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Abstract

Infinitesimal strain approximation and its additive decomposition into elastic
and plastic parts used in phenomenological plasticity models are incapable of
predicting the hardening behavior of materials for large strain loading paths.
Experimentally observed second-order effect in finite torsional loading of cylindrical
bars, known as the Swift effect, as well as deformations involving significant amount
of rotations are examples for which infinitesimal models fail to predict the material
response accurately. Several different Eulerian and Lagrangian formulations for finite
strain elastoplasticity have been proposed based on different decompositions of
deformation and their corresponding flow rules. However, issues such as spurious
shear oscillation in finite simple shear and elastic dissipation in closed-path loadings
as well as elastic ratchetting under cyclic loading have been identified with the

classical formulations for finite strain analysis.

A unified framework of Eulerian rate-type constitutive models for large strain
elastoplasticity is developed here which assigns no preference to the choice of
objective corotational rates. A general additive decomposition of arbitrary
corotational rate of the Eulerian strain tensor is proposed. Integrability of the model
for the elastic part of the deformation is investigated and it is shown that the proposed
unified model is consistent with the notion of hyperelasticity for its elastic part. Based
on this, the stress power is physically separable into its reversible and irreversible
parts using the proposed constitutive model irrespective of the objective rate used in
the model. As a result, all of the issues of finite strain elastoplasticity are resolved

using the proposed Eulerian rate model for arbitrary corotational rate of stress.

A modified multiplicative decomposition of the right stretch tensor is
proposed and used to set up a new Lagrangian framework for finite strain

elastoplasticity. Decomposition of the deformation is solely defined by the



multiplicative decomposition of the total right stretch tensor into its elastic and plastic
parts. The flow rule and evolution of the plastic internal variables are based on the
Hencky measure of the plastic right stretch tensor instead of the strain rate tensor. As
a result, the issue of mismatch between the elastic and plastic parts of the deformation
which mostly exists in the classical multiplicative models does not exist in the
proposed Lagrangian model. The problem of back stress oscillation observed in the
classical Lagrangian models is also resolved using the proposed Lagrangian model
and results are identical to those of the proposed unified Eulerian rate model for finite

strain elastoplasticity.

In the context of nonlinear elasticity, no preference for either Lagrangian or
Eulerian formulations exists since the two formulations can be related through proper
transformations and are equivalent form of each other in different backgrounds.
However, classical Eulerian and Lagrangian models of elastoplasticity do not provide
such an equivalency under the same loading path. This is due to different definitions
used for the elastic and plastic parts of the deformation and different flow rules used
in the classical Eulerian and Lagrangian models. In this research it is shown that both
the proposed Lagrangian and unified Eulerian rate models are equivalent and results
obtained from both models are identical for the same finite strain loading path. Such
an equivalency verifies that the proposed Eulerian and Lagrangian models are unified

and transformable to each other.

The unified Eulerian and Lagrangian models are extended to mixed nonlinear
hardening material behavior. Predicted results for the second-order effect (the well-
known Swift effect) are in good agreement with experimental data for fixed-end finite
torsional loading of SUS 304 stainless steel tubes. The proposed models are therefore
good candidates to be implemented in the displacement-based formulation of the
finite element method for the Lagrangian and Eulerian frameworks of finite strain

elastoplasticity.



Acknowledgments

I would like to express my sincere gratitude to my supervisors, Professor
Hamid Jahed and Professor Steve Lambert for their guidance, technical support, and

helpful discussions during the course of this research.

Financial support from the Natural Sciences and Engineering Research

Council of Canada (NSERC) is gratefully acknowledged.

| would also like to express my gratitude to Professor Behrooz Farshi for his
guidance and encouragement during my MASc program at Iran University of Science

and Technology.

The knowledge and efforts of my colleagues in our group was a valuable
source of inspiration and success. In particular, Mohammad Noban, Morvarid Karimi
Ghovanlou, Arash Tajik, and Jafar Al Bin Mousa, are thanked for the great

discussions we had.

Many thanks to my friends Amir Poursaee, Amir Noroozi, Semyon
Mikheevskiy, Ramtin Movassaghi, Hamidreza Alemohammad and other wonderful

friends. Their friendship has made the past four years full of joy and pleasure.

Finally, 1 would like to express my profound gratitude to my parents for their

support and encouragement throughout my education and professional career.



Table of Contents

List of Figures
List of Tables
Nomenclature

Chapter 1
11
1.2

1.3

Chapter 2
2.1
2.2

2.3

2.4

2.5

2.6

............................................................................................................. X
......................................................................................................... Xiii
......................................................................................................... Xiv
INErOUCTION ... 1
BaCKGrOUNG ......cviiiiiiiii e 6
Finite deformation plasticity models ..........c.cccocvviiiiiiiiicicieece e, 8
Obijectives and outline of the thesiS ........ccccccvvevi i, 14
Review of Elastic constitutive models for finite deformations.....18
General PrinCIPIES .......cvoiiiei e 19
Kinematics for finite deformation............c.ccooeveveiiicniiisce 20
Tensor transformation, objectivity, and objective rates..................... 23
2.3.1 Objective corotational rates...........c.cvvrvriereneneneneseseniens 24
2.3.2  CONVECTEA FALES .....eiveeerereesiiecie et 28
SEIESS MEASUIES ...ttt ettt 31
WOTK CONJUGACY ....vveveeieeiie ettt stn s 33
2.5.1 Hill’s original Work conjugacy .........cccccvvvvervrivinieeseenieneeen 33
2.5.2  Unified WOrk CONJUQACY .......ccervirviriinieieiciee e 34
Finite Elasticity and Hypoelastic material models...............c..ccoc.e.. 38
2.6.1 Simple materials and Cauchy elastiCity ............cccccceevvverinnne. 39

Vi



2.6.2  Green elastiCity.........ccovereniieieiisesee e 43
2.6.3  HYPOEIASHICITY ....coeeviiiiiieieic e 45
2.6.4 Issues with hypoelastiCity .........ccccoeveeveiieiieie e 46
2.6.5 Logarithmic (D) rate of stress and integrability conditions .. 60

2.6.6 Unconditional integrability of the grade-zero hypoelastic

model based on the logarithmic (D) SPiN........ccooeviiiniieneiiesiens 65

2.7 SUMIMATY ..ottt ettt e b e e e e nbb e e be e e nbe e e s 66

Chapter 3 Review of Eulerian rate plasticity models and their algorithmic
IMPIEMENTATION........iitiiiiiiieee bbb 67
3.1 Thermodynamics of irreversible deformations............cc.cceevevviinnnenn 68

3.2 Classical infinitesimal plastiCity ..........cccoveiiieiiiii i 73

3.2.1 Ageneral quadratic fTorm ..........ccccoevveviiieii e 73

3.2.2 Principle of maximum plastic dissipation..............c.cc.cevevenne 74

3.3  Algorithmic implementation of infinitesimal plasticity..................... 76

3.3.1 Closest point projection method ............cccccvvveveiieiecveceenne. 77

3.3.2 Plastic corrector step using the return mapping algorithm.... 80

3.4 Extension of the infinitesimal plasticity models to finite deformation
based on hypoelastic material MOdelS..........cccoeveiieveiieiiee e, 85
3.4.1 Hypo-based finite plasticity models...........ccccooneniriiniininnnnns 86
3.4.2 Prager’s yielding stationary condition and choice of objective
FAEES ettt et nne e 89
3.4.3 Self-consistent Eulerian rate model ...........ccocoveiiiininnnnns 90
3.5 Numerical implementation of the hypo-based plasticity models.......91
3.5.1 Objective integration schemes for hypoelastic models......... 91

vii



3.5.2 Extension of the algorithm to hypo-based plasticity models 94

3.6 Numerical integration of simple loading paths..........c.cc.coevviiiiiennn. 94

3.6.1 Simple shear problem............ccccoooiiiiiiii i, 95

3.6.2 Elliptical closed path loading ...........ccceveveiiieviveie e 100

3.6.3 Non-uniform four-step 10ading ..........cccccevereieiencninnnnn, 105

3.7 SUMMEIY ..ot 111

Chapter 4 Finite plasticity based on a unified Eulerian rate form of
BIASHICITY oo re s 113
4.1 Eulerian rate form of elastiCity ..........ccccoovviiriiiiiieniireeeee 115

4.1.1 Integrability of the Eulerian rate model of elasticity .......... 116

4.1.2 Elastic potentialS .........c.ccoeeviiiieiieiiiic e 120

4.2 Extension to finite deformation plasticity...........ccccocvvveviiiiinennenne, 121

4.2.1 Case of coaxial stress and total stretch..............ccooevecvrnnns 123

4.2.2 Case of non-coaxial stress and total stretch ........................ 124

4.3 Application of the proposed model to nonlinear mixed hardening..133

S 11111 0= RS 136

Chapter 5 Phenomenological plasticity models based on multiplicative
JECOMPOSITION ..ttt bbbt 138
5.1 Continuum formulation of multiplicative plasticity .............cccc....... 141

5.2 Proposed Lagrangian formulation.............cccccovviiieiiiiiiciie e 150

5.3 Solution of the simple shear problem ..........c.ccocoiiiiiiiiie e 156

5.4  Application of the proposed model to the mixed nonlinear hardening

behavior of SUS 304 stainless Steel ..........cooviiivieiiiieeeeeeee, 165

viii



5.5 SUMMAIY ..ot 170

Chapter 6 Conclusions and Recommendations.............ccoovvveenenieninineneennn 172
6.1 Summary and CONCIUSIONS ..........cccoeveiiiieiiese e 172
6.2 Recommendations for future Work ..........ccccccovvvivviieiecce i 182
Appendices

Appendix A. Closed form solution of the simple shear problem using the

proposed Eulerian rate form of elastiCity ...........ccccoeveiveiiiii e 188

Appendix B. Closed form solution of the four-step loading using the proposed

Eulerian rate form of elastiCity ..........cocooiiiiiiiiiieee 194
Appendix C. Derivation of the proposed Lagrangian model coefficients........ 207
RETEIEBNCES e 213



List of Figures

Figure 1-1- Eulerian and Lagrangian formulations of elastoplasticity for finite strain

ANATYSIS ...ttt nb et 4
Figure 2-1- Problem of SImple SNear ...........ccocvoeiiiiie s 47
Figure 2-2- Shear stress responses for the problem of simple shear using the
hypoelastic and Hookean MOdel ............cccveiveiiiiciiece e 50
Figure 2-3- FOUr-Step 10AING .....ccveieiicie et 51

Figure 2-4- Cauchy stress components using the classical hypoelastic model and
Finite elastic HOOKEaN MOGEl.............oooveiiiiiiieie e 58
Figure 3-1- Geometric representation of the closest point projection concept [30] ... 80
Figure 3-2- Geometric representation of the radial return mapping algorithm [30]... 83
Figure 3-3- Simple shear problem, analytical [75] and FE results for normalized shear
] LTS J PP PR PP 96
Figure 3-4- Cyclic simple shear, normalized elastic residual shear stress component
results for different rate type formulations for 50 cycles..........ccccoeviiiiiieviiiciiens 97
Figure 3-5- Cyclic simple shear results, normalized elastic residual normal stress
component for 50 cycles, (a) UMAT and ABAQUS result, (b) UMAT results only. 98
Figure 3-6- Elasto-plastic simple shear problem (linear kinematic hardening) response
using different rate formulations from FE and analytical results ..............ccccccccevennine 98
Figure 3-7- Cyclic simple shear results for 50 cycles, normalized residual shear stress
using linear kinematic hardening rule, (a) UMAT results including ABAQUS results,
(D) UMAT FESUILS ONIY ...ttt 99
Figure 3-8- Cyclic closed path [0ading.........cccccovviiiiiiiiiic e 100
Figure 3-9- Elliptical cyclic loading, normalized Mises stress for 2 cycles, using 3
different stress rates, Jaumann, Green-Mclnnis-Naghdi, and D rates of stress (FE
UMAT), ABAQUS formulation, and analytical solution.............c.cccccovviiieiieinnnns 101



Figure 3-10- Elliptical cyclic loading results for 50 cycles using different rate
formulations, (a) normalized residual elastic shear stress, (b) normalized residual
laSTIC NOIMAL SEIESS ....vivieiieiieie et bbb 102
Figure 3-11- Strain-Stress curves for 50 cycles of egg-shaped cyclic loading using
different rate formulations, (a) ABAQUS Formulation, (b) Jaumann rate UMAT, (c)
Green-Mclnnis-Naghdi rate UMAT, (d) D rate UMAT ......ccooiviiiiieneee e 103
Figure 3-12- Elliptical cyclic loading results for 50 cycles, normalized residual (a),
normal o131, (b) shear o1, and (c) normal o, stresses vs. cycle number for different
rate formulations using a linear kinematic hardening (Ziegler) rule ........................ 104
Figure 3-13- Elliptical cyclic loading results for 50 cycles, shear strain-stress curves
using a linear kinematic hardening rule ..o 105
Figure 3-14- Four-step loading, (a) initial configuration (no extension and no shear),
(b) after extension, (c) after added shear, (d) after removing extension................... 106
Figure 3-15-Four-step 10ading path ..........cccooiiiiiicii e 107
Figure 3-16- Location of the element and its centroid used for the results output ... 107
Figure 3-17- Four-step loading results for 10 cycles, normalized residual elastic shear
stress using different rate formulations.............cccccvevi i 108
Figure 3-18- Four-step loading elastic response for 10 cycles, () ABAQUS
Formulation, (b) Jaumann rate UMAT, (c) Green-MclInnis-Naghdi rate UMAT, (d) D
FAEE UM AT ettt e et e e abb e e e nnneean 108
Figure 3-19- Four-step loading results for 10 cycles, assuming linear kinematic
hardening rule, normalized residual stress COmMpoNeNts ...........cccocevveveciieveerieennenn, 109
Figure 3-20- Four-step loading, shear strain-stress response, linear kinematic
hardening rule, (a) ABAQUS formulation, (b) Jaumann rate, (c) Green-Mclnnis-
Naghdi rate, (A) D rae ......c.ooveeecieiee e 110
Figure 4-1- Normal stress component, (a): conjugate stress for the J and GMN rates
of the Hencky strain (proposed model), (b): equivalent Kirchhoff stress (proposed
model, J and GMN rates) and classical hypoe-based model (J, GMN, and logarithmic

rates), linear kinematic hardening behavior............ccccooveiieiiiie e, 131

Xi



Figure 4-2- Shear stress component, (a): conjugate stress for the J and GMN rates of
the Hencky strain (proposed model), (b): equivalent Kirchhoff stress (proposed
model, J and GMN rates) and classical hypoe-based model (J, GMN, and logarithmic
rates), linear kinematic hardening behavior............ccccccoce i 132
Figure 4-3- Stress components for SUS 304 stainless steel under fixed end torsion
using the proposed mixed hardening MOodel ... 135
Figure 4-4- Radius of the subsequent yield surfaces as predicted by the proposed
model using any corotational rates with the mixed hardening rule .......................... 136

Figure 5-1- Micromechanical representation of deformations in a crystall lattice [30]

................................................................................................................................... 139
Figure 5-2- Schematic representation of the proposed multiplicative decomposition
................................................................................................................................... 151
Figure 5-3- Normal component of the Kirchhoff stress using different models....... 163
Figure 5-4- Shear component of the Kirchhoff stress using different models.......... 163
Figure 5-5- Normal component of the back stress using different models.............. 164
Figure 5-6- Shear component of the back stress using different models.................. 164

Figure 5-7- Evolution of the principal plastic stretches (Proposed Model only)...... 165
Figure 5-8- Stress components for SUS 304 stainless steel under fixed end finite
torsional loading using the proposed mixed hardening model, self-consistent model
based on logarithmic rate, and experimental data..............cccccceveeveiicii e, 169
Figure 5-9- Evolution of back stress components for SUS 304 stainless steel under
fixed end torsion using the proposed mixed hardening model and self consistent
model based on 10garithmiC rate ..........ccooeiiiiiiiece s 169
Figure 5-10- Evolution of subsequent yield surface size for SUS 304 stainless steel
under fixed end torsional using the proposed mixed hardening model and the self-

consistent model based on the logarithmic rate .............ccoovoviiiieiiic e 170

Xii



List of Tables

Table 2-1 Pull-back and push-forward operators [34].........cccoeviiiiiiiiiiiiiin, 29
Table 3-1 Material properties for the simple shear problem.............................. 95
Table 3-2 Material properties for the elliptical cyclic loading problem.................101

Table 4-1 Parameters used for the mixed hardening behaviour of SUS 304 stainless

ST [ B3] et 135

Xiii



Nomenclature

A Stretching parameter

Af Armstrong-Frederick parameter

b Saturation parameter

b1 Finger deformation tensor

B¢ Armstrong-Frederick parameter

C Metric (Green deformation) tensor
d Strain rate tensor

dred Equivalent plastic strain rate

ds Deformed line element

ds Undeformed line element

D Rotated rate of deformation

E Lagrangian or Rotated Eulerian strain tensor
E; Principal logarithmic strain

EPea Rate of the equivalent plastic strain
E, Closure of the elastic region

f Yield surface

F Deformation gradient

h Anti-symmetric spin function

H Hardening modulus

Xiv



Second order identity tensor

Stretch tensor invariants

Jacobian of deformation

Hardening modulus

Velocity gradient

Fourth-order elasticity tensor

Unit normal vector to yield surface
Direction vectors of deformed surface
Direction vectors of undeformed surface
First Piola-Kirchhoff stress

Heat flux vector

Orthogonal transformation

Modified plastic rotation

Internal heat generation

Rigid rotation

Rotation of an 2,-spinning frame

Rate of specific enthropy per unit mass
Second Piola-Kirchhoff stress

time

Temperature

Right stretch tensor

XV



Ui

Uy

Oe

6t

Rotated Lagrangian right stretch

Particle velocity

Vector of internal variables

Left stretch tensor

Material spin

Stress power

Current coordinate vector

Initial coordinate vector

Metric tensor of the current configuration

Metric tensor of the initial configuration

Integration parameter

Back stress tensor

Shearing parameter

Kronocker delta

Increment of the Eulerian strain tensor
Increment of the Eulerian stress tensor
Eulerian logarithmic strain

Scalar function of stress

Shift stress tensor

Bulk modulus

XVi



Op

Oyo

Oys

Plastic (Lagrange) multiplier
Principal stretches

Shear modulus

Poisson’s ratio

Almansi-Euler strain tensor

Current density

Initial density

Green-Saint-Venant strain tensor
Cauchy stress

Yield limit

Initial yield limit

Saturation yield limit

Kirchhoff stress

Rotated Kirchhoff stress

Rotated Lagrangian Kirchhoff stress
Mechanical dissipation

Thermal dissipation

Dissipation (plastic) potential

Dual scalar dissipation potential
Modified plastic deformation tensor

Free energy potential

XVii



S 208 © =

h

S

Scalar hypoelastic potential
Diagonalized stretch tensor
Mandel stress tensor

Scalar hypoelastic potential
Rotated Stress tensor

Scalar yield surface size function
Spin tensor

Modified plastic spin

conjugate internal variables vector
General Eulerian strain tensor
General Lagrangian strain tensor
Strain scale function

Stress functional

Scalar scaling function

Cauchy stress function

Kinematic hardening function
Lagrangian function

Fourth order hypoelasticity tensor
Particle

Vector of hardening plastic variables

XVili



Operators
dev
L,
MAX
Skew

Sup

Superposed dot

*

Superposed '

Dual vector of hardening variables
Position vector in the current configuration
Position vector in the initial configuration
General plastic flow direction

Arbitrary Eulerian stress tensor

Arbitrary Lagrangian stress tensor
Complementary hyperelastic function
Rate of the specific internal energy
Traction on the current surface

Fourth order identity tensor

Fourth-order transformation tensor

Fourth-order projection tensor

Deviatoric of a tensor

Lie derivative operator
Maximization

Skew-symmetric part of a tensor
Supremum

Time rate

Objective rate in £2,-spinning frame

XiX



Superposed
Superposed
Superposed

Superposed

Z

Superposed '

*x—7

Superposed
Sym

tr

Superscripts

e
(e)

p

Obijective J rate

Upper Oldroyd rate

Lower Oldroyd rate

Objective E rate

Objective Z (GMN) rate

Obijective rate relative to Z frame

Symmetric part of a tensor
Trace of a tensor
Pull-back operator
Push-forward operator
Gradient

Dot product of tensors
Norm of a tensor

Dyadic product

Volumetric/deviatoric decoupling

Elastic part
Eulerian representation of a tensor

Plastic part

XX



Subscripts
d
D (log)
E

GMN

n+1

n+a

Transpose
Inverse transpose

Trial state

Deviatoric part

Related to the D (log)-frame
Eulerian representation

Related to the Z-frame

Related to the J-frame

Lagrangian representation

State variable on configuration n
State variable on configuration n+1
Configuration n +

Rotated counterpart

XXi



Chapter 1

Introduction

Finite plasticity has a wide range of applications, including deformation due to
impact and metalworking, which involve significant amounts of plastic deformation.
Applications to rubber-like or bio-related materials, as well as shape memory alloys
(SMA), involve large recoverable elastic deformations known as hyperelasticity and
pseudoelasticity, respectively. In addition, applications involving cyclic loading with
finite deformations cannot be accurately predicted with available infinitesimal cyclic
plasticity models. Experiments with cyclic loading of hollow cylinders under free-end
finite torsion have shown that the axially induced strain affects the cyclic hysteresis
response of the material remarkably [1]. For example, prediction of cyclic behavior of
superelastic SMA under cyclic loading is important for vibration damping devices in

seismic applications where large recoverable elastic strains exist during service [2].



To accurately predict the material response in such applications, constitutive models
should be formulated in a large deformation framework. Due to significant amounts
of deformation, alternate configurations can be used as the reference configuration
resulting in either Lagrangian or Eulerian formulations for finite deformation.
Various material models based on the corresponding kinematics of finite deformation
have been introduced in the literature; however, issues have been identified with these

constitutive models when the deformation involves significant material rotations.

Finite torsional loading is one example in which shearing of the material
causes significant rotations. Spurious shear oscillation have been observed and
reported as issues for constitutive models undergoing large deformation [3]. Elastic
dissipation and elastic ratchetting in cyclic closed path loading is another issue which
has been reported for Eulerian rate formulations of finite strain analysis [4,5].
Another issue with the kinematics of finite deformation is the choice of a physically
acceptable decomposition of the deformation into its elastic and inelastic parts. There
has been a large degree of disagreement on the choice for such decomposition in the
finite strain analysis literature and as a result a unified definition does not exist [5].
Different definitions for the plastic part of the deformation result in different flow

rules and as a result different stress responses under finite deformation loading path.

Constitutive models for finite deformation plasticity must be consistent with
the thermodynamics of irreversible phenomena. Issues such as elastic dissipation and

shear oscillation are not physically acceptable for the elastic part of the deformation,



due to a violation of thermodynamic principles. Furthermore, additional requirements
should be met in setting up constitutive models for finite deformations as compared to
models for infinitesimal elastoplasticity. Several attempts have been made to resolve
the issues of finite deformation analysis, leading to a number of different constitutive
models in the literature of finite strain elastoplasticity formulated using both
Lagrangian and Eulerian descriptions [5]. Figure 1-1 shows the general trend in the
development of Lagrangian and Eulerian formulations of elastoplasticity for finite

deformation, and their corresponding issues and limitations.

As shown in Figure 1-1, issues of finite deformation plasticity has limited the
use of Eulerian rate models to a specific objective rate of stress known as the D or
logarithmic rate [5]. On the other hand, currently available Lagrangian models are
unable to accurately predict material response under finite torsional loading, as
observed in free- and fixed-end experiments done on cylindrical bars [1]. In addition,
some of the available Lagrangian models exhibit a spurious shear oscillation for back

stress components under simple shear motion, which is not physically sound.

In the context of nonlinear elasticity, no preference for either Lagrangian or
Eulerian formulations exists since the two formulations can be related through proper
transformations. Such correspondence motivates the development of a unified
Eulerian-Lagrangian formulation of plasticity for large strain analysis. This is the

focus of the present work.
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Figure 1-1- Eulerian and Lagrangian formulations of elastoplasticity for finite strain analysis

4



\ 4 {V
Shear oscillation Elastic dissipation
\ 4
Remedies
A 4 A\ 4
Examining different objective rates Principal axes method
v \ 4

Applicable on the Eulerian triad

Logarithmic (D) rate
of the elastic stretch tensor

v

A\ 4 \ 4

Back stress oscillation Nonunique definition for plastic

part of the deformation

Remedies
A
\ 4 \ 4
Introduction of Examining different
plastic spin constitutive models

A\ 4

Mostly limited to isotropic plasticity
(Generalization to anisotropic plasticity with further considerations)

Complicated formulation for anisotropic plasticity, additional evolution
equations needed for plastic spin in some Lagrangian models

Figure 1-1- Eulerian and Lagrangian formulations of elastoplasticity for finite strain analysis (continued)




The main goal of the current research is to develop a unified Eulerian rate
model for finite strain elastoplasticity, which is correct for all of objective
corotational rates of stress, including the Jaumann, Green- Mclnnis-Naghdi, and D or
logarithmic rates. All of the issues of finite strain analysis discussed above should be
resolved with the proposed unified model. Thermodynamic consistency of the
proposed model will be satisfied using the unified work conjugacy theorem. The
model would be exactly integrable for its elastic part and consistent with the notion of
hyperelasticity. The equivalent Lagrangian framework of the proposed Eulerian
model is further developed based on the logarithmic measure of the Lagrangian
strain. A new right stretch decomposition is proposed and the evolution of the plastic
internal variables derived based on the logarithmic measure of the right plastic stretch
tensor. A new back stress evolution equation is proposed and used in the Lagrangian
model. The Lagrangian model is integrated on the principal axis of the plastic stretch

tensor without any reference to objective rates of stress.

1.1 Background

Phenomenological plasticity models have been widely used to predict inelastic
deformation of metals and polycrystalline solids under multiaxial loading. Various
plasticity models, depending on the type of application, have been proposed for rate
independent and rate dependent plastic behavior of hardening materials under

monotonic and cyclic loading. Several different constitutive models for large strain



elastoplasticity have been proposed in the literature [5]; however, issues for finite

strain analysis exist when significant material rotation happens during deformation.

One of the issues of finite strain analysis is spurious shear oscillation in finite
shear, which has been attributed to inconsistent choices for the objective rates of the
kinematic and kinetic variables used in the Eulerian rate-type constitutive models
[5,6]. Different frames of reference (observations) for the rate of quantities impose
different rotations on the material response, which cause shear oscillation. Although
objective tensor variables are used and the objectivity requirement of the constitutive
model for finite deformation is met, involvement of different observations for the

corresponding objective rates causes a non-physical shear oscillation response.

The issue of elastic dissipation for closed path loading also questions the
physical plausibility of available constitutive models for finite deformation. This
happens as a result of inconsistent observations in rate-type constitutive models. An
elastic material should not dissipate energy for closed path loading. Therefore, elastic
dissipation observed using rate-type constitutive models for finite deformation

implies their non-integrability in the sense of Green elasticity (hyperelasticity) [5,6].

From a thermodynamic point of view, these issues are inconsistent with the
thermodynamics of elastic systems, for which the elastic energy must be recoverable
and non-dissipative. In general, a physical requirement for consistent constitutive
models for finite deformation is this thermodynamic consistency. The balance of
energy defines the associated (conjugate) variables or driving forces of internal

7



variables used in a constitutive model [7]. Furthermore, any dissipative phenomenon
should be in accordance with the second law of thermodynamics. This means that any
irreversible phenomenon must dissipate energy during inelastic deformation while
internal variables corresponding to the elastic part of the deformation must be non-
dissipative. These important requirements, though trivial, must be satisfied in setting

up any constitutive model for finite deformation analysis.

1.2 Finite deformation plasticity models

Several multiaxial plastic constitutive models for finite deformation have been
published in the literature of finite deformation elastoplasticity. Two different classes
of kinematics decomposition have been used in setting up such models: additive
decomposition of the strain rate tensor used mostly in Eulerian rate-type models and
multiplicative decomposition of the deformation gradient used in both Lagrangian

and Eulerian formulations [5].

The first class of constitutive models uses an additive decomposition of the
strain rate tensor (rate of deformation) into elastic and inelastic parts. Constitutive
models based on this class of decomposition use spatial (Eulerian) internal variables
and are rate-type models. One requirement for spatial rate-type models is that they
should account for the effect of material rotations. A rigid rotation of the body cannot
impose any stress inside the material and as a result constitutive models for finite

deformation should be independent of applied rigid rotations. This requirement

8



restricts the use of the time rate of Eulerian quantities to the special class of objective
time rates in rate-type models. This requirement was first introduced by Zaremba and
Jaumann [5,6,8] who used a spinning frame of reference based on the skew-
symmetric part of the velocity gradient for objective rates of tensor variables. Noll [9]
introduced a general framework for rate-type constitutive models based on the
Jaumann rate of stress and related it to the symmetric part of the velocity gradient
through a fourth-order stress dependent hypoelasticity tensor. A similar constitutive
model based on the Jaumann rate was introduced by Truesdell [10] and Cotter-Rivlin
[11]. Truesdell and Noll [6] discussed the general framework of constitutive models
with the use of various objective rates and showed that hypoelastic models written in
one frame of reference can be transformed into another frame of reference with

different spins.

Truesdell and Noll [6] further applied the Jaumann version of the hypoelastic
model for an isotropic elastic response of the material under simple shear loading. An
oscillatory stress response was obtained at high strains. Application of the same
hypoelastic model for linear kinematic hardening of the material under simple shear
loading by Nagtegaal and de Jong [3] showed the same oscillatory response for the
back stress tensor. Use of different frames of reference in hypoelastic models showed
different oscillatory and/or non-oscillatory stress responses for the problem of simple
shear [12,13]. This led to the conclusion that the stress response of a hypoelastic
model can be remarkably affected by the selected objective rate of stress. Green and

Naghdi [12] substituted the body spin from the polar decomposition of the
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deformation gradient with the Jaumann rate and removed the oscillatory response of
the model under simple shear. Dafalias [14] modified the hypo-based plasticity model
with the linear kinematic hardening behavior by substituting the Green-Mclnnis-
Naghdi rate for back stress and stress evolutions and obtained a non-oscillatory
response. Lee at al. [15] used a modified version of the Jaumann rate in their
kinematic hardening model and obtained a non-oscillatory stress response under

simple shear.

Truesdell and Noll [6], Bernstein [16,17] and Ericksen [18] investigated the
integrability of hypoelastic models. The conclusion was that in general all elastic
models were hypoelastic; however, the reverse statement did not apply in general.
Bernstein [16,17] showed that a hypoelastic model is exactly integrable in the sense
of Cauchy and Green elasticity if a hydrostatic state of stress exists. For a stress-
dependent fourth-order hypoelasticity tensor, integrability conditions and the
existence of a hypoelastic potential were obtained by Bernstein [16,17] and Ericksen
[18]. The issue of elastic dissipation in closed path loading observed by Koji and
Bathe [4] was consistent with the hypoelastic model non-integrability in the sense of

Green elasticity (hyperelasticity) reported earlier by Bernstein [16,17].

None of the original or modified hypoelastic models were consistent with the
isotropic finite deformation behavior of elastic materials. Furthermore, hypo-based
plasticity models could not accurately predict the experimentally observed second

order effects under shear loading of cylindrical bars (the so-called Swift effect [19]).
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A more realistic prediction of the Swift effect was obtained by Atluri and Reed [20].
The Jaumann rate of back stress and the back stress tensor itself were employed in

their back stress evolution.

A different approach was used by Reinhardt and Dubey [21] and Xiao et al.
[22] to derive a consistent rate of stress for which the hypoelastic model is
unconditionally integrable and consistent with the notion of elasticity. The concept of
Green elasticity entails existence of an elastic potential from which a direct relation
between conjugate stress and strain is derivable. Experimental results by Anand
[23,24] have shown that the logarithmic measure of strain (Hencky’s strain) provides
a good approximation to the elastic part of the deformation for metals subject to large
deformation. Based on this observation it is desirable to have a hypoelastic material
model which in its integrated form returns a Hookean response for the material based
on the Hencky strain. Following the work of Lehmann et al. [25], Reinhardt and
Dubey [21] and Xiao et al. [22] introduced a new objective rate of stress called the D
or logarithmic rate. This new rate of stress resolved the issues of finite deformation.
Later, it was shown by Xiao et al. [26] that this specific rate makes the grade-zero
hypoelastic model unconditionally integrable as a Cauchy and Green elastic material.
The logarithmic (D) rate of stress made the hypoelastic model integrable as an elastic
material, which related the Kirchhoff stress to the logarithmic strain in its integrated
form. Based on this, Bruhns et al. [27] developed a self-consistent Eulerian rate form
of elastoplasticity using the D or logarithmic rate of stress and applied it to the

solution of the simple shear problem. The so-called Swift effect was accurately
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predicted when the logarithmic (D) rate of stress was used [28]. As a result, it has
been suggested by Xiao et al. [26] that the logarithmic rate is the only rate of stress
that can produce consistent results. It will be shown in this work that other well-
known rates such as the Jaumann and Green-Mclnnis-Naghdi rates can equally
produce consistent results for elastic and elastoplastic behavior of hardening

materials.

The second class of constitutive models uses a multiplicative decomposition
of the deformation gradient and is based on the assumption of an intermediate stress-
free configuration. This decomposition and its corresponding intermediate
configuration are physically well grounded based on the observations of crystal
plasticity [29]. This class of constitutive models mostly uses a hyperelastic strain
energy function for the elastic part of deformation and as a result issues regarding
model non-integrability as found in hypo-based models do not appear in this class of
models. Decomposition of the deformation into elastic and plastic parts results in a
modified additive decomposition of the strain rate tensor. Unlike Eulerian rate
models, constitutive models of this class are involved with two different
configurations. The intermediate configuration is usually used to update the plastic
internal variables and is stress-free while the elastic part is updated on the current
deformed configuration. Mathematically, using such constitutive models requires
successive pulling-back and pushing-forward of kinematic and kinetic state variables
during the stress update procedure [30,31]. The problem of back stress oscillation

might still be present in some hyper-based model of elastoplasticity due to
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inconsistent use of tensors and their corresponding transformations [32]. Furthermore,
for cases other than isotropic plasticity, for which principal axes of elastic stretch and
Kirchhoff stress do not coincide, a complicated measure of stress is the work

conjugate to the logarithmic strain which complicates the formulation [32,33].

Numerical implementation of the above mentioned classes of constitutive
models is another key factor in developing constitutive models for finite
deformations. From one point of view, Eulerian rate models provide simple
algorithmic implementations due to the fact that only one configuration is involved
during the integration process. However, the requirement of objectivity and more
generally spatial covariance entails use of objective integration schemes [30].
Furthermore, an exact (closed form) algorithmic linearization of the Eulerian rate-
type models might not exist if different objective rates of stress are used [30]. On the
other hand, the class of models based on multiplicative decomposition of the right
stretch tensor bypasses the requirement of an objective time integration scheme
[30,32,34]. However, due to the involvement of two different configurations for
elastic and plastic parts of the deformation, successive pull-back and push-forward of
state variables are required during time integration, which complicates the
algorithmic implementation of such models. One major drawback in numerical
implementation of this class of models is that pull-back and push-forward of tensors
are not orthogonal transformations. As a result, constitutive models formulated in the
deviatoric space, such as evolution equations for back stress, do not preserve the

deviatoric property during transformation from one configuration to the other [35,36].
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A volumetric/deviatoric decoupling of the kinematics and Kkinetics variables is

therefore needed during time integration.

For both classes of constitutive models, the well-known return mapping
algorithm [37,38] can be used for the plastic update. However, material rotations for
finite deformation affect the applicability of the corrective step in the direction of the
trial normal vector. For some constitutive models, return in the trial direction is exact,

while for others return mapping can be used in an approximate sense [30].

1.3 Objectives and outline of the thesis

The primary aim of the present work is to develop a consistent Eulerian rate
form of elasticity and to apply it to set up a self-consistent plasticity model for
arbitrary rates of stress. The derived model can be used for any objective rate of
stress, resulting in identical stress responses. Furthermore, a new multiplicative
decomposition of the right stretch tensor is proposed and used for a Lagrangian
formulation of finite deformation plasticity. This formulation is based on the
logarithmic measure of the plastic stretch tensor and a new back stress evolution
equation is used in the model based on this measure of plastic strain. The proposed
Lagrangian model is a unified hyper-based model which is equivalent to the self-
consistent Eulerian rate-type model for finite strain elastoplasticity. Both the
proposed Eulerian and Lagrangian models resolve all of the issues reported in finite

strain elastoplasticity and produce results that are in excellent agreement with
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experimental results. The models are capable of correctly modeling large deformation
induced phenomena such as the well-known Swift effect. It is worth mentioning that
the developed models do not break at larger deformation and are valid over a large

range of finite strains. The organization of the thesis is as follows.

In Chapter 2, the basic kinematics of finite deformation is discussed in detail.
Obijective rates of stress corresponding to different spinning frames of reference are
presented. Different measures of stress on different configurations are reviewed.
Work conjugacy in its original and unified forms is discussed in detail and as a result
the physically accepted Lagrangian and Eulerian conjugate pairs of stress and strain
are introduced. The hypoelastic models based on the conjugate pair of stress and
strain for different objective rates of stress is presented next. Integrability conditions
for the hypoelastic model are used to show the soundness of the recently discovered
logarithmic (D) rate of stress for a self-consistent Eulerian rate model of

elastoplasticity for finite deformations.

In Chapter 3, classical infinitesimal plasticity models are reviewed and their
thermodynamic consistency is discussed. Additional requirements for the extension of
classical infinitesimal plasticity models to hypo-based plasticity models for finite
strain analysis are discussed. The physical applicability of the additive decomposition
of the strain rate tensor, widely used in hypo-based plasticity models, is further

discussed. Finally, numerical integration of classical hypo-based plasticity models is
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presented and implemented in a general finite element code. The finite element

implementation is used to solve finite strain problems for different loading paths.

In Chapter 4, a generalized Eulerian rate form of elasticity is proposed.
Integrability conditions of this model for a general stress-dependent elasticity tensor
is examined and it is shown that the grade-zero model is unconditionally integrable
for arbitrary corotational rates. Closed form solutions for different problems including
simple shear and four-step closed path elastic loading are presented and compared to
available results. Numerical implementation of the proposed model is also developed
and discussed in detail. The model is further implemented for setting up an Eulerian
rate form of plasticity which does not assign any preference to the choice of objective
rates. The proposed unified model is integrated for two cases of deformation where
the principal axes of the Kirchhoff stress and stretch are either coinciding or non-
coinciding. Finally, the model is extended to combined nonlinear kinematic/isotropic
hardening behavior. Response of the model is compared with experimental results for
finite torsional loading of SUS 304 stainless steel tubes. The predicted Swift effect
from the model is compared with the experiments on SUS 304 cylindrical bars under

finite fixed-end torsion available in the literature.

In Chapter 5, a novel kinematic decomposition of the right stretch tensor is
proposed. Based on this decomposition a hyper-based Lagrangian form of
elastoplasticity is proposed which utilizes Hencky’s plastic strain for plastic internal

variables. The Lagrangian axis of the plastic right stretch tensor is used for the
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integration of the proposed model. Response of the model for the linear kinematic
hardening behavior of the material under simple shear is compared with those of the
self-consistent Eulerian rate form of elastoplasticity developed earlier. The proposed
Lagrangian model updates all of the elastic and plastic variables with no reference to
objective rates. Finally, the model is applied to predict the mixed nonlinear hardening
behavior of SUS 304 stainless steel. The so-called Swift effect predicted by the

proposed model is compared with available experimental observations.

Finally, in Chapter 6 the concluding remarks are presented and

recommendations for future work are suggested.
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Chapter 2
Review of Elastic constitutive models

for finite deformations

Constitutive models used to describe the deformation of a continuum body
must satisfy a set of general principles. These rules are mainly associated with
rational continuum mechanics and are described in detail by Truesdell and Noll [6]
and Malvern [8]. Constitutive models should be consistent with thermodynamic
considerations such as balance of mass and energy as well as being invariant under
change of units. The following is a brief review of principles in constitutive

modeling.
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2.1 General principles

The principle of local action states that the state variables used in any
constitutive model at each point are affected by the history of a small neighborhood
around this point. Any motion outside this small neighborhood may be disregarded in

determining the evolution of state variables.

The principle of determinism states that the current state of the body depends
only on the history of its motion and states of the points belonging to the body. In
other words, history of the motion of a continuum body determines the stress in that

body.

The principle of material frame-indifference (Objectivity) enforces
constitutive models for finite deformation to be invariant under rigid motion and a
change in the frame of reference. This principle in fact requires use of objective
quantities in constitutive models and states that different observations should not

affect the response of a constitutive model.

The principle of work conjugacy requires use of consistent measures of stress
and strain in a constitutive model. Such consistency is defined by the

thermodynamics of the system and is based on the balance of energy.

Additional principles apply for simple rate-type constitutive models and will

be discussed at the end of this chapter.
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2.2 Kinematics for finite deformation

In the description of the motion of a deforming body, two different reference
configurations can be used. The spatial (Eulerian) configuration, which is fixed in
space, is usually used for spatial measures of tensor variables, while a Lagrangian or

convected (material) one is used for convected variables and deforms along with the

body.

The coordinate vector R of a particle 2 in its initial configuration at time
t = 0 is given by
R =XN; = Xin (2-1)

The vectors N; and n; represent the material and spatial direction vectors,
respectively. At time t = t the particle has the same coordinate representation in the

Lagrangian system, whereas the coordinate vector in the Eulerian system changes to

= Xin; (2_2)

The deformation gradient of this motion is described by

ox;
_ 9% 2-3
F‘[@X;] &)

Such a measure of deformation given by (2-3) contains both the rigid rotation and
stretch of the material. A polar decomposition of the deformation gradient can be

used to decompose it into a pure stretch of the body and its orthogonal rigid rotation
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F =RU =VR (2-4)

in which R is the rigid rotation and U and V' are the right and left stretch tensors,
respectively. The decomposition (2-4) offers two different representations of the
deformation of the body. The left stretch tensor is representation in the fixed or
Eulerian background, while the right stretch tensor is observed in a rotated frame,
referred to as the Lagrangian (but not convected) frame. The components of the two-

point tensor F are however expressed on a mixed Lagrangian/Eulerian basis.

Due to the symmetry of the stretch tensor, an orthogonal transformation can
be applied to transform the right and left stretch tensors onto their principal axes as

follows:

A =RLVR; = RTUR, = diag(X) (2-5)

in which 4;’s are eigenvalues of the stretch tensor and R; and Ry are the rotations of
the Lagrangian and Eulerian triads, respectively. Use of equations (2-4) and (2-5)

gives the following relationship between the Lagrangian and Eulerian rotations:

R = RR, (2-6)

The deformation gradient and the stretch of the body is one way of measuring
deformation; however, it is more convenient to describe the deformation of a body
through strain-displacement relationships. Assuming an infinitesimal line element on
the undeformed and deformed surfaces of the continuum body, the square of the

corresponding arc length can be given by
21



dS? = dR.dR = dX;dX;

(2-7)
or or

ds? = .
0X; 0X;

where C;; is the matrix of the metric tensor and is called Cauchy-Green deformation

tensor. A measure of strain can be defined by the difference between the square of the

current and initial arc lengths as follows:

ds? —ds? = (C; — 6 )dX;dX; = 20, dX;dX; (2-8)

where g;; represents the components of the Green-Saint-Venant strain tensor and &;;

is the Kronocker delta.

Push-forward of the Green strain tensor onto the current (spatial)

configuration leads to the Eulerian measure of the strain tensor given by

_ 1 1 -
& = F'onFy' = 5(517 — Fi'Fii) (2-9)
in which &;; represents the components of the Almansi-Euler strain tensor.

A general definition of the strain measure was given by Hill [8] based on the

right stretch tensor:

@) = %(Un - (2-10)

22



in which [ is the identity tensor and n is an integer number. Setting n = 2 gives the
definition of the Green strain tensor, i.e. €M) =p. The Lagrangian Hencky

(logarithmic) strain tensor can be found by settingn = 0

1 1 2
O = U= +—O4—[O) 4 ... 211
€O =inU =1+570+5[eO] + (2-11)

£ represents the Lagrangian form of Hencky’s strain measure. The Lagrangian
Hencky strain can be rotated onto the current configuration to define its Eulerian

counterpart through

e©® = nV = In(RURT) =RInU RT (2-12)

2.3 Tensor transformation, objectivity, and objective rates

For a body experiencing an orthogonal transformation Q, quantities with
reference to the Eulerian triad change while quantities measured with reference to the
material frame do not. Eulerian tensors of any order should follow the general

transformation rule under any orthogonal transformation (rotation) Q as follows:

tij' mn = Qip er Qms Qnt tpr .St (2-13)

where ™ represents the components of the Eulerian tensor # in the rotated
background. Similarly, two-point second order tensors such as the deformation

gradient should transform by
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Fj = QuFy (2-14)

Let’s assume that a body subjected to a constant stress during the deformation
history experiences a rigid rotation. Since the stress is held constant on the body its
time rate should be zero, i.e. ¢ = 0. In spatial coordinates under rigid rotation one

finds

“*=Q‘7QT—’U'*=%(QGQT)=QGQT+QJQT¢0 (2-15)

which shows that the rate of change of stress is not zero. If such a rate of stress is
used in a rate-type constitutive model, the response of the body will be incorrectly
predicted. According to the principle of frame-indifference, constitutive models
should not be affected by any rigid rotation. This leads to the conclusion that material
time rates of Eulerian quantities cannot be used in Eulerian rate-type constitutive
models. In order to use the time derivative of Eulerian tensors, a rotation independent
measure of rate of change is required. Objective rates of Eulerian tensors have been
widely used in the literature of continuum mechanics as rotation-independent rates

and are briefly reviewed in the next section.

2.3.1 Objective corotational rates

Assuming a spinning frame of reference with spin (,, it is possible to relate an

orthogonal rotation tensor to this spin by
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2,=0.,0." (2-16)

The rotated components of any Eulerian tensor such as # on this spinning frame are

t, = Q.£Q.7. An objective corotational rate of this Eulerian tensor can be defined by
f= Q*T(t.r + 4.0, — -Q*tr)Q* (2-17)

Defining t - =%, + t.00, — 0.1, as the objective rate of the rotated Eulerian tensor
t,., equation (2-17) follows the general rule of tensor transformation for £. In other
words, if £ = 0 during deformation, the objective rate of its rotated counterpart is also
zero. This property satisfies the objectivity requirement for the time rate of Eulerian

tensors and therefore equation (2-17) is rotation-independent.

Mathematically, an infinite number of objective rates can be defined [8].
Among these rates are some well-known rates used widely in the literature.
The velocity gradient [ can be additively decomposed into a symmetric part d, and a

skew-symmetric part w:

l=d+w (2-18)

in which [ = [g%] and v is the particle velocity. The symmetric part d, which is the
j

rate of deformation, is also called the “stretching” or “strain rate” tensor and w is
called the material or Jaumann spin and is dual to the vorticity tensor. Other measures

of spins are the spin of the Eulerian triad 2 and rigid spin 2 defined by
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O = RERE
(2-19)
Qp = RRT

Another spin introduced by Hill [39] is the spin of the Lagrangian axis defined by

'QL = RLR[ (2'20)

where the relation 2y + Rz, RE = 0 exists between the rigid spin and the Eulerian
and Lagrangian spins. It should be noted that the spin of the Lagrangian triad should
not be used for the objective rate of Eulerian tensors since under rigid rotation the
Lagrangian spin is zero [40]. Relationships between different spin tensors can be
obtained on the principal axis of the stretch tensor. Knowing that V = IV — V{2, the
following relationships can be obtained for different objective rates of the left stretch

tensor:

Z
V=adv+ w-Qx)V

J (2-21)
V=dV +V(w—Qg)

E
V=dV+w—02)V -V —2g)

z J E
in which V, V, and V are the objective Z-rate, J-rate, and E-rate of the left stretch

tensor, respectively. Transferring equation (2-21) on the principal axis of the left

E
stretch tensor and knowing that A = RIVR: in which A = diag(4;) is the

diagonalized matrix of the principal stretch tensor, gives:
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dA ]
= d@n+ (w® —af) 1 - 2(2:° - af) (2-22)

in which superscript © indicates tensor components taken on the principal axis of the
left stretch tensor. Taking the symmetric and skew-symmetric parts of equation (2-22)

gives the following relationships [41]

A—A .
Wi(-e) - .(2}(363] = —mdi(je) ; (no sum,i # j)
Ak .
055y ~ 0y =~ iy s (mosum, i % ) @2
i

j—i: di(l.e) s (no sum,i # j)

Therefore, the following relationships can be obtained for the off-diagonal

components of objective rates of the logarithmic strain, &, [21,40]:

Z Aidi A i—E;
'_(e) _ 2 J lnz_/dfje) — E EJ d-(e)

TR v = Snn(e—g;) %ij s (Ao sum, i # j)

] 2,42

(o) _ At A (e) _ _ EicE; (e) . C (2-24)
T In » dij = tanh(Ei—Ej)dij ;(nosum,i # j)

HO)

&' =0, (nosum,i #j)

in which E; = In A; are the principal logarithmic strains. The diagonal components are

given by

z J E A
éi(l.e) = éi(l.e) = s'i(l.e) = di(ie) =E = /’L_L (no sum) (2-25)
L
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Equations (2-24) and (2-25) show that on the principal axis of stretch the off-diagonal
components of the Eulerian rate of the logarithmic strain vanish. This specific
property of the E-rate of the logarithmic strain has been extensively used in setting up

Eulerian rate-type constitutive models for finite deformation [42,43].

2.3.2 Convected rates

Another class of objective rates can be defined in the material (convected)
background. Since the material frame is covariant, a covariant convected rate of
Eulerian tensors can be defined. As a result, the general requirement of spatial
covariance in constitutive modeling of finite deformation can be met using such

convected rates [30]. One example is the covariant rate of the Kirchhoff stress given

by
t=FSFT 57—t —1l" = FSFT (2-26)
where 7 is the Kirchhoff stress and S is the second Piola-Kirchhoff stress tensor.

. c c
Equation (2-26) leads to S =F '(# —lt —tI")FT = F"%F~T where 7 is the
convected covariant rate of the Kirchhoff stress also known as the upper Oldroyd rate

of stress.

A general definition of the class of Lie derivatives of spatial tensors can be

given by
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d
Lot = ¢.—¢"(t) (2-27)

where L, is the Lie operator, ¢, is the push-forward operator, and ¢* is the pull-back
operator [34,44]. Operators ¢, and ¢* act differently on the kinematic and Kinetic
tensor variables in order to be consistent with the invariance of the stress power in

different backgrounds. Table 2-1 briefly shows the effect of these operators on tensor

variables.

Table 2-1 Pull-back and push-forward operators [34]
Type of tensor Push-forward ¢, Pull-back ¢~
Kinematic (covariant-covariant tensors) ¢.(m) =F T (m)F! ¢*(m) =F'(m)F
Kinetic (contravariant-contravariant tensors) | ¢,(e) = F(e)F" ¢ (o) = F L (o)FT

L,T has a much stronger condition of objectivity which is called “spatial
covariance” and as a result this derivative can be used in setting up Eulerian rate
models for finite deformation [44]. The principle of material frame-indifference
requires invariance under rigid motion and therefore the metric tensor remains
unchanged during transformation. However, in the spatial covariance requirement
rigid motions (spatial isometries) are replaced by diffeomorphisms where the metric
tensor changes tensorially based on the push-forward of the kinematics variables
[35,44]. It can be easily shown that the Lie derivative of the Kirchhoff stress tensor is
the push-forward of the material time rate of the second Piola-Kirchhoff stress on the

current configuration, and is covariant.
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Another possibility is to set up an objective rate based on the dual

contravariant convected frame. Such a convected derivative can be given by

C
t=t+1Tt+1l (2-28)

Equation (2-28) is defined in the dual space of equation (2-26). This rate of the

Kirchhoff stress is also known as the lower Oldroyd rate of the Kirchhoff stress.

The above mentioned Oldroyd rates can be expressed in the mixed covariant-
contravariant space as well; however, the two mixed rates obtained do not preserve

the symmetry of the tensor on which they are applied.

The requirement of spatial covariance of the constitutive models for finite
deformation can be met with the use of the class of convected Lie derivatives;
however, some drawbacks may appear with the application of the convected rates.
First, orthogonality of the corotational frames no longer exists for the convected
frames. One drawback of this is that the deviatoric property of a deviatoric tensor is
not preserved for its convected rate. As a result, constitutive equations which are
formulated in deviatoric space, such as back stress evolution equations, need further
consideration during integration. A detail description of constitutive models based on

convected rates and their algorithmic treatment is given in Chapter 5.
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2.4 Stress measures

In large deformation analysis a proper measure of stress must be used.
Constitutive models formulated on the Eulerian configuration should use a measure
of stress which is expressed using the current configuration of the body. One such
spatial measure is the Cauchy (true) stress o, which is a tensor defined by the effect
of the actual traction t on the current surface (configuration) of the body, with the unit

outward normal vector n as observed by a spatially fixed observer

t=o:n (2-29)

Based on the balance of energy, the weighted Cauchy stress (Kirchhoff stress), t,

generates power on the current configuration and is defined by
r=jo=" (2-30)

in which J is the Jacobian of deformation and defines the ratio of the current density
of the body to its initial density prior to deformation. Therefore, for a deformation to

be physically acceptable, the Jacobian of deformation should be positive.

Another measure of stress can be obtained using Nanson’s formula and
finding the effect of the applied force on the undeformed configuration. A surface
element on the undeformed configuration NdS is related to its spatial counterpart on

the deformed configuration nds by
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JN;dS = Fynds (2-31)

The boundary force f applied on the current configuration relates the Cauchy stress to

its transformed counterpart by

f =o:nds = JoFT:NdS (2-32)

which results in the following definition for the stress on the undeformed

configuration

P = TF_T (2'33)

where P is the non-symmetric first Piola-Kirchhoff stress. The non-symmetry
property of this tensor is due to the involvement of two different configurations; the
boundary force is measured on the deformed configuration while the effect of it is
considered on the original undeformed configuration. The first Piola-Kirchhoff stress
tensor is a two-point (mixed) tensor similar to the deformation gradient. If the state of
the boundary force is also measured on the undeformed configuration, the second

Piola-Kirchhoff stress, S, is obtained

S = F_lTF_T (2'34)

Unlike the first Piola-Kirchhoff stress, the second Piola-Kirchhoff stress is a

symmetric tensor.
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2.5 Work conjugacy

2.5.1 Hill’s original work conjugacy

For constitutive models for finite deformations, different measures of strain
and stress can be used. A criterion is therefore required for the proper choice of stress
and strain measures in constitutive models. The stress power has been shown to be a
physically acceptable criterion for the choice of a conjugate stress-strain pair. Based
on Hill’s original work [39], and Truesdell and Noll [6], any pair of Lagrangian or
Eulerian measures of stress and strain can be used in a constitutive model provided
they produce equivalent stress power. According to the first law of thermodynamics,
conservation of energy should be satisfied for any deforming continuum body. From

the balance of energy the stress power is given by

W=tul=t({d+w)=1d (2-39)
in which W is the stress power. Equation (2-35) shows that the material spin has no

effect on the stress power.

Hill [45,46] states that Lagrangian measures of strain and stress can be used in
constitutive models for finite deformation if they furnish the same stress power given
in equation (2-35). This implies that a pair of Lagrangian strain € and stress T is work

conjugate if

W=T:£=1d (2-36)
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Such a criterion for Lagrangian measures of strain and stress has been found to be

successful in setting up constitutive models for finite deformation [39,45,46].

The original definition of Hill’s work conjugacy fails to define a similar
criterion when Eulerian measures of strain and stress are used, as stated by Hoger
[33] and Ogden [47]. Furthermore, the rotated Kirchhoff stress, T = RTtR, whichis a
Lagrangian measure of Kirchhoff stress and has a wide application in Lagrangian
constitutive models (cf. Green and Naghdi [12], and Simo and Marsden [48]) cannot
be assigned any conjugate strain through the original Hill’s work conjugacy [33,47].
As a result, a unified definition of work conjugacy for both the Lagrangian and

Eulerian measures of stress and strain is required.

2.5.2 Unified work conjugacy

For the Eulerian strain and stress measures, Hill’s original work conjugacy
cannot be used because of the non-objectivity of the material time rate of the Eulerian
strain. Hoger [33] derived expressions for the conjugate stress to the Lagrangian
logarithmic strain on the principal axis of the right stretch tensor. It was further
shown that for the case of isotropic elasticity, for which the principal axes of stress
and stretch tensor coincide, the rotated Kirchhoff stress is conjugate to the Lagrangian
logarithmic strain. Basis-free expressions for the conjugate stress to the Jaumann rate
of the Eulerian logarithmic strain were derived by Lehmann and Liang [49]. Xiao
[50] derived basis-free expressions for the conjugate stress to arbitrary Lagrangian

measures of the Hill’s strain tensor. Nicholson [51,52] derived relations for conjugate
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measures of stress to the Jaumann rate of different measures of deformation, using the
method of the Kronecker product [53]. More recently, Asghari et al. [54] derived
basis-free expressions for the Jaumann rate of arbitrary Eulerian measures of strain
based on Hill’s original work conjugacy. In general, the derived conjugate stress
tensors to the Eulerian strain tensors are based on objective rates of the Eulerian
strains. A unified definition of Hill’s original work conjugacy can be obtained using

objective rates of the Eulerian strain.

With the help of three orthogonal eigenvectors of the right and left stretch
tensors, denoted by the Lagrangian triad {N} and the Eulerian triad {n}, and the
eigenvectors of the stretch tensor 4;, a general definition of Hill’s strain tensor can be

given by

3
e =) $Oom®n = V)
i=1 (2-37)

3
€= Z’ISL(Ai)Ni®Ni = $(U)
i=1

in which #(4;) is a smooth and monotonically increasing scale function with the
property #(1) = # (1) — 1 = 0. According to Hill [39], Ogden [47] and Doyle and

Ericksen [55], a general form for such a scale function can be defined by

F) =~ 1) (2-39)

where m is an integer number. As a result, Hill’s generalized strain definition can be
given by
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1
°= ?(V -D (2-39)
E=—Wm-1)

m

in which the relation £ = RTeR exists. Let’s assume that a Lagrangian stress measure
T and its Eulerian counterpart £ = RTRT are given. Furthermore, in an £,-spinning
frame with rotation R, the rotated counterparts of stress and strain are given by
t, = RT#R, and e, = RTeR,, respectively. An observer in the spinning background

sets up the following scalar product:

t,:e, = (RT£R,): (RTeR,) (2-40)

The scalar product given by equation (2-40) is the same as a scalar product set up by
a fixed observer for a Lagrangian stress and strain pair. Following a similar definition
for Hill’s original work conjugacy, a modified form of work conjugacy can be found

in an arbitrary spinning background as follows:

W =t,:é, = (RTtR.): (RTeR,) = £:¢é (2-41)

Equation (2-41) defines a unified work conjugacy in an £2,-spinning frame for any
pair of Eulerian strain and stress measures (t,e) [56]. Since both W and t are
objective, use of equation (2-41) requires that the corresponding rate of the Eulerian
strain be also an objective rate. In other words, the spinning background in which the
rates are measured should be an objective corotational frame. Xiao et al. [56] further

discussed the applicability of the unified work conjugacy given by (2-41) for all of
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the objective rates. According to Xiao et al. [56] a linear transformation tensor relates

the stretching tensor to the objective rate of the Eulerian strain tensor by

&= L.[d] (£58

where L, = L, (b) is a fourth-order transformation tensor function of the left Cauchy-
Green tensor b possessing the major and minor symmetries. Use of equations (2-41)

and (2-42) results in

T = L,[£] (2-43)

Equation (2-43) implies that the fourth-order transformation tensor L, should be a

nonsingular transformation between symmetric second-order tensors. This means that

a one to one correspondence between the stretching tensor d and é should exist [56].
As a result, the unified work conjugacy is applicable for all of the objective

corotational rates provided that L, is a nonsingular transformation.

The unified work conjugacy can also be used for the Lagrangian measures of
stress and strain [56]. Knowing that € = RTeR and T = RT#R, pre and post

multiplying the work conjugacy (2-41) by the rigid rotation gives:

*—7

W =RT(¢: 2) R = (RT£R): (RTER) =7T: & (2-44)

which is similar to Hill’s original work conjugacy for Lagrangian measures of stress

*x—7
and strain. In equation (2-44) & = € — 0,_,€ + £0,_; is the relative objective rate

of the Lagrangian strain and £2,_, = RT (2, — Qz)R. Equation (2-44) defines a
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conjugate pair of the Lagrangian measure of the stress and strain in an £,_z-spinning
frame. It is clear that, for the case of Z-frame with rigid spin £, = (5, the relative

spin £, _, vanishes and Hill’s original work conjugacy is obtained.

2.6 Finite Elasticity and Hypoelastic material models

For an isotropic linear elastic material the generalized Hook’s law is given by

T =k tr(e)l + 2ue (2-45)

in which “tr”” indicates the trace function and x and u are Lame’s constants. For the
case of infinitesimal elasticity, any measure of strain and stress can be used in (2-45)
because the deformations are so small that deviation from infinitesimal engineering
strain is negligible. However, for finite deformation analysis a proper choice for strain
and stress measures should be used in (2-45). From work conjugacy, any conjugate
pair of Lagrangian or Eulerian measure of stress and strain can be used in the
Hookean model given by (2-45). One possible choice is the Eulerian Hencky
(logarithmic) strain and the Kirchhoff stress. Another choice is the Green-Lagrange
strain and the symmetric second Piola-Kirchhoff stress. Another possibility is the use
of the Kirchhoff stress and the Eulerian counterpart of Green’s strain. From one point
of view, use of Green’s strain is more convenient because the reference configuration
is the initial undeformed configuration of the body, while the Eulerian logarithmic

strain refers to the current deformed configuration. However, unlike to the
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logarithmic strain, Green’s strain cannot be simply decoupled into an additive
deviatoric/volumetric form. Therefore, use of the logarithmic strain is more
convenient in this case. Furthermore, response of the model using the Kirchhoff stress
and the logarithmic strain shows better agreement with experimental observations for
moderate elastic deformations of metals [21,24]. Therefore, use of the Kirchhoff
stress and the Eulerian logarithmic strain in the Hookean model given by (2-45) gives

good prediction of finite elastic Hookean response of metals.

For the case of small strain elasticity, a quadratic strain energy function exists
from which the Hookean model is derivable [8]. As a result, the infinitesimal
Hookean elastic model given in (2-45) is consistent with the notion of hyperelasticity.
In finite deformation analysis, a rate-type form of the linear elasticity is required
because of the differential-type constitutive models for the inelastic part of the
deformation. One important consideration is whether the integrated form of a rate-
type model yields the Hookean response for finite deformation or not. In other words,
integrability of the rate-type models in the sense of Cauchy and Green elasticity
(hyperelasticity) should be considered when rate-type models are used for finite
deformation analysis. Such integrability conditions are discussed in more detail in the

following sections.

2.6.1 Simple materials and Cauchy elasticity

Assuming an observer O reports the motion of a body B using
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x=x(X,t);XEB (2-46)

If o(x, t) represents the Cauchy stress at time t corresponding to the material point X
with current coordinates x = x(X, t), then according to the principle of determinism

the Cauchy stress depends on the history of the motion of the body [47]

alx,t) =G5 X, t) (2-47)

where G is the stress functional with respect to its first argument and a function of its
second and third arguments, and y‘(X,s) = y(X,t — s) is the history of the motion
of the body for s > 0. A new observer O, under the frame transformation x, =
Qt)x+c(t) and t,=t—areports the Cauchy stress using o, (x,,t,) =

Q()a(x, t)Q(t)T. Material objectivity then requires that

or(x., t.) = GO X, t.) (2-48)

Assumption of the spatial locality of material response simplifies the constitutive law
given by (2-47). If two motions y and j are present such that for all the particles X’
belonging to a small neighborhood N (X) of the body, the relation ¥(X,s) =
x(X',s) exists and if G(7%; X, t) = G(x*; X, t), then the history of any motion outside
the neighborhood V'(X) has no effect on the material response. This condition is a
mathematical representation of the principle of local action used in classical

constitutive models.

A material is said to be a “simple material” at coordinate X if for every

deformation at X its response is uniquely defined by its response to deformations
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homogeneous in a neighborhood of X [47]. As a result, relative to any chosen

reference configuration y, the Cauchy stress is related to deformation by

o(x,t) = Go(Grad x&; X, t) (2-49)

where Grad y% is the history of the deformation gradient at X relative to a chosen
reference configuration and y%(X',s) = x*(X',s) — x*(X,s). If in equation (2-49)
the Cauchy stress is assumed to be a function of the deformation gradient only
(excluding history dependency), then the simple material is an elastic Cauchy
material. For Cauchy elastic materials, the stress response is independent of the rate at
which the deformation occurs and the path of loading. However, the work done by the
stress is not necessarily path independent and the stress is not derivable from a scalar
potential function, and therefore has a non-conservative structure [47]. For a Cauchy
elastic material the functional given by equation (2-49) reduces to a function as

follows:

o{x(X,t),t} = Go(F; X) (2-50)

where F(X,t) = Grad y(X,t). With the assumption of homogeneity of the elastic
properties, the constitutive model for a Cauchy elastic material can be further

simplified to:

o =G(F) (2-51)
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where G is the response function of the Cauchy elastic material. The requirement of
objectivity restricts the response function to satisfy the following transformation

[8,30,47]

G(QF) = QG(FQ" (2-52)
for all orthogonal transformations Q and arbitrary deformation gradients F. Such a
restriction suggests the use of a Lagrangian measure of deformation, such as the right
Green-Cauchy deformation tensor, the Green-Lagrange strain tensor (or Green’s
Strain) and/or objective Eulerian measures of deformation in (2-51), instead of the
deformation gradient [30,47]. One possible choice for the orthogonal transformation
in (2-52) is the rigid rotation of the material, i.e. Q = R. Use of relation F = RU and
Q = R in equation (2-52), gives the following Cauchy elastic model based on the

right stretch tensor:

o =G(F) = RG(RT (2-53)

The stress function given in equation (2-51) can also be expressed in terms of

the first Piola-Kirchhoff stress by

P =]Flo = JF1G(F) = H(F) (2-54)

Equation (2-54) is another form of the response function for a Cauchy elastic material
in terms of the nominal stress and deformation gradient. Due to the symmetry of the

Cauchy stress, the restriction FH (F) = H(F)TFT applies on the stress function
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given by (2-54). Also material objectivity requires that H (QF) = H (F)QT and as a

result:

P =H(U)RT (2-55)

where £ (U) = JU~1G(U).

2.6.2 Green elasticity

The stress power per unit volume can be expressed in terms of W = P: F =
tr {H(F)F}. In general tr{7(F)dF} is not an exact differential for Cauchy elastic

materials. However, if a scalar function exists such that W = tr{#H (F)F} =
tr {aa—MF/ F}, then the stress function H (F) is derivable from the elastic potential energy

function (strain energy function) by

ow
P=H(F) =7 (2-56)
A Cauchy elastic material for which such a strain energy function exists is called a
Green elastic or hyperelastic material and W is its corresponding hyperelastic
function (strain energy function). Green elasticity is a more special form of the class
of Cauchy elastic materials and therefore all characteristics and restrictions applied to

Cauchy elastic materials should also be applied to Green elastic materials [47].
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The same requirement of objectivity leads to the conclusion that W (F) =
W(U) = W (V). For the case of isotropic elasticity the strain energy function can be

expressed in terms of principal stretches as follows:

W(U) = W(V) = W(AI;AZ; 13) (2_57)
Or more generally it might be expressed as a function of the stretch tensor invariants

by

W) =wW) =W(y,1II5) (2-58)

in which I; =22 + 23 + 23, I, = 2223 + 2225 + 2323, and I3 = 252325, The strain
energy function given by (2-58) can be a linear or nonlinear function of the stretch
invariants for the class of hyperelastic materials. A simple quadratic strain energy
function results into the well-known linear Hookean model. Use of higher order
polynomials for the strain energy function results in nonlinear hyperelasticity
[6,8,47]. For the Hookean constitutive model given in equation (2-45) the following

quadratic complementary hyperelastic function exists [30]

(2-59)

1+v v
_ 2 _ 2
Z(1) = trt T (tr1)

2E

where v and E are the material Poisson’s ratio and elastic modulus. As a result, the
Eulerian logarithmic strain is derivable from the complementary potential Z as

follows:
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2 Mt (2-60)

g:E_

02z _ 1+v

-1 _ 1rv
where M~ = P

I- %I@I is the fourth-order isotropic compliance tensor, I

is the second order identity tensor, and I is the fourth order identity tensor. Equation
(2-60) clearly shows that the extended finite deformation Hookean model given by

equation (2-45) is consistent with the notion of hyperelasticity.

2.6.3 Hypoelasticity

Eulerian rate-type models for finite elastoplasticity use a spatial rate model for
the elastic part of the deformation. The additive decomposition of the strain rate
tensor into its elastic and inelastic parts has been widely used in the literature of finite
deformation [57]. Hypoelastic models introduced by Rivlin [58] and Truesdell [59]
are simple rate-type material models expressed as a linear function of the strain rate
tensor and relate an objective rate of the Kirchhoff stress to the elastic part of the

strain rate tensor by

; =M(1):d (2-61)

where M (7) is the fourth-order stress-dependent hypoelasticity tensor. For a grade-

zero hypoelastic model, the fourth-order hypoelastic tensor is stress-independent and

the hypoelastic model given in (2-61) reduces to

b o, (2-62)
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where a subscript “d” denotes the deviatoric part of a tensor. The hydrostatic part of

the stress is related to the trace of the strain rate tensor by p = gtr(r') = @tr(d}.

In general, no restrictions on the choice of objective rate of the Kirchhoff
stress were given in the classical model of hypoelasticity and any objective rate of
stress (corotational or convected) could be used with this model. However, recent
development in finite deformation analysis restricts the use of hypoelastic models to a

specific rate of stress [21,22,26].

2.6.4 Issues with hypoelasticity

Hypoelastic models have been widely used in setting up the Eulerian rate
formulation of elastoplasticity and viscoplasticity. The hypoelastic part of such
Eulerian models is used for the elastic deformation and stress update. It is expected
that a hypoelastic model returns the Hookean response in its integrated form; as a
result, one important concern about hypoelastic materials is whether they are elastic

materials and consistent with the notion of Cauchy or Green elasticity.

While all Elastic materials are hypoelastic (cf. Truesdell and Noll [6]) the
reverse statement is not true in general. This means that, a given hypoelastic model
does not necessarily provide an elastic response in its integrated form. This fact can
be shown using two different approaches. The first approach is through direct
integration of a hypoelastic model for certain simple elastic loading paths to obtain

the stress response of the model. The second approach is more general and is through
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examining hypoelastic model integrability mathematically. Both approaches are

discussed here.

2.6.4.1 Hypoelastic response for certain elastic loading paths

We assume here two cases of deformation. The first case is shear deformation
of a cube fixed at one end and sheared at the other end as shown in Figure 2-1. The
deformation is homogeneous and the hypoelastic model is integrated using the

Jaumann (J) and Green-Mclnnis-Naghdi (GMN) rates.

a=1

Figure 2-1- Problem of simple shear
The deformation gradient of this motion is given by:

F = N;®N; + N,®N,,yN; ®N, (2-63)

in which y is the applied shear. The polar decomposition of the deformation gradient

yields the following for the rigid rotation and the left and right stretch tensors:

1
V= s [(2 + Y?)N;®N; + 2N, ®N,,y(N; ®N; + N, ®N;)]
1
U= T [2N;®N; + (2 + y2)N,®N,,y (N;®N, + N,®N; )] (2-64)
14
R = [2N1®N1 + 2N2®N2+)/(N1®N2 — N2®N1)]

4 + y2
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The rigid spin of the material Q5 is given by

2y
4 + y?

Qp = RR" = (N;®N, — N,®N;) (2-65)

The velocity gradient and its symmetric and skew-symmetric parts are given by
l =yN;®N,
14
d= > (N1 ®N, + N, ®N;) (2-66)

w =2 (N ®N; — N, @N,)

The Kirchhoff stress tensor is a traceless (deviatoric) tensor for this motion. As a
result, the hypoelastic model given in equation (2-62) yields the following coupled

differentials for the Jaumann and Green-Mclinnis-Naghdi rates under simple shear

motion:
dryg
—T12=0
J rate dazz (2-67)
q, T = H
dTll 4
— ——T1, =0
GMN rate{ dr 4y T (2-68)
dT12 + 4 _
dy | a1y2 T11 = U

Solution of the above coupled linear differential equations yields the following stress

response for the J and GMN stress rates

T12 = usiny ; (J rate) (2-69)
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2
4y ln4 -Z)/ + (4 -y (2 atant —

2
4 + 2

NI

)

Ty = 2U ; (GMN rate)

To compare the above hypoelastic results with the finite Hookean model, the
stress response of the Hookean model given by (2-45) is given as follows. The

components of the logarithmic strain for the simple shear problem can be found as

e = yn(N;®N; — N,®N,) + 2n(N;®N, + N,®N;) (2-70)
where n = f/%_};? Using the Hookean model given by (2-45), the stress components
are given by

7 = 2uyn(N;®N; — N,®N,) + 4un(N;®N, + N, ®N;) (2-71)

It should be noted that for the problem of simple shear the Cauchy stress and
Kirchhoff stress are the same because / = 1. Figure 2-2 shows the stress response for
the problem of simple shear using the hypoelastic model with the J and GMN rates of

stress as well as the response from the hyperelastic Hookean model.

As shown in Figure 2-2 the stress response from the J rate shows an
oscillatory response. The GMN rate shows a monotonically increasing stress
response. However, it is not clear whether either solution is physically acceptable. If
we are expecting a Hookean response from the hypoelastic model, neither the J rate
nor the GMN rate returns the correct response. This example shows that grade-zero

hypoelastic models cannot be integrated to return a Hookean elastic response for
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arbitrary rates of stress. As a result, the question of a consistent rate of stress is raised

here, which will be discussed in details in section 2.6.4.2.

3 T T T T T
— Finite deformation Hookean response
2.5 | Hypoelastic (J rate) e
== Hypoelastic (GMN rate) P
2 [ "“4". -
o."""
1.5 e _

Normalized Shear Stress (112/2“)

—

0.5 ‘—\—‘—ﬁ_*‘_?;—mw
O ) ‘o *’ .i""“‘ —
05 \ ! I et e ! !
0 1 2 3 4 5 6 7 8

Applied Shear (v)

Figure 2-2- Shear stress responses for the problem of simple shear using the hypoelastic and

Hookean model

The second example is four-step closed path elastic deformation of a cube.

This problem is used to show if hypoelastic models are consistent with the notion of

hyperelasticity. As shown in Figure 2-3 a cube of unit length is fixed at one end and

the other end is subjected to closed path loading with the following deformation

steps:

Step 1- Tension

Step 2- Shearing while previous tension is maintained

Step 3- Removing tension while the previous shear is maintained
Step 4- Removing shear to return to the original configuration
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This problem was originally solved by Koji and Bathe [4] for the case of the J rate of
stress. In what follows we consider the solution for both the J and GMN rates as well
as the Hookean response of the model. The details of the closed form solutions for the
J and GMN rates can be found in Lin et al. [60] and only the final stress solutions at

the end of each deformation step are reported herein.

H

X,

Figure 2-3- Four-step loading

Step 1- Stretching0<t < 1
The deformation for this step can be expressed by x; = X;; x, = AX,; x3 = X3, in

which A =1+ % and u linearly increases from zero at ¢t = 0 to the maximum of u

at t = 1. Parameters related to the kinematics of this deformation step are expressed

as follows:
F = N1®N1 +AN2®N2 + N3®N3
) A
|=FF 1= 7 N2®N, (2-72)
d=1;0=w=0;0=RR"=0
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Since both the material spin tensor (2, and the rigid spin (2, are zero, both the J and
GMN rates of stress are equivalent to their corresponding material time derivatives.

Hence, the stress solution for this deformation step for both objective rates is given by

T =kKInA; 190 = +2W)InA; 1,=0 (2-73)
where x and u are Lame’s constants.

Step 2- Shearing at constant stretch 1 <t < 2

The motion of this step can be expressed by x; = X1 + v X2 ; x, = A, X5 x3 = X5
where y is the applied shear and linearly increases over time from zero to a maximum

of y,,. The kinematical parameters of this deformation step are given by

F = N;®N; + A,, N,®N, + N;®N3 + yN; ®N,

l=FF 1= LN1®N2
Ap
d= Y N{®N, + N,®N.
—m( 1®N; + N,®N;) (2-74)

y
.Q] =w= —(N1®N2 - N2®N1)
24,

Yy +A4y)
1+ A4,)%+y2

N = 9(N1®N2 — N, ®N,) ; 6 =

At the end of this step the stress solution for the J rate with the classical hypoelastic

model is:

11 =klnA, +u(l+n4a,) (1 — cos AL> (2-75)
m
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Ty = (kK +2p) InA, —u(l+In4,y,) (1 — COSAL)
m

T, = u(1 + lnAm)sinAL

m

And for the GMN rate the solution is:

Ty = 20 (1 + Ai) {cos 2B In(cos 2B) + B sin 23 — sin? B}

m

—ulnA,, cos2p+ (k+p)inA,

Tyy = —2U (1 + Ai) {cos 2B In(cos 2B) + B sin 2 — sin? B} (2-76)

m

+ulnA, cos2f+ (k+p)inA,,

1 |4
T2 =HU (1 +E) cos Zﬂ {Zﬂ —2tan Zﬂ lﬂ,(COS Zﬁ) - 1+ Am}

+ulnd,, sin2p

)4
1+A, "

in which tan § =

Step 3- Removing the extension at constant shear 2< t < 3

The motion of this step can be expressed by x; = X1 + v X5 X2 = AXy; x3 = X3

in which A = 1+ =2 and u linearly increases from zero at ¢t = 2 to the maximum

of u,, att = 3. The kinematical parameters of this deformation step are:
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F = Ny®N; + AN,®N, + N3®N; + ¥, N;®N,

. A
l=FP4=ZM®M

d ==N,®N, (2-77)

YmA

Qeun = O(N;®N, — N;®Ny); 6 = ——————
GMN (1®2 2® 1) (1+A)2+Vr$1

In step 3 the stress solution for the J rate with the classical hypoelastic model is

T =klnA+u(l+ lnAm){l - cosy—m}
Ay

Ty2 = (c+20) A — u(1 + In Ay,) {1 _cos Zﬂ} (2-78)

m

T = u(1+ lnAm)sinZﬂ

m

And for the GMN rate is given by

711 = B1(B) + [C; + By(B)] cos 2B + [C5 + B3 (B)] sin 28
722 = B1(B) — [C; + By(B)] cos 2B — [C3 + B3(B)] sin 2 (2-79)
712 = —[C5 + B3(B)] cos 2 + [C; + By (B)] sin 28

in which:

Bi(B)=(k+pinA
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U
1+y2

B,(B) = {2V B = Ym In(cos P)] + (1 — ¥i) In A}

2
B (B) =~ 147 Bn +ncos ) + in 4}

Cy = [t11le=2 — B1(B)] cos 2B, + T121i=2 Sin 2B, — Bo(By)

Cs = [t11lt=2 — B1(Bm)] sin 2B, — T12l¢=2 cos 2B, — B3(Bp,)

1+ A4,

B = atan
" Vi

Step 4- Removing shear and unloading 3<t < 4

The deformation at this step is given by x; = X; + yX,; x; = X, ; x3 = X3 where y
linearly decreases from y,, at t = 3 to zero at t = 4. The solution of this step is
identical to the solution given in the first example for the simple shear problem. The
only difference is the nonzero initial conditions for the stresses. The stress solution

for the J rate with the classical hypoelastic model is

A, —1
Tu=—hz=u+uMAmwﬁmrﬁ0—M1+MA@NWOFﬂ% Z )
m
(2-80)
. , Am -1
nz=;UnAmsuK%n—y)++ml+lnAm)wnO/—%n y )
m

And for the GMN rate the stress solution is given by
T11 = —Ty = [C1 + 4uln(cos B)] cos 2B + [C, + u(4B —y)] sin 2B

(2-81)

T1p = [Cy + u(4B — y)] cos 28 — [Cy + 4u ln(cos B)] sin 2

in which:
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C; = —4uin(cos By) + T11lr=3 €08 2, — T12l¢=3 SIN 2P,
Cy = —u(4Bm — ¥m) + T11le=3 SIn 2B, + T1211=3 cOS 2,

Bm = atan%n

The solution from the finite elastic Hookean response for each deformation
step is as follows:

Step 1- Stretching0<t < 1

T11 = klnA ; Typ = (K + 2[1) InA; T2 = 0 (2_82)
Step 2- Shearing at constant stretch 1<t < 2
1 1/3—-A4
11 = (K + 20 |=nA, += > ™ )cosh™1' 3
2 2\/x2 -1
1 1/3-4
+K[—lnAm——< m)cosh_lS
2 2\ /32 —1
1 1/3-A (2-83)
Ty = k|=lnd, += > ) cosh1 S
2 2\ /32 -1

1 1/3—-A4
+ (k + 2u) [ElnAm — E( — m1> cosh 1S
\5 —

14 1o
Tip = U cosh™ 3
V2 -1
1+y2+AZ
where § = —_—-%.
m

Step 3- Removing the stretch at constant shear 2< t < 3



J2-1 J2-1
K Rl Kk+2u| REY| ]
Ty == |InA+ cosh 1| + s InA - cosh™!' (2-84)
2 321 2 | 321 _

14v2 +A

N —
where I = ”

Step 4- Removing the shear and back to the initial configuration 3<t < 4

T11 = 20yn
(2-85)
T1p = 4un
asinh %
where n = N

To plot the different stress responses for the J and GMN rates with the
response of the finite Hookean model, a Young’s modulus of E = 30000 and a
Poisson’s ratio of v = 0.3 is used. Furthermore, it is assumed that H = 1, u,, = 0.8,
and y,, = 1. Figure 2-4 shows the Cauchy stress responses for the J and GMN rates
using the classical hypoelastic model and the finite elastic Hookean stress response
vs. the deformation steps. It should be noted that in this problem Cauchy stress and

Kirchhoff stress are not identical because J # 1.

Since the deformation is a closed elastic path it is expected that the material
retains its initial stress-free configuration after the cycle is completed. However, from

57



Figure 2-4 it is obvious that the classical hypoelastic model fails to predict such a
physical response. The finite elastic Hookean model does not show any residual
elastic stress while the classical hypoelastic model shows residual stresses at the end
of the cycle for both the J and GMN rates. The conclusion here is that the hypoelastic
model is not consistent with the notion of Cauchy and Green elasticity and in general
a hyperelastic potential from which a hypoelastic model is derivable does not exist.
This results have been reported by many authors (cf. Koji and Bathe [4], Truesdell

and Noll [6], and Lin et el. [60]).

Mormalized Cauchy Stress Components

— Finite Elastic Hookean Model
I ]

02

--------- Classical Hypoelastic Model (J rate) T = g tr(d) + 2ud

GMN | P {
04 f-eerene| === Classical Hypoelastic Model (GMNrate) ¢ = pc tr(d) + 2pd |35 ot

o i i i i i i i
0 05 1 15 2 25 3 35 a
Deformation Step (time)

Figure 2-4- Cauchy stress components using the classical hypoelastic model and Finite elastic
Hookean model
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The question which remains to be answered is: under which conditions
hypoelastic models are integrable and consistent with the notion of elasticity? This is

discussed mathematically in the next section.

2.6.4.2 Integrability conditions for hypoelastic models

A general conclusion by Bernstein [16,17] and Truesdell and Noll [6] states
that hypoelastic models are not elastic materials. Mathematically, this means that
hypoelastic models, as simple rate-type constitutive models, are not exact differentials
and therefore are not unconditionally integrable. Investigating the integrability
conditions of hypoelastic materials is helpful to examine the conditions under which

the model might provide an elastic response.

Bernstein [16,17] examined the conditions under which the classical
hypoelastic model based on the J rate is elastic. Bernstein derived the following

conditions for hypoelastic model to be integrable in the sense of Cauchy elasticity:

E)Bijkl 0B

e - ~ 2-86
57,0 o1 " gy, Drokt = Bijkq Opt + Bt O = 0 (2-86)

in which By, = %(ril@k + T 6 — Tt — T Oyt ) + [M(0)]jss - Bernstein further
showed that the hypoelastic model based on the J rate is integrable in the sense of

Green elasticity if in addition to conditions (2-86) the following conditions are

satisfied:

[M(T)]ijkz + 7y O = [M(T)]klij + T 5ij (2-87)

59



Integrability conditions (2-86) and (2-87) show that the grade-zero hypoelastic
model based on the J rate, where M is constant, is not integrable in general. The only
case where the model returns an elastic response is under the application of a

hydrostatic state of stress.

Since hypoelastic models are affected by the choice of objective rates of
stress, the final question regarding their integrability is whether any specific objective
rate of stress exists which makes the model exactly integrable as an elastic material.

This question is discussed in more detail in the following section.

2.6.5 Logarithmic (D) rate of stress and integrability conditions

Unconditional integrability of the hypoelastic model requires that the

hypoelastic model be an exact differential for at least one specific rate of stress, i.e.:
P=Mido i(RTTR ) = M-i (RT¢R,) (2-88)
' et~ " " [ [

This condition is equivalent to the existence of an objective rate for which d = €. In
other words, we are looking for at least one objective frame of reference for which the
rate of the Eulerian logarithmic strain in this background is identical to the rate of

deformation tensor.

Reinhardt and Dubey [21] derived the following relationship between the
objective rate of the Eulerian logarithmic strain and the strain rate tensor on the

principal axis of stretch:
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*

Ei(je) =0y (Ei — E}')di(je) =Py di(je) ;1 # j (no sum)

(2-89)

éi(ie) = di(ie) (no sum)

where the E;’s are the principal logarithmic strains and P;; is a scalar scale function,

which has the following forms for the Jaumann, Green-Mclnnis-Naghdi and Eulerian

frames, respectively:

J E; — E
?ij -7
tanh(El- - E})

GMN E; — E (2-90)
Py=—r—t—
smh(Ei - EJ)

E

:Pij = 0

Therefore, to find a corotational frame for which d = ¢, the requirement P; = 1
should be met. For such a frame the corresponding @ should be

* 1
= (2-91)
Qz] Ei _ E}

Based on equation (2-91) and using the principal axis method, Reinhardt and Dubey
[21] further derived the following relationship for the spin of the D frame on the
principal axis of stretch:

(e) _
'QDe,ij =

[ 1 M+ A7

_ (e) (e) (2-92)
a:;’’ +w;}
g
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This relationship is valid when the stretch tensor has distinct eigenvalues. Reinhardt
[40] further derived basis-free expressions for the D spin for the cases of distinct and

coincident eigenvalues of the stretch tensor.

A similar approach was used by Xiao et al. [22] to derive relations between
the logarithmic strain and strain rate tensor. Xiao et al. [61] proved that any material

spin (2, can be obtained by the following general relationship:
AZ
nM_w+Z (1 I>PdP—w+NM (2-93)
1
i#]

in which A2’s and P;’s are the eigenvalues and eigenprojections of the left Cauchy-

Green tensor, b = FFT, I, = trb, and h is the corresponding skew-symmetric spin

function. For the case of the logarithmic rate and defining 3; = j—‘ , the spin function
j

Nyog4 is given by

1+ 12
Nipg = z [1 — 12 ]Pide (2-94)

A basis-free expression for the logarithmic spin was further derived by Xiao et

al. [61] as follows:
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0 s =4 =23
Nlog = ’ﬁ’[bd] ; Al * /12 = 2.3
A, [bd] + A, [b2d] + A [b2db] 5 Ay # Ay # A3

h =

1 [1+423% 1
A%—A% 1—1%2 lnllz

3
he= gy [ g2
[bd] = bd — db
[b7d] = b"d — db"
[b"db*] = b"db® — b*db"

A3

where e; =2, e, =% ey =1 and a= (8 — 3)(B — D) (& - 2D).
2

A3 M

(2-95)

Xiao et al. [26,62] further examined the integrability of the hypoelastic model

based on the logarithmic (D) spin. For a general hypoelastic model ¢ = M (7):d

and following the work of Bernstein [16,17], the following integrability conditions

were expressed for the hypoelastic model based on the logarithmic spin in the sense

of Cauchy elasticity

OMitn  OMiipg

0Tpq 0Tmn
OMimn O Mypg
0T, rspq 07, rsmn
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— 1
where ML Mqul = Hijkl = E(ajk 6y + 6y 6,

o 1 ). Integrability conditions (2-96-1)

and (2-96-2) are two equivalent conditions applied to the hypoelasticity tensor and its
inverse form. Xiao et al. [26,62] further showed that in order to satisfy the above
mentioned integrability conditions, it suffices that a symmetric second order tensor-

valued function of the Kirchhoff stress ¥ () exist such that
Mt =v¥(r) (2-97)
where the operator VV denotes gradient with respect to .

Xiao et al. [62] further showed that a hypoelastic model based on the
logarithmic spin, which is also integrable as an isotropic Cauchy elastic material, will

be consistent with the notion of Green elasticity (hyperelasticity) if the fourth-order

hypoelasticity tensor possesses main diagonal symmetry
Mijkl = Mklij (2-98)
Ericksen [18] investigated the existence of a hypoelastic potential for the case

of the Jaumann spin for which a scalar invariant hypoelastic potential IT exist such

that with another scalar invariant potential I, the stress power can be expressed by

d =Tl (2-99)

For such existence, Ericksen [18] showed that the following conditions should be

met:

64



a@ij - aakm Qrs + (agkm B agrs ) Oij + aQTS - a@ij @km =0 (2_100)
Orkm a‘ri]- a":rs aTkm anj aTTS

in which 0;; = I“;T" A similar approach was used by Xiao et al. [62] for the case of
ij

the logarithmic spin. They extended the Ericksen’s conditions for arbitrary rates of

stress as follows:

Td=['f[=@‘[=@-[=@]v[(-[)d (2'101)

Therefore, the same condition (2-100) is required for the existence of a hypoelastic

potential for the case of the logarithmic rate.

2.6.6 Unconditional integrability of the grade-zero hypoelastic model
based on the logarithmic (D) spin

According to the Bernstein’s integrability conditions for a grade-zero
hypoelastic model, the hypoelastic model based on the Jaumann rate is not integrable
for a general state of stress. However, for the grade-zero logarithmic-based

hypoelastic model the Xiao et al. integrability conditions are automatically satisfied
since aa—jr/[ = 0. Therefore, the grade-zero hypoelastic model based on the logarithmic

spin is unconditionally integrable as a Cauchy and Green elastic model. This means
that the hypoelastic model based on the logarithmic rate is an exact differential and is
equivalent to the extended finite isotropic elastic (Hookean) model given in equation

(2-45)
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log
T :M:d(_)TthT(g)I-l-ZMS (2'102)

Equation (2-102) is unconditionally satisfied and as a result all of the issues of

hypoelasticity can be resolved when the logarithmic (D) spin is used.

2.7 Summary

Issues of hypoelasticity have been attributed to model non-integrability as
elastic materials. Such issues have questioned the applicability of hypoelastic models
for constitutive modeling for finite deformation. Integrability conditions of
hypoelastic models showed that in general the model in not integrable as an elastic
material. Solution of the inverse problem, which searched for a spinning background
in which the rate of the logarithmic strain is equivalent to the strain rate tensor,
resulted into a new spinning frame called the D or logarithmic frame. This frame
resolved the issues of hypoelasticity and is a good candidate for application in finite

deformation analysis of elastoplastic hardening materials.

As a general conclusion, an extra principle for rate-type constitutive models
for finite deformation should be introduced. According to this principle, objective
rates of Eulerian quantities used in a rate-type constitutive model should be observed
in the same background. This principle is called here the principle of rate

homogeneity and should be satisfied in Eulerian rate-type constitutive models.
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Chapter 3
Review of Eulerian rate plasticity
models and  their  algorithmic

Implementation

Infinitesimal plasticity models are based on additive decomposition of strain
into elastic and plastic parts. Flow rules are obtained through the choice of a specific
plastic potential and relate the plastic internal variables to their corresponding driving
forces. Plasticity, as a dissipative phenomenon, should be consistent with the
thermodynamics of irreversible systems. Therefore, flow rules should be in

accordance with the second law of thermodynamics.
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Extension of infinitesimal plasticity to finite deformation can be done by
considering further modifications of the flow rule. The strain rate tensor and its
decomposition into elastic and plastic parts are primarily used in the Eulerian rate
form of elastoplasticity for finite deformations. Numerical implementation of finite
strain elastoplastic models should maintain the objectivity of the model during time

integration.

In this chapter formulation of classical infinitesimal plasticity models based
on the thermodynamics of irreversible phenomena is reviewed. Next, extension of
infinitesimal plasticity models for finite deformation based on hypoelastic material
models and an additive decomposition of the strain rate tensor is reviewed. Finally,
numerical implementation of the classical rate plasticity models is discussed. The
integration of classical models is implemented in the ABAQUS finite element

software through a user subroutine UMAT for different objective rates of stress.

3.1 Thermodynamics of irreversible deformations

State variables defining the state of a system can be either observable
variables which are measurable experimentally or internal variables representing the
irreversible phenomena of system dissipation [7]. Mathematically, it can be assumed
that a scalar thermodynamics potential function of state variables exists which defines

the state laws and relates the state variables to their corresponding driving forces.
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For the case of elasticity, viscoelasticity, plasticity, viscoplasticity, damage
and fracture of hardening materials, two observable variables, i.e. the temperature T
and the total strain &, can be introduced. Furthermore, for different dissipative
phenomena additional internal variables (scalar or tensorial) can be introduced and
used in macro or micro scale modeling. Examples of internal variables are the plastic
strain and back stress tensors associated with the relaxed configuration in plasticity
and the scalar or tensorial damage parameter in ductile damage of materials. Internal
variables are representative of physical phenomena (for example density of
dislocations, microstresses, microcracks and cavities) happening during irreversible

deformation which are not directly measurable by experiment [7].

Mathematically, the free specific energy potential i can be defined in terms of

observable and internal variables by

Y =y(eT, e eP,v) (3-1)

where €¢ and P are the elastic and plastic parts of the strain, and v, represents the
vector of additional internal variables related to system dissipation. Considering the
case of infinitesimal plasticity where an additive decomposition of strain is valid, i.e.

€ = €° + P, the thermodynamics potential can be modified as follows:

Y =9, T,v) (3-2)
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Balance of energy for such a system relates the elements of internal work to
the elements of external work. The differential form of the first law of

thermodynamics (conservation of energy) is given by

pe=td+r—V.4 (3-3)

where p is the density of the material, e is the specific internal energy, r is the

volumetric density of internal heat generation, g is the heat flux vector, and = and d are

the Kirchhoff stress and the rate of deformation tensors.

According to the second law of thermodynamics, for any dissipative system
the rate of the specific entropy per unit mass of the system s should be greater than or

equal to the rate of heating divided by temperature

VT ]
p(Ts'—é)+T:d—c'1’.T20 (3-4)

Assuming that the free energy potential is given by i = e —Ts, with the help of

equation (3-4) the Clausius-Duhem inequality can be obtained as follows [63]:

—

. . VT -
T:d—p(l,b+sT)—Ej.T20 (3-5)

For the case of infinitesimal deformation it can be assumed that d = ¢. Use of

equations (3-2) and (3-5) gives

AN o . oY LT (3-6)
—_— : o : p —_ —_— —_ —_— Y —_ —>
(T page)s +1:€ p(s+aT)T p(’)vk Uy —q T_O
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Let’s assume that the elastic deformation happens at constant and uniform

temperature, i.e. T = 0 and T = 0 and does not affect the plastic internal variables.

From (3-6) it necessarily follows that

0y Y Y (3-7)

P9 = P =P

Next, assume that a thermal deformation happens at uniform temperature, which has

no effect on internal plastic variables, and equality (3-7) holds. Equation (3-6) yields

[7]

_ (3-8)
aoT

S =
Equations (3-7) and (3-8) define the thermoelastic laws of any deforming continuous
system. Equation (3-7) shows that the stress tensor t is the conjugate variable (driving

force) associated with the total, elastic, and plastic strains. Similarly, setting 4, =

p% in (3-6) defines the conjugate variables (driving forces) to the internal variables
k

vi. The associated (conjugate) variables define the dual space to the space of the
observable and internal state variables [7]. Use of equations (3-6) to (3-8) leads to the

simplified form of the Clausius-Duhem inequality as follows:

-

VT -
(p:T:ép_ﬁlk:ﬁk_Ei'TZO (39)
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which enforces that the dissipation of the system be positive. The dissipation potential
¢ can further be decoupled into an intrinsic (mechanical) dissipation ¢, = 7: P —

—

4.: v, and a thermal dissipation ¢ = —ﬁ.g.

Complementary laws for the dissipative state variables are obtained through

the definition of a continuous and convex scalar valued dissipation potential. Such a

potential is a function of the flux variables, i.e. ¢ (ép, vk,%), which has a zero value
at the origin of the space and relates the internal dissipative variables to their
corresponding associative (dual) variables by [7]

0 0 N 0
=—(.p; k=——.¢;|7T=—;qi
déep av, a(g)
T

Equivalent expressions can be obtained in the dual space of conjugate variables using

T (3-10)

the Legendre-Fenchel transformation [7]

0" . _0¢" _G_ 94’ (3-11)

P — = — =
T T T8 T a(ir)

where ¢* is dual to ¢ and is given by

. . N Y S
¢*(T,/5’k, VT) = Supq T: P — frk:vk - qT— ¢ Sp,vk,? (3'12)
q

&P vy

Two further simplifications can be applied to (3-10) and (3-11). Firstly, as

stated above it can be assumed that thermal and mechanical dissipations are
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decoupled. Secondly, it can be assumed that the dual potential ¢* has a positive-
definite quadratic form in terms of the dual variables and therefore a linear
relationship exists between the flux variables and their dual driving forces, which is

known as Onsager’s symmetry property [7].

3.2 Classical infinitesimal plasticity

3.2.1 A general quadratic form

For the class of rate independent plasticity models, internal variables are
chosen to represent the current size Y and center coordinates 8 of the yield surface in
stress space. A general quadratic flow potential for rate independent plasticity can be

given as follows [30]:

o) = Jnpn (3-13)

where n =devt —f, p is a symmetric positive-definite fourth order projection

tensor, and “dev” denotes the deviatoric part of a symmetric tensor. Such a flow

potential is homogenous of degree one, i.e. %T(I"):n = ¢(n) [30].

The vyield criterion for the rate independent plasticity can take the following

form:
f@BY)=ynpn—-Y <0 (3-14)
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Let’s assume that g = {f,Y} defines the vector of hardening plastic variables in

stress space. The evolution equations for the internal variables can be given by

t = M: (¢ — £P)
&P = 1s(1,g) (3-15)
G = (1, q)

where M is the fourth order elasticity tensor, 8(t, g) and £(t, g¢) define the direction

of the plastic flow and the hardening functions, respectively, and 1 is the plastic
multiplier used to satisfy the consistency condition. The hardening function can be a

constant (linear), piecewise linear, or nonlinear function of plastic internal variables.

3.2.2 Principle of maximum plastic dissipation

Assuming that the vector of hardening internal variables are given by g =
{B, Y} in the stress space and its corresponding dual vector is given by Q = {v;, v,}in
the strain space, using equation (3-9) the plastic dissipation is given by
oP(1,9;€P,Q) = T:€P + q: Q (3-16)
where the internal hardening variables are related to their conjugate variables through

general evolution equations. If the closure of the elastic region is denoted by E,,, any

state of stress (, g¢) on the boundary of the elastic region dE;, should satisfy

OF, = {(x.9)If (r,4) = 0} 617
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And any stress state for which f(t,g) > 0 is a non-admissible one. The principle of
maximum plastic dissipation defines the actual state of stress point (%, ¢*) among all
admissible states (t,q) for which the plastic dissipation is maximum [30]. Its
corresponding mathematical representation is given by a constrained maximization
problem as follows:

oP(ha7ien Q) = MAY {r:e" +a:0) (318

Subject to: f(t,q) =0

Using the method of Lagrange multipliers, a solution for the optimization problem

given in (3-18) can be found. The Lagrangian of this problem is given by

L(t,4,46P,0) = —1:67 — q: 0 + Af (1,4) (3-19)

which results in the following relations between internal variables and their

corresponding dual variables

L . .0f (1, 9)
JE— P —
ot 0-¢ A ot
(3-20)
L . L Of(t,
ok 0so=i f(.q)
dq dq

Equations (3-20) define the well-known classical associative plasticity rules for the
evolution of the state variables. The Kuhn-Tucker loading/unloading (optimality)

conditions are therefore given by
A120,f(r,q) <0,if(r,g) =0 (3-21)
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Another consequence of the principle of maximum plastic dissipation is the

convexity requirement of the elastic region E;,, proof of which is given in [30].

3.3 Algorithmic implementation of infinitesimal plasticity

Integration of plasticity models discussed in section 3.2 is based on the
iterative solution of the discretized momentum equations. In general three steps are
used for numerical integration of nonlinear boundary value problems as follows
[30,34,64]:

Stepl- The incremental displacement vector (or vector of incremental strain) is
obtained based on the previously converged load increment and linearized form of the
momentum equations.

Step 2- State variables are updated for the given incremental strain by integrating the
corresponding constitutive models.

Step 3- The balance of the momentum equations is examined based on the updated
state variables. If the solution is not converged the iterative solution continues by

returning to step 1.

In what follows the numerical treatment of step 2 is discussed in detail and the
numerical treatment of steps 1 and 3 is excluded; the reader is referred to references
[30,34,64]. The focus is on the integration of the constitutive models in step 2 and its

corresponding linearized form.
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3.3.1 Closest point projection method

Let’s assume that a set of differentials for classical plasticity is given by the

following evolution equations:

T=M:(é—€P)
&P = s(t, )
(3-22)
G = Ah(1,)
ft,q) <0

where the elasticity tensor M is assumed to be constant. An associative plasticity

version of (3-22) can be obtained by choosing s(t,g) = u ;z'%) and £(t,q) =

—|7H(Q):M where V' denotes the gradient operator of a scalar or tensor with
dq

respect to its argument. The objective is to integrate the evolution equations (3-22)

with the known initial conditions

{e.e?, 1,9}, = {sn, L qn} (3-23)

for a given incremental strain (displacement) of Ae (Au) such that the updated state

variables &,,1,€". 1, Thi1, @1 at time t,.q =t, + At satisfy the consistency

condition f (Tp+1, Gn+1) = fur1 = 0.

Applying an implicit backward-Euler integration scheme to the set of

equations given in (3-22) yields
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Tpy1 = Tp + M: (A — AgP)

Eny1 = &n + Ay y18(Thi, Gni1) (3-24)
In+1 = 9n + A}Ln+1’k(rn+1; %n+1)

which yields the following form for the case of associative plasticity:

Tpe1 = Ty + M: (Ae — AgP)

Ene1 = &n + Dns10cf (Tni1, Gnsr) (3-25)

n+1 = 9n — A/1n+1‘7n+1H(Qn+1): aq,f(Tn+1' 6lvn+1)
The Kuhn-Tucker optimality conditions however require that at time t,.; the

following be satisfied:

for1 0,024,451 =0,M 411 =0 (3-26)

Let’s define an elastic predictor (trial) step by freezing the plastic internal

variables as follows:

fav1 = @Tns1, Gna1)

Thi1 =Ty + M:Ac (3-27)
Gn+1 = In

where a superscript ~ indicates the trial state of the state variables. The Kuhn-Tucker

optimality condition is solely defined by the state of the trial yield function [30]
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far1 <O0S Ay =0
(3-29)

fiv1 >0 Myyy >0
Proof of (3-28) can be found by first proving that f,;,; = f,,+1. The convexity of

elastic region requires that the following be satisfied [30]

frik+1 - fn+1 = (T:1+1 - Tn+1): ann+1 + (%:1+1 - q'n+1): a4fn+1 (3_29)

with the help of (3-25) and (3-27), equation (3-29) yields

frf+1 - fn+1 = A/’Ln+1 [a‘rfn+1: M: aTfn+1 + a@fn+1: Vn+1H(Qn+1): aq)fn+1] (3_30)

Assuming that both M and V,,.1H(Q, 1) are positive definite fourth-order tensors,
equation (3-30) is either zero or positive and as a result £, = f,41. Now let’s
assume that f,,; < 0, which immediately indicates that f,,; < 0 and the discrete
Kuhn-Tucker optimality condition leads to AA,,; = 0. As a result, the incremental
step is elastic and the updated variables are the same as their trial states. On the other
hand, if f,7,; > 0 then the discrete Kuhn-Tucker optimality condition implies that
A1 >0 and as a result f,,1 = 0 for plastic consistency. Therefore, the step is

plastic and the trial state should be corrected in order to satisfy plastic consistency.

Geometrically, it can be shown that the plastic corrector step is the closest
point projection of the trial state z,,; onto the current yield surface as shown in

Figure 3-1[30].
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Figure 3-1- Geometric representation of the closest point projection concept [30]

3.3.2 Plastic corrector step using the return mapping algorithm

In what follows the radial return mapping algorithm originally proposed by
Wilkins [65] is used for numerical integration of the special case of the J, associative

flow theory and nonlinear mixed isotropic/kinematic hardening.

Assuming that the vector of internal variables is given by g = {8,Y} where g
is the back stress tensor and EP-¢? represents the accumulated plastic strain, the Mises

yield potential is given by

2
f@B.Y) = \/ﬂ—ﬁ[% +Y(EP1)]

Y (EPe7) = R(EP*1)
(3-31)
. 2

B = —EH(Ep'eq)apf(T.ﬁ.Y)

Epeqd = E)‘l
3
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where n = devt — f is the shift stress tensor, and K(EP¢?) and H(EP*€?) are the

nonlinear hardening moduli for the subsequent yield surface size and center,
respectively. Definingn = 9, f = % = 0,f = —dgf as the unit normal vector to the

yield surface in the deviatoric stress space and using the implicit backward-Euler

method yield:

p

.
€n+1 =é&n + A)Ln+1nn+1

Sp41 = dev T,y =S, +2u(dev Ae — AeP) = s, + 2udevlde — 2uAA, 1Ny 11

Yoy = Yo + [K(E7L) = K(E™)] = Y + AK

(3-32)

2 2
ﬁn+1 = ﬁn + \/; [H(Esfg) - H(Erzlj'eq)]nn+1 Bn fAHnn+1

2

where u is the shear modulus of the material. The trial state is defined by freezing the

plastic internal variables

p

o =i Vi =Y Brsr = Ba (3-33)

Knowing that s,,; =s, + 2udevde — 2ulAd, 1 Npyq = Sppq — 2uDA, 11,41 the
trial shift stress tensor is 0,1 = Sp11 — Bns1 = Sn41 — Bn. Therefore, the trial yield

function takes the following form:
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2 -
Fror = ol - \/;(00 +1,) (3-34)

where |75 111l = V15 41: 1541 1S the norm of the trial shift stress tensor. The actual

state of the yield surface is given by f,,11 = 7411l — \E(G‘) + Y, 41). Knowing that

* 2 . .
M+1 = Sn+1 — ﬁn+1 = Sp41— ﬁn - 2F’-A/1n+1nn+1 - \/;AHnrﬁl yIE|dS.

2
M+t = Mot — | 2UBAp4q + \/;AH Nyt (3-35)

From equation (3-35) the coaxiality of the trial and actual unit normal vectors can be

concluded. Knowing that 7,11 = [[M411nn41 @nd 7p4q = lInn4qllnp4, equation

(3-35) yields
2
nsalines = Imssalinneg — | 20824 + #AH Mt1 (3-36)
Equation (3-36) implies that the trial unit normal vector n,_ ., = ﬁ which is
n+1

known from the trial state, is in the direction of the actual unit normal vector n,,; =

JIntl_ \which is not known and should be found. This property shows that the plastic

7411’

corrector step is in the radial direction to the yield surface and the trial unit vector

remains unchanged during the plastic update. As a result, the trial unit normal vector
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solely defines the direction of the return to the actual yield surface. Knowing that trial

and actual directions are coincident, equation (3-36) yields

2
M1l = 1Mnsall = | 208241 + \EAH (3-37)

Using equation (3-37), the actual state of the yield surface is given by
fart = et ll = ﬁ (00 + Y1) = firer = 2ubAy iy — \EAH - \/§AK=0 (3-38)

Equation (3-38) is a nonlinear function of the plastic multiplier A4, ,, which
can be iteratively solved using a local Newton-Raphson algorithm. Since this function
is a convex function, its convergence is guaranteed. Details of the local Newton

iterative solution is given in [30].

Once the plastic consistency AA,, . is calculated, the actual state of stress and
back stress tensors can be found using equation (3-32). A geometric representation of

the radial return mapping algorithm is given in Figure 3-2.

Figure 3-2- Geometric representation of the radial return mapping algorithm [30]
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The plastic corrector step is completed by updating the plastic internal
variables for the current increment of strain; however, linearization of the algorithm is
necessary for the calculation of the vector of incremental displacement corresponding
to the next load increment. A simple way is to use the continuum tangent modulus for
the linearized modulus; however, quadratic convergence of the Newton method is not
guaranteed because the linearized modulus is dependent on the method of integration.
An algorithmic linearization based on the integration scheme has been suggested
instead of a continuum tangent modulus by several researchers (cf. Simo and Hughes
[30] and Bathe [64]), which guarantees the quadratic convergence norm of the
Newton method and is called the “algorithmic or consistent tangent modulus”. An
exact linearization of the radial return mapping algorithm for the J, flow theory and

mixed nonlinear hardening has been given in [30] which will be summarized below.

Knowing that 7,1 = ktre, .1 I + 2u(deve, 11 — AA, 41N, 41) Yields

aAL,
Aty i1 = (M = 2my @572

3 L_ 2#A/1n+1 ann+1):d£n+1 (3-39)

1 0ent1

where M = kI®I + 2u (]1 - %I@I) is the constant elasticity tensor. It can be shown

that ‘;—: = ”71]—” (I — n®n). The consistency condition leads to

’ ’ -1
aA/1n+1 — [1 + Kn+1 + Hn+1] o (3-40)
a‘gn+1 3u

And as a result the algorithmic tangent modulus is given by
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1
M, = kI + 201Gy (1= 51®1) = 24Dy 1711 @ty

Cop1 =1— ZMA*A"“ (3-41)
”T’n+1”
3u 2ulAy,
Dn+1 =

3t Ky F Hygy o

A general return mapping algorithm for the plastic corrector step for the cases
of a general yield function and arbitrary flow rule is given in [30] based on two
different iterative methods, i.e. the closest point projection method and the cutting

plane algorithm.

3.4 Extension of the infinitesimal plasticity models to finite

deformation based on hypoelastic material models

An extension of the classical plasticity to finite deformation is possible using
the Eulerian strain rate tensor. The Eulerian strain rate tensor is a preferred measure
of deformation for flow-type constitutive models since it does not need a reference
configuration and is a pure Eulerian tensor [5]. The class of Eulerian rate-type
formulation of elastoplasticity provides a simple extension of the classical model for

finite deformation and their corresponding numerical implementation.

The strain rate tensor can be decomposed into its elastic and plastic parts
similar to the case of infinitesimal plasticity. However, such an additive
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decomposition of the strain rate tensor should be used only under certain conditions.
Furthermore, extension of the infinitesimal loading/unloading conditions to hypo-
based plasticity models requires additional restrictions on the yield condition and the

objective rates used in the model. These are discussed in the following sections.

3.4.1 Hypo-based finite plasticity models

A proper decomposition of deformation into its elastic and inelastic parts is
the key step for the extension of classical models to finite deformations. An Eulerian
rate formulation of plasticity requires an Eulerian measure of deformation. Since the
flow rules are differential types the strain rate tensor can be used as an appropriate
measure of deformation. The strain rate tensor can be additively decomposed into its

elastic and plastic parts by

d=de¢+dP (3-42)

However, physical applicability of decomposition (3-42) remains to be investigated,
and will be discussed later in this section. The elastic part of the strain rate tensor can

be related to the Kirchhoff stress through a hypoelastic model by
P=arae (@43
And the Mises flow potential can be expressed in terms of the Kirchhoff stress and

the Eulerian back stress tensor
f=rf@pY) (3-44)
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where 8 and Y are the two tensorial and scalar variables representing the kinematic

and isotropic hardening of the material in the stress space, respectively.

A spatial fixed observer in space sets up the dissipation potential on the

current configuration by

o o
oP <r.cz; ar, Q) =1:d” +4:Q (3-45)

[0}
where g is the vector of plastic internal variables in the stress space and Q is its

corresponding objective rate of the dual vector in the strain space. Using the principle
of maximum plastic dissipation, the following expression for the Lagrangian function

is obtained

L <T, g, 4;dP, Q) =—1:d? —¢: Q0+ Af(1,9) (3-46)

Minimization of the Lagrangian function given in (3-46) leads to the following

expressions for the flow rule:

oL _ L f(1,9)
Eran 0—d? =4 ot
(3-47)
oL 2 .9f(r.q)
g 070 "y
Use of (3-42), (3-43) and (3-47-1) yields
d=umti 41 00D (3-48)

ot
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An evolution equation for the internal tensorial variables (back stress tensor) should
be objective under rigid rotation. As a result, a general evolution equation for the

back stress tensor should take the following form:

§ = £(5,d") (3-49)

Here for simplicity we assume the case of a linear evolution equation for the back

stress tensor as follows:

;. Ha (3-50)

where H is the constant hardening modulus. It is worth mentioning that evolution
equations for scalar plastic variables are objective under rigid rotations and no
modification is therefore required for such equations. Equations (3-42) to (3-50)
define the extended form of infinitesimal plasticity models to an Eulerian hypo-based
model for finite deformations. Such an Eulerian rate model of plasticity has been
widely used by several researchers for metal plasticity based on the J, associative
flow theory (cf. Nagtegaal and DeJong [3], Pinsky et al. [38], Needleman [66], and

Rolph and Bathe [67]).

Two concerns regarding the extended hypo-based Eulerian model must be
discussed in detail. The first concern is toward the physical applicability of the
additive decomposition of the strain rate tensor given by equation (3-42). The second
concern is related to the choice of objective rates of stress and back stress given in

equations (3-43) and (3-50). These are discussed in the following sections.
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3.4.2 Prager’s yielding stationary condition and choice of objective rates

In its original form Prager’s yielding stationary states that for a perfect plastic
material the yield function should be stationary when the stress does not change. The
same condition applies for work hardening materials where vanishing stress rates
should result in a stationary state of hardening. Prager [68] examined the suitability of
different stress rates in the Eulerian rate formulation of elastoplasticity. As a result,
the well-known Jaumann rate was proposed by Prager as a preferred rate of stress for
the rate-type evolution equations. However, as was shown in Chapter 2, use of the
classical Jaumann rate has issues regarding hypoelastic model integrability. While
Prager’s suggestion for the choice of the Jaumann rate in the stress and back stress
evolution equations is still valid, the issues regarding the hypoelastic model non-
integrability questions the physical applicability of the Jaumann rate in the Eulerian

rate model of elastoplasticity.

Using Prager’s yielding stationary condition, Xiao et al. [69] proved that
identical objective rates should be used in the stress and back stress evolution
equations. Furthermore, they have shown that among all of the possible objective
rates, only the corotational rates can be used for such a purpose. This proof is in
accordance with the original suggestion of Prager on the use of the Jaumann rate for

both the stress and back stress evolutions.
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3.4.3 Self-consistent Eulerian rate model

The second consideration is related to the physical applicability of the
decomposition of the strain rate tensor into its elastic and plastic parts. The stress

power from the balance of energy is given by

W=t (3-51)

A physical requirement for the additive decomposition of the strain rate tensor
given by (3-42) is the exact decomposition of stress power into an elastic recoverable

part and a dissipative (irrecoverable) part as follows:

W=r1d=W®*+WP=r1:(d+d") (3-52)
This means that the additive decomposition of the strain rate tensor is physically
acceptable if the hypoelastic model used for the elastic part of the deformation given
by equation (3-43) is exactly integrable as a Green elastic material. In other words,
rate-type constitutive models used for the elastic part of the deformation should be
non-dissipative. Based on the discussion given in Chapter 2, the logarithmic (D) rate
has been introduced as the unique rate which makes the grade-zero hypoelastic model
unconditionally integrable as a Cauchy and Green elastic material. As a result, use of
the additive decomposition of the strain rate tensor is physically acceptable if and

only if the logarithmic (D) spin is used.

The self-consistency requirement of the hypoelastic model along with the
Prager’s yielding stationary criterion suggests the use of the logarithmic spin as the
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only acceptable objective corotational rate in the Eulerian rate form of
elastoplasticity. Based on this, Bruhns et al. [27] have introduced a self-consistent

Eulerian rate model of elastoplasticity for finite plastic deformations.

3.5 Numerical implementation of the hypo-based plasticity

models

Integration of the plasticity models for finite deformation can be done using a
similar approach as discussed in section 3.3. However, the integration method should
preserve the objectivity of the model under rigid rotations. In this section such
objective integration schemes are presented and implemented for the solution of

homogenous and non-homogenous deformation paths.

3.5.1 Objective integration schemes for hypoelastic models
Hypoelastic models can be integrated in a rotated configuration. Considering a

grade-zero hypoelastic model given by 7 =M:d in an ,-spinning frame and
defining the rotated counterparts of the Kirchhoff stress and rate of deformation
tensors by ¥ = RTtR, and D = RI'dR,, the hypoelastic model takes the following

form on the rotated configuration

5 =M:D (3-53)
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In equation (3-53) it is assumed that the fourth-order hypoelasticity tensor is
isotropic. Integrating equation (3-53) in the time interval [t,,, t,,+1] using the midpoint

rule yields

Soi1 =2, + M:(AtDy ) (3-54)
where a defines the method of integration; « = 1 and a = 0 yield the well-known

methods of implicit backward-Euler and explicit forward-Euler integration schemes.

Rotating back equation (3-54) onto the fixed background yields

Tyt = REFT,RIN + M (R Atd, o RETY) (3-55)

RT

en+1Reny, are the relative frame rotation

where Rp*1 =R, . R and RI{l =R

tensors.

Furthermore, an objective integrated form of Atd,,,, in (3-55) is required. A
second-order accurate approximation (a = 0.5) for integration of the rate of
deformation is given in [30] and is used here as follows:

Atdn+a = fn_faen+1fn_4}a (3_56)

where e, 1 = %(fnTJr1 fa+1 — D) is the strain at the end of the interval. The relative

deformation gradients are defined by:

fn+a = Fn+aFn_1
(3-57)

Foyo = aFypyq + (1 - a)Fn
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and F,,,; and F, are the known deformation gradients at the start and end of the time
interval. Equation (3-56) is a rotation-independent integrated form of the rate of
deformation tensor. This can be examined by assuming a rigid motion of the form
Xp+1 = Qx, + c in the interval [t,,t,+1]. Such a rigid motion results in f,,.; = Q
and e, = %(QTQ —I) = 0; as a result, equation (3-56) preserves the objectivity of

the strain rate tensor under rigid motion.

The final step to be considered when using equation (3-55) is the update of the
frame rotation based on the given spin tensor. An integration scheme was proposed
by Hughes and Winget [70] based on the generalized midpoint rule. According to
their method for an arbitrary orthogonal transformation, the evolution of the rotation

tensor is given by

R. = Q.R, (3-58)

Integrating (3-58) using the generalized midpoint rule yields

R. ., — R, =(atn,  NaR, ., + (1 -aR, } (3-59)

which yields the following relation for the rotation tensor at the end of the time

interval:

R, ., =(- aAtQ*n+a)—1[1 +4t(1 - )., |R., (3-60)

Another integration scheme has been proposed by Simo and Hughes [30]

based on the exponential mapping method and is given by
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R*n+1 = exp(At'Q*n+a) R*n (3-61)

Use of equation (3-61) requires the exponential of the spin tensor during time
integration. Several different numerical methods for exponential mapping have been

proposed in the literature (cf. Moler and Loan [71]).

3.5.2 Extension of the algorithm to hypo-based plasticity models

Similar to the case of infinitesimal plasticity, the radial return mapping
algorithm can be used for the integration of the hypo-based J, flow theory for finite
deformations. The trial predictor step of the integration is done on the mid-
configuration (a = 0.5) and a radial return mapping for the corrector step can be
used on the current configuration (@ = 1). An algorithmic chart for the case of J,

flow theory and linear hardening rules is given in [30].

However, algorithmic (consistent) linearization of the integration scheme is
complex and is directly affected by different spinning-frames used in the model.
Exact linearization algorithms for the case of the Jaumann and Green-Mclnnis-

Naghdi rates are given by Fish and Shek [72] and Voyiadjis and Abed [73].

3.6 Numerical integration of simple loading paths

In this section the integration schemes discussed above are used for the hypo-
based plasticity models with three different corotational rates of stress, i.e. the
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Jaumann, Green-Mclnnis-Naghdi, and logarithmic (D) rates. The formulation is
implemented in the ABAQUS [74] commercial software with the help of the user

defined subroutine UMAT.

Three different loading schemes have been defined for the stress integration.
The first two are of the homogenous deformation path defined by simple shearing and
closed path elliptical loading, respectively. The third loading scheme is a non-uniform

deformation path of the four-step loading discussed in Chapter 2.

3.6.1 Simple shear problem

The problem of simple shear shown in Figure 2-1 is considered here first.
Analytical elastic solutions are plotted in Figure 3-3 for a maximum applied shear
1max=8. To verify the developed UMAT results, the simple shear problem was solved
and compared with the analytical solutions given in section 2.6.4.1. Material

properties used for the numerical integration of this problem are given in Table 3-1.

Table 3-1 Material properties for the simple shear problem

Elastic Modulus (GPa) 195
Shear Modulus (GPa) 75
Poisson’s Ratio 0.3
Yield Stress (MPa) 180
Hardening Modulus (GPa) 2.0
Shear Yield Stress = (MPa) 104

The elastic numerical solution of the problem is obtained first. Finite element
(FE) UMAT results as well as ABAQUS built-in formulation results are plotted in
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Figure 3-3. FE results are consistent with the analytical elastic solutions for each rate

of stress.
’ T T T
== Jaumann Rate (Analytical) | | | | |
25k 7 Green-Mcinnis-Naghdi Rate {Analytical) efeeeanneneees jrrmmeenenas freemeaneees breneeeenens proeanens KD
—— D Rate (Analytical) | | | | PR
{  ABAQUS Formulation E E : : e,;ﬂ
5|..] ¥ Jaumann Rate (FE UMAT) IR VRN NN NURS I c sl 2
O Green-Mclnnis-Naghdi Rate (FE UMAT) | : ,9"@’ :

Figure 3-3- Simple shear problem, analytical [75] and FE results for normalized shear stress

The problem of simple shear was also solved for 50 elastic cycles of fully
reversed shear, i.e. [V;min = —8, Vimax = 8], to examine the effect of different rates of
stress. Figure 3-4 and Figure 3-5 show the components of the residual stress at the
end of each cycle. As shown in Figure 3-4, no residual shear is observed for the D
and the Jaumann rates as well as the ABAQUS built-in formulation. However, the
Green-Mclnnis-Naghdi rate of stress shows residual shear stress accumulation. For
the normal component of residual stress shown in Figure 3-5, the built-in ABAQUS
formulation exhibits larger residual stress compared to the other formulations. The
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normal residual stress component from the Green-McInnis-Naghdi formulation is also

non-zero, but several orders of magnitude smaller than the ABAQUS built-in results.

The problem of simple shear is further solved using a bilinear material,
following Ziegler’s linear kinematic hardening rule. Figure 3-6 shows the material
response for ymax=8 using different rate formulations obtained from both FE analysis

and the analytical solution given in [75].

Similar to the elastic response of material the problem of shear oscillation
with the Jaumann rate of stress happens for the back stress tensor. No shear

oscillation is observed for the Green-MclInnis-Naghdi and D rates of stress.
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Figure 3-4- Cyclic simple shear, normalized elastic residual shear stress component results for
different rate type formulations for 50 cycles
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Figure 3-5- Cyclic simple shear results, normalized elastic residual normal stress component for
50 cycles, (a) UMAT and ABAQUS result, (b) UMAT results only
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Figure 3-6- Elasto-plastic simple shear problem (linear kinematic hardening) response using
different rate formulations from FE and analytical results
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To investigate the elastoplastic behavior of the material under fully reversed
cyclic shear loading, the same problem was solved for 50 cycles of fully reversed
shear load for a maximum applied shear of jma=8. Figure 3-7 shows the normalized
residual stress vs. cycle number for different rate formulations. Compared to the other
formulations, the ABAQUS results show significantly higher residual shear stress
beyond the first cycle. All formulations exhibit constant shear residual stresses and no
strain ratchetting or cyclic stress hardening/softening were observed. The cyclic

strain-stress curves are stabilized after the first cycle.
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Figure 3-7- Cyclic simple shear results for 50 cycles, normalized residual shear stress using linear
kinematic hardening rule, (a) UMAT results including ABAQUS results, (b) UMAT results only
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3.6.2 Elliptical closed path loading

The problem of closed path cyclic loading has been discussed extensively in
the literature. Recently, Meyers et al. [76] considered an elliptical loading path of a
hypoelastic material for several cycles to study the effect of different rates on the
elastic ratchetting response of the material. Here the same problem of elliptical
loading is considered and the results are compared with those of Meyers et al. [76].
As shown in Figure 3-8 a square of side H is loaded using the elliptical loading path.
The motion is described by [76]:

1—cos¢

x1=X1+taf ——
! ! ﬂ1+asm¢ z (3-62)

X, =1+ asing)X,

>
L
>
;

Rl

Figure 3-8- Cyclic closed path loading

where a = % and g = % The material properties used for the simulation are given in

Table 3-2. The problem is solved assuming @ = 0.1 and g = 5. The user defined

subroutine DISP in ABAQUS was used to define the elliptical loading.
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Table 3-2 Material properties for the elliptical cyclic loading problem

Elastic Modulus (GPa) 200
Shear Modulus (GPa) 77
Poisson’s Ratio 0.3
Yield Stress (MPa) 800
Hardening Modulus (GPa) 20
Shear Yield Stress 7 (MPa) 462

i 1

Jaumann Rate {Meyers et al.}
D Rate (FE UMAT)

Green-Melnnis-Haghdi Rate (FE UMAT})

ABAQUS Formulation
Jaumann Rate {FE UMAT})
D Rate (Mevers et al.)

— — Green-Haghdi Rate {(Meyers et al.)

Figure 3-9- Elliptical cyclic loading, normalized Mises stress for 2 cycles, using 3 different stress
rates, Jaumann, Green-Mclnnis-Naghdi, and D rates of stress (FE UMAT), ABAQUS
formulation, and analytical solution

Figure 3-10 shows the normalized residual elastic shear and residual normal stress

components vs. cycle number.
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Figure 3-10- Elliptical cyclic loading results for 50 cycles using different rate formulations, (a)

normalized residual elastic shear stress, (b) normalized residual elastic normal stress
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As can be seen from Figure 3-10, the residual stress for the Green-Mclnnis-
Naghdi rate shows an increasing pattern with cycles, while the Jaumann rate and the
ABAQUS built-in formulation show an oscillatory pattern. Only the D rate of stress
exhibits no residual stress. The strain-stress cyclic responses for each formulation are
plotted in Figure 3-11. Strain-stress curves clearly show how the rate formulation
affects the material response. For all the cases except the D rate of stress, elastic
dissipation is evident. Similar to the results given in [76], only the D rate of stress

shows the expected elastic behavior under cyclic loading, i.e. no elastic dissipation.
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Figure 3-11- Strain-Stress curves for 50 cycles of egg-shaped cyclic loading using different rate
formulations, (a) ABAQUS Formulation, (b) Jaumann rate UMAT, (c) Green-MclInnis-Naghdi
rate UMAT, (d) D rate UMAT
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The problem of elliptical cyclic loading is further solved assuming Ziegler’s
linear kinematic hardening rule. The problem was solved for 50 cycles using different

rate-type formulations. Figure 3-12 shows the normalized residual stress components
at the end of each cycle for different rate formulations.

From Figure 3-12, the D rate shows a constant residual stress which is not
affected by the cycles. The Green-Mclnnis-Naghdi rate shows monotonically
increasing residual stress which becomes unrealistic for high numbers of cycles. The

Jaumann and ABAQUS formulations show an oscillatory residual stress response.
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Figure 3-12- Elliptical cyclic loading results for 50 cycles, normalized residual (a), normal o4, (b)
shear o1,, and (¢) normal &, stresses vs. cycle number for different rate formulations using a
linear kinematic hardening (Ziegler) rule
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Figure 3-13 shows the cyclic shear strain-stress curves for 50 cycles. From
Figure 3-13 the Jaumann and ABAQUS formulations predict a profound cyclic
softening material response, while the Green-Mclnnis-Naghdi rate formulation
predicts a rather unusual but equally unrealistic response. Only the D rate formulation

exhibits the expected stabilized hysteresis loop.
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Figure 3-13- Elliptical cyclic loading results for 50 cycles, shear strain-stress curves using a linear
kinematic hardening rule

3.6.3 Non-uniform four-step loading

The problem of four-step loading solved in Chapter 2 is considered next.
Unlike the four-step loading discussed in Chapter 2, the deformation applied here is

not homogeneous and therefore the FE solution requires use of discretized elements.
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As illustrated in Figure 3-14, a 1*1 m? square is subjected to a closed path four-step
loading at its top edge while the bottom edge is fixed. The loading path is shown in
Figure 3-15. Material properties used for this problem is the same as those given in
Table 3-2 for the problem of elliptical cyclic loading. First the problem was solved
for 10 complete elastic cycles with the maximum extension and shear displacement
magnitudes equal to 0.2 (m) each. Therefore, deformations are not large; only 20% of
maximum extension and a maximum shear of 0.2. Since the stress field is not uniform
in this problem, no analytical solution is available and use of the finite element

method is required for a solution.

m e >
~{|Step 2: Shear
(b) A (c)
Step 1- Extension Step 3- Compression
Step 4
Unstraining
%
X;
X, @) @

Figure 3-14- Four-step loading, (a) initial configuration (no extension and no shear), (b) after
extension, (c) after added shear, (d) after removing extension
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Figure 3-15-Four-step loading path

Quadrilateral 8 noded elements were used in the FE simulation. All of the

results are reported at the centroid of the element shown in Figure 3-16.

ilement centroid used for the
analysis of the history
response of the material for
the problem of four step
cyclic loading
Centroid (solid circle) is
located at
X1=0475,X2=0475

X2

X

Figure 3-16- Location of the element and its centroid used for the results output

Figure 3-17 shows the residual elastic shear stresses at the end of each cycle
for different rates of stress. Again, except for the D rate, all other rates show
increasing residual stress over cycles. Figure 3-18 shows the strain-stress response
using different rate formulations. The applied deformation is not large (20%

extension), however, the error accumulation is considerable even after a few cycles.

107



0ms

oot

0.005

=

-0.005

1244

es
2

0m

0015

002 - — {— - ABAGUS Formulation

-- %7 -=Jaumann Rate (FE UMAT)

—— Green-Mclnnis-Naghdi Rate (FE UMAT)
0025 - —B—D rate (FE UMAT)

00 i i i
0 1 2 3 4 5 [ 7 3 9 10
Cycle Number

Figure 3-17- Four-step loading results for 10 cycles, normalized residual elastic shear stress using
different rate formulations
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Figure 3-18- Four-step loading elastic response for 10 cycles, (a) ABAQUS Formulation, (b)
Jaumann rate UMAT, (c) Green-MclInnis-Naghdi rate UMAT, (d) D rate UMAT
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The problem of closed path four-step loading was further solved assuming
Ziegler’s linear kinematic hardening rule. The same quadrilateral elements (8 noded)
were used for this simulation. All the results are reported at the centroid of the
element which was shown in Figure 3-16. The problem is solved for 10 cycles. Figure
3-19 shows the normalized residual stress components vs. cycle number for different
rate-type formulations. Figure 3-20 also shows the shear strain-stress cyclic curves

obtained for different rate type formulations.
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¥ 10'3 -- & - - Jaumann Rate (FE UMAT}
[Ty 7777 -2 - - Green-Mclnnis-Haghdi Rate (FE UMAT) "7 7577777777777 T mmmpmIm s
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Figure 3-19- Four-step loading results for 10 cycles, assuming linear kinematic hardening rule,
normalized residual stress components
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Figure 3-20- Four-step loading, shear strain-stress response, linear kinematic hardening rule, (a)
ABAQUS formulation, (b) Jaumann rate, (c) Green-Mclnnis-Naghdi rate, (d) D rate

The deformation is not very large, however, differences in response of
different rate formulations build up very fast and the results even after a few cycles
deviate significantly. The D rate formulation exhibits a constant residual stress
response as expected for a stabilized hysteresis loop. The residual stresses for the
Jaumann, ABAQUS, and Green-Mclnnis-Naghdi formulations exhibit a mixture of
oscillatory and monotonically increasing pattern. Also, the cyclic shear strain-stress
curves for the Jaumann, Green-Mclnnis-Naghdi, and ABAQUS formulations are not
stabilized, showing a mix cyclic strain ratchetting and stress hardening. Only, the D

rate formulation exhibits the expected stabilized cyclic shear strain-stress curve.
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It should be mentioned that the deformation path for this problem is non-
uniform which necessitates a linearized form of the constitutive model at the end of
each load increment. The algorithmic tangent modulus for this problem was based on
the formulation given in [72,73] for the Jaumann and Green-Mclnnis-Naghdi rates,
respectively. For the D rate however an exact algorithmic modulus was not
implemented. The algorithmic modulus used for the Jaumann rate was used for the D
rate as an approximation. While this approximation does not affect the accuracy of
the converged solutions it might slow down the convergence rate or sometimes lead
to the divergence of integration. As a result, the approximation used does not

guarantee the convergence of the stress integration.

3.7 Summary

Extension of the infinitesimal plasticity models for finite deformation and
their corresponding numerical integration were discussed in this chapter. The
Eulerian rate-type plasticity models are based on the hypoelastic material models. As

a result, certain considerations should be taken when such models are used.

Hypoelastic material models should be exactly integrable and consistent with
the notion of hyperelasticity. Furthermore, Prager’s yielding stationary requires use of
objective corotational rates in evolution equations. Such conditions suggest the use of
the D or logarithmic spin as the only consistent rate in the Eulerian rate models of

elastoplasticity.
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Numerical solutions obtained for different loading paths along with the
analytical proof of hypoelastic model integrability given in Chapter 2 verify the
uniqueness of the logarithmic (D) rate. As a result, only the Eulerian rate model of
plasticity based on the logarithmic (D) rate of stress provides the consistent
formulation of elastoplasticity for finite deformations. Physically, thermodynamics
considerations regarding the recoverable and irrecoverable parts of the deformation

can be satisfied if the logarithmic (D) rate is used in the formulation.
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Chapter 4
Finite plasticity based on a unified

Eulerian rate form of elasticity

Eulerian rate models of elastoplasticity are mostly based on the additive
decomposition of the strain rate tensor and hypoelastic material models for the elastic
part of the deformation and stress update. However, issues with hypoelasticity limit
the applicability of hypoelastic models in Eulerian rate models to the use of a specific

rate of stress, as discussed in Chapters 2 and 3.

In this chapter, an Eulerian rate form of elasticity is presented and used to set
up a new Eulerian rate model for finite deformation plasticity. The model is based on

the Eulerian Hencky (logarithmic) strain and additive decomposition of its objective
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corotational rate. Integrability conditions of the proposed model for a general stress-
dependent isotropic elasticity tensor are investigated and it is shown that the grade-
zero form of the model is unconditionally integrable in the sense of hyperelasticity for

any objective corotational rate.

The grade-zero form of the proposed model is used in an Eulerian rate form of
elastoplasticity. Thermodynamic consistency of the model requires proper definition
of the conjugate stress for the corotational rate of strain used in the model. Two cases
of deformation, i.e. the cases of coaxiality and non-coaxiality of stress and strain, are
discussed in the proposed model. Application of the proposed model to mixed
nonlinear hardening behavior is further presented. Predicted results by the proposed
model are in good agreement with the available experimental data of finite fixed-end
torsional loading of SUS 304 stainless steel tubes [83]. Prediction of the axially
induced strain (stress) under free-end (fixed-end) finite torsional loading (the Swift
effect) is of importance since the axially induced strain (stress) remarkably affects the

cyclic behavior of hardening materials for finite deformation [1].

The proposed model does not assign any preference to different objective
rates and any corotational objective rate of stress can be successfully used in the

model.
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4.1 Eulerian rate form of elasticity

An incremental hyperelastic model can be given in Eulerian form by [47]

de = 0’z 16t
¢ = orot (4-1)
2
where (e, £) is an Eulerian conjugate pair of stress and strain and M~1(¢) = ;—; is

the instantaneous (stress-dependent) compliance tensor.

The objectivity and rate homogeneity requirements of a rate model in a
spinning background discussed in Chapter 2 require that an incremental form of the

hyperelastic model (4-1) be written in terms of identical objective rates, i.e.:

b M) E (4-2)

Or equivalently

F = M(t): 6 4-3)
According to Truesdell and Noll [6] all elastic materials are hypoelastic while the
inverse statement is not true in general. Here, a more general question is asked: if a
hyperelastic model given by equation (4-1) is derivable from equation (4-3). In other
words, integrability of the Eulerian rate model (4-3) in the sense of Cauchy and Green
elasticity is under question. This is investigated mathematically in the following

sections.
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4.1.1 Integrability of the Eulerian rate model of elasticity

Following the approach used by Bernstein [16,17] the integrability of the
Eulerian rate model (4-3) is investigated here [77,78]. Rotating the Eulerian rate

model (4-3) in its corresponding spinning frame with the rotation tensor R, yields

X =MQ2):E (4-4)
in which ¥ = RT#R, and E = RTeR, are the rotated counterparts of the Eulerian
stress and strain tensors, respectively. In deriving (4-4) it is assumed that the elasticity

tensor is isotropic, i.e. M(RItR,) = M(¢). Equation (4-4) has the standard form of a

first-order differential as follows:

0r

38 - M@ (4-5)

Integrability of equation (4-5) can be investigated by differentiating it with respect to

E as follows:
022, 3 0%%y;  OMy (2) My (2)
9E, 0y OEwdE.,  9Em, 9En (4-6)

My () 0Myj (2) 8x,s  OMyjq (X)
0Emn 0%ys 0Emn 0%ys

Knowing that 2 M., (2) and substituting it into

equation (4-6) yields

OM;jj (X IM;; p)
ijkl ( )Mrsmn (2) _ ijmn ( )

M p) -
azrs azrs rskl ( ) (4 7)

Since E and X are arbitrary stress and strain tensors and M (X)) is an isotropic tensor,

equation (4-7) can be re-written in the fixed background as follows:
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M (£)
0%,

a1V1ijmn (t)

M, s (t) = ot
s

Mrskl (t) (4-8)

Conditions (4-8) are necessary and sufficient conditions for the Eulerian rate model
given by (4-3) to be integrable in the sense of Cauchy elasticity. Conditions (4-8) are
similar to Bernstein’s integrability conditions given by (2-86) except that conditions
(4-8) are solely imposed on the spatial elasticity tensor. It is worth mentioning that,
contrary to Bernstein’s integrability conditions given by (2-86), the integrability

conditions (4-8) are derived irrespective of any specific spin tensor.

Conditions (4-8) can be expressed in terms of the compliance tensor.

Differentiating M (¢): M~ (¢) = I with respect to + yields:

aML;r}m -1 aIwmnkl
atpq ankl + Mijmn atpq = (4'9)
Substituting (4-9) into (4-8) yields
oMy OMj,
= (4-10)

0t mn 0ty

Conditions (4-10) are an equivalent form of integrability conditions (4-8) and are
applied on the compliance tensor. To satisfy (4-8) or (4-10) it is sufficient that the

compliance tensor M~1(#) be an isotropic tensor valued function of %, i.e.:

M%) = V¥ (¢) (4-11)

in which V indicates the gradient of a tensor with respect to its argument.
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For the Green integrability conditions of the Eulerian rate model (4-3), in
addition to the conditions (4-8) or (4-10), a scalar function of stress, {(#), should

exist such that:

O (4-12)

where from the unified work conjugacy given by equation (2-41) equality £:é = 1:d
holds and (4-12) generates the same stress power in the spinning background. A
similar approach used above is followed to investigate the existence of the scalar

function ¢ (#). Transferring equation (4-12) to the rotated configuration yields

{2)=Z:E (4-13)
in which {(2) = {(RT#R,) = {(¥) applies since {(#) is a scalar function of stress.

With the help of (4-4) equation (4-13) can be modified as follows:

(X)=2:M"1(2):2 (4-14)

Equation (4-14) has the standard form of a first order differential as follows:

)
5 =XM1 (4-15)

Differentiating (4-15) with respect to X yields the conditions for which equation

(4-15) is an exact differential:

0*¢(2)  9%(2) 9 2
- = SiML | ——[2 ML =0 _
02y 0%y 02302y, 023y 12 My 0%y 123 M (4-16)

And in the fixed background, equation (4-16) can be re-written as follows:
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9 t: ML @) = g t ML (¢
. [t Miji 1 (0)] —ykl[ § Mimn (9] (4-17)

Conditions (4-17) are necessary and sufficient conditions for the Eulerian rate model
given by (4-3), which is integrable as a Cauchy elastic material to be also integrable
as a Green elastic one. A simplified form of conditions (4-17) can be obtained as a

result of the Cauchy integrability of the model. Expanding (4-17) gives:

oty My oty OMjpn

0t mn My + % Oty 0t U™ U aty (4-18)
With the help of (4-10), equation (4-18) can be simplified as follows:

Mo () = Micpy, (£) (4-19)

So the compliance tensor should possess main diagonal symmetry as a consequence

of the Green integrability conditions.

A special case applies to the grade-zero form of the Eulerian rate model (4-3)

where the elasticity tensor is assumed to be constant and isotropic. In this case

Z—A;Z =0 and the Cauchy and Green integrability conditions given by (4-8) and (4-19)

are automatically satisfied. Such an unconditional integrability was expected since the

grade-zero form of (4-3) trivially yields an exact differential of the following form:

d T d T
a (R, tR,) = M: a(R* eR)et=M:e (4-20)
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A special case of the hypoelastic models can be obtained from (4-3) if the
spinning frame is chosen to be a frame having the logarithmic spin and the strain

measure is the Eulerian Hencky strain. In this case the logarithmic rate of the Eulerian

log
Hencky strain and the Kirchhoff stress are work conjugate and ¢ = d. Use of the

Eulerian rate model (4-3) in the logarithmic frame yields:

log log
T =M(1): ¢ =M(1):d (4-21)

As a result, the same integrability conditions apply to hypoelastic models based on

the logarithmic spin. This is in agreement with the integrability conditions derived by

Xiao et al. [26] for the case of hypoelastic models based on the logarithmic spin.

4.1.2 Elastic potentials

Following Ericksen [18] and Xiao et al. [26] conditions for the existence of
hypoelastic potentials given by equations (2-100) and (2-101), a similar approach can

be used here for the Eulerian rate model (4-3). Since the Eulerian tensors £ and e are

work conjugate in an £,-spinning frame, i.e. £:& = 7:d, equation (2-101) can be

extended in the form of:

'd—l—'f[—l—'an"—l—'an'f—ran']\/[ 'd—t'T—FaH'Mf'T
T:a= = E.T— E.T— E (T) =71.e= % ( ).e (4-22)

Therefore, elastic potentials exist for the Eulerian rate model (4-3) if conditions

(2-100) are satisfied.
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4.2 Extension to finite deformation plasticity

Similar to the additive decomposition of the strain rate tensor given by
equation (3-42), in an 0,-spinning frame of reference an additive decomposition of

the objective rate of Eulerian strain tensor can be given by [79]

* * *

&=¢e° +ép (4-23)
Such an additive decomposition is physically acceptable if the constitutive model
used for the elastic part of the deformation generates the exact recoverable part of the
stress power and the plastic part of the constitutive model generates the corresponding

dissipative part, i.e.:

t:é=1:e¢+1:eP (4-24)
Since (e, t) are 2,-frame work conjugate and the grade-zero form of the Eulerian rate

model given by (4-3) is unconditionally integrable in the sense of hyperelasticity, the

elastic part of equation (4-24) can be given by

= M:e° (4-25)
where M is assumed to be constant. Therefore, decomposition (4-24) is physically

acceptable since equation (4-25) is an elastic material and generates the recoverable

part of the stress power [79].

In the Q,-spinning frame the plastic part of the deformation can be related to a
flow potential based on associative plasticity (maximum plastic dissipation) by [79]
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g =12
- 7oz, (4-26)

where EP = RTePR,. The corresponding Kuhn-Tucker loading/unloading conditions

are given by

$.<0;120;4p. =0 (4-27)

An observer in the £2,-spinning frame defines a yield limit by

fM.Y) =¢. Y. (4-28)
where n, = dev £, — B, is the shift stress tensor. ¢, and Y, are scalar functions and
therefore rotation-independent. As a result, the yield surface takes the following form

in the fixed background:

fY)=¢-Y (4-29)
The evolution equations for the tensorial internal variables should be objective. To
satisfy Prager’s yielding stationary requirement, the same objective rate of stress must
be used for the objective rates of tensorial internal variables (such as back stress
tensor). Therefore, in the fixed background an evolution equation for the back stress

tensor can be proposed with the following form [79]:

*

B =in(p.er) (4-30)

Equations (4-23) to (4-30) define a unified Eulerian rate form of elastoplasticity for

arbitrary objective corotational frames of reference.
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It is worth mentioning that, if the Eulerian Hencky strain is used in the model,
the Kirchhoff stress is conjugate to the logarithmic (D) rate of the Eulerian Hencky
strain. As a result, the self-consistent Eulerian rate model of Bruhns et al. [27] is

derivable from the proposed unified model given by equations (4-23) to (4-30).

In what follows it is assumed that only the Eulerian Hencky strain is used in

the model and any evolution equation is based on this measure of strain.

4.2.1 Case of coaxial stress and total stretch

The stress power is scalar and therefore rotation-independent. The principal

axis representation of the work conjugacy can be given by

Td =tgidg (4-31)
where subscript “E” indicates components of a tensor on the principal axis of the left
stretch tensor (Eulerian triad). If the Kirchhoff stress is coaxial with the left stretch
tensor, the principal axis representation of the Kirchhoff stress is a diagonal tensor.
Therefore, the rate of deformation tensor in equation (4-31) can be replaced by any
arbitrary objective rate of the Eulerian Hencky strain and rotated back to the fixed

background as follows:

* *

T:d :TE:dE :TE:éE =T (4'32)
which states that the conjugate Eulerian stress £ is equivalent to the Kirchhoff stress

irrespective of the chosen spinning frame of reference.
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One example for which the principal axes coincide is the case of isotropic

elasticity. In this case equation (4-25) yields the following rate form of elasticity:

P=M:é (4-33)
which is an exact differential and trivially yields the following integrated form for

arbitrary objective rates:

T=M:¢ (4-34)
In Appendices A and B details of direct integrations of the rate form (4-33) under
simple shear deformation path and four-step closed path loading are given for

different objective corotational rates.

4.2.2 Case of non-coaxial stress and total stretch

In this case the principal axes do not coincide and as a result the Kirchhoff
stress is not work conjugate to different objective rates of the Eulerian Hencky strain.
Therefore, use of equation (4-25) requires proper definition of the conjugate stress £
to the Hencky strain in different spinning backgrounds. Here the case of isotropic
plasticity for which the elastic part of the deformation is assumed to be isotropic (i.e.

constant isotropic elasticity tensor) is considered.

Transferring the unified work conjugacy on the Eulerian triad yields:

*

T:d :TE:dE :/tE:éE (4'35)
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According to Xiao et al. [56] (see also Reinhardt and Dubey [21], Lehmann et al.
[25], Hill [39], Lehmann and Liang [49], and Scheidler [80]), objective corotational
rates of strain can be related to the strain rate tensor through a linear transformation

given by

é=1L,d (4-36)
where L, = L,(b) is a fourth order transformation tensor function of the left Cauchy-

Green tensor b. Use of (4-35) and (4-36) yields

t=1L:t (4-37)
On the principal axis of the left stretch tensor, simple forms of the transformation
function can be found for different objective rates. In what follows we consider only
the cases of the Jaumann and Green-Mclnnis-Naghdi frames without loss of
generality. Following the work of Reinhardt and Dubey [21], Lehmann et al. [25],
Hill [39], and Scheidler [80] for an Eulerian measure of strain e = f(V), the

following can be obtained on the Eulerian triad:

] 2

] . X
éE,ij :f(V)E,ij = 12 — f(ll])dE ij l] #1

(4-38)
GMN GMN

é Ejij = f (V)E,ij = f(ll] )dEl] ;A F 1

32—
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A .
where J; = /‘1—] and A;’s are the principal stretches. The normal components are the

same as the normal components of the strain rate tensor on the Eulerian triad. Use of

the Hencky strain measure, i.e. € = In(V), in (4-35) and (4-38) yields:

tuy = 0y)tey 5 N 1 (4-39)
where /L*(JU) is a scalar scale function and is dependent on the selected spinning

frame. For the J and GMN frames the scaling function is given by

2o—1 1
A () =a——— ;3 £ 1
) () ¥+ 1y Y
(4-40)
-1 1
’h’GMN(lij)z lej W,JU =1

The scale function for the special case of the logarithmic rate of the Eulerian Hencky
strain is given by o, (JU) = 1. For all of the corotational rates 3;; = 1 (normal
components) and the scale function is given by 4.(3;) = 1 and therefore £, ; =
Tz ; (N0 sum on i). The same thing applies to the case of coincident eigenvalues of the

stretch tensor. Basis-free expressions for (4-39) have been obtained for specific

objective rates by different researchers (cf. Asghari et al. [54] and references therein).

4.2.2.1 Application to the simple shear problem

The problem of simple shear using a bilinear material model based on
Ziegler’s linear kinematic hardening is considered here as a case of non-coaxial stress

and total stretch tensors.
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Defining the shift stress tensor by n.r = £, — . and considering the

normality rule on the principal axis of the left stretch tensor (Eulerian triad) yields:

rel a¢
P A *
K 0t,p
(4-41)
rgl rel
B =HEL

where H is the hardening modulus and is assumed to be constant. On the Eulerian

triad the Mises yield function can be given by

. = \/277315,11 + 24202515 — To (4-42)

where () = \an and oy is the uniaxial yield limit and is assumed to be constant. In

equation (4-41) a superposed “rel” indicates the objective rate of a tensor relative to

the Eulerian triad and is given by

rel *
Sg = Sg + Qe — Qo1 Sg = RESRE (4-43)

And the relative spin is defined by 2,,; = RL (R, — 25)Rg. Use of equations (4-23),

(4-25), and (4-41-1) on the Eulerian triad yields

rel (rel . 0. ) e

tp =2ulég — 2
E U\ €k Ot

And therefore the shift stress tensor is given by
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rel rel )[ 6(1)*
1vg = 2uég — Qu+H -
N = 2uég — (2u+ H) ot (4-45)

Equations (4-41), (4-42), and (4-45) can be used for the solution of the problem of
simple shear on the Eulerian triad. The plastic multiplier 1 can be found using the

consistency condition ¢, = 0. The spin tensors for this motion are given by

& =5 (M@, — N,®N)

2y

Oeun = ryz (N;®N, — N,®N;)
v (4-46)
2 = m(Nl(@Nz — N,®N;)
1 14

= + y(N1®N; — N;®Ny)
4+ y2 2 gsinh (X
Y" 44+ y?asinh (2)
All the kinematics variables such as spin tensors and the total stretch and its
corresponding Hencky strain are known since the motion is uniform. Therefore, 1,
and the orientation of the Eulerian triad are also known during stress integration.

From the consistency condition one can obtain the plastic multiplier function of the
shift stress components and eigenvalues of the left stretch tensor, ie. A=
yg(n*E,n, NE12) M2 y). As a result, the following differentials can be obtained from

(4-41), (4-45), and (4-46);
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rel

dn.g 11 Adyrer 12 dég 11 N1
2 =2 : % + 2 — — (2u+H - * ) I ,J
dy dy N«E,12 u dy (Qu ) 7o 9(77 E11,T+E,12 12)
rel
dn*E,lz -2 d'QTel,lz n 4 2‘u déE,lZ (4'47)
d]/ d]/ *E,11 d]/
N«E,12
— (Qu+ H)A? 7 9(Meg 11, Mg 12 M12)

2
where nZg 11 + A2nZg 1, = %‘) Equations (4-47) can be numerically integrated for the

cases of the J and GMN rates. A fourth-order Runge-Kutta integration scheme is used

here for such a purpose. Values of Ti = % To = 200 MPa, and H = \ETO are used
0

during the numerical integration of (4-47).

Once the components of the shift stress tensor 1, are found for each spinning
frame, the components of the back stress tensor on the Eulerian triad can be
integrated by the following approach. Defining the complex variable z(y) = B 12 +

dz(y) _ dBE 12

ifE 11 and substituting for back stress components from (4-41-2) into o » +
.dBE11 | .
[ yields:
dZ(}/) . d-Qrel H 2 .

o 2, f =1 (A2n.p12 + i0p11)9 W) (4-48)
which has a solution of the following form:

H Y

z3(y) = aexp[ig(y)] f exp[—iGWI(AiN.512 + iNp11) 9V dy (4-49)

Yp
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where G(y) = fy’; 20, 12dy. Separating the real and imaginary parts of (4-49) yields

the following integrals for the back stress components:

H 14 H 14
ra1(r) = ——sinG)] | PCr)dy - ——coslg] | RG)dy

Yp 0 Yp

(4-50)
H Y H 14
Br2(r) = —cosIGy)] f P(y) dy +—sin[G()] f R(y) dy

Yp To Yp

V27

in which , = 2sinh (*

) is the amount of shear for which plastic yielding starts

and:

P() = gW){#An.g12 cos[GI)] + g 11 sin[G(]1}
(4-51)
R(Y) = gW){An.512 sin[G(N] — nug 11 cos[GN]}

Equations (4-51) can be integrated using a trapezoidal integration scheme. Having
obtained the back stress components, the conjugate stress corresponding to each

corotational frame can be obtained on the Eulerian triad using .z ;; = M.gj + Bugij -

Figure 4-1 and Figure 4-2 show the fixed components of the conjugate stress
and its equivalent Kirchhoff stress for the J and GMN rates. Using the proposed
formulation both the J and GMN rates return identical Kirchhoff stress responses as
compared to that of the self-consistent Eulerian rate model of Bruhns et al. [27] based

on the logarithmic rate.
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Figure 4-1- Normal stress component, (a): conjugate stress for the J and GMN rates of the
Hencky strain (proposed model), (b): equivalent Kirchhoff stress (proposed model, J and GMN
rates) and classical hypoe-based model (J, GMN, and logarithmic rates), linear kinematic
hardening behavior
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strain (proposed model), (b): equivalent Kirchhoff stress (proposed model, J and GMN rates)
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4.3 Application of the proposed model to nonlinear mixed

hardening

An extension of the proposed model to the case of nonlinear mixed hardening
is used here to predict the hardening behaviour of SUS 304 stainless steel thin tubes
under fixed end finite torsional loading. With the help of the Armstrong-Frederick
(A-F) nonlinear hardening model [81] the proposed back stress evolution equation

given by (4-41-2) can be extended as follows:

rel rel

BE = Afgg - Bpr’eq ﬁE (4_52)
where A¢ and By are the A-F material parameters and EP*4 s a scalar parameter
representing the rate of the equivalent plastic strain and will be defined later in this
section. The vyield surface of a strain hardening material can expand and translate

nonlinearly in the stress space. Therefore, a modified Mises yield surface under

simple shear motion can be given by

¢, = \/377315,11 + 3420k, — Y (4-53)

where Y is a scalar parameter function of the plastic internal variables representing
the subsequent yield surface size during plastic loading. An exponential form of the
yield surface size based on the original model of Voce [82] can be used here as

follows:

Y = oy + (oys — 0yo)[1 — exp(—bEP*%)] (4-54)
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where ay, is the initial yield surface size, oy, is the saturation value of the yield

surface size, and b is a parameter which controls the rate of saturation.

A modified plastic work can be used to derive an expression for the equivalent

plastic strain. The plastic work in relative spinning frame can be given by

rel

WP =n,5: €0 = YEP* (4-55)

in which ¥ =\/37735,11 +3A2n2; 1, is the equivalent Mises shift stress. Use of

equations (4-41-1) and (4-55) yields the following definition for the equivalent plastic

strain:
. rel rel
EPf1 = 342 eg: sg (4-56)

It is worth mentioning that definition (4-56) is similar to the classical definition of the

equivalent plastic strain rate. For the special case of the logarithmic rate hlzog (JU) =

1 and (4-56) yields EP¢1 = dPed = \/%dl’:dl’ = \/%dg:dg.

Similar to the case of the Ziegler’s linear hardening discussed in section 4.2.2,
the governing equations (4-52) to (4-56) are numerically integrated using the fourth
order Runge-Kutta integration method for three different objective rates, i.e. the J,
GMN, and logarithmic rates. The stress responses from the proposed model are
plotted in Figure 4-3 using the material parameters given in [83] for SUS 304

stainless steel, which are summarized in Table 4-1. Also, the stress responses for the J
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and GMN rates using the classical hypo-based model are plotted for comparison.
From Figure 4-3, the proposed model gives identical results to those of the self-
consistent classical model of Bruhn’s et al. [27] based on the logarithmic rate. Unlike
the classical model response, the Jaumann stress response of the proposed model does

not show any shear oscillation.

Table 4-1 Parameters used for the mixed hardening behaviour of SUS 304 stainless steel [83]

Shear Modulus u =78 GPa

Exponential Isotropic Hardening Parameters oyo = 285.6 MPa ; gy, = 680 MPa; b = 2
1 7 3

Armstrong-Frederick Model Parameters Ay =20 MPa; By = 0.2
x 100
45 |
T A
o
=
S350
0N
-1
g 3
Q0 -
8_ Shear Component T,
25 o | Proposed Rate Model (Jaumann Rate) —
o |\ L Proposed Rate Model (Green-Mclnnis-Naghdi Rate)
O —— Classical Rate Model (Logarithmic Rate)
g 2 B === Classical Model {(Jaumann Rate) !
O =+= Classical Model (Green-McInnis-Naghdi Rate)
= O Experiment by Ishikawa
w 1.5¢ |
=
2
= 1 ]
o
=
N 0.5+ Normal Component 7,4 _
4 N N ARV
i v

t |
0.5 1 1.5 2 25 3 35
Applied Shear (y)

Figure 4-3- Stress components for SUS 304 stainless steel under fixed end torsion using the
proposed mixed hardening model
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Figure 4-4 shows the evolution of the yield surface size vs. the applied shear.
It is clear that the radius of the yield surface is not affected by the corotational rates

used in the model.
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Figure 4-4- Radius of the subsequent yield surfaces as predicted by the proposed model using
any corotational rates with the mixed hardening rule

4.4 Summary

An Eulerian rate form of elasticity was used for setting up a unified Eulerian
rate model for finite strain elastoplasticity. The grade-zero model was shown to be
unconditionally integrable for its elastic part and was consistent with hyperelasticity
in its integrated form irrespective of the objective rate of stress used in the model.
Conjugate measure of stress to each objective corotational rate of the Eulerian strain
was obtained based on the unified work conjugacy theorem. An additive
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decomposition of the arbitrary objective rate of the Eulerian strain was proposed
which was consistent with thermodynamic considerations. A modified flow rule in
each spinning background was used in the model. Furthermore, a new evolution
equation for the back stress tensor was proposed and used in the model. The model
was successfully integrated on the Eulerian axes of the total stretch tensor which were

known during the time integration process.

Results obtained for the simple shear problem and the case of linear kinematic
hardening using different objective corotational rates, such as the Jaumann and
Green-Mclnnis-Naghdi rates, were identical to those of the self-consistent Eulerian
rate model of Bruhn’s et al. [27] based on the logarithmic (D) rate of stress.
Therefore, the proposed model assigns no preference on the choice of objective rates

for its consistency and is unified for all of the objective corotational rates.

The unified model was further extended to the mixed nonlinear hardening
behavior. Application of the proposed unified model to fixed-end finite torsional
loading of SUS 304 stainless steel tubes showed that the model predicts the second
order effect (Swift effect) accurately and obtained results were in good agreement

with the available experimental data done for this material.

The unified Eulerian model is a good candidate for Eulerian rate models for
finite strain elastoplasticity and can be successfully implemented in the displacement-

based formulation of the finite element method.
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Chapter 5
Phenomenological plasticity models

based on multiplicative decomposition

In Chapter 3 and Chapter 4 respectively, Eulerian rate models of plasticity
based on the additive decomposition of the strain rate tensor and arbitrary objective
rates of the Hencky strain tensor were presented. These models are mainly based on
rate-type material models and need objective integration schemes for their numerical

implementation.

Another class of plasticity models has been formulated based on the
multiplicative decomposition of the deformation gradient. Such decomposition has

been physically validated based on observations made in crystal plasticity. Plastic
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flow of material can be viewed as the flow of material through the crystal lattice by
the movement of dislocations [30]. This physical interpretation is given in the work of
Taylor and Elam [84,85] and Taylor [86]. A detail review of micromechanical
description of plastic flow is given in the review work of Asaro and Rice [87] and
Asaro [88]. As shown in Figure 3-19 for a single crystal having a single slip system

defined by {s, m} the plastic flow can be characterized by [30]

FP =1+ ys®@m (5-1)
where y is the plastic shearing parameter in the crystallographic slip system. Such a

plastic deformation results into an intermediate stress-free configuration as shown in

Figure 5-1.

Figure 5-1- Micromechanical representation of deformations in a crystall lattice [30]

Next, the elastic part of the deformation stretches and rotates the crystal lattice. The

total deformation can therefore be split into plastic and elastic parts using

F = FeFP (5-2)
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Constitutive models based on the decomposition (5-2) are mostly formulated
in the Lagrangian framework of elastoplasticity and are based on hyperelastic
material models; as a result, they do not require any rate-type material model for the
elastic part of deformation. However, this does not preclude the use of decomposition
(5-2) in the Eulerian framework of elastoplasticity; rate-type Eulerian formulations of
finite elastoplasticity based on the multiplicative decomposition have been proposed

by several authors [43].

In this chapter a review of phenomenological plasticity models based on
multiplicative decomposition (5-2) is presented first. A modified decomposition
based on the right stretch tensor is then introduced. Using this modified
decomposition, a unified Lagrangian model of plasticity based on the right plastic
stretch tensor is proposed. A hyperelastic function is used to relate the rotated
Kirchhoff stress to the Lagrangian Hencky strain. The proposed model is integrated
on the Lagrangian triad of the plastic stretch tensor using a modified back stress
evolution equation. Results obtained for the problem of simple shear for a Ziegler
kinematic hardening material are identical to those of the self-consistent Eulerian rate
model of Bruhn’s et al. [27] discussed in Chapter 3 and Chapter 4. The proposed
model is further extended to mixed nonlinear hardening behavior. Predicted results by
the proposed model for SUS 304 stainless steel under fixed-end finite torsion are in

good agreement with the corresponding experimental observations.
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5.1 Continuum formulation of multiplicative plasticity

The Green-Lagrange strain tensor is defined relative to the reference

configuration by

= ! (A
0= E( )
(5-3)
of =2’ -2)
2
where C = FTF and CP = FPTFP are the total and plastic right Green-Cauchy
deformation tensors, respectively and Z is the metric tensor of the reference
configuration and is equal to the Kronecker delta in a Cartesian coordinate system.

Similarly on the current configuration the Almansi-Euler strain tensor is defined by

1 _
fZE(Z—b D
. (5-4)
e _ _pe—1
3 —Z(Z b )

where b='=FTF1 and b¢e ' =F¢TFe™' are the total and elastic Finger
deformation tensors, respectively, and z is the spatial metric tensor of the current
configuration. The spatial metric tensor is the push-forward of the Green deformation

tensor and is given by

Cap = F/{Zij Fg (5-5)
Similarly, the intermediate plastic configuration has the following coordinate

transformation:
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Cy = (FP) Zup (FP)} (5-6)

By definition the Eulerian plastic strain tensor can be defined by

1
EP = f - Ee = E(be_l — b_l) (5_7)

which shows that b¢ ™' serves as the plastic metric tensor [35] and the following

relations define the coordinate transformation:

cP = FTpe F
(5-8)
o? = FT¢rF

The Eulerian strain rate tensor can be related to the Lie derivative of the spatial metric

tensor by

d :
L,z= qb*aqb*z =FTCF1=2d (5-9)

And the Lie derivative of the Finger deformation tensor is given by
L,b™t=¢ iqb*b—l = F‘Ti[FTF_TF_lF]F_l =0 (5-10)
v dt dt ~

A unique definition cannot be derived for the elastic and plastic parts of the
strain rate tensor from kinematic analysis [89]. Different definitions for the elastic
and plastic parts might be used in constitutive models, which result in different flow
rules and stress responses. Simo and Ortiz [90] proposed the following definitions for

elastic and plastic parts of the strain rate tensor:
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d* = L,§°

1 (5-11)
-1
dP = L,&P ==L,b°
2
Contrary to equation (5-11-1), one can define the elastic part by:
. — —T ol
d® = sym[l¢] = %(FEFE Ly peTpe ) (5-12)

Using the spatial velocity gradient tensor, i.e. [ = FF~!, and decomposition (5-2) the

following kinematic relation can be obtained:

l=FF'=fepe™ y pe(prpr=t)pe™! (5-13)

Similarly it is possible to define the plastic velocity gradient I¥ = FPFP ™! on the
intermediate stress-free configuration and introduce a modified additive

decomposition of the velocity gradient by

l=FFl=1¢+FelPFet=1e+ P (5-14)
Using equation (5-14), different definitions for the plastic part of the strain rate tensor

and plastic spin on the intermediate configuration can be obtained as follow:

dP = sym[IP]

(5-15)
wP = skew[LP]
And the pull-back of the elastic velocity gradient tensor on the intermediate
configuration, i.e. L¢ = Fe FeFe 'Fe = FeFe yields the elastic part of the

deformation by
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d¢ = sym[L[°]

(5-16)
weé = skew[L®]

Equations (5-15) and (5-16) are different definitions for the elastic and plastic parts of

the strain rate tensor on the intermediate plastic configuration.

Another possibility for the definition of the elastic and plastic parts of
deformation on the intermediate configuration is first to pull-back the velocity

gradient on the intermediate plastic configuration by

Z=F3T(F'F_1)F"’ =L° + C°LP (5-17)

where L¢ = Fe” F is the pull-back of the elastic velocity gradient and C¢ = Fe' Fe is
the right Cauchy-Green deformation tensor on the intermediate configuration. Use of
equation (5-17) results in a different definition for the plastic part of the strain rate

tensor as follows [91-93]:
dP = sym[C®¢LP] (5-18)

Simo [35] introduced a framework of finite strain elastoplasticity based on the
principle of maximum plastic dissipation, which bypassed the need for an explicit
definition of the plastic strain rate in the formulation. Equivalent material (convected)
and spatial forms of the formulation were derived in his formulation. Simo [35]
assumed two functionals representing the free energy of the system in the convected

and spatial frames and derived a hyper-based stress-strain relationship by
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o¥(C,CP,Q) _  9¥(0.0".Q)
. -

S=2p ac Po 50

(5-19)

0P(z,b°"F,.q) _  0P(,¢",F,q)

T =2pg Fp Po 9%

where S and t are the second Piola-Kirchhoff and Kirchhoff stress tensors, and ¥ and
¥ are the free energy potentials in the material and spatial frames, respectively. Flow
potentials and their corresponding hardening rules were given in the material and

spatial frames by

d_)(z,be_l,F,aL) <0;L,g= /Va(z,be_l,F,cL)

(5-20)
#(C,CP,Q) <0;9 = AH(C,CP,Q)

where Q and g are the vectors of the material and spatial hardening parameters and
Q =¢*q is the pull-back of the spatial hardening tensor on the convected

background. Using the principle of maximum plastic dissipation, Simo derived the

following flow rules on the material and spatial configurations:

9p(z, b LF, . 0P (&,EP,F,
Law = 2708 4) _ ;9¢E 8" F q)
0z de

) i (5-21)
o _ 53 00(C,CP,0) . 09(0,0",9)
P =2l =g

A complete volumetric/deviatoric decoupled form of the model was further derived
by Simo. Details of the decoupled formulation and its algorithmic implementation for

the case of the J, flow theory can be found in Simo [35,36].
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A modified multiplicative decomposition based on the left stretch tensor was
used by Metzger and Dubey [43]. The hypoelastic model was integrated on the
principal axis of the elastic stretch tensor and results were independent of the choice
of objective rates. An isotropic flow rule based on the modified multiplicative
decomposition of the left stretch tensor was used to solve the problem of simple

shear. The left stretch tensor decomposition used in their formulation was given by

I=an (5-22)
where I', I1, and A are the total, plastic, and elastic left stretch tensors on the principal
axis of the elastic stretch tensor, respectively. The Z rate of these tensors was used in
developing the kinematic relations in the formulation. Integration of the model
needed the current orientation of the principal axis of the elastic stretch. Therefore,
additional equations were needed for the evolution of the principal elastic directions.
The integrated model returned equivalent stress responses for the problem of simple

shear for different objective rates of stress.

Eterovic and Bathe [94] and Gabriel and Bathe [32] proposed a finite strain
model based on the decomposition of the right stretch tensor and integrated their
model on the mid-configuration. The case of isotropic plasticity was assumed in their
proposed model and the effect of plastic spin was neglected. Recently, Montans and
Bathe [95] extended the original formulation of Eterovic and Bathe [94] and included
the effect of plastic spin. They expressed the modified stress power on the

intermediate configuration by

146



o~

T:

=85:0=8:(I°+C°lP) =S5:(d® + w®) + C°S: (dP + wP) (5-23)

where §=Fe 'zFe™" s the pull-back of the Kirchhoff stress tensor on the
intermediate configuration. In equation (5-23) the term Z = C*¢S is defined as the
non-symmetric Mandel [96] stress tensor. Symmetry of S requires that the elastic spin

have no contribution in the stress power. Therefore:

T:l:§:725:&e+55ym:&p + Eskew 1 WP (5-24)
Montans and Bathe [95] concluded that the symmetric part of the Mandel stress
tensor generates power on the modified plastic strain rate while the skew part of it
generates power on the modified plastic spin. They further showed that for the case of
isotropic plasticity, where the principal axes of the stress and elastic stretch coincide,
the skew-symmetric part of the Mandel stress tensor vanishes and as a result the
plastic spin has no contribution to plastic dissipation. In this case F¢ = R®U* and as a

result:

- c T —
Egym =U®SU® =R® 1R®* =7 (5-25)

which shows that for isotropic plasticity the rotated Kirchhoff stress defines the work
conjugacy on the intermediate configuration. The dissipation inequality on the

intermediate configuration is given by

¢ =8:d° + Egpp 1 dP + Egper WP —9p =0 (5-26)
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If the free energy potential is assumed to be a function of the elastic strain rate d¢ and
other tensorial and scalar internal variables such as 8 and Y, the dissipation inequality
(5-26) and the assumption of maximum plastic dissipation yield the following

relationships:

s oyp(de,B.,Y)
- OEe
(5-27)
_ . 0 . 0 . . 0 . .0
dP =1 _,f swP =21 ,,f ;19ﬁ=/1—]i;19y=/1—f
Zsym a‘:skew aﬁ ar

where f = f(E, g, Y) is a convex plastic potential, and 95 and ¥y are the conjugate

tensor and scalar variables to 5 and Y in the dual strain space, respectively. For the
case of isotropic plasticity the elastic strain energy function was assumed to be given

by the following hyperelastic function (cf. [32,95,97]):

3
W20, 23) = u() + 1 ) (ind;)’ (5-28)
i=1

A 1 - . . .
where A; = ] 34; are the principal values of the deviatoric stretch tensor, J is the
Jacobian of the deformation, u(J) is the volumetric part of the strain energy, and u is
the material shear modulus. Therefore the symmetric Mandel stress tensor, which is

the same as the rotated Kirchhoff stress, can be derived from the stored energy by

— — aW(/11'AZJA3) ’ Se
Bym =T=—"7r ——=Ju DI + 2pEg,, (5-29)
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— — 1
where E§,, = E¢ — %(ln])l =In (]_§Ue) is the deviatoric elastic strain. Details of

the numerical integration of the above formulation based on the exponential mapping

algorithm are given in [32,95,97].

Reinhardt and Dubey [98] developed a rate form model based on the
multiplicative decomposition of the left stretch tensor. The deformation gradient was

decomposed based on the left stretch tensor by

F = VeFP = V¢VPRPR (5-30)

Using the left stretch decomposition (5-30) they proposed the following additive

decomposition of the velocity gradient:

L=1°+Vve(ll —g)ve™ (5-31)

where ¢ = (V¢ + VeQg)ve " and 17 is given by

P=ve[vrvet +vr(Q, + 0, )P ve T =al + w?P (5-32)

where 2, = RPRP" and £, = RP0zR?". Following the approach used by Metzger
and Dubey [43], Reinhardt and Dubey [98] further derived a relationship for the
modified plastic spin based on the known kinematic variables. The complete field of
equations and the corresponding Eulerian rate constitutive model based on the
modified additive decomposition given by (5-31) were derived and integrated with
different objective rates of stress. Recently, Ghavam and Naghdabadi [99] have used

a modified decomposition of the left stretch tensor originally proposed by Metzger
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and Dubey [43] and applied it to nonlinear mixed kinematic/isotropic hardening

material models.

5.2 Proposed Lagrangian formulation

In the Lagrangian formulations of elastoplasticity based on multiplicative
decomposition, a right stretch decomposition is often used. However, the left stretch
tensor decomposition can also be used in constitutive models which would result in
an Eulerian rate formulation as discussed in the previous section. While the left
stretch decomposition-based formulations require use of an objective rate of the
Kirchhoff stress (or more generally a covariant rate) and a neutrally objective
integration scheme, the right stretch decomposition-based formulations use a total
relation between the rotated Kirchhoff stress and Hencky strain through a hyperelastic
strain energy function and bypass the need for objective rate quantities as discussed in

the previous section.

Assuming that the total symmetric right stretch tensor can be decomposed into
a symmetric elastic part and a non-symmetric plastic part, one can write:
F = RU = RU®y?
U= Uegp (5-33)

Polar decomposition of the non-symmetric plastic tensor y? into a symmetric plastic

stretch tensor UP and an orthogonal transformation tensor Q” yields:
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x¥P = QruP (5-34)

As a result, the modified plastic velocity gradient LP can be defined by

IP = ypyP = grorT + QP([]PUP_l)QPT =09 4+ QP(UPUP_l)QPT (5-35)

Figure 5-2 shows a schematic representation of the proposed decomposition:

F=RU

Configuration™= < _ » T Configuration
n R4 s ntl
~ A
~ N a
UP A \ o
.-~ R

Intermediate .

oF Plastic U

Configuration

Figure 5-2- Schematic representation of the proposed multiplicative decomposition

In Figure 5-2, the non-symmetric plastic deformation y? maps the old
configuration “n” onto the stress-free intermediate plastic configuration. This
mapping induces no stress in the body and is assumed to be an isochoric mapping.
The symmetric elastic stretch tensor then deforms the mid-configuration into a
stressed body. Finally, the rigid rotation R maps the stretched body onto the current
configuration “n+1". Taking the symmetric and skew-symmetric parts of equation
(5-35) yields [100]:
dar = lQP(UPUP_l + Up—ll']p)QpT

2
(5-36)

wP = @ +1QP(UPUP_1 - Up—l[jp)QpT
2
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With the rotation of the Lagrangian axis of the right plastic stretch tensor, R?, the
diagonalized form of the plastic stretch tensor can be obtained by the following

transformation:

UP = RPAPRP' (5-37)
Similarly, the diagonalized plastic stretch tensor, A%, can be rotated back to the left
plastic stretch tensor using the rotation of the Eulerian axis as follows:

VP = REARRE' (5-38)
in which R, is the rotation of the Eulerian axis of the plastic stretch tensor and V? is

the symmetric left plastic stretch tensor satisfying: y? = QPUP = VPQP.

The relation between the Lagrangian and Eulerian axes is given by

Rp = QPR (5-39)
The orthogonal plastic rotation and the rotations of the Lagrangian and Eulerian triads

are related to their corresponding spin tensors by

QP = Qv
Ry = Ry (5-40)
RY =RVQ,

in which 2 and 27 are the spins of the Eulerian and Lagrangian triads satisfying the

equality 09 = RE (2P — QP)RE', respectively.
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Transferring equation (5-36) to the Lagrangian axis of the plastic stretch

tensor yields:

- . - 1 - -
dy = Ahah™ +o (a bl — abap Ay )
(5-41)
1 - -
wp = 0 — (a5 ) Ay + Afal Ay )

in which % = R%' dPR? and w? = R’ wP R, are the Eulerian representations of the
plastic strain rate and plastic spin, respectively. Following the method of the principal
axis (cf. Hill [39], Reinhardt and Dubey [98], and Eterovic and Bathe [101]), the
symmetric and skew-symmetric parts of equation (5-41-1) give the following

relations for the diagonalized plastic stretch tensor and its corresponding Lagrangian

spin:

AP) . _
(ALP)”:(dg)ii ; (no sum)
i
. (5-42)
(), = (@), 5 5)
L ij APZ_APZ E ij
yi i

Similarly, use of equations (5-41-2) and (5-42-2) gives the following relation for the

evolution of the Eulerian triad of the plastic stretch:

R AP
P Apz(dE)u- (7)) (5-43)
J i

(@), = (), +
in which A7°s are the principal plastic stretches.
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The rotated Kirchhoff stress, 7, is work conjugate to the Lagrangian Hencky
strain for the case of isotropic plasticity. Defining 7, and U as the Lagrangian
representations of the rotated Kirchhoff stress and elastic right stretch tensors on the
Lagrangian triad, we have:

7, = (7RP) #(Q"RY) = R} 7R}

(5-44)
U, = (¢"R?) U (QPRY) = R} U°R),

in which a superposed double bar along with a subscript “L " indicate the components
of a tensor on the Lagrangian axis of the plastic stretch tensor. The Lagrangian

rotated Kirchhoff stress, 7;, can be related to the Lagrangian rotated elastic Hencky

strain through a hyperelastic function as follows:

7, = M:(RY InT°RY) = M:In(RE U°RY) = M:In Ty (5-45)

In equation (5-45) the fourth-order elasticity tensor M is assumed to be isotropic and
constant. Equation (5-45) defines the elastic part of the proposed constitutive model

on the Lagrangian axis of the plastic stretch.

The shift stress tensor on the intermediate configuration 7 = devt — 3, where
B is the deviatoric back stress tensor and “dev” denotes the deviatoric part of a

symmetric tensor, can be rotated to the Lagrangian axis of plastic stretch by

7, = (QPRY) 7i(QPRY) = R 7R = devi, — (5-46)
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Furthermore, the following evolution equation for the back stress tensor on the

Lagrangian axis is proposed [100]:

B, = HE (5-47)
Similar expressions can be proposed for a nonlinear back stress evolution equation,

and will be discussed in the next section. In equation (5-47), H is the hardening

=D . . . . .
modulus and E; is the material time rate of the Lagrangian plastic Hencky strain and

is related to the plastic strain rate tensor by
[?7”]“ = hl"g [dF ] : (no sum on i and j) (5-48)
Y
hl"g in equation (5-48) is a scaling function defined by
(1 if A=A
l Ap
h;g ={2In <Ap> iyl (5-49)

5 5 ; otherwise
L
i i

A Mises plastic potential on the Lagrangian axis of plastic stretch is used here.

The yield surface for the case of associative J, flow of plasticity is given by [100]

©-
Il
N W

=
=
=
=

|

h<
Il

(e}

(5-50)

in which Y is a scalar parameter function of the equivalent plastic strain representing

the current size of the yield surface.
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With the assumption of maximum plastic dissipation (cf. Simo and Hughes
[30] and Lemaitre and Chaboche [7]) the plastic strain rate tensor can be related to the

normal to the yield surface by

8 o, .0
av =/1i_)—>d§=/17¢
0t o7,

(5-51)

in which A is the plastic multiplier which can be found from the consistency condition

¢ = 0. The Kuhn-Tucker loading/unloading conditions for the proposed model can

therefore be given by

= . d¢
P — jplog _ T
L =AM FEN

(5-52)
A>0;¢p<0;ip=0

The plastic spin wP can be related to the known kinematics parameters, and will be

discussed in detail in the next section.

5.3 Solution of the simple shear problem

The deformation gradient of the simple shear motion is given by:

F = N;®N; + N,®N;,yN; ®N, (5-53)

in which y is the applied shear. Polar decomposition of the deformation gradient leads
to equation (2-64) for the rigid rotation and the total left and right stretch tensors. The

rotated Lagrangian Kirchhoff stress tensor is given by:
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T, = T,,11(N;®N; — N,®N,) + T 12 (N, ®N, + N,®N,) (5-54)

Use of the proposed constitutive model yields the following for the elastic part of the

model under the simple shear motion:

- T
Ul =exp <ﬁ> = BN;®N; + EN,®N, J(N1®N, + N, ®N;) (5-55)

in which u is the shear modulus of the material and B, €, and J are given by [99]

— 1 2 = 2

%—m[T(l‘l’G )_TL,ll(l_G )]

o~ 1 = 2

S =507 [T1,12(G* = 1)] (5-56)
— 1 2 = 2

G—W[T(1+G )+TL,11(1—G )]

. : _ = =2 — I
inwhich T = \/m and G = exp (zy)'

The Mises plastic potential for a pure kinematic hardening behavior under simple

shear motion is given by

b= \/3(77%,11 +17712) =09 =0 (5-57)

in which oy is the initial yield surface size and is assumed to be constant during
plastic deformation. Plastic incompressibility requires that the third invariant of the
plastic stretch tensor be 1, i.e. dety? = detU? = 1. Such an incompressibility
condition specifies the following form for the diagonalized plastic stretch tensor

under simple shear motion [100]:
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1
AL = PN, ®N; + {)—pNz ®N, (5-58)
The rotations of the Lagrangian and Eulerian axes of the right plastic stretch tensor
for the case of the simple shear motion are given by:

RY = cos 07 (N;®N; + N,®N,) + sin 67 (N;®N, — N,®N;)

(5-59)
RY = cos 0% (N;®N; + N,®N,) + sin 6% (N;®N, — N,®N;)

in which 6 and 6% are the angles of the Lagrangian and Eulerian axes with respect to

the fixed coordinate system, respectively.

Using the proposed decomposition given by equations (5-33) and (5-34),
equations (5-39) and (5-44-2) yield the following for the rotated Lagrangian elastic

stretch:

¢ = RETURP AP (5-60)

The time derivative of equation (5-60) yields the following for the components of

time rate of the Lagrangian elastic right stretch tensor:

dUf 1, dA
o= F(¢r,07,67;7) ot G (¢7,6F,6F;7)
(5-61)
dU¢ 1, dA
o= :FZ(ep,eP,ef;y)E +G,(¢r,08,67;v)

On the other hand, equations (5-55) and (5-56) vyield the following for the

components of the time rate of the Lagrangian elastic right stretch tensor:
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= d T . . .
f = E exp <ﬁ>:| = [%N1®N1 + ¢N2®N2+3(N1®N2 + N2®N1)] (5_62)

<

Therefore, the following are derived for the material time rate of the Lagrangian

rotated Kirchhoff stress with the help of equations (5-61) and (5-62):

5 da
ZL 4, (e7,68,00, 8,5, 6 ) — + By (¢7, 67,60, %8,5,6;)
dy dy
(5-63)
pu da
—ao = (0,000 B3 6y) g+ Bo(¢7.61,6.8,5,6)

Details of the derivation of the component form of equations (5-61), (5-62), and
(5-63) and their corresponding coefficients F, F,, Gi1, G2, A4, A,, By, and B, are

given in Appendix C.

Use of the proposed constitutive model for the evolution of the back stress
tensor given by (5-47) results in the following differential equations for the simple

shear problem:

Ay 3 = di
dy 2t heugy,
(5-64)
Bz _ 3, 10g = A
dy -2 h1ozg Ny 12 d_y

inwhich N, = |22 = s the unit normal to the yield surface.
307, Al
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Use of equations (5-63) and (5-64) and the consistency condition, which

requires that ¢ = 0 during plastic loading, the plastic multiplier can be obtained as

follows:

da N.,11B1 + 71,1282

E - 3./ = log 5 = = =
\/;H(NL,llnL,ll + A NL1of12) — (Aifian + Axfiniz)

(5-65)

In summary the governing differential equations for the problem of simple
shear using the proposed constitutive model and the case of linear kinematic

hardening are given as follows:

a7 da
L1l _ A, (fp, 6?,6",%8,3,G; y) —+ B, (ﬁp, 6r,67,%8,3,6G; )/)
dy dy
d7 da
L12 _ A, (fp, 95' 95’ B,3,C; y) —+ B, (ﬁp, 95, 95, B,3,¢; )/)
dy dy
dfin _ 3, < dA
o S HNL11 dy
_ (5-66)
dBL1z 3 409 & 44
dy 2 1 Nire dy
de?

d
— p pP pP. p P pP.
4 T, (27,6 ,eL,y)dy+zz(£ ,67,67:7)

dof _ |35 20" da
dy (2 P2t _1dy
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e _ 3o, dk

ar N,11B1 + 71,1282

E - 3.,/ = log 5 = = =
\/;H(NL,llnL,ll + A0 Ny1o712) — (Aafipan + Aafiniz)

Evolution equation (5-66-5) is used to update the Eulerian triad angle during time
integration instead of equation (5-43), which needs a separate evolution equation for
the plastic spin. This is due to the fact that the plastic spin is a function of the known
kinematic variables and does not require a separate evolution equation to be specified

(see Appendix C for a detailed derivation of the evolution equations).

The set of differential equations given in (5-66) is numerically integrated for a
maximum applied shear of y =8 using a fourth-order Runge-Kutta numerical

integration scheme. The amount of shear at which the plastic yielding starts is

Yp = 2sinh (\/(1’_;’#) and the initial conditions at this amount of shear are given by
, Vo
4uasinh (= o2
T12(Vp) = J ; T11(Vp) = ?0_ 7122
/4 + 7
EL,ll(yp) = EL,lZ (vp)=0 (5-67)
(1) =1

0r () = 6 (v,) = 6(1,) = atan (yjp)

161



Figure 5-3 and Figure 5-4 show the evolution of the Kirchhoff stress using the

proposed constitutive model for the problem of simple shear. Values of 7, = \an =

200 MPa, H = \ETO’ and u =30% were used for the size of the yield surface,

hardening modulus, and shear modulus of the material, respectively. The stress
response of the same problem using the self-consistent Eulerian rate model of Bruhns
et al. [27] based on the logarithmic (D) rate is also plotted. The stress responses of the
original and modified formulations by Gabriel and Bathe [32], as well as the stress
response of the decoupled volumetric/deviatoric model of Simo [35], are also plotted
for comparison. Details of the numerical implementations of the original and
modified formulation of Gabriel and Bathe and the decoupled volumetric/deviatoric
formulation of Simo are given in [32,36]. Figure 5-5 and Figure 5-6 also show the
evolution of the back stress components using the proposed constitutive model, and
models presented in [27,32,36,95]. It should be noted that in Figure 5-5 and Figure
5-6 the back stress components of the model proposed by Simo [36] are the
decoupled deviatoric components used in the spatial representation of the model. The
response of the model is identical to those of the self-consistent Eulerian rate model
of Bruhns et al. [27]. However, unlike the self-consistent Eulerian rate model of
Bruhns et al. which is based on the specific logarithmic rate of the Kirchhoff stress,
the proposed model is integrated without making any reference to any specific rate of
stress. No objective rate of stress is used in the proposed model and a total

hyperelastic stress function relates the Kirchhoff stress to the Hencky strain.
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Figure 5-4- Shear component of the Kirchhoff stress using different models
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Figure 5-7 shows the evolution of the principal plastic stretches for the

proposed model only.
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Figure 5-7- Evolution of the principal plastic stretches (Proposed Model only)

5.4 Application of the proposed model to the mixed

nonlinear hardening behavior of SUS 304 stainless steel

In this section the proposed constitutive model is extended to a mixed
nonlinear kinematic/isotropic hardening. The model is then used to predict the

behavior of SUS 304 stainless steel under fixed-end finite torsional loading.
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With the help of the Armstrong-Frederick nonlinear kinematic hardening
model [81], the proposed backstress evolution equation given in (5-47) can be

modified as follows:

B, = A¢E] — By B EP~ (5-68)
in which Ay and By are the A-F material parameters and EP#4 s the rate of the

equivalent plastic strain which will be defined later in this section.

The Mises flow potential given in equation (5-50) is extended for a nonlinear

mixed hardening by

= |5, —Y =0 (5-69)

in which Y is a scalar function of the equivalent plastic strain which represents the
current size of the yield surface, and is related to the equivalent plastic strain through

an exponential form as follows [82]:

Y = oy + (ays — oyo)[1 — exp(—bEP*1)] (5-70)
In equation (5-70) ay, is the initial yield surface size, oy, is the saturation value for

the subsequent yield stress, b is a material parameter which controls the rate of

saturation, and EP¢1 = fot EP-¢4dt is the accumulated equivalent plastic strain.

To derive a relation for the equivalent plastic strain, a modified plastic work is

used here as follows:
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WP =, E} = YEP< (5-71)

in which Y = /%ﬁL: 1. . Equations (5-48) and (5-71) yield the following expression

for the rate of the equivalent plastic strain for the case of the simple shear problem:

= l =
dEP<q _ 2(7712,,11 + /"102g 77%,12)@
dy 7,117 dy

(5-72)

Similar to the case of the linear kinematic hardening discussed in section 5.3,
the governing equations given in (5-66) are modified as follows for the case of
nonlinear mixed hardening. The evolution equations for the stress components remain
the same as given by equations (5-66). The evolution equations for the back stress

tensor should be modified as follows:

= [ - log =
dBr11 _ §A N 2811 + A TE12) . = da
dy 2 /e 117,112 TP gy
(5-73)
R = log =2
dpr 12 3 log = 2(Af 11 + A% Tz = da
ay |2t e T e g

And the consistency condition for the evolution of the plastic multiplier should be

modified as follows:

da _ Ny11B1 + Ny 12B;
d]/ Tl—TZ—T3+T4

(5-74)

in which:
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3 = _ log = =
T, = \/;Af (Np 117,11 + A1y Nptafipaz)

T, = (04117@11 + d‘lzﬁmz)

l (5-75)
2Br (11 + A% Ttaz) = - = _
3= ! =13 (.BL,1177L,11 + ﬁL,1277L,12)
7.
— b(O-Ys - Y)

T, NG

Similar to the case of the linear kinematic hardening model, the governing
equations given by (5-66) with their corresponding modified equations given by
equations (5-73) to (5-75) are numerically integrated using the fourth-order Runge-
Kutta method for a maximum applied shear of y = 4. The stress responses from the
proposed model are plotted in Figure 5-8 using the material parameters given in [83]
for SUS 304 stainless steel, which were summarized in Table 4-1. The model
prediction for the fixed-end finite torsional loading of SUS 304 is in good agreement
with the experimental data reported by Ishikawa [83]. Furthermore, from Figure 5-8,
the proposed model gives identical results to those of the self-consistent Eulerian rate
model of Bruhns et al. [27], based on the logarithmic (D) rate. Figure 5-9 and Figure
5-10 also show the evolution of the back stress tensor and subsequent yield surface

size vs. the applied shear, respectively.
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Figure 5-9- Evolution of back stress components for SUS 304 stainless steel under fixed end
torsion using the proposed mixed hardening model and self consistent model based on
logarithmic rate

169



7 T T T T T T T
6.5 -
6 |
©
Q 55 i
% - == Self-Consistent model of Bruhns et al. [27] (Logarithmic rate)
0 5 — Proposed Model N
0}
O
£
5 45 =
w
i=)
Qo 4 n
-
35 —
3 -

25 | 1 1 1 1 1 1
0 0.5 1 15 2 25 3 35 4
Applied Shear (y)
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the logarithmic rate

5.5 Summary

A new kinematic decomposition of the deformation gradient based on the
right stretch tensor was proposed in this chapter. The total right stretch tensor was
decomposed into a symmetric elastic stretch tensor and a non-symmetric plastic
deformation tensor. The plastic deformation tensor was further decomposed into an
orthogonal plastic rotation and a symmetric right plastic stretch tensor. Based on this
decomposition, a new Lagrangian model for finite strain elastoplasticity was
proposed. The rotated Kirchhoff stress was related to the Lagrangian logarithmic

strain for the elastic part of the deformation through a hyperelastic potential. The flow
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rule was modified based on the logarithmic measure of the right plastic stretch tensor.
Furthermore, a new evolution equation for the back stress tensor was proposed based
on the Hencky plastic strain tensor. The proposed model was successfully integrated

on the Lagrangian axis of the plastic stretch tensor.

Results obtained for the problem of simple shear and linear kinematic
hardening of the material were identical to those of the self-consistent Eulerian rate
model of Bruhns et al. [27]. The model was integrated with no reference to any

objective rate of stress.

The proposed Lagrangian model was extended to mixed nonlinear hardening
behavior. Application of the proposed Lagrangian model to fixed-end finite torsional
loading of SUS 304 stainless steel tubes showed that the model predicts the second
order effect (Swift effect) accurately and results obtained were in good agreement
with the available experimental data for this material. Therefore, the Lagrangian
model is an equivalent framework of the unified Eulerian model proposed in Chapter

4.

The proposed Lagrangian model is a good candidate for the Lagrangian
framework of finite strain elastoplasticity and can be successfully implemented in the

displacement-based formulation of the finite element method.
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Chapter 6

Conclusions and Recommendations

6.1 Summary and Conclusions

Both approaches for finite strain elastoplasticity have issues arising from
inconsistent formulations. Eulerian formulations, which mostly have adopted
hypoelastic material models for the elastic part of deformation, have faced issues such
as shear oscillation, elastic dissipation, and elastic ratchetting because of the
hypoelastic material models non-integrability. Issues regarding hypoelastic models
non-integrability found in the existing hypo-based Eulerian rate formulation for finite
strain elastoplasticity, which have questioned the physical applicability of such
models, have been addressed thoroughly. The oscillatory shear stress response for
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simple shear motion is one drawback of hypoelastic material models non-integrability
in the sense of elasticity. Elastic dissipation in closed path loading when different
rates of stress, such as the Jaumann and Green-Mclnnis-Naghdi rates, are used is
another issue of hypoelasticity. In addition, elastic ratchetting under application of
cyclic loading happens as a result of inconsistency of hypoelastic material models
with the notion of Green elasticity. Previous attempts at resolving such issues have
been focused on examining different objective rates of stress (e.g., Green-Mclnnis-
Naghdi and logarithmic rates) and/or solution techniques such as the principal axes
integration technique in the literature of finite strain analysis. Analytical and
numerical results obtained from classical finite hypo-elastoplastic models have shown
that the use of hypoelastic material models is limited to the specific case of the
logarithmic (D) rate of stress. Grade-zero hypoelastic material models have been
shown to be exactly integrable only if the logarithmic (D) rate of stress is used.
Therefore, Hypo-based Eulerian rate models for finite strain elastoplasticity are not
physically consistent when objective rates other than the logarithmic (D) rate of stress
is used in their evolution equations. Applicability of other physical objective rates,
such as the Jaumann and Green-Mclnnis-Naghdi rates, for setting up a consistent

Eulerian model for finite strain analysis has remained unanswered.

On the other hand, existing Lagrangian formulations bypassed the need for
hypoelastic material models for the elastic part of the deformation, by adopting a
hyperelastic strain energy function. As a result, the requirement of spatial covariance

(objectivity) and the need for covariant (objective) rates of stress were bypassed using
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hyperelasticity. The elastic response of the existing Lagrangian models was therefore
non-oscillatory and non-dissipative, consistent with the physical requirements of
elasticity. However, a large degree of disagreement exists on a unique definition for
the plastic part of deformation in the existing Lagrangian hyper-based models.
Different definitions for plastic part of deformation have led to different flow rules
and evolution equations for plastic internal variables. Such definitions were mostly
based on the plastic part of the strain rate tensor in different reference configurations.
In most of the existing Lagrangian models, the elastic part of the right stretch tensor
has been used for stress update, while the plastic part of the strain rate tensor on the
intermediate configuration has been used for the evolution of the plastic internal
variables. The integrated form of the plastic part of the strain rate tensor does not
necessarily represent the plastic part of the stretch tensor. Such a mismatch between
the elastic and plastic parts of the deformation is not physically acceptable and it does
not necessarily decompose the stress power into its reversible and irreversible parts.
This has resulted in shear oscillation of the back stress and in cases the stress tensors.
Several attempts, such as introducing the effect of plastic spin and/or formulations
which bypassed the need for a definition of the plastic part of deformation, have been
made to remove the oscillatory response. However, the mismatch between the elastic

and plastic parts of deformation has yet to be resolved.

Issues of finite strain elastoplasticity enforce restrictions on the choice of
objective rates and decomposition of the deformation for a physically consistent

formulation. Furthermore, the non-unique decomposition of deformation used in
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setting up Lagrangian and Eulerian models has led to different responses from
different models and as a result currently available Eulerian and Lagrangian

formulations for finite strain elastoplasticity are not transferable into each other.

In the current work, constitutive models for finite strain analysis have been
formulated in both Lagrangian and Eulerian frameworks based on additive and/or
multiplicative decompositions of deformation. It is shown that within the context of
rate-independent isotropic plasticity, there should be no preference in the Lagrangian
or Eulerian formulations for finite strain analysis since the two formulations are

transformable into each other by proper transformations.

In this research, the unified Eulerian rate model for finite strain
elastoplasticity has been presented based on an additive decomposition of
deformation for arbitrary corotational rates of the Eulerian strain tensor into its elastic
and plastic parts in the corresponding spinning background. Based on the presented
additive decomposition, for the first time, an Eulerian rate form of elasticity was used
for the stress update. Integrability conditions of the Eulerian rate form of elasticity
were mathematically investigated and it was shown that the grade-zero form of the
model was unconditionally integrable and consistent with hyperelasticity. As a result,
the new additive decomposition was shown to be physically sound and led to an exact
decomposition of the stress power into its reversible and irreversible parts. In this
way, the flow rule and the yield surface were unified based on the plastic part of the

objective corotational rate of the Eulerian strain. Depending on the objective rate used
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in the model, flow rules and the corresponding yield surfaces were defined in each
spinning background. Using the unified work conjugacy, conjugate measures of stress
to different objective rates of the Eulerian strain, such as the Jaumann and Green-
Mclnnis-Naghdi rates, have been obtained. The unified Eulerian rate model was
successfully integrated on the principal axes of the total left stretch tensor. Any
objective corotational rate of the Eulerian strain tensor can be used in the unified
model provided the consistent conjugate measure of the Eulerian stress tensor is
employed. The unified model returned identical stress responses irrespective of the
chosen corotational rate of stress. Results obtained from the new unified model were
identical for all of the classical objective rates of stress including the Jaumann, Green-

Mclnnis-Naghdi, and logarithmic (D) rates of stress.

An equivalent Lagrangian framework for the unified Eulerian rate model was
presented based on the multiplicative decomposition of the right stretch tensor for the
case of isotropic plasticity. The presented right stretch tensor decomposition led to the
definition of the non-symmetric right plastic stretch tensor. A quadratic hyperelastic
function was used to relate the rotated Kirchhoff stress tensor to the Lagrangian
Hencky strain tensor. This relationship is the transformed integrated form of the
Eulerian rate model of elasticity used in the unified Eulerian model which was
presented in Chapter 4 of this thesis. The flow rule was expressed in terms of the
material time rate of the Hencky measure of the plastic stretch tensor instead of the
plastic part of the strain rate tensor. Such a logarithmic type of flow is consistent with

the Lagrangian Hencky strain measure used for the elastic part of the model; as a
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result, the mismatch between the elastic and plastic parts of deformation is resolved
and a unique decomposition of the deformation is employed in the presented
Lagrangian model. The presented Lagrangian model was successfully integrated on
the principal axes of the Lagrangian plastic stretch tensor. Results obtained were
identical to those of the unified Eulerian rate model for the problem of simple shear.
Assumption of isotropy bypassed the need for additional evolution equations for the

plastic spin.

Both the unified Eulerian rate model and the Lagrangian model were extended
to predict mixed nonlinear hardening behavior of materials. Results using the new
unified models were in good agreement with experimental data for SUS 304 stainless
steel tubes under fixed-end finite torsional loading. The well-known second order

Swift effect was accurately predicted by the unified Eulerian and Lagrangian models.

Results from the new unified Eulerian and Lagrangian models show the
equivalency of these models. As a result, the novel models formulated in the
Lagrangian and Eulerian frameworks are equivalent and transformable to each other
through proper transformations and no preference exists in order to have a consistent

model for finite strain elastoplasticity.

A summary of the current research contributions to the field of finite strain

elastoplasticity is given as follows:
1- An Eulerian rate form of elasticity was implemented for setting up the
unified Eulerian rate formulation for finite strain elastoplasticity.
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Integrability conditions of the new model were mathematically investigated
and showed that the grade-zero form of the model is unconditionally
integrable and consistent with the notion of elasticity. It is shown for the first
time that instead of hypoelastic material models an exactly integrable rate
form of elasticity for arbitrary corotational rate of stress can be used for
setting up the unified Eulerian rate model and its corresponding stress
update. As a result, the unified Eulerian rate model does not require
hypoelastic material models for its stress update and is not limited to any

specific rate of stress.

An additive decomposition of the objective rate of the Eulerian logarithmic
strain tensor into elastic and plastic parts was used for the kinematic
decomposition. Such an additive decomposition was shown to be in
accordance with the thermodynamic principle. Based on the presented
additive decomposition, the stress power was shown to be physically
separable into its reversible and irreversible parts. The flow rule was derived
based on the principle of maximum plastic dissipation for the plastic part of
the stress power. This is in accordance with the second principle of
thermodynamics which requires elastic reversibility and plastic
irreversibility. As a result, maximization of the plastic part of the stress
power to derive the corresponding flow rule for the unified Eulerian rate

model in different spinning background is physically acceptable.
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The new unified Eulerian rate model assigned no preference on the choice of
objective corotational rates of stress and was thermodynamically consistent
with the definition of stress power in arbitrary spinning background. Using
the principle of maximum plastic dissipation, the flow rule was expressed in
arbitrary spinning frame of reference for the plastic part of the objective rate
of the Eulerian logarithmic strain. Since the stress power is invariant in
different spinning background and it was shown that the stress power in the
unified Eulerian rate model was exactly separable into its elastic and plastic
parts irrespective of the chosen objective rate, maximization of the plastic
part of the stress power returns identical flow rules for arbitrary objective
rates of stress. The back stress evolution equation was accordingly modified
in the arbitrary spinning background for a consistent definition of the back

stress evolution equation.

The unified Eulerian rate model was successfully integrated on the principal
axes of the total stretch tensor. Results were validated for the problem of
simple shear assuming linear kinematic hardening behavior. Identical stress
responses were obtained for arbitrary corotational rates of strain using the
unified Eulerian rate model. The unified model assigned no preference on

the choice of objective corotational rates of stress.

The unified Eulerian rate model was extended to nonlinear mixed hardening

behavior. The extended model was used to predict the stress response of the
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SUS 304 stainless steel tubes under fixed-end finite torsional loading.
Predicted results were in good agreement with the available experimental
data for SUS 304 stainless steel under fixed-end torsion. The well-known
second order Swift effect was accurately predicted by the unified Eulerian

rate model.

A novel equivalent Lagrangian framework for the unified Eulerian rate
model was presented in the current research and it was shown for the first
time that an exactly equivalent Lagrangian framework for the unified
Eulerian rate model exists. The same thermodynamic principles were used
for setting up the equivalent Lagrangian model. Based on the assumption of
isotropic plasticity, the rotated Kirchhoff stress was used for setting up the
stress power in the Lagrangian background. Because of this assumption,
plastic spin has no contribution in stress power and is a function of known
kinematic variables. The equivalent Lagrangian model is currently limited to
the case of rate-independent isotropic plasticity. For the case of anisotropic
plasticity, the rotated Kirchhoff stress is no longer work conjugate to the
Lagrangian logarithmic strain and plastic spin contributes in plastic

dissipation.

A new multiplicative decomposition of the right stretch tensor was presented
for a unique definition for the elastic and plastic parts of the deformation.

The total right stretch tensor was multiplicatively decomposed into a
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symmetric right elastic stretch tensor and a non-symmetric plastic
deformation tensor. The non-symmetric plastic deformation tensor was
further decomposed into a symmetric right plastic stretch tensor and its
corresponding orthogonal rotation. The logarithmic (Hencky) measures of
the symmetric right elastic and plastic stretch tensors were used as unique
definitions for the elastic and plastic parts of the deformation. The plastic
strain rate tensor has no contribution in the current definition for the plastic
part of the deformation in the presented Lagrangian model. The flow rule in
the presented Lagrangian model was modified based on the Lagrangian
logarithmic plastic strain tensor. As a result, contrary to the existing
Lagrangian models, the flow rule used in the presented Lagrangian model
returns exactly the plastic part of the stretch tensor in its integrated form.
Back stress evolution equation was further modified based on the
logarithmic plastic strain tensor instead of plastic strain rate tensor in order

to be consistent with the presented flow rule.

The equivalent Lagrangian model was successfully integrated on the
Lagrangian axes of the plastic stretch tensor for the problem of simple shear
using linear kinematic hardening material model. Results obtained showed
that the presented Lagrangian model returns the same stress response as
compared to those of the presented unified Eulerian rate model. No shear
oscillation was observed for the back stress response under simple shear

motion from the presented Lagrangian model.
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10-

study:

The equivalent Lagrangian model was further extended to mixed nonlinear
hardening material behavior. The extended model was used to predict the
stress response of the SUS 304 stainless steel tube under finite fixed-end
torsional loading. Predicted results were in good agreement with the
available experimental data for this material. The second order Swift effect

was accurately predicted by the presented Lagrangian model.

Obtained results validate the equivalency of the presented unified Eulerian
rate model and its equivalent Lagrangian framework. The presented models
return equivalent stress responses for the same finite deformation loading
path. The unified Eulerian and Lagrangian frameworks presented in this
work for the first time, are transformable to each other and physically well-
grounded based on the thermodynamic principles for the case of rate-

independent isotropic plasticity.

Recommendations for future work

In the present work, a unified Eulerian rate model and its corresponding

consistent Lagrangian form has been presented for large strain elastoplasticity. The

following recommendations are suggested for the future work based on the present

1- Currently, the unified model is limited to rate-independent isotropic

plasticity. Applications involving rate dependency and viscoplastic behavior
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of hardening materials need to be properly implemented in the proposed
models. Extension of the proposed models to rate-dependent plasticity is

straightforward.

The unified Eulerian rate model is currently integrated on the principal axes
of the total left stretch tensor. While integration on the principal axes
simplifies the integration process, eigenvalue extraction is required at each
material point during stress integration, which is not numerically efficient for
finite element applications. Deriving basis-free expressions for each
conjugate Eulerian stress tensor to the corresponding objective rate of the
Eulerian strain tensor allows integration of the unified model on the fixed
background. For some corotational rates, such as the Jaumann rate, such
basis-free expressions are available [54]; however, the possibility of deriving
basis-free expressions for other corotational rates must be investigated in

more detail.

Covariance requirement (objectivity) limits the use of the proposed unified
Eulerian rate model to the case of material isotropy. Generalization of the
Eulerian rate model to the elastically anisotropic material is therefore
required. Such generalization seems to be convenient since an incremental
form of elasticity is used in the unified formulation. Generalization to

anisotropy is feasible by introducing material symmetry groups into the
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fourth-order stress-dependent spatial elasticity tensor. Integrability

conditions for the case of anisotropy should be further investigated in detail.

The presented Lagrangian model is currently integrated on the principal axes
of the right plastic stretch tensor. This was done because the flow rule was
specified on the principal axes of the plastic stretch tensor. Integration of the
model on the intermediate fixed configuration simplifies the integration
process; however, it requires that the flow rule be specified on the fixed
background. To do this, a basis-free expression for the evolution of the
Hencky plastic strain is required which leads to a flow rule expressed on the

fixed intermediate configuration.

The presented equivalent Lagrangian model is limited to isotropic plasticity.
Extension of the proposed Lagrangian model to the case of anisotropic
plasticity seems to be more convenient since limitations due to covariance
requirement do not exist in the presented Lagrangian model. However,
additional evolution equations for the evolution of the plastic spin should be
specified for the case of anisotropic plasticity. Proper phenomenological
models for the plastic spin can be obtained through experimental
observations. Furthermore, for anisotropic elasticity the rotated Kirchhoff
stress is no longer work conjugate to the Lagrangian Hencky strain and as a

result a complicated measure of stress should be used instead of the rotated
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Kirchhoff stress. Use of such a complicated measure of stress in the

proposed Lagrangian model should be investigated in more detail.

The developed Eulerian and Lagrangian models should be implemented into
a finite element code for engineering applications. This requires an
algorithmic integration of the unified Eulerian and Lagrangian models. For
the unified Eulerian model the integration scheme should be objective and
neutral under superposed rigid rotation while for the Lagrangian model this
requirement is bypassed. From a numerical point of view, some of objective
rates of stress, such as the Jaumann rate, are preferred since they are
obtainable from direct kinematic analysis and have simple kinematic
representations. Contrary to the classical Eulerian rate model of
elastoplasticity which is limited to the specific logarithmic (D) rate of stress,
use of simpler corotational rates in the proposed Eulerian rate model is
possible and therefore numerically efficient. However, applicability of the
well-known radial return mapping scheme for the unified Eulerian model
should be investigated in more detail. The general return mapping method
can be used for the integration of the proposed Eulerian rate model in cases

where the radial return mapping is not applicable.

Algorithmic linearization (used to derive the consistent tangent modulus)
should be based on the strain and stress measures used in the Eulerian rate

model instead of the strain rate tensor. Therefore, modifications must be
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applied to the discretized momentum equations for finite element
implementation. Existence of a closed form linearization for the consistent
tangent modulus depends on the type of objective rate used in the model,

which should be investigated in more detail.

Numerical implementation of the proposed Lagrangian model is also
required for a finite element implementation. Algorithmic integration of the
proposed Lagrangian model is not currently available. The radial return
mapping method can be used for stress integration of the proposed
Lagrangian model. Consistent linearization of the integrated form of the
proposed Lagrangian model is also required for a quadratic norm of
convergence of the Newton-Raphson method. Existence of such linearization
is strongly dependent on the integration method which should be

investigated in more detail.

Experimental verification for finite strain elastoplasticity under multiaxial
non-proportional cyclic loading is still deficient. Especially, the influence of
the axially induced strain (stress) under free-end (fixed-end) torsion of
cylindrical bars on their cyclic response should be explored in more detail. A
biaxial tension-torsion testing machine with independent axial and torsional
load cells is suitable for such experimental verifications. However, contrary
to infinitesimal measurement techniques, a suitable technique for measuring

large torsional strains for finite strain should be developed first. There are
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some techniques proposed in the literature which might be suitable for this
task [1,83]. Extension of the proposed Eulerian and Lagrangian models to
cyclic plasticity under multiaxial non-proportional loading should be done
based on the observed experimental data. The problem of error accumulation
over cycles reported in the classical hypo-based models of elastoplasticity
does not exist in the unified model. As a result, the unified Eulerian model
and its equivalent Lagrangian form are good candidates for extension to
multiaxial non-proportional cyclic applications for finite strain

elastoplasticity.

10- Smart materials such as shape memory alloys (SMA) and bio-related
materials exhibit large recoverable elastic and viscoelastic responses. The
proposed Eulerian and Lagrangian models are good candidates for

applications related to this class of materials.
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Appendix A.
Closed form solution of the simple
shear problem using the proposed

Eulerian rate form of elasticity

The deformation gradient of this motion is given by

F = Ni®N; + N, ®N; + yN;®N, (A-1)

For this isochoric motion J=detF=1 and therefore the Cauchy and Kirchhoff stresses

are the same. The spin tensors corresponding to the J and GMN frames are given by
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0 =L (MON, — N, @)
(A2
Qeun = 0(N;®N; — N, ®N; )

in which 6 = 432. The logarithmic strain tensor for this deformation can be found as
follows:

e = yn(N;®N; — N,®N,) + 2n(N; ®N; + N, ®Ny) (A-3)
in which 7 = ™ C) Time gerivative of the logarithmic strain has the followi
in which n = Nk ime derivative of the logarithmic strain has the following
components:

de y+4n 2(1—ym)

E = m (N1®N1 — N2®N2) + W(Aﬁ@]\/z + N2®N1) (A_4)

Use of the J rate form of the proposed grade-zero Eulerian rate model given by

equation (4-3) leads to the following coupled first order differential equations:

dm o _, (@_g )
dy 12 u dy 12

(A-5)

dT12 d€12
W"‘ T11 =24 (W + 511)

Similarly, the following system of differentials is obtained for the GMN form of the

proposed model:

dT11 4 _ d€11 4
T e - w(g i) (A-6)
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dTlZ n 4 — > (dglz " 4 )
dy 4+y2T11_ # dy 4+y2(811

To solve the above system of differentials, these equations are first decoupled.

X

Assigning vector X = {
%¢

} = {2;} the coupled equations (A-5) and (A-6) can now

be re-written in matrix form by X = AX + B, in which A= [_01 (1)] B =

T deqq deqr T .
{B1(»), B,(») }' = 2#{ o 127y, + 511} In (A-5) and A=
0 20 d d
[ oze %5 °) B =B, B} = 2u T — ey cos? 0,522 +

4
4+y2

T
£11 COS? 9} ,and cos? @ = in (A-6).

Here, the differential equations (A-5) corresponding to the J spin are solved first.
Using the eigenvalues of the coefficient matrix A, i.e. A;, = *i, the decoupled

system of equations can be found as follows:

il _(in iB; + B,
{YZ} - {—in} B ﬁ“{iBl - Bz} (A7)
in which Y = 71X and S is the matrix of the eigenvectors of A. The general solution

of this system is given by:

Y; = € exp(A1y) — V2pexp(A1y) f exp(—Ayy) (iB; + By)dy
(A-8)
Y, = C, exp(Ayy) — V2uexp(Ay) j exp(—Ayy) (iB; — By)dy

Solution of the above decoupled first order differentials is given by
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Y, = Cy exp(iy) — V2u(iy + 2)n
Y, = C, exp(—iy) — V2u(iy — 2)n

The following relationships have been used in deriving (A-9):

d . . . . Aty
o [i exp(—iy) yn] = yn exp(—iy) + i exp(—iy) 1172
d 2(1 —

ay lexp(=iy) n] = —iexp(=iy) n + exp(=iy) EH—;T)

And therefore the solution for the stress components is given by

V2 o . . .

T =X = - [Ciiexp(iy) + Cyiexp(—iy)] + 2uyn
V2 , ,

T, =Xp = - [C; exp(—iy) — Cy exp(iy)] + 4un

(A-9)

(A-10)

(A-11)

Assuming a stress-free state as the initial configuration yields C;=C,=0. Therefore

the solution of the simple shear problem using the J rate of stress and the J rate of the

Hencky strain can be found in closed form as follows:

T11 = 2uyn = 2p&qy

Ty = 4un = 2pep

(A-12)

which is identical to the Hookean response of the problem and was expected due to

the unconditional integrability of the proposed Eulerian rate model.

A similar approach can be used to decouple and solve for the differential

equations corresponding to the GMN spin given in equation (A-6). Using the
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eigenvalues of matrix A, i.e. A; , = ticos? 6, and its corresponding eigenvectors, the

coupled differential equation (A-6) can be decoupled as follows:

Y; { i¥;cos? 6 } {i31 + Bz}

St= —\2u]. )
{Yz} —I:YzCOS2 0 \/_'u iBi — B, (A 13)
The general solution for Y is given by:

Y, = Gy explg(n)] — V2uexplg(y)] f exp[—g(¥)]1 (iB, + By)dy
(A-14)
Y, = C, exp[-g(¥)] — V2pexp[—g(¥)] f exp[g(¥)] (iBy — By)dy

where g(y) = i [ cos? 8 dy. Substitution and simplifications give Y; and Y, to be:

Y; = C; exp[2i0] — V2u(iy + 2)n

(A-15)
Y, = C, exp[—2i0] — V2u(iy — 2)n

Use of the following relations has been made in deriving the above solution (A-15):

d 4n +
& [iyn exp(2i0)] = —yn exp(2i0) cos? 6 + i exp(2i6) 4TI+ y)z/
(A-16)
d 2(1 -
o [n exp(2i0)] = in exp(2i6) cos? 6 + exp(2i6) —(4 n )2/277)

And therefore the solution for the stress components is given by:
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V2
T =X, = 71’[C1 exp(2i0) + C, exp(—2i0)] + 2uyn

(A-17)
V2

T1z = X = =[Gy exp(=2i0) — Cy exp(2i6)] + 4un

Assuming a stress-free state of the material for the initial configuration leads to
C,=C,=0. Therefore the solution of the simple shear problem using the GMN rate of
stress and the GMN rate of the Hencky strain returns the same closed form solution
for the J rate given by (A-12) which was again expected due to unconditional

integrability of the proposed Eulerian rate model.
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Appendix B.

Closed form solution of the four-step

loading using the proposed

rate form of elasticity

Step 1- Stretching0 <t <1

The deformation gradient for this step can be given by

F = N1®N1 + AN2®N2

The components of the logarithmic strain are:

1
£= Eln FF" = In A (N,®N,)
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For this pure extension, both the material spin (2, and the body spin .y are zero,
and therefore both the J and GMN rates of stress and strain are equivalent to their
corresponding material time derivatives. Hence, the solution for this deformation step

is as follows:

T=IMA[AN;®N; + (1 + 2u)N,®N,] (B-3)

At time t=1 the stress components are:

in which 4,, =1+ ”7’" Equation (B-4) serves as the initial conditions for the next

deformation step.

Step 2- Shearing at constant stretch 1<t < 2

The deformation gradient at this step is given by
F = N1®N1 + Am N2 ®N2 + ]/N1®N2 (B_S)
And the Jaumann and GMN spin tensors can be found as follow:

14
0 = —— (N, ®N, — N,®N;)
24,

(B-6)
y cos? 6

Oeun = 1+—A(N1®N2 — N,®N;)
m

To calculate the components of the logarithmic strain, the method of spectral

decomposition is used here. The eigenvalues of V72 can be obtained as follow:
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Mz = A (§2E7-1) (B-7)

14+y2+42,

where ¢ = . Therefore, the components of the logarithmic strain can be

m

written in the following form:

1 1
&1 = ElnAm +§(E _Am)n

1 1
€2 = Eln Ay — E (E - Am)n (B-S)
_ 1
€12 = ZWI
-1
in which n = 2% Taking the derivative of the logarithmic strain components

N

with respect to  gives:

deyg _ deyp v —An) | yn ¥§E —Ann

Ay~ dy  2A4,@2-1) 24, 2A,(E2-1)

(B-9)
der, _n v —$m)
dy 2 24, 1)

The following relationships have been used in deriving the eigenprojections of V2 and

time derivative of the logarithmic strain components:

& _

Y
/11/12 = A%n, /11 +/12 =1 +]/2 +A$n ; /11 —/12 = 2Am*/fz - 1; d]/ = A_ (B-lO)
m

Using the J spin given in (B-6) gives the following for the J rate of the Kirchhoff

stress tensor:

196



]
T11 = T11 — % T12
Ay

]
Tz =Tz + o7 (T11 — T22) (B-11)
m
] 14
T2 = T2 t 7 f12
m

From (B-9) it is concluded that ¢;; + &, = 0 and therefore 7,; + 75, = 0 leading to
€11 + &y = C; and 111 + T4 = C,. Use of the grade-zero form of the Eulerian rate

model given in (4-3) leads to:

dTIl_T£:2 (dsll_gl_z)
dy Ap H dy Ap
(B-12)

dt T de £

12+£=2< 2, C3>
dy A, dy An,
in which ¢; = —2— — &L

4plAy 24,

Similarly, for the case of the GMN rate, the following coupled first order

differential is obtained:

dry;  2cos’6 , de;; 2cos?*6
dy  1+4, 2-H g "1ta, 2

(B-13)

dty, 2cos*6 _ de;, 2cos?6 +00529C
dy " 1+4, UMy T1ra, M 1ra, !

in which C, =§—;—Cl. Similar to the approach used to solve the simple shear

problem in Appendix A, equations (B-12) and (B-13) are coupled first order
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. . . . . Al
differential of the form X = AX + B in which, Az[ 2_1 " and B =
Ay

0
T _ o, fden e denp | en r .
{B;,B, } = 2;1{ o Ay +Am +Cg} for (B-12), and
0 2cos26
_ 1+A, T _ deq1q _ 2cos? 6 deqp 2cos26
A= _2c0529 0 and {BI'BZ} - Z‘H{d}/ 1+A, 12/ dy + 1+A, 11+
144,
2 T
Cloj—AeC4} in (B-13). Here the solution of (B-12) is considered first. To simplify the

solution of (B-12) it is decoupled with the help of eigenvalues and eigenvectors of its
coefficient matrix A. Doing so, the followings are obtained for the decoupled form of

(B-12):
Y =(ST'AS)Y +S7'B (B-14)

in which § = g [—11 i] is the matrix of the eigenvectors of A. Solution of (B-14) is

given as follows:

Y1 = Kig(v) —V2ug(y) f g7 () (iBy + Bp)dy

(B-15)
Y, = K97 () —V2ug7' () f g¥)(iBy — By)dy
where g(y) = exp (;i) After simplifications the followings are obtained for the

solution of (B-15):

V2o .
Y1 =Kig(y) - 7#[1(5 —Ap)n +yn +iA, Ks) (B-16)
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2
Y, =K 97 (y) — gu[i(f — Ap)n —yn + iy Ks)

in which K3 = 45; — 221 + l;jm. The following relationships were used to find the

solution (B-16):

dl
|57 & - A

dy 12
1 . € —-4,)A—¢&n)
e A R in+ S22 }]
(B-17)
drl 1 2 1—
dy [Eg_l (V)Yﬂ] = ﬂg_l ) [—i]/n + A, {n + Ay—((fz _5771))}]

Using the backward relationship X = SY, the solution for the stress components can

be obtained as follows:

V2
T = X1 = 71[1(19()’) + K97 (0] + 1(€ — A + 2uAn K3

(B-18)
V2
12 = Xp = —- (K297 (1) = K g1 +
Applying the initial conditions (B-4) at time t=1 to (B-18) leads to:
e11le=1 + €22lt=1 = C1 = In 4y,
(B-19)

Ti1le=1 + To2le=1 = G = 24+ ) In Ay,

which leads to:
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:(A+u)lnAm K

K ;
3 20A 1

=K;=0 (B-20)
Substituting (B-20) into (B-19) the final solution for the stress components will be as
follows:

2p

T11 :AlnAm +A1 —AZ

2 1 2 2
[(Am A Ay +5(1+y —Am)ln/ll]

2p
Ay — Ay

1
T = AlnA,, + [(/11 —A2)InA,, — 5(1 +y%2—A2)In /11] (B-21)

Any(InA; —InA,)
Ay — A

Ty = Uyn = 2u

In deriving (B-21) the following relationships were used:

14 yE AL A+ Ay - 2004,

—A
$=4Am 24 A — 4,
(B-22)
cosh™1 & = —lnﬁ
2" A,

A similar approach can be used for the solution of the differential equations
(B-13) corresponding to the Green-Mclnnis-Naghdi rate. Using the eigenvalues and

eigenvectors of the coefficient matrix A, the following decoupled form is obtained:

[2icos?6 0 1
Y, 1+ A, {Yl} —i -1 {33}
= + V2 . -
{YZ} 0 2icos?6 Y2 Vau [—l 1 ] B, (B-23)
1+4,

Similarly, the following solutions can be obtained for (B-23):
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V2 .
Y1 = K exp(2i6) — 7#[1(5 — AN +yn +iK;]

V2
Y, = K; exp(—2i0) — 7/«1[1'(5 — Ap)n —yn + iKs]

(B-24)

in which Kj =2C—Z—C1 +1nA,,. The following relationships have been used in

deriving (B-24):

a1t 210 A
|5 iem(=2i6) ¢ — ann|

y L2
) cos? 6
= exp(~2i6) [(E — AN
iy € -4, —¢&n)
e =
cos’ @

drl
E Eexp(—ZiB) yn] = exp(—2i0) [—i]/ﬂ 1+4,

(B-25)

1 Y21 —én)
" 5{" T Ao 1)”

Therefore a solution of the following form is obtained for the stress components:

T =X = 71[1(1 exp(2i6) + K, exp(—2i0)] + u(§ — Ap)n + uks

(B-26)

V2 , .
715 = Xo = — [K, exp(—2i0) — K; exp(2i0)] + uyn

2

Using the same initial conditions at the start of the deformation step given by (B-18)

leads to K; =k, =0 and K3 = l%ln A,,. This leads to the same solution for the

GMN rates given in (B-21).
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Solution (B-21) is identical to the Hookean response for both the J and GMN
rates as it was expected because of the unconditional integrability of the proposed

Eulerian model.

Step 3- Removing the extension at constant shear 2 <t < 3

The kinematical parameters of this deformation step is given by

F = N;®N, + AN,®N; + ¥,, N;®N,
” (B-27)

YA cos? 0

Oeun = —W(M@Nz - N2®N1)

The eigenvalues of V2 can be written as follows:

My =A(E£/E2-1) (B-28)

2 2
where & = HAZ%. Using the spectral decomposition method, the components of the

logarithmic strain are given by

1 1
&1 = ElnA +§(E —A)n

1 1

&2 =5IMA—S (A (B-29)
1

€12 = EVm’?
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cosh ~1¢

N

in whichn = . Derivative of the logarithmic strain components with respect to

the shearing parameter is given by

@_1(1 ) A~y —1{E-HA—¢m) ]
dy 2 2z || -1 7

dey 171 A2 —yh —1[E-AA—-¢n) ]
d_y_E<A+”)_ 242 | -1 7 (B-30)
der; (A% —ym — 1)1 —&n)

dy | 4A2(ez—1) Im

The following relationships have been used in deriving the eigenprojections of V2 and

derivative of the logarithmic strain components:

My =A% A+ A =14+ A% +yh; A — Ny = 24E2 -1 (B-31)

Since the Jaumann spin in this step is zero, the Jaumann rates of the Kirchhoff stress
tensor and logarithmic strain are equivalent to their corresponding time derivative.

Therefore, the stress solution for the case of J spin can be easily obtained as follows:

T11 = (). + 2‘[1)811 + 1822 + Cl

T2 = Aepn + (A4 2W)e + G (B-32)
Typ = 2pep +C3

Constants in (B-32) can be found using the initial condition for the stress response at

time t=2, i.e.

t=2Y =V A= An; (B-33)
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(fm - Am) COSh_l fm 5

Ti1le=2 = A+ @) Indy + 1 C1=0
VéL —1
| Ym cosh™1 &, Coz o
Tplit=m = U—F————— 23 =
VéL —1
— A, )cosh™1
722 t=2=(A+.u)lnAm_M(€m m) fm—’62=0

Vém —1

Therefore the solution for the stress components in this step for the J spin can be

obtained as follows:

2p 2 1 2 _ 42
T11 =/1[TLA+m (A —Az)lnA+§(1+)/m —A )ln/ll]
1 2
(B-34)
Ty =2 A lnﬂ
12 #/11—/12 A,

For the stress solution corresponding to the GMN rate, the following differential

equation is obtained:

vy, 40 den A, d6
da ~ Pega T g T a2
(B-35)
dTJ+2T11d—0=[2(/1+u)lnA+C1+2u(f—A)n]d—9+2,u@
dy dA dA dA

A similar approach for decoupling the above equations and its solution, leads to the

following stress solution:
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V2
T =X, = 71’[1(1 exp(2i0) + Ky exp(—2i0)] + A+ ) In A+ u(€ — A)n

1
+56
(B-36)

V2 , .
Tz = Xy = - [K; exp(=216) — Ky exp(2i0)] + puym

Applying the initial conditions given by (B-33) to (B-36) leads to the same stress
solution given by (B-34). Such a solution is in accordance with the finite Hookean
response of the model and was expected because of the unconditional integrability of

the Eulerian rate model.

Step 4- Removing the shear and back to the initial configuration 3 <t < 4

The solution of this step is identical to the solution given in Appendix A for the
simple shear motion. The only difference is the nonzero initial conditions for the
stresses. The general stress solution for the simple shear problem with the J spin is
given by (A-11). The stress solution at the end of the previous step using (B-34)

serves as the following initial conditions for this step:

t=3y=y4=1;

]/msinh_1 (YTm)

T11le=3 = 2['4—
VA + 7 (B-37)

sinh~1 (Ym)

Ti2le=3 = 44 ——===
Ja+y2
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in (B-37) use of the following relationships has been made:

2+ v Vo 1%
fn=— i dm A= (1= 4+ y (B-38)

Applying the initial conditions (B-38) to (A-11) yields the stress response for the final

step as follows:
ysinh™! (%)
T = 2—F———
Ja+y?

sinh~1 (%)

Ty = Ap—F—=
V4 +y?

which for y = 0 yields the stress-free configuration of the material. This result was

(B-39)

expected since the proposed Eulerian rate model is consistent with the Green
elasticity and therefore for a closed path elastic loading the initial stress free

configuration should be obtained from the model.
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Appendix C.
Derivation of the proposed Lagrangian

model coefficients

To derive a relation between the time rate of stress and plastic multiplier to be
used for plastic integration and satisfying plastic consistency condition for the

problem of simple shear, equations (5-66) and (5-67) yield:

= d T : : 3
Uf = i G <ﬁ>] = [BN; ®N; + EN,®@N,, J(N; N, + N, ®N; )| (C-1)
in which:
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B = (’Ul‘?L,ll - UO)%L,ll + "-"11=-L,12%L,12

3= VZ?L,11T£L,11 + (Vz%mz - ”0)%L,12 (C-2)
€ = (v3T11 + v0)TL11 + v3TL 12712

and the scalar v;’s are given as follows:

1—pu?

Yo =0T

"= T2 [0+ 4®) + G*(T +T,11) —BG2u+T)]
(C-3)
1 = (o3
vy = 2uT? [6TL12 —3Qu+T)]
s = S [0(1+G?) + G*(T —T,11) —CG2u+T)]
Use of equations (38), (39), and (43) yields:
U, = R URLAY ™ = BN,@N; + CN,®N,, J(N; ®N; + N ®N;) (C-4)

Taking the time derivative of (C-4) results into the followings for time rate of U¢:

U = (-0 +RY UUT'RY + RY UYU'RE) Uf + Dg A58 (C-5)

Substituting for known kinematics quantities such as U, U, and U~! in (C-5) and

b def do? \/—ZP Np12 dA

knowing that dy TE(N®N; — Np®Ny), and b= — LR Z (N @N, —

N,®Nj;), the followings are obtained for the components of the time derivative of the
rotated elastic stretch tensor on the Lagrangian axis:
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dﬁf,ll (\,deg \/g‘gpzﬁlqlz 3 _ d/’{
dy  Ydy | et-1 (MyLy + MaLs) + 5 BNL11 o )

+ (K1L1 + Ky L3)

dﬁflz deg \/g‘gpzﬁL 12 3 _ dl
12— g B |- My Ly + MyLy) + |5 SN |
dy ¢ dy + i1 (M{Ly + ML) + 5> N1 dy -

+ (K1Ly + K;Ly)

dug ae?  |veer:N _
L22 _ o Z7E L,12 (M3Ly + MyL3) + |53Np 11 | 5=+ (K3Ly + KyL3) (C-8)

T

dy dy 1 &y
in which:
K (9{,’; V) = —g1(y) cos 6L — g3(y) sin 6%
K2(6737) = 92(v) cos 6} — g, (v) sin 0}
K3(6F;7) = —g1(¥) sin6F + g3 (y) cos 6
K, (9}5’; V) = g,(y) sin 0% + g1(y) cos 6

(C-9)
8—y*(2+vy?)

) = 2y s gr(y) = Z . ) =
gly)—4+y2,gz)/)—4+y2,g3(y_

(4+7y%)?
M (65:y) = =y cos 6} + (1 +y?) sin 6f
M,(6F;v) = cos OF —y sin 6},

M;3(6;v) = —y sin6; — (1 +y?) cos 6
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My (6F;v) = sin6F + vy cos 6

and:

L1(8B,3,6,07) = Beos OF + Jsin 6},
L,(B,3,6,0F) = Scos OF + Csin 6],
(C-10)

L3(%B,3,6,0F) = —Bsin6 + JcosOf

Ly(B,3,6,0F) = I sin6f + Ccos 6

Equations (C-7) and (C-8) can be used to find a relation for the evolution of

the 6% during plastic loading. Symmetry of Uf requires that ﬁf be also symmetric; as

au¢ do¢ ]
a result, —2L = —212 \which leads to:
dy dy

aor 1
d CB1c (K1Ly + KoLy — K3Ly — KyL3)
= C-11
= N, 1,7* a1
+ B1C SNp11 + W(M3Ll + MyL3 — MLy — MpLy) ay

Or equivalently:
oy _ . dA C-12
E_q Z4 g (C-12)
dy 1 dy T2

Substituting (C-12) into (C-6) and (C-7) yields:
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dﬁf,u _
dy N

R)

dA

+ ‘/gf)pzﬁL,lz aa
dy

1wt

3 =
(MyLy + MyL3) + \/;SBNL,M

+ (K1L1 + Ky Ly — 3%F5)

\/gf)pzﬁmz

3
(O] —W(Mﬂ'z + MyLy) +\E\S L1t gy

+ (K1L, + K;L, — CFy)

Or equivalently:

dﬁLe,ll
dy

dﬁLe,lz
dy

14 ~ N N da p ~ = =
= F1(¢7,6f,%8,3,€, NL,11;NL,12;V)E+Q1(‘EP;9 ,B,3,C, N 11, Ny 125 7)

p o~ N N dA
=F,(¢7,0F,8,5,C N, 11, Ny 12;7) ay

+ G, ({)p, 95,%, 3.6, ﬁL,lljﬁL,lz;Y)

(C-13)

(C-14)

(C-15)

(C-16)

It is worth mentioning that use of a definition for the plastic spin is bypassed

due to the symmetry property of the elastic stretch tensor. In other words, in isotropic

plasticity the plastic spin is function of the known kinematics variables and does not

require a separate evolution equation.

Using equations (C-2), (C-15), and (C-16) gives the followings for the time

rate of stress tensors:
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; 7 = = = da
B = ("flTL,ll - ’U’o)TLlll + T 12T 12 = Fy E + Gy

(C-17)

& = = - N di
S =Tt + (vele — vo)TL = Fo o +G,

Therefore, equation (C-17) yields the following expression for the time rate of stress

components:
at dA

dLy'“ = A (2,07,00,8,3,67) 7+ B (£,6.60],B,3,67)

(C-18)

at dA

L2 — 4, (¢7,00,00,%,3,6;v) — + By (¢7,0L,67,8,3,6;7)

dy dy
in which:
[d‘ll 731] _[riTLi—ve 1T ]1 [Tl 91] (C-19)
Az By vl Tz —vol 1F2 G

Equations (C-12) and (C-19) are used during the time integration for the plastic

consistency and update of the Eulerian triad angle for the problem of simple shear.
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