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Abstract

Hybrid singularly perturbed systems (SPSs) with time delay are considered and
exponential stability of these systems is investigated. This work mainly covers
switched and impulsive switched delay SPSs . Multiple Lyapunov functions tech-
nique as a tool is applied to these systems. Dwell and average dwell time approaches
are used to organize the switching between subsystems (modes) so that the hybrid
system is stable. Systems with all stable modes are first discussed and, after devel-
oping lemmas to ensure existence of growth rates of unstable modes, these systems
are then extended to include, in addition, unstable modes. Sufficient conditions
showing that impulses contribute to yield stability properties of impulsive switched
systems that consist of all unstable subsystems are also established. A number of

illustrative examples are presented to help motivate the study of these systems.
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Chapter 1

Introduction

In a wide variety of areas in physics, chemistry, engineering, and, increasingly, in
biology, physiology, and economics, it is necessary to build a mathematical model
to represent a problem. Since differential and integral calculus were invented by
Sir Isaac Newton (1642 — 1727) and Gottfried Wilhelm Leibnitz (1646 — 1716),
dynamic mathematical models have involved the search for an unknown function
which satisfies an equation where the rate of change (e.g. derivative) plays an im-
portant role. Such equations are called differential equations (DEs). The subject
of differential equations is now considered one of the most effective branches for
studying the physical world. Since Newton’s time many phenomena such as plan-
etary motion, population growth, and the spreading of cancer cells a human body,
have been formulated as DEs. Early mathematicians who contributed to the field of
DEs include brothers James (1654 — 1705) and John (1667-1748) Bernoulli, where
the latter developed the well-known method of separation of variables and Count
Jacope Ricatti (1676 — 1754) whose remarkable contribution of the equation still

bearing his name attracted the attention of the Bernoulli family. Other develop-



ments were made by Leonhard Euler (1707 — 1783) who worked on (1) the problem
of reducing a special class of DEs of the second order to the first order using the
substitution technique, and (2) linear equations with constant coefficients. The
last equations were also solved by the mathematical figures Joseph Louis Lagrange
(1736 — 1813) and Pierre de Laplace (1749 — 1827) by using multipliers (integrating
factors) [Ince59]. For more information on contributions in the field of DEs, one
may refer to [Kli72]. Ordinary differential equations involve unknown functions
and their derivatives which depend on a single variable, often representing as time
t. If the unknown functions depend on more than one independent variable, the
equation is a partial differential equation. If the equation is perturbed by noise
or an unknown random parameter, the equation is called a stochastic differential

equation.

When a phenomenon is represented by DEs, a set of assumptions should be taken
into account in order that the mathematical model satisfies certain properties such
as existence, uniqueness, and the continuity of the solution with respect to initial
conditions. The problem of existence and uniqueness of the first order DE dates
back to the mathematician Augustin Louis Cauchy (1789 — 1857). This work was
generalized for a system of DEs by Rudolf Lipschitz (1832 — 1903).

Although a wide class of DEs satisfy the above solution requirements, the so-
lutions cannot generally be found explicitly. One may think of finding an approx-
imate solution by using a very accurate numerical method. This is possible if we
are interested in a certain feature in the solution, but generally the numerical solu-
tions cannot provide us with other information such as how sensitive the solution
is to a small perturbation due to the approximate data used to build the mathe-
matical model or a change in the initial conditions, or how the solution behaves

when time t goes to infinity. These questions motivate mathematicians to look



for qualitative information about the solution rather than solving the equation ex-
plicitly; in other words, they have shifted the mathematical technique from the
quantitative to the qualitative. The pioneers of the qualitative theory of differ-
ential equations are Henri Poincaré (1854 — 1912) and Aleksander Mikhailovich
Lyapunov (1857 —1918)[Bra69]. One of the qualitative aspects that can be studied
is stability of a solution of a system of DEs. At the end of the nineteenth century,
Lyapunov invented the direct method to study the stability of a system without
previous knowledge of its solution. The method which bears his name today is the
most effective technique provided that a researcher constructs the right auxiliary

function, called a Lyapunov function, the main tool used to establish the stability

property.

1.1 Singularly Perturbed Systems

In networks or in models of large-scale interconnected systems such as power sys-
tems, large economies, control systems, biochemical, or nuclear reactor models, one
notices dynamics with different speeds or multiple time scales. As an example,
consider a building that is divided into a large number of rooms, and each room
is divided into small offices. Assume that the outside walls of the building are
provided with excellent thermal insulations, the rooms are equipped with good in-
sulators, while the offices are insulated poorly. Assume that at time %y there is a
wide variation in the temperature readings of the offices in every single room. A
few hours after t, , say, at t;, the variation has become very little among the offices
within every single room, while the temperature differences among the rooms are
still large. Days after t;, we notice that the temperature variations among the

rooms have eventually disappeared. The difference in the time-scale of the temper-



ature dynamics is attributed to the differing strength of connections (insulators).
After a few hours, the poor insulation (connection) among the offices within a sin-
gle room caused rapid decay in the temperature difference (fast dynamics), while
the good insulation among the rooms led to very slow decay in the temperature
difference (slow dynamics)[Sim61]. For other examples, one may refer to [Cho82]

and some references therein.

Assume that the dynamics in the above large-scale model are classified as given

in the following system;

T = f(t,z,2)
z = G(t,x,z2) (1.1)

where the slow variable z € R™ and the fast variable z € R". Here we assume
that during the fast transients the slow dynamics remain approximately constant
and that, over longer time, they become noticeable, while the fast dynamics have
already reached their quasi-steady states. Therefore, as we shall see in Chapter
2, in short term studies, slow variables are considered constant, and fast variables
eventually reach their quasi-steady state; in long term studies, the full model is
formed by slow variables and the quasi-steady state of the fast variables, as shown

in the following system;

is = f(t,ﬂ?S,ZS)

0 = G(t,zs, 2s) (1.2)

where z, and z, are refered to as quasi-steady states. Clearly, the second equation
has degenerated into an algebraic (or transcendental) equation, meaning that the
time-varying variable is treated as constant (¢ = 0). To remove this mathemati-

cal inconsistency, system (1.1) is treated as a two-time-scale singular perturbation
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problem with perturbation parameter e, the ratio of the time-scales of the slow
and fast phenomena [Cho82]. Re-scaling the time scale of system (1.1) yields the

so-called singularly perturbed system or fast-slow system,;

T = f(t,x,2)

ez = g(t,z,z) (1.3)

where g = ¢G.

Setting ¢ = 0, the dimension of the full state reduces from m + n to m, and

system (1.3) then has the following form

T = f(t,z, h(t,x))

0 = g(tzz2),

where h(t, x) is the solution of the algebraic or transcendental equation 0 = g(¢, x, z).
The result is the same as that of (1.2), but the derivation is now different. More

details are given in Chapter 2.

The perturbation parameter €, in fact, has different representations; for instance,
in some power systems it indicates machine reactance, in a biochemical model &
might represent a small quantity of an enzyme, and in nuclear reactors model e
is due to the fast neutrons [Kok86a]. System properties that can be studied are
stability, optimal controllability, observability, bifurcation phenomenon([Kok86a]
and the references therein), detectability [Vu04].

1.2 Switched Systems

A large class of natural and engineering systems are inherently multimodal in the

sense that their behavior is represented by several dynamical models. For example,



a mobile robot is designed to respond to different environmental factors such as
avoiding an obstacle or turning at a corner, etc. Here, switching from one mode to
another mode is not previously predicted, but it is determined by environmental fac-
tors which usually are not part of the mathematical model. Such a system is called
a switched system, a special kind of hybrid dynamical system that is composed
of a family of continuous-time subsystems and a rule that controls the switching
between them. Switched systems have various applications in the aircraft industry,
air traffic control, and control of mechanical systems. For other motivations and

examples, one may refer to [Mor97], [Zer98], [Day99], [Lib99], [ZhaO1] and [Li05].

The study of switched systems is more challenging than that of determinate
systems and is still in its infancy. Nevertheless, there has been reasonable progress
in this field. Most of the work has focused on designing an appropriate switch-
ing rule to stabilize the system. For example, Morse [Mor96] constructed a simple
high-level controller called a supervisor which is capable of switching into feedback
with a single-input/single-output process in order to force the output of the process
to track a constant reference input. In the same paper it was shown that if the
switched system has exponentially stable subsystems, then the entire system is ex-
ponentially stable provided that the dwell time (7p), the time between any two
consecutive switchings, is sufficiently large. Later, Hespanha and Morse [Hes99]
showed that a similar result holds when the average interval between the consecu-
tive switchings is no less than 7p, leading to the average dwell time concept. This
approach was also used by Zhai et al. [ZhaOl] to prove the stability of a more
general class of switched systems incorporating stable and unstable subsystems.
Dayawansa and Martin [Day99] investigated the stability of a class of dynamical
systems which undergo random switchings. In their work, the focus is to prove

a converse Lyapunov theorem for this class of systems. Hu et al. [Hu99] showed



that if the subsystems are linear time-invariant and the system matrices are com-
mutative component wise and stable, then the entire switched system is globally
exponentially stable under arbitrary switching laws. They also studied, under a
certain switching law, the same stability property of systems with vanishing or

non-vanishing perturbation.

1.3 Impulsive Systems

An impulsive system is a special kind of hybrid systems that consists of a differen-
tial system and a difference system that respectively describe continuous evolutions
and discrete events occurring in a mathematical model of a physical system. Many
evolutionary processes are characterized by the fact that at certain moments be-
tween intervals of continuous evolutions they undergo changes of state abruptly.
The durations of these changes are often negligible when compared to the total
duration of the process, so that these changes can be reasonably approximated
as instantaneous changes of state, or impulses. These evolutionary processes are
suitably modeled as impulsive differential systems, or simply impulsive systems.
Generally, an impulsive system is characterized by a pair of equations, a system of
ordinary differential equations that describes a continuous evolutionary process and
a difference equation defining discrete impulsive actions. Impulsive systems have
applications in various fields such as physics, biology, engineering, population dy-
namics, aeronautics ( see [Bai89],[Lak89],[Bai93] and some references therein), and
increasingly secure communications ( see [Li03],[Kha04],[Li05] and some references

therein).

The theory of impulsive differential equations is richer than the corresponding

theory of differential equations without impulses. For instance, the initial value
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problem of such equations may not have solutions even when the corresponding
differential equations do; some fundamental properties such as continuous depen-
dence on initial condition, continuation of solutions, or stability may be violated or
need new interpretation. On the other hand, under some conditions impulses stabi-
lize some systems even when the underlying systems are unstable [Liu94],[Wan04],
or make continuation of solutions possible. For more motivation, interested readers
may refer to [Lak89]. The theory of impulsive differential equations is interesting
in itself; consequently, it has attracted some researchers such as V. Lakshmikan-
than, D.D. Bainov, P.S. Simeonov, X.Z. Liu, X. Shen, Z. Li. As a result, there are
some works including books by Lakshmikanthan et al.[Lak89], Bainov and Sime-
onov [Bai89],[Bai93], Li et al.[Li05] and many references therein. The stability of
impulsive systems has received a great deal of work including, in addition, pa-
pers by X.Z. Liu [Liu94], R. Wang [Wan04], Xiuxiang Liu [Liu05], Zhi-Hong Guan
et al. [Gua05]. The field of impulsive systems is currently very active since the

applications of this theory have been increasing.

1.4 Delay Systems

Ordinary and partial differential equations have long played important roles in
modeling many physical processes and they will continue to serve as a fundamental
tool in future investigations. A drawback of these models is that they are ruled by
the principle of causality, meaning that the future state of the dynamical system
depends only on the present state and not on the past. In fact, this is only a first
approximations of some real systems. In those cases, more realistic models should
include some of the historical values of the state; this leads us to delay differen-

tial equations (DDEs), also known as retarded functional differential equations, or



differential equations with deviating argument. The early motivations for studying
DDEs came from their applications in population dynamics when Volterra investi-
gated the predator-prey model, and in Minorsky’s study of ship stabilization and
automatic steering. These studies indicate the importance of considering delay in
the feedback mechanism [Min42]. Another motivation for studying time delayed
systems is that the presence of delay, even in first order systems, may cause unde-
sirable performance such as oscillations or chaotic behaviors. In some cases, small
delay may destabilize some systems, but large delay may stabilize others. As a re-
sult, there are many studies of systems with time delay. A number of monographes
have been devoted to the subject of DDEs. These works include books by Bellman
and Cooke [Bel63] and Krasovkii [Kra63], texts by Halanay [Hal66], Hale [Hal71],
Hale and Lunel [Hal93|, Driver [Dri77], El'sgoll’ts and Norkin [Els73] and Bellen
and Zennaro [Bel03]. Some other books dedicated to the applications of DDEs are
MacDonald [Mac89], Gopalsamy [Gop92], and Kuang [Kua93]. The use of delay
differential equations is currently very heavy due to the progress obtained in the

understanding of the dynamics of many important time delayed systems.

Hybrid systems and time delay are important issues encountered in many fields;
as a result, they have become the focus of some researchers. Among the recent
works are papers by S. Yang et al. [Yan04], X. Liu et al.[Liu05] and some references
therein, and Ph.D theses by G. Ballinger [Bal99], A. Khadra [Kha0O4], Y. Zhang
[Zha04] and S. Kim [Kim05].

If a system exhibits singular perturbation and time delay, then we are led to
consider time-delayed singularly perturbed systems. Such systems have attracted
some researchers. For instance, Hasiao et al. [Hsi93] investigated the stability of
time delayed singularly perturbed systems with a dither, a high frequency signal

injected into the system to improve its performance. Shao and Rowland [Sha94]



gave an upper bound for the perturbation parameter £ such that the singularly
perturbed system with time delay in the slow state is stable. A perturbation on
the time delay was also discussed in their work. Liu et al. [Liu03] investigated
exponential stability of full singularly perturbed systems with time delay using
vector delay inequalities and Lyapunov functions. Here in this document, this
system is our focus; namely, we shall investigate exponential stability of switched

and impulsive switched singularly perturbed systems with time delay.

The organization of the thesis is as follows; in Chapter 2, we give the required
mathematical background including some definitions and theorems (Section 1) fol-
lowed by discussion of interconnected systems and singularly perturbed systems
(Sections 2 and 3, respectively). Switched and impulsive systems of ordinary dif-
ferential equations are addressed in Sections 4 and 5, respectively. Finally, delay
systems is discussed in Section 6. In Chapter 3, the focus is on the main result of
this thesis. In Section 1, we first establish exponential stability of linear switched
delay systems that consist of all stable modes by using multiple Lyapunov functions
(MLFs) technique and, after developing lemmas to help us find growth rates of un-
stable modes, we extend these systems to include, in addition, unstable modes. In
Section 2, we consider full singularly perturbed subsystems with a single constant
time delay in both states. Two different cases are studied; in the first case, we
investigate exponential stability of switched system with stable modes, while in
the second case, a more general class is discussed where the system has stable and
unstable modes. MLF's technique is again applied to these systems. Dwell time and
average dwell time approaches are separately used to organize the switching among
the modes. Finally, in Section 3, we consider a switched system with a special kind
of nonlinear delay singularly perturbed modes. In Chapter 4, exponential stabil-

ity of the system considered in Chapter 3 is investigated after imposing impulse

10



effects. We also develop a switching rule to stabilize impulsive switched systems

incorporating all unstable modes.
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Chapter 2

Mathematical Background

This chapter is devoted to stating the required materials to achieve the goal of this
Thesis. In Section 1, we shall state some useful definitions and theorems regarding
the stability of ODEs. As known, there are different kinds of stability problems
arising in the study of dynamical systems. In this work, the focus is on the stability
of the equilibrium point in the sense of Lyapunov. Interconnected systems of ODEs
is discussed in Section 2. In Section 3, we present the standard singularly perturbed
system, and study the stability of this system. Switched and impulsive switched
systems of a class of ODEs shall be discussed in Sections 4 and 5, respectively. In
fact, we focus on a stabilizing problem of these systems by using the dwell time
and average dwell time approaches. In Section 6, we describe some important
tools in DDEs that lead us to the main purpose of this work. First, a class of
piecewise continuous functions is defined and stability of impulsive delay systems is
discussed. Second, linear time-varying singularly perturbed systems with a single
constant delay are described and sufficient conditions that guarantee exponential

stability are stated.
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2.1 Basic Definitions and Theorems

Consider the following system of differential equations
i(t) = f(t), 2(0) =20,  f:D—R" (2.1)

where D is an open and connected subset of R", and f is a locally Lipschitz function
mapping D into R"™. Most of the materials in this section are taken from Khalil

[Kha02], unless otherwise mentioned.

Definition 2.1: A point x = x* is said to be an equilibrium point of system (2.1) if
it has the property that whenever the solution x(t) of (2.1) starts at x*, it remains

at * for all future time.

According to this definition, the equilibrium points of (2.1) are then the real

roots of the equation
f(xz*) =0.

For convenience, we will state all definitions and theorems for the case when
the equilibrium point is at the origin (z* = 0), since any equilibrium point can be
shifted to the origin by a change of variables. In the sequel, we will assume that

f(z) satisfies f(0) = 0.
Definition 2.2: The equilibrium point x* = 0 of system (2.1) is said to be
o stable if for any € > 0, there ezists a § = §(e) > 0 such that
lzol| <0 implies ||x(t)|| <e, V>0

where x(t) is any solution of (2.1).

13



e unstable if it is not stable.
o asymptotically stable if it is stable and there exists a constant o > 0 such that

lzol| < 0 implies tlim z(t) = 0.

Although asymptotic stability is the desirable property, the weakness of this
concept is that it says nothing about how fast the trajectories march to the equi-
librium point. There is a stronger form of asymptotic stability which is referred to

as exponential stability.

Definition 2.3: The equilibrium point z* = 0 of system (2.1) is said to be lo-

cally exponentially stable if there exist positive constants X\, k, and ¢ such that
lz(OI < Ellzolle™,  Vllaoll < c. (2.2)

It 1s said to be globally exponentially stable if ¢ can be chosen arbitrarily large and

(2.2) holds for all zo € R".

Having defined the stability and asymptotic stability concepts, we use Lya-
punov’s approach to determining stability. The main idea behind this technique is
to determine how a special class of functions behave along the solutions of system

(2.1). Let us first define these functions.

Definition 2.4: Let D be an open subset of R™ containing v = 0. A function
V ' D — R is said to be positive semi-definite on D if it satisfies the following
conditions

(1) V(0)=0,

(5) V(x) >0, VaxeD-{0}.

14



It is said to be positive definite on D if it satisfies (i) above and

(i1) V(z) >0, VaxeD-—{0}.

It is said to be negative definite (semi-definite) on D if =V s positive definite
(semi-definite) on D.

Definition 2.5: A positive definite function V defined on R"™ is said to be radially

unbounded (or proper) if the following condition holds.

lim V(z) = oc.

l|z]|—o0

In the Lyapunov stability theorems, the focus is on the function V' and its time
derivative along the trajectories of the dynamical system under consideration. The
time derivative of V(z) along the trajectories of system (2.1) is (simply) denoted

by V and defined as follows
V=VV-f(z)

Theorem 2.1: Let z* = 0 be an equilibrium point for system (2.1). Let D be an
open subset of R" containing x =0 and V : D — R be a continuously differentiable
function defined on D such that

(1) V(0)=0,

(i) V(x) >0, VxeD-—{0},

(iti) V <0, Ve D-{0}.

Then, x* = 0 is stable. If condition (ii1) is replaced by

(iii)* V <0, Vxe D-—{0},

then z* = 0 s asymptotically stable. Moreover, if D = R" and V is radially
unbounded, then x* = 0 s globally asymptotically stable.

In the next definition, we define positive definite matrices which play an impor-

tant role in defining Lyapunov functions.
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Definition 2.6: [Leo94] A real symmetric n x n matriz is said to be positive

definite if and only if it has strictly positive eigenvalues.

An important class of positive definite functions are the quadratic functions
V(z) = 2T Pz, where P is a positive definite matrix. Let A\pin(P) and Ajpeq(P)
denote the minimum and maximum eigenvalues of P, respectively. Then, we have

the following
)‘min(P)HxW < V(x) =z Pz < /\max(P)HxHQ

This inequality is referred to as the Rayleigh Inequality [Mar03].

A special case of system (2.1) is when the vector field function f(x) has the

linear form Ax where A is a real n X n matrix; namely, we have
x(t) = Ax(t), x(0) = xp. (2.3)

which is called a linear time-invariant (or autonomous) system. The solution of

(2.3) is given by

z(t) = ey,

An efficient technique to investigate the stability properties of system (2.3) is
by determining the location of the eigenvalues of the matrix A, as shown in the

following theorem.

Theorem 2.2: The equilibrium point x* = 0 of system (2.3) is stable if and only if
the eigenvalues of A (N\;s) have non-positive real parts and for those with zero real

parts and algebraic multiplicity q;, rank(A — N\ I) = n — q;, where n represents the

16



dimension of x. It is globally asymptotically stable if and only if all eigenvalues of

A have strictly negative real part.

Definition 2.7: An n x n matriz is said to be Hurwitz (or stable) if all its eigen-

values have negative real part.

The asymptotic stability property can also be characterized by using Lyapunov’s

method. Consider the following Lyapunov function candidate
V(z) = 2" Px
The derivative of V' (z) along the trajectories of (2.3) is given by
V =i Pr + 2" Pi = 2" (ATP 4+ PA)x = —2"Qu,
where () is an n X n matrix given by

ATP 4+ PA = —Q. (2.4)

If @ is positive definite, then by Theorem (2.1) the origin is an asymptotically

stable equilibrium point. This result is summarized in the next theorems.

Theorem 2.3: An n xn matriz A is Hurwitz if and only if , for any given positive

definite matriz @), there is a unique positive definite matriz P which satisfies (2.4).

The matrix equation (2.4) is referred to as a Lyapunov equation which is solved

for P for a given () where

P—/ et Qe dt, (2.5)
0
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or alternatively it can be solved by using the Kroneker product of matrices.

Definition 2.8:[Rug96| Let A = (a;;) and B be two matrices of dimension p X q
and r X s, respectively. Then, the Kronecker product of A and B denoted by A® B

s given by

anB cee aqu
A®B = : : : (2.6)
apmB -+ apB

prXxqs

The dimensions ¢ and r are not necessarily the same. Using this definition, the

Lyapunov equation (2.4) is then written as follows
[AT @I+ 1 ® Af|vec|P] = —vec[Q] (2.7)

where

n2x1
and P is the i column of P; similarly, we define vec[Q]. The resulting n? x n?

linear system (2.7) is solved for vec[P].

In the rest of this section, we analyze the stability of the time-varying system

of the form
x(t) = A(t)x(t). (2.8)

where A(t) is continuous and bounded. The solution of this system with the initial

condition x(ty) is given by

z(t) = O(t,t9)z(to),
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where ®(t,ty) is the state transition matriz.

Consider the following Lyapunov function candidate
V(t,r) = 2" P(t)x.

with P(t) being continuously differentiable, symmetric, positive definite, and bounded.

The time derivative of V (¢, z) along the trajectories of system (2.8) is given by

Vit,e) = @'Pt)x+ 2" P(t) + 2" P(t)x

= 2T[AT()P(t) + P()A(1) + P(t)] = =" Q(t)z,
where Q(t) is a given matrix such that the following Lyapunov equation is satisfied.

AT (t)P(t) + P(t)A(t) + P(t) = —Q(t). (2.9)

If Q(t) is continuous, symmetric, positive definite, and bounded, then the origin
of system (2.8) is globally exponentially stable. This result is summarized in the

following theorem.

Theorem 2.4: Let x* = 0 be the exponentially stable equilibrium point of & =
A(t)x, with A(t) being continuous and bounded. Let Q(t) be a continuous, sym-
metric, positive definite, and bounded. Then, there exists a unique continuously
differentiable, symmetric, positive definite, and bounded matriz P(t) that satisfies

(2.9).

Here, the matrix P(t) is given by

P(t) = /too O (s5,1)Q(5)P(s,t)ds. (2.10)

and the existence of such a matrix is conditioned with z* = 0 being exponentially
stable. Sufficient conditions for the equilibrium point of the non-autonomous sys-

tem #(t) = f(t,x) to be exponentially stable are given in the next theorem.
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Theorem 2.5: Consider that ™ = 0 is an equilibrium point of ©(t) = f(t,x)
where t € [0,00) and x € D C R"™. Let V(t,x) be a continuously differentiable

function such that

Bl < V(ta) < ko] (211)
: ov. oV

—= _— _ <— a .
Vitw) = S+ 5o f(ta) < —kllel (212

where ki, ko, ks and a are positive constants. Then, x* = 0 s exponentially stable.

It is globally exponentially stable if the assumptions hold globally.

The exponential stability of the system @(t) = A(¢)z(t) can also be character-
ized based on the location of the eigenvalues of A(t); the following theorem gives

sufficient conditions to guarantee stability.

Theorem 2.6:[Rug96],[Kok86b] Let A(t) be continuously differentiable n x n ma-
trixz. Assume that there exist positive constants o, 31 and (5 such that, for all t,
(1) Re[A(A(t))] < —a < 0.

(@) [A@ < br.

(ii)  [IA®)I| < Ba.

Then, x* = 0 is exponentially stable.

In this case, the continuously differentiable, symmetric, positive definite, and

bounded matrix P(t) is the solution of

AT P(t) + P(t)A(t) = —1,,.
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2.2 Interconnected Systems

It is common that some systems are modeled as an interconnection of lower order
subsystems. Due to the high order of these interconnected systems, the stability
analysis is more complicated. A proper way to deal with such complex systems is
to decompose interconnected systems into small isolated subsystems and study the
stability of each individual subsystem; namely, we initially ignore the interconnec-
tion between the subsystems. In the next step, we combine our results from the
first step to draw a conclusion about the stability of the interconnected system. In
the forthcoming analysis, we illustrate the two steps, and define a function that can
be a proper Lyapunov function candidate for the interconnected system. We also
introduce a special kind of matrix called an M-matriz, which plays an important
role in studying the stability of large-scale interconnected systems. Let the nth

order interconnected system have the form

T
where z; € R™, Y " n;, =n, and z = (xlT,%T, e ,x%) . Assume that, V7,

meaning that the origin = 0 is an equilibrium point of the system (2.13). Ignoring
the interconnection between the subsystems results in the following m isolated

subsystems

Assume that the equilibrium points z; = 0 of these subsystems are uniformly

asymptotically stable, and that there are m Lyapunov functions V(t, z;).
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Define the composite Lyapunov function for the collection of the m isolated

subsystems by
= dVi(t,z;) (2.15)
i=1

where d; are positive constant. Next consider (2.13) as a perturbation of (2.14).
Take V(t,x) be a Lyapunov function candidate for the interconnected system. The

time derivative of V' along the trajectories of (2.13) is

Zd S+ oA )]+ YA s (216)

The first term on the right-hand side is negative definite since V;s are Lyapunov
functions for the m subsystems, while the second term is, generally, indefinite.
Therefore, we assume that [0V;/0x;]g; is bounded by a nonnegative upper bound.
To pursue the analysis mathematically, assume that V;(¢, x;) satisfies, for [|z|| < r,

(where r > 0)

oV N oV
ot  Ox;

— fi(t, ;) < —; ¢ (), t>0 (2.17)

H@azz < Giils) (2.18)

where «; and 3; are positive constants, and ¢; is a positive definite function. Sup-

pose that the g;(t, z) satisfy, for ||z| < r,
lgt, o)1 < vipdylay), i=1,2,--.m,  t>0 (2.19)

where +;; are nonnegative constants. Then, the time derivative of V (¢, z) along the

trajectories of the interconnected system satisfies

V(t, x) < Z d; [ — ;¢ () + Zﬁi%'j¢i<$i)¢j(xj)
i=1 j=1
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The right-hand side is a quadratic in ¢, ¢, - -+ , ¢,,; that is,

V(t,z) < —%ng(DS +STD)¢

where ¢ = (¢1,¢2, -+, dm)t, D = diag(dy,ds, -+ ,d,,) and S is an n x n matrix

whose elements are given by
@ = Bivij, =17
—BiYij» i # ]
Clearly, the asymptotic stability of the interconnected system is guaranteed if the

diagonal matrix D is chosen such that the matrix
DS+ S"D > 0. (2.21)

The existence of such a diagonal matrix D is ensured if S is an M-matrix. The

following definition and Lemma are also found in [Ara78],[Gop92].

Definition 2.9: An n x n matriz S is said to be an M-matriz if its leading (suc-

cessive) principal minors are positive:

S11 Si12 - Sik
So1 S22 S2k

det >0, k=1,2,---,n
Skl Sk2 c Skk

The following lemma gives the sufficient condition that guarantees the existence of
D.
Lemma 2.1: There exists a positive diagonal matriz D that satisfies (2.21) if and

only if S is an M-matrix.
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Other equivalent definitions and properties about the M-matrix are found in

the same references.

In fact, the diagonally dominant matrices with non-positive off-diagonal ele-
ments are M-matrices. Therefore, the M-matrix condition is equivalent to that the
diagonal elements of S are larger as a whole than the off-diagonal (non-positive) el-
ements. Physically, the diagonal elements of S represent the measures of the degree
of stability for the isolated subsystems, and the off-diagonal elements of S represent
the strength of the interconnection. Thus, the M-matrix condition can be read as
follows; if the degrees of stability of the isolated subsystems are larger as a whole
than the interconnections, then the origin of the interconnected system is uniformly

asymptotically stable [Kha02]. The next theorem summarizes our findings.

Theorem 2.7: Consider the interconnected system (2.13). Assume that there exist
positive definite functions Vi(t,z;) that satisfy (2.17) and (2.18), and that g;(t,z)
satisfies (2.19). Assume that the matriz S defined by (2.20) is an M-matriz. Then,
the origin is uniformly asymptotically stable. It is globally asymptotically stable if
the assumptions hold globally and V;(t,x;) are radially unbounded.

2.3 Singularly Perturbed systems:

Consider the following time-varying singularly perturbed system
i) = f(halt).=(t).e), alto) = £() (2.22)
ez(t) = g(t,2(t),2(t),€), z(to) =nle) (2.23)

where f and g are continuously differentiable functions in their arguments (¢, x, z,¢) €

[to, 00) X D, x D, x [0,e*], with D, C R" and D, C R™ being open and connected
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sets and £(¢) and n(e) depend smoothly on e, (¢ > 0). Setting ¢ = 0 in the full
system (2.22)-(2.23) reduces the dimension from n + m to n since the differential

equation degenerates into an algebraic or transcendental equation
0=yg(t,x,2,0) (2.24)

Assume that for all ¢ (2.24) has k > 1 isolated real roots given by
z=hi(t,x), i=1,2,--- .k (2.25)

If this assumption holds, then system (2.22)-(2.23) is said to be in standard form.
Substituting (2.25) into (2.22), at ¢ = 0, leads us to the i" reduced model

&= f(t,z, hi(t,2),0), x(t) =&£(0) =: & (2.26)
This model is also called the quasi-steady state model or slow model.

Let z(t,e) and x4(t) be the exact and reduced (or slow) solutions, respectively.

Then, the difference
x(t,e) — xs(t) = O(e)
holds uniformly for all ¢ € [ty, 00) since at t = ¢, we have
z(to,€) — ws(to) = £(e) — £(0) = O(e).
When z(t) = z4(t), quasi-steady-state behavior of z is then given by
zs(t) = h(t, z4(t)) (2.27)

which cannot be a uniform approximation of the exact solution z(¢,¢) since the
difference between the initial state n(e) and its initial value z,(tg) = h(to, &) may

be large. Therefore, the best we can expect is that the estimate

2(t,e) — zs(t) = O(e)
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holds on the interval [t;, 00) where t, > t, [Kha02]. For z to reach its quasi-steady
state zs(t), the solution along the initial boundary-layer interval [to, ;] should be

customized for that purpose. In the following we show how this can be done.

For convenience, we shift the quasi-steady state of z to the origin by changing

the variable as follows
y=2z—h(t,x) (2.28)

Using this transformation, the full system (2.22)-(2.23) will be

t = f(t,z,y+h(t,z),e), x(ty) =£&(e) (2.29)
ey = g(t,x,y+ h(t,x),e) — 5%
O ft g A ), (i) = (e) — At ). (2:30)

Stretch the boundary-layer interval by defining the following new time variable.

5= é(t ) (2.31)

The initial instant of this time which corresponds to the initial time ¢ = ¢; is
s = 0. Based on this definition, regardless of how short the time interval in ¢ is, s
goes to infinity as ¢ — 0. In other words, if ¢ — 0, the interval t — ¢, is stretched

to an infinite interval in s. Furthermore, systems (2.29) and (2.30) become

O cfltotes oyt hlty +2s,2).0), 2(0) = £(e) (2.32)
dy oh
5 = g(to +es,x,y + h(ty + es,x),¢) — 6$
Ooh
_6%f<t0 +é€s, o, Yy + h(tO + ¢€s, Jf), 5)7 y<0) = 7](5) - h(t(]a 5(6))
(2.33)
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Setting € = 0 freezes the variables at t = ¢y and x = &, and reduces (2.32) and

(2.33) to the autonomous systems

N I O (2.34)
d
d_g; = g(to, &0,y + h(to, &), 0), y(0) = no — h(to, o). (2.35)

where 79 := 1(0). If the equilibrium point of (2.35) y = 0 is asymptotically stable
and the initial value y(0) is in the region of attraction, then the solution of (2.35)
will march to the quasi-steady state z, during [to,ty]. After ¢, we need the solution
of (2.35) to remain close to zero. In this case we allow the frozen parameters to take
values in the region of the slowly varying parameters (¢,z). Thus, system (2.35)

can be written as follows

dy

T = g(t,z,y + h(t,x),0), (2.36)

where (t,z) are treated as fixed parameters. System (2.36) is referred to as the

Boundary- layer model.

From (2.34) the fast part of « is constant, and during the boundary-layer interval
[to, ts], the fast part of z, say y, is given by the solution of the Boundary-layer model
(2.36). Thus, for t € [ty,T], z is represented by

2(t,e) = ys(s) + zs(t) + O(e) (2.37)

The following theorem summarizes these results.

Theorem 2.8:[Kha02] Consider the singularly perturbed system given by (2.22)
and (2.23). Let the real roots in (2.25) be isolated. Assume the following conditions
hold for all

[t,x,z — h(t,x),e] € [to,T] x Dy x D, x [0,¢€]
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where D, € R" is conver and D, € R™ contains the origin;

o The functions f and g, their first partial derivatives with respect to (z,z,€),
and the first partial derivative of g with respect to t are continuous; the
function h(t,x) and the Jacobian [0¢(t, z,0)/0z] have continuous first par-
tial derivatives with respect to their arguments; the initial data £(g) and n(e)

are smooth functions of €.

o The reduced model (2.26) has a unique solution xs(t) € S for all t € [to,T]

where S is a compact subset of D,.

e The origin as an equilibrium point of the boundary-layer model (2.36) is ex-
ponentially stable, uniformly in (t,z); let R, C D, be the region of attraction
of (2.35) and §2, be a compact subset of R,.

Then, there exists a positive constant €* such that for all ng — h(tg, &) € Q and
0 < e < g%, the singularly perturbed system (2.22)-(2.23) has a unique solution
x(t,e), z(t,e) on [to, T], and

2(te) = a,(t) +O(e) (2.38)
2(te) = yp(s)+ h(t,2,(t)) + O(e) (2.39)

hold uniformly for t € [to,T]. Moreover, given any t, > to, there exists ™ < &*

such that
z(t,e) = h(t,zs(t)) + O(e) (2.40)

hold uniformly for t € [ty, T| when & < £**.

Having given the sufficient conditions to guarantee the existence of the solution,

we study the stability of full system (2.22)-(2.23) by examining the stability of the
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reduced and boundary-layer models. In our stability analysis, we focus on the

autonomous singularly perturbed system given by
T = f(x,2) (2.41)
ez = g(x,2) (2.42)
We assume that the origin (x = 0,z = 0) is an isolated equilibrium point, and
the equation
0=g(z,2)
has isolated real roots represented by
z = h(x).
For convenience, we shift the equilibrium point of the boundary-layer model to

the origin y = 0 by introducing the following transformation

y=z—h(z).

Then, the singularly perturbed system is

t = f(x,y+h(x)) (2.43)

S = gley+ b)) ~ g f(ry +A() (2.44)

The corresponding reduced system
& = f(z,h(z)) (2.45)
has equilibrium point at x = 0 and the boundary-layer system
dy
75 = 9@y h) (2.46)
s
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where s = %t and x is treated as a fixed parameter has equilibrium point at y = 0.

In the following theorem, we state sufficient conditions to guarantee asymptot-

ical stability of systems (2.41) and (2.42).

Theorem 2.9:[Kha02] Consider the singularly perturbed system (2.41) and (2.42).

Assume that there are Lyapunov functions V(x) and W (x,y) that satisfy the fol-

lowing
(@) < i) (2.47)
Ty 9+ h(a) < azd(y) (2.15)
Wi(y) < W(z,y) < Wa(y) (2.49)
O [y + h(w) ~ F h(@)] < B ()en(y) (2.50)
L %_V;? Fley+h(x)) < Bt (@)aly) + 103)  (251)

where oy, o, B1, B2, and v are positive constants, and 1, 1o are positive definite

100
a1v+061 62

(x =0,z =0) is asymptotically stable for all 0 < e < &*.

functions. Then, there is a positive constant €* = such that the origin

To illustrate these results, we take the following example which is found in

[Kha02], [Kok87].

Example 2.1: A second-order model of an armature controlled DC motor is de-

scribed as follows
J— = ki
L— = —kw—Ri+u

where 7, u, R, and L are respectively the armature current, voltage, resistance, and

inductance, J is the moment of inertia, w is the angular speed, and ki and kw
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are respectively the torque and back electromotive force developed with constant
excitation flux. The first state equation is a mechanical torque equation, and the
second one is an equation for the electric transient in the armature. In most DC
motors, L is a small parameter which is often neglected (i.e. ¢ = L). This means
that the motor’s model where w = = and ¢ = z is in the standard form of (2.22)-

(2.23) whenever R # 0. In this case, when neglecting L, we get
0=—kw—Ri+u
which has only one root given by
i=(u—kw)/R

Thus, the reduced model (2.26) is

/{32

This (reduced) first-order equation is frequently used in designing DC motors

[Kok87].

Quite often, a perturbation parameter € is chosen as a dimensionless quantity,
meaning that we non-dimensionalize the system first and neglect the resulting di-
mensionless quantity. To pursue our analysis, consider that a singularly perturbed

system of a DC motor is given by

Set ¢ = 0 to get h(z) = —x, and the Boundary-Layer model is

d
d—z = —y(s), s=t/e
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which has globally exponentially stable equilibrium point at the origin. The reduced

and Boundary-Layer problems are respectively

©(t) = —x(t), z(0) =1

Yoo ), w0 =2

Then, the solutions of the singularly perturbed system are

x(t,e) = e+ 0(e)

2(t,e) = 27 —et+O(e).

For better understanding of this system, we study the stability problem and then
demonstrate the exact and approximate solutions of z(t) and z(t) at different values
of e. By taking V(z) = 2% and W (y) = 142, a simple check shows that the positive
constants of Theorem 2.9 are a; = 1,a0 = 1,8, = 1,35 = 1 and v = 1, and the
positive definite functions are ¢; = |z| and ¢y = |y|. Therefore, the origin is

asymptotically stable for ¢ < ¢* = 0.5.

The exact solutions of the full singularly perturbed system at e = 0.1 are

z(t) = —0.2746e 38 4 1.2746¢ 112"

z(t) = 2.4365¢ 37 — 1.4365¢ 127,

Figure 2.1(a) shows the simulation results at ¢ = 0.1. The trajectory of z(t)
apparently exhibits a two-time-scale behavior. It starts with a fast transient of
z(t,e) from ny = 1 to z(t) = —e™'. After the decay of the transient, it remains
close to z(t). Figure 2.1(b) displays results at ¢ = 0.01. The exact solutions of the

singularly perturbed system are

2(t) = —0.0275e 739898t | 1 (275, 10102

2(t) = 2.0437e O 103471010,
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Clearly, the Boundary-Layer interval is smaller than that of the first case, and
the difference between the approximate and exact solutions O(g) has almost disap-

peared.

Singularly Perturbed System

2 T T T
Approximate x(t)
—— Approximate z(t)
15 — Exact x(t)
Exact x(t) — Exactz(t)
1k i
App. X(t)
0.5} N -
ok
X os)- P B
& N
App. z(t)
1 i
Exact z(t)
-1.51- —
2L i
-25F q
-3 I I I . .
0 1 2 3 4 5 6
Time t
(a)
Singularly Perturbed System
2 T T T T
Approximate x(t)
—— Approximate z(t)
15+ — Exact x(t) H
— Exact z(t)
1k App.& Exact x(t) B
05r q
ok
= -05F 4
Z
-1r App. & Exact z(t) —
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-25F q
-3 I I I I I
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Figure 2.1: Exact and approximate solutions of singularly perturbed system (a) at

e=0.1(b) at e =0.01
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2.4 Switched Systems

The basic problems in switched systems that can be considered are the following
[Lib99].

Problem 1: Find conditions to guarantee that a switched system is asymptotically
stable for any switching signal.

Problem 2: Identify the switching signals for which the switched system is asymp-
totically stable.

Problem 3: Construct a switching signal that makes the switched system asymp-

totically stable.

In this work, we focus on finding conditions to guarantee the exponential stabil-
ity of switched system (Problem 1). Let us first analyze the stability of an ordinary

system given by
(t) = Ajx(t), t € [tr_1,tr) (2.52)

where k =1,2,---, tr_1 < tp, limp_ ot = 00, and A; is an n X n constant matrix
foralli e S={1,2,---, N}. We assume that the origin is an equilibrium point of
system (2.52).

2.4.1 Systems with Stable Subsystems

In the following theorem we state sufficient conditions that guarantee exponential

stability of system (2.52).

Theorem 2.10: [Lib99],[Zha01] Consider the switched system (2.52). Let A;,i € S
be a Hurwitz matriz. Then, the origin of (2.52) is exponentially stable if the follow-
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ing 1nequality holds.

ln,u—u(tk—tk,l)g(), ]{7:1,2,

(2.53)

where p = i—ﬁi, Ay = max{A\nax(P);7 € S}, Ay = min{ A (Pi);i € S}, P is a

positive definite matrixz satisfying Lyapunov equation

(2.54)

for any positive definite matriz Q;, and v is such that 0 < v < \; where \; = ¢; /Ay,

¢; 18 a positive constant such that

Vi

ox

Ax < —ciH:cH2.

Proof:

Define the Lyapunov function for the i subsystem by
Vi(z) = 2" P,
which satisfies the following inequalities

Amllz]]* < Vi(z) < Aarl]®
oV

5 ¥ = —cill|®

Combining (2.57) and (2.58) yields
Vi(a(t)) < =AVi(a(1))
where \; = ¢;/ Ay, and the solution of this differential inequality is
Vi(x(t)) < Vi(tior))e 0
From (2.57), we have, for any 7,j € S

Vi(o(t) < uVila(®))
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where 4 = ’)\\—M
m

Activating mode 1 and 2 on the first and second intervals, respectively, we have

Via(t) < eMCOVi(m), € lto,t)
a(t) < eMOVan),  tefhn)
< e ()
< e e MY (g

Namely, we have
Va(a(t)) < pe20mem MO0V, (),
Generally, for i € S and t € [t;_1,t;) we have
Vi(z(t)) < pi-te ittt dimaltio=tio2) o= M=tV (), (2.61)
Let A = min{\;;i € S}. Then,

Vi(z(t)) < pte M0V (a)

= e vt)gmAEto) Y ()
< i lem o) o= Ot Y ()

— /Il/iflefl/(tlfto)efv(tgftl) .. e*l/(tkftkfl)‘/’l(wo)ef()\fv)(tfto) (262)
Namely, for t € [ty_1,t)
Vi(z(t)) < ’ue—V(tl—to)Me—V(tz—tl) .. .Me—l’(tk—tkﬂ)vl(x(])e—()\—lf)(t—to) (2.63)

Making use of (2.53), we have for ¢ € [tg, 00)



By (2.57), we have
lz(6)]] < K[Jzolle” 002 > ¢

where K = ,/u. This shows that the origin of the switched system is exponentially

stable. In fact, one can write condition (2.53) as follows

1
tk — tk—l Z Il_ = TD k Z 1 (264)
v

The fixed positive constant T is called dwell time [Mor96],[Lib99],[Hes99],[Zha01].

Theorem 2.10 says that, if the switched system has exponentially stable sub-
systems and the interval between any two consecutive discontinuities is larger than
Tp, then the origin of the system is exponentially stable. Hespanha and Morse
[Hes99] showed that a similar result still holds if the dwell time condition is not
satisfied, but the average interval between consecutive discontinuities in no smaller
than Tp. In this case, Tp is called the average dwell time [Hes99],[Hu99]. To follow
this approach, let N(to,t) representing the number of jumps in the open interval

(to, t) satisfy

t—to

N(to,t) < No + (2.65)

a

where Ny and T, are defined as the chatter bound and the average dwell time,

respectively. Rewrite the inequality in (2.61) as follows
‘/;([E) < e(i—l)ln,u,—k(t—to)‘/l(xo)

Applying Condition (2.65) with Ng = n/Inp,(u # 1), where n is an arbitrary
constant, and T, = In /(A — A*), where (A* < A), leads to

VZ(.CE) < eﬂ—/\*(t—to)vl (330)
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where the last inequality is found as follows;

t—to

(i—Dnpg— A\t —t)) < (N0+ >lnu—>\(t—t0)

R

2.4.2 Systems with Stable and Unstable Subsystems

Consider again the switched system (2.52) with S = S,USs where S, = {1,2,--- ,{,---r}
and Sy = {r+1,r+2,--- ,m,---, N} represent the index sets of unstable and stable
subsystems, respectively; that is,
Ay Ay, LA, . unstable
Ari1, Apioy, - Ay @ stable
Let \;(i € S) be positive constants such that
Ai—XNI @ 1€ 8,
A+ NI 0 i €S
are Hurwitz matrices. Then, there exists a symmetric positive definite matrix P,
such that
(A = ND)TP+ Pi(A; —NI) <0 @ i€ S,
(Ai+ ND)TP 4+ P(A+ M) <0 @ i€ S,

For each ¢ € S, define
Vi(z) = 2" P
Then,
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Let us run, for instance, [ unstable modes and run [ times from an unstable one,
and run m — [ stable modes and run m — [ — 1 times from a stable mode. Then,

for t € [tp_1,tx)

Vm(x) < Mm—1{62>\1(t1—t0) - 62>\l(tl—tz—1)}

% {6—2>\l+1(tl+1—t1) . 6—2>\m71(tk71—tk72)}‘/l(x())e—?)\m(t—tkfl) (266)
Let

AT = max{2\;:i=1,2,--- 1}

AT = min{2)\;:i=1+1,1+2--- ,m}

and denote by T (tg,t) and T~ (t,t) the total activation time of the unstable and

stable modes, respectively. Then, for ¢ € [tx_1, ;) we have

Vm(l’) < Ium—le)\*T*—)ﬁT*

Choose A* € (0, A7), and assume that the switching law satisfies

nf Ti(t(), t) AT + \*
2t T+ (tg,1) = A= — A*

(2.67)
where this condition implies that for any ¢ > t,

AT+ AT < (A = AT

AT ENTTT < N7 =7t

—\N(T~+T%)
= =\t —to)

Therefore, applying condition (2.67) to (2.66) gives us
Vi(w(t)) < p™te M0V ().
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Assume that the dwell-time condition (2.53) holds. Then, we have for ¢ € [ty, o)

Vi(z) < e W0V (a).

We have proved the following

Theorem 2.11: Consider the switched system (2.52). Let A;(i € S,) be Hur-
witz matrices, and A;(i € Ss) be unstable matrices. Assume that Conditions (2.53)

and (2.67) hold. Then, the origin of (2.52) is exponentially stable.

2.5 Impulsive Systems

As pointed out earlier, an impulsive system consists of a system of ordinary dif-
ferential equations that describes continuous evolutions and a system of difference
equations defining the impulsive effects. In this section we describe and analyze

the stability of impulsive systems.

Let Q € R™ be the phase space of an evolutionary process and assume {2 is an

open set. Define

D=R, xQ={(t,z):t€ Ry and =z € Q}.

D is called the extended phase space. Let the evolutionary state of the process at
time ¢ be given by z(t), and denote by P; the point (¢,z(¢)) in D. Assume that
the system of ordinary differential equations between moments of impulses has the

form
@(t) = f(t,z(t)) (2.68)
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and that impulses occur when a spatio-temporal relation x(¢,z) = 0 is satisfied.

Let
M ={(t,z) € D: k(t,z) =0} (2.69)

denote the hypersurface of the equation k(t,z) = 0, and A : M — D, where
A(t,x) = (t,x + I(t,x)), denote the function which describes the impulsive action.
Here, we have I(t,x) = Az, where [ : M — R". Therefore, the impulsive system

has the following form

w(t) = ft,xt), k(t,z)#0,
Azr = I(t,x), k(t,x) = 0. (2.70)

The solution of the impulsive system (2.70) is defined below.

Definition 2.10 A function x : (ty,5) — R™, where 0 < ty < [ < o0, is said
to be a solution of system (2.70) if the following conditions are satisfied.

(1) (t,xz(t)) € D fort € (to, 5).

(ii)  The right-hand limit x(t§) = lim, ¢ x(t) exists and (to, z(ty)) € D.

(1ii) Nt € (to,0), if k(t,xz(t)) # 0 then x is continuously differentiable at t and
satisfies the differential equation (t) = f(t,z(t)).

(tv) The set of moments of impulses T' = {t € (ty, ) : k(t,z(t)) = 0} is finite or
consists of countable increasing sequence of points with limit 3.

(v) If the moment of impulse t € T, then the left-hand limit x(t~) = lim; ., x(¢)
exists and z(t~) = x(t) fort # to, meaning that the solution is left-continuous, and

z(tt) exists and x(tT) = x(t) + I(t, z(t)) fort # 5.

In system (2.70), Az = z(t*) — x(¢t). If 2(¢) is a solution of (2.70), then we call

the curve in D which is described by the points P, = (¢,z(t)) the integral curve
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associated with x(t). To show how the solution of an evolutionary process behaves,
let T' = {t;}32, where t, < tgy1, for each k. For t € (tg, 1], let x(t) = z(t; o, z(t]))
be any solution of (2.68) starting at (to,x(tg)). The point P, = (t,z(t)) € D
begins its motion at the point P+ = (to, z(tg)), and then moves along the curve
{(t,z(t)) : t > to} until £ = ¢;. At this moment, we have k(t1,z(t1)) = 0, so an
impulse occurs, and the function A immediately transfers the point P, = (t1,x(t1))
into P = A(ty, z(t)) = (tr, z(tr) + I(t1, 2(t1))) = (t1, z(t])). For t > t1, the point
P, = (t,z(t)) moves further along the curve with z(t) = z(t;t;,x(t])) until ¢t = ¢,
at which the function A transfers P, into F,+. This process continues in the same

manner for as long as x(t) exists.

Consequently, the solution of impulsive system (2.70) is either continuous or
piecewise continuous with simple jump discontinuities occurring at the moments of

impulse ¢ for which I(t, z(t)) # 0.
The initial value problem for the impulsive system (2.70) is given by
#(t) = f(ta(t),  Kl(tx) £ 0,

Ax = I(t,x), k(t,z) = 0. (2.71)

z(tg) = xo.

If k(ty,z0) # 0, meaning that there is no impulse at the initial time, then the
initial condition may be written x(tg) = wo, and the solution of (2.71) may be

defined at ¢t = t;.

Generally, a solution x(t) = z(t;tg, zo) of (2.71) defined on an interval (g, )

and experiencing impulses at points 7' = {t;}72, with ¢, < f441 can be described
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as follows.

(
x(t;to,.fo), to <1 <t
x(t;ty, z(t])), t <t <ty

w(t e, (6)), te <t <tpi,

where z(t)) = x(tg) + I(tr, z(tx)).

Because of some difficulties that may be caused by an arbitrary choice of the
relation k(t,z) = 0, we shall focus on a certain kind of impulses; namely, we
consider simple systems for which the impulsive actions take place at fixed times
tg < t1 < -+ < tp < ---. In this case, the set M consists of a sequence of

hyper-planes t = t; in D. These systems can then be written as follows.

w(t) = f(t,x(t)), tF# b,
Az = I(t,z), t = tp.

(2.73)

Impulsive systems with impulses at variable times or autonomous systems with
time-independent impulses are more difficult compared to impulsive systems with
fixed moments of impulsive effects. In the first case, the set M consists of a sequence
of hyper-surfaces represented by ¢, = wy(x(t)), for each k, with wg(x) < wry1(2)

and limy_o, wi(z) = 0o. Such systems can be written as follows.

a(t) = f(t,x(t), t# wi(2),

(2.74)
Az = I(t,x), t = wi(z).

These systems have interesting properties; for example, solutions may expe-

rience an infinite number of impulses in a finite amount of time, or in addition
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solutions may not exist after reaching an impulse hyper-surface. The autonomous

impulsive system can be written as follows

#(t) = f(z@), e Q\M,

(2.75)
Az = I(z), x € M.

where M = {z € Q : k(x) = 0}. Solutions of (2.75) may experience an infinite
number of impulses in finite time interval. For more details about these types of

impulsive systems, readers may refer to [Lak89], and some references therein.

In the following definition we define stability of solutions of system (2.71) where
f(t,0) = 0 and I(¢,0) = 0, meaning that the origin in an equilibrium point of the

system.

Definition2.11:[Bal95] Consider system (2.71). Let x(t) = x(t;to, x9) and y(t) =
y(t;to,y0), to > to, be solutions of (2.71) defined on (ty,00) with initial conditions
w(td) = xo and y(I)) = yo, respectively. Then, x(t) is said to be

(i) stable in the sense of Lyapunov if for each ¢ > 0, and ty > to, there exists a

positive constant § = 6(to,€) such that
lx(fo) = woll <& implies |z(t) —y(B)]| <e. t>F

(i1) unstable if (i) is not satisfied
(iii) attractive if for each to >ty and e > 0, there exist positive constants 6 = 0(to)

and T = T(ty,e) such that
o) —woll <& implies |la(t) —y(®) <e, t>F+T

(iv) asymptotically stable if (i) and (iii) are satisfied
(v) uniformly asymptotically stable if (i) and (iii) are satisfied and the constants o

and T are independent of t.
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In the following theorem, we give the sufficient conditions that guarantee ex-
ponential stability (in the sense of Lyapunov) of a simple impulsive system given
by

(t) = Ax(t), t#ty,

(2.76)
Az = Byx, (or z(tf)=[I + Bilz(tx)) t=ty, k=1,2,---

Theorem 2.12:[Wan04] Assume that the eigenvalues of A have negative real parts.
Then, the origin of system (2.76) is globally exponentially stable if the following
inequality holds.

thzk—V(tk—tk,ﬁ S O, k= 1,2,"' (277)

)\mdx([I'i‘Bk]TP[I-i_BkD
)\min(P)

where o = with P being a positive definite matrix satisfying
ATP+PA=—-Q

for any positive definite matriz Q, 0 < v < & and £ = Anin(Q)/ Amin (P)-
Proof:
For a given solution z(.), define v(t) =: V(2(t)) = 7 Pz. Then, the derivative of v

along the trajectory of (2.76) is given by

where & = Apin(Q)/Amin(P), and
o(t) <o(tf e 8=1) e (t 1)
while at t = t;, we have
v(ty) = a(ty)" Pa(tf)
= a(te)"[I + Bi]" P[I + Byx(ty)
< Amax([I + BT P[I + By))a(ty) T a(ty)
= ogv(ty)
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Namely, we have

v(t)) < agv(ty) (2.78)
where oy, = ’\"‘a"([lifi’i(TPI;[HB’“]). Now, for t € (tg,t;], we have
v(t) < v(td)e st
and

(tf) < arv(ty) < anu(td)e @),
Similarly, for t € (¢1, 1], we have
'U(t) S U(t8—>a16_£(t1_to)e_g(t_tl) — ’U(tg_)ale_f(t_t())'

Generally, we have for ¢t € (tg, tg11]

v(t) < U(t Yagag - - - ae” &(t—to)
= U(t Yy - - ape —v(t—to) ,—(£~v)(t=to)
= ’U(t ) v(t1—to Oé2671/(t27t1) L ake*l’(tk*tkfl)e*(f*V)(t*to)

By Assumption (2.77) we have
o(t) < vo(t)e EE) >
which implies that
le(O)] < Klla(tg)lle” 0020t >4

where K = /p; this shows that the origin is globally exponentially stable.
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2.6 Delay Differential Equations

Let C, = C([—7,0], R"), with 7 > 0, representing a time delay, be the set of contin-
uous functions from [—7,0] to R". If ¢ € C;, the 7-norm of this function is defined

by [|¢¢]l- = sup_,<g<oll@(0)[|, where || - || is the Euclidean norm on R".
Definition 2.12: If z is a function mapping [t — 7,t] into R™, a new function
x; mapping [—7,0] into R™ is defined as follows

x(0) = x(t + 0), for 0 € [—7,0].

Here, 24(0) (or simply =) is the segment of the function z, from ¢ — 7 to ¢, that has
been shifted to the interval [—7, 0]. A general delay differential equation is described

as follows

©(t) = f(t, ), (2.79)

where f depends on both ¢ and x;. Since z; is an element of C([—7,0], R"), f is
called a functional. Unlike the initial state of an ordinary differential equation, the
initial state of system (2.79) is defined on the entire interval [ty — T, to], not just to.

Then, an initial condition is given as a continuous function
Ty = (), L € [to — 7, 0] (2.80)
Thus, the delay initial value problem is given by

‘T(t) = f(tamt)a

Tty = ¢(t), te [tO -7, tO]

Definition 2.13: The equilibrium point x(t) = 0 of system (2.79) is said to be
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e stable if, for a given £ > 0, there exists a § = d(g,ty) > 0 such that

|z ll- < implies |z(t)|| <e, Yt>ty—7

e unstable if it is not stable
e asymptotically stable if it is stable and there exists a § = 0(ty) > 0 such that

|z, |l- < 0 implies thm x(t) =0

e locally exponentially stable if there exist positive constants ¢, k, and \ such

that

e < Kl ll-e™ ¥z, |l < e (2.81)

o [t 1s said to globally exponentially stable if ¢ can be chosen arbitrarily large

and (2.81) holds for any x;, € R".

Before analyzing the stability of delay systems, we state the following proposi-

tion and lemma.

Proposition 2.1:[Hal66] Consider the following delay differential inequality.

w(t) < f(t,u(t), sup u(h)), t € lto,to+a), a>0.
oet—T,t]

Assume that y(t) is a solution of the delay differential equation

y(t) = f(t,y(t), eesftu_p ) y(0)),  te€ltoto+a)

such that



Then,

Lemma 2.2:[Hal66] Assume that v is a continuous nonnegative function defined

on [ty — 7,b) and satisfies

0(t) < —av(t) + 3 sup v(h), t € [to,b)
0et—T,t]

where o and 3 are positive constant satisfying o > (3 > 0. Then, there exists a

positive constant £ such that

o)< sup w(®)e W, te ft,b)

0€[to—T,to]

where £ is a unique positive solution of

£ =a— B,

Consider now the following linear time-invariant delay system
&(t) = Az(t) + Bx(t — 1), (2.82)

where A and B are n X n constant matrices.

Theorem 2.13:The origin of system (2.82) is exponentially stable if the matrix
A is Hurwitz and the following inequality is satisfied

a )\mam(P> * >\mzn<P) = 0 (283)
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where P and Q) are positive definite matrices satisfying the Lyapunov equation
ATP+ PA=-Q

and §* = ||PB]|.
Proof:
Define V(z) = 27 Px as a Lyapunov function candidate for system (2.82). Then,
the time derivative of V' along the trajectories of system (2.82) is
. T
Vo= (A:c(t) + Ba(t — T)) Pr+ :cTP<A:c(t) + Ba(t — T))

(AP + PA)x + 22" PBx(t — 7)

< —2'Qx + 22" PBx(t — 1)
< i @)ll2* + [PBI| (Il ]* + [|l=(¢ — 7))
= —(min(@) = B)l2|* + Bl|=(t — 7))
< 2Py« Ll
Then, by Lemma 2.2 , where o = % and 3 = #*(P), there exists a positive

constant £ such that
V(@) < [|Viglloem50)
Hence
z(t)|| < K ||z, ||-e 8¢ 10/

where K = ,/pi; this shows that system (2.82) is exponentially stable.

2.6.1 Impulsive Delay Systems

Consider delay system (2.79) and the continuous initial condition (2.80)

x(t) - f(t7xt)a

LIZ’tO = (b(t), t e [to -7, to]
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Adding impulses to system (2.79) will lead us to the consideration of piecewise con-
tinuous functions. Since the solutions will be piecewise continuous, the functional
f must be defined on a class of piecewise continuous functions, and furthermore
the continuous initial condition must be generalized to a piecewise continuous (ini-
tial) function. Before describing impulsive delay systems, we define some classes
of piecewise continuous functions [Bal99]. Let a,b € R with a < b and D C R".
Define

PC(a,8).D) = {v:[a,b] = D|p(t") = v(t) ¥t € [a,0), Y(t") exists in
D Vte (a,b] and (t7) = 9(t) for all but at most a finite number
of points € (a, b]},

PC(ja,0),D) = {v:[a.8] = D|(t*) = (1) ¥t € [a,b),(t") exists in
D Wt e (a,b) and ¢(t7) = (t) for all but at most a finite number
of points t € (a, b)},

PC(la,),D) = {1/1 :[a,b] = D

Ve > aawha,c] S PC([CL7 C],D)}

Let PC; = {¢: ¢ € PC([—7,0], R")} be the set of piecewise continuous functions
mapping [—7,0] into R". If ¢ € PC,, the T—norm of ¢ is defined by ||¢|, =
SUp_,<p<o [|9(0)||. If 2 € PC([to — 7,00), R") where ty > 0, then we define z, €
PC([—7,0], R") by x(0) = z(t +0) for —7 < 6 < 0. Let J be an interval of the
form [a,b) with 0 < a < b < 0o, and D C R"™ be an open set. Impulsive delay

systems can be described as follows

©(t) = f(t,xe), k(t,x(t7)) # 0, (2.84)
Ax = I(t,z(t7)), k(t,z(t™)) = 0. (2.85)
z(t) = o), t € [to— 7,10 (2.86)

where f:J x PC(|—1,0],D) — R", and ¢ € PC([—7,0], D).
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Before defining the solution of (2.84) — (2.86), we define the difference between

two sets A and B as follows
AB={t:te Aandt ¢ B}

Definition 2.14:[Bal99] A function x € PC([ty — T,to + «], D) where o > 0 and
[to, to + ] C J is said to be a solution of (2.84) if
(1) the set T = {t € (to,to+ ] : k(t,x(t7)) = 0} of impulse times is finite (possible
empty);
(i1) = is continuous at each t € (to,to + a|]\T';
(i1i) the derivative of x exists and is continuous at all but at most a finite number
of points t in (to,to + «);
(iv) the right-hand derivative of x exists and satisfies the delay differential equation
(2.84) for allt € (to,to + a|]\T'; and
(v) x satisfies the delay difference equation (2.85) for allt € T.
Moreover, if in addition x satisfies (2.86), then x is said to be a solution of the
initial impulsive delay system (2.84) — (2.86).

As a special case when impulses occur at fixed times (i.e. T = {tx};2,) with
to <ty < +-+- <t < ...and limg_ ot = oo, the solution of (2.84) — (2.86) is
described as follows

x(t;tg, @), telty—T1,t

o(t) = (t:to, ¢) [to 1) (2.87)
x(t;tk,xtk), te {tk,thrl), k= 1,2,...

where z(t;) = x(t, ) + I (tg, z(t;)).

We end this subsection with stating the sufficient conditions that guarantee

stability of the following system.

#(t) = Ax(t)+B(t—71), t#t

Azr = Byx(t™), t=t1y, k=1,2,--- lim t;, = oo.

k—o0
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Theorem 2.14 [Bal99] Assume that the eigenvalues of A have negative real parts
and let P be the solution of the Lyapunov equation AT P+ PA = —1I. Suppose that
|IPB|| < 1/2, 24| Bkl < 00, and t* = infyez+{ty — tx—1} > 0. Then the origin is

uniformly asymptotically stable.

2.6.2 Exponential Stability of Singularly Perturbed Sys-

tems with Time Delay

Linear time-varying singularly perturbed system with time delay can be described

as follows

Zt = Au(t)l' —|— Am(t)l’t —|— Bn(t)z —|— Blg(t)zt
€z = Agl(t)l’ + AQQ(t)I‘t + Bgl (t)Z (288)

where x € R™, z € R" are respectively the slow and fast states of the system;
A;;(t), Byj(t) and By (t)(4,j = 1,2) are continuous matrices with following dimen-
sions Ais : m X m, Bis : m X mn, Ags : n X m, By 1 n X n; Agn(t) and By (t)
are continuously differentiable, and By (t) is nonsingular, and e represents a small
parameter. The delayed fast variable is not included for simplicity. Exponential
stability of this system was investigated by Liu et al.[Liu03]. Here, we state the

sufficient conditions that guarantee exponential stability of the system.

Definition 2.12: [Liu03] The equilibrium point of system (2.88) is said to be ex-

ponentially stable if there exist positive constants K, and X such that

[N + [z < K(”xtoHT + Hztollr)e’“t*“), t >t
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for all x(t) and z(t), the solutions of system (2.88).

Theorem 2.15: [Liu03| The origin of system (2.88) is globally exponentially stable
if the following assumptions hold.
A1) There exist positive constants o, 3 such that

Re[AM(An(1))] < —a <0, A @) < 8, |An ()] < B
Re[A(Bx(t))] < —a <0, [ Ba(t)]] < 83, |Baar(8)]| <
By (1) Anr (1) < B, || By (£) Aga(t)]] < .

A2) There exist bounded functions a,s(t) and b,s(t) (r,s = 1,2) satisfying

an(®)]z]® + arz(t)]|z.I7
+bu(t)|[(z — h)|)*
t)ll(z = h).ll?

227 Py (t)[Ara(t)zs + Bii(t)z + Bia(t)z] + 2T P(t)z < )
(
(
=2(z = W) P()h(t) + (2 = B) P#)(z = h) < an(t)]|z]* + ass ()]}
(
(

+b1o

+b21 ()] (z — h)||?
+ba ()] (z — h)e)?

where h(t) = — By (t)[ A1 (t)x + Ao (t)z].

A83) There exist positive constants €* and n such that —A(t) is an M—matriz
and M(A(t) + AT(t)) + 2| B(t)|| < —n < 0 where

_l-an(y) b11(t) ai2(t)  bia(t)

_ A A2m B Am Aom
At) = and B(t) =
a21(t) o 178*1}21(1‘/) a22(t) b22(t)
A1m e* Ao A1m A2m

where Ap = Min{ Apin(Pe(2));r = 1,2}, and A\yr = maz{ e (Pr(t));r = 1,2},
and P.(t)(r = 1,2) are respectively the solutions of the following Lyapunov equa-
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tions.

AT (OP(t) + Pi(t)An(t) = —1,

By, (t) Pa(t) + Py(t) Bar(t) = —1In.

Assumption A1 is introduced to guarantee exponential stability of the uncoupled

subsystems

o(t) = An(t)z(t)
2(t) = Bo(t)z(t). (2.89)

Viewing (2.88) as a perturbation of the uncoupled subsystems in (2.89), it is rea-
sonable to have assumption A2, meaning that the interconnections are bounded.
Finally, for the stability of the interconnected system (2.88), Assumptions Al and
A2 are not sufficient, so that an additional condition is required; that is, as pointed
out in this chapter, the degrees of stability for the uncoupled subsystems are larger
than the strength of the interconnections. This fact is represented by Assumption

A3.
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Chapter 3

Exponential Stability of Switched
Delay Singularly Perturbed
Systems

Having introduced the required material in Chapter 2, in this chapter we investigate
exponential stability of switched singularly perturbed systems with time delay. In
Section 3.1, we introduce some useful lemmas (Lemmas 3.1 and 3.3) that help us
prove exponential stability of switched delay systems that consist of stable and
unstable modes. These lemmas, in fact, are analogous to Lemmas 2.2 and 3.2
which apply to stable modes. In Section 3.2, linear singularly perturbed systems
with time-varying matrices are discussed, while in Section 3.3 we study a special
class of nonlinear systems. Multiple Lyapunov functions will be used as a tool
to establish stability of the system. Examples are given to verify our theoretical

results.
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3.1 Exponential Stability of Switched Delay Sys-

tems

Linear time-invariant switched delay systems can be described as follows.

©(t) = Ax(t)+ Bix(t —71), t € [ty tr—1)

w(t) = o(t),  teto—T7to] (3.1)

where k = 1,2, ---, lim,_. tx = 00, and A; and B; are nxn constant matrices for all
i€ S ={1,2,---,N}. The stability of this system with stable subsystems was first
investigated by Zhang and Liu [Zha04] by finding one common Lyapunov function
that is valid for the family of stable modes given in (3.1). In this work, we use
multiple Lyapunov functions as a tool for analyzing the stability of switched delay
systems; that is, assuming that the subsystems in (3.1) are exponentially stable,
there is one Lyapunov function for each subsystem. A more general switched system
where the set S is extended to include in addition unstable subsystems will also be

addressed in this section.

3.1.1 Systems with Stable Subsystems

In the following theorem, we give sufficient conditions that guarantee exponential

stability of system (3.1).

Theorem 3.1: The origin of system (3.1) is exponentially stable if the follow-
ing conditions are satisfied

A1) Foreachi € S, the delay subsystems in (3.1) satisfy the conditions of Theorem
2.13.
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A2) There exists a positive constant 0 < v < &; such that
lnu + fﬂ' - V(tk — tkfl) < 0.

where &; is defined in Lemma 2.2.

Remark: Obviously, the presence of delay results in the dwell times of delay

systems being longer than those of the corresponding ordinary systems.

Proof:
Let Vi(z) = 2T Pz(i € S) be a Lyapunov function for the i"* subsystem. Then, the
time derivative of V; along the trajectories of (3.1) is

Aminii) — B5 Vil
- )\maz(Pz) Am”m(-Pz)H tH

Then, by Lemma 2.2 | where «; = %, B = AmZ:(P,-) and 3 = ||PiBl|, there

exists a positive constant & such that

Vilw) < Vi, llre 6000

Following the analysis in Chapter 2 and after running modes 1 and 2, we have

respectively

Vi(z) < [[Villre 07t € fto, 1)

Vaw) < peSme MOV, (e e [ny 1)

Generally, we have for ¢ € [t;_1, 1)

VZ(ZL“) < M6§176—§1(t1—to)M€§2T€—§2(t2—t1) . Me&—176—fi—1(tk—1—tk—2)

|| Viig || -8t t-1)
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Let A = min{¢; : i € S}. Then,

Vi()

IN

MeﬁlT,ueﬁﬂ . uefi_lTH‘/itO ||Te—)\(t—t0)

< /Leéﬂ’e*l/(tl*to)ueﬁﬂefl/(tz*tl), &i1T *V(tkflftkfz)H‘/i

- e e ||Tef()‘71’)(t*t0)

to
By Assumption A2, we have
Vi) < [[Vay, llre” 37000t > ¢,

Then, there exists a positive constant K such that

z(t)|| < Kl|zy, ||~ A Et0)/2. t > 1.
0

In the following example we illustrate the theoretical result of Theorem 3.1.

Example 3.1: Consider the switched delay system (3.1) where S = {1,2}, 7 =1,

—12 1 1 2
Al - ) Bl -
1 -9 0 -2
-8 2 1 0
AQ = , B2 =
0 -7 01

and the initial condition is ¢(t) = ¢ + 1. Take

9 0 14 0
Ql = and QQ =
0 5 0 13
Then,
0.3776 0.0314 0.906 0.1238
1= and Pg =
0.0314 0.2813 0.1238 0.9286
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Hence, i1 = Apr/ A = 3.8301, ay = 10.5836, ap = 11.481, 5y = 3.3274, 5 = 1.3136,
so that condition —«; + 3; < 0 is satisfied. The mode decay rates are & = 1.0523
and & = 1.9787. Taking v = 1 < &, then from Assumption A2 the dwell times
are Tp, = 2.4, and Tp, = 3.3, respectively, and the switched system decay rate is
(A —v)/2 = 0.00615. But, if we take for instance v = 0.5, then the mode decay
rates are respectively Tp, = 3.4 and Tp, = 4.7, and (A—v)/2 = 0.5524. Clearly, the
constant v plays a role in the dwell time amount and system decay rates. Figure
(1.1) shows that the solution of the switched system vanishes exponentially after

running mode 1 and 2 on the first and second interval, respectively.

1.2

—_—x1(1)
- = X2(t)
nu=1

0.8 .

0.6 m

()

0.4 -

0.2 .

Time t

Figure 3.1: Switched delay system with stable modes
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3.1.2 Systems with Stable and Unstable Subsystems

Consider again the switched delay systems (3.1)
x(t) = Ax(t) + Bix(t — 1),

where S = S, U S,. Before stating sufficient conditions that guarantee exponential
stability of this system, we first present the following lemmas. These lemmas are

important in the proof of our theorems.

Lemma 3.1: For a € R, with a > 0, and ty € Ry, let u : [to,to + a) — Ry

satisfy the following delay differential inequality

u(t) < au(t) + 08 sup u(f), t € [to,to+a).
0et—T,t]

Assume that o+ 3 > 0. Then, there exist positive constants & and k such that
u(t) < keS¢ € [to,to + a) (3.2)

where £ = a + B and k = suPpey,_r 1) W(0)-

Proof:
Claim y(t) = ket*=%) is a solution of the delay differential equation

y(t) = oyt + 8 s y(0),  telto,to+a) (3.3)

with the initial condition
y(t) = u(t), t € [to — T, to].
To prove the claim, we check that

gt) = ket

sup y(0) = ket = y(t)
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and (3.3) becomes
Skeﬁ(t—to) — akeSt—to) 5ke§(t—to)
Hence, y(t) = kef*~*) is indeed a solution of (3.3) where ¢ and k are defined above.

By Proposition 2.1, we have

u(t) < ket = sup  w(@)etl0), t € [to,to+a).
Ge[to—T,to]
Lemma 3.2: Fora € R witha >0 andt € [ty,to+a), to € Ry, let A(t) and B(t)
be n X n matrices of continuous functions, a(t) = )\(A(t) + AT(t)), |B(t)]] < b1
and a(t) + || B(t)|| < B2, (B2 > 0). Assume that the following inequality is satisfied.

y(t) < A(t)y(t) + B(t) sup y(0)

oelt—r,t]

T
where y(t) = (y1(0)12(0), - pa®)) 20 and

T
SUDge[t—r.1] y(0) = (SUpee[t—T,t] y1(0), SUDge[t—r,1] Y2(0), - - y SUPge[t—r 1] yn(9)> .
Then, there exists a & > 0 such that

Iy @I < Nyoo e, ¢ € [to, b0+ a)

where § = (51 + 32)/2.
Proof:

Let v(t) = y" ()y(t) = [ly(#)[|*. Then,

o(t) = g (yt) +y" (O)yt)

A(t)y(t) + B(O) sup y(0)) y(0) + " (0)(AWw(t) + B) sup y(6))

oelt—,t] oelt—r,t]

IN

< T (AT + A®) )y () + 2 BO Ny -
< a@y" (O + IBONly®I + 1BOIlly)2
= (a®+1BON) o) + 1BOlw-

< Bau(t) + Bulfvell -
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By Lemma 3.1, there exists a £ > 0 such that
v(t) < [fore[|-e ),
where 2§ = 35 4+ 31, and hence

ly@Oll < lyuoll-e57), ¢ € [to, to + a).

Having proved these lemmas, we establish exponential stability of the switched

delay system (3.1) with S =S, U S;.

Theorem 3.2: The origin of switched delay system (3.1), where S = S, U S,

15 exponentially stable if the following assumptions are satisfied.

Al1-i) Forie S,,
Re[A(A;)] >0, and Re[A(A; + B;)] > 0.

A1-ii) Fori € S,

Amin(Qi) — ﬁ:)

G
Sy + <0

Re[]MA)] <0, and - ( :
where 37 = || P;Bi]|.
A2) For any ty, the switching law guarantees that

— + *
. T (to,t) - AT+ A
t>to TH(tg,t) — A7 — A*

where \* € (0, \7); furthermore, there exists 0 < v < \* such that
(i) fori € {1,2,---,1}

Inp—v(ty —tr_q) <0, k=1,2,---,1

(i7) fori e {{+1,14+2,--- ,m—1}

Inp+ G — vty — tp—1) <0, E=1+1,1+2,---,m—1.
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Assumption (Al —i) means that for each i € S, the i*" subsystem is unstable, while
(Al —i7) is made to ensure exponential stability of each subsystem in (3.1). Since
(exponential) stability of each individual subsystem cannot guarantee the stability
of switched (or generally hybrid) systems, this suggests finding a complementary
condition, which is represented by Assumption A2. In fact, Condition (3.4) means
that stable modes are required to be activated longer than unstable ones. Condi-
tions (3.5) and (3.6) are to keep solutions down whenever modes are switched.
Proof:

For any i € S, define V;(z) = 27 Biz. Then, the derivative of V; along the trajecto-
ries of (3.1) is

Vz(x) =zt (A;TFPZ- + R-Ai)x + 22" PBix(t — 1)
For ¢ € S, we have
Vi(e) < 292" P+ 3] ||=)* + 6 ||«

B 5
o)Vl + SV

< (27+

where v > 0 such that Re([4; — vI]) < 0. With the aid of Lemma 3.2, where
B =27+ B/ Am and [y = 35 /A, there exists a & > 0 such that

Vi(z) < |[Vay, , [le50 00
Similarly, for ¢ € S, we have

Vi(z) < =A@l + B llll? + Bl

Amin(Qi) - ﬁ* 6*
< (@ Yy Ly,
< i @)+ 5Vl
By Lemma 2.2, where o; = W and (; = /\B—m, there exists a (; > 0 such that
Vi(@) < ||V, lre= 00
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To obtain a general estimate, let us run [ modes and switch [ times from an
unstable mode, and run m-/ modes and switch m-I-1 times from a stable mode.

Then,

l m—Il—1
Vm(l‘) < Hueﬁi(ti—ti—l) % H Me@ﬂe—(j(tj—tj—l) % ”V’ltOHTe—Cm(t—tmfl)
i=1 j=141
By condition (3.4), we have
l m—I[—1
V) < [ [ 5" x [Vag e
i=1 j=l+1

and, by (3.5) and (3.6) we get
V() < [[Vay e~ 700 >4,
Thus,
lz()]] < K|z [l,e” X020 > g, K=/

This shows that the origin of (3.1) is exponentially stable.

The following example illustrates these results.

Example 3.2: Consider system (3.1) where

05 0 20
Al = ) Bl =

0 0.5 0 1

-1 0 0.1 O
A2 == bl B2 =

0 -1 0 0.1
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Let v =1,

10
Q1= and () =
Then,

1 0 1.5 0
P = and P, =
01 0 1.5

We also have p = 1.5, the growth rate £ = 2.5, the decay rate ( = 1.3318, and
the dwell times of unstable and stable modes are respectively Tp, = 0.31, and
Tp, = 1.31. Figure 3.2(a) shows the solution dying out exponentially. Obviously,
solution z1(t) illustrates the requirement that stable modes be run longer than

unstable ones.

In fact, one can accelerate the convergence of solutions to the origin by taking

Tp, = 2, for instance . Figure 3.2(b) shows this result.
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x(®)

x(®

1 1 L ™ = e ™ e o

0 2 4 6 8 10 12 14

Figure 3.2: Switched delay system with unstable and stable modes
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Lemma 3.2 in fact is an analog to Lemma 3.3 which is stated below and will be

needed in proving our theorems.

Lemma 3.3: [Liu03] For t € [tg,00), let A(t) and B(t) be n x n matrices of
continuous functions, A(t) satisfy the assumptions of Theorem 2.6, and B(t) be
bounded. Furthermore, assume that

A1) NAT(t) + A1) < —a(t) < 0.

A2)  —a(t)+2||B(t)]| < =6 <0, with 8 being a positive constant.

A3) y(t) < A()y(t) + B(t) sup, << y(0),

where y(t) = (y1(t), y2(t), -+ ya(t))" = 0, and

SUP;_<g<; Y(0) = (SUP;_r<pcy Y1(0), 50D <y 42(0), -+ SUP; <oy Yn(0))" -

Then, there exists a positive constant & such that

lyOIl < llyso et >t

3.2 Linear Singularly Perturbed Systems

Linear time-varying switched singularly perturbed systems with time delay can be

described as follows.

T = Alli (t)ZL’ + A12i (t)[[‘t + Blli (t)Z + B12i (t)Zt,
€z = A21¢ (t)x -+ Aggi (t)&:t -+ BQL; (t)Z, t e [tkfl, tk>, (37)
wherei € S ={1,2,--- N}, k=1,2,--- with limy_ . tx, = 00, x € R™, z € R" are

respectively the slow and fast states of the system; A,, (), Bis, (t) and Bay, (t)(r, s =

1,2) are continuous matrices with following dimensions A;g, : m X m, By, : m X n,
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Ags, s mXm, Bay, : mxXn; Ao, (t) and By, (t) are continuously differentiable, Bay, (t)
is nonsingular, and ¢ represents a small parameter. The delayed fast variable is not

included in the fast system for simplicity.

The continuous initial conditions of this system are

z(t) = ¢o(t), t € [to — T, to]

where 7 represents time delay.

3.2.1 Systems with Stable Modes

Theorem 3.3: The origin of system (3.7) is globally exponentially stable if the
following assumptions hold.
Assumptions: Assume that fori € S and t € [ty, )

A1) there exist positive constants o, 3 such that;

Re[A(A1y,(t)] < —a <0, [ A1, ()] < 8, A, (1) < B
Re[A(Bay, (t))] < —a <0, [ By, (8)[| < B, | By, (1) < B
By (1) Aoy, ()| < B, || Byl () Aso, ()| < .

A2) there exist bounded functions a,s,(t) and by, (t) , (r,s = 1,2), satisfying

Ql’Tpli (t) [Aui (t)xt + Bllz‘ (t)Z —+ Bl2i (t)Zt] + .CCTP1<t>QZ S a1y, (t)”l’||2

7

+anz, (1) 217

k3

+b11, (8)[|(z — o) |
zZ

(t)
+b1o, ()| (z = ha)ell?

k3
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—2(z — hy) Py, (t)hi + (2 = ha) " Py, (1) (2 — he) < amy, (8) 2]
(

+bor, ()| (2 — ha) |12

(3

+baa, ()| (2 — ha)ell7

where h;(t) = —Bj! (t)[Asr, ()x + Aso, (t)x] and Pi,(t) and P»,(t) are respectively

the solutions of the Lyapunov equations.

AL ()P (E) + Py, (1) A, (1) = =1,
B, )Py, (t) + P, (t) By, (1) = —I,

where I, and I,, are identity matrices.

A3) there exist positive constants € and 1 such that —A(t) is an M—matriz

and NA(t) + A, (8)) + 2| Bi(t)]| < —n < 0 where

=t ) b, (t) ai2;(t) b1z, (t)
)\UVI /\Qm )\1m /\2m

as, (t) . 1752‘1)217’. (t) a2, (t) bzgi (t)
)\lm E’; /\QM )\lm >\2m

where Ny, = min{ A\ (P,), 0 € S}, and Ay = max{\ae(P,,), 0 € S}, r=1,2.

[

A4) Fori > 2 and k > 2, there exists a positive constant 0 < v < & such
that

In(2p) + &7 — vt —ti1) <0, j=12---0-1, 1=1,2,--- k—1.
where & 1s a unique positive solution of
—~T —~ — S
&= MAi +A)+ [Bill + |Bile
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Proof:

Fori € S, define V;(x(t)) = 27 (t) Py, (t)x(t) and Wi((z—h;)(t)) = (z—hy) T (t) P, (t) (2 —
h;)(t) as Lyapunov functions for system (3.7).

Then, the derivative of V;(x(t)) along the trajectories of the state z() is given by

Vi(z(t)) = @& Ptz +a" Py(t)i + 2" Py, (t)e

= " (AL OPL) + P (OAW D) )2 + 207 Py () (A, (D + B, ()2

4By, (t)zt> + TP (D

< —(1—an, )l + s, Ol + bus, (Ol = = b)]?
i ()12 — B2
1— (t b1 (t (t
< “rman®y o+ O e+ 292G
)\1M )\Zm )\1m
bio. (t
AUt
2m

Similarly, the derivative of W;((z— h;)(t)) along the trajectories of the state z(t)
is given by

Wil(z = hi)(1)) = (2= h)TPo,(t)(2 = h) + (2 — 1) " Py, (1) (2 — hy)

_B21i (t)hi

= <§(:4211(t)$ ‘:AQQi(t)fL‘t +Boy,(t)z) — ]:Li)TPQi(t)(Z — hy)
—Ba1, (t)h;
(2 = hi) Py (1) % <§(;121,(t)$ + Ags, (1), +Boy, (1)) — hi>

+(z = hi)" Py, (2 — )
= <%<_321i(t>h + Boy,(t)z) — hi)TPQi (t)(z — hi) + (z — hy)T Py, (t)

k3

< (HBar (00 + B, (02) = h) + (2 = h)T By (0 — h)
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= L~ WTBL(0) + 2B (0) Pz — h)(0) — KU P ()= — o)
(== h)" Po (1) Bon (1) = i) — (= = ho)" Py (1)
+(z = hi) Py, (t) (2 — hy)
(2= ha)" (B3, (8) P, + Po, (1) Bay, (1)) (2 — hi) = 2(z — hi)T Pa, (t) s

I
m | =

(z = hi)" Py, (t) (2 — hy)
—1||(Z — ho)lI? + a1, ()] 2]|* + aga, () [|2]|F 4 bar, () 1(z — ha) ||

+ba, ( Mz = ha)ell?
1 - €ib21i (t) a22, (t)

IN -+

IN
@
V)
=
/-\
=
S
/\
)
~—

Wil(z — h)(t Vill-
- Sz - b)) + 22
bz, ()
Wil
+2
(T 1 —efbyy, (t (T
< Wy - Im Wy ey + 2Oy,
Aim 51')\2M AMm
baa, ()
Wi T
+2 8w
Namely, we have
. 1— (T biy (t
V) <~ Op ey O oy + 2@y,
AMm /\2m /\1771
L biz, (t)
Wi ll-
+ 2w
. (t 1 —efbyy,(t
(- mie) < 2Dy - L8Oy ) 4 2Oy
im €; A2M im
Lo (®)
WiI-
+2
By Lemma 3.3, there exists a positive constant &; such that
Vi) < (Vi [lr + (Wi [l-)e 000
Wil(z =) (1) < (Vi I+ Way, [l)e 0 (3.8)
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Recall that we have for any ¢,j € S

Vi(x(t)) pVi(z(t))
Wi((z = hi)(t)) < paWil(z = hi) (1))

IN

Let p = max{p1, o }. Then, we have

Vi(e()) < pVi(x(t)) (3.9)
W;((z = hi)(®)) < pWil(z = hi) (1)) (3.10)

For convenience, we will carry out only one Lyapunov function V;. Running the

first and second modes on the first and second intervals respectively, we get

Vi(z(t)) < (Vi ll- + W, [I-)e o101
Va(z(t) < (Vo llr + [[Wa,, |[;)e 20" (3.11)

where the norms in the last inequalities are found as follows;

From (3.9), we have
Va(z(t)) < pVilz(t)) Vi€ [ty ta)
This inequality holds for all t € [t1,t5), so that at ¢ = t;, we have
Va(z(tr)) < pVi(z(t) < ull|Vag, [l + Wy, [l )e 0710
so that
Vo, e < e T ([Vayg Il + [[Whyg [l )81 0=
Similarly,

[Wa, ||+ < Mefv(”VhOHT + HWltOHT)effl(tlfto)
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Thus, inequality (3.11) becomes
Va(a(t)) < 2ue7(||Vi, |- + Wy, [l-)em 107 00em 0t e [ty 1)
Generally, for t € [t;_1,t;) we have

V;(J}(t)) < 2M€§1T€_§1(t1_t0)2u6 Ea(ta—t1) | | 2M€§i—176_§i—1(tk—l_tk—Z)

X

(Vi Il + (W, [l )e €t te)

WZ<<2 o hz)(t)) < 2ue 17'6751(t17t0)2’u6 276752(1?2%1) . ZuefiflTeffifl(tkflftkf2)

X

(Vi Nl + (W, || e te)
Let £ = min{¢;;7 =1,2,--- ,i}. Then,

Vil (1))

IN

2057201657 - 20T (||Vyy [l A+ [ Why, [l )e S

= 2uetT2uet - . 2/Leéi*17(HVh0 - + HWltO ||T)e*l’(t*to)*(éfl/)(tfto)

< 2peT2ue®T - 20 (VA | A+ W, || ) et Tt m(Emmito)
&7 o —v(ti—to)

= 2ue 2M6€2T€—V(t2—t1) . QMefi—lTe_V(tk—l_tk—2)

X (Vi 1 + W2, 1 (€200 (3.12)

Making use of Assumption A4, we get

Vila(t) < (Vi llr + W, [l e 70 (3.13)

<
Wil(z = h)(®) < (Vi llr + Wi, [l)e” &0t € [t, 00)
Now, from the fact that Vi (z(t)) < Aias||z(¢)]|* we have
Vi lle < Al (3.14)

and Wi ((z — hy)(t)) < Xonrl|(z = ha)|I> < Ao (J| 2] + [| e |)? leads to

Wl < Aaae(llztoll- + 1A, 1177,

< Jonr(llzll + Bl -)%, (3.15)
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where [|hy,, || < Bllzy |l and 8 > || By, () Awe, ()]
Thus, (3.13) becomes

Vi(z(t))

IA

(Marllzal2 + Aanr 1zl + Bllz )2 )€1

(12 + 2t 2 + 2l 21124012 + Il |2 ) = €071

N

< 2p(||zegll7 + [t | )27 (3.16)

where p = max {AlM, Aops max{1, 62}}.
Together, the last inequality in (3.16) and the fact that ||z(¢)]]* < ﬁ\/;(x(t)) give,

for ¢ € [ty, 00)

e < Kl + 2l )02 (3.17)

where K, = (2p/Aim)"/2.
To find an upper bound to z(t), we have
1

2| = [l < ||z = k]| < W/
12l = Rl < I Nove
Then,
1 1/2
||Z\|£Hz—h¢||+||hz-||§\/VWi + {1l (3.18)

where, by the same technique used in finding the last inequality in (3.16),

Wil(z = ha)(©) < 2([uls + 12120

so that,
1 Wi ()2 < 2_,0 1/2 —(§~-v)(t—t0)/2 3.19
i) < (=) lwsll- + 21l -)e : (3.19)
)\Qm /\2771
and
[ ()] < Bllz ()]} + Bl (t + 0)]] (3.20)
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where

e < Kl + 2l )02 (3.21)

and, from (3.17), we have

tl|T 1 tollT to |l T

Then, (3.20) becomes
1hi ()] < BE1(1 4 e 2) (|| [l + 26| e (1002 (3.22)
Substituting (3.19) and (3.22) into (3.18) gives, for ¢ € [ty, 00),
L2l < Ka(llwllr + [zl e €02 (3.23)

where

2
K}z(x?ﬂm+ﬁKﬂ1+é5W”%

Finally, we have, for t € [y, 00),
2@ + 2@ < K ([l + [122]|-)e 02,

where K = K; + K5. This shows that system (3.7) is globally exponentially stable.

Now in case assumption A4 fails; i.e. there is no such a dwell time T, but the
average dwell time T, holds, assumption A4 should be refined as follows;
(A4)" Assume that, for any to, the switching law satisfies
t—to

N(t,to) < No + (3.24)

a

where N(t,ty) represents the number of switchings in (t,ty), and Ny and T, are
respectively the chatter bound and average dwell time to be defined.

To use this assumption, let

5/ :maX{£J7]: 1727 72_1?7’6 {2737 ’N}}
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Then, the first inequality in (3.12); namely,
V;(x(t)) < Que&rzueézr.._Quefiqr(H%mHT + HWhOHT)efé(tfto)
is written as follows;

7\ i—1
Via(®) < (2m657) (Vi s + [ Wag, [l )em

(Vi Il + [W, || )eli D memsli=to) (Q — 9 T>

Applying assumption (A4)* with Ny = n/In o, where 7 is an arbitrary constant,
and T, = Ino/(& — &), (€ > &) leads to

Vi(z(t)) < ([[Va, -+ ||W1t0||7)e’7‘5*(t‘t0).
Similarly, we have
Wi((z —h)(@) < (Vi I+ + W, RO

These inequalities give the same result.

As a special case of (3.7), consider the following system

T = Allix—i‘BlziZ(t—T)

€z = Aggix(t—T)—l—BgliZ, te [tkfl,tk),k: 1,2,"' (325)

Corollary 3.1: The origin of system (3.25) is exponentially stable if the following
assumptions hold.

A1) Forie€ S, there exists a positive constant o such that

Re[AM(A11,)] < —a <0 and Re[A(Ba,)] < —a < 0.
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A2) There exist positive constants € and n such that —A; is an M—matriz and

—~ T —
MA;+A; ) +2||Bi|| < —n <0 where

Amin(Q1;)—b12,
A1M 0 0
Ai = 7Bi -
0 _ Amin(Q2;)—c"age; asz;
e* Ao A1m

where b12i = HPIZ-BIZZ-

—1
Aoz, = || Py, Byy, Ana, Auy,

, and Py, and P,

the solutions of Lyapunov equations

Al P+ PLAL, = —Q,
Bnglei + Py, By, = —Qy

for any positive definite matrices (Q1, and Qo,.

A3) Assumption A4 of Theorem 3.3 holds.

b2,

>\2m

are respectively

The proof of this corollary is a direct result from Theorem 3.3; thus it is omitted

here. The following example illustrates our results.

Example 3.3: Consider system (3.25) with the continuous initial functions

z(t) = t+1

A) = t+1, te[-1,0.

Mode 1: Stable mode

Let

—-18 0 30
A111 - ) 3121 - )
-1 =20 0 2



A221 = ) BQll -
2 0 -5 —10
120
Let @, = and @,
0 12 7
0.3333 —0.0088 0.4481 —0.2123
Then, P, = and P, =
—0.0088  0.3004 —0.2123  0.4561

and A(Py,) = 0.2982,0.3355 and  A(Py,) = 0.2398,0.6645.

Mode 2: Stable mode

Let
—-25 0 1 0
A, = ; DBig, = ;
0 =3 0 —1
0.1 0 -1 0
Aga, = , Bai, =
2 0 0 —4
30 5 0
Let Q1, = and Qs =
0 3 0 2
06 0 25 0
Then, P, = and P, =
0 0.5 0 0.25

A(PL,) = 0.5,0.6, and A(Py,) = 0.25,2.5.

Hence, p = max{uq, po} = 10.4253.
B = || By = 8.8574, B, = || Bs|| = 2.5021.
From assumption A2, we get ¢ < 0.2017, 5 < 0.2876.
Take €7 = 0.2, and €5 = 0.2. Then, we have
@i = AA, + A+ |Bi]l = {~101.8606, —27.8052},
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@ = A Ay + Ay) + | Bal = {—28.7738, —5.4979}.

The mode decay rates are & = 2.4183, & = 2.3568; therefore, taking v = 2.3 <
{&1, &}, the dwell times are respectively Tp, = 2.372 and Tp, = 2.345. We clearly
notice that the dwell times are almost equal since the decay rates of the subsystems

are almost the same.

Figure 3.3 shows that the solutions exponentially vanish after running the modes
on the first and second intervals, respectively. As expected, since the modes are

stable, the solutions of the switched system die out fast.

Switched Systems
1.2 T T T

—_ X1(t)
- = x2(t)
c=ZA(Y)
o zZ2(t)

(x(,z(1)

-0.2 I I I I I
0 0.5 1 15 2 ‘ 2.5 3 35 4 45 5

t1 )
Time t

Figure 3.3: Switched delay system with stable linear modes
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3.2.2 Systems with Stable and Unstable Modes

In this subsection, a more general system is considered where the family of modes
is extended to include, in addition, unstable modes

Theorem 3.4: The origin of system (3.7) is exponentially stable if the following
assumptions hold.

A1) Fort € [ty,00), there exist positive constants «, 3 such that

(i) forie S,

Re[A(A1y,(1))] > [ A, @) < B, A, (1) < B
Re[A(Bay, ()] < —a <0, (| Bar, (D) < 5, | By, (8)| < B
B3, (1) Aor, ()| < B, || Bai! () Ano, ()| < -
(i1) fori € Sy
Re[A(A1y,(t)] < —a <0, [ A1, ()] < 8B, A, (1)) < 8
Re[A(Bay, (t))] < —a <0, | Bar, (1) < 5, | By, (1) < B
By (1) Aoy, ()| < B, || Baps (1) Ago, (2)]| < 3,

Y

A2) there exist bounded functions a,s,(t) and by, (t) , (r,s = 1,2), satisfying

QZ’TPL. (t) [A12,~ (t)$t + Blli (t)Z + Bl2¢ (t)Zt] + .l’TPlZ. (t)fE S ayy,; (t)HfEH
Fang, (t)||z4)?

+b11, ()| (z = ha) |
+big, (E)[| (2 = ha)l|?

—2(z = h) Py, ()hi + (2 = h) " Po,(t)(2 — hi) < aon, (8)[[]® + asa, (1) [l
+0a1, ()| (2 = ) ||

b, (1) (2 — ha)ell7
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where hi(t) = —By' (t)[Aa, (t)x + As, (t)x], and Pi, and Py, are respectively the

solutions of Lyapunov equations

AL, )P (E) + Py, (0 A, (1) = =1,
By, () Po,(t) + Py, (t) By, (t) = —I,.

A3-i) fori € Sy, let at) = MNAT(t) + A;(1)), and | B;(t)|| < Bi where

2'y+a11i () blli () ai2; (t) b12i (t)
>\1m >\2m )\1m >\2'm
Az(t) = ) Bl<t> = )
az1; (t) . 1751'6217; (t) az2; (t) bggi (t)
)\1m Ei)\gm )\1m /\2m

and vy is a positive constant such that the matrix Ay, — vl has eigenvalues with
negative real parts. Assume that a(t) + ||E(t)|| < Ba, (2 > 0).

A8-ii) for i € S, there exist positive constants € and n such that —A;(t) is an
M—matriz and A(A;(t) + AT(t)) + 2| Bi(t)|| < —n < 0 where

. 17(1111. (t) bni (t) a1z, (t) b12i (t)
MM A2m Alm A2m

az1, (t) _ 1—efboyy(t) azz; () b2 (t)
)\1m 8; )\21\4 )\1m >\2'm

AT = max{¢& i€ S,},
AT = min{¢ :i € S},
T (to,t) be the total activation time of the unstable modes, T~ (to,t) be the total

activation time of the stable modes, and, for any ty, assume that the switching law

guarantees that

T (to, t + *
inf (O’)>)\+)\

2
20 TH(to, ) = A= — A" (3:26)
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where \* € (M, A7) and X € (0, \7). Furthermore, there exists 0 < v < (; such that
(1) fori e {1,2,--- I} and k=1,2,--- |1
In(2u) — v(ty —tr—1) <0 (3.27)
(i) forie {{+1,1+2,--- , m—1} andk=1+1,14+2,--- ,m—1
In(2u) + G — v(ty — tr—1) < 0. (3.28)
Proof:
For each i € S, define Vi(z(t)) = 2T(t)P,(t)z(t) and W;((z — hy)(t)) = (2 —
hi) () Py, (t) (2 — D) (1)
Then, for i € S, the derivative of V;(z(t)) along the trajectories of the state
x(t) is given by
Vi(z(t)) = aTP,(t)x+ 2" Py, (t)i + 2" Py (t)x
= (AL OPL) + AL (OAWD) )2 + 207 P () (A (D + B, ()2

4By, (t)zt> +aTPL (D

(T b1, (t (T
< v+ 9 Dyya) + Oy - nyy + 22y,
bio, (1)
W, ||
#2208
Similarly, the derivative of W;((z — h;)(t)) along the trajectories of the state z(t) is
given by
- (t 1— ey (¢ (¢
Wiz —h0) < 2Dy - O )+ 20y,
1m EiNaM im
bao. (1)
W, ||
w28
Then, by Lemma 3.2, there exists a positive constant &;,7 € S, such that
Vilz() < (Vi llr + (Wi, ll7)es 000
Wil(z = ha) (1)) < (Vi 1 + Wi, [l )esi ), (3.29)
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and by Lemma 3.3, there exists a positive constant (; such that

Viz(®) < (Vi e+ Wi, [lr)e Gt

tp—1

Wile = h)(®) < (Wi, Nl + Wi l)e 6000,

(3.30)

We shall show the analysis of finding an estimate of V;(z(t)) for t € [ty_1, ). This

estimate can be found by the same spirit of the previous analysis. Without loss of

generality, let us run [/ unstable mode and switch [ times from an unstable mode,

and run m-[ stable modes and switch m-I-1 times from a stable one. Then, we get

m—[—1

!

Vin(z(t)) < HQ;Leg"(ti_t"‘l)x H 2M6Cj7_6_<j(tj_tj—l)
i=1 j=l+1

“

Vi, II- + [[Wh,, ||T>e—<m<t—tm_1>

Using condition (3.26), we get

l m—Il—1
Vot < [T 20 TT 20657 (I I+ 173, e 0
i=1 j=l+1

and, as we did in Chapter 2, we get
Vnl@(®) < (Vi s + W, [l e =20700 g >,
Similarly, we have
Winl(z = b)) < (Vi Il + W3, | ) e ¥ =000 g > 4,

By Theorem 3.3, there exists a positive constant K such that

lz @l + 2@ < K (]l + [z |- )e 7072t > 1,

This shows that the origin of system (3.7) is globally exponentially stable.
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In fact one can use the average dwell time to achieve a similar result. To do so,
from (3.32) we have

I+m—1
Vala®) < T] 2069 x (Wil + W, 1 )e 0 (3.38)
=1

l+m—1

< H Z’uec*‘r X (H‘/ltOHT + ||W1t0 ||T>€_)‘*(t_t0)
=1
< (Wl + W2, I, )ettsm-ine-e-to

where o = 2ue®’ ™ and ¢* = max{(;i = 1,2,---,l +m — 1}. By the same manner
used in Chapter 2, we get
Via®) < (Vi e + Wiy, 1 )er— 00
Wil(z = ))<= (Vi e + Wi, 1) er= 01

where 7 is an arbitrary constant. This shows that the origin is exponentially stable.

As a special case, we consider again system (3.25) with S = 5, U S;.

Corollary 3.2: The origin of system (3.25) where with S = S, U Sy is expo-
nentially stable if the following assumptions hold.
A1) There exists a positive constant o such that

(i) fori e S,
Re[MA11,)] >0 and Re[A(By,)] < —0 <0
(i1) fori € S
Re[M(A11)] < —0 <0 and Re[\(Bs,)] < —0 < 0.

A2-i) Fori e S,, let v >0 be a positive constant such that the matriz Ay, — I

has eigenvalues with negative real parts, and assume that Bo, = a; + 31, > 0, where
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— —~T —
Bi, = | Bill, ais = MAs + Ay),

b12i b12i
27 + Alm O 0 A2m
A = , and B;=
Amin (Q2i)_5a2% a22;
0 - edam Alm 0

with bl2i = ||P1iB122.

—1
and ass, = [P, By, Az, Any,

, and Py, and Py, being respec-

tively the solutions of Lyapunov equations

Aﬁipli‘i‘PliAlli = —Qu,,
B3, Py, + Py, By, = —Q,.

for any positive definite matrices (Q1, and Qo,.

A2-ii) for i € Sy, there exist positive constants € and 1 such that —E s an

—~ T —
M—matriz and M(A; + A; ) +2||Bi|]| < —n < 0 where

_ Amin(Q1;) b1z, 0 0 b12,
Am A2m
Ai = JBi =
0 _ Amin(Q2;)—e"agy; asz;
e* Ao Alm

where bia,, ago,, Q1, and Qo, are defined in (A2 —1).

A8) Assumption A4 of Theorem 3.4 holds.

The proof of this corollary is a direct result from Theorem 3.4; thus, it is omit-

ted here. The following example illustrates these results.

Example 3.4: Consider system (3.25) with the initial conditions
x(t) = t+1
z2(t) = t+1, te[-1,0]
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Mode 1: Unstable mode

Let
2 3 3 0
Alll - Y 3121 - Y
0 1 0 2
1 -2 0
Agg, ,  Ba,
2 0 -10
10 9 0
Let Qll = s le = s and Y= 3
0 1 0 5
1.25 0.25 225 0
Then, P, = and P =
0.25 0.25 0 0.25

and A(P,) =0.191,1.309 and  A(FP»,) = 0.25,2.25.

Mode 2: Stable mode

Let
-5 0 1 0
Allg ) B122 )
0 -9 0 2
1 -6 0
A222 = ) B212 -
2 0 0 —6
10 0 6 0
Let Q12 = and Q22 =
0 9 0 3
1 0 05 0
Then, P12 = and P22 =
0 0.5 0 0.25

)\(P12) = 05, 1, and )\(P22> = 025, 0.5.
Hence, p = max{u, 2} = 9.
Take €1 = 0.31. Then, we have
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a1 = MA, + Ay) = {3.5283,52.5243), B, = |Bul| = 88.5581, so that fs, =
a; + f1, = {92.0864,141.0824} and the growth rates of the unstable mode are
¢ = (B, + f2,)/2 = {90.3222, 114.8202}.

From assumption (A2 — i), we get €5 < 0.3129,

al = A(A\;T + A5) + ||Bo|| = {—36.5, —8.2229}, where 35 = || Bs|| = 4, so that the
decay rates of the stable mode are ¢ = {2.1509,0.0438}. Apparently, in this exam-
ple, the growth rates of the unstable mode are much larger than the decay rates
of the stable mode; therefore, activating the stable mode longer than the unstable
one is strongly required.

Take v = 2. Then, the dwell time of the unstable and stable modes are respectively

TDu =1.4 and TDS = 3.

Figure 3.4 shows the switched system vanishing exponentially after running two
modes, unstable and stable. The unstable mode was activated on the 1%, 37 5"
and 7" intervals, while the stable one was activated on the 27¢ 4% 6% and 8™
intervals. The peaks occur at the switching moments, when the switching is from
the unstable mode into the stable. The solution x(t) illustrates the requirement

that the stable modes be activated longer than the unstable ones.
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Switched Systems
70 T T

—_ x1(t)
C=x2(1)
- = Z1(t)
60 o z2(0) [

N -

(x(®,z(0)

-10 I I I I
0 2 4 6 8 10 12 14 16 18

Figure 3.4: Switched delay system with unstable and stable linear modes

3.3 Nonlinear Singulary Perturbed Systems

In this section we study exponential stability of a nonlinear switched time-delayed

singularly perturbed system of the form

T = fi<x7$t727zt)

£Z = Bo,z+ Bi(x,xy), t € [tk-1,tr), (3.34)

where z € R™, z € R", i€ S ={1,2,--- N}, k=1,2,--- with limy_, tx = 00,
filz,xy, 2, 2) = An,x + gi(x, x4, 2, 2¢). We assume that system (3.34) has a unique
equilibrium point at the origin, the functions f; and B; are smooth enough to ensure
that system (3.34) has a unique solution , and By, is nonsingular. The delayed fast

variable in not included in the fast subsystem for simplicity. Let the continuous
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initial functions be given by

z(t) = o),

Z(t) = ¢2(t)7 t e [to -7, to]

3.3.1 Systems with Stable Modes

Theorem 3.5: The origin of system (3.34) is locally exponentially stable if the
following assumptions hold.
Assumptions: Assume that, fori € S,

A1) there exists a positive constant o such that
Re[A(A11,)] < —0 <0 and  Re[A(Ba,(t))] < —o < 0.
A2) there exist positive constants a,s, and bys,, (r,s = 1,2) such that

2= hil|® + bag || (2 = ha)i|I7,

(2 = ha)ellz,

|7+ buy,

33“2 +CL122.

T
207 Pygi(z, 20, 2,2) < any,

—2(z — hi)TPL-hi < ai, 4|12 4 b, ||z — hal|? + b,

$||2 +a12i

where h; = —Bz_lliBi(x, x¢), and Py,, P, are the same as defined in Corollary 3.1
A3) there exist positive constants €f and n such that —A; is an M-matriz and

—~ T —
AMA; + A ) +2||Bi]| < —n < 0 where

_ Amin(Q1y)—a1yy b11, aiz;  big;
)‘1]\/1 A2m Alm Aom
A; = and B; =
asi; _ Amin(Q2;)—e7 bay, az;  ba;
Alm 5; )\2M )\1m >\2m

where Ny, = min{Ain(Pr,), 0 € S}, and Aoy = max{ ez (PBr,), 7 € S}, r = 1,2,
and ()1,, (2, are defined in Corollary 3.1
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A4) Assumption A4 of Theorem 3.3 holds.

Proof:

For i € S, define V;(z(t)) =

ol (x(t)) Pa(z(t)) and Wi((z — hi)(t)) = (2 —

hi) " () Py, (2 — hi)(t).

Then, the time derivative of V; along the trajectories of the state x(t) is given by

‘./i:

IN

<

ii)TPh.ZC + l’Tpliii)
T
(Auz-fﬂ + gi(z, 2, 2, Zt)) Py x+ $TP1i (Anifﬂ + gi(x, 2y, 2, Zt))

T (A,{’Iipli + Pll.AHi)x + 227 Py gi(z, 24, 2, 1)

—(Amin(Q1,) — ax1,) 21?4 axz, |22 + bu1, [ (2 — ha)[I? + baz, | (z = ha)e)?
Amin(@l) — Q11 b1y, aig; b12,
- : Z‘/;—i_ 7'V[/l_'— : ‘/it T+ : Wit T
)\1M )\Qm )\1m H )\Qm H

Similarly, the time derivative of W; along the trajectories of z() is given by

W, -

IN

IN

IN

1 N\ T o /1
<E(B2liz + Bl(a:,xt)) — hz> P2i<2 — hl) -+ (Z — hz) PQi <E(BQLLZ
+Bi(z,24)) — hz)

1 T s /1
<Z(32112’ — B21ihi) — hl) PQ,L- (Z — hl) + (Z — hl) PQZ- (Z(Bglzz
~Bar,hi) — )

1 N\T T 1 .
<EBgli(Z — hl) — hl> PQZ(Z — hz) + (Z — hl) PQZ- (EBQL(Z — hl) — hl>

1 .
A Che hi)' (Bgy, P, + P, Bor, ) (2 — hi) — 2(2 — hy)" P, (t)

1

—EH(Z — )12+ aay, |2]* 4 age, |22 + bar, 1(z — ha)[I? + baa, 1(z — ha)ell?
21, )\min(QZ) — g;bay, 22, baa,
7 V; _ T ZWi T ‘/; - i M/Z .
Aim Eidam * Aim t” * Aom t”
21, )\min(QQ-) — &7 boy, 22, baa,
: V; - - : : VV’L : V; T : Wz T
. o b Al + N .l
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By lemma 3.3, there is a &; such that

Viz(®) < (Vi e+ Wi, [lr)e St

tp—1

Wil(z = h) (@) < (Vi I+ (1Way, [l7)e S0, (3.35)
By Theorem 3.2, there exists a positive constant K such that
lz@)] + [[z(t)] < K(thOHT + HZtOHT)e_()\*_V)(t_tO) t > to.
To verify our theoretical results, consider the following example.

Example 3.5: Consider the following nonlinear switched system

Mode 1:

i = —18sinx + a5+ 3z (t — 1)
Zl"JQ = —ln(l—l—l’l) —201’2+22’2(t—1)
5?;’1 = $1(t — ].) + SiIlZL’Q(t - 1) - 721 - 322

€2y = 2w1(t —1) —cosza(t —1) — 523 — 1029
Mode 2:

i = =251 +313+2(t—1)+25(t—1)
jﬂ'g = 327% — 3.1’2 - Zg(t — 1)
g4 = 0day(t—1)— 2z + 2

57;’2 = 2In (1 + 21’1(t — 1)) — 422,

The resulting linearized subsystems are given in Example 3.3. Figure 3.5 shows the
solutions of the nonlinear system after running Mode 1 on the first interval, and

Mode 2 on the second interval.
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Switched System
1.2 T T T

—_ x1(t)
- = x2(t)
c=zA(Y)
oo zZ2(t)

(x(,z(0)

Figure 3.5: Switched system with nonliner stable nonlinear modes

3.3.2 Systems with Stable and Unstable Modes

Consider again the nonlinear system (3.34) with the same continuous initial func-

tions and S = 5, U S,.

Theorem 83.6: The origin of system (3.34) with S = S, U Ss is exponentially
stable if the following assumptions hold.

A1-i) Fori € S,, there exists a positive constant o such that

Re[A(A11,)] >0 and Re[A(Bay,)] < —0 < 0.

93



A1-ii) Fori € S5, there exists a positive constant o such that
R@[)\(Allz)] S —0o <0 and RG[A(BQL)] S —o < 0.
A2) Assumption A2 of Theorem 3.5 holds.
A3-i) Fori € Sy, let v > 0 be a positive constant such that the matriz Ayy, — v

has eigenvalues with negative real parts, and assume that By, = a; + 1, > 0 where

— —~T —
B, = ||Bill, i = AM(A; + A;),

ai, b11, aiz;,  big;
2’}/ + >\1m >\2m >\1m >\2m
Ai = and Bz =
a21, _ Amin(Q2;)—eibar; az; b2z
)\1m €i>\2A{ )\lm /\2m

A3-11) For i € S, there exist positive constants €f and n such that —A; is an

M—matriz and M(A; + AT) + 2||B;|| < —n < 0 where

_ Amin(Q1;) a1y, b1, aia;  biz;
)\Uy[ )\Qm /\l'm )\Qm
A = and B; =
az1; _ Amin(Q2;) =7 bayy az,  baz,
Alm i Xam Alm  A2m

with @1, and Qq, being defined in Corollary 3.1.
A4) Assumption A4 of Theorem 3.4 holds.
Proof:

For each i € S, define V;(x) = 27 P,x and W;(z — h;) = (2 — h;)T Py, (2 — ;). Then,

for the unstable modes, the derivative of V; along the trajectories of the state x is
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given by

V, = i"Pa+a"Pua
= [Allix + gi($a Tty 2, Zt)]Tplix + :BTPIL' [Allix + gi(xv Ty, 2, Zt)]

= xT(Afl,Pl. + P Ay + 207 PrLgi(, w4, 2, 24)
bia,

by
Ly, g Mgy 12 o

A2m Aim

IN

Vil +

2

( Alnl

Similarly, the derivative of W; along the trajectories of the state z is given by

Wi = (3—h)TPy,(z—h;) + (2 — hy) Py, (2 — Iy)
— [%(Bgliz + Bi(z,x)) — hi]" Py, (2 — hy) + (2 — hi)TP%[%(leiZ
+Bi(x, 2,)) — Il
= [é(Bmlz — Boy,hi) — hi] TPy, (2 — hy) + (2 — hi)TPgi[é(Bgliz — By i) — hi]

_ [%Bmi(z ) — TPy (2 — hy) 4+ (2 — hi)TPzi[éBmi(z b)) — ]

_ é(z ) (BY Py 4 Py B} (= — hi) — 2(= — ho) oy (8)h

< =Dl = k)P =l
Mz = ha)ll2

< ij;v - Amm(%&iﬂ; Sty i” -+ an Wi |-

Then, by Lemma 3.2, there exist positive constants & with 8, = 3, and B2 = (o,
such that

=~
=
A

(I[Vi

Hr + HWZ )efi(t*tkfl)

t—1 th—1 ”T

=
=
A

(Vi

tp—1

-+ Wi, [l )esiCte),
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While for stable modes, by Lemma 3.3, there exists a positive constant (; such that

Vi(e) < (Vi Nl + Wi, [lr)em 000

tp—1

Wil(z = h)) < (Va1 + W [l)e S0t

The rest of the proof is similar to that of Theorem 3.4; thus, it is omitted here.

Example 3.6 Consider the following switched system

Mode 1:
1 = 2In(1+ 1)+ 322+ 321(t — 1) —cos za(t — 1)
o = mg+tcoszi(t—1)+2z(t—1)
62'1 = $1<t — 1) + 9$2(t — ].) — 221 — 323
622 = 2$1(t — 1) — 1022
Mode 2:
i = b+ 2z (t—1)+0.0525(t —1)
ig = .Z'% — 9(]32 — 222(t — 1)
£ = sinz(t—1) — 6z — 223

522 = 21H(1+2I1(t—1>>+2f—6227

Figure 3.6 shows the solutions of the nonlinear system after running Mode 1 on

the first and third intervals, and Mode 2 on the second and fourth intervals.
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Switched Systems

30 T T
- x1(t)
C=x2(1)
= = z1(t)
251 oo z2(t) |

(x(®).z(t))

Time t

Figure 3.6: Switched delay system with unstable and stable nonlinear modes

97



Chapter 4

Stability of Impulsive Switched
Singularly Perturbed Systems
with Time Delay

In this chapter, we investigate stability of impulsive switched singularly perturbed
systems with time delay. As we did in Chapter 3, we shall make use of multiple
Lyapunov functions technique as a tool in our proofs of stability. Linear systems and
a special case of nonlinear systems that consist of stable and unstable subsystems
are studied. We shall also establish stability properties of systems incorporating
unstable subsystems by impulsive effects. Illustrative examples are also given to

verify our theoretical results.
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4.1 Linear Systems

Before stating our theorems, we first describe the impulsive system that will be
under considerations in this section. Switched time-delayed singularly perturbed

systems with impulse effects occurring at fixed times can be written as follows.

T = Apn,x+ A+ Bz + Bigz, t#
ez = Ag,x+ Ag,xi + Boy,z, t # ty
Azr = Bx(t), t=t (4.1)
Az = Ciz(t), t=t

where 1 € S = S5, US,, x € R™, z € R" respectively represent the slow and fast
states of the system, k = 1,2,---, the impulsive moments satisfy tqg < t; < --- <
ty < ---, and limy_,o ty = co. We assume that z(t, ) = z(f;), meaning that the
solution is left-continuous. Ay = y(t*) — y(t). Let A,q,, Bis,, Bo1,(r,8 = 1,2) be
matrices with the following dimensions Aj,, : m X m, Bys, : m X n, Asg, : 1 X m,
Bsy, : n X n, and By, be nonsingular. We assume that the cumulative effects of all
of the impulses which are represented by By, and Cj, are finite (i.e, X532, ||By|| < oo

and 222 ,]|Ck|| < o0). The initial condition are

z(t) = ¢1(t), t € [to — T, to]

Z(t) = ¢2(t>, t € [to — 7, t(]]

where ¢1 c PC([tO - T, to],Rm) and ¢2 S PC([tg - T, to],Rn)

In the next theorem, we give sufficient conditions that guarantee stability of the

equilibrium point z* = 0, 2* = 0 of system (4.1) where S = S, U S;.
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Theorem 4.1: The origin of system (4.1) is exponentially stable if the following
assumptions are satisfied.
A1) There exists a positive constant o such that
(i) fori € S,
Re[A(A11,)] >0 , Re[A(Bay,)] < —a <0

(i) fori € Sy
Re[)\(Alll)] S —a <0 y Re[)\(Bgll)} S —a <0

A2) Fori € S and t € (ty_1,tx], there exist positive constants a,s, and b, ,

(r,s =1,2), satisfying

w47

xHQ + any,
+bu1, [ (z = ha) |1 + biz, [ (z = ha)el)?
—2(z — hi)TPQihi < agy,

233’TP11. [A12ixt -+ Blliz + Blgizt] S ai,

$t||3

JZHQ +CL221.

(z = ho)||* 4 baa, || (z — ha)e]|?

+621i

where h;(t) = — B3 [Ao, @ + Ago,x¢], and Py, P, are defined in Corollary 3.1.

A3) (i) Fori € S,, let v* be a positive constant such that the matriz Ay, — "1

has eigenvalues with negative real parts, and assume that 35, = of + 37, > 0 where

— ~T
=Bl o = MA; + Ay),

2v+aiy, b11, aiz;  biz;
)\1m >\2m >\1m A2'm
Ai = and Bz =
asy, _ Amin(Q2;)—eibay, az2;  bay;
Alm €id2m Alm A2m

A3) (ii) For i € Sy there exist positive constants € and n such that —A; is an
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M—matriz and M(A; + A7) + 2||Bi|| < —n < 0 where

_ Amin(Q1;)—a11, b1, a1z,  biz;
)\1]\/[ )\Qm )\lm )\Qm
A = and B; =
asi; _ Amin(Q2;)—€]ba1y az,  bog,
A1m €7 Ao Aim A2m

and Q1,, Q2, being positive definite matrices defined in Corollary 3.1.

AY4) Let

AT = max{¢& i€ 8S,},
AT = min{¢:i € S},

T (to,t) be the total activation time of the unstable modes, T~ (to,t) be the total
activation time of the stable modes, and, for any ty, assume that the switching law

guarantees that
_ + *
" T (to, 1) > AT+ A
t>to TF(tg,t) — A= — A*
where \* € (A, A7) and A € (0, \7). Furthermore, there exists 0 < v < (; such that

(2) fori e {1,2,--- I} and k =1,2,--- |1

(4.2)

(i7) forie {{+1,142,--- ,m—1} and k=1+1,142,--- ,m—1
In p(ay + B + Ve + VreST) + GT — vty — t_y) < 0. (4.4)

where oy, = p\2, ([ + By)),
B = 3L (|Ukll + 74 + si)7,
Vi = u(|Ukll + 7% + se)[| Uk,

Yo = 32Ul + 7 + si)sn
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Uk =1+ Ck;
rr, = max{|| Ryl : Rix = [I + C’k]B;fAm. — BEAQL.[I + By] Vi€ S}, and
Sk = max{||Szk|| Sip = [I -+ Ok]321 A22 2_1114221[] + Bk] Vi € S} .

Proof:

For t € (tp_1,t], define Vi(z(t)) = 2T (t)PLa(t) and Wi((z — hy)(t)) = (2 —
hi)T(t)Py,(z — hy)(t). Then, the time derivative of V; and W; along the trajec-
tories of x(t) and z(t) are

(i) for i € S,

. _ biq.
Via(t) < (2y+ TVile) + 3 Wil(z = k() + T2V
Im 2m 1Im
bis,
+)\2m ||7'
Willz = h)) < 2yi(afry) — 2mnl@e) =Sy o)) 4 927,
Am EiXam Aim
b22
)\Qm &
(ii) for i € S
V() < QW Ay g 4 By o)+ D2,
1M 2m Im
b12 :
/\2m "
21, Amin(Q?) — €5bay, A22;
—h)) < i i L2 = R (E
Willz =) < {EVila() (e = k) (0) + 32V
b22
)\Zm &

Then, by Lemma 3.2, there exists a positive constant & with 6y = 5, and 5, = 3,
i € Sy, such that
V() < (Vi e+ Wi, ety

Wil(z =h)(®) < (Vi N+ Wi, [l)es 0.

IN
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and by Lemma 3.3, there exists a positive constant (;, ¢ € S, such that

V;({E(t)) < (HV;Jr ||7—+||Wi+ ||T)€_Ci(t_t’“—1)

Wil(z = ha)(®) < (Vi ll-+ Wi, [lr)e 00,

At t = ¢}, we have the following estimates

Vi(ty)

Namely, we have

where oy, = pA2, (I + By).

We also have

et P (t])
{[I + Bila(tx) Y PrAlI + BiJa(ty)}
o7 (tp)[I + Bi)" Py [I + Biw(ty)
)\max<[l + BTPL[I + By )ﬂ
N (I + Bi)Amax (Pr) 5

AlM}\?nax(I + Bk)
)\1m
aVi(te)

Vi(tr)

Vi(th) < awVilte) (4.5)

Wiler) = (=) =t Pa (=660 — hale)

T
= {200 + BallAna(t) + Ay ]} Po{2() + BallAn,a ()

+A22i.1't2-]}

= {11+ Cule(ta) + Bat[Aar [T + Bila(te) + Aaa,[I + Bilz ]} P
{1+ Cyl(t) + Byl [Aan [T + Bio(ty) + Aaa,[I + Bz, |}
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{[1 + Crlz(te) — [I + Cilhi(ty) + [I + Cilhi(te) + By [Aar,[I + Bilz(ty)
A1+ Bl )} P {11+ Cule(t) — 11+ Culha(t) + 17+ Cillu(t)
Byt Ao, [T + Bilo(ti) + Az, 1 + Bilay, ]}

{1+ (=) = halt) + 1+ G (= Byl [An () + Aza, ]

T
Byt A [+ Blu(t) + Byl Asa, [T+ Bilay, } P {11+ G (2(t) — hilta))

{11+ Gl (2(t6) = hilte)) = 1 + Ci] By Ao () = [ + Gl Byl Asa,

+B5,t Ag

7

T
I + Byla(ty) + Byl A [I + Bk]xtk} P, { I+ Cy] (z(tk) - hi(tk)>

=Ug =R;
Uk B — ol k —

{ T+ G (200) = hatt)) = {1 + Cul Byl Aar, — Byl Aa1 1 + BilYa(t)

:Szk ::Uk:
7 —1 T r T
{1+ il B3 A, — Byt A [T + Bil}Yar, } Po{ T+ Gl (2(t0) = (1))
=Ry,

{I + Ci) By Any, — By Aoy [1 + Byl b ()

=Sk

,

{1 + Chl B3 Ay, — Bayt Asa, 1 + By}, }
T
{Uk <Z(tk) - hz(tk)> — Ry (ty,) — Sikxtk} b,
X {Uk <Z(tk) — hz<tk>> — lel’@k) — Slkxtk}
T
() = hilte)) UF Po U (2(tk) = hith) ) + " () B Py, R (1)
T
h S5 P, Sy, — 2(2(t) — hilt) ) UYL PoyRiger(ty)

T
-2 <2<tk) - hi<tk)> Ul Py, Sipwe, — 227 (ty) R}, Po, Sipwe,
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< O P 12000 = haC) I+ I Ral2 - 1P - ()2
Sl - IPo Il g2 4 1] 1Pl - il (1) = Rt |2+ ()11
FIUI 1P - 1Sl (12 2) = Pt I2 + e 12)
Rl 1P 1Sl (N (Bl + e, 12)
= N0l 1Pl (WUl 1Rl 1) 2 t) = ()12
IRl 1P (NORI + 1Rl -+ 11l ) ()12
Sl 1Pl (Tl + 1Rkl + el ) e 12
= NP (N0l + DRl + 1Sl {ITR N GE) = Aot I + | Raelllz ()
1Sl e, 12}
] |Ral
< P, , : Ry, Ry
< (P2 (1041 1Rl + 18l ) { 5 =5 Wilt) + 5~ ilte)
E]
Vi, I
L)
< o (10004 r5) { 8w )+ v + 2w, 1)
- )\2m )\1m >\1m K

= Wilte) + BeVi(tr) + ¥rllVi, |-
Namely, we have
Wi(td) < BiViltr) +vWilts) + ¥l Vi, - (4.6)

where [ = )‘2M<||Uk|| + e + Sk)ﬂ—km, Ve = /\2M<||Uk|| + e + Sk>%: Y =
)\2M<\|Uk|| Yot sk)m re = max{ || Rig||: Vi € S}, and s, = max{||Sy]);¥i € SY.

By running an unstable mode on the first interval and a stable one on the second

interval, we have respectively.

Vi(t) < <||V1tO+ I, + HWltg ||T) gbrlt—to).

Va(t) < IVl + [ Wa,. I, J et (4.7)
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where the norms in the second inequality are calculated as follows
Va(th) < anVa(t) < aqpVi(t)
Thus,

Ve, - < a1M<\|V1tO+ I+ 1W, ||T>e51(t1*t0>
W, lle < B+ +90) (VA Dl + W3 ) )
Substituting these inequalities into (4.7) to get

Vo(t) < plag+ B+ + 1) <||V1tJr Il + HWlﬁ ||T)6£1(t1—to)6_42(t—t1)
0 0

Generally, after running [ unstable modes and switching [ times from an unstable

modes, and running m — [ and switching m — [ — 1 times from a stable mode, we

have
! m—Il—1
Vin(t) < H,U(Oéi + Bi + i + )BT H (e + B; +
=1 j=l+1

R A UL (VN N

Making use of Assumption A4, we have

=
=
A

<||‘/1t3' ||7’ + ||W1t6" ||7_> e_o‘*—l/)(t—to)

Wanlt) < (I Il + W3, [l e =200
By Theorem 3.3, there exists a positive constant K such that

@I+ 2@l < K (gl + lzgg - ) e @200 ¢ > 4,

This shows that the origin of system (4.1) is exponentially stable.
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To verify this result, consider the following example.

Example 4.1: Consider the following impulsive system

T = Allix + BlgiZ(t — T), t 7é tk
€z = Aggiﬂi(t—T)—.—BQliZ, t#tk, k= 1,2,"'
Ar = Bkl', t= tk

Az = C’kz, t:tk

where the matrices A;y,, Ago,, Bia,, Bo1, are given in Example 3.4, and the amount

of impulses are given by

[ —0.01 —o0.01 [ 0 -oo01
Bk =2 and Ok =2
0 0.002 0.002 0

The norms of By and C are respectively || By|| = 0.0142 - 27% and ||Cy|| = 0.01 -
27% and so > o2, ||Bxll = 0.0142 < oo and >_,2, [|Ck|| = 0.01 < oo, meaning
that the cumulative effect of impulses is finite. We also notice that when time
evolves the effect of later impulses becomes negligible since limy ., ||Bx|| = 0 and
limy . ||Ck|]| = 0. Since the switched system without impulses is stable, then
the diminishing effect of impulses is not enough to destabilize the system. Taking
k=1,2,3,4, we have the following parameters

ap =9.018, ay=9.009, a3 =09.0045, o4 =9.0023.

Br=0 Vk=1,234

71 =9.0896, 9 =09.0447, 3 =9.0224, ~4=9.0112.

1 =0.0538, o =0.0268, 3 =0.0134, 4 = 0.0067.

The dwell times are

Tp = 2.2159 (unstable mode).

Tp = 2.2130 (unstable mode).
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Tp = 3.2638 (stable mode).

Tp = 3.2576 (stable mode).

Then, by Theorem 4.1, the origin is exponentially stable. Clearly, the dwell times
of the unstable (and the stable) modes are shrinking since the magnitudes of ||I 4
Byl and || + Cy|| become smaller when k tends to infinity. Figure 4.1 shows the
simulation results.

Impulsive Switched Systems

600

T
- Xx1(t)
—_— X2(t)
c=ZI(1)
o z22(1) ||

500 -

300

(x(,2(9)

200

100

Time t

Figure 4.1: Impulsive Switched delay system with unstable and stable nonlinear

modes

In the next theorem, we investigate the stability problem of system (4.1) where
all subsystems are unstable. We shall show that impulses do contribute to yield

stability properties of this system.
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Theorem 4.2: Consider the impulsive system (4.1). Assume that the following
assumptions are satisfied.

A1) Assumption (Al — i) of Theorem 4.1 holds.

A2) Assumption A2 of Theorem 4.1 holds.

A3) Assumption (A3 — i) of Theorem 4.1 holds.

AY4) There exists a constant ¥ > 1 such that

In (79,&(0% + 68+ + %)) + &tk —tg) < 0.

where o, Bi, Vi, V¥i and & are defined in Theorem 4.1. Then, ¥ = 1 implies that the
origin of system (4.1) is stable, and ¥ > 1 implies that the origin of system (4.1) is
asymptotically stable.

In fact Assumptions (Al — A3) are made to ensure that the subsystems are
unstable, while Assumption A4 is introduced to keep the solutions down whenever

the subsystems are switched.

Proof:
For each i € S and t € (t),_1, t], define V;(t) = 2T P;,x and W;(t) = (2 —hy)T Py, (2 —
hi). Then, the time derivative of V; and W; along the trajectories of system (4.1) are

. bi1. .
Vilt) < (274 TVile) + 1 Wil(z = h)(0) + = Vills
1m 2m 1m
Wl
+)\2m tH
)\min i) ’Lb i i
Wit) < ZHVia(t) — (Q?l) SRLW(2 = hi) (1) + 22|V
)\lm 8z/\2M /\lm
Wil
+>\2m t||

109



By Lemma 3.2, there exists a positive constant & such that

V() < (Vi e+ Wi, ety
Wiz =h)®) < (Vi N+ Wi ”)giu_tk_l)‘

By Theorem 4.1, we have at t = ¢,
Vilty) < awVi(ty)
Wity) < BVilte) + mWilts) + ¢illVi,, |l
For t € (to,t1], we have
Vit) < (IVi,, - + W, [l)e =
and for ¢ € (1, t5], we have
Valt) < (Wil + I DS + By 31 )00

Generally, for t € (ty, ty41], we have
Vilt) = (Vg lle + 1w, dir)e SO0 o + By 41 + )T
X pu(ag + Ba + 72 + 1) o + Bi + i + ) et
1
= (W it |-+ [[Wh o ||r)—€£1(t1_t0)19ﬂ(041 + B+ + )l

Xﬁ’u(az Bt mt ) altata) .. 'ﬂu(ak + Bk + v + lpk)egi(thrl*tk)
< (H‘/lta_ |-+ HWltgr HT)@e&(tl—to)

Namely, we have
1 _
Vit) < (Vi ll o+ W, 1) e o=
0 0
Similarly
1 &1(t1i—to)
Wit) < (Wil + Wi, 1) 5e
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Following the technique used in Theorem 3.3, there exists a positive constant K

such that

e + 12 < ===z - + [z [l)es 702,

K
\/ﬁ
Clearly, if ¥ = 1, then system (4.1) is stable, and if ¥ > 1 and k — oo, the system
is asymptotically stable. The proof is completed.

The following example shows these results.

Example4.2: Consider the following subsystems
Mode 1:
T = x+3z2(t—-1)

ez = 2z(t—1)—2z, =0.7,
Mode 2:

T = x+22(t-1)

ez = da(t—1)—22z, =0.7,
with the following impulses

Ar = —0.97z(t)
Az = —0.9z(t),

and ||I + By|| = 0.03 and || + Ck|| = 0.1 for all k.

Taking v =2, Q1, =2, @2, =2, giveus P, =1 and P, =0.5
and (1, = 3, Q2, =1, give us P, = 1.5 and P, = 0.25,
so that p = max{p, g2} = max{1.5,2} =2 > 1.

We also get
—~T —~ —~
O/{ = )‘(Al + Al) = {_23571714}7 511 = HBlu = 127 50 621 = OéylK + 611 =
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{26,9.6424} and the growth rates of the first subsystem are & = (51, + (o2,)/2 =
{19,10.8214}.

a3 = AAy + Ay) = {—0.9286,14}, Bi, = |Ball = 12, s0 fo, = @ + fr, —
{26,11.0714} and the growth rates of the first subsystem are & = (51, + (2,)/2 =
{19,11.5357}.

The impulse parameters are

ap =0.0018, Br=0, v =0.048, ¢, =0.0672 Vk=1,2,---.

A simple check shows that Assumption A4 of Theorem 4.2 holds by choosing v €
[1,4.2735). Taking ¥ = 2 for instance and

()& = 10.8214 gives tpiq — t, < 0.0702

(1i)s = 11.5357 gives tgr1 — tr < 0.0658.

for all k. Then, by Theorem 4.2, the origin is asymptotically stable.

4.2 Nonlinear Systems

The nonlinear switched delay singularly perturbed systems with impulses at fixed

times considered in this section is described as follows

T = filz,zy, 2, 20), t # ty,
€2 = Bo,z+ Bi(x,xy), tF#1y
Ax = Brx(t), t=t (4.8)
Az = Cyz(t), t=t

where i € S, USs, fi = An,x + gi(w, 2, 2,2), k= 1,2,..., with limy_ tx = 00,

and the n x n matrix Bjs, is nonsingular. We assume that system (4.8) has a unique

112



equilibrium point at the origin. The functions f;, B; are defined in [Bal99] to ensure
that system (4.8) has a unique solution. The initial condition of this system is given
by

[E(t) = gbl(t), t e [to—T,to]

2(t) = @ot), teto—T, 1o
where ¢; € PC([to — 7,t0], R™) and ¢o € PC([tg — T, 10|, R™).

In the next theorem we establish exponential stability of the origin of system

(4.8).

Theorem 4.3:  The origin of system (4.8) is locally exponentially stable if the
following assumptions are satisfied.

A1) Assumption A1 of Theorem 4.1 holds.

A2-1) Assumption A2 of Theorem 3.6 holds.

A2-ii) There exist positive constants a, b, ¢ such that
T T
2(2(t) = hulte)) 1+ Cl"Po {1+ Culha(ta) — hat) }
T
{11+ Culiate) = bt} P {1+ Cilhatt) = ha(t) } < allz(t) — ha(t)1?
+bll(t)|” + el 17 (4.9)

where h;(ty) = —Boy, Bi(z, x4,
A8) Assumption A8 of Theorem 4.1.
AY4) Let
M = max{¢& i€ 8S,},
AT = min{¢:i € S},
T (to,t) be the total activation time of the unstable modes, T~ (to,t) be the total

activation time of the stable modes, and, for any ty, assume that the switching law
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gquarantees that
—_ + *
i T 1) o X" )
t>to T (tg,t) — A7 — A*
where \* € (A, A7) and X € (0,\7). Furthermore, there exists 0 < v < (; such that

(7) fori e {1,2,--- I} and k=1,2,--- 1

(4.10)

Inp(ag + B + v + x) — vty — te—1) <0 (4.11)
(ii) forie {l+1,0+2,--- ,m—1} andk=1+1,1+2,--- ,m—1

In M(Oék + ﬁk + v + wkeCiT) -+ Q’T — V(tk — tkfl) < 0. (4.12)

where oy, = N2, ([I + Bi]), Br = ﬁ, T = Ao ([I + Ci]) + a and ¢y, = &

As seen, we don’t have assumption (A2 — ¢i) in Theorem 4.1 since the positive

constant a, b, ¢ are explicitly found in the linear case.

Proof:

For t € (tj_1,t], define Vi(z(t)) = 27 (t)Px(t) and W;((z — hy)(t)) = (2 —
hi)T(t) Py, (z — h;)(t). Then, the time derivative of V; and W; along the trajec-
tories of x(t) and z(t) are

(i) for 7 € S,

: . b1y, :
Via(t) < (@y+ TVila) + W= = b)) + Vil
1m 2m 1m
5121-
v L
. 1 — g;ba, ;
Wil(z = h)(#) < SV(a(t) — —ZEW((2 — hi)(8)) + 2|V ]I,
Am Eidam Aim
b22i
+)\2m VV'LtHT
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(ii) for i € S,

bll
—W;
)\Zm

—an

N )\min(Qli)

Via(®) o

IN

“Vi(x) + ((z = hi)(1)) +

)\min (QQZ )

Ef)\gM

Wil(= — he) i

hi)(t)) +

it

12,

)\lm

it

A22;
)\1m

it

Then, by Lemma 3.2, there exists a positive constant &;,7 € S, such that

Vi(z(t))
Wil(z = hi) (1))

< (Vi Nl Wi, [l)es

<

Vi M- +1Wi. li-)e Glt=ten),
and by Lemma 3.3, there exists a positive constant (; such that

Vile(®)) = (Vi - +1Wi, l-)e ety

Wi((z — hi)(t))

<

<

At t = ¢}, we have the following estimates
Vilt)) < anVilte)
HAZ (T + By).
(2(60) = ma(t)) P (2(6) = ha(e)
([I + Cilz(tr) — [ + Cilhi(te) + [ + Crlhi(ty) —
(I + Cul(ta) = [ + Cilha(ta) + [T + Calilte) -

where o, =

Wi(t)

~|—2<z(tk) . hi(tk)> [+ TP

i+ Gt — )} P {1+ Onln) — b,
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{[1 O hilty) — halt

(IViyy M+ 1105, fl)eme ),

N\
tk)) P2i

i)
)}

)}

il
(

)

(=(t) - hi(tk,)>T[I £ ORI+ G (2(00) — hult))

+
k



Making use of assumption (A2 — i), we have

Wilt) < A (1 + Gl Po, [+ Cil ) 12(80) = hat)1I? + all (k) — h(ti)
ol (t)l? + el |2
Ao A2 ([T + Ci]) + b
20 T2 CD ¥ gy ) 1 P vy 4 I
2m

)\lm >\1m
= BeVilte) + neWiltr) + ¥rllVi, Il -

IN

Namely, we have

With) < BiViltr) + nWilte) + Vel Vi, |+

where ), = /\1 Y = 22 A"‘a’j\g[:rc’“] ;and ¢y = 5=
By Theorem 4.1, we have
l m—Il—1
H ple + Bi + i + ) STt x H (e + B; + 7
i=1 j=l+1

) eTe T o (Vi o+ [W et

Making use of Assumption A4, we have

3
&
A

(Vi e+ W4, [ =200

(LR T i

=
=
N

By Theorem 3.3, there exists a positive constant K such that
(@) + 120 < K (g e + Uzl )00, ¢ > ¢,

This shows that the origin of system (4.8) is exponentially stable.

Our final result is to establish conditions for stability properties of the origin of

the nonlinear system (4.8) where all subsystems are unstable.
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Theorem 4.4: Consider the impulsive system (4.8). Assume that the following
assumptions are satisfied.

A1) Assumption (Al — i) of Theorem 4.1 holds.

A2) Assumption A2 of Theorem 4.3 holds.

A3) Assumption (A3 — i) of Theorem 4.1 holds.

AY4) There exists a constant ¥ > 1 such that

In (19#(%' + B+ v+ %)) + &i(tpsr — ty) <0.

where «;, B;, v and ¥; are defined in Theorem 4.3, and &; is defined in Theorem
4.1. Then, 9 = 1 implies that the origin of system (4.8) is stable, and ¥ > 1 implies
that the origin of system (4.8) is asymptotically stable.

Proof:
For each i € S and t € (ty_1, tg], define V;(t) = 27 Py.x and W;(t) = (z—hy)T Py, (2 —
h;). Then, the time derivative of V; and W; along the trajectories of system (4.8)

are
: 11, b1, a12;
Vit) < 2y + —)Vile) + T—Wil(z — ki) (1)) + Viellr
)\1m )\Qm >\1m
bia,
Wil
. . Amin ) — g;bay, ,
W) < ya) - Al =Sy o) 4 B2y,
Aim €idam Atm
Wil
|

By Lemma 3.2, there exists a positive constant &; such that

V;(l’(t)) < (Hviq_l ||T + HWitﬁ_l |’T>e£i(t7tk71)
Wil(z — h)(0)

IN

(Vi Nl 4 1Wa, [lr)es e,
k—1 k—1
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By Theorem 4.3, we have at t = ¢,

Vilty) < awVi(ty)

Wity) < BVilte) + mWilts) + ¢illVi,, |l

For t € (ty, tx41], we have

1 - —
Vi) < (W, Il + W, o) e @ 0p(an + By + 0 + )7
xOp(ag + By + v2 4 102)e2 B 9y, + B + vi + Uy )eSitrrr )

1 —
< (Wil + W ) e @)
0 0
Similarly
1 fl(tl—to)
Wi(t) < (||V1t0+||7+||W1t0+||7)ﬁ6

Following the technique used in Theorem 3.3, there exists a positive constant K

such that

K .
e + 1@ < ===z - + [l [l)e 7072,

VT
Clearly, if ¥ = 1, then system (4.8) is stable, and if ¥ > 1 and k — oo, the system

is asymptotically stable.
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Chapter 5

Conclusions and Future Work

Hybrid systems are adequate as a tool to describe many physical processes that
undergo abrupt changes in their states. Although the field of hybrid systems is
somewhat in initial stages, it has become increasingly popular. One of the system
qualitative properties that has received a great deal of work is the stability aspect
of these systems. Singular perturbation is a very useful technique to handle many
processes that exhibit multiple-time scales in some of their dynamics. A large class
of networks or large-scale systems are modeled as singularly perturbed systems
(SPSs). The stability notion of these systems is the interest of many researchers.
In this thesis, we merge the two fields, hybrid systems and SPSs with time delay,
which leads to hybrid SPSs with time delay.

In Chapter 2, we separately analyze the stability problem of these kinds of
systems in order to lead readers of this document to better understanding Chapter

3 and 4.

Through the investigations in this thesis, many further research problems could

be particularly interested. Some of them are straightforward extension of this work,
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but others might be more challenging.

In Chapter 3 we investigate exponential stability of switched SPSs with time
delay. We first develop lemmas to help us find growth rates of unstable delay sys-
tems, and then apply them to linear switched delay systems and SPSs with time
delay. While we consider one constant delay in slow and fast states of the SPSs,
it would be interesting if one takes different delays, or even unbounded delays. It
could also be that each subsystem has a different delay. Here, each singularly per-
turbed subsystems under consideration has one perturbation parameter. It would
be more complicated to deal with subsystems having multiple parameters. It may
include a more in-depth look at stability of each individual subsystem. Multi-
ple Lyapunov functions technique is applied in stability analysis of these systems.
Other approaches such as Lyapunov functional or Razumikhin type Lyapunov func-
tion could be used in examining similar results. As for the switched systems, we
focus on systems that incorporate stable and unstable subsystems. One could study

stability of these systems where all subsystems are unstable.

In Chapter 4, we establish stability of impulsive switched SPSs with time delay,
and illustrate how impulses contribute to yield stability properties of systems that
consist of all unstable modes. Difference equations considered in this work are
simple, so that one could include the cross product terms or, in the nonlinear
case, impulses represented by nonlinear functions. In this document, we discussed
switched systems with impulsive actions at fixed times. In fact, one could consider

other cases in which the impulses occur at variable times.
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