direct Control

Penalty Method

Type Bound IT or 1/e  Value Itns/step Value Itns/step
107wy /AT N/A N/A
107 % /A7 115.88596 2.69
I 0.67 x 10 %wo /AT 107 %wo/AT 115.88596 2.69
1078w /AT 115.88596  2.69
107 we /AT 115.88596  2.69
I 033 x107%/A7 107 %wy /A7 115.88596 2.69
10 %wo /AT 115.88596  2.69
1074w /AT 115.88596  2.69
1073w /AT 115.88596  2.68
1072w /AT 115.88596 2.83
107 we /AT 115.88596 2.84 115.85508 2.85
10%0 /A7  115.88596 2.85 115.88281 2.84
10%wo /AT 115.88596 2.85 115.88565 2.85
10%wy /AT 115.88596 2.85 115.88593  2.85
103wy /AT 115.88596 2.85 115.88596 2.85
10wy /AT 115.88596 2.85 115.88596  2.85
10°wo /AT 115.88596 2.85 115.88596 2.85
I 0.35 x 10wq /AT 100 /AT  115.88596 2.87 115.88596 2.86
107wy /AT N/A N/A N/A N/A

Table 8.3: The effect of Type I upper and lower bounds on the scale factor II and penalty
parameter 1/e on pricing the GMWB guarantee at refinement level 5. No jump diffusion
presented. 0 = 0.3, /W = A = 100 and ¢t = 0. No insurance fee (i.e. n = 0) is imposed.
Fully implicit method is used. Contract parameters are given in Table . Itns/step refers
to the average number of iterations per timestep for the lines 2 — 4 in Algorithm [6.4.1]
Type I bounds refer to bounds based on floating point considerations. Type II bounds
refer to sufficient conditions for convergence in exact arithmetic. In this case the Type IT
bound is not required since the jump term is absent.
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Tolerance
10°° 10°° 1010
Level | C* upper bound C C* upper bound C} C* upper bound C

max max max

0 0.11 x 10° 105 ] 0.11 x 10° 10" ] 0.11 x 10* 10°
1 0.56 x 107 107 | 0.56 x 10° 10° | 0.56 x 10° 10°
2 0.28 x 107 107 | 0.28 x 10° 10° | 0.28 x 103 10°
3 0.14 x 107 107 | 0.14 x 10° 10° | 0.14 x 10? 10%
4 0.70 x 108 106 | 0.70 x 10* 10* | 0.70 x 102 103
5 0.35 x 10° 10% | 0.35 x 10* 10* | 0.35 x 10? 10?
Level | C* lower bound C}; | C* lower bound C. | C* lower bound C7 ;.
0 0.33 x 1073 107* 1 0.33 x 1072 107* 1 0.33 x 1072 10~
1 0.83 x 107* 107* [ 0.83 x 107* 107° [ 0.83 x 107* 107°
2 0.21 x 107* 107° [ 0.21 x 1074 1076 { 0.21 x 1074 107°
3 0.52 x 107° 1075 | 0.52 x 107 1077 | 0.67 x 107° 107°
4 0.13 x 107° 1075 | 0.13 x 1075 1075 | 0.67 x 1075 1075
5 0.33 x 1076 107% | 0.33 x 107° 1077 | 0.67 x 107° 107°

Table 8.4: Experimental C* upper (CY .. )and lower (C,, ) bounds as a function of itera-
tion convergence tolerance. The theoretical bounds C* upper bound and C* lower bound
are also shown. Both penalty and direct control method with block matrix implementation
as in Algorithm and produce the same results of C ... Direct control method is used
for computing C7;,. Contract parameters are in Table[7.1] Jump diffusion parameters are
in Table o = 0.3,7 = 0.045452043. Finest grids are around node (W, A) = (100, 100),

which are used to compute the bounds.
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Tolerance
107° 1078 10710
Level | II upper bound 1l,.. | II upper bound 11, | II upper bound 1l.,
0 0.68 x 1019 10" | 0.68 x 108 10° 0.68 x 10° 10°
1 0.68 x 1019 10t | 0.68 x 108 10° 0.68 x 106 108
2 0.68 x 1019 10° | 0.68 x 108 10° 0.68 x 106 108
3 0.68 x 1019 10° | 0.68 x 108 10° 0.68 x 106 107
4 0.68 x 1019 10° | 0.68 x 108 108 0.68 x 108 107
5 0.68 x 1019 1019 | 0.68 x 108 108 0.68 x 108 108
Level | IT lower bound Il.;, | II lower bound Il | II lower bound Il
0 0.20 x 10° 1072 | 0.20 x 109 10=2 | 0.20 x 109 1072
1 0.10 x 10° 10! | 0.10 x 10° 1072 | 0.10 x 10° 10—2
2 0.50 x 1071 107! | 0.50 x 107! 1072 | 0.50 x 107! 101
3 0.25 x 1071 1072 | 0.25 x 107! 1073 | 0.32 x 107! 101
4 0.13 x 1071 107" | 0.13 x 107! 1072 | 0.64 x 107! 101
5 0.63 x 1072 1072 | 0.63 x 1072 1072 | 0.13 x 10° 10°

Table 8.5: Experimental upper bounds (I1,,.x) for IT and 1/¢ and lower bound for IT (I1,,),
as a function of iteration convergence tolerance. The theoretical bounds I upper bound
and II lower bound also shown. Both penalty and direct control method with block matrix
implementation as in Algorithm are used in upper bound experiment and produce
the same results for Il,... Direct control method is used to compute II,;,. Contract
parameters are in Table [7.I Jump diffusion parameters are in Table [7.2 o = 0.3, =
0.045452043. Finest grids are around node (W, A) = (100, 100). These nodes are used to

compute the theoretical bounds.
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parameter in the direct control method so that we expect the fixed point policy

iteration will converge in the presence of roundoff error.

e Numerical results show that the estimated bounds are of the correct order of mag-
nitude. The useful numerical range of the scaling parameter for the direct control

method is much larger than the penalty parameter for the penalty method.

e A useful rule of thumb is to choose the penalty parameter or the direct control scaling

parameter two orders of magnitude less than the upper bound estimate.
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Chapter 9

Conclusions and Future Work

9.1 Conclusions

This thesis studies numerical methods for solving the HJB PIDE/VI resulting from pricing
a GMWB as a singular control problem [40] with the additional assumption that the
underlying asset follows a Poisson jump diffusion process. We extend the penalty method
[18] and direct control method [9] to solve the resulting HJB PIDE/VI. Provided the
original problem satisfies a strong comparison property, we prove that the penalty method
discretization converges to the unique viscosity solution of the HJB VI for the case of
standard Geometric Brownian Motion. We discuss the proof of the convergence of the
direct control method discretization to the unique viscosity solution of the HJB VI by
giving detailed proof of the stability for the case of standard Geometric Brownian Motion.
We also briefly sketch the proof of the convergence of both the penalty method and the
direct control method discretizations to the unique viscosity solution of the HJB VI for
the jump diffusion case. Maximal use of central differencing [55] results in noticeably

faster convergence (as the grid/timesteps are refined) compared to forward or backward
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differencing only discretization.

An efficient fixed point policy iteration scheme is developed to solve a class of dis-
cretized controlled HJB PDEs in finance including but not limited to the PDE resulting
from pricing a GMWB as a singular problem. This method is particularly useful if the
risky asset (in a financial application) follows a jump diffusion or regime switching process.
Sufficient conditions are derived to ensure the convergence of the fixed point policy iter-
ation. In the penalty method case, these conditions are typically satisfied if a monotone
discretization method is used, which is normally required in order to ensure convergence
to the viscosity solution. In case of the direct control method, we applied a scaling factor
to the discrete equation. The convergence of the fixed point policy iteration in this case
can only be guaranteed if the scaling parameter satisfies certain conditions. However it is

always possible to select a scaling parameter which satisfies this condition.

The singular control formulation of a GMWB has a special structure that can signif-
icantly improve the efficiency of solving the resulting nonlinear system. A block matrix
fixed point policy iteration scheme is developed and the conditions required for convergence
are determined. Numerical results show that this method is an order of magnitude better

in terms of number of iterations compared to a full matrix formulation.

Both the penalty method and the direct control method require specification of a pa-
rameter. This parameter affects both convergence and accuracy. We estimate bounds for
these parameters for both methods, so that convergence in floating point arithmetic can be
expected. To the best of our knowledge, such analysis has not been carried out previously.

Numerical experiments indicate that these estimates are reasonably accurate.

Our experimental results show that the singular control formulation has some limi-
tations in determining the withdrawal boundaries to high accuracy. For nodes near the

withdrawal boundaries, convergence is somewhat erratic. However, the singular control
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formulation is easy to implement and convergence is fast to a level of accuracy probably
far beyond what would be required in practice. This method has a lower complexity than

the impulse control approach in [I1], though at the expense of some loss of generality.

9.2 Recommendations

Based on our analysis and numerical experiment results, we make the following recommen-

dations from a practical perspective regarding pricing a GMWB.

e The singular control formulation for pricing a GMWB is easy to implement and
converges rapidly. In a situation where speed over-weighs unnecessary accuracy, a
singular control formulation appears to be a good methodology. However, complex

contractual features may be difficult to implement with a singular control formulation.

e The block matrix fixed point policy iteration is a recommended efficient implemen-
tation to solve the resulting nonlinear system for both the penalty method and the

direct control method.

e [t is safe to choose the penalty parameter and the direct control scaling factor two
orders of magnitude away from the estimated bounds (based on floating point error

analysis).

e It would appear that the order of magnitude useful range of the scaling parameter
for the direct control method is much larger than the useful range for the penalty
parameter in the penalty method. The accuracy and convergence rate for both
methods are similar for parameters within the useful range. Consequently, it would
appear that the direct control method is superior to the penalty method in this

regard.

132



9.3 Future Work

A few interesting future research directions appear while we are studying the GMWB

pricing problem and they are as follows.

e A singular control formulation is an often used methodology for modeling problems
in finance. The fixed point policy iteration scheme described in this thesis is based
on a very general form of discretized controlled HJB equation, which may be applied
to other singular control problems in finance beyond the GMWB pricing problem. It
would be worthwhile to explore how the fixed point policy iteration performs with a

wider range of singular control problems in finance.

e Both Poisson jump diffusion and regime switching are considered better models for
the underlying assets that are more consistent with market data. Studying the
GMWB problem as a singular control problem under regime switching is also an

interesting research direction.

e The scaling factor in the direct control method appears to be a newly observed

parameter and merits further study.
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Appendix A

Hedging Argument for (3.1))

In this Appendix, we give an informal hedging argument for deriving equation (3.1)). Con-
sider the following scenario. The underlying asset W (a mutual fund) in the investor’s

account follows the process
dW = (u —n)Wdt + WadZ , (A.1)

where p is the drift rate, 1 is the fee for the guarantee, and dZ is the increment of a Wiener

process.

We assume that the mutual fund tracks an index W which follows the process
AW = pWdt + WodZ . (A.2)

We assume that it is not possible to short the mutual fund, so that the obvious arbitrage
opportunity cannot be exploited. (This is typically a fiduciary requirement.) We further

assume that it is possible to track the index W without basis risk.

Now, consider the writer of the GMWB contract, with no-arbitrage value V (W, A, t).
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The writer sets up the hedging portfolio
(W, W, A, t) = =V (W,At)+2W | (A.3)

where 2z is the number of units of the index W.

Over the time interval ¢ — t 4 dt, assuming that Ito’s Lemma can be used, we obtain

1
dil = — [(Vt + (= m)WWy + 5" WV + f(v) = YWiv = WA) dt + OWVWdZ]

+ z[pWdt + oWdZ] (A.4)

where + is the (finite) rate of withdrawal by the contract holder.

Choose
44
so that equation (A.4]) becomes
1
dll = — [(Vt —nWVy + §UZW2VWW +f(v) —vVw — 'VVA) dt] : (A.6)

The worst case for the hedger will be when the contract holder chooses an action to
minimize the value of the hedging portfolio (this of course corresponds to the contract

holder maximizing her no-arbitrage long position), so that

1
dIl = min [— (Vt —nWVy + §U2W2VWW + f(v) — vV — VVA) dt} . (A.7)

Y

Let r be the risk free rate, and so setting dII = rII dt (since the portfolio is now riskless)
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gives

1
r(=V+ VW) = — maxK—vT — WV + 5aQWQVWW + f(v) =V — 'YVA)}

v

1
= Ve WV = So*W*Vipw — max | f(7) = Vv — WA} ;o (AB)

which is equation ((3.1]).

Another way to verify this equation is the following. Imagine that the hedger replicates
the cash flows associated with the total GMWB contract. In this case, the underlying
mutual fund can be regarded as a purely virtual instrument, following process . The
actual hedging instrument on the other hand follows process . Having eliminated the
random term by delta hedging, the hedger then assumes the worst case which occurs when
the contact holder maximizes (deterministically) the no-arbitrage value of the contract. In
this case, V. = U 4+ W, where V is the value of the entire contract, and U is the value
of the guarantee. We can obtain an equation for the guarantee portion U by substituting

V = U + W into equation (A.8].

[13] uses a similar argument to value the guarantee portion of the GMWB using the

impulse control formulation.

Of course, the above arguments assume that the rate of withdrawal is finite, and that
the solution is sufficiently smooth so that Ito’s Lemma can be applied. These assumptions
are not in general valid (i.e. we take the limit as the maximum withdrawal rate becomes
infinite), and a much more careful analysis is required to derive the singular control problem
in rigorous fashion. Delta hedging strategies for GMWB contacts are commonly used in

the insurance industry [6, 28], although usually based on the impulse control formulation.

136



Appendix B

Finite Difference Approximation

B.1 First and Second Derivatives Approximation

In this appendix, we use a standard finite difference method to approximate the first and
second partial derivatives in the PDE. The discretized differential operators D%, D}, and

Dl are given by

Vil = Vi : :
D AV” = ————>— backward differencing, (B.1)
AA;
ViV, -
JAW; . backward differencing,
D{/van = 9 % forward differencing, (B.2)
ViV .
=" central differencing,

Dh an — i i
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where

AA; = Aj— Aj, AW =W, =Wy, AW =W,y — W, and AVVZ-i = Wiy — Wiy,

B.2 Discrete Equation Coefficients
Let {¢,9} denote the local control parameter value for node (W, A;, 7).

h n
‘Amb V%J

a5 (0, V) Dy Vi + bi (@, V) D Vi — ci (o, W)V

= ai,j(% w)viil,j - [O%’,j<90a V) + 5@3]’(% V) + Ci,j(% V)] V;T; + ﬁi,j(% w)‘/zilj
If central differencing is used for the Dy, V;"; term, then

2ai,j<307 ¢) bi,j(gpa ¢)

Qj j.cent = AWZiszi AVVZ:E )

2ai5(,¥) | bij(p,¥)
 joont = ’ . B.A
/6 »Jhcent A Wii A Wi+ + A ‘/I/ii ( )

When a forward /backward differencing is used for the D{}VV;’; term, we obtain

2&2' ] ? | _bz ] 9
Qi j, for back = ﬁ + max |0, #] ’
n 2661'74(907770) [ bz,(¢,¢)
NN A LN | (B.5)

where

AW =W, =W, AW, =Wy —W;, and AWE = Wiy — W, .
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Appendix C

Maximal Use of Central Differencing:

Direct Control Method

Similar to the penalty method discretization, the discretized Dy, V;"s term in B2V in
equation (4.8)) can be obtained by applying central, forward, or backward differencing to

the Dy, V* term. We again write the BZ operator in the following form

BV = aij(o)Vit; — (aij(e) + Bii(0) + (@) Vil + Bii(0)Vit

i=2,3 . imax— 1, =12 jmee n=12... N—1. (C.1)

The «; () and 5 ;(¢) in (C.1) are determined by the differencing method used in W

direction, a;; € {jcent: Qijfor/back > Bij € {Bijcents Bij for/back}, Which are defined in
Appendix Although the «;; and (3, ; for the direct control method does not have a
dependency on the control variable v, the method in Appendix is written in a general
form so that it can handle this case as well. We use the coefficients as in to compute

a;j and f3;; for the direct control method. The positive coeflicient condition (see [44])
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requires

Q; j >0 ] ﬁ@j >0. (CQ)

Because ¢; ; > 0 always holds, condition (3.24)) is a sufficient condition to ensure a posi-
tive coefficient discretization scheme. To use central differencing on the Dy V' term and

maintain a positive coefficient condition at the same time, we require 1/1?}’1 =0 and

n (1= ) pGyTT
L e ) - e 3
Wi—W,1 — (1-— @b;fjl)a?Wi ’ ‘
n 1=y} eG4yl
T 10 4 ek s s o
Wi =W, — (1-— ;jj“)a?Wi ' ’
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Appendix D

M Matrix Property of Z" in the
Direct Control Method

Since Z" is a block lower triangular matrix, its inverse (Z") ! is also a block lower triangular
matrix if (Z")~! exists. When Z™ is a 2 X 2 block matrix, it is easy to show that Z" is an
M matrix. We use a 3 x 3 block matrix as a non-trivial example to show that (Z")~! is

nonsingular and (Z")~! > 0.

Let
Dl O O X11 0 0
Z'=|-Ly Dy 0 ; X=X X2 0 ’ (D.1)
0 —-L; Dj X31 X3z Xass

where Xj; (1 < j <i<1,2,3) is a block matrix that has the same dimension as Dy and
D? (i = 2,3). We remind the reader that D; and D (i = 2,3) are block M matrices
and L' (i = 2,3) is non-negative. If the following set of equations in have a unique
solution X, then (Z")~! = X. In (D.2)), I; ( = 1,2, 3) is the identity matrix with the same
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dimension as Dy and DY (i,= 2, 3).

D, 0 O X;3; 0 0 I, 0 0
-L; D3 0 X1 X2z 0 = (o 1, 0] . (D.2)
0 —Lg Dg X31 X32 X33 0 0 13

The system of equations in (D.2) are equivalent to three sets of matrix equations as follows.

Dl 0 0 X11 I1
0 -L? Do X1 0
D; O 0 0 0
17 D 0 Xp2 | = [T - (D-4)
0 -L? Do X3a 0
D; O 0 0 0
~Lz DI 0 0 = o | . (D.5)
0 -Li Do X3 Iy

Since Z" is a block lower triangular matrix, one can use forward substitution to solve the

equations in (D.3]), (D.4)) and (D.5]). We use (D.3)) as an example, which can be written as

142



a system of linear equations as follows.

D1X11 = Il (DG)
—LgXll + DgX21 =0 (D7)

The first equation only involves X1, thus one can solve for Xy directly. The second
equation ({D.7)) only involves X;; and Xa1, and thus can be solved once the already solved
value for Xy is substituted in. Continuing in this way, the third equation only
involves X571 and X371, and one can solve for X3; using the previously solved values for

Xa1. The resulting solution is

Xy = Dy, (D.9)
Xz = (D3) 'LyD;t, (D.10)
Xs = (Dj) 'Li(D3) 'LyD;". (D.11)

Using the same forward substitution approach, one can solve equations in (D.4]) and (D.5)).
Finally we obtain the solution of X.

D;' 0 0
X = | (D3)~'LyD;" (D3)~* 0 (D.12)
(D3)~'Ly(D3)~'LyD;" (D3)~'Ly(D3)~' (D)~

The matrix X is a block lower triangular matrix with (D)~ and (D}?)~! (i = 2, 3) on
the block diagonals. The determinant det(X) = det(D; ") det((D})~") det((D%)~!). Since
D; and D} (i = 2,3) are block M matrices, D; ™! and (D})™! (i = 2,3) are non-singular.
So determinants det(D; ') # 0 and det((D}?)™') # 0 (i = 2,3). Therefore det(X) # 0,

143



hence X is nonsingular. This proves that (Z")~' is nonsingular.

Due to the fact that D; and D} (i = 2,3)are M matrices, we have (D;)™' > 0 and
(D)~! > 0 (i = 2,3). Together with the fact that LI > 0, it follows that Xj; > 0
(i,j = 1,2,3). Because (Z")~! = X is nonsingular and (Z")~! > 0, Z" is an M matrix.

Continuing the same way of forward substitution when Z" is a jyax X Jmax bPlock ma-

trix, one can obtain the solution of the block lower triangular matrix X shown in (D.13)).

Similarly, we can prove that Z" is an M matrix for jp., > 3.

(D)~ (i=j=1)
(DY) (1<i=j < jmax)
Xii =90, (1<i<j< jmax) (D.13)

(D?)ilLin(D?fl)ilL?izl o (D‘?+1)71L_?+1(D‘7jl>717 (1 < j <1 S jmax)

(DY) ~'LyDy ) LE .. (D) LD, (1=5 <0 < Jimax) -
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Appendix E

Continuity of Local Optimization

Objective Function

Define local optimization problem objective function as

G(v) = max{—A(X)vk +B(x)vF + C(X)} . (E.1)

Xe€EX

We would like to show that G(v*) is a continuous function of v* . That is

lim GV = G(v). (E.2)
Proof. Let
X" = arg maX{—A(X)V'“ +B)V* + C(X)} : (E.3)
xe€eX
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then by definition of G(v) in (E.1)), we have

G = ANV +BOO)VF + ), (E4)

Gv*) > —A()VF +Bx)VF +c(x) ,Vx € X. (E.5)
Similarly, let

X" = arg g{aX{—A(X)V* +B()v" + C(X)} , (E.6)
we have

GV = —AN IV + BV +elx), (E.7)

G(v*) > —A)V*+B(x)vF +c(y) ,Vx e X . (E.8)

Since (E.8) holds for all y € X, it also holds for x*. Substitute y with x* into (E.S)

and then subtract the resulting equation from equation (E.4]), we obtain

G(v*) = G(v)

IN

— AWV 4+ BOF)IVE A+ e(xF)
— A"V + BV 4 e(x)]

= [FAQN) +BOO)] (Vv (E.9)

Similarly, substitute y with x* into equation (E.5) and together with equation (E.7)), we

146



obtain

—A(XIWVF BV + e(x)

Q
<
N
|
Q
<*
v

— ANV + B )V +e(x)]

= [FAKX") + B (v —v). (E.10)
Consequently, we have

{—A<x*> +B(x*>} (VF=v*) < GWVH) =G < |[-AK") + B | (vF = v¥) .
(E.11)

Since A(x) and B(x) are bounded independent from x (by Condition 6.2.1]), then we have

lim G(v") - G(v*) =0. (E.12)

vk y*
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Appendix F

Floating Point Arithmetic Error
Analysis

F.1 Roundoff Error Propagation

Let x = (z1,x2,...,x,)". To compute a function y = ¢(x) by using floating point arith-
metic, an error Ay of ydy has to be expected, where |§y| < , the machine epsilon [50].
Furthermore, there exists an input error Ax = (Axy, Azs, ..., Ax,) due to the float-
ing point representation of real numbers or previous calculation of x (we do not consider
the measurement input error because it is beyond the control of numerical computation
method). The two sources of error are unavoidable no matter how we arrange the floating
point operations. The third source of error comes from the intermediate roundoff errors
and it depends how we arrange the floating point operations. Based on differential error

analysis, the total floating point arithmetic error of computing y denoted by Ay, to the
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first order approximation, is given by
Ay = Do(x)Ax + ydy + }:AU (F.1)

with D¢(x) being the Jacobian matrix of ¢(x) and Ay being the intermediate roundoff
error generated at step i. We assume there are r intermediate steps and each step performs

elementary operations such as +, —, X, + and va [50].

F.2 Derivative Roundoff Error by Finite Difference

Using the standard finite difference method to compute the first derivative involves floating

point arithmetic of computing the function with form

X1 — T2

Y= ¢1(x) =

F.2
- (7.2
Let the input relative error be denoted by dx = (0z,, 0uy, 0u3) = (Azy /21, Ao /29, Axg/3)" .

If we compute y; = x1 — x5 first, then proceed to divide the intermediate result y; by x3,

from equation (F.1]), we have

Ay = 6,2 5,22

a3y + Oy + 61Y
T3 T3

where [6;] < 6(z = 1,2) and d;y is the intermediate roundoff error. Further assuming

|025] < 0 and |z3] < Ahyin, we obtain the bound of Ay as follows

’ | | 2|
A < + . E.
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Let
zg=(1+a)xy, v1 = (1+az)rs, |23] < Ahpin - (F.4)
The bound of y is given by

Li .
ly| < |ai|A’h—‘. , o 1=1,2. (F.5)

Suppose input error Ax is due to representing the real number in the floating point system
or from a previous calculation whose error is within machine epsilon 4, so we have [|dx||oo <
0 and consequently

|5L“z'|

Ahmin

|Ay| < 82+ 4|a;)) i=1,2. (F.6)
Applying the result to discretized D{,”I,Vif;“ and D AV”Jrl in equation (B.3), we obtain
the absolute roundoft error of computing first derivatives by using backward difference as

follows

n+1
ARV < 6(2 + 4fag)) M' VL = (14 ag) V!

n+1
ADR VI < 6(2+ 4lag) XW,' L VML = (14 ag V!
n+1
|AD}, VL] < 6(2+4|a5|) WJ, Vil = (1+as)Vi5H (F.7)

Applying the result in equation (F.5)) to D4V, ;, DE Vi ; and DY V;Tl'lj, we have

| n+1

asl N AA’

|Vn+1

(Wmm)z

VZas

D Vn+1 < >

PRV < aal 5 Dy Vi < las|

1. (F.8)
where (AW )i = min; (Wi — W, W; — W,_1). Together with the standard 3 point finite
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difference method to compute the second derivative as in equation (B.3|) , we obtain

n n n 1
|D{/LVWVi,j+1 < (|DWVZ+J1FIJ| T |DWV - )(AWmin)i
[Vt
< (laa] + |a5l)m : (F.9)
To bound the roundoff error of D WV”+1
. o AWE ADp VL ADR VI
x = (Dy Vi, Dy Vi T)/ o 0= D VnL]’ DL Vn+1 10ag)" - (F.10)

i+1,5

Assuming |d,,| < 0, by equations (B.3)), (F.3), (F.§) and (F.9) and the fact that AW /2 >

AW in, we obtain the following bound

[AD}, VS + |ADR VI

‘A'Dh an-i-l < N 3,/Dh an-i-l
< 5(4+5|a4\+5]a5|)%. (F.11)
- (AI/Vmin)z2

F.3 Roundoff Error Estimation of Local Optimization

Problem

During each iteration, we solve a local optimization problem and the objective function

involves calculating the following two terms

AW, A, 7" = k= 1+ DV + Dy (F.12)

2 2
FoWi Ay, 7Y = Tl VI 4 O(T) (F.13)

Computing f; involves calculating a function of the form g(x) = (z1 + x2) + (23 + 24).
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From equation (F.1f), we obtain

4

[Agl < > [Ax| + gl + dlay + wa| + S|ws + a4l (F.14)
=1
4

< > |Am] + 20|2 + wo| + 20(|23] + |aal) - (F.15)

=1

Setting ©1 = Kk, 19 = —1, 13 = D{}VVZ-ZH,M = DﬁVZ}H and applying equations ([F.7) and
(F.8) with the fact that 0 < k < 1, we obtain the bound of absolute roundoff error of f;

as follows
\ n+l | n+tl
Afi] < 62+ 6|a3|)AjZ — +5(2+ 6|a4|)W +3(1 — k)0

1+ 3|as| N 1+ 3|ay|
A14min AI/Vmin

S 26 W (F.16)

where we discard the smaller error term of 30(1 — k), and AA,,;, = min;(A; — A;_;) and
AI/ernin = mlnz(m - M/i—l)~

To analyze the roundoff error of f5, we notice that only multiplication and division
operations are involved given D{},WV;Z-“ as one of the operands. From equation (F.1)), it

can be easily seen that the roundoff error of

G(x)=x1x 22 |Aga] < (|02,] + [02,| + |d0])]92] (F.17)

g3(x) =21+ x5 [Aga| < (|02, | + [02,] + |00])]gs] - (F.18)

So computing of ¢; = o2W?/2 will accumulate 9|c;| roundoff errors assuming the input

error of o and W; is smaller than §, the machine epsilon. The final roundoff error of
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fa = D}y, V5t is then given by

|A If/LVW i?]'—i_l n+1
[Afo| < (10]8] + )l Dl Vi
’DWWV;J
JQW@'Q n
< 5(4+15\a4\+15ya5\)mlv;j“ . (F.19)

In the area where the grids are fine, we have V; ; &~ Viy1 ; & V; j_1. So normally |a;| < 1
for i = 3,4,5. It may be safe to estimate that |a;| < 0.1,7 = 3,4,5. Finally the following

estimation of roundoff errors of computing f; and f; are obtained

1 1
[AGs =1 =DV + DRV < 40—+ z )V
1 1 .
S Sa A, max Vi seale)
(F.20)
O'2W2 . 2W2 .
ACGED V| < A6V
45AW§11n max(|V;5"|, scale) . (F.21)
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